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Abstract

Current research has evolved at a dramatic rate in the past decade, with improvements
in technology leading to a fundamental shift in the way in which data are collected and
analyzed. It has become routine to collect large amounts of information and it has be-
come necessary to consider new statistical paradigms that perform well in characterizing
complex data from a broad variety of problems. We develop novel nonparametric Bayes
models for high-dimensional and sparse data in this dissertation. Bayesian nonparametric
methods are useful for modeling data without having to define the complexity of the entire
model a priori, but rather allowing for this complexity determined by the data.

The flexibility of Bayesian nonparametric priors arises from the prior’s definition over
an infinite dimensional parameter space. Therefore, there are theoretically an infinite num-
ber of latent components and an infinite number of latent factors. Nevertheless, draws from
each respective prior will produce only a small number of components or factors that ap-
pear in a given data set. As mentioned, the number of these components and factors, and
their corresponding parameter values, are left for the data to decide. This dissertation is
divided into four parts, which motivate novel Bayesian nonparametric methods and clearly

illustrate their utilities:

e Chapter 1: In Chapter 1, we review the Dirichlet process (DP) in detail. There are
many other ways of nonparametric modeling, but with the availability of efficient
computation and complete set up of theories, the DP is most popular and has been

developed and studied extensively. We will also review the most recent development

v



of the DP in this chapter.

Chapter 2: We propose the multiple Bayesian elastic net (abbreviated as MBEN), a
new regularization and variable selection method. High dimensional and highly cor-
related data are commonplace. In such situations, maximum likelihood procedures
typically fail—their estimates are unstable, and have large variance. To address this
problem, a number of shrinkage methods have been proposed, including ridge re-
gression, the lasso and the elastic net; these methods encourage coefficients to be
near zero (in fact, the lasso and the elastic net perform variable selection by forcing
some regression coefficients to equal zero). In this paper we describe a semipara-
metric approach that allows shrinkage to multiple locations, where the location and
scale parameters are assigned Dirichlet process hyperpriors. The MBEN prior en-
courages variables to cluster, so that strongly correlated predictors tend to be in or
out of the model together. We apply the MBEN prior to a multi-task learning (MTL)
problem, using text data from the Wikipedia. An efficient MCMC algorithm and an
automated Monte Carlo EM algorithm enable fast computation in high dimensions.
The methods are applied to Wikipedia data using shared words to predict article

links.

Chapter 3: Latent class models (LCMs) are used increasingly for addressing a
broad variety of problems, including sparse modeling of multivariate and longi-
tudinal data, model-based clustering, and flexible inferences on predictor effects.
Typical frequentist LCMs require estimation of a single finite number of classes,
which does not increase with the sample size, and have a well-known sensitivity to
parametric assumptions on the distributions within a class. Bayesian nonparametric
methods have been developed to allow an infinite number of classes in the general
population, with the number represented in a sample increasing with sample size. In

this article, we propose a new nonparametric Bayes model that allows predictors to

v



flexibly impact the allocation to latent classes, while limiting sensitivity to paramet-
ric assumptions by allowing class-specific distributions to be unknown subject to a
stochastic ordering constraint. An efficient MCMC algorithm is developed for pos-
terior computation. The methods are validated using simulation studies and applied
to the problem of ranking medical procedures in terms of the distribution of patient

morbidity.

Chapter 4: In studies involving multi-level data structures, problems of data spar-
sity are often encountered and it becomes necessary to borrow information to im-
prove inferences and predictions. This article is motivated by studies collecting
data on different outcomes following congenital heart surgery. If there were suffi-
cient numbers of patients receiving each type of procedure, one could potentially
fit procedure-specific multivariate random effects model to relate the outcomes of
surgery to patient predictors while allowing variability among hospitals. However,
as there are approximately 150 procedures with many procedures conducted on few
patients, it is important to borrow information. Allowing variability among hospi-
tals, procedures and outcome types in the regression coefficients relating patient fac-
tors to outcomes, we obtain a three-way tensor of regression coefficient vectors. To
borrow information in estimating these coefficients, we propose a Bayesian multi-
way tensor co-clustering model. In particular, the model works by reducing the
dimension of the table through separately clustering hospitals, procedures and out-
come types. This soft probabilistic clustering proceeds via nonparametric Bayesian
latent class models, which favor clustering of dimensions that have similar values
for feature vectors. Efficient MCMC and fast approximation approaches are pro-
posed for posterior computation. The methods are illustrated using simulated data,

and applied to heart surgery outcome data from a Duke study.
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1

Introduction

1.1 The Dirichlet Process

1.1.1 The definition of Dirichlet Process

The Dirichlet Process (DP) was developed by Ferguson (1973) as a prior probability model
for random distributions G. DP models have enjoyed considerable popularity due to the
ready availability of posterior simulation techniques, the analytic tractability of almost
surely discreet realized probability functions, as well as the theoretical elegance of the
model formulations. A DP(aGy) prior for G consists of two parts: a parametric base
distribution GG and a positive scalar parameter «, which can be interpreted as a precision
parameter; larger values of « result in realizations G that are closer to GG,. We write
G ~ DP(aG)) to indicate that a DP prior is used for the random distribution G. A more
general version of the DP prior involves hyperpriors for o and/or parameters of Gj,.

The most commonly used DP definition is its constructive definition by Sethuraman
(1994), which characterizes DP realizations as countable mixtures point masses (e.g., ran-

dom discrete distributions). Specifically, a random distribution G generated from DP(aGy)



is of the form

G(-) = D, widy, (), (1.1)

where 0y (-) denotes a point mass at . The locations of the point masses, 0, are i.i.d.
realizations from (. The weights, wy, are generated from a stick-breaking process: with
{vp + k = 1,2,...} drawing from a beta(1, ) distribution. In particular, w; = v; and
w; = vy [ [, (1 — vg). Note that the “stick-breaking” terminology arises, because starting
with a unit probability stick, v; is the proportion of the stick broken off and assigned to 61,
vy is the proportion of the remaining 1 — v; length stick allocated to 65, and so on. The
sequences {#;,l = 1,2,...} and {vy, k = 1,2,...} are independent.

For values of « close to zero, v; ~ 1 and essentially all the probability weight will be
assigned to a single atom. For small values of «, such as the common used value o = 1,
most of the probability is assigned to the first few atoms. While for large values of «, each
of the atoms is assigned vanishingly small weight, so that GG resembles (Gy. Because the
probability weights assigned to the atoms decrease stochastically as the index k grows, we
are able to accurately represent realizations from G with only the first several atoms.

The DP can also be characterized by its predictive rule (Blackwell and MacQueen,
1973), which relates the DP to a PSlya urn process and is also the basis for the usual
computational tools used to fit models based on the DP. If (6y,...,6,) is an iid sample
from G and G ~ DP(aG)), we can integrate out the unknown G and obtain the following

conditional predictive distribution of a new observation

o 1
01|01, ..., 0, ~ G+ 8, (1.2)
=1

a—+n =a—|—n

Exchangeability of the draws ensures that the full conditional distribution of any 6; has

this same form.



Finally, the DP can be alternatively obtained as the asymptotic limit of certain finite
mixture models (Ishwaran and Zarepour, 2002). In particular, we consider the following

finite dimensional Dirichlet-Multinomial prior

G() = D] wids, (),

« (0%
—,

W o~ Dlr( E),

9k ~ Go.

The above definition differs from the truncated stick-braking representation of the DP in

the way that the weights have been defined.
1.1.2  The Dirichlet Process Properties

The clustering property of the DP has been widely exploited in recent years, since it has
some appealing practical properties relative to alternative clustering procedures. In partic-
ular, it avoids assuming that all individuals can be clustered into a fixed number of groups,
K. Instead, as is again clear from the stick-breaking form in (1.1), the DP assumes that
there are infinitely many clusters represented in the overall population, with an unknown
number of them observed in a finite sample of n subjects. When an (n + 1)th subject is
added, from model (1.2), with the positive probability «/(« + n), the subject is assigned
to a new cluster not yet represented in the sample.

In clustering there must be some implicit or explicit penalty for model complexity to
avoid assigning everyone in the sample to their own cluster to obtain a higher likelihood.
Hence, it is important not to view the DP model as a magic clustering approach, which
avoids assuming a fixed number of clusters and specification of an arbitrary penalty. In-
stead, one must carefully consider how the penalty for model complexity or overfitting
arises in the DP implementation, while also assessing the role of the hyperparameters o

and parameters characterizing G|.



Antoniak (1974) studies the properties of draws from a distribution that follow a DP.
In particular, he proves that given G is nonatomic, the probability of K(1 < K < n)
distinct values on a sample 64, ..., 6, of size n is

(o)

P(K) = cn(K)n!aKm,

(1.3)

where ¢, (K) is a constant that can be obtained by recurrence formulas for Stirling num-

bers. The expected number of distinct values can be calculated as

n

E(K|o,n) = 2

:1oz+z—1

(07

~ «alog (a—l—n)'

So the prior expectation for the number of clusters is proportional to o log n and the num-
ber of clusters tends to increase slowly with the sample size at a rate determined by «.
From the stick-breaking construction we can easily see that draws from a DP are dis-

crete distributions almost surely. It also provides a simple framework to calculate moments

of the process. Note that for any measure set A € B, G(A) is a random quantity and
o0 o0
= Y E(wi) E(8, (A (4)) E(w (4).
1=1 1=1

Similarly,

GolA)(1 = Gol4))
a+1

V(P(A)) =

We can better understand the role of Gy and « in Figure 1.1, which shows the approx-
imate simulations of a DP with (G, a standard normal distribution and different values of
the precision parameters «v. During the simulations, we truncate the stick-breaking process
when the leftover mass was smaller than 107%. As shown from the plots, for small values
of a, the sampled distributions are widely around the baseline measure and most of the
probability is allocated to the first few atoms. While as « getting larger, each of the atoms

4



is assigned vanishingly-small weight, so that G resembles GGy. The resulting distributions
look smoother and they tend to be closer and closer to the base measure . These results
justify the interpretation of GGy and « as the location and precision/roughness parameters
respectively.

DP process also has the appealing conjugacy property. If 6;,....60, ~ G with G ~
DP(aGy), then

Gloy,...,0, ~ DP(aGy + Y dy,).

=1

With squared error loss penalty, the optimal estimator for G is

a—+n a+n

A a 1 <
G() = ——Go() + —— > 5.,
i=1
which will converge to the empirical distribution as n — 0.

1.2 Dirichlet Process Mixtures

Since the DP models put probability one on the space of discrete measures, they cannot
be used to model continuous data. Hence, the primary use of the DP is in nonparametric
mixture modeling, by employing the DP as priors on the random mixing distribution over

the parameters of a continuous kernal £k,
y ~ f()
16 = [reio6o),
G ~ DP(CKGQ),

resulting a DP mixture (DPM) model (Lo, 1984; Escobar, 1994; Escobar and West, 1998).
The DPM induces a prior on f indirectly through a prior on the mixing distribution G.

Popular choices are the DPM of Gaussian distributions, where 8 = (p, 3), which we call

5
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FIGURE 1.1: Samples form a DP process with a standard normal distribution as base measure
with different precision parameters.

location-scale mixture of normals, or & = u, which we call location mixture of normals.
k(-]@) = N,(-|p, X) is the p-variate normal kernel with mean g and covariance matrix .

Density estimates from location-scale DP mixtures can be interpreted as Bayesian ker-
nel density estimates with adaptive bandwidth selection. It provides a direct link with
well-known frequentist techniques and demonstrates the versatility of the model. Due to

the discrete nature of the DP prior, the DPM model divides the observations into inde-



pendent groups, each one of them assumed to follow a distribution implied by the kernel
k. Therefore, DPM models can be used for clustering as well as for density estimation.
In this setting, the model automatically allows for an unknown number of clusters with

model (1.3), which provids the implicit prior distribution.

1.3 Bayesian Nonparametric Regression using Dirichlet Process Mixtures

1.3.1 Dependent Dirichlet Process and its Extensions

More and more articles focus on flexible modeling of the conditional density of a response
variable Y given multiple predictors X = (X;,...,X,). f(Y|X) are unknown and
potentially change in shape as X variaes. The dependent Dirichlet process (DDP), which
can be potentially used for modeling f(Y|X) has been proposed by MacEachern (1999,
2000). Given an index set D, let {#(¢) : t € D} and {v(t) : t € D} be stochastic processes

over D such that v(t) ~ Beta(1, a(t)) for V¢ € D, then

Z )06, (

where {0;(t)}2, and {v;(¢)};2, are mutually independent collections of independent re-
alizations of the stochastic processes {#(t) : t € D} and {v(t) : t € D} with w;(t) =
v (t) | [,2;(1 — vs(t)). The defined Gp = {G, : t € D} is said to follow DDP.

Chung and Dunson (2009) extend the DDP in several aspects. They not only esti-
mate the conditional response distribution addressing the distributional changes across the
predictor space but also identify important predictors for the response distribution change
both with local regions and globally. They first introduce the probit stick-breaking pro-
cess (PSBP) as a new choice of prior for an uncountable collection of predictor-dependent
random probability measures. The PSBP has distinct advantages over previous formu-
lations in terms of computational tractability, which is particularly important in variable

selection settings as marginal likelihoods need to be calculated. For modeling conditional

7



distributions, they propose a PSBP mixture (PSBPM) of normal linear regressions, result-
ing in an infinite mixture with mixing weights varying with predictors. More specifically,
consider an uncountable collection of predictor-dependent random probability measures,
Gx = {Gg : © € X'}, where X is the sample space for the predictors x = (z1,...,2,)".

The PSBP formulation for G is as:

o
Z (Sgh, VLBEX,

where 7, () is a probability weight on the hth component. Let 8, ~ G and introduce the

following countable sequences of mutually independent random components:
ap  ~ N(N> 1)7

¥y = {@Z’hj}?:l”Hlv
Ly = {Dw}fy ~ Ha,

where H; and H, are distributions over a measurable Polish spaces (L, B(L,)) and
(Lr, B(Lr)) respectively. The probability weights 7, () are then formed as

m(@) = (@) ] [{1-em(=))},

l<h

p
Wlthnh(w) = Oéh—Z’ll)h”l’j—thL vaX,

J=1

where ®(+) is the cumulative distribution function of the standard normal N(0, 1). In order
to address the curse of dimensionality in estimation and and interest in testing and vari-
able selection, they incorporate a variable selection structure through G, and H; as the

following distributions for 8, and 1,

eh = (IBha Th) ~ Np»thrl(ﬁ'yh hs O E"/h ) X 50(/6'7h,h) X Gamma(Th; Qr, b.,-),

P

R H{ (g = Oo(tbns) + 105 = DN, (g sy 75, >}

8



where N, denotes a truncated normal distribution bounded below by zero, 3,, ;, is the
vector of regression coefficients corresponding to v,; = 1 including intercept, 3, , is the
coefficient vector with v;,; = 0, and p,, = 3", 74;. Note that v,; controls local inclusion
of the jth predictor, with 7,; = 0 implying that ¢;,; = 0 and 3;; = 0. A value of 3,; = 0
leads to the jth predictor assigned a coefficient of zero in the Ath linear regression, while
a value of 95,; = 0 leads to excluding the jth predictor from the hth predictor-dependent
stick-breaking weight in the expression for 7, (x). Clearly, if 5; = O for h = 1,..., 0,

then the jth predictor will be globally excluded from the model.
1.3.2  Byesian Nonparametric Inference on Stochastic Ordering

Nonparametric Bayesian modeling can also be used to make inference on K group-specific
distributions. For example, in toxicology studies, the groups may correspond to different
doses of a potentially adverse chemical exposure. In such settings, it is of interest to as-
sess whether the response distribution changes across groups, while also estimating the
group-specific distributions. Also, it is common to have prior knowledge that the magni-
tude of a response for a particular experimental unit would not decrease if that unit had
been exposed to a higher does, which implies stochastic ordering in the response distri-
bution. ? consider Bayesian inference on collections of unknown distributions subject to
a partial stochastic ordering and propose classes of restricted dependent Dirichlet process
(rDDP) priors. These rDDP priors have full support in the space of stochastically ordered
distributions, and can be used for collections of unknown mixture distributions to obtain
a flexible class of rDDP mixture models. Their proposed method is also the first paper to
incorporate the stochastic ordering constraints in the DDP literature. Another contribution
of their article is the development of a framework for testing of equalities in distributions
between groups against stochastically ordered alternatives.

Let (Gy,...,G,) € G" with G" the set of n x 1 collections of probability measures on



(X, B). In addition, define the following convex subset of G":
Cp={(Gy,...,G,) c G": G; < G;,Y(i,j) € E},

where £ < (1,...,n)? is a partial ordering. Here, G; < G; if G;(z,0) < G;(x,0) for
all z, so that GG; is stochastically larger than G;. The collections of probability measures
belonging to C'g satisfy the partial ordering defined by F. As shown by Hoff (003a,b),
Cg is a weakly closed convex set with extreme points {(dg,,...,0s,) : s € Sg}, where

Sg ={(s1,...,8,) € X" 1 5, < 5;,Y(i,j) € E}. The rDDP are formulated as following

Ge() = D mide,,(),

T = UhH(l—vl),kzl,...,n,

I<h
where vy, X! beta(l,a), h = 1,..., o0, are stick-breaking weights, and
O = (On1,--.,Om) ~ Go

are random atoms, with G a Borel probability measure on Sg.

Previous Bayesian nonparametric analyses of stochastically ordered distributions have
made strict constraints except when X is discrete. In addition to not allowing uncertainty
in group differences, strict constraints can lead to a tendency to cover estimate group dif-
ferences, particularly when the true difference is small, sample sizes are small to moderate,
and the number of groups is moderate to large. By incorporating prior mass at the bound-
ary (?), one obtains a shrinkage estimator of the density, which borrows information across

groups.
1.3.3 Hierarchical Dirichlet Process and the Nested Dirichlet Process

The hierarchical Dirichlet process (HDP) (Teh et al., 2006) places a prior on a collection
of exchangeable distributions {G1, ..., G,}. Conditional on a probability measure Gy, the
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distributions in the collection are assumed to be iid samples from a regular DP centered
around G. In order to induce dependence, (5 is in turn given another DP prior. In

summary,

Gi |G0 ~ DP(CYGQ),

Go ~ DP(3H).

Since, by construction, GG is almost surely discrete, the distributions (G; share the same set
of random atoms, but assign strictly different (although dependent) weights to each one of
them. «v and 3 control the variance around H and the dependence between distributions.
In current research, people would like to borrow information from multicenter studies.
In such studies, subjects in different centers may have different outcome distributions.
Rodriguez et al. (2008) propose the nested DP (nDP) prior, which can be placed on the
collection of distributions of the different centers, with centers drawn from the same DP
component automatically clustered together. A collection of distributions {G1, ..., G} is

said to follow a nDP prior if
e¢]
Gi(r) ~ Z 7Tk5G:(.)7
k=1

Gr() = ) wibgs (),
=1

where 0, ~ Go, wye = wy [ [,o;(1 — wsk), 7 = v [ [, (1 — vs), v ~ beta(l, ) and
e ~ beta(1, 3). The nDP is a novel extension of the Dirichlet process for a family of
a priori exchangeable distributions that allows us to simultaneously cluster groups and
observations within groups. Moreover, the groups are clustered by their entire distribution
rather than by particular features of it.

The HDP specification automatically allocates subjects to clusters, with dependence
incorporated in the cluster weights across the groups. The nDP is more relevant in cluster-

ing groups, with each cluster having a different distribution of subject-level outcomes.
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1.4 Inference of Dirichlet Process Mixture Modeling

The discussion thus far has led to methods for generating G ~ DP(aGj). In this section,

we discuss different Markov chain Monte Carlo (MCMC) inferences for DPM.

1.4.1 Blocked Gibbs Sampler

Consider the blocked stick-breaking process prior representation for the DPM as following

fortr=1,....,n

ind
~

(v:160. K, ¢) m(yilbx., ¢,

(Kilp) = Z PrOk(-)

(p,8) ~ w(p)x Gy (),
¢ ~ 7(d).

where p;, follows the stick breaking process, with p, = wy | ], <k(1 — w;) and wy, ~
beta(1, @) and N is the upper bound to approximate the DP process.
Let {K},..., K} } denote the set of current m unique values of K. Ishwaran and James

(2001) propose the following blocked Gibbs sampling algorithm

(a) Conditional for @: for each k € K — {K7,..., K*}.

FOxr|--)ocGo(dixx) || flyilbxr, @), forj=1,....m

e ok
{i:lG=K7}

(b) Conditional for K:
) T pkadk(s), i=1,....n,

where (p1, . . . 7pN,i)OC(p1f(yi|‘91> ®), -, pn f(ilfn, ¢))
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(¢) Conditional for p:

b1 = wi,
pr = (I—w)(1—wy) (1 —wp_1)wy, fork=2,... . N—1,

where wy, nd beta(ak + My, by + Zl]\;k-i-l Ml), fork =1,...,N — 1 and M}, records

the number of K; values that equal £.

(d) Conditional for ¢:

F(@l--)oem(de) | | £ (wilOx,, 0)
=1

The blocked Gibbs sampler works by directly sampling values from the posterior of the
random measure and can be viewed as a more general approach because it works without
requiring an explicit prediction rule. The blocked Gibbs avoids some of the limitations

seen with the PSlya urn approach and should be simpler for nonexpert s to use.
1.4.2  Exact Block Gibbs Sampler

We can escape to prefix the upper bound N by using the following exact block Gibbs
sampler (Yau et al., 2010):

(a) The joint prior distribution of the indicator K; and a latent variable ¢; can be written

as

0
Ksz|p Z 51 Zl qi <pl (5l
=1

l: v1>q;

i. Sample ¢; ~ Unif(0, pg,) fori =1,...,nwithp; = w; [ [,_,(1 — w;).
1. Sample the stick-breaking random variables

wy beta(ak + My, by, + 2 Mz),
I—k+1
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fork =1,...,L — 1 and M records the number of K; values that equal k. L is

the minimum value satistfying p; + p2 + ... + pr > 1 — min{g;}.

iii. Sample K; for: = 1,...,n form the multinomial conditional with
Pr(K; = l)ocl(qi < pi) f (yilOx,, &)

All the other sampling steps are left the same as the block Gibbs sampler described in

the above.

1.4.3  Pdlya Urn Gibbs Sampling

We iteratively draw values from the conditional distribution of (6;|0 ;, ¢,y), for i =

1,...,n. In particular, each iterations of the Gibbs sampler draws the following samples:

(a) (0;]0_;,¢,y) foreachi = 1,... n: The required conditional distributions are defined

by
j=1

where
@ o (a+m) j £(468, 6)Goldb),

g; o (M; = 1) f(wil65, 0),
and these values are subject to the constraint that they sum to 1, that is, Z;”:O q}“ = 1.
Here we are dropping the dependence on i for notational simplicity and we write
{0%,...,0%} for the set of unique values in 6_;, where each value occurs with fre-

quency M, forj =1,...,m.

The other updating steps remain the same. Although here we focus on its application

to stick-breaking priors (such as the DP), in principle, the Pélya urn Gibbs sampler can

be applied to any random probability measure with a known prediction rule. Refer to

Ishwaran and James (2001) for more detailed discussion.
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1.5 Other Nonparametric Bayesian Modeling Processes

1.5.1 Chinese Restaurant Process

The most common choice of infinite-capacity prior is known as the Chinese Restaurant
Process (CRP). A draw from this distribution can be generated by sequentially assigning

observations to classes with probability

m., ifc < C (i.e., cis an old class),
Pr(K, = ¢|Ki.n, 1)

a, otherwise (i.e., ¢ is a new class).
where m,. is the number of observations currently assigned to class ¢ and C' is the number
of classes for which m, > 0. In this setting, the parameter « is refereed to as the concen-
tration parameter. Intuitively, a larger value of o will produce more clusters, and in the
limit as o« — oo all observations will be assigned to a unique class, whereas in the limit as
a — 0 all observations will be assigned to the same class.

There are two important invariant properties related to the CRP. First, under the dis-
tribution the assignment vector K = (1,2, 2) has the same posterior probability as K =
(2,1,1). These vectors are equivalent up to a “label switch”. Second, the cluster assign-
ments under the CRP are exchangeable, despite being drawn from a sequential process.
This means that the joint distribution P(K) is unchanged if the order of datapoints is
shuffled. Moreover, this distribution is marginally invariant: removing a single datapoint
leaves the distribution over the other datapoints unchanged.

The CRP derives its name from the following metaphor: imagine a Chinese restaurant
with an infinite number of tables, where each table corresponds to a class and customers
correspond to observations. The first customer enters and sits at the first table. The second
customer enters and sits at the first table with probability 1/(1 + «), and the second table
with probability /(1 + «). This process continues until all customers have been seated,

at which point the assignment of customers to tables defines a partition.
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The customers of a CRP are exchangeable: under any permutation of their ordering,
the probability of a particular configuration is the same. Exchangeability is a reasonable
assumption in some clustering applications, but in many it is not. Consider data ordered
in time, such as a time-stamped collection of news articles. In this setting, each article
should tend to cluster with other articles that are nearby in time. Or, consider spatial data,
such as pixels in an image or measurements at geographic locations. Here again, each
data should tend to cluster with other data that are nearby in space. And in our Wikipedia
study, we would like articles share more characteristics to “sit at the same table”. While
the traditional CRP mixture provides a flexible prior over partitions of the data, it cannot
accommodate such non-exchangeability.

Blei and Frazier (2010) proposes the dependent Chinese restaurant process (dCRP),
a flexible class of distributions over partitions that allows for non-exchangeability. This
class can be used to model dependencies between data in finite clustering models, in-
cluding dependencies across time or space. The key to the dCRP is that it represents the
partition with customer assignments, rather than table assignments. While the traditional
CRP connects customers to tables, the dCRP connects customers to other customers. The
partition of the data, i.e., the table assignment representation, arises from these customer
connections. Let ¢; denote the «; assignment, the index of the “customer” with whom
the «; is sitting. Let d;; denote the difference of the characteristics between subject 7 and
subject 7, and let f be a decay function. The dCRP independently draws the customer
assignments conditioned on the distance measurements,

f(dij), ifj#1,
Pr(c; = |-+ )oc
a, ifi = 7.
We should notice that the customer assignments do not depend on other customer assign-
ments, only the distances between customers. Also notice that j ranges over the entire set

of “customers”, and so any customer may sit with any other. Define R(c;.,) to contain one
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customer index from each table and R(c_;) to contain one index from each cluster in the
seating assignment c_; with the outgoing link of customer ¢ removed. Then the prior for
c; given c_; 1S
(al(o; = a,), if ¢; =1,

fldij) e, = a,), if ¢; # ¢ and R(c_;) does not change,

plcile—i, d)oc S
f(dij) (e, = ar,)/p(e;|Go),  if ¢; joins two tables in R(c_;),

k (1.6)

where d denotes the set of all distance measurements between customers and (7 is the
base measure. More details about the derivation of model (1.6) can be seen from Blei and

Frazier (2009).
1.5.2 Indian Buffet Process

Latent factor models typically assume that the observed data is generated by a noisy

weighted combination of latent factors:

K
Y = 2 Prznk + €,
k=1

where ¢ is a vector of Gaussian noise terms, 2, is a binary “mask”™ variable that indi-
cates whether factor £ is “on” for observation n, and ¢y, is a vector of weights expressing
how strongly each factor influences the observation. In reality, the number of factors is
unknown. Therefore, we would like to avoid specifying K and instead allow it to be un-
bounded. In this case, Z = (z,) is a binary matrix with a finite number of rows (each
corresponding to an observation) and an infinite number of columns (each corresponding
to a latent factor).

Like the CRP, the infinite-capacity distribution over Z has been furnished with a sim-
ilarly colorful culinary metaphor: Indian Buffet Process (IBP). IBP can be derived as fol-

lowing: a customer (observation) enters a buffet with an infinite number of dishes (factors)
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arranged in a line. The customer samples dish & in proportion to its popularity my (the
number of prior customers who have sampled the dish). When the customer has sampled
all the previously sampled dishes (i.e., those for which m; > 0), it samples an additional
Poisson(«) dishes that have never been sampled before. When all N customers have navi-
gated the buffet, the resulting binary matrix Z (encoding which customers sampled which
dishes) is a draw from the IBP.

The IBP plays exactly the same role for latent factor models that the CRP plays for the
mixture models: it functions as an infinite-capacity prior over the space of latent variables,
allowing an unbounded number of latent factors. Whereas in the CRP, each observation
is associated with only one latent class, in the IBP each observation is associated with a
theoretically infinite number of latent factors. We can see the comparisons from Figure
1.2. Customers are represented by numbered squares; tables (in the CRP, top) and dishes
(in the IBP, bottom) are represented by circles. Arrows show the assignment of a new
customer. On the right of Figure 1.2 are the matrices produced by the CRP (top) and (IBP)
(bottom) respectively. Rows correspond to observations. Columns correspond to classes
inthe CRP and factors in the IBP. The key difference is that in the CRP, each customer sits
at a single table, whereas in the IBP, a customer can sample several dishes. That is , the
CRP assigns each observation to a single class, whereas, the IBP assigns each observation

to potentially multiple factors.
1.5.3 Pdlya Tree Process

Another useful characterization of the DP is as a special case of the Pdlya tree (PT)
prior (Lavine, 1992, 1994). A particularly attractive feature of PT priors is the possi-
bility to model absolutely continuous distributions. The definition of PT starts with a
nested sequence I = {m,,,m = 1,2,...} of partitions of the sample space §). Assum-
ing that the partitions are binary, we start with a partition m, = {By, B;} of the sample

space ) = By u B; and continue with nested partitions defined by By = By, U Bo1,
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Chinese Restaurant Process

4]

customer

Indian Buffet Process

FIGURE 1.2: (Left) The generative process of the CRP (top) and IBP (bottom). (Right) Matrices
produced by the CRP (top) and IBP (bottom)

By = Bjg v By, etc. Thus the partition level m is 7, = {B., € = €;...€,}, where €
are all binary sequences of length m. A PT prior for a random probability measure G is
defined by a beta-distributed random branching probabilities. Let Y. = G(B|B.), and
A ~ beta(ag, a.1), then we say that G has a PT prior with G ~ PT(II, A).

The parameters a. are usually chosen as o, = c¢m' for level m subsets. For r = 2
the random probability measure G is a.s. absolutely continuous. With » = —1/2 the PT

reduces to the DP as a special case. The partitioning subsets B, can be chosen to achieve
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a desired prior mean Gy. Let g, = G* 1 (k/2™), k = 0,...,2™, denote the inverse c.d.f.
under G evaluated at dyadic fractions. If oy = a.;, for example o = cm', and the
dyadic quantile sets [gyk, ¢m k+1) are used as the partitioning subsets B, then E(G) = G.
Alternatively the prior mean can be fixed by G by choosing a.o/(cep+ae1) = Go(Beo|Be)
for any choice of the nested partitions II.

The main attraction of PT models for nonparametric Bayesian inference is the sim-
plicity of posterior updating. Assuming z; G fori = 1,...,nand G ~ PT(II, A).
Consider first n = 1, i.e., a single sample from the unknown distribution G. The posterior
p(G|z) is again a Pélya tree, p(G|z) = P(II, A’) with the beta parameters in A" defined

as

A, lf il ¢ BE,
o =

ae + 1, if x; € B..

The general case with a sample of size n > 1 follows by induction. The above re-

sult can be used to implement exact posterior predictive simulation, i.e., simulation from

p(Tpar|Te, o xn).
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2

Multiple Bayesian Elastic Net

2.1 Introduction

Highly correlated relevant features are frequently encountered in variable selection prob-
lems. One example in text mining concerns estimation of the probability that two Wikipedia
articles are linked, based on their lexical content. Some sets of words are strongly associ-
ated and informative about the presence of a link; other sets of words may be associated
but uninformative. One wants to select all words in a useful, strongly associated set simul-
taneously as a group, for better model interpretation and robustness. Similarly, irrelevant
lexical sets should be excluded as a group, providing a sparse solution that tends to avoid
overfitting.

For a bag-of-words model, the number of features is equal to the number of distinct
words in the articles. For the Wikipedia problem, the sample size (the number of links and
non-links to a specific article within a narrow topic area) is usually insufficient to allow
accurate selection of important predictors; thus we must borrow strength across data from
multiple articles. This paper focuses on the problem of flexibly borrowing strength across

data sources (articles) in selecting predictors (words) from among a very large number of
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candidate features.

We initially consider a linear regression model of the form,

y=XpB+e,

where X is the n x p matrix of standardized data, each row of which corresponds to a
sample, 3 is the p x 1 regression coefficient vector, y is the n x 1 vector of centered
regression responses, and € is an n x 1 additive noise vector. The ordinary least squares
(OLS) estimate can be obtained by minimizing the residual sum of squares, but it is well
known that the OLS does poorly in both prediction and interpretation when data are sparse
relative to the number of parameters. When p > n, the OLS will yield an estimator that is
not unique since X is not of full rank. Penalization techniques that promote shrinkage of
3 have been proposed to improve OLS. Ridge regression Hoerl and Kennard (1988) min-
imizes the residual sum of squares subject to a penalty on the Lo-norm of the coefficients.
For the problem of multicollinearity, ridge regression improves prediction accuracy, but it
cannot perform variable selection.

An alternative technique called the lasso was proposed by Tibshirani (1996). The lasso
is a penalized least squares method subject to an L;-penalty on the regression coefficients,
leading to continuous shrinkage and automatic variable selection simultaneously. How-
ever, as summarized by Zou and Hastie (2005), the lasso has several important limitations.
In the p > n case, the convex optimization algorithm forces the lasso to select at most n
variables before it saturates. Also, if there is a group of predictors that are highly corre-
lated with each other, the lasso tends to select only one variable from the group, almost
arbitrarily. Even for the usual n > p situations, if there are strong correlations among
predictors, ridge regression will outperform the lasso in terms of predictive performance
Zou and Hastie (2005).

Zou and Hastie (2005) proposed the elastic net, a new regularization of the lasso, for
use when there are unknown groups of multicollinear predictors. The elastic net estimator
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can be expressed as

p p
BeN = argmin(y — X8)'(y — XB) + M ) 1B + X D16,
B j=1 j=1

where \; and ), are tuning parameters. The elastic net estimator can be interpreted as a
stabilized version of the lasso. As pointed by Zou and Hastie (2005), the elastic net often
outperforms the lasso. In addition, the elastic net encourages the grouping of covariates,
so that strongly correlated predictors tend to be in or out of the model together. The elastic
net is particularly useful when the number of predictors p is much bigger than the number
of observations 7n; potentially, the elastic net can select all p predictors.

The Bayesian elastic net model was first studied in Bornn et al. (2007). Their model

assumed

y ~ N(X,@,T2I), 72~IG(CO,d0),

B ~ N(O,TQ(aj—i-/\)_l),

— )16 (0 1. 2). 2.1)

Oéj - ?7(Oéj+>\

where 7) is a normalizing constant and IG denotes the Inverse-Gamma distribution. By

integrating out «, the likelihood becomes

1
i) () exp { = o (1 = X8I + 2377081+ Al |

where f(72,7) is the joint prior for 72 and 7. The likelihood after integrating out c is
similar to the elastic net penalization problem and thus the resulting posterior estimates
are a Bayesian generalization of the elastic net. The MAP estimate of 3 is no longer a

linear function of y; it is given by

B = argming{|y — XB|* + 2¢/77%8] + A|BI*}. (2.2)
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It is clear that v and A control the shrinkage of coefficients, with larger values of « and
A inducing more shrinkage. Chen et al. (2010) introduce different -y; for each precision
parameter o;, with further Gamma priors being imposed on them. In this way, they achieve
sparsity and grouped variable selection simultaneously.

There are many advantages to embedding shrinkage priors in a hierarchical Bayesian
formulation. In addition to the usual ease-of-interpretation of hierarchical models, the
Bayesian formulation produces valid measures of uncertainty (which can be problematic
for the frequentist lasso). Also, posterior computation for the Bayesian lasso can be based
on a geometrically ergodic Markov chain using a block Gibbs sampler Kyung et al. (2010).

We extend the previous work on Bayesian elastic nets in several important ways. First,
we improve the flexibility of shrinkage through mixing elastic net priors, which automat-
ically allows adaptive shrinkage, not only to zero but also to a sparse set of non-zero
values. Multiple shrinkage was originally suggested by George (1986), with MacL.ehose
and Dunson (2010) proposing a Dirichlet process (DP) Ferguson (1974) mixture of double
exponential priors. Nott (2008) also investigates a generalization of ridge regression in the
linear model using the DP prior. The approach in MacLehose and Dunson (2010) inher-
its some of the disadvantages of the lasso, such as a tendency to select only one variable
from a highly correlated set of variables. In addition, when using Markov chain Monte
Carlo (MCMC), it is infeasible to handle very large values of p and/or n. For applications
with large, high-dimensional data, such as the Wikipedia project, computational speed is
important—standard Bayesian methods of posterior computation using MCMC are too
time consuming to implement. To achieve fast computation in large p, this paper uses
Monte Carlo EM sparse point estimation Booth and Hobert (1999).

In addition, we extend the new MBEN model to the problem of logistic regression, in
order to deal with classification problems that have sparse but correlated sets of covariates.
An further extension to MTL, motivated by fitting the Wikipedia data, is also considered.
The fact that the topics of some of the articles are related implies that what is learned
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about classifiers from one article is transferable to another. By learning the classifiers in
parallel through a unified representation, the transferability of expertise between articles is
exploited to the benefit of all. This expertise transfer is particularly important since there
is only a limited amount of data for learning each classifier. By exploring data from related
articles, the inference for each article is strengthened. More specifically, the model in the

Wikipedia network describes the link from article ¢ to article m as

logit Pr(y™ = 1x{™) = x™'8™  for m=1,....M, i=1,....n™, (23)

%

(m)

where x;  is the frequency of a common lexical word (e.g, “Gaussian”) being used both
in article ¢ and the central article m. The MBEN prior is shared across the M articles (so
the sparseness properties are shared, but not the exact regression weights). In this setting
the M articles cluster, and within each cluster, similar components of B(m) are impor-
tant. Liu et al. (2010) also use hierarchical shrinkage approaches for multi-task learning,
but their approach is set up under a hierarchical parametric model in which information
sharing across studies only affects the precision parameters controlling shrinkage to zero.
Our work is also different from Xue et al. (2007), since their paper does not do multiple
shrinkage but assumes that two tasks either have identical coefficients for all predictors or
have completely different coefficients, which is too restrictive, especially when p is large.

In section 2, we introduce the proposed MBEN approach and also consider modifica-
tions needed for logistic regression and multi-task learning. In section 3, we describe an
efficient Gibbs sampling algorithm for posterior computation. Section 4 outlines a Monte
Carlo EM algorithm for sparse point estimation. Data simulation is performed in sec-

tion 5 and section 6 applies the approach to the Wikipedia project. Section 7 contains a

discussion.
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2.2 Multiple Bayesian elastic net Prior

The prior distribution in (2.1) induces shrinkage toward the prior mean of zero; however, as
pointed by MacLehose and Dunson (2010), in many situations shrinkage toward non-null
values will be beneficial. Their approach is more flexible than the Bayesian lasso in that
they allow multiple shrinkage instead of just shrinking towards zero. Thus the data help
to choose the best hyperparameters while favoring sparsity through the use of a carefully-
tailored hyperprior. Building on their approach and the model (2.1), we introduce the

following MBEN prior,

B ~ N(uj,7'2(aj+)\)_1), A ~ G(ro, So)

(1 05) ~ n{waomj)(a,“—jA)WIG(aj; L 2)G(: a0, bo) + (1 - w)D}

J

T o~ beta(l,ao), D~ DP(O(()D())

_ @y \1/2 gl
Dy, = N(uj;cl,dl)(ajjrA) IG(aj;l,g)G(fy;al,bl) (2.4)

where Jy(y;) indicates that the random variable y; has a degenerate distribution with all
its mass at 0, and G(ay, by ) denotes the Gamma distribution with mean a;/b; and variance
a1/b?. Thus, with probability 7 a coefficient is shrunk toward zero as in standard elastic
net estimation. With probability 1 — 7 the coefficient is shrunk toward a non-zero mean,
-

Because the DP prior implies that D is almost surely discrete, the prior will auto-

p
j:la

matically group the p coefficient-specific hyperparameters, {/;, o;} into L clusters,
{pf, o}, with L < p. One of these clusters will most likely correspond to p; = 0,
while the other clusters will not have zero means. The prior on the number of clusters is
controlled by «p, with smaller oy inducing fewer clusters. When the data are informative
about the number of clusters and the cluster-specific hyperparameters, the procedure adap-
tively shrinks coefficients toward the non-zero locations suggested by the available data.
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Our proposed MBEN prior can be seen more clearly through the equivalent stick breaking

form:

B ~ N(u,’:j,72(a,’§j + A, A~G(rg,s0), 7 ~1IG(cy,dp)

ki~ ). md, (2.5)
t=1

*’a* *
V0D ) NG ) ()G L), for 1 1,

af+x

{ mdo(17) (G353)*IG(afs 1, ), for t=1,

v ~ Gla,b), for 1=0,1

where the random variable 7, is constructed as m, = V; [ [,,_,(1=V}4), Vi ~ beta(1, ap), and
1o and 7, are normalizing constants. The prior on the number of clusters is controlled by
a, with smaller values favoring fewer clusters. However, the data are strongly informative
about the number of clusters and the cluster-specific hyperparameters. Coefficients are
shrunk adaptively toward non-zero locations suggested by the data. An infinite number of
(pf, af) are drawn from the prior distribution, with the jth coefficient falling into the k;th
of these components. Coefficients with prior parameters drawn from the first component
have a standard elastic net prior. Thus for £ > 1, 7, is the prior probability of falling into
the tth component and it is constructed through a stick-breaking process. Figure 2.1 shows
a random draw from the prior distribution for one predictor-specific coefficient.

Each mixture component has a distinct prior mean and variance. Although there are
infinitely-many components available, the intrinsic Bayes penalty for model complexity
will tend to favor allocation of the coefficients to very few components relative to p. One
can reinforce allocation to few components through choosing a small value of oy. By
choosing a relatively large value of d;, one can favor a wide variety of prior means, which
also tends to upweight allocation to a few components that are widely distributed. Even
with such priors, the data are strongly informative about the number of occupied compo-

nents and the distribution of the prior means.
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For the Wikipedia project, responses are binary, z = (z1,...,2,)" with z; € {0,1},
where z; = 0 means there is no link from the current article to article 7, and z; = 1 other-
wise. We augment the data using the O’Brien and Dunson (2004) algorithm by assuming
the outcome z; = 1 when the latent variable y; > 0. Withy; = x,8+¢;/0"/2, ; ~ N(0, 72)
and ¢ ~ G(v/2,v/2). The scale mixture of normals for ¢; with 72 = 72(v — 2)/(3v) and
v = 7.3 1s a near exact representation of the logistic distribution. It is easy to apply the

MBEN prior to the logistic regression model as

Y = X;B + €,
N vy = =2
€ = 61/925 5 EZNN(OJT )7 ¢NG(V/27V/2)7

B~ MBEN(up, i, 7\, 7). (2.6)

The proposed MBEN model can be readily extended to a multi-task setting, in which
multiple regression or classification tasks are performed jointly. For example, the regres-
sion coefficients can differ from task to task, but the sparsity pattern of the regression
coefficients may be shared, thereby imposing the belief that irrelevant features are the
same or similar across the tasks. Suppose there are M tasks, each represented as in model

(2.6),
y(m):X(m),B(m)+€(m)a m=1,...,M,

where X ™ is the n(™ x p design matrix for task m, n{"™ is the number of samples
for task m, ,B(m) is the p x 1 dimensional regression coefficients for task m and €™ is
the residual for task m. The Multiple Bayesian elastic net prior is shared across the M
tasks (the sparseness properties are shared, but not the exact regression coefficients). For

classification problems, ¢ is not directly observed, instead only the label information
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(m)

2(™) is known with z;"" € {1,0}. The multi-task model can be expressed as

2= 1™ > 0),
o= X
&= gm e m) CN(0, 7)) 60 ~ Gv/2,v/2),

B~ MBEN(uf,af,, 7%\, 9). @.7)

The above form is for multi-task classification; for regression one can simply remove the
first line of (2.7). The task-dependent B(m) share the same MBEN prior, implying that the
multiple tasks share similar non-zero coefficients and similar weights on each component.
In this setting, the M tasks cluster, and within each cluster similar components of ﬂ(m) are

important.

2.3 Posterior Computation

2.3.1 Weakly Informative Prior Specification

Prior specification is of great importance in Bayesian modeling. As we are interested
in high-dimensional settings and automated methods that can be applied quickly to new
data sets, subjective prior elicitation based on expert knowledge is not feasible. Hence,
we follow Gelman et al. (2008) in recommending default hyperparameter values, with
predictors standardized to eliminate sensitivity to measurement units.

We first specify ag and by, the hyperparameters in the component having mean fixed
at zero. Coefficients assigned to this component should have values close to zero. We
choose ag and by such that {* MBEN((;; 0,72, o, A, 70)d3; = z, where z is the prior
probability that the coefficient drawn from the cluster with mean zero has a null effect and
€ is a small positive constant. Setting z = 0.90 and ¢ = 0.1 implies ag = by = 1072
For the remaining components centered away from zero, if we choose a; = b; = 1, the

priors will have prior credible intervals of unit width. We recommend choosing smaller
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values for these hyperparameters which are large enough to encourage shrinkage but not
so large as to overwhelm the data and arbitrarily force a large number of components to
be generated. The DP precision parameter oy is set to be 1 as a common default choice in
DP models.

The parameters ¢; and d;, the prior mean and variance for the location parameter of the
non-zero components, are chosen so that ;; will have a relatively wide range of support.
We also want to avoid setting d; to be too large, leading to proposing unlikely prior loca-
tions and over-favoring of allocation to the zero componenet. Therefore, we choose ¢; = 0
and d; = 5. For priors of )\, we set the shape parameter 7o = 1/100 and the rate parameter
so = 1/100 so that the prior mean for A concentrates on 1 and the prior variance is 100.
As for the original elastic net or the Bayesian elastic net, one may use cross validation to
set A and the range of \ is dictated by the desired levle of model sparseness. Our paper
gives a fully Bayesian approach and has the advantage of adjusting A\ automatically during

the updating steps.
2.3.2 Gibbs Sampling Algorithm

We propose a Gibbs sampling algorithm which is a hybrid of the slice sampling scheme
of Damien and Wakefield (1999) and the exact block Gibbs sampler of Yau et al. (2010).
The exact block Gibbs sampler combines characteristics of the retrospective sampler of
Papaspiliopoulos and Roberts (2008) and the slice sampler of Walker (2007), modifying
the block Gibbs sampler of Ishwaran and James (2001) to avoid truncation approximations.

We shall focus on the model with y ~ N(X 3, 7°1) and 7% ~ 1G(cy, dp).

1. Update B3 = (04, ..., 3,)" by sampling from the conditional posterior
(B]+) ~ N(ug. £g),

where ¥ g = (X'X + Q) !and 1g = Eﬁ(X'y + Qu*) and Q is a p x p diagonal
matrix with jth element o + A.
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2. Update parameter A through

N

pA[---) o | J(ag, +A)2e

.:ﬁ

<
Il
—_

A0 exp(—sp))

S
:h

272

P % \2
(af +\) "7 P\ 1exp[—)\{ =15 — 1) —i—so}].

o~
Il
_

With the slice sampling scheme by Damien and Wakefield (1999), we first generate

wy ~ Unif[O,(aZ‘-ﬁ—)\)mtT_l], fort=1,...,L,

wy ~ Unif[0, \0~1].

2
We then get the range for A as \ € [max (max(w," ™" — af),0), (wo)rol—l] -

|10, uo]. Hence the posterior distribution for A is a truncated exponential distribution

25=1(B5—hi, )?

5 + so within the range [lg, uo].

with parameter
3. Update 72 from its full conditional

2 o IG(’FL —;p + cp, %{ Z(yi —x;8)% + Z(a,’;j + N (85 — MZ].)Q} + do).
: et

4. The joint prior distribution of k; and a latent variable u; can be written as

Q0
flkj,uj|m) = Z 9;( Zluj<7rt )o:(+).
t=1

>
Implement Exact Block Gibbs sampler steps:

i. Sample u; ~ uniform(0, 7, ), for j = 1,...,pwithm, = V, T, _,(1 = V§).
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ii. Sample the stick-breaking random variables

L
Vi ~ beta(l +my, g + 2 ms)7

s=t+1
fort = 1,..., L, with L the minimum value satisfying 7 + ... + 7 > 1 —
min{u;}.
1. Sample pf fort =1,..., L by

1 Fort = 1, since the prior for ;§ has unit probability mass at O, the posterior

distribution still has probability mass at 0.

ii For2 <t <L,

pi ~ N(TQ(O‘;; ) 2k =i 5+ df1017 {mt(a;“ +A) 1 }1>

T 2my(af + \) +d;t T2 d;
where m; is the number of regression coefficients assigned to component .

iv. Sample o fort =1,..., L by

—3/2

plai]---) o (af) *exp{—

af X, (B — M?)Q}exp (_ 7/2)

272

(af + X))/,

We still apply the slice sampling scheme of Damien and Wakefield (1999) to

get the above posterior distribution of « at the (¢ + 1)th iteration,

#(1 2 #(1
max {0, (' + A exp(— S /\)} < a0
me — 1

261) il }
377 2 + (af(l))*lfy

< min {af(i) exp (

where ey, e; and e3 are independent exponential random variates with mean 1.
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Denote this range as o) e [l;, u] and

ij:t (8; — 1p)?

272

p(a:(i+1)| )~ Exp( Nl < a:(i+1) <w)

= Exp(0)1( < o < wy)

where Exp(6;) is the exponential distribution with parameter 6,. If no observa-
tion is assigned to a specific cluster, then ;i and o] are drawn directly from the

prior distribution.

v. Sample k; for j = 1,..., p from the multinomial conditional with
Pr(k; =t|---)ocl(u; < m)N(Bj|pi, o), fort=1,... L.

5. Sample the mixing parameter v with the conjugate prior through

L
Yo ~ G(ao +1,1/(2a7) + bo), "o~ G(a1 + L — 1,2 1/(2af) + bl).
t=2
The above updating algorithm can be easily modified to fit the logistic regression model

and the MTL model.
2.4 Sparse Point Estimation via Automated Monte Carlo EM

In the Wikipedia project, some articles have tens of thousands of predictors (stemmed
words) but only a few dozen links to other articles, so inference is difficult. Although the
MCMC algorithm proposed in the previous section for fully Bayes posterior computation
is quite efficient, problems can arise when scaling computation to very large p, particularly
if it is important to produce results quickly. From the MCMC implementation, one can
obtain posterior probabilities of allocation to the zero component for each of the predictors
and the tendency will be to shrink the coefficient for unimportant predictors close to zero.

However, none of the estimated coefficients will be exactly zero. From the standpoint
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of producing a simpler model that may be more interpretable and which provides dimen-
sionality reduction (thus eliminating the need to store all the predictors), it is appealing to
obtain coefficient estimates that are exactly zero.

In order to address the dual goal of substantially shortened computational time and
sparse estimation, this section proposes an expectation maximization (EM) algorithm for
maximum a posteriori (MAP) estimation under a finite approximation to the model pro-
posed in Section 2. In particular, in place of the Dirichlet process, we use the finite ap-
proximation to the Dirichlet process proposed by Ishwaran and Zarepour (2002). This
approximation is useful since the EM algorithm has difficulty with the stick-breaking rep-
resentation because of the non-exchangeability of the components. In particular, the EM
algorithm converges to a local mode, leading to inferior inference.

More specifically, in expression (2.6), we let
L
kj~ Y m6, (m,...,m) ~ Dirichlet(ag/L,. .., ao/L).
t=1

The hierarchical decomposition of the MBEN prior allows use of the EM algorithm to
implement the elastic net criterion in (2.2). This can be done simply, by regarding k =
(kisooo k) = (g, - - pg,) and @* = (ag,,..., af ) as hidden/missing data. Set
¢ = (\, p*, a* v) and ¥ = (3, 7%). Each iteration consists of an E-step and an M-step.

The (r + 1)th E-step entails the calculation of
Q| ™) = Ellog{f(y, &, ks 9)}Hy: ], 28)

where f(y, ¢, k; 1) represents the joint density of the complete data and 1/)(” denotes
the value of 4 from the rth iteration. The new value ¥ is obtained by maximizing
Q(w|9™), which serves as the M-step.

We cannot get an analytical evaluation of equation (2.8) under our structure with the

MBEN prior. A modified Monte Carlo EM algorithm by Wei and Tanner (1990) avoids
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this difficulty by replacing the expectation in the E-step with a Monte Carlo approximation.
Booth and Hobert (1999) improves the Monte Carlo EM algorithm by suggesting a rule for
automatically increasing the Monte Carlo sample size after iterations in which the true EM

step is swamped by Monte Carlo error. More specifically, a Monte Carlo approximation

of Q(ap|yp™) is given by
Q) = X108 (110 61k ) 29)

The Monte Carlo EM algorithm involves the use of (), in place of (). An appropriate
value for m is chosen after each iteration, and the algorithm is stopped when changes in
the parameter estimates are small (after taking account of Monte Carlo error).

Define

2

ST QW)

QYY) = Q) QP(ly) =

¢

Then
0 = QU V")~ QW V) + (Y — Y QR (g ),
— ¢*(7‘+1) _ ¢(r+1) + Qg)(w*(rﬂrl)|,l’b(r))le7(’i)<,”b*(r+1)|¢(7‘))/ (210)

where 4*" Y satisfies Q) (4*"+D|4p() = 0. Conditionally on 9™, 4" *Y is approxi-

mately normal with mean w*(”l) and variance

Var(¢(r+1)|¢(r)) ~ Q(Q ( *(r+1) |¢ r) VaI'{Q(l *(r+1)|¢(r))}Q%)(¢*(r+l)|¢(r))76211)

A sandwich estimate of var(p" [} is obtained by substituting 1"V in place of

v,b*(”l) on the right hand side of the above equation with the estimate

var{Q\) (* Iy} = —Z( log { (v, ¢rl,krl,¢<r“)})

<a¢ log { f(y, Byy, kv Y )}) :
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After the (r+1)th iteration, we construct an approximate 100(1—«)% confidence ellipsoid
for 1/)*(”1) by using the normal approximation shown in the above. If the previous value
™) lies in that region, then the EM step was swamped by Monte Carlo error, and m
should be increased by m = m + m/k, k € {2, 3,4}, as suggested by Booth and Hobert
(1999).

The algorithm is stopped when

(r+1) N (r)
max <|¢z()—¢z|) < 09, (2.12)
! |40;" | 4 01

where d; = 5 = 0.001 is the common choice. Since the expectation in the E-step cannot
be calculated analytically in our context, we run the risk of stopping prematurely, where

™ s very close to 1/)(” only because a large Monte Carlo

the algorithm stops when 1,[)(
error is associated with 1p<7"“>. To reduce this risk, we use a second convergence criterion
in conjunction with criterion (2.12) suggested by Booth and Hobert (1999). Their criterion
is based on the change in the parameter estimates relative to their standard errors. More

specifically, the algorithm will stop if

(7‘-‘1-1) . (r)
max {M} < by, (2.13)

A/ Var(zﬁi) + 0]

where 0] and 05 should be suitably small and need not be the same as §; and sy in
(2.12). The variance of 1@ can be estimated by using the inverse of an estimate of the
observed Fisher information evaluated at the current parameter estimate. Louis (1982)

showed that the observed information matrix can be written as the sum of —Q() (1/)|1Ap)
and —Var[ﬁ log{f(y, ¢; %)}y, |, which is the complete information minus the miss-
ing information. More details about stopping rules and updating schemes for m are given

in Booth and Hobert (1999).
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Generalizing the above analysis, we have the following automated Monte Carlo EM

algorithm steps:
1. Set starting values ¥, = (B, 7¢) and r = 0.

2. Gibbs sampling. In the rth iteration, we repeatedly sample k1, ..., k, and ¢y, ..., ¢,

for m times, as follows:
i. Update p(my,...,mz|---) ~ Dirichlet(ag/L + my, ..., a0/L + mp), where m; is
the number that k; = [for j = 1,...,p.

ii. Update k; from a multinomial distribution with probabilities

Pr(k; = D)ocmN(0;; pi,, 72 (e, + N7 f (i 0,

where f (u,jj , ) is the prior for (p,’:j , O, ). Label switching moves by Papaspiliopou-
los and Roberts (2008) are needed here to assist the algorithm to jump across

modes.

iii. Sample \, v, (af,...,a})and (uf, ..., u}) through the same steps as in the above

MCMC algorithm, where {1}, a;f} are cluster specific parameters.
3. (E-Step). Calculate equation (2.9) by Monte Carlo integration.

4. (M-Step). Obtain ¥*"* from (2.10) and the 100(1 — )% confidence ellipsoid for

*+ with (2.11) to decide whether to change m.

Repeat Steps 2 through 4 until the algorithm reaches the stopping rule.
2.5 Simulation Study

The intuitive appeal of allowing shrinkage of parameter estimates to multiple locations is
clear, but the potential gain must be confirmed by simulation. We examine the performance

of our two approaches in comparison with the lasso Tibshirani (1996), the LARS-EN Zou
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and Hastie (2005) and ridge regression Hoerl and Kennard (1988). Results for the latter
three methods are obtained from R package elasticnet, lars (both with ten fold cross
validation) and MASS. Our first example is similar to the one from the original elastic net

paper Zou and Hastie (2005). Specifically, we simulate data from the true model
y=XB+e €e~N,(0,0°1,),

where X is the predictor matrix with dimension n x p, where n = 200, p = 40 and 02 = 1.

We simulate 50 data sets. The predictors X are generated by

X; = Z1+€ix, Z1~N(0,]n)7 izl,...,E),
X; = ZQ“I‘E?, ZQ NN(O,],J, i:6,...,10,
X; = Z3+Eix, Z3~N(0,]n)7 1= 11,...715,

x; ' N(0,1,), i=16,...,40,

where the €7 are independent and identically distributed N(0,0.017,,), fori = 1,...,15.
The true regression coefficient is set to 3 = (3,...,3,0,...,0)" with the first 15 elements
equaling 3 and the rest 0. Thus, we have three equally important groups, and within each
group there are five highly correlated members. The last 25 are pure noise features. An
ideal method would select out the 15 true features while setting the coefficients for the 25
noise features equal to zero. A second set of simulations is performed for 50 additional
data sets, each with p > n: here n = 150 and p = 200. The first 15 elements of 3 are
set to 3 and the rest to 0. A third simulation is performed for another 50 data sets under
the extreme situation where p » n: here n = 200 and p = 2000. Finally, we compare the
performances of all of the methods when the true effects are not sparse, with n = 200 and
p = 200 and the first 90 coefficients being 3 and the rest being 0.

In each simulation, for the lasso and elastic net, 50 observations are used to select
tuning parameters, 50 observations are used to fit the model and test errors are calculated
from the remaining observations. We use the first 100 observations to fit the models and
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the remaining test samples to calculate the test errors in our two proposed methods and
ridge regression.

The MBEN (MBEN updated by MCMC algorithm) and MBEN (MCEM) (MBEN up-
dated by Monte Carlo EM algorithm) tend to identify the correct coefficient clustering.
For instance, prior location and scale parameters are often grouped into one cluster for the
first 15 coefficients and a second cluster for the remaining coefficients. Each of the 3 co-
efficients is shrunk toward a cluster-specific prior mean, e.g., the first 15 or 90 coefficients
are shrunk towards a prior mean that is close to 3 and the remaining coefficients are shrunk
towards the null component.

We first compare the mean squared errors (MSE) of the estimated coefficients from the
lasso, the elastic net, the ridge regression, the MBEN and the MBEN (MCEM) in the first
three simulations. The MBEN and the MBEN (MCEM) have the smallest MSE for all the
coefficients (MSEALL) over the first three simulated datasets (Figure 2.2). The elastic net
performs robustly with only slight differences from the MBEN methods. The lasso per-
forms the worst in terms of the MSEALL, with the MSEALL decreasing as the dimension
increases. In terms of the mean MSE for the non-null coefficients (MSENNULL, Figure
2.3), the lasso performs the worst in the first two simulations, while ridge regression per-
forms worst in the third simulation. It is surprising that the elastic net performs worse
than ridge regression in estimating the non-null coefficients in the second simulation. In
the third simulation, the lasso, the elastic net and the MBEN and the MBEN (MCEM)
perform almost identically. For the MSE of the null coefficients (MSENULL, Figure 2.4),
since the estimates from the ridge regression cannot be exactly zero, ridge regression per-
forms poorly in all the three simulations. In terms of the bias (Figure 2.5), the elastic net
performs the worst in the first simulation, and ridge regression performs worst in the sec-
ond and the third simulations. The MBEN and the MBEN (MCEM) obtain the smallest
bias throughout the first three simulations. The superior performances of the MBEN and

the MBEN (MCEM) result from including prior locations that are distinct from 0. How-
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ever this could also lead to slightly poorer performance in estimating coefficients with null
effects (Figure 2.4), since they may be shrunk toward a non-null component; however, it
is difficult to see any deterioration as the dimension increases. In the fourth simulation,
the lasso and the elastic net perform the worst in terms of the MSEALL, the MSENNULL
and the bias. The reason can be seen clearly from Figure 2.6: both the lasso and the elastic
net over-shrink the estimates when the true coefficients are not sparse.

Performances from all the methods are also summarized in Table 2.1 in terms of the
mean-squared prediction errors (MSPE). The numbers in parentheses are the correspond-
ing standard errors (of the means) estimated by the bootstrap with B = 500 resamplings
on the 50 mean-squared errors. We note that ridge regression performs only slightly worse
than the lasso and the elastic net in simulation 1 but is very poor in simulations 2 through
4. This makes sense since the ridge regression cannot obtain the exact zero estimates and
the MSE from the null effects aggregates as the dimension increases. The lasso and the
elastic net perform very robustly through the first three simulations and stand just behind
the MBEN and MBEN (MCEM), but both are much worse in the fourth simulation. The
MBEN and MBEN (MCEM) are more accurate than all the other methods across all four
simulation studies. The MBEN (MCEM) performs almost the same as the MBEN but is,
on average, 2 to 4 times faster, especially when the dimension becomes large. In the first
three simulations, the MBEN (MCEM) converged in 45, 59, 90 and 65 iterations. The
values of m increased from the initial value of 100 to 2550, 4750, 6775 and 5320 in the
final iteration, respectively.

In the simulation studies, we also notice that the cross-validation is not robust and
sometimes can cause unreasonable estimates when using the lasso and the elastic net.
The MBEN and the MBEN (MCEM) are fully Bayesian methods and choose the tuning
parameters automatically in each iteration, leading to more robust inference. Also, our
proposed MBEN and MBEN (MCEM) are not much more time consuming than the lasso

and the elastic net. In particular, cross-validation with the elastic net can be slow, and
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possibly becomes stuck when the dimension is relatively large (e.g., p = 2000). The R
function enet sometimes stops because the variances of some of the columns of the design
matrix resulting from the cross-validation are zero. It happens when the design matrix is

sparse, which is the situation for the Wikipdedia.
2.6 Wikipedia Project Application

The Wikipedia is a free-content encyclopedia project based on an openly-editable model.
Wikipedia’s articles provide links to guide the users to related articles with additional
information. These articles are written by thousands of volunteer editors that collaborate
to build a consensus on additions and changes. Since its creation in 2001, the Wikipedia
has grown rapidly into one of the most popular reference sites on the internet.

Articles in the Wikipedia are organized into categories, and a single article may belong
to multiple categories. Most categories have a number of subcategories, and the numbers
of subcategories and the articles within them change over time. The numbers cited in this
paper are accurate as of June 25, 2010.

There are 56 subcategories for “Statistics” and we focus on two of the subcategories.
The first subcategory is “Continuous Distributions”. The second subcategory is “Bayesian
Statistics”. Our analysis considers the corpus formed by the union of the articles in “Con-
tinuous Distributions” and “Bayesian Statistics”. We view each article in the corpus as a
bag-of-words. From those bags we extracted the vocabulary, that is, the set of W words
that appear, in total, in the entire corpus (we used a Perl script stemmer to identify similar
words; e.g., “average”, “averages’, and “averaging” are treated as the same word). We
count how many times word w appears in article n, and denote this by x,,,,.

Besides the counts, we computed the importance of word w in article n, denoted by

!, according to the formula

, Tnw o N

I frd
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where 1(x,,, > 0) indicates whether a word w appears in article n, and N is the total
number of articles in the corpus (in this case, N = 160; 95 from “Continuous Distribu-
tions” and 65 from “Bayesian Statistics”, and no article is common to both subcategories).
The “normal distribution” is included in the 65 links from “Bayesian Statistics” and the
“Bayesian inference” is also included in the 95 links from “Continuous Distributions”. We
exclude these two links and keep the remaining 158 links for analysis. This importance
measure is known as the TF/IDF (term frequency/inverse document frequency) transfor-
mation and the importance is proportional to the number of times the word appears in
a document, and inversely proportional to the number of times it appears in the corpus
Spirck Jones (1972).

The immediate goal is to build a statistical model to predict which articles receive
links from the selected central articles, using lexical information from all of the articles
in these two subcategories. That goal is part of a larger project, to build a dynamic net-
work model for growth and change in the Wikipedia. This represents a typical example
of a general learning scenario called single-task learning (STL) when considering each
central article independently and multi-task learning (MTL) when considering all articles
simultaneously.

STL refers to the approach of making inference one task at a time, using only the data
that directly correspond to the problem; it assumes that tasks are drawn independently from
a pool in which each task requires unrelated sets of covariates. In contrast, MTL regards
the tasks as potentially having association structure, in that similar sets of covariates are
relevant across many or all tasks. This perspective allows transferance of expertise among
tasks, benefitting inference in all of the tasks and allowing joint solutions within a unified
representation. By exploiting data from related tasks in MTL, the data for each task is
partially combined and the resulting algorithm is improved.

In applying STL, we selected “normal distribution” and “Bayesian inference” as the
central articles and consider all the articles in subcategory “continuous distribution” and
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“Bayesian Statistics” as the corpus. We chose these two articles because they are lengthy,
have large numbers of links to other articles, and contain a mix of distinct and common
vocabulary. Also, these two central articles have similarities that suggest what is learned
from one task could be transferable to another, enabling later comparison with MTL.

We first did analyses for these two central pages separately. For this application, to
eliminate uninformative words (e.g., “of”, “the”, and so fourth) we use only those words
whose TF/IDF score is greater than a threshold. This threshold was chosen after some
exploration of a number of documents; our value is 0.0006. This leads to a set of 1052 and
1053 words, sorted in decreasing order according to the TF/IDF score. Using all the other
articles in the category Statistics, we create a matrix of size 1052 x 158 and 1053 x 158,
where the rows are the selected words from “normal distribution” and “Bayesian infer-
ence”, with each column representing the counts of those words between the “normal
distribution” (or “Bayesian inference”) and the other 158 articles in the two subcategories.
The response is a 0-1 vector, indicating the presence of a link between the “normal distri-
bution” (or “Bayesian inference”) and article ;.

The number of times that a word appears in a given article is not the only variable
included in the analysis. We can determine the divergence between the importance of a
selected word in “normal distribution” (or “Bayesian inference”) and the importance of the
same word in any other article. This can be done using the cross-entropy measure H(p, q).

The cross-entropy measure for two discrete distributions p and ¢ is defined as:

H(p,q) = =), p(2)logg(2). (2.14)

In this case p(z) is the distribution of the word counts in “normal distribution” or “Bayesian
inference” and ¢(z) is the distribution of the same words in article j, j = 1,...,158. We
expect that if a word w is important for “normal distribution” (or “Bayesian inference”)
and also important for article j, then it is more likely that there is a link between them.

Small values of H (p, q) indicate less divergence between the articles.
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The results for the MBEN that follow are based on 50,000 iterations obtained after
a burn-in period of 5,000 iterations. The results for the MBEN (MCEM) are obtained
after satisfying conditions (2.12) and (2.13) when setting d;, d2, 07, and &5 to 0.001. No
evidence of lack of convergence was found from the visual inspection of trace plots or
from the Gelman and Rubin (1992) convergence test .

We use multiple random training-tests splits to choose 79 articles as the training set
and the remaining 79 articles as the testing set. The predictive performances are sum-
marized across different splits. We randomly select the training set and the testing set to
escape the alphabetical order of the articles, otherwise perhaps Asymptotics, Asympotic
Normality, Asymptotic Limits, etc., are all in one or the other of the training/testing set.
This random selection can also help test the robustness of all the methods. The design ma-
trix X is composed of the frequency of the bag of words and the entropies, with the first
column being all 1’s to account for the mean effect. For the STL, the validation and testing
results are given in Table 2.2-3 for the lasso, the elastic net and the proposed MBEN and
MBEN (MCEM). From the tables, we notice that estimation of the lasso and the elastic
net yield inferior performances compared to that of the MBEN and the MBEN (MCEM).
It is probably because of the lack of robustness to choice of the tuning parameters for the
lasso and the elastic net, while our proposed methods update the tuning parameters in each
iteration and obtain rather robust estimations. For the MTL, since the lasso and the elastic
net do not allow different predictors across the tasks, we can only show the performances
resulted from the MBEN and the MBEN (MCEM).

In STL, for “normal distribution”, the chosen words of the MBEN are “random”’, ‘‘es-

99 << 29 €6,

timator”, “scores”, » 9« T

sum’’, “characteristic”’, “intensity”, “n-1, “errors”, ‘“variable”,
“~” “hell”, “0®’ and cross entropy. For “Bayesian inference”, the significant words are
“inference”, “bowl”, “guilty”, “posterior”, “theorem”, ‘“test”, ‘“probabilities”, ‘“posi-
tive”, “court”, “odds”, “observed”, “let”, ‘“testimony”, ‘0.5’ and cross entropy. We

notice that the words chosen for the “Bayesian inference” are related to legal issues. Words

44



in bold face are also chosen in the MBEN (MCEM).

In MTL with the MBEN, there are two other words are selected for “normal distribu-
tion”, which are “mean” and “o*”; “theorem” is recognized as another significant word for
“Bayesian inference”. For estimation with the MBEN (MCEM), only the word “mean” is

selected for the normal distribution and no new word is selected for the “Bayesian Infer-

ence”. Training errors and testing errors are decreased as can be seen from Table 4 and

Table 5.

2.7 Discussion

We have extended the elastic net model developed by Zou and Hastie (2005) to a semi-
parametric Bayesian version, with tuning parameters marginalized out using a Bayesian
approach instead of through cross-validation. An efficient MCMC algorithm and an au-
tomated Monte Carlo EM algorithm enable fast computation in high dimensions. The
proposed multiple Bayes elastic net (MBEN) prior can be easily inserted into general
Bayesian models, including generalized linear models, nonparametric regression models
having many kernels or basis functions, and even hierarchical regression models for func-
tional data and multi-task learning. A logistic link regression model has been developed
for independent tasks and a multi-task MBEN model has been developed for simultane-
ously fitting multiple related models.

The performance of the new model has been assessed in several simulation examples.
In sparse settings, we consider a low dimensional example with p < n, a high dimen-
sional example with p > n and an extremely high dimensional example with p » n. In
non-sparse settings, we consider a relatively high dimension example with 90 out of 200
coefficients being non-zero. Performance is compared to the lasso, the elastic net and
the ridge regression, and we find that the new model is superior according to a variety of

criteria. The MSE for coefficient estimates is strongly decreased for coefficients having
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non-null effects but is only slightly increased for coefficients with null effects. The MSPE
decreases significantly compared to ridge regression, the lasso and the elastic net. Our
proposed MBEN and MBEN (MCEM) perform robustly under different settings, while
the lasso and the elastic net behave poorly when the true coefficients are not sparse and
ridge regression performs poorly when the settings are sparse. The MBEN and the MBEN
(MCEM) also show advantages in choosing robust tuning parameters.

The proposed methodology has been motivated by the challenging Wikipedia project,
in which bags-of-words from articles are employed to try to infer links among articles. We
have presented both single-task and multi-task results on classification performance and
have also inferred words that are relevant for this classification task. The results from this
application are interpretable and successfully distinguish links and non-links. As wanted,
the MBEN selects multiple correlated words. The MBEN priors may be easily extended

to other models and should be of use to researchers in many other settings.
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Table 2.1:

Results for the Data Simulation

Method Simulation 1 Simulation 2 Simulation 3 Simulation 4
lasso 3.10 (1.68) 2.42 (0.82) 15.91 (4.12) 23.93 (6.77)
elastic net 1.58 (0.48) 2.08 (0.88) 14.07 (4.04)  65.43 (57.48)
Ridge Regression 5.42 (2.59) 39.57 (13.19) 447.15 (65.27) 125.21 (87.69)
MBEN(Gibbs) 0.87 (0.10) 0.97 (0.13) 8.93 (1.21) 12.39 (2.49)
MBEN (MCEM) 0.97 (0.12) 1.00 (0.24) 9.34 (1.45) 16.78 (2.98)
Table 2.2:
Method Training Error Testing Error # Words Chosen
lasso 10/79 16/79 10
elastic net 10/79 13/79 11
MBEN(Gibbs) 6/79 10/79 13
MBEN (MCEM) 7/79 11/79 11
Table 2.3:
Method Training Error Testing Error # Words Chosen
lasso 13/79 17/79 9
elastic net 7779 16/79 13
MBEN(Gibbs) 6/79 10/79 15
MBEN (MCEM) 6/79 12/79 14
Table 2.4:
Method Training Error Testing Error # Words Chosen
MBEN(Gibbs) 5/79 6/79 15
MBEN (MCEM) 5/79 7/79 14
Table 2.5:
Method Training Error Testing Error # Words Chosen
MBEN(Gibbs) 4/79 8/79 16
MBEN (MCEM) 6/79 10/79 14
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Mean MSE for non—null coefficients
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Mean MSE for the null coefficients
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3

Nonparametric Bayes Stochastically Ordered
Latent Class Models

3.1 Introduction

Latent class models (LCMs) are routinely used for analysis and interpretation of multi-
variate data. LCMSs comprise an extremely rich class of discrete mixture models, which
allow units to be allocated to latent sub-populations or clusters, with the allocation prob-
abilities potentially dependent on predictors. Suppose one collects response data y; =
(Yi1, - -, Yip)' € R? and predictors x; = (41, ..., x;,) for subjects i = 1,...,n. Then, a
simple Gaussian LCM model could be specified as

Yz|Xz y“,ukazk) (31)

HMN

where 7 (x;) is the probability of allocation to latent class k given predictors x;, the re-
sponse data for subjects in class k are normally distributed with mean y; and covariance
Yk, and K is the number of latent classes. In routine applications of such models, 7y (x;)
is typically specified as a logistic regression model and the EM algorithm is used for max-

imum likelihood estimation.
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There are a number of well known issues that arise in considering model (4.5) and
related LCMs. First, there is the so-called label ambiguity problem, which results because
there is nothing distinguishing class & from %' a priori. The estimates produced by the
EM algorithm correspond to a local mode, with an identical likelihood obtained for any
permutation of the labels {1, ..., K'} on the K clusters. Label ambiguity is even more of
a problem in Bayesian analyses of LCMs relying on Markov chain Monte Carlo (MCMC)
for posterior computation, as label switching makes it difficult to obtain meaningful pos-
terior summaries of the cluster-specific parameters from the MCMC output, though post-
processing can potentially be used Stephens (2000); Jasra et al. (2005). Although con-
straints on the component-specific parameters, such as ordered means, are widely-used to
avoid label ambiguity, it is typically not clear what constraints are appropriate in multi-
variate models such as (4.5) and partial ambiguity may remain even with constraints. A
second well known issue is uncertainty in the choice of /K. Although standard analyses
rely on selection criteria, such as the BIC, the theoretical justification for use of the BIC
in mixture models such as LCMs is unclear. In addition, conditioning on a selected value
in a two-stage procedure clearly ignores uncertainty in the selection process. A third issue
with LCMs is sensitivity to parametric assumptions, with a very different number of clus-
ters and allocation to clusters potentially obtained if one replaces the normality assumption
in (4.5) with a multivariate ¢ distribution or other choice.

Our motivation is drawn from an application to ranking of medical procedures in terms
of the distribution of patient morbidity following the procedure. In particular, we would
like to obtain clusters (latent classes) of procedures having a similar morbidity distribu-
tion, while also estimating an ordering in severity of the procedures. Ideally, we would
like to avoid some of the problems arising in typical LCMs through stochastic ordering re-
strictions that are natural in many applications, with nonparametric Bayes methods used to
allow infinitely-many classes and avoid parametric assumptions on the class-specific dis-

tributions. We will focus on the setting in which subjects are nested within pre-specified
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groups, with 2 = 1,... n indexing the groups and 7 = 1,...,n; the subjects in the ith
group. In the motivating application, groups correspond to different medical procedures.

For illustration, initially consider the case in which y;; is a single outcome for subject j
in group 4, there are no predictors, and we let y;; ~ F;, with F; the distribution specific to
group . Then, taking a nonparametric Bayes approach, we require a prior for the collection
of distributions {F;}"_,. Two possibilities that have been proposed in the literature include
hierarchical Dirichlet process (HDP) Teh et al. (2006) and nested Dirichlet process (nDP)
mixtures Rodriguex et al. (2008). The HDP specification automatically allocates patients
to clusters, with dependence incorporated in the cluster weights across the groups. The
nDP is more relevant in clustering groups, with each cluster having a different distribution
of subject-level outcomes. Specifically, the nDP mixture model would let F;(y) = Fy(y)
with prior probability 1/(1 + «), with « a precision parameter. The densities specific to
each cluster are then modeled using separate DP mixture models.

This approach partly addresses our interests in allowing clustering of procedures based
on the distribution of patient outcomes, while allowing the number of clusters (latent
classes) to be unknown. However, there is no allowance for predictors that provide in-
formation about the cluster allocation and there is no natural way to obtain a ranking of
the procedures. Potentially, one may rank the procedures based on the mean of F}, but it is
not clear that the mean is the best summary to rank on, as the proportion of subjects having
extreme or life-threatening adverse events may be more clinically relevant. With this mo-
tivation, we propose a nonparametric Bayes stochastically ordered LCM (SO-LCM) that
is inspired by the nDP but has a fundamentally different structure.

Section 2 proposes the basic structure of the SO-LCM, with considerations of prop-
erties and extensions to more complex hierarchical models motivated in particular by the
ranking of medical procedures application. Section 3 outlines an MCMC algorithm for
posterior computation. Section 4 contains a simulation study assessing operating charac-

teristics under a default prior. Section 5 applies the method to the medical procedures data,
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showing advantages relative to parametric methods, and Section 6 contains a discussion.

3.2 Stochastically Ordered Latent Class Priors

3.2.1 Basic Formulation and Properties

Consider a collection of unknown distributions P = {P,, ..., P,}, with P ~ P, where P

is a prior. In particular, the prior P is induced by letting,

0

@
P~ ) m(xi)0px,  PE = vy, (3.2)
k=1 =1

where 7 (x;) = Pr(P; = P}|x;) is the conditional probability of allocating distribution 4
to cluster k given predictors x; = (z;1, ..., x;,)’, and each of the cluster-specific distribu-
tions is assumed to be discrete. In particular, the distribution P}’ specific to cluster £ has
probability weights {v;} on atoms {6, }. This discreteness assumption will be relaxed later
by using F; as a mixture distribution within a continuous kernel.

There are two main distinct features of prior (3.2) relative to the nested Dirichlet pro-
cess. First, we allow covariates to impact the allocation to clusters. In the motivating ap-
plication to ranking of medical procedures, this is an important modification, as we have
preliminary rankings of the different procedures by physicians. These rankings can serve
as a predictor informing the allocation to clusters. Hence, instead of simply relying on the
preliminary physician rankings or the outcomes data in isolation, we allow for a combi-
nation or fusion of these data in ranking the procedures. Second, as we are interested in
ranking the procedures, we impose a stochastic ordering restriction on the cluster-specific
distributions with P} < P} for all k < k', where P < P} denotes that P} is stochas-
tically no larger than P}, so that P (a, ) < Pj(a, o) for all a. This restriction implies
that clusters with a higher index correspond to stochastically higher distributions.

Dunson and Peddada (2008) proposed a restricted dependent Dirichlet process (rDDP)

prior for stochastically ordered distributions. Here, we apply the rDDP prior to the cluster-
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specific distributions P* = {P;*};> ;. We could have instead used an alternative stochasti-
cally ordered prior, such as the approaches proposed by Karabatsos and Walker (2007). We
used the rDDP mixture prior instead to avoid the partitioning effect of the Polya tree prior.
Such an effect can be removed using mixtures of Polya trees, though the computation can
be more intensive for such models and the results still tend to be quite spiky looking den-
sities. The estimates produced in DP mixtures of Gaussian kernels in our experience tend
to match our prior beliefs for the latent variable density more closely.

The stochastic ordering prior from the rDDP is accomplished by first letting v; =
v [[,-,(1 — vg) with 1, ~ beta(1, az) independently for I = 1,...,00. Then, we let
0, = {0u}2, ~ Py independently for [ = 1,...,00, with Py chosen so that Py(fy; <
0y < ---) = 1. The cluster k distribution, P}, is marginally distributed according to
a Dirichlet process prior with precision as and base distribution Fy, with Py the kth
marginal distribution of F,. This implies that 6,; ~ F,; marginally, where 6y, is the kth
element of the multivariate vector ;. In addition, Pr(P} < Pj) = 1forall k < k" a
priori (and hence a posteriori). Dependence in the elements of P* is incorporated through
the use of fixed weights {v;};2, for all £ and dependent atoms. This dependence structure
allows flexible borrowing of information across the cluster-specific distributions.

As a specific choice of Py, let 6;; = ~f; ~ N(mo, s?) and 7§, = Oy — 01, for

k=2,..., 00, with
i~ wed + (1 —wo)NT(0,k71), k=2,... 00, (3.3)

where wy = Pr(7}; = 0) and N™ denotes the normal distribution truncated to have positive
support. By including positive mass at zero, the prior allows a subset of the atoms in P
and P to be identical. This is appealing in allowing commonalities between the distribu-
tions specific to different latent classes. Also including a positive probability of zero values
allows collapsing on an effectively lower-dimensional model through zeroing out the co-

efficients. This allows us to start with a very richly parameterized model and adaptively
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drop out parameters that are not needed. To allow the data to inform about the appropriate
value for the point mass probability wg, we choose a hyperprior wy ~ beta(a.,, by, ), With
@y, = by, = 1 used routinely as a default.

To complete a specification of the SO-LCM, we require a prior for the predictor-

dependent probabilities. For simplicity, we use the logistic regression-type model

_ Y1, exp{x'B;}
(%) leil ¢lexp{xlﬂz}7

Y ~ Gamma(ay /K, 1), (B, ~ H, (3.4)

where 1, = 0 is a baseline weight for mixture component k, 3,, are regression parameters
controlling the impact of the predictors on the probabilities of allocation to each cluster
(latent class), and H is a prior on the regression coefficients. For example, H can be
chosen to be Gaussian or, to allow shrinkage towards zero for unimportant coefficients,
we can choose a heavy-tailed Cauchy prior or a variable selection mixture prior with a
mass at zero.

Unlike in typical generalized logistic regression models, we avoid placing identifiabil-
ity constraints on the parameters, such as setting the coefficients equal to zero in a refer-
ence class. Unlike in frequentist models fitted by maximum likelihood, the choice of the
reference class can impact the results, and it is important to maintain exchangeability of
the cluster indices in model (3.4). Otherwise, there may be some bias introduced in which
we favor stochastically smaller or larger distributions a priori. In Bayesian modeling, it is
not necessary to satisfy frequentist identifiability criteria, and indeed it is often quite use-
ful to consider over-parameterized models as long as inferences are based on identifiable
quantities.

To further motivate model (3.2) - (3.4), it is useful to consider properties in the base-
line case in which x = 0, so that we obtain 7, = v/ Zfi L . In this case, the par-
ticular gamma prior that was chosen for the cluster-specific weight parameters leads to

(71,...,mx) ~ Dir(a; /K, ..., a1 /K). This is the same distribution on the cluster-specific
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probabilities that was proposed by Ishwaran and Zarepour (2002) in developing a finite ap-
proximation to the Dirichlet process. It is straightforward to show (proof in appendix A)

that the prior probability of clustering two groups in this baseline case is,

1+061/K

K
Pr(P,= P,) =E = 35
I‘( ) (kzlﬂ'kﬂ'k) 1+041 ( )

which simplifies to 1/(1 + «4) in the limit as X' — oo. In addition, the prior probability

that group i is stochastically less than group ¢’ can be derived as,

_ eyp o pyl o @ 1
P(n < P = f1-p(B = P} = M- (36)

which reduces to ﬁ in the limit as K — oo.

Hence, oy is a key hyperparameter controlling the prior on clustering and ordering
of the groups. For greater flexibility, we recommend letting «v; ~ Gamma(ay,b;). In
many applications, it is appealing to favor a slow rate of introduction of new clusters
with sample size. As in the DP, clusters are introduced at a rate proportion to 4 logn
when K is sufficiently large. In order to favor few clusters relative to the number of
groups n, one can choose the hyperparameters ay, b; so that the prior is concentrated at
values close to zero. In the application to ranking of medical procedures in terms of their
severity, our physician collaborators have a strong preference for parsimony and expect
a model with 6 (or fewer) clusters to fit the data adequately. This knowledge is used to
elicit the a;, b; hyperparameters. In the case in which covariates are included, (3.5) and
(3.6) can potentially be extended, and it will be the case that prior clustering and ordering

probabilities depend on the relative values of the predictors for the two groups. However,

it is not straightforward to obtain simple analytic forms.
3.2.2  Applications to Ranking Medical Procedures

In the motivating application to ranking medical procedures based on the distribution
of patient morbidity following each procedure, response data consist of a vector y3; =
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(y;"jl, e ,y;"jp)’ of p measures of morbidity on the jth patient having procedure i, for
i =1,...,nand j = 1,...,n; The first p; elements of y;; are continuous and the
next po elements are binary with p; + p, = p. Higher values of each of the measurements
imply higher morbidity, and we relate the measurements to a latent morbidity score for

each patient within each procedure through the following factor model,
viie = hyid), hy)=yt=1....p, h(y)=1y>0)t=p+1....p

Yiji = p+ A??ij + €5, €t ~ N(Ov U?t)?

ng ~ fn filn) = f K (n; 6)dP.(0),

Kn;0) = JN(H;QAO)dQ(SO)? (3.7)
where y;;; is a continuous variable underlying y;,, with y, = y;;; for continuous re-
sponses and yj, = 1(yi;;; > 0) for binary responses, g = (p1,...,4,) isap x 1
intercept vector, A = (A1,...,A,) is a p x 1 vector of factor loadings, 7;; is a latent

morbidity score for the jth patient having procedure ¢ and K(-;#) is an unknown uni-
modal kernel that is symmetric about §. The procedure-specific latent variable density
functions f; are modeled as a flexible location mixture of scale mixture of Gaussian ker-
nels. By using an unknown kernel, we favor fewer and more biologically interpretable
clusters. Letting 0;,> = c¢;d; for continuous responses, we obtain an additive log-linear
model for the residual precision, with ¢; a procedure-specific multiple and d; a response
type specific multiple, while fixing ;> = 1 for binary responses. This allows the resid-
ual variance to change for the different procedures, while also allowing a shift specific
to each measure of morbidity. The constraint on the residual variances for the continu-
ous variables underlying the binary responses is a standard identifiability condition. Be-
cause higher values of ., imply higher morbidity, we constrain the factor loadings to be
non-negative so that \; > 0 for ¢ = 1,...,p. For the scale mixture component, we let
Q ~ DP(apQy) where @)y = Inv-Gamma(co, dy) is the base measure. () can also be
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denoted as Q(+) = >, uyd,x with pf ~ Inv-Gamma(cy, dp).

We avoid using P; directly as the distribution of the latent factor scores within pro-
cedure ¢, since that would assume that the factor scores follow a discrete distribution. It
seems more biologically realistic to allow a continuum of patient morbidity, while allow-
ing patients with similar but not identical morbidity to be clustered. This is accomplished
by the proposed model in that patients allocated to the same mixture component will be
clustered. As mentioned above, we are more interested in clustering and ranking of the
medical procedures instead of the patients. Because C(-; §) is monotonically stochastically
increasing in #, we maintained the stochastic ordering restriction in the P;’s. Note that two
procedures i and i’ having P, = Py, which is allowed by the proposed prior, will also have
fi = f» and hence have the same morbidity density. In addition, f; < f; (the distribution
of patient morbidity under procedure i is stochastically less than that under procedure ")
if and only if P; < Py. Hence, the clustering and ranking properties of the prior for { P}
proposed above extend directly to the continuous latent factor model in (3.7).

To complete a Bayesian specification of the SO-LCM model in (3.7), we choose priors
as follows. The intercept vector is assigned a normal prior, y; ~ N(ug,0f) for t =
1,...,p, and the factor loadings are assigned robust truncated Cauchy priors by letting
A ~ N*(0,7) fort = 1,...,p with 7 ~ Inv-Gamma(1/2,1/2). We use a common
precision 7 to induce dependent shrinkage across the loadings. The multiplicative terms in
the variance model, {c;} and {d,}, are assigned gamma priors. Elicitation of the different

hyperparameters in these priors is considered later.
3.3 Posterior Computation

Due to the structure of the model described in section 2.1, it becomes straightforward
to adapt previously proposed algorithms for posterior computation in DPMs and logistic

regression models. We will focus on the exact block Gibbs sampler Yau et al. (2010)
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for posterior computation and update polychotomous weights through Holmes and Held
(2006). We will focus on the simple model y;; ~ fi, fi(n) = {K(n;0)dP,(6), K(n;0) =
{N(1; 0, 9)dQ(p), {P;} ~ SO-LCM, as in expression (3.2) and (3.4), and ) ~ DP(«Qy).
Denote the procedure location cluster index by (;, the patient location cluster index by &;;
and the precision cluster index by ¢;;. In the sequel, let (; = k, §;; = [ and ¢;; = ¢ iff

P, = P}, 0;; = 0}, and ¢;; = ¢f. The sampling steps are as follows,

1. Sample 7 (x;) through the following steps. The polychotomous generalization of
the logistic regression model is defined via
Vr exp(x;8;)

Ci ~ M(L 7T1(Xi), Ce ,7TK(XZ')), Tk(Xi) = Z{il f,l)l exp(xgﬁl)’ (38)

where (; is the procedure cluster indicator and M(1;-) denotes the single sample

multinomial distribution. Defining By = (81, - -, By_1, Bj41, - - - » B )> we have

1T

1 k=1

=

-
Il

D] 71— ] 167 (3.9)

8

s
Il
—

where
- exp{x;, +1log(¥y) — Cy} _ exp(x'B; — Cy)
Y 1+ exp{xgﬁj + 10%(’%’) - Clj} 1+ eXp(ﬁiléj — Cij)7
Ci; = log [Z exp{x83, + log(wk)}] = log [Z exp(ﬁi',éj)] (3.10)
k#j k#j
where X; = (x},1)" and ﬁ (8),log;)". The prior for log(¢y) from (3.4)
can be approximated as log(ty) 2 N(m,v). We use this approximation to obtain

an efficient Metropolis independence chain proposal. The conditional likelihood
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(B ¢, ;) has the form of a logistic regression on class indicator 1(¢; = j),
which allows us to use the algorithm of Holmes and Held (2006). Details are in the

appendix.

. Sample the procedure cluster indicators (;, for ¢ = 1,...,n, from a multinomial

distribution with probabilities

n; L
Pr(G = k- - )ocmy(x;) HZUZN(Z/M; Or1; i)

j=11=1

and construct my, = >, 1(¢; = k). For K, we first choose a reasonable upper
bound and then monitor the maximum index of the occupied components. If all
the MCMC samples have maximum indices several units below the upper bound,
then the upper bound is sufficiently high, while otherwise the upper bound can be

increased, with the analysis re-run.

. The joint prior distribution of the group indicator §;; and a latent variable ¢;; can be

written as

f 5137(]z]|v Z 5l 21 sz < Ul 61 )
=1

Ly >q;j

Implement the Exact Block Gibbs sampler steps:

i. Sample ¢;; ~ Unif(0, vg,;) for j = 1,...,n; withv; = v [ [, (1 —vs).

ii. Sample the stick-breaking random variables

yl~beta<1+2nkl,ag+ Z ans> =1,...,L

s=l+1 k=1

where ny; is the number of observations assigned to atom [ of distribution &
with ng = 37, D70 1(¢G = k,&; = 1) and L the minimum value satisfying
v+ ...+ v > 1—min{g;}.
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iii. Sample §;; fore =1,...,nandj = 1,...,n; from the multinomial conditional

with
Pr(&i; = 1)ocl(qij < vi)N(yiz; 021, @ij)-
. Sample ~; from

p(vi |- )ec{ n N(yij; 081 0i5) (1),
{(.5):8i5=1}

where 0 = wivi, wp = (15, 0%_.), vF = (43, .- ., 75,) as defined in (3.3).
. ;; 1s updated through the exact blocked Gibbs sampler similar to the above steps.

. Use random walk Metropolis-Hastings method to update concentration parameter

aq.

. Sample concentration parameter «p with conjugate prior Gamma(as, by) directly

from

-1
(ag] =) ~ Gamma(aQ + K(L—-1),bo— K Z log(1 — vl))
=1

Note that this algorithm can be generalized easily to accommodate model (3.7), so the

details are omitted.

3.4 Simulation Study

We separate this section into two parts. Predictors are not considered in the first simu-

lation but will be considered in the second simulation. Model (3.7) is studied and both

simulations mimic the structure of the medical procedure data.
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FIGURE 3.1: True distributions used in simulation study 4.1

3.4.1 Without predictors

Data y;; are generated according to (3.7), with one continuous response (p; = 1) and
six binary responses (ps = 6) for each of 100 patients (j = 1,...,100) in each of 60

procedures (2 = 1, ..., 60). Parameters for the data generating model are
p = (0.1,0.15,0.2,0.25,0.3,0.35,0.4)’,

A =1, and ¥ = diag(0.5,1,1,1,1,1,1). The latent morbidity 7;; is generated from
one of four mixtures of Gaussian components outlined in Table 1, with the first fifteen
procedures being generated from mixture distribution 77, the second fifteen procedures
generated from 75, the third fifteen procedures generated from 73 and the last fifteen pro-
cedures generated from 7}, where 77 < 15 < T3 < T} such that the generated latent
morbidity distributions are stochastically ordered. As shown in Figure 3.1 and Table 1,
distributions share components with each other and the ordering of the distributions is
subtle.

To obtain an initial clustering of the medical procedures using standard methods, we
first averaged the severity data for the different patients having each procedure to obtain
Yy, = ni > yi; asap = 7 dimensional summary of severity for procedure . We then

J
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applied model-based clustering Fraley and Raftery (2002); Fraley et al. (2005) to the data
{y,,...,y,} using the R functions available in the package described in Fraley et al.
(2005). These approaches rely on fitting of finite mixture models with the EM algorithm,
with the model fit for a variety of choices of the number of mixture components, which
also corresponds to the number of clusters. The BIC is used to select the optimal number
of clusters. Figure 3.2 plots the BIC for the simulated data vs the number of clusters for
four different options on the cluster shapes. In this case, the best model according to BIC
is EEI (equal size and shape) with six clusters. Note that this approach does not utilize
the patient-specific data and instead clusters based on the mean severity measure across
patients, while the proposed approach should have advantages in clustering procedures
based on the entire distribution across patients.

For the SO-LCM estimation, parameters o, &; and ay are fixed to be 1 and a normal
inverse-gamma prior distribution, NIG(0, 0.1, 2, 3) is chosen for the baseline measure m
and s2 described in (3.3), implying that E'(mg|s3) = 0,V (mg|s3) = 10s3, E(s2) = 1, and
V(s2) = 3. Additionally, we assign priors wy ~ beta(1,1), kK ~ Gamma(1/2,1/2), rep-
resenting a robust and flexible default prior for the base measure F,. Without predictors,
the prior for the cluster-specific allocation probabilities turns out to be (7, ..., 7g) ~
Dir(oy /K, ..., a1/K). Posterior samples under this SO-LCM prior are obtained through
the algorithm described in Section 3 with prespecified truncation bounds K = 20. This
truncation tends to be accurate for ov; < 1, where such values of «; favor a small num-
ber of mixture components. In this particular application, mixture components close to
the upper bound are not occupied in any of the MCMC samples after the burn-in period.
20,000 iterations are found to be enough for parameters to converge. All results are based
on 20,000 samples obtained after a burn-in period of 20,000 iterations.

For each pair of distributions P; and Py, (i < '), the probability Pr(P;, = P;) was
estimated as the proportion of posterior samples for which P; and F; are assigned to the
same cluster; and Pr(P; < Py) is calculated as the proportion of posterior samples for

66



] "

%- ~—uT .\.\I
— \
| .\.
o
o
q- —
—
|

)

o 8
L{) —
—
|
o
o
@ p—
—
|
8 Ell EEI
; N EEV = EEE

I I I |
2 4 6 8

number of components

FIGURE 3.2: Frequentist model-based clustering results implemented via the EM algo-
rithm using the Mclust function in R in simulation study 4.1, with the different symbols
representing different model assumptions. EII: spherical, equal volume; EEI: spherical,
equal volume and shape; EEV: spherical, equal volume but varying orientation; EEE: el-
lipsoidal, equal volume and shape.

which PF; is assigned to a cluster with stochastically less morbidity than Py. Results are
shown in Figure 3, where Figure 3(a) is the ranking plot with the (7, j)th entry of the lower
triangular matrix identifying the probability for P, < P, and Figure 3(b) is the clustering
plot with the (i, j)th entry identifying the probability for P, = P,. Figure 3 illustrates
that there is not enough information in the data to differentiate the first thirty procedures,
which is not surprising given the very subtle differences in 7} and 75 shown in Figure

1. However, the true rankings and clusterings in the medical procedures are otherwise
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FIGURE 3.3: Posterior probability for ranking and clustering in study of section 4.1 with
entry (7, j) in (a) being the lower triangular matrix identifying the probability for P, < Py
and in (b) the probability for P, = P;.

accurately reflected in the results. The estimated density of 7} is shown in Figure 4(a). For
comparison, this density is also estimated under a DPM prior with the same base measure
and precision parameter oy = 1 (in Figure 4(b)). The estimate obtained using the SO-
LCM prior distribution appears to capture both the small and large modes more accurately

than the DPM alternative.
3.4.2  With predictors

Potentially, the incorporation of predictors may improve the ability to detect subtle dif-
ferences in the distributions of patient morbidity between procedures. To assess this, we

repeated the simulation study of Section 4.1 but modified the model to allow predictor-
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FIGURE 3.4: True (solid lines) and estimated (dashed lines) densities from SO-LCM and
DPM for distribution 77

dependent mixture weights. Mimicking the real data, we assumed there was a single
predictor corresponding to an initial physician severity score obtained from their clinical
experience and not from examination of the current data. In particular, similar to range
of the potentially useful auxiliary covariate: Aristotle Basic Complexity (ABC) level, we
let predictors for the first fifteen procedures drawn uniformly from (-1.5, -1), the second
fifteen procedures drawn uniformly from (-0.6, -0.4), the third fifteen procedures drawn
uniformly from (0.4, 0.6) and the last fifteen procedures drawn uniformly from (1, 1.5).

Data are then generated from the assumed model exactly as described in Section 4.1 but
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assuming a logistic regression model (3.4) for the weights with ¢» = (0.5, 1, 1.65,1.45)’
and 8 = (—1.5,—0.5,1, 1.2)". Procedures with the first fifteen predictors are then assigned
to the first cluster and so forth.

In the analysis, priors are specified as described in Section 4.1 and model (3.4) and
we additionally choose a N(0,10 I) prior for 3 to complete the specification. The MCMC
algorithm was run for 20,000 iterations following a 20,000 iteration burn-in. Apparent
convergence was rapid and mixing was adequate. The truncation level of X' = 20 was
sufficiently high.

Figure 5(a) depicts the ranking performance and Figure 5(b) depicts the clustering plot.
Both ranking and clustering performances are improved compared to study 4.1 such that
the first thirty procedures are ranked consistently with the true order and are clustered

correctly.
3.5 Medical Procedure Application

The push for accountability in medicine has led to a proliferation of “report cards” evalu-
ating health care providers in various therapeutic areas such as adult and pediatric cardiac
surgery, treatment of heart attacks, and management of chronic conditions. In adult cardiac
surgery, report cards typically focus on a single commonly performed procedure, coronary
artery bypass grafting (CABG), and a single endpoint, short-term all-cause mortality. Re-
gression models are used to adjust for differences in each provider’s case mix that may
impact short-term mortality. Although regression models are straightforward to apply in
adult cardiac surgery, the development of such models for pediatric and congenital heart
surgery is relatively challenging. In congenital heart surgery, the total number of cases is
much smaller than CABG, there are literally hundreds of different types of surgical proce-
dures, and no single type of procedure accounts for the majority of cases. To address the

challenge of multiple rare procedures, researchers have proposed methods to allow proce-
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FIGURE 3.5: Posterior probability for ranking and clustering in study of section 4.2

dures with similar mortality and morbidity risk to be grouped together for analysis. Two
widely used methods are the Risk Adjustment for Congenital Heart Surgery (RAHCS-
1) methodology Jenkins (2004) and the Aristotle Basic Complexity Levels Lacour-Gayet
et al. (2004). RACHS-1 groups more than 100 types of congenital heart surgery proce-
dures into 6 categories based on their estimated risk of in-hospital mortality. Similarly, the
Aristotle method groups over 160 types of procedures into 4 categories (levels) based on
their potential for mortality, morbidity, and technical difficulty. For both RACHS-1 and
Aristotle, procedure categories were determined by panels of subject matter experts with-
out using a formal statistical framework. In this section, our goal is to show that the SO-
LCM methodology provides a useful statistical framework for grouping procedures into

categories of risk and for choosing the number of categories. More formally, we sought
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to identify clusters of congenital procedures with similar distributions of post-procedural
morbidity.

Data for this analysis were obtained from the Society of Thoracic Surgeons (STS)
Congenital Heart Surgery database. The study population consisted of N=79,635 pa-
tients who underwent one of 145 types of congenital cardiovascular procedures at an STS-
participating center during the years 2002-2008. Post-operative morbidity was regarded as
a patient-level unobserved latent variable. Indicators of morbidity included a single contin-
uous variable, post-operative length of stay (PLOS), modeled as y; = log(1 + PLOS); and
6 binary (yes/no) variables: i, = renal failure, y3 = stroke, y3 = heart block, y, = require-
ment for extracorporeal membrane oxygenation or ventricular assist device; ys = phrenic
nerve injury, and ys = in-hospital mortality. Responses from different patients were as-
sumed to be independent. Multiple responses from the same patient were conditionally

independent given the latent morbidity variable. The joint model for all 7 endpoints is:

Yl ~ Nl + Mgy, 03] (PLOS)

YijeIni; ~ Bernoulli[®(us + Aomi;)]  (Stroke)

Yisslmi; ~ Bernoulli[ ®(us + Asnij)] (Renal failure)
Yijalmi; ~ Bernoulli[®(p1y + Aamij)] (Heart block)

Yijslni; ~ Bernoulli[®(us + Asn;;)]  (ECMO/VAD)
Yije|ni; ~ Bernoulli[® (g + Xemis)] (Phrenic nerve injury)

YijrImi;  ~ Bernoulli[ ®(ur + A7mij)] (In-hospital mortality)

Let f; denote the density of 7;; among patients undergoing the ith type of procedure, i.e.
nij ~ fi. Our goal is to estimate the densities fi, fs, ..., fi45 nonparametrically under
the assumption that they have an unknown stochastic ordering. This assumption facilitates
ranking of the procedures and is less restrictive than alternative parametric models which

assume a Gaussian distribution and procedure-specific location parameters. An important
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consideration for the analysis is that the procedure-specific sample sizes are small and
highly variable (median = 50; range 10 to 2000). To account for these low sample sizes,
we propose a method of analysis that permits borrowing of information across procedures
and incorporates external prior information. A potentially useful auxiliary covariate is
each procedure’s Aristotle Basic Complexity (ABC) level. As noted above, the ABC level
represents the average subjective ranking by an international panel of congenital heart sur-
geons. Large ABC values imply that the procedure is considered to be a difficult operation
with high potential for mortality and morbidity.

The procedure-specific morbidity distributions are estimated nonparametrically under
the SO-LCM model as in Section 4.2. Hyperparameters are ¢, ~ Gamma(ay /K, 1), oy ~
Gamma(1,6/1n145), and 3, '~ N(0,10), ap ~ Gamma(1,1) and oy ~ Gamma(1,1).
The prior for o, is chosen based on expert elicitation to favor 6 or fewer clusters in the
procedures. The prespecified truncation bound K = 20 is found to be enough since
mixture components close to the upper bound are not occupied after the algorithm con-
verges. The baseline distribution P, is constructed as in (3) with wy ~ beta(1,1), k ~
Gamma(1/2,1/2) and (mq, s2) ~ NIG(0,0.1,2,3). Priors for the outcomes model are

e ™ N(0,10) and A,

N*(0,7), t = 1,2,...,p, where 7 ~ Inv-Gamma(1/2,1/2).
Estimates are calculated with 50,000 MCMC iterations after a burn-in period of 20,000
iterations. We took a long burn-in and collection interval to be conservative, but similar
results are obtained using shorter chains.

Figures 6 and 7 summarize posterior inferences for procedures (n = 66) having at
least 200 occurrences in the database. For the ith procedure, let .S; = Zﬁzl I(F; < Fy)
denote the number of procedures having a morbidity distribution that is stochastically no
smaller than F;. In each figure, procedures are sorted in ascending order based on the pos-
terior mean £[S;]. In Figure 3.6, the posterior means of each procedure (1/n; 35, 6;)

are plotted on the vertical axis along with 95% credible intervals. The relatively wide
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FIGURE 3.6: Sorted Procedures Posterior Means for latent scores of each procedure with
95% Credible Intervals

probability intervals indicate that there is uncertainty regarding the true rank ordering of
the procedure-specific morbidity distributions. Nonetheless, several procedures have nar-
row intervals and are clearly distinguished as either low (e.g. atrial septal defect repair) or
high (e.g. Norwood operation) latent morbidity. Ranking and clustering performances are
depicted in Figure 3.7(a) and 3.7(b).

The 145 procedures can be grouped into four, five or six homogeneous clusters accord-
ing to posterior clustering probabilities shown in Table 2. The data suggest high (99%)
posterior probability of fewer than 8 clusters, with 32% probability assigned to the poste-
rior mode of 5.

We also propose a way to obtain an optimal point estimate of the ranked clustering as
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FIGURE 3.7: Ranking and Clustering for selected 66 procedures with more than 200 pa-
tients, with entry (¢, j) in (a) being the lower triangular matrix identifying the probability
for P, < Py and in (b) the probability for P, = P .

75



follows. For a vector-valued parameter @ = (61, ..., 0;), define the corresponding ranks
R = (Ry,,...,R;) in equation (3.11) , and let R = (ﬂ’l, e E’I) denote a possible point

estimate of R.
I
R;(0) = rank(0;) = > 1(6; > 0;), (3.11)
j=1

with the smallest # having rank 1 and the largest having rank /. Denote that the true rank
for @ is R, the estimated rank is R, R; is the rank variable for object 7 and f%z is the
estimated rank (we drop the dependency on @ for notational convenience). To find the

optimal ranked clustering, we define the following loss function L(R, R) as

L(R,R) = Z {2 X 1(RZ<R],RZ>R])+2 X 1(RZ>éJ,RZ<R])
(i,5)EM
+1(R; = R;, R; # Rj) + 1(R; # R;, R; = R;)}. (3.12)

Here M = {(i,7) : i < j;i,j € {1,...,n}}. We penalize estimates of ties when the true
ranks are strictly ordered half as much as estimates in the wrong direction. The posterior

expected loss is

E(L(R.Rly)) = > {2 x 1(R; < R))Pr{R; > R;|y} +2 x 1(R; > R;)
(3,5)EM

xPr{R; < Rjly} + 1(R; = Rj)Pr{R; # Rjly} + 1(R; # R;)Pr{R; = Rj|y}},

where Pr{R; > R;|y}, Pr{R; < R,|y}, Pr{R;, = R;|y} and Pr{R; # R;|y} are estimated
through the MCMC outputs. As a pragmatic approach to avoid additional computation, we
estimate the Bayes risk for each MCMC ranked clustering sample, and choose the sample
with smallest risk as the estimate.

To compare the performance of our method with that of the Aristotle level (with 4

levels) based on the Bayes risk, we let K = 4 so that we will only obtain 4 clusters. The
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Bayes risks for the ranked clustering obtained from the Aristotle score is 4900.5. Our
optimal Bayesian ranked clustering achieves smaller risk: 749.8.

We compare groupings based on Aristotle to our final point estimate in Table 3. Several
procedures that were predicted to be relatively low-risk by the Aristotle score were actually
moderate-risk or high-risk according to our proposed methodology. Among 23 procedures
that were Aristotle Category 1 (lowest risk), only 14 of these procedures were assigned to
the lowest risk category according to our method. The correlation between these two
ranked clusterings is 0.44. The correlation between the ranked clustering of the SO-LCM
and the log(1 + PLOS) is 0.81 and the correlation between the ranked clustering of the

Aristotle level and the log(1 + PLOS) is 0.58.

3.6 Discussion

We have formulated a novel extension of the nested Dirichlet process(nDP) to the latent
class modeling with a partial stochastic ordering that allows us to simultaneously rank
and cluster procedures. The procedures are clustered by their entire distribution rather
than by particular features of it. We avoid some of the problems arising in typical LCMs
through stochastic ordering restrictions and we also relax parametric assumptions on the
class-specific distributions through nonparametric Bayes methods. Similar to the nDP,
the SO-LCM also allows us to cluster subjects within procedures. The SO-LCM is also
straightforward to be imbedded for stochastically ordered mixture distributions within a
large hierarchical model.

Although inspired by the pioneering work of the nDP, this article makes several impor-
tant contributions. First, the stochastically ordered priors that allow covariates to impact
the allocation to clusters are developed to apply to nonparametrically estimate densities
for multiple procedures subject to a stochastic ordering constraint. In addition, we can

also test the hypothesis of equalities between procedures against stochastically ordered
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alternatives. After examining some of the theoretical properties of the model, we describe
a computationally efficient implementation and demonstrate the flexibility of the model
through both a simulation study and an application where the SO-LCM is used within a
hierarchical model. Heat maps are also offered to summarize the ranking and clustering
structures generated by the model.

It is straightforward to make several generalizations of the SO-LCM. One natural gen-
eralization is to include hyperparameters in the prior on the regression coefficients of the
predictor dependent probabilities / and the baseline measure F,. For H, we can choose
a heavy-tailed Cauchy prior or a variable selection mixture prior with a mass at zero to
shrink unimportant coefficients towards zero. We note that, conditional on F, the distinct
atoms { P}, are assumed to be independent. Therefore, including hyperparameters in
Py allows us to parametrically borrow information across the distinct distributions.

Another natural generalization of the SO-LCM is to replace the beta(l, as) stick-
breaking densities with more general forms beta(ag, b) as considered in Ishwaran and
James (2001), with the SO-LCM corresponding to the special case a, = 1,0y = ao.
Richer classes of priors that encompass the SO-LCM as a particular case will be obtained,
though in some regression contexts it does not always outperform the DP model with
beta(1, ay) in terms of the log-predictive marginal likelihood.

We can also generalize the procedure to incorporate multivariate latent factors whose
distributions are stochastically ordered. This generalization is inspired by the valuable
suggestion from the editors. In having univariate stochastic ordering on the latent vari-
able level, we actually induce multivariate stochastic ordering for the responses (albeit in
a somewhat restrictive manner). To directly place the stochastic ordering constraint on
multivariate distributions, we can adopt multivariate monotone functions. In particular,
in place of the scalar #;; we could have a vector 8;; with P, chosen (e.g. multivariate
truncated normal) so that the different elements are appropriately ordered to satisfy the
constraint. In the simple ordering case, we could just let (3.3) independently for each ele-
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Table 3.1:

Compl Comp2 Comp3 Comp4
Dist —w  (uo?) w  (mo?) w (uo?) w  (u07%
7y 075  (-3,0.5) 0.25 0,1)
T, 0.75 (-2.5,0.5) 0.25 0,1)
T; 0.2 (1,05) 05 (1.51) 03 (2,1)
T, 02 2,1) 03 (25,0.5) 04 (3,1) 0.1 (3.5,0.5)

Table 3.2:

Number of clusters Posterior Probability

1 0.01
0.02
0.12
0.21
0.32
0.25
0.06
0.01

0NN Nk~

ment of the 8, vector instead of just for the #; scalar. We could even have different orders

for different variables and could have some variables with no ordering.
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Table 3.3:

SO-LCM \ Aristotle Level 1 Level 2 Level 3 Level 4
Level 1 15 18 15 2
Level 2 4 17 28 11
Level 3 4 6 6 11
Level 4 0 0 1 7
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4

Bayesian tensor co-clustering for flexible multilevel
regression modeling

4.1 Introduction

Many applications collect matrix data having large numbers of rows and columns. For
example, the rows may correspond to movie viewers and the columns to movies, with the
elements of the matrix being movie rankings. In the well known Netflix problem, the fo-
cus is on filling in the missing elements of the enormous matrix based on data for a sparse
number of cells. In other cases, such as our motivating application, the elements of the
matrix are not observed directly but correspond to vectors of parameters in a model. In
such settings, data are sparse and hence some strong dimensionality reduction or borrow-
ing of information across the cells is needed. In our application, we have the additional
challenge of having more than two factors, and hence need to borrow information across
cells in a multiway array (tensor).

In the matrix case, a simple and popular approach for dimensionality reduction is co-
clustering, which refers to simultaneous grouping of rows and columns. Each co-cluster

is a submatrix of the full data matrix, and co-clustering algorithms are characterized by
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how the rows and columns are assigned in clusters. As described by Meeds and Roweis
(2007) in Figure 4.1, cells can either belong to multiple clusters (as shown in A and B) or
to a single cluster (as shown in C), with clustering overlapping (as in A) or not (as in B
and C). For robustness and to avoid inducing a very large number of clusters, certain cells
are not assigned to any cluster and are instead allocated to a background noise component.
Relative to black box methods for dimensionality reduction of large matrices or tensors,
such as singular value decompositions, co-clustering approaches are appealing due to their
transparent interpretability. For example, grouping movie viewers and movies into clusters
is intuitive and the clustering produced may be of interest in itself.

Shafiei and Milios (2006) consider co-clustering models for simultaneously clustering
documents and terms. Their latent Dirichlet co-clustering model depicts each document
as a random mixture of document topics, where each topic is a distribution over segments
of the document. Each of these segments in the document can be modeled as a mixture of
word topics where each topic is a distribution over words. They use the Dirichlet distribu-
tion to model the mixing proportion of document-topics and word-topics in a document.
They did not consider interactions and available features which are informative about clus-
ter allocation. In their modeling, they also assume that the number of word and document
topics are known and fixed, which is too restrictive.

Agarwal and Merugu (2007) propose a regression model based on co-clustering. Let
Y = (y;;) € R™*™ denote the response matrix and let X = (x;;) € R™*™** denote the
tensor corresponding to s prespecified covariates with x;; € R®. Given k x [ blocks (1, J)

with prior probabilities 7y 7, the marginal distribution of response given covariates is

p(ywkl}'”) = ZTFIwa(yij;/B,wij + 6[’{]), 1= 1, e ,m,j = 1, oy,
1,J

where f, is an exponential family distribution with cumulant ¢(-), 3 € R° denotes the

regression coefficients associated with the prespecified covariates, 7;; denotes the prior

probability of class (I, J) and d; s denotes the interaction effects associated with this class.
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They showed that accounting for interaction d; ; directly in the predictive model along
with information in the covariates often leads to better predictions. The number of clusters
in their model is also prefixed.

In our motivating application to data on different outcomes following congenital heart
surgery, it is appealing to cluster hospitals and procedures to achieve dimensionality re-
duction, while producing clusters that are informative and interpretable to the physicians.
However, there are some key disadvantages to current co-clustering approaches that are
important to address. The first is that the number of co-clusters can be large. If we cluster
hospitals separately from procedures, the number of cells in the resulting hospital x proce-
dure co-cluster matrix will be large enough that we would still need to borrow information
strongly across co-clusters. This problem becomes even more of an issue in generalizing
beyond matrix co-clustering to tensor co-clustering by also including outcome type. An
additional issue is that it is not realistic to treat rows as exchangeable or columns as ex-
changeable, as features are often available that are informative about cluster allocation.
For example, we may have information on the type of hospital or procedure.

To address these issues, this article proposes an ANOVA co-clustering model with
interactions. Each cell of the tensor is assigned to a cluster corresponding to each dimen-
sion. Including a main effect for each dimension in an additive model for the cell-specific
parameters, we then cluster the main effects. This greatly reduces the dimensionality rel-
ative to the usual co-clustering approach through the use of an additive model. To avoid
ignoring interactions, we also allocate cells to interaction clusters and add an interaction
term. By including zero clusters in the main effect and interaction components, we al-
low collapsing on simplified models when appropriate. To allow features to inform the
allocation to clusters and avoid exchangeability assumptions, we rely on the probit stick-
breaking process (PSBP) of Chung and Dunson (2009). Using a full probability model
based on a Bayesian approach, a simple MCMC algorithm can be implemented for pos-
terior computation. As clustering is soft and probabilistic, we obtain unique parameter
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estimates for each cell. Even if clustering is not of interest in itself, the proposed frame-
work provides a useful strategy for dimensionality reduction and borrowing information
for high-dimensional categorical covariates with interactions.

Section 2 proposes the basic structure of the Bayesian matrix co-clustering with inter-
actions with considerations of properties. Section 3 outlines an efficient Gibbs sampler
algorithm for posterior computation. Simulation studies are conducted in section 4 and we
describe the application to the heart surgery outcomes data in section 5. Section 6 contains

a discussion.
4.2 Model Specification and Properties

Focusing on the heart surgery application for concreteness, let yy,; be a binary indicator
of an outcome for the ith (: = 1, ..., ny,) patient receiving procedure p (p = 1,..., P) in

hospital h (h = 1,..., H). We consider the following generalized linear model

Pr(yhpi =1 | whpi) = g(m/hpiﬂhp)7 (41)
where @, = (Tppits - - -, Thpig)' 18 @ vector of patient level predictors that may depend on
procedure type, B, = (Bp1; - - -, Bupg)’ are regression coefficients specific to procedure p

and hospital h, and ¢(-) is a monotone link function mapping from % — [0, 1]. For exam-
ple, we will focus on probit and logistic link functions. For many values of (h, p), there
will be few patients and hence it is important to borrow information across hospitals and
related procedures in estimating these regression coefficient vectors. One natural approach
for borrowing information is to use a hierarchical model that expresses 3,,, as a sum of

main effects for hospital and procedure while allowing interactions,

/Bhp - ,60 + ph + I‘t'/p + 'l,bhp, (42)
with 8, = (Bo1, - .-, fog)’ an overall mean vector, p,, = (pp1,- .., png)’ main effects for
hospital h, Kk, = (K1, - . . , kpg)' main effects for procedure p, and 1, = (Vnp1; - - -, Yhpg)'
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interactions between hospital & and procedure p. Such interactions are important, as cer-
tain hospitals may have good patient outcomes for certain procedures but not others.
To complete a specification of the hierarchical model, it is necessary to choose random

effects distributions for each of the factors in (4.2),
Pn ~ Pp, K’p ~ PKn ’lj;hp ~ Pf(/)) (43)

with Gaussian distributions centered at zero with unknown covariance providing a standard
choice for Pp, P, szp- However, there are some clear disadvantages of Gaussians in this
context. Firstly, the results may be sensitive to the assumed shape of the random effects
distributions, with the Gaussian distribution not allowing groups of hospitals or procedures
having similar performance or outliers. Secondly, in applications involving many hospi-
tals and procedures, it is appealing to consider an approach that leads to dimensionality
reduction while also leading to insight into whether two hospitals or procedures are simi-
lar. Finally, there is typically interest in variable selection in which certain predictors may
have zero coefficients and may have constant coefficients across hospitals or procedures.
To address these interests, we propose to follow a Bayesian approach and to specify
a multivariate normal distribution for 3, while using independent zero-inflated Dirichlet
process priors for Pp, P and P’:/)' These priors are related to those described by MacLe-

hose et al. (2007) and Dunson et al. (2008a),
0
Py~ Pp = ZWU(Sp;E, (4.4)
=1

where my; = 7}, [ [,,(1 — 7f,), 7, ~ beta(1, a,) and p;] is a ¢ x 1 vector of coefficients
with elements drawn a priori from a distribution consisting of a point mass at zero with

probability 7, given a beta hyperprior beta(a,, b,) and a continuous density G{,:
pi ~G, G,=m,00+(1—7,)Go,, 4.5)
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where the elements of G, follow the Laplace distribution and can be expressed as a scale

mixture of normals (with an exponential mixing density),

Gop

MN(pl*v IJ’p7 F,D)v Hp,s ~ N(Oa 7;2,5)7
ind

Yos ~ Exp(7,s:2/7,), T, ~ Gamma(7,;7,,0,), (4.6)

where I', = diag(y,1,...,%,4)- Pk and P¢ are defined similarly to Pp:

e0]
Px = Z Toilks, Taj = T, n(l — Ty), Ty ~ beta(l, ay),
=1

s<j

o0
P¢ = Z 7T3k5,¢:, T3k = ngH — ), T ~ beta(l, ay),
k=1

s<k

where k7, 1} are defined similarly to pj* with a mixture of a degenerate distribution at
zero and a non-atomic multivariate Laplace distribution. We refer to the model in (4.2) -
(4.6) as the matrix co-clustering with interactions prior (abbreviated as MCCI).

Following Dunson et al. (2008a), we can reexpress (4.4) as follows:

Pp = 7Tp50—|- Zﬂ'u(g
_ At (1-7,)C, “.7)

where p pl GO ,» With G, denoting the non-atomic Laplace prior, and G ~ D P(,Gf ).
Hence the random distribution Pp can be formulated as a mixture of a degenerate distribu-
tion with all its mass at zero and a DP with non-atomic base measure. From model (4.7),
we can show that Conditional on p,, the prior distribution for the number of procedures
having zero coefficients is binomial.

Coefficients from the same hospital belong to the same cluster if K, = k;y and ¥, =

¥y, Whereas coefficients from different hospital belong the same cluster if p, = py,,

86



Ky = Ky and v, = 1. In particular, given that the coefficients are not null, the

probabilities of belonging to the same cluster is

L } (1 —=7)?
Pr(lghpzﬁhp’|ﬁhp#'80“8hp’ #BO) - W’zﬂi(l_ﬁp)—i_ﬁi(l%—(ﬁﬁ) +7T§)
-RP Q- RPO R
1+ ay (14 an)(1+ay)

_ R RP R ()
Pr(ﬂhp_ﬁh’p’|/8hp;éBO?/Bh’p’ 7&’80) o P 1+ o, 1+a7/’ 1+Oép
y (1 —7}¢)2 —|—'ﬁ'2 (1 _ﬁp)Q (1 _ﬁ—fi)Q + 7‘{_27'%2 (]' —ﬁw) 7’{-27}2%

l+ay, Y 1+a, l+a, 1ty Y T4,
~2 =2 (1— 7~Tp)2 (1— 7~r17)2 (1— 7}“)2 (1— 7~r¢)2

N L AR .
w”l—i—ozp l+a, 1+oa, 14+ay

(4.8)

Similar results compared to model (4.8) will hold for coefficients from same procedures
but different hospitals. After some algebra, we can show that coefficients from the same
hospital (or procedure) are clustered together with higher probability than from different
hospitals (or procedures). Denote a = (a,, a,;, ay) and b = (b,, b, by) and integrate out
7,, T, and 7, the probability that 3 hp is null is

a, Wy ay
ap+ by an + by ay + by

Pr(/ghp = Bola,b) =

Similarly, the probability that only the main effect of hospital is null is

ap bﬁ bw
ap+ by a, + b ay + by

Pr(p, =0,k, # 0,7, # 0la,b) =

Similar results for main effect of procedure and the interactions can be obtained.
The prior assigns high probability in sparse locations of this parameter space favoring

strong shrinkage towards zero for most of the elements. We give an intuition for the
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motivation through plots (in Figure 4.2) showing multiple realizations for 3, with ¢ = 1,
Tp =T, =Ty =1/2.

To allow predictors to provide information about the cluster allocation, we can employ
PSBP instead of Dirichlet process in model (4.4), where the probability of allocation to

cluster h would depend on hospital-specific predictors u;,. More specifically,

P ™~ Pp = Zm(uh)épl* (49)
=1

Py, are defined similarly with coefficients v,, while P¢ remain the same as defined in
model (4.4). We name this prior as the predictor dependent matrix co-clustering with inter-
actions prior (abbreviated as PMCCI). The predictor-dependent weights are constructed as
m(un) = Vilun) [ [oi{l — Vi(un) }, where 0 < Vi(uy) < 1 constitute predictor-dependent

probabilities. We set V;(u) predictor-dependent probit functions:

gi(u) H
‘/l(U) = J N(I’, 07 1)d.fl:, gl(U) = CIO + ClhIC(U, Up; Ql)a
1

—00 h—

where K(u,up; o) is a kernel characterized by parameter g; with g, ~ Gamma(a,, b,)
and {Clh}h=[), g are a sparse set of real numbers. To impose sparseness on {Qh}hz(x H, We
choose priors (j, ~ N(0, ;') and oy, ~ Gamma(ag, by), with (ag, by) setting most ayy,
large to let most {(;, },—o i near zero. A radial basis function (RBF) can be used for kernel
K,e.g., K(u,up; 0,) = exp{—|un — ul2/01}

Let O denote the collection of tensors with finite components:

Op={B=(8,),h=1...,Hp=1,..., P max |[B,| < o}

1<I<q

Theorem 4.2.1. Define |B — B°| = maxy ;i |Bup — Byl Let Niw,o(B°) = {B :
|IB — B°| < €} denote an Ly, neighborhood around an arbitrary B° € Op. Letting
B ~ 1I denote the prior for B in model (4.2) - (4.6), for any ¢ > 0, and B € Og, the
probability II{N (s (B")} > 0.
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Proof: Details are in the Appendix.
Theorem 2.1 shows that our proposed MCCI prior has large support, which places
positive probability in arbitrarily small neighborhoods around any B” € ©g. Large support

for PMCCI prior can be similarly obtained.

Theorem 4.2.2. Let GT be a random distribution drawn from the PMCCI prior with T =
(11, Ty, Ts) components, baseline measure G, G, and G, as described in (4.5). Let G*
denote the case T = (0, 0,0). Fory = (Ynp), withh =1,...,H, p=1,...,P and

t=1,...,np, let

v = [{ [ | 1jk(yhpiwhp)P(dﬂhp)}GT(dP»

p™(y) is defined similarly. Then

@) - < 41— (1= QB = P (= (D )

x exp(—Tg&; 1)}].

Proof: More Details are in the Appendix.

If G*' is drawn from the MCCI prior, similar to the above steps, we have

T, —1
Ay

) — ") < 4[1—{1—<2nhp>exp<—T1;1>}{1—(Znhp>exp<— )}

(0%

{1 S oo~}

Q)

Theorem 2.2 is especially important for computational purposes. It ensures that sam-
ples obtained from the posterior distribution of the truncated process can be used to gen-

erate arbitrarily accurate inferences on measurable functionals of the infinite process.
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4.3 Posterior Computation

For the posterior computation, we propose a data augmentation Gibbs sampling algorithm.
We consider both the MCCI and the PMCCI priors. With the prior MCCI, we may follow
the Polya urn scheme proposed by Dunson et al. (2008a). With the prior PMCCI, updating
schemes are generalized from the PSBP by Rodriguez and Dunson (2009). First, let yy,,,; =
U(yp,; > 0), where yf,, = @},.B, + enpi/Grs With i ~ Ga(v/2,v/2) and € ~
N(0,02). Following O’Brien and Dunson (2004), we may set 0 = m(v — 2)/3v with
v = 7.2 to obtain an almost exact approximation to the logistic density. The sampling

steps are as follows,

1. Denote gj,(;;)i = Ypoi — Thpi(Brp — Bo) and sample 3, by

~(0)
Ynpi —
p(ﬁ0| .. ) ~ MN( Z + Z whmw’hpz) Z D Lhpi (Eo 1 +
hpi Uhpz hpi hpz

1 ;=1
Z 2 whpiwhpi) )

hpi Uhpi
where 07, = 0%/¢p: and the prior for 3, is MN(0, o).

2. i. Let the (h) superscript denote a quantity obtained excluding element h. With the

prior MCCI, the conditional prior distribution of p,, given p(") is

k .
ap(l —7,) (l_ﬂﬂ)
MN 1)
ozp—i-H—mpg—l) (up’ )+7Tp0+2 p—i-H Myx — )

(

0,8 (4.10)

where m,;» is the number of elements of p™ equal to p*(h) and k,« is the unique
number of values of p*. As shorthand, let w, = (up0,up1,-.. Uk ,) denote

the probability weights on the mixture components in expression (4.10). The full
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conditional posterior distribution of p;, is

k%

p(pnl ) ~ wonoMN(Epp, Vo) + > wpnd e
=1
Denote gj,(;z = Yppi — Thyi(Byp — pp,) and the conditional posterior mean and

covariance matrix in the multivariate normal component are

_ _ _ ~(h
Voo = (0,1 + Y 102 inpihy) ™ B = VoD, i, + Y G /07 i)

pi pi

and the updated mixture weights are defined as:

~(h
up,OMN(O; l’l’p7 FP) Hpi N(yi(zpzﬂ 0’ O-lepi)

Wpno = C )
’ b MN(0; Epp, Vo)
— ~(h). .1 2
Wp,nt = Cyllp 1_[ N(yhpia whpipl*a Uhpi)'
pi
where ¢, is the normalizing constant. Let §, = [if p,, = p] forl = 1,... k,«, the

full conditional posterior for &, is
p(&n]--+) ~ Multinomial(0, 1, ..., Ky« Wy po, Wppt, - - - ,wpvhkp*).

In step (1), we sample from these multinomial distributions. When &, = 0, a new
value for pj, is drawn from MN(E, ;,,V, ). In step (2), the unique values p; are

updated by

ppr] )~ MN(Epp, Vs ),
. 1 -
with V;;*JL = (Z Twhpiwﬁlpil(fh = l) + Fp 1) 1’

hpi O-hpi

1 N _
Eyp = Vp*,h(z T:Ehpiy](l];)il(gh =1)+ Fplﬂp)-

hpi hpi
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ii. For the PMCCI prior, the full conditional distribution for the indicators is multino-

mial with probability given by

Pr(&, = 1] -+ Yocupwpm | [ NWilef).

j 2

In order to sample the values of the latent process ¢;(uy,) and the corresponding
weights w, 5;, we introduce a collection of conditionally independent latent vari-
ables z, ; ~ N(g;(up), 1). If we define &, = [ if and only if 2,5, = 0 and 2, , < 0
for r < [. We have

Pr(&, =1) = Pr(zpm = 0,24 <0forr <l)

= ®(gu(un) | [(1 = (g-(un))) = wpa-

r<l

This data augmentation scheme simplifies computation as it allows us to imple-
ment another Gibbs sampling scheme. We can impute the augmented variables by
sampling from its full conditional distribution conditional on the other values of

the latent process and the indicator variables,

{ N(gi(un), 1)7, & >1
vathC

N(gl(uh)a 1)+7 fh = [.
gi1(up) can be updated through the conjugate full conditional posterior distribution.

3. The full conditional posterior distribution for 7, is

p(Fy| - +) ~ Beta(a, + Y 16 = 1),b, + H = Y 1(¢ = 1)).

4. ¢ppi 1s updated by

v+1 1 5 U
¢hpi ~ Ga(Tv Tﬂ(yiﬂ;pz - :B;Lpiﬂhp) + 5) :
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4.4 Simulation Examples

Data are generated according to model (4.1), (4.2) and (4.3). Welet H = P =4,q =3
and 20 patients at hospital i receive procedure p. More specifically, p, x and 1) are gen-
erated through multivariate mixture normal 7}, 7, and 75 listed in Table 1 respectively.
B, is generated from the multivariate normal distribution with mean (0, 0.1,0.15) and co-
variance matrix diag(0.5,0.1,0.1). Residuals are generated independently from N(0, 0.5).
For modeling with the PMCCI prior, we let the hospital-specific predictors as —2, —1, 1, 2
for the 4 hospitals respectively and procedure-specific predictors as —4, —3, 3, 4 for the 4
procedures respectively. Hospital and procedure coefficients are then generated from the
mixture multivariate normal distribution with weights (w as in Table 1) calculated from
(4.11) based on the predictors. The components of the multivariate normal distributions
are the same as listed in Table 1. Hyperparameters are set as following. A larger r, and/or
a smaller 0, lead more coefficients close to zero. The prior has fatter tails and larger vari-
ance as J, increases. We set r, to introduce more shrinkage and let 6, ~ Gamma(l,1)
to make the priors more flexible. Similarly, v, = r, = 1 and 6, ~ Gamma(l,1),
dy ~ Gamma(1, 1). Following the common practice, we set v, a;, Qi " Gamma(1, 1).
We also let 7,, 7, and 7, S Beta(a, b) to express prior ignorance. Results are based on
5,000 samples after a burn-in period of 2,500 iterations.

We run three data simulation examples. For the first simulation, we generate data from
the full model (4.2). In the second simulation, data are generated without interaction ,,,,.
In the last simulation, we generate data with only one factor p;, and the overall mean
B,. Park and Hastie (2008) also proposed to use a variant of logistic regression with Ly
regularization (abbreviated as PLR) to fit the logistic modeling. We compare the perfor-
mance of our proposed methods (with consideration of predictors interactions, PMCCI;
with consideration of only interactions, MCCI; and without consideration of interactions,

abbreviated as MCC) with their penalized logistic regression method. R package stepPlr
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is applicable for the Park and Hastie (2008)’s method.

The current standard modeling for such problems is as following

logit Pr(yp, = 1) = p+an+ 06, + azﬁwi'y,
p ~ N(0, ¥o), Yo ~ 1G(ag, bo),
an ~ N(0, ¢1), Y1 ~ 1G(as, by),
Bp ~ N(0, 1), Y2 ~ 1G(as, ba),
v ~ MN(0, %), S 2 1G(as, bs), (4.12)

where v, is the binary mortality response from patient ¢ in hospital / receiving procedure
D, Ty 18 the patient related predictors, p is the overall mean effect, oy, is the random effect
for hospital h, (3, is the random effect for procedure p and = is the regression coefficients
for the patient related predictors. We choose hyperparameters ay = by = a; = by = as =
by = ag = bz = 1/2 to obtain robust Cauchy priors for y, cv,, 3, and ;.

Each simulation is repeated for 50 times. Comparisons are made based on the mean
squared error (MSE) for the coefficients 3, and the predicted mis-classification rates of
the responses. Since 3,,, can not be obtained from the standard modeling, we only com-
pare the predicted mis-classification rates for the standard modeling with other methods.
Performances from all the methods are summarized in Table 2-4. The numbers in paren-
theses are the corresponding standard errors (of the means) estimated by the bootstrap with
B = 500 resamplings on the 50 mean-squared errors. Our proposed PMCCI, MCCI and
MCC greatly outperform the PLR and the standard modeling in all simulations, especially
for the MSE of the estimated coefficients for PLR and classification rates for the standard
methods. PLR cannot do well when the sample size is small (n = 20), while borrowing
information across hospitals and procedures is quite important and can greatly improve
the performance of the PMCCI, MCCI and MCC. Interestingly, we notice that even gen-

erating data without interaction, the MCCI outperforms the MCC. The PMCCI performs
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the best through the three simulation studies.
4.5 Application to Congenital Heart Surgery Outcomes Data

The growing call for accountability in medicine has led to increased demand for public
reporting of health care providers’ performance. Many profiling methods based on “risk-
adjusted” outcomes have been developed, either within the framework of frequentist statis-
tics (e.g., Landrum et al. (2000); Austin et al. (2003); Shahian et al. (2005); Timbie and
Normand (2008); Landon et al. (2006)) or Bayesian inference (e.g., Austin et al. (2003);
Lin et al. (2006, 2009); Racz and Sedransk (2010)). Extensive critiques (Shahian et al.,
2001) and comparisons (Austin et al., 2001) have been conducted. Despite the publication
of methodological recommendations and standards (Shahian and Normand, 2008), many
aspects remain controversial.

Due to its substantial public health burden, social and financial costs, cardiovascular
disease has figured prominently in public reporting efforts in recent years (Krumholz et al.,
2006). At least 9 US states now publish hospital- or surgeon-specific risk-adjusted mor-
tality outcomes for coronary artery bypass grafting (CABG) surgery. Reporting efforts for
cardiac surgery have recently expanded beyond CABG to include other types of opera-
tions, such as aortic and mitral heart valve surgery. In addition to adult cardiac surgery, at
least one state (New York State Department of Health, 2007) has begun reporting hospital-
specific risk-adjusted mortality rates for surgical treatment of congenital heart defects.

When comparing mortality and other outcomes across providers, regression model-
ing is used to adjust for non-random allocation of patients to providers. Although such
modeling is conceptually straightforward, developing appropriate models for congenital
heart surgery patients is challenging, in part because the patient population is remarkably
heterogeneous. Unlike cardiac surgery for acquired heart disease, there are literally hun-

dreds of different types of congenital heart surgery operations, and they are performed
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on patients ranging from neonates to the elderly. In addition, there are a large number
of suspected and established risk factors which may confound the observed differences in
outcomes when comparing centers. In theory, one could account for all of these factors
in a regression model. In practice, however, we are limited by small numbers of cases in
each age- and procedure- subgroup. Previous investigators have adjusted for the type of
procedure by grouping procedures into a small number of categories, and modeling the
categories using a series of category indicator variables. Although separate models for
each procedure would be desirable from the standpoint of achieving correct model speci-
fication, the small number of cases available makes procedure-specific regression models
highly challenging.

Therefore, it is of great significance for us to develop a new set of advanced profiling
methods that can scale well in high-dimensional, multi-level, and sparse data. Our pro-
posed co-clustering modeling strategy is highly flexible and adaptable and incorporates a
sparseness-favoring structure, which combats the curse of dimensionality. In this section,
we illustrate these properties by using our method to estimate and compare risk-adjusted
outcomes for 16 hospitals performing 13 types of congenital heart surgery procedures.

Data for this analysis were obtained from the Society of Thoracic Surgeons (STS)
Congenital Heart Surgery database. To create the study population, we first identified
N=79,635 patients from 76 hospitals who underwent one of 145 types of congenital car-
diovascular procedures at an STS-participating center during the years 2002-2008. We
excluded hospitals with fewer and 1500 operation records and procedures with fewer than
1500 records, leaving a final population of 16,762 records for 13 types of procedures at 16
hospitals. As can be seen from Figure 4.3, the procedure-specific sample sizes are small
and highly variable (median = 46; range 0 to 354).

The endpoint of interest for this analysis was post-operative length of stay (PLOS)
in days, modeled as yj,; = log(1 + PLOS,;). Length of stay is an important determi-

nant of resource usage (and hence cost) and is commonly used as an indirect indicator of
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a patient’s overall health status following surgery. Patient-level predictors were age (in
years) on the date of surgery; presence of any non-cardiac genetic abnormality (yes/no);
and presence of any of the three risk factors (acidosis, shock or preop venilatory support).
The distribution of log-PLOS was modeled as yp,; ~ N (%piﬁhp, 012;), where 012, denotes
the variance of log-PLOS for the pth procedure type. The variables y,,; were assumed to
be independent conditional on covariates x,,; and parameters (3, 0'5).

Procedure-and-hospital-specific regression functions from model (4.1) and (4.2) were
estimated nonparametrically under the MCCI prior in section 2. Flexible hyperpriors were
set similarly to section 4. In each model, the prior for o) was o> ~ 1G(1/2,1/2). Estimates
were calculated with 50,000 MCMC iterations after a burn-in period of 20,000 iterations.
We took a long burn-in and collection interval to be conservative, but similar results were
obtained using shorter chains. Analyses were compared with the standard model (4.12) to
show the improved performance of our proposed modeling method.

We first compared the fit of the standard model (4.12) with our proposed model by
using the log posterior marginal likelihood because it is insensitive to the choice of the
prior distribution. Figure 4.4 shows the log posterior marginal likelihood across 16 x
13 = 208 specific combinations of hospitals and procedures for the standard method (right
panel) and our proposed model (left panel). The improved fit of our model is apparent.
We also compared the mean squared error (MSE) of yy,,,; and 9,,, where the latter is the
prediction value for yp,,; given xj,,. The MSE for the standard method is 0.81, while our
proposed MCCI has the MSE for 0.27.

The posterior means of 3, are plotted in Figure 4.5. To quantify variation in regres-
sion coefficients 3,,, across procedures and hospitals, let 5. = (HP)™! i 2511 Bhyp
denote the overall mean, let 3,. = P~! 25:1 Bnp denote the mean for procedure h, and let
Bp,=H! Zthl By denote the mean for procedure p. Finally, let 6,(59) denote the gth ele-

(@)
h

ment of 3, with analogous definitions for ﬁ.@, ﬁ.(q), and /3;"’. The proportion of variation
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in 5}(3)) that is explained by hospitals and procedures is, respectively,

(6) _ PZh(ﬁl(f) - ﬁ@)Q (@ _ HZp(ﬁ'(g) B ﬁ‘(‘q))z
Yhos = @ A0y @4 vproc = @ _ Alane
2on 2By — B7)? 2on 2By — B)?

Note that the proportion of variation in ﬂf(fg that is explained by a least squares additive

(9) (9)

model of the form «y, + 3, is equal to v, + vy @

. Posterior means of v,(f) and v, are
summarized in Figure 4.6. As we might expect, regression coefficients appear to vary
more substantially by procedure than by hospital.

The primary goal of our analysis was to compare the distribution of PLOS across
providers in a manner that adjusts for non-random patient allocation. Conceptually, we
would like to compare the average expected PLOS of the patients treated by a particu-
lar provider to the average PLOS that would be expected if the same patients had been

randomly assigned to another provider. To fix ideas, let Y = PLOS and let
gn(z;p) = E[Y|X = x,procedure = p, hospital = h ]

denote the true unknown regression relationship between patient-level covariates x and
outcome Y for patients undergoing procedure p at hospital h. The regression function
gn, encapsulates the h-th provider’s ‘quality’ for performing procedure p on patients with
covariates x. For a particular procedure p and covariate profile x, the performance of
provider A relative to the other H — 1 providers may be summarized by the ratio

gn(x;p)
a .
ﬁ Zj;éh g;(x;p)

Ry(z;p) =

Although the performance of a provider is likely to differ as a function of x and p, it is
convenient to have a global measure of performance which averages over x and p. Such a

measure may be defined as

_ Son(w:p)dFi(w,p)
S ﬁ Z]H;éh gj(z; p)dFy(z,p)
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where Fj, is the actual observed distribution of covariates and procedures in the h-th
provider’s patient population. Comparisons of R, based on the standard method and our
proposed method are summarized in boxplots in Figure 4.7. As we can see, estimates
from the MCCI model are more precise in the sense of having shorter confidence inter-
vals. Though against our intuition, the much more flexible Bayesian nonparametric models
typically produce narrower credible intervals than parametric hierarchical models such as
Gaussian models. Kyung et al. (2009) prove that the variance on the fixed effects is al-
ways smaller in a linear random effects model with a DP prior being placed on the random
effects distribution instead of a normal prior. Dunson et al. (2008b) also observe much
decreases in credible interval width in more complex Bayesian nonparametric hierarchical

models.

4.6 Discussion

In this paper, we have presented a general model of tensor co-clustering with interactions.
Our proposed Bayesian multi-way tensor co-clustering (BMTCC) model allows borrowing
information across the tensors. In particular, the model works by reducing the dimension
of the tensor through separately clustering different dimensions. The BMTCC model in-
herits the strengths and robustness of Bayesian modeling, is designed to work with sparse
tensors, and can use any exponential family distribution as the generative model, thereby
making it suitable for a wide range of tensor related analysis.

Unlike existing co-clustering algorithms, BMTCC includes the interactions among dif-
ferent dimensions, which is quite important in practical analysis. We also allow features
to inform the allocation to clusters and avoid exchangeability assumptions.

Finally, the main effects and interactions obtained from the BMTCC can be effectively

used for visualization, subsequent predictive modeling and decision making.
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Table 4.1:

Compl Comp2
Dist w 7 by w 7 by
7 05 (0,1, diag(0.5,1,2) 0.5 (0,-2,-3) diag(0.5,1,1)
T, 0.5 (0,0,04) diag(0.5,0.1,0.2) 0.5 (0,1.5,2) diag(0.5,0.5,1)
3 03 (0,1, diag (0.5,1,1) 0.7 (0,-1,-1) diag(0.5,0.5,1)
Table 4.2:
Method MSE Mis-Classification Rate
PMCCI 0.73 (0.08) 0.15 (0.02)
MCCI 0.84 (0.10) 0.16 (0.03)
MCC 1.06 (0.10) 0.16 (0.03)
PLR 14.67 (8.4) 0.18 (0.04)
SM ek 0.35(0.12)
Table 4.3:
Method MSE Mis-Classification Rate
PMCCI 0.73 (0.10) 0.10 (0.01)
MCCI 0.84 (0.11) 0.10 (0.01)
MCC 1.06 (0.12) 0.12 (0.02)
PLR  21.9(9.14) 0.12 (0.02)
SM w* 0.34 (0.15)
Table 4.4:
Method MSE Mis-Classification Rate
PMCCI 0.70 (0.10) 0.13 (0.02)
MCCI 0.62 (0.12) 0.14 (0.02)
MCC 0.64(0.13) 0.15(0.02)
PLR 17.62 (12.26) 0.16 (0.03)
Standard ek 0.33(0.11)
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FIGURE 4.1: A: Multiple, overlapping co-clusters. B: Multiple, non-overlapping co-clusters. C:
Single, non-overlapping co-clusters.
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Appendix A

Additional Materials for Chapter 3

Clustering Probability Under (2), the probability that P, = Py so that groups 7 and ¢’ are
allocated to the same cluster is,

+ (25
k=1 k=1 i(ar +1) *
S G T i A

a%(al + 1) aq aq (Oél + 1) K

As K goes to infinity,

i a1 — % n 1 1
im ——=*— + — =
K-wap(a;+1) K

a; + 1
MCMC supplement We would introduce a set of variables d;;, i

=1,...,p,g=1..., K,
and define y;; = 1 if the ith observation belongs to class j, j € {1,..., K} and y;; = 0
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otherwise. Notice that the equivalent representation of equation (3.8) is,

1’ S’ij 2 0’

0, else.
Sij = ﬁi/B]’ - Ci]‘ + Gij, Eij ~ N(O, dw)
dij = (261-]-)2, €ij ~ KS, Bj ~ W(Bj) )‘j ~ Gamma(%, 1) (A2)

Parameters of equation (A.2) are updated through following steps,

1. Sampling Bj in the case of a normal prior on ,@j, W(Bj) = N(bo, vp), the full condi-

tional distribution of Bj given s.; and d.; is still normal,

Bj|8'j7 d'j ~ MN(BJ7 V),

Bj = Vj(v by + XWy(s; +C;)), V; (v "+ XW;%)

2. Following advice of Holmes and Held (2006), we update {s.;, d.;} jointly given Bj,
7T(5~j7d~j|5jv@~j) = ﬂ—(s'j|ﬁjv@~j)7r(d-j|5'j7/6j)

followed by an update to Bj|s.j, d.;. The marginal densities for the s;;’s are inde-
pendent truncated logistic distributions,
R LOgiStiC()A(;,éj + IOg(/\]) — Cija ]‘)](Sl] > 0), :&ij = 1,
5ij|16j7 ijoc .
Logistic(x;3; + log(\;) — Cy;,1)I(s; < 0),  else.
where Logistic(a, b) denotes the density function of the logistic distribution with

mean a and scale parameter b.
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3. Sampling d.; through rejection sampling. As advised by Holmes and Held (2006),

we use Generalized Inverse Gaussian distribution

r

d;;) = GIG(0.5,1,r%) =
g( l]) GIG(0.5,1,77) InvGamma(1, )

, where © = (s;; — i;Bj)Q, as rejection sampling density. Following a draw from

g(-) the sample is accepted with probability a(-),

L(dy;)m(diy)

a(dlj) Mg(dl])

where M > sup, M, L(d;;) denotes the likelihood,
dl] g(dlj) J

L(dyj)ocd;; " exp(—0.5r%/dyy)
, and 7(d;;) is the prior,

1 1
~diPKS(5d))

Tr(dlj) 4 2 lj

where KS(-) denotes the Kolmogorov-Smirnov density.

109



Appendix B

Additional Materials for Chapter 4

Proof for Theorem 4.2.1

Proof. The probability allocated to No (B°) can also be defined as
P
| [ds, | | dib,
=1 h,p

p=

H
f 1(/B = B, < )dB, | [ dpn
h=1

Also

h,p

(B.1)

B~ B, = max By, — B}, | < max (Hﬂooo onlo + Kyl + |16, ﬁ2p|oo).

It is straightforward to show forh =1,... , Handp=1,...,Pand Ve > 0

1Bollee <€, lonleo <€,

[Kplloo <€, |91, = Bhplleo < €

implies that |B — B°|.,, < e. Hence to show (B.1) is strictly positive, it suffices to show

Pr(Bolco < € lpnlo < € lple0 <& 4y, — B0 <.

h=1,....Hp=1...,P)>0 (B.2)
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We also know that
(1) B, follows a multivariate normal distribution and
P ~7~Tp(50+(1—ﬁ'p)G:, Ky ’\*ﬁ'ﬂ(so—i-(l—ﬁ'ﬂ)G:, ’lphpN%de—i_(l_ﬁw)GZn

where G%, G and G, are DP(a,Gj,), DP(a,Gg,) and DP(a,G,) distributions

which have full supports on the parameter space R9.

(2) For B = (5hp), with positive probability, the component of each cell (h,p) comes

from a different cluster of the base measure and are independent of each other.

(B.2) follows directly from conditions (1) and (2). O
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Proof for Theorem 4.2.2

Proof. By integrating over P, we can write p’ and p® in terms of the distribution for y =

(ynpi) under G and G respectively and call these two sampling distributions 7r¢(dB) and

T (dB).

r

P (y) =" W) = | |p"(y) —p*(y)|dy

where D(Py, Ps)

probability measures P; and P». We can write p, = p,, K, = K} and ¢, =

| [ £pilBy) (71 (dB) — 7 (dB)) |dy

h,p,i

]

pf n k(Ynpi By dy|mr(dB) — e (dB)]

h,p,i

[

N

J
= 2D(mr, To),

= supy [P1(A) — Po(A)]| is the total variation distance between two

*
Ehp’

The sampled values B under 7 and 7, are identical when &, X, and €5, are sampled

from values smaller than T = (73,75, T3)th term for h = 1,... , H,p = 1,..., P and

1= 1,...,nhp. Thus

Z)(7TTW 7TOO) 5;

2{1—7’(1*(&1 <T17Xp<T2;€hp<T37 for h = 1,...,H,p= 1,...,P,

izl,...,nhp)}

2|1 = 7w {&n < Tajrr{xp < Tajmnfen, < Tz}]

2 _1 — E{ H( i Wll(Uh))}E{ H(i ng(vp))}E{( 32_1 ng)Znhp}]

We first notice that with Jensen’s inequality

Bflos(1 ~ Vitun)} < log{1 — E(Vi(un) = log {1~ B(@(atu) | <0
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Therefore, > 2, F{log(1 — Vi(uy)} = —oo and by theorem 2 in Ishwaran and James

(2001), 3.2 my;(up,) = 1 almost surely. With this conclusion and the Jensen’s inequality,

we have
E{ H TIZ; mu(un)} = | {T:Z;E(Wu(uh))}
- 11 [1 — E(Vr, (us) EI{W(uh)})]
We know that

EWi(n) = B@((u) = BlL(1 +ert(20))))

- (% ooy 2L 0" g )]

where erf is the error function and with the taylor expansion one can get the above last
equation. It is straightforward to verify that £(g;(up,)*) = 0 with k being odd numbers.

For example with ¢, ~ N(0, ;') forh = 1,..., H:

H H
E(gi(un)*) = E(Cz% +ar Gt Y Gk (un, ugs 00) + aaG > (D Gk (un, o))’

=1 i=1
l k

ak(z Gk (un, uj; 1)) > :
j=1

Since (i, K(up,u;; o) are independent of each other and F(¢};) = 0 when k are odd
numbers, it can be shown that E(g;(u)*) = 0.

It turns out that

T —1

E{n Z mu(up))t = [1-— (%)Tl]Zhnhp'
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and
E{[TCY maw )} = [t - ()15

P j=1

Following Ishwaran and James (2001), we have

E{(TSZ‘:1 ron(un)) S}~ (1 (B 1))2%

k=1 Qy

Ty —1
Ay

&

L— (D, mnp) exp(~

h,p

).

Generalize the above results, we have

T5—1
Ay

i

D) < 21= (1= (ML = (G (1= (S ) exp(-

h,p
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