
!

"

#!

!

!

$! %&'()*"+,"'! - *.&/+,)*."*0!12!,(&! 31+,)*,"4"1,"'! 522&',!)*.! 6/&),7&*,!

8,/),&0"&+!

49!

:)9.&&;!< =!8/"7)*" !

>&;)/,7&*,!12!?"17&."')@!5*0"*&&/"*0 !
>AB&!-*"#&/+",9 !

!

>),&CDDDDDDDDDDDDDDDDDDDDDDD!
$;;/1#&.C !

!
DDDDDDDDDDDDDDDDDDDDDDDDDDD!

E"*0'(1*0!F1A G!8A;&/#"+1/!
!

DDDDDDDDDDDDDDDDDDDDDDDDDDD!
H()/@&+!I&/+4)'( !

!
DDDDDDDDDDDDDDDDDDDDDDDDDDD!

?/&*,1*!J1227)* !
!

DDDDDDDDDDDDDDDDDDDDDDDDDDD!
<),")!<1&@@&!

!
DDDDDDDDDDDDDDDDDDDDDDDDDDD!

:1(*!K&A !
!

>"++&/,),"1* !+A47",,&.!"*!;)/,")@!2A@2"@@7&*,!12!
,(&!/&LA"/&7&*,+!21/!,(&!.&0/&&!12!>1 ',1/ !

12!3("@1+1;(9!"*!,(&!>&;)/,7&*,!12 !
?"17&."')@!5*0"*&&/"*0 !"*!,(&!I/).A),&!8'(11@ !

12!>AB&!-*"#&/+",9!
!

MNOP!
!



!

!

!

$?86Q$H6 !

$! %&'()*"+,"'! - *.&/+,)*."*0!12!,(&! 31+,)*,"4"1,"'! 522&',!)*.! 6/&),7&*,! 8,/),&0"&+!

49!

:)9.&&;!< =!8/"7)*" !

>&;)/,7&*,!12!?"17&."')@!5*0"*&&/"*0 !
>AB&!-*"#&/+",9 !

!

>),&CDDDDDDDDDDDDDDDDDDDDDDD!
$;;/1#&.C !

!
DDDDDDDDDDDDDDDDDDDDDDDDDDD!

E"*0'(1*0!F1A G!8A;&/#"+1/!
!

DDDDDDDDDDDDDDDDDDDDDDDDDDD!
H()/@&+!I&/+4)'( !

!
DDDDDDDDDDDDDDDDDDDDDDDDDDD!

?/&*,1*!J1227)* !
!

DDDDDDDDDDDDDDDDDDDDDDDDDDD!
<),")!<1&@@&!

!
DDDDDDDDDDDDDDDDDDDDDDDDDDD!

:1(*!K&A !
!

$*!)4+,/)',!12!) !."++&/,),"1*! +A47",,&.!"*!;)/,")@ !
2A@2"@@7&*,!12!,(&!/&LA"/&7&*,+!21/!,(&!.&0/&&!
12!>1',1/!12!3("@1+1;(9 !"*!,(&!>&;)/,7&*,!12 !

?"17&."')@!5*0"*&&/"*0! "*!,(&!I /).A),&!8'(11@!12!
>AB&!-*"#&/+",9 !

!
MNOP!



!

!

!

!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!

H1;9/"0(,!49 !
:)9.&&;!< =!8/"7)*" !

MNOP!
!



!

!

"#!

Abstract  

$@,(1A0(!)*,"4"1,"'+!()#&!;/1#&*!,1!4&!1*&!12!,(&!0/&),!)'("&#&7&*,+!12!71.&/*!

7&."'"*&G!,(&"/!&22"')'9!()+!./)7),"')@@9!.&'/&)+&. !1#&/!,(&!;)+,!+&#&/)@!.&').&+=!6("+!"+!

.A&G!"*!;)/,G!,1!,(&!/);".!;)'&!12!*),A/)@!4)',&/")@!&#1@A,"1*G!4A,!)@+1!,1!,(&!1#&/A+&!)*.!

7"+A+&! 12! )*,"4"1,"'+! "*! 0&*&/)@=! 6("+! 12,&*! +&@&',+! 21/! ./A0R/&+"+,)*,! ;),(10&*+G! )*.!

)@@1S+!,(&7!,1!2@1A/"+(!"*!,(&!2)'&!12!)*,"4"1,"'!,/&),7&*,=!T*!)..","1*!,1!,(&!&7&/0&*'&!

12! 0&*&,"'! /&+"+,)*'&G! 4)',&/")! 12,&*! A,"@"U&! )! *A74&/! 12! ;1;A@),"1*R@&#&@! 4&()#"1/+! ,1!

+A/#"#&!)*,"4"1,"'! ,/&),7&*,=!6("+! "+! /&2&//&.! ,1! )+! '1@@&',"#&!)*,"4"1,"'! ,1@&/)*'&!VH$6W=!

6)B&*! ,10&,(&/G! )*,"4"1,"'! /&+"+,)*'&! )*.! ,1@&/)*'&! ()#&! @&.! ,1! ,(&! /&R&7&/0&*'&! 12!

"*2&',"1A+!."+&)+&+!,(/1A0(1A,!,(&!S1/@.=!T*!0&*&/)@G!,(&/&!)/&!,S1!+,/),&0"&+!,1!'174),!

,("+! /"+BC!.&#&@1;!*1#&@!)*,"4"1,"'+G!)*.X1/!A+&!&Y"+,"*0! ./A0+!71/&!&22&',"#&@9G!+1!)+! ,1!

7"*"7"U&! ,(&! '( )*'&!12! /&+"+,)*'&!&7&/0&*'&=!K1#&@! ./A0! .&#&@1;7&*,! "+! )! ,"7&R!)*.!

/&+1A/'&R"*,&*+"#&! ;/1'&++G! )*.! ;()/7)'&A,"')@! '17;)*"&+! )/&! *1,! 2"*)*'")@@9!

"*'&*,"#"U&.!,1!.&#&@1;!,(&+&!,9;&+!12!./A0+=!6(&/&21/&G!",!"+!12!"*'/&)+"*0!"7;1/,)*'&!,1!

A*.&/+,)*.!,(&!;1;A@ ),"1*!.9*)7"'+!A*.&/@9"*0!#)/"1A+!4)',&/")@!+A/#"#)@!7&'()*"+7+G!

)*.!&Y;@1",!,("+!B*1S@&.0&!,1!.&+"0*!4&,,&/!)*,"4"1,"'!,/&),7&*,!;/1,1'1@+=!!

!

%9! ."++&/,),"1*! /&+&)/'(! 21'A+&+! 1*! )! ;/&#)@&*,! ;(&*17&*1*! ')@@&.! ,(&!

;1+,)*,"4"1,"'!&22&',!V3$5WG!S("'(!/&2&/+!,1!,(&!,/)*+"&*,!+A;;/&++"1*!12!4)',&/")@!0/1S,(!



!

!

#!

21@@1S"*0!)*,"4"1,"'! ,/&),7&*,=!$@,(1A0(!3$5!()+!4&&*!&7;"/"')@@9!14+&/#&.!"*! )!S".&!

#)/"&,9! 12! )*,"4"1,"'+! )*.! 7"'/14")@! +;&'"&+G! (&/&,121/&! ,(&/&! ()+! *1,! 4&&*! )! .&2"*","#&!

7&'()*"+,"'!&Y;@)*),"1*!21/!,("+!; &/#)+"#&!14+&/#),"1*=!!

!

T*! ,("+!S1/BG!T!A+&! )! '174"*),"1*!12! ("0(R,(/1A0(;A,! 7"'/12@A"."'!&Y;&/"7&*,+!

)*.! '17;A,),"1*)@! 71.&@"*0! ,1! &Y)7"*&! ,(&! /&@),"1*+(";! 4&,S&&*! .1+"*0! ;)/)7&,&/+!

)*.! ,(&! .&0/&&!12!4)',&/")@!"*("4","1*G!LA)*,"2"&.!49! ;1;A@),"1*! /&'1#&/9 !,"7&=!T!21A*.!

,(),! /&'1#&/9! ,"7&! "+! )! 2A*',"1*! 12! ,1,)@! )*,"4"1,"'G! /&0)/.@&++! 12! (1S! ,(&! .1+&! ;/12"@&=!

%1/&1#&/G!)!7"*"7)@!71.&@!12!,/)*+;1/,!)*.!4"*."*0!B"*&,"'+!S)+!+A22"'"&*,!,1!/&');,A/&!

,("+! ,/&*.G! +A00&+,"*0! )! A*"29"*0! &Y;@)*),"1*! 21/! ("+,1/"')@! 14+&/#),"1*+! 12! 3$5! "*! )!

#)/"&,9!12!'1*,&Y,+=!T!#)@".),&.!,("+!71.&@"*0!A+"*0!41,(!!"#$!%!&'!)*.! !"#(!)*'#;&/,A/4),"1*!

+,A."&+=#

!

%1/&1#&/G! T! +(1S&.! ,(),! &22@AY! "*("4","1*G! )! '1771*! +,/),&09! "*! )*,"4"1,"'!

,/&),7&*,G! "+!&22&',"#&! "*! '&/,)"*! .9*)7"' R.&;&*.&*,!+ ",A),"1*+=!6("+!S1/B! ;A,+!21/,(! )!

;1++"4@&! 7&'()*"+7! 21/! 3$5G! S("'(! '1A@.! +&/#&! )+! )! '@"*"')@! )".! "*! +&@&',"*0! &22&',"#&!

)*,"4"1,"'X).ZA#)*,!'174"*),"1*+G!)+!S&@@!)+!"*!.&+"0*"*0!;&/"1."'!)*,"4"1,"'!,/&),7&*,+=! !

!



!

!

#"!

Dedication  

61!79!2)7"@9G!;)/,"'A@)/@9!79!;)/&*,+G!21/!,(&"/!@1#&!)*.!+A;;1/,!+"*'&!,(&!#&/9!

4&0"**"*0=!

!



!

!

#""!

Contents  

$4+,/)', !==========================================================================================================================================!"#!

E"+,!12!6)4@&+!=================================================================================================================================!Y"!

E"+,!12!["0A/&+!==============================================================================================================================!Y""!

$'B*1S@&.0&7&*,+ !==================================================================================================================!YY""!

O=!T*,/1.A',"1* !===============================================================================================================================!O!

O=O!$*,"4"1,"'+!)*.!/&+"+,)*'&C!)!4/"&2!("+,1/9!=====================================================================!O!

O=M!%&'()*"+7+!12!)*,"4"1,"'!/&+"+,)*'&!==============================================================================!\ !

O=]!3(&*1,9;"'!;&/+"+,& *'& !====================================================================================================!P!

O=\!31;A@),"1*R@&#&@!4&()#"1/+!=============================================================================================!P!

O=\=O!$*,"4"1,"'R7&."),&.!)@,/A"+,"'!.&),( !=========================================================================!̂ !

O=\=M!_A1/A7!+&*+"*0!V_8W!)*.!4"12"@7!21/7),"1*!=======================================================!OO!

O=\=]!?"+,)4@&!"*("4","1*!12!,(&!/&;@"'),"1*!7)'("*&/9 !===================================================!OM!

O=\=\!%"Y&.!+,/),&0"&+!=========================================================================================================!O\!

O=\=`!81'")@!T*,&/)',"1*+!======================================================================================================!Oa!

O=\=a!>&*+",9!.&;&*.&*,!+A/#"#)@!@&).+!,1!2)+,&/!/&'1#&/9!2/17!)*,"4"1,"'!,/&),7&*,
!===============================================================================================================================================!O !̂

O=`!T7;@"'),"1*+!21/!)*,"7"'/14")@!,/&),7&*,!+,/),&0"&+!==================================================!Ob!

O=`=O!6"7"*0!"*!)*,"4"1,"'!.1+"*0 !======================================================================================!MN!

O=`=M!%1@&'A@)/!"*,&/#&*,"1*+!,1!."+/A;,!H$6 !================================================================!MO!

O=`=]!6/&),7&*,!'1*+".&/),"1*+ !=========================================================================================!Ma!

O=a!%),(&7),"')@!71.&@"*0!"*!+9+,&7+!4"1@109!===============================================================!Mb!



!

!

#"""!

O=P!%"'/12@A"."'!);;/1)'(&+!,1!)*,"4"1,"'!/&+"+,)*'& !=======================================================!]M!

O=^!H1*'@A+"1*+!=====================================================================================================================!]\ !

O=b!$'B*1S@&.0&7&*,+!========================================================================================================!]` !

M=!T*,/1.A',"1*!=============================================================================================================================!]a !

M=O!31+,)*,"4"1,"'!&22&',!V3$5WC!.&2"*","1*!)*.!;/&#)@&*'&!=============================================!]a !

M=M!3/&7"+&!=============================================================================================================================!]b !

M=]!Q&+A@,+!==============================================================================================================================!\N!

M=]=O!$!7"'/12@A"."'!;@),21/7!21/!("0(!,(/1A0(;A,!LA)*,"2"'),"1*!12!3$5 !================!\N!

M=]=M=!_A)*,"2"'),"1*!12!3$5!"*!5=!'1@"!'&@@+!"*!/&+;1*+&!,1!+,/&;,179'"*!,/&),7&*, !=!\M!

M=]=]!3)/,")@!;1;A@),"1*!.&),(!)*.!;(&*1,9;"'!+&@&',"1*!.1!*1,!)''1A*,!21/!3$5 !===!\\ !

M=]=\!$!7"*"7)@!71.&@!12!)*,"4"1,"'!)',"1* !=====================================================================!\b !

M=]=`!%1.&@!#)@".),"1*C!;&/,A/4),"1*!+,A."&+!=================================================================!̀ ` !

M=]=a!522"')'9!12!&22@AY!"*("4","1*!,1!."#&/+&!)*,"4"1,"'!7&'()*"+7+!12!)',"1*!===========!aN!

M=]=a=O!H17;A,),"1*)@!71.&@"*0!);;/1)'(&+!============================================================!aM!

M=]=a=M!5Y;&/"7&*,)@!#)@".),"1*!====================================================================================!aP!

M=\!>"+'A++"1*!========================================================================================================================!PN!

M=`!H1*'@A+"1*+!=====================================================================================================================!PO!

]=!E"*&)/!;1;A@),"1*!)@@1'),"1*!49!4"+,)4@&!+S",'(&+!"*!/&+;1*+&!,1!,/)*+"&*,!+,"7A@),"1*
!========================================================================================================================================================!P]!

]=O!?"+,)4"@",9!=========================================================================================================================!P]!

]=M!>&'"+"1*!7)B"*0!"*!4"1@10"')@!+9+,&7+!=======================================================================!P`!

]=]!3/&7"+&!=============================================================================================================================!Pb!



!

!

"Y!

]=\!Q&+A@,+!==============================================================================================================================!̂ O!

]=\=O!$!;1+","#&!2&&.4)'B!'"/'A", !=======================================================================================!̂ O!

]=\=O=O!%1.&@!.&#&@1;7&*,!===========================================================================================!̂ a!

]=\=O=M!>&/"#"*0!)*.!)*)@9,"')@!+1@A,"1*!21/!)',"#),"1*!;/14)4"@",9!========================!̂ b!

]=\=M!$!,100@&!+S",'(!71.&@!==============================================================================================!b] !

]=\=M=O!%1.&@!.&#&@1;7&*,!===========================================================================================!b` !

]=\=]!$!4"+,)4@&!%9'RQ4R5M[!71.&@!=================================================================================!ba!

]=\=]=O!%1.&@!.&#&@1;7&*,!===========================================================================================!b^!

]=\=`!T*",")@!@)0!"*!,(&!,100@&R+S",'(!)*.!%9' RQ4R5M[!71.&@+!==================================!ONN!

]=\=a!$.#)*,)0&+!12!@"*&)/!)',"#),"1* !=============================================================================!ONO!

]=\=P=!>"+'A++"1*!================================================================================================================!ONa!

]=\=^!%),&/")@+!)*.!7&,(1.+ !===========================================================================================!ON!̂

]=\=^=O!K1"+&!"7;@&7&*,),"1*!)*.!+,1'()+,"'!+"7A@),"1*!)@01/",(7!V88$W !==========!ON!̂

]=\=^=M!E"*&)/!).#)*,)0&!+"7A@),"1*+!========================================================================!ONb!

]=`!H1*'@A+"1*+!===================================================================================================================!OON!

]=a!$'B*1S@&.0&7&*,+!======================================================================================================!OON!

\=!31+,)*,"4"1,"'!&22&',C!"7;@"'),"1*+!21/!,/&),7&*,!.&+"0*!==================================================!OOO!

\=O!T*,/1.A',"1* !===================================================================================================================!OOO!

\=M!3/&7"+&!===========================================================================================================================!OOM!

\=]!Q&+A@,+!============================================================================================================================!OO]!

\=\![A,A/&!."/&',"1*+ !===========================================================================================================!OO!̀

Q&2&/&*'&+!===================================================================================================================================!OO!̂



!

!

Y!

?"10/);(9 !===================================================================================================================================!O]P!

!



!

!

Y"!

List of Tables  

6)4@&!OC![A@@!c>5!71.&@!;)/)7&,&/!#)@A&+!============================================================================!̀ M!

6)4@&!MC!8"7;@"2"&.!c>5!71.&@!;)/)7&,&/+ !============================================================================!a\ !

6)4@&!]C!3)/)7&,&/!#)@A&+!21/!)!7A,A)@!"*("4","1*!,100@&!+S",'(!========================================!ba!

!

!



!

!

Y""!

List of Figure s 

["0A/&!OC!E&2,!;)*&@!+(1S+!)!,"7&@"*&!12!)*,"4"1,"'!.&#&@1;7&*,!)*.!+A4+&LA&*,!
&7&/0&*'&!12!/&+"+,)*'&=!6(&!;@)'&7&*,!12!)*,"4"1,"'+!)41#&!,(&!,"7&@"*&!'1//&+;1*.+!,1!
,(&!9&)/!&)'(!S)+!.&;@19&.G!S("@&!,(&!;@)'&7&*,!4&@1S!,(&!,"7&!'1//&+;1*.+!,1!,(&!9&)/!
/&+"+,)*'&!S)+!2"/+,!14+&/#&.=!J&/&G!",!"+!"7;1/,)*,!,1!*1,&!,(),!14+&/#),"1*!12!/&+"+,)*'&!
.1&+!*1,!*&'&++)/"@9!"7;@9!@1++!12!)@@!'@"*"')@!A,"@",9=!Q"0(,!;)*&@!+(1S+!,(&!2/&LA&*'9!12!
)*,"4"1,"'!;/&+'/";,"1*+!V;&/!ONNN!;&1;@&W!1*!)!+,),&!49!+,),&!4)+"+=!["0A/&!/&;/1.A'&.!
S",(!;&/7"++"1*!2/17 OO=!================================================================================================================!M!

["0A/&!MC!$*,"4"1,"'!,1@&/)*'&!7&'()*"+7+!)*.!'1@@&',"#&!)*,"4"1,"'!,1@&/)*'&!VH$6W=!$=!
?)',&/")!')*!+A/#"#&!)*,"4"1,"'!,/&),7&*,!,(/1A0(!)!#)/"&,9!12!7&'()*"+7+G!&",(&/!1*!,(&!
"*."#".A)@!1/!;1;A@),"1*!@&#&@=!c2,&*G!7A@,";@&!7&'()*"+7+!)/&!),!;@)9=!?=!H1@@&',"#&!
)*,"4"1,"'!,1@&/)*'&!VH$6W!"+!.&2"*&.!)+!)!;1;A@),"1*!.&*+",9R.&;&*.&*'&!),!
"*,&/7&."),&!)*,"4"1,"'!'1*'&*,/),"1*+=![1/!&Y)7;@&G!),!@1S!'1*'&*,/),"1*+G!;1;A@),"1*+!
)/&!)4@&!,1!S",(+,)*.!,/&),7&*,!/&0)/.@&++!12!.&*+",9=!H1*#&/+&@9G!),!("0(!)*,"4"1,"'!
'1*'&*,/),"1*+G!;1;A@),"1*+!)/&!"*("4",&.!/&0)/.@&++!12!.&*+",9=!J1S&#&/G!),!
"*,&/7&."),&!'1*'&*,/),"1*+G!;1;A@),"1*!2),&!.&;&*.+!1*!"*",")@!.&*+",9=!H=!H$6!"+!
'()/)',&/"U&.!49!)!,/)*+","1*!"*!;1;A@),"1*!2),&!)+!)!2A*',"1*!12!"*",")@!.&*+",9= !================!̀ !

["0A/&!]C!>")0/)77),"'!.&+'/";,"1*!12!#)/"1A+!H$6!7&'()*"+7+=!$=!T*!3$>!
;1;A@),"1*+G!'&@@+!;/1.A'&!)!4&*&2"'")@!71@&'A@&!&=0=!)!./A0R.&0/)."*0!&*U97&G!12,&*!
,&/7&.!;A4@"'!011.G!"*,/)'&@@A@)/@9=!T*!/&+;1*+&!,1!)*,"4"1,"'!+,/&++G!)!2/)',"1*!12!'&@@+!
@9+&G!/&@&)+"*0!,(&!"*,/)'&@@A@)/!;A4@"'!011.!,1!,(&!0@14)@!&*#"/1*7&*,G!S(&/&!+A/#"#"*0!
'&@@+!4&*&2",!V(&*'&!d)@,/A"+,"'W=!?=!_8!;1;A@),"1*+!+9*,(&+"U&!)!+"0*)@"*0!71@&'A@&G!12,&*!
)*!K R)'9@!(171+&/"*&!@)',1*&!V$JEWG!,(),!"+!+&'/&,&.!,1!,(&!0@14)@!&*#"/1*7&*,=!6(&+&!
+"0*)@"*0!71@&'A@&+!."22A+&!"*,1!@1')@!'&@@+!)*.!)',!)+!)!;/1Y9!21/!@1')@!'&@@!.&*+",9=!e(&*!
,(&!@1')@!+"0*)@!'1*'&*,/),"1*!&Y'&&.+!)!'/","')@!,(/&+(1@.G!.1S*+,/&)7!0&*&!&Y;/&++"1*!
V&=0=!;/1.A',"1*!12!)*!)*,"4"1,"' R.&0/). "*0!&*U97&W!@&).+!,1!;1;A@),"1*!+A/#"#)@=!H=!
$*,"4"1,"'+!."22A+&!"*,1!"*."#".A)@!'&@@+G!S(&/&!,(&9!"*("4",!/"41+17&!2A*',"1*!)*.!
;/1,&"*!+9*,(&+"+=!$,!+A22"'"&*,@9!("0(!;1;A@),"1*!.&*+","&+G!,(&!"*,/)'&@@A@)/!)*,"4"1,"'!
'1*'&*,/),"1*!"+!+A4 R"*("4",1/9G!@&)."*0!,1!;1;A@),"1*!+A/#"#)@=!>=!6(&+&!7&'()*"+7+!
12,&*!)',!"*!;)/)@@&@!,1!&*)4@&!)*,"4"1,"'!,1@&/)*'&=!5=!%1/&1#&/G!,(&!7&,)41@"'!4A/.&*!12!
0&*&X;/1,&"*!&Y;/&++"1*!"+!12,&*!+()/&.!"*!7A@,"R+;&'"&+!'1*+1/,")=!6("+!')*!@&).!,1!+1'")@!
"*,&/)',"1*+G!&=0=!7A,A)@"+7G!'177&*+)@"+7G!)*.!1,(&/+=!======================================================!b!

["0A/&!\C!H$6G!'17;)/&.!,1!;&/+"+,&*'&!1/!0&*&,"'!7A,),"1*G!&*)4@&+!/);".!;1;A@),"1*!
/&'1#&/9=!$=!6(&!7&'()*"+7!49!S("'(!4)',&/")!+A/#"#&!)*,"4"1,"'!,/&),7&*,!')*!
+"0*"2"')*,@9!"*2@A&*'&!,(&!+;&&.!12!,(&"/!/&'1#&/9=!J&/&G!;/&#"1A+@9!;A4@"+(&.!71.&@+!



!

!

Y"""!

)/&!A+&.!,1!'17;)/&!,(&!/&'1#&/"&+!12!;1;A@),"1*+!.&;&*.&*,!1*!."22&/&*,!21/7+!12!H$6!
1/!;&/+"+,&*'&M\GM`GPaGPP=!6(&!,(/&&!H$6!;1;A@),"1*+!V_8G!/"41+17&!"*("4","1*G!)*.!3H>W!
/&'1#&/!+"0*"2"')*,@9!2)+,&/!,()*!,(&!;&/+"+,&/ R.&;&*.&*,!;1;A@),"1*=!?=!6(&!/&'1#&/9!
,"7&+!V.&2"*&.!)+!,(&!,"7&!/&LA"/&.!21/!)!;1;A@),"1*!,1!.1A4@&!21@@1S"*0!,/&),7&*,W!
.&'/&)+&!)+!,(&!"*",")@!;1;A@),"1*!.&*+",9!"*'/&)+&+=!31;A@),"1*+!+A/#"#"*0!49!&*U97&R
.&;&*.&*,!H$6!)',"#&@9!. &0/).&!)*,"4"1,"'f!,(A+G!,(&!)*,"4"1,"'!'1*'&*,/),"1*!"+!LA"'B@9!
/&.A'&.!,1!+A4 R"*("4",1/9!@&#&@+G!&*)4@"*0!/&'1#&/9=!T*!,(&!')+&!12!4"+,)4@&!/"41+17&!
"*("4","1*G!),!("0(!'&@@!.&*+","&+G!,(&!"*,/)'&@@A@)/!)*,"4"1,"'!'1*'&*,/),"1*!"+!"*+A22"'"&*,!
,1!1#&/'17 &!,(&!;1+","#&!2&&.4)'B!"*!/"41+17&!+9*,(&+"+G!)0)"*!@&)."*0!,1!/);".!
/&'1#&/9=!H1*#&/+&@9!/&'1#&/9!#")!;&/+"+,&/+!/&LA"/&+!)!/&@),"#&@9!@1*0!,"7&!;&/"1.!.A&!
,1!,(&!.&;&*.&*'&!1*!,(&!+@1SG!"*,/"*+"'!/&71#)@!12!,(&!)*,"4"1,"'!)*.!,(&!@1S!2/&LA&*'9!
12!;&/+"+,&/!21/7),"1*= !================================================================================================================!Ob!

["0A/&!`C!6/&),7&*,!+,/),&0"&+!,1!"*("4",!H$6=!H$6!7&'()*"+7+!')*!4&!),,&*A),&.!#")!)!
*A74&/!12!+;&'"2"'!+,/),&0"&+f!"*("4","*0!,(&!+9*,(&+"+!1/!2A*',"1*!12!)*,"4"1,"' R.&0/)."*0!
&*U97&+!)*.X1/!+"0*)@"*0!71@&'A@&+!V$R?WG!"*'/&)+"*0!/"41+17&!"*("4",1*!VHWG!1/!
"*("4","*0!+;&'"2"'!7&'()*"+7+X"*,&/)',"1*+!"*!'1*+1/,")!V> R5W=!==========================================!MM!

["0A/&!aC!%),(&7),"')@!/&;/&+&*,),"1*+!12!'&@@A@)/!*&,S1/B+=!%),(&7),"')@!71.&@+!')*!
4&!4)+&.!1*!"*,&/)',"1*+ !)@1*&!V4@A&!;)*&@WG!'1*+,/)"*,+!V;A/;@&!;)*&@WG!1/!7&'()*"+7+!
V0/&&*!;)*&@W=!T*,&/)',"1*R4)+&.!71.&@+!'1*+"+,!12!#)/"1A+!'17;1*&*,+!V(A4+W!)*.!,(&"/!
'1//&@),"1*+!V&.0&+Wf!'1*+,/)"*,R4)+&.!71.&@+!'1*+"+,!12!2@AY!."+,/"4A,"1*+!')@'A@),&.!
2/17!/&)',"1*!;),(S )9+f!7&'()*"+7 R4)+&.!71.&@+!,/)'B!,(&!,"7&!+&/"&+!&#1@A,"1*!12!
'17;1*&*,+!12!"*,&/&+,=!6(&+&!,(/&&!,9;&+!12!71.&@+!2)@@!1*!)!'1*,"*AA7G!;/10/&++"#&@9!
+)'/"2"'"*0!+'1;&X'17;@&Y",9!"*!2)#1/!12!.&,)"@X)''A/)'9=!["0A/&!/&./)S*!2/17 OO=̂!==========!]N!

["0A/&!PC!VE&2,!;)*&@W!Q&'1#&/9!,"7&!"+!.&2"*&.!)+!,(&!,"7&!/&LA"/&.!21/!)!;1;A@),"1*!V/&.!
@"*&W!,1!.1A4@&!"*!/&+;1*+&!,1!)!,/)*+"&*,!)*,"4"1,"'!,/&),7&*,!V/&.!+()."*0W=!VQ"0(,!;)*&@W!
6(&!;1+,)*,"4"1,"'!&22&',!V3$5W!"*.A'&.!49!)*!)*,"4"1,"'!,/&),7 &*,!/&2&/+!,1!,(&!
)..","1*)@!,"7&!/&LA"/&.!21/!)!;1;A@),"1*!,1!/&'1#&/!V/&.!@"*&W!"*!'17;)/"+1*!,1!,(&!
A*,/&),&.!'1*,/1@!V4@)'B!@"*&W=!===================================================================================================!]b !

["0A/&!^C!$!("0(!,(/1A0(;A,!7"'/12@A"."'!;@),21/7!21/!LA)*,"29"*0!4)',&/")@!;1;A@),"1*!
. 9*)7"'+=!$=!5)'(!3>%8 R2)4/"'),&.!'(";!'1*+"+,+!12!+"Y!"*.&;&*.&*,!&Y;&/"7&*,+G!1*&!
12!S("'(!"+!+(1S*G!2/17!,1;!#"&S!V,1;!/1SW=!I/&&*!'"/'@&+!"*."'),&!7&.")!"*2@1Sf!/&.!
'"/'@&!"*."'),&+!1A,2@1S=!?)',&/")!)/&!7)*A)@@9!@1).&.!"*!"*2@1S!;1/,+!)*.!)/&!,/);;&.!" *!
"*."#".A)@!'A@,A/"*0!'()74&/+!V0/)9!'"/'@&+WG!,(&!(&"0(,!12!S("'(!&*+A/&+!,(),!4)',&/")!
)/&!"7)0&.!"*!)!71*1@)9&/!V+&'1*.!/1S!+'(&7),"'W=!I/1S,(!'1*.","1*+!V&=0=!)*,"4"1,"'!
.1+&!;/12"@&W!)/&!;/&'"+&@9!'1*,/1@@&.!#")!&Y,&/*)@@9!;/10/)77)4@&!+9/"*0&!;A7;+=!?=!



!

!

Y"#!

[@A1/&+'&*,!"7)0&+!+(1S!/&;/&+&*,),"#&!0/1S,(!12!)!71*1@)9&/!12!+,#&'%!!?eM`OO]!'&@@+!
'1*+,",A,"#&@9!&Y;/&++"*0!I[3!1#&/!21A/!(1A/+=!=====================================================================!\O!

["0A/&!bC!31;A@),"1*!/&'1#&/9!,"7&!"+!)!2A*',"1*!12!,1,)@!)*,"4"1,"'=!$=!Q&;/&+&*,),"#&!
,"7&!+&/"&+!2@A1/&+'&*'&!.),)!+(1S"*0!.1+&R.&;&*.&*,!;1;A@),"1*!/&'1#&/9!"*!/&+;1*+&!
,1!,/)*+"&*,!+,/&;,179'"*!,/&),7&*,=!J&/&G!,"7&!U&/1!"+!/&@),"#&!,1!,(&!&*.!12!,/&),7&*,!
VOMN!7"*A,&+W=!6/)Z&',1/"&+!+(1S!7&)*!)*.!+,)*.)/.!.&#"),"1*!21/!2"#&!/&;@"'),&+f!'1@1/+!
"*."'),&!"*'/&)+"*0!)*,"4"1,"'!'1*'&*,/),"1*!VMG!\G!aG!^G!ONG!OM!µ0X7EW=!31;A@),"1*!
2@A1/&+'&*'&!#)@A&+!)/&!*1/7)@"U&.!,1!,"7&!U&/1f!.1,,&.!@"*&!"*."'),&+!)!MR21@.!"*'/&)+&G!
'1//&+;1*."*0!,1!,(&!/&'1#&/9!,"7&!21/!&)'(!;1;A@),"1*=!?=!31;A@),"1*!/&' 1#&/9!,"7&!"+!
)*!&Y;1*&*,")@@9!"*'/&)+"*0!2A*',"1*!12!,1,)@!)*,"4"1,"'!,/&),7&*,=!T*+&,!+(1S+!/&'1#&/9!
,"7&!)+!)!2A*',"1*!12!.1+&!.A/),"1*!21/!"*'/&)+"*0!+,/&;,179'"*!'1*'&*,/),"1*+!V)+!"*!

;)*&@!HW=!e(&*!;@1,,&.!)0)"*+,!,1,)@!)*,"4"1,"'!V')@'A@),&.!)+! WG!)@@!/&'1#&/9!

,"7&!#)@A&+!'1@@);+&!1*,1!)!+"*0@&!&Y;1*&*,")@!2A*',"1*!V4@)'B!@"*&G!QM!g!N=^]W=!================!\] !

["0A/&!ONC!3)/,")@!;1;A@),"1*!.&),(!.1&+!*1,!)''1A*,!21/!)*,"4"1,"'!.&;&*.&*,!/&'1#&/9!
,"7&=!$=!H1*'&*,/),"1*!.&;&*.&*,!+,/&;,179 '"*!B"@@"*0!/),&+!S&/&!.&,&/7"*&.!"*!,(&!
)4+&*'&!12!;1;A@),"1*!0/1S,(=!c#&/*"0(,!'A@,A/&+!S&/&!."@A,&.!ONR21@.!)*.!0/1S*!"*!
%b!7&.")!,1!)!("0(!.&*+",9=!H&@@+!S&/&!,(&*!"*'A4),&.!"*!7"*"7)@!7&.")!S",(!,(&!
"*."'),&.!)*,"4"1,"'!'1*'&*,/),"1*!21/!"*'/&)+"*0!.A /),"1*+=!31;A@),"1*!#")4"@",9!
.&'/&)+&.!&Y;1*&*,")@@9!S",(!.1+&!.A/),"1*=!6(&!'1*,/1@!;1;A@),"1*!+(1S&.!*&0@"0"4@&!
0/1S,(X.&),(!"*!,(&+&!'1*.","1*+G!"*."'),"*0!,(),!.&'/&)+&!"*!#")4"@",9!"+!.A&!,1!'&@@!
B"@@"*0=!$@@!.),)!;1"*,+!+(1S!7&)*!)*.!+,)*.)/.!.&#"), "1*!12!a!/&;@"'),&+=!?=!H1//&',"*0!
21/!;)/,")@!;1;A@),"1*!.&),(!/&+A@,+!"*!)!@1S&/!&22&',"#&!/&'1#&/9!,"7&!V;A/;@&!.),)!
;1"*,+Wf!(1S&#&/G!/&'1#&/9!,"7&!/&7)"*+!.&;&*.&*,!1*!,1,)@!)*,"4"1,"'= !===========================!\a !

["0A/&!OOC!8A''&++"#&!.1A4@"*0!,"7&+!+A00&+,!*1!;(&*1,9;"'!+&@&',"1*=!$=!8A''&++"#&!
.1A4@"*0!,"7&+!)/&!.&2"*&.!)+!,(&!,"7&!"*,&/#)@+!1#&/!S("'(!)!;1;A@),"1*!"*'/&)+&+!MR
21@.G!)*.!')*!4&!')@'A@),&.!2/17!"*."#".A)@!/&'1#&/9!,/)Z&',1/"&+G!/&@),"#&!,1!,(&!&*.!12!
,(&!.1+&!V/&.!+()."*0W=!J&/&G!,(&!* ,( !.1A4@"*0!,"7&!"+!.&*1,&.!Q6* =!6(A+G!Q6O!"+!".&*,"')@!
,1!,(&!/&'1#&/9!,"7&!.),)!;/&+&*,&.!"*!["0A/&!O>=!6(&!&Y,&*,!12!Q6 *! "+!@"7",&.!49!,(&!+"U&!
12!,(&!0/1S,(!&*#"/1*7&*,!)*.!.),)!)'LA"+","1*=! ?=!H1*#&/0&*'&!12!Q6* !+A00&+,+!,(&!
;/&+&*'&!1/!)4+&*'&! 12!)*,"4"1,"' R.&;&*.&*,!+&@&',"1*!&22&',+=!T*!,(&!)4+&*'&!12!+&@&',"1*G!
Q6* !S1A@.!'1*#&/0&!,1!U&/1!+@1;&G!"*."'),"*0!,(),!,/&),7&*,!("+,1/9!().!*1!&22&',!1*!
0/1S,(!.9*)7"'+!)2,&/!.&,1Y"2"'),"1*f!)2,&/!/&'1#&/9!2/17!)*,"4"1,"'!,/&),7&*,G!
;1;A@),"1*+!S&/&!"*."+,"*0A"+()4@&!2/17!A*,/&),&.!'1*,/1@!V@&2,!;)*&@W=!T*!,(&!;/&+&*'&!
12!)*,"4"1,"'!+&@&',"1*G!+A''&++"#&!Q6* !S1A@.!'1*#&/0&!,1!+@1;&!0/&),&/!,()*!U&/1G!
"*."'),"*0!)!;(9+"1@10"')@!h7&71/9!&22&',iG!)B)!+&@&',"1*=!H=!j !5=!8A''&++"#&!.1A4@"*0!
,"7&+!21@@1S"*0!+,/&;,179'"*!VHW!'(@1/)7;(&*"'1@!V>WG!)*.!+,/&;,179'"*!,/&),7&*,!"*!



!

!

Y#!

N=N`k!SX#!')+)7"*1!)'".!7&.")!'1*#&/0&!,1!)!2@),!@"*&G!+A00&+,"*0!,(),!,(&!&22&',!12!
)*,"4"1,"'!+&@&',"1*!"+!"*+"0*"2"')*,=!===========================================================================================!\P!

["0A/&!OMC!6(&!,"7&+')@&!12!"*,/)'&@@A@)/!)*,"4"1,"'!&22@AY!."',),&+!"*."#".A)@!)*.!
;1;A@),"1*!/&'1#&/9=!$=!$!7"*"7)@!71.&@!12!)*,"4"1,"'!)',"1*=!$*,"4"1,"'!"+!,/)*+;1/,&.!
4&,S&&*!,(&!"*,/)'&@@A@)/!)*.!&Y,/)'&@@A@)/!&*#"/1*7&*,+!VAin !)*.! Aout W!49!"*2@AY!)*.!

&22@AY!/),&+!Vkin !)*.! kout W=!Ain !/&#&/+"4@9!4"*.+!,1!,)/0&,!/"41+17&+!!,1!21/7!,(&!

'17;@&Y!CAG!S",(!4"*."*0!)*.!."++1'"),"1*!/),&+! kf !)*. kb G!/&+;&',"#&@9=!6("+!'17;@&Y!

')*!,(&*!4&!.&0/).&.!,(/1A0(!,(&!"*,&/7&."),&! CA' =!6(&+&!"*,/)'&@@A@)/!.9*)7"'+!
"*2@A&*'&!,(&!1#&/)@@!;1;A@),"1*!/&'1#&/9!/),&f!,(&!7)Y"7A7!0/1S,(!/),&! !"+!.&;&*.&*,!
1*!,(&!/"41+17&!'1*'&*,/),"1*! =!6(A+G!/&'1#&/9!')*!4&!LA)*,"2"&.!41,(!1*!,(&!
"*."#".A)@!@&#&@G!)+!)!2A*',"1*!12!C G!1/!1*!,(&!;1;A@),"1*!@&#&@G!"*!,&/7+!12!'&@@!.&*+",9=!
?=!H1*'A//&*,!)*,"4"1,"'!,/)*+;1/,!)*.!/"41+17&!" *("4","1*!."',),&!/&'1#&/9!.9*)7"'+=!
>A/"*0!,/&),7&*,G! Aout >> Ain G!)*.!,(&!"*,/)'&@@A@)/!)*,"4"1,"'!'1*'&*,/),"1*!')*!4&!

@"*&)/@9!);;/1Y"7),&.!49! Ain(D) = kinAoutD G!S(&/&!Aout !"+!)++A7&.!,1!4&!'1*+,)*,!)*.!

D !/&;/&+&*,+!,(&!,/&),7&*,!.A/),"1*!V@&2,71+,!+'(&7),"'!)*.!;)*&@!OW=!!$*,"4"1,"'!"*2@AY!
"+!0/&),&/!,()*!&22@AYf!Ain !4"*.+!,1!,)/0&,!/"41+17&+!)*.!+,/1*0@9!"*("4",+!,(&!

A;/&0A@),"1*!12!/"41+17&!+9*,(&+"+=!e(&*!&Y,/)'&@@A@)/!)*,"4"1,"'!"+!/&71#&.G! Ain !

.&'/&)+&+!V7"..@&!)*.!/"0(,71+,!+'(&7),"'+!)*.!4@A&!+()."*0!)*.!;)*&@+!M R]WG!)*.!
/"41+17&!+9*,(&+"+!"+!."',),&.!49!;1+","#&!2&&.4)'B!)*.!&22@AY!V;)*&@!]W=!H=!Ain !

) ''A7A@),&+!@"*&)/@9!S",(!,/&),7&*,!.A/),"1*!21/!+A22"'"&*,@9!+(1/,!,/&),7&*,!.A/),"1*+!
V;)*&@!"W=!$2,&/!,(&!/&71#)@!12!Aout G!&22@AY!)*.!"*("4","1*!.9*)7"'+!'174"*&!,1!.&@)9!,(&!

+9*,(&+"+!12!/"41+17&+!"*!)!'1*'&*,/),"1* R.&;&*.&*,!7)** &/!V;)*&@!""W=!H1@1/+!"*."'),&!
"*'/&)+"*0!)*,"4"1,"'!'1*'&*,/),"1*G!)+!+(1S*!"*!;)*&@!""=! >=!$*,"4"1,"'!&22@AY!,"7&+')@&!
+&,+!"*,/)'&@@A@)/!/&'1#&/9!Q6'&@@=!Q&0)/.@&++!12!,(&!)*,"4"1,"'!,/&),7&*,!("+,1/9G!,(&!
/&@),"1*+(";!4&,S&&*!"*,/)'&@@&@A@)/!)*,"4"1,"'! Ain !)*.!/"41+17&!'1*'&*,/),"1*! - !

);;/1)'(&+!,(&!+)7&!)+97;,1,&G!"*."'),"*0!,(),!,(&!,"7&+')@&!12!"*."#".A)@!
.&,1Y"2"'),"1*!+&,+!,(&!,"7&+')@&!12!/"41+17&!+9*,(&+"+=!H1@1/+!"*."'),&!"*'/&)+"*0!
)*,"4"1,"'!'1*'&*,/),"1*G!)+!"*!["0A/&! MHR>f!21/!,(&+&!/&;/&+&*,),"#&!,/)Z&',1/"&+G!
,/&),7&*,!.A/),"1*!S)+!+&,!,1!OMN!7"*A,&+=!5=!31;A@),"1*!/&'1#&/9!,"7&!"+!."',),&.!49!
,1,)@!)*,"4"1,"'!.&@"#&/&.=!E1S&/!/"0(,!"*+&,!+(1S+!,(),!Q6;1;!"+!)*!"*'/&)+"*0!2A*',"1*!
12!.1+&!.A/),"1*f!,(&+&!.),)!'1@@);+&!1*,1!)!+"*0@&!/&@),"1*+(";!)+!)!2A*',"1*!12!,1,)@!
)*,"4"1,"'!V7)"*!2"0A/&W=!%1/&1#&/G!Q6;1; !)*.!Q6 '&@@!)/&!+,/1*0@9!'1//&@),&.!VA;;&/!@&2,!
"*+&,W=!=============================================================================================================================================!̀ N!

["0A/&!O]C!Q&'1#&/9!,"7&!/&7)"*+!)!2A*',"1*!12!,1,)@!)*,"4"1,"'!.&@"#&/&.G!/&0)/.@&++!12!
.1+&!;/12"@&=!J&/&G!T!+"7A@),&.!,/")*0A@)/!V$W!)*.!&Y;1*&*,")@@9!.&')9"*0!.1+&!;/12"@&+!



!

!

Y#"!

V?WG!1#&/!,(&!+)7&!/)*0&!12!,/&),7&*,!'1*.","1*+=!31;A@),"1*!/&'1#&/9!,"7&+!'1@@);+&.!
/&@")4@9!)+!)!2A*',"1*!12!,1,)@!)*,"4"1,"'=!===================================================================================!̀ ` !

["0A/&!O\C!<&9!;)/)7&,&/!;&/,A/4),"1*+!'1*2"/7!71.&@!#)@".",9=!$=!%1.&@"*0!"*."'),&+!
,(),!.&'/&)+"*0!,(&!/"41+17&!.&0/).),"1*!/),&!@&).+!,1!+(1/,&/!/&'1#&/9!,"7&+!"*!
/&+;1*+&!,1!&LA)@!)71A*,+!12!,1,)@!)*,"4"1,"'=!?=!%1.&@"*0!"*."'),&+!,(),!.&'/&)+"*0!,(&!
)*,"4"1,"'!&22@AY!/),&!@&).+!,1!@1*0&/!/&'1#&/9!,"7&+!"*!/&+;1*+&!,1!&LA)@!)71A*,+!12!,1,)@!
)*,"4"1,"'=!H=!%1.&@"*0!"*."'),&+!,(),!"*'/&)+"*0!,(&!/"41+17&!+9*,(&+"+!/),&!@&).+!,1!
+(1/,&/!/&'1#&/9!,"7&+!"*!/&+;1*+&!,1!&LA)@!)71A*,+!12!,1,)@!)*,"4"1,"'=!>=!8,/&;,179'"*!
,/&),7&*,!V'@1+&.!.),)!;1"*,+G!QM!g!N=^]WG!S("'(!"*.A'&+!(&),!+(1'B!/&+;1*+&!VJ8QW!)*.!
/);".!/"41+17&!.&0/).),"1*G!/&+A@,+!"*!+"0*"2"')*,@9!@1*0&/!/&'1#&/9!,"7&+!,()*!
'(@1/)7;(&*"'1@!,/&),7&*,!V1;&*!.),)!;1"*,+W=!J&/&G!,(&!,S1!/&+;1*+& +!)/&!+,),"+,"')@@9!
+"0*"2"')*,!V;lN=N`!49!$Kcm$W=!5=!6(&!)..","1*!12!&22@AY!;A7;!"*("4",1/!VHHH3W!V'@1+&.!
.),)!;1"*,+G!Q M!g!N=bOW!"*'/&)+&+!;1;A@),"1*!/&'1#&/9!,"7&!"*!/&+;1*+&!,1!
'(@1/)7;(&*"'1@!,/&),7&*,!V1;&*!.),)!;1"*,+G!Q M!g!N=^NW=!J&/&G!HHH3!S)+!)..&.!),!
+A4"*("4",1/9!'1*'&*,/),"1*+!V] µ0X7EWf!"*!,(&!)4+&*'&!12!)*,"4"1,"'!,/&),7&*,G!HHH3!
)@1*&!.".!*1,!"*("4",!;1;A@),"1*!/&'1#&/9=!6(&!HHH3 R7&."),&.!"*'/&)+&!"*!/&'1#&/9!,"7&!
"+!+,),"+,"')@@9!+"0*"2"')*,!V;!l!N=NOW=![=!6(&!/"41+17&!+9*,(&+"+!/),&!S)+!"*'/&)+&.!49!
&*/"'("*0!,(&!')+)7"*1!'1*,&*,!12!,(&!7&.")!2/17!N=NOk!SX#!V'@1+&.!.),)!;1"*,+W!,1!
N=N`k!SX#!V1;&*.),)!;1"*,+W=![)+,&/!+9*,(&+"+!/&+A@,&.!"*!@1S&/!/&'1#&/9!,"7&+!V;lN=NNOW=!
T*!&)'(!12!,(&+&!;)*&@+G!,(&!'1@1/!+'(&7&!"*."'),&+!"*'/&)+"*0!)*,"4"1,"' !'1*'&*,/),"1*G!)+!
"*!["0A/&!OH=!=================================================================================================================================!̀ a !

["0A/&!O`C!nHHH3o!"*("4",+!&22@AY!;A7;!)',"#",9!"*!)!.1+&R.&;&*.&*,!7)**&/=!$=!>1+&!
/&+;1*+&!21/!')/41*9@!'9)*".&!7 R'(@1/1;(&*9@!(9./)U"*&!VHHH3W=!8&#&*!@10)/",(7"')@@9!
+;)'&.!'1*'&*,/),"1*+ !S&/&!'(1+&*G!"*!)..","1*!,1!N=!I/1S,(!/),&+!S&/&!')@'A@),&.!49!
@10R,/)*+21/7"*0!,"7&!+&/"&+!.),)!)*.!')@'A@),"*0!,(&!+@1;&!12!,(&!@1*0&+,!@"*&)/!+&07&*,=!
>),)!;1"*,+!)/&!,(&!)#&/)0&!12!,(/&&!/&;@"'),&+f!4@)'B!@"*&!+(1S+!,(&!4&+,!2",!J"@@!2A*',"1*!
VTH̀N!g!]=^Pµ0X7EW=!?=!HHH3!"*'/&)+&+!&,("."A7!4/17".&!V5,?/W!)''A7A@),"1*G!)*.!
"*("4",+!)*,"4"1,"'!&22@AYG!"*!)!.1+&R.&;&*.&*,!2)+("1*=!$!;/&#"1A+@9!;A4@"+(&.!;/1,1'1@!
S)+!A+&.!,1!7&)+A/&!,(&!&22&',!12!HHH3!1*!&22@AY!;A7;!)',"#",9G!"*!,(&!)4+&*'&!12!
0/1S,(=!T*,/) '&@@A@)/!5,?/G!S("'(!)',+!)+!)!0&*&/)@!&22@AY!;A7;!+A4+,/),&G!')*!4&!
7&)+A/&.!#")!;1;A@),"1*!2@A1/&+'&*'&f!)''A7A@),"1*!"+!"*'/&)+&.!"*!,(&!;/&+&*'&!12!
"*'/&)+"*0!HHH3!'1*'&*,/),"1*+= !==============================================================================================!̀ b !

["0A/&!OaC!$*,"4"1,"'+!"*("4",!)!#)/"&,9!12!"*,/)'&@@A@)/!,)/0&,+G!"*'@A."*0!/"41+17&!
2A*',"1*!)*.!;/1,&"*!+9*,(&+"+!V&=0=!)7"*10@9'1+".&+G!)7;(&*"'1@+G!)*.!7)'/1@".&+WG!
>K$!09/)+&!V&=0=!2@A1/1LA"*1@1*&+W!)*.!;&*"'"@@"*R4"*."*0!;/1,&"*+!V pR@)',)7+W=!



!

!

Y#""!

3/&#"1A+!+,A."&+!()#&!.&+'/"4&.!3$5+!,1!)@@!12!,(&+&!'@)++&+!12!)*,"4"1,"'+G!)@,(1A0(!
+17&!./A0+!"*.A'&!7"*"7)@!,/)*+"&*,!0/1S,(!"*("4","1*= !====================================================!aM!

["0A/&!OPC!31;A@),"1*+!)/&!71/&!+&*+","#&!,1!.&'/&)+&+!"*!)*,"4"1,"'!&22@AY!/),&!"*!
'1*ZA*',"1*!S",(!/);".!,)/0&,!.&0/).),"1*!) *.!+,/1*0!;1+","#&!2&&.4)'B!"*!,)/0&,!
+9*,(&+"+=!$=!8&*+","#",9!"+!.&2"*&.!)+!,(&!,1,)@!'()*0&!"*!/&'1#&/9!,"7&!"*!/&+;1*+&!,1!)!
'()*0&!"*!,(&!)*,"4"1,"'!&22@AY!/),&=!?RH=!5)'(!,/)Z&',1/9!'1//&+;1*.+!,1!1*&!#)@A&!12!,(&!
,)/0&,!.&0/).),"1*!/),&!V?G!4@)'B!)/ /1S!+(1S+!,(&!."/&',"1*!12!"*'/&)+"*0!;)/)7&,&/!
#)@A&W!1/!2&&.4)'B!*1*@"*&)/",9!VHG!)//1S!+(1S+!"*'/&)+"*0!."/&',"1*W=!8&*+","#",9!
"*'/&)+&.!S",(!("0(!.&0/).),"1*!)*.!2&&.4)'B!*1*@"*&)/",9G!'1//&+;1*."*0!,1!,(&!@&2,!
71,"2!"*!["0A/&!OO$=!====================================================================================================================!a] !

["0A/&!O^C!522@AY!"*("4","1*!"+!)*!&22&',"#&!'1R,/&),7&*,!+,/),&09!21/!'&/,)"*!)*,"4"1,"'+=!$=!
6(/&&!0&*&/)@!71,"2+!12!"*,/)'&@@A@)/!)*,"4"1,"'!)',"1*=!E&2,!)*.!7"..@&!71,"2+!'1//&+;1*.!
,1!/"41+17&R"*("4","*0!)*,"4"1,"'+!,(),!"*.A'&!/);".!)*. !7"*"7)@!/"41+17&!.&0/).),"1*G!
/&+;&',"#&@9=!T*!,(&+&!71,"2+G!,(&!,)/0&,!71@&'A@&!"+!+A4Z&',!,1!*1*@"*&)/!;1+","#&!2&&.4)'B!
V"=&=!,/)*+'/";,"1*!)*.!,/)*+@),"1*G!"*!,(&!')+&!12!/"41+17&+W=!Q"0(,!71,"2!'1//&+;1*.+!,1!
)*,"4"1,"'+!,(),!"*("4",!1,(&/!,)/0&,+!,( ),!)/&!*1,!+A4Z&',!,1!;1+","#&!2&&.4)'BG!&=0=!pR
@)',)7+=!T*!&)'(!')+&G!/&'1#&/9!,"7&!"+!)!2A*',"1*!12!,1,)@!)*,"4"1,"'G!)*.!"+!+"0*"2"')*,@9!
@&*0,(&*&.!49!&22@AY!"*("4","1*=!?=!31;A@),"1*+!)/&!71/&!+&*+","#&!,1!.&'/&)+&+!"*!
)*,"4"1,"'!&22@AY!/),&!"*!'1*ZA*',"1*!S",(!/);".!,)/0&,!.&0/).),"1*!)*.!+,/1*0!;1+","#&!
2&&.4)'B!"*!,)/0&,!+9*,(&+"+=!8&*+","#",9!"+!.&2"*&.!)+!,(&!,1,)@!'()*0&!"*!/&'1#&/9!,"7&!"*!
/&+;1*+&!,1!)!'()*0&!"*!,(&!)*,"4"1,"'!&22@AY!/),&!V,1;!;)*&@W=!T*!;)*&@+!"R""G!&)'(!,/)Z&',1/9!
'1//&+;1*.+ !,1!1*&!#)@A&!12!,(&!,)/0&,!.&0/).),"1*!/),&!V;)*&@!"G!4@)'B!)//1S!+(1S+!,(&!
."/&',"1*!12!"*'/&)+"*0!;)/)7&,&/!#)@A&W!1/!2&&.4)'B!*1*@"*&)/",9!V;)*&@!""G!)//1S!+(1S+!
"*'/&)+"*0!."/&',"1*W=!8&*+","#",9!"*'/&)+&.!S",(!("0(!.&0/).),"1*!)*.!2&&.4)'B!
*1*@"*&)/",9G!'1//&+;1*."*0!,1!,(&!@&2,!71,"2!"*!["0A/&!OO$=!================================================!aa!

["0A/&!ObC!>&,&/7"*"*0!TH̀N!#)@A&+!21/!#)/"1A+!)*,"4"1,"'+=!TH`N!#)@A&+!S&/&!')@'A@),&.!
2/17!@1*0R,&/7!.1+&!/&+;1*+&+!"*!baRS&@@!;@),&+=![1/!&)'(!)*,"4"1,"'G!+&#&*!
@10)/",(7"')@@9!'1*'&*,/),"1*+!S&/&!,&+,&.G!A+"*0!+&/")@!."@A,"1*=!T*",")@!'&@@!.&*+",9!S)+!
ONNR21@.!."@A,"1*!12!1#&/*"0(,!'A@,A/&!VqM&P!H[-X7EW=!I/1S,(!'A/#&+!&Y,&*."*0!A;!,1!
&)/@9!+,),"1*)/9!;()+&!S&/&!'1@@&',&.f!7)Y"7A7!0/1S,(!/),&+!S&/&!&Y,/)',&.!49!@10R
,/)*+2 1/7"*0!,(&!.),)!)*.!",&/),"#&@9!.&,&/7"*"*0!,(&!@1*0&+,!@"*&)/!;1/,"1*=!5)'(!.),)!
;1"*,!'1//&+;1*.+!,1!,(&!)#&/)0&!12!,(/&&!,&'(*"')@!/&;@"'),&+=!TH`N!#)@A&+!S&/&!
.&,&/7"*&.!49!2",,"*0!0/1S,(!/),&+!,1!)!%"'()&@"+ R%&*,&*!&LA),"1*!V.)+(&.!@"*&WG!)*.!
)/&!+(1S *!"*!&)'(!;)*&@!Vr0X7EW=!!$*,"4"1,"'+!,&+,&.!)/&!)+!21@@1S+C!H(@1/)7;(&*"'1@!
V;)*&@!$WG!')/4&*"'"@@"*!V?WG!,&,/)'9'@"*&!VHWG!+;&',"*179'"*!V>WG!0&*,)7"'"*!V5WG!



!

!

Y#"""!

+,/&;,179'"*!V[WG!'&21,)Y"7&!VIWG!;&*"'"@@"*!I!VJWG!*1/2@1Y)'"*!VTW=!TH`N!#)@A&+!21/!&)'(!
)*,"4" 1,"'!)/&!@)4&@&.!"*!;)/&*,(&+&+=!=======================================================================================!a^!

["0A/&!MNC!T*("4","*0!)*,"4"1,"'!&22@AY!S",(!HHH3!+"0*"2"')*,@9!"*'/&)+&.!;1;A@),"1*!
/&'1#&/9!,"7&!"*!/&+;1*+&!,1!)!S".&!#)/"&,9!12!)*,"4"1,"'+!V;&*"'"@@"*!I!V3&*IWG!
+;&',"*179'"*!V8;&'WG!0&*,)7"'"*!VI&*,WG!+,/&;,179'"*!V8,/WG!'(@1/)7;(&*"'1@!VH7WG!
,&,/)'9'@"*!V6&,WG!)*.!')/4&*"'"@@"*!VH)/4WW=!J&/&G!,(&!;)/,"'A@)/!)*,"4"1,"'!'1*'&*,/),"1*+!
A+&.!()#&!4&&*!+')@&.!49!,(&"/!/&+;&',"#&!TH̀N!#)@A&+!V+1@".!;1"*,+!)*.!1;&*!'"/'@&+!+(1S!
/&+;1*+&!S",(! *1!&22@AY!"*("4","1*!)*.!Mµ0X7E!HHH3G!/&+;&',"#&@9W=!================================!PN!

["0A/&!MOC!?"+,)4"@",9!/&+A@,+!"*!+9+,&7+!)++A7"*0!1*&!12!,S1!+,)4@&!+,),&+=!$=!?"+,)4"@",9!
')*!)/"+&!,(/1A0(!)!*A74&/!12!7&'()*"+7+X71,"2+G!"*'@A."*0!*1*@"*&)/!;1+","#&!
2&&.4)'B!V,1;WG!S(&/&"*!)!+;&'"&+!12!"*,&/&+,!'),)@9U&+!",+!1S*!+9*,(&+"+G!1/!7A,A)@!
*&0),"#&!2&&.4)'B!V41,,17WG!S(&/&"*!,S1!+;&'"&+!&)'(!"*("4",!,(&!+9*,(&+"+!12!,(&!1,(&/=!
T*!&)'(!12!,(&+&!')+&+G!)!+A22"'"&*,@9!+,/1*0!&Y,&/*)@!+,"7A@A+!')*!+("2,!,(&!+9+,&7!2/17!
1*&!+,),&!,1!)*1,(&/G!&=0=!2/17!@1S!$!,1!("0(!$!V;1+","#&!2&&.4)'BWG!1/!("0(!$X@1S!?!,1!
@1S!?X("0(!$!V7A,A)@!*&0),"#&!2&&.4)'BW=!?=!6(&!,/)*+","1*!4&,S&&*!4"+,)4@&!+,),&+!')*!
4&!#"+A)@"U&.!"*!,&/7+!12!;1,&*,")@!&*&/09f!+,)4@&!+,),&+!'1//&+;1*.!,1!@1')@!7"*"7)G!
+&;)/),&.!49!)*!A*+,)4@&!"*,&/7&."),&!+,),&=!T2!,(&!+,)4@&!+,),&+!)/&!12!A*&LA)@!.&;,(G!,(&!
+9+,&7!S"@@!.&2)A@,!,1!,(&!71/&!+,)4@&!.&2)A@,=!H=!J9+,&/&+"+!"+!)!;/1;&/,9!12!4"+,)4@&!
+9+,&7+!,(),!/&2&/+!,1!,(&!2)',!,(),!."22&/&*,!+,"7A@A+!("+,1/"&+!V&=0=!"*'/&)+"*0!#+!
.&'/&)+"*0W!S"@@!/&+A@,!"*!."22&/&*,!/&+;1*+&!'A/#&+!)*.!+,),&!,/)*+","1*!;1"*,+=!
8;&'"2"')@@9G!"*!,(&!4"+,)4@&!/&0"1*G!,(&!+9+,&7!+,),&!"+!.&;&*.&*,!1*!,(&!+,"7A@A+!("+,1/9=
!========================================================================================================================================================!P\!

["0A/&!MMC!8,"7A@),"1*!12!)!4"+,)4@&!*&,S1/B!49!)!;A@+&!"*;A,=!$=!$!;A@+&!"*;A,!')*!4&!
+;&'"2"&.!49!",+!"*,&*+",9!V8W!)*.!.A/),"1*!V>W=!8,"7A@),"1*!12!)!+,1'()+,"'!4"+,)4@&!
*&,S1/B!"*!)*!"+10&*"'!;1;A@),"1*!A+"*0!,("+!;A@+&!/&+A@,+!"*!,(&!&7&/0&*'&!12!,S1!
."+,"*',!+A4;1;A@),"1*+!V&=0=!c[[!)*.!cKW=!?=!T2!,(&!)',"#),"1*!"+!.&,&/7"*"+,"'G!,(&/&!
&Y"+,+!)!'/","')@!;A@+&!.A/),"1*!4&91*.!S("'(!)@@!"*."#".A)@+!"*!)!;1;A@),"1*!S"@@!
,/)*+","1*!4&,S&&*!,(&!,S1!+,&).9!+,),&+!V&=0=!2/17!c[[!,1!cKW!V,1;!;)*&@W=!3/&+&*'&!12!
*1"+&!S"@@!/&+A@,!"*!#)/")4"@",9!"*!,(&!'/","')@!.A/),"1*C!."22&/&*,!"*."#".A)@+!S"@@!4&!
)',"#),&.!),!."22&/&*,!,(/&+(1@.+!V7"..@&!;)*&@W=![1/!)!+(1/,!.A/),"1*G!)!2/)',"1*!12!)!
;1;A@),"1*!S"@@!4&!)@@1'),&.!,1!&",(&/!+,&).9!+,),&=!J&/&G!T!)"7!,1!"*#&+,"0),&!,("+!
;1;A@),"1*!)',"# ),"1*G!S("'(!T!,&/7!h)',"#),"1*!;/14)4"@",9iG!)+!)!2A*',"1*!12!41,(!;A@+&!
"*,&*+",9!)*.!.A/),"1*!V41,,17!;)*&@W= !====================================================================================!̂ N!

["0A/&!M]C!Q&+;1*+&!12!)!;1+","#&R2&&.4)'B!71.&@!,1!;A@+&!"*;A,+=!$=!$!7"*"7)@!;1+","#&!
2&&.4)'B!71,"2!'1*+"+, +!12!+17&!0&*&!12!"*,&/&+,!VIcTW!S("'(!./"#&+!",+!1S*!+9*,(&+"+!49!



!

!

Y"Y!

)',"#),"*0!",+!;/171,&/! . =!K1*@"*&)/!2&&.4)'B!"+!12,&*!)'("&#&.!,(/1A0(!'11;&/),"#&!
4"*."*0G!@&)."*0!,1!)!+&*+","#&!/&+;1*+&!.&;&*.&*,!1*!,(&!"*",")@!'1*'&*,/),"1*!12!,(&!
IcT=!?=!6(&!&22&',!12!)A,1'),)@9+"+=!T*!,(&!)4+&*'&!12!+,"7A@A+!V.1,,&.!@"*&WG!,(&!
&7&/0&*'&!)*.!/&@),"#&!;@)'&7&*,!12!+,&).9!+,),&+!"*!,(&!*1* R."7&*+"1*)@!71.&@!')*!4&!
,A*&.!S",(!,(&!)A,1'),)@9,"'!;)/)7&,&/!h'i=![1/!@1S!#)@A&+!12!,("+!;)/)7&,&/G!,(&!1*@9!
+,&).9!+,),&!"+!),!N=!J1S&#&/G!S",(!+A22"'"&*,@9!+,/1*0!;1+","#&!2&&.4)'BG!,S1!*1*U&/1!
+,&).9!+,),&+!&7&/0&=!H=!31,&*,")@!&*&/09!@)*.+');&+!)+!)!2A*',"1*!12!+,"7A@A+!"*,&*+",9=!
T2!,(&!)A,1'),)@9+"+!;)/)7&,&/!h'i!"+!'(1+&*!+A'(!,(),!*1*U&/1!+,&).9!+,),&+!)/&!
),,)"*)4@&G!,(&!;1,&*,")@!&*&/09!@)*.+');&!21/7+!,S1!S&@@+!'1//&+;1*."*0!,1!c[[!)*.!
cK=!T*'/&)+"*0!+,"7A@A+!"*,&*+",9!+"7A@,)*&1A+@9!@&).+!,1!)!+()@@1S&/!S&@@!),!'122!)*.!)!
.&&;&/!S&@@!),!'1*=!6("+!,/&*.!'1//&+;1*.+!,1!)*!1#&/)@@!+("2,!"*!,(&!;1;A@),"1*!2/17!c[[!
,1!cK!S", (!"*'/&)+"*0!+,"7A@A+=!J&/&!T!A+&.!c =1.45G! ! = 0.005G!)*.! De = 0.01=!>=!

8'(&7),"'!+(1S+!,(&!&#1@A,"1*!12!)!;1;A@),"1*!12!'&@@+!')//9"*0!)!4"+,)4@&!+S",'(!V4@A&W!
"*!/&+;1*+&!,1!)!;A@+&!"*;A,!V/&.W=!31,&*,")@!&*&/09!@)*.+');&+!)/&!+(1S*!"*!4@)'B=!T*!,(&!
)4+&*'&!12!+,"7A@A+!VOWG!,(&!;1;A@),"1*!"+!"*!,(&!c[[!+,),&=!e(&*!+,"7A@A+!"+!);;@"&.!VMWG!
,(&!;1,&*,")@!&*&/09!@)*.+');&!+("2,+!"*!2)#1/!12!,(&!cK!+,),&G!./"#"*0!,(&!;1;A@),"1*!
,1S)/.!,(&!cK!+,),&=!e(&* !,(&!+,"7A@A+!"+!/&71#&.!V]WG!,(&!;1,&*,")@!&*&/09!@)*.+');&!
/&#&/,+!,1!",+!"*",")@!+,),&G!+;@",,"*0!,(&!;1;A@),"1*!"*,1!,S1!+A4;1;A@),"1*+!Vc[[!)*.!
cKW=!===============================================================================================================================================!̂ M!

["0A/&!M\C!$=!8"7A@),"1*!V1;&*!'"/'@&+W!#+=!,(&1/&,"')@!;/&."',"1*!V+1@".!@"*&+W!12!)',"#),"1*!
;/14)4"@",9!)+!)!2A*',"1*!12!;A@+&!.A/),"1*=!6(&!4@)'B!)//1S!"*."'),&+!"*'/&)+"*0!
+,"7A@A+!"*,&*+",9=!6(&!)',"#),"1*!;/14)4"@",9!"*'/&)+&+!@"*&)/@9!S",(!,(&!.A/),"1*G!S(&*!
,(&!@),,&/!"+!+7)@@=!T*+&,!+(1S+!"*,&/7&."),&!+"0*)@!,/)*+21/7),"1*!2A*',"1*=!?=!6(&!
,/)*+","1*!/),&!."',),&+!,(&!@"*&)/!.&;&*.&*'&G!)*.!"*'/&)+&+!S",(!"*'/&)+"*0!+,"7A@A+!
"*,&*+",9=!c;&*!'"/'@&+!)*.!@"*&+!"*."'),&!,(&1/&,"')@!)*.!*A7&/"')@!;/&."',"1*+G!
/&+;&',"#&@9=!H=!6(&!;A@+&!+,/&*0,(!')*!4&!71*1,1*"')@@9!+')@&.!A;+,/&)7!12!,(&!4"+,)4@&!
.&'"+"1*!71.A@&!S",(1A,!)22&',"*0!,(&!'()/)',&/"+,"'!)',"#),"1*!;/1;&/,9=!J&/&G!T!A+&!)!
J"@@!2A*',"1*!S",(!'1&22"'"&*,!n = 2!)+!,(&!,/)*+21/7),"1*!2A*',"1*!V+(1S*!"*!"*+&,W= !====!̂ ` !

["0A/&!M`C!Q&+;1*+&!12!)!,100@&R+S",'(!,1!;A@+&!"*;A,+=!$=!$!,100@&!+S",'(!'1*+"+,"*0!12!
,S1!71@&'A@&+!V$!)*.!?W!"*("4","*0!&)'(!1,(&/=!e",(!+A22"'"&*,!*1*@"*&)/",9G!,(&!+9+,&7!"+!
4"+,)4@&G!S",(!&",(&/!$!1/!?!.17"*),"*0=!cA/!)*)@9+"+!)++A7&+!,(),!)@@!'&@@+!)/&!"*","),&.!
),!+,),&!$=!$!;A@+&!"*;A,!"+!);;@"&.!,1!./"#&!,(&7!"*,1!+,),&!?=!?=!8"7A@),&.!.&;&*.&*'&!
12!,(&!)',"#),"1*!;/14)4"@",9!1*!;A@+&!.A/),"1*=![1/!+A4R+),A/),"*0!.A/),"1*+G!,(&!
.&;&*.&*'&!&Y("4",+!)*!);;/1Y"7),&@9!,(/&+(1@. R@"*&)/!;/1;&/,9C!,(&/&!"+!*1!)',"#),"1*!
A*,"@!,(&!;A@+&!.A/),"1*!"+!)41#&!)!,(/&+(1@.f!,(&*!,(&!)',"#),"1*!;/14)4"@",9!"*'/&)+&+!
@"*&)/@9!V)+!+(1S*!49!+1@".!@"*&+G!QMsN=bW!A*,"@!+),A/),"1*=!?@)'B!)//1S!"*."'),&+!."/&',"1*!

12!"*'/&)+"*0!+,"7A@A+!"*,&*+",9=!H=!6(&!@"*&)/!)',"#),"1*!/&0"7&!+@1;&!!"*'/&)+&+!S",(!



!

!

YY!

+,"7A@A+!"*,&*+",9!V@"*&)/!2",G!QMgN=b^PW=!>=!6(&!;/"7"*0!.&@)9!!.&'/&)+&+!S",(!+,"7A@A+!
"*,&*+",9!V&Y;1*&*,")@!.&')9!QMgN=bPMW=!===================================================================================!b\ !

["0A/&!MaC!Q&+;1*+&!12!,(&!%9'RQ4R5M[!*&,S1/B!,1!;A@+&!"*;A,+=!$=!T*!/&+;1*+&!,1!+&/A7!
+,"7A@),"1*G!,(&!%9'RQ4R5M[!')*!&Y("4",!4"+,)4"@",9!"*!5M[!@&#&@+=!?=!8"7A@),&.!
.&;&*.&*'&!12!)',"#),"1*!;/14)4"@",9!1*!,(&!.A/),"1*!12!,(&!;A@+&!"*;A,=!81@".!4@)'B!
)//1S!"*."'),&+!"*'/&)+"*0!+,"7A@A+!"*,&*+",9=!6(&!.&;&*.&*'&! "+!);;/1Y"7),&@9!
,(/&+(1@.!@"*&)/!21/!+A4R+),A/),"*0!.A/),"1*+=!?@)'B!)//1S!"*."'),&+!."/&',"1*!12!
"*'/&)+"*0!+,"7A@A+!"*,&*+",9=!H=!6(&!@"*&)/!)',"#),"1*!/&0"7&!+@1;&!!"*'/&)+&+!S",(!
+,"7A@A+!"*,&*+",9!V@"*&)/!2",G!QMgN=bbPW=!>=!6(&!;/"7"*0!.&@)9!!.&'/& )+&+!S",(!+,"7A@A+!
"*,&*+",9!V&Y;1*&*,")@!.&')9!QMgN=b^`W=!====================================================================================!bP!

["0A/&!MPC!>&,&/7"*"*0!)',"#),"1*!21/!,(&!%9' RQ4R5M[!;),(S)9=!$=!8"7A@),&.!5M[!,"7&!
'1A/+&+!"*!/&+;1*+&!,1!)!;A@+&!"*;A,!S",(!#)/9"*0!.A/),"1*+=![1/!+A22"'"&*,@9!+,/1*0!
+,"7A@"!V&=0=!8g`WG!"*'/&)+"*0!.A/),"1*!@&.!,1!)!'()/)',&/"+,"'!).);,"#&!/&+;1*+&!"*!5M[!
@&#&@!VcKW=!6(&!2/)',"1*!12!"*."#".A)@+!&Y("4","*0!,("+!).);,"#&!/&+;1*+&!"+!)!2A*',"1*!12!
+,"7A@A+!.A/),"1*=!?=!)*.!H=!c[[!)*.!cK!;1;A@),"1*+!S&/&!.&@"*&),&.!49! ,(&!S".,(!12!
,(&!;A@+),"@&!/&+;1*+&=![1/!&)'(!,"7&!'1A/+&G!S".,(!12!,(&!;A@+),"@&!/&+;1*+&!),!,(&!()@2!
7)Y"7A7!5M[!@&#&@!S)+!.&,&/7"*&.=!6("+!7&,/"'!/&+A@,&.!"*!)!4"+,)4@&!."+,/"4A,"1*C!,(&!
;1;A@),"1*!'&*,&/&.!),!,(&!("0(&/!71.&!S)+!,)B&*!)+!,(&!)',"#),&.! 2/)',"1*= !===================!bb!

["0A/&!M^C!E"*&)/!"*'/&)+&!"*!)',"#),"1*!;/14)4"@",9!"+!)!;/&2&/)4@&!)@@1'),"1*!+,/),&09=!$=!
$!."+'/&,&!4"+,)4@&!+9+,&7!)@@1S+!'17;)/"+1*!12!#)/"1A+!)',"#),"1*!;/14)4"@",9!'A/#&+=!T*!
,("+!71.&@G!+A''&++"#&!;A@+&+!12!A*",!"*,&*+",9G!7&)*!.A/),"1*! G!)*.!I)A++")* R

."+,/"4A,&.!.&#"),"1*! ΔDi !)/&!);;@"&.!,1!)!;1;A@),"1*=![1/!&)'(!;A@+&G!)!2/)',"1*!

p(D + ! Di ) !)/&!h)',"#),&.i!)*.!;/1@"2&/),&=!6(&!/),&!12!;/1@"2&/),"1*!"+!)++A7&.!,1! 4&!

.&;&*.&*,!1*!,(&!+"0*)@!"*,&*+",9!;&/!"*."#".A)@!
D + ! Di

Ni

G!21@@1S"*0!)!%1*1.!2A*',"1*=!

6(&!/&7)"*"*0!"*)',"#),&.!+A4;1;A@),"1*!"+!&@"7"*),&.!V"=&=!'&@@!.&),(W=!T!*1,&!,(),!,(&!
'1*'@A+"1*+!)41A,!/&@),"#&!2",*&++!)/&!*1,!)22&',&.!"2!,(&!"*)',"#),&.!+A4;1;A@),"1*!"+!
)++A7&.!,1!4&!LA"&+'&*,!V)@"#&!4A,!*1*R0/1S"*0W=!8A''&++"#&!;A@+&+!')*!4&!);;@"&.!,1!
+"7A@),&!2@A',A),"*0!&*#"/1*7&*,)@!'1*.","1*+=!?=!"#$%%!&#'$'&(%$)*()&!'&()+'(),-!
.$,/'/)0)(1!&2$+%*!'*!'!32-&(),-!,3!*)4-'0!52$'(),-6!7,.20' (),-!$%*.,-*%!&'-!/%!4$,2.%5!)-(,!
,-%!,3!(#$%%!&'(%4,$)%*6!8!302&(2'(),-!)-!*)4-'0!52$'(),-!&'-!$%*20(!)-!'!&,$$%*.,-5)-4!0)-%'$!
&#'-4%!)-!'&()+'(),-!9/02%!0)-%:;!,$!'!&#'-4%!(#'(!)*!<,$%!*%-*)()+%!9$%5!0)-%:!,$!0%**!*%-*)()+%!
94$%%-!0)-%:!(#'-!0)-%'$6!=,(%!(#'(!'00!(#$%%!$%.$%*%-('()+%!&2$+%*!'$%!5%3)-%5!,+%$!(#%!*'<%!
$'-4%!,3!*)4-'0!52$'(),-*;!'-5! k(0) = 0,k(500) =1!3,$!'006!>6!?,$!%'&#!&#'$'&(%$)*()&!&2$+%!)-!
9@:;!A!.0,(!(#%!3,05!&#'-4%!'3(%$!B;CCC!.20*%*!,3!'!.'$()&20'$!<%'-!52$'(),-6!8!0)-%'$!
'00,&'(),-!*($'(%41!$%*20(*!)-!'!0'$4%$!3,05!&#'-4%!(#'-!3'*(!'-5!*0,D!'&()+'(),-!3,$!BCCE!'-5!



!

!

YY"!

FGE!,3!*)4-'0!52$'(),-*;!$%*.%&()+%016!A!-,(%!(#'(!(#)*!H2'0)('()+%!&,-&02*),-!)*!($2%!
$%4'$50%**!,3!)-)()'0!.,.20'(),-!*)I%!'-5!-2</%$!,3!.20*%*6!===================================================!ON]!

["0A/&!MbC!>&,&/7"*),"1*!12!;)', !2/17!+,1'()+,"'!+"7A@),"1*+!12!,(&!;1+","#&R2&&.4)'B!
71.&@=!$=!>A&!,1!,(&!;/&+&*'&!12!+,1'()+,"'!*1"+&G!/&;@"'),&+!S",(!".&*,"')@!"*",")@!
'1*.","1*+!21/7!."+,/"4A,"1*+!'&*,&/&.!)/1A*.!,S1!+,&).9!+,),&+=! ?=!6"7&!'1A/+&+!12!
ONGNNN!+"7A@),"1*+!S&/&!+&;)/),&.!"*,1!c[[!)*.!cK!2/)',"1*+!4)+&.!1*!,(&!41A*.)/9!
0"#&*!49!,(&!'/","')@!A*+,)4@&!'1*'&*,/),"1*!#)@A&!V7"..@&!;)*&@G!.1,,&.!@"*&W=!H=!6(&!cK!
2/)',"1*!S)+!,(&*!;@1,,&.!)+!)!2A*',"1*!12!+,"7A@A+!.A/),"1*!V/"0 (,!;)*&@W=!T!A+&.!,(&!
+)7&!7&,(1.!,1!&#)@A),&!,(&!;1+","#&R2&&.4)'B!71.&@!)*.!,(&!,100@&!+S",'(!71.&@=!==!ONb!

["0A/&!]NC!Q&'1#&/9!.9*)7"'+!"*!/&+;1*+&!,1!;&/"1."'!.1+"*0=!$=!3&/"1."'!.1+"*0!
/&0"7&*+!')*!4&!+;&'"2"&.!49!21A/!B&9!; )/)7&,&/+C!,(&!)*,"4"1,"'!'1*'&*,/),"1*! A G!,(&!
.1+"*0!"*,&/#)@!T1G!,(&!,"7&!4&,S&&*!.1+&+!T2 G!)*.!,(&!,1,)@!*A74&/!12!.1+&+G!n=!T!

.&*1,&!,(&!/&'1#&/9!,"7& !21@@1S"*0!n !.1+&+!)+! RTn =!?=!>1+"*0!;)/)7&,&/+!."',),&!

,/&),7&*,!&22"')'9=!J&/&G!,(&!(&),7);!'1@1/+!"*."'),&!/&'1#&/9!,"7&!)2,&/ n = 3G!21/!&)'(!
'174"*),"1*!12! T1!)*.! T2 f!9&@@1S!'1//&+;1*.+!,1!@)/0&!/&'1#&/9!,"7&!V"=&=!)!+A''&++2A@!

,/&),7&*,W!)*.!4@A&!'1//&+;1*.+!,1!)!@1S!/&'1#&/9!,"7&!V"=&=!,/&),7&*,!2)"@A/&W=!H=t >=!
6(&!41A*.)/9!4&,S&&*!,/&),7&*,!&22"')'9!)*.!2)"@A/&!V)+!+(1S*!49!,(&!'1 @1/!7);G!"+!
.&;&*.&*,!1*!,(&!)*,"4"1,"'!'1*'&*,/),"1*!)*.!*A74&/!12!.1+&+=!T*,A","#&@9G!)+!&",(&/!12!
,(&+&!;)/)7&,&/+!"*'/&)+&G!,(&!+;)'&!12!V6OG!6MW!1#&/!S("'(!,/&),7&*,!/&7)"*+!&22&',"#&!
"*'/&)+&+=!=====================================================================================================================================!OO\!

["0A/&!]OC!RT1 !;/&."',+!,(&!&22"')'9!12! RTn !,/&),7&*,+=!$=!J&/&G!&)'(!,/)Z&',1/9!

'1//&+;1*.+!,1!1*&!#)@A&!12!T2 G!)*.!'1@1/+!'1//&+;1*.!,1!"*'/&)+"*0!#)@A&+!12! f!&)'(!

.),)!;1"*,!'1//&+;1*.+!,1!)!+"*0@&!7A@ ,"R.1+&!,/&),7&*,=!6(&/&!"+!)!+()/;!,/)*+","1*!"*!

,/&),7&*,!&22"')'9!V)+!7&)+A/&.!49 RTn W!),
T2

RTn

=1f!,(),!"+G!,(&!/&'1#&/9!,"7&!"*!

/&+;1*+&!,1!)!+"*0@&!.1+&!'1//&+;1*.+!,1!,(&!7)Y"7A7!#)@A&!12!T2 !,(),!/&+A@,+!"*!)!

+A''&++2A@!7A@,"R.1+&!,/&),7&*,=!?=!$+!"*!HG!4A,!A+"*0!)!7"*"7)@!.&0/).),"1*!71,"2!
V[TIW=!===========================================================================================================================================!OO!̀

["0A/&!]MC!$!;/1;1+&.!0/)."&*,!'(";!.&+"0*=!J&/&G!7&.")!2@1S+!2/17!/"0(,!,1!@&2,G!)*.!
+A4+&LA&*,!7"Y"*0!'( )**&@+!'/&),&!)!0/)."&*,!12!)*,"4"1,"'!'1*'&*,/),"1*!V1/!)*9!1,(&/!
7&.")!'1*.","1*!12!"*,&/&+,W=!6("+!71.A@&!S1A@.!4&!;@)'&.!A;+,/&)7!12!)*9!
&Y;&/"7&*,)@!'(";!)*.!)@@1S!,(&!A+&/!,1!,&+,!)!S".&/!#)/"&,9!12!'1*.","1*+!S",(1A,!
+"0*"2"')*,@9!"*'/&)+"*0!,(&!)71 A*,!12!&Y,&/*)@!()/.S)/&!/&LA"/&.=!================================!OOa!

!



!

!

YY""!

Acknowledgements  

!

6(&/&!)/&!+1!7)*9!;&1;@&!S",(1A,!S(17!T!S1A@.!*1,!4&!,(&!;&/+1*!T!)7!,1.)9G!

)*.! S",(1A,! S(17! 0/).A),&! +'(11@! S1A@.! *1,! ()#&! 4&&*! ,(&! +)7&! &Y;&/"&*'&=! T! )7!

&,&/*)@@9!0/),&2A@!21/!)@@!12!,(&7G!;)+,!)*.!;/&+&*,=!

!

["/+,!)*.!21/&71+,G!T!,()*B!79!;)/&*,+=![1/!)@S)9+!0"#"*0!7&!)!;@)'&!,1!/&,A/*!,1G!

21/!+(1S"*0!7&!&#&/9.)9!,(),!2)7"@9!"+!)!;/"'&@&++!)*.!A*4/&)B)4@&!41*.=![1/!,(&!();;9!

7&71/"&+!)*.!,(&!()/.!@&++1*+G!21/!,&)'("*0 !7&!,(&!#)@A&+!12!.&,&/7"*),"1*!)*.!&221/,=!

[1/!"*+;"/"*0!"*!7&!)!@1#&!12!7),(!)*.!+'"&*'&G!)*.!+&,,"*0!7&!1*!,(&!;),(!,1!,1.)9=![1/!

)@S)9+!4&"*0!,(&/&!S(&*!T!*&&.&.!(&@;G!)*.!21/!@"+,&*"*0!S(&*!T!.".*u,!S)*,!,1!,)@B=!6(&!

S1/@.!"+!)!4"0!;@)'&G!)*.!4&')A+&!12!,(&7G!,(&/&!S"@@!)@S)9+!4&!)!'1/*&/!12!",!,(),!S"@@!4&!

(17&=!%9!4/1,(&/!Q1*1f!S&v#&!01*&! ,(/1A0(!@"2&! ,10&,(&/G!2/17! ;@)9"*0!+1''&/! "*! ,(&!

4)'B9)/.!,1!("0(!+'(11@!)*.!'1@@&0&!)*.!*1S!,(&!/&)@!S1/@.!V(&!().!)!4",!12!)!(&).!+,)/,!

1*!7&!1*!,(),!1*&W=!!

!

T!S1A@.!@"B&!,1!,()*B!79!'177",,&&!7&74&/+C!>/=!H()/@&+!I&/+4)'(G!>/=!?/&*,1*!

J1227)*G!>/=!<),")!<1&@@&G!)*.!>/=!:1(*!K&AG!21/!,(&"/!"*#)@A)4@&!).#"'&!1*!79!S1/B=!T!

)7!0/),&2A@!,1! ,(&!>AB&!H&*,&/!21/!?"1,&'(*1@109! )*.!6"++A&!5*0"*&&/"*0!21/!2A*."*0!

,S1!9&)/+!12!79!0/).A),&!')/&&/=! !



!

!

YY"""!

!

T7;1/,)*,@9G!T!)7!0/),&2A@!21/!,(&!7)*9!2/"&*.+!T!()#&!4&&*!21/,A*),&!&*1A0(!,1!

7)B&!1#&/!79! ,"7&!"*!0/).A),&!+'(11@G!41,(! "*+".&!)*.!1A,+".&!12! ,(&!@)4=!>/+=!Q14&/,!

87",(G!$*)*.!3)"G!FA!6)*1A'("G!)*.!8,&;(&*!3)9*&!S&@'17&.!7&!,1!, (&!@)4!)*.!7).&!

7&!2&&@!'1721/,)4@&!"*!S(),!S)+!"*",")@@9!)*!)@"&*!&*#"/1*7&*,!,()*!T!S)+!A+&.!,1=!Q14!

"*! ;)/,"'A@)/! ,)A0(,!7&!+1!7A'(! )*.!&+,)4@"+(&.! ,(&!4&0"**"*0+!12! ,(&! /&+&)/'(! ;),(!T!

,11B! ,(/1A0(! 0/).A),&! +'(11@=! T! S"@@! )@S)9+! 4&! 0/),&2A@! 21/! ("+! S"@@"*0*&++! ,1! )*+S&/!

&#&/9! LA&+,"1*! )*.! &Y;@)"*! &#&/9! 7"+,)B&=! 6(),! '1/*&/! 12! ,(&! @)4G! S",(! ,(1+&! 21A/!

0&*,@&7&*G!S)+!)@S)9+!011.! ,"7&+!)*.!011.!).#"'&G!@"4&/)@@9!+&)+1*&.!S",(!Z1B&+!)*.!

011. R*),A/&.! 2A*=! T! ,()*B! 79! 'A//&*,! @)47),&+f! S&v#&! +()/&.! )@@! ,(&! ,/"A7;(+! )*.!

,/"4A@),"1*+! ,10&,(&/=! Tv.! ;)/,"'A@)/@9! @"B&! ,()*B! $@@"+1*! E1;),B"*G! S(17! Tv#&! ().! ,(&!

;@&)+A/&!12!S1/B"*0!S",(!)*.!,(&!(1*1/!12!4&"*0!2/"&*.+!S",(=!6(/1A0(!)@@!,(&!A;+!)*.!

.1S*+G!+(&!()+!7).&!7&!)!4&,,&/!;&/+1*G!)*.!T!)7!@A'B9!,(),!+(&!"+!79!'@1 +&+,!2/"&*.=!!

!

Tv.! @"B&! ,1! ,()*B! ,(&! 0/1A;! 12! 2/"&*.+! S",(! S(17! Tv#&! +()/&.! ,(&! ;)+,! +&#&/)@!

9&)/+=! J/"+("B&+(! Q)1G! e9),,! 8("&@.+G! <&.)/! )*.! 8*&()! 3/)4(A.&+)"G! K"'(1@)+! 6)*0G!

8S)/*)@"!8&*0A;,)! )*.!>)#&!?Z&&/0)/.G!K"'B! )*.!?&,(!?1,,&*A+G! :&22! )*.!<)/)!8'()) @G!

21/!)@@!,(&!7&71/"&+G!."+'A++"1*G!+A;;1/,G!Z1B&+G!)*.!,(&!011.!,"7&+=!

!



!

!

YY"#!

["*)@@9G!T!S1A@.!@"B&! ,1! ,()*B!79! ).#"+1/G!>/=!E"*0'(1*0!F1AG!21/! ("+! (&@;! )*.!

0A".)*'&! ,(/1A0(1A,!79! ,"7&! "*!0/).A),&!+'(11@=!T! ')7&! ,1! ("+!@)4! )2,&/! )!@)+, R7"*A,&!

&7)"@! )*.! "*,&/#" &SG! )*.! T! )7! 0/),&2A@! ,1! ("7! 21/! ,)B"*0! ,(),! '()*'&! 1*! 7&=! J&! ()+!

.&#1,&.!7)*9!(1A/+!,1!7&*,1/"*0!7&!,(/1A0(!;/1Z&',+G!)@S)9+!).);,"*0!("+!7&*,1/"*0!

+,9@&! ,1! 4&+,! 2",! ,(&! '"/'A7+,)*'&+=! T*! )..","1*! ,1! ("+! )').&7"'! 0A".)*'&G! (&! S)+!

&Y,/&7&@9! 0&*&/1A+! "*! &*)4@"*0! 79! "*,&/*+(";! &Y;&/"&*'&=! 6(/1A0(1A,! 79! 0/).A),&!

')/&&/G!(&!()+!7).&!7&!)!4&,,&/!+'"&*,"+,!)*.!/&+&)/'(&/G!)*.!T!)7!0/),&2A@!21/!("+!"7;)',= !

!



!

O!

1. Introduction  

T*! ,("+! '();,&/G!T! ."+'A++! ,(&! "*",")@! .&#&@1;7&*,!12! )*,"4"1,"'+G! )*.! ,(&!#)/"1A+!

71.&+! 4 9! S("'(! 4)',&/")! V"*'@A."*0! ;),(10&*+W! )/&! )4@&! ,1! +A/#"#&! ./A0! ,/&),7&*,C!

0&*&,"'!/&+"+,)*'&G!;(&*1,9;"'!/&+"+,)*'&G!)*.!;1;A@),"1*!.&*+",9 R.&;&*.&*,!4&()#"1/+=!T!

)@+1! ,1A'(! 1*! ;1,&*,")@! ,/&),7&*,! +,/),&0"&+! ,1! '1A*,&/)',! &)'(! 12! ,(&+&! +A/#"#)@!

7&'()*"+7+ =!["*)@@9G!T!0"#&!)!+(1/,!;/"7&/!1*!,(&!);;@"'),"1*+!12!7"'/12@A"."'!;@),21/7+!

)*.! 7),(&7),"')@! 71.&@"*0! )+! ,(&9! );;@9! ,1! ,(&! +,A.9! 12! 4)',&/")@! .9*)7"'+! )*.!

)*,"4"1,"'!/&+"+,)*'&=! !

!

1.1 Antibiotics and resistance: a brief history  

6(&!&)/@"&+,!)*,"4"1,"'+!S&/&!.&/"#&.!2/17!"*.A+,/")@!.9&+G!)*.!1/"0"*)@@9!A+&.!)+!

'9,1@10"')@!+,)"*+O=!T*!,(&!@),&!Ob,( !)*.!&)/@9!MN,( !'&*,A/"&+G!3)A@!5(/@"'(!(",!A;1*!,(&!".&)!

12!A+"*0!7&,(9@&*&!4@A&!)+!)!+A",)4@&!.9&!21/!4)',&/")@!'&@@+M=!T*!)!+&7"*)@!@&);!12!0&*"A+G!

5(/@"'(! +A/7"+&.! ,(),! ,(&! .9&G! &22&',"#&! "*! +,)"*"*0! )0)"*+,! .%/$0'1!!1/2!V"*'@A."*0! ,(&!

7)@)/")! ;),(10&*WG! '1A@.! 4&! A+&.! )+! )! '(&71,(&/);&A,"'! )0&*,=! [A,A/&! S1/B! S1A@.!

)#1".! ,(&! +".&! &22&',+! 12! 7&,(9@&*&! 4@A&! )*.! )//"#&! ),! LA"*"*&] =!6(&! +&'1*.! B&9+,1*&!

."+'1#&/9!S)+!,(),!12!,( &!"*("4",1/9!&22&',+!12!;&*"'"@@"*!71@.!49!$@&Y)*.&/![@&7"*0!"*!
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1.2 Mechanisms of antibiotic resistance  
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1.3 Phenotypic persistence  
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1.4 Population -level behaviors  
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1.4.1 Antibioti c-mediated altruistic death  
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1.4.2 Quorum sensing (QS) and biofilm formation  
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1.4.3 Bistable inhibition of the replication machinery  
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1.4.4 Mixed strategies  

T*!*),A/&G!H$6!12,&*!)/"+&+!2/17!,/)",+!,(),!)/&!'1*,/1@@&.!49!'174"*),"1*+!12!,(&!

7&'()*"+7+! ."+'A++&.! )41#&=! [1/! &Y)7;@&G! S(&*! 3H>! "+! '1A;@&.! S",(! .&*+",9 R

.&;&*.&*,! 0&*&! &Y;/&++"1*! "*! :)/43;%'&'&&9$# /9*29$G! @9+"+! "+! ,"0(,@9! '1*,/1@@&.! )*.! ')*!

/&+A@,!"*!H$6!,(/1A0(!4"12"@7!21/7),"1*=!H".$!)*.!E/0$!&Y;/&++"1*+! ,A/*!@9+"+!cK!)*.!

c[[! ),! + ;&'"2"&.! +,)0&+! 12! '&@@! 0/1S,(G! /&+;&',"#&@9aN=! E9+"+! /&@&)+&+! 0&*17"'!>K$G!

/&+A@,"*0!"*!&*()*'&.!4"12"@7!21/7),"1*aOGaM=!6(&+&!0&*&+!()#&!4&&*!@"*B&.!,1!/&0A@),"1*!

12! )*,"4"1,"'! ,1@&/)*'&C! 7A,),"1*+! ."+/A;,"*0! H".$! 1/! E/0$! &*()*'&! 1/! /&.A'&!

;1;A@),"1*!+A/#"#)@G!/&+;&',"#&@9aNGa]=!!

!

$*1,(&/! +,/),&09! ,1! +A/#"#&! )*,"4"1,"'! ,/&) ,7&*,! "*#1@#&+! )! '174"*),"1*! 12!

;(&*1,9;"')@@9!+("2,"*0!2/17! )!d+S"77"*0d!+,),&!V;@)*B,1*"'!0/1S,(W! ,1! )!h+S)/7"*0i!

+,),&!V+A/2)'&!0/1S,(WG!_8G!)*.!)@,/A"+,"'!.&),(!V["0A/&! ] MW=!8S)/7"*0!"+!2@)0&@@)R./"#&*!



!

O !̀

0/1A; R7"0/),"1*! 12! 4)',& /")! 1#&/! )! +&7" R+1@".! +A/2)'&! )*.! ();;&*+! &Y'@A+"#&@9! ),! ,(&!

@&)."*0! &.0&! 12! )! ;1;A@),"1*a\Ga=̀! $@,(1A0(! ,(&! A*.&/@9"*0! 7&'()*"+7+! )/&! +;&'"&+!

.&;&*.&*,!)*.!*1,!2A@@9!&@A'".),&.G!+17&!+S)/7"*0!+;&'"&+!()#&!4&&*!14+&/#&.!,1!/&@9!

1*!_8!,1!A;/&0A@),&!,(&!;/1.A',"1*!12!4"1+A/2)',)*,+G!+A'(!)+! /()7*1@";".+G!S("'(! )/&!

*&'&++)/9! 21/! /&.A'"*0! +A/2)'&! ,&*+"1* a\=! 8S)/7&/+! &Y("4",! "*'/&)+&.! ,1@&/)*'&! ,1! )!

#)/"&,9! 12! )*,"4"1,"'+G! "*'@A."*0! )7"*10@9'1+".&+! )*.! 2@A1/1LA"*1@1*&+a`Gaa=! $@,/A"+,"'!

.&),(!7)9! '1*,/"4A,&!,1!,("+!+A/#"#)@!).#)*,)0&=!T,!"+!+;&'A@),&.! ,(),! ! '&@@+!.9"*0!2/17!

;/1@1*0&.! ."/&',! '1*,)',! S",(! ,(&! )*,"4"1,"'! 21/7! )! ;/1,&',"#&! ;@),21/7! ,(),! ;/&#&*,+!

1,(&/! +S)/7&/+! 2/17! '17"*0! "*,1! ."/&',! '1*,)', a`=! 6(A+G! ,(&! ;1;A@),"1*! ()+! ,1! ()#&! )!

("0(!&*1A0(!.&*+",9!,1!A;/&0A@),&!_8 R7&."),&.!+S)/7"*0!0&*&+ a`!)*.!)221/.!,(&!'1+,!12!

"*."#".A)@+! ,(),! )/&! ."/&',@9! &Y;1+&.! ,1! ,(&! )*,"4"1,"'=! ! e("@&! +S)/7"*0! )*.! 4"12"@7!

21/7),"1*! "*#1@#&!+"7"@)/!7&'()*"+7+G!+A'(! )+! )@,/A"+,"'! .&),(! )*.! _8G! ,(&! ,S1!+,),&+!

)/&! "*#&/+&@9! /&0A@),&.aPGa=̂! $+! )! /&+A@,G! 4"12"@7+! '1*,)"*! )! ;1;A@),"1*! 12! +&++"@&! '&@@+!

S("@&!+S)/7+!."+;&/+&!)!;1;A@),"1*!12!)',"#&!'&@@+a^=!

!

6(&! 7&'()*"+7+! A*.&/@9"*0! +S)/7"*0 R7&."),&.! 71,"@",9! )*.! .&*+",9 R

.&;&*.&*,! +A/#"#)@! );;&)/! ,1! #)/9! 4&,S&&*! +;&'"&+f! _8! ()+! 4&&*! "7;@"'),&.! "*!

.$291'0'"/$#/2*95!"'$/ a\G!4A,!*1,!"*!:/%0'"2%%/a`=!c,(&/!+,A."&+!()#&!&Y)7"*&.!,(&!"7;)',!

12! 4"12"@7! '/&),"1*a`! )*.! "*'/&)+&.! &22@AY! ;A7;! &Y;/&++"1*ab=!! 8S)/7"*0! 71,"@",9! ()+!



!

Oa!

4&&*! 14+&/#&.! ,1! +,/1*0@9! '1//&@),&! S",(! ,(&! &Y;/&++"1*! 12! ,(&!40*<8=>?@A!1;&/1* aa=!

6("+!1;&/1*!&*'1.&+!,(&!@";".!$!;1/,"1*!12!E38G!S("'(! /&.A'&+!,(&!4"*."*0!+,/&*0,(!12!

#)/"1A+!)*,"7"'/14")@!;&;,".&+ PN=!<"7!2)#/%=!+(1S&.!,(),! 40*? !&Y;/&++"1*!"+!A;/&0A@),&.!

"*!'1*.","1*+!,(),!;/171,&!+S)/7"*0=!5Y;/&++"1*!.&'/&)+&+!)+!'&@@+!.& R."22&/&*,"),&!2/17!

,(&!+S)/7"*0!;(&*1,9;&G!)*.!B*1'B1A,!/&+A@,+!"*!,(&!@1++!12!+S)/7"*0!)4"@",9aa=!!

!

1.4.5 Social Interactions  
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1.4.6 Density dependent survival leads to faster recovery from 
antibiotic treatment  
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1.5 Implications for antimicrobial treatment strategies  
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1.5.1 Timing in antibiotic dosing  
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1.5.2 Molecular interventions to disrupt CAT  
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+A+'&;,"4@&! ,1! ,/&),7&*,=! 61! ,("+! &*.G!H@A+,&/&.! Q&0A@),1/9! T*,&/+;)'&.! +(1/,!
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1.5.3 Treatment considerations  

>&;&*."*0!1*! ,(&!A*.&/@9"*0!7&'()*"+7+G! '17;@&Y! ,/&),7&*,! /&+;1*+&+! '1A@.!

)/"+&!2/17!;1;A@),"1*+!');)4@&!12!H$6=!c*&!'1A*,&/"*,A","#&!/&+;1*+&!"+!,(&!5)0@&!&22&',G!

)! ;(&*17&*1*! S(&/&"*! "*'/&)+"*0! )*,"4"1,"'! '1*'&*,/),"1*! ;/171,&+! 4)',&/")@!

/&'1#&/9 ON]=!e(&,(&/! )*.! ,1!S(),!&Y,&*,! ,(&!5)0@&!&22&', !();;&*+!"*! ,(&! '@"*"')@!+&,,"*0!

/&7)"*+! ,1!4&! ,&+,&.f! (1S&#&/G! ,(&!5)0@&!&22&',! ()+!4&&*!14+&/#&.! ,1! /&+A@,!2/17!3H>R
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,/&),7&*,!+,/),&0"&+!')*!(&@;!A+!1;,"7"U&!,/&),7&*,!+,/),&09= !

!

1.6 Mathematical modeling in systems biology  

89+,&7+! 4"1@109! +&&B+! ,1! .&#&@1;! "*R.&;,(! A*.&/+,)*."*0+! 12! 0&*1,9;"'! )*.!

;(&*1,9;"'! *&,S1/B+! ,1!&Y;@)"*!*),A/)@!4&()#"1/ OOP=!T*'/&)+"*0@9G!7),(&7),"')@!71.&@+!

)/&! A+&.! ,1! )".! "*! )'("&#"*0! ,("+! 01)@G! )*.! 0&*&/),&! ,&+,)4@&! ;/&."',"1*+! ,(),! #)@".),&!

,(&"/! A+&2A@*&++=! 6(&+&! 71.&@+! ,)B&! ).#)*,)0&! 12! &Y;&/"7&*,)@! .),)! ,1! '1*+,/)"*!

;)/)7&,&/ !#)@A&+! )*.! .&+'/"4&! ;1,&*,")@! "*,&/)',"1*+f! ,("+! "+! 12,&*! )*! ",&/),"#&! ;/1'&++G!

S(&/&"*! &Y;&/"7&*,+! +A00&+,! )! ;)/,"'A@)/! '1*+,/A',"1*G! )*.! #)@".),"1*! 12! 71.&@!

;/&."',"1*+!@&).+!,1!+,/&)7@"*"*0!12!,(&!71.&@!",+&@2=!

!



!

]N!

!

!"#$%&'[ )' V., 2&5.,"7.0' %&-%&1&/,.,"3/1' 3+' 7&00$0.%' /&,43%]1;' V.,2&5.,"7.0'
538&01'7./'6&'6.1&8'3/'"/,&%.7,"3/1'.03/&'A60$&'-./&0C>'73/1,%."/,1'A-$%-0&'-./&0C>'3%'
5&72./"151' A#%&&/' -./&0C;' N/,&%.7,"3/I6.1&8' 538&01' 73/1"1,' 3+' 9.%"3$1' 735-3/&/,1'
A2$61C' ./8' ,2&"%' 73%%&0.,"3/1' A&8#&1C\' 73/1,%."/,I6.1&8' 538&01' 73/1"1,' 3+' +0$J'
8"1,%"6$,"3/1'7.07$0.,&8'+%35'%&.7,"3/' -.,24.=1\'5&72./"15 I6.1&8'538&01' ,%.7]' ,2&'
,"5&'1&%"&1'&930$,"3/'3+'735-3/&/,1'3+'"/,&%&1,;'<2&1&',2%&&',=-&1'3+'538&01'+.00'3/'.'
73/,"/$$5>' -%3#%&11"9&0=' 1.7%"+"7"/#' 173-&W735-0&J",=' "/' +.93%' 3+' 8&,."0W.77$%.7=;'
!"#$%&'%&8%.4/'+%35((^ ;'

!

>&;&*."*0!1*!,(&!+'1;&!12!)*)@9+"+G!)!#)/"&,9!12!71.&@+!')*!4&!A+&.!,1!.&+'/"4&!)!

;(&*17&*1*!12!"*,&/&+, OO=̂![1/!&Y)7;@&G!"*,&/)',"1*R4)+&.!71.&@+!V["0A/&!a>'60$&'-./&0W!
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2. Introduction  

2.1 Posta ntibiotic effect (PAE): definition and prevalence  
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&Y;@)*),"1*+G! "*'@A."*0! *1*R+;&'"2"'! 4"*."*0! )*.! *1*@&,()@! .)7)0&! "*.A'&.! 49!

)*,"4"1,"'! ,/&),7&*, O``GO`aG! )*,"4"1,"'! ;&/+"+,&*'&! S",("*! ,(&! ;&/";@)+7"'! +;)'&G! 1/! ,(&! /& R

+9*,(&+"+! 12! &++&*,")@! &*U97&+O`P=! %1/&1#&/G! ,(&+&! +,A."&+! ()#&! *1,! /A@&.! 1A,! ,(&!

;1++"4"@",9! 12! 7A@,";@&! '1*'A//&*,! 7&'()*"+7+G! 1/! ."22&/&*,! 7&'()*"+7+! 4&"*0!

);;@"')4@&!21/! ."22&/&*,!)*,"4"1,"'+=!%1/&!/&'&*,@9G!UA/!e"&+'(!)*.! '1@@&)0A&+!;/1;1+&.!

,(),! )*,"4"1,"' R,)/0&,! 4"*."*0! B"*&,"'+! )/&! +A22"'"&*,! ,1! &Y;@)"*! 3$5O` f̂! (1S&#&/G! ,(&"/!

71.&@!/&@"&+!1*!&22&',"#&!)*,"4"1,"'!."@A,"1*!#")!'&@@!."#"+"1*=!I"#&*!,(),!7)*9G!"2!*1,!)@@G!

)*,"4"1,"'+!@&).!,1!3$5G!T!S1*.&/&.!"2!,(&/&!&Y"+,+!)*!A*.&/@9"*0!71,"2!,(),!."',),&+!,(&!

,"7&+')@&!12!4)',&/")@!/&'1#&/9=!T*!,("+!+,A.9G!T!;/1;1+&!,(),!)!7"*"7)@!A*"29"*0!,",/),"1* R

4)+&.!"*,&/)',"1*!"+!+A22"'"&*,!,1!)''1A*,!21/!3$5!14+&/#&.!"*!/&+;1*+&!,1!)!S".&!#)/"&,9!

12!)*,"4"1,"'+=!%1/&1#&/G!T!;/1;1+&!,(),!3$5!",+&@2!"+!)!;/&."',"#&!7&,/"'!21/!,(&!&22"')'9!

12!7A@,"R.1+&!)*,"4"1,"'!,/&),7&*,!/&0"7&*+=! !

!



!

]b !

2.2 Premise  

61! LA)*,"29! ;1;A@),"1*! /&'1#&/9! .9*)7"'+G! T!2"/+,! .&2"*&.! ;1;A@),"1*! /&'1#&/9!

,"7&!VQ6;1; W!)+!,(&!.1A4@"*0!,"7&!/&@),"#&!,1!,(&!&*.!12!)*,"4"1,"'!,/&),7&*,!V["0A/&!P>'0&+,'

-./&0 W=!3$5G!,(&*G!'1//&+;1*.+!,1!,(&!;/1@1*0&.!/&'1#&/9!,"7&!"*!/&+;1*+&!,1!)*,"4"1,"'!

,/&),7&*,G! )+! '17;)/&.! ,1! ,(&! '1*,/1@! V ["0A/&! P>' %"#2,' -./&0 W=! T*! ,(&! )4+&*'&! 12! 3$5G!

;1;A@),"1*+! S1A@.! /&+A7&! *1/7)@! 0/1S,(! "77&."),&@9! )2,&/! ,(&! )*,"4"1,"'! S)+!

/&71#&.f! ,(&! '1//&+;1*."*0! /&'1#&/9! ,"7&! S1A@.! 4&! "*.&;&*.&*,! 12! ,(&! )*,"4"1,"'!

,/&),7&*,=!6("+!7&,/"'!"+!;/&2&/)4@&!,1!("+,1/"')@!.&2"*","1*+!12!3$5G!S("'(!7&)+A/&.!,(&!

,"7&! /&LA"/&.!21/! )! ;1;A@),"1*! ,1! "*'/&)+&!ONR21@.! )2,&/! ,/&),7&*,!#")! '1A*,"*0! '1@1*9R

21/7"*0!A*",+!VH[-WO\\ f! 49!7&)+A/"*0!MR21@.! "*'/&)+&+! "*! '&@@! .&*+",9G!,("+! 7&,/"'! 71/&!

;/&'"+&@9!');,A/&+!,(&!&22&',!12!)*9!,/)*+"&*,!.9*)7"'+!"*.A'&.!49!)*,"4"1,"'!,/&),7&*,=! !

!

!"#$%&'Z)' A*&+,' -./&0C' @&739&%=' ,"5&' "1' 8&+"/&8' .1' ,2&' ,"5&' %&:$"%&8' +3%' .'
-3-$0.,"3/' A%&8' 0"/&C' ,3' 83$60&' "/' %&1-3/1&' ,3' .' ,%./1"&/,' ./,"6"3,"7' ,%&.,5&/,' A%&8'
12.8"/#C;' A@"#2,' -./&0C' <2&' -31,./,"6"3,"7' &++&7,' AOEUC' "/8$7&8' 6=' ./' ./,"6"3,"7'
,%&.,5&/,'%&+&%1',3',2&'.88","3/.0',"5&'%&:$"%&8'+3%'.'-3-$0.,"3/',3'%&739&%'A%&8'0"/&C'
"/'735-.%"13/',3',2&'$/,%&.,&8'73/,%30'A60.7]'0"/&C;'

!

!



!
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2.3 Results !

2.3.1 A microfluidic platform for high throughput quantification of 
PAE 

T*! )..","1*! ,1! ;1,&*,")@@9! 7)+B"*0! /&'1#&/9! .9*)7"'+! 1*! +(1/,! ,"7&! + ')@&+G!

;/&#"1A+! +,A."&+! 12! 3$5! V"*'@A."*0! ,(1+&! LA)*,"29"*0! /&'1#&/9! 49! 7&)+A/"*0! /),&+! 12!

$63!+9*,(&+"+O]PG! !>K$! )*.! ;/1,&"*!+9*,(&+"+ O`bW!+A22&/!2/17! )! '1771*! ."+).#)*,)0&C!

.A&!,1!+;)/+&!,"7&!+&/"&+!.),)G!,(&9!.1!*1,!9"&@.!,&7;1/)@@9!;/&'"+&!&+,"7),&+!12!/&'1#&/9!

,"7&=! %1/&1#&/G! ,(&9! /&@9! 1*! /&@),"#&@9! @)/0&! ;1;A@),"1*+! 12! '&@@+G! S("'(! '1A@.!

;1,&*,")@@9!@&).!,1!"*1'A@A7!&22&',+!)*.!+B&S!/&'1#&/9!.9*)7"'+ OaN=!61!1#&/'17&!,(&+&!

,&'(*"')@! @"7",),"1*+G!T! '1@@)41/),&.! S",(! >/=! 8(AL")*0! JA)*0G! S(1! ;/&#"1A+@9!

.&#&@1;&.!)!("0(!,(/1A0(;A, !7"'/12@A"."'!;@),21/7G!,1!LA)*,"29!,(&!/&+;1*+&!12!4)',&/")@!

;1;A@),"1* +!,1!)!/)*0&!12!)*,"4"1,"'!'1*'&*,/),"1*+!)*.!,/&),7&*,!.A/),"1*+ OaO=!$+!+(1S*!

"* ' ["0A/&! ^EG! ,(&!7"'/12@A"."'! '(";! '1*+"+,+!12!+"Y! "*.&;&*.&*,! '()**&@+!V,1;! /1SG! ,1;!

#"&SWG!&)'(!S",(! ,S1!7&.")! "*;A,+!V0/ &&*! '"/'@&+W!)*.!1*&!1A,;A,!V/&.! '"/'@&W=!?)',&/")!

)/&!7)*A)@@9!@1).&.! "*,1!&)'(! '()**&@!)*.! ,/);;&.! "*! "*."#".A)@! '9@"*./"')@! 'A@,A/"*0!

'()74&/+! V7"..@&! /1SW=! 6(&! (&"0(,! 12! ,(&! '()74&/+! VqO=Nµ7W! '1*+,/)"*+! 4)',&/")@!

0/1S,(! ,1! )! +"*0@&! 71*1@)9&/G! 2)'"@",),"*0! ;/&'"+&! LA)*,"2"'),"1*! V41,,17! /1SW! A+"*0!

,"7&R@);+&!2@A1/&+'&*'&!7"'/1+'1;9=! I/1S,(!7&.")! )*.! )*,"4"1,"'! .1+"*0! ;/1,1'1@+!)/&!

'1*,/1@@&.!49!;/10/)77)4@&!+9/"*0&!;A7;+= !

!



!

\O!

!

!"#$%&'̂ )' E' 2"#2' ,2%3$#2-$,' 5"7%3+0$"8"7' -0.,+3%5' +3%' :$./,"+="/#' 6.7,&%".0'
-3-$0.,"3/' 8=/.5"71;' E;' U.72' OMVR I+.6%"7.,&8' 72"-' 73/1"1,1' 3+' 1"J' "/8&-&/8&/,'
&J-&%"5&/,1>'3/&'3+'42"72'"1'1234/>'+%35',3-'9"&4'A,3-'%34C;'_%&&/'7"%70&1'"/8"7.,&'
5&8".' "/+034\' %&8' 7"%70&' "/8"7.,&1' 3$,+034;' G.7,&%".' .%&' 5./$.00=' 03.8&8'"/' "/+034'
-3%,1' ./8' .%&' ,%.--&8' "/' "/8"9"8$.0' 7$0,$%"/#' 72.56&%1' A#%.=' 7"%70&1C>' ,2&' 2&"#2,' 3+'
42"72' &/1$%&1' ,2.,' 6.7,&%".' .%&' "5.#&8' "/' .' 53/30.=&%' A1&73/8' %34' 172&5.,"7C;'
_%34,2'73/8","3/1'A&;#;'./,"6"3,"7'831&'-%3+"0&C'.%&'-%&7"1&0='73/,%300&8'9".'&J,&%/.00='
-%3#%.55.60&'1=%"/#&'-$5-1; 'G;'!0$3%&17&/,'"5.#&1'1234'%&-%&1&/,.,"9&'#%34,2'3+'.'
53/30.=&%'3+'!"#$%&''GTDY((L'7&001'73/1,",$,"9&0='&J-%&11"/#'_!O'39&%'+3$%'23$%1;''

!

?/"&2@9G! 7"'/12@A"."'! '(";+! S&/&! 2)4/"'),&.! S",(!;1@9."7&,(9@+"@1Y)*&! V3>%8W!

A+"*0!)!+"@"'1*!71@.=!5)'(!'(";!"+!'17;/"+&.!12!+"Y!;)/)@@&@!/&;@"'),&!A*",+G!&)'(!'1*+"+,+!

12! )! '&*,/)@! 2@1S! '()**&@! )*.! M\! 4/)*'(&.! 'A@,A/"*0! '()74&/+=! 6(&! (&"0(,! 12! ,(&+&!

'()74&/+!VqO=]r7 W!,/);+!)!71*1@)9&/!12!4)',&/")@!'&@@+G!,(&/&49!&*)4@"*0!)''A/),&!"7)0&!

;/1'&++"*0! )*.! ;1;A@),"1*! LA)*,"2"'),"1*=! 5)'(! 2@1S! '()**&@! ()+! ,S1! "*;A,+! )*.! 1*&!

1A,;A,f! 49! '1*,/1@@"*0! 7&.")! '1*.","1*+! V2@1S! /),&G! )*,"4"1,"'! '1*'&*,/),"1*W! A+"*0!

&Y,&/*)@@9! ;/10/)77&.! +9/"*0&! ;A7;+! VK&S! 5/)! 3A7;! 89+,&7+! K5 ROaNNWG! #)/"1A+!

)*,"4"1,"'!.1+&!;/12"@&+!')*!4&!"7;@&7&*,&.=!!

!
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c#&/*"0(,!'A@,A/&+!S&/&!."@A,&.!ONNR21@.!"*,1!]7E!%b!)*.!0/1S*!21/!M!(1A/+!),!

]P{H! ),! M`N/;7! +()B"*0! V c> aNN! q! N=MW=! H&@@+! S&/&! ,(&*! '1*.&*+&.! ONR21@.=! H&@@+! S&/&!

7)*A)@@9!@1).&.!"*,1! ,(&! '(";!A+"*0!)!3M!;";&,=!%&.")!2@1S!"*! ,(&! '(";!S)+! '1*,/1@@&.!

S",(!&Y,&/*)@!+9/"*0&!;A7;+=!H&@@+!S&/&!)@@1S&.!,1!0/1S!21/!]N!7"*A,&+!"*!'@&)*!7&.")!

2@1S!V*1!)*,"4"1,"'+G!OMNrE X(!2@1S!/),&WG!21@@1S&.!49!)*,"4"1,"'!,/&),7&*,!V`NNrEX(!S",(!

);;@"')4@&!)*,"4"1,"'! '1*'&*,/),"1*W!)*.! )! /&'1#&/9! ;()+&! V*1! )*,"4"1,"'+G!OMNrE X(!2@1S!

/),&W=!6(&+&!2@1S!/),&+!S&/&!'(1+&*!+A'(!,1!+),"+29!,S1!'1*.","1*+C!+@1S!&*1A0(!+1!)+!*1,!

,1!S)+(! 1A,! '& @@+!2/17! ,(&! 'A@,A/"*0! '()74&/+G! )*.! 2)+,!&*1A0(! ,1! 14+&/#&!+"0*"2"')*,!

"*("4","1*!1#&/!,(&!,9;"')@!'1A/+&!12!)*!&Y;&/"7&*,+!VqO^(W=!6(&!&*,"/&!.&#"'&!S)+!B&;,!),!

]P`Hf! 2"#&! /&;@"'),&+! S&/&! A+&.! ;&/! &Y;&/"7&*,)@! '1*.","1*=! HA@,A/"*0! '()74&/+! S&/&!

"7)0&.!&# &/9!`!7"*A,&+!V["0A/&! ^GW=!$@@!&Y;&/"7&*,+!21@@1S&.!,(/&&!;()+&+C!'&@@+!S&/&!

"*",")@@9! 'A@,A/&.! "*! 7&.")! S",(1A,! )*,"4"1,"'! 21/! ]N! 7"*A,&+G! 21@@1S&.! 49! 7&.")!

'1*,)"*"*0!)*,"4"1,"'!21/!)!2"Y&.!,"7&!"*,&/#)@G!)*.!,(&*!)@@1S&.!,1!/&' 1#&/!"*!)*,"4"1,"' R

2/&&!'1*.","1*+=!!

!

2.3.2. Quantification of PAE in E. coli cells in response to 
streptomycin  treatment  

T! A+&.! ,(&! 7"'/12@A"."'! ;@),21/7! ,1! 2"/+,! LA)*,"29! ,(&! /&'1#&/9! .9*)7"'+! 12!

+$&32*!&3!/# &'%!! +,/)"*! ?eM`OO] OaM! "*! /&+;1*+&! ,1! ,/)*+"&*,! +,/&;,179'"*! ,/&),7&*,=!

c#&/*"0(,! 71*1'@1*)@!'A@,A/&+! S&/&! ."@A,&.! ONNR21@.! "*,1!]7E! %b! )*.! 0/1S*! 21/! M!

(1A/+!),!]P{H!),!M`N/;7!+()B"*0!Vc> aNN!q!N=MW=!H&@@+!S&/&!,(&*!'1*.&*+&.!ONR21@.=!H&@@+!



!

\] !

S&/&! 7)*A)@@9! @1).&.! "*,1! ,(&! '(";! A+"*0! )! 3M! ;";&,=! %&.")! 2@1S! "*! ,(&! '(";! S)+!

'1*,/1@@&.!S",(!&Y,&/*)@!+9/"*0&! ;A7;+=!H&@@+!S&/&! )@@1S&.! ,1!0/1S!21/! ]N!7"*A,&+!"*!

'@&)*! 7&.")! 2@1S! V*1! )*,"4"1,"'+G! OMNrEX(! 2@1S! /),&WG! 21@@1S&.! 49! )*,"4"1,"'! ,/&),7&*,!

V`NN!rEX(!S",(!);;@"')4@&!)*,"4"1,"'!'1*'&*,/),"1*W!)*.!)!/&'1#&/9!;()+&!V*1!)*,"4"1,"'+G!

OMNrEX(! 2@1S! /),&W=! 6(&! &*,"/&! .&#"'&! S)+! B&;,! ),! ]P{Hf! 2"#&! /&;@"'),&+! S&/&! A+&.! ;&/!

&Y;&/"7&*,)@! '1*.","1*=! HA@,A/"*0! '()74&/+! S&/&! "7)0&.! &#&/9! `! 7"*A,&+=! $@@!

&Y;&/"7&*,+! 21@@1S&.! ,(/&&! ;()+&+C! '&@@+! S&/&! "*",")@@9! 'A@,A/&.! "*! 7&.")! S",(1A,!

)*,"4"1,"'! 21/! ]N! 7"*A,&+G! 21@@1S&.! 49! 7&.")! '1*,)"*"*0! )*,"4"1,"'! 21/! )! 2"Y&.! ,"7&!

"*,&/#)@G!)*.!,(&*!)@@1S&.!,1!/&'1#&/!"*!)*,"4"1,"'R2/&&!'1*.","1*+=!

!

!

!"#$%&' a)' O3-$0.,"3/' %&739&%=' ,"5&' "1' .' +$/7,"3/' 3+' ,3,.0' ./,"6"3,"7;' E;'
@&-%&1&/,.,"9&' ,"5&' 1&%"&1' +0$3%&17&/7&' 8.,.' 1234"/#' 831&I8&-&/8&/,' -3-$0 .,"3/'
%&739&%='"/'%&1-3/1&',3',%./1"&/,'1,%&-,35=7"/',%&.,5&/,;'?&%&>',"5&'K&%3'"1'%&0.,"9&',3'
,2&' &/8' 3+' ,%&.,5&/,' A(DB' 5"/$,&1C;' <%.b&7,3%"&1' 1234' 5&./' ./8' 1,./8.%8' 8&9".,"3/'
+3%'+"9&'%&-0"7.,&1\'7303%1'"/8"7.,&'"/7%&.1"/#'./,"6"3,"7'73/7&/,%.,"3/'AD>'X>' [>'^>'(B>'(D'
µ#W5*C;' O3-$0.,"3/' +0$3%&17&/7&' 9.0$&1' .%&' /3%5.0"K&8' ,3' ,"5&' K&%3\' 83,,&8' 0"/&'
"/8"7.,&1'.'D I+308'"/7%&.1&>'73%%&1-3/8"/#',3',2&'%&739&%=',"5&'+3%'&.72'-3-$0.,"3/;'G;'
O3-$0.,"3/' %&739&%=' ,"5&' "1' ./' &J-3/&/,".00=' "/7%&.1"/#' +$/7,"3/' 3+' ,3,.0' ./,"6"3,"7'
,%&.,5&/,;' N/1&,' 12341' %&739&%=' ,"5&' .1' .' +$/7,"3/' 3+' 831&' 8$%.,"3/' +3%' "/7%&.1"/#'



!

\\ !

1,%&-,35=7"/' 73/7&/,%.,"3/1' A.1' "/' -./&0' FC;' T2&/' -03,,&8' .#."/1,' ,3,.0' ./,"6"3,"7'

A7.07$0.,&8' .1' C>' .00'%&739&%=' ,"5&'9.0$&1'7300.-1&'3/,3' .' 1"/#0&'&J-3/&/,".0'

+$/7,"3/'A60.7]'0"/&>'@D'c'B;^LC;'

'

["0A/&! bE' +(1S+! ,9;"')@! ,"7&! '1A/+&+! 12!+$&32*!&3!/# &'%!! +,/)"*! ?eM`OO] OaM!

&Y;1+&.! ,1! OMNR7"*A,&! +,/&;,179'"*! ,/&),7&*,! ),! "*'/&)+"*0! '1*'&*,/),"1*+! V,gN!

'1//&+;1*.+! ,1! ,(&! &*.! 12! ,/&),7&*,W=! 6(&! /&'1#&/9! ,"7&! ./)+,"')@@9! "*'/&)+&.! S",(!

"*'/&)+"*0!)*,"4"1,"'!'1*'&*, /),"1*+G!"*."'),"*0!0&*&/),"1*!12!3$5G!S(&/&!,(&!.)+(&.!@"*&!

"*."'),&+!)!,S1 R21@.!"*'/&)+&!/&@),"#&!,1!,gN=!$,!)!2"Y&.! '1*'&*,/),"1*G!,(&!/&'1#&/9!,"7&!

./)+,"')@@9! "*'/&)+&.! S",(! ,/&),7&*,! .A/),"1*! V ["0A/&! bG>' "/1&,W=! Q&7)/B)4@9G!49!

'174"*"*0!,(&!.1+&!)*.!.A/),"1*!21/!&)'(!,/&),7&*,G! T!21A*.!,(),!,(&!/&'1#&/9!,"7&!S)+!

.&,&/7"*&.! 49! ,(&! ,1,)@! )*,"4"1,"'! .&@"#&/&.! 21/! &)'(! ,/&),7&*,G! /&0)/.@&++! 12! ,(&! .1+&!

;/12"@&! V["0A/&! bGW=! 6(),! "+G! &#&/9! ,/&),7&*,! V"=&=!'174"*),"1*! 12! '1*'&*,/),"1*! )*.!

.A/),"1*W!,(),!.&@"#&/&.!)!0"#&*!,1,)@!)*,"4"1,"'!/&+A@,&.!"*!)!'17;)/)4@&!/&'1#&/9!,"7&G!

S("'(!"*'/&)+&.!);;/1Y"7),&@9!&Y;1*&*,")@@9!S",(!,(&!,1,)@!)*,"4"1,"'= !

!

2.3.3 Partial population death and phenotypic selection do no t 
account for PAE 

J&/&G!T! *1,&! ,(),! )! 7)Z1/! ')#&),! 12! A+"*0! 2@A1/&+'&*'&! /&;1/,&/+! "*! ,(&!

7"'/12@A"."'! ;@),21/7! "+! ,(&! &22&',! 12! "*'17;@&,&! ;1;A@),"1*! .&),(! .A/"*0! )*,"4"1,"'!

,/&),7&*,=!T*.&&.G!A*.&/!+17&!,/&),7&*,!'1*.","1*+G !T!14+&/#&.!'&@@+!,(),!&Y;/&++&.!I[3!

),!'17;)/)4@&!@&#&@+!,1!1,(&/!;1;A@),"1*!7&74&/+!4A,!.".!*1,!."#".&!21/!,(&!.A/),"1*!12!



!
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,(&! /&'1#&/9! ;()+&! VqO^(W=! 6(&/&21/&G! )@,(1A0(! ,(&+&! '&@@+! '1*,/"4A,&! ,1! ,1,)@!

2@A1/&+'&*'&G! ,(&9! .1! *1,! '1*,/"4A,&! ,1! /&'1#&/9G! )*.! +(1A@.! ,(&/&21/&! 4&! ."+/&0)/.&.!

2/17!/&'1#&/9!,"7&!LA)*,"2"'),"1*=! !

!

61!LA)*,"29!,(&! '1*'&*,/),"1* R.&;&*.&*,!B"@@"*0!/),&!12!+,/&;,179'"*G!1#&/*"0(,!

'A@,A/&+!S&/&!/&0/1S*!,1!7".R&Y;1*&*,")@!;()+&!49!ONNR21@.!."@A,"1*!"*!]7E!%b!7&.")!

)*.!"*'A4),"*0!21/!M!(1A/+!),!]P{H!S",(!M`NQ3%!+()B "*0=!H&@@+!S&/&!,(&*!S)+(&.!)*.!

/&+A+;&*.&.! "*! )!7"*"7)@!%b!4A22&/!V".&*,"')@! ,1!%b!7&.")! .&+'/"4&.! )41#&G!S",(1A,!

0@A'1+&!1/!')+)7"*1!'1*,&*,W=!`NNrE!)@"LA1,+!"*!O=`7E!5;;&*.1/2!,A4&+!S&/&!"*'A4),&.!

S",(!);;/1;/"),&!)*,"4"1,"'!'1*'&*,/),"1*+!),!]P{H!S",(! M`NQ3%!+()B"*0=!8)7;@&+!S&/&!

,(&*! +&/")@@9! ."@A,&.! ,1! ONPR21@.! )*.! ;@),&.! 1*! +&@&',"*0! )0)/! ;@),&+! V`Nr0X7E!

B)*)79'"*W=!3@),&+!S&/&! "*'A4),&.! ),! ]P{H!1#&/*"0(,! )*.!H[-+! '1A*,&.! ,(&! *&Y,! .)9=!

H&@@!.&*+",9!S)+! )@+1!7&)+A/&.! ;/"1/! ,1! )*,"4"1,"'! ,/&),7&*,!VqP5̂!H[-X7EW=!m")4"@",9!

'A/#&+!21/!&)'(!+,/&;,179'"*! '1*'&*,/),"1*!S&/&!*1/7)@"U&.! ,1! "*",")@! .&*+","&+! )*.!2",!

S",(! &Y;1*&*,")@! .&')9! 'A/#&+! V["0A /&! ONEW=! $@@! .),)! ;1"*,+! +(1S! ,(&! 7&)*! )*.!

+,)*.)/.!.&#"),"1*!12!a!/&;@"'),&+= !

!



!

\a !

!

!"#$ %&'(B)'O.%,".0' -3-$0.,"3/'8&.,2'83&1' /3,' .773$/,'+3%'./,"6"3,"7'8&-&/8&/,'
%&739&%=' ,"5&;' E;' F3/7&/,%.,"3/' 8&-&/8&/,' 1,%&-,35=7"/' ]"00"/#' %.,&1' 4&%&'
8&,&%5"/&8'"/',2&'.61&/7&'3+'-3-$0.,"3/'#%34,2;'H9&%/"#2,'7$0,$%&1'4&%&'8"0$,&8'(BI
+308'./8'#%34/'"/'Va'5&8".',3'.'2"#2'8&/1",=;'F&001'4&%&',2&/'"/7$6.,&8'"/'5"/"5.0'
5&8".'4",2',2&'"/8"7.,&8'./,"6"3,"7'73/7&/,%.,"3/'+3%'"/7%&.1"/#'8$%.,"3/1;'O3-$0.,"3/'
9".6"0",='8&7%&.1&8'&J-3/&/,".00='4",2'831&'8$%.,"3/;'<2&'73/,%30'-3-$0.,"3/'1234&8'
/& #0"#"60&' #%34,2W8&.,2' "/' ,2&1&' 73/8","3/1>' "/8"7.,"/#' ,2.,' 8&7%&.1&' "/' 9".6"0",=' "1'
8$&',3'7&00']"00"/#;'E00'8.,.'-3"/,1'1234'5&./'./8'1,./8.%8'8&9".,"3/'3+'['%&-0"7.,&1; '
G;'F3%%&7,"/#' +3%' -.%,".0' -3-$0.,"3/' 8&.,2' %&1$0,1' "/' .' 034&%' &++&7,"9&' %&739&%=' ,"5&'
A-$%-0&'8.,.'-3"/,1C\'234&9&%>'%&739&%=',"5&'%&5."/1'8&-&/8&/,'3/',3,.0'./,"6"3,"7; ''

!

6(&+&!.&),(! /),&+!S&/&!A+&.! ,1! ).ZA+,! ,(&! ,S1 R21@.!"*'/&)+&! 'A,122! ,1! /&2@&',! ,(&!

1*@9! ,(&! 2@A1/&+'&*'&! +"0*)@! .&,&',&.! 2/17! )',"#&@9! ;/1@"2&/),"*0! '&@@+=! J1S&#&/G! ,("+!

).ZA+,7&*,!.".!*1,!)''1A*,!21/!,(&!14+&/#&.!3$5f!;1;A@),"1*+!+,"@@!&Y("4",&.!)!("+,1/9 R

.&;&*.&*,!/&+;1*+&!,1!./A0!,/&),7&*,!V ["0A /&!ON?W=![1/!&Y)7;@&G!,/&),"*0!S",(!OMr0X7E!

+,/&;,179'"*!21/!OMN!7"*A,&+! /&+A@,&.!"*! );;/1Y"7),&@9! \N k!#")4"@",9!VB"@@!/),&!12!N=aW=!

6(&/&21/&G!,(&! #")4@&! +A4;1;A@),"1*! S1A@.! ()#&! .1A4@&.! S(&*! ,(&! ,1,)@! 2@A1/&+'&*'&!

/&)'(&.! 2(1! 0.6)+ 0.6= 2! 0.6=1.4x !,(&!,1,)@!),!,(&!&*.!12!)*,"4"1,"'!,/&),7&*,=! !



!

\P!

!

%1/&1#&/G!T,! "+! S&@@R&+,)4@"+(&.! ,(),! ,/&),7&*,! S",(! +A4"*("4",1/9! )*,"4"1,"'!

'1*'&*,/),"1*+! ')*! @&).! ,1! +&@&',"1*! &22&',+G! S(&/&"*! "*."#".A)@! '&@@+! S",(! @1S&/!

7"*"7A7!"*("4",1/9! '1*'&*,/),"1*+!V%THW!)/&!&@"7"*),&.G!/&+A @,"*0!"*! )! ;1+,R,/&),7&*,!

;1;A@),"1*! S",(! "*'/&)+&.! ,1@&/)*'&! ,1! )*,"4"1,"' O`]GOa]=! 69;"')@@9G! ("0(&/! ,1@&/)*'&!

'1//&@),&+! S",(! +@1S&/! 0/1S,(G! .A&! ,1! /&.A'&.! )*,"4"1,"'! A;,)B& Oa\=! T*.&&.G! +A'(!

;(&*1,9;"'!+&@&',"1*!')*!@&).!;/1@1*0&.!;&/+"+,&*'&!A*.&/!'1*,"*A1A+!,/&),7&*, Oa]=!!

!

!

!"#$%&'(( )' R$77&11"9&' 83$60"/#' ,"5&1' 1$##&1,' /3' -2&/3,=-"7' 1&0&7,"3/ ;' E;'
R$77&11"9&'83$60"/#',"5&1'.%&'8&+"/&8'.1',2&',"5&'"/,&%9.01'39&%'42"72'.'-3-$0.,"3/'
"/7%&.1&1'DI+308>' ./8'7./'6&'7.07$0. ,&8'+%35'"/8"9"8$.0'%&739&%=',%.b&7,3%"&1>'%&0.,"9&'
,3',2&'&/8'3+',2&'831&'A%&8'12.8"/#C;'?&%&>',2&'/,2'83$60"/#',"5&'"1'8&/3,&8'@< / ;'<2$1>'
@<( ' "1'"8&/,"7.0',3',2&'%&739&%=',"5&'8.,.'-%&1&/,&8'"/'!"#$%&'(M;'<2&'&J,&/,'3+'@</' "1'
0"5",&8'6=' ,2&'1"K&'3+' ,2&'#%34,2'&/9"%3/5&/,' ./8'8.,.' .7:$"1","3/; ' G;'F3/9&%#&/7&'



!

\^ !

3+'@</ ' 1$##&1,1' ,2&' -%&1&/7&'3%'.61&/7&'3+' ./,"6"3,"7I8&-&/8&/,'1&0&7,"3/'&++&7,1;'N/'
,2&'.61&/7&'3+'1&0&7,"3/>'@</ ' 43$08'73/9&%#&',3'K&%3'103-&>'"/8"7.,"/#',2.,',%&.,5&/,'
2"1,3%=' 2.8' /3' &++&7,' 3/' #%34,2' 8=/.5"71' .+,&%' 8&,3J"+"7.,"3/\' .+,&%' %&739&%=' +%35'
./,"6"3,"7' ,%&.,5&/,>'-3-$0.,"3/1'4&%&'"/8"1,"/#$"12.60&'+%35'$/,%&.,&8'73/,%30'A0&+,'
-./&0C;'N/',2&'-%&1&/7&'3+'./,"6"3,"7'1&0&7,"3/>'1$77&11"9&'@</ '43$08'73/9&%#&',3'103-&'
#%&.,&%' ,2./' K&%3>' "/8"7.,"/#' .' -2=1"303#"7.0' d5&53%=' &++&7,e>' .].' 1&0&7,"3/;' F;' f ' U;'
R$77&11"9&' 83$60"/#' ,"5&1' +30034"/#' 1,%&-,35=7"/' AFC' 7203%.5-2&/"730' AMC>' ./8'
1,%&-,35=7"/' ,%&.,5&/,' "/' B;BYg' 4W9' 7.1.5"/3' .7"8' 5&8".' 73/9&%#&' ,3' .' +0.,' 0"/&>'
1$##&1,"/#',2.,',2&'&++&7,'3+'./,"6"3," 7'1&0&7,"3/'"1'"/1"#/"+"7./,; '

!

61!.&,&/7"*&!S(&,(&/!+&@&',"1*!S)+!,(&!./"#"*0!21/'&!4&("*.! ,(&+&!14+&/#),"1*+!

12!3$5G!T!'17;)/& . !+A''&++"#&!.1A4@"*0! ,"7&+!)+!)!2A*',"1*!12!)*,"4"1,"'! '1*'&*,/),"1*!

V["0A/&! OOEW=!T*! ,("+! ')+&G!Q6O!"+! ".&*,"')@! ,1! ,(&! /&+A@,+! ;/&+&*,&.! "*!["0A/&! bM;' T*! ,(&!

)4+&*'&!12!+"0*"2"')*,!;(&*1,9;"'!+&@&',"1*G!T!S1A@.!&Y;&',!Q6*! ,1!);;/1)'(!)!(1/"U1*,)@!

@"*&!V["0A/&! OOG>'0&+,' -./&0Wf!"*!1,(&/!S1/.+G!)*,"4"1,"'!,/&),7&*,!S1A@.!()#&!*1!&22&',!

1*!,(&!;(&*1,9;"'!'17;1+","1*!12!,(&!;1;A@),"1*!)2,&/!2A@@!/&'1#&/9=!c*!,(&!1,(&/!()*.G!

"*!,(&!;/&+&*'&!12!;(&*1,9;"'!+&@&',"1*G!T!S1A@.!&Y;&',!Q6* !,1!'1*#&/0&!,1!)!;1+","#&@9R

+@1;&.!@"*&G! )*.! /&7)"*! .&;&*.&*,!1*! ,(&! ,/&),7& *,! ("+,1/9!V["0A/&! OOG>'%"#2,' -./&0W=!

$+! +(1S*! "*! ["0A/&! OOF' V+,/&;,179'"*! ,/&),7&*,W ' )*.! ["0A/&! OOM' V'(@1/)7;(&*"'1@!

,/&),7&*,WG! +A4+&LA&*,! .1A4@"*0! ,"7&+! ')@'A@),&.! 2/17! 1A/! 7"'/12@A"."'! &Y;&/"7&*,+!

,&*.&.! ,1S)/.! )! '1*+,)*,! #)@A&! "*.&;&*.&*,! 12! )*,"4"1,"'G! +A00&+,"*0! ,(),! +&@&',"1*!

;@)9+!)!7"*"7)@!/1@&!"*!+&,,"*0!.&@)9&.!;1;A@),"1*!/&'1#&/9=!

!



!

\b !

2.3.4 A minimal model of antibiotic action  

!

61!0)"*!"*+"0(,!"*,1!41,(!"*,/)'&@@A@)/!)*. !;1;A@),"1* R@&#&@!.9*)7"'+!A*.&/@9"*0!

/&'1#&/9!.9*)7"'+G! T!).1;,&.!)!7"*"7)@!71.&@!12!)7"*10@9'1+".&!)',"1* OaN!V["0A/&!OMEW=!

6(&! 71.&@! '1*+"+,+! 12! +"Y! 1/."*)/9! ."22&/&*,")@! &LA),"1*+! Vc>5+W! /&;/&+&*,"*0!

&Y,/)'&@@A@)/!)*.!"*,/)'&@@A@)/!)*,"4"1,"'!VAin !)*.! Aout G!/&+;&',"#&@9WG!/"41+17&!+9*,(&+"+!

VC WG!)*.!)!,S1R+,&;!;),(S)9!21/!)* ,"4"1,"' R7&."),&.!/"41+17&!.&0/).),"1*!V CA)*. ! !

CA' W=!6(/1A0(! ,/)*+'/";,"1*! )*.! ,/)*+@),"1*G! C !"+!+A4Z&',! ,1! )! ;1+","#&!2&&.4)'B!@11;=!

["*)@@9G!,(&!/"41+17&!'1*'&*,/),"1*! !+&,+!,(&!;1;A@),"1*!0/1S,(!/),&! µ Oa=̀!!

d[C]
dt

=
k1[C]

V1 +[C]
! kf [C][Ain ] ! ku[C] + kb[CA] ! VOW!

d[Ain]
dt

= kin[Aout ] ! kout[Ain ] ! kf [C][Ain ] + kb[CA] + kr [CA'] !! VMW!

[Aout ] = A0(1! H(t ! D)) !! ! V]W!

d[CA]
dt

= kf [C][Ain ] ! kb[CA] !! ! V\W!

d[C ′A ]
dt

= kd[CA]− kr [C ′A ] ! ! !V`W!

dN
dt

= µ0(
[C]

V +[C]
)N(1!

N
Nm

)!! ! VaW!

!



!

`N!

!

!"#$%&'(D)' <2&' ,"5&17.0&' 3+' "/,%.7&00$0.%' ./,"6"3,"7' &++0$J' 8"7,.,&1' "/8"9"8$.0'
./8' -3-$0.,"3/' %&739&%= ;' E;' E' 5"/"5.0' 538&0' 3+' ./,"6"3,"7' .7,"3/;' E/,"6"3,"7' "1'
,%./1-3%,&8' 6&,4&&/' ,2&' "/,%.7&00$0.%' ./8' &J,%.7&00$0.%' &/9"%3/5&/,1' A Ain ' ./8' Aout C'

6='"/+0$J'./8'&++0$J'%.,&1'Akin ' ./8' kout C;'Ain '%&9&%1"60='6"/81',3',.%#&,'%"63135&1'' ,3'

+3%5' ,2&' 735-0&J' CA>' 4",2' 6"/8"/#' ./8' 8"1137".,"3/' %.,&1' kf ' ./8 kb >' %&1-&7,"9&0=;'

<2"1'735-0&J'7./',2&/'6&'8&#%.8&8',2%3$#2',2&'"/,&%5&8".,&' CA' ;'<2&1&'"/,%.7&00$0.%'
8=/.5"71'"/+0$&/7&',2&'39&%.00'-3-$0.,"3/'%&739&%='%.,&\',2&'5.J"5$5'#%34,2'%.,&' '
"1'8&-&/8&/,'3/',2&'%"63135&'73/7&/,%.,"3/' ;'<2$1>'%&739&%='7./'6&':$./,"+"&8'63,2'
3/',2&'"/8"9"8$.0'0&9&0>'.1'.'+$/7,"3/'3+ ' C >'3%'3/',2&'-3-$0.,"3/'0&9&0>'"/',&%51'3+'7&00'
8&/1",=; ' G;'F3/7$%%&/,' ./,"6"3,"7' ,%./1-3%,' ./8'%"63135&' "/2"6","3/' 8"7,.,&'%&739&%='
8=/.5"71;'M$%"/#',%&.,5&/,>' Aout >> Ain >'./8',2&'"/,%.7&00$0.%'./,"6"3,"7'73/7&/,%.,"3/'

7./' 6&' 0"/&.%0=' .- -%3J"5.,&8' 6= ' Ain(D) = kinAoutD >' 42&%&'Aout ' "1' .11$5&8' ,3' 6&'

73/1,./,' ./8 ' D ' %&-%&1&/,1' ,2&' ,%&.,5&/,' 8$%.,"3/'A0&+,531,'172&5.,"7' ./8' -./&0' (C;''
E/,"6"3,"7' "/+0$J' "1' #%&.,&%' ,2./' &++0$J\'Ain ' 6"/81' ,3' ,.%#&,' %"63135&1' ./8' 1,%3/#0='

"/2"6",1' ,2&' $-%&#$0.,"3/' 3+' %"63135&' 1=/,2&1"1;' T2&/' &J,%.7&00$0.%' ./,"6"3,"7' "1'
%&539&8>' Ain ' 8&7%&.1&1' A5"880&' ./8' %"#2,531,' 172&5.,"71' ./8' 60$&' 12.8"/#' ./8'



!

`O!

-./&01'D ILC>'./8'%"63135&'1=/,2&1"1'"1'8"7,.,&8'6='-31","9&'+&&86.7]'./8'&++0$J'A-./&0'
LC;' F;' Ain ' .77$5$0.,&1' 0"/&.%0=' 4",2' ,%&.,5&/,' 8$%.,"3/' +3%' 1$++"7"&/,0=' 123%,'

,%&.,5&/,' 8$%.,"3/1' A-./&0' "C;' E+,&%' ,2&' %&539.0' 3+'Aout >' &++0$J' ./8' "/2"6","3/'

8=/.5"71'7356"/&',3'8&0.=',2&'1=/,2&1"1'3+'%"63135&1'"/' .'73/7&/,%.,"3/ I8&-&/8&/,'
5.//&%' A-./&0' ""C;' F303%1' "/8"7.,&' "/7%&.1"/#' ./,"6"3,"7' 73/7&/,%.,"3/>' .1' 1234/' "/'
-./&0'""; 'M;'E/,"6"3,"7'&++0$J',"5&17.0&'1&,1'"/,%.7&00$0.%'%&739&%='@<7&00;'@&#.%80&11'3+'
,2&'./,"6"3,"7',%&.,5&/,'2"1,3%=>',2&'%&0.,"3/12"-'6&,4&&/'"/,%.7&00&0$0.%'./,"6"3,"7'Ain '

./8' %"63135&' 73/7&/,%.,"3/' ( ' .--%3.72&1' ,2&' 1.5&' .1=5-,3,&>' "/8"7.,"/#' ,2.,' ,2&'
,"5&17.0&'3+'"/8"9"8$.0'8&,3J"+"7.,"3/'1 &,1',2&',"5&17.0&'3+'%"63135&'1=/,2&1"1;'F303%1'
"/8"7.,&' "/7%&.1"/#' ./,"6"3,"7' 73/7&/,%.,"3/>' .1' "/' !"#$%&' DF IM\' +3%' ,2&1&'
%&-%&1&/,.,"9&' ,%.b&7,3%"&1>' ,%&.,5&/,' 8$%.,"3/' 4.1' 1&,' ,3' (DB'5"/$,&1;' U;' O3-$0.,"3/'
%&739&%=' ,"5&' "1' 8"7,.,&8' 6=' ,3,.0' ./,"6"3,"7' 8&0"9&%&8;' *34&%' %"#2,' "/1&,' 12341' ,2.,'
@<-3-' "1' ./' "/7%&.1"/#' +$/7,"3/' 3+' 831&' 8$%.,"3/\' ,2&1&' 8.,.' 7300.-1&' 3/,3' .' 1"/#0&'
%&0.,"3/12"-'.1'.'+$/7,"3/'3+',3,.0'./,"6"3,"7'A5."/'+"#$%&C;'V3%&39&%>'@<-3- ' ./8'@< 7&00'
.%&'1,%3/#0='73%%&0.,&8'A$--&%'0&+,'"/1&,C;''

!

T*! ,("+! 21/7A@),"1*G! [C] ! /&;/&+&*,+! ,(&! 2/&&! /"41+17&! '1*'&*,/),"1*G! S("'(! "+!

+9*,(&+"U&.! 21@@1S"*0! %"'()&@"+R%&*,&*! .9*)7"'+=! $*,"4"1,"'! +(A,,@&+! 4&,S&&*! ,(&!

&Y,/)'&@@A@)/! V[Aout ] W! )*.! "*,/)'&@@A@)/! V[Ain] W! &*#"/1*7&*,! )''1/."*0! ,1! ,(&! /),&+! 12!

"*2@AY!)*.!&22@AYG!kin !)*.! kout G!/&+;&',"#&@9=!Q"41+17&+! /&#&/+"4@9!4"*.! ,1! "*,/)'&@@A@)/!

)*,"4"1,"'!V/),&+ ! kf !)*.! kb W!9"&@."*0!,(&!'17;@&Y![CA] =!6("+!'17;@&Y!A*.&/01&+!)!,S1 R

+,&;! .&0/).),"1*! ;/1'&++G! /&@&)+"*0! )*,"4"1,"'! ,1! ,(&! "*,/)'&@@A@)/! '1*'&*,/),"1* OaaROa =̂!ku !

/&;/&+&*,+!,(&!4)+)@!/),&!12!/"41+17&!,A/*1#&/=!["*)@@9G!,(&!7)Y"7A7!;1;A@),"1*!0/1S,(!

/),& ! µ0 !"+!+')@&.!49! ,(&! /"41+17&! '1*'&*,/),"1* Oa=̀!$@@!/),&! '1*+,)*,+!A+&.! )/&!@"+,&.! "*!

6)4@&!O=![1/! ,/)*+"&*,! .1+"*0!+"7A@),"1*+!V5LA),"1*! ] WG!T!)++A7&.! ,(),! ,(&!&Y,/)'&@@A@)/!

)*,"4"1,"'! '1*'&*,/),"1* ! A0 ! .".! *1,!+"0*"2"')*,@9! .&'/&)+"*0! .A/"*0! ,(&! .1+"*0! "*,&/#)@!



!

`M!

D =!J&/&G!,(&!,&/7!1! H(t ! D) !/&;/&+&*,+!)!J&)#"+".&!+,&;!2A*',"1*!, (),!"7;@&7&*,+!)!

/&',)*0A@)/!.1+&!S",(!)/4",/)/9!.A/),"1*=! !

!

<.60&'( )'!$00'HMU'538&0'-.%.5&,&%'9.0$&1'

O.%.5&,&%' M&17%"-,"3/' h.0$& '

FH! 89*,(&+"+!/),&!'1*+,)*,!12!nHo! N=M!nr%7"*
RO
o!

FB! ?"*."*0!/),&!'1*+,)*, ! M=`!nr%
RO
7"*

RO
o!

F6! >"++1'"),"1*!/),&!'1*+,)*, ! O=`!n7"*
RO
o!

F!" # T*2@AY!/),&!'1*+,)*,! P&R]!n7"*
RO
o!

F'9) ! 522@AY!/),&!'1*+,)*,! O&RM!n7"*
RO
o!

F1! $*,"4"1,"' R7&."),&.!/"41+17&!"*)',"#),"1*!/),&!'1*+,)*, ! N=O!n7"*
RO
o!

F*! $* ,"4"1,"' R7&."),&.!/"41+17&!,A/*1#&/!/),&!'1*+,)*, ! N=NM!n7"*
RO
o!

F9# T*,/"*+"'!/"41+17&!,A/*1#&/!/),&!'1*+,)*, ! N=O!n7"*
RO
o!

!

!

6(A+G!T!)++A7&!(1710&*1A+!;1;A@),"1*+!,(),!"*,&/)',!V"=&=!./A0!"*2@AY!)*.!&22@AYW!

S",(! )! '1771*! &Y,/)'&@@A@)/! &*#"/1*7&*,=! ?&')A+&! ,(&! ;1;A@),"1*! 0/1S,(! /),&! "+!

.&;&*.&*,!1*! ,(&! /"41+17&! '1*'&*,/),"1*G !T!')*! "*#&+,"0),&! /&'1#&/9!1*! ,S1!+')@&+C!1*!

,(&! ;1;A@),"1*! @&#&@! VQ6;1; G! )*)@101A+! ,1!["0A/&! bGW! )+! ,(&! ,"7&! /&LA"/&.! 21/! ,(&! '&@@!

*A74&/! ,1! .1A4@&G! )*.! 1*! ,(&! "*."#".A)@! @&#&@G! )+! ,(&! ,"7&! /&LA"/&.! 21/! ,(&! /"41+17&!

'1*'&*,/),"1*!,1!)'("&#&!",+!()@2!7)Y"7)@!+9*,(&+"+!/),&!VQ6 '&@@W=!!

!

["0A/&! OM?' +(1S+!,(&!,9;"')@!.9*)7"'+!12!#)/"1A+! '17;1*&*,+G!"*! ,(/&&!;()+&+G!

"*!/&+;1*+&!,1!,(&!)..","1 *!)*.!/&71#)@!12!)*!&Y,/)'&@@A@)/!)*,"4"1,"'=!>A/"*0!)*,"4"1,"'!



!

`] !

,/&),7&*,!V ["0A/&!OMG>'0&+,'172&5.,"7'./8'60$&'12.8"/# WG!Aout >> Ain !)*.!,(&!.17"*)*,!

'17;1*&*,! .9*)7"'! "+! ,(&! )''A7A@),"1*! 12! "*,/)'&@@A@)/! )*,"4"1," '! .A&! ,1! "*2@AY=!!

K&0@&',"*0! ,(&! &22@AY! .9*)7"'+! )*.! ,",/),"1*! .A&! ,1! 4"*."*0! 12! )*,"4"1,"'! ,1! ,(&!

/"41+17&G! T!()#&C! Ain(D) =
kin

kout

[Aout ](1! e! koutD) " kin[Aout ]D ! V21/! +A22"'"&*,@9! +7)@@!I W=!

6(),! "+G! ),! ,(&! &*.! 12! )*! )*,"4"1,"'! ;A@+&G!)32# !")*/&2%%9%/*# /")!6!')!&# &'"&2")*/)!'"# !$#

4*'4'*)!'"/%# )'# )')/%# /0'9")# 'B# )32# /")!6!')!&# 9$21#V["0A/&! OMF>' -./&0' " WG! '1*+"+,&*,! S",(!

;/&#"1A+!+,A."&+Oa\GOabROPM=!!

!

-;1*!/&71#)@!12!,(&!)*,"4"1,"'G! Ain >> Aout = 0 !)*.!,(&!,/)*+;1/,!.9*)7"'+!12!,(&!

)*,"4"1,"'! )/&! .17"*),&.!49!&22@AY!V["0A/&! OMG>'5"880&'172&5.,"7' ./8'#%&&/'12.8"/# W=!

T*! )..","1*! ,1! &22@AYG! 4"*."*0! B"*&,"'+! 4&,S&&*! /"41+17&! )*.! )*,"4"1,"'! +&/#&! )+! )*!

"*,/)'&@@A@)/! /&+&/#1"/! 21/Ain G! )*.! ')*! 2A/,(&/! .&@)9! /&'1#&/9 ,! T2! ,(&! '&@@! +A/#"#&+!

,/&),7&*,G!",!')*!/&#&/,!,1!)!4)+)@!0/1S,(!/),&!S(&*!",!"+!+A22"'"&*,@9!.&,1Y"2"&.!V"=&=G!S(&*!

Ain "+! +A22"'"&*,@9! +7)@@! ,1! *1,! "*("4",! ,(&! /"41+17&! &22&',"#&@9W! V["0A/&! OMF>' -./&0' "" W=!!

6(&! 4)@)*'&! 4&,S&&*! ,(&+&! ,(/&&! ;/1'&++&+! V&22@AYG! 4"*."*0G! )*.! .&0/).),"1*W! +&,+! ,(&!

,"7&!+')@&!12! .&,1Y"2"'),"1*! )*.! +A4+&LA&*,!0/1S,(! /&'1#&/9f! ,("+! ,"7&!+')@&!7)*"2&+,+!

",+&@2!)+!3$5=!H1*+"+,&*,!S",(!,("+!*1,"1*G!21/!."22&/&*,!.1+"*0!;/1,1'1@+G!,(&!'1//&@),"1*+!

4&,S&&*! C ! )*.! Ain );;/1Y"7),&@9! '1@@);+&! ,1! )! +"*0@&! @"*&! V["0A/&! OMMW=! 6("+!



!

`\ !

7&'()*"+7! /&');,A/&+! ,(&! .&;&*.& *'&! 4&,S&&*! ;1;A@),"1*! /&'1#&/9! ,"7&! )*.! ,1,)@!

)*,"4"1,"'!V ["0A/&!OMU>'5."/'./8'%"#2,'"/1&, W=!!

!

6(&+&! /&+A@,+! ;/1#".&! )! +"7;@&! &Y;@)*),"1*! 21/! ,(&! &7&/0&*'&! 12! 3$5C!

2A*.)7&*,)@@9G! 3$5! )/"+&+! )+! ,(&! ,"7&! /&LA"/&.! 21/! "*."#".A)@! '&@@+! ,1! /&'1#&/! 49!

&Y;1/,"*0! )*,"4"1,"'G! +A'(! ,(),! /"41+17& R7&."),&.! ;1+","#&! 2&&.4)'B! ')*! 4&! )',"#),&.=!

6("+! h.&,1Y"2"'),"1*i! ;/1'&++! 1''A/+! 1*! ,(&! "*."#".A)@! '&@@! @&#&@G! )*.! "*,/)'&@@A@)/!

/&'1#&/9! .9*)7"'+! '1//&@),&! +,/1*0@9! S",(! ;1;A@),"1*! /&'1#&/9G! )++A7 "*0! &Y;1*&*,")@!

'&@@!0/1S,(!V["0A/&!OMU>'0&+,'"/1&,W=!-*.&/!,(&!+"7;@"29"*0!)++A7;,"1*!,(),!&Y,/)'&@@A@)/!

)*,"4"1,"'! "+! *&0@"0"4@&! .A/"*0! /&'1#&/9G! "*."#".A)@! '&@@+! "*! )! 0"#&*! ;1;A@),"1*! /&7)"*!

"*.&;&*.&*,!12!&)'(!1,(&/f!.&,1Y"2"' ),"1*!.9*)7"'+!"*!)!0"#&*!'&@@!.1!*1,!)22&',!)*9!12!",+!

*&"0(41/+=! 6(&/&21/&G! ",! "+! A**&'&++)/9! ,1! "*'1/;1/),&! ,(&! &22&',+! 12! ."+,/"4A,"1*)@!

4"1'(&7"')@!*1"+&!"*!1A/!71.&@=!

!

6(A+! 2)/G!"*! )@@! &Y;&/"7&*,+! )*.! +"7A@),"1*+! T!()#&! &Y)7"*&.! ;1;A@),"1*!

/&'1#&/9! "*! /&+;1*+&! ,1! /&',)*0A@)/! .1+&+=! J1S&#&/G! "2! /&'1#&/9! ,"7&! "+! +&,! 49! ,1,)@!

)*,"4"1,"'!)@1*&G!T!S1A@.!&Y;&',!,("+!".&)!,1!(1@.!"*!,(&!2)'&!12!)/4",/)/9!.1+&!;/12"@&+=!T!

A+&.!71.&@"*0! ,1! '1*2"/7! ,("+! ".&)=!8;&'"2"')@@9G!T!"*#&+,"0),&.!41,(! ,/")*0A@)/!V["0A/&!

O]$W! )*.! &Y;1*&*,")@@9! .&')9"*0! .1+&! ;/12"@&+! V["0A/&! O]?Wf! 1A/! /&+A@,+! +(1S! ,(),!



!

`` !

/&'1#&/9!,"7&!/&7)"*+!)!2A*',"1*!12!,1,)@!)*,"4"1,"'G!/&0)/.@&++!12!,(&!7)**&/!"*!S("'(!",!

S)+!.&@"#&/&.=!!

!

!

!"#$%&'(L)' @&739&%=' ,"5&' %&5."/1' .' +$/7,"3/' 3+' ,3,.0' ./,"6"3,"7' 8&0"9&%&8>'
%&#.%80&11' 3+' 831&' -%3+"0&;' ?&%&>' N' 1"5$0.,&8' ,%"./#$0.%' AEC' ./8' &J-3/&/,".00='
8&7.="/#'831&' -%3+"0&1'AGC>'39&%' ,2&'1.5&'%./#&'3+' ,%&.,5&/,' 73/8","3/1;'O3-$0.,"3/'
%&739&%=',"5&1'7300.-1&8'%&0".60='.1'.'+$/7,"3/'3+',3,.0'./,"6"3,"7;''

!

2.3.5 Model validation: perturbation studies  

T!*&Y,!+1A0(,! ,1!#)@".),&! ,("+!7"*"7)@!71.&@!49! ;&/,A/4"*0! ,(&!B&9! '17;1*&*,!

;/1'&++&+!V&22@AYG! /"41+17&! .&0/).),"1*G! )*.! /"41+17&!+9*,(&+"+W=!$+!+(1S*! "*! !"#$%&'

LEIFG!.&'/&)+"*0!,(&!)*,"4"1,"' R7&."),&.!.&0/).),"1*!/),&G!"*'/&)+"*0!,(&!&22@AY!/),& G!1/!

"*'/&)+"*0! /"41+17&! +9*,(&+"+! /),&! )@@! @&).! ,1! 71/&! /);".! /&'1#&/9G! S("@&! 7)"*,)"*"*0!

,(&!.&;&*.&*'&!1*!,1,)@!)*,"4"1,"'= !



!

`a !

!

61!"*#&+,"0),&!,(&!&22&',!12!/"41+17&!.&0/).),"1*G! T!'17;)/&.!,(&!/&'1#&/9!,"7&!

"*.A'&.! 49! +,/&;,179'"*G! S("'(! ()+! 4&&*! +(1S*! ,1! "*.A'&! ,(&! (&),! +(1'B! /&+;1*+&!

VJ8QW! )*.! @&).! ,1! /);".! /"41+17&! .&0/).),"1*G! ,1! '(@1/)7;(&*"'1@G! S("'(! .1&+! *1,!

"*.A'&!J8Q OaN=!$+!;/&."',&.G!'(@1/)7;(&*"'1@! ,/&),7&*,!/&+A@,&.!"*!+"0*"2"')*,@9!+(1/,&/!

/&'1#&/9! ,"7&! ,()*! +,/&;,179'"*! ,/&),7&*,! V ["0A/&! O\$X>! +(1S! 71.&@"*0! )*.!

&Y;&/"7&*,)@!/&+A@,+G!/&+;&',"#&@9W=!

!

!

!"#$%&'(X)' i&=' -.%.5&,&%' -&%,$%6.,"3/1'73/+"%5'538&0'9.0"8",=;'E;' V38&0"/#'
"/8"7.,&1' ,2.,' 8&7%&.1"/#' ,2&' %"63135&' 8&#%.8.,"3/' %.,&' 0&.81' ,3' 123%,&%' %&739&%='
,"5&1' "/' %&1-3/1&' ,3' &:$.0' .53$/,1' 3+' ,3,.0' ./,"6"3,"7; ' G;' V38&0"/#' "/8"7.,&1' ,2.,'
8&7%&.1"/#' ,2&' ./,"6"3,"7' &++0$J' %.,&' 0&.81' ,3' 03/#&%' %&739&%=' ,"5&1' "/' %&1-3/1&' ,3'
&:$.0'.53$/,1'3+',3,.0'./,"6"3,"7; 'F;' V38&0"/#'"/8"7.,&1',2.,'"/7%&.1"/#',2&'%"63135&'
1=/,2&1"1' %.,&' 0&.81' ,3' 123%,&%' %&739&%=' ,"5&1' "/' %&1-3/1&' ,3' &:$.0' .53$/,1' 3+' ,3,.0'



!

`P!

./,"6"3,"7; ' M;' R,%&-,35=7"/' ,%&.,5&/,' A7031&8' 8.,.' -3"/,1>' @ D' c' B;^LC>' 42"72' "/8$7&1'
2&.,' 1237]' %&1-3/1&' A?R@C' ./8' %.-"8' %"63135&' 8&#%.8.,"3/>' %&1$0,1' "/' 1"#/"+"7./,0='
03/#&%' %&739&%=' ,"5&1' ,2./' 7203%.5-2&/"730' ,%&.,5&/,' A3-&/' 8.,.' -3"/,1C;' ?&%&>' ,2&'
,43' %&1-3/1&1' .%&' 1,.,"1,"7.00=' 1"#/"+"7./,' A-jB;BY' 6=' ESHhEC;' U;' <2&' .88","3/' 3+'
&++0$J' -$5-' "/2"6",3%' AFFFOC' A7031&8' 8.,.' -3"/,1>' @D' c' B;a(C' "/7%&.1&1' -3-$0.,"3/'
%&739&%=',"5&'"/'%&1-3/1&',3'7203%.5-2&/"730',%&.,5&/,'A3-&/'8.,.'-3"/,1 >'@D' c'B;^BC;'
?&%&>' FFFO' 4.1' .88&8' .,' 1$6"/2"6",3%=' 73/7&/,%.,"3/1' AL µ#W5*C\' "/' ,2&' .61&/7&' 3+'
./,"6"3,"7' ,%&.,5&/,>' FFFO' .03/&' 8"8' /3,' "/2"6",' -3-$0.,"3/' %&739&%=;' <2&' FFFO I
5&8".,&8' "/7%&.1&' "/' %&739&%=' ,"5&' "1' 1,.,"1,"7.00=' 1"#/"+"7./,' A-' j' B;B(C;' !;' <2&'
%"63135&'1=/,2&1"1'%.,&'4.1'"/7%&.1&8'6='&/%"72"/#',2&'7.1.5"/3'73/,&/,'3+',2&'5&8".'
+%35'B;B(g'4W9'A7031&8'8.,.' -3"/,1C',3'B;BYg'4W9'A3-&/8.,.' -3"/,1C;' !.1,&%'1=/,2&1"1'
%&1$0,&8' "/'034&%'%&739&%=' ,"5&1'A-jB;BB(C;'N/'&.72'3+' ,2&1&'-./&01>' ,2&'7303%'172&5&'
"/8"7.,&1'"/7%&.1"/#'./,"6"3,"7'73/7&/,%.,"3/>'.1'"/'!"#$%&'(F; '

!

e&!*&Y,!71.A@),&.! ,(&! )*,"4"1,"'!&22@AY!/),&!A+"*0! ,(&!+7)@@!71@&'A@&!"*("4",1/!

')/41*9@! '9)*".&! ] R'(@1/1;(&*9@(9./)U1*&! VHHH3W=! T!7&)+A/&.! ,(&! &22&',! 12! HHH3!

A+"*0!)*!).);,&.!&,("."A7!4/17" .&!V5,?/WR4)+&.!)++)9!21/!&22@AY!;A7;!)',"#",9OP]GOP\=!$!

;(1+;(1/9@),"1*! "*("4",1/G!HHH3! ()+!4&&*!+(1S*! ,1! "*("4",! )! #)/"&,9!12!&22@AY! ;A7;+!

,(),! /&@9! 1*! ,(&! ;/1,1*! 71,"#&! 21/'&! V3%[WG! "*'@A."*0! /&+"+,)*'&! *1.A@),"1*! ."#"+"1*!

;A7;+! )*.! 1,(&/+ OPR̀OPP=! $,! +A4R,1Y"'! '1*'&*,/),"1*+G! &,("."A7! 4/17".&! V5,?/W!

)''A7A@),&+! "*,/)'&@@A@)/@9G! S(&/&! ",! ')*! 4&! .&,&',&.! A+"*0! ;@),&! /&).&/! 2@A1/&+'&*'&!

7&)+A/&7&*,+! V&Y'",),"1*X&7"++"1*!\^^*7X `bN*7 Wf! ;/&#"1A+! +,A."&+! ()#&! +(1S*! ,(),!

,("+!+"0*)@!"+!+"0*"2"')*,@9!+,/1*0&/!"*,/)'&@@A@)/@9G!)+!&,("."A7!4/17".&!4"*.+!,1!4)',&/")@!

>K$ =!T*! ,("+! )++)9G! T!)++A7&.! ,(),! ,(&! "*2@AY! 12! 5,?/! S)+! *1,! .1+&! .&;&*.&*,f! ,("+!

)@@1S&.!A+!,1!')@'A@),&!,(&!&22&',"#&!&22@AY!/),&!4)+&.!1*!5,?/!)''A7A@),"1*!.9*)7"'+!"*!

,(&!;/&+&*'&!12!#)/9"*0!@&#&@+!12!HHH3=!5,?/!+,1'B!+1@A,"1*!S&/&!;/&;)/&.!),!O!70X7E!



!

`^ !

"*! S),&/! )*.! +,1/&.! ),! /117! ,&7;&/),A/&=! 61! 7&)+A/&! &22@AY! "*! ?eM`OO]G! 1#&/*"0(,!

'A@,A/&+! S&/&! S)+(&.! )*.! ."@A,&.! `NR21@.! "*,1! )! 7"*"7)@! %b! 4A22&/! 7&.")! V%b! )+!

.&+'/"4&.! )41#&G! S",(1A,! 0@A'1+&! 1/! ')+)7"*1! )'".Wf! 5,?/! S)+! )..&.! ,1! )! 2"*)@!

'1*'&*,/),"1*! 12! M µ0X7E! VTH̀NsONNµ0X7EW=! HHH3! +,1'B! +1@A,"1*+! S&/&! ;/&;)/&.! 49!

."++1@#"*0!HHH3!"*!."7&,(9@!+A@21Y".&!V>%8cW!,1!)!2"*)@!'1*'&*,/),"1*!12!O70X7E!)*.!

+,1/&.! ),! \{H=!H&@@+!S&/&! ;@),&.! "*!baRS&@@!0@)++!41,,17! ;@),&+! )*.! '1#&/&.!S",(! `NµE!

7"*&/)@! 1"@! ,1! ;/&#&*,! &#);1/),"1*=! T*,/)'&@@A@)/! 5,?/! +"0*)@! )*.! '&@@! .&*+",9! Vc>aNNW!

S&/&!7&)+A/&.!&#&/9!ON!7"*A,&+!),!]N¡H=![@A1/&+'&*'&!,"7&!'1A/+&+!S&/&!*1/7)@"U&.!,1!

c> aNN=! 522@AY! /),&+! S&/&! ')@'A@),&.! )++A7"*0! ,(),! "*,/)'&@@A@)/! 5,?/! '1*'&*,/),"1*! )/&!

."',),&.!49!,(&!21@@1S"*0!&LA),"1*C!

dE
dt

= kinE0 ! koutE ! VPW!

e(&/& ! E ! )*. ! E0 ! /&;/&+&*,! ,(&! "*,/)'&@@A@)/! )*.! &Y,/)'&@@A@)/! 5,?/!

'1*'&*,/),"1*+G!/&+;&',"#&@9=!T!)++A7&! !,1!4&!'1*+,)*,=!6(A+G!5LA),"1*!P!')*!4&!+1@#&.!

,1!9"&@.C!

E(t)− E(0) = c1(e
koutt −1) ! V^W!

e(&/& ! c1 ! /&;/&+&*,+! )! '1*+,)*,! 12! "*,&0/),"1*= ! 6(A+G! 5,?/! 2@A1/&+'&*'&! ,"7&!

'1A/+&+! S&/&! 4)'B0/1A*. R'1//&',&.! )*.! *1/7)@"U&.! 49! c> aNN=! HA/#&+! S&/&! 2",! ,1!

5LA),"1*! ^!,1! .&,&/7"*& !&22@AY!/),&+=!["0A/&! O ?̀!+(1S+!)! .1+&! .&;&*.&*,! "*("4","1*!12!

"*,/)'&@@A@)/! 5,?/! )''A7A@),"1*! "*! ,(&! )4+&*'&! 12! '&@@! ;/1@"2&/),"1*! V["0A/&! O ?̀G! "*+&,Wf!



!

`b !

'1*.","1*+!,(),!7"*"7"U&.!'&@@!0/1S,(!S&/&!'(1+&*!,1!&*+A/&!,(),!0/1S,(!.9*)7"'+!.".!

*1,!+B&S!5,?/!+"0*)@=!

!

!"#$%&'(Y)'kFFFOl'"/2"6",1'&++0$J'-$5-' .7, "9",='"/' .'831& I8&-&/8&/,'5.//&%;'
E;' M31&' %&1-3/1&' +3%' 7.%63/=0' 7=./"8&' 5I7203%3-2&/=0' 2=8%.K"/&' AFFFOC;' R&9&/'
03#.%",25"7.00=' 1-.7&8' 73/7&/,%.,"3/1' 4&%&' 7231&/>' "/' .88","3/' ,3' B;' _%34,2' %.,&1'
4&%&'7.07$0.,&8'6='03#I,%./1+3%5"/#',"5&'1&%"&1'8.,.' ./8'7.07$0 .,"/#',2&'103-&'3+',2&'
03/#&1,' 0"/&.%' 1&#5&/,;' M.,.' -3"/,1' .%&' ,2&' .9&%.#&' 3+' ,2%&&' %&-0"7.,&1\' 60.7]' 0"/&'
12341' ,2&' 6&1,' +",' ?"00' +$/7,"3/' ANFYB' c' L;^Zµ#W5*C;' G;' FFFO' "/7%&.1&1' &,2"8"$5'
6%35"8&' AU,G%C' .77$5$0.,"3/>' ./8' "/2"6",1' ./,"6"3,"7' &++0$J>' "/' .' 831 &I8&-&/8&/,'
+.12"3/;'E'-%&9"3$10='-$60"12&8'-%3,3730'4.1'$1&8',3'5&.1$%&',2&'&++&7,'3+'FFFO'3/'
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"/7%&.1"/#' -.%.5&,&%' 9.0$&C' 3%' +&&86.7]' /3/0"/&.%",=' A-./&0' "">' .%%34' 12341'
"/7%&.1"/#' 8"%&7,"3/C;' R&/1","9",=' "/7%&.1&8' 4",2' 2"#2' 8&#%.8.,"3/' ./8' +&&86.7]'
/3/0"/&.%",=>'73%%&1-3/8"/#',3',2&'0&+,'53,"+'"/'!"#$%&'(( E;'

'

D;L;[;D'UJ-&%"5&/,.0'9.0"8.,"3/ '

61! '1*2"/7! ,(&+&! ;/&."',"1*+G !T!A,"@"U&.! )! '1*+,",A,"#&@9!&Y;/&++&.!@A7"*&+'&*'&!

/&;1/,&/ Ob !̀ ,1! "*#&+,"0),&! ,(&! &22&',! 12' +&#&/)@! /&;/&+&*,),"#&! )*,"4"1,"'+! &*'17;)++"*0!

71+,! 7)Z1/! '@)++&+!!"# (!)*',#?"1@A7"*&+'&*'&! "+! '1771*@9! A+&.! )+! )*! "*."'),1/! 12! '&@@!

.&*+",9 G!)*.!"+!).#)*,)0&1A+!"*!,(),!",! ,/)'B+!1*@9!#")4@&!'&@@+ObaG!,(&/&49!49;)++"*0!,(&!

*&&.!,1!'1//&',!21/!'&@@!.&),(R"*.A'&.!;1;A@),"1*!+B&S=!T*!1/.&/!,1!'17;)/&!,(&!&22&',!12!

#)/"1A+! )*,"4"1,"'+G!T!2"/+,! .&,&/7"*&.! ,(&"/! /&+;&',"#&!TH `N!#)@A&+=!8"*0@&! '1@1*"&+!S&/&!

0/1S*!1#& /*"0(,!)+!)41#&!)*.!."@A,&.!ONNR21@.!"*,1!%b!7&.")=!$*,"4"1,"'!'1*'&*,/),"1*!

0/)."&*,+! S&/&! '/&),&.! 49! +&/")@@9! ."@A,"*0! 2/17! ONN!r0X7EG! )*.! "*'@A.&.! N! r0X7E=!

I/1S,(! S)+! 7&)+A/&.! "*! ba RS&@@! ;@),&+! VH1/*"*0W! S",(! MNNrE! @"LA".! ;&/! S&@@f! S&@@+!

S&/&!'1#&/&.!S",(!`NrE!7"*&/)@!1"@!V8"07)R$@./"'(!H(&7"')@+W!,1!;/&#&*,!&#);1/),"1*!

)*.!.&*+",9!Vc> aNNW!.),)!S)+!'1@@&',&.!&#&/9!ON!7"*A,&+!A+"*0!)!6&')*!%MNN!T*2"*",&!3/1!

;@),&! /&).&/! ),! ]P{H=! TH̀N!#)@A&+! S&/&! .&,&/7"*&.! 49! 2"/+,! ')@'A@),"*0! 0/1S,(! /),&+! 49!

",&/),"#&@9!2"*."*0!,(&!@1*0&+,!@"*&)/!/&0"1*!12!"*'/&)+&f!,(&+&!0/1S,(!/),&+!S&/&!,(&*!2",!

,1! )! J"@@! &LA),"1*G! S(&/&! µmax G!nG! )*.! AG!)/&! ,(&! 7)Y"7A7! 0/1S,(! /),&+G! J"@@!

'1&22"'"&*,G!)*.!)*,"4"1,"'!'1*'&*,/),"1*G!/&+;&',"#&@9!V5LA),"1*! OM!)*.! ["0A/&!ObW=!

µ(A) =
µmaxIC

n
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ICn
50 + An ! VOMW!



!

a^!

!

!"#$%&'(a)' M&,&%5"/"/#' NFYB' 9.0$&1' +3%' 9.%"3$1' ./,"6"3,"71;' NFYB' 9.0$&1' 4&%&'
7.07$0.,&8'+%35'03/#I,&%5'831&'%&1-3/1&1'"/'a[I4&00'-0.,&1;'!3%'&.72'./,"6"3,"7>'1&9&/'
03#.%",25"7.00=' 73/7&/,%.,"3/1' 4&%&' ,&1,&8>' $1"/#' 1&%".0' 8"0$,"3/;' N/",".0'7&00' 8&/1",='
4.1' (BB I+308'8"0$,"3/'3+'39&%/"#2,'7$0,$%&'AnD&Z'F!oW5*C;'_%34,2'7$%9&1'&J,&/8"/#'
$-',3'&.%0='1,.,"3/.%='-2.1&'4&%&'7300&7,&8\'5.J"5$5'#%34,2'%.,&1'4&%&'&J,%.7,&8'6='
03#I,%./1+3%5"/#',2&'8.,.'./8'",&%.,"9&0='8&,&%5"/"/#',2&'03/#&1,'0"/&.%'-3%, "3/;'U.72'
8.,.' -3"/,'73%%&1-3/81' ,3' ,2&' .9&%.#&'3+' ,2%&&' ,&72/"7.0'%&-0"7.,&1;'NFYB'9.0$&1'4&%&'
8&,&%5"/&8'6='+",,"/#'#%34,2'%.,&1',3'.'V"72.&0"1IV&/,&/'&:$.,"3/'A8.12&8'0"/&C>'./8'
.%&'1234/'"/'&.72'-./&0'Ap#W5*C;''E/,"6"3,"71',&1,&8'.%&'.1'+300341)'F203%.5-2&/"730'
A-./&0' EC>' 7.%6&/"7"00"/' AGC>' ,&,%.7=70"/&' AFC>' 1-&7,"/35=7"/' AMC>' #&/,.5"7"/' AUC>'
1,%&-,35=7"/'A!C>'7&+3,.J"5&'A_C>'-&/"7"00"/'_'A?C>'/3%+03J.7"/'ANC;'NFYB'9.0$&1'+3%'&.72'
./,"6"3,"7'.%&'0.6&0&8'"/'-.%&/,2&1&1;''

!

c#&/*"0(,! 'A@,A/&+! S&/&! ."@A,&.!ONNR21@.! "*,1! %b! 7&.")! +A;;@&7&*,&.! S",(!

+&@&',"1*! )*,"4"1,"'+=! O7E! )@"LA1,+! S&/&! );;1/,"1*&.! "*! O=`7E! 5;;&*.1/2! ,A4&+! )*.!

&Y;&/"7&*,)@! )*,"4"1,"'! '1*'&*,/),"1*+! S&/&! )..&.! )+! );;/1;/"),&=! HA@,A/&+! S&/&!

"*'A4),&.!),!]N ¡H!S",(!+()B"*0!),!M`N/;7!21/!,S1!(1A/ +f!'&@@+!S&/&!,(&*!/&+A+;&*.&.!"*!
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2/&+(!%b!7&.")!'1*,)"*"*0!1*@9!+&@&',"1*!)*,"4"1,"'+=!MNNrE!)@"LA1,+!S&/&!,/)*+2&//&.!,1!

4@)'B! baRS&@@! ;@),&+G! )*.!,"7&! '1A/+&! @A7"*&+'&*'&! 7&)+A/&7&*,+! S&/&! ,)B&*! A+"*0! )!

6&')*!T*2"*",&!%MNN!3/1! ;@),&! /&).&/!&#&/9!ON!7"*A,&+=!6(/&&!/&;@"'),&+!S&/&!A+&.! ;&/!

&Y;&/"7&*,)@! '1*.","1*G! )*.!1*@9! )@,&/*),&!S&@@+!S&/&!A+&.!1*!baRS&@@!;@),&+! ,1! )#1".!

');,A/"*0! @A7"*&+'&*'&! +"0*)@! 2/17! *&"0(41/"*0! S&@@+=! 6"7&! +&/"&+! .),)! S&/&!

*1/7)@"U&.!,1!"*",")@!'1*.","1*+!)*.!;1;A@),"1*!.1A4@"*0!, "7&!S)+!.&,&/7"*&.!/&@),"#&!

,1!,(&!"*",")@!,"7&!;1"*,=!!

!

e&!,&+,&.!)!*A74&/!12!)*,"4"1,"'+!V ["0A/&!ObW!1#&/!,(&!+)7&!/)*0&!12!TH`N!#)@A&+=!

$@,(1A0(!,(&!)..","1*!12!HHH3!"*'/&)+&.!,(&!&Y,&*,!12!3$5!"*!)@@!')+&+!V["0A/&!MNWG!,("+!

&22&',! S)+! 71+,! +"0*"2"')*,! S",(! ,(&! ,(/&&! )7"*10@9'1+".&! )*,"4"1,"'+! V+,/&;,179'"*G!

0&*,)7"'"*G!)*.!+;&',"*179'"*WG!)+!'17;)/&.!,1!./A0+!,(),!2&@@!"*!&",(&/!12!,(&!@),,&/!,S1!

71,"2+=! 6(&+&! /&+A@,+! '1*2"/7! 1A/! 71.&@"*0! ;/&."',"1*+f!,(&! ,(/&&! )21/&7&*,"1*&.!

)*,"4"1,"'+!"*.A'&!/);".!/"41+17&!.&0/).),"1*=!%1/&1#&/G !T!14+&/#&.!7"*"7)@!"*("4","1*!

S",(!,(&! pR@)',)7+!;&*"'"@@"*!IG!')/4&*"'"@@"*G!)*.!'&21,)Y"7&G!)+!+A00&+,&.!49!+&*+","#",9!

)*)@9+"+=!
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!"#$%&'DB)' N/2"6","/#' ./,"6"3,"7' &++0$J' 4",2' FFFO' 1"#/"+"7./,0=' "/7%&.1&8'
-3-$0.,"3/' %&739&%=' ,"5&' "/' %&1-3/1&' ,3' .' 4"8&' 9.%"&,=' 3+' ./," 6"3,"71' A-&/"7"00"/' _'
AO&/_C>'1-&7,"/35=7"/'AR-&7C>'#&/,.5"7"/'A_&/,C>'1,%&-,35=7"/'AR,%C>'7203%.5-2&/"730'
AF5C>' ,&,%.7=70"/' A<&,C>' ./8' 7.%6&/"7"00"/' AF.%6CC;' ?&%&>' ,2&' -.%,"7$0.%' ./,"6"3,"7'
73/7&/,%.,"3/1'$1&8'2.9&'6&&/'17.0&8'6=',2&"%'%&1-&7,"9&'NFYB'9.0$&1'A130"8'-3"/,1'./8'
3-&/' 7"%70&1' 1234' %&1-3/1&' 4",2' /3' &++0$J' "/2"6","3/' ./8' D µ#W5*' FFFO>'
%&1-&7,"9&0=C;'

 

2.4 Discussion  

T*! 0&*&/)@G! ,(&/&! )/&! ,S1! +,/),&0"&+! ,1! '174),! ,(&! /);".! /"+&! 12! ./A0R/&+"+,)*'&!

7"'/14")@! ;),(10&*+C! *1#&@! )*,"4"1,"'! .&#&@1;7&*,G! 1/! 71/&! &22&',"#&! +,&S)/.+(";! 12!

&Y"+,"*0! ./A0+O`GObP=! I"#&*! ,(&! ;/1("4","#&! ,"7&! )*.! 2"*)*'")@! '1+,+! 12! ,(&! 21/7&/G! 7)*9!

+,A."&+!()#&!&Y)7"*&.!+,/),&0"&+!,1!4&,,&/!A+&!,(&!)*,"4"1,"'+!)@/&).9!),!1A/!."+;1+)@=!T*!
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.1" *0!+1G!",!"+!"7;1/,)*,!,1!71#&!4&91*.!+,&).9 R+,),&!7&)+A/&+!12!&22"')'9G!&=0=!TH`NG!)*.!

&7;()+"U&! ,(&! "7;1/,)*'&! 12! ,&7;1/)@! .9*)7"'+! "*! ./A0! /&+;1*+&=! 3$5! "+! 1*&! +A'(!

/&+;1*+&f!1A/! /&+A@,+!+A00&+,!,(),! )!7"*"7)@!4A,! '1771*!71,"2!"+!+A22"'"&*,! ,1!)''1A*,!

21/! ,("+!;(&*17&*1*!"*! /&+;1*+&!,1!)!S".&!#)/"&,9!12!)*,"4"1,"'+=!6(&+&!/&+A@,+!+A00&+,!

,(),!&22@AYR7&."),&.!/&'1#&/9!'1A@.!4&!)!A*"29"*0!71,"2!,1!&Y;@)"*!3$5!"*!/&+;1*+&!,1!)!

S".&! #)/"&,9! 12! )*,"4"1,"'+=! 6("+! S1A@.! ,"&! ,10&,(&/! S".&R/)*0"*0! @",&/),A/&! /&;1/,+! 12!

3$5! "*! 7)*9! )*,"4"1,"'X7"'/14")@! '174"*),"1*+G! S",(1A,! /&LA"/"*0! ."+,"*',! ./A0 R

.&;&*.&*,!&Y;@)*),"1*+= !

!

%1/&1#&/G!T!+(1S!,(),!&22@AY!"*("4","1*!"+!)!71/&!&22&',"#&!+,/),&09!,1!"*.A'&!3$5!

21/! '&/,)"*! )*,"4"1,"'!7&'()*"+7+!12!)',"1*G!*)7&@9!,(1+&!,(), !/);".@9!.&0/).&!)! ,)/0&,!

+A4Z&',! ,1! *1*@"*&)/! ;1+","#&! 2&&.4)'BG! ,()*! 21/! 1,(&/+=! 6(&+&! 14+&/#),"1*+! ;/1#".&! )!

;1,&*,")@! '@"*"')@!0A".)*'&! ,1! ,(&!A+&!12!53T+! )+! )*,"4"1,"'! ).ZA#)*,+f! /),(&/! ,()*!A+"*0!

,(&7!"*!)@@!')+&+G!",!"+!#",)@!,1!A*.&/+,)*.!,(&!,/)*+"&*,!;1;A@),"1*!.9*)7"'+!"*.A'&.!49!

;)/,"'A@)/! )*,"4"1,"'+! ,1! .&,&/7"*&! S(&,(&/! 53T! A+)0&! S1A@.! /&+A@,! "*! )! ;1+","#&!

1A,'17&=!!

!

2.5 Conclusions  

T*! ,("+! '();,&/G !T!()#&! ;/1;1+&.! )*.! #)@".),&.! )! 7"*"7)@! 7&'()*"+7! ,(),! ')*!

0"#&!/"+&!,1!,(&!;1+,)*,"4"1,"'!&22&',!V3$5W!"*!/&+;1*+&!,1!)!."#&/+&!)//)9!12!)*,"4"1,"'+=!T!
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+(1S! ,(),! 3$5! "+! )! 2A*',"1*! 12! ,1,)@! )*,"4"1,"'! .&@"#&/&.! ,1! )! ;1;A@),"1*G! )*.! ,(),!

)*,"4"1,"'! ,/)*+;1/,! )*.! 4"*."*0! B"*&,"'+! )/&! +A22"'"&*,! ,1! &Y;@)"*! ,("+! .&;&*.&*'&=!

8"0*"2"')*,@9G! T! .&71*+,/),&! ,(),! ,(&! &22"')'9! 12! &22@AY! ;A7;! "*("4",1/+! V53TG! )*!

&+,)4@"+(&.! '@)++! 12! )*,"4"1,"'! '1R,/&),7&*,+G! "+! .&;&*.&*,! 1*! ,(&! .9*)7"'+! 12! ,(&!

;),(10&* R)*,"4"1,"'! +9+,&7f! 1A/! /&+A@,+!7)9!&Y;@)"*! );;)/&*,! 2)"@A/&+!14+&/#&.! "*! 53T!

,/&),7&*,=! !
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3. Linear population allocation by bistable switches in 
response to transient stimulation  

T*!,("+!'();,&/!T!;/&+&*,!)!+,A.9!12!;1;A@),"1*!)@@1'),"1*!"*!/&+;1*+&!,1!,/)*+"&*,!

+,"7A@"=! T*(&/&*,! ,1! ,(&+&! '1*'@A+"1*+! "+! ,(&! ".&)! 12! "*,/)R;1;A@),"1*! +,1'()+","'",9f!

'1A;@&.!S",(! *1* @"*&)/!2&&.4)'BG!",! "+! ;1++"4@&! ,(),!0&*1,9;"')@@9!".&*,"')@!"*."#".A)@+!

)++A7&! ."22&/&*,! 2),&+! "*! /&+;1*+&! ,1! ".&*,"')@! "*;A,! +"0*)@+=! T! .&71*+,/),&! ,("+!

;(&*17&*1*!21/! )!#)/"&,9!12!4"+,)4@&!71,"2+!12!"*'/&)+"*0! '17;@&Y",9G!)*.! ;/1;1+&!,(&!

).);,"#&!).#)*, )0&+!12!)!@"*&)/!/&+;1*+&!,1!+,"7A@A+!+,/&*0,(=!

!

3.1 Bistability  

?"+,)4@&! +9+,&7+! /&2&/! ,1! ,(1+&! "*! S("'(! )! +;&'"&+! 12! "*,&/&+,! V&=0=! '(&7"')@!

+;&'"&+G!;/1,&"*!*A74&/+G!&,'=W!)++A7&+!1*&!12!,S1!+,)4@&!+,),&+!V&=0=!'1*'&*,/),"1*+W=!T*!

/&+;1*+&!,1!)!+,"7A@),1/9!+"0*)@G!,(&!+9+,&7!+,),&!')*!4&!+("2,&.!2/17!1*&!&LA"@"4/"A7!,1!

,(&!1,(&/G!4A,!'/","')@@9G!S(&*!,(&!+"0*)@!"+!S",(./)S*G!,(&!'A//&*,!+,),&!12!,(&!+9+,&7!"+!

7)"*,)"*&.=! Q&0)/.@&++! 12! ,(&! +;&'"2"'! .&,)"@+! 12! "7;@&7&*,),"1*G! )@@! 4"+,)4@&! +9+,&7+!

+()/&! ,S1 ! .&2"*"*0! 2&),A/&+C! *1*@"*&)/! ;1+","#&! 2&&.4)'BG! )*.! (9+,&/&+"+=! 6(&! 2"/+,!

"7;@"&+! ,(),! ,(&! +;&'"&+! 12! "*,&/&+,! ."/&',@9! 1/! "*."/&',@9! "*.A'&+! ",+! 1S*! +9*,(&+"+f!

*1*@"*&)/!2&&.4)'B! '/&),&+!A@,/)+&*+","#",9! ,1!"*;A,!+"0*)@+!)*.!&*+A/&+!,(),! ,S1!+,),&+G!

&=0=! c[[! )*.! cKG! )/&! +,)4@&! V ["0A/&! MOEW=! J9+,&/&+"+! /&2&/+! ,1! ,(&! ".&)! ,(),! 4"+,)4@&!

+9+,&7+!)/&G!,1!#)/9"*0!.&0/&&+G!/&#&/+"4@&=!J1S&#&/G!1*&!,/)*+","1*G!&=0=!c[[!,1!cKG!"+!
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12,&*!71/&!."22"'A@,!,()*!,(&!/&#&/+&G!&=0=!cK!,1!c[[=!6("+!')*!4&!#"+A)@"U&.!"*!,&/7+!12!

;1,&*,")@!&*&/09!V["0A/&!MOGWf!+,)4@&!+,&).9!+,),&+!'1//&+;1*.!,1!@1')@!7"*"7)!+&;)/),&.!

49!)*!A*+,)4@&!+,&).9!+,),&!V,(&!'/","')@!#)@A&!*&'&++)/9!,1!+S",'(W=!J9+,&/&+"+!"+!"7;@"&.!

"*!,(&!2)',!,(),!, (&+&!;1,&*,")@!S&@@+!7)9!4&!12!."22&/&*,!.&;,(+=!T*!,("+!')+&G!,(&!+9+,&7!

+,),&!S"@@!.&;&*.!*1,!1*@9!1*!,(&!+,"7A@A+!+,/&*0,(G!4A,!)@+1!1*!,(&!+,"7A@A+!("+,1/9f!,(&!

,/)*+","1*!4&,S&&*!+,),&+!1''A/+!),!."22&/&*,!+,"7A@A+!#)@A&+!"2!,(&!+,"7A@A+!"+!"*'/&)+"*0!

#+! .&'/&)+"*0! V["0A/&! MOFW=! 8&#&/)@! 7&'()*"+7+! ')*! 0"#&! /"+&! ,1! 4"+,)4"@",9G! "*'@A."*0!

*1*@"*&)/!;1+","#&!2&&.4)'BObĜ!;/1,&"*!,",/),"1* ObbGMNNG!)*.!A@,/)+&*+","#",9MNOGMNM=!!

!

!

!"#$%&'D()' G"1,.6"0",=' %&1$0,1' "/' 1=1,&51' .11$5"/#' 3/&' 3+' ,43' 1,.60&' 1,.,& 1;' E;'
G"1,.6"0",=' 7./' .%"1&' ,2%3$#2' .' /$56&%' 3+' 5&72./"151W53,"+1>' "/70$8"/#' /3/0"/&.%'
-31","9&'+&&86.7]'A,3-C>'42&%&"/' .' 1-&7"&1'3+' "/,&%&1,'7.,.0=K&1' ",1'34/'1=/,2&1"1>'3%'
5$,$.0'/&#.,"9&'+&&86.7]'A63,,35C>'42&%&"/',43'1-&7"&1'&.72'"/2"6",',2&'1=/,2&1"1' 3+'
,2&'3,2&%;'N/'&.72'3+' ,2&1&'7.1&1>'.'1$++"7"&/,0='1,%3/#'&J,&%/.0'1,"5$0$1'7./'12"+,' ,2&'
1=1,&5'+%35'3/&' 1,.,&' ,3' ./3,2&%>'&;#;' +%35'034'E' ,3' 2"#2'E'A-31","9&'+&&86.7]C>'3%'
2"#2'EW034'G',3'034'GW2"#2'E'A5$,$.0'/&#.,"9&'+&&86.7]C;'G;'<2&',%./1","3/'6&,4&&/'
6"1,.60&'1,.,&1'7./'6&'9"1$.0"K&8'"/',&%51'3+'-3,&/,".0'&/&%#=\'1,.60&'1,.,&1'73%%&1-3/8'
,3'037.0'5"/"5.>'1&-.%.,&8'6='./'$/1,.60&'"/,&%5&8".,&'1,.,&;'N+',2&'1,.60&'1,.,&1'.%&'3+'
$/&:$.0'8&-,2>' ,2&'1=1,&5'4"00'8&+.$0,' ,3' ,2&'53%&'1,.60&'8&+.$0,;'F;'?=1, &%&1"1' "1' .'
-%3-&%,=' 3+' 6"1,.60&' 1=1,&51' ,2.,' %&+&%1' ,3' ,2&' +.7,' ,2.,' 8"++&%&/,' 1,"5$0$1' 2"1,3%"&1'
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3.2 Decision making in biological systems  
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3.3 Premise  
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3.4 Results  

3.4.1 A positive fe edback circuit  

e&!+,)/,!S",(! )!7"*"7)@!4"+,)4@&!+9+,&7! '1*+"+,"*0!12!)! ;/1,&"*! ./"#"*0!",+!1S*!
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A+"*0!)! +"*0@&! 1/."*)/9! ."22&/&*,")@! &LA),"1*! Vc>5WC! x = f (S,D)+ a(x) ! x =!6(&! ,(/&&!
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-31","9&'+&&86.7]'53,"+'73/1"1,1'3+'135&'#&/&'3+'"/,&%&1,'A_HNC'42"72'8%"9&1'",1'34/'
1=/,2&1"1'6='.7,"9.,"/#'",1'-%353,&%' ) ;'S3/0"/&.%'+&&86.7]'"1'3+,&/'.72"&9&8',2%3$#2'
733-&%.,"9&' 6"/8"/#>' 0&.8"/#' ,3' .' 1&/1" ,"9&' %&1-3/1&' 8&-&/8&/,' 3/' ,2&' "/",".0'
73/7&/,%.,"3/' 3+' ,2&' _HN;' G;' <2&' &++&7,' 3+' .$,37.,.0=1"1;' N/' ,2&' .61&/7&' 3+' 1,"5$0$1'
A83,,&8' 0"/&C>' ,2&' &5&%#&/7&' ./8' %&0.,"9&' -0.7&5&/,' 3+' 1,&.8=' 1,.,&1' "/' ,2&' /3/I
8"5&/1"3/.0'538&0'7./'6&',$/&8'4",2',2&'.$,37.,.0=," 7'-.%.5&,&%'d7e;'!3%'034'9.0$&1'
3+' ,2"1' -.%.5&,&%>' ,2&' 3/0=' 1,&.8=' 1,.,&' "1' .,' B;' ?34&9&%>' 4",2' 1$++"7"&/,0=' 1,%3/#'
-31","9&'+&&86.7]>' ,43' /3/K&%3'1,&.8='1,.,&1'&5&%#&;'F;' O3,&/,".0'&/&%#='0./817.-&1'
.1' .'+$/7,"3/'3+'1,"5$0$1'"/,&/1",=; ' N+' ,2&' .$,37.,.0=1"1'-.%.5&,&%'d7e'"1'7231&/'1$72'
,2.,' /3/K&%3' 1,&.8=' 1,.,&1' .%&' .,,."/.60&>' ,2&' -3,&/,".0' &/&%#=' 0./817.-&' +3%51' ,43'
4&001' 73%%&1-3/8"/#' ,3' H!!' ./8' HS;' N/7%&.1"/#' 1,"5$0$1' "/,&/1",=' 1"5$0,./&3$10='
0&.81',3'.'12.0034&%'4&00'.,'73++' ./8'.'8&&-&%'4&00'.,'7 3/ ;'<2"1',%&/8'73%%&1-3/81',3'./'
39&%.00'12"+,'"/',2&'-3-$0.,"3/'+%35'H!!',3'HS'4",2'"/7%&.1"/#'1,"5$0$1;'?&%& 'N'$1&8'
c =1.45>' ! = 0.005>'./8' De = 0.01;'M;'R72&5.,"7'12341',2&'&930$,"3/'3+'.'-3-$0.,"3/'

3+'7&001'7.%%="/#' .'6"1,.60&'14",72'A60$&C'"/'%&1-3/1&',3' .' -$01&'"/-$,'A%&8C;'O3,&/,".0'
&/&%#='0./817.-&1'.%&'1234/'"/'60.7];'N/',2&'.61&/7&'3+'1,"5$0$1'A(C>',2&'-3-$0.,"3/'
"1'"/',2&'H!!'1,.,&;'T2&/'1,"5$0$1'"1'.--0"&8'ADC>',2&'-3,&/,".0'&/&%#='0./817.-&'12" +,1'
"/' +.93%' 3+' ,2&' HS' 1,.,&>' 8%"9"/#' ,2&' -3-$0.,"3/' ,34.%8' ,2&' HS' 1,.,&;' T2&/' ,2&'



!

^] !

1,"5$0$1' "1' %&539&8' ALC>' ,2&' -3,&/,".0' &/&%#=' 0./817.-&' %&9&%,1' ,3' ",1' "/",".0' 1,.,&>'
1-0",,"/#',2&'-3-$0.,"3/'"/,3',43'1$6-3-$0.,"3/1'AH!!'./8'HSC; '

'

!

e",(1A,!@1++!12!0&*&/)@",9G!T!'(11+& ! u(x) =
8
3

c
x2

3+ x2 !)*.! ,(&!;)/)7&,&/! c !+A'(!

,(),!,(&!+9+,&7!"+!4"+,)4@&!"*!,(&!)4+&*'&!12!+,"7A@A+!VB!g!NWG!S",(!)*!A*+,)4@&!+,&).9!+,),&!

), ! x* =1!)*.!  !u(x) = c !!V8&&!71.&@!.&#&@1;7&*,!21/!.&,)"@&.!.&+'/";,"1*W=!$!@)/0&/!#)@A&!

12! c! !'1//&+;1*.+! ,1!+,/1*0&/! ;1+","#&!2&&.4)'BG!S("'(! "*'/&)+&+! ,(&! ."+,)*'&!4&,S&&*!

,(&! ,S1!+,&).9!+,),&+! V["0A/&! M]GW=!e& !A+&! ,(&! [1BB&/R3@)*'B!21/7A@),"1*!12! ,("+! *1* R

."7&*+"1*)@! c>5! ,1! "*'1/;1/),&! ,(&! &22&',+! 12! 41,(! 7&'()*"+7 R.&;&*.&*,! V"*,/"*+"'W!

)*.!"*.&;&*.&*,!V&Y,/"*+"'W!*1"+&!+1A/'&+G!S("'( !S&!)++A7&!,1!4&!I)A++")*!."+,/"4A,&.=!

6("+!21/7A@),"1*!&*)4@&+!A+!,1!+"7A@),&!,(&!*1"+&!"*(&/&*,!"*!4"1'(&7"')@!/&)',"1*+G!.A&!

,1! ,(&! &22&',+! 12! 41,(! ."+'/&,&! +7)@@! *A74&/+! 12! 71@&'A@&+! )+! S&@@! )+! +7)@@! /&)',"1*!

#1@A7&+! V"=&=! '&@@+W=! -*@&++f ! "+! +),A/),"*0G!,(&! ;1,&*,")@! @)*.+');&! /&+A@,"*0! 2/17! ,("+!

+,1'()+,"'! c>5! ()+! ,S1! S& @@+! '1//&+;1*."*0! ,1! ,S1! +,)4@&! +,&).9! +,),&+! V["0A/&! M]HWG!

+&;)/),&.! 49! )*! &*&/09! 4)//"&/! ),! ,(&! A*+,)4@&! +,&).9! +,),&=! [1/! +),A/),"*0 ! f G! ,(&!

@)*.+');&!"+!71*1+,)4@&=!!

'

[1/ ! f = 0G! ' 1*+".&/! )! ;1;A@),"1*!12! '&@@+! /&+"."*0! ),! ,(&!c[[!+,),&G! )++A7"*0! )!

I)A++")*! ;/1,&"*! ."+,/"4A,"1*! V ["0A/&! M]> G! ;)*&@! OW=! e(&*! ,(&! +,"7A@A+! "+! );;@"&.!

Vf > 0WG!,(&!@)*.+');&!+("2,+!"*!2)#1/!12!,(&!cK!+,),&C!,(&!&*&/09!4)//"&/!"+!@1S&/&.!)*.!



!

^\ !

,(&!cK!+,),&!4&'17&+!71/&!+,)4@&=!6("+!+("2,&.!@)*.+');&!;/171,&+!+,1'()+,"'!,/)*+","1*!

2/17! ,(&! c[[! ,1! ,(&! cK! +,),&! V ["0A/&! M]>G!;)*&@! MWG! )+! "2! ,(&! ;1;A@),"1*! 12! '&@@+! )/&!

0/).A)@@9! +@"."*0! ,1S)/.! ,(&! cK! +,),&=! e(&*! ,(&! +,"7A@A+! "+! ,A/*&.! 122G! ,(&! ;1,&*,")@!

@)*.+');&!/&#&/,+!,1!,(&!"*",")@!'1*2"0A/),"1*!V["0A/&!M]>G!;)*&@!]W=!$,!,("+!717&*,G!,(&!

;1;A@),"1*!S"@@!4&!+;@",!"*,1!,S1!+A4;1;A@),"1*+G!.&;&*."*0!1*!,(&!/&@),"#&!;1+","1*!12!

&)'(! '&@@! "*! '17;)/"+1*! ,1! ,(&! A*+,)4@&! +,&).9! +,),&=! H&@@+! ,1! ,(&! /"0(,! 12! ,(&! A*+,)4@&!

+,&).9!+,),&!S"@@!'1*,"*A&!,1!71#&!,1S)/.!,(&!cK!+,),&f!,(1+&!,1!,(&!@&2,!S"@@!71#&!4)'B!

,1!,(&!c[[!+,),&=!6(&!2/)',"1*!12!)',"#),&.!'&@@+!V1/!,(&!)',"#),"1* !;/14)4"@",9W!.&;&*.+!1*!

,(&!,/)*+","1*!/),&G!S("'(!"*!,A/*!.&;&*.+!1*!+,"7A@A+!"*,&*+",9!)*.!*1"+&! 7)0*",A.&= !

!

! -+"*0! ,(&! [1BB&/ R3@)*'B! &LA),"1*G! S&! 2"*.! ,(),G! 21/! )! 0"#&*! "*;A,!

"*,&*+",9G! ,(&! )',"#),"1*! ;/14)4"@",9! "*'/&)+&+! S",(! ,(&! "*;A,! .A/),"1*G! );;/ 1Y"7),&@9!

21@@1S"*0! )*! &Y;1*&*,")@! )+97;,1,"'! 2A*',"1*C! pact =1! e! rD =! 6(&! ,/)*+","1*! /),&!

'1*+,)*,G! *G!"+!)!2A*',"1*!12!,(&!"*;A,!+,/&*0,(!VBW!)*.!*1"+&!7)0*",A.&! V+&&!8A;;@&7&*,)@!

T*21/7),"1*!21/!2A@@!.&/"#),"1*W=!6("+! ,(&1/&,"')@!+1@A,"1*!)0/&&+!S&@@!S",(! /&+A@,+!2/17!

*A7&/"')@!+"7A@),"1*+G!A+"*0! ,(&! '1//&+;1*."*0!+,1'()+,"'! ."22&/&*,")@!&LA),"1*+!V8>5W!

V["0A/&! M\$ W=! $+! &Y;&',&.G! +,/1*0&/! +,"7A@"! /&+A@,! "*! )! .&&;&/! cK! S&@@G! )*.! )! 2)+,&/!

"*'/&)+&! "*! )',"#),"1*! ;/14) 4"@",9G! '()/)',&/"U&.! 49! @)/0&/!*! #)@A&+! V["0A/&! M\?W=!

T7;1/,)*,@9G! 21/! +A22"'"&*,@9! +7)@@! D G! pact (D) =1! (1! rD) = rD =! 6(),! "+G! 21/! )!



!

^` !

;1;A@),"1*!12!'&@@+!&Y;1+&.!,1!)!+(1/,!+,"7A@A+G!,(&!*A74&/!12!'&@@+!,(),!+S",'(!"*'/&)+&+!

@"*&)/@9!S",(!,(&!+"0*)@!.A/),"1*=!

!

!"#$%&'DX)' E;' R"5$0.,"3/' A3-&/' 7"%70&1C' 91;' ,2&3%&,"7.0' -%&8"7,"3/' A130"8' 0"/&1C' 3+'
.7,"9.,"3/' -%36.6"0",=' .1' .' +$/7,"3/' 3+' -$01&' 8$%.,"3/;' <2&' 60.7]' .%%34' "/8"7.,&1'
"/7 %&.1"/#' 1,"5$0$1' "/,&/1",=;' <2&' .7,"9.,"3/' -%36.6"0",=' "/7%&.1&1' 0"/&.%0=' 4",2' ,2&'
8$%.,"3/>' 42&/' ,2&' 0.,,&%' "1' 15.00;' N/1&,' 12341' "/,&%5&8".,&' 1"#/.0' ,%./1+3%5.,"3/'
+$/7,"3/;' G;' <2&' ,%./1","3/' %.,&' 8"7,.,&1' ,2&' 0"/&.%' 8&-&/8&/7&>' ./8' "/7%&.1&1' 4",2'
"/7%&.1"/#' 1,"5$0$1' "/,&/1",=;' H-&/' 7"%70&1' ./8' 0"/&1' "/8"7.,&' ,2&3%&,"7.0' ./8'
/$5&%"7.0' -%&8"7,"3/1>' %&1-&7,"9&0=;' F;' <2&' -$01&' 1,%&/#,2' 7./' 6&' 53/3,3/"7.00='
17.0&8'$-1,%&.5'3+' ,2&'6"1,.60&'8&7"1"3/'538$0&'4",23$,' .++&7,"/#' ,2&'72.%.7,&%"1,"7'
.7,"9.,"3/' -%3-&%, =;' ?&%&>' N' $1&' .' ?"00' +$/7,"3/' 4",2' 73&++"7"&/, ' n = 2 ' .1' ,2&'
,%./1+3%5.,"3/'+$/7,"3/'A1234/'"/'"/1&,C; '

!

T*!0&*&/)@G!)!;A@+&!"*;A,! ')*!4&!;/1'&++&.!49!)*!"*,&/7&."),&!+"0*)@"*0!71.A@&!

1/! ')+').&!"*!,(&!'&@@G!;/"1/!,1!,(&!4"+,)4@&!71.A@&=!%),(&7),"')@@9G!,("+!;/1'&++"*0!')*!

4&!'1*+".&/&.!)+!)!,/)*+21/7!49!) !/&@&#)*,!2A*',"1*!V&=0=!)!J"@@!2A*',"1*W=!6(&!/&+A@,"*0!

+')@&.! +,"7A@A+! S"@@! )++A7&! )! 71."2"&.! +();&! ."',),&.! 49! ,(&! +"0*)@"*0! 71.A@&!

,(/1A0(1A,! ,(&! +,"7A@A+! .A/),"1*G! S("@&! /&7)"*"*0! U&/1! 21/! t > D =! $+! @1*0!)+! ,(&!

,/)*+21/7),"1*!"+!71*1,1*"'!"*!,&/7+!12!+"0*)@!+,/&*0,(G!",!.1&+!*1,!LA)@",),"#&@9!'()*0&!

,(&! )@@1'),"1*! ;/1;&/,9! V["0A/&! M\HG! "*+&,! +(1S+! "*,&/7&."),&! ,/)*+21/7),"1*WC! ,(&!



!

^a!

)', "#),"1*! ;/14)4"@",9! "*'/&)+&+! );;/1Y"7),&@9!@"*&)/@9!S",(! "*'/&)+"*0! .A/),"1*! 12! ,(&!

"*;A,!;A@+&G!S(&*!,(&!.A/),"1*!"+!+7)@@=!

!

cA/ ! )*)@9+"+! '1*2"/7+! ;/&#"1A+! +,A."&+! 12! +S",'("*0! ;/1;&/,"&+G! S("'(! ()#&!

.&+'/"4&.! &Y;1*&*,")@@9! ."+,/"4A,&.! /&+".&*'&! ,"7&+! "*! ;1,&*,")@! S&@@+! A+"*0! [1BB&/R

3@)*'B! 21/7A@),"1*+! 12! ;1;A@),"1*! ./"2,! )*.! ."22A+"1*!M]ORM]\=! J1S&#&/G! ,(&+&! +,A."&+!

A,"@"U&! )/4",/)/9! ,S1RS&@@! ;1,&*,")@! 2A*',"1*+! ,1! /&)@"U&! ,/)*+","1*+! 2/17! 1*&! +,),&! ,1!

)*1,(&/=!T,!"+!A*'@&)/! ,1!S(),!&Y,&*,! ,(&+&! '1*'@A+"1*+! )/&! );;@"')4@&! ,1!71/&! '17;@&Y!

4"+,)4@&!+9+,&7+G!4)+&.!1*!71@&'A@)/!7&'()*"+7+G!S("'(!&Y"+,! "*! *),A/&=! [A/,(&/71/&G!

,(&+&! +,A."&+! .1! *1,! )../&++! ,(&! ;1,&*,")@! 4"1@10"')@! "7;@"'),"1*+! 12! ,(&+&! +S",'("*0!

;/1;&/,"& +=!61! ,(),!&*.G!T!A+&!*A7&/"')@!+"7A@),"1*+! ,1!"*,&//10),&! ,(&! /&+;1*+&!12! ,S1!

"*'/&)+"*0@9!'17;@&Y!4"+,)4@&!2/)7&S1/B+G!)*.!.&+'/"4&!)!0&*&/)@!4"1@10"')@!+'&*)/"1!"*!

S("'(!'1*+&/#&.!+S",'("*0!;/1;&/,"&+!7)9!4&!).#)*,)0&1A+!,1!4"+,)4@&!;1;A@),"1*+=! !

!

L;X;(;('V38&0'8&9&03-5&/, '

I"#&*!)!;1+","#& R2&&.4)'B!+9+,&7!."',),&.!49C !

 !x = f (t)+ a(x) ! x ! VO]W!

S(&/&! ! /&;/&+&*,+! )*! &Y,&/*)@! +1A/'&! +"0*)@! ,(),! ')*! 4&! &Y;&/"7&*,)@@9!

'1*,/1@@&.! )*.! ')*! ;1,&*,")@@9! +&/#&! )+! )! ,/"00&/! 21/! ,(&! +S",'(G! u(x) ! /&;/&+&*,+! )!

*&'&++)/"@9! *1*@"*&)/G! )A,1'),)@9,"'! J"@@! ,&/7! @&)."*0! ,1! 4"+,)4"@",9G! )*.! ! x ! .&*1,&+!



!

^P!

.&0/).),"1*!12!,(&!+;&'"&+!12!"*,&/&+,=!J&/&G!,(&!."7&*+"1*@&++!,"7&!'1*+,)*,!12!,(&!.&')9!

,&/7! "+!A*",9G!"*."'),"*0! ,(),! ,(&! ;(9+"')@!A*",!12! ,"7&! "+! ,(&! "*#&/+&!12! ,(&! .&')9! ,"7&!

'1*+,)*,= !

$! *A74&/! 12! 0&*&/)@! '1*+,/)"*,+! 1*! ,("+! *1* R."7&*+"1*)@"U&.! +9+,&7! )/&!

*&'&++)/9!,1!4&,,&/!,1!7"7"'!)',A)@!+,1'()+,"'!4"1@10"')@!+9+,&7+C!

T*! ,(&! )4+&*'&! 12! &Y,&/*)@! +,"7A@A+! f (t)G! &Y,/"*+"'! *1"+&! +(1A@.! "*.A'&! )! 4)+)@!

2/)',"1*!12!"*."#".A)@+!,1!,(&!cK!+,),&= !

6(&! /),&!12! ,/)*+","1*!2/17!cK! ,1!c[[!V,(&!y/&#&/+&v! ."/&',"1*WG!S("@&!*1*RU&/1G!

S"@@!21@@1S!)!,"7&!'1*+,)*,!7A'(!@1*0&/!,()*!,(&!c[[!,1!cK!,/)*+","1 *f!,(&/&21/&G!,(&/&!

S"@@!4&!*&0@"0"4@&!y.&)',"#),"1*v!S",("*!,(&!,"7&!+')@&!12!"*,&/&+,=!

!

e",(1A,!@1++!12!0&*&/)@",9G!,)B&!,(&!)A,1'),)@9,"'!,&/7! !2/17!5L=!8O!)41#&!)+C!

u(x) =
8
3

c
x2

3+ x2 !! VO\W!

-+"*0! ,("+! %"'()&@"+R%&*,&*! 21/7! S",(! ); ;/1;/"),&! ;)/)7&,&/! '(1"'&+! &*+A/&+!

4"+,)4"@",9=!J&/&G!T!()#&! '(1+&*! ,(&! ;/& R2)',1/! )*.! ()@2 R7)Y"7)@!#)@A&+!+A'(! ,(),! u(x) !

()+!",+!"*2@&',"1*!;1"*,!'1//&+;1*."*0!,1!,(&!7)Y"7A7!12!
da
dx

!),! x =1=!?"+,)4"@",9!"*!,(&!

B"*&,"'+!."',),&.!49! 5LA),"1*!O\! )/&!+(1S*!"*!,(&!21@@1S"*0!4"2A/'),"1*!.")0/)7!V ["0A/&!

M]?W=! J&/&G!T!()#&! +&,!  !x = 0! ,1! +(1S! ,(&! +,&).9! +,),&+! 12! x ! )+! )! 2A*',"1*! 12! '1*+,)*,!

+,"7A@A+! f =!5)'(! ,/)Z&',1/9! "*! ["0A/&! M]?! /&;/&+&*,+! ,("+! /&@),"1*+(";! 21/! )! ;)/,"'A@)/!



!

^^!

#)@A&! 12! ,(&! '1*+,)*,! c=! $! ;)/,"'A@)/! +,&).9! +,),&! #)@A&! 12! x ! "+! @"*&)/@9! +,)4@&! "2!

d(x ! a(x))
dx

> 0 f! )''1/."*0@9G! ,(&! ;1/,"1*+! 12! ,(&! ,/)Z&',1/"&+! S",(! ;1+","#&! +@1;&+!

/&;/&+&*,! +,)4@&! 4/)*'(&+=! H1*#&/+&@9G! ,(&! ;1/,"1*+! S",(! *&0),"#&! +@1;&! )/&! A*+,)4@&!

4/)*'(&+=!T2!c <1G!,(&!0/);(! 12 ! x !#+! f ! "+!71*1,1*"')@@9! "*'/&)+"*0f! ,(&/&! "+! )!A*"LA&!

+,)4@&! ;1"*,=! [1/! c =1G! )! #&/,"')@! ,)*0&*,! 1''A/+! ), ! (x, f ) = (1,
1
3
) =![1/! &)'( ! c >1!

'1*.","1*G! ,(&*G!T!()#&! )! 4"+,)4@&! /)*0&! 12! f G! +&;)/),&.! 49! +,)4@&! 4/)*'(&+! S(&/&! ,(&!

+9+,&7! "+! &",(&/! c[[! V@1S&/! 4/)*'(W! 1/! cK! VA;;&/! 4/)*'(Wf! ,(&! ;1"*,+! ),! S("'(! ,(&!

4"+,)4@&!/)*0&!7&&,+!&",(&/!,(&!+,)4@&!1/!A*+,)4@&!4/)*'(!)/&!+)..@& R*1.&!4"2A/'),"1*+= !T!

*1,&!,(),! ,(&!cK!+)..@& R*1.&!4"2A/'),"1*! '/1++&+!,(& ! f !)Y"+!21/! c =
3 3

4
! 1.299=!6("+!

7&)*+! ,(),!21/ ! c =
3 3

4
G!,(&/&!S"@@!4&!*1!cK!+,),&! "*! ,(&! )4+&*'&!12!+,"7A@A+!Vf = 0Wf!

'1*#&/+&@9G!21/! c >
3 3

4
G!,(&/&!&Y"+,+!)*!cK!+,),&!S",(! f = 0=!!

!

6(&+&! ,/)Z&',1/"&+! '1//&+;1*.! ,1! +",A),"1*+! "*! S("'(! )! +A4;1;A@),"1*! S"@@! 4&!

)',"#),&.!&#&*!"*!)4+&*'&!12!+,"7A@A+G!+),"+29"*0!'1*.","1*!V"W!2/17!)41#&=!T!()#&!'(1+&* !

c =1.45G!S("'(!'1//&+;1*.+!,1!)!7&,)+,)4@&!cK!+,),&f!)@,(1A0(!)!+A4;1;A@),"1*!7)9!4&!

)',"#),&.!"*!,(&!)4+&*'&!12!+,"7A@A+!V.A&!,1!+,1'()+,"'!*1"+&WG!)@@!"*."#".A)@+!S"@@!+&,,@&!),!

,(&!c [[!+,),&!0"#&*!)*! "*2"*",&@9!@1*0! ,"7&!+;)*=!T*! ,("+!S1/BG!S&!)/&!"*,&/&+,&.! "*! ,(&!



!

^b!

;1;A@),"1*! /&+;1*+&! ,1! )! ,/)*+"&*,! +LA)/&! S)#&! +"0*)@! f (t) f! ,(),! "+G!

f (t ! < D) = k > 0, f (t > D) = 0 ! 21/! +17&! )/4",/)/9! +"0*)@! .A/),"1* ! D =!

!

L;X;(;D'M&%"9"/#'./8'./.0=,"7.0'130$,"3/'+3%'.7,"9.,"3/'-%36.6"0",= '

T*! ;/)',"'&G! ,(&! .&,&/7"*"+,"'! B"*&,"'+! 0"#&*! 49! ,(&! c>5! "*! 5LA),"1*! O\! )/&!

;&/,A/4&.! 49! /)*.17! *1"+&=! J&/&G !S&! '1*+".&/! ,S1! +1A/'&+! 12! +A'(! *1"+&C! )! '(&7"')@!

*1"+&! V"*,/"*+"'! ,1! x(t) ! ",+&@2WG! )*.! )*! &Y,/"*+"'! '17;1*&*,! .A&! ,1! ,(&! "*(&/&*,!

/)*.17*&++! 12! ,(&! +9+,&7! &*#"/1*7&*,=! ?&')A+& ! x(t) ! "+! )! ;/1,&"*! '1*'&*,/),"1*G! )*.!

'()*0&+!,(&/&"*!)/&!."+'/&,&!&#&*,+G!T!71.&@!,(&!*1"+9!.9*)7"' +!A+"*0!31"++1*!;/1'&++&+f!

,(&/&21/&G!),!)*9!,"7&G!)!;1;A@),"1*!S"@@!21/7!)!."+,/"4A,"1*!S",(!;1+","#&!#)/")*'&=!!

!

!e& !')*!A+&!)![1BB&/ R3@)*'B!21/7A@),"1*!,1!&Y)7"*&!,(&!4&()#"1/!12!,("+!+9+,&7!

"*! ,(&! ;/&+&*'&! 12! +,1'()+,"'! *1"+&=! 6(&! .&;&*.&*,! +,),&! #)/") 4@&! "+! ,(&! &*+&74@&!

;/14)4"@",9!.&*+",9! p(x) =!8;&'"2"')@@9G!"*!)!0"#&*!;1;A@),"1*G!,(&!2/)',"1*!12!"*."#".A)@+!

S",(!'1*'&*,/),"1*+ ! x(t) !"*!,(&!/)*0& ! (x,x+ dx) !"+!p(x,t)dx=!6(&!."7&*+"1*@&++![1BB&/R

3@)*'B! &LA),"1*! V[35W! 21/! ,(&! +9+,&7! ')*! 4&! +"7;@9! S/",,&*! )+! )! '1*#&',"1* R."22A+"1*!

;)/,")@!."22&/&*,")@!&LA),"1*!V3>5W!"*!YR+;)'&!)+!21@@1S+G!S(&/&!j !.&*1,&+!,(&!2@AY!,&/7G!

)*.!+A4+'/";,+!"*."'),&!2"/+,!; )/,")@!.&/"#),"#&+C!

pt + jx = 0! ! ! VO`W!



!

bN!

j = (a(x) ! kx+ f )p ! {( DE +
1

2V
(a(x)+ kx+ f ))p} x ! VOaW!

J&/&G!,(&!2"/+,! ,&/7! "*! j !/&;/&+&*,+! ,(&! '1*#&',"1*!12! ;/14)4"@",9! "*! )''1/.)*'&!

S",(!,(&!.&,&/7"*"+,"'!B"*&,"'+=!6(&!+&'1*.!,&/7!/&;/&+&*,+!. "22A+"1*!12!;/14)4"@",9!.A&!

,1!,(&!,S1!)21/&7&*,"1*&.!+1A/'&+!12!/)*.17!*1"+&=!8;&'"2"')@@9G! !/&;/&+&*,+!&Y,&/*)@!

*1"+&f!,(&!/&7)"*"*0!,&/7+!/&;/&+&*,!,(&!;/14)4"@",9!2@AY!)++1'"),&.!S",(!'(&7"')@!*1"+&=!

K1*."7&*+"1*)@"U),"1*! 9"&@.+! ,(&! 21@@1S"*0! 21/7G! S(&/&! ! +')@&+! ,(&! "*,/"*+"'G! +,),&R

.&;&*.&*,!*1"+&!'17;1*&*,C !

!

 j = (a(x) ! x+ f )p ! ((De +! (a(x)+ x+ f ))p)x ! !VOPW!

!

T*! '(&7"+,/9G! h.&,)"@&.! 4)@)*'&i! /&2&/+! ,1! &LA"@"4/")! "*! S("'(! 21/S)/.! )*.!

4)'BS)/.! /&)',"1*! /),&+! )/&! &Y)',@9! 4)@)*'&G! )*.! ,(&/&! "+! *1 ! *&,! '()*0&+! "*! +;&'"&+!

'1*'&*,/),"1*+=! T*! )*! [35G! ,(&! )*)@101A+! +",A),"1*! 1''A/+! S(&*! ,(&! ;/14)4"@",9! 2@AY!

#)*"+(&+! ".&*,"')@@9=! T2! ,(&! +,),&! +;)'&! 12! "*.&;&*.&*,! #)/")4@&+! V(&/&! x(t) W! "+! 1*&R

."7&*+"1*)@G! T!')*! )@S)9+! 2"*.! &LA"@"4/")! '()/)',&/"U&.! 49! .&,)"@&.! 4)@)*'&=! T2! T!+&,!

j = 0 G!,(&!+1@A,"1*+! p(x) )/&!;/1;1/,"1*)@!,1!,(&!21@@1S"*0!?1@,U7)**!2)',1/C!

p(x) ! e
" U (x)

DE !! ! ! VO^W!

!



!

bO!

e(&/& !U(x) !"+!,(&!&22&',"#&!;1,&*,")@!"*!,(&!'1*'&*,/),"1*!+;)'&=!6("+!+),"+2"&+!,(&!

21@@1S"*0!/&@),"1*+(";C!

  

!U(x) =
x ! a(x) ! f ! ! (a(x) ! a)

1+
!

DE

(a(x)+ x ! f )
!! ! VObW!

!

6(&!?1@,U7)**!2)',1/G!)+!)!2A*',"1*!12! xG!()+!7)Y"7)!),!,(&!7"*"7)!12 !U(x) =!T*!

,(&!')+&!12!U&/1!"*,/"*+"'!*1"+&!V ! = 0W!5LA),"1*!Ob!/&.A'&+!,1!,(&!'1*.","1*+!21/!)!+,)4@&!

'/","')@!;1"*,!"*!,(&!.&,&/7"*"+,"'!+9+,&7= !

!

$+! +(1S*! "* ! ["0A/&! M]HG! ,(&! ;1,&*,")@! @)*.+');&G! U(x) ! #+! x G! '1*+"+,+! 12! ,S1!

S&@@+! +&;)/),&.! 49! )! 4)//"&/G! /&2@&',"*0! ,(&! +,)4@&! ;1"*,+! 12! ,(&! +9+,&7! )*.! ,(&!

;&/,A/4),"1*! /&LA"/&.! ,1! ,/)*+","1*! 4&,S&&*! ,(&7=! 6(&! /)*0&! 12! +,"7A@A+ ! f !+(1S*! "+!

S",("*!,(&!)21/&7&*,"1* &.!4"+,)4@&!/)*0&=![1/!&)'(!@)*.+');&G!,(&!S&@@+!)/&!0"#&*!49!,(&!

7"*"7)! 12 ! U(x) C! T!S"@@! .&*1,&! ,(&+&! 7"*"7)! )+! Uoff =U( f ,xoff ) ! )*. ! Uon =U( f ,xon)G!

S(&/& ! Uon >Uoff =!6(&+&! 7"*"7)! )/&! +&;)/),& .! 49! )*! &*&/09! 4)//"&/f ! T!S"@@! .&2"*&!

E =U(xc) ! Uoff =!6("+!"+!,(&!&*&/09!/&LA"/&.!,1!,/)*+","1*!2/17!,(&!c[[!+,),&!,1!,(&!cK!

+,),&=! e",(! *1! +,"7A@A+G!,(&! c[[! +,),&! "+! 2)#1/&.f! )+! +,"7A@A+! "*'/&)+&+G! ,(&! cK! +,),&!

4&'17&+!"*'/&)+"*0@9!2)#1/&.=!

!



!

bM!

e&! )/&! "*,&/&+,&.! "*! ,/)*+"&*,! +,"7A@"f! "*! ,(&+&! +",A),"1*+G! )! ;1;A@),"1*! S"@@!

&*'1A*,&/! ,S1! @)*.+');&+=! T*",")@@9G! S",(! ,(&! );;@"'),"1*! 12! +,"7A@A+G! ,(&! *1*U&/1!

+,"7A@A+!S"@@!9"&@.!)!@)*.+');&!71/&!;&/7"++"#&!,1S)/.+!)',"#),"1*G!)@@1S"*0!)!2/)',"1*!

12! "*. "#".A)@+! ,1! 1#&/'17&! )! /&@),"#&@9! @1S! E =!e(&*! +,"7A@A+! "+! /&71#&.G! ,(&!

@)*.+');&!/&#&/,+G!)*.!)',"#),"1*!4&'17&+!+"0*"2"')*,@9!@&++!@"B&@9!V/&2&/!,1!["0A/&!M]> W=!T!

)/&!"*,&/&+,&.!"*!,(&!2/)',"1* ! pact (t)G!S("'( !T!.&2"*&!,1!4&!,(&!;/1;1/,"1*!12!)!;1;A@),"1*!

,(),! "+! )',"#),&.! .A/"*0! )! ,/)*+"&*,! +,"7A@A+! 12! @&*0,( ! t =! 6(),! "+G! ,(&! 2/)',"1*! ,(),!

+A/;)++&+! xc ! S",("*! ,(&! "*,&/#)@ ! t < D ! S",(! *1*U&/1! +,"7A@A+=! 6(&! /),&! 12! ,/)*+","1*!

2/17! c[[! ,1! cK! "+!A@,"7),&@9! .&;&*.&*,! 1* ! f =!6(&! ;/&."',&.! /),&! '1*+,)*,! 4)+&.!1*!

)+97;,1,"'! )*)@9+"+! 12! ,(&! [1BB&/R3@)*'B! &LA),"1*! "*! ,(&! +7)@@! *1"+&! @"7",!
E
De

! "+! )+!

21@@1S+C!!

 ��
r :=

1
2!

!!Uoff�� !!Uc��e
E
De !! VMNW!

T*!0&*&/)@G!,(&*G! !+),"+2"&+!,(&!21@@1S"*0!c>5C!

 !pact (t) = r(1− pact ) ! VMOW!

T,!"+!&)+"@9!+&&*!,(),!,(&!c>5!+),"+2"&.!49C!

pact (t) =1! e! rt !! VMMW!

!



!

b] !

e&! *1,&! ,(),! 21/! S&)B! +,"7A@"G! S("'(! '1//&+;1*.! ,1! +7)@@! #)@A&+! 12! r G! ,(&!

)',"#),"1*! ;/14)4"@",9! "*'/&)+&+! @"*&)/@9! 21/! +A22"'"&*,@9! +(1/,! +,"7A@A+! .A/),"1*+!

dpact

dt
! r =!

3.4.2 A toggle switch model  

61! ,&+,! ,(&! 0&*&/)@! );;@"')4"@",9! 12! ,(&! @"*&)/! /&+;1*+&G! T!*&Y,! &Y)7"*&! ,(&!

/&+;1*+&! 12! )! ,100@&! +S",'(M]`! ,1! ,/)*+"&*,! +,"7A@),"1*=! 6("+! 71,"2! ()+! 4&&*! 21A*.! "*!

*A7&/1A+!*),A/)@!4"1@10"')@!*&,S1/B+M]aGM]PG!)*.!"+!1*&!12!,(&!2"/+,!/&0A@),1/9!71,"2+!,1!4&!

"7;@&7&*,&.!)*.!)*)@9U&.!S",(!+9*,(&,"'!0&*&!'"/'A",+!A+"*0!."22&/&*,!0&*&,"'!&@&7&*,+G!

"*!4)',&/")G!9&)+,G!)*.!7)77)@")*!'&@@+M]^RM\O=!6(&!,100@&!+S",'(!'1*+"+,+!12!,S1!71@&'A@)/!

+;&'"&+! 7A,A)@@9! "*("4","*0! &)'(! 1,(&/! V["0A/&! M $̀ W=! >A&! ,1! ",+! 0/&),&/! '17;@&Y",9G! T!

&7;@19! ."7&*+"1*@&++! *A7&/"')@! +"7A@),"1*+! A+"*0! )*! 8>5! 71.&@! V)@@! A*",+! )/&!

)/4",/)/9W!,1!&Y)7"*&!",+!/&+;1*+&!,1!)!;A@+&!"*;A,=!



!

b\ !

!

!"#$%&'DY)' @&1-3/1&' 3+' .' ,3##0&I14",72' ,3' -$01&' "/-$,1;' E;' E' ,3##0&' 14",72'
73/1"1,"/#' 3+' ,43' 530&7$0&1' AE' ./8' GC' "/2"6","/#' &.72' 3,2&%;' T",2' 1$++"7"&/,'
/3/0"/&.%",=>' ,2&' 1=1,&5' "1' 6"1,.60&>' 4",2' &",2&%' E' 3%' G' 835"/.,"/#;' H$%' ./.0=1"1'
.11$5&1' , 2.,' .00'7&001' .%&'"/",".,&8' .,'1,.,&'E;'E' -$01&'"/-$,' "1' .--0"&8' ,3'8%"9&' ,2&5'
"/,3'1,.,&'G;'G;'R"5$0.,&8'8&-&/8&/7&'3+',2&'.7,"9.,"3/'-%36.6"0",='3/'-$01&'8$%.,"3/;'
!3%' 1$6I1.,$%.,"/#' 8$%.,"3/1>' ,2&' 8&-&/8&/7&' &J2"6",1' ./' .--%3J"5.,&0=' ,2%&12308 I
0"/&.%' -%3-&%,=)' ,2&%&' "1' /3' .7,"9.,"3/' $/,"0' ,2&' -$01&'8$%.,"3/' "1' .639&' .' ,2%&12308\'
,2&/' ,2&' .7,"9.,"3/' -%36.6"0",=' "/7%&.1&1' 0"/&.%0=' A.1' 1234/' 6=' 130"8' 0"/&1>' @DqB;aC'
$/,"0' 1.,$%.,"3/;' G0.7]' .%%34' "/8"7.,&1' 8"%&7,"3/' 3+' "/7%&.1"/#' 1,"5$0$1' "/,&/1",=;' F;'

<2&' 0"/&.%' .7,"9.,"3/' %&#"5&' 103-&' ' "/7%&.1&1' 4",2' 1,"5$0$1' "/,&/1",=' A0"/&.%' +",>'

@DcB;a^ZC;' M;' <2&' -%"5"/#' 8&0.=' ' 8&7%&.1&1' 4",2' 1,"5$0$1' "/,&/1",=' A&J-3/&/,".0'
8&7.='@DcB;aZDC;'

!

cA/!+"7A@),"1*! /&+A@,+!+(1S! ,(),! ,(&! ,100@&!+S",'(!&Y("4",+! )!h;/"7"*0i! ;&/"1.!

VD0 WC! 21/! +"0*)@! .A/),"1*+! @&++! ,()*! ,("+! #)@A&G! ,(&! +S",'(! "+! 7"*"7)@@9! )',"#),&.=! 6("+!

2&),A/&!"+!@"B&@9!.A&!,1!,(&!"*("4",1/9!7&'()*"+7=![1/!&Y)7;@&G!)++A7"*0!)!;1;A@),"1*!"+!

"*",")@@9!"*!+,),&!$G!S&)B!A; /&0A@),"1*!12!?!V+(1/,!.A/),"1*W!S"@@!4&!A*)4@&!,1!1#&/'17&!



!

b` !

,(&!"*("4","1*!12!?!"7;1+&.!49!("0(!@&#&@+!12!$=![1/!+,"7A@"!@1*0&/!,()*!G!,(&!+9+,&7!

21@@1S+!,(&!+)7&!+(1/,!.A/),"1*!@"*&)/!);;/1Y"7),"1*!)+!,(&!'11;&/),"#&!71.&@=!T!')*!2",!

,(&! )'," #),"1*! ;/14)4"@",9! 'A/#&! A+"*0! pact (D) = r(D ! D0) G! ,)B"*0! pact (D) = 0 ! 21/!

D < D0 =!$!/&;/&+&*,),"#&!&Y)7;@&!"+!+(1S*!"*!["0A/&!M ?̀!V+1@".!@"*&G!+&&!%),&/")@+!)*.!

%&,(1.+!21/! .&,)"@+W=!T*! )..","1*G! 1A/! /&+A@,+!+(1S! ,(),! ,(&! /),&!12!@"*&)/! "*'/&)+&G!G!"+!

;1+","#&@9!'1//&@),&.!S",(!,(&!+"0*)@!"*,&*+",9!V["0A/&!M H̀G!+1@".!@"*&!+(1S+!@"*&)/!2",G!QM!g!

N=b^PW! )*.! ,(),! D0 ! +(1A@.! .&'/&)+&! S",(! "*'/&)+"*0! +,"7A@A+! "*,&*+",9G! )+! +(1S*! "*!

["0A/&!M >̀ !V+1@".!@"*&!+(1S+!&Y;1*&*,")@!.&')9G!QM!g!N=bPMW=!J&/&G!",!"+!"7;1/,)*,!,1!*1,&!

,(),! )! ;/"7"*0! ;&/"1.! 7)9! 1''A/! 21/! )*9! 4"+,)4@&! 71,"2G! 0"#&*! +A22"'"&*,@9! +(1/,! ;A@+&!

.A/),"1*=!6(),!"+G!"2!,(&!;A@+&!.A/),"1*!S&/&!+(1/,!&*1A0(!,(),!)',"#),"1*!"+!1A,S&"0(&.!

49!.&0/).),"1*G!,(&!+9+,&7!S1A@.!&Y;&/"&*'&!)!;/"7"*0!.&@)9=!T*!,(&!;/&'&."*0!;1+","#&!

2&&.4)'B!71.&@G!,(&!@)'B!12!"*("4","1*!7&)*+!,(),! ,(&!;/"7"*0!.&@)9!"+!*&0@"0"4@9!+(1/,!

'17;)/&.!,1!,(&!+A4+&LA&*,!@"*&)/!)',"#),"1*! /&0"1*=!

!

L;X;D;('V38&0'8&9&03-5&/, '

e&! A+&! )! #)/")*,! 12! ,(&! ,100@&! +S",'(! 71.&@! 1/"0"*)@@9! .&/"#&.! 49! I)/.*&/! &,!

)@=M]`=!T*! ,("+!71.&@G!*1*@"*&)/!7A,A)@!"*("4","1*!4&,S&&*! ,S1!+;&'"&+! '/&),&+!)!4"+,)4@&!

@)*.+');&=!6(&!.&,&/7"*"+,"'!c>5+!)*.!/),&!;)/)7&,&/+!A+&.!)/&!)+!21@@1S+C !

d[A]
dt

= k0 + f ([S])+
kA

K1 +[B]n ! dA[A] !! VM]W!



!

ba!

d[B]
dt

=
kB

K2 +[A]n ! dB[B] ! VM\W!

!

<.60&'L)'O.%.5&,&%'9.0$&1'+3%'.'5$,$.0'"/2"6","3/',3##0&'14",72'

O.%.5&,&%' M&17%"-,"3/' h.0$& '

BN! ?)+)@!@&#&@!;/1.A',"1*! O&R̀!nr%X(o!
B) ! 89*,(&+"+!/),&!12!$! N=P!nr%X(o!
< O! J)@2!7)Y"7)@!@&#&@!12!$! O=aa&R\!nr%o!
B4! 89*,(&+"+!/),&!12!?! O!nr%X(o!
< M! J)@2!7)Y"7)@!@&#&@!12!?! O=aa&R\!nr%o!
. $ ! >&0/).),"1*!/),&!12!$ ! N=M!nOX(o!
. ?! >&0/).),"1*!/),&!12!? ! N=b`!nOX(o!
~! T*,/"*+"'!*1"+&!+')@&!2)',1/! O!
• ! 5Y,/"*+"'!*1"+&!+')@&!2)',1/! O!

 

3.4.3 A bistable Myc -Rb-E2F model  

e&!*&Y,!&Y)7"*&!)!7A'(!71/&! '17;@&Y!*&,S1/BG!%9' RQ4R5M[!*&,S1/B!V["0A/&!

Ma$ WG! S("'(! ;@)9+!)! '/","')@! /1@&! "*! '1*,/1@@"*0! '&@@! '9'@&! &*,/9! )*.! '&@@! 2),&! .&'"+"1*+!

M\MGM\]=!>9+/&0A@),"1*!12! ,("+! *&,S1/B! ()+!4&&*!+(1S*! ,1! '1*,/"4A,&! ,1!A*'1*,/1@@&.! '&@@!

;/1@"2&/),"1*!)*.!')*'&/!.&#&@1;7&*,=!cA/!;/&#"1A+!S1/B! M\\RM\a!()+!+,A."&.!,(&!.9*)7"'!

*&,S1/B! ;/1;&/,"&+! A*.&/@9"*0! 5M[R7&."),&.! '&@@! '9'@&! &*,/9=! T*! *1/7)@! '&@@+G! +&/A7!

+,"7A@),"1*! ')*! @&).! ,1! 4"+,)4@&! )',"#),"1*! 12! 5M[G! S("'(! "*! ,A/*! +&/#&+! )+! )! 7)+,&/R

/&0A@),1/!12!0&*&+!"*#1@#&.!"*!'&@@!'9'@&!&*,/9=!



!

bP!

!

!"#$%&'D[)'@&1-3/1&' 3+' ,2&' V=7I@6IUD!' /&,43%]' ,3' -$01&' "/-$,1 ;' E;' N/' %&1-3/1&' ,3'
1&%$5'1,"5$0.,"3/>',2&'V=7 I@6IUD!'7./'&J2"6",'6"1,.6"0",='"/'UD!'0&9&01;'G;'R"5$0.,&8'
8&-&/8&/7&'3+'.7,"9.,"3/' -%36.6"0",='3/' ,2&'8$%.,"3/'3+',2&'-$01&'"/-$,;'R30"8'60.7]'
.%%34' "/8"7.,&1' "/7%&.1"/#' 1,"5$0$1' "/,&/1",=;' <2&' 8&-&/8&/7&' "1' .--%3J"5.,&0='
,2%&12308' 0"/&.%' +3%' 1$6I1.,$%.,"/#' 8$%.,"3/1;' G0.7]' .%%34' "/8"7.,&1' 8"%&7,"3/' 3+'
"/7%&.1"/#'1,"5$0$1' "/,&/1",=; ' F;' <2&'0"/&.%' .7,"9.,"3/'%&#"5&'103-&' ' "/7%&.1&1'4",2'
1,"5$0$1' "/,&/1",=' A 0"/&.%' +",>' @DcB;aaZC;' M;' <2&' -%"5"/#' 8&0.=' ' 8&7%&.1&1' 4",2'
1,"5$0$1'"/,&/1",='A&J-3/&/,".0'8&7.='@ DcB;a^YC;'

!

$0)"*G! T!).1;,! )*! 8>5! 71.&@! M\P! 12! ,(&! %9'RQ4R5M[! *&,S1/B! ,1! &Y)7"*&! ",+!

/&+;1*+&! ,1! ,/)*+"&*,!0/1S,(!+,"7A@),"1*!V["0A/&! Ma?! )*. ! ["0A/&! MPW=!>&+;",&! ",+!7A'(!

0/&),&/! '17;@&Y",9G! ,("+! 71.&@! &Y("4",+!LA)@",),"#&@9! ,(&! +)7&! ,/&*.! "*! )',"#),"1*!

;/14)4"@",9!V["0A/&!Ma?W!)+!,(&!,100@&!+S",'(!71.&@=!T*!;)/,"'A@)/G!)!;1;A@),"1*!&Y("4",+!)!

,(/&+(1@.R@"*&)/! /&+;1*+&C! S(&*! ,(&! +,"7A@),"1*! .A/),"1*! "+! +(1/,&/! ,()*! )! ,(/&+(1@.!

#)@A&! VI JG! ,(&! ;/"7"*0! .A/),"1*WG! ,(&! *&,S1/B! .1&+! *1,! /&+;1*.! +"0*"2"')*,@9=! T*! ,("+!
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')+&G!,(&!;/"7"*0!.&@)9!"+!.A&!,1!)!*A74&/!12!"*("4",1/9!"*,&/)',"1*+G!)+!.")0/)77&.!"* !

["0A/&! Ma$ =! [1/! )!+(1/,! .A/),"1*! )41#&! I JG! ,(&!)',"#),"1*! ;/14)4"@",9!"*'/&)+&+!@"*&)/@9!

S",(! "*'/&)+"*0! .A/),"1*=! $+! +(1S*! "* ! ["0A/&! MaHG! ,(&! /),&+! 12! @"*&)/! "*'/&)+&! )/&!

.&;&*.&*,!1*!,(&!+,"7A@A+!"*,&*+",9!V@"*&!+(1S+!@"*&)/!2",G!QM!g!N=bbPW=!$+!S",(!,(&!,100@&!

+S",'(G!,(&!;/"7"*0!.&@)9! .&'/&)+&+!&Y;1*&*,")@@9!S",(!"*'/&)+"*0!+,"7A@A+!"*,&*+",9!

V["0A/&!Ma> G!QM!g!N=b^`W=!

!

L;X;L;('V38&0'8&9&03-5&/, '

6(&! %9' RQ4R5M[! ;),(S)9! ()+! 4&&*! &Y,&*+"#&@9! +,A."&.! "*! '1**&',"1*! S",(!

7)77)@")*! '&@@!'9'@&!'1*,/1@!)*.! '&@@!2),&!.&'"+"1*+M\^GM\b=!e(&*!&Y;1+&.!,1!);;/1;/"),&!

0/1S,(!2)',1/+!V+&/A7G!%9'G!&,'WG!5M[!2)7"@9!;/1,&"*+!)/&!A;/&0A@),&.G!&Y("4","*0!)!;&)B!

)*.! .&'@"*&!4&()#"1/! '()/)',&/"+,"'!12!).);,"#&!/&+;1*+&=!6("+! ,/)*+"&*,!"*'/ &)+&!"*!5M[!

@&#&@+!"*!,A/*!/&0A@),&+!(A*./&.+!12!.1S*+,/&)7!0&*&+!,(),!@&).!,1!>K$!/&;@"'),"1*!)*.!

&#&*,A)@! '&@@! ."#"+"1*=! $+! +A'(G! .9+/&0A@),"1*! 12! ,("+! *&,S1/B! ()+! 4&&*! "7;@"'),&.! "*!

7)*9!')*'&/!,9;&+G!)*.!'1*+,",A,&+!)*!)',"#&!)/&)!12!+,A.9! M`NRM`M=!J&/&G!T!A+&!,(&!%9'RQ4R

5M[! ;),(S)9! V ["0A/&! Ma$ W! )+! )! ')+&! +,A.9f! T!,)B&! ,(&! 71.&@! &LA),"1*+! )*.! /),&!

;)/)7&,&/+!2/17!,(&!@",&/),A/&! M\`GM\PG!)*.!);;@9! ,(&!+"7A@),"1*!7&,(1.!.&+'/"4&.!)41#&=!

$+!+(1S*!"* !["0A/&!MP$ G!"*!/&+;1*+&!,1!,/)*+"&*,!+&/A7!+,"7A@),"1*G!)!+A4;1;A@),"1*!12!

"*."#".A)@+! S"@@! &Y("4",! A;/&0A@),"1*! 12! 5M[=! [A/,(&/71/&G! ,("+! +A4;1;A@),"1*! S"@@!

4&'17&!71/&!;/&#)@&*, !)+!,(&!;A@+&!@&*0,(&*+G!)+!')*!4&!+&&*!"*!,(&!;/10/&++"#&!;)*&@+=!T!
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.&,&',! ,(&!)''17;)*9"*0!).);,"#&!/&+;1*+&!*A7&/"')@@9!)*.!A+&!,(&!S".,(! ),! ,(&!()@2 R

7)Y"7)@!5M[!@&#&@!)+! ,(&! ."+,"*0A"+("*0!7&,/"'! 4&,S&&*! "*)',"#),&.!V+7)@@!S".,(W! )*.!

)',"#),&.! V@)/0&! S".,(W! "*."#".A)@+! V["0A/&! MP?Wf! ,("+! 7&,/"'! 9"&@.+! )! 4"71.)@!

."+,/"4A,"1*!V["0A/&!MPHW!S("'( !T!A+&!,1!+&;)/),&!,(&!)',"#),&.!2/)',"1*= !

!

!

!"#$%&'DZ)' M&,&%5"/"/#' .7,"9.,"3/' +3%' ,2& ' V=7 I@6IUD!' -.,24.=;' E;' R"5$0.,&8' UD!'
,"5&' 73$%1&1' "/' %&1-3/1&' ,3' .' -$01&' "/-$,' 4",2' 9.%="/#' 8$%.,"3/1;' !3%' 1$++"7"&/,0='
1,%3/#'1,"5$0"'A&;#;'RcYC>'"/7%&.1"/#'8$%.,"3/'0&8',3'.'72.%.7,&%"1,"7'.8.-,"9&'%&1-3/1&'
"/'UD!'0&9&0'AHSC;'<2&'+%.7,"3/'3+' "/8"9"8$.01' &J2"6","/#' ,2"1' .8.-,"9&'%&1-3/1&'"1' .'
+$/7,"3/'3+'1,"5$0$1'8$%.,"3/; 'G;'./8'F;' H!!'./8'HS'-3-$0.,"3/1'4&%&'8&0"/&.,&8'6='
,2&' 4"8,2' 3+' ,2&' -$01.,"0&' %&1-3/1&;' !3%' &.72' ,"5&' 73$%1&>' 4"8,2' 3+' ,2&' -$01.,"0&'
%&1-3/1&' .,' ,2&' 2.0+' 5.J"5$5' UD!' 0&9&0' 4.1' 8&,&%5"/ &8;' <2"1' 5&,%"7' %&1$0,&8' "/' .'
6"1,.60&' 8"1,%"6$,"3/)' ,2&' -3-$0.,"3/' 7&/,&%&8' .,' ,2&' 2"#2&%' 538&' 4.1' ,.]&/' .1' ,2&'
.7,"9.,&8'+%.7,"3/; '

!
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3.4.5 Initial lag in the toggle -switch and Myc -Rb-E2F models  

$+!+(1S*!"*! ["0A/&! M ?̀!)*.! ["0A/&! Ma?!"*! ,(&!7)"*! ,&Y,G!+"7A@),"1*! /&+A@,+!21/!

41,(!,(&!,100@&!+S",'(!)*.!%9' RQ4R5M[!*&,S1/B!+(1S!)*!"*",")@!@)0!;()+&G!S(&/&"*!21/!

@1S! +,"7A@A+! .A/),"1*+G! ,(&! )',"#),"1*! ;/14)4"@",9! .1&+! *1,! "*'/&)+&! );;/&'")4@9=!

8A4+&LA&*,@9G! 21/! +A22"'"&*,@9! @1*0! .A/),"1*+G! ,(&! )',"#),"1*! ;/14)4"@",9! );;&)/+! ,1!

4&()#&! )''1/."*0! ,1! ,(&! ;/&#"1A+@9! .&+'/"4&.! &Y;1*&*,")@! /&@),"1*+(";=! 6("+! "+! *1,!

A*&Y;&',&.f! "*,A","#&@9G! S&)B! +,"7A@"! 7)9! 2)"@! ,1! ,/"00&/! ,/)*+","1*+! 4&,S&&*! +,&).9!

+,),&+=!!

!

e&!;/1;1+&!, (),!,("+!&22&',!"+!71/&!*1,"'&)4@&!21/!,(&!,100@&!+S",'(!)*.!%9'RQ4R

5M[! *&,S1/B+! .A&! ,1! ,(&! ;/&+&*'&! 12! *&0),"#&! 2&&.4)'B! /&0A@),"1*C! ,(&! ,100@&! +S",'(!

71.&@&.! (&/&! "+! 4)+&.! 1*! K[! "*,&/)',"1*+! )+! ."+'A++&.! "*! ,(&! 7)"*! ,&Y,=! T*! ,(&!

7)77)@")*! '&@@! '9'@&! 71.&@G! ,",/),"1*! 12! 5M[! 49! ,(&! ;/1,&"*! Q4! "7;1+&+! )! +"0*"2"')*,!

"*("4","1*!12!5M[!@&#&@+=!T*!,(&+&!')+&+G!*&0),"#&!2&&.4)'B!+&,+!)!4)//"&/!,1!)',"#),"1*!,(),!

7A+,!4&!1#&/'17&G!(&*'&!,(&!"*",")@!@)0=!T*! '1*,/)+,G!,(&! '11;&/),"#&!71.&@!'1*,)"*+!*1!

+A'(!K[!"*,&/) ',"1*+=!6(&/&!S"@@!+,"@@!4&!)*!"*",")@!@)0!"*! ,(&! '11;&/),"#&!+9+,&7!V.A&!,1!

.&0/).),"1*!),!@1S!'1*'&*,/),"1*WG!4A,!&#".&*,@9!",!"+!1*!)!7A'(!+7)@@&/!,"7&+')@&!,()*!

,(&!7"*"7A7!+,"7A@A+!.A/),"1*+!+A22"'"&*,!21/!)',"#),"1*= !

!
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3.4.6 Advantages of linear activ ation  

3/&#"1A+!+,A."&+!()#&!.&71*+,/),&.!,(),!*&0),"#&!2&&.4)'B!/&.A'&+!,(&!&22&',!12!

4"1'(&7"')@! *1"+&! )*.! @"*&)/"U&+! .1+&! /&+;1*+&+!M`]=! 6(&! *&0),"#&R2&&.4)'BR7&."),&.!

@"*&)/"U),"1*!12!.1+&!/&+;1*+&+!1''A/+!),!,(&!"*."#".A)@!'&@@!@&#&@=!cA/!;/&'&."*0!)*)@9+"+!

+A00&+,+! ,(),! ;1;A@),"1*! /&+;1*+&! ')*! )@+1! 4&! @"*&)/"U&.! ,(&! "*! ,(&! .A/),"1*! .17)"*C!

4"+,)4@&! +S",'(&+! )7;@"29! &Y;/&++"1*! #)/")4"@",9! "*! "*."#".A)@! '&@@+! )*.! @"*&)/"U&! ,(&!

;1;A@),"1* R@&#&@!/&+;1*+&!,1!,/)*+"&*,!+,"7A@"=!!

!

J1S! "+! ,(&! @"*&)/! /&+;1*+&! ).#)*,)0&1A+! ,1! )! '&@@! ;1;A@),"1*G! '17;)/&.! ,1!

*1*@"*&)/! /&+;1*+&+G! ,1! )! '&@@! ;1;A@),"1*! +&*+"*0! ,/)*+"&*,! +,"7A@"|! [1/! 71*1,1*"')@@9!

"*'/&)+"*0! /&+;1*+&! 2A*',"1*+ ! p(D) ! 1#&/! )! 0"#&*! /)*0&! 12! +"0*)@! .A/),"1*+G! )! @"*&)/!

/&+;1*+&!"+!&LA)@@9!+&*+","#&!,1!#)/")4"@",9!"*!,(&!+"0*)@!.A/),"1*!/&0)/.@&++!12!,(&!#)@A&!

12! D =!6(),!"+G!4&')A+&!,(&!.&/"#),"#&!
dp
dt

!"+!'1*+,)*,G!)*9!2@A',A),"1*! ! D !S"@@!/&+A@,!"*!

,(&!+)7&!'()*0& ! ! p = p(D + ! D) " p(D) G!/&0)/.@&++!12!,(&!#)@A&!12! D =!T*!,("+!7)**&/G!

,(&!4"+,)4@&!.&'"+"1*!+&/#&+!,1!"*,&0/),&!)!,/)*+"&*,!"*;A,!+"0*)@G!/&+;1*.!'A7A@),"#&@9!,1!

2@A',A),"*0! &*#"/1*7&*,)@! '1*.","1*+G! )*.! *&",(&/! h1#&/ R'177",! ,1i! *1/! hS",((1@.!

2/17i!)!+"0*)@R.&;&*.&*,!)@,&/*),&!+,&).9!+,),&= ##

#

61! "@@A+,/),&! ,("+! ;1"*,G! T!'1*+,/A', &. ! )! 7"*"7)@! 71.&@! "*! S(" '(! )*! "+10&*"'!

;1;A@),"1*!/&+;1*.+!,1!)!,/)"*!12!7A@,";@&!;A@+),"@&!+,"7A@),1/9!+"0*)@+!V["0A/&!M ÊWf!,("+!
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);;/1)'(!()+!;/&#"1A+@9!4&&*!A+&.!,1!&#)@A),&.!4"+,)4@&!;1;A@),"1*+!M`\RM`P=!6(&+&!+"0*)@+!

')*!4&!"*,&/;/&,&.! )+!)!*&'&++)/9! /&+1A/'&!V&=0=!*A,/"&*,+W!21/! '&@@+!,1!0/1S!)*.! ."#".&=!

6(),!"+G!,(&!.A/),"1*!12!)!;A@+&!"+!;/1;1/,"1*)@!,1!,(&!)71A*,!12!/&+1A/'&!7).&!)#)"@)4@&!

,1!,(&!;1;A@),"1*=!6(&!.A/),"1*+!12!,(&+&!;A@+&+!)/&!*1/7)@@9!."+,/"4A,&.!)/1A*.!)!7&)*!

#)@A&!I G!S",(! ! Di !4&"*0!,(&!.&#"),"1*!21/!,(& ! i th !;A@+&=!T*!&)'(!;A@+&G!)!2/)',"1*!12!,(&!

,1,)@! ;1;A@),"1*! Ni ! "+! +,"7A@),&.! ,1! ;/1@"2&/),&G! )*.! ,(&! /&+,! )/&! &@"7"*),&.! V"=&=! '&@@!

.&),(W=! 6("+! 4"2A/'),"1*! /&;/&+&*,+! )! 4"+,)4@&! &#&*,C! &)'(! "*."#".A)@! &",(&/! +A/#"#&+! 1/!

.1&+!*1,=!$+!+A'(G! ,(&!+A/#"#"*0!2/)',"1*G!1/! ,(&! )',"#),"1*! ;/14)4"@",9G!"+! )!2A*',"1*!12!

,(&!+"0*)@!.A/),"1* !Vk(D + ! Di )W=![A/,(&/7 1/&G!T!/$$902#)3/)#)32#5*'M)3#*/)2#'B#$9*(!(!"5#

&2%%$# 1242"1$# '"# )32# /0'9")# 'B# *2$'9*&2# 42*# !"1!(!19/%!
g(D + ! Di )

Ni

G! 21@@1S"*0! )! %1*1.!

&LA),"1*! M`^GM`b=!T!+"7;@"2"&.! ,("+!71.&@!49! )++A7"*0! ,(),! /&+1A/'&+! )/&! ."#".&.!&LA)@@9!

)71*0! )@@! 7&74&/+! 12! ,(&! ;1;A@),"1*G! )*.! ,(),! ,(&! "*;A,! +"0*)@! "*,&*+",9! "+! +,/1*0!

&*1A0(! +A'(! ,(),! #)/")4"@",9! "*! ",+! "*,&*+",9! "+! *&0@"0"4@&=! J&/&G! ",! "+! "7;1/,)*,! ,1! *1,&!

,(),! 1A/! 71.&@! )++A7&+! ,(),! /&+1A/'&+G! 1*'&! )@@1'),&.G! )/&! '1*+A7&.! )*.! ,(A+!

A*)#)"@)4@&!,1!1,(&/! '&@@+!"*! ,(&! ;1;A@),"1*G!&=0=!S(&*!)!+,"7A@A+!;A@+&! '1//&+;1*.+! ,1!

*A,/"&*,! )#)"@)4"@",9=! J1S&#&/G! ,("+! 7)9! *1,! 4&! ,/A&! 21/! )@@! +,"7A@"=! [1/! &Y)7;@&G!

,/)*+'/";,"1*!2)',1/+!)*.!&*U97&+! ')*!2/&&@9!."22A+&!4&,S&&*G!)*.! )22&',G!7A@,";@&! '&@@+!

S",(1A,!4&"*0!'1*+A7&.!1/!.&0/).&.=! !

!
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!"#$%&'D )̂'*"/&.%'"/7%&.1&'"/'.7,"9.,"3/'-%36.6"0",='"1'.'-%&+&%.60&'.0037.,"3/'1,%.,&#=;'
E;' E' 8"17%&,&' 6"1,.60&' 1=1,&5' .00341' 735-.%"13/' 3+' 9.%"3$1' .7,"9.,"3/' -%36.6"0",='
7$%9&1;' N/' ,2"1' 538&0>' 1$77&11"9&' -$01&1' 3+' $/",' "/,&/1",=>' 5&./' 8$%.,"3/' >' ./8'

_.$11"./ I8"1,%"6$,&8' 8&9".,"3/' ΔDi ' .%&' .--0"&8' ,3' .' -3-$0.,"3/;' !3%' &.72' -$01&>' .'

+%.7,"3/' p(D + ! Di ) ' . %&' d.7,"9.,&8e'./8' -%30"+&%.,&;' <2&' %.,&' 3+' -%30"+&%.,"3/' "1'

.11$5&8',3'6&'8&-&/8&/,'3/',2&'1"#/.0'"/,&/1",='-&%'"/8"9"8$.0 '
D + ! Di

Ni

>'+30034"/#'.'

V3/38' +$/7,"3/;' <2&' %&5."/"/#' "/.7,"9.,&8' 1$6-3-$0.,"3/' "1' &0"5"/.,&8' A";&;' 7&00'
8&.,2C;' N'/3,&' ,2.,' ,2&' 7 3/70$1"3/1' .63$,' %&0.,"9&' +",/&11' .%&' /3,' .++&7,&8' "+' ,2&'
"/.7,"9.,&8' 1$6-3-$0.,"3/' "1' .11$5&8' ,3' 6&' :$"&17&/,' A.0"9&' 6$,' /3/ I#%34"/#C;'
R$77&11"9&'-$01&1'7./'6&'.--0"&8',3'1"5$0.,&'+0$7,$.,"/#'&/9"%3/5&/,.0'73/8","3/1;' G;!
"#$%%! &#'$'&(%$)*()&! '&()+'(),-! .$ ,/'/)0)(1! &2$+%*! '*! '! 32-&(),-! ,3! *)4-'0! 52$'(),-6!
7,.20'(),-! $%*.,-*%! &'-! /%! 4$,2.%5! )-(,! ,-%! ,3! (#$%%! &'(%4,$)%*6! 8! 302&(2'(),-! )-!
*)4-'0!52$'(),-!&'-!$%*20(!)-! '!&,$$%*.,-5)-4!0)-%'$!&#'-4%!)-! '&()+'(),-!9/02%!0)-%:;!
,$!'!&#'-4%!(#'(!)*!<,$%!*%-*)()+%!9 $%5!0)-%:!,$!0%**!*%-*)()+%!94$%%-!0)-%:!(#'-!0)-%'$6!
=,(%! (#'(! '00! (#$%%!$%.$%*%-('()+%!&2$+%*! '$%!5%3)-%5! ,+%$! (#%!*'<%!$'-4%! ,3! *)4-'0!
52$'(),-*;!'-5 ! k(0) = 0,k(500) =1!3,$!'006!>6!?,$!%'&#!&#'$'&(%$)*()&!&2$+%!)-!9@:;!A!.0,(!
(#%!3,05!&#'-4%!'3(%$!B;CCC!.20*%*!,3! '! .'$()&20'$!<%'-!52$'(),-6!8!0)-%'$! '00,&'(),-!
*($'(%41!$%*20(*! )-! '! 0'$4%$!3,05!&#'-4%! (#'-! 3'*(! '-5! *0,D! '&()+'(),-! 3,$!BCCE! '-5!
FGE! ,3! *)4-'0!52$'(),-*;! $%*.%&()+%016!A!-,(%! (#'(! (#)*!H2'0)('()+%!&,-&02*),-! )*! ($2%!
$%4'$50%**!,3!)-)()'0!.,.20'(),-!*)I%!'-5!-2</%$!,3!.20*%*6 '

'

T*! ,("+! +'&*)/"1G! (1S! +(1A@.! ;1;A@),"1*+! /&+;1*.! ,1! 2@A',A),"1*+! "*! +"0*)@!

.A/),"1*|! 6(),! "+G! 0"#&*! )! ,/)"*! 12! ;A@+&+! S",(! #)/")4@&! .A/),"1*G! S(),! "+! ,(&! ".&)@!
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+,/),&09!,1!7)Y"7"U&!,(&!;1;A@),"1*!2",*&++|!61!&Y)7 "*&!,("+!LA&+,"1*G!T!'17;)/&.!,(/&&!

/&;/&+&*,),"#&!/&+;1*+&!+,/),&0"&+C!!

!

E"*&)/! )',"#),"1*! V ["0A/&! M Ĝ>' 60$&' 0"/&WC! )! 2@A',A),"1*! "*! +"0*)@! .A/),"1*! !

/&+A@,+!"*!)!@"*&)/!'()*0&!"*!,(&!+A/#"#"*0!2/)',"1*=!

[)+,! )',"#), "1*! V["0A/&! M Ĝ>' #%&&/' 0"/&WC! )! 2@A',A),"1*! "*! +"0*)@! .A/),"1*! !
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3.4.7. Discussion  

?"+,)4@&! .&'"+"1*+! ()#&! 4&&*! +(1S*! ,1! A*.&/@"&! 7)*9! '&@@A@)/! .&'"+"1*+G!

"*'@A."*0!."22&/&*,"),"1*!)*.!+,/&++!/&+;1*+&=!3/&#"1A+!+,A."&+!()#&!+(1S*!,(),!;A@+),"@&!

+,"7A@),"1*! ')*! 4&! 71.A@),&.! ,1! )22&',! .1S*+,/&)7! 0&*&! &Y;/&++"1*! "*! ')@'"A7 R

7&."),&.! +"0*)@"*0! "*! 9&)+,! MaNG! K[R€?! +"0*)@"*0! "*! 7)77)@")*! '&@@+!MaOG! )*.! 6! '&@@!

+,"7A@),"1*!MaM=!6(&+&!+,A."&+!.&71*+,/),&.!,(),!'&@@!;1;A@),"1*+!')*!7A@,";@&Y!."22&/&*,!

71.&+!12!"*21/7),"1*!V+"0*)@!"*,&*+",9G!.A/),"1*G!2/&LA&*'9!&,'=W!,1!"7;@&7&*,! '17;@&Y!

4&()#"1/+! Ma]=! T*! 7)*9! ')+&+G! ,(&+&! .&'"+"1*+! )/&! 7).&! 1*! )! +" *0@&! '&@@! @&#&@f! "*(&/&*,!

4"1'(&7"')@! +,1'()+,"'",9! "7;@"&+! ,(),! ,(&! /&+;1*+&+! S"@@! #)/9! S",("*! )! ;1;A@),"1*=! T*!

,("+! '1*,&Y,G! ",! 4&'17&+! "7;1/,)*,! ,1! A*.&/+,)*.! (1S! ;1;A@),"1*+! /&+;1*.! ,1! *1* R

+),A/),"*0! +,"7A@"! "*! ,(&! ;/&+&*'&! 12! '&@@A@)/! *1"+&=! J&/&! T!() #&! .&71*+,/),&.! )!

'()/)',&/"+,"'! @"*&)/! .&;&*.&*'&! 12! )',"#),"1*! ;/14)4"@",9! 1*! "*;A,! +"0*)@! .A/),"1*! "*!

#)/"1A+!+,1'()+,"'!4"+,)4@&!+9+,&7+=!-+"*0!)!+"7;@&!*1*@"*&)/!2&&.4)'B!71.&@G!T!+(1S&.!

,(),!,("+!)',"#),"1*!;/14)4"@",9!')*!4&!7),(&7),"')@@9!;/&."',&. f!T!,(&*!.&71*+,/),&.!,(&!

+)7&!;/1;&/,9!"*!,S1!"*'/&)+"*0@9!'17;@&Y!+9+,&7+G!,(&!,100@&!+S",'(G!)*.!,(&!%9'RQ4R

5M[!'&@@!'9'@&!*&,S1/B=!!



!

ONP!

!

T!;/1;1+&! ,(),! ,("+! .&,&/7"*"+,"'! .A/),"1* R/&+;1*+&! @"*&)/",9! "+! )*! "*(&/&*,!

2&),A/&! 12! 4"+,)4@&! +9+,&7+G! )@@1S"*0! ;1;A@),"1*+! ,1! 1;,"7)@@9! /&+;1*.! ,1! ,/)*+"&*,!

+"0*)@+! "*! )! h/&)@R,"7&i! 7)**&/G! S",(1A,! /# 4*!'*!! B*1S@&.0&! 12! +"0*)@! .A/),"1*=! ?9!

)@@1'),"*0! )*! );;/1;/"),&! *A74&/!12! "*."#".A)@+! ,1!&)'(!+,),&G!4"+,)4@&!*&,S1/B+! '1A@.!

+&/#&!,1!&*+A/&!,(),!;1;A@),"1*+!,)B&!2A@@!).#)*,)0&!12!2)#1/)4@&!+,"7A@"!V&=0=!"*'/&)+&.!

*A,/"&*,!@&#&@+WG!1/!)#1".!*1*R2)#1/)4@&!2)',1/+!V&=0=!)*,"4"1,"'+W=!K1,)4@9G!S("@&!;1+","#&!

2&&.4)'B! "+! 0&*&/)@@9! ,(1A0(,! ,1! )7;@"29! #)/")4"@",9G!T!+(1S! ,(),! 4"+,)4@&! +9+,&7+! ')*!

;/1'&++!,("+!"*."#".A)@!A*'&/, )"*,9!V),!,(&!+"*0@&!'&@@!@&#&@W!"*,1!)!'1@@&',"#&!'&/,)"*,9!V),!

,(&!;1;A@),"1*!@&#&@W=!%1/&1#&/G!1A/!/&+A@,+!+A00&+,!,(),!@"*&)/!)',"#),"1*!')*!4&!)!4&,,&/!

1;,"1*! ,()*! 41,(! &Y'&++"#&@9! 2)+,! )*.! ;/1("4","#&@9! +@1S! /&+;1*+&+! )+! )! ;1;A@),"1*!

+A/#"#)@! +,/),&09! A*.&/! 2@A',A),"*0! &*#"/1*7&*,=! T*.&&.G! ,("+! @"*&)/! /&+;1*+&! ')*! 4&!

14+&/#&.! "*! )! #)/"&,9! 12! +'&*)/"1+=! Q&'&*,! S1/B! ()+! .&71*+,/),&.! ,(&! &7&/0&*'&! 12!

@"*&)/!/&+;1*+&!"*!6!'&@@!)',"#),"1*G!S(&/&"*!*)•#&!6!'&@@+!."22&/&*,"),&!"*,1!(&@;&/!6!'&@@+!

"*!/&+;1*+&!,1!)*,"0&*!&Y;1+A/&!Ma\=!$+!,(&!)*,"0&*!&Y;1+A/&!.A/),"1*!"+!@&*0,(&*&.G!,(&!

;&/'&*,)0&! 12! 6! '&@@+! ,/)*+","1*! ,1! (&@;&/! 6! '&@@+! "*'/&)+&+! @"*&)/@9! )*.! ,(&*!

)+97;,1,"')@@9! );;/1)'(&+! )! 7)Y"7A7! MaM=! 6("+! ."22&/&*,"),"1*! .&'"+"1*! "+! '/","')@! ,1!

0&*&/),"*0!)!.&2&*+"#&!"77A*&!/&+;1*+&!S("@&!7"*"7"U"*0!,(&!/"+B!12!)A,1"77A*",9! Ma=̀!

E"*&)/! )',"#),"1*! ()+! )@+1! 4&&*! 14+&/#&.! "*! ')+;)+& R7&."),&.! );1;,1+"+! 71.&@+G! "*!

S("'(!,(&!2/)',"1*!12!.&).!'&@@+!"*'/&)+&+!@"*&)/@9!S",(!,(&!.A/),"1*!12!,/&),7&*,!S",(!)*!



!

ON!̂

);1;,1+"+! "*.A'&/! +A'(! )+! $;1MEX6Q$TE! )2,&/! )*! "*",")@! ;/"7"*0! .&@)9 ! Maa=! 6(&+&!

'1*'@A+"1*+!)/&!)*)@101A+!,1!,(&!/&+;1*+&!T!()#&!.&+ '/"4&.f!2A/,(&/!.&71*+,/),"*0!,(),!

@"*&)/!/&+;1*+&!')*!4&!0&*&/),&.!49!)!."#&/+",9!12!4"+,)4@&!71,"2+=!

!

3.4.8 Materials and methods  

L;X;^;('S3"1&'"5-0&5&/,.,"3/'./8'1,372.1,"7'1"5$0.,"3/'.0#3%",25'ARREC '

e&! A+&! )! E)*0&#"*! );;/1)'(! MaP! ,1! +,A.9! ,(&! &22&',+! 12! "*,/"*+"'! )*.! &Y,/"*+"'!

*1"+&!"*!)@@!+"7A@),"1*+!."+'A++&.=!8;&'"2"')@@9G!T!A+&!,(&!21/7!+(1S*!4&@1SC!

dXi

dt
= ! j=1

M vjiaj [ X(t)] +" ! j=1
M vjiaj

1/2X(t)# +$%! VM`W!

S(&/& ! Xi (t) ! /&;/&+&*,+! ,(&! ;1;A@),"1*! 12! +;&'"&+! i ! ),! ,"7& ! t G! )*.! X(t) ! "+! ,(&!

'17;@&,&!+9+,&7!+,),&!),!,"7&! t ,#6(&/&21/&G!,(&!+9+,&7!,&7;1/)@@9!&#1@#&+!)''1/."*0!,1!

,(&!/),&+! vji X(t) !S",(!,(&!"*(&/&*,!'()*0&+!"*!71@&'A@)/!*A74&/!0"#&*!"* ! vji G!! !)*. ! ! !

)/&! ,&7;1/)@@9! A*'1//&@),&.G! +,),"+,"')@@9! "*.&;&*.&*,! *1/7)@! I)A++")*! *1"+&+=! T*! ,("+!

21/7A@),"1*G!,(&!2"/+,!,&/7!1*!,(&!QJ8!/&;/&+&*,+!.&,&/7"*"+,"'!B"*&,"'+G!,(&!+&'1*.!,&/7!

/&;/&+&*,+! /&)',"1* R.&;&*.&*,!V"*,/"*+"'W! *1"+&G! )*.! ,(&! ,("/.! ,&/7! /&;/&+&*,+! /&)',"1* R

"*.&;&*.&*,! V&Y,/"*+"'W! *1"+&=! ! 6(&! 2)',1/+! ! ! )*.! ! ! )/&! +')@"*0! 2)',1/+! ,(),! ')*! 4&!

;/&'"+&@9! ).ZA+,&.! ,1! ,A*&! ,(&! @&#&@+! 12! "*,/"*+"'! )*.! &Y,/"*+"'! *1"+&G! /&+;&',"#&@9=! $@@!

/&)',"1*! /),&! ;)/)7&,&/+! )*.! +;&'"&+! '1*'&*,/),"1*+! S&/&! '1*#&/,&.! ,1! 71@&'A@)/!

*A74&/+!)+!);;/1;/"),&=! !



!

ONb!

!

!"#$%&'Da)'M&,&%5"/.,"3/'3+'- .7, ' +%35'1,372.1,"7'1"5$0.,"3/1'3+' ,2&'-31","9&I+&&86.7]'
538&0;' E;' M$&' ,3' ,2&' -%&1&/7&' 3+' 1,372.1,"7' /3"1&>' %&-0"7.,&1' 4",2' "8&/,"7.0' "/",".0'
73/8","3/1'+3%5'8"1,%"6$,"3/1'7&/,&%&8' .%3$/8' ,43'1,&.8='1,.,&1;' G;'<"5&'73$%1&1'3+'
(B>BBB'1"5$0.,"3/1'4&%&'1&-.%.,&8'"/,3'H!!'./8'HS'+%.7,"3/1'6.1&8 '3/',2&'63$/8.%='
#"9&/'6=',2&'7%","7.0'$/1,.60&'73/7&/,%.,"3/'9.0$&'A5"880&'-./&0>'83,,&8'0"/&C;'F;' <2&'
HS'+%.7,"3/'4.1',2&/'-03,,&8'.1'.'+$/7,"3/'3+'1,"5$0$1'8$%.,"3/'A%"#2,'-./&0C; 'N'$1&8'
,2&' 1.5&' 5&,238' ,3' &9.0$.,&' ,2&' -31","9& I+&&86.7]' 538&0' ./8' ,2&' ,3 ##0&' 14",72'
538&0;'

$+!;/&#"1A+@9!."+'A++&.G!4"1'(&7"')@!*1"+&!')*!+,1'()+,"')@@9!"*.A'&!)!2/)',"1*!12!

)!;1;A@),"1*!,1!,/)*+","1*!2/17!1*&!+,)4@&!&LA"@"4/"A7!,1!)*1,(&/!V["0A/&!Mb$WG!/&+A@,"*0!

"*! )! ;1;A@),"1*! ."+,/"4A,"1*! V ["0A/&! Mb?WG! .&;&*.&*,! 1*! ,(&! +,/&*0,(! 12! ,(&! +,"7A@A+=!

$',"#),"1*! 2/)',"1*! ')*! ,(&*! 4&! ')@'A@),&.! )+! )! 2A*',"1*! 12! +,"7A@A+! "*,&*+",9! )*.!

.A/),"1*!V ["0A/&!Mb!HW=!!

!

L;X;^;D'*"/&.%'.89./,.#&'1"5$0.,"3/1 '

$! +&LA&*'&! 12! ;A@+&! .A/),"1*+! S)+! /)*.17@9! 0&*&/),&.G! *1/7)@@9! ."+,/"4A,&.!

S",(! )! 0"#&*! 7&)*! .A/),"1*! )*.! #)/")*'&! &LA)@! ,1! ONk! 12! ,(&! 7&)*=! $@@! ;1;A@),"1*+!

S&/&!12!,(&!+)7&!"*",")@!+"U&=![1/!&)'(!;A@+&!"*!,(&!+&LA&*'&G!)!2/)',"1*!12!,(&!;1;A@),"1*!



!

OON!

V."',),&.! 49! ,(&! ;)/,"'A@)/! )@@1'),"1*! +,/),&09! A+&.W! 7A@,";@"&.=! 6(&! /&7)"*.&/! 12! ,(&!

;1;A@),"1*!S)+!."+')/.&.=!6(&!0/1S,(!/),&!S)+!)++A7&.!,1!4&!)!%1*1.!2A*',"1*!12!,(&!

;&/!');",)!/&+1A/'&!@&#&@G!,(),!"+G!;A@+&!.A/),"1*!*1/7)@"U&.!49!'A//&*,!;1;A@),"1*!+"U&=!

6("+!;/1'&.A /&!S)+!')//"&.!1A,!S",(!ONNN!'1*+&'A,"#&!;A@+&+G!)2,&/!S("'(!,(&!2",*&++!S)+!

')@'A@),&.! )+! ,(&! 21@.! '()*0&! 4&,S&&*! ,(&! 2"*)@! )*.! "*",")@! ;1;A@),"1*! +"U&+=! $@@!

+"7A@),"1*+!S&/&!"7;@&7&*,&.!"*!%),@)4=!

!

3.5 Conclusions  

?"+,)4@&!71,"2+!12,&*!2A*',"1*! )+! .&'"+"1* R7)B"*0!71.A@&+!"*!@"#"*0!+9+,&7+f! "*!

,(&! 2)'&! 12! 4"1'(&7"')@@9! *1"+9! ;1;A@),"1*+G! )! ,/)*+"&*,! +,"7A@A+! ')*! );;1/,"1*! )!

+A4;1;A@),"1*!,1!&)'(!+&;)/),&!+,&).9!+,),&=!J&/&G!T!+(1S!,(),!,("+!1A,'17&!."+,/"4A,"1*!

"+! )! @"*&)/! 2A*',"1*! 12! +,"7A@A+! "*,&*+",9G! )*.! )/0A&! ,(),! +A'(! )! ;/1;&/,9! '1A@.! 4&!

1;,"7"U&.G!&=0=!S(&*!2)'&.!S",(!@"7",&.!/&+1A/'&+=!6("+!@"*&)/!/&+;1*+&!7)9!/&;/&+&*,!)!

21/7!12!4&,R(&.0"*0G!&*)4@"*0!)!;1;A@),"1*!,1!).ZA+,!",v+!)#&/)0&!;(&*1,9;&!,1!/&+;1*.!

,1!A*;/&."',)4@&!'1*.","1*+G!&=0=!*A,/"&*,!.&;/"#),"1*G!)*,"4"1,"'!+,/&++G!&,'=!

!

3.6 Acknowledgements  

6("+! '();,&/! "*'@A.&+!7),&/")@!2/17 ! /&;/1.A'&.!S",(! ;&/7"++"1*!2/17 !E&&!6:zG!

8/"7)*"!:<z!&,!)@G!hLinear Population Allocation by Bistable Switches in Response to Transient 

Stimulationi! .%':#O"2#aÂC!VMNO\W=!
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4. Postantibiotic effect: implications for treatment 
design  

4.1 Introduction  
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