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Abstract

File linking allows analysts to combine information from two or more sources of

information, creating linked data bases. From linking school records to track student

progress across years (NCERDC 2013), to official statistics (Newcombe 1988) and

linking patient health files (Newcombe et al. 1959), linked data bases allow analysts to

use existing sources of information to perform rich statistical analysis. However, the

quality of this inference is dependent upon the accuracy of the data linkage. In this

dissertation, we present methods for file linking and performing inference on linked

data when the variables used to estimate matches are believed to be inconsistent,

incorrect or missing.

In Chapter 2, we present BLASE, a Bayesian file matching methodology designed

to estimate regression models and match records simultaneously when categorical

matching variables may not agree for some matched pairs. The method relies on a

hierarchical model that includes (1) the regression of interest involving variables from

the two files given a vector indicating the links, (2) a model for the linking vector

given the true values of the matching variables, (3) a measurement error model for

reported values of the matching variables given their true values, and (4) a model for

the true values of the matching variables. We also describe algorithms for sampling

from the posterior distribution of the model and illustrate the methodology using

artificial data and data from education records in the state of North Carolina.

In Chapter 3, we present LFCMV, a Bayesian file linking methodology designed to
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link records using continuous matching variables in situations where we do not expect

values of these matching variables to agree exactly across matched pairs. The method

involves a linking model for the distance between the matching variables of records

in one file and the matching variables of their linked records in the second. This

linking model is conditional on a vector indicating the links. We specify a mixture

model for the distance component of the linking model, as this latent structure

allows the distance between matching variables in linked pairs to vary across types

of linked pairs. Finally, we specify a model for the linking vector. We describe the

Gibbs sampling algorithm for sampling from the posterior distribution of this linkage

model and use artificial data to illustrate model performance. We also introduce a

linking application using public survey information and data from the U.S. Census

Bureau’s Census of Manufactures and use LFCMV to link the records.

The linkage techniques in Chapters 2 and 3 assume that all data involved in the

linking is complete, i.e., contains no missing data. However, file linking applications

can involve files prone to item non-response. The linking application in Chapter

3, for instance, involves a file that has been completed by imputing missing data.

In Chapter 4, we use simulated data to examine the impact of imputations in a

file linking scenario. Specifically, we frame linking multiply imputed data sets as a

two-stage imputation scenario, and, within this context, conduct a simulation study

in which we introduce missing data, impute the missing values, and compare the

accuracy of estimating C on the imputed versus the fully observed data sets. We

also consider the process of performing inference and discuss a Bayesian technique for

posterior estimation on multiply-imputed linked data sets. We apply this technique

to the simulated data and examine the effect of the imputations upon posterior

estimates.
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List of Abbreviations and Symbols

The following symbols are used consistently across chapters.

F1 File 1; one of the files to be linked.

F2 File 2; the second file to be linked.

i Generally denotes a record in F1.

i
1

Generally denotes a record in F2.

C A permutation vector; this is used as the linkage structure through-
out this dissertation.

InvGamma Denotes an Inverse Gamma distribution.

Abbreviations

BLASE Bayesian Linkage and Simultaneous Estimation; see Chapter 2.

BV Blocking variable; see Chapter 2.

CMF U.S. Census of Manufactures; see Chapters 3 - 4.

DPMPM Dirichlet Process Mixture Model of Products of Multinomials;
see Dunson and Xing (2009).

EM Expectation-maximization; see Chapter 1.

FL File linking.

FS Record linkage technique of Fellegi and Sunter (1969); see Chap-
ter 1.

GM A record linkage technique developed by Gutman et al. (2013);
see Chapter 2.
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IAC Industrial Assessment Center; see Chapters 3 - 4 and U.S. De-
partment of Energy (2016)

LFCMV Linking with faulty continuous matching variables; file linking
methodology suggested in Chapter 3.

MAR Missing at random; a missing data mechanism in which the miss-
ing data depends on observed data. See Little and Rubin (2002).

MCAR Missing completely at random; see Little and Rubin (2002).

MCMC Markov Chain Monte Carlo; a Bayesian technique for estimating
a posterior distribution.

MH Metropolis-Hasting

MI Multiple imputation; see Chapter 1.

MIDL Multiply imputed data linkage; see Chapter 4.

MNAR Missing not at random; a missing data mechanism in which the
missing data depends on observed and unobserved data. See
Little and Rubin (2002).

MR Match rate; an estimate of the percentage of records that are
correctly matched after applying a file linking technique.

MV Matching variable; see Chapter 3.

NCERDC North Carolina Education Research Centers; see Chapter 2.

PB Perfectly blocked data; see simulation studies in Chapter 2.

PMR Posterior match rate; a posterior estimate of the percentage of
records that are correctly matched after applying a Bayesian file
linking technique.

RL Record linkage; the process of combining information from two
or more files of data.

UI Unique identifiers; a specific variable that uniquely identifies the
individual corresponding to a record. Example: Social Security
number; see Chapter 1.
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1

Introduction to file linking

File linking (FL), or record linkage (RL), is the process of combining information

from two or more files of data. This combining, or linking, is executed by selecting

a record i in one file and locating a record i
1

in the second file that corresponds to

the same individual. A pair pi, i
1
q corresponding to the same individual is called a

match, while any pair pi, i
1
q with records belonging to different individuals is called

a non-match. The true match status of a record pair is generally unknown, and

because of this, file linking typically involves estimating match status. Pairs pi, i
1
q

that are estimated to be matches are called links. Similarly, pairs that are estimated

as non-matches are called non-links. The goal of file linking is to assign link status

and to correctly identify as many matches as possible.

As large databases become increasingly prevalent, the potential of file linking as

a tool to construct databases needed for research is rapidly increasing. From linking

school records to track student progress across years (NCERDC, 2013), to official

statistics (Newcombe, 1988) and linking patient health files (Newcombe et al., 1959),

analyzing linked databases allows researchers to use existing sources of information

1



to perform rich statistical analysis. However, the quality of this analysis is dependent

upon the accuracy of the linkage. Though advances in computing have increased the

speed and ease of merging databases, data quality concerns continue to be problem-

atic for linking applications. Winkler (2004) notes three specific quality concerns

relevant to file linking: “duplicates, inconsistent information and missing informa-

tion” (p. 533). These concerns impact both the accuracy with which the files can

be linked as well as the quality of inference conducted on the linked data sets.

In this dissertation, we develop techniques for performing Bayesian file linking

in the presence of faulty data. We focus on scenarios in which the variables used

to estimate link status are believed to be inconsistent, incorrect or missing. In

Chapter 2, we develop a Bayesian model for file linking and simultaneous regression

parameter estimation when the categorical variables used for linking disagree for

some matches. We use both simulated data and North Carolina education data

to illustrate the performance of the method. In Chapter 3, we develop a model for

linking records using continuous matching variables that may not exactly agree across

matched pairs. We present simulation studies to demonstrate the method and apply

the methodology to link data from the U.S. Census of Manufactures (CMF) to an

external database. This linking is reflective of the reported CMF data but ignores the

reality that, for many records, the values of the matching variables are imputations

created by the U.S. Census Bureau. In Chapter 4, we revisit this application to

consider the implications of linking when the matching variables are imputed. We

use simulation studies to illustrate potential implications of linking files with imputed

matching variables. We also discuss a Bayesian technique for performing analysis

with linked, multiply imputed data sets. We conclude with a discussion of future

research directions.

The remainder of this chapter serves as an overview of some core concepts of

file linking. The foundation presented here is critical for the proceeding chapters. In
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Section 1.1, we review fundamental concepts of probabilistic record linkage, including

the work of Fellegi and Sunter (1969). In Section 1.2, we introduce the FL technique

of blocking. In Section 1.3, we discuss techniques for estimating the quality of a

linked data product. In Section 1.4, we discuss missing data in the context of FL

and presents an overview of multiple imputation techniques (Rubin, 1987). In Section

1.5, we overview techniques for performing statistical analyses on linked data sets.

1.1 Foundations in file linking

When the match status of a record pair is unknown, file linking is conducted using a

set of criteria to determine which pairs of records are possible matches. These criteria

vary widely across applications and data types. In deterministic linkage, link status is

assigned based on a set of fixed rules. In probabilistic linkage, match weights or other

quantities are estimated and used to represent the probability that two records are a

match. In this section, we review both deterministic and probabilistic approaches to

file linking and explain the benefits and challenges involved with each linkage type.

1.1.1 Deterministic linkage

Records are composed of fields, such as first name, school, sex, or birth date. Deter-

ministic linkage generally involves requiring exact agreement on some combination

of these fields. In an ideal scenario, linkage can be conducted using a single field

that corresponds to a unique identifier (UI). UIs are specific variables that uniquely

identify the individual corresponding to each record; two examples are social security

numbers and student identification numbers. In the presence of accurate UIs, file

linking can be reduced to a deterministic task of merging together records with a

common UI (Jaro, 1989).

Without UIs, deterministic linkage typically relies on examining a set of fields

common to both files. These fields are referred to as key variables, comparison fields
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or matching variables. Matching variables may contain a mixture of categorical, con-

tinuous, or string information. For instance, the North Carolina Education Research

Data Center (NCERDC) utilizes matching variables including birth date, first name,

and last name to link student records (NCERDC, 2013). A pair of records pi, i
1
q is

declared a link if there is agreement on the matching variables.

With advances in computing technology, deterministic linkage is often a straight

forward option for file linking that can be executed relatively quickly. However, the

choice to use deterministic linking relies heavily on the assumption that the UIs or

matching variables used for linking are both accurate and agree across all matched

pairs. In practice, matching variables may be faulty, i.e., the field values for true

matched pairs may disagree (Newcombe et al., 1959). Examples of processes that

can introduce faults include typographical errors (Jaro, 1989); actual changes in

field value, such as a name change that occurs after a marriage and; discrepancies

in the coding system used to record information (Winkler, 2004). For example,

one corporation may use one set of codes to represent a product, while a second

corporation may use another. Directly examining values of the matching variable for

“product” will fail to identify some matches; matches that are classified as non-links

are called missed matches. Without UIs or accurate matching variables, a high rate

of missed matches is a common trait of deterministic linkage.

1.1.2 Probabilistic linkage

In the absence of UIs, probabilistic linkage is an alternative to deterministic ap-

proaches. Probablistic linkage uses matching variables or other non-unique identi-

fiers to estimate match status for records (Winkler, 2015). The conceptual framework

for probablistic linkage was laid by Newcombe et al. (1959) and Fellegi and Sunter

(1969). Newcombe et al. (1959) propose the use of computer generated matching

weights (or scores) as a means of determining how likely it is that two records are
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a match when their matching variable values are not identical. These weights are

an example of a similarity metric, a numerical quantity that determines the similar-

ity between records. Defining such a metric is a key facet of a probabilistic linkage

technique (Belin and Rubin, 1995).

The approach of Newcombe et al. (1959) assigns a match weight to each possible

pair of records pi, i
1
q, where this weight represents the likelihood that the pair is a

match. The match weight is composed of separate components, each representing the

contribution of one matching variable. Agreement on a matching variable for a pair

results in an increase in the match weight while disagreement results in a decrease in

the weight. The magnitude of this increase or decrease is specific to the relevance of

each field for determining match status. Agreement on surname, for instance, may

be given higher importance than agreement on state of residence.

The work of Newcombe et al. (1959) provides the conceptual foundation for proba-

bilistic record linkage, and these concepts are formalized into a theoretical framework

by Fellegi and Sunter (1969). This file linking procedure, which we call FS, consists

of two main components: (1) a measure of similarity between two records, and (2)

a decision rule that determines how to classify pairs as links or non-links based on

this measure (Belin and Rubin, 1995). More formally, consider two files F1 and F2.

The goal of file linking is to partition the pairs in the product space F1�F2 into two

disjoint subsets, M and U . M represents the set of true matches and U contains the

true non-matches. The belief that file linking is feasible implies that some individuals

in F1 also have information in F2, and hence M is non-empty.

Newcombe et al. (1959) use relative frequencies as a means of computing match

weights for patterns of agreement in record pairs. Fellegi and Sunter (1969) con-

sider a more general agreement pattern γ with possible values contained in a space

Γ. For a set of matching variables, γ might represent a binary vector of agree-

ment/disagreement patterns, the relative frequencies of field values, or some mea-
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sure of distance between one field value and another. These vectors γ of agreement

patterns are used in the FS approach to compute a ratio

R �
P pγ P Γ|Mq

P pγ P Γ|Uq
�
m

u
. (1.1)

Fellegi and Sunter (1969) note that R or any monotonically increasing function of

R may be used in file linking as the matching weight. Here, m is the probability of

observing a particular value of γ given that a pair pi, i
1
q is a match, while u is the

probability of γ given that the pair is non-match.

Once a matching weight has been computed, the second task in a RL procedure

is to make a decision about match status for each record pair conditional on its

matching weight. In the FS approach, this decision rule incorporates two matching

weight thresholds, an upper threshold and a lower threshold; Belin and Rubin (1995)

note that FS is sensitive to the choice of thresholds. The matching weights for each

record pair in F1 � F2 are compared against these two threshold values in order

to assign match status. Pairs associated with matching weights above the upper

threshold are declared links, while pairs with matching weights below the lower

threshold are declared non-links. If the weight for a given pair falls between the two

thresholds, the pair is declared a possible link and clerical review is used to determine

final match status. As noted in Newcombe et al. (1959), manual clerical review is

time consuming and expensive, and hence the choice of optimal threshold for FS is

designed to minimize the number of records assigned to this “possible link” status

(Fellegi and Sunter, 1969).

Computing R requires the probabilities m and u from (1.1). Lahiri and Larsen

(2005) note that a practical issue associated with FS is that these matching proba-

bilities are conditional on match status, which is unknown. The probabilities m and

u must therefore be estimated in order to estimate R. Fellegi and Sunter (1969) pro-

vide a means of estimating R under a conditional independence assumption. This
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assumption states that, conditional on match status, agreement patterns on each

matching variable are independent of agreements patterns on the other matching

variables. For example, in the case of six matching variables, this means

P
�
γ � p1, 1, 1, 1, 1, 0q|x

�
� P pγ1 � 1|xq � P pγ2 � 1|xq � P pγ3 � 1|xq

� P pγ4 � 1|xq � P pγ5 � 1|xq � P pγ6 � 0|xq,
(1.2)

where x denotes match status, i.e., x P tM,Uu. However, this independence assump-

tion can fail in many RL applications (Winkler, 1993b; Thibaudeau, 1993). Winkler

(1993b) presents a general expectation-maximization (EM) algorithm that can be

used to estimate m and u without the conditional independence assumption. This

work allows the FS framework to be applied to Census and other practical applica-

tions (e.g., Jaro, 1989). Other work on using general EM methodology for estimating

match weights include Winkler (1988) and Meng and Rubin (1993).

Fellegi and Sunter (1969) underline that the theoretical goal of file linking is to

divide records into two disjoint subsets M and U such that M contains all true

matches and U contains all true non-matches. The idea that a record must belong

to one of two sub-populations readily translates into a mixture model framework for

file linking in which records are divided into two mixture components, M and U

(Winkler, 1993b; Larsen, 2004; Lahiri and Larsen, 2005). From such a perspective,

the probability mass function for the comparison vector γ can be expressed as

P pγq �
¸

hPtM,Uu

πhP pγ|hq, (1.3)

where πh represents the probability that a record pair belongs to mixture component

h for h P tM,Uu. P pγ|hq is the probability of observing comparison vector γ for

a record pair in class h. In the FS approach, P pγ|h � Mq � m, and similarly,

P pγ|h � Uq � u. Jaro (1989), Winkler (1993a), Winkler (1993b), and Thibaudeau

(1993) use mixture models to apply the FS approach to U.S. Census data.
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Also using a finite mixture model framework, Larsen and Rubin (2001) present

an iterative procedure for record linkage. This procedure seeks to lessen the burden

of performing clerical review on all records assigned “possible link” status by the

FS approach. In addition to the three decision classes specified by FS, Larsen and

Rubin (2001) create a fourth decision category by splitting the category of “possible

links”. A subset of the possible links is chosen to be sent to clerical review, while the

remaining “possible link” records are not. For the selected subset, clerical review is

performed to assign each record to status M or status U . Using this newly assigned

status, the records are then shifted from the “possible link” category to category

M or U . Based on these updated M and U subsets, matching probabilities are re-

estimated, and the model to assign match status is refit. This iterative process of

identifying links, sending a subset to clerical review, and then fitting the model is

repeated until clerical review identifies very few new links.

In the FS file linking approach, record pairs are assigned a match status based on

the decision thresholds. However, this rule does not stipulate that each record i in F1

may be declared a match with at most record in i
1

in F2. If, for distinct i
1

1, i
1

2 in F2,

record pairs pi, i
1

1q and pi, i
1

2q both have matching weights above the threshold, both

pairs can be declared links. Many FL techniques handle this by imposing a one-to-one

constraint that forces at most one link per record. Jaro (1989), for instance, imposes

such a constraint within a linear-sum decision threshold that maximizes the sum of

all composite weights associated with linked pairs. Choosing a decision threshold in

such a manner is synonymous with a linear optimization problem with constraints

that enforce one-to-one matching (Winkler, 1999). Winkler (1993a) introduces a

variant of this algorithm that is more computationally efficient in practice.

The framework presented by Fellegi and Sunter (1969) continues to be used in

many modern file linking applications, but some challenges inherent in this methodol-

ogy have led to the development of multiple techniques for file linking. Many of these
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techniques are inspired by applications in the U.S. Census Bureau (e.g., Jaro, 1989;

Winkler and Thibaudeau, 1987; Scheuren and Winkler, 1997). These applications

involve imperfect data in which missing data, typographical errors, or other factors

complicate the linking process. For a detailed overview of historical and modern

probablistic techniques, see Winkler (1999) and Winkler (2015).

1.2 Blocking

Techniques like FS theoretically require comparing every possible pair of records in

F1�F2. Fellegi and Sunter (1969) and Lahiri and Larsen (2005) note that the size of

this product space is often too large for such exhaustive comparison to be practical.

Additionally, it is possible that certain pairs of records can be eliminated as possible

links in advance of performing FS. For instance, if we are certain of the age of a given

individual, it is prudent to limit our search for a match to records with that age.

Limiting the space of possible matches before linking is an application of a stan-

dard FL technique known as blocking. Blocking generally involves grouping records

together based on some common characteristics, such as state of residence or race.

Clustering techniques or other similarity metrics also may be used to define blocks.

Once a record i is placed within a block k, every record in any block k
1
� k is declared

a non-match for record i. This reduces the number of comparisons from all pairs in

F1 � F2 to the number of possible pairs present within each of the K blocks. An

overview of blocking techniques and their application to RL is presented in Steorts

et al. (2014a); we will briefly summarize some of these here.

Perhaps the most basic type of blocking (which Steorts et al. (2014a) refer to as

traditional blocking) is partitioning records into blocks based on agreement on certain

shared variables. We refer to these variables as blocking variables, or BVs. In Jaro

(1989), for instance, blocks are defined by Census geographic block and SOUNDEX

codes of individual surnames. Traditional blocking with a set of categorical BVs
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is the starting point for LFCMV in Chapter 3. Traditional blocking relies upon

BVs that are reliable, meaning that BVs for true matches tend to agree. However,

Fortini et al. (2001) note that, “in large data sets it is very likely to have errors in

the answers, typing errors and inconsistencies between answers to the same question

in different times” (p. 188). The presence of such errors in the BVs results in an

increase in false non-match rates, as records in different blocks are declared non-links

a priori. BLASE accounts for such errors through an edit-imputation scheme, which

estimates the location of faults in the BV fields and proposes new values for these

fields. This model will be described in detail in Chapter 2.

In addition to requiring high accuracy, traditional blocking requires BVs that

divide records into fairly small blocks. Blocks that are too large are computationally

inefficient and present a greater chance of linking records that are not true matches.

As noted in Fortini et al. (2001), however, very small blocks increase the number of

records which are a priori declared non-matches and hence, in the presence of errors

in the BVS, increase false non-match rates.

Alternative blocking techniques include sorted neighborhood clustering for privacy-

preserving record linkage (Vatsalan and Christen (2013)); locally sensitive hashing

(Kim and Lee, 2010; Steorts et al., 2014b); and nearest-neighbor clustering (Karaka-

sidis and Verykios, 2012).

1.3 Quantifying linkage quality

The techniques discussed in Section 1.1 estimate match status for pairs of records.

In this section, we discuss a few techniques for evaluating the quality of estimated

matches.

One metric used to evaluate the quality of a linked data product is the classifica-

tion error rate, or the probability that records are placed incorrectly into M or U . In

the Larsen and Rubin (2001) approach, these probabilities are estimated as part of
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the model. For each record i assigned to latent class U , sum up the probability that

each of these records belongs to class M . Dividing by the total number of records in

class M yields an approximate classification error rate.

A second metric to evaluate a linked data product is the false-match rate (FMR),

or the probability of linking two records when they are a non match. Procedures

for estimating false-match rates are presented in Fellegi and Sunter (1969) and New-

combe (1988), but these techniques rely heavily on assumptions of independent fields

that are not realistic for some data (Belin and Rubin, 1995). In order to avoid the

unrealistic conditional independence assumption, Belin and Rubin (1995) utilize cal-

ibration data as a way to estimate false-match rates of a file linking procedure.

Calibration data refers to data that have been carefully reviewed to assure proper

match status. In this dissertation, we refer to such data as seed data. The quantity

and quality of seed data are critical to the success the BLASE methodology in Chap-

ter 2. An examination of Belin and Rubin (1995)’s calibration technique by Winkler

(1999) notes that the FMR rate tends to be well estimated by the calibration tech-

nique when “there is substantial separation of the curve of the log frequency versus

matching weight for matches and non matches” (Winkler 1999, p. 4).

Bayesian techniques for FL, including the work of Larsen and Rubin (2001),

Fortini et al. (2001), Larsen (2004), Tancredi and Liseo (2011), Steorts et al. (2014b)

and Gutman et al. (2013), utilize posterior distributions to quantity some of the

uncertainty accrued during the linkage process. In particular, a measure of certainty

in links can be quantified via the posterior probabilities that any given record pair

is linked. Fortini et al. (2001) note that many of the computational complexities

involved in frequentist FL techniques (e.g., enforcing one-to-one matching, parameter

estimation in finite-mixture model settings) can be more readily handled in Bayesian

settings through careful prior choices and posterior computations. For example,

Tancredi and Liseo (2011) present a Bayesian approach to file linking that uses a
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hierarchical approach by considering noisy continuous data in a capture-recapture

scenario. In addition to estimating links, this approach simultaneously estimates the

number of unique individuals present in the combined data sets. Bayesian techniques

also allow match probabilities to be defined conditionally upon other matched pairs

through the process of posterior updating (Fortini et al., 2001).

1.4 Missing data

In this section, we discuss a common data quality issue that affects file linking:

missing data. Missing data in a file linking scenario can take a variety of forms.

Individual records in one or both of the files may be missing information on specific

fields. This unit missingness is also common in scenarios outside of file linking, and

Little and Rubin (2002) provide a thorough overview of handling missing data in

statistical analyses. File linking itself can also be formulated as missing data problem

(e.g., Wu, 1995; McGlincy, 2004; Gutman et al., 2013). The desired quantity in FL is

a linked data set. Suppose we are linking F2 to F1. Prior to linking, the information

from file F1 is present, but the information from F2 is missing. This missingness is

described by a linkage structure, a construct that declares how records in F1 and F2

will be linked. The goal of FL is to estimate this structure, i.e., to identify matched

pairs, in order to address the missingness. A commonly used linkage structure is a

binary matrix (Fortini et al., 2001; Tancredi and Liseo, 2011), in which a value of 1 in

cell pi, i
1
q indicates that records i P F1 and i

1
P F2 correspond to the same individual.

In the context of unit-missingness or file linkage as a missing data problem, one

approach to handling missing data is to impute the missing values. In this section,

we review some concepts fundamental to missing data imputation. In Section 1.4.1,

we review missing data mechanisms. In Section 1.4.2, we present an overview of

multiple imputation and in Section 1.4.3, we review the techniques of Rubin (1987)

for obtaining estimates of parameters using multiply imputed data sets. For an in-
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depth exploration of missing data and imputation techniques, see Little and Rubin

(2002) and Rubin (1976).

1.4.1 Missing data mechanisms

Imputing missing data relies on assumptions about the mechanisms that cause the

data to be missing (Rubin, 1976). Three primary classes of missing data mechanisms

are missing completely at random (MCAR), missing at random (MAR) and missing

not at random (MNAR) (Little and Rubin, 2002). Let Y � py1, . . . , ynq denote a data

vector of length n, and let R be a binary vector of length n such that Ri � 1 if and

only if yi is missing. Here, R is a missing-data indicator. Characterizing the missing

data mechanism involves the conditional distribution fpR|Y, φq, where φ denotes a

set of unknown parameters related to R. We say data is MCAR if for all Y, φ,

fpR|Y, φq � fpR|φq. (1.4)

Here, (1.4) indicates that the reason that any data point yi is missing does not depend

on the data Y (Little and Rubin, 2002).

Now consider splitting Y into two components, the vector Yobs of observed values

and Ymis of missing values; here Y � pYobs, Ymisq. We say data is MAR if for all

Ymis, φ,

fpR|Y, φq � fpR|Yobs, φq. (1.5)

Here, (1.5) implies that the reason Ymis is missing depends on the observed data,

but not on the quantities of the missing values. If the reason the data is missing

depends on the missing values, we say data is MNAR. These terms will be applied

in Chapter 2 to describe faulty values of categorical comparison fields, as well as to

describe simulation studies in Chapter 3.
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1.4.2 Multiple Imputation

One option for handling missing data is imputation, or sampling values for record

fields that are missing. The U.S. Census Bureau, for instance, uses a variety of

techniques to fill in missing data in the Census of Manufactures (White, 2014).

However, imputing a single value for a missing data point may under-represent the

uncertainty in that value (Little and Rubin, 2002). An alternative is to create m ¡ 1

imputations for each missing data point, resulting in m completed data sets reflecting

potentially different values for the missing fields (Rubin, 1987). For unit missingness

in file linking, this process of multiple imputation (MI) can be applied to correct for

missing data within a given file. In Chapter 4, we create multiple imputations for the

2007 CMF using classification and regression trees and explore the potential impact

of multiply imputed data in a file linking scenario.

If we consider FL itself from a missing data perspective, we can also create multi-

ple imputations of the unknown linkage structure. Bayesian methodology and specif-

ically Bayesian multiple imputation naturally facilitates the creation of multiple data

sets through posterior sampling. Each posterior sample reflects a potentially differ-

ent linking structure. Rather than relying on a single linked data set that ignores the

matching uncertainty, multiple imputations facilitate comparisons of likely links for

particular records, and allow examination of the frequency of similar links across the

imputations. The concept of file linking as a multiple imputation scenario appears

throughout in this dissertation.

1.4.3 Estimation with Multiple Imputation

Rubin (1987) provides steps for obtaining single parameter estimates from multiply

imputed data sets. Suppose Q represents some scalar quantity of interest, like a

regression coefficient or a mean. The intended statistic is Q � QpY q, with vari-

ance U � UpY q. With complete data, estimates for Q and U would be Q̂ and Û ,
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respectively. Assume that

pQ� Q̂q{U � Np0, 1q. (1.6)

For each of the m completed data sets, we estimate Q with Q̂pmq and U with Û pmq.

Rubin (1987) describes how to combine these m estimates to obtain inferences for

Q. Specifically, we need the following quantities:

Q̄m �
m̧

`�1

Qp`q{m (1.7)

Bm �
m̧

`�1

pQp`q � Q̄mq
2{pm� 1q (1.8)

Ūm �
m̧

`�1

U p`q{m. (1.9)

sQm is used by the analyst as a point estimate for Q. Because this quantity uses point

estimates from each of the m multiply imputed data sets, estimating the variance

of Q requires considering variation within each data set (1.9) as well as between the

data sets (1.8). More specifically, Ūm estimates the variance of Q if the data were

complete, and Bm captures the increase in the variance of Q that can be attributed

to the missing data (Reiter and Raghunathan, 2007). The estimated total variance

for Q can be expressed as

Tm �

�
1�

1

m



Bm � Ūm. (1.10)

Test statistics and MI confidence intervals are based off of a student-T distribution,

p sQm �Qq{
a
Tm � tν , (1.11)

with degrees of freedom ν � pm� 1q
�
1� Ū{pp1�m�1qBqs. For further information

on estimation in multiple imputation scenarios, see Rubin (1987) and Reiter and

Raghunathan (2007).
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1.5 Post-linking analysis

In this section, we discuss techniques for conducting analysis on linked data sets. As

an estimation procedure, file linking is subject to error, and these errors can result

in biased estimated for analyses conducted using linked data (Scheuren and Winkler,

1993; Lahiri and Larsen, 2005; Chambers, 2009; Bohensky, 2015). For an extensive

discussion on secondary analysis on linked data, see Chambers and Kim (2015).

If we approach file linking as a missing data scenario, the general MI framework

presented in Section 1.4.2 provides a means of reflecting uncertainty in the estimation

of the linkage structure into post-linking analyses. Let Y contain information pY1, Y2q,

where Y1 P F1 and Y2 P F2. Without loss of generality, suppose we match to F1 and

let the missing information be Y2. The data are missing because the linkage structure

to connect Y1 and Y2 is unknown. In the MI framework, Y2 are “imputed” at each

iteration by estimating a linkage structure. Conditional on this structure, we link

F1 and F2, effectively filling in the missing data. Each of the m completed data sets

reflects a potentially different linkage structure. Statistical analyses can be run on

these m data sets with estimates combined using (1.7)-(1.9).

In the absence of multiply imputed linked data sets, statistical analysis is typically

run upon one data set reflecting a single estimate of the linkage structure. Neter et al.

(1965) study the impact of such post-linking analysis in finite population sampling.

They demonstrate that even small errors in linking can lead to bias in “estimating

the relationship between response errors and the true values” (Lahiri and Larsen

2005, p. 222). Neter et al. (1965) present a potential correction to adapt for this

bias, but as noted in Scheuren and Winkler (1993), the assumptions necessary to

apply this correction make the technique impractical for real world applications.

Building upon the findings of Neter et al. (1965), Scheuren and Winkler (1993)

present a framework for correcting ordinary least squares (OLS) estimates for linear
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regression models run on linked data which contain some mismatches. The model of

interest is a multivariate regression Y � Xβ � ε, where ε � Np0, σ2Iq. In a linkage

context, the true pairs pxi, yiq are not necessarily observed. Instead, linear regression

run on linked data may be expressed as fitting the model

Z � Xβ � ε, (1.12)

where

zi �

"
yi : with probability qii
yj : with probability qij, i � j, j � 1, ..., n,

(1.13)

where
°n
j�1 qij � 1 to enforce one-to-one matching. Scheuren and Winkler (1993)

explore the bias associated with naively estimating β from (1.12), i.e., with β̂N �

pXTXq�1XTZ. This is the estimator an analyst would obtain if he or she used

standard statistical methods to obtain an OLS fit on the linked data.

The expected value of zi is Epziq � wT
i β, where the column vector wi �°n

j�1 qijX
T
j is a weighted average of the predictors. Scheuren and Winkler (1993)

compute the bias of the naive estimator β̂N as

Biaspβ̂Nq � Erβ̂N � βs

�
�
pXTXq�1XTW� I

�
β

�
�
XTXq�1XTQX� I

�
β.

(1.14)

This shows that, in general, β̂N is not an unbiased estimator of β, meaning that

standard OLS techniques on linked data sets may lead to biased estimates of the

regression coefficients. This underscores the need to account for the uncertainty

accrued throughout the linkage process in post-linking statistical analysis.

Scheuren and Winkler (1993) provide an alternative to the naive estimator β̂N

that has lower bias. Following the notation of Lahiri and Larsen (2005), we denote
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this estimator β̂SW . Suppose the true value of Y is known. Then

Biaspβ̂N |Yq � Er
�
β̂N � β

	
|Ys �

�
XTX

��1
XTB, (1.15)

where B � pB1, ..., Bnq
T , with Bi � qTi Y � yi. Here, Bi is a difference between an

average of Y, weighted with the probability that each yi was chosen as zi for record

i , and the true yi. Conditional on an estimate B̂ of B, the estimator of Scheuren

and Winkler (1993) is

β̂SW � β̂N � pXTXq�1XT B̂. (1.16)

The authors suggest estimating B such that each Bi is estimated by

B̂i � pqij1 � 1qzj1 � qij2zj2 . (1.17)

Here, qij1 and qij2 denote the two highest elements of the vector qi, and zj1 and zj2

represent the corresponding elements of z. In other words, the estimate uses only

the two most likely values for yi to estimate Bi. Lahiri and Larsen (2005) suggest

using s ¡ 2 candidate links, enough so that
°s
r�1 qijr   p for some chosen 0   p ¤ 1.

Lahiri and Larsen (2005) suggest an unbiased estimator,

β̂U � pWTWq�1WTz, (1.18)

where wi � qTi X �
°p
j�1 qijX

T
j . They explore the performance of both β̂U and β̂SW ,

citing that both provide “useful” corrections in a variety of situations. Scheuren and

Winkler (1997) further research linear regression coefficient estimates with linked

data and present an iterative procedure that adjusts coefficient estimates for outliers.

The performance of (1.18) depends upon the assumption of homoskedastic er-

rors (Chambers, 2009). Chambers (2009) explores this reality and presents several

alternative frameworks for linear regression on linked data. Their work extends the

notion of regression analysis on linked data to the more general setting of estimating

functions on linked data and provides a detailed framework for adjusting standard
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statistical analyses for applications involving linked data. Further work in Samart

and Chambers (2014) develops techniques for performing linear regression in the pres-

ence of nested errors, or linear mixed effects models. Samart and Chambers (2014)

provides modifications for Analysis of Variance (ANOVA), maximum likelihood, and

restricted maximum likelihood methods for linked data with this framework.

1.6 Summary

In this chapter, we have provided an overview of several key concepts in file linking.

We have also provided information in multiple imputation and other concepts that

will be applied in the remaining chapters of this dissertation. We assume familiarity

with these concepts when presenting material in the proceeding chapters.
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2

BLASE: File linking and estimation with faulty
categorical matching variables

In this chapter, we present a Bayesian file matching methodology designed to estimate

regression models and match records simultaneously when categorical variables used

for matching may be faulty. The method relies on a hierarchical model that includes

(1) the regression of interest involving variables from the two files given a vector

indicating the links, (2) a model for the linking vector given the true values of

the matching variables, (3) a measurement error model for reported values of the

matching variables given their true values, and (4) a model for the true values of

the matching variables. We describe algorithms for sampling from the posterior

distribution of the model and illustrate the methodology using artificial data and

data from education records in the state of North Carolina. A version of this chapter

appears on arXiv as the paper “Regression Matching and File Linking Using Possibly

Erroneous Matching Variables” (Dalzell and Reiter, 2016).
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2.1 Introduction

Increasingly, analysts seek to integrate data from two files comprising overlapping sets

of individuals, for example, by linking subjects in planned studies to administrative

databases like electronic health records or tax records. Often analysts are unable to

base linkages on unique identifiers, such as Medicare identification numbers or social

security numbers, because they are unavailable on at least one of the files, e.g., due to

privacy requirements. Analysts instead may have to base linkages on combinations of

categorical variables available in both files, such as demographic variables (e.g., age,

race, sex) or group membership variables (e.g., county of residence, hospital, school

attended). Depending on the richness and quality of these categorical matching

variables, this file matching may not result in unique links for every record across

the files.

In this chapter, we consider file matching settings where the ultimate goal is to

regress some outcome Y1 available in file F1 on a set of predictors Y2 available in the

other file F2 (and possibly other predictors available in F1). In this setting, the most

obvious approach is to base regression inferences on only the linked data from the

unique matches. However, this discards information from the other records, resulting

in inefficient and possibly even biased estimates. An alternative is the approach of

Gutman et al. (2013), which simultaneously estimates the regression and performs

linkages using the information from all records in the files; we describe this model,

which we call the GM, in detail in Section 2.2. The GM not only takes advantage of

information from non-unique matches, it also leverages relationships among Y1 and

Y2 to improve the linking process.

The GM makes an assumption that may not hold in practice, namely that an

individual present in both files should have the same values of the matching variables

in those files. This may not be the case because of, for example, typographical
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errors (Jaro, 1989), discrepancies in the coding systems used to record information

(Winkler, 2004), and legitimate changes in field values, such as a student who moves

to a new school. Such faulty data values can generate incorrect matches, which

are well known to adversely impact the results of regression based on linked files

(e.g., Neter et al., 1965; Scheuren and Winkler, 1993, 1997; Lahiri and Larsen, 2005;

Chambers, 2009; Samart and Chambers, 2014).

We extend the GM to handle scenarios where the categorical matching variables,

which we call BVs, may be faulty. The basic idea is to use a Bayesian hierarchical

model that includes four layers. First, we specify a model for the regression of interest

conditional on a vector C that indicates which records are linked across files. Second,

within each block formed by the BVs, we specify a model for the corresponding

elements of C. Third, we specify a measurement error model for the observed BV

values. The measurement error model comprises a model for the probability that an

observed BV field is faulty coupled with a reporting error model that describes the

relationship between the observed and latent, true BV values. Finally, we specify a

model for the true BV values using a mixture of products of multinomial distributions

(Dunson and Xing, 2009), also known as a latent class model. This model is discussed

in detail in Appendix A. We call the full hierarchical model BLASE, which stands

for Bayesian linkage and simultaneous estimation. BLASE can be used to obtain

posterior inferences for the regression model parameters, as well as for C.

The remainder of this chapter is organized as follows. In Section 2.2, we introduce

BLASE and indicate how it differs from GM. In Section 2.3, we describe algorithms

for sampling from the posterior distribution of BLASE. In Section 2.4, we derive the

acceptance ratio for the Metropolis-Hastings step of the posterior sampling algorithm.

In Section 2.5, we use simulation studies to investigate the performance of BLASE,

comparing it to the performance of GM across a range of illustrative scenarios. In

Section 2.6, we apply BLASE to data on students in public schools in North Carolina.
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In Section 2.7, we conclude with a summary of findings.

2.2 The BLASE model

After defining notation and key concepts in Section 2.2.1, we describe the sub-models

in BLASE in Sections 2.2.2 to 2.2.5, followed by some intuition about the model in

Section 2.2.6.

2.2.1 Notation and key concepts

Let the two files to be integrated, F1 and F2, comprise n1 and n2 records, respectively.

We assume each record corresponds to a single true individual; see Steorts et al.

(2014b) for linking data with replicates. For simplicity of notation, we assume that

the matching is based on all BVs common to both files. However, this is not necessary

for BLASE or GM.

Let Bfij denote the true BV value for record i in file f on field j, where j �

1, . . . , J , i � 1, . . . , nf , and f � 1, 2. Let B̂fij be the reported value of Bfij; these

values could differ from Bfij. For all pf, iq, let B̂fi � pB̂fi1, . . . , B̂fiJq, and let B̂f �

tB̂fi : i � 1, . . . , nfu. We define Bfi and Bf analogously. Finally, let B̂ � pB̂1, B̂2q

and B � pB1,B2q.

Through validation, data cleaning, or other techniques, it is typically possible to

determine with high certainty that a subset of the records are not faulty on some or

all of the J fields. A record is a seed on field j if it is known a priori that B̂fij � Bfij.

If the relationship between B̂fij and Bfij is unknown a priori, then i is a non-seed

on field j. When i is a seed for all J fields, we call i a Type 2 (T2) seed. The GM

assumes that all records are T2 seeds, whereas BLASE does not. We also define Type

1 (T1) seeds to be records where it is known that records i P F1 and i1 P F2 belong

to the same individual, and that B̂fi � Bfi for f � 1, 2. When it is known that an

pi, i
1
q pair belong to the same individual yet B̂1ij � B̂2i1j for some j, the analyst can
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select one of pB̂1ij, B̂2i1jq to be correct. As we shall discuss, the information in the

T1 and T2 seeds is crucial for helping BLASE (and GM) estimate model parameters

reliably.

Each unique combination of BVs, whether through B̂ or B, can be used to

define a block. For example, for BVs of sex, race and school, all records identified

as belonging to female Caucasian students who attend the same school are placed

in the same block k. The GM forms blocks from B̂, whereas BLASE forms blocks

from the latent B.

For a given B, let n1pkq and n2pkq denote the number of records in block k from

F1 and F2, respectively, that are not T1 seeds. In general, n1pkq need not equal

n2pkq. Following Gutman et al. (2013), in each block k we match all records from the

smaller sized file for that block to records from the larger sized file for that block;

we treat the unmatched records as if they were missing at random from the smaller

file. Thus, for the given B, the total number of unique individuals in any block k is

npkq � cpkq � upkq, where cpkq � maxpn1pkq, n2pkqq and upkq is the number of T1 seeds

in block k. The total number of unique individuals in F1 Y F2 is NB �
°K
k�1 npkq,

where K is the number of unique blocks formed by B. In GM, each npkq and NB are

fixed since we assume B � B̂; in BLASE, these can change with different plausible

values of B.

Let F1k and F2k represent the records in block k from F1 and F2, respectively.

Without loss of generality, within each block k fix the ordering of the records from

F1k. For each block k, we define a npkq element permutation vector Ck that specifies

how records from F2k must be re-organized to match their corresponding records in

F1k. To illustrate, suppose that n1pkq � n2pkq � 2 and we link the first record in F1k

to the second record in F2k. Then, Ck � p2, 1q.

When n1pkq ¡ n2pkq, we create n1pkq � n2pkq dummy records and add them to
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F2k. We then match n2pkq records from F1k to actual records from F2k, and match

the remaining n1pkq � n2pkq records from F1k to the dummy records. Likewise, when

n1pkq   n2pkq, we add n2pkq � n1pkq dummy records to F1k. When n1pkq � n2pkq, no

dummy records are needed. Thus, for a given B, the linkages in both BLASE and

GM are one-to-one and complete, in the sense that every record from F1 is matched

to an actual or dummy record from F2, and vice versa. We refer to blocks with

complete linkage as balanced.

For any given B, we define C � tC1, . . . , CKu as the collection of all K permuta-

tion vectors. We emphasize that in BLASE C derives from B; hence, it can change

with different plausible values of B. Similar linkage structures are used in other

Bayesian record linkage approaches (e.g., Fortini et al., 2001; Larsen and Rubin,

2001; Larsen, 2004; Tancredi and Liseo, 2011; Steorts et al., 2014b; Sadinle, 2016).

Finally, for i P F1, let Y1i � pY1i1, . . . , Y1ipq comprise the p variables of interest

for the analysis that are exclusive to F1. For i P F2, let Y2i � pY2i1, . . . , Y2iqq

comprise the q variables of interest for the analysis that are exclusive to F2. Let

Y1 � tY1i : i P F1u and Y2 � tY2i : i P F2u.

2.2.2 Analysis model

In BLASE, we specify a joint distribution, fpY1,Y2 | Θ, C,Bq, where Θ represents

the parameters of the distribution. The GM does likewise, setting B̂ � B. For

any record i1 P F2 linked to a dummy record, we treat its value of Y1i1 as missing

at random (Rubin, 1976); similarly, we treat Y2i as missing at random for records

i P F1 linked to dummy records in F2.

In the examples in Sections 2.5 and 2.6, we make Y1 univariate with a normal

linear regression on pY2,Bq, with parameters pβ, σ1q. We make Y2 univariate with a

normal linear regression on B, with parameters pη, σ2q. As a prior distribution for

Θ � pβ, σ1,η, σ2q, we use ppΘq9p1{σ2
1qp1{σ

2
2q.
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2.2.3 Model for C

In any block k, by definition the T1 seeds never change links, whereas the links for

the non-T1 seeds are unknown. Hence, there are cpkq! possible values of Ck, which

we denote as Ckl, where l P t1, . . . , cpkq!u. We assume each permutation is a priori

equally likely given a realization of B, so that

ppCk � Ckl | Bq �
1

cpkq!
. (2.1)

We model each Ck independently, given B. The GM model uses the same distribu-

tion, replacing B with B̂.

2.2.4 Measurement error model

The GM ends with the models in Section 2.2.3; however, in BLASE we specify a

measurement error model for the observed BVs. For each pf, iq we define Efi �

tEfij : j P p1, . . . , Jqu, where each

Efij �

"
1 : if B̂fij � Bfij

0 : otherwise.
(2.2)

For T1 and T2 seeds, Efij � 0 for all j. For non-seeds, each Efij is a random variable.

We let Ef � tEfi : i P Ffu where f � 1, 2. We use independent beta-Bernoulli

models for each Efij. We have

Efij|γfj � Bernoullipγfjq (2.3)

γfj � Betapaγfj , bγfjq, (2.4)

where Epγfjq � aγfj{paγfj � bγfjq is the expected prior probability of observing a

faulty value on non-seed field j in file f . We discuss selection of paγfj , bγfjq in Section

2.5. This effectively assumes that BVs are faulty at random (Kim et al., 2015) at

potentially different rates, which is a reasonable default model in the absence of

specific information about the mechanisms that generate faulty values. If available,
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such information could be encoded in the model for Efij; for example, use a logistic

regression on some function of B.

For B̂, we use a model similar to that used in Tancredi and Liseo (2011), Steorts

et al. (2014b), and Manrique-Vallier and Reiter (2016). We have

f
�
B̂fij|Efij, Bfij

	
�

"
Bfij : if Efij � 0
Uniform discrete on all but Bfij : if Efij � 1.

(2.5)

This model implies that reported values for faulty items are generated completely

randomly. This also is a default model. If information were available on the mech-

anisms that introduce faults in the BVs, one could use other reporting error models

as appropriate.

The models in (2.3) – (2.5) allow for records in both F1 and F2 to be faulty.

When sensible, one convenient modification is to allow only one file, say F2, to have

faulty records. To do so, we set E1ij � 0 and B̂1ij � B1ij for all i, j. This speeds

up the posterior sampling in BLASE, as only F2 is examined for faulty data. It also

helps pin down the estimated distribution of B, and enables a simplification in the

block moves described in Section 2.3.

2.2.5 Model for B

BLASE can use any model that adequately describes the distribution of B. Here,

we use the highly flexible and computationally efficient latent class model, which has

been shown to be a useful tool for modeling and imputation of categorical data (e.g.,

Vermunt et al., 2008; Si and Reiter, 2013). We assume that Bfi follows the same

distribution for all unique individuals i in the population defined by F1 Y F2. When

there is reason to believe that the distribution varies by file, one can specify separate

models for B1 and B2.

For each BV variable j, where j � 1, . . . , J , without loss of generality assume its

values take on elements in t1, . . . , dju. As is usual in latent class models, assume each

27



individual belongs to one of H latent classes. Let zi P t1, . . . , Hu represent the latent

class assignment for record i. We assume that Prpzi � hq � πh for all i and h. Let

π � pπ1, . . . , πHq. Within each latent class h, all BVs follow independent multinomial

distributions. For h � 1, . . . , H and j � 1, . . . , J , let φhjb � PrpBij � b | zi � hq,

where b P t1, . . . , dju. Let φhj �
�
φhj1, . . . , φhjdj

�
. Mathematically, we have

Bij|φhj, zi �Multinomial p1; t1, . . . , dju, φzijq (2.6)

zi|π �Multinomialpπ1, . . . , πHq. (2.7)

As prior distributions on π and each φhj, we use a truncated Dirichlet process mixture

model representation (Dunson and Xing, 2009). We have

πh � Vh
¹
g h

p1� Vgq, h � 1, . . . , H (2.8)

Vh � Betap1, αq, for h � 1, . . . , H � 1; VH � 1 (2.9)

α � Gammapaα, bαq (2.10)�
φhj1, . . . , φhjdj

�
� Dirichletpaj1, . . . , ajdjq. (2.11)

Following Dunson and Xing (2009) and Si and Reiter (2013), we set aα � bα �

0.25 to represent low prior sample size, and aj � paj1, . . . , ajdjq � p1, . . . , 1q for all j.

For H, we recommend starting with a large value, such as H � 30. When posterior

runs indicate that all H classes are consistently occupied, we increase H and restart

the sampling. We represent the collection of parameters as Ψ � pφ, π, α, zq. For

more details about this model, see Appendix A.

2.2.6 Intuition about block moves and roles of seeds

The distributions of pB̂f ,Ef ,Bf q define models for the BVs that incorporate the

possibility of faulty blocks. At each iteration s of the MCMC for BLASE, a posterior

sample for Bpsq is drawn, and records are shifted into the blocks defined by Bpsq.

Thus, unlike the GM, BLASE allows records initially in a separate block from their

true match potentially to shift into the block in which their true match lies.
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Block moves are influenced by multiple levels of the hierarchical model. BLASE

favors shifting records from a current block into one that represents a higher value of

the likelihood function for the regression models of interest. Thus, the accuracy of

block moves is reliant upon the strength of the relationships between B and Y1, and

between B and Y2. When B is not important in the regression models, posterior

samples for Bpsq tend not to move from B̂, resulting in few records shifting blocks.

Block moves also are reliant on the measurement error model, particularly when

(2.4) is highly informative. Finally, values of the BVs with high posterior probability

under the latent class model are more likely to be sampled for Bpsq, whereas unlikely

combinations are sampled less often.

The T1 and T2 seeds inform multiple parts of the model. Because their true BV

values are known, T1 and T2 seeds provide information on the joint distribution of the

BVs. The T1 seeds additionally provide essential information about Θ; effectively,

they identify regions of support with non-trivial mass. At each posterior update,

T1 seeds are used along with estimated links to update C and the parameters of

the linking analysis. In this way, the influence of the T1 seed information persists

throughout posterior estimation. Thus, it is crucial that the T1 seeds are represen-

tative of the underlying relationships between Y1 and Y2. When this is not the case,

strong T1 seed information could encourage BLASE to favor choices of C that reflect

the relationships among the seeds rather than the true Θ.

2.3 Posterior Sampling Algorithm

To estimate the posterior distribution of the parameters in BLASE, we leverage the

MCMC algorithms described in Gutman et al. (2013). The GM uses a two-step

Gibbs sampler for pΘ | C, B̂q and pC | Θ, B̂q. BLASE, however, considers B̂ to be

subject to measurement error and allows the blocking structure to change; hence,

additional steps are needed. We present the sampler for the case where only F2 is
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subject to faulty values.

We initialize the MCMC sampler using information from the T1 and T2 seeds. Let

T1 be the subset of pY1,Y2,Bq corresponding to the T1 seeds. We initialize Θp0q by

taking a random draw from fpΘ | T1q. We initialize Bp0q � B̂, and put all records

in F1 Y F2 into the blocks defined by Bp0q. We create dummy records as needed to

balance all initial blocks. We initialize C
p0q
k for each k using the step described in

S2.3 below. Let B12 contain the rows of B corresponding to the T1 and T2 seeds.

Conditioning on B12, we initialize Ψp0q using one draw from the block Gibbs sampler

(Ishwaran and James, 2001) as follows:

1. For i P 1, . . . , NB, update zi P t1, . . . , Hu from a multinomial full conditional

distribution with sample size 1 and

Prpz
ps�1q
i � h|Bps�1q, φpsq, πpsq, Cps�1qq �

π
psq
h

±J
j�1 φ

psq

hjB
ps�1q

i
1
j°H

h1�1 π
psq

h1

±J
j�1 φ

psq

h1jB
ps�1q

i
1
j

. (2.12)

2. For h P t1, . . . , H � 1u, update Vh from the full conditional,

V
ps�1q
h |zps�1q, αpsq � Beta

��1�m
ps�1q
h , αpsq �

Ḩ

h1�h�1

m
ps�1q
h

�
, (2.13)

where m
ps�1q
h �

°
i Ipz

ps�1q
i � hq denotes the number of individuals in latent

class h. Set VH � 1.

3. Compute π
ps�1q
h � V

ps�1q
h

±
g hp1� V

ps�1q
g q for all h P t1, . . . , Hu.

4. For j P t1, . . . , Ju and h P t1, . . . , Hu, update φhj from the full conditional,

φ
ps�1q
hj |zps�1q,Bps�1q �

Dirichlet

�
aj1 �

¸
i:zi�h

IpB
ps�1q
ij � 1q, . . . , ajdj �

¸
i:zi�h

IpB
ps�1q
ij � djq

�
.

(2.14)
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5. Update α from the full conditional,

αps�1q|πps�1q � Gamma
�
aα �H � 1, bα � logpπ

ps�1q
H q

	
. (2.15)

The posterior sampling for BLASE includes the following seven steps to update

from iteration psq to iteration ps � 1q. We outline the steps here, and additional

details are presented in Sections 2.3.1 through 2.4.

S1. For each non-seed record in F2, propose pE�
2 ,B

�
2 q using a Metropolis Hastings

(MH) step, resulting in the updated draw pE
ps�1q
2 ,B

ps�1q
2 q. See Section 2.3.2

for details.

S2. Shift records into blocks defined by Bps�1q. Add or delete dummy records as

needed to ensure all blocks are balanced.

S3. Sample a new C
ps�1q
k for each block k; see Section 2.3.1 for details.

S4. Impute missing values of Y1 or Y2 for records linked to dummy records, using the

appropriate conditional distribution derived from fpY1, Y2 | C
ps�1q,Bps�1q,Θpsqq.

Let Y
ps�1q
1 comprise Y1 and the imputed values of Y1, and let Y

ps�1q
2 comprise

Y2 and the imputed values of Y2.

S5. Sample pΘps�1q | Cps�1q,Bps�1q,Y
ps�1q
1 ,Y

ps�1q
2 q from its full conditional.

S6. Sample γps�1q from

γ2j | E
ps�1q
2 � Beta

�
aγ2j �

¸
i

E
ps�1q
2ij , bγ2j �

¸
i

p1� E
ps�1q
2ij q

�
. (2.16)

S7. Sample Ψps�1q using the block Gibbs sampler described above.
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2.3.1 Further details on sampling Cps�1q

Given Bps�1q, to sample Cps�1q we use the strategies in Gutman et al. (2013), which

we summarize here due to their importance in the algorithm. Let Y
psq
1pkq and Y

psq
2pkq

be the values of Y
psq
1 and Y

psq
2 in block k defined by Bps�1q. We sample each Ck

independently from

ppCk � Ck` | Y
psq
1 ,Y

psq
2 ,Bps�1q,Θpsqq �

fpY
psq
1pkq,Y

psq
2pkq | Θpsq, Ck`,B

ps�1qq°cpkq!

l1�1 fpY
psq
1pkq,Y

psq
2pkq | Θpsq, Ck`1 ,B

ps�1qq
.

(2.17)

We refer to sampling Ck from (2.17) as the Exact Step. It requires enumerating all

possible permutations within block k, and computing the likelihood for the analysis

model within the block for each possible permutation.

Evaluating all possible permutations becomes computationally expensive when

the number of records within a block is even modestly large. To mitigate this for

large blocks, we adapt the MH step in the algorithm for the GM, which itself is

adapted from Wu (1995), as an alternative sampling technique for Ck. We refer

to this alternative as a Switch Step. For any k in which cpkq is larger than a user

specified threshold, we do the following.

1. Propose a new permutation Ck`� by selecting with uniform probability two

within-block records from F2, and swapping their positions.

2. Compute the ratio of the likelihoods under the current and proposed Ck` and

Ck`� ,

r �
fpY

psq
1pkq,Y

psq
2pkq | Θpsq, Ck`

�,Bps�1qq

fpY
psq
1pkq,Y

psq
2pkq|Θ

psq, Ck`,Bps�1qq
. (2.18)

3. Set Ck � Ck`
� when logpuq   logprq, u � Unifp0, 1q. Otherwise, set Ck � Ck`.
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4. Repeat these three steps R ¡ 1 times to encourage sampling high probability

permutations. The constant R is user specified (R � 30 in our applications).

The value of Ck in the Rth iteration is taken for C
ps�1q
k .

This avoids computing the likelihood for every possible Ckl, as only two likelihoods

need to be computed. Following GM, we sample Ck for all blocks k with cpkq ¥ 5

using the Switch Step and for all smaller blocks using the Exact Step.

The collection tC
ps�1q
k : k � 1, . . . , Ku defines the sampled value for Cps�1q. We

link F1 and F2 according to this permutation. We note that for BLASE, since Bps�1q

potentially can change at each MCMC iteration, we must introduce dummy variables

to make balanced blocks prior to updating Cpsq.

2.3.2 Further details on sampling pE
ps�1q
2 ,B

ps�1q
2 q

The most complicated step of BLASE involves proposing values for E2 and B2. The

basic strategy is as follows. For each record i P F2 that is not a T1 or T2 seed, we

propose a new value of ppE2iq
�, pB2iq

�q. We accept or reject that proposal using a

MH step, with an acceptance ratio defined in Section 2.4. We repeat these two steps

independently for all non-seed records in F2, resulting in pE
ps�1q
2 ,B

ps�1q
2 q. Using

independent, record by record updates allows for the updates to be done in parallel

using multiple processors (although we do not utilize this feature in the examples).

We now describe the updating process for any record i P F2 that is not a T1 or T2

seed. For any eligible record i, we randomly select one non-seed field j� uniformly

from all non-seed fields for that record. Thus, at any iteration in the MCMC, E
psq
2i

and E
ps�1q
2i differ on at most one field, and record i may move only to some block

k� that disagrees with its current block k on exactly one field. This simplifies the

computation of the MH acceptance ratio.
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We propose a value for E2ij� from

pE2ij�q
�|γ

psq
2 , j� � Bernoullipγ

psq
2j�q. (2.19)

When pE2ij�q
� � E

psq
2ij� � 0, we set E

ps�1q
2i � E

psq
2i and B

ps�1q
2i � B

psq
2i . Otherwise, we

set pE2ijq
� � E

psq
2ij for all j � j�, and propose a new pB2ij�q

� via one of three general

patterns.

If pE2ij�q
� � 0 and E

psq
2ij� � 1 ñ Propose pB2ij�q

� � B̂2ij� . (2.20a)

If pE2ij�q
� � 1 and E

psq
2ij� � 0 ñ Propose pB2ij�q

� � B̂2ij� . (2.20b)

If pE2ij�q
� � 1 and E

psq
2ij� � 1 ñ Propose pB2ij�q

� R tB̂2ij� YB
psq
2ij�u. (2.20c)

To aid understanding, call the block defined by B̂2i the reported block for record i,

and any block that is different from the reported block an alternate block. Hence,

(2.20a) shifts i from an alternate block to a reported block, (2.20b) shifts from a

reported block to an alternate block, and (2.20c) shifts i from one alternate block to

another.

In the cases of (2.20b) and (2.20c), we propose pB2ij�q
� by drawing from the

mixture model described in Section 2.2.5. However, we restrict pB2ij�q
� to ensure

the conditions in (2.20b) and (2.20c) are not violated. We also disallow pB2ij�q
� that

result in BV combinations not observed in B̂1. In our experience, if we allow BLASE

to create a block with only one observed record from F2, that record typically stays

in this newly created block over the MCMC runs, regardless of whether it should

be there or not. This is because BLASE always has to base the MH ratio on an

imputed value of Y1 for that record, which by design is generated to be concordant

with the analysis model, i.e., it has relatively high likelihood. As a result, the MH

step tends not to move the record out of its (randomly sampled) unique block, which

runs counter to our objective of exploring the space of possible block moves.
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We define the set of legal blocks for each record i to contain blocks defined by

B̂1 and blocks that fulfill the restrictions in (2.20a)-(2.20c). The move restriction

requires adapting the proposal step forB� to only allow proposals which lead records

to move to legal blocks. In the proposal, we normalize each φhj� over the set of legal

blocks. Specifically, define

Dpbq � tx P p1 : dj�q|x � B̂2ij� and B2ij� � x implies B2i P B̂1u. (2.21)

Dpbq contains the set of possible proposals for B2ij� under (2.20b). Likewise, define

Dpcq � tx P p1 : dj�q|x � B̂2ij� , x � B2ij�
psq and B2ij� � x implies B2i P B̂1u.

(2.22)

Dpcq then contains the set of possible proposals for B2ij� under (2.20c). Define

Φij�m
psq �

$'&'%
φhj�m

psq{
°
xPDpbq

φhj�x
psq : m P Dpbq, pE2ij�q

� � 1 and E
psq
2ij� � 0

φhj�m
psq{
°
xPDpcq

φhj�x
psq : m P Dpcq, pE2ij�q

� � 1 and E
psq
2ij� � 1

0 : otherwise.

(2.23)

Let Φ
psq
ij� � tΦ

psq
ij�m|m P 1, . . . , d�j u. We then obtain the proposal for B2ij� as follows.

Under (2.20a), propose pB2ij�q
� � B̂2ij� . Under (2.20b) or (2.20c), propose pB2ij�q

�

by sampling from Multinomialp1; t1, . . . , d�j u,Φ
psq
ij�q.

Based on the sampled value of pB2ij�q
�, we shift record i from the block k defined

by B2i
psq into the block k� defined by pB2iq

�. Block k loses a record from F2 while

block k� gains one. We then add or remove dummy records to rebalance both affected

blocks. When block k� contains at least one record from F1k� matched to a dummy

record, we temporarily replace one of the dummy records with the record i shifted

into the block. When block k� does not contain a dummy record in F2k, we impute

the missing Y1 for record i from fpY1|Y
psq
2 , Cpsq,B�,Θpsqq. For block k, if record i

was matched to a dummy record when in F2k, we temporarily remove the dummy

record from block k. Otherwise, we impute the missing Y2 value for record i from
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fpY2|Y
psq
1 , Cpsq,B�,Θpsqq. Let Y �

1 comprise Y1 and the imputed values of Y1 after the

block move, and let Y �
2 comprise Y2 and the imputed values of Y2 after the block

move. Similarly, let pY1pkqq
� and pY2pkqq

� comprise the values of Y �
1 or Y �

2 in block k

after moving record i. We define pY1pk�qq
� and pY2pk�qq

� analogously.

Shifting records in and out of blocks requires two new permutations, pCkq
� and

pCk�q
�. For small blocks, we propose these permutations using the Exact Step. For

large blocks, we use a variation of the Switch Step, which we describe in Section

2.3.2.1 through 2.3.2.4. We accept or reject pE�
2ij� , B

�
2ij�q based on the MH accep-

tance ratio described in Section 2.4, the result of which we use for pE
ps�1q
2ij� , B

ps�1q
2ij� q.

When updating each non-seed’s BVs in F2 in serial, we return all values to those in

pEpsq, Bpsq, Cpsq,Y
psq
1 ,Y

psq
2 q before moving to the proposal for the next record.

We now describe in detail the process of proposing pCkq
� and pCk�q

�. These

permutations define the linkage structure within the proposed blocking structure

defined by pB2q
�.

2.3.2.1 Block k: Case 1

Conditional on C
psq
k , suppose record i is matched to a dummy record � in block k.

If i is shifted from the block, the dummy record is no longer necessary, and may be

removed from k. Because the permutation C
psq
k defines the linkage structure for all

remaining records in the block, we propose pCkq
� � C

psq
k , with the record i removed.

2.3.2.2 Block k: Case 2

Conditional on Cpsq, suppose record i is not matched to a dummy record in block k.

We impute the missing Y2 value for record i from fpY2|Y
psq
1 , Cpsq,B�,Θpsqq. pY2pkqq

�

then comprises this imputed value and the values of Y
psq
2pkq which remain in block k

after record i is removed. Y1 is unaffected by this block move, so pY1pkqq
� � Y

psq
1pkq. If
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block k is small, we propose pCkq
� using the Exact Step. In this case,

PrppCkq
� � Ckl | C

psq
k , Y �

1 , Y
�
2 ,B

�,Θpsqq �

fppY1pkqq
�, pY2pkqq

� | Θpsq, Ck`,B
�q°c�k !

l1�1 fppY1pkqq
�, pY2pkqq

� | Θpsq, Ck`1 ,B
�q

(2.24)

If k is large, we propose pCkq
� by selecting two non-seed records and switching their

positions. Let Cpkq denote the set of all permutations which can be obtained by such

a process. Let c�k denote the value of ck after the record move. Then for a large

block, we have

PrppCkq
� � Ckl | C

psq
k , Y �

1 , Y
�
2 ,B

�,Θpsqq �

#
pc�k�2q!2!

c�k !
: if Ck` P Ck

0 : otherwise .
(2.25)

This avoids computing the likelihood for every possible Ckl. To allow exploration of

Ck, for large blocks the process of accepting or rejecting pE�
2i, B

�
2iq is as follows:

1. Propose a new permutation from (2.25).

2. Compute the acceptance ratio A as defined in (2.43)

3. If logpuq   logpAq, u � Unifp0, 1q, we accept pE�
2i, B

�
2iq. Otherwise, repeat the

first two steps R ¡ 1 times. The constant R is user specified (R � 30 in our

applications). If after R iterations we fail to accept, we reject the block move

and set pE
ps�1q
2i , B

ps�1q
2i q � pE

psq
2i , B

psq
2i q.

2.3.2.3 Block k�: Case 1

Conditional on C
psq
k� , suppose at least one record in F

psq
1pk�q in block k� is matched to a

dummy record, denoted �. Conditional on pB2iq
�, we move record i into block k� and

replace the dummy record with i. If there is more than one F2 dummy record in the

block, we randomly select one to replace with i. Let r
1

denote this selected dummy
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record. Then pY2pk�qr1 q
� � Y2i and pY2pk�qrq

� � Y
psq
2pkqr for all r � t1, . . . , c

psq
pk�q|r � r

1
u.

Y
psq
1 is unaffected by this block move, so pY1pk�qq

� � Y
psq
1pk�q. There are no dummy

records created for this case. We propose pCk�q
� analogously to Section 2.3.2.2.

2.3.2.4 Block k�: Case 2

Conditional on C
psq
k� , suppose no records in F

psq
1pk�q in block k� are matched to a dummy

record. Conditional on pB2iq
�, we move record i into block k� and impute the missing

Y1 for record i from fpY1|Y
�
2 , C

psq,B�,Θpsqq. Here pY2pk�qq
� � ppY2pk�qq

psq, Y2iq and

pY1pk�qq
� comprises Y

psq
1pk�q and the imputed Y1 value. We propose pCk�q

� analogously

to Section 2.3.2.2.

2.4 Sampling pE�

2,B
�

2q: Deriving the Acceptance Ratio

Once values for pE2iq
� and pB2iq

� have been proposed, we simultaneously accept or

reject both proposals. In this section, we derive the acceptance ratio A used in this

MH step.

2.4.1 Notation

Let B� � pB1,B
�
2 q, where the ith row of B�

2 is defined by the proposal pB2iq
�, and

pB2i1 q
� � pB2i1 q

psq for all i
1
� i. Similarly, let E� � pE1,E

�
2q, where the ith row of E�

2

is defined by the proposal pE2iq
�, and pE2i1 q

� � pE2i1 q
psq for all i

1
� i.

For each proposed block move, the acceptance ratio A takes a standard MH form,

namely A � pp�q � Jp�q. Jp�q, the ratio of transition probabilities from the proposal

distribution, is

Jp�q �
ppE

psq
2ij� , B

psq
fij� , C

psq|E�, pCq�,B�, Y �
1 , Y

�
2 ,Ψ

psq, B̂,Θpsq, γpsqq

pppE2ij�q�, pB2ij�q�, pCq�|Epsq, Cpsq,Bpsq, Y
psq
1 , Y

psq
2 ,Ψpsq, B̂,Θpsq, γpsqq

.

(2.26)
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The ratio of the probability of the new state to the current state is denoted pp�q,

with

pp�q � A1 � A2 � A3, (2.27)

where

A1 �
fpB̂2ij� |E

�
2 ,B

�
2 q

fpB̂2ij� |E
psq
2 ,B

psq
2 q

�
ppB2ij� � pB2ij�q

�|Ψpsqq

ppB2ij� � B
psq
2ij� |Ψ

psqq
�

ppE2ij� � pE2ij�q
�|γ

psq
2j�q

ppE2ij� � E
psq
2ij� |γ

psq
2j�q

�
ppC � C�|B�

2 q

ppC � Cpsq|B
psq
2 q

,

(2.28)

A2 �
fpY1, Y2|Θ

psq, C�,B�q

fpY1, Y2|Θpsq, Cpsq,Bpsqq
, (2.29)

A3 �
ppΨpsqqppγpsqqppΘpsqq

ppΨpsqqppγpsqqppΘpsqq
. (2.30)

2.4.2 Component pp�q

In (2.30), the priors for γ and Ψ are independent of E2,B2 or C, and therefore do not

contribute to the acceptance ratio. The prior ppΘq is user-specified. For example, if

the linking analysis were a regression model, a g prior could be used for the coeffi-

cients. This choice for ppΘq is conditional on the permutation C through reliance on

the design matrix. In the simulation studies in Section 2.5, Θ � pβ, σ1,η, σ2q and

the prior ppΘq9p1{σ2
1qp1{σ

2
2q is independent of E2,B2 or C. Thus, (2.30) equals 1.

The ratio ppB̂2ij� |E
�
2 ,B

�
2 q{ppB̂2ij� |E

psq
2 ,B

psq
2 q in (2.28) is defined by the measure-

ment error model in (2.5), i.e.,

f
�
B̂2ij|E2ij, B2ij

	
�

"
B2ij : if E2ij � 0
Uniform discrete on all but B2ij : if E2ij � 1.

If E2ij� � 0, B̂2ij� � B2ij� with probability 1. If E2ij� � 1, (2.5) assigns equal mass
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for all dj� choices of B̂fij excluding Bfij. The ratio is then

fpB̂2ij� |E
�
2 ,B

�
2 q

fpB̂2ij� |E
psq
2 ,B

psq
2 q

�

$'&'%
1 : pE2ij�q

� � E
psq
2ij� � 1

1{pdj� � 1q : E
psq
2ij� � 0, pE2ij�q

� � 1

dj� � 1 : E
psq
2ij� � 1, pE2ij�q

� � 0.

(2.31)

The ratio A is not computed when pE2ij�q
� � E

psq
2ij� � 0. With such a proposal, we

set B
ps�1q
2ij� � B̂2ij� and the MH step is complete.

The contribution of the prior on B to (2.28) is the ratio of the probability of

ppB2ij� � pB2ij�q
�|Ψpsqq to ppB2ij� � B

psq
2ij� |Ψ

psqq. Let the latent class assignment

z
psq
i � h. Then we have

ppB2ij� � pB2ij�q
�|Ψpsqq

ppB2ij� � B
psq
2ij� |Ψ

psqq
�
φ
psq

hj�pB2ij� q
�

φ
psq

hj�B
psq

2ij�

. (2.32)

This ratio increases the MH acceptance ratio A if we propose shifting i to a value

pB2ij�q
� which is more likely under Ψpsq than its current B

psq
2ij� . The contribution of

the model for E2 to (2.28) is similarly concise. For all j � j�, pE2ijq
� � E

psq
2ij . Hence,

we have:

ppE2ij� � pE2ij�q
�|γ

psq
2j�q

ppE2ij� � E
psq
2ij� |γ

psq
2j�q

�

$''&''%
1 : pE2fij�q

� � E
psq
2ij� � 1

γ2j�

1�γ2j�
: E

psq
2ij� � 0, pE2ij�q

� � 1
1�γ2j�

γ2j�
: E

psq
2ij� � 1, pE2ij�q

� � 0.

(2.33)

The final component of (2.28) is the ratio ppC�|B�q{ppCpsq|Bpsqq. Within each

MH step, only record i moves blocks. Specially, record i moves from a block k to a

block k�. This means that the only difference between C� and Cpsq are the permuta-

tions Ck and Ck� . Following our convention, let c
psq
pkq denote the length of permutation

Ck before the record i move, and let pcpkqq
� denote the length of permutation Ck after

the proposed record i move. We then have

ppC � C�|B�q

ppC � Cpsq|Bpsqq
�

1
pcpkqq

�!
1

pcpk�qq
�!

1

c
psq
pkq

!

1

c
psq

pk�q
!

�
c
psq
pkq!c

psq
pk�q!

pcpkqq
�!pcpk�qq

�!
, (2.34)
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where (2.34) is a ratio permutation lengths. The difference c
psq
pkq � pcpkqq

� P t0, 1u, so

c
psq
pkq!

pcpkqq
�!
P t1, c

psq
pkqu. (2.35)

Similarly pcpk�qq
� � c

psq
pk�q P t0, 1u, so

c
psq
pk�q!

pcpk�qq
�!
P t1,

1

pcpk�qq
� u. (2.36)

Combining (2.31) - (2.34), pp�q can be written as:

pp�q �
fpY1, Y2|Θ

psq, C�,B�q

fpY1, Y2|Θpsq, Cpsq,Bpsqq
�

c
psq
pkq!c

psq
pk�q!

pcpkqq
�!ppcpk�qq

�!
�
φ
psq

hj�pB2ij� q
�

φ
psq

hj�pB2ij� q
psq

�

$'&'%
1 : E

psq
2ij� � pE2ij�q

� � 1

γ2j�{ ppdj� � 1qp1� γ2j�qq : E
psq
2ij� � 0, pE2ij�q

� � 1

pdj� � 1qp1� γ2j�q{γ2j� : E
psq
2ij� � 1, pE2ij�q

� � 0.

(2.37)

2.4.3 Component Jp�q

The transition probability Jp�q in (2.26) may be expressed as

Jp�q �
PrpE2ij� � E

psq
2ij� | . . . qPrpB2ij� � B

psq
2ij� |E

psq
2ij� , . . . qPrpC � Cpsq|Bpsq, . . . q

PrpE2ij� � pE2ij�q
�| . . . qPrpB2ij� � pB2ij�q

�|pE2ij�q�, . . . qPrpC � C�|B�, . . . q

�
PrpE2ij� � E

psq
2ij� |γ

psq
2j�q

PrpE2ij� � pE2ij�q
�|γ

psq
2j�q

�
PrpB2ij� � B

psq
2ij� |E

psq,E�,Ψpsq, B̂,B�q

PrpB2ij� � pB2ij�q
�|E�,Epsq,Ψpsq, B̂,Bpsqq

�
PrpC � Cpsq|C�,Bpsq, Y

psq
1 , Y

psq
2 ,Θpsqq

PrpC � C�|Cpsq,B�, Y �
1 , Y

�
2 ,Θ

psqq

(2.38)
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2.4.3.1 pE2ij�q
�

We propose pE2ij�q
�|γpsq by sampling pE2ij�q

�|γ
psq
2 , j� � Bernoullipγ2j�

psqq. Hence,

we have

PrpE2ij� � E
psq
2ij� |γ

psq
2j�q

PrpE2ij� � pE2ij�q
�|γ

psq
2j�q

�

$'&'%
1 : pE2ij�q

� � 1 � E
psq
2ij�

p1� γ2j�q{γ2j� : E
psq
2ij� � 0, pE2ij�q

� � 1

γ2j�{p1� γ2j�q : E
psq
2ij� � 1, pE2ij�q

� � 0.

(2.39)

When multiplying (2.39) by (2.37), all terms involving γ cancel out of A.

2.4.3.2 pB2ij�q
�

The proposal distributions for pB2ij�q
� are described in Section 2.3.2. We denote the

probability of transitioning from B�
2ij� to pB2ij�q

psq as Φ
p�Ñsq

ij�B
psq
fij

. This has the same

form as (2.23) but with the roles of pB2ij�q
� and B

psq
2ij� reversed. The ratio of proposal

distributions for B2ij� is then

PrpB2ij� � B
psq
2ij� |E

psq, pEq�,Ψpsq, B̂,B�q

PrpB2ij� � pB2ij�q
�|pEq�,Epsq,Ψpsq, B̂,Bpsqq

�

$'''&'''%
Φ
p�Ñsq

ij�B
psq
fij

{Φ
psq

ij�pBfij� q
� : pEfij�q

� � 1 � E
psq
fij�

1{Φ
p�Ñsq

ij�B
psq
fij

: pEfij�q
� � 1, E

psq
fij� � 0

Φ
psq

ij�pBfij� q
� : pEfij�q

� � 0, E
psq
fij� � 1.

(2.40)

2.4.3.3 C�

The final contribution to Jp�q in (2.38) is the ratio

JC �
PrpC � Cpsq|C�,Bpsq, Y

psq
1 , Y

psq
2 ,Θpsqq

PrpC � C�|Cpsq,B�, Y �
1 , Y

�
2 ,Θ

psqq
. (2.41)

Within each MH step, only one record moves from a block k to a block k�. This

means that the only differences between Cpsq and C� are the permutations in blocks

k and k�. Following our convention, let C
psq
k denote the length c

psq
pkq permutation Ck
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before the record i move, and let pCkq
� denote the length pckq

� permutation Ck after

the proposed record i move. Then (2.41) is written as

JC �
PrpCk � C

psq
k |pCkq

�,Bpsq, Y
psq
1 , Y

psq
2 ,Θpsqq

PrpCk � pCkq
�|C

psq
k ,B�, Y �

1 , Y
�
2 ,Θ

psqq
�

PrpCk� � C
psq
k� |pCk�q

�,Bpsq, Y
psq
1 , Y

psq
2 ,Θpsqq

PrpCk� � pCk�q
�|C

psq
k� ,B

�, Y �
1 , Y

�
2 ,Θ

psqq
.

(2.42)

Each of the four pieces of (2.42) represents the probability of proposing a given

permutation conditional upon either the current or proposed state of the chain.

These proposal distributions are described in Section 2.3.2. JC will be a product of

the probabilities described in Sections 2.3.2.1 - 2.3.2.4.

2.4.4 Final ratio

The final acceptance ratio A has one of three forms, dependent on E� and Epsq.

A � pp�q � Jp�q

�
fpY1, Y2|Θ

psq, C�,B�q

fpY1, Y2|Θpsq, Cpsq,Bpsqq
�

c
psq
pkq!c

psq
pk�q!

pcpkqq
�!ppcpk�qq

�!
�
φ
psq

hj�pB2ij� q
�

φ
psq

hj�B
psq

2ij�

�

� JC �

$'''&'''%
Φ
p�Ñsq

ij�B
psq
fij

{Φ
psq

ij�pBfij� q
� : pEfij�q

� � 1 � E
psq
fij�

1{Φ
p�Ñsq

ij�B
psq
fij

: pEfij�q
� � 1, E

psq
fij� � 0

Φ
psq

ij�pBfij� q
� : pEfij�q

� � 0, E
psq
fij� � 1.

(2.43)
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Table 2.1: Simulation study specifications and prior settings.

Sim Prior Fault T1 Seed aγ2prog bγ2prog Prior Non-Seed
Group Setting Level Count Mean Fault %

CA 40% 60% 90000 10000 90% 100%
HSHF D 40% 60% 2 10 16.7%

CP 40% 60% 12500 87500 12.5%

CA 40% 20% 50000 50000 50% 50%
LSHF D 40% 20% 2 10 16.7%

CP 40% 20% 6250 93750 6.25%

CA 5% 60% 12500 87500 12.5% 12.5%
HSLF D 5% 60% 2 10 16.7%

CP 5% 60% 90000 10000 90%

CA 5% 20% 6250 93750 6.25% 6.25%
LSLF D 5% 20% 2 10 16.7%

CP 5% 20% 50000 50000 50%

Notes: (1) The diffuse informative (W) prior setting is consistent
across all seed levels; (2) Fault Level: the overall percentage of records
from F2 initialized in the incorrect block; (3) T1 Seed Count: the
percentage of the 5000 pairs that are T1 seeds; (4) aγ2prog , bγ2prog : the
hyper-parameter values for γ2prog; (5) Prior Mean: prior mean of
γ2prog with the specified hyper-parameters; (6) Non-Seed Fault %:
percentage of non-seeds from F2 initialized in incorrect blocks.

2.5 Simulation studies

In this section, we present results of simulation studies designed to illustrate the

performance of BLASE with varying amounts of faultiness, numbers of T1 seeds,

and hyper-parameter settings for the prior distribution of γ2. We use two faultiness

levels, high (40%) and low (5%), and two T1 seed counts, high (60%) and low (20%),

to define four primary simulation groups. For each simulation, we examine three

prior distributions for γ2, representing diffuse (D) prior beliefs, concentrated and

appropriate (CA) prior beliefs, and concentrated but poorly specified (CP) beliefs.

Table 2.1 presents the simulation specifications in detail.
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Table 2.2: Variable descriptions for the hsbdemo data set

Name Type Description Levels In File
read Cont Reading test score F1 only
math Cont Math test score F2 only
female Binary 0 = Male Both

1 = Female
schtyp Binary Type of school 0 = Public Both

1 = Private
ses Cat Level of school 1 = Lower Both

2 = Middle
3 = High

prog Cat Program of study 1 = General Both
2 = Academic
3 = Vocational

honors Binary Honors status 0 = Not in Honors Both
1 = In Honors

cid Cat Unspecified 1-30 Both

Note: All six categorical variables are used as BVs.

2.5.1 Simulation set-up

We use variables from the hsbdemo dataset (UCLA: Stat Consulting Group, 2016)

to create simulated files F1 and F2. This dataset focuses on school testing, as does

the NC education data we use in Section 2.6. Table 2.2 describes the variables.

Because hsbdemo has only 200 records, we simulate 5000 record pairs by sampling

from predictive distributions estimated on the observed data. In each replication,

we refer to generated data with no BV faults as the perfectly blocked (PB) data,

meaning B̂ � B. To ensure small block sizes, we generate each replicated data set

ensuring that cpkq ¤ 10 for all k. Specifically, the PB data sets are each generated

using the following steps.

1. cid: Sample n values for cid from a Multinomial(1,π), where the probabilities

π give equal probability to every integer in t1, . . . , 30u .

2. female: Independent of cid, sample n values for female from a Binomial(n,0.545).
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The success probability is the proportion of females in the hsbdemo data set.

female � Binomialpn, 0.545q.

3. schtyp|cid: Using the hsbdemo data, fit a logistic model regressing schtyp on

cid. Based on this model, estimate the probability for public and private school

status for each of the cid values generated in Step 1, and sample n values for

schtyp based on these probabilities.

4. prog|schtyp : Using the hsbdemo data, fit a multinomial regression model for

prog on schtyp. Based on this model, estimate the probability for program

status for each of the n schtyp values generated in Step 2, and sample n values

for prog based on these probabilities.

5. ses|prog, schtyp: Using the hsbdemo data, fit a multinomial regression model

for ses on schtyp and prog. Based on this model, estimate the probability for

program status, and sample n values for ses based on these probabilities.

6. honors|ses, prog: Using the hsbdemo data, fit a logistic regression model for

honors on ses and prog. Based on this model, estimate the probability of being

enrolled in honors, and sample n values for honors based on these probabilities.

7. Let B be the n � 6 matrix with columns containing the generated values for

female, schtyp, ses, prog, honors , and cid.

8. math|prog, ses, female: Using the hsbdemo data, fit a normal regression model

for math conditional on prog,ses,female. We obtain the model below.

ˆmath � 47.9� 5.88Ipprog � academicq � 3.84Ipprog � vocationalq

� 2.93Ipses � middleq � 4.57Ipses � highq � 0.20Ipfemale � 1q � ε2,

(2.44)
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where ε2 � Np0, 6.372q. From (2.44), sample sample n values for math| B. Let

F2 be the n� 7 matrix with columns containing the generated values for math,

female, schtyp, ses, prog, honors , and cid.

9. read|math, prog: Using the hsbdemo data, fit a normal regression model for read

conditional on math and prog. We obtain the following:

yread � 17.1� 0.65math� 2.02Ipprog � academicq

�1.20Ipprog � vocationalq � ε1,
(2.45)

where ε1 � Np0, 6.252q. From (2.45), sample n values for read| math,B. Let

F1 be the n� 7 matrix with columns containing the generated values for read,

female, schtyp, ses, prog, honors , and cid.

To satisfy the block size requirement, for any k such that cpkq ¡ 10, we randomly

sample cpkq � 10 in-block records. Selected records are declared T1 seeds. Let t� �°
kmaxp0, cpkq � 10q, or the total number of T1 seeds needed to fulfill the block size

restriction. Each simulation setting specifies a certain number NT1 of T1 seeds. We

select the remaining NT1 � t� required T1 seeds at random from the non-seed pairs.

We introduce faulty values for the BV, prog. To do so, we select the record pairs

with faults at random, and sample the faulty reported values of prog uniformly from

the available incorrect values. We repeat this process independently 100 times at

each simulation setting, generating new sets of 5000 records each time.

In each data set, we apply both BLASE and GM, with the latter assuming (in-

correctly) that all records are T1 or T2 seeds. We also apply GM to the PB data as

a baseline, as this is the best BLASE or GM could hope to do with the faulty data.

For each replicate and each estimation method, we run a MCMC chain for 10000

iterations, thinned every two iterations, with 500 iterations used for burnin. When

fitting BLASE, we only allow prog to change; that is, all F1 records are T2 seeds, and
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all F2 records are seeds for all j � prog. This corresponds to the prior belief that

γ2j � 0 for all j � prog. The linking analysis includes the linear regression of Y1 �

read on math and prog,

Y1 �β0 � β1math� β2Ipprog � academicq � β3Ipprog � vocationalq � ε1

�X1β � ε1,
(2.46)

where ε1 � Np0, σ2
1, and a linear regression for Y2 � math on female, prog, and ses,

Y2 �η0 � η1Ipfemale � yesq � η2Ipprog � academicq�

η3Ipprog � vocationalq � η4Ipses �Middleq � η5Ipses � Highq � ε2

�X2η � ε2,

(2.47)

where ε2 � Np0, σ2
2q. These models are the same as those used for data generation.

Let X1 denote the design matrix for (2.46), and let X2 denote the design matrix for

(2.47).

Let β � rβ0, β1, β2, β3s
T , β1 � rβ0, β2, β3s

T , η � rη0, η1, η2, η3, η4, η5s
T . As a

prior distribution for Θ � pβ, σ1,η, σ2q, we use ppΘq9p1{σ2
1qp1{σ

2
2q. Conditional on

Cps�1q,Y
ps�1q
1 , and Y

ps�1q
2 , let X1

ps�1q and X2
ps�1q represent the design matrices of

the regression of Y1 and Y2, respectively. Let N
psq
B �

°K
k�1 n

psq
pkq be the number of

individuals as defined by Cps�1q. The Gibbs sampling steps for the simulation then

proceed as follows.

1. Impute missing values of Y2 for records linked to dummy records. Let Vps�1q

denote X1
ps�1q without the column corresponding to Y2. Dropping the super-

scripts psq on Θ, we impute using the following conditional distribution:

Y2|Y
psq
1 ,Θpsq, Cps�1q,Bps�1q � Npµ,ΣIq, (2.48)

µ � Σ� pσ�2
2 X2

ps�1qη � σ�2
1 β2pY

psq
1 �Vps�1qβ1qq, (2.49)

Σ � pσ�2
2 � σ�2

1 β2
2q
�1. (2.50)
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Here I is the identity matrix. Let Y
ps�1q
2 comprise Y2 and the imputed values

of Y2.

2. Impute missing values of Y1 for records linked to dummy records using the

following conditional distribution:

Y1|X1
ps�1q, Cps�1q,Θpsq � NpX1

ps�1qβpsq, pσ2
1q
psq
Iq.

Here I is the identity matrix. Let Y
ps�1q
1 comprise Y1 and the imputed values

of Y1.

3. Sample σ
ps�1q
1 from the full conditional

σ2
1|Y

ps�1q
1 ,X1

ps�1q,βpsq � InvGamma

�
N

ps�1q
B � p

2
, SSE1{2

�
(2.51)

SSE1 � pY
ps�1q
1 �X1

ps�1qβpsqqT pY
ps�1q
1 �X1

ps�1qβpsqq. (2.52)

4. Sample βps�1q from the full conditional

β|σ
ps�1q
1 , Y

ps�1q
1 ,X1

ps�1q � N
�
β̂, pX1

ps�1qTX1
ps�1qq�1pσ2

1q
ps�1q

	
, (2.53)

β̂ � pX1
ps�1qTX1

ps�1qq�1X1
ps�1qTY

ps�1q
1 . (2.54)

5. Sample σ
ps�1q
2 from the full conditional

σ2
2|X2

ps�1q,ηpsq � InvGamma

�
N

ps�1q
B � q

2
, SSE2{2

�
, (2.55)

SSE2 � pY
ps�1q
2 �X2

ps�1qηpsqqT pY
ps�1q
2 �X2

ps�1qηpsqq. (2.56)

6. Sample ηps�1q from the full conditional

η|σ
ps�1q
2 , Y

ps�1q
2 , Cps�1q,Bps�1q � N

�
η̂, pX2

ps�1qTX2
ps�1qq�1pσ2

2q
ps�1q

	
, (2.57)

η̂ � pX2
ps�1qTX2

ps�1qq�1X2
ps�1qTY

ps�1q
2 . (2.58)
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2.5.2 Simulation results

We compare BLASE and GM across the simulation scenarios using several metrics.

First, we compute the posterior match rate (PMR), which is the number of correctly

matched pairs divided by the total number of matched pairs. Since for BLASE

(but not GM) the number of matched pairs can vary at each MCMC iteration, we

compute the PMR for each post-burnin posterior sample of C, and average this

across posterior samples. We also evaluate posterior inferences for Θ, the coefficients

in both regressions in the linking analysis model. Finally, we compute an average

root mean square error (RMSE) for prediction on out-of-sample cases. Here, we

create a single test data set of 500 records simulated from the models used to create

the 5000 records. In each replication, we then compute

RMSE �

gffe 1

500

500̧

i�1

pŶ1i � Y1iq
2
. (2.59)

Each Ŷ1i is sampled from fpY1|Θ̂, Y2i, B2iq, where Θ̂ equals the posterior mean of

Θ per BLASE or GM for that replication. In each simulation setting and for each

method, we average the 100 values of (2.59) to obtain the average RMSE.

Figures 2.1 and 2.2 displays key results from the high seed, high fault (HSHF)

scenario, which is where we expect the largest payoffs from using BLASE over GM.

As evident in Figure 2.1, applying the GM to the PB data yields reasonable estimates

of the coefficient for math in the regression model for Y1; we focus on this coefficient

because it is the most important predictor by far, as evident in the final row of Table

2.3. However, applying GM on the data with faulty BVs results in significant under-

estimation of the math coefficient. BLASE estimates the coefficient more accurately

than GM for all three prior settings, with the best (and comparable) results for

the diffuse and appropriately concentrated priors. BLASE provides more reliable

estimates of most of the remaining coefficients, as well. As a result, BLASE has
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Figure 2.1: HSHF: Posterior means for math coefficient for each of 100 replications
at each prior setting (Concentrated/Appropriate, Diffuse, Concentrated/Poor). Dis-
played intervals contain the central 95% of these posterior means. Dashed horizontal
lines indicate true values of coefficients.
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Figure 2.2: HSHF: Comparison of nonseed PMRs. Average posterior match rates
from 100 simulations for GM and BLASE at each prior distribution.

smaller average RMSE than GM does, as shown in Table 2.3. We also note that

BLASE has a larger average PMR than GM does (Figure 2.2).
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Table 2.3: Summary of results of simulation studies. Positive values indicate BLASE
is more accurate than GM, and negative values indicate the opposite. Bold values
indicate statistically significant results (paired t-test p-value   .05). Entries under
dPMR equal 100pPMRBLASE�PMRGMq. Entries under dRMSE are averages across
100 replications of pRMSEGM �RMSEBLASEq{RMSEPB. Entries under each pre-

dictor are averages across 100 replications of 100
����θ̂GM � θ

���� ���θ̂BLASE � θ
���	 {θ. The

final row is the average t-values and R2 values of the linking analysis across the 100
PB data sets.

Y1 Regression Linking Analysis Parameters
Intercept Math prog = Acad prog = Voc PMR RMSE

CA 29.5 15.2 -14.7 42.8 11.4 3.3
HSHF D 25.6 13.3 -14.0 41.0 10.1 2.5

CP 11.9 6.3 -3.1 55.0 5.5 .50

CA .3 .06 -21.2 1.2 .95 .003
LSHF D 5.9 2.8 -9.9 20.3 3.3 .008

CP 9.9 4.8 -4.4 27.0 4.3 .011

CA .9 .5 2.1 4.4 -1.2 .006
HSLF D .16 .15 1.7 3.2 -1.6 -.02

CP -21.4 -11.0 -37.6 -69.1 -10.6 -.96

CA -12.6 -6.3 .6 -9.3 -1.9 -1.3
LSLF D -9.9 -5.0 -6.2 -13.0 -1.3 -.9

CP -40.0 -20.2 -45.7 -82.3 -9.9 -3.4

t-values 27.7 56.3 8.9 -5.3 R2 0.46

As is evident in Figures 2.1 and 2.2, using strong but inappropriate prior beliefs

to specify paγ2j , bγ2jq can degrade the performance of BLASE. This is true in most

other simulation scenarios as well, as seen in Table 2.3. The most severe degradation

occurs in the low seed, low fault (LSLF) scenario, where the poorly specified prior

distribution is informative enough to cause many unnecessary changes in blocks. In

contrast, across all scenarios, the diffuse prior distribution performs comparably to

the better of the CA and CP prior distributions. Thus, in the absence of reliable

prior information about the faultiness rates, we recommend using diffuse priors in
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which the choice of paγ2j , bγ2jq corresponds to a small prior sample size.

Focusing on results in Table 2.3 for the diffuse prior distribution, we can discern

general patterns over the four simulation scenarios. First, in both HF scenarios,

BLASE tends to result in significantly higher average PMR, lower average RMSE,

and more accurate estimates of the Y1 model coefficients than GM does. These

improvements are smaller in the low fault scenario, in which the violation of the

GM perfect blocking assumption is less problematic. Second, in the HSLF scenario,

BLASE offers slight improvements over GM (using the CA or D priors). Apparently,

even when only a modest number of records need to be moved, BLASE can leverage

the information in the T1 seeds to identify plausible moves. Third, in the LSLF

scenario, BLASE is slightly outperformed by GM. Without adequate numbers of T1

seeds, BLASE does not have enough information to determine accurate moves. We

note that, although not apparent from Table 2.3, in scenarios with low numbers of

T1 seeds neither BLASE nor GM provide accurate estimates of the coefficients; see

Appendix B for supporting results.

2.6 Illustrations with NC education data

In this section, we illustrate the performance of BLASE using data from the North

Carolina Education Research Data Center (NCERDC, 2013). The data consist of

83,957 record pairs containing end-of-grade (EOG) math test scores for 7th graders

from 2011 (F1) and their accompanying 8th grade scores from 2012 (F2). We work

specifically with a subset of 77,998 record pairs that correspond to the three largest

ethnic groups in the data set. These records are known from extensive clerical review

to be perfectly matched, so we can treat the records as a truth for purposes of

evaluating the performance of BLASE with genuine data.

We use seven categorical variables as the BVs: birth day, birth month, birth year,

ethnicity (White, Black, Hispanic), sex, honors (1 if Honors enrolled, 0 if not), and a
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school identifier (704 schools). Let Y1 be the centered math EOG score for 2011, and

let Y2 be the centered math EOG score for 2012. As the linking analysis for BLASE

and GM, as well as for model evaluation, we use

Y1 � β0 � β1Y2 � β2IpBlackq � β3IpHispanicq � β4IpMaleq � ε1, (2.60)

Y2 � η0 � η1IpBlackq � η2IpHispanicq � η3IpMaleq � ε2, (2.61)

where ε1 � Np0, σ2
1q and ε2 � Np0, σ2

2q. In both models, we use a baseline of a female

with ethnicity equal to white. In the perfectly matched data, the Y1 regression has

R2 � .69, and the Y2 regression has R2 � .1.

The data contain a high number of seeds, with 62,276 pairs (roughly 80%) of

the true matches agreeing uniquely on all seven BVs. Only about 9.2% of the true

matches disagree on at least one BV field, with school being the most commonly

different. This arises mainly because some students move schools over the year.

We fit BLASE (using the diffuse prior) and GM to these data. Not surprisingly

given the low error rates and high fraction of T1 seeds, there is little difference

in their performances. Additionally, in these data the school attended is not an

important predictor of the other variables. As a result, BLASE has little information

to encourage moves to the correct blocks.

As more stringent tests of BLASE, we generate more numerous and impactful

errors by perturbing ethnicity. For all true matches pi, i
1
q which are faulty on school,

we set B̂2i1j � B̂1ij. We then make 15% of the values of ethnicity faulty; this

corresponds to 75% of the values for the non-seeds. This variable is an important

predictor in (2.60), so that errors in the variable could adversely affect the estimated

regression. We sample 75% of the non-seeds completely at random, and for selected

records sample a new value for ethnicity uniformly from incorrect values. We call

this the block faults at random (FAR) scenario.

We also create a scenario in which the faulty value of ethnicity is not chosen
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Figure 2.3: FAR: 95% posterior CIs for the parameters of the linking analysis.
Results are from MCMC chain run for 10000 iterations, thinned every two draws, for
each of the PB, GM and BLASE methods. The horizontal bars represent the OLS
parameter estimates from the perfectly linked data. “EthB” stands for “Black”,
where “EthH” stands for “Hispanic”. Note: For the math coefficient, the perfectly
linked estimate is .883, with PB mean .893 (.889,.898), GM mean .891 (.886,.896),
and BLASE mean .888 (.882,.896).

completely at random. Specifically, for each record chosen to be faulty, we make

Black and Hispanic students have a reported value of white, and we make white

students have a reported value of Black or Hispanic, chosen with equal probability.

We call this the faulty not at random (FNAR) scenario. The FNAR scenario assesses

the performance of BLASE when its model assumptions do not match the error

generating process for the data.

Figure 2.3 displays the results of the FAR simulation. This simulation matches

the characteristics of the high seed, low fault (HSLF) simulation from Section 2.5. As

in that simulation, here BLASE and GM result in similar values of PMR, RMSE and

point estimates of Θ for the Y1 model. Apparently, the T1 seeds are representative of
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Figure 2.4: FNAR: 95% posterior CIs for the parameters of the linking analysis.
Results are from one MCMC chain run for 10000 iterations, thinned every two draws,
for each of the PB, GM and BLASE methods. The horizontal bars represent the OLS
parameter estimates from the perfectly linked data. “EthB” stands for “Black”,
where “EthH” stands for “Hispanic”. Note: For the math coefficient, the perfectly
linked estimate is .883, with PB mean .893 (.889,.898), GM mean .867 (.862,.873),
and BLASE mean .867 (.856,.875).

the relationships in the data, and the signal from these complete cases dominates the

aberrant records with block faults. Interestingly, BLASE indicates larger posterior

uncertainty about Θ than GM does. This actually is sensible, as the block faults

generate increased posterior uncertainty that should be reflected in inferences.

Unlike the FAR simulation, in the FNAR simulation GM is unable to locate the

true mode for the parameters of the linking analysis. As evident in Figure 2.4, GM

overestimates the intercept resulting in underestimation for the ethnicity coefficients.

BLASE estimates the model more accurately, albeit still with bias, as would be

expected since the measurement error model in BLASE does not perfectly capture

the FNAR error generation process. The increase in accuracy is accompanied by an
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Figure 2.5: 95% central intervals for posterior match rates in the FAR and FNAR
scenarios.

increase in PMR from 82% in GM to 86% for BLASE, as seen in Figure 2.5. Thus,

by allowing blocks to move, BLASE uses information from the seeds to improve the

file matching compared to GM, even though it uses the wrong measurement error

model.

2.7 Conclusion

BLASE is a Bayesian approach to file matching designed to estimate regression mod-

els and match records simultaneously when categorical matching variables are subject

to reporting error. Simulation results suggest that BLASE performs well relative to

GM in scenarios with high numbers of T1 seeds and a high number of BV faults, re-

sulting in more accurate estimates of the linking analysis parameters and increased

posterior match rates. Results also suggest that prior settings for γ can impact pos-

terior results. When using BLASE, we recommend diffuse prior values especially
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absent reliable information to think otherwise, as strongly concentrated prior distri-

butions reflecting inaccurate prior beliefs can degrade the performance of BLASE.
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3

File linking with faulty continuous matching
variables

In this chapter, we consider linking scenarios with faulty continuous matching vari-

ables. We develop a hierarchical model that links files in the presence of such faults,

and implement the technique on both simulated data and data from the U.S. Census

Bureau’s Census of Manufactures (CMF).

Like most surveys, the CMF is prone to item non-response, meaning that the

collected data are often incomplete. For missing data, as well as data identified

as faulty, the U.S. Census Bureau uses a variety of techniques to replace reported

data or fill-in missing data with imputed values (White, 2014; White et al., 2015).

Each missing or incorrect value is replaced with a single imputed value. The resultant

complete data sets are used for research in a wide variety of disciplines, with analysts

generally treating the imputations as true values. In this chapter, we also treat these

Census Bureau imputations as being true, and any analysis is reflective of results that

would be obtained by researchers working with the CMF. However, as discussed

in Chapter 1, replacing missing data with a single imputation can underestimate

variability (Rubin, 1987; Little and Rubin, 2002). In Chapter 4, we implement an
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alternative imputation strategy and replace the single imputations with multiple

imputations.

3.1 Introduction

The CMF is a census containing information on every U.S. manufacturing plant.

In addition to information on sales, production, and product information, the CMF

contains information related to energy usage. In the energy economics literature,

these data are analyzed to better understand trends in energy usage and efficiency.

Specifically, there is interest in examining the “energy-efficiency gap”, or failure

to implement cost-effective technologies to improve energy efficiency (Allcott and

Greenstone, 2012; Gerarden et al., 2015).

For small to medium-sized manufacturers, information about corporate energy

efficiency is provided publicly by the U.S. Department of Energy. This information

is obtained through no-cost energy assessments provided by the U.S. Department of

Energy Industrial Assessment Centers (IAC). Assessments are conducted by teams of

university faculty and students who visit manufacturing plants to assess productivity,

energy use and waste. Visits result in a report detailing all cost-saving opportunities

identified during the assessment (U.S. Department of Energy, 2016).

Manufacturing plants that receive IAC energy assessments represent a subset

of the plants in the United States, and hence a subset of the plants in the CMF.

Linking a record in the IAC to a record in the CMF is synonymous with declaring

that the manufacturing plant associated with the Census record received an IAC

energy assessment. Such a link would provide information on the energy efficiency

recommendations provided to a plant by IAC, enabling researchers to examine CMF

energy data within the context of the IAC recommendations.

Records from the IAC assessments are publicly available. However, due to privacy

restrictions, identifying information such as plant name have been removed from the
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released IAC records. Linking IAC records to CMF records therefore relies on a set

of categorical and continuous variables common to both files. However, linking in

this scenario is complicated by a few characteristics of the data. First, the number of

IAC assessments conducted in a given year is much smaller than the number of CMF

records available for the same year. This means that linking on common categorical

variables rarely results in unique matches in the CMF. Second, the continuous vari-

ables common to both files do not necessarily agree for true matches. For instance,

values in the IAC relating to sales information are often rounded, and information

for each completed form is provided at potentially different times of the year. This

means that even for true matches, we do not expect values of common continuous

variables to agree exactly.

In this chapter, we develop a file linking methodology suitable for linking records

from a small file to records from a larger file in the presence of faulty, continuous

matching variables. The method utilizes common categorical variables, which we call

blocking variables (BVs), to define blocks of records in the larger file that contain

possible matches for each record in the smaller file. In contrast to the BLASE model

in Chapter 2, we assume that these BVs are fault-free. Once blocks of records are

identified, we utilize common continuous variables, which we call matching variables

(MVs), to estimate which in-block record in the larger file is a match for each record

in the smaller. We assume that these MVs may not agree exactly across matched

pairs. We refer to the entire model as LFCMV, which stands for linking with faulty

continuous matching variables.

LFCMV linking proceeds in four main steps. First, we group records into blocks

based on patterns of agreement in the BVs. Second, we utilize a linking model that

models the distance between the MVs of records in the smaller file and the MVs

of their matching records in the larger file. This linking model is conditional on a

vector C that indicates which record in the larger file is matched to each record in
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the smaller. Third, we specify a mixture model for the distance component of the

linking model. This latent structure allows the distance between MVs in matched

pairs to vary across types of matched pairs. Finally, within each block defined by

the BVs, we specify a model for the corresponding elements of C.

The remainder of this chapter is organized as follows. In Section 3.2, we introduce

the LFCMV methodology. In Section 3.3, we describe the Gibbs sampling steps

used to obtain posterior estimates of the linkage structure. In Section 3.4, we use

simulation studies to illustrate the performance of LFCMV. In Section 3.5, we present

results of additional studies that investigate the performance of LFCMV under a

variety of fault scenarios. In Section 3.6, we apply the model to link records from

the 2007/2008 IAC assessments to the 2007 CMF and conclude with a discussion of

future research directions.

3.2 Model

In this section, we describe the LFCMV methodology. Notation and key concepts

are presented Section 3.2.1. We then present the model for C in Section 3.2.2, and

the linking model in Section 3.2.3.

3.2.1 Notation

Let the two files to be linked be denoted F1 and F2, containing n1 and n2 records,

respectively. Without loss of generality, we assume that n1   n2. We further assume

that each record i P F1 has a match i
1
P F2, that is, the set of individuals in F1 is a

subset of the set of individuals in F2. This assumption is motivated by the application

in which the IAC assessment records (F1) represent a subset of the records in the

CMF (F2). We assume each record corresponds to a single true individual.

Our goal is to link each record i P F1 to a record i
1
P F2. To reduce the number

of possible matches for each i, we place each of the n1 records in F1 in its own block.
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Let piq denote the block defined by i P F1. For each record i, we limit the possible

matches to a set of records i
1
P F2 which are assigned to block piq. Possible matches

i
1
P F2 are assigned to piq as follows.

Let J denote the number of BVs, i.e., the number of categorical variables common

to F1 and F2 that are used for blocking. It is not necessary to use all common categor-

ical variables for blocking; analysts can select variables appropriate for blocking for

each application. Let Bfik denote the BV value for record i in file f on field k, where

k � 1, . . . , J , i � 1, . . . , nf , and f � 1, 2. For all pf, iq, let Bfi � pBfi1, . . . , BfiJq.

For each i P F1, define F2piq as the set of all i
1
P F2 such that B1ik � B2i1k for all

k � 1, . . . , J . Assign all records in F2piq to block piq. In other words, for each i, we

restrict the set of possible matches to records i
1

in F2 with the same BV values as

record i.

Under this blocking structure, it is possible that a record i
1
in F2 can be considered

a possible match for more than one record i in F1. Each record i in F1 is placed

in its own block, and the set of possible matches F2piq are defined only by the BV

combination Bfi. If two records a and b in F1 have the same BV combination, their

sets of possible matches, F2paq and F2pbq, contain the same records from F2. This

yields the possibility that both a and b can be linked to the same record in F2. For

our application, this is not a concern. Our goal is to identify records in the CMF that

have received an IAC assessment, not necessarily to generate a set of matched pairs.

If unique matches are required for a given application, one could imagine adapting

this blocking structure to suit this need. For instance, blocks may be defined such

that more than one F1 record may be assigned to a block. Matching would then

assign each record in F2piq to at most one record i in F1.

With n1 records in F1, we have n1 blocks of records from F2. Each block F2piq

represents potential matches for the accompanying record i P F1. Let npiq be the

number of records in F2piq. For each i P F1, the goal of file linking is to determine
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which of the npiq records is a match for i. We define Ci � i
1

such that i
1
P F2piq

and pi, i
1
q is a match. The n1 element vector C � pC1, . . . , Cn1q then specifies which

records from F2 match the records in F1. This is similar to the linkage structure used

for BLASE in Chapter 2.

Finally, let p be the number of common continuous variables (MVs) used for

matching. For all j � 1, . . . , p, let Yij denote the standardized value for MV j for

record i in F1. We provide details on this standardization in Section 3.4.1. For all

i � 1, . . . , n1, let Yi � pYi1, . . . , Yipq. Similarly, let Yj � pYij, . . . , Yn1jq for all j.

We define Y as the n1 � p matrix of MV values for F1. Similarly, for all j, let Xi1j

denote the standardized value for MV j for record i
1
P F2 where i

1
� 1, . . . , n2. Let

Xi � pXi1, . . . , Xipq and Xj � pXij, . . . , Xn1jq. We define X as the n2 � p matrix of

MV values for F2.

3.2.2 Model for C

Within a block F2piq, there are npiq possible values of Ci. We denote these values as

`, where ` P t1, . . . , npiqu. We assume that a priori, each i
1

in F2piq is equally likely

to be linked with i, so that for all `,

ppCi � ` | B1iq �
1

npiq
. (3.1)

Conditional on B1i, which defines the block for record i, each Ci is modeled inde-

pendently.

3.2.3 Linking model

Conditional on C, we assume that for each matching pair pi, i
1
� Ciq, the values of

Yi are related to XCi through a linking model. This model reflects the belief that

for true matches pi, i
1
� Ciq, we may have Yij � Xi1j for some j � 1, . . . , p. Such a

discrepancy could occur due to incorrect recording, time differences in data collec-

tion, different accuracy thresholds, etc. The notion of linking based on examining
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distances between variables common to both files is an example of distance-based

record linkage. Distance-based record linkage is commonly used for re-identification

purposes in disclosure and privacy research (e.g., Pagliuca and Seri, 1999; Domingo-

Ferrer and Torra, 2002a, 2003; Torra et al., 2006). In these applications, distances

between each record i and i
1

are computed using some distance metric, and the

record pair that has the smallest distance according to this metric is considered a

link (Domingo-Ferrer and Torra, 2002b).

We model Yi with a multivariate normal distribution centering Yi at its corre-

sponding XCi . This choice of linking model favors matched pairs with similar values

of Y and X. The variance component of the linking model represents the distance

between Yi and XCi that is considered plausible for matched pairs. In our appli-

cation, each IAC record corresponds to a manufacturing plant. It is reasonable to

assume that the distance in the MVs across matched pairs may vary with state,

plant type, or other characteristics of the records. In more general applications, the

distance may vary across certain blocks, or with other features in the data. To al-

low the linking model to capture these distributional features, we utilize a mixture

of multivariate normals. Mixtures of multivariate normals are highly flexible and,

with enough components, can represent any distribution. For this application, the

mixture framework allows the distance across types of matched pairs to vary with

latent class.

Following standard conventions for a mixture model, assume each pair pi, i
1
� Ciq

belongs to one of H latent classes. For convenience, we associate the latent class with

record i. Let zi P t1, . . . , Hu represent the latent class assignment for i P F1, with

z � pz1, . . . , zn1q. For h � 1, . . . , H, we assume that Prpzi � hq � πh for all i. Let

π � pπ1, . . . , πHq.

Conditional on z and C, we model Yi with a multivariate normal distribution

centered at XCi and class-specific variance Σh. This mixture model can be written
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as

Yi|X, C,Σ, zi � Np pXCi ,Σziq (3.2)

zi|π �Multinomial p1;π1, ...., πHq . (3.3)

This is an adaption of the standard mixture of multivariate normals in which each

Yi is modeled as Yi | µ,Σ, z � Np pµzi ,Σziq. In the standard formulation, each Yi is

assumed to have a component specific mean µzi . In our framework, we center each

Yi at its corresponding XCi . This reflects a belief that for matched pairs, Yi and XCi

should be close together. In our application, p � 2, so (3.2) is bivariate normal.

Following Kim et al. (2014), we select a conjugate prior structure for each Σh as

follows:

Σh � InvWishart pf0, G0q , (3.4)

where G0 � Diagpφ1, ..., φpq and

φj � Gammapaφ, bφq, (3.5)

with Epφjq � aφ{bφ. This conjugate prior structure facilitates posterior updates, as

discussed in Section 3.3. In order to ensure a proper posterior distribution, we set

f0 � p � 1. We set the hyper-parameters aφ � bφ � 0.25, a choice which allows

substantial prior mass at modest sized variances (Kim et al., 2014).

For the latent class weights π, we use a stick-breaking representation of the trun-

cated Dirichlet process (Sethuraman, 1994; Ishwaran and James, 2001). In this

framework, the mixture probabilities are

πh � Vh
¹
g h

p1� Vgq, h � 1, ..., H (3.6)

Vh � Betap1, αq, VH � 1 (3.7)

α � Gammapaα, bαq. (3.8)

66



We set aα � bα � 0.25, reflecting a low prior sample size and hence a vague prior for

α. As noted in Escobar and West (1995), such a choice allows the data to dominate

in the posterior.

The stick-breaking representation allows the data to inform the number of latent

classes that are occupied at any iteration of the posterior sampler. As H represents

the maximum number of occupied classes, we recommend starting with a large value,

such as H � 30. When posterior runs indicate that all H classes are consistently

occupied, we increase H and restart the sampling.

There are a few considerations to take into account when using LFCMV for file

linking. First, as is true for BLASE and indeed file linking methodologies in general,

block size is important to the performance of the model. Smaller blocks tend to lead

to a higher match rate, while for extremely large blocks, the model often selects a

match essentially at random. It is therefore important to select a blocking scheme

that results in small blocks. Second, the linking model described in Section 3.2.3 is

based on distance between Yi and its corresponding XCi . As we illustrate in Section

3.4, in the posterior, the model tends to assign high probability to matches with

small distances across matched pairs. The determination of what is a reasonable

distance across a matched pair is influenced by the class-specific variance component

of the linking model.

3.3 Posterior sampling

In this section, we describe the Gibbs sampler used to estimate the posterior distri-

bution of the LFCMV model.

3.3.1 Initialization

We initialize Cp0q such that

C
p0q
i �

�
i
1

| dpi, i
1

q � min
�
dpi, `q, ` P F2piq

�	
, (3.9)

67



where

dpi, i
1

q �

gffe p̧

j�1

�
Yij �Xi1j

Yij


2

. (3.10)

In other words, within a block, we initialize Ci such that dpi, i
1
q is minimized. The

two closest records according to this metric will be initialized as links. Because Yi

and XCi are standardized variables, dpi, i
1
q assigns equal weight to the distances in

each of the p MVs. The importance of such standardization in distance-based linkage

is discussed in Pagliuca and Seri (1999).

For the linking model, we set αp0q � 1, and initialize V, π, z, and Σ by drawing

from the appropriate distributions from Section 3.2.3.

3.3.2 Posterior sampling algorithm

With the truncated representation of the Dirichlet process, posterior sampling for

the entire model is facilitated with a Gibbs Sampler as follows.

1. For h � 1, ..., H, update Σh from the full conditional

Σ
ps�1q
h |Y,X, Cpsq, zpsq � InvWishart

�
f0 � n

psq
h , G0 � S

psq
h

	
, (3.11)

where n
psq
h �

°
i

Ipz
psq
i � hq denotes the number of individuals in latent class h

at iteration psq and S
psq
h �

°
i:rz

psq
i �hs

pYi �X
C
psq
i
qpYi �X

C
psq
i
qT .

2. For h P t1, ..., H � 1u, update Vh from the full conditional,

V
ps�1q
h |zpsq, αpsq � Beta

�
1� n

psq
h , αpsq �

Ḩ

g�h�1

npsqg

�
. (3.12)

Set V
ps�1q
H � 1.
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3. Set πps�1q � V
ps�1q
h

±
g h

p1� V
ps�1q
g q for all h P t1, ..., Hu per (3.6).

4. For j � 1, . . . , p, update φj from the full conditional

φ
ps�1q
j |Σps�1q � Gamma

�
aφ �

1

2
Hf0, bφ �

1

2

Ḩ

h�1

�
Σ�1
h rj, jsps�1q

��
, (3.13)

where
�
Σ�1
h rj, js

�ps�1q
represents the jth diagonal entry of pΣ�1

h qps�1q.

5. Update α from the full conditional,

αps�1q|πps�1q � Gamma
�
aα �H � 1, bα � logpπ

ps�1q
H q

	
. (3.14)

6. For i P 1, ..., n, sample the latent class indicator zi P t1, ..., Hu from a multino-

mial full conditional,

z
ps�1q
i |φps�1q, Cpsq �Multinomialpπ1

�, π2
�, ..., πH

�q, (3.15)

where

πh
� �

π
ps�1q
h fpYi|XC

psq
i
,Σ

ps�1q
h q

H°
g�1

π
ps�1q
g fpYi|XC

psq
i
,Σ

ps�1q
g q

. (3.16)

7. For i � 1, ..., n1, we update each Ci. For each i
1
P F2piq,

Pr
�
Ci � i

1

|Yi,X, z
ps�1q
i ,Σps�1q

	
�

fpYi|X, Ci � i
1
,Σ

ps�1q
h q°

`PF2piq

fpYi|X, Ci � `,Σ
ps�1q
h q

. (3.17)

The update in (3.17) represents draws from the multinomial Bernoulli posterior dis-

tribution of C. Because each block contains only one Yi, computing (3.17) requires

enumerating n1 �

�°
i

npiq



multivariate normal likelihoods at each MCMC itera-

tion. Unlike many file linking applications in which there are multiple records from

each file in each block, for LFCMV this direct updating is fairly efficient in terms of

computation time.
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3.4 Illustrative simulation

In this section we illustrate the performance of the LFCMV model. For this simula-

tion, we use IAC data to create both F1 and F2. F1 and the corresponding matches

are constructed using records from 2007 and 2008, while the remainder of F2 is con-

structed using records from the remaining IAC years. In Section 3.4.1, we describe

the process of creating F1 and F2 and introduce the BVs and MVs used in linking.

Simulation results are presented in Section 3.4.2.

3.4.1 Data

The complete downloaded IAC database (up through the year 2016) contains 17583

records with 56 variables. In this simulation, we use two categorical variables, NAICS

code and state, as the BVs. The state variable refers to the state in which a manufac-

turing plant is located. NAICS code refers to a 6-digit numerical code corresponding

to the specific products made by a given plant (U.S. Census Bureau, 2016). NAICS

codes are nested up to the 4-digit level, meaning that all plants that produce a cer-

tain type of product, say dairy products, must agree on at least the first 4 digits

of their NAICS codes. In this simulation we define blocks using state and the first

4-digits of the 6-digit NAICS code.

Two continuous variables, sales and number of employees, serve as our MVs. Sales

is a continuous variable for the sales of each plant in U.S. dollars, and employees refers

to the total number of employees for the plant. We let j � 1 refer to sales and j � 2

to number of employees.

3.4.1.1 Create F1

To create F1, we use the IAC records from 2007 and 2008, comprising 797 records.

We reduce this set to the final set of 512 F1 records using the steps outlined in the

second column of Table 3.1. For this simulation, we use use 16786 IAC records from
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Table 3.1: Summary of the process of creating F1 and F2U . The “Action” column
describes the data cleaning step. The center column describes the number of records
in F1 after each cleaning step. The far right column describes the number of records
in F2U after each cleaning step. The final row gives the number of records in the F1
and F2U used for linking.

Action F1 Records F2U Records
Initialize All 2007/2008: 797 All other years: 16786
Remove records from Puerto Rico 786 16779
Remove States Unique to F1 or F2 778 16440
Remove Missing States 778 13622
Remove Missing Sales 764 13476
Remove Missing Employees 764 13464
Remove Missing Electricity Usage 763 13429
Remove Missing Cost of Energy 763 13422
Require Matching State/4-Digit NAICS 512 1170
Final Total: 512 1170

years other than 2007 or 2008 to create possible matches for F1. If a record in F1 has

a state and 4-digit NAICS combination which is not found in these 16786 records,

we remove these records from consideration for F1. For simulation purposes, we also

exclude from F1 any records containing missing data. The process of incorporating

missing data imputation into the file linking process adds an additional level of

uncertainty; this is described in detail in Chapter 4. The selection process for F1

results in the final count of n1 � 512 records.

3.4.1.2 Create F2

We create F2 in two stages. First, for each record i in F1, we create a matching record

by adding noise to the MVs in record i. The collection of these n1 matches is denoted

F2M . Second, we use the 16786 IAC records from years other than 2007 or 2008 to

create sets of possible matches for each record i in F1. These records represent the

false matches, or possible options for i based on state and NAICS agreement which

are in fact not a match for i. The collection of these records is denoted F2U . We let

F2 � pF2U , F2Mq.
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We create F2M as follows. For each record i in F1, we generate a matching record

using the following steps. Assign each record i in F1 to one of H � 30 latent classes

zi with

zi �Multinomialp1; 1{H, . . . , 1{Hq. (3.18)

To generate the variance matrix, we sample from the following model:

Σh � InvWishart p50, G0hq , (3.19)

where G0h � Diagpφ1h, φ2hq and

φ1h � Gammap1, 1q, φ2h � Gammap25, 3q, (3.20)

with Epφjq � aφ{bφ. Let Yp0q be the n1 � p matrix containing all non-standardized

MV values in F1. For each i with latent class zi � h, we define

F2M,i � Y
p0q
i � εi, εi � N2pp0, 0q,Σziq. (3.21)

Here F2M,i, Y
p0q
i and εi are vectors of length p � 2. We repeat this match generating

process 100 times for each i, creating 100 replicates F
pmq
2M,i, m � 1, . . . , 100. Let

F
pmq
2M � tF

pmq
2M,i | i � 1, . . . n1u.

We create F2U using the 16786 IAC records from years other than 2007 or 2008.

After removing missing data and other records as outlined in Table 3.1, we select

1170 records which have a state/4-digit NAICS combination that is observed in the

F1 data. Denote these 1170 records as F2U . We let F
pmq
2 � pF2U , F

pmq
2M q, where

m � 1, . . . , 100. For each replicate m, we link F1 and F
pmq
2 .

Each of the n1 records from F1 is assigned to a block piq. Based on the BVs,

we assign each of the 1170 records in F2U to these blocks. For each record i P F1,

let F2Upiq denote the subset of F2U assigned to block piq. As seen in Table 3.2, this

results in blocks which range in size from 2 to 26. Blocks sizes, F2U , and F1 are

consistent across replicates.
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Table 3.2: Block sizes for the illustrative simulation. Block Size: the number of

records from F2U assigned to each block piq. Count: the number of blocks of each

block size.

Block Size 2 3 4 5 6 7 8 9 10 11 12 13 14
Count 129 106 76 39 20 17 30 14 11 23 4 4 10
Block Size 16 17 18 19 24 25 26
Count 2 3 4 4 8 3 5

3.4.1.3 Standardization of Y and X

Before linking F1 and F
pmq
2 , we log transform the MVs. Let Ỹj refer to the log-

transformed MV values for field j in F1, and X̃
pmq
j refer to the log-transformed

MV values for field j in F
pmq
2 . For ease of posterior computation in the linking

model, we standardize Ỹj and X̃
pmq
j as follows. Denote Spmq � pỸ1, X̃

pmq
1 q and

Epmq � pỸ2, X̃
pmq
2 q. Let Ēpmq be the mean of all n1�n2 elements of Epmq and let S̄pmq

be the mean of all n1�n2 elements of Spmq, with sdpEpmqq and sdpSpmqq representing

the standard deviations of Epmq and Spmq, respectively. We then standardize each

transformed value as

Y
pmq
1 � pỸ1 � S̄pmqq{sdpSpmqq, X

pmq
1 � pX̃

pmq
1 � S̄pmqq{sdpSpmqq, (3.22)

Y
pmq
2 � pỸ2 �

¯Epmqq{sdpEpmqq, X
pmq
2 � pX̃

pmq
2 � Ēpmqq{sdpEpmqq. (3.23)

3.4.2 Results

For each of 100 replicates, we apply the LFCMV model to link F1 and the replicate

specific F
pmq
2 . We run the Gibbs sampler described in Section 3.3.2 for 5000 iterations

with a burn in length of 200 iterations. For purposes of comparison, we also link

each pair of data sets using a “naive” matching method. Specifically, for the naive

method, we select a match i
1
� Ci such that

Ci �
�
i
1

| dpi, i
1

q � min
�
dpi, `q, ` P F2piq

�	
, (3.24)
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Figure 3.1: Match rates. Upper Boxplot: Match rate for each replicate obtained
by linking records by the naive method. Lower Boxplot: Composed of average MR
for each of 100 replicates of LFCMV.

where

dpi, i
1

q �

gffe p̧

j�1

�
Yij �Xi1j

Yij


2

. (3.25)

The primary metric used in this simulation is the match rate (MR), or the per-

centage of the n1 records from F1 that are correctly matched. For each replicate, the

naive matching method yields one estimate of C. Conditional on this C, we compute

a single estimate of the match rate. As a Bayesian procedure, LFCMV yields a set

of posterior draws for C. For each replicate, we compute the MR for each posterior

draw of C. We then average these MR values to obtain one estimate of the posterior

MR for each replicate.

Results are displayed in Figure 3.1. For all but 2 of the 100 replicates, the MR
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Figure 3.2: Average posterior match rates by average distance across matches pairs
for sales from the 100 replicates. Lower PMR values are associated with greater
distance.

obtained using LFCMV is higher than the MR obtained using the naive approach.

A 95% posterior interval for the improvement in MR using LFCMV over the naive

method is (.2%, 22%) with an average increase in match rate of 9%. This translates

to an average of 47 additional records that are correctly matched using LFCMV.

As seen in Figure 3.1, the range of MR values is fairly wide. This range is due to

the process of generating the Xi values. The average distance across matched pairs,

i.e., the average value of Yij�XCij, is different across each replicate. Consider Figure

3.2. Replicates with smaller average PMR have, on average, more distance between

the MV values for sales across matched pairs. By design, LFCMV is searching for

a match with small distance between Yi and XCi . If the data generation process

creates a matching XCi which is far from Yi, the model sometimes selects records

Xi1�Ci
with a smaller distance between Y and X. This behavior is consistent with

the intuition discussed in Section 3.2.3.
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3.5 Sensitivity to distance across matched pairs

In this section, we illustrate the performance of LFCMV linkage when the mechanism

that introduces distance across matched pairs of MVs is not normally distributed.

The creation of F1 and F2U is the same as the simulation study in Section 3.4. How-

ever, we vary the process of creating F2M by using different distributions to create the

distance across matched pairs. In Section 3.5.1, we apply uniform distance at three

levels: 10%, 20% and 30%. For this simulation, we are interested in examining the

performance of LFCMV with increasing distances between matches pairs. In Section

3.5.2, we introduce distance across matched pairs dependent upon the number of

employees in a plant. This simulation leverages the ability of LFCMV to allow the

distance between matched pairs to vary across types of pairs.

3.5.1 Uniform distance

In Section 3.4.2, the MR obtained by LFCMV tends to vary with the distance across

matched pairs. To further explore this concept, we conduct a simulation in which

distance between matched Y and X is generated uniformly at three different levels.

Specifically, for each replicate, we generate F
pmq
2M using

F
pmq
2M,i1 � Y

p0q
i1 p1� κijq, κij � Uniformp0, uq (3.26)

F
pmq
2M,i2 � Y

p0q
i2 p1� κijq, κij � Uniformp0, uq, (3.27)

where u � .1, .2, and .3. We run 100 replicates at each setting of u.

Figure 3.3 displays the results across all three settings of u. As is true in Section

3.4, LFCMV generally yields higher match rates than the naive approach, and this

result holds across all three settings of u. As u increases and true matched pairs have

a greater distance between the MVs of matched pairs, both the naive and LFCMV

linking methods have reduced performance. As previously mentioned, block size also

has an impact on MR. Table 3.3 shows the breakdown of posterior MR by block size.
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Figure 3.3: Match rates under uniform distance. Left Boxplot in each panel:
Composed of average PMR for each of 100 replicates. Right Boxplot in each panel:
Match rate for each replicate obtained by linking records by the “naive” approach,
i.e., minimizing dpi, i

1
q.

The average PMRs for smaller blocks tend to be higher than average PMR for larger

blocks, with some variation attributable to the number of blocks of a given size.
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Table 3.3: Average posterior match rate for each block size. The first column in-
dicates the size of the block, with the number of blocks of that size in parentheses.
Block sizes are consistent for each simulation. Remaining columns denotes the av-
erage posterior MR, as computed by averaging the block-specific MR across each of
the 100 replicates.

Block Size (Count) 10% 20% 30%
2 (129 ) .99 .98 .94
3 (106 ) .99 .97 .93
4 (76 ) .99 .94 .88
5 (39 ) .98 .92 .80
6 (20 ) .97 .90 .82
7 (17 ) .98 .90 .78
8 (30 ) .95 .89 .80
9 (14 ) .91 .78 .66
10 (11 ) .82 .56 .41
11 (23 ) .93 .79 .64
12 (4 ) 1 1 1
13 (4 ) .97 .85 .67
14 (10 ) .99 .89 .72
16 (2 ) 1 .80 .57
17 (3 ) 1 .98 .82
18 (4 ) 1 .89 .61
19 (4 ) .91 .50 .30
24 (8 ) .99 .69 .40
25 (3 ) 1 .83 .57
26 (5 ) 1 .95 .80
Overall PMR .98 (.003) .92 (.007) .84 (.008)
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3.5.2 Size dependent distance

One of the features of LFCMV is the ability to model distances between the MVs

that vary with types of matched pairs. To illustrate this capability, we conduct a

simulation in which we introduce correlation between the number of employees in a

plant and the distance across matched pairs of MVs. We classify the 261 plants in

F1 with more than 130 employees as “large” and classify the remaining 251 plants

in F1 with 130 or fewer employees as “small”. We run a simulation, denoted LD,

in which MVs for matched pairs corresponding to large plants tend to be farther

apart than the MVs for matched pairs corresponding to small plants. We then run

a second simulation, denoted SD, in which the opposite is true. For simulation LD,

we generate F
pmq
2M from

F
pmq
2M,i,j � Yijp1� κijq, κij

iid
�

"
Uniformp0, .4q : if Y

p0q
i2 ¡ 130

Uniformp0, .15q : otherwise.
(3.28)

Similarly, for simulation SD, we generate F
pmq
2M from,

F
pmq
2M,i,j � Yijp1� κijq, κij

iid
�

"
Uniformp0, .4q : if Y

p0q
i2 ¤ 130

Uniformp0, .15q : otherwise.
(3.29)

We run 100 replicates of the LD and SD simulation settings.

With these simulations, we are interested in assessing two aspects of LFCMV.

First, we examine the match rate for different types of matched pairs for both the

SD and LD simulations. The matching results are summarized in Table 3.4. As

with the results from Section 3.4, larger distance across matched pairs tends to be

associated with lower MRs than smaller distance across matched pairs. However,

an examination of the match rate by plant size reveals that the naive approach

and LFCMV perform differently in the different size groups. Consider Figure 3.4,

displaying the match rates for the LD replicates. For large plants, which have greater
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Table 3.4: Average posterior match rate for the SD and LD simulations. Bold
values indicate the PMR associated with the plant size with smaller distance between
matched pairs in each simulation. Large plants: the PMR for large plants, averaged
over the 100 replicates of the SD and LD simulations, respectively. Small plants: the
PMR for small plants, averaged over the 100 replicates of the SD and LD simulations,
respectively. Overall PMR: the PMR for all plants, averaged over the 100 replicates
of the SD and LD simulations, respectively. Values in parentheses represent the
standard error.

SD LD
Large plants .90(.008) .78(.01)
Small plants .76(.009) .88(.003)
Overall PMR .85(.006) .84(.006)

distance across matched pairs in this simulation, LFCMV matches more accurately

than the naive approach. However, the opposite trend is evident for smaller plants.

This suggests that LFCMV overestimates the distance reasonable for matched pairs

in the smaller plants, resulting in a lower match rate. Figure 3.5 shows similar

tendencies for the SD simulation; LFCMV’s match rate is better on average for

the smaller plants, with the naive approach matching more accurately for the larger

plants with less distance across matched pairs. Despite this behavior, LFCMV results

in an overall improvement in match rate over the naive approach in both the SD and

LD replicates.
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Figure 3.4: LD: Match rates under when large plants have greater distance across
matched pairs than small plants. Left Boxplot in each panel: Composed of average
PMR for each of 100 replicates. Right Boxplot in each panel: Match rate for each
replicate obtained by linking records by the “naive” approach, i.e., minimizing dpi, i

1
q.
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Figure 3.5: SD: Match rates under when small plants have larger distance across
matched pairs than larger plants. Left Boxplot in each panel: Composed of average
PMR for each of 100 replicates. Right Boxplot in each panel: Match rate for each
replicate obtained by linking records by the “naive” approach, i.e., minimizing dpi, i

1
q.
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Figure 3.6: Average number of latent classes for the SD and LD simulations. For
each of the 100 replicates of simulation SD (Figure 3.6a) and LD (Figure 3.6b), we
compute the number of latent classes at each posterior iteration with more than 5
records. We then average these counts to obtain a single estimate of the average
number of occupied latent classes for each replicate. The boxplots are composed of
the 100 replicate-specific counts.

The second aspect of LFCMV we illustrate with the SD and LD simulations is

the ability of LFCMV to capture the relationships inherent in the different types

of matched pairs using the mixture model formulation of the linking model. In the

simulation studies described in Section 3.5.1, the distance across matched pairs is

uniform, so latent classes are not needed to describe the distribution of distances

across matched pairs. Accordingly, the number of occupied mixture components

collapses to a single component during the posterior sampling. However, for the

SD and LD simulations, there are two clearly defined types of matched pairs, as

for each simulation, small and large plants are associated with a certain degree of

distance across matches. Accordingly, Figure 3.6 indicates that multiple mixture

components are occupied in the SD and LD simulations. In Figure 3.7, we examine

these components for a single iteration of a replicate of the SD simulation. The figure

indicates that latent class 1 is associated with smaller plants than latent class 2, while

latent class 3 contains a blend of plant sizes. As distance across matched pairs is
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Figure 3.7: SD: The box plots display the log(employees) value for the three latent
classes at MCMC iteration 1000. Each boxplot represents a latent class, and the
y-axis represents the value of X̃2, denoted log(employees), for each record in that
latent class. A paired t-test comparing the log(employees) value of latent classes
1 and 2 leads statistically significant results pp   0.05q. Specifically, latent class 1
tends to contain smaller plants than latent class 2.

directly related to plant size, these results suggest that the latent class structure of

the linking model may be useful for capturing features in the data associated with

differing amounts of distance across matched pairs.

3.5.3 Summary of findings

The simulations conducted in Sections 3.5.1 and 3.5.2 highlight a few features of

LFCMV linking. First, as is evident in Section 3.4.2, large distances among the MVs

for matched pairs can lead to a reduction in PMR. This underscores the importance

of the considerations discussed in Section 3.2.3. Second, the simulations in Section

3.5.2 provide an example the utility of the latent class structure of the linking model.

The latent class structure provides the potential for distribution in distance to vary

across matched pairs. If such a structure is unnecessary in an application, the sampler

tends to collapse to using single class to estimate Σ.
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3.6 Data application

In this section, we describe an application of the LFCMV methodology to link records

from the 2007/2008 IAC and 2007 CMF. For simplicity of notation, unless otherwise

noted we let CMF denote the 2007 CMF records and IAC denote the 2007/2008 IAC

records. In Section 3.6.1, we describe the data processing performed prior to linking

the data. In Section 3.6.2, we describe the links resulting from applying LFCMV.

In Section 3.6.3, we perform a post-linking analysis exploring energy efficiency. We

conclude with a discussion of future work in Section 3.6.4.

3.6.1 Data cleaning, blocking and transformation

The purpose of linking in this application is to identify which records in the CMF

received IAC energy assessments. However, the IAC and CMF records were collected

by two different organizations. Some variables common to both files are recorded

using an organization specific scale, variable name, and accuracy level. For instance,

in the IAC, NAICS code is recorded as a 6-digit identifier, while in the CMF, up to

9-digits are recorded for each plant. Because of these discrepancies, pre-processing is

required to convert the IAC and CMF records into the subsets F1 and F2, respectively,

used for linking. We use F1 to denote the subset of IAC records used for linking,

while F2 denotes the subset of CMF records considered as possible matches for F1.

3.6.1.1 BVs and MVs

To create F1 and F2, we begin by examining the BVs used to block the records.

As in the simulations in Section 3.4, we use the BV fields of state and NAICS

code. In the CMF, the state where an establishment is located is denoted using the

standard notation of two upper case letters. A small number of records are missing

the variable for state, and we exclude these records from consideration for F2. In

the IAC, however, the BV “state” is recorded with a variety of upper-lower case
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combinations. For instance, “AL”,“Al” and “al” all refer to the state Alabama. We

convert the IAC labels to match the double capital format in the CMF, i.e., for

plants referring to Alabama, state is recorded as “AL”. Once the state variable is

standardized, we create a list of all states associated with plants in the IAC. We then

exclude from F2 all CMF records from states not on this list. In addition to records

pertaining to the 50 states, the IAC contains 15 records from plants in Puerto Rico.

As there are no records corresponding to Puerto Rican establishments in the CMF,

these records are also excluded from F1.

After blocking on state, we proceed to the BV of NAICS code. For each record

in the IAC, we create a list of CMF records pertaining to the same 6-digit NAICS

code and state as the IAC record. However, such direct blocking leads to a number

of IAC records with no possible matches in the CMF. The IAC records are a subset

of the CMF, and as such all records in the IAC should have a match in the CMF.

The lack of matches for some records after direct blocking suggests that some of the

NAICS codes in IAC or CMF may have some uncertainty. To account for this, we

considering blocking on three different levels of NAICS agreement. Specifically, we

create subsets with agreement on 4-digit, 5-digit and 6-digit NAICS codes. We refer

to these as levels of NAICS blocking.

Let F
pxq
1 denote the subset of IAC records that have a non-empty block F

pxq
2piq when

blocking is performed on state and x-digit NAICS code. Here, x � 4, 5, 6. Similarly,

let F
pxq
2 denote the set of possible matches for F

pxq
1 when blocking on state and x-

digit NAICS. Recall that NAICS codes are nested up to the 4-digit level, meaning

that every record in F
p6q
2 will also be in F

p5q
2 and F

p4q
2 . By the same logic, F

p4q
2 is the

largest subset of CMF records to be linked, 5-digit blocking restricts this linking to

a smaller subset F
p5q
2 , and 6-digit blocking yields the smallest subset F

p6q
2 .

Once records are moved into blocks defined by state and x-digit NAICS, MVs are

used to determine which records in F
pxq
2piq are a match for each i in F

pxq
1 . The MVs
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Table 3.5: Description of the matching variables used to link the data in Section
3.6. The first column gives the name of the variable in IAC database. The second
columns lists the name of the associated variable in the CMF, with the abbreviation
for that variable in the third column.

IAC Variable CM Variable Abbr.
Sales (in $) Total Value of Shipments (in thousands of $) TVS
Number of Employees Total Employment TE

are listed in Table 3.5, and we use the abbreviations from the CMF to denote the

MVs. The scale of the TVS variable is different in the IAC than it is in the CMF.

Specifically, the CMF variable TVS is recorded in thousands of dollars while the IAC

variable is recorded in dollars. We divide the IAC value by 1000 to match the scale

of the CMF variable.

3.6.1.2 Agreement filters

Blocking with respect to 4-, 5- and 6-digit NAICS all lead to some large blocks. To

reduce the block size, we apply what we call an agreement filter to narrow the possible

options for each IAC record. Let TV Sfi denote the recorded value for TVS in file f

for record i, and similarly let TEfi denote the recorded value for employment. For

each i in F
pxq
1 and each i

1
in F

pxq
2piq, we compute

d1pi, i
1

q �
TV S1i � TV S2i1

TV S1i

, (3.30)

and

d2pi, i
1

q �
TE1i � TE2i1

TE1i

. (3.31)

Here, d1pi, i
1
q and d2pi, i

1
q are the percent difference between IAC record i and the

observed Census record i
1

on TVS and TE, respectively. If either (3.30) or (3.31) is

greater than .3, we declare i and i
1

a non-link and remove i
1

from F
pxq
2piq. Otherwise,

we allow i and i
1

to be possible links. While this agreement filter does reduce the
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Table 3.6: The number of IAC records to be matched at each level of NAICS blocking,

i.e., the cardinality of F
pxq
1 for x � 4, 5, 6. There are 786 original IAC records from

2007/2008, excluding records for plants in Puerto Rico.

NAICS Level 4-digit 5-digit 6-digit
IAC Records 550 480 330

block sizes, it also results in some IAC records which have no possible matches in

the CMF. We drop these IAC records from F1. Table 3.6 shows the resulting size of

F1 at each level of NAICS blocking.

The agreement filter chosen here reflects a belief that for true matches, the values

of TVS and TE in the IAC and CMF should be similar. The threshold of 30% allows

some room for noise, recording error and time variation. In general applications, the

choice to apply an agreement filter, as well as the choice of appropriate threshold, is

at the discretion of the analyst.

3.6.1.3 Transformations and standardization

After applying the agreement filter described in Section 3.6.1.2, we have our final

subsets F
pxq
1 and F

pxq
2 for each x. Before linking, we transform the MVs by taking the

log. Taking the log puts the data on a similar scale, meaning that the mixture model

should require fewer components to describe the distribution of the data. In a final

pre-processing step, we standardize the MVs, as necessitated by the linking model

in Section 3.2.3. The standardization is performed as described in Section 3.4.1. Let

j � 1 refer to TVS and j � 2 refer to TE. Let Y
pxq
ij denote the standardized value

for MV j for record i in F
pxq
1 . Similarly, let X

pxq

i1j
denote the standardized value for

MV j for record i
1

in F
pxq
2 .
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3.6.2 Evaluating the links

We run LFCMV to link each pair of data sets pF
pxq
1 , F

pxq
2 q for x � 4, 5, 6. As described

in Section 3.4, for x � 4, 5, 6, we initialize C by selecting, for each record i in F
pxq
1 ,

the record i
1

in F
pxq
2piq such that

dpi, i
1

|xq �

gfffe 2̧

j�1

��Y pxq
ij �X

pxq

i1j

Y
pxq
ij

�
, (3.32)

is minimized. We then fit the LFCMV model using the posterior sampling steps

described in Section 3.3.2.

Applying LFCMV results in 5000 post burn-in posterior estimates of C at each

level of NAICS blocking. We use these estimates to compute posterior probabilities

that each record i
1
P F2piq is a match to record i in F

pxq
1 by computing the proportion

of posterior draws such that each i
1

in F
pxq
2piq is linked to its corresponding record i.

For each i, we look at the posterior probabilities associated with possible matches i
1

in F
pxq
2piq. If at least one of the potential matches in F

pxq
2piq has a posterior probability

¡ .5, we say i has a high probability match. Otherwise, we say i has low probability

matches. Table 3.7 shows a summary of the counts of IAC records having high and

low probability matches at each NAICS level. Counts have been rounded to satisfy

disclosure protocols.

As we shift from one level of NAICS blocking to another, the subset of records

F
pxq
1 and F

pxq
2 result in different possible links. For instance, a record in F

p4q
1 that

has a possible match in F
p4q
2 may not be in F

p5q
1 , i.e., may have any possible matches

in the CMF when blocking on 5-digit NAICS. This can be seen in the difference

in Tthe total column in Table 3.7. For instance, when shifting from 4-digit to 5-

digit blocking, there are 70 records that, according to our choice of blocking and

agreement filter, no longer have any possible matches in the CMF. Table 3.8 displays
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Table 3.7: Displays the types of links obtained after linking at each level of NAICS
blocking. We define a link as high probability if the posterior probability of linking
pi, i

1
q is greater than .5.

Link Type
NAICS Level High Prob Low Prob Total
4-digit 320 230 550
5-digit 330 150 480
6-digit 270 60 330

Table 3.8: Displays the types of links from IAC records that cannot be matched as
we move from one level of NAICS blocking to a more restrictive blocking level. We
define a link as high probability if the posterior probability of linking pi, i

1
q is greater

than .5.

Link Type
NAICS Change High Low Total
4 to 5 60 10 70
5 to 6 110 40 150
4 to 6 150 70 220

the number of IAC records which are lost, i.e., no longer have possible matches in

the CMF, as the blocking level changes. Table 3.8 also displays rounded counts for

the number of these lost records that correspond to high probability matches.

While some record links are lost as we compare results across different levels of

NAICS blocking, some record links remain consistent. We use the posterior probabil-

ities associated with each CMF record to determine which record in F
pxq
2 is the most

likely match to each i in F
pxq
1 . In other words, we determine which record in F

pxq
2 is

the highest probability match. We note that these matches are not necessarily high

probability matches. For some IAC records, the highest probability match remains

consistent across different levels of NAICS blocking. Table 3.9 indicates the counts

of such records at 4-digit to 5-digit NAICS blocking, as well as 5-digit to 6-digit

blocking.
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Table 3.9: At each NAICS blocking level, for each i in F
pxq
1 there is a highest-

probability match in F
pxq
2 . The counts above indicate how many of these highest-

probability matches stay the same across x-digit NAICS levels.

NAICS Level 4 to 5 5 to 6
Count 350 250

At each level of NAICS blocking, there are also some singleton IAC records, or

records in F
pxq
1 that have exactly one option in F

pxq
2piq. Similar to the seeds discussed

in Section 2.2.6 in the context of the BLASE model, singleton pairs are linked in-

dependently of the process of estimating C; the pairs are declared links at every

iteration. These singletons therefore inform the process of estimating Σ, provid-

ing iteration-consistent links from which to estimate distance across matched pairs.

Singletons are dependent both on x and the choice of agreement filter threshold. Be-

cause we have applied the agreement filter described in Section 3.6.1.2, all singletons

are to be within 30% of the F1 value for TVS and TE. Ideally, the relationship in

the linked singleton pairs will be reflective of relationships present in the rest of the

data. However, the latent class structure of LFCMV means that if the relationship

in the singletons is different than the relationship across pairs in other blocks, the

model can assign these records to their own latent class (or classes) with a reflective

covariance matrix. The number of singletons varies across x-digits NAICS blocking.

To satisfy disclosure protocols, we do not provide counts of singletons at any level of

NAICS blocking.

3.6.3 Post-linking analysis

The links estimated in Section 3.6.2 can be used to construct identifiers for the

records in the CMF, specifying which records received an IAC energy assessment.

In this section, we examine energy efficiency in plants that received IAC energy
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assessments versus those that did not. In addition to examining the data to see if

there are year-specific trends, we are also interested in examining that trend across

time. As the CMF is conducted every 5 years, we examine energy efficiency trends in

2007 and 2012. We do not make a causal argument about the relationship between

receiving an assessment and energy efficiency, as many factors, including plant size,

may impact the relationships observed in the data.

As a basis for our analysis, we begin with all CMF records from 2007 and 2012

that have a 4-digit NAICS code observed in the IAC. This limits our analysis to

industries that were assessed in the time period of interest. We further limit our

analysis sample to plants meeting IAC standards for assessment. IAC assessments

are typically performed for plants with no more than 500 employees and with a gross

annual sales of no more than $100 million (Muller, 2001, pg. 13). Let A2007 denote

the set of CMF records from 2007 that satisfy the IAC restrictions for sales and

employees and have 4-digit NAICS codes that appear in the IAC. Similarly, let A2012

denote the set of CMF records from 2012 that satisfy the IAC restrictions for sales

and employees and have 4-digit NAICS codes that appear in the IAC. We refer to

A2007 and A2012 as our analysis samples.

3.6.3.1 Energy metric

For each record i
1

in A2007 and A2012, we compute an energy efficiency metric as

follows:

EFi1 � log

�
TV Si1

CFi1 � EEi1



. (3.33)

Here, (3.33) represents the log ratio of the total value of shipments divided by the

total cost of energy. The denominator represents total energy cost and is computed

by adding the cost of fuels (CF) to the electricity expenditure (EE).

Energy efficiency is known to vary across different industries, or, equivalently,
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across NAICS codes. Producing aluminum foil, for instance, has different energy

requirements from producing potato chips. This suggests that rather than directly

comparing values of (3.33) across plants, an analysis might be conducted at the

NAICS specific level. However, there are not enough IAC-assessed plants within

most NAICS codes to make such an analysis feasible. Instead, we adjust the metric

in (3.33) so that it can be compared across all NAICS codes. To do this, we convert

the efficiency metric in (3.33) into a standardized energy score as follows.

For each record i
1

in A2007, we sort the records into groups defined by 6-digit

NAICS codes. Within each group, we compute the mean and standard deviation of

values of (3.33) for CMF records in the group. Let EF g denote the group g specific

mean, and similarly let SDpEF qg be the group specific standard deviation. For EFi1

in group g let

�EF i1 �
EFi1 � EF g

SDpEF qg
, (3.34)

be the standardized value of EFi1 . We refer to the value of (3.34) as the energy

score. The energy scores are on a common scale, describing how many standard

deviation each plant’s value of EFi1 is from the group specific mean. This allows

each corporation to receive an energy score relative to their peers as defined by

6-digit NAICS. For records in A2012, we create energy scores for 2012 analogously.

3.6.3.2 Results

The records in A2007 and A2012 are divided into two categories. The first category,

labeled “With Assessments”, refers to plants in a given year that received an IAC

assessment. The remaining plants are categorized as “Without Assessments”, mean-

ing that these plants did not receive an IAC assessment in 2007 or 2008. The process

of assigning records in A2007 and A2012 to these categories is dependent upon the

linking structures estimated in Section 3.6.2. For each x-digit NAICS blocking level,
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and for each posterior sample s � 1, . . . ,M � 5000 of C, we create a binary vector

Ipsq of length a2007, where a2007 denotes the number of records in A2007. Here, a 1

in position i
1

means that record i
1

in A2007 is linked to an IAC record at iteration s;

such plants are categorized as “With Assessment” records for iteration s. All other

plants are categorized as “Without Assessment” records.

In order to compare the energy scores in 2007 and 2012, we also consider records

in A2012. Linking is performed on the 2007 records, meaning that the indicators

for IAC assessments are associated with a 2007 CMF record. However, the Census

Bureau uses a longitudinal identifier called SURVU ID that can be used to identify

records for a given plant across time. For each iteration, we identify the set of

SURVU ID numbers that, conditional on each Ipsq, received an energy assessment in

2007. The 2012 records corresponding to these unique identifiers compose the 2012

“With Assessment” samples.

Data cleaning is necessary before using SURVU ID as a longitudinal identifier.

Exploration of the data revealed that SURVU ID is not unique within either the

2007 nor the 2012 CMF. This means multiple records with the same SURVU ID

identifier exist within each year-specific data set. However, these records appear to

be true duplicates, meaning every field value is the same. We delete all but one

record with each SURVU ID to create a unique identifier.

For each iteration s and each level of NAICS blocking, we compute the density

of energy scores for “With Assessment” plants, and separately for “Without Assess-

ment” plants, for 2007 and 2012. We use fixed bins across the iterations. Within

each year, and each of the two categories, we then average the density in each bin at

each iteration and plot the results. The resultant average density curves for 2007 are

displayed in Figures 3.8, 3.10 and 3.12, and the resultant averaged density curves for

2012 are displayed in Figures 3.9, 3.11 and 3.13.

In Figures 3.8 through 3.13, solid lines are used for the “Without Assessment”
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Table 3.10: Displays 95% MI intervals for the mean of the “With Assessments” versus
“Without Assessment” group at each level of NAICS blocking. Similar trends are
evident across all three levels of NAICS blocking.

NAICS4 Mean 95% Interval
2007 With Assessments -0.18 (-.27,-.09)

Without Assessments -0.007 (-0.01,-0.005)
2012 With Assessments 0.03 (-0.04,0.11)

Without Assessments 0.008 (0.006,0.011)
NAICS5 Mean 95% Interval
2007 With Assessments -0.17 (-0.26,-0.08)

Without Assessments -0.007 (-0.01,-0.005)
2012 With Assessments 0.02 (-0.06,0.10)

Without Assessments 0.009 (0.006,0.011)
NAICS6 Mean 95% Interval
2007 With Assessments -0.18 (-0.29,-0.08)

Without Assessments -0.007 (-0.009,0.005)
2012 With Assessments 0.04 (-0.05,.12)

Without Assessments 0.009 (0.06,.011)

group and dashed lines are used for the “With Assessment” group. Each curve has a

plotted 95% interval, representing the 95% interval for the density within each bin.

The trends in the density curves are very similar across the three levels of NAICS

blocking. In 2007, the density curve for the “With Assessment” group appears to

be shifted further left than the “Without Assessment” curve. This suggests that the

energy scores for assessed plants seem smaller than plants without assessments. In

other words, relative to their peer group, plants receiving IAC audits appear less

energy efficient. This trend appears to vanish in the plots corresponding to 2012. In

Figures 3.9, 3.11 and 3.13, there is essentially no difference in the curves between the

“Without” and “With Assessment” groups. We stress that we do not make a causal

argument about the relationship between plants with and without assessments.

To supplement the graphical exploration of the data, we leverage the combining

rules of Rubin (1987) to perform inference across the M estimated linkage structures
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at each level of NAICS blocking. Using the “With” and “Without Assessment”

groups described above, we compute the average energy score for each of the two

groups for each of the M iterations. Using the combining rules of Rubin (1987), we

compute 95% confidence intervals for the mean of each group. Results are displayed

in Table 3.10 by NAICS blocking level. The intervals in the table suggest the same

general trends observed in the density curves. In 2007, the average energy score tends

to lower for the “With Assessment” groups, with non-overlapping intervals for the

“With” and “Without” groups. This difference is much less pronounced in 2012, and

the intervals overlap, suggesting no statistically significant difference in the means

between the groups.

3.6.4 Future work

The data application in Section 3.6 is not causal. We compare the distribution of

energy scores of plants receiving assessments versus those that do not. However,

there are many fewer plants in the “With Assessment” group than the “Without

Assessment” group. In order to better explore the relationship between IAC assess-

ments and energy efficiency, it might be useful to reduce the size of the “Without

Assessment” comparison group to approximate a sort of matched pairs analysis. An-

other direction is to fit a model assessing energy score on assessment group (with or

without) as well as other features in the CMF data. These are directions for future

work, all of which are enabled by the creation of the linked data product.

Additionally, as noted early in this chapter, the CMF contains imputations cre-

ated by the U.S. Census Bureau to replace missing data and correct for faulty values.

In Chapter 4, we implement an alternative imputation strategy that replaces the

single Census Bureau imputation with multiple imputations. We then perform the

analysis in Section 3.6 and compare the results.
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Figure 3.8: NAICS 4 Blocking, 2007: Kernel Density Plots. Solid line: Average
Density of energy scores for CMF plants that did not receive assessments. 95%
intervals are displayed but are very tight to the curve. Dashed lines: Average Density
of energy scores for CMF plants that did receive assessments. 95% intervals are
displayed. The fuzziness in the plot results from disclosure review requirements of
the Census Bureau.

Figure 3.9: NAICS 4 Blocking, 2012: Kernel Density Plots. Solid line: Average
Density of energy scores for CMF plants that did not receive assessments. 95%
intervals are displayed but are very tight to the curve. Dashed lines: Average Density
of energy scores for CMF plants that did receive assessments. 95% intervals are
displayed. The fuzziness in the plot results from disclosure review requirements of
the Census Bureau.
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Figure 3.10: NAICS 5 Blocking, 2007 Kernel Density Plots. Solid line: Average
Density of energy scores for CMF plants that did not receive assessments. 95%
intervals are displayed but are very tight to the curve. Dashed lines: Average Density
of energy scores for CMF plants that did receive assessments. 95% intervals are
displayed. The fuzziness in the plot results from disclosure review requirements of
the Census Bureau.

Figure 3.11: NAICS 5 Blocking, 2012: Kernel Density Plots. Solid line: Average
Density of energy scores for CMF plants that did not receive assessments. 95%
intervals are displayed but are very tight to the curve. Dashed lines: Average Density
of energy scores for CMF plants that did receive assessments. 95% intervals are
displayed. The fuzziness in the plot results from disclosure review requirements of
the Census Bureau.
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Figure 3.12: NAICS 6 Blocking, 2007: Kernel Density Plots. Solid line: Average
Density of energy scores for CMF plants that did not receive assessments. 95%
intervals are displayed but are very tight to the curve. Dashed lines: Average Density
of energy scores for CMF plants that did receive assessments. 95% intervals are
displayed. The fuzziness in the plot results from disclosure review requirements of
the Census Bureau.

Figure 3.13: NAICS 6 Blocking, 2012: Kernel Density Plots. Solid line: Average
Density of energy scores for CMF plants that did not receive assessments. 95%
intervals are displayed but are very tight to the curve. Dashed lines: Average Density
of energy scores for CMF plants that did receive assessments. 95% intervals are
displayed. The fuzziness in the plot results from disclosure review requirements of
the Census Bureau.
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4

Multiple imputation and file linking

The application discussed in Chapter 3 involves the U.S. Census of Manufactures

(CMF). The results of both the linking and the analysis for these data are condi-

tional upon the values contained in the CMF. However, some of these values are

imputed. As neither the true relationship between the variables in the IAC and

CMF, nor the distribution of the actual values in the CMF, is known, it is difficult

to assess the impact of the CMF imputations on the resultant analysis. However,

understanding this impact is critical to assessing the reliability of results obtained

from the linked data sets. In this chapter, we use simulated data to examine the

impact of imputations in a file linking scenario. We introduce missing data, impute

the missing values, and compare the accuracy of estimating C on the imputed versus

the fully observed data sets. We also consider the process of performing inference

and discuss a Bayesian technique for posterior estimation on multiply-imputed linked

data sets. We apply this technique to the simulated data and examine the effect of

the imputations upon posterior estimates. The results suggest that while the perfor-

mance of both linking and estimation can be negatively impacted by the presence of

imputations, general trends in the data tend to be preserved. Within the context of
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these findings, we revisit the analysis from Section 3.6. We replace the CMF impu-

tations with multiple imputations and compare the results of the resultant analysis

with those from Section 3.6.

4.1 Introduction

The Census Bureau examines collected CMF data for missing values and applies

a series of checks, called edit rules, to identify reported values that may be faulty

(White, 2014; Kim et al., 2015). For values that fail these rules, as well as for

missing values, the Census Bureau uses a variety of techniques to replace or fill-in

the data with imputed values (White et al., 2015). Some records are imputed using

administrative records or information for a plant from a previous year. However, as

discussed in White et al. (2015), some records are imputed using either “industry-

average or univariate regressions using only current-year reported data” (pg. 2).

These techniques can be problematic for analysts seeking to use the completed data

sets for regression and other typcs of analysis. As discussed in both Schafer and

Graham (2002) and Little and Rubin (2002), such techniques can result in distorted

covariance and correlation estimates and underestimated standard errors. For the

CMF specifically, White et al. (2015) illustrate that “functions of key variables in

the completed CM[F] data show evidence of attenuation and under-estimation of

variability” (pg. 2).

In addition to the potential impact on analysis, in a file linking scenario there are

other potential implications of treating the CMF imputations as true. The linking

technique in Chapter 3 relies on values of two MVs, total value of shipments (TVS)

and total employment (TE). Values of these variables are used to determine which

CMF record is matched to each IAC record. If the CMF imputed values for TE or

TVS are not reflective of the underlying distributions in the data, the linking may

result in inaccurate matches. For the CMF data, we examine this possibility by
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blocking on state and 6-digit NAICS code. Such blocking produces some IAC plants

that have exactly one possible match in the CMF. Looking at these matches, we see

that, for some pairs, the values reported for variables relating to employment and

sales are very different across the files. As noted in Chapter 3, we do not expect the

IAC and CMF records to exactly agree on the field values, but there should be a

similarity evident across matched pairs.

Because the exact relationship between the MVs in the IAC and CMF is unknown,

it is difficult to assess the impact of the CMF imputations upon the estimates of the

linking structure obtained in Chapter 3. However, the extreme differences displayed

across several pairs, along with the work in White et al. (2015), suggests replacing

the imputations in the CMF. One option is to replace each of the CMF imputations

with multiple imputations to better reflect the variability. In this chapter, we il-

lustrate the impact of multiple imputations upon the performance of LFCMV using

simulated data. For these data, the relationship between F1 and F2 is known, allow-

ing us to compare the quality of links estimated using imputed values versus those

estimated on the fully observed data. The imputations in the simulation study are

created by drawing from appropriate conditional distributions, meaning that within

F2, marginal and conditional relationships among related variables are preserved.

However, the results of the study suggest that the relationship between F1 and F2

is not necessarily preserved by the imputations, and this leads to a reduction in

accuracy in estimating C.

In addition to examining estimates of C, we are also interested in the effect of

imputations on posterior analysis conducted on linked data sets. The concept of

combining estimates obtained from multiply imputed data sets is well explored (e.g.,

Rubin, 1976, 1987; Little and Rubin, 2002; Reiter and Raghunathan, 2007; Zhou and

Reiter, 2010). However, the process becomes more complex in a file linking scenario.

Suppose F1 contains no missing data, but F2 has been completed using multiple
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imputations. In such an instance, the file linking process involves linking each of

the M completed versions of F2 to F1. We refer to this process as multiply imputed

data linkage (MIDL). For a Bayesian linking technique like LFCMV, MIDL results

in S estimates of C for each completed data set m � 1, . . . ,M . An analyst looking

to perform inference after linking will therefore have M � S linked data sets to use.

Furthermore, as each of the posterior samples for C is conditional on the completed

data set used for linking, some of the M � S completed sets will be correlated.

In this chapter, we review a Monte Carlo technique of Gelman et al. (2004) and

adapt this framework to enable posterior estimation in an MIDL setting. Specifi-

cally, we frame MIDL as a two-stage imputation scenario and discuss the inference

technique within this framework. The first stage of imputation in MIDL is the com-

pletion of F2 through the creation of M completed data sets. The second stage of

imputation is estimating C conditional on the completed data sets. Using this struc-

ture and our simulated data, we examine the impact of imputations upon posterior

estimates obtained on the imputed versus fully observed data.

The remainder of this chapter proceeds as follows. In Section 4.2, we introduce

notation and frame MIDL as a two-stage imputation scenario. In Section 4.3, we

review the inference technique of Gelman et al. (2004) and discuss how the technique

can be applied to MIDL scenarios. In Section 4.4, we use a simulation study to

illustrate the impact of imputations upon both the estimation of the linkage structure

in LFCMV as well as on posterior estimates obtained on the linked data. Finally,

in Section 4.5, we return to the application described in Chapter 3. We create

multiple imputations for the 2007 CMF data and describe the process of linking

these imputations to the IAC. We then conduct an examination of energy efficiency

and compare the results with these imputed data sets to the results obtained in

Chapter 3. In Section 4.5.4, we conclude with a discussion of future work.
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4.2 Two-stage imputation

Using our standard notation, let F1 and F2 denote the two data sets to be linked.

Without loss of generality, assume that F2 contains missing information in some of

the MVs, but F1 is fully observed. This is motivated by the application in which

the CMF (F2) contains missing and imputed values but the IAC (F1) is fully ob-

served. Let F2 � pF2obs, F2misq, where F2obs contains all fully observed variables in F2

and F2mis contains all variables with some missing information. Assume F2mis has

been completed via multiple imputation, yielding M completed data sets. Let Dpmq

represent each of these completed data sets, where m � 1, . . . ,M . An analyst then

uses some application specific file linking technique to combine each pair of data sets

pF1,Dpmqq. For Bayesian file linking techniques like LFCMV, each linking process

results in S posterior draws for C. This means that, in total, MIDL results in M �S

linked, completed data sets.

The process of creating such linked, completed data sets is an example of two-

stage, or nested, imputation. Nested multiple imputation (NMI) refers to the process

of generating completed data sets by partitioning the missing data into two subsets

(Shen, 2000; Rubin, 2003; Harel and Schafer, 2003). Imputation is then performed in

two stages. First, the first subset of missing data is imputed. Each of the resultant

first-stage imputed data sets is complete with respect to the first subset of variables.

Every first-subset complete data set is called a nest. Within each nest, a second round

of imputations is conducted to fill in missing information for the second subset of

missing values. This results in fully completed data sets.

In the work of Shen (2000), these two imputation rounds are composed of “ex-

pensive” and “inexpensive” imputations, respectively. “Expensive” variables require

several days to impute, while “inexpensive” variables can be generated much more

efficiently. The first stage of imputation is then to create a few, say M1, imputations
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for each of the expensive variables. Then, conditional on each of the M1 imputations,

M2 imputations are generated for each of the “inexpensive” variables. In another

perspective on two-stage imputation, Harel and Schafer (2003) discuss NMI in the

context of imputing different types of data at each of the two stages. The authors

also consider applications in which each stage of imputation can reflect potentially

different missingness mechanisms. Reiter (2004) and Kohnen and Reiter (2009) use

nested multiple imputation in the context of synthetic data sharing.

MIDL can also be framed as an NMI scenario. There are two components that

require imputation. First, we impute the missing information in F2mis to create M

completed data sets Dpmq, m � 1, . . . ,M , using some multiple imputation technique;

this technique is application specific. In our application with the CMF, creating the

completed data sets requires several days, making this the “expensive” component

of the process. The first imputation stage results in M pairs of data sets pF1,Dpmqq.

Because we are interested in linking F1 and Dpmq, the information that will be gained

by linking the files is considered missing. Conditional on each Dpmq, i.e., within each

nest, we impute this missing information by generating imputations of the linkage

structure, i.e., estimating C. In essence, we impute the missing information for the

linked variables conditional on the estimated C. Let Cpm,sq denote the sth estimate

of C for pF1,Dpmqq. Here, s � 1, . . . , S, where the number S of estimates for C is

assumed to be the same for each nest. Let Cpmq � pCpm,1q, . . . , Cpm,Sqq denote the set

of estimates of C obtained for pF1,Dpmqq.

4.3 MIDL and MCMC

In this section, we use the context of two-stage imputation to discuss a technique

for performing inference after MIDL. This technique is based on an approach of

Gelman et al. (2004) for performing Bayesian inference after multiple imputation.

As illustrated in simulation studies by Zhou and Reiter (2010), with an appropriate
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choice of M the technique of Gelman et al. (2004) performs well in MI settings even

when the normality assumption required for the combining rules of Rubin (1987) is

not satisfied. In Section 4.3.1, we review the approach suggested in Gelman et al.

(2004). In Section 4.3.2, we re-frame the approach to suit the MIDL setting.

4.3.1 Bayesian inference after MI

Let D � pDobs, Dmisq be a data set of interest. Here, Dobs contains all fully observed

variables in D and Dmis contains all variables with some missing information. Let

Q be some parameter of interest whose estimation relies on D. Let α be a desired

quantile of the posterior distribution for Q, where 0   α   1. We can express α as

α �

» Qα
�8

fpQ|DqdQ �

» Qα
�8

»
Dmis

fpQ|Dobs, DmisqfpDmis|DobsqdDmisdQ, (4.1)

for some value Qα of Q. Though simple in form, depending on the distributions in-

volved, it can be difficult to compute the integral in (4.1). Because of this, analysts

often use Monte Carlo methods to approximate the integral. Such an approxima-

tion involves two steps. First, draw a value of Dmis from its posterior distribution

fpDmis|Dobsq. Second, conditional on the draw of Dpmisq, draw a value of Q from its

posterior distribution fpQ|Dobs, Dmisq. Repeating these two steps for a large number

of iterations yields an approximation to (4.1).

This Monte Carlo approach also facilitates the estimation of Qα. Let K be the

number iterations of the two approximation steps, where K is large. The approxi-

mation process then yields K estimates of Q. To estimate Qα, sort the K draws of

Q and select the αKth element. This provides an estimate of Qα.

In addition to a large number of draws for Q, the approximation also produces

K draws of Dpmisq. In an MI application, sampling Dpmisq corresponds to the process

of creating a completed data set. This imputation process can be computationally

expensive. Indeed, in a typical MI application, the number M of completed data sets
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that are created is generally small, such as M � 10. To avoid the need to generate

K completed data sets, Gelman et al. (2004) suggest sampling more than one value

from fpQ|Dobs, Dmisq for each draw of fpDmis|Dobsq. Suppose we have M completed

data sets Dpmq � pDobs, D
pmq
misq, m � 1, . . . ,M . Following Zhou and Reiter (2010),

the integral in (4.1) can be expressed as

α � lim
MÑ8

1

M

M̧

m�1

» Qα
�8

fpQ|Dobs, D
pmq
misqdQ. (4.2)

For any Qα, the integral can be approximated as follows.

1. Conditional on each Dpmq, sample J values of Q, where J is large.

2. For each Dpmq, calculate the percentage of these J draws that are less than Qα.

3. Average these percentages across all M completed data sets, where M Ñ 8.

The approximation to (4.2) relies on an infinte M ; in practical applications, M will

be finite. Accordingly, Gelman et al. (2004) suggest the following process to create

an approximation �Qα of Qα.

1. Conditional on each Dpmq, m � 1, . . . ,M , sample J values of Q from fpQ|Dpmqq

where J is large. Let f̂pQpmqq denote the set of these J draws.

2. Mix f̂pQpmqq across all m. Let f̂pQpallqq be the resultant set of these M � J

draws.

3. Sort f̂pQpallqq and select the αpMJqth element as �Qα.

The properties of this estimator are explored in Zhou and Reiter (2010). The authors

use simulation studies to illustrate that the estimation procedure works well when

M is large, but caution that for small choices of M , estimates of the posterior may

be unreliable. Accordingly, in our simulations and application we produce at least

M � 20 completed data sets.
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4.3.2 Bayesian inference after MIDL

The technique discussed in Section 4.3.1 can be applied to an MIDL scenario. Let

D be the data set resulting from linking F1 and F2. This means that D depends on

F1, F2 and C. The integral in (4.1) can then be written as

α �

» Qα
�8

fpQ|DqdQ �

» Qα
�8

»
C

fpQ|F1, F2, CqfpCqdCdQ. (4.3)

The above expression is appropriate for a typical file linking scenario with fully

observed F1 and F2. To extend this to a MIDL scenario, we assume that F2 contains

missing data. In this case, we have,

α �

» Qα
�8

»
C

»
F2mis

fpQ|F1, F2obs, F2mis, CqfpC|F1, F2obs, F2misq

fpF2mis|F2obsqdF2misdCdQ.

(4.4)

The extension from (4.3) to (4.4) reflects the two-stage imputation; there is missing

data in the form of both F2mis and C. Using the notation defined in Section 4.2, we

can equivalently write

α � lim
SÑ8

1

S

Ş

s�1

�
lim
mÑ8

1

m

M̧

m�1

» Qα
�8

fpQ|F1, C
pm,sq,DpmqqdQ

�
. (4.5)

Here, (4.5) suggests integrating over all missing data F2mis and all possible permuta-

tions C. In practice, this is often extremely difficult to perform analytically. Instead,

the framework of Gelman et al. (2004) can be extended to approximate (4.5).

Suppose we have M completed data sets Dpmq, m � 1, . . . ,M , for F2. For each

pair pF1,Dpmqq, suppose we also have S draws Cpm,sq, s � 1, . . . , S. Following the

framework of Gelman et al. (2004), we approximate (4.5) as follows:

1. Conditional on each Dpmq, m � 1, . . . ,M , and each Cpm,sq, s � 1, . . . , S, sample

a value of Q from fpQ|F1, C
pm,sq,Dpmqq. Let f̂pQpmqq denote the set of the S

draws for each m.
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2. Mix f̂pQpmqq across all M completed data sets. Let f̂pQpallqq be the resultant

set of these M � S estimates.

3. Sort f̂pQpallqq and select the αpMSqth element as the estimate of Qα.

With appropriate choices of prior distributions, this approximation has the advantage

of being computationally simple to implement. For analysts familiar with Bayesian

approaches, this is a straight forward Monte Carlo approximation that can be im-

plemented after MIDL.

4.4 Simulation: MIDL and MCMC

In the application with the CMF, we do not know the true model for the relation-

ship between the MVs in F1 and F2, nor do we know the mechanism that introduced

the missing data in F2. In this section, we conduct a simulation study to examine

the performance of MIDL in a more controlled scenario. Specifically, we impute the

first-stage imputations from the correct conditional distributions, and generate the

variables such that there is a small distance between the MVs in F1 and F2. The dis-

tance component of the LFCMV linking model penalizes large distances between the

MVs, so generating the MVs with a small distance facilitates the accurate estimation

of C. In Section 4.4.1 we describe the process of generating the data. In Section

4.4.2 we discuss the introduction and imputation of missing data in F2. Results are

discussed in Section 4.4.3.

4.4.1 Data generation

For this simulation, we generate a pair of data sets F1 and F2, where F2 contains four

continuous variables pW1,W2, X1, X2q and F1 contains a pair of continuous variables

Y � pY1, Y2q. Let Y1 and Y2 be the MVs in F1, and X1 and X2 be the corresponding

MVs in F2. Let X � pX1, X2q.
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Figure 4.1: Visualizing the relationship between X1 and W1 (Figure 4.1a) and X2

and W2 (Figure 4.1b), respectively.

To create the n2 � 2500 records for F2, we begin by generating values for two

continuous variables W1 and W2 where,

W1i1
iid
� Np2, 12q,W2i1

iid
� Np.5, p.7q2q. (4.6)

Conditional on W1 and W2, we generate X1|W1 and X2|W2 from

X1i1 |W1 � Normalp.5� 1.5�W1i1 , σ
2
1 � p.6q2q (4.7)

X2i|W2 � Normalp3� 1.4�W2i1 , σ
2
2 � p.7q2q, (4.8)

where X1 � pX11, . . . , X1n2q and X2 � pX21, . . . , X2n2q are vectors of length n2.

Figure 4.1 displays the relationship between X1 and W1, and X2 and W2.

Let V1 � p1,W1q and V2 � p1,W2q be n2 � 2 matrices, and let η1 � p.5, 1.5qT

and η2 � p3, 1.4qT . Then we have

X1|W1,η1, σ
2
1 � NormalpV1η1, σ

2
1q (4.9)

X2|W2,η2, σ
2
2 � NormalpV2η2, σ

2
2q. (4.10)

The choice of generation model for X1 and X2 yields conditional distributions that

are easily sampled from for the purposes of filling in missing data. This allows us to

create first-stage imputations from the generating model for X1 and X2.
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(a) X1 with corresponding matches in Y1.
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(b) X2 with corresponding matches in Y2.

Figure 4.2: Visualizing the relationship between X and Y . Figure 4.2a: X1 and
Y1; Figure 4.2b: X2 and Y2.

After generating F2, we generate F1 as follows. Randomly partition the n2 records

pX1i1 , X2i1 ,W1i1 ,W2i1 q into K � 500 blocks of size 5. Within each of the K blocks,

we randomly choose one record i
1

to be assigned a match i in F1. For all such

records i
1
, we create a matching pY1i, Y2iq where Yij|Xi1j

iid
� NpXi1j, p.2q

2q. Let Y1 �

pY11, . . . , Y1n1q and Y2 � pY21, . . . , Y2n1q be vectors of length n1 � K. Based on the

generation of X1 and X2, the choice of variance represents a generation process for

Yij in which each value is roughly 5% away from its corresponding value of Xi1j, as

illustrated in Figure 4.2. The generating model for Y1 and Y2 also agrees with the

model assumed by LFCMV, meaning that linking model for LFCMV is “correct” for

these data.

We generate F1 and F2 100 times, creating 100 replicates. For each replicate, let

I � pI1, . . . , In2q be a vector of binary variables, where

Ii1 �

"
1 : if i

1
has a match in F1

0 : otherwise.
(4.11)

For each i
1

in F2, we generate a random variable

R
1

i � Normalpβ0 � β1 � Ii1 � β2 �X2i1 , σ
2
1 � p.5q2q, (4.12)

111



where pβ0, β1, β2q � p1, .7, .2q. Let β � pβ0, β1, β2q. In this MIDL scenario, we are

interested in estimating β.

Let X
pmq
2 be the completed-data vector for X2 for complete data set Dpmq. Let

Ipm,sq be a vector containing the values of I conditional on Cpm,sq. Let Vpm,sq �

p1, Ipm,sq, X
pmq
2 q be the n2�3 design matrix for the length n2 vectorR � pR1, . . . , Rn2q.

Using the prior ppβ, σ2
1q91{σ2

1, posterior estimates for β may be obtained by sampling

a value of β and σ2
1 from the appropriate conditional distributions as follows.

β|Cpm,sq, X
pmq
2 , σ2

1 � N
�pBpm,sq, σ2

1pV
pm,sqTVpm,sqq�1

	
, (4.13)

pBpm,sq � pVpm,sqTVpm,sqq�1Vpm,sqTX2
pmq, (4.14)

σ2
1|X

pmq
2 � InvGamma

���n2 � 3

2
,

�
X2

pmq � pBpm,sq
	T �

X2
pmq � pBpm,sq

	
2

��
. (4.15)

We do not condition on Ipm,sq, as Ipm,sq is completely defined by Cpm,sq.

4.4.2 Missing data and first stage imputation

We introduce missing data in F2 using a MCAR missing data mechanism. Specif-

ically, we randomly select 20% of the X1 values and, independently, select 20% of

the X2 values as missing. We blank out the value of the pertinent variable for each

of the selected records. To create each first-stage completed data set, we begin by

filling in the missing values for X1. Let X1 � pX1obs, X1misq, where X1obs contains

all n2p1obsq observed values of X1 in F2 and X1mis denotes the n2p1misq missing values;

similarly partition W1 � pW1obs,W1misq. Let V1obs � p1,W1obsq be the n2p1obsq � 2

matrix of predictors for X1obs. Using the prior ppη1, σ
2
1q91{σ2

2 and conditioning on

X1obs and V1obs, we sample a value of η1 and σ2
1 from the appropriate conditional
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distributions as follows.

η1|V1obs, X1obs, σ
2
1 � N

�xη1, σ2
1pV1obs

TV1obsq
�1
�
, (4.16)

xη1 � pV1obs
TV1obsq

�1V1obs
TX1obs, (4.17)

σ2
1|X1obs � InvGamma

�
n2p1obsq � 2

2
,
pX1obs �xη1qT pX1obs �xη1q

2

�
. (4.18)

Conditional on the sampled η1 and σ2
1, we then sample X1mis from the normal

distribution X1mis|W1mis,η1, σ
2
1 � N pV1misη1, σ

2
1q Here, V1mis � p1,W1misq is the

n2p1misq � 2 matrix of predictors for X1mis.

We use the same process to fill in the missing X2 values. Let X2 � pX2obs, X2misq,

where X2obs contains all n2p2obsq observed values of X2 in F2 and X2mis denotes

the n2p2misq missing values; similarly partition W2 � pW2obs,W2misq. Let V2obs �

p1,W2obsq be the n2p2obsq�2 matrix of predictors forX2obs. Using the prior ppη2, σ
2
2q91{σ2

2

and conditioning on X2obs and V2obs, we sample a value of η2 and σ2
2 from the ap-

propriate conditional distributions as follows.

η2|V2obs, X2obs, σ
2
2 � N

�xη2, σ2
2pV2obs

TV2obsq
�1
�
, (4.19)

xη2 � pV2obs
TV2obsq

�1V2obs
TX2obs, (4.20)

σ2
2|X2obs � InvGamma

�
n2p2obsq � 2

2
,
pX2obs �xη2qT pX2obs �xη2q

2

�
. (4.21)

Conditional on the sampled η2 and σ2
2, we sample X2mis from the normal distribution

X2mis|W2mis,η2, σ
2
2 � N pV2misη2, σ

2
2q.

We repeat the steps of filling in the missing data multiple times to create M � 30

complete versions Dpmq of F2.

4.4.2.1 Examining the imputations

For MIDL, the ability to impute from the correct distribution is an ideal scenario

for first-stage imputation. In this case, we also assume knowledge not present in the
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Figure 4.3: Comparison of the distribution of X1 (Figure 4.3a) and X2 (Figure
4.3b), respectively, to the imputed data sets. The black line is the empirical density
of the true empirical density of X1 or X2, while each of the S grey lines is the
empirical density of the appropriate variable in Dpsq, s � 1, . . . , 30.

data, namely that X1 and X2 are independent. For record pairs in F2 with missing

data on both X1i1 and X2i1 , we impute X1i1 and X2i1 independently. Figures 4.3a and

4.3b illustrate the distribution of the true values of X1 and X2 versus their imputed

values. In this scenario, the distribution of the imputations well approximates the

marginal distribution of the true values.

In addition to the relationship between F2obs and F2mis, we are interested in

examining whether or not the relationship between F2 and F1 are preserved by the

imputations. Techniques for file linking that are not structured as MIDL settings,

such as Gutman et al. (2013) and Dalzell and Reiter (2016), merge the process of

imputing missing data with the process of estimating C, enabling the relationship

between parameters in both files to be involved in the imputations. However, in

MIDL, the second-stage missing data, i.e., the need to estimate C, means that the

missing data in the first stage cannot be imputed conditional on the relationship

between F1 and F2. In Figure 4.4, we see that the trend of the relationship between

Y and X is preserved, but that the imputations have greater variability between Y
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(c) X2 with corresponding matches in Y2.
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(d) X
p1q
2 with corresponding matches in Y2.

Figure 4.4: Visualizing the relationship between Y1 and the imputed X
psq
1 . Figure

4.4a shows the original relationship betweenX1 and Y1; Figures 4.4c similarly displays
the relationship between X2 and Y2. Figure 4.4b shows the relationship between

Y1 and X
p1q
1 , i.e., the first completed data set. Figures 4.4d similarly display the

relationship for Y2 and X
p1q
2 .

and X. This is not unexpected, as the values are imputations, but as we will see in

Section 4.4.3, the imputations impact the linking results.
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4.4.3 Results

There are a few facets to consider when analyzing results in an MIDL scenario.

First, the data sets involved in the linking process have been completed via multiple

imputation, meaning that the links estimated in the second-stage are conditional

upon the quality of the imputations from the first round. It is therefore important

for analysts to evaluate the quality of the first-round imputations before proceeding

to linking.

For this simulation, we examine the first-stage imputations as follows. For each

replicate, we estimate β using the data pairs pF1,Dpmqq for m � 1, . . . 30 but condi-

tioning on the true C. We call this the “Known C” run. Examining these results

allows us to evaluate whether the relationships expressed by β are preserved in the

first-round imputations. If this is not the case, any estimates obtained after MIDL

will inaccurately estimate the parameters of interest. For each of the 100 replicates,

we compute a replicate-specific estimate of pβ by drawing from the distributions in

(4.13) and (4.15), but conditioning on the true C. For each completed data set Dpmq,

we draw 1000 estimates of β. The empirical 95% intervals of these 100 replicate

estimates for β are displayed in Table 4.1. The results suggest that the “Known C”

runs estimate all three components of β decently well. The missing data has been

imputed using the techniques described in Section 4.4.2, but second round imputa-

tions are not needed as we condition on the true C. The reasonable estimates of

β suggest that the first-round imputations preserve the relationships expressed by

these parameters.

Results in an MIDL scenario are also influenced by the accuracy of the links

estimated in the second round of imputations. In other words, the linking technique

selected for second-round imputations needs to be appropriate for the data. To

allow us to examine the accuracy with which LFCMV is able to estimate C, for each
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Table 4.1: 95% empirical intervals for pβ. For each replicate, we average the esti-

mates of β to produce a replicate-specific estimate pβ. The intervals presented below
are the 95% empirical intervals of these 100 estimates. Known C: the estimated
intervals from when the missing data has been multiply imputed, but C is known.
No Missing Data: the estimated intervals when there is no missing data, but C is
estimated. MIDL: the estimated intervals from the entire MIDL scenario. True:
the estimates intervals from fitting a standard linear regression model to the fully
observed, correctly linked data.

β0 � 1 β1 � .7 β2 � .2
Known C (1.0,1.08) (.68,.72) (.18,.20)
No Missing Data (.98,1.04) (.62,.68) (.19,.21)
MIDL (1.04,1.11) (.54,.59) (.18,.20)
True (.97,1.02) (.68,.72) (.19,.21)

replicate we apply LFMCV to estimate C for the fully observed data pF1, F2q. We call

this the “No Missing Data” run. The results of this run also allow us to investigate

how the estimates of C impact the estimation of β. For each replicate, we run the

LFCMV Gibbs sampler for 5500 iterations with a burn-in length of 500. For each

of the 100 replicates, we compute a replicate-specific estimate of pβ by drawing from

the distributions in (4.13) and (4.15), but conditioning on the true X2 rather than

X
psq
2 .

The results for the “No Missing Data” runs in the second row of Table 4.1 are

comparable to the “Known C” estimates for β0 and β2. However, this is not the

case for β1. These runs condition on the fully observed data, so β0 and β2 are well

estimated, but C, the parameter directly related to β1, is unknown. As displayed in

Table 4.1, 95% of the estimates for β1 are between .62 and .68, slightly lower than

the true value of .7. This bias is not unexpected. C must be estimated to determine

the relationship between Y and X. Because this relationship is, in actuality, very

strong, we expect some attenuation as a result of the estimation process. Any missed

matches will corrupt the estimates of C and likely result in smaller estimates of β1.

Overall, the results of the “Known C” runs suggest that LFCMV is a reasonable
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linking technique for these data.

Once we have evaluated the first and second-stage imputations, we apply LFCMV

to the full MIDL scenario. For each of the M � 30 nests generated in Section 4.4.2 for

each of the 100 replicates, we apply the LFCMV model to link F1 and the replicate

specific Dpmq. We call this the MIDL run. As with the “No Missing Data” run, we

apply the LFCMV Gibbs sampler for 5500 iterations with a burn-in length of 500.

For each of the 100 replicates, we draw one estimate from the distributions in (4.13)

and (4.15) for each M � S completed data sets.

The third row of Table 4.1 contains results from the MIDL run. The estimates

for β2 are very similar across all three runs types, but there are differences in the

estimation of β0 and β1. As in the “No Missing Data” runs, C is estimated in the

MIDL runs, leading to an underestimation of β1. Indeed, the estimates for β1 in

the MIDL scenario are smaller than the “No Missing Data” estimates. This in turn

results in a slight overestimation of β0.

The underestimation of β1 in the MIDL scenario as compared to the “No Missing

Data” scenario suggests that the presence of missing data hinders the process of

estimating C. To see this, for each of the 100 replicates and each of the three run

types, we compute a 95% credible interval for the PMR. For the “Known C” and

“No Missing Data” runs, these intervals are computed using the approach of Gelman

et al. (2004). For the MIDL runs, we create the intervals using the techniques

discussed in Section 3.2. For ease of notation, we refer to the technique of Gelman

et al. (2004) described in Section 4.3.1 as Estimation Technique 1 (ET1) and the

technique discussed in Section 4.3.2 as Estimation Technique 2 (ET2).

Results are displayed in Table 4.2. The results in the table suggest that despite

the same linking technique being used across the two run types, the missing data in

the MIDL scenario results in a reduction in match rate. Part of the reason for this

reduction is illustrated in Figure 4.5. In general, the imputations in X2 result in a
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Table 4.2: 95% intervals for the PMR. No Missing Data: estimated intervals
on fully observed data but C is estimated. For each replicate, we compute the
PMR obtained by linking data sets pF1, F2q by permutation Cpsq. We use estima-
tion technique ET1 to obtain an estimate of the pα � 100qth quantile of the PMR,
where α � .025, .25, .975. The intervals presented are the 95% empirical intervals
constructed from the 100 replicate specific estimate for each quantile. MIDL: the
estimated intervals from the entire MIDL scenario. For each replicate, we compute
the PMR obtained by linking data sets pF1,Dpmqq by permutation Cpm,sq. We then
use estimation technique ET2 to obtain an estimate of the pα � 100qth quantile of
the PMR, where α � .025, .25, .975. The intervals presented are the 95% empirical
intervals constructed from the 100 replicate specific estimate for each quantiles.

α � .025 α � .5 α � ..975
No Missing Data (.92,.94) (.93,.96) (.95,.97)
MIDL (.79,.82) (.82,.86) (.86,.89)

increase in the distance between Y2i and X2i1 for matched pairs pi, i
1
q as compared to

the true values. This in turn results in an increase in the estimation of the distance

component of the linkage model and hence more variable estimates of C. This is not

necessarily undesirable. In an MIDL scenario, it is important that estimates of C

reflect uncertainty in the estimates of the first-stage imputations. For this simulation,

this results in an attenuation in the estimation of β1, but preserves the general trends.

This suggests that in an MIDL scenario, the estimated magnitude of an effect may be

inexact due to increased variability from the first-round imputations, but the general

trends suggested by the results can be reflective of the analysis of interest.

To explore this behavior in more detail, we focus one replicate of the MIDL runs.

As seen in Table 4.3 the imputations for X1 and X2 are sometimes quite different from

the true values. For instance, the third record in F2piq has a true X1 value of 3.800,

but an imputed value of 4.325. These differences impact the sampling of C. This

can be seen in the final two columns of the table which display the proportion of the

posterior draws for Ci matching i and each i
1

in F2piq for the true data set F2 versus

the imputed Dp1q. The third record in F2piq is the correct match, but because X1 and
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Figure 4.5: Illustrating the distance across matches pairs for the MV TE (j � 2).

X2 are imputed, LFCMV only assigns 21% probability to that match. However, the

match favored by LFCMV in the MIDL scenario favors the same relationship as the

true match.

Finally, we examine the width of the credible intervals for each of the three run

types. The width reflects the estimated uncertainty in the estimates for β for each

run type. Figure 4.6 indicates similar widths for the “Known C” and missing data

runs for β0 and β2, with slightly wider intervals for MIDL. Since β0 and β2 have

similar estimates across the run types, similar width intervals are reasonable. Figure

4.6 shows an increase in the interval width for “No Missing Data” over “Known C”,

reflecting the increase in uncertainty from estimating C. The interval corresponding

to the MIDL runs is the widest interval, reflecting the increased uncertainty from

both the missing data an the estimation of C.
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Table 4.3: Replicate 6: i � 2, m � 6. A comparison of the record value and estimates
of C within this block. The true match is the 3rd record in F2piq. Row 1: Y1 and Y2
for a record i in F1. Columns F2 contain the true value of X1 and X2, respectively, in
F2. Columns labeled Dp1q contain the imputed values of X1 and X2 from the Dp1q. If
the values for X1 or X2 are observed, the column Dp1q is blank. Final two columns:
proportion of the posterior draws for Ci matching i and each i

1
in F2piq for the true

data set (column F2) the imputed (column Dp1q).

Y1i � 2.96 Y2i � 4.16 Proportion
X1 X2 Ci � i

1

F2piq F2 Dp1q F2 Dp1q F2 Dp1q

1 4.321 3.814 3.493 0 �0
2 4.532 3.305 3.881 0 0.55
3 4.865 2.260 .98 0
4 2.564 3.393 .001 0.07
5 2.900 3.413 4.340 0.99 .38
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4.4.4 Non-normal parameter of interest

One of the advantages of the Monte Carlo technique in Section 4.3.2 is that it does

not rely on the assumption that the distribution of the parameter of interest is

normal. Using the same data and completed data sets from Section 4.4.1, we choose

a parameter Q that is not normally distributed. Recall that I � pI1, . . . , In2q is a

vector of binary variables, where

Ii1 �

"
1 : if i

1
has a match in F1

0 : otherwise.
(4.22)

We generate a Bernoulli random variableG, G � pG1, . . . , Gn2q, where the probability

that Gi1 � 1 depends on whether i
1

is a match to a record i in F1. Specifically,

P pGi1 � 1q � ρM � .8 if Ii1 � 1, and P pGi1 � 1q � ρU � .3 otherwise. We take ρM

as our parameter of interest Q.

Let I
pm,sq
M be a set containing all records in F2 that, according to Cpm,sq, have

a match in F1. For each of the M � S completed data sets for each replicate, and

using a uniform prior for ρM , we draw one value of ρM from its posterior distribution

conditional on pF1,Dpmq, Cpm,sqq, where

ρM |C
pm,sq � Beta

�� ¸
i1PI

pm,sq
M

pGi1 q � 1, n2 �
¸

i1PI
pm,sq
M

pGi1 q � 1

�
. (4.23)

4.4.4.1 Results

In Section 4.4.3, the parameter of interest depends directly on both C and the im-

putations of X2. For this simulation, estimating ρM depends on the imputations of

X2 only through the quality of estimates of C. For this reason, we do not perform

the “Known C” run in this simulation. If we condition on a known C, ρM will be

correctly estimated. We also do not discuss PMR in this section. The data and

estimation of C are identical to the results discussed in Section 4.4.3.
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Table 4.4: Empirical intervals. The intervals display the intervals containing 95%
of the estimates of each quantile of ρM for each run type. No Missing Data: the
estimated quantiles from the fully-observed data when C is estimated. Quantiles
estimated using ET1. MIDL: the estimated quantiles from the entire MIDL scenario.
Quantiles estimated using ET2.

α �.025 α � .25 α � .5 α � .75 α � .975
No Missing Data (.69,.76) (.72,.79) (.74,.80) (.75,.81) (.77,.83)
MIDL (.64,.70) (.67,.73) (.69,.75) (.70,.76) (.73,.79)
Truth (.72,.79) (.75,.81) (.76,.82) (.77,.84) (.80,.86)

In addition to the MIDL runs, we do perform “No Missing Data” runs to examine

the influence of estimating C on the estimates of ρM . For the “No Missing Data”

runs, there is only one source of missing data (C), so we apply ET1 to estimate ρM .

Specifically, for each replicate, we mix theM�S draws of ρM and choose the αpMSqth

element to estimate the αth quantile of ρM . To examine the estimation of the varaib-

lity of ρM , we use several choices of α. Here, we let α � p.025, .25, .5, .75, 975q. For

the MIDL runs, we apply ET2 and use the same set of values of α. Results are

presented in Table 4.4.

The intervals presented are the 95% empirical intervals for the estimates of the

pα � 100qth quantile of ρM . We see that, as discussed in Section 4.4.3 with respect

to β1, the uncertainty in the “No Missing Data” and MIDL scenarios results in

an underestimation of the parameter of interest. However, this underestimation is

fairly modest. As in Section 4.4.3, there is some bias in the estimation of ρM , as

expected due to the relationship between Y and X, but the general patterns in ρM

are preserved in the estimations.

Figure 4.7 displays the width of 95% credible intervals for ρM for each of the 100

replicates. The MIDL intervals are wider than both the true and “No Missing Data”

intervals, reflecting increased uncertainty in due to missing data in both F2 and C.

124



●

●●

●

Truth No Missing MIDL

0.
06

5
0.

07
5

0.
08

5
0.

09
5

Figure 4.7: Width of 95% Credible intervals for ρM . Box plots are composed of
100 points, each corresponding to the width of the interval for each replicate. Truth:
the width of the intervals for the parameters estimated on the fully-observed data
conditional on the true C. No Missing Data: the estimated intervals on the fully-
observed data when C is estimated. MIDL: the estimated intervals from the entire
MIDL scenario. Known C and No Missing Data intervals are constructed using ET1.
MIDL intervals are constructed using ET2.

4.4.5 Summary

The goal in MIDL settings is often to conduct inference involving data from both

F1 and F2. However, because C is missing in an MIDL scenario, imputing values in

one of the files can distort these cross-file relationships. From a linkage perspective,

this can result in a loss of accuracy in estimating C, resulting in a lower PMR.

From an analysis perspective, this loss of accuracy in C can lead to a reduction in

accuracy when conducting posterior inference. However, in our simulations, MIDL

did capture the main patterns in the relationship between Y and X, albeit with some

attenuation.
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4.5 Data application

The simulation study in Section 4.4 illustrates that, with reasonable imputations,

estimation after MIDL can preserve patterns present in the data. In the CMF ap-

plication, however, the imputations themselves may not be reasonable. To help

mitigate this concern, we use a non-parametric technique to re-impute some of the

CMF imputations. In this section, we focus on examining the links obtained on the

multiply-imputed data and comparing the results of an MIDL analysis to the results

obtained in Chapter 3. However, as we saw in the simulations, even with the new

imputations, it it important to be careful about interpreting the results of the MIDL

analysis.

The remainder of this section proceeds as follows. In Section 4.5.1, we provide

an overview of the Census Bureau imputations, including a list of the edit flags

identifying the imputation techniques used in the CMF. We also identify the set of

these edit flags for which we create new imputations. In Section 4.5.2, we detail

the process of creating the imputations for the linking application. In Section 4.5.3,

we apply the LFCMV linking methodology of Chapter 3 to link each of these M

completed CMF data sets to the IAC. In Section 4.5.4, we perform the same energy-

efficiency analysis as in Chapter 3 and compare the results. In Section 4.5.5 we

conclude with a summary of future work.

4.5.1 Data cleaning and imputed values in the CMF

Prior to converting the IAC and CMF into the subsets F1 and F2 used for linking,

we perform data cleaning as described in Section 3.6.1.1. This process standardizes

the notation used for the BVs and removes from consideration for F1 records in the

IAC corresponding to plants in Puerto Rico.

In Chapter 3, we use three levels of NAICS blocking to account for uncertainty
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in the reported NAICS codes. Specifically, we block based on 4-digit, 5-digit and

6-digit NAICS codes. However, as seen in Section 3.6.3, the results do not vary

greatly across NAICS code. For this reason, in this section we block only on 4-digit

NAICS code. Of the three choices of NAICS blocking used in the previous chapter,

4-digit is the least-restrictive blocking level, allowing the greatest number of possible

links for each IAC record.

Once all BVs have been cleaned, we proceed to construct F2 from the records in

the 2007 CMF. We begin with the set of all plants in the CMF with a 4-digit NAICS

code present in F1, where F1 contains all fully-observed records in the IAC from

2007 or 2008 that are not from Puerto Rico. Some of these CMF plants correspond

to administrative records (AR), or plants with fewer than 5 employees that are not

sent a survey for the CMF (White, 2014). A common practice in statistical analysis

using the CMF data is to remove AR plants from analysis. We follow this practice

and remove AR records from consideration for F2.

Some records in consideration for F2 records contain imputations constructed by

the Census Bureau. The choice of the mechanism used to construct these imputa-

tions varies across records and variables. For this reason, records in the CMF contain

edit/imputation flags associated with certain variables. These flags identify whether

or not the value of the variable is an imputation, and, if so, which imputation tech-

nique was used to generate the value. A summary of these flags is presented in

Table 4.5, with more detailed explanations presented in Tables 4.6 and 4.7. Some of

imputation flags, like “analyst corrected” and “goldplated”, correspond to an imp-

tuation created by an analyst directly correcting or imputing a value from expert

information. For such flags, we choose to treat the CMF imputations as fixed. For

other flags, such as “industry average”, it is known that imputations constructed

using these techniques can lead to poor analytical results on the completed data

(Schafer and Graham, 2002; Little and Rubin, 2002; White et al., 2015). For such
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Table 4.5: Description of edit imputation flags. The first three columns are based
on Table 3 from White (2014), pg. 23.

Code Name Category Re-impute Flag
(blank) No flag set Not imputed
A Administrative Records Data Imputed
B Beta (Cold Deck Statistical) Imputed Y
C Analyst Corrected Non-imputed
D Donor Model Record Imputed Y
E Endpoints of Limits (Upper/Lower) Imputed Y
G Goldplated Non-imputed
H Historic Values Imputed Y
J Subject Matter Rule Imputed
K Raked Non-imputed Y
L Logical Imputed Y
M Midpoints of Limits Imputed Y
N Rounded Non-imputed
O Override Edit with Reported Data Non-imputed
P Prior Year Administrative Records Data Imputed Y
S Direct Substitution Imputed Y
T Trim and Adjust Algorithm Imputed Y
U Unable to Impute Non-imputed Y
V Industry Average Imputed Y
W Warm Deck Statistical Imputed Y
X Unusable Non-imputed Y
Z Acceptable Zero Non-imputed

flags, which we call re-impute flags, we create multiple imputations for the values of

the corresponding variable prior to performing linkage. For a list of flags that are

designated re-impute flags, see the final column of Table 4.5.
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Table 4.6: Detailed Description of edit imputation flags A - S.

Code Meaning
A the item is imputed by direct substitution of corresponding administrative data

(for the same establishment/record)
B the item is imputed from a statistical (regression/beta) model based on historic

data.
C the reported value fails an edit, and an analyst directly corrects the (reported

or imputed) value.
D the item is imputed using hot deck methods.
E the item is imputed by direct substitution of value near (high or low) endpoints

of imputation range.
G the reported value for the item is “protected” from any changes by the edit.

The value of a goldplated item is not changed by the editing system, even if
the item fails one or more edits. In general, the goldplate flag is set by an
analyst.

H the item is imputed by ratio imputation using historic data for the same es-
tablishment (for example, prior year data imputation in Manufacturing)

J the item is imputed using a subject matter defined rule (e.g. y � 1{2x).
K the sum of a set of detail items do not balance to the total. The details are

then changed proportionally to correct the imbalance. This preserves the basic
distribution of the details.

L the item’s imputation value is defined by an additive mathematical relationship
(e.g., obtaining a missing detail item by subtraction).

M the item is imputed by direct substitution of midpoint of imputation range
N the reported value is replaced by its original value divided by 1000
O the reported value fails an edit. Either an analyst interactively restores the

originally reported value of an edit (set by the interactive update system) or
the ratio module later “imputes” originally reported data for an item which
was imputed in the previous edit pass.

P the item is imputed by ratio imputation using corresponding administrative
data from prior year (for same establishment).

S the item is imputed by direct substitution of another item’s value (from within
the same questionnaire.)
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Table 4.7: Detailed Description of edit imputation flags T-Z.

Code Meaning
T the item was imputed using the Trim-and Adjust balancing algorithm (balance

module default)
U the reported item is blank or fails an edit, and the system cannot successfully

substitute a statistically reasonable value for the original data.
V the item is imputed by ratio imputation using an industry average.
W the item is imputed from a statistical (regression/beta) model based on current

data.
X the sum of a set of detail items cannot be balanced to the total because none

of the scripted solutions achieved a balance
Z the reported value for an item is zero, and the item has passed a presence

(zero/blank) test. This often occurs with part time reporters (e.g., births,
deaths, idles). The zero value will not be changed, even if it fails one or more
edits.

For our first attempt at imputation for the re-impute flags, we grouped all possi-

ble records for F2 by 4-digit NAICS code. We then blanked out all CMF imputations

corresponding to re-impute flags, and attempted to re-impute the values. However,

for some 4-digit NAICS groups, all or nearly all of the values for some of the vari-

ables of interest correspond to re-impute flags. This means that there is little or no

information to use to construct new imputations for this variable within the NAICS

code groups. In order to create more stable imputations, we instead apply a filter

requiring a certain percentage of the values for TE, TVS, CF and EE to be fixed,

i.e., to correspond to a flag that is not a re-impute flag. Specifically, we sort all can-

didate F2 records into groups defined by 6-digit NAICS code; 6-digit NAICS code

defines the industry code for a plant. Within each 6-digit group, and for each of

the four variables of interest, we compute the percentage of records corresponding

to re-impute flags. If more than 40% of the values of TE or TVS have re-impute

flags, or more than 50% of the values for CF or EE have re-impute flags, we remove

all records corresponding to the 6-digit NAICS code from consideration for F2. By

extension, plants which such 6-digit NAICS codes are also excluded from considera-
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Table 4.8: A description of the percentage of variables in our imputation sample
have re-impute flags. Percents have been rounded to satisfy disclosure protocols.

TVS TE CF EE At least one None
Re-impute flags 30% 26% 34% 35% 40% 60%

tion for F1. We consider these industries as having too much missing data to yield

accurate re-imputations, as attempting to impute with such low levels of observed

data will likely results in high variability imputations.

After removing records with too much missing data, we have a pool of candidates

for F2. We call this pool our imputation subset, as these records will be used to

construct the M completed data sets in the first-stage of imputation. Table 4.8

displays the percentage of records in the imputation subset with re-impute flags on

each of the variables of interest. Percentages have been rounded to satisfy disclosure

protocols. From the table, we see that roughly 60% of the plants in the imputation

subset have fixed values for all four variables of interest. The remaining 40% have

at least one variable of interested correspond to a re-impute flag.

4.5.2 First-stage imputation with CART

For each record in the imputation subset described in Section 4.5.1, we group the

records by 4-digit NAICS code. Within 4-digit NAICS code group, we impute all

values of TE, TVS, CF and EE with re-impute flags using classification and regression

trees (CART) (Burgette and Reiter, 2010). Imputations based on CART rely on

estimating conditional distributions for imputed values. CART is also used to impute

CMF data in White et al. (2015).

CART is an example of a chained approach to MI. However, unlike standard

mulitple imputation with chained equations (MICE), CART is not restricted to para-

metric models. Instead, CART uses multiple predictors to approximate the condi-
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tional distribution of each variable containing missing values. During the process of

approximating these conditional distributions, CART automatically considers non-

linear terms and well as interactions among the possible predictors. This presents a

greater flexibility for approximating joint distributions while requiring little manual

variable selection on the part of the analysts. In a complex data set like the CMF, it

is often difficult to define a parametric model specifying the relationships among the

variables. Using CART eliminates the need for such pre-imputation specification.

However, CART does rely on the assumption that the data to be imputed is missing

at random. See Section 1.4.1 to review missing data mechanisms.

CART classifies units, in this case manufacturing plants, into groups, called

“leaves” which are relatively homogeneous. The process begins by deleting all values

that need to be re-imputed. These values are then filled in with an initial guess;

(Burgette and Reiter, 2010) provides suggestions for filling in these values. Variables

are then ordered in terms of increasing percentage of missing data. This means that

we begin by conditioning on all variables except the one least observed. Call this

variable Y1. Fit a regression tree for Y1 by conditioning on all other variables. The

tree grows by finding splits in the plants which minimize the variance of Y1 in the

leaves. The process of splitting leaves stops when (1) it is impossible to keep at least

k � 5 plants in each leaf or (2) the variance of the fitted Y1 is less than 0.00001 times

the variance of the marginal distribution of Y1. Once the tree is grown, values for

Y1 for any missing or faulty values are imputed from the farthest leaf containing the

plant.

In the application, we apply CART separately to each 4-digit NAICS group of

manufacturing plants. For each group, we use 100 iterations to grow each tree and

create 20 completed data sets for each NAICS code group. To creation the final

completed data sets Dpmq, m � 1, . . . , 20, of F2, we combine the completed data set

m for each of the NAICS code groups.
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Table 4.9: The percentage of MVS in F2 that have re-impute flags. Here, F2 repre-
sents the set of all CMF plants with a possible state, 4-digit NAICS match in F1.
Percents have been rounded to satisfy disclosure protocols.

TVS TE At least one None
Re-impute flags 31% 27% 33% 67%

4.5.2.1 Agreement filters

Creating the completed data sets Dpmq produces M subsets of records that we will

link to F1. We use the BVs of state and 4-digit NAICS code to determine which

records in Dpmq are considered possible matches for each i in F1. Let F
pmq
2piq denote

the set of possible matches in Dpmq for each i in F1. Because the BVs contain no

missing data, at this stage F
pmq
2piq contains the same plants for all m. We consider all

plants in an F
pmq
2piq for at least one i as our final F2. For this set F2 of CMF plants,

we compute the percentage of the MVs in these records that contain re-impute flags.

This expresses the percentage of the records in F2 that will vary across m. Results are

displayed in Table 4.9, with the reported percentages rounded to satisfy disclosure

protocols.. For roughly 67% of the records in F2, all MVs are fixed across choices of

M . The remaining 33% of the records have an imputed value for at least one MV.

As in Chapter 3, blocking on only state and 4-digit NAICS produces large blocks

for some records i. Therefore, we apply the same agreement filter to narrow the

possible options for each IAC record, with some new notation to reflect the MIDL

setting. Specifically, let TV S
pmq

2i1
denote the value for TVS in completed data set

Dpmq for record i
1
, and similarly let TE

pmq

2i1
denote the value for employment. For

each i in F1 and each i
1

in F
pmq
2piq , we compute

d1pi, i
1

qpmq �
TV S1i � TV S

pmq

2i1

TV S1i

, (4.24)
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and

d2pi, i
1

qpmq �
TE1i � TE

pmq

2i1

TE1i

. (4.25)

Here, d1pi, i
1
qpmq and d2pi, i

1
qpmq are, respectively, the percent difference between IAC

record i and the value of Census record i
1

on TVS and TE in completed data set

Dpmq. If either (4.24) or (4.25) is greater than .3, we declare i and i
1

a non-link

with respect to Dpmq and remove i
1

from F
pmq
2piq . Otherwise, we allow i and i

1
to be

possible links. At this stage, F
pmq
2piq may contain different plants across different values

of m. This underlines the correlation between the estimated values of Cpmq and the

first-stage imputations.

4.5.2.2 Transformations and standardization

After applying the agreement filter described in Section 4.5.2.1, we have our final

subset F
pmq
2 for each m � 1, . . . ,M . As in Chapter 3, before linking, we transform the

MVs by taking the log and standardize the MVs. The standardization is performed

as described in Section 3.4.1. Recall that j � 1 refers to TVS and j � 2 refers to TE.

Let Y
pmq
ij denote the standardized value for MV j for record i in conditional on Dpmq.

Similarly, let X
pmq

i1j
denote the standardized value for MV j for record i

1
conditonal

on Dpmq.

4.5.3 Second-stage imputation: linkage

For each pair pF1,Dpmqq, we run LFCMV to link the data sets using the posterior

sampling steps described in Chapter 3. For each m, we initialize Cpm,0q by selecting,

for each record i in F1, the record i
1

in F
pmq
2piq such that

dpi, i
1

|mq �

gfffe 2̧

j�1

��Y pmq
ij �X

pmq

i1j

Y
pmq
ij

�
, (4.26)
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Table 4.10: Conditional on each completed data set, for each i in F1 there is a

highest-probability match in F
pxq
2 . The counts above indicate how many of these

highest-probability matches stay the same across all M � 20 completed data sets.
Counts have been rounded to satisfy disclosure protocols.

All Data Sets At least 50% of the data sets
Count 190 370

is minimized. We then fit the LFCMV model using the posterior sampling steps

described in Section 3.3.2. We run the sampler for 5000 iterations, with a burn-in of

1000, resulting in S � 4000 posterior samples of C for each m, where Cpmq denotes

the set of these S samples.

Conditional on Cpmq, we compute the posterior probability that each record i
1

in F
pmq
2 is linked to each i in F1. This probability may differ across the M � 20

completed data sets based on the values of the imputations for TE and TVS. Indeed,

as discussed in Section 4.5.2.1, a record i
1

that is in F
pmq
2piq for one choice of m may

not even be an option for record i for another choice of m based on the application

of the agreement filter. This is an example of the correlation structure involved in

two-stage imputation. However, some links are consistent across m. Within each

completed data set, we identify the highest probability link for each i in F1. There

are roughly n1 � 500 records in F1, where this count has been rounded to satisfy

disclosure protocols. We then look across the data sets to determine if the highest

probability link agrees across m. Results are displayed in Table 4.10. Roughly 190

of the 500 F1 records are consistently linked with the same record in the CMF across

choices of m.

The fact that there are similar links across the imputations is indicative of two

features of the data. First, not all of the data involved in linking is imputed. Table

4.9 gives the percentage of records in F2 that have imputed values for TE or TVS.

If all possible matches for a record in the IAC are fully observed, linking results
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will be consistent across data sets. However, there are 33% of the potential F2 links

which involve missing data. For these, we expect the probability of being linked to

vary across data sets. The degree of this variation can be partially attributed to

the variability in the imputations, and some to the data itself. If there are two very

similar choices for F2 for a given record i, we expect and indeed want the probability

of a match to reflect this. The MIDL scenario allows us to conduct linking in such a

way that we integrate not only the uncertainty in the links, but also uncertainty in

the underlying F2.

4.5.4 Post-linking analysis

As was done in Chapter 3, the links estimated in Section 4.5.3 can be used to con-

struct identifiers, specifying, conditional on each completed data set, which records

received an IAC energy assessment. In the context of two-stage linking, each com-

pleted data set represents a nest, and within that nest, each sampled C is a second-

stage imputation. This means that we have M �S completed, linked data sets upon

which to perform analysis.

As a basis for our analysis, we use the same analysis samples as Chapter 3, i.e.,

we begin with all CMF records from 2007 and 2012 that have a 4-digit NAICS code

observed in the IAC for 2007 or 2008. This limits our analysis to industries that

were assessed in the time period of interest. We further limit our analysis sample

to plants meeting IAC standards for assessment. Recall that IAC assessments are

typically performed for plants with no more than 500 employees with a gross annual

sales of no more than $100 million (Muller, 2001, pg. 13). Let A2007 denote the set of

CMF records from 2007 that satisfy the IAC restrictions for sales and employees and

have 4-digit NAICS codes that appear in the IAC. Similarly, let A2012 denote the set

of CMF records from 2012 that satisfy the IAC restrictions for sales and employees

and have 4-digit NAICS codes that appear in the IAC. We refer to A2007 and A2012
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as our analysis samples.

For each completed data set, we construct a set of energy scores as described in

Chapter 3. To satisfy disclosure protocols, we are required to exclude from analysis

plants corresponding to the top 5% and bottom 5% of energy scores in each year.

For each iteration s, we compute the density of all other energy scores for “With

Assessment” plants, and separately for “Without Assessment” plants, for 2007 and

2012. We use fixed bins across the iterations and across the completed data sets.

Separately for each year, and separately for each of the two assessment groups, we

average the density in each bin across iterations and across completed data sets. This

choice mimics the logic in Zhou and Reiter (2010) of mixing together all posterior

draws and estimating quantiles by sorting the draws. Within each bin in the density

plot, we mix together all M �S values and plot the mean as well as the 95% interval

for the scores within each bin.

The resultant average density curves for 2007 are displayed in Figure 4.8, and the

resultant averaged density curves for 2012 are displayed in Figures 4.9. Solid lines are

used for the “Without Assessment” group and dashed lines are used for the “With

Assessment” group. The trends in the density curves are very similar to the results

from Chapter 3. In 2007, the density curve for the “With Assessment” group appears

to be shifted further left than the “Without Assessment” curve. This suggests that

the energy scores for assessed plants seem smaller than plants without assessments.

In other words, relative to their peer group, plants which receive IAC audits appear

less energy efficient. This trend appears to vanish in the plots corresponding to 2012.

In Figures 4.9, there is essentially no difference in the curves between the “Without”

and “With Assessment” groups. We stress that we do not make a causal argument

about the relationship between plants with and without assessments. Indeed, based

on the simulations conducted in Section 4.4, we note that the imputations may

be confounding some aspects of the analysis. However, the results in Section 4.4
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Table 4.11: Reports with matches estimated with re-imputed data: Displays 95%
MI intervals for the mean of the “With Assessments” versus “Without Assessment”
group.

Re-imputed Data Mean 95% Interval
2007 With Assessments -0.17 (-.27,-.07)

Without Assessments -0.007 (-0.01,-0.005)
2012 With Assessments 0.03 (-0.052,0.113)

Without Assessments 0.009 (0.006,0.011)

Table 4.12: Results with matches estimated with original CMF values: Displays 95%
MI intervals for the mean of the “With Assessments” versus “Without Assessment”.

CMF values Mean 95% Interval
2007 With Assessments -0.18 (-.27,-.09)

Without Assessments -0.007 (-0.01,-0.005)
2012 With Assessments 0.03 (-0.04,0.11)

Without Assessments 0.008 (0.006,0.011)

systematically under-estimated the relationships of interest relating to the linkage

structure. The fact that we see any differences here motivates further analysis into

what facets of the data might lead to the distinctions between the two curves in

2007, and the erasure of this trend in 2012.

In addition to the graphical exploration of the data, we apply the combining rules

of Shen (2000) to construct confidence intervals for the mean energy scores of the

“Without Assessment” and “Without Assessment” groups. Results are displayed in

Table 4.11. For comparison, we also present the results from Chapter 3 in Table 4.12.

The intervals in the table suggest the same general trends observed in the density

curves. In 2007, the average energy score tends to lower for the “With Assessment”

groups, with non-overlapping intervals for the “With” and “Without” groups. This

difference is much less pronounced in 2012, and the intervals overlap, suggesting no

statistically significant difference in the means between the groups.
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Figure 4.8: NAICS 4 Blocking, 2007: Kernel Density Plots. Solid line: Average
Density of energy scores for CMF plants that did not receive assessments. 95%
intervals are displayed but are very tight to the curve. Dashed lines: Average Density
of energy scores for CMF plants that did receive assessments. 95% intervals are
displayed. The fuzziness in the plot results from disclosure review requirements of
the Census Bureau.

Figure 4.9: NAICS 4 Blocking, 2012: Kernel Density Plots. Solid line: Average
Density of energy scores for CMF plants that did not receive assessments. 95%
intervals are displayed but are very tight to the curve. Dashed lines: Average Density
of energy scores for CMF plants that did receive assessments. 95% intervals are
displayed. The fuzziness in the plot results from disclosure review requirements of
the Census Bureau.
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Figure 4.10: NAICS 4 Blocking, 2007: Kernel Density Plots. Solid line: Average
Density of energy scores for CMF plants that did not receive assessments. 95%
intervals are displayed but are very tight to the curve. Dashed lines: Average Density
of energy scores for CMF plants that did receive assessments. 95% intervals are
displayed. The fuzziness in the plot results from disclosure review requirements of
the Census Bureau.

4.5.5 Future work

The data trends in Figure 4.8 are very similar to those results in Figure 3.8 in

Chapter 3. The only difference in the construction of these two plots is that the

linkage structure in Figure 4.8 is estimated using our re-imputed versions of the

CMF. However, the energy scores used to construct the curves in both figures are

the released CMF values.

To see the impact of the imputations on the energy scores, for any records in

A2007 with a re-impute flag, we replace the corresponding CMF value with the M

imputations constructed in Section 4.5.2. We then re-compute the energy scores

conditional on these new values. The resultant plot is in Figure 4.10. We can see

that this curve is quite different from the curves in Figure 4.8. While the distributions

for the “With” and “Without” Assessments groups are slightly different, the clear

different in distributions evident in Figure 4.8 is not as evident in Figure 4.10. The

intervals corresponding to these two analyses are in Table 4.13. This suggests that
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Table 4.13: Reports with matches estimated with re-imputed data: Displays 95%
MI intervals for the mean of the “With Assessments” versus “Without Assessment”
group. Row 1-2: Using the CMF data and CMF imputations. Row 3-4: Using the
CMF data and CART imputations.

2007 Mean 95% Interval
CMF Data With Assessments -0.17 (-.27,-.07)

Without Assessments -0.007 (-0.01,-0.005)
CART With Assessments -.09 (-0.19,0.004)

Without Assessments -0.007 (-0.007,0.010)

the imputations for CF and EE, two variables involved in the computation of the

energy but not used in the linking, may have changed the distributions of these

variables in A2007. Understanding why this occurs is a topic for future work. We also

want to explore the impact of imputations using the data in A2012. This requires

jointly imputing the data from 2007 and 2012 before performing and analysis of

energy scores.
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Appendix A

Dirichlet Process Mixture Model of Products of
Multinomials

Traditional blocking conditions on a set of comparison fields. In Chapter 2, the

comparison fields used for blocking are dependent categorical variables assumed to

contain disagree among some true matches. This disagreement is corrected by re-

imputing values for fields identified as being plausibly faulty using a Bayesian non-

parametric model presented by Dunson and Xing (2009), which is designed to handle

a potentially sparse table of dependent categorical variables. This model, which we

call the Dirichlet Process Mixture Model of Products of Multinomials (DPMPM),

is a latent class model in which categorical data are grouped into classes based

on dependencies among the values. Once a record has been assigned to a latent

class, field values may be drawn independently from a class-specific multinomial

distribution.

Suppose record i has a vector Bi � pBi1, Bi2, ..., BiJq of unordered categorical

comparison fields. Let dj be the number of options, or levels, for each field j � 1, ..., J .

Suppose record i belongs to latent class zi, where zi P t1, ...., Hu. The DPMPM
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models each record field Bij as,

Bij|φ, zi �Multinomial
�
t1, ..., dju, φzij1, ..., φzijdj

�
(A.1)

zi|π
ind
� Multinomialpt1, ..., Hu, π1, ..., πHq. (A.2)

Here, Bij is a multinomial random variable with the sample size equal to 1. zi is

a multinomial random variable whose value specifies a latent class assignment for

a given record i. Dunson and Xing (2009) allow zi to reflect a potentially infinite

number of latent classes. However, just as the contingency table for the BVs is sparse,

in reality only a finite number of latent classes are necessary. The methodology of

Ishwaran and James (2001) describes a finite mixture model approach to the DPMPM

which populates a finite number H� of latent classes (Dunson and Xing 2009, Si and

Reiter 2013). The value H� is fixed by the user, and its selection is based on a

guess at the number of classes H that might be necessary to explain the dependence

structure in the data. Ideally, H� ¡¡ H. At each iteration of the sampler, the

DPMPM prior will populate, or assign records to, the H� latent classes. H� is

well chosen if exploration of the runs indicates that the number of populated latent

classes at each iteration of the Markov Chain Monte Carlo (MCMC) is fewer than

H�. If the sampler populates H� latent classes, this suggests that H ¡ H�. The

model requires more latent classes to describe the dependence structure among the

categorical variables than H� allows. In such a case, H� needs to be increased.

Describing the H� latent classes in terms of the data relationships they represent

is difficult. On a surface level, one latent class may seem to contain many individuals

from a certain school who are female, while a second may contain primarily males.

However, the relationships which define the latent class assignments are often com-

plex and difficult to quantify in the posterior. Additionally, at each iteration latent

class “1” may encode a different relationship. This introduces a label-switching con-

cern, which complicates tracking the class relationships during the MCMC. Indeed,
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the number of latent classes utilized at each iteration of the MCMC varies, signifying

that different relationships may be used to define the class structure.

Understanding why a record has been assigned to a latent class is not of primary

interest in our use of the DPMPM. The strength of the latent class structure for our

application is that once a record has been placed within a class, values for the latent

BVs can be drawn independently from a class specific multinomial distribution. For

each latent class h P t1, ..., H�u, the multinomial probabilities φ from (A.1) are

modeled as

φhj � Dirichletpaj1, ..., ajdjq. (A.3)

Here, the vector φhj � pφhj1, ..., φhjdjq describes the probabilities that variable j for

record i should take field value 1 through dj respectively. The recommended default

setting of Dunson and Xing (2009) for the hyper-parameters is aj1 � ... � ajdj � 1

for all h.

In (A.2), for every record i there is some probability πh that i belongs to latent

class h, where π � pπ1, ..., πH�q. In the finite mixture model representation suggested

in Ishwaran and James (2001), π is sampled using a stick-breaking technique, and

the probability that zi P t1, ..., H
�u must be 1. Probabilities are assigned to the H�

classes utilizing the following structure:

πh � Vh
¹
g h

p1� Vgq, h � 1, ..., H� (A.4)

Vh � Betap1, αq, VH� � 1. (A.5)

To ensure that
°H�

h�1 πh � 1, enforce VH� � 1 (Ishwaran and James, 2001).

While it allows all H� classes to be populated, the finite mixture model represen-

tation of the DPMPM actually favors the allocation of practical probability mass to

few classes. The speed with which the mass for new classes diminishes is controlled

by the concentration parameter α in (A.5). α is a modeled as gamma distributed
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random variable, α � Gammapaα, bαq. With an expected value of 1
α

, the probability

π1 of being assigned to the first latent class increases as α decreases. This means a

large α encourages more populated latent classes than a smaller α. A large α leaves

more mass to be allocated to new classes while a small α leaves a smaller remaining

probability mass for new latent classes. With a model on α, the number of occu-

pied latent classes (classes to which records are actually assigned) can vary at each

iteration of the MCMC. This allows for uncertainty in the effective number of latent

classes. Dunson and Xing (2009) suggest hyper-parameter settings of aα � bα � 0.25.

The Gibbs sampling update steps for the DPMPM are as follows:

1. For i P 1, ..., N , sample the latent class indicator z
ps�1q
i P t1, ..., H�u from a

multinomial distribution with sample size 1 and

Prpz
ps�1q
i � h|B, φpsq, πpsqq �

π
psq
h

±J
j�1 φ

psq
hjB

i
1
j°H�

h1�1 π
psq

h1

±J
j�1 φ

psq

h1jB
i
1
j

. (A.6)

2. For h P t1, ..., H� � 1u, sample

V
ps�1q
h |zps�1q, αpsq � Beta

��1�m
ps�1q
h , αpsq �

H�¸
h1�h�1

m
ps�1q
h

�
. (A.7)

where m
ps�1q
h �

°
i Ipz

ps�1q
i � hq denotes the number of individuals in latent

class h. Set VH� � 1.

3. Compute π
ps�1q
h � V

ps�1q
h

±
g hp1� V

ps�1q
g q for all h P t1, ..., H�u.

4. For j P t1, ..., Ju and h P t1, ..., H�u, sample

φ
ps�1q
hj |zps�1q, Bpsq � Dirichlet

�
aj1 �

¸
i:zi�h

IpB
psq
ij � 1q, ..., ajdj �

¸
i:zi�h

IpB
psq
ij � djq

�
.

5. αps�1q|πps�1q � Gamma
�
aα �H� � 1, bα � logpπ

ps�1q
H� q

	
.
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Appendix B

Extended Simulation Results for BLASE

In this appendix we present further simulation results from the BLASE simulation

discussed in Chapter 2. These results are summarized in Table 2.3 in the main

paper. For each of the four simulation groups, we provide figures for (1) PMR, (2)

RMSE and (3) parameter estimation for the Y1 regression. Supplementary Table

B.1 summarizes the parameter estimation from the Y2 regression, but because the

behavior mimics that observed in the Y1 regression estimates, we do not include

plots for the Y2 estimates. Some of this material is repeated from Chapter 2 for

completeness.
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Table B.1: Summary of results: Y2 regression

Int prog = Acad prog = Voc ses = middle ses = high female
CA -.10 42.6 16.5 .68 16.11 5.9

HSHF D -.11 42.6 15.7 .48 -12.1 5.4
CP -.13 37.2 11.2 .20 -9.5 4.8

CA -1.3 -21.3 8.5 5.3 .003 .11
LSHF D -1.2 -29.2 15.9 8.0 .04 .02

CP -1.3 -13.5 17.0 8.9 .03 .02

CA -.053 3.3 -.80 .20 -.71 -.35
HSLF D -.072 4.6 -1.3 0.02 -1.3 .35

CP -2.2 -60.3 -15.2 -9.7 .03 -.006

CA -.1 6.3 2.4 0.05 23.1 -6.1
LSLF D -.78 1.0 -.33 -1.3 .02 .001

CP -.70 -72.3 -16.3 -3.6 .03 -.001

t-values 218.9 7.9 -21.2 6.5 2.6 -6.4
NOTE: Positive values indicate BLASE is more accurate than GM, and negative values
indicate the opposite. Bold values indicate statistically significant results (paired t-test
p-value   .05). Entries under each predictor are averages across 100 replications of
100 p|η̂GM � η| � |η̂BLASE � η|q {η. The final row is the average t-values values of the
Y2 linking analysis across the 100 PB data sets. The average R2 value is .14.
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B.1 High fault

The high fault (HSHF) scenario is where we expect the largest payoffs from using

BLASE over GM. BV faults necessarily correspond to a reduction in PMR for GM,

as records in faulty blocks cannot be linked. While some increase in PMR in BLASE

over GM is expected due to chance, Figure B.1 shows a sizeable increase in PMR

at all three prior settings. The greatest improvement in PMR corresponds to the

CA prior, corresponding to a large number of move proposals at each iteration of

the MCMC. With a high fault level, many records need to shift blocks, so the large

number of proposals is advantageous. The diffuse prior setting performs comparably

to the CA setting. As discussed in the main paper, this trend is evident across

simulations. The increase in PMR for BLASE in the HSHF scenario is accompanied

by a reduction in RMSE (Figure B.2) and more accurate estimates of three of the

four linking parameters (Figure B.3).

The role of T1 seeds in the posterior performance of BLASE and GM is highlighted

in the contrast of the results of the HSHF and LSHF simulation groups. With

low seeds and high faults, both GM and BLASE perform poorly. While there is

statistically significant improvement in BLASE over GM for PMR (Figure B.4),

RMSE (Figure B.5) and parameter estimation (Figure B.6) for the diffuse prior, this

improvement is markedly less than that observed in the HS simulation.

In contrast to the HF results, the LSHF scenario associates the best results with

the poorly concentrated rather than appropriately concentrated prior setting. This

is reasonable here. The CA setting corresponds with many move proposals at each

iteration, yet the low seeds provide little signal with which to accept or reject these

moves. The CP prior setting favors only a few move proposals, and therefore fewer

records are moved into incorrect blocks. The weak prior setting performs comparably

to the CP setting.
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Figure B.1: HSHF Posterior Match Rate: Average PMR for each of 100 replica-
tions at each prior setting (Concentrated/Appropriate, Diffuse, Concentrated/Poor).
Displayed intervals contain the central 95% of these PMR values.
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Figure B.2: HSHF RMSE: RMSE for each of 100 replications at each prior set-
ting (Concentrated/Appropriate, Diffuse, Concentrated/Poor). Displayed intervals
contain the central 95% of these RMSE values.
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Figure B.3: HSHF empirical distributions of posterior means: Posterior
means for coefficients for each of 100 replications at each prior setting (Concen-
trated/Appropriate, Diffuse, Concentrated/Poor). Displayed intervals contain the
central 95% of these posterior means. Dashed horizontal lines indicate true values of
coefficients.
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Figure B.4: LSHF Posterior Match Rate: Average PMR for each of 100 replica-
tions at each prior setting (Concentrated/Appropriate, Diffuse, Concentrated/Poor).
Displayed intervals contain the central 95% of these PMR values.
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Figure B.5: LSHF RMSE: RMSE for each of 100 replications at each prior set-
ting (Concentrated/Appropriate, Diffuse, Concentrated/Poor). Displayed intervals
contain the central 95% of these RMSE values.
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Figure B.6: LSHF empirical distributions of posterior means: Posterior means
for coefficients for each of 100 replications at each prior setting (Concen-
trated/Appropriate, Diffuse, Concentrated/Poor). Displayed intervals contain the
central 95% of these posterior means. Dashed horizontal lines indicate true values of
coefficients.
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Figure B.7: HSLF Posterior Match Rate: Average PMR for each of 100 replica-
tions at each prior setting (Concentrated/Appropriate, Diffuse, Concentrated/Poor).
Displayed intervals contain the central 95% of these PMR values.

B.2 Low fault

The two Low Fault (LF) simulation groups provide the least opportunity for BLASE

to show improvement over GM. Indeed, the HSLF scenario is the closest of the four

groups to be ideal for GM. Accordingly, Figure B.7 indicates a GM PMR which

is much more similar to the PB results than those displayed in the HSHF runs of

Figure B.1. For the CA and D prior settings, this corresponds to an increase in PMR

relative to BLASE. GM and BLASE RMSE results are comparable with reasonable

prior choice (Figure B.8). This suggests that while records may be moved to blocks

which do not contain true matches, these moves preserve the relationships in the

linking analysis as informed by the seeds. Figure B.9 suggests that at the W and

CA settings, BLASE and GM perform similarly in estimating the coefficients, with

BLASE obtaining a slight (but significant) improvement.
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Figure B.8: HSLF RMSE: RMSE for each of 100 replications at each prior set-
ting (Concentrated/Appropriate, Diffuse, Concentrated/Poor). Displayed intervals
contain the central 95% of these RMSE values.

The final simulation group, LSLF, is designed to illustrate the performance of GM

and BLASE in a situation not ideal for either method. Accordingly, both methods

perform poorly as compared to the HSLF simulations. Here, applying BLASE as

opposed to GM results in lower PMR (Figure B.10), increased RMSE (Figure B.11),

and poor estimation of the parameters (Figure B.12).
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Figure B.9: HSLF empirical distributions of posterior means: Posterior means
for coefficients for each of 100 replications at each prior setting (Concen-
trated/Appropriate, Diffuse, Concentrated/Poor). Displayed intervals contain the
central 95% of these posterior means. Dashed horizontal lines indicate true values of
coefficients.
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Figure B.10: LSLF Posterior Match Rate: Average posterior match rate for each
of 100 replications at each prior setting (Concentrated/Appropriate, Diffuse, Con-
centrated/Poor). Displayed intervals contain the central 95% of these PMR values.
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Figure B.11: LSLF RMSE: RMSE for each of 100 replications at each prior set-
ting (Concentrated/Appropriate, Diffuse, Concentrated/Poor). Displayed intervals
contain the central 95% of these RMSE values.
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Figure B.12: LSLF empirical distributions of posterior means: Posterior
means for coefficients for each of 100 replications at each prior setting (Concen-
trated/Appropriate, Diffuse, Concentrated/Poor). Displayed intervals contain the
central 95% of these posterior means. Dashed horizontal lines indicate true values of
coefficients.
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