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Abstract

Deligne and Goncharov [21] constructed a neutral tannakian category of mixed Tate motives

MTMN unramified over Z[µN , 1/N ]. Brown [10] and Hain–Matsumoto [38] computed the

first order action of its motivic Galois group on the unipotent fundamental group of a

smoothing of the once punctured Tate elliptic curve when N = 1. In this thesis, we extend

their work to N > 1 by computing the first order action of the motivic Galois group on

the unipotent fundamental group of a smoothing of the Tate elliptic curve with a cyclic

subgroup of order N removed.

One of our main tools is the elliptic KZB connection for the level N congruence subgroup

of SL2(Z). We adapt it to the arithmetic setting and prove that it underlies an admissible

variation of mixed Hodge structure over the corresponding universal elliptic curve with its

N -torsion removed (Theorem 3.5.2). At the singular fiber above the distinguished cusp

q = 0, we show that the KZB connection degenerates to the cyclotomic KZ connection and

that the variation degenerates to a mixed Hodge structure that contains the Lie algebra of

the motivic fundamental group πmot
1 (P1−{0,µN ,∞},~v) studied by Deligne and Goncharov.

This observation allows us to construct a higher level analogue of the Hain map [37]. We

further prove this map is a morphism in MTMN by describing the Galois action on the

motivic periods of the unipotent fundamental group of the punctured nodal cubic (Theorem

4.4.4).

The inclusion of πmot
1 (P1 − {0,µN ,∞},~v) into the limit mixed Hodge structure of the

KZB variation allows us to relate the periods of the N -cyclotomic polylog variation of

MHS to the periods of the level N elliptic polylogarithm variation of MHS. This enables

us to give a formula for the first order action of the Galois group of MTMN on the elliptic

polylogarithm. This is most explicit when N is a prime power (Theorem 5.5.7).
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Chapter 1

Introduction

In this thesis, we study periods of mixed Tate motives that are unramified over the ring

ON := Z[µN , 1/N ], where N is a positive integer and µN denotes the Nth roots of unity

in C. Our main result is a computation of the “first order action” of the motivic Galois

group on the unipotent fundamental group of a smoothing of the Tate elliptic curve with

the cyclic subgroup corresponding to µN removed. Before describing our results in detail,

we recall some basic facts about periods and motives.

1.1 Periods

A period is a complex number which can be expressed as an integral of an algebraic differ-

ential form on a variety X defined over Q against a relative cycle in X(C) with boundary

in an algebraic subvariety Y ⊂ X also defined over Q. The periods form a ring and include

many frequently occurring constants such as

2πi =

∫
|z|=1

dz

z
and ζ(3) =

∫∫∫
0≤x≤y≤z≤1

dx

1− x
dy

y

dz

z
.

More abstractly, periods are matrix entries of comparison isomorphisms

c : Hk
DR(X,Y )⊗ C→ Hk(X(C), Y (C))⊗ C

between algebraic de Rham and Betti cohomology. Grothendieck conjectured all polynomial

relations between periods come from maps between algebraic varieties [32]. An equivalent

conjecture of Kontsevich and Zagier claims any such relation can be expressed using only

addition, algebraic change of variables, and Stokes’ theorem [45, 1].
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1.2 Mixed Tate motives

If the pair (X,Y ) is defined over a ring of S-integers Ok,S of a number field k and has good

reduction at each prime, then the various incarnations (Betti, k-de Rham, `-adic, etc.)

of H•(X,Y ) are realizations of a motive over Ok,S . Another version of Grothendieck’s

conjecture is that motives are determined by their periods. Using the work of Borel [6],

Beilinson [2], and Levine [43], Deligne and Goncharov [21] proved the existence of a Q-

tannakian category of mixed Tate motives MTM(Ok,S) over Ok,S . One may view these

motives as those arising from cohomology groups of genus 0 curves and their moduli spaces

[11].

The category MTM(Ok,S) is the category of finite dimensional representations of an

affine group scheme GDR
k,S over Q that is an extension

1→ KDR
k,S → GDR

k,S → Gm → 1

of the multiplicative group Gm by a prounipotent group. The Lie algebra of KDR
k,S is

canonically isomorphic to the completion of a graded Lie algebra kk,S , and the category

MTM(Ok,S) is equivalent to the category of graded representations of kk,S .

In the case ON := Z[µN , 1/N ], Deligne and Goncharov proved the coordinate ring of

the unipotent path torsor with suitable tangential base points of P1 − {0,µN ,∞} is an

ind-object of MTM(ON ) and that it is a rich source of periods. The periods of this object

are spanned by 2πi and the multiple polylogarithms

Lin1,...,nm(z1, . . . , zm) :=
∑

0<k1<k2<···<km

zk1
1 zk2

2 · · · zkmm
kn1

1 kn2
2 · · · k

nm
m

evaluated at Nth roots of unity. We refer to these values as N -cyclotomic multiple zeta

values (MZVs). The classical MZV ζ(n1, . . . , nm) is the value of Lim at (1, . . . , 1). The

integer m is called the “depth” of an MZV. Cyclotomic MZVs are filtered, but not graded,1

by depth. We prove the following (Theorem 4.4.4)

1For example, ζ(4) = 4ζ(1, 3) = ζ(1, 1, 2) = 4
3ζ(2, 2).
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Theorem 1. The Lie algebra of the unipotent fundamental group of the Tate curve with µN

removed and suitable choice of tangential base point is a pro-object of MTMN . Its periods

are Q(2πi)-linear combinations of N -cyclomotic MZVs.

1.3 The depth filtration on kN

A question of interest is whether 2πi and the N -cyclotomic MZVs generate all periods of

all objects of MTM(ON ). A tool for studying this problem is the “depth” filtration D•

on the Lie algebra kN of the prounipotent radical of the de Rham fundamental group of

MTM(ON ). This is a decreasing filtration of the Lie algebra kN corresponding to the degree

in the generators eζ under the Galois representation

kN −→ Der Lieπun
1 (P1 − {0,µN ,∞},~v1)DR ∼= Der L(e0, eζ | ζ ∈ µN )∧,

where L(e0, eζ | ζ ∈ µN )∧ is the completed free Lie algebra on {e0, eζ | ζ ∈ µN}. The

filtration D• is dual to an increasing filtration of the periods of MTM(ON ) compatible with

the depth filtration of the Q-algebra generated by the N -cyclotomic MZVs.

Although the Lie algebra of kN is free, its associated depth graded Lie algebra Gr•D kN

is not free, in general. Deligne [20] has shown Gr•D is free when N = 2, 3, 4, 6, and 8.

These are expected to be exceptional. The N = 1 case has well-known relations in Gr2
D k1

associated to cusp forms of SL2(Z) [38, 46, 10, 26]. Meanwhile, Goncharov [27, 28, 29] has

proven the existence of relations in Gr•D kN when N is prime and at least 5.

This thesis will study the graded quotient Gr1
D kN for all N ≥ 1. Our main task is to

compute the motivic Galois representation

φell : Gr1
D kN −→ Der

[
Lieπun

1 (E∂/∂q − µN ,~v1)/D2
]
,

where E∂/∂q is the first order smoothing the Tate elliptic curve in the direction ∂/∂q. The

Lie algebra Lieπun
1 (E∂/∂q − µN ,~v1) is isomorphic to the completed free Lie algebra

L(X,Y, tζ | ζ ∈ µN )∧/
(

[X,Y] =
∑
ζ∈µN

tζ

)
,

3



and its depth filtration is given by the degree in the letters tζ :

Dm = {Lie words whose total degree in the tζ is ≥ m}.

Since depth is central, there are derivations

εop
m+1,ζ ≡ ad(Ym−1 · (tζ + (−1)m+1tζ)) mod D2

(full formula in §3.2.1). Deligne and Goncharov [21, Thm. 6.8] showed that Gr1
D kN is

isomorphic to H1(kN ). The following is a weak version of Theorem 5.5.7.

Theorem 2. The action of kN on Lieπun
1 (E∂/∂q −µN ,~v1)/D2 factors through the abelian-

ization map kN → H1(kN ). The quotient Gr1
D kN has canonical generators σm,ζ indexed

by integers m ≥ 2 and primitive N th roots of unity ζ ∈ µN , and complex conjugation in-

duces the relations σm,ζ = (−1)m+1σm,ζ . The action of σm,ζ ∈ Gr1
D kN on Lieπun

1 (E∂/∂q−

µN ,~v1)/D2 is

φell(σm,ζ) ≡ εop
m+1,ζ +

∑
ξ∈µN

not primitive

cξε
op
m+1,ξ mod D2

where cξ ∈ Q.

The derivations εop
m+1,ζ are cyclotomic generalizations of derivations εm first defined by

Tsunogai [49, §3–4] and appear in the universal elliptic KZB connection [15, 42, 37]. We

compute the constants cξ when N is a prime power.

1.4 Outline

Chapter 1 provides a brief review of modular curves, variations of mixed Hodge structure,

Eisenstein series, unipotent completion of discrete groups, and iterated integration. All

of these are necessary to construct the KZB connection in level N and prove its relevant

properties.

Chapter 2 includes a description of the universal KZB connection over the modular

curve YΓ = Γ\\h of any level N congruence subgroup Γ ⊂ SL2(Z). We compute the residues

4



of the connection at the cusps of YΓ and prove that the connection underlies an admissible

variation of MHS.

Chapter 3 discusses the category of mixed Tate motives over Z[µN , 1/N ] including

its objects, extensions, fiber functors, and tannakian fundamental group. We introduce

“motivic” periods and describe Deligne and Goncharov’s unipotent path torsor of P1 −

{0,µN ,∞} as an example. Finally, we construct a level N version of the so-called “Hain

map” and describe the action of the de Rham fundamental group of MTM(ON ) on the

motivic periods of Lieπun
1 (E∂/∂q − µN ,~v1).

Chapter 4 first defines the cyclotomic and elliptic polylogarithm variations of MHS.

We compute their limit MHS over an appropriate choices of tangential base points in

P1−{0,µN ,∞} and E∂/∂q −µN . We then find a basis of Ext1
MTMN

(Q,Q(n)) and describe

the action of H1(kN ) on each element. Since the limit MHS of the polylog variations are pull-

backs of direct sums of simple extensions, this induces an action on Lieπun
1 (E∂/∂q−µN ,~v1).

The appendices include a proof of the invariance of the level N KZB connection and

a general fact about parallel transport of linearized connections. We refer to the latter to

argue the Hain map is motivic. Appendix C is an index of notation.

1.5 Notation and conventions

In Chapters 1 and 2, we denote by γ the matrix

a b

c d

 ∈ SL2(Z), and a, b, c, and d will

refer to its entries.

Throughout, we will use the topologist’s convention for composition of paths. If X is

a topological space, α, β : [0, 1] → X, and α(1) = β(0), then αβ denotes the path by first

proceeding along α and then along β.

The one-dimensional pure Q-Hodge structure of type (−n,−n) will be denoted by Q(n).

Its Betti and de Rham realizations are QeB and QeDR. The Betti to de Rham comparison

isomorphism takes eB to (2πi)neDR.

We will denote by L(V ) the free Lie algebra on a finite dimensional F -vector space

5



V . Recall that the universal enveloping algebra of L(V ) is the tensor algebra T (V ). Let

L(V )∧ be the completion of L(V ) with respect to the lower central series, and let T (V )∧ be

the completion of T (V ) with respect to powers of the augmentation ideal I = kerψ where

ψ : T (V )→ F and ψ(v) = 0 for all v ∈ V .

Denote the free associate algebra generated by {ej | j ∈ J} by

F 〈ej | j ∈ J〉.

Its I-adic completion is the non-commutative power series ring

F 〈〈ej | j ∈ J〉〉.

If {ej | j ∈ J} is a basis of V , then there are canonical isomorphisms

F 〈ej : j ∈ J〉 ∼= T (V ) and F 〈〈ej : j ∈ J〉〉 ∼= T (V )∧.

We have similar notation for Lie algebras. The free Lie algebra over F generated by

{ej | j ∈ J} is denoted by

L(ej | j ∈ J).

The completion with respect to the lower central series is denoted

L(ej | j ∈ J)∧.

If {ej | j ∈ J} is a basis of V , then there are canonical isomorphisms

L(ej | j ∈ J) ∼= L(V ) and L(ej | j ∈ J)∧ ∼= L(V )∧.

The adjoint action of an element x ∈ T (V ) on y ∈ L(V ) will be denoted x · y. This

notation also applies to completions. If an ∈ F and x ∈ V , then( ∞∑
n=0

anx
n

)
· y :=

∞∑
n=0

an adnx(y).

For instance,

ex · y =

∞∑
n=0

adnx(y)

n!
.

Also, when it is clear we are working in the derivation algebra Der g of a Lie algebra g with

trivial center, such as a free Lie algebra of rank > 1, we will view g as a subalgebra of Der g

via the adjoint action ad : g→ Der g.
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Chapter 2

Background

The following sections include topics needed to construct the KZB connection and prove

its relevant properties. They also set notation for the rest of the thesis.

2.1 Modular curves

2.1.1 Level 1

A framed elliptic curve is a genus 1 curve E with marked point P ∈ E together with a basis

{a,b} of H1(E,Z) such that a · b = 1. The moduli space of framed elliptic curves is the

upper half plane h. The point τ ∈ h corresponds to the elliptic curve Eτ := C/Λτ where

Λτ := Z⊕ τZ. The frames a and b are determined by the images of 1 and τ , respectively,

under the natural isomorphism H1(Eτ ,Z) ∼= Λτ . Conversely, given a genus 1 curve X with

marked point P and framing {a,b} of H1(X,Z), let ω ∈ Ω1(X) be the unique 1-form such

that
∫
a ω = 1. Set τ =

∫
b ω. Since a · b = 1, we must have Im τ > 0. There is then an

isomorphism of Riemann surfaces f : X → Eτ given by f : x 7→
∫ x
P ω.

The group SL2(Z) acts on framings via

γ :

b

a

 7−→
a b

c d

b

a

 (2.1.1)

and on the upper half plane via

γ : τ 7−→ aτ + b

cτ + d
. (2.1.2)
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These actions are compatible with the identification of framed elliptic curves and h above.

τ oo //

γ

��

(Eτ , 0; 1, τ)

γ

��
aτ+b
cτ+d

oo // (Eτ , 0; cτ + d, aτ + b)

The orbifold quotient SL2(Z)\\h is the moduli space of elliptic curves M1,1.

2.1.2 Higher level

Fix a natural number N . Denote the N -torsion points of an elliptic curve Eτ by Eτ [N ].

There is a natural isomorphism

Eτ [N ] = (N−1Λτ )/Λτ ∼= Λτ/NΛτ ∼= H1(Eτ ,Z/NZ).

A level N structure on Eτ is an isomorphism

H1(Eτ ,Z/NZ)→ (Z/NZ)2

where the intersection pairing on H1(Eτ ,Z/NZ) corresponds to the standard symplectic

inner product on (Z/NZ)2. Under the action of SL2(Z), such a structure is stabilized by

the kernel of the mod N map SL2(Z)→ SL2(Z/N). We call this group

Γ(N) :=


a b

c d

 ≡ I mod N

 ⊂ SL2(Z).

The orbifold quotient Y (N) := Γ(N)\\h is the moduli space of elliptic curves with level N

structure. The moduli space of elliptic curves M1,1 is the same as Y (1).

A level N congruence subgroup is a subgroup of SL2(Z) that contains Γ(N). The orbifold

quotient Γ\\h of the upper half plane h by any congruence subgroup Γ is called a modular

curve. In addition to Γ(N) itself, notable examples of congruence subgroups are

Γ1(N) :=


a b

c d

 ≡
1 ∗

0 1

 mod N

 ⊂ SL2(Z)
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and

Γ0(N) :=


a b

c d

 ≡
∗ ∗

0 ∗

 mod N

 ⊂ SL2(Z).

As with Γ(N), both of these groups are stabilizers of the SL2(Z)-action on the set of elliptic

curves with additional structure.

Given an elliptic curve E and a distinguished point P of order N , one may choose

a framing {a,b} of H1(E,Z) such that P = 1
N a ∈ H1(E,Z/NZ). One can easily verify

the stabilizer of P under the action of SL2(Z) (2.1.1) is the subgroup Γ1(N). The orbifold

quotient Y1(N) := Γ1(N)\\h is the moduli space of elliptic curves with a distinguished point

of order N .

Similarly, we observe Γ0(N) is the stabilizer of the order N cyclic subgroup 〈 1
N a〉 ⊂

H1(E,Z/NZ). The orbifold quotient Y0(N) := Γ0(N)\\h is the moduli space of elliptic

curves with distinguished cyclic subgroup of order N . The subgroup Γ1(N) is normal in

Γ0(N) with quotient (Z/N)×. Thus, Y1(N) is a Galois covering of Y0(N) with Galois group

(Z/NZ)× where k ∈ (Z/NZ)× sends the point (E,P ) in Y1(N) to (E, kP ).

2.1.3 Compactification

Each modular curve can be compactified by carefully gluing in a finite number of disks.

Let Γ ⊂ SL2(Z) be a congruence subgroup. The quotient Γ\P1(Q) is finite and its elements

are called cusps of the modular curve YΓ := Γ\\h. For each cusp P ∈ P1(Q), there exists

α ∈ SL2(Z) such that ατ = i∞. The width of the cusp P is the smallest positive integer

wP such that

α−1

1 wP

0 1

α ∈ Γ.

The stabilizer of P is given by

ΓP = Γ ∩

±α−1

1 wPZ

0 1

α

 .
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Let CΓ = Γ ∩ {±I}. For each cusp P ∈ Γ\P1(Q), let DP be an open disk of radius

e−2π/wP . The compactification XΓ := YΓ is obtained by gluing the quotient CΓ\\DP , where

group CΓ acts trivially on DP , to YΓ at each cusp along the maps

CΓ\\DP ΓP \\{τ ∈ h | Im(τ) > 1} //oo Γ\\h .

The left hand map sends τ ∈ h to e2πiτ/wP ∈ DP and includes CΓ into ΓP . We denote the

compactifications of Y0(N), Y1(N), and Y (N) by X0(N), X1(N), and X(N), respectively.

2.2 Universal elliptic curves

The group SL2(Z) acts on Z2 on the right by

γ :
(
m n

)
7→
(
m n

)
γ.

The corresponding semidirect product SL2(Z) n Z2 acts on C× h by(
γ,
(
m n

))
: (z, τ) 7→ ((cτ + d)−1(z +mτ + n), γτ).

If Γ is a congruence subgroup of SL2(Z), then the orbifold quotient

EΓ := (Γ n Z2)\\(C× h)

is a fiber bundle over the modular curve YΓ := Γ\\h whose fiber over τ ∈ h is the elliptic

curve C/Λτ . The surface EΓ is called the universal elliptic curve associated to Γ.

2.2.1 Compactification

The universal elliptic curve EΓ over YΓ has a natural compactification EΓ over XΓ obtained

by gluing in stable nodal cubics above each cusp. If P is a cusp of YΓ with width wP ,

then the fiber of EΓ above P is a wP -gon of P1’s obtained by taking P1 × (Z/wPZ) and

identifying (∞, n) with (0, n + 1) for each n ∈ Z/wPZ. A full description is given in [23].

Above a cusp of width 1 (such as τ = i∞ in X1(N)), the singular fiber is the nodal cubic

E0 (see [36, §5.2]).
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Example 2.2.1. If N is an odd prime, then the set of cusps of the modular curve Y1(N)

has two Γ0(N)-orbits, each consisting of ϕ(N)/2 points. The cusps in the orbit that lies

over τ = i∞ have width 1 and the orbit of cusps over τ = 0 have width N . Thus, the

singular fibers of EΓ1(N) are each E0 above the first orbit and N -gons of P1 above the second

orbit.

2.2.2 Torsion sections

The universal curve EΓ(N) has N2 sections cut out by the N -torsion of each fiber. The

set of these N -torsion sections is isomorphic to (N−1Z/Z)2. The element α = (ατ , α1) ∈

(N−1Z/Z)2 corresponds to the torsion section

α̃ : τ → (α1 + αττ). (2.2.1)

This defines a group isomorphism (Z/NZ)2 → EΓ(N)[N ]. The natural right action of SL2(Z)

on (Z/NZ)2 induces a right action on the N -torsion sections. This is the inverse monodromy

action of SL2(Z).

For general level N congruence subgroup Γ, the N -torsion sections of EΓ may be multi-

valued. The singled-valued sections are those corresponding to vectors in (N−1Z/Z)2 that

are fixed by the action of Γ. For example, the singled-valued sections of EΓ1(N) are those

corresponding to (0, k/N) for k = 0, . . . , (N − 1). We will let E ′Γ denote EΓ with its single-

valued N -torsion sections removed.

The closures of the single-valued sections of EΓ1(N) → Y1(N) intersect the singular fiber

over τ = i∞ at the roots of unity µN ⊂ Gm, and they intersect the N -gon over τ = 0 at

the identity in each copy of Gm. In the case of Γ(N), the singular fibers of EΓ(N) are all

N -gons of P1’s. The N -torsion sections of EΓ(N) intersect these fibers at µN ∈ Gm in each

component.
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2.2.3 Moduli with tangent vectors

Let LΓ → XΓ be the normal bundle of the identity section of the universal elliptic curve EΓ.

The bundle L is the moduli of elliptic curves (E,P ) with a Γ-structure and distinguished

tangent vector ~v ∈ TPE [36, §5.4]. Equivalently, the fiber of L over an elliptic curve (E,P )

is the tangent space TPE.

Let YΓ,~1(N) denote the C×-bundle L×Γ(N). It is the moduli space of elliptic curves with

Γ-structure and choice of nonzero tangent vector.

2.3 Admissible variations of mixed Hodge struc-

ture

We assume familiarity with mixed Hodge structures (MHS). Here we give the definition

of admissible variations of MHS and a standard example. The reader can find relevant

background in [48, 44].

2.3.1 Definitions

Suppose X is a smooth projective variety over C and D is a divisor with normal crossings

in X. Let Y = X −D. Relevant examples are:

• where Y is a modular curve, X is its natural compactification, and D is the set of

cusps;

• where Y is the universal elliptic curve E ′Γ over the modular curve YΓ with single-

valued N -torsion removed, X is the compactification EΓ over XΓ defined in §2.2.1,

and D is the union of the set of single-valued N -torsion sections and singular fibers

over the cusps of YΓ.

Let V be a Q-local system of finite rank over Y with unipotent local monodromy at

every smooth point of D. Let V = V⊗Q OX be the associated flat vector bundle. Denote

Deligne’s canonical extension of V to X by V. Then V has natural connection

∇ : V → V ⊗ Ω1
X(logD)
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with logarithmic singularities along D. Since the local monodromy operators are unipotent,

the residues of ∇ at each smooth point of D are nilpotent.

Definition 2.3.1. A variation of MHS V over Y consists of a local system VQ over Y of

finite dimensional rational vector spaces, together with

(i) a finite increasing filtration W• of VQ by Q-local systems

0 ⊆WaV ⊆ · · · ⊆Wr−1V ⊆WrV ⊆ · · · ⊆WbV = V,

and

(ii) a finite decreasing filtration F • of V by holomorphic subbundles.

These are required to statisfy:

(i) Griffiths’ transversality:

∇(F pV) ⊆ F p−1V ⊗ Ω1
Y = F p(V ⊗ Ω1

Y ).

(ii) The fiber Vy above any point y ∈ Y is a MHS with weight and Hodge filtrations cut

out by W• and F •, respectively.

Definition 2.3.2. Suppose that X is a curve. A variation of MHS V over Y is admissible

if the following additional conditions hold.

(i) The subbundles F pV extend to holomorphic subbundles of the canonical extension V.

(ii) For P ∈ D, let LP = −ResP ∇ and VP be the fiber of V above P . There exists an

increasing relative weight filtration M• such that

(a) LP (MrVP ) ⊆Mr−2VP and LP (WmVP ) ⊆WmVP for all m and r, and

(b) LrP induces an isomorphism

LrP : GrMm+r GrWm VP → GrMm−r GrWm VP

for all m and r.
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If X is a curve and V is admissible, the fibers VP over P ∈ D have canonical limit MHS

for each choice of tangent vector ~v ∈ TPX. We typically denote this MHS by VP,~v or V~v

if the choice of point is clear. The weight and Hodge filtrations of VP,~v are M• and the

restriction of F • to VP , respectively. Meanwhile, the Q-structure of VP,~v is determined by

the elements

lim
t→0

t−LP v(t) ∈ VP , (2.3.1)

where t is the local holomorphic coordinate of X centered at P such that ~v = ∂/∂t and

v(t) is a local flat section of VQ.

Remark 2.3.3. WmVP,~v is a sub-MHS of VP,~v for all m.

Remark 2.3.4. When dimX > 1, a VMHS V is defined to be admissible if its restriction to

any curve is admissible [44].

2.3.2 The local system H

Fix a congruence subgroup Γ. Let H over YΓ be the local system whose fiber over τ is

H1(C/Λτ ,Q). It underlies a variation of polarized Hodge structures of weight −1 where

the polarization is the intersection pairing. We will show H is admissible and compute its

limit MHS at the distinguished cusp τ = i∞ at the tangent vector ∂/∂q.

Let w be the width of the cusp τ = i∞. The local system H pulls back to both D∗ and

h

Hh
//

��

HD∗ //

��

H

��
h q

// D∗ // YΓ,

where q(τ) = e2πiτ/w. The pullback Hh has trivial framing given by the basis {a,b} of

H1(C/Λτ ,Z) corresponding to the basis {1, τ} of Λτ via the natural isomorphism Λτ ∼=

H1(C/Λτ ,Z).

Let ωτ = dz ∈ H0(C/Λτ ,Ω1) ∼= H1(C/Λτ ,C) be the unique holomorphic differential on
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C/Λτ taking the value 1 on a. Then

ωτ = τaPD − bPD,

where aPD and bPD are the Poincaré duals of a and b, respectively. Define X = τa− b to

be the Poincaré dual of ωτ .

Monodromy about a simple positively-oriented loop around the puncture in D∗ acts

on the framing {a,b} via the matrix

1 w

0 1

 ∈ SL2(Z). More precisely, by (2.1.2) and

(2.1.1), this action maps τ 7→ τ +w, a 7→ a, and b 7→ b +wa. Thus, a and X trivialize the

holomorphic vector bundle HD∗ := HD∗⊗OD∗ . The Hodge filtration on HD∗ is F−1 = HD∗ ,

F 0 = OD∗X, and F 1 = 0. Since a and X trivialize HD∗ , we observe that F • extends over

the origin, which defines as extension HD of HD∗ to D.

The bundle HD∗ has natural connection ∇ that vanishes on the flat sections a and b.

Thus, we have

∇a = 0 and ∇X = adτ =
w

2πi
a
dq

q
.

We may then write the connection as

∇ = d− Ldq
q
, (2.3.2)

where L is the endomorphism

L = − w

2πi
a
∂

∂X
.

Since Resq=0∇ = −L is nilpotent, the extension HD of HD∗ constructed above is Deligne’s

canonical extension. The relative weight filtration M• is given by M0 = CX⊕ Ca, M−2 =

Ca, and M−3 = 0.

Fix λ ∈ C× and set ~u to be the tangent vector λ∂/∂q anchored at q = 0. Taking the

limit (2.3.1) with flat sections a and b shows the variation H has a limit mixed Hodge

structure H~u at ~u whose rational (or integral) structure is spanned by

lim
q→0

(q/λ)−La = a and lim
q→0

(q/λ)−Lb = −X− w log λ

2πi
a.
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Since we know a ∈ F−1M−2H~u and X ∈ F 0M0H~u, the MHS H~u is an extension of Q(0)

by Q(1) with de Rham generators Y := 1
2πia and X. Note that H~u splits as Q(0)⊕Q(1) if

and only if λ is a root of unity (and splits over Z if and only if λ ∈ µw). The projection of

X and Y into HD are called the de Rham framing of HD.1

The MHS H~u may be interpreted geometrically as H1(E~u) where E~u is the first order

smoothing of the nodal cubic in the direction of ~u (see [37, Appendix C] for details). Since

there is a retraction E~u → E0 and inclusion Gm → E~u whose composition is the inclusion

Gm → E0, there is an exact sequence of MHS

0 // H1(Gm) // H1(E~u) // H1(E0) //// 0.

As Hodge structures, H1(Gm) ∼= Q(1) and H1(E0) ∼= Q(0). The MHS H1(E~u) is the

extension of Q(0) by Q(1) with period w log λ.

The local system H may also be pulled back to EΓ, where the framing {X,Y} is constant

over each fiber. However, such a framing is not canonical as there will be an SL2(Z)-orbit

of them.

2.4 Eisenstein series

Recall that a modular form of weight k for a congruence subgroup Γ ⊂ SL2(Z) is a holo-

morphic function f : h→ C such that

• for all τ ∈ h and γ ∈ Γ,

f(γτ) = (cτ + d)kf(τ);

• and for all γ ∈ SL2(Z), the function (cτ + d)−kf(τ) is holomorphic at τ = i∞.

1The framing X and Y are related to Hain’s T and A [37] by X = T and Y = A and Calaque and

Gonzalez’s x and y [31, 16] by X = 2πix and Y = 1
2πiy.
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2.4.1 Level 1

Suppose that k is an integer > 1. The normalized Eisenstein series of weight 2k is the

analytic function on the upper half plane h defined by

G2k(τ) =
∑
λ∈Λτ
λ 6=0

1

λ2k
.

The sum converges uniformly on h and it is easily verified that it defines a modular form of

weight 2k for the full modular group SL2(Z). For later use, we also specify the normalization

G2k(τ) =
1

2

(2k − 1)!

(2πi)k
G2k(τ) = −B2k

4k
+
∞∑
n=1

σ2k−1(n)qn,

where B2k is the 2kth Bernoulli number, q = e2πiτ , and σk(n) =
∑

d|n d
k. Note that all of

the Fourier coefficients are rational and the coefficient of the q term is 1.

Some of these properties still hold when k = 1. The so-called “forbidden” Eisenstein

series G2(τ) converges if summed in the correct order. It has the quasi-modularity property

G2(γτ) = (cτ + d)2G2(τ) + ic(cτ + d)/4π

for γ ∈ SL2(Z).

2.4.2 Higher level

There are also Eisenstein series Gm,α(τ) modular with respect to the congruence subgroup

Γ(N). These functions are indexed by weight and the N -torsion sections of EΓ(N).

We define the Eisenstein series Gm,α(τ) by

Gm,α(τ) =
∑

(k,`) 6=(0,0)

e2πi(kα1−`ατ )

(kτ + `)m
,

where α1 and ατ are the coordinates of the lift α̃ (2.2.1). The definition is clearly invariant

with respect to choice of lift α̃. The series converge for m ≥ 2 (although the case of m = 2

and α the zero section is exactly the “forbidden” level 1 series). They satisfy a twisted

weight m modularity property

Gm,α(γτ) = (cτ + d)mGm,αγ(τ), (2.4.1)
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for all γ ∈ SL2(Z). The right action of γ on α is as described in §2.2.2. Thus, Gm,α(τ) is

modular with respect to Γ(N) for all N -torsion α and modular with respect to Γ1(N) if α

is stabilized by Γ1(N). More generally, Gm,α(τ) is modular with respect to a congruence

subgroup Γ if and only α is a single-valued section of the universal curve EΓ.

The value of Gm,α(τ) at the cusp τ = i∞ is

lim
τ→i∞

Gm,α(τ) =
∑
k 6=0

e−2πikατ

km
= −(−2πi)mBm([ατ ])

m!
,

where Bm(x) is the mth Bernoulli polynomial and [ατ ] is the unique rational number in

[0, 1) such that ατ − [ατ ] ∈ Z.

2.4.3 With respect to Γ1(N)

When ατ = 0, the Eisenstein series Gm,α(τ) is modular with respect to G1(N). In this

case, we will sometimes write Gm,α(τ) as Gm,ζ(τ) where ζ = e2πiα1 is an Nth root of unity.

Then we have series

Gm,ζ(τ) =
∑

(k,`)6=(0,0)

ζk

(kτ + `)m
.

If q = e2πiτ , then Gm,ζ(τ) has Fourier series
∑∞

n=0 anq
n, where

a0 = (1 + (−1)m)ζ(m)

and

an =
(−2πi)m

Nm(m− 1)!

∑
d|n

sgn(d)dm−1 +
∑

(k,`)∈(Z/N)2

(k,`)6=(0,0)

ζk
∑
d|nN

Nn/d≡k

sgn(d)dm−1e2πi`d/N

 .

(2.4.2)

when n ≥ 1. There are corresponding normalized Eisenstein series we denote by

Gm,ζ(τ) =
(m− 1)!

(2πi)m
1

ζ + (−1)mζ
Gm,ζ(τ) = − Bm

m(ζ + (−1)mζ)
+ q + · · · .

Except when m = 2 and ζ = 1, the functions Gm,ζ and Gm,ζ satisfy the modularity

properties

Gm,ζ(γτ) = (cτ + d)mGm,ζd(τ) if γ ∈ Γ0(N)
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and

Gm,ζ(γτ) = (cτ + d)mGm,ζ(τ) if γ ∈ Γ1(N).

Complex conjugation induces the relations

Gm,ζ(τ) = (−1)mGm,ζ(τ) and Gm,ζ(τ) = Gm,ζ(τ).

The ζ = 1 case reduces to the level 1 Eisenstein series

Gm,1(τ) = Gm(τ).

Values of Gm,ζ at the cusps are given by

Gm,ζ(τ)
∣∣
q=0

= (1 + (−1)m)ζ(m)

and

(cτ + d)−mGm,ζ(γτ)
∣∣
q=0

=
∑
k 6=0

ζ−ck

km
.

2.5 Jacobi forms

Zagier [50] defines the Jacobi form FZag
τ (u, v) by

FZag
τ (u, v) =

θ′(0|τ)θ(u+ v|τ)

θ(u|τ)θ(v|τ)
,

where θ(z|τ) is the classical theta function

θ(z|τ) =
∑
n∈Z

(−1)neiπτ(n+1/2)2
ez(n+1/2).

Levin and Racinet [42] express the KZB connection in terms of the function FLR(x, z, τ),

which is related to Zagier’s function by

FLR(x, z, τ) = 2πiFZag(2πix, 2πiz, τ).

Calaque–Enriquez–Etinghof [15], Gonzalez [31], and Calaque–Gonzalez [16] implicitly use

the same Jacobi form as Levin–Racinet.2 We shall use the Jacobi form

F (x, z, τ) := FLR(x/(2πi), z, τ) = 2πiFZag(x, 2πiz, τ).

2The function k(x, z|τ) in [15, 31, 16] can be expressed as F (x, z, τ)− 1
x .
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Zagier [50, §3] gives a number of properties of FZag
τ (u, v), which imply the following for

F (x, z, τ).

• (Residues) F (x, z, τ) has simple poles along x = 0 and z = 0 with residue 2πi and 1,

respectively.

F (x, z, τ) =
2πi

x
+

1

z
+ holomorphic terms

• (Symmetry property)

F (x, z, τ) = F (2πiz, x/(2πi), τ) = −F (−x,−z, τ)

• (Elliptic property)

F (x, z +mτ + n, τ) = e−mxF (x, z, τ) (2.5.1)

for all m,n ∈ Z.

• (Modularity property)

F

(
x

cτ + d
,

z

cτ + d
, γτ

)
= (cτ + d) exp

(
czx

cτ + d

)
F (x, z, τ) (2.5.2)

for all γ ∈ SL2(Z).

• (Fourier expansion) Set q = e2πiτ . Then

F (x, z, τ) = πi (coth(x/2) + coth(πiz)) + 4πi

∞∑
n=1

∑
d|n

sinh

(
dx+

2πinz

d

)
qn. (2.5.3)

• (Heat equation)

∂F

∂τ
(x, z, τ) =

∂2F

∂z∂x
(x, z, τ) (2.5.4)

2.6 Unipotent completion

Let Γ be a discrete group. The unipotent completion of Γ over a field F of characteristic zero

is a pro-unipotent group U together with a homomorphism φ : Γ → U with the following
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universal property. If U is pro-unipotent and pro-algebraic over F , then any homomorphism

Γ→ U factors through φ.

Γ

��

φ // U

��
U

The group U may be constructed concretely using I-adic completion. Let FΓ denote

the group algebra of Γ over F . Define the augmentation ε : FΓ→ F such that ε(γ) = 1 for

all γ ∈ Γ. Let I = ker ε be the augmentation ideal, and define the I-adic completion

FΓ∧ = lim←−
n

FΓ/In.

The group algebra FΓ has a natural product as well as coproduct ∆ : FΓ → FΓ ⊗ FΓ

generated by ∆γ = γ⊗γ for all γ ∈ Γ. This induces an augmentation preserving F -algebra

homomorphism ∆ : FΓ∧ → FΓ∧⊗̂FΓ∧.

The completed group ring FΓ∧ has the structure of a Hopf algebra. We define the

group-like elements

P(F ) = {x ∈ FΓ∧ | ε(x) = 1 and ∆x = x⊗ x}

and the primitive elements

p(F ) = {x ∈ FΓ∧ | ∆x = x⊗ 1 + 1⊗ x}.

The following proposition is easily verified [37].

Proposition 2.6.1. (i) P(F ) is a subgroup of 1 + I∧,

(ii) p(F ) is a Lie algebra in I∧,

(iii) the maps exp : I∧ → (1+I∧) and log : (1+I∧)→ I∧ are inverse continuous bijections,

(iv) The restrictions exp : p(F )→ P(F ) and log : P(F )→ p(F ) are also inverse continu-

ous bijections.
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The last part of the proposition implies there is a group isomorphism

exp : (p(F ),BCH)→ P(F ), (2.6.1)

where the group structure of p(F ) is defined by the Baker–Campbell–Hausdorff formula

[47].

The inclusion Γ→ FΓ induces a natural homomorphism Γ→ P(F ) since the image of

Γ→ FΓ∧ is contained in 1 + I∧ and ∆γ = γ ⊗ γ for all γ ∈ Γ by definition.

Definition 2.6.2. If H1(Γ;F ) is finite-dimensional, the natural map Γ → P(F ) is called

the unipotent completion of Γ over the field F .

By construction, the unipotent completion P is pro-unipotent. It is also pro-algebraic

and the inclusion Γ→ P is Zariski dense. The Lie algebra p of P is pro-nilpotent.

Example 2.6.3. Let Γ = 〈x1, . . . , xn〉 be a free group on n generators. Then p(F ) is the

completed free Lie algebra L(x1, . . . , xn)∧ over F generated by {x1, · · · , xn}.

Since we frequently work with fundamental groups, we will denote the unipotent com-

pletion of π1(X,x) by πun
1 (X,x) and its Lie algebra by p(X,x).

Example 2.6.4. Let X be a torus with N points removed. Then for any base point a ∈ X

π1(X, a) ∼= 〈x, y, tj | j = 0, . . . , N − 1〉/

xyx−1y−1 =

N−1∏
j=0

tj

 ,

where x and y are the usual generators of the fundamental group of the torus and each

tj is a homotopy class of small positively-oriented loop about the jth puncture. Define

X = log x, Y = log y, and Tj = log tj in p(X, a). Then by the BCH formula,

[X,Y ] = XY − Y X

= log(eXeY )− log(eY eX)

= log(xyx−1y−1)

= log

N−1∏
j=0

tj

=

N−1∑
j=0

Tj .
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Thus, p(X, a) is the completed Lie algebra generated by X,Y, and Tj with a single relation

p(X, a) = L(X,Y, T0, . . . , TN−1)∧
/(

[X,Y ] =
∑

jTj

)
.

This Lie algebra will appear when we define the KZB connection.

2.7 Iterated integrals

Suppose X is a manifold, ω1, . . . , ωm are smooth 1-forms on X, and β : [0, 1] → X is a

piecewise smooth path. Define the iterated integral∫
β
ω1 · · ·ωm :=

∫
0≤t1≤···≤tm≤1

f1(t1) · · · fm(tm) dt1 · · · dtm,

where β∗ωk = fk(t) dt. These integrals satisfy an inversion property∫
β−1

ω1 · · ·ωm = (−1)m
∫
β
ωm · · ·ω1 (2.7.1)

and the shuffle product∫
β
ω1 · · ·ωm

∫
β
ωm+1 · · ·ωm+n =

∑
σ

∫
β
ωσ(1) · · ·ωσ(m+n), (2.7.2)

where σ are permutations of {1, . . . ,m + n} that preserve the order of {1, . . . ,m} and

{m + 1, . . . ,m + n}. By convention, the iterated integral with empty integrand is 1. See

[17, 35] for more details.

We introduce two contexts in which iterated integrals regularly appear.

2.7.1 Cyclotomic multiple ζ-values

The multiple polylogarithms are analytic functions given by the power series

Lin1,...,nm(z1, . . . , zm) :=
∑

0<k1<k2<···<km

zk1
1 zk2

2 · · · zkmm
kn1

1 kn2
2 · · · k

nm
m
, (2.7.3)

where n1, . . . , nm are positive integers and nm ≥ 2. The series converges in the closed

polydisk |zi| ≤ 1 for all i = 1, . . . ,m. Evaluated at z1 = · · · = zm = 1, the multiple
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polylogarithms yield the classical multiple ζ-values (MZVs)

ζ(n1, . . . , nm) :=
∑

0<k1<k2<···<km

1

kn1
1 kn2

2 · · · k
nm
m
,

where m is the depth and the sum n1 + · · · + nm is the weight of the MZV. The values of

the multiple polylogarithms at Nth roots of unity are called N -cyclotomic MZVs and have

similar convention for length and depth.

Notably, the multiple polylogarithms may be written as iterated integrals.

Proposition 2.7.1.

Lin1,...,nm(z1, . . . , zm) =∫ z1···zm

0

dt

1− t
dt

t
· · · dt

t︸ ︷︷ ︸
(n1−1)
times

dt

z1 − t
dt

t
· · · dt

t︸ ︷︷ ︸
(n2−1)
times

· · · dt

z1 · · · zm−1 − t
dt

t
· · · dt

t︸ ︷︷ ︸
(nm−1)
times

. (2.7.4)

Proof. Express each term 1
z−t as the power series 1

z

∑
r≥0(t/z)r and evaluate directly to

recover the sum (2.7.3).

This provides an alternative way of expressing the N -cyclotomic MZVs. The shuffle

product of iterated integration (2.7.2) implies the Q-span of the N -cyclotomic MZVs is

closed under multiplication.

2.7.2 Chen’s transport formula

Suppose V ×X is a trivial vector bundle over a manifold X with connection ∇ = d + ω,

where ω is a smooth 1-form on X taking values in EndV .

Proposition 2.7.2. Suppose β : [0, 1] → X is a piecewise smooth path. Then the inverse

parallel transport of V ×X → X with respect to ∇ along β is given by

T (β)−1 = 1 +

∫
β
ω +

∫
β
ωω +

∫
β
ωωω + · · · .

Proof. This is the inverse of Chen’s formula [17, §3]. See [35, Lemma 2.5] and [37, Lemma

5.4] for a proof.
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If the connection ∇ is flat, then T (β)−1 depends only on the homotopy class of β. As we

use the topologist’s convention for path multiplication, inverse transport is multiplicative

T (αβ)−1 = T (α)−1T (β)−1.

This induces the following property of iterated integrals.

Proposition 2.7.3. Suppose ω1, . . . , ωm ∈ E1(X) and α and β are paths in X such that

α(1) = β(0). Then ∫
αβ
ω1 · · ·ωm =

m∑
r=0

∫
α
ω1 · · ·ωr

∫
β
ωr+1 · · ·ωm.

2.7.3 Regularized iterated integrals

Suppose X is a smooth curve. Fix a point P ∈ X and suppose

ω1, . . . , ωr ∈ H0(X,Ω1
X(logP ))

are holomorphic 1-forms on X − P with at worst logarithmic singularities at P . Fix a

tangent vector ~v ∈ TPX. We would like to define how to compute the iterated integrals∫ Q

~v
ω1 · · ·ωr

where Q ∈ X. Integrals of this form are said to be regularized at ~v.

For simplicity, we will let X = C and P be the origin. This is the only case we need in

the later sections of the thesis. Moreover, the definition is easily generalized to any smooth

curve X by choosing a holomorphic coordinate centered at P . Consider a trivial bundle

V × C over C with flat connection ∇ = d + Ω where Ω ∈ H0(C,Ω1(log 0)) ⊗ EndV and

L = −Res0 Ω is nilpotent (e.g. V underlies an admissible variation of MHS over C). Set

Ω = ω1A1 + · · ·+ ωrAr,

where each ωj ∈ H0(C,Ω1(log 0)), Aj ∈ EndV , and

L = −Res0 Ω =
r∑
j=1

Res0 ωjAj
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is nilpotent.

Set ωj = Res0 ωj
dz
z and

Ω = ω1A1 + · · ·+ ωrAr.

Observe that the transport with respect to the connection d + Ω from z ∈ C − {0} to

λ ∈ C− {0} is given by

TΩ([z, λ]) = TΩ([λ, z])−1

= 1 +

∫ z

λ
Ω +

∫ z

λ
Ω Ω + · · ·

= 1 +
∑
m≥1

(log z/λ)m

m!
(−L)m

= (z/λ)−L.

(2.7.5)

Fix a point Q ∈ C − {0}. The regularized iterated integrals from λ∂/∂z to Q are the

coefficients of the transport (2.3.1) from λ∂/∂z to Q with respect to the connection ∇

lim
z→0

(z/λ)−LTΩ([Q, z/λ]).

Using the computation (2.7.5), the coefficient of the A`1 · · ·A`n term is given by∫ Q

λ∂/∂z
ω`1 · · ·ω`n := lim

z→0

n∑
j=1

∫ z

λ
ω`1 · · ·ω`j

∫ Q

z
ω`j+1

· · ·ω`n .

This is precisely the same formula as Brown’s “mortar board regularization” [10, §4].

Concretely, the regularization of an iterated integral at ∂/∂z ∈ T0C has the effect of

setting lim
z→0

log z to zero. We illustrate this with the following example.

Example 2.7.4. The fibers of the logarithm variation E over C − {0} are extensions of

Z by Z(1). The fiber over z has rational basis {2πie1, e0 + (log z)e1} where e0 and e1 are

the de Rham generators of Z and Z(1), respectively. The fiber at ±1 splits over Z and

the fibers at roots of unity split over Q. The associated holomorphic vector bundle V has

connection ∇ = d− Ldzz , where L is the nilpotent endomorphism

L :

 e0 7−→ e1

e1 7−→ 0.
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Transport from Q ∈ C− {0} to λ∂/∂z is given by

T ([Q,λ∂/∂z]) = 1 +
∑
n≥1

Ln
∫ Q

λ∂/∂z

dz

z
· · · dz

z︸ ︷︷ ︸
n

= 1 + L

∫ Q

λ∂/∂z

dz

z

= 1 + L lim
z→0

(∫ z

λ

dz

z
+

∫ Q

z

dz

z

)
= 1 + L(logQ− log λ).

Observe that the log z terms canceled. Setting Q = 1, we also observe the limit MHS at

λ∂/∂z splits over Z if λ = ±1 and over Q if λ is a root of unity. In fact, the limit variation

over T0C− {0} is isomorphic to E via the natural identification T0C ∼= C.
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Chapter 3

The elliptic KZB connection in level N

Calaque, Enriquez, and Etinghof [15] and Levin and Racinet [42] independently constructed

the KZB connection for Γ = SL2(Z). Hain [37] adapted their formulas for applications to

mixed Hodge theory and mixed elliptic motives. Calaque and Gonzalez [16, 31] then gener-

alized the connection to bilevel congruence subgroups and higher dimensional configuration

spaces. In this chapter, we specialize Calaque and Gonzalez’s formulas to Γ(N) and other

congruence subgroups. We choose generators and normalizations best suited for appli-

cations to Hodge theory and motives. In a sense, this chapter of the thesis serves as a

generalization of many results in [37] to level N > 1.

3.1 The bundle PN

The Γ(N) KZB connection is defined on a trivial Lie algebra bundle pN ×C×h over C×h.

The connection has logarithmic singularities along

ΛN = {(z + λ/N, τ) | λ ∈ Λτ}

and is otherwise holomorphic. It is invariant with respect to Γ(N) nZ2 and thus descends

to a connection on a bundle PN with fiber pN over the universal elliptic curve EΓ(N) which

is holomorphic over E ′Γ(N) and has logarithmic singularities along the N -torsion sections

and the singular fibers above the cusps.

In this section, we first discuss the topological local system which KZB is describing.

Then we define the action of Γ(N)nZ2 on the bundle PN on which KZB lives. The content

of §3.1.1 and §3.1.2 are straightforward generalizations of [37].
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3.1.1 The bundle P top
N

The bundle PN together with the KZB connection is the de Rham realization of a topo-

logical local system Ptop
N over EΓ1(N). We describe this local system here.

Choose a base point [Eo, 〈 , 〉o, zo] in E ′Γ(N), where Eo is an elliptic curve, 〈 , 〉o is a

symplectic form on the N -torsion Eo[N ], and zo ∈ E′o := Eo − Eo[N ]. Let yo denote a lift

of [Eo, 〈 , 〉o, zo] to the universal cover U of E ′Γ(N). There is then a short exact sequence of

fundamental groups

1→ π1(E′o, zo)→ π1(E ′Γ(N), [Eo, 〈 , 〉o, zo])→ π1(Y (N), [Eo, 〈 , 〉o])→ 1. (3.1.1)

Thus, π1(E ′Γ(N), [Eo, 〈 , 〉o, zo]) acts on π1(E′o, zo) by conjugation. This induces a left action

of π1(E ′Γ(N), [Eo, 〈 , 〉o, zo]) on the unipotent completion Po := πun
1 (E′o, zo). Let Ptop

N be the

quotient

π1(E ′Γ(N), [Eo, 〈 , 〉o, zo])\(Po × U)

by the diagonal action of π1(E ′Γ(N), [Eo, 〈 , 〉o, zo]) on Po × U . Then Ptop
N is a flat principal

bundle whose fiber over [E, 〈 , 〉, z] is canonically isomorphic to πun
1 (E′, z). We will view the

fibers as Lie algebras via the Baker-Campbell-Hausdorff formula (2.6.1).

In §3.3, we will prove PN together with the KZB connection is isomorphic to the flat

holomorphic vector bundle associated with Ptop
N .

3.1.2 Factors of automorphy of PN

We now construct the bundle PN on which the KZB connection is defined. Define the

completed Lie algebra

pN := L
(
X,Y, tα | α ∈ (N−1Z/Z)2

)∧ /
(
∑

αtα = [X,Y]) .

By Example 2.6.4, pN is (non-canonically) isomorphic to the Lie algebra of the unipotent

completion of the fundamental group of an elliptic curve E ∼= C/Λ punctured at its N -

torsion points. We view the terms X and Y as the de Rham generators of H1(E,C) as in
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§2.3.2. Meanwhile, each tα for α =
(
kN `N

)
corresponds to the homology class of a small

positively-oriented loop around the N -torsion point 1
N (kτ + `).

The semidirect product SL2(Z) n Z2 acts on pN by the factor of automorphy

M̃γ,(m,n)(z, τ) =

 Mγ(τ) ◦ exp(czX/(cτ + d)) γ ∈ SL2(Z)

exp(−mX) (m,n) ∈ Z2,
(3.1.2)

where

Mγ(τ) :


X 7→ (cτ + d)X

Y 7→ (cτ + d)−1Y + c
2πiX

tα 7→ tαγ−1 .

The action on X and Y follows from (2.1.1) and the definitions X = τa−b and Y = 1
2πia.

The action on the tα is induced by the isomorphism C/Λτ → C/Λγτ where z 7→ (cτ+d)−1z

and α 7→ αγ−1 (note this is a left action).

Proposition 3.1.1. The factors of automorphy M̃γ,(m,n)(z, τ) well-defined. That is,

M̃γ1γ2,(m1,n1)γ2+(m2,n2)(z, τ) = Mγ1,(m1,n1)

(
z +m2τ + n2

c2τ + d2
, γ2τ

)
Mγ2,(m2,n2)(z, τ)

for all γk ∈ SL2(Z) and (mk, nk) ∈ Z2.

Proof. This is the same as Hain’s proof in the level 1 case [37, §6].

Thus, for any level N congruence subgroup Γ, there is a well-defined left action of ΓnZ2

on the trivial bundle pN × C× h over C× h

(γ, (m,n)) : (v, z, τ) 7→
(
Mγ,(m,n)(v),

z +mτ + n

cτ + d
, γτ

)
.

We shall denote the quotient of pN × C × h by this action by PΓ. It is a bundle over

the universal elliptic curve EΓ. In the next three sections, we consider the case of PΓ(N),

abbreviated to PN for convenience. Once we define the bundle and its connection in this

case, then only small modifications are necessary for other congruence subgroups.
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3.2 The connection form

We now define the KZB connection. The formulas in §3.2.1 and §3.2.2 are adaptations of

[16, 31].

3.2.1 Derivations

The KZB connection on the bundle PN takes values in Der pN . The relevant derivations

are indexed by integers m ≥ 0 and N -torsion α ∈ (N−1Z/Z)2.

δm,α : X 7−→ 0

Y 7−→
∑

j+k=m−1

∑
β

(−1)j [adjX(tβ), adkX(tα+β)]

tβ 7−→ [tβ, admX(tβ+α) + (−1)m admX(tβ−α)].

One can check

δm,α([X,Y]) =
∑
β

δm,α(tβ),

and therefore δm,ζ is well-defined on pN . For m ≥ 0, set

εm+2,α = δm,α + adXm(tα + (−1)mt−α). (3.2.1)

The facts

εm+2,α(t0) = 0 (3.2.2)

and

εm,α = (−1)mεm,−α (3.2.3)

are useful in calculations.

Remark 3.2.1. The derivations εm,ζ are special. That is, they annihilate t0 and satisfy

εm,α : tβ 7→ [uβ, tβ]

for some uβ ∈ pN .
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3.2.2 Coefficients

For each N -torsion section α ∈ (N−1Z/Z)2 ∼= (1/N)Λτ/Λτ , choose a lift α̃ = α1 + αττ ∈

(1/N)Λτ . Then define1

hα(x, z|τ) := e−ατxF (x, z − α̃, τ)− 2πi

x
.

The function hα is independent of choice of lift α̃ due to the elliptic property (2.5.1) of

F (x, z, τ). Let gα(x, z|τ) denote the partial derivatives

gα(x, z|τ) :=
∂

∂x
hα(x, z|τ).

A modularity property for hα follows from (2.5.2)

hα

(
x,

z

cτ + d

∣∣∣∣γτ) = (cτ + d)eczxhαγ((cτ + d)x, z|τ) + 2πi
eczx − 1

x
. (3.2.4)

Differentiating yields

gα

(
x,

z

cτ + d

∣∣∣∣γτ) = cz(cτ + d)eczxhαγ((cτ + d)x, z|τ)

+ (cτ + d)2eczxgα((cτ + d)x, z|τ)

+ 2πi
czxeczx − eczx + 1

x2
.

(3.2.5)

Define Am,ζ(τ) to be the coefficients of the Taylor expansion of gα(x, 0|τ) with respect

to x:

gα(x, 0|τ) =

∞∑
m=0

Am,α(τ)xm.

3.2.3 Formula

We can now write down an explicit formula for the Γ(N) KZB connection. It is given by

∇KZBN = d+ ΩN ,

1The function kα(x, z|τ) of Calaque and Gonzalez [31, 16] is equal to 2πihα(2πix, z|τ) in our

notation.

32



where ΩN is a 1-form on C × h with logarithmic singularities along ΛN taking values in

Der pN

ΩKZBN ∈ Ω1(C× h, log ΛN )⊗Der pN .

Define the following 1-forms.

ψ =
1

2

∑
m≥0

α∈(N−1Z/Z)2

Am,α(τ)δm,α dτ

ν1 =
∑

α∈(N−1Z/Z)2

gα (X, z|τ) · tα dτ

ν2 =

2πiY +
∑

α∈(N−1Z/Z)2

hα (X, z|τ) · tα

 dz

Then the KZB connection form is given by

ΩN = 2πiY
∂

∂X
dτ + ψ + ν1 + ν2.

This connection satisfies each of the aforementioned properties, namely invariance with

respect to Γ(N) n Z2, integrability, and equivalence to the local system Ptop
N .

3.2.4 Invariance

Suppose X is a topological space with a left G-action. A connection ∇ on a trivial bundle

V ×X over X with factors of automorphy Mg : X → AutV is G-invariant if

∇(Mgs) = Mg(∇s)

for all g ∈ G and sections s : X → V . If Ω is an endomorphism-valued 1-form on X such

that ∇s = Ωs, the above equation requires

g∗Ω = MgΩM
−1
g − (dMg)M

−1
g .

Proposition 3.2.2. The Γ(N) KZB connection is invariant with respect to the action of

Γ(N) nZ2 on the trivial bundle pN ×C× h. Thus, ∇KZBN is a well-defined connection on

the bundle PN over EΓ(N).

Proof. See Appendix A.
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3.2.5 Integrability

A connection ∇ with form Ω is flat if and only if the curvature form dΩ + Ω ∧ Ω vanishes.

Lemma 3.2.3. The KZB connection form ΩN is closed.

Proof. The 1-forms Y∂/∂X and ψ do not depend on z and thus are closed. Meanwhile,

we apply the heat equation (2.5.4) of the Jacobi form F and the multivariable chain rule

to see

dν1 =
∑
α

∂

∂z
gα (X, z|τ) · tα dz ∧ dτ

=
∑
α

(
−ατ

∂hα
∂z

(X, z|τ) + e−ατ
∂2F

∂X∂z
(X, z − α̃, τ)

)
· tα dz ∧ dτ

=
∑
α

(
−ατ

∂hα
∂z

(X, z|τ) + e−ατ
∂F

∂τ
(X, z − α̃, τ)

)
· tα dz ∧ dτ

=
∑
α

∂

∂τ
(hα(X, z|τ)) · tα dz ∧ dτ

= −dν2.

Therefore, dΩKZBN = 0.

Lemma 3.2.4.

ΩN ∧ ΩN = 0

Proof. Hain [37, §9.5] proves this in level 1. Calaque and Gonzalez [16, Prop. 3.9] give

a proof in higher level. Both calculations use a calculus developed by Levin and Racinet

[42].

Corollary 3.2.5. The level N KZB connection is flat.

3.3 Rigidity

Here we prove the claim that PN together with KZB connection and the local system Ptop
N

are isomorphic as flat vector bundles. We argue this by identifying the fibers of PN and

Ptop
N over a single point then showing they have compatible monodromy representations.
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3.3.1 Monodromy in general

Let ∇ = d + ω be a flat G-invariant connection on a trivial bundle V × X over X with

factors of automorphy Mg : X → AutV . Fix a base point xo ∈ G\X and lift x̃o ∈ X. This

determines a surjection ρ : π1(G\X,xo)→ G.

Proposition 3.3.1. Inverse monodromy Θxo : π1(G\X,xo)→ AutV along ∇ is given by

Θxo(β) = T (β̃)−1 ◦Mρ(β)(x̃o),

where β̃ is a lift of β to X based at x̃o and T (β̃)−1 is Chen’s transport formula (2.7.2).

Proof. Follow the identifications. See [37, §5.2] for detailed proof this is a group homomor-

phism.

The choice to use inverse monodromy makes Θxo multiplicative

Θxo(αβ) = Θxo(α)Θxo(β).

3.3.2 Monodromy in a single fiber

Fix an elliptic curve E = C/Λτ and a base point x ∈ E′. Parallel transport of the KZB

connection induces a monodromy representation π1(E ′Γ(N), [E, 〈 , 〉, x]) → Aut pN . To only

consider monodormy in the single fiber E′, we restrict to

Θ : π1(E′, x)→ Aut pN .

Any path β = na +mb +
∑

α cαtα ∈ π1(E′, x) ∼= H1(E′,Z) lifts to a path β̃ in C from 0 to

mτ + n. Then by Proposition 3.3.1, we have

Θ(β) =

(
1 +

∫
β̃

ΩN +

∫
β̃

ΩNΩN + · · ·
)
M̃I,(m,n)(τ).

Proposition 3.3.2. For any β ∈ π1(E′, x), we have

Θ(β) ≡ exp(β) mod [pN , pN ].
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Proof. Since τ is fixed, we need only consider the dz component of ΩN . We observe

ν2 = 2πiY +
∑

α∈(N−1Z/Z)2

(
e−ατX · tα
z − α̃

+ (holomorphic in z)

)
dz

≡ a +
∑

α∈(N−1Z/Z)2

(
tα

z − α̃
+ (holomorphic in z)

)
dz mod [pN , pN ].

Thus, (
1 +

∫
β̃

ΩN +

∫
β̃

ΩNΩN + · · ·
)
≡ 1 + (mτ + n)a +

∑
α

cαtα mod [pN , pN ],

and

Θ(β) ≡

(
1 + (mτ + n)a +

∑
α

cαtα

)
e−mX

≡ 1 + (mτ + n)a +
∑
α

cαtα −m(τa− b)

≡ 1 + na +mb +
∑
α

cαtα

≡ exp(β) mod [pN , pN ].

Corollary 3.3.3. The monodromy representation Θ induces an isomorphism

Θ : πun
1 (E′, x)→ exp pN .

Proof. Let q denote the Lie algebra of πun
1 (E′, x). The previous proposition implies that Θ

induces an isomorphism H1(q) → H1(pN ). Since the Lie algebras pN and q are free, this

implies the induced map on Lie algebras q → pN is also an isomorphism. Exponentiation

gives the result.

3.3.3 Rigidity

The isomorphism Θ : πun
1 (E′, x)→ exp pN induces a group isomorphism

log Θ : πun
1 (E′, x)→ pN ,
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where the group operation of pN comes from the BCH formula. We identify the fibers of

Ptop
N and PN above the base point [E, 〈 , 〉, x] via this map. This also induces an identifica-

tion of automorphism groups via

Ad(Θ−1 ◦ exp) : Aut pN → Autπun
1 (E′, x).

Let G denote the fundamental group π1(EΓ1(N), [E, 〈 , 〉, x]). There are monodromy repre-

sentations

ρKZB : G→ Aut pN and ρtop : G→ Autπun
1 (E′, x).

To show that PN and Ptop
N are isomorphic, we must prove these monodromy representations

agree, i.e. the following diagram commutes.

Aut pN

Ad(Θ−1◦exp)

��

G

ρKZB
88

ρtop &&
Autπun

1 (E′, x)

(3.3.1)

We apply a more general lemma of Hain. Let N be a normal subgroup of a discrete group Γ.

Let N denote the unipotent completion of N . The conjugation homomorphism Γ→ AutN

induces a map φ : G→ AutN . Restriction of φ to N maps n ∈ N to ιθ(n), where θ : N → N

is inclusion and ιu ∈ AutN is conjugation by u ∈ N .

Lemma 3.3.4 ([37, Lemma 14.1]). If N has trivial center, then φ is the unique homomor-

phism Γ→ AutN whose restriction to N is n 7→ ιθ(n).

Corollary 3.3.5. The diagram (3.3.1) commutes.

Proof. We know from Example 2.6.4 that πun
1 (E′, x) has trivial center and from (3.1.1) that

ρtop is induced by conjugation. Set Γ to be G = π1(EΓ1(N), [E, 〈 , 〉, z]), N = π1(E′, x), and

φ = ρtop. Applying the lemma, it suffices to show the diagram commutes when restricting

to N = π1(E′, x).
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If β ∈ π1(E′, x), then by Corollary 3.3.3

ρKZB(β) = exp(ad log Θ(β)) = Ad(exp log Θ(β)) = Ad(Θ(β)).

Then

(Ad(Θ−1 ◦ exp) · ρKZB)(β) = (Θ−1 ◦ exp) ◦Ad(Θ(β)) ◦ log Θ

= Θ−1 ◦ (Ad(Θ(β)) ◦ exp) ◦ log Θ

= Θ−1 ◦Ad(Θ(β)) ◦Θ

= Ad(β)

= ρtop(β).

Thus, Ptop
N and PN with the KZB connection are isomorphic as flat vector bundles.

3.4 Restrictions and residues

In this section, we confirm the KZB connection has regular singularities along the N -

torsion sections and singular fibers of EΓ(N). This is necessary to show PN is an admissible

variation of MHS.

3.4.1 Restriction to torsion sections

We will first compute the restriction of the KZB connection to a first-order neighborhood

of the identity section of EΓ(N) → Y (N) (see Appendix B). This is equivalent to restricting

the connection to the moduli YΓ(N),~1(N). Concretely, this restriction is given by

G(z, τ) dτ +H(z, τ)
dz

z
7→ G(0, τ) dτ +H(0, τ)

dz

z
.

Proposition 3.4.1. The Taylor coefficients Am,α(τ) are level N Eisenstein series

Am,α(τ) = − (m+ 1)

(2πi)m+1
Gm+2,α(τ).
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Proof. One can use (2.5.3) and (2.4.2) to show the functions above have identical Fourier

expansions when α1 = 1 and ατ = 0. It follows directly from the modularity equation

(3.2.5) of gα that

Am,α(γτ) = (cτ + d)m+2Am,αγ(τ) (3.4.1)

for γ ∈ SL2(Z). This is analogous to the modularity (2.4.1) of Eisenstein series.

Corollary 3.4.2. The restricted Γ(N) KZB connection form is

Ω′N =

2πiY
∂

∂X
− 1

2

∑
m≥2

α∈(N−1Z/Z)2

(m− 1)

(2πi)m−1
Gm,α(τ)εm,α

 dτ + t0
dz

z
.

In particular, the residue of Ω′N along the zero section is Lz=0 = t0. Similarly, along

any lift of a torsion section z = α̃, the residue of Ω′N is

Lz,α̃ := Resz=α̃ Ω′N = e−ατX · tα.

3.4.2 Restriction to singular fibers

Let qN = e2πiτ/N . Then 2πi dτ = N dqN
qN

. Recall from §2.2, the singular fiber of EΓ(N) over

qN = 0 is an N -gon of P1’s. The restriction of ΩN to a first order neighborhood of this

singular fiber is given by

G(z, τ)
dqN
qN

+H(z, τ) dz 7→
(
G(z, τ)

∣∣
qN=0

) dqN
qN

+
(
H(z, τ)

∣∣
qN=0

)
dz.

We then compute

Am,α(τ)
∣∣
qN=0

= − (m+ 1)

(2πi)m+1
Gm+2,α(τ)

∣∣
qN=0

=
2πi(−1)mBm+2([ατ ])

m!(m+ 2)

and

gα(X, z|τ)
∣∣
qN=0

=
∂

∂X

(
πie−ατX (coth(X/2) + coth(πi(z − α̃)))− 2πi

X

)
=

(
πie−ατX

∂

∂X
coth(X/2)

)
− ατπie−ατX (coth(X/2) + coth(πi(z − α̃))) +

2πi

X2

=

∞∑
m=0

2πi(−1)mBm+2([ατ ])

m!(m+ 2)
Xm
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after computing the Taylor expansion. Let w = e2πiz and ζ = e2πi/N . Then

hα(X, z|τ) = πie−ατX (coth(X/2) + coth(πi(z − α̃)))− 2πi

X

= πie−ατX
(
eX + 1

eX − 1
+
wq−ατN ζ−α1 + 1

wq−ατN ζ−α1 − 1

)
− 2πi

X

= 2πie−ατX
(

1

eX − 1
+

wq−ατN ζ−α1

wq−ατN ζ−α1 − 1

)
− 2πi

X
.

Thus,

hα(X, z|τ)
∣∣
qN=0

=


2πi

(
1

eX−1
+ w

w−ζα1

)
− 2πi

X ατ = 0

2πie−ατX
(

1
eX−1

+ 1
)
− 2πi

X ατ 6= 0.

Summing these gives the restriction to singular fiber

Ω′N = N

Y
∂

∂X
+

1

2

∑
α∈(N−1Z/Z)2

m≥0

(−1)mBm+2([ατ ])

m!(m+ 2)
εm+2,α

 dqN
qN

+
∑
α

e−ατX

eX − 1
· tα

dw

w
+
∑
ατ∈Z

tα
dw

w − e2πiα1
+
∑
ατ /∈Z

e−ατX · tα
dw

w
.

Therefore, the residue of ΩN along the singular fiber above qN = 0 is constant

LqN=0 := ResqN=0 ΩN = N

Y
∂

∂X
+

1

2

∑
α∈(N−1Z/Z)2

m≥0

(−1)mBm+2([ατ ])

m!(m+ 2)
εm+2,α

 .

One can use modularity properties (3.2.4) and (3.2.5) to compute the restriction and

residues along the other singular fibers. If P is a cusp such that γ ∈ SL2(Z) maps qN = 0

to P , then the residue along the singular fiber above P is

LqN ,P = N

Y
∂

∂X
+

1

2

∑
α∈(N−1Z/Z)2

m≥0

(−1)mBm+2([ατ ])

m!(m+ 2)
εm+2,αγ−1

 .

3.5 Admissibility of PN

Together with appropriate choices of Hodge, weight, and relative weight filtrations, the

KZB connection underlies an admissible variation of MHS over E ′Γ(N).
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Define Hodge and weight filtrations of the Lie algebra pN as follows.

F−p = {x ∈ pN | degY(x) +
∑

degtζ (x) ≤ p}

W−m = {x ∈ pN | degY(x) + degX(x) + 2
∑

degtζ (x) ≥ m}

There is also a relative weight filtration M• along the singular fibers of EΓ(N)

M−m = {x ∈ pN | 2 degY(x) + 2
∑

degtζ (x) ≥ m}

These are compatible with the filtrations on H in §2.3.2 and Lie bracket.

Lemma 3.5.1. The Hodge and weight filtrations on pN descend to the local system PN →

E ′Γ(N).

Proof. The factors of automorphy M̃γ,(m,n) are in F0W0M0 End pN , and thus the filtrations

are well-defined on E ′Γ(N).

Theorem 3.5.2. Together with these filtrations, PN → E ′Γ(N) is a pro-object of the category

of admissible variations of MHS. The W -graded quotients of PN are direct sums of Tate

twists of symmetric powers of H. and the relative weight filtration of the limit MHS at

∂/∂qN + ∂/∂w is M•.

Proof. We observed in the previous section that ∇KZBN has residues

Lz,α̃ = e−ατX · tα

and

LqN ,P = N

Y
∂

∂X
+

1

2

∑
α∈(N−1Z/Z)2

m≥0

(−1)mBm+2([ατ ])

m!(m+ 2)
εm+2,αγ−1

 ,

where γ ∈ SL2(Z) such that γP is the cusp qN = 0. Thus, we have

Lz,α̃ ∈ F−1M−2W−2 Der pN .

and

Lq,P ∈ F−1M−2W0 Der pN .
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Therefore, ∇KZBN satisfies Griffiths transversality. Meanwhile, Lq,P and Lq,P + Lw,α̃ meet

condition (ii)(a) of Definition 2.3.2.

The graded quotient GrW−m pN is a direct sum of variations of the form

Sm−2kH · fk

where fk is a Lie word in the terms tα of length k. Each tα cuts out a constant section

of PN (trivial under monodromy action of Γ(N) n Z2). Thus each Lie word in the tα of

length k spans a constant local system with fiber Q(k). Thus, GrW−m pN is a direct sum

of variations of the form Sm−2kH(k). We then observe GrW0 Lq,P = NY∂/∂X. It follows

from the representation theory of sl2 that Lrq,P induces an isomorphism

Lrq,P : GrM−m+r GrW−m pN → GrM−m−r GrW−m pN .

Since Lw,α̃ ∈W−2 Der pN , the sum (Lq,P +Lw,α̃)r induces the same isomorphism. Thus, M•

is a compatible relative weight filtration at every point along the singular fibers of EΓ(N).

At points along the N -torsion sections of EΓ(N) (and not at the singular fibers), since

the residue Lz,α̃ is in W−2 Der pN , the compatible relative weight filtration is the simply

equal to W•. We conclude that PN is an admissible VMHS over E ′Γ(N).

If ~w = λ∂/∂q + µ∂/∂w is a tangent vector anchored at (q = 0, w = 1), the limit MHS

of PN at ~w is Lieπun
1 (Eλ∂/∂q, µ∂/∂w), where E′λ∂/∂q is the first order smoothing of the

singular fiber above q = 0 in the direction of λ∂/∂q with its N -torsion removed and µ∂/∂w

is a tangential base point anchored at the identity of Eλ∂/∂q.

Remark 3.5.3. Technically, the underlying local system of flat sections of PN is the admis-

sible pro-VMHS. From §3.3, we know this local system is isomorphic to the local system

over EΓ(N) whose fiber over [E, 〈 , 〉, x] is Lieπun
1 (E′, x).

3.6 Other congruence subgroups

The above formulas and proofs can be easily be adapted to any level N congruence subgroup

Γ. This is done by modifying the generators tα of the Lie algebra pN . Those tα such that
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α is invariant under the right action of Γ on (Z/NZ)2 remain unchanged while all others

are set to zero. The resulting connection form only has singularities along the single-valued

torsion sections and is holomorphic over the punctured universal elliptic curve E ′Γ.

Example 3.6.1. In the case of the full modular group Γ(1) = SL2(Z), the only nontrivial

tα is t0. Then the Lie algebra p1 is free on the two generators X and Y. The connection

form Ω1 reduces to Hain’s formula2 [37, §9.2].

The relevant congruence subgroup in our discussion of mixed Tate motives is Γ1(N).

In this case, the KZB connection only includes tα where the first coordinate of α vanishes.

These terms correspond to small loops around the real N -torsion of an elliptic curve C/Λτ .

Since these torsion sections intersect the singular fiber above τ = i∞ at Nth roots of unity,

we will reindex the connection by ζ ∈ µN instead of α. If α =
(

0 `

)
, then tα = tζ where

ζ = e2πi`/N . The reason for this choice in notation will become clear when we discuss the

Hain morphism in §4.3.2.

The Γ1(N) KZB connection is then ∇Γ1(N) = d+ ΩΓ1(N), where

ΩΓ1(N) =

2πiY
∂

∂X
+

1

2

∑
m≥0
ζ∈µN

Am,ζ(τ)δm,ζ +
∑
ζ∈µN

gζ(X, z|τ) · tζ

 dτ

+

2πiY +
∑
ζ∈µN

hζ(X, z|τ) · tζ

 dz.

The restriction of the Γ1(N) connection to the zero section is

Ω′Γ1(N) = 2πi

Y
∂

∂X
− 1

2

∑
m≥2
ζ∈µN

ζ + (−1)mζ

(m− 2)!
Gm,ζ(τ)εm,ζ

 dτ + t1
dz

z
.

Letting w = e2πiz, the resides along the torsion section w = ζ for ζ ∈ µN are simply

Lw,ζ := Resw=ζ ΩΓ1(N) = tζ .

2The generators X and Y are equivalent to 2πit = T and 1
2πia = A in [37].
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Similarly, the restriction of the Γ1(N) connection to a neighborhood of the singular fiber

above qN = 0 simplifies to

Ω′Γ1(N) =

Y
∂

∂X
+

1

2

∑
ζ∈µN
m≥0

B2m+2

(2m)!(2m+ 2)
ε2m+2,ζ

 dq

q

+
X

eX − 1
·Y dw

w
+
∑
ζ∈µN

tζ
dw

w − ζ
. (3.6.1)

We replace qN with q since the cusp at q = qN = 0 has width 1 in Y1(N) (it has width N

in Y (N)). The resulting residue along the nodal cubic singular fiber above q = 0 is

Lq=0 := Resq=0 ΩΓ1(N) = Y
∂

∂X
+
∑
ζ∈µN
m≥0

B2m+2

(2m)!(2m+ 2)
ε2m+2,ζ . (3.6.2)

Remark 3.6.2. Since the KZB connection is flat and the sections w = ζ intersect the singular

fiber above q = 0 transversely, we expect the residues Lw,ζ and Lq,0 to commute. This can

be confirmed by a straightforward calculation of [Lq,0, Lw,ζ ] = Lq,0(tζ) = 0.
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Chapter 4

Mixed Tate motives over Z[µN , 1/N ]

Deligne and Goncharov [21] constructed a neutral tannakian category of mixed Tate motives

MTM(Ok,S) over a number field k and unramified outside a set S of primes of the ring of

integers Ok.

4.1 Review of mixed Tate motives

In this section we review some basic definitions and results from [21].

4.1.1 Tannakian categories

For a full discussion of tannakian categories including proof of Theorem 4.1.2, we refer the

reader to [22]. We will give a very brief discussion of the main points.

Suppose F is a field of characteristic zero and G is an affine group scheme over F .

Denote the category of F -linear representations of G by RepF (G) and the sub-category of

finite-dimensional representations by Repfte
F (G).

Definition 4.1.1. A neutral tannakian category C over F is a category equivalent to one

of the form Repfte
F (G) for some affine F -group G.

Suppose (C,⊗) is a rigid abelian F -linear tensor category with identity object 1 such

that EndC(1) = F . Suppose ω : C → VecF is a faithful F -linear exact tensor functor, which

we call a fiber functor. Given fiber functors ω1 and ω2, a natural isomorphism η from ω1

to ω2 is a family of isomorphisms ηV : ω1(V ) → ω2(V ) indexed by V ∈ Ob C such that

ηV2 ◦ω1(f) = ω2(f) ◦ ηV1 for all morphisms f ∈ HomC(V1, V2). A natural isomorphism from

a fiber functor ω to itself is called a natural automorphism. Let Aut⊗(ω) denote the set of

natural automorphisms of ω compatible with the tensor product.
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Theorem 4.1.2 ([22, Thm. 3.2]). If ω is a fiber functor of a neutral tannakian category,

then Aut⊗(ω) is represented by an affine group scheme G over F and there is an equivalence

of categories C → Repfte
F (G) corresponding to ω.

We refer to affine group scheme Aut⊗(ω) as the fundamental group of C with respect to

ω, denoted π1(C, ω). When the choice of fiber functor is clear, we sometimes omit ω from

the notation.

Given two fiber functors ω1 and ω2, we define Isom⊗(ω1, ω2) as the set of natural iso-

morphisms from ω1 to ω2. It has the structure of a right π1(C, ω1)-torsor and left π1(C, ω2)-

torsor.

4.1.2 Realizations of objects of MTM(Ok,S)

Betti and de Rham realizations

The category MTM(Ok,S) of mixed Tate motives over the ring Ok,S of S-integers of a

number field k is neutral tannakian with respect to the natural fiber functors

ωDR : MTM(Ok,S)→ Veck and ωB : MTM(Ok,S)→ VecQ.

The images ωDR(V ) and ωB(V ) of an object V of MTM(Ok,S) are called the de Rham and

Betti realizations of V , respectively. We will often use the shorthand V DR
k for ωDR(V ) and

V B for ωDR(V ). Each object V of MTM(Ok,S) has a weight filtration M• by subobjects of

V in MTM(Ok,S). It induces filtrations on V DR
k and V B. The de Rham realization has an

additional filtration F • called the Hodge filtration. For each embedding σ : k ↪→ C, there

is a comparison isomorphism of filtered vector spaces

cDR,B
V,σ : (V DR

k ,M•)⊗σ C
∼−→ (V B,M•)⊗Q C. (4.1.1)

Simple objects of MTM(Ok,S)

The simple object Q(−1) is defined to be the motive of H1(Gm). The de Rham realization

Q(−1)DR
k is the algebraic de Rham cohomologyH1

DR(Gm) ∼= k[dzz ] with coefficients in k. The
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Betti realization Q(−1)B is the singular cohomology with rational coefficients H1
sing(Gm,Q).

The comparison isomorphism

cDR,B
Q(−1),σ : H1

DR(Gm)⊗ C→ H1
B(Gm)⊗ C

maps [dzz ] 7→ 2πiγ∨, where γ is the positive generator of Hsing
1 (Gm,Z) and γ∨ denotes its

Poincaré dual.

We then set Q(−n) := Q(−1)⊗n for any n ∈ Z. The Hodge and weight filtrations of

V = Q(n) are given by

V DR = F−nV DR ⊃ F−n+1V DR = {0}

and

{0} = M−2n−1V ⊂M−2nV = V.

The de Rham and Hodge realizations of V = Q(n) are given by V DR = k and V B = Q.

The comparison isomorphism cDR,B
V,σ : V DR ⊗ C→ V B ⊗ C is multiplication by (2πi)−n.

Canonical Q-structure of V DR

Define a functor ω : MTM(Ok,S)→ VecQ by

ω(V ) :=
⊕
m∈Z

HomMTM(Ok,S)(Q(m),GrM−2m V ).

It is a fiber functor and ω(V ) has Hodge and weight filtrations defined by

F−mW−2mω(V ) = HomMTM(Ok,S)(Q(m),GrM−2m V ).

The de Rham realization V DR
k of every object V of MTM(Ok,S) has a canonical splitting

V DR
k
∼=
⊕

F−mV DR
k ∩M−2mV

DR
k
∼=
⊕

GrM−2m V
DR
k (4.1.2)

as k-vector spaces. By [21, Prop. 2.10], for each V in MTM(Ok,S), there is a canonical

isomorphism

V DR
k
∼= ω(V )⊗Q k. (4.1.3)
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that preserves the Hodge and weight filtrations. Thus, the Q-vector space ω(V ) is a rational

form of V DR
k . We will denote the Q vector space ω(V ) by V DR. With this notation

V DR
k
∼= VDR ⊗Q k. The comparison isomorphism (4.1.1) becomes

cDR,B
V : V DR ⊗Q C ∼−→ V B ⊗Q C.

We show by example that this isomorphism still depends on the choice of embedding σ :

k ↪→ C.

Example 4.1.3. Let U = A1−D where D is a finite set of points defined over k. For each

s ∈ S, the map z 7→ z− s induces an isomorphism H1(U)→ H1(A1−{s}) between objects

of MTM(Ok,S). The inclusion U ↪→ A1 − {s} induces a morphism H1(A1 − {s})→ H1(U)

between objects of MTM(Ok,S). We then have the commutative diagram below where the

horizontal maps are each the canonical isomorphism (4.1.3).

H1
DR(Gm)

∼= //

��

ω(H1(Gm))⊗ k

��
H1

DR(A1 − {ζ})
∼= // ω(H1(A1 − {ζ}))⊗ k

H1
DR(U)

∼= //

OO

ω(H1(U))⊗ k

OO

Since the class dw
w ∈ H

1
DR is rational in ω(H1(Gm))⊗ k, it follows that dw

w−s is rational (in

the sense of (4.1.3)) in both H1
DR(A1 − {s}) and H1

DR(U).

For each embedding σ : k ↪→ C we have the commutative diagram

H1
DR(U)⊗σ C

cDR,B
V,σ // H1

B(U)⊗ C

ω(H1(U))⊗σ C

∼=

OO

cDR,B
V // H1

B(U)⊗ C.

The comparison isomorphism cDR,B
V,σ maps the rational generator dw

w−s of H1
DR(U) to 2πiγ∨σ(s),

where γσ(s) is the homology class of a small positive loop around σ(s).

Taken together, the de Rham realization V DR over Q, the Betti realization V B, the fil-

trations M• and F •, and the comparison isomorphism cDR,B
V form a mixed Hodge structure
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that we call the “Hodge realization” of V . More precisely, the Q-vector space cB,DR
V (V B)

underlies a MHS whose complexification is V DR ⊗ C. This MHS has weight graded quo-

tients of Tate type, and its periods are the matrix coefficients of cDR,B
V . These numbers are

also called the periods of the mixed Tate motive V .

The `-adic realization

There are also fiber functors ω` : MTM(Ok,S) → VecQ` for each prime ` that does not

divide N . The Q`-vector space V` := ω`(V ) is a Gal(Q/K)-representation filtered by M•,

unramified outside `, and crystalline at `. It is called the `-adic étale realization of V .

There is also a comparison isomorphism of filtered Q`-vector spaces

cB,`V : (V B,M•)⊗Q`
∼−→ (V`,M•).

The Hodge realization of MTM(Ok,S) is fully faithful [21]. Thus, the `-adic realizations

are completely determined by the de Rham and Betti realizations together with their fil-

trations and comparison isomorphism cDR,B
V . In this thesis, we focus on the de Rham and

Betti fiber functors.

4.1.3 Extensions

Deligne and Goncharov [21] showed the extensions of simple objects in MTM(Ok,S) have

the property

ExtjMTM(Ok,S)(Q,Q(n)) ∼=


Q j = n = 0

K2n−1(Ok,S)⊗Q j = 1, n ≥ 0

0 otherwise,

(4.1.4)

where K•(ON ) are the algebraic K-groups of ON .

In the later sections, we will focus on the case where k is the cyclotomic field Q(µN )

and S is the set of primes dividing N . In this setting, Ok,S = Z[µN , 1/N ], which we shall
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denote by ON . We further abbreviate MTM(ON ) to MTMN . Restricting to this case, it

follows from Borel [7] that

dimQ Ext1
MTM(ON )(Q,Q(n)) =



1 N = 1, n odd ≥ 3

0 N = 1, n otherwise

1 N = 2, n odd

0 N = 2, n even

ϕ(N)/2− 1 + ω(N) N ≥ 3, n = 1

ϕ(N)/2 N ≥ 3, n ≥ 2,

(4.1.5)

where ω(N) =
∑

p|N 1 is the prime omega function and ϕ(N) is the Euler phi function. In

§5.4, we will specify a natural basis of Ext1
MTM(ON )(Q,Q(n)).

4.1.4 Tannakian fundamental group of MTM(Ok,S)

Let MTM(Ok,S)ss denote the category of semi-simple mixed Tate motives over ON . This

category is tannakian with respect to the de Rham and Betti fiber functors. For • ∈

{DR, B}, the action of π1(MTM(Ok,S)ss, ω•) on ω•(Q(−1)) determines the action on any

object of MTM(Ok,S)ss. The complex points of π1(MTM(Ok,S)ss, ω•) are given by

π1(MTM(Ok,S)ss, ω•)(C) = Aut⊗(ω•|MTM(Ok,S)ss)(C)

= Aut⊗(ω•|Q(−1))(C)

= AutC(Q⊗ C)

= Gm.

The simple object Q(m) corresponds to the mth power of the standard character of Gm.

Let G•k,S denote the fundamental group of MTM(Ok,S) with respect to the fiber functor

ω• for • ∈ {DR, B}. The inclusion MTM(Ok,S)ss → MTM(Ok,S) induces a surjection

χ• : G•k,S → Gm. The kernel K•k,S acts trivially on objects of MTM(Ok,S)ss and thus is

prounipotent. Thus, for each fiber functor, we have the short exact sequence

1 // K•k,S // G•k,S
χ• // Gm

// 1. (4.1.6)
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In light of §4.1.2, the de Rham realization V DR of every object V of MTM(Ok,S) has a

canonical splitting

V DR ∼=
⊕

FmV DR ∩M2mV
DR

as Q-vector spaces. Thus, the functor GrM• : MTM(Ok,S) → MTM(Ok,S)ss induces a

splitting of GDR
k,S → Gm and defines an isomorphism

GDR
k,S
∼= KDR

k,S oGm.

The Lie algebra of KDR
k,S is the de Rham realization of a pro-object k∧k,S of MTM(Ok,S). It

is therefore the degree completion of its de Rham realization kDR
k,S := ω(k∧k,S). It is referred to

as the motivic Lie algebra of MTM(Ok,S). It is free. The de Rham realization V DR of each

object V of MTM(Ok,S) is a graded representation of kDR
k,S , and MTM(Ok,S) is equivalent to

the category of graded representations of kDR
k,S on finite dimensional rational vector spaces.

The focus of Chapter 5 is computing this action in the case Ok,S = Z[µN , 1/N ] to “first

order” on the Lie algebra of the unipotent completion of the fundamental group of the first

order smoothing of the Tate curve minus µN .

4.1.5 Motivic periods and their Galois action

We define the rings of de Rham and Betti periods of MTM(Ok,S) to be the coordinate rings

of GDR
k,S and GBk,S , respectively

P•k,S := O(G•k,S) for • ∈ {DR, B}.

We also define the ring of motivic periods of MTM(Ok,S) by

Pm
k,S := O(Isom⊗(ω, ωB)).

The left and right actions of GDR
k,S and GBk,S on Isom⊗(ω, ωB) induce right and left coactions

∆DR : Pm
k,S → Pm

k,S ⊗ PDR
k,S and ∆B : Pm

k,S → PBk,S ⊗ Pm
k,S . (4.1.7)

The action of GDR
k,S is well-defined because the isomorphism (4.1.3) is canonical.
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Let R be a subring of C. Then G•k,S(R) = Hom(P•k,S , R) and the coactions ∆• induce

Galois actions of G•k,S(R) on Pm
k,S . The de Rham action is given by

GDR(R)× Pm
k,S −→ Pm

k,S ⊗R

(g, pm) 7−→ ((id⊗g) ◦∆DR)(pm).

The Betti Galois action is defined analogously.

The motivic periods of Pm
k,S may be written more concretely as symbols [V, η, γ]m, where

V ∈ Ob(MTM(Ok,S)), η ∈ V DR, and γ ∈ (V B)∨. In many situations, they may be viewed as

formal unevaluated integrals. They satisfy bilinearity relations and respect tensor products

and morphisms in MTM(Ok,S) [12, §2]. For each object V , there is a motivic comparison

cmV

cmV : V DR −→ V B ⊗ Pm
k,S

η 7−→
∑
j

[V, η, e∨j ]ej ,
(4.1.8)

where {ej} is a basis of V B. This comparison may be viewed as a Pm
k,S-rational point of

Isom⊗(ω, ωB) and thus is natural with respect to the morphisms in MTM(Ok,S).

The period map per : Pm
k,S → C sends

per : [V, γ, η] 7→ γ(cDR,B
V (η)),

where cDR,B
V : V DR ⊗ C → V B ⊗ B is the comparison isomorphism of V . This map may

be interpreted as the evaluation of the integral of the “form” η against the “cycle” γ. It is

straightforward to confirm that the diagram

V DR
cmV //

cDR,B
V %%

V B ⊗ Pm
k,S

id⊗ per
��

V B ⊗ C

commutes. In the case V DR and V B are the de Rham and Betti cohomology of a variety

defined over Q, the image of per contains periods in the sense of Kontsevich and Zagier

[45]. Restricted to mixed Tate motives, Grothendieck’s period conjecture claims the map

per : Pm
k,S → C is injective [32]. An equivalent claim is that all polynomial relations between
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periods of objects of MTM(Ok,S) are of “geometric origin” (i.e. arise from algebraic change

of variables and Stokes’ theorem) [1].

Example 4.1.4. The Lefshetz period is the simplest non-trivial example of a motivic period.

Recall that Q(−1) = H1(Gm). Let γ ∈ H1
B(Gm,Q)∨ be dual to a simple closed positively-

oriented loop about the origin. Then the Lefshetz period, denoted L, is given by

L = [H1(Gm), [dz/z], σ]m.

Evaluating gives perL = σ(cDR,B
Q(−1)([dz/z])) = 2πi.

The Galois actions of G•k,S(R) on Pm
k,S may be described in terms of matrix entries.

Every g ∈ G•k,S(R) is a natural isomorphism of ω• ⊗ R. Thus, for every realization ω•(V ),

the element g defines an automorphism of ω•(V )⊗R. The left action of GDR
k,S is given by

g · [V, η, γ]m = [V, g · η, γ]m ∈ Pm
k,S ⊗R

for g ∈ GDR
k,S . The right action of GNB is analogous:

[V, η, γ]m · g = [V, η, γ · g]m ∈ Pm
k,S ⊗R

for g ∈ GBk,S . This action is equivalent to the coaction (4.1.7) [12, §2.3].

Example 4.1.5. We can compute the action of GDR
k,S and GBk,S on the Lefschetz period L.

Since Q(−1) is semi-simple, the action of G•k,S(C) factors through χ• : G•k,S → Gm.

Thus, if g ∈ GDR
k,S (C), we have

g · L = [H1(Gm), g · [dz/z], γ] = [H1(Gm), χDR(g)−1[dz/z], γ] = χDR(g)−1L.

Similarly, if g ∈ GBk,S , then

L · g = [H1(Gm), [dz/z], γ · g] = [H1(Gm), [dz/z], χB(g)−1γ] = χB(g)−1L.

4.2 The motivic path torsor of P1 − {0,µN ,∞}

Deligne and Goncharov [21] showed the coordinate ring of the motivic path torsor of P1 −

{0,µN ,∞} with appropriate choice of base points is an object of MTM(ON ) where ON =
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Z[µN , 1/N ]. This object is a rich source of motivic periods. These periods will appear as

coefficients of the motivic version of the cyclotomic Drinfeld associator.

4.2.1 Brown’s category of generalized Hodge realizations

Brown [12, §3] defines a category H of generalized Hodge realizations. An object V of H is

a triple (V B, V DR, c) consisting of

(1) A finite-dimensional Q-vector space V B with a finite increasing filtration M•,

(2) A finite-dimensional Q-vector space V DR with finite increasing filtration M• and finite

decreasing filtration F •,

(3) An isomorphism

c : V DR ⊗ C ∼−→ V B ⊗ C,

(4) An involution F∞ : V B ∼−→ V B called the real Frobenius.

These are also required to satisfy the following two conditions.

• If cDR (resp. cB) is the C-antilinear involution on V DR ⊗ C (resp. V B ⊗ C), then

c ◦ cDR = (F∞ ⊗ cB) ◦ c.

• The filtrations M•V
B and cF •(V DR⊗C) equip V B with a graded-polarizable Q-MHS.

There are fiber functors ωBH and ωDR
H from H to VecQ taking V to its corresponding com-

ponent. Deligne [19, §1] showed H is Tannakian with respect to both ωBH and ωDR
H .

The category MTM(Ok,S) of mixed Tate motives over Ok,S embeds as a full subcategory

of H via the functor

ωH : V 7−→ (V B, V DR, cDR,B
V )

[21, §1]. Also, the discussion of motivic periods in §4.1.5 extends analogously to the category

H, where the ring of periods Pm
H is the coordinate ring O(Isom⊗(ωDR

H , ωBH)). Thus, since

ωH is fully faithful, it induces an inclusion

Pm
k,S ↪→ Pm

H.
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In the next section, we review the construction of the canonical MHS on fundamental

groups. These MHS will be viewed as objects of H.

4.2.2 The MHS of fundamental groups

There is a canonical MHS on the fundamental group of any smooth pointed complex alge-

braic variety X [35, 34]. We recall the construction in the case U = P1− (D∪{∞}), where

D ⊂ A1(k) is a finite set of points defined over a number field k.

Let I be the augmentation ideal of the group algebra Qπ1(U, x). Denote the I-adic

completion by Qπ1(U, x)∧ as in §2.6. We also define the I-adic completion of the path

torsor π(U ;x, y) by

Qπ(U ;x, y)∧ := lim←−
n

Qπ(U ;x, y)/Inπ(U ;x, y). (4.2.1)

Denote the 1-form dw
w−s by ωs. Let V be the Q-vector space

V = ω(H1(U)) =
⊕
s∈D

Qωs

(see Example 4.1.3). The dual space V ∨ = HomQ(V,Q) has basis {es | s ∈ D}. Define

the tensor algebra A := T (V ∨). It has the structure of a Hopf algebra with coproduct

generated by ∆es = es ⊗ 1 + 1⊗ es for each s ∈ D. There is also an augmentation ideal J

of A generated by V ∨. Denote the J-adic completion of A by A∧. There are natural Hodge

and weight filtrations on A∧ since each es has type (−1,−1).

Define the universal connection form

Ω =
∑
s∈D

ωses ∈ V ⊗ V ∨.

Chen’s transport of Ω (2.7.2) defines a map

Θx,y : Cπ(U ;x, y)∧ → A∧ ⊗ C. (4.2.2)

This is an isomorphism of complete Hopf algebras [17, (3.5)]. It induces a MHS on

Qπ(U ;x, y)∧. The periods are iterated integrals of the 1-forms ωs over paths from x to
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y. The triple

(Qπ(U ;x, y)∧, A∧,Θx,y)

is a pro-object of Brown’s category H [35, §5].

Remark 4.2.1. In the case x = y, the completion Qπ1(U, x) is the universal enveloping

algebra of Lie algebra p(U, x) over Q. The natural inclusion p(U, x) ↪→ Qπ1(U, x)∧ induces

a MHS on p(U, x). The comparison isomorphism p(U, x)→ L(V ∨)∧ is also Chen’s transport

of Ω but each es acts by left adjoint.

The coordinate ring O(A∧ ⊗C) is the C-vector space spanned by the iterated integrals∫
ωs1 · · ·ωsr .

This is the tensor coalgebra on H0(P1,Ω1
P1(logD)) with the shuffle product (2.7.2). The

coordinate ring is endowed with a Q-mixed Hodge structure. Since each ωs is of type (1, 1),

the Hodge and weight filtrations are

F p = span

{∫
ωs1 · · ·ωsr

∣∣∣∣r ≥ p}
W2m+1 = W2m = span

{∫
ωs1 · · ·ωsr

∣∣∣∣r ≤ m} .
The Q-structure is spanned by the integrals which take values in Q over the loops in

π1(U, x).

By the construction above, the path torsors define a variation of MHS over U × U

{Qπ(U ;x, y)∧}(x,y) → U × U.

The connection form Ω is in F−1W−2 and has pro-nilpotent residues. Monodromy Θx,x

is the identity on the weight graded quotients and thus is unipotent. Thus, the relative

weight filtration at each point in (D×U)∪ (U ×D) is equal to the weight filtration. Hence,

the variation is admissible [39].

Restricting the variation to the diagonal, the fibers are each completed fundamental

groups Qπ1(U, x)∧. Transport from x to y is conjugation by Θy,x. The inclusion p(U, x) ↪→

Qπ1(U, x)∧ generates a sub-variation of MHS over U

{p(U, x)}x → U. (4.2.3)
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Transport from x to y is left adjoint by Θy,x.

4.2.3 Tangential base points

Let X be a Riemann surface and D a finite set of points on X. The real oriented blow-up

BloDX of X at D is a Riemann surface with boundary circle replacing each point of D.

There exists a continuous projection BloDX → X, where the preimage of a point P ∈ D is

a circle viewed as the quotient of TPX − {0} by the positive real numbers. The restriction

of the projection (BloDX − ∂ BloDX)→ X −D is a biholomorphism.

Each tangent vector ~v ∈ TPX − {0} determines a point [~v] ∈ BloDX. Deligne [19]

defines the fundamental group π1(X −D,~v) of X −D with tangential base point ~v to be

π1(BloDX, [~v]). When r is a positive real number, the biholomorphism (BloDX−∂ BloDX)→

X−D induces a canonical isomorphism between π1(X−D,~v) and π1(X−D, r~v). However,

the MHS on the unipotent completions πun
1 (X−D,~v) and πun

1 (X−D, r~v) are not necessarily

isomorphic unless the local monodromy at P is trivial (see §2.3.1).

4.2.4 Realizations of Πmot

We can now describe the Hodge realization and motivic periods of Deligne and Goncharov’s

object in the category MTMN of mixed Tate motives over ON = Z[µN , 1/N ]. These are

discussed in greater detail in [21, §5] and [9, §2].

For convenience, we set

UN = P1 − {0,µN ,∞} = Gm − µN .

Observe that UN is a scheme over Q

UN = SpecQ[Z]/(ZN − 1).

Fix tangential base points ~wζ = ζ∂/∂w ∈ T0UN and ~vζ = ζ∂/∂w ∈ TζUN for all ζ ∈ µN (see

Figure 4.1). Set ΠB
x y := Qπ(UN ;x, y)∧, the I-adic completion of the path torsor (4.2.1).
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~vζ

~wζ

~vζ

~wζ

Figure 4.1: The tangential base points ±~vζ and ~wζ in UN and Blo{0,µN} UN

Likewise, set ΠDR
x y to be the tensor coalgebra A∧ as defined in §4.2.2 with U = UN and

D = {0} ∪ µN . There is a comparison isomorphism

cB,DR : ΠB
x y ⊗Q C→ ΠDR

x y ⊗Q C (4.2.4)

as defined in (4.2.2).

Theorem 4.2.2 ([21]). Suppose x, y, z ∈ {±~vζ , ~wζ | ζ ∈ µN}. The coordinate rings

O( ΠB
x y ) and O( ΠDR

x y ) are the Betti and de Rham realizations, respectively, of an ind-object

O( Πmot
x y ) in the category MTMN . The comparison isomorphism is induced by (4.2.4). The

coproducts O( Πmot
x z )→ O( Πmot

x y )⊗O( Πmot
y z ) are morphisms in MTMN .

4.2.5 Periods of Πmot

The universal 1-form ω is given by

Ω = ω0e0 +
∑
ζ∈µN

ωζeζ .

By the theorem, the transport cB,DR of Ω is the transpose of the comparison isomorphism

of O( Πmot
x y ). Let Pm

N denote the motivic periods of MTMN . The matrix coefficients of

cB,DR are in Pm
N , and thus cB,DR restricts to a homomorphism

cB,DR : Qπ1(UN ;x, y)∧ → Pm
N 〈〈e0, eζ | ζ ∈ µN 〉〉

of cocommutative Hopf algebras. The image is generated as an algebra by two distinct

types of elements: exponentials and Drinfeld associators.
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Exponentials

In this case, suppose x, y ∈ {±~vζ , ~wζ | ζ ∈ µN} are anchored at the same point r ∈ {0}∪µN .

Let γx,yr denote the counterclockwise path about r from x to y. If x = y, then let γx,xr be

a simple closed loop about r based at x. Then

cB,DR(γx,yr ) =
∑

[ωr1 |···|ωrn ]∈O( ΠDR
x y )

[O( Πmot
x y ), [ωr1 | · · · |ωrn ], (γx,yr )∨]mer1 · · · ern

=
∑
n≥0

[O( Πmot
x y ), [ωr| · · · |ωr︸ ︷︷ ︸

n times

], (γx,yr )∨]menr

=
∑
n≥0

(kL/N)nenr
n!

= exp(kLer/N),

where k ∈ {1, . . . , N} such that y = e2πik/Nx.

Cyclotomic Drinfeld associators

Fix x = ~w1 and y = −~v1. Let dch ∈ π1(UN ; ~w1,−~v1) denote the straight line path, or “droit

chemin,” from ~w1 and −~v1. Then

cB,DR(dch) =
∑

[ωr1 |···|ωrn ]∈O( ΠDR
x y )

[O( Πmot
x y ), [ωr1 | · · · |ωrn ],dch∨]mer1 · · · ern , (4.2.5)

where

per[O( Πmot
x y ), [ωr1 | · · · |ωrn ],dch∨]m =

∫
dch

ωr1 · · ·ωrn .

To account for the limit MHS at ~v0 and −~v1, the integrals above are regularized at ~v0 if

r1 = 0 and regularized at −~v1 if rn 6= 0 (see §2.7.3). By (2.7.4), each integral evaluates to

an N -cyclotomic MZV (see §2.7.1) [25]. Thus, we shall refer to these unevaluated motivic

periods as motivic N -cyclotomic MZVs. The right hand side of (4.2.5) is called the motivic

Drinfeld associator and denoted Φm
01. It is group-like in Pm

N 〈〈e0, eζ〉〉 [24].

The image of the straight line path from ~wη to −~vη under cB,DR is obtained by the

change of variables w 7→ wη. This is simply the image of Φm
01 under the action er 7→ erη
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for all r ∈ {0} ∪ µN . We denote this associator by Φm
0η. Its periods are also the motivic

N -cyclotomic MZVs.

Remark 4.2.3. The periods of O( Πmot
x y ) are generated by L and the motivic N -cyclotomic

MZVs. Deligne [20] showed these periods in fact generate all of the periods of objects of the

category MTMN when N = 2, 3, 4, 6, or 8. Brown [8] proved the same is true for N = 1.

This last problem was more difficult due to relations in the “associated depth graded” of the

motivic Lie algebra k1 (we describe this Lie algebra and its depth filtration in Chapter 5).

These small values of N are thought to be exceptional cases. Goncharov [27] showed that

when N is a prime at least 5, there are relations in the associated depth graded of kN and

that this implies the periods of objects of MTMN are not generated by the N -cyclotomic

MZVs. However, no explicit examples of such exotic periods are currently known.

4.3 The KZ local system

As in §2.6 we will denote the Q-Lie algebra of πun
1 (UN , a) by p(UN , a). Denote by PKZ,top

N

the Q-local system over UN whose fiber over w ∈ UN is p(UN , w).

4.3.1 The local system

The completed group ring Qπ1(UN , w)∧ is canonically isomorphic to the universal envelop-

ing algebra of the completed free Lie algebra p(UN , w). Thus, the discussion in §4.2.2 gives

PKZ,top
N the structure of an admissible variation of MHS over UN . After tensoring with C,

each fiber is isomorphic to the completed free Lie algebra

pKZ
N : = L(e0, e∞, eζ | ζ ∈ µN )∧

/e0 + e∞ +
∑
ζ

eζ = 0


∼= L(e0, eζ | ζ ∈ µN )∧,

Define PKZ
N to be the trivial bundle pKZ

N × UN over UN with flat connection

∇KZN = d+ ΩKZN = d+ e0
dw

w
+
∑
ζ∈µN

eζ
dw

w − ζ
, (4.3.1)
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where e0 and eζ act on fibers pKZ
N via left adjoint. This is a well-known cyclotomic gener-

alization of the Knizhnik–Zamolodchikov (KZ) connection [41, 30]. The variation PKZ
N is

a special case of (4.2.3). In particular, it is a unipotent admissible variation of MHS and is

isomorphic as a flat vector bundle to PKZ,top
N .

Proposition 4.3.1. At each tangential base point ~v ∈ {~wζ ,±~vζ | ζ ∈ µN}, the limit MHS

of PKZ
N is the Hodge realization of a pro-object of MTMN .

Proof. The Lie algebra p(UN , ~v) is canonically isomorphic to the Zariski tangent space

of ΠDR
~v ~v and thus dual to a subquotient of O( ΠDR

~v ~v ). The result follows from Theorem

4.2.2.

Corollary 4.3.2. The inverse transport of the KZ connection along the straight line path

dch from p(UN , ~w1) to p(UN ,−~v1) is the left adjoint of the motivic Drinfeld associator Φm
01.

Proof. By the discussion at the end of §4.2.2, transport of PKZ
N from -~v1 to ~w1 along the

inverse of dch is left adjoint by

ΘKZ
~w1,−~v1

= T (dch)−1 = cB,DR(dch) = Φm
01.

Remark 4.3.3. As dual elements of the algebraic de Rham cohomology H1
DR(UN ), the basis

elements eζ are defined over Q(µN ). However, by the argument in Example 4.1.3, they

form a rational basis of ω(p(UN ,~v1)) = p(UN ,~v1)DR.

4.3.2 The Hain map

Any elliptic curve Eτ = C/Λτ may be written as Eq := C∗/qZ where q = e2πiτ . Following

the notation of [37], set

A|q|; = {w ∈ C∗ mod |q|1/2 ≤ |w| ≤ |q|−1/2}.
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w qw
~v1

α

β

~v1

γζ

Figure 4.2: BloµN Eq seen as quotient of BloµN A|q| with generators of π1(Eq−µN ,~v1)

Denote the inner and outer boundaries of this annulus by ∂−A|q| and ∂+A|q|, respec-

tively. Then Eq is the quotient of A|q| with w ∈ ∂+A|q| identified with qw ∈ ∂−A|q|. The

real oriented blow-up BloµN Eq is a similar quotient of BloµN A|q|.

Roughly speaking, as q → 0, the space A|q| converges to Blo{0,∞} P1 and BloµN A|q|

converges to Blo{0,µN ,∞} P
1. Thus, as R → 0, the elliptic curve EReiθ converges to the

quotient of Blo{0,∞} P1 with the boundary circles at 0 and ∞ identified by multiplication by

eiθ. This is the “first order smoothing” Eeiθ∂/∂q of the nodal elliptic curve in the direction

of eiθ∂/∂q. The scheme UN includes into Eeiθ∂/∂q in the obvious way.

Fix ~u = ∂/∂q at the origin of the q-disk. We observe that the inclusion UN ↪→ E~u is

compatible with the KZN and Γ1(N) KZB connections. That is, upon a change of basis,

the linearization of the KZB bundle (3.6.1) over E~u “pulls back” to the KZN bundle PKZ
N

over UN .

Proposition 4.3.4. Consistent with notation from Chapter 3, let E′~u := E~u − µN . The

inclusion UN ↪→ E′~u induces the commutative diagram

p(UN ,~v1) //

KZN
��

p(E′~u,~v1)

KZBΓ1(N)

��
pKZ
N

ΨN // pN .

The vertical maps are the comparison isomorphisms of the canonical MHS on p(UN ,~v1) and

p(E′~u,~v1) induced by transport of the the KZN and Γ1(N) KZB connections, respectively.
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The lower horizontal map ΨN is the level N “Hain map”

ΨN :


e0 7−→ X

eX−1
·Y

e∞ 7−→ X
e−X−1

·Y

eζ 7−→ tζ .

(4.3.2)

Furthermore, ΨN is a morphism of MHS that preserves relative weight filtrations.

Proof. Recall the restriction of Γ1(N) KZB to a first order neighborhood of the nodal cubic

(3.6.1). Pulling back along the inclusion UN ↪→ E′~u yields the connection

d+
X

eX − 1
·Y dw

w
+
∑
ζ∈µN

tζ
dw

w − ζ
.

This is precisely the image of the cyclotomic KZ connection (4.3.1) under the given formula

(4.3.2) for ΨN .

For the last claim, recall each er is of type (−1,−1) and M• = W• on pKZ
N . It follows

that ΨN is compatible with the filtrations on pN defined in §3.5.

4.4 The motivic limit MHS of PN

The Lie algebra p(E′~u,~v1) is endowed with the limit MHS of the elliptic KZB variation on

PΓ1(N) at ∂/∂q+∂/∂w above the cusp q = 0. We now argue this MHS is in fact the Hodge

realization of a pro-object of MTMN . This will build on the results about the cyclotomic

KZ connection from the previous section.

Define loops α and β in π1(Eq−µN ,~v1) appearing in Figure 4.2. Their homology classes

a and b are those defined in §2.3.2. They have intersection number 1. It is also clear that

a is the class of the vanishing cycle as q → 0 and that X = 1
2πi(log q)a−b is invariant as q

travels around D∗. For each ζ ∈ µN , there is a generator γζ ∈ π1(Eq−µN ,~v1) chosen to be

the homotopy class of the loop traveling clockwise half way around the boundary circle at

1, counter clockwise around the inner boundary circle |w| = |q|1/2 (as necessary) and then

counterclockwise around the boundary circle at ζ (see green loops in Figure 4.2). Dividing
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β into two paths, one can easily verify the expected relation

αβα−1β−1 = γ1γζ · · · γζN−1 ,

where here ζ = e2πi/N .

Letting q → 0 in the direction of ~u = ∂/∂q, the homotopy classes of α, β, and γζ

for ζ ∈ µN converge to generators of the topological fundamental group π1(E′~u,~v1). We

will construct a MHS on p(E′~u,~v1) by transporting the KZN connection form along these

generators of π1(E~u,~v1) as in §4.2.2 and then applying the Hain map.

Recall from §4.2.5 the regularized transport of KZN from ~wη ∈ T0UN to −~vη ∈ TηUN

is the motivic Drinfeld associator Φm
0η ∈ Pm

N 〈〈e0, eζ | ζ ∈ µN 〉〉. The involution w 7→ 1/w

allows us to define a motivic transport from ~v1 to ∞, denoted Φm
1∞ by exchanging e0 for

e1, e1 for e∞ = −e0 − e1, and eζ for eζ in the formula of Φm
01 (4.2.5).

For the remainder of the section, denote by AE′
~u

the group algebra

AE′
~u

:= Q〈〈X,Y, tζ〉〉/

( ∑
ζ∈µN

tζ = [X,Y]

)
.

Following the paths in Figure 4.2, inverse monodromy

Θ : π1(E′~u,~v1)→ Pm
N ⊗AE′~u (4.4.1)

is given by the formulas

α 7−→ Φm
∞1e

Le∞Φm
1∞

β 7−→ eLe1/2Φm
01e
−XΦm

1∞

γζ 7−→ eLe1/2Φm
01e

kLe0/NΦm
ζ0e
−LeζΦm

0ζe
−kLe0/NΦm

10e
−Le1/2,

where ζ = e2πik/N and the motivic Drinfeld associators Φm actually indicate their image

under the Hain map. The e−X in the formula for β corresponds to the factor of automorphy

M̃I,(1,0) associated with identifying the inner and outer boundaries of the annulus (see §3.1.2

and Figure 4.3). Note that Θ(γ1) simplifies to e−Le1 .

The associators Φm satisfy relations consistent with the topology of E~u. The loop α in

Figure 4.2 is homotopy equivalent to the loop α′ based at ~v1 in Figure 4.4.
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eLe∞

eLe1/2

Φ01 Φ±1
1∞

e−X

e∓Le1/2

Φ±1
10

Φ±1
0ζ

e±kLe0/N

e−Leζ

Figure 4.3: Inverse transport operators for α, β, and γζ

Set ξ = e2πi/N . Then

Θ(α′) = e−Le1/2Φm
01e
−Le0/N (Φm

0ξ)
−1e−LeξΦm

0ξ · · ·

· · · e−LeξN−1 Φm
0ξN−1e

−Le0/N (Φm
01)−1e−Le1/2.

Since the KZN connection is flat, we know per Θ(α) = per Θ(α′) ∈ C⊗ AE′
~u
. We shall call

this the “star relation.” It is a cyclotomic version of Drinfeld’s “hexagon relation” [24].

α′
α

Figure 4.4: The star relation

Lemma 4.4.1. The star relation is motivic, that is Θ(α) = Θ(α′) in Pm
N ⊗AE′~u.

Proof. The motivic comparison isomorphism cm (4.1.8) is natural with respect to morphisms
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in MTMN . Thus, by Theorem 4.2.2, we have the commutative diagram

π1(UN ,~v1)× π1(UN ,~v1) //

Θ
��

π1(UN ,~v1)

Θ
��

Pm
N 〈〈e0, eζ〉〉 ⊗ Pm

N 〈〈e0, eζ〉〉 // Pm
N 〈〈e0, eζ〉〉,

where the top horizontal map is composition of loops and the bottom horizontal map is

multiplication. Since α−1α′ is homotopic to the constant path, the image of α−1α′ in the

bottom right must be 1. Hence, Θ(α) = Θ(α′).

We also have a motivic “cylinder relation” involving the factor of automorphy e−X.

Lemma 4.4.2. We have

eXeLe0e−XeLe∞ = 1

Proof. Apply the factor of automorphy M̃I,(1,0) = e−X to identify the circle at ∞ to the

circle at zero to observe

eXe0e
−X = −e∞.

Hain gives a computational proof of this in [37, Lemma 18.1]. Then multiply both sides by

L and exponentiate.

Corollary 4.4.3. Inverse monodromy Θ : p(E′~u,~v1)→ Pm
N ⊗AE′~u is well-defined.

Proof. Apply the previous lemma to confirm

Θ(αβα−1β−1) = Θ(γ1γξγξ2 · · · γξN−1).

Theorem 4.4.4. The generalized Hodge realization

(
p(E′~u,~v1), AE′

~u
,Θ
)

is the Hodge realization of a pro-object of MTMN .
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Proof. By Proposition 4.3.1, p(UN ,~v1 is an object of MTMN . The corresponding object of

Brown’s category H (
p(UN ,~v1),Q〈〈e0, eζ | ζ ∈ µN 〉〉,ΘKZ

~v1,~v1

)
is its Hodge realization. The action of π1(H, ωBH) on p(UN ,~v1) factors through GBN =

π1(MTMN , ω
B). The Hain map

ΨN :
(
p(UN ,~v1),Q〈〈e0, eζ | ζ ∈ µN 〉〉,ΘKZ

~v1,~v1

)
7−→

(
p(E′~u,~v1), AE′

~u
,Θ
)

is a morphism in H and thus equivariant with respect to the action of π1(H, ωBH). Thus, the

action of π1(H, ωBH) on the restriction of the image of ΨN in p(E′~u,~v1) also factors through

GBN , the Betti fundamental group of MTMN .

To see the action of π1(H, ωBH) on the entirety of p(E′~u,~v1) factors through GBN , it remains

to show GBN respects the cylinder relation. However, we know this is the case since e0 and

e∞ each span copies of Q(1) and X spans a copy of Q(0) in p(E′~u,~v1). Since GBN acts trivially

on Q(0), the action respects the cylinder relation. Thus, there is a well-defined GBN -action

on p(E′~u, ~w1). Hence, p(E′~u, ~w1) is the Betti realization of an object of MTMN .

A priori, it is not obvious the Hain map should be π1(H, ωBH)-equivariant. While ΨN

certainly preserves the Hodge and weight filtrations, we have not shown it preserves rational

structures. Since the Hain map is induced by the relationship between KZN and Γ1(N)

KZB, this problem is equivalent to showing the MHS on p(E′~u,~v1) in the previous theorem

is the same as the canonical MHS induced by the Γ1(N) KZB connection. This follows

from a more general fact about parallel transport with respect to linearized connections.

See discussion in Appendix B.
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Chapter 5

Representation of the motivic Lie algebra

kN

The results of the previous chapter prove the existence of representations φcyc and φell of

GDR
N that fit into a commutative diagram

GDR
N

φcyc //

φell &&

Aut p(UN ,~v1)DR

ΨN
��

Aut p(E′~u,~v1)DR,

where the vertical map is induced by the Hain map. Restricting to the unipotent radical

KDR
N of GDR

N (4.1.6) induces representations of the motivic Lie algebra kDR
N .

kDR
N

φcyc //

φell ''

Der p(UN ,~v1)DR

ΨN
��

Der pN (E′~u,~v1)DR.

(5.0.1)

As mentioned in Remark 4.2.3, relations between motivic periods of MTMN are closely

related to relations in the associated depth graded of the Lie algebra kDR
N . In this chapter,

we define this depth filtration and give an explicit formula up to “first order” for the

representation φell when N is a prime power.
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5.1 Depth filtrations and polylogarithm quotients

5.1.1 Filtrations and compatibility

Fix a (possibly tangential) base point x of UN . The inclusion UN ↪→ Gm induces a map

rcyc : p(UN , x)• → p(Gm, x)• for • ∈ {B,DR}. Define the depth filtration on p(UN , x)• by

Ddp(UN , x)• =


p(UN , x)• d = 0

ker rcyc d = 1

[D1, Dd−1] d > 1.

We may identify p(UN , x)DR with L(e0, eζ | ζ ∈ µN )∧ and p(Gm, x)DR with L(e0)∧ via the

KZ connection (4.3.1) and (4.2.2). Then r(e0) = e0 and r(eζ) = 0. Thus, Ddp(UN , w)DR is

spanned by the Lie words with degree at least d in the eζ terms.

There is an analogous filtration in the elliptic case. Let Eq = Gm/q
Z be a smooth

elliptic curve and let E′q = Eq − µN . Fix a (possibly tangential) base point x ∈ E′q. The

inclusion E′q ↪→ Eq induces a map rell : p(E′q, x)• → p(Eq, x)•. The depth filtration on

p(E′q, x) is then

Ddp(E′q, x)• =


p(E′q, x)• d = 0

ker rell d = 1

[D1, Dd−1] d > 1.

Use the KZB connection to identify p(E′q, x)DR with

L(x,y, tζ)
∧/
(∑

tζ = [x,y]
)

and p(Eq, x)DR with L(x,y)∧. Then rell(x) = x, rell(y) = y, and rell(tζ) = 0. Thus,

Ddp(E′q, x)DR is spanned by the Lie words with degree at least d in the tζ terms.

Lemma 5.1.1. Suppose ϕ : f→ f′ is a homomorphism of free Lie algebras. If the induced

map ϕ∗ : H1(f)→ H1(f′) is injective, then ϕ is injective and strict with respect to the lower

central series. That is,

ϕ(Ljf′) = ϕ(f) ∩ Ljf′.
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To prove the result, it suffices to show that Gr•L f→ Gr•L f
′ is injective.

Proof. Since f and f′ are free, there are a canonical isomorphisms Gr•L f
∼= L(H1(f)) and

Gr•L f
′ ∼= L(H1(f′)) [47]. We then have the commutative diagram

Gr•L f
Gr•L ϕ //

��

Gr•L f
′

��
L(H1(f))

ϕ∗ // L(H1(f′)).

The result follows immediately.

Proposition 5.1.2. The depth filtration on p(UN , x) (resp. p(E′q, x)) induces filtrations

D• on the Betti local system PKZ,top
N (resp. Ptop

Γ1(N)) and de Rham holomorphic vector

bundle PKZ
N (resp. PΓ1(N)) with flat connection ∇KZN (resp. ∇KZBΓ1(N)

). The subbundles

DdPKZ,top
N and DdPKZ

N (resp. DdPtop
Γ1(N) and DdPΓ1(N)) are isomorphic as flat vector

bundles.

Proof. The Lie algebras GrW• pN and GrW• pKZ
N are free and thus by the Shirishov–Witt

theorem so are D1 GrW• pN and D1 GrW• pKZ
N . Both the KZ and KZB connections take values

in D0F−1 and thus transport along any path is injective on Gr1
D GrW• . Since Dd = Ld(D1),

the result follows from the lemma and taking inverse limits with respect to the weight

filtration.

The choice of notation D• is intentionally ambiguous since the filtrations are compatible

with the respect to the Hain map.

Lemma 5.1.3. The Hain map induces an injection

H1(GrW• D1p(UN ,~v1)DR)→ H1(GrW• D1p(E′~u,~v1)DR).

Proof. Observe

H1(GrW• D1p(UN ,~v1)DR) =
⊕
n≥0
ζ∈µN

Qen0 · eζ
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and

H1(GrW• D1p(E′~u,~v1)DR) =
⊕
n≥0
ζ∈µN

SmH · tζ .

The Hain map sends ΨN : en0 ·eζ 7→ Yn ·tζ mod D2p(E′~u,~v1)DR. This is clearly injective.

Corollary 5.1.4. The Hain map is strict with respect to the depth filtrations.

Proof. It follows from the Lemmas 5.1.1 and 5.1.3 that

GrW• ΨN : GrW• p(UN ,~v1)DR → GrW• p(E′~u,~v1)DR

is strict with respect to D•. Apply inverse limits with respect to the weight filtration for

the result.

The depth filtration D• pulls back along φcyc and φell in (5.0.1) to induce a depth

filtration on kN .

5.1.2 Polylog variations

Here we define the elliptic and cyclotomic polylog VMHS over E ′Γ1(N) and UN , respectively.

In the next section, we will use the Hain map to relate their limit MHS at ~u +~v1.

Elliptic case

The elliptic polylog variation Polell,N over E ′Γ1(N) is the quotient PΓ1(N)/D
2PΓ1(N). We

have the obvious short exact sequence of VMHS

0 // Gr1
DPΓ1(N)

// Polell,N
// Gr0

DPΓ1(N)
// 0.

The KZB connection modulo D1 is simply the connection (2.3.2) on H. Thus,

Gr0
DPΓ1(N) = GrW−1 PΓ1(N) = H

and

GrW• Gr1
DPΓ1(N) = GrW•

⊕
ζ∈µN

SymH · tζ ∼= GrW•
⊕
ζ∈µN

(SymH)(1)
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since each tζ generates a constant variation MHS Q(1) modulo D2. Thus, the polylog

variation Polell,N is a direct sum of extensions of H by symmetric powers SmH(1). This

is a level N or cyclotomic generalization of Beilinson and Levin’s elliptic polylog variation

[4].

Cyclotomic case

The cyclotomic polylog variation is defined analogously except with the KZN variation of

MHS. Define PolcycN to be the quotient PKZ
N /D2PKZ

N . As in the elliptic case, there is short

exact sequence

0 // Gr1
DPKZ

N
// PolcycN

// Gr0
DPKZ

N
// 0.

We know the holomorphic vector bundle associated to the kernel Gr1
DPKZ

N ⊗OUN is spanned

by em0 · eζ . In the next section, we will show Gr1
DPKZ

N in fact splits as a MHS

GrM• Gr1
DPKZ

N
∼= GrM•

⊕
m≥0
ζ∈µN

Q(m+ 1)DR,

where em0 ·eζ each span a copy of Q(m+1)DR. Meanwhile, the quotient Gr0
DPKZ

N is spanned

by the class of e0, hence Gr0
DPKZ

N is isomorphic to the constant VMHS Q(1) over UN .

Remark 5.1.5. One can also obtain the variation PolcycN by restricting PolellN to a neigh-

borhood of the cusp q = 0 and taking monodromy invariants. We know from (3.6.1) that

the residue of the connection on PolellN is Y∂/∂X, and thus monodromy around the cusp

is given by exp(−Y∂/∂X). The invariants are generated by Y and tζ , which is precisely

the image of PolcycN under the Hain map.

5.2 Limit MHS of polylogarithm variations

To compute the action (5.0.1) of kN , we must know the limit MHS of the cyclotomic and

elliptic polylogarithm variations at ~v1. We proceed by first computing the limit MHS of

the cyclotomic polylog at ~w1 and then use parallel transport of the KZN connection along

dch to compute the limit MHS of the cyclotomic polylog at ~v1.
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5.2.1 Preliminaries

If X is a topological space, denote the free abelian group on the set of homotopy classes of

paths in X from x to y by H0(Px,yX). These groups form a local system

{H0(Px,yX)}(x,y) → X ×X. (5.2.1)

If x = y, then H0(Px,yX) is canonically isomorphic to Qπ1(X,x). Powers of the augmenta-

tion ideal I of Qπ1(X,x) define a filtration on H0(Px,yX) which extends to a flat filtration of

the local system (5.2.1). Each fiber has a completion H0(Px,yX,Q)∧ in the I-adic topology.

The corresponding variation of completed groups

{H0(Px,yX,Q)∧}(x,y) → X ×X

is an admissible variation of MHS whose fiber over (x, x) is canonically isomorphic to the

MHS on Qπ1(X,x)∧ [40].

5.2.2 The limit MHS of PolcycN at ~w1

The variation (5.2.1) can be described explicitly when X = UN . Restrict the variation

{H0(Px,yUN ,Q)∧}(x,y) to UN × {~w1}

{H0(Pw,~w1
UN ,Q)∧}w∈UN → UN .

By (4.2.2), the restricted variation is isomorphic, as a flat vector bundle, to

UN × C〈〈e0, eζ | ζ ∈ µN 〉〉 → UN

with connection ∇ = d+ e0ω0 +
∑

eζωζ , where each er acts via left multiplication. This is

a cyclotomic version of the classical polylogarithm variation [33].

Recall the augmentation ideal J of C〈〈e0, eζ | ζ ∈ µN 〉〉. Define the left ideal J of

H0(P~w1,~w1
UN )∧ generated by {Je0, eζJ | ζ ∈ µN}. Set Jm = J + Jm. Then the quotient

J/Jm has basis {
e0, eζ , e0eζ , . . . , e

m−1
0 eζ | ζ ∈ µN

}
.
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Let JN,m be the variation over UN given by

UN × J/Jm → UN .

Denote the inverse limit of the JN,m by JN . It is simply the variation

UN × J/J → UN .

(As written, JN and JN,m are only holomorphic vectors bundles with flat connection and

Hodge and weight filtrations. In order to view them as variations, we consider the rational

structure induced by Chen’s transport formula as in §4.2.2.)

Proposition 5.2.1. There is an isomorphism of variations of MHS PolcycN → JN given

by the expected formula

e0 7−→ e0

en0 · eζ 7−→ en0eζ .

Proof. The variations PolcycN and JN are both sub-quotients of {H0(Pw,~w1
UN ,Q)∧}w∈UN .

Moreover, we know

en0 · eζ ≡ e0eζ mod J .

Thus, the map preserves the connection and the rational structure.

Next, for each ζ ∈ µN , let Uζ := Gm − {ζ}. Define Jζ to be the augmentation ideal of

C〈〈e0, eζ〉〉 viewed as a subalgebra of C〈〈e0, eζ : ζ ∈ µN 〉〉. Define left ideals

Jζ = J ∩ C〈〈e0, eζ〉〉 and Jm,ζ = Jm ∩ C〈〈e0, eζ〉〉.

Let JζN,m be the variation over Uζ given by

Uζ × (Jζ/Jm,ζ)→ Uζ .

The rational structure of JζN,m is pulled back from J1,m = J1
N,m along the map z 7→ z/ζ.

Thus, JζN,m is isomorphic to the trivial C〈〈e0, eζ〉〉-bundle over Uζ with connection ∇ =

d+ e0ω0 + eζωζ .
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The inclusion Uζ ↪→ Gm induces a surjection at ~w1

Qπ1(Uζ , ~w1)∧ → Qπ1(Gm, ~w1)∧.

This induces a surjection on the quotients

Υζ
N,m : JζN,m

∣∣
~w1
→ J ∩ C〈〈e0〉〉
Jm ∩ C〈〈e0〉〉

∼= Ce0.

The inclusion D∗ ↪→ Uζ induces a splitting of map Υζ
N,m above and thus the limit MHS at

~w1 splits as

JζN,m
∣∣
~w1

∼= Q(1)⊕ ker Υζ
N,m

∣∣
~w1
, (5.2.2)

where the de Rham realization of the Q(1) summand is spanned by e0. The other summand

ker Υζ
N,m is spanned by {eζ , e0eζ , . . . , e

m−1eζ}. The connection on ker Υζ
N,m is∇ = d+e0ω0

since eζ acts trivially.

Lemma 5.2.2. The limit MHS on ker Υζ
N,m splits completely at ~w1 and ~v1 as Q(1)⊕Q(2)⊕

· · · ⊕Q(m− 1), where the de Rham generator of the copy of Q(n) summand is en−1
0 eζ .

Proof. The kernel of Υζ
N,m and the mth symmetric power of the logarithm variation are

isomorphic as holomorphic vector bundles with flat connection. Thus, if the limit MHS of

ker Υζ
N,m splits at ~w1, it does at ~v1 as well (see Example 2.7.4).

To show the limit MHS splits at ~w1, first observe

H0(Pw,~w1
Uζ ,Q)∧ ∼= H0(Pwζ,~wζ

U1,Q)∧

via the change of variables w 7→ w/ζ and eζ 7→ e1. Let γ be the loop in U1 based at ~wζ

which travels counterclockwise to ~w1, via dch to −~v1, around 1 counterclockwise, and back

to to ~wζ .

~wζ
dch

σ1λζ
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For convenience, denote the path from ~wζ to ~w1 by λζ and the loop about 1 by σ1. We

will use Chen’s transport formula (4.2.2) along γ to compute an element of the rational

structure of H0(P~wζ ,~wζU1,Q)∧ which descends to a rational vector in J/J 1
N,m. We first

compute some regularized iterated integrals needed in the proof. These are

1.

∫
λζ

ω0 · · ·ω0︸ ︷︷ ︸
n

=
1

n!

(2πi)n

kn
where 0 ≤ k < N and ζ = e2πik/N ,

2.

∫
dch

ω0 · · ·ω0︸ ︷︷ ︸
n

=
1

n!

(∫
dch

ω0

)n
= 0,

3.

∫
σ1

ωr1 · · ·ωrn =
1

n!

n∏
k=1

∫
σ1

ωrk = 0 unless rk = 1 for all k,

4.

∫
σ1

ω1 = 2πi.

Chen’s transport along the loop based at ~w1 yields

Θ~w1
(dch · σ1 · dch−1)

≡ 1 +
∑
n≥1

rs∈{0,1}

er1 · · · ern
∫
γ
ωr1 · · ·ωrn

≡ 1 +
∑
n≥1

j+k+`=n
rs∈{0,1}

er1 · · · ern
∫

dch
ω1 · · ·ωrj

∫
σ1

ωrj+1 · · ·ωrk
∫

dch−1
ωrk+1

· · ·ωr`

≡ 1 + 2πie1 mod J 1
N,m

since every product vanishes except when j = ` = 0, k = 1, and r1 = 1. It follows that

Θ~wζ
(γ) ≡

1 +
∑
n≥1

∫
λζ

ω0 · · ·ω0︸ ︷︷ ︸
n

 (1 + 2πie1)

1 +
∑
n≥1

∫
λ−1

ζ

ω0 · · ·ω0︸ ︷︷ ︸
n


≡ 1 +

m−2∑
n=0

1

n!

(2πi)n+1

kn
en0e1 mod J 1

N,m.

Let 1~wζ be the constant path at ~wζ . Then

Θ~wζ
(γ − 1~wζ ) ≡

m−2∑
n=0

1

n!

(2πi)n+1

kn
en0e1 mod J 1

N,m

76



is a Q-Betti element of ker Υζ
N,m. We also know from (5.2.2) that 2πie0 is a Q-Betti element.

Thus, all products of 2πie0 and Θ~wζ
(γ) are also Q-Betti. In particular, (2πi)n+1en0e1 is a

Q-Betti element of ker Υζ
N,m for n = 0, . . . , (m− 2).

Corollary 5.2.3. The limit MHS of PolcycN at ~w1 splits completely as

PolcycN

∣∣
~w1

∼= Q(0)⊕
⊕
n≥0
ζ∈µN

Q(n+ 1),

where e0 spans Q(0)DR and each en0 · eζ spans a copy of Q(n+ 1)DR.

Proof. The inclusions UN ↪→ Uζ induce a morphism of variations of MHS JN,m → JζN,m for

each ζ ∈ µN . The inclusion UN ↪→ Gm induces a split surjection

ΥN,m : JN,m
∣∣
~w1
→ Q(1).

The variation JN,m is the pullback

0 //
⊕
ζ∈µN

ker Υζ
N,m

//
⊕
ζ∈µN

JζN,m //
⊕
ζ∈µN

Q(1) // 0

0 // ker ΥN,m
// JN,m

OO

// Q(1) //

∆
OO

0,

where ∆ is the diagonal map. After taking inverse limits, it follows from (5.2.2) and the

previous lemma that the top row (and hence the bottom row) splits. The result follows

from Proposition 5.2.1.

5.2.3 The limit MHS of PolcycN at ~v1

The results of the previous section imply that the fiber p(UN , ~w1)/D2 of the polylog varia-

tion of MHS at ~w1 splits as a MHS:

p(UN , ~w1)/D2 ∼= Q(1)⊕
⊕
m≥0
ζ∈µN

Q(m+ 1)

with de Rham basis e0 and em0 · eζ and Betti basis 2πie0 and (2πi)m+1e0 · eζ . We may

now compute the limit MHS of PolcycN at ~v1 by transporting the Q-Betti structure of the
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limit MHS at ~w1 to ~v1. We first transport along the straight line path dch to −~v1 and then

around the puncture at 1 ∈ Gm to ~v1.

At ~v1, the limit MHS has de Rham basis e0 and em0 · eζ . The parallel transport from

~v1 to ~w1 is given by left multiplication of the regularized transport T (dch) of the KZN

connection (4.3.1) along dch. We have:

T (dch) ≡ T (dch−1)−1

≡ 1 +
∑
m≥1
ζ∈µN

em0 · eζ
∫

dch−1
ω0 · · ·ω0︸ ︷︷ ︸

m

ωζ

≡ 1 +
∑
m≥1
ζ∈µN

(−1)m+1em0 · eζ
∫

dch
ωζ ω0 · · ·ω0︸ ︷︷ ︸

m

≡ 1 +
∑
m≥1
ζ∈µN

(−1)mLim+1(ζ)em0 · eζ

which acts via the left adjoint action. The third and fourth lines follow from (2.7.1) and

(2.7.4), respectively. Applying T (dch) to the Q-Betti basis of the limit MHS at ~w1 yields

the Q-Betti basis of the limit MHS at −~v1:

T (dch) :



(2πi)n+1en0 · eζ 7−→ (2πi)n+1en0 · eζ

2πie0 7−→ 2πie0 + 2πi
∑
m≥2
ζ∈µN

(−1)mLim(ζ)em0 · eζ

Finally, transport from −~v1 to ~v1 is simply exp(2πie1/2) ≡ 1 + πie1 mod D2. Applying

this to the image of T (dch) yields a Q-Betti basis of p(UN ,~v1) given in the following table.

Weight Q-Betti generators

−2 2πie0 −
(2πi)2

2
e0 · e1 + 2πi

∑
m≥2
ζ∈µN

(−1)mLim(ζ) em0 · eζ

−2m− 2 (2πi)m+1em0 · eζ

For later use, we define a slightly different basis. We first need a lemma.
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Lemma 5.2.4. If m ≥ 2 and ζ ∈ µN , then

Lim(ζ) + (−1)mLim(ζ) ∈ (2πi)mQ

Proof. The mth Bernoulli polynomial Bm(x) has Fourier expansion

Bm(x) = − m!

(2πi)m

∑
k 6=0

e2πikx

km
.

Thus,

−(2πi)m

m!
Bm(x) =

∑
k<0

(e2πix)k

km
+
∑
k>0

(e2πix)k

km

=
∑
k>0

(e−2πix)k

(−k)m
+
∑
k>0

(e2πix)k

km

= (−1)mLim(e−2πikx) + Lim(e2πikx).

Set x = 1
2πi log ζ with choice of logarithm such that x ∈ [0, 1). The result follows from the

fact both x and the coefficients of the polynomial Bm(x) are in Q.

Applying the lemma, we can write down another a simpler Q-Betti basis of p(UN , ~w1).

It will streamline computations in the later sections.

Weight Q-Betti generators

−2 2πie0 − 2πi
∑
m≥2
ζ∈µN

Lim(ζ) em0 · eζ

−2m− 2 (2πi)m+1em0 · eζ

Let Em,ζ ∈ Ext1
MHS(Q,Q(m)) denote the extension of Q by Q(m) with period Lim(ζ).

The quotient of p(UN ,~v1)/D2 generated by e0 and em0 · eζ is an extension of Q(m+ 1) by

Q(1) with period −Lim(ζ), hence isomorphic to −Em,ζ(1) as a MHS. Thus, p(UN ,~v1)/D2

is the pull-back of the direct product of all extensions −Em,ζ(1) via the diagonal map
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∆ : Q(1)→
∏

Q(1).

0 //
∏
m≥0
ζ∈µN

Q(m+ 1) // p(UN ,~v1)/D2 //

��

Q(1) //

∆

��

0

0 //
∏
m≥0
ζ∈µN

Q(m+ 1) // E //
∏
m≥2
ζ∈µN

Q(1) // 0

The extension E in the diagram is

E =
⊕
ζ∈µN

(Q(1)⊕Q(1))⊕
⊕
ζ∈µN

(Q(2)⊕Q(1))⊕
∏
m≥2
ζ∈µN

−Em,ζ(1),

where each copy of Q(1)⊕Q(1) is a trivial extension spanned by 2πie0 and 2πieζ each copy

of Q(2)⊕Q(1) is a trivial extension spanned by (2πi)2e0 · eζ and 2πie0.

5.2.4 The limit MHS of PolellN at ~v1

Recall PolellN is an extension

0 //
⊕
m≥0
ζ∈µ

SmH(1) // PolellN
// H // 0,

of variations of MHS, where the copy of SmH(1) corresponding to ζ ∈ µN is SmH · tζ . The

limit of this variation of MHS at ~u +~v1 is isomorphic to p(E′~u,~v1)/D2. It is an extension

0 //
∏
m≥0
ζ∈µN

SmH~u · tζ // p(E′~u,~v1)/D2 // H~u // 0,

of MHS, where H~u is the limit MHS of H at ~u (see §2.3.2). The MHS H~u is isomorphic to

Q(0) ⊕ Q(1) and has Q-DR realization QX ⊕ QY where Q(0) has de Rham generator X

and Q(1) has de Rham generator Y.

Let Vm,ζ ∈ Ext1
MHS(H~u, S

mH~u(1)) be the sub-quotient of p(E′~u,~v1)/D2 generated by

H~u and SmH~u · tζ . As with the cyclotomic polylog, we observe that p(E′~u,~v1)/D2 is the
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pull-back of the direct product of the extensions Vm,ζ via the diagonal map ∆ : H~u →
∏
H~u

(see diagram):

0 //
∏
m≥0
ζ∈µN

SmH~u · tζ // p(E′~u,~v1)/D2 //

��

H~u //

∆

��

0

0 //
∏
m≥0
ζ∈µN

SmH~u · tζ //
∏
m≥0
ζ∈µN

Vm,ζ //
∏
m≥0
ζ∈µN

H~u // 0

Since the Hain map preserves depth filtrations, it induces a map on the polylog quotients.

On the fiber over ~u +~v1, we have the commutative diagram

0 //
∏
m≥0
ζ∈µN

Cem0 · eζ //

��

p(UN ,~v1)/D2 //

��

Ce0
//

��

0

0 //
∏
m≥0
ζ∈µN

SmH~u · tζ // p(E′~u,~v1)/D2 // H~u // 0,

(5.2.3)

of de Rham realizations, where each vertical arrow is induced by the Hain map. Our task

is to use the knowledge of the periods of the upper extension to compute the periods of the

lower extension. To do this, it is best to decompose the extension.

Lemma 5.2.5. The mth symmetric power of the limit MHS H~u splits as

SmH~u = Q(0)⊕ · · · ⊕Q(m).

The de Rham generator of Q(r) is Xm−rYr.

Recall −Em,ζ(1) is the extension of Q(1) by Q(m+1) with period −Lim(ζ). For m ≥ 2,

the diagram (5.2.3) decomposes into a direct product of maps −Em,ζ(1)→ Vm,ζ .

0 // Cem0 · eζ //

��

−Em,ζ(1) //

��

Ce0
//

��

0

0 //
m⊕
r=0

CXm−rYr · tζ // Vm,ζ // CX⊕ CY // 0.
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The Betti Q-basis of the top extension −Em,ζ(1) maps to a Betti Q-basis of the bottom

extension Vm,ζ .

M -weight Q-Betti generator of Vm,ζ

−2 2πiY − 2πiLim(ζ)Ym · tζ

−2r − 2 (2πi)r+1Xm−rYr · tζ

There must also be a Q-Betti vector

XB = X−
m∑
r=0

crX
m−rYr · tζ

in Vm,ζ that projects onto X in H~u. Monodromy preserves the rational structure. Recall

from (3.6.2) the nilpotent residue at q = 0 given by Lq,0 ≡ Y∂/∂X mod D2. Thus,

(exp(2πiLq,0)− 1)XB = 2πiY − exp(2πiLq,0)
m∑
r=0

crX
m−rYr · tζ

is also rational. Given the rational vectors in the table above, we may choose cm−1 = Lim(ζ)

and cr = 0 for r 6= m− 1. We have proven the following.

Proposition 5.2.6. When m ≥ 2, the extension Vm,ζ has a de Rham splitting given by

X 7→ X− Lim(ζ)XYm−1 · tζ

Y 7→ Y − Lim(ζ)Ym · tζ .

Corollary 5.2.7. When m ≥ 2 and ζ 6= 1, the pull-back of Vm,ζ ⊕ Vm,ζ along the diagonal

map H~u → H~u ⊕H~u has de Rham splitting

X 7→ X− Lim(ζ)XYm−1 · (tζ + (−1)m+1tζ)

Y 7→ Y − Lim(ζ)Ym · (tζ + (−1)m+1tζ).

Proof. Use the splitting in the previous statement for ζ and ζ. Then recall Lim(ζ) +

(−1)mLim(ζ) ∈ (2πi)mQ.
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This splitting may be described in terms of the derivations which appear in the KZB

connection. For m ≥ 2, define

εop
m+1,ζ :=

1

(m− 1)!

(
Y

∂

∂X

)m−1

· εm+1,ζ ,

where εm+1,ζ is the derivation defined in (3.2.1).

Corollary 5.2.8. The de Rham splitting of the pull-back of Vm,ζ ⊕Vm,ζ along the diagonal

map H~u → H~u ⊕H~u is

1 + Lim(ζ)εop
m+1.

Proof. Use (3.2.1) to observe

εm+1,ζ ≡ ad
(
Xm−1 · (tζ + (−1)m+1tζ)

)
mod D2p(E′~u,~v1).

Apply 1
(m−1)!

(
Y ∂
∂X

)m−1
to get the splittings in Corollary 5.2.7.

Note that Lim(ζ)εop
m,ζ is invariant under complex conjugation since by (3.2.3)

εop
m+1,ζ = (−1)m+1εop

m+1,ζ

and by Lemma 5.2.4

Lim(ζ) ≡ (−1)m+1Lim(ζ) ∈ C/(2πi)m ∼= Ext1
MHS(Q,Q(m)).

Remark 5.2.9. In the case ζ = 1, we see Vm,1 splits when m is even and has de Rham

splitting 1
2ζ(m)εop

m+1,1 when m is odd.

Remark 5.2.10. Parallel transport via regularized iterated integrals of KZBN of the exten-

sions Vm,ζ gives extensions of H by SmH(1) over E ′Γ1(N) (and Y1(N) and YΓ1(N),~1(N) by

restriction). Thus, each Vm,ζ is the fiber over ~v + ~w of a variation of MHS over E ′N that

represents a class of

Ext1
MHS(E ′

Γ(N)
)(H, S

mH(1))

whose monodromy invariants at ~u are an element of Ext1
MHS(UN )(Q(1),Q(m+ 1)).
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5.3 Hodge realizations of Ext1MTMN
(Q,Q(m))

We observed in §5.2.3 that, up to Tate twists, the Hodge realization of p(UN ,~v1)/D2 is

the sum (as extensions) of extensions −Em,ζ(1) in Ext1
MHS(Q(1),Q(m + 1)). Since the

extensions Em,ζ are subquotients of the mixed Tate motive p(UN ,~v1), they are realizations

of rational classes in Ext1
MTMN

(Q,Q(m)) [21, §5]. In this section, we use these extensions

to construct an explicit basis of Ext1
MTMN

(Q,Q(m)).

When m ≥ 1, the period map

Ext1
MHS(Q,Q(m))→ C/(2πi)mQ

on 1-extensions of MHS is an isomorphism [14]. Thus, we have the composition

spanQ{Em,ζ | ζ ∈ µN} ↪→ Ext1
MTMN

(Q,Q(m))

→ Ext1
MHS(Q,Q(m))

∼−→ C/(2πi)mQ. (5.3.1)

The image of each extension is Em,ζ in C/(2πi)mQ is the period Lim(ζ). When m ≥ 2,

Goncharov [30] proved there is an isomorphism

spanQ{Limζ | ζ ∈ µN} ∼= K2m−1(ON )⊗Q.

Thus, by (4.1.4) the inclusion in (5.3.1) is an isomorphism. Therefore, Q-linear relations in

Ext1
MTMN

(Q,Q(m)) correspond exactly to Q-linear relations between the periods Lim(ζ) in

C/(2πi)mQ.

Remark 5.3.1. When m = 1, the extensions E1,ζ do not span Ext1
MTMN

(Q,Q(1)). One

must add extensions with period log p for all primes p that divide N . This is essentially

equivalent to Dirichlet’s unit theorem.

We recall a useful fact about polylogarithms.

Lemma 5.3.2. Suppose ` is a positive integer. Then the distribution relation of polyloga-

rithms is

`m−1
∑
w`=z

Lim(w) = Lim(z). (5.3.2)
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The proof follows directly from the power series expansion of the polylogarithm function.

Details can be found in [30, §2].

Corollary 5.3.3. Suppose ζ is a primitive dth root of unity. If p is prime, then Lim(ζ) is

a Q-linear combination of values of Lim at primitive (dp)th roots of unity.

Proof. There exists a primitive (dp)th root of unity ξ such that ξp = ζ. Then by the

distribution relation,

Lim(ζ) = pm−1
∑
wp=ζ

Lim(w) = pm−1
p−1∑
k=0

Lim(ξkd+1).

If p | d, then gcd(kd + 1, p) = 1 for all k, hence gcd(kd + 1, dp) = 1 and each ξkd+1 is

primitive, completing the proof. On the other hand, if p - d, then there is exactly one

` ∈ {0, 1, . . . , p− 1} such that p | `d+ 1. Then ξ`d+1 is a dth primitive root of unity. Every

root ξkd+1 for k 6= ` is a primitive (dp)th root of unity. One can then use the distribution

relation again to rewrite Lim(ξ`d+1) as a sum of values of Lim. After no more than p

iterations, the original primitive dth root of unity ζ will appear in the sum. One can then

solve for Lim(ζ) in terms of Lim(η) with η ∈ µdp primitive.

Proposition 5.3.4. When m ≥ 2, the extensions Em,ζ with ζ ∈ µN primitive and Im ζ > 0

form a basis of Ext1
MTMN

(Q,Q(m)).

Proof. Suppose d | N and η is a primitive dth root of unity. There are primes p1, . . . , pn

(not necessarily distinct) such that N = dp1 · · · pn. One can apply the result of the previous

lemma n times to write Lim(η) as Q-linear combination of Lim(ζ) with ζ ∈ µN primitive.

Thus, the extensions Em,ζ with ζ ∈ µN primitive generate Ext1
MTMN

(Q,Q(m)). It follows

from Lemma 5.2.4 that Em,ζ ≡ (−1)m+1Em,ζ mod Q(m). Thus, we need only consider

those Em,ζ with positive imaginary part. The result follows from counting dimension and

the fact that the inclusion in (5.3.1) is an isomorphism.

Example 5.3.5. Suppose N = pn is a prime power. Let ζ ∈ µN be a primitive (pk)th root
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of unity for 0 < k ≤ n. It follows from the distribution relation (5.3.2)

Lim(ζ) = (pn−k)m−1
∑
η∈µN

ηp
n−k

=ζ

Lim(η). (5.3.3)

Note that each of the roots η in the sum are primitive. Then

ζ(m) = Lim(1) = Nm−1
∑
ζ∈µN

Lim(ζ)

= Nm−1ζ(m) +Nm−1
n∑
k=1

∑
ζ∈µN

pk-primitive

(pn−k)m−1
∑
η∈µN

ηp
n−k

=ζ

Lim(η)


= Nm−1ζ(m) +Nm−1

∑
ζ∈µN

primitive

n∑
k=1

(pn−k)m−1Lim(ζ)

= Nm−1ζ(m) +Nm−1 1−Nm−1

1− pm−1

∑
ζ∈µN

primitive

Lim(ζ).

Rearranging,

ζ(m) =
Nm−1

1− pm−1

∑
ζ∈µN

primitive

Lim(ζ).

Thus, as extensions in Ext1
MTMN

(Q,Q(m)),

Em,1 =
Nm−1

1− pm−1

∑
ζ∈µN

primitive

Em,ζ , (5.3.4)

where summation is the Baer sum of extensions. Note that by Lemma 5.2.4 this last

statement is trivial when m is even.

5.4 The action of H1(kN)

For the remainder of the thesis, we are concerned only with the de Rham fiber functor of

MTMN . Thus, we will omit the mention of DR from GDR
N , KDR

N , and kDR
N .

The Hochschild–Serre spectral sequence associated to the short exact sequence (4.1.6)

converges

Es,t2 = Hs(Gm, H
t(KN ,Q(m)))⇒ Hs+t(GN ,Q(m)).
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The group Gm is reductive, and thus Hs(Gm,−) = 0 for s > 0. It follows that

Ht(KN ,Q(m))Gm = H0(Gm, H
t(KN ,Q(m)))

= Ht(GN ,Q(m))

= ExttMTMN
(Q,Q(m)).

Therefore,

H1(kN ,Q) =
∏
m>0

Ext1
MTMN

(Q,Q(m))∨ ⊗Q(m).

When m ≥ 2, we have a basis of Ext1
MTMN

(Q,Q(m)) from Proposition 5.3.4. One can

then specify a dual basis

{σm,ζ | ζ ∈ µN primitive, Im ζ > 0}

of H1(kN ). We can also define σm,ζ for ζ primitive and Im ζ < 0 by the relations induced

by Lemma 5.2.4

σm,ζ = (−1)m+1σm,ζ .

We may then choose non-canonical lifts σm,ζ ∈ kN of each σm,ζ ∈ H1(kN ) satisfying the

same relation

σm,ζ = (−1)m+1σm,ζ . (5.4.1)

Suppose {vDR
0 ,vDR

m } is a Q-de Rham basis of Em,ζ with vm ∈ M−2mEm,ζ . The action

of expσm,ζ ∈ KN on Em,ζ stabilizes the associated graded GrM• Em,ζ . Thus,

expσm,ζ :


vDR

0 7−→ vDR
0 + cvDR

m

vDR
m 7−→ vDR

m

for some c ∈ Q. We may scale σm,ζ such that c = 1 and set

σm,ζ :


vDR

0 7−→ vDR
m

vDR
m 7−→ 0.

The action of σm,ζ on basis elements Em,ξ with Im ξ > 0 and ξ 6= ζ is trivial.
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Proposition 5.4.1. Suppose V1, . . . , Vn ∈ Ext1
MTMN

(Q,Q(m)). The action of σm,ζ on the

pull-back of
⊕

k Vk along the diagonal map ∆ : Q → Qn is the sum of the actions of σm,ζ

on each Vk individually.

Proof. Consider the diagram of de Rham realizations below.

0 // (Q(m)DR)n //
⊕

k V
DR
k

// (QDR)n // 0

0 // (Q(m)DR)n // ∆∗(
⊕

k V
DR
k )

OO

// QDR

∆

OO

// 0

The vertical maps are reaizations of morphisms in MTMN and thus kN -equivariant. Thus,

the direct sum of the actions of σm,ζ on each Vk pulls back to the their sum.

Corollary 5.4.2. The action of σm,ζ on Em,ζ is (−1)m+1 times the action of the σm,ζ on

Em,ζ .

Proof. Consider the Baer sum Em,ζ + Em,ζ in the diagram below.

0 // Q(m)DR ⊕Q(m)DR //

Σ
��

∆∗(Em,ζ ⊕ (−1)mEm,ζ)

��

// QDR // 0

0 // Q(m)DR // Em,ζ + (−1)mEm,ζ
// Q(m)DR // 0

Since Em,ζ+(−1)mEm,ζ splits as a MHS and thus also in MTMN , the action of kN is trivial.

The results follows from kN -equivariance of the vertical maps.

5.5 Galois representation of kN

Recall action of kN on p(UN ,~v1) and p(E′~u,~v1)

kN
φcyc //

φell &&

Der p(UN ,~v1)

ΨN
��

Der pN (E′~u,~v1),

where the Hain map (4.3.2) is kN -equivariant. If δ ∈ GrM−2m Der p(E′~u,~v1) is a derivation,

define its head to be the projection of δ on the highest W -graded quotient for which it is
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nonzero. For each generator σm,ζ ∈ kN , our goal is to compute the head of φell(σm,ζ) ∈

GrM−2m Der p(E′~u,~v1).

Lemma 5.5.1. The image of φell commutes with the residue Lq=0 of the Γ1(N) KZB

connection (3.6.2), that is,

[φell(σm,ζ), Lq=0] = 0

for all σm,ζ ∈ kN .

Proof. The residue Lq=0 spans a copy of Q(1) in Der p(E′~u,~v1). The action of kN on semisim-

ple objects of MTMN is trivial.

Define the special derivations SDer pN to be the subalgebra

{δ ∈ Der pN | δ(t1) = 0, δ(tζ) = [uζ , tζ ] for some uζ ∈ pN}.

This is the Lie algebra of the special automorphisms of pN given by

{σ ∈ Aut pN | σ(t1) = t1, σ(tζ) = euζtζe
−uζ for some uζ ∈ pN}.

Lemma 5.5.2. The sub-variation of MHS of PΓ1(N) restricted to YΓ1(N),~1(N) with fiber

SDer pN is admissible.

Proof. Each of the derivations εm,ζ is special (see Remark 3.2.1). Thus, the residues Lq,P

at each cusp are also special. The residue along the zero section Lz=0 = ad t1 is clearly

special as well. Thus, the sub-VMHS generated by special derivations is admissible.

Lemma 5.5.3. The image of φell is contained in SDer p(E′~u,~v1).

Proof. We will show the image of the Galois representation KN → Aut p(E′~u,~v1) lies in the

special automorphisms of p(E′~u,~v1).

Fix an Nth root of unity ζ ∈ µN ⊂ Gm ⊂ E~u. Let ` denote a path from ~v1 to ~vζ , and

let κ denote a small positively oriented loop based at ~vζ traveling around ζ once. Then the

term exp tζ ∈ exp p(E′~u,~v1) corresponds to the homotopy class of `κ`−1.
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Let D be a contractible neighborhood of ζ containing no other roots of unity. Then

p(D − {ζ},~vζ) ∼= L(log κ)∧, which is a pro-object of MTMss
N . Thus, the action of KN fixes

log κ and also κ. Therefore, if expσ ∈ KN , we have

(expσ)(exp tζ) = `σκ(`σ)−1

= `σ(`−1`)κ(`−1`)(`σ)−1

= (`σ`−1)(exp tζ)(`
σ`−1)−1.

Note that `σ`−1 is a loop based at ~v1. Thus, by Proposition 2.6.1, `σ`−1 = eu for some

u ∈ p(E′~u,~v1). Then σ(exp tζ) = euetζe−u. Applying a logarithm gives

(expσ)(tζ) = log(euetζe−u)

= log(Ad(eu) exp tζ)

= log(exp Ad(eu)tζ)

= Ad(eu)tζ .

If ζ = 1 and ` is the trivial path, then (expσ)(t1) = t1. Thus, KN acts on p(E′~u,~v1) via

special automorphisms. Again applying logarithm shows

σ(tζ) = log(Ad(eu))(tζ) = log(exp(adu)) · tζ = [u, tζ ].

Thus, φell(σ) is a special derivation of p(E′~u,~v1).

Lemma 5.5.4. W−2 SDer pN = M−2W−2 SDer pN .

Proof. Suppose δ ∈W−2 SDer pN . Every nontrivial component of δ(X) are Lie words with

degree at least one in Y or tζ , and thus δ(X) ∈M−2pN . We also have δ(tζ) = [uζ , tζ ] since

δ is special. If uζ ∈W−2, then uζ ∈M−2 as well (see filtrations in §3.5).

It remains to show δ(Y) ∈M−4pN . We know

[X, δ(Y)] = δ([X,Y])− [δ(X),Y)].

Since [X,Y] =
∑

tζ , we have δ([X,Y]) ∈ M−4pN . Since δ(X) ∈ M−2pN , we also know

[δ(X),Y] ∈M−4pN . It follows that δ(Y) ∈M−4pN , hence δ ∈M−2 SDer pN .
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Proposition 5.5.5. For m ≥ 2, φell(σm,ζ) ∈W−m−1 SDer p(E′~u,~v1).

Proof. Suppose φell(σm,ζ) ∈ W−k SDer p(E′~u,~v1) and φell(σm,ζ) /∈ W−k−1 SDer p(E′~u,~v1).

Since the sub-variation of MHS of special derivations is admissible, it follows from Lemma

5.5.1 that φell(σm,ζ) is a lowest weight vector in the sl2 representation GrW−k SDer p(E′~u,~v1).

Since φell(σm,ζ) ∈ M−2m SDer p(E′~u,~v1), the isomorphism in Definition 2.3.2 implies the

corresponding highest weight vector is in

M2m−2k GrW−k SDer p(E′~u,~v1).

By assumption m ≥ 2 and thus k ≥ 2 since GrM−1 pN = 0. Since the highest weight vector

is by definition nontrivial, it follows from the previous lemma that k ≥ m+ 1.

Theorem 5.5.6. When N ≥ 2 and ζ ∈ µN is primitive, the head of φell(σm,ζ) is congruent

to

εop
m+1,ζ +

∑
η not primitive

cηε
op
m+1,ξ

in Gr−m−2
W Der(p(E′~u,~v1)/D2) for some constants cη ∈ Q.

Proof. Recall from §5.2.3 the limit MHS of the cyclotomic polylog p(UN ,~v1)/D2 is the

pull-back of the direct product of extensions −Em,ζ(1). For ζ ∈ µN primitive, the action

of σm,ζ (see §5.4) on −Em,ζ(1) is given by

σm,ζ : e0 7−→ −em0 · eζ .

And since −Em,ζ ≡ (−1)mEm,ζ as extensions of MHS, the action of σm,ζ on −Em,ζ(1) is

σm,ζ : e0 7−→ (−1)mem0 · eζ .

Applying the Hain map, the action of σm,ζ on the pull-back of the direct sum Vm,ζ ⊕ Vm,ζ

is equivalent to εop
m+1,ζ (this is essentially the same argument as in Corollary 5.2.7).

Moreover, σm,ζ acts trivially on −Em,ξ(1) for all primitive ξ /∈ {ζ, ζ}. Thus, φell(σm,ζ)

has a trivial εop
m+1,ξ component. The constants cη are determined by the decomposition of

91



Em,η for η primitive into a sum of extensions Em,ξ with ξ primitive. By Lemma 5.2.4, we

know such a decomposition exists and that the coefficients are rational.

Since each derivation εop
m+1,ζ has W -weight −m− 1, it follows from the previous result

that this is the head of φell(σm,ζ).

When N is a prime power, we can use Example 5.3.5 to compute the constants cη.

Theorem 5.5.7. When N = pn is a prime power and ζ is a primitive N th root of unity,

the head of φell(σm,ζ) is congruent to

εop
m+1,ζ +

Nm−1

1− pm−1
εop
m+1,1 +

n−1∑
k=1

pk(m−1)εop

m+1,ζpk

in Gr−m−2
W Der(p(E′~u,~v1)/D2).

Proof. By the previous statement, εop
m+1,ζ is the only derivation indexed by a primitive root

of unity to appear in the head.

For 1 ≤ k < n, one deduces from (5.3.3) that σm,ζ acts on −E
m,ζpk

(1) by

σm,ζ : e0 7−→ −pk(m−1)em0 · eζpk .

Similarly, the action on −E
m,ζ

pk (1) is

σm,ζ : e0 7−→ (−1)mpk(m−1)em0 · e
ζ
pk .

The extension Em,1 decomposes as a Q-linear combination of Em,ζ with ζ primitive (see

Example 5.3.5). It follows that σm,ζ acts on −Em,1(1) by

σm,ζ : e0 7−→ −
Nm−1

1− pm−1
(1 + (−1)m) em0 · e1.

Applying the Hain map yields the result

φell(σm,ζ) ≡ εop
m+1,ζ +

Nm−1

1− pm−1
εop
m+1,1 +

n−1∑
k=1

pk(m−1)εop

m+1,ζpk
.
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This formula respects the relations (5.4.1) thanks to the relation between derivations

(3.2.3).

Corollary 5.5.8. When N is prime, the head of φell(σm,ζ) reduces to

φell(σm,ζ) ≡ εop
m+1,ζ +

1

N1−m − 1
εop
m+1,1.

Remark 5.5.9. When N = 1, one simply has φell(σm,1) ≡ 1
2εm,1. This is consistent with

[38, Prop. 29.4].

To determine the head of each φell(σm,ζ) when N is not a prime power, one must

decompose each Em,ζ in terms of a basis of Ext1
MTMN

(Q,Q(m)). An algorithm to do so in

outlined in the proof of Lemma 5.2.4, but the computation is arduous for N large. We give

an example by computing the heads of φell when N = 6. This is the only one of Deligne’s

exceptional values of N [20] that is not a prime power.

Example 5.5.10. Fix a primitive sixth root of unity ζ. One can use the distribution

relation (5.3.2) to verify

Lim(−1) = (21−m − 1)Lim(1)

and

Lim(ζ2) ≡ Lim(ζ)

21−m + (−1)m
mod (2πi)mQ.

It follows from Lemma 2.7.4 that

Lim(ζ5) ≡ (−1)m+1Lim(ζ) and Lim(ζ4) ≡ (−1)m+1Lim(ζ2)

mod (2πi)mQ. If m is odd, then

ζ(m) = 6m−1
∑
η∈µN

Lim(η)

≡ 6m−1

(
21−mζ(m) +

2

1− 2m−1
Lim(ζ)

)
mod (2πi)mQ.

When m is even, we of course have ζ(m) ≡ 0. Rearranging yields

ζ(m) ≡ 1 + (−1)m

(61−m − 21−m)(1− 2m−1)
Lim(ζ) mod (2πi)mQ.
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Thus, the action of φcyc(σm,ζ) on p(U6,~v1) is

φcyc(σm,ζ) : e0 7−→ −em0 · (eζ + (−1)m+1eζ5)

− 1

21−m + (−1)m
em0 · (eζ2 + (−1)m+1eζ4)

− 1 + (−1)m+1

(61−m − 21−m)(1− 2m−1)
em0 · e1

− 1 + (−1)m+1

(31−m − 1)
em0 · e−1.

Finally, apply the Hain map to see

φell(σm,ζ) ≡ εop
m+1,ζ +

1

21−m + (−1)m
εop
m+1,ζ2

+
1

(61−m − 21−m)(1− 2m−1)
εop
m+1,1

+
1

(31−m − 1)
εop
m+1,−1

mod W−m−2 Der(p(E′~u,~v1)/D2).
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Chapter 6

Conclusions

In §5.5 we computed an explicit action in depth 1 of the motivic Lie algebra kDR
N on the Lie

algebra of the unipotent fundamental group of a first order smoothing of the nodal cubic

with µN removed. This was done by proving the KZB connection underlies an admissi-

ble variation of MHS in §3.5, constructing a cyclotomic analogue of the Hain morphism

in §4.3.2, proving p(E~u,~v1) is a pro-object of the category of mixed Tate motives over

Z[µN , 1/N ] in §4.4, and relating the cyclotomic and elliptic polylogarithm quotients above

the nodal cubic in §5.1 and §5.2.

Via the representation computed in §5.5, the relations between the derivations εm+1,ζ

appearing the KZB connection are the same as relations in the depth graded quotient

Gr2
D kDR

N . These are expected to be related to cusp forms of Γ1(N). Pollack [46] computed

all such relations when N = 1, and his relations are exactly dual to the Gangl–Kaneko–

Zagier relations between depth 2 MZVs [26]. We hope to use the results of §5.5 to compute

a presentation of Gr2
D kDR

N and gain an analogous understanding of the relationship between

N -cyclotomic MZVs and cusp forms of level N > 1. Such a presentation may also provide

explanations using modular forms for results of Deligne [20] and Goncharov [27, 28, 29]

concerning the depth graded quotients of kDR
N and the periods of MTMN .
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Appendix A

Invariance of the KZB connection

The following is a proof of Proposition 3.2.2. The calculation is similar to the level 1 proof

in [37, §9].

A.1 Review of Lie theory

First recall some elementary Lie theory. Let V be a vector space and ϕ, φ ∈ EndV . Then

exp(adφ)(ϕ) = eφ ◦ ϕ ◦ e−φ. (A.1.1)

Thus, in our notation, if δ ∈ Der pN and φ ∈ C〈〈X,Y, tα〉〉, then

exp(φ) · δ = eφ ◦ δ ◦ e−φ.

Lemma A.1.1. If f ∈ C〈〈X,Y, tα〉〉 and δ is a continuous derivation of C〈〈X,Y, tα〉〉,

then

e−fδ(ef ) =
1− exp(− adf )

adf
δ(f). (A.1.2)

Proof. Both e−sfδ(esf ) and
1−exp(−s adf )

adf
δ(f) satisfy the differential equationX ′(s) = δ(f)−

adu(X) and vanish at s = 0. Therefore, they are equal when s = 1. See [37, §4].

Lemma A.1.2. If δ ∈ Der pN and m ∈ C, then

e−mX · δ = δ +
1− e−mX

X
δ(X). (A.1.3)
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Proof. This is a straightforward application of (A.1.1) and (A.1.2). Suppose v ∈ pN . Then

(e−mX · δ)(v) = (e−mX ◦ δ ◦ emX)(v)

= e−mX · (δ(emX · v))

= e−mX · (emX · (δ(v))) + e−mX · (δ(emX) · v)

= δ(v) +
1− exp(−mX)

mX
δ(mX) · v

= δ(v) +
1− exp(−mX)

X
δ(X) · v.

Corollary A.1.3. For all v ∈ pN and m ∈ C,

e−mX · (ad v) = ad(e−mX · v).

Proof. It follows from the previous lemma

e−mX · (ad v) = (ad v) +
1− e−mX

X
[v,X]

= (ad v)− (1− e−mX) · v

= e−mX · v.

A.2 Invariance of KZBN

The following statements prove Proposition 3.2.2. We proceed by first showing elliptic

invariance with respect to Z2 and then modular invariance with respect to Γ(N).

Lemma A.2.1. For all (m,n) ∈ Z2,

(m,n)∗ΩKZBN = e−mX · ΩKZBN .

Proof. The forms Y∂/∂X dτ and ψ are invariant with respect to Z2. It follows from Lemma
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A.1.2 that

(m,n)∗
(

2πiY
∂

∂X
dτ

)
= 2πiY

∂

∂X
dτ

= e−mX ·
(

2πiY
∂

∂X

)
dτ − 2πi

1− e−mX

X
Y (A.2.1)

and

(m,n)∗ψ = ψ = e−mXψ. (A.2.2)

Meanwhile,

(m,n)∗ (gα(x, z|τ) · tζ dτ)

= gα(x, z +mτ + n|τ) · tα dτ

=
∂

∂X

(
e−ατXF (X, z +mτ + n− α̃, τ)− 2πi

X

)
· tα dτ

=
∂

∂X

(
e−(ατ+m)XF (X, z − α̃, τ)− 2πi

X

)
· tα dτ

=
(
−(ατ +m)e−(ατ+m)XF (X, z − α̃, τ)

+e−(ατ+m)X ∂F

∂X
(X, z − α̃, τ) +

2πi

X2

)
· tα dτ

=

(
e−mX∂gα

∂X
(X, z|τ)−me−(ατ+m)XF (X, z − α̃, τ) +

2πi

X2

)
· tα dτ

and

(m,n)∗ (hα(X, z|τ) ·tα dz)

=

(
e−ατXF (X, z +mτ + n− α̃, τ)− 2πi

X

)
· tα d(z +mτ + n)

=

(
e−(ατ+m)XF (X, z − α̃, τ)− 2πi

X

)
· tα (dz +mdτ)

Then

(m,n)∗(ν1 + ν2) = 2πiY +
∑

α∈(N−1Z/Z)2

(
e−mX∂gα

∂X
(X, z|τ) +

2πi

X2

)
· tα dτ

+
∑

α∈(N−1Z/Z)2

(
e−mXhα(X, z|τ)− 2πi

X

)
· tα dz

= e−mX · ν1 + 2πi
1− e−mX

X
Y + e−mX · ν2. (A.2.3)

Summing (A.2.1), (A.2.2), and (A.2.3) proves the lemma.
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Corollary A.2.2. For (m,n) ∈ Z2 and I ∈ SL2(Z) the identity matrix,

(m,n)∗ΩKZBN = Ad(M̃I,(m,n))ΩKZBN − dM̃I,(m,n)M̃
−1
I,(m,n).

Proof. For all (m,n) ∈ Z2, the factor of automorphy is M̃I,(m,n) = exp(−mX). Thus,

Ad(M̃I,(m,n))ΩKZBN = exp(−mX) ◦ ΩKZBN ◦ exp(mX)

= exp(−mX) · ΩKZBN

= (m,n)∗ΩKZBN .

The factor of automorphy does not depend on z or τ and thus dM̃I,(m,n) = 0.

We next show ∇KZBN is invariant with respect to Γ(N). We shall abbreviate M̃γ,(0,0)

to simply M̃γ .

Lemma A.2.3. For all γ ∈ Γ(N),

γ∗ψ = Ad(M̃γ)ψ. (A.2.4)

Proof. By (3.4.1), we have

γ∗ (Am,α(τ)δs,α dτ) = Am,α(γτ)δs,α d(γτ)

= (cτ + d)s+2Am,α(τ)δs,α
dτ

(cτ + d)2

= (cτ + d)sAm,α(τ)δs,α dτ.

Meanwhile, we know eczX/(cτ+d) · δs,α since δs,α annihilates X. Thus, we have

Ad(M̃γ(τ))δs,α = Ad(Mγ(τ))δs,α

= (cτ + d)sδs,α.
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Lemma A.2.4. For all γ ∈ Γ(N),

γ∗ν1 =
∑

α∈(N−1Z/Z)2

gα

(
X,

z

cτ + d

∣∣∣∣γτ) · tα d(γτ)

= cz(cτ + d)
∑
α

eczXhα((cτ + d)X, z|τ) · tα
dτ

(cτ + d)2

+ (cτ + d)2
∑
α

eczXgα((cτ + d)X, z|τ) · tα
dτ

(cτ + d)2

+ 2πi
czXeczX − eczX + 1

X
·Y dτ

(cτ + d)2

Proof. Follows directly from (3.2.5).

Lemma A.2.5. For all γ ∈ Γ(N),

Ad(M̃γ(τ))(ν1) =
∑
α

eczXgα((cτ + d)X, z|τ) · tα dτ.

Proof. Follows from the formula for the factor of automorphy and Corollary A.1.3.

Lemma A.2.6. For all γ ∈ Γ(N),

γ∗ν2 = 2πiY +
∑
α

hα

(
X,

z

cτ + d

∣∣∣∣γτ) · tα d( z

cτ + d

)
= 2πiY +

∑
α

(
(cτ + d)hα((cτ + d)X, z|τ) + 2πi

eczX − 1

X

)
· tα d

(
z

cτ + d

)
= 2πieczX ·Y + (cτ + d)

∑
α

hα((cτ + d)X, z|τ) · tα
(

dz

cτ + d
− cz dτ

(cτ + d)2

)
.

Proof. Follows directly from (3.2.4).

Lemma A.2.7. For all γ ∈ Γ(N),

Ad(M̃γ(τ))(ν2) = eczX ·
(

2πiY

cτ + d
+ cX

)
dz +

∑
α

eczXhα((cτ + d)X, z|τ) · tα dz.

Proof. Follows from the formula for the factor of automorphy and Corollary A.1.3.

Corollary A.2.8. For all γ ∈ Γ(N),

(γ∗ −Ad(M̃γ(τ)))(ν1 + ν2) = −cX dz − 2πi
eczX − 1

X

dτ

(cτ + d)2
. (A.2.5)

Proof. Sum the results of the four previous lemmas.
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Lemma A.2.9. For all γ ∈ Γ(N),

Ad(M̃γ(τ))

(
2πiY

∂

∂X
dτ

)
= Ad(Mγ(τ))

(
2πiY

∂

∂X
dτ + 2πi

1− eczX/(cτ+d)

X
·Y dτ

)

= Ad(Mγ(τ))

(
2πiY

∂

∂X
dτ

)
+ 2πi

1− eczX

X
·
(

Y +
c(cτ + d)

2πi
X

)
dτ

(cτ + d)2

= Ad(Mγ(τ))

(
1

2πi
y
∂

∂x
dτ

)
+

(
2πi

1− eczX

X
·Y − c2z(cτ + d)X

)
dτ

(cτ + d)2
(A.2.6)

Lemma A.2.10. For all γ ∈ Γ(N),

dM̃γ(τ)M̃γ(τ)−1 = d(Mγ(τ)eczX/(cτ+d))e−czX/(cτ+d)Mγ(τ)−1

=
(
dMγ(τ)eczX/(cτ+d) + cXMγ(τ)eczX/(cτ+d) dz

−c
2zMγ(τ)

(cτ + d)2
XeczX/(cτ+d) dτ

)
e−czX/(cτ+d)Mγ(τ)−1

= dMγ(τ)Mγ(τ)−1 + cX dz − c2zX
dτ

(cτ + d)
(A.2.7)

Proposition A.2.11. The KZBN connection is invariant with respect to Γ(N).

Proof. Sum the equations (A.2.4), (A.2.5), (A.2.6), and (A.2.7) to get

γ∗ΩKZBN −Ad(M̃γ(τ))ΩKZBN + dM̃γ(τ)M̃γ(τ)−1

= γ∗
(

2πiY
∂

∂X
dτ

)
−Ad(Mγ(τ))

(
2πiY

∂

∂X
dτ

)
+ dMγ(τ)Mγ(τ)−1.

The right hand side is zero by a simple calculation [37, Lemma 9.16].

Remark A.2.12. The above proof holds for any congruence subgroup Γ of level N so long

as we only include N -torsion α invariant under the action of Γ.
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Appendix B

Regularized transport and linearized
connections

Let V be a trivial vector bundle V × C2 → C2 with flat connection

∇ = d+ Ω = d+A(x, y)
dx

x
+B(x, y)

dy

y
.

The functions A and B are holomorphic and take values in EndV . Further, suppose the

residues A(0, y) and B(x, 0) are nilpotent. Let ∇0 denote the linearized connection along

the divisor y = 0

∇0 = d+ Ω0 = d+A(x, 0)
dx

x
+B(x, 0)

dλ

λ
.

This defines a connection on the normal bundle of y = 0, where the point (x, λ) is the

vector λ∂/∂y ∈ T(x,0)C2.

Then V is Deligne’s canonical extension of the local system of flat sections of V over

C××C× [18]. Thus, there is holomorphic change of gauge h : C2 → AutV with h(0, 0) = id

such that

Ω̃ = hΩh−1 − (dh)h−1 = A(0, 0)
dx

x
+B(0, 0)

dy

y
.

For convenience, set A = A(0, 0) and B(0, 0). Since the connection is flat, we have [A,B] =

0. Computing residues yields

h(x, 0)B(x, 0)h(x, 0)−1 = B(0, 0).

Thus, we also have

Ω̃ = h(x, 0)Ω0h(x, 0)−1 − (dh(x, 0))h(x, 0)−1.

Proposition B.1. Regularized transport with respect to ∇ from vo = λo∂/∂y anchored at

(xo, 0) to v1 = λ1∂/∂y anchored at (x1, 0) is equal to transport with respect to ∇0 from

(xo, λo) to (x1, λ1).
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y = 0

C2
xo x1

λo∂/∂y λ1∂/∂y
λ = 0

Ny=0

(xo, λo) (x1, λ1)

xo x1

Proof. Apply the definition of regularized transport and use the facts above.

TΩ(vo,v1) = lim
y→0

(y/λ1)B(x1,0)TΩ((xo, y), (x1, y))(y/λo)
−B(xo,0)

= lim
y→0

(y/λ1)B(x1,0)h−1(x1, y)T
Ω̃

((xo, y), (x1, y))h(xo, y)(y/λo)
−B(xo,0)

= lim
y→0

(y/λ1)B(x1,0)h(x1, 0)−1(xo/x1)−Ah(xo, 0)(y/λo)
−B(xo,0)

= h(x1, 0)−1

(
lim
y→0

(y/λ1)B(x1/xo)
−A(y/λo)

−B
)
h(xo, 0)

= h(x1, 0)−1T
Ω̃

((xo, λo), (x1, λ1))h(xo, 0)

= TΩ0((xo, λo), (x1, λ1))

Corollary B.1. Regularized transport from λo∂/∂y ∈ T(xo,0)C2 to

λ1∂/∂y + µ∂/∂x ∈ T(0,0)C2

with respect to ∇ is equal to regularized transport from (xo, λo) to µ∂/∂λ ∈ T(0,λ1)C with

respect to ∇0.

x = 0

y = 0

C2
xo

λo∂/∂y λ1∂/∂y + µ∂/∂x

x = 0

λ = 0

Ny=0

(xo, λo)
λ

µ∂/∂λ

xo

Proof. From the previous statement, we know

T∇0((xo, λo), (x1, λ1)) = lim
y→0

(y/λ1)B(x1,0)T∇((xo, y), (x1, y))(y/λo)
−B(xo,0).
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Right multiplying by (x1/µ)A(0,0) and taking limits as x1 → 0 yields the standard regular-

ized transport operators

lim
x1→0

(x1/µ)A(0,0)T∇0((xo, λo), (x1, λ1))

= lim
x1→0
y→0

(x1/µ)A(0,y)(y/λ1)−Lx1T∇((xo, y), (x1, y))(y/λo)
Lxo .

Note that exp(−2πiA(0, y)) is the monodromy operator about x = 0 at (x1, y).

Corollary B.2. The Hain map sends the canonical limit MHS of p(UN ,~v1) to the canonical

limit MHS of p(E′~u,~v1).

Proof. By the previous statement, regularized transport in PN to p(E′~u,~v1) is equal first

transporting to a smooth point of the nodal cubic E0 and then transporting with respect

to the KZ connection to ~v1.
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Appendix C

Index of notation

Gm the multiplicative group of a field (usually C) p. 2

µN the set of Nth roots of unity p. 1

h the upper half plane p. 7

YΓ the modular curve Γ\\h p. 9

XΓ the compactification of YΓ p. 10

EΓ the universal elliptic curve over YΓ p. 10

EΓ the compactification of EΓ p. 10

E ′Γ EΓ minus single-valued N -torsion p. 11

E0 the nodal cubic p. 10

H the local system R1f∗Q associated to f : EΓ → YΓ p. 14

a,b the Betti Q-basis of H p. 14

X,Y the de Rham basis of H p. 16

E~u the first order smoothing of E0 in the direction of ~u p. 16

Gm,α Γ(N) Eisenstein series of weight m p. 17

Gm,ζ Γ1(N) Eisenstein series of weight m p. 18

L(S) the free Lie algebra on the set S p. 22

πun
1 (X,x) the unipotent completion of π1(X,x) p. 22

p(X,x) the Lie algebra of πun
1 (X,x) p. 22

Lim(z) the mth polylogarithm function p. 23

pN non-canonical fiber of KZB local system p. 29

εm,α a derivation of pN indexed by an N -torsion section α p. 31

MTM(Ok,S) the category of mixed Tate motives over Ok,S p. 45

Ok,S the ring of S-integers of a number field k p. 46

ω• fiber functor of MTMN for • ∈ {B,DR} p. 46
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V DR
k the de Rham realization of an object V of MTM(Ok,S) p. 46

V B the Betti realization of an object V of MTM(Ok,S) p. 46

ω rational fiber functor of MTM(Ok,S) p. 47

V DR the canonical rational form of V DR
k p. 48

G•k,S Fundamental group of MTM(Ok,S) with respect to ω• p. 50

K•k,S the prounipotent radical of G•k,S p. 50

ON the ring of S-integers of Q(µN ) with S = {p | p|N} p. 50

MTMN the category of mixed Tate motives over ON p. 50

kDR
k,S the Lie algebra of KDR

k,S p. 51

Pm
k,S the ring of motivic periods of MTM(Ok,S) p. 51

L the Lefschetz period of Q(−1) p. 53

H Brown’s category of Hodge realizations p. 54

ω•H fiber functors of H p. 54

ωs the 1-form dw
w−s p. 55

UN Gm − µN p. 57

~wζ the tangent vector ζ∂/∂w ∈ T0C p. 57

~vζ the tangent vector ζ∂/∂w ∈ TζC p. 57

Pm
N the ring of motivic periods of MTMN p. 58

dch the straight line path from ~w1 to −~v1 p. 59

Φm
0η the motivic Drinfeld associator from ~wζ to −~vζ p. 59

pKZ
N non-canonical fiber of KZ local system p. 60

~u the tangent vector ∂/∂q at q = 0 in YΓ p. 62

E′~u E~u punctured at µN ↪→ E~u p. 62

G•N Fundamental group of MTMN with respect to ω• p. 67

K•N the prounipotent radical of G•N p. 68

kDR
N the Lie algebra of KDR

N p. 68

Em,ζ the extension of Q by Q with period Lim(ζ) p. 79

σm,ζ generator of H1(kN ) dual to Em,ζ p. 87
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σm,ζ non-canonical lift of σm,ζ to kN p. 87

SDer special derviations p. 89
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