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Abstract

Social networks affect a broad class of economic activities. The three chapters of
my dissertation study social networks from two different lines of research. The first
line of research examines the formation process of a social network. In Chapter 2, I
introduce a new identification strategy and a semiparametric estimator for the for-
mation process of an undirected network with additive agent-specific fixed effects.
In Chapter 3, I analyze the formation process of a directed network with a broader
type of unobserved heterogeneity. This heterogeneity is modeled as interactive fixed
effects. The second line of my research complements the first approach by exploring
the influence that network structures have on different economic activities. In Chap-
ter 4, I recover the endogenous and exogenous social effects in a high-dimensional

panel data model with an unobserved network structure.
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1

Introduction

This dissertation consists of three self-contained essays on the econometrics of social
networks. Recent research in social sciences has provided extensive evidence of the
influence that network structures have on social or economic behavior, and hence the
outcomes. For example, the literature on peer effects has studied the effect of network
interactions on crime (Calvo-Armengol and Jackson 2004; Bayer et al. 2009), edu-
cational achievements (Sacerdote 2001; Calvé-Armengol et al. 2009; Masten 2015),
health (Christakis and Fowler 2007; Cohen-Cole and Fletcher 2008), the spread of
information (Campbell 2013; Banerjee et al. 2013), job search (Calvo-Armengol and
Jackson 2004) and risk sharing (Fafchamps and Gubert 2007; Kinnan and Townsend
2012).

The substantial impact that social networks have on describing economic activi-
ties has intensified their study in economics. The research on network structures has
focused mainly on two aspects. The first aspect examined is the formation and evo-
lution of social networks. The second aspect analyzed is the influence that network
structures have on economic activities. I study the formation process of undirected

and directed social networks in Chapter 2 and 3 of this dissertation. In Chapter 4, I

1



explore the recovery of network effects when the underlying structure of interactions
is unknown.

In Chapter 2, I analyze the formation process of an undirected network in the
presence of multiple and agent-specific fixed effects with an additive structure. The
formation model is semiparametric. That is, given agents’ observed attributes, the
conditional distributions of these effects, as well as the disturbance terms associated
with each linking decision are not parametrically specified. I characterize sufficient
conditions for point identification of the coefficients on the observed covariates. This
result relies on the existence of at least one continuous covariate with unbounded
support. I provide partial identification results when all covariates have a bounded
support. Specifically, I derive bounds for each component of the vector of parameters
when all the covariates have a discrete support. I introduce a semiparametric estima-
tor for the vector of coefficients that is consistent and asymptotically normal as the
number of individuals in the network increases. I illustrate the methods introduced
by analyzing the determinants of a friendship network using the Add Health dataset.

In Chapter 3, I study the formation of a directed network when agents have
preferences for similarity on observed characteristics, as well as complementarity on
unobserved agent-specific factors. The complementarity on unobserved factors is
modeled as the interaction of agent-specific fixed effects. Such directed networks are
of interest in many economic applications, such as in the adoption and diffusion of
technology. In this chapter, I recover the contribution of homophily on observed
attributes on forming a directed link from the complementarity on the unobserved
heterogeneous components. Furthermore, I show that the semiparametric methods
developed in Chapter 2 can be extended to analyze a directed network, and used to
identify the coefficients that measure homophily on observed attributes.

Chapter 4 of this dissertation focuses on understanding the effects that network
structures have on economic activities. Specifically, I study a panel data model of

2



strategic interactions when the structure of the network is unobserved and unre-
stricted. The endogenous and exogenous network effects are allowed to be heteroge-
neous across individuals. I develop an identification strategy that point identifies the
endogenous and exogenous network effects. I use a high-dimensional approximately
sparse model to consistently estimate the structure of interactions when the network
is stable over time and sparse. Furthermore, I provide Oracle convergence rates for

the estimates of the strategic interaction parameters.



2

A Semiparametric Network Formation Model with
Multiple Linear Fixed Effects

2.1 Introduction

People tend to connect with individuals whom they share similar observed attributes.
This observation is known as homophily (McPherson et al. 2001). Nonetheless, few
investigate the role of homophily when individuals have preferences for unobserved
attributes. Proper policy evaluation requires distinguishing among the contribu-
tion of these two factors since each has a distinct policy implication. For example,
students forming friendships might link based on their similarities on observed so-
cioeconomic attributes as well as on their preferences for high levels of unobserved
ability. Whereas the socioeconomic attributes can be modified according to a policy,
preferences for ability cannot be used as a policy instrument. In this paper, I develop
a new identification strategy that recovers the preference parameters associated with
the observed attributes in a model of network formation that accounts for valuations
on unobserved agent-specific factors. The identification and estimation strategies

that I develop do not depend on distributional assumptions of the unobserved ran-



dom components. The existing studies that account for these two types of homophily
rely on assumptions that restrict the distribution of the unobserved random compo-
nents to belong to a parametric family. However, in Monte Carlo simulations, I show
that their predictions can be biased if those assumptions fail.

In this paper, I consider a semiparametric model of network formation with multi-
ple, unobserved and agent-specific factors. Specifically, a pair of agents (7, j) establish

an undirected link according to the following network formation equation:?
D - 1[X;;’50+m+uj—e§; 20], (2.1)

where 1[] is the indicator function, D} is a binary outcome variable that takes a
value equal to 1 if agents (4, j) form a link and 0 otherwise, X7} is a K-dimensional
vector of pair-specific, observed, and exogenous attributes, 3, is a K-dimensional
vector of unknown parameters, i; and p; are unobserved and agent-specific random
variables, and £} is an unobserved and link-specific disturbance term.

Intuitively, equation (2.1) says that an undirected link between two agents is
formed if the link net benefit is nonnegative.? The factors in the net benefit can
be classified into three different categories. The first class, given by the vector of
pair-specific and exogenous attributes, captures the agents’ preferences for establish-
ing a link based on observed characteristics. For instance, this component is known
as homophily in preferences when these factors capture similarity in observed char-
acteristics. The second class, formed by the agent-specific and unobserved factors,
captures the individual preferences for association based on agent-specific attributes.

Finally, the third class, given by a link-specific disturbance term, captures the ex-

L A link between two agents is undirected if the connection is reciprocal. In other words, two
agents are either connected or they are not. It excludes the case that one agent is related to a
second one without the second being related to the first. I discuss directed networks in Candelaria
(2016).

2 In section 2.2, I derive the network formation decision in equation (2.1) as a stability condition
in a random utility model with transferable utilities.
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ogenous factors that influence the decision of forming a specific link. The last two
factors are known to the agents but unobserved to the researcher.

The unobserved agent-specific factors in equation (2.1) allow for heterogeneous
net benefits across each individuals decisions; this extends the model’s capacity to
predict network structures with heterogeneous individual connections. Moreover,
under an unrestricted distribution of the unobserved and agent-specific factors, these
components exhibit unrestricted dependence with the observed attributes. Therefore,
these factors constitute agent-specific fixed effects in the network formation model.
From here after these factors will be referred to as fixed effects.

This paper has two main contributions. The first contribution is to propose a new
identification strategy to identify the coefficients on the observed covariates in a semi-
parametric network formation model with multiple fixed effects. These coefficients
are empirically relevant, for example in the peer effects literature they characterize
the preferences for homophily. Notably, these coefficients provide information about
policy instruments that can be used to achieve an economic outcome. I provide suf-
ficient conditions that guarantee point identification of the parameter [y in equation
(2.1). Using a weaker set of assumptions, I characterize the identified set as a solu-
tion to a system of a finite number of linear inequalities and provide bounds for each
component of the parameter of interest.

The second contribution is to introduce a consistent semiparametric estimator
of fy. I give conditions for asymptotic normality of this estimator. The rate of
convergence of the estimator can be affected by the asymptotic probability of the set
on which the unknown parameter is identified. Specifically, the convergence rate is
slower than the parametric rate (square root of the sample size) if the probability of
that set converges to zero. I perform inference in a setting when only one network
that has a large number of agents is observed in the data. The asymptotic analysis

is conducted by allowing the number of agents to grow. This framework is referred
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to as “large-market” asymptotics.

While it is not clear whether identification strategies based on parametric assump-
tions used in previous work extend to a model with a broader and more complex type
of heterogeneity, my approach does. In Candelaria (2016), I study the formation of
a directed network with interactive fixed effects. Specifically, agent ¢ establishes a

directed link with agent j according to the following equation:
Dy = 1 [ X5y + i + gl 1) — =y = 0] (2:2)

where ¢(-,-) is a symmetric function of the unobserved fixed effects f;, 11,

Specification (2.2) considers an asymmetric formation of links and allows for si-
multaneous nonlinear correlation between the unobserved factors and the observed
attributes. Furthermore, the agent-specific fixed effect p; may affect the linking de-
cisions of individual ¢, differently for different ;7 due to the unobserved complemen-
tarities on the fixed effects. Equation (2.2) nests the additive and agent-specific fixed
effects model as a special case. Specifically, equation (2.2) degenerates to equation
(2.1) when g(u;, p1j) = pj, and & is symmetric. In Candelaria (2016), I show that a
generalization of the identification strategy, introduced in this paper, can be used to
identify the coefficients 3y in equation (2.2). This demonstrates the adaptability of
the techniques discussed in this paper.

In an empirical application, I study the determinants that drive the formation of
a friendship network. I use the National Longitudinal Study of Adolescent Health
(Add Health) to construct a network of best friends using one high school with 469
students. The vector X: accounts for socioeconomic and demographic attributes of
individuals ¢ and j, such as gender, education level, race. The first attribute in X}
is the household income of individuals ¢ and j, which is recorded as a continuous
variable and is necessary for the point identification result. I then estimate the

parameter 3, and find evidence for homophily in observed attributes in a model that
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also accounts for unobserved heterogeneity.
Literature Review

In the rest of the section, I discuss how my results compare to the related literature.
The network formation model that I consider in this paper builds on the framework
introduced by Graham (2015). While his paper aims to detect homophily in pref-
erences in a model with agent heterogeneity, his approach is restricted to models
where the disturbance terms have a parametric distribution — specifically a logis-
tic distribution — and the fixed effects have an additive structure. In other words,
the approach introduced by Graham (2015) will fail to partial out the fixed effects
and therefore point identify [, if one of these assumptions does not hold. This is
not the case for the method I develop in this paper. Specifically, the identification
strategy and the estimator I propose are new and can be applied to models where
the distribution of the disturbance terms is not parametrically specified and the het-
erogeneity does not follow an additive structure (in the extension work Candelaria
2016). In recent work, Dzemski (2014) studies a model of link formation with agent
heterogeneity. However, his methodology differs completely to the one proposed
in this paper since he analyzes the formation of a directed network and follows a
conditional maximum likelihood approach.

My identification strategy consists of finding a sufficient statistic for the multiple
fixed effects in equation (2.1), which does not depend on the parametric distribution
of the disturbance terms (Andersen, 1970). The intuition behind this strategy is
similar to the technique used by the maximum score estimator to identify the semi-
parametric binary choice models in a panel data framework (Manski 1987). Specifi-
cally, the sufficient statistic that I develop is characterized by within-individual and
across-individuals variation in the link decisions to differentiate out the multiple fixed

effects. This statistic differs from others previously used in the nonlinear panel data



literature since the endogeneity entailed by the multiple fixed effects in the network
formation equation is more complex. In section 2.3.1, I provide a more detailed dis-
cussion on the nature of the sufficient static. Moreover, I show that the sufficient
statistic suggested by the panel data literature fails to identify [y in equation (2.1).

The sufficient statistic restricts the analysis to a set of subnetworks that exhibit
sufficient link variation to differentiate out the multiple fixed effects. Depending on
the relative tail conditions between the observed attributes and disturbance terms,
the set of subnetworks consistent with the link variation might have a small probabil-
ity. In this case, the coefficients of the observed attributes are said to be identified on
a thin set. In section 2.4, I address the implications of the thin set identification on
the convergence rate of the estimator (Andrews and Schafgans, 1998; Newey, 1990;
Chamberlain, 2010 and Khan and Tamer, 2010). To shed some light into this point,
I next briefly discuss the estimator that I develop.

I propose an M-estimator that minimizes a fourth order U-statistic. The estima-
tor falls within the class of Maximum Rank estimators, which are commonly used
to estimate monotonic transformation models (Han 1987). The estimator I propose
is most closely related to the Leapfrog estimator in Abrevaya (1999b). The network
formation model, given by equation (2.1), represents a weakly monotonic transfor-
mation model. This type of transformation is not nested in the models analyzed
by Abrevaya (1999b) since his methodology is designed for transformation functions
that are strictly increasing and invertible. This is the first paper to apply an esti-
mator within this class to a network structure with multiple fixed effects. If f3; is
identified in a set with probability tending to zero, the convergence rate of the esti-
mator is slower than the parametric rate (square root of the sample size). Hence, the
estimator is said to be non-regular (Newey, 1990 and Chamberlain, 2010). I propose
an inference method with an adaptive convergence rate as in Andrews and Schafgans
(1998) and Khan and Tamer (2010). A detailed discussion of this result is provided
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in section 2.4.

The network formation model that I analyze is related to the empirical games
literature. Specifically, the model in equation (2.1) can be derived as a stability
condition in a static game. Some papers that study the strategic formation of a net-
work as a static game include Sheng (2012); Goldsmith-Pinkham and Imbens (2013);
Boucher and Mourifié (2013); Leung (2015a,b); Menzel (2015); Miyauchi (2016) and
de Paula et al. (2016). These papers study network formation models that account
for network externalities. Network externalities generate interdependencies in the
linking decisions that depend on the structure of the network. The identification
and estimation methods used in these papers are entirely different to the ones pro-
posed in this paper. Specifically, all of these papers follow a parametric estimation
approach. The only exception is de Paula et al. (2016), which focuses exclusively
on the identification analysis. Furthermore, only Goldsmith-Pinkham and Imbens
(2013) considers unobserved agent heterogeneity, but under their specification the
agent-specific effects are parametrically distributed and independent from the vector
of attributes. None of these assumptions are imposed in the method proposed in this
paper.

There is a different approach that augments the network formation decision in
equation (2.1) with a parametric meeting process that determines how the links are
sequentially revised over time (Christakis et al. 2010; Snijders et al. 2010; Hsieh and
Lee 2012; Chandrasekhar and Jackson 2014; Mele 2015 and Badev, 2014). This ap-
proach specifies a parametric distribution over the space of all potential networks and
differs from distribution-free framework that is followed in this paper. Furthermore,
some of these papers rely on computationally intensive Bayesian estimation tech-
niques such as Markov Chain Monte Carlo (MCMC). The semiparametric estimator
that I proposed is computationally tractable and can be computed in O(n®log(n))

calculations. This paper provides an alternative to recover the preferences for ho-
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mophily in the formation of a network.

Finally, the network formation model considered in this paper is also related to
the literature of structural matching models analyzed by Choo and Siow (2006);
Fox (2010); Galichon and Salanié (2012) and Fox (2016). As a shared feature, both
frameworks focus on transferable utility models. However, the network formation
model is qualitatively different to the two-sided matching models since in a network
model any pair of individuals can potentially form a link. In contrast, in a two-sided
matching model, only agents across markets can establish a link.

The rest of the paper is organized as follows. Section 2.2 formalizes the net-
work formation model. Section 2.3 describes the identification strategy and states
point identification and partial identification results. In section 2.4, I outline the
semiparametric estimator and I show consistency and asymptotic normality. Section
2.5 reports some Monte Carlo simulations. Section 2.6 considers an empirical appli-
cation analyzing a friendship network. Section 2.7 concludes by summarizing and

suggesting areas for future research. The appendix 2.8 collects all the proofs of the

paper.
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2.2 Model

A network is an ordered pair (N, D™) comprising a set A;, = {1,--- ,n} of n nodes
or agents together with an n x n adjacency matrix D" of edges, which represents the
links between the nodes in AV,,. Let Dj; denote the (4, j)th entry of the matrix D".
I assume the network is undirected and unweighted. A network is undirected
if the adjacency matrix is symmetric, that is, if for any entries (7,j) and (j,4) the
adjacency matrix has identical elements, D> = D7,. A network is unweighted if any
entry (7,7) of the adjacency matrix takes one of either two values. The values are
normalized to be 0 and 1. In other words, D}; € {0, 1}, where D, = 1 if the agents
i and j share a link and D}; = 0 otherwise. Furthermore, I normalize the value of

self-ties to zero, that is, DI = 0 for all i € N,,.

Example 1 (Undirected and Unweighted Network). A friendships network of best

friends is an important example of an undirected and unweighted network. Two

agents are considered to be best friends, D5 = 1, if and only if both agents list each
other as friends. Also, this framework rules out the case of an agent reporting herself

as a friend.

Given the set of agents in the network, a pair of agents (¢, j) with i,j € N, and
i # j, constitute a dyad. Let N* = {(1,2),------ ,(n—1,n)} denote the set of

total unique dyads. NP has cardinality

Each dyad (i,j) € N is endowed with a (K + 1)-dimensional vector of observed
characteristics Zj; = (Dj;, Xj%), and an unobserved dyad-specific disturbance term
ei;. The first element in the vector of observed attributes Z;; denotes the link status

in that specific dyad, DJ;. The second element in Z7% is a vector of observed exogenous
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attributes at a dyad-level, X7: € RE. Common examples of observed attributes used
to explain the formation of a friendships network among high school students are age,
gender, race, parent’s education level, and household’s income (I provide a detailed
discussion of this empirical motivation in section 2.6). Conditions on the support of
the vector of exogenous attributes X7 are discussed in section 2.3. The unobserved
dyad-specific disturbance component &; captures exogenous random factors that
influence the decision of establishing a connection between agents ¢ and j. These
components are unobserved to the researcher.

Since the network is undirected, the random vector X/; is symmetric, X5 = X7.
If the exogenous characteristics are measured at an agent-level, the dyad-level vector
X[ can be constructed by transforming the agent-specific covariates for agents i
and j using a nonlinear function that is symmetric in each of its components. For
instance, let X' represent a vector of exogenous attributes of agent i. Then X}
could be defined as Xj; = g(X7', X}') = g(X7, X}"). Different specifications of g
can be used to capture similarity (g(X7', X}') = (X[‘ - X ]”)2) or complementarities
(9(X7, XT) = XJ' - X7) in attributes between agents 7 and j in dyad (i,j). The
choice of ¢g(-, ) varies according to the empirical application.

Each individual 4 in the network N, is endowed with an unobserved and agent-
specific random factor pu; € R. This random component captures the individual
preferences for establishing a link based on agent-specific attributes.

Let X" = (X o, X ) be the profile of exogenous attributes for all dyads in

n—1n
the network, i = (1, - , ptn) be the vector of unobserved agent-specific components
and e" = (e, - ,gﬁflm) be the profile of dyad-specific disturbance terms.

Agent i’s latent marginal benefit of establishing a link with j is
n n n 1 n
Vi (X", g, €)= wig (X™) + py — 5%‘7 (2.3)

where u;;(X") denotes the observed marginal utility, and &7; is symmetric. Specifi-

13



cally, the observed marginal utility is defined as:

1.

where [ is a K-dimensional vector of unknown parameters that captures the effect
of the observed attributes on the agent’s preferences for establishing a link. This
component represents the agent’s preferences for homophily, Xi"j/ Bo.

Denote the joint net benefit of adding the link 75 to the network D™ by

‘/ij(Xna Mj’@%) + ‘/]1(Xn7 :U’ivg?j) = XiTjL‘/ﬁO + pi oy — 8?] (25>

In addition of preferences for observed attributes, the joint net benefit also ac-
counts for preferences for association based on agent-specific factors, y; + 1;, and for
exogenous factors affecting the decision of establishing a link &7’

Equation (2.5) implies that individuals ¢ and j in the dyad (4, j) have valuations
only for their own observed attributes and agent-specific factors. To clarify, in the
link formation decision for dyad (i, ), the individuals do not account for observed
or unobserved attributes of other individual’s in the network, neither for the general
structure of the network other than dyad (i,7). These effects are known as net-
work externalities, some examples are preferences for having friends in common or
popularity effects. I leave this extension as future research.

Next, I introduce the definition of stability.

Definition 1 (Stability). A network D™ is stable with transfers if for any i,j € N,:
1. for all DYy =1, Vig(X™, py, e3) + Vi(X", g, €3) = 0;
2. for all D = 0, Vii(X", iy, €fy) + Via( X", pi, €35) < 0.

v

Note, that the definition of stability adapts the pairwise stability in Jackson and

Wolinsky (1996) to allow for transfer utilities. A similar stability concept has been
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used in Sheng (2012). The stability condition provides a microeconomic foundation
to the network formation rule in equation (2.1). Intuitively, this condition states
that a link within dyad (7, j) is established if the net benefit of that connection is
nonnegative.

To simplify notation, I will omit the dependence of the network on the sample

size n and denote the vector of attributes as Z;; = (D;;, X;;) and the dyad-specific

disturbance term as e;; for any (i,7) € Ni°.
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2.3 Identification

In this section, I state the main point identification result for the semiparametric
network formation model with multiple agent-specific factors, specified by equation
(2.1). I then provide partial identification results under a weaker set of assumptions.
In section 2.3.1, I describe the identification strategy. Section 2.3.2 establishes the
main point identification result, which is achieved by conditioning on a set that
ensures enough variation within and across individuals’ links. In section 2.3.3, I
discuss identification failure when the probability of this set is zero. Moreover, I show
that, unlike my approach, the typical identification strategy implied by the panel
data maximum score estimator fails to identify fy. In section 2.3.4, I characterize
the identified set when all the covariates have bounded support, as well as provide

bounds for each component of the parameter of interest.
2.3.1 Identification Strateqgy

The intuition behind the identification strategy is summarized in figure 2.1. Consider
the subnetwork formed by the undirected links between agents i, j, k,[ € N,,. All the
links represented in figure 2.1 are undirected. A solid line connecting two agents
denotes that a link exists and a dashed line denotes that a link is absent. To simplify
the intuition, in both diagrams below I omit the link status between the agents in the
dyad (k,1). The realized outcome from that decision is non-informative for describing
the intuition of the identification strategy.

Diagram 1 represents the subnetwork formed by dyads (i, k) and (i,1). Given
{X"™ =z, 1 = pu}, suppose that the conditional probabilities of establishing a link

between dyads (i, k) and (i,1) are different. Without loss of generality, assume that:

PDy=1|X"=w,i=p]<P[Dyp=1|X"=2]=p|. (2.6)

If the link-specific unobserved random variables are identically distributed, then
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E [Dir, — Dyi|Dii, # Dy, X" = x, ]

Diagram 1: Undirected links in dyads (4, k) and (i,1). Diagram 2: Undirected links in tetrad (3, j, k,1).

FIGURE 2.1: Subnetwork formed by agents i, j, k,l € N,,.

the equation (2.6) holds if and only if:

x5 fo + pi + < TipBo + i + i,

where agent ¢’s individual-specific fixed effect p; is a common element. Therefore,

the within-individual difference implies:

0 < (zix — ) Bo + (w — u)-

The previous intuition suggests that for any individuals 4, 7,1 € N,,: the condi-
tional expectation of the within-individual difference D;, — D;; is characterized by
the difference of the observed exogenous regressors, (x;, — x;) B, and the difference
of the unobserved factors, u; — p;. Agent i’s individual-specific factor is differ-
enced out by computing the net difference. In diagram 1, the dotted line labeled as
{E[Djx — Dy|Djr # Dy, X™ = x, ]} depicts this intuition. This line shows that the
contribution of the unobserved agent-specific factors on the conditional expectation

of Dy, — D is characterized exclusively by the composite factor p, — py.
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Specifically, the following equation holds for the conditional median of the net

difference, D;, — D;;. The proof is in the appendix 2.8
Med(Dy, — Dy|X™ = x, Dy # Dy,) =sign ((zi — xil)lﬁo + (r — 1)) (2.7)

where sign(-) stands for the sign function, which is defined as sign(z) = 1 if > 0
and sign(x) = —1 if x < 0 for any x € R.

Equation (2.7) conveys two main points. First, agent ¢’s individual-specific fixed
effect is differenced out by conditioning on observing within-individual variation in
the realized links. Second, the conditional median of the net difference D;, — D
depends on the unobserved random factor u; — p; due to the presence of multiple
agent-specific fixed effects in the network formation model (2.1). Therefore, equation
(2.7) does not identify . In other words, the typical maximum score identification
strategy fails to point identify 3y. I provide a more detailed explanation of this result
in section 2.3.3.

The point-identification argument in the network formation model with multiple
fixed effects is the following. Consider the links formed within the tetrad (i, j, k,1).
Given {X" =z, i = pu}, suppose that the conditional probability of establishing a

link between dyad (7,1) is greater than the one for dyad (7, k). That is,
P[Djkzl‘ana%ﬂzﬂ]<P[Djl=1\Xn=x,ﬂ=p].

Analogously to above, the conditional expectation of the net difference between
individual j’s linking decisions D, — Dj; is characterized by the difference of the
observed exogenous regressors (z;; — x;;)'fy and the difference of the unobserved
factors pur — ;. The composite unobserved factor py — g constitutes a common,
unobserved fixed effect across the within-individual variations for agents ¢ and j.
Diagram 2 illustrates this point.

The previous intuition suggests that, with enough across-individuals variation,

the composite fixed effect py — p; can be differenced out by computing the across-
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individuals difference of D;;, — Dy and Dj, — Dj;. Specifically, in section 2.3.2, I show
that the following equation for the conditional median of the pairwise difference

holds:
Med {[Dsx — Dit] — [Djr — D] | X" = x, Dij, # Dy, Dj, # Dji, Dip # Dy} =

2 x sign {[(x,k —xy) — (x5 — fL‘jl)]IBO} , (2.8)

for any X" = x in a set of sufficient variation that will be defined below.

Equation (2.8) is fully characterized by the observed variables (D", X"). In sec-
tions 2.3.2 and 2.3.4, I show that equation (2.8) can be used to point identify [,
under support conditions on the exogenous attributes.

The conditioning event {D;, # Dy, Dj # Dji, Dy, # Dji} in equation (2.8) en-
sures the sufficient within-individual and across-individuals variation in the linking
decisions to identify . The intuition behind the conditioning event is as follows.
The components D;;, # Dy, D, # Dj; capture the within-individual variation, which
are used to partial out the individual-specific fixed effects that are constant within
each individual’s decisions. For example, for agent ¢ the individual heterogeneity p;
is partial out by the within-individual difference D;, — Dj;.

Second, the component D;; # Dj;, captures the across-individuals ¢ and j vari-
ation.® This variation is used to partial out the composite and unobserved factor
1 — ;. Therefore, this condition is crucial to point identify 5y. I show in subsection
2.3.3 that if the event {D;; # Dy, Dj; # Dk, Dir # Dji} has probability zero then
equation (2.8) is uninformative to identify Jy.

Some empirical examples of network topologies for which the event {D;; # Dy,
Dj; # Djy, Dy, # Dji} has probability zero are almost empty networks, dense net-

works, and homogeneous networks. A network is homogeneous when the individuals

3 Equivalently, we could have considered D;; # Dj;. The information content in each of these two
events, jointly with {D;; # Dy, Dji # Dji}, is identical. Therefore, conditioning on D # Djj is
sufficient.
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establish the similar connections with probability one. For example, in the network
formation model given by equation (2.1), the equilibrium network structure will be
homogeneous when agents establish their connections based mainly only on their

preferences for individual-specific attributes.
2.3.2  Formal Point Identification Result

In this section, I formalize the main point identification result. The following set of

assumptions are sufficient to prove point identification of [;.

Assumption Al. The following hold for any n.

1. {Q’k}(i pen ore independent and identically distributed (i.i.d.) conditional on

{X" =x, i = p}. That is for any (i,k), (5,1) € NP

n ~
Eik AL &l | X" = X, b= [, and Faik|x,u = Fa]-l|x,,u~

2. The probability density function f., |x, 15 positive everywhere on R for all

(%, ).

Here F, |x, denotes the conditional distribution of €;1 given {X" = x, i = u}.

Al.1 states that the disturbance terms are i.i.d. across dyads. In other words,
for any pair of dyads (i, k) and (j,[), the distributions of the disturbance terms in
the network formation equations that are indexed by those dyads are conditionally
invariant and independent. A1.1 is analogous to the standard “stationarity” assump-
tion in panel data models because in a network model with a symmetric adjacency
matrix, the dyads are the unit of observation which makes it irrelevant to focus on

individual’s labels.*

4 In the nonlinear panel data literature, the disturbance term component is said to have a sta-
tionary distribution if F,, |x , = Ft,x,. for any (i, k), (4,5) € N, Due to the symmetry of the
network, the disturbance term satisfies €;; = €;;, which jointly with the stationarity assumption of
the distribution of €;; implies that F_, F.

ElXop = Julxpe
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Although A1.1 requires the regressors to be strongly exogenous with respect to the
disturbances, this specification allows for a flexible dependence structure between the
unobserved agent-specific factors and the observed attributes. Specifically, the con-
ditional distribution of the unobserved agent-specific factors Fj;x given the observed
attributes X" = x is not assumed to belong to any parametric family. Consequently,
the presence of the unobserved fixed effects in the network formation model gener-
ates a multiple incidental parameter problem with unobserved dependence across the
dyads’ linking decisions.

A1.2 requires the disturbance terms to have a large support given {X" = x, i = u}.
Given any specification {X" = x, i = u}, Al.2 ensures that the event {D;; # Dy}
happens with positive positive for any dyads (¢, k), (i,() € N, In other words, as-
sumption Al.2 guarantees the existence of within-individual variation in the outcome
linking decisions.

Assumption Al is commonly used in semiparametric nonlinear panel data mod-
els, for example in Manski (1987); Han (1987); Abrevaya (1999b) and Arellano and
Honoré (2001), as well as in network formation models, such as in Graham (2015);
Leung (2015a) and Menzel (2015).

Let AyX; = X, — Xy, for any 4,1,k € N,,.

Assumption A2. The following hold for any n, and any i,l,k € N,,, with | # k.

1. The support of Ay X; is not contained in any proper linear subspace of R .

2. There exists at least one component Alei(s), se{l,---, K}, with By s # 0 such
that for almost every Aklxg_s) = (Aklxgl), e ,Aklxgs_l), Ak1x58+1), cee Aklxz(K)),
the distribution of AMXZ-(S) conditional on Alei(fs) = Aklxz(*s) has a positive

density almost everywhere with respect to the Lebesque measure.

Without loss of generality, I set 8y; = 1 or —1. This is a scale normalization
used to identify [, instead of the scaled parameter B/ ||5o||. The normalization is
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without loss of generality, since the sign of J; is identified from the limits:

lim P[Dy =1|X" = 1],

(1)
ZTig 0

lim P[Dy=1|X"=z].

(1)
Ty X

If the sign(fy1) = —1, then fy; can be normalized to —1.

A2.1 is a full rank condition for the exogenous attributes. A2.2 requires the ob-
served covariates to have a large support, which implies that Ay, X/b has everywhere
a positive density for any b € R with b; # 0. The existence of at least one con-
tinuous covariate is a necessary condition for achieving point identification since it
guarantees the existence of a subset in the support of Ay X; — Ay X; with positive
probability over which 3, is identified from any b e RX.

Conditions A2 is frequently used in semiparametric nonlinear panel data models,
for example in Manski (1987); Han (1987) and Abrevaya (1999b), and in the literature
of empirical games with strategic interactions, for example in Tamer (2003) and Kline
(2015). In section 2.3.4, I give alternative sufficient conditions for point identification

when regressors are continuous with bounded support.

Assumption A3. For anyie N,
sup(p; | X" = x) < [By, Bu],
for any x € supp(X™), and given By, By < .

A3 states that the agent-specific fixed effects have bounded support. This as-
sumption allows for discrete or continuously distributed fixed effects. Furthermore,
their distribution could be heterogeneous as long as common bounds for their support
exist.

This assumption, jointly with A2, guarantees that the within-individual variation
in the observed attributes dominates the magnitude of the variation in the fixed ef-
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fects. A similar condition has been used in weakly separable models with endogenous
dummy variables, Vytlacil and Yildiz (2007).
The following theorem states the main point identification result. To simplify

notation, consider the following definitions. For any distinct i, j,1, k € N,,, let:
Q(ijlk) = {Dg # D, Dyt # Dji, Dy, # Dji},

and

YY) = (Dy — Dy).
Theorem 1.

1. Let assumptions Al - A8 hold. Then, for any n, and any i, 7,1,k € N,:

Med [Yk(li) — Yk(lj)|X" = X, Q(ijll{:)] = 2 x sign {[(%k —xy) — (xj — le)]’,ﬁo} ,
(7)

where x € X, and
Xp={xeX": forany i,j,k, 1€ Ny, | Apzifo |= (By — Br), and

sign {ApziBo} + sign {Apzifo} = 0} .

2. Let assumptions A1 - A3 hold. Then [y is point identified.

Equation (7) is fully characterized in terms of the observed variables (D", X")
and it represents an identifying condition for . This equation conveys two main
points. First, the event €(ijlk) constitutes a sufficient statistic for the agent-specific
factors in the conditional median of Yk(;) — Yk(lj ). In other words, the conditional
median of the pairwise-difference of the links given Q(ijlk) is fully characterized by
the pairwise-variation in the observed attributes. Second, the set 2(ijlk) ensures
sufficient within-individual and across-individuals variation to identify [y, under the

support conditions on the exogenous attributes.
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Intuitively, equation (7) holds because conditional on {X" = x, Q(ijlk)} the ran-

dom variable Yk(li) — Y,C(ZJ ) has a Bernoulli distribution with support {—2,2}. This

statement follows from two results. First, the random variable
Yim X" = x, Q(ijlk) for m=i,j,

has a Bernoulli distribution with support {—1,1} due to the within-individual vari-
ation D, # Dy, for m = i,j implied by the set Q(ijlk). Second, the across-

individuals variation ensures that the following equivalences hold:

vW=1 o v¥=-1

Y

vW--1 & yP-1 (2.9)

For instance, suppose Yk(li) = 1, then it follows that conditional on {X" = x, Q(ijlk)}:

Yk(li) =le{Dyp=1,Dy=0}<{Dy=0,D;; =1} = Yk(lj) 1

The first equivalence follows from the definition of Yk(li) and the within-individual ¢
variation D;, # D;. The second equivalence holds because of the across-individuals
variation D;, # Dj, and the within-individual j variation Dj; # Dj;. The last
equivalence is symmetric to the first equivalence for agent j.

The proof of the second equivalence in (2.9) follows analogous arguments. Thus,
the random variable Yk(;) - Yk(lj )‘ X" = x,Q(ijlk) has a Bernoulli distribution with
support {—2, 2}, and

Med |V, = Y |X" = 2, Qi)
= 2 x sign {]P’ [Yk(;) - Yk(lj) =2|X" =z, Q(ijlk)]

- PV - v = —2xt = 2,06 |}
(2.10)
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Finally, following the intuition described in section 2.3.1, given A1l and the set
Q(ijlk) the pairwise difference of the linking decisions for agents ¢ and j implies:

sign {E [Y,jl“ —yPxn = x, Q(ijlk)]} — sign {[(zi — 1) — (235 — 231)] B},
(2.11)

for any x € A.
The proof of part 1 in Theorem 1 is concluded by showing that the right-hand

side of equation (2.10) is equal to twice the left-hand side of equation (2.11). This
result follows from Yk(li) — Yk(lj | Xn = x, Q(ijlk) being a Bernoulli random variable.

The point identification strategy relies on exploiting the within-individuals and
across-individuals variations in the links formed. For any tetrad (i, 7, k,[), the set
Q(ijlk) characterizes all possible subnetwork structures that generate sufficient varia-

tion to identify . Figure 2.2 below depicts all the subnetworks contained in Q(ijlk).

Structure 1: Structure 2: Structure 3:
{Dir =1,Dy = 0,Dj; = 1,Djp = 0} {Dyj, =0,Dy =1,Dj; =0,Djp =1} {Dij =1,Dy = 0, Dy = 0,Dpy = 1}

&
B
B

Structure 4: Structure 5: Structure 6:
{Di; =0,D;; =1,Dy; = 1,Dpy =0} {Djy, =1,D;; =0,Dy, = 0,D;; =1} {Ds, =0,D;; = 1,Dy, = 1,D;; = 0}

Note: A solid line indicates that a link exists, a dashed line indicates that a link is absent, and a
slightly dotted line indicates that the link is either present or absent.

FIGURE 2.2: Subnetwork formed by agents 1, j, k,l € N,,.
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Consider the subnetwork structure 1 in figure 2.2, which is given by:
{Dix =1,Dy =0,D;; =1,Dj, = 0}. (2.12)

Under structure 1, the dyads (i,k) and (j,1) form an undirected link, depicted by
solid lines. No link is formed by dyads (¢,{) and (j, k), depicted by dashed lines. The
decisions D;; and Dy, could generate any outcome and the resulting structure will
be consistent with Q(ijkl). Note that if dyads (i, j) and (k,1) form undirected links,
the resulting subnetwork structure is consistent with structure 3 in figure 2.2.

A2 is a sufficient condition for point identification of By. This assumption requires
the existence of at least one covariate with full support. If this assumption fails, then
equation (2.11) yields a collection of moment inequalities that can be used to partially
identify [y. Furthermore, these moments inequalities characterize the identified set
of the network formation model with multiple fixed effects.

Specifically, let By denote the identified set. The identifying set is defined as the
collection of (by, -+ ,bg) € RE=! such that b = (1,by,--- ,bx) satisfies the moment

conditions in (2.11). That is
By = {b eRV:E [Y,y ~YOIX" = x, Q(ijlk)] 20 [Agzi — Az b2 0,
Vi, j, k1N, and

VX = ($12,' Lk s TGyt 7:Cjk'7 T 7'rjl7. o anfl,n) € Supp(Xn> M XB}?
(2.13)

The identifying set By will be used in section 2.3.4 to derive bounds for each

elements in the vector of unknowns 5, when assumption A2 fails.
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2.3.3 Identification Failure

In this section, I discuss two cases of identification failure. First, I show that if the

class

Q, ={Qijlk) : i,5,k, 1 e N, },

has probability zero, then the median of the pairwise difference of the links does not
have identification power to recover 3y. Intuitively, if €2,, has probability zero the un-
derlying network does not exhibit sufficient within-individual and across-individuals
variation to partial out the fixed effects.

Second, I show that the identification strategy implies by the panel data maximum
score estimator (Manski 1987) does not identify fy in the network formation model
with multiple fixed effects. In particular, computing the within-individual difference
conditioning on the “switchers” fails to capture the contribution of the fixed effects

along the longitudinal dimension.
Thin Set Identification

Intuitively, the set Q(ijkl) ensures sufficient variation to partial out the agent-specific
fixed effects. If the class €2, has probability zero, then Yk(li) —Yk(lj ) will not have enough

information to identify . I formalize this result in the following theorem.

Theorem 2. Let assumptions A1 - AS. If the class §2, has probability zero, then
the median of the random variable Yk(li) - Yk(lj) X" = x does not have identification

power for any x € supp(X"™). That is, the set of parameters that are observationally

equivalent to By in terms of
Med { ) - Yk(lj)‘ X" - x}
is RX.
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The class €2, has probability zero if for any tetrad (4, j, k, () the resulting subnet-
work structure violates at least one condition in Q(ijlk) = {Dy, # Dy, Dj # Djy,
Dy, # Dj}. In appendix 2.8.2, I characterize all the subnetwork structures that are
not consistent with €(ijkl), and under which the class €2,, does not have identification
power.

Specifically, some examples of network structures for which the class €2, has
probability zero include (i) dense networks where everybody is connected to everyone
with probability one; (ii) empty networks where no links are formed with probability
one; and (iii) homogeneous networks where individuals form similar connections with

probability one. I formalize this intuition in the following proposition.

Proposition 3. Given the network formation model in (2.1), the class €, has prob-

ability zero if for any n, and any 1,5 € N,,:

1. (dense network) the conditional distribution of X;jﬁo given i = [t and €;; = e

has a probability density that is everywhere positive on the interval

[,ui"{'#j_ea OO)

2. (empty network) the conditional distribution of X;j,BO given [t = p and €;; = e

has a probability density that is everywhere positive on the interval

(—OO, MZ+MJ_€]

3. (homogeneous network) the conditional distribution of p; + u; given X;j =z

and g;; = e has a probability density that is everywhere positive on the interval

[e—a'By, ).

28



The realized network under condition (1) in proposition 3 is a dense network since

a link is established within any dyad (i, 7) € NP with probability one,

Under condition (2), the realized network is empty since no link is created within

any dyad (4, ) € NP with probability one,
P[DZ]:1|XTL:X,,&:,LL]=O

Finally, under condition (3) the individuals create similar connections driven by
their preferences for agent-specific attributes. The resulting network structure is
homogeneous. The class €, has probability zero under the conditions (1), (2), and
(3) in proposition 3 because the equilibrium network does not exhibit sufficient link
variation either within or across individuals.

In tables 2.5 and 2.6 of section 2.5, I report Monte Carlo simulations which provide
evidence on the probability of 2, been arbitrarily close to zero when the realized
network structure is either dense or empty. Table 2.7 shows that €2,, has probability
arbitrarily close to zero when the realized network is homogeneous. Finally, the
numerical evidence in 2.5 and 2.6 indicate that if the network structure is sparse, the
probability of €2, is positive. A sparse network exhibits sufficient link variation.

The large support conditions in assumptions Al and A2 guarantee that €2, has a
probability greater than zero. Nonetheless, this probability could be arbitrarily small,
which will complicate the inference procedure. In section 2.4, I discuss inference on
Bo under two scenarios: (i) the probability of 2,, converges to zero as the network size
grows, and (ii) the probability of €2, converges to a positive constant as the network
size grows. Specifically, I show that the convergence rate of the estimator for 3, can
be slower than the square root of the sample size if the probability of €2, converges

to zero.
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Nonlinear Panel Data Identification Strategy: Mazimum Score

In this section, I show that the incidental parameter problem in the network for-
mation model in (2.1) is more complex than in a nonlinear panel data model with
both cross-sectional and time fixed effects. Specifically, in the network model, the
fixed effects across the longitudinal dimension may be arbitrarily correlated with
the vector of observed attributes. Consequently, these fixed effects do not satisfy
a strong exogeneity condition as the time fixed effects do in nonlinear panel data
models. To this end, I show that following a Maximum Score type identification
strategy (Manski 1975, 1987) to identify the vector of parameters does not identify
Bo in this model.

The following proposition adapts Lemma 2 in Manski (1987) to the network
formation model specified by equation (2.1). Furthermore, it states that the median

of Dy, — Dy conditional on X" = x and the “switchers” D;; # D;; does not identify
Bo-

Proposition 4.

1. Let assumption A1 hold; then, for any n, and any i,1,k € N,
Med(Diy, — Dy|X™ = @, Dy + Dy = 1) =sign [(zir, — za)'Bo + (ke — )] . (6)

2. Let Assumptions A1 and A2 hold. Then, the set of parameters consistent with

equation (6) is RX. That is, equation (6) does not have identification power.

In contrast to a nonlinear panel data model with a single individual fixed effect,
conditioning on the within-individual variation D; # D, does not fully absorb
the contribution of the multiple agent-specific fixed effects. The within-individual
difference fails to partial out the fixed effects along the longitudinal dimension. This
property is exhibited in the equation (6) by the presence of the composite factors
pi— py- In summary, the incidental parameter problem in a network formation model
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is more complex than in a nonlinear panel data model with both agent-specific and

time fixed effects.

Remark 1. Proposition 4 formalizes the conjecture made by Charbonneau (2014)
regarding the impossibility to generalize Mazimum Score to the presence of multiple
fixed effects. Proposition 4 states that the conditional median of Dy — Dy given
{X"™ =x, Dy, # Dy}, which is a (known) specific feature of the distribution of ob-
servables, does not have identification power to recover By. Nonetheless, this does
not mean that By is unidentified. Specifically, Theorem 1 proves that By is point
identified using a different (known) specific feature of the distribution of observables

after conditioning on €,,.
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2.3.4 Alternative Identifying Assumptions

The point identification result in section 2.3.2 relies on Alei(l) having a large sup-

port conditional on AMXZ.(*D = Akl:cl(*l), for any i, k,1 € N,, (Assumption A2.2).
In this section, I study the identification of the semiparametric network formation
model in equation (2.1) when Assumption A2.2 is violated. Specifically, I consider
two scenarios: (1) all the covariates have bounded support, and the conditional dis-
tribution of AMXZ-(D given AMXZ-(*U = Akl:rg*l) is continuous for any Aklngl); (2)
all the covariates have a discrete and finite support. The following results are espe-
cially relevant for empirical applications with datasets in which is hard to justify the

existence of a covariate with large support.
Bounded Support and one Continuous Covariate

The main result of this section shows that [, can be point identified when the
conditional distribution of Alei(l) given Alei(fl) = Ak,xf” is continuous, and all
the covariates have a bounded support. In other words, I show that the existence of
a covariate with large support is not a necessary condition to point identify fy.

The next assumption weakens assumption A2.
Assumption A2'. The following hold for any n, and any 1,1,k € N,,, with | # k.

1. The random vector A X; has a bounded support on R¥, and Alei(l) s an

absolutely continuous random variable.

2. For some n > 0, there exist an interval S, = [—n,n] and a set A, € RE™! such

that

(a) A, is not contained in any proper linear subspace of R*~1.

(b) P (Akle—” e An> )
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(c) For almost every Aklxg_l) € A,, the distribution of A X By conditional on
Aklxz(fl) = Aklmgfl) has a probability density that is everywhere positive

on Sy,.

A2'.1 restricts the covariates to have a bounded support and therefore assumption
A2 no longer holds. Part (c) in A2.2 assumes that the linear index Ay X5 has
a continuous distribution in the interval S,, which contains Ay X;By = 0. This
theorem, is a slightly modified version of the result obtained by Manski (1988) and

Horowitz (2012) for semiparametric binary-response models.
Proposition 5. Let assumptions A1, A2 and A3 hold; then [y is point identified.

To understand the intuition behind proposition 5, consider the identified set By
defined in equation (2.13). To simplify the exposition, I restate the identified set
below.

By = {be R E |V~ vIX" = x, Qijk) | Z 0= [Ayzi — A0 20,

Vi, 7,k 1leN, and

Vx = (‘/E127"' s Liky = 5 Ligly " 5 Ljky - 5 Ljly - an—l,n> ESUpp(Xn> mXB},

Assumption A2 implies that the linear index Ay X5y has a positive density on
the interval S, conditional on AMXZ-(I) = Aklxgl), for any Aklxgl) € A,and i, k,l € N,,.
Let Wi = (AuX; — A X;), for any i, 7,1, k € V,,, which has a continuous density

) is a continuous random variable

with respect to the Lebesgue measure since Alei(l
with bounded support.
Define the sets:
S1(b) ={w: w'fy <0 < w'b}
So(b) ={w:w'b <0 <wp}.
A necessary and sufficient condition for identification is

P[S,(b) U Sa(b)] > 0. (2.14)

33



If P[S1(b)] > 0, then there exists a subset in supp(W}, ;;8) with nonzero proba-
bility in which

E|v{ - vP X" = x ijtk) | <o,
with parameter value 3y, and
B[V - vP X" = x k)| = 0

for the parameter value b. The argument is symmetric for P [Sa(b)] > 0.
Let b = (1,609), By = (1,85, and w = (w®,wY) € supp (Wi;), with

b, B D e RE-1. Then the sets Sy(b), Sa(b) can be written as:

$1(0) = {w s —w VB~ 55Y) < 'y <0}

50 {0 <t < 0

Conditions (a) and (b) in A2".2 ensure that P [w(_l)'(b(_l) - ﬁéfl)) - O] > 0 for
any b~ % 6((]_1), and w=Y € A,. Then, condition (c) in A2".2 implies that at least
one of the sets S1(b), S2(b) has a nonzero probability since Wy, ;.3 has a conditional
probability density given w,(d_llj) = Akla:l(_l) that is everywhere positive on 2 x S,. In
other words, A2' guarantees that the sufficient condition for identification in (2.14)

is satisfied. Therefore, S, is point identified.
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Finite and Discrete Support

In this section, I show that the parameter of interest in the the network formation
model can be partially identified when all the covariates have a bounded and discrete
support. This result is known from the literature of binary choice models such as
Manski (1975) and Komarova (2013).

I follow the recursive procedure introduced by Komarova (2013) for binary choice
models to obtain bounds on each component [, of the parameter of interest /3, for
k =2,---,K. The bounds obtained are used to approximate the identified set by
the smallest multidimensional rectangular superset that covers the identified set By.

The following assumption replaces A2.
Assumption A2”. For any n, and any i, k,l € N, with k # L.
1. The support of X, is not contained in any proper linear subspace of R .

2. The profile vector of observed attributes X™ = (Xq2, -+, Xp—1,) has a discrete
support given by
supp(X") = {x', .-, x"},
for a finite D.
Under A1, A2” and A3, the identified set is the following:
. . /
Bo = {b eR* B[V - VX" = x QGjtk) | 20 |Aual® — Ayl | b 2 0,

for any distinct 4, 5, k, 1 € N,,, and x? € supp(X") n XB} . (2.15)

where

@ L @ () )
) sl o 7jk7 7]'17 n 9

o)

Il
~~
8
©
8
o
8
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The identified set is characterized by a system of linear inequalities, which is used
to compute the bounds for the components { 507;{},?:2 of By. The system of inequalities
in (2.15) contains both strict and non-strict inequalities.

To simplify notation, let i;5 denote the dyad (iy,i2) for any unique dyad in
N,Ez’. Furthermore, let P, 4 denote the set of total tetrads with distinct elements
(i1,12,13,44) from {1,2,---  n}. Index the elements in P, 4 by the boldface letter i.

Let
24 = sign {IE [ylgli) _ Yéﬁj)p(n = x?, Q(l)]} [(:El(fl — :cl(fli) - (xfj)g - xfjl)] ,

for any i = (iy, 42, 43,44) € Py4 and x? € supp(X"), denote the K-dimensional vector
of pairwise differences of the observed attributes that preserves the sign of the cor-
responding inequality in (2.15). Let zi(le) denote the kth element of the signed vector
of pairwise differences of observed attributes z; 4, for any k =1,--- | K.

Rewrite the conditions characterizing the identified set in (2.15) as the following

system of linear inequalities with K — 1 unknowns given by by, -, bg
A 4 2Py + 20+ 2 = 0,
A 4 280y + 20 + -+ b > 0,

z](\})l + Zﬁ?lbg + Z](\?/}?lb:; S Z](\ﬂbk =0,

where M = |P,4|, and |P, 4| denotes the cardinality of P,4. For simplicity, the
system in (S7) is written as system non-strict linear inequalities; although, the initial

system in (2.15) contains both.
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The solutions to the system (S7) establish bounds for each component of the pa-
rameter 3y by following the recursive procedure introduced by Komarova (2013). Her
procedure recursively simplifies the system (S7) by excluding one unknown variable
at each iteration. The recursive elimination continues until it reaches a simplified
system with only one unknown variable. The upper and lower bounds for the re-
maining unknown are then computed from the simplified system. Her algorithm is
repeated, using different elimination sequences, until the bounds for all the elements
{B07k}£(:2 are computed.

Denote by b, (and by,) the lower (upper) bound for the unknown parameter 3,
for k = 2,--- , K. Komarova (2013) shows that the identified set can be approx-
imated by the smallest multidimensional rectangle superset that covers By. This

superset, denoted by R(By), is defined as the Cartesian product of the intervals
{[bg, I;k]}kKZchat bound the elements {50,19}?:2- That is,

K

R(Bo) = | [ [ty be].

k=2
I illustrate her recursive procedure in the next example.

Example 2 (Bounds). In this example, I characterize the identified set and the
smallest multidimensional rectangle superset that covers the identified set. I discuss

the computation of the bounds for a general network formation model in appendix

2.9.
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For any n, consider the following network formation model: °

Dy =1 [Xi(,:) + Xi(:)ﬁog + Xi(s)ﬁo,g + i+ e — Eig = O] for any (i, k) e N2,
(2.16)
where By = (1, Bo2, Bos) = (1,1.5,—1.5)". For any (i,k) € 752), the supports of the
observed attributes are supp (Xi(,i)) ={-2,-1,0,1,2, 3,4}, supp (Xi(:)) = {-1,0,1},
and supp (XZ.(,?)) ={0,1,2}. Hence, the support of Xy, contains 63 points.
To characterize the identified set is necessary to determine the set of wvectors
b € RX that are observationally equivalent to By under the moment inequalities in
(2.15).

Under the true DGP, the sign of each inequality in (S1) is determined according

to the rule:

If
(1,15,-1.5) [ @ = 2{) = @) — 2i)| = 0= B[R - P X" = x?, 0()| = 0.
If

(1,15,-15) @) —2{) = @) =2l | <0 = E[v - v x" = x',06)| <o,

for any i = (i,j,k,1) € P4 and x* € supp(X").

° This example uses the same data generating process (DGP) design for the network formation
model as the Monte Carlo simulations in section 2.5 up to the discretization of the supports of
X l(,i ) and X 1(13 ), Assumption A2 requires X 1(,1 ) to have a large support conditional on the remaining

exogenous covariates. The discretized support of X z(,i) accounts for 95% of its original probability

mass. The discretized support of X 2(,:’) takes both end points of the original support, and the only

integer value in between the end points.
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The identified set By is defined as the set of vectors b = (1, by, b3) € R? that satisfy

i N i~n . 1 1 1 NE
E [Yk(l) - Yk(lj)|X = X1>Q(1)] % 0= [(fgk) - ‘Tz(l)) - (:c§,j - fﬁ-z))] b % 0,

i N i~ . 2 2 2 N
E [Yk(l) - Yk(lj)|X = XZ,Q(I)] % 0= [(ng) - ‘Tz(l)) - (xgk) - 935'1))] b % 0, (E1)

i N i~ . D D D D)\ |
E [Yk(l) _Yk(l])|X = XD,Q(I)] 20« [(ﬁgk)_%('l )) - (xﬁ,j _"E;l ))] b 20,

for anyi= (i,j,k,1) € Pp,4.
The bounds for the components By and By s are computed from the solutions to

the following system of linear inequalities implied by (FE4). Let,

gl

. i ) e . d d d d
Zikjd = sign & [Yk(l) - Yk(lj)’X = Xda Q(l)] [(xgk) - Iz(l)> - (x§k) —a ))] )
ford=1,---,D. System (E\) can be written as:
zfll) + zfl)bg + zﬁ)bg =0,

zéll) + 2521) by + 2531) bs =0, (Es)

z](\}?D + z](\?Dbg + z](\?Dbg = 0.

To illustrate the recursive procedure, suppose the goal is to find the bounds for the
component 5y 5. Consider, the ijth inequality in system (E»)

zflj) + zg) by + zz(:j) bs = 0.

Solving for by, the ijth linear inequality is equivalent to:

(2 Zij irj

if 2720 = ECh ﬁbg < by,
©,] 1,7
(1) 3)

o (2) Fij P
©,] %



The process is repeated on the M x D linear inequalities in (Es). Suppose that
the system (S1) has Ny inequalities with P 0, Ny inequalities with 2 < 0, and
N3 inequalities with B = 0; then the system (S1) is equivalent to

Li(b3) < by, i=1,---, Ny, (Es)
U,(b3) = bs, jg=1,--- Ny,

Zr(b3)>ou 7“:1,"'7N3,

where L;(-), U;(+), Z,(-) are linear functions of by and do not depend on bs.
The system (E3) yields the simplified system:
U](b3)>Lz(b3)7 Z.:17"'7]\]17 jzlv'”?N%

Zr(b3)>oa 7’:1,"',N3,

which can be written as

ul—i-vlngO, lzl,'”,L, <E4)

where L = Ny x Ny. System (E,) was obtained after simplifying (E1) using the
recursive procedure introduced by Komarova (2013). The system (FEy4) has by as the
only unknown variable.

The lower and upper bounds for By s are derived from the simplified system (Ej)

as follows:

Uy
by = max {——:vl>0},
L

=1 V1

- . Uy

by = min {—— v, <0}.
l=1,-,L (]

The process to obtain the bounds for Byo is symmetric. Then, the smallest multidi-

mensional rectangle superset R(By) that covers the identified set is

R(By) = [by, ba] x [bs, bs].
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In figure 2.3, I depict the bounds for the components in By, the identified set, and the

smallest multidimensional rectangle superset that covers By.

-1.3
Rectangle Superset
@ ldentified Set
-1.35 ¢  True DGP Beta(0)
14
-1.45F
(<)
.g -1.5F
Kl
1.55F
46l
-1.65 -
_17 1 1 . . . . - 1 1 |
1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2

beta2)

FIGURE 2.3: Bounds and Rectangular Superset

The bounds obtained by the recursive procedure introduced by Komarova (2013)
are unique and independent from the order used to simplify the system (2.15). That
is, the bounds obtained are uniform over the order of elimination process. Notably,
the identified set is characterized using only the information contained in the condi-
tional median of Yk(;) - Yk(lj ) given {X" = x,Q(ijkl)}. Sharpness of the identified set
and the bounds {[I_)k, I_)k]}kK:2 is still an open question in the literature, and I leave

this question as future research.
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2.4 HEstimation

In this section, I propose a semiparametric pairwise difference estimator for gy under
the point identification assumptions of section 2.3. A semiparametric approach is
attractive because it does not confine the distribution of the disturbance term to any
specific parametric family. Furthermore, it allows for a flexible statistical dependence
structure between the agent-specific factors and the exogenous attributes.

The pairwise difference estimator is an M-estimator that minimizes a 4th order
U-process. The estimator generalizes the Leapfrog estimator introduced by Abre-
vaya (1999b) to a network structure with multiple and unobserved heterogeneity.
In particular, Abrevaya (1999b) introduced the Leapfrog estimator as an estima-
tion method for strictly monotonic transformation models, for both panel data and
cross-sectional frameworks. Invertibility of the transformation function is a necessary
condition for the models considered in that paper. The network formation model in
equation (2.1) constitutes a weakly monotonic transformation function that is not
invertible. Hence, the network model studied in this paper is not nested in the class
of models considered by Abrevaya (1999b).6

I show that the estimator for [, is consistent and has an asymptotic normal
distribution. If the probability of the class €2, converges to a positive constant, as
the size of the network increases, the estimator has a parametric convergence rate
(square root of the sample size). If the probability of the class €, converges to zero,
the convergence rate of the estimator is slower than the parametric rate. The slower
rate of convergence is a consequence of identifying 5y in a set with arbitrarily small

probability, also referred to as a thin set. In this case, fy is said to be irregularly

6 Abrevaya denotes the Leapfrog estimator as pairwise difference estimator in the cross-sectional
framework. Although Abrevaya’s estimator also minimizes a 4th order U-statistics, the semipara-
metric estimator introduced in this paper is qualitatively different from his estimator because is
developed to estimate models of link formation among dyads. The two estimators have different
asymptotic behaviors, which becomes visible from their distinct convergence rates.
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identified (Newey 1990; Andrews and Schafgans 1998 and Khan and Tamer 2010).
2.4.1 Pairwise difference Estimator

I propose an estimator for 3y based on the identification condition described in (7).

Consider following limiting objective function

Q(b) = 2E [S(XB) x sign {[( X — Xa) — (Xju — Xj1)] b} x (Y,jﬁ - y,g)) | Q(z‘jlk)] ,
(2.17)

where, S(Xp) is an indicator function that is equal to 1 if x € X'z, and 0 otherwise.
The next proposition states that this limiting objective function is uniquely max-

imized at the true parameter value, b = fy.

Proposition 6. Let assumptions A1, A2 and A3 hold. Then, the limiting objective

function Q(b) is uniquely maximized at b = Py. That is,
Q(Bo) > Qb), for all beRX with b+ fo.

Consider a sample of size n
{aiid jen = 1Din Xiid jen® -

Recall that i; o indexes the unique dyad (iy,i2) € N The sample analog of the

limiting objective function is a 4th order U-statistic defined as

-1
n
QN(b) = (4> Z h(zh,g’ Ri1,41 Rig 31 Pz as b)’ (2'18)

C’VL 4

where ), = denotes summation over the (Z) combinations of tetrads with distinct
elements (i1, 19, 13,14) from {1,2,--- n}. The function h, known as the kernel of the

U-statistic, is defined as

h(zi1,37 Riy,40 ®ia,3y i, b) =

2 .
E Z {S(zh,;a? Ri1,45 Fin 3y Rl b) X s1gn {[(xil,s - $i1,4) - (xiz,s - xi2,4)]/ b}
L

(i1) (i2) (i1) (i2) \| _
(= il) {2 k)] =)
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where
S(Zi1,3v Riy 4y Rig 31 Rz s b) =
1 [(:L‘il’g — xi1,4) b > BU — BL] 1 [(l’iz’g — SCi2’4) b < BL — BU] +

1 [(L’Ei&’1 — $i3’2) b > BU — BL] 1 [(l‘i4,1 — xi4,2) b < BL — BU] ,

and ) p, denotes summation over the 4! permutations {iy, s, 73, 14} of {1,2,3,4} . The
kernel function is symmetric with respect to its argument (see Remark 2 below).

The semiparametric pairwise difference estimator is

~

fn = argmax @, (b), (2.19)

beBcRE

where the first dimension of the vector of unknown parameters is normalized equal
to one in the parameter space, as a consequence of scale normalization used to point
identify [, instead of the scaled parameter 5y/ ||Go||. This normalization is discussed

in section 2.3.2.

Remark 2. Given that underlying network is undirected, it can be shown that 18 out
of the 4! total permutations have an identical contribution to the kernel function. For
example, the permutations (i1, 12,13,14) and (i3,14,11,12) have identical contribution
to the kernel since

(mil,S - xi1,4) - (xi2,3 - xi2,4) = (xi3,1 - xi3,2) - (xi4,1 - xi4,2) )

(i1) (i2) _ , (i3) (i4)
yi3,4 - yi3,4 - yil,Q - yi1,2 :

Hence,

Sign{[(xh,s - xi1,4) - (xi2,3 - xi2,4)],b} X (yl(;lzl) o yl(;24)>

= Sign{[(mi3,1 - xi3,2) - (mi4,1 - xi4,2)]/b} X <yi(1i,32) - yi(fjlg)>
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The proof for the remaining cases is analogous. Therefore, the kernel function sim-

plifies to
h(zi1,37 Ry 4y %231 iz 49 b) =
6
2 . /
6 2 S<Zi51733 ’ Zi81734’ zi52733’ Zi82~94’ b) sign [(xi51,83 - 1’151734) - (13132733 - xi32,64)] b

s=1
(isy)  (isg) (isy) (s@) )| _
(o, —oiz) < (-l =2}

where (is,, lsy, isy, 1s,) denotes the permutation of the index (i1, 12, 13,14). The 6 unique
permutation are

{(ilu 7:2a 7:37 i4)7 (ila i27 7:47 7:3>) (7:17 Z.37 i27 7:4)7 (i17 7:37 Z.47 i2)7 (Z.la 7:47 7:27 Z.3)7 (ila Z.47 i?)a 7/2)} .
2.4.2  Consistency

In this section, I provide sufficient conditions for the pairwise difference estimator,
defined in equation (2.19), to be consistent. Assumptions Bl and B2 adapt those in
Abrevaya (1999b) to a network formation model. Assumption B3 imposes a lower
bound on how fast the probability of the class €2, can go to zero as the sample size

increase.

Assumption B1. The researcher observes a random sample of n agents, the link

status and dyad-level observed attributes for all the unique dyads in the sample
{(Dijy Xij)}(iJ)EM(Lz) , forn e N.

Assumption B2. The parameter space B is compact and By is an interior point of
B.
Assumption B3. Let p, =P (Q,), where

1. pp = po =0, as n — .
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2. \/anaoo, as m — oo.

Assumption Bl states that the researcher observes only one realization of the
network with a large number of individuals. The asymptotic analysis is conducted
by assuming the number of individuals in the sample increases. This framework
is known as “large-market” asymptotics, and is suitable for applications in which
only one large network is observed. In recent years, the “large-market” asymptotics
paradigm has received an increasingly amount of attention in the network formation
literature. Some notable papers that follow this approach are Boucher and Mourifié
(2013); Chandrasekhar and Jackson (2014); Graham (2015); Leung (2015a,b); Menzel
(2015) and de Paula et al. (2016). In the empirical application, I study the friendships
network formed within one high school by a large number of students.

Assumption B2 is a regularity condition that is frequently used in the literature
of semiparametric methods. Compactness of the parameter space is used to prove
consistency of the pairwise difference estimator. Assumption B2 also requires [
to be an interior point of the parameter space. This condition is used to derive
the asymptotic distribution of the estimator. The methodology relies on finding
a quadratic approximation for a smooth function of the kernel of the U-statistic.
Condition B2 has also been used by Han (1987); Sherman (1993, 1994) and Abrevaya
(1999b). For further references see Powell (1994).

Assumption B3 states that the probability of the identifying class €2,, converges to
a nonnegative constant, which could be zero. Under this assumption, the subnetwork
structures that satisfy the conditions in (4, j, k, 1), see figure 2.2, become more unlike
as the number of individuals in the network increases. The probability of €2, will
convergence to zero if there is not enough within-individual and across individuals
variation in the links. Some examples of networks for which the probability of €2,
converges to zero are networks that, with probability approaching one, become dense,

empty, homogeneous, or if the subnetwork created by any sampled tetrad consists of
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a single edge, two edges that are adjacent to each other, or three edges. In Appendix
2.8, I depict all the subnetworks that do not meet the conditions in Q(ijkl).
Assumption B3.2 states that the probability of the class €2, cannot converge to
zero at a faster rate than square root of the sample size N = O(n?). The unique
dyads formed by the n individuals constitute the relevant sample in the network
formation model. Therefore, the actual sample size needed to estimate 8y is pnvV'N.

A similar property to B3.2 is used in Graham (2015).

Theorem 7. Let assumptions A1-A3, B1-B3 hold. Then,

671‘1;8;&0
as n — 0.

Theorem 7 shows that the pairwise difference estimator converges to the true

parameter value almost surely as the size of the network increases.
Asymptotic Normality

The main result of this section is that the pairwise difference estimator is asymp-
totically normal. The proof of this result follows similar arguments as in Sherman
(1993, 1994). The following assumption provides sufficient conditions to derive the
asymptotic distribution. First, I introduce additional notation to simplify the expo-
sition.

For b e B, and each z € S with sampling distribution P on S, let

7(2,0) = h(z,P,P,P,b) + h(P,2,P,P,b) + h(P,P, 2z, P,b) + h(P,P, 2, P.b),

where h(z, P,P,P,b) denotes the conditional expectation of A(,-, -, b) under P4,
given its first argument. P* denotes the product measure P x P x P x P for the

sampling distribution P on S, and given P* < co.
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Although h(zi, 4, 2i, 4, Zig 55 Zig 4, ) 18 @ discontinuous function for each (2;, 4, 2iy 4, Zip 55 Zin ) €

S* the function 7(z,-) can be many times differentiable if the distribution of

I:(:Cil,s - $i1,4) - (:Ciz,s - xi2,4)],b>
is sufficiently smooth.

Let [|-]| denote the Frobenius matrix norm, [[(a;;)l| = (3, a7;)"*, Vi denote

the mth partial derivative operator with respect to b, and let

&m
Vilg(0) = ) ‘m

; 7
11,0 im m

g(b)‘,

for any differentiable function of b.

Assumption B4. Let .# denote a neighborhood of By.

1. For each z € S, all mized second partial derivatives of 7(z,-) exist on M .
2. There is an integrable function M (z), such that for all z in S and b in A

Va7 (2,0) = Var(z, Bo)| < M(2)[b = fol-

3. E|V1’7‘(',50)|2 < 0.
4. E[Va|r(-, fy) < 0.
5. The matriz E Va7 (-, Bo) | ] is negative definite.

Theorem 8. Let Bn be a value that mazimizes Q, () over the parameter space B.

If assumptions A1-AS3, and B1-B4 hold, then:
PV N (B, — o) S N(O,VTIAVTY,  asn — (2.20)

where

4V =E [VQT(',/BO) | Qn] y

A =E[Vir(B)] [ViT(:, 50)],-
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If the probability of the class €2, converges to a positive constant, p, — py > 0
as n — o0, then the pairwise difference estimator has a parametric convergence rate
V.

If the probability of the class €2, converges to zero, then the converge rate is
slower than the parametric rate. This result is a consequence of identifying S, in a
thin set. The next theorem shows that the information bound is zero for the network

formation model if the probability of the €y converges to zero.

Theorem 9. In the network formation model characterized by equation (2.1), under

assumptions A1-A83, B1-B4, and if p, — 0 as n — oo, then the information bound

for By is 0.

Given the varying rates, inference can be conducted using the approach proposed
by Andrews and Schafgans (1998) and Khan and Tamer (2010). Let 3, denote the

estimator of the asymptotic variance:

~

S, = Vi A V2,

where Vn and An denote consistent estimators for V and A, and

—1
A n A
Pn = <4) Z ]- I:h(zi1,37 Zi1,4’ Zi2,3a Zi2,47 Bn) ;é 0] ) (22]—)

Cn,4
which is a consistent estimator for py.

Theorem 10. Let Bn be a value that mazimizes Q, () over the parameter space B.

If assumptions A1-A3, and B1-B4 hold, then:
SN (B, — Bo) S N(0,1),  asn — oo (2.22)

I conduct inference by estimating the asymptotic covariance matrix and referring

to the standard normal critical value. Section 7 in Sherman (1993) shows how to
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consistently estimate V' and A using numerical derivatives. Alternatively, Subbotin
(2007) shows that the nonparametric bootstrap is valid for inference for maximum
rank estimators. In the empirical application, I use the alternative bootstrap method
introduced in Honoré and Hu (2015). Their approach reduced the computing time
by estimating only one-dimensional parameters instead of one K x K dimensional

parameter.
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2.4.8 Asymptotic Properties under Partial Identification

In this section, I show that if 5, is partially identified, then the identified set can be
consistently approximated from the system of linear inequalities in (2.15). Specifi-
cally, by replacing the conditional expectations in (2.15) with a consistent estimates,
the resulting system can be used to approximate the identified set. The next theorem
provides the main result in this section.

First, denote by H (-, ) the Hausdorff metric. Specifically, for two non-empty sets
A and B let

H(A,B) = max{supinf |la —b||,supinf ||a — b||} .
acA beB beB aEA

Furthermore, let
B, |1 - Y@ X" = x4, Q)|
denote a consistent estimator of
B[y - v1X" = x?, (itk) |
as the sample size grows, and for any distinct 4, j, k,l € N,, and x? € supp X".

Theorem 11. Let assumptions A1, A2, A3, B1 and B3 hold. Then, if

ro (B [V = P X = x, k) | - B[V = vP1X" = 1, QG5tk) | ) = 0,(1),

for any distinct i, j,k,l € N, and x? € supp X", where {rn},en 1S @ nonnegative

sequence such that r, — o0 as n — . Let {€,} be a nonnegative sequence such

neN
that €, — 0 and €,r, — 0.
Let B denote a solution to the following system of inequalities:
A~ . . /
E, [Yk(;) - Yk(lj)|X" = x4 Q(ijlk;)] Z —€, < [(xl(,‘j) - xgld)> - (:E%) - xﬁ))] b= 0.
(2.23)

for any distinct i, 4, k,l € N,, and x% € supp X". Then:
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1. HB,By) 2 0 as n — 0.
2. H(R(B),R(By)) >0, as n — o asn — o0,
asn — oo.

The previous theorem states that the estimated identified set, and interval bounds,
consistently approximate the true identified set, and true interval bounds, for each

component of fy, respectively.
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2.5 Monte Carlo Simulations

2.5.1 Computation

The objective function @, (b) is a 4th order U-statistic, which requires O(n?) opera-
tions. The estimator Bn can be equivalently computed from the following objective
function @, (b), which can be computed in O(n*log(n)) operations by implementing

sorting algorithms that uses binary search trees, as described in Abrevaya (1999a).

~ 1 i1
Qn(b) = ) Z S(Zh,sv Zi1,49 b>Rank(i1,3,i1,4) [(xil,?) - $i1,4)/b] yi(1’3)7
Ps

n(n—1)(n—2

where , denotes summation over the n(n — 1)(n — 2) permutations of triads with
distinct elements (i1, 13, 42) from {1,2,---  n}

The function Rank, , 4, ,) [(#i, 5 — 21,,)'b] denotes the rank of agent 4;’s within-
individual variation of the linear index (i, , — x3,,)'b| within dyads (i1,i3) and
(i1,14), among the remaining (n — 3) within-individual variations for agents i other
than i, within dyads (is,43) and (is,44). That is

Rank(i1,3,i1,4) [($i1,3 - $i1,4),b] = Z 1 {(1’1173 - Ii1,4),b = (xi2,3 - xi2,4),b} :
iQENn\{i17i37i4}

2.5.2  Finite Sample Performance

In this section, I study the finite sample properties of the pairwise difference semi-
parametric estimator introduced in section 2.4. I compare the performance of this
estimator with the Tetrad Logit (TL) estimator introduced in Graham (2014). I
consider two setups with different distributional assumptions on the link-specific dis-
turbance term. In the first setup, the link-specific disturbance term has a logistic
distribution. Under this setup, the TL estimator is correctly specified for the network
formation model. In the second setup, the link-specific disturbance term has a stan-
dard normal distribution. Under this setup, the network formation model studied in
Graham (2014) is not correctly specified.
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I simulate the data from the network formation model in (2.1) with the following

true DGP value for the unknown parameter
Bo = [1,1.5,—1.5].

I assume the vector of dyad-specific attributes X;; is

X, = [X(l) x® X.(:.)’)], with Xi(;) = zyzy for 1=1,2,3.

1y <Ny g

The agent-specific observed attributes z;1, z;2, 2;3 are draw as follows:
Zil "N(O, 3),
zig ~Unif{—1,1} with P(z;2 = —1) = P(2;2 =0) = P(z;p = 1) = 1/3,

zis ~Unif(—2, 2).

I assume the latent agent-specific fixed effects are a; = % (zi1 + zio + 2i3) + (1 —
MW, where W ~ N(0,1) and X € {0.25,0.5,0.75}. The parameter A\ measures the
degree of correlation between the agent-specific observed covariates and unobserved
fixed effects. The bounded fixed effects are specified as:

By, it o < By

pi =14 a; if Bp<o; < By,
BU if BU<CY7;

with By, = By = 1.

The dyad-specific disturbance term is draw from two distribution. Specifically, I
consider 51(;) ~ Logistic(0, 1), and 55) ~ N(0,2).

The next tables report the estimates of 5y obtained from 500 Monte Carlo simu-
lations with correlation parameter A = 0.5 and sample sizes n = 100, 250, and 500.

I report the Monte Carlo simulations for A equal to 0.25 and 0.75 in appendix 2.11.

The results are qualitatively similar.
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Tables 2.1 and 2.2 report the finite sample properties of the pairwise difference
and the TL estimators under the first and second setup, respectively. I report the
scaled-normalized estimates [y/8p1 for both estimators, which is consistent with
assumption A2 and the definition of the parameter space in (2.19). T focus on the
median, mean, bias in percentage points, and the root mean square error (RMSE)
for each estimator. Tables 2.1 and 2.2 also report the probability of the class €2,, and
the average degree of the network.

Table 2.1 shows that under the logistic design and in a small network with 100 in-
dividuals, the estimation bias for the coefficient associated with the discrete covariate
Bo2 is approximately the same for both estimators, 5.9% for the pairwise difference
estimator and 4.1% for the TL estimator. The performance of the pairwise difference
estimator is as good as to the one of the TL for the coefficient associated with the
continuous covariate regarding bias and RMSE.

In the larger network with 250 individuals. The performance of both estimators
improves. Specifically, the estimation bias for 3y 2 of the pairwise difference estimator
decreases significantly to 1.02%. The bias for 3 remains small. The performance of
the pairwise difference estimator regarding the RMSE also improves. I also report the
estimates of the pairwise difference estimator for a larger network with size n = 500.7
These results confirm the good asymptotic performance. Specifically, the bias and
RMSE of the pairwise difference estimator become negligible as the network size
increases. In additional tests, I have estimated the network formation model with
sample sizes of 1000 and 2000, and the results are qualitatively similar. Notably, the
pairwise difference estimator performs as well as TL when the model is link-specific

disturbance terms are correctly specified as logistic.

"I do not report the estimates of the TL estimator for a network with sample size n = 500 due to
its computational complexity. Initial tests suggest that computing the TL estimator, in Matlab, for
a network with 500 nodes requires a computing cluster with more than 100 gigabytes of memory.
This challenge could be overcome by using other computing languages such as C++ or Python.
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Table 2.2 shows that under the standard normal design, the TL estimator for
the continuous covariate can present a bias of 15% in a small network of size n =
100. This bias decreases to 13% in a larger network of size n = 250, yet it fails
to disappear. These results suggest that the performance of the TL is undermined
when the distribution of the dyad-disturbance term is misspecified. The pairwise
difference estimate for the coefficient associated with discrete covariate presents a
bias of 5.7% in a small network of size n = 100. However, this bias decreases to 5%
and 4.7% as the network increases to n = 250 and n = 500. The pairwise difference
estimator for B3 presents a bias of 13% for a network with n = 100, which decreases
to 7.2% and 5.2% as the network size increases. The pairwise difference estimator
also has a good performs regarding RMSE.

The numerical evidence in tables 2.1 and 2.2 suggest that the pairwise difference
estimator has a good performance in finite samples, independently of the distribution
of the dyad-specific unobserved components. Furthermore, its properties improve
considerably as network size increases. Finally, the TL can suffer a nonzero bias

when the dyad-specific disturbance terms is different from logistic.
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Table 2.1: Monte Carlo Simulations: Logistic(0,1)
Pairwise Difference Tetrad Logit P(Q,) E(Degree)

Median Mean Bias(%) RMSE Median Mean Bias(%) RMSE

N =100 5.924%  47.134
Bo2/Pos = 1.5 1.495  1.589  5.968 1.519 1.504  1.562  4.172 0.369
Bos/Pos = —1.5 -1.494 -1.493  0.463 0.184 -1.731 -1.773 18261  0.390
N = 250 8.848%  118.799

Boa/Bo1 = 1.5 1.499 1484  1.024  0.164 1493 1.528  1.887  0.270
Bos/Bos = —1.5 -1.486 -1.487 0.854  0.066 -1.680 -1.697 13.135 0.284

N =500 8.243%  236.443
Boz2/Pos = 1.5 1.513  1.508  0.587 0.034
Bos/Pos = —1.5 -1.504 -1.501  0.076 0.030

Note: Number of Monte Carlo simulations M=500, correlation parameter A = 0.5

Table 2.2: Monte Carlo Simulations: Normal(0,2)
Pairwise Difference Tetrad Logit P(Q,) E(Degree)

Median Mean Bias(%) RMSE Median Mean Bias(%) RMSE

N =100 7.914%  47.125
Bo2/Pos = 1.5 1.630  1.585  5.715 0.727 1.651  1.665 7.454 0.437
Bos/Pos =—15 -1.734 -1.702 13.613 1.836 -1.735 -1.763 15712  0.438
N =250 7.346%  117.700

Boa/Bos = 1.5 1.567  1.551 5.061 0.886 1.524  1.512 4.133 0.325
Bos/Pos =—1.5 -1.677 -1.632  7.245 1.074  -1.691 -1.674 13.128  0.325
N =500 7.148%  236.301

Bos/Boi =15 1529 1542 4761  0.881
Bos/Bor = —1.5  -1.572 -1.553 5281  0.801

Note: Number of Monte Carlo simulations M=500, correlation parameter A\ = 0.5
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2.6 Empirical Application

In this section, I use the methods developed in this paper to estimate the net-
work formation model in equation (2.1) on a friendships network among high school
students. The objective is to estimate the preference parameters associated with
socio-demographic and educational factors. From an empirical perspective, these
parameters represent the individuals’ preferences towards homophily on observed at-
tributes. I use the self-reported friendship links from the Add Health dataset (Harris
et al. (2009)) to construct an undirected network of friends. I then the preference

parameters using the pairwise difference estimator introduced in section 2.4.
2.6.1 Add Health dataset

The Add Health dataset is a national representative survey of adolescents in grades
7-12 in the United States during the 1994 to 1995 school year. This dataset has
been designed to study the impact of the social environment; for example, friends,
neighborhood, and school, on the adolescents’ behavior. This survey is a longitudinal
study collected in four waves of in-home interviews.® I use data from the Wave 1
in-home survey, which contains information on the total 90,118 participants and the
friendships nominations.

These friendship data have been used to study the impact of social interactions on
many different outcomes of interest, as in Bramoullé et al. (2009); Calv6-Armengol
et al. (2009) and Christakis and Fowler (2008). This dataset has also been used to
estimate network formation models on friendship relationships as in Christakis et al.
(2010); Mele (2015), and Miyauchi (2016).

From the 132 schools in the sample, all the students enrolled in 16 high schools,

known as saturated schools, were selected for in-home interviews. In these interviews,

8 The Add Health website describes the data in detail, www.cpc.unc.edu/projects/addhealth.
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the students were asked to name up to five male and five female students.” The
saturated high schools include two large schools with more than 700 enrolled students
each and 14 small schools with less than 180 enrolled students each. I select one of
the large saturated high schools for the empirical study.

A friendship link is formed if for any pair of students both agents named each
other as friends, regardless of the order in which they do it. I use socio-demographic
and educational factors to model the formation of the friendships network. Specif-
ically, I consider the household’s income, the age, current academic grade, gender,
race, overall GPA of the respondent, and the parent’s level of education. Table 2.3
reports descriptive statistics for the exogenous covariates.

Household Income denotes the total income before taxes that the respondent’s
family perceived in the year 1994. This variable is recorded numerically, as opposed to
being censored-coded. The minimum value for the household income in the sample
is $4,000, and the maximum value $200,000. Female is a gender dummy variable
that indicates if the respondent is a female. Grade denotes the current academic
grade of the student. In this sample, this variable includes from 9 to 12 grade.
Hispanic, White, Black, Asian, Indian, and Other Races are dummy variables that
indicate the respondent’s ethnicity. The high school considered is predominantly
white with approximately 94% of the students being white. The variable Overall
GPA is constructed as a sample average of the student’s grades in English, History,
Mathematics, and Science courses. Mother’s Education and Father’s Education are
coded as 0 = never went to school, 1 = 8 grade or less, 2 = above 8 grade but not a
high school graduate, 3 = professional training instead of high school, 4= high school
graduate, 5 = GED, 6 = professional training after high school, 7 = attended college

but did not graduate, 8 = college graduate, 9 = professional training after college.

9 In all the remaining schools, the students have been asked to name only one male and one female
friend.
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I transform the covariates Household Income, Age, Grade, Overall GPA, Mother’s
education, and Father’s education by subtracting their mean. Household Income is
used as the covariate with large support, which after the transformation has a mini-
mum value of -$47,000 and a maximum value of $148,000 in the sample. Although
the support of Household Income is not unbounded, it is sufficient to contain the
support of the remaining covariates as discussed in the point identification result
with one continuous regressor with bounded support, section 2.3.4.

After dropping missing observations for age and household’s income, the total
number of observations in the sample is n = 469. In total 319 students named at least
one friend. The probability of the class €2, in the sample is 2.24%. The probability
of 2, in the remaining large high school is 2.59%. Although the probability of €2, is
larger in the other high school, that high school was not selected because it suffers

from a more severe missing observation problem.
2.6.2 Empirical Results

I estimate the network formation model in equation (2.1) using the pairwise dif-
ference estimator. I compare these results with the point estimates obtained from
computing Graham (2015) Tetrad Logit estimator and a naive logistic regression.
The naive logistic regression ignores the presence of the fixed effects p; and p; in
equation (2.1), and assumes ¢;; has a logistic distribution. I construct the dyad-level
observed attributes as in the Monte Carlo designs. I use the socio-demographic and
educational covariates described in Table 2.3.

There is a total of 319 students that named at least one friend in the sample,
these students form 50,761 total unique dyads. The probability of the identifying
class Q, in the sample is 2.24%. The average number of friends named by each
student is 3.62. The total sample used by the logistic regression to estimate the

preference parameters is equal to the total number of unique dyads. In contrast, the
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actual sample size used by the pairwise difference estimator is composed by 2.24%
of all the tetrads.

The naive logistic regression suggests a negative homophily effect on the forma-
tion of friendship links of the covariates: age, female gender, white race, and overall
GPA. In addition, it captures a positive homophily effect of the mother’s and father’s
education level on the formation of friendships. This estimator drops the indicators
for Asian and Indian races because the small number of observations in these covari-
ates generates a close to perfect collinearity problem in the logistic regression at a
dyad-level.

Notably, the pairwise difference estimator and Graham’s Tetrad Logit predict op-
posite signs for the parameters associated with the covariates: female gender, white
race, overall GPA, and Mother’s education. This insight suggests that the estimates
obtained with the naive logistic regression are biased due to the omission of the
fixed effects. Specifically, the logistic regression underestimates the preferences for
homophily on the covariates: female gender, white gender, and overall GPA. Fur-
thermore, it overestimates the preferences for homophily on the mother’s education.

Both estimators, the pairwise difference and the Tetrad Logit indicate positive
preferences for homophily on the covariates: current academic grade, Hispanic race,
White race, and overall GPA. Similarly, both estimators imply preferences for hetero-
geneity in Asian race and Mother’s education. Distinctively, the pairwise difference
estimator also predicts strong preferences for homophily on Female gender and Fa-
ther’s Education. These results imply the presence of strong homophily effects among
Female, Hispanic, and White students, as well as among students within the same
academic grade and with high level of academic performance. Finally, the empirical
results suggest that the level of Father’s Education is more important for the for-
mation of a friendships network among High School students than the level of the

Mother’s education.
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Table 2.3: Descriptive Statistics

Variable Count Mean Std. Dev. Min Max
Household Income 24109 51.405 29.68 4 200
Age 7367  15.707 1.183 14 19
Female 676 0.441 0.497 0 1
Grade 4810  10.255 1.085 9 12
Hispanic 12 0.025 0.150 0 1
White 442 0.942 0.233 0 1
Black 3 0.006 0.079 0 1
Asian 7 0.014 0.121 0 1
Indian 14 0.029 0.170 0 1
Other races 17 0.036 0.187 0 1
Overall GPA 1100 2.346 0.956 0 4
Mother’s Education 1989 4.240 2.419 0 9
Father’s Education 1945 4.147 2.794 0 9

Sample size = 469.

Table 2.4: Estimation Results

Logistic  Pairwise Difference Graham (2015)

Age —1.245%** —0.826 —1.088
Female —1.875%** 0.635** 0.032
Grade 0.764*** 1.264** 0.553*
Hispanic 0.772 1.322%** 1.100%**
White —3.758*** 1.661** 1.544%**
Black 0.382 0.085
Asian —1.172%* —1.491**
Indian —0.597 —0.318 —0.742
Other races —0.461 —0.553 —1.061
Overall GPA —0.102%** 2.436™* 2.350**
Mother’s Education  0.276*** —0.352* —0.615*
Father’s Education 0.240%** 1.549%** 0.748

P(Q,) = 2.24%

Average Degree = 3.62.
Number of Students = 319.
Number of dyads = 50,721.

k kok koksk
(A}

represents the significant at 10%, 5%, and 1% level.

Observations with any missing data are dropped.
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2.7 Conclusion

In this paper, I have studied a network formation model with multiple additive
fixed effects. I propose a new identification strategy that point identifies the vector
of coefficients on the observed covariates, which accounts for observed homophily.
This result relies on the existence of at least one continuous covariate with large
support. Under a weaker set of assumptions, I show that point identification can
still be obtained if at least one continuous covariate exists. If all the covariates have
bounded and discrete support, I derive bounds for each component of the vector of
coefficients. Under the assumptions that guarantee point identification, I introduce
a semiparametric estimator and show in Monte Carlo simulations that it performs
well in finite samples.

As an extension to the network formation model in equation (2.1), I study the
formation of a directed network with interactive fixed effects in the accompanying
paper Candelaria (2016). Specifically, a directed link is formed according to the

equation
D = 1 [ X7 By + i+ gl 1) — =y = 0] (2.24)

where g(-,-) is a symmetric function of the unobserved fixed effects f;, f1;.

Under the specification in (2.24), individuals create connections based on both
homophily on observed and unobserved characteristics. Furthermore, the agent-
specific fixed effect p1; may affect the linking decisions of individual ¢, differently
for different agents j due to the unobserved complementarities on the fixed effects.
Disentangling the effect of homophily on observed from unobserved attributes is
empirically relevant from a policy perspective.

The network formation model studied in this paper excludes network externali-
ties. Network externalities generate interdependencies in the linking decisions that

depend on the structure of the network. Recent papers that have studied network
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formation model with network externalities do not account for unobserved hetero-

geneity. This is an important extension that I leave for future research.
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2.8 Proofs

2.8.1 Point Identification

The following two lemmas formalize the intuition behind the identification strategy
and they are used to prove Theorem 1.

Lemma 12 formalizes the intuition of Diagram 2 in Figure 2.1. That is, a pairwise
difference between the net difference of the decisions linking individuals ¢ and j

cancels out the agent-specific fixed effects. Lemma 13 specifies a median condition

for the random variable Yk(li) - Yk(lj | xr, Q(ijlk).

Lemma 12. Let assumption A1-A83 hold. Then for anyn, and any different i, j, k,l €
N, the following condition holds:

sign {[Awz; — Agz;] fo} = sign {E [(Diy, — D) — (Dji — Dj)| X" = x, Q(ijlk)]}
where X € Xp,
Xp ={xeX": forany i,5,k,l € Ny, | Apzifo |= 2B, and

sign {Aklxzﬁo} + sign {Aklxzﬁo} = 0}
and for B defined in A2.
Preliminaries:

Let

wik(Bo) = zirPo + i +

for any (i, k) € Ni?.
Let E[Z|x, u, 2], denote the conditional expectation of any random variable Z

given {X" = x, i = p, Qijlk)}, i.e.
E[Z|IX" = @, [i = p, Qijlk)] .

Note that
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E[(Di — Da) — (Djr, — Dji)|w, 1, ]
= 2[P[(Dik — Dit) — (Djis — Djr) = 2|z, p, ]
—P[(Dir, — Da) — (Djr. — Dji) = —2[x, pi, Q]

— 2[P[Dyy = 1, Dy = 0, Dy = 1, Dy, = Olr, 1, Q]
—P[Diy, =0,Dy =1,D; =0,Djy, = 1|z, p, Q]

2

= = [P[Dzk = 17Dil = O,D'l = 1,Dk = O|x,,u]
Pz, 1] ’ ’

—P[Dix=0,D;y =1,D; =0,Djj, = 1|z, p]]

Then,
E[(Dir — Da) — (Djr — Dj)|a, p, 2] = 0
if and only if
P[Diyx =1,D; =1,Dy =0,Dj, = 0|z,
=

P[Dy =1,Dj; =1,Dy, =0,Dj = 0|z, ]

Where

P[Diy, =1,D; =1,D; =0,Dj, = 0lx, u] =
wik(Bo) rw;i(Bo) o )
J J f J Jetesu(81) fepen (82) fepxu(83) fepxu (84)ds1dsad szdsy
—© — w;i(Bo) Jw;k(Bo)

and

P[Dy =1,Djp =1,Dy = 0,Dj; = 0|z, p] =

wii(Bo) pwik(Bo) oo e
J f J J f€|x,,u(51)fz—:\x,u(52)f€|x,u(83>f€|><,#(84)d81d52d83d54
—0 —© wik (Bo) Jw;i(Bo)
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For any x € X', with
Xp ={xeX": for any i,j,k,l €N, | Auz;fo |= 2B, and

sign {Apyz; o} + sign {Agz; 50} = 0}

then:
| Apzifo | = 2B
| Apzifo | = 2B, (2.25)
and
sign {Agyz; Bo} + sign {Agz; 5o} = 0. (2.26)

Two mutually exclusive cases are possible,
{Apxify > 0, Az By < 0}

or

{Apz;Bo <0, Agz; 5y > 0} .

Assume the first case to be true, that is Ayz; 8y > 0, Ayx;By < 0. Given that

x € X, then the conditions in (2.25) imply:
Apxifo = 2B

_Aklxjﬁo = 2B.

Then by A3, it follows that:

Equation (2.27) can be equivalently written as:
Tiefo + pi + e = Tabo + i + fu
wix(Bo) = wa(bo)
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Equation (2.28) can be equivalently written as:

Tikfo + pj + fe < Tpbo + py + pu
wi(Bo) < wi(Po)

Assume the second case to be true, that is Ayz; 8y < 0, Agx;By > 0. Given that

x € X, then the conditions in (2.25) imply:
—Apx;fy = 2B

Aklmjﬁo = 2B.

Then by A3, it follows that:
Aklxiﬁ() < —2B < (/,Ll —,uk), (229)

Equations (2.29) and (2.30) can be equivalently written as:
wi(Bo) < wa(Bo)

wjk(ﬁo) = wjl(ﬁ())-

Proof of Lemma 1:

Part I:

Fix X" = x and i = p with x € Xz, and suppose:
sign {[Awz; — A Bo} =1,

that is:

Agx; — Ay >0

=

Ap; + (e — ) — Ay — (ps — ) > 0

=

Apx; + (e — ) > 0 and Ay + (g — ) <0
=

wir(Bo) > wa(fo) and wik(Bo) < wju(fo)
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The first and second equivalences follow from the definition of A’z; and the third
one from the definition of w;;(5).

Then, by A1, these conditions imply:

wik (Bo) w;1(Bo)
f fa|x,,u(31)d31 >J fe|x,,u,(51)d51

—00 —00

w;i (Bo) w;k(Bo)
J fs|x,u(32)d32 > J fe|x,u(52>d527

—00 —00

which are sufficient conditions for
P[Dik = 17Djl =1,Dy = OaDjk = 0’1/’7#]
>

P[Dy =1,Dj, =1,D; = 0,Dj; = 0|z, u],
and therefore for
E[(Dy. — Da) — (Dyi — D), 1, Q(ijlk)] > 0,

for any X" = x and i = p with x € Ap.

Part II: Fix X" = x and 1 = o with x € X5, and suppose:
E[(Dix — Dir) = (Djr — Dji) |z, p, Q(ijlk)] > 0.
Given that x € X'z, then either
{ApziBo > 0, Agx;5 < 0}

or

{Apxify <0, Ayx;By > 0}
is true. However, note that if

{ApziBo > 0, Az By < 0}
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is true, then:
wir(Bo) = wir(Bo)
wjr(Bo) < wi(Bo)-
Alternatively, if
{Apzifo < 0, Ax;fy > 0},
is true, then:
wi(Bo) < wa(o)
wik(Bo) = wji(Bo)-

By hypothesis,

E[(Di — Dut) = (Dji — Dja)|z, p, Qéjlk)] > 0
then is the case that {Ayx;60 > 0, Agx;By < 0} is true, which implies:
[Agz; — Aklﬂﬁj] Bo > 0,

and alternatively

sign {[Apz; — Az Bo} = 1.

Similar arguments can be used to show that

sign {[Apx; — Agzj] o} = —1

if and only if
sign {E [(Dix — D) — (Djx — Dji)|, i, Qijlk) ]} = —1,

For any X" = x and i = p with x € X

Lemma 13. For any n, and any 1, j,k, 1 € N,,,
Med | = VP X" = 2, Q1)
= 2 x sign {]P’ [Yk(;) - Yk(lj) =2|X" =z, Q(ijlk)]
=Py - v = —2xn = Qi) |
(2.31)
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Proof. Note that Yk(;) - Yk(l] )| [X" = z,Q(ijlk)] is a Bernoulli random variable with

support {—2,2}. Let

p=P |V = v = 2" = 2, Q(iji)|
g =P [V~ v = —2X" = 2, Q)|
with p+ ¢ = 1. Then,

i j 2 if p>
Med (Y = Vi'[X" = 2, Q(ijtk) ) = nr=da
—2 otherwise

the results follows from this observation. [ |
Proof of Theorem 1

Part I

Note,

E[(Dix — Di) = (Dji, — D) X" = x,Q(ijlk)] =
2P |V - v = 2X" = 2, Q)| - 2P [V =V = —2fX" = 2, Qi)
2{P | - v = 2% = 2, Q10| ~ P [V~ v = —2x" =, Qi) ||
Therefore:
sign {E [(Dix — Da) — (Dji — D)| X" = x, Q(ijlk)]} =
sign {P |V = %) = 21X = 2,06jtk) | - PV — v = 2" = 2, Q(ijtk) |}
Therefore,

Med [Yk(li) — Yk(lj)]X” =z, Q(ijlk)] = 2 xsign {[Apz; — Apx;] o}

for any x € X.
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Part 11
Fix any i, j, k,l € N,,, by assumption A2, (X, — Xg), for s = 7, j, has everywhere
positive density. Let A?X = [(X;, — Xi) — (Xjr — X;;)] has a continuous density

with respect to the Lebesgue measure on R¥ given by

farx(z) = - f(w)f(z +w)dw

where f is the density function of the distribution of (Xg — Xg), for s =14,
For any b € RX such that b; # 0 and b # By, we can find a set of values of

A%X = z with positive measure such that sign (xb) # (z3;). In other words, let
Xy = [z € RF :sign (2b) # (z5)],

then assumption A2 guarantees that

fazx(x)dx >0
X

Therefore [y is identified up to scale. [ |
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2.8.2  Identification Failure: Thin Set
Proof of Theorem 2

Proof. Suppose P (€(ijlk)) = 0, then the following event has measure zero:
{Dir. # D, Dj. # Dji, Di, # Djy = (4,5, k,1) € Poat, (2.32)

where P, 4 stands for the collection of all permutation of 4 elements {i, j, k, [} from
{1,2,--- ,n}. Equivalently, the set €(i,7, k,l) has measure zero if for any tetrad,
(1,7, k,1), at least one of the conditions in (2.32) holds as an equality with probability
one.

If the event Q(i, 7, k,l) has measure zero, then the subnetwork formed by any

tetrad (¢, J, k, 1), could be classified into one of the following five structures:

1. Zero links are formed, characterized by the following decisions:

Dy =0,Dy=0,Dj=0,D; =0 = Y-y =0

2. One link is formed, characterized by the following decisions:

Dy =1,D3=0,D;z=0,D;; =0 = Y-y -1
Dy =0,Dy=1D;=0D;=0 = Y-y —_1
Dy =0,Dy=0,Djx=1,D;=0 = YI—-y¥-_1
Dy =0,Dy=0,Djp=0D;=1 = Y-y —1
3. Two links are formed, characterized by the following decisions:
Dy =1,D3=1,D;n=0D;=0 = Y-y -0
Dy =0,Dy=0,Djy=1,D;=1 = Y-y¥ =0
Dy =1,Dy=0,Djx=1,D;=0 = Y-y¥—og
Dy =0,Dy=1,D;p=0D;=1 = Y-yP =0
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4. Three links are formed, characterized by the following decisions:

Dy =1,Dy=1,D;n=1,D;=0 = YI—-y¥--1
Dy=1,D3=1,D;,=0,D;;=1 = Y -yP =1
Dy =1,D3=0,Djp=1,D;=1 = Y-y -1
Dy =0,Dy=1,Djp=1,D;=1 = YI-y¥-=-1

5. Four links are formed, characterized by the following decisions:

Dy =1,Dy=1,Djy=1,D;=1 = YP-yP =0

Let
pi(Bo,, ) =B | Vi) = ¥ = —11X" = 2, (k)|
pa(Bo,.p0) =P Vi — ¥ = 01X = 2, Qigi)°|
palBo,, ) =B | Vi) = VP = 11X = 2,935k .
where

Pl(ﬁo,%ﬂ) =P [Dilc =0,Dy=1,Dj, = O:Djl = O\Xn = x,Q(ij”ﬂ)c]
+ P [le = O,Dil = O,Djk = 17Djl = O‘Xn = .CI?,Q(Z]lk)C]

+ ]P)[le = O,Dil = 1>Djk = 17Djl = 1‘Xn = .T,Q(Z]lk)c],

p2(Bo, 1) =P[Dy, = 1, Dy = 1, Dy, = 0, Dj; = 0|X"™ = 2, Q(ijlk)‘]
4 P[Dy = 0, Dy = 0, Dy, = 1, Dy = X" = &, Q(ij1k)°]
4 P[Dy = 1,Dq = 0, Dy, = 1, Dy = 0[X" = &, Q(ijlk)°]
4 P[Dy =0, Dy = 1, Dy, = 0, Dy = X" = &, Q(ijlk)°]
4 P[Dy = 0, Dy = 0, Dy, = 0, Dy = 0[X" = &, Q(ij1k)°]
+P[Dip =1,Dy =1,Dj, = 1, Dy = 1|X" =z, Qijlk)‘],
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pg(ﬁg,x,,u) :P [le = 1aDil = O,Djk = O,Djl = O|Xn = fL‘,Q(Z]”{?)C]
+ P [le = O,Dil = O,Djk = O,Djl = 1|Xn = {L‘,Q(Z]lk’)c]
+ P[le = 17Dil = 17Djk = O,Djl = 1|Xn = {L‘,Q(Z]lk’)c]

+ ]P)[le =1,D; = O,Djk = l,Djl = 1|Xn = {L‘,Q(Z]lk’)c] .

None of the previous network structures satisfies all the conditions in the event
(2.32). As a consequence, the support of {Yk(li) — Yk(f) | X,Q(ijlk‘)c} is {—1,0,1},
where Q(ijlk)¢ stands for the complement of Q(ijlk). Therefore, the pairwise differ-
ence is no longer a Bernoulli random variable with support {—2,2}, as is the case
when Q(ijlk) has positive measure.

Since the support of {Y,f;) — Yk(lj) | X,Q(ijlk})c} is not equal to {—2,2}, Lemma
13 no longer holds. Specifically,

Med [AY;;]| X" = z, Q(ijlk) ]

= 1{0.5 = (p1(Bo, z, ) + p2(Bo, x, 1)) = 0} — L{p1(Bo, z, ) — 0.5 = 0}

# 2 x sign {P[AY}; = 2|X" = x,Q(ijlk)] — P[AY;; = —2|X" = z,Q(ijlk)]},

where AY; = Y]fli) _ Yk(zj)-
Since Lemma 13 fails, equation (7) is misspecified and does not have identification

power. Therefore, the conclusion in Theorem 1 is wrong.
Now, I show that the Med [AY;;|X™ = z, Q(ijlk)¢] does not have power to identify

Bo. Given assumption A2, for any i, j, k,[ with k # [, the random variables

1 1 1 1
Xi(k)_Xi(l) & Xg(k)_X](l)

have large support conditional on AX;, Ax;, respectively, almost everywhere with

respect to the Lebesgue measure. Thus, the following cases arise:
e Case 1: Xi(kl) and X;,i) have large support conditional on Ax;, Ax;, respec-
tively.
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L.

Case 2: Xi(,i) and X j(ll ) have large support conditional on Ax;, AX;, respec-

tively.

Case 3: Xi(ll) and X 3(1? have large support conditional on Ax;, AX;, respec-

tively.

Case 4: Xi(ll) and X j(ll ) have large support conditional on Ax;, AX;, respec-

tively.

)

Case 5: Xi(,i) and Xi(ll) have large support conditional on Ax; and X j(i has

large support conditional on Ax;, for either s = k, [.

Case 6: X ](,1) and X](zl ) have large support conditional on Ax; and Xi(s1 ) has

large support conditional on Ax;, for either s = k, (.

Case T: Xi(s1 ) and X j(i) have large support conditional on Ax;, Ax;, respec-

tively, for both s = k, .

Suppose under the true model, characterized by [y,

Med [AY|X"™ = 2, Q(ijlk)] = 1 < {0.5 = (p1(Bo, =, 1) + p2(Bo, , 1)) = 0} .

Case 1: Consider § # 3, and

i + [ = sup Xi(;i) = Dy, =1
i+ P :ian]%) = Dj, =0
i+ =1inf X},0, for any e R*

pj + py = inf X7,0, for any 0 e RK
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Therefore,
p1(57$7“) =0
pz(ﬁ,:v,u) =P[Dy, =1,Dy = 1,Dy, = 0, Dy = 0|X" = z,Q(ijlk)]

p3(B,x, 1) =P [Diyx = 1,Dy = 0,Dj, = 0, Dy = 0|X" = x, Q(iglk)°|

+ ]P)[le = 17Dil = 17Djk = O,Djl = 1|Xn = x,Q(zglk)C]

and
p2(B,x, 1) =P [Dy = 1,Dy = 1, Dy = 0, Dy = 0X"™ = x, Q(ijlk)°] <

P[Dix =1,Dy =0,D;, =0,Dj; = 0|X" = z,Q(ijlk)°] < p3(5~>$,ﬂ)

Thus ps(3, 2, 1) = 0.5 and Med [AY;;| X" = x, Q(ijlk)] = 1.
Case 2: Consider 8 # S, and
i + g ZSUPXi(kl) = Dy, =1,
p1; + pue = inf X0, for any 6 e R,
i + p =inf X/,0, for any 6 e R¥,

Wi+ 1y zsupX](,i) = Dj; = 1.

Therefore,
pi(B.z, 1) =0,
pa(B, 2, 1) =P[Dir = 1, Dy = 1,Dy, = 1, Dy = 1|X" =z, Q(ijlk)°]
p3(B, 2, ) =P[Diy = 1, Dy = 1,Dj, = 0, Dy = 1|X" = , Q(ijlk)°]
+P[Di =1,Dy =0,Dj, = 1, Dy = 1|X" = z,Q(ijlk)°],

and

p2(67x7:u) < pg(ﬁ,x,,u)

Thus p3(6, x, 1) = 0.5 and Med [AY;;|X" = z, Q(ijlk)] = 1.
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Case 3: Consider § # 3, and
pi + g =sup X0, for any 6 e RX,

i+ P :ian]%) = Djk = 0,
(i + pyp =inf Xi(ll) = D =0,
pj + p =sup X0, for any 0 e RE.

Therefore,
pl(Ba xz, /L) :07

p2(B,x, 1) =P[Dy = 0,Dy = 0, Dy, = 0, Dy = 0|X" =z, Q(ijlk)“],
p3(B,x, 1) =P [Dyg = 1, Dy = 0, Dji, = 0,Dj = 0| X" =z, Q(ijlk) ]
+P[Diy, =0,D; =0,Dj, =0,Dj = 1|X" = z,Q(ijlk)],

and

p2(ﬁ~7x7/’b) < pg(B,m,M)~

Thus ps(3, 2, 1) = 0.5 and Med [AY;;|X" = z, Q(ijlk)°] = 1.

Case 4: Consider § # 3, and
ti + puy, =sup X0, for any 6 e R,

ftj + e =sup X0, for any 0 € R™,
(i + py =inf Xi(ll) = D; =0,

i+ zsupXJ(ll) = Dj = 1.

Therefore,
pi(B,z, 1) =0,
pa(B, 2, 1) =P[Dir = 0, Dy = 0,Dy, = 1, Dy = 1|X" = z, Q(ijlk)°]
p3(B, 2, 1) =P[Dy = 0, Dy = 0, Dy = 0, Dy = 1|1X" = x, Q(ijlk)°]
+P[Dy,=1,Dy=0,D;, = 1,D; = 1|X" = 2, Q(ijlk)],
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and

p2(B7x7M) < pg(ﬁ,x,,u).

Thus ps(3, x, 1) = 0.5 and Med [AY;;| X" =z, Q(iglk)] = 1.
Case 5: Consider § # 3, and

i + g =supXi(k1) = Dy, =1,
pi +  =inf X = Dy = 0.
Therefore,
p1(B, 2, 1) =0,
pa(B, 2, 1) =P [Dy = 1, Dy = 0, D = 1, Dy, = 0|X" = x, Q(ijlk)]
p3(B, 2z, 1) =P[Dy = 1, Dy = 0, Dy, = 0, Dj; = 0|X" = x, Q(ijlk)"]
+P[Dy, =1,Dy =0,Dj, = 1,Dj = 1|X" = 2, Q(ijlk)],
Since X J(;) has large support for either s = k,[. Depending on the case, choose:
Ifs=~k: uj—kuk:ian;,? = Dj, =0,
Ifs=10: pj+u zsupXj(ll) = D, = 1.
Therefore,
p2(B. . 1) < pa(B, . o).

Thus p3(6, x, 1) = 0.5 and Med [AY;;|X" = z, Q(ijlk)] = 1.
Case 6: This case is analogous to case 5.
Case 7: This is the easiest case, one example is:

i + Lk ZSUPXl-(kl) = Dy, = 1,
iy + zianj(.,i) = Dj, =0,
(i + gy =inf Xi(ll) = D =0,
pi+ m =inf X = Dy = 0.
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I1. Suppose under the true model, characterized by [y,

N {p1(Bo, z, ) — 0.5 < 0}.

Case 1: Consider § # 3, and
Wi + Lk ziani(,i) = Dy, =0
iy + =ian](,? = Dj, =0
pi + p =sup X0, for any 6 e RX

pj + p =sup X0, for any 0 e RK

Therefore,

pl(ﬂa%ﬂ) =P [le’ =0,D; = 17Djk = O’Djl = 0’Xn = ;E,Q(ijlk‘)c],

PQ(@SU’M) =P [Dik =0,D; = LDjk = OaDjl = UXn = x,Q(z’jlk)c]
-+ ]P)[le = 0, Dil = O, Djk = O, Dﬂ = 0|Xn =z, Q(Z]lk)c] ,

p3(B,z, 1) =P [Dyg, = 0,Dy = 0, Dy, = 0, Dy = 1|X" =z, Q(ijlk)] .

Note,
(B, 2, 1) = P[Dy = 0,Dy = 1, D = 0,Dj; = 0]X™ = 2, Q(ijlk)°]
< P[Diy=0,Dy=1,Dj, =0,D; = 1|X" =z, Q(ijlk)°]
< pa(B,a,p)
and

p3(B, 2, 1) = P[Dy = 0,Dy = 0, D = 0, Dy = 1|1X™ = 2, Q(ijlk)°]
< ]P)[le = O, Dil = I,Djk = O, Djl = 1|Xn = ZL’,Q(Z]”G)C]
< pQ(B,fL’»M)
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Therefore:
p1(B,a, 1) < pa(Bw, 1)

pg(B,x,u)S pl(éaxau)_‘_pQ(B?mmu)

Which implies, that
p1(5~7x71u) < 0.5
pr(B, 2, 1) + pa(B, 1) 2 0.5
Therefore, Med [AY;| X" = x, Q(ijlk)¢] = 0.
Case 2: Consider 8 # 3, and
I ZinXi(;i) = Dy, =0,
pj + p, = inf X7,0, for any 6 e RX,
pi + p =sup X0, for any e R,

i + zsupXj(ll) = Dj = 1.

Therefore,

m (B2, 1) =P[Dir = 0, Dy = 1,Dy, = 1, Dy = 1|X" = z,Q(ijlk)°]
p2(B, 2, 1) =P[Dyy, = 0, Dy = 0, Dy, = 1, Dy = 1|X" = z, Q(ijlk)"]
+P[Diy, =0,Dy =1,D;, = 0,D;, = 1|X" = 2, Q(ijlk)],
p3(B,x, 1) =P[Dyg = 0, Dy = 0, Dy = 0, Dy = 1|1X" = x, Q(ijlk)°] .
Note,

B,z ) =P[Diy =0,Dy =1,Dj, =1, Dy = 1|X" =z, Q(iglk)°]

< P[Dzk = 0, Dz’l = 1,Djk = 0, Djl = 1|Xn = J],Q(Zjlk)c]

< pQ(B,l'“u)
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and

p3s(B,x, 1) =P[Diyy =0,D; =0,Dj, = 0,Dy = 1|X" =z, Q(iglk)°]

< ]P)[Dzk = 0, Dz'l = 17Djk = 0, Djl = 1|Xn = C(],Q(Zj”{?)c]

< pz(ﬁaxnu)

Therefore:

pl(B?*'Bnu) < p2(571‘7:u>

and Med [AY;|X" = z, Q(ijlk)°] = 0.
Case 3: Consider § # (3, and
ti + g =sup X0, for any 6 e R,
iy + fik :ianJ%) = Dj, =0,
i + jg =Sup Xi(ll) = Dy =1,

pt; + g =inf X},0, for any 6 e R™.

Therefore,
»(B,x, 1) =P[Dyg = 0, Dy = 1, Dy = 0, Dy = 0|X"™ = z, Q(ijlk)°] ,
pa(B, 2, 1) =P[Dir = 1,Dy = 1, Dy, = 0, Dy = 0|X" =z, Q(ijlk)°]
+P[Diy, =0,Dy =1,D;, = 0,D;, = 1|X" = z, Q(ijlk)],

P3(5733>N) =P [Dik =1,D; = 17Djk = OaDjl = UXn = w,Q(iﬂk)c]-

Note,
pi(B, 2, 1) =P[Dy = 0,Dy = 1, Dy = 0, Dy = 0]X" = 2, Q(ijlk) ]
< ]P)[le = 1,Dil = I,Djk = O, Djl = 0|Xn = ZL’,Q(Z]”G)C]
< pQ(Baxmu)
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and

p3s(B,x, 1) =P[Dyy=1,Dy =1,Dj;, =0,D; = 1|1X" =z, Q(ijlk)°]
< ]P)[le = 1aDil = 17Djk = O, Djl = 0|xn = iL',Q(Z]lk)C]

< pg(ﬁ,x,,u)

Therefore:

Which implies, that
pi(B.x, 1) <05
»(B,z, 1) + pa(B,z, 1) = 0.5
Therefore, Med [AY;;| X" = z, Q(ijlk)] = 0.
Case 4: Consider § # 3, and
ti + g, =sup X0, for any 6 e R,
ftj + pe =sup X0, for any 0 € R™,
M + g =sup Xi(ll) = Dy =1,

i+ =sup Xy = Dy = 1.

Therefore,
p(B,x, ) =P[Dyg = 0,Dy = 1, Dy, = 1, Dy = 1|X" = x, Q(ijlk)]
p2(B, 2, 1) =P [Dix = 0, Dy = 1, Dy, = 0, Dy = 1|X" = x, Q(ijlk)°]
+P[Diy=1,D;=1,Dj, =1,D; = 1|1X" = x, Q(ijlk)],

P3(5,$aﬂ) =P [Dik =1,D; = 17Djk = O,Djl = UXn = JU,Q(ijlk)c]-
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Note,

pi(B,z,p) =P[Diy, =0,Dy =1, Dy, = 1, Dy = 1|X" =z, Q(ijlk)]

< ]P)[le = 17Dil = 17Djk = 1,Dﬂ = 1|xn = I,Q(’l]lk)c]

< pAB,z, )
and
ps(B,2, 1) = P[Di, = 1,Dy = 1, Dy = 0, Dy = 1|X™ = x, Q(ijlk)"]
< P[Dy=1,Dy=1,Dy =1,D; = 1[X" = z, Q(ijlk)]
< pa(Bia, )
Therefore:

pl(waa:U’) < pQ(B,SC,/J,)

pg(@,x,,u) < pl(@vxnu)—i_pQ(B’xnu)

Which implies, that

pl(Baxmu) < 0.5

p(B,x, 1) + pa(B,x, 1) = 0.5

Therefore, Med [AY;;| X" = x,Q(ijlk)°] = 0.

Case 5: Consider 3 # 3, and

Hi + f =supXi(kl) = Dy =1,

pi 4 =sup X\ = Dy = 1.

Therefore,

p(B,x, 1) =P[Dyg = 1,Dy = 1, Dy, = 1, Dy = 0|X" = x, Q(ijlk)°]
p2(B,x, 1) =P[Dip, = 1, Dy = 1, Djj. = 0, Dj; = 0|X" =z, Q(ijilk) ]
+ ]P)[D,k = 17Dil = LDjk: = 1aDjl = 1|xn = [L’,Q(Z]lk‘)c],

P3(5,$aﬂ) =P [Dik =1,D; = 17Djk = O,Djl = UXn = JU,Q(ijlk)c]-
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X ](i) has large support for either s = k,[. For both cases, set:

Wi+ pg = inf X](Ii) = Djk = O,

i+ =inf X)) = Dy = 1.

Note,
Pl(B;%M) = P[Dik =1,D; = 17Djk = 1;Djl = 0|Xn = xaQ(ijl/f)C]
< P[Dzk = 17Dz'l = 1,Djk = O, Djl = 0|Xn = J],Q(Zjlk)c]
< pQ(B,l'“u)
and
p3(B, 1) =P [Dy = 1,Dy = 1, Dy = 0, Dy = 1|X" = 2, Q(ijlk)°]
< P[le = 17Dil = 17Djk = O, Djl = 0|Xn = C(Z,Q(Zjlk‘)c]
< pg(ﬁ,x,,u)
Therefore:

p1(57m7ﬂ') < p2(37$aﬂ>

p3(57x7ﬂ) < pl(B?'CEmu) +p2(5,1‘,#)

Which implies, that
(B, x, 1) <05

p(B,x, 1) + pa(B,x, 1) = 0.5

Therefore, Med [AY;;| X" = x, Q(ijlk)] = 0.
Case 6: This case is the opposite to case 5.

Case 7: This is the easiest case, one example is:

Hi + ZSUPXZ-%) = Dy =1,
My + pg =sup X 50 = Dy )
Hi + = Sup Xi(ll) = Dy =1,

: —sup XV =D, =1
My + g =sup Ay = Ly .
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II1. Suppose under the true model, characterized by Sy
Med [AY;| X" =z, Q(ijlk)] = =1 < {0.5 = (p1(Bo, z, p) + p2(Bo, z, p)) < 0}

N {p1(Bo, z, 1) — 0.5 = 0}

This part is analogous to case I.

Given any tetrad (4,7, k, 1), we have shown that any § € RX, with 5; = 1 and
B # By, is observationally equivalent to fo in terms of Med [AY;|X" = 2, Q(ijlk)°]
if the event Q(ijlk) has measure zero. Therefore, the median of the random variable

AY; | X™ = x,Q(i5lk)¢} does not have identification power. [ |
j
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Proof of Proposition 3
Proof. Note that,
0= ]P)[Qn] =P [{le #* Dila Dﬂ # Djk7Dik # Djk} : ’i,j,]{,l S Nn] = 0. (233)

Hence, it is sufficient to show that one of conditions in (2.33) fails almost everywhere.
Specifically, in the proofs of Parts 1 and 2, I show that if the across-individuals
variation does not hold, then the class €2,, has probability zero. That is,
]P)[{le = D]k} . i,j,k ENn] =1
=
P[{Dir # Da, Dji # Dji, Dix # Dji} : i, 4, k,l € Ny,] =0,
where
P[{Dir. = Dji} 14,4,k € Ny
Z]P)[D,k = Djk = 1 . i,j,kENn] +]P)[Dzk = Djk: = 0 . Z,],]{?ENn]
The proof of Part 1 shows that
P[le = Djk =1 Zi,j,kENn] = 1,
P[le = Djk = Oii,j,kENn] = 0.
Alternatively, the Part 2 shows that
P[Dzk = Djk =1 Zi,j,kENn] = 0,
P[Dzk = Djk = Oii,j,kENn] = 1.
Consider the following convolution argument; fix 7,1 € N,, and ji = p, then

P[Dy = 1] = | B[Dy = 1| i = u dF(n).

Let
[ttty = o= A <1 Fyg e = i),
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where Fyr o (w) is the conditional density of X;jﬁo given ji = p and ¢;; = e.
ij ’

Then,
P[Dy =1 ji = ] :Jfl (B + s + 1 — € > 0} A(dx)dGo(e)
=1- JFXﬁjﬁolu,e(e — i — p;)dGeu(e). (2.34)

Part 1.

Rewrite equation (2.34) as
R C—Hi—
P[Dy=1|f=pn]=1- J f Tt sy )iz A, ().
-0

Under the support condition in 3.1,

€— i —Hj
| r oy <o
—00

Hence,

for any (i,7) € N Therefore,
1= ]P)[le = Djk =1: i,j,kﬁENn] = ]P)[{Dm = D]k} . i,j,k’ENn] =>P[Qn] = 0.

Part 2.

Under the support condition in 3.2,

e—1i— I
JOO injﬁolu,e@)dw =1.

Hence,

P[Dy=1[fi=pl=0=P[D;=1]=0

for any (i,7) € N2, Therefore,
1=P[Dy=Djr=0:14,j,k e Ny, | =P [{Di. = Dji} : 1,4,k €e N ] = P[Q,] = 0.
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Part 3.

Consider the following convolution argument; fix i,l € N,, and it = p, then
P[Dy = 1] = | P[Dy = 1| X, = 2| dFy (2).
ij
Let

Jl {2'B0 + pi + pj — e = 0} v(du) =1 — Fritiijlze(e — 7' By),

where Fji, |z, (w) is the conditional density of fi; + fi; given X;j =z and ¢;; = e.

Then,

P [Di]' =1] X;j = ZB] = JJI {2'Bo + pi + pj — e = 0} v(dp)dGez(e)
—1-— meJr,;bjme(e — 2'Bp) dGep.(€). (2.35)
Rewrite equation (2.35) as

e—1'fo
P [Dij =1[X;; = x] == JJ Sariglee()dp dGep(e).

Under the support condition in 3.1,

e—a'Bo
‘[ Frvemoel)dp = 0.

—Q0
Hence,

P[Dij:uxgj:x] —1=P[D,; =1 =1
for any (i, ) € N2, Therefore,
|
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2.8.8 Identification Failure: Maximum Score

The following lemma is used to prove proposition 4. The next lemma adapts Lemma

1 in Manski (1987) to the multiple fixed effects case.

Lemma 14. Let assumption Al hold. For any n, and any i,l,k € N,,.
sign [(wix — x4)'Bo + (. — )] =sign (E[Dy, — Dy | X = x]) (2.36)
Proof. Fix i,k,l € N, and X" = x, i = p,
P [le =1 ’ X, /’L] :FEi\x,,u [x;kﬁo + i + :uk]
P [D’ll =1 ’ X, /’L] :FEi\x,,u [x;'lﬁo + i + /’Ll]
Note,
Ty B0 + pi + g < 2y fo A i + pe s xpfo+m < Tyfo + e
then it follows that for all x, p,
{L‘;lﬂo +/ll < l’;kﬂo +/lk <~ P[D,l =1 | X,M] < P[Dzk =1 | X,,u]
< E[Dy|x,p] < E[Di |x,p]
< 0 < E[Dzk_Dzl | x,,u]

Equivalently for

Ty B+ e < Tybo+p < E[Dy —Dy|x,u] <0

In summary,
(@i — $z’l)/5 +lu—m] =20 < E[Dig—Dy|x,u] =0
(i — ) B+ [ — ] < 0 < E[Diy—Dyl|x,p] <0
thus,
sign { (x5 — )" B + [, — ]} =sign {E [Dy, — Dy | x, u]}

=sign{E [Dy. — Dy | x|}
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Proof of Proposition 4

Proof. Part 1.
Fix i,k,l € N,,, X® = x and i = pu. Note that, Dy, — Dylx, Dy + Dy, = 1 is a
Bernoulli random variable with support given by {—1, 1} and probability distribution.

P[Dzk = 17Dil = O’l’]

]P)[le - Dy = 1’x,Dil + Dy, = 1] =

P[Dy # Di|x]

P[Dik: — Dy = —1|$,Dil + Dy, = 1] =

Then,
Med (-Dzk — Dil|l‘, Dil -+ -Dzk = 1) = sign {IP) [Dzk = 1, Dil = 0‘27]
— P[Dzk = O,Dil = 1|.7}]}

= sign {E [Dzk — Dll‘Xn = .Z‘]}

By Lemma 14, the result follows.
Part 2.

Denote by P, the distribution of the observables Z = (D, X) under the true
0By € B.

Denote by G(Pg,) a (known) specific feature of the distribution of the observables
given the true model. In particular, let G(Pg,) = Med(D;x, — Dy|X" = z, Dy + Dy, =

1). Then, equation (6) states that

G(Pg,) = sign [(zir, — a) Bo + (e — fu1)]

Assumption 1 allows for a flexible representation of the conditional distribution of /i
given X" = x. That is the conditional distribution Fjxn_y is unrestricted. In order
to prove proposition 4, we will assume that fi is a known function of the exogenous
attributed. Note that if 5y cannot be identified under this restriction of g, it will
also fail to be identified either under a more flexible representation of ji.
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Consider K € R¥ and ce R, , with K # 0 and ¢ # 0. For any i, k,[ € N,,, define:
pi — b =X, (B — K)

Bzﬂo +cK

with 3 € B. Hence,
G(Ps,) =sign [(zir, — xa)' Bo + (e — )]
=sign [(za — za) Bo — [(1s — 1) — (i — )]
=sign [(zi, — ) Bo — (xax — za) Bo + (@i — ) K|
= sign [(zi, — za) K]
and
G(Py) =sign | (va. — wa) B + (s — pu)
=sign [(zi — 2a) {Bo + K} — [(1i — p) — (i — )]
=sign [(za — xa) Bo + (wix — xa)'cK — (i, — x1)' Bo + (wix — xa) K|
=sign [(c + 1) (24 — 2q1) K]
Given that ¢ > 0, then ¢+1 > 0. This implies that G(Pg,) = G(Pg). In other words,

we have shown that given 8, we can find a 5 € B with § # S, such that they are

observationally equivalent. [
Proof of Proposition 5

The proof of this proposition is the main text.
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2.8.4 Inference
Proof of Proposition 6

Proof. Fix any b € B such that b # 8. For any, x € Xz, Assumption A3 guarantees
the existence of a set of values of (x;x, 24, 21, ;1) wWith positive probability for which

h( ik, Tty Tk, 50, Bo) # Wik, Tar, T, 251, ).

Denote this set by
Ho)

= [(5613,5314,3323,3324) eRM x . xRN h(xikaxilawjkaleyb) 7 h(%kﬂilﬁjkﬁjb%)] )

for any b e B with b # 3,. Then,

Qo) — Q(b)

= E[S(XB) {AuD;i — AuDj} {h(i, Tit, Tjk, Tj1, Bo) — M(Tik, Tt Tjn, T, b) } | Q]

= Ex, [{AuD; — AuDj} x {h( @ik, i, Tk, Tj1, Po) — M@k, Ti, Tk, 51, 0) } | Q]

= Expang [Pk, Tat, T, 20, Bo) — W@k, Tat, Tjk, 1, 0)} B [Ap Dy — A Dj | x,Q]]

+ By e, P (in, Za, Tk, 20, Po) — M(@iw, i, i, 0, 0)} B [Aw Dy — A Dj | 2, Q]

Then,
Qo) — Q(b)
= Exgang 1P, Ta, ik, 21, Bo) — M@k, Tty Tjg, 52, 0)} E [{Au Dy — A Dy} | x, Q]

= 2BExy ) [M(Tik, Tits Tjk, T2, B0)E [{AnDi — A Dy} | 2, Q]

the last equality follows from the fact that in the set Hb)

h(Zik, Tir, T ik, 1, Bo) — M @ik, Tig, Tjg, 1, 0) = 2 [R( @ik, Tity Tk, 15 Bo)] s
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because of the relationship
h(.Tik;, Tily Tjk, Tjil, /80) =l< h(xlk7 Tily Tjk, Tji, b) = -1

h(xik, Tit, ik, 1, Bo) = —1 < h(Tik, Ta, Tk, i1, 0) = 1.

We have shown that:

h(xig, i, Tk, 50, Bo) = sign {E [(Da, — Dy) — (Dji — Dji) | x, ]}

in Xp. Hence,
@ik, ity Tik, Tty Bo)E [(Dik — D) — (Djx, — Dj1) | z, 9]

=|E[(Dix — Dyt) — (Djr — Dj) | ,Q] |> 0.

for any x € {XB N ’H(b)}. Ass 3 guarantees that {XB N ?—l(b)} has positive mea-

sure. Therefore,

Q(Bo) — Q(b) = 2Exp g, [| E[(Dir — Da) — (Djx — Dj) | 2, 2] [] > 0

Since b € B was chosen arbitrarily, it follows that 3, uniquely maximizes Q(b).

95



Proof of Theorem 7

Proof. Theorem 2.1. in Newey and McFadden (1994) implies that the following
conditions are sufficient to prove strong consistency.

1. Bis compact.
2. Q(b) is continuous.

3. Q(b) is uniquely maximized at [S.

a.s

4. p;tQ,(b) converges almost surely to Q(b), i.e. supyg ||, Qn(b) — Q(D)|| = 0.

Consider the scaled sample analog of the objective function p,,*Q(b):

—1
_ _ n
plen(b) = pnl <4> Z h<zi1,37 Ri1,45 Ria 3y Fioas b)?

Cn,4
For each (2i, 4, Zi, 4» Zisgs izs) € S = S x S x S x S, the kernel function of the
U-statistic is given by

h’(’zil,B? R4 Ria,30 Aia0 b) =

I ; {2 X s1gn { [(xil,B - xi1,4) o (xi2,3 - xi2,4)]/ b} X (yi(&lj - yi(3?4)>
4

<l i) =2}

Let

Qn(b) = p;,'Qn(b),

_ —1
h(zi1,3> Riy,45 Riz,3y Fia) b) = Py h(zi1,3v Riy,4y ®i,3y Fiz,ao b)v

4
for any (21, 5, 2i, 45 Ziss» 2124) € S™.

Let

9(211,3’ Zi1,45 Fig 31 %) b) = h<Zi1,37 Ri1,45 Rl 3y Figas b) —-E [h(zil,S’ Zi1,45 Rz 31 %) b)] .
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-1
~ n ~ ~
Qn(b> - Q(b) = <4) Z {h<zi1,3> Ziy 45 Fin 37 Rigas b) - E [h(zil,?)? Zi1,4 Fig3) Rz, b)] }
Cn,4

—1
n ~
— (4) Z g(zh,g, 24y .45 Zig.3y Pigas b)
C’n,4

where {Uﬁg(', b);be l’;’} is a zero-mean U-process of order 4.

e (Condition 1: Follows from assumption B2.

e Condition 2: Assumption A2 implies that (zi, , — i, 4)/ b is continuously dis-

tributed for each b€ B, for any (iy,is,44) from {1,2,--- ,n}. Therefore,

sign { I:(xiLg - Ii1,4) - (xiz,rs - 1312’4)]/ b}

and (2, 5, Zi, 4, Zig sy Zina, 0) are continuous b € B for almost all

4
(Zi1,3’ Riy,40 %239 zi2,4) €S

Since, h(2i, 45 %1y 45 Zisg» Zisas ) is uniformly bounded in all of its arguments, then
by the dominated convergence theorem E [h(zim, iy 41 Zin ) Zaas b)] is continu-

ous. Hence, Q(b) is continuous.

e (Condition 3: This condition follows from Proposition 6.

e Condition 4: The class of functions {g(., b):be 5’} is Euclidean for the con-

stant envelope 1. The process {Uﬁg(, b):be l’;’} is a zero-mean U-process of
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order 4, then by Corollary 4 in Sherman (1994):
sup [|U23 (-, D) | =Op(1/v'N)
B

:SngU b)|| =0,(1/paV'N)

=0 ()

Assumption B3 guarantees that p,v/N — 0. Therefore,

B

sup

B

Conditions 1-4 imply B, =5 Bo as n — o0.
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Proof of Theorem 8

Proof. This proof is divided in two parts.
Part 1: This part shows that the estimator B is p,v/N-consistent for B,. That
is
13- 50|| = Op(1/pa V). (2:37)
This result follows from Theorem 1 in Sherman (1993), and the following quadratic

approximation to Q(b):

Qn(b) - Qn<50) =

1
PV N

S b= 5o V(b= o) + —— (b — o) W,

+oy (16 = I /) + 0y (15 ) (2.39)

uniformly in 0,(1) neighborhoods of gy, where W,, converges in distribution to a
N(0,A) random vector.

Part 2: The asymptotic distribution of (B — [p) is established from Part 1,
equation (2.38) and Theorem 2 in Sherman (1993).
Proof of Part 1: This proof consists of three steps.

Let

f(zi1,3> Ri1,45 Rig 3y %l b) = h(zi1,37 Riq,40 Riz,3y Pz 4 b) - h(zi1,3> Riy,45 Fiz,3y Fizas ﬁo)’

for each (i, ,, i, 4, Zisg: Zin4, 0) in S* and each b e B.

Assume P* < oo, where P* denotes the product measure P x P x P x P for
the sampling distribution P on S. Given @, (b), the Hoeffding decomposition of U-
statistics guarantees that there exist functions fi,---, fy such that for each 7, f; is

P-degenerate on S%, i = 2,3, 4 and

Qn(b) = QnlBo) = Q1) = Q(Bo) + Pufil-,0) + 2, Unfi(5b),  (2:39)
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where Q(b) = P*h(-,-,-,-,b). For each z € S, fy(-,b) is defined as:
fi(z,0) =f(z,P,P,P.b) + f(P,2,P,P,b) + f(P,P,2,P,b) + f(P,P,P,2)

—4(Q(b) — Qb))

where f(z, P,P,P,b) denotes the conditional expectation of f (-,b) under P*, given
its first argument. The remaining terms have analogous interpretations. The expres-
sions for fo, f3, f4 can be found in Serfling (2009, pp. 177-178).

Recall,

7(z,0) = h(z,P,P,P,b) + h(P,z,P,P.b) + h(P,P, 2, P,b) + h(P,P,P, 2),

for each z € S, and each b € B.
Step 1:

Given assumption B4, consider a Taylor expansion of 7(-,b) around S
1
7(2,b) =7(z,5) + (b — Bo)' V17 (2, Bo) + 5(5 — Bo)'Var(2,0%)(b — Bo), (2.40)

for any z € S and b € .# and b* between b and [.

Assumption B4.2 implies

1(b = Bo)' [Var(2,b) = Var(2, 80)] (b = Bo)ll < M(2) [|(0 = Bo)ll” as b — b
(2.41)

From inequality (2.41) and the integrability of M, the expected value of equation
(2.40) implies:

E[(r(8) = 70 fo))] = (b= oY BV 7, o) + 5(b = fo) EVar (- 0)(b = fo)
19,(QW) ~ QBo)) = (b~ FoYEV (-, o) + 5(b — 5oV EV7(-, 60)(b— i)
+o(lIb = Bo)l")

QUE) ~ QA = (b~ B0) b BV 7. o) + L (b~ o) V(b — o)
o (llio— P /p.)
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where 4V = E [Va7(-, Bo) | 2] is a negative definite matrix.
Since Q(b) — Q(Bp) is maximized at [y, then it necessarily holds EVy7(-, 5y) = 0.

Q) ~ Q) = 56— By V(b o) + 0 (1106~ I /)

Step 2: To show that,

Pufih) = ;Na)— BoY W + 0, (1| (b — Bo)| 2 /) (2.42)

uniformly over o,(1) neighborhoods of 3y, where W,, converges in distribution to a
N (0, A) random vector.

Note
Fi(2:D) =0 ((2,0) = 7(2, o)) — 4(QU) — Q(5w)
1(20) =(b = o) 5 V7 (2 o) + 56 = o) V7 (2, 50) b — o)

+ " M(Z) [ (b~ Bo)ll’

4 {%@ — o)V (b= Bs) + o (1| (b - /30>\|2/pn)}

Hence,
P, fi(-,0) = (b— By)'p, ' P Va1 (-, Bo) + %(b — Bo) {py PuVar(-, Bo) — AV} (b — Bo)
+ 0 (I1(0 = Bo)l* /pn) + Ra(pns (b — Bo)),

where
[Ra(prs (0= Bo))| < 116 = Bo)|I* p " P M(-).
Let,
W,, =V NP, V17(-, By),

D, =p,'P,Var(-, By) — 4V.
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Then:

Pufilh) = - ;Naa— BoY Wi+ (b — Bo) Db — Bo) + 0 (16— Bo)* /pa)

2

+ Rn(pn7 (b - ﬁO))

Assumption B4.3 implies P|V7(-, 5)|? < o0, given PVy7(-, 3y) = 0, then W,
converges in distribution to a A/(0, A).

Assumption B4.4 and a weak law of large numbers, imply that D,, 2 0 as N
tends to infinity.

Since the function M is integrable, then:

Ry (pn, (b= B)) = Op (||(b - BO)H2 /pn)

Hence, it has been proved that

Pufilh) = - jﬁw— BoY W + 0, (1| (b — Bo)|” /s)

as N tends to infinity.

Step 3: In order to prove equation (2.38) we need to show that
Unfa(,0) + U fs(b) + Up fa(,0) = 0,(1/puN) (2.43)

uniformly over o,(1) neighborhoods of f.
For each i = 2,3,4, the class {fz(, b):be B} is Euclidean for the constant en-

velope 1. Equation (2.43) is proved by using Corollary 8 in Sherman (1994), if the

following conditions hold:

P fi(n D)l =0 as b— B, (2.44)

for i = 2,3, 4.

I will show the result for ¢ = 4. The rest are analogous.
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By assumption A2, the distribution of (X - X, 4)/ b is absolutely continuous

i13

with respect to Lebesgue measure on R. Thus,
p {[(Xilﬁ - Xi1,4)/ 60 - (Xi2,3 - Xi2,4)/50]} =0

Henceforth, f(z,,, - ., ") is continuous at Sy for P* almost all (2, ., ,2i,,).
The function f is uniformly bounded in each of its arguments, by the dominated
convergence theorem the function fu(2i, 4, %i, 4, Zisss %isa, -) IS continuous at Sy for P*
almost all (2, 4, 2, 4» %z, %isa ), SiCE fy is an additive function on the expected value
of f. Finally, the function f; is also uniformly bounded in all of its arguments, then

by the dominated convergence theorem it holds:
P fi(b)I| =0 as b —

Similar steps can be used to prove (2.44) for i = 2,3. Then by Corollary 8 in
Sherman (1994), follows:

Unfa(b) + Un f(+,b) + Up fa(+, b) = 0p(1/paN) (2.45)
As in Theorem 1 of Sherman (1993), we can show that

b-a<or ()

Then, equation (2.37) has been established.

VPn

Proof of Part 2:
This result follows from similar arguments as the proof of Theorem 2 in Sherman

(1994). Let
t: = — V’IWn + Bo

tn = PaVN(B = Bo) + Bo
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Then, by definition of ¢

Qn(t:/pn\/ﬁ) o Qn(ﬁo) < Qn(tn/pn\/ﬁ) - Qn(ﬁﬂ)

By applying (2.38) twice in the last expression, multiplying by p? N, collecting terms,

and using that V' is negative definite.

1
0< =5 (ta = 1) V(ta — 1) < 0, (1)

n

Hence, it has been established ¢, = t* + 0,(1). Equivalently,

PV N(B = Bo) = =V "W, + 0,(1)

Proof of Theorem 9

Proof. Theorem 2 in Chamberlain (2010) states that the information bound is zero

for any [, € B unless F, is logistic.

Suppose, F, is logistic, then the information bounds is:
1(B0) = S2E [~ Vi In f(50)| 2] A7'E [~ Vi In fu(50)| 2]

where A = E[V,In f(Bo)Viln fe(Bo)']. Hence, if p, — po = 0 the information

bound of 3y is zero. [ |
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Proof of Theorem 11

Proof. This proof is divided in two parts. In part 1, I show

oP(B#B)HO,asn—»oo.

oP%M@#R%DﬁQ%nHw.
I use this results in part 2 to show:

. » _
e s,H(B,B) = 0, for any nonnegative sequence s, and as n — 0.

e s,H(R(B),R(B)) % 0, as n — oo, for any nonnegative sequence s, and as

n — 0.
To simplify notation, denote by
B, =&, [V = v X" = x?, Q(iji)|

E=E|v{ - v1X" = x*, Qijtk) |

Part 1: Note,

P (B # B) < Z P (sign (En + en) # sign (E))

xdesupp X"

There are two cases three consider:

Case 1: E > 0.

p (sign (En + en> £ sign (E)) P <IE e < o) A(E > 0))

(
=P<n E+E+en<0>
:P(E+en<E IE)
<P<0 . )Ho
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as n — 0, since En L E.
Case 2: E < 0.

Since E < 0 and given that ¢, — 0 as n — o0. Then, there exists a § > 0 such

that
—E—-¢,26>0
as n — o0.
P (sign (En+en> # sign (E)) =P ((I@ln + €n = O) n(E < O))

—P (ER—E>—E—en)
<P(EH—E>5>O) 50

as n — 0.

Case 3: E = 0.

P (sign (]En + €n> # sign (E)) =P ((En + €, < 0) N (E = 0))

P(fEn—E>en>

P <6;1r;17‘n(1@n -E) > 1) — 0

since €171 = 0,(1) and 7, (B, — E) = O,(1).

Finally,
P (R(B) ” R(B)) <P ([S’ ” B) =0
as n — 0. This concludes the proof of Part 1.

Part 2:

For any 6 > 0, if
HB,B) >6=HB,B) #0=B+B8
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Thus

as n — . The same argument is used to prove H(R(B),R(B)) > 0asn —co. W
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2.9 Sharp Bounds

In this section, I illustrate the recursive procedure introduced in Komarova (2013)
to derive sharp bounds for each element in S, of the network formation model given
by equation (2.1). Suppose that the goal is to find the sharp bounds for the Kth
component of [y, i.e., k. The recursive procedure then starts by excluding one

unknown variable at each iteration from the following system.

zﬁ + zfl)bg + Zf’l)bg + 4 zﬁ)bK =0,
zéll) + zé?l)bg + Zé?l)bg + -+ zé?b;{ = 0,

z](\}[?D + z](é?Dbg + Z](\?[?Dbg +oee Zz(\ﬁgbK =0,

Consider excluding the unknown fs. The ijth inequality in system (A;)

e L )

If 21(2]) > 0, then the ijth inequality is equivalent to

BV PR S
RO HORGENS
1,J 1,7 2y}

Alternatively, if zi ; < 0 then the ijth inequality is equivalent to

ST A

2

Suppose the system (A;) has NV; inequalities with 22 > 0, N, inequalities with
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2?2 < 0 and N3 inequalities with z? = 0. Then, the system (A;) is equivalent to
Li(bs, -+ ,br) < b, =1+, Ny,
Uj<b3a"'7bK)>b27 jzla"'7N27

Zr<b3a"'7bK)>07 T:17"'7N3a

where L;(-),U;(-), Z,(-) are linear functions of bs, - - - ,bx and do not depend on by.
The previous system implies the following simplified system with K — 2 unknown
variables and (N7 * Ny) + N3 inequalities
U;(bs, -+ ,bx) > Li(bs, -+ ,bk), i=1,---,Ny, j=1,---,Ny, (Ag)

Zp(bg, -+ ,bg) >0, r=1---,Ns.

By excluding an additional unknown variable from system (As), other than by, a
simplified system with K —3 unknown variables is obtained. The order of elimination
is arbitrary. The process is repeated on the simplified systems until a system that
has bx as the only unknown variable is reached. The last simplified system has the
following form:

ul—i—vle >O, l = 1, ,L, (AK—1>
Wy >0, m=1---,M,
with v, v, w,, e Rforl=1,--- ,Lym=1,--- ,M,and v, #0,l=1,---, L.

Then, the lower and upper bounds for Sk are derived from the simplified system

(Ax_1) as follows:

b = max {—ﬂ:vl>0},

l=1,---,L U1

- . 7]

by = min {—— vy, <0;.
=1, ,L U

As previously mentioned, the sharp bounds for the rest of the components in
the parameter of interest, (3,7 # k are computed by repeating the same recursive

procedure.
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The identification set can be approximated by the smallest multidimensional
rectangle superset that covers the identification set. The multidimensional rectangle
superset is defined as the Cartesian product of the sets specified by the sharp bounds
of each component of the parameter of interest. That is,

K

R(BO) = H[l_)kv Bk]

k=2
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2.10 Thin Set

Table 2.5: Thin Set Simulations: Stochastic Dominance and Sparsity

Empty Sparse Dense
E [Degree] P[Q,] E|[Degree] P[Q,] E|[Degree|] P[]

(%) (%) (%)
A=10.25
Log 20.30 4.32 49.53 16.71 97.15 0.06
LnN 9.34 1.01 36.98 13.73 95.88 0.11
N 19.47 3.84 49.52 18.11 98.56 0.00
Gam 19.54 3.87 49.36 19.63 87.12 1.56
T 28.59 8.30 49.45 18.25 90.54 1.03
A=05
Log 23.56 5.71 49.44 16.95 95.48 0.21
LnN 10.58 1.28 36.62 13.72 92.34 0.47
N 22.44 5.03 49.39 18.58 98.13 0.01
Gam 23.11 5.41 49.32 21.04 76.73 4.72
T 33.90 11.29 49.30 18.84 84.53 2.71
A=0.75
Log 27.81 7.88 49.30 17.14 91.75 0.86
LnN 12.38 1.74 36.06 13.64 80.39 3.52
N 26.38 6.92 49.21 18.82 96.75 0.07
Gam 27.08 7.34 49.20 22.42 54.40 11.08
T 40.51 15.00 49.26 19.29 72.11 7.27

Notes: N=100, M=250.
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Table 2.6: Thin Set Simulations: Stochastic Dominance and Sparsity

Empty Sparse Dense
E [Degree| P [Q(ijkl)] E[Degree] P [Q(ijkl)] E[Degree] P [Q(ijkl)]
(%) (%) (%)

A=0.25

Logistic 51.17 4.31 124.53 16.74 244.45 0.05
Lognormal 23.21 0.99 93.02 13.69 241.07 0.10
Normal 49.12 3.89 124.43 18.12 247.97 0.00
Gamma 49.19 3.90 124.47 19.74 219.29 1.54
T-student 72.69 8.48 124.33 18.29 227.69 1.03
A=0.5

Logistic 59.68 5.82 124.33 16.91 240.29 0.20
Lognormal 26.93 1.32 92.53 13.85 232.05 0.48
Normal 56.84 5.14 124.31 18.54 246.72 0.01
Gamma 57.77 5.33 123.90 20.93 192.65 4.74
T-student 85.04 11.24 124.22 18.89 212.86 2.67
A=0.75

Logistic 70.192 7.976 124.03 17.15 230.96 0.84
Lognormal 31.93 1.840 91.239 13.68 203.22 3.38
Normal 66.914 7.036 123.85 18.84 243.42 0.07
Gamma 67.846 7.274 123.57 22.49 137.28 11.02
T-student 101.83 14.92 123.91 19.46 181.38 7.27

Notes: N=250, M=250.
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Table 2.7: Thin Set Simulations: Homogeneous Network

p = 10 = Bernoulli(p) + (—5) * (1 — Bernoulli(p))

N=100 FE [Degree| P [Q(ijkl)](%) Jaccard SI (Mean) Cosine SI (Mean)

(%) (Mean) (Mean)

p=0.2

Log 37.66 0.38 0.55 0.70
LnN 20.52 0.83 0.35 0.53
N 36.66 0.31 0.60 0.73
Gam 31.14 0.42 0.56 0.70
T 27.30 0.34 0.57 0.70
p=0.28

Log 92.56 0.12 0.87 0.93
LnN 83.46 1.16 0.74 0.85
N 95.10 0.01 0.91 0.95
Gam 94.42 0.05 0.90 0.94
T 93.26 0.10 0.88 0.93

Notes: Number of Monte Carlo Simulations, M=250.
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2.11 Monte Carlo Simulations

Table 2.8: Monte Carlo Simulations: Logistic(0,1)

Pairwise Difference Tetrad Logit P(Q,) E(Degree)

Median Mean Bias(%) RMSE Median Mean Bias(%) RMSE
N =100 5.924%  47.1344
Ba/B1 = 1.5 1.508 1.675  11.687 1.540 1.472 1.528 1.864 0.468
Bs/B1 =—15 -1476 -1.488 0.747  0.231 -1.685 -1.724 14.938  0.4686
N = 250 6.661% 120.103
Ba/B1 = 1.5 1.499 1.491 0.551 0.134 1.490 1.513 0.915 0.224
Bs/B1 =—15 -1.485 -1.496  0.269 0.077  -1.662 -1.675 11.668  0.224
N =500 5.800%  233.264
By =15 1.502 1.502 0.182 0.037
By =—15 1497 <1489  0.674  0.118
Note: Number of Monte Carlo simulations M=500, correlation parameter A\ = 0.25

Table 2.9: Monte Carlo Simulations: Logistic(0,1)
Pairwise Difference Tetrad Logit P(Q,)  E(Degree)

Median Mean Bias(%) RMSE Median Mean Bias(%) RMSE
N =100 10.710 % 48.102
Ba/f1 =15 1.517 1.688  12.578 1.726 1.499 1.563 4.246 0.393
Bs/f1 =—-15 -1.515 -1.510 0.697 0.131  -1.727 -1.775 18.335  0.393
N =250 10.826% 116.820
Bo/f1 =15 1.504 1.622 8.147 1.611 1.504 1.525 1.681 0.274
Bs/fr =—-1.5 -1.495 -1.501  0.065 0.061  -1.694 -1.698 13.217 0.274
N =500 10.694%  240.765
By =15 1.507 1.507 0.510 0.030
B3 =—1.5 -1.499 -1.500  0.030 0.026

Note: Number of Monte Carlo simulations M=500, correlation parameter A = 0.75
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Table 2.10: Monte Carlo Simulations: Normal(0,2)

Pairwise Difference Tetrad Logit P(Q,) E(Degree)

Median Mean Bias(%) RMSE Median Mean Bias(%) RMSE
N =100 45TT%  45.958
Bo/Bi =15 1506 1702 13516 2.248 1471 1523 1567  0.359
Bs/B1 =—15 -1.484 -1.493  0.455 0.237  -1.888 -1.931 28.796  0.359
N =250 4.607%  116.432
Ba/B1 = 1.5 1.518  1.514  0.979 0.062 1.499 1.494  0.376 0.216
Bs/B =—15 -1.512 -1.508  0.556 0.064 -1.901 -1.903 26.883  0.216
N =500 4.607%  233.855
Bo/f1 =15 1.502 1.503 0.199 0.032
By/Br =15 -1.499 -1.502 0.139  0.032
Note: Number of Monte Carlo simulations M=500, correlation parameter A = 0.25

Table 2.11: Monte Carlo Simulations: Normal(0,2)
Pairwise Difference Tetrad Logit P(Q,) E(Degree)

Median Mean Bias(%) RMSE Median Mean Bias(%) RMSE
N =100 10.269%  47.445
Ba/f1 =15 1492  1.714 14.298  2.362 1.537  1.595 6.383 0.427
Bs/fr =—-1.5 -1.483 -1.494 0.363 0.115  -1.976 -2.001 33.430  0.427
N = 250 10.275%  120.105
Ba2/B1 =15 1.561 1.495 0.326 1.844 1.489  1.493 0.448 0.222
B3/ =—-1.5 -1.503 -1.502  0.169 0.041 -1916 -1.917 27.825 0.222
N = 500 10.270%  239.686
Ba/f1 = 1.5 1.504  1.503 0.230 0.020
By/fr = —1.5 -1.499 -1.498 0101  0.021

Note: Number of Monte Carlo simulations M=500, correlation parameter A = 0.75
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3

Identification of Network Formation Models with
Interactive Unobserved Agent-Specific
Heterogeneity

3.1 Introduction

In this paper, I study the formation of a directed network when agents have a la-
tent utility that accounts for the similarity of observed characteristics, as well as the
complementarity of unobserved agent-specific factors. The complementarity of the
unobserved factors is modeled as multiple interactive fixed effects. The objective of
this paper is to recover and differentiate the contribution of homophily on observed
attributes on forming a directed link from the similarity of the unobserved hetero-
geneity components. I show that the semiparametric methods developed in Chapter
2 can be extended to analyze a directed network with a more sophisticated type of
heterogeneity. These methods are used to identify the coefficients that measure ho-
mophily on observed attributes. This is the first paper that addresses the formation
of a directed network with interactive fixed effects and following a semiparametric

approach.
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3.2 Model

I study the formation of a directed network involving n agents. Index by ¢ a random
sample of agents, with ¢ = 1,--- ,n. An agent decides to form a link with another
individual in the network if the net benefit of forming the link is nonnegative. The
net benefit depends on exogenous attributes, agent-specific unobserved components
and on an idiosyncratic shock. I proceed to formally describe the model.

Sample: Let N,, = {1,2,--- ,n} be the set of potentially connected agents. The
agents could be firms, countries, students, etc. Fach pair of sampled agents (i, j)

with 7,7 € N, and ¢ # j constitute a dyad. Denote the total sample of dyads by.

In what follows, we will refer to the set of agents equivalently as nodes or individuals.
Network: Let D" € D" represents the adjacency matrix of a directional network.

Denote the (7, j)th characteristic element of D" as D,

where Dj: = 1 if agent
i establishes a directed link with agent j and Dj; = 0 otherwise. Note that the
adjacency matrix considered in this model is asymmetric, i.e. Dj; # D7. For
example, in a friendships network agent ¢ might list agent j as a friend. However,
agent j might not reciprocate this listing. I rule out self-ties, i.e. D] = 0 for all
i € N,,. To simplify the notation, we will omit the dependence of the network on the
sample size, n.

Exogenous attributes: Each sampled dyad (i,j) € N, is endowed with a
vector of observed exogenous attributes X;; € R¥. The vector Xj; can contain
discrete or continuous attributes, e.g. race, sex and income, etc. If the exoge-
nous attributes are observed at an agent-level, the dyad-level vector Xji can be
constructed by transforming the agent-specific covariates for agents ¢ and j using

a nonlinear function that is symmetric in each of its components. For instance,
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let X' represent a vector of exogenous attributes of agent 7. Then X could be
defined as X7: = g(XJ', X7) = g(X}, X]"), with a function g(-,-) that is symmet-
ric and nonlinear. Different specifications of g can be used to capture similarity
(9(X7, X7 = (X — XJ’?)Q) or complementarity (g(X7, Xi') = X*- X7') in attributes
between agents i and j in dyad (i,j). The choice of g(-,-) varies according to the
empirical application.

Agent-specific heterogeneity: Each agent is endowed with individual-specific
components that are unobserved to the researcher. The unobserved components are
{1, vi};_,. Both unobserved factors will influence the agent’s decision. However, they
have a different effect on the net link benefit. The factor u; captures the individual
node heterogeneity. Meanwhile, the interactions between the factors v;, vy;, captures
the preferences of forming a directed link based on homophily or complementarity on
unobserved factors. The dependence between the agent-specific components and the
exogenous attributes is left unrestricted. Therefore, these factors constitute agent-
specific fixed effects in the network formation model. From here after these factors
will be referred to as fixed effects. I will explain the intuition behind the fixed effects
in depth below.

Idiosyncratic Shocks: The unobserved dyad-specific disturbance component

captures exogenous random factors that influence the decision of establishing
a direct link between agents ¢ and j. These components are unobserved to the
researcher. An example of these shocks are search costs associated with forming a
link.

Network Formation Rule: Agent ¢ forms a directional link with agent j if

the total net benefit of forming that link is nonnegative. In particular, for any

(1,7) € NTEQ), it is optimal for agent ¢ to form a directional link with agent j if

Dln] =1 [Xglﬁo + i Y — 623- = 0] (31)
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Intuitively, equation (2.1) says that a directed link between agents i and j is
formed if the link net benefit is nonnegative. The factors in the net benefit can be
classified into four different categories. The first class, given by the vector of pair-
specific and exogenous attributes, captures the agents’ preferences for establishing
a link based on observed characteristics. For instance, this component is known as
homophily in preferences when these factors capture similarity in observed character-
istics. The second class, characterized by the additive agent-specific and unobserved
factor, represents the individual preferences for creating links. The third class, given
by the interaction of the agent-specific components captures the assortative asso-
ciation based on similarity on unobserved factors. Finally, the last class, given by
a link-specific disturbance term, captures the exogenous factors that influence the
decision of forming a specific link. The last three factors are known to the agents
but unobserved to the researcher.

The unobserved agent-specific factors in equation (3.1) allow for heterogeneous
net benefits across individuals. This observation extends the model’s capacity to pre-
dict network structures with different individual connections. Moreover, due to the
presence of the interactive fixed effects the valuation of any agent-specific fixed effects
is different across linking decisions. Intuitively, the interactive component provides
information regarding homophilic preferences based on unobserved components.

If v, = 1, equation (3.1) degenerates to a nonlinear model with multiple addi-
tive unobserved agent-specific components, in a similar fashion as in Chapter 2, in
Charbonneau (2014) and Graham (2015). However, a main difference is that equa-
tion (3.1) analyzes a directed network instead of an undirected network as the above
references do.

Equation 3.1 could be extended to include endogenous network effects. That is,
an individual’s utility is affected by the overall structure of the network. For example,
an individual might have preference for forming connections with individuals that
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have common friends or that have a large number of friends. Although, this is an
interesting extension, I left it as further research.

Some recent papers that have studied endogenous network preferences are Men-
zel (2015); Leung (2015a); Mele (2015); Goldsmith-Pinkham and Imbens (2013);
Christakis et al. (2010); Sheng (2012). Only Goldsmith-Pinkham and Imbens (2013)
allows for unobserved node heterogeneity. However this paper follows a random
effects approach. The remaining papers, except for Sheng (2012) which follows a
partial identification approach and assumes the presence of multiple observations of
a single network, rely up to some extend on parametric distributional assumptions.

To simplify notation, I will omit the dependence of the network on the sample
size n and denote the vector of attributes as Z;; = (D;;, X;;) and the dyad-specific
disturbance term as €;; . In the following section we formalize the econometric model

and provide the identification results.
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3.3 Identification

In this section, I state the main point identification result for the semiparametric
network formation model with interactive fixed effects, specified by equation (3.1).
In section 3.3.1, I describe the identification strategy. Section 3.3.2 establishes the
main point identification result, which is achieved by conditioning on a set that

ensures enough variation within and across individuals’ links.
3.83.1 Identification Strategy

The intuition behind the identification strategy is summarized in figure 3.1. Consider
the subnetwork formed by the undirected links between agents i,k,1 € N,. The
direction of the links are represented by arrows. A solid line connecting two agents

denotes that a link exists and a dashed line denotes that a link is absent.

E[D;; — Diy|Di # D, x, i, 7]

Diagram 1: Directed links node Diagram 2: Triad nodes (i, k, )

FIGURE 3.1: Directed network for nodes 7, k,l € N,,.

Diagram 1 represents the subnetwork formed by dyads (i, k) and (¢,1). Given
{X"™ =x, 1= p,7 ="}, suppose that the conditional probabilities of establishing a

link between dyads (i, k) and (i,1) are different. Without loss of generality, assume
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that:

P[Dzl = 1‘Xn :x>ﬂ:Ma’~Y:’Y] <]P)[Dzk:: 1|Xn:x7/]:/"l/7;)(/:7:| (32)

If the link-specific unobserved random variables are identically distributed, then

the equation (3.2) holds if and only if:

Ty Bo + i + viv < T Bo + fi + ik

where agent i’s individual-specific fixed effects p;,; are common elements. There-

fore, the within-individual difference implies:

0 < (zik — za)' Bo + vy — n)-

The previous observation suggests that for any individuals 4, 7,1 € N,,: the con-
ditional expectation of the within-individual difference D;;, — D;; is characterized by
the difference of the observed exogenous regressors, (x;, — x;) B, and the difference
of the unobserved factors, v;(7x — ). The net difference has differenced out the
common factor ;.

In diagram 1, the dotted line labeled as {E[D;; — Dy|Dix # Dy, X" =z, u, v}
depicts this intuition, it shows that the contribution of the unobserved agent-specific
factors on the conditional expectation of D;, — D;; is characterized exclusively by the
composite factor v;(yx — Vi)

Specifically, the following equation holds for the conditional median of the net

difference, D;. — D;;. The proof is in the appendix 3.6

Med(Dy, — Dy|X"™ = x, Dy # Dy) =sign ((zie — za)'Bo + vl — ),  (3.3)

where sign(-) stands for the sign function, which is defined as sign(z) = 1if z > 0
and sign(z) = —1 if z < 0 for any = € R.

Equation (3.3) implies that the conditional median of the net difference Dy, — Dy
depends on the unobserved composite factor ; (v, —;) due to the presence of multiple
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agent-specific fixed effects in the network formation model (3.1). Therefore, equation
(3.3) cannot be used to identify f.

The point-identification argument in the network formation model with interac-
tive fixed effects is the following. Consider the direct linking decisions of individual k
as described in Diagram 2. Specifically, given {X" = x, i = u,5 = 7}, suppose that
the conditional probability of establishing a link between dyad (k,[) is greater than
the one for dyad (k,7). That is:

PlDw =1|X"=a,i=py=79] <P[Du=1[X"=z,0=p75=7].

Analogously to above, the conditional expectation of the net difference between in-
dividual £’s linking decisions Dy, — Dy, is characterized by the difference of the
observed exogenous regressors (xy — ki)' fo and the difference of the unobserved

factors vx (v, — ;). That is:

0 < (Tr — ki) Bo + (v — )

The composite factor vx7; is a common and unobserved fixed effect across the within-
individual variation for agents i and k. The previous observation suggests that, with
enough across-individuals variation, the composite fixed effect v;7; can be differenced
out by computing the across-individuals difference of D;;, — D; and Dy, — Dy;.

However, this difference fails to partial out the composite effects v;v; and ;.
The within-individual [ variation can be used to controlled for these composite effects
if the linking decisions exhibit the sufficient variation as described in Diagram 2. That
is

P[Dy=1[X"=z,fi=p,y=7]<P[Dy=1[X"=x,[i=p"5="1],

is characterized by the difference of the observed exogenous regressors (x;; — z1)’ 5o

and the difference of the unobserved factors ;(v; — 7&). In other words,

0 < (zui — z)"Bo + (v — k).
123



The previous intuition suggests that, with enough across-individuals variation,
the composite fixed effect 7;(yx — ;) can be differenced out by computing the across-
individuals difference of D, — Dy, Dy — Dy; and Dy; — Dy, Specifically, in the next
section, I show that the following equation for the conditional median of the pairwise
difference holds:

Med {[D;x — Dy] + [Dri — Dii] + [Di; — D] | X" = x, Q(ilk)1, Q(ilk)s} =

3 x sign {[(zir — za) + (zw — 2rs) + (2 — 2i)] B}, (3.4)

where

Q(ilk)y = {Da # D, D # Dy, Diy # Dy},

Q(ilk)s ={Di, # Dyi, Dy # Dy, Di # D},

and for any X" = x in a set of sufficient variation that will be defined below.

Equation (3.4) is fully characterized by the observed variables (D", X™). In the
next section, I show that equation (3.4) can be used to point identify [y under
support conditions on the exogenous attributes.

The conditioning events Q(ilk), and Q(ilk), in equation (3.4) ensure the sufficient
within-individual and across-individuals variation in the linking decisions to identify
Bo. The intuition behind the conditioning event Q(ilk); is that the components
D, # Dy, Dy; # Dy, Dy; # Dy, capture the within-individual variation, which are
used to partial out the individual-specific fixed effects that are constant within each
individual’s decisions. For example, for agent ¢ the individual heterogeneity pu; is
partial out by the within-individual difference D;;, — Dy;.

Second, the event (ilk)s captures the across-individuals ¢ and j variation. This
variation is used to partial out the composite and unobserved factor v;7y;. Therefore,
this condition is crucial to point identify ;. The set Q(ilk)s uses the directed
structure of the networks. Intuitively, the conditions in Q(ilk)s suggest that all the

links formed by the triad (i,k,l) are directed.
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3.3.2  Formal Point Identification Result

In this section, I formalize the main point identification result. The following set of
assumptions are sufficient to prove point identification of 3.

Denote by fi = (11, o ftn)s 7 = (71~ +7a)s and X" = (X, - X0, ).

For any i,k € N, let F,,, xn—x,ji—pu7—~ denote the conditional distribution of £,
given X" =X, [t = [,y = 7.

Assumption Al. The following hold for any n.

1. {&‘k}(i pen are independent and identically distributed (i.i.d.) conditional on
{X" =x, i = pu,5y =~}. That is for any (i, k), (4,1) € NP

w
ek e | X" =x,i=p7 =7, and Feippy = Fepppn

2. The probability density function f.,|xu~ is positive everywhere on R' for all

(x, 1, 7).

Although A1.1 requires the regressors to be strongly exogenous with respect to the
disturbances, this specification allows for a flexible dependence structure between the
unobserved agent-specific factors and the observed attributes. Specifically, the condi-
tional distribution of the unobserved agent-specific factors Fj;, 5x given the observed
attributes X" = x is not assumed to belong to any parametric family. Consequently,
the presence of the unobserved fixed effects in the network formation model gener-
ates a multiple incidental parameter problem with unobserved dependence across the
dyads’ linking decisions.

A1.2 requires the disturbance terms to have a large support given {X" = x, i = p,
4 = ~}. Given any specification {X" = x, i = u,5 = 7}, A1.2 ensures that the event
{D;r # D;} happens with positive positive for any dyads (i, k), (i,1) € N In other
words, assumption Al.2 guarantees the existence of within-individual variation in
the outcome linking decisions.
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Assumption Al is commonly used in semiparametric nonlinear panel data mod-
els, for example in Manski (1987); Han (1987); Abrevaya (1999b) and Arellano and
Honoré (2001), as well as in network formation models, such as in Graham (2015);
Leung (2015a) and Menzel (2015).

Let Ay X; = X, — Xy, for any 4,1,k € N,,.

Assumption A2. The following hold for any n, and any 1,1,k € N,,, with | # k.

1. The support of Ay X; is not contained in any proper linear subspace of R .

2. There exists at least one component Alei(s), se{l,---, K}, with By s # 0 such

]

that for almost every Aklngs) = (Aklxz(l), o ,Aklxgsfl), At o Aklxz(»K)),

the distribution of AMXZ.(S) conditional on Alei(fs) = Az, ) has a positive

density almost everywhere with respect to the Lebesque measure.

Without loss of generality, I set 3p; = 1 or —1. This is a scale normalization
used to identify f, instead of the scaled parameter B/ ||5o||. The normalization is
without loss of generality, since the sign of [y is identified. If the sign(f1) = —1,
then 3, can be normalized to —1.

A2.1 is a full rank condition for the exogenous attributes. A2.2 requires the ob-
served covariates to have a large support, which implies that Ay X!b has everywhere
a positive density for any b € R¥ with b; # 0. The existence of at least one con-
tinuous covariate is a necessary condition for achieving point identification since it
guarantees the existence of a subset in the support of AyX; — Ay X; with positive
probability over which 3, is identified from any b € RX.

Conditions A2 is frequently used in semiparametric nonlinear panel data models,
for example in Manski (1987); Han (1987) and Abrevaya (1999b), and in the literature
of empirical games with strategic interactions, for example in Tamer (2003) and Kline
(2015). In section 2.3.4, I give alternative sufficient conditions for point identification
when regressors are continuous with bounded support.
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Assumption A3. For anyie N,
sup(v; | Xij = z) < [Br, Bul,

for any x € supp(X,;), and given By, By < .

A3 states that the agent-specific fixed effects have bounded support. This as-
sumption allows for discrete or continuously distributed fixed effects. Furthermore,
their distribution could be heterogeneous as long as common bounds for their support
exist.

This assumption, jointly with A2, guarantees that the within-individual variation
in the observed attributes dominates the magnitude of the variation in the fixed ef-
fects. A similar condition has been used in weakly separable models with endogenous
dummy variables, Vytlacil and Yildiz (2007).

The following theorem states the main point identification result. To simplify
notation, consider the following definitions. For any distinct 7, j,1, k € N,,, let:

2\ = (D — Dy),

23
Il

(Dyi — D),

Theorem 15. 1. Let assumptions A1 - A3 hold. Then, for anyn, and any 1,1,k €
No:
Med| 2} + 2 + ZiP X" = 2, Q(itk),, Qilk)s |
=3 x sign {[(sz — le) + (Xh — Xlk) + (Xkl — X]ﬂ)]lﬁo} (35)
where x € Xp, and
XB = {XE X" fOT any iajakale-/\/‘m | Aklxiﬂo ‘2 (Bl2] - B%)a and

sign {Akzﬂl?iﬁo} = sign {Aikl’zﬂo} = sign {Alimkﬁo}} .
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2. Let assumptions A1 - A3 hold. Then By is point identified.

Equation (3.5) is fully characterized in terms of the observed variables (D", X")
and it represents an identifying condition for . This equation conveys two main
points. First, the events Q(ilk)1, Q(ilk)s constitute a sufficient statistic for the agent-
specific factors in the conditional median of Yk(li) — Yk(lj ). n other words, the con-
ditional median of the difference of the links given Q(ilk) is fully characterized by
the variation in the observed attributes. Second, the set Q(ilk)q, Q(ilk)s ensures
sufficient within-individual and across-individuals variation to identify 5, under the

support conditions on the exogenous attributes.
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3.4 Inference

In this section, I propose a semiparametric estimator for 5, under the point identifi-
cation assumptions of section 3.3.2. A semiparametric approach is attractive because
it does not confine the distribution of the disturbance term to any specific parametric
family. Furthermore, it allows for a flexible statistical dependence structure between
the agent-specific factors and the exogenous attributes.

The semiparametric estimator is an M-estimator that minimizes a 3rd order U-
process. This estimator adapts the methodology introduced in Chapter 2 of this dis-
sertation to estimate a directed network. The methodology generalizes the Leapfrog
estimator introduced by Abrevaya (1999b) to a network structure with multiple and
unobserved interactive fixed effects.

The estimator for (3 is consistent and has an asymptotic normal distribution. If
the probability of the class €2, converges to a positive constant, as the size of the
network increases, the estimator has a parametric convergence rate (square root of the
sample size). If the probability of the class €2,, converges to zero, the convergence rate
of the estimator is slower than the parametric rate. The slower rate of convergence
is a consequence of identifying [y in a set with arbitrarily small probability, also
referred to as a thin set. In this case, f is said to be irregularly identified (Newey

1990; Andrews and Schafgans 1998 and Khan and Tamer 2010).
3.4.1 Semiparametric Estimator

Let Q(ilk) = Q(ilk); U Q(ilk)2. Consider the following limiting objective function

Q(b) =3E [S(XB) X Sign {[(sz - le) + (Xlz — Xlk) + (Xkl - X]“)]/b}

< (25 + 2+ ZP) | ek | (3.6)
where, S(Xg) is an indicator function that is equal to 1 if x € Xz, and 0 otherwise.
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Consider a sample of size n
b jen = 1Din Xii} @ jren® -
he semiparametric pairwise difference estimator is

Bn = argmax Q,(b), (3.7)

beBcRKE

where @, (b) is the sample analog of the limiting objective function. This is 3rd order
U-statistic.

The following set of assumptions are sufficient to show that the semiparametric
estimator, defined in equation (3.7), is consistent and distributed asymptotically
normal. Assumptions Bl and B2 adapt those in Abrevaya (1999b) to a network
formation model. Assumption B3 imposes a lower bound on how fast the probability

of the class 2, can go to zero as the sample size increase.

Assumption B1. The researcher observes a random sample of n agents, the link

status and dyad-level observed attributes for all the unique dyads in the sample
{(Dz’jyxij)}(i’j)e/\ﬁ(ﬁ) , forn e N.

Assumption B2. The parameter space B is compact and By is an interior point of
B.
Assumption B3. Let p, =P (Q,), where

1. pn > po =0, asn — 0.

2. v/Np, — o, as n — 0.

For b e B, and each z € S with sampling distribution P on S, let
7(z,0) = h(z,P,P,b) + h(P,z,P,b) + h(P,P, z,b),
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where h(z, P, P,b) denotes the conditional expectation of h(-, -, -, b) under P3, given
its first argument. P3 denotes the product measure P x P x P for the sampling
distribution P on S, and given P3? < o0.

Let [|-]| denote the Frobenius matrix norm, [[(a;;)l| = (3, ;a7;)"?, Vi denote

the mth partial derivative operator with respect to b, and let

Valsh) = Y 'ﬁg<b)"

i1y i
for any differentiable function of b.

Assumption B4. Let .# denote a neighborhood of (3.

1. For each z € S, all mized second partial derivatives of 7(z,-) exist on 4 .

2. There is an integrable function M(z), such that for all z in S and b in A

Va7 (2,0) = Var(z, Bo)l| < M(2)[b — fol-

3. E|Vi7(-, Bo)|? < 0.

4. E|Va|7(-, Bo) < 0.

5. The matriz E Va7 (-, Bo) | Q] is negative definite.
Theorem 16. Let assumptions A1-A3, B1-B3 hold. Then,
B =5 Bo
as n — .

Theorem 17. Let Bn be a value that mazimizes Q,(5) over the parameter space B.

If assumptions A1-AS3, B1-B4 hold, then:

PN N(By = Bo) S N(O,VIAVTY),  asn— o (3.8)
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where
3V =K [VQT('aﬁO) | Qn] )

A =E[Vi7(-, )] [Va7(, 50)]/-

Theorem 16 shows that the semiparametric estimator converges to the true pa-
rameter value almost surely as the size of the network increases. Theorem 17 that the
semiparametric estimator is asymptotically normal. If the probability of the class €2,
converges to a positive constant, p, — po > 0 as n — oo, then the pairwise difference
estimator has a parametric convergence rate v/N. If the probability of the class €,
converges to zero, then the converge rate is slower than the parametric rate. This

result is a consequence of identifying /3 in a thin set.
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3.5  Conclusion

This is the first paper that studies the formation process of a directed network with
unobserved and interactive fixed effects. I show that the methodology introduced in
Chapter 2 can be generalized to analyze a broader type of heterogeneity. Specifically,
the identification strategy can be adapted to point identify the vector of coefficients
when the distribution of the unobserved components is not specified. Furthermore,
the semiparametric estimator is consistent and asymptotically normal distributed.
As a future extension in would be interesting to consider a network formation
model that accounts for network externalities as well as homophily of unobserved
components. Additionally, it would be desirable to compare the results obtained
under the current semiparametric frameworks with a model of random coefficients.

The latter one has an advantage that it allows the identification of marginal effects.
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3.6  Appendix

Preliminaries

Let
wir(Bo) = TarBo + Hi + Vivk
for any (i,k) € NP,
Let E[Z|x,n,Q], denote the conditional expectation of any random variable Z

given {Xn = xaﬁ = u7:Y =7, Q(Z]lk)}a Le.
E[ZIX" =z, fi = p, 7 = 7, Qijlk)] .

Corollary 18. Let assumption Al hold. For any n, and any i,k,l € N,,.
sgn {[(Xir — Xq) + (X — Xp) + (X — Xii)] Bo}
=sgn {E [Dzk‘ — Dﬂ\W = w] +E [DM — le|W = w] +E [Dkl — Dkz|W = w]} (3.9)
For any x € X, with
Xpg = {X e X" : for any i,j,k,l € Ny, | AzifBo |= (BIQJ — B?), and

sign {Apz;Bo} = sign {Ajpx150} = sign {Apxrfo}} -

Proof of Corollary 18.
E[(Dix — Dy) + (Dy; — D) + (Diy — Dyi)|z,m, Q]
= 3P [(Dy — Da) + (Dy — Di) + (D — Dyi) = 3|z, 0, Q]
=3P [(Ds. — Dyy) + (Dy; — Di) + (Dgy — Dii) = —3|z,n, Q]

3

= ——|P|Dix=1,Dy4;=0,D;; =1,Dy, = 0,Dy; = 1, Dy; = 0|z, n
Pl ] | 7.7

- P[Dik =0,D4=1,D,;=0,Dy, =1,D; =0,Dy; = 1|$,77]]-

Then
E[(Diy — Du) + (Dy — Di.) + (Dgg — Dyi) |z, 1, Q] = 0
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if and only if
P[D;, =1,Dy =0,D;; = 1,Dy, = 0,Dyy = 1, Dy; = 0|z, 7]
=
P[D;r, = 0,Dy =1,D;; = 0,Dy, = 1, Dy = 0, Dy = 1|z, 1]
Where,
P[Diyy =1,Dy =0,D; = 1,Dy, = 0, Dy = 1, Dy = 0|, ] =
F(wir(Bo)) F'(wii(Bo)) F(wri (B0)) (1 — F(wi(Bo))) (1 — F(wir(5o))) (1 — F(wri(Bo)))
and
P[Dix =0,Dy=1,D;; =0,Dy, = 1,D; = 0, Dy; = 1|z, n] =

F(wa (o)) F (wir(Bo) ) E (wri(80))(1 = F(wir(50))) (1 = F(wis(50))) (1 = F(wr(5o)))

For any x € X', with
Xp = {xeX": forany i,j,kleN,, | Ayz;fo > (Bf — B}), and

sign {Akzxiﬁo} = sign {Aikﬂfzﬂo} = sign {Aliﬂﬂkﬁo}} .

then:
| (zix — 2a)Bo | = (Bf — Bi)
| (21 — 2u)Bo | = (Bg — BY),
| (w0 —2w)Bo | = (B — BY), (3.10)
and
sign {Apx;Bo} = sign {Ayx1 80} = sign {Ayxi o} (3.11)

Two mutually exclusive cases are possible,

{Aklﬂﬂzﬂo > 0, ApaiBo > 0, Ay By > 0}
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or

{Apxifo <0, Ay By < 0, Az Py < 0}

Assume the first case to be true: Ayx;60 > 0, A8y > 0, Ao > 0. Given

that x € X'g, if follows from A3 that:

Awziby = (B — Bi) =vi(n—m), (3.12)
Apzyfo = (Bf — BL) =l — ) (3.13)
Apxi By = (B[2] — B}) = (v — ). (3.14)

Equation (3.11) can be equivalently written as:

TirBo + pi + Yive = Tabo + pi + v

wir(Bo) = wir(Bo)

Equation (3.12) can be equivalently written as:
TriBo + ok + VeV Z Tio + Hk + VeV

wri(Bo) = wri(Bo)

Equation (3.13) can be equivalently written as:
i fo + pu + Vi = Twbo + Vi

wyi(Bo) = wie(Bo)

Therefore:

E [(Dir — Dy) + (Dii — Dix) + (Dt — Dyi)|2z,1,Q] = 0.
Equivalently, for the second case:

{Apzifo < 0, Ajgz1Bo < 0, Az Sy < 0}.

Apzify < (B —Bf) <%iln—m), (3.15)
Apzrby < (B —Bf) < (v —). (3.16)
Ay < (B —Bf) <%l — ). (3.17)
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Equation (3.14) can be equivalently written as:
TikBo + i + Vv < Tafo + i + Vi

wir(Bo) < wq(Bo)

Equation (3.15) can be equivalently written as:
T fo + fe + YV < Trifo + e + WY

wi(Bo) < wii(Bo)

Equation (3.16) can be equivalently written as:
Tifo + e+ i < Twbo + e+ M

wyi(Bo) < wik(Bo)

Therefore:

E[(Diy — D) + (D — Di) + (D — Dyi)|z,m, Q] < 0.

[ |
Corollary 19. Let assumption A1 hold. For any n, and any i,k,1 € N,,.
Med| 2 + 2 + 2P X" = 2, Q(ith) |
=3 sign {P| 2} + 2 + 2 = 3ja,n, Q(itk) | (3.18)

B[+ 20 + 20— e )]

Proof of Corollary 19. Follows from Z£§)+Z§£)+Zl(ik)| [X" = x,Q(ilk)], being a Bernoulli

random variable with support {—3, 3}. [ |
Proof of Theorem 15. Given corollaries 18 and 19, it suffices to show that
sign {E [(Dix — Di) + (Dii — Dir) + (D — Dis) |, m, 2]} (3.19)
= sign {P [(Dix — Dit) + (Di; — Di) + (Diy — Dyi) = 3|z, m, Q(ilk)]
— P[(Di — Dy) + (Di; — Dig) + (D — Dyi) = 3|z, n, Qilk)]}
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This result follows from
E [(Dix — Dit) + (Dy; — Dii,) + (Diy — Dyi) |z, m, Q]

3

= ————[P[Dy=1,Dy =0,Dy; = 1,Dy, = 0, Dyy = 1, Dy; = 0|z, n]
P[Qlz, u]

— P[Dz‘k =0,Dy=1,D; =0,Dy, =1,Dyy =0,Dy; = 1|$77I]]-

Part II.
Take any b # [y, by assumption A2 we can find a set of values of x = (z; — x;) +
(x1; — xk) + (w1 — xp;) such that sgn (z'b) # (2/Fy) and such that has positive mea-

sure. In other words, let

X, = [z e R¥ : sgn (2'd) # (2/5y)]

Assumption A2 guarantees that SX,, dF > 0 and therefore 3, is identified up to

scale.

Proof of Theorem 16. Given assumptions A1-A3, B1-B3, it follows from Theorem 7
in Chapter 2. [

Proof of Theorem 17. Given assumptions A1-A3, B1-B3, it follows from Theorem 8
in Chapter 2. [ |
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4

Identification of Endogenous Effects in Panel Data
Models with Unobserved Network Structure and a
Large Number of Covariates

4.1 Introduction

The literature of social interactions has focused on understanding the effects that
strategic interactions have over several economic outcomes. The approach usually
implemented in previous studies assumes knowledge of the relevance group or re-
stricts the type of interactions, such as symmetry or interactions within groups (e.g.
Manski 1993; Brock and Durlauf 2002). However, Chandrasekhar and Lewis (2014)
shows that the predicted social effects are biased if the true network of interactions
is not correctly measured or observed. Furthermore, the literature of network the-
ory provides evidence that different agents within a network have different centrality
roles and therefore there is an implicit heterogeneity (Jackson 2010). This paper over-
comes these difficulties by introducing a methodology that recovers consistently the
reference groups and the social interaction effects when the network is unobserved,

and the social effects are heterogeneous across individuals.
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In this paper, I consider a high-dimensional panel data model in which the deci-
sion of each agent could be influenced by her exogenous characteristics, as well as the
characteristics and decisions of her peers. The main features of this economic model
are that the network of interactions is unknown, and the social interaction parame-
ters are heterogeneous across individuals. That is, the researcher doesn’t have prior
information regarding the reference group of each agent, and the strategic interac-
tion effects could be asymmetric across agents. This is the first paper that allows
for both heterogeneous endogenous effects and heterogeneous exogenous effects when
the network of interactions is unobserved (Manresa 2013).

This paper has two main contributions. The first contribution is to propose a
new methodology to identify and estimate the reference group of interactions for
each individual. The reference group represents the set of agents that influence
directly a particular individual, and these effects are known as first order effects.
The reference groups determine the type of interactions within a network. I give
sufficient conditions to identify the parameters associated with the first order effects
from the remaining higher order effects. I then use elements from the literature of
regularization methods and approximately sparse models to consistently estimate
the parameters associated with the first order effects, treating the remaining effects
as nuisance parameters (Tibshirani 1996; Belloni et al. 2011, 2013). The econometric
framework considered in this paper is suitable to analyze networks that are sparse and
stable over time. These are structures of interactions for which the decision of any
agent is influenced just by a small group of agents in the network, and this group
remains relatively constant across time. This class of networks has been broadly
studied in network theory and they are relevant for many economic applications.
Jackson and Watts (2002).

The second contribution is to provide sufficient conditions to point identify the

endogenous and exogenous social effects. Disentangling these effects are empirically
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relevant because they have different policy implications. Specifically, the peers’ ex-
ogenous attributes could be modified by changing the composition of the reference
group. However, the endogenous effects cannot be designed or controlled by the
scientist. The identification strategy uses the exogenous variation across time of
observed attributes associated with the second order effects. That is the exogenous
attributes of the peers that do not have a first order effect (Bramoullé et al. 2009).
The paper is structured as follows. In section 2, I formalize the model of strategic
interactions. Section 3 develops the identification argument and motivates the esti-
mation method. Section 4 describes the estimation method. In particular, I detail a
high-dimensional panel estimation method to recover the network of interactions and
the Panel Post-Lasso estimation of the endogenous and exogenous effects. In Section
6, I explore the finite sample performance of the method by Monte Carlo simulations.

Finally, Section 7 concludes. All the proofs are provided in the Appendix.
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4.2 Model

In this section, I characterize the strategic interaction model as a Bayesian Game.
The theoretical model builds on the strategic model introduced by Blume et al.

(2013). Let G denote a Bayesian game characterized by:

G = |V O TG

where N = {1,--- | N} is the set of players in the network. Assume that at time
t € T any agent ¢ € N is fully characterized by the triplet (z;, €;, o;), where x; is an
observed attribute that is publicly known. To simplicity the exposition, let z;; be a
scalar. The generalization to a p x 1 dimensional vector with p > 2 is trivial. a; is an
agent-specific characteristic that also is publicly known by the agents, but unobserved
to the researcher. The random component ¢; is privately observed by agent i, but
unobserved to the researcher. This component captures idiosyncratic factors that
are individual and time specific. Agent ¢’s type at time ¢t € T is characterized by
the triplet (X,, a, e;) € R*V*! where X, = (zy,...,2n¢) is the profile of observed
attributes, and a = (a4, -+, ay) is the profile of agent-specific attributes.

Let I' € R3Y denote the subspace of types, with a characteristic element (X, ¢;, @) €
I, where ¢, = (€14, ,€nt). The probability distribution over the types I' is given
by F.

The set of action of individual 7 is denoted by Y;. Let u;(-) be the utility function
of ¢, which has the following nonlinear specification.

1
i [Yit, Y—it; Xo, v, €it] = [ai + Bixit + €1 + Piz Clz‘ﬂ?jt] Yit — 5.%% (4.1)
A

2
0;
D) (yit - ;aijyjt> )

where ;; denotes the strategy of individual ¢ at time ¢, y_;; denotes the strategy of
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all others NV — 1 individuals at time ¢, and A; € N denotes individual ¢’s reference
group.

The utility function in equation (4.1) conveys three main insights. First, only
the agents in A; influence agent ¢’s utility. This feature captures the sparsity of
the network, which implies that the decision of each individual in the network is
affected only by a small number agents and not by all the individuals in the network.
In this paper, the reference groups are known to the agents but are unknown to
the researcher. Furthermore, equation (4.1) assumes that agent ¢ assumes group
of interactions remains stable across time. This observation is consistent with an
equilibrium network from a network formation model (Jackson and Watts 2002).

Second, the exogenous attributes of agent i’s peers generate spillover effects. This

effect is known as the exogenous social effect (Manski 1993), and is captured by
Pi Z Q35T 5.
A;

Finally, the decisions of agent ¢’s peers have a direct effect on agent i’s utility.

This effect is known as the endogenous social effect, and is captured by

N
Z QAijYjt-
A;

Note that in equation (4.1), the social interaction effect is modeled as peer pres-
sure, which is captured by the loss of benefit due to the deviations of y; from the
decisions taken by the rest of agents in ¢’s reference group.

In this paper, I provide sufficient conditions to identify and estimate the un-
observed structure of interactions given by the adjacency matrix defined as A =
{aij}ﬁ[j:l, as well as the social interactions parameters {p;, 6;}~ ,. T assume the net-
work is directed and weighted. A network is directed if the adjacency matrix is
asymmetric, that is, if for any entries (7, j)th and (j,7)th the adjacency matrix can
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potentially be different, a;; # a;;. A network is weighted if any entry (7, j)th of the
adjacency matrix takes a value within the interval [0, 1]. In other words, a;; € [0, 1],
where a;; # 0 if the agents ¢ is influenced by the exogenous attributes or decisions
of agent j, and a;; = 0 otherwise. Furthermore, I normalize the value of self-ties to
zero, that is, a;; = 0 for all i € V.

As opposed to the existing literature, I allowed for both heterogeneous endoge-
nous effects and exogenous effect. The identification strategy relies on recovering
the adjacency matrix consistently and does not impose symmetry or homogeneity
restrictions on the adjacency matrix. This approach suitable for networks which are

unobserved or measured with error.
4.2.1 FEmstence of Bayesian Nash Equilibrium

The next assumption is used to guarantee the existence of the Bayesian Nash Equi-

librium. If the following condition does not hold, a corner solution is obtained.
Assumption Al. The following holds for any N,
1. For any agent in the network, 6; > 0.

2. For any agent in the network, ||A; ||y = X, |ai] < 1.

3. The strategy function is square integrable for any individual in the network.

That is o; : RNt — Y is in L2 for any i e N.

Al.1 guarantees the existence of a contraction mapping, which is the technique
used to prove the existence of the equilibrium. This condition implies that the peer
effects arise due to strategic complementarity interactions. A1.2 imposes an upper
bound on the strength of the peer influences. This assumption rules out explosive
solutions of the model, and it has been commonly used in the literature of social

interactions Brock and Durlauf (2005); Xu (2010).
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Finally, A1.3 is a regularity condition which guarantees the existence of the ex-
pected utility.

The following proposition states the existence and uniqueness of a Bayesian
Bayesian Nash Equilibrium. In order to simplify its exposition, consider the fol-
lowing notation. Denote the i¢th row of any n x m matrix W by W,. € R™. For any

. That

parameters x and ¢, define the diagonal matrix A, , with (7, 7)
is,

K1 KN
1+¢1" "1+ ¢n

A, = diag {

Proposition 20 (Existence of a BNE). Given Assumption A1, the Bayesian game
G has a unique Bayesian Nash Equilibrium (BNE). Furthermore, the Equilibrium

Strategy Profile is given by,
Y, = [IN — AgﬂA]_l (Aﬁﬁ + ApﬁA) X + ALQ (Oz + Et) + H(Xt, o, Et) (42)

where Iy is the N x N identity matriz, and H(Xy, a, €) is an N x 1 vector with ith

element

) i [ (AgpA) ] o+ Efe|Xe, o, €4]) (4.3)

Jj=0 v

Hi(Xtuaa Et) = <

foreacht=1,---T.

The component H;(X;, a, €;) captures the higher-order beliefs about the idiosyn-
cratic components. The next assumption implies that the observed characteristics
are independent from the idiosyncratic components. This condition allows for un-
restricted dependence between the observed covariates and the agent-specific fixed

effects. Furthermore, it leaves unrestricted the specification of H;(«, €;).
Assumption A2. For any t,t' € T: ey I X;.
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Given A2, E ¢ | Xi, o, €:4] = Eler | o, €;¢]. Hence, the beliefs simplify to:

Hi( Xy, o, €)) =Hi (v, €0). (4.4)
Let
(8,0, p) =[In — NgoA] " {Agg + A, pA}, (4.5)
Qg = A1,9047
€p = A1,9€t7

where TI(3, 6, p) is an N x N matrix of path connected effects. To simplify exposition,
I will denote I1(5, 0, p) by II. The Bayesian Nash Equilibrium in equation 4.2 is

written as,

Y =ap + 11X, + vy (4.6)

where v, is a composite idiosyncratic component given by v; = €5 + H(«, ¢;), with
mean value equal to zero.

Consider the ith equation of reduced form equilibrium in equation (4.6)

Qg
1+6;

+ Emjxjt + Vit (47)

J#i

Yit =

and note that this is a high-dimensional econometric model, where the number of
regressors, and hence parameters, is much larger than the number of periods of time.
That is N — 1 >> T'. In the next section, I explain in detail the approximate sparse

specification of the Bayesian Nash Equilibrium.
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4.3 Approximate Sparse Model

In this section, I highlight the identification strategy used to recover the structural

N
parameters {Qi,ﬂi,pi, {am};v:l} . In equation (4.6), the parameters interact in a

i=1
difficult nonlinear way which complicates the identification of these coefficients using
the reduced form equation. Alternatively, consider the next specification which is

derived from the first-order conditions of the expected utility maximization problem.

N N
_ ; Pi 0;
Yit = Q; + 1+ Qi%,t + 110, ]Zlazjxj,t-i- 110 ;aij]E [yj,t‘Xla e, X + €, (4.8)
i i

fore=1,--- ,Nandt=1,---,T, where N > T.

Equation (4.8) is not the usual specification studied in the social interactions
literature, e.g Manski (1993); Bramoullé et al. (2009); De Giorgi et al. (2010) and
Blume et al. (2013). In this paper, the endogenous effect is characterized by the
weighted average of the conditional expectations of each agent’s peers. As opposed to
the actual decisions taken by the peers. This conceptual difference is obtained from
the strategic interaction model. The conditional expectation provides the enough
information to identify the endogenous effect.

Given that N >> T, there are more parameters to recover in the model than
observations. The following sparsity assumption reduces the dimensionality of the
parameters to estimate. Sparse networks have been discussed in Jackson (2010) and
Manresa (2013). Intuitively, the next condition suggests that each agents’ decision in
the network is affected by a small number of individuals. Note that the N x N matrix
IT represents the matrix of effects due to path connections. Specifically, denote the
(i, 7)th element of the matrix II by m;;. The coeflicient m;; represents the cumulative
effect of agent j’s decision over agent ¢’s decision. That is, m;; captures the directed
influence that agent j has over agent 7 if they have directed friends, in addition of
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the indirect effects through friends in common. As shown in Bramoullé and Kranton
(2007), for any game of strategic complementaries the his matrix will be dense and
will not satisfy a sparsity condition. Note, that II can be written as the geometric
expansion:
e
=) [ApoAl {Agp + A, pA}
1=0

:Aﬁﬂ + AﬁypﬁQA + Aﬁ7p792A979A2 + A57p792A§79A3 + ...

A1.1 and A1.2 ensure that the higher order effects dissipate as [ grows to infinity,
at a rate given by Aj,A!, since the magnitude of the network effects is bounded.
This insight is used to impose an upper bound in the magnitude of the second order
effects and hence higher order effects.

The next assumption restricts the number of first-order effects. Intuitively, it
states that any given agent is connected with only a small number of agents in the

network. This assumption implies that the network of interactions is sparse (Jackson

2010).

Assumption A3. The following holds for any N,

ie{l, N} ie{l, N

N
max_[|4; ]|, = mw}ZﬂwU#m<WW:dﬂ. (4.9)
j=1

The rate of sparsity is determined by the number of time periods in the panel since
the identification power is obtained from the exogenous variations across the time
dimension. Asymptotically, I allow for both sy to grow with N and 7. A3 does
not impose sparsity over the path connected effects II. The following assumption
guarantee that the matrix II has only a small number of large coefficients and the

remaining coefficients are approximately close to zero.
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Assumption A4. The following hold for any N,

e

2 ST N

2| — — ). 4.10
{1 _’; W’k_ p( N2 ) (4.10)

e

2

| = 1). 4.11
max ;1 mii | =0p (1) (4.11)

where 5 — 0 as s, N, T — .

A4 imposes an upper bound in the magnitude of the second and higher order
effects. In particular, it implies that the higher order effects are approximately close
to zero, although not equal to zero. Assumption bounds (4.10) the magnitude of the
in-degree path connected effects of length 2. Meanwhile, condition (4.11) bounds
the out-degree path connected effects of the same size. A4 does not restrict the
in-degree or out-degree of the adjacency matrix for each particular agent. In other
words, assumption A4 do not restrict the number of agents to which an agent can
affect or the number of agents that affects that agent’s decision.

Given A3 and A4, it is possible to approximate the reduced form equation by a
small number of covariates that capture the first order effects. That is, the reduced
form equation 4.6 is approximately sparse (Belloni et al. 2011, 2013, 2012). A4
suggests that a large number of regressors have coefficients close to zero.

Before introducing the approximately sparse model, consider the following no-
tation. For any random variable Z;,, denote by Zm its deviation from the within-

individual ¢’s sample average over time.
T
~ 1
Zig=Zip— = ), 2.
t=1

Using a within-group transformation to difference out the agent-specific fixed

effect, the reduced form Bayesian Nash Equilibrium can be expressed as:

Y, =IIX, + & (4.12)
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The model in (4.12) is written using assumptions A3 and A4 to emphasize its
approximately sparse specification. The matrix of path connected effects II is de-

composed as IT = ) + I where

H(S) :Aﬁﬂ + Aﬁ7p792A,

00]
1@ =Ag 0 <Z A1976A1+1> .
=1

Then for any t € T,
Y, = [I@ + W] X, + @,

Y, =X, + U(X,) + 0. (4.13)

where \If(f(t) =[@X,.
Let W,(X;) denote the ith entry of the N x 1 vector ¥(X,). The following propo-

sition shows that the approximation error is relatively small.

Proposition 21. Given Assumptions A3 and A4, the magnitude of the approxima-

tion error, W;(X,) is bounded by

1 4 2 s
_ U, X,)2 <ecg = (ﬂ)
[NT;; ( t)] ¢ = O (N1

Proposition (21) implies that equation (4.13) can be approximated by at most
sp,n coefficients, and the approximation errors is no larger than the conjectured size

SN, T

7—- The previous result allows us to recover 1), and A,

of the estimation error

for any i € \V.
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4.4 Identification

In this section, I show point identification of the structural parameters under the
sparsity and bounded effects assumptions, A3 and A4. Consider the linear in means

specification in equation (4.8) under the sparsity assumption.

- P Pi ~ 0; ~ ~
Yit *ﬂxi,t + m Z i Tt + 110 Z a;; | [yj,t’le e, Xpl + €5t
JjeA; jeA;
gi,t Iwil Zii,t + Z ngjjﬂg + Z W?’j Z ij.f'kﬂg + gi,t; (414)
jeA; JEA; keA;
where w}! = {22 w? = (2 and w?; = ;2. The main insight in equation (4.14)

is that the beliefs of peers actions can be approximated by a small subset of all
the regressors under an approximation error. This result is used to prove point

identification of the structural parameters.

Proposition 22. The following holds for any N. Under Assumptions A1-Aj, the

structural parameters {ﬁi, 0,7, {aij}j#} N are point identified if

1€
forall je A;, andie N.

Condition (4.15) is sufficient to point identify the structural parameters. Intu-
itively, this condition holds when the reference groups are not equal. Specifically,
this holds when agent i’s peers are connected to individuals that are outside agent
1’s reference groups. If this is the case, the exogenous attributes of those peers that
are not within individual 7’s reference group can be used as instruments to generate
exogenous variation in the endogenous and exogenous effects. If this condition does

not hold for any j € A;, then the structural parameters for that individual cannot be
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disentangled into exogenous and endogenous effects. A similar identification strategy

has been proposed by Bramoullé et al. (2009) and De Giorgi et al. (2010).
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4.5 Inference

In this section, I discuss an estimation method that is suitable for the approximately
sparse models introduced in section 3.3. The estimation method falls within the class
of Lasso regularization methods (Tibshirani 1996; Candes and Tao 2007; Gautier and
Tsybakov 2011; Fan and Liao 2011; Belloni et al. 2012; Horowitz and Huang 2012;
Caner et al. 2013 and Caner et al. 2013.). Next, I introduce the estimator and develop

it’s asymptotic distribution.
4.5.1 Approximately Sparse Panel Data Models

Consider the following moment conditions derived from assumption A2
1S e (o o
- ;1 (Xt (yi,t - XJL-)) 0. (4.16)

Since N >> T, there are more parameters to estimate than the number of mo-
ment conditions in 4.16. Therefore, the model is unfeasible as it is posed, and a
penalization needs to be implemented. Consider the Lasso estimation technique,
which solves the following penalized minimization model:

The Lasso estimate, [~ is defined as the solution to the following penalized

minimization model.

) | N y ) NN
HL—argml {WZZ[?M ] N—Z;%WH}? (4.17)

i=1t=1 %

where I1X denotes the Lasso estimate. The first component of the loss function in

(4.17) is the usual of the panel data OLS loss function given by

1
NT

> [~ %]

t=1

™M=

Qnr(Il) =

I
—

7
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In addition, the loss function in (4.17) includes an L; penalization which forces

a sparse solution.
N NN
NT - Z 2, b I
i=1j=1

The Lasso problem is characterized by two main regularization parameters. A

main penalty parameter given by A, and covariate-specific penalty loadings given
{qb,]} . The main penalty dictates the amount of regularization in the Lasso
ij=1

procedure. The covariate-specific penalty loadings provide information regarding the
regressors that are relevant for explaining the endogenous variable.

The intuition behind the penalty loadings is to self-normalizations the first order
conditions of the Lasso problem by using data-dependent penalty loadings. In order
to shed some light into this point, consider the Kuhn-Tucker conditions with respect

to m;;, that minimize the function (4.17)

Z (%) - [0t 1]

<. (4.18)

Let S;; denote the score given by

Sy — i (65) " [ (4.19)

s
which is a NV x 1 vector. The main penalty parameter X is set to guarantee the good
performance of Lasso. For this purpose, A is set large enough to dominate the noise
represented by the score vector of the N regression problems simultaneously. That
is, the penalty parameter should satisfy

P<)\ > K max ||| ) 1 (4.20)

T 1<j<N

For some constant K > 1.
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Belloni et al. (2012) conclude that:
P (ﬁlrgj% 15;1],, < 207" (1- 7/(2]\72))) <1—7+o0(1) (4.21)

Then the inequality in (4.21) implies that the bound in equation (4.20) can be

satisfied by setting the penalty parameter as follows:
A = 2KV/TO (1 — ~/(2N?)) (4.22)

The additional regularity conditions are required so that the Lasso estimator
obtains a good performance. In particular the next assumptions control the good
behavior of the Empirical Gram Matrix. Let M denote the empirical Gram matrix,
M = % thlXtX,,{- Note that if N > T the Empirical Gram matrix is singular.
However, the Lasso estimator will have a good performance if the sub matrices of

the Empirical Gram matrix satisfy the next condition.

Definition 2 (m-Sparse Eigenvalues). Let M be an N x N matriz, then the minimal

and mazimal m-sparse eigenvalues of matrix M are defined as,

(M) = min &' M
Pmin(M) s

(M) = §' M6
Prmin (M) snax

where A(m) = {6 € RN : ||6]lo < m, [|0]]2 = 1}.
where A(m) represents the subspace of a unit sphere formed by m-sparse vectors.

Assumption A5. For any matriz M, there exist two constants 0 < k' < k" < oo that
do not depend on T, but might depend on C' such that with probability approaching

one

k' < Grmin(Cs) (M) < G (Cs) (M) < K"
as T — oo.
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This condition implies that the minimum restricted eigenvalue can be bound
away from zero. To derive the convergence rates, we require the following moment

conditions on the reduced form errors and the regressors.
Assumption A6. Assume the following

i. There is a random sample {yit,wit}w )

ii. max<n <n E[52] + E[||7352]]] + 1/E [23,02] <1
iii. maxi<n jen B[||755]]] < Ky

. K?log®(N) = o(T) and slog(N) = o(T).

Proposition 23 (Oracle bounds). Under Assumptions A1-A6, the Lasso estimates

specified by 4.17 with Penalty level and loadings 4.22 obtain the Oracle rates

1 2slog(N)
o (t[EE)

Under a beta-min condition and neighborhood stability, I follow Meinshausen

max HHZ — 110

1<i<N

17 /
Al = Xi1L;

max
1<i<N

and Bithlmann (2006) to show variable selection consistency. In other words, under

]jgé’tfi ||m5;]] >> /slog(p)/NT.

Then for a suitable A = \,, >> 4/log(p)/NT,

PMFAJHLasMTHw

From the previous result, the structural parameters can be estimated using the Post-
Lasso estimation method in Belloni et al. (2012). As discuss in Belloni et al. (2012),
the Post-Lasso alleviates the bias introduced by Lasso when selecting the parameters.
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The post Lasso estimate estimates the structural parameters using the follow

specification.

- 1= 2 ~ 3 . ~
Uit =W; Tiy + Z Wi ;i Tjp + Z w; Z TikTrye ¢+ €y (4.25)
je.f\i jEAZ kEA]’

Inferring the set A; required fairly strong assumptions. Alternatively, a less
restrictive approach can be followed. In particular, the Lasso procedure can be used

to recover a superset of the relevant covariates. In other words:

IP[AZ-()\)QAZ-]HL as N.T — .

lim sup P [./le()\) = Ai] <1, as N, T — oo.

N, T—o0

Identification of the structural parameters remain valid as depicted in Proposition
22, as long as condition (4.15) remains valid. Biithlmann and Van De Geer (2011)
describes different approaches to achieve variable selection and control for the number
of false positives. In other words, | A\A, |= O(] A, |), where A, c A; is the subset

of coefficients that the oracle would select.
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4.6 Conclusions

In this paper, I study a panel data model of strategic interactions. 1 develop an
identification strategy that point identifies the endogenous and exogenous network
effects when the topology of the network is unknown and unrestricted. This result
relies on bounding the magnitude of the in-degree path connected effects of length 2.
This restriction allows disentangling the strategic interactions effects that are direct
from the ones generated through path connections. This result is used to approximate
the equilibrium condition using high-dimensional approximately sparse panel models
and to consistently estimate the network of interactions. Furthermore, I provide
Oracle convergence rates for estimates of the strategic interaction parameters.

As future extensions, it would be interesting to develop inference theory for the
vector of Lasso estimates (see Belloni et al. (2011)). Furthermore, it would be de-
sirable to consider a more general model of peer effects. For example, a nonlinear
model of strategic interactions beyond the linear panel data specification considered
in this chapter. Finally, it would be interesting to propose a unified framework to
model network formation models and strategic interactions simultaneously. By doing
this, the methodology proposed could address peer effects and network endogeneity

simultaneously.
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4.7 Appendix A

Proof of Proposition 20. Consider the utility of individual i,

2

N
1 Vi
2 i
u; =4 Biwip + o + €4 + 0; E Wiyt (Yir = Yie = 5 | Yit E QijYst
i=1 ]
j#i J#i

let & = Biwir + o + €4 + 0; Zévzl a;jz;¢. The first order condition of individual :
J#i

given the optimal strategy profile y*, is the following.

OFE [u;| Xy, s, €54]

oy, =&t — Yit
)
N
Vi | Yit — Zaz,] y] £]t7aj7€jt)|Xt7azaezt:| =0
j=1
J#i

Hence,

N
é@'t Yi
it = ’ lE ; ity Gy g X7 1y €1
it 1+%+1+%;% [ s s €51 X, 0 i
ji

Which can be written as the following mapping,

it
L+

(Sy)z(fta o, et) = + 1 + ")/ Z az,] y] (fyta Oé], 6] t)’Xh Q;, €; t]
J#z

It will be shown that is a contraction mapping. Given that the operator satisfies
the first order condition and given the Contraction Mapping Theorem, existence and
uniqueness of the equilibrium is proved.

Consider any i € A and fix &, o and e. Consider two strategy profiles Y and Y,
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with Y # Y. Hence,

|(sv)ierase) = (SY (g )

N
i /
Z g5 {E [yj (&ts s €50) — Y (&, €5.0)| X, s, ﬁi,t]}
14+ a
J#i

Y; €]t7&]76]t) y](£]t7a]7€]t

"Xta a, € t]}

w'{ |

Yj 5] taa]7€]t> y;(fj,t,aj,ﬁj,t)

1+%§’”‘

J#Z

| Ail - HY &y, €r) — /(fn&,ﬁt)

1+1

Where the in the last equality, A; is the ith row of matrix A. The operator will

be a contraction if

Al <1
T+
equivalently, for any j # 1.
L+
Jai| < —
i

which is guarantee by Assumption 1. Therefore the mapping is a contraction with
coefficient max;e s %

Finally aggregating the FOC for all individuals,

|57 @) = (5Y) (G| <
dZag ll _7_/1’}/1’ RN 1 —ZNVN] ‘A‘ HY(ft,Oé, Et) — Yl<£t,Oé,€t)
< {I?e?\lxl—kv } INHY &, €) — l(fn@aﬁt)H
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Therefore the operator is a contraction and existence and uniqueness of the equi-

librium is shown.

Finally, note the equilibrium strategy profile can be written as (abusing notation

in the conditioning sigma-algebra),

. 1 1 . T TN
Y* =dia A + dia St AE[Y*| X, o, €
9 14+ 1—1—7]\;]& 9[14—% 1+7N] RRY !
where,
gt:diag[ﬁla'”7ﬁN]Xt+a+€+dia’g[617"'76N]AXt
Then,
7 YN -
V* = |1y — di A
{N ngJr%’ ’1+’YN} ]
. b1 BN } . [ 61 On ] }
d d Al x
{Zag[lJr%’ e ) S e !
+ dia ! {a+ e} + h( Xy, a,e)
g 1+F}/17 71+’YN €t ty, O, €t

where the ith element in h(Xy, a, €) is given by,

N j 1
| [ D N e Kt

where for any matrix W, [W];. represents the ith row of the matrix. Using the same

contraction mapping argument, we can show that h( Xy, a, ;) is well-defined and the desired

result has been achieved. [ |

Proof of Proposition 21. Let i € N, note



where Er [Z;:] = O,(1), by LLN and Empirical Processes. Therefore, it is enough
to prove

iﬂ@ _0 slog(N)

. 1,7 p T

J=1

Recall,

o0
l I+1
=) Aol A
=1

Hence, the ith row of matrix II(® is given by

@ % e
Ha ; +1
;{” (1+9> }“

(t+1) represents the ith row of the matrix of interactions, A,

For any [ € N, a,
raised to the power of (I + 1), i.e. the ith row of AL, Also, k; is defined as

0; (1+;)+7iBi
m:{ (1+70)+78

T2 }, which is a fixed constant.

Given Assumption A4, it follows from the Cauchy-Schwarz inequality that any

characteristic element (4, j)th of the matrix A% is bounded.

N 12 n 1/2 g ()
slog
(2) [2 azka,ﬁ] < [2 a?k] [Z aij] < Op< — )
=1 =1

Subsequently, note that higher order effects can be bound recursively.




In general for any k£ > 2

Define

Equivalently, for any k > 2

9' k—1
Saw(N) = <1 +194) i

Hence,

N o0 J
Z z( = Z (J+1) = 2 (1 n ,%) Sa(j+1) (N)

K
j=1

J
where for each 7, Sa§j+1)(N ) is bounded and given <111%> converges to zero the

result follows. [}

Proof of Proposition 22. The proof of proposition 22 consists of two steps.
I. Prove identification of the composite Parameters.

Differentiate out the fixed effects.

N N
. Bi . Pi N 0; . .
Vit =T eixi,t + 110, jzlaijxj,t + 14 jzlaz'jE (9541 X1, -, Xo] 4+ 0is
i i
N N
gi,t :wilfl}i’t + 2 Wijj],t + Z wi]E [gj,t|X17 e 7XT] + gi,t (428)
i—1 i—1
Vi i
t =wi1 i’mﬁ + Z wzjifj,t + Z w?,j Z 7-[_jk:i'k:,t + gi,t (429)
JjeA; JeA; keA;
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Identification of the composite parameters [w;, {w? i

For any i e N, || A;]|, < s and

Aj & Ai o {i}

w3 }] is achieved if:

The main result of the paper proves that we can recover A; for any ¢« € N with

high accuracy as N,T — 0.

I1. Second, we recover the structural parameters: [ﬁi, 0, pi, {a;; }j #].

. : ' B g,
1. Identification of 6;: EJ#OJ = 1+9 ji Yij = Tie,
4
LW
Hence: 0, = —123#’ L3
— X i

2. Identification of {aij}#i: Vi # i ay = 1;91
3. Identification of Si: i = (14 7)w}
4. Identification of p;: 0;, = wfj(l + i)/ ai;.

Proof. Proof Proposition 23 Consider the Lasso Estimate ITX and denote by II; its

ith column. Then by optimality of II;.

L 39 ] [P 10 R 3) o [P A

i=1t=1 i=lt=1
)\ N N R )\ N N R R
N—ZZWU i — WZZ% 7351
i=1j5=1 i=1j=1

Expanding the quadratic form.

~ ~ 12 ~ A\ 2 ~ A
[0 — Xt =32+ (X)ML) = 250, X711,

164



Let &; = II, — II;, we can write the left-hand side of the inequality as.
TR 3 5 3
T Z 2 { (X, ) (Xim) - 2gi,tX;5i}

Using the specification: g;; = X{ﬂz + \I/Z(Xt) + ;4.

{(xa)'} oy Z z{mxg}

1
NT +

N T

L

By Holder’s Inequality.

1 N T 3 -,
QNT;gHWﬂ@}<g%JMuN§N%Mh
1 N T 1 N
9~ {qf X X'(sz} <Co— HX’&Z
NT;tzzl ( t) t C Ni:1 t

T
where S;; = 7 >,_,
1 N T 9 A N N
NTZZ{<X£5@'> }<—NTZZ{@U |mis| = @i 751}
i=1t=1 i=1j=1
1 1 O1<
+ g 151 7 23 il + s 25 [

By decomposability of the penalization function.

N N

A
N_ZZ {(I)Z] ‘7Tij| _d)ij ‘ﬁ-w|} =

PR . .
NT Z PR S S (P L
i=1 | jeSupp(119) jeSuppC® (119)
Using the appropriate choice of A such that: 2 > K maxi<j<n ||S;]|,
| X
N — Yy _ ~05.
1137,1}](VHSJ|OON;HC%61H1 < KTN; wlélHl
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Given that,

(i) < % HX;@ 2

i=1

The previous equation implies:

A (10 by
N_g{ wi5i“TC,1}<WCO¢=Z;{

@?(SiHT,l}

Vo [0 2 we obtain
o

Using the definition of the restricted eigenvalue: kg, =

the following inequality:

ey { (%)} < o (v ) 2

=1

}—i—cs

which implies:

%ii{(iﬂélr} < [N)\T\fio <u+%) +c5]2

i=11t=1

~

It follows,

AP N X
w7 2 Aletillie, } < 500 24

=1 =1

which by definition of x¢,

1 . Cov/s [ A/ 1 > G
ﬁ;{ @6l < = [ <u+?)—|—65] +7°c§

ke, | NTke,
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|
)
3
=
a3

By choosing, A = O(/NTlog(N)) and /3 2, 37, W,(X,)? =

obtain.

Proposition 24. Let assumptions 1-6 in Meinshausen and Bihlmann (2006) hold.
Then

as T, N — 0.

Proof. The proof follows from Theorem 1 and 2 in Meinshausen and Biihlmann

(2006). m
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