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Abstract
Convex optimization is an incredibly useful tool for a variety of mathematical settings

and in this dissertation we elaborate on some of its uses for statistical problems. Many

statistical problems require some type of structure on estimated parameters such as sparsity

or restriction to a convex set. Convex optimization literature has extensively described how

to handle constrained settings and regularization terms which induce structure in optima. In

this dissertation we apply these methods to data where the underlying model must satisfy

some structure. Overall, in each chapter, the intersection of optimization methods and

statistics is highlighted. All algorithms proposed output the solution to some optimization

problem, which we show have desirable properties both empirically and theoretically.

In Chapter 2, we analyze biclustering in high dimensions. If data is viewed as a matrix,

then biclustering in high dimensions requires structure with submatrices of similar magni-

tude and many columns of zero to filter out unhelpful features. A biconvex modification is

made to convex biclustering to enable feature selection to be performed jointly with bicluster

fitting. We propose two efficient algorithms: biconvex biclustering, a proximal alternating

minimization scheme which weighs features and fits biclusters; and adaptive biconvex bi-

clustering, which updates the affinity hyperparameters while fitting for faster convergence

and increased performance. In addition to proving that biconvex biclustering converges to

a critical point of the proposed objective function, we also prove a finite-sample bound on

the mean squared error (in terms of the chosen features) of local optima. These bounds

apply for a wide range of input affinity hyperparameters, helping explain the performance

in practice. Extensive simulation studies show our algorithm outperforms peer methods

in terms of both biclustering and feature selection. Additionally, we apply our method to

a gene microarray dataset of lymphoma samples, recovering underlying data labels while

giving additional interpretation to the mRNA samples (features) via the column groupings

and fitted weights.

In Chapter 3, we revisit the affinities common in convex clustering algorithms, such

as the one proposed in Chapter 2. The affinities are a required input to convex clustering
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algorithms that dramatically affect the quality of the solutions. We expand on several results

in the literature to help understand which properties of affinities affect underlying solution

quality and the resulting structure of fitted clusters. In particular, we use the equivalence of

affinities to graphs to prove rates of convergence for centroid recovery. A framework for this

proof is built using properties of random walks and random graph models. Through the

form of a finite-sample bound for mean squared error and additional empirical results, we

argue proper tuning of hyperparameters to convex clustering problems should also include

tuning of input affinity weights.

In Chapter 4, we show how optimization can also be used to sample from constrained

posterior distributions, giving uncertainty estimates for statistical problems that must sat-

isfy some constraint. We prove the weighted Bayesian bootstrap, a method for approximate

sampling of a posterior distribution, can be extended to sample general constrained poste-

rior distributions under regularity conditions. The method entails a simple algorithm that

can take advantage of fast tools from convex optimization. Under regularity conditions, we

show the asymptotic distribution of samples from the constrained weighted Bayesian boot-

strap has a covariance matching an efficient estimator, the restricted maximum likelihood

estimator. We assess the method empirically on a variety of constrained Bayesian prob-

lems, demonstrating broad applicability of the method. The constrained weighted Bayesian

bootstrap is able to quickly sample from constrained posteriors while providing adequate

uncertainty quantification for problems solved via optimization methods that deliver only a

point estimate. As a case study, using constraints required in European-style option prices,

uncertainty estimates of an option pricing surface are derived with constrained weighted

Bayesian bootstrap.
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1. Introduction

In this dissertation, we consider how convex optimization methods intersect with statis-

tics. In particular, many statistical learning tasks can be formulated as optimization prob-

lems, using either a regularization term, or an explicit constraint to enforce structure. This

structure often leads to interpretability such as via sparsity or partitioning a large amount

of data into a small amount of groups. On occasion, the structure can be used to enforce

prior beliefs on an underlying model, such as specific forms of covariance or increasing in-

tensities of treatment having increasingly larger effects. Often times, specifying structure

makes it easier for a practitioner to turn messy and noisy real-world data, into models that

better describe any underlying dynamics.

An example of structure reducing complicated datasets into a smaller and more inter-

pretable model is biclustering. Biclustering is similar to clustering, but instead of only

partitioning samples into groups of similar points, the features are also grouped. This gives

a set of sample groupings along with a set of feature groupings which help explain the

partition of samples. When dimensionality is increased, biclustering becomes particularly

challenging, as many features may not be relevant and only lower the signal-to-noise ratio

of the data. Hence, many existing methods for biclustering struggle to scale, either losing

performance as the dimension increases, or becoming prohibitively slow due to the combi-

natorial nature of the task. Modern datasets, such as those from genomics, are becoming

increasingly larger, requiring methods to scale appropriately. This scaling comes with an

additional task: the need to understand which of the many dimensions bear the most signal

in the biclustering task. We aim to accomplish feature weighing jointly with biclustering.

Biclustering can be formulated as a convex optimization task (Chi et al., 2017), and in

Chapter 2, we expand on this formulation to assist in biclustering in high dimensions. By

relaxing the convex biclustering objective function to also include feature weights, we induce

a biconvex objective which enables efficient optimization. Through this relaxation, we are
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able to fit biclusters while weighing features on their utility. Full details on hyperparameter

tuning are available, along with extensive simulations describing the efficacy of our method.

The need to tune hyperparameters is common in statistical learning tasks formulated as

optimization problems. Some hyperparameters are simple, only describing the strength of

penalty terms, while others are more complicated, completely describing the dynamics of the

structure being imposed. The latter is the case in convex clustering, a continuous relaxation

of hierarchical clustering, where the input affinities are a large set of hyperparameters that

incur the fusion of data into a small set of centroids (Hocking et al., 2011). This sensitivity

to the affinities carries over into any convex clustering based method, such as the one we

employ in Chapter 2. There exist many papers grounded in convex clustering due to its

appealing properties, such as a continuous solution path, computational scalability, and

convexity. In Chapter 3, we elaborate on what properties of these affinities lead to precise

solutions to convex clustering problems. The affinities can be studied through the lens

of graphs and random walks. This lens enables discussion of between and within-cluster

connectivity, allowing for specific rates of convergence to be derived for some non-parametric

models.

Although optimization is useful for producing point estimates of parameters for sta-

tistical models, it can also be used to produce samples of some probability distributions,

allowing for uncertainty estimates. In particular, due to the wide-range of literature in

constrained optimization, this opens an avenue to sampling probability distributions with

constrained support. In Bayesian statistics, if one chooses a prior with support truncated to

a set, then sampling the resulting posterior requires samples constrained to that set. This

is a challenging setting which often is not supported by gradient-based samplers. Existing

constrained posterior sampling methods either lack flexibility in the constraints allowed,

transform unconstrained samples, or relax the constraints. This can be insufficient in any

setting that requires uncommon constraints, complicated posterior geometry, or samples

strictly in the support set. In Chapter 4, we show how the weighted likelihood/Bayesian

bootstrap (Newton, 1991; Newton et al., 2021) can be expanded to sample from constrained
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posterior distributions. In turn, this allows constrained optimization methods to be used

for sampling, giving a widely applicable method. Sampling is a delicate task, requiring

some level of theoretical justification to be useful. Under standard regularity conditions,

we show the constrained weighted Bayesian bootstrap satisfies convergence in conditional

distribution to the restricted maximum likelihood estimator, allowing Bayesian confidence

intervals to be interpreted in a frequentist sense. Due to the wide range of constrained opti-

mization algorithms, we are able to show the efficacy of the constrained weighted Bayesian

bootstrap easily. In several examples, we derive uncertainty estimates from posteriors with

truncated support using existing techniques in the constrained optimization literature.
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2. Biconvex Biclustering

2.1 Introduction

Biclustering is an unsupervised machine learning task that seeks to partition observa-

tions into groups of similar elements while simultaneously partitioning their features in a

similar fashion. That is, when the data are organized as a matrix, biclustering seeks to

learn groupings in both the row and column variables. In contrast to clustering, which

seeks only to group the observations (rows), biclustering also uncovers how groups of fea-

tures define or differentiate these groupings. Applications of biclustering are numerous in

genomics (Cheng & Church, 2000; Fadason et al., 2018; Kluger et al., 2003), data mining

(Busygin et al., 2008) and precision medicine (Nezhad et al., 2017).

There is a rich literature related to biclustering, but many existing methods were not de-

signed to scale to modern datasets. Biclustering is inherently a combinatorially challenging

problem due to the many possible row and column partitions to consider. Early methods

performed a greedy approach that focused on searching data matrices for submatrices of

similar magnitude (Cheng & Church, 2000). Many search strategies require parametric

assumptions or heuristics to maintain a reasonable runtime (Liu & Arias-Castro, 2019;

Shabalin et al., 2009). Biclustering has also been studied from the lens of matrix decom-

position. Popular algorithms such as PLAID seek a “checkerboard” structure among rows

and columns of the data as sums of outer products between membership assignments and

bicluster centroids (Lazzeroni & Owen, 2002). Assuming an additive model, the method

sequentially solves least squares problems, and was later improved upon with a search strat-

egy (Turner et al., 2005). Noting the inherent low-rank structure behind biclustered data,

other approaches enforce sparsity on singular values either by manually thresholding after

singular value decomposition (Bergmann et al., 2003) or post-processing based on domain

knowledge (Kluger et al., 2003). Sparsity-inducing penalties for regularizing singular vec-

tors include the SSVD algorithm (Lee et al., 2010) and BCEL (Zhong & Huang, 2022).
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Both methods incorporate stability selection to improve performance by refining estimated

biclusters (Sill et al., 2011). Although the matrix factorization lens is highly flexible, it

has been reported to perform poorly when the signal-to-noise ratio is low, common in

high-dimensional settings (Nicholls & Wallace, 2021).

In many applications, data such as microarray gene expression or single-cell RNA-

sequencing are collected over a large number of features that overwhelm the number of

available observations. In such cases, often many features bear little to no signal useful

towards biclustering. Our contributions focus improving biclustering in this setting by

identifying informative features that are not only important toward successfully discrimi-

nating groups (rows) among the data, but also necessary to discard noise features (columns)

that otherwise detract from the quality of the biclustering. So that existing methods not

suited for high-dimensional data can apply, it is common practice to apply a preprocessing

step such as PCA to heuristically discard most features. While this ad hoc fix can improve

clustering performance compared to no preprocessing, it risks spurious findings, such as

prematurely discarding important features. This article seeks a more principled approach

that selects and weighs features jointly throughout the biclustering task.

To this end, we propose a new formulation to accomplish biclustering together with

feature weighing. Our method draws upon recent ideas from the convex clustering and bi-

clustering literature, aiming to better handle high-dimensional data while benefiting from

stability and theoretical guarantees established for these methods. Convex clustering (Hock-

ing et al., 2011) formulates the clustering task as a convex optimization problem

min
U∈Rn×p

γ

n∑
i<j

Φij∥Ui· −Uj·∥2 +
1

2
∥U −X∥2F , (2.1)

where X is a data matrix of n samples and p features and the optimization variable U is

of the same size. The objective (2.1) can be understood as a convex relaxation of single-

linkage hierarchical clustering, where a “fusion” penalty encourages a unique number of

rows, interpreted as cluster centroids. Here, γ is a hyperparameter controlling the strength
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of fusion and Φij ≥ 0 are affinities to fuse various rows. This convex formulation has

many attractive properties, such as a continuous solution path with respect to (X,Φ, γ)

(Chi & Lange, 2015), computational efficiency from using a sparse Φ, and solutions not

sensitive to initialization. The success of convex clustering has lead to a myriad of options

for optimization (Chi & Lange, 2015; Panahi et al., 2017; D. Sun et al., 2021; Weylandt

et al., 2020), parallel processing routines, (Fodor et al., 2022; W. Zhou et al., 2021) and

multi-view data (M. Wang & Allen, 2021).

Biclustering can be cast similarly by including an additional penalty term to promote

column fusion, resulting in the objective

min
U∈Rn×p

γ

( n∑
i<j

Φij∥Ui· −Uj·∥2 +
p∑
k<ℓ

Ψkℓ∥U·k −U·ℓ∥2
)
+

1

2
∥X −U∥2F . (2.2)

Problem (2.2) can be solved efficiently using COBRA (Chi et al., 2017), a proximal method

that alternates between convex clustering subroutines on the rows and columns until con-

vergence. Several improvements were subsequently proposed using compression strategies

(Yi et al., 2021), alternating direction method of multipliers (ADMM) (B. Wang et al.,

2023), and generalized ADMM (Deng & Yin, 2016; Weylandt, 2019). Like the standard

clustering counterpart, the efficacy of convex biclustering has lead to generalizations in-

cluding tensor versions (Chi et al., 2020), loss functions robust to outliers (Y. Chen et al.,

2025), and supervised learning (Nezhad et al., 2017).

While convex clustering and biclustering have seen practical success, these methods

also begin to struggle as the dimension of the problem increases. In high dimensions,

Euclidean distance loses ability to discriminate observations (Aggarwal et al., 2001); this

is exacerbated as both the norms appearing in the objectives and commonly used affinities

begin to lose fidelity. Affinities have large repercussions in practice, as we explore in Section

2.2, and as evident from Equation (2.2) which requires two sets of affinities for biclustering

regularization.

To make progress, we expect that in high-dimensional settings biclustering may remain
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feasible when a subset of columns are salient to the task. Equations (2.1) and (2.2) treat

all features equally in their formulation, yet it is natural to identify and downweight less

informative features. Feature selection and weighing have proven successful in the context

of clustering: Witten and Tibshirani (2010) proposed a framework for a variety of clustering

tasks by decomposing losses into weighted averages of the column measures of fit. SparseBC

(Tan & Witten, 2014) directly generalizes the k-means objective function to include column

centroids together with a sparsity-inducing penalty. SC-Biclust (Helgeson et al., 2020)

extends these ideas to biclustering in a straightforward way by applying the algorithm in

stages, and then testing the fitted weights for discrimination between column contributions

to row clusters. Based on k-means, these methods inherit some of the known drawbacks,

including sensitivity to initialization, difficulty with low signal-to-noise ratios, and inability

to handle non-linear separation.

Our proposed approach seeks to achieve the advantages of feature weighting while largely

preserving the stability enjoyed by convex formulations. Recently, Chakraborty and Xu

(2023) made a small departure from convexity in the context of clustering by augmenting

(2.1) with weights:

min
U∈Rn×p,w∈Rp

γ
∑
i<j

Φij∥Ui· −Uj·∥22 +
1

2

p∑
ℓ=1

(w2
ℓ + λwℓ)∥U·ℓ −X·ℓ∥22,

subject to
p∑
ℓ=1

wℓ = 1, wℓ ≥ 0.

(2.3)

With w as an additional optimization variable, (2.3) is now biconvex: the optimization

problem in either U or w is convex when the other is held fixed. We aim to overcome the

difficulties of convex biclustering in high dimensions by changing the measure-of-fit in (2.2)

to include learning column weights similar to (2.3) in a practical and theoretically sound

framework. To this end, we contribute a novel optimization scheme based on Proximal Al-

ternating Linearized Minimization (Bolte et al., 2014). Not only do we establish theoretical

guarantees including finite-sample bounds but find that this formulation allows for existing

efficient algorithms to be leveraged in solving the resulting subproblems. Moreover, this
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method does not require squared penalties on the fusion terms as in (2.3), leading to better

merging and more robustness to outliers as a result. A two-stage procedure is developed to

tune the balance of the fusion and sparsity hyperparameters by principled approaches. In

addition, we generalize statistical guarantees established for convex clustering.

In Section 2.2, we define our problem statement and objective function while empha-

sizing the utility and importance of the affinities, Φ and Ψ. In Section 2.3, we present the

proposed Biconvex Biclustering (BCBC) method and an adaptive variant that updates the

data affinities during data fitting. Section 2.4 shows a finite-sample bound for solutions of

our objective function that allows for weighted connected affinity graphs, a generalization

recently seen in Lin and Zhang (2024), an application of convex clustering to low-rank ma-

trix data. In Section 2.5, we show empirically that Adaptive BCBC fits consistently recover

biclusters from simulated data, while weighing the features appropriately for their contri-

bution to the biclustering. Finally, in Section 2.5.3 we consider a case study on lymphoma

microarray data and discover a variety of meaningful biclusters. Throughout this chapter,

upper-case bold letters will denote matrices, while indexing with Ui· and U·ℓ signify the

ith row and ℓth column of U , respectively. Lower-case bold letters denote vectors, with

individual elements in nonbolded text, e.g. wℓ is the ℓth element of w. Symbols n and

p will always refer to the number of rows (samples) and columns (features) of a matrix,

respectively. In addition, ∥ · ∥F refers to the Frobenius norm, ∥ · ∥0 the number of nonzero

entries and occasionally we write the weighted norm as ∥X∥2w =
∑p

ℓ=1wℓ∥X·ℓ∥22.

2.2 Biconvex Formulation

Let X ∈ Rn×p, such that there are n samples of p features. We seek to perform

biclustering with penalty terms encouraging both column fusion and feature weighing, via
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minimizing the objective function

F (U ,w) = γ

( n∑
i<j

√
Φij∥Ui· −Uj·∥2 +

p∑
k<ℓ

√
Ψkℓ∥U·k −U·ℓ∥2

)
+

1

2
∥X −U∥2w2+λw,

subject to
p∑
ℓ=1

wℓ = 1, wℓ ≥ 0.

(2.4)

The first term is convex but non-smooth with respect to U , composed of two fusion terms

that encourage rows and columns, respectively, to coalesce toward shared centroids. The

second term is biconvex in the variables (U ,w) and measures goodness-of-fit, weighted by

how useful each feature is toward biclustering. The tuning parameter γ > 0 modulates

the tradeoff. The weights w are optimized jointly along with U , allowing feature selection

to occur simultaneously with biclustering. The weighted norm is inspired by Witten and

Tibshirani (2010), which avoids degenerate solutions under only an ℓ1 term by additionally

including an ℓ2 constraint or penalty; Chakraborty and Xu (2023) operate under a similar

logic. The affinity terms Φ and Ψ are square-rooted for notational convenience of our

theory in Section 2.4.

In practice, the choices for affinities Φ and Ψ have a dramatic effect on the solutions

to (2.4) (Chi et al., 2025). Inspecting Φ, we see that only pairs (i, j) where Φij > 0

encourage fusion between rows i and j, eventually coalescing them to a single centroid as

γ increases. A higher number of informative Φij > 0 will increase the solution quality,

but including excess uninformative pairs both increases computational burden and may

decrease solution quality. Hocking et al. (2011) suggested setting affinities using the data

with Φij = exp(−τ∥Xi·−Xj·∥22), for some hyperparameter τ > 0. Empirical evidence shows

this is a reasonable choice. Chi and Lange (2015) expanded this idea further by suggesting

setting all Φij = 0 when rows i and j are not k-nearest neighbors. Doing so reduces the

total arithmetic calculations of fusion terms from O(n2p) to O(p∥Φ∥0), a recommendation

that is followed in many subsequent papers. Equivalently, the affinity matrix Φ can be

treated as an adjacency matrix for some weighted simple graph, G = (V,E,W ), where
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|V | = n, |E| = ∥Φ∥0/2, and W (i, j) = Φij represent each data point, edge, and resulting

weight, respectively. We make use of this connection in our theoretical analysis in Section

2.4.

2.3 Methods

To enable estimation, we note the objective can be rewritten as

F (U ,w) = f(U) + g(w) +H(U ,w), (2.5)

where f represents the fusion penalties, g is the 0/∞ indicator function for whether w

satisfies the constraints in (2.4), and H is the weighted loss. Exploiting the structure of

(2.5) will be key to efficient optimization, as f and g are both proper, lower semicontinuous

and convex, while H is smooth and biconvex. Moreover, the convex terms f and g are

parameter separated, suggesting they may be handled individually within an alternating

procedure. Because the biconvex term H is smooth and can be split into blocks that mirror

the separability of f and g, it can also be incorporated within block alternating schemes.

With these aspects in mind, we solve (2.5) using Proximal Alternating Linearized Mini-

mization (PALM) (Bolte et al., 2014), an iterative scheme that solves simpler optimization

subproblems in each block repeatedly. The subproblems consist of optimizing a quadratic

approximation at a current iterate plus a linearization from the smooth term. In our setting,

these approximations about (U0,w0) take the form

F νw(U ;U0) := f(U) + (U −U0)⊤∇UH(U0,w) +
ν

2
∥U −U0∥2F , (2.6)

F νU (w;w0) := g(w) + (w −w0)⊤∇wH(U ,w0) +
ν

2
∥w −w0∥22. (2.7)

Basic manipulations reveal that solutions to these subproblems are related to the proximal

operator (Parikh & Boyd, 2014)

proxν,h(u) := argmin
u′

h(u′) +
ν

2
∥u− u′∥22. (2.8)

In particular, w ∈ argminF νU (·;w0) ⇐⇒ w ∈ proxν,g

[
w0 − 1

ν∇wH(U ,w0)
]
, with an

analogous result for U ∈ argminF νw(·;U0). We see that PALM iteratively optimizes

10



objectives of the form (2.5) by handling non-smooth terms via proximal smoothing. In

particular, the PALM updates reduce our biclustering task to subproblems with known,

well-behaved solutions as summarized in the following proposition.

Proposition 1. The minimizers of subproblems (2.6), (2.7) applied to the objective function

(2.5) are given by solving a biconvex clustering problem and projecting onto a weighted

simplex, respectively.

Proof. We begin by writing the derivatives of H

∇U·ℓH(U ,w) = (w2
ℓ + λwℓ)(U·ℓ −X·ℓ), (2.9)

∇wℓ
H(U ,w) = (wℓ + λ/2)Dℓ(U), (2.10)

where D(U) : Rn×p 7→ Rp with Dℓ(U) = ∥X·ℓ −U·ℓ∥22. The first subproblem

proxν1,f

[
U0 − 1

ν1
∇UH(U0,w)

]
,

with w fixed starting from an initial point U0 is given by

argmin
U∈Rn×p

γ

ν1

( n∑
i<j

√
Φij∥Ui· −Uj·∥2 +

p∑
k<ℓ

√
Ψkℓ∥U·k −U·ℓ∥2

)

+
1

2

∥∥∥U0 − 1

ν1
(U0 −X)diag(w2 + λw)−U

∥∥∥2
F
.

(2.11)

We recognize this objective can be viewed equivalently as a convex biclustering task (2.2),

where the data matrix is U0 − 1
ν1
(U0 −X)diag(w2 + λw). This subproblem can thus be

solved directly using COBRA or other viable alternatives such as Yi et al. (2021) or B.

Wang et al. (2023).

The remaining subproblem, proxν2,g
[
w0 − 1

ν2
∇wH(U ,w0)

]
, with U fixed and an initial

point w0 is given by

argmin
w :

∑
wℓ=1

wℓ≥0

p∑
ℓ=1

[
w0
ℓ −

1

ν2

(
w0
ℓ +

λ

2

)
∥X·ℓ −U·ℓ∥22 − wℓ

]2
. (2.12)
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This amounts to orthogonal projection of w0 − 1
ν2

(
w0 + λ1p/2

)
⊙D(U) onto the simplex,

where ⊙ is the Hadamard product. See Y. Chen and Ye (2011) and Condat (2016) for

details on fast projection onto the simplex.

In practice, we declare convergence using a relative error stopping criterion on the

iterates Uk, followed by a single block-optimization step on the final wk with U fixed

(see Theorem 1 of Chakraborty and Xu (2023)). A pseudocode summary is provided in

Algorithm 1.

Algorithm 1 Optimizing Biconvex Biclustering via PALM
Input: Data points X, w0 ∈ Rp,

∑p
ℓ=1w

0
ℓ = 1, ν− > 0

1: Initialize k ← 0, U0 ←X.
2: while U has not converged do
3: ν1 ← max[1, 2L1(w

k)] from (2.15)
4: Uk+1 ← proxν1,f [U

k −∇UH(Uk,wk)/ν1] (Convex biclustering via (2.11))
5: ν2 ← max[ν−, 2L2(U

k+1)] from (2.15)
6: wk+1 ← proxν2,g[w

k −∇wH(Uk+1,wk)/ν2] (Project to simplex via (2.12))
7: k ← k + 1
8: end while
9: ŵ ← argminw g(w) +H(Uk,w) (Coordinate descent step on w block)

10: return Uk, ŵ.

2.3.1 Convergence

To guarantee that Algorithm 1 converges to the limit points of the objective, PALM

requires the following assumptions:

• Assumption 1: f, g are both proper and lower semicontinuous. H is a C1 function.

• Assumption 2(i): inf F > −∞, inf f > −∞, inf g > −∞.

• Assumption 2(ii): For a fixed w, the function H(U ,w) has a partial gradient

∇UH(U ,w) which is globally Lipschitz, i.e.

∥∇UH(U1;w)−∇UH(U2;w)∥F ≤ L1(w)∥U1 −U2∥F . (2.13)

Similarly, for a fixed U , the function H(U ,w) has a partial gradient ∇wH(U ,w)

which is globally Lipschitz, i.e.

∥∇wH(U ;w1)−∇wH(U ;w2)∥2 ≤ L2(U)∥w1 −w2∥2. (2.14)
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It is not hard to see that these are all satisfied by (2.5). In particular, (2.13) and

(2.14) are satisfied with

L1(w) = max
ℓ
w2
ℓ + λwℓ; L2(U) =

√√√√ p∑
ℓ=1

∥X·ℓ −U·ℓ∥42. (2.15)

Calculation of these Lipschitz constants affects the dynamic step sizes throughout

PALM. When substituting ν with equations (2.15), the subproblems (2.11) and (2.12)

gain some intuition as updates to one block are based on normalization of the residuals

based off the other block. For example, step 6 of Algorithm 1 is an orthogonal

projection of wk −
(
wk + λ1p/2

)
⊙ D(Uk+1)

L2(Uk+1)
, where the right term of the Hadamard

product is a unit vector.

• Assumption 2(iii): The Lipschitz constants from (2.15) of the PALM iterates,

(Uk,wk) is bounded above 0 and below infinity. This is satisfied by

inf
k
L1(w

k) ≥ 1

p2
+
λ

p
, sup

k
L1(w

k) ≤ 1 + λ, (2.16)

inf
k
L2(U

k) > 0, sup
k
L2(U

k) <∞. (2.17)

There are clear bounds of L1(w) for all w in the domain of F . For L2(U
k) we can

create an artificial lower bound by setting L′
2(U

k) = max[c, L2(U
k)] as recommended

by Bolte et al. (2014). Although there is not an explicit upper bound, in practice

the iterates Uk need to approximate X because the objective function decreases

throughout iteration, allowing us to assume L2(U
k) will never be too large.

• Assumption 2(iv): ∇H is Lipschitz continuous on bounded subsets of Rn×p × Rp:

∥∇H(U1,w1)−∇H(U2,w2)∥2 ≤M∥(U1 −U2,w1 −w2)∥2, (2.18)

where M > 0. As noted in Remark 3 of Bolte et al. (2014), this is satisfied because

H is twice continuously differentiable.

We see it is sufficient to take ν1 = c1L1(w
k) and ν2 = c2L2(U

k) where c1, c2 > 1 in

order to guarantee convergence of Algorithm 1. Notably ν1 will rescale the hyperparameter

13



γ when solving convex biclustering subproblems (see (2.11)), so for numerical stability and

ensuring problems are on the same scale, we force ν1 = 1 for almost all iterations by having

c1 = max[1/L1(w
k), 2]. The Lipschitz constant from (2.15) is almost always less than 1 in

high-dimensional cases as both λ and wℓ are on the scale of 1/p. For ν2, we choose c2 = 2

for simplicity.

The above assumptions ensure Algorithm 1 converges, but if the objective function sat-

isfies the Kurdyka-Łojasiewicz property then we can ensure limit points are also stationary

points of the objective.

Proposition 2. F (U ,w) satisfies the Kurdyka-Łojasiewicz property everywhere. As a

result, Algorithm 1 converges to a stationary point of (2.4).

We defer relevant definitions and proofs to Section A.2.

2.3.2 Adaptive BCBC

The objective function for biconvex biclustering (2.4) can be modified slightly so that

the affinities can be learned in a data-adaptive fashion. Consider

F (U ,w,Φ,Ψ) = γ

( n∑
i<j

√
Φij∥Ui· −Uj·∥2 +

p∑
k<ℓ

√
Ψkℓ∥U·k −U·ℓ∥2

)
+

1

2
∥X −U∥2w2+λw,

subject to
p∑
ℓ=1

wℓ = 1, wℓ ≥ 0, Φ ≥ 0, Ψ ≥ 0.

(2.19)

As discussed in the introduction, Φ and Ψ are essential for performing the necessary fusion

to have viable clusters. When Φ and Ψ are calculated from the raw data, they may suffer

from the large number of noise features just as the original biconvex clustering objective

struggles. It is therefore intuitive to update the affinities while fitting BCBC, as the learned

weighted feature space can alleviate this issue. An adaptive variant can be obtained imme-

diately upon inserting an additional optional update in Algorithm 1, performing k-nearest

neighbors on updated rows and columns of U under a Gaussian kernel. These updates
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follow the intuition in (Chi et al., 2017), and are given by

Φ̃kij = 1(row i is NN with row j) exp
(
−τ∥Uk

i· −Uk
j·∥22/p

)
, (2.20)

Ψ̃k
ℓm = 1(column ℓ is NN with column m) exp

(
−τ∥Uk

·ℓ −Uk
·m∥22/n

)
, (2.21)

√
Φkij =

Φ̃kij
√
p
∑

i′,j′ Φ̃
k
i′j′
, (2.22)

√
Ψk
ℓm =

Ψ̃k
ℓm√

n
∑

ℓ′,m′ Ψ̃k
ℓ′m′

. (2.23)

We also note that using approximate nearest neighbor methods such as HNSW (Malkov

& Yashunin, 2020) in place of exact k-NN can speed up Algorithm 2 with essentially no

loss of performance.

Algorithm 2 Optimizing Adaptive Biconvex Biclustering via PALM and KNN
Input: Data points X, w0 ∈ Rp,

∑p
ℓ=1w

0
ℓ = 1, ν− > 0,Φ0,Ψ0

1: Initialize k ← 0, U0 ←X.
2: while not converged do
3: ν1 ← max[1, 2L1(w

k)] from (2.15)
4: Uk+1 ← proxν1,f [U

k −∇UH(Uk,wk)/ν1] (Convex biclustering via (2.11))
5: ν2 ← max[ν−, 2L2(U)] from (2.15)
6: wk+1 ← proxν2,g[w

k −∇wH(Uk+1,wk)/ν2] (Project to simplex via (2.12))
7: (Φk+1,Ψk+1)← GKNN affinities with Uk+1 from equations (2.20)–(2.23).
8: k ← k + 1
9: end while

10: ŵ ← argminw g(w) +H(Uk,w) (Coordinate descent step on w block)
11: return Uk, ŵ.

2.3.3 Hyperparameter Selection

Following Tan and Witten (2014), we recommend a two-stage tuning approach with an

initial stage to recommend a value for γ, and a second stage to evaluate fits for varying

values of λ. Some computational burden is relieved as not every possible pair of (γ, λ) is

fit while allowing each hyperparameter to be optimized by principled approaches.

Tuning γ Similar to Chi et al. (2017), we create a hold-out set of data points and perform

a missing data fit to tune γ. Let I be a set of observed indices. By default, we recommend
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|I| ≈ 0.85 · np and chosen independently at random; however, tuning via the hold-out

problem may be more effective if |I| decreases as the number of uninformative columns

increases. The hold-out problem is written as:

F̃γ,λ(U ,w) := γ

( n∑
i<j

√
Φij∥Ui· −Uj·∥2 +

p∑
k<ℓ

√
Ψkℓ∥U·k −U·ℓ∥2

)

+
1

2

p∑
ℓ=1

(w2
ℓ + λwℓ)

n∑
i=1

{
(Uiℓ −Xiℓ)

2 (i, ℓ) ∈ I
0 otherwise

,

subject to
p∑
ℓ=1

wℓ = 1, wℓ ≥ 0.

(2.24)

See Section A.1 for details on efficiently optimizing (2.24). In order to choose an optimized

γ∗ we recommend solving the hold-out problem, and calculating the hold-out sum of squared

errors for each γ:

U∗(γ) = argmin
U

F̃γ,0(U ,w), (2.25)

γ∗ = argmin
γ∈{γ1,...,γm}

∑
(i,j)∈Ic

[U∗(γ)ij −Xij ]
2. (2.26)

Notably, we set λ = 0 for this tuning stage to avoid overzealously removing features, since

this is reserved for the following stage. The value of λ used has little effect on the hold-out

sum of squared errors, since any hold-out value is in a column either:

1. Useful for clustering, in which case fits should avoid erroneously assigning zero weight

and an appropriate value of γ should estimate the hold-out value.

2. Not useful for clustering, in which case whether or not a fit assigns zero weight, any

value of γ or λ will have equal difficulty in estimating the hold-out value.

Tuning λ Though λ is more directly related to the columns of U as it implies a weighted

norm on the feature space, its value impacts both row clusters as well as column clusters.

It is therefore natural to tune via a criterion that directly manages the tradeoff between

goodness-of-fit and model complexity as a function of λ. We advocate a version of the

extended Bayesian Information Criteria (eBIC) (J. Chen & Chen, 2012), which has proven
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effective for balancing complexity in other biclustering methods even when the loss is not a

likelihood proper (Chi et al., 2020; Lee et al., 2010; Tan & Witten, 2014). Tan and Witten

(2015) provides justification for using the number of unique centroids as the degrees of

freedom for a BIC calculation while Chi et al. (2020) shows strong empirical performance

with a similar idea. The eBIC criterion we use is:

eBIC = np log

(
∥U⋆(r1, r2)−X∥2F

np

)
+ 2 log(np)× d̂f(r1, r2), (2.27)

where d̂f(r1, r2) is the number of unique biclusters and U⋆(r1, r2) is defined

U⋆
ik(r1, r2) = mean({Xjℓ : U

⋆
i·(r1) = U⋆

j·(r1),U
⋆
·k(r2) = U⋆

·ℓ(r2)}), (wk > 0);

U⋆
ik(r1, r2) = mean({Xjℓ : ŵℓ = 0}), (wk = 0).

(2.28)

Calculating U⋆ is a computationally cheap operation, and we adopt a standard approach to

assign biclusters from the solutions Û , ŵ following Chi et al. (2017), declaring two rows to

belong to the same cluster if the weighted distance between them is smaller than a threshold

based on the standard deviation of all pairwise weighted distances. Column clusters are

handled analogously, with complete details included in Section A.5.

2.4 Finite-Sample Bounds for Biconvex Biclustering

We now describe finite-sample bounds on the prediction error that apply to local optima

of (2.4), assuming independent sub-Gaussian errors and fixed connected affinity graphs.

Even though calculating the global solution to (2.4) is difficult due to non-convexity, any

local optima, e.g. outputs from Algorithm 1, will still retain desirable theoretical properties.

In contrast to previous results in the convex clustering literature, which assume Φij = 1

for all i ̸= j, we allow Φ to be the adjacency matrix of any fixed connected graph. The

link between performance and affinity graph structure is summarized in Theorem 3 in

generality by the algebraic connectivity, characterized by the smallest nonzero eigenvalue

of the graph Laplacian. This theoretical support better aligns with what is done in practice,

as fully uniform affinity weights lack both sparsity and give a less robust fusion penalty.

Connectivity is a mild assumption: if the underlying affinity graphs had multiple connected
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components, one may apply a divide and conquer approach and run multiple instances of

our method on each connected component. The following result is a generalization of some

results from Chakraborty and Xu (2023), but now with respect to any learned weighted

norm and more practical affinities.

Theorem 3. Suppose that X = U +E, where E ∈ Rn×p is composed of independent sub-

Gaussian random variables with mean zero and variance σ2. Let Φ and Ψ be weighted ad-

jacency matrices of connected graphs, independent of E, with n and p vertices, respectively.

Let Û and ŵ be local minimizers of (2.4). If γ
np >

σ(1+λ)√
np max

(√
log(p∥Φ∥0)
nη(Φ) ,

√
log(n∥Ψ∥0)
pη(Ψ)

)
then

1

2np
∥U − Û∥2ŵ2+λŵ ≤

σ2(1 + λ)

2

[
1

n
+

1

p
+

√
log(np)

np2
+

√
log(np)

n2p

]

+
2γ

np

(∑
i<j

√
Φij∥Ui· −Uj·∥2 +

∑
k<ℓ

√
Ψkℓ∥U·k −U·ℓ∥2

)
,

(2.29)

holds with probability at least 1−2 exp

{
−Cmin

[
log(np),

√
min(n, p) log(np)

]}
− 8
np , where

η(A) is the algebraic connectivity of the graph formed by the adjacency matrix A, ∥A∥0 is

the number of nonzero entries (edges), and C > 0 is some constant.

Theorem 3 implies consistency with respect to the learned weighted norm for local solu-

tions of (2.4). The terms in (2.29) involving Φ and Ψ provide insight into how deterministic

choices of affinity graphs affect clustering quality of solutions to (2.4). Provided connectiv-

ity is maintained, any value where Φij > 0 and Ui· = Uj·, will, at minimum, decrease the

right-hand side of (2.29) by increasing the overall algebraic connectivity of the row affinity

graph while not increasing the oracle terms. An analogous result holds for Ψ and column

clustering. Furthermore these terms describe how poorly specified affinities, e.g. Φij > 0

but Ui· ̸= Uj·, may reduce solution quality. Theorem 3 gives theoretical justification for

the empirical finding in the literature that solution quality in convex clustering and biclus-

tering are highly dependent on the quality of affinities. Although we have a notion of a
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true underlying U , we do not impose a notion of a ground truth w. Because Theorem 3

applies to any local solution, any choice of ŵ will have a theoretical notion of prediction

consistency for its corresponding Û .

2.5 Empirical Performance

To show the efficacy of BCBC, we perform a variety of experiments on data simulated

with a bicluster structure and an additional set of features that are uninformative to either

clustering mode. We evaluate the fitted biclusters with the true underlying biclusters via

the Adjusted Rand Index (ARI), a measure of clustering quality that adjusts for expected

performance under random partitions. In addition to testing biclustering performance on

the set of true biclusters, we also test the ability of the methods to detect informative

features. The fitted weights from solutions to BCBC imply a total ordering on the utility of

each feature for clustering. Weights may be sparse by explicitly zeroing out uninformative

features or be dense, giving a small subset of features a high weight. To unify analysis of

these possible fits over many simulations, we use Area under the ROC Curve (AUC) to

test the viability of the fitted weights if used in a binary classifier for predicting if a feature

is truly informative. An AUC of one indicates a perfect classifier, i.e. all weights for true

features are higher than all weights for untrue features. If fitted weights have erroneous zeros

for true features or have untrue features with higher weights than true features, the AUC

will decrease accordingly. For non-BCBC related methods, we treat feature detection in a

binary sense, where any features that are included in any bicluster are deemed informative.

We perform two simulation studies varying the signal-to-noise ratio. The first study

evaluates performance in the presence of uninformative features by varying the number of

pure noise columns, while holding the number of informative features fixed. The second

study uses a fixed number of uninformative features, but varies both the variance of the noise

and the size of the informative data matrix to test consistency of the algorithms. The data

generating mechanism mirrors the design in Tan and Witten (2014) for fair comparisons.

We simulate datasets with 25 total biclusters. First, a bicluster center µij , is generated
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from a Unif(−10, 10) distribution for i = 1, . . . , 5 and j = 1, . . . , 5. Then for each entry

of X ∈ Rn×p, a bicluster center is chosen uniformly at random from µ. Afterwards, an

additional pextra columns of 0 are appended to X, and independent Gaussian noise with

mean 0 and variance σ2 is added to all entries of X. Finally, both the rows and columns

are shuffled and the columns are scaled to have unit variance.

All tuning for BCBC related methods is performed as described in Section 2.3.3. We

compare performance of our three related algorithms: Adaptive BCBC, optimization of

(2.19) with Algorithm 2; Approximate Adaptive Nearest Neighbor (ANN) BCBC, similar

to Adaptive BCBC but using HNSW (Malkov & Yashunin, 2020) for faster nearest-neighbor

calculations; and BCBC, optimization of (2.4) with Algorithm 1. In addition, we compare

with a variety of other biclustering methods: BCEL (Zhong & Huang, 2022), COBRA (Chi

et al., 2017), SC-Biclust (Helgeson et al., 2020), and SparseBC (Tan & Witten, 2014). All

tuning for these methods was done as recommended by their respective papers or software

packages. See the included code for additional details.

2.5.1 Varying Uninformative Features

For Simulation 1, we run 16 trials for all values of pextra ∈ {100k : k = 0, . . . , 9} with

σ = 8, n = 200, and p = 200. Simulation 1 strictly tests robustness to extra uninformative

features, and strong performance would correspond to little to no decrease in ARI metrics

as the number of useless features increases. Figure 2.1 summarizes the results, showing

that performance of several methods deteriorates in this moderate noise regime as pextra

increases. Notably, COBRA has mediocre performance for all values of pextra while BCBC

falls off more slowly. The adaptive versions continue to remain robust to uninformative

features. The strongest competing methods, SparseBC and SC-Biclust, when given the true

number of biclusters, have similar performance to tuned Adaptive BCBC. However, when

these methods are tuned to find the number of biclusters, according to their recommended

methods, Adaptive BCBC performs better, as seen in Figure 2.1. Overall we see the leading

performances in true bicluster ARI is shared between Adaptive or ANN BCBC, and this

20



gap grows larger as pextra increases.

When examining the overall ability to identify useful features, we see similarities and

differences across the BCBC methods. Figure 2.2 shows a clear decline in AUC as the

balance between informative and uninformative features grows more skewed. The adaptive

and ANN versions of BCBC perform similarly, despite computational efficiency gains of

the approximate version. Standard BCBC has a much higher variance in its overall perfor-

mance; this is likely due to the initial k-nearest neighbor calculation defining the affinities

becoming less meaningful as pextra increases the number of noisy features. We see that

adapting affinities while fitting leads to better performance overall. As a baseline for fea-

ture selection, we can consider pre-filtering only the top 200 features as is recommended

in COBRA (Chi et al., 2017). However, even when using the true number of informative

features for preprocessing, performance is worse than that under simultaneous feature se-

lection performed by adaptive BCBC, and even the non-adaptive version of BCBC has a

comparable median performance in very high noise regimes. Both SC-Biclust and SparseBC

select true features at a similar rate to the adaptive BCBC methods at a low pextra, but

they begin to falter noticeably as pextra increases.

2.5.2 Varying Noise Magnitude and Dimension

For our second simulation study we perform 16 trials for each value of σ ∈ {5, 7.5, . . . , 15}

and (ni, pi) = (50 + 25i, 50 + 25i) for i = 0, . . . , 4. Each trial generates X ∈ Rni×(pi+300)

which is then fit for biclusters. Every trial has an extra 300 uninformative features, and

the variance of the noise is strictly greater than the variance of the bicluster centers when

σ > 10/
√
3 ≈ 5.77. This is a very high noise regime, and we expect performance to fall off

considerably.

Here, we focus our comparison of BCBC against the best performing peers, SparseBC

and SC-Biclust. We use their respective tuning methods to select up to 7 possible row

and column clusters, and set k = 5, τ = 1 for both the row and column GKNN graphs

in BCBC. Figure 2.3 shows that adaptive BCBC methods perform best in the majority
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Figure 2.2: Distribution of AUC scores when fit under the scenario described in Section
2.5.1.

of cases as they add robustness to otherwise poorly initialized affinities. Figure 2.4 shows

the feature selection performance of adaptive BCBC methods is similar or better than the
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competing methods of SparseBC and SC-Biclust. This gap in performance is higher in the

more difficult cases with a small number of informative rows and columns.
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Figure 2.3: Results for simulations described in Section 2.5.2: Mean true bicluster ARI.
Metrics in bold are the best performance across all algorithms for the given noise variance
and matrix size. The standard error is displayed below each mean in parenthesis.

2.5.3 Genomics Case Study

A gene microarray dataset of lymphoma samples from Alizadeh et al. (2000) is used

as a case study with our method. In particular, we use the preprocessed array data of

the log-ratios of hybridization of fluorescent probes from cDNA clones of mRNA samples

compared to a reference mRNA sample. We restrict our analysis to the cDNA clones from

samples of diffuse large B-cell lymphoma (DLBCL), follicular lymphoma (FL) and chronic

lymphocytic leukaemia (CLL). Altogether this gives a data matrix with 62 rows (cDNA

clones) and 4026 columns (mRNA samples). About 5 percent of the entries are missing due

to invalid measurements.

To discover biclusters, we apply the adaptive version of BCBC with a GKNN graph

using 10 and 25 nearest neighbors for the rows and columns, respectively, with τ = 1. To
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Figure 2.4: Distribution of AUC scores for models under the scenario described in Section
2.5.2.

impute the missing data, we optimize the hold-out problem (2.24) with γ = 750 and λ = 0.

After imputation, we tune for λ using the methods in Section 2.3.3 and a fixed γ = 750.

Following convergence and tuning, we see a fit of five row clusters and 43 column clusters

with dense weights. Some of the possible fits from tuning had sparser weights, but their

eBIC was marginally larger and hence were not chosen.

Several insights can be drawn from the fit, shown in Figure 2.5. First, many biclusters

restricted to cDNA clones corresponding to CLL have opposite sign of many corresponding

biclusters for DBLCL. The respective biclusters for FL seem to be in the middle, with

a smaller magnitude of fluorescent probe ratios. In this case study, the learned weights

from the BCBC fit are dense, so rather than selecting among possible features, they allow

us to interpret them based on their importance in discriminating row clusters. Table 2.1

highlights properties of the top eight column clusters by mean feature weight.
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Table 2.1: Top eight column clusters from fit according to mean weight. The weights in
the table are normalized such that a weight of 1 is equal to the inverse of p = 4026. mRNA
sample names are found in the dataset of Alizadeh et al. (2000).

Label Size Mean Weight Max Weight Highest Weight mRNA Sample
A 276 1.48 2.82 Ki-67
B 156 1.26 2.11 NM23-H1 (NDP kinase A)
C 319 1.23 2.05 Cathepsin B
D 81 1.23 2.04 Beta-actin
E 111 1.20 1.81 Ras GTPase-activating protein
F 437 1.17 1.98 MEK Kinase 1 (MEKK1)
G 54 1.14 1.72 Aryl acetyltransferase
H 71 1.10 1.71 Thioredoxin reductase

We examine the label of the highest weight mRNA sample in each of the top eight

column clusters, giving eight columns which are sufficiently different, yet can classify the

row clusters in a similar manner. We find that many of the mRNA samples identified in

Table 2.1 are common in the oncology literature. For example, Ki-67 is a cornerstone in

diagnosis of cancer (Li et al., 2015), Cathepsin B is associated with metastatis on lymphoma

(Czyzewska et al., 2008) and Beta-actin is used as a measurement reference for a wide

range of cancers (Guo et al., 2013). Particularly interesting is the mRNA sample p55CDC

(member of cluster A) which has a known association with cell death in the biological

literature (Lin et al., 1998). Despite being one of the mRNA samples with the most missing

values, p55CDC is the second largest mRNA sample by weight in the fit, showing that our

method can successfully learn its role in identifying lymphoma despite its difficulty to

measure. Examining the fit further could show mRNA samples relevant to lymphoma that

are not known in the literature.

2.6 Discussion

Through careful theoretical and empirical analyses, we find that a biconvex formulation

addresses persistent challenges to biclustering in high-dimensional settings. We find that

by augmenting the convex biclustering problem with a feature-weighting mechanism that

is learned jointly with the clustering tasks, the method benefits from some of the stability
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Figure 2.5: Biclustering results of Lymphoma data with top eight column clusters by
mean weight outlined. The cDNA clone true labels correspond to DLBCL, FL, and CLL
for colors cyan, green, and yellow, respectively. Blocks are labeled to be matched with
Table 2.1.

properties of convex formulations, while lending a newly principled approach to feature

weighing and selection as opposed to previously use heuristics. Indeed, despite biconvexity

formally falling into the class of non-convex problems, the method nonetheless enjoys finite-

sample guarantees for any local minimizer of the objective. The theoretical contributions

shed new light on the role of connectivity in the underlying affinities, which more closely

aligns with what practitioners have observed in practice, and our experiments demonstrate

that adaptive affinities are particularly valuable when the number of uninformative fea-

tures is large. The theoretical devices may be extended to yield a better understanding

of how affinity updates influence convergence behavior in future work. Because we have

demonstrated how our framework successfully extends past work on biconvex formulations

of clustering to the two-way task of biclustering, it is also natural to consider generalizations

to tensor-valued data.
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3. Affinity Graph Connectivity in Convex Clustering

3.1 Introduction

Originally proposed in Hocking et al. (2011), convex clustering relaxes single linkage

hierarchical clustering into a convex optimization problem

Û = argmin
U∈Rn×p

γ

n∑
i<j

√
Φij∥Ui· −Uj·∥2 +

1

2
∥U −X∥2F , (3.1)

where X ∈ Rn×p is a data matrix of n samples and p features and ∥ · ∥F is the Frobenius

norm. The regularization term in (3.1) encourages solutions to have a small number of

unique rows where Ûi· is interpreted as the cluster centroid of Xi·. If Ûi· = Ûj·, then samples

i and j are fit to the same cluster. As γ increases, the regularization term encourages Û to

coalesce into fewer unique centroids, eventually leading to a single unique row in Û which

is equal to the grand mean of X (Tan & Witten, 2015). The dynamics of the regularization

term are determined by affinities Φij > 0, which encourage Ûi· and Ûj· to be close.

Convex clustering has many practical and appealing properties. The solution to (3.1)

is continuous with respect to X, Φ, and γ, giving stability in the produced centroids and

a continuous solution path over γ (Chi et al., 2025). Furthermore, the convexity of the

objective function gives a single global optima that is not sensitive to initialization and

can be optimized in a variety of manners (Chi & Lange, 2015; Panahi et al., 2017; D. Sun

et al., 2021; D. J. W. Touw et al., 2023; Weylandt et al., 2020; W. Zhou et al., 2021). A

sparse choice of Φ also speeds up this optimization greatly by reducing the computation and

storage requirements of the penalty term. Along with these desirable properties, convex

clustering is highly extendable by modifying (3.1), giving expansions to settings such as

binary or multi-view data (Choi & Lee, 2019; M. Wang & Allen, 2021), supervised learning

(M. Wang et al., 2023), and robust loss functions (Q. Sun et al., 2025). However, in all of

these cases, some Φ must be chosen to calculate solutions.

The clustering quality of solutions to (3.1) depends heavily on the affinities Φij ≥ 0,
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typically defined by the user a priori, which act as weights on the relative importance of

the distance between Ûi· and Ûj·. Intuitively, since every Φij > 0 encourages samples i

and j to share a centroid, Φ should have many positive entries for points sharing a true

centroid, and as few as possible for points that do not. Following this intuition, many

papers (Chakraborty & Xu, 2023; Chi & Lange, 2015; Chi et al., 2020; B. Wang et al.,

2018) recommend setting affinities to be sparse from a combination of Gaussian kernel and

k-nearest neighbors calculations

Φij =

{
exp

(
−τ∥Xi· −Xj·∥22

)
Xi· and Xj· are k-nearest neighbors,

0 otherwise.

Many studies have noted that this reasonable heuristic which performs well in practice,

but a more rigorous support for this observation is lacking in the literature. It is not clear

how dense Φ should be in order to recover clusters well. For instance, existing work has

noted that under uniform weights, Φij = 1 for i ̸= j, convex clustering fails in simple

cases, such as data supported on two disjoint balls (Dunlap & Mourrat, 2024), or with a

single corrupted data point (Q. Sun et al., 2025). When allowing Φ to be non-uniform,

convex clustering is able to maintain practical guarantees. D. Sun et al. (2021) showed

that cluster identification can be recovered if Φ satisfies a variety of inequalities related to

separation of the data, along with Φij > 0 for any i, j sharing a centroid. Despite this,

most of the statistical guarantees apply only to the case of uniform affinities, first explored

in Tan and Witten (2015), effecting a disconnect between theory and practice. A recent

exception is a theoretical study by Dunlap and Mourrat (2022) that establishes under quite

technical conditions on the support of X that if Φij = τp+1 exp(−τ∥Xi· −Xj·∥2) then the

mean squared error of solutions to (3.1) converges to zero in probability. In addition, if

Φij is set to zero when ∥Xi· −Xj·∥2 > r, provided r satisfies regularity conditions, convex

clustering remains consistent. In particular, this result implies clustering consistency for

two construction methods for Φ when the support of X is a disjoint union of “effectively

star-shaped" sets.
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In this article, we propose a simple perspective that leads to bounds on the mean

squared error of convex clustering solutions under general choices of Φ. Under weaker

assumptions than existing work, we extend the finite-sample bounds in Tan and Witten

(2015) and identify the key properties of Φ which relate to high-quality solutions. The

ideas employed in Tan and Witten (2015) have proven useful to derive bounds for variants

of convex clustering under mild regularity conditions (Chakraborty & Xu, 2023; Chi et al.,

2020; Lin & Zhang, 2024; B. Wang et al., 2018). However, the techniques in Tan and Witten

(2015) lack flexibility in the affinities Φ, allowing only Φij = 1 for i ̸= j. In turn, the bound

only implies consistency of convex clustering with specific conditions on the data-generating

mechanism: cluster centers differing by a fixed set of features, yet p growing with n and√
n log(n2p)

p = o(1). For general Φ, some finite-sample bounds in the specific case of convex

clustering on low-rank data matrices exist (Lin & Zhang, 2024), and we standardize these

results for objective functions of the form (3.1). Finally, we contribute to the statistical

theory behind convex clustering by establishing new prediction consistency bounds using

an adaptable proof technique that leverages a novel connection to commute times of the

random walk of the affinity graphs. These findings are supported by empirical studies,

which demonstrate that the properties of this random walk are related to solution quality

in practice.

3.2 Convex Clustering Setup and Basic Bounds

To facilitate our analysis, we begin by defining the data-generating mechanism and

framework for affinities. First, we impose a minimal set of assumptions for a notion of

consistency to be well-defined: there exists a fixed number of unique centers from which

the observations (rows) are sampled under any sub-Gaussian distribution. This can be

interpreted as a generic mixture without parametric assumptions.

Assumption 1. The data X ∈ Rn×p is generated from n independent observations of a

center added to sub-Gaussian noise. Specifically, Xi· = Ui· +Ei· where Ui· is selected from

C = (c1, . . . , cm) with membership probability p, and Ei· is mean-zero with sub-gaussian
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norm σp, i.e. (Definition 3.4.1 of Vershynin (2026)),

σp = ∥Ei·∥ψ2 = sup
∥v∥2=1

inf{K > 0: E[exp((v⊤Ei·)
2/K2)] ≤ 2}.

This assumption will allow us to discuss clustering consistency in the sense of the mean

squared error, 1
np∥Û −U∥2F , converging in probability to zero.

Instead of viewing each affinity, Φij , as an individual hyperparameter meant to influence

the fusion of rows i and j, we consider the affinities holistically as a graph, G. For additional

clarity, we define the affinity graph and its derived properties used throughout this work.

Definition 4 (Affinity Graph). For a data matrix X ∈ Rn×p, a valid affinity graph, G =

(V, E), is undirected, connected, and has no negative edge weights or self-loops. Each valid

affinity graph corresponds to a symmetric adjacency matrix Φ ∈ Rn×n with nonnegative

entries and a zero diagonal. Each node i ∈ V corresponds to sample Xi· and (i, j) ∈

E ⇐⇒ Φij > 0. Furthermore the following symbols are defined:

• the degree matrix D ∈ Rn×n, a diagonal matrix where Dii is the degree of node i;

• an oriented edge-incidence matrix F ∈ Rn×|E| where each column has only two nonzero

values, corresponding to the two nodes an edge is between, e.g. Fj,E(j,k) = −Fk,E(j,k) =√
Φjk (without loss of generality, assume j < k), where E(j, k) is the index of the edge

between nodes j and k;

• and the Laplacian, L = FF⊤ = D −Φ.

Connectivity is a mild condition in practice, as multiple disconnected components sug-

gests an immediate partition of the samples and the user should consider further clustering

on each individual component. Connectivity is immediately satisfied under a variety of

graph constructions. For example, a complete graph is trivially connected almost surely.

Furthermore, for commonly used embeddings such as ϵ-radius or k-nearest neighbor graphs,

there are well-studied conditions which guarantee that G will be connected for large enough

datasets (Maier et al., 2007). Of course one can always choose ϵ or k to be large enough so

that G is connected.
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Using the definition of F from Definition 4, we can write

col⊤E(i,j)(F )U =
√
Φij(Ui· −Uj·),

allowing us to rewrite (3.1) as

min
U∈Rn×p

γ
∑

(i,j)∈E

∥F⊤
E(i,j)·U∥2 +

1

2
∥U −X∥2F .

This reformulation is key to analyzing statistical properties of (3.1). As an example of

convex clustering and an affinity graph, Figure 3.1a shows 60 points in R2 generated from a

Gaussian mixture model with three components. Each edge drawn represents some Φij = 1

derived from the 4-nearest neighbors of the points. Figure 3.1b shows the solution path for

a range of γ, with points colored by the estimated cluster labels for four different clusters

when γ ≈ 7. Using a k-nearest neighbor graph leads to a convex clustering of the data that

recovers many of the underlying labels (an adjusted Rand index of 0.58); however, there

do exist other choices of Φ, such as denser k-nearest neighbor graphs, which give a better

solution for another choice of γ.
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Figure 3.1: (a) Points generated from one of three bivariate normals, colored by true
cluster, with mixture component density contours shown in the background. Points are
connected by being 4-nearest neighbors. (b) Convex clustering solution path with points
colored by estimated component membership at γ ≈ 7, and shaped by true component.

To establish a theoretical framework relating Φ to the clustering solution quality, we

start with a general version of Lemma 7 from Tan and Witten (2015), describing the
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mean squared error of Û with a term strictly dependent on noise and the other on the

construction of Φ. This result applies as long as the underlying graph is connected almost

surely, regardless if Φ is derived from the data, or fixed beforehand. Similar to Lin and

Zhang (2024), a version of this theorem could be derived without connectivity almost surely,

but we deem this case unhelpful for understanding the dynamics of (3.1) and Φ, since it

reduces to disjoint convex clustering problems.

Theorem 5. Let X = U + E ∈ Rn×p be generated according to Assumption 1. Let Φ ∈

Rn×n be a symmetric adjacency matrix, corresponding to a valid affinity graph as defined in

Definition 4, almost surely. If Û is the global minimum from (3.1) with γ ≥ √p∥F †E∥max

then

1

2np
∥U − Û∥2F ≤ c1σ2p

(
1

n
+

log(np)

np

)
+

2γ

np

∑
(i,j)∈E

√
Φij∥Ui· −Uj·∥2, (3.2)

with probability at least 1− 1
np where c1 > 0 is some constant and F † is the Moore–Penrose

pseudoinverse of F .

To gain intuition and contextualize the result, we compare this bound to the one showed

in Tan and Witten (2015) for complete, unweighted graphs. Via Theorem 5, if Φij = 1 for

all i ̸= j and γ =
4σp
√
p log(np)

n then

1

2np
∥U − Û∥2F ≤ c1σ2p

(
1

n
+

log(np)

np

)
+ 8σp

√
log(np)

p
diam(C), (3.3)

with probability at least 1− 3
np , where diam(C) is the diameter of C. This bound is tighter

than that of Tan and Witten (2015), implying if σp remains constant as p grows and

diam(C) = o
(√ p

log(np)

)
then the mean squared error converges to zero in probability. For

a fixed p, the naïve choice of uniform weights is not sufficient for convergence as n → ∞

under the general settings described in Assumption 1. In Chi et al. (2025), the authors

note several papers on the recovery abilities of convex clustering supporting this fact, and
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require the data from each cluster is sufficiently far apart for uniform weights to give a

strong answer.

The upper bound on the mean squared error in Theorem 5 comprises two terms. The

first term in (3.2) is dependent on the error variance and goes to zero at a sublinear rate

with respect to n. The second term is more complicated, depending on the product between

a term involving the true U and a term involving an esoteric quantity, F †. We refer to the

factor appearing in the second term

1

n
∥F †E∥max

∑
(i,j)∈E

√
Φij∥Ui· −Uj·∥2 (3.4)

as the oracle term since computing this quantity requires the unknown true centroids and

errors. This term—and in turn the upper bound—increases with the number of Φij > 0

when observations i and j do not share the same true centroid. This lends new theoretical

support to the widespread choice to initialize convex clustering with sparse yet sensible

affinities in practice. From this lens, a sparser graph has fewer positive entries in Φ, and

a data-driven choice such as k-nearest neighbors may help to avoid erroneous (between-

cluster) edges while maintaining sparsity. Also, note that the oracle term remains the same

when scaling Φ by a positive constant. Theorem 5 also provides a sufficient condition

for consistency: the mean number of between-cluster edges per node should not outpace

∥F †E∥max decreasing. Immediately, this yields the following bound for choices of Φ that

do not depend on X.

Lemma 6. Let X ∈ Rn×p be generated according to Assumption 1. Let Φ ∈ {0, 1}n×n be

an adjacency matrix corresponding to a connected unweighted affinity graph as defined in

Definition 4. Let the set of between-cluster edges be I = {(i, j) : Ui· ̸= Uj·,Φij = 1}. If Φ

is independent of E, then

∥F †E∥max

n

∑
(i,j)∈E

√
Φij∥Ui· −Uj·∥2 ≤ 3σp|I|

√
log(np)

n
diam(C),

with probability at least 1− 2
np .
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Although Lemma 6 appears to bound mean squared error by a rate of
√

log(n)
n , this

occurs only if the size of I is bounded by a constant as n grows. In Section 3.3, improved

bounds are derived by also considering the within-cluster connectivity.

The number of between-cluster edges is not the entire story as intrinsic properties of G

which affect F † are related to performance of convex clustering. Figure 3.2 suggests that

flaws in the clustering solution from the illustrative example in Figure 3.1b are associated

with the norm of F †
E(i,j)·. In this example, several points that should belong to true com-

ponent 3 are misclassified due to proximity in both R2 and the k-nearest neighbor edges.

Moreover, there is an extra solution component between clusters 1 and 2. In Figure 3.2,

there are several high values of ∥F †
E(j,k)·∥2 where points assigned to this erroneous cluster

connect to the rest of the affinity graph. Inspecting the figure, high values of ∥F †
E(j,k)·∥2

are related to whether or not the edge between nodes j and k could be characterized as a

“bottleneck".

Relating these observations back to (3.4), we can produce a better solution for the convex

clustering problem from Figure 3.1 with k = 14 and γ ≈ 0.9, resulting in an adjusted Rand

index of 0.59. Using k = 14 leads to 121 between-cluster edges while k = 4 gives only 25.

Here, ∥F †E∥max ≈ 7.16 for k = 4, but it is only ∥F †E∥max ≈ 0.84 when k = 14 leading to

a smaller oracle term.

3.3 Further Bounds via Commute Times

The discussion above motivates us to examine properties of F † more closely in order to

strengthen the results in Theorem 5. We begin by relating F † to the commute times of a

random walk over the corresponding affinity graph.

Lemma 7. Let Φ be the symmetric adjacency matrix of an undirected graph G = (V, E)

with degree matrix D and Laplacian L = D − Φ. Define the natural random walk over

G as the Markov chain with transition matrix P = D−1Φ. Then, there exists an oriented
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Figure 3.2: A 4-nearest neighbors affinity graph for 60 points (colored by true component)
in R2, where edges are colored by ∥F †

E(j,k)·∥2 and are dashed if between points from different
components.

edge-incidence matrix F such that

F †
E(j,k)· =

√
Φjk(L

†
·j −L†

·k) =

√
Φjk

2Vol(G)

(
In −

1n1
⊤
n

n

)
(C·k −C·j),

where Vol(G) = trace(D) is the volume of G and C ∈ Rn×n≥0 , Cij = Hij +Hji, with Hij the

expected time to travel from node i to node j in the Markov chain.

The characterization in Lemma 7 makes explicit the intuition that ∥F †
E(j,k)·∥2 is a bottle-

neck measure. For an edge in G, the quantity describes the average difference in commute

times across the entire graph for the nodes sharing the edge. Note the Laplacian L is

invariant to the choice of orientation for F , so this norm is invariant as well. The represen-

tation of F † in terms of commute times is a conduit for finite-sample bounds on the mean

squared error of solutions to (3.1) via the oracle term. By bounding the row norms of F †,

concentration inequalities can be used to bound the oracle term with high probability. This

can occur by either explicitly calculating the commute times for an affinity graph model,

or appealing to various concentration inequalities for commute times.

The efficacy of Lemma 7 is determined by the ability to calculate hitting times for a
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variety of graph construction methods. For many random geometric graphs, von Luxburg

et al. (2014) showed that rescaled hitting times concentrate towards the inverse degree of

a node. In particular, they accomplish this feat by examining spectral properties of the

natural random walk.

Proposition 8 (Proposition 5 from von Luxburg et al. (2014)). Let G be a fixed, connected,

undirected, possibly weighted graph that is not bipartite, with adjacency matrix Φ and degree

matrix D. Then for all i ̸= j

∣∣∣∣ Hij

Vol(G)
− 1

Djj

∣∣∣∣ ≤ 2

(
1

1− λ2
+ 1

)
∥Φ∥max

minkD
2
kk

,

where 1− λ2 is the second largest eigenvalue of P = D−1Φ and Hij is the expected hitting

time from node i to j with transition probability matrix P .

Proposition 8 is immensely useful and can describe concentration of hitting times for

k-nearest neighbor, ϵ-radius, complete weighted, and other random graph models (von

Luxburg et al., 2014). To make use of Proposition 8 in our framework, we can bound the

entries of F † using the form described in Lemma 7.

Lemma 9. Let G = (V, E) be a fixed, connected, undirected, possibly weighted graph that

is not bipartite, with adjacency matrix Φ and degree matrix D. Let F be an oriented edge-

incidence matrix for G and P = D−1Φ be the transition matrix for a random walk over G.

Then

|F †
E(j,k),i| ≤

√
Φjk

(
1

n

∣∣∣∣ 1

Dkk
− 1

Djj

∣∣∣∣+ 2max
ℓ̸=m

∣∣∣∣ Hℓm

Vol(G)
− 1

Dmm

∣∣∣∣), (i /∈ {j, k}),

|F †
E(j,k),j | ≤

√
Φjk

(
1

Djj
+

1

nDkk
+ 2max

ℓ̸=m

∣∣∣∣ Hℓm

Vol(G)
− 1

Dmm

∣∣∣∣),
where Hij is the expected hitting time from node i to node j for the random walk.

As a consequence of bounding F † entries in terms of (1 − λ2)−1 and the degree recip-

rocals, the trade-off in the oracle term from (3.4) becomes clearer. As G becomes more
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connected, λ2 will decrease and the degrees will increase, so the bound on F † grows tighter.

However, the more edges in G, the more that may be between vertices corresponding to

data points with different centroids.

3.3.1 Bounds for Specific Affinity Graphs

As an example of bounding (3.2) through Lemma 7, we can fix Φ to have an advanta-

geous structure to determine a high-probability worst-case bound for mean squared error

under an ideal choice of affinities. We define a graph as advantageous if there are many

edges between points in the same true cluster and a small amount of edges between clusters

(see Figure 3.3 for the structure used in Corollary 10). Recovery of cluster labels with

graphs matching the structure defined in Corollary 10 was first shown via Theorem 5 of

D. Sun et al. (2021), and here we specifically show the solution to (3.1) will match the

underlying centroids. For simplicity, we focus on U having only two unique rows and each

cluster having the same size. This gives the graph an innate symmetry which allows for all

possible hitting times to be calculated and Lemma 7 to be easily applicable.

Corollary 10. Assume the data-generating mechanism of Assumption 1 and suppose U ∈

Rn×p, n ≥ 6, has an even number of rows, where U1·, . . . ,Un/2· = c1 and Un/2+1·, . . . ,Un· =

c2. Construct Φ ∈ {0, 1}n×n such that Φij = 1 if Ui· = Uj·. Next, let Φi,(i+n/2) = 1 for

1 ≤ k ≤ n/2 distinct values of i in {1, . . . , n/2}. Then

∥F †E∥max

n
√
p

∑
(i,j)∈E

√
Φij∥Ui· −Uj·∥2 ≤ σp

√
log(np)

p

(√
2

n
+

8k

n2

)
∥c1 − c2∥2,

with probability at least 1− 2
np .

This advantageous graph allows up to a linear number of between-cluster edges, as

opposed to the crude bound in Lemma 6 which allowed only o(
√
n) between-cluster edges.

In Corollary 10, the connectedness within-cluster causes the number of between-cluster

edges to be inconsequential and not change the rate of convergence.
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Figure 3.3: Graph with advantageous information, with complete subgraphs correspond-
ing to within-cluster edges, n = 10 and k = 3 used in Corollary 10. Due to symmetry, rows
of F † only need to be calculated for edges (A↔ F ), (A↔ D), (D ↔ E), and (C ↔ D).

The graph used for Corollary 10 is unrealistic, having complete connectivity within-

clusters. A natural question is how dense (advantageous) Φ should be within-cluster relative

to the number of between-cluster edges to have consistency as n grows. By representing

F † in terms of commute times we can appeal to concentration inequalities for commute

times that are a consequence of the spectral properties mentioned in Proposition 8. For a

wide range of graphs with specific rates on within and between-cluster connection we are

able to analyze performance for convex clustering, asymptotically. Again, we assume U has

two unique clusters of equal size for simplicity, but the results should generalize with extra

bookkeeping. Furthermore, connectivity will occur almost surely under the conditions of

Theorem 11 (see Theorem 7.3 of Bollobás (2001) and Abbe (2018) for further information).

Theorem 11. Assume the data-generating mechanism of Assumption 1 and suppose U ∈

Rn×p, has an even number of rows, where U1·, . . . ,Un/2· = c1 and Un/2+1·, . . . ,Un· = c2.

Let Φ ∈ {0, 1}n×n have zero diagonal and be symmetric, random and independent of E such

that each entry, Φij, i < j is an independent Bernoulli random variable with probabilities

pw = P (Φij = 1 | Ui· = Uj·), pb = P (Φij = 1 | Ui· ̸= Uj·).

If pw = ω
( log(n)

n

)
, pb = ω

( log(n)
n

)
and np2b

pw+pb
= ω(log(n)), then

∥F †E∥max

n

∑
(i,j)∈E

√
Φij∥Ui· −Uj·∥2 = Op

(√
log(n)

(
pb

pw + pb
+

1√
n(pw + pb)

))
.
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Hence, if pw = ω
(√ log(n)

n

)
and pw = ω(pb

√
log(n)), then the oracle term converges to zero

in probability.

Theorem 11 gives clear growth rates on erroneous edges to guarantee consistency for

convex clustering solutions. As an example, a quadratic number of within-cluster edges,

i.e. pw is constant, allows for convergence provided pb = ω(1/n) and pb = o(pw/
√

log(n)).

The high connectedness within-clusters allows anywhere between a superlinear (up to loga-

rithmic correction) and near quadratic number of between-cluster edges for convergence

to occur. To apply the spectral bounds from Proposition 8, a superlinear number of

between-cluster edges is required, but as shown in Lemma 6 (which can imply conver-

gence if pb = o(n−3/2)) and Corollary 10, this is not necessary for convergence in general.

Although intuitive that the number of within-cluster edges should dominate the between,

we have derived an explicit rate of this dominance for convergence to occur. This also shows

that performance will be stronger the more that pw dominates pb.

3.4 Empirical Results

We now turn to an extensive simulation study to better understand how properties

of Φ affect solutions to (3.1) in practice. In particular, we examine how solutions to (3.1)

recover the true clusters in terms of both centroid and label recovery and how these qualities

change as the oracle term from (3.4) increases. Across the simulations, we examine a wide

regime of connectedness in Φ, giving purview into how the oracle term changes as the

affinity graph grows denser. As evidenced by Theorem 5, the oracle term is relevant even

for graphs dependent on the data and we show it maintains relevance empirically for k-

nearest neighbor graphs. Theorem 11 was also proven through bounds on (3.4), and we

show that the oracle term properly measures performance for the wide balance of within

and between-cluster connectivity afforded by the theorem.

Each trial consists of simulating a dataset, constructing many Φ for fitting, and then

calculating the entire solution path over γ for each Φ. For each calculated solution to

(3.1), we calculate the mean squared error with the true clusters, and the adjusted Rand
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index (ARI) of the estimated clusters from the fit. All solutions are calculated with the

CCMMR R package (D. Touw et al., 2024), an implementation of the methods in D. J. W.

Touw et al. (2023). ARI is a measure of clustering quality which controls for incidental

matching. ARI is between zero, representing a matching similar to randomly guessing, and

one, representing a perfect recovery of clusters. We test across many trials for the the

unweighted k-nearest neighbor graphs. In addition, we test the sparse advantageous graphs

from Theorem 11, which receive their name by being a flexible model for both sparseness

and between vs. within-cluster connectivity.

In exact terms, each trial consists of:

1. Generate X = U+E ∈ R100×2 where Ui· ∈
{[√

2√
2

]
,

[
−
√
2√
2

]
,

[ √
2

−
√
2

]
,

[
−
√
2

−
√
2

]}
, each

center appears 25 times, and entries of E are independent standard normal variables.

2. Construct a sequence of affinity graphs, Φ(1), . . . , with one of the following methods:

2a. k-nearest neighbors: For all k ∈ {2, . . . , 99} construct the unweighted k-

nearest neighbor graph using X.

2b. Sparse advantageous: For all (pw, pb) ∈ {0.02, 0.03, . . . , 0.25}2, generate 10

samples of Φ according to the mechanism of Theorem 11.

3. Calculate the oracle term from (3.4) for all Φ(·).

4. Let Û(γ) be the solution to (3.1) with hyperparameter γ. For each Φ(·), calculate

Û(γ), over a grid of γ such that the largest γ is large enough for Û(γ) to contain one

unique row.

5. For each Φ(·), record which Û(γ) maximizes the ARI when compared with the true

labels. In addition, record which Û(γ) that minimizes ∥U − Û(γ)∥2F .

For the sparse advantageous graphs, we perform 400 trials, resulting in a total of 2,304,000

measurements of Φ and corresponding best ARI and mean squared error. For the k-nearest

neighbor graphs, we perform 10,000 trials, resulting in a total of 980,000 measurements.

An example dataset, the 4-nearest neighbor graph derived from it, and the solution path is

shown in Figure 3.4.
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Figure 3.4: (a) A 4-nearest neighbors affinity graph for 100 points (colored and shaped by
true component) in R2 used for one of the trials. For each edge, color signifies ∥F †

E(j,k)·∥2 and
dashed if the edge is between points from different clusters. (b) Convex clustering solution
path with points colored by estimated component membership at γ ≈ 9, and shaped by
true component.

We summarize the trials for each affinity graph construction with a heatmap. The

heatmaps of Figure 3.5 and Figure 3.6 contain cells that represent the number of affinity

graphs that have an oracle term in that bin, along with the best mean squared error or

ARI from the solution path. For visualization purposes, both Figure 3.5a and Figure 3.6a

discard the trials with an oracle term in the top 0.5% quantile.

For the k-nearest neighbor graphs, Figure 3.5a shows a clear correlation of mean squared

error (the left-hand side of (3.2)) and the oracle term. In general, the best fits have a small

oracle term, representing a small number of between-cluster connections, while maintaining

high connectivity overall. The performance with respect to k is shown in Figure 3.5b, where

if k is too small, the oracle term is large due to poor connectedness of the graph resulting

in both the mean squared error and ARI being suboptimal. At peak performance, for both

mean squared error and ARI, k ≈ 20, coinciding with a dip in the oracle term. As k becomes

too large, too many between-cluster edges increase the oracle term, and both mean squared

error and ARI go to their worst values. Because the number of between-cluster connections

is increasing with k, for values of k where the oracle term decreases, the ∥F †E∥max term

must be decreasing faster. By tuning k appropriately, one can maximize the performance
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of convex clustering.

For the sparse advantageous graphs, Figure 3.6a shows a similar story to Figure 3.5a.

As the oracle term grows, the general performance via mean squared error decreases. This

matches the intuition of Theorem 5. Although this theory was only a worst-case bound

and not necessarily tight, there is still empirical evidence of a strong relationship between

the oracle term and the quality of solutions to (3.1). In addition, the oracle term maintains

a mostly monotonic correlation with ARI, as shown in Figure 3.6b. A small oracle term

corresponds to a perfect recovery of clusters, while a large oracle typically has an ARI near

zero.
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Figure 3.5: (a) For k-nearest neighbor trials, heatmap of the oracle term from step 3 and
the mean squared error. (b) Median metrics for constructions with k-nearest neighbors, in
terms of ARI, mean squared error, and the oracle term. Confidence bands include 95% of
observations. The median MSE and ARI values from (b) are superimposed and labeled on
(a).

3.5 Discussion and Future Directions

In this work, we built a framework for convex clustering theory that allows for arbi-

trary connected affinity graphs. To accomplish this, we combined literature on commute

times and random graphs. There is extensive literature on both these topics (Devriendt,

2022; Ellens et al., 2011; Ghosh et al., 2008; Maier et al., 2007, 2008, 2013) and further

application could be useful for tighter or more general bounds. The high-level summary
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Figure 3.6: (a) For sparse advantageous trials, heatmap of the oracle term from step 3 and
the mean squared error. (b) Similar to (a), but with the adjusted Rand index measured.

of our theoretical results matches the intuition of convex clustering through the terms

F †E and
∑√

Φij∥Ui· − Uj·∥2: high connectivity within-cluster, and sparse connectivity

between-clusters. The results from Theorem 11 do imply that convex clustering can main-

tain consistency if between-cluster connection is high, provided within-cluster connectivity

increases appropriately. Many theoretical results in the convex clustering literature assume

fully-uniform affinities (Chakraborty & Xu, 2023; Chi et al., 2020; B. Wang et al., 2018)

and require p to grow with n or specific qualities of the data-generating mechanism to es-

tablish consistency. The theoretical framework here could be applied to these works, giving

additional justification for their efficacy in practice.

We establish that to acquire the best possible clustering from a fixed dataset, one

should tune over a range of affinity graphs as opposed to only tuning over γ. In fact,

for a proper construction method for Φ, it may be equally as valid to tune over Φ with

fixed γ, an idea supported by existing consistency results for Φ depending on the data

from Dunlap and Mourrat (2022). Theoretically, this idea is supported by the trade-off

implied by (3.4), where additional between-cluster edges could be offset by gains in within-

cluster connectivity. In Section 3.4, we empirically show that the solution quality is highly

dependent on the structure of Φ for any given X. Existing algorithms for calculating the

solution path over γ for (3.1) with fixed Φ benefit from using the previous solution as
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a warm start to calculate the solution path efficiently. A similar idea could be used to

calculate the optimal solution for increasingly dense values of Φ with γ fixed. Better yet,

a state-of-the-art convex clustering package would calculate the solution path over γ and

Φ jointly, giving a wide range of high quality solutions to choose from. Treating (3.1) as

a parametric optimization problem of Φ could lead to fast optimization over this grid of

hyperparameters (Bonnans & Shapiro, 2000).

In practice, the choice of Φ is not independent of E. The versatility of Proposition

8 leads to bounds of ∥F †E∥max for several common constructions of Φ dependent on the

data. However, a union bound on ∥F †E∥max and the number of between-cluster edges is

too loose to imply convergence of convex clustering, losing a factor of
√
n as compared to

the case where F is independent of E. Under the regularity conditions of von Luxburg

et al. (2014), there exists M such that ∥E∥max ≤ M , almost surely. Hence, via Hölder’s

inequality, ∥F †E∥max ≤ max(j,k)∈E ∥F
†
E(j,k)·∥1∥E∥max. Then applying Lemma 9 with the

following results from von Luxburg et al. (2014) gives:

Corollary 8, ∥F †E∥max = Θ(n−1ϵ−2p−2), (ϵ-radius);

Corollary 9, ∥F †E∥max = Θ(n2/pk−2−2/d), (k-nearest neighbor);

Theorem 10, ∥F †E∥max = Θ(n−1(min
i̸=j

Φij)
−1), (complete weighted).

For contribution of between-cluster edges to (3.4), Theorem 5.7 of Hoeffding (1963) has∑
i<j

√
Φij = Op(n

2). When combining these concentration inequalities with a union

bound, (3.4) becomes bounded by a constant with high probability. For the unweighted

k-nearest neighbor graph, it is still not sufficient, as Corollary 6.4 of Maier et al. (2013)

has |I| = Op(n
1−1/pk1+1/p). With additional regularity conditions on the data-generating

mechanism, it may be possible to derive a concentration inequality directly on entries of

F †E. Theoretical results from the literature could also lead to an improvement. Potentially

applicable with Proposition 8, there do exist highly technical results showing convergence

of the spectrum of the Laplacian matrix for k-NN and ϵ-radius graphs, with only constant

terms changing from the choice of kernel (Calder & García Trillos, 2022). There are also a
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variety of results related to the number of between-cluster edges, or cuts, for random graphs

constructed from data (Maier et al., 2013; Narayanan et al., 2006; Trillos et al., 2022).
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4. Constrained Weighted Bayesian Bootstrap

The canonical formulation of statistical learning tasks from an optimization lens seeks

to maximize a loss or measure of fit subject to a constraint or regularization term imposing

desired structure. Accordingly, there is a vast literature with classical theory and efficient

algorithms for solving constrained problems. Generally, the solutions delivered by these

methods provide a point estimate of the parameters of interest. Constructing confidence

intervals can quickly become complicated by common constraints such as sparsity, order

or shape restrictions. Uncertainty estimates could then necessitate post-selection inference

procedures, deviate from standard asymptotic theory, or otherwise require case-by-case

treatment depending on the constraint structure.

Alternatively, Bayesian methods yield straightforward uncertainty quantification via the

posterior distribution, but the computation and sampling procedure itself often is compli-

cated by the presence of the constraints. When fitting a probabilistic model to data, the

underlying parameters may require restriction to a subspace, Θ̃ ⊂ Θ, of a larger parame-

ter space. Exact sampling of a posterior distribution with support restricted to a general

set Θ̃ becomes difficult, even in cases where the unconstrained posterior is well-defined.

Popular generic sampling methods such as Hamiltonian Monte Carlo cannot be easily used

when imposing the constraint results in a lack of smoothness, and even variants for special

cases such as restrictions along manifolds entail higher computational overhead (Girolami &

Calderhead, 2011). Sampling from the unconstrained posterior and then discarding samples

outside the constraint set post hoc will give valid samples, but can be extremely inefficient;

in many cases Θ̃ may be a low-probability or even zero-measure subspace of the posterior

(Xu & Duan, 2023).

Existing literature for sampling a posterior distribution with restricted support varies

in the underlying mechanism. As a reasonable heuristic, transformation-based approaches

sample from unconstrained posteriors and transform the samples to the constrained space
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ex post facto, such as with an orthogonal projection (Astfalck et al., 2024), or an oblique

projection determined from the posterior (Dunson & Neelon, 2003; Everink et al., 2023).

Orthogonal projections may ignore the geometry of the posterior and in cases where the

posterior covariance or Fisher information must be estimated, oblique projections can be

sensitive to this uncertainty. Specific prior forms encourage θ samples to be in Θ̃ by heav-

ily down-weighting the prior outside the constraint set with a hyperparameter controlling

the amount of relaxation (Duan et al., 2020; Presman & Xu, 2023); however, this may

lead to samples that are close to, but not exactly in the constraint set. Although inex-

act, these methods are designed to interface nicely with gradient-based sampling methods.

Some specialized priors take advantage of the robustness of the proximal mapping used in

constrained optimization (Xu et al., 2024; X. Zhou et al., 2024). Although a principled ap-

proach for specific constraints sets, application is limited to constraint sets with the ability

to repeatedly calculate proximal mappings. Altogether, constrained sampling with these

methods has various trade-offs, and many have some connection to an idea from convex

optimization.

In this work, we expand upon the weighted likelihood bootstrap first introduced in

Newton and Raftery (1994), which transforms a posterior sampling problem into an op-

timization problem (see Section 4.1 for details). The weighted likelihood bootstrap has

been generalized to a variety of contexts with success such as multimodal posteriors (Fong

et al., 2019), nonparametric learning (Lyddon et al., 2019), and latent variable models

(Han & Yang, 2019). In more recent works, where the prior form is explicitly considered,

it is referred to as the weighted Bayesian bootstrap (Newton et al., 2021). The weighted

Bayesian bootstrap is effective with lasso-based estimators for both sparse normal-mean

and high-dimensional regression problems with compelling theoretical properties such as

concentration towards the true underlying parameters (Ng & Newton, 2022). The work of

Nie and Ročková (2023) produces samples of the spike-and-slab lasso posterior (Ročková

& George, 2018) using the weighted Bayesian bootstrap while proving a minimax optimal

rate of concentration. Similar ideas lead to an expansion to handle binary responses in
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Menacher et al. (2024).

Given the weighted likelihood/Bayesian bootstrap replaces standard posterior sampling

using optimization steps, we opt to adapt it to sample from posteriors with constrained

support. This is especially salient as constraints can significantly hinder sampling-based

posterior computation, while there is rich literature on constrained optimization. The

weighted Bayesian bootstrap has shown robust efficacy both empirically and theoretically

in a variety of domains, and this article will additionally show that many of these properties

carry over to the constrained regime. Furthermore, the ease of implementation is shown for

several examples.

4.1 Methods

We consider data generated from a probability density function fθ, with θ ∈ Θ and

prior beliefs encoded in π(θ). The standard form for the posterior distribution of θ given

the underlying data follows

π(θ | x) ∝ fθ(x)π(θ). (4.1)

By restricting π(θ) to have positive support only on a set Θ̃ ⊂ Θ, the constrained posterior

distribution can be written up to proportionality

π̃(θ | x) ∝ π(θ | x)× 1(θ ∈ Θ̃), (4.2)

where 1 denotes the 0–1 indicator function.

As surveyed in the introduction, it is not straightforward to account for the indicator

constraint in generality. To make progress, we revisit an idea introduced in Newton and

Raftery (1994) that performs approximate sampling efficiently when the maximum a poste-

riori estimate of (4.1) is available. They propose the weighted likelihood bootstrap, where

samples are produced by first generating weights wn ∼ n × Dirichlet(1, . . . , 1), and then

maximizing a weighted log-likelihood function,

argmax
θ∈Θ

n∑
i=1

wn,iℓ(xi | θ), (4.3)
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where ℓ(xi | θ) = log fθ(xi). These samples are shown to be first-order correct, sharing

an asymptotic conditional distribution with the posterior distribution under a variety of

priors. This may also be called the weighted Bayesian bootstrap when prior terms (also

possibly weighted) are appended to (4.3) (Newton et al., 2021).

Newton and Raftery (1994) posits repeated perturbations of the maximum likelihood

equation on a single dataset create a path toward sampling. Motivated by the well developed

literature and breadth of tools for constrained problems in the optimization literature, we

devise the constrained weighted Bayesian bootstrap (CWBB), a variant of the weighted

likelihood bootstrap designed to address (4.2). To incorporate the prior constrained to Θ̃,

we add the log-prior term to (4.3) and write an equivalent form with an equality constraint

argmax
θ∈Θ

n∑
i=1

wn,iℓ(xi | θ) + log π(θ), h(θ) = 0, (4.4)

where h : Rp 7→ Rr, h(θ) = 0 if and only if θ ∈ Θ̃, and h satisfies regularity conditions such

as continuous second derivatives in a neighborhood of θ0. CWBB with this optimization

problem is summarized in Algorithm 3.

Algorithm 3 Constrained weighted Bayesian bootstrap
Input: Data points x1:n, Parameter space Θ, constraint function h
1: for t = 1 to number of desired samples do
2: Sample wn ∼ n×Dirichlet(1, . . . , 1).
3: Set θ(t) according to (4.4).
4: end for
5: return θ(·).

Illustrative example Consider the Bayesian linear regression where coefficients are re-

stricted to the unit sphere in Rp after a linear transformation:

y | X,β ∼ N(Xβ, τ−1
ϵ In),

β ∼ N(0, τ−1
β Ip)× 1(∥Aβ∥22 = 1),

(4.5)
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where A ∈ Rp×p. Denoting the ith row of X by xi and ignoring proportionality constants,

we can write (4.4) as

argmin
∥Aβ∥22=1

τϵ
2

n∑
i=1

wn,i{yi − x⊤i β}
2 +

τβ
2
∥β∥22. (4.6)

Let ỹi = w
1/2
n,i yi and X̃ = diag(wn)

1/2X. The Lagrangian of (4.6) and resulting gradient is

L(β, λ) = τϵ
2
∥ỹ − X̃β∥22 +

τβ
2
∥β∥22 + λ(∥Aβ∥22 − 1),

∇βL(β, λ) = −τϵX̃⊤(ỹ − X̃β) + τββ + 2λA⊤Aβ. (4.7)

Setting (4.7) to zero for stationarity and solving for β gives

β = {X̃⊤X̃ + τ−1
ϵ (τβIp + 2λA⊤A)}−1X̃⊤ỹ. (4.8)

Hence, the p-dimensional optimization problem is reduced to a one-dimensional root-finding

problem for the Lagrange multiplier, λ, that satisfies both ∥Aβ∥22 = 1 and (4.8). In the

unconstrained case, computation in the weighted Bayesian bootstrap reduces to calculating

ridge regression solutions for randomly weighted data. In the constrained case, CWBB

operates similarly, but the regularization parameter automatically adapts to debias the

solutions towards the constraint set across iterations.

Figure 4.1 shows samples from several peer methods for sampling from the constrained

posterior of (4.5) with n = 100, p = 2 and A = I2. Exact constrained samples concentrate

on the unit circle around the true value β0. Both methods which relax the constraint

lead to separate issues: the distance-to-set prior of Presman and Xu (2023) has samples

very close to the constraint set, but still noticeably far despite a high value of ρ = 5000;

the constraint relaxation from Duan et al. (2020) has samples far from regions of high

posterior density induced by a local mode from the nonconvex constraint set. Ignoring

the geometry of the posterior, orthogonally projected samples may project to low density

regions of the posterior. This is ameliorated in the obliquely projected samples since the

posterior covariance is known. Meanwhile, CWBB is able to benefit from these advantages

50



Exact Samples Constraint Relaxation Distance−to−Set

Constrained WBB Orthogonally Projected Obliquely Projected

−1.5 −1.0 −0.5 0.0 0.5 1.0−1.5 −1.0 −0.5 0.0 0.5 1.0−1.5 −1.0 −0.5 0.0 0.5 1.0

−1.5

−1.0

−0.5

0.0

0.5

1.0

−1.5

−1.0

−0.5

0.0

0.5

1.0

β1

β 2

Unconstrained
Sample

Constrained
Sample

Posterior
Density

True β

Posterior constrained to unit circle with various sampling methods

Figure 4.1: Graphs showing 75 samples of β restricted to the unit circle for six constrained
sampling methods.

while respecting the constraint set, and we see that its samples most closely resemble the

exact posterior density.

4.2 Theory

We establish several favorable properties of the posterior samples under CWBB. Under

standard regularity conditions detailed in the Supplementary Material, the solution to (4.4)

will exist and be conditionally consistent for θ0, along almost every sample path asymp-

totically. The regularity conditions are a natural extension to constraints for those used in

analysis of the weighted likelihood bootstrap (Newton & Raftery, 1994). In addition, we

establish CWBB has a clear asymptotic distribution that gives valid frequentist confidence

intervals. The restricted maximum likelihood estimator from Aitchison and Silvey (1958),

θ∗n = argmax
θ∈Θ

n∑
i=1

log fθ(xi), h(θ) = 0, (4.9)

is asymptotically efficient, achieving the Cramér-Rao lower bound under parametric con-

straints (Stoica & Ng, 1998). We establish that CWBB samples converge in distribution

51



to a multivariate normal centered on this estimator with a matching covariance expression.

To this end, we assume that h has continuous bounded second derivatives in a neighbor-

hood of θ0, and full-rank Jacobian at θ0. We note that these conditions do not preclude

h(θ) taking the form of an inequality constraint, but we focus our treatment on equality

constraints without loss of generality. Inactive inequality constraints have no effect on

the asymptotic distribution while active inequality constraints can be subsumed into the

equality constraints.

Theorem 12. Let X1:n be independent and identically distributed observations with under-

lying density function fθ0. Let the Lagrangian of (4.4) be

L(θ, λ) =
n∑
i=1

wn,iℓ(xi | θ) + log π(θ) + λ⊤h(θ).

Under regularity conditions, for all δ > 0, there exists a sequence {θ̌n, λ̌n} such that

pr{∇L(θ̌n, λ̌n) = 0 | X1:n} → 1 a.s.[X1:∞],

pr(∥θ̌n − θ0∥2 < δ | X1:n)→ 1 a.s.[X1:∞].

Theorem 13. Let X1:n be independent and identically distributed observations with un-

derlying density function fθ0. Let θ̂n be a strongly consistent estimator for θ0, satisfying

h(θ̂n) = 0 and ∥∥∥∥I − U(θ̂n)

n1/2

n∑
i=1

∇θ log fθ̂n(Xi)

∥∥∥∥
2

→ 0 a.s.[X1:∞] (4.10)

where Dh(θ) is the Jacobian at θ for h,

J(θ) = Eθ0 [{∇θ log fθ(X)}{∇θ log fθ(X)}⊤],

U(θ) = D⊤
h (θ){Dh(θ0)J(θ0)

−1D⊤
h (θ)}

−1Dh(θ0)J(θ0)
−1.

Let θ̌n be a sample from Algorithm 3. Then, under regularity conditions, for any Borel set

A ∈ Rp,

pr
{
n1/2(θ̌n − θ̂n) ∈ A | X1:n

}
→ pr(Z ∈ A) a.s.[X1:∞]

where Z ∼ N [0, J(θ0)
−1{I − U(θ0)}].
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Note the restricted maximum likelihood estimator trivially satisfies (4.10) as demon-

strated by the proof of Lemma 1 in Aitchison and Silvey (1958); see the proof of Lemma

33 in the Supplementary Material for a similar proof.

Theorem 13 additionally implies that the asymptotic covariance matrix is obtained by

obliquely projecting the rows of the inverse Fisher information onto the kernel ofDh(θ0), the

Jacobian of the constraints at the true underlying parameter. This result is consistent with

the asymptotic covariance of (4.9), giving the constrained form an explicit characterization

for the uncertainty in approximate posterior samples. In addition, under these regularity

conditions, the asymptotic distribution from Theorem 13 is invariant to the choice of h

(see Lemma 27 in the Supplementary Materials). Furthermore, we allow for Θ̃ to be a

lower dimensional subspace of Θ; this is not handled precisely in the analysis of constraint

relaxation and is also lacking theoretical support in projecting the unconstrained posterior

after sampling (Astfalck et al., 2024).

In particular, CWBB converges to a distribution with support only on the constraint set

as the sample size grows. This is not the case for other general sampling methods proposed

for (4.2), such as constraint-relaxed posteriors of the form

πρ(θ | x1:n) ∝ exp

{ n∑
i=1

log fθ(xi)− ρq(θ)
}
, (4.11)

where q(θ) = dist2(θ, Θ̃)/2 (Presman & Xu, 2023) or more generally q ≥ 0 such that

θ ∈ Θ̃ ⇐⇒ q(θ) = 0 (Duan et al., 2020). While these approaches to posterior inference

coincide with the constrained problem as the penalty parameter ρ → ∞, this relationship

with the sample size is not uniform, so it is difficult to establish the analogous posterior

consistency theory. Asymptotically, under a fixed penalty ρ > 0, samples fall back to the

standard Bernstein–von Mises theorem (see Chapter 10 of van der Vaart (1998)): if q is

finite in a neighborhood of θ0, then n1/2θ | x1:n converges to a distribution with variance

J(θ0)
−1. This implies the constraints become less important to the posterior covariance and

subsequent uncertainty estimation as more data is ingested, unless the relaxation adjusts
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to the sample size. In fact, using results on generalized posteriors from Miller (2021),

Proposition 14 shows that if the relaxation strength changes linearly with n, then the

asymptotic covariance is full-rank, regardless of the dimension of Θ̃.

Proposition 14. Suppose Θ ⊂ Rp, ρ > 0, and q(θ) is three-times continuously differ-

entiable in a closed ball around θ0. In addition, fθ(x) = exp{θ⊤s(x)− κ(θ)} is a full,

regular, and identifiable member of the exponential family in natural form. Finally, the ma-

trix Σ = [−Eθ0{∇2
θ log fθ0(X)}+ ρ∇2

θq(θ0)]
−1 is positive-definite. Then if θ ∼ πnρ from

(4.11) there exists a strongly consistent estimator θ̂n such that

dTV{n1/2(θ − θ̂n), N(0,Σ)} → 0,

almost surely, where dTV is the total variation distance.

For concreteness, Proposition 14 implies the constraint-relaxed posterior for many ex-

ponential family distributions with ρ′ = nρ will have an asymptotic covariance slightly in-

formed by the constraints. As an example, if q(θ) = dist2(θ, Θ̃)/2 where Θ̃ = {θ : Pθ = θ}

and P is an orthogonal projection matrix, then the asymptotic covariance is

{J(θ0) + ρ(I − P )}−1.

4.3 Experiments
4.3.1 Nonnegative Order-Constrained Parameters in Regression

In Dunson and Neelon (2003) the authors describe a Bayesian linear model under the

restriction where the learned coefficients are both nonnegative and nondecreasing accord-

ing to underlying indices. This model is motivated by a biomedical study with ordered

categorical predictors, e.g. increasing intensities of treatment regimes. This setting can be

modeled with the Bayesian system

yi | θ, τ, xi ∼ N(x⊤i θ, τ
−1),

θ ∼ N(θ0,Σ0), τ ∼ Gamma(a0, b0),
(4.12)

where θ is restricted to the convex space

C = {θ ∈ Rp : 0 ≤ θ1 ≤ θ2 ≤ . . . ≤ θp},
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and xi are covariates. Equivalently, there exists an invertible D ∈ Rn×n such that θ ∈

C ⇐⇒ Dθ ≥ 0. Using arguments from Gelfand et al. (1992) surrounding constrained

Gibbs sampling, Dunson and Neelon (2003) generalize a method from Hwang and Peddada

(1994) to transform unconstrained posterior samples via

θ̂i = min
i≤t

max
s≤i

1⊤t−s+1(Σ[s:t])
−1θ[s:t]

1⊤t−s+1(Σ[s:t])−11t−s+1
, (4.13)

where Σ is the posterior covariance and [s : t] is indexing for the sth to tth elements or

submatrix. This transformation does not guarantee transformed parameters are ordered

or nonnegative, although the authors note this tends to be a nonissue in practice. For

each coefficient value, the transformation requires solving a quadratic number of linear

systems, accruing O(p5) operations in transforming the entire parameter vector to obey the

constraint.

CWBB guarantees samples satisfying the constraints much more efficiently. Each iter-

ation samples wn ∼ n × Dirichlet(1, . . . , 1) and solves

argmin
θ∈C,τ>0

−(n/2 + a0 − 1) log τ + b0τ

+
τ

2

n∑
i=1

wn,i(yi − x⊤i θ)2 +
1

2
(θ − θ0)⊤Σ−1

0 (θ − θ0).

Solutions to the optimization subproblem are delivered by coordinate descent on the θ and

τ blocks. For fixed τ , a convex quadratic program with linear constraints emerges, giving

a multitude of methods to optimize for θ; for fixed θ, the optimal τ is available in closed

form.

We implement the above to sample from the posterior of (4.12) on C using CWBB.

Simulation parameters were in a simple regime with n = 100, p = 30 and true parameters

τ = 1/25 and θ, a sequence of nondecreasing values with two constant contiguous subse-

quences (see Fig. 4.2 for an illustration). We sample each covariate vector, xi, from a mul-

tivariate normal with mean zero and covariance matrix with unit diagonal, and 0.6, 0.3, 0.1
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Figure 4.2: Sampling from (4.12) under several peer methods.

on the main off-diagonals. For prior hyperparameters, θ0 is the zero vector, Σ0 = 4Ip and

a0, b0 = 1.

Key summaries of the 1,000 posterior samples under the proposed approach are com-

pared to those under an unconstrained Gibbs sampler, as well as orthogonally projected

samples from the latter and transformed samples according to (4.13). Figure 4.2 displays

these results, and shows that in this high-noise regime, the standard Gibbs sampler has

large credible intervals and concentrates reasonably well around the true underlying pa-

rameters, but does not adhere to the constraint structure under C. In contrast, account-

ing for the constraints leads to smaller credible intervals under each constrained method.

CWBB exhibits slightly narrower credible intervals while still capturing the true underlying

value inside them, though overall performance is similar among the constrained sampling

methods. However, samples from the method of Dunson and Neelon (2003) violate the

nonnegativity constraint, and also required approximately twenty times more computation

time than the others.

4.3.2 Sparse Precision Matrix Estimation

Assuming data xi follow a multivariate normal distribution with an unknown sparse

precision matrix, the maximum likelihood estimate of the precision matrix is the sample

value. Sparsity is a useful characteristic of precision matrices allowing for explicit calculation

56



of conditional dependence among the variables of xi. To induce sparsity in the maximum

likelihood estimate, the graphical lasso of Friedman et al. (2008) optimizes an ℓ1 penalty

added to the likelihood,

log detΣ−1 − tr(SΣ−1)− ρ
∑
i≤j
|Σ−1
ij |,

where S is the empirical covariance matrix. As a point estimate, the graphical lasso is an

effective tool, but uncertainty quantification around classification of zero entries can lead

to better performance. Bayesian methods quantify uncertainty for precision matrix esti-

mation with a variety of sparsity-inducing priors. After sufficient sampling, a probability

of edge inclusion (nonzero entry of precision matrix) is calculated. The Bayesian graphical

lasso of H. Wang (2012) uses a formulation similar to (4.14) where maximum a posteriori

estimates are sparse and inclusion probabilities are estimated via partial correlations from

the posterior samples. The setup of the Bayesian graphical lasso allows a prior over the

possible regularization parameters, giving a smaller need to tune. A. Mohammadi and Wit

(2015) uses the G-Wishart prior for more explicit inference of edge inclusion by directly

sampling over the many possible graphical representations of variable conditional depen-

dence. Posterior sampling is done via a birth-death process. H. Wang (2015) also considers

a discrete approach via a spike-and-slab prior for all pairs of variables with sampling done

using a block Gibbs sampler.

To sample from a posterior of sparse precision matrices, we apply CWBB by viewing

the graphical lasso as the maximum a posteriori estimate of the following Bayesian system:

xi | Σ ∼ N(0,Σ),

π(Σ−1) ∝ 1(Σ−1 ∈ Sp×p+ )
∏
i≤j

exp(−ρ|Σ−1
ij |),

(4.14)

also used in H. Wang (2012). The prior promotes sparsity by specifying that entries of

the precision matrix follow a Laplace distribution, but together they must also lie in the

positive-definite cone, Σ−1 ∈ Sp×p+ , or equivalently λmin(Σ
−1) > 0. Hence, CWBB involves
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simply repeatedly sampling wn and solving

argmin
Σ−1∈Sp×p

+

−n
2
log detΣ−1

+
n

2
tr{Σ−1X⊤ diag(wn)X}+

∑
i≤j

qρ(Σ
−1
ij ),

(4.15)

where qρ(Σ−1
ij ) = ρ|Σ−1

ij |. This can be optimized efficiently by the methods in Friedman

et al. (2008). After many samples from CWBB, we calculate the posterior credible intervals

for each entry.

The generality of CWBB allows uncertainty quantification for other penalties that in-

duce sparsity. For example, the smoothly clipped absolute deviation (Fan & Li, 2001) and

minimax concave penalty (Zhang, 2010) have desirable properties in problems requiring

sparsity,

qρ,SCAD(z) =


ρ|z| |z| ≤ ρ,
2aρ|z|−z2−ρ2

2(a−1) ρ ≤ |z| ≤ aρ,
ρ2(a+1)

2 |z| ≥ aρ,
(4.16)

qρ,MCP (z) =

{
ρ|z| − z2

2a |z| ≤ aρ,
1
2aρ

2 |z| > aρ.
(4.17)

By replacing the penalty q in (4.15) with (4.16), we can now utilize SCAD toward Bayesian

sparse precision estimation efficiently; the point estimate was shown to be effective in Fan

et al. (2009). We also compare with the minimax concave penalty (4.17) from Zhang (2010),

which exhibits similar performance and illustrates the flexibility of CWBB.

The posterior credible intervals can guard against the well-documented issue of false

selection with ℓ1 penalties (Lafit et al., 2019; Su et al., 2017). Rather than use a single

graphical lasso estimate to determine non-zero entries, we employ a decision rule that

classifies an entry as nonzero if the majority of the credible interval is either strictly positive

or negative. To motivate casting the problem as posterior inference, if a credible interval

is wide and almost symmetric about zero, it is reasonable to classify the entry as zero

compared to one with a similar point estimate but with a credible interval with mostly
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Figure 4.3: Graph showing binary classification performance classification of nonzero
entries of a sparse precision matrix with CWBB. The black line represents classifying each
entry according to the point estimate at ρ.

positive support.

We perform a simulation study with p = 100, n = 750 and Σ−1 = L⊤L, where L is

triangular and off-diagonal entries are independent mixtures of a standard normal and a

point mass at zero. The sparsity of the true Σ−1 is about two-thirds. CWBB performs 250

samples from (4.15) for each penalty function. We use a = 3.7 for (4.16) and a = 3 for

(4.17) as both were shown to be reasonable defaults in their respective works. To evaluate

performance of each method, entries of the precision matrix are treated as a binary clas-

sification problem with nonzero entries considered as positives. The classification metrics

considered for evaluation are accuracy, precision, recall and F1-score.

For many values of regularization strength, each row of Fig. 4.3 demonstrates an increase

in performance when classifying precision matrix entries based off the credible intervals de-

rived from CWBB as opposed to a single point estimate for all penalties considered. This

performance is shown for a variety of decision rules dependent on the proportion of posterior

samples that are strictly either positive or negative. This decision rule evidently results in
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an increase in false negatives as seen in the decrease in recall. However, the gain in precision

outpaces these faults by both F1-score and classification accuracy. Furthermore, there is a

wide range of regularization hyperparameters that have competitive performance with the

posterior samples, showing less sensitivity to tuning ρ for all possible penalty functions.

Performance of CWBB is competitive with the more sophisticated Bayesian methods men-

tioned earlier, while involving fewer hyperparameters (see Supplementary Material). The

extra machinery of these methods requires some delicate handling of the burn-in period,

starting values, and tuning, while CWBB is a simple, easy-to-use approach.

4.3.3 Option Pricing Surfaces

For a fixed stock, call options may be bought at a variety of strike prices and expiry

dates. European-style call options give the buyer the right to purchase 100 shares of a stock

at time t for price s. Let C(t, s) be the price of this option. The pricing function C follows

restrictions which prevent various types of arbitrage. Here, we focus on a set of minimal

basic restrictions that are readily justifiable:

C(t, ·) is convex and decreasing for fixed t;

C(·, s) is increasing for fixed s.
(4.18)

This posits that the underlying price of a call option must decrease as the strike price

increases, otherwise a clear arbitrage opportunity is available. Convexity is derived from

principles in option pricing theory outside the scope of this work (Aït-Sahalia & Duarte,

2003). Because call options risk expiry before an advantageous price is reached for the

buyer, their value or price increases with lifespan, reflected in the second constraint.

We consider an additional constraint available from market data, as option contracts

come with a bid and an ask price. The market price is generally taken to be the midpoint

of the bid-ask spread, but this may not be an ideal estimate of the underlying price, and

may violate the natural restrictions described above. Assuming the bid-ask is rational and

the true option price falls within this spread, we add the constraint

BID(t, s) ≤ C(t, s) ≤ ASK(t, s). (4.19)
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When pricing options that are part of a spread, both covariance and constraints play

important roles. As an example, consider buying a vertical call spread, i.e. a trader buys a

call expiring at time t for strike s1, and sells a call expiring at the same time for strike s2

with s2 > s1. The net price is P = C(t, s1)−C(t, s2). Therefore, a probabilistic model for

P must have support only on nonnegative reals to satisfy (4.18). In addition, uncertainty

estimates are essential for portfolio optimization, and the uncertainty for P is changed by

the covariance between C(t, s1) and C(t, s2).

Similar to prior work (Aït-Sahalia & Duarte, 2003), we have a simple model specifi-

cation, complemented by the complexity of the constraints. In particular, we choose a

constrained Bayesian normal means formulation with a likelihood and unconstrained prior

of

y | C ∼ Nn(C, λ
−1I), C ∼ Nn(0, δ

−1Σ), (4.20)

where n is the number of options available for trade, y is the observed midpoint (BID +

ASK)/2, λ and δ are precision hyperparameters and Σ is a positive-definite matrix such

that each entry is the prior covariance between a pair C(t1, s1), C(t2, s2). In the notation of

(4.20), C is flattened as a vector in Rn, with indexing by t and s suppressed in the notation.

We model the midpoint price as a noisy observation of the underlying price. The posterior

distribution of (4.20) is multivariate normal with covariance Σ′ = {λI + δΣ−1}−1 and mean

λΣ′y. As mentioned before, covariance is essential, yet this posterior derives covariance of

option prices solely from the choice of hyperparameters λ, δ and Σ, ignoring the context of

the data. By factoring in the constraints (4.18) and (4.19) we induce more viable estimates

of the covariance of the option prices under pertinent assumptions.

Iterations of CWBB solve

argmin
DC≥b

λ

2

n∑
i=1

wn,i(Ci − yi)2 +
δ

2
C⊤Σ−1C, (4.21)

where D is a matrix such that DC ≥ b implies feasibility. In particular, D contains signed

copies of a submatrix D1 where D1x ≥ 0 implies x is nondecreasing and D2 where D2 ≥ 0
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Figure 4.4: For RUT call options, 3D scatter plots showing the midpoint price as it varies
in strike price and days to expiration with points colored by constraint violations.

implies a convex structure (see Kim et al. (2009) for details). In addition, D contains a

positive and negative copy of the identity matrix to satisfy the bid-ask box constraints.

We perform experiments using market data from about 10 AM on August 13th, 2025

for the RUT European-style call options. Tradable options that expire within 60 days and

have a strike price within 5% of the underlying price of $2300 are included in the dataset

(n = 766). Each data point consists of a bid and an ask, and the midpoint of the bid-ask

is used as yi in (4.21). The strike price and time to expire for each is used to calculate the

prior covariance of C and ensure the constraints are satisfied in resulting posterior samples.

In our exploratory data analysis and resulting inference, there are patterns corresponding

to a typical classification in options: (Deep) In-the-money call options have a strike price

(well) below the underlying price; near-the-money call options have a strike close to the

underlying; (deep) out-of-the-money have a strike (well) above the underlying.

Figure 4.4 shows which options have an observed midpoint price which violate some type

of constraint, i.e. for option j there exists some row i in D where rowi(D)⊤(BID+ASK) <

0, and Dij ̸= 0. As an example, options expiring in 15 days with strike prices, $2285, $2290,

and $2295 have a midpoint price of $48.00, $45.00, and $41.90, respectively. This violates

convexity as the first derivative is not monotone increasing with respect to strike price,

hence these three points are light green in Fig. 4.4. Most of the near-the-money options
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Figure 4.5: Correlation matrix for C | y from CWBB for the first three times to expire
in the dataset.

are not part of a constraint violation. On average, as the time to expire increases, with

15 days to expiry as an exception, the range of feasible options grows. Deep in-the-money

call options are likely to violate convexity, the most common violation. Sequences of call

options for several expiration dates violate maturity monotonicity.

We choose hyperparameters λ = 1/3 and δ = 1/35. The hyperparameter Σ is deter-

mined by an exponential kernel over the strike price–expiration date space, e.g. if zi =

(si, ti) is the strike and expiration of the ith option, then Σij = exp{− dist(zi/σs, zj/σt)},

where σ normalizes the coordinates. This makes the unconstrained prior of (4.20) infor-

mative, but the small value of δ compared to λ leads the posterior covariance to have

many tridiagonally dominated blocks, with over 93% of entries having an absolute value

less than 10−3. Using the OSQP solver of Stellato et al. (2020), 1000 samples of C ∈ R766

under the constrained posterior are found via CWBB. With these posterior samples under

the constrained model, we can estimate cov{C(t1, s1), C(t2, s2) | y} for all expirations and

strikes.

Figure 4.5 shows the empirical correlation matrix of the posterior parameters (option

prices), for the first three times to expire in the snapshot, with blocks highlighting the

pairs of expiration dates. Each tile corresponds to the sample correlation between the

constrained posterior samples of C(t1, s1) and C(t2, s2). We see clear structure with blocks
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of high correlation for deep in-the-money call options as well as increasing amounts of

correlation for deep out-of-the-money call options which expire on the same day. These

blocks grow smaller as the time to expire increases, seen by the the smaller correlation

blocks for options expiring on the 15th of August, as opposed to the 13th. Furthermore,

there is a small amount of correlation between options on adjacent days to expiry, but this

correlation is weaker when examining options that expire two days apart. Near-the-money

options also exhibit some weak correlation, although it does not have a block structure.

The constraints lead to uncertainty and point estimates related to the common classifi-

cation of “moneyness" of the option. In the Supplementary Material, we visualize additional

results on the constrained posterior, such as how it compares to the unconstrained version

and how uncertainty relates to the spread of an option.

4.4 Discussion

This article demonstrates that extending the weighted Bayesian bootstrap to con-

strained problems combines the advantages of uncertainty quantification via approximate

posterior sampling with the computational expediency of optimization routines for con-

strained problems. We identify standard regularity assumptions that lead to new theo-

retical guarantees and asymptotic results on the samples from Algorithm 3. Just as the

bootstrap enjoys widespread usage due to its simplicity—even beyond settings where all

regularity conditions are checked—our method is easy to use with any plug-in optimization

solution to constrained problems. There are several immediate future directions that these

contributions imply. First, it is natural to strengthen this theory to encompass a broader

class of settings where it may succeed empirically. Indeed, while Theorem 13 resembles the

standard Bernstein–von Mises result, it requires more stringent conditions than is typical

in similar looking results (see Supplementary Material). As many of these are technical

assumptions toward producing valid Taylor expansions around the true parameter in both

the constraint and likelihood functions, weaker assumptions may apply and future work

may broaden the scope of these results with modern posterior analysis techniques such
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as those from Miller (2021). Some specific tasks such as high-dimensional regression and

normal means models admit attractive theoretical properties under the weighted Bayesian

bootstrap with weaker regularity conditions. These include consistency (Ng & Newton,

2022) and minimax posterior contraction rates (Nie & Ročková, 2023) under penalty for-

mulations instead of hard constraints, again suggesting that our theory could be made more

applicable to specific cases by considering the geometry of the problem.

Our analysis justifies the constrained weighted Bayesian bootstrap in a first-order sense.

The support of the prior is considered in Theorem 13, but we do not fully make use of its

functional form. Techniques such as Edgeworth expansions have been used to produce

higher-order approximations of the weighted likelihood/Bayesian bootstrap while account-

ing for prior structure (Newton & Raftery, 1994; Pompe, 2021). Finally, because of the

breadth statistical tasks that can be formulated as constrained optimization problems, ap-

plications of this method may be fruitful where constrained spaces pose a challenge to

posterior inference. This includes sampling over valid correlation matrices, intersections of

convex sets, and combinatorial problems (Xu & Duan, 2023).
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5. Conclusions

In this dissertation, we presented applications of convex optimization for various sta-

tistical problems requiring structure. In particular, for Chapters 2 and 3, we analyzed the

statistical properties of solutions to optimization problems for data that can be clustered

or biclustered. For Chapter 4, we devised a sampling method via optimization methods for

constrained posterior distributions. Here, we discuss future directions of research relevant

to each chapter.

In Chapter 2, we devised an algorithm to bicluster data while weighing the features to

increase performance in high-dimensions. Experimental results showed biconvex bicluster-

ing outperform peer methods and extract interpretable groups of features from a Lymphoma

dataset. Although our work contains theoretical justification for any set of features fit from

biconvex biclustering, by assuming additional conditions on the data-generating mechanism

related to true features, one could prove further results on the ability to extract the true

features. This is challenging theoretically, but would give insight into the ability of the

algorithm to navigate the non-convexity of the objective function.

In Chapter 3, results related to the affinity graph input for convex clustering problems

were shown. Specific rates describing the density of within and between-cluster connectiv-

ity for centroid recovery were derived. Theoretical results were lacking for affinity graphs

determined from data, and future work with additional technical conditions on the support

of the data may be fruitful. Empirically and theoretically, we argued that proper tuning of

convex clustering should also occur over the affinity graph. This leaves an open question

of how one could efficiently tune over a range of affinity graphs outside of näively using

warm starts to an existing convex optimization algorithm. One potential avenue would

be manipulating the subgradient condition (see equation 6 of Hocking et al. (2011)) of a

previous solution to find the next set of clusters or using results from parametric optimiza-

tion (Bonnans & Shapiro, 2000). By efficiently tuning over both the strength of fusion and
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affinity graphs, one could maximize the performance of convex clustering quickly.

In Chapter 4, we extend the weighted likelihood/Bayesian bootstrap to allow for sam-

pling from constrained posteriors. This leads to a variety of methods for constrained sam-

pling from the breadth of literature on constrained optimization. The method is asymp-

totically justified giving confidence intervals a frequentist interpretation in the limit. The

regularity conditions employed for the theory are standard extensions of those used in New-

ton and Raftery (1994), but these could potentially be relaxed further, increasing the ap-

plicability of the constrained weighted Bayesian bootstrap, in theory. Although we showed

practical success in several examples, we hope the constrained weighted Bayesian bootstrap

will find additional success in the literature for other constrained Bayesian problems.
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Appendix A. Biconvex Biclustering Appendix
A.1 BCBC for Missing Data

Recall our main objective can be written as

F (U ,w) = γ

( n∑
i<j

√
Φij∥Ui· −Uj·∥2 +

p∑
k<ℓ

√
Ψkℓ∥U·k −U·ℓ∥2

)
+

1

2
∥X −U∥2w2+λw,

subject to
p∑
ℓ=1

wℓ = 1, wℓ ≥ 0.

(A.1)

Consider an observed matrix X such that if (i, j) ∈ I, then Xij is observed, otherwise it is

missing. Let PI(X) be the projection of a matrix X onto the indices I, i.e.

PI(X)ij =

{
Xij (i, j) ∈ I,
0 otherwise.

An analogous missing data objective to (A.1) is

F̃γ,λ(U ,w) := γ

( n∑
i<j

√
Φij∥Ui· −Uj·∥2 +

p∑
k<ℓ

√
Ψkℓ∥U·k −U·ℓ∥2

)

+
1

2

p∑
ℓ=1

(w2
ℓ + λwℓ)

n∑
i=1

PI(U −X)2iℓ,

subject to
p∑
ℓ=1

wℓ = 1, wℓ ≥ 0.

For brevity we write

F̃γ,λ(U ,w) := γf(U) + g(w) +
1

2
∥PI(X)− PI(U)∥2w2+λw,

where f is the fusion terms and g is the constraint to the simplex for w. We can use
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majorization-minimization to optimize the above similar to the results in Chi et al. (2017),

F̃γ,λ(U ,w) = γf(U) + g(w) +
1

2
∥PI(X)− PI(U)∥2w2+λw

≤ γf(U) + g(w) +
1

2
∥PI(X)− PI(U)∥2w2+λw

+
1

2

∑
(i,j)∈Ic

(w2
j + λwj)(Ũij − Uij)2

= γf(U) + g(w) +
1

2

∑
i,j

(w2
j + λwj)(Mij − Uij)2,

=: G(U ,w | Ũ), (A.2)

where M = PI(X) + PIc(Ũ). We can optimize G by running the BCBC routine which

will give estimates for the missing data entries (see Algorithm 4).

Algorithm 4 BCBC for Missing Data
Input: Data points X, I set of available data indices
1: Initialize k = 0, U0

I = XI ,U
0
Ic = mean(XI), w0 = 1p/p.

2: while not converged do
3: Uk+1,wk+1 ← argminU ,wG(U ,w | Uk) from (A.2) by applying BCBC.
4: k ← k + 1.
5: end while
6: return Uk,wk.

A.2 Kurdyka-Łojasiewicz Property of the Objective

Theorem 1 of Bolte et al. (2014) shows limiting points of PALM are critical points

provided the optimized function satisfies the Kurdyka-Łojasiewicz (KL) property. We now

reference several definitions and facts from Bolte et al. (2014) and Attouch et al. (2010)

describing this property.

Definition 15 (Desingularizing Function). Let Ψη be the set of all functions ψ : [0, η) 7→ R+

where

1. ψ is concave and continuous,

2. ψ(0) = 0,

69



3. ψ is C1 on (0, η) and continuous at 0,

4. ψ′(s) > 0 for all s ∈ (0, η).

Elements in Ψη are called desingularizing functions.

Definition 16 (KL property and KL function). Let f : Rd 7→ (−∞,∞] be proper and lower

semicontinuous. f has the Kurdyka-Łojasiewicz property at ū ∈ dom∂f := {u ∈ Rd |

∂f(u) ̸= ∅} if there exist η ∈ (0,∞], ϵ > 0 and ψ ∈ Ψη, such that

ψ′[f(u)− f(ū)] ≥ inf{∥v∥2 : v ∈ ∂f(u)},

whenever ∥u − ū∥2 ≤ ϵ and f(ū) < f(u) < f(ū) + η. If f satisfies this property at every

point in dom∂f , then f is called a KL function.

Definition 17 (Semialgebraic sets and functions). A set is semialgebraic if it can be written

as a finite union of sets of the form

{x ∈ Rd | pi(x) = 0, qi(x) < 0, i = 1, . . . , n},

where pi and qi are real polynomial functions. A function f is semialgebraic if its graph

{(x, y) | f(x) = y} is semialgebraic.

We use two useful properties of semialgebraic functions immediately:

1. Finite sums of semialgebraic functions are semialgebraic.

2. Indicator functions of semialgebraic sets are semialgebraic.

Proposition 18. F (U ,w) is semialgebraic and therefore a KL function.

Proof. Recall that our objective (A.1) can be written as

F (U ,w) = f(U) + g(w) +H(U ,w),

where f is the fusion terms, g is the indicator for the feasibility of the weights, and H is

the weighted loss.
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Example 4 of Bolte et al. (2014) shows that the ∥ · ∥q norm is semialgebraic when

q is rational. As a result, f(U) is semialgebraic via the first property above. g(w) is

semialgebraic via the second property. For completeness we show the set

W = {w ∈ Rp |
p∑
ℓ=1

wℓ = 1, wℓ ≥ 0}

is semialgebraic via construction. Let [p] = {1, . . . , p} and 2[p] be the resulting power set.

We then have the finite union

W =
⋃

I∈2[p]\{∅}

{
w |

∑
ℓ∈I

wℓ = 1, wℓ > 0 ∀ℓ ∈ I, wℓ′ = 0 ∀ℓ′ ∈ [p] \ I
}
.

Finally, consider the weighted loss, H(U ,w). Expanding all terms we have

H(U ,w) =

p∑
ℓ=1

n∑
i=1

(w2
ℓ + λwℓ)(Uiℓ −Xiℓ)

2.

H is a polynomial function with a finite number of terms, so it is semialgebraic by definition.

As a result of f, g, and H being semialgebraic, the complete objective function F is too.

Thus, via Theorem 3.1 of Bolte et al. (2007), F is a KL function and satisfies the necessary

assumptions for PALM to converge to a critical point.

A.3 Results for Connected Affinity Graphs

Lemma 19 (Affinity Graph Topology). Let L be equal to the number of nonzero entries in

the upper triangle of Φ ∈ Rn×n. If the weighted graph, G, formed by the adjacency matrix

Φ is connected, then there exists a matrix D such that

(i) D ∈ RLp×np,

(ii) Φij > 0, i < j =⇒ ∃R(i, j) such that DR(i,j)vec(U) =
√

Φij(Ui· −Uj·),

(iii) rank(D) = p(n− 1),

(iv) The minimum nonzero singular value of D is
√
a(Φ), where a(Φ) is the algebraic

connectivity of G,
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(v) If D = AΛV ⊤ is the singular value decomposition of D then the maximum singular

value of (AΛ)† is 1√
a(Φ)

and (AΛ)†(AΛ) = Ip(n−1),

(vi) Let V = [Vβ,Vα] be the right singular vectors of D, where Vβ and Vα correspond to

the orthonormal basis of the column space and null space of D, respectively. Then

VαV
⊤
α = Ip ⊗ 1n1⊤

n
n .

Proof. Because G is connected, L ≥ n − 1, since a graph of n vertices must have at least

n−1 edges to be connected. Furthermore, if G becomes a directed graph in any orientation,

then G is weakly connected by definition. Let B ∈ {−1, 0, 1}n×L be an unweighted oriented

incidence matrix where any directed edge between nodes (i, j) with i < j starts from node i

and ends at node j. Via Theorem 9.6 of Deo (1974), B has rank n−1 since G is connected.

Let D1 = [BE(Φ)]⊤ where E(Φ) ∈ RL×L is a diagonal matrix that multiplies each column

of B by the corresponding (nonzero) square root of the edge weight. Because E(Φ) has

full rank and B is rank (n− 1), D1 is also rank n− 1. To be more explicit, if Φij > 0 and

i < j then there exists a row in D1 where
√

Φij is in the ith element and −
√
Φij is in the

jth element. As a result,
√
Φij(Ui· −Uj·) is a column in D1U .

Let D = Ip⊗D1. Then we have via the Kronecker matrix-vector product, Dvec(U) =

vec(D1U) which implies there exists some indices R(i, j) where

DR(i,j)vec(U) =
√

Φij(Ui· −Uj·).

By construction D satisfies (i) and (ii). Furthermore, rank(D) = rank(D1)rank(Ip) =

p(n− 1) satisfying (iii). In addition, D has the singular values of D1, albeit with a higher

multiplicity. We can write the Laplacian of the graph G as Q = D⊤
1 D1. Qij = −Φij if

i and j share an edge of weight Φij and Qii =
∑

j Φij . For (iv), the smallest non-zero

eigenvalue of this generalized Laplacian is known as the algebraic connectivity, which is

equal to the square of the smallest singular value of D1 and hence D (de Abreu, 2007).

Let D = AΛV ⊤ be the singular value decomposition of D such that A ∈ RLp×p(n−1),

Λ ∈ Rp(n−1)×p(n−1) and V ∈ Rnp×p(n−1). Let Z = AΛ. By definition, Z has the same
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singular values as D. Furthermore, since L ≥ n − 1, A⊤A = Ip(n−1) so there exists Z†

such that Z†Z = Ip(n−1). In addition, Λmax(Z
†) = 1

Λmin(Z) completing the proof of (v).

Because the sums of all rows of D1 are zero, D11n = 0L. Since G is connected giving

D1 a rank of n − 1, the null space of D1 has dimension 1 with 1n/
√
n as the only basis

unit vector. This implies 1n1⊤
n

n is a projection matrix onto the null space of D1. Let

D1 = A1Λ1V
⊤
1 be the SVD giving D = (Ip⊗A1)(Ip⊗Λ1)(Ip⊗V ⊤

1 ). Therefore, VαV ⊤
α =

Ip ⊗ 1n1⊤
n

n is a projection matrix onto the null space of D, proving (vi).

Lemma 20 (Deterministic Affinity Graph Error Bounds). Let vec(X) = vec(U) + ϵ,

where ϵ are independent sub-Gaussian random variables with variance σ2. Let D be such

that
∑

i<j ∥DR(i,j)vec(U)∥2 =
∑

i<j

√
Φij∥Ui· − Uj·∥2, where R is some index set and

D = AΛV ⊤
β is the singular value decomposition. If the graph formed by the deterministic

adjacency matrix Φ is connected then

P

[
∥ϵ⊤Vβ(AΛ)†∥∞ ≥ 2σ

√
log(p|EΦ|)
a(Φ)

]
≤ 2

p|EΦ|
,

where |EΦ| is the number of edges in the graph formed by Φ.

Proof. Similar to the proof of Lemma 6 in Tan and Witten (2015) we use basic properties of

sub-Gaussian random variables and a union bound. Let ej be a unit vector of length p|EΦ|

with a 1 in the jth element. Let vj = ϵ⊤Vβ(AΛ)†ej . Clearly ∥ϵ⊤Vβ(AΛ)†∥∞ = maxj |vj |.

We have Λmax(Vβ) = 1 and Λmax[(AΛ)†] = 1√
a(Φ)

by Lemma 19. As a consequence, vj is

sub-Gaussian with zero mean and variance at most σ2

a(Φ) . By a union bound,

P

(
max
j
|vj | ≥ z

)
≤ p|EΦ|P (|vj | ≥ z) ≤ 2p|EΦ| exp

[
−z

2a(Φ)

2σ2

]
.

Choose z = 2σ
√

log(p|EΦ|)
a(Φ) , to complete the proof.
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A.4 Proof of Theorem 1

The Hanson-Wright inequality is common in the convex clustering literature and we

restate it here for completeness.

Lemma 21 (Hanson-Wright Inequality (Hanson & Wright, 1971)). Let ϵ be a sub-Gaussian

random vector with independent components of mean 0 and variance σ2. If A is a symmetric

matrix, then there exists a constant C > 0 such that for any t ≥ 0,

P [ϵ⊤Aϵ ≥ t+ σ2tr(A)] ≤ exp

[
−Cmin

(
t2

σ4∥A∥2F
,

t

σ2∥A∥2

)]
.

We proceed with the proof.

Proof. Let LR := ∥Φ∥0/2 = |ER| and LC := ∥Ψ∥0/2 = |EC | be the number of edges

from the row and column affinity graphs, respectively. Let x := vec(X),u := vec(U) be

the vectorizations of X,U , respectively. Let DR ∈ R[LRp]×np be such that DR
R(i,j)u =√

Φij(Ui· −Uj·) if Φij > 0 where R(i, j) is an index set. Let ER = {(i, j) | Φij > 0, i < j}

be the set of all edges for the row affinities. Via Lemma 19, we know DR exists and has rank

p(n− 1). Let DR := ARΛR(V R
β )⊤ be the singular value decomposition of DR. Explicitly,

AR ∈ RLRp×p(n−1),ΛR ∈ Rp(n−1)×p(n−1) and V R
β ∈ Rnp×p(n−1). Via properties of the SVD

we can write V R := [V R
α ,V

R
β ] ∈ Rnp×np where V R

α and V R
β are orthonormal matrices

where (V R
α )⊤V R

β = 0. Let the following symbols be defined:

βR := (V R
β )⊤u,

αR := (V R
α )⊤u,

ZR := ARΛR.

These symbols imply

u = V R
β βR + V R

α αR,

DRu = ARΛR(V R
β )⊤u = ZRβR.
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Similarly for the columns, let DC ∈ R[LCn]×np be such that DC
C(k,ℓ)u =

√
Ψkℓ(U·k−U·ℓ),

if Ψkℓ > 0 where C(k, ℓ) is an index set. Via Lemma 19, DC has rank n(p − 1), as all the

same conditions hold for Ψ, and we are examining the transpose of U . Let EC = {(k, ℓ) |

Ψkℓ > 0, k < ℓ} be the set of all edges for the column affinities. Let the following analogous

symbols be defined:

DC = ACΛC(V C
β )⊤,

AC ∈ RLCn×n(p−1),ΛC ∈ Rn(p−1)×n(p−1),V C
β ∈ Rnp×n(p−1),

V C := [V C
α ,V

C
β ], (V C

α )⊤V C
β = 0,

βC := (V C
β )⊤u,

αC := (V C
α )⊤u,

ZC := ACΛC ,

u = V C
β βC + V C

α αC ,

DCu = ACΛC(V C
β )⊤u = ZCβC .

Let

W =

{
W ∈ Rnp×np |W = diag(w1, . . . , wp)⊗ In, w1, . . . , wp ≥ 0,

p∑
ℓ=1

wℓ = 1

}
,

be the set of matrices allowing ∥x−u∥2W 2+λW = (x−u)⊤(W 2+λW )(x−u) to be equal

to the weighted norm used in (A.1). Let γ′ = γ
np . Then objective (A.1) is equivalent to

G(αR,αC ,βR,βC ,W ) =
1

4np
∥x− V R

α αR − V R
β βR∥2W 2+λW + γ′

∑
(i,j)∈ER

∥ZR
R(i,j)β

R∥2

+
1

4np
∥x− V C

α αC − V C
β βC∥2W 2+λW + γ′

∑
(k,ℓ)∈EC

∥ZC
C(k,ℓ)β

C∥2,

subject to W ∈ W, V R[αR,βR] = V C [αC ,βC ].

(A.3)

Let Û and ŵ be local minimizers of (A.1). Due to convexity in the U block when ŵ is
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fixed (recall F is biconvex), Û is the minimizer with ŵ as the input:

1

np
H(Û , ŵ) + γ′

∑
(i,j)∈ER

√
Φij∥Ûi· − Ûj·∥2 + γ′

∑
(k,ℓ)∈EC

√
Ψkℓ∥Û·k − Û·ℓ∥2

≤ 1

np
H(U , ŵ) + γ′

∑
(i,j)∈ER

√
Φij∥Ui· −Uj·∥2 + γ′

∑
(k,ℓ)∈EC

√
Ψkℓ∥U·k −U·ℓ∥2.

Recall X = U +E:

1

2np

p∑
ℓ=1

(ŵ2
ℓ + λŵℓ)∥U·ℓ +E·ℓ − Û·ℓ∥22

+ γ′
∑

(i,j)∈ER

√
Φij∥Ûi· − Ûj·∥2 + γ′

∑
(k,ℓ)∈EC

√
Ψkℓ∥Û·k − Û·ℓ∥2

≤ 1

2np

p∑
ℓ=1

(ŵ2
ℓ + λŵℓ)∥E·ℓ∥22

+ γ′
∑

(i,j)∈ER

√
Φij∥Ui· −Uj·∥2 + γ′

∑
(k,ℓ)∈EC

√
Ψkℓ∥U·k −U·ℓ∥2.

Now expand all norms and collect like terms:

1

2np

p∑
ℓ=1

(ŵ2
ℓ + λŵℓ)∥U·ℓ − Û·ℓ∥22

+ γ′
∑

(i,j)∈ER

√
Φij∥Ûi· − Ûj·∥2 + γ′

∑
(k,ℓ)∈EC

√
Ψkℓ∥Û·k − Û·ℓ∥2

≤ 1

np

p∑
ℓ=1

(ŵ2
ℓ + λŵℓ)E

⊤
·ℓ (Û·ℓ −U·ℓ)

+ γ′
∑

(i,j)∈ER

√
Φij∥Ui· −Uj·∥2 + γ′

∑
(k,ℓ)∈EC

√
Ψkℓ∥U·k −U·ℓ∥2.

(A.4)

Let Ŵ = ŵ ⊗ In ∈ W. Let α̂R, β̂R, α̂C , β̂C be argminG(·, ·, ·, ·, Ŵ ) from (A.3) so
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û = V R
α α̂R + V R

β β̂R = V C
α α̂C + V C

β β̂C . Let ϵ = vec(E). We can rewrite (A.4) as:

∑
M∈{R,C}

1

4np
∥V M

α (αM − α̂M ) + V M
β (βM − β̂M )∥2

Ŵ 2+λŴ
+ γ′

∑
(i,j)∈EM

∥ZM
M(i,j)β̂

M∥2

≤
∑

M∈{R,C}

1

2np
ϵ⊤(Ŵ 2 + λŴ )[V M

α (α̂M −αM ) + V M
β (β̂M − βM )]

+ γ′
∑

(i,j)∈EM

∥ZM
M(i,j)β

M∥2.

(A.5)

α̂M with M ∈ {R,C}, is a minimizer of (A.3) when the W block is Ŵ . To be a coordinate-

wise minimizer, the gradient with respect to αM of (A.3) must equal 0:

0 = ∇αM

(
1

4np
∥x− V M

α αM − V M
β βM∥2

Ŵ 2+λŴ

)
,

=
1

2np
(V M

α )⊤(Ŵ 2 + λŴ )(x− V M
α αM − V M

β βM ).

This implies a α̂M such that x − V̂ M
α α̂M − V̂ M

β β̂M = 0. By using that x = u + ϵ,

u = V M
α αM +V M

β βM , (V M
α )⊤V M

β = 0 and (V M
α )⊤Vα = I, this gives α̂M = (V M

α )⊤(x−

V M
β β̂M ) = αM + (V M

α )⊤ϵ and

V M
α (α̂M −αM ) = V M

α (V M
α )⊤ϵ. (A.6)

We simplify the RHS of (A.5) with (A.6) as:∑
M∈{R,C}

1

2np
ϵ⊤(Ŵ 2 + λŴ )[V M

α (α̂M −αM ) + V M
β (β̂M − βM )] + γ′

∑
(i,j)∈EM

∥ZM
M(i,j)β

M∥2,

=
∑

M∈{R,C}

1

2np
ϵ⊤(Ŵ 2 + λŴ )V M

α (V M
α )⊤ϵ︸ ︷︷ ︸

(I)

+
1

2np
ϵ⊤(Ŵ 2 + λŴ )V M

β (β̂M − βM )︸ ︷︷ ︸
(II)

+ γ′
∑

(i,j)∈EM

∥ZM
M(i,j)β

M∥2.
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We bound term (I) in the summation using

ϵ⊤(Ŵ 2 + λŴ )V M
α (V M

α )⊤ϵ = tr
[
ϵ⊤(Ŵ 2 + λŴ )V M

α (V M
α )⊤ϵ

]
,

= tr
[
(Ŵ 2 + λŴ )V M

α (V M
α )⊤ϵϵ⊤

]
,

=

np∑
i=1

(Ŵ 2
ii + λŴii)[V

M
α (V M

α )⊤ϵϵ⊤]ii,

≤ ∥(Ŵ 2 + λŴ )∥∞tr
[
V M
α (V M

α )⊤ϵϵ⊤
]
,

≤ (1 + λ)ϵ⊤V M
α (V M

α )⊤ϵ.

To bound (II) we use Lemma 19 for both the row and column modes. As a result,

there exists a pseudoinverse (ZM )† where (ZM )†ZM = Irank(ZM ). Insert this expression

into (II):

ϵ⊤(Ŵ 2 + λŴ )V M
β (β̂M − βM ) = ϵ⊤(Ŵ 2 + λŴ )V M

β (ZM )†ZM (β̂M − βM ),

=
∑

(i,j)∈EM

ϵ⊤(Ŵ 2 + λŴ )V M
β (ZM

M(i,j))
†ZM

M(i,j)(β̂
M − βM ),

≤
∑

(i,j)∈EM

∥∥∥ϵ⊤(Ŵ 2 + λŴ )V M
β (ZM

M(i,j))
†
∥∥∥
2

×
∥∥∥ZM

M(i,j)(β̂
M − βM )

∥∥∥
2
,

≤ max
(i,j)∈EM

∥∥∥ϵ⊤(Ŵ 2 + λŴ )V M
β (ZM

M(i,j))
†
∥∥∥
2

×
∑

(i,j)∈EM

∥∥∥ZM
M(i,j)(β̂

M − βM )
∥∥∥
2
.

We can bound max(i,j)∈EM

∥∥∥ϵ⊤(Ŵ 2 + λŴ )V M
β (ZM

M(i,j))
†
∥∥∥
2

by using the equivalence of the

2-norm and the ∞-norm. For simplicity, consider the mode of M = R

max
(i,j)∈ER

∥∥∥ϵ⊤(Ŵ 2 + λŴ )V R
β (ZR

R(i,j))
†
∥∥∥
2
≤ √p max

(i,j)∈ER

∥∥∥ϵ⊤(Ŵ 2 + λŴ )V R
β (ZR

R(i,j))
†
∥∥∥
∞
,

=
√
p∥ϵ⊤(Ŵ 2 + λŴ )V R

β (ZR)†∥∞.
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Now let ej be the vector of length pLR with a one in the jth entry and zero elsewhere.

Then

∥ϵ⊤(Ŵ 2 + λŴ )V R
β (ZR)†∥∞ = max

j
|ϵ⊤(Ŵ 2 + λŴ )V R

β (ZR)†ej |.

Bounding in a similar manner to (I):

max
j
|ϵ⊤(Ŵ 2 + λŴ )V R

β (ZR)†ej | = max
j

tr
[
(Ŵ 2 + λŴ )V R

β (ZR)†ejϵ
⊤
]
,

= max
j

np∑
i=1

(Ŵ 2
ii + λŴii)

[
V R
β (ZR)†ejϵ

⊤
]
ii
,

≤ ∥(Ŵ 2 + λŴ )∥∞max
j

tr
[
V R
β (ZR)†ejϵ

⊤
]
,

≤ (1 + λ)max
j

ϵ⊤V R
β (ZR)†ej .

To summarize our results so far by using all bounds on (A.4),

1

2np
∥U − Û∥2ŵ2+λŵ + γ′

∑
(i,j)∈ER

√
Φij∥Ûi· − Ûj·∥2 + γ′

∑
(k,ℓ)∈EC

√
Ψkℓ∥Û·k − Û·ℓ∥2

≤ 1 + λ

2np

∑
M∈{R,C}

max
j

[ϵ⊤V M
β (ZM )†ej ]

∑
(i,j)∈EM

∥∥∥ZM
M(i,j)(β̂

M − βM )
∥∥∥
2

{√
p M = R
√
n M = C

+ ϵ⊤V M
α (V M

α )⊤ϵ+ γ′
∑

(i,j)∈EM

∥ZM
M(i,j)β

M∥2.

(A.7)

Note that this inequality holds almost surely, and we now begin considering inequalities

that hold with high probability.

Bounding 1+λ
2np ϵ

⊤V M
α (V M

α )⊤ϵ with high probability:

Due to properties of projection matrices ∥V R
α (V R

α )⊤∥2F = p, ∥V C
α (V C

α )⊤∥2F = n, and

∥V R
α (V R

α )⊤∥2 = ∥V C
α (V C

α )⊤∥2 = 1 since both matrices are of rank p and n, respectively.

Now apply the standard Hanson-Wright inequality (Lemma 21) for both the row and column
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modes with t = σ2
√
p log(np) and t = σ2

√
n log(np), respectively:

P

[
1 + λ

2np
ϵ⊤V R

α (V R
α )⊤ϵ ≥ σ2(1 + λ)

2np

(√
p log(np) + p

)]
≤

exp

{
−Cmin

[
log(np),

√
p log(np)

]}
,

P

[
1 + λ

2np
ϵ⊤V C

α (V C
α )⊤ϵ ≥ σ2(1 + λ)

2np

(√
n log(np) + n

)]
≤

exp

{
−Cmin

[
log(np),

√
n log(np)

]}
.

Bounding 1+λ
2np maxj ϵ

⊤V M
β (ZM )†ej

{√
p M = R
√
n M = C

with high probability:

For simplicity, let M = R. Via Lemma 20 we have

P

[
max
j
|ϵ⊤V R

β (ZR)†ej | ≥ 2σ

√
log(pLR)

a(Φ)

]
≤ 2

pLR
.

This implies if γ′ > σ(1 + λ)
√

log(pLR)
n2pa(Φ)

, then γ′ < 1+λ
2n

√
p maxj |ϵ⊤V R

β (ZR)†ej | with prob-

ability at most 2
pLR

. Similarly for the column mode if γ′ > σ(1 + λ)
√

log(nLC)
np2a(Ψ)

, then

γ′ < 1+λ
2p

√
n
maxj |ϵ⊤V C

β (ZC)†ej | with probability at most 2
nLC

. Combining all these bounds,

we now bound the RHS of (A.7):

1 + λ

2np

∑
M∈{R,C}

max
j

ϵ⊤V M
β (ZM )†ej

∑
(i,j)∈EM

∥∥∥ZM
M(i,j)(β̂

M − βM )
∥∥∥
2

{√
p M = R
√
n M = C

+ ϵ⊤V M
α (V M

α )⊤ϵ+ γ′
∑

(i,j)∈EM

∥ZM
M(i,j)β

M∥2

≤ σ2(1 + λ)

2

[
1

n
+

1

p
+

√
log(np)

np2
+

√
log(np)

n2p

]
+ γ′

∑
(i,j)∈ER

∥∥∥ZR
R(i,j)(β̂

R − βR)
∥∥∥
2

+ γ′
∑

(k,ℓ)∈EC

∥∥∥ZC
C(k,ℓ)(β̂

C − βC)
∥∥∥
2
+ γ′

∑
(i,j)∈EM

∥ZM
M(i,j)β

M∥2
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with probability at least

1−exp
{
−Cmin

[
log(np),

√
p log(np)

]}
−exp

{
−Cmin

[
log(np),

√
n log(np)

]}
− 2

pLR
− 2

nLC

if γ′ > σ(1+λ)√
np max

(√
log(pLR)
na(Φ) ,

√
log(nLC)
pa(Ψ)

)
. This probability can be further simplified since

LR ≥ n− 1 and LC ≥ p− 1:

2

pLR
≤ 2

p(n− 1)
≤ 4

np
,

2

nLC
≤ 2

n(p− 1)
≤ 4

np
.

Using these simpler bounds and substituting into (A.7), with probability at least

1− 2 exp

{
−Cmin

[
log(np),

√
min(n, p) log(np)

]}
− 8

np

and large enough γ′:

1

2np
∥U − Û∥2ŵ2+λŵ + γ′

∑
(i,j)∈ER

∥ZR
R(i,j)β̂

R∥2 + γ′
∑

(k,ℓ)∈EC

∥ZC
C(k,ℓ)β̂

C∥2

≤ σ2(1 + λ)

2

[
1

n
+

1

p
+

√
log(np)

np2
+

√
log(np)

n2p

]
+ γ′

∑
(i,j)∈ER

∥∥∥ZR
R(i,j)(β̂

R − βR)
∥∥∥
2

+ γ′
∑

(k,ℓ)∈EC

∥∥∥ZC
C(k,ℓ)(β̂

C − βC)
∥∥∥
2
+ γ′

∑
(i,j)∈EM

∥ZM
M(i,j)β

M∥2.

Now subtract the fusion terms from the LHS and use triangle inequality to obtain the

desired bound:

1

2np
∥U − Û∥2ŵ2+λŵ ≤

σ2(1 + λ)

2

[
1

n
+

1

p
+

√
log(np)

np2
+

√
log(np)

n2p

]

+ 2γ′
∑
i<j

√
Φij∥Ui· −Uj·∥2

+ 2γ′
∑
k<ℓ

√
Ψkℓ∥U·k −U·ℓ∥2.
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A.5 Cluster assignments

We recommend assigning two rows to the same cluster if the weighted distance between

them is smaller than a threshold value r1, e.g.

U⋆
i·(r1) = U⋆

j·(r1) ⇐⇒ ∥Ûi· − Ûj·∥ŵ2+λŵ ≤ r1,

where Û and ŵ are local minima of (A.1), and U⋆ is the least squares estimate for U

with biclusters determined by threshold radius r1. This is a similar approach to Chi et al.

(2017), which recommends setting r1 to be a percentage of the standard deviation of all

pairwise weighted row distances. This is equivalent to building a network where each node

represents a row, and edges are present if two nodes fall within the calculated threshold.

Subsequently, the connected components of the network will determine cluster membership.

An analogous method is used to identify the column clusters, while assigning all columns

of zero weight to an isolated bicluster, e.g.

U⋆
·k(r2) = U⋆

·ℓ(r2) ⇐⇒ ∥Û·k − Û·ℓ∥2 ≤ r2 and ŵk, ŵℓ > 0.

After calculating all row and column cluster memberships, the least square estimate with

these assignments can be calculated

U⋆
ik(r1, r2) = mean({Xjℓ : U

⋆
i·(r1) = U⋆

j·(r1),U
⋆
·k(r2) = U⋆

·ℓ(r2)}), (wk > 0);

U⋆
ik(r1, r2) = mean({Xjℓ : ŵℓ = 0}), (wk = 0).

(A.8)
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Appendix B. Affinity Graph Connectivity in Convex Clus-
tering Appendix
B.1 Proof of Theorem 5

We show a corollary of the Hanson-Wright inequality and a property of the graph

incidence matrix before proceeding with the proof of Theorem 5 which has many identical

steps to the proofs in Tan and Witten (2015).

Lemma 22. Suppose E ∈ Rn×p where rows Ei· are independent, mean-zero and satisfy

∥Ei·∥ψ2 = σp. Then

P

(
vec(E)⊤

(
Ip ⊗

1n1
⊤
n

n

)
vec(E) ≥ Cσ2p(p+ log(np))

)
≤ 1

np
,

where C > 0 is some universal constant.

Proof. We first calculate the sub-Gaussian norm of E. By definition,

∥vec(E)∥2ψ2
= sup

∥v∥2=1
∥v⊤vec(E)∥2ψ2

= sup
∥V ∥F=1

∥∥∥∥ n∑
i=1

p∑
j=1

EijVij

∥∥∥∥2
ψ2

.

Via Proposition 2.7.1 of Vershynin (2026), since Xi =
∑p

j=1EijVij is independent of

Xk, i ̸= k,

sup
∥V ∥F=1

∥∥∥∥ n∑
i=1

p∑
j=1

EijVij

∥∥∥∥2
ψ2

≤ sup
∥V ∥F=1

C
n∑
i=1

∥∥∥∥ p∑
j=1

EijVij

∥∥∥∥2
ψ2

,

= sup
∥V ∥F=1

C

n∑
i=1

∥Vi·∥22
∥∥∥∥E⊤

i·
Vi·
∥Vi·∥2

∥∥∥∥2
ψ2

.

≤ sup
∥V ∥F=1

C
n∑
i=1

∥Vi·∥22 sup
∥v∥2=1

∥E⊤
i· v∥2ψ2

.

By definition, sup∥v∥2=1 ∥E⊤
i· v∥2ψ2

= σp, and ∥V ∥2F =
∑n

i=1 ∥Vi·∥22 = 1, so

∥vec(E)∥2ψ2
≤ Cσ2p.
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As a projection matrix of rank p, Ip⊗1n1⊤
n

n has trace p and unit operator norm. Furthermore,

it is positive semidefinite. Hence, we can apply Exercise 6.11 of Vershynin (2026) for

P

(
vec(E)⊤

(
Ip ⊗

1n1
⊤
n

n

)
vec(E) ≥ Cσ2p(p+ t)

)
≤ exp(−t).

Choose t = log(np) to complete the proof.

Lemma 23 (Affinity Graph Incidence Matrix). Let F ∈ Rn×|E| be an oriented edge-

incidence matrix for a graph G = (V, E), with n nodes. If G is connected, then the projection

matrix onto the null space of F⊤ is 1n1⊤
n

n .

Proof. The sums of all rows of F⊤ are zero, i.e. F⊤1n = 0. Since G is connected, F⊤ has

rank n − 1 (Theorem 9.6 of Deo (1974)) and the null space of F⊤ has dimension 1 with

1n/
√
n as the only basis unit vector. The projection matrix onto this space is 1n1⊤

n
n .

The above proof can also be easily generalized to G having multiple connected compo-

nents. We now proceed with the proof of Theorem 5.

Proof. Let E = {(i, j) | Φij > 0, i < j} be the set of all edges for the row affinities. Let F ∈

Rn×|E| be the oriented edge-incidence matrix of Φ such that [F⊤U ]E(i,j)· =
√
Φij(Ui·−Uj·)

if Φij > 0 where E(i, j) is also an index set to map an edge to the row it corresponds to

in F⊤. Since G is connected, we know we know F has rank n − 1. Let F⊤ = QΛV ⊤
β

be the singular value decomposition of F⊤. Explicitly, Q ∈ R|E|×(n−1),Λ ∈ R(n−1)×(n−1)

and Vβ ∈ Rn×(n−1). Via properties of the SVD, we can write V = [Vα,Vβ] ∈ Rn×n where

Vα and Vβ are orthonormal matrices such that V ⊤
α Vβ = 0. Let the following symbols be

defined

B = V ⊤
β U , A = V ⊤

α U , Z = QΛ.

These symbols imply

U = VβB + VαA, F⊤U = QΛV ⊤
β U = ZB.
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Let γ′ = γ
np . Then objective (3.1) is equivalent to

G(A,B) =
1

2np
∥X − VαA− VβB∥2F + γ′

∑
(i,j)∈E

∥ZE(i,j)·B∥2. (B.1)

Let Û be the global minimizer of (3.1). Then by definition
1

2np
∥Û −X∥2F + γ′

∑
(i,j)∈E

√
Φij∥Ûi· − Ûj·∥2 ≤

1

2np
∥U −X∥2F + γ′

∑
(i,j)∈E

√
Φij∥Ui· −Uj·∥2.

(B.2)

Recall X = U +E and substitute into (B.2)
1

2np
∥U +E − Û∥2F + γ′

∑
(i,j)∈E

√
Φij∥Ûi· − Ûj·∥2 ≤

1

2np
∥E∥2F + γ′

∑
(i,j)∈E

√
Φij∥Ui· −Uj·∥2.

Now expand all norms,

1

2np

p∑
ℓ=1

∥U·ℓ − Û·ℓ∥22 + ∥E·ℓ∥22 + 2E⊤
·ℓ (U·ℓ − Û·ℓ) + γ′

∑
(i,j)∈E

√
Φij∥Ûi· − Ûj·∥2

≤ 1

2np

p∑
ℓ=1

∥E·ℓ∥22 + γ′
∑

(i,j)∈E

√
Φij∥Ui· −Uj·∥2,

and collect like terms,

1

2np

p∑
ℓ=1

∥U·ℓ − Û·ℓ∥22 + γ′
∑

(i,j)∈E

√
Φij∥Ûi· − Ûj·∥2

≤ 1

np

p∑
ℓ=1

E⊤
·ℓ (Û·ℓ −U·ℓ) + γ′

∑
(i,j)∈E

√
Φij∥Ui· −Uj·∥2.

(B.3)

Let Â, B̂ be the argument minima of G from (B.1) so Û = VαÂ+VβB̂. We can rewrite

(B.3) as
1

2np
∥Vα(A− Â) + Vβ(B − B̂)∥2F + γ′

∑
(i,j)∈E

∥ZE(i,j)·B̂∥2

≤ 1

np

p∑
ℓ=1

E⊤
·ℓ ([Vα(Â−A)]·ℓ + [Vβ(B̂ −B)]·ℓ) + γ′

∑
(i,j)∈E

∥ZE(i,j)·B∥2,

=
1

np
trace(E⊤Vα(Â−A)) + trace(EVβ(B̂ −B)) + γ′

∑
(i,j)∈E

∥ZE(i,j)·B∥2.

(B.4)
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To be a minima, the gradient with respect to A of (B.1) must equal 0 at Â,

0 = ∇A

(
1

2np
∥X − VαA− VβB∥2F

)
=

1

np
V ⊤
α (X − VαA− VβB).

Since V ⊤
α Vα = 1 and V ⊤

β Vα = 0, Â satisfies

Â = V ⊤
α X = V ⊤

α (U +E) = V ⊤
α (VαA+ VβB +E) = A+ VαE =⇒

Vα(Â−A) = VαV
⊤
α E. (B.5)

We simplify the right-hand side of (B.4) with (B.5) as

1

np
trace(E⊤Vα(Â−A)) + trace(EVβ(B̂ −B)) + γ′

∑
(i,j)∈E

∥ZE(i,j)·B∥2

=
1

np
trace(E⊤VαV

⊤
α E)︸ ︷︷ ︸

(I)

+
1

np
trace(EVβ(B̂ −B))︸ ︷︷ ︸

(II)

+γ′
∑

(i,j)∈E

∥ZE(i,j)·B∥2.
(B.6)

Via properties of the SVD, VαV ⊤
α is a projection matrix onto the null space of F⊤. For

bounding (I), via Lemma 23, we have that VαV
⊤
α is not dependent on G provided it is

connected and

trace(E⊤VαV
⊤
α E) =

1

n
trace(E⊤1n1

⊤
nE) = vec(E)⊤

(
Ip ⊗

1n1
⊤
n

n

)
vec(E).

Now apply Lemma 22 giving

P

(
1

np
trace(E⊤VαV

⊤
α E) ≥

Cσ2p
np

(
log(np) + p

))
≤ 1

np
. (B.7)

Since G is connected, F has rank n− 1 (Theorem 9.6 of Deo (1974)). Hence, Z has full

column rank, and there exists a pseudoinverse such that Z†Z = In−1. Insert this expression
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into (II) then apply the triangle and Cauchy-Schwarz inequalities

| trace(E⊤Vβ(B̂ −B))| = | trace(E⊤VβZ
†Z(B̂ −B))|,

=

∣∣∣∣trace(E⊤Vβ

( ∑
(j,k)∈E

Z†
·E(j,k)ZE(j,k)·

)
(B̂ −B)

)∣∣∣∣,
=

∣∣∣∣ ∑
(j,k)∈E

trace
(
E⊤VβZ

†
·E(j,k)ZE(j,k)·(B̂ −B)

)∣∣∣∣,
≤

∑
(j,k)∈E

|trace(E⊤VβZ
†
·E(j,k)ZE(j,k)·(B̂ −B))|,

≤
∑

(j,k)∈E

∥E⊤VβZ
†
·E(j,k)∥2∥ZE(j,k)·(B̂ −B)∥2,

≤ max
(j,k)∈E

∥E⊤VβZ
†
·E(j,k)∥2

∑
(j,k)∈E

∥ZE(j,k)·(B̂ −B)∥2.

By definition, (F⊤)† = VβZ
†. Let eE(j,k) ∈ R|E| have one in the E(j, k)th entry, and zero

in the others. Then,

E⊤VβZ
†
·E(j,k) = E⊤VβZ

†eE(j,k) = E⊤(F⊤)†eE(j,k) = (e⊤E(j,k)F
†E)⊤.

This implies if γ′ ≥ 1
np max(j,k)∈E ∥[F †E]E(j,k)·∥2 then γ′ ≥ 1

np max(j,k)∈E ∥E⊤VβZ
†
·E(j,k)∥2

and
1

np
trace(EVβ(B̂ −B)) ≤ γ′

∑
(j,k)∈E

∥ZE(j,k)·(B̂ −B)∥2. (B.8)

The above bound also works with γ′ ≥ √p∥F †E∥max since [F †E]E(j,k)· has p indices.

Combining the left-hand side of (B.4), the bounds (B.6), (B.7) and (B.8), we have that

1

2np
∥U − Û∥2F + γ′

∑
(i,j)∈E

∥ZE(i,j)·B̂∥2 ≤ Cσ2p
(
1

n
+

log(np)

np

)
+ γ′

∑
(i,j)∈E

∥ZE(i,j)·(B̂ −B)∥2

+ γ′
∑

(i,j)∈E

∥ZE(i,j)·B∥2,

with probability at least 1 − 1
np . Subtract γ′

∑
(i,j)∈E ∥ZE(i,j)·B̂∥2 from the left-hand side
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above and apply the triangle inequality to obtain

1

2np
∥U − Û∥2F ≤ Cσ2p

(
1

n
+

log(np)

np

)
+ 2γ′

∑
(i,j)∈E

∥ZE(i,j)·B∥2.

Then substitute the definitions of γ′,B and Z,

1

2np
∥U − Û∥2F ≤ Cσ2p

(
1

n
+

log(np)

np

)
+

2γ

np

∑
(i,j)∈E

√
Φij∥Ui· −Uj·∥2.

For completeness, we quickly prove (3.3), the bound of Theorem 5 for complete un-

weighted graphs. Tan and Witten (2015) showed that F † = 1
nF

⊤, implying

max
(j,k)∈E

∥F †
E(j,k)·∥2 =

√
2

n
.

Applying Corollary 24 we have

P

(
∥F †E∥max ≥

4σp
n

√
log(np)

)
≤ 2

np
.

Then, (3.3) follows from

∑
(i,j)∈E

√
Φij∥Ui· −Uj·∥2 ≤ n2 diam(C).

B.2 Proof of Lemma 6

We first show a corollary that will be useful for several proofs.

Corollary 24. Let E ∈ Rn×p where rows Ei· are independent, mean zero, and have sub-

Gaussian norm σp. Let F be a possibly random, but almost surely connected, oriented edge-

incidence matrix as defined in Definition 4. Furthermore, let E and F be independent.

Then

P

(
∥F †E∥max ≥

√
8σ2p log(np) max

(j,k)∈E
Φjk∥F †

E(j,k)·∥
2
2

)
≤ 2

np
.
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Proof. Each entry of E·l is independent and has sub-Gaussian norm bounded by σp, and

this remains the case for E | F . By conditioning of F , we may apply Proposition 2.7.1 of

Vershynin (2026) and the form described in Lemma 7, so F †EE(j,k),ℓ | F has sub-Gaussian

norm bounded by σp
√
Φjk∥F †

E(j,k)·∥2. In addition, E is mean zero, so E[F †E | F ] = 0.

Hence, via a well known corollary of Proposition 2.7.6 of Vershynin (2026)

P

(
∥F †E∥max ≥

√
2σ2p max

(j,k)∈E
Φjk∥F †

E(j,k)·∥
2
2(log(|E|p) + t) | F

)
≤ exp(−t).

Choose t = log(|E|p) implying

P

(
∥F †E∥max ≥

√
4σ2p log(|E|p) max

(j,k)∈E
Φjk∥F †

E(j,k)·∥
2
2 | F

)
≤ 1

|E|p
.

Next, via the tower property,

P

(
∥F †E∥max ≥

√
4σ2p log(|E|p) max

(j,k)∈E
Φjk∥F †

E(j,k)·∥
2
2

)

= E
[
P

(
∥F †E∥max ≥

√
4σ2p log(|E|p) max

(j,k)∈E
Φjk∥F †

E(j,k)·∥
2
2 | F

)]
≤ E

[
1

|E|p

]
.

(B.9)

Under connectedness almost surely, n − 1 ≤ |E| ≤ n2/2. Hence, 2 log(np) ≥ log(|E|p) and

1
|E|p ≤

2
np almost surely. Apply this to (B.9) to complete the proof.

Next, we bound the entries of F †.

Lemma 25. Let F be the oriented edge-incidence matrix for any unweighted connected

graph G = (V, E). Then

∥F †∥max ≤ 1.

Proof. Via Lemma 7 we have that F †
E(j,k)· = L†

·j − L†
·k = L†(ej − ek). Hence, LF †

E(j,k)· =

ej − ek. This gives for i /∈ {j, k},

0 = [LF †
E(j,k)·]i = DiiF

†
E(j,k)i −

∑
ℓ : Φℓi ̸=0

F †
E(j,k)ℓ =⇒ F †

E(j,k)i =
1

Dii

∑
ℓ : Φℓi ̸=0

F †
E(j,k)ℓ. (B.10)

89



Now assume the maximum of F †
E(j,k)· occurs at index i /∈ {j, k}. Then, from (B.10)

F †
E(j,k)i =

1

Dii

∑
ℓ : Φℓi ̸=0

F †
E(j,k)ℓ ≤

1

Dii

∑
ℓ : Φℓi ̸=0

F †
E(j,k)i = F †

E(j,k)i.

The assumption implies F †
E(j,k)ℓ = F †

E(j,k)i if ℓ is a neighbor of vertex i. Because G is

connected, this would imply F †
E(j,k)· is a vector of constants. However, Lemma 7 implies

F †
E(j,k)· sums to zero, which would then require all entries of F † to be zero, a contradiction.

Hence, the maximum entry of F †
E(j,k)· must be at index j or k. A similar argument shows

the minimum must also occur at j or k.

The effective resistance (see Ellens et al. (2011) and Van Mieghem et al. (2017) for

details) between nodes j and k is defined as

0 ≤ Rjk = (ej − ek)
⊤L†(ej − ek) = F †

E(j,k)j − F †
E(j,k)k.

Theorem 2.4 of Ellens et al. (2011) has that Rjk is less than or equal to the size of the

path between the two nodes. However, vertices j and k have an edge between them, so

Rjk = F †
E(j,k)j − F †

E(j,k)k ≤ 1. These are the maximum and minimum elements of F †
E(j,k)·

so |F †
E(j,k)i − F †

E(j,k)ℓ| ≤ 1 for all pairs of nodes. Now assume F †
E(j,k)i > 1 for some index

i. Since, F †
E(j,k)· sums to 0, then F †

E(j,k)i = −
∑

ℓ̸=i F
†
E(j,k)i. However, this implies negative

numbers in F †
E(j,k)· and some ℓ where |F †

E(j,k)i − F †
E(j,k)ℓ| > 1. This contradiction can be

repeated in the other direction, showing |F †
E(j,k)i| ≤ 1 for all i and all j, k sharing an

edge.

Finally, the proof of Lemma 6 follows immediately from Corollary 24, Lemma 25 and

the definition of I.

B.3 Proof of Lemma 7

Proof. By construction, F † = F⊤(FF⊤)† = F⊤L†. Recall the dimension of F † is |E| × n,

so each entry corresponds to an edge and a node. Let E(j, k) be the index of the edge
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between nodes j and k such that Fj,E(j,k) = −Fk,E(j,k) =
√
Φjk. Each column has only two

nonzero elements, hence

F †
E(j,k),i = row⊤

E(j,k)(F
⊤) coli(L

†) =
n∑
ℓ=1

Fℓ,E(j,k)L
†
iℓ =

√
Φjk(L

†
ij − L

†
ik).

Equation (B2) of Van Mieghem et al. (2017) describes elements of the Laplacian pseudoin-

verse in terms of commute times,

L†
ij =

1

2Vol(G)

(
−Cij +

1

n

n∑
ℓ=1

Ciℓ + Cjℓ

)
−R(G),

where R(G) is a constant depending on G. Standard algebra completes the proof statement.

B.4 Proof of Lemma 9

Proof. Via Lemma 7 each entry of F † can be written as

F †
E(j,k),i =

√
Φjk

2Vol(G)
(Cik − Cij + C̄·j − C̄·k).

Let ηℓm = Hℓm − Vol(G)
Dmm

for ℓ ̸= m and |ηmax| = maxℓ̸=m |ηℓm|. Recall Hii = 0 for all i. We

split the calculation up into two parts. First, the mean terms

C̄·j = H̄·j + H̄j· =
1

n

∑
ℓ̸=j

Vol(G)

Djj
+

Vol(G)

Dℓℓ
+ ηℓj + ηjℓ, (B.11)

which combine to give

C̄·j − C̄·k =
n− 2

n

(
Vol(G)

Djj
− Vol(G)

Dkk

)
+

1

n

∑
ℓ/∈{j,k}

ηℓj + ηjℓ − ηℓk − ηkℓ.

Next, we have

Hik +Hki −Hij −Hji =
Vol(G)

Dkk
− Vol(G)

Djj
+ ηik + ηki − ηij − ηji, (i /∈ {j, k}); (B.12)

Hik +Hki −Hij −Hji =
Vol(G)

Dkk
+

Vol(G)

Djj
+ ηik + ηki, (i = j). (B.13)
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Hence, for i /∈ {j, k}, by summing (B.11) and (B.12), then applying the triangle inequality

to all η terms

F †
E(j,k),i =

√
Φjk

2Vol(G)

(
2Vol(G)

n

(
1

Dkk
− 1

Djj

)
+

1

n

∑
ℓ/∈{i,j,k}

ηℓj + ηjℓ − ηℓk − ηkℓ
)
,

|F †
E(j,k),i| ≤

√
Φjk

(
1

n

∣∣∣∣ 1

Dkk
− 1

Djj

∣∣∣∣+ 2max
ℓ̸=m

∣∣∣∣ Hℓm

Vol(G)
− 1

Dmm

∣∣∣∣).
Similarly for i = j and summing (B.11) and (B.13),

F †
E(j,k),j =

√
Φjk

(
1

n

(
n− 1

Djj
+

1

Dkk

)
+ ηjk + ηkj +

1

n

∑
ℓ/∈{j,k}

ηℓj + ηjℓ − ηℓk − ηkℓ
)

|F †
E(j,k),j | ≤

√
Φjk

(
1

Djj
+

1

nDkk
+ 2max

ℓ̸=m

∣∣∣∣ Hℓm

Vol(G)
− 1

Dmm

∣∣∣∣).

B.5 Proof of Corollary 10

Proof. From Corollary 24 we can get a high probability bound with the maximum value of

∥L†
·j −L†

·k∥2 for the constructed Φ. Typically this would be non-trivial, but via Lemma 7

we only need to calculate the hitting times for all pairs of nodes. Examining Figure 3.3,

via symmetry, there is a fixed number of unique hitting times for all graphs constructed

with n ≥ 2k and k ≥ 2. Precisely, there are nine unique hitting times which can be

calculated by inverting a 9 × 9 matrix constructed using basic techniques. We completed

these calculations using Mathematica Inc. (n.d.).

Matching the node labels in Figure 3.3, there are only four possible values for Φjk∥L†
·j−

L†
·k∥

2
2 corresponding to each type of edge in the graph: (A↔ F ), (A↔ D), (D ↔ E), and
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(C ↔ D). In closed form,

∥L†
·A −L†

·E∥
2
2 =

16k(n+ 2) + n(n+ 4)2 + 8k2(n2 + 6n+ 12)

k2n2(n+ 4)2
,

∥L†
·D −L†

·C∥
2
2 =
−32k + 32k2 + n(n+ 4)2

4k2(n+ 4)2
,

∥L†
·D −L†

·E∥
2
2 =

8(n2 + 4n+ 8)

n2(n+ 4)2
, k ≥ 2,

∥L†
·A −L†

·F ∥
2
2 =

8

n2
, k ≤ n/2− 2,

where the maximum occurs for edges that are bridges between the two complete subgraphs.

Apply Corollary 24 for

P

(
∥F †E∥max ≥

√
2σ2p log(np)(n(n+ 4)2 + 32k2 − 32k)

k(n+ 4)

)
≤ 2

np
.

Finally, the following identity for n ≥ 1, 1 ≤ k ≤ n/2 simplifies the probability,

√
n+

√
32k

n
≥

√
n(n+ 4)2 + 32k2 − 32k

n+ 4
,

and, as constructed,
∑

(i,j)∈E
√

Φij∥Ui· −Uj·∥2 = k∥c1 − c2∥2.

B.6 Proof of Theorem 11

Proof. Let I = {(j, k) ∈ E : Uj· ̸= Uk·} be the set of between-cluster edges. Every between-

cluster edge is independent and occurs with probability pb, so |I| ∼ Binom(n2/2, pb). Using

a well known concentration inequality for binomial random variables (e.g. Proposition 27

of von Luxburg et al. (2014)),

P

(
|I| ≥ (1 + δ)

n2pb
2

)
≤ exp

(
−δ

2n2pb
6

)
.

Hence, choose δ = 1/2 and bound

P

( ∑
(j,k)∈E

√
Φjk∥Ui· −Uj·∥2 ≥

3n2pb
4
∥c1 − c2∥2

)
≤ exp

(
−n

2pb
24

)
. (B.14)
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Next, we bound ∥F †
E(j,k)·∥2 with high probability. Let |ηmax| = | Hℓm

Vol(G) −
1

Dmm
|. Via

Lemma 9 we have

max
(j,k)∈E

∥F †
E(j,k)·∥2 = max

(j,k)∈E

√
(F †

E(j,k),j)
2 + (F †

E(j,k),k)
2 +

∑
i/∈{j,k}

(F †
E(j,k),i)

2,

≤

√
2

(
2

dmin
+ 2|ηmax|

)2

+ n

(
2

ndmin
+ 2|ηmax|

)2

, (D−1
ii ≤ d

−1
min),

≤
√
2

(
2

dmin
+ 2|ηmax|

)
+
√
n

(
2

ndmin
+ 2|ηmax|

)
, (

√
a2 + b2 ≤ |a|+ |b|),

=

(
2
√
2 +

2√
n

)
1

dmin
+ (2
√
n+ 2)|ηmax|,

≤ 4

(
1

dmin
+
√
n|ηmax|

)
, (n ≥ 2).

Apply Proposition 8 for

max
(j,k)∈E

∥F †
E(j,k)·∥2 ≤ 4

(
1

dmin
+

2
√
n

d2min

(
1

1− λ2
+ 1

))
, (B.15)

where λ2 is the second largest eigenvalue of the transition matrix D−1Φ.

Now, we show a concentration inequality for dmin. Each Dii = Xi + Yi, where Xi ∼

Binom(n/2− 1, pw) and Yi ∼ Binom(n/2, pb). Let δ ∈ (0, 1) and do several union bounds

for

P

(
dmin ≤

(1− δ)(n(pw + pb)− pw)
2

)
≤ P

( n⋃
i=1

Dii ≤
(1− δ)(n(pw + pb)− pw)

2

)
,

≤
n∑
i=1

P

(
Dii ≤

(1− δ)(n(pw + pb)− pw)
2

)
,

≤
n∑
i=1

P

(
Xi ≤

(1− δ)(n− 1)pw
2

)

+ P

(
Yi ≤

(1− δ)npb
2

)
.
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Then apply Proposition 27 of von Luxburg et al. (2014) for

P

(
dmin ≤

(1− δ)(n(pw + pb)− pw)
2

)
≤ n exp

(
−δ

2(n− 1)pw
6

)
+ n exp

(
−δ

2npb
6

)
.

For n ≥ 2, n(pw+pb)−pw > n(pw+pb)/2, which combined with the above and δ = 1
2 gives

P

(
dmin ≤

n(pw + pb)

8

)
≤ n exp

(
−(n− 1)pw

24

)
+ n exp

(
−npb

24

)
. (B.16)

Let 0 < ϵ < 1 and E[Dii] =
n(pw+pb)−pw

2 be the expected degree of all nodes in G.

Similar to the steps in the proof for Corollary 14 of von Luxburg et al. (2014), we calculate

the following key quantities to apply Theorem 2 of Chung and Radcliffe (2011):

E[Φ] =

(
pw pb
pb pw

)
⊗ (1n/21

⊤
n/2)− pwIn,

A = E[D]−1/2E[Φ]E[D]−1/2 =
1

E[Dii]
E[Φ],

where ⊗ is the Kronecker product. The unique eigenvalues of E[Φ] and A are

λ1(E[Φ]) =
n(pw + pb)

2
− pw = E[Dii]−

pw
2
, λ1(A) = 1− pw

n(pw + pb)− pw
,

λ2(E[Φ]) =
n(pw − pb)

2
− pw = −E[Dii] + npw −

3pw
2
, λ2(A) = −1 + 2npw − 3pw

n(pw + pb)− pw
,

λ3(E[Φ]) = −pw, λ3(A) = − 2pw
n(pw + pb)− pw

.

Clearly λ1(A) > λ2(A) and since npw → ∞ and pw = ω(pb), λ2(A) → 1 and λ3(A) → 0.

As a result, because npw = ω(log(n)), we may apply Theorem 2 of Chung and Radcliffe

(2011) to bound the spectral gap, so for all ϵ > 0, there exists N(ϵ) such that

|(1− λ2)− (1− λ2(A))| = |(1− λ2)−
2npb + pw

n(pw + pb)− pw
| ≤ 2

√
3 log(4n/ϵ)

E[Dii]
,

with probability at least 1− ϵ for all n > N(ϵ). Under the growth rates for pb and pw,

pb
pw + pb

= ω

(√
log(n)

n(pw + pb)

)
,
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so we may let n also be large enough that

2

√
6 log(4n/ϵ)

n(pw + pb)
<

2npb + pw
2n(pw + pb)− 2pw

=⇒ 1

1− λ2
≤ n(pw + pb)− pw

npb + pw/2
≤ 1 +

pw
pb
. (B.17)

Finally, we combine the intermediate results. A union bound with Corollary 24 and

(B.14) gives

∥F †E∥max

n

∑
(i,j)∈E

√
Φij∥Ui· −Uj·∥2 ≤

3

4
σp max

(j,k)∈E
∥F †

E(j,k)·∥2
√

8 log(np)npb∥c1 − c2∥2,

(B.18)

with probability at least 1 − 2
np − exp

(
−n2pb

24

)
. Continuing, apply (B.16) and (B.17) to

(B.15) with a union bound giving

max
(j,k)∈E

∥F †
E(j,k)·∥2 ≤ 4

(
8

n(pw + pb)
+

64
√
n

n2(pw + pb)2

(
2 +

pw
pb

))
, (B.19)

with probability at least 1− ϵ− n exp
(
− (n−1)pw

24

)
+ n exp

(
−npb

24

)
for n > N(ϵ).

Combining (B.18) and (B.19) and simplifying leads to

∥F †E∥max

n

∑
(i,j)∈E

√
Φij∥Ui· −Uj·∥2 ≤ Cσp

√
log(np)∥c1 − c2∥2

(
pb

pw + pb
+

1√
n(pw + pb)

)
,

for some universal constant C > 0. This statement occurs with probability arbitrarily close

to 1 as n→∞ since npb →∞, npw →∞, and ϵ was arbitrary.
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Appendix C. Constrained Weighted Bayesian Bootstrap
Appendix
C.1 Additional experiment results
C.1.1 Sparse Precision Matrix Estimation

The first three rows of Table C.1 show the peak performance from Fig. 4.3 while the

remaining rows show peak performance over a hyperparameter grid for other Bayesian

methods. Other Bayesian methods perform 5000 iterations of their respective samplers

with the first half discarded as burn-in. These methods are afforded more iterations due

to potential correlation among successive samples. The methods of A. Mohammadi and

Wit (2015) and H. Wang (2015) have a starting graph where all values of the precision

matrix are nonzero; performance was poor otherwise. All F1-scores shown are for the best

performing threshold for posterior probability of a precision matrix entry being nonzero.

For the first four rows, this corresponds to the maximum posterior probability of the entry

being strictly positive or negative, while the remaining two rows are posterior probabilities

of the edge indicator being nonzero. R packages BayesianGLasso (Ormerod et al., 2025),

BDGraph (R. Mohammadi & Wit, 2019), and ssgraph (R. Mohammadi, 2022) implement

the methods of H. Wang (2012), A. Mohammadi and Wit (2015) and H. Wang (2015),

respectively.

Table C.1: Best performances for Bayesian sparse precision estimates.

Method F1-score Decision Rule Hyperparameters

CWBB - LASSO 0.68 95% ρ = 2−10

CWBB - SCAD 0.72 75% ρ = 2−4.5, a = 3.7
CWBB - MCP 0.73 65% ρ = 2−4, a = 3
BayesianGLasso 0.61 85% a = 10−4, b = 214

BDGraph 0.76 75% g.prior = 0.35, df.prior = 3 × 28,
g.start = “full”

ssgraph 0.78 55% λ = 2−4, π = 0.75, v0 = 4×10−4, v1 = 1,
g.start = “full”
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axis). Points are colored according to the log of the spread. (Right) Scatter plot showing
the spread of options on the x-axis, the posterior credible interval widths on the y-axis,
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C.1.2 Option Pricing Surfaces

Examining the left side of Fig. C.1, the violations explored in Fig. 4.4 are correlated

with a larger spread. Although one might expect options with a wider range of possible

prices to have more uncertainty in their underlying price, by factoring in the constraints we

may be able to incur smaller uncertainty in options with large spread. This is shown in the

right side of Fig. C.1 showing many options deep-in-the-money (a strike price well above

the underlying price of $2300) have a credible interval width that is a small proportion of

the spread, as opposed to those at-the-money which have a width that contains up to half

of the spread.

The left side of Fig. C.2 shows the unconstrained posterior correlation matrix, which

contains less rich structure than the constrained one showed in Fig. 4.5. There are some

similarities, such as weak correlation when examining options that expire two days apart.

The right side of Fig. C.2 shows the difference in point estimates between the constrained

and unconstrained posteriors. Deep in-the-money options tend to have a larger difference,

although most options have very similar price estimates. However, for a subset of days to

expire, there is a noticeable difference in price for some options at-the-money.

C.2 Proof of Main Results
C.2.1 Proof Preliminaries

The techniques used in the resulting proofs are found in Michael Newton’s 1991 PhD

dissertation at the University of Washington (Newton, 1991), and work on restricted maxi-

mum likelihood estimation by Aitchison and Silvey (1958). We combine aspects of notation

and regularity conditions from each work and introduce it here. Recall the weights are

generated such that

(wn,1, . . . , wn,n) =
n∑n
j=1 Yj

(Y1, . . . , Yn),

where n is the sample size, and each Yi ∼ Exp(1) independently, a Dirichlet(1, . . . , 1)

distribution for wn/n. The typical empirical score and information functions, denoting the
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weighted versions with a tilde, are defined as

Sn(θ) =
1

n

n∑
i=1

∇θ log fθ(Xi), S̃n(θ) =
1

n

n∑
i=1

wn,i∇θ log fθ(Xi),

Jn(θ) = −
1

n

n∑
i=1

∇2
θ log fθ(Xi), J̃n(θ) = −

1

n

n∑
i=1

wn,i∇2
θ log fθ(Xi).

Elements of the Jacobian of the constraint functions and a variant (with expectation always

with respect to θ0) of the Fisher information are defined as

[Dh(θ)]ij =
∂hi(θ)

∂θj
, [J(θ)]ij = −Eθ0

{
∂2 log fθ(X)

∂θi∂θj

}
.

Finally, the third-order partial derivatives of the log-likelihood (see Condition 5) are perti-

nent for Taylor expansions. Weighted sums of elements of the tensor are denoted

[Ψ̃j
1:n(θ)]kℓ =

n∑
i=1

wn,i
∂3 log fθ(Xi)

∂θj∂θk∂θℓ
.

Conditional convergence is the end result of the theory. The definition is repeated for

clarity.

Definition 26 (Convergence in Conditional Probability). Let U and V1, V2, . . . be defined

on the same probability space. Then Vn converges in conditional probability a.s.[X1:∞] to U

if for all ϵ > 0

pr(∥Vn − U∥2 > ϵ | X1:n)→ 0 a.s.[X1:∞],

as n → ∞. In shorthand, this property is denoted Vn →c.p. U a.s.[X1:∞] and applies for

almost every infinite sample sequence.

There are several shared motifs in the regularity conditions of Newton (1991) and Aitchi-

son and Silvey (1958) as many are used in order to have proper Taylor expansions around

the score function. In the following conditions θ0 refers to the true underlying value of θ.

Condition 1 (Identifiability). For any θ1 ̸= θ0, there exists a set D where Pθ1(D) ̸= Pθ0(D)

and Pθ is the probability measure induced from probability density function fθ. In addition,

Eθ0
{
log fθ0(x)

log fθ1(x)

}
<∞.
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Condition 2 (Feasibility). The support set, Θ, has a nonempty subset Θ̃ = {θ : h(θ) = 0}

and θ0 ∈ Θ̃.

Condition 3 (Neighborhood of θ0). There is a closed ball Uα = {θ : ∥θ − θ0∥2 ≤ α} ⊂ Θ

around θ0 for some α.

Condition 4 (Smoothness of prior). For every θ ∈ Uα, the function log π(θ) is bounded and

continuous. Furthermore, for every θ ∈ Uα, the following derivatives exist, are bounded,

and are continuous,

∂ log π(θ)

∂θj
, (j = 1, . . . , p).

Condition 5 (Smoothness of log-likelihood). For every θ ∈ Uα, the following derivatives

exist for almost all x and are continuous with respect to θ,

∂ log fθ(x)

∂θj
,

∂2 log fθ(x)

∂θj∂θk
,

∂3 log fθ(x)

∂θj∂θk∂θℓ
, (j, k, ℓ = 1, . . . , p).

Condition 6 (Boundedness of likelihood). For every θ ∈ Uα, for all (j, k, ℓ = 1, . . . , p),

there exist functions m(·) such that∣∣∣∣∂fθ(x)∂θj

∣∣∣∣ < m
(1)
j (x),

∫
m

(1)
j (x)µ(dx) <∞,

∣∣∣∣∂2fθ(x)∂θj∂θk

∣∣∣∣ < m
(2)
jk (x),

∫
m

(2)
jk (x)µ(dx) <∞,

∣∣∣∣∂2 log fθ(x)∂θj∂θk

∣∣∣∣ < m
(3)
jk (x), Eθ0{m

(3)
jk (X)} <∞,

∣∣∣∣∂3 log fθ(x)∂θj∂θk∂θℓ

∣∣∣∣ < m
(4)
jkℓ(x), Eθ0{m

(4)
jkℓ(X)} <∞, (C.1)

∣∣∣∣∂ log fθ(x)∂θj
· ∂

2 log fθ(x)

∂θk∂θℓ

∣∣∣∣ < m
(5)
jkℓ(x), Eθ0{m

(5)
jkℓ(X)} <∞.

Condition 7 (Positive-definite information matrix). The Fisher information matrix J(θ0)

is positive-definite with finite elements. Furthermore,

I(θ) = Eθ[{∇θ log fθ(X)}{∇θ log fθ(X)}⊤]
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is positive-definite with finite elements for all for all θ ∈ Uα. Note that I(θ0) = J(θ0) under

Conditions 5 and 6 (Newton, 1991).

Condition 8 (Smoothness of equality constraint function). For every θ ∈ Uα, the following

derivatives exist and are continuous functions of θ,

∂hk(θ)

∂θj
, (j = 1, . . . , p; k = 1, . . . , r).

In addition, for every θ ∈ Uα, the following derivatives exist, are continuous functions of θ

and are bounded above by some constant ch,∣∣∣∣∂2hk(θ)∂θj∂θℓ

∣∣∣∣ ≤ ch, (j, ℓ = 1, . . . , p; k = 1, . . . , r).

Condition 9 (Full-rank Jacobian at θ0). The r × p matrix Dh(θ0) has full row-rank.

We quickly prove under the conditions that the covariance matrix from Theorem 13 is

invariant to h.

Lemma 27. Suppose g(θ) and h(θ) satisfy Conditions 8 and 9. If

Uh(θ) = D⊤
h (θ){Dh(θ0)J(θ0)

−1D⊤
h (θ)}

−1Dh(θ0)J(θ0)
−1,

then Uh(θ0) = Ug(θ0).

Proof. Let Fh = {Dh(θ0)d = 0}, be the set of feasible directions at θ0, under the definition

of h (Definition 12.3 of Nocedal and Wright (2006)). Under Condition 9 and Lemma 12.2

of Nocedal and Wright (2006), Fh is equal to the tangent space of Θ̃ at θ0. The same is

true of Fg. Hence, Dh(θ0) and Dg(θ0) have same kernel and row space. Hence, there exists

some invertible matrix P ∈ Rr×r such that Dh(θ0) = PDg(θ0). Then

Uh(θ0) = D⊤
h (θ0){Dh(θ0)J(θ0)

−1D⊤
h (θ0)}

−1Dh(θ0)J(θ0)
−1,

= D⊤
g (θ0)P

⊤[P{Dg(θ0)J(θ0)
−1D⊤

g (θ0)}P⊤]−1PDg(θ0)J(θ0)
−1,

= D⊤
g (θ0)P

⊤(P⊤)−1{Dg(θ0)J(θ0)
−1D⊤

g (θ0)}
−1
P−1PDg(θ0)J(θ0)

−1,

= Ug(θ0).

102



Without proof we repeat the following useful lemmas from Newton (1991).

Lemma 28 (Lemma 3 of Newton (1991)). Let the data Xi be drawn from density fθ0 and let

the random variables Yi be independent, identically distributed from a unit exponential, and

independent of X. If m is a real-valued, measurable function such that Eθ0{m(Xi)} < ∞,

then

1

n

n∑
i=1

Yim(Xi)→c.p. Eθ0{m(Xi)} a.s.[X1:∞].

Lemma 29 (Lemmas 4 and 5 of Newton (1991)). Under Conditions 1, 3, 5, and 6, as

n→∞,

∥S̃n(θ0)∥2 →c.p. 0 a.s.[X1:∞],

∥J̃n(θ)− J(θ)∥2 →c.p. 0 a.s.[X1:∞].

Lemma 30 (Lemma 8 of Newton (1991)). Let z ∈ Rp be a unit vector. Let ain =

z⊤∇θ{log fθ̂n(Xi)}, for a strongly consistent estimator, θ̂n. Under Conditions 1, 3, 5,

6, and 7, as n→∞,

1

n

n∑
i=1

a2in → z⊤J(θ0)z a.s.[X1:∞],

1

n
max
i=1,...,n

a2in → 0 a.s.[X1:∞].

Lemma 31 (Theorem 15 of Newton (1991)). Let Z1, Z2, . . . be independent and identically

distributed random variables with mean µ and variance σ2. Let (ain) be a non-vanishing

sequence of constants satisfying ∑n
i=1 a

2
in

maxi=1,...,n a2in
→∞, n→∞.

Then for Tn =
∑n

i=1 ainZi, µn = µ
∑n

i=1 ain, and σ2n = σ2
∑n

i=1 a
2
in,

Tn − µn
σn

converges to a standard normal distribution as n→∞.
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C.2.2 Proof of Proposition 14

Proof. First, the conditions in the proof statement are made rigorous by Condition 11

from Miller (2021) which we assume is satisfied. Under Theorem 12 of Miller (2021),

with probability 1, hn(θ) = −n−1
∑n

i=1 log fθ(xi) satisfies the conditions of Theorem 5 of

Miller (2021). We now show that gn(θ) = hn(θ) + ρq(θ) also satisfies these conditions with

probability 1, which implies the proposition statement.

Continuity of gn at θ0 is followed by the assumed continuity of q at θ0. In addition,

there is some E, with θ0 ∈ E, which is open and bounded where hn has continuous third

derivatives which are uniformly bounded. Let B be the interior of the intersection of E

and the closed ball around θ0 where q(θ) is three-times continuously differentiable. Then,

B is an open set containing θ0 where gn has continuous third derivatives. Furthermore, gn

has uniformly bounded third derivatives on the closure of B, as it is compact. This implies

uniformly bounded third derivatives on B itself. Trivially, as hn converges pointwise to

some function h (established by Theorem 5 of Miller (2021)), then gn converges pointwise

to g where g(θ) = h(θ) + ρq(θ). We also have ∇2
θh(θ0) = −Eθ0{∇2

θ log fθ0(X)} which is

positive-definite via properties of natural exponential families. Hence, under assumption,

∇2
θg(θ0) is also positive-definite.

Finally we show Condition (1) of Theorem 5 of Miller (2021). Apply Theorem 12

of Miller (2021) which says with probability one, for any open ball G with θ0 ∈ G and

closure(G) ⊂ Θ that there exists some compact set K with θ0 in the interior where

lim infn infθ∈Θ\K hn(θ) > h(θ0). Hence,

g(θ0) = h(θ0) < lim inf
n

inf
θ∈Θ\K

hn(θ) ≤ lim inf
n

inf
θ∈Θ\K

hn(θ) + ρq(θ) = lim inf
n

inf
θ∈Θ\K

gn(θ),

via q(θ) ≥ 0 and q(θ0) = 0. Also on K we have h(θ) > h(θ0) for all θ ∈ K \ {θ0}. Because

q(θ0) = 0 and q(θ) ≥ 0, this further implies g(θ) > g(θ0) for all θ ∈ K \ {θ0}.

104



C.2.3 Proof of Theorem 12

The following two lemmas of Aitchison and Silvey (1958) help establish the existence

of a constrained weighted Bayesian bootstrap solution. The first is equivalent to Brouwer’s

fixed-point theorem, and the second is reproved for conditional probabilities.

Lemma 32 (Lemma 2 of Aitchison and Silvey (1958)). If m is a continuous function

mapping a closed ball to itself, such that for every ∥z∥2 = 1, z⊤m(z) < 0, then there exists

a point ẑ such that ∥ẑ∥2 < 1 and m(z) = 0.

Lemma 33 (Analogue to Lemma 1 of Aitchison and Silvey (1958)). Consider the La-

grangian multiplier system of the constrained weighted Bayesian bootstrap with no inequality

constraints,

0 = nS̃n(θ) +∇θ log π(θ) +D⊤
h (θ)λ, (C.2)

0 = h(θ). (C.3)

Subject to Conditions 1–9, for δ < α and almost all wn we have that θ̌n ∈ Uδ and λ̌n satisfy

(C.2) and (C.3) if and only if θ̌n satisfies an equation of the form

−J(θ0)(θ̌n − θ0) + ṽ(θ̌n) = 0. (C.4)

Furthermore, ṽ is continuous with respect to θ on Uδ for almost all X1:n and wn. In addition,

there exists a constant cv (that does not depend on wn, X, δ, or n) such that

pr

{
sup
θ∈Uδ

∥ṽ(θ)∥2 ≤ δ2cv | X1:n

}
→ 1 a.s.[X1:∞].

Proof. Let θ ∈ Uδ with Uδ well defined from Conditions 1–3. Under Conditions 2, 5, and

8, perform a Taylor expansion of the weighted score function and the constraint function

around θ0 and define ṽ(1) and v(2) such that

nS̃n(θ) = nS̃n(θ0)− nJ̃n(θ0)(θ − θ0) + ṽ(1)(θ), (C.5)

h(θ) = Dh(θ0)(θ − θ0) + v(2)(θ). (C.6)
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Components of ṽ(1)(θ) ∈ Rp and v(2)(θ) ∈ Rr can be written as

ṽ
(1)
j (θ) =

1

2
(θ − θ0)⊤Ψ̃j

1:n(θ
(1,∗))(θ − θ0), (C.7)

v
(2)
j (θ) =

1

2
(θ − θ0)⊤∇2

θhj(θ
(2,∗))(θ − θ0), (C.8)

where θ(·,∗) are some vectors on the line segment between θ and θ0. Substitute the expan-

sions (C.5) and (C.6) into the Lagrangian system (C.2) and (C.3)

nS̃n(θ0)− nJ̃n(θ0)(θ − θ0) +D⊤
h (θ)λ+∇θ log π(θ) + ṽ(1)(θ) = 0, (C.9)

Dh(θ0)(θ − θ0) + v(2)(θ) = 0. (C.10)

Now assume θ̌n ∈ Uδ and λ̌n satisfy (C.2) and (C.3), substitute nS̃n(θ̌n) = −D⊤
h (θ̌n)λ −

∇θ log π(θ̌n) into (C.9), h(θ̌n) into (C.10) and then simplify:

nS̃n(θ0)− nJ̃n(θ0)(θ̌n − θ0) + ṽ(1)(θ̌n) = nS̃n(θ̌n), (C.11)

Dh(θ0)(θ̌n − θ0) + v(2)(θ̌n) = h(θ̌n) = 0. (C.12)

Divide (C.11) by n and define ṽ(3)(θ) as

−J(θ0)(θ̌n − θ0) + ṽ(3)(θ̌n) = S̃n(θ̌n) = −
D⊤
h (θ̌n)λ̌n
n

− ∇θ log π(θ̌n)
n

, (C.13)

ṽ(3)(θ) = S̃n(θ0)− {J̃n(θ0)− J(θ0)}(θ − θ0) +
ṽ(1)(θ)

n
. (C.14)

Via the definition of ṽ(1)(θ) we also have

ṽ(3)(θ) = S̃n(θ) + J(θ0)(θ − θ0). (C.15)

Multiply both sides of (C.13) by Dh(θ0)J(θ0)
−1 and substitute Dh(θ0)(θ̌n−θ0) from (C.12)

to get

v(2)(θ̌n) +Dh(θ0)J(θ0)
−1

{
ṽ(3)(θ̌n) +

∇θ log π(θ̌n)
n

}
= −Dh(θ0)J(θ0)

−1D⊤
h (θ̌n)

λ̌n
n
.

This gives an expression for λ̌n

λ̌n = −n{Dh(θ0)J(θ0)
−1D⊤

h (θ̌n)}
−1

[
Dh(θ0)J(θ0)

−1

{
ṽ(3)(θ̌n) +

∇θ log π(θ̌n)
n

}
+ v(2)(θ̌n)

]
.
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Substitute λ̌n into (C.13) to get

−J(θ0)(θ̌n − θ0) + ṽ(θ̌n) = 0,

where

ṽ(θ) = −D⊤
h (θ){Dh(θ0)J(θ0)

−1D⊤
h (θ)}

−1
[
Dh(θ0)J(θ0)

−1
{
ṽ(3)(θ) +

∇θ log π(θ)
n

}
+ v(2)(θ)

]
+ ṽ(3)(θ) +

∇θ log π(θ)
n

.

(C.16)

Using (C.2) for S̃n(θ̌n) = −D⊤
h (θ̌n)λ̌n/n−∇θ log π(θ̌n)/n, (C.3) for h(θ̌n) = 0, and ṽ(3)(θ̌n)

from (C.15), it is clear −J(θ0)(θ̌n − θ0) + ṽ(θ̌n) = 0.

Suppose now that −J(θ0)(θ − θ0) + ṽ(θ) = 0 and θ ∈ Uδ. Multiply this expression by

Dh(θ0)J(θ0)
−1 to get

0 = Dh(θ0)J(θ0)
−1{ṽ(θ)− J(θ0)(θ − θ0)}

= −D⊤
h (θ0)J(θ0)

−1

{
ṽ(3)(θ) +

∇θ log π(θ)
n

}
− v(2)(θ)

+Dh(θ0)J(θ0)
−1

{
ṽ(3)(θ) +

∇θ log π(θ)
n

}
−Dh(θ0)(θ − θ0)

Substituting (C.6) implies h(θ) = 0. Using h(θ) = 0 and (C.15) we can do similar substi-

tution as above for

S̃n(θ) +
∇θ log π(θ)

n
=

D⊤
h (θ) {Dh(θ0)J(θ0)

−1D⊤
h (θ)}

−1Dh(θ0)J(θ0)
−1

{
S̃n(θ) +

∇θ log π(θ)
n

}
︸ ︷︷ ︸

−λ/n

.

This then implies nS̃n(θ)+∇θ log π(θ)+D⊤
h (θ)λ = 0, for some λ due to (C.4) being satisfied.

We now show for small δ that ṽ(θ) is bounded and continuous for θ ∈ Uδ with high

conditional probability. We reiterate definitions for ṽ(1), v(2), ṽ(3) and show each is bounded.
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We can easily bound the components of v(2) defined in (C.8) due to Condition 8:

v
(2)
j (θ) =

1

2
(θ − θ0)⊤∇2

θhj(θ
(2,∗))(θ − θ0),

≤ sup
θ′∈Uδ

1

2
|λmax{∇2

θhj(θ
′)}|∥θ′ − θ∥22,

≤ δ2pch
2

. (C.17)

Line (C.17) is due to the maximum eigenvalue being bounded by the magnitude of the

entries times the number of rows from the Gershgorin circle theorem. This holds almost

surely with respect to the random weights. Similarly for ṽ(1)(θ) defined in (C.7):

|ṽ(1)j (θ)| = 1

2

∣∣∣∣ p∑
k=1

p∑
ℓ=1

[θ − θ0]k[θ − θ0]ℓ
{ n∑
i=1

wn,i
∂3 log fθ∗(Xi)

∂θj∂θk∂θℓ

}∣∣∣∣,
≤ 1

2
∥θ − θ0∥2∞

p∑
k=1

p∑
ℓ=1

n∑
i=1

∣∣∣∣wn,i∂3 log fθ∗(Xi)

∂θj∂θk∂θℓ

∣∣∣∣,
≤ δ2

2

p∑
k=1

p∑
ℓ=1

n∑
i=1

wn,im
(4)
jkℓ(Xi),

=
δ2

2Ȳ

p∑
k=1

p∑
ℓ=1

1

n

{ n∑
i=1

Yim
(4)
jkℓ(Xi)

}
→c.p.

δ2p2c4
2

a.s.[X1:∞].

Convergence in probability is due to (C.1) in Condition 6 and Lemma 28. The above implies

pr

{
∥ṽ(1)(θ)∥∞ > δ2p2c4 | X1:n

}
= pr

{ p⋃
j=1

|ṽ(1)j (θ)| > δ2p2c4 | X1:n

}
,

≤
p∑
j=1

pr

{
|ṽ(1)j (θ)| > δ2p2c4 | X1:n

}
,

≤
p∑
j=1

pr

{
δ2

2Ȳ

p∑
k=1

p∑
ℓ=1

1

n

{ n∑
i=1

Yim
(4)
jkℓ(Xi)

}
> δ2p2c4|X1:n

}

→ 0 a.s.[X1:∞].

Using the explicit definition of ṽ(3)(θ) from (C.14), Cauchy-Schwarz, triangle inequality,
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and norm equivalence imply

∥ṽ(3)(θ)∥2 ≤ ∥S̃n(θ0)∥2 + ∥J̃n(θ0)− J(θ0)∥2∥θ − θ0∥2 +
p1/2

n
∥ṽ(1)(θ)∥∞.

Via Lemma 29 we can choose n large enough so

pr{∥S̃n(θ0)∥2 ≥ δ2 | X1:n} < η/3,

pr{∥J̃n(θ0)− J(θ0)∥2 ≥ δ | X1:n} < η/3

pr{∥ṽ(1)(θ)∥∞ > δ2p2c4 | X1:n} < η/3,

for η > 0. This then implies via a standard union bound

pr

{
∥ṽ(3)(θ)∥2 > δ2

(
2 +

p5/2c4
2n

)
| X1:n

}
≤ η.

We examine the terms of (C.16) to continue. We see ∇θ log π is bounded and defined

in Uδ via Conditions 3 and 4. Choosing n large enough will ensure ∇ log π(θ)/n will have

entries below δ2. Bounding the operator norms of the matrices in (C.16) will further bound

ṽ. The operator norms of Dh(θ0) and J(θ0) are constants and hence bounded. Because Dh

is continuous it will have bounded entries within the ball Uα. Since δ < α, the operator

norm of Dh(θ) is uniformly bounded in Uδ. By choosing α small enough, Dh(θ) will also

be full rank for all θ ∈ Uα ensuring {Dh(θ0)J(θ0)
−1D⊤

h (θ)}
−1 is nonsingular, has bounded

entries, and bounded operator norm. All of these operator norms will factor into cv. Given

all components not containing wn in (C.16) can be bounded below a factor of δ2 for all

θ ∈ Uδ, combined with (C.2.3) the ℓ2-norm of the ṽ function for θ ∈ Uδ is bounded by a

factor of δ2 with arbitrarily high conditional probability as n grows.

Continuity follows from similar arguments. Via (C.6), v(2) is continuous in Uδ, since h is

also continuous in this neighborhood (Condition 8). Each component of ṽ(1)(θ) is continuous

due to the continuity of the third partial derivatives of log fθ for all θ ∈ Uδ (Condition 5).

Continuity of ṽ(3) follows from continuity of ṽ(1). Both Dh and ∇θ log π are continuous by

the same conditions that have boundedness. This leaves showing {Dh(θ0)J(θ0)
−1D⊤

h (θ)}
−1

109



is continuous on Uδ. We have that there is some δ whereDh(θ) is full row-rank for all θ ∈ Uδ,

since Dh(θ0) is full row-rank and Dh is continuous (Conditions 8, 9), all perturbations below

a certain magnitude do not change the rank. As a result, Dh(θ0)J(θ0)
−1D⊤

h (θ) is full-rank

and bounded in Uδ, for δ small enough, so the inverse is also continuous. Finally, all terms

in the definition of ṽ on Uδ are continuous so it is as well. This holds for almost all wn.

We now prove Theorem 1.

Proof. We emulate the proof of Theorem 1 from Aitchison and Silvey (1958), while taking

additional care for the conditional probabilities. Let cv be defined in Lemma 33. Fix

δ < min[λmin{J(θ0)}/cv, c−1/2
v λ

1/2
max{J(θ0)}, α, 1]. Let θ be such that ∥θ − θ0∥2 = δ. Define

on the closed unit ball in Rp,

m

(
θ − θ0
δ

)
=

1

2λmax{J(θ0)}
{−J(θ0)(θ − θ0) + ṽ(θ)}. (C.18)

Via Lemma 33, m is continuous for all θ ∈ Uδ and almost all X1:n, wn. In addition, for all

θ ∈ Uδ, ∥∥∥∥m(
θ − θ0
δ

)∥∥∥∥
2

≤ ∥θ − θ0∥2
2

+
1

2λmax{J(θ0)}
∥ṽ(θ)∥2.

If ∥ṽ(θ)∥2 < λmax{J(θ0)}, then ∥m∥2 ≤ 1 for all θ ∈ Uδ. Let ϵ < 1, so via Lemma 33 there

exists n(δ, ϵ) large enough such that

pr

{
sup
θ∈Uδ

∥ṽ(θ)∥2 ≤ δ2cv | X1:n

}
> 1− ϵ/2, (n = n(δ, ϵ), . . . ,∞).

Then for δ < c
−1/2
v λ

1/2
max{J(θ0)}, we have ∥ṽ(θ)∥2 < λmax{J(θ0)} with conditional proba-

bility at least 1− ϵ/2. Hence, all m maps its domain to itself with conditional probability

at least 1− ϵ/2 for n > n(δ, ϵ).

We now show that Lemma 32 can be applied with high conditional probability. With
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probability at least 1− ϵ/2, for θ with ∥θ − θ0∥2 = δ,

1

δ
(θ − θ0)⊤m

(
θ − θ0
δ

)
=

1

2δλmax{J(θ0)}
{−(θ − θ0)⊤J(θ0)(θ − θ0) + (θ − θ0)⊤ṽ(θ)},

≤ 1

2δλmax{J(θ0)}
[−λmin{J(θ0)}∥θ − θ0∥22 + ∥θ − θ0∥2∥ṽ(θ)∥2],

≤ 1

2δλmax{J(θ0)}
[−λmin{J(θ0)}∥θ − θ0∥22 + δ2cv∥θ − θ0∥2],

=
1

2λmax{J(θ0)}
[−δλmin{J(θ0)}+ δ2cv]. (C.19)

Line (C.19) is negative when δ < λmin{J(θ0)}/cv. As a result, we can apply Lemma

32 and see there must exist a point θ̌n where θ̌n ∈ Uδ, but not on the boundary, and

m{(θ̌n − θ0)/δ} = 0. (C.18) is satisfied by θ̌n so via Lemma 33, θ̌n also satisfies (C.2) and

(C.3) and this holds with arbitrarily high conditional probability as n grows. Furthermore,

the Lagrange multipliers exist from Lemma 33. We immediately see θ̌n is conditionally

consistent because there exists n(δ, ϵ) for arbitrarily small δ and ϵ such that both qualifiers

for Lemma 32 are satisfied and

pr(∥θ̌n − θ0∥2 < δ | X1:n) > 1− ϵ, (C.20)

for all n > n(δ, ϵ).

C.2.4 Proof of Theorem 13

We start with an additional lemma to assist in the proof.

Lemma 34. Let U(θ) = D⊤
h (θ){Dh(θ0)J(θ0)

−1D⊤
h (θ)}

−1Dh(θ0)J(θ0)
−1 be defined under

Conditions 7 and 9. Let θ̂n be a strongly consistent estimator for θ0 such that h(θ̂n) = 0

almost surely and

∥n1/2{I − U(θ̂n)}Sn(θ̂n)∥ → 0 a.s.[X1:∞]. (C.21)

Furthermore, let M̃n be such that

M̃n →c.p. J(θ0)
−1{I − U(θ0)} a.s.[X1:∞]. (C.22)
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Then

n1/2M̃nS̃n(θ̂n) | X1:n ⇒ N [0, J(θ0)
−1{I − U(θ0)}] a.s.[X1:∞].

Proof. Let tn(z) = n1/2z⊤S̃n(θ̂n) and ain(z) = z⊤∇θ{log fθ̂n(Xi)}. Rearranging terms we

have

tn(z) = n1/2
p∑
j=1

zj

(∑n
i=1 Yi

∂
∂θj

log fθ̂n(Xi)∑n
i=1 Yi

)
=

1

n1/2Ȳ

n∑
i=1

Yiain(z).

The strong law of large numbers implies Ȳ converges almost surely (with respect to the

weights probability measure) to one, so tn(z) will converge in distribution similarly to

n−1/2
∑n

i=1 Yiain(z). Under Lemma 30 we have

1

n

n∑
i=1

a2in(z)→ z⊤J(θ0)z,
1

n
max
i=1,...,n

a2in(z)→ 0 a.s.[X1:∞],

so the conditions to apply Lemma 31 hold a.s.[X1:∞] on this quantity and as a result,

tn(z)− n1/2z⊤Sn(θ̂n) | X1:n ⇒ N{0, z⊤J(θ0)z} a.s.[X1:∞].

Applying the Cramér-Wold theorem,

n1/2{S̃n(θ̂n)− Sn(θ̂n)} | X1:n ⇒ N{0, J(θ0)} a.s.[X1:∞].

Multiplying both sides by M̃n and applying a conditional version of Slutsky’s lemma

(along almost every sample path) with (C.22) gives

n1/2M̃n{S̃n(θ̂n)− Sn(θ̂n)} | X1:n ⇒ N [0, J(θ0)
−1{I − U(θ0)}] a.s.[X1:∞].

To complete the proof we show the asymptotic distribution of n1/2M̃nSn(θ̂n) | X1:n is a

point mass at zero. First, by (C.22), using conditional Slutsky’s, for almost every sample

path,

n1/2M̃nSn(θ̂n) | X1:n →c.p. J(θ0)
−1{I − U(θ0)}Sn(θ̂n) a.s.[X1:∞].

As a consequence of (C.21), n1/2{I − U(θ0)}Sn(θ̂n) is trivially conditionally consistent for

0. As a result, for almost every sample path, n1/2M̃nSn(θ̂n) is conditionally consistent to

0 and the proof statement holds.

112



We now prove the full theorem.

Proof. Using Condition 8, assume without loss of generality, that α is small enough such

that Dh(θ) is full-rank with linearly independent rows for all θ ∈ Uα. Then Conditions

2 and 9 apply and a necessary condition for θ̌n to be a local optima (as a sample from

Algorithm 3) is satisfying the system

0 = S̃n(θ̌n) +
∇θ log π(θ̌n)

n
+
D⊤
h (θ̌n)λ̌n
n

,

0 = h(θ̌n).

(C.23)

Via Theorem 12 we have shown that θ̌n is conditionally consistent for θ0, so we can let n

be large enough that θ̌n ∈ Uα with conditional probability at least 1− ϵ.

Using the strong consistency of θ̂n we can let n be large enough so Condition 5 applies

almost surely, giving a Taylor expansion around θ̂n of S̃n(θ) to get

S̃n(θ) = S̃n(θ̂n)− J̃n(θ̂n)(θ − θ̂n) + r(θ), (C.24)

where r(θ) has jth entry 1
2(θ− θ̂n)

⊤Ψ̃j
1:n(θ

∗
S)(θ− θ̂n) such that θ∗S is some point on the line

segment between θ and θ̂n. Equation (C.24) can then be rearranged to

S̃n(θ̂n) = S̃n(θ) + {J̃n(θ̂n)−Rn(θ)}(θ − θ̂n), (C.25)

where Rn ∈ Rp×p such that

rowj{Rn(θ)} =
1

2
(θ − θ̂n)⊤Ψ̃j

1:n(θ
∗
S).

Substitute the stationary condition of (C.23) into (C.25) evaluated at θ̌n for

S̃n(θ̂n) = −
∇θ log π(θ̌n)

n
−
D⊤
h (θ̌n)λ̌n
n

+ {J̃n(θ̂n)−Rn(θ̌n)}(θ̌n − θ̂n). (C.26)

By definition h(θ̂n) = 0. From Condition 8 we can expand h around θ̂n and putting θ̌n

into the expansion gives

0 = {D⊤
h (θ̂n) +Qh(θ̌n)}⊤(θ̌n − θ̂n), (C.27)

rowj{Qh(θ̌n)} = (θ̌n − θ̂n)⊤∇2
θhj(θ

∗
h),
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where θ∗h is some point on the line segment between θ̌n and θ̂n.

Let

Mn(θ̂n, θ̌n) =

[
J̃n(θ̂n)−Rn(θ̌n) −D⊤

h (θ̌n)

−{D⊤
h (θ̂n) +Qh(θ̌n)}⊤ 0

]
.

In the proof of Theorem 7 of Newton (1991), from Conditions 1, 3, 5, 6, 7, and the strong

consistency of θ̂n, they show J̃n(θ̂n)−Rn(θ̌n)→c.p. J(θ0) a.s.[X1:∞]. Due to the continuity

of Dh, Qh (Condition 8) and the conditional consistency of θ̌n, the continuous mapping the-

orem implies Dh(θ̌n)→c.p. Dh(θ0) a.s.[X1:∞] and Dh(θ̂n)+Qh(θ̌n)→c.p. Dh(θ0) a.s.[X1:∞].

From these conditional consistency results, we have

Mn(θ̂n, θ̌n)→c.p.

[
J(θ0) −D⊤

⋆

−D⋆ 0

]
a.s.[X1:∞],

where D⊤
⋆ = D⊤

h (θ0). The matrix Mn converges to is nonsingular as J(θ0) and Dh(θ0) are

full-rank.

We combine (C.26) and (C.27) and multiply by n1/2 to get the following linear system

[
n1/2S̃n(θ̂n) + n−1/2∇θ log π(θ̌n)

0

]
=Mn(θ̂n, θ̌n)

[
n1/2(θ̌n − θ̂n)
n−1/2λ̌n

]
.

On a set with arbitrarily high conditional probability we may write

M−1
n (θ̂n, θ̌n)

[
n1/2S̃n(θ̂n) + n−1/2∇θ log π(θ̌n)

0

]
=

[
n1/2(θ̌n − θ̂n)
n−1/2λ̌n

]
.

The matrix inverse is continuous in neighborhoods of full-rank, and all functions in Mn are

continuous, so we can apply the continuous mapping theorem for

M−1
n (θ̂n, θ̌n)→c.p.

[
J(θ0) −D⊤

⋆

−D⋆ 0

]−1

=

[
P Q
Q⊤ R

]
, (C.28)
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where, using formulas for the inverse of block matrices (Petersen & Pedersen, 2012),

P = J(θ0)
−1(I − U),

Q = −J(θ0)−1D⊤
⋆ {D⋆J(θ0)

−1D⊤
⋆ }

−1,

R = −{D⋆J(θ0)
−1D⊤

⋆ }
−1,

U = D⊤
⋆ {D⋆J(θ0)

−1D⊤
⋆ }

−1D⋆J(θ0)
−1.

Let M̃n be the top-left block of M−1
n (θ̂n, θ̌n), so

n1/2(θ̌n − θ̂n) = n1/2M̃n{S̃n(θ̂n) + n−1/2∇θ log π(θ̌n)}.

Applying Lemma 34 with (C.28) and noting n−1/2∇θ log π(θ̌n) converges in conditional

distribution to zero (from Condition 4), we have the proof statement.
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Nie, L., & Ročková, V. (2023). Bayesian Bootstrap Spike-and-Slab LASSO. Journal of the
American Statistical Association, 118 (543), 2013–2028. https://doi.org/10.1080/
01621459.2022.2025815

Nocedal, J., & Wright, S. J. (2006). Theory of Constrained Optimization. In Numerical
Optimization (pp. 304–354). Springer. https://doi.org/10.1007/978-0-387-40065-
5_12

122



Ormerod, J., Davoudabadi, M. J., Tarr, G., Mueller, S., & Tidswell, J. (2025). Bayesian
lasso regression and tools for the lasso distribution [R package version 0.3.0].

Panahi, A., Dubhashi, D., Johansson, F. D., & Bhattacharyya, C. (2017). Clustering by Sum
of Norms: Stochastic Incremental Algorithm, Convergence and Cluster Recovery.
Proceedings of the 34th International Conference on Machine Learning, 2769–2777.

Parikh, N., & Boyd, S. (2014). Proximal Algorithms. Foundations and Trends in Optimiza-
tion, 1 (3), 127–239. https://doi.org/10.1561/2400000003

Petersen, K. B., & Pedersen, M. S. (2012, November). The matrix cookbook [Version
20121115]. http://www2.compute.dtu.dk/pubdb/pubs/3274-full.html

Pompe, E. (2021). Introducing prior information in Weighted Likelihood Bootstrap with
applications to model misspecification. arXiv: 2103.14445v2. https://doi.org/10.
48550/arXiv.2103.14445

Presman, R., & Xu, J. (2023). Distance-to-Set Priors and Constrained Bayesian Infer-
ence. Proceedings of The 26th International Conference on Artificial Intelligence
and Statistics, 2310–2326.
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