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Abstract

We investigate the open dynamics of a qubit due to scattering of a single photon in an infinite or
semi-infinite waveguide. Through an exact solution of the time-dependent multi-photon scattering
problem, we find the qubit’s dynamical map. Tools of open quantum systems theory allow us then to
show the general features of this map, find the corresponding non-Linbladian master equation, and
assess in a rigorous way its non-Markovian nature. The qubit dynamics has distinctive features that, in
particular, do not occur in emission processes. Two fundamental sources of non-Markovianity are
present: the finite width of the photon wavepacket and the time delay for propagation between the
qubit and the end of the semi-infinite waveguide.

1. Introduction

Waveguide quantum electrodynamics (QED) is an emerging area of quantum optics that investigates coherent
coupling between one or more emitters (qubits) and a one-dimensional (1D) photonic waveguide [1-5]. Novel
correlations among injected near-resonant photons result from the nonlinearity of the qubits, and intriguing
interference effects occur because of the 1D confinement of the light. The field has focused on qubits in alocal
region for which these correlation and interference effects can be used for local quantum information purposes
such as single-photon routing [6], rectification of photonic signals [7—10], and quantum gates [11—13]. This
regime of waveguide QED involves neglecting delay times: the time taken by photons to travel between qubits is
far shorter than all other characteristic times. However, an important goal for photonic waveguides is to carry
out long-distance quantum information tasks such as quantum state transfer between remote quantum
memories [14, 15]. As these necessarily involve distant qubits, delay times cannot be neglected, leading to
different kinds of photon correlation and interference effects through the non-Markovian (NM) nature of the
system. Here, we study a model waveguide QED system with large delay time. We apply recent developments in
the theory of open quantum systems (OQS) in order to quantitatively assess the qubit’s degree of non-
Markovianity.

Alarge variety of waveguide QED setups have been experimentally demonstrated in recent years
[4,5, 16, 17]. Because of high photon group velocities and small systems, these experiments are mostly described
by a Markovian approach in which delay times are neglected. In contrast, recent experiments have started
entering the regime of non-negligible delay times [18—22], an area that is expected to grow rapidly due to interest
in extended systems and long-distance quantum information. Accounting for photon delay times is, however, a
challenging theoretical task: only recently have the dynamical effects of long delay times started being
investigated [23—33]. A major consequence of delay times is that NM effects are introduced that affect the physics
profoundly, as predicted for e.g. qubit—qubit entanglement in emission [24, 32] and second-order correlation
functions in photon scattering [25, 28, 29, 31].
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Figure 1. A qubit coupled to a waveguide scatters a single-photon wavepacket injected from the left. The qubit may start in an arbitrary
state. The semi-infinite waveguide sketched here is terminated by an effective mirror, thus introducing a delay time.

Clarifying the importance of NM effects and the mechanisms behind their onset is thus pivotal in waveguide
QED. At the same time, the theory of OQS [34, 35] is currently making major advances, yielding a more accurate
understanding of NM effects [36—39]. Through an approach often inspired by quantum information concepts
[40], anumber of physical properties such as information back-flow [41] and divisibility [42] have been
spotlighted as distinctive manifestations of quantum NM behavior and then used to formulate corresponding
quantum non-Markovianity measures. These tools have been effectively applied to dynamics in various scenarios
[37, 38], including in waveguide QED with regard to emission processes [26, 32]” such as a single atom emitting
into a semi-infinite waveguide [26].

Motivated by the need to quantify NM effects in photon scattering from qubits, we present a case study of a
qubit undergoing single-photon scattering in an infinite or semi-infinite waveguide (see figure 1), the latter of
which is the basis of the proposed controlled-Z [12] and controlled-NOT [13] gates. We aim at answering two
main questions: What are the essential features of the qubit open dynamics during scattering? Is such dynamics NM?
The key task is to find the dynamical map (DM) of the qubit in the scattering process, which fully describes the
open dynamics and is needed in order to apply OQS tools [38]. A distinctive feature of our open dynamics is that
the bath (the waveguide field) is initially in a well-defined single-photon state [43, 44]. Toward this task, we
tackle in full the time evolution of multiple excitations (in contrast to those limited to the one-excitation sector
[43,45-48]), a problem that has become important recently [30, 31, 33, 49-57].

Intuitively, one may expect that the dynamics is fully Markovian in the infinite-waveguide case and NM in
the semi-infinite case due to the atom-mirror delay time. We show that this expectation is inaccurate in general,
mostly because it does not account for a fundamental source of NM behavior namely the wavepacket
bandwidth. This NM mechanism is present in an infinite waveguide, while in a semi-infinite waveguide it
augments the natural NM behavior coming from the photon delay time.

Recently, NM effects in infinite-waveguide scattering were addressed in [44]. There, however, the qubit is
always initially in the ground state, while a fair application of non-Markovianity measures should be based on
the entire DM thus requiring consideration of an arbitrary initial state of the qubit.

The paper is organized as follows. We first define the system under consideration in section 2. Next, in
section 3, we find the general form of the the qubit’s DM in a single-photon scattering process and discuss its
main features. In section 4, we present the time-dependent master equation (ME), which is fulfilled exactly by
the qubit state at any time. In section 5, we discuss the explicit computation of the DM in the infinite- and semi-
infinite-waveguide case (most of the details regarding the former are given in the appendix). Since this task
requires the time evolution of the scattering process, we in particular find a closed delay partial differential
equation (PDE) that holds in the two-excitation sector of the Hilbert space for a semi-infinite waveguide. In
section 6, we assess the NM nature of the scattering DM by making use of non-Markovianity measures. In this
way, we identify two fundamental sources of NM behavior: the finiteness of the wavepacket width and the time-
delayed feedback due to the mirror. We finally draw our conclusions in section 7. Some technical details are
given in the appendices.

2. System

Consider a qubit with ground (excited) state |¢) (e)) and frequency wyp, which is coupled at x = x; to a photonic
waveguide (along the x-axis) with linear dispersion. We model the system via the standard [29, 58, 59] real-space
Hamiltonian under the rotating-wave approximation (we set z = ¢ = 1 throughout)

5 .. Y . R, . . ey s s
By ‘spontaneous emission’ or ‘emission’ in short, we refer to the process in which initially the qubit is excited and the waveguide is in the
vacuum state. Such a process can be non-Markovian.
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H=-i gdx[de(?an—deadx wo 00
[ aMaiduan ) — 600,01 + wod

13
+ vf dx 8(x — x0)[(G1(x) + & ())& + h.c, )

where the bosonic operator dg (x) [dr (x)] annihilates a right-going (left-going) photon atx, & = ?ﬂ = |g) {el,
and V'is the qubit-field coupling strength such that the qubit decay rate into the waveguideis ' = 2V? Foran
infinite waveguide, the upper integration limitis £ = +o0o0 andx, = 0, while for a semi-infinite waveguide

¢ =0"andx, = —a(seefigure ).

3. Dynamical map

By definition the qubit’s DM, ®,, is the superoperator that when applied on any qubit state at ¢ = 0, p,, returns
its stateat time ¢t > 0[34, 35],

p(t) = Pilpol. (@)

The DM fully specifies the open dynamics of the qubit coupled to the waveguide field, with the latter serving as
the reservoir.

We now find the DM for a single-photon wavepacket. Let U, = e~ if* be the unitary evolution operator of the
joint qubit-field system. The initial state for single-photon scattering is oy = p, |¢) (| (tensor product symbols
are omitted), where py = p,,|g) (g] + p.le) (el + (plg) (el + h.c)and|p) = fdx ©(x) a5 (x)|0) is the
incoming single-photon (normalized) wavepacket (|0) is the waveguide vacuum state). At time t, the atom-field

stateis o' (1) = U, op U: = U p, o) <<p|U:.Byplugging Pointo o (1), we get
. ~t . ~t - ~t
o(t) = pe Ullge) (80IU; + p Ulep) (eplU; + [pg Uilgp) (eplUy + Hecl, (©)

hence for any p, the knowledge of the pair of elementary unitary processes Uy|ge) and Uj|e) fully specifies the
time evolution of o(#). Due to the conservation of the total number of excitations (see (1)), the joint evolved state
in the two processes has the form

(1)) = Ullg) 1) = 1g) [6,(1) + e(?) le)]0), 4)
[Uy(6)) = Uile) o) = Ig) I, () + le) ¥ (1)), (5)

where [U,(¢)) is the joint wavefunction at time ¢ for n excitations. Here, | ¢, (¢)) and |1 (¢)) are unnormalized
single-photon states, and |y, (#)) is an unnormalized two-photon state. Note that (4) [(5)] describes the joint
dynamics of a single photon scattering off a qubit initially in the ground (excited) state, which takes place entirely
in the one-excitation (two-excitation) sector of the Hilbert space. In particular, equation (5) is a stimulated
emission process [60].

The qubit state at time ¢ is the marginal p(t) = Trgeq o (¢). This partial trace can be performed by placing
equations (4) and (5) into equation (3), which yields

P(1) =g |01 P + pee X2 OP118) (gl + [ogg leOF + p. (111 [[*11e) (el
+ [pe (11D, (D)) Ig) (el +H.c.], (6)
where we took advantage of orthogonality between one-photon and two-photon states. Since {|gp), |eg) } are

normalized, so are (4) and (5) due to unitarity of U,. Thus, || ¢, () |2 + |e()F = || x,(®)|* + [[v1(t) | = 1.By
defining three time functions

p, =le®F, p@®=[vi®IF, @ = ($Oh(®), ™)
wehave| ¢, ()P =1 — p(®) and||x,(®)|? = 1 — p,(¢). Therefore, changing to the matrix representation,
equation (6) takes the form (with p.. = 1 — pg,)

pe(t) - A(t)/’gg C(t)peg

O,[py] = ,
(ol Oy, 1= p0 + Ay

®)

where we defined
AW = 1) — p, (). ©)

Note that both p () and p.(¢) are the qubit excited-state populations but in the two different processes (4) and (5),
respectively.

We refer to the qubit DM (8) as the ‘scattering DM.” Since the atom-field initial state o is a product state and
U, is unitary, the map ®, is necessarily completely positive (CP) and trace preserving [40]. In contrast to pure
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emission processes at zero temperature [34], here both the one- and two-excitation sectors are involved. We
stress that the DM is fully independent of the qubit’s initial state py, being dependent solely on the Hamiltonian
(1) and the field initial state | ). This dependence occurs through the functions of time p,/.(t) and c(t) in (8),
where p, /() determine the qubit populations while ¢(f) governs the coherence.

The DM’s form is best understood in the Bloch-sphere picture [40] in which a qubit state p is represented by
the Bloch vector r = (2Re p,,, 2Im g, p,, — ) with [x[| < 1.In this picture, the map @, is defined by the
vector identity

r(t) = Mo + v(1), (10)
where v() = (0, 0, 1 — p(t) — ‘l?g(t))T and M,isthe 3 x 3 matrix
T
M, — (Ic(t)IRe@ 0 ) an
0 A(t)

Here, 0 = (0, 0) while Ry isastandard 2 x 2 rotation matrix of angle §(¢) = arg[c(¢)]. Thus, apart from the
rigid displacement v(#) and rotation around the Z-axis, the scattering process shrinks the magnitude of the XY-
and Z-components of r(¢) by the factors |c(¢) |> and | A ()|, respectively. Since these two factors are generally
unequal, the DM transforms the Bloch sphere into an ellipsoid. Such a lack of spherical symmetry does not occur
in emission processes [61], thus providing a hallmark of scattering open dynamics.

In addition, a careful look at equations (10) and (11) shows that the Bloch vector undergoes a reflection
across the XY-plane whenever A(¢) < 0. Thisis a further distinctive trait of scattering dynamics, not occurring
in emission processes [61], which is shown below to be relevant to the onset of NM behavior.

4. Non-Markovian master equation
The most paradigmatic Markovian dynamics is the one described by the celebrated Lindblad ME [34],

. . . A AT At oa PRI
p=—ilf, pl + S wLylpl, with L,0p] = Lpl, — (& L,p + oL, 1) /2, (12)

where H is self-adjoint, and all the rates 7, s are positive constants. In our case, the DM (8) is not described by a
Lindblad ME; instead, we show that it is described by a time-dependent ME":

p = —i[H(®), pl + v (O LiIp] + - L_[p] + (D) L.Ip], (13)

where H(t) is a time-dependent Hamiltonian, and the jump operators L, = &, describe three non-unitary

channels with the time-dependent rates v, (t) for absorption, y_(t) for emission, and 7,(¢) for pure dephasing

(explicit forms are given below in equation (16)). We note that the dephasing term, which reflects the lack of

spherical symmetry of the evolved Bloch sphere discussed above, does not occur in spontaneous emission.
The general form for a time-dependent ME is

p = Lilpl, (14)

where £, is a time-dependent linear (and traceless) map, which is fulfilled by p(¢) as given by equation (8). The
standard recipe for carrying this out starting from the DM is to first take the derivative of equation (2), which
yields p = &;[p,]. Introducing next the inverse of map ®,, &, !, we can replace p, = &, '[p(t)]. Hence,

L= ‘i)t [‘I)t]_l- (15)
The task now reduces to explicitly calculating £, and expressing it in a Lindblad form so as to end up with
equation (13).

This task is efficiently accomplished in the generalized 4-dimensional Bloch space. Recall that the set of four
Hermitian operators { G;} = {l/ V2, &, / V2, o / V2,8, / J2 }—wherei = 0, 1,2, 3, respectively—is a basis in
the qubit operators’s space and fulfills Tr{G; Gj} = ;. We express both equations (13) and (15) in this basis and
equate them; some details are presented in appendix A. The resulting expressions for the time-dependent
Hamiltonian as well as the three time-dependent rates in ME (13) are given by

H(t) = —Im [40] 5.6 (16a)
c(t)
_ 2(Dp (1) = p (D (2)

2D — p, (1)

Y4(F) (16b)

6 Absorption and dephasing terms like those in ME (13) are absent in [44]. This is because [44] treats only equation p, = |g) (g |.
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Figure 2. A qubit coupled to a semi-infinite waveguide with qubit-mirror distance a (left) and its equivalent model featuring a qubit
coupled to a chiral infinite waveguide at the two points x = a (right).

JAGES AQ)

— 1), 16
Pe(t) — Pg(t) Y(t) (16¢)

(1) = —

O @) )
4 2¢(t)

V(1) = (16d)

It can be checked that when () and these rates are placed in it, ME (13) is exactly fulfilled by equation (8) at all
times .

Before concluding this section, we note that an exact, differential system (DS) governing the same open
dynamics that applies in the case of an infinite waveguide was worked out in [62] and more recently further
investigated and generalized in [63, 64]. For the present case of a single-photon wavepacket and a qubit, this DS
has overall three unknowns: two density matrices, one of which is p(f), and a traceless non-Hermitian matrix. In
contrast to ME (13) here, the DS has the advantage that its time-dependent coefficients are known functions of
the wavepacket functional shape (in the time domain). However, since such a DS is not closed with respect to p(%)
itisless suitable for analyzing the general properties of the qubit’s DM, which is a major goal of the present work.
Finally, while ME (13) holds for a qubit coupled to a generic bosonic bath under the rotating-wave
approximation, the DS relies on the further hypothesis of a white-noise bosonic bath (hence, in particular, it does
not hold in the semi-infinite-waveguide case).

5. Explicit computation of DM

For the initial state of the waveguide, throughout this paper we consider an exponential incoming wavepacket of
the form

p(x) = ival exp[(ik + o' /2)(x — x0)]0(—x + xo), (17)

where k is an arbitrary central frequency, o = 6k/I is the wavepacket bandwidth in units of I, and 6(x) is the
step function. This choice of the wavepacket shape is often made (see e.g. [60]) as it has at least three advantages.
An exponential shape allows for closed-form solutions in the Laplace domain in some cases. In addition, in a
numerical approach, its well-defined wavefront leads to a significant reduction in computational time, which is
important in the two-photon sector when there is along time delay. Finally, such wavepackets can be generated
experimentally [65—70] by either spontaneous emission of a qubit or tunable, on-demand sources.

Our general approach is to plug the ansatz for |,(¢)), equations (4) and (5), into the Schrddinger equation
10,|¥,(1)) = A |W,(¢)) to obtain a system of differential equations for the amplitudes that we solve for the three
functions py(t), p.(t), and c(t) in (7) and hence for the DM (8). For an infinite waveguide, this can be
accomplished analytically in both the one- and two-excitation sectors as shown in appendix B. Here, we focus on
the far more involved case of a semi-infinite waveguide.

In this case, it is convenient to ‘unfold’ the waveguide semi-axis at the mirror (x = 0) by introducing a chiral
field defined on the entire real axis by d(x) = dg (x)0(—x) — dL(x)0(x) (the minus sign encodes the m-phase
shift due to reflection from the mirror); see figure 2. The Hamiltonian (1) can then be rewritten by expressing
dr,1(x) in terms of d (x) as

o= fifocdx 4t ()08 (x) + wodr o — ivfoc dds(x + a) — §(x — a)l[aT ()6 — 5.a(x)].  (18)

Compared to equation (1), the form of the free-field term shows that only one propagation direction is allowed
(chirality) while the term <V shows the bi-local coupling of the field to the qubit at points x = Fa (these can be
seen as the locations of the real qubit and its mirror image, respectively).

5
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5.1. Semi-infinite waveguide: one-excitation sector
The wavefunction ansatz in the one-excitation sector is (see equation (4))

() = [dx 606 G @I0) + e)0), (19)

which once inserted into the Schrédinger equation yields the pair of coupled differential equations

10;¢(x, t) = —i0x@(x, t) — iVe(®)[6(x + a) — 6(x — a)], (20a)

i%e(t) = woe(t) + iV[p(—a, t) — ¢(a, t)]. (20b)

Integration of the photonic part yields the formal solution

o, ) =dp(x— 1,0 — Vet —x —a)0(x+a)0(t—x—a) —e(t —x+ a)d(x — a)d(t — x + a)],
(21

(see equation (17) of [23]), which once plugged back into the equation for e(t) (equation (200)) yields the delay
(ordinary) differential equation (DDE)

de(r)
dt

—(iwo + g)e(t) + %e(t — 2a)0(t — 2a) + EW(—&! —£0) — ¢(a—1t 0)]. (22)

Equation (22) is the same as the well-known DDE describing the spontaneous emission process in [23, 71, 72]
but with the presence of the extra source term ocy/I'/2 due to the incoming photon wavepacket. For the initial
conditions e(0) = 0and ¢(x, 0) = (x) (see equation (4)), the solution for e(f) obtained by Laplace transform
reads

e(t) =

r\r—1/2

2 —(wo+T /)t _ a—(k+al/2)t x (=

NJal'?/2 (emtwo ' e et /ah) _iJaT )y L (t — 2na)rewotT/2)~2na)
k—wo+il'/2(1 — @) o n!

ik — wy — ial'/2)
[k — wo + i'/2(1 — a)**!

y(n + 1, —ip(t — Zna))e_(ik+“r/2)(t_2””):|9(t — 2na), (23)

wherep =k — wy + i['/2(1 — ) and y(n, z) is the incomplete Gamma function [73]. The corresponding
solution for ¢(x, t) follows straightforwardly by using (23) in equation (21).

5.2. Semi-infinite waveguide: two-excitation sector
The ansatz for the time-dependent wavefunction (see equation (5)) reads

al (x1) ar (%)

i |0). 24

Wa(0) = [dx vix, 0" @5110) + [ dde G, %, 1)
The Schrodinger equation then yields the system of coupled differential equations

10 (x, 1) = =10, (x, 1) + woth(x, 1) + %[X(x, —a, 1) + x(=a, x, 1) = x(x a, 1) — x(a, x, )],

(25a)

iV

iatx(xl) X2 t) = _i(axl + axz)X(xl) X5 t) - ﬁ

[V, (00 +a) — 00 — a)) + x < x].  (25b)
The formal solution for x(x1, x,, ) is thus

v
X, %, ) =xa —t, % —t,0) — —z[w(xl —xn—at—x—a)f0+ ai(t—x—a)

7

—vxm—etat—xn+a)lik—-alt—x+a+ (k< x)l (26)

where note that x is symmetrized under the exchange x; < %. By placing equation (26) into equation (25a) we
find a spatially non-local delay PDE for #(x, t):

6
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3a;-’

ct D

f f
-a a

Figure 3. Spacetime diagram for equation (27). The dashed lines represent the propagation direction of the initial condition (thick red
line). The brown dotted line shows the time after which the delay term appears. The blue and green regions are the light cones of the
qubit and its mirror image, respectively.

0 (x, )= — O(x, t) — (1w0 + )w(x, t) + w(x — 2a,t — 2a)0(t — 2a)

— 5{[1,/}(79:7 2a,t —x —a) — YP(—x, t —x — a)|l0(x+ a)0(t — x — a)
+WRa—-—xt—x+a) —Y(—x,t—x+a)]0(x—a)d(t —x+ a)}

+\/§[X(x—t,—a—t,O)+X(—a—t,x—t,0)—x(x—t,a—t,O)
—x(a—t x—1t 0)] (27)

Equation (27) is the two-excitation-sector counterpart of the DDE (22). Mathematically, such a spatially non-
local delay PDE is far more involved than the DDE (22) or conventional delay PDEs [74] that are local in space. A
spacetime diagram is shown in figure 3.

In our case (see equation (5)), the initial conditions are /(x, 0) = ¢(x) and x(x;, x5, 0) = 0. Due to the latter
condition, the terms on the last line of equation (27) are identically zero. Hence, overall, the differential equation
features four source terms that are non-local in x and tand are non-zero for x > —a. In the region x < —a, the
equation takes the simple form

Oh(x, t) = — O (x, t) — (1w0 + )1/1(9(, t) + 1/)(x — 2a, t — 2a)0(t — 2a). (28)

By taking the Fourier (Laplace) transform with respect to variable x (¢), this equation is turned into an algebraic
equation whose solution is given by

5 >(q)
D s) = T
s +ig + (iwo + ) e 2a(stiq)
~ 0 £ —2a(s+i “
B gO(q) 5 e (s+iq)
=— T : | (29)
s +1(q + wo) + 5 w=o| s +i(g + wo) + 5
where @(q) = 4/ % ela / k—q— i%) is the Fourier transform of ¢(x). Performing the inverse Fourier
transform with respect to g then yields
r —Zas "
1q[x (2n—1)a]
~ Jal’ Z[Hl(fﬁwH]
¢(X» 5) = f dq
2m (k—q— 17)[5 +i(q + wo) + ;]
i\/ﬁe(ikJraF/Z)(eru) 00 gefza(s+ik+af/2) i (30)

s+ itk + wo) + (1 + @) pZo| s + itk + wo) + 20 + @)

where we used that, since x < —a, only the pole g = k — iaI"/2 contributes to the integral. Upon inverse Laplace
transform with respect to s term by term, we finally find

Y(x, t) =ival ei(kiazr)("””){ —(iwo+ 5 )tz [F (iwo+ - )2“(1‘ Zna)] 0@ — Zna)} (31

|
n=0 1

for x < —a. This solution can be expressed compactly as y(x, 1) = p(x — t)es,(f), where ey, (1) is the qubit
excited-state amplitude in the spontaneous emission process [23, 71, 72] namely the solution of equation (22)
for the initial conditions e(0) = 1 and ¢(x,0) = 0. This is physically clear: since the qubit starts in the excited
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state (see equation (5)) so long as the photon has not reached its location x = —athe system’s evolution consists
of the free propagation of the input single-photon wavepacket and the spontaneous emission as if the field were
initially in the vacuum state.

The next natural step would be finding the wavefunction for — a < x < a. However, alook at equation (27)
shows that such a task is non-trivial. Specifically, two of the source terms, Y)(—x — 2a,t — x — a)and —
W(—x, t— x — a), enter the differential equation which forces one to find the solution ‘tile by tile’ as discussed in
the supplementary material, available online at stacks.iop.org/NJP/20/043035/mmedia’, a challenging and in
the end impractical task. We choose instead to solve the delay PDE numerically by adapting the finite-difference-
time-domain (FDTD) method [75-77]; our approach is described in [77]. Note that the effectiveness of our code
is crucially underpinned by the knowledge of the exact solution for x < —a discussed above [77].

Finally, once the solutions in both number sectors are found, the three functions p,,,(t) and c(t) can be
obtained explicitly as

R0 =le@P, p0) = [delve D, e = [dx o't 0 0, (32)

where e(?) is given by equation (23), ¢(x, t) is given by equation (21), and ¢(x, t) is obtained from FDTD.

6. Non-Markovianity

Despite having a Lindblad structure, the time-dependent ME (13) is not in general a Lindblad ME, not even one
whose Lindblad generator is time-dependent, because the rates {,(t)} are not necessarily all positive at all times
[34, 35, 38, 78]. The condition ~,(f) > 0 for any vand tis indeed violated if A(f) < 0 at some time ¢ (recall the
definition of A(#) in equation (9)).

Indeed, since A(0) = 1, if A becomes negative during the time evolution then there exists an instant at
whichboth A < 0and A < 0. Then, since Yt L= —A/A (see equation (13) and related text), at least one
of the rates {y. (f)} must be negative at some time. When this happens, the DM is not ‘CP-divisible’: the
dynamics cannot be decomposed into a sequence of infinitesimal CP maps [34] each associated with a time
0 < ¢ < tand fulfilling (13) with positive rates {~y,(') }. Equivalently, it is not governed by a Lindblad ME even
locally in time®. Thus, according to the criteria in [42, 78], the dynamics is NM. Note that the negativity of A(#) is
also sufficient to break P-divisibility (a weaker property than CP-divisibility) since it ensures that the sum of at
least a pair of time-dependent rates in ME (13) is negative [38].

Negativity of A can occur already for an infinite waveguide if the wavepacket width is in an optimal range.
Indeed, from the analytic expressions for p,,,(#) in the infinite-waveguide case given in appendix B.3, we get
(time in units of ' 'and k = wy)

(a+1)t

8ae 2 + (a — 5)(a + e +4(1 — )
a? —1 ’

A(t) — e*((l‘l’l)t

(33)

Based on elementary analysis, two behaviors are possible (appendix B.4): for o > 5, A(¢) > 0 always, while for

0 < a < 5, A(#) has a minimum at a negative value at some time. To illustrate this, we plot A’s negativity,

Na(t) = —min[0, A(#)], infigure 4. For 0 < o < 5, Na (#) isinitially zero, then exhibits a maximum at a time of
the order of "' and eventually decays to zero. For a < 102, this maximum is in fact negligible reaching at
most Ny ~ 107° (figure 4(b)). For practical purposes, then, A(f) becomes negative for an optimal range of
wavepacket widths 0k around o >~ 1, i.e., 6k ~ I', which excludes small o and hence in particular quasi-plane
waves.

Rigorously speaking, it should be noted that—as typically happens with time-convolutionless MEs [38]—in
general there may be singular times at which ME (13) is not defined and correspondingly the DM not invertible.
In the present case, these are the times at which A(#) and/or ¢(t) vanish (see equations (9), (16), and (B13)). The
above sufficient condition should thus in general be complemented with the additional requirement that ¢(¢)
does not simultaneously vanish. This is always the case in figure 4, which is easily checked with the help of the
analytical expression for c(f) (equation (B13c)).

Further light on the onset of NM effects can be shed by studying in detail a non-Markovianity measure,
which by definition is a function of the entire DM (i.e., at all times) [38]. Out of the many proposed [38], we select
the geometric measure (GM) [61] for its ease of computation and because it facilitates a comparison with the
spontaneous emission dynamics in the semi-infinite waveguide where the GM was already used [26]. The GM is

See supplemental material for a Mathematica notebook with further technical detail about solving the time-dependent wavefunctions in
both the one- and two-excitation sectors.

8 Any infinitesimal quantum map M (d¢) that is completely positive can always be expressed as M (dt) = I + Ld¢ with L beinga
superoperator in Lindblad form with positive rates [34]. A CP-divisible dynamics is described by a Lindblad ME, where the superoperator in
Lindblad form with positive rates and the Hamiltonian are in general time-dependent [34, 78].
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Figure 4. Density plot of the negativity of A as a function of both time ¢ (in units of ') and the wavepacket width o for an infinite
waveguide. Panel (b) is a small-« zoom of (a). (k = wy = 20I'.)

defined in terms of the DM’s determinant as [61]

N= dt ildetMtl, (34)
O/ldetM,|>0  dt

where the integral is over all the time intervals in which | det M,| grows in time, and
detM; = |c(®)|*A(t) (35)

(see equation (8)). Note that N depends on the modulus of the determinant, which is the volume of the ellipsoid
into which the Bloch sphere is transformed by the DM (see equation (10)). Hence, a non-zero N means this
volume increases at some time, in contrast to dynamics described by the Lindblad ME in which such an increase
cannot occur [61]. Itis known [38] that a non-zero GM implies that the dynamics is NM also according to the
BLP measure [41], which in turn entails NM behavior according to the RHP measure [42].

A remarkable property following from equations (34) and (35) is that if there exists a time such that A(¥) < 0
and c(¢) = 0then | det M;| must grow at some time. This then brings about that the dynamics is NM according
to the GM (34) and hence NM even according to the BLP and RHP measures. We thus in particular retrieve the
sufficient condition for breaking P- and CP-divisibility discussed at the beginning of this section since non-zero
BLP (RHP) measure ensures violation of P-divisibility (CP-divisibility) [38].

Figure 5(a) shows A for the infinite-waveguide case for a wavepacket carrier frequency resonant with the
qubit (solid line). Similarly to the negativity of A, N takes significant values only around o ~ 1 (i.e., 6k =~ T),
being negligible in particular for quasi-monochromatic wavepackets. The values of o yielding A/ = 0 are also
such that the dynamics is NM according to the BLP measure [41] and even the RHP measure [42], the latter
meaning that rates v, ,(f) in the ME (13) break the condition of being positive at all time.

The behavior of A/ changes substantially for a semi-infinite waveguide, as shown in figure 5 for several
values of the qubit-mirror distance a. First, non-Markovianity is generally larger, even by an order of magnitude
in some cases (note the difference in scale between panels (a) and (b)). Second, N can be significant even at
a = 0 (the plane-wave limit), in which case it matches its value in the corresponding spontaneous-emission
process [26]. For our parameters, the maximum non-Markovianity in this limit occurs near kga = 4. Third, N/
exhibits a more structured behavior as a function of o, the shape of A/(a) being dependent on koa (recall
ko = wy).

The feedback due to the mirror, evident in equations (22) and (27), generally introduces memory effects in
the qubit dynamics that are expected to cause NM behavior. These add to the finite-wavepacket effect already
occurring with no mirror, leading generally to enhanced non-Markovianity—note that the semi-infinite-
waveguide curves in figure 5 typically lie above the mirrorless one. The non-Markovianity can be especially large
when either 2kya, the phase corresponding to a qubit-mirror round trip, is an integer multiple of 27r and/or the
corresponding photon delay time 7 = 2a is large compared to the atom decay time I' ", In the former case,
enhanced NM behavior occurs because a standing wave can form between the mirror and the qubit under these
conditions; indeed, it has been shown that a bound state in the continuum exists in this system [23]. In the latter
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Figure 5. The geometric non-Markovianity measure A/ as a function of the dimensionless wavepacket bandwidth on a linear-log
scale. (a) Infinite waveguide (solid line) and semi-infinite waveguide for non-integer values of kga/7. (b) Semi-infinite waveguide for
integer values of koa/7. Note the different vertical axis scale in the two panels. Non-Markovianity is larger for the semi-infinite-
waveguide case (especially for integer koa/m) because of the time delay in reflecting from the (distant) mirror. (k = kg = wy = 20I".)

case, the fact that the qubit decays completely before the photon returns causes a periodic re-excitation of the
qubit—a kind of revival.

We found numerically that the scattering DM (8) reduces to that for spontaneous emission [26] in the limits
of very large and very small «v, thus in particular explaining the behavior of A" at @ =~ 0. In the infinite-
waveguide case, this property can be shown analytically (see appendix B.3). Physically, these limits can be viewed
as follows. When v ~ 0, the wavepacket is so spread out spatially that the photon density at the qubit is
negligible: the qubit effectively sees a vacuum, hence behaving as in spontaneous emission. This clarifies why
NM effects cannot occur without the mirror for a quasi-plane-wave (the emission DM in an infinite waveguide is
clearly Markovian). When « >> 1in contrast, the photon is very localized at the qubit position. The energy-time
uncertainly principle then implies that the photon passes too fast for the qubit to sense, hence the qubit again
behaves as if the field were in the vacuum state.

Since non-Markovianity measures are generally not equivalent [38] it is natural to wonder whether the
outcomes of our analysis in figure 5 for the GM hold qualitatively if a different measure is used, for instance the
widely adopted BLP measure [41]. While a comprehensive comparative study of different measures is beyond
the scope of the present paper, we computed the BLP measure N p for some representative values of the
parameters. For an infinite waveguide, the behavior of A/ p as a function of o is analogous to that of the GM (see
figure 5(a)). In the semi-infinite-waveguide case, Np1p overall behaves similarly to the GM but exhibits a less
structured shape: for instance, the inflection point for kga = 0.5 in figure 5(a) is absent.

7. Conclusions

We studied the open dynamics of a qubit coupled to a 1D waveguide during single-photon scattering, presenting
results for its DM, the corresponding time-dependent ME, and rigorous non-Markovianity measures developed
in OQS theory. The qubit dynamics was shown to have distinctive features that, in particular, do not occur in
emission processes. To compute the DM for a semi-infinite waveguide, we solved the scattering time evolution
by deriving a spatially non-local delay PDE for the one-photon wavefunction when the qubit is excited. For an
infinite waveguide, NM behavior occurs when the photon-wavepacket bandwidth 6k is of order the qubit decay
rate I'. For a semi-infinite waveguide (mirror), time delay effects are an additional source of non-Markovianity,
resulting in generally stronger NM effects.

The system we studied here, a semi-infinite waveguide plus a qubit, is the simplest waveguide QED system
with a time delay. Yet the nature and effects of the time delay should be completely generic as there is no fine
tuning in our system. We thus expect these main conclusions to also hold in, for instance, the case of two distant
qubits coupled to a waveguide which is relevant for long-distance quantum information.

Itis interesting to note (see equation (35)) that A(f) has the same sign as det M, hence times can exist at
which detM, < 0. Among qubit CP maps, those with negative determinant are the only ones that break the
property of being ‘infinitesimally divisible’ [79]. This class does not include spontaneous-emission DMs—in
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particular vacuum Rabi oscillations—where the determinant is always non-negative [61]. In sharp contrast, the
scattering DMs studied here do belong to this class.

Finally, we note that some results here rely solely on the DM structure (8) that in turn stems solely from
having an initial Fock state for the field and the rotating wave approximation. Further investigation of this class
of open dynamics is under way [80].
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Appendix A. Derivation of the time-dependent ME

In this appendix, we present some details of the derivation of the time-dependent ME, equation (13). In
particular, we express both equations (13) and (15) using as a basis the four Hermitian operators
(G} = {]l/ﬁ, 6x/\/5, &},/\/5, &Z/ﬁ} withi=0, 1, 2, 3, respectively; recall that Tr{GiGj} = 6. An
operator p (and so in particular a density operator) can be decomposed as p = >°7_ 7; Giwith r, = Tr{Gip},
hence the 4-dimensional real vector r is a representation of the density operator p. A map is analogously
representedbya4 x 4 transformation matrix.

For L; we start by noting that the DM can be expressed as

q)t[P] = Z@t(rjéj) = Z qu)tGAj = Z T ZTI’{G};‘EG}}G};
j i j k

= Z(ZTT{Gk@téj}’j]ék = > (FriGy, (A1)
w7

k
where we used the linearity of @, and defined the entries of the 4 x 4 matrix Fas
Fy = Tr {Gy®,G}). (A2)

The matrix F thus represents the map ®, (we drop the time dependance for simplicity). The composition of two
maps is correspondingly turned into the matrix product of the associated matrices (each defined analogously to
equation (A2)). Hence, if Listhe4 x 4 matrix associated with map L, (see equation (15)), it is given by

L=FFL. (A3)

We are thus led to compute the (time-dependent) matrix F, calculate its derivative F and inverse F~ ', and finally
take the matrix product (A3). To calculate F we use equations (8) and (A2), where the matrix elements p;;
entering equation (8) are now the matrix entries of operators {Gj} (for instance, G; = &, /~/2 has entries

(Gee = (G1)gg = 0and (G))gg = (G1)ge = 1/\/5). By proceeding in this way, matrix F reads

1 0 0 0
0 Re[c(t)] Im[c(t)] 0
F= 0 “Im[c()] Re[c(t)] 0 (Ad)

O +pH -1 0

Using this and equation (A3), we find that matrix Lis

0 0 0 0
0 Re @ Im ﬁ 0
c(t) c(t)
L= 0 —Im[@] Re[@]
c(t) c(t)
b(t) + b1 ) [1 = p,O]15,(®) + p(D)B, (1) B(t) + p,()
b, (1) + p.(t) — 1 1 —p, (1) — p(1) p() + p.(1) — 1

0 p@) - p®)

(A5)

This shows that equation (14) holds with the generator £, whose4 X 4-matrix representation is given by
equation (A5).

The remaining step is to show that the generator can indeed be expressed as the right-hand side of (13). To
this aim, we consider equation (13) without specifying H (1), 7..(H) and 7,(¢), work out its 4 x 4-matrix
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representation, impose that it yields i = Lr with L given by equation (A5) and solve for H (1), v.(t) and 7,(D).
Thuslet us define

~ NG R N

Lilpl = —1[(7) o+ (e + e, p] +-(O L p] +7 () LiIp] +7() L. p] (A6)

and call L the associated 4 x 4 matrix. To compute L, in equation (A6) we replace p = 3° i G; and calculate
Tr{A Gi ﬁ}with A, B= Go, ceo (A?3,0btaining

0 0 0 0
o _2OFr®O o _30 ~2Im ()]

P 2 2 (A7)
. §g1 _fwﬁlg;kﬁl__z%a> —2Re[u()]

Y(8) — (8) 21Im[p(0)] 2 Re[p(0)] — [ (®) + 1-(®)]

We next require that equation (A7) equals equation (A5). Upon comparison of these two equations, we
immediately get p(t) = 0, while S(¢r) = —2Im [¢(¢) /c(¥)]. Moreover, by requiring the entries Ly,, Lyy and Ly,
of matrix (A7) to match the corresponding ones of (A5), we find the three rates given in equation (16).

Appendix B. Calculations for the infinite-waveguide case

Here, we present details of the calculation of the time-dependent wavefunctions in both the one- and two-
excitation sectors that are needed for the explicit calculation of the DM equation (8) in the infinite-waveguide
case. Following the main text, we refer to ¢ (x) as a single-photon exponential wavepacket of the form
equation (17). Further technical details, including the study of other possible initial conditions, are given in the
supplementary material (see footnote 6).

B.1. One-excitation sector

This is the scattering process corresponding to equation (4) in the infinite-waveguide case, based on which the
ansatz for the time-dependent wavefunction reads

(1)) = fdx[fﬁR(x, Dag(x) + ¢ (x DA ()]110) + e(1)5]0), (B1)

where ¢, 1 (x, t) is the wavefunction of the right-/left-going photon.
Imposing the Schrodinger equation, i0,|¥(¢)) = H |Wy(¢)), yields the three coupled equations

10 (x, 1) = —10:Pg(x, 1) + Ve ()0 (x), ©29)
0,61, (x, 1) = 1D (3, 1) + Ve(8 (), (B2b)
i%e(t) = woe(t) + VI[dR(0, t) + ¢, (0, 1)]. (B2¢)

The equations for ¢ /1 (x, t) can be formally integrated by Fourier transform, yielding

Pr(x, 1) = Pp(x — 1, 0) — iVe(t — x)0(x)0(t — x), (B3a)

DL 1) = ¢ (x + t,0) — iVe(t + x)0(—x)0(t + x), (B3b)

where we set §(0) = 1/2. The first term on each right-hand side describes the free-field behavior, while the
second one can be interpreted as a source term originating from qubit emission at an earlier time. Note that
causality is preserved as it should be. Equation (B3) immediately entail ¢r(0, 1) + ¢1(0,1) = ¢r(—1,0) + ¢L(t,
0) — iVe(t), which once substituted in equation (B2c¢) yields a time-local first-order differential equation for e(t)

%e(t) = f(iwo + g)e(t) — iV [gpr(—t, 0) + ¢, (t, 0)]. (B4)

Imposing the initial conditions ¢r(x, 0) = ©(x), P(x,0) = e(0) = 0, we obtain,

i (aFZ/z (e—(ik-HxF/Z)t _ e—(iw0+l“/2)t)

e(?) ,
k—wo+il'd —a)/2

(B5)

By using equation (B5) in equation (B3), one then obtains the photon wavefunctions ¢g /1.(x, t).
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B.2. Two-excitation sector
Based on equation (5), the ansatz for the time-dependent wavefunction reads

At yat
W:0) = [dxlntn DA + e DA ()18:10) + /dxldxz[xRR(xb s, AR

+ Xre G % D ag ()8 (%) + Xpp (%1, %, 1) 7 (B6)

ayf () df () ] o),
where g /1(x, t) is the probability amplitude to have a right- /left-propagating photon at position x with the
qubit in the excited state, while x,,5(x;, x,, t) is the probability amplitude to have an a-propagating photon at
position x; and a §-propagating photon at position x, (with the qubit unexcited). Terms o<y g have been
incorporated in those oy, by exploiting the symmetrization property x; p (xi, %, t) = Xg (%, X1, t). The
Schrodinger equation then yields five coupled differential equations that read

XRR(Oa X, t) + XRR(x’ 0) t)

atwR(xw t) = - x’(/)R(x) t) - iu)()’(/JR(X, t) - IVI: + XRL(x) 0) t)]) (B7a)

J2
OPL(x, 1) = DbL(x, 1) — iwotr(x, 1) — iV[XLL(O’ i t)j;‘“(x’ &0 4 Xrr (0, X, t)], (B7b)
Orxrr (1> %25 1) = —(Ox, + Ox,) Xgr (1> %25 1) — %WR(Xl) 1)6(x%) + Yre, 6], (B7¢)
atXRL(-XI) X2, t) = *(axl - axz)XRL(xb X2, t) —iV [wR(xb t)é(xZ) + Q/JL(-xZ) t)é(xl)]) (B7d)
6tXLL(xb X25 t) = (8961 + axz)XLL(xla X2, t) - %[wL(xb Z’)(S(Xz) + 1/1L(X2: t)é(xl)l (B7€)

Note that the equations for yrg and y11 are symmetrized because of the bosonic statistics. Similarly to the
previous subsection, we first formally solve for the purely photonic wavefunctions and find

iV
Xrr (X1 %2, 1) = Xpplt — £, % — £, 0) — lﬁ[l/)R(xl — %, t — %)0()0(t — x)

+ YR — x5, t — x)0(x)0(t — x))], (B8a)
Xee (X6 %, ) = Xpr(a — £, % + £, 0) — iV[Yr(x + %, t + %)0(—x)0(t + %)

+ YLle + x, t — x)00a) 0t — x)], (B8b)
XoL (s %, ) = x0a + 6% + £, 0) — %WL(M — %, t + %)0(—x)0(t + x)

+ YLle — x, £+ x)0(—x)0(t + x)]. (B8¢)

Next, we plug these solutions back into equations (B7a) and (B7b), which are those featuring the qubit degree of
freedom, under the initial condition that x, 5(x;, X, 0) = 0forany «, 3 = L, R. The resulting pair of equations
read

Drtbw(x, £) = —m(x, 1) — (iwo + %)wmx, b — g[wR(—x, F—x) + it — 0100 — %),
(B9a)

b (x, 1) = B (o, 1) — (iwo 4 g)wmx, 0 — g[wm, F %)+ (% f 4+ 010(—) 0 + ).
(B9b)

These coupled differential equations are non-local with respect to both x and ¢, the non-locality being due to the
rightmost ‘source terms’ that feature the double step functions. Based on the arguments of the step functions, it
is natural to partition space-time into the three regionsx < 0(R;),0 < x < t(R,),andx > t(R;) in the case of
equation (B9a)andx < —t(L3), —t < x < 0(L,),andx > 0(L,) in the case of equation (B9b), as shown in
figure 6. Then, the differential equations (B9) can be analytically solved in four steps as follows:

(i) Solve equation (B9a) for ¢r(x, t) in region R; under the initial (i.e., boundary) condition 1r(x, 0) = @(x). In
this region, the source term is identically zero.

(i) Solve equation (B9b) for 1 (x, ) in region L; under the initial (i.e., boundary) condition ¥ (x, 0) = 0. As
the source term is also identically zero in this region, we trivially get ¢ (x > 0,¢) = 0.

(iii) Solve equation (B9a) for 1r(x, t) in region R, under the boundary condition ¢r(0, ) (this being fully
specified by the solution found at step (i)). In this region, the source term is non-zero but is fully specified by
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Figure 6. Partitions of space-time in the case of equations (B9a) and (B9b), left and right panels, respectively.

the solutions 1r(x < 0,f)and 1 (x > 0, ) worked out at the previous steps (i) and (ii), respectively. Note
that the initial condition automatically guarantees that the wavefunction is continuous atx = 0.

(iv) Solve equation (B9b) analogously for 91 (x, t) in region L, under the boundary condition 1 (0, ) = 0.In this
region, the source term is again fully specified by the solutions 1r(x < 0, f)and ¥ (x > 0, t) obtained in the
previous steps.

Finally, ¢r(x, t) vanishes identically in region R; and, likewise, so does 1 (x, f) in region Ls. This is because
causality prevents the wavefunction outside the light cone from being affected by the qubit or input wave. Since
initially the wavefunction is zero in this region, it remains so at all times. Hence, the wavefunction is non-zero
onlyinregions Ry, R, and L,.

With the help of Mathematica (see footnote 6), the above procedure straightforwardly yields analytical
expressions for the wavefunctions. We checked that, in the steady-state limit t — oo, the above solution for the
wavefunctions in the stimulated-emission problem yields results in full agreement with those obtained via a
time-independent approach [60]. In particular, the two-photon scattering outcome probabilities Prg, Pry and
Py of [60] are recovered as

(o) oo
B =limioe [ da [ di sl 0 0P, (B10)
— 00 — 00

with o, € {R,L}.

We finally mention that, in the case of an incoming two-photon wavepacket (not addressed in the main text),
one or more terms X, 5(X1, X, 0) are non-zero and equations (B9) feature additional terms For instance, in the
case of a left-incoming two-photon wavepacket, the additional term
fi\/F—/4 [Xgr(x — £, —t, 0) + Xxgr(—1, x — t, 0)] must be added to the right-hand side of equation (B94). In
this case, in the steady-state limit 1 — oo known results for two-photon scattering (in particular second-order
correlation functions) [25, 29, 81, 82] are recovered, which confirms the effectiveness of our real-spacetime-
dependent approach.

B.3. Functions p,(t), p.(t) and c(t)
The three functions (7), which fully specify the scattering DM (8), are found from equations (4), (5), (B1), (B6) to

be p, (1) = le()F,

20 = P = [dxllvnts 0P + bues 0P, B1)

c(t) = (1O (D) = fdx[¢§(x, DYR(x, 1) + G, HPL(x, D], (B12)

Thus, after using equations (B3) and (B5), rescaling time in units of "', and setting k = wy, they are explicitly
given for the infinite-waveguide case by

-t _ 1P
pg(t) = Zae_t[—e - 1] , (B13a)
a—1
_ _1)2 3 _ 2 at _ Lla+1)t t
p(5) = R 4(a — 1)* + (« 3a + a + 5)e™ 4+ 4(a — 3)ae: + 2a(a + 1e ’ (B13b)

(a — D*a + 1)
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l)ze(C‘*%)‘ + 4ae? — 2(a + 1)et/?
a? —1 )
From equations (B13a) and (B13b), the quantity A(#) in the infinite-waveguide case is easily obtained as given in
equation (33).
In the two limits &« — 0 and @ — 00 (see main text), we get

co(t) = ef(a+l+iwo)t(a -

(B13¢)

lim pg(t) = lim pg(t) =0, limp (¥) = lim p,(¢) = e T limc(t) = lim c(t) = e’i“"’tefgt
a—0 a—00 a—0 a—00 a—0

a—00

with equation (8) thereby reducing to

. r
7Ftpee eilw(]teiitpeg
Blpl =| : (B14)
elwole™7% peg Peg + (1 - e—Ft)pee

This is the DM of spontaneous emission into an infinite waveguide with a flat spectral density [34] obeying the
time-independent Lindblad ME p = —iwy[6.6-, p] + (I'/2) L_[p], which is thus manifestly Markovian.

B.4. Study of function A(¥)
From equations (B13a) and (B130), the quantity A(¢) in the infinite-waveguide case is easily obtained as in
equation (33). This is such that A(0) = 1and A(t — oo) = 0. We will prove that, based on the analytic
function (33), A(#) has a single stationary point for & < 5 and no stationary points for o > 5.

The time derivative of function (33) is calculated as

dA _ e Mo - D+ G- a)er —daet L, [ —g(®)
dt a—1 a—1

(B15)

with
a+l1
f() = 5e + 4a, g(t) = 4ae 2 ' + ae® + 4. (B16)
For av = 1, atastationary point of A(#), thereby, curves f(f) and g(¢) cross. Note that the positive functions f ()
and g(f) both monotonically increase with time and so do all their derivatives. Thus there exist either zero or only
one crossing point, whose occurrence depends on whether f() is above or below g(f) att = 0Oand t — o0. A
simple calculation yields

&_404—1—5 . &_ 0 if a<l1

- > lmt%oc — . .
g(0) 5a+4 gy | i el

By noting that f(0)/g(0) > 1for o < 1andf(0)/g(0) < 1fora > 1, we see that three cases occur. For v < 1,
f(t)isabove g(t)att = 0and belowitat t — 00, hence asingle crossing point occurs. For 1 < o < 5, f(#) lies
below g(¢) att = O and aboveitat + — 00, hence a single crossing point occurs in this case as well. Finally, for
a > 5,f(t) liesbelow g(f) both at t = 0 and at t — 00, hence no crossing points occur. Function A(#) thereby
has a single stationary point for 0 < av < 5and none for & > 5. One can show that this stationary point is
indeed minimum, concluding the proof. Note that we have now included the case a = 1 since this yields

A(t) = e #[e!(3 — 2t) — 2], which exhibits a single stationary point that is a minimum.
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