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Abstract

The proper modeling of uncertainties in constitutive models is a central concern

in mechanics of materials and uncertainty quantification. Within the framework

of probability theory, this entails the construction of suitable probabilistic models

amenable to forward simulations and inverse identification based on limited data.

The development of new manufacturing technologies, such as additive manufacturing,

and the availability of data at unprecedented levels of resolution raise new challenges

related to the integration of geometrical complexity and material inhomogeneity—

both aspects being intertwined through processing.

In this dissertation, we address the construction, identification, and validation of

stochastic models for spatially-dependent material parameters on nonregular (i.e.,

nonconvex) domains. We focus on metal additive additive manufacturing, with the

aim of closely integrating experimental measurements obtained by collaborators, and

consider the randomization of anisotropic linear elastic and plasticity constitutive

models. We first present a stochastic modeling framework enabling the definition and

sampling of non-Gaussian models on complex domains. The proposed methodology

combines a stochastic partial differential approach, which is used to account for

geometrical features on the fly, with an information-theoretic construction, which

ensures well-posedness in the associated stochastic boundary value problems through

the derivation of ad hoc transport maps.

We then present three case studies where the framework is deployed to model
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uncertainties in location-dependent anisotropic elasticity tensors and reduced Hill’s

plasticity coefficients (for 3D printed stainless steel 316L). Experimental observations

at various scales are integrated for calibration (either through direct estimators or

by solving statistical inverse problems by means of the maximum likelihood method)

and validation (whenever possible), including structural responses and multiscale

predictions based on microstructure samples. The role of material symmetries is

specifically investigated, and it is shown that preserving symmetries is, indeed, key to

appropriately capturing statistical fluctuations. Results pertaining to the correlation

structure indicate strong anisotropy for both types of behaviors, in accordance with

fine-scale observations.
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1

Introduction

1.1 State-of-the-Art Review

The modeling of the stochastic properties of materials parameters has been the focus

of many papers over the past three decades. This topic has been jointly addressed

in the �elds of (i) multiscale mechanics, wherealeatoric uncertainties typically arise

when the assumption of scale separation does not hold [4], and(ii) uncertainty

quanti�cation, where the introduction of stochasticity in the coe�cients of, e.g.,

elliptic operators has given rise to an abundant literature that has primarily focused

on the development of stochastic solvers (e.g., stochastic Galerkin [5] and collocation

methods [6, 7]) and statistical methods to solve inverse problems (using Bayesian

formalism for example); see [8] for an state-of-the-art introduction to uncertainty

quanti�cation techniques.

1.1.1 The Multiscale Approach

In a multiscale framework, uncertainties are traditionally obtained by propagating

microstructural randomness1 to a coarser scale, sampling from random sets [9, 10]

1 Fluctuations in materials properties have historically been neglected in multiscale approaches.

1



and using tools borrowed from mathematical morphology [11, 12] to describe �ne-

scale features. If the assumption of scale separation

d ! LRVE ! Lmacro ; (1.1)

holds, where

ˆ d is the characteristic size of the heterogeneities,

ˆ LRVE is the (microstructure-dependent) size of the so-called Representative

Volume Element (RVE), and

ˆ Lmacro is the macroscopic characteristic size (e.g., the characteristic length of

the loading the structure made up of the heterogeneous material undergoes),

then homogenization theory can be invoked to de�ne e�ective (or homogenized)

properties for the considered microstructure. Those properties are then transferred

to the macroscopic scale to account for microstructural information in subsequent

structural computations.

For random media,LRVE is theoretically in�nite and the e�ective properties can

be interpreted as the limit of a sequence ofapparent properties (indexed by the size

of the homogenization domain). An apparent property is associated with a �nite,

mesoscopiccharacteristic lengthLmeso such that2

d ! Lmeso ; Lmeso ! Lmacro : (1.2)

As opposed to the e�ective properties, which are deterministic and independent of

the boundary conditions that are prescribed on the RVE, apparent properties exhibit

non-vanishing statistical 
uctuations (that are smoother than the ones existing at

the �nest scale) and depend on boundary conditions [13, 14, 4]; see Fig. 1.1 for an

illustration.
2 Convergence towards e�ective properties is then understood as the limit whenL meso{d Ñ �8 .
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Figure 1.1 : Random medium seen at di�erent scales, ranging from the microscopic
scale (far left) to coarser, mesoscopic scales (from left to far right) [1].

This multiscale setting provides a sound, physics-guided rationale for the proper

introduction of stochastic materials parameters in uncertainty quanti�cation studies

and was used in,e.g., [15, 16, 17, 18, 19, 20, 21], to compute samples of elasticity

�elds. It does, however, require concurrent coupling whenever variability-informed

structural applications are considered and may be computationally intensive given

that a Monte Carlo approach is used to propagate �ne-scale randomness. In addition,

its applicability may be limited due to lack of information at the microstructural

level, or due to the assumptions that stand at the code of most homogenization

theories (such as homogeneity)|especially when applied to materials processed by

technologies that are known to potentially introduce nonstationarity, such as additive

manufacturing.

1.1.2 Classical Setting in Uncertainty Quanti�cation

In the �eld of uncertainty quanti�cation, material parameters can be modeled through

appropriate random �eld representations, including integral representations [22],

Karhunen-Lo�eve expansions [23, 24], and polynomial chaos expansions [25, 26] (see

also [27, 28]).

With a view towards the e�cient propagation of uncertainties [5], a (scalar-

valued) random �eld3 t Zpx q; x P 
 u can be conveniently represented through its

3 This random �eld is assumed to be mean-square continuous and of second-order.
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Karhunen-Lo�eve (KL) expansion:

Zpx q � zpx q �
�8̧

i � 1

a
� i � i px q� i ; @x P
 „ Rd ; (1.3)

wherez is the mean function,t � i ui ¥ 1 and t � i ui ¥ 1 are the eigenvalues (ordered as a

non-increasing sequence) and eigenfunctions of the covariance operator such that
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CZ px ; x 1q� px 1qdx 1 � �� px q; @x P
 ; (1.4)

where CZ is the covariance function of the �eld, anddx 1 � dx1
1 : : : dx1

d denotes the

Lebesgue measure inRd. The centered random variablest � i ui ¥ 1 are given by

� i �
1

?
� i

»



pZpx q � zpx qq� i px qdx ; (1.5)

owing to the orthogonality of the eigenfunctions, and satisfyEt � i � j u � � ij , with � the

Kronecker delta. A statistical reduction can be obtained by truncating the expansion

at order NKL :

Z pNKL qpx q � zpx q �
NKL¸

i � 1

a
� i � i px q� i ; @x P
 ; (1.6)

whereZ pNKL q converges toZ in the mean-square sense asNKL Ñ �8 .

The KL expansion is usually applied in combination with a polynomial chaos

expansion [25, 26] (here truncated at orderNpce) for a given quantity of interest,

denoted byY :

Y pNpce q �
Npce � 1¸

j � 0

y pj q	 j p� q; (1.7)

where the random variable� � p � 1; : : : ; � NKL qT is de�ned by a probability measure

P� that is generally unknown, andt 	 j u
Npce � 1
j � 0 is a set of multivariate polynomials
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that are orthogonal with respect toP� . The above framework was put forward in

the seminal contribution by Ghanem and Spanos [5]. It has given rise to a vast

literature on the development of intrusive and non-intrusive methods to compute

chaos coe�cients and hence perform uncertainty propagation at a fraction of the cost

induced by a Monte Carlo approach (for low to medium stochastic dimensions; for

high stochastic dimensions, the Monte Carlo method and variations thereof remain

competitive since their convergence only depend on the number of samples|not on

the dimension); see [8] for a review. Its application within the context of this thesis

has generally been pursued by assuming fundamental properties of the �eld with no

reliance on multiscale considerations. Elastic moduli, for instance, are traditionally

assumed to be independent and positive properties are most commonly represented as

log-normal random �elds, that is, by postulating that any (positive) �eld of interest

P can be written as

P � expt Zu; (1.8)

whereZ is a Gaussian random �eld, represented through its KL expansion. In this

case, the reduced variablest � i ui ¥ 1 are statistically independent standard Gaussian

variables andt 	 j u
Npce � 1
j � 0 correspond to multivariate Hermite polynomials.

While this framework is well suited to devise and assess both the accuracy and

computational e�ciency of stochastic solvers, it crucially lacks physics-based insight

and may lead to models that do not accurately capture the behavior of materials

across scales in terms of anisotropy, 
uctuations, and spatial memory [29].

1.1.3 Towards the Construction of Physics-Consistent Models

Various attempts have been proposed to circumvent the limitations raised by the use

of either the sample-based multiscale method (which delivers samples of an apparent

constitutive model, see Section 1.1.1) or a priori mathematical representations (see

Section 1.1.2) alone. A natural way to enrich the latter based on the former is
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to calibrate appropriate surrogate models, such as polynomial chaos expansions or

Gaussian process regression, using samples obtained through homogenization. This

approach ensures multiscale consistency and was successfully used in [30, 31, 32,

33] and [34, 35, 36, 37] for instance. A possible drawback here lies in the use of

surrogates that may not enforce desired properties in a strong sense, such as almost

sure boundedness for coe�cients in stochastic elliptic operators.

Other works have focused on the development of mathematical models that both

ensure well-posedness and capture some of the principal physical features. In a long

series of papers [38, 39, 40, 41] (see the references therein as well), Ostoja-Starzewski

and Malyarenko have undertaken the construction of generic spectral representations

for linear elastic materials exhibiting any symmetry class, considering constraints

on the covariance structure for fourth-order elasticity tensor random �elds. Other

models relying on the spectral representation of elasticity tensors and introducing


uctuations in orientation can be found in [42] and [43] (where a discussion regarding

the consideration of the Fr�echet mean is provided). Most of these works generally

leave probability measures unspeci�ed|beyond the identi�cation of constraints that

are introduced to ensure well-posedness|or rely on measures that are chosen a priori

within a set of admissibleprobability laws.

In order to limit modeling bias in the de�nition of the probability laws, Soize

proposed the use of information theory to select the best possible choice amongst

a set of measures satisfying desired, moment-based constraints. The �rst attempt

to use such an information-theoretic construction for random variables with values

in matrix sets (random matrices) may be attributed to Balian [44] in the context

of nuclear physics [45]. This theory was �rst applied to develop a nonparametric

approach for uncertainties in structural dynamics in [46, 47]. These results were

subsequently leveraged to construct various translation random �eld representations,

including models for anisotropic materials [48], bounded tensors in the triclinic class
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[49, 50], and tensors exhibiting statistical 
uctuations around a given symmetry class

[51, 52]. These derivations were uni�ed in [53], which provides information-theoretic

representations for all symmetry classes, and the theoretical framework was used to

study statistical dependence between elastic moduli in [54]. Extensions to nonlinear

elasticity can be found in [55, 56, 57, 58, 59]. Studies reporting on the identi�cation of

such information-theoretic representations using physical experiments can be found

in [60, 61] for the anisotropic, linear elastic case, and in [62, 58, 59] for hyperelastic

materials.

1.2 Research Objectives

Based on the literature review presented in Section 1.1, the following limitations can

be identi�ed:

1. The vast majority of studies involving random �elds have focused on domains 


that are, indeed, \regular" geometries (i.e., convex with smooth boundaries).

In this case, a KL expansion can be used since the covariance function can

easily be de�ned (here, the exponential and squared exponential models are

by far the most commonly used models). The consideration of nonconvex

geometrical model, such as those shown in Fig. 1.2, remains a challenging

problem, especially in layered materials where the covariance function cannot

be parameterized by a geodesic distance (see [63] for an example).

2. Very few works have discussed the combination of advanced stochastic models

(for tensor-valued random �elds) with physical measurements for identi�cation

and validation in linear elasticity. Moreover, the few studies that addressed

the connection with experiments have involved fully anisotropic (i.e., triclinic)

models only. In this context, the scale-dependent characterization and proper

modeling of material symmetries in realistic, experiments-informed situations
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are missing to advance the use of uncertainty quanti�cation in applications

where symmetries play a critical role (e.g., wave propagation).

3. To the best of our knowledge, no published contribution has reported on the

random �eld modeling of plasticity parameter random �elds in conjunction

with experimental identi�cation (contributions focused on the propagation of

such uncertainties are far more numerous; see [64, 65] for instance, as well

as the references provided in Section 1.1.3). This calls for the development

of appropriate representations, the structure of which must ensure both well-

posedness and physical consistency.

(a) Matrix phase in a 2D
random microstructure

(b) Sca�old produced by additive manufacturing
(obtained by the replication of gyroid unit cells)

Figure 1.2 : Examples of geometries on which covariance functions are hard, if not
impossible, to de�ne explicitly.

To address the above shortcomings, we will:

ˆ Develop an information-theoretic modeling framework that can account for

geometrical complexity and constraints pertaining to anisotropic elasticity and

elasto-plasticity for multiscale applications and structures produced by additive

manufacturing. Here, focus will be placed on metal additive manufacturing

(without loss of generality from a theoretical standpoint), leveraging internal

and external collaborations with experimentalists.
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ˆ Model material symmetries at various mesoscopic scales, using either forward

multiscale propagation (transferring information from the microscopic to the

mesoscopic scale) or statistical inverse problems (downscaling information from

the macroscopic to the mesoscopic scale). We will show, in particular, that

approximating symmetries through projections leads to an underestimation of

the variability.

ˆ Identify the models and discuss partial validation (whenever possible) by using

direct statistical estimators or by solving statistical inverse problems (with

limited, partial data). Di�erent types of physical experiments, from engineering

structural responses to microstructure characterization, will be considered. Of

particular interest will be the assessment of correlation lengths for linear elastic

parameters and anisotropic plasticity parameters (directional yield stresses).

1.3 Organization of the Thesis

This dissertation is organized as follows.

ˆ Chapter 2 presents the information-theoretic model for random �elds, and

provides examples in isotropic linear elasticity. A multiscale application is also

discussed where the framework is deployed to model random variations in the

connected (matrix) phase of a random two-phase microstructure.

ˆ In Chapter 3 , we construct a stochastic model for additively manufactured

materials at mesoscale, using an isotropic approximation. We discuss model

identi�cation based on compression and torsion structural experiments, and

address (partial) validation using a new set of bending experiments.

ˆ Chapter 4 speci�cally investigates material symmetries using a microstructure

description and spatially-dependent data collection. We develop and calibrate
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models for random �elds with values in the sets of isotropic or orthotropic

tensors, and quantify the impact on the structural response.

ˆ Chapter 5 is concerned with stochastic modeling in anisotropic elasto-plasticity.

Here, we derive models for transversely isotropic elasticity and Hill's coe�cients

random �elds. We then address (partial) calibration using tensile experiments

on samples revealing spatial dependencies along printing directions.

ˆ Finally, conclusions and directions for future research are provided inChapter

6.
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2

Development of the Stochastic Modeling
Framework

2.1 Introduction

Following the state of the art presented in Chapter 1, we present an information-

theoretic approach to de�ne spatially-varying material properties on nonregular (non-

convex) geometries. We propose a two-step strategy that consists (i) in de�ning

latent Gaussian �elds, obtained by �ltering the Gaussian white noise, and (ii) in

constructing information-theoretic transport maps that ensure mathematical well-

posedness (meaning that the associated stochastic boundary value problem admits

a weak second-order solution).

This chapter is organized as follows. An overview of the modeling strategy is �rst

presented in Section 2.2. The stochastic partial di�erential equation approach used

for noise �ltering is next introduced in Section 2.3. In Section 2.4, we present the

information-theoretic framework and provide technical results relevant to linear elas-

ticity. Finally, an application to multiscale analysis with spatially-varying properties

is discussed in Section 2.5.

11



2.2 Overview of the Proposed Methodology

In this thesis, we de�ne 
 € Rd, 1 ¤ d ¤ 3, as a connected and open domain,

with smooth boundary B
. Let t P px q; x P 
 u be the second-order random �eld of

material properties which are de�ned on a probability spacep� ; F ; Pq:

Et} P px q}2u   �8 ; @x P
 ; (2.1)

whereE is the operator of mathematical expectation and} � } is the Euclidean norm.

We assume thatt P px q; x P 
 u takes its values in a subsetS € Rn (S is also

called the state space), wheren depends on the quantity of interest; 2¤ n ¤ 21

in linear elasticity, for instance. Since material properties are typically bounded or

semi-bounded, it is assumed thatt P px q; x P 
 u is non-Gaussian (since the Gaussian

distribution assigns probabilities in the entire setRn ).

To allow for identi�cation based on scarceand limited experimental observations,

we regularize the model by assuming that the random �eldt P px q; x P 
 u belongs

to a class of translation �elds (see, e.g., [66]), that is, that it can be written as

P px q � T p� px q; x q; @x P
 ; (2.2)

where

ˆ t � px q; x PRdu is a normalized Gaussian �eld, called the latent (or underlying)

Gaussian �eld, such that

Et � px qu � 0n ; Et � px q� px qT u � r I ns; @x P
 ; (2.3)

where0n is the null vector of lengthn and rI ns is the n � n unitary matrix;

ˆ t T p�; x qux P
 is a family of measurable nonlinear transformations indexed by 
,

called transport maps (in a standard Bayesian setting).
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Having x �xed in 
, T p�; x qmaps the standard normal vector-valued random variable

� px q � N p0n ; rI nsqto the non-Gaussian �eld P px q � � x , where � x represents a

target probability distribution (the use of subscript x here highlights the fact that

this distribution can be made spatially-dependent to model, e.g., a non-stationary

non-Gaussian �eld). It should be noticed that the family of transport maps and

the correlation function chosen fort � px q; x P Rdu completely de�ne the family of

marginal distributions of t P px q; x P 
 u (this family cannot be de�ned explicitly in

general, owing to the complexity of the transformations).

The stochastic modeling of the random �eld of material parameters then involves

two steps:

1. The �rst step involves the construction of the latent Gaussian random �eld.

For simple geometries, such as a disk inR2 (or any domain that can easily be

de�ned using a homotopy|that is, a continuous deformation|on the disk), an

appropriate correlation function can usually be inferred based on both physical

and mathematical considerations. The case of non-regular domains containing,

e.g., holes, is one central component of the proposed work.

2. The second step is focused on the de�nition of the transport maps, which can

be assumed, estimated (in a so-called data-driven approach), or constructed

through an ad hoc methodology. A key aspect put forward in this thesis is

to rely on transport maps that ensure mathematical well-posedness, in the

sense that the boundary value problem associated with the stochastic �eld is

well-posed almost surely (that is, with probability one).

It is important at this point to emphasize that technical developments related to the

�rst step are, in general, independent from the physical application: they mostly

depend on the nature of the geometry at hand, de�ned by 
. One important case

where the de�nition of the latent �eld depends, at least partially, on the application
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is when the geometry and the material are processed simultaneously. This speci�c

case is relevant to additive manufacturing, in particular: in AM, the correlation

structure strongly depends on processing conditions through the thermo-mechanical

loading history. On the other hand, the construction of transport maps is application-

dependent: theoretical advances mostly lies in the intermediate methodological steps

that are introduced to facilitate the construction, such as suitable normalization and

structural decomposition (related to the state space, for instance). In this setting,

the overall approach therefore involves two main components that can be decoupled.

These components are detailed in the next two sections.

2.3 De�nition of the Latent Gaussian Field

2.3.1 The Stochastic Partial Di�erential Equation Approach

In this work, developments for the de�nition of the latent Gaussian �eldt � px q; x P

Rdu are based on the following interpretation.

Recall �rst that the Mat�ern covariance function � ÞÑCp� q(with � the lag vector)

associated with ascalar-valuedhomogeneous random �eld is given by

Cp� q � � 2 21� �

� p� q
p� }� }q� K � p� }� }q; @� PRd ; (2.4)

where � is the gamma function, K � is the modi�ed Bessel function of the second

kind, � and � are the positive scale and smoothness parameters, and� 2 denotes the

(marginal) variance of the �eld. An important property associated with the above

expression is that the Gaussian �eld is thent� � 1u mean-square di�erentiable and

therefore has realizations, the smoothness of which depends on� (see [67], for in-

stance). When� � 1{2 and� Ñ �8 , the function de�ned by Eq. (2.4) correspond to

the classical exponential and squared exponential covariance functions, respectively.

Note that throughout this thesis, the terms \correlation" and \covariance" are used

interchangeably, since the Gaussian �eld is assumed centered.
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In [68] and [69], it was shown that a centered, stationaryR-valued Gaussian

random �eld t � px q; x P Rdu de�ned by the covariance in Eq. (2.4) can be de�ned

as the stationary solution to the following stochastic partial di�erential equation

(SPDE) in Rd:
�
� 2 � x r ; r y

� � {2
� px q � 9Wpx q; x PRd ; (2.5)

where � � � � d{2, x�; �y is the Euclidean inner product inRd, r is the nabla (del)

operator, and t 9Wpx q; x P Rdu is the normalized Gaussian white noise. The above

de�nition can easily be extended to the case of anisotropic covariance kernels, in

which case the SPDE is written as

�
� 2 � x r ; rH px qsr y

� � {2
� px q � 9Wpx q; x PRd ; (2.6)

where x ÞÑ rH px qsis a di�usion �eld with values in the set of symmetric positive-

de�nite matrices; see [70].

This interpretation has arguably regained popularity in the last decade (see, e.g.,

[71, 72, 73, 74, 75, 76, 77, 78, 57, 53, 79, 80]), mostly within the context of Bayesian

inversion where the SPDE is used to regularize in the in�nite-dimensional setting.

In this work, we leverage the modeling capability o�ered by the construction of the

di�usion �eld and will propose a simple approach to relate processing conditions

with correlation paths on nonconvex domains (see Chapters 3, 4, and 5). Each inde-

pendent component of the (vector-valued) Gaussian �eldt � px q; x P Rdu is de�ned

through the anisotropic version of the SPDE:

�
� 2 � x r ; rH px qsr y

� � {2
� j px q � 9Wpx q; x P 
 ; 1 ¤ j ¤ n : (2.7)

which is supplemented by homogeneous Neumann boundary conditions (zero normal

derivative at the boundary of 
). The numerical strategy to solve the SPDE in this

setting is presented in the next section.
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2.3.2 Numerical Solver

In the recent work [81], an e�cient computational approach to solve the SPDE was

proposed. To derive the formulation, consider a discretization of the domain 
, using

standard (�nite-element-type) shape functions. A �nite-dimensional solution is then

sought as

� j px q �
Ņ

i � 1

� pj q
i  i px q; (2.8)

where t  i uN
i � 1 are linear shape functions andN is the total number of nodes. To

simplify notation, the dependence of the nodal values on thej th component of

t � px q; x P Rdu is dropped hereafter. Using a Galerkin approach (for� � 2), and

invoking the properties of the Gaussian white noise, it can then be shown that the

random vector of nodal values

� � N p0N ; r� p2qsq; (2.9)

where the covariance matrixr� p2qs writes

r� p2qs �
�
� 2rM s � r Gs

� � 1
rM s

�
� 2rM s � r Gs

� � 1
; (2.10)

and the superscript \p2q" in the left-hand side highlights the fact that this solution

is associated with the case� � 2; see [81, 82] for technical details. While arbitrary

orders can be treated by recursion (see [81]), it should be pointed out that the

parameter � (or equivalently, � since � � � � d{2) is hard to identify based on

observations, and that the value of the smoothness parameter is usually assumed in

practice. The pN � N q matrices rM s and rGs are de�ned component-wise as

M ij �
»



 i px q j px qdx (2.11)

and

Gij �
»



xr  i px q; rH px qsr  j px qydx (2.12)
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for 1 ¤ i; j ¤ N .

To speed up computations, the result may be expressed in terms of the precision

matrix

r� p2qs� 1 �
�
� 2rM s � r Gs

�
rM s� 1

�
� 2rM s � r Gs

�
; (2.13)

where the inverse of the mass matrixrM s can be evaluated by applying a lumping

procedure. In this context, a sampleyp� qof � (which then corresponds to a realiza-

tion of the stochastic �eld at the nodes of the �nite element mesh) can be generated

by solving the linear equationrLsyp� q � wp� q, where wp� q denotes a sample of

W � N p0N ; rI N sq, and rLs is such that r� s� 1 � r LsT rLs (square-root or Cholesky

decomposition of the precision matrixr� s� 1 ¡ 0). This system can be solved by

matrix factorization, when the conditioning of r� s� 1 permits, or by using a Krylov

subspace method (see, e.g., [83]).

It is important to note that the result relating the covariance function with the

SPDE holds for unbounded domains. Since the latter equation is solved on bounded

domains in practice, there exist boundary e�ects such as 
uctuations in the marginal

variance and perturbations of the covariance function, known as folding e�ects. These

e�ects can be addressed using various techniques, including sample normalization

and domain embedding; see [84, 85, 71]. To further illustrate this point, consider the

SPDE in 3D, with a constant di�usion �eld:

rH px qs �

�

�
� 1 0 0
0 � 2 0
0 0 � 3

�

� : (2.14)

In this case, � � � � d{2 � 1{2 and the Mat�ern covariance function thus corre-

sponds to the standard exponential function. In addition, it can be shown that the

correlation length along one vectorepi q of the canonical basis inR3 is given by (see
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[53])

L i �

?
� i

�
; 1 ¤ i ¤ 3: (2.15)

This theoretical result allows us to quantify the boundary e�ects. To proceed, we

consider a long bar with dimensions 1� 1� 10, with a discretization involving 10; 738

linear tetrahedron elements; see Fig. 2.1.

Figure 2.1 : Three-dimensional domain with dimensions 1� 1 � 10.

Samples are generated by using both the Cholesky decomposition and Krylov

method, for di�erent combinations of � 1, � 2, and � 3. A few examples can be seen

in Fig. 2.2, which shows that increasingL3 (equivalently, � 3) leads to a speci�c

spatial signature (for both methods). We next estimate the correlation function

along the central line of the bar, and compare it with the theoretical functionx3 ÞÑ

expp� x3{L3q in Fig. 2.3. Similar results are obtained with the two solvers, and the

boundary e�ect can be observed in the right panel where the largest correlation

length, namely � 3, is equal to the smallest characteristic length of the geometry. In

this case, sample normalization ensures that the marginal variance is one (and that

the mean is zero), but the correlation function does not coincide with the theoretical
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(a) Correlation lengths: p0:2; 0:2; 0:2q. (b) Correlation lengths: p0:2; 0:2; 1q.

Figure 2.2 : Realizations of the latent Gaussian random �eld obtained with a
Cholesky decomposition (left, in each panel) and the Krylov method (right, in each
panel), for di�erent combinations of correlation lengths.

(a) Correlation length: L � p 0:2; 0:2; 0:2q (b) Correlation length: L � p 0:2; 0:2; 1q

Figure 2.3 : Correlation function estimated along the central line of the bar, for
di�erent combinations of correlation lengths.

(exponential) function. On the contrary, estimated correlation functions coincide

with the theoretical result when the correlation lengths are much smaller. Such

potential discrepancy is not critical in terms of model-based inverse calibration but

should be kept in mind while physically interpreting the results.

The practical choice of an appropriate solver is guided by a few aspects, including

covariance sparsity and conditioning (both depending on mesh structure, correlation
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type, and correlation parameters), and memory limitation (requirement being smaller

for the Krylov subspace method). While the Krylov method has better scaling (sub-

OpN 2q versus OpN 3q) and is generally more robust for complex applications, it

requires a convergence analysis in terms of subspace dimension, which may slow

down sampling. Note �nally that sampling is exact (in terms of covariance) for the

Cholesky decomposition, but only approximate for the Krylov approach.

2.3.3 De�nition of the Di�usion Field

When no prior knowledge is available on correlation paths, we propose to de�ne the

di�usion �eld x ÞÑ rH px qsby considering a set ofd �ctitious Laplace problems.

More speci�cally, we consider the Laplace equation

4 	 px q � 0; @x P
 ; (2.16)

where4 denotes the Laplacian operator and 	 is the velocity potential. The Laplace

equation is supplemented withproblem-speci�cDirichlet boundary conditions onB
 D

(in the sense of the aforementionedd problems) and with the Neumann boundary

condition (when topological singularities are �lled)

  r 	 px q; n px q ¡� 0; @x P B
 N ; (2.17)

where n px q is the outward-pointing unit normal vector at location x (with B
 �

B
 D
”

B
 N and B
 D
“

B
 N � H ). Adapting the de�nition of B
 D d times gives

raise tod solutions, which are denoted byt x ÞÑ	 i px qudi � 1, 1 ¤ i ¤ d. These solutions

are then used to constructorientation, or directional, �elds t x ÞÑepi qpx qudi � 1 through:

epi qpx q �
1

}r 	 i px q}
r 	 i px q ; @x P
 ; 1 ¤ i ¤ d : (2.18)

The di�usion �eld x ÞÑ rH px qsis �nally de�ned as

rH px qs �
d¸

i � 1

� i epi qpx q b epi qpx q; @x P
 ; (2.19)
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wheret � i ¡ 0ud
i � 1 are parameters that control the anisotropy and correlation lengths

in the covariance function of the Gaussian �eldt � j px q; x P 
 u.

To make things concrete, consider a two-dimensional square domain containing

a hole. The goal is thus to de�ne �ltering path around the hole, using two �cti-

tious Laplace problems. Two sets of Dirichlet boundary conditions are introduced

according to the de�nition in Fig. 2.4.

Figure 2.4 : Boundary indexation for 2D example. Note that the hole is not shown.

For the �rst problem, the solution x ÞÑ	 1px q satis�es the Neumann boundary

condition in Eq. (2.17) and the Dirichlet boundary conditions

	 1px q � 0; @x P B
 1 and 	 1px q � 1; @x P B
 2 : (2.20)

Likewise, the solution 	 2 to the second problem satis�es the Neumann boundary

condition, as well as the Dirichlet boundary conditions

	 2px q � 0; @x P B
 3 and 	 2px q � 1; @x P B
 4 : (2.21)

The orientation �elds x ÞÑep1qpx q and x ÞÑep2qpx q, computed from the solutions

	 1 and 	 2 using Eq. (2.18), are shown in Fig. 2.5.

The de�nition of the Laplace problems (and more speci�cally, of the sets of Dirich-

let boundary conditions) is application-dependent, and various examples will be pro-

vided in this thesis. Note that in the case of AM, the directional �elds can directly

be de�ned from processing conditions (i.e., the deposit paths), when available.
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Figure 2.5 : Orientation �elds x ÞÑep1qpx q (black arrows) and x ÞÑep2qpx q (red
arrows) obtained by applying the proposed methodology.

2.4 Construction of Transport Maps

2.4.1 Information-Theoretic Methodology

As indicated in Section 2.2, the non-Gaussian random �eld is represented as

P px q � T p� px q; x q; @x P
 ; (2.22)

wheret T p�; x qux P
 is a family of pushforward transformations, called transport maps.

While considering a family of transformations indexed by 
 does not raise technical

di�culties, it is often unrealistic in terms of calibration. We therefore consider a

transport map that does not depend on location in the rest of this chapter, and

simply write

P px q � T p� px qq; @x P
 ; (2.23)

such that

P px q � � ; (2.24)

where the target measure� does not dependent onx . We assume that� can be

represented by a probability density functionf with respect to the Lebesgue measure

dp � dp1 : : : dpn in Rn , � pdpq � f ppqdp.
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In this dissertation, we invoke information theory and more speci�cally, the prin-

ciple of maximum entropy, to construct f explicitly. The principle of maximum

entropy, stated by Jaynes in the late 50's (see [86, 87]), states thatf should be

\maximally noncommittal with regard to missing information", so that the model

\avoids bias while agreeing with whatever information is given". The approach is

thus a constructive way to account for both mathematical and physical constraints,

while minimizing bias that would arise from arbitrary model selection, for instance.

In practice, applying this principle requires the de�nition of some available informa-

tion, given in the form of an expectation:

Et � pP px qqu � � ; (2.25)

where � is a vector-valued mapping encoding the information available onP px q

(with x �xed in 
) and � is a given vector. For instance, taking � as the identity

function indicates that the mean value ofP px q is given. Similarly, de�ning � as

� ppq � vecpp b pq, where \vec" represents the vectorization function, implies that

the correlation matrix of P px q is known. The probability density function induced

by the principle of maximum entropy is then de�ned as

f � arg max
g PC�

H t gu; (2.26)

whereC� represents the set of admissible functions that satisfy the constraints given

by Eq. (2.25) andH t gu is the so-called Shannon's entropy ofg (see [88, 89]):

H t gu �
»

S
gppqln pgppqqdp ; (2.27)

where we recall thatS is the support of f . The solution to the above optimization

problem is easily obtained using the method of Lagrange multipliers and reads as

f ppq � I Sppq � c � expt�   � ; � ppq ¡u ; (2.28)
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whereI S is the indicator function of S, c is the normalization constant, and� is the

(vector-valued) Lagrange multiplier. As a result, the constraints and the induced

probability density function both depend on the properties under investigation.

2.4.2 Example in (Isotropic) Linear Elasticity

To provide a �rst set of results and lay the groundwork for further developments

for AM materials, we now consider the stochastic modeling of the elasticity ten-

sor. Speci�cally, we consider the random matrix representation (in Voigt form) of

a stochastic fourth-order elasticity tensor, denoted byrC px qs, and assume that the

tensor exhibits arbitrary symmetries. We thus denote byM sym the state space, which

is the subset of the set of realp6 � 6qsymmetric positive-de�nite matrices satisfying

the invariance properties de�ned by the symmetry group. The modeling of elastic-

ity �elds has attracted much attention over the last two decades, starting from the

work presented in [48] for purely anisotropic materials (triclinic symmetry class) to

the latest uni�ed results for all symmetry classes presented in [53]; see [29] for a

review. Note that this modeling task is intrinsically di�erent from the construction

of methods to properly compute samples of mesoscopic elasticity �elds and study

convergence towards homogenized properties; readers interested in that topic are

referred to [4] for a state-of-the-art survey.

Regarding the representation of the elasticity tensor, it is convenient to introduce

a regularization to ensure a uniform coercivity condition. This can be obtained by

letting

rC px qs �
1

1 � �
rCs1{2t � rI 6s � r M px qsurCs1{2 ; @x P
 ; (2.29)

for instance, with rCs � Etr C px qsu, � a small arbitrary parameter and� ¡ 0, or by

writing

rC px qs � r C0s � pr Cpx qs � r C0sq1{2 rM px qs prCpx qs � r C0sq1{2 ; @x P
 ; (2.30)
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whererC0s PM LB „ M sym is a deterministic lower bound that can be de�ned through

multiscale considerations (using energetic bounds). In both cases,tr M px qs; x P 
 u

is an auxiliary, normalized elasticity �eld with values in M sym such that

Etr M px qsu � rI 6s (2.31)

by construction. The above equation takes the form of a mathematical expectation

and can therefore be accounted in the principle of maximum entropy. In addition, it

is necessary to add another constraint to ensure the well-posedness of the associated

stochastic boundary value problem. This can be achieved, indeed, by imposing the

constraint (see [48])

Et logpdetprM px qsqqu �&px q; |&px q|   �8 : (2.32)

The next methodological step then consists in introducing anad hoctensor decom-

position in M sym:

rM px qs �
n¸

i � 1

M i px qrE i s; (2.33)

where t M i px q; x P 
 u, 1 ¤ i ¤ n, are scalar-valued random �elds andtr E i px qsuni � 1

constitutes the Walpole basis ofM sym in Voigt form (note that this basis can be made

spatially-varying when the application is such that the crystallographic orientation

de�ning the symmetry class depends on location); see [90]. The representation in

Eq. (2.33) can be reorganized in the form of a symbolic representation that re
ects

the structure of the spaceM sym. For instance, if rM px qsis isotropic almost surely,

then it admits the representation

rM px qs � t M 1px q; M2px qu; (2.34)

where M 1 and M 2 are (normalized) bulk and shear moduli. Of particular interest

is the fact that the above representation allows for straightforward calculations in
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M sym, with

rM px qs� 1 � t M 1px q� 1; M2px q� 1u (2.35)

and

PprM px qsq � t PpM 1px qq; PpM 2px qqu (2.36)

for any polynomial transformationP, for instance. These properties, indeed, remain

true for any symmetry class (note that symbolic representations for classes other than

isotropic and cubic symmetries involve some matrix-valued components, in addition

to scalar-valued components). Based on these observations, it can be shown that the

information given by Eqs. (2.31{2.32) canindependentlybe applied to all components

in the Walpole symbolic representation (see [53]). An important consequence is that

for symmetry classes where each component in the symbolic representation involves

one and only one coe�cient (without redundancy), then the stochastic coe�cients

turn out to statistically independent. This is the case of materials exhibiting the

isotropic or cubic symmetry. For all other cases, there exist at least one matrix-valued

component in the symbolic form (in the case of transversely isotropic materials for

instance, with n � 5, the �rst component is a p2 � 2q symmetric matrix depending

on M 1, M 2, and M 3), which induces some statistical dependencies between a subset

of the coe�cients|in accordance with the subalgebras involved in M sym.

In the case of isotropic materials, the use of Eq. (2.28) and Eqs. (2.31{2.32),

together with the above properties, then leads to bulk and shear moduli that are

statistically independent and exhibit Gamma �rst-order marginal distributions. This

speci�c result will be used in the next section, where an example relevant to mul-

tiscale analysis on two-dimension random microstructure is presented. Some of the

theoretical results introduced in this section will be leveraged in Chapters 3, 4, and 5

to address some more generic modeling situations (involving more complex symmetry

classes, or other type of information).
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2.5 Illustrative Example in Multiscale Analysis

2.5.1 Description of the Composite Material

Here we provide an example related to the modeling and propagation of material

uncertainties de�ned as random �elds. This example, taken from our paper ([91]),

is focused on the analysis of a prototypical two-dimensional random microstructure

(under plane strain conditions), shown in Fig. 2.6. This sample of the polydisperse

Figure 2.6 : Two-dimensional microstructure under consideration (meshed view).
The material is composed of a continuous matrix phase (black elements), with
spatially-varying stochastic material parameters, �lled with deterministic inclusions
(red elements).

microstructure was obtained by using the molecular-dynamics-based algorithm pre-

sented in [92]. The microstruture is kept deterministic given the scope of the analysis,

meaning that microstructural randomness is not accounted for. The bulk and shear

moduli of the isotropic �llers are taken as

k1 � 38:89 [GPa]; � 1 � 29:17 [GPa]; (2.37)

corresponding to the properties of glass �bers. The continuous phase is described by

a random �eld of elasticity parameters: since the domain occupied by the matrix is

nonconvex, it is necessary to deploy the stochastic modeling framework introduced

in the previous sections. The model of non-Gaussian �eld used for that purpose is
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detailed in the next section: the aim is to capture 
uctuations that may be gen-

erated through heterogeneous processing conditions, e.g., uncontrolled pressure and

temperature gradients in an autoclave process.

2.5.2 De�nition of the Stochastic Elasticity Field

Following the developments in Section 2.4.2, the second-order elasticity tensor is

written as

rC px qs � dkpx qrJs � 2� px qrK s; @x P
 ; (2.38)

where t kpx q; x P 
 u and t � px q; x P 
 u are the random �elds of bulk and shear

moduli, respectively (here,M 1px q � dkpx q and M 2px q � 2� px q); rJs and rK s are

the Voigt representations of the classical fourth-order tensors that constitute a basis

for the set of isotropic tensors, given by

JJK�
1
d

rI 3s b rI 3s; JK K� JI K� JJK (2.39)

whereJI Kis the fourth-order identity tensor. The mappingT induced by the principle

of maximum entropy is then given by

kpx q � F � 1
Gps1 ;s2q

�
FN p0;1qp� 1px qq

�
; @x P
 (2.40)

and

� px q � F � 1
Gps3 ;s4q

�
FN p0;1qp� 2px qq

�
; @x P
 ; (2.41)

where

ˆ FGpa;bq and FN p0;1q are the cumulative distribution functions of the Gamma

((with a and b the scale and shape parameters)) and standard Gaussian law;

ˆ t � 1px q; x P Rdu and t � 2px q; x P Rdu are the two mutually independent com-

ponents of the latent Gaussian �eldt � px q; x PRdu (with d � 2).
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In what follows, the above model is extended (see Chapter 3 for technical derivations)

to account for marginal (i.e., pointwise) correlation between the two elastic moduli.

In this case, the results in Eq. (2.40{2.41) is interpreted in the sense of marginal

distributions. Speci�cally, we consider the following pushforward transformations:

kpx q � F � 1
Gps1 ;s2q

�
FN p0;1qp� 1px qq

�
; @x P
 (2.42)

and

� px q � F � 1
Gps3 ;s4q

�
FN p0;1qp� � 1px q �

a
1 � � 2� 2px qq

	
; @x P
 ; (2.43)

where� is the Pearson coe�cient of marginal correlation between the stochastic bulk

and shear moduli. In the numerical results presented in the the rest of this chapter,

the hyperparametersps1; s2q and ps3; s4q associated withk and � are such that

Et kpx qu � 3:92 [GPa]; CVt ku � 0:2; (2.44)

and

Et � px qu � 1:50 [GPa]; CVt � u � 0:2; (2.45)

where CV denotes the coe�cient of variation. The above mechanical properties

correspond to those commonly employed to model an epoxy matrix in �ber-reinforced

composite materials. In addition, we consider� � 0:9 for the sake of illustration.

2.5.3 De�nition and Sampling of the Latent Gaussian Field

Following the methodological steps proposed in Section 2.3.3, we next de�ne the

di�usion �eld H by solving two Laplace problems. The latter are de�ned using the

two sets of Dirichlet boundary conditions given by Eq. (2.20) and Eq. (2.21). The

boundary value problems are solved using the �nite element method, with a mesh

comprising 28; 496 linear triangular elements. The two solutionst x ÞÑ	 i px qu2i � 1

are shown in Fig. 2.7. The orientation �eldst x ÞÑepi qpx qu2i � 1 associated with these

solutions are shown in Fig. 2.8.
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Figure 2.7 : Plot of the solution �elds x ÞÑ	 1px q (left) and x ÞÑ	 2px q (right).

Figure 2.8 : Plot of the vector �elds x ÞÑep1qpx q (left) and x ÞÑep2qpx q (right).

According to Eq. (2.19), the di�usion �eld is �nally de�ned as

rH px qs � � 1 ep1qpx q b ep1qpx q � � 2 ep2qpx q b ep2qpx q; @x P
 : (2.46)

To qualitatively illustrate the impact of the parameters � 1 and � 2, we then pro-

ceed to Monte Carlo simulations for a variety of scenarios, corresponding to di�er-

ent levels of anisotropy (in the covariance function). Simulations are conducted for

� � 2 (hence,� � � � d{2 � 1) and � � 50. The case of quasi-isotropic, moderately

anisotropic, and strongly anisotropic kernels are considered in Figs. 2.9, 2.10, and

2.11, respectively. It is seen that increasing the ratio� 1{ � 2 leads to more anisotropic
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Figure 2.9 : One realization (left) and estimated correlation function (right) with
respect to the centre of 
, obtained for a quasi-isotropic kernel with� � p 10; 10q.

Figure 2.10 : One realization (left) and estimated correlation function (right) with
respect to the centre of 
, obtained for a moderately anisotropic kernel with� �
p100; 10q.

samples and correlation functions, and yields an almost strati�ed structure as the

ratio becomes very large. Of particular interest is also how the strategy naturally

captures the presence of the circular �llers on the 
y. It is important to note that

the obtained covariance kernels would be extremely hard to describea priori , thus

making standard techniques (based on Fourier-type decompositions) unemployable.

The e�ect of anisotropy on homogenized properties is analyzed in the next section.
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Figure 2.11 : One realization (left) and estimated correlation function (right) with
respect to the centre of 
, obtained for a strongly anisotropic kernel with� �
p500; 10q.

2.5.4 Multiscale Uncertainty Propagation

We consider computational homogenization and Monte Carlo simulations to quantify

the impact of anisotropic stochasticity in the elasticity �eld. Let us brie
y recall the

multiscale setting. For a given sample of the stochastic �eld (not emphasized below

to simplify notation), the homogenized sti�ness tensor is de�ned by using the solution

to the following boundary value problem:

$
''''&

''''%

divp� q � 0; @x P
 c ;

� px q � Cp
 cqpx q: " px q; @x P
 c ;

" � r S
x u ; @x P
 c ;

(2.47)

where " and � are the local strain and stress tensors, double-dot product between

tensors denotes double contraction on nearest indices,Cp
 cq is the local sti�ness

tensor in the whole composite domain 
c, and r S
x u is the symmetrized gradient

of the displacementu . The microscopic sti�ness coincides with the sample of the

random �eld at any location x in the matrix phase, and is de�ned by the material

parameters in Eq. (2.37) if the point belongs to the inclusion phase. For the sake of
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illustration, the above boundary value problem is solved under kinematically uniform

boundary conditions (denoted by subscript \KUBC" below):

upx q � E x ; @x P B
 c ; (2.48)

in which E is a macroscopic strain. Recall that microstructural randomness is not

speci�cally investigated here; interested readers are referred to [4] to discussions

regarding the multiscale approach and in particular, convergence with respect to

domain size. The macroscopic constitutive model is then given

� � rCKUBC : E ; (2.49)

where the notation f � 1
|
 c |

³

 f px qdx has been introduced to denote spatial aver-

aging, and|
 c| is the measure element of 
c. The overall sti�ness tensor writes

rCKUBC � CpD q : A ; (2.50)

where the strain localization tensorA is de�ned as

A ijk` � " ij pE pk` qq; (2.51)

and " pE pk` qq is the strain �eld solution to the boundary value problem in Eq. (2.47),

substituting E pk` q for E in Eq. (2.48), with t E pk` quk;` given by

E pk` q
ij �

1
2

p� ik � j` � � i` � jk q : (2.52)

To quantify uncertainties in the homogenized response, a set of 10; 000 independent

samples of the random �eld is generated, and the homogenized sti�ness is evaluated

for all samples (Monte Carlo solver). Figs. 2.12 and 2.13 show the probability density

functions of the homogenized coe�cientsC11 and C12 (in Voigt notation).
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Figure 2.12 : Estimated probability density function of the homogenized coe�cient
C11 (in [GPa]).

Figure 2.13 : Estimated probability density function of the homogenized coe�cient
C12 (in [GPa]).

2.6 Conclusion

In this chapter, we have addressed the construction of a probabilistic that enables

the description of random �elds with values in constrained state spaces (subsets of

Rn ) on nonconvex domains. The methodology relies on a translation random �eld

�eld involving latent Gaussian �elds and an information-theoretic transport map

that ensures well-posedness (that is, the existence of a weak second-order solution to

the associated stochastic boundary value problem). The de�nition of the underlying
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Gaussian �elds leverages recent results proposed in the literature that relate Mat�ern

random �elds to a stochastic partial di�erential equation. Following [53], the pa-

rameterization of the latter through an application-speci�c di�usion �eld allows for

the introduction of correlation paths that account for geometrical features such as

holes and curved edges. The method was �nally deployed for multiscale predictions

on a two-phase random microstructure. Here, random spatial 
uctuations in the

(continuous) matrix phase were introduced to model variations induced by process-

ing conditions. It was shown that correlation paths are e�ciently captured on the


y around the inhomogeneities, and that the stochastic anisotropy thus introduced

substantially impacts the overall (homogenized) elasticity tensor.

In the next chapter, we will extend those results in terms of stochastic modeling

capabilities, introducing pointwise correlation between elastic moduli, and we will

investigate the identi�cation of the probabilistic model on materials produced by

additive manufacturing.
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3

Stochastic Modeling and Identi�cation on 3D
Printed Sca�olds

3.1 Introduction

By enabling the processing of parts with unprecedented levels of complexity over mul-

tiple length scales, additive manufacturing (AM) has opened new realms in terms

of on-demand manufacturing for a wide class of engineered and biological materials.

While disruptive, AM technologies also raise formidable challenges with regards to

material characterization, simulations for design and optimization, and certi�cation

and quali�cation. Of particular interest in this chapter are the geometrical and mate-

rial uncertainties that are often exhibited by 3D printed materials and structures; see

[93]. In this context, uncertainty quanti�cation (UQ) techniques have been deployed

over the past decade with the goal of managing, predicting, and ultimately reducing

(part of) these uncertainties (see [93, 94] for reviews). Most of the results reported

so far have primarily focused on the modeling and propagation of uncertainties in

AM processes. The in
uence of manufacturing parameters, such as laser power, scan

length, and scanning speed, was investigated in, e.g., [95, 94, 96, 97, 98] (see [99] for
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a review on metal laser powder bed fusion manufacturing for instance). UQ analyses

integrating multiphysics aspects during, e.g., the melting and solidi�cation stages,

were speci�cally proposed in [100, 101, 102, 103, 104, 105]. Given the high computa-

tional cost associated with the forward propagation of uncertainties through additive

manufacturing models, surrogate representations are often adopted; see [106] for the

use of Kriging to e�ciently propagate uncertainties from process parameters to mi-

crostructural data, and from the �ne-scale description to the structural response for

example (see also [34] for UQ-informed multiscale constitutive models for polycrys-

talline materials).

In this cahpter, we build upon the probabilistic framework presented in Chapter 2

to construct, identify, and validate suitable probabilistic representations for material

parameters on �nal AM parts, with the aim of enabling the integration of aleatoric

material uncertainties in subsequent computational analyses1. Speci�cally, we derive

results for the elasticity �eld, assuming almost sure isotropy and marginal correla-

tion between the elastic moduli at the scale under consideration, and address both

calibration and validation using macroscopic (i.e., structural) physical experiments.

This chapter is organized as follows. The experimental setup and material pro-

cessing conditions are �rst described in Section 3.2.1. Data processing and exper-

imental results are next discussed in Section 3.2.2. The stochastic computational

model is detailed in Sections 3.3.2 and 3.3.3. The calibration and validation of hy-

perparameters are �nally presented in Sections 3.4.1 and 3.4.2, respectively.

3.2 Experimental Characterization of 3D Printed Titanium Sca�olds

3.2.1 Description of the Experimental Setup

Additive manufacturing has become an alternative solution for the manufacturing of

the orthopaedic implants. The fabrication of anatomic metal implants with patient-

1 This work appears in published form in [107].
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speci�c designs and complex porous geometries can be achieved by laser powder bed

fusion (LPBF); see [108] for a description. The porous area is speci�cally designed

to allow for optimal bone growth, with the aim of ensuring mechanical stability and

osseointegration. In [109] for instance, large porous implants were printed out and

used in a clinical context. To evaluate and further optimize the performance of the

printed architecture (and hence, to improve the surgical outcomes), the development

of computational models must be pursued and fully integrated in the design loop of

3D printed implants.

For this study, collaborators (Prof. Ken Gall and his group) at Duke University

designed and manufactured a titanium sca�old with a 88% structural porosity. The

geometry has an external diameter of 6 [mm] and length of 24 [mm]; see Fig. 3.1.

A ProX DMP320 system (a 3D Systems for LPBF) was used to manufacture test

Figure 3.1 : Stereolithographic representation of the 3D printed geometry.

samples with medical grade titanium alloy powder (Ti6Al4V), which is one of the

most commonly employed AM material for medical implants (see [110]). The printing

powder is spherical and has an average diameter of 35 [� m], which is appropriate for

implanted medical device (following ASTM F3001).

Fig. 3.2 shows one sample designed to bear loading under compression, torsion,

and bending, which are relevant for large metal implants. In order to proceed with
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Figure 3.2 : Picture of the 3D printed Ti LPBF gyroid sample.

model calibration, compression and torsion experiments on ten independent samples

were conducted at a constant axial displacement of 1 [mm/min] or rotation of 30

[deg/min] (until failure), respectively, using a Test Resources 830 loading frame.

The results obtained through those experiments are presented in the next section.

3.2.2 Data Processing

Fig. 3.3 shows the raw and processed results for the compression and torsion ex-

perimental tests. Left panels represent raw experimental data in the linear elastic

regime, while right panels are obtained by linear regression. For both compression

and torsion tests, ten experiments were conducted on independent samples, printed

under seemingly similar conditions. Large variability is observed, even for small

strains, and results for the torsion test (see the bottom-left panel in Fig. 3.3) present

substantial noise. The red circles in the right panels in Fig. 3.3 are points where

reaction forces or torques are extracted for subsequent use in the statistical inverse

problems. For the compression tests, the reaction forces are collected for a prescribed

displacementuD � � 0:1230 [mm]. For the torsion tests, torques are extracted for

a prescribed twist angle
 � 0:1132 [rad]. The values thus identi�ed are listed in

Tab. 3.1.

The mean values for the reaction force and torque are given by

Rexp � 455:1739 [N] andTexp � 0:6679 [N�m] ; (3.1)

respectively. The estimated coe�cients of variation for these quantities are given by
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