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Abstract

In this dissertation, we study the phase structures and the quantum critical phe-
nomena of relativistic lattice fermions with O(2Ny) symmetry in one and two spatial
dimensions, motivated by the ability to perform efficient Monte Carlo simulations.
Close to a quantum critical point, physics is universal and can be described by contin-
uum quantum field theories. We perform a perturbative analysis of all independent
four-fermion interactions allowed by the O(2Ny) symmetry near the free-fermion
fixed point. We then analyze the resulting continuum field theories using various
techniques. In one spatial dimension, we use the powerful tools from conformal field
theory and non-abelian bosonization to understand the renormalization group flows,
the correlation functions, and the spectra. In the case of Ny = 2, we find that by
tuning a Hubbard coupling, our model undergoes a second-order phase transition,
which can be described by an SU(2); Wess-Zumino-Witten model perturbed by a
marginal coupling. We confirm these results using the meron-cluster algorithm, and
locate the critical point precisely using exact diagonalization based on the spectrum
of the Wess-Zumino-Witten model. In two spatial dimensions, we analyze the model
using ¢ expansion, large Ny expansion and effective potential methods. In the case
of Ny = 2, we find a novel critical point where the anti-ferromagnetic order and
superconducting-CDW order become simultaneously quantum critical, which seems
to have been missed in literature. We compare these predictions with the numerical

results obtained using the fermion-bag algorithm by Emilie Huffman.
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1

Introduction

All happy families are alike; each unhappy family is unhappy in its own way.

—Lev Tolstoy, Anna Karenina

1.1  Quantum phase transitions and quantum critical phenomena

Nature is complex. Classifying matter into phases and studying the phase transi-
tions between them have been a fruitful way to understand nature. While most
familiar phases and phase transitions occur at finite temperatures, many exotic ones
only arise at zero temperature, which are known as quantum phases and quantum
phase transitions [I]. The study of them has led to insights into exotic phases of
matter in both condensed matter physics and high energy physics, from quantum
Hall effect and high-temperature superconductivity, to quark-gluon plasma and color
superconductivity inside neutron stars.

A quantum phase transition is most exciting when it is second order, where the
quantum fluctuations, usually swept away by thermal fluctuations at finite temper-

atures, become dominant. At the point in parameter space where such a transition
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occurs, known as a quantum critical point, the correlation length measured in the
unit of microscopic length scale diverges, and therefore the long-distance physics of
the system becomes scale-invariant. In most cases, the long-range physics can be
described by a handful of quantities. The way these quantities depend on the scales
is known as scaling relations, and can be characterized by the so-called critical ex-
ponents. The critical exponents are not sensitive to the details of the microscopic
structures, or in other words, they are universal. From the perspective of the renor-
malization group (RG), universality arises because long-range physics is characterized
by a unique fixed point, and the number of relevant operators at the fixed point is
usually quite limited.

The most successful approach to understanding phase transitions is through spon-
taneous symmetry breaking and RG, known as the Landau-Ginzburg-Wilson (LGW)
approach [2, 34, [5]. The idea behind the LGW approach is that the phases of matter
should be classified by how the symmetries are presented, and in particular, whether
the symmetries are spontaneously broken or not. In this approach, the physics of the
quantum critical point is usually described by the fluctuation of the order parame-
ters. In this dissertation, this is the approach we will adopt to understand quantum
critical points in lattice fermion systems.

While the traditional LGW approach has been very successful, in recent decades,
many new types of quantum phase transitions have been discovered that seem cannot
be described by it. These second-order phase transitions usually separate gapped
phases indistinguishable through their symmetry properties, or in some instances
break distinct symmetries, both of which are forbidden in the LGW paradigm. Here
a gapped quantum phase means a phase with a finite energy gap between the ground
states and excited states in the thermodynamic limit. From a modern perspective,
gapped quantum phases can be viewed as equivalent classes of gapped ground states
connected by local adiabatic changes without closing the gap [6l [7]. This point of
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view means that there can exist different gapped phases with the same symmetry,
if they can only be distinguished by non-local properties, such as the ground state
entanglement properties. Topological invariants are also valuable properties, which
are integers that cannot change in any adiabatic process, but can change when cross-
ing phase boundaries, such as winding number, linking number, and in many cases,
simply ground state degeneracy.

A gapped phase with a nondegenerate ground state is called a trivially gapped
phase. Of more interest are the many non-trivially gapped phases, for example,
phases with topological order [8], which are gapped phases with long-range entan-
glement [7], and symmetry-protected topological (SPT) phases [9, [10], which are
phases that are only distinguishable under symmetry-preserving Hamiltonians, and
are characterized by short-range entangled degenerate ground states and edge states
that represent an anomaly associated with the symmetry group [I1]. It has also
been shown recently that fermion masses can be generated by strong four-fermion
interactions without spontaneous symmetry breaking [12 [13] [14], [15] [16], which has
a deep connection to the SPT phases [17].

In addition to these phases that are indistinguishable by symmetries, there are
also quantum critical points that immediately separate phases breaking distinct sym-
metries, such as the so-called deconfined quantum critical points, whose quantum
fluctuation is described by an emergent gauge field, rather than the ordinary order
parameters [18 19, 20, 21} 22]. Nonetheless, there have been attempts recently to fit
all these exotic quantum phases and quantum phase transitions into a generalized
LGW paradigm using generalized symmetries [23], including higher-form symmetries
[24] 25] and non-invertible symmetries [26, 27], 28]. For example, topological orders
can be understood through the spontaneous breaking of higher-form symmetries [29].

Another valuable tool to understand quantum phases is anomaly, or more pre-
cisely, 't Hooft anomaly. An anomaly is preserved in any symmetry-preserving de-
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formation of the theory and in particular, is RG invariant. Therefore it can create
substantial restrictions on the infrared (IR) physics through 't Hooft anomaly match-
ing [30]. In particular, if a theory has a 't Hooft anomaly in the ultraviolet (UV),
then the IR theory cannot be trivially gapped [25]. Instead, it can only be either
gapless or non-trivially gapped, including spontaneously breaking certain symme-
try or topologically ordered [31], 23]. A famous example is the Lieb-Schultz-Mattis
(LSM) theorem [32] 133, 134], in which the symmetries of a lattice Hamiltonian, being
UV properties, can impose constraints on the ground state degeneracy, which is in
the deep IR. This is an old theorem but recently received new insights in terms of
a mixed 't Hooft anomaly between spin rotation symmetry and lattice translation
symmetry [35, 31], 136, 37, 38, B9]. Later in this dissertation, we will use similar

arguments to understand the ground state degeneracy of our lattice models.
1.2 Quantum critical phenomena of lattice fermions

In this dissertation, we are interested in the quantum critical phenomena arising in
interacting lattice fermion models, which will help us understand strongly coupled
quantum field theories (QFTSs). The strongly coupled QFTs are usually poorly under-
stood analytically because they are beyond the capability of perturbative analysis.
However, when a lattice regularization for such strongly coupled QFT exists, it is
possible to recover the continuum physics near a quantum critical point on a lattice
model. In fact, this can be viewed as a way to define a strongly coupled QFT non-
perturbatively. One powerful first principle method to study the lattice models is
the Monte Carlo (MC) method [40]. Unfortunately, Monte Carlo studies of quantum
critical phenomena involving lattice fermions suffer from the notorious sign problem
[41]. Therefore designing lattice fermion models that contain interesting quantum
critical points while being free of the sign problems is an important area of research.

One such model that is amenable to efficient Monte Carlo simulations is given by

4



the following Hamiltonian

Ny
H,=— Z exp (myij Z C?TC? + C?Tc?), (1.1)
(i.7) a=l1

where ¢ and j are lattice sites on a bipartite lattice and the sum is over all the
nearest-neighbor pairs of sites (i, j), cf‘T and cf are the usual fermionic creation and
annihilation operators, a = 1,--- , Ny is the flavor index, 7;; is the 7 flux phase which
renders relativistic fermions in the continuum, and k is the coupling of the model.
In particular, when & is small, the Hamiltonian is very close to the Hamiltonian of
staggered fermions [42], which describes free massless fermions at low energies. When
k gets larger, new and interesting phases may appear, and by tuning x, we can study
the quantum phase transitions that turn out to be second order. For generic s, this
Hamiltonian can be simulated efficiently using the fermion bag algorithm [43] [44].
In the limit kK — oo, it can be simulated even more efficiently with the meron-cluster
algorithm [45], 46, [47].

An interesting feature of the above lattice model is that it preserves all the sym-
metries of the free lattice fermions, in particular, the O(2Ny) symmetry. As we will
show in the next chapter, together with lattice translation symmetry, this O(2Ny)
symmetry leads to an interesting degeneracy of spectrum when the lattice size is
a multiple of four. Actually, from the mixed 't Hooft anomaly between the lattice
translation symmetry and the particle number symmetry U(1), which is a subgroup
of the O(2Ny) symmetry, we already know that the model cannot be trivially gapped
in the continuum limit. However, with the additional O(2N;) symmetry, the ground
states of the model are degenerate even in a finite volume.

We also note that the case of Ny = 2 is special for several reasons. First, the two
components in this case can be viewed as the spins of a spin-half particle, like an

electron, and therefore the critical phenomena might be observed in real materials.



Furthermore, the adjoint representation of SO(4) is reducible, because it can be
viewed as spin and charge symmetries SU(2); x SU(2).. Therefore we can have
independent spin and charge couplings if the O(4) symmetry is broken down to SO(4)
by some interactions. One such interaction is the well-known Hubbard interaction,

Hy = UZ(n; —1/2)(n? — 1/2), (1.2)

J

where nf = C?T

¢ is the particle number operator. The improper part of the O(4)
symmetry can be identified as a spin-charge flip symmetry Z3°, which plays an im-
portant role at the quantum critical point. Our Monte Carlo results mainly focus on
the case of Ny = 2, and in this dissertation, we will refer to the sum of Eq. and

Eq. (1.2) as “our lattice model”.
1.3 Continuum QFTs of our lattice fermion models

Near the quantum critical points, the leading correlation length of the lattice model
diverges in the lattice unit, and the long-distance physics can be described by a
continuum QFT [48] [49]. One of the main goals of this dissertation is to identify
and study the continuum QFTs that emerge in the vicinity of the quantum critical
point of our Hamiltonian H,. In this process, the O(2N;) symmetry and other
lattice symmetries of our microscopic models play a crucial role because they are RG
invariant.

In order to identify the emergent QFTs, we adopt a perturbative approach by
starting from the weak coupling regime, which is close to the free-fermion fixed point.
Then we analyze all the four-fermion interactions allowed by the O(2Ny) symmetry,
which are the most relevant interactions near the free-fermion fixed point. Field
theories with four-fermion interactions originated from high energy physics a long

time ago [50, [51), 52], but recently they have also gained popularity in the condensed



matter literature as a description of low-energy physics of Dirac semi-metals, with
graphene as the most prominent example [53], 54, 55].

All relativistically invariant four-fermion interactions can be built out of mass
terms and currents, known as Gross-Neveu (GN) type [51, 56] and Thirring type
[52] respectively. Here mass terms [57] and currents are fermion bilinears that are
relativistically invariant and covariant respectively, but are allowed to transform
non-trivially under the internal non-abelian symmetry. In general, these two types
of interactions can behave quite differently. For example, by tuning the four-fermion
couplings, the Gross-Neveu model in two spatial dimensions undergoes a phase tran-
sition from a massless phase to a massive phase with spontaneously broken parity
symmetry for arbitrary Ny. In contrast, such transition occurs in the Thirring model
only when Ny is below a critical value N, whose precise value is still controversial
[58, 59, 60, [61], [62], [63]. However, as we will show in this dissertation later, in the
presence of the O(2Ny) symmetry, Gross-Neveu type and Thirring type interactions
are equivalent. In fact, only one independent four-fermion interaction is allowed by
the O(2Ny) symmetry in one spatial dimension, while there are four in two spatial
dimensions, all of which can be chosen as Gross-Neveu type. Furthermore, in the
case of Ny = 2 with SO(4) symmetry, one more Gross-Neveu type interaction is
allowed in both cases.

Gross-Neveu type interactions built out of mass terms transforming under dif-
ferent representations of the non-abelian symmetry groups usually have different
symmetry breaking patterns, leading to different universality classes at the quantum
critical points. For example, in two spatial dimensions, some of these universal-
ity classes are known in the literature as “chiral-Ising”, “chiral-XY” and “chiral-
Heisenberg” universality class, although there is really no chiral symmetry in these
cases. One of the main results of this dissertation is that in the case of Ny = 2 in
two spatial dimensions, the presence of Z5° symmetry leads to a new university class,

7



where the anti-ferromagnetic (AFM) order parameter and superconducting-CDW or-
der parameter become simultaneously quantum critical, which we dubbed the name
“chiral spin-charge symmetric” university class. To the best of our knowledge, this

universality class has not been explored in the literature before.

The remaining chapters of this dissertation are organized as follows. In Chap-
ter [2 we give more details of our lattice fermion Hamiltonians and discuss their
symmetries. We also prove an interesting theorem regarding the degeneracy of the
spectrum, and discuss its relation to anomaly and implications for the ground states
of our models. In Chapter [, we derive the continuum limit of the free lattice fermions
in one and two spatial dimensions. We also discuss the (emergent) symmetries of the
continuum theory and how the lattice symmetries are embedded in the continuum
symmetries. In Chapter[] we analyze all the four-fermion interactions allowed by the
lattice symmetries, especially the O(2Ny) symmetry. We also discuss the special case
of Ny =2 with SO(4) symmetry. In Chapter , we analyze the physics of our model
in one spatial dimension using techniques from 2d conformal field theory (CFT) and
bosonization. In particular, we use operator product expansions (OPEs) to calculate
the 8 functions and the correlation functions of observables on the lattice. In Chap-
ter @, we study the physics of our model with Ny = 2 in two spatial dimensions. We
study the phases of the model by calculating the effective potential, the 8 functions
and critical exponents in 4 — ¢ space-time dimensions [64, 65]. Our predictions are

then compared with Monte Carlo and other numerical results in Chapter [7]



2

The Lattice Model

This chapter introduces the Hamiltonian lattice fermion models we study in this
dissertation. These models lead to interesting relativistic Dirac fermions in the con-
tinuum limit, which we will discuss in the following chapters. We first discuss free
lattice fermions to motivate our lattice models and point out an O(2Ny) symmetry.
We then introduce our models, which are essentially strongly interacting versions of
the free models with the same O(2Ny) symmetry. Interestingly, this O(2Ny) sym-
metry implies that the degeneracy of all energy eigenstates is an even number under
some reasonable assumptions, which is presented as a theorem at the end of this
chapter. We also discuss the implication of this degeneracy for our model and its

connection to 't Hooft anomaly matching.
2.1  Free lattice fermions

One standard way to construct free massless fermions in d spatial dimension on the
lattice is through staggered fermions [42]. We begin with a d dimensional cubic lattice

with periodic boundary conditions, and the Hamiltonian of Ny staggered fermions is



given by

Ny
Hy = —tz Z Z nz,ucachjre + H.c., (2.1)
a=1 1 nw

where ¢ and ¢ are the usual fermionic creation and annihilation operators, o =
1,--+, Ny is the flavor index, 7 is summed over all the sites on the d dimensional

lattice, e, is the unit vector of the lattice in the u direction and p = 1,---,d. The

phase factor n;, = (—1)25;11 w  where i, is the coordinate of 4 in the e, direction.

When d = 1, the Hamiltonian can be simply written as

= —tz:co‘fciﬁrl Hc], (2.2)

and when d = 2, we can write

=—1 Z n1n2 n1+1n2 + (_1)7116%1[712 n1n2+1 +H.c.. (23)

nin2,x

Note that in the case of 2 spatial dimensions, there is another lattice with relativistic
dispersion relation, i.e., the honeycomb lattice, which is of much interest in the

condensed matter literature [66].
2.1.1 Symmetries of the free lattice fermions

These lattice fermions have a set of standard discrete symmetries. The most obvious
one is the symmetry group of d-dimensional cubic lattice: translations by one lattice
spacing in the e, direction T}, and the hyperoctahedral group By, which is the
symmetry group of a d-dimensional hypercube containing parity P. In addition, it
also has time reversal symmetry © and charge conjugation symmetry C'.

In one spatial dimension, B; = Z, is simply the parity P. These symmetry

10



transformations act on the fermion operators as

unit translation:  T,¢; T, " = ¢j41, (2.4)
parity: Pc; P! =c_j, (2.5)

time reversal: ©¢;07' =¢;, 0O = i, (2.6)
charge conjugation: Cc¢;C™! = (—1)%}. (2.7)

In two spatial dimensions B, is isomorphic to the dihedral group Dy = Z, X Zs,
generated by 7 rotation R and parity P. These symmetry transformations act on

the fermion operators as

translation by e;: TiCpn, 1)+ = (—1)™Cpy 11,95 (2.8)
translation by ey:  Thcnn, Ty + = Cryma+15 (2.9)
g spatial rotation: Rcp, R = (=1)""2¢_, 01, (2.10)
parity:  Pcpn, P = ¢ _nynn, (2.11)

time reversal:  ©¢,,,0 " = Cpypny, OO = —i, (2.12)
charge conjugation: Ccy,,,C~" = (=1)"* "2l . (2.13)

In addition to these lattice symmetries, since the lattices are bipartite, free lattice
fermions also have an O(2Ny) internal symmetry. This internal symmetry is easily

observed in the Majorana representation. Consider a simple hopping term cf‘cho-‘ +

C(;T ®. where ¢ and j are on different sublattices. We define two Majorana operators

vfa L and ﬁ"‘ from each ¢ operator through the following relations

° ij( 2a—1 i 204) caT_ (_1> ( 20— 1—|—i Za) (2 14)
7 2 Py‘] ’y] 9 v 2 ’}/‘7 P)/] 9 .

where 7§ satisfies {7}, %-B } =20;j6481. Then we have

2N
flj i

ZCO‘TCQ + caJr & = Z 5 5 (2.15)

a=1

11



Notice that both sides are symmetric under i <+ j as desired. Clearly this term has
O(2N;) symmetry generated by the operators I'*? := i i vj‘yf , under which ~2
transforms as an O(2Ny) vector.

Free fermion Hamiltonians are quadratic in the fermion creation/annihilation
operators and translationally invariant, and therefore can be diagonalized in the mo-
mentum space. We obtain the energy of single-particle excitations over the vacuum
state as a function of momentum, giving the dispersion relation of the low-energy
particles. When considering excitations with wavelengths much larger than the lat-
tice spacing, we can focus on modes near the Fermi points. Using these low-energy
modes, we can derive the effective Hamiltonian in the continuum. We will discuss

the details in the next chapter.
2.2 Interacting lattice Hamiltonians with O(2N¢) symmetry

We now wish to construct an interacting lattice Hamiltonian with all the symmetries

of the free lattice Hamiltonian. Our choice will be

Ny
H,=— Z exp (nnij Z(C?Tc}’ + c?‘%f“)) : (re
(,9) a=1

which is motivated by the fact that it is sign-problem-free [67] and can be simulated
efficiently using the fermion bag algorithm [43, [44]. Since each bond of this Hamil-
tonian only depends on the free Hamiltonian bond > C?Tc;“ + cj'cf, clearly it has
all the symmetries of the free lattice fermion, and in particular, it has the O(2Ny)
internal symmetry. Note that x > 0 is a free parameter in the theory, and as we

will discuss below, it will play the role of a tunable coupling. When & is small, the

theory is almost free.
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2.2.1 The conventional form of our lattice model

In order to understand the role of x, it is helpful to express the lattice Hamiltonian
Eq. (1.1) in a more conventional form. Since the hopping term at different layers

commute, we can expand the exponential and write

Z H exp (ki ( caTca + CO‘T ")). (2.16)
(i,5) @

As in the free theory, the O(2N;) symmetry is manifest in the Majorana language,

which is also useful for rewriting the Hamiltonian in a more conventional form,

2N ; 2Ny
Ko K
He==) []ex (“nw 9 7@ 7]) =->_11 (COSh g T sinb gt Z%{Iﬁ)’
< ,]> a=1 <Z7]> a=1

(2.17)

Focusing on a single Dirac flavor on a single bond, we have

exp (Iimj(c &+ co‘Jr a))
_ Kk . K it (A 20—1_ 2a—1 20 2« . 2a—1_2a, 2a—1_ 2« K\ 2
= cosh 3 sinh 51 (VT ) + smh % Vi " + | cosh B

2 1 1 2
= 2cosh§ sinh nw(c‘”co‘ + co‘T ') — 4<sinhg) (nf‘ — 5) <n§“ — 5) + (cosh g) :
(2.18)

Multiplying these terms from all the flavors, we obtain a highly complicated set of
multi-fermion interactions. It is well known that multi-fermion interactions are highly
irrelevant perturbatively at the free fermion fixed point in one spatial dimension and
higher, and only quadratic and quartic terms are important. Up to these orders, the
Hamiltonian can be written as

(07 a Ol a 1 1
Z Ztnm C; T T ) 2t tanh — D) <nia — 5) (n]a — 5)

(i,5) @

+ Z 2t tanh — 5 (cO‘Tca + caJr O‘)(C’BTCB + cﬁT &), (2.19)
a<f

13



where t = 2(cosh §)*"#~!sinh &. Notice that
1 1 1, . o 4 pof o 1
oY= perggarl

and therefore, we can rewrite

Ny
—Z(Ztmj(c Tc +¢j'cf’) + ttanh - <ZCO‘TC +cf'c; ) ), (2.21)

(i) o=l

Here we would like to point out that the quadratic and quartic terms of our Hamil-
tonian are identical to the one studied recently in [68], when we set J = 4¢tanh §
in their notation. We will also use g := 2tanh § later for convenience. Notice that
when Kk — oo, i.e., g = 2, our model can be simulated very efficiently using the
meron-cluster algorithm [46].

Later in Chapter (7, we will discuss the model at kK — oo (i.e., g = 2) and Ny = 2
extensively. In this limit, the exponential operator of a single Dirac flavor on a single

bond can be written as

1 1 1
exp (165 +c51e0) cxmy (e + ey —2(nd = 2) (g — 1) 3
(

2.2.2 The case of Ny =2 with SO(4) symmetry

It is also interesting to ask what if we relax the O(2Ny) symmetry to SO(2Ny). An
interaction that is invariant under SO(2Ny) transformations but not O(2N) neces-
sarily transforms as the determinant of the O(2N;) transformations, and the simplest
choice is Zj Yy 2N When N; > 3, this term would be highly irrelevant at
the free fermion fixed point. On the other hand, when N; = 2, this is a four-fermion

interaction, also known as a Hubbard interaction,

U——%ZMM Uy (=126 -1/2) 1 10). @223)

14



Our lattice model, Eq. together with Eq. , can be simulated efficiently
using both fermion-bag and meron-cluster algorithms. By tuning s (or equivalently
g) and U, we can reach interesting quantum critical points in both one spatial dimen-
sion and two spatial dimensions. We will discuss these quantum phase transitions in
detail later.

We end this chapter with an observation that lattice fermion models with an
O(2Ny) symmetry, like the ones we study here, have a degenerate energy spectrum.

In the next section, we will prove this result.
2.3 Degeneracy of the spectrum under O(2Ny) symmetry

In this section, we prove that under certain assumptions, the degeneracy of all energy
eigenvalues of a fermionic lattice model with O(2Ny) symmetry is always an even
number. In particular, the ground state is doubly degenerate. The essence of the
proof is already contained in the case Ny = 1, where the O(2) symmetry can be
understood as a semidirect product of a U(1) particle number symmetry and a Zs
particle-hole symmetry. In this case, the result can be formulated as the following

theorem:

Theorem 1. Consider a Hamiltonian of a single-flavor Dirac fermion on a bipartite
lattice with the periodic boundary condition. If the Hamiltonian has translation
symmetry, U(1) particle number symmetry and particle-hole symmetry, then the
degeneracy of all energy eigenvalues is an even number when the size of at least one

side of the lattice is a multiple of four.

Although this result holds in arbitrary dimension, it is sufficient to prove it in
one spatial dimension, because the translation operator T, in the following proof can

be easily generalized to higher dimensions.

Proof. Let the lattice size be L = Na where N is the number of sites and a is the

15



lattice spacing. For a bipartite lattice N must be an even number. Let c;-r and ¢; be
the creation and annihilation operators on site i. Then the Hamiltonian commutes

with the U(1) particle number operator N' = ), c;-r ¢;, and the lattice translation

operator
T, = exp ( —iaY k d,ﬁ,dk>, (2.24)
k
where
1 - 2mn N N
dp = —— kel = T = —— 41, ,—. 2.25
k \/N ;C] € ) L ) n 92 + 9 ) 2 ( )

Most importantly, H also commutes with the particle-hole transformation

N

C = [](ei + (-1)eh), (2.26)

i=1

which only exists on a bipartite lattice, and satisfies C' = Ct and

Ce,Ct = (=1)'c!

79

CdpCt = d%fk, (2.27)

Therefore we have

CNCT = ZCiCZ = Z(l —de)=N-N, (2.28)

i

and

CT,Ct = exp ( — iy k dg_kd%%)
k

—exp (—ia Y (E— ) (1 - da)

A a
= (-)NNT, = (-7, (2.29)

where we have use the fact that Y-, ¥ = T and (—1)" = 1, both because N must be

an even number.
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Since H,T,,N commute with each other, we can label the energy eigenstates

by |E, k,n,q), where E, e~ n are eigenvalues of H,T,, N, and ¢ denote possible

additional quantum numbers. Using Eqs. (2.28)) and (2.29) we can show that

C|B, k,n,q) |E,k+(n+1)g,]\f—n,q>, (2.30)

from which we can pair up the degenerate states in a unique way. When n # %, states
|E,k,n,q) and |E, k+(n+1)2, N —n, q) form a degenerate pair. On the other hand,
when n = &, C mixes the states |E, k, 5, ¢) and |E, k+ (§ +1)Z, %, ¢). When £ is
odd, these two states are identical and C' cannot be used to pair degenerate states in
this case. However, when % is even, C mixes |F, k, %,q) with |E k + T, %,q), and

the whole spectrum has even degeneracy. This completes the proof. [

In the case of Ny flavor of Dirac fermions, the O(2/N;) symmetry implies that the

particle number of each flavor is conserved, i.e., [H,N*] = 0, where

NO‘:ZC?TC?, a=1,---, Ny, (2.31)

and clearly [N, N¥?] = 0. Actually, N can be viewed as a Cartan subalgebra of
O(2Ny) represented on the fermion Hilbert space. The lattice translation operator

in this case can be written as

T, = [[ 72 = [ exp ( —iaY K dZng>. (2.32)
« « k

Furthermore, the particle-hole transformation on a single flavor «

N

= (e + (—1)'efT) (2.33)

i=1

can be identified as an improper O(2Ny) transformation, which is not present if the

system only has SO(2Ny) or U(Ny) symmetry. In the case of Ny = 2, C* can be
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identified with the spin-charge flip transformation Z3°. On the fermion operators,
C* acts as

7 )

cocecot = (=1t cvdgcet = dat (2.34)

while it commutes with fermion operators of other flavors, which implies
CONeCT = N — N, (2.35)

CoT,C = —(—1)NT,. (2.36)

Using these relations together with a similar argument used in the above proof,

we have the following corollary,

Corollary 1. Consider a Hamiltonian of Ny flavors of Dirac fermions on a bipartite
lattice with the periodic boundary condition. If the Hamiltonian has translation sym-
metry and O(2Ny) internal symmetry, then the degeneracy of all energy eigenvalues
is an even number when the size of at least one side of the lattice is a multiple of

four.

Note that these theorems have the flavor of the Kramers theorem, where the
particle-hole symmetry plays the role of the time reversal symmetry. Clearly, states
away from half-filling will change to another state under the particle-hole transfor-
mation. However, here we show that when the lattice size is a multiple of four, even
at half-filling, the state will also change because the momentum is shifted by Z.

From the proof, we also see that the entire O(2Ny) symmetry is not necessary;
instead, we only need the U(1) particle number subgroup and an improper Zy sub-
group of O(2Ny) symmetry, i.e., particle-hole transformation on a single flavor. In
particular, the improper Z, subgroup of O(2Ny) plays an important role in the proof.
For example, in the case of Ny = 2, the Hubbard interaction only has SO(4) symme-
try and is odd under the improper Z3° subgroup, and it can be checked numerically

that the ground state is non-degenerate.
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In the following, we will briefly discuss the implication of this theorem to the

gapped phases of our lattice model and its connection to 't Hooft anomaly.
2.3.1 Implications for our lattice models

Let us focus on the gapped phase of our model, and assume that the lattice size
is a multiple of 4. Since our model has the symmetries in Corollary [I} the ground
state is degenerate. Assuming no topological order, then it is reasonable that certain
0-form symmetry is spontaneously broken in the infinite volume limit. Due to the
particle-hole symmetry, the ground states are usually at half-filling, and one ground
state should have momentum 0, denoted as [0). C|0) is another ground state, which
has momentum T and can be denoted as |7). In the ground state subspace spanned
by [0) and |7}, we have C! = ¢! and T, = 03, satisfying

c'r, = -T,C, (2.37)

as a special case of Eq. . Since C! and T, do not commute, the ground states
cannot be simultaneous eigenstates of both symmetries. Therefore at least one of the
symmetries must be spontaneously broken in the infinite volume limit. Indeed, as we
will see from the numerical results in Chapter [7] in the massive phases, it is 7, that
is spontaneously broken in one spatial dimension, while in two spatial dimensions, it
is C'', which is nothing but the spin-charge flip symmetry Zs¢ in the case of Ny = 2,

is spontaneously broken.
2.3.2  Connection to 't Hooft anomaly matching

Our theorem excludes the possibility of the ground state being trivially gapped in
the presence of certain microscopic symmetries. This sounds very similar to the
LSM theorem and 't Hooft anomaly matching, which states that if a theory has a 't
Hooft anomaly in the UV, then the IR physics cannot be trivially gapped. Indeed,

in one spatial dimension, there is a 't Hooft anomaly between the particle number
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symmetry and lattice translation symmetry in our model. The anomaly can be
seen clearly in the continuum limit, where the particle number symmetry is the U(1)
vector symmetry, and the lattice translation symmetry is mapped to a discrete chiral
symmetry, as we will see in the next chapter. It is well-known that when we gauge
the U(1) vector symmetry, the discrete chiral symmetry is no longer a symmetry
[69, 70, 71}, [72], which means there is a mixed 't Hooft anomaly between them. This
anomaly implies that our model cannot be trivially gapped. It may seem that the
particle-hole symmetry in our theorem is not necessary. However, here we want to
emphasize that anomaly can only teach us the physics in the continuum limit, while
the additional particle-hole symmetry leads to degenerate ground states even on a
finite lattice. Actually, our theorem holds even on a lattice with four sites.

One may have heard the statement that symmetries on a lattice cannot be anoma-
lous. However, it is important to remember that this statement only holds for “on-
site” lattice symmetries: the lattice translation symmetry is not an “on-site” sym-
metry [36]. In particular, if the low-energy sector has fractional filling v = £, with
p,q being coprime, then in the low-energy limit, the lattice translation symmetry
effectively becomes a Z, chiral symmetry [36]. From an alternative point of view,
the fractional filling leads to an effective fractional charge per site, which can be

viewed as a “projective representation” of the U(1) particle number symmetry, also

being related to the 't Hooft anomaly [35].
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3

Continuum Limit of Free Lattice Fermions

In this chapter, we study the continuum limit of free lattice fermions. By continuum
limit, we mean the physics that emerges at low energies and long distances compared
to the lattice spacing. We will analyze the symmetries of the continuum theory and
understand how the lattice symmetries are embedded in the continuum symmetries.
Since the flavor index « will be necessary only when we analyze the internal symme-
tries, i.e., the transformations that mix the index «, we will omit it in our analysis

and introduce it only when necessary.
3.1 One spatial dimension

We begin with a finite lattice with N sites labeled with j = 1,--- | N and consider

the free lattice Hamiltonian

HO = —tZC§Cj+1 + C;-JFIC]'. (31)
J

Let us first understand the continuum limit of this Hamiltonian.
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3.1.1 Continuum limit

We introduce a as the lattice spacing, meaning that the lattice describes a physical
box of length L. = Na. Since the Hamiltonian is quadratic and translationally
invariant, it can be diagonalized in the momentum space. Fourier transforming to

the momentum space

2mn

1 - N N
A e T 3.2
Cj \/N - k€ ) L7 n 2+7 727 ( )

where dj is the fermion annihilation operator at momentum k, and inserting this
back into the Hamiltonian above, we have

Hy = —QtZCOS ak di dj. (3.3)
k

The dispersion relation of this Hamiltonian is plotted in Fig. |3.1

B/t

ak

F1GURE 3.1: The single-particle dispefsion relation of free lattice fermions in one
spatial dimension.

We can find expressions valid on an infinite lattice by taking the limit N — oo,
keeping a fixed. This implies that the physical size L — oo and the momentum space
becomes continuous. Then we can replace the momentum sums with integrals,

a

1 @
— — dk. 4
N g — 2 _m (3 )
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We then define d(k) := %dk as the continuum version of dj, and we have

1

N r / dk d(k)e i (3.5)

In order to understand the continuum limit, we focus on low energies where only

modes near the two Fermi momenta k = Fkp are important. Therefore we replace

1 kp+A 1 kp+A

dk d(k)e " +—— dk d(k)e "7
\/_ \/ 27 / V2T Jpp—
=L gibees ! dk d(k — kp) e ke +L e kraj / ! dk d(k + kp)e % |
V2T —A V2T _A
(3.6)
Based on this relation we define
1 - __. ikraj . —ikpaj .
c;=:e U, (aj)+e U_(aj), (3.7)

va’
where we have introduced continuum fields W (x) as smooth left(right)-moving fields.

These two fields can be combined into a two-component field W(z) defined as

U= (it) : (3.8)

Inserting Eq. (3.7)) into Hy, we can expand in powers of lattice spacing a to obtain
the leading low-energy effective Hamiltonian in the continuum. In the following we

assume the system is at half-filling, i.e., kp = 5-. Then we have

Lty = ()W (a(j + 1) 10 (a)¥_(a + 1)

+i(=1) (W (af) V- (a(j + 1)) + ¥ (af) ¥ (ali +1))). (3.9)

The second term oscillates at the lattice scale and will be dropped as not contributing

to the effective continuum Hamiltonian. Taylor expanding the fields at 7 + 1,

L eyn = 10 (af) (V. (a) + 00, () — 9 (a)(V_(a]) +ad¥_(af)) (3.10)
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and adding the Hermitian conjugate term we obtain
1

ac}cjﬂ + Hee. ~ 260! (a5)0V, (aj) — 2010 (a5)0V_(aj)

= 2aiV' (aj)o* 0¥ (aj) (3.11)

Finally, we construct the effective continuum Hamiltonian as

H = —2a2tZi\IlT(aj)033\If(aj) = —Zat/d:r; 0 (z)o0v(z), (3.12)

J

which is the well-known continuum Dirac Hamiltonian in one spatial dimension.

In order to understand the symmetries of the continuum model and to perform
analytic calculations, it is helpful to construct its Lagrangian. Using Grassmann
coherent state fermion path integral (see Appendix [Al), we can map the continuum
Hamiltonian Eq. , into the following Euclidean space-time Lagrangian

L =9y"ou, (3.13)

where v is a two-component Grassmann-valued field, ¢ = 1/f7° but should be treated

0

as an independent field in Euclidean space-time [, and p = 0,1. 7% = o', 7' =

—02,7% = iy!y? = o3 are three 2 x 2 Hermitian matrices satisfying the Clifford
algebra {+*,7/} = 20“1,. In terms of single component Weyl fermions ., the

Lagrangian can be written as
L=910 =00y = ¢lo vy +ylo g, (3.14)
where 0y = 0y £10;.

3.1.2  Symmetries of the continuum theory

Now let us consider the theory with Ny flavors of lattice fermions, whose Lagrangian
is given by

Ny

L= V" ou°, (3.15)

a=1

1A hand-waving argument is that under imaginary time evolution ¢ (xz,t) = et ¢f(z,0) et £
(e7tH y(x,0) e )T is no longer the 1 of 1(¢).
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and understand its symmetries. The easiest way to analyze the symmetry is by

writing the Lagrangian in terms of single-component Weyl fermions,
Ny
L=>> v s + 9o, pe. (3.16)
a=1

This form manifests the U(Ny)y x U(Ny)_ symmetry. However, the theory actu-
ally has O(2Ny); x O(2Ny)_ symmetry because of the existence of Majorana-Weyl

fermions. To see this, we define

L ooa1 g2 af L sa17 | 20t
¢ = (g2l i), = — (& +ig), 3.17
wi \/i( + fi ) + \/5( + gi ) ( )
and write the Lagrangian in terms of Majorana-Weyl fermions £}, = 1,2,--- 2Ny,
L 2
L=5) ¢lo g+l (3.18)
a=1

from which it can be clearly seen that the theory has O(2Ny), x O(2N)_ symmetry.

It is also possible to analyze the symmetries directly using the two-component
Majorana fermions, which will be useful in the next chapter when analyzing fermion
bilinears and four-fermion interactions. To see the O(2Ny); x O(2Ny)_ symmetry
directly from two-component Majorana fermions, we need to understand Majorana
fermions better. In Appendix [B| we discuss some of the subtleties of the various

definitions of Majorana fermions. For our purpose, by defining
1 1

a _ _— (f2a-1 i f2a IR’
P =—=(¢ %), v 7

\/5 (§2a—1TcT + iSQaTcT)’ (319)

we can write the Lagrangian as

2Ny

L= ey a,e, (3:20)
a=1

where C is the charge conjugation matrix. In one spatial dimension, C can either
satisfy the Majorana condition Eq. (B.18)), if we choose C = ~!, or the pseudo-
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Majorana condition Eq. , if we choose C = A", In either case, the Majorana-
Weyl condition Eq. is satisfied. Since we are working with free massless
fermions, these two conditions are equivalent, and here we will choose C = A" for
convenience. The justification of this choice when interactions are added will be
discussed in the next chapter.

With this choice of C, we can write down the 2(2];5‘) generators of the O(2Ny) 4 x

O(2Ny)_ symmetry explicitly,

1 1
A® 5(]12 +79%), A® 5(]12 — %), (3.21)

where A are 2Ny x 2N anti-symmetric matrices acting on the Majorana flavor space.
There is a conserved current associated with each symmetry generator, which will

be discussed in the next chapter.
3.1.3  Embedding of lattice symmetries in the continuum

We now wish to understand how the lattice symmetries discussed in Chapter [2] are
embedded in the continuum. In one spatial dimension, the lattice symmetries are
translations generated by T,, parity P, time reversal © and charge conjugation C,
given in Egs. to . These lattice transformations induce transformations on

the continuum fields according to Eq. (3.7)),

1 y N ,
%cj ~ WU, (aj) +17V_(aj). (re 3.7)

For example, under translations by one lattice spacing, Eq. (3.7) goes to

1 , .
—cj VT (af +a) +177U_(aj +a). (3.22)

Va
In the continuum limit, ¥y (aj + a) &~ ¥4 (aj) at leading order. Therefore compar-

ing with Eq. (3.7), we learn that 7T, induces the following transformation on the

continuum fields:

U(x) > i0°U(z) =iy’ ¥(x). (3.23)
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Here we would like to point out that a finite translation by a distance x = Na in the
continuum is obtained by an N site translation on the lattice where N is a multiple
of 4 and N — oo when a — 0, which is clear from Eq. .

Using similar techniques, we can derive the embedding of all lattice symmetry

transformations on the continuum fields. In terms of the space-time fields (¢, z)

and £(t,z), the results are tabulated in Table [3.1]

Table 3.1: The action of lattice symmetries on the continuum fields in one spatial
dimension.

¢j (t,x) &(t,x)
T.| ¢js1 iv3(t, x) i0? @ v*¢(t, x)
Pl ocy Vp(t, —z) L, ® y%¢(t, —)
O ¢ VP(—t, z) 1, ® 7°¢(~t, 7)
C (=1 o(ta) =CW" (6*®1y) &t 2)

Notice that, while P and © are space-time symmetries in the continuum as on
the lattice, T, and C are subgroups of O(2Ny)4 x O(2Ny)_ and therefore are internal
symmetries, which is clear in the Majorana language. Furthermore, since the internal
O(2Ny) symmetry acts the same way on 14, it corresponds to the diagonal subgroup

of the O(2Ny);+ x O(2Ny)_ symmetry.
3.1.4  The continuum limit of local lattice fermion bilinears

Observables on the lattice are usually fermion bilinears. In this subsection, we derive
the continuum limit of various lattice fermion bilinears obtained from a single lattice
site, which will be useful later.

Consider the case of Ny flavors. Using the relation Eq. (3.7)), we can write
1 (o} a j )],
acjfcf — P (—1) P (3.24)

Notice that the lattice fermion bilinears on even and odd sites map to different

continuum operators due to the factor (—1)7. We can perform a particle-hole trans-
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formation and obtain
1 ) )
(=1 efe] = 0 TY 4 (1),
1, . -
(1T = ot 4 (—1) g (3.25)

We can also write these relations in terms of Majorana fermions. Reversing the

relations in Eq. (2.14]), we get

vt = (=P + 1T, R = (i) e (3.26)

Then using the relations Egs. (3.7) and (3.19)), we can relate lattice Majorana

fermions to the continuum Majorana fermions as

T = W ) + (1P ) = VI (1 Vage

%W%W%iﬁ%ﬂ%ﬁaﬁxﬁ F(-1iVaER. (327)

These two lines can be combined into a single relation

1 4
\/_Q_Q%Q =8+ (1) fora=1,--- 2Ny (3.28)

Therefore we obtain

S~ ETE o+ (—1peee?. (329

We will use these relations in Chapter |5|to study the correlation functions of lattice

observables.
3.2 Two spatial dimension
We can extend the above results to free fermions in two spatial dimensions. We

consider a two-dimensional square lattice with sites labeled by (ni,ns), where n; =
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1,2,---, N;. The total number of sites would then be N := N;N,. The staggered

lattice Hamiltonian can be written as

H=-t Z el s Crtine + (=1)™ch o Cninpir + Hee. (3.30)

nin2

Let us first understand the continuum limit of this Hamiltonian.
3.2.1 Continuum limit

Again we introduce a as the lattice spacing, and the lattice describes a two-dimensional
box with lengths L; = N;a in each direction. In order to construct the continuum

limit we first Fourier transform c,,,, to the momentum space fermion operators dj, ,,

1 ; s 2w s
- § : —i(k1ani+keanz)
Cn1n2 - dk1k2 € 9 kz — + s Tty T (331)
vIN oy a Na a

Substituting this into the Hamiltonian we obtain

l —iak! i —k)an —kb)an
H = _sze kq dlzledk’lkg Ze((kl Y )ani+(k2—kjy)anz)

kika ki kS ninz
t g . Y Y
. N § : § :e iak legl/dek”lk’Q § el((kl ky+m/a)ani+(ka—k))anz) +H.c.
kiko K\ KL ning

o —iaky gt —iaks 3t
= —t E e 1 dklkgdkle +e 2 dk1k2dkl+§k2 + H.c.
k1k2

k cos ak d
— dT dT . ) COS akq 2 k1ko
2t Z < kika ki + T ko (COS aky — cosak, dk1+gk2

0<k’1§§,k‘2

d
= -2t E <d£lk2d;+%> (0 cos aky + o cos aks) (d Fika ) : (3.32)
p a E1+Zks

0<k1<7 k2 a

Diagonalizing this Hamiltonian, we obtain the dispersion relation as shown in Fig.[3.2]
Notice that although we have shown four Dirac cones in the plot, there are actually
only two Dirac cones because 0 < k; < % in the summation, and dj,,, dk1+§k2 to-
gether form a single Dirac cone. They can be viewed as the Fourier modes of the

continuum Dirac field with spin.
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FI1GURE 3.2: The single-particle dispersion relation of free lattice fermion on a two-
dimensional square lattice.

When Nj, Ny — oo, we can replace the momentum sums with integrals,

1 a? a a
k1ko “a “a

We then define d(kq, k) := @dkl k, as the continuum version of di, and we have
CanLQ = / dkl/ dk2 kl) k2> l(klan1+k2an2) (334)
At low energies, only the modes near the four points (ki,ky) = (5., £5;) are

important, and we can approximate

A
L~ 2 [ dhydhy e iranitiaana) (1—"1—”2d(1 ko 4 k) + M (— 4 S
a 21 ), 2a ’2 2a ’

+ in1+n2d(_1 + kl,

k n1+n2d
2a + ka) + (

+ k=5 +k2)). (3.35)

2 2a

Based on this relation, we can define four smooth continuum fields as

1
B e e SRS G PR e A (3.36)

The components W4 can be combined into a single four-component fermion field

Wiy

(Y | Y

o= (2= [54]. .
vy
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Similar to the 14 1d case, we can now substitute this back into the Hamiltonian and

keep only the leading non-oscillating terms,

1
—Ch o ting + Heeo = 2ai (=0T 0,0 + 0T 0,0 + 0l 00 — O 0,0, )

a2 nin2
= 2ai(—U! *0 0 + Ul 63,0 ,)
= 2ai¥'0% ® 620, V, (3.38)

1
—(=1)" el g1 + Heo = 2ai(—0.0, 0 — 0 000 4 + 0000, + T 0,0 ,4)

a2 nin2
= 2ai(— U 10,0 + Ul olo,0,)

= 2aiV10® ® 00,0, (3.39)
This then leads to the continuum Hamiltonian for four-component Dirac fermions

H=—-2a°t) iVio’ @ (60, + 0" 0,)¥ = 2at / Az 10T, +T20,)0,  (3.40)

where I'' = —0% ® 0% and I'? = —03 ® o!. This result shows that a single flavor
of staggered lattice fermion is equivalent to a four-component Dirac fermion in the
continuum.

Using Grassmann coherent state fermion path integral, we can map the Hamil-

tonian in Euclidean time into the following Euclidean Lagrangian density

£ = 3y 0,0, (3.41)

where 1) is a four-component Grassmann-valued field, ¢» = 1T~ but should be treated

as an independent field in Euclidean space-time, and = 0,1, 2. In this mapping we

0.12:35 satisfying the Clifford algebra {7, 77} =

define five 4 x 4 Hermitian matrices ~y

269 1,. We will choose 723 to be real, and v? to be imaginary. One choice that is

consistent with I''? that naturally arises from the lattice structure is

P=c'®1, 7' = =200, V2= —02@0', P =02 @1, 7° = 742 = 02 @ 02,
(3.42)
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3.2.2  Symmetries of the continuum theory

We now show that the continuum theory that emerges from N; flavors of lattice
fermions has an O(4Ny) internal symmetry. The continuum Euclidean Lagrangian
density is

Ny

L= 700" (re
a=1

The easiest way to analyze the internal symmetries of the theory is by writing the
Lagrangian in terms of two-component fermions. In this case, it is more convenient to
work in a different spinor basis where 7° and +® are flipped. This can be accomplished
by a unitary transformation ¢ — ¢ = Ut) and ¢ QZ = UT where U = exp(Z7°7°).
If we define 7% := U~'UT,

P=-0’00% ' =-0?®d ¥¥=-0’0c", ¥=0*®1, ¥’ =0c'®1, (3.43)

then the form of the Lagrangian is unchanged,

Ny
L= 039" (3.44)
a=1
In particular, we notice that
330 =1, 33 =i1@d!, 3% =-il®o’ (3.45)

are diagonal in the + space. Therefore in terms of two-component Grassmann fields,

the Lagrangian can be written as

Ny B
L= Ul 0, + 9%l 0,07, (3.46)
a=1
where QZ‘j: = 12?7?2) and 7(02) = o2, 7(12) = 03, ’yé) = o!. From this expression, we

can clearly read the U(2N;) symmetry. To see the O(4Ny) symmetry, we need to

express the Lagrangian in terms of Majorana fermions.
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From the discussion in Appendix |[B| we know that although it is not possible to
choose all 7{‘2) to be real in 3d Euclidean space, it is still possible to define “physical”

Majorana fermions in the following way

- 1 = 1

wi — E(géa; 3 54(1 2)7 wa _ 7( 4a 3Tc(2 4 5404 2TC )

i 1 = 1

gt = ST i), 0t = (el e TigTeh). ()

V2l

where () are two-component Majorana fermions, and the charge conjugation matrix

C(2) satisfies

Chy=—Co»  CoyVayCa) = —Vla)- (3.48)

In this case C) can be chosen to be o2. Then the Lagrangian can be written as

=

Zg Vi D) (3.49)

In this case, although it is impossible to implement all space-time rotations by real
matrices, they still act as identity on the Majorana flavor space, as explained in
Appendix Bl Therefore the theory has O(4Ny) symmetry.

It is also possible to see the O(4Ny) symmetry directly from four-component
Majorana fermions, which will be useful in the next chapter. As discussed in Ap-
pendix [B] by defining

1

_(£2a—1 . i§2a)7 Q/_}a —

7% (gHet yigtch). (3.50)

o =

Sl

we can write the Lagrangian as

2Nf

ZE“TCT 1,E°, (3.51)

where C is the charge conjugation matrix. Since 4 dimensional representation of the

Clifford algebra CI(3,0) is reducible, it turns out that C can satisfy both Majorana
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condition Eq. and pseudo-Majorana condition Eq. . For example, C =
23 or C = 499° satisfies the Majorana condition, while C = 7 satisfies the pseudo-
Majorana condition. Since we are working with free massless fermions, these two
conditions are equivalent, and here we will choose C = 7 for later convenience. The
justification of this choice when interactions are added will be discussed in the next
chapter.

With this choice of C, we can write down the (4]§f ) generators of the O(4Ny)

symmetry explicitly,

A®l, A®Y, A9y, Seiv’y, (3.52)

where A and S are 2Ny x 2Ny anti-symmetric and symmetric matrices respectively,
acting on the Majorana flavor space. Although these generators depend on the
Dirac space, they commute with space-time rotations, and therefore generate internal
symmetries. There is a conserved current associated with each symmetry generator,

which will be discussed in the next chapter.
3.2.3 Lattice symmetries and their embedding in the continuum

We now wish to understand how the lattice symmetries discussed in Chapter [2] are
embedded in the continuum. In two spatial dimension the lattice symmetries are
translations generated by T and 75, parity P, spatial rotation R, time reversal ©
and charge conjugation C, given in Eqs. (2.8]) to . As in one dimension, spatial
symmetries map to a mixture of internal and spatial symmetries in the continuum.
These lattice transformations induce transformations of the continuum fields accord-
ing to the map Eq. ,

écnm A MR TR T TR 4 (TR (re [3.36)

Since the derivation of the continuum embedding of lattice rotations by 7 is a
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bit tricky, we explain it in detail below. Using the relation

(= = %(1 + (1) (=) (=1)me), (3.53)
we can write
(—1)”1”2c,n2,n1 = %(1 + (—1)"1 + (_1)n2 _ (_1>n1+n2)

(i—n2+n1 \Ij+T + i"2+"1lll+¢ + in2_n1\11_¢ + i_m_m\ll—i)

(im_m\l/_m + im+n2\11+¢ 4 i—n1+n2qj_T 4 i_nl_n2\]:l_¢

N | —

+ jTmM—n2 \II+T + i—n1+n2 \I['i-i + im-i—ﬂz \IJ—T + jr—ne \Ij—i
+ in1+n2 \II-FT + jr—ne qj+¢ + jTmMn2 \IJ—T + i—n1+n2 \Ij—i

- ifn1+n2 \I;JrT S O S \IjJri —jn2 \IJ,T — in1+n2\117¢> . (354)

Therefore
LN 1 1 1 -1 L
| 1 1 -1 1 1 1 |
s Uy Bo=501 11 1 Uy (3.55)
U_, 1 1 -1 1 v,

. . . L 2 1o 2 s s 1.2 i 3.5
This transformations can be written as el 1®7° = ®0%) — 15 (=1v'v*~17°7") " Indeed we

can check
e 1 (TP ) S0 1 i (Fir P i) 001 Q15 (-1 0,2 (3.56)
e 1T (mivty?—iv?y?) 70~2 el T (-iv' 2 =iv?y%) 70~? elz (-i7'Y?) — 0t (3.57)

as desired. Similarly, the continuum embedding of the other lattice symmetry trans-
formations can be derived, and the results are tabulated in Table [3.2]

Notice that while P and © are space-time symmetries in the continuum as on
the lattice, R is a mixture of space-time and internal symmetries, and 77, 75 and
C belong to a subgroup of O(4Ny) and therefore are internal symmetries, which are
clear in the Majorana language. Furthermore, the internal O(2Ny) symmetry of the
lattice model is embedded in O(4Ny) as A ® 14 in Eq. (3.52).
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Table 3.2: The action of the lattice symmetries on the continuum fields in two spatial
dimensions.

Cryns Y(t, z1,x2) E(t, x1, x9)
Ty (—1)™ ¢y 41m, —iv5(t, xq, 22) —i0? @ VPE(t, 11, 7o)
Ty Cny o+l iy21(t, w1, w2) i0? @ *¢(t, 21, 29)
R|(=1)""c_pyn, TV Y (4 — 1) 1y ® T ) (g gy, x1)
P Cny o iy S (t, —1, To) Ty ® iy y5E(t, —xq, 22)
© Cning 70¢(_taxlax2> 1, ®70§(_taxlax2>
C | (=Dt ., DTz, @) =C YT 0° @ 1¢(t, 21, 72)

3.2.4  The continuum limit of local lattice fermion bilinears

The continuum limit of the lattice fermion bilinears is very similar to the case of
one spatial dimension. Consider the case of Ny flavors of lattice fermions. Using the

relation Eq. (3.7)), we have

1 _ _ .
ECZ“LLQCQM — (=1)MFm2gpeB — (1)t Sf 4 (—1)Mep RSP 4 TP,
(3.58)

As in one spatial dimension, the linear combination of continuum fields is site-

dependent. Performing a particle-hole transformation, we have

1 n n: n n n:

S(=mt 200 el = (1) A0 (= 1)1 T A0 5y
+ (=1)Mp Ty 23P - apapP,

1

(=1 e, = (1) I — (1)l gt

a2 nin2 nin2
+ (1) 22 0T 4 iyt (3.59)

We can also write these relations in terms of Majorana fermions. The 2d version of

Eq. (3.26) is

20—1 _ (_ :\ni+n2 .« ni1+ng af 200 __ (_\nit+n2—1 « ni+ne—1 af
,ynlng - ( 1) Cn1n2 +1 Cn1n27 ’ynlnz - ( 1) Cn1n2 +1 cn1n2'
(3.60)
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Then using the relations Egs. (3.36) and (3.50), we can relate lattice Majorana

fermions to the continuum Majorana fermions as

1 ng o ng ca
—=Yny = €5 (FD)MER (1) 4 (—1)7E8 (3.61)

V2a

fora =1,---,2Ny. Therefore

1 n (e}

+(=1)ETCy e + Tl (3.62)
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4

Continuum Limit of Interacting Lattice Fermions

In this chapter, we analyze all the independent four-fermion interactions in the con-
tinuum allowed by the symmetries of free lattice fermions. In order to do so, we
analyze all fermion bilinears, including space-time (pseudo-)scalars, i.e., masses, and
space-time (pseudo-)vectors, i.e., currents, and determine how they transform under
the lattice symmetries. Then all symmetric four-fermion interactions can be con-
structed out of them. We will use this analysis to propose the possible continuum

limits of our interacting lattice models in one and two spatial dimensions introduced

in Chapter
4.1 One spatial dimension

Recall that the Euclidean Lagrangian density of Ny-flavor free Dirac fermions is given
by

Ny

L= V" ou°, (4.1)
a=1
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where ¢ = 9T7°, 11 =0,1 and 7° = o', 4! = —02%,7% = o3. We also showed that this
free Lagrangian could be written in terms of Majorana fermions,

2N

1
L=35) &7Cy" 9, (4.2)

a=1

where C = 4%, satisfying the pseudo-Majorana condition Eq. . Note that
since we will analyze all possible fermion bilinears with insertion of 1 and +3, the
pseudo-Majorana condition is equivalent to the Majorana condition for the purpose
of analyzing all the possible fermion bilinears and interactions.

As we discussed, this Lagrangian is invariant under O(2Ny); x O(2Ny)_ trans-
formations in addition to the usual space-time symmetries. On the other hand, the
lattice Hamiltonian is invariant only under lattice translation T,, parity P, time
reversal ©, charge conjugation C' and the diagonal O(2Ny) symmetry. Thus, the
effective continuum theory in the presence of interactions only needs to be invari-
ant under these lattice symmetries, and we learned how they are embedded in the
continuum symmetries in Table |3.1| and the discussion following it.

In order to analyze four-fermion interactions that respect these lattice symme-
tries, let us first construct all fermion bilinears, and determine how they transform
under the diagonal O(2N;) symmetry. The other symmetries are all Zy symmetries
and will be satisfied automatically by the four-fermion interactions. Since each Ma-
jorana fermion £“ has two components, we have a total of 4N, single-component
Majorana fermions, from which we can construct (4];[f ) fermion bilinears. The most
general fermion bilinears can be written as 7(T ® CT')€, where I' can be any one

of the 4 elements in the Clifford algebra, 7" is a 2Ny x 2Ny matrix in the Majorana

flavor space, but T'® CI' must be a 4Ny x 4N; anti-symmetric matrix.

39



4.1.1  Mass terms

Here fermion mass terms are defined as local fermion bilinears transforming as
(pseudo-)scalars under space-time rotations, but are allowed to rotate non-trivially
under internal symmetry transformations. This means, among the general fermion
bilinears £7(T ® CT')E, the matrix [ is required to satisfy [I',7%y!] = 0, with solu-
tions I' = 1,iy3. Since T'® CI" has to be anti-symmetric, the possible mass terms
are £T(A @ C)¢ where A is anti-symmetric and £7(S ® iCy®)¢ with S symmetric.
Therefore there are a total of Ny(2Ny —1) + Np(2N; +1) = 4N} mass terms. Recall
that the diagonal O(2Ny) transformations and axial O(2Ny); x O(2Ny)_/ O(2Ny)

transformations are generated by

ARy, A®43 (4.3)

and it is easy to verify that the two kinds of mass terms do not mix under the
diagonal O(2Ny) transformations, but they do mix under the axial transformations.

The 4N]% mass terms decompose into three irreducible representations (irreps)

4AN? = adj + sym + triv (4.4)

of the diagonal O(2N;) symmetry. If we define A* as a basis of all anti-symmetric
Hermitian matrices satisfying tr(A*A’) = 16", the adjoint mass terms My =
ET(A* @ C)¢ transform in the adjoint representation adj (or equivalently, the anti-
symmetric representation). The usual mass term ¢ = %ST(A ® C)¢ with A =
Iy, ® o2 lives in this space. If we define S® as a basis of all traceless symmetric

1

Hermitian matrices that satisfy tr(S*S®) = 16, the symmetric mass terms Mgym =

ET(S* ® iCy3)¢ transform in the traceless symmetric representation sym. Finally,
the term My = %fT(]be ® iCy3)¢ transforms in the trivial representation triv.

Actually, this term is the chiral mass ¥iy>1.
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4.1.2  Currents

Currents are defined as local fermion bilinears transforming as (pseudo-)vectors under
space-time rotations. In a covariant notation, they are labeled with an index pu,
the direction of the current. Similar to the mass terms, there are two classes of
rotationally covariant currents £7(T @ Cy*)€ and £T(T @ iCy3y#)E. However, due to
the identity iy3y# = e*~”, where €°! = 1, these two currents are not independent.
We can choose &7 (T @ Cy*)¢ to be the independent ones, and since Cy* is symmetric,
T must be a 2Ny x 2N; anti-symmetric matrix. Therefore we have (2];[/' ) distinct
currents denoted as J%* := £T(A*@C~y*)E, where the basis of anti-symmetric matrices
A® was introduced above. The currents split under the full O(2/Ny)+ x O(2Ny)_ chiral

symmetry, which is clear if we define

1
J¢ = 5(]“0 +iJ%) = LA, (4.5)

These are the conserved currents associated with the full O(2Ny)y x O(2Ny)_ chiral
symmetry. Clearly each J¢ transform independently under the adjoint representation

of O(2Ny), and the 2N;(2Ny — 1) current terms decompose into

2Nf(2Nf — 1) = adj+ + adj_. (46)

When we choose A = 1y, ® 02, we obtain the traditional current 1y = %Q’T(A ®
C~y")¢. In particular, ¥ (7° £ ivy!)y lives in adj,.

If we count all the mass terms and the currents, we obtain
2N 4N
2 f _ /
4Nf—|—<2)><2—(2) (4.7)

fermion bilinears as expected.
It is useful to understand how these mass terms and currents transform under
the discrete lattice symmetries T,, P, ©, and C, which can be achieved using the

transformations we derived in Table 3.1l Some bilinears do not mix with others and
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behave like eigenvectors under these transformations. The corresponding eigenvalues
are summarized in Table [£.1] Under parity, a current can transform as a vector (v)

or a pseudo-vector (p).

Table 4.1: Internal symmetries and transformation properties under lattice symme-
tries of some fermion bilinears in one spatial dimension.

Bilinears | Internal symmetry 7, =iy P =7 @ =K C
Py U(Ny) —1 +1 +1 -1
Pi* O(2Ny) —1 -1 +1 +1
Py*h | U(Ng)y x U(Np) - +1 v +1 -1

4.1.83  Allowed four-fermion interactions

Knowing how the fermion bilinears transform under the symmetry transformations,
we can construct four-fermion interactions that are invariant under these transforma-
tions. For example, by contracting the fermion bilinears in each irrep of the diagonal
O(2Ny) we can construct four-fermion interactions that are invariant under the lat-
tice O(2Ny) transformations. When the fermion bilinears are mass terms, we get
Gross-Neveu type interactions (Mgy;)?, (M&,)? and (Mesy)?. On the other hand,
when the fermion bilinears are currents, we get the Thirring interaction (J%)?. Al-
though the currents transform under the full O(2N;) x O(2Ny)_ chiral symmetry,

the Thirring interaction is only invariant under the diagonal O(2/Ny) symmetry when

Ny > 1, because

(J)? = 4J3J”. (4.8)

Using the Fierz identity and other identities, the three Gross-Neveu interactions and
the Thirring interaction can be shown to be proportional to each other,

Ny
Nf+1

(My)? = —5 (I)? (49)

sym

(jwtriV)2 = ( gdj)2 ==
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where (Miriv)? = (9iv3¢)? is the chiral mass Gross-Neveu interaction. In the case

of Ny =1, the above identity reduces to the familiar relation
. _ 1 -
(Wiy*9)* = (9)* = =5 ("9)". (4.10)

Furthermore, since the adjoint representation is the same as the trivial representation
for O(2), J¢ transforms trivially under O(2), x O(2)_, and (¥y*1)? has the full chiral

symietry.
4.1.4  The case of Ny =2 with SO(4) symmetry

Although the above analysis holds for any Ny > 1, the case of Ny = 2 is special if
the system only has SO(2Ny) symmetry instead of O(2N;) symmetry. In this case,
there are more independent interactions, because SO(4) is not a simple Lie group;
therefore, the adjoint representation of SO(4) is not an irrep. More concretely, there
are self-dual and anti-self-dual conditions [[] which are preserved under an SO(4)
transformation, but are flipped under an improper O(4) transformation. For any
4 x 4 anti-symmetric matrix A, it is said to be self-dual (or anti-self-dual) if it

satisfies the following condition

Aaﬁ = ieaﬂ’yéAv&- (411)

Without loss of generality, we can assume A to be self-dual in the following argument.
Under an O(4) transformation O, Aas = Af 3 = OaaOpsr Aarpr, and we have
a8 = Oaa Opgreargys Ay
= OoaOppea 505,055 A5
= OaaOpprOry OsEarpryrer Al

— det(0)zapms ALy (4.12)

I They are called “dual” because we can associate each anti-symmetric matrix with a 2-form, and
the dual operation here corresponds to Hodge dual on differential forms.
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Therefore the self-dual condition is preserved if det(O) = 1, i.e., O € SO(4), and is
flipped to the anti-self-dual condition if det(O) = —1, i.e., O belongs to the improper
part of O(4). This means that the adjoint representation is an irrep of O(4), but not
an irrep of SO(4).

Since both self-dual and anti-self-dual matrices are fully determined by the matrix
elements Aqs, A3 and A4, they both form three-dimensional spaces. The basis of the
self-dual matrices can be chosen to be three charge matrices A’, and the basis of the
anti-self-dual matrices can be chosen to be three spin matrices A, where i = 1,2, 3,

as is shown in the following,

0 0 0 1
1 .0 0 -=10f__ ! 9
2148— 1 O 1 0 0 = J3+K3—O' ®O’ (413)
-1 0 0 O
0 0 10
0O 0 01
2 _ _ — g2
2A7 = —i 1 0 00 Jo+Ko=0"®1 (4.14)
0 -1 0 0
0 1 0 O
100 O
3_ _ _ 3 2
247 = —i 0 00 —1 S+ K =0"®0"%, (4.15)
0O 01 O
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and

00 0 -1
o0 -1 0
2A! = —i 01 0 0 =—J3—K3=—-0"®0" (4.16)
10 0 0
0 0 —10
o oo 0o 2} 5
2A7 = —i 1 0 o ol= Jy—Ky=—-0"®0c (4.17)
0 -1 0 0
0 -1 0 0
1 0 0 0
2=~y g o | =" Nh-K=-1ed (4.18)
0 0 1 0

where J; and K; satisfy the Lie algebra [J;, J;| = ieijudy, [/, K] = i€ K} and
|K;, K;| = igijpJi. The matrices A’ and A’ are called spin and charge matri-
ces because they can also be viewed as the defining representation of SO(4) =
SU(2) x SU(2) /Z,, and the two SU(2)’s can be identified as spin rotations and charge

rotations of the Dirac fermions. In order to see this, we can arrange the Majorana

fermions as a 2 x 2 matrix-valued field 7]

. . . 1_12_3_14 1 _ 27
U= 5112 - 15203 - 1€302 - 164 b= <§3 _ 1§4 éﬁ + lgg ) = (ZQ 77;/IJT > : (419>
Then a spin SO(4) transformation & — €45 ¢ corresponds to U s ¢5%" ¥, while a
charge SO(4) transformation & — eioAéf corresponds to W +— WU e iz,

Using the above insight, we can split the six adjoint masses MZ;. into three spin

adj
mass terms M! = ;&7 AL @ C¢ and three charge mass terms M) := 367AL @ CE.

When written in terms of Dirac fermions, they are

Mi= Jdotv, M} =0, (1.20)

2 In general, there are many ways to contract four components of £ with 1, and ¢®. Our choice is
fixed by the following two requirements: the first column of W is (1%,%?)T, and —io?, —io?, —io?
can be identified as quaternions.
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which are the spin and charge order parameters. The other two charge matrices can

be viewed as superconducting order parameters,

MY = S(TCh + i), ME =~ (WfCu — C).  (421)

i
2
Recall that the self-dual and anti-self-dual conditions are flipped under improper O(4)
rotations. In particular, under one such improper rotation, O = diag(—1,1,1,1), we
can see that the matrices A% and A’ are flipped into each other. Hence we will refer
to this improper O(4) rotation as a spin-charge flip transformation Z5°. In terms
of Majorana fermions, this flip implies ' — —¢! and M! <> M!. This spin-charge
flip transformation can also be implemented on the matrix-valued field in Eq.
as ¥ < —UT or equivalently, on Dirac fermions as ' <> —w!f. Therefore, the
Zs spin-charge flip can be understood as a particle-hole transformation on a single
flavor. The above analysis for masses can also be extended to currents and the
adjoint currents can be split into spin currents J# := 1¢TAl ® Cy#¢, and charge
currents J#* := 367 AL ® Cy#€. The spin-charge flip transformation will flip between
these two.

This split of spin and charge under SO(4) transformations implies that there
could possibly be more independent four-fermion interactions. As we argued before,
there is only one independent interaction with O(4) symmetry. On the other hand,
if we only require SO(4) symmetry, the four-fermion interactions that arise from

adjoint representation split into spin and charge partslﬂ

(Magy)® = 2(M;)* +2(M,)*,  (J™)* = 2(J")* +2(1")7, (4.22)

and each of them will be invariant under SO(4) transformations, which means we
have possibly more independent interactions. It turns out that (J#)? and (J%)? are

indeed independent of each other, and (M?)? and (M?)? are dependent on (J#*)? and

3 The additional factor of 2 in Eq. (4.22) is due to that we normalized A® as tr(A*A’) = 15,
but normalized A% as tr(3AL157) = 10" and similarly for 1A%
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(J#)? through the relations,
(M)*\ _ 11 =3 ((J&)?
() =1 (5 7)) (Gi) (4.2
Therefore we have two independent interactions in the case of Ny = 2 with SO(4)

symmetry.
4.2 Two spatial dimensions

In order to understand the allowed continuum interactions in two spatial dimen-

sions, we begin with the Lagrangian density of Ny flavor Dirac fermions derived in
Eq. (3.44]). We will drop the tildes in the definition in this chapter and simply write

it as
Ny
L=y d,u°, (4.24)
a=1

where ¢ = 1'y% and = 0,1,2. Note that the definition of 7 matrices is the same

as Bq. (B13),

P=-0?®0% Y =-0?®0, V¥*=-0’®c, ¥=0*01, /" =0'®1, (4.25)

but without the tildes. In terms of Majorana fermions

U= (€T i), U= (@ iTe), (426)

V2

Sl

the Lagrangian can be written as
L 2
_ aT @
L=5) 7019, (4.27)

a=1

where C = °, satisfying the pseudo-Majorana condition Eq. (B.19). Similar to the
one spatial dimension case, since we will analyze all possible fermion bilinears with

insertions of 1, 3, 4% and iy37®, the pseudo-Majorana condition is in fact equivalent
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to the Majorana condition for the purpose of analyzing all possible fermion bilinears
and interactions.

While this continuum Lagrangian has the O(4N) symmetry and the usual space-
time symmetries, the lattice symmetries of our model are rather restricted. In Ta-
ble we derived how the lattice symmetries are embedded within the continuum
symmetries. We also discussed after Table that the generators of the O(2Ny)
symmetry of the lattice model are embedded as A ® 1, among the generators of the
O(4Ny) symmetry in Eq. . Furthermore, the Z, lattice rotation symmetry is
enhanced in the continuum to an SO(2)r symmetry. This is because the Z, trans-
formation mixes two different fermion bilinears, and four-fermion interactions that
preserve the Z, symmetry would automatically preserve the SO(2)r symmetry.

In order to analyze four-fermion interactions that respect these lattice symme-
tries, let us first construct all fermion bilinears, and determine how they transform
under the lattice O(2Ny) x SO(2)r symmetry. We can then use these bilinears to
construct four-fermion interactions that are invariant under all the lattice symme-
tries. Since each Majorana fermion field {* has four components and o takes 2Ny
values, we have a total of 8Ny single-component Majorana fermions, from which

8N

we can construct ( 9

) fermion bilinears. These fermion bilinears are of the form
(T ®CT)E, where T' can be any one of the 16 elements in the Clifford algebra, T is
a 2Ny x 2Ny matrix in the Majorana flavor space, but 7'® CI' must be an 8 Ny x 8Ny

anti-symmetric matrix.
4.2.1 Mass terms

Since fermion mass terms are local fermion bilinears which are invariant under space-
time rotations, we can write them as 7 (T ®CT')¢ with the condition that [T, v#~*] =
0. This gives us the constraint that I' = 1,i7?,iy%,iy®>y°. Note that the i’s are

inserted such that CI' are four Hermitian matrices, and therefore they rotate into
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each other under O(4Ny) transformations. Since 7" ® CI" has to be anti-symmetric,

the possible mass terms turn out to be

(A®C)E (SeiCy)s, €(S®iy)E (Seity’ ), (4.28)

where A and S are anti-symmetric and symmetric 2Ny x 2Ny matrices respectively.
Therefore we have a total of Np(2Ny — 1) + 3Ny(2Ny + 1) = 2N;(4N; + 1) mass
terms. Notice that 2N (4N + 1) = (4N12‘+1) is the number of 4N; x 4N; symmetric

matrices, which is not coincidental. In fact, in our basis, we have

C=-0’®d iC¥=c'®d, iCY=-0"00 iCPyY¥"=107% (4.29)

We see that all CT" are of the form CI' = I'p) ® 02, where ['(2) are 2 X 2 matrices
forming C1(2,0). Therefore the mass terms are all of the form {7(T ® I'p) ® o?)¢.
T ®T'(9) ® 0? being anti-symmetric implies that 7' ®I'(s) is symmetric, and since ')
spans all 2 x 2 matrices, the space of T'®1'(y) is the space of all 4Ny x 4N, symmetric

4Nf+1
2

matrices, which is ( ) dimensional.

Recall that in our basis, the O(4Ny) symmetry is generated by

A l, A®9, A®4, S®79%9°, (re 3.52)

where A ® 1, generates the O(2Ny) transformation that is preserved by the lattice.
It can be checked that while the four kinds of mass terms in Eq. mix with each
other under the full O(4Ny) symmetry, they do not mix under the lattice O(2Ny)
transformations. On the other hand, under the SO(2)g symmetry generated by
1 ®~34°, the two mass terms £7'(S®iC~?)¢ and £7(S ®iC~%)€ rotate into each other.

The (4N§+1) mass terms form seven irreps of the O(2N;) symmetry, and we can

write

AN; + 1
2

) = adj + (sym + triv) x 3. (4.30)

To make this more explicit, we introduce A* and S as before and denote the seven
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irreps as

Mgy =€ (A" @ C)¢,
Miyms = €7(5" ®ICY)E, Musvs = 567 (Lo, ®ICY)E = i,
Miyms = E7(5° ®ICPE, Murus 1= 567 (Lo, ®ICY)E = iy,
M s = E(S* @ICY’*Y°)E,  Mirivss == %fT(]be ®iCy*7°)E = iy’ . (4.31)

The usual mass term ¢ = 27(A ® C)€ with A = Iy, ® 0% is part of Mgy,

4.2.2  Currents

Currents are defined as local fermion bilinears transforming as (pseudo-)vectors under

space-time rotations, and in a covariant notation, they can be written as

(A@ICy)E, M(AQICY’ ), ET(ARICYME,  £1(S @ Cy*y M),
(4.32)

where A and S are 2Ny x 2N anti-symmetric and symmetric matrices respectively.
Therefore we have a total of 3N;(2Ny — 1) + N¢(2N; + 1) = 2N;(4Ny — 1) currents.
In contrast to the mass terms, 2N;(4N; — 1) = (*]*) is the number of 4N; x 4N,
anti-symmetric matrices, which is again not coincidental. In our basis, we have
iC=i1®1, i€y’ =-ic*®1, i€y’ =—ic'®1, Cy*y°y°=—ic*® 1,
iCy' = -1®o', iICy¥y'=c’®o', iCYVy' =0c'®c!, CV¥yy' =c*®@0d,
iCyP =110, iCy¥y’ =-0’®0’, iCy’y’ =—-0'®d® CV¥yy=-0’®0’
(4.33)
We see that all CIv* are of the form CI'v* = T'5) ® o, where 0 = 1,0, 0%, and
therefore the currents are all of the form ST(T®F(2) ®o)E. Since o are all symmetric,
T ®I'(2) ® o being anti-symmetric implies that T'® Iy is anti-symmetric, and since

['(2) spans all 2 x 2 matrices, the space of T'® I'(y) is the space of all 4Ny x 4Ny
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anti-symmetric matrices, which is (4];[f ) dimensional. In fact, each term exactly
corresponds to the conserved current associated with each generator of the O(4Ny)
symmetry.

Like the mass terms, the four types of currents in Eq. also do not mix
with each other under the O(2N;) transformations generated by A ® 14, but do mix
under the full O(4Ny) transformations. Furthermore, under the SO(2)p symmetry
generated by 1 ® 7375, the two currents £7 (S ® iCy3y*)¢ and €7 (S ®@iC°y#)¢ rotate
into each other.

These (41;[ 7) currents form five irreps of the O(2Ny) symmetry that can be sum-

marized in the relation

4N
( 9 f) = adj x 3 + sym + triv. (4.34)

These irreps include

Juhio = EH(A®ICYM)E,  Johis = E (A @ICY°YM)E,  Johss = & (A @ iCy y")E

1 i
T = (ST RCYYYE Ty = 5€ (Tan, @ CY9*")E = 997"y (4.35)

The usual current ") = %ST(A ® Cy*)€ with A = 1y, ® o lives in the adjoint
representation.

If we count all the mass terms and the currents, we obtain

()

fermion bilinears as expected.

We can also determine how each of these fermion bilinears transforms under the
discrete symmetries of the lattice. The transformation properties of some important
mass terms and currents under the discrete lattice symmetries are summarized in
Table [4.2] In all these examples, the fermion bilinears are eigenvectors of the Z,
symmetries, except that under parity, a current transforms as a vector (v) or a
pseudo-vector (p).
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Table 4.2: Symmetries of the fermion bilinears in 2d.

Fermion bilinears | Internal symmetry 7! = —iy® T? =iy P =iyly® @ =+'K C
vy U(Ny) x U(Ny) ~1 -1 +1 +1 -1

vir*y O(2Ny) x O2Ny)  +1 -1 +1 +1 41
Vi’ O(2N;) x O2Ny) -1 +1 1 141
Yiy3yoe O(4Ny) +1 +1 -1 —-1 +1
Py U(2Ny) +1 +1 v +1 —1

Yin iy U(Ny) x U(Ny) -1 +1 v 1 -1
iy’ U(N;) x U(Ny) +1 1 P R
iy’ Py U(2Ny) -1 -1 p 1 41

4.2.83  Allowed four-fermion interactions

We can now construct all the four-fermion interactions allowed by the lattice symme-
tries. Like the one-dimensional case, contracting the fermion bilinears in each irrep
will give us a four-fermion interaction that is invariant under the O(2Ny) transfor-
mation. We obtain seven Gross-Neveu type interactions from the mass terms

(Mag)?s (Mgyms)®s (Meriva)®, (Mgyms)®, (Merivs)?, (Mgymss)®, (Merivas)®, (4.37)
and five Thirring type interactions from the currents
(Jadio)”s (Jads)®s (Jadis)?s (Jagm)®s (Jise)™ (4.38)
Due to Fierz identity and other identities, these 12 four-fermion interactions are not
independent. Among the Gross-Neveu type interactions, there are four independent
interactions, which can be chosen as
(Mig)?,  (Meivs)®,  (Meivs)?, (Migivss)? (4.39)
for simplicity, where (Mirivs)? = (Viv30)2, (Miivs)? = (0iv°0)?, and (Mipivss)? =
(¥iv34%1)2. The remaining three Gross-Neveu interactions can be related to these

four through the relations

a S Mg )
(Msym?))z 1 Ny 11 1 ((jwa fi] ))2
(Msaym5) - 1 —1 N_f 1 Mt;rlv?y 2 . (440)
(Ma 35)2 _1 1 1 L ( tI‘iV5) 9

sym Ny (Mélriv35)



Interestingly, the Thirring type interactions turn out to be not independent and

can be expressed in terms of the four independent Gross-Neveu type interactions as

(Tadjo)? 1 1 1 9 e
(Jadss)” -1 -1 2 1 (Maadj -
(Jamss)’ | = -1 2 -1 1 (]\/[tarivs)2 (4.41)
] T e a0
(thi'iv)Q 2j — 1f _ 1f 1f ( triv35)

Since the lattice also preserves the SO(2)g transformation that is generated by

Loy, ® 7%, (4.42)

under which (Mg;,3)? mixes with (M;,5)%, (Mgm3)? mixes with (Mg

2
sym5) ) and

(Jamss)” mixes with (Jgh:5)?, we only have 3 independent interactions which can be

chosen as (M:dj>27 (Z\/[triVE‘))2 + (Mtriv5>27 and (Mtriv35)2-
4.2.4  The case of Ny =2

Similar to the discussion in one spatial dimension, the case of Ny = 2 is also excep-
tional in two spatial dimensions if the system only has SO(2N) symmetry instead of
O(2Ny) symmetry. In this case, there can be more independent interactions, because
the interactions transforming in the adjoint representation split into spin and charge

sectors through the relations
(Mggs)? = 2(M2)* + 2(My)?,
(Jadio)” = 2(J36)% + 2(J5)%,

(Jais)” = 2(J5)° +2(J5)%,

(Jais)” = 2(J5)° +2(J5), (4.43)

where M} = 36T AL@CE, Mi = 36" ALCE, T = 36T ALRICYE, Jif = 5T ALRICH,
etc. This splitting then increases the allowed Gross-Neveu type interactions from

seven to eight (see Eq. (4.37) and Thirring type interactions from five to eight (see
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Eq. (4.38). However, only five of these sixteen interactions are independent, which

can be chosen as

(Msi)2> (MZ)27 (Mtriv3)27 (Mtriv5)27 (Mtriv35>2' (444>

The other spin and charge interactions can be related to them via the relations

Eq. (4.40), Eq. (4.41)), and

(Jgg)2 0 4 1 1 2 e
(Joo)? 4 0 1 1 2 E%S%Q
gl ifo e o a || R
T "4l -4 0 -1 2 1 E%Zrivz),;Q (4.45)
(Js)? 0 -4 2 -—-11 (M;riVB .
(Jéé’é)Q -4 0 2 -11 trivas

If we impose SO(2)g symmetry, there are now four independent interactions that

can be chosen as (M!)?, (M), (Miriv3)?* + (Mirivs)? and (Migivas)?.
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5

Physics in One Spatial Dimension

From the analysis in the previous chapter, we learned that up to quartic order, the
most general continuum Euclidean Lagrangian that preserves the symmetries of the

free lattice fermion could be written as
Ny )
L= ot — S0 (5.1)
a=1

This field theory is invariant under the O(2Ny) lattice symmetry as required. When
A # 0, we can view it as a perturbation of the free massless fermion theory, which
is a conformal field theory. For relativistic theories in two space-time dimensions,
techniques from the conformal field theory [73] and bosonization [74], [75] turn out to
be powerful analytical tools. In this chapter, We will use these tools to understand

the lattice theory’s phase structures and correlation functions.
5.1 The current algebra

Although it is possible to derive the S function of our field theory directly using

diagrammatic expansions, here we will use techniques from CFT, which will be very
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helpful for calculating correlation functions. In the CFT analysis, it is convenient
to write the Lagrangian in terms of chiral fields, and rewrite the Gross-Neveu type

interaction in terms of current-current interactions using Eq. (4.9)),

Ny
@ @ «@ «@ /\ e a
L=Lo+ L =) V00T + 42100 — S (4 ")
a=1
2Ny
1 (0% (6% (0% (6% a a
=3 223 ET0-€8 + €270, 6 + A Z JLIe, (5.2)

where J{ = @Tgﬁfi, and 7T form a basis of all 2Ny x 2Ny anti-symmetric Hermitian

matrices and satisfy

tr(TT°) = %5‘“’, [T, T = ifeeTe. (5.3)

First, we focus on the free Lagrangian £y and derive its current algebras. Let us
denote z = 2% + iz! and z = 2° — ix!, then J_ = 20, and d, = 20;. Therefore the
fields satisfy

0,67 =0, 0:£° =0, (5.4)

which means £_ is only a function of z, and &, is only a function of z. Then the

correlation functions satisfy

—i0:(€%(2)€7 (w)) = 6°%6(z — w)d(z — w), (5.5)

and using the identity 9;1 = 27id(2)0(2), we have

5o 5o

(€2 ()€ (w)) = (€5 (2)Ef () = (5.6)

2m(z —w)’ 2m(z — w)

In order to take advantage of the CF'T results, we will work in the operator
formulation, where the Dirac fermions satisfy the usual equal-time commutation

relations

{08 (@), i)} = 0%0(x —y). {0 (@), ()} = (Wi (@). viy} =0, (5.7)
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which implies that the Majorana fermions satisfy

{&2(2), L (y)} = 6*%5(z — y). (5.8)

Furthermore, Eq. (5.6) implies that the fermions satisfy the following operator prod-

uct expansions

e (W) = () )
VT C2n(z—w) T 7
a(\eB (7 07 af=\¢B (-
L) = gt SR W) (59)
where : - - - : denotes normal ordering. Using these relations, we will be able to derive

the current algebra. Since &, and &_ work similarly, we will focus on £_ and drop
the subscript temporarily in the following.

In the operator formulation, operator products usually diverge when the operators
approach the same point, as we observed in Eq. . Therefore, in order to define
the current operators, we need to remove the divergent piece by normal ordering the

operators

Je(2) = € () Tapt’ (2) 1, (5.10)
Then the OPEs for the currents can be derived as follows. Using Wick’s theorem,

the operator product : £2(2)¢%(z) = €(w)&(w) : can be expanded as

HE9(2)€7(2) 1 (W)€ (w) 1 = —(€(2)€7 (w)) : £ ()€ (w) : +(€7(2)€° (w)) : €7(2)€7 (w) :
H{EP ()€ (w)) : €2(2)€° (w) : —~(E7(2)€° (w)) : €*(2)€" (w) -
— (€22 (W))E7 (2)€° (w)) + (€ ()€ (W) (€7 (2)€7 (w))
+: () ()€ (W) (w) - . (5.11)
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Using Eq. (5.6)), the first term can be expanded as

(£*(2)& (w)) : EP(2)E(w) : = % P (w) + (2 = )0l (w))E (w) :
5 0
= 5w & (w)e (w) ; o D€ (w)& (w) -
50"7
T aw(z—w) & ()& (w) : + reg. (5.12)

where we have Taylor expanded £°(z) in order to isolate the most singular term.
The regular term 5;—7: : 0% ()€ (w) : does not contribute any singularity to the
OPE, but will be important when rewriting the kinetic term as chiral current-current

interactions, which we will not explore here. Inserting this result into the current-

current product, we have

J2(2) 2 (w) =1 € (2)Teg€" (2) = € (w) T8 (w) -

= ey Tl €0 ) 4 TTY )

+ ngTga (W) (w) « — gﬁTVbﬁ SN (W)€ (w) ¢

a b a b
_Toz,BTozB + TaﬁTBa

+ A2 (2 — w)? + reg.
r(TT?
i I P )+ m T g
B ifabc . 5ab
“e—w) Wt I e T (5.13)

This is the OPE for the currents, from which we will derive the  functions later.

Similarly, we have

ifabc 5ab
— 5 + reg. (5.14)

T4 (2)J3 (w) = 120 — )

Using the OPE, we can also derive the commutators of the currents [J? (iz), J° (iy)]
at an equal time. From Eq. (5.13)), it seems that J*(iz)J® (iy) = J (iy).J* (iz) and
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the commutator would be zero. However, we should be careful when y — x, because
the OPE is singular and we encounter the situation of infinity minus infinity. In
order to avoid this infinity, we regularize the OPE slightly in the temporal direction,

ifabc 5ab

a /e b — li el .

J2 (i) J2 (1) 50 mi(z — y — ie) (i) Ar2(x — y — ie)? T reg
: £bac (5ab

J? (iy)J* (iz) = lim if Je(ix) — + reg.

=0 Ti(y — x — ie) A2 (y — v — ie)?

ifabc o 6ab
Tliy) = 42 (x — y + i€)?

= lim + reg., (5.15)

=0 Ti(z — y + ie)

where we again Taylor expanded J¢(iz) at y in the last line and shifted the reg.

terms. Using the identities

1 1
lim — — — = 27id(x) (5.16)
e—0x — 1€ T +1e
1 1

lim — = 27id’ .
R s A pravarys RS (5.17)

we have the following current algebras

1
[J(iz), J® (iy)] = 2if*J¢(iy)d(z — y) + %5“5’(1; — 1) + reg., (5.18)
and similarly
1
[J%(—ix), JO (—iy)] = 2if**J(—iy)o(z — y) — %5“1’5’(:1: —y) + reg.. (5.19)

Egs. (5.18) and (5.19) are known as the Kac-Moody algebra at level 1 [74] [75]. The

Kac-Moody algebra at arbitrary level £ is

[J& (i), J2 (Fiy)] = 2if**°J(+iy)d(z — y) + %5“’5’(3: —y)+ reg..  (5.20)

As a side note, one might want to derive a current algebra simply from the Majorana

fermion commutators Eq. , ie.,
[fiTafi(l’)a ij:bei(y)] = 2££[Ta7 Tb]gi(y)é(x —y). (5.21)
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However, this only gives the first terms in Egs. and but not the sec-
ond ¢'(x — y) term, which is an anomalous term and is sometimes referred to as a
Schwinger term [76l, [74, [77]. It is a c-number and mathematically can be viewed as
a central extension of Eq. . It appears only for a system of an infinite number

of particles and vanishes for any finite system [77, [78].

5.2 The @ functions

At leading order, the 5 functions are related to the OPE coefficients [78, [79] 80]. In
this section, we will show and use this fact to derive the S functions. The idea is
to expand the partition function in the couplings, and then use OPE to recast the
second-order current interactions in the form of the first-order one and renormalize
the coupling. This calculation is equivalent to a one-loop renormalization.

In order to use the OPEs, we will use the Hamiltonian formulation and note that

the interaction is given by

Hyy = /deA JoJe. (5.22)

Instead of this interaction, let us start with a more general anisotropic interaction

Hypy = /dmZAaﬂJﬁ. (5.23)

In the interaction picture, the partition function can be written as

Z =Texp ( - /Oo dtHim> = Texp ( - /dtdxz AaJiJi)

—00

=1-> )\a/dtdeijﬁ +) Ay /MQ dtyday dtadas JE(21) T (21) T2 (Z2) I (22) + - - -
a a,b

(5.24)
where T is the time order operator and z; = t; + iz;. Using the OPE in Egs. (5.13))
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and (5.14)) we can rewrite the last integrand as

T ()T () () = — L ge o) — T g
LANAS AN 2_7'('(21—22)—’_ 27T(Zl—22>_ 2
_fabcfabd . 4
= m#(@ﬂi%)- (5.25)
Then using the integral
1 L
>0 -+ x a

where L is the IR cutoff and a is the UV cutoff, we can perform the integration over
t, and zq,

__ fabc fabd 1 L
T e (5) 04 () = e / Atads TS (22) % (2).

dt dxqdtod
/t1>t2 1 ? x2ﬂ—2|21 - Z2|2 *
(5.27)

This implies that the couplings )\, at scale L is related to the coupling at scale a by
1, L

() = Aala) + IS (5.28)
from which we can read the § function
AL (5.29)
or in terms of the energy scale u defined by y = %,
= S (5.30)

In the case of our lattice model, we set A\, = A for all a. Then we have

dA
dlnp

= —% D (PN (5.31)
b,c
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The factor Zb’c(fabc)2 is related to the Killing form,

Z(fabc)2 = —tr(ngTj adj) = t1(Tag;Taq;) = 9" (5.32)
b,c
and in the case of SO(N), we have g* = =2, See Appendix (C| for more details. In

our theory, T* is the generator of the O(2Ny) symmetry, and we have

dA Ny—1,
=— A% .
dlnp 7T (5:33)

This result is consistent with the literature for the Gross-Neveu model [51], 8T]. In
particular, it vanishes for Ny = 1, because in this case, the Gross-Neveu interaction

is proportional to the Thirring interaction, which has the full chiral symmetry, see

Eq. (10,
5.3 Lattice correlation functions in the free theory

In this section, we will derive the correlation functions of lattice fermion bilinears in
a free theory. From Eq. (3.29) we know that the lattice fermion bilinears are related

to currents and masses in the continuum through

1 N e T B
Of = - Tagy = J4(aj) + J%(aj) + (=1 CT756" (aj)

= J4(aj) + J*(af) + (—1)2£5T25¢" (ag). (5.34)

In order to derive the correlation functions of OFO}, we first need to determine the

OPE of them. We already know the current-current OPEs, i.e., the current algebra,

but we still need to calculate the current-fermion OPEs, and mass-mass OPEs.
Since the currents commute with fermions with opposite chirality, in order to

determine the current-mass OPEs, it is sufficient to calculate the current-fermion

OPEs J*(2)¢-(w).
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5.83.1 Clrrent-fermion OPFEs

Using Wick’s theorem, we have

HE2(2)€(2) 1 € (w) = —{€2 ()€ (w))E2 (2) + €2 (2)(€2 ()€ (w))+ - fi(z)&ﬂz)élég)
and with Eq. (5.6), the first term can be expanded as
<€@KHWK&@=§R§%E@%w+w—wW&&w]
= %éai w)ff(w) + reg. (5.36)
Therefore we have
T4 (2)€% (w) = €2 (2)TH,E2 (2) : €2 (w) = W<Z?;QU)5€<u072a-+ reg.,  (5.37)
and similarly
T ()2 (w) =:;R55E755§£<uozza<+ reg.. (5.39)

These relations show that £ are Kac-Moody primary fields. It will also be useful

later to reverse the operators, giving

€2 ()7 () =~ T () + res. (5:39

§1(2)J5 (@) = - o w)Tgﬂgﬁ(a}) + reg.. (5.40)
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5.3.2 Mass-mass OPEs

Again, due to that fermions with different chirality commute with each other, the

mass-mass OPEs are simply
£5 ()2 (EL@)E (w) = ~(E5(2)EL(@)) = €2 (2)€% (w) : — (€2 ()&% (w)) : €5 (2)€L (@) «
— (£2(2)E1 (@) (€2(2)€2 (w))

57 57

= ()¢ (w): -

27(zZ — w)

- €2(2)E1 () :

2n(z —w)

50[76&5
- .. 41
42|z — w|? treg (5:41)

5.8.8  OPFE of lattice fermion bilinears

Now we are ready to calculate the OPE of lattice fermion bilinears, which can be

expanded as
010} ~ (J4(aj) + J*(aj) + (1) 263 725" (ag)) (T2 (ak) + J° (ak) + (—1)F263 T2 57 (ak))
= J¢(aj) ] (ak) + J*(aj)J® (ak) + (—1)F(J¢(af) + T (aj)) 265 TE5E" (ak)

+ (1Y 265 T (ag) (T3 (ak) + T2 (ak)) + (=1)7 T AE Tag€ (af)E1 To5E0 (ak)

(5.42)
The OPEs we need are current-current OPEs,
T () (ak) = — Ly (k) ® (5.43)
a = — - . .
—\aJ)/-\d ira(j — k) ~ “ 4m2a?(j — k)? T8
J%(aj)J" (ak) Ly J¢ (ak) o + (5.44)
= ————J(ak) — ————— + reg. .
+\ 8+ Tira(j — k) Ama2(j — k2 | B
current-mass OPEs,
T (af)€0T? 16" (ak) = ———¢ob 7o B (ak 5.45
a N cab B - ara b B
J1(a))E5T5pE" (ak) = m&TmTwﬁ_ (ak) + reg., (5.46)
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mass-current OPEs,

€T 4¢" (ag)J° (ak) = mgiTabwT%ﬁé(ak) + reg., (5.47)
aqb ¢B(. N\ Ta 1 ara b B
£+Taﬁ§— (CL])J+<CL1€> = ngFTQ’YT'YBg_ (ak) + reg., (548)
and finally, mass-mass OPEs,
arpa o8 sevb sy (LT85 g aves oy (TT%)8s  eag vy oy
T (@) THE () = 5 I 0k (ah) : 5 €8 ah)E k)
tr(TT) N
Am2a?(j — k)? res:
ifabc . . 5(1,6’
= m(J+(ak) — J(ak)) + m + reg.
(5.49)
Inserting these results back in Eq. (5.42)), we have
abc ab
qb%__j—kf—c _ Jc _5—
050} (1= (=17™) (o (k) = 5 (0h) = 5y )
- 2
+((=1) - (—l)k)m(j—_k){’j"_{T“, T"}ap (ak) + reg., (5.50)

which implies the following the correlation function

(L= (=1)7h)oe
2m2a%(j — k)?

(O500) ~ — (5.51)

From this correlation function, we observe that the correlation is zero when r :=
j — k is even. In Fig. [5.1, we compare this correlation function with a density
matrix renormalization group (DMRG) simulation of the free lattice model using
ITensor [82]. In the DMRG calculation, we set the lattice size to be 1000 with
an open boundary condition. We indeed see the correlation vanishes when 7 is
even. Furthermore, the correlation at odd r is also quite close to the DMRG result,
considering that we only keep leading terms in the lattice operator Of, and that
there is no fitting parameter.
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F1GURE 5.1: Correlation functions of lattice fermion bilinears in a free lattice theory:.

5.3.4  The dimer operator

An interesting operator that we will study later is the dimer operator defined as

a 1 a a a a
D} = S(0505,, - 03, 09).

(5.52)
Using Eq. , we have
005, = _7T21a2 — 8(i7_ri)j §$(T“)iﬁfé(aj) + higher orders in a, (5.53)
and therefore
D = —8(i;i)j £5(T*)24¢” (aj) + higher orders in a. (5.54)

Using Eq. (5.41]), we can easily calculate the OPE of the dimer operators in a free
theory,

. 64(—1)7*% , . :
DID;, = —;Q—G)2§+(T )2567 (ag)E1(T")25€2 (ak) + higher orders in a
_ 64(—1)7F

1
m2a2 (

—2mia(j — k)
t TaZTb2
m> + higher orders in a,

(- €2 ()T 2T ap€” (w) : = : € ()T T aptl (w) )

(5.55)
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and therefore we obtain

_p 16 t2(T92772)
mhat|j — k|?

(DsDY) = (—1) + higher orders in a. (5.56)

This result will be used in the next section to compare with the results from bosoniza-

tion.
5.4 Non-abelian bosonization

It turns out that the current algebras Eq. (5.20) can be generalized to arbitrary
compact Lie groups. Although not all of them have a fermionic realization [83], they
can all be realized as certain Wess-Zumino-Witten (WZW) models [74] [75]. The

action of a WZW model is

1 _ ik
Slg] = e /dzx tr(0,9 Lorg) + ——

S / dPye? tr(g 0,99 0,99 0,9), (5.57)

where g(z) € G is a group-valued field. This model is sometimes called a G, WZW
theory, where k is the level. While the first term in the action is an integration
over space-time taken to be S?, the second term involves an integration over a 3-disk
whose boundary is the S2. This requires smooth continuation of the g field to the
interior of S?, which is possible for an arbitrary field configuration only if mo(G) = 0.
This condition is actually true for any simple compact Lie group. Furthermore,
the second term Swzw counts the winding number of S? over the group G, being

non-trivial only when

m3(G) 2 0. (5.58)

In fact, m3(G) = Z for any simple compact Lie group. In order for the partition
function to not depend on the continuation of the g field inside S?, k can only take
integer values. This theory has chiral G x G_ symmetry, under which ¢ — LgR™!,
where L € G, and R € G_.
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It turns out that when k # 0, the theory will low to A\?> = 4n/k, which is a
CFT in the IR. At this fixed point, the currents satisfy Eq. [74, [75]. When
G = SO(2Ny) and k = 1, this CFT is equivalent to the Ny-flavor free Dirac fermion
theory, or equivalently, 2/N;-flavor free Majorana fermion theory, known as non-
abelian bosonization [74] [75]. The currents of these two theories map directly to
each other, and the mass terms in the fermionic theory map to the field ¢ in the

bosonic theory as follows [74, [75],

icoe’ < —Mg*?, (5.59)

or more conveniently,

E9T2560 & IMg*PTey = —iM tr(gT*) (5.60)

Since £ are Kac-Moody primary fields (see Eq. (5.37))), the fields g are also
Kac-Moody primary fields, whose scaling dimension h, can be inferred from the

Knizhnik-Zamolodchikov equation [75] 84, [85],

c5(9)
hy = (5.61)

where ¢4(g) and hY are the quadratic Casimir number and dual Coxeter number
respectively, which are defined carefully in Appendix [C] In particular, for k£ = 1, we

have

1+N N
Nl =1 for g € SO(N),

1+N-2

(N2-L)/N _ N-1 ¢ N
by — { or g € SU(N), (5.62)

and g is assumed to be in the defining representations. We see that when k£ =1 and
g € SO(2Ny), corresponding to free fermions, h, = 1 for any N, which is consistent

with the scaling dimension of mass terms in a free fermion theory (see Eq. (5.41))).
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5.5 The case of Ny =2 with SO(4) symmetry

As we explained in the last chapter, in the case of Ny = 2 with SO(4) symmetry, we
have more independent interactions, and Eq. (5.22)) can be further split into

Hiny = / da A JL T+ Nedl JE, (5.63)

where Ji, = 10 Al 6] and Ji, = 16847 €0, In the case of Ay = A\, = 2\, we go
back to the original interaction

NS Tl 2NTL T = AT, (5.64)

which is invariant under O(4). Using the results we derived in the previous sections,

we have the following OPEs,

J;C,(z)(]ic_(w) =—J/ (w)+ + reg. (5.65)

igijk

JE L (w) +

= . 5.66
27T(2 _ ’U_]) s,c+ + reg., ( )

J;,c+(2)‘]g,c+(w) 87T2(2 — 11_1)2

where the different factors are due to a different normalization of the Lie algebra

generators 3 A’ and A! defined in Chapter {4l As we discussed earlier, these OPEs

imply that for general anisotropic interactions

Hy = / do NoJL i+ N T (5.67)
we have the following beta functions,
j fnu = —ﬁ > (7ML (5.68)
and in the isotropic case A, = A, ., we have
o 15, (5.69)

dlnpg ~ 277%¢

Furthermore, in the case of A\; = A. = 2\, it can be easily seen that this result is
consistent with the general beta function Eq. (5.33) at N, = 2.
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5.5.1 Bosonization

When studying the correlation functions, it is convenient to bosonize the theory,
and in this case, the isomorphism SO(4) = SU(2) x SU(2)/Z, allows insight into
the SU(2) WZW theory. From the discussion near Eq. (£.19), we know that an
SO(4) transformation on the Majorana fermions £ — O can be identified as spin
SU(2), and charge SU(2),. transformations on the Dirac fermions ¥ +— gWh~! where
g € SU(2),, h € SU(2), and ¥ is defined in terms of £ as

1 _ 562 _¢3 _ i¢4
¥ = (23_124 §§+lé§>7 (re

and O = %4194 corresponds to (g,h) = (ei27,e¢!27"). Now the bosonization of
the mass terms is

fiAéaﬁff & —M tr(OiAL) = —% tr(gio?) tr h, (5.70)

€2 Al €8 o —Mur(OiAl) = —% tr g tr(hio?). (5.71)

The bosonized theory enjoys almost the same symmetries as the fermionic one, except
that (g, h) and (—g, —h) should be identified, because we have written the bosonized
theory with an SU(2)s; x SU(2). symmetry rather than SO(4). This means that
observables in the fermionic theory will always be mapped into terms that do not
violate this identification. For example, tr g itself is not an observable, but (tr g)?,
tr g tr h are. Besides, the chiral symmetries of Swzw in each sector are SO(4) instead

of SU(2); x SU(2)_. Also note that under spin-charge flip symmetry g <> h.
5.5.2  Spin correlation
The lattice spin operator SJ’: is bosonized to

81 1= 1A A} = Tou(ag) + 1 (ag) + (1€ ALy (a).

o JL(ag) + T (aj) — (—1)]’% tr(gio") tr h. (5.72)
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First let us understand the OPE of S; at As = A\, = 0 in this bosonized language. The
current-current OPEs and current-mass OPEs are purely dictated by the symmetry
of the theory, which must be identical to the fermionic theory. On the other hand,
the correlation function of the mass terms, i.e., the WZW primary fields g and h,
need to be treated separately. From Eq. , we know the conformal dimensions

of g and h are

1
hy = hy =

5 (5.73)

which is as expected because h, + hj, = ho = 1. Then from the SU(2) invariance, we

have
(xtg(ag)io)tglab)io”)) = (5.74)
(tg(a) trglak) = == (5.75)

and similarly for h. Therefore

2

(€3 AL € ()€1 AL 52 (ak)) = Mj@l"(g(aj )io") tr(g(ak)io”))(tr h(aj) tr h(ak))

M2025ij

= 0. 5.76
4a?(j — k)? (5.76)
On the other hand, from Eq. (5.49)) we know
, , A 1
(€3 AL 2 (af)EL AL SE0 (ak)) = 53 (5.77)

CAn2a?(5 — k)2’

which implies MC = 1/7.

All the results up to here are already known in the free fermionic theory. So what
do we gain by bosonizing the theory? It turns out that the bosonic theory will help us
gain more insights into the interacting theory. As we can see in the current algebra,

the spin current and charge current commute. Furthermore, we also saw from the
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function in the interacting theory that A; and A\. do not mix. Actually, the bosonic
language makes this “spin-charge separation” manifest, because the theory becomes
two copies of SU(2); WZW theory.

Now let us discuss how this “spin-charge separation” helps us understand the
interacting theory. From the g functions in Eq. , we know that A, . are relevant
when they are positive, and irrelevant when they are negative. If we set \; = 0 and
Ae > 0, the charge sector will be gapped at low energy, while the spin sector is
still gapless. The interaction A.J¢, J!_ breaks the chiral symmetry in the charge
sector SU(2).+ x SU(2)._ down to the diagonal SU(2). symmetry and a discrete
chiral symmetry, under which h — —h (or equivalently, ¢ — —g). The mass gap in
the charge sector implies that this discrete chiral symmetry must be spontaneously
broken. Therefore we expect the corresponding WZW field h to develop a non-zero
vacuum expectation value (VEV), which breaks the chiral symmetries but preserves

the diagonal SU(2). symmetry,

(hag) = Kdag. (5.78)

Therefore

1 (—1)/*MK?

<Sj8k> - _47T2a2(j — k)2 + dralj — k|

(5.79)

5.5.3 Dimer correlation

Recall that the general dimer operator was defined in Eq. (5.52)). For convenience,

we further define the dimer operator associated with S? as

1
D; :=D; = 5(55’.”53+1 -8,S8)). (5.80)

j
The continuum limit of the dimer operator was given in Eq. (5.54)), leading to

—1)7
D; = — (.2 ) £1€%(aj) + higher orders in a, (5.81)
27a
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where we have inserted 7% = 1A’ and used (%A;)iﬁ = 7=003. Notice that in terms

of Dirac fermions, the dimer operator is a chiral mass term

1\ _
D; = _uwaify“q’wa(aj) + higher orders in a. (5.82)

Upon bosonization, we have

.M
D; = _(_1)]ﬂ trgtr h(aj) + higher orders in a. (5.83)
7r

Comparing this with the oscillating part of S} in Eq. (5.72),

7,08C

St = —(—1)]'% tr(gio®) tr h, (5.84)

we see that S} . and maD; form a 4-component vector representation of the SU(2) 44 x

SU(2)s— symmetry [86, 87]. Therefore when Ay = 0 (the SU(2): x SU(2)— sym-

metry is unbroken), the correlation function of 7aD; should be identical with S} ..

Indeed, we can check that when A\, = A\, =0,

1

<DjDk> = (_1)j_k (27r2a2)2(j _ k)Q

e (5.85)

which is consistent with Eq. (5.56]). On the other hand, when Ay = 0 and A\, > 0, we

have

(D) = (-1 ik

The identification of S} . and maD; as a 4-component vector under the SU(2), x

SU(2),_ symmetry at A\, = 0 will be checked very precisely in the numerical results

in Chapter [7]
5.5.4  Logarithmic corrections to the correlation functions

When A\, < 0 and A, > 0, although the coupling A is marginally irrelevant, it has

logarithmic corrections to the correlation functions. These corrections are crucial
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when we fit the numerical results away from the critical point in Chapter[7] Therefore
we will derive these corrections now. We begin with the g-function of the marginal

coupling A
dA A2
dlnr ~ 27’

(5.87)

which is the same as Eq. (5.69) except that we have replaced the energy scale p with

a length scale r. Integrating this equation, we obtain

1 1 1 r
= —In— 5.88
)\S(T) )\50 2w 1 T(), ( )

where )y is the coupling at some short distance length scale ro. Note that the
solution A¢(r) above is meaningful for very large values of r only when Ay < 0, i.e.,
the coupling A\(r) is marginally irrelevant. When Ay9 > 0 the coupling As(r) diverges

27/X0 which is the remnant of the Landau pole of perturbation theory

at r = rge
and signals new physics at long distances due to the formation of a fermion mass.

For convenience, let us denote the leading WZW terms of S and D as

ws = tr(gic’) trh, p = trgtrh, (5.89)

and the correlation functions at coupling A\, as

Gi(As(r),r) = (gi(0)pi(r)) for i = S, D. (5.90)

The notation G;(As(r),r) highlights the fact that the correlation functions depend
on r both explicitly and implicitly through As(r). We note that G;(As(r),r) satisfies

the following RG equation:

dIn G;(Xs(r),7)
dlnr

= —Q(hi +7i()‘5(r)))7 (5'91)

where h; is the conformal dimension of ¢; at the critical point, and ~;(As(r)) is the
anomalous dimension of ¢; induced by the marginal perturbation. Integrating this

equation, we get

G [ a0 (592
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from which we can derive the correlation functions in the presence of the marginal
perturbation once we know ;(As(7)).

In CFT the conformal dimension h; of the operator ¢; is related to the finite size
energy E; = 2mh; /L of the state |¢;) through the state-operator correspondence [8§].
Then the anomalous dimension ~; of the operator is related to the change of this
energy due to the marginal operator. In our case, to leading order in A, this leads
to the expression [89],

bi

Yi(As) = %As +O0(\2), (5.93)

where
b — / Az (il 2, T2 ()]

1 , , o o
=5 [ Ao (ol + TP = e~ T )

_ %@m(sm F1) = sp(sp+ 1) — sp(sp+ 1), (5.94)

In the above formula, s, = sg = 1/2 for both spin and dimer states, but s are
different. The values of b; can be calculated for both spin and dimer fields, which

are tabulated in Table [B.1] below.

Table 5.1: h; and b; for the WZW fields ;.
WZW fields syt S Sgr b; h;

ps =trhtrge® 1 1/2 1/2 1/4 1/2
ep=trhtrg 0 1/2 1/2 —3/4 1/2

Inserting these values of b; and A¢(r) (given in Eq. (5.88))) into Eq. (5.93), we can
compute v;(As(r)). Substituting this into Eq. (5.92)) we get

Gs(A(r),r) _ 1o (1 _ Aoy L){ (5.95)

Gs()\so,To) T 27T Ty

Gp(A(r),r) 1o Aeo, T 3

AN AL . e 5.96
GD()\S(),T()) T 27T 1 Ty ( )
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Similar expressions have been derived earlier in the context of spin chains [90} [91]
and verified numerically [00]. Note again that for a fixed value of Ay but large values
of r, the above expressions make sense only when Ay < 0, i.e., when we are in the
conformal phase as already mentioned above. On the other hand, when r is in a
fixed range but \yg — 0, the above expressions give us the leading corrections to
conformal behavior on both sides of the critical point.

We could perform a similar analysis in the massive phase. However, in the massive
phase, the anomalous dimension Eq. (5.93]) obtained in the conformal phase cannot
be completely correct. Besides, like the S-function, it was derived in perturbation
theory, so there could be non-perturbative corrections due to the mass scale M.
In particular if we assume the correlation function to the leading order is of the
form G;(r) ~ e=*M7" this would contribute additional non-perturbative terms to the
anomalous dimension ;(\;). For example, if we assume

21
In Mr

() = (5.97)

as a possible definition for the RG invariant mass scale M, then it is easy to see that

bi 7

=27/ Xs 2
SEXs+ S e 10(2). (5.98)

Since we are only deriving corrections to G(r) due to the marginal interaction pertur-
batively, we will ignore such non-perturbative effects. Then, Eqgs. (5.95) and ([5.96)
can still be used in the massive phase near the critical point except that we will find

As0 > 0 and r is constrained to be such that Ay /27 In(r/rg) < 1.
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6

Physics in Two Spatial Dimensions

In this chapter, we will study the physics of the continuum theory corresponding to
our lattice model in two spatial dimensions. From our analysis in Chapter [4, we know
that up to quartic interactions, the most general continuum Euclidean Lagrangian

that preserves the symmetries of our lattice model can be written as

2
o a ga j a
L= y*op* — A Z( adj)2

2a
9%‘-3 295%—-5 29?%5—-35 2
- Bty - Loy - L@ty (6)

where o = 1,2, Ny Mgy;

= (T(A* ® C)¢ are the adjoint mass terms with A?,
a=1,---, (2271‘ ) forming a basis of all anti-symmetric Hermitian matrices and satisfy
tr(A*A) = £0°°. Further imposing the SO(2)g symmetry coming from lattice rota-
tion, we should require g2 = g2. We are interested in understanding the ground state
properties and the quantum critical behavior of the theory in Eq. when tuning
the three couplings g2, 95 = g5 and g3;. Further imposing the SO(2)g symmetry
coming from lattice rotation, we should require g5 = g2. However, unlike in one spa-

tial dimension, where we could use the powerful CFT and bosonization techniques
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to understand the physics by perturbing any CF'T, in two spatial dimensions, we can
only resort to perturbations to the free theory.

In three space-time dimensions, near the free fermion fixed point, all four-fermion
interactions are irrelevant because they have mass dimension 4, making it hard to
perform a perturbative calculation. However, it is possible to go to a dimension where
the interactions are marginal, perform a perturbative calculation, and then extrap-
olate to the original dimension. This technique is known as e-expansion [92], which
is a double expansion in ¢, the deviation from the dimension where the interactions
are marginal, and the couplings. In our four-fermion field theories, one can begin
with two space-time dimensions and perform a 2 + ¢ expansion. There is another
type of e-expansion often employed to analyze four-fermion theories, where auxiliary
bosons are introduced to convert the Gross-Neveu interactions into Gross-Neveu-
Yukawa (GNY) interactions. The GNY interactions are marginal in four space-time
dimensions, and in this case one performs a 4 — ¢ expansion. Under RG, all possible
terms allowed by the symmetries of the theory will be generated, and in four space-
time dimensions, the kinetic terms for the bosons and quartic boson self-interactions
become marginal and must be taken into account.

It is also possible to perform a perturbative calculation in an arbitrary dimension,
given that the fermion flavor number Ny is large, which is known as a large Ny
expansion. Since all the fermion loops are enhanced by a factor of Ny, the diagrams
containing fermion loops should be summed over systematically, leading to summing
over the “bubble chain” diagrams. The physical observables are calculated in powers
of 1/Ny. Although our theory has Ny = 2, which is not large, we can at least compare
the result with the large /Ny limit of ¢ expansion for consistency check.

In the Ny — oo limit, the partition function can also be evaluated exactly using
the saddle point approximation, which corresponds to summing over all one-fermion-

loop diagrams, and we can calculate the effective action and effective potential.
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In this approach, the quantum fluctuation of the fermion bilinears is completely
ignored. However, it can still help us obtain useful information about how the fermion
bilinears condense as a function of the couplings, and therefore understand the phase
structures.

In this chapter, we will focus mainly on the theory with N; = 2, where we have
some results from the Monte Carlo simulation to reduce the possible interactions.
As we discussed in Section [£.2.4] when Ny = 2 with SO(4) symmetry the interaction
(Mg

o3;)° splits into two independent interactions 2(M!)* and 2(M})?, where M} =

%STAQ ®CE M = %{TAE ® C&. In terms of Dirac fermions, they can be written as
N 3 15
Ms = 5¢O’ w’ Mc = _§¢¢>

5Tz — o). (6:2)

Mcl - %(%ﬁ,irc% +@2CQH)> Mf -
The numerical study of our lattice model, presented in the next chapter, suggests
that by tuning the lattice coupling, there is a second-order phase transition from a
free Dirac fermion phase to a phase where either M! or M! develops a VEV. This
result implies that the SO(4) symmetry spontaneously breaks to either SU(2), or
SU(2). |I| Since the other fermion mass bilinears do not develop VEVs, it might
be sufficient to focus on the RG flow in the subspace that only includes (M!)? and

(M?)?. Assuming this to be true, in this chapter, we will focus on the continuum

Lagrangian (which we refer to as the SO(4) Gross-Neveu model),

2

— . 2 .
L= oy — T (M) — L) (6.3)

In our lattice model with U = 0, the continuum model must have spin-charge flip
symmetry, forcing g2 = g2. However, when U # 0, this symmetry is broken and the

two couplings can be different.

! In the condensed matter literature, when M! develops a VEV, the system is said to be in an
AFM order, when M2 develops a VEV, the system is said to be in a superconducting order, and
when M? develops a VEV, the system is said to be in a CDW order.
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In the next section, we will compute the one-loop field effective potential for
Eq. (6.3)) which shows that at large coupling, either SU(2) or SU(2).. is spontaneously
broken, as suggested by the Monte Carlo results. Later we will compute the RG flow

diagrams in 4 — ¢ expansion and large N expansion.
6.1 The mean-field effective potential

In this section, we will study the phase structure of the SO(4) Gross-Neveu model
Eq. by calculating the effective potential of the fermion bilinears as a function
of the four-fermion couplings. In order to do so, we rewrite the four-fermion theory
by introducing bosonic fields that couple to fermion bilinears. We then derive the
effective potential of the bosonic fields by integrating out the fermions, which is
equivalent to a one-loop calculation. In order to simplify the calculation, we assume
the bosonic field to be a constant in space-time. This assumption is naturally justified
in the large Ny limit, where the bosonic field is a sum of many fermion bilinears,
and thus their fluctuations are negligible. This effective potential then gives us
information about how the fermion bilinears condense as a function of the couplings.
To introduce the calculation, we first consider a simple example and calculate the

effective potential of the traditional Ising Gross-Neveu model. Later we extend it to

the SO(4) Gross-Neveu model Eq. (6.3).
6.1.1 The Ising Gross-Neveu model
The Ising Gross-Neveu model is defined through the Lagrangian
— g2 —
£ = ey gut = L (eue) (6.4

In order to calculate the effective potential, we first rewrite the partition function in

an equivalent form
7 = / DyYDyDg o SWdl, (6.5)
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where

S[, 6, 8] = / Ao, 7 + 2L92¢2 g, (6.6)

where we have introduced a non-dynamical real scalar field ¢, and we will choose d =
3 as the space-time dimensions. It can be easily seen that if we perform the Gaussian
integral over the non-dynamical field ¢, we get back to the partition function of the
Ising Gross-Neveu model.

Our goal is to find the ground state expectation value of ¢ as a function of the
coupling g. To find this, we can integrate out the fermions and obtain the one-loop

effective action for the bosonic fields, which is given by

Se|¢] = —log Det(@ + ¢) + / d%z 2i92¢2. (6.7)

To find the ground state expectation value of ¢, we need to minimize the effective
potential Ve[| as a functional of ¢. It is usually challenging to compute Vg[¢],
especially if the fluctuations of ¢ field cannot be neglected. Here we use a mean-field
analysis where such fluctuations are neglected, i.e., ¢ is assumed to be a constant,
which can also be justified in the large Ny limit. Then we can compute the determi-

nant in the basis of momentum eigenstates to obtain

Sutlé] = — log Det(—ik + ) + / d'y 2ng 2 (6.8)

Since detv° = 1 and {},~7°} = 0, we have

Det(if + ¢) = Det7°(if + ¢)y° = Det(—if + ¢), (6.9)

which implies

Det(if + ¢) = Det((§)? + ¢*)2 = Det(k*14 + ¢)2 = Det(k?) Det(1 + Z—z)? (6.10)

Using the fact that log Det O = Trlog O for an operator O, we obtain

2 1
Sei[6] = — log Det (k?) — 2 Tr log (1 + %) + /dda: 2—92¢2. (6.11)
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Note that log Det(k?) is independent of ¢ and therefore only contributes a constant

shift to the effective potential and can be ignored. Therefore we get

2
1
Vest|] = —Sd/ dk? k'*log (1 + (]i) * o g (6.12)
0

where S; = is the loop integral factor. When d = 3, the integral in

2
(4m)4/2T(d/2)
the equation above does not seem to have an IR divergence. However, the effective
potential is not analytical at ¢ = 0, and to see this, we have to introduce an IR

cutoff A;jg. Then we have

? 27 4 ) ?
dk? k1 (1 ):—— 4 2 tant 4 2 K1 (1 )

/Am og {1+ 3 07|+ 3¢ tan™ o + 2 ¢+3 og(1+53)],
Ay 0 4 P 3 ¢?
= ng tan A 3gb tan~ AIR + Agb + A log <1+ A2>

where we have dropped terms that vanish when Ajg — 0. Using

3 ¢ LRPEE]
A ¢ tan™ = LA (6.13)
we obtain
1 1 4 40 27 4 2 ?
e 2 tan~' 2 4 ZX|pP — SAg? — SA3] (1 ) 6.14
g, Venldl = 5g @ — 3@ tan ol - AT — g log (14 75 ), (6:14)

which is not analytic at ¢ = 0. In Fig. we plot this potential at SyAg? =

and observe that the effective potential is indeed non-analytic at ¢ = 0. There is
an interesting lesson to learn about the perturbative expansion and the |¢|® term.
Assuming ¢ < A, we could have used the Taylor expansion within the integrand

to obtain
A 2 oo n A
2 ¢ (_1) 1 2n
/ Ak klog (1+ 55 ) =3~ (—2— / A s )™ (6.15)
Ar n=1 Ar

The expansion on the right can be identified as the summation over all one-loop dia-

grams with 2n external legs ¢. However, except for n = 1, each term in the expansion
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FIGURE 6.1: Effective potential of the Gross-Neveu Model at SyAg? = 5.

is IR divergent. Furthermore, in this perturbative expansion, all the diagrams have
even numbers of the ¢ field, and we would not be able to see the |¢]® term. In this
sense, we can think of |¢|> as a non-perturbative effect.

Having seen this connection to the diagram expansion, we can see this issue

clearer in terms of perturbative expansion of ¢?tan—? ﬁ in different limits
¢3t —1i o §|¢|3 when ¢>>AIR7 (6 16
an A - L¢4_ 1¢6_|_.” h ¢<<A : )
IR AR 3AZ, winen IR-

In the effective potential, we assumed ¢ > Arr, and we are able to see the |@|* term,
while in the perturbative expansion, we assumed ¢ < Air, and what we see are
the IR divergences. Therefore, it is reasonable to attribute these divergences in the
perturbative expansion to the wrong limit we assume in perturbation theory. This
observation is also related to the rationale behind renormalized perturbation theory:
a finite term at lower order may look infinite at a higher one, and this is why we
usually use the counter-terms at the tree level to cancel the divergences at one loop.
Now let us find the minimum of the effective potential. Solving the equation

1

!
0=
Sag?

L v 16] = 46% tan—! % +(

& Vi - 4A>¢. (6.17)

We see that there is a trivial solution at ¢ = 0, and two non-trivial solutions at
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¢ = £¢y, where ¢y > 0 satisfies

oo 4 A 1
—tan  —=1-— . 6.18
A G T T ISAP (619
Furthermore,
. 4N A1
5l = T TR Gt g
_ —4A(1 — 43 1AQ ) when ¢ =0 (6.19)
1+A2/¢2+4¢0tan 1¢A when ¢ = ¢y.

Therefore ¢ = 0 is a stable fixed point when 4S3A¢*> < 1, and becomes unstable
when 4S5;A¢? > 1. On the other hand, since ztan™! % has values between 0 and 1,
and is monotonic for z > 0, we know that there are non-trivial solutions at ¢ = ¢y
only when 4S3A¢? > 1, and therefore we can define g2 = @ as the critical point. It
can be easily checked that the solutions ¢ = +¢, are always stable when they exist.

In Fig.|6.2, we plot the order parameter ¢ as a function of S;g?.

Bo/A

05

= SuAg?
Lo 4

-0.5F

FIGURE 6.2: The order parameter ¢, /A of the Ising Gross-Neveu Model as a function
of SyAg?.

In the g — gou limit, ¢ is small. Using lirr(l) tan L ~ 515, we have
z—
7 |0l 1 111 1 g — g2
Tleol — %_(___>: , 6.20
2 A 45,72 %l ~ s, % 9/ 2mS4 g (0:20)

from which we can read the critical exponent %(1 +n)v =: f =1, where g is the
critical exponent of the order parameter defined as |¢o| o (g* — ¢2)?, agreeing with
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our leading order result from large N in Section Notice that § = 1 can also be

understood from the existence of a |@|> term in the effective potential.
6.1.2 The SO(4) Gross-Neveu model

We now extend the above calculation to the four-fermion theory of interest to us,
the SO(4) Gross-Neveu model given by Eq. . Similar to the Ising Gross-Neveu
model, in order to calculate the effective potential, we need to introduce six scalar
fields (58 and qgc. As before, when calculating the effective potential, we will treat
these scalar fields as constants in space and time. Then using the spin SU(2), and
charge SU(2). symmetry, we can always rotate ¢, and ¢, such that ¢!? = ¢12 = 0.
Therefore it is sufficient to only consider the third components of spin and charge
interactions, and for simplicity, we will denote them by ¢, and ¢, in this section.

Now the action can be written as

1
2g?

1
2

2
¢S+2g

S[6, 6, by ] = — / A 0 + &

C

+ sV — %) + g (1 + ). (6:21)
Integrating out the fermions as before, we obtain

—1 1 1
Sett|Ps, o] = —log Det ( i+ 94 i ¢_) + /ddx 2—g§¢§ +—¢2, (6.22)

2g277

where ¢ = ¢. + ¢,. We observe that the fermion matrix is block-diagonal, and
each block would be the same as the Ising Gross-Neveu model if we replace ¢ with

¢+. This motivates us to define

A
Vilg] = —Sd/o dk? k%2 log (1 + i—j) (6.23)

and then we have the following effective potential for ¢, and ¢,
1 1
V:aff[qbsa ¢C] - ‘/B[QS-I—] + ‘/E))[Qb_] + _¢§ +53 ?:a (624)
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where from the previous subsection, we know that

1 ¢ |¢|3 A3 log (1 + ¢2) (6.25)

4
—V:%[Cb] = —§¢3 tan Az

Sa
and

a2 1
S—dV 319] = 4¢° tan 5 4A¢. (6.26)

As before, the minima of the effective potential can be obtained using the following

equations:

ia‘/eﬁ[gbw ¢C] _ i
Sq  Ops Sq

1

! , 1 1
0= <v3[¢i] + 2_g§¢i + (@ - 4_g§)((/5+ + (;L)) (6.27)

When 2¢? = 2¢> = g%, we see that ¢4 satisfy independent equations, which are the
same as Eq. (6.17)), and therefore the solutions are given by ¢+ = 0 and ¢ = +ay,

where ¢y > 0 satisfies

6 A 1
O B . S 2
Ao 85.Ag2 (6.28)

From the discussion in the previous subsection, we know that when 8S;A¢? < 1,
¢+ = 0 is the only solution. On the other hand, when 8S;Ag? > 1, ¢+ = 0 is no
longer stable, and the true minima are at ¢4 = £¢o. Note that the signs are not
correlated, and we have four degenerate minima corresponding to (¢s, ¢.) = (£, 0)
and (¢s, ¢c) = (0, £¢).

When g; > g¢., these minima are no longer degenerate. Intuitively, since g
is larger, the potential ﬁ(ﬁi is lower, and the spin broken phase is preferable, as
expected. See Fig. for an illustration of this potential in the unbroken phase at
SiAg? = SgAg? = 0.1 and SyAg? = 0.1, SyAg? = 0.05, and Fig. for an illustration
of this potential in the broken phase at SgAg? = S;Ag? =5 and SyAg? = 5, SyAg? =

2.5. The critical exponent § = 1 is the same as the Ising Gross-Neveu model.
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FIGURE 6.3: The effective potential of the SO(4) Gross-Neveu model in the unbroken

phase.
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FIGURE 6.4: The effective potential of the SO(4) Gross-Neveu model in the broken

phase.
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6.2 4 — € expansion

In this section, we would like to understand the RG flow and critical properties
of the SO(4) GNY model by calculating the loop expansions near four space-time
dimensions. In four space-time dimensions, the kinetic terms of the scalar fields are
marginal and will be generated dynamically, giving rise to a GNY theory. We will
compute the § functions and the anomalous dimensions of various operators at one-
loop order using standard perturbation theory in 4 — ¢ dimensions. As before, we
will first outline the calculation using the Ising GNY model and later extend it to
the SO(4) GNY model.

In the following, we will perform our calculation using renormalized perturbation
theory. The fields and couplings with subscript 0 are the bare ones, while those

without subscript 0 are the renormalized ones.
6.2.1 The Ising GNY model
We begin by considering the Ising GNY model, whose Lagrangian is given by

L = Py 8,0 + 3 1 P00" Po + mg% + = )\0% + godototo, (6.29)
where we have suppressed the flavor index « for simplicity, and the path integral is

- / Dipo Do Dy e~ 4 #Elosdosdol. (6.30)

In 4 — ¢ dimension, the bare fields and couplings have dimensions [¢] = 255, [¢o] =

2—55, [Ao] = € and [go] = 5, and the renormalized Lagrangian can be written as
1 1 -
L= Zypy" 0t + 5 Z60,00" 6 + 5 Z omod® + 1 ZiMd" + 2, Zygodi
7, 1 1 242 1 ey 44 €/2 n
=: PO + 58,@8’% + g™ o+ ™ A* 4+ mEE g
YT} 1 n 1 2 1 € 4 e/2 "
+ op " Optp + §5¢3u¢3 ¢+ §5m¢ +m OAQ" + M 70,00, (6.31)
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where we define

Z¢:1+§w, Z¢:1+5¢, Z¢mg:m2—|—(5m,
Z2ho =m (A +6)),  Z)*Zyg0 = m(g +6,), (6.32)

and introduce the renormalized couplings m, g and A\. The counter terms J; are formal
series in the renormalized couplings. In the minimal subtraction scheme, they are
determined order by order by canceling the divergent part of the renormalized theory

at one loop higher. The free propagator in the momentum space can be read as

_ . af il5eB
[t ey e = 2 = HEE

1

m. (6-33)

[ @) e -

Mass and wave function renormalization

The relevant one-loop Feynman diagrams that help us compute the mass and wave
function renormalizations are shown in Fig. [6.5] where the dashed lines denote the

boson fields, and the solid lines denote the fermion fields.

(a) Boson loop Mgy, (b) Fermion loop My (c) Self-energy loop My,

FIGURE 6.5: One-loop diagrams that contribute to mass and field renormalizations.

At one loop Fig. does not depend on the external momenta, and therefore

it only contributes to d,, but not d;. We have

ng(—/\)ﬁﬁﬁﬁﬁbﬁb = AMy¢?, (6.34)
where
—mF d*=ck 1 —mF m? S,
M, =: I(4 —e,m?) = — ==, :
(P / 2m)4e k2 + m? 4 14— m’) 4 ¢ (6.35)
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Here the integrals I(d, m?), and the following integrals I5(d, m?) and I (d,p,m?)
are defined and calculated in Appendix [D] This divergence should be canceled by

the counter-term 6,,,

L M - meA Sq.

2m+ 1 = 5 - (6.36)

The two-point fermion loop (vacuum polarization) in Fig. contributes to dy,

1

§m592(¢¢¢)(¢1/7¢) = ¢*Ny My (p*)6°, (6.37)

oy mf [ Ak (k4 p)  ome [ Ak AR+ k- p)
Mots) == [ 5/

> | @ 2k 1) o) 2 (k + p)?
€ 1 QSd
=2m <]1(4_€a0)+p11]3 (4_57 _pa()) =P ? (638)

This divergence should be canceled by the counter-term d,

1 S, S,
~5P°0s — pszQQ?d —0 = 0y = —szgQ?d. (6.39)
The self-energy loop in Fig. [6.5c|is given by
2047 " 2 2\
mg (o) (¢y) = g" My ()P, (6.40)

where

d*=ck i} 1 Sy
2y € _ — €4 [ —_ = 19—
My(p”) =m / r) = k2 (k= p) 1 m? miy, 15 (4 —e,p,m) 1p2€. (6.41)

This divergence should be canceled by the counter term dy, i.e.,

S 23
ibup+ipg’ St =0 = 5, = —%f. (6.42)

Renormalization of interaction vertices

The one-loop Feynman diagrams that renormalize the interaction vertices are shown

in Fig. Since the interactions do not contain derivatives, we can set external
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(a) Boson loop V} (b) Fermion loop V; (c) Triangle diagram Va

FIGURE 6.6: One-loop diagrams that contribute to the renormalization of interaction
vertices.

momenta to zero in all the following calculations. In order to determine 9,, we need
to calculate the divergent part of the boson loop in Fig. and the divergent part

of the fermion loop in Fig. The boson loop integral is given by
1

(=2 (6960) (9960) = N2Vi', (6.43)
where
= ((217r)4k T Teh—ent) =
The fermion loop integral is
() ) 0 (G0 (600) = Nyg'Vo (6.5
where
O I e B I R :
(6.46)
Therefore
—%m% + Sq 1;22 - Sdmeffg4 =0 = = (%2 — 24Nyg )id (6.47)

Similarly, d, is determined by the divergent part of the triangle diagram in
Fig. [6.6d
m*/2(—g)}($ip) (phh) (dnhp) = g*Vag, (6.48)
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where
A"k (if)” 1 A=k 1 Sa
— 1y 3e/2 o 3e/2 _ . 3e/2 B _pSa
VA m / (27T)4—a (k2)2 k2 m / (2ﬂ)4_8 (k:2)2 m ]2(4 570) m ; )
(6.49)

Therefore
Sa

S,
_ma/z(sg + g3m5/2_d — 0 :} 59 = 93—. (650)
g g

B functions and RG flows

We are now ready to compute the [ functions for the two marginal couplings A and

g, defined as
1)) 0g*
B)\ = m%, 592 =m—-—-, (651)
each of which will be a function of g%, A, € and N; in general. We compute them
using the relations between the bare couplings and the renormalized couplings at the

one-loop order we derived above, which are given by

e = () (o (5 -a0na) )

)\2
= A+ (37 — 24Nfg4 + 4Nfg2>\>%, (652)

. 3 S S S
m=egd = 2,22, (g7 + 298,) = (1 + 92—;) (1 + 2Nfg2—€d) <92 + 294—;)
2 454
=" + (2N +3)g"—. (6.53)

The bare couplings can be viewed as functions of m, A and ¢, i.e., Ag(m, ), g*) and
ga(m, A\, g?). Now we use the fact that the bare couplings are scale-invariant, i.e.,

they cannot depend on m,

d 0 0 0
m%)\o = ma—m)\o + ﬁ)\a—)\)\o + ﬁgz 8_92)\0 =0, (6.54)
d 2 a 2 a 2 a 2
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Then inserting Eqs. (6.52)) and (6.53) into these equations one can derive the [
functions. In general, bare couplings Ao, i = 1, ,n satisfy the equation

m o =X+ fi(A, -, ) /e (6.56)

up to one loop. Then we can take the derivative with respect to m on both sides to

obtain the following n linear equations for the 3 functions,

d 18,
_ 1—¢ )
0 =m!*Cohg = X, +fz+§ (5w+ oy )B (6.57)

Since up to one loop terms of order O(s%) will be dropped, we can compute the

inverse of the matrix (6;; + ig{) as simply (d;; — %aA; ), and the /8 functions can be
solved as
1 0f; dfi
Br = — Z (6 - oy SN (N + i) = —ehi = fi+ ZAJ o (6.58)
At one loop, fi;(A1, -+, \,) is usually a homogeneous function of degree 2, in which

case we simply have

By, = —eNi+ fi (6.59)

We can use this general strategy to obtain

B = —eg® + Sa(2N; + 3)g", (6.60)

By =—el+ Sd(?’TA2 — 24N;g* + 4Nng/\>. (6.61)
These £ functions help us understand the RG flow of the marginal couplings, which
is shown in Fig. The zeros of the § functions give us information about the fixed
points of these flows. For example, in Fig. [6.7] the red one is the Gross-Neveu fixed
point, while the green one at A > 0 is the Wilson-Fisher fixed point. The presence of
a stable fixed point suggests the existence of a quantum critical point in the lattice
theory that can be reached by fine-tuning the single relevant parameter of the field

theory, namely the boson mass, to zero.
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FIGURE 6.7: The flow diagram of ¢> and X in the Ising GNY model.

At one loop, ﬁ; is independent of A, and we can solve 3,2 = 0 first. There is a
trivial solution at g* = 0, which is an unstable Gaussian fixed point, and a non-trivial
stable fixed point at

2 6

9 = m- (6.62)

Inserting this non-trivial solution of g2 into 3y, we obtain 8y = ;—z f,\(%)\, Ny), where

31‘2 24Nf 4Nf
Np) =z 28
M@ Ny) = =e 5 =GN e TN, 4 8”

R ANy — N% 24

+ - .
2 AN+ +120 ANjt g 12

(6.63)

Notice that in this form, it is clear that fy(x, Ny) has a very interesting symmetry

at one-loop order, i.e.,

9

fa(=z, W) = falz, Ny). (6.64)

This symmetry implies that there is an interesting duality between small Ny and

large N; at the stable fixed point of ¢g*: if one knows the flow diagram of A at Ny,
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then the flow diagram at & is almost identical, except that the fixed point at A goes

to —A, and the direction of the flow is reversed. For example, in the limit Ny — 0,
the fermions decouple from the bosons, and the Gaussian fixed point A = 0 is an
unstable fixed point; this implies that in the limit Ny — oo, the Gaussian fixed point
A = 0 remains a fixed point, but becomes stable.

Solving £, = 0, we obtain two fixed points, and the stable one is given by

£ ANy —2,/(N; + 33/2)% — 270) Nysoo  12¢
35, 2Ny + 3 S4(2N; +3)’

(6.65)

which indeed agrees with our observation that A\ = 0 is a stable fixed point in the
limit Ny — oo. Notice that this fixed point exists for all values of Ny and is referred
to as the Ising GNY fixed point [64]. Several lattice studies have been done to explore
this fixed point [93] 94] 95| (96, 143, [44].

Anomalous dimensions and critical exponents

At the non-trivial fixed point, the scaling dimensions of the fields ¢ and % can
be different from their canonical dimensions of the free theory, and the corrections
to the canonical dimensions are usually referred to as anomalous dimensions. The

anomalous dimensions of the fields can be computed through the relations

d 1 d S

Mg =mo—InZy = g Z—¢d—g2(1 — 2Nf92?") = 25,N;g%, (6.66)
d 2

my =m——InZ, = Sd%. (6.67)

Similarly, the bare mass mZ can also have a different scaling dimension, which can

be computed through the relation

m2 d mg —m?, 9 mj 9 m?
= — - — 6.68
g ™ amm? m2 2 an O\ m?2 G 0g*> m? (6.68)
Using the relation
Sq  AS
m2 = 77 (m? + 6,,) = m2<1 + 2Ny 5?‘1) (6.69)



we can calculate
A
o = =S4 (2Npg* + 5). (6.70)
Nm is related to the correlation length critical exponent through the relation

A
vl =g +2=2— Sd(QNfg2 + 5). (6.71)

The critical exponents 74, 1y, and v~ can be used to characterize a quantum critical

point. In particular, at the stable Ising GNY fixed point, we insert the critical values

of g% and \ given in Egs. and - and we have

2Nye € 3e

L J . 6.72
2Nf+3’ U v € ’ ( )

e = 22N, +3)’ 2N, +3

where we have taken the large Ny limit for v~

6.2.2 The SO(4) GNY model

We now extend the analysis of the Ising GNY model to the SO(4)-GNY model whose
bare Lagrangian is given by
£ = 1537“3#7?3 + 930(505 : 2]\;[»Os + 900500 : 2]\;[»Oc

+ Z ( ,u¢0a a (b()a + 1ma0¢0a ¢0a + >\a0(¢0a ¢Oa) ) 12)\300((505 : 505)(500 : $Oc)'

a=s,C

(6.73)
Here MOS and ]\7[00 are the adjoint spin and charge mass terms introduced in Eq.
but written in terms of the bare fields. There are seven independent parameters: two
boson mass terms m.g, mso which are relevant, and five marginal couplings including
two GNY couplings g0, gso and three boson quartic self couplings A, Ao and Aep.
In general, the theory has an SO(4) symmetry, but if we set g = gso, Mo = Mo,
and Ay = Ay, we have an additional spin-charge flip symmetry making the theory
invariant under O(4) transformations. Thus if we require the theory to be O(4)
invariant, there is only one relevant parameter and three marginal couplings.
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Similar to the Ising GNY model, we begin with the renormalized Lagrangian in
4 — ¢ dimension given by

E = Zwl/_}a,y,ua“wa + gsOZslﬂszgs : QMS + gcchl/2Zw$c : 2Mc

1 z g 1 2 7 g 1 2 g 7 \2 1 — — — N
+ GZS:C (§Zaa,u¢a . 8M¢a + §Zama0¢a . ¢a + IZQ)\G()(QS& . ¢a) ) + EZSZC)\SCO(qu . ¢S)(¢c . ch)
= 900" + m 9,6, - 2M, + m g . - 2M, (6.74)

1 e 4o

.- = 1 .= - 1 .-
+ Z (§a,u¢a : au¢a + §mz¢a : (ba + _mg/\a<¢a : ¢a)2) + Emg

4]

a=s,c

+ 5¢@Ea7u8;t¢a + me/zags 55 : QMS + m€/2590$¢3 : QMC

1 - - 1 - - 1 - - 1 - s s o
+ Z (55a8M¢a : au¢a + §5ma¢a : Cba + amgéa(gba : ¢a)2> + _msdsc(gbs . ¢s)(¢c : ¢c)a

a=s,c

where
Zy =140y, Zo=1+08a, Zamiy=m>+p,, (6.75)

900222 Zy = m*(ga 4 04.)y Z2Na0 = M5 (Na + 04a); ZsZeAsco = M= (Nse + se),;

and ¢, i =1, Ns, ¢, i =1, N, and @« =1,--- , N;. Although in the SO(4)
GNY model we have Ny = N, = 3 and N; = 2, in the following we will not fix them
in order to keep track of their contributions.

Although the SO(4) GNY Lagrangian looks more complicated than the Ising
GNY Lagrangian, the relevant Feynman diagrams are almost identical to those shown
in Figs.[6.5 and [6.6] with some minor differences. For example, in Fig.[6.5a, when the
external lines are ¢, the loop can be either ¢, or ¢.. Furthermore, due to the charge
interactions containing 11 and 1) terms, the fermion number is not conserved,
and the possibility of flipping the directions of the fermion propagators needs to be

considered separately.
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Mass and wave function renormalization

In this case, the boson loops that contribute to the renormalization of (¢)? are of

three types

T 2 o

émg(—ks)%d)z(ﬁ% = g)\qusbd)é o (6.76)

1 € i 11 o 1 i 11
" (FA) 00010, = S AN M4, (6.77)

1 € 7 14 o 1 i 41
Em (_)\SC)¢S¢S¢Z¢i = §>\SCNCM¢I7¢5¢8' (678)

Therefore

zc Sd

Omse = =6 ((Nae + 2)As + Neshse) — (6.79)

In order to determine d,, it is sufficient to look at the component ¢?, which couples

to the fermions in the same way as the Ising GNY model, and therefore

8sc = —2Nyg? Csd. (6.80)

dy is enhanced by the number of bosons,

Nyg2 + N.g2 Sq
by =~ e (6.81)

Renormalization of interaction vertices

In order to determine d,, 6. and ., we need to calculate the divergent part of the

boson loop (Fig. [6.6a)) and the divergent part of the fermion loop (Fig. . The

Feynman rules for the spin vertex, charge vertex and spin-charge vertex are

— 3 ((58 Opy 03,05 + 05 ]k) (6.82)
A C C C C C SC

- 3(5 O+ 0505 + 0505;.), (6.83)
A S C

— ?(5 5k’l + 5 5 + 521 ]k:) + s < c. (684)
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The spin loop which renormalizes the spin vertex contains the following contri-
bution from two spin vertices,

X

9

2
25 (N, 4+ 4)57,65,, + 267 6% + 268,57, ), (6.85)

9 ijomn m=jn n-im

(0750% + 0305 + 03031.) (051 0mn + 0707 + 01y )

Summing over all the three channels we have

)\2

which gives a factor of % compared with the Ising GNY model.
The charge loop which renormalizes the spin vertex contains the following con-

tribution from two spin-charge vertices,

Azc S C S C S C C S C S C S Agc S S
9 (675051 + 03105 + 05051 (Ok10mn + OOt + O Oi) = ?Ncéij(smn (6.87)

Summing over all the three channels we have

2
Poe (5365 467 5 460 50 Y, (6.88)

9 ijomn mmYin n-jm

Therefore the boson loop contribution to d; is

N,
M2

Ng,+ 8
5517:( -

5 5 (6.89)

Using the spin-charge flip symmetry, we have

C(N.+8., Ny ,\3Ss
5cb_( A+ 9>\SC>2€. (6.90)

The spin loop which renormalizes the spin-charge vertex contains the product of

a spin vertex and a charge vertex,

)\SASC

s S8 s £S EBY s SC s ( s gc )\SASC s gC

ijvmn:

(6.91)
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Summing over all the three channels we have

>\s /\sc
9

(N, + 2)(65:05, + 65 65 + 6505 +5 4 c). (6.92)

ijomn imjn n-im

and similarly for the charge loop. Finally, the spin-charge loop for the spin-charge

vertex is

)\2
g (005 + 0305, + 07k + 5 <3 €) (050 + Okt + OfnOim + 5 € )

2

= %(255 85, + 205,05, + s <> c). (6.93)

mjn mn-jm

Summing over all the three channels, we have

A2
_ 2. 4 . . . S C). .
(65,65, + 65,05, + 05,05, + 5 <> C) (6.94)

9 ijomn im-jin in”jm

Therefore the boson loop contribution to 4. is

Ng + 2 N.+2 4
5scb = ( i )\s)\sc + —+)\c)\ + _)\2

SR

5o (6.95)

The fermion loops for the spin and charge vertices are the same as the Gross-

Neveu-Yukawa model, but the fermion loop for the spin-charge vertex is enhanced

by a factor of ﬁ'w = 3. Putting the boson loops and fermion loops together, we
have
2 2\ Od 154
65 — ((Ns + 8)As + NC)\SC)& — 24Nfgs?7 (696)
2 2\ Od 154
60 - ((Nc + 8)/\C + Ns)\sc)g - 24Nfgc?7 (697)
2\ Od 2 29d
Ose = ((Ns + 2)/\5)\30 + (NC + 2))‘0)\sc —+ 4)‘sc)g — 72Nfgsgc?. (698)

Similarly, we can determine d,, and J, using the divergent parts of the triangle
diagrams (Fig. [6.6¢)). For example, when we calculate the renormalization of the

3p1ep! vertex, all the six bosons can be the internal boson lines. It can be easily
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seen that when the internal boson is ¢?, the result is the same as the 1-flavor case,

and when the internal boson is ¢}, the result has a minus sign,

{ , ——
m*2(=g)*(¢30'0%) (g0 (6300 = —glVie'. (6.99)
On the other hand, the contributions from the charge bosons ¢’ are all the same as

®3 by the SU(2). symmetry. Therefore we have

S

05, = (=92 + 39.92) ", (6.100)
3 2 S

Og. = (—9c +39c95)— (6.101)

B functions and RG flows

In order to determine the 5 functions, we focus on the five bare couplings, which are
related to the renormalized couplings by

Saq /1
m Ao = A+ 2 <6<(NS +8)A+ NAZ) — 24N, gt + 4Nfg§As), (6.102)

Sa /1
M N0 = Ase + — (6 (N +2)AAse + (N +2)AAse + 427,
9
— 72N;yg3g; + 4Ny (g2 + g?)Asc), (6.103)
— 2 2 S 4 2 2
mgs = g5 + ?((Ns + 2Ny — 2)g, + (N +6)g397) (6.104)

The couplings A\, and g2 can be obtained from My and g2 by replacing s with

c. Since the one-loop corrections are all quadratic in the couplings A and g2, using

Egs. (6.56) and (6.59)) we obtain
Bgz = =g + Sa((2Ny + 1)g; + 99397), (6.105)

1
Br, = —Xs + sd<6(1u§ +3XL) — 24Npgt + ANggEN,), (6.106)

1
Brse = —€Ase + 54 (6 (5(/\5 + Ae)Ase + 4)\§c) - 72Nfg§gg + 2Nf(g§ + 93))‘56>7
(6.107)
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where we have inserted Ny = N. = 3. 2 and f3), can be obtained by replacing s
with ¢ in the above equations.

At one loop, we see that 3,2 and 342 do not depend on A, A. and A, and therefore
we can plot the RG flow diagram in the (g2, g2) plane, which is shown in Fig. [6.8

10

SC

5 10 15 20 9s
FIGURE 6.8: The flow diagram of g> and g2 in the SO(4) GNY model.

The zeros of the beta function give fixed points of the RG flow. We see that in the

(g%, g%) plane, there are four fixed points: (0,0) is the unstable Gaussian fixed point,

(2Sd( ]f,f 5 35, ]f,f +5)) is a spin-charge symmetric fixed point which is stable only on

the symmetry axis. The other two fixed points, (0 and ( 0) are

g ) [
' Sa(@N+1) S4(2N;+1)°
also stable fixed points, but arise only when the spin-charge symmetry is broken.
As far as we know, the previous work has ignored the spin-charge symmetric fixed

point at

2 2 €

N . — 6.108

This fixed point is not stable in the g - g2 plane, but it can be stable if protected

by the spin-charge flip symmetry of the lattice model. Furthermore, there also has
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to be a stable fixed point in the bosonic couplings at these critical values of g2
and g?. Substituting Eq. (6.108)) into 8y, and S,,., and setting A\, = ., we obtain

5)\5 = g_ifs(%/\sa %)\scv Nf) and /B)\.sc - g_zfsc(%)‘s’ %)\SC’ Nf)’ where

1 6N 2N
W2,y Ny) = —z + = (112 + 3?) — ! !
fs(z,y, Ny) x+6( v* +3y%) (Nf+5)2+Nf+5x
25
1 - N, 6
= —(112% 4+ 3y*) + - — : (6.109)
6 Np+ 2 +100 Np+ 2 +10
1 18N 2N
o N;) = —y+ =(10 4y?) — ! !
fool@,y, Ny) = =y + £ (10zy +4y°) ™ 15 N, 15
25
1 Ny ==, 18
= —(10zy + 4y*) + Ly — : 6.110
6( wy+4y) Nf+fv—5f+10y Ny + 3 +10 (6.110)

Notice that similar to the Ising GNY model, the functions f, and f,. also have an

interesting symmetry

fs(—l', _97%) :fs(xvya Nf)v (6111)
!
25

fsc(_xa _y7ﬁ) - fsc(x7y7Nf)' (6112)
f

Similarly, this symmetry implies that there is an interesting duality between small
Ny and large Ny: if we know the flow diagram at some value of N, then the flow
diagram at JQV—i is almost identical, except that the fixed points at (Ag, Asc) move to
(—As; —Asc), and the direction of the flow is reversed. In the limit Ny — 0, the
fermions decouple with the boson, and the Gaussian fixed point (Ag, Ase) = (0,0) is
an unstable fixed point. This implies that in the limit N; — oo, the Gaussian fixed
point (0,0) is still a fixed point, but becomes stable. The RG flows of Ay = A. and
Asc at Ny = 0 and Ny = oo are shown in Fig. , from which we can clearly see
the duality between small N; and large Ny: the positions of the fixed points are

reversed, and the direction of the flow is also reversed.
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(a) Ny =0

£

FIGURE 6.9: RG flow of A, = A\. and A, at the critical value of ¢*> = ¢ = BT

The red dots indicate fixed points.

The number of solutions for the equations 55, = 3y,, = 0 depend on Ny. When
0 < Ny < 0.016, there is a stable fixed point in (A, As); when 0.016 < Ny < 1.48,
there are two fixed points, but none of them are stable; when 1.48 < Ny < 16.83,
there are no fixed points; however, when N; 2 16.83, there is again a stable fixed

point, with the following asymptotic form as Ny — oo,

({5 18¢
Ag~ ——— ' Age ™~y ————, 6.113
Sa(N¢+5) Sa(Ny+5) ( )

which agrees with our earlier observation. A careful analysis of how the solutions of
B, = Br,. = 0 depend on Ny can also be found in [97].

Once we impose the spin-charge flip symmetry, the stable fixed point can be
accessed by tuning only one parameter, the mass of the bosons my = m,.. It also
implies that the lattice theory could have a second-order phase transition by tuning
the only lattice interaction. Indeed, Monte Carlo results seem to show a continuous
transition between the massless phase at small couplings and a massive phase at large
couplings. However, it is important to point out that the stable fixed point does not

exist for Ny = 2, which is the parameter in the lattice model. This is somewhat
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disappointing, and we will discuss its implications in the next chapter.
Anomalous dimensions and critical exponents

The anomalous dimensions of the fields can be computed through the relations

d
e =m—1InZ,.=2S;N;g> 6.114
Nse =mo—InZ, alNt g5 . ( )
d 35,
—m—1InZ, = =%(g> 2. 11
Ny =mg—InZ, =— (95 +97) (6.115)
Furthermore, using
S 1
m2, = Z; (m?+0,,) = mﬁ(l + —d(ZNfg§ + 6(5)\5 + 3)\50))), (6.116)
19

we can calculate the anomalous dimension of the mass,

m? d m? 1
e = —a-m——2 = —S;(2N;g2 + = (55 + 3)se)). 6.117

Therefore we have the correlation length critical exponent

1
Ve =M, +2=2—S54(2Nsg2 . + 6(5A87c +3Xs0)). (6.118)

At the spin-charge symmetric fixed point, we have

_ A € —;5 vlia2—e— 0
TN;+50 TN+ 5)” N;+5

g, (6.119)

where we have taken the large N; limit for v=!. These critical exponents characterize

the spin-charge symmetric quantum critical point.
6.3 Large Ny expansion

When calculating the effective potentials in Section [6.1, we completely ignored the
fluctuations of the fermion bilinears, which can be justified in the Ny — oo limit,
because these fluctuations are suppressed as 1/1/N; (if different components are

uncorrelated). When Ny is large but finite, it is possible to restore the fluctuations
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of the fermion bilinears order by order in 1/Ny. The strategy is similar to calculating
the effective potential: integrating out the fermion degrees of freedom, and this
will lead to an effective propagator for the boson. Since all the fermion loops are
enhanced by a factor of Ny, the leading contribution in the large Ny limit comes from
summing over the geometric series of the “bubble chain” diagrams [98], see Fig. [6.10}
This effective propagator is of order 1/Ny, and therefore loop calculation leads to a
systematical expansion in 1/Ny.

In this section, d denotes the space-time dimension, and we will work with a
general 2 < d < 4 dimension, where the kinetic terms of the boson fields and boson
self-interactions are irrelevant. We will also evaluate the results at d = 2 4+ ¢ and
d = 4 — ¢ to compare with the results from epsilon expansions. In the following,
we will first perform the calculation using the Ising Gross-Neveu model, and later

extend it to the SO(4) Gross-Neveu model.
6.3.1 The Ising Gross-Neveu model

From Eq. (6.6)), we know that the Lagrangian of the Ising Gross-Neveu model in d

space-time dimension can be written as
_ 1 _
L= {py"0, + §md*2¢2 + g, (6.120)
where ¢ denotes Ny-flavor 4-component fermions. The path integral is then

7 = / DyDyD¢ e J b0l (6.121)

In order to perform a semi-classical expansion, we require the Lagrangian to be
proportional to Ny. Since there are N fermions, 19 is already of order N;. On the
other hand, ¢ needs to scale as VN, g ~ 1 / V/N, and therefore it is convenient to
rescale g¢ — ¢. In the large Ny limit, one integrates over the fermions and gets an

effective action for ¢. This would generate a non-local interaction for ¢, which can
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be captured by the effective non-local propagator [9§]

1 a
500780, (6.122)

In the v? — oo limit, the original Lagrangian is recovered, and we will calculate the
critical exponents in this limit. Setting the Lagrangian to be critical, i.e., m = 0, and
redefining ¢ — v¢, we have the following alternative description of the renormalized

Lagrangian at large Ny,
£ = 2y Bt + 50(=0)" 6 + Zyunsiy
= Gy O + S0+ 0 O O+ OB, (6.123)

where we define

Z¢ = 1 + (S¢, leUO = —|— 5v~ (6124)

¢ is not renormalized because we only allow local counter terms. The free propagator

in the momentum space can be read as

. , aB  ipsaB
[t ey e = 2 =
/ dla (6(2)6(0)) e — W (6.125)

The effective boson propagator

In the large Ny expansion, all the fermion loops are enhanced by a factor of N, and
therefore the leading order correction comes from summing over the geometric series
of the bubble chain corrections to the ¢-propagator, as shown in Fig. [6.10]

A single bubble is given by

—

GOYPEHE) - = - G N My(pP) -, (6.126)

— 1
(¢

(
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FIGURE 6.10: The bubble chain diagrams,

A%k tr(ifi(k +p)) A%k K +k-p
-/ -4/ )

2y K2k p) 2 R pp O Rl = 0)

r(4)°r( -4
(2) ( )pd—Q _ —Sdepd_Q. (6.127)

L(3)°ra-4)

Here we have defined My := —2—3%

. In particular, My, =4/, My_. = 2/e.
Summing over the geometric series, we get the effective propagator for the boson

field in the large Ny limit,

1 i(UQNfM¢(p2))": 1 1 ‘ (6.128)

(p2)4/21 (p2)4/2-1 (p?)¥?2~11 + v2NSqMy

n=0

Fermion wave function renormalization

The self-energy loop in Fig. contributes to the fermion wave function renormal-

ization,

—

v () (¢P) = v* My(p*)i, (6.129)

where
dk % 1
201 12 (k — p)?2

T(d)2) A%k i+ up)uF?
r(d/2-1) / / 4 k2 4+ u(l — u)p2] /2

. Sd d—2 ) d/2 1(k32)d/2 1 A
= dk l
p / / (k2 4+ u(1 — u)p?]d/? 1;/§Sd Ogu

(1 + UQNdeMd)Mw(p2> = / (

d—2  log%
d 1+U2NdeMd.
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This divergence should be canceled by the counter term dyp, i.e.,

A
5w:_m%%d;21+:$2gm@_ (6.131)
Interaction renormalization
4, is determined by the divergent part of the triangle diagram in Fig. [6.6d,
(0GP0 GE0)B00) = v*Vadiv, (6132)

where

% (i) 1 % 1 A A
(1 4+ v*NypSaMy)Va = _/ L B / ) &/ dk*— = Sylog —,
W

(2m)d (Kk2)2 fi—2 Cmiki — 2 [, k2
Va=S log% 6.133
e = .
A dl +U2NdeMd7 ( )
This divergence should be canceled by the counter term —d,, i.e.
log &
8y = 038, K . 6.134
Y dl +U2NdeMd ( )

The B function

Now we are ready to compute the [ function of v. We know the bare coupling is
related to the renormalized coupling as

d—2  logy
d 1+ UQNdeMd

2 A
vy = ZJ2(U2 + 208,) = v* + 20%5, = v® + av'log n (6.135)

Then we have
JA(d—1) Sy

4
2 = = ) 6.136
By2 = av v 7 1+ 02N, S0, ( )
The critical exponents
The anomalous dimension 7, is
0 d—2 Sq
= In 7, ~ In 7, = v? : 6.137
T dlog ey 0log Ho =y 14+ v2NSqMy ( )
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We are interested in the critical exponent in the limit v*> — oo, which gives

d—2
= . 6.138
= N, (6.138)
Similarly, in the limit v? — oo we have
4d—-1) ,
v - ) 6139
= 2D, (6.139)
from which we can read
2d — 1)
o2l 6.140
"= N, (6.140)

At leading order, the number of ¢ field is proportional to the number of vertices v,

and we have

2(d—1)
dp=1—v,=1— ——-=. 6.141
Therefore
4(d - 1)
=4—-d—2v,=4—d— ——=. 6.142

The values of 7, and 1, at d = 2+ ¢ and d = 4 — € are shown in Table which

agree with the results from 2 4 € and 4 — € expansions in the large N limit.

Table 6.1: Comparison of 7, and 7, for the Ising Gross-Neveu model in 2 +¢, 4 — ¢
and large Ny expansions.

Critical exponents 2+¢ large Ny at 24+¢| 4—¢  large Nyat 4 —c¢
(4N;—1)e? 2 € €
"l 2(4N;—2)? 8N 2(3+2N;) Ny
3 3
Mg 2—¢— 55,73 2-e—an; |~ 32N, €~ 5,

6.3.2 The SO(4) Gross-Neveu model

Similarly, the renormalized critical Lagrangian for the SO(4) Gross-Neveu model in

the large Ny limit is given by

L=(1+0)0y" 00+ Y éﬁa(—az)d/z‘lq?a + (Vg + 0, ) o - M,. (6.143)

a=s,c
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Using the spin-charge flip transformation, we can translate results from spin into
charge. Therefore we will focus on the spin sector in the following. It can be checked
that the effective propagators of the spin bosons remain the same as the Ising Gross-
Neveu model, except that v? is replaced with v?2,

1 1
(p2)d/2—1 1+ ’UENdeMd '

(6.144)

The fermion wave function renormalization is enhanced by the boson numbers

Ns:Nc:37

(6.145)

A<U§Ns(d—2)/d vch(d—Z)/d).

8y = —Sylog —
¥ 2108 % 1+ U?NdeMd 1+ UngSde

Similar to determining Eqs. (6.100]) and (6.101]) in the 4 — ¢ calculation, d,, is of the

form

0y, = Sylog %( Y Bvav; )

6.146
1+ UngSde + 1+ UngSde ( )

The [ functions

The bare coupling v, is related to the renormalized couplings through

A
U?O = ZJ2(U§ + 2/085113) = U? + Sd 10g —(
U

20}(No(d ~2)/d 1) | 2202(Ne(d —2)/d + 3)>
1+ ’UngSde 1+ U?NdeMd

A A
=02 + a,v’ log — + b2vilog —. (6.147)
7 7

Then using relations similar to Eqgs. (6.56) and (6.59)), we have the following [ func-

tion,

vi(d—3)/d 3viv?(d — 1)/d>

4 2,2
2 = agUs + busv :4S<
by s U Te T L 02N, Sy My 1+ v2NpSgMy

(6.148)

where we have inserted the values N, = N, = 3.
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The critical exponents

The anomalous dimension 7, is

po— ) Sﬁ<%ﬁggﬁ—2ﬂd_+zQNJd——m/d>

= InZ, ~ InZz, =
dlog,u t Sy 1 12y 1—|—’U§NdeMd l—l—U(z:NdeMd
(6.149)

We are interested in the critical exponent in the limit v — oo, which gives

(Ns + Ne)(d—2) _ 6(d—2)

= = . 6.150
i dN M, AN My (6.150)
Similarly, in the limit vZ,v? — oo, we have
8(2d —3) ,
PRl 6.151
B = =N, O (6.151)

Therefore it can be read that

4(2d — 3)

. 152
AN M, (6.152)

’Y'US -

At leading order, the number of ¢, field is proportional to the number of vertices v,

and therefore

8(2d — 3)

—d—d—2y, =4—d— .

(6.153)

The values of 7, and 7, at d = 4 — ¢ are shown in Table [6.2, which agree with

the results from 4 — € expansion in the large Ny limit.

Table 6.2: Comparison of 7, and 7, for the SO(4) Gross-Neveu model in 4 — ¢ and
large Ny expansions.

Critical exponents | 4 —¢ |large Nyat 4 —c¢
3e 3¢
Thy 2(N;+5) 2N
5 5
77¢ €— Nfi-f) €— N_i
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7

Numerical Results

In this chapter, we present some numerical results based on our lattice model de-
scribed by the sum of Eq. at Ny = 2 and Eq. , with two couplings x and U,
and confirm the analysis of the quantum critical behaviors in the previous chapters.

In the next section, we introduce the basic ideas behind the meron-cluster algo-
rithm, which is an efficient Monte Carlo algorithm to simulate a class of Hamiltonian
lattice fermions in principle in any dimension. Then we study the quantum criti-
cal behavior using this algorithm in one spatial dimension, by tuning the Hubbard
coupling while fixing k — co. Besides, we also precisely locate the quantum critical
point using the exact diagonalization method based on the spectrum of the SU(2),
WZW model.

In two spatial dimensions, we study the phase transition at U = 0 by tuning
k. When k is not infinite, the meron-cluster algorithm no longer works, but this
parameter range can be studied using the fermion bag algorithm [43], 44]. This study

was performed by Emilie Huffman.
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7.1 The meron-cluster algorithm

The meron-cluster algorithm, first proposed by Chandrasekharan and Wiese [45], is
a very efficient fermion Monte Carlo algorithm for simulating a class of fermionic
models [46), [47]. In this section, instead of discussing the general algorithm, we will
explain how it applies to our model with Ny = 2 and SO(4) symmetry. As we
discussed in Section the Hamiltonian

2
H, =— Z exp (/fmj Z C?TC? + C?TC?) , (re
(3,9 a=1

has an O(4) symmetry, while the Hubbard Hamiltonian

Hy=UY" ((n;. —1/2)(n% —1/2) + 1/4). (re 2.23)

is odd under the spin-charge flip transformation, only symmetric under SO(4) trans-
formations. We wish to study the model with the Hamiltonian H = H,, + Hy.
In order to take advantage of the meron-cluster algorithm, we need to take the

k — oo limit. In this case, the full Hamiltonian can be written as

H=-J) ] H;,; + Hv. (7.1)

(i.j) a=1,2
where H{ , is given by Eq. 1’
e at o ot a o 1 a 1 1
Hi 5 = 77ij(cz'TCj + CjTCi) - 2(”1‘ - 5) <n]’ — 5) + 3 (7.2)

In order to compute quantities in our lattice model with the meron-cluster al-
gorithm, we use the continuous-time formulation of the partition function [99, 100,

101], (102, 103, [104]

Z =Tre 1 = Z/dtk.---dtl > T Te (Hy, () Hy(h),  (7.3)
k [b]
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H2 eftHU

where Hy(t) = etfv H} i

() is the bond operator associated with the bond
b = (i,7) inserted at time ¢. The integrals over Euclidean time are always assumed
to be time ordered such that 8 > t, > .... > t3 > t; > 0. The choice of H leads to
a simple formula for the trace in the fermionic Hilbert space. In particular, it does

not contain any determinants of large matrices, as in the traditional auxiliary field

methods. Instead, it can be shown that

Tr (Hy (1) -~ Hy, (1)) = HW(&), (7.4)

where {{1, (s, ...} is a set of loops and W (¥;) is the weight associated with the loop
¢; [46]. The loops can be identified by introducing two parallel bonds for each H,
at an appropriate imaginary time, as is illustrated in Fig. [7.I] From the figure, we
can see that these bonds naturally divide the lattice into disconnected loop clusters.
When the trace over the fermionic Hilbert space is performed, each cluster gets a
weight W (¢) = 2(1 4+ e~U*¢/2) where s, is the linear temporal size of the loop. The
sign associated with each loop is given by (—1)™*"/2*1 where n, is the number
of temporal winding, and n, is the number of bonds. The fermionic nature of the
problem is hidden in this sign. When U = 0, clusters with a negative sign (merons)
are naturally forbidden. On the other hand, when U is very large, all clusters are
allowed, and from the cluster representation, our model becomes identical to the
Heisenberg spin-half chain [105] [106], which also agrees with our continuum analysis.

The quantum Monte Carlo method using the Metropolis-Hastings algorithm
works as follows. We start with an empty configuration, and then for each up-
date, we propose to add or subtract a bond with equal probability, accept it or not
depending on the detailed balance. When adding a bond, we choose a random even
site, a random time, and a random direction. If there is already a bond at the same
location, we reject this proposal and go to the next update. If not, we further go

through an accept/reject process based on the change in the Boltzmann weight of
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Ficure 7.1: Illustration of a configuration of bonds that naturally divides space-
time into loops.

the configuration. When subtracting a bond, we choose a random spatial site and
choose one of the bonds connected to that site with equal probability and propose
subtracting it. We again go through an accept/reject process based on the change
in the Boltzmann weight of the configuration.

The Boltzmann weight of a configuration depends on the bond weight and the
number of loops in the configuration. Furthermore, when a bond is added or sub-
tracted, the number of loops always changes by 1. We can use this information to
compute the probability of adding or subtracting a bond. For example, let us take
the case of adding a bond that decreases the loop number by 1. The weights before
(W1) and after (W) adding the bond are

Wy =4Wo(1+e 29)(1£e 2%2), Wy =eJWp2(1 £ e 2(1+2)), (7.5)

and the transition probabilities are

(7.6)

where W, is the weight of the loops which do not change, s; is the loop size of the
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loop 7, V' is the volume of the lattice, ¢ is the unit time interval, and N, is the number

of bonds on this site after adding the bond. The ratio

WobPy 1 2(1+ e_%(51+82)) 2dpJ (7.7)
Wik  4(1 j:e_%sl)(l ie_%‘*?) Ny .
is used to decide whether to accept an update or not. The quantity 29% 5 can be

thought of as bond density on a particular site and therefore tends to be a constant

when we scale the lattice. Its value is usually of order 1; therefore % is of order 1

when U is not very small.
7.2 Results in one spatial dimension

In this section, we will focus on the one dimensional version of the Hamiltonian in

Eq. (7.1),

H=-7> T H:, + Hv. (re [7.1)

(i.g) a=1,2
We wish to study the physics of this model as a function of U. We will find a
quantum phase transition in this model from a massive phase at small U to a critical
phase at large U. We will first discuss the connection of this model to the continuum
model we analyzed in Chapter [f] and then show the numerical results supporting

our continuum analysis.
7.2.1 Connection to the continuum model

From the discussion in Section 4.1.4{ and Section [5.5 we know that there are two in-
dependent interactions respecting the SO(4) symmetry, i.e., A Ji, Ji_ and A.J2, J?_.
Based on the g functions for Ay and A, derived in Eq. , the RG flow diagram
is shown in Fig. [7.2l The couplings are marginally relevant when A,. > 0, and

marginally irrelevant when A, . < 0.
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FIGURE 7.2: Phase diagram in the A;- A\, plane.

We would like to know how the lattice Hamiltonian H in Eq. fits into
this continuum model. Due to the SO(4) symmetry, the lattice Hamiltonian H
must describe the physics as some point in the (Ag, A.) plane if we ignore irrelevant
couplings. At U = 0, the Hamiltonian is spin-charge flip symmetric; therefore it
must be on the A\, = A, line. Furthermore, from our numerical study, we know
the Hamiltonian at U = 0 is massive with Z, translation symmetry spontaneously
broken, which is equivalent to a dimer condensate (D;) # 0, known as a valence-
bond solid (VBS) phase. From Eq. we know that this corresponds to the
condensation of the chiral mass in the fermion language. This degenerate ground
state in the massive phase is expected from the Lieb-Schultz-Mattis theorem [32]
33, [34], which recently received a deeper understanding in terms of mixed 't Hooft
anomaly [30] 25] of the U(1) charge symmetry and the Z3 discrete chiral symmetry
and SPT phases [30], 38, [39]. This physics is also well known in terms of the Gross-
Neveu model: the discrete chiral symmetry is spontaneously broken and the theory
is asymptotically free. Therefore the lattice Hamiltonian at U = 0 must correspond

to a theory with A\, = A; > 0.
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How do these parameters change when U # 07 We know that Hy is odd under
the spin-charge flip transformation, and therefore when U # 0, the lattice model
moves away from the A\, = A, line. Furthermore, when U — oo, we know the charge
sector is completely gapped, and the system is equivalent to a Heisenberg spin-half
chain, which was also seen from the meron-cluster algorithm directly in the previous
section. Therefore when U > 0 our model must move away from the spin-charge flip
symmetric axis towards the second quadrant where A\; < 0 and A, > 0. This implies
the existence of a quantum phase transition at some critical value U = U,. When
U > U,, the low-energy physics of the Hamiltonian is described by the SU(2); WZW
model perturbed by a marginally irrelevant coupling Ay < 0; when U = U,, we have
As = 0, and the low-energy physics is described exactly by the SU(2); WZW model
without any marginal perturbation. This implies that at U = U,, we should be able
to see the SU(2)s4 x SU(2),- chiral symmetry, under which S . and maD; forms a
4-component vector, as discussed in Section [5.5] This fact is confirmed precisely by

the Monte Carlo simulation discussed below and will be used to precisely locate the

critical point.
7.2.2 Monte Carlo results

We use the meron-cluster algorithm to compute the equal time spin and dimer cor-

relation functions defined through the expressions

Gilr) = % Tr (e ¥ 0,(r)0,(0)), (7.8)

where O;(r),i = 8%, D are the spin and dimer operators defined in Egs.
and . The symbol r is used for the spatial lattice site j at some fixed time
slice. We compute G;(r) at various lattice sizes and U, and in Fig. E we illustrate
some of our results at U = 0, 0.5, 1 and 1.5 on a lattice of size L = 128. For clarity

we focus on the region of 8 < r < 40. Both correlation functions decrease expo-
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nentially (with possible multiplicative power corrections) in r. The figure clearly
shows a non-zero expectation value for the dimer order parameter (D;(t)) at U = 0,
while there is no such expectation value for the spin operator, which means that for
small values of U, the lattice model breaks the Z3 discrete chiral symmetry. Another
important point to note is that the spin and dimer correlation functions also behave
very differently, at least for small values of U but slowly begin to become similar by

U ~ 1.5, signaling the enhanced SU(2),; x SU(2),_ chiral symmetry.
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FIGURE 7.3: Spin correlation functions Gs(7(r)) and dimer correlation functions
Gp(7(r)) as functions of r at L = 128 for U = 0, 0.5, 1.0 and 1.5.

Assuming we are in the vicinity of the critical point around U 2 1.5, we want
to fit our MC data to Eqgs. and . However, since we work on a finite
lattice with periodic boundary conditions, the correlation functions receive finite-size
corrections. Fortunately, in the conformal phase, the finite size corrections can be
obtained using the map from an infinite plane to a cylinder, which results in replacing

r by

r— T =—sin— (7.9)

where L is the spatial size [88, [91]. Furthermore, the spin correlation functions

clearly show oscillating behavior due to the higher-order operators in the observable

120



with ferromagnetic behavior. Taking these corrections into account, we make the

following ansatz for the lattice correlation functions at U 2 U, on a finite lattice,

LA Do, NE o Ay(=1)
GS(T) = 7 <1 — % In T) — T, (710)
. B o, \8
Gp(F) = ?<1 - ln7"> g (7.11)
where we have introduced a single fit parameter Ay = Ao/ (1 + ;—frln 7o), an RG

invariant quantity that numerically equals the coupling measured at 7y = 1 in the
lattice unit. The critical point is obtained when Ay = 0. There are also precise
asymptotic results for the spin and dimer correlation functions in the Heisenberg
spin chain [91], 107, [108]:

(n7)?>  (=1)
(2m)3/2F  (2m)272’

Gs(F — 00) = (7.12)

Gl - o0) = )2 | LN (nfy

(2m)3/2F 6rirt

(7.13)

and indeed they are consistent with Egs. (7.10) and (7.11]) in the 7 — oo limit.

We have performed a combined fit for both Gs(7) and Gp(7) to the form Egs.
and at each fixed value of U > 1.5, tabulated in Table [7.1, Each of these is
a four-parameter fit involving Ay, A, B, 5\0 and using all data from L = 64, 80, 96,
128 and 12 < r < 40. As can be seen from these results, our data fit well to the
form Egs. and for all couplings in the range 1.5 < U < 2.0. Since at the
critical point we expect Do & 0, applying conservative systematic errors related to
the fitting procedures, we estimate U, = 1.75(5). At U = 1.745, we indeed find that
Ay/(n*B) ~ 1.004 is very close to 1, which confirms the symmetry between S7 .
and maD; at the critical point.

In order to visualize that the correlation functions indeed obey the power law

near the critical point, we plot them in log scale in Fig. [7.4. We only plot at even r
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Table 7.1: Parameters in Egs. (7.10) and (7.11)) obtained by fitting the MC data, for
U2z U.=1.75(5).

U Ay A, B o X2
1.5 0.0816(2) 0.0241(4) 0.00747(4) 0.333(7) 0.55
1.6 0.0836(2) 0.0247(4) 0.00766(4) 0.230(7)  0.69
1.7 0.0838(1) 0.0248(4) 0.00818(3) 0.066(6) 1.10
1.745 | 0.0839(1) 0.0249(4) 0.00847(3) —0.019(6) 1.23
1.8 0.0852(1) 0.0253(3) 0.00846(3) —0.048(6) 1.10
1.9 0.0854(2) 0.0253(3) 0.00890(5) —0.195(9) 1.32
2.0 0.0871(2) 0.0257(3) 0.00894(5) —0.258(10) 0.78
2.5 0.0911(2) 0.0262(3) 0.00982(6) —0.670(11) 1.85
4.0 0.0997(2) 0.0268(3) 0.01129(6) —1.345(13) 1.90
00 0.1110(2) 0.0269(2) 0.01322(5) —1.975(10) 9.68
to avoid distracting oscillation.
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FIGURE 7.4: Spin correlation functions Gs(7) and dimer correlation functions Gp(7)
as functions of 7 at even r and L = 128 for U = 1.6, 1.7, 1.745, 1.8 and 1.9.

7.2.3 FEzact diagonalization results

In order to confirm that our estimate for the critical point is reasonable, we also
use an alternative idea outlined in [109], based on the low-energy physics of the
WZW model (Eq. (5.57)) that emerges at the critical point. Since the WZW model

is invariant under the SU(2),, x SU(2)s_ symmetry, the energy eigenstates can be
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labeled with spin quantum numbers (s, sg). It is known that the ground state has

23)

(s, sr) = (0,0) with momentum 0, while the first excited state has (sz, sg) = (
with momentum 7 [89], corresponding to the identity operator and primary WZW
operators g under the state-operator correspondence. However, since the lattice
model is only invariant under the diagonal SU(2), subgroup, the energy eigenstates
on the lattice will only be labeled by the total spin sy. The four-fold degeneracy
requires fine-tuning to the critical point where the singlet (s¢¢ = 0) and the triplet
(stot = 1) state together form an (sz,sgr) = (3, 3) state. This observation suggests
an alternative method to determine the critical point: we can compute the lowest
five energy eigenvalues as a function of U using an exact diagonalization method and
locate the coupling where the first excited state becomes four-fold degenerate for a
fixed L. When L is finite, the critical coupling where the energies of these two total
spin sectors cross can be referred to as a pseudo-critical point U.(L). This point
turns into the true critical point as L — oc.

In order to implement the above idea, we computed the first five energy eigenval-
ues by diagonalizing the Hamiltonian on small lattices using the coordinate descent
method [110, [111]. The behavior of the lowest five states as a function of U at L = 14
and L = 16 is plotted in Fig. [7.5] Note that only three eigenvalues are shown be-
cause the s = 1 states are threefold degenerate. We observe that in the broken phase
(small U) the ground state and the first excited state turn out to be spin singlets
with siot = 0. The next three degenerate excited states form a triplet with s, = 1.
In contrast, when U > U,, the triplet states have lower energy than the singlet state.
We thus can determine U.(L) as the coupling where the triplet and singlet states
cross, which are tabulated in Table and plotted in Fig. as a function of 1/L2.
Based on Fig. [7.6| we can estimate U.(L) ~ 1.746(1), consistent with our estimate in
the previous section and with the estimate using finite-size scaling in the conference

proceeding [112].
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F1GURE 7.5: The plot of the lowest five energy eigenvalues obtained using an exact
diagonalization method as a function of U at L = 14 and L = 16.

Table 7.2: Pseudo-critical couplings U.(L) as a function of L obtained using the
exact diagonalization method.

I U0 | L U
4 2.539823 88 6 1.266 992 59
8 1.860 358 76 10 1.688 343 26

12 1.75726171 14 1.73529271

16 1.745085 77 18 1.743 08979

20 1.745 02594 22 1.745 311

24 1.745 996 26 1.746 393

This exact diagonalization result also confirms the degeneracy of the spectrum
we proved in Theorem [I] Indeed, in Fig. we observe that at U = 0 the ground
state is degenerate at L = 16 which is a multiple of 4, but not at L = 14. Moreover,
the difference between L = 4n and L = 4n + 2 permeates even away from U = 0,
and is observed in the dramatically different values of U.(L) when L is small: the
degeneracy of the ground state and first excited state at L = 4n pushes the first
excited state downwards, resulting in a larger U.(L) than L = 4n + 2. However,
the difference decreases rapidly as L increases, and both approach the true critical
point as expected. Another peculiarity comes from the momentum quantum number

k for the first five energy eigenstates. We note that k flips between 7 and 0 when
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FIGURE 7.6: The plot of the behavior of the pseudo-critical coupling U.(L) as a
function of 1/L?.

comparing L = 4n with 4n + 2. This is as expected because similar phenomena are
also observed in the Heisenberg spin chain, with £ = 0 for L = 4n and k = 7 for
L =4n+ 2 [113]. The extra 7 phase in our model compared to the Heisenberg spin
chain is due to the fermionic nature of our model, since there is an intrinsic extra
minus sign when the system is translated by one site when L = 2n.

Using the exact diagonalization method, we have also confirmed that our model
at U = 0 is indeed in a massive phase with spontaneously broken Zj symmetry.
In such a phase, the energy gap to the first excited state is expected to become
exponentially small as L becomes large, but the gap to the second excited state
remains non-zero as L — co. We plot these gaps in Fig. [7.7, where the solid lines
are exponential fits. From the figure, it can be clearly seen that the gaps of the first
excited states close at L — oo for both L = 4n and 4n + 2. At finite L, the former is
identically zero, due to our theorem, while the latter closes exponentially. The gaps

of the second excited states stay open for both L = 4n and 4n + 2.

125



3.54 Energy gaps
o AEp; forL=4n
3.01 . o AEy forL=4n+2
o AEgy, forL=4n
2.59 o AEg, forl=4n+2
2.0
w
<
1.51 - *
.
1.0 ©e
0.5
0.01 « . . . . E .
4 8 12 16 20 24

L
FIGURE 7.7: Scaling of energy gaps of the first and second excited states with the
ground state at U = 0.

7.3 Results in two spatial dimensions

In this section, we will briefly discuss the results in two spatial dimensions at U = 0
obtained by Emilie Huffman using the fermion bag algorithm. Our goal is to put
the results obtained within the perspective of the continuum analysis we developed

in this dissertation. The Hamiltonian is given by
2
H,=— Z exp (/fnij Z e + c?%?) : (re
(i.5) a=1

which is O(4) symmetric and is defined on a two-dimensional square lattice. Recall
that we have also defined g = 2tanh § as the coupling for convenience. As we
will see in this section, this model has a quantum phase transition from a massless
fermion phase to a massive fermion phase as we tune g from small to large values.
In order to explore the quantum critical point, we need to study this model at finite
Kk, or equivalently, g < 2, which is beyond the scope of the meron-cluster algorithm.
Therefore, we need to resort to the fermion bag algorithm.

The fermion bag algorithm applies to all Hamiltonians that are made up of only
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local terms whose fermionic degrees of freedom are exponentiated bilinears, which
have particular simple cluster expansion using the Blankenbecler-Scalapino-Sugar
(BSS) formula [114]. Although this is a limited family of systems, the algorithm
is very efficient within its scope of applicability [43]. Using this algorithm, we can

compute two correlation functions of order parameters,

Cs = 2(8;S;), Cy = (UU;), (7.14)

where C's measures the Néel order through the AFM spin order parameter S;, and Cyy
measures the breaking of the spin-charge flip symmetry through the order parameter
U; = (n} — 3)(n — 3), which is a four-fermion operator that is odd under Z§°, but

invariant under SU(2)s; x SU(2).. In Eq. (7.14)), ¢ = (0,0) and j = (L/2,0) and we

assume L/2 is even.
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FIGURE 7.8: Finite-size scaling data for C's and Cy using the fermion bag method
for a coupling constant g = 1.6.

We first discuss the nature of the massive phase in our lattice model. The result
at g = 1.6, being inside the massive phase, is shown in Fig. from which we
can see that as L becomes large, the data for both Cy; and Cs seem to saturate to

a finite value. Since Cp is non-zero in the thermodynamic limit, we can conclude
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FiGURE 7.9: The main plot shows Cg as a function of L on a log-log scale up to
L = 48 for various values of g. The inset shows that the data collapsing.

that the spin-charge flip symmetry Z5° is spontaneously broken. Furthermore, Cg
being non-zero in the thermodynamic limit implies that the massive phase should
have Néel order. These two observations imply that the system has to spontaneously
choose between the charge and the spin sector, breaking Z3°, and forming either a
Néel state or a superconductor-CDW state which breaks the corresponding SU(2)
symmetry. This is precisely what we found through the effective potential analysis
in Chapter

Then we would like to study the nature of the phase transition between the
massless phase at small g, usually referred to as the Dirac semi-metal phase, and the
massive phase discussed above. In the main panel of Fig.[7.9, we plot C's as a function
of L at various values of U in the logarithmic scale. At large values of L, there is
clear evidence that C's converges to a non-zero constant at the coupling g = 1.6
(massive phase), while it scales to zero at the coupling g = 1.48 (Dirac semi-metal
phase). At the critical coupling, we expect power law Cg oc L= For example,

at g = 1.52 the data fit well to Cs = 0.67/L*%, which suggests that g = 1.52 could
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be a quantum critical point. A multi-parameter scaling fit of all our data except for
L =12, to the form Cg = L= f((g — g.) L'¥) with f(z) = fo+ fix + fox? + faz?
vields n = 1.38(6), v = 0.78(7), g. = 1.514(8), fo = 0.96(15), fi = 0.073(26),
f2 = 0.0012(43), f3 = 0.0026(32) with a x2 = 1.25. In the inset of Fig. [7.9 we
show the scaling collapse of the data using the multi-parameter fit, providing strong
evidence for a continuous quantum critical point.

Now we would like to compare these results with our 4—e calculation in Chapter|6]
Recall that the 4 — ¢ analysis finds a stable critical point only for Ny < 0.016 and
Ny > 16.83, which suggests that there should not be any critical point at Ny = 2.
The lack of a stable fixed point is often used as evidence that the lattice model may
only have a weakly first-order transition, which is much harder to rule out. On the
other hand, it is also possible that the 4 — e expansion up to one loop is not providing
us with the complete story. Perhaps the window in Ny where a stable fixed point is
present (i.e., Ny < 0.016 and Ny > 16.83) changes at higher loop orders. It is also
possible that this window depends on ¢ in a non-trivial way that is beyond the reach
of the 4 — ¢ calculation.

The large value of n obtained numerically as compared with our 4 — ¢ calculation
could be yet another evidence that the € expansion might be unreliable. Note that
when € = 0, we always get n = 0, so the expansion is usually considered more reliable
when 7 is small. Most other Monte Carlo results in three dimensions also find 7 large
at the Gross-Neveu fixed point, but usually n < 1. However, examples of 7 > 1 have

been observed at certain critical points previously [115] 116] [117].
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8

Summary and Conclusions

In this dissertation, we developed a method to construct continuum QFTs that de-
scribe the long-distance physics near second-order quantum phase transitions in in-
teracting lattice fermion models. Our work was inspired by the lattice fermion model
Eq. , which is amenable to efficient Monte Carlo simulation without a sign prob-
lem. This model has an O(2Ny) internal symmetry, and we show how this symmetry
constrains the continuum quantum field theories that describe the quantum critical
behavior. We paid particular attention to the case of Ny = 2 with a weaker SO(4)
symmetry, allowing a broken spin-charge flip symmetry, which is also the case where
we performed numerical studies to compare the theoretical predictions.

In order to find the connection between the lattice models and the continuum
QFTs near the quantum critical point, we employed a perturbative analysis near
the free-fermion fixed point. We studied the continuum limit of the free fermion
models, and analyzed all the possible four-fermion interactions allowed by the O(2Ny)
symmetry near the free-fermion fixed point. We found that in one spatial dimension,

there is only one independent interaction allowed by the symmetry, while in two
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spatial dimensions, there are four independent interactions. In the case of Ny = 2
with an SO(4) symmetry, there is one more independent interaction in both cases,
due to the breaking of the spin-charge flip symmetry.

We then analyzed these continuum QFTs using well-known techniques in the
literature. In one spatial dimension, powerful tools such as CFT and bosonization
allow us to perform a perturbative analysis near any CFT, helping us understand
the phase structure and the correlation functions of the observables on the lattice.
We found that by tuning the Hubbard coupling U, our model undergoes a second-
order phase transition from a massive VBS phase to a massless critical phase, which
can be described by the SU(2); WZW model with a marginal perturbation. The
correlation functions from the Monte Carlo simulation agree pretty well with our
theoretical prediction, allowing us to locate the quantum critical point. We also use
exact diagonalization to locate the quantum critical point more precisely based on
our knowledge of the spectrum of the SU(2); WZW model.

On the other hand, in two spatial dimensions, one has to resort to various per-
turbative techniques near the free-fermion fixed point. In particular, we calculate
the effective potential of our theory, which is valid in the large Ny limit. Our ef-
fective potential indicates spontaneous breaking of the spin-charge flip symmetry in
the strong coupling regime, resulting in an AFM order or a superconducting-CDW
order but not both. This result is also verified by our numerical simulation using
the fermion bag algorithm performed by Emilie Huffman. We also computed the g
function and critical exponents using 4 — ¢ expansion and large Ny expansion. To
the best of our knowledge, the spin-charge symmetric fixed point we discovered in
our RG flow diagram has not been explored in the literature before.

There are several directions for future research. For example, we can perform a
similar continuum analysis of the model on the Honeycomb lattice, which would be

of interest in the condensed matter literature. We can also easily analyze all indepen-
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dent four-fermion interactions with the more common U(Ny) symmetry. In fact, the
special case of Ny = 2 in one spatial dimension was analyzed in [I18]. Furthermore,
we have included a 2 + ¢ calculation of the Ising-GN model in Appendix [E| which
can be extended to the O(2Nf)-GN model. However, this requires a more careful
analysis due to the difficulties arising from the generation of Thirring interactions.
Further exciting questions include investigating whether there are any deconfined
quantum critical points or emergent symmetries in our model on a different lattice,
because these phenomena have been observed in similar models [68]. We can also
explore if the massive phase of our lattice model can be described by a non-linear
sigma model with a Hopf term [119] [120]. The calculation would be similar to calcu-
lating the mean-field effective potential, but we can no longer treat the background

scalar fields as constants in space-time.
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Appendix A

Grassmann Coherent State Path Integral

In Chapter [3, we derived the continuum Hamiltonians of the lattice models in
Egs. and , and stated that the continuum Lagrangians in Egs.
and can be obtained using Grassmann coherent state fermion path integral.
In this appendix, we briefly outline the steps from a Hamiltonian of fermions to a
Lagrangian using such a technique.

The continuum Hamiltonian of our lattice model H (W', ¥) is normally ordered,
where the fermion fields ¥ and W' are the usual fermion annihilation and creation
operators satisfying the canonical anti-commutation relations. The imaginary-time

partition function is then defined as

7 = Tre P d%H@LY) (A1)

The basic idea of turning it into a path integral can be traced back to Feynman’s

thesis [121], and it works as follows: we split e #/d*H(¥7.¥)

into small time steps,
and insert a resolution of identity in terms of an (over-)complete set of coherent
states [¢) and (¢f], which are eigenstates of the ¥(z) and W'(z) operators. Then

the operators ¥(x) and W'(z) can be replaced by their eigenvalues 1 (z) and ¥ (z),
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which are completely independent Grassmann variables. The coherent states can be

written down concretely as

) = e SOV o) (gl = (0] e T, (A-2)

and it can be checked that they are indeed eigenstates of ¥(z) and ¥ (z),
U(@)[Y) = v(@)), (WP (x) = @1 (). (A-3)
The resolution of identity is given by [122],

1= / Dyt D ) o= S I @RE T (A4)

and here, we emphasize that in the path integral, ¢/ is a function of space only.

Now we first split Eq. (A.1]) into small steps,

e—0

N
7 = Tr(e—s /41NN _ ji Ty (1 e / A H (U1, qf)) , (A.5)

where e N = (3. Inserting the resolution of identity Eq. (A.4) into each time step of

the partition function, we have

N-1
: - Aoyl (@) (z
Z:g&/ 11 ijDwi<¢J+1]<1—e/dd:vH(\IfT,\I/)>|wi>e J e @n@) - (AL6)

where (| = (—{| due to the trace and anti-commutativity of the Grassmann

variables. Each matrix element can be evaluated as
Wal(1 -2 [ aen@h ) 6) = @) - = [ Al 6@l

_ o Al @0i(a) e [ AT ), (A7)

where we have used the fact that H(WUT, ¥) is normally ordered in the first step, and

(wj i) = of %3] @%@ i the second. Inserting these matrix elements back into
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the partition function, we have

p, t t t

— 1 T D of A%t (@)vi(e) g—e [d%aH (Y] i) o= [ dlay] (2)vi(x)

Z = lim / 1_{ Dy Dy e 1 e %) g

N-1 ) )

_ 1 ] e [ A28 (2)pi(z) —e [ daH (], i)

lim / 11 Dyl D e e +1
_ / Dt D o= I8 S ata(wioou-+mw! v)
= /DwTDw e J LWy (A.8)

where 1 is a function of space-time in the path integral, and £(2T, 1) is the Euclidean

Lagrangian density
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Appendix B

Various Definitions of Majorana Fermions

The term “Majorana fermion” is somewhat overloaded and sometimes can be con-

fusing. For example, many times one can see the statement that there are no 4d Eu-

clidean Majorana fermions [123] [124], but it is also possible to define them through

analytical continuation from Minkowski space to Euclidean space [125]. Since this

work uses them extensively, we will explain what people usually mean by Majorana

fermions and how we use them carefully.

The simplest idea of Majorana fermion comes from that we can split a complex

number into two real parts. This idea is most evident when we work with fermion

creation/annihilation operators on the lattice, where the Majorana fermion operators

v are defined through

L, Lo
=500 =10, d =50l +ind).

The usual fermion commutation relations
{cle)y =6y, {ene} ={c,cfy =0
imply that the Majorana operators satisfy the Clifford algebra
{%'aﬁf} = 20;j0ap1.
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In the continuum, however, the term “Majorana fermion” is less clear and can be
used in different senses in different contexts. Mathematically, a Majorana fermion
is related to real spin representations of the indefinite orthogonal group O(p,q),
or equivalently, real representations of the even subalgebra of the Clifford algebra
Cl(p, q). Physically, on the other hand, Majorana fermion is defined as an eigenstate
of the charge conjugation operator, which flips the charge under a U(1) gauge field.
Unfortunately, these two notions do not coincide, in particular, in the Euclidean
signature. Therefore, we will briefly introduce both definitions and discuss what we

mean by Majorana fermions in the following.
B.1 Mathematical Majorana fermions

In the mathematical sense, we are concerned about real spin representations of the
even subalgebra of the Clifford algebra Cl(p,q). A complex, or Dirac representation
of a Clifford algebra Cl(p, q) consists of a complex 2l%2) dimensional vector space
(the space of spinors), where d = p + ¢, and matrices 7" acting on this space and

satisfying

{’yu7 ’yu} = 277W/]17 m, V= 17 e 7d7 (B4>

where 7 is a quadratic form of signature (p, q), with p plus signs and ¢ minus signs.
We also assume 7# to be unitary, i.e., v*Ty* = 1, which implies v*T = np**~4* (no
summation).

Then the so(p, q) algebra is generated by

i
ot =—21v"7"], (B.5)

or equivalently, the SO(p, q) group is generated by matrices of the form 377", There-
fore we see that if we can choose the gamma matrices to be all real or all imaginary,

then the SO(p, q) group is real (or more precisely, this representation of SO(p, q) is
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real). Under a real SO(p, q) group, the complex spinors form a reducible represen-
tation, because the real and imaginary spinors will never mix. The real irreducible
representation of the SO(p, q) group is known as Majorana spinors.

It is well known that the reality of * only depends on p — ¢ (mod8), and ~*
can be all real when p — ¢ = 0,1,2 (mod 8), see, for example, [126] or Appendix B
in [127]. If we redefine all v* by multiplying an i, the metric n** would flip sign,
and therefore v* can be all imaginary when p — ¢ =6,7,0 (mod8). For example, for

Cl(2,1), the gamma matrices can be chosen to be all real in the following way,

V=o', =0 ~P=io’ (B.6)

and for CI(1,2), they can be chosen to be all imaginary,

fyl =02, 72 =io!, 73 = io3. (B.7)

This means we can have Majorana fermions when p — ¢ =0,1,2,6,7 (mod 8). How-
ever, not both cases are compatible with a mass term. If we are given the following

massive Dirac equation

(70 —m)h =0, (B.8)

In order to have real solutions, v* has to be all real. In other words, when p — ¢ =
6,7 (mod 8), Majorana fermions must be massless and are sometimes called pseudo-

Majorana fermions.
B.2 Physical Majorana fermion

In the physical sense, Majorana fermions are defined using charge conjugation [128|
129] [130]. In the following calculation, only transposes of the gamma matrices are

used; therefore the signature of the metric is not importantﬂ For concreteness, we

! Remember that we can change the signature of a Clifford algebra by putting appropriate i in
the gamma matrices, which does not affect the symmetry or anti-symmetry property and does not
change the commutation relations.
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will work in the Euclidean signature. A free fermion with mass m moving in a U(1)

background gauge field A, has the following Lagrangian,

L =90, + iy A, —m)p. (B.9)
The field 9 satisfies the Dirac equation
(70, +iv" A, —m)yY =0, (B.10)

and the field ¢ satisfies the equation

("0, + iV A, —m) = 0. (B.11)

Taking the transpose, we have

(=19, +iy"T A, — m)y" = 0. (B.12)

If there exists an operator C satisfying

CyHCt = My, (B.13)

where A = +1, then the equation of motion for ¢) can be written as
(=A7tey e, + MHCHHCTT A, — m)yYT =0,

(v*0,, — ir" A, + dm)C T = 0. (B.14)

Therefore when A = —1, C~'4T satisfies the same Dirac equation as ¢ but with
an opposite charge, and can be identified as the anti-particle of ¢). In the case of
m = 0and A = 1, C"'9" can also be identified as the anti-particle of 1. Then a
physical Majorana fermion is defined as a fermion which is its own anti-particle, i.e.,

it satisfies

C Wl = wp = o =rypTCT. (B.15)

Inserting this back to the Lagrangian and remembering that Majorana fermions must

carry zero charges under a U(1) gauge field, we have
Laiaj = VT CT (40, — m). (B.16)

139



Due to the anti-commuting property of the Grassmann variables, we must have

(CT ("0, — m))T = —CT ("0, —m), (B.17)

which implies

CyrCct = -7 T = —C. (B.18)

In the case of m = 0, we have another solution

eyt =47, cT =c. (B.19)

As we promised, these conditions only involve transpose and are not sensitive to mul-
tiplying by an i, or equivalently, the signature of n*. In other words, this condition
only depends on the value of d = p+¢. C can be chosen to be the product of all sym-
metric v or the product of all anti-symmetric v* depending on d(mod 8). It turns out
that C satisfying Eq. only exists for d = 2,3,4 (mod 8), in which case we have
Majorana fermions, while C satisfying Eq. only exists for d = 0,1,2 (mod 8),
in which case we have massless pseudo-Majorana fermions. [131].

Comparing with the mathematical definition of Majorana fermions, we see that

they coincide in the Minkowski signature, but not in the Euclidean signature.
B.3 Majorana fermions with internal symmetry

In our case, we wish to split a Dirac fermion into two physical Majorana fermions
and discuss the internal symmetry of the theory in the Euclidean signature.
Let us start with the following Ny flavor massless Euclidean Dirac Lagrangian,

Ny

L= 0"y (B.20)
a=1
A Dirac fermion can be split into two Majorana fermions as [129]

wa — 520471 o 152047 1/_}04 — K£2a71TcT + ilif2aTCT, (le)
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and the charge conjugation of ¥ is nothing but C~'¢7 = k(¢2*~1 +i£2%). Then we
have the Lagrangian

2N

L= &7y, (B.22)
a=1

where C satisfies the Majorana condition Eq. or the pseudo-Majorana condi-
tion Eq. because we did not require a Majorana mass term. From the discus-
sion in the last section, we know that this is possible when d = 0,1,2,3,4 (mod8).
An important remark is that Eq. should be merely viewed as a change of
basis, rather than taking the real and imaginary part of ¢)*. There are three reasons

for this statement:

1. In the Euclidean signature, ¥ and ¢ should be viewed as independent fields,

and therefore €271 and €2 are still complex fields.

2. If £22=1 and £2¢ are viewed as the real and imaginary part of ¥, they will mix
under a complex space-time rotation, and it is impossible to define a single

Majorana fermion, and

3. If €271 and €2 are viewed as the real and imaginary part of ¢, then under a
space-time rotation (£2971 —ig2®) s U(£2*7! —i€?), which implies (2717 +
ig20T)CT 1 (€207 4 ¢2T)CTUT | and the Lagrangian is not invariant unless

U is real.

The second and third points need a little more explanation. First, it is important
to understand how £2¢~! and £2* transform under ¥ — i) from these two points
of view. If €271 and 2@ are viewed as the real and imaginary part of ¢®, then

(€2071 —ig2) 1 i(€27 1 — i€%?) implies

2a—1 2a—1 2a—1
(€§2a ) = (_01 é) (55201 ) = i02 (€§2a ) : <B23)
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Therefore a complex space-time rotation will mix different flavors of Majorana fermions,
and it is impossible to write down a space-time invariant single Majorana Lagrangian,
contradicting the result in the previous section. Furthermore, Eq. in turn im-
plies (€277 4 ig2eT) sy —j(g271T 4 i¢2eT) Therefore under a space-time rotation
(€207 —jg20) b U(E2071 —ig2), (20717 4 ig20T) transforms as (€207 +i£29T)

(£20-1T 4 j¢e2oT\ T More concretely, let U = 277", then
(§2a71T + i£2aT)UTcT _ (£2a71T + ngaT) e*%’Y“’YV CT
— (§2a—1T 4 i§2aT)CT eg(VHVU)T
— (5204—1T + ngaT)CTUT. (B24)
This means the Lagrangian is only invariant when U is always real, and from the
earlier discussion, we know this is not possible in 3d and 4d Euclidean space.

On the other hand, if €271 and £** are viewed as complex fields, then (271 —

1629 1 i(£227 — i€29) simply implies

2a—1 Fe2a—1
<€§2a ) = (1§§2a ) ) (B25)

which means a complex space-time rotation will not mix different flavors of Majorana

fermions, and it is possible to write down a space-time invariant single Majorana
Lagrangian. Furthermore, under a complex space-time rotation U = e37*7"
(5204—1T + i§2aT)UTCT —_ (5204—1T + i€2aT) e_g,yuT,YuT CT

— (fZaflT + ig2aT)cT ef%'y“’y”

— <§2a—1T + i€2aT>CTU_17 <B26)

and the Lagrangian is invariant for any space-time rotation U.
Notice that if we were in Minkowski signature, then £2*~! and £2* should be

viewed as the real and imaginary part of ¢»*. However, this does not have the above
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complications because the physical Majorana condition coincides with the mathe-
matical Majorana condition, which means whenever we can write down a Majorana
Lagrangian using the charge conjugation operator, we have a real representation of
the Lorentz group.

Now we are ready to discuss the internal symmetryﬂ of the Lagrangian Eq. .
From the above discussion, we know that the space-time rotations do not mix Majo-
rana flavors in both Euclidean and Minkowski signatures, and the symmetry of the

Lagrangian is simply O(2Ny).
B.4 Majorana-Weyl fermions (Physical)

It is well known that Dirac fermion can also be split into Weyl fermions in even di-
mensions. When the Majorana condition is compatible (or in some sense, commutes)
with the Weyl condition, we can have Majorana-Weyl fermions. Since Majorana-
Weyl fermions are relevant to our two space-time dimension field theories, we will
briefly discuss them here.

Weyl fermions exist because in even dimension d, we can always define a gener-
alized “7°” as

A = (=) W22l (B.27)

(v*"1)? = 1 makes (1 +~*™) projectors, and [y*™, 0] means the projectors are
preserved by space-time rotations. Therefore the projectors project a Dirac fermion
into two irreducible representations of the O(d) group, i.e., the Weyl fermions. A
Majorana-Weyl fermion exists when the projectors project out half of the fields in

the Lagrangian

2N

L= Z §“TCT7“6M§Q. (re
a=1

2 In order to make our point clear, we will not consider the symmetry enhancement due to the
existence of Weyl fermions in certain dimensions.
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In other words, we need

CT byl — T T (B.28)

Since {41, 4#} = 0, this condition can be reduced to

C,_derlel — _,.Yd+1T’ (B29)

which is only possible when d = 2,6 (mod 8) [130], [131]. Notice that this result does
not depend on the signature of the metric as well. Together with the Majorana
condition, we know a Majorana-Weyl fermion is only possible for d = 2 (mod8). In

our 2d field theory, we chose

C=o0'9"=0" (B.30)

which satisfies this condition.
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Appendix C

Conventions of Lie Algebras

This appendix summarizes some conventions of the semi-simple compact Lie group G
and its algebra g. We will use the “physicist” convention where all elements of g can
be represented by linear combinations of Hermitian matrices T (r labels irreps). Let
Hermitian matrices 7% a = 1,--- ,dim(g) be a basis of the defining representation

of g satisfying

fe(T°T") = %5@. (1)

Then the structure constant fo is defined as

[T, T = if*eTe, (C.2)

which is real because if®°T* should be anti-Hermitian, and totally anti-symmetric

because

fobe = —2itr ([T, T°|T°). (C.3)

The adjoint representation T¢,: is defined as

adj

(T4 )b = —if. (C.4)
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They form a representation because of the Jacobi identity

(7, (7%, 7)) = [7°, [T, T°]] = ([T, T"], T"]. (C.5)

A Killing form on g is a symmetric bilinear form defined as

g = (T Ty, (C.6)

adj- adj

and it is positive definite for simple compact Lie groups. In particular,

N§b for SU(N),
g* = { A2gab for SO(N), (C.7)
(N 4+1)6% for Sp(N).

In these cases, we can define g% =: gd?. g, is defined to be the inverse of ¢?, i.e.,
Japg®© = d¢. For convenience, let us also generalize this definition to an arbitrary
irrep 7,

g = t(TOT)), (C3)

and ¢,.5 and g, can be defined similarly.

The quadratic Casimir operator Cy(r) for an irrep r is usually defined as

Cyo(r) := g T TP =: ¢y(r)1,, (C.9)

where we have used the fact that Cy(r) is always proportional to identity. Taking

trace of both sides, we have

1 1 dim(g) _
= —— g tr(TT) = ———g9™ = g, C.10
e2(r) dim(r)g o (T'T7) dim(r)g b9 dim(r)g I ( )
Therefore, for defining representations, we have ¢, = Qd(;?rf?:) g, leading to
N for SU(N),
¢ =1 sin—g for SO(N), (C.11)
42(%1“}) for Sp(N),
and for adjoint representations, we simply have cy(adj) = Zﬁi—% =1.
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In the above conventional Killing form, the squared length of the highest root is

1

77, where h" is the dual Coxeter number and can be calculated as

N for SU(N),
hY =¢ N—2 for SO(N),N >4, (C.12)
N +1 for Sp(N).

In the field of physics and affine Lie algebra, it is usually convenient to normalize
the Killing form as ¢ = 5v¢®, such that the squared length of the maximal root

is 2 [83], i.e.,

2070 for SU(N),
g’ = 15% for SO(N),N >4, (C.13)
$0% for Sp(N).

Now the quadratic Casimir operator is defined as

Cy(r) := gb, TP =: cy(r)1,. (C.14)

For the defining representation, we have

N=Lo for SUN),
&y=4N-—1 for SO(N),N >4, (C.15)

2L for Sp(N),

while for the adjoint representation, we have

ON for SU(N),
cy(adj) = ¢ 2(N —2) for SO(N),N > 4, (C.16)
2(N —1) for Sp(N).
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Appendix D

Divergent Loop Integrals

In this appendix, we calculate some divergent integrals used in Chapter [6f We will
first review some general formulae, and then calculate these integrals. We will also

discuss a formula used extensively in dimensional regularization.
D.1 Some general formulae

We will first simplify the loop integrals, which are usually of the form

/ %(ﬁ)(#) i) + ko fo(K) + - (D.1)

where we use k to denote both a d-dimensional vector and the length of this vector.
The first integrand is rotationally invariant, and thus the d dimensional integral can

be simplified to a one-dimensional integral,

dk _ Ig&d//;)kdfldk _ Sa [T Jo
/ G ) = / LNCE N / ak? ()92 (k). (D2)

(2m)d 2
where S; = m is the loop integral factor. In particular, Sy = % and
Sy = 87%2. The second integrand is odd in %, which vanishes upon integration.
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Similarly, integration over the third integrand also vanishes unless ;1 = v, which

implies it is proportional to d,,. Then taking trace over the indices, we arrive at

[ Ggikbina) = 2 [ S5 p0) 03

which reduces the integrand to the first type.
When the integrand contains a product of different propagators, one often uses

the Feynman parametrization to simplify it

L L L L Y R U
0 0

A Ay T(aa) - Tow) (D s Ag) Zhr e

(D.4)

The most commonly used form is

1 ! 1
B :/0 AT T —wBP (D-5)

using which we can write

1 ! 1
K20k +p)? /0 du[(l —u)k? +u(k + p)?J?

1 1 ! 1
- [ e - L T Y

where k' = k + up.

Then almost all integrals can be reduced to the following form,

> l‘mil o F(m)r(n _ m) amn
L= ’ (b7

which we will prove and discuss at the end of this appendix. Notice that this integral
only converges when 0 < m < n. However, in dimensional regularization, one often
analytically continue m and n to the full complex planes through the gamma function,
and the continuation contains poles at m —n =0, —1,—2,---. Recall that poles in
the dimensional regularization correspond to logarithmic divergences in the cutoff
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regularization, which contribute to the renormalization. On the other hand, the
remaining infinite pieces in the original integral correspond to power divergences in
the cutoff regularization, which does not affect RG flow. We will justify these claims

at the end of this appendix.
D.2 Integrals used in the main text

Using the above formulae, we are ready to calculate the integrals I1(d, m?), Io(d, m?)

and 1§ (d,p,m?) used in the main text. The first integral is

dik 1 Sa p¥2 5 T(HT(A - 9)
Ldm?) =] ———=="2/[4d — 2 2/, d—2
i(d,m’) /(2ﬂ)dk2+m2 2/ Yerm2 2 @)

B —%ms ford—2=¢—0,
B —5im?=¢ ford—d=¢e— 0.

The second one is

ek 1 Sy 221 5 T2 -9
PAR = — = Emt!
fald,m’) = / @m)i (2 +m?? 2 / T L R VO

= S4

SQm 2 ford—2=¢—0,
Zm= ford—d=¢—0.

The third one is
15(d, p,m?) = / d% K+ / / d?k kH* 4+ upt
B (2m) k2 (k — p)? + m? k2 + u(l — u)p? + um?]?

1
= p“/ du uly(d, u(1 — u)p* + um?). (D.10)
0

We will consider two cases:
S, T(Hr((2 — 2y ft _
(d.,0) = = S [ ufutr - )7 (D.11)
0

00 SaT(5)°T(1 = §)
2 I(d—1)




and

rEre—-49) f 2
I4(d,0,m?) = p"md_‘l%w/ du ™ = p“md_‘l&f‘(gl)l“@ - 2l)
0

2 I'(2) d "2 2
(D.12)
In particular, for 4 — d = ¢ — 0, these two cases coincide, and we have
S,
I§(4—e,p,m?) = p“mEQ—d. (D.13)
€

D.3 Proof and discussion of Eq. (D.7)

We first give a simple proof of Eq. when 0 < m < n using integration by part.
Then we show that the analytical continuation of Eq. to n < m is equivalent
to removing the power divergences in the cutoff, and the poles of the analytical
continuation correspond to logarithmic divergences in the cutoff. For convenience,

we rescale © — az and define F'(m,n)

0 xmfl o] xmfl
/ de— = am_"/ de—— =1 a™ "F(m,n). (D.14)
o (zta) o (z+1)r

First, consider the case 0 < m < n, where the integral is convergent. Integrating

by part, we have

1 <
F - S WS
(m,n) m—n/o (x+1)" v

oo 1 o0 n
. / a;m—"d( v ) (D.15)
o m-nJj r+1

The first term vanishes when 0 < m < n. For the second term, we do a change of

1 ™

m—n(x+1)"

variable ¢t = x‘%,
1 1 t m—n 1 tmfl
_ / <_) dt" = — i / dt
m—nJ, \1—t m-—nJ, (1—-tym™"
- B(m,n—m+1) when0<m<n+1
m—n
L(m)T'(n —m)
= D.16
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L(m)T'(n)

Tl 1S the (mathematical) beta function. Therefore, we have
n)

where B(m,n) =

F(m,n) =B(m,n —m) = ") When 0 < m < n. (D.17)

Now let us consider the case 0 < n < m, but m —n is not an integer. In this case,
the integral is divergent, and therefore we need to introduce a cutoff A. In order to

emphasize the cutoff dependence, we define

Fx(m,n) ::/0 dx@:::i—_l)n. (D.18)

We would like to show that up to power divergences in A, Eq. (D.17)) still holds.
From Egs. (D.15)) and (D.16)), we already know that

1 A™ n A1 gmed
F = — —dt. D.1
a(m,m) m—n(A+1)" m—n/o (1 —t)ym—n (D-19)

Performing an integration by part again to the second term, we have

no [am gl 1 fa gmed
——/ ———dt = / d(1—¢)"
m-—nJ, (1—t)m™n m—-nJ, (1—t)m!

1 tm_l A 1 AL t m—1
res / +1 (1- t)nd<—>
m—n (1l —t)mn-llg m-—nJ, 1—t

1 Am—1 -1 A m—2
- _m / T de,  (D.20)
m—n(A+1)" m-nJ, (x+1)"

where we have changed the variable ¢ back to x in the last step. Notice that the

m—1
m—n

second term in the above equation is nothing but —

Fx(m — 1,n). Therefore we

have the following recursion relation

1 Am+Am_1+m—1
m—n (A+1)" n—m

Fy(m,n) = Fyx(m—1,n). (D.21)

Let s be the smallest integer such that m — s < n. Then applying Eq. (D.21])
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recursively, we have

< I'(m) T(n—m) 1 AT At

P ) = ) =y T —mt dm—i—n A+ 17

1=

I'(m) T'(n—m)
Cim—s)T'(n—m+s)

Fy(m —s,n). (D.22)

Now Fj(m — s,n) is convergent when A — oco. Therefore using Eq. (D.17)), we have

L(m)L'(n —m)

F(m,n) = )

+ power divergences in A. (D.23)

We see that up to power divergences in A, F/(m,n) equals its analytical continuation
from the region where it converges.

Finally, let us consider the case where n > 0 and m —n = s is a non-negative
integer. From previous discussion, we know that F)(m,n) is proportional to F(m —

s,n) = Fp(n,n) up to power divergences in A. It can be calculated that

n

A xz
F = ——dl
A<n7 n) /0' (I n ]_)n ogx
x"logx

A Al d T n
(x+1)"lo _/0 o8t <x—|—1>

~ A"logA —n/lAAtnllo t
(A4 0 &1

dt. (D.24)

While the first term is logarithmically divergent, the second term is convergent when
n > 0. On the other hand, from Eq. |D we see that F'(n—e, n) « %—I—reg. This sug-
gests that the logarithmic divergence in Fy (n,n) corresponds to the pole of F'(n—e,n)
at ¢ = 0. Adding the power divergences in A, we get back to Fx(m,n). Therefore
when m — n is a non-negative integer, the logarithmic divergence in Fy(m,n) corre-

sponds to the pole of the analytical continuation of F(m —e,n) at ¢ = 0.

153



Appendix E

2 4+ ¢ Expansion

In this appendix, we will calculate the g function and the anomalous dimensions
of the Ising GN model in 2 4 ¢ dimension using renormalized perturbation theory,
which can be generalized to the SO(4). Similar to the 4 — ¢ expansion, the fields and
couplings with subscript 0 are the bare ones, and those without subscript 0 are the
renormalized ones.

The Lagrangian of the Ising GN model is

2

L = ov"0u1po + mothotbo — %0(%1/10)27 (E.1)

where we have suppressed the flavor index « for simplicity, and the path integral is
7 = / Do Dipy e~ & L lboto] (E.2)

In 2 + ¢ dimension, the bare fields and couplings have dimensions [1)y] = % and

[g2] = —¢&. The renormalized Lagrangian can be written as

L= Zypy" 0, + Zymohy) — %ZiQS(W)Z

= Gy O+ iy — S G TY — G Oy + G — S (),
(E.3)
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where we define

Zy =146y, Zymo=m+0m, Zigs=m " (g°+0z), (E.4)

and introduce the renormalized couplings m, g. From the Lagrangian, we can read
the free propagator in the momentum space

- , af i m)oes
[ @iy e = —F— = WL

—if+m k2 +m?

(E.5)

Mass and wave function renormalization

At one loop order, the two-point fermion loop does not depend on the external
momenta; therefore, it only contributes to d,, but not é,. There are two types of

contractions,
m= g P PP = P Ny My, (E.6)

where

A2tk tr(s
M., = —ms/ ( (i +m) = —4m' (2 +¢e,m?) = 4m§. (E.7)

2m)2te k2 4+ m? S
and
mE G = g MO, (E8)
where

This divergence should be canceled by the counter term ¢,,,
S,
S = (4N — 1)mg®=2. (E.10)
€
Interaction renormalization

In order to determine 0,2, we need to calculate the divergent part of the fermion

loop. There are four inequivalent ways of contraction. The first contraction is

1 1 - -
5 g (G B () = g N Vo D, (E11)
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where

2

VO — _lmk/ (d2+8k tr((zk—i_m)Q) _ 1m25/ (d2+akf 4(—k2+m2)

2m)2+e (k2 + m?2)2 9

lim

2 27T>2+s (k2 + m2)

The second contraction is

m2 g (DO D) (G ) = gV

where

d2+sk . 2\ab 1 S
VAab — m—Qa/ ( ((Z% + m) ) — _§V05ab = m ¢ ddab.

om)2te (k2 + m?)? c

The third contraction is

%m2eg4<¢a¢a$ﬂ¢ﬂ><¢v¢v¢6¢é> = gVt ey Py,

where

V[tlzbcd — lm—%/ (d2+€k (Zk + m)ab(_ik + m)Cd

2m)2te (k2 + m2)?2
1 S,
- pyab( pyed o —e Pd ¢ pyab(,pyed
127007 (0") m” o (V)T ()T

27T>2+€ (k2_|_m2>2

Jm 1 d?*ek 4
=0 _m—QE/ ( =2m FL(24+¢e,m?) = —2m ™

(E.12)

(E.13)

(E.14)

(E.15)

(E.16)

and we have used Eq. (D.3). We see that this contraction results in a Thirring

interaction. However, it is canceled by the fourth contraction

2

1 | ot _ 5 3
—m 2 g (Pap PP ) (P10 ) = — g Vst By,

(E.17)

where the minus sign can be understood as that the fermion number flow is reversed

in one of the propagators compared with the third contraction. However, this can-

cellation may not happen in more complex theories, for example, in the SO(4) GN

model.

These divergences should be canceled by the counter terms 0,2,

Sd

1
éagz = (2N; — 1)94?
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B functions

From the above calculation, we know that

Sa

megs = Z,2(g" + 6,2) = g° + 2(2Nj — 1)g4?. (E.19)
Then using Eq. (6.59)) with € replaced by —e, we have
2Ny —1
Bp =eg? —22N; — 1)S49" = eg® — wgﬁ‘. (E.20)

™

This result agrees with Eq. (5.33]) when ¢ = 0. The extra factor of 2 in front of Ny
is because here we use four-component Dirac fermions rather than two. Solving the

equation (3,2 = 0 gives the fixed point g = 2]\;;—5_1, which is a UV fixed point.
Anomalous dimensions and critical exponents

The anomalous dimension for the field 1 is

1 d
Using
mo —1 Om 254
—=Z,(14+—)=1 4Ny — 1)g°— E.22
"= 20 0 2 = 1 (4, - 1), (B.22)

we can calculate the anomalous dimension of the mass,

m dmyg m 9 my  (4Ny—1)g?

= —M—— = — B = = , E.23
7 momdm m mgy Y 0g% m 21 ( )

and 7, = —7Ym- The correlation length critical exponent v is

1 1
- = ) E.24
TR e 22N, - g (524
At the fixed point ¢ = ﬁil, we have
d—1+ 2 ! L (E.25)
o = d — = 2— —————€, V= —. :
o T AN, — 27 e
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