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Abstract

One of the most fundamental questions in PDE is that of global existence. That is,
given an initial datum, does a solution exist for all time? In this thesis, we explore this
problem in the context of active scalar equations. We consider the motion of a scalar
quantity, such as density, being transported by an incompressible fluid. The motion of the
density, in turn, affects the motion of the fluid, leading to a coupling between the fluid and
the scalar quantity. The nonlinear interaction between the scalar and the fluid makes the
question of global existence quite subtle. We explore the problem of global existence from
both the positive and negative direction. In the first part of the thesis, we construct an
instance of singularity formation in the incompressible porous medium equation in a setting
that is not driven by the boundary. In the second part of the thesis, we study solutions
to the surface quasi-geostrophic equation with one-homogeneous initial data. We derive a
one-dimensional system and prove that positive solutions to the one-dimensional system

exist globally in time.
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1. Introduction

In this thesis, we are concerned with the motion of a scalar field p being transported by

an incompressible fluid with velocity field u. Then, p satisfies the transport equation
Op+u-Vp=0. (1.1)

We will consider the above on domains  C R2. When the domain has a boundary, we
impose the boundary condition u-n = 0 on 02 where n denotes the unit normal. Physically,
this means that the velocity field is tangent to the boundary and thus no fluid enters or
exits the domain. The incompressibility of the fluid is reflected by the condition V - u = 0.
This condition means that the fluid cannot be concentrating at any one point; if the fluid
is contracting on one axis, it must be expanding in another.

Physically, the scalar p can represent density, temperature or other physical quantities
of the fluid. If the velocity field is given, independent of the scalar field p, then (1.1) is
known as a passive scalar equation. In many physical scenarios however, the scalar field
influences the motion of the fluid itself. For instance, density can influence the motion
of the fluid through a buoyancy force. In such cases, the velocity is coupled to the fluid
through some law

u=V+K(p)

for some operator K. In the above, we have used that since u is divergence-free, by the
Helmholtz decomposition it can be written as the perpendicular gradient of some scalar
function. Coupling the velocity field to the scalar field complicates the analysis of (1.1)
immensely. First, the equation becomes nonlinear. Second, in many physically relevant

scenarios, the operator K is nonlocal. Some important examples include
K=(-A)" K=(-A)7, K=aA""!

which give rise to the 2D Euler, surface quasi-geostrophic, and incompressible porous

medium equations respectively. In these examples, the nonlocality is introduced by the
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operator (—A)~!. This means that a change in the density somewhere affects the velocity
field everywhere.

In this thesis we are primarily concerned with the question of global existence for active
scalar equations. That is, given an initial condition pg(z), is there a solution p(¢,x) which
exists for all time ¢ > 07 In this thesis, we consider this question from both directions.
In Chapter 2, we deal with singularity formation while in Chapter 3, we deal with global

regularity.
1.1 Singularity Formation

We now provide some discussion on singularity formation related to Chapter 2. Taking

the perpendicular gradient of the transport equation we have that
OV p+u-VVtp = VuVty.

Thus, V+p is transported by v and stretched by Vu. While the stretching effect can lead
to extremely rapid growth in regions where Vu and V»p are well-aligned, the transport
term may cause particles to exit these regions of growth before a singularity is able to form.
Due to incompressibility, in general, it is not possible to cause particles to accumulate in a
region of growth: any axis of compression must be countered by an axis of expansion. Thus
at any point there is a direction in which particles are able to escape the blow-up point.
The exception to this phenomenon is if there is a boundary present. Indeed, in this case any
particles on the boundary cannot be ejected from the boundary due to the no-penetration

boundary condition.

1.1.1 A Simple 1D Example

We now consider a simple one-dimensional example which illustrates some of the effects

of transport and boundary on generating growth. We consider the equation
Oyw — sin0yw = — cosw, w(0,60) = wp(0)

where wp is odd, 27 periodic and w > 0 on [0, 7]. Note that since sinf > 0 on [0, 7] and

sinf < 0 on [—,0] the flow generated points towards 0 and away from £+7. Now, we note
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that the stretching factor — cos 8 is negative near § = 0 and positive near § = £x. Thus,
particles are transported away from regions of stretching towards regions of damping. It
is then straightforward to check that all smooth solutions are uniformly bounded in time.
The boundedness of solutions is a consequence of the transport as all particles are pushed
away from the region of growth. Indeed, if one removes the transport and instead considers
the equation

Oyw = — cos Bw,

then clearly solutions can exhibit exponential growth as particles are not being pushed away
from regions of growth and remain there for all time. To generate growth, it is then natural
to consider mechanisms which limit, or eliminate altogether the effect of transport. One
possibility is to add a solid boundary. We now consider the same equation on the bounded

interval [—7, 7] without assuming periodicity. Evaluating at § = 7 we find that
Oyw(m) = w(m)

and thus any solution for which w(m) # 0 exhibits exponential growth. The point is that any
mass placed at the boundary 7 is not ejected by transport and remains there for all time.

Thus, the mass always remains in a region of stretching and is able to grow exponentially.

1.1.2 Singularity Formation in the IPM Equation

From the previous example and discussion, we see that the presence of a boundary can
limit the ability for particles to escape the blow-up point and therefore play a crucial role in
singularity formation. The goal of Chapter 2 is to study singularity formation in a setting
in which the boundary does not appear to play a crucial role in producing blow-up. While
the boundary can serve to keep particles from exiting the blow-up point, this effect is not
present if there is no mass on the boundary. Thus, we will consider solutions which vanish
on the boundary of the domain. In this setting, particles are free to escape the blow-up
point tangent to the boundary. The ability for particles to escape the blow-up point is a

fundamental difficulty which works against blow-up and must be overcome.



We now briefly explain the geometry of the blow-up scenario and how it relates to
previous boundary-driven scenarios. For sake of illustration, we will consider the half-plane
though note that the domain considered in Chapter 2 is a wedge strictly smaller than the
half-plane.

To discuss the dynamics of solutions to the IPM equation, we note that solutions seek
to stratify with heavier fluid sinking and wanting to settle at the bottom. Indeed, it is
easily seen that any fully stratified function p(z,y) = f(y) is a steady solution of the IPM
equation. However, configurations in which heavy fluid sits atop lighter fluid are highly
unstable and small perturbations can lead the fluid to begin overturning.

One possible scenario in which a singularity could form is depicted below.

Initial Configuration Expected Evolution

Here, the black indicates regions of high density. In this picture, the two masses will try
to sink down and settle along the boundary causing them to spread along the boundary as
depicted on the right above. As the masses approach each other, a singularity may form.
This scenario has not yet been rigorously established for the IPM equation though it was
done in [41] for the Muskat equation and is analogous to the setting of the work [7] for the
3D Euler equations. We note that this scenario is driven by the boundary. Mass is attached
to the boundary and is unable to escape as it approaches the blow-up point.

We instead seek to understand if a singularity is able to form in a setting in which no

mass is placed on the boundary.

Initial Configuration Expected Evolution




In this case, we have a heavy mass which sinks down and tries to collide with the boundary
forming a singularity. Note that in this picture, one could make an odd reflection of the
density about the z-axis to avoid adding a boundary. The key difference in this case is that
the density seeks to stratify and the mass becomes stretched horizontally. If this effect is
too dramatic, then the levels sets of p could flatten, stopping the mass from overturning
and preventing blow-up from occurring. This is a fundamental obstacle to blow-up which

is not present in the previous boundary driven scenario.
1.2 Global Regularity

In the opposite direction from singularity formation, it is an interesting problem to
identify if there are classes of initial data for which a solution does exist for all time. One
class of solutions which obviously exist globally are steady states. These are solutions which
are stationary and do not evolve in time. It is then natural to consider if a given steady
state is stable. That is, given initial data which is close to a steady state, does the solution
remain close to that steady state for all time? In particular, solutions near stable steady
states exist for all time.

It would be interesting however, to identify solutions which exist globally which are
not near steady and have nontrivial dynamics. The dynamics of such solutions would be
fundamentally nonlinear while near steady states, the evolution is often primarily governed
by the linear dynamics. One interesting class to study is solutions with signed vorticity.
Most known scenarios to generate growth require setting up a hyperbolic point at which the
growth happens. This is generally not possible to do (without boundary) if the vorticity is
signed. Thus, it would be interesting to see if solutions with signed vorticity exist globally to
determine if setting up a hyperbolic point is essentially the only possible blow-up scenario.
We seek to study this problem in Chapter 3 by considering solutions to the SQG equation
with positive, radially homogeneous initial data. We derive a closed 1D system satisfied by
solutions near the origin, and prove that positive solutions of this system exist globally in

time. This result is based on joint, forthcoming work with Tarek Elgindi.



2. Singularity Formation in the Incompressible Porous
Medium Equation

This chapter is a reproduction of the work [17].
2.0.1 The 2D Incompressible Porous Medium Equation

The incompressible porous medium (IPM) equation models the flow of an incompressible

fluid through a porous medium such as sand
op+u-Vp=0 (2.1)

V-u=0.

Here, Q C R? is the region occupied by the fluid, u : R>g x © — R? denotes the velocity
field of the fluid which evolves according to Darcy’s law, and p : R>g x € — R denotes
the density which is transported by the velocity. On the boundary of ), we impose the
usual no-penetration boundary condition u - n = 0 where n is the normal to 9€2. Note that
we adopt the slightly unusual convention in which gravity acts horizontally in the negative
z-direction for sake of analogy with the centrifugal force in the 3D axisymmetric Euler
equations.

The study of singularity formation in incompressible fluids is a major problem in partial
differential equations. One of the main difficulties is the seemingly perfect balance between
the effects of advection and stretching in such systems. In the case of the IPM equations,
the gradient of the density Vp is advected and stretched by an incompressible velocity
field w. Thus, while the stretching effect works to cause rapid growth in Vp towards a
potential blow-up, the advection then rapidly ejects particles from regions of high growth
limiting this effect. This phenomenon is known as regularization by transport and has
been a fundamental obstruction for proving blow-up results in incompressible fluids. Many

of the examples of blow-up in incompressible fluids occur in settings designed to limit



this regularizing effect. To the author’s knowledge, there is no known scenario to weaken
the effect of advection given smooth initial data in a domain without boundary, and thus
understanding this regularization effect is key to proving any such result. In this work,
we establish finite-time blow-up for Lipschitz solutions to the IPM equation in a setting in

where the regularizing effect of transport is present.

2.0.2 Main Result

In order to state our main result, we first recall the scale invariant Holder spaces, first
introduced in [24]. These spaces have the same scaling as L>°, however the singular integral
operators which arise in the Biot-Savart law are bounded on C’O‘(Q) when ) is a wedge
domain strictly smaller than the half plane and p is even in x3. This allows our solutions

to be placed in a suitable local well-posedness class.

Definition 1. The scale-invariant Holder space C*(R) is defined by the norm || - | o
|| f () — [2"]*f (2")]

|z — |

[fllga = [[fllzee + sup
r#x!

The higher order spaces CR are then defined by

|zt V*f (2) — |2 [Frevhf ()]

Ilgo =W fllgn-ra + sup ERET

Note that for scale-invariant (0-homogeneous) functions, the C® norm is equivalent to the
usual C'* norm considered in the angular variable. We also remark that V f € Che clearly

implies f is Lipschitz continuous. We now state our main theorem.

Theorem 2. For any k > 0 and 0 < a < 1, there exist Vug, Vpy € ék’a(Q) where pg has

compact support such that the unique local in time solution to (2.1) satisfies

t
limsup/ IVp(s)||Lee ds = 4o0.
t—1 0

Here, Q = {(r,0) : —fm < 0 < Br} for some < 1/2 where (r,0) denote the standard polar
coordinates on R%. Moreover, the initial density py can be chosen to be compactly supported

i the angular variable.



Remark 3. In §3.4 we prove that for any 5 < 1/2 we can take 8’ < 8 < 1/2. Thus, we

obtain blow-up on domains arbitrarily close to the half-plane.

The primary novelty of the result is achieving blow-up for data which vanishes on the
boundary of the domain. In [22], Elgindi and Jeong construct solutions of the Boussinesq
equations which blow-up in finite time in the same setting as the current work. The key
difference however, is that their solutions do not vanish on the boundary of the domain. In
this way, they are able to use the boundary to diminish the regularizing effect of transport.
Indeed, if the final assumption that pg is supported away from the boundary is removed
from Theorem 2, the result can be obtained via an ODE type argument as in [22]. Our goal
in this work is to provide a scenario in which the blow-up is not driven by the boundary,
and the regularizing effect of transport is present.

We emphasize that the singularity is not merely an artifact of the geometry of the
domain but is tied to the structure of the IPM equation itself. Indeed in [24], the Yudovich
theory for global well-posedness of 2D Euler is carried over to domains with acute corners.
In this sense, the singularity is not merely generated by the singularity of the domain but

instead from the structure of the equation itself.

2.0.3 Previous Results

Among the first rigorous mathematical studies of the IPM equation was in [13] where
local well-posedness was shown and the question of global well-posedness was explored.
While the global well-posedness of smooth solutions to the IPM equation remains open,
there have been numerous works dedicated to addressing this issue. In [34], Kiselev and
Yao construct solutions which exhibit infinite in time growth of the density in any H?® space.
In particular, they obtain gradient growth faster than t'/4. Very recently, in [15], Cérdoba
and Martinez—Zoroa constructed smooth solutions of the forced equation which blow-up in
finite time.

The Muskat equation models the evolution of the interface between two fluids of different

densities evolving according to the IPM equation. In the remarkable series of papers [40,



41|, the Muskat problem is studied on the half-plane and it is proven that singularities can

form, even from smooth initial data.

2.0.4 Regularization by Transport

We now comment on the role of advection in our setting. As mentioned, a key difficulty
in proving blow-up or growth in incompressible fluid models is overcoming the regulariz-
ing effect of advection. To suppress this regularizing effect, two key strategies have been
employed: working in low regularity, and adding a boundary.

Considering solutions of low regularity allows the data to be more highly concentrated
near the origin, and then the transport is too weak to deplete such highly concentrated
data. We refer the reader to [20, 23, 9, 6, 14| for a non-exhaustive list of works which
employ this strategy.

When considering a model posed on a domain with boundary, since the velocity field is
tangent to the boundary, any mass on the boundary will remain attached to the boundary
and cannot be ejected. Thus, in cases where the density does not vanish on the boundary
of the domain, the regularizing effect of the transport is absent. This strategy was adopted
in the work [22| to construct scale-invariant solutions to the Boussinesq equation which
blow-up in finite time. Kiselev and Sverak [33] use a boundary to obtain the sharp double
exponential growth of the gradient of the vorticity in the 2D Euler equations. In [24], the
authors consider scale-invariant solutions of the 2D Euler equations. They prove that in the
presence of the boundary, if there is initially non-zero vorticity on the boundary, then the
vorticity gradient grows exponentially. They also prove that this is the optimal growth rate
possible for scale-invariant solutions. It is a consequence of [28] however, that if one does
not place mass on the boundary then exponential growth is not possible for scale-invariant
solutions. It remains a difficult open problem what growth rate can be achieved for the
vorticity gradient in the 2D Euler equations without the use of a boundary in general.
Finally, we mention that Chen and Hou [7, 8] have put forth an interesting, computer

assisted proof of singularity formation for smooth solutions of the 2D Boussinesq and 3D



Euler equations on domains with boundary.

If one wishes to construct smooth solutions to incompressible fluid models which blow
up and exist in the whole space, it is necessary to deal with the effect of transport. In the
recent works [26, 27|, Elgindi and Pasqualotto study the regularizing role of transport in
the Boussinesq and 3D Euler equations. In their work, the solution is smooth in the angular
variable and thus the transport cannot be treated fully perturbatively. In the present work,
we establish blow-up for solutions of the IPM equation which vanish on the boundary of
the domain. Since there is no mass present on the boundary of the domain, the regularizing
effect of transport is present and must be overcome. Below, we include the difference in the

setting of the boundary driven blow-up considered in [22] and the setting studied here.

Boundary Driven Blow-Up ’ Current Construction

@~

In both cases, a hyperbolic flow is set up near the corner. In [22], mass is made to
flow along the boundary towards the corner. In the current construction, we have mass
flowing down along the axis of symmetry towards the corner. As no mass is attached to
the boundary, it is now possible for mass to be ejected away from the symmetry axis by
the transport which would serve to limit potential growth. We prove that a singularity can

still form in spite of this regularizing effect.

2.0.5 Scale Invariance and Corner Domains

The IPM equation possesses the following scaling symmetry: if p(¢,z) is a solution of
(2.1), then py(t,z) := A~'p(t, A\z) is also a solution. This leads us to consider solutions
which are invariant under this scaling. Such solutions take the form p(t, z) = |z|P(t, z/|z|).

One advantage of considering such solutions is that they reduce the full two-dimensional

10



system to the following one-dimensional system which is more amenable to analysis,

8:P(t,0) + 2G(t,0)P'(t,0) = G'(t,0)P(t, 0)
G"(,0) + 4G(t,0) = P(t,0)sin(9) + P'(t,8) cos(6).

In [19], the authors study the above system in the formal limit where the angle is small.
That is, they study the above system with sin = 0, cosf = 1. By using a trajectory based
approach, they are similarly able to produce solutions which vanish on the boundary of the
domain and become singular in finite time.

There are however, two primary drawbacks of considering scale-invariant solutions.
First, they can be at most Lipschitz at the origin regardless of the regularity in the angular
direction. Second, in order to place the solutions in a well-posedness class, they must only
be defined on an acute subset of the plane. With the presence of additional symmetries of
the IPM system, namely the even symmetry in xo (recall our convention that gravity acts
horizontally), there is well-posedness in any wedge domain strictly smaller than the half-
plane. Unfortunately, due to the anisotropy of the IPM equation, it does not seem possible
to study scale-invariant solutions without introducing a corner domain. As noted however,
the Yudovich theory for 2D Euler can be carried over to such domains and consequently
the blow-up is generated by the gradient stretching in the IPM equation and is not merely
an artifact of the singular domain.

Another seeming drawback of scale invariant solutions is that they naturally have infinite
energy. Indeed, such solutions must grow linearly at infinity. Fortunately, these solutions
are stable under truncations at infinity and thus scale invariant solutions which blow up can
be made compactly supported and therefore finite energy. This truncation procedure was
developed by Elgindi and Jeong in |24, 22| and we apply it again in §8 to obtain compactly

supported, finite energy solutions.

2.0.6 Discussion of The Proof

We begin by considering solutions which are 1-homogeneous in space,

p(t,r,0) =rP(t,0), V(tr0) = 7“2G(0)

11



where ¥ denotes the stream function, u = V+¥. This reduces the two dimensional system

to the following one dimensional system,
O P(t,0)+2G(t,0)P'(t,0) = G'(t,0)P(t,0)
G"(t,0) +4G(t,0) = P(t,0)sin 0 + P'(t,0) cos 6 (2.2)
G(') _L) = G(?L) =0
posed on [—L, L] for some L < 7 /2. From this point forward, we consider angular functions
P, G which are even and odd respectively, which is propagated by the equations. Our ap-
proach centres around constructing a blow-up profile for (2.2). Thus, we consider solutions
of the form

PO,t)=(1—-t)"'P.(0), G0,t)=1—1t)"'G.(0).

In order to obtain solutions which vanish on the boundary, it is necessary to have P,(L) = 0.

The profile P, then satisfies the following singular, nonlocal system of ODEs

P.(0) +2G.(0)P.(0) = G'.(0)P.(0)
G/ (0) + 4G (0) = P.(0)sin 6 + P.(0) cos b (2.3)
)

A key observation is that by evaluating (2.3) at # = 0 it must be that G’ (0) = 1. Therefore,
the system (2.3) can be viewed instead as a more local initial value problem. A local solution
near @ = 0 can then be constructed via Taylor expansion, coupled with a fixed point scheme.
The next key observation is a monotonicity property of P,. This monotonicity then allows
us to extend the locally constructed profile. The monotonicity also requires carefully fixing
the initial condition P, (0) which corresponds to choosing the strength of a background flow.
Finally, to ensure the boundary condition G, (L) = P,(L) = 0 is satisfied, we use a shooting
method argument.

Once the profile is constructed, we wish to truncate it near the boundary 8 = L. To do
so requires examining the stability of the profile in a certain weighted, Sobolev type space,
H* (see Definition 12). After passing to the logarithmic time s = —log(1 — t) we study
the linear stability of the profile. We show the linearized operator £ about the profile can

be decomposed as £ = L + £ where L is a finite-rank, smoothing operator and L is

12



coercive on H%. The key observation in constructing such a decomposition is that there
is only one nonlocal quantity in the equations and thus they can be localized by a finite-
rank perturbation. It can then be seen that the localized system is coercive. From standard
semigroup theory it then follows that £ has a finite-dimensional unstable subspace. Finally,
a stable manifold theorem argument allows us to perform a cutoff near the boundary 8 = L
while avoiding any instabilities of the profile.

After producing the desired singular solution of the associated 1D system (2.2), we pass
to blow-up in the full IPM system (2.1). Finally, a truncation argument as in [22] allows
us to construct solutions which are compactly supported at spatial infinity and hence have

finite energy.

2.0.7 Organization

In §2 we prove local well-posedness of the IPM equation in C* on wedge domains strictly
smaller than the half plane. In §3 we construct a blow-up profile for the 1D system obtained
by considering scale-invariant solutions. In §4, we linearize about the profile and define the
weighted space H* in which we will show finite co-dimension stability of the linearized
operator. We also prove some useful Hardy-type inequalities. In §5 and §6 we perform the
coercive estimates in the low and high norm respectively. In §7, we use a stable manifold
theorem argument to construct a smooth solution to the 1D system which converges to the
profile at the blow-up time. In §8 we then pass to blow-up for finite energy solutions of the

full 2D IPM system.

2.0.8 Notation and Definitions

Recall the space C® from Definition 1. The following product estimate in C is then

immediate

1f9llea < N fllLeellgllea + [1flleallgllze (2.4)

We also have the following product estimate (see Lemma 2.3 in [22])

Lemma 4. There exists a constant C > 0 such that for oll f € C* with f(0) = 0 and

13



ge e,
I fallce < Clfllcallgll -

We denote the k" Taylor polynomial of a function f by Py(f),

67, (2.5)

We take the convention that V4 = (-9, ;). When working on the one-dimensional system
in the angular variable, we write ’ for angular derivatives dy. The letter C is reserved for

an inconsequential constant factor which may change from line to line.
2.1 Local Well-Posedness in Scale-Invariant Spaces

We consider the equation (2.1) posed on domains

5=1{(r,0): —pm <0 < pr}

for B < 1/2 where (r,0) denote the standard polar coordinates on R?. By considering

solutions p which are even with respect to the z-axis, we may instead consider domains
Qg ={(r,0): 0 < 0 < 7B}

It is easily seen that such symmetry is preserved by the equation. The condition 5 < 1/2
is crucial to obtaining well-posedness. In the case of the half-plane in which g = 1/2, the
equation degenerates and it is no longer possible to uniquely recover the velocity from the
density. This phenomenon was first observed in [21] and is expanded upon in [22, 24|. We

first prove the following theorem regarding the local well-posedness of (2.1) in ce.

Proposition 5. Let 3 < 1/2 and 0 < a < 1. Let pg : Q5 — R be such that V+pg € Ca(ﬁﬁ)
Assume that p is even with respect to xo. Then, there exists T > 0 such that there is a
unique solution p € C([O,T],éa(@)) to the system (2.1). Moreover, the solution can be

extended beyond the interval [0,T) if and only if

T
/ |IVu(s)||pe ds < oo.
0

14



Proof. The proof follows that of [22], but we include a sketch here for sake of completeness.
We begin by providing a priori estimates. Let p be a smooth solution to (2.1) on [0,7].

From Lemma 3.5 of [22], we recall that D2A~" is bounded on C*(Qz) and thus
IVullga < CIVpll o

In particular, the flow map ®; which solves
dd
o = u(®(x),z), Bo(r) =z
t
is well-defined as u is Lipschitz. Now, to estimate V'p in CO'O‘, consider the evolution
equation of V+p
VEp+ (u-V)Vip = VuVy. (2.6)

Writing (2.6) along the flow ® gives,
OVrpod, =VuodVipod,

and we immediately obtain the L* bound
d 1 1
IVl < IVl [V =pl poe. (2.7)

Considering z, 2’ € Q two arbitrary points in €2, we suppress the time dependence for ease

of notation and write z = ®.(z), 2’ = ®;(2'). We now compute
422V 4p(2) — 212V ()
dt |z — 2'|@

=14+11+1I1

where I, 11 denote the terms from taking the time derivative of z in the numerator and
denominator respectively and I11 denotes the term arising from the time derivative of po®.

Looking first at I, by the triangle inequality

z-u(z)
|22

o) 2 ()

Il =
1 B

|2V p(2) |2'|*Vp(2)

|z — 2'|@

1

|z — 2|«

|22

2 (@)

<« 7|z’|2

|2V p(2) |2V p(2)

()] |21V p(2) — |21V p(2))]
k4 |z = 2
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The second term Ig can be bound

Ip < ||Vl = V50l o

Using the triangle inequality, we have

o BRIV |2 uz) )
AT T R |22

_ Z/‘lfa /

’Z|17a

|2 2[* |u(x) -2 ()

[z =2 ] |z |22

< 2Vl [ Vul| oo + [Vl
Without loss of generality we may assume |2'| < |z|, |z — 2/| < 2|z|. We then have

|21 1

|2 — 2| [2[?|2/]

Iy < 2|V pllzee [ Vul| o + V4ol (1% = ) [u(=)]

|Z’1—oz
[u(z’)| |z = 2| |2 2| + [#/]

< OVl Vulle + [Vl
I e e e I £

< OVl Vul| s

The second term, arising from the time derivative of the denominator, can be bound,

(z = 2) - (u(z) — u(z))

‘Z _ Z/‘a—i—Q

1] < a 210V p(2) = |2V p(=)] < al[ V4ol V] v

Finally, using the product bound (2.4)
2" Vu(z) V4 p(2) — [0 Vu(z) V()

|z — 2|«

1111 =

< IVullgalVEpllzee + IVl oo [Vl ga-

Now, from (2.1)

IVl g < CID?pllga + Vol fa

and since Ap = —9yp, from Lemma 3.5 of [22], D?(—A)~! is bounded on Ca(m) so it

follows that |[D?p| e < C[|VEp||ga. Hence, |Vul|sa < C||Vpl|#a so that
(1| < C|IV=pllgal IV pll e + C V] e [Vl -
Altogether, integrating we obtain the a priori bound

t
IV=p)llga S IV 0l e +/0 (IVu(s) e + [V -p(8)l|2) [V p(8) | ¢ ds
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Combining this apriori estimate with (2.7), we see that the solution can be continued beyond

T provided

T
/ |[Vu(s)||pe ds < oc.
0

Existence can now be proven using a standard iteration scheme as in [22].
Finally, we prove uniqueness of the solution. Suppose pi, ps are two solutions as in
Proposition 5 with corresponding velocity fields uy, ug respectively. Consider the differences

7= p1— pa,u=uy —ug. Since V15 € C?, it follows that p/|z| € L. Then,
Op+ur-Vp+u-Vpy=0.
and composing with the flow, it follows that

dl|l p Ul

17 u
—||-= <||— — +1IVpallpoo || 7 - (2.8)
dt ||z} oo~ Il goo [l ] Lo il [ P
Now, for the second term we note that
u ’Vp P
[ llgee = Il oo N2l oo

and proceeding as in [22] we have that ||Vp/|z|||L can be bound by |[5/|x||| e with only

a logarithmic loss,

12| <c|Z) (i (2 )).
] {] oo ER(p /][] Lo
Thus, from (2.8) we conclude
d||p P Vol
4121 <cpmmen|2] (1 |
dt [afll g = 727V el - I
Since p(0,z) = 0, this implies p(¢, ) = 0 completing the proof. O
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2.2 Construction of the Profile
We recall that the IPM equation has the scaling symmetry
p(t,x) = A p(t, Az),  u(t,z) — AN tu(t, Az).

Thus, 1-homogeneity of p and u are propagated. This leads us to consider scale-invariant

solutions of the form
p(t,r,0) =rP(t,0), U(t,r0)=rG(t0).
To derive the 1D system for P, G, we recall
VvVt =19, + é@r, A =0y + 1710, + 12 0pg, Oz, = 71 cos 08y + sin 09,

where 7, 0 are the usual unit vectors in the r, 8 directions respectively. Thus, the Biot—Savart

law AV = 0, p gives
G"(t,0) +4G(t,0) = P(t,0)sin 0 + P'(t,0) cos .

where ’ indicates an angular derivative 0y. Since ¥ is constant on the boundary due to the
no penetration boundary conditions, we have the boundary conditions G(0) = G(L) = 0.
The velocity field is then given by u = —7rG’ + 20rG and then the transport equation

Op+u-Vp=0 gives
O P(t,0) + 2G(t,0)P'(t,0) = G'(t,0)P(t,0).

Thus, we obtain the following 1D system for P, G

0 P(t,0) +2G(t,0)P'(t,0) = G'(t,0)P(t,0)
G'(t,0) + 4G(t,0) = P(t,0)sinf + P'(t,0) cos 6
G(,0)=G(,L)=0

P(0,0) = Py(6).

(2.9)

We will prove the following theorem about the existence of solutions to (2.9) which blow-up

in finite time.
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Theorem 6. For any L' < w/2 there exists L' < L < /2 such that there exists an even
initial datum Py € C*°([—L, L]) such that supp(Py) C [0,L — 0] for some 6 > 0, and the

unique, local in time solution of (2.9) posed on [—L, L] blows-up in finite time.

Our approach will be to first construct a blow-up profile and then cut off this profile
near the boundary. To this end, we now seek a solution to the system (2.2) of the form
P(t,0) = (1 —t)"1P.() where P, is even. The profile (P, G.) then satisfies the following

ODE system

P.(0) +2G.(0) PL(0) = GL(0) P.(0)
+ 4G« (0) = P,(0) sinf + P.(0) cos b (2.10)

In order for p to vanish on the boundary of €, we seek a solution of (2.10) for which
P.(L) = 0. Evaluating (2.10) at 8 = 0 we obtain the condition P,(0) = G’ (0)Py(0). Thus,
in order to have non-zero mass at § = 0, we must impose the condition G/ (0) = 1. With
this added condition, (2.10) can be transformed into an initial value problem with the initial

conditions G4(0) = 0,G,(0) = 1. We can now instead seek solutions of the initial value

problem
Pu(0) + 2G+(0) PL(0) = GL(0)P.(0)
G/ (0) + 4G«(0) = P.(0) sinf + P.(0) cos b (2.11)
G.(0)=0, G,(0)=1.

for which G.(L) = 0. For most choices of P.(0) however, it is not possible to obtain
a solution satisfying G,(L) = 0. We make a particular choice of P,(0) which allows a
degree of freedom corresponding to choosing P.(0). This extra degree of freedom allows
us to perform a shooting method argument to show that there exists a choice of P/(0) for
which the second boundary condition G4 (L) = 0 is satisfied. The particular choice of P, (0)
corresponds to fixing the strength of the background flow. This same phenomenon appears
in the work [26] where the strength of the background flow must be finely tuned through a

parameter A, in order to construct a profile.
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To construct a profile we then proceed as follows. First, we solve (2.11) locally near
f# = 0. This is done by Taylor expanding and then closing a fixed point argument on the
remainder. We then prove that the solution obeys a key monotonicity property which allows
us to continue the local solution until it necessarily crosses zero. In this way, we obtain a

solution to the boundary value (2.3).

2.2.1 Local Solution of the Profile Equation

Now, we construct a solution of the system (2.11), on a small interval [0, a] which satisfies
M’ < 0. The solution is constructed by considering a Taylor polynomial approximation of
the profile at & = 0 and then closing a fixed point scheme for the fourth derivative. First,
we consider the quantity M., defined by P.(0) = M,(0) cos@. Then M, then satisfies the

local system

2G.(0)ML(0) = G'.(0) M. (0) + 2G.(0) M, (6) tan()
4G4 (0) = ML(0) cos®(0) (2.12)
M.(0) = My, G.(0)=0, G.(0)=1.

We wish to satisfy the second boundary condition G,(L) = 0 via a shooting method argu-
ment. This requires an extra degree of freedom which we will obtain through a careful choice
of M,(0). Taking two derivatives of (2.12) and evaluating at # = 0 using the symmetries

of M,,G, as well as the condition G’ (0) = 1 we arrive at

4M(0) = M,(0)(GY(0) +4), GZ(0)+4= M](0) (2.13)

which yields 4M/ (0) = M, (0)M/(0). Thus, we see that the choice M, (0) = 4 allows M (0)
to be chosen freely. Any other choice of M, (0) forces M (0) = 0. In fact, it is easily seen that
there is a trivial “solution” M, (0) = My, G.(0) = % sin(26) to (2.12). Unfortunately, this
satisfies G4 (7/2) = 0 for which the Biot-Savart law G 4+4G, = M/ cos?() is no longer well-
posed. This trivial solution for which M, is constant corresponds to the classical, unstably
stratified steady state p(z1,22) = x1 which exhibits the Rayleigh—-Taylor instability. That
there is a nontrivial velocity field generated by the stream function G, = %sin(29) is an

artifact of the ill-posedness of the Biot—Savart law on the half-plane. However, choosing
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M. (0) = 4, we are able to freely choose M/ (0) and avoid the trivial constant solution.
In order to obtain a solution which decreases towards the boundary it is required that we
choose M (0) < 0. This leads us to the following proposition regarding the local solvability

of (2.12).

Proposition 7. For any A > 0, there exists a > 0 such the system (2.12) has a unique
solution (M, Gy) € C*°([0,a]) x C*°([0, a])) with M, (0) = 4, M/(0) = 0, M} (0) = —2A and
G«(0) = 0. In particular, there exists a non-constant solution to (2.12) such that M,(0) <0

for 8 €10,al.

The difficulty in obtaining a local solution of (2.12) comes from the singular behaviour
near §# = 0 as G,(0) = 0. This prevents us from directly using standard fixed point methods
to solve the ODE. This difficulty can be overcome by taking the Taylor polynomial as an
approximate solution and closing a fixed point argument for the remainder. Proceeding in

this way, we will obtain a system of the form
0y'(0) + Ay =b+ R(y,y',0)

where A is a constant coefficient, positive-definite matrix, b is a constant vector and R is a
remainder which is small in #. In the Appendix (Lemma 48), we prove that under suitable
smallness assumptions on the remainder such systems can be solved locally through a fixed

point method.

Proof. Given the above discussion, it behooves us to expand

M.(0) = 4 — AG® + 0*m(0), G.(0) =0 — %93 + 6%9(0)

where we have substituted the second order Taylor expansion obtained from (2.13) and set
M/ (0) = —2A. We now wish to solve for the remainders m, g via a fixed point scheme.
Since our ansatz satisfies the equation up to fourth order, we obtain the following system

for m, g

Om' +4m — 10g — 209’ =
{m+ m Og g C1}A+R1 (2-14)

629" +100g’ +20g — Om’ — 4m = Ch, 4 + Ry
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where C 4, Ca 4 are constants depending on A and Rj, Ry are the following remainders,

At2
Rlzm(e)[ g 059]

+m(9) [5(,4 +2)6?

3
5 3 —30%g +6%(0g") + 2tan b <9+95g— M)]

3
+9(6) [2«92A — %02 + ftan (4 — AGQ)] — §92(eg’)

492 2 4
5 [98(6) — (A +2)0% = 3(A +2)0*1(0)]

Ry = —4sin? @m(6) — O sin® om’ ()

A+2 8
Cia=— ; (A+8)+5 —24

027,4 =2A

and in the above expression () := 07°(tan§ — P3tan ). Adding the first equation to the

second in (2.14) yields the system

Om’ + 4m — 10g — 209’ = Fy
629" +80g' + 10g = F>,

where Iy = Cy + Ry + C1 + R1. Re-writing as a first order system, we let h = ¢’ to obtain

Om’ +4m — 109 — 2h = Fy
O + Th+ 10g = Fy (2.15)
0g —h =0.

Using variation of parameters then yields the following integral system
I I
0= g1 | 410~ R©)] do+ 5 /0 BF(6) do
0) = 1y (¢) d B 2.16
00)=—gos [ 6B0) a6+ gy [ omio) d (2.16)

) 5 (¢ 2 [?
090) = 355 | 0'Fa0) 46— 355 [ omato) ao.
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To obtain a system of the form in Lemma 48, we must eliminate the dependence on m’ in

Ry, Ry. For A > 0, integrating by parts gives

b A
0> [ o (0) [;2&—@%}54 do

_A+2

3 62m(6) — 6*m(6)g(6)

0
g /0 oM [qb“*”f*” — 64 (A +4)g — 6'h| m(9) do.

Proceeding similarly for R,

0
9_)‘/ —0sin” 0m/ ()¢~ d¢ = —sin” Om(6)
0

0
+67* / o [Asin? ¢ + 2¢sin ¢ cos ¢ m () dg.
0

We therefore obtain a fixed point problem of the form considered in Lemma 48. Applying
Lemma 48, we obtain a local solution m, g € C°°([0,a]) for some a > 0. By construction,
m, g solve (2.14) and thus M,, G, solve (2.12) with the initial conditions of Proposition 7.

O

2.2.2 Monotonicity Lemma

With a local solution to the profile equation (2.12) in hand, we now wish to extend the
solution. The key fact which allows us to continue the solution is the following monotonicity

property of M,.
Lemma 8. Let (M., G,) solve the system (2.12) with the initial conditions
M.(0) = My, G.(0)=0, G.(0)= 1

on a domain [0, 60.]. Assume moreover that

e M, >0 on|0,0,)

e There exists an interval [0,8],6 > 0 such that M[(8) < 0 for all 6 € (0,4].
Then, M.(0) <0 for all 6 € [0, 6.].
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Proof. Differentiating (2.12) gives
M, + 2G, M. +2G M = G' M, + (2G, tan §)' M, + 2G, tan O M, + G/ M,

2G M = M.(—-G, — 1+ 2G, tan0) + M,((2G, tan9) + G”)

Note that if G.(01) = 0 at some point 0 < 0; < 6, then M, (0;) = 0 since evaluating (2.12)
at 01 yields M, (61) = G.(61)M.(01). Since G, > 0 near 6 = 0, we must have G’ (0;) <0
and hence M, (0;) = 0 contradicting the assumption that M, > 0. Thus, we have G, > 0
on [0,6*]. Tt then suffices to show (2G, tan6)’ + G/ < 0 since M, > 0. Note that G, can

be recovered explicitly from M, as

0
G.(6) = %sin(ZQ) [1 + /0 M(8') cos?(¢) cos(2) d¢] (2.17)
0
- %COS(ZG) { /0 M(6) cos®() sin(26) d¢] . (2.18)
We can then compute,
0
G’ (0) = cos(20) [1 —i—/o M ($) cos?(¢) cos(2¢) dqb] (2.19)
0
+ sin(26) [/0 M ($) cos?(¢) sin(2¢) d(b] (2.20)
0
G"(0) = M.(6) cos®(#) — 2sin(26) [1 + /0 M (¢) cos®(¢) cos(20) dgb} (2.21)

+ 2 cos(26) [ /0 ’ M (¢) cos?(¢) sin(2¢) d¢] .

Thus, we have the following explicit expression for the quantity of interest:

GY + (2G. tan )’
0
= [-2sin(20) + sec?(6) sin(26) + 2 tan(6) cos(26)] / M($) cos?(¢) cos(2¢) do
0
0
+ [2cos26 — sec?(6) cos(26) + 2tan 6 sin 26 / M (¢) cos®(¢) sin(2¢) de
0

+ M. (6) cos®(#) — 2sin(26) + 2 8602(0)% sin(26) 4 2 tan(#) cos(260)
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which simplifies to

0
GY + (2G, tan ) = M.(0) cos® 0 + 8602(9) / M(¢) cosz(qﬁ) sin(2¢) d¢.
0

Thus, if M/() < 0 it follows that G”(6) + (2G.tan6)) < 0. Since, we have M, < 0 on
[0, d] a straightforward bootstrapping argument allows us to iteratively conclude M (6) < 0

for all 6 € [0, L]. O

2.2.3 Continuation of the Profile

Here, we argue using standard Cauchy—Lipschitz theory and the monotonicity property
of Lemma 8 that the previously constructed local solution of the profile equation can be

continued to construct a global profile on an interval [0, L].

Lemma 9. Consider the system
M, +2G .M, = G, M, + 2M.G, tan 6
G" 4+ 4G, = M. cos? 0
M.(00) = Mo, G+(0o) = Go, G (6o) = Gy,

If Go > 0 and 6y < m/2, then there exists § > 0 such that there is a unique solution

M., G, € C*=([f, 00 + 8]) x C*([6, 00 + 6]).

Proof. We first see that G, can be recovered explicitly from M, by the formula

0
G.(0) = % sin(20) [GS + [ M. (¢)(sin2¢ cos 26 + 2 cos® ¢ sin 2¢) dqﬁ)]
0o
(2.22)
0

- % cos(26) [Gc — [ M.(¢)(—sin®2¢ + 2 cos? ¢ cos 2¢) dgb}

0o

where G, G, are the following constants

Gs = 2G sin 26 + cos 200Gy — My cos? Oy cos 26,
G. = —2Gycos 26y + G6 sin 26 — M cos? 6 sin 26,.
Since Gg > 0, we can divide by G, to find that

M.(6)
2G.(0)

M. (0) = (GL(0) — 1+ 2G.(0) tan )
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which yields the fixed point problem

? M.(¢)
0 2G«(9)

M,(0) = My + (G (¢) — 14 2G.(¢) tan¢) do (2.23)

which we consider on a ball Br(0) C C°([6, 09 + 0]) where R = 2|My| + 1. By choosing §
sufficiently small, we can ensure that for all M, € Br(0), the corresponding G, given by
(2.22) satisfies G.(0) > Gp/2 for all 6 € [0y, 00 + d]. It is then easily verified that for &
sufficiently small (depending on My, Gy, Gj)) the right hand side of (2.23) maps Bg(0) to

itself. For My, My € Bgr(0) we define corresponding G1, Gy by (2.22). It is then easily seen

that
" M@)o M(9)
oy 2G1(9) <G1(¢) —142G1(¢) tan qb) — 2C(0) (Gg(qb) — 14 2G2(¢) tan ¢) dqb‘
< COR ||| My — Ma||lco + ||G1 — Gal|cr + Hél _ éZ CO]

for some constant C' > 0 depending on the initial conditions. From (2.22), it follows that
IG1 — Ga||cn < C||M1 — Ms||co and since Gy, G > Go/2 we conclude

? Mi(9) Ms(¢)
o 2G1(o) 2Go(o)

< COR||M; — M| co.

(G1(¢) — 1 +2G1(¢) tan¢) — (G5(¢) — 1 +2G2(¢) tan ¢) d¢‘

Choosing ¢ sufficiently small, we conclude the mapping is a contraction and hence has a

unique fixed point M, € C°([fp, 6p+0]). It then follows from (2.22) that G € C* ([0, Go+6])
and hence from (2.23) we conclude that, in fact, M, € C'([6, 0y + 6]). Continuing in this

way, we conclude M,, G, € C*([0y, by + J]). O

Proposition 10. For all A > 0, there exists L < w/2 such that there exists a unique
solution (M., G) € C2([0, L]) x C12([0, L]) N C>([0, L)) x C>=([0, L)) of (2.12) such that
M (0) = —2A and the boundary conditions G.(L) = M,(L) = 0 are satisfied.

Proof. By Proposition 7, there exists § > 0 and M,, G, € C*(][0,4]) solving (2.12) such
that M. (6) < 0 for all § € [0,6]. Then, by Proposition 9 the solution can be continued until
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a point L where either G,(L) = 0 the first root of G, or up to L = m/2. First, note that
M, must be positive on [0, L). Indeed, if M,(z) = 0 for some z < L then solving backwards
from z, by Gronwall’s inequality we would have M, = 0 on [0, L], a contradiction. Now, we
claim that L < /2. Indeed, if the solution can be continued all the way up to /2, then

by (2.17) and integration by parts we have that

1
lim G.(0) = lim 5 sin 260 | 1 + M, (6) cos(26) cos?(6) — 4

0—m/2 0—m/2

0
+ / M. (¢) sin(26)(cos 2¢ + cos? ¢) de
0

0

+ lim M. (¢) cos?(¢) sin(2¢) do.
0—m/2 Jo

Since 0 < M, < 4 we conclude that the first term goes to zero and thus

0

91_1}1;1/2 G.(0) = 9217?/2 ; M'(¢) cos?(¢p) sin(2¢) do < 0

since M, < 0 and not identically zero. Thus, it must be the case that G, has a root at
point L < 7/2. At this point we then have
M.(L) = GL(L)M.(L)

and since G, (L) < 0 as G, > 0 before § = L we conclude M, (L) = 0. It now remains to
prove the regularity of M,, G, at the boundary 6 = L. First, we show that G, vanishes

only linearly at the boundary. Indeed, since G,(L) = 0 from (2.17) it follows that

L

sin(2L) [1 +/0 M'(¢) cos? () cos(26) dd)] (2.24)
L

= COS(ZL)/ M'(¢) cos?(p) sin(2¢) do (2.25)

0

and evaluating the formula for G/, at § = L we have
L
G'.(L) = cos(2L) {1 —i—/o M'(¢) cos? () cos(26) dgb] (2.26)
L

—l—sin(?L)/O M'(¢) cos®(¢) sin(2¢) de. (2.27)
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Substituting (2.24) into (2.26) we conclude

cos?(2L)

Gi(L) = sin(2L)

L
+sin(2L)} /0 M'(¢) cos? () sin(2¢) de < 0. (2.28)

Now, taking the limit as # — L in (2.12), we see that

Lo oMo G -1 11
0—L M.(0)  o0>L 2%02) 2 2G.(L)

and it follows (see Lemma 49) that M, € C%([0,L]) for « < min{1,3 — 1G(L)}. Since

G'.(L) < 0, in particular we have that M, € C'/2([0, L]). O

Note that the profile obtained in Proposition 10 does not possess the correct regularity
at the boundary demanded by Theorem 2 and is supported up to the boundary 6 = L.
In the remaining sections we construct a suitable, stable perturbation of M, capable of

smoothly truncating the solution near the boundary.

2.2.4 Shooting Method

Here, we consider the family of solutions from Proposition 10. We show that by taking
A — 0, for any € > 0, there exists A > 0 such that the first root of GG after § = 0 occurs at

L € (r/2—¢€,m/2). Thus, we can choose ) arbitrarily close to the half-plane. To do so, we

1

leverage the trivial solution M = 4,G = 35 sin 20 obtained for A = 0 and prove a stability

result for solutions from Proposition 10 in the parameter A.

Proposition 11. For every L' < /2, there exists A > 0 such that the solution (M,G) of

Proposition 10 satisfies M(L) = G(L) = 0 for some L' < L < 7/2.

Proof. Fix L' < w/2. By Proposition 10, there exists L = L(A) such that G(L) = M (L) =0
and 0 < L < 7/2 so it suffices to show that L > L’ for A sufficiently small. First, examining
the fixed point problem (2.16) we see that each F; satsifes ||Fi|lcr < C(1 + A) and the
constants C; 4 satisfy |C; 4| < C(1+ A?) for some constant C' > 0 so by Lemma 48 we have

a local bound |M (6) — 4| < CA26% + CA%0% for all § € [0, d] for some d > ¢/(1+ A). Thus,
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on an interval [0,d] independent of A < 1, we have |M () — 4] < CA2%6? for all § € [0, d).

Now, for 6 > d we write

Define k. = min{1,inf, 1 %Sin 20} > 0. We claim there exists €, D, > 0 such that
M (0)| < DA O-D/kE,

for all A < e and d < 6 < L'. First, observe that since M () < 4 for all § > 0, it follows

that G,G" are bounded uniformly in A. Thus, noting that tan < C/k, it follows that

o) < <

< rg@ MO +[GE)]+ 5 O]

for some constant C' depending only on d. Now, we bootstrap the assumption that
1M (0)| < DA2eVO-D/k

for v > 1 to be chosen later and A sufficiently small depending on D, L', ~. First, we note

that by (2.17), (2.19), the bootstrap assumption implies
IG(0)] < 10A2(De=D/K: 1 g3) |G (0)] < 10A2(DATO-D/KE 4 g3y,

For A sufficiently small, we then have
1. — ks
G(0) = 5311129—!— G() > o

and hence

!/

07'(0)| < < [ 0)] + [C0)| + [T (0)].
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Integrating, from d and using the bootstrap assumptions we then have

(VO-d/KE _ 1),

0 2
/ = D/K 4p < C1d2A? + CI?YA
d

For D > 2vd?>Cy and v > 2C we conclude

2
M (0)] < %GV(G—d)/kf’

closing the bootstrap. We then conclude that for all 0 < § < L/,
G(0) > ky — |G(0)] > k, — CeVF' /K2 42
which is positive for A2 < k*e*V(U*d)/kz/C. Thus, L > L' as desired. O

2.3 The Space H*

From this point forward, we consider fixed L < 7/2. As the profile M, of Proposition
10 is not regular at the boundary 6 = L we wish to construct a small perturbation of M,
which truncates it near the boundary yet still blows-up in finite time. This leads us to
consider the logarithmic time s = —log(1 — ¢), for which the blow-up happens at s = oc.

Then, we obtain the system

OsM + M +2MG" = G'M + 2M G tan 6
G" + 4G = M’ cos? 0 (2.29)
G(0) =G(L) =0.

The profile (M., G) is then a stationary solution of (2.29). In order to obtain a solution
which continues to blow-up in finite time, we are lead to studying perturbations of M,. A

perturbation M of M, satisfies
OsM + L(M) =N (M, M), (2.30)
where L is defined by

L(f) = f+2G.f +2FM. — G.f — F'M, — 2M,F tan — 2fG, tan,
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F solves
F" +4F = f'cos® 0
and

N(f,g) == —2Fg + F'g.

Our goal is to produce decaying solutions of (2.30) capable of truncating M, near the
boundary. We first explain the mechanism through which we obtain decay. Since G, > 0 for
f > 0, the background flow is always directed out towards the boundary § = L. Moreover,
since G, > 0 near § = 0 and G, < 0 near § = L, there is stretching occurring near the
origin and damping occurring near the boundary. Thus, we see that perturbations are

transported away from the stretching region towards the damping region.

— — - — —

l |
=—L =0 =1

The velocity field vanishes at zero however so the transport away from this region is weak.
To counteract this, we work in a weighted space with a strong weight at the origin and a
weak weight near the boundary. This effectively enforces that the perturbation vanishes to
high order near 8 = 0 so that there is very little mass near zero.

In practice, proving such decay requires careful study of the linearized operator £ in
a certain weighted Sobolev space, which we denote HA, Namely, we will show that the
linearized operator £ can be decomposed £ = £+ L where L is coercive on H* and £ K IS
a finite-rank smoothing operator. Standard semigroup theory then yields a decomposition
HY = ﬁ% @ﬁ‘é into the stable and unstable subspaces respectively, with ?:Z4U being finite
dimensional since Lk is compact. This general approach of decomposing the linearized
operator into a coercive part and a compact part was used in [36] and has seen numerous
applications to blow-up problems (see |7, 26, 5] for a non-exhaustive list). While we are
only able to prove finite co-dimension stability and not actual stability, it is likely that the

profile is indeed stable (up to modulating the blow-up time).
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We now begin the construction of the inner product (-, ->7_~[4 and the decomposition
L =L+ Lx. As we will be working with solutions M which are even in 6, define L? to
be the space of even, L? functions on [—L,L]. Recall that Py(f) denotes the k** Taylor

polynomial of f.

Definition 12. Define the weighted space HY = {f € L2 : [ fll 74 < oo} where the norm

| - 74 is defined by the associated inner product

L
(f.9h 1 = F(0)9(0) + FP(0)g®(0) + B /0 (f —Pof)g— Pog)p(6) d0 (231)

+ / C 1000 0)(0) (2.32)
0

where v,V are the weights,

63 0 <ty 1 0 <t
p(0) = qF 807K <0<ty Y(0) = 507K 6 <0<t
(K8 R <0< L COTE(L — tg)™B2(L—0)13/2 4y <H< L
(2.33)

and K, 01,0> and B are positive constants to be chosen later with 1, L — ¢y < 1, K > 10.

Note that the constant factors in the definition of the weights simply come from imposing
that ¢, be Lipschitz continuous away from zero. Moreover, the exact exponent 13/2 is
not important, one need only choose an exponent small enough that H* embeds in L™
(Lemma 18) yet large enough that the induced norm is weaker than C1/2([0, L]) where M,
lies.

We henceforth consider the linearized operator £ on its natural domain
D(L)={feH : L(f) e H'Y.
The next two sections are devoted to proving the following proposition about L.

Theorem 13. The operator £ can be decomposed L = L + Lx where L is mazimally
accretive on 7—~[4, and Ly is a bounded, finite-rank operator. Here, L is again considered on
D(L).
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We first set up the decomposition. Define

M:=M—PyM, G = Gel8) — Gp(6)
where éloc solves

+ 4Glpe = M c0s> 0, Gioe(0) = G, (0) = 0

1!
loc
and énl is the following non-local term which serves to enforce that G (L) =0,

Gu(0) = (:G()l;(céﬁi cos(20)n <£:Z> :

(2.34)

where 7 is a compactly supported, non-negative bump function such that n =1 on [0,1/2],

7 vanishes on [1,00) and |n’| < 3. The decomposition can then be taken as

Lx=L~-L.

L(M) =M +2G, M +2GM! — G'.M — G'M, — 2G, M tan § — 2GM, tan 6 + Py M

Note that by replacing M with M in (2.34) we have only introduced a finite-rank perturba-

tion and similarly, replacing the boundary value problem with the initial value problem in

(2.34) also only introduces a finite-rank perturbation. It is then clear that L is finite-rank.

Remark 14. The compact perturbation now reduces G to a “local” part éloc in the sense

that élOC(H) does not depend on the values of M(qb) for ¢ > 0.

The main issue in proving Theorem 13 is proving that £ is coercive.

Proposition 15. L is coercive on H. That 18, there exists a constant ¢ > 0 such that for

all M € H* (L(M), M)z, > ¢| M||%,.

For ease of notation going forward, we define the following splitting of the operator £

into its local and nonlocal parts,

,CL<M) ::M—i- QG*ﬁ/—G;M—QﬂG*taHQ, ZNL ZZZ—ZL.
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The coercivity of £ will come entirely from the local piece £;,. The primary technicality
in proving coercivity arises in showing the nonlocal contributions from £y, are small so as
not to defeat the positivity of L. Proving coercivity requires estimates in both the high
and low portion of the H* norm in each of the three regions [0, 1], [¢1, £2], [f, L] referred to
as the local, bulk and endpoint regions from here on. Before proceeding with the coercivity

estimates, we conclude this section with some useful Hardy type inequalities.
2.3.1 Hardy-Type Inequalities

Here, we prove some necessary Hardy-type inequalities. As a consequence, we obtain
that the norm || - [|z7, is equivalent to a standard Sobolev norm || - [ls with a weight at

0 = L. In addition, we also show there is a continuous embedding H* < L.

Lemma 16. Consider the norm || - ||+ induced by the inner product

L L
g = [ 10)000) do+ [ 0000 (L~ 05" .

Then, there exists a constant C' > 0 such that for all f € HA N HA

CHIf g < £l < CllFll -

Proof. The lemma follows from elementary calculus and Hardy’s inequality. Indeed, by the

fundamental theorem of calculus,

0
(f = Pof)(0) = /0 9(f — Bof) d¢

and hence

2

[P o= [M (o [ onts - manio) o) as

12
<c /0 (B(f — P2 f)(0))20°° df
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where we have applied the standard Hardy’s inequality in the final step. Iterating this

inequality, we obtain

01 o IP) 2 01
[ w < [F o - o2 a
Moreover, by the fundamental theorem of calculus
FO0)? + 1702 < CUL" I 0.y + 1131 (0.y) < ClF s

Since the associated weight ¢ defining H* satisfies ©(8) < C(L — 6)'3/2 on [¢1, L], it then
follows that there exists C' > 0 such that ||f|l 7. < C|[f[l3a. For the reverse inequality, we

note that

£ £ 6 2 £
[ sop 00— | (f<0>+ | 7@ as de) <crop+c [ o2

Iterating this inequality, it follows that

0y 151
F(6)? 40 < CF0)2 + CFD(0)? + / SO (0)? do

0 0

and we then have || f[|3s < C||f[|574 for some C' > 0. O

Lemma 17. For all k > 1,p > 0, there exists C > 0 such that for all f € ﬁ‘l,

' FRO)(L—0)P d) < C ' f(0)% do+C ' FED@OZL - )P dp.  (2.35)
12 Lo 123

We omit the proof as it is similar to that of Lemma 16 and follows from elementary calculus.

As a consequence, we obtain the L*° embedding.

Lemma 18. For all 0 < j < 3, there exists a constant C > 0 such that for all f € H?,
(L = 0 fD | < C|| fllpes-

In particular, there is a continuous embedding H* — L.
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Proof. We prove the case 7 = 0 as the others follow similarly. By the fundamental theorem

of calculus and Hélder’s inequality,

L L 1/2
sl < [l s ()|d¢><||fHL2+C</ AL - ¢>1/2d¢) .

Repeatedly applying Lemma 17 gives

1/2
r<>|<||f||Lz+c(/ P ()L ¢>13/2d¢) < Ol s

as desired. ]
Finally, we prove that #* (and thus H*) is an algebra.

Lemma 19. If f,g € H* then

£ gl S N f llaeallgllaga-

Proof. We first see that

/0 * £6)29(6)? 46 < gl | e
Moreover, for 0 < j < 3 we have
/ SO0 (L = 0)"*/ a9 < ClIFDONL = 0 |E /0L9<4—j><e>2<L — )13/22
< C|[fIallgllzs

where we have used Lemmas 18 and 17 in the final inequality. The lemma now follows from

Leibniz rule and reversing the roles of f,g. O

2.3.2 Local Well-Posedness of the 1D System

This section is devoted to proving the following local well-posedness of equation (2.29)

in H*.
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Proposition 20. Let My € H. Then, there exists T = T(||Mollza) > 0 such that there is

a unique solution (M, G) € C([0,T],H*) to the system (2.29).
We first note the following lemma bounding (97 + 4)~1.

Lemma 21. Suppose G solves
G" +4G = M'(0) cos?0, G(0) = G(L) = 0.
where we recall that L < 7/2 is fized. Then, for all1 < j <5 and p > 0,

L L
/ GO (0)2(L — 0) db < | M(0)[12 + / MUV (0)2(L — 0y db,
0 0

L
| c@rw-oy a <o)
0
Proof. We note that G can be recovered explicitly as

G(0) = 1sin 20 [— /L M'(¢) COSQ((Z)) cos(2¢) d¢ + cot(2L) /L M'(9) COS2(¢) sin(2¢) d¢
2 0 0

1 0
—5 cos(20)/ M'(¢) cos®(¢) sin(2¢) de.
0
Integrating by parts gives

1 L
G(6) = 5 sin(29) ! | M@)o @) cos2a) as
L
—cot(21) [ M(©)feost(0)sin(20)] 0

0
+ goos(2) [ M(0)[cos?(¢)sin(20)] o

Taking j derivatives we note that the only nonlocal terms appear as integrals of M against

bounded kernels and therefore it is readily seen that we have the pointwise bound

j—1
GOO S M|l + Y [1MB(0)]
k=0
from which the lemma immediately follows. O
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We now proceed with the proof of Proposition 20.

Proof. Due to the equivalence of norms from Lemma 16, it suffices to provide a priori

estimates using || - ||4. Let (M, G) be a smooth solution to (2.29). Then,

2dt”MHH4 / M (0)0, M (0) + MW (0)9, M (0)(L — 6)'3/2 d.

Dealing first with the low-norm integral,

/ ' M(0)9,M(0) df = / M(0)(—2G(8)M'(8) + G'(9)M(0) + 2M (0)G(0) tan §) @
0

L L
5/ (IG"(0)] +1G(O))M(6)* db < HM\Loo/ M (6)* do.
0 0

For the high norm integral, differentiating the equation (2.29) for M four times, it follows

using Holder’s inequality that

/ M* M@ (O)(L —0)'3/2 do
1/2
SV | Y [ 00U 0 - 022
T

For 7 <1, by Lemma 21 we have

/ GO ()M (0)(L - )2 a8 < | M 3 + / M) 0)(L - 6)972,
while for j > 2 using Holder’s inequality,

/ GO (O)M® (0)(L — 6)13/% do < / G (0)(L — )%/ 4+

+ M) (9)2(L — 6)7/4+k=7 qg.
By Lemma 21 for j > 2 we have

/ GUY(0)2(L — 9)Y/4k+i d0<Z/ MO(9)2(L — 0)%/47k+T dg 4 | M||2,.
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By the interpolation inequality of Lemma 17 it follows that

L L L
/ MD(0)2(L — 0)%/4~F+i 4o < / MW (9)2(L — )24 F++204=0) q¢ 4 / M(6)% do
0 0 0

and similarly,

L L L
/ M(k) (9)2(L . 0)17/4+k7j d6 g / M(4) (9)2([/ _ 9)17/4+k7j+2(47k) 46 +/ M(0)2 d6.

0 0 0
Since 9/4 —k+j+2(4—1) >29/4 and 17/4+k — j + 2(4 — k) > 29/4 we find that
L L
/ MWD (0)8, M (0)(L — 6)'3/2 d0 < || M| [ / M(0)% + M@ (0)%(L — 9)*°/2 da]
0 0
+ 1M 3,4,

and since 29/4 > 13/2, we conclude
d 2 <« 3
1Ml S M 5.

Given the above a priori estimate, one can use a standard iteration scheme to prove existence
of a solution M € C([0,T]; H*). O

2.4 Low-Norm Coercivity

In this section we prove the following proposition regarding the coercivity of £ for the

low order portion of the inner product (-, -)7_74.

Proposition 22. There exists ¢, > 0 such that for all M € ﬁ4,

L __ L __
/ M(O)L(M)(0)p(0) do > 01/ M(0)*p(6) do
0 0

where @ is the weight defined in (2.33).

Integrating by parts, we note that the boundary terms vanish since G,(0) = G(L) =0
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and hence

L —_— J—
/O M(O)ZL(M)(0)(0) 46

- / : M (6)[M(0) + 2G.(0)M'(6) — G.(0)M(6) — 2M (0)G+(6) tan ]p(6) do
0

_ / ’ M(0)? [1 —ac0) = 29 o) — 26.(0) tan 6| w(6) 6.
0

We now require separate estimates in the three regions, locally near § = 0, in the bulk and

near the endpoint 8 = L.

2.4.1 Local Estimates

This section is devoted to proving the following proposition regarding the coercivity of
L at low order on a small interval [0, £1]. In this region, the coercivity comes from the local
transport term due to the strong, singular weight. There will be a negative contribution
from the stretching term, however the singular weight of §~% serves to amplify the effect
of the transport term, in order to overcome the stretching term. The nonlocal terms will
provide contributions which can be made small by choosing ¢ sufficiently small.

Proposition 23. There exists {7 > 0 such that for all {1 < {7
4

M (6)? {1 —2G"(0) — i/((g)) G.(0) — 2G.(0) tan e] 68 db + /0 " 0~ M(0)Lnp (M) db

0

01 .
> [3 - CH] i 6-8M ()2 db.

Proof. Dealing with the local part first, for 0 < 8 < ¢4, ¢/(0) /() = —86~1 and therefore

0y

M(6)? [1 — 2G.(0) — ‘Z/((g)) G.(0) — 2G.(0) tan 6| 678 do

0

= / " 073M(0)% [1 — 2G".(0) + 8071 G.(0) — 2G.(6) tan 6] d6.
0

Since G, (0) = 1 it follows that

1-2G. +807'G, — 2G, tanh > 7 — C/3.
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To deal with the nonlocal piece £y, we must first prove a local bound on the operator
M — G in HF.

Lemma 24. Suppose G solves (2.34), then
b b __
/ G(0)*078 do < Ce2 / M(0)%078 db,
0 0

and

b b __
G'(0)%07° do < (14 C13) / M(6)%078 db
0 0

for some universal constant C' > 0.

Proof. First, we note that (2.34) admits an explicit solution. Multiplying (2.34) by sin 26

and cos 20 respectively, and integrating by parts we find

9 — ~ ~
/ M'(¢) cos? ¢sin2¢ dé = G,.(0) sin 20 — 2G o0 (6) cos 20
0

and similarly,

9 — ~ ~
/ M'(¢) cos® ¢ cos2¢ dg = G, .(0) cos 20 + 2G e (6) sin 26.
0

Multiplying the equations by — cos 20 and sin 26 respectively and summing gives an explicit

formula for éloc,
~ 1 o 1 o
Gloc(0) = —5 cos 20/ M'(¢) cos? sin 2¢ dqb—|—§ sin 20/ M'(¢) cos? pcos2¢ deb. (2.36)
0 0

Integrating the above by parts and noting that M (0) = 0 we have the following alternative

explicit solution

9 —_—
5100(0) = % cos 29/ M(9) [2 cos? ¢ cos 2¢ — sin? 2¢] do
0
1 o _
+ 3 sin 29/ M(9) [sin 2¢ cos 2¢ + 2 cos® ¢ sin 2¢] d¢
0

1 0 __ 1. 0 __
=1 5 cos 26?/0 M(¢)K1(¢) do + 5 sin 29/0 M(¢)Ka(¢) do, (2.37)
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where K1, Ko are the two integral kernels defined by the preceding line. Differentiating, we

!

obtain the following explicit formula for él oc?

_ . o __ 0
! (0) = DE(0) cos 0 — sin 20 /0 N (6) K1 () dé + cos 20 /0 M(0)Ka(0) dé. (2.38)

Squaring and integrating (2.37) against the weight 678,

0 2

G(0)%078 do < / " 0% [; cos® 20 < /0 ’ M ($)K1(9) d¢>>

0 0
+ %sirﬁ 20 (/09 M($)K5(¢) d¢)2] de
<5/ s gl R (Ka(0)? + Kal6)) | as

Since K1(0)? + Ko(0)? = 4cos*(6) + sin?(26) < 4, we then conclude

01

1 - 141 o 4] —~
G(0)?07% do < 2/ 6 | M(p)?¢2dodf < e%/ M(¢)%¢8 d¢
0 0 0

0

which proves the first statement of the lemma. Using the explicit formula (2.38),

75
GI..(0)%078 do
0

_ /O "o lsin2 26 ( /0 M) () d¢>

01 .
+ [ 6 8cos*(H)M(h)? db
0

2

+ cos? 26 < /0 ' M(¢)Ka (o) dng) 2] de

01 . 0 0
+2 [ 678M(8)cos?(0) [cos20 / M(¢)Ko(¢) d¢ — sin 26 / M(¢)K1(9) d¢] do
0 0 0

2 0 __ 0 __
—2 [ 6 8sin20cos26 [ /0 M($)K1(¢) do /O M(¢) Ko (o) dqb] de.

0

The second term satisfies

4 _ b N
/ 68 cos ()M (#)? db < / 6~8M(6)* db.
0 0
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Performing similar computations to the case of élow it is readily seen that there exists a
universal constant C' > 0 such that the remaining terms are bound above by
2 .
ce? | 678M(6)? do
0

from which the second statement of the lemma immediately follows. O

Considering the nonlocal contribution £y, since M, (0) < 4, by Lemma 24 we obtain

12

M ()M, (9)G'(0)6~8 de‘ < 4/61 IM(0)[|G'(0)678 df < 4(1+C£3) /el 6=8 1M (6)? do.
0 0

0

The remaining terms provide only a small (in ¢;) contribution since M, tan 6+ M/ vanishes

linearly at zero and thus by Lemma 24,

/ " N (6)G(B) (M (6) + M. (6) tan )0~ da‘
0

o 1/2 o 1/2
< Ct ( M(6)*6~8 d9> < G(9)%078 d0>
0

0
4y

<Cce | M@®)%0°8 d6.
0

Thus, we have

b — ¢©'(0)
M (6)* [1 —2G(0) — G.(0) — 2G.(0) tan 0} ©v(0) do
0 ©(0)
121 . 0
+ [ 0 SM(O)Lnr(M) d§ > [7—4— CFf] / M(6)%678 d6
0 0
which completes the proof. O

2.4.2 Bulk Estimates

Now, we prove coercivity in the bulk. In this region, we use the rapid decay of the
weight ¢ obtained by choosing K large. Integrating by parts the local transport term gives
a term

%)

_ [ (2O o2 B R
[ (5a)) c-@rerem o= [ “o-tc.o)i)st0) a
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Since #~'G, is bounded away from zero away from the boundary § = L, this gives us a
large coercive term. The remaining terms then need only provide bounded contributions
and then choosing K sufficiently large will give coercivity. The bound however degenerates
near the right hand boundary as G, vanishes here necessitating the need to consider a
boundary region [(, L] separately. The nonlocal terms from £y, will generate large terms
in the local region [0,#1] due to the high degree of vanishing of the weight () = =K,
however these terms have been controlled in the previous section. Consequently, in the bulk

region we will prove the following coercivity lemma.

Proposition 25. There exists ¢,C' > 0 such that for all M € ﬁ4,

& — 2 (1 o _@l(e) _ an -K
. M(0) [1 2G".(6) 70 G (0) — 2G.(0) tan 6| 65 dp
+ ZQM(G)ZNL(M)G‘K do
4y

> [KC(L —0y) — C(L — 62)—1/2} ” M(0)0~5 do
151

by
— CO(L — £y)7Y/210-K / M (6)%07% do.
0

Proof. Again, we begin by considering the local terms. For § € [¢1,45], ¢'(0)/0(0) = —K0~!

and therefore

Lo

M(6)? {1 —2G" () — ‘(’;((g)) G (0) — 2G.(0) tan 9] 6% a6

4y

- / h 07K M(0) [1 + KO71G.(8) — 2G.(8) — 2G.(0) tan ] d6.
4y

Since G (0) = 1 and G, vanishes linearly at § = L,
1+ KO7'G.(0) — 2G(0) — 2G,(0) tan® > Kc(L — £3) — C

for constants ¢, C' depending on the profile. Thus, by choosing K large (relative to L — ¢3)
we can obtain a strong coercive term. To control the nonlocal terms, we prove the following

lemma.
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Lemma 26. There exists C' > 0 such that for any K > 10,

ly » b ly
/ (G'(0)* + G(0)Ho~K dp < CrlO-K / M(0)2078 do+C | M(6)26075 do. (2.39)
V21 0 01

Proof. Note that for 0 € [(1,05], G(0) = Goe(#). Using the formula (2.37), and recalling

that K1, K5 are uniformly bounded,

2 2

Lok < /0 M) (0) dczs) a6
(2.40)

NOEREE / e I~ ( / M) (0) d¢)

01

123 0
<C 9—K9/ M(¢)? do db. (2.41)
01 0

Splitting the inner integral into our local and bulk regions,

fg - 42 61 — 0 —~
GO rdo<c | 6759 / M($)? dp+ 0750 | M(4)? do do
/1 /1 0 01

lo by 0 __
<C | 6%¢ / M(p)2op 8 dop+6 | M(p)2¢ 5 do do
01 0 l1

C ¢

él 2
10—K AT 2 ,—8 AT 2, —K
< oo [ Here as e [ Riore ™ ao,

4y

Proceeding similarly for G using (2.38),

ly
G'(0)%07K dg
4y

lo

<C [ M)+ ( /0 ’ M($)K:1(9) d¢)2 + ( /0 9 M (¢)Kx(¢) d¢) 2] 6~ do

01

by 0 __
<c [ eRe K oK / NH(6)2(K1(6)? + Ka()?) do do.
01 0
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Again splitting the inner integral and using boundedness of the kernels K7, K5 we conclude

ly
G(0)?0~% db
12

by b 0 __
<C | M@®?265+ 9—K+1/ M($)? do + 675+ [ M(¢)? do d
01 0 01

0o __ 151 . 5] —~
<C [ M@®)?20 K 495+ / M(p)2¢p~8do+0 | M(p)’¢~ % do do
0

51 el
ly C b
<C [ M(@®)?2 % do+ (0K / M($)2¢~% do.
0 K—10 0
Summing the estimates for é, G’ then gives the lemma. O

Turning our attention to the terms generated by Ly we see first that since M, €
01/2([07 L]), we have |M;(0)| < C(L — 05)~1/2 and hence

Lo
2

0K M(0)G(0)M.(0) d8| < C(L — £5)~ /2 / h (M(0)> + G(6)2)6~K as.
/1 4y

Similarly, since M, < 4 is bounded,

lo

0~ K (M ()G (0)M,(0) + M(0)G(0)M,(6) tan ) de‘
12

<c / W02 + G0 + G020 K o,
15

By Lemma 26, we conclude

M(0)Lnr(M)6~" df

2 '
41

by b __
< C(L — ty)~1/? [ M(0)%0~K dg 4 (10— / M (6)%08 de} .
{1 0
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Altogether, we then have

1)

M(69)? [1 —ac0) - 29 6 0) - 26.(0) tan 6| 05 a0

41

2 .
+/ 0K M(0) Ly (M) do
1%

ly
> [Ke(L —ty) — C(L — )~ Y2) [ M(9)267K as
151

by
— O(L — £y)~Y2q10-K / M(0)%078 do,
0

completing the proof of Proposition 25. O

2.4.3 Endpoint Estimates

Finally, we establish coercivity estimates near the boundary 8 = L. In this region, the
coercivity can no longer come from the transport as particles flow towards the boundary
rather than away. However, G, vanishes at the boundary and thus any contribution of
transport is necessarily small. However, near the boundary, the density is being depleted
by the stretching term as G’ < 0 here. Thus, near the boundary the coercivity comes from
the stretching term rather than the transport. We now prove the following proposition

regarding the coercivity of £ near the boundary.

Proposition 27. There exists C > 0 such that for all M € ﬁ4,

’ M(Q)Q [1 — QG;(G) — 2G,(0) tan 9] do + ' M(@)ZNL(M) de
Oy 15

L —~
> (1 —C(L - @)1/2) M(9)? db
lo

by ly
— C(L —ty)7Y/? [zﬁ/ M(0)%0~8 d9+z§</ M(9)20~ K de] .
0 01

Note that in this region, ¢’(0) = 0 and thus the (¢'/p)Gs term is absent.

Proof. Considering the local terms first, since G.(0) > 0 with G.(L) = 0, for {5 sufficiently
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close to L, G’ (0) < 0 for all f € [¢3, L] and moreover G, tan < C(L — ¢3). Thus,

L __ L
M(0)? [1 —2G(0) — 2G.(0) tan ] df > (1 — C(L —£2)) [ M(0)* dé.
12 4,
Now, we examine the terms from £y, which require some additional care as CNJZOC(H) # é(a)
for 6 € [y, L].

Lemma 28. There exists a constant C > 0 such that

L _ L __ by __
GO (L—60)tdd<C(L—1ty) | M@O?*dd+C | M) do
12 12 0

and

L _ L __ by
G'0)? do<C | M) do+C(L— 62)1/ M(6)* db.
123 12 0

Proof. Writing,

610) = @ret0) ~ Gt + G (1= 230 ) 4 S conan (1 (7))

we estimate the three terms separately. First,

~ ~ 1 o __ 1 L __
Gloc(0) — Gioe(L) = =(cos 20 — cos 2L)/ M(¢) d¢ — = cos QL/ M(¢)Ka(p) do
2 0 2 0
9 —~—
_ %(sin 20 — sin 2L) /0 M (6)Ka(9) do

1, L
+ B Sln(ZL)/ M(¢p)Ka(¢) do.
0
Using the fact that | cos26 — cos2L| 4 |sin260 — sin2L| < C|L — 6| it follows that

/ L(@z@(e) — Gioe(L)(L —6)"" do
1%

L 0 L L
C | (L—0) | M@?dedo+C M(4)? d¢ do
<[ )/0 (6)? dé d + /K/e (6)? do

L L
<C(L- 52)2/0 M(¢)* dp + C(L — £3) g M(¢)? do.
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cos 260
cos2L

Integrating the remaining two terms, it is easily seen from the vanishing of 1 — and

1—mnat 8 =L that

e 20\>  Gloe(L)? L—0\\?
L2 (1-=2 Loc 290 (1 L—0)""do
/52 Gloc(L) < cos2L + cos? 2L VYA ( )

< Céloc(L)Q'

Finally,

- ly L __
Gloe(L)? < C/ M(6)*d0 + C(L —t3) | M(6)* d,
0 Ll

which completes the proof of the first inequality. Looking now at G’ we see

L _ L _
G'@2do<c | G.(0)%*do

loc
Kg 52
~ L L—0\> L—0\>
2 o =2,/
+ CGioc(L) /@2 (L — ) (n (L_&) +n<L_£2> do

Since |n| < 1 and || < 3 it follows from (2.4.3) that

L _ L _ .
G'0)2do<C | G,.(0)* A0 + CGroe(L)*(L — £) 7"

42 £2
L _ ly L
<C | G},.(0)*do+C(L — 52)1/ M(@)*do+C | M(6)* dé.
ZZ 0 52

Finally looking at the first term, from the explicit formula (2.38) it follows that
L _ L __
/ 1 (0)2 do < c/ M(6)* 6
Lo 0

from which the second inequality now follows. O

Now, we look at the terms generated by Ly,

LN — —

M(O)LyL(M) df = / ’ 2G(0) M (0)M.(0) — M, (0)M (0)(G'(6) — 2G(6) tan §) d6.
lo 153
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Since M, € C%([O,L]), there exists a constant C' > 0 such that M.(0)(L — £5)'/? < C.

Then,

<C | |GOMO|L-6)"?do

/ " G0V 3T (00 (6) o
Lo

‘ L
Lo

L

<C < Lé(9)2(L —g)! d0> v ( M(0)> d0> 1/2.

fg 62

By Lemma 28 we then have

/e j 2G(0) M ()M (6) d9’

L __ by 1/2 L _ 1/2
<C <(L —0y) [ M(@®)?2do+C | M(H)? de> ( M(6)* d9>
0o 0 Lo

L __ by __
< C(L—0)Y% | M(6)* do+C(L — 22)1/2/ M ()% d.
U 0

In the final term, since M, (L) = 0 and M, € C%([O,L]) we have M, (0) < C(L — 6)Y/? and

hence
’ M.(0)M(60)(G'(6) — 2G(0) tan 6) de‘ < C(L — 4,)'/? ' IM(0)||G" — 2G(0) tan 6| d@
lo

lo

L —~ ~ ~
<C(L—0)2 [ M)+ G'(0)% +G(6)? db.
Lo

Applying Lemma 28 (note that (L — ) < 1 for 6 € [¢2, L] so the inequality only improves
without the singular weight) we then obtain
0 \

M, ()M (6)(G'(6) — 2G(0) tan §) db

Lo

L __ by __
< C(L—0)Y2 | M(0)? d0 + C(L — 5)~1/? / M ()% de.
12 0

Altogether, we then have
L L

M(0)% [1 —2G(0) — 2G.(f) tan 6] df+ [ M(8)Lnr(M) df
lo 153

L __ by
> (1-0(L—0)"2) [ 32 a0 - oL - 52)1/2/ N(60)2 do.
lo 0
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Finally, since

by b ly
M(0) df < f%/ M(0)%678 do + 65/ M(0)267% d6,
0 0 2
Proposition 27 now follows. O
2.4.4 Coercivity

Now, we prove Proposition 22 to obtain coercivity at low order by summing the in-
equalities in Propositions 23, 25, and 27 after multiplying each by l,ﬁf —8 and E{( _862_ K

respectively. Indeed, considering first all terms integrated on [0, /1] we obtain

by
{3 — O — CUE=8(L — 1) 72010 K _ opR=8p K ([, — @)—1/%;3} /0 M (6)%078 do

K 6o
= {3 —Cl —CE(L—-1) V2 —C (Z) (L — 52)1/2} / M (6)%6078 do.
0

Choosing L — fo = ¢? and K = 61_4 gives
2

o b o
{3 —ClH—Cty - ot (£> } M(6)%078 do > 2/ M(6)%0~8 do
2 0 0

for ¢; sufficiently small. For the bulk terms, we obtain

ly
{e{“SKc(L — ly) — CUE=8(L — £)™V/2 — CUE—8¢; K (L — 0y)~ /2 } M(0)0~E o
1%

ly
= (18 Keld —Cert) [ M(9)207F do
4y

where we have recalled that L — o = (3. Recalling K = ¢;* we find

C*K{(_lo
2

(K= -0y >

for /1 sufficiently small. Finally, for the endpoint terms we have

L _ EK_8€_K L
K-8y K (1 —O(L - 52)1/2) | M(9)2 do> 12 4 M(6)2 do
2 2
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for /1 sufficiently small. Thus, we conclude that
L__ CgK—lO EK—SE—K L
/ M (0)L(M)p(6) d§ > min S 2, 12 , 5 2 / M(0)p(0) do
0 0

which proves Proposition 22.

2.5 High-Norm Coercivity

In this section we prove the following proposition regarding the coercivity of £ for the
fourth order portion of the inner product (-, ->7_~[4. The proof is largely analogous to the low

norm case.

Proposition 29. There exists ca,C' > 0 such that for all M € 7:24,

L — —
[ TO@Z0 O 000) 0> e, [ OO0 00 [ F0200) @
0
Here, the constants co, C' depend on the profile and ¢;.

Isolating the top order terms of the local part of the operator £y,

/ " FE (0)Z4(00) D (0)5(0) a9
0
- / " 3w 0) [M<4> () + 2G, ()M (0) + TG (6) M@ (9)} »(9) A6
0

L __ _ L —
- / 319 (6) [26..(6)MT)(6) tan 6] w(6) a6 + / Lo (M)(6) do
0 0

where I, (M ) are the lower order terms from Ly,

2

I (M) =M@ Z< > oG pr(i+k)

k=0

k

MY <4> (GSF—k)M(k) — 201 ®)(@, tan 9)(4—k)) ‘
k=0

Integrating by parts, and noting that the boundary terms vanish since G, (0) = G.(L) = 0,

the top order part becomes

L /
a7 4) ! . (U (9> _ an
/0 MW (9)? [1 +6G(6) 00) G.(0) — 2G, t 9] ¥(6) d. (2.42)
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As in the low-norm case, we treat the three regions [0, /1], [¢1, £2], [¢2, L] separately. First, to

deal with the lower order terms, for convenience we recall a basic interpolation inequality,

Lemma 30. Let k > 1 be an integer. Then, there exists a constant C = C(k) > 0 such

that for every f € H*,j <k and € > 0

, C
1ONz2 < lF e + G P 2. (2.43)

2.5.1 Local Coercivity

Here, we prove that the following proposition about the coercivity of £ on [0, ¢1]. We will
obtain coercivity up to a low norm term which can be overcome by choosing B sufficiently

large in the definition of (-, )74 (2.31).
Proposition 31. There exists C, {7 > 0 such that for all {1 < {7, we have

4y

/ " VED(0)2 [1 + 6GL(6) — 26 (6) tan 6] db+ / UG dos [ ROy (M) db
0 0

0
El . El —
> (3-C) /0 M™(9)? do — Ce? /0 0=8M(0) do.

Proof. Note that 1» = 1 so 1" = 0 on [0, ¢1] so the first integral consists of exactly the top
order terms identified in (2.42). As in the low norm case, the coercivity comes from the
highest order derivatives in the transport term and the remaining lower order terms can
be interpolated, costing only lower order norm which has been controlled in the previous
section. As in the low norm case, for ¢ sufficiently small, since G (0) = 1 and G.(0) =0

we have

146G, —2G, tanf > 7 — C/3.

The remaining lower order terms in I L(]Tj ) can be controlled through interpolation. To
consider the terms generated by Ly we first prove the following high norm analog of

Lemma 24.
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Lemma 32. For any 1 < k <5 there exists C, > 0 such that for all 6 > 0,

b b Lo ;
0 0 j=0"0

Proof. Differentiating (2.37) k + 1 times, the highest derivative term in M appearing is

M®) which appears with the coefficient
1 ) 9
3 (cos 20K (0) + sin20K5(0)) = cos” 6.

Thus, it is readily seen that we have the pointwise bound

k—1
G (9)] < (AT r+ckZ\M 0)] + Cr / M (4)) do (2.44)

for some constant C) depending only on k. Hence, for any § > 0,

k—1 2
GEFD(9)2 < (14 62)MP) (0)2 + O62 (Z M9 (9)? 4 (/00 M ()| d¢> ) :

=1

Integrating the above and applying Cauchy—Schwarz on the integral term completes the

proof of the lemma. O

Corollary 33. In the case k =5, choosing § = {1, we obtain the following local, high-norm

estimate from the preceding lemma and interpolation (Lemma 30).

01 . 4y . 4 —~
| e0er w<ara) [ a00r wica [Mepeta
0 0 0

Considering now the terms generated by Ly, there is only one top order term,

b . 12 " . 01 .
/ MW O)Lyp(M)D dg = — / M, (0)G® (0)M™ () df + / Inp(M) do
0 0 0
where I, denotes the lower order terms,
(4 k) - MR
7 — a4 (4 4-k) Gk+1) p =
Inp(M) ._M<>[2§<k>a<>[ — (M, tan 6)( } kZ_g( ) ]
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Since M, (0) < 4, it follows that

fl - . el —~ —~
M,(0)G®) ()M (6) de‘ <2 [ G96)+ MDD ()% do

0

0

b b __
< (4+0e) /0 MW ()2 do + Cr? /0 M(0)%078 do,

where we have used Corollary 33 in the final inequality. It now remains to control the lower

order terms Iy, Iy, by interpolation. Using Hoélder’s inequality,

4 _ b __
/ (I + Inp)(M)| do < C£3 / M®(6)% do
0 0

L C
@

3 o 4 o
2/ MU ()% d6 + Z/ GY)(9)? 40
j=0"0 j=0"0

for some constant C' = C(||Mx||¢5(j0,617), |Glles(jo,e27))- Then, by Lemma 32 (with ¢ = 1)

and interpolation (Lemma 30),

4y ,v b C 3 b
/O (I + Inp) (M) 49 < C22 /0 MO a0+ Y /O M9 (9)2 o
§=0
o b __
<cn / M® ()2 49 + 2 / M(0)%678 d.
0 0

Altogether, we then have that

EIN fl . 617
/ M@ (0) [146G., — 2G. tan 0] $(9) d6 + / I (M) A0+ | Lyr(M) do
0 0 0

b by
> (7—4—Ce) /0 MW ()2 do — 0@%/0 M(0)%078 do,

completing the proof. O

2.5.2 Bulk Coercivity

Now, we prove coercivity in the bulk region [¢1, ¢5] up to lower order terms which have

already been controlled.
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Proposition 34. There exists C > 0 such that for any K > 10,

1)

M@ (6)2 [1 +6GL(0) — ﬁ/((g)) G.(0) — 2G..(6) tan 9] 0= df + / : 1L (M)~ db
4

41
by

+ [ MWO)LyL(M)6E ap
1%

> [Ke(L—t)—C] | MW6)%07K a6 — Cy, M@0~ 5 do+ [ M(0)%02 d@]
A 0

ZQ |: EQ __ 61
41

Proof. In the region [(1,#s], we have 1/(0)/¢(0) = —K6§~1. Since G, > 0 and vanishes
linearly at § = 0, L (see (2.28)), we have §71G.(0) > KC(L — ¢3) for all § € [0,¢3] and
G, G, are bounded, it follows that

/
146G, — 2G, tan§ — 12((96)) G.>K(L—t)—C

for some constant C' > 0 depending on the profile. Therefore,

Y4 /
 SH) N2 A () B and| o-K
[ a10) {1+6G*(9) )G+ ()~ 26, (@) tang | 67 ap

>[K(L—t)—C] [ M®©)20°K ao.
To deal with the nonlocal terms, we prove the following analog of Lemma 26.
Lemma 35. For any 0 < k < 4, there exists constants Cy, Cy e, > 0 such that

I " Lo . 5 —~
G(k+1) (0)297[( do < Cy, M(k)(a)QafK do + Ckll / M(Q)QQ*K do
01 01 15

by
+ Chp, / M(6)%678 db.
0

Moreover,

by _ by b __
/ GO0k d<C | MO 5 do+ceEH0 / M(0)%678 db.
£ L1 0
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Proof. Integrating the pointwise bound (2.44) gives

0
/ 2 G (9)207K dg
1%

ko pty £y 0 __ 2
<Cy / MY (6)%207% a6 + C ( / M(9) d¢> 9% d6
=0 01 01 0

k by .
< CZ/ MUY (9)20K ag
j=0"0

by
+C 9—K+9/ M(¢)2¢2do+0 | M(e)e 5 dp do
12

k by by by
<C> / MUY (9)20K a0 + o EH10 / M(¢)2p 8 do+C [ M(p)2p K do
X 2 0 12
where we have split the inner integral into the local and bulk range and applied Cauchy—
Schwarz in the penultimate inequality. The first inequality in the lemma then follows by

interpolation. The second inequality follows similarly. O

Considering now the terms generated by £y, there is only one top order term gener-

ated, and the remaining terms can be handled by interpolation.

ly

L __ by —
MWO) Ly (Mo~ do = / Ing(M)OK a0 — [ GOO)MD (0)M,(0)0~ 5 do
01 41 121

Since M, (0) < 4, by Cauchy-Schwarz,

52 ~ . 52 — ‘€2 —
M,(0)G®(0) MW ()oK d9’ <2 [ G9O?Kao+2 [ MD6)2K a6
12 141 4
o —
<c [ M) % do+Cy, [ M(6)%607% do + / M(6)%678 dé]
51 Zl

where we have used Lemma 35 in the final inequality. Using Hoélder’s inequality and that
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G. € C*>(0,L)) N C*2([0, L]) we have

12 . by 3 ly
/ IL(M)o— & de) <C | MWOPOFA+CL-6)T> [ MP @60 o
£ 41 k=001
Ly 3 Ly
<C | MW I+ C(L—6) T / M®*)(9)? do.
2 k=0 4

By the basic interpolation Lemma 30, it follows that for 6 > 0,

ly
<C | MW®)?2 K a0

Lo _
/ I (M)~ 5 dg
4y

121

42 . ZQ —
+C(L — o) "7 K [52 M) do+6% | MW (h)? d@] :
@1 el

and choosing 62 = (L — £2)705 50 gives

123 N
/ I (M)0~5 do
4y

ly N by
<C [ MWO)?207 K 4 KMD(6)2 do + C(L — )45 05 | M(9)? db
61 él

12 N 42 2K 12 .
<C [ MW©)?2607K 4o+ C(L — ty)~ (4) M(0)%0~ % d6.
61 1 él

Proceeding similarly for Inr, we find

lo _
/ Inp(M)o~E db
41

ly 4 by
<C [ MDOP0Fd+CL-1)70> [ GPO)*0F o
& —o’h

ly by b __
<C [ MWDO)?2607K do+ Cy, [ M(0)2075 d6 + / M(6)%678 de]
12 01 0

where we have applied Lemma 35 in the final inequality. This completes the proof of

Proposition 34. O
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2.5.3 Endpoint Coercivity

In this region, the key is to exploit the fact that we are working in a space with lower

regularity near the boundary than the profile. Indeed, since M, € C 2 ([0, L)) nC*([0, L)),
we have M>£4)(9) < C(L —6)~7/2 and thus
L

L
MU OXL -0 do<C [ (L—0)"T3/2 a9 < O(L - £)"/?
s 2

and so we see that the profile is less singular than the weight (L — 6)'3/2 allows for. This

fact allows us to gain necessary small factors to prove coercivity near the boundary.

Proposition 36. There exists C1 > 0 depending only on the profile and Cy = Ca(¢1) > 0

such that for all M € ﬁ4,
L

MW ()2 [1 +6G.(0) — ﬁ((g)) G, () — 2G.(6) tan 0] (L — )32 dp

Lo

L L B
s [ @ -0 a s [ TGO -0
12 £5

L L
S = (L — )2 [ MO 0)2(L — 0)13/2 qg — 02/ N (0)2 do.
12 0

Proof. In the region [, L] we have ¢/ /1) = —2(L — 0)~1. Since G,(L) = 0, and

lim (L — 0) ' G.(0) = —GL(L) > 0,
0—L

by choosing {5 sufficiently small we may ensure that

6GL(0) + 1—23(L —0)"1G(0) — G.(0) tan > 0

for all 6 € [¢, L]. To estimate the nonlocal terms, we require the following lemma which is

the high norm analog of Lemma 28
Lemma 37. For all 0 < k < 4, there exists C,p > 0 such that

L _ E oL
G(k+1)(0)2(L_6)13/2 do < CZ

MO (0)2(L—0)'3? do+C(L—ty)™P / M(6)? db.
Uy 0

j=0"742
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Proof. First, we observe that from the definition of G it follows that

L
/ é(k+1) (9)2(.[/ . 0)13/2 de
12

1 ~
gy Croe LY (L = )1 o

L -~ o~
<C / GED (0)2(L — 0)3/2 40 + O(L — £3)'V/2 % Groo(L)’
12

where we have used that %n((L —0)/(L —£3)) < C(L—#3)~*. Using the pointwise bound

(2.44), we see the first term satisfies

L _ kool
G(k+1)(9)2(L —9)13/2 4 < CZ MO (9)2(L — 0)13/2

loc
Lo =012

0 __
+ (L — 9)13/2/ M(¢)? do do
0

k L __ L
<C> [ MY@G)>L-06)'32do + c/ M(¢)? do.
=07t 0

Finally, since

~ L —

Groe(L)> <C | M(6)* d6

0

the lemma follows. O

Considering now the terms generated by L7,

L . L N
MDO)Lyp(M)D = / Inp(M)(L —6)'3/2 4
42 ZZ

L ~

— [ MW@)G®(0)M.(0)(L — 6)'/? db
Lo

we see the top order term provides only a small contribution due to the vanishing of M,

60



near the boundary. Indeed, since M, € C'/2(]0, L]) vanishes at 6 = L

L — o~
3T90) | GO ()| M (O)](L — )2 s
12

L —_~ ~
<cr—a)? [ IOOIEI O -0 o
2

C(L — 05)'/? {Z HL—0)32d0 4+ C(L — 4o)~ /M d9]

where we have used Lemma 37. It now remains to control the lower order terms I, Iny.
The terms in I; generated by derivatives of the transport and stretching terms 2G, M’ ,

G M are all of the form

L —~— —
MD@MP )G () (L — 9)3/2 dg
12

for 0 < k < 3. Since G, € Cl’%([O,L]) it follows that (L — 0)7/2_1667&57’“) € L*>(]0, L]) for

all 0 < k < 3 and thus by Hoélder’s inequality, for all § > 0,

L — —
M@ 0)M® )G (0)(L — 0)13/2 dg
12
L __ L
<0 [ MYOAL-6)*2 a9+ cot [ M (@)L — )7L - 0)/2 qo.
52 62

Now applying Lemma 17, it follows that

L —_—~—
M(k)(Q)Q(L N 9)—7+2k(L - 9)13/2 d6
Lo

L __ L __
<C [ MYOXL-0)(L-0)"32d0+C [ M(6)?*do
fz 32

L

L — —
<CL—10y) [ MB@?do+C | M(6)? do.
52 ‘62
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Choosing § = (L — £3)'/?, altogether we have

L L
MDMBGEM (1 9)13/2 49 < O(L — )2 [ M@D(9)2(L — 6)3/2 do
42 42

L —_—
+C(L—6)~Y2 [ M(6)? d9.
1)

The other terms in I;, coming from 2G*]TJ/ tan @ are even less singular and can be dealt with
similarly. Proceeding similarly for Iy we find that,

L . L _
/ INp(M)(L —0)'3/240 < C(L — £,)Y? [ MW @)GO(0)(L — 6)'3/? do
32 52

L ~
+(L—10)" Y2 | G(6)? de.
1)

Applying Lemma 37 gives

L L
/ INL(M)(L 0)13/2 49 < C(L — £5)/? Z MD@2(L - 6)13/2 a9
0 v

C(L — ty)7P /OL M(6)? d6

G.(0) — 2G.(0) tan 9} (L —6)13/2 a6

Altogether, we have
L

MW (9)? {1 +6GL(0) —
Lo

L L B
+ / IL(M)(L—0)*? a0+ | MWO)Lyp(M)(L—6)'3/ do
L2 5

L —_—
> [1 —C(L - 52)1/2} M®(9)2(L — 9)13/2 48
L2

—CZ 2L —0)13/% 0 — Cgl/ M(6)? do.

Using Lemma 17, we have

Z/ MYO)L—0)32d9<C M(e) de
12

L —_—
+C(L—0)% | M®WO)XL—0)'3?2 do,
L2
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and the proposition follows. O
2.5.4 Coercivity and Decomposition of £

Proposition 29 now follows. Indeed, summing Propositions 31, 34, 36 we have that

/ " O)L(M)D(0)(8) 46 > [3 — C£2] / e (6)%(0) 6
0 0

ly
+[Ke(L —t)—C) | MW(H)20~K do
121

10— )] /e L MDO2(L— )32 4o — ¢, /0 " ¥ 6)0(0) db.

Recalling that K = €f4, L — 03 = £2 we conclude

I L
/ MW @)Z(M) D (0)4(8) A6 > min {3 — CL2, cf72 — C,1 - Cly } / M@ (0)*4(0) o
0 0

—Cy, /OL M(8)%0(6) db.

Choosing ¢ sufficiently small we have min {3 — C’E%, c€1_2 -C,1-— Cﬁl} = ¢ > 0 which

completes the proof of Proposition 29.

Proposition 38. There exists ¢, > 0 such that for all M € ﬁ‘l,
<M L(M >7—£4 > C*HMH

Proof. From Propositions 22 and 29 we have

(M, L(M))

71 = M(0)> + M"(0)* + (Bey — / M(9 dg

L
+e /O N (0)2(6) db

where we have noted £(M)(0) = M(0),L(M)"(0) = M"(0). Choosing B sufficiently large

that Bey > C then completes the proof. O

Now we prove Proposition 13.
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Proof. To show £ is maximally accretive, it suffices to show £ — Al is maximally accretive
for some A > 0. By Proposition 38, it then suffices to show that £ — Al is maximal. To
prove that £— \I is maximal, we prove that £ is surjective. First observe that the transport
operator M + G M’ is closed on D(L). Since L is a bounded perturbation of this operator,
it follows that £ is also closed on the same domain D(L) = D(L). Thus, by the closed
range theorem, Range(L) = Ker(ZT)J—. Since £ + L is bounded, we have D(L") = D(L)
and thus

(FZ'7) = (Zf 1) =l f1%

from which it follows that Ker(£f) = {0} and hence Range(£) = H* completing the

proof. O
2.6 Finite Codimension Stability

As the profile M, is non-smooth at § = /2, we aim to show there exists a small
perturbation of M, capable of truncating M, near the boundary, which still blows-up in
finite time. First, we use classical semigroup methods to obtain finite codimension stability
for the linear problem. Then, performing suitable estimates on the nonlinear terms, we are

able to utilize a stable manifold theorem argument which produces decaying solutions.

2.6.1 Linear Theory

We now study the linearized operator £ using the well-understood linear semigroup

theory from [29]. We first prove that £ generates a strongly continuous semigroup.

Proposition 39. £ : D(L) — H* L : D(L) — H* generate strongly continuous semigroups

et et respectively.

Proof. By Proposition 13, £ is maximally accretive and thus by Lumer-Phillips theorem
(see Theorem 3.15, Chapter II, [29]) £ generates a strongly continuous contraction semi-
group. By the bounded perturbation theorem (see Theorem 1.3 Chapter III of [29]) it then

follows that £ generates a strongly continuous semigroup. O
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We now recall some classical semigroup definitions from [29]. Throughout, A : D(A) —
H* denotes a closed operator which generates a strongly continuous semigroup e*4. We
denote the spectrum of A by o(A) and the resolvent by p(A). The spectral bound of A is
defined by

s(A) :==sup {Re(N) : A € 0(4)},

and the growth bound of A by

wo(A) := inf {w € R : there exists M, > 1 such that ||e < M,e*t for all ¢t > ()}.

H —
H4 7‘[4
IV:[()I(}()\/QI, we C()“S.(le] ‘lle eSSe“lia] norm

e less :=inf_[|e" — K|z

~ 1749
Kek(H4) —H

where K(ﬁ‘l) denotes the ideal of compact operators on H*. The essential growth bound

is then defined by

Wess(A) := %I>1(f) t~1log ||etA||ess.

We now consider the essential growth rate of L.
Proposition 40. There exists n > 0 such that wess(—L) < —n.

Proof. By Theorem 13, there exists 17 > 0 such that
le™ Fllgs < e ™1 fll 4

for all f € H* By Theorem 1.10, Chapter II of [29] this implies {A € C : Re(\) <

n} C p(£). Thus, wess(—L) < —n and since £ is a compact perturbation of £, we have

Wess(—L) = wess(—L) by Proposition 2.12 of [29]. O
We now recall the following proposition regarding the growth rate wg(A).

Proposition 41. (Corollary 2.11, Chapter IV, [29]) Let et be a strongly continuous semi-
group on H* with generator A. Then,
wo(A) = max{wess(A4), s(A)}.
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Moreover, for every w > wess(A), the set 0>y = c(A)N{A € C: Re(\) > w} is finite, and

the corresponding spectral projection has finite-rank.

Applying Proposition 41 to A = —L , by Proposition 40 we conclude that o>_,/» =
{AM1,..., A\n} is finite and the associated spectral projection, which we henceforth denote
Py is of finite-rank. Note that Py includes the projection onto any potentially unstable
(positive) elements of 0(—L). Define Pg = Id—Py; to be the orthogonal projection. We then
obtain the orthogonal decomposition H = ﬁé 1S 7:243 corresponding to P, Ps respectively.
Now, considering E‘ﬁ‘é’ since s(—ﬁ]ﬁé) < —1/2 and wess(—L) < —n so by Proposition 41

we have wo(—L|z4) < —n/2 and thus the semigroup estimate
S
e fllan S €2 fllga,  forall f € HE, s > 0. (2.46)
On the unstable part H , the dynamics are finite-dimensional with all eigenvalues \; sat-
isfying PRe(\;) > —n/2 and thus
1™ fllge S /4| fll e, for all £ € Flr,s > 0. (2.47)
Finally, we prove any unstable directions are smooth away from the boundary.

Proposition 42. Consider the orthogonal decomposition HE = 7?[4(] @ﬁf‘q obtained above.

If U € HY, then & € C([0,L)).

Remark 43. [t is not true in general that the unstable modes are smooth at the boundary.
Indeed, the profile M, is itself an unstable mode corresponding to time translation of the

blow-up which is non-smooth at the boundary.
Proof. The result follows from the following lemma,

Lemma 44. If A € 0>_p /9, F € C*([0, L)) and ¥ € H* solves

U+ 2EM! +2G,. V' —='M, — G'¥ — 2M,Etanf — 2UG, tanh + \V = F
E" 4 42 = ¥ cos? 0 (2.48)
2(0)=Z=(L) =0

then, W € C*([0,L)).
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Before proving the result we show how Proposition 42 follows. By Proposition 41, 714(]
can be decomposed into a finite number of eigenspaces with eigenvalues A € o> _, /5. Fixing

an eigenvalue A € o> _, /o we obtain an eigenspace 1, ..., ¢, with ¢y solving
—(L4+NY1=0, —(L+ Nk =1

By Lemma 44, it follows that ¢; € C°°(]0, L)) and then inductively applying Lemma 44
we conclude ¢, € C*([0, L)) for all k& < n completing the proof of Proposition 42. Now,
we prove the lemma. The equation (2.48) is singular at § = 0 since G(0) = 0. Let ¥ be as
in Lemma 44. We proceed as in Proposition 7 to first show that ¥ is smooth locally near

zero. To this end, we write

2 ="
W(0) = ¥(0) + %\If”(o) + 0%, Z(0) =Z'(0)0 + “6(0)93 + 0°¢(0).

Then, ¥, £ solve
(8 4+ N\ + 209" = 20€ + 40¢' + Ry
20€ + 100¢" + 62¢" = 41 + 0y’ + Ro.

Here, R, Ry are consist of the remaining higher order (in ) terms. Explicitly, we have
0'R; = R1(2EM)) + R1(2G,¥') 4+ Ry (Z'M,) + R (G. )
+ R1(2M*E tan (9) + Ry (Q\I’G* tan 0) + Ry (F)

03 Ry = Osin® 00" (0) — 46° sin® 0 — 61 sin? Oy’
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where the remainders comprising R; are defined by

" —=In

R1(2EM]) = —25/(0)0(M, — Py M) — 2 <~6®)93 + 956) M;

R1(2G, V') = —2(G, — P1G,) (69" (0) + 463+ + 26*)")

E//I (O)

Ri(Z'M,) = Z'(0)(M, — PyM,) + <202 + 50%¢ + 955’) (M, — Py M,)
92
Ra(GL) = (G = PaG0(0) + (G, — Pucit) 5 07(0) + 6%
_ _ E"(0) 43 | 5
Ri(2M,=Ztan ) = 2=°(0)0( M, tan 6 — Py (M, tan6)) + 2M, tan 6 TG + 60°¢

2
R1(2UG, tan §) = 20(0)(Gy tan 6 — Py(Gy tan §)) 4 2G, tan 0 <92x1;”(0) + 941/;(9))

Ry(F) = F — P,F.

Note that both remainders R; have the form

Ri(0) = f1(0) + 0°¢'(0) f2,:(0) + 0°9(0) f3,:(0) + 0°£(0) f,4(0) + 6°€'(0) f5,4(0)  (2.49)

where f; ; € C*°([0, L)), 1 < j < 5 are smooth functions away from the boundary depending

on the profile. Setting ¢ = #¢’ we obtain the singular first order system
0y'(0) + Ay =R

where Yy = (Q7wa€)aR = (RZ + %Rla %Rlao) and

T3 10
A=|-2 4+3 -10
-1 0 0

It is easily verified that A is positive definite for 7 sufficiently small with eigenvalues (A +
4)/2,4,5. If v1,v9, v3 denote the eigenvectors of A corresponding to eigenvalues A1, Ao, Az >
0 respectively then using variation of parameters we write obtain the following fixed point

problem

k=1

0 n
05(0) = o1 /0 ph1 (QlF (Zakwm,qﬁ)) g
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where @) diagonalizes A. From the form of the remainder (2.49), after integrating by parts
the terms 631 (0) f2,:(0), 03¢ (0) f5.:(6) we obtain a fixed point problem of the form in Lemma
48. Thus, by Lemma 48, W, = are smooth in a neighbourhood of 0. Finally, to see that the
U, = are smooth away from zero and the boundary, for all § # 0, L, we have G.(6) > 0 and

thus we can divide to have

1

U =
2G*

(=¥ —2EM; +E'M, + G,V + 2M,Ztan + 2VUG, tan 0 + AV + F). (2.50)

Since ¥ € H* it follows by Sobolev embedding that ¥ € 03’%_((0,L)) and thus that

Ee Cg’%_(((), L)). However (2.50) then implies that ¥ € C*°((0, L)). O
2.6.2 Nonlinear Estimates

In this section, we prove the necessary estimates on the nonlinear terms to establish
local well-posedness in H* and to truncate the profile M, in a neighbourhood of L. Consider

the bilinear operator N (f1, f2) defined by
N(f1, f2) = 2F10pf2 — (0pF1) f2 — 2 f2F) tan 6,
where F] solves
F/'(0) +AF1(0) = F{(0) cos®0, F1(0) = Fy(L) =
Lemma 45. Let f1, fa, f3 € HL Then,

(N (frofo)s fodgpn | S 1 fallgall F2l

and

(N (f1, f2), fa) | S [ f1llga (190 f2ll ga + (1 F2ll g1l f3 1 -

Proof. The stretching terms are easily dealt with as by Cauchy—Schwarz and Lemmas 21,

19 we have

[(Fif2+2feFrtant, fo) g | S I F2ll 5 (1FL e + 1Bl ) S U2l Fall Foll e
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The transport term requires additional care however to avoid derivative loss. First, we deal
with the low norm. A direct computation using the definition of P, and integration by

parts shows that

L
2/ [F1Lfy — Pa(FLf3)][f2 — Pafa]e(6)
0

L
_ /O FL(0)0p(f2 — Pofo)20(6) + 205/(0) (Fr — PLEY)(fo — Pafo)p(0)

¢'(0)
©(0)

Since ¢ /¢ < COH(L — )™, using that F(0) = F1(L) = 0 it follows that Fy + Fi¢' /¢ <

L
= /0 {F{(Q) + F1(0) (f2 = Pafo)*0(0) + 20 f5 (0)(F1 — P1F1)(fo — Paf2)p(6).

C||F'|| s for some constant C' > 0. Applying this pointwise bound on the first term and

Holder’s inequality on the second, we find

L
[ 1S = BaF)If ~ Pafilot®) S =l 2l

L 1/2
L) ( NG —PIFM(@)) 1 fell o

It follows as in Lemma 16 that

1 (Fl _IP)IFI)Q 01
< " 2 < 2
| P s [ R <

and since ¢; < p(0) < ¢g for some ¢y, co > 0 for all 6 € [¢1, L] it follows that

L 12
[ —piR)e0) < RO +C /0 F1(0)20(0).

Since || FY||zee < || f1llzee, from the L embedding of Lemma 18 it then follows that

L
1S~ PP I~ Pafelo™ S Uil el

In the high norm we deal only with the highest order term as the rest can be dealt with

similarly by interpolating using Lemma 17. The highest order terms gives

L L /
| 2r@s 08 0w = [ [FﬁF] 19(60)20(6).
0 0
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Since ¢'/1) < C(L — 0)~! and Fy(L) = 0, we have |F] + F1¢'/¢| < ||F]|| 1~ and thus

L
/0 211 (0) f37 (0 £57 (0)0(0) < I1F |l £ol 2 S Cll A llggnl fol

This gives the first inequality of the lemma. The second inequality follows easily from

Cauchy—Schwarz and the algebra property. O

2.6.3 Existence of Decaying Solutions

In this section, we construct a decaying solution of (2.30) such that My + M, is smooth
and compactly supported away from the boundary completing the proof of Theorem 6.
First, we decompose the solution into a stable and unstable piece. This decomposition for
finite codimension stability was developed by Elgindi and Pasqualotto in [26]. A similar
strategy was employed in the work of Chen and Hou |7, 8] in the case where full stability
of the profile was known and has been used in the finite codimension case in the later
works |7, 26, 5]. Ordinarily, when working with an approximate profile, one must rule
out the presence of a centre subspace for the linearized operator which can be challenging.
Fortunately, as seen in [5], this is not necessary when an exact profile is available. We now

consider the full evolution
OsM + L(M) = N(M, M), M(0)= M, € H*.

We decompose M = f + g where f, g solve

{asf +Lf=N(f+g.f+9) (2.51)

0s9+Lg=—Lxkf.

Here, f is the stable portion of the solution which solves an equation with a fully coercive
linear part, and g is the unstable portion. Coercivity of £ and favourable estimates on
the nonlinear terms will then allow us to solve the first equation in (2.51) for f. The
second equation can then be solved by an unstable manifold theorem argument to obtain

a decaying solution g.

Proposition 46. There exists v,a > 0 and fo € 7—~[4, go € 7:24U such that
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1. supp(fo+ go + M) C [0, L — a]
2. fo+ g0+ M, € C>([0, L])

3. There exists a global solution f,g € C°([0,00); H*) such that

1 (s)llge + Ng(s)ll 570 < Ce || foll7a- (2.52)

Proof. To solve for the stable part f, we will use the decay of solutions of the first equation
in (2.51) due to the coercivity of £. Then, following classical stable manifold theorem
constructions, we must construct g by integrating from s = 4+o00. Given f, if we take

Psg(0) = 0, then g is determined by
g(s) — / e(s’,s)ﬁPUﬁKf(S/) dS/ o / e(s’,s)ﬁpsﬁKf(sl) dSl. (253)
s 0

Here, we recall Py denotes the projection onto the unstable subspace 7:221, and Pg its orthog-
onal projection Pg = Id — Pyy. Now we define the iterates (fy, g,) and show the sequence
converges to a solution of (2.51) with the properties demanded by Proposition 46. Define

fo =0 and then for n > 1 set
gn(s) = / e EPy Lre o1 (s)) ds’ —/ e IR Lre o1 (s)) ds’ (2.54)
s 0

and let f, solve

asfn+zfn = N(fn+ gns fan+9n);  fa(0) = —(Mi + 91(0))Xa- (2.55)

Here x,(0) = x((L — 6)/a) and x is a compactly supported, non-negative bump function

such that x = 1 on [0, 1] and vanishes on [2,00). We have chosen our initial data such that

fn(o) + gn(o) = —Mixa + (1 - Xa)gn(o)

where we note that g,(0) € ﬁ‘é for all n. We have that —M,x, is smooth and by Lemma
44 (1 — x4)% is smooth for all ¥ € ﬁ?] and thus it suffices to prove that f,, g, converge

in H#* and have exponentially decaying limits. We prove that Il fn(s) < ee™ " for all n

||ﬁ4
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using induction and a bootstrapping. Clearly the result holds for n = 0. Now, we make the

bootstrap assumption that || f,(s)[| 72 < ee™" and assume further that || fr—1(s)[| 7. < ee™

7

for some € > 0 to be chosen later. Using the semigroup estimates (2.46), (2.47) and the

induction hypothesis yields the following decay on the unstable part g,

Hgn(S)Hﬁzx,ﬂ/ e3ﬁ(s/,s)/4||£Kfn_1(8/)”ﬁ4 d8/+/ (8/78)17/2”‘CKfn—l(Sl)HﬁzL ds’

e
s 0

oo s
5 6/ 63(5’—5)77/46—775’ dS,—|—€/ e(s’—s)n/Ze—ns’ ds’
s 0

—ns/2
<ee /2,

Repeating the same argument and noting that dyLx is bounded on H* we conclude that

we actually have
19n(9) |54 + 100gn(5)l| 570 S ee™ /2. (2.56)
Now, taking the inner product of (2.55) with f,,

1
§3s|!fn||%4 + 77||an2ﬁ4 = <N(fn + Gn, fn+ gn)a fn>;q4 .

From bilinearity and the nonlinear estimates in Lemma 45,

[N+ s fo+ 90)s Fadgzn | S Il (1 falle + lgalls + 10gall, ) -
It then follows from the induction hypothesis and (2.56) that
s fu ()l s + 1ll ()l gz < C(2€™™ + || ful)]1570)-
By Gronwall’s inequality and the bootstrap assumption,
1£n ()l 7 < Ce™™ ([ fu(0)ll 24 + C™n Y.
Finally, noting that
120574 < 192(0)]l 74 + Ca < Ca(l + || fu-1(0) || 74) < Ca(l +¢)

choosing €, a sufficiently small we conclude

€ _
IFn ()l = 57
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concluding the bootstrap. Finally, we show the sequence (f,, g,) are Cauchy in the space

of exponential decaying functions. For fixed v > 0 define the norm
U sy _
1N poozs Supe 1/ ()l 374

Consider the differences F,, = f,+1 — fn and G, = gn41 — gn which satisfy

OsFy, + LF, = N(fn+1 + gnt1s far1 ‘|‘gn+1) - N(fn + ns fn +9n)

o . (2.57)
Gn(s) = / el _S)EPUEKFn,l(s') ds’ —/ els _S)EJP’SEKFn,l(S') ds’.
s 0
Taking the inner product of (2.57) with F,,, we have
SOl Full + Pl
9 silEnllga nllgga
<AN(fn+1 + gnt1s o1 + gnt1), Fn>ﬁ4 — (N(fo =+ Gns fr + gn) Fn)ﬁzl
S Enllgga (1Fll s + 1Gnllga) U fnvillzza + Ngnsilliza + 1 fnllza + llgnllza)-
Since || fn(s)ll574 + [lgn(s)|lga < ee=%/2 for all n, we have
Osll Pl s + nll Full s S ™™ (| Fullggs + 1 Gill ). (2.58)
Now, we note that from (2.57), it follows that [|Gn(s)|lgs < e*”S/2HFn_1HLwﬁ4 for all
il

?ZT" < 7. Therefore from (2.58) we can conclude that
1Ea(9)llz0 S €™ OOl z0 + 1Pl poogpa) S ee™ " B ()] o

and thus

N Fu(s)llgza S e ()

774 ||Lg°,ﬁ4'

Choosing e sufficiently small, and 3n/4 < v < 91/10, we conclude F,, are Cauchy in L$°7-l4

(so that Gy, are Cauchy in L7‘;72ﬁ4). O
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2.7 Blow Up For Solutions with Compact Support

In this section, we show that the radially homogeneous blow-up solutions constructed in
the previous sections can be made compactly supported. We follow the approach developed
in [22, 24]. We decompose the initial data py = psro + po where pgsro = rP(#) is radially
homogeneous and V+py € C%(Q). We then show that near r» = 0, the homogeneous part

dominates and thus obtain singularity formation in the full system.

Proposition 47. Suppose py = psro + po € C’O‘(ﬁ) where psro = rPy(0) and V+py €
C*(QY). Moreover, we assume that pg is even iny and Py is even in @ and Py € C%([0, L]).
Finally, we assume the vanishing, V+pg(0) = (0,0). Then,

1. There exists T > 0 such that the unique local solution of (2.1) can be written
p(t’ 9) = ,OS[(t, 9) + ﬁ(ta 0)7 pSI = TP(tv H)a VLﬁ € CO([O’ T]v Ca(ﬁ))

where P(t,-) € C%%([0, L)) is the unique local solution of the 1D system (2.29). The
time T > 0 on which the decomposition is valid can be extended if and only if p, P do
not blow-up.

2. If there exists T, < oo such that limsup,_,7, |[|P(t,)|re = 400 then there exists

0 < T' < T, such that limsup, 7 |V pl| g = +o0.

Proof. The proof follows that of [22] but we include it for sake of completeness. We write
p = psi+p where psr = rP(t,0) and p = p—pgr. Likewise write u = VAU g+ VLT where
Usr = r2G(A) and ¥ = U — Ug;. Here, W is the stream function defined by ¥ = A~19,,p
. Now, V17 satisfies the equation

VD + (usr - VIVYD+ (- V)V4ipsr + (@-V)VE5

= Vugs - Vo + VaVtpss + VaVv+p (2.59)
We begin by finding apriori L™ bounds for V5. First, note that

|IVusr|| Lo + HVJ'PSIHLOO < C| Pl
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. Then, from (2.59),

d
w\vlﬁllm < |[(@- V)VEpsillre + |[VusiVEpll e + [VaV*psi|pe + | VaVp| oo

<

~

u
T

1Pllo2 + 1Pl o [[V-pllzee + IVl [ Pller + [Vallzoe [ V5] oo
oo

Now, if V45 < |2|® we claim 2(z) < |2|'*®. Indeed, if G’ denotes the Green’s function for

the Laplacian on Qg then splitting into near and far field, we have

(o) £ [ V.G, 2)21 ds
Qs

= / |IV.G(x, 2)||z|* dz —I—/ |V.G(x, z)||z|* dz.
[lz—z]|<2|z]]NQg

(lz—2|=2]|N<2p]

In the near field, using that |V,G(z, 2)| < |z — 2|71 and |2]® < |2|* we have

[

/ VL G(z, 2)||2|* dz 5/ T4z < o)t
(le—2| <225 lo—z|<2fz| [T — 2]

In the far field, we use that V,G(z,z) < |z|/# /|2 — 2|"/#*! where 8 < 1/2 to again obtain

2|

V.G (x, 2)||z]¢ dz < z|/P — T dz < |zt
[J—z]>2/[2] ja—z|>20a| | — 2]

In particular, we now conclude V+%(0) = 0, and from (2.59) it follows that V+75(0) = 0 is

propagated. We therefore have

— — o p(x) —_ — «
+ [Vu(2)| < IVu(z)|ce ||, ‘val + V()| S IV-p(@)lloa 2.

Since V+5(0) = 0, Va(0) = 0 we may apply Lemma 4 to V#, V+45,%/|z| in the forthcoming

C® estimates. From (2.59), and the product estimate of Lemma 4 we have
d
— V45l e
IVl

< |l@- V)V*psillce +[VusrV=allos + [VaV*psrlice + [IVaV-allce

< [®=)

~

1— — — 1—
[Pllc2e + 1Pllcra[VERllon + I VEllcal|Pllcre + [Vl Lo V=Pl oo
Ca
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Upon noting that [[(z)/|allcx S [IVallos S |4 pllce we have
d 1 11— _
— V4 Blles < V47| . (1Pllcze + V).

Given this apriori estimate, it is straightforward to verify that (2.59) has a unique, local in
time solution and the solution satisfies p = p — rP. Moreover, if p and P remain regular
up to time T, then ||V+p| e, ||P||c2.e are uniformly bounded and it then follows that
V15| Lo remains bounded and hence p remains regular as well. Thus, the decomposition
persists until either p, P blow-up for their respective systems. Now we prove the second

statement of the theorem. Suppose for sake of contradiction that
IVullze + |Vpl[~ < C

remain uniformly bounded for 0 < ¢ < T}. Then, since |Vp| < |z]| locally, it follows that

lim sup [V p| = limsup [V g7 + V45| = limsup |V pgr] > ([Pl

|x|—0 |z]—0 |z|—0
which is a contradiction as t — T. O
Chapter 2 Appendix

Here, we prove a general result regarding the existence and smoothness of solutions to

a fixed point problem which arises when solving singular ODE of the form
0y + Ay = F(y,y',0) (2.60)

where y : [0,d]"” — R", and A is a constant, positive definite matrix. We use this result
to construct a local solution of the profile equation in §4.2 and to prove regularity of any

unstable modes in §7.1

Lemma 48. Consider the fized point problem

0
y(6) = 0°G(y.6) + 6> /0 A0+ Py, 9)) di (2.61)

where y : [0,d]™ — R™, v € R™ is a constant vector, A\ > 0 and F,G are smooth. Then
there exists d > C/(||F||c1 + ||G|l¢1)Y? where C is a constant depending only on A such

that there is a unique solution y € C*°([0,d]) to (2.60). Moreover, |ly|lr < 2|v]|.
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Proof. The result follows easily from the Banach fixed point theorem. Indeed, if y;,y2 €

Bgr(0) c C°([0,d]) where R = 2||v|| then,

0
0%(G(y1,0) = G(y2,0)) + 9A/0 LM (F(y1,6) — Fy2. 9)) dqﬁ’

0
< C||Gllc10*ly1 — y2llco + CF e llyr — y2H009A/0 oM dg

< Ca(IFller + IGllen)d?lyr — yzllco-

Taking a sufficiently small, we conclude that the associated mapping is a contraction on
Bgr(0) € C° and thus has a unique fixed point y € C%([0,d]). We now use (2.61) to show

that y € C°°(]0,d]). Suppose y € C*¥([0,d]) for some k > 0. Then,

dk+1

gt (0) = 0°G(y,0)] = (1 - 60 Gy, 0))y "V (0) — Grly,0)

where Gy, € CY(]0,d]) denotes all the lower order terms and d; denotes a derivative in the
first component. Since 1—629%G(y, §) > 0 for 6 sufficiently small we can divide to isolate

y* 1. From (2.61), it now suffices to show that if g € C*([0,d]) then

0
6 /0 () do € CHHL((0,d)).

Making the change of variables 6n = ¢ we have

0
o /0 PHg(9) dp = 62 /0 LM g (on) dn. (2.62)

Taking k + 1 derivatives of (2.62), the highest order term occurs when all derivatives land

on g. Considering this term and integrating by parts, we obtain

1 1
4 d
92/0 A2 (kD) (g d77—92/0 P2 1d?’]g(k)<977) dn

1
— 9g®(0n) — (A 1k + 2) /0 PR (0) dy,

which is continuous since g € C*. Moreover, since g € C* all lower order terms are also

continuous and thus we conclude that y € C°°(]0, d]) as desired. O
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Lemma 49. Suppose f € C*((0,1]) N C([0,1]), f(0) =0 and

i 2700 _
6—0 f(@)

for some a > 0. Then, f € C?([0,1]) for all B < max{1,a}.

Proof. We note, that it is not necessarily true that f € C*(]0,1]). For instance, one can
take f(0) = 6*log(f). For any € > 0, choose ¢ > 0 such that |#(log(f(6))) — a| < € for all

0<6<d. Then, for0 < b <9
|(log(f(6)))' —af™!| < et
and integrating on [6, §] we have

6
[log(f(0) —log(f(9)) + erlog(0) — arlog(d)] < /0 |(log(f(6)))" — af™"| < —elog(68/3).

(2.63)
Exponentiating the above gives | f(6)0~%||f(d)d~| < 67 and therefore
1O ¢ e
£
Then, using that |0f'(0)/f(0) — a| < € and the fundamental theorem of calculus,
£@)— 1) = A<@ral[ T a
c Z
Finally, using (2.63) we conclude
Y e gote + €)dte e e
@)= fl < (o o) [t i e = e
from which it follows that f € C?([0,1]) for 8 < min{1, a}. O
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3. On Scale Invariant Solutions to the SQG Equation

This section is based on joint work with Tarek Elgindi.
3.1 Introduction

The 2D Surface Quasi-geostrophic (SQG) equations are given by

u=vi(-A)"20 (3.1)
©(0,x) = Oy(x).
Here © denotes a scalar, such as temperature, being advected by a divergence-free velocity
field . In turn, the velocity field is recovered from the scalar using the law u = V-A~1©
where A = (—A)%. The global existence of solutions to (3.1) remains an outstanding open
problem. The problem has received much attention over the years due to its similarities to

the 3D Euler equations (see [11]).

3.1.1 Scale Invariance

Given the spatial scaling symmetry enjoyed by solutions to (3.1), it is natural to consider

scale-invariant solutions:

O(x,t) = ry(t,0)
where (r, §) are the standard polar coordinates on R?. It is easily verified that 1-homogeneity
is the only homogeneity that could be propagated by the equation (3.1). Since © grows
linearly at infinity, it is not immediately clear how to define the stream function A~'0.
Using the standard kernel representation of (—A)%, we have

27 Jge @ —

which seems to require f to have decay faster than |y|~! at infinity to be well-defined. In [25],
the authors prove that if © is odd with respect to an axis and m-fold symmetric for m > 3

then A~'O can be defined in a way consistent with compactly supported approximations.
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We wish to study solutions without odd symmetry about an axis. In order to do so, we

let us suppose that we have compactly supported solutions of the form

0 =rg(t,0) + ©°P (3.2)
where VO?P € C%(R?) and ©2P vanishes to order r!7* as r — 0. For such solutions, A~*
is perfectly well-defined and we find that

ALO) = 12 (k’g(r) /” 9(0,1) d9> +0(r%)

8t J_»

as 7 — 0. The velocity field generated is thus logarithmically unbounded as r — 0 and a
logarithmic spiral must form immediately. This actually means that the decomposition (3.2)
cannot be propagated even for short time. It turns out, however, that we can propagate a

modified decomposition:

O =rg(t,0 — A(t)logr — C(t)) + 627, (3.3)

so=— [ [ atw.00.

with ©2P € C1* and the rigid rotation C(t) determined (nonlocally) by ©.

Upon sending  — 0, we can then derive a closed 1D system on g (and \):
0ig + 2G0pg = 99Gg, G =A"'g+ Ky, (3.4)

where K is an operator that is smoothing of degree one. Note that C(t) does not affect
the dynamics of g since it is just a rigid rotation. Note also that the symbol of K is
time-dependent in that it depends on A(t). Finally, note that in the case where g is mean
zero studied in [25], the leading order term in K vanishes and K is smoothing of degree
two. When ©2P = 0, i.e. the solution is not compactly supported, formally C(t) = +oo.
This means that 1-homogeneous data with non-zero mean is propagated as a logarithmic
spiral solution with an unbounded rigid rotation. This is similar to the situation with

vortex rings in the 3D Euler equation, which can be propagated up to an unbounded rigid
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translation. It is important to point out that, without the mean-zero assumption, even
locally 1-homogenous solutions to the SQG system cannot be propagated without taking
the logarithmic correction into account. Let us also point out the paper [3] that does
study formal 1-homogeneous solutions that are perturbations of g = 1, using a modified
interpretation of A~!. This modified interpretation does not appear to be consistent with

localized solutions.

3.1.2The 1D System

The system (3.4) bears a strong resemblance to the generalized Constantin—Lax—Majda

equations, or Okamoto—Sakajo—Wunsch equations:
Oww + audpw = dguw, Opu = H(w). (3.5)

Here, a is a parameter controlling the relative strength of advection. The case of no ad-
vection a = 0 is known as the Constantin—Lax—Majda equation and was first introduced in
[10] as a 1D model of vortex stretching in fluids. It was later generalized by De Gregorio
and Okamoto—Sakajo—Wunsch in [16, 37] to include the regularizing effect of advection. We
observe that, up to the smoothing operator K, (3.4) is simply the generalized Constantin—
Lax-Majda (or Okamoto—Sakajo—Wunsch) equation with advection strength a = 2.

The global well-posedness of (3.5) has garnered much attention in the mathematical
community due to its resemblance to the 3D Euler equations. When a = 0, it was shown
in [10] that, using the Tricomi identity for the Hilbert transform, one can explicitly solve
the system. In particular, the authors of [10] obtain explicit solutions that can blow-up in
finite time. Later, [12| proved that singularities still occur when a = —1 corresponding to
the case where advection works in the same direction as blow-up. For a > 0, the advection
works against blow-up and transports particles away from regions of high concentration
as in the 3D Euler equations. The second author, together with Jeong prove in [23]| that
singularities can still occur for a > 0 sufficiently small. It remains an interesting open
problem however whether smooth solutions to (3.5) posed on S!' exist for all time. In

[31], global existence is proven on St for solutions close (in C?) to equilibrium solutions
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Asin(6 — y) with solutions converging exponentially to an equilibrium solution in H* for
s < 3/2. In [4], Chen proves global existence on S! for smooth, odd initial data which is
signed on [0,7/2]. This successfully rules out many of the previously considered blow-up
scenarios.

In all of the blow-up scenarios for (3.5) thus far, it is required that w vanish at a point.
More generally, in higher dimensional fluid models, most blow-up scenarios require setting
up a hyperbolic point around a point of zero vorticity. This leads to the interesting question
mentioned in [18] as to whether there exist blow-up solutions with non-vanishing vorticity.
To the authors’ knowledge, this question has only been answered (in the negative) for 1D
models. It remains an interesting problem to see what happens in higher dimensions. In
the case a = 0, it is easily seen from the explicit solution formula that the vanishing of w is
necessary in order for blow-up to occur. For a = 1, it was proven in [35] and [38] that non-
vanishing solutions exist for all time. In [35], the authors note that ||\/w|| 71 is conserved,
from which it follows that all non-negative solutions are global. In [38], they exploit the fact
that the commutator of the Hilbert transform with the transport term yields a term with
good sign to prove that any strictly positive solutions are global. That the commutator
yields a signed quantity was observed in [2|, and later generalized in [1]|. It is this approach

of [38] that we employ in our case to prove global existence of positive solutions to (3.4).

3.1.3 The Main Results

We now state the main theorem of this section.

Theorem 50. Consider the class of initial data ©g : R>q x R? — R which is m-fold

symmetric for some m > 3 and admits a decomposition
©p =71g0(0) + @(Q)D(T, 0)

2D 2a(Qly ;o 27 ST _
where VO§© € C and go € C**(S") is == periodic with [ g0 = 1. Suppose moreover that
O is compactly supported in a ball of radius M centred at the origin. Then, there exists

T =T(|VOollce + |lgl|c2.a, M) > 0 such that there is a unique, local in time solution to
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(3.1) of the form

O(t,r,0) = rg(t,0 — \(t) log(r) — C(t)) + ©%L(t,r,0 — \(t) log(r) — C(t))

t ™
At) = _4177/0 / g(s,0) do ds,

C(t)_/gt (/OMPQE:S’T) dr + Cy 7Tg(s,@) d6> ds,

with Cyy a constant depending on M and g solves

where

0rg + 2GOpg = g0y G,
G =17(g),

where T is a time-dependent pseudo-differential operator with leading order symbol

(14 A(1)2)"2A,", and VO?2P € C([0,T); C*).

Remark 51. It may seem odd that the change of variables 6 — 0 — \(t)logr does not ruin

the regularity of ©*P. The point is that ©2P vanishes like '+t near zero, while 0, logr = 1

=
After obtaining the 1D system, we then prove that positive solutions exist globally in time.

Theorem 52. Suppose go € H*(SY) for k > 1 is %’r periodic with m > Cy, a universal
constant. Assume go > 0 and fSl go = 1. Then, there exists a unique, global in time solution

g € C°([0,00), H(S1)) of (3.4).
3.1.4 Discussion of the Proof

Our strategy is inspired by the proof of global regularity of positive solutions to the De
Gregorio equation in [38]. We study the evolution of g, Hg. In the case of De Gregorio, the
commutator of the Hilbert transform with the transport gives a term of good sign. Using
the Tricomi identity H(fH f) = %Hf2 — %f2, the following system of ODE can be obtained

for g, Hg along the flow,

T =uxy
{. <12 132 (3.6)



Here x = fo®,y = H f o ® and ® denotes the low map induced by G. We then prove that
solutions of (3.6) with z(0) > 0 are bounded on any interval [0,7). The key observation is
that y is being stretched by %y, while z is being stretched by y. Thus, if y becomes large,
x grows even faster than y and therefore —%xQ dominates +%y2 pushing y back down. In
the case of the SQG equations (3.4), we incur additional remainder terms originating from

the smoothing operator K. We prove that these additional terms can be controlled by the

term of good sign.
3.2 Derivation of the 1D System

This section is devoted to proving Theorem 50. We prove that the homogeneous system
(3.4) is obtained in the limit as » — 0 of truncated, finite energy solutions. One can
consider truncations of scale-invariant data of the form ©g(r, 6) = rgo(0) + 032 (r, ) where
V@?)D € C*(R?) and @%D is taken so that O is compactly supported and therefore has
finite energy. Such a decomposition is proven to be locally well-posed in the case where
© is odd about an axis while both pieces remain regular in [25]. It is also proven in [25]
that a 1D homogeneous system is satisfied in the limit as r — 0 for m-fold symmetric
solutions which are odd about an axis, and that singularity formation in the 1D system
implies singularity formation for these truncated, finite-energy solutions.

Since we wish to consider positive solutions, it is not possible to have odd symmetry
about an axis. We prove that in this case, 1-homogeneity is no longer propagated and a
logarithmic spiral is immediately generated. After accounting for the spiral, and a rigid
rotation we then obtain a 1D system which is similar to the homogeneous system in [25].

We now proceed with the proof of Theorem 50.

Proof. Let ©,¥ solve (3.1) and assume O is supported in the ball of radius M centred at

the origin, on a time interval [0,7]. Write © = rp. Then, p satisfies

1 By
Op+ - (3T\I/89,0 - ag‘lfarp> -2 p=0
T T

T =A"(rp).
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Now we decompose

p=g(0—\t)logr — C(t),t) + p*P(r,0,1)

where rVp?P p?P € C% and A(t), C(t) are free for now. We now study the stream function

U. We first decompose p into its mean and mean free pieces p(r,8) = p(r) + p(r,0) where

A(rt) = 1/7r o(r,0,1) do.

2

Similarly, we denote

and decompose ¥ :
Note that

Below, we will show that

¥ = o)+ (<2054 Cu(0)) + F 0 + T 35)

where T is a smooth function satisfying |T'(r)| < Cr3log(2 +r)/(1 + r3) and

F(r,1)
T2+o¢

|+ lowtEFllen < Conr (I on + IV o) (39
LOO

163102 F | e < Coonr (6%l + 176l ) (3.10)

for a smooth, radial, cutoff function ¢,; such that ¢p; = 1 on [0, M] and ¢p; = 0 on

[M + 2,00). On the other hand, we will show that

U(r,0,t) = 12T (g)(r, 0 — A(t) logr — C(t),t) + ¥,
with w2P satisfying
w20

+ID252P e < Cora (167 lom + 11V % cn ) (3.11)
Loo

742—5—04
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and T is a time-dependent pseudo-differential operator with leading order symbol
L+ A(t)2A;
Once the above is established, and we define
Ny =-2, =),

the decomposition will be justified up to a regularization argument.
Computation of ¥ and ¥

We first examine . We have
Lo Pp(r) .
1/ _
= — - dr dé
(rp) o /_7r /0 (7 + 12 —2r7 cos( — 0))1/2 "

M/r 25(rR)
dR dé.
/ / (1+R?%— 2Rcos(0 6))1/2

Now, expanding around R = +o0, the kernel can be written

R? ~ 3cos?(0—0) —
(1+ R2 —2Rcos(f — 0))1/2 = Rt cos(f—0)+ 2(R+1)

K(R,0)

where

C
(R+1)(14+ R2 —2Rcos(f — 0))1/2

|K(R,0 —0)] <

for some universal constant C' > 0. Then, since cos() has mean-zero on the circle we have

that
M/T 2 M/T‘ 3COS o -1
A1—2/ Rp(rR) dR + — / R) d6 dR
(rp) =7 ; p(rR) t3 R+1 p(rR)
r2 M/r _ _
+ — K(R,0 —0)p(rR) df dR.
27[' 0

The first piece simply gives a constant,

M/’I‘ M 1
r? / Rp(rR) dR = / p(F)F di = — [ p(z) d.
0 0
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After integrating the second term in 6, we get

2 M/r = M/r M/r 2D
r/ PrR) g / dR+/ / CR) ir
1), R+1 R+1 R+1

2D(?”R)
R+1

’I“ M/rp
f—glog(l—i—M/r) / dR
4 4,

2 r2 M/r 2[)
_ —%glog( )+ —glog(r—i— M)+ Z / PEOR) g
0

R+1

Due to m-fold symmetry, VO2?P € C® forces |p?P(r)| < Cr®. The 2D part then satisfies

r /M/T PR g1 / G /M PP 4 s /M PP
R+1 = 0 P )

where we note that the first piece is independent of r and induces the uniform rotation

C1(t). The second piece

. r2 (M ;)27D(f)r B
Bir):= 4/0 7(r 4 7) ar

belongs to the forcing F' in (3.8). Indeed, it is easily seen that we have that

< C||p?P|| .
LOO

Fi(r)

for a universal constant C' > 0. Now we estimate ||02Fy|| . First, we see that

&R :6r/M ) dr—6r2/M PP dr+2r3/M WadUNPH
dr? o T(r+7) 0 )? 0

and using that [p2P(7)| < C||p?P||ca(1 + 7)~* we then find that

d? M- 52D (7)y3
“¢M(T)M </0 /;’(7’(437‘) dT)

< Clog(M)[[6”)|c.
LOO
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Now, we consider the C® seminorm estimate. Writing ' = ~r where, without loss of

generality 0 <y < 1, we find

Yoo r r’
_ B dF
/0 peolr) <F(r +7)  F(r'+ f)) g

M

r —5 1 v
< — 2D ( — dr.
- To‘(l—’y)o‘/o Ll <r(r+r) r(r’+r)> g

Making the change of variables 7 = r R, we have

1 Mfr ___ 1 ~y
r%l—waA ”w“ﬂ”<Ra+R>‘Rm%Ja>dR

RO{
1+ R)(v+R)

1

|r — /|

dR < Callp?Plloe(1 =)'

- 00
< Yl (1 =) |
o (
for some constant C, depending only on «. Proceeding similarly,

M 3 3
1/ pQD(,)?) — r — — — r — d7
Ir —r'l* [, r(r+7)3  7(r'+7)3

— 3Ry —v(v+1)
14+ R)3(y+ R)3

dR

1 > 1R3
< PP lca(1 =) [ e
: (
< Call®Plon (1 = )1

and finally

1 M 2 2
|70 (s - s ) @
lr —r'|* J, F(r+7)?  F(r'+7)?

o [ a1 R2(14+7) + 2Ry
<(1— / Ro-1 dR
U= (1+ R2(y + R)?

< Callp?Pllge (1= 7)1

Thus, we conclude

162187 Fillce < Clog(M)][p?P | ce.
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In the final term, we see that since K is integrable and 27 periodic, we have that

M/r _ _ oo pT B B
7“2/ K(R,0 —60)g df dR:rQ/ K(R,0 —0)g df dR
0 - 0 —m
—r2/ K(R,0—0)g dd dR
M/rJ—x
= Cgrg+T(r)g

where I'(r) is a smooth function of 7 with I'(r) < Cr3/(1 + r3). Finally, we consider the

2D piece
M/r prm o
Fy(r) == 7‘2/ / p?P(rR)K(R,0) df dR.
0 —T

We have that

Fy(r)
T2+a

- oo ™ _ _ -
SHMWCg/ /‘RﬂKuaem<wdRscwwmmm
Lo 0 -

Then, since K has integrable decay at infinity, classical singular integral estimates give
187 Fo(r)lloe < Cu([|9?P o+ 7V p?Plca), 107 F2(r)llge < Crr(19?P ]l ga+ 117V 02| e )
Thus, altogether we conclude

p(x) dz + r? (—bgwg—i—Cl(M,g)) + F(r,0) + gl'(r) (3.12)

7= 8" p) = | ;

RQ

where F(r, 6) satisfies the bounds in (3.9) and

M 2D (= 1
Cy(t) = /0 per) dr + Ckg + 7 log(M)g

T

r/M B B 2
I'(r) = r2/ K(R,0) df dR + % log(r/M +1).
0 —T

We thus set
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It now remains to compute A~ (rp(6 — A(t) log(r))). We take
UP(r,.0) = r2GO — A(t)logr).

Then,

1 U(z)— T
no - L [ M),

> 12G(0 — Mog(r)) — F2G( — NlogT) _
— rdr dé.
/_ﬂ/ (r2 4+ 72 — 2r7 cos(0 — 0))3/2 nar

Making the change of variables 7 = rn, we have that

G(0 — Mog(r)) — PG(6 — Alogn — logT)) ~
R dn do 3.13
/,r/ (1472 — 2ncos(d — 6))3/2 7 (3.13)

GO — )\log( )) — nG(6 — Nogr — Alogn)) -
= = dn d6 3.14
74/—7r/ 1+n2 —2ncos( — 0))3/2 " (3.14)

// G(6 — Nog(r) — Alogn) = G(6 — Mogr — Alogn)) 45 (3.15)

(1412 — 2ncos( — 0))3/2

We now consider the first term,

/_: (5(&) - é(¢)> /0°° (1+n2— 29 605(9:]— o~ Aog )2 1199

where 6, = 0 — logr. Setting 5 = 6, — ¢, since the inner integral is singular at g = 0, we

would now like to get the asymptotics as g — 0 for

°° U
= /0 (1 + 12— 2ncos(8 — Alog 77))3/2 o
We write
no)= [ L 7z 1= Tu(8) + Ja(6),
((1 —n)* + 2n(1 — cos(8 — Mogn)))
where

! 3/2
2 ((1 = )2 +2n(1 — cos(8 — Alogn)))
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Clearly, we have that

|J12(8)| < C,

for some universal constant C' > 0, since the integrand is singular only at n = 1. Now we

change variables and see that

Ji(B) = /21 s 3/2 dx
—3 <x2 +2(x + 1)(1 — cos(8 — Alog(x + 1))))

1
2 1
:/2 T+ du,

X 3/2
3 (g;? +2(z + 1)(1 — cos(f — Az + AE(?«“))))

with |E(z)| < Cz%. Now set z = 3X. to obtain

1/22 BX +1

Ju(f) = = 3/2
B J-% (X2 +2(BX + 1) =ffD) /

dX,

where G(X, ) =1 — AX + 2E(8X). In particular, we get:
B

Ju(B) = =

2 —cos 3/2
B (X2 28X + 1)1B7§5G>)

1
1 25 X+1
/ B dX + Jll,R(ﬁ)'

where Jq1 g is a smooth, bounded function of 3. Now let us study

Ji1,p(B) = /2/3 bX +1 dX.

—COS 3/2
B (X2 428X +1)9)

It is not difficult to see that Ji; p is a smooth function of 3 in a neighborhood of 0. Indeed,
the denominator is bounded from below uniformly. We can compute Ji1 p explicitly at

B8 =0 to find

o 1
T,p(0) = /oo T a o)z T VLA
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Taking the derivative in # and evaluating at S = 0 we have

> X Xl—)\X —i—)\X(l—/\X)
J; 0) = dX
117P( ) /_OO (X2+()\X— ) 3/2 / 1—)\X) )5/2

A
s

Thus, we have that

np) = 2R b D), (3.16)

where J; g(8, ) is a smooth, uniformly bounded function of f € [—m, 7] and A € [0,1].
Note moreover that since J(f,0) is even, so too is Ji r(53,0). Finally, we consider the

second term in (3.15). After changing variables in § we have

| o () 7
| &5 B dn dé.
Rl—{réor/_n ( )/1/R (1+n2 —2ncos(f — 0 + Nlogr + Alogn))3/2 !

Expanding the inner integrand at 7 = 400, we have

(1 —n?)
(1472 —2ncos(d — 0+ Xlogr + Alogn))3/2

3cos( — 0+ Mogr + Alogn)
n

=-1+ + Ly (0 —0,m,7)

where

T (1+n2)(1+n%—2ncos(d — 0+ Xogr + Alogn))3/2

|L1( 9 777)‘)

Since G is mean free and orthogonal to the first Fourier mode, we are then only left with

f,,/Tr é(a)/oooLl(er—Q,n) dn df =r G(é) 2(6, — 0)

—T —T

where
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Note that Lo(6, — 6,0) is even. By standard singular integral estimates, since 2D is mean
free on circles and m-fold symmetric we have

< Callp™llce, |l lee < Capr(lp™ oo + IrVp™ | ce).
LOO

7n2+cz

Now we substitute
p(r,0,t) = g(0 — A(t) log(r) — C(t),) + p*" (r,6 — A(t) log(r) — C(1),1)
in (3.7) to obtain
Brg + (—)\’(t) log(r) — C'(t) + ia,m) dog — 909G + 0yp*"
+ VU - V2P — (0G + 90%P) p?P — gyl = 0.

Thus, we set

91 + 2GOyg = g0y G.

The equation for p?P is then,

o + (ow(0.F +9T'() + 08 - X0 LT) L - Do (3an)

1, ~ Dp W DpW2P
=-— O F+ I’ (r))9pg — ;&\IfQDé?ag + ﬁ2 i L (3.18)

r

Note that in the above we have used that r—'0,F8p = ¢unr—10,F0yp since p is sup-
ported on [0, M]. To obtain apriori bounds on |[VO?P||ca, we require bounds on ||p??||ca,

|7V p?P||ca. By (3.9) we have

dm <C
r Ca_

—0,F0yg
< Caat (10w + 1V lce ) Igllcr.e:

r2+a

R HquaEFHCa) lgllore

and by (3.11)

Hiaﬁ:waog

< Ca(l1P?llce + 7V ca ) lglore:
Ca
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Similarly, we have

%WfD

80\T/2D
72 g

r2

Ce c«

a@{I}ZD
,,a2

< CIT(@)llorall®llce + C (1p*P e + llgllos)

Co

< C (lgllow + 1672 lee + 1792 eo) (11022 lln + 11Vl ).

Finally,

< Clglllgllere

[}
HMgF’(r)agg
T Ca

Composing with the flow, we then have

d
— 0 lee < C (lglore + 162 lom + 1952 lloe) (1102 lco + 1962 lom + gl ).

Taking 0y of (3.17) and composing with the flow we have

d
ot ||‘90/72D HCQ

02 ~ Op . ~ Dp ~
<Cm%fﬁbﬁwwmwM0<ﬂ+Mngw %69 +||%9 >
r Ca r Co T Co
9 ~
T Clgllcae |g|+H¢Mam +'9a«ww
T Ca 7" Co‘
1, ~ 02 ~ -
+ (=0, 0P| 4| BeP) + a%q;”
r Co r Co T oL

<O+ AODUgllcze + 17V lica) (IrVollce + 1027 ool + llgl )
and similarly taking rd, of (3.17) we find

d
Ellr&«pwllca < CA+AODUgleze + 17V lice) (IrVpllca + 11027 e + llgllne) -

This provides an apriori bound for [|[VO||ce and local well-posedness of the decomposition

can then be proven through a standard iteration procedure.
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3.3 Analysis of the 1D System

In this section, we prove nonlinear estimates for the system (3.4). First, we prove
that for positive solutions of (3.4), ||g||z1 is decreasing. This is analogous to the case of
logarithmic spirals for the 2D Euler equations considered in [30]. We recall the equation
satisfied by g

Org + 2@8@9 =gHg+ E.

where

Ey = (0,G — Hg)g.

Taking the Hilbert transform of the equation using the Tricomi identity 32| we find
~ 1
OHg +2G0Hg = 5((Hg)* = g°) + B,

where

Es = H(E) + 2(689Hg - H(éagg)).
Now, we compute the symbol of the relation between g, G.
Lemma 53.
G=ci()\) (A*lg + f(g),
with K a linear operator with symbol ¢ whose odd and even parts satisfy:

iCQ()\)’ Cl‘)\‘ L
klk 17 (A + 1) [k

QO<k) +
and
Co
e k < 17.19°
a:(b)] < 72
with C; > 0 universal constants and

1 A

R )
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Remark 54. We have that

Al
lca(N)] > 2 +1)

Note qo(k) = —qo(—k) and qe(k) = qe(—k), for all k € Z. Note also that g.(k) is real and

qo(k) is purely imaginary for each k € Z.

Proof. By (3.16) we have

r

a0 =1 [ <G<9>—G<¢>>[

=5 -

o [ G- 0. a0

where we recall J; g(60 — ¢, \) is smooth and uniformly bounded on S! x [0, 1] and J; g(+,0)

is even. We then have

A(r*G)(0)
-5 [ (@)~ G 281;;“2;5) +er(Nea(A) cot ((’;‘ﬁ) + Tl o, A)] do

o= | G@OLa8 - 6.3 do.

—Tr

for another uniformly bounded function FL r. From the definition of |Jyg| and the Hilbert
transform on the circle we find,
A(r2G)(0) = re1(N)|99]| G — rer (V) e2( N HG

T

+—— [ (G(O) = G(6)JLr(0 — &, \) + G(&) La(6 — 6, \) do.

2 J_,

Finally, we examine the multiplier defined by the remainder. We have that

1

™ - . C
5 / —e ) pla, A) + e % Ly(a, \) da| < =
T

. 14

for some universal constant C' > 0 independent of A and therefore we have that

iCQ()\)‘ C
klk[ |~ et(W)|k[>

‘Q(k) +
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Finally, we note that since jLR(oz, 0), L2(cx,0) are even and ¢, is a smooth function of \ we

must have that

iCQ(/\) 01’)\’
o(k
)+ <
for some universal constant C; > 0. O
Let

Lemma 55. Assume that g > 0 is %’r periodic smooth solution to (3.4) with m > m, and

[ g0o=1. Then,
d ™
— 0) df <
g 49( ) 0
Proof. We have that
d ™ ™ ) L )
= | 90)do=3 [ 8,Ggdf= 3 ikGigr = 3c1(A) Y ikqo(k)|gr|.
- - kezZ keZ
Now observe that since A(f) = —5 fot Js1 9(s)ds, we have that ca(A) < 0. Moreover, since
m > m,, we thus see that
. 1 2C1
iao(k) < 2N (1~ ) <0
since k > m > my. O
Since [ g is decreasing and since A(t) = —5- fot Js1 9, we have that

1< V/I1+22(t) < 4/1+12M.
Corollary 56. We can now redefine time so that the equation becomes
Org +2G0yg = g0sG,
with
G=-N'G4+Kg,
with K smoothing of degree 2.
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In particular, we have that:
g+ 2(A"" g+ K§)0pg = g(Hg + 0p]g).

Applying the Hilbert transform, and using the Tricomi identity [32], we get:
1 _ 1 . _ _
OHg+2(A""g+ K§)0pHg = 5 ((Hg)* = %) + H(90pKg) + 2[H, (A" + K)gl0sg.

We now recall a very important fact from [1, 39]. The following lemma is a corollary of
Bauer—Kolev—Preston ([1|, Theorem 6) and Preston-Washabaugh (39|, Theorem 7) but we

prove it here for sake of completeness.

Lemma 57. Consider a multiplier n : Z — R, where n is even and denote N the associated
linear operator defined by the multiplier n, N(e*?) = n(k)e'*®. Suppose f : S' = R has
Fourier series f(0) =3 j1>m fi€i?. Then,

2

2
H(fHNf)+ fNf =2 [n(k) = n(k = 1] |Y_ f;e7°| +2n(m)| Y fe*

k>m =k j>m

Proof. Let F; = fjeijg. Then, by definition of H, N we have

H(fHNf)+ fNf ==Y sen(i)n(j) > sen(k+5)FeFj+ Y n(j) > FiFx

lilzm k|=m j[=m |k|>m

Combining the two series above and splitting into positive and negative j we obtain

H(fHNf)+ fNf=> n(j) Y FF;(1—sen(k + j))

j>m |k|>m

+ > n(i) Y. FFj(1+sgn(k + ).

Jj<—m |k|>m

Now, we note that 1 —sgn(k + j) vanishes for k£ > —j and similarly 1 4 sgn(k + j) vanishes

for k < —j. We then find that,

H(fHNf)+ fNf=> n() [2) BFi+ [P + > n() |2 ) Bk + |

ji>m k<—j j<—m k>—j
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Since f is real, F_;, = F}, and therefore,

H(fHNf)+ fNf =2 n() [IF;]*+>_ FeFj + F;Fx

j>m k>j

In terms of the tail sums Sy = > 22, F), we can re-write the above as

H(fHNf)+ fNf =2 n(j) [ISj+1 = SiI* + Sj11(S; — Sju1) + Sj41(S; — Sjt1)]
j>m
_22 |S’ _’SJ-H”
j>m

Using summation by parts, we conclude

H(fHNf)+ fNf =2 Z 7) = n(j = DS + 2n(m)|Sm]? (3.19)

j>m+1

completing the proof. O
As a corollary, we conclude that

[H, (A" + K)glosg = =2 _ (n(k) — n(k — 1))|S|?

k>m

where K, denotes the part of K with even symbol and

) = (14 e ) 8= 3 (i) ) a5

J=k

In particular, for m sufficiently large we have that

2[H, (At + K,)§l0pg < — (4 — 100) Z k|Sk|* := —P(6).

We now prove the remaining errors are controlled by this term of good sign.

Lemma 58. There exists a universal constant C' > 0 such that for all m-fold symmetric

functions g : S* — R and § € S', we have the following pointwise inequalities

C
7, Kolong| + [, 000l < (g + =) P(O)
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and

(BpKg(6))* < —P(B).

Proof. We observe that K is defined by the multiplier ¢(k) satisfying

C C
lq(B)l < 75, la(k) —q(k=1)| < —
k ||
for some universal constant C' > 0. We first examine the transport commutator
[H, K,G]0pg. We have

[H, Kogloog = Y sen(k + §)go(i)kgrgie’ ™% = > go(4)gssen(k)kgre’*+9°

k,jeZ k,jeZ
= kgee' TN " g,(4)g; (sgn(k + j) — sgn(k)).
keZ JEZ

Observe that by translation invariance, it suffices to consider # = 0. For & > 0 the inner

summand vanishes for j > —k and for £ < 0 the sum vanishes for j < —k. Thus we have

[H, Kogloeg(0) = =2 kge > ao(=5)T5 — > kao(—)lgr* = 2D kge > o(d)g;

k>0 j=k+1 k>0 k>0 j=k+1
(3.20)
— " klgel2a(k) (3.21)
k>0
=2 kg Y w(=)T—2> kG Y 6li)gi (3.22)
k>0 j=k+1 k>0 j=k+1

Summing by parts the first term in (3.22), we get

e o 0 k2 00 o
Zkgk Z (=5)95 = Z 7 Sk — Sk41) § Go(—3)g5 =1+ 11
1+ kqo(k) £
=m j=k+1 k=m j=k+1
where
= > S\ T 2 07 - 4o(—1)9;
k=m-+1 L+ kaolk) 5, 1+ (k= 1)go(k — 1) =
S,,m?2 e
II = E o — Y
1+ mgo(m) j:qu ()9,
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Repeating the above for the second term in (3.22) we obtain the complex conjugates terms

S K > . (k— 1) —
- Y 5 T > qO(J)Qj_1+<k_1)qo(k_1)j§:%%(])9j

k=m-+1 j=k+1
m? >
T=5—"" 3 4
1 4+ mgo(m) Pl

For the bulk terms I, we find

I = —q,(—k)ES
2, T

= k‘2 (k_ 1)2 [e'e] o
+ Y S (1 T kgo(k) 1+ (k— 1)go(k — 1)> > 4o(=4)g5

k=m+1 j=k+1

=11 + I5.
For the terms I, I;, we have

— < k3 S — k3 —
L+ = L — - - v _
1+ 14 k:§m+1 i kqo(k))qu( k)Sk (Sk — Skt1) + i kqo(k))z%(k)sk(sk Sk+1)

%) k;3 - kS B
—— k%l <(1+kqo(k:))2%(_k)sk5k+1 + MWQO(k)SkSkH> )

Now, we recall that

3
)| < ek + ¢

for some constant C' > 0 and therefore since ca(\) < 1/4,
111 + T1| < 2|ea(N)] EOO: k|Sk|* + C EOO: 1Skl < (1 + C) EOO k| Sk|?
- “\2 m
k=m+1 k=m+1 k=m-+1

We now turn our attention to Ir. Let

k2 (k—1)2

T 1+ kgo(k) 1+ (k- Dgo(k—1)

ay
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so that

Z Skaquo = Z Skag Z qu(—j)(gj_Sj—H)-

k=m-+1 k=m-+1 j=k+1

Summing by parts in the inner sum gives

o

kay,
L= Y | —sdo(—F)
Ml 1+ kqo(k)

Jj—1 .
Py sa Y S (quj)qo( D e o<—g+1>).

k=m+1 j=k+1
It then follows that

LI<C Y IS
k=m+1

j—1 .
o 2 s 30 8 (i) - g g+ )

k=m+1 j=k+1

For the second piece, using Cauchy—Schwarz gives

J—1 ,
> S’““‘“ZS (57~ T =+ )

k=m+1

1/2
< ( > \Sk|2ak>

k=m+1

| 2w 25 (mqm%(‘”‘lw1>q<j1>q°(‘”1’>

k=m+1 j=k+1
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In the second factor using Cauchy—Schwarz again on the inner sum gives

2
%) S . . 1 '
_Z ay _Z S; <1+‘;.€I(j)qo(—])— e = Qo(—]+1)>

j—1q(i—1)

RS i j N i-1 _.H)Q i‘sz
< 3w O (e g g Y) i

k=m-+1 ok N j=1ali =1 j=k+1
[e.e] 1 o0 oo
2 2
S YD JICT S S Y
k=m+1 j=k+1 j=m+1
We therefore have that
L+ E <SS K
2 2l = El”
k=m+1
Finally, we consider the boundary term II. We have that
Smm2 = Sm'rn2 - jQO(_j) <
InN=—— Go(—j)G; = ———— ———(5; — Sit1).
Tt 2= 0 Tt 2 Va0

Summing by parts in the above gives

_SmLo() m J490 ) o (j_l)QO(_j+1)
= W ma e e % (Pt o e )

By Cauchy—Schwarz, it then follows that

1
(1] < 562(/\)(77l|5m|2 + (m +1)[Smr1]?)

1/2 ) 1/2
c- — ( J%(=4) (G =Da(=j+1)
+m? (Sl | YIS > < o . .
Pl A\ ao(g) 1+ = 1)ae(i —1)
1/2
1 o, ¢]
< SaMNmISul* + (m+1)[Smi?) + Cm2Su | D7 15

Jj=m+1

IN

1 o0
5N ]S [* + (m + D Smial*) + vim Y 1Sl

j=m+1
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Therefore, since ca(A) <

W=

— 1 C >
\IT| + |IT| < <+> PRFIET
4 \/TTL k=m+1

Altogether, we then conclude that

. Klong(0) < (34 7)Y dlsi P

We bound the commutator coming from the stretching term in a similar fashion. As before,
we may take § = 0. Looking first at the even part, we note that K. has symbol f(A\)k=2 +

O(k~3) where f()\) is a smooth function of A and hence

1

(%KJM=ARM<

A + sgn(k:)qe(k)> +O0(k™2).

Thus, by Lemma 57 it follows that

. Z k| |k —1] 2
<
|[H769Keg] | 2|f | <1+|k|qe ) 1 ’k_HQe(k_l) ’Sk‘

2m

A )
T Tl 1S+ O KerglgO)

where K., has symbol K., = ¢, with |ge (k)| < C|k|~3. Note that

|| k- 1]
2 (1+|k‘qe(k) Tt k- 1glk—1 )) [Skl* < CIF (V)] Z 1Sk? < = Z K|Sk |2

k>m
and hence

|[H, 99 Keglg(0)] <

PO+ o, ke ralgo)

It now remains to control remaining even part and the odd part. We find that

[H,00(Ko + Ker)3l9(0) = Y grik(go + ge.r) (k) (sgn(k + j) — sgn(5))
k,jEZ

= Z g;j Z k‘(Qo + qem)gk(sgn(k +]) _ 1)

j>m kEZ

+ Z 972 k(qo + ger)gr(sgn(k — j) +1).

i>m  keZ
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In the first term, we see that the inner summand vanishes for £ > —j and in the second

term, the inner summand vanishes for £ < j. Thus we are left with

o0
[H,05K§lg(0) =2 g; Z k(do + Ger) (KGR +2> T > k(do + ger) (k)
jzm  k=j+1 j>m  k=j+1
+2 Z |gj‘2%,r(j)
j=m

The final term satisfies

) C &
Z ’gj‘QQe,r(]) < m’; k’Sk‘Q

jzm

For ease of notation write g2(k) = ger(k) + ¢o(k). Examining the first term, we write

' 2
Z gj Z kqa(k)gr = Z m(sj — Sjy1) Z 1;;(16(1{:)(12(16)(51@—51@“)-

j>m k=j+1 j>m k=j+1

Summing by parts in the inner sum gives

-y J(S; — Sj+1)
o 1+ ae(d)

(j+1)°
14 jge()

q2(j +1)Sj4+1

< kaq(k) (k—1)2qa(k —1)
+ 2 S (1 +k‘2qe(k) 14 (k- 1)2qe(k - 1)> ]

k=j+1

7ZJJ+1 Q2]+1)(Sj—5j+1)5

= 1+ jge(5) ah
J(Sj = Sj+1) a2(k) (k—1)%qa(k — 1)
+]§ 1+ jge(j H :z: <1+kqe(k‘)1+(k—1)2qe(k—1))
= IIT+1V.

Repeating the argument for I; then gives

— c J 2
IIT+ 111 < <26 A —|—> E ——1S;
| | 2( ) m j2m1+]qe(j)| J|
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Finally, for IV we have

_ mSy, — o [ Fak)  (k-1)(@pk-1)
Y = T g m) gﬂ;ls’“ <1+kqe(k) T+ (F— Dae(k— 1))

Py 71851 (jQ(D(j) G -Deil-1) >

L= 1+ ae() \1+76(G) 140G -1l - 1)
j—1
+j>§m:+1 (1+JQe(.7)_1+(j_1)QE(j_1)>
Fak)  (k=1)>2gpk-1)
g ,21 <1+kqe(k> 1 (k= Dae(k - 1))

In the second term we have

iSiP [ *a)) (j—1)%ga(j — 1)
) 1+ qe(j) (l—l—jqe() T+ G-Da(-1) > <C > s

j>m+1 j>m+1

In the first, by Cauchy—Schwarz we have

mSm ) Z ka < kQQz(k) - (k — 1)2(12(k - 1) )

1+ mge(m W 1+ kge(k) 14+ (k—1)ge(k—1)
o 1/2 ~ 1/2
< CmSy| ( > k!&ﬁ) ( > k3>
k=m+1 k=m+1

C
< C|S| ( § j k]Sk\z) < = § :k\Sk|2.

k=m+1
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Finally in the third, we again use Cauchy—Schwarz to see that

. J B J—1
_z: S] <1+er(j) 1+ (] - 1)qe(j - 1))

© k:2q (k) (k‘— 1)2q (k_ 1)
x > S <1+k2qe(k¢) Sk - 1)2(18(k_ 1)> |

k=j+1
1/2 2y 1/2
<o ase) [
j=m+1 j=m+1 k=j
- 1/2 - - 1/2
<c| Y lsP? S iy ISP
j=m+1 j=m+1 k=3
Z 41551
\/7] m+1

Thus, we conclude that

IV|+|TV| < Z k|Sk|%.

ﬂ\

Altogether, we get that

1 C\w
H,0pK§)g(0)] < | = + — k| Sk|?.
. 00531900) < (5 + =) 3 kisi
k=m
Finally, for the last inequality, we may again set § = 0 and note that

00K §(0) =Y ikq(k)gn

keZ
Therefore, we have that
(09K 9(0))”
< 1 ? > © S — St )
SC(Z <k+Qe(k)> gk> (Z Zk> <C‘Sm|2+0<z kakJrl>
k=m k=m k=m

< OISl +Cm™ ) S

k=m



from which the final claim follows upon noting that

3.4 Proof of Global Regularity

In this section, we analyze the ODE system satisfied by g, Hg along the flow. First, by

Lemma 58 for m sufficiently large, we have that

~ 1 - 5P
OHg+2G0pHg < 5 ((Hg)* = g°) + |0 KgHg| — T
5 1 P
< S(Hg)? - g% - ~—.
<gHg) =59 =

Define the associated flow map ®(t,6) which solves

9 oG@(t,0),1), @(0,)=1d

dt

Composing with the flow, we then have

d
—-(go®)=go®(Hgo®+ Ro®)

dt

(3.23)
d 5 1 Pod
—(Hqgo®) < S(Hgo®)? — =(go ®)? —
dt( go )_8( go®) 2(90 ) 1

where R = 0gK g. We now prove that solutions of the above system are bounded above on

any interval [0,7) for T' > 0 completing the proof of Theorem 52.

Proposition 59. Suppose g, Hg solve (3.23) on a time interval [0,T). Then,

limsup ||g(t)|| e < 4o00.
t—=T

Proof. For ease of notation, we suppress composition with the flow ® going forward. Since

g > 0, the quantity u = Hg/g is well-defined. We then have that

/
t) = -

3g 4\ P RHyg
) fom
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and
g (t)=g(gn+R).
By Lemma 58, we have that

RI<Sp
m

and thus for m sufficiently large,

iy < 92 L
p(t) < 4(u +1) I

In particular, p is decreasing. We have that

o0 < meso ([ gls)ls) + R(s) )

and similarly,

Now, if
to
/0 (s)9(s) ds > 21og (u0)

for some ty < T then for all ¢ > ty we have u(tp) < 1 and since u is decreasing, pu(t) < 1
for all t > ty. Thus for t > ¢y, we have Hg < g and thus Hg is also decreasing for ¢t > t.

We then have

t
g(t) < g(to)el~tHalto) exp (/ R(s) ds) .
0

Finally, we observe that

[1R($)l| o < llg(s)llzr log (1 + llg(s)lz=) < lgollLr log(1 + [lg(#)]| =)

and thus we conclude
d t
1ol < Clto)exp ( [ tog(1-+ la)lu) ds ).
0

By Gronwall’s inequality, it then follows that ||g(¢)|| = is bounded. O
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Appendix

In this appendix, we provide an example of a singular integral estimate for functions
with m-fold symmetry which do not necessarily decay at infinity. The principle is that
by symmetrizing the kernel, we are able to obtain a greater decay rate which is able to
accommodate non-decaying functions. This phenomenon was observed in [21] and expanded
upon in [25]. We note that this estimate corresponds to proving ||Vul|ce < C||Vpl||ce where

only two-fold symmetry and no odd assumption is necessary.

Lemma 60. Suppose f € C* is m-fold symmetric for some a > 0 and m > 2. Then,

IV(=A)"2 fllz= < ClIfllz~ <1 ¢ log < Iflloe >>
£z

for some constant C > 0 independent of f.

Proof. We have that

V) ) = [ r)

We the split the integral into near and far-field regions to be considered separately,

T —y
V. dy = p.v.
pv/RQ Sl ) dy pv/BE(x et dy /RQ\Bﬁ Tl ) dy

for € to be chosen later. In the near-field, we observe that since y/|y|® is mean-free on B,

by changing variables we have that

pv [ @ A= [ )~ ) d-

<(0) E

Then,

/B (@ = 2) = f(a) dz

NORE:

1 2
< fllce / Ly < T e,
Be(0) |2| «Q
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In the far field, we note that from the symmetry of f we have

r—y r—y Yy
p.v. fly) dy = p.v./ { + fly
/W\Be(x) |z —y[? (@) R2\B. () LIT =¥l |yP+1 )

~ pv. / K(z,9)f(y) dy
R2\ B (x)

where the kernel K now satisfies

RS a1

for some universal constant C' > 0. We then have

/ F@)E (2.y) dy| < [fll= / K(z,y) dy
R2\ B (z) R2\ B¢ ()
< )l fllz= (1 + log(c™)).

Choosing €* = || f||z>/||f||ce completes the L> bound. Now, we estimate the C* semi-

norm. By the above, it suffices to prove

L0 = ranKes - [

[ ()~ FK )] < Cla =

We again divide into the near and far field regions. Setting § = |z — 2’| we have

/ (F(0) — F@)K (z.y) - / (f(y) - F@) K y)
Bios ()

Bios(x)

<Cllfles [ o yPlE )] dy
105 (L
< C|fllg=6
In the far-field we first note that,

p.v. / F) (K (@, y) — K@ y)) — F@)K () + F&)K @ y)
R2\ B1(d

- / (F@) — F@) (K (z.y) — K('y)) + / (f(2) - @)K (@ y)
R2\ By06

R2\B1os(z)

112



and the last term vanishes since K is mean zero along circles. For the first term, we observe

that
Clz — /|

vay —Kﬂf/7?/ <
K(ey) = Klalo) <

and hence

1
[ 0w - f@) K@) - K )| < Clflewd| [y
R2\ B10d R2\Byps(x) |z — |
< O fllgao®.
Recalling that 6 = |z — 2’| this completes the proof. O
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4. Conclusion

We considered the problem of global existence for active scalar equations related to the
motion of incompressible fluids.

In Chapter 2, we explored the problem of singularity formation in the incompressible
porous medium equation. We constructed finite-energy, Lipschitz continuous solutions on
wedges arbitrarily close to half plane which form a singularity in finite-time. Importantly,
these solutions vanish on the boundary of the domain which ensures that a powerful mech-
anism to suppress transport is not present. Nevertheless, we prove that a singularity can
still occur. It would be natural to consider whether this scenario could be lifted to the 2D
Boussinesq or 3D axisymmetric Euler equations. In addition, it would be interesting to see
if a similar construction could be carried out on the half plane. Due to the vanishing of the
density on the boundary, solutions on the half plane could be extended to the whole plane
by odd reflection.

In Chapter 3, we considered the evolution of 1-homogeneous initial data for the SQG
equation. We showed that 1-homogeneity cannot be propagated for positive solutions and
a logarithmic spiral immediately forms at the origin. Incorporating the logarithmic spiral,
we then derive a closed 1D system satisfied near the origin and prove that positive solutions
of this system are global. It would be interesting to see if more general classes of solutions

exist globally in time, particularly those considered for the De Gregorio equation in [4].
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