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Abstract

Acoustoelasticity is the study of the dynamic interaction between elastic structures

and acoustic enclosures. In this dissertation, acoustoelasticity is considered in the

context of liquid rocket engine design. The techniques presented here can be used to

determine which forcing frequencies are important in acoustoelastic systems. With

a knowledge of these frequencies, an analyst can either find ways to attenuate the

excitation at these frequencies or alter the system in such a way that the prescribed

excitations do not result in a resonant condition. The end result is a structural

component that is less susceptible to failure.

The research scope is divided into three parts. In the first part, the dynamics of

cylindrical shells submerged in liquid hydrogen (LH2) and liquid oxygen (LOX) are

considered. The shells are bounded by rigid outer cylinders with closed rigid ends.

This configuration gives rise to two fluid-filled cavities—an inner cylindrical cavity

and an outer annular cavity. Such geometries are common in rocket engine design.

The natural frequencies and modes of the fluid-structure system are computed by

combining the rigid wall acoustic cavity modes and the in vacuo structural modes into

a system of coupled ordinary differential equations. Eigenvalue veering is observed

near the intersections of the curves representing natural frequencies of the rigid wall

acoustic modes and the in vacuo structural modes. In the case of a shell submerged

in LH2, system frequencies near these intersections are as much as 30% lower than the

corresponding in vacuo structural frequencies. Due to its high density, the frequency

reductions in the presence of LOX are even more dramatic. The forced responses of

a shell submerged in LH2 and LOX while subject to a harmonic point excitation are

also presented. The responses in the presence of fluid are found to be quite distinct

from those of the structure in vacuo.
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In the second part, coupled mode theory is used to explore the fundamental fea-

tures of acoustoelastic systems. The result is the development of relatively simple

techniques that allow analysts to make informed decisions concerning the importance

of acoustic-structure coupling without resorting to more time-consuming and com-

plex methods. In this part, a new nondimensional parameter is derived to quantify

the fundamental strength of a particular acoustic-structure interaction irrespective of

material and fluid properties or cavity size. It is shown that, in some cases, reason-

able approximations of the coupled acoustic-structure frequencies can be calculated

without explicit knowledge of the uncoupled component mode shapes. Monte Carlo

simulations are performed to determine the parameter values over which approxi-

mate coupled frequency expressions are accurate. General observations concerning

the forced response of acoustoelastic systems are then made by investigating the

response of a simplified two mode system.

The third part of this research discusses the implementation of a component

mode synthesis (CMS) technique for use with geometrically complex acoustoelastic

systems. The feasibility of conceptually similar techniques was first demonstrated

over 30 years ago. Since that time there have been remarkable advancements in

computational methods. It is therefore reasonable to question the extent to which

CMS remains a computationally advantageous approach for acoustoelastic systems

of practical interest. This work demonstrates that relative to the most recent release

of the popular finite element software package, ANSYS, CMS techniques have a

significant computational advantage when the forced response of an acoustoelastic

system is of interest. However, recent improvements to the unsymmetric eigensolver

available in ANSYS have rendered CMS a less efficient option when calculating system

frequencies and modes. The CMS technique is also used to generate new results

relating to geometrically complex acoustoelastic systems.
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Chapter 1

Introduction

1.1 Acoustic-Structure Interaction in Context

In the broadest sense, acoustic-structure interaction refers to the dynamic interplay

between acoustic pressure fields and flexible structures. Given the ubiquity of acous-

tic media (e.g., air, water) and their inevitable contact with natural or man-made

structures, it is not surprising that acoustic-structure interaction is relevant to the

dynamic analysis of many physical systems. However, when air is the fluid of inter-

est, it is often convenient and accurate to solve the acoustic and structural problems

independently (i.e., neglecting any mutual influence between the acoustic fluid and

the structure). This strategy involves formulating the acoustic problem under the

assumption that any adjacent structure is perfectly rigid. The corresponding struc-

tural dynamic problem is then solved by treating the structure as though it were

in a vacuum. Indeed, classical acoustic and vibration analysis primarily treats the

acoustic and structural problems separately.

Nevertheless, there remains a host of revelent scenarios in which it is not appro-

priate to model the acoustic and structural problems independently. These situations

may arise when the fluid of interest is dense (as is the case with water) or when the

structure is highly flexible. In these situations, the fluid and the structure influence

each other in a non-negligible manner and it becomes necessary to solve the acoustic

and structure problems simultaneously. Excellent introductions to problems of this

nature can be found in the texts of Junger and Feit [1] and Fahy [2]. Classes of
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problems that may require an acoustic-structure interaction approach include:

• Radiation of sound into an exterior acoustic fluid from a vibrating structure

• Structural vibration induced by an incident acoustic field

• Scattering or reflection of acoustic waves off an elastic body

• Sound transmission through structural partitions

• The absorption and production of sound due to unsteady aerodynamic flow

interacting with a structure

The study of the first four of these classes is sometimes termed vibroacoustics. The

fifth class is often called aeroacoustics or aerodynamic sound [3]. The present work

focuses on yet another class of problems concerning the dynamics of structures in

contact with an enclosed acoustic fluid. This sixth class of problems is referred to

here as acoustoelasticity [4, 5].

This dissertation considers acoustoelasticity as it relates to the fluid and struc-

tural configurations that are common in the design of liquid rocket engines. Since

liquid rocket engines have a variety of flexible structural components that enclose

or are otherwise surrounded by liquid propellant and/or oxidizer, acoustoelasticity

is an appropriate subset of acoustic-structure interaction on which to focus. While

certain vibroacoustics problems may also be germane to the design and analysis of

liquid rocket engines (e.g., airborne sound generated at liftoff interacting with exterior

engine components), they are not considered here.

1.2 Acoustic-Structure Interaction Methods

Several methods aimed at solving acoustic-structure interaction problems have been

successfully implemented. Figure 1.1 categorizes some of the more commonly used

2



solution methods. For any given acoustic-structure problem, certain of these methods

may be convenient and accurate while others may not. Thus, the first tasks of an

analyst are to classify the problem at hand and determine the most appropriate

solution approach(es). The following is a brief discussion of the four main types of

solution methods and the classes of problems for which they are advantageous.

Acoustic-Structure Interaction Methods

Energy Discretization Analytical Empirical

SEA FE-BE FE-FE Modal
Green’s
Function

VariationalEFA

Figure 1.1: Acoustic-structure interaction methods tree.

With energy methods such as Statistical Energy Analysis (SEA) [6,7], the acoustic-

structure system is divided into energy storage subsystems. A power balance between

these subsystems is then enforced. The power balance can be formulated in various

ways depending upon the system response parameters of interest. However, in the

case of SEA, these system responses are calculated in an average sense and do not

provide any information related to how the response may vary spatially throughout

a subsystem. A method known as Energy Flow Analysis (EFA) [8] attempts to

overcome this disadvantage by using differential volumes to characterize the acoustic

far-field. Spatial variation in sound levels can therefore be predicted in the far-field
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with this method. Due to their dependance on statistical representations of modal

properties, the accuracy of energy methods relies on the condition that there are a

sufficient number of modes within the frequency band of interest. Energy methods

are therefore most accurate when considering the system response at high frequencies.

Discretization methods are commonly used to solve acoustic-structure interaction

problems when the structure and/or the acoustic domain possess complex geometry.

In contrast to energy methods, discretization techniques are well-suited to problems

in which the low frequency response is of concern. Discretization is a less attractive

option in high frequency cases for reasons of computational expense. High frequencies

have short wavelengths; the large number of discrete elements needed to properly

resolve these short wavelengths can make discretized solutions impractical. Common

discretization methods involve coupling a finite element model of the structure to a

finite element model of the fluid (FE-FE), or alternatively, coupling a finite element

model of the structure to a boundary element model of the fluid (FE-BE). FE-BE

formulations are generally best suited to problems in which the structure is coupled

to an infinite exterior acoustic domain because the boundary element formulation

implicitly satisfies the Sommerfeld radiation condition [9]. Using FE-BE techniques

to solve problems with interior acoustic domains can result in numerical difficulties.

FE-BE formulations are also not especially well-suited to performing modal analyses.

Conversely, FE-FE formulations are most applicable for use with interior acoustic

domains and also readily support modal analyses. Solutions to problems involving

unbounded exterior acoustic domains can also be found using FE-FE methods, but

they typically involve the use of “infinite elements” that artificially damp outgoing

waves in the far-field. There are several commercially available software packages that

facilitate FE-FE and/or FE-BE solutions. Two of the most widely used commercial

FE packages, ANSYS and NASTRAN, refer to their respective FE-FE formulations
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as fluid-structure interaction (FSI) solutions.

Purely analytical methods are appealing in the sense that they are deterministic,

computationally efficient, and physically insightful. As will be shown in Chapter 2,

formulating the acoustic-structure interaction equations in terms of uncoupled acous-

tic and structural modes enables the use of modal analysis techniques to determine

system response. This is an especially attractive approach given the widespread use

of modal analysis techniques in the field of structural dynamics. In cases where the

high frequency response of a system is of interest, a technique known as Asymp-

totic Modal Analysis (AMA) [5, 10] may be used. Through the use of asymptotic

approximations that are applied directly to the complete modal equations, AMA is

advantageous over SEA in the sense that it can predict spatial variation in system

response. In addition to modal techniques, acoustic-structure systems can be mod-

eled using variational formulations [11–13]. In fact, the development of variational

formulations led to some early FE-FE representations [14, 15]. It is also possible to

analytically express the acoustoelastic expressions as integro-differential equations

that are in terms of Green’s functions [2]. A disadvantage of purely analytical formu-

lations is that they are most readily employable in systems with simple geometries.

In the case of complex geometry, the analytical formulations must be discretized and

solved numerically.

Certain complex acoustic-structure interaction problems can be approximated

using empirical methods. For example, formulas based on curve-fits to experimental

data have been used to estimate sound pressure levels in industrial rooms containing

noise-producing machinery [16]. While such empirical formulas can be accurate and

easily applied, they are often limited in their scope of applicability and do not provide

the analyst with any physical insight into the specific problem at hand.

This work focuses on the modeling and analysis of acoustoelastic systems that are
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subject to forcing frequencies in the vicinity of the lowest system natural frequencies.

Analytical and discretization methods are therefore most applicable. In particular,

analytical modal analysis techniques are used to analyze systems that have idealized

geometries while FE-FE solutions are used for systems of complex geometry. In ad-

dition, a component mode synthesis method is implemented to exploit the respective

advantages (and avoid the respective disadvantages) of analytical and discretization

techniques.

1.3 Motivation

This research is motivated by the gimbal joint flowliner cracking problem that NASA

identified in its Space Shuttle Orbiters. In the late spring of 2002, technicians at

NASA’s Kennedy Space Center began routine inspections of the Space Shuttle Or-

biter Atlantis (OV-104). The Orbiter had recently returned from a mission to the

International Space Station and was undergoing preparations for another mission

scheduled for later in the year. As with each of the other orbiters, Atlantis has a

fuel feedline that carries liquid hydrogen (LH2) propellant from its external tank to

the Space Shuttle Main Engines (SSMEs). The feedline begins as a single 17-inch

diameter line that later branches into three parallel 12-inch diameter lines. The three

smaller feedlines each terminate at a Low Pressure Fuel Turbopump (LPFTP) be-

longing to one of the three SSMEs. In the feedlines, just a few inches upstream of

the LPFTPs, are gimbal joints that are designed to increase feedline mobility and

reduce misalignment loads. Inside each of these joints reside two flowliners (denoted

upstream and downstream) that are intended to direct flow smoothly to the LPFTPs.

During the inspection of the Orbiter feedline leading to SSME #1, technicians dis-

covered three cracks in the downstream flowliner.

The unexpected discovery of the flowliner cracks initiated a large-scale investiga-
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tion among NASA’s civil service and contractor workforce [17–19]. Shortly after the

discovery of the flowliner cracks in Atlantis, the gimbal joint flowliners belonging to

the other orbiters were inspected. Eight additional flowliner cracks were found in the

LH2 feedlines with each orbiter having at least two cracks. No cracks were found in

the flowliners residing in the liquid oxygen (LOX) feedlines. In terms of flight safety,

the flowliner cracking was troublesome to the Space Shuttle program because if the

cracks had gone undetected, they might have propagated to the point where pieces

of the flowliner itself became liberated and ingested by the LPFTP. Such a failure

could have resulted in a catastrophic loss of mission.

The gimbal joint flowliners are thin steel shells that have rounded rectangular slots

cut at regular intervals around their circumference. The upstream and downstream

flowliners are fixed at each of their outside ends. The free ends of the two flowliners

overlap somewhat, but have sufficient clearance such that they do not come into

contact during flight. Figure 1.2 (a) is a photo of an upstream and a downstream

flowliner instrumented with strain gages. The slots in the flowliner are intended

to reduce the pressure difference across the liner as well as to aid in drainage and

inspection. The slots are separated from each other by relatively narrow ligaments.

The cracks each initiated at the edges of the slots and were oriented in both axial

and circumferential directions. Figure 1.2 (b) is a close-up view of a typical axial

crack while Figure 1.2 (c) is a schematic of the placement of the flowliners within the

feedline. During flight, both sides of the flowliners are surrounded by either LH2 or

LOX, depending on the type of feedline in question. The interior, or duct side, of

the flowliner is nearly cylindrical in shape while the exterior, or bellows side, of the

flowliner is roughly annular.

Once the extent of the flowliner cracking problem was understood, the focus

shifted to determining a repair solution and a flight rationale that would justify the

7



(a) (b)

LH2 flow

Bellows

Low Pressure Fuel 
Turbopump (LPFTP) flange

Upstream 
flowliner

Downstream 
flowliner

(c)

Figure 1.2: (a) Gimbal joint flowliner test article instrumented with strain gages.
(b) Close-up view of an axial flowliner crack. (c) Configuration of upstream and
downstream flowliners within the gimbal joint.

continued operation of the Shuttle fleet. The accepted repair procedure called for

the welding of all detectable cracks and for the edges of the flowliner slots to be

polished to remove any imperfections that might lead to new cracks. Based on a

fracture mechanics analysis, these repairs were deemed to be sufficient to justify a

flight rationale so long as the flowliner system was inspected after each mission. Prior

to the grounding of the Shuttle fleet after the Columbia accident in 2003, Atlantis

flew mission STS-112 and Endeavor (OV-105) flew mission STS-113. The post-flight
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inspections did not reveal any cracks in the repaired flowliners.

Even though a seemingly successful repair solution had been established, the

cause of the flowliner cracks still needed to be determined conclusively. To this end,

the Orbiter Program Office sponsored two hot-fire tests to better characterize the

physical environment experienced by the flowliner during flight. These tests, along

with extensive engineering analysis, have enabled the NASA community to conclude

that all but perhaps one of the 11 cracks were likely caused by high-cycle fatigue

resulting from a resonant excitation of the flowliners. This conclusion subsequently

led to a concerted effort among rocket engine analysts to more effectively model the

dynamic response of engine components that operate in fluid-filled environments. It

is out of this effort that the need for the present research arose.

Predicting the natural frequencies and forced response of the flowliner in the LH2

environment has presented a particular challenge to NASA engineers and contrac-

tors. The shift in natural frequencies resulting from a structure’s introduction to a

fluid-filled environment is a phenomenon of which rocket engine analysts, and the en-

gineering community at large, have long been aware. However, a comprehensive and

efficient means of predicting these frequency shifts has not been implemented among

rocket engine analysts. Historically, analysts have used empirically derived “knock-

down factors” to estimate natural frequencies of a fluid-structure system. While the

use of such factors may be justified in some cases, they are likely to be highly de-

pendant upon system geometry and are thus not suitable for general application.

The use of knock-down factors also belies the inherent complexity of fluid-structure

systems by obscuring the contribution of individual acoustic and structural modes.

NASA engineers and contractors have also performed a limited number of FE-

FE analyses on acoustoelastic systems of the type considered here. While these

analyses can be an effective means of obtaining the natural frequencies and modes
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of an acoustoelastic system, they can also be computationally expensive and prone

to give erroneous results if the system—especially the fluid-structure interface—is

not modeled with expertise. Identifying such erroneous results is impossible without

a thorough understanding of the fundamental dynamics of acoustoelastic systems.

Thus, the primary objective of this dissertation is to provide the rocket engine analyst

with the analytical tools and physical insight necessary to determine which forcing

frequencies are important in systems where a structural component is in contact with

a fluid-filled enclosure. With a knowledge of these frequencies, an analyst can either

find ways to attenuate the excitation at these frequencies or alter the system in such

a way that the prescribed excitations do not result in a resonant condition. The end

result is a structural component that is less susceptible to failure.

1.4 Contributions and Outline

The remainder of this dissertation consists of five additional chapters. Chapter 2

begins with a detailed derivation of the equations of motion corresponding to the

acoustoelastic systems of interest. This is followed by the presentation of a procedure

to transform the damped acoustic-structure equations of motion into an uncoupled

second-order form. Such a form is desirable since it allows for the use of familiar

modal analysis techniques to find the forced response of the fully coupled acoustic-

structure system.

Chapter 3 details the first known investigation of the dynamics of a cylindrical

shell that is in contact with both cylindrical and annular fluid-filled cavities. Many of

the results contained in Chapter 3 are also reported in Davis, et al. [20]. One unique

aspect of this investigation is its consideration of LH2 and LOX as the fluids of inter-

est in fully coupled acoustic-structure systems. Given their ubiquity in the physical

world, it is understandable that virtually all existing acoustic-structure interaction
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studies restrict their focus to either air or water. However, in the case of air-filled

cavities, it is a rare case in which inclusion of fluid coupling has a substantial effect

on the structural dynamics. Conversely, due to its relatively high density, system

frequencies in the presence of water can be very far removed from the uncoupled

component frequencies. In terms of structural response, the added mass effects pro-

duced by the presence of water tend to dominate any effects resulting from coupling

of the acoustic and structural modes. With a density that is about 58 times that

of air, but about 14 times less than that of water, LH2 occupies a unique middle

ground with respect to its ability to affect the dynamics of the structures it contacts.

The results in Chapter 3 demonstrate that given the intermediate density of LH2,

both hydrodynamic and acoustic-structure coupling effects may each be important

considerations when assessing the dynamics of an LH2-loaded structure.

Chapter 4 presents a simplified approach to approximating the natural frequen-

cies of acoustoelastic systems. This approach involves writing the system equations

of motion in terms of two component modes (i.e., a single rigid wall acoustic mode

and an in vacuo structural mode). This formulation results in a closed-form approxi-

mate expression for system natural frequencies that has been previously reported [2].

However, it is shown here that this dimensional expression can be recast in a nondi-

mensional form that is a function of the nondimensional frequency separation between

the component modes and a new nondimensional coupling parameter, Ψ. This pa-

rameter represents the natural propensity of the two component modes to couple to

each other irrespective of the size of the fluid enclosure, the fluid properties, or the

structural density. Expressions and design curves representing the value of Ψ for

common geometries and boundary conditions are presented. With an estimation of

Ψ and a knowledge of the uncoupled component mode frequencies, one can quickly

compute reasonable approximations of the coupled natural frequencies by hand. The
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accuracy of these hand calculations is first assessed in the context of a specific system

related to the design of liquid rocket engines. Additionally, Monte Carlo simulations

are performed to determine the parameter values over which approximate coupled

frequency expressions are accurate. General observations concerning the forced re-

sponse of acoustoelastic systems are then made by investigating the response of a

simplified two mode system.

In Chapter 5, the dynamics of some geometrically complex acoustoelastic systems

are explored. While the solutions to the idealized problems presented in Chapters 3

and 4 can provide useful insight into physics of acoustoelastic problems, rocket engine

components and their associated acoustic cavities are generally not regularly shaped.

The gimbal joint flowliners are a good example of this. Even though the flowliners

are ostensibly cylindrical shells, they have several features (e.g., cutouts, axial flare, a

raised stiffener) that necessitate a discretized analysis. Here, such an analysis is aided

by the implementation of a component mode synthesis technique that is both robust

and computationally efficient when compared to common FE-FE formulations. This

technique is used to generate new results related to the dynamics of the frusta of cones

filled LH2. Likewise, results corresponding to stiffened cylindrical shells containing

LH2 are also presented.

Finally, in Chapter 6, overall implications of the research and ideas for related

future work are discussed.
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Chapter 2

Theoretical Formulation

This chapter begins by deriving a set of ordinary differential equations (ODEs) that

model the dynamic interaction between a flexible structure and an enclosure filled

with acoustic fluid. These equations are valid for structures and enclosures of arbi-

trary geometry, but will be used to model specific systems in subsequent chapters.

The latter portion of this chapter will focus on a modal analysis procedure for solving

the model equations in both the free and forced vibration cases.

2.1 The Acoustic-Structure Equations of Motion

Acoustoelasticity is a topic that has been of interest to researchers for over forty

years. In the early 1960s, Warburton [21] was one of the first to recognize that

a cylindrical shell containing air possesses resonant frequencies which are close to

either the in vacuo structural natural frequencies or the rigid wall acoustic natural

frequencies of the enclosed air. Dowell et al. [4] expanded upon this idea by developing

a comprehensive theoretical model that combines the rigid wall acoustic cavity modes

and the in vacuo structural modes into a system of coupled ODEs. This model,

which serves as the theoretical framework for much of the present work, has been

used to investigate acoustic-structure interaction in a variety of systems of practical

interest including rectangular enclosures [22], airplane fuselages [23], and computer

disk drives [24].

In this section, the equations of motion for a fluid-filled cavity in contact with

a flexible structure are first derived. This is followed by a derivation of the corre-
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sponding structural equations. These two derivations closely follow those presented

by Dowell and his colleagues [4, 5]. The two sets of equations are then assembled as

a single set of gyroscopically coupled ODEs that model the complete fluid-structure

system. Figure 2.1 is a schematic of the problem of interest.

n

AF

V

AR

Figure 2.1: Schematic of a fluid-filled enclosure of arbitrary geometry. The acoustic
fluid fills a volume V and is coupled to the motion of a flexible structural surface of
area AF . The remaining fluid-structure interface is rigid and denoted AR.

2.1.1 Acoustic Cavity Equations of Motion

The enclosed fluid is modeled with the linear, homogeneous wave equation,

∇2Φ− 1

c2
0

∂2Φ

∂t2
= 0, (2.1)

which is written in terms of fluid velocity potential, Φ. In this expression, ∇2 is the

standard Laplacian operator, c0 is the speed of sound in the fluid, and t denotes time.

For fluid in contact with a rigid surface, AR, the associated boundary condition is

∂Φ

∂n
= 0 on AR, (2.2)
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where n represents the normal vector. This vector is assumed to be positive in the

outward direction. To achieve continuity in the coupled system, it is necessary for the

structural velocities to match the fluid velocities at every point on the fluid-structure

interface. Keeping in mind the definition of acoustic velocity potential (i.e., u ≡ ∇Φ,

where u is the fluid velocity vector), the interface boundary condition can be stated

as

∂Φ

∂n
=

∂w

∂t
on AF , (2.3)

where w is the displacement of the structure in the normal direction and AF is the

flexible surface area of the structure. If all fluid boundaries are rigid, the solutions

to Eq. (2.1) are given by the natural modes, Φ = Fje
i$jt (j = 0, 1, 2, 3,...), which

satisfy

∇2Fj +

(
$j

c0

)2

Fj = 0, (2.4)

∂Fj

∂n
= 0 on A = AR + AF , (2.5)

where $j is the natural frequency of the jth rigid wall acoustic mode and A is the

total surface area of the fluid-structure interface. The normal modes also satisfy the

orthogonality relation,

1

V

∫

V

FiFjdV = 0 for i 6= j, (2.6a)

≡ Mj for i = j, (2.6b)

where Mj can be interpreted as a modal normalization factor and V is the volume of

the fluid cavity.

Transforming the acoustic problem into a set of ODEs is aided by an application
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of Green’s second identity

∫

V

(
Φ∇2Fj − Fj∇2Φ

)
dV =

∫

A

(
Φ

∂Fj

∂n
− Fj

∂Φ

∂n

)
dA. (2.7)

This identity is valid provided the Laplacians of Φ and Fj are defined inside the

volume V . Furthermore, should the second-order partial derivatives of Φ and Fj

have discontinuities, these discontinuities must be bounded and occur only along

lines on A or across a finite number of surfaces in V . The surface A must also be

closed and piecewise smooth [25]. Appropriately substituting Eqs. (2.1) - (2.5) into

Eq. (2.7) gives

∫

V

(
Φ$2

jFj + Fj
∂2Φ

∂t2

)
dV = c2

0

∫

AF

(
Fj

∂w

∂t

)
dA. (2.8)

It is now convenient to express the fluid velocity potential and the radial shell dis-

placement as a superposition of their normal modes

Φ =
∑

i

ai(t)Fi, (2.9)

w =
∑

k

qk(t)Gk, (2.10)

where ai(t) and qk(t) are the time-dependent acoustic and structural modal coordi-

nates. They have units of velocity potential and displacement, respectively. The in

vacuo mode shapes of the structure are represented by G while i and k are the mode

number indices associated with the fluid and the structure, respectively. Substituting

Eqs. (2.9) and (2.10) into Eq. (2.8) gives

$2
j

∫

V

(
Fj

∑
i

aiFi

)
dV +

∫

V

(
Fj

∑
i

äiFi

)
dV = c2

0

∫

AF

(
Fj

∑

k

q̇kGk

)
dA. (2.11)
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Using the orthogonality conditions expressed in Eq. (2.6), the integrals on the left-

hand side of Eq. (2.11) will be non-zero if and only if i = j. Eq. (2.11) then simplifies

and the equations of motion for the fluid are found to be

V Mj

(
äj + $2

jaj

)
= AF c2

0

∑

k

Ljkq̇k, (2.12)

where the acoustic-structure coupling coefficients, Ljk, are given by

Ljk =
1

AF

∫

AF

FjGkdA. (2.13)

Ljk can thus be interpreted as a measure of spatial similarity between a given pair

of uncoupled acoustic and structural mode shapes.

2.1.2 Structural Equations of Motion

Eq. (2.12) models the acoustic problem associated with a fluid-filled cavity in contact

with a flexible structure. A corresponding set of equations that model the structural

dynamic problem are now derived. A structure in contact with an acoustic cavity

can be modeled with the following linear partial differential equation

S [w] + ρs
∂2w

∂t2
= pc, (2.14)

where S[◦] is a linear differential operator that models structural stiffness. The

structural mass density per unit area is given by ρs while pc represents the distribution

of acoustic cavity pressures acting on the structure. It is desirable to ultimately

express the coupled system of equations in terms of the in vacuo natural frequencies

and modes of the structure. These frequencies and modes will satisfy the following
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eigenvalue problem and its associated orthogonality relation

S [Gk]− ρsΩ
2
kGk = 0, (2.15)

∫

AF

ρsGlGjdA = 0 for l 6= k, (2.16a)

≡ Mk for l = k, (2.16b)

where Ωk is the kth in vacuo natural frequency. Substituting Eq. (2.10) into Eq. (2.14)

while making use of Eq. (2.15) gives

ρs

∑

k

[
q̈k + Ω2

kqk

]
Gk = pc. (2.17)

Now both sides of Eq. (2.17) are multiplied by Gl and then integrated over AF . Then,

after applying Eqs. (2.16), Eq. (2.17) becomes

Mk

[
q̈k + Ω2

kqk

]
= Qc

k, (2.18)

where Qc
k represents a set of generalized forces defined as

Qc
k ≡

∫

AF

pcGkdA. (2.19)

Substituting the definition of acoustic velocity potential, u ≡ ∇Φ, into the linearized

momentum equation corresponding to the fluid cavity (i.e., ρ0
∂u
∂t

+ ∇pc = 0) and

integrating both sides of the expression gives

pc = −ρ0
∂Φ

∂t
. (2.20)
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Substituting Eq. (2.20) and the fluid modal expansion, Φ =
∑
j

aj(t)Fj, into Eq. (2.19)

results in a more useful expression of generalized force

Qc
k = −ρ0AF

∑
j

Ljkȧj. (2.21)

The structural equations of motion can now be written in a form that is analogous

to the fluid equations of motion given by Eq. (2.12)

Mk

[
q̈k + Ω2

kqk

]
= −ρ0AF

∑
j

Ljkȧj. (2.22)

2.1.3 Complete System of Equations

Eqs. (2.12) and (2.22) are written such that they may easily be assembled into the

matrix expression

[M ]

{
äj

q̈k

}
+ [G]

{
ȧj

q̇k

}
+ [K]

{
aj

qk

}
=

{
0
0

}
, (2.23)

where

[M ] =

[
V Mj 0

0 Mk

]
, [G] =

[
0 −AF c2

0 [Ljk]

AF ρ0 [Ljk]
T 0

]
,

[K] =

[
V Mj$

2
j 0

0 MkΩ
2
k

]
.

Here, [M ] and [K] are the mass and stiffness matrices while [G] is the gyroscopic

coupling matrix (which is not to be confused with the structural natural modes that

are denoted G). Eq. (2.23) represents a linear, conservative, homogeneous, system

of ODEs. The actual number of equations to be contained in Eq. (2.23) depends on

the particular fluid-structure system as well as the desired level of system frequency
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and modal convergence. In general, for every structural mode retained, it will be

desirable to retain several acoustic modes. Further discussion of system convergence

can be found in Chapters 3 and 4. Eq. (2.23) is written for a structure in contact

with an interior fluid; however, simply multiplying [G] by -1 will model a structure in

contact with a bounded exterior fluid. In Chapter 3, Eq. (2.23) is expanded to model

a configuration in which fluid-filled cavities exist on two sides of a flexible structure.

In realistic situations, damping mechanisms will exist in both the fluid and the

structure. Furthermore, while Eq. (2.23) enables the calculation of properties intrin-

sic to the system (namely undamped natural frequencies and modes), assessing the

response of the system when it is subject to external forcing is of particular interest.

Thus, a more general form of Eq. (2.23) is appropriate. Assuming linear viscous

damping and external forcing characterized by the vector Q, Eq. (2.23) becomes

[M ]g̈(t) + [C + G]ġ(t) + [K]g(t) = Q, (2.24)

where [C] is a matrix of damping coefficients and g(t) represents a vector of time-

dependent generalized coordinates. Individual elements of the g(t) vector can be

associated with either the fluid or the structure.

2.2 Solving the Acoustic-Structure Equations

A modal analysis technique for systems that take the form of Eq. (2.24) is presented

here. Modal analysis is one of the most widely used tools in the field of structural

dynamics. It involves finding the natural frequencies and modes of a system and then

computing the response of these modes when subject to a prescribed excitation. The

response of the complete system can then be found through a superposition of the

modal responses. One possible alternative to modal analysis is the direct solution of

the system ODEs via time-marching numerical integration. However, modal analysis
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is generally the preferred approach for several reasons. Firstly, modal analysis facil-

itates the identification of the most important modes in a system. It may then be

possible to significantly reduce the order of a system by retaining only those modes

deemed to be important. Secondly, due to significant advances in eigenanalysis algo-

rithms, modal analysis is typically more computationally efficient than corresponding

time-marching solutions. But perhaps the most important advantage of modal anal-

ysis is that it affords considerable physical insight into the dynamic behavior of the

system through the explicit computation of system natural frequencies and modes.

Classical modal analysis addresses the behavior of conservative self-adjoint sys-

tems and is given extensive treatment in the literature as well as in most standard

vibrations texts (see e.g., Meirovitch [26] or Ginsberg [27]). A self-adjoint system

is one in which the square system matrix is equal to its own complex conjugate

transpose. Such a matrix is sometimes called Hermitian. In certain cases, it may

be possible to extend classical modal analysis to include nonconservative self-adjoint

systems. In 1965, Caughey and O’Kelley [28] developed a criterion that can be used

to determine if such an extension is possible. They state that the commutativity

of [M ]−1[C] and [M ]−1[K] is a necessary and sufficient condition for the simultane-

ous diagonalization of the mass, damping, and stiffness matrices [29]. The ability

to perform such a diagonalization ensures the existence of classical normal modes.

Note that proportional damping—sometimes called Rayleigh damping in honor of its

namesake’s early consideration of the subject [30]—is a special case that satisfies the

Caughey and O’Kelley criterion. Proportional damping refers to the case in which

the damping matrix is a linear combination of the mass and stiffness matrices.

Classical modal analysis techniques are not applicable to the present system be-

cause the gyroscopic matrix in Eq. (2.23) results in a real, but nonsymmetric (i.e.,

not self-adjoint) system matrix. The diagonalization of such a matrix requires the use
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of biorthogonality. Biorthogonality refers to the orthogonality embodied by what are

commonly known as the right and left eigenvectors. The right eigenvectors are those

associated with the system matrix while the left eigenvectors belong to the adjoint

system matrix. A modal analysis technique that invokes biorthogonality was devel-

oped for conservative gyroscopic systems by Meriovitch [31] and was later employed

by Bokil and Shirahatti [22] to analyze the problem of a flat plate in contact with a

rectangular fluid-filled backing cavity. However, when assessing the overall response

of realistic systems that include damping, this method is of limited use.

More recently, Meirovitch [26] presented three possible methods for calculating

the response of general nonconservative systems. The first method can be used to

calculate response due to harmonic excitations. This method is rather compact, but

it involves calculating the inverse of the system impedance matrix—a task that can

be numerically difficult for high-order systems. Thus, this first method is only of

practical use with small discrete models. The second method is suitable for use with

large systems and does not require a solution to the system eigenvalue problem. It

does however require calculation of the system transition matrix and the convolution

integral. For most systems, this entails a time-stepping approach that repeatedly

performs numerical calculations of the transition matrices and convolution integrals.

This can be a computationally intensive process that does not offer any of the afore-

mentioned advantages of modal analysis. Finally, the third method is in fact a modal

analysis technique that transforms the system of n coupled second-order equations

into a system of 2n uncoupled first-order equations. The technique is disadvanta-

geous in the sense that the solution is left in first-order form and in terms of complex

modes.

Like the third method discussed above, the modal analysis technique presented

here also transforms the system of n coupled second-order equations into a system

22



of 2n uncoupled first-order equations. However, the present technique subsequently

proceeds to find an equivalent system of n uncoupled second-order equations. This

second-order form is especially appealing because it facilitates direct analogies to the

familiar results of classical modal analysis. The procedure as it is presented here

follows Patil [32], though the method used to solve the nonsymmetric eigenvalue

problem in the next section is adapted from Meirovitch [26]. The present technique

is valid for general systems that contain both gyroscopic and circulatory terms, but

since circulatory terms do not appear in the acoustic-structure equations of interest,

they are omitted from the discussions to follow.

2.2.1 The Nonsymmetric Eigenvalue Problem

Since their associated system matrices are not self-adjoint, systems that take the

form of Eq. (2.24) require a nonsymmetric eigenanalysis. The analysis begins by

premultiplying Eq. (2.24) by [M ]−1 and rewriting the equations in state form. This

transforms the n-dimensional second-order system represented by Eq. (2.24) into the

following system of 2n first-order equations

ẋ(t) = [A]x(t) + [B]Q, (2.25)

where

[A] =

[
0 [I]

−[M ]−1[K] −[M ]−1[C + G]

]
, [B] =

[
0

[M ]−1

]
, x =

{
g
ġ

}
,

and where [I] is the identity matrix. With Q = 0, Eq. (2.25) has solutions of

form, x(t) = Xeλt, where λ represents a system eigenvalue. The standard algebraic

eigenvalue problem is then,

[A]X = λX. (2.26)
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As was indicated previously, the eigenvectors associated with Eq. (2.26), Xi, are not

orthogonal with respect to the nonsymmetric system matrix [A]. The Xi vectors

are, however, biorthogonal to the eigenvectors associated with the adjoint eigenvalue

problem which is given by

[A]TY = λY. (2.27)

The two sets of eigenvectors, Xi and Yj, (the right and left eigenvectors, respectively)

can be normalized such that they obey the following relations

Y∗T
j Xi = 2δij (i, j = 1, 2, 3, ..., 2n), (2.28a)

Y∗T
j [A]Xi = 2λiδij (i, j = 1, 2, 3, ..., 2n), (2.28b)

where the superscript [◦]∗T denotes the complex conjugate transpose and δij is the

Kronecker delta function. The factor of two in these relations is used to simplify

the transition of the system into a second-order form. For systems that contain non-

zero damping and gyroscopic terms, solving Eq. (2.26) results in n pairs of complex

conjugate eigenvalues and eigenvectors

λk = αk + iβk λn+k = αk − iβk, (2.29a)

Xk = rk + isk Xn+k = rk − isk, (2.29b)

Yk = vk + iwk Yn+k = vk − iwk, (2.29c)

where (k = 1, 2, 3, ..., n).

2.2.2 Transformation to Second-Order Form

Uncoupled First-Order Equations

The transformation to an uncoupled second-order form first begins by writing the

system of equations in an uncoupled first-order form. To do this, a basis of real

24



vectors is defined

[
X

]
= [r1, s1, r2, s2, ..., rn, sn], (2.30a)

[
Y

]
= [v1,−w1,v2,−w2, ...,vn,−wn]. (2.30b)

Provided the normalization condition given by Eq. (2.28) has been applied, the new

real vectors satisfy the following biorthonormality conditions

[
Y

]T [
X

]
= I2n, (2.31a)

[
Y

]T
[A]

[
X

]
=

[
A

]
, (2.31b)

where
[
A

]
is a 2n × 2n block diagonal matrix that consists of n 2 × 2 blocks of the

form

[
Ak

]
=

[
αk βk

−βk αk

]
(k = 1, 2, 3, ..., n). (2.32)

The generalized coordinates in the original state formulation can now be expressed

in terms of
[
X

]
and a set of intermediate modal coordinates denoted ξ and η

x =

{
g
ġ

}
=

[
X

] {
ξ1, η1, ξ2, η2, ..., ξn, ηn

}T
. (2.33)

Premultiplying Eq. (2.26) by
[
Y

]T
and then substituting Eqs. (2.31) and (2.33) into

the resulting expression yields n uncoupled pairs of first-order equations

{
ξ̇k

η̇k

}
=

[
Ak

] {
ξk

ηk

}
+

{
F ξ

k

F η
k

}
, (2.34)

where

F
ξ

k = vT
k [B]Q, (2.35a)

F
η

k = −wT
k [B]Q. (2.35b)
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A Convenient Similarity Transformation

Eq. (2.34) is the starting point for transforming the system into second-order form.

To do so, a similarity transformation that puts
[
Ak

]
into the form

[Ak] =

[
0 1

−(β2
k + α2

k) 2αk

]
(k = 1, 2, 3, ..., n), (2.36)

is sought. Such a similarity transform exists and is given by

[Ak] =

[
1 0
αk βk

]
[Ak]

[
1 0

−αk/βk 1/βk

]
, (2.37)

where the validity of the transform can be verified by

[
1 0
αk βk

] [
1 0

−αk/βk 1/βk

]
= [I]. (2.38)

It is now possible to define a new set of assumed modes

[X] = [r1 − (α1/β1)s1, (1/β1)s1, ..., rn − (αn/βn)sn, (1/βn)sn], (2.39a)

[Y ] = [v1, α1v1 − β1w1, ...,vn, αnwn − βnwn], (2.39b)

which obey the following biorthonormality conditions

[Y ]T [X] = I2n, (2.40a)

[Y ]T [A] [X] = [Â], (2.40b)

where [Â] is a block diagonal with n 2 × 2 blocks each equal to [Ak]. The modal

expansion in terms of the newly defined modes [X] is given by

x =

{
g
ġ

}
= [X] {ξ1, η1, ξ2, η2, ..., ξn, ηn}T . (2.41)
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Premultiplying Eq. (2.26) by [Y ]T and then substituting Eqs. (2.40) and (2.41) into

the resulting expression yields n uncoupled pairs of first-order equations of the form

{
ξ̇k

η̇k

}
= [Ak]

{
ξk

ηk

}
+

{
F ξ

k

F η
k

}
, (2.42)

where

F ξ
k = uT

k [B]Q, (2.43a)

F η
k =

(
αku

T
k − βkv

T
k

)
[B]Q. (2.43b)

In the free response case, (i.e., F ξ
k = F η

k = 0), Eq. (2.42) may be easily cast as a

system of uncoupled second-order equations of the form

ξ̈k − 2αkξ̇k + (α2
k + β2

k)ξk = 0. (2.44)

However, since the forced case is of primary interest, it is necessary to perform a mod-

ification to the force vector in order to complete the transformation to an externally

forced uncoupled second-order equation.

2.2.3 Determination of Modal Force

With the aid of Eq. (2.36), it can be seen that Eq. (2.42) may only be written in

second-order form if F ξ
k = 0. To find a set of eigenvectors which satisfy this condi-

tion, consider the original definition of the system eigenvectors found in Eq. (2.29)

and note that multiplying an eigenvector by any complex constant, ck, will return

another system eigenvector. The adjoint eigenvector will then need to be multiplied

by the complex conjugate of ck in order for the left and right eigenvectors to remain

biorthogonal. It is also noted that the normalization conditions given by Eq. (2.28)

will continue to be true provided (c2
kR

+ c2
kI

) = 1, where the R and I subscripts de-

note the real and imaginary parts of ck. It is therefore necessary to find a value of
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ck that has a complex modulus equal to unity and also renders a purely imaginary

eigenvector when it is multiplied by the original left eigenvector, Yk. Such a complex

constant is given by

ck =

(
F ξ

k − F η
k

)
√(

F ξ
k

)2

+
(
F η

k

)2
. (2.45)

This constant is determined with the use of Eq. (2.35) and is then multiplied by Yk.

Its complex conjugate is multiplied by Xk. This results in two sets of biorthonormal

eigenvectors which may then be transformed according to the procedure outlined

above. The result is a modal force amplitude vector given by Eq. (2.43) where

F ξ
k = 0. The forced, uncoupled second-order equations can now be written as

ξ̈k − 2αkξ̇k +
(
α2

k + β2
k

)
ξ = F η

k (k = 1, 2, 3, ..., n) . (2.46)

2.2.4 System Free Response to Initial Conditions

Before moving on to consider the system forced response, it is first instructive to deter-

mine the system free response to initial conditions. Assuming an initial displacement

in generalized coordinates of g(0) = g0, and an initial velocity of ġ(0) = ġ0, the

transformed initial conditions are

{
ξ0

ξ̇0

}
= [Y ]T

{
g0

ġ0

}
. (2.47)

The underdamped response of a second-order ODE in the form of Eq. (2.46) is

ξk(t) = eαkt

(
ξ0
k cos (βkt) +

ξ̇0
k − αkξ

0
k

βk

sin (βkt)

)
, (2.48)
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and the velocity response is

ξ̇k(t) = eαkt

(
αk

(
ξ0
k cos (βkt) +

ξ̇0
k − αkξ

0
k

βk

sin (βkt)

)

+ βk

(
−ξ0

k sin (βkt) +
ξ̇0
k − αkξ

0
k

βk

cos (βkt)

))
.

(2.49)

These responses can then be transformed back into the generalized coordinates by

applying

x =

{
g(t)
ġ(t)

}
= [X]

{
ξ(t)

ξ̇(t)

}
. (2.50)

This transformation reveals the primary difference between classical modal analysis

and the modal analysis technique discussed here. In the present case, the generalized

displacements and velocities are each related to both the modal displacements and

velocities. In classical modal analysis, generalized displacements are related to modal

displacements only. Similarly, generalized velocities in classical modal analysis are

related to modal velocities only. Substituting Eqs. (2.48) and (2.49) into Eq. (2.50)

leads to the system free response in generalized coordinates

{
g(t)
ġ(t)

}
=

n∑

k=1

eαkt

((
ξ0
k cos (βkt) +

ξ̇0
k − αkξ

0
k

βk

sin (βkt)

)
rk

+

(
−ξ0

k sin (βkt) +
ξ̇0
k − αkξ

0
k

βk

cos (βkt)

)
sk

)
.

(2.51)

2.2.5 Forced Response to Harmonic Excitation

When subject to harmonic forcing of frequency ω, Eq. (2.46) exhibits a steady-state

response of the form

(ξk) ss = Re
(
ξ̂ke

iωt
)

, (2.52)
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where the complex amplitude, ξ̂k, is given by

ξ̂k(ω) =
F η

k

(α2
k + β2

k)− ω2 − 2αkiω
. (2.53)

When applying Eq. (2.53), it is important to recall that the system eigenvectors

need to be selected such that F ξ
k = 0. Substituting Eq. (2.52), its time derivative,

and Eq. (2.53) into Eq. (2.50) results in an expression for the steady-state complex

amplitude of the generalized coordinates

{
ĝ(ω)
ˆ̇g(ω)

}
=

n∑

k=1

F η
k

(α2
k + β2

k)− ω2 − 2αkiω

(
rk +

iω − αk

βk

sk

)
, (2.54)

where the time-dependant steady-state response is given by

{
g
ġ

}

ss

= Re

({
ĝ(ω)
ˆ̇g(ω)

}
eiωt

)
. (2.55)

Eq. (2.54) allows for the direct computation of the amplitude and phase of the re-

sponse of the generalized coordinates at any forcing frequency. However, for the

acoustic-structure systems of interest, recall that the g vector of generalized coor-

dinates is comprised of acoustic and structural modal coordinates. These modal

coordinates are related to structural displacement and fluid velocity potential by the

modal expansions given by Eqs. (2.9) and (2.10). In the next chapter, the forced re-

sponse procedure described here will be used to determine the displacement response

of a cylindrical shell in contact with fluid-filled cavities.
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Chapter 3

Cylindrical Shells Submerged in Liquid

Rocket Fuel or Oxidizer

Cylindrical—or nearly cylindrical—structural components are common features of

liquid rocket engines. During operation, these structures often reside in environments

that are filled with liquid propellant and/or oxidizer. Here, the acoustic-structure

equations of motion derived in Chapter 2 are used to model a flexible cylindrical shell

of finite length that is in contact with cylindrical and/or annular acoustic enclosures

(see Figure 3.1). The shell length is given by ` and the radius of cylindrical enclosure

is given by RA
i . The distance from the origin to the middle surface of the shell is

denoted a0 (thus a0 differs from RA
i by one half the shell thickness, h). The inner

diameter of the annulus is RB
i and is equal to RA

i +h. The enclosures are considered to

be entirely full of LH2 or LOX and the fluid is assumed to be quiescent, inviscid, and

compressible. To conveniently distinguish between the two cavities, the cylindrical

enclosure is denoted cavity A while the annular enclosure is called cavity B. (This A

and B convention will be adopted in subsequent chapters for cases in which similar

geometries are considered.)

The system of interest can be interpreted as an idealized model of the Space

Shuttle Orbiter gimbal joint flowliner. In developing this model, complex geometric

features and other complicating factors of the flowliner system have been ignored in

an effort to explore relevant acoustoelastic phenomena without undue complication.
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Figure 3.1: A schematic of a flexible cylindrical shell in contact with both cylindrical
and annular fluid cavities. The system is shown with an aspect ratio (i.e., `/a0) that
is consistent with that of the Space Shuttle gimbal joint flowliner.

3.1 Previous Work

Most of the literature concerning cylindrical shells in contact with fluid can be placed

into one of two categories. The first category considers cylindrical shells radiating

sound into an unbounded exterior domain, or conversely, transmitting external sound

into their interior. These are classical vibroacoustics problems which are applicable

to the analysis of aircraft fuselages, launch vehicle fairings, and submarine hulls.

Examples of studies that consider this category of fluid/shell problems include the

works of Junger [33], Dowell [23], Estève [34], and Gardonio et al. [35].

The second major category of previous work concerns cylindrical shells filled, or

partially filled, with dense liquids such as water (see e.g., Refs. [36–39]). This cat-

egory of problems is relevant to the design of systems such as liquid storage tanks,

heat exchangers, and nuclear reactor vessels. It is common for these studies to model
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the fluid as “slightly compressible” by assuming that the uncoupled acoustic natural

frequencies are higher than the shell natural frequencies of interest [40]. This model-

ing technique typically accounts for the presence of the fluid by including an added

mass term directly in the shell equations of motion. Indeed, Au-Yang [41] used this

approach to model a configuration similar to the one of interest here (i.e., a cylindri-

cal shell in contact with both cylindrical and annular enclosures). This added mass

analysis is most appropriate when assessing the dynamics of a slender cylindrical shell

filled with a dense liquid that has a relatively high speed of sound (e.g., water).

For fluid-filled shells that are “squat” rather than slender—i.e., shells with small

length-to-radius aspect ratios—the lowest uncoupled acoustic natural frequencies can

be comparable to the lowest in vacuo frequencies of the shells. In such cases, it

becomes important to fully consider the effects of fluid compressibility in the dynamic

analysis. The Space Shuttle gimbal joint flowliners do in fact have small length-to-

radius aspect ratios. For the downstream Orbiter gimbal joint flowliner `/a0 = 0.42.

This same ratio is equal to 0.51 for the upstream liner [19]. Furthermore, the forcing

frequencies associated with the flowliner system have been shown to be close to some

rigid wall acoustic cavity and in vacuo structural natural frequencies [17]. It is

therefore desirable to analyze the idealized flowliner system depicted in Figure 3.1

using an acoustoelastic model such as the one presented in Chapter 2.

There exist a few previous studies that perform an acoustoelastic analysis on

cylindrical shells filled with fluid (see e.g., Refs. [21, 42–44]). These studies tend to

focus on the calculation of coupled natural frequencies and devote little attention to

determining coupled mode shapes or the system forced response. Other examples of

acoustoelastic analyses that concern shell structures include the work of Missaoui and

Cheng [45] who created a simplified model of an aircraft fuselage by considering the

dynamics of an air-filled cylindrical shell with an internal floor partition. Cheng [46]
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calculated the sound-field inside an air-filled cylindrical shell with flexible plates at

both of its ends. Additionally, Kruntcheva [47] and Molisani [48] performed acoustoe-

lastic analyses of an air-filled annular gap bounded by a flexible outer cylindrical shell

and a rigid inner cylinder. This configuration is relevant to the analysis of vehicle

tires.

3.2 Acoustic Model

As shown in Chapter 2, the equations of motion for the acoustic-structure system

require the uncoupled acoustic natural frequencies and modes as input. As will

be shown presently, in the case of cylindrical ducts and annular enclosures, these

frequencies and modes can be expressed analytically.

3.2.1 Cavities with Rigid Ends

Cylindrical Cavity

The natural frequencies and modes corresponding to rigid wall cylindrical acoustic

cavities are well-known and can be found in (or derived with the aid of) most general

acoustics texts (see e.g., Blackstock [49]). The solution procedure involves writing

the acoustic wave equation, Eq. (2.1), in cylindrical coordinates and then finding

admissible solutions to the equation via the separation of variables method. In all of

the following expressions, both the walls and the ends of the cavities are assumed to

be rigid. Section 3.2.2 discusses the possibility of applying pressure release boundary

conditions at one or both ends of the cavity.

The radially dependent part of the variable-separated wave equation admits solu-

tions that are linear combinations of Bessel and Neumann functions (sometimes called

Bessel functions of the first and second kind, respectively). Since the Neumann func-

tion is singular at r = 0, it is discarded when determining the characteristic equation
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for a cylindrical enclosure. Applying the rigid wall boundary condition at r = RA
i

yields the following characteristic equation

J ′na
(αnapa) = 0, (3.1)

where Jna is the nth
a -order Bessel function. The prime notation used in conjunction

with the Bessel or Neumann functions denotes a derivative with respect to the radial

direction, r. The roots of this expression, αnapa , are tabulated in several references

(see e.g., Refs. [49] and [50]), but are calculated for the purposes of this study with

the aid of a root-finding algorithm. To better visualize the behavior of these roots,

Figure 3.2 (a) plots J ′na
(x) across a range of arguments and for na values ranging from

zero to three. Figure 3.2 (b) plots values of αnapa for radial wavenumbers ranging

from one to four and indicates that these four curves of constant radial wavenumber

have approximately equivalent slopes.

For a rigid cylindrical duct (cavity A) it can be shown that the acoustic natural

frequencies, $A
manapa

, are given by

$A
manapa

= c0

√(
αnapa

RA
i

)2

+
(maπ

`

)2

, (3.2)

where the acoustic mode index number j that was used in Chapter 2 has now been

expanded to explicitly demonstrate the wavenumber dependance of the frequency

expression. In this expression, the axial, circumferential, and radial wavenumbers are

denoted m, n, and p, respectively. The subscript a used in conjunction with these

indices indicate that the wavenumbers are acoustic in nature. The A superscripts

indicate a parameter’s association with cavity A. The natural modes of cavity A are

FA
manapa

= Jna

(
αnapa

r

RA
i

)
cos(naθ) cos

(maπ

`
z
)

, (3.3)

35



0 2 4 6 8 10 12 14 16 18 20
-1

-0. 5

0

0.5

1

x

Jna
(x) na = 0

na = 1
na = 2
na = 3

na

αnapa

(a)

0 5 10 15
0

5

10

15

20

25

30

35

40

45

50
(b) pa = 1

pa = 2
pa = 3
pa = 4

,

Figure 3.2: (a) The characteristic equation corresponding to a rigid cylindrical duct
across a range of arguments, x. (b) The four lowest roots of Eq. (3.1) plotted versus
circumferential wavenumber.

where r, θ, and z are the radial, circumferential, and axial directions in cylindrical-

polar coordinates. The natural modes are normalized according to Eqs. (2.6). The

resulting normalization factor is

MA
manapa

=
1

εnaεma

(
1−

(
na

αnapa + δna

)2
)

J2
na

(αnapa), (3.4)

where ε is a parameter that equals unity only if the wavenumber given by its subscript

equals zero. ε equals two in all other cases. δna is the Kronecker delta function (i.e.,

δna = 1 if na = 0, and δna = 0 otherwise).

Annular Cavity

Eqs. (3.2) - (3.4) represent the three parameters necessary to model the fluid in

cavity A. The corresponding parameters for cavity B are now presented. Since the

inner radius of an annulus, RB
i , is nonzero, the fluid domain does not include the

origin. The Neumann functions must therefore be retained when determining the

characteristic equation for the annulus. Applying rigid wall boundary conditions at
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r = RB
i and r = RB

o gives the following characteristic equation for cavity B

k2
napa

[
Y ′

na

(
knapa

Ro

RB
i

)
J ′na

(knapa)− J ′na

(
knapa

Ro

RB
i

)
Y ′

na
(knapa)

]
= 0, (3.5)

where Yna is the na-order Neumann function and knapa are the roots that are sought.

While roots of knapa have been tabulated for specific values Ro/R
B
i [51], a root-finding

scheme has again been employed to calculate the roots at any desired radius ratio.
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Figure 3.3: (a) The characteristic equation corresponding to a rigid annular en-

closure i.e., Λ = x2
[
Y ′

na

(
x Ro

RB
i

)
J ′na

(x)− J ′na

(
x Ro

RB
i

)
Y ′

na
(x)

]
across a range of argu-

ments, x, with Ro/R
B
i = 1.25. (b) The four lowest roots of Eq. (3.5) plotted versus

circumferential wavenumber with Ro/R
B
i = 1.25. (c) The lowest roots of Eq. (3.5)

plotted versus circumferential wavenumber and Ro/R
B
i .

Figure 3.3 underscores a few observations that will ultimately be important when
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considering the complete system. Part (a) of Figure 3.3 plots the characteristic equa-

tion corresponding to a rigid annular enclosure across a range of arguments, x, with

Ro/R
B
i = 1.25. Part (b) displays the four lowest roots of Eq. (3.5) versus circumferen-

tial wavenumber with Ro/R
B
i = 1.25, and part (c) plots the lowest roots of Eq. (3.5)

versus circumferential wavenumber and Ro/R
B
i . A comparison of Figure 3.3 (c) with

Figure 3.2 (b) reveals that the pa = 1 family of roots associated with an annular

enclosure will be lower than that of a cylindrical enclosure regardless of enclosure

geometry. This observation has implications to the coupled system because it indi-

cates that the lowest acoustic modes with which the shell may couple will be those

associated with the annular enclosure, not the cylindrical enclosure. Thus, assuming

the cylindrical and annular enclosures are the same length and are both filled with

like fluid, the lowest natural frequencies of the coupled system will be more heavily

influenced by the presence of the annular enclosure rather than the cylindrical one.

Secondly, unlike cylindrical enclosures where the curves of constant radial wavenum-

ber have approximately equivalent slopes, Figure 3.3 (b) reveals that the curves with

pa > 1 have very small slopes while the pa = 1 curve has a relatively high slope.

Additionally, the pa > 1 roots of the characteristic equation for the annulus are rela-

tively high compared to the corresponding roots of the characteristic equation for the

cylinder. This indicates that while the pa = 1 family of annular acoustic modes may

be important to the behavior of the lowest branch of system frequencies, the next sev-

eral branches of system frequencies will likely be heavily influenced by contributions

from the cylindrical acoustic modes.

The natural frequencies of the rigid annular cavity are

$B
manapa

= c0

√(
knapa

RB
i

)2

+
(maπ

`

)2

. (3.6)
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The corresponding mode shapes and normalization factors for the cavity are then

given by

FB
manapa

= Γ

(
knapa

r

RB
i

)
cos(naθ) cos

(maπ

`
z
)

, (3.7)

MB
manapa

=
1

V B

∫ `

0

∫ 2π

0

∫ Ro

RB
i

[
Γ

(
knapa

r

RB
i

)
cos(naθ) cos

(maπ

`
z
)]2

rdrdθdz, (3.8)

where

Γ

(
knapa

r

RB
i

)
≡ Jna

(
knapa

r

RB
i

)
−

J ′na

(
knapa

Ro

RB
i

)

Y ′
na

(
knapa

Ro

RB
i

)Yna

(
knapa

r

RB
i

)
. (3.9)

For the purposes of this study, the integration in Eq. (3.8) is performed numerically.

3.2.2 Other End Boundary Conditions

When considering a shell that is open on one or both of its ends, it may be desirable

to model the open ends as zero-pressure or “pressure release” surfaces. Such a model

is most appropriate for cases in which a fluid-filled shell opens into an effectively

infinite domain of like fluid. For example, consider an organ pipe that is closed on

one end and open to the atmosphere on the other.

Recall from Chapter 2 that the acoustoelastic equations of motion are derived

with the use of rigid wall acoustic modes. One may then question whether these

equations are still valid for modes that treat one or more enclosure boundaries as

pressure release surfaces. However, it can be shown that the derived acoustoelastic

equations do remain valid. To demonstrate this, consider the Φ
∂Fj

∂n
term that is inside

the area integral on the right-hand side of Eq. (2.7). For the derivation to proceed

as shown, it is necessary for this term to equal zero. In the case of rigid surfaces
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on the fluid-structure interface, this term equals zero because
∂Fj

∂n
= 0. Conversely,

in the case of pressure release surfaces, this term equals zero because Φ = 0. Thus,

the acoustic-structure equations of motion will accept expressions for the uncoupled

natural modes of an enclosure that has any combination of rigid and pressure release

surfaces.

Modeling one or both of the shell ends as pressure release surfaces results in

modifications to the axial component of the uncoupled acoustic mode shapes. These

modifications and their implications on the uncoupled acoustic frequency and mode

normalization factors are now discussed.

Two Pressure Release Ends

The natural mode of a cylindrical or annular enclosure with two pressure release ends

has an axial component, F z
ma

,

F z
ma

= sin
(maπ

`
z
)

(ma = 1, 2, 3, ...). (3.10)

Note that ma = 0 is not included because it corresponds to a trivial zero-pressure

case. Unlike the case of a cylinder with two rigid ends, a constant pressure mode with

a natural frequency of zero is not possible here. In the present case of an enclosure

with two pressure release ends, the acoustic natural frequencies can still be given

by Eqs. (3.2) and (3.6), provided the ma = 0 wavenumber is no longer admissible.

Similarly, the modal normalization factors are still given by Eqs. (3.4) and (3.8) and

are subject to the same axial wavenumber restriction.
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One Rigid End and One Pressure Release End

The natural mode of a cylindrical or annular enclosure with a closed end at z = 0

and pressure release end at z = ` has an axial component of

F z
ma

= cos
(maπ

2`
z
)

(ma = 1, 3, 5, ...). (3.11)

Similarly, an enclosure with a pressure release end at z = 0 and a closed end at z = `

has an axial component of

F z
ma

= sin
(maπ

2`
z
)

(ma = 1, 3, 5, ...). (3.12)

In Eq. (3.11), ma = 0 is not included because the resulting expression does not

satisfy the pressure release boundary condition at z = `, whereas in Eq. (3.12),

ma = 0 is not included because it represents a trivial case. Again, the acoustic

natural frequencies and modal normalization factors are still given by the previously

given expressions, provided they are used in conjunction with admissible values of ma.

Table 3.1 summarizes how different enclosure end conditions affect the calculation

of the acoustic-structure coupling coefficients. An assessment of the overall coupling

capacity of cylindrical and annular enclosures with different end boundary conditions

can be found in Chapter 4.

3.3 Structural Model

The in vacuo vibration of cylindrical shells is a venerable topic that has commanded

research interest for well over a century. The earliest and most substantial contribu-

tions to the subject were made in the late nineteenth century by Rayleigh [30] and

Love [52]. The intent of this brief section is not to provide an extensive summary

of the topical literature that has followed, but rather to highlight a few key results
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that will ultimately inform the understanding of the acoustoelastic problem. An in-

terested reader may wish to consult the work of Leissa [53] which provides a rather

comprehensive review of the research conducted on the in vacuo vibration of circular

and noncircular shells prior to the early 1970s. Additionally, the text of Calladine [54]

includes a chapter-length summary of the history and fundamentals of circular shell

dynamics.

A number of standard assumptions apply throughout the subsequent analysis.

All shells are assumed to consist of elastic, homogeneous, isotropic, linear material.

Furthermore, all shell walls will be of a constant thickness that is no more than 10%

of the shell radius. The analysis in the present chapter and in Chapter 4 will concern

uniform cylindrical shells of circular cross-section and constant radius. However, in

Chapter 5, these restrictions will be relaxed to consider the frusta of cones as well

as shells with raised stiffeners. Finally, structural damping is assumed to be light

enough to have a negligible effect on the in vacuo shell dynamics and is therefore not

included in the calculation of natural frequencies and modes.

The equations of motion for thin shells are typically eighth-order partial differ-

ential equations. However, researchers have not been able to agree on the most

appropriate formulation of these equations. There are well over a dozen different

theories that have been proposed to model shell dynamics. Most of these theories are

quite similar and any differences that arise among them are generally due to small

discrepancies in their associated strain-displacement relations. These discrepancies

involve terms that assume relatively small numerical values across wide ranges of

physical configurations. The Donnell and the Mushtari shell equations are the sim-

plest to implement, and while the theories of Flügge and Sanders are more complex,

they are generally considered to be the most accurate [50]. Leissa [53] provides a

detailed survey of different shell models and their ranges of applicability.
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One feature of shell dynamics that is not intrinsic to the vibration of other com-

mon structures—such as beams or plates—involves the nature of the lowest frequency

(or fundamental) shell modes. In the classical linear dynamic analysis of beams and

flat plates, the lowest frequency modes have the lowest wavenumbers. As higher

natural frequencies are considered in ascending order, their associated modes have

wavenumbers that also ascend in order. As will be evident throughout this and sub-

sequent chapters, fundamental shell modes often have relatively high circumferential

wavenumbers. Then, as higher natural frequencies are considered, the circumferen-

tial wavenumbers of the associated modes ascend or descend in a manner that eludes

general description.

In 1949, Arnold and Warburton [55] were the first to explain the seemingly pe-

culiar wavenumber behavior of shell modes. Their investigation uncovered that the

total strain energy of a shell is comprised of contributions from bending energy and

stretching energy. Bending energy was found to be high for large circumferential

wavenumbers, but low for small circumferential wavenumbers. Conversely, the strain

energy associated with stretching was found to be high for small wavenumbers, but

low for large wavenumbers. Thus, the total strain energy assumes a minimum at

some mid-range value of circumferential wavenumber. The fundamental natural fre-

quency of the shell then has an associated wavenumber that is consistent with this

mid-range value. The actual wavenumber corresponding to the total strain energy

minimum is dependant upon the specific geometry and material properties of the

shell under consideration. The fact that circumferential wavenumbers do not corre-

spond sequentially to shell natural frequencies is inextricably linked to the dynamic

behavior of the coupled shell/fluid system explored in this chapter.
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3.3.1 Simply Supported Boundary Conditions

Most of the results in this chapter concern cylindrical shells that are simply sup-

ported at both of their ends. Since the primary interest here is to explore funda-

mental acoustoelastic phenomena, simply supported boundary conditions are cho-

sen because of the relative analytical simplicity that they afford. In the case of a

shell, simply supported boundary conditions—sometimes known as freely supported

or shear diaphragm boundary conditions—indicate that the internal bending moment,

the membrane normal force as well as the radial and circumferential (but not the ax-

ial) displacements are all equal to zero at both shell ends. For a simply supported

shell of length ` the structural mode shapes can be expressed as follows

Gmsns =





Gu
msns

Gv
msns

Gw
msns



 = sin

(msπ

`
z
)





(∂/∂z) cos (nsθ)
sin (nsθ)
cos (nsθ)



 , (3.13)

where the u, v, and w superscripts denote axial, circumferential, and radial com-

ponents of the modes. Figure 3.4 displays the in vacuo mode shapes of a simply

supported shell for various values of ms and ns. When analyzing axi-symmetric

structures or enclosures, it is common to refer to the circumferential wavenumber in

terms of nodal diameter. This is a reference to the number of node lines that can be

drawn through the cross-section of a mode shape. For example, a mode with a cir-

cumferential wavenumber of three is sometimes called a three-nodal-diameter mode.

However, for the sake of consistency, structural modes will be referenced in terms of

their axial and circumferential wavenumbers.

Because they are accurate across a wide range of practical configurations, Flügge’s

shell equations are chosen as the structural model (see Appendix A for the complete

form of these equations). Substituting Gmsnse
iΩt into Flügge’s equations leads to the
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Figure 3.4: In vacuo mode shapes and nodal pattern for a simply supported cylin-
drical shell.

following bi-cubic characteristic equation

Ω
6
+ d2Ω

4
+ d1Ω

2
+ d0 = 0, (3.14)

where the frequency parameter is Ω = Ωa0

√
(ρ(1− ν2)/E). Ω represents the an-

gular natural frequency of the shell, ν is Poisson’s ratio, and E denotes Young’s

modulus. The coefficients d0, d1, and d2 are lengthy expressions (see Appendix A

for their complete form) which depend on shell geometry, Poisson’s ratio, as well as

axial and circumferential wavenumber. For given axial and circumferential wavenum-

bers, Eq. (3.14) returns three natural frequencies. The modes corresponding to these

45



frequencies are typically dominated by either axial, circumferential, or radial contri-

butions. The radially dominant natural frequency (generally the lowest of the three)

is of interest here because it is the only frequency that is appreciably affected by

the presence of the fluid. The formulation of the coupled equations of motion also

requires the calculation of the structural modal mass for the cylindrical shell which

is given by

Mmsns
= ρsh

∫

A

(
Gw

msns

)2
dA

= ρsh

∫ `

0

∫ 2π

0

[
cos(nsθ) sin

(msπ

`
z
)]2

a0dθdz =
1

εns

πρsha0`.

(3.15)

As evidenced by the expressions in Appendix A, the coefficients of Eq. (3.14) are

cumbersome and subject to inadvertent error. To ensure proper implementation of

the characteristic equation and the associated root-finding algorithm, results first

obtained by Bozich [56] and later reprinted by Leissa [53] are reproduced here in

Figure 3.5. The curves demonstrate the fundamental frequency behavior versus di-

mensionless panel length. (Panel length is the distance between the axial nodes of a

shell mode shape and is given by `/ms.) Fundamental frequency behavior is given

for three different radius-to-thickness ratios.

3.3.2 Other Structural Boundary Conditions

Because their associated mode shapes can be expressed exactly, simply supported

shell boundary conditions are relatively simple to analyze. However, such bound-

ary conditions are generally not achieved in practice. It is far more common for

engineered shells to have clamped and/or free boundary conditions. The process of

calculating the in vacuo natural frequencies and modes for shells with more general

boundary conditions involves first expressing the axial, circumferential, and radial
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Figure 3.5: The fundamental frequency behavior of a simply supported in vacuo
cylindrical shell versus dimensionless length for three different radius-to-thickness
ratios: (a) a0/h = 20, (b) a0/h = 100, and (c) a0/h = 2000.
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shell displacements in the general form





u
v
w



 =





Ãeλmsz/a0 cos (nsθ)

B̃eλmsz/a0 sin (nsθ)

C̃eλmsz/a0 cos (nsθ)



 , (3.16)

where Ã, B̃, and C̃ are unknown scaling constants and where λms is an unknown

parameter that dictates the axial dependance of the shell mode shapes.

Analytical results relating to clamped-free, clamped-clamped, and clamped-simply

supported shells are presented primarily in Chapter 4. To obtain these results, an

analytical procedure described by Callahan and Baruh [57] is implemented. In brief,

the procedure involves solving the shell equations of motion by formulating two eigen-

value problems that allow for the shell natural frequencies and their corresponding

mode shape parameters to be determined simultaneously. This “exact” approach

was first described by Flügge [58] in 1934, but he did not use it to solve any specific

problems—this was done by Forsberg [59] in 1964. The Callahan and Baruh proce-

dure implemented here employs the Junger and Feit [1] shell equations and solves

them by taking advantage of the symbolic math and matrix manipulation features

inherent to modern computational software.

It is noted that for slender shells (i.e., `/(msa0) ≥ 8), it may be appropriate to re-

place the eλmsz/a0 terms in Eq. (3.16) with the results from classical beam theory [50].

The resulting displacement expressions can then be substituted into the shell equa-

tions of motion and solved in a manner similar to the one described in Section 3.3.1.

Since shells with low `/(msa0) aspect ratios are of the most interest, a more exact

approach is required here.
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3.4 Coupled Equations of Motion

After discussions of the individual uncoupled acoustic and structural systems that

comprise the complete system of interest, it is now possible to assemble the system

equations of motion by using results from Chapter 2

V AMA
manapa

[
äA

manapa
+

(
$A

manapa

)2
aA

manapa

]
= c2

0A
A
F

∞∑
ms=1

∞∑
ns=0

q̇msnsL
A
msnsmanapa

,

(3.17)

V BMB
manapa

[
äB

manapa
+

(
$B

manapa

)2
aB

manapa

]
= −c2

0A
B
F

∞∑
ms=1

∞∑
ns=0

q̇msnsL
B
msnsmanapa

,

(3.18)
Mmsns

[
q̈msns + (Ωmsns)

2 qmsns

]

= ρ0

∞∑
ma=0

∞∑
na=0

∞∑
pa=1

(−AA
F ȧA

manapa
LA

msnsmanapa
+ AB

F ȧB
manapa

LB
msnsmanapa

)
,

(3.19)

where LA,B
msnsmanapa

is the coupling coefficient given by

LA,B
msnsmanapa

=
1

AA,B
F

∫

AA,B
F

Gw
msns

FA,B
manapa

dA. (3.20)

Note the sign difference that exists among the coupling terms in Eqs. (3.17) - (3.19).

This difference arises because the normal vector pointing from the shell surface into

cavity A points in a direction opposite that of the corresponding vector pointing into

cavity B.

Substituting the expressions for Gw
msns

and FA,B
manapa

into Eq. (3.20) results in two

rules regarding the nature of the coupling coefficient. LA,B
msnsmanapa

will be non-zero

provided 1) the structural and acoustic circumferential wave numbers are equal (i.e.,

ns = na) and 2) the structural and acoustic axial wave numbers differ by an odd
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number (i.e., ms = ma ± 1, ma ± 3, ma ± 5,...). In all other cases, the following

closed-form expressions are used to calculate the coupling coefficients corresponding

to cavities A and B

LA
msnsmanapa

=
Jna(αnapa)ms ((−1)ma+ms − 1)

εnsπ (m2
a −m2

s)
, (3.21)

LB
msnsmanapa

=
Γ(knapa)ms ((−1)ma+ms − 1)

εnsπ (m2
a −m2

s)
. (3.22)

The above-mentioned coupling rules are applicable to both cavities A and B provided

all cavity ends are rigid. Table 3.1 summarizes the coupling rules for cylindrical and

annular enclosures with various boundary conditions at their ends.

Table 3.1: Coupling rules and coefficients for different fluid boundary conditions. R
denotes a rigid boundary condition and PR indicates pressure release.

Fluid BC Coupling rules Coupling coefficient

z = 0 z = ` n rule m rule LA

Jna (αnapa )
or LB

Γ(knapa )

R R ns = na (ms-ma) is odd
ms((−1)ma+ms−1)

εnsπ(m2
a−m2

s)

R PR ns = na ma is odd −4ms

εnsπ(m2
a−4m2

s)

PR R ns = na ma is odd 4ms(−1)(ms+
(ma−1)

2 )
εnsπ(m2

a−4m2
s)

PR PR ns = na ma = ms
1

2εns

To find the coupled natural frequencies of the system, it is necessary to write

Eqs. (3.17) - (3.19) in matrix form and solve the associated eigenvalue problem. Since

the n = 0 family of modes is of interest, it is important to make a small modification

to Eqs. (3.17) - (3.19) to prevent computational difficulties. The constant-pressure

acoustic mode (i.e., ma = 0, na = 0, pa = 1) in each cavity has a natural frequency

of zero. Including these modes as individual elements in the stiffness matrix would
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cause the matrix to be singular. However, neglecting these modes would ignore the

fact that due to the “breathing” nature of the n = 0 modes, the presence of the

fluid in the cavity effectively stiffens the structure. This is termed the Helmholtz

stiffening effect [60]. To account for this effect, the method detailed by Bokil and

Shirahatti [22] is employed. The procedure begins by writing Eqs. (3.17) and (3.18)

only in terms of the ma = 0, na = 0, pa = 1 mode. The resulting expression is then

integrated with respect to time. It is then noted that near the natural frequency

corresponding to the (ms, ns) structural mode, the qmsnsL
A,B
msns001 term will dominate.

The summation over ms and ns can thus be closely approximated with a single term

ȧA
001 =

c2
0A

A
F

V AMA
001

∞∑
ms=1

∞∑
ns=0

qmsnsL
A
msns001 ≈

c2
0A

A
F

V AMA
001

qmsnsL
A
msns001, (3.23)

ȧB
001 = − c2

0A
B
F

V BMB
001

∞∑
ms=1

∞∑
ns=0

qmsnsL
B
msns001 ≈ − c2

0A
B
F

V BMB
001

qmsnsL
B
msns001. (3.24)

Multiplying both sides of Eq. (3.23) by ρ0A
A
F LA

msns001 and both sides of Eq. (3.24)

by −ρ0A
B
F LB

msns001 and then adding the resulting expressions to Eq. (3.19) gives the

following modified equations of motion

V AMA
j

[
äA

j +
(
ωA

j

)2
aA

j

]
= c2

0A
A
F

∞∑
ms=1

∞∑
ns=0

q̇msnsL
A
msnsj (j = 1, 2, 3, ...), (3.25)

V BMB
j

[
äB

j +
(
ωB

j

)2
aB

j

]
= −c2

0A
B
F

∞∑
ms=1

∞∑
ns=0

q̇msnsL
B
msnsj (j = 1, 2, 3, ...), (3.26)

Mmsns q̈msns +

(
MmsnsΩ

2
msns

+
ρ0c

2
0

(
AA

F

)2

V AMA
0

(
LA

msns0

)2
+

ρ0c
2
0

(
AB

F

)2

V BMB
0

(
LB

msns0

)2

)
qmsns

= ρ0

∞∑
r=1

(−AA
F ȧA

r LA
msnsj + AB

F ȧB
r LB

msnsj

)
(j = 1, 2, 3, ...),

(3.27)
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where the ma, na, pa indices have been collapsed back into a single index j to illustrate

the fact that the j = 0 (i.e., ma = 0, na = 0, pa = 1) mode is not present in Eqs. (3.25)

and (3.26), nor is it present on the right-hand side of Eq. (3.27). Due to the nature

of the coupling coefficients, LA
msns0 = LB

msns0 = 0, if ns 6= 0. Thus, the modification

to the equations of motion is only necessary if the analysis is to include the n = 0

family of modes. Eqs. (3.25) - (3.27) can now be expressed in a matrix form that is

readily solvable using the techniques presented in Section 2.2.

[M ]





äA
j

äB
j

q̈msns



 + [G]





ȧA
j

ȧB
j

q̇msns



 + [K]





aA
j

aB
j

qmsns



 =





0
0
0



 (j = 1, 2, 3, ...),

(3.28)

where

[M ] =




V AMA
j 0 0

0 V BMB
j 0

0 0 Mmsns


 ,

[G] =




0 0 −c2
0A

A
F [LA

msnsj]
0 0 c2

0A
B
F [LB

msnsj]
ρ0A

A
F [LA

msnsj]
T −ρ0A

B
F [LB

msnsj]
T 0


 ,

[K] =




V AMA
j

(
$A

j

)2
0 0

0 V BMB
j

(
$B

j

)2
0

0 0 MmsnsΩ
2
msns

+ kA
msns0 + kB

msns0


 ,

kA
msns0 =

ρ0c
2
0

(
AA

F LA
msns0

)2

V AMA
0

, kB
msns0 =

ρ0c20(AB
F LB

msns0)
2

V BMB
0

.
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3.5 System Natural Frequencies

The natural frequencies of the fluid-structure system shown in Figure 3.1 are found

for four different configurations. In Figure 3.6 (a) and (b), the shell is coupled to

LH2 (c0 = 1040 m/s and ρ0 = 70 kg/m3) which is enclosed in a simple cylindrical

duct (cavity A). No exterior fluid is assumed in this case. The converse is true in

Figure 3.6 (c) and (d) where LH2 resides in the annular cavity only. In Figure 3.6 (d)

and (e), the shell is coupled to LH2 in both cavities A and B. Figure 3.7 considers

both cavities A and B to be filled with LOX (c0 = 1008 m/s and ρ0 = 1140 kg/m3).

In all cases, the shell has geometry and material properties consistent with that of

the Orbiter downstream gimbal joint flowliner. The inner and outer cavity radii, Ri

and Ro, are 15.33 cm and 17.36 cm, respectively. The shell length is 7.31 cm and its

thickness is 1.27 mm. The shell material is Inconel 718 (E = 204.9 GPa, ν = 0.29, ρ

= 8190 kg/m3). Since, in this system, only equivalent circumferential wavenumbers

couple, the equations of motion in each case are constructed for one value of n at a

time.

The left-hand panels of Figures 3.6 and 3.7 display the four lowest system fre-

quency branches as well as the four lowest in vacuo structural frequency branches.

Also included are rigid wall acoustic frequency curves that may exist within the fre-

quency range of interest. The frequency curves corresponding to cavities A and B are

denoted with the appropriate letter. The in vacuo structural frequency branches are

denoted with the letter S. All system and in vacuo structural frequencies displayed

are radial in nature. Any predominately circumferential or axial frequencies that may

exist within the displayed frequency range are not of interest here because they do

not couple appreciably to the fluid. All displayed frequencies are undamped.

Eigenvalue veering can be observed near certain intersections of rigid wall acous-

tic and in vacuo structural frequencies. Eigenvalue veering is a documented feature
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Figure 3.6: System frequency behavior and veering diagrams for cylindrical shell
with LH2. In parts (a) and (b), the fluid is in cavity A only. Parts (c) and (d)
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Figure 3.7: (a) System frequency behavior and (b) veering diagram for a shell in
contact with LOX.

of gyroscopically coupled systems [61] that is characterized by two eigenvalue loci

approaching each other and then diverging. Near these intersections, the system nat-

ural modes are well coupled and receive significant contribution in terms of energy

from both the acoustic cavity and the structure. Away from the intersections, the

system is only lightly coupled and exhibits modes that are dominated by a contribu-

tion from either a rigid wall acoustic mode or an in vacuo structural mode. In this

system, eigenvalue veering occurs only when intersecting frequencies have a non-zero

coupling coefficient (i.e., the axial wavenumbers associated with the two intersect-

ing frequencies differ by an odd number). For example, observe the apparent lack

of curve veering demonstrated by the second branch of system frequencies in Fig-

ure 3.6 (c) near the intersection of the S(2,n) and the B(0,n,1) curves. It is evident

from Figure 3.6 (e) that the effect of the annular backing cavity is manifested by the

presence of additional acoustic modes with which the structural modes may couple.

The right-hand panels of Figures 3.6 and 3.7 quantify the frequency shift under-

gone by each of four branches of system frequencies. These plots depict the frequency
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shift parameter, χ, for the four lowest branches of system frequencies. This parameter

quantifies the difference between a coupled system frequency and its nearest uncou-

pled acoustic or structural frequency. Since they combine to produce the overall

system behavior, these uncoupled frequencies are termed component frequencies. For

a given circumferential wave number, χ is calculated by taking the difference between

a coupled frequency and its nearest acoustic or structural component frequency and

then dividing the difference by said component frequency. Figure 3.6 (e) illustrates

that introducing the shell of interest into an environment of LH2 can result in system

frequencies that are as much as 30% lower than the nearest component frequency.

While the largest frequency shifts occur near certain intersections of two component

frequencies, χ incorporates both the effects of acoustic-structure coupling as well as

any hydrodynamic mass effects. It is these hydrodynamic mass effects that are re-

sponsible for χ approaching a value less than zero for high values of n. In other words,

for system natural frequencies that are not near an intersection of two component

frequencies, the added mass due to the fluid is the primary cause of any frequency

shift. In the case of LH2, hydrodynamic mass effects alone cause system frequencies

to be approximately 5% lower than the corresponding in vacuo structural frequency.

Since it has a density about 16 times that of LH2, the hydrodynamic mass effects

associated with LOX are much more pronounced. Figure 3.7 (b) demonstrates that

for high values of n, the hydrodynamic mass effects are responsible for a 25-30%

frequency reduction. Near the intersection of the S(1,n) and the B(0,n,1) modes,

the natural frequency of the shell/LOX system is over 70% lower than the closest

component frequency.

As discussed in Section 3.1, an added mass approach is commonly used to account

for the presence of fluid in contact with a structure. Figure 3.8 depicts the extent

to which such an approach may be appropriate for the present system. The figure
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displays the four lowest system frequencies as calculated by the acoustoelastic model.

It also displays the fluid-loaded structural natural frequencies that are calculated by

an added mass procedure described by Päıdoussis [40]. The shell is filled with LH2

in part (a) and is filled with LOX in part (b). Figure 3.8 indicates that in terms of

calculating the four lowest branches of natural frequency, the added mass model is

appropriate for high circumferential wavenumbers. The added mass model performs

poorly at low circumferential wavenumbers in this case because it does not account for

the presence of acoustic component frequencies which are comparable in magnitude

to the lowest structural component frequencies.

It is clear from Figure 3.6 that the behavior of the lowest branch of system fre-

quencies is dictated in large part by the separation between the natural frequencies

corresponding to the A(0,n,1) component modes and those belonging to the S(1,n)

component modes. A frequency separation of zero results in the strongest possible

coupling between two component modes. However, for the vast majority of possible
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shell/fluid configurations, the component mode frequencies may be closely separated

at one or more integer values of n, but will never actually coincide.

It is therefore a special case for the frequency separation between two component

modes to be identically zero and it is instructive to consider where these points of

zero frequency separation fall within a parameter space. The top panel of Figure 3.9

depicts a parameter space for a cylindrical shell simply supported on both ends, made

of Inconel steel, and filled with LH2. Lines indicate the shell length-to-radius and

radius-to-thickness ratios at which the natural frequencies of the A(0,n,1) component

modes coincide with those of the S(1,n) component modes. System frequency and

veering diagrams are shown for three points of interest. Point I corresponds to a shell

with the same dimensions as the downstream gimbal joint flowliner and represents

the configuration that is shown in Figure 3.6 (a) and (b). Point II is a case in which

several lines of zero frequency separation nearly coincide. As can be seen in the system

frequency plot corresponding to point II, the A(0,n,1) frequency curve closely follows

the S(0,n,1) frequency curve across a span of circumferential wavenumbers ranging

from 5 to 11. Point III is the point at which the n = 2 line of zero frequency separation

intersects with the corresponding n = 10 line. These three cases qualitatively capture

the ways in which the two component frequency curves may relate to each other.

These possible relations are a consequence of the way in which the natural frequencies

of cylindrical shells vary with wavenumber.

As can be observed from the veering diagrams shown in Figure 3.9, the maximum

frequency shifts exhibited by points II and III are significantly less than that exhibited

by point I. Given the fact that points II and III correspond to cases of zero frequency

separation while point I does not, it becomes evident that component mode frequency

separation is only one factor that can influence the magnitude of system frequency

shifts. In Chapter 4, all of the factors influencing these shifts are explored in detail
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and the relatively large frequency shift exhibited by point I is explained in terms of

shell geometry. A parameter space can be a useful tool when designing a shell/fluid

system. Potential design geometries can be plotted within the parameter space to

quickly ascertain the circumferential wavenumbers at which the system will be most

strongly coupled.

3.6 Convergence of System Frequencies

The equations of motion for the coupled system, Eqs. (3.25) - (3.27), are written

to include summations over an infinite number of component modes. Clearly, imple-

menting such a summation is not possible in practice. One must therefore decide how

many component modes need to be retained in order to ensure adequate convergence

of a given branch of system frequencies.

To help determine the appropriate number of acoustic component modes to retain

in the analysis, Figure 3.10 is created to display the convergence results for the first

four branches of system frequencies shown in Figures 3.6 (e) and 3.7. Convergence is

plotted with respect to K, a parameter that equals the index number of the highest

order axial mode retained in the analysis. To reduce the number of required calcu-

lations, the index number of the highest radial mode retained in the analysis is also

set equal to K.

Convergence at a given value of K is defined as the percent difference between the

frequencies computed at K and K + 1. Convergence for each branch of frequencies

is computed for circumferential wavenumbers ranging from 0 to 18. The mean of

these 19 convergence values is computed and plotted in Figure 3.10. Recalling that

there are two acoustic cavities of interest and noting that the axial acoustic mode

indices begin with zero, whereas the radial acoustic mode indices begin with one, the

total number of acoustic modes retained for any given circumferential wave number
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is 2K(K + 1). It is clear that for a given value of K, the frequency convergence

percentages are at least five times higher for LOX-filled cavities than they are for

cavities filled with LH2. In the case of LOX, the modal masses of the higher-order

acoustic modes are relatively large due to the fluid’s high density. Thus, more of

these modes need to be retained to obtain a desired level of convergence. For both

LH2 and LOX, however, when K > 5 the utility of retaining additional acoustic basis

functions is significantly diminished. All system frequency and forced response curves

presented here are generated using a K value of at least five.
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Figure 3.10: Average percentage frequency convergence ratios for cases where cav-
ities A and B are filled with (a) LH2 and (b) LOX.

3.7 Coupled Mode Shapes

Before turning attention to the forced response of the submerged structure, it is

instructive to consider the nature of the coupled system modes and how they differ

from the corresponding uncoupled component modes. Figure 3.11 compares coupled

and uncoupled modes for three representative cases. Figure 3.11 (a) depicts a system

mode dominated by contributions from the ma = 0, na = 1, pa = 1 acoustic cavity
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mode while part (b) shows a system mode receiving significant contributions from

both the ma = 0, na = 3, pa = 1 cavity mode and the ms = 1, ns = 3 structural mode.

In part (c), the system mode is dominated by contributions from the ms = 1, ns = 5

uncoupled structural mode. In each of these cases, the shell contains LH2 in cavity

A. The coupled frequencies corresponding to these three cases can be found on the

lowest branch of system frequencies shown in Figure 3.6 (a).

The coupled and uncoupled structural mode shapes are shown in the upper two

plots of parts (a)-(c) and are both normalized according to Eq. (3.15). The bottom

three plots in each part depict the coupled and uncoupled acoustic mode shapes and

are normalized according to Eq. (3.4).

By inspection of the analytical expressions for the uncoupled acoustic and struc-

tural mode shapes (Eqs. (3.3) and (3.13), respectively), it is evident that at the

fluid-structure interface, the two expressions differ in terms of their axial depen-

dance. The structure exhibits an axial dependance of sin
(

msπ
`

z
)

while the acoustic

cavity has an axial dependance of cos
(

maπ
`

z
)
. Thus, for the cases represented by

Figure 3.11 in which the ms = 1 family of structural modes predominantly interacts

with the ms = 1 family of acoustic modes, the axial dependance of the uncoupled

acoustic modes will be a uniform constant while that of the uncoupled structural

modes will be a half sine wave. In the coupled case, the system modes exhibit axial

dependencies that are largely a combination of these two uncoupled shapes.

How the uncoupled shapes ultimately combine depends upon whether the system

mode is dominated by the enclosure or the structure. For instance, if a given system

mode is cavity-dominated, the acoustic portion of the system mode is virtually iden-

tical to its uncoupled counterpart. However, the axial dependance of the structural

coupled mode shape differs significantly from the uncoupled half sine wave shape due

to the contribution from the uncoupled acoustic mode. This is evidenced by the top
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Figure 3.11: Comparison of coupled (solid lines) and uncoupled (dashed lines) mode
shapes for a simply supported cylindrical shell filled with LH2 residing in cavity A
only. (a) A system mode dominated by contributions from the ma = 0, na = 1, pa = 1
cavity mode. (b) A system mode receiving significant contributions from the
ma = 0, na = 3, pa = 1 cavity mode and the ms = 1, ns = 3 structural mode.
(c) A system mode dominated by contributions from the ms = 1, ns = 5 structural
mode.
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left plot of Figure 3.11 (a). The converse of this situation is clear in Figure 3.11 (c).

Figure 3.11 (b) illustrates a case where the coupled mode shapes receive noticeable

contributions from both the acoustic and structural uncoupled mode shapes. The

axial dependance of coupled and uncoupled mode shapes is compared for a clamped-

free cylinder filled with LH2 in Figure 3.12. It is again evident in this case that the

system mode shapes have axial dependencies that are largely a combination of the

uncoupled acoustic and structural mode shapes.

3.8 Structural Forced Response

Figures 3.13 and 3.14 show the response of the submerged shell subject to a harmonic

point excitation at an axial position located approximately one-third of the way down

the length of the shell (z ≈ `/3) and at a circumferential location given by θ = 0.

This axial position is near a node for the third family (ms = 3) of structural modes,

thus these modes are not appreciably excited by the point source. However, the

natural frequencies associated with these ms = 3 modes are well above the frequency

range of interest for this example. To better illustrate the relative magnitudes of the

resonant peaks, a constant damping ratio of 0.7% is applied across all system modes.

This constant damping ratio was applied by first solving the undamped eigenvalue

problem (i.e., [C] = 0 in Eq. (3.28)). Next, the real parts of the eigenvalues are

approximated as the product of the damping ratio and the imaginary part of the

eigenvalues (i.e., αk ≈ ζβk). This approximation neglects any reduction in natural

frequency due to damping, but given the very low damping ratio considered here, this

reduction is trivially small. The computed values for αk are then used in Eq. (2.54)

to calculate the overall system response.

To properly assess the relative amplitude of the resonant peaks it is necessary

to calculate the system response at, and in the vicinity of, each resonant frequency.
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This is accomplished by building a vector of forcing frequencies at which the response

is to be evaluated. This vector contains every frequency (within a predefined range)

at which the response is thought to be a local maximum. In the case of a forced

single degree-of-freedom (SDOF) oscillator, the maximum response will occur at fre-

quency equal to ωnat

√
1− 2ζ2. Thus, the forcing vector contains evaluation points

at and around values consistent with this expression. The vector also contains many

intermediate frequencies spaced at intervals no greater than 5 Hz.

In both Figures 3.13 and 3.14, the response is evaluated at a range of points across

the entire surface of the shell. The maximum amplitude of radial displacement at a

given forcing frequency is then retained and denoted Xmax. Tracking the maximum

displacements in this manner is considered preferable to calculating the displacements

at a single prescribed location because in the latter case, the relative amplitude of the

resonant peaks will be dependent upon the chosen location. The forced response is

plotted in terms of ω2Xmax/F̂ , where F̂ is the amplitude of the harmonic point force.

This parameter is chosen because it elucidates the added mass effects associated

with the fluid. This fact can be observed by considering the response of an SDOF

oscillator. In an SDOF system, the ω2X/F̂ parameter will attain a maximum value

of approximately 1/(2ζm) where m is the mass of the oscillator.

Figures 3.13 and 3.14 each show three response curves. The dotted curves cor-

respond to the response of the structure in vacuo. These curves are generated us-

ing conventional modal analysis techniques for self-adjoint systems. The dark solid

curves represent the response of the fluid-structure system and are calculated using

the approach described in Section 2.2. The solid gray curves help reveal the effects

associated with the fact that the natural modes in the fluid-structure system possess

contributions from both the fluid and the structure. These “virtual density” curves

are produced by first calculating the fluid-structure system frequencies that are shown
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in Figures 3.6 (e) and 3.7 (a). Next, it is assumed that the fluid contributes only

additional mass to the system and not any additional stiffness. With this assumption

it is possible to calculate virtual density factors for each system mode. These factors

are given by (Ωmsns/ωmsns)
2 where ωmsns are the natural frequencies of the coupled

fluid-structure system. For each mode, the corresponding virtual density factor is

multiplied by the actual physical density of the structure. The result is a pseudo-

structure that possesses natural frequencies that are equivalent to the fluid-structure

frequencies. The forced response of the pseudo-structure is then evaluated using

conventional modal analysis techniques for self-adjoint systems. The results indicate

that virtual density curves closely follow the fluid-structure curves in most cases.

However, it is clear from Figure 3.13 that the virtual density curve overestimates the

response in cases where the system is being forced near frequencies corresponding to

either acoustically dominated or strongly coupled modes. Since the virtual density

curves only contain structural modal content, the difference between the virtual den-

sity and the fluid-structure curves isolates the effect that the coupled natural modes

of the fluid-structure system have on the structural response. The correspondence

between the virtual density curve and the fluid-structure curve in Figure 3.14 is even

stronger. This confirms the notion that in the case of the structural forced response,

the hydrodynamic mass effects of the LOX dominate any effects that may be due to

acoustic-structure coupling.

Figures 3.13 and 3.14 also demonstrate how the order of the modes changes sig-

nificantly in the presence of fluid. It is clearly possible for two modes that are well

separated in the in vacuo case to become quite near each other in the fluid case and

vice versa. In fact, it would be difficult to infer any useful information about the

forced response of a structure submerged in LH2 or LOX by only considering the

response of the structure in vacuo.
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3.9 Conclusion

The results of this study demonstrate that submerging a typical engineering structure

in LH2 or LOX can dramatically alter the structure’s free and forced response. The

frequency plots and veering diagrams prove that if the rigid wall acoustic frequencies

are comparable to the in vacuo structural frequencies, the resulting system frequency

behavior can be complicated and difficult to generalize. In situations where the dy-

namics of structures connected to cavities containing LH2 or LOX are of interest, it

is important for the analyst to—at a minimum—perform calculations to determine

whether the acoustic natural frequencies of the cavity are comparable to the corre-

sponding structural natural frequencies. If the physical configuration is such that

the acoustic and structural frequencies do not coincide near the forcing frequencies

of interest, it may be appropriate to employ simpler theoretical models that account

only for the added mass of the fluid. If the acoustic and structural frequencies are

comparable, however, a study using an approach similar to the one presented here is

necessary.
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Chapter 4

Approximate Techniques for

Acoustoelastic Systems

This chapter presents a theoretical framework with which to approximate the nat-

ural frequencies of a structure in contact with a fluid-filled cavity. The approach

involves modifying the coupled equations of motion to consider a single structural

mode of interest and the acoustic mode with which it couples most strongly. The

equations are then put into their coupled mode form. This form facilitates the state-

ment of an approximation known as the weak coupling assumption which, in turn,

permits a nondimensionalization of the approximate coupled frequency expressions.

The theoretical approach is followed by a discussion of how it can be easily applied

to approximate the natural frequencies of rectangular, cylindrical, and annular en-

closures. The accuracy of the approximate approach is then assessed for a system

of practical significance. It will be shown that, in some cases, reasonable approx-

imations of system frequency can be calculated without explicit knowledge of the

uncoupled component mode shapes. Monte Carlo simulations are then performed to

determine the parameter values over which the approximate coupled frequency ex-

pressions are accurate. Finally, general observations concerning the forced response

of acoustoelastic systems are made by investigating the response of a simplified two

mode system.
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4.1 Approximate Techniques in Context

In the sense that it contains general theoretical development followed by a presenta-

tion of results related to a system with specific geometry, material, and fluid char-

acteristics, Chapter 3 is typical of most acoustic-structure interaction studies. It is

possible to draw upon such studies to make qualitative observations on the nature

of acoustic-structure coupling, but their results are generally not suitable for direct

or broad application. While one may certainly use such studies to construct one’s

own computational codes, such an effort may be impractical for the practicing en-

gineer who is attempting to perform a preliminary design or troubleshoot a failing

component.

In these time-critical situations, it may be similarly impractical to employ dis-

cretization techniques. While significant advances in FE-FE and FE-BE techniques

continue to be made, their use still presents several practical challenges. Among these

challenges is excessive computational expense. The typical FE-FE formulation re-

sults in unsymmetric mass and stiffness matrices. As will be demonstrated in Chapter

5, the unsymmetric eigensolvers used to extract the natural frequencies and modes

of these systems can be slower and less robust than their symmetric counterparts,

especially for models with a high number of degrees of freedom (DOFs).

FE-BE models, on the other hand, do not lend themselves especially well to di-

rectly computing the natural frequencies and modes of acoustoelastic systems. Due to

the frequency dependence of the influence matrices used in BE formulations, calculat-

ing fluid-loaded natural frequencies via FE-BE models traditionally involves perform-

ing a harmonic forced response analysis across a relatively large range of frequencies

and then progressively narrowing the frequency range with increasing resolution un-

til the resonant response peaks corresponding to the system natural frequencies of

interest can be identified. This can be a painstaking process, particularly when the
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system frequencies are closely spaced. To avoid this process, an iterative technique

that automates the determination of fluid-loaded frequencies has been proposed by

McCollum and Siders [62]. This technique involves calculating the influence matrix at

some initial frequency and then using the result to modify the system mass and stiff-

ness matrices. An eigen-analysis is then performed on the modified system matrices

to determine a new starting frequency. The procedure is repeated until it converges

on an accurate value for the fluid-loaded frequency of interest. The technique uses

the in vacuo structural frequency as its initial guess. The approximate approach

presented here could be employed to quickly calculate a more accurate initial guess.

This would reduce computational expense because presumably fewer iterations would

be required to obtain a given level of frequency convergence.

In addition to providing analysts with rapid answers in time-critical situations,

the techniques presented here may have other uses as well. For instance, they could

be used to perform parametric studies or design optimization analyses that are simply

too computationally cumbersome via any other method. Another clear advantage of

simplified techniques is the physical insight they can afford the analyst. As FE and

BE software solutions become ever more ubiquitous and user-friendly, there is an

increasing temptation among users to trust their output implicitly. Yet, as those

experienced with discretization techniques well-know, the output from a model is

only as good as the model itself. Often small modeling errors can go undetected

and manifest themselves as significant errors in the output. The proposed technique

thus has the additional benefit of providing the practicing engineer with a method

by which to perform physics-based checks on his or her model.
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4.2 Previous Work

The theoretical development presented here is based on the coupled mode theory

first introduced by Pierce [63] in the 1950s. The theory has most often been used

in the context of coupled electronic transmission lines [64], but has also been used

to investigate the dynamics of coupled pendula [65]. Pan and Bies [66] appear to

be the first and only other researchers to apply coupled mode theory to acoustic-

structure systems. As part of a larger study concerning air-filled rectangular cavities

treated with sound-absorbing material, Pan and Bies employ an energy transfer factor

derived by Louisell [64] (and presented here as Eq. (4.12)) to quantify the interaction

between pairs of uncoupled structural and acoustic modes. The Pan and Bies study

does not, however, investigate the ways in which coupled mode theory can be used

to approximate the natural frequencies of acoustic-structure systems.

Two other classes of approximate techniques are related to those presented here.

The first class concerns structures in contact with dense fluids. Au-Yang [67] uses

approximate techniques to estimate the natural frequencies of cylindrical shells in

contact with water. As with his earlier work, these methods consider only the hydro-

dynamic mass of the fluid and do not fully capture the effects of fluid compressibility.

Au-Yang also presents the “ripple approximation” which facilitates the simplified

computation of hydrodynamic masses associated with an annular cavity, provided

the fluid gap is small compared to the diameter of the shells.

The second class of related techniques involves the sensitivity analysis of coupled

acoustic-structure natural frequencies. Scarpa and Curti [60,68] begin with Dowell’s

acoustoelasticity formulation [4] to obtain expressions for the derivatives of system

frequencies. These expressions are then used to investigate how the system frequen-

cies are altered with changes to various design parameters. Specifically, the studies

consider frequency sensitivity in the context of air-filled rectangular cavities coupled
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to simply supported plates. The design variables of interest are the thickness of the

plate and the width of the cavity. Results are compared to those obtained from an

FE-FE model. By casting system frequency behavior in a nondimensional form, the

approach employed in this chapter can be used to inform and explain many of the

results presented in the above-cited sensitivity studies.

4.3 Theoretical Model

4.3.1 Approximate Expressions of System Natural Frequency

In this section, two approximate closed-form expressions for the coupled natural fre-

quencies of an acoustic-structure system are derived. The derivation involves writing

the system equations of motion in Hamiltonian form and then transforming them

into coupled mode form. The full equations in their coupled mode form allow for

the derivation of a previously-known expression for system natural frequency. The

application of the weak coupling assumption then leads to a second expression that

is valid over a smaller range of parameter values, but affords some useful physical

insights.

As shown in Chapter 2, the equations of motion corresponding to a flexible struc-

ture in contact with a fluid-filled cavity are

Mj

[
äj + $2

jaj

]
=

c2
0AF

V

∑

k

Ljkq̇k, (4.1a)

Mk

[
q̈k + Ω2

kqk

]
= −ρ0

ρs

∑
j

Ljkȧj. (4.1b)

While cavity geometry is irrelevant at this stage, Eqs. (4.1) are written here for an

interior acoustic cavity. Mj and Mk are the modal normalization factors which are
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now defined as

Mj ≡ 1

V

∫

V

F 2
j dV , (4.2)

Mk ≡ 1

AF

∫

A

G2
kdA. (4.3)

Note that Eqs. (4.1b) and (4.3) are slightly different than the corresponding equa-

tions in Chapter 2. In the present case, the structural mass density is assumed to

be spatially uniform and is included on the right-hand side of Eq. (4.1b). Making

this assumption and defining Mk in the manner of Eq. (4.3) aids the forthcoming

derivation of a nondimensionalized coupled frequency expression. The Ljk terms in

Eqs. (4.1) represent the coupling coefficients that are again given by

Ljk =
1

AF

∫

AF

FjGkdA. (4.4)

Rewriting Eqs. (4.1) to consider the coupling of just two component modes and then

expressing the result in Hamiltonian form gives

dȧj

dt
=

c2
0AF Ljk

V Mj

q̇k −$2
jaj, (4.5a)

daj

dt
= ȧj, (4.5b)

dq̇k

dt
= −ρ0Ljk

ρsMk

ȧj − Ω2
kqk, (4.5c)

dqk

dt
= q̇k. (4.5d)

Following the procedure outlined by Louisell [64], Eq. (4.5b) is multiplied by ±i$j

and added to Eq. (4.5a). Similarly, Eq. (4.5d) is multiplied by ±iΩk and added to
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Eq. (4.5c). The result is the following system of equations

dD1

dt
=

c2
0AF Ljk

V Mj

q̇k −$2
jaj + i$j ȧj, (4.6a)

dD∗
1

dt
=

c2
0AF Ljk

V Mj

q̇k −$2
jaj − i$j ȧj, (4.6b)

dD2

dt
= −ρ0Ljk

ρsMk

ȧj − Ω2
kqk + iΩkq̇k, (4.6c)

dD∗
2

dt
= −ρ0Ljk

ρsMk

ȧj − Ω2
kqk − iΩkq̇k, (4.6d)

where D1 ≡ (ȧj + i$jaj), D∗
1 ≡ (ȧj − i$jaj), D2 ≡ (q̇k + iΩkqk), and D∗

2 ≡ (q̇k − iΩkqk).

Eqs. (4.6) can now be written in their coupled mode form

dD1

dt
= g11D1 + g12D2 + g13D

∗
1 + g14D

∗
2, (4.7a)

dD2

dt
= g21D1 + g22D2 + g23D

∗
1 + g24D

∗
2, (4.7b)

dD∗
1

dt
= g31D1 + g32D2 + g33D

∗
1 + g34D

∗
2, (4.7c)

dD∗
2

dt
= g41D1 + g42D2 + g43D

∗
1 + g44D

∗
2, (4.7d)

where

g11 = −g33 = i$j, g12 = g14 = g32 = g34 =
c20AF Ljk

2V Mj
,

g22 = −g44 = iΩk, g21 = g23 = g41 = g43 = − ρ0Ljk

2ρsMk
,

g13 = g24 = g31 = g42 = 0.

By assuming harmonic solutions to Eqs. (4.7) and solving the associated eigenvalue

problem, the two system natural frequencies, ωc1,2 , are found

ωc1,2 =
1√
2

√
$2

j + Ω2
k + βjk ∓

√(
$2

j + Ω2
k + βjk

)2 − 4$2
jΩ

2
k, (4.8)
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where

βjk =
ρ0c

2
0AF L2

jk

ρsV MjMk

. (4.9)

Fahy [2] provides an expression equivalent to Eq. (4.8), though he derives it differently.

The utility of writing the equations of motion in the seemingly cumbersome form

given by Eqs. (4.7) will now become apparent. By inspection of Eqs. (4.6) it can

be seen that D and D∗ represent identical, but out-of-phase modes. One can then

make the assumption that only those modes oscillating in phase with each other will

appreciably couple to each other. The D∗ equations can then be neglected under this

weak coupling assumption. When this is done, Eqs. (4.7) simplify to

dD1

dt
= g11D1 + g12D2, (4.10a)

dD2

dt
= g21D1 + g22D2, (4.10b)

and a second approximate expression for the coupled natural frequencies can be found

ωc1,2 =
1

2

(
$j + Ωk ∓

√
($j − Ωk)

2 + βjk

)
. (4.11)

4.3.2 Dimensionless Coupling Parameter

Beginning with expressions in the form of Eqs. (4.10), Louisell [64] derives a general

transfer factor to quantify the energy exchange between two weakly coupled modes.

For the acoustoelastic systems of interest here, this factor is given by

ηjk =

[
1 +

(
$j − Ωk

2

)2
1

βjk

]−1

, (4.12)

where ηjk is a dimensionless quantity that varies between zero and unity. A value of

ηjk that is close to unity indicates strong coupling between the component modes.
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A value near zero suggests that the component modes are not appreciably affected

by one another. Pan and Bies [66] used this factor to investigate modal coupling in

rectangular enclosures filled with air. It is clear from the form of ηjk that the transfer

factor is dependent upon only two quantities: (ωj − Ωk) and βjk. (ωj − Ωk) is simply

the separation of the component mode frequencies. For a given value of (ωj − Ωk), βjk

thus determines the extent to which the two component modes interact. By inspection

of Eq. (4.9), it is clear that βjk is comprised of several dimensional parameters that

describe the physical properties and geometry of the structure and the cavity (namely,

c0, AF , V , and ρs). For any given system, these physical parameters are constant

regardless of the two component modes being considered. The remaining parameters

(Ljk, Mj, and Mk) are all nondimensional and are dependent upon the mode shapes

of the two component modes. A new parameter, Ψ, can therefore be defined

Ψ ≡ L2
jk

MjMk

=

V

(
∫

AF

FjGkdA

)2

AF

(∫
V

F 2
j dV

)(∫
A

G2
kdA

) . (4.13)

Ψ can be interpreted as a measure of the natural propensity of a structural mode

to couple with a given acoustic mode, irrespective of cavity size, fluid properties, or

structural density. Due to its dependence on the component mode shapes however,

the value of Ψ is sensitive to the geometry and boundary conditions of the structure

and of the acoustic cavity. A study investigating the values of Ψ for some common

geometries and boundary conditions is presented in Section 4.4.

4.3.3 Dimensionless System Frequency Expression

Before arriving at the dimensionless version of Eq. (4.11), it is first helpful to qualita-

tively understand how system frequencies evolve as the frequency separation between
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the component modes is varied. A flexible cylindrical shell (with rigid end caps) filled

with quiescent acoustic fluid is a convenient system in which to observe this evolution.

Figure 4.1 is representative of how the frequencies corresponding to single branches

of acoustic and structural component frequencies might vary in such a system. The

term branch is again used to imply that axial and radial wavenumbers are held con-

stant as circumferential wavenumber is varied. It is also once again noted that the

frequency values only have physical significance at integer values of circumferential

wavenumber. Continuous curves connecting these discrete values are used for vi-

sual purposes only. The system frequencies resulting from the coupling of the two

branches of component frequencies are shown in Figure 4.1. It is important to recall

that in an actual physical system, many branches of component frequencies may oc-

cupy a given frequency range. Only two branches of coupled component frequencies

are shown here to more clearly demonstrate the salient features of system frequency

behavior.
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Figure 4.1: A representative depiction of coupled and uncoupled frequency behavior
corresponding to a cylindrical shell filled with acoustic fluid.
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As Figure 4.1 illustrates, at low circumferential wavenumbers, it is possible for

the frequencies corresponding to certain uncoupled acoustic modes to be less than

the frequencies of in vacuo structural modes with the same wavenumber. As circum-

ferential wavenumbers increase, the uncoupled acoustic frequencies typically increase

significantly while the uncoupled structural frequencies exhibit comparatively modest

increases or decreases. Thus, at some point, the two uncoupled curves intersect. As

evidenced by Eq. (4.12), two component modes that are capable of coupling to each

other will couple most strongly when the frequency separation between them is small.

Strong coupling manifests itself in system frequencies that are relatively farther re-

moved from the nearest component mode frequency. Away from the intersection, the

component mode frequency separation increases and the system frequencies assume

values that are comparatively close to those of the nearest component mode.

As discussed in Chapter 3, system frequency curves demonstrate eigenvalue veer-

ing near the intersection of the component frequency curves. The separation between

the two system frequency curves at their closest point of approach can be interpreted

as an indication of coupling strength. Large system frequency separations at this

point suggest strong tendency for the component modes to interact.

From the foregoing discussion as well as inspection of Eq. (4.11), it should now

be clear that the difference between a system frequency and its nearest component

frequency depends largely upon two quantities: the frequency separation between

component modes and the natural propensity of the component modes to couple.

The task now is to derive a functional relationship between system frequency and

these two quantities. Expressing this relationship in nondimensional terms removes

any dependence on parameters specific to physical configuration and thereby reveals

the fundamental nature of system frequency behavior in acoustic-structure systems.

Assuming $j ≤ Ωk, the difference between the lower of the two system frequencies,
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ωc1 , and its nearest component frequency, $j, is found by subtracting $j from both

sides of Eq. (4.11)

ωc1 −$j =
1

2

(
Ωk −$j −

√
($j − Ωk)

2 + βjk

)
. (4.14)

Multiplying Eq. (4.14) by the following parameter

α ≡
√

ρsV

ρ0c2
0AF

, (4.15)

recasts the equation in a nondimensional form

κ1 =
1

2

(
−∆−

√
∆2 + Ψ

)
for $j ≤ Ωk, (4.16)

where ∆ is the nondimensional frequency separation between the two component

modes

∆ ≡ α ($j − Ωk) , (4.17)

and where κ1 represents the nondimensional frequency reduction due to the acoustic-

structure coupling

κ1 ≡ α (ωc1 −$j) for $j ≤ Ωk. (4.18)

Now assuming that $j > Ωk, κ1 is defined such that it represents the nondimensional

difference between ωc1 and Ωk

κ1 ≡ α (ωc1 − Ωk) for $j > Ωk. (4.19)

The nondimensional frequency relationship in this case is

κ1 =
1

2

(
∆−

√
∆2 + Ψ

)
for $j > Ωk. (4.20)
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Arguments similar to those outlined above are used to find analogous expressions

related to ωc2 , the greater of the two system frequencies. Upon doing so, κ2 is

defined in the following piecewise manner

κ2 ≡
{

α (ωc2 − Ωk) for $j ≤ Ωk

α (ωc2 −$j) for $j > Ωk,
(4.21)

and the corresponding nondimensional frequency relation is

κ2 =

{
1
2

(
∆ +

√
∆2 + Ψ

)
for $j ≤ Ωk

1
2

(−∆ +
√

∆2 + Ψ
)

for $j > Ωk.
(4.22)

Eqs. (4.16), (4.20), and (4.22) are plotted in three dimensions against ∆ and Ψ in

Figure 4.2 (a) while Figure 4.2 (b) is a two-dimensional projection of these equations

that depicts several curves with constant Ψ value. Eq. (4.8) can also be cast in a

nondimensional form by multiplying both sides by α. However, the expression does

not reduce to a simple dependence on ∆ and Ψ due to the presence of cross-terms.
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Figure 4.2: (a) A 3D plot of nondimensional frequency augmentation and reduction
versus nondimensional component frequency separation and the nondimensional pa-
rameter Ψ. (b) A 2D projection of part (a) in which several curves with constant Ψ
value are shown.
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4.3.4 Uncertainty Propagation

Even with the most sophisticated of modeling practices, engineers can never expect

perfect knowledge of the dynamic characteristics of a system in the physical world.

It is therefore important to consider how sensitive system frequencies may be to

uncertainties in component frequency separation and modal coupling strength. To

assess these sensitivities, the derivatives of the nondimensional system frequency

expressions are taken with respect to ∆ and Ψ

∣∣∣∣
∂κ1,2

∂∆

∣∣∣∣ =
1

2

(
1− |∆|√

∆2 + Ψ

)
, (4.23)

∣∣∣∣
∂κ1,2

∂Ψ

∣∣∣∣ =
1

4
√

∆2 + Ψ
. (4.24)

Inspection of Eq. (4.23) reveals that an inexact knowledge of the uncoupled compo-

nent frequencies ($j and Ωk) is not especially penalizing when estimating the coupled

system frequencies. |∂κ1,2/∂∆| attains its maximum value of 1/2 when ∆ = 0. As-

suming perfect knowledge of Ψ, this indicates that the uncertainty corresponding to

a calculated system frequency can be no greater than the mean of the absolute value

of the uncertainties associated with the two component frequencies.

The effect that imperfect knowledge of Ψ has on the uncertainty of ωc cannot be

stated in such absolute terms. Assuming Ψ has an associated uncertainty of εΨ, the

corresponding uncertainty of ωc, denoted εωc , can be approximated by

|εωc | ≈
|εΨ|

4α
√

∆2 + Ψ + 1
2
εΨ

. (4.25)

The propagation of uncertainty to ωc is therefore system dependent because α consists

of system properties. Since α can be much less than unity for configurations of
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practical interest, it is possible for small uncertainties in Ψ to result in relatively large

uncertainties in ωc. Consideration of Eq. (4.25) becomes important when deciding

whether to use readily obtainable estimations of Ψ in place of Ψ values that are more

analytically refined.

4.4 Coupling Behavior of Systems with Common

Geometries

In this section, the natural tendency for certain structural and acoustic component

modes to couple to each other is assessed for rectangular, cylindrical, and annular

enclosures. This is accomplished through the calculation of the Ψ parameter as it is

given by Eq. (4.13).

4.4.1 Rectangular Enclosure

The system of a flexible plate backed by a fluid-filled rectangular enclosure is one

that has been investigated extensively (see e.g., Refs. [22, 66, 69–71]). For the case

in which the plate is simply supported on all four edges, the structural mode shapes

can be expressed exactly. For a plate with length a and width b, these mode shapes

are given by

Gk = sin
(msπx

a

)
sin

(nsπy

b

)
, (4.26)

where the modal index k includes two wavenumber indices, ms and ns. These indices

denote the structural wavenumbers in the x and y directions, respectively. The

flexible plate is considered to comprise one face of a rectangular enclosure with depth

c. All other faces are assumed rigid. The rigid wall acoustic modes for such a

rectangular enclosure are

Fj = cos
(maπx

a

)
cos

(naπy

b

)
cos

(paπz

c

)
, (4.27)
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where ma, na, and pa are the acoustic wavenumbers in the x, y, and z directions.

Eqs. (4.27) and (4.26) are applied to Eqs. (4.2) and (4.3) to find particularly simple

expressions for the modal normalization factors

Mj =
1

εmaεnaεpa

, (4.28a)

Mk =
1

4
, (4.28b)

where again ε is a parameter that equals unity only if the wavenumber given by the

subscript of ε equals zero. ε equals two in all other cases. An expression for the

coupling coefficients can be found by computing the integral given by Eq. (4.4). Due

to the orthogonality of certain component mode shapes, the coupling coefficient will

be identically zero if ms + ma or ns + na is even. In all other cases, the coupling

coefficients are given by

Ljk =
msns (−1 )pa

(
(−1)ma+ms − 1

) (
(−1)na+ns − 1

)

π2 (m2
a −m2

s) (n2
a − n2

s)
. (4.29)

Substituting Eqs. (4.28) and (4.29), into Eq. (4.13) leads to the following expression

for Ψ

Ψ =
4εmaεnaεpa

[
msns

(
(−1)ma+ms − 1

) (
(−1)na+ns − 1

)]2

π4[(m2
a −m2

s) (n2
a − n2

s)]
2 . (4.30)

Table 4.4.1 lists the component mode combinations that result in the ten highest

values of Ψ. In all cases, Ψ assumes the given value provided that pa ≥ 1. For

plates that are not simply supported on all edges, such an exact statement of Ψ is

not possible. The next section studies the effect that various boundary conditions

have on the values of Ψ in the context of a fluid-filled cylindrical shell.
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Table 4.1: A table of the highest Ψ values (and their associated wavenumbers) for
a plate that is simply supported on all edges and backed by a rectangular fluid-filled
cavity. All values are tabulated as π4Ψ for the sake of simplicity.

ms ns ma na pa π4Ψ
1 1 0 0 ≥ 1 128
1 2 0 1 ≥ 1 1024/9
2 1 1 0 ≥ 1 1024/9
2 2 1 1 ≥ 1 8192/81
1 3 0 2 ≥ 1 2304/25
3 1 2 0 ≥ 1 2304/25
1 4 0 3 ≥ 1 4096/49
4 1 3 0 ≥ 1 4096/49
2 3 1 2 ≥ 1 2048/25
3 2 2 1 ≥ 1 2048/25

4.4.2 Cylindrical Enclosure

Again consider a cylindrical shell of finite length that is simply supported on both its

ends and filled with quiescent, inviscid, compressible fluid. The rigid wall acoustic

modes of the cylindrical duct of length ` and radius Ri are given by Eq. (3.3) and

the corresponding in vacuo structural modes are given by Eq. (3.13). Substituting

Eq. (3.3) into Eq. (4.2) and the radial component of Eq. (3.13) into Eq. (4.3) results

in the following modal normalization factors

M
j
=

1

εnaεma

(
1−

(
na

αnapa + δna

)2
)

J2
na

(αnapa), (4.31)

Mk =
a0

2εnsRi

≈ 1

2εns

, (4.32)

where it is noted that for thin shells, a0 ≈ Ri.

The coupling coefficients for this system are given by Eq. (3.21). By substituting

Eqs. (4.31), (4.32), and (3.21) into Eq. (4.13), it is possible to arrive at an expression
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for Ψ that is dependent solely upon the various wavenumbers of the component modes

and the roots of the characteristic equation for a rigid cylindrical duct,

Ψ =
2εmam

2
s

(
(−1)ma+ms − 1

)2

π2 (m2
a −m2

s)
2

(
1−

(
na

αnapa+δna

)2
) . (4.33)

With the aid of Eq. (4.33) and a knowledge of the component mode frequencies, it

is possible to use Eq. (4.8) or Eq. (4.11) to arrive at an approximation of the system

frequencies of the fluid-filled shell. Note that the derivation of Eq. (4.33) includes

the approximation that a0, which represents the radius of the shell measured from

the origin to the middle surface, is equal to the acoustic radius of the duct, Ri (i.e.,

h ¿ a0).

Figure 4.3 uses Eq. (4.33) to plot values of Ψ for the first family of structural

modes (i.e., ms = 1) coupled to ma = 0 and ma = 2 families of acoustic modes

with various radial wavenumbers. The plot indicates that, ceteris paribus, rigid wall

acoustic modes of high circumferential wavenumber and low radial wavenumber have

a greater propensity to couple to the first family of structural modes.

Simply supported boundary conditions represent a special case in plate and shell

dynamics. When all edges of a plate or both ends of a shell are simply supported, the

structure’s in vacuo modes can be expressed exactly with trigonometric functions.

This is not the case for plates and shells possessing other boundary conditions. In such

cases, the modal normalization factors, the coupling coefficients, and consequently,

the values of Ψ cannot be expressed with exact expressions. For a plate with one

or more edges that are not simply supported, the in vacuo mode shapes are only

constant for fixed aspect ratios. Similarly, when one or both ends of a shell are not

simply supported, the mode shapes are only constant for fixed values of a0/h, `/a0,

and Poisson’s ratio, υ.

87



0 2 4 6 8 10 12 14 16
0

0.5

1

1.5

2

2.5

3

3.5

4

Circumferential Wavenumber, n

A(2,n,p) & S(1,n)

A(0,n,p) & S(1,n)
Ψ

p = 3
a

p = 2
a

p = 1
a

p = 1
a

p = 2
a

p = 3
a

Figure 4.3: Ψ values for the ms = 1 structural modes coupled to some ma = 1 and
ma = 2 families of acoustic modes for a simply supported cylindrical shell filled with
fluid. Wavenumber indices are proceeded by a S or an A to denote structural or acous-
tic families of modes and are indicated in the following order: axial, circumferential,
radial.

To determine the in vacuo natural frequencies and mode shapes of shells with

various boundary conditions, the analytical procedure of Callahan and Baruh [57]

discussed in Chapter 3 is implemented. Figure 4.4 assesses the effect that boundary

conditions have on a shell’s ability to couple with certain acoustic modes. The figure

contains Ψ values for the ms = 1 family of structural modes coupled to the ma = 0,

pa = 1 family of acoustic modes for four common structural boundary conditions:

simply supported on both ends (SS-SS), clamped on one end and simply supported on

the other (C-SS), clamped on both ends (C-C), and clamped on one end and free on

the other (C-F). In all cases, the fluid is assumed to have rigid boundary conditions at

both shell ends. The Ψ values corresponding to the ms = 2 family of structural modes

coupled to the ma = 0, pa = 1 acoustic family are also plotted, but with the exception

of the C-F case, these values are either identically, or effectively, zero. While the Ψ

values corresponding to the SS-SS shell are not dependent upon shell geometry or

88



0 2 4 6 8 10 12 14 16
0

0.5

1

1.5

2

2.5

3

3.5

4

Circumferential Wavenumber, n

SS-SS

C-SS

C-C

C-F

Ψ

A(0,n,p) & S(2,n)

A(0,
n,p

) &
 S(

1,n
)

Figure 4.4: Ψ values for the ms = 1 and ms = 2 families of structural modes coupled
to the ma = 0 pa = 1 family of acoustic modes for a fluid-filled cylindrical shell with
common boundary conditions. SS, C, and F denote simply supported, clamped, and
free boundary conditions.

material properties, Ψ values for shells with other boundary conditions are calculated

based on a shell with a0/h = 20, `/a0 = 2, and υ = 0.3. Parametric studies indicate

that values of Ψ do not vary significantly across realistic ranges of a0/h, `/a0, and

υ. Furthermore, Figure 4.4 indicates that shell boundary conditions do not appear

to have a substantial impact on the values of Ψ. Therefore, it may be reasonable

to use the Ψ values corresponding to a simply supported shell—i.e., Eq. (4.33)—

when approximating the system frequencies of a fluid-filled cylindrical shell possessing

other boundary conditions. Doing so would allow one to estimate system frequencies

by hand and without explicit knowledge of the in vacuo structural mode shapes.

This could represent a considerable savings in time and effort because the use of

the approximate frequency expressions would no longer require identification of, and

numerical integration over, the component mode shapes. The accuracy of using this

approach when approximating the system frequencies of a fluid-filled clamped-free
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shell is explored in Section 4.5.

Cylindrical Enclosures with Various Fluid Boundary Conditions

Section 3.2.2 discusses how the axial components of the uncoupled acoustic mode

shapes are altered when one or more of the ends of a cylindrical or annular enclosure

is modeled as a pressure release surface. Table 3.1 then lists the coupling coefficients

and the coupling rules for the possible end conditions. Using the appropriate cou-

pling coefficient given in Table 3.1 in conjunction with Eqs. (4.31) and (4.32), the

expression for Ψ corresponding to cylindrical enclosures with two pressure release

ends is particularly simple

1

1−
(

na

αnapa+δna

)2 . (4.34)

For the case in which the cylindrical enclosure has one end that is rigid and one end

that is pressure release, the expression for Ψ is

Ψ =
32m2

s

π2 (m2
a − 4m2

s)
2

(
1−

(
na

αnapa+δna

)2
) . (4.35)

Figure 4.5 plots Eqs. (4.33), (4.34), and (4.35) for select families of component modes.

These curves are subject to the coupling rules that are summarized in Table 3.1. If

the coupling rules are not met, then Ψ = 0.

The Parameter Space Revisited

Recall Figure 3.9 which depicts the lines at which there is zero separation between

the A(0,n,1) branch of uncoupled acoustic frequencies and the S(n,1) branch of in

vacuo structural frequencies. The lines are shown across a parameter space of shell

aspect ratios and are valid for a simply supported cylindrical shell made from Inconel
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Figure 4.5: Ψ values for the ms = 1 familiy of structural modes coupled to pa = 1
families of acoustic modes for a fluid-filled cylindrical shell with various fluid boundary
conditions. PR and R denote pressure release and rigid boundary conditions.

steel and filled with LH2. Three points of interest were identified. Point I corresponds

to the geometry of the downstream Space Shuttle gimbal joint flowliner while points

II and III are geometries at which two or more lines of zero frequency separation

coincide. A scaling argument based on the approaches developed in this chapter can

now be used to explain the relatively large system frequency shifts exhibited by point

I. To this end, consider Figure 4.6 which illustrates how the lowest branch of system

frequencies shift for each of the three points. The shifts are calculated at each cir-

cumferential wavenumber by subtracting the closest acoustic or structural component

frequency from the corresponding system frequency. The maximum frequency shift

of point I is 1,334 Hz while the maximum frequency shifts of points II and III are

776 Hz and 371 Hz, respectively.

By inspection of Eqs. (4.18) - (4.20), it is clear that for fixed values of ∆ and

Ψ, the dimensional frequency shift will scale with 1/α. Since points I - III represent

shells with identical material properties containing identical fluid, it is noted that the
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indicated in Figure 3.9.

density and speed of sound terms that are present in α, do not vary among any of

the three points. It can thus be determined that for fixed values of ∆ and Ψ, the

system frequencies of the three points will scale with 1/
√

h`. By noting that

(√
h`

)
I

/(√
h`

)
II

= 0.469, (4.36)

and (√
h`

)
I

/(√
h`

)
III

= 0.205, (4.37)

it is calculated that the maximum frequency shift of 1,334 Hz exhibited by point

I corresponds to a maximum frequency shift of 626 Hz at point II and 273 Hz at

point III, thus explaining the relatively small frequency shifts exhibited by points II

and III. The fact that maximum frequency shifts shown in Figure 4.6 for points II

and III are somewhat greater than these calculated values is largely due to the small

component frequency separation inherent to those two points.

As discussed in Section 4.2, similar scaling arguments can be used to inform the

results of studies investigating the parametric sensitivity of natural frequencies in
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acoustic-structure systems.

4.4.3 Annular Enclosure

The coupling capacity of fluid-filled annular enclosures is now considered. A rigid

outer cylinder of radius Ro bounds an annulus of acoustic fluid. At the inner radius,

Ri, the fluid is in contact with a simply supported cylindrical shell. The ends of the

enclosure are both modeled as rigid. Substituting Eqs. (3.8), (3.22), and (4.32) into

Eq. (4.13) leads to the following expression for Ψ

Ψ =

(
Γ (knapa) ms

(
(−1)ma+ms − 1

)

π (m2
a −m2

s)

)2

×

 2

V

`∫

0

2π∫

0

Ro∫

Ri

[
Γ

(
knapa

r

Ri

)
cos (naθ) cos

(maπ

`
z
)]2

rdrdθdz


 ,

(4.38)

where the volume integral is calculated numerically. Figure 4.7 graphs values of Ψ

versus circumferential wavenumber and the ratio of Ri to Ro. These Ψ values quantify

the capacity of the B(0,n,1) family of acoustic modes to couple to the S(1,n) family of

structural modes. It is clear that in general, Ψ values are calculated for Ri/Ro ratios

as high as 0.99 and are found to quickly increase as Ri/Ro approaches unity. This

is consistent with previous observations that very thin fluid cavities have a strong

propensity to couple to adjacent structures [70]. It is also observed from Figure 4.7

that the Ψ values related to modes with circumferential wavenumbers of zero are

equal to 0.81 and are independent of the Ri/Ro ratio.

To assess the capacity of the B(0,n,1) family of component modes to couple to

structural modes with higher axial wavenumbers, one need only multiply the Ψ values

in Figure 4.7 by constant factors. For the S(3,n) family of modes the appropriate

factor is 0.11. The factor corresponding to the S(5,n) family is 0.04. Thus, the
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Figure 4.7: Ψ values for the S(1,n) family of structural modes coupled to the B(0,n,1)
family of acoustic modes for a fluid-filled annular enclosure.

propensity of the B(0,n,1) modes to couple quickly diminishes with an increase in the

axial wavenumber of the structure. (Note that the B(0,n,1) modes do not couple to

the S(2,n) and S(4,n) modes because for a simply supported shell coupled to a fluid

enclosure with rigid ends, ma and ms must differ by an odd number in order for the

coupling coefficient to be non-zero.)

4.5 Practical Example

It will now be shown how the foregoing approach might be used to quickly estimate

the coupled frequencies of a system inspired by the design of liquid rocket engines.

Consider a clamped-free cylindrical shell filled with LH2. The steel (E = 200 x 109

GPa, ρ = 7750 kg/m3, υ = 0.3) shell considered here has a length of 7 cm, a radius

of 15 cm, and a thickness of 1.5 mm. The speed of sound and density of LH2 are

1040 m/s and 70 kg/m3. The α parameter for this system is found to be 1.07 x 10−4

s. The ratio of the mass of the enclosed fluid to the mass of the structure is 0.45.
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Even before solving the uncoupled problems, the extent to which a system fre-

quency will differ from its nearest component frequency can be easily enveloped with

the aid of Eqs. (4.16), (4.20), and (4.22). To do this, one need only set the nondi-

mensional frequency separation, ∆, equal to zero and assign a reasonably bounding

value for Ψ. Enveloping system frequencies in this manner is a particularly simple

check that can be performed to help validate the output of sophisticated FE-FE or

FE-BE models.

The in vacuo frequencies for the clamped-free cylindrical shell are obtained from

an FE model constructed using the commercial software package, ANSYS [72]. The in

vacuo frequencies and their corresponding circumferential wavenumbers are collected

for the ms = 1 family of modes. The uncoupled acoustic problem could be solved via

a FE model, but in the case of a rigid wall duct, the uncoupled frequencies can be

directly computed with Eq. (3.2).

Six different approximate system frequency calculations are made to assess the

relative accuracy of the two different approximate frequency expressions as well the

relative accuracy of three different approaches to determining Ψ. The approximate

frequency expression given by Eq. (4.8) is referred to as the full expression while

Eq. (4.11) is termed the weak expression. Both expressions are used with each of

the three sets of Ψ values. Each successive set of Ψ values represents an additional

level of analytical refinement. The three sets are as follows. 1) Values denoted Ψ1

correspond to an SS-SS shell and are calculated with Eq. (4.33). 2) Values denoted

Ψ2 correspond to a C-F shell with a0/h = 20, `/a0 = 2, and υ = 0.3. These are the

same Ψ presented in Figure 4.4 for a C-F shell. 3) Values denoted Ψ3 correspond to a

C-F shell with a0/h = 100, `/a0 = 0.47, and υ = 0.3. These are the same geometric

ratios and υ value possessed by the actual shell of interest.

The accuracy of the approximate frequency calculations is assessed by compar-
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ing them to the output of an ANSYS FE-FE model. The ANSYS solution is itself

an approximation, but care is taken to ensure that all system frequencies are well-

converged. Part (a) of Figure 4.8 depicts the calculated component frequencies to-

gether with the lowest family of system frequencies for the LH2-filled shell. The solid

line connects the system frequencies calculated by the ANSYS model. The error bars

denote the maximum and minimum frequency values obtained from the six different

approximate frequency calculations. Part (b) is a nondimensionalized version of part

(a) with the error bars again representing the extrema of the six approximate fre-

quency calculations. Part (c) displays the percent errors associated with each of the 6

approximate calculations at each of the 17 considered circumferential wavenumbers.

It is clear that the weak expression produces frequency values that are consistently

below those of the ANSYS model. Conversely, the full expression produces values

that are consistently higher than the FE model. As might be expected, the weak

expression generally produces less accurate frequency values than does the full ex-

pression. In a practical scenario, there would likely be no advantage to using the

weak expression. The primary advantage of this expression is the physical insight

that it allows.

Each of the three different methods of calculating Ψ produce reasonable approxi-

mations of system frequencies. Ψ1 and Ψ2 are, in general, overestimates of Ψ3. These

overestimates manifest themselves in different ways depending on the approximate

frequency expression that is used. In the case of the full expression, an overestima-

tion of Ψ actually results in more accurate frequency approximations. In any case, it

appears that the additional effort required to obtain analytically refined values of Ψ

does not result in substantially improved accuracy. At least for the present example,

it would be reasonable to estimate system frequencies using the easily obtainable Ψ1

values.
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4.6 Error Analysis

The range of physical configurations over which the two expressions approximating

coupled system frequency—Eqs. (4.8) and (4.11)—can be expected to provide rea-

sonably accurate results is unclear. Recognizing that the utility of these expressions

arises from the ability to apply them quickly and easily without resorting to more

robust methods, it is important to know a priori the situations in which they are

reasonable approximations.

Since the approximate expressions for system frequency consider just a single

pair of component modes, the accuracy of these expressions will ultimately depend

on how strongly a given component mode interacts with all of the remaining—i.e.,

neglected—component modes. Identifying the neglected component modes and cal-

culating their capacity to interact with the component mode of interest defeats the

purpose of an approximate approach. Monte Carlo simulations are thus performed to

determine how the accuracy of the approximate system frequency expressions might

correlate to the ∆ and β parameters. Identifying such a correlation will allow an

analyst to estimate the uncertainty of an approximate system frequency calculation

without the consideration of additional component modes.

The Monte Carlo simulations performed here consider simply supported fluid-

filled shells with rigid fluid boundary conditions at each end. During each simulation,

random components are added to the various physical parameters of the structure

(i.e., shell radius, length, thickness, Young’s modulus, Poisson’s ratio, and density)

and the fluid (i.e., density and speed of sound). For any given simulation, each

parameter value is random within predefined limits. The limits are set to correspond

to values typical of engineering structures and fluids. For example, the material

properties associated with the shell structure are constrained such that they assume

random values that fall between the material properties associated with aluminum
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and steel. The mean value of β over all simulations is found to be 1.3× 108 s−2.

Three thousand Monte Carlo simulations are performed. Within each simulation,

system frequencies are calculated for circumferential wavenumbers ranging from one

to ten. A total of 30,000 system frequencies are thus considered. At each circumferen-

tial wavenumber, the lowest system frequency is calculated using Eqs. (4.8) and (4.11)

and then compared to the system frequency obtained from a well-converged modal

expansion. The modal expansion is formulated in the manner presented in Chapter

2 and retains a total of 240 acoustic component modes for each component struc-

tural mode. This number of retained acoustic modes corresponds to a K value of

15 and based on Figure 3.10, the percent difference between the system frequencies

computed with K = 15 and K = 16 is expected to be well less than 1%.

Figure 4.9 displays the percent errors associated with the (a) full and (b) weak

approximate expressions. The figures are truncated to include only those system

frequencies with ∆ values between -5 and 10 and β values less than 5× 108 s−2. The

23,812 points that meet these criteria are displayed in Figures 4.9 (a) and (b). The

percent errors are displayed as absolute values. In some cases, the weak expressions

results in very large percent errors, but in order to maintain identical color scales

between Figures 4.9 (a) and (b), the cases for which the weak expression results in

percent errors greater than 20% are each displayed using the same dark red color.

In all observed cases, the full expression overestimates system frequency while the

weak expression results in an underestimate. In general, both approximate frequency

expressions are more accurate for low values of β and for component frequency sepa-

rations that are large in magnitude. High values of β are indicative of (among other

things) a system in which the mass of the enclosed fluid is high. The fact that the

accuracy of the approximate expressions decreases with an increase in the value of

β is thus consistent with Section 3.6 where it was observed that system frequencies
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of an LH2-filled shell require fewer acoustic basis modes to achieve the same level of

frequency convergence as a LOX-filled shell. Based on Figure 4.9, an analyst might

reasonably expect the full approximate frequency expression to be accurate to within

10% when β < 1× 108 s−2. The weak expression is similarly accurate up to β values

of 3× 107 s−2.

Recall from Eq. (4.12) that the parameter η represents a nondimensional number

between zero and unity that quantifies the amount of energy exchanged between two

component modes. Since η is dependent upon both component frequency separation

and β, a correlation may exist between η and the accuracy of the approximate system

frequency expressions. Figure 4.10 displays the percent errors associated with the full

expression across the range of possible η values. All 30,000 points are included in

Figure 4.10. Across a wide range of η values there appears to be a linear relationship

between maximum percent error and η. This line attains a value of approximately

20% when η = 1. Thus, a bounding percent error can be determined by multiplying

20% by the η value corresponding to a given pair of component modes. No such

correlation is found in the case of weak expression—i.e., the weak expression appears

to be no more or less accurate for low values of η than it is for values η near unity. This

absence of a correlation is not especially consequential in a practical sense because

the weak expression primarily serves as a means by which to gain physical insight

into the general nature of acoustic-structure systems. It is not recommended for use

in cases where the natural frequencies of a specific system are sought.

4.7 Forced Response of a Two Mode System

Fundamental features of the forced response of an acoustoelastic system can be ob-

served by considering a component acoustic mode coupled to a single in vacuo struc-
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tural mode. Such a system can be modeled by writing Eqs. (4.1) in matrix form
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}
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[
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ȧj

q̇k

}
+

[
$2

j 0
0 Ω2

k

]{
aj

qk

}
=

{
Q
0

}
, (4.39)

where the structure is subject to a generalized force given by Q. Note that the

product of the off-diagonal terms in the gyroscopic matrix is −β. Figure 4.11 is

created to demonstrate how the coupled response of the structure will qualitatively

change with increasing values of β.

In each of the response profiles shown in Figure 4.11, the uncoupled structural

frequency, fs, is fixed at a nominal value of 3 kHz. Uncoupled acoustic frequencies,

fa, are then varied from 0 to 6 kHz. The system is harmonically excited across a

frequency range of 0 to 6 kHz. The response of the structural mode is calculated using

the modal analysis technique for nonsymmetric systems presented in Section 2.2. A

constant viscous damping ratio of 1% is applied across the system. The damping

is applied using the procedure discussed in Section 3.9. The steady-state response

amplitudes of the structural mode are normalized by the maximum steady-state

amplitude of the in vacuo response. These normalized responses are then plotted

with respect to the frequency separation of the component modes and the forcing

frequency normalized by uncoupled structural frequency.

Figure 4.11 displays response profiles for four different values of β. In part (a)

β = 0 s−2, which represents the case of an uncoupled structure responding in vacuo.

As expected, the response attains a peak value of unity when ω/Ωk = 1. Further-

more, since the structural mode is completely uncoupled from the fluid, varying the

frequency of the component acoustic mode has no influence on the response. In

part (b) β = 2 × 105 s−2. This value of β is typical of a steel shell filled with air.

The response profile closely resembles that in part (a) except near the region where
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ω/Ωk = 1 and (fs − fa) = 0. In this region, the normalized response is somewhat

less than unity. In part (c), the response profile begins to change more dramatically.

Here, β = 1 × 107 s−2, which is consistent with values obtained when considering

an LH2-filled steel cylindrical shell. As fa approaches fs, the two distinct resonant

responses present themselves. One response occurs at a normalized forcing frequency

below unity while the second occurs at a normalized forcing frequency above unity.

This is a manifestation of the eigenvalue veering phenomenon discussed earlier. The

fact that there is minimal system response in the region surrounding ω/Ωk = 1 and

(fs − fa) = 0 is somewhat reminiscent of the response of an oscillator attached to

a tuned vibration absorber [73]. Finally, in part (d), β = 1 × 107 s−2, which is

consistent with a LOX-filled cylindrical shell. In this case, the two distinct resonant

responses become present at larger component frequency separations and the region

of minimum response near ω/Ωk = 1 and (fs − fa) = 0 becomes larger as well.

In several instances throughout this and other chapters, references have been

made to situations in which the uncoupled acoustic and structural frequencies nearly

coincide. One might reasonably assume that forcing a system near this coincidence

frequency will initiate a “double resonance” phenomenon such that the coupled res-

onant response is greater than the uncoupled resonant response. This, in fact, does

not happen. In coupled systems, energy is stored in both the fluid and structural

portions of the system mode. Thus, when the component frequencies nearly coincide,

not only will the resonant frequencies of the system shift (i.e., eigenvalue veering),

but the resonant response of the coupled structure (or the fluid) will be less than

the corresponding uncoupled resonant response. However, from a design standpoint,

the drawback of having a strongly coupled acoustic-structure system is that both the

fluid and the structure in such a system are capable of responding in a non-negligible

manner to either acoustic or mechanical excitations.
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4.8 Conclusion

The theoretical approach employed in this chapter enables some revealing observa-

tions concerning the interaction of structures with fluid-filled cavities:

1. The nondimensional Ψ parameter allows for a direct calculation of the funda-

mental acoustic-structure coupling capacity between any pair of component modes.

Not only does Ψ allow one to compare the coupling capacity of modal pairs in a sin-

gle system, but it also allows for these comparisons to be made across systems with

dissimilar geometries and/or dissimilar boundary conditions. While keeping in mind

that component frequency separation plays an important role in determining system

frequencies, analysts can potentially use the Ψ parameter as an efficient means of

optimizing system designs such that they minimize or maximize acoustic-structure

coupling.

2. The nondimensionalization of the weak system frequency expression provides

a clear and simple relationship that casts system frequency augmentation or reduc-

tion as a function of the dimensionless component frequency separation, ∆, and the

natural propensity of the component modes to couple, Ψ. This relationship is inde-

pendent of system properties. For fixed values of component frequency separation

and Ψ, the dimensional system frequency will scale according to 1/α. However, it

should be clear that changing any of the parameters that comprise α will correspond

to changes to the component frequencies, which will almost certainly prompt a change

in their separation.

3. In general, computing Ψ values requires explicit knowledge of the component

mode shapes. Finding these mode shapes and then computing the integrals necessary

to calculate Ψ is an eminently tractable, yet potentially time-consuming, task. The

practical example presented in Section 4.5 demonstrates that it may be possible to

obtain reasonable system frequency estimates by using readily calculable values of Ψ

102



in lieu of more analytically refined values. In a typical scenario, one might perform

a finite element analysis to calculate the uncoupled acoustic and structural natural

frequencies and then use estimated Ψ values to arrive at a first approximation of the

coupled system frequencies.

4. Monte Carlo simulations demonstrate a correlation between the accuracy of

the approximate system frequency expressions and the ∆ and β parameters. This

allows an analyst to estimate the uncertainty of an approximate system frequency

calculation without the consideration of additional component modes. Through the

use of Figure 4.9, ranges of applicability associated with Eqs. (4.8) and (4.11) can

be determined. The simulations consider the lowest branch of system frequencies

associated with fluid-filled simply supported cylindrical shells. The consideration of

other system geometries and boundary conditions would enable more confidence in

these ranges of applicability.

5. Consideration of the forced response of a two mode acoustoelastic system

underscores the fact that for well-coupled systems, significant energy is stored in both

the fluid and structural portions of the system mode. This disallows the existence

of a “double resonance” phenomenon, but does make the structure more susceptible

to acoustic excitations originating in the enclosure. Similarly, the enclosed fluid in a

well-coupled system is more susceptible to excitations originating in the structure.
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Chapter 5

Techniques for Acoustoelastic Systems

with Complex Geometry

Chapters 3 and 4 concern structures and enclosures with regular geometries. While

these studies provide insight into the physics of acoustoelastic systems, rocket engine

structural components and their associated fluid cavities are not, generally, regularly

shaped. The Space Shuttle Orbiter gimbal joint flowliners are a case in point. The

flowliners are ostensibly cylindrical shells, but have geometric features (e.g., axially

varying radii, ring stiffeners, and structural cutouts) that are not conducive to purely

analytical modeling techniques.

This chapter discusses the implementation of a component mode synthesis (CMS)

technique that avoids the use of a FE-based unsymmetric eigensolver and thus cir-

cumvents a variety of practical difficulties. The technique implemented here is for

use with axisymmetric structures, but it may be extended for use in more general

cases. The following sections discuss the technique in greater detail and present the

results of a benchmark test designed to directly compare the performance of the

CMS technique to that of a modern, commercially-available, FE-FE code. Finally,

the technique is used to obtain new acoustoelastic results involving the frusta of cones

and cylindrical shells with ring stiffeners.

5.1 Previous Work

Component mode synthesis is a well-established modeling technique that involves

dividing a large dynamic system into smaller component problems. The modal be-
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havior of each component is calculated by analytical, numeric, or empirical means

and the modal properties of the overall system are then determined by enforcing

constraints—often through the use of Lagrange multipliers—at the interfaces of the

various components. For discussions on how CMS techniques may be used to predict

the dynamic behavior of large structures, see the work of Hurty [74] or Dowell [5].

In the late 1970s, Wolf [75] cast an acoustic-structure system in terms of a CMS

formulation. He used this formulation to solve the problem of a flexible rectangular

plate coupled to a variable-length rectangular cavity that was filled with air. Results

were then compared to those obtained by Dowell and Voss [70]. Wolf’s approach

involved calculating the uncoupled natural modes of the plate using an FE model

and then coupling the structural modes to analytically-obtained acoustic modes.

In the interest of predicting interior noise in passenger vehicles, Sung and Nefske [76–

78] implemented and experimentally verified a CMS technique that relies on both

structural and acoustic FE models. Their procedure involves solving the in vacuo

structural forced response problem and then transforming the vehicle response into

acoustic excitations of the cavity. The overall cavity response is then found using

a separate acoustic FE model. This approach—though reasonable for its intended

application—does not constitute a fully coupled analysis because it does not account

for any influence that the fluid might have on the dynamics of the structure.

Two NASA technical memoranda [79, 80] document the acoustic-structure cou-

pling capabilities of the commercial FE software package NASTRAN. The latter of

these memoranda discusses the use of NASTRAN’s built-in CMS procedure to de-

termine the response of a cylindrical shell filled with air. It proceeds to compare an

analytically-determined system response to the response obtained via NASTRAN.

However, the agreement exhibited by the two solution methods is not particularly

compelling. Since the authors only used an approximate analytical model in this
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study, it is unclear whether the poor agreement is due to inaccuracies associated

with the analytical model or the NASTRAN solution. An updated comparison that

utilizes a more recent version of NASTRAN may be a worthwhile subject for future

work.

Recently, Puri et al. [81,82] have implemented a Model Order Reduction (MOR)

method for use with acoustoelastic systems with complex geometries. Their method

applies a projection of the coupled system matrices to a lower dimensional subspace.

The authors compare the computational performance of their MOR method to that

of an ANSYS forced response solution for two relatively simple test cases. The MOR

method was shown to be about one order of magnitude faster than the ANSYS

solution without any apparent loss in accuracy.

Additional studies of relevance include of the work of Petyt and Lim [83] as well

as the work of Chao et al. [84]. The former study constructs uncoupled structural and

acoustic FE models and then attempts to couple them outside of the FE software.

This approach is conceptually similar to the one implemented here, however, some

of its results appear to be erroneous. For instance, the authors note an inexplica-

ble “suppression” of modes that are near the uncoupled acoustic natural frequencies

of the cavity. Now over 30 years old, this study was likely hindered by the com-

paratively primitive computational tools of the time. Chao et al. demonstrate a

method by which the acoustoelasticity equations of motion presented in Chapter 2

can be extended for use with irregular cavities. The method involves dividing an

acoustic cavity into several connected rectangular sub-cavities of various heights and

depths. The method was then successfully used to calculate the natural frequencies

and modes of semi-circular and trapezoidal acoustic cavities filled with air.
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5.2 Component Mode Synthesis of Acoustoelastic

Systems

Figure 5.1 is a flowchart describing the CMS procedure that is implemented here.

The first steps of the method involve building FE models to extract the natural fre-

quencies and modes of the in vacuo structure as well as those of the rigid wall fluid

cavity(ies). The solutions to these uncoupled problems rely on symmetric formula-

tions of the discretized equations of motion. ANSYS [72, 85], a popular commercial

FE package, is used in this study; however, any FE software package with a built-in

eigensolver that supports both structural and fluid elements may be used. Next, the

Build in�vacuo structural model

Extract frequencies and modes

(symmetric block Lanczos solver)

Write nodal displacements of

each mode to data file

Extract frequencies and modes

Build rigid wall acoustic model(s)

Identify wavenumbers of each mode

using standard FFT algorithm

Calculate coupling coefficients using

numerical integration

Assemble coupled modal equations

and solve reduced problem

ANSYS

MATLAB

(symmetric block Lanczos solver)

Write nodal displacements of

each mode to data file

Figure 5.1: A flowchart outlining the steps of the CMS method for acoustoelastic
systems.

nodal displacements corresponding to each acoustic and structural mode are written
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to data files. These data files are then used as input for the matrix analysis software

MATLAB [86]. A MATLAB code identifies the wavenumbers of each component

mode by computing the Fast Fourier Transform (FFT) of the nodal displacement

data. Once the wavenumbers are determined, the extent to which the individual

acoustic and structural modes couple to each other is calculated by means of numer-

ical integration over the nodal displacements at the fluid-structure interface. Finally,

the complete problem is written as a set of coupled ordinary differential equations

according to the formulation presented in Chapter 2. Even though these equations

of motion give rise to an unsymmetric eigenvalue problem, they are written in terms

of modal degrees of freedom and thus the number of equations involved is small com-

pared to a typical FE-FE model that formulates the problem in terms of the physical

degrees of freedom at each node.

The CMS method thus requires the solution of two or more relatively large sym-

metric eigenvalue problems in addition to one relatively small unsymmetric problem.

This is in contrast to the ANSYS FE-FE formulations which require the solution of

one very large unsymmetric problem.

5.2.1 Potential Advantages of CMS

A CMS approach offers the potential for acoustoelastic analyses that are more com-

putationally efficient and robust than FE-FE models. Additionally, CMS techniques

permit simpler FE models and promote increased insight into the underlying physics

of the system. The extent to which the CMS approach affords these advantages ul-

timately depends upon the capabilities of the FE-FE (or FE-BE) code that would

be used in its place. This study compares the capabilities of a CMS approach to the

FE-FE capabilities of ANSYS. In particular, the two most recent versions of ANSYS

(Releases 10 and 11) are considered. ANSYS 10 debuted in August 2005 and ANSYS
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11 was made available in April 2007. The immediate discussion focuses on how the

above-cited advantages of CMS are applicable when considered in conjunction with

the current capabilities of ANSYS.

Computational Efficiency

The ANSYS package includes several symmetric eigensolvers and one unsymmetric

eigensolver. The most robust symmetric solver available in ANSYS is the block Lanc-

zos solver. The theoretical basis for this solver is presented by Grimes et al. [87]. For

unsymmetric eigenvalue problems, ANSYS 10 employs a Lanczos procedure similar

to the one detailed by Rajakumar and Rogers [88]. ANSYS 11 replaced this solver

with an iterative Krylov subspace method [72].

A comparison of the CPU time required to solve symmetric and unsymmetric

eigenvalue problems in ANSYS 10 and 11 are shown in Figure 5.2. The symmetric

problem devised for this comparison is a rigid-walled cylindrical duct containing LH2.

The unsymmetric problem is the same fluid-filled duct except the walls of the duct

are assumed to be elastic and fully coupled to the fluid. In all cases, the time required

to extract the first 10 eigenvalues is monitored for models with a varying number of

DOFs.

In the case of ANSYS 10, the data show that the CPU time required in the sym-

metric case is proportional to x1.55 while in the unsymmetric case it is proportional to

x1.87, where x is the number of DOFs in the FE model. Given the significant differ-

ences in computational time required by the symmetric and unsymmetric solvers used

by ANSYS 10, calculating system frequencies with a CMS approach is advantageous,

especially for systems with a high number of DOFs.

Figure 5.2 (b) compares the performance of the block Lanczos symmetric eigen-

solver against that of the unsymmetric eigensolver employed by ANSYS 11. Clearly,
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the new ANSYS release demonstrates a dramatic improvement in the computational

efficiency of the unsymmetric solver. The two solvers perform very similarly for

models as large as 225,000 DOFs. In terms of computational efficiency, a CMS ap-

proach would therefore not be preferable to an ANSYS 11 solution. However, a CMS

approach may have other advantages, as will now be discussed.

Robustness of Solution

The unsymmetric eigensolvers used in conjunction with FE-FE formulations may not

always capture all system modes within a specified frequency range. The symmetric

block Lanczos solver in ANSYS automatically performs a Sturm sequence check to

ensure that no eigenvalues are missed. The unsymmetric solvers implemented in

ANSYS 10 and 11 do not have this feature and it is possible for eigenvalues to go

undetected especially when several eigenvalues are clustered within a small frequency

band (as is often the case with shell structures). Furthermore, the extent to which

the unsymmetric solver detects eigenvalues can depend upon the lower frequency

bound or shift point set by the user. Setting a shift point such that it is near a
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suspected missed eigenvalue can often aid in its detection, but this practice is time

consuming because it requires multiple runs and relies heavily on trial and error.

Nevertheless, the results of the benchmark test detailed in Section 5.3 indicate that

the unsymmetric solver implemented in ANSYS 11 has a significantly improved ability

to capture system modes within a frequency range of interest.

Model Simplicity and Improved Physical Insight

The uncoupled structural and fluid FE models used in conjunction with the CMS

method can be constructed in any fashion and with any mesh pattern so long as the

models produce accurate results. This is generally not the case with FE-FE analyses.

Performing an FE-FE analysis in ANSYS requires that the fluid and structure share

all interface nodes—i.e., the structural and fluid grids must spatially match. For

FE-FE analyses in which both sides of the structure are in contact with a fluid, the

modelling becomes more complex. In this case, the analyst must define two sets of

coupled coincident nodes and then ensure that one of these sets is shared with the

fluid on one side of the structure while the other set of coincident nodes is shared

with the fluid on the other side of the structure.

As demonstrated in earlier chapters, a knowledge of the uncoupled acoustic and

structural natural frequencies and modes can greatly assist the interpretation of cou-

pled system dynamics. Comparing the coupled and uncoupled natural frequencies

enables the analyst to identify modes that are either well-coupled or dominated by

contributions from the fluid cavity or the structure. Since the proposed CMS tech-

nique requires solutions to the uncoupled acoustic and structural problems, the nature

of the coupled system modes can be identified without any additional modeling or

analysis. In the case of a coupled FE-FE model, however, the extent of the acoustic-

structural coupling is not always evident by examination of the calculated frequencies
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and modes. Thus, in practice, an additional uncoupled analysis will often be needed

to inform the results of the coupled analysis.

5.2.2 Implementation of CMS Method

The primary effort involved with the implementation of the CMS method is writing

the matrix analysis code to post-process the output of the uncoupled FE solutions.

This code determines the wavenumbers of the component modes and then calculates

the modal coupling coefficients. The unforced coupled problem is then assembled in

the following form

[M ]

{
äj

q̈k

}
+ [G]

{
ȧj

q̇k

}
+ [K]

{
aj

qk

}
=

{
0
0

}
, (5.1)

where

[M ] =

[
V Mj 0

0 Mk

]
, [G] =

[
0 −AF c2

0 [Ljk]

AF ρ0 [Ljk]
T 0

]
,

[K] =

[
V Mj$

2
j 0

0 MkΩ
2
k

]
.

ANSYS normalizes the structural and acoustic mode shapes in a manner similar to

Eqs. (2.6) and (2.16). Thus, Mk and Mj can be calculated without resorting to

numerical integration. The coupling coefficients, Lj,k, however, are calculated using

the following expression

Ljk =
1

AF

∫

AF

FjGkdA. (5.2)

Since the uncoupled structural and fluid problems may have different grid geometries,

a common fluid-structure interface grid is specified within the MATLAB code. A 2D

surface-fitting routine then takes the nodal displacement data from the uncoupled
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FE solutions and fits the data to the interface grid. The integral in Eq. (5.2) is then

computed numerically using a 2D numerical integration scheme that employs the

trapezoidal method. Once all modal normalization factors and coupling coefficients

are calculated, Eq. (5.1) is assembled and solved in a manner identical to the one

described in Section 2.2.

5.3 Benchmark Test

To assess the speed and accuracy of the CMS technique, a benchmark test is devised.

In this test, the performance of the CMS approach is compared directly to that of

an FE-FE solution in ANSYS. The benchmark test calls for the calculation of the

coupled natural frequencies of a simply supported cylindrical shell containing LH2 (c0

= 1040 m/s and ρ0 = 70 kg/m3). The fluid on the interior of the shell is again assumed

to be quiescent, inviscid, and compressible. The fluid boundary is considered rigid at

both shell ends. This configuration lends itself to a strictly analytical formulation as

was shown in Chapter 3. The analytically calculated coupled frequencies serve as the

baseline results against which the performance of the two methods can be measured.

The cylindrical shell used in the benchmark test again has geometry and material

properties consistent with that of the Space Shuttle Orbiter downstream gimbal joint

flowliner. The radius, length, and thickness of the shell are 15.39 cm, 7.31 cm, and

1.27 mm, respectively. The shell material is Inconel 718 (E = 204.9 GPa, υ = 0.29,

ρ = 8190 kg/m3).

The test is divided into two parts. In the first part, both the CMS method and

Releases 10 and 11 of ANSYS are used to calculate system frequencies and modes.

In the second part, the forced response of the system is calculated across a range of

frequencies using both the CMS approach and Release 11 of ANSYS.
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5.3.1 Part I: Calculation of System Frequencies

The objective of Part I of the benchmark test is to calculate all system natural fre-

quencies below 10 kHz and then assess the relative computational efficiency and ac-

curacy of the CMS method. To keep the required computational expense reasonably

low, the FE models used with both methods are limited to 96 elements in the circum-

ferential direction and 16 elements in the axial direction. Since only those modes with

wavenumbers low enough to support four elements per wave can be readily identified

using the FFT mode identification procedure, modes with circumferential wavenum-

bers below 24 and axial wavenumbers below four will be of interest. Based on the

results of the analytical solution, there are 77 system modes that have wavenumbers

below these cutoffs while also having nonzero natural frequencies that are less than

10 kHz.

The results of the benchmark test are summarized in Table 5.1. All calculations

are implemented using identical computers (Dell Precision 670n desktop with dual

3.0 GHz processors and 2 GB RAM). To better compare the performance of the CMS

method to that of the FE-FE approach, the models are built such that they have

approximately the same number of DOFs. The ANSYS FE-FE model has a total of

44,513 DOFs while the uncoupled structural and acoustic models used with the CMS

method respectively have 9,408 and 30,209 DOFs, for a total of 39,615.

Because the ANSYS 10 solution is sensitive to the choice of shift point, several

trials are attempted in which the shift point is varied. The shift point that results in

the highest number of identified eigenvalues is 1.8 kHz. This solution finds 55 of the

77 (71.4%) system modes. Even though it does not perform a Sturm sequence check,

the unsymmetric solver employed by ANSYS 11 is still able to find all 77 coupled

modes without any adjustments to its shift point. The CMS method makes use of the

Sturm sequence checks embedded in the symmetric solver and is also able to locate
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the frequencies corresponding to all 77 coupled modes.

Table 5.1: Performance of ANSYS 10 and 11 and the CMS method in Part I of the
benchmark test.

DOFs Found Modes (%) Mean Error CPU Time Clock Time
CMS 39,617 77/77 (100%) 0.83% 28.6 (min) 34.2 (min)

ANSYS 10 44,513 55/77 (71.4%) 1.32% 64.7 (min) 632.6 (min)
ANSYS 11 44,513 77/77 (100%) 1.05% 7.3 (min) 14.8 (min)

In addition, Table 5.1 shows the mean percentage errors of the three calculation

methods. These errors are computed based on the assumption that the analytically

calculated frequencies are exact. Recall, however, that the analytically calculated

frequencies are themselves a result of a well-converged, but truncated, modal expan-

sion.

All coupled frequencies computed by ANSYS 10 and 11 solutions as well as those

computed by the CMS method are shown in Figure 5.3. Both the CMS and FE-FE

methods are reasonably accurate; however, the ANSYS 10 and 11 solutions do pro-

duce a few inaccurate eigenvalues (see e.g., the points with circumferential wavenum-

bers equal to 6, 13, and 20 that are not particularly close to the lowest family of system

frequencies). Due to symmetry, all system modes with circumferential wavenumbers

greater than zero will have repeated eigenvalues. All eigenvalues computed by AN-

SYS, even those known to be repeated, are retained for the percent error calculations

and are displayed in Figure 5.3.

In terms of CPU time, the CMS method outperforms the ANSYS 10 solution

by more than a factor of two. The 28.6 minutes of processor time required for the

CMS method includes 6.2 minutes to complete the ANSYS portion of the method

and 22.4 minutes for the MATLAB portion. The time savings afforded by the CMS

method is even more substantial when clock time (i.e., the elapsed time required to

complete a solution) is considered. In terms of clock time, the CMS method is nearly

20 times faster than the ANSYS 10 solution. However, the fact that the clock time
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drical shell filled with LH2 as calculated by analytical, CMS, and FE-FE methods.

for the ANSYS 10 solution is several times greater than the corresponding CPU time

is cause to question the way in which memory was allocated to the ANSYS pro-

gram. In an attempt to reduce clock times, several trials are completed in which the

memory settings are altered, yet none of these trials are able to produce significantly

reduced elapsed times. If one were able to determine optimum memory settings, the

advantage afforded by the CMS method with respect to wall clock times might not

be as significant as is presented in Table 5.1.

As predicted from Figure 5.2 (b), the CMS method does not offer a computational

savings relative to the ANSYS 11 solution. With respect to the calculation of system

frequencies, the ANSYS 11 solution outperforms the CMS method in terms of CPU

and clock time. However, as will be shown in the next section, the CMS method has

a considerable advantage over ANSYS 11 when the forced response of the system is
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of interest.

5.3.2 Part II: Structural Forced Response to Harmonic Ex-

citation

Part II of the benchmark test involves calculating the forced response of the structure

due to a harmonic point excitation of unit amplitude. The drive point of the shell

is θ = 0, z = 0.25` and the response point is θ = 0, z = 0.5`. The response is

calculated across a frequency range of 1.5 to 3.5 kHz using three different methods:

1) the analytical procedure described in Section 2.2, 2) the CMS method described in

this chapter, and 3) the full solution method available within the harmonic response

analysis features of ANSYS 11. A constant linear viscous damping ratio of 1% is

applied throughout the system, and in all cases, the response amplitudes are sought

at frequency intervals that are no larger than 5 Hz.

For symmetric systems, ANSYS provides users with the option of performing a

harmonic analysis using modal superposition or reduced methods. These options can

significantly diminish the required computational times, but are not available for use

with models that have unsymmetric system matrices.

Figure 5.4 displays the steady-state amplitude of the shell’s radial displacement as

calculated by each of the three methods. Both the ANSYS 11 and the CMS solutions

agree well with the analytical results. A comparison of the CPU and clock times

required to complete the CMS and ANSYS 11 solutions is given in Table 5.2. Due to

memory storage limitations, the ANSYS 11 solution is performed via two separate

runs with each run evaluating the response over a frequency range of 1 kHz. The CPU

and clock times given in Table 5.2 for ANSYS 11 represent the total time required

to complete these two runs. Again, the time required to complete the CMS solution

is the total time necessary to complete both the ANSYS and MATLAB portions of
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the process.

As evidenced by Table 5.2, the computational advantages of the CMS method

are clear. In terms of elapsed time, the CMS method is more than two orders of

magnitude faster than the ANSYS 11 solution. Similarly, the CPU time required for

the CMS method is about 67 times less than that required to complete the ANSYS

11 solution. Until ANSYS implements the option to perform a harmonic analysis

on an unsymmetric system using either a modal superposition or reduced method,

a CMS approach will be preferable. Note, however, that this comparison does not

account for any time that might be required to implement the CMS method or develop

the necessary finite element models. A CMS approach can be time-consuming to

implement and therefore may not be a practical option in situations where only a

limited scope of analysis is necessary.
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Table 5.2: Performance of ANSYS 11 and the CMS method in Part II of the bench-
mark test.

DOFs CPU Time Clock Time
CMS 39,617 5.8 (min) 7.9 (min)

ANSYS 11 43,024 389.8 (min) 896.0 (min)

5.4 Acoustoelastic Analysis of the Frusta of Cones

Truncating a cone with a plane of truncation that is parallel to the cone’s base creates

what is known as a frustum. Here, the dynamics of the fluid-filled frusta of cones are

considered (see Figure 5.5). The frusta are clamped at their roots and free at their

ends. For the results presented here, the radius of the root is fixed at RE = 15.33 cm

and the radius of the end is variable. The horizontal distance from the clamped end

to the free end of the cone is fixed at ` = 7.31 cm. The frusta are entirely filled with

LH2 (c0 = 1040 m/s and ρ0 = 70 kg/m3) and are closed at both ends. Inconel 718

(E = 204.9 GPa, ν = 0.29, ρ = 8190 kg/m3) is again used as the structural material.

 

`

Clamped Edge

Free Edge

Rigid End

Rigid End

RE

h

R
R

RE

Figure 5.5: Schematic of a clamped-free frustum of a cone. The radius of the
clamped end RR is fixed while the radius of the free end, RE, is variable.

It is possible to formulate the present problem using purely analytical methods.

Several investigators have studied the in vacuo dynamics of cones using analytical
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techniques (see Leissa [53] for a survey of the literature concerning the dynamics of

cone structures). Similarly, the fluid portion of the problem may be formulated using

the appropriate form of the acoustic horn equation [49]. However, a purely analytical

approach is cumbersome in this case and modeling the system with finite elements is

more practical.

As evidenced by previous chapters, a prudent first step toward analyzing an acous-

toelastic system is to solve the associated uncoupled fluid and structural problems.

Figure 5.6 presents the ms = 1 family of in vacuo natural frequencies for circumfer-

ential wavenumbers ranging from 0 to 16. These frequencies are plotted against the

ratio of the radius at the end of the frustum, RE, to the radius of the root, RR. Also

shown are natural frequencies associated with the ma = 0, pa = 1 family of rigid wall

acoustic modes. All frequencies are computed using the block Lanczos solver avail-

able for use with symmetric systems in ANSYS. The two stars shown in Figure 5.6

indicate the points at which acoustic and structural natural frequencies of equivalent

circumferential wavenumbers intersect. These points correspond to RE/RR ratios of

0.82 and 1.10. The RE/RR = 1.10 point is chosen for further study.

Figure 5.7 (a) displays the four lowest system frequency branches of the LH2-filled

frustum with RE/RR = 1.10. Also included are the uncoupled structural and acoustic

frequency curves that are within the frequency range of interest. System frequencies

as calculated by CMS and ANSYS 11 are displayed.

The qualitative system frequency behavior shown in Figure 5.7 (a) is quite similar

to that exhibited by cylindrical shells filled with fluid. As expected, the S(1,n) and

A(1,n,1) curves intersect at n = 2 and the system frequencies exhibit eigenvalue

veering near this intersection. The lowest n = 2 system frequency is 26% lower than

the frequency at which the two uncoupled frequency curves intersect. Figure 5.7 (b)

displays the percent difference between the system frequencies computed using the
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Figure 5.6: The ms = 1 family of in vacuo natural frequencies plotted against
RE/RR. Also shown are natural frequencies associated with the ma = 0, pa = 1
family of rigid wall acoustic modes. All frequencies are computed using the block
Lanczos solver available for use with symmetric systems in ANSYS.

CMS approach and those calculated with ANSYS 11. All frequencies agree within

3%. In general, the frequencies computed by CMS are higher than those calculated

by ANSYS 11. Figure 5.7 (c) displays the frequency response of the frustum at a

response point of θ = 0, z = `. This response is due to a harmonic excitation of unit

amplitude at a drive point of θ = 0, z = 0.25`. Response is calculated using CMS

and FE-FE methods.
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Response is calculated using CMS and FE-FE methods.
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5.5 Acoustoelastic Analysis of a Shell with a Ring

Stiffener

Recall the Orbiter gimbal joint flowliner assembly shown in Figure 1.2. Near its end,

the upstream flowliner has a raised ring stiffener with a hollow underside. In this

section, a similarly stiffened shell is modeled. The geometric complexity introduced

by the stiffener makes a purely analytical formulation infeasible here. Instead, the

fully-coupled system frequencies are found using both FE-FE and CMS methods.

The meshed finite element model of the stiffened shell is shown in Figure 5.8 (a).

The shell has a uniform thickness of 1.5 mm. Its nominal radius from the origin to

its middle surface is 15 cm. The stiffener has a semicircular cross-section of radius 1

cm. The total length of the shell is 8.5 cm with the top of the stiffener located 6.5

cm down the length of the shell. The shell is modeled as steel (E = 200 GPa, ν =

0.3, ρ = 7750 kg/m3) and is assumed to be filled with LH2 (c0 = 1040 m/s and ρ0 =

70 kg/m3). The shell is free on the end closest to the stiffener and clamped at the

other end.

The addition of the stiffener significantly alters the in vacuo structural dynamics,

as evidenced by Figure 5.8 (b). This figure plots the four lowest branches of in

vacuo structural frequencies for the stiffened shell and an “equivalent” clamped-free

shell without a stiffener. The length, radius, thickness, and material properties of the

“equivalent” shell are identical to those of the stiffened shell. The in vacuo frequencies

for both shells are computed using block Lanczos solver in ANSYS 11. For relatively

high circumferential wavenumbers, the stiffened shell has natural frequencies that

are higher than the corresponding frequencies of the unstiffened shell. Conversely,

at low circumferential wavenumbers, the stiffened shell natural frequencies are lower

than the corresponding non-stiffened natural frequencies. The lowest few families

of uncoupled acoustic modes are also shown in Figure 5.8 (b). Even though the
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Figure 5.8: (a) The meshed finite element model of the stiffened shell. (b) The
four lowest branches of in vacuo structural frequencies for the stiffened shell and an
“equivalent” clamped-fee shell without a stiffener. Also shown are the lowest few
branches of uncoupled acoustic natural frequencies.

stiffener is hollow and filled with fluid, its addition to the system has a negligible

effect on frequencies associated with these lowest modes. If higher frequency acoustic

modes were to be considered, it is anticipated that the presence of the stiffener would

have an increasingly significant effect because the acoustic wavelengths would become

comparable in magnitude to the radius of the stiffener.

Before turning attention to the fully-coupled problem, it is instructive to consider

how the addition of the stiffener may affect the propensity of the structure to couple

to an interior fluid. Figure 5.9 plots the nondimensional coupling parameter, Ψ, for

the stiffened shell and its un-stiffened equivalent. In both cases, the curves show the

propensity of the A(0,n,1) family of acoustic modes to couple to the S(1,n) family of

structural modes. In the case of the un-stiffened shell, the Ψ values are calculated

using the analytical procedure described in Chapter 3. In the stiffened case, Ψ values
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are calculated numerically using the results of the uncoupled acoustic and structural

FE analyses. The two curves demonstrate opposite trends; Ψ values for the stiffened

shell are significantly lower than the corresponding un-stiffened values. This can

be explained by noting that in the stiffened case, the maximum pressures of the

uncoupled acoustic modes are found inside the stiffener itself. Conversely, for the in

vacuo structural modes, the structural displacements are small around the stiffener.

Thus, there is relatively little spatial similarity between the uncoupled structural and

acoustic modes which, in turn, leads to relatively small coupling coefficients and Ψ

values. Compared to many of the systems considered in this and other chapters, it

is clear from Figure 5.9 that the stiffened shell will not couple as strongly to the

A(0,n,1) family of acoustic modes. It may therefore be reasoned that the presence

of the stiffener helps decouple the structure from the acoustic fluid. This may be

a desirable design feature in situations where the structure is subject to acoustic

excitations originating in the cavity.
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Figure 5.9: The nondimensional coupling parameter, Ψ, for the stiffened shell and
its un-stiffened equivalent. The curves show the propensity of the A(0,n,1) family of
acoustic modes to couple to the S(1,n) family of structural modes.
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The four branches of system frequencies below 10 kHz are calculated using both

FE-FE and CMS approaches and are shown in Figure 5.10 (a). Examination of

the lowest branch of system frequencies reveals that, indeed, the acoustic-structure

coupling of this system does not appear to be especially strong. Overall, there is

good agreement between the FE-FE and CMS methods. Figure 5.10 (b) plots the

percent error of the CMS method as compared to the FE-FE solution. In all cases,

the two methods agree within 3%.
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Figure 5.10: (a) The four branches of system frequencies below 10 kHz are calculated
using both FE-FE and CMS approaches.(b) The percent error of the CMS method
as compared to the FE-FE solution.

5.6 Conclusion

Most of the studies that have used CMS techniques to investigate the dynamics of

acoustoelastic systems were conducted 20 to 30 years ago. Since that time there has

been a remarkable advancement in not only computer processor speed and memory

capacity, but also in the capabilities of FE software itself. It is therefore reasonable to

question whether CMS remains a computationally advantageous approach for acous-

toelastic systems of practical interest. This study demonstrates that relative to the

129



most recent release of the popular FE software package—ANSYS—CMS techniques

have a significant advantage when the harmonic response of a system is considered.

Recent improvements to the unsymmetric eigensolver available in ANSYS have ren-

dered CMS a less efficient option when calculating coupled system frequencies and

modes. However, a CMS approach may have other practical advantages not related

to computational efficiency, as discussed in Section 5.2.1.

The results related to truncated cones as well as those related to a cylindrical

shell with a ring stiffener further demonstrate the utility of a CMS approach and un-

derscore the fact that the techniques and observations that were applied to regularly

shaped acoustoelastic systems in earlier chapters are equally relevant to the analysis

of systems with irregular geometry.
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Chapter 6

Conclusions and Outlook

This final chapter discusses key implications of the foregoing research and indicates

some areas for future work.

6.1 Implications

Structural components surrounded by liquid fuel or oxidizer are common features

of rocket engines. Often these structures are subject to excitations originating in

the surrounding fluid. When modeling such a system, rocket engine analysts have

historically proceeded as follows:

1. An FE model of the structure is created and used to calculate the structure’s

in vacuo natural frequencies and modes.

2. Empirically-derived “knock-down” factors or analytically-based virtual density

terms are applied to the in vacuo natural frequencies in an effort to account for

the influence of the fluid mass on the dynamics of the structure.

3. A fluid model is created to determine an appropriate forcing function that can

be applied to the structural model.

4. The forced response of the structure is calculated using the results from Step 1

and 2 as input to a classical modal analysis. The structure is excited with the

forcing function calculated in Step 3.

This procedure does not constitute a fully coupled analysis. Instead, it uses the

output from the uncoupled fluid model to excite the structural model. For cases

131



in which the uncoupled acoustic natural frequencies are far removed from the in

vacuo structural frequencies, this may be an appropriate approach. However, in the

case of the Space Shuttle gimbal joint flowliner and other systems considered by this

research, this approach results in two significant inaccuracies. First, the approach will

inaccurately predict some resonant frequencies of the structure. It has been shown

that when the uncoupled acoustic and structural natural frequencies are comparable

to each other, the resulting system frequency behavior is complex and cannot be

accurately modeled with an added mass approach.

The second inaccuracy can arise when the forced response of the system is consid-

ered. In the case of well-coupled system modes, the resonant response of the structure

(or the fluid) will be less than the corresponding uncoupled resonant response. This

is due to the fact that energy is stored in both the fluid and structural portions of

the system mode. Thus, in addition to potentially miscalculating the resonant fre-

quencies of the system, the above procedure also has the potential to over-predict

resonant responses. The techniques presented here provide the analyst with the tools

and physical understanding necessary to avoid these two potential inaccuracies.

It is anticipated that rocket engine analysts will increasingly rely on coupled FE-

FE models to aid their study of acoustoelastic systems. As proven by this and other

investigations, commercial FE software has the ability to accurately capture the free

and forced dynamic behavior of an acoustoelastic system, but not without some dif-

ficulty. The products of this research can help overcome these difficulties. Chapter

3 exposes some of the underlying physics of acoustoelastic systems. This physical

understanding enables a more informed interpretation of FE-FE model output. Sim-

ilarly, Chapter 4 presents approximate techniques that can be used to check the

feasibility of FE-FE results. Finally, the CMS method discussed in Chapter 5 can be

used to overcome excessive computational expense that may be associated with large
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acoustoelastic models.

6.2 Future Directions

There are several ways in which this research may be extended in an effort to bet-

ter understand fluid-structure interaction in rocket engines. These future directions

include:

• An experimental validation of the methodology presented in Chapter 3.

• A consideration of the fluid-structure interaction effects initiated by fluid flow.

• A comparison of the capabilities of the CMS technique presented in Chapter 5

to those of NASTRAN, a commercial FE package widely used in the aerospace

community.

• An application of the existing research to acoustic-structure interaction prob-

lems in solid rocket motors.

• An exploration of how fluid cavitation may affect acoustic-structure interaction.
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APPENDIX A: Flügge’s Shell Equations of Motion

and their Solution for Simply Supported Boundary

Conditions

The Flügge equations of motion for the middle surface of a cylindrical shell in vacuo

are given by

u′′ +
1− ν

2
u.. +

1 + ν

2
v′. + vw′ + σ

(
1− ν

2
u.. − w′′′ +

1− ν

2
w′..

)
= γ

∂2u

∂t2
, (A.1)
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where

σ =
1

12

(
h

a0

)2

, (A.4)

γ = ρsa
2
0

(1− ν2)

E
, (A.5)

and where ∇2 = a2
0

∂2(◦)
∂z2 + ∂2(◦)

∂θ2 is the dimensionless form of the standard Laplacian

with ∂(◦)
∂r

= 0. Substituting the mode shapes given by Eqs. (3.13) into Eqs. (A.1) -

(A.3) yields a characteristic equation (Eq. (3.14)) with the following coefficients

d2 =
1

2

[
n2

s(ν − 3) + µ2(ν − 3)− 2

+ σ
(−2n4

s − 2µ4 + 3µ2(ν − 1) + n2
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,

(A.6)
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work at both Georgia Tech and the École Nationale Supérieure d’Arts et Métiers

(ENSAM), he received an MS in Mechanical Engineering in December 2003. Prior to

returning to Duke in the fall of 2005, Ben was employed as an engineer in the Nuclear

Engineering Business Unit at the Charlotte, North Carolina office of AREVA.

To date, Ben has co-authored the following journal publications:

• R.B Davis, L.N. Virgin, and A.M. Brown (2008) Cylindrical Shell Submerged

in Bounded Acoustic Media: A Modal Approach, AIAA Journal, 46(3), pp.

752-763.

• R.B Davis and L.N. Virgin (2007) Non-Linear Behavior in a Discretely-Forced

Oscillator, International Journal of Non-Linear Mechanics, 42, pp. 744-753.

• L.N. Virgin and R.B. Davis (2003) Vibration isolation using buckled struts,

Journal of Sound and Vibration, 260, pp. 965-973.

Ben is the recipient of the NASA Graduate Student Researcher’s Program (GSRP)

fellowship, the North Carolina Space Grant Consortium Fellowship, and the Georgia

Tech B̂ınome fellowship. He is a member of the American Institute of Aeronautics

and Astronautics (AIAA) and the Acoustical Society of America (ASA).

143


