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ABSTRACT
In systems with frustration, the critical slowing down of the dynamics severely impedes the numerical study of phase transitions for even the
simplest of lattice models. In order to help sidestep the gelation-like sluggishness, a clearer understanding of the underlying physics is needed.
Here, we first obtain generic insight into that phenomenon by studying one-dimensional and Bethe lattice versions of a schematic frustrated
model, the axial next-nearest neighbor Ising (ANNNI) model. Based on these findings, we formulate two cluster algorithms that speed up
the simulations of the ANNNI model on a 2D square lattice. Although these schemes do not eliminate the critical slowing own, speed-ups of
factors up to 40 are achieved in some regimes.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0120634

INTRODUCTION

Various Monte Carlo (MC) schemes have been developed to
complement local Metropolis updates in the computational study
of statistical physics models.1–3 Such enhanced configurational
sampling typically relies on sidestepping energetic or entropic
barriers in ways not possible with local updates alone. Designing
appropriate algorithms often relies on identifying non-trivial struc-
tural features in the regimes of interest. Efficient approaches have
hence been tailored for different contexts, such as cluster algorithms
to displace self-assembled aggregates,4–8 non-local configuration-
biased methods to escape traps created by strong inter-particle
attraction,9 and event-chain algorithms to efficiently transport
defects.10,11

Sampling configurations around simple second-order phase
transitions is nevertheless difficult, given the emergence of a
gelation-like percolation of correlated structures that cannot be
efficiently relaxed through physical (local) moves. In some cases,
a particularly efficient class of cluster schemes lessens the asso-
ciated critical slowing down. For the simple Ising model, for

instance, the geometric construction introduced by Kasteleyn and
Fortuin (KF)12,13 and further expanded by Coniglio and Klein
(CK)14 to accurately capture spin–spin correlations, �sisj�, is lever-
aged by the Swendsen–Wang (SW) and Wolff algorithms to
markedly enhance sampling efficiency in the vicinity of the crit-
ical point.5,15,16 Straightforward generalizations of SW and Wolff
algorithms, however, fail to accelerate critical sampling for models
with frustrated interactions, such as those used to study spin glasses
and systems with competing short-range attractive and long-range
repulsive (SALR) interactions.17–20 In these models, naive KF-CK
clusters gel (or percolate) above the critical temperature,21,22 thus
leaving the critical slowing down unaffected.

Although various alternative approaches have been pro-
posed,23–36 they are all somewhat unsatisfactory. Replica methods
were first proposed by Swendsen and Wang23 and then developed
into an algorithmic class that includes parallel tempering24,25 and
several two-replica algorithms.26–28 The former reduces the time
needed to surmount reorganization barriers, but requires a num-
ber of replicas that grow with system size; the latter reduces the
number of replicas only in certain spin glass models. Single-replica
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approaches often lack generality in terms of model formulation,
spatial dimension, or lattice structure. We distinguish three such
approaches. (1) The Kandel–Ben-Av–Domany (KBD) cluster for-
malism and its variants,29–32 which break up large frozen clusters
using information from elementary plaquettes instead of spin pairs,
are typically useful for certain square lattice models with compet-
ing nearest-neighbor interactions, but are inefficient for spin glass
formers.37 (2) Dual worm (or loop) algorithms,33,34 which sample a
dual lattice formulated in terms of bond variables, have been suc-
cessfully generalized to fully frustrated models38 and spin glasses,39

but are limited to 2D models with nearest-neighbor interactions.
(3) Flat histogram methods, especially Wang–Landau sampling,35

which perform a random walk in energy space to overcome energy
barriers and directly estimate the density of states to obtain system
properties, reduce but do not eliminate the critical slowing down
of pure Ising models, and display correlation times that increase
exponentially with the size of frustrated systems.40 A more direct
and generic cluster-like scheme would thus be desirable for these
systems.

Pleimling and Henkel (PH) have proposed a cluster scheme for
SALR models,41 such as the archetypal axial next-nearest neighbor
Ising (ANNNI) model for spin variables si = ±1,

HANNNI = −J��i,j�sisj + κJ �[i,j] axial

sisj, (1)

where J > 0 sets the unit of energy with SALR (κ > 0) and purely
attractive (κ < 0) interactions. Although the PH approach was
reported to enhance sampling,41,42 its theoretical foundations and
computational performance have not been previously assessed. It is
therefore unclear to what extent it actually reduces the critical slow-
ing down. In this Communication, we consider the PH scheme as
well as modified cluster algorithms that better capture structural cor-
relations in SALR models, so as to approach the algorithmic design
target suggested by Coniglio,5,31,32

�sisj� = �γij�, (2)

where �γij� denotes the probability that sites i and j are con-
nected through a finite path and thus belong to the same cluster.
Macroscopically, this condition also results in the cluster percola-
tion temperature coinciding with the model critical point. Although
we do not here reach the Coniglio target, we nevertheless achieve

efficiency gains of factors of up to 40 in certain regimes of the
ANNNI model. The rest of this article first analytically considers
the geometric and critical properties of the ANNNI model on 1D
chains and on Bethe lattices, and then uses the resulting insights to
formulate algorithms that are tested on a 2D square lattice version of
the model.

1D CHAIN

One-dimensional models can be solved using transfer matri-
ces and are thus helpful in obtaining insight into attaining
Eq. (2). First, spin–spin correlations at a distance r apart can be
expressed as

�sisi+r� = 1
Z�ν sisi+re−βHν = 1

Z
Tr[σzTrσzTN−r], (3)

where the 4 × 4 transfer matrix T = exp(si(si+1 − κsi+2)βJ) is sparse
with eight nonzero entries, σz = Diag(1, 1,−1,−1), and the partition
function, Z = Tr[TN]. Second, site-bond correlated percolation can
be obtained by generalizing the approach of Derrida and Vanni-
menus.43 Let the vector P(r + 1) denote the probability distribution
that site r + 1 is connected to site 1 through a finite path, depending
on the connection probability distribution of backward sites P(r),
and iteratively write

P(r + 1) =MP(r) =MrP(1), (4)

where M is a matrix that contains Boltzmann weight and bond-
ing probabilities and P(1) is the configuration distribution for
the rest N − r sites under periodic boundary conditions. The
connection probability of two sites a distance r apart is gen-
erally expressed as �γi,i+r� = Tr[MrTN−r]�Z, but requires cor-
rection terms when next-nearest-neighbor bonds are considered
(supplementary material). Because both the orientation and the
cluster connection of a spin need to be taken into account,
M is generically a 16 × 16 sparse matrix, but its size can be
reduced for specific cluster definitions. In particular, the standard
Jan–Coniglio–Stauffer (JCS) clusters,44 in which only parallel sites
are potentially connected, using a bonding probability p1 = 1 − e−2βJ

for nearest neighbors and p2 = 1 − e2βJκ for next-nearest neighbors
[see Fig. 1(a)] give

(5)

where each line encodes a specific configuration for sites i and
i + 1, and each column for i + 1 and i + 2. Arrows denote spin
orientations, and colors encode connection to site 1 (black) or
not (white).

In the purely attractive (κ < 0) case, Eq. (2) holds for JCS clus-
ters (and for all other non-frustrated models44), as is here verified.
Surprisingly, this equivalence persists even in the SALR regime,
albeit for a negative bonding probability, i.e., p2 < 0. It is noticeable
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FIG. 1. Schematics for constructing (a) JCS, (b) PH, (c) modified Wolff, and (d) TM clusters. Arrows denote spin orientations, and circles indicate whether a site belongs
(black) or not (white) to the cluster of site i. In (a), the parallel nearest and next-nearest neighbors connect with probabilities p1 and p2, respectively. In (b), the parallel
nearest neighbors are connected with probability p1, and the antiparallel next-nearest neighbors with probability p′2. In (c), only nearest neighbor connections are considered,
with probability p(α) given by Eq. (7), where α is a tuning parameter. In (d), a site can be connected to n contiguous parallel neighbor sites depending on the probability p(n)

as given in Eq. (9). (e) Decay of the spin–spin correlation �sisj� with distance �i − j� in the 1D chain for κ = 0.1 and β = 1, 1.5, 2, 4 from bottom to top. (f) The correlation
length (black solid line) ξ diverges as T → 0, which is obtained from the exponential fitting of (e). The inset shows the scaling ξ = e(1−2κ)2βJ�2 with the β→ 0 extrapolation
obtained by fitting. Cluster sizes also diverge at T → 0. JCS clusters (orange dash line) scale similarly to the correlation length, whereas PH clusters (yellow dotted-dashed
line) do not. (Without loss of generality, only results for κ = 0.1 are shown.)

that the matrix elements m21, m23, and m45 are thus negative, indi-
cating that the existence of next-nearest neighbors with repulsion
in the cluster reduces �γij�. By contrast, PH clusters, which connect
parallel nearest neighbors with probability p1 and antiparallel next-
nearest neighbors with probability p′2 = 1 − e2βκJ > 0 [see Fig. 1(b)],
have �γij� > �sisj� for all κ > 0. In such a 1D model, we nevertheless
have that Tc = Tp = 0 for both schemes. Cluster sizes of both types,
therefore, diverge along with the correlation length [see Figs. 1(e)
and 1(f)], which scales as

ξ = e(1−2κ)2βJ�2. (6)

Although JCS cluster sizes scale accordingly, PH clusters do not. This
discrepancy hints at a possible inadequacy of the latter scheme, but
further insights are needed to understand why.

BETHE LATTICE

We, therefore, consider the ANNNI model on a Bethe lattice,
which offers (non-ambiguous) non-zero transition temperatures
and is also analytically solvable, albeit through the slightly more
involved cavity method.22,46,47 The resulting phase diagram and per-
colation temperatures of the JCS clusters as well as the PH clusters
are shown in Fig. 2(a). In the paramagnetic–ferromagnetic phase
regime (for κ < κL, where κL is the Lifshitz point beyond which
the ferromagnetic ground state is replaced by a modulated one),
the percolation temperature of JCS clusters perfectly coincides with
the critical one, as long as a negative bonding probability is used
here again for κ > 0. The PH clusters, by contrast, percolate at
temperatures that grow more distant from the critical point as κ
increases. The percolating gel-like clusters are then expected to inef-
ficiently sample configurations in the critical regime. Interestingly,
this analysis further reveals that spin–spin correlations in this regime
do not include spins of opposite signs despite the presence of an
antiferromagnetic coupling.

Given the clear importance of negative probabilities (or rather
of diminishing bonding probabilities) in JCS clusters, we propose
two algorithms—the modified Wolff algorithm [Fig. 1(c)] and the
Transfer Matrix (TM) cluster algorithm [Fig. 1(d)]—to at least par-
tially account for this effect. In the modified Wolff algorithm, the
connection between the parallel nearest neighbors has a bonding
probability with a parameter α,

p(α) = 1 − e−2βJ�α, (7)

tuned to attain Tc = Tp, for which the algorithm efficiency is optimal.
The contribution of next-nearest neighbors should increase p(α)
for purely attractive interactions and decrease p(α) for the SALR
regime, thus resulting in diverging cluster sizes at the critical point.
Note that this algorithm helps clarify the role of bonding probabil-
ity, but its time-consuming parameter optimization is impractical.
We, therefore, also propose the TM cluster algorithm, which redis-
tributes the bonding probabilities using a first-principle approach to
reduce cluster size. In this algorithm, the initial site i is connected
to the next n contiguous parallel neighbors in a randomly selected
direction with the probability p(n) given by the top-left 2 × 2 block of
Eq. (5) (see the supplementary material),

(rn+1, sn+1) = aMn
0 = (p1, 1 − p1)���

m11 m12

m21 m22

���
n

, (8)

p(n) =
�����������������

rm if n = m;
sn+1 if 0 < n < m;

1 − m�
i=1

si − rm if n = 0,
(9)

where sn+1 denotes the probability that growth of the cluster stops
at the nth neighbor spin, and rn+1 that clustering continues, given
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FIG. 2. Phase diagram of the ANNNI model on (a) a Bethe lattice with con-
nectivity c + 1 = 6 and (b) a 2D square lattice (supplementary material).45 The
percolation temperatures for JCS clusters (orange diamonds) agree with Tc
(black squares), while for PH clusters (yellow stars) Tp > Tc . Note that the
paramagnetic–ferromagnetic transition is only observed for κ < κL, with the Lif-
shitz point in (a) κL = 0.34 and (b) κL = 0.5. In (a), the boundary between
the ferromagnetic and modulated phases is estimated by linearly interpolating
between the κL and the T = 0 ground state κ0 = 0.5 (dashed line).

the maximum number of contiguous parallel neighbors equals to
m. Because M0 is a sub-matrix of M, the summation of all con-
sidered clustering probabilities does not add up to unity, so we
assign the residual probability to the case n = 0, which should

not affect the algorithmic performance. Note that this partial cor-
rection of the negative contribution of next-nearest neighbors
could be extended to a larger subset of M, but the algorith-
mic complexity would then grow significantly and is thus left for
future consideration.

2D SQUARE LATTICE

In order to assess the performance of these algorithms, we
consider a 2D square lattice version of the ANNNI model. By
extending the TM approach of Ref. 46, a high-precision phase
diagram of the model is obtained [Fig. 2(b)], and numerical
simulations along with finite-size scaling48 are used to determine
the percolation temperatures of JCS clusters for κ < 0 and PH
clusters for κ > 0. The resulting phase and percolation behaviors are
qualitatively similar to those of the Bethe lattice version.

MC simulations are then performed on the same lattices with
L2 spins. In order to extract an autocorrelation time τ for the various
algorithms, we consider the decay the autocorrelation function of
the absolute magnetization �m�,32,49

C(t) = ��m(0)m(t)�� − ��m(0)��2��m(0)2�� − ��m(0)��2 , (10)

which is fitted using a (stretched) exponential function50,51

C(t)∝ exp[−(t�τ)γ], (11)

where 0 < γ < 1. (Because γ varies only from 0.6 to 1 here, τ remains
a good observable for comparing algorithms.) When appropriate,
the critical dynamical scaling form, τ = τ0Lz with dynamical expo-
nent z is used to fit the results.1 For the sake of comparison, time
units here generally denote N = L2 spins having been considered
for a flip. In particular, for standard single-spin-flip (SSF) algo-
rithm, t = tstep�L2; for any cluster algorithms, t = tstep�n��L2, where
tstep is the number of MC steps, and �n� is the mean cluster size
generated by the algorithm.52 The resulting τ are then propor-
tional to their CPU time with only negligible finite-size differences.
Initial equilibration times are at least 10τ, and sampling times are
at least 100τ.

The growth of τ with L for various cluster schemes is shown
in Fig. 3, along with SSF results, which are roughly invariant of
κ and are therefore used as reference. As expected, for purely

FIG. 3. Autocorrelation time τ for various simulation algorithms applied to the ANNNI model on a 2D square lattice at Tc for (a) κ = −0.1, (b) κ = 0.1, (c) κ = 0.2, and (d)
κ = 0.3. The standard SSF algorithm is roughly invariant to changing κ (inset). The JCS cluster algorithm largely eliminates the critical slowing down for purely attractive
systems, but its PH rejection-free counterpart for κ > 0 scales like the SSF algorithm albeit with a smaller prefactor at low κ (see the inset). The proposed cluster schemes
are most efficient at small L.
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attractive systems, the JCS cluster algorithm is most efficient, with
a dynamical exponent as small as that of the standard Wolff
(CK-FK cluster-based) algorithm for the simple Ising model.16

Although the two algorithms proposed here are less efficient, they
are nevertheless significantly more than SSF. By construction, the
modified Wolff algorithm generates clusters that percolate at Tc, but
unlike the JCS clusters, this scheme is not rejection-free. The rejec-
tion rate, therefore, necessarily increases as the cluster boundary (or
energy cost) increases with L. The TM cluster algorithm includes
only part of the next-nearest-neighbor contribution to correla-
tions, and therefore the constructed clusters are not ideal at decor-
relating configurations, but its performance is nevertheless very
similar to that of the modified Wolff algorithm. The TM algorithm
additionally benefits from its parameter-free nature.

In the SALR regime, the PH cluster algorithm exhibits the same
dynamical scaling as SSF, but with a markedly reduced prefactor
τ0 at weak κ. This efficiency gain probably explains why earlier
reports found the algorithm helpful.41,42 As κ increases, however,
the prefactor grows rapidly (see Fig. 3 inset). The considerable com-
putational cost of building clusters then makes it lose out even to
the SSF algorithm. By contrast, the two proposed algorithms exhibit
prefactors that scale more favorably with κ, albeit not the criti-
cal exponents. They are therefore most efficient for small system
sizes. Because the autocorrelation times grow either polynomially
or exponentially—given that the rejection rate increases with L—the
approaches become less advantageous as L grows.

CONCLUSION

Based on the first-principle study of correlations and cluster-
ing, we have proposed two algorithms that account for next-nearest
neighbor bonding in models with SALR interactions and, therefore,
accelerate the sluggish relaxation of gel-like structures that develop
around the critical point at weak frustration. These approaches are
reminiscent of the KBD algorithms, but are adapted to systems for
which the standard plaquettes-sharing bonds would normally fail.
Unlike the PH algorithm, the schemes also approximate the Coniglio
criterion [Eq. (2)]. They, therefore, present significant computa-
tional gains, albeit only over a limited range of system sizes, given
their non-rejection-free nature. Slightly away from the critical point,
they should therefore be of great assistance, but a rejection-free
version of these schemes would be needed to improve the con-
figurational sampling of SALR and other frustrated models more
generally.

Although only the ANNNI model is studied here, these
approaches can be extended to isotropic SALR models and to other
frustrated models, given an appropriate redistribution of clustering
probabilities. Their applications to higher dimensions should also be
straightforward to implement. Adapting these algorithms to condi-
tions in which the ground state is not ferromagnetic is an important
future direction.

SUPPLEMENTARY MATERIAL

See the supplementary material for the derivation of 1D
connection probability through the transfer matrix method, the
determination of highly accurate 2D critical temperatures, and

the details as well as performances of the proposed TM cluster
algorithm.
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