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Cells associated with an abnormal (cancerous) growth exchange flows, morph freely and grow hand-in-glove
with their immediate environment, the extracellular matrix (ECM). The cell structure experiences two mass
flows in counterflow. Flowing into the structure are nutrients and flowing out is refuse from the metabolically
active biomass within. The physical effect of the evolution of the cell and extracellular structure is more flow and
mixing in that space, that is, more mixing than in the absence of a biological growth in that space.

The objective of the present theory is to predict the increase in the size of the cell cluster as a function of its
structure, and also to predict the critical cluster sizes that mark the transitions from one distinet cluster
configuration to the next. This amounts to predicting the timing and the main features of the transitions from
single cell to clusters with two, four, eight and more cells, including larger clusters with cells organized on its
outer sulface. The predicted evolution of the size and configuration of the cell cluster is validated successfully by
comparison with measurements from several independent studies of cancerous and non-cancerous growth

patterns.

1. Introduction

Animal design is an established and expanding field in biology and,
more recently, in physics and the evolution of technology. Animal
design is known by features, rules and ‘efficiency’ tendencies that are
well documented in reference books (Schmidi-Nielsen, 1984; Wain-
wright et al., 1982; Charles and Bejan, 2009; Vogel, 1988; Weibel, 2000;
Ahlborn, 2006; Zamir, 2000; Turner, 2009; Bejan and Lorente, 2011a)
and is reviewed regularly (Hoppeler and Weibel, 2005; Reis, 2006;
Bejan, 2020). Key examples are locomotion, respiration, blood circula-
tion and vascularization, organism lifetime, mechanical strength, and
the effect of body size on all observed features. Most of these advances
are descriptive. They have been recorded as measurements, correlations,
allometric rules and ad-hoc models that allow future scientists to
calculate and reproduce (without repeating measurements) the physical
features on which the models were based. Notable among these are
models that utilize these descriptive advances (i.e., biophysical param-
eters) to inform their work such that they may be used in simulation
studies of complex systems (Ghaffarizadeh et al., 2018; Hoehme and
Drasdo, 2010; Van Liedekerke et al., 2020).

There are also advances of theoretical origin, which are predictive.
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Theoretical advances are the main features of animal biomechanics
(static and dynamic) that are predicted from physics (mechanics) and
now constitute textbook material in most universities (Schmidt-Nielsen,
1984; Wainwright et al., 1982; Charles and Bejan, 2009; Vogel, 1988;
Weibel, 2000; Ahlborn, 2006; Zamir, 2000; Turner, 2009; Bejan and
Lorente, 2011a; Hoppeler and Weibel, 2005; Reis, 2006; Bejan, 2020).
More recently, theoretical steps are being made based on the view that
the evolution (i.e., changes in flow configuration) is a distinct physics
phenomenon governed by a self-standing law of physics (the constructal
law). Examples are the complete architecture of lungs (Reis et al., 2004)
and liver (Lorente et al., 2020), vegetation (Bejan et al., 2008), corals
(Miguel, 2006), locomotion in all media (Bejan and Marden, 2006),
social organization (Bejan et al., 2018), athletics (3), and the lifetime
and life travel of everything that flows, moves and rolls, animate and
inanimate (Bejan, 2012).

The new concept introduced by theory is that evolution belongs in
physics, and that the flow system that evolves (animal, river basin, city)
is not contemplated in isolation. This is a key feature necessary to
describe fully the interaction of an abnormal biological growth with its
local environment. Every system flows, morphs with freedom, grows
and survives hand-in-glove with its immediate environment, which is its
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‘niche’. The environment is also a flow system that morphs freely and
evolves.

In this paper, we focus on the system of cells associated with growth
and self-organization. The environment of this system is the extracel-
lular network supporting the cells. The system and its niche can be
considered as one flow system, which has the freedom and time to
change, and the space that enables the system to morph toward pro-
gressively greater flow access. Cells and the extracellular matrix (ECM)
that facilitates the growth are a prime example of this kind (Hynes and
Yamada, 2012; Ohki and Miyata, 2018; Keeley and Mecham, 2013). The
unified structure is a flow system comprised of individual cells and their
immediate environment. The ECM is the tissue network that gives a
cluster of cells its structure and mechanical strength (Hynes and
Yamada, 2012; Keeley and Mecham, 2013). Composed of various col-
lagens with specialized functions, the ECM facilitates growth by acting
as a ‘scaffolding’ to support new cells. The ECM also regulates cell
migration through modifications to the local microenvironment.

The evolution of cell-ECM systems and their microenvironments can
be analyzed through numerical simulations, which utilize biophysical
parameters (e.g., cell mobility, cell-cell adhesion, cell size, etc.) (Ghaf-
farizadeh et al., 2018; Macklin et al., 2009) relevant to the phenomena
of study and can be used to study particular biological effects on the
growing system with independently operable parameters (Hoehme and
Drasdo, 2010; Van Liedekerke et al., 2020; Wolkenhauer et al., 2014;
Van Liedekerke et al., 2019). In the present work, however, we do not
consider the results of any simulations, and our system has compara-
tively few biophysical parameters.

The cell structure experiences two mass flows in counterflow.
Flowing into the structure are nutrients of flow rate m, [kg/s]. Flowing
out of the structure is refuse from the metabolically active biomass
within; the discharge flow rate ni,,. [kg/s| as shown in Fig. 1.

According to the constructal law, flow architectures that have
freedom to morph will evolve naturally in order to provide greater ac-
cess to the currents that flow. In the system-environment assembly the
currents are ny, and ngy. The physical effect of the evolution of the
cell-extracellular structure is more flow and mixing in that space, i.e.,
more mixing than in the absence of a biological growth in thart space.
The constructal law calls for more and easier flow of nutrients and
refuse, which governs both the morphological evolution of the flow
structure as well as the evolution of nutrient transport complexity.

2. Methods
2.1. Model

What happens to the cell system over time is well-known empirically

External
biomass

] m
Cell cluster,Dy o ot

Fig. 1. The extracellular matrix (ECM) is shown with an embedded cluster of
cells and their corresponding mass flows: n;, and n,,,, respectively.
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(Brekken and Stupack, 2017; Miner, 2005). Here we postulate the
theoretical principles of this change over time. Fig. 2 illustrates the main
features of this change process, which occurs both externally as the
system size increases, and internally as the system structure changes
stepwise and becomes more complex. In Fig. 2 the system is shown as a
sphere; however, other single-scale models could be used (cube, tetra-
hedron, cylinder with height comparable to diameter, etc.). The key
dimension of the system is the length scale D, or alternatively the surface
area of scale D?, and the volume of scale D®*— dimensions that translate
proportionally to any three-dimensional primer that may be used in the
model. This single dimension represents the size of the flow system.

Growth means that D will increase over time under conditions
compatible with life. But how should the configuration of the system
change over time? That is, what changes must happen in the complexity
of nutrient transport in order to facilitate flow, growth and survival?

The time evolution of the system is shown in Fig. 3 as a sequence of
three periods of growth. One period is the time interval when the in-
ternal structure does not change. From period to period, however, the
structure changes stepwise. The three periods are distinct and defined by
their internal structure:

1. Single cell, D,.

2. Multicellular body, D», as a cluster of n cells of size D;.

3. Vascular multicellular body D3 requiring blood vessels of length
scale Dj.

The objectives of the following theory are to predict the above sce-
nario of how the body size D(t) increases, and to predict the ‘critical’
sizes (D1 3) that mark the transitions from one flow configuration to the
next. This amounts to predicting the main features shown in Fig. 3 by
accounting for the time arrow of evolution in all flow architectures that
are free to morph.

2.2. Single cell

The single cell begins to grow in size at the time ¢ = 0. The cell body
has one length scale, D(t). The cell grows because substances flow into it,
being driven by concentration differences. When D is small enough, the
flow is by diffusion. We account for concentration differences berween
the ECM and the cell with one order of magnitude, AC [kg/m?®]. The mass
flow rate into the cell scales as

AC
. AC 1
i Aa6 (1)

External
biomass

AC

Fig. 2. Coordinate system for radial mass diffusion: the concentration gradient
(AC), the boundary layer (&), cell cluster size (D), direction of growth (r), and
biomass external to the cell cluster are shown.
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Dy, n=13

14

Fig. 3. Stepwise changes in diffusive flow architecture as the size of the cell
cluster grows. D grows to maturity by diffusion to size Dy, which bifurcates into
n =2 cells of size D;. The following transition shows a cluster of size D,
consisting of one unit of n = 13 hexagonally-close-packed cells of size D;. The
subsequent transition shows a cluster of size Ds, consisting of N = 13 cell
clusters of size Ds. The final transition indicates the need for vascularization
beyond a critical size.

where A ~ D? is the scale of the surface area of the cell, and § is the
thickness of the diffusion layer that coats the cell (Fig. 2). The scale of §
follows from the diffusion equation written for the direction r away from
the cell surface

dc  d'c

— =a— (2)
dt dr?
where a [m? /s] is the mass diffusivity of the species € that diffuses
through the ECM. Note that the origin of the r frame is attached to the
cell surface (Fig. 2). As the cell grows, the r frame moves outward into
the surroundings, and in turn the surroundings flow relative to the r
frame inward with the speed

dbD
Vo —. 3)

dt

Combining equations (2) and (3), and expressing the resulting

equation in scale-analysis terms (namely, r _| D andv _ a/D), in place

of equation (2) we obtain

L @
t D 5

which yields

8~ (at)'”? (5)

and, from equation (1),
AC
o~ D'a— . (6)
(at)""
The mass flow rate m is the scale of the rate of mass accumulation
inside the cell,
d 2
it ~—(C 7
A~ — (cp?) @
where C [kg /m?] is the density of the C species inside the cell volume.

Eliminating nt between equations (6) and (7) we obtain, in scaling terms,

pa AC cp’

W ~— (8)
which yields
D~ (at)'? ©)

and, from equation (6),
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1~ aAC(ar)'?. (10)

The conelusion of the above derivation is that § is of the same order
as D, and both dimensions grow as (at)”z; The bigger the cell, the bigger
the external ECM necessary to accommodate it. The total mass flow rate,
or the rate of cell growth, also grows as t'/2. Because of the t'/2 depen-
dence, the total mass flow rate increases fastest in the beginning, and
more slowly as time passes, as shown in Fig. 4.

In the following sections, the cell cycles of each of the individual cells
in the cluster are assumed to be asynchronous. The primary difference
between synchronous and asynchronous cell cycles is this: synchronous
growth curves consist of compounded v/at curves (i.e., Dxy/at between
cell doublings, in light of equation (9)) following a macroscopic trend
(cf., Figs. 1 and 2, in (Kubitschek, 1962) for similar behavior in E. coli.),
while asynchronous cell cycle growth curves follow the macroscopic
trend.

2.3. Small cluster

Next, consider a cluster of n cells of equal size (D, ), packed tightly
such that each cell accounts for a portion of the external surface of the
cluster

Az ~nD}. an

Properties of the cluster are indicated by the subscript X. The cluster
diameter Dy follows from the same analysis as for equation (9),

Dy ~ (an)'”. (12
The cluster volume,
Vs ~ D§ ~ nD; 13)

in combination with equation (12) yields the number of cells n as a
function of time,

(ar)B/Z

(14)
D

nr~
The calculation of the mass flow rate begins with rewriting equation
(1) for the cluster,
AC

ﬂ‘"lz ~ Agll(s— (1 5)
z

and then using &s _ ( 1/2 and equations (11) and (14),

at)

at
iy ~ aAC —.
sy D, (16)

Compared with equation (10), equation (16) shows thart the growth
rate increases stepwise toward a faster mechanism as the configuration
changes abruptly from a single cell to a cluster of cells (Fig. 4).

o o o o .

tgt

ty to tyg

Fig. 4. Theoretical relationship between diffusion mass flow rate, time and cell
cluster configuration. The bifurcation of the first cell is indicated from #; to t,
and the bifurcation of both of those cells at t., and those cells again at t.
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According to equation (9), if the single cell size D, is reached at the time
t1, then Dy (ats )1/2 and the transition marked by cell doubling in Fig. 4

~

occurs at time t»,
2D, ~ (an)'"? 17

which means that t» at, if the total mass influx remains constant.

Beyond the transition indicated as n = 2, tight clusters continue to
emerge as each Dy grows and then splits into two, and n increases from 2
to 4 and then 8. In view of equation (14), the times whenn =4 andn =8
appear are ordered as follows

fosy < hsa < lgag < - (18)

These steps occur until the time when n _ 4, at which point the
central cell has no space to continue proliferating (i.e., cells here are
assumed to be maximally contact-inhibited) as illustrated by the hex-
agonally—close-packed configuration in Fig. 5. This suggests that the
presence of neighboring cells inhibits individual cell growth rates for the
benefit of overall growth rate in accord with the constructal law.

These findings are supported by the correspondence between their
predictions and experimental measurements gathered from images of
small growing cell clusters (Kubitschek, 1962; Bean et al., 2006; War-
burg et al., 1927; Mayneord, 1932a). Images from (Bean et al., 2006)
were analyzed using a custom image segmentation algorithm to ensure
standardized results; they also demonstrate the piecewise-growth
behavior of cell clusters. A subset of the data acquired with this cell
detection algorithm is shown in Fig. 6, and a representation of the results
of the algorithm applied to a time series of cell images is shown in Fig. 9.

2.4. Large cluster

As the cluster continues to grow and its complexity increases, a time
comes when the innermost cells cannot touch the outer surface Ax, and
they can no longer proliferate by nutrient diffusion across the cluster
surface. Beyond this time, the multiplying cells that thrive are those that
touch Ay and exchange currents by diffusion with the ECM, as shown in
Fig. 7.

The analysis of this new regime follows the same steps as in the
preceding section [namely, Ay _ nD2: Dy (at)! /2] except that equa-

tion (13) is replaced by
Ds ~ AY? ~ n'?2Dy, a9

where Dy is the cluster diameter. Equation (19) indicates that the
number of cells in a small section of the periphery of the cluster
(Mperipheral) grows linearly in time, Npeipheral ~ at/D%, or that the volume of
the cluster grows as 2. The mass transfer rate of equation (15) in com-
bination with Ay _ rLD% yields

Fig. 5. Transition between small cluster configuration and large cluster
configuration. Each vertex represents one cell of equal size with the central
point representing the innermost cell, here assumed to be without space to
reproduce. This is one configuration of the hexagonal close-packing pattern.
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Fig. 6. The superimposed rings (white) show the output of the cell measuring
algorithm, ensuring that cell sizes are objectively measured to the same stan-
dard at each time given a grayscale image of similar quality.

Fig. 7. Cell cluster of diameter, Dy, with cells on its surface, Ay, enclosed inside
of a volume, Vx. Only the cells on the periphery have access to mass transfer
with the ECM (left). The smallest possible configuration of this hex-
agonally—closed-packed cell cluster is shown on the right; the single shaded cell
has no access to mass transfer.

tits ~ aAC(at)'?. (20)

In equation (20), the time t is counted after the transition from tight
packing (e.g., n = 13 in Fig. 4) to packing on the periphery (Fig. 7). The
transition between the two regimes occurs when the cluster has become
just large enough so that one cell (in the center of the cluster) does not
have the ability to reproduce due to spatial constraints. That critical
configuration is shown on the right side of Fig. 7,

In view of equation (21), this transition occurs whenn _, o(10)

Relative to the timeline of Fig. 4 (y-axis in units of n1, [kg /s]), the
transition to Fig. 8 (y-axis in units of Defrecive-[pm]) occurs after cell
doubling, ¢ . Beyond this time point, which is between the first and

second transitions in Fig. 10, the growth suddenly accelerates in the
same manner as in the earliest stages of single cell growth.

From one regime to the next, the rate of growth increases stepwise.
This is in accord with the evolutionary design tendency in other flow
architectures in nature, such as snowflakes (Bejan et al., 2013) and dust
clusters (Reis et al., 2006). The time sequence of Figs. 4-10 is in accord
with observations. Another summary of the three scenarios (summa-
rized in Table 1) is in terms of the growth of the number of cells and the
diameter of the cluster. The growth is accelerated because of the step-
wise changes in flow configuration.

2.5. Late large cluster

In the case of abundant nutrient influx to the cell cluster, the number
of cells contained in the cluster grows in proportion with 3, as shown in
the Appendix. As the nutrient influx decreases because of limited
availability, the number of cells present changes at a slower rate to
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Fig. 8. Example yeast cell cluster growth: comparison between theoretical
predictions (i.e., cluster diameter o/at between cell doublings) and experi-
mental measurements from Bean et al. (2006) of budding yeast cells, (see
also Fig. 9).

accommodate this. If the number of cells that are able to continue
reproducing decreases to a constant fraction of the cells on the surface
(now additionally being nutrient-constrained rather than only space-
constrained), the number of cells is proportional to t, and the diameter
of the cell cluster is proportional to t1/3.

2.6. Vascular cluster

The diffusion-limited growth of the cell cluster has a maximum size
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Dpax (the last stage in Fig. 3), which is characterized by the diffusivity of
oxygen in tissue ays and the characteristic time (t.,) over which oxygen
is delivered to the cell cluster and obeys the relation

Dmax o (ﬂ—'tistch)l/z- (22)

The diffusivity of oxygen in tissue of the type of interest is aus
109 m?/s (cf.,, Grote et al. (1977)), and the characteristic time is
determined by the frequency of oxygen delivery and is of the order ty, _
1 second for a heart rate of 60 beats per minute (Avram et al., 2019).
Consequently, the maximum sustainable diffusion-limited growth size
before internal cell death becomes inevitable is O(10%) pm, in agreement
with experimental data (Grote et al., 1977; Franko and Sutherland,
1979).

Beyond the size Dy, the innermost cells require a new delivery
mechanism for their nutrient supply, which is facilitated by the gener-
ation of a new vascular network.

3. Discussion

In this article, the combination of cell biology and constructal theory
enabled quantitative predictions of fundamental characteristics of
developing clusters of cells. The time-evolution of the size of cell clusters
and the corresponding changes in nutrient transport complexity are
predictable. In addition to the ‘critical sizes’, the analysis accounts for
the changes in nutrient access complexity and geometry that dictate the
evolution of the cell cluster into the next regime and configuration. This
work reconciles the large-scale phenomenological models of cell pro-
liferation (i.e., exponential and logistic growth models) with prior bio-
logical observations of cell clusters that disagreed in their description of
small-scale and large-scale evolution. It provides insight into the scale of
the individual cell as well as the multicellular cluster, rather than
employing a purely microscopic (experimental) or macroscopic (model-
based) approach. Furthermore, this work provides these insights
without the need of computational implementations or simulations.

Fig. 9. Proliferating cells observed from Bean et al. (2006) at multiple time intervals in a controlled environment with labels a, b, c, ... indicating the creation of a

new cell.
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D
D o t/3, thin-shelled peripheral growth
D o t7/8 peripheral growth
D o t, small cluster
0 o 12, ~ 1 cell

0 t

Fig. 10. Large-scale behavior of the cell cluster as it transitions from a small
cluster exhibiting linear (diameter) growth up until only cells in a thin rim at
the edge of the cell cluster can proliferate; to a large, nutrient-deprived cluster
whose radius grows in proportion to t'/3, in agreement with phenomenological
logistic growth models. Note that this model does not acknowledge an “expo-
nential growth” as present with a continuous growth rate proportional to the
number of cells; however, the combination of the first 3 growth regimes qual-
itatively captures this behavior.

As shown by comparison of theory with experiment, the diffusion-
based behavior of the growing cell has been validated repeatedly in
the case of the growing cluster. Evidence of the synchronization of cell
cycles—the timing and sequence of events required for a cell to produce
offspring—and the resultant “resonant” effect support this theory. The
resonant behavior occurs for temporally synchronized cell cycles and
manifests as a compounded +/at curve. For asynchronous cell cycles, the
compounded +/at structure is averaged such that the periodic behavior is
not apparent. Both synchronous and asynchronous cell growth cycles
can be described with this work.

The present theory assumes continuous growth by neglecting
dormant periods between cell eycles. This assumption is appropriate in
that it highlights the essential features of the growing cell cluster
without introducing time-dependent biological details that would nar-
row the applicability or reduce the clarity of the work. The theory allows
for insights into the early behavior of all biological domains of cell
clusters, and specifically into the growth patterns and internal evolution
of tumors.

The most natural application of this work is to the growth of local-
ized, solid tumors (i.e., tumors not containing liquid or necrotic cores,
and characterized by a limited cell mobility), as tumor cells most

Table 1
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applicable to the present theory are undifferentiated or de-differentiate,
unlike in healthy tissues (Gabbert et al., 1985; Magro et al., 2008;
Yamada et al., 2019). The last row of Table 1 is particular to sufficiently
large solid tumors: it addresses the case of surface-based cell prolifera-
tion, but under the special condition that (due to scarcity of nutrients,
contact inhibition, or another cause) only a fixed number of cells can
continue to proliferate per unit time. The limited proliferation results in
the downturn of the characteristic S-curve (Turner, 2009) of growth, and
it is indicative of macroscopic disease.

Beyond solid tumors, the present theory is relevant to non-solid
cancers (e.g., leukemia, lymphoma, etc.). These cancers are frequently
seen to have a faster initial growth rate compared to solid tumors
(Shackney, 1970; Skipper et al., 1964; Wilcox, 1970; Rodriguez-Brenes
et al., 2013). This can be attributed to the comparatively higher cell
mobility, as the cells are not constrained to a solid tumor. The difference
in mobility results in a characteristically prolonged period of high
metabolic rate, indicative of minimal spatial constraints for proliferating
cells. In the terminology of this work, this would indicate a longer period
over which the “small cluster” dynamics describes the growth and
metabolic rates. It should be noted, however, that there is no cluster to
speak of in this case, only diffuse disease.

The current work is specific to growth and the subsequent over-
growth beyond available resources, which is an important feature in
many cancers (Bouthelier and Lapunzina, 2005; Lapunzina, 2005;
Waghorne et al., 1988; Colliniet al., 2012). If the theory is reformulated
to apply to healthy (not abnormal) growth, we would not see an urgent
necessity for vascular growth as in Section 2.6—the “invasion” of tumor
cells would proceed more efficiently (i.e., with tree-shaped invasion
(Cetkin et al., 2012; Bejan and Lorente, 2011b)).

The present work is specifically relevant to oncologic problems since
many examples of cancers have been reported in the literature as being
at least in part due to overgrowth; that is, growth that did not arrest or
slow as expected with a decline in nutrients (Gabbert et al., 1985; Magro
et al., 2008; Yamadaet al,, 2019; Bouthelier and Lapunzina, 2005;
Lapunzina, 2005; Waghorne et al., 1988; Colliniet al., 2012; Madsen
et al., 2018).

In general, the present theory is applicable to aggressively growing
cancers whose growth is constrained more by geometric limitations than
biological (e.g., carcinoma in situ, which can be constrained to its
original location by a basement membrane) (Lamm, 1992). Normal
growth cannot proceed from the analysis presented in the paper, as this
type of growth is naturally “parasitic”. It enables its own growth at the
expense of the tissue supporting it. This is sometimes due to genetic
factors, and sometimes is a spontaneous change from benign tumor to
malignant.

Because mechanisms of tumor complexity increase are revealed in
the current theory, the theory leads to a quantitative understanding of
the mechanics of nutrient transport and of the most effective approaches
to corresponding treatments. The intuition that early tumor detection
and treatment are most effective is supported. For example, when the
tumor is small, the optimal time to apply a chemotherapeutic treatment
is at the end of each (synchronous) cell cycle: the advantage in targeting
this stage of growth is two-fold. The first advantage is that cells of the

Scaling behavior of the number of cells, diameter of the cluster of cells and metabolic rate for single cells, small clusters of cells, and large clusters of cells in the
diffusion-limited-growth regime. The expressions in the “Diameter” colummns correspond directly to Fig. 10, where they are plotted.

Number of cells (n)

Diameter of cell cluster (D) Metabolic rate (m)

Single cell

Small cluster p 3/2 ~100_ 10t
Dj
Large cluster a 3
g szs ~10! - 10
1

Late large cluster (const)t z10°

(ar)'/? ~ 10pm aAC(ar)}?
n/3(at)!/? ~10_ 30pm aAC;—t

1
(n2/3)3 (ar)/? ~10 - 100 pm aAC(ar)'?
(const)tl/3 >100 pm (const)tl/3
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tumor are still metabolically active but have not yet produced offspring,
ensuring that all cells receive the required (lethal) dose of therapeutic
agent—and that no cells are produced during the treatment, resulting in
insufficient load to new cells. The second advantage is that the syn-
chronization of cell cycles is far more robust when there are fewer cells,
as they are better localized and subject to similar conditions. This syn-
chronization (Nusse, 1981; Nusse, 1980; Breder et al., 1996) makes the
timing of treatment more effective, and achieving cell-cycle synchrony
has been previously acknowledged as a challenge for larger tumors
(Zalatnai, 2005).

For the asynchronous cell cycles seen in larger tumors, treatment
cannot be as effective as in the earliest synchronous stages, and it be-
comes significantly more difficult to eliminate all malignant cells.
Conversely, for larger tumors it may be appropriate to target tumor cells
not strictly as a function of malignant cell cycles, but as a function of the
cell cycle of the surrounding healthy tissue. This approach can minimize
the injury to healthy cells during therapy and aid in efforts to spare the

Appendix
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load to radiosensitive organs (so as not to induce secondary cancers via
treatment).

In sum, the biology of cell proliferation and the application of con-
structal growth physics has resulted in a theory that predicts the
behavior of clusters of cells as they increase in size, number and
complexity. This work provides a unifying perspective on the time-
evolution of cell clusters on the smallest scales, as observed experi-
mentally in biology, and the large-scale dynamics of proliferating cells
as described in phenomenological models. The present theory does this
with the simultaneous strengths of predicting behavior on the smallest
and largest scales.

Declaration of competing interest
The authors declare that they have no known competing financial

interests or personal relationships that could have appeared to influence
the work reported in this paper.

With reference to the discussion in section 6, we write V, R, g and r* for the volume of cluster, radius of cluster, fraction of cells in the shell still
proliferating per unit time, and the thickness of the rim of proliferating cells near the surface of the cluster (A.1).

Combining

dv 4
o ccﬁ(r3 —(r— r*)')

dV « ridr
we obtain
= =3
dr b r
ot N Tt

Rearranging (A.3) and applying scale analysis (A.2), we obtain

Bre’ A
.r(ir2 — Br¥Aer + ﬂr*zAr) s 3 E

(A.1)

(A.2)

(A.3)

(A.4)

If the cell cluster is in a nutrient-limited stage of growth, a constant number of cells will divide per unit time and is located in a thin shell at the
surface of the cluster. If f is a constant of O(r*) and r*<r, the r® term dominates the left-hand side of (A.4),

. BroAr
o~ —
3

cf., (Bejan, 2013; Mayneord, 1932b).
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