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Abstract

With advancements in and increased access to next-generation sequencing technology,
hospitals (such as Duke Medical Center) have started to track the microbiomes of
at-risk patients over time, but at inconsistently measured points across patients.
Modeling the trajectories of high-throughput microbiome data proves difficult, due
to inconsistent data collection, as well as a collection of analytical obstacles such
as compositional data, sparsity, high dimensionality, and phylogenetic covariance
structure. As a result, few methods allow us to capture uncertainty in the microbiome

over time using increasingly standard data collection and processing methods.

Here, we develop a novel hierarchical model to measure dynamics of the micro-
biome across cohorts of patients measured inconsistently, which we call logistic-tree
Gaussian processes for the microbiome (LoTGaP). LoTGaP adds to the existing mi-
crobiome literature through (1) using Gaussian processes to flexibly estimate the
evolution of the microbiome over a finite set of days to handle missing/inconsistently
measured data, (2) transforming operational taxonomic units (OTUs) to their inter-
nal nodes on the phylogenetic tree to accelerate computation and preserve biological
relationships, and (3) building functionality to estimate the influence of covariates on
microbiome dynamics across patients, which can allow for hospitals to link treatment
regimens to microbiome dynamics, or make direct connections between microbiome

data and other measurements, such as demographic information.

We demonstrate that LoTGaP produces uncertainty bands that reflect both within-
person variation over time and across-person variation while comparing favorably in

computation time to existing methods that are narrower in scope.
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Chapter 1

Introduction

1.1 Background

Sequencing 16S ribosomal ribonucleic acid (rRNA) has been a gold standard to de-
scribe microbial communities for decades ([WBPLI1], [WWB90)]), since 16S rRNA (1)
is pervasive in bacterial kingdoms and (2) contains highly variable regions across in-
dividual subjects along with conserved regions suitable for priming. With the advent
of amplification of the 16S rRNA via polymerase chain reaction (PCR), biological
researchers have been able to link clinical diagnoses of diseases ([HYJ14], [SPST12],
[MSCT18]) with the microbial composition in cross-sectional studies.

Recently, there is movement towards associating diseases or other outcomes with
the microbiome longitudinally, such as using microbial composition to predict mortal-
ity among allogeneic hematopoeitic-cell transplantation (HCT) patients ([PGD*20]).
With increasing evidence that there is no singular healthy microbiome ([Yonl14]),
tracking the trajectory of the microbiome within patients could offer increased sta-
tistical power to studies that previously only considered between-patient variation.

1.2 Longitudinal Microbiome Studies

At this time, human subject longitudinal microbiome studies are most commonly
conducted by sampling at a few time points over a longer period. This often oc-
curs in studies by sampling a baseline measurement and a follow-up measurement.
For example, researchers have found that changes in habits such as diet ([AMNT18])
and exercise ([ZCST18]) have implications on the microbiome. In both studies, the
protocol involved taking measurements of two groups of patients, administering an in-
tervention to one group (a high fiber diet or an exercise regimen) and no intervention
to the other group, and recording a follow-up measurement after the treatment pro-
gram concludes. There exist other study designs involving sampling points sparsely
and consistently. For instance, a set of researchers tracked the development of the mi-
crobiome in newborns, taking measurements at 5 time points (2 days old, 3 months,
18 months, 3 years, and 5 years) ([HES*20]). While these are promising advances in
our understanding of how the microbiome changes at a high level by making direct
comparisons between static timepoints, these studies do not give any insight into
how the microbiome evolves between scattered timepoints, and to what extent the
observed changes are actual biological changes versus variation due to measurement
error or daily fluctuation in the microbiome.
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Researchers also employ artificial gut models to study the microbiome temporally
(IMVWV93], [MMHV95], [BCL*20]). Artificial guts make it easy to collect samples
at arbitrary frequencies in highly controlled settings. As a result, studies ranging from
characterizing the behavior of oral drugs in children and adults ([BZB104]) to describ-
ing the effect of prebiotics on metabolisms ([DPWF*10]) leverage in vitro methods
of studying the microbiome. However, the sampling advantages from artificial gut
models come at the cost of generalizability to the human microbiome. Differences
between the human microbiome and artificial gut models are especially pronounced
in immunocompromised patients such as colon cancer patients ([PCK*18]). It has
been shown that the complexer the artificial gut model, the closer its microbiome is
to human microbiomes ([CA19]), suggesting that artificial gut models may still have
room for improvement in providing insight into the human microbiome.

There have been two studies involving frequent measurements of the microbiome.
In [DMF*14], 2 healthy male subjects had their saliva and gut microbiota sampled
daily over a year. In [CLC*11], one healthy male and one healthy female partici-
pant had their gut, saliva, and skin sampled daily over 15 months and 6 months,
respectively. Both found that the microbiome is highly variable over time and can be
linked with lifestyle habit changes such as diet, exercise, and sleep. While this setup
may be ideal for observing the human gut microbiome, it is difficult at this point to
enroll many subjects into a study of this nature because it is very time intensive. As
a result, these studies sacrifice the ability to characterize between subject variation
to be able to rigorously quantify within subject variation.

More recently, hybrid studies have started occurring, where multiple subjects are
regularly measured (but not necessarily daily or at consistent time points across
patients) over a short time period. These studies are the motivation behind the
model proposed in this paper. The DIABImmune Microbiome Project ([Ins]) has
tracked multiple samples of patients frequently over shorter time periods including
studies analyzing the development of the microbiome in infants with Type-1 Dia-
betes ([KGST15]), examining the differences in the microbiome from sets of families
in 3 different countries to seek understanding of incidence rates of autoimmune dis-
eases ([VKd'16]), and characterizing the microbiome in infants taking antibiotics
([YVS*16]). In addition, Memorial Sloan Kettering Cancer Center, in collaboration
with Duke Medical Center, University Hospital Regensburg, and Hokkaido University
Hospital, has collected over 10000 samples across over 1000 HCT patients used to an-
alyze HCT microbially in multiple studies ([PGD*20], [STNL*19], [SPT*20]). Data
collection from this project is ongoing, and samples of patients from Duke Medical
Center from this project are used in this paper, discussed further in section 4.1.



Chapter 2

Related Work

2.1 Computational Considerations

We highlight key computational challenges associated with modeling the microbiome.

2.1.1 Compositionality

In PCR amplification, the number of reads assigned to specific operational taxonomic
units (OTUs) or amplicon sequencing variants (ASVs) is constrained by an arbitrary
constant sum that is conditional on the sequencer itself. As a result, absolute abun-
dances of specific OTUs (derived from the random samples of molecules returned
from PCR) have little to no meaning across patients ((GWPGE16]). A natural way
to avoid considering the sequencing depth variation is to divide the absolute abun-
dances by the total number of reads to yield proportions, or relative abundances,
of the data. However, this transformation introduces a constraint where all of the
relative abundances must sum to 1.

Compositional data analysis (CoDA) is commonly used to avoid this constraint
([Ait82]). In CoDA, variables are transformed using a generalized logistic transform
so that they lie in a real coordinate vector space instead of the simplex. Alternatively,
Dirichlet-multinomial models have been introduced as a way to model the counts
directly ([HHQ12], [TC19], [CL13]). However, it has been suggested that Dirichlet-
multinomial models impose too strict of assumptions on the covariance structure
for the microbiome since they introduce negative correlations across all categories
([SL17]).

We discuss compositionality further in 3.1.1, where we propose an alternative
method to avoid the simplex that incorporates biological information.

2.1.2 Sparsity

To obtain counts in microbiome data, it is common practice to match sequences from
PCR output with a reference database of known OTUs. Above a viable threshold
(historically, above 95% for genus matching, above 97% for species matching), in-
stances of specific OTUs are recorded ([JSH*19]). There exists sparsity in OTU
counts due to (1) matching algorithms’ reliance on thresholds to record instances
of OTUs (in which both false positive identifications of rare OTUs are sporadically
introduced and false negative exclusions could occur for individual subjects), and (2)



heterogeneity in OTU composition across subjects (which causes individual samples
to contain a small subset of the OTUs being tracked across all subjects).

Zero-inflated models and hurdle models have been introduced as means to handle
excess zeros in the microbiome ([RBFT20], [HGZ18], [MAY18]). There is conflict-
ing evidence of these models’ suitability for modeling of the microbiome. [XPTX15]
finds that either zero-inflated or hurdle models are suitable, as long as the model
choice is an extension of a distribution that can handle overdispersion (e.g., using
a zero-inflated negative-binomial distribution over a zero-inflated Poisson distribu-
tion). However, [SRMD20] suggests avoiding zero-inflated models, as they can lead
to spurious correlations in 16S rRNA data.

We directly address sparsity in the discussion section of this paper. We think
it can most naturally be introduced with a multivariate extension of LoTGaP with
sparse covariance structure across nodes. In addition, the logistic tree structure
introduced in section 3.1.1 naturally introduces some sparsity at the taxa level, as
seen in section 4.2, though can also cause computational instability when estimating
across a strict subset of the subjects for which the logistic tree was built.

2.1.3 High-Dimensionality

Since the microbiome is heterogeneous across patients and consists of many unique
microbes, microbiome data are high-dimensional and require modeling methods that
handle high-dimensionality.

Dimension reduction techniques, such as Principle Coordinate Analysis (PCoA),
are standards for both exploratory analysis and modeling of the microbiome ( [Lil5],
[GDRP"14]). Often, researchers group OTUs to a higher taxonomic rank (such
as species, family, or class) to naturally reduce dimension. There is also movement
towards leveraging natural language processing techniques to categorize sets of OTUs
based on overlap between patients ([TD20]) to reduce dimension.

We show in section 4.4 that LoTGaP’s parallelized and vectorized Gibbs sam-
pling implementation allows for modeling high dimensional data without dimension
reduction to be feasible.

2.1.4 Phylogenetic Covariance Structure

Abundances are estimated by matching sequences with known OTUs each defined by
unique phylogeny. Consequentially, the covariance between two OTUs is conditional
upon biological relationships.

Phylogenetic information is most commonly incorporated into microbiome model-
ing by transforming relative abundances to values that impose phylogenetic structure
([HLK10], [SWMD17]), and use these transformed data in models. Alternatively, pe-
nalized regression methods have been used to encourage taxa with close phylogenetic
relationships to have similar coefficients ([TBJ14], [XCJT18]).
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The logistic tree method introduced in section 3.1.1 is another method that factors
in phylogenetic information by modeling phylogenetic splits themselves rather than
leaves on a phylogenetic tree. Additionally, in section 5, we discuss future extensions
to further incorporate phylogenetic information, by imposing multivariate covariance
structures based on phylogenetic distance.

2.2 Probabilistic Time Series Modeling

The impetus of this study is to build methodology for microbiome data taken at
inconsistent time points across patients, which is scarcely considered in current lit-
erature, especially models that thoughtfully address most of the issues outlined in
2.1.1- 2.1.4. We highlight 2 recent microbiome time series developments below.

2.2.1 MALLARD

MALLARD is a multinomial logistic-normal dynamic linear model which can analyze
biological and technical variation in the microbiome in artificial gut models [SDB*18].
Using an inverse isometric log-ratio (ILR) transform on abundances, MALLARD
avoids simplex constraints and builds methodology for applying a staple Bayesian
time series method, dynamic linear models, to the microbiome of an individual subject
through a hierarchical model.

This hierarchical framework provides intuition to time series modeling of the mi-
crobiome. However, this model cannot be directly applied to the problem of interest,
longitudinal modeling across multiple subjects with inconsistently measured data.

The authors extend MALLARD to handle (1) multiple patients (by using Kro-
necker products with indicator identity matrices, to model R independent Kalman
filters - one for each of the R subjects) and (2) missing data (by using the Kalman
filter to fill values). For our application though, information sharing between patients
and time-points is desirable, and the structural independence in these extensions may
be too inflexible for temporal modeling across subjects with missing data.

2.2.2 TGP-CODA

TGP-CODA is a temporal Gaussian process model for compositional data analysis
which can analyze the trajectory of a single subject’s microbiome ([AMB18]).
Similarly to MALLARD, TGP-CODA uses a hierarchical model involving a gen-
eralized log-transform to link abundances to a time series method that is mapped
on a real vector coordinate space rather than the simplex, and apply a common
time series model for real data on the transformed microbiome data. Specifically,
TGP-CODA uses the inverse additive log-ratio (ALR) transform to transform the
abundances, often called the Softmax function, and employs Gaussian processes for

bt



the time series modeling. We discuss the Softmax function and Gaussian processes
further in sections 3.1.1 and 3.1.2, respectively.

TGP-CODA does not have any extension to multiple subjects at this time, which
makes it limited in the types of studies it can analyze. In addition, the hierarchical
model used in TGP-CODA makes it difficult to marginalize individual parameters,
meaning that scaling the algorithm could prove challenging computationally.



Chapter 3

Methodology

We first show the generative model behind LoTGaP, then describe the contribution
of individual parts, and finally illustrate a graphical representation of the model in
figure 3.2. Thereafter, we outline computation of the model.

3.1 Hierarchical Model

Let A represent an individual internal node on the phylogenetic tree .7 (a rooted,
full binary tree, which is visually illustrated in figure 3.1) for A € Z5, j represent an
individual patient for j = 1,...,J, and ¢ represent an individual time point for t € 7;.
LoTGaP can be written as the following hierarchical model:

Yin(Ag) | 0;4(A), y;(A) ™ Binomial(y;,(A), 6;(A)) (3.1)
2it(A) | 0;u(A), yu(A) = PG (y;u(A), Fyu(A)) (3.2)
0.,(A
where Fj;(A) = log % (3.3)
FT(A) " N(GT(A) + X;84, 041 7)) (3.4)
GT(A) B N(0, Ka(T;, T; | 14, pa)) (3.5)
k(tit [ ma,pa) oo k(tiste, | naspa)
where K4(7;,7T;) = : :
k(tn,,t1 | maspa) .. k(tn,, tn, | M4, p4)
k(t, ' | na, pa) = nhexp(—p >t —t)?) (3.6)
0124 | ©, ~ IG(ay,b,) (3.7)
77,24 | @n ~ IG<04777 bn) (3-8)
Ba| 7~ N(0,7°L,) (3.9)

where y;;(Ay) represents the absolute abundance of OTUs that are descendents of
the left branch of node A, X;(A) represents a |7;| X p covariates matrix.

3.1.1 Modeling y;;(A/;) through latent z;(A)
We start by highlighting the intuition behind the logistic tree (equations 3.1-3.3) .
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As mentioned in section 2.1.1, since the sequencing depth affects the absolute
abundances in microbiome measurements, analyzing relative abundances becomes
the standard to analyze the microbiome across samples with potentially different
sequencing depths. Since the sum of relative abundances across a set of OTUs must
sum to 1, a sample p of microbiome data containing relative abundances of d OTUs
lies in the d-simplex, S = {p = (p1,...,pa)T :pi >0 (i=1,...,d),p1 + ... + pg = 1},
rather than R” (where n can be equal to d, but not required).

A popular method ([Ait82]), sometimes called compositional data analysis (CoDA),
is to use a generalized logistic transformation from S¢ to R™, such as the additive
log-ratio transformation, with inverse from R?! to S¢ called the softmax transfor-
mation,

exp(w(l))
140 exp(a(®)

Softmaz(x) = exp(atd-D)
1+thlllexp(gc(i))

1+thl exp(z(9)

While the softmax transformation maps data in R4! to S¢ as we would hope,
it introduces a new challenge in that marginalization of any individual components
of x becomes difficult computationally (due to the sum in the denominator). From
a Bayesian hierarchical modeling perspective, this would force computation to be
expensive through a Metropolis-Hastings algorithm or a Hamiltonian Monte Carlo
method instead of a Gibbs Sampler.

We instead leverage the biological nature of microbiome data and construct a
phylogenetic tree on the compositional data, where the absolute abundance of an
individual OTU is a terminal node (leaf) on a binary tree, and branches and internal
nodes are formed through evolutionary similarity between the different OTUs. Below
is an example phylogenetic tree with absolute abundance of 2400 for 4 OTUs with
relative abundances of }1, %, %, %, and 3 internal nodes (Z,Zs, Z3):

7Z,: 2400

(OTU 1 (Ty): 600]  (Z» (Zy): 1800

(Zs (Zw): 1400]  (OTU 2 (Ty,): 400)

(OTU 3 (Zy): 1000] [OTU 4 (Zs,): 400)

Figure 3.1: Example Phylogenetic Tree
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At any individual internal node (a node where a split occurs) A of patient j’s phy-
logenetic tree .7 at time ¢, we can model the absolute abundance of the left branch
yjt(Ay) conditional on the absolute abundance at node A, y;;(A), as a binomial.

yit(Ae) | yj(A), 0;:(A) = ( i;:((i))) th(A)yjt(Ae)(l — th(A))yjt(A)—yjt(Az) (3.10)

= L(05¢(A); 95e(Ae), e A)) o 052 (A) A (1 — 0 (A))ror 7w (3.11)

where 6;;(A) is the probability of going down the left branch at internal node A in the
phylogenetic tree of patient j at time ¢, and L is the likelihood function. Transforming

,1(A) to its logit, Fj(A) = log 1%(;?%, we have the following extension to 3.11:
J

(eth(A))yjt(Aé)

E(th(A); yjt(Ae)a yjt(A)) X (3.12)

(1 i eth(A))yjt(A)

This transformation still maps a simplex to a real vector space like the softmax, but
can still allow for Fj;(A) to be marginalized when introducing a latent Pélya-Gamma
variable z;,(A). The Pélya-Gamma distribution is ideal here due to the following 2
integral identities ([PSW13]):

e~V 2p(w)

plw | b,¢) = fooo e—w’/’Q/Qp(w)dw ~ PG(b, ) (3.13)
AN o
(1(j_ ;})b _ 2—b6w/0 e—WQ/zp(w)dw (3.14)

where K = a — b/2,p(w) is the probability density function (PDF) of PG(b,0).
Appendix A shows the full derivation of the Pdlya-Gamma augmentation if we let
a=yjt(A),b=1yj1(A), = Fji(A),w = zj:(A), based on equation 3.1.

At a high level, by introducing the latent variable z;(A), we can express the
conditional probability of y;:(Ay) in such a way that allows for conjugate computation
for Fj;(A), the log-odds of traversing down the left branch of internal node A in the
phylogenetic tree for patient j at time ¢. Additionally, by modeling internal nodes
and branches of the phylogenetic tree .7 in this way, we avoid directly needing to deal
with simplex constraints, while injecting biological characteristics of the microbiome
to the generative model.

As a final note, the logistic tree structure has benefits in terms of (1) interpre-
tation, and (2) sparsity compared to the isometric log-ratio (ILR), the generalized
log-ratio transformation based on phylogenetic balance ([MSQ™17], [SWMDL17]). By



the notation we have introduced for LoTGaP, the ILR can be represented as follows:

_ |AéHAr’ o g(y(Ag))
TR = A TA T+ 1AL 8 (g<y<Ar>>) (3.15)

where | Ay, |A,| represent the total number of leaves on the left and right subtrees,
respectively, and ¢g(y(A¢)), g(y(A,)) are the geometric means of the abundances of
leaves on the left and right subtrees, respectively. To understand why the ILR may
be unintuitive, consider node Z; in figure 3.1. Its left subtree consists of 1 OTU with
total abundance 600, while its right subtree consists of 3 OTUs with total abundances

400, 1000, and 400, resulting in ILR(Z;) ~ /13 1og (55%5) = 0.0376. By ILR,

the tree is balanced towards the left subtrees at node Z;, despite the right subtree
having three times the total abundance of the left subtree. On the other hand, the
logistic tree reflects the balance in the tree by using sums instead of geometric means,
meaning that by the logistic tree, Z; is balanced towards the right subtree in figure
3.1. The implications of using sums instead of geometric means on sparsity is also
important. When a leaf has an abundance of 0, the geometric mean of an entire
subtree containing that leaf is also 0, and the log-ratio of geometric means of a tree
containing such a leaf is undefined. While past literature suggests adding arbitrarily
small counts to such nodes or creating a zero-inflated ILR ([SWMD17]), it is much
simpler to use the sums in the logistic tree framework as a remedy for sparsity.

3.1.2 Modeling F;(A) through sampling G;(A) from a Gaus-
sian process and shifting by covariates matrix X;

We now consider the temporal portion of the model (equations 3.4-3.9).

Research has shown that the gut microbiome can change within days ([DMC*14]).
Simultaneously, taking microbiome measurements at hospitals among at-risk patients
over time requires availability among both the hospital and the patient, to the point
where gaps between measurements could be heterogeneous across patients.

Based on these factors, we model the microbiome temporally with Gaussian pro-
cesses, which allows us to (1) have minimal assumptions on the functional form of
the time series, and (2) easily adapt to inconsistently measured data. A Gaussian
process is a collection of random variables, for which any finite subset of the random
variables are jointly Gaussian. Notationally, a real stochastic process f is a Gaussian
process over X if and only if for any finite set zy, ..., 2, € &,

f(zq) m(z1) k(xy,z1) ... k(z,2,)
LN S I : (3.16)
fx,) m(x,,) k(zp, 1) ... k(x,,z,)
where m(z) = E[f(z)], k(z,2") = E[(f(x) — m(z))(f(z') — m(z’))]. In our case,

we assume |Zs| Gaussian processes, for which any patient j has had a finite set
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of |T;| realized observations from each process (where j’s finite subset of timepoints,
T; =t,....tn, € T). We use a squared exponential kernel, ka(t,t') = 3 exp(—p,2(t—
t)?),t,t" € T, for the covariance so that measurements taken close to the data point in
question have increased influence on the probability of a data point. In the squared
exponential kernel, n?% represents the signal variance (or in the context of the mi-
crobiome, the biological variance), and p4 represents how quickly the correlation
between time points diminish as the gap increases. Note that in implementation of
these models, we rescale the days such that if we perform inference on microbiome
samples between days a and b, we set a := 0,b:=1 and Vo € Z N (a,b], 2 := =5.

In high-throughput DNA sequencing, technical variation exists across samples,
and without replicates (as is the case in most human subject studies), it can be easy
to overfit biological variation while underrepresenting technical variation. Therefore,
we distinguish the finite drawing from a Gaussian process at internal node A for
patient j, G;(A), from the vector of the log-odds of traversing down the left branch
of A at times {t1,%o,...,1,}, F;(A), through a noise term, which is distributed
N(0,0%1 7). We assume independence of the noise term across time points within
a patient, as there is little to no evidence to suggest technical variation is correlated
within a patient. However, other biases exist in 16S rRNA sequencing, such as batch
effects ([LSBT10], [SGW11], [VBET15]), the bias that occurs from sets of samples
being processed under different conditions (such as laboratory conditions, personnel,
etc.). For simplicity here, we do not estimate separate technical variations by batch,
but acknowledge that LoTGaP can be extended to specify such generative processes.

Additionally, we allow for mean shifting of the Gaussian process at node A via
linear basis functions on the set of covariates for patient j, X;. Note that this frame-
work allows for the user to extend the mean shifting to polynomial bases as long as
the polynomials are explicitly input as unique covariates in the model. For computa-
tional ease, the coefficient vector (4, is assumed to not change over time. In practical
settings, constant coefficients over time enable us to (1) compare the microbiome be-
tween cohorts of patients (e.g., treatment group vs. control group in prospective
studies, patients who contract a disease vs. those who do not in retrospective stud-
ies) and (2) condition on key demographic factors or baseline characteristics, such as
age, gender, or body mass index (BMI) at the outset of tracking patients. While we
eliminate the ability to relate the dynamics of the microbiome fluidly with another
changing measure by not allowing for changing variables and coefficients over time,
the inclusion of constant covariates empowers LoTGaP to perform inference on many
relevant questions about the microbiome in hospital settings.

Equations 3.7-3.9 add conjugate priors to 0%, n%, and B4. Other priors could be
chosen, especially if variable selection is desired for (4.

Below, we show a graphical representation of the model for an internal node A €
T, where grey, white, and green circles represent observed random variables, latent
random variables introduced for inference, and latent random variables introduced
for model fitting, respectively, and uncircled items are priors:
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2 bz

i=1,2,...,J

. J

Figure 3.2: Graphical Representation of LoTGaP

3.2 Posterior Estimation

By using the Pélya-Gamma augmentation to model the logistic tree and using Gaus-
sian processes to model time, all of the parameters in the model are conjugate and can
be updated with a Gibbs sampling step except for p4, the double exponential kernel
decay rate in the Gaussian process. Multiple people have suggested priors for p4 for
Hamiltonian Monte Carlo Gaussian process implementations ([Nea97], [Ras97]), but
there has been little to no literature on conjugate priors in the context of a Gibbs
sampler. At this point, we input p as a parameter that is constant across internal
nodes A, with an eye towards adding a Metropolis-Hastings update step for p4 in
the future.

Below is a Gibbs sampling algorithm for an internal node A € Z4, based on the
full conditionals derived in appendix B.
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Algorithm 1: Gibbs Sampler for node A
fori=1,..., K. do
for j=1,...,J do
1. Update z;(A):
for t in 7; do
| 2 (A)D « PG(y;e(A) 0D, Fjy(A)D)
end
2. Update F,(A)
FT(A)®
N (ZFEZ) [ e (GT(A)(ifl) + Xjﬁ(ifl)) + /fjt(A):| ,Zng)>
3. Update G,(A)
GI(A)® <—/\/(sz { — 17| (F (A)® — x,8i7 )] 72Gj)

end
4. Update o

<—IG(¢ ap, 1327 DOT D +b>

where D = Fj(A)(i) — Gj(A) - XJ'BAZ_I
d. Update n

STl ! B i
7 e]G( + g § X (G (A) )T K (T, T,) 1Gj(’4)()+b’7>
6. Update 84
0 e n (2 (o SLXTETAY - 6IA0)) 2,0 )

end

To speed up run-time on the Gibbs sampler of the entire phylogenetic tree, we par-
allelize the algorithm across all nodes on a tree and vectorize across 7;.

3.3 Imputed Data Points

A key feature of Gaussian processes (and consequentially, LoTGaP) is being able to
impute missing data points and provide uncertainty around them. In LoTGaP, for
any patient j, under the Gaussian process with noise, we estimate F;(A) Vt € T;,
whenever a measurement is taken in the set of 7 days. Consider F;(A), which consists
of the points ¢ € 7;* = T \ T, the set of days in the study where patient j did not
have a measurement. We can write the joint distribution of F;(A), F;(A) as follows:
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- ]l

J

N |:XjBA:| KA(E»E)—FUE‘I‘TH KA(’E',E*) (3.18)
Xl | KT KaTRT) o '

Conditionalizing the above joint distribution, we have the following update for
the imputed posterior predictive density at iteration i:

Fi(A)0 | F;(4)D, 80, 620 72 ,7},7'-*,ij]\/< 0, 7+0) (3.19)
p D = X80 + Ka(T7 T |05, pa) (3.20)

(KA(T; T3 [0y, pa) + 03 Iy )7

(F5 () - x;87)
=40 = KT T |04, pa) +UA()I\T .| — (3.21)

Ka(T}, '|77A70A)

(KaA(T;, T [ 0, pa) + 031, J|> x

A(73’7}* ’ 77,4 7PA)

In algorithm form, we addend algorithm 1 by adding synthetic datasets of imputed
points for any iteration after burn-in that is not thinned out:
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Algorithm 2: Gibbs Sampler for node A with imputation

fori=1,..., K. do
Impute <— FALSE
if (i —1) > ipyrnin and (i — 1) mod thin == 0 then
| Impute - TRUE
for j=1,...,J do
1. Update z;(A):
for t in 7; do
| 2e(A)Y = PGy (A)Y, Fr(A)D)
end
2. Draw imputed F7(A)
if Impute then
‘ F;T(A)(Z 1) «— N( (i—1) E*(z 1))
3. Update F,(A)
FT(A)®

N (ZF(?) { 2(i—1) (GT(A)(i_l) + Xjﬁ(i_l)) + Kjt(A)} ’ZF@>
4. Update G;(A)
GT(A)® N <2Gj {ﬁ[m <F;~.F(A) 0 — x84 )] 72%)

end
5. Update 0%

. I . .
0124(1) “ IC (Zj—; 751 Ty, % Zj:l DOT D) 4 b,,)

where DO = Fj(4)" = Gj(A)" = X,
6. Update n%

29 IG (2 Zamtll g o) 15T (GH(A) )T K (T,ﬁ)‘lej(A)(")+bn>

7. Update B4
5 N (2 (o S XTE 0 - 610 ) 5y )
end

Uncertainty is directly estimated from the synthetic draws from the Gibbs sampler.
We show a descriptive example using the data imputation in section 4.2.
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Chapter 4

Results

4.1 Datasets

16S rRNA data in sections 4.2-4.4 come from Duke Medical Center. Stool sam-
ples from patients were collected, stored, and processed as previously described in
[GKR*21]. These data consist of 1575 samples, 793 of which are from patients with
allogeneic HCT, 466 from patients with autologous HCT samples, and 316 samples
from others, including healthy relatives of the transplant patients. There are 537
unique patients tracked.

Memorial Sloan Kettering Cancer Center processed sequence data via the dada2,
ShortRead, seqinr, and ape packages, and used the 16S rRNA database from the
National Center for Biotechnology Information (NCBI) [NCB18] to map ASVs to
taxonomy assignment. We carried out further data cleaning via the phyloseq, phang-
orn, and DECIPHER packages in R to quality filter sequences, identify amplicon
sequencing variants (ASVs), align sequences across samples, and create the phylo-
genetic tree. We applied a prevalence filtering threshold of 0.01 and mean relative
abundance threshold of 0.0001, and removed any ASVs with no phylum found. The
resulting phylogenetic tree was constructed on 626 ASVs. For each instance of the
model at internal node A, we set py = 0.1, a, = 0.5, oy, = 1, B, = 0.5, and set
B, to a, times a Taylor series approximation of Var(F;(A)), based on the empirical
proportions from the dataset of traversing down the left branch of node A.

4.2 Analysis of Patients Sampled 4 Times in 4
Weeks

To examine LoTGaP’s imputation, we took a subset of 21 allogeneic HCT patients
with at least weekly measurements for 4 weeks after transplantation, and considered
the 95 samples of these patients taken between 10 days prior to transplant up to 30
days after transplant (imputing all other points in between). For simplicity, we do
not include any covariates in this example, and ran LoTGaP 2500 times, with 20%
burn-in, thinning every other value.

Figure 4.1 plots the trajectories of 5 patients and 6 nodes that are part of Lacto-
bacillus and Enterococcus paths (two genuses recognized for their probiotic qualities
[Fij14]). Table 4.1 describes the differences between the nodes in the context of
Lactobacillus and Enterococcus, where “Always”, “Sometimes” and “Never” are un-
conditional on previous nodes (i.e. “Sometimes” Lactobacillus means not all paths
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from the root to Lactobacillus leaves traverse through that node). In each subplot,
the black line represents the median F;(A), the log-odds of traversal down the left
branch of the node, with the dark gray and light gray representing the 50% and
95% confidence intervals, respectively. All empirical calculations of the log-odds are
plotted as orange points (where points plotted below/above the minimum/maximum
of the y-axis are points that empirically always traverse down the right/left branch
of the node graphed, respectively). Discrepancies between the number of points for
each patient occur when a node is reached at some time points but not others.

Log-odds for Various Patients and Nodes
Branches in Enterococcus and Lactobacillus Paths

16?48 18766 18971 19076 20248

g™ N A T

-20q
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??m»m/‘*md\v"‘”w§
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b o
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60- - v e v v v - v v v v ow o v
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VW Mooy e g A

210 0 10 20 30-10 0 10 20 30-10 0 10 20 30-10 0 10 20 30-10 0 10 20 30
Day

Figure 4.1: Trajectory of Lactobacillus and Enterococcus Internal Nodes
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Node 668 is located towards the top of the tree. Lactobacillus and Enterococcus
ASVs go through it, and both only move down the left path. We see that consistent
with the data, subjects tend to have a slightly positive median trajectory, indicating
above 50% probability of traversing down the Lactobacillus and Enterococcus portion
of the tree, and larger periods of uncertainty come with (1) larger gaps between time
points (2) large fluctuation in log-odds, or (3) extreme log-odds values (e.g., empir-
ical log-odds of —oco or +00). However, information sharing narrows the confidence
intervals even when all 3 of these factors are at play.

Node Names Node Properties

Node | Left | Right| Lacto Entero Lacto Entero Lacto Entero
Child | Child | Node Node Left Left Right Right

668 | 729 | 689 | Always Always Always Always Never Never

800 | 945 | 782 | Always Sometimes| Never Sometimes| Always Sometimes

888 | 855 | 901 | Always Sometimes| Always Sometimes| Never Sometimes

782 | 822 | 820 | Always Sometimes| Never Sometimes| Always Never

904 | 906 | 908 | Never Sometimes| Never Sometimes| Never Sometimes

935 | 923 | ASV | Sometimes| Never Sometimes| Never Sometimes| Never

144

Table 4.1: Node Split Descriptions in Figure 4.1

Nodes 800 and 888 are examples of nodes midway down the tree where Lacto-
bacillus exclusively traverses down the right and left branches, respectively, while
Enterococcus can traverse either. Once again, we see the largest uncertainty occur
for patients with larger gaps and extreme log-odds values.

Node 782 is a “breaking point” node between Lactobacillus and Enterococcus,
where Lactobacillus always traverses down the right branch, whereas Enterococcus
always traverses down the left branch conditional on reaching 782. LoTGaP produces
narrower confidence bands here, indicating less fluctuation at this breaking point.
Intuitively, we would expect such a consequential node to be relatively stable, as a
sudden imbalance towards one extreme of Lactobacillus and Enterococcus could be
pathogenic.

Finally, Enterococcus and Lactobacillus touch only 904 and 935 respectively. In
addition, these nodes do not partition either genus exclusively to one branch. Con-
fidence bands are much larger here, to the point that 95% confidence intervals prac-
tically include the entire interval of (0, 1) upon transforming the log-odds to a prob-
ability. This also gives insight into information sharing of LoTGaP, as we see much
wider intervals for patient 16348 at nodes 904 and 935 than 800, despite exclusively
having undefined odds ratios. When there are enough defined odds ratios across the
pool of patients, the noise added to the Gaussian process cannot blow up.

Consequentially, this also implies that there could be value in modifying the priors
of LoTGaP to allow for truncation of 0%, the technical variation in the Gibbs sampler
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for node A. In the current version of LoTGaP, inference on nodes with mostly extreme
log-odds diverges sometimes, especially when running it for thousands of iterations.
We discuss this further in 4.4 and 5.

4.3 Analysis of Patients from Antiseptic Chlorhex-
idine Gluconate Study

To evaluate covariates, we take microbiome samples from a study evaluating the
effectiveness of Chlorhexidine Gluconate (CHG) bathing ([GKR*21]). The sample
consists of 105 patients, with 273 samples collected between 10 days prior to trans-
plant up to 30 days after. There are 19 patients in study group 1 (no CHG bathing)
with microbiome samples, 20 in study group 2 (< 50% of the time CHG bathing),
28 in study group 3 (50 — 75% CHG bathing), and 38 in study group 4 (75 — 100%).

We run LoTGaP 3750 times, with 20% burn-in and thinning down to every third
iteration. We include the covariates of age, BMI, gender (with levels of Female,
Male, and Unrecorded), race (with levels of Asian, Black, White, More than One,
Unknown, and Unrecorded), transplant type (with levels of Allogeneic, Autologous,
and Unrecorded), and study group (with levels 1-4).

8162 unique covariate-node combinations were fit as a part of the model. Figure
4.2 plots the 1000 posterior samples of the covariates (colored by iteration number
and standardized to the log-odds scale) as well as 2.5th to 97.5th percentile interval
(the black bands) for nodes 888 and 782, two of the six nodes graphed in 4.1.

Points in these plots are not clustered by color, suggesting that the mixing is
appropriate with 20% burn-in and thinning to every third sample with these data. We
can see that for both nodes, there are 2 variables whose coefficients have 95% credible
intervals that do not cross 0 (Age, Study Group 4), and the sign of these coefficients
is always negative within the 95% credible interval for node 888, and always positive
for 782. We would expect the signs of the effects to differ between these two nodes
since LoTGaP expresses covariates through mean shifts on the log-odds of traveling
down the left branch of a node. As described in 4.1, all lactobacillus leaves go down
the left branch at node 888, so being older and being in study group 4 (compared
to the baseline of study group 1) are associated with a lower likelihood of traversing
to lactobacillus leaves. On the other hand, all lactobacillus leaves traverse down the
right branch at node 782, so being older and being in study group 4 (compared to
the baseline of study group 1) are associated with a higher likelihood of traversing
to non-lactobacillus leaves. We note that for node 888, the coefficient on Race Black
has a 95% credible interval that does not include 0, and for node 782, the coefficient
on BMI has a 95% credible interval that does not include 0 as well.
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Distribution of Posterior Samples of Covariates
at Lactobacillus and Enterococcus Nodes
Log-Odds Scaled
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Figure 4.2: Distribution of Covariate Coefficients’ Samples from LoTGaP run on
CHG Study Samples

We also plot the 2.5th and 97.5th percentiles of all nodes by each variable in figure
4.3, highlighting nodes 888 and 782 in magenta and blue, respectively. Any points
in the top left quadrant (colored in light orange) have 95% credible intervals that
include 0 (the sign flips from the 2.5th percentile to the 97.5th percentile), whereas
any points in the bottom left or top right quadrants (colored in light purple) have
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95% credible intervals that are exclusively negative and positive, respectively. The
majority of coefficient samples have 95% credible intervals containing 0, with Age,
BMI, Study Group 4, and Male Gender being the variables that most frequently are
associated with 95% credible intervals of coefficients that do not contain 0.

Bounds of 95% Credible Intervals across all Nodes

Age Autologous Transplant BMI Gender Male
5.04 1 1 1 1
1 1 1 1
2.5 1 ' 1 [
1 g 1 1 1
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1 ' 1 1
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S 1 1 1 1
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2.5th Percentile

Node Type |:| Other |:| Negative/Positive Coefficients |:| 888 |:| 782

Figure 4.3: 2.5th vs. 97.5th Percentiles of Node-Covariate Samples

4.4 Run-Time Comparisons with TGP-CODA

As mentioned in 2.2.2, TGP-CODA is a different hierarchical time series model for
the microbiome using Gaussian processes. However, TGP-CODA fits the model on a
single patient at a time across all OTUs or ASVs, whereas LoTGaP fits the model on
multiplate patients at a single internal node of a tree (but allows for parallelization
across nodes). In addition, TGP-CODA uses Hamiltonian Monte Carlo methods
implemented in STAN, whereas LoTGaP is a Gibbs sampler.

We ran both models on a local desktop, with no covariates or imputation included.
LoTGaP was run 2500 times for each of the 625 internal nodes across the sample of
21 patients introduced in 4.2. TGP-CODA’s most recent implementation ([Ai19])
was run on patient 16348 across the 626 ASVs, one of the patients within the sample
of 21 patients (and was graphed in 4.1).

LoTGaP took just under 38 minutes to complete its run across all nodes and 21
patients, whereas TGP-CODA took 2 hours and 54 minutes on a single patient. It is
important to note though that LoTGaP exits early if (1) the model is unidentifiable
due to the sample of subjects solely traversing down 1 branch at a node A, or (2)
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the variance diverges to infinity within the sampler (due to very sparse counts of
traversal down one branch of a node A across subjects), leading to parts of the model
to become unidentifiable for A. Early exit status occurred on on 242 of the 625
internal nodes, 148 being due to unidentifiability from the outset, and 94 occurring
within the sampler itself. We discuss in section 5 potential remedies to address the
divergence that is seen on the 94 nodes here. TGP-CODA also had divergence in
the model 11.2% of the time, indicating that unidentifiability and divergence may be
common issues across hierarchical Gaussian process models with these data.

In addition, TGP-CODA is not explicitly designed to model high-dimensional
microbiome data, with authors running the model on 36 taxa in the original paper
([AMBI18]). In future work, it would be a nice extension to generate synthetic data
based on a tree with many nodes and a tree with fewer nodes and evaluate statistical
power and run-time efficiency across both models for both trees. Nonetheless, the
large difference in run-time performance underscores the potential value of utilizing
the logistic tree in high-dimensional microbiome problems over other generalized
logarithmic transforms.
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Chapter 5

Discussion

Specialized modeling is required to analyze the trajectory of the human microbiome
probabilistically with the advent of study designs of the microbiome containing in-
consistently measured time points. We have derived an efficient hierarchical model
that smooths out missing data across patients, that also allows for (1) highly gran-
ular microbiome data, and (2) covariate testing on the means of log-odds of branch
traversal.

Within the current version of the model, there is room for modification. Devel-
oping an update step for p4 provides value in making the algorithm fully-Bayesian,
though comes at the cost of the efficiency by not having all steps be Gibbs update
steps, as well as forcing inversion of K'(t,t' | pa) at every iteration of the sampler.
Therefore, we see this as a lower priority in areas of improvement.

However, it seems worthwhile to explicitly impose structure on the variance such
that % does not blow up. A simple solution could be to bound ¢%. A natural
solution could be to truncate the inverse-Gamma prior on ¢%, which still allows for
efficient computation ([GSL92]). Additionally, while there is efficiency value brought
by LoTGaP’s independent setup across nodes, changing the Gaussian kernel to be a
Kronecker product between the existing time kernel and a separate covariance kernel
between nodes could allow for improved inference, given that at the individual node
level, identifiability can become an issue. Two potential avenues to explore are using
a sparse covariance function, such as the Graphical Lasso ([FHTO8]) to explicitly
impose zero structure, or alternatively, design a covariance function based on distance
within the phylogenetic tree to further inject biological information. Further sharing
of information across nodes could be a valuable addition to LoTGaP, and careful
consideration of covariance structure is required to define such a model.

In addition, for studies where data collection is set relative to an intervention,
such as HCT patients at Duke Medical Center, it may be worthwhile to use a nonsta-
tionary kernel for the Gaussian process to explicitly partition temporal correlation
pre-intervention and post-intervention. The Matérn covariance function is a nonsta-
tionary generalization of the exponential kernel used in LoTGaP ([PS06]), and can
allow for further structure to LoTGaP induced by study design.

While this paper showed a simple example of posterior distributions of covariate
coefficients within individual nodes across the tree over time, there is value towards
developing hypothesis testing, specifically joint testing procedures across multiple
nodes. There is an existing literature on tree hypothesis testing in genomics that has
potential for extension here ([BEF109]).

Finally, further development of ways to describe the model could help further
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our understanding of LoTGaP and time-series modeling of the logistic tree on the
microbiome relative to existing methods. Additional presentational tools that ag-
gregate internal node probabilities to taxonomic ranks (such as families, genuses, or
species) and increased testing of differently sized trees (as well as different types of
full binary trees related to the microbiome beyond phylogenetic trees) across different
time series models are two key categories that can shape our comprehension of the
microbiome. At this point, individual node identifiability is an issue in estimating
uncertainty across entire paths to leaves of the tree, but with the other proposed
changes for identifiability, this issue could start to disappear.
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Appendix A

Pdélya Gamma Augmentation

As mentioned in section 3.1.1, there are 2 key properties of Pélya-Gamma variables
that we can leverage here:

e p(w)

p(w | b, ¢) - fooo e,wwz/gp(w)dw ~ PG(ba ¢) (Al)
e?)” o 2
—(1(+ ;})b = 2_be“¢/0 e~V 2p(w)dw (A.2)

where k = a —b/2, p(w) is the probability density function of PG(b,0). Observe that
A.2 is proportional to a binomial distribution. Setting a = y;:(As), b = y;:(A), ¢ =
F;1(A),w = zj1(A), we can alternatively express the joint distribution of y;.(As), zj:(A)
conditional on y;(A), Fj:(A) as follows:

P(5e(Ae), 2t (A) | y5e(A), Fje(A)) = p(yse(Ae) | 2je(A), yje(A), Fji(A))
x p(zje(A) [ yjr(A), Fi(A))

. pyjt(AZ) (1 o p)y]t(A) eiZJt(A)(F]t(A))2/2p(Z] (
Jo e A2 (25, (A))dzje

(Pt (A))wse(Ae) €_th(A)(th(A))2/2p(th(A))

X 3
(1 + eFst(A))u;e(4) fo et (A F(A22p (2. (A)
_ Q—yjt(A)eHﬁ(A)th(A)e—ij(A)(th(A))Q/Qp(th(A))

- Q—yjt(A)e'ijt(A)th(A)@—th(A)(th(A))2/2p(th (A))
(A.6)

where £, (A) = y;:(Ar) — yjt(A)/2. Observe that A.6 includes a normal distribution
kernel for Fj(A), which is conjugate to 3.4. Thus, the augmentation allows for
conjugate posterior updating of Fj;(A) in a Gibbs sampler.
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Appendix B

Full Conditionals

We use — to denote all other covariates.

B.0.1 Full conditionals on mean parameters based on Mul-
tivariate Gaussian Conditionals

PGIA) | =)~ N (Za, | I (FT() - %,0)] S, ). (B.1)
where Xg, = <KA( LT | ma, pa)” +ai21|7}|>_1
A
PET(A) | =) ~ N (z [é(@?m) X0 njtm)] z) (B.2)

1 -1
where ZFJ. = <0'_2]|Tj + Zj]|7-j|> ,Iijt(A) = yjt(Ag) — yjt(A)
A
J
1
P(Ba] =) ~ N (2@4 (0—2 SO XTI (4) - G?(A))) i, ) (B.3)
AT
1 1 < -
where X5, = | 1+ —QZXJ»TX]»
T 0A

B.0.2 Full conditionals on variance terms based on Normal-
Inverse Gamma Updates

J—l 7; 4 T
P | )~ 1G <¥ T, DR (4) = Gy (4) = 56T (B3 (4) = G (4) = Xy + ba>
(B.4)
1T :
P | =) ~ 16 (Zg Ty 2 G KT T, 0, o) 165 (4) + bn> ,
” (B.5)

1
where K\(T;,T; [ 1%, pa) = 2 KT, T 114, pa), so K (1] pa) = exp(—p3*(t = ')?)
A
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B.0.3 Full conditionals based on Pdlya-Gamma augmenta-
tion (found in Appendix A)

p(zji(A) | =) ~ PG(y;i(A), Fiu(A)) (B.6)
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