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Abstract

In this paper, we consider a fundamental problem of non-convex optimization that has
wide applications and implications in machine learning. Previous works have shown
that stochastic gradient descent with the variance reduction technique (SVRG) converges
to a first-order stationary point in 0(2—2%) iterations in non-convex settings. However,
many problems in non-convex optimization requires an efficient way to find second-
order stationary points that are a subset of first-order stationary points, and therefore

algorithms that converges to a first-order stationary point are not satisfying.

This paper shows how SVRG converges to a second-order stationary point in non-convex
setting with a uniformly random perturbation. To find an e-second-order stationary
3
o Iylog(-L
point, it takes O(%;g("é))

SVRG to a first-order stationary point, the loss in convergence rate only depends poly-

iterations. In comparison with the convergence rate of

logarithmically on the dimension d and involves a small polynomial of n, O(n%) This

is the best known result in finding second-order stationary point.

We also give some intuitions and proof sketches to a new framework of analysis using the
stable manifold theorem. The analysis from the new framework may help to eliminate

1 :
the n12 loss from our current analysis.

Our results can be directly applied to problems such as the training of neural networks
and tensor decomposition. The intuition of stable manifold may provide independent

interest to the non-convex optimization community.
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Chapter 1

Introduction

1.1 Background

In machine learning, many problems require optimization in non-convex settings (eg.
[GHJY15], [GLM16] and [Kaw16]). In contrast to convex settings where a first-order
stationary point is equivalent to an approximate global minimum, an e-first-order sta-
tionary point (i.e. a point x such that || Vf(z) ||< e, see Definition 2.3) can be a global
minimum, a local minimum or a saddle point in a non-convex setting. This implies that
optimization methods that find only first-order stationary points are not satisfactory for

these problems in machine learning.

On one hand, although finding global minimum is NP-hard, many problems that re-
quire optimizing non-convex functions only require a local minimum instead of a global
minimum. For example, for problems like tensor decomposition [GHJY 15], matrix com-
pletion [GLM16] and some classes of deep neural networks [Kaw16], all local minima are
global minimum. Such nice property relaxes the global minimum requirement to local
minimum. On the other hand, saddle points fail to give the same optimality as global
minimum in many problems (eg. matrix squareroot [JJKN15]). In addition, saddle
points can be ubiquitous in high-dimensional and non-convex optimization problems,

which has become a major problem in training neural networks (eg. [DPGT14]).

Therefore, we are driven to find algorithms that efficiently converge to a local minimum
and escape saddle points. To formalize the problem setting, this paper focuses on finding
algorithms that converge to an e-second-order stationary point z (see Definition 2.7) of
a p-Hessian Lipschitz function f (see Definition 2.6). In addition, given that all saddle
points are strict (i.e. for any saddle point zs, Amin(V2f(x)) < 0), all second-order

stationary points are local minima ([JGN*17]).
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In previous works, [JGNT17] has shown that with phasic perturbations, gradient descent
(GD) will converge to an e-second-order stationary point for I-smooth (see Definition 2.2)

and p-Hessian Lipschitz functions. GD applies an update step as

1
T4l < Tg — 7Vf($)

and it converges to an e-second-order stationary point within O(M)

iterations,
where O hides the polylog factors of dimension d. The algorithm is efficient in the sense
that the convergence rate has only poly-logarithmic dimension loss compared to the
well-known convergence rate of gradient descent to an e-first-order stationary point in

[Nes04].

However, many machine learning problems (eg. training neural networks) consider the

unconstrained minimization problem in the following form:
1 n
mingega f(z) = - Z fi(z)
i=1

where each sub-function f; is l-smooth and p-Hessian Lipschitz.

In such category, the gradient descent method requires computing the full gradient
and is n times more costly than computing the stochatic gradient V f;(x). Therefore,
it is natural to ask if we can generalize the analysis in [JGNT17] to some stochastic
optimization method that converges to a first-order stationary point and does not require

computing the full gradient.

A natural generalization would be stochastic gradient descent (SGD), which applies an

update step as

Tpy1  xp — NV fi(x)

where f; is uniformly at random sampled from {f1,..., fp}. Analysis in [JG17] shows

that SGD with phasic perturbation converges to an e-second-order stationary point within

O(l(f(mo)_64{(35*))02 + ZQ(f(;iEQ;fs(m*))) iterations, where o is the sub-Gaussian tail of the
variance of the stochastic gradient. SGD computes a single stochastic gradient Vf; in

each update step and thus is n times faster than GD in each iteration. But the total

number of iterations required for convergence is much more than GD ([GL16]).

Therefore, we would like to consider a generalization of the analysis in [JGNT17] to
algorithms faster than both GD and SGD in non-convex settings. We consider the variance

reduction techniques, based on the SVRG method proposed in [JZ13a]. [AZH16] has
2
shown that SVRG converges an e-first-order stationary point within O(M)

iterations in non-convex setting. Since each iteration of SVRG is n times faster than GD,
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SVRG is Q(n%) times faster than GD. Since each iteration of SVRG is as fast as SGD, it is
faster than SGD as well. Thus, we ask if we are able to extend the analysis in [JGN'17]
to SVRG by adding phasic perturbations to show that SVRG converges to an e-second

order stationary points efficiently.

1.2 Our Contributions

In this paper, we modify the algorithm presented in [AZH16] and present the perturbed
version of SVRG (PSVRG, algorithm 3).

We show that the modified SVRG (algorithm 2) with phasic perturbations (PSVRG, algo-
rithm 3) escapes saddle points and converges to an e-second-order stationary point x*

in é((f(wo);f(ﬂﬂ*)))

iterations. The result is summarized in Theorem 1.1:

Theorem 1.1 (Simplified Version of Theorem 3.2). Assume f is l-smooth and p-Hessian
Lipschitz. Algorithm 8 with initialization xo and a given set of parameters converges to
an e-second-order stationary point x* in

(f (o) — f(z"))

€2 )

T =0O(
iterations, where O hides the polylog dependence on d, € and n.

Since our algorithm computes Q(ni) less stochastic gradients in each iteration than GD
and has the same number of iterations as GD, our algorithm is at least Q(ni) faster
than GD. Compared to SVRG in [AZH16] that converges to first-order stationary point
in non-convex settings, our algorithm has two losses in convergence rate. The first loss
depends poly-logarithmically on dimension d and €. As noted by [JGN*17], this loss

may be tight. The second loss is a small polynomial of n, O(n%)

To reduce the O(nﬁ) loss in our algorithm, we present a potential direction of anal-
ysis that works with a smaller mini-batch size b in algorithm 3, which gives the same
convergence rate as [AZH16], with only polylog loss in dimensions d and e: 0(2—2%) We
consider a geometric approach using the stable manifold and gives some preliminary

proofs assuming certain geometric properties of the stable manifold.

1.3 Related Works

There have been many works dedicated to finding second-order stationary points in non-

convex settings. One line of work focused on problem-specific algorithms. For example,
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for problems like phase retrieval, some works use a smart initialization algorithm to give
an estimate of the second order stationary point inside a local neighborhood and apply
local search algorithms with the nice initialization ([NJS15] and [SQW16]). But we are
interested in finding algorithms that generalize well to different types of problems, and

these algorithms and their analyses are problem-based.

As summarized in [JGNT17], traditional methods that converge to second-order sta-
tionary points usually use second-order information (i.e. information about Hessian).
For example, [NPO6] presents a cubic regularization method that extends the Newton
method and finds a second-order stationary point in 0(6%5) iterations. Unfortunately,
each iteration of these methods require inverting the Hessian matrix V2 f(z), which is

very costly to compute.

To avoid such computation and still take advantage of the information given by the
Hessian matrix, algorithms based on Hessian-vector-product are proposed. These algo-
rithms compute V2 f(z)-u or V2 f;(z) - u, where u is a direction vector. [AAZB*17] and
[CDHS16] implement this idea and show that it is possible to converge to an e-second-
order stationary point in O(ﬁ) iterations. In many cases, the oracle that computes the
Hessian-vector-product can be implemented efficiently, roughly the same complexity as
computing the first-order gradient. However, some have noted that such oracle may not
generalize well to different types of problems and may be hard to implement in several

contexts ([CHDS17]).

Therefore, researchers are driven to find algorithms that are based on first-order infor-
mation (i.e. gradient) for each iteration. These methods usually bring new analyses
to the existing gradient-based methods or modify the existing gradient-based methods
such as GD or SGD. [GHJY15] shows that SGD converges to a second-order stationary
point in poly(g) with the degree of the polynomial at least 4, which is later improved to

3
O(I#y(d) by [Levlﬁ] .

Base Algorithm Perturbation Method Iterations (stochastic gradient)

GD Random Perturbation O(%)
GD neon?2 (6%)
SGD Random Perturbation O(‘g + p0,5162,5)
SGD neon?2 O(é)
(Our Work) SVRG ~ Random Perturbation . 0(2—2%) ,
SVRG neon?2 O(%§ + 35 + 4%)

TABLE 1.1: Summary of the Convergence Rate for Gradient-Based Methods with the
Two Different Perturbation Approaches

To obtain a better convergence rate for these algorithms, a natural intuition is to perturb

the point so that if a point is near to the saddle point, the perturbation will help the
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point to escape the saddle point. One line of research is to compute a nice perturbation
through the negative-curvature search ([AZL17]). For every interval in a gradient-based
algorithm, [AZL17] checks if the sequence is near a saddle point and adds a perturbation
v along the direction where the Hessian matrix has large negative eigenvalue. This
process can be implemented efficiently by neon2, a modified negative-curvature search

algorithm.

Another line of research is simpler in implementation: [JGN'17] adds a perturbation
uniformly sampled from a ball to GD, which is later extended to SGD in [JG17], and
shows that with the random perturbation the algorithms are able to converge to e-
second-order stationary points. This paper applies the uniformly random perturbation
method to SVRG and shows that with this phasic perturbation, SVRG converges to an

e-second-order stationary point.



Chapter 2

Preliminaries

In this chapter, we formally introduce some definitions and notations that are mentioned
in previous chapter or will be used in following chapters. Then we present our algorithm

PSVRG in details and some existing results relevant to our analysis.

2.1 Notations

For function-related notation: let f = %Z?:l fi : R - R, the function we try to
minimize. Let Vf be the gradient of function f and V2f be the Hessian matrix of

f- We use f* to denote the global minimum of f and z* as the minimizer such that
fla™) = f.

For matrix-related notation: let || - || denotes the I norm of a vector and || - || denotes the
spectral norm for a matrix. We use Mgz (), Amin(+) and A;(+) to denote the maximum

eigenvalue, minimum eigenvalue, and the i*" largest eigenvalue of a matrix.

For complexity-related notation: we use O(-) to hide absolute constants that are in-
dependent of any problem parameter and O() to hide both absolute constants and

poly-logarithmic dependence on dimension d, € and n.

Let B(r) be a d-dimensional ball centered at z with radius r; we hide d when it is clear

from the context.

Let Pg(-) be the projection operator to the set or subspace S.
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2.2 Definitions

We follow the definitions from [JGNT17]. In convex settings, we usually consider func-

tions that are both smooth and convex.

Definition 2.1. A twice-differentiable function f is a-strongly convex if
Yz, Amin (V2 f(2)) > o
Definition 2.2. A differentiable function f is [-smooth or [-gradient Lipschitz if

Vi, xg, || V(1) = Vf(22) | T 21 — 22 |

The smoothness of a function implies that the gradient can not change too rapidly with

respect to the distance covered by the algorithm (|| z; — o ||).

Definition 2.3. Given a differentiable function f, z is a first-order stationary point

if || Vf(x) ||= 0; z is an e-first-order stationary point if | Vf(z) [|[<e.

A first-order stationary point can be a local minimum, a saddle point, or a local max-
imum. Since we aim at minimizing the objective function f, a saddle point or a local
maximum is undesirable. We abuse the naming and call both ”saddle points”. The

formal definition follows:

Definition 2.4. For a differentiable function f, z is a local minimum is x is a first-
order stationary point and there exists a neighborhood of z, such that for any y in the
neighborhood, f(z) < f(y). x is a saddle point if it is a first-order stationary point but
no a local minimum. If f is further twice-differentiable, a saddle point = of f is strict
(or non-degenerate) if Apin(V2f(x)) < 0.

Remark 2.5. If f is twice-differentiable, a saddle point x is of f satisfies \ynin(V2f(2)) <
0. The reason for a strictness definition on x is that if Ay (V2f(z)) = 0, information
of Hessian V?2f(x) alone is insufficient to determine whether z is a saddle point or a
local minimum. Thus, with a strictness condition on saddle point, convergence to a

second-order stationary point implies convergence to a local minimum.

We define a notion on Hessian similar to the Lipschitz notion on gradient in Definition
2.2:

Definition 2.6. A twice-differentiable function f is p-Hessian Lipschitz if

Var, za, || V2f(21) — VAf(22) < p || 21 — 22 |
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Similar to l[-smoothness, Hessian Lipsthiz implies that the Hessian does not change

rapidly with respect to the spectral norm.
We also generalize e-first-order stationary point (definition 2.3) to second order:

Definition 2.7. For twice-differentiable function f, x is a second-order stationary
point if
| Vf(@) =0, and Apin(V?f(2)) > 0

If f is p-Hessian Lipschitz, x is an e-second-order stationary point if

I VF(@) 1< € and Amin(V2f(2)) > —/pe

2.3 Algorithm: SVRG

We recall SVRG converges to a first-order stationary point in non-convex setting, and the
algorithm is described as follows ([AZH16]):

Algorithm 1 SVRG

Require: initial point g, number of epoch S = T'/m, number of iterations per epoch

m, step size 7,
0

1: ¥ = xg
2: for s=1,2,...,5do
3: 378 =z5°1
. s 1 n e A s—1
¢ gt =52 Vilag ) = Vif(zg)
5. fort=1,2,...,mdo
6 v = (Vi) - K@) + g0
T Ty = Tf g =Ny
8: end for
9:  Select a random m® € {m,m —1,...,m —mg + 1} with probability proportional
to

10

{BWO*D ;ﬁoﬂﬂm*l’ ;ﬁo(ﬁﬂm*l + Bm0*2)7 cees ?(57710*1 +.ot /81)}

where 8; = (1 + mio)_t
10:  T° = xpys
11: end for

Similar to SGD, the update step for SVRG can also be seen as a stochastic update step of
GD:
Elof 1] = Vf(ziy) = E[Vfi(27_1)]

The advantage of SVRG is that the variance of the stochastic update v;_; is smaller than

the variance of V f;(xf_;) in SGD.

In convex settings, SVRG (algorithm 1) converges linearly to a global optimum ([JZ13b]):
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Theorem 2.8. Given a function f that is both l-smooth and a-strongly convex. Choose

m to be sufficiently large so that

1 21
Bi= )

= 1
an(l—2ln)m 1 —2In <

Then for any € > 0, if we run SVRG (algorithm 1) starting at g, iterate x; will be e-close

to global optimum x* in iterations:

1 fao—a*|
T=Zlogl0 "= 1
5 og( -

)

In this paper, we introduce a mini-batch extension of SVRG introduced in [AZH16] and
base our algorithm on the mini-batch version (2). The mini-batch version of SVRG does
not require a random sampling of the points at the end of each inner loop (every m

iterations) as required in algorithm 1.

Algorithm 2 mini-batch SVRG

Require: initial point zg, number of epoch S = T'/m, minibatch size b, step size 7,

1: x° = 29
2: for s=1,2,...,5do
32 ai=13"1
s 1 n (es—1y s—1
4 g =3 Vi) =Vf(ag)
5. fort=1,2,...,mdo
6 Vi1 = %Zielb (Vfilziy) = fi@ ) +¢°
7 rf = xi_ — i
8: end for
9: 7% = .Z'fn
10: end for

We note that we can re-write the update step as the gradient descent with some variance:

T = @i
= wi g SV — FET) + VAE)
il
= o =) 0 SVAGEL) ~ AE) + VA - V)
icly

= ap - (Vi) g

where gi = %Zie]b(vfi(xf—l) — [i(@Y) + V(g — VF(x;_). Therefore, we see
how SVRG is related to GD: it gives an extra term g; compared to GD in each iteration.

Therefore, we call g variance.
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An extension of the analysis in [AZH16] to mini-batch setting and a simplification of
[LL18] gives the convergence rate of the mini-batch SVRG (algorithm 2) to e-first-order

stationary point in non-convex setting:

Theorem 2.9. Assume f is [-smooth, algorithm 2 with initialization xo and parameters

1 2 . . .
m=mn3,b=n3 andn = % converges to an e-first-order stationary point x* in

(f (o) — f7)

T = ot

inner loop iterations in expectations (i.e. T updates for x). Since the mini-batch in each
iteration computes ns stochastic gradients, the total number of iterations measured by
the number of stochastic gradients is

(f(z0) — f*)n3

€2 )

o(



Chapter 3

Main Result

In this chapter, we show that PSVRG (algorithm 3) converges to a second-order stationary

point efficiently.

3.1 Our Algorithm

We modify the original version of SVRG (algorithm 1) presented in [AZH16] in the fol-

lowing ways:

1. We add a phasic perturbation after each super-epoch (i.e. combination of several

epochs). The perturbation is sampled from a ball with given radius.

2. Similar to algorithm 2, we extend to the mini-batch setting: in each iteration,
instead of sampling one f;, we sample b f;’s uniformly at random and replaces the

update step by

wrn w0 V@) + (3 Vhile) - )
j=1 i€,

where [, represents the b indexes sampled.

3. We run two sequences simultaneously, one from the perturbed point and one from

the unperturbed point, and use the sequence with enough function value decrease.

4. We take the last point of the previous epoch as the snapshot point instead of
sampling a point from the previous epoch as the snapshot point. This is one

convenience in analysis given by the mini-batch extension.

11
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Algorithm 3 PSVRG

Require: initial point zp, number of epoch S = T'/m, minibatch size b, step size 7,
time interval t;,,¢s, decrease of function value %, perturbation radius r
1 Tinie = EO = .%'0
2: for s=1,2,...,5do
3 if sm % tipres # 0 then

4: xf] = g1

5 gt =LY VA = Vi)

6: fort=1,2,...,m do

T Vi = %Zie[b (Vfilag ) = fi(@ 1) +¢°
8: Tf = Tfg — NV

9: end for

10: ¥ =z,

11: Obtain {7}, by repeating Step 5-11 (replace 75~ by z571)
12:  else

13: if f(xzmt) — f(fs_l) > .7 then

14: i 1'787;1, Tinit = mf{l

15: else

16: T8 = i/L‘\f{l, Tinit = 55737;1

17: end if

18: x5 =uz°

19: ¥ =2°+ (%, ¢ uniformly ~ By(r)

20:  end if

21: end for

There are two loops in algorithm 3: an outer loop (3-20) and an inner loop (7-8). For
each inner loop, there are m iterations, and after each inner loop, we compute a new
snapshot point Zs. We call each m steps, or the interval between two snapshot points, an
epoch. In outer loop, each time the total iterations reach ty,¢s, we add a perturbation
uniformly at random sampled from By(r). We call each t,.s iterations, or the interval

between we add perturbations, a super-epoch.

In the algorithm, we obtain two sequences in each super-epoch: {Z°} and {Z}, where
{Z*} is the sequence without perturbation at the initialization and {Z}} is the sequence

with perturbation ¢° at the initialization.

The number of stochastic gradients computed in each iteration is b, since we sampled b

fi’s uniformly at random from {f1,..., f,} in each iteration.

The algorithm perturbs after a super-epoch, and we keep both a running sequence
starting at the unperturbed point and a running sequence starting at the perturbed
point. After each epoch, we choose the sequence that decreases enough in value of .%.
If neither sequence has enough decrease in function value, our analysis shows that the

sequences must be close to a second-order stationary point.
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3.2 Convergence Rate of PSVRG

Before we present the Main Theorem that summarizes our result, we acknowledge that
the proof is not yet finished and the project is still in progress. We give the following

conjecture prior to the proof:

Conjecture 3.1. We assume that the lemmas in section 4.2 not only hold in
expectations as we proved, but also hold as high probability bounds: with
high probability, the bounds in the lemmas hold up to polylog factors (of e,

d and n) without the expectation notation.

Under Conjecture 3.1, we have the following result on the convergence rate of PSVRG:

Theorem 3.2 (Main Theorem). Assume f is l-smooth and p-Hessian Lipschitz. As-

sume Conjecture 3.1 is true. After T inner loop iterations in total, algorithm 3 with

gL\ &~ _ 15
pi), F o=

o 1 3
initialization xg and parameters m = n4, b=n4, n = %, tinres = O(

and r = \/l;e% outputs x such that

62

o) ~ B @) > 0

)T

if not returned an e-second-order stationary point. In other words, the algorithm con-

verges to an e-second-order stationary point x* in

O(

(f (o) = f*)log((%)
3 )
€
iterations in expectations. Since the mini-batch in each iteration computes n4 stochastic
gradients, the total number of iterations measured by the number of stochastic gradients
18

Theorem 3.2 implies that the convergence rate of PSVRG is not very different from the
convergence rate of SVRG from Theorem 2.9. There are two losses. First, there is a loss
of ni —n3 = ni3. This is induced by the change of the mini-batch size in algorithm 3
and is necessary to our analysis. Second, there is a loss poly-logarithmically depending
on n, € and dimension d. It is analogous to the loss of Perturbed Gradient Descent from
Gradient Descent in [JGNT17]. And as argued by [JGNT17], such polylog(d) may be

unavoidable.

An advantage of our algorithm is simplicity: we only do uniformly random perturba-

tions instead of perturbation from negative curvature search. This makes the algorithm



Chapter 3 Main Result 14

simpler to implement. We also note that we are hoping to reduce the extra nis through

new frameworks in Chapter 5.

The intuition of Theorem 3.2 is also similar to that from [JGNT17]. Consider a point x
that is not yet an e-second-order stationary point. z either has large gradient || V f(z) ||>
€ or has a Hessian with large negative eigenvalue Apin(V?f(2)) < —/pe. For the first
case, it is sufficient to apply the analysis similar to Theorem 2.9, which implies the
algorithm converges to a point with small gradient (first-order stationary point). For
the second case, we will follow the framework of [JGNT17] that after the perturbation

a point with Hessian of large negative eigenvalue decreases in function value.

We also observe that the extensions of perturbed gradient descent to the context of
strict-saddle in [JGN'17] works for PSVRG.



Chapter 4

Proof Sketch for Main Theorem
(Theorem 3.2)

In this chapter, we give an outline of the proof of Theorem 3.2 that states PSVRG es-
capes saddle points and converges to an e-second-order stationary point. We follow the
framework developed by [JGN'17] that bounds the stuck region in which the algo-
rithm initializes will not escape from saddle point efficiently. Then we support our proof

sketch with some key lemmas we proved.

We note that the current proofs we developed are bounds in expectations,
and to make the entire framework consistent, we still need to convert current

proofs from bounds in expectations to bounds in high probability.

4.1 Proof Intuition

In general, the proof takes advantage of the properties of a point if it is not a second-
order stationary point: either (1) it has a large gradient (section 4.3) or (2) its Hessian
has a large negative eigenvalue (section 4.4). We divide the algorithm into super-epochs,
each with length O(m%), and we prove that in either case the function value decrease
within the super epoch will be Q(¢!®) (Lemma 4.6 and Lemma 4.7). The length of
super-epoch is carefully chosen, so that we can obtain the same decrease guarantee of

function value for both case (1) and case (2).

15
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4.1.1 Perturbation and Intuitions for Two-Phases Analysis

Between the super-epochs, we add a uniformly random perturbations around the snap-
shot point (line 19 in algorithm 3). Naively, radius r has an upper bound r? < .%, where
r? is an approximate upper bound for function value increase induced by the perturba-
tion, and the function value increase should be bounded by the function value decrease
of a super-epoch, .%. This gives a naive upper bound for r < ei. However, the pertur-
bation should be large so that its exponential growth dominates the growth of variance
when we analyze case (2) (see section 4.4). This gives a lower bound for r > Vbet. This

causes a problem of the function value increase induced by the perturbation to be as

large as be'® and larger than the upper bound .%.

Specifically, we solve this problem by showing that after a small number of iterations,
if the function value of the unperturbed sequence does not decrease by %, the function
value of the perturbed sequence will be at most O(e'®) larger than the function value
of the snapshot point (section 4.5). This is the reason why we run two sequences for
each super-epoch, one perturbed and one unperturbed (line 18-19 in algorithm 3). The
intuition is that it is possible for a point to have a large function value increase after
perturbation, but if that happens, the function value will also decrease quickly in a
small number of iterations. More precisely, if the increase induced by the perturbation
is large, then the perturbation has a large projection on the direction of eigenvectors of
the Hessian with large eigenvalues. This implies that the point after the perturbation

will decrease quickly in function value as well in a small number of iterations.

One step in proving that the function value decrease is large in the intuition above is to
bound the variance. In case (2) we bound the variance either using distance or using the
function value decrease depending on the relationship of n and e (section 4.4.1). This
causes a problem since the function value decrease we require is be'® and is larger than

%, which again gives r a lower bound even larger than \/l;e%

Therefore, we need to use an alternative bound at the beginning of the analysis to show
that the function value decreases. We divide the analysis into two phases: in the first
phase we use distance to bound the variance; in the second phase we use either distance
or function value decrease to bound the variance depending on the relationship of n
and € (section 4.4.1). In this way we can show that after the perturbation, the function
value decreases fast within the first phase. The two-phases analysis allows us to use

different quantities to upper bound the variance in a consistent way.

We apply the two-phases analysis to the sequence of perturbed point: the first phase

has a small number of iterations 2b, whose function value increase after perturbation
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and 2b iterations can be upper bounded by O(e!3); the second phase we analyze one

super-epoch and shows the function value decreases by at least Q(e!?) (section 4.6).

4.2 Some Key Lemmas

In this section, we present several bounds that are frequently used in the following proof
sketch. Note that there are four quantities relevant to the proof: the accumulation of
variance-reduced gradient, the accumulation of variance, the accumulation of distance
from one point to a previous point in the sequence, and the function value decrease. We

exploit their relationships and use [-smoothness to prove several key bounds.

In particular, the following lemmas assume that in algorithm 3, f is l-smooth and Vi, f;

are [-smooth. Further, the step size n = %

4.2.1 Upper Bounding Variance by Distance

From the definition of g/ and l-smoothness of individual function, we obtain

Lemma 4.1. Within an epoch s, we can upper bound the variance by the distance from
a point i to the starting point of the epoch T°~': i.e. for any epoch s and iteration t,

we have )

l o
Efll g 7] < 5 a7 =271 )"

Lemma 4.1 will be important when we try to find an upper bound for accumulated

variance to do two-points analysis in section 4.4 and section 4.5.

4.2.2 Upper Bounding Distance by Function Value Decrease

We adapt the analysis in [LL18] to bound the accumulative distance by function value

decrease and give the following lemma:

Lemma 4.2. Within an epoch s, we can lower bound the function value decrease by the
accumulation of distances from one point z{ to the starting point of this epoch T571: i.e.
for any epoch s, we have

1

B[S osllef 7P < BLFE ) - £()

t=1
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which also tmplies

m m2
B[S llof - 77 < TR - £G)]
t=1

Lemma 4.2 is useful since we can upper bound the changing Hessian term by distance,
and therefore we will need to further upper bound the distance by function value decrease
in section 4.4 and section 4.5. Additionally, we can revise the proof of Lemma 4.2 to

bound distance between two epochs:

Lemma 4.3. Between two epochs s — 1 and s, the function value decrease within the
epoch s is lower bounded by the distance between the last points of the two epochs: i.e.

for any epoch s, we have

4m

E~S—~S_IQ<E7
[lI2° =27 < Bl

(f@ ) — f(@))]

Lemma 4.3 provides a convenient bound to use when we are dealing with distances of

points in two adjacent epochs in section 4.4 and section 4.5.

Combining Lemma 4.1 and Lemma 4.2, we can bound the accumulative variance by

function value decrease:

Lemma 4.4. Within an epoch, the function value decrease of the epoch is lower bounded

by the accumulation of the variance: i.e. for any epoch s, we have

EIY Il of 17 < 2Bl - 5G]

Together with Lemma 4.1, Lemma 4.4 gives a nice upper bound for variance in different
circumstances when we bound the width of the stuck region (Lemma 4.7): they handle

different situations depending on the relationship of n and e.

4.2.3 Upper Bounding Gradient by Function Value Decrease

Using [-smoothness, we obtain the following bound:

Lemma 4.5. Within an epoch, the function value decrease between two points x; and
i1 18 lower bounded by the norm of the gradient of xy minus the norm of the variance
of x¢: i.e. for any epoch s and iteration t, we have

| V@) 1P —=El g |17

E[f(z}) — f(zi)] = 2

1
2
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Lemma 4.5 will be important when we try to lower bound the function value decrease
using gradient to show that with large gradient, the function value decrease will be large

(see section 4.3).

4.3 Exploiting Large Gradient

Recall that x with gradient || V f(x) ||> € is not a local minimum. Therefore, we would

like to use this property to show function value decreases.

Combining Lemma 4.4 and Lemma 4.5 by telescoping Lemma 4.5, we may lower bound

the function value decrease by the accumulated gradient:

Lemma 4.6. For any epoch s, we have

B @) = @) 2 gim—ger 3| V@) I
2b t=1

Since we let 3m? < 2b, E[f(Z571) — f(@%)] > L >0, || Vf(25) ||>. Therefore, if the
average gradient from xf to xj, is greater than e,the function value decrease is lower

2

bounded by me®. Since the number of epochs in a super-epoch is given by tfhﬁ, the

function value decrease in each super-epoch is tipres€” = 0(61'5).

4.4 Exploiting Negative Curvature

If we do not have a large average gradient for points in a super-epoch, then the fact
that the points are local minimums implies they have large negative curvature: their

Hessians V2 f(x) have large negative eigenvalues.

We follow the two-point analysis framework in [JGNT17] to prove how we can lower
bound the function value decrease given a large negative curvature. For notation con-
venience, we consider the sequence of the whole super-epoch indexing only by ¢, where

t < tipres- Assume ;¢ is not a local minimum and does not have a large gradient, then
Amzn(xmzt) < —4/pE.
Lemma 4.7. Let Apin(Tinit) < —y/p€ .The parameters of algorithm 3 are chosen as

3 3 1 log( ;5225 7 _ 15
r=+bel, b=ni, m=ni, tthreS:O(W) and F = .

Consider two starting points of a super-epoch: xo and x{, with distance r away from the

end point of last epoch xin; and wy = To—x([ = roe1, where ro < Cﬁ for some constant
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C. Then we have

min{E[f (2t,,..)] = f(@0), Ef (2t,,,,,.)] — f(20)} < =F

Define xsiuck = {zolzo € BE (r)andf(zy,,..) — f(z0) > } then the probability for

the perturbed point with perturbation radius r not escaping the saddle point is %Sjiq(ff.
0
Suppose Lemma 4.7 is true and works as a high probability bound as well, we can

bound xgstuck by its width on the e; direction: rg, which gives

VOI(Xstuck) < TOVOI(Bg_l(T))

Recall the volume of ball with radius r in d dimensional Euclidean space can be given

a
T2

1 . d stuc .
by T' function: o We can bound W as follows:
d—1
Xstuck < TOVOI(IBO (T))
Bi(r) —  Vol(Bg(r))
_ TOF(% +1)
ryal(§+ 1)
< o Jilose

rymT V2 2

Therefore, with probability 1 — 2C, the perturbed point decrease .% in function value

decrease.

4.4.1 Proof Sketch to Bound Width of Stuck Region

Now we give the proof sketch for Lemma 4.7. We note that the current proof idea gives

the bound in expectations, and we need to change it to a high probability bound.

Let wy = 4 — x; and assume contradiction: if min{E[f(z,,,..)] — f(zo), E[f(z},, )] —

f(zo)} > —F, using Lemma 4.3, we can bound max{E[[| x,, .. —zo ], E[|| =3, _— [[]}

by \/%\/E Since || zo — Tinit ||=|| 20 — Tint ||= \/l;e%, we can upper bound w; by

Ell we ] < E[l| 2t — Zinae | + || 2% — Zinie ]

IN

E[(l 2 = zo | + | 20 = @inir ) + (Il 2t — 25 || + | 25 — Tinae 1)}

VB 4 \[2) )

IN
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Let H = V2 f(Zinit), then we can inductively write w1 as

t
wier = (I =nH)Fwo =0y (I =nH)'" (Lrwr + g7)
7=0

[ () — gl

where g; = g; — g™ (), the difference of the variance of z; and z}, and A, =
S V2 () + 0(x — ) — H]d6.

The intuition here is that wg is on e; direction, which means (I — nH)'wg = (1 +
505t

| ST Ay, || and || 34 _o(T—nH)gr || by || (I+ne®3) g || respectively.

wp, and the the norm of w; grows exponentially with £. We can upper bound

The first term can be bounded since /A, can be bounded using the p-Hessian Lipschitz
condition that upper bounds A, by distance. Then we can apply lemma 4.2 to upper
bound distance by function value decrease. In order to separate || Ayw; || to || Az |||l

w; ||, we need a high probability bound.

The analysis of the second term depends on the relationship of n and e. If ni > %, we

can bound || g; || by £ | wr || using an alternative version of Lemma 4.1. Otherwise,
n4

. t
we upper bound || g- || by E[|| gthJ (x¢) ||] + E)| g}mJ (x}) |, where each variance can

be upper bounded by function value decrease using Lemma 4.4.

Therefore, if we let ¢ to be large so that (1 4+ ne®®)t > 2v/d + V2d_ e have a con-

VLbe0 5’
tradiction since E[|| wy [|] > (1 4+ ne%)trg > (2vbe®2® + \/> ) > E[|| wy ||]. Here,
log(f)

t <O )

4.5 Bounding Increase Induced by Perturbations

As noted previously, the perturbation might induce an increase in function value. Since
we hope to reach a function value decrease by €' compared to the unperturbed point,
we need to bound the possible increase induced by the perturbation: E[f(2°)] — f(Z°).
For notation convenience, we consider the sequence of the whole super-epoch indexing
only by ¢, where t < t;p,es. The sequence of unperturbed point is {Zo, ..., Zt,,,.. } and
}. The initial point z;p; = Zo.

the sequence of perturbed point is {Zo, ..., Z¢,),,..



Chapter 4 Proof Sketch for Main Theorem (Theorem 3.2) 22

4.5.1 Proof Intuitions

Instead of directly bounding E[f(Z¢)] — f(Zo), we bound E[f(&9p)] — f(Zo). The intu-
ition originates from considering in what circumstances will the function value increase

induced by perturbation is large. Using Taylor expansion, we get

F@inie + %) — f2) = V(@) + TV ()¢

If the function value increase induced by (* is large (left-hand-side is large) and the
gradient at the snapshot point before perturbation (i.e. ) is small (Vf(x)T¢® is
small), term ¢*7V2f(z)¢® has to be large. This implies that the perturbation ¢* need
to have a large projection on the direction of the eigenvectors of the Hessian V2 f(2int)
with large positive eigenvalues. Then if we track the difference of Z; — x¢, which is (*

initially, its norm will shrink exponentially fast. Therefore, E[f(&;)] — E[f(Z¢)] will be

small as || &; — @ || shrinks.

4.5.2 Proof Sketch

Based on the intuition, we construct the analysis as follows: we break E[f(Zop)] — f(Z0)
into two parts: E[f(Zep)] — E[f(Z2)] and E[f(Z)] — f(Zo). By Lemma 4.6, we can
upper bound E[f(Za)] — f(Zo) by zero: E[f(Za)] — f(Zo) < 0.

We give the following lemma to bound E[f(Z9)] — E[f(Z2p)]:

Lemma 4.8. Suppose E[f(Za)] — f(T0) > —€'®, then for some constant C, we have

E[f(d2)] — E[f(Z2)] < Ce'®

If Lemma 4.8 is true, we can bound the function value increase by O(e!®) when the
sequence {7;} does not decrease the function value to the target Q(e!-5). This implies
that the sequence {#;} will decrease the function value by Q(e'®) from the discussions
in section 4.4 and 4.5 when the sequence {Z;} does not decrease the function value to
the target 2(e'®), which suffices to prove that in a super-epoch, algorithm 3 decrease

the function value by Q(e!?).

We give the proof idea for Lemma 4.8. Let H = V?f(Zo). We use Taylor Expansion of
E[f(Z2)] — E[f (Z2)],
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Elf ()] ~ Ef(@)] < E[Vf(En) wn] + L ElwhHum] + (V7 (o) — Hjun)

p
2B w |
5 1 p - -
< E[l| VF(@) |l we |] + 5Elwsy Hws] + SB[ wap [ 225 = Zo [[]| was ]
+LE(| w |
We can bound each term separately. The linear term E[|| V f(Zg) ||| we ||] can be

bounded since E[f(Z23)] — f(Zo) > —e'® implies that || Zgp ||< € on average.

|| wap || can be bounded by a similar induction as the proof idea for Lemma 4.7: || waqp ||<
(14 705)2 || wg 1< O(5).

The distance term || o, — Zo || in the changing Hessian term can be bounded by O(€!?)

using Lemma 4.3 because E[f(%2)] — f(%0) > —e'°.

%E[wg;H wayp) can be re-written using the inductively form of wyy, as

2b—1
way = (I = nH)*wo —n > (I —yH)" 7 (Awr + gr)

=0

The part with variance term ¢, and changing Hessian term A w, can be bounded

similarly as the proof idea of Lemma 4.7. The remaining term is

wo (I =nH)®Hwy < |lwol|l|(1 — nH)" H]||wo]
< Amax((I = nH)"H)|[wol?
1
< ——p 1.5
— 4bn ¢
61.5
= E

which implies wl (I — nH)*Hwy < O(e'?).

Therefore, we can bound each term by O(e!?), concluding the proof.

4.6 Proof of Main Theorem (Theorem 3.2)

We combine (i.e. telescope) the super-epochs so that the function value decrease in each

super-epoch accumulates. Suppose there are total M super-epochs in the T iterations,
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we have
M

Af=flzo) = f@) = > faMr)— fa™)

i=1,M;=itihres

For each super-epoch,

f(aj’Mi—l) . f(fM"),if f(@Mi-1) — f(,sz) > eld

(F@EM=50) — f(@M)) + (f(aMio1) — f(@M-1+ ), otherwise

In each super-epoch, the function value will decrease by at least (e'®) either due to a

large gradient (section 4.3) or a large negative curvature (section 4.4). This implies that

max(f(@Vi1) — f@EM), fEMHR) = f(@M) > €

2b

The potential function value increase induced by perturbation shrinks to O(e'®) in =

epochs: f(;f:M"—lJrQEb) — f(#Mi) = O(e'®) (section 4.5). Consequently, the function value

decrease f(zMi-1) — f(xMi) is at least Q(e!®). After running O(ﬁ{) super-epochs, the

function value will decrease at least Af if the algorithm has not converged to an e-
second-order stationary point. Since there are O(ne%) iterations in each super-epoch,
after running O(%) iterations (i.e. O(ﬁ—é) super-epochs), the function value decreases
by at least Af.



Chapter 5

Preliminary Works Using the
Stable Manifold

Theorem 3.2 implies that the convergence rate is O(e%) Each mini-batch calculates
b = ni stochastic gradients, and therefore the total number of stochastic gradients
3

calculated is 0(2—3)

In this chapter, we ask the question if we can have a better bound: if we can reduce the

number of stochastic gradients in each mini-batch step to b = n3. The loss of escaping

saddle point will be polylog of n, dimension d and e, as suggested by Theorem 2.9’s
2

3
convergence rate O("5).

To start with, if we change b = nitob=mns and m = ni to m = n%, we observe
that the only place where the previous proof does not hold is the proof of Lemma 4.7.
Specifically, the part where we try to bound || S°4_, (I —nH)! " "g, || by || (I+ne">)twg ||

does not hold if d > n§ and n§ < \%

The intuition for why this happens is that the projection of w; on the subspace orthogonal
to e; can grow as fast as its projection on e;. This happens as ZtT:o(I —nH) g,
accumulates with ¢, and we have no control over the direction of ZiZO(I —nH) g,
As t grows, the norm || X _ (I — nH)" "g, | catches up with || (I + 1e®)twq |,
obtaining the same or even larger magnitude. Unfortunately, we have no bound on its
projection on a given direction, so we can only assume the worst case scenario to bound
the magnitude by (3F_(I4+7¢%®)"7) || g ||, and it may as well be the magnitude of the
projection on the subspace orthogonal to e; in some worst case scenarios. This implies
that the projection of w; on the subspace orthogonal to e; may have greater magnitude
than the projection of w; on ey as ¢t grows, which breaks the induction hypothesis that

(I + ne®)twy is the leading term in the previous proof.

25
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Therefore, we are seeking a way that change the two-points analysis framework so that we
can track some quantity whose projection on the subspace with large negative eigenvalue
grows exponentially. We also need to be able to control the growth of the the quantity’s
projection on the subspace orthogonal to the subspace with large negative eigenvalue. To
avoid the accumulation of variance, we hope to "re-align” the quantity we are tracking
so that it will always be parallel to e;. In this new framework, we also propose a different

) . 2
way to bound the accumulation of variance || g, || when n3 < ﬁ

5.1 Stable Manifold of Gradient Descent Map

To implement the intuition, we consider a stable manifold.

5.1.1 Definitions

Let map F : R? — R? be the gradient map of f with step size n: F(z) = 2—nV f(x). We
further define T}, as the local approximation of F: Ty, (x) = VF(z0)(x—x0)T + F(z0) =
(I—nV2f(20))(x—20)" +F(20). Let H = V2f(x0), Ty (x) = (I —H)(x—20)T + F(20).

Suppose there is a saddle point z* of f, we consider T' = T;«. Without loss of generality,
assume z* = 0 and f(z*) = 0, then T'(x) = (I —nH)zT. Suppose we can separate R? as
the direct sum of two subspaces E; and E,, R? = E; @ E,,, and T is hyperbolic with
respect to this separation. In other words, T' contracts Fs and expands E,: there exists

A, 0 < 0 < 1, such that

I T|p, |I< 6 and || (T]g,)"" lI< @

where T'|g, is the projection of T" on domain Fs and T'|g, is the projection of T on
domain F,. We call F; the stable subspace of F' at 0 and E, the unstable subspace
of F at 0.

We note that in our case, the requirement indicates that there is no 0 eigenvalue for H

and there is a separation of the eigenvalue of H: the positive eigenvalues \* > 1779 and
. . 1-3
negative eigenvalues A\~ < 779’

Let Es(r) and E,(r) be the ball around 0 with radius r in Fy and E,, respectively.

Definition 5.1. A stable set of F' is the set W*(F') = {z € Es(r) x Eu(r)|F"(x) —

0 as n — oo}
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In other words, the stable set is the set of points in Bd(r) that converge to the saddle

point running gradient descent.

Definition 5.2. Given function f that is l-smooth, we let Lip(f) = [, the Lipschitz

constant.

5.1.2 The Stable Manifold Theorem

Now we are ready to introduce the stable manifold from a modified version of the Stable
Manifold Theorem in [SFL87]:

Theorem 5.3. If there exists € such that Lip(F —T) < e <1—80 and a § > 0 such that
| F(0) ||< 0, then W*(F') is the graph of a function ¢ : Es(r) — Ey(r). We call W*(F)
the stable manifold of F. In addition, F is C* implies ¢ is C*.

The proof of Theorem 5.3 follows from [SFL&7].

Intuitively, Theorem 5.3 tells us that if T" is a good approximation of F' in the local
ball Bd(r) and there is a nice separation of the eigenvalues of H, we have a smooth

manifold and it is as smooth as F' (i.e. V f(-)) with respect to differentiation.

5.2 Proof Sketch with \/iE-Smooth Assumption

This section shows how we can reduce the extra O(nTIZ) losses in the original analysis.
We need to assume the following;:

Congecture 5.4. Assume the snapshot z;,;; point be a saddle point. Let W*(F') be the

stable manifold of 2;,;;. Assume the graph ¢ of W*(F) is --smooth.

/e
Under conjecture 5.4, we may give a new proof for lemma 4.7 without the O(n%) loss.
For point = € R%, let 2™ denote the projection of 2 on the stable manifold M = W*(F)
along the E, subspace. Instead of tracking two sequences and track their difference wy,
now we consider one sequence {z;}, and track the quantity ; — 2. In this way, z; —zM
is always in the union of eigenspaces of H with large negative eigenvalues. This indicates
that || (1 —nH) (ze — 2") 1= (1 +00)" || 2 — 2" |.

Let u; = x; — . We hope to get a lower bound on E[|| u¢41 ||]. We may re-write w11

as follows:



Chapter 5 Preliminary Works Using the Stable Manifold 28

WP

Fw")’

FIGURE 5.1: From F(z;) — F(zM) to F(z,) — F(x,)M

Ut+1 = T4l — 90%1
= (211 — F(z0) + (F(xi) = Fla)™) + (F(e)™ — 2}fy)
= (211 — F(z0) + (F(x0) = F(a() + (F(2}") = Fe)™) + (F(z)™ — 2f)

Let P, be the projection operator of subspace E,. By definition Pyu;11 = usy1. Since

P, is a linear operator, we have

Ut41 = Puut—f—l

= Pul(esr — F(ze) + (Far) = Fz") + (F(af!) = Fla)™) + (F(z)™ - 2iy))

= Pulzerr — F(x0) + Pu(F (i) = F(23")) + Pu(F(27") = Fz)™) + Pu(F(ze)"
= Pulnge) + (I = nH)ue + Pu(F(a}") = Fz)™) + Pu(F(a)™ - 23)
= (I —nH)ue + Pu(F (") = Fz)™) + (Pu(nge) + Pu(F(z)™ —aiy))

We observe that P, (F(zM)— F(x;)™) is induced by the change of Hessian and is similar
to the term A;wy in the previous two-points analysis. In addition, Py (ng:)+ Py (F(z¢) —
w%l) is induced by the variance ¢; and is similar to the variance term in the previous

two-points analysis. Intuitively, we may break the analysis into two parts: we first align
F(x) — F(z)) to F(xy) — F(z)™ (FIGURE 5.1), which induces a changing Hessian
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Ay

&

WP

FIGURE 5.2: From F(z;) — F(2M) to z441 — 2,

term; then we align F(z;) — F(z}) to 2441 — 24, (FIGURE 5.2), which induces a

variance term.

We hope to show that (I — nH)u; is the dominating term of u;yq in the alignment
process by showing that the norm of the other terms is O(y/€ || u¢ ||). This requires two

properties of the graph ¢ of the stable manifold W*#(F'): 1-Lipschitz and ﬁ—smooth.

First, we align F(x;) — F(zM) to F(x;) — F(2;)™ (FIGURE 5.1). The loss is given by
I PulE () = Fz)™) [I=]] Fz)™ = F(z")" |

where F(z}) is the projection of F(z}) along the direction of E, on the line orthogonal
to F, passing F(z;) and F(x;)™. Using the 1-Lipschitz property of ¢, we can upper
bound || Fz)™ — F(@M) || by | F)™ — F(z) | Since | Flz)™ — F) | is
upper bounded by the norm of the changing Hessian term, we can bound it as the proof

of Lemma 4.7.

Second, we align F(z;) — F(z!) to z441 — 2, (FIGURE 5.2). Let @ be the tangent

plane of ¢ passing F(x;)", and let m%ll be the intersection of @ and the line orthogonal

to E,, passing x;y1 and 95%1- In a 2-D case as FIGURE 5.2, @) is the red line tangent to
W*(F) at F(xy)™. Since Elg;] = 0, E[z¢41] = F(2441), and therefore the alignment of
F(x4) to 2411 (i.e. Py(ngs)) has zero norm in expectations. The alignment from F(z;)™
to 21, gives loss

/
I Pu(F ()™ = 2y) =] 2ty — iy’ |
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which can be bounded by the ﬁ—smoo‘chness of ¢: it is upper bounded by ﬁ I ge |12

This solves the original problem because we are now dealing the square of || g; ||, which

is much smaller than || g ||.
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