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Radiative effects in the electroproduction of photons in polarized ep-scattering are calculated
with the next-to-leading (NLO) accuracy. The contributions of loops and two photon emission were
presented in analytical form. The covariant approach of Bardin and Shumeiko was used to extract
the infrared divergence. All contributions to the radiative correction were presented in the form
of the correction to the leptonic tensor thus allowing for further applications in other experiments,
e.g., deep inelastic scattering. The radiative corrections (RC) to the cross sections and polarization
asymmetries were analyzed numerically for kinematical conditions of the current measurement at
Jefferson Lab. Specific attention was paid on analyzing kinematical conditions for the process with
large radiative effect when momenta of two photons in the final state are collinear to momenta of

initial and final electrons, respectively.

I. INTRODUCTION

The experimental precision attainable in modern ex-
periments on ep-scattering allows for measuring the cross
section and spin asymmetries in the Bethe-Heitler (BH)
process with an unprecedented accuracy. The QED ra-
diative correction is one serious source of systematical
uncertainties and therefore must be known with any pre-
determined accuracy. Several available calculations pro-
vide only leading logarithm accuracy and/or have certain
other limitations. The most comprehensive calculation
was presented by Vanderhaeghen with colleagues [1]. One
feature of the calculation is the detailed consideration of
the one-loop correction. The basic limitations include i)
only approximated evaluation of the radiative tail corre-
sponding to additional photon emission processes, where
the photon energy is very small compared to the lepton
momenta and ii) not fully analytical calculation of loop
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FIG. 1. Feynman graphs of BH process
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effects. Bytev et al. [2] used the electron structure func-
tions for calculation of the hard photon emission in the
leading approximation. The authors described the ap-
proach for the calculation in the leading log approxima-
tion in necessary details and gave useful expressions for
the kinematical variables in so-called “shifted” kinemat-
ics. No explicit formulas were presented for the standard
measurements of the the BH process but for the cross
section integrated over the energy fraction of scattered
electron. The calculation of our group |3] was also per-
formed in the leading log approximation. The quality
of this approximation is difficult to control without the
next-to-leading contribution or exact calculations.

The structure of the dependence of the RC cross sec-
tion on the electron mass is orc = Alog(Q?*/m?) +
B + 0O(m?/Q?), where A and B do not depend on the
electron mass. For experiments with transferring mo-
mentum squared of one GeV squared (Q? ~ 1GeV?),
10g(Q2 / m2) ~ 15. In practice the leading accuracy can
be not so good because often B > A or even B > A,
especially for the contribution with additional photon
emission. In this paper we calculate RC with the next-
to-leading accuracy. In this approximation both A and
B are calculated exactly. The terms neglected in this
approximation are of order of the electron mass squared
and therefore the calculation of the lowest order RC to
BH cross sections and spin asymmetries presented in this
paper is practically exact. Note that neglecting the terms
with the electron mass is not fundamental, and the com-
pletely exact approach of the RC to the BH process
within the NLO accuracy can be reconstructed in the
case of need.

Methodologically, our calculation is based on two
sources. The first is the calculation of the QED RC to ra-
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diative tail from elastic peak presented in [4]. We largely
follow the methods suggested in this paper. The second
is the results of analytical integration for one loop contri-
bution given in [5]. We use the analytical form for results
of integration over a loop momentum suggested in this
paper.

The RC calculated in a certain kinematical point de-
pend on the way on how the kinematical variables rep-
resenting the kinematical point were reconstructed. For
example, the virtual photon momentum squared (i.e., —t)
can be reconstructed using measured momentum of the
final proton or, alternatively, using the momenta of the
final electron and photon. Radiation of an additional un-
observed photon from the lepton line results in the same
reconstructed value of ¢ in the first case and in change of
this value in the second case. Therefore, the effect of RC
is expected to be different in these two cases. The results
presented in this paper are valid for the case when the
kinematics of the BH event is reconstructed using final
momenta of the final electron and proton only. How-
ever, this restriction is not critical because the results for
another scheme of reconstruction of kinematical variables
can be reproduced using a Monte Carlo program. In such
a program the results obtained for a certain scheme of re-
construction of kinematical variables (e.g., the results ob-
tained in this paper) can be used to generate events with
and without an additional radiated photon and then an-
other reconstruction scheme is applied for the generated
sample of events resulting in estimating RC effects for
this reconstruction scheme.

The remainder of the paper is organized as follows. Ex-
act and approximate expressions for the BH cross section
are presented in Section[[Il The one-loop contributions to
the total BH cross section are discussed in section[[TIl The
cross section of emission of the two photon is presented
in Section[[Vl Specific attention is paid to critical compo-
nents of the approach including infrared divergence ex-
traction and reproduction of the known formulas in the
leading log approximation. All contributions are com-
bined in section [V]resulting in explicit expressions for the
radiative-corrected BH cross section. Detailed numerical
analysis is given in Section [Vl focusing on analysis of RC
in the current experiments with unpolarized and polar-
ized particles at JLab and on revealing the kinematical
regions where the RC is large. Discussion and conclu-
sions are presented in Section [VIIl The paper includes
four Appendices: the table of loop integrals is calculated
in Appendix [A} the most cumbersome explicit results for
the loop contributions are given in Appendix [B} inte-
grals over the angles of two real photons are presented
in Appendix [C} and explicit results of the two-photon
bremsstrahlung cross section are given in Appendix

II. THE LOWEST ORDER BH CROSS SECTION

The BH process
e(k1,€) +p(p,n) — €' (k2) +p'(0') +(k), (1)

is traditionally described using four kinematical vari-
ables: Q* = —(k1 — k2)*, @ = Q*/(2p(k1 — k2)), t =
—(p—1p')?, and ¢, the angle between planes (kq,kz) and
(k1 — ka,p’). Polarizations of the initial electron and
proton are described by 4-vectors & and 7. The cross
section of the BH process for unpolarized and polarized
targets is

dO’O = 2BHdF0' (2)
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We use the phase space representation:

1 d3ky d3p’ d3k
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Here S = 2MFE;, m and M are the lepton and proton
masses, F; is the beam energy, and kinematical invari-
ants are defines as

0=

Sp=8—-X=Q%x,
As = 5% —4m*M?,

S,=S+X, Sp=S5,—t
Ay = S2 +4M3Q?. (4)

The ¢-dependence appears only through its occurrence
in invariants wg = 2kk; and ug = 2kks:

wo = l(t - Q%)+ i(Sm(Q2 + 1) — 2tQ?)

2 2y
VA
+ " cos ¢ (5)
Ay
and up = wo + Q% — t (it explicitly results in the same
expression as for wy but with the opposite sign at the
first term). Also,

)\uw = 4(SXQ2 - M2Q4 - m2)‘Y)
x (tS2:(S, — Q%) — M*(Q* — t)?). (6)

Alternatively, the azimuthal angle of the photon ¢, can
be used instead of ¢. In this case cos¢ = — cos ¢y.
The BH matrix element is Mpy = e3¢~ JPH with

/
— . by, —DPv
JZ} =a(p’) <7#F1 + Q0 A F2> u(p) (7)

and
B ki —k+m . kot k+m
JBH _
" “2[7“ Tokky T 2k, MM
’Yuké

_ klﬁ kQE
= —U _—
2\ kky Tk )
where @y = @(ks), u1 = u(ky), € is the photon polariza-
tion vector, and F} o are the proton formfactors.

The key intermediate quantity in this paper is the lep-
tonic tensor. The representation of the RC at the level of

él%w
_ — 8
" Ok 2kk2] u1,(8)



the leptonic tensor is one convenient way of having com-
pact analytical expressions for all contributions to RC.
The BH cross section,

32
doy = B2 JhJBH)?Ar,, 9)

\/— 2 ( [
can also be represented in terms of convolution of the
leptonic and hadronic tensors,

32m3a
\/_ 2
The hadronic tensor is defined as Wy, = Tr)_ JZ}JZLT
where the symbol of sum means averaging and summing
over polarization states of the initial and final protons,
respectively. The tensor is expressed as the sum of un-
polarized (spin-averaged) and polarized (spin-dependent)
parts:

dUO LHVWMUdI‘O (10)

Wy = WP +iWpeh, (11)
Straightforward calculation results in
Wi = —t(Fy + F2)* g + 4(FY + 7F )pupy, (12)
where 7 = t/4M? and

- quqv ~ aq
uv = Guv — 22 ) = - qu_Q (13)

for any four-vector a. Here and below q = p' — p =
k1 — ko — k. The spin-dependent part of hadronic tensor
is
Whet = 2M (Fy — TFQ)(F1 + F)€ng
+(F1 + F2)F2 ezwpq (14)
The leptonic tensor (LEUH =Tr) JEHJEHT) is also rep-
resented as a sum of unpolarized and polarized parts:

LBH Lunp + ZLpol (15)

Straightforward calculation of the unpolarized part of the
leptonic tensor results in

LU = G,/ TV + kuky TS + i, TS
+ (ki + ik, )T, (16)

where n = k1 + ko. If the calculation is conducted with
the next-to-leading accuracy, the tensor is reduced to

un; 2 =
Lt = oo (0 (2Q7 + wf + )
+2(k, ke + ﬁuﬁ,,)t). (17)
Thus, T? in the NLO approximation are expressed as:
4tQ?
T{):—2(ﬂ+@> il
Wo U UoWo
0 0 At 0

UoWo

Spin-dependent part of the leptonic tensor is

LPOZ f;wqu "‘Euvan "’EuwzéTsv (19)

- 3 (Q§)
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If only leading and next-to-leading terms are kept, only
two terms survive in ([I9), and the tensor is reduced to
2

UoWo

where

178 = = ——(cpung 0 + w0) + €uvmg(t + Q%)) (20)

or, equivalently, to

LZZZ = euuqug + Euuanﬁov (21)
where
1 1
)
wo UuQ
t+Q?

T = -2 . 22
6 o (22)

III. ONE-LOOP EFFECTS

The Feynman diagrams of loops that need to be cal-
culated are presented in Fig. The matrix elements of
the eight diagrams with the radiated virtual photon from
the lepton line are Mjoop = Y., (—ie?/(2m)*)e3t LT/ J2
where n runs over all graphs presented in Fig. Bla-h. The
individual Jp, are:

oy = 2l'} (k1 — K, k2) P(k1 — k)éun,

Jbvu = ﬁQéP(kQ —|— k)FL(kl, k2 —|— k)ul,

Jo = Uy Pk — k)L (k1, k1 — k)equa,

S = U2l (k2 + K, ko) P(k2 + k)equn,

Jg# = ’ﬁgB{LaEaul,

J}J# = ’ﬁngaEaul,

J;)# = ’ﬁg’yup(kl — k)ET(kl — k)P(kl - k)€u1,

J;; e ﬁQéP(kQ + k)ET(kg + k)P(kQ + k)'y#ul, (23)
where P denotes electron propagator (all factors as i,
(27)*, and e are combined in front of the expressions for

Mloop):

m

a+m
Plo) = e 24
and
Lo d*l
By = [ 55sP (k= DyuP (k1 = k = e Pk = Dys,

N dil
Bh = <2 18P (ks = DyaP(ka + k = )7, P (k1 = )5

(25)
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FIG. 2. Feynman graphs of one-loop effects for the BH cross
section

I'.(a,a’) and X7 (a) are the renormalized vertex functions
and the electron self-energy. They are ultraviolet free af-
ter combining the respective non-renormalized functions
I'.(a,d’) and X(a) (i.e., obtained formally applying the
Feynman rules) and respective counterterms:

Fz(a, a') =T(a,a") + 61y,
¥ (a) = X(a) + 6 — O2d (26)

for any vectors a and a’. The non-renormalized functions
(contributed to matrix elements (23) are:

a4
Lu(a,a’) = l—g”mP(a’ —DvuP(a— 1)y,
a4
2(a) = | J7sPla =)y (27)

The calculation requires the integration over the loop
momentum [. Because of the ultraviolet divergence in
@27) and infrared divergence in (25]) the integrals have to
be regularized first. We use the dimensional regulariza-
tion in this paper allowing for simultaneous dealing with
both types of divergences.

The integration over the loop momentum can be
performed before or after the calculation of ~-matrix
traces. Both ways have certain limitations preventing
their straightforward usage in our case. In the latter
case, manipulations with v-matrices has to be performed
in the d-dimensional space, however there are difficulties
in the case of polarized particles because of ill-defined
vs. If integration is performed before the calculation of
traces, one need to deal with third rank tensors (contain-
ing {,0,1, in the numerator) coming from finite part of
[@3). Therefore we use a combined approach in which all
integrals in (27)) and the infrared divergent part of (23),
i.e., the part without any [ in numerators, are calculated
in the dimensional regularization. The remaining part of
[29) is infrared free and the integrals are calculated for

d = 4 after the calculation of traces. In this way all inte-
grals of third rank are reduced to the integrals of lower
rank. The calculation of the spin-dependent part also re-
quires the approximation £ = k;/m that is appropriate
when calculating with the leading and next-to-leading
accuracy.

The table of integrals over [ is the core in the calcula-
tion of the loop effects. All integrals can be completely
calculated in an analytical form. Two important sources
with similar tables are in available literature |5, [6]. The
tables presented in these sources are not complete for our
purposes and/or presented in a different form. Therefore
the table of integrals required for the calculation of (25)
and ([Z7) was recalculated by us and presented in Ap-
pendix [Al We followed ref. [5] in choosing an analytical
form for them but used dimensional regularization for all
divergent terms.

The integration of (28) and ([27) involves the typical
ultraviolet (P) and infrared (Prg) pole terms that are
defined as in [4, l6]:

P=Pr=

+ + log( (28)

)

where v is the Euler constant and p is an arbitrary con-
stant of the dimension of a mass. The ultraviolet diver-
gence cancels with respective contributions of the coun-
terterms [1, 4] that are obtained in the form:

01 = 0g = 2(2P[R+P— 2),
Om = 2(2P;gp +4P —4). (29)

1
d—4

The final result of the calculation of the leptonic tensor
of the loop effects (graphs in Figure 2h-h) defined as

v @ BH v v 7BH%
L, = ;TTZ(J# JU T T ) (30)

n

can be presented in the form:

Ly, = (5,RLBH + 60, LPH 4 Lrenr 4 zL”’pOl). (31)
The first term contains the pole infrared terms. It is fac-
torized in front of the BH leptonic tensor. This term
needs to be further manipulated within d-dimensional
space. The second term contains the effects of mass sin-
gularities, i.e., dependence on electron mass in the form
of logm. It is also factorized. This term does not contain
any pole terms, so it can be treated in the 4-dimensional
space. The explicit form of the factorized corrections are

1
67r = =5 (4Prr(Lm = 1) + 1),
v 1
O =5 (L2, — 3Ly, — 7%/3), (32)
where L,, = log(Q?/m?).

Two remaining terms in (31, i.e., tensors Lj;"P and

Lﬁ’f(’l , represent the next-to-leading correction. These
terms do not contain the electron mass and are different



for unpolarized and spin-dependent parts of the cross sec-
tion. The tensors LY;%"P and LY°! have the same tensor

nv
structure as the BH tensors and (21)):
LU = g, TV + kuky T3 + fipin, T3
+(];:,uﬁu + ﬁ#l;:l,)Téf (33)
and
L;Z(l)/l = G#quTSU + e,uuanéJ- (34)

Every T} has the same structure

Tiv = Tz% + TﬁPyt + TZ%PM, + Ti%Pu + iglFiy
+T Y + Tk, (35)

where functions F""" depend on i, i.e., FY = Fy, for
i=1,3,6 and FY = Fy, for i=24,5; while F*" = Fy,,,
for i=1 and F/"" = Fy,,, for i=2,34,5,6. T} in (35)
are rational functions of wo, ug, and t (or Q% =t + ug —

wp). The explicit expressions for them are presented in
Appendix [Bl Other functions in (B5) are

2 t 5 t
Pyt:?—l—%b(l—@)—log o
t wWo wWo
szlog@bg@—fb(l—T),
t (') ()
Puzlog@bg@—fb(l—i—?),
1 t
Fy =—log—,
Y ty Q2
1 t
Fy = —log —,
tw wo
1 ()
Fiy = —log —,
1 t Ogt
thy, — 1
F2y7 L ’
ty
-1
F2w:w : )
127
Fi, —1
quzulti, (36)

where ¢, =t—Q>=wy—ug, tw =t — wo, ty =t + ug,
and ®(x) is the Spence function defined as

x

®(z) = _/wdt,

0

The remaining one-loop contribution represents the ef-
fect of vacuum polarization and is given by graphs in
Figure 27, j). The contribution is factorized:

vac __ BH _ ¢ BH
Ly = MALES = —duacLy)’, (37)

where the polarization operator has the standard form
given in [7].

b) c)
FIG. 3. Feynman graphs of two real photon emission

IV. DOUBLE BREMSSTRAHLUNG CROSS
SECTION

The cross section of two photon emission, i.e., the pro-
cess

e(k1,&)+p(p,n) — € (k2)+p' (p") +(k1)+7(k2), (38)

is
1 6 2
do = S (Z} Mi) dr, (39)

where additional factor 2 in the denominator is because
of two identical particles (photons) in the final state.
Phase space is parametrized as [4]:

1 dgkg dgp/ dglil d3/£2

dr = ep
(27T)8 2E2 2p6 2&)1 2&)2
X6 (k1 +p— ko —p' — K1 — Ka)
1
- Wcﬂ‘odv%ﬂ‘gv, (40)
where V2 = k% = (k1 + k2)? is the invariant mass of

two photons, and dI'g is given by (B); x denotes four-
momentum of the “heavy” photon, i.e., the photon with
the mass vVV2. Thus, in this parametrization the phase
space element for two photons is factorized into that
of BH process and an additional phase space dV2d1"27,
where

dlil dIQQ

dlyy = 5—5—=0(k — k1 —
T 20 2w (k= r1 = r2)
= édQR = %dCOSeRd¢R- (41)

The angles Or and ¢r define the orientation of momenta
of photons in the system where k = 0, i.e., in the two-
photon central mass system. The energies of the photons
are equal in this system and equal V/2. Integration over
dV2dTl'5, needs to be performed to obtain the RC to the
BH cross section (2]).

The maximal value of the invariant mass of two pho-
tons V;2 is defined by kinematics or can be affected by
experimental cuts. In the former case the expression for
V2 is

2 _ VA = Sit

m IM?2 - Q2 - tu (42)



where A\, = t2 4+ 4tM?2.

Six matrix elements of the process with emission of
an additional photon correspondent to graphs in Figure
Bl are denoted M1_g = e4t_1JZ}J1_67M. The quantities
J1—6,u, Proportional to the leptonic currents, are:

J _ 12:1—/%—|—mAIA€1—/%1—|—mA
= U € €@u
1u 2Tn —2kk1 + V2 2 —2k1K1 1o

];Zl—I%—FmA /;1—/%2—|—mA

Jo, =1
2 420 —2:‘<LI€1 + V2 “l —2]€1I€2 2t
kot hotm. kat+i+m
JS# - e 2koko “ 2kky + V2 Tt

. ]Afz-i-l%l-i-mA ]Afg—i-l%—l—m

J =
A 261 2]€2/€1 €2 2Kk2 + V2 /YMUJJ
J :ﬂgffz-i-l%l-i-m /%1—"%2+m€u
Su 24 2]€2/€1 —2]{31/{2 20
7A]A€2+I%2+m /%1—:‘A$1+mA
Jop = . (43
6u 262 2]€2/€2 —2]{31/{1 au ( )

The total leptonic current is

T =" Ji (44)

The matrix element squared can be represented in terms
of leptonic and hadronic tensors. The former is defined
as

Ly (K1, kg) = Tr Z T g (45)

and the latter is given by ([IHI4)). The sum means aver-
aging over polarization states of initial lepton and sum-
ming over polarization states of photons and final lep-
tons. Since the dependence on k1 and k5 are only con-
tained in L, (k1,k2), the cross section ([B9) can be pre-
sented as

do Smat
d—FO = W/dV2WMU/dF2yLMU(F‘717K/2)' (46)

The integration over dI'z, involving scalar, vector, and
tensor integrals can be performed analytically.

The cross section (@6]) contains the infrared divergence,
and therefore, has to be calculated in the d-dimensional
space. The extraction of the infrared divergence from
L, (k1,K2) is based on observation that it is contained
only in terms

(FT+ B3 LG (w), (47)
where

FIR:(E_ k1 )2:Q2+2m2 m2 m2
1,2 .

2
Ur2 W12 U1,2W1,2 Ui 2

Here w12 = 2]€1/€172 and Ur2 = 2]€2/€112. Integrals
J dl"ngl{ & are proportional to 1/V?2, therefore the ex-
ternal integral over V2 has the infrared divergence for

V2 =0. L} (x) in [@7) is the leptonic tensor describing
emission of the “heavy” photon with the momentum &
and the mass vVV?2:

LK) = guTT + Rk Ty + iy, Ty

(Rt + 7 )T

+i (Euvqulm "'EuvanzZm)a (49)
where
" Vi Vioo2tQ?
1 2 122
T — 9 2u—-V? 2u+V? 2Q°
2= 22 22 2129
. V2 ovZ o2+ V?
5= _2(? oz, )
1 2 122
w U w+u
)
oo gty
woou
YR L
! ( i )
VEoV? o (QF4t— VP
T — _2(_—2 L M). (50)
z7 zZ5 zZ122
Here z; =w — V2, zp =u+ V2, Vi = uw — Q?V?, and
1 S,
{w,u} =5+ V? = Q%) + - (S.(Q* + 1 +V?)
2 22y
/)\v
—2tQ2) + )\—“wcos o, (51)
y

where
X, = ASXQ? — M2Q" — m2)y)
X ((Smt(Sm - Q%) - S, VHt
CMA(QP - t— V2 4QPVY)). (52)
The expressions (1)) and (B2) for w = 2xk; and u = 2kks
generalize ([B]) and () for the case of the “heavy” photon.
Note that v = w+ Q% —t — V2.

The representation of L, (k1,k2) in terms of three
summands is used to extract the infrared divergence
Lyw(k1,k2) = L (k) + 4(FF + R (L) (5) = L))

+A(FR + B LE (53)

The first summand is the tensor L, (k1, k2) without in-
frared terms (@1):

Ly (k) = Ly (k1 52) — 4(F{ 7 + FyR) LI (). (54)

It is infrared free, and therefore, d = 4 can be used for
its calculation. The second summand is also infrared free
because L3 (k) — LM and k — k for V2 — 0. d =4
is used for this summand too.

The infrared divergence is contained in third summand
that contributes to the cross section ([@@) in the form
4, ]]:

dO’]R
dTo

11 4%
R ar,

«
™

(55)



and

2

1 m
§HF = yo /dV2/dP2V4(F{R + Fi. (56)

The integration over the 3-momentum of one of photons
and then to over V2 is performed using the §-function
in (). The integration region over the momentum of
remaining photon (denoted by Kcp,) in the two-photon
center-mass system can be splited into two parts by an
infinitesimal parameter & resulting in 65% = §; + d with

= / dv? / dTo 4(FIF + F3 Y0 (R

02 = 1- / dv? / dT o A(FIR 4+ Ff)0(kem — R)(57)

- ficm)a

The second term does not contain infrared divergence
and is calculated straightforwardly

V2
62 = 210g( 75 ) (L — 1), (58)

where L, is defined after eq. (32).

The calculation of the first term is performed in the
dimensional regularization. The phase space of the re-
maining photon (after integration using the J-function)
is rewritten in the d-dimensional space as in [9] (see eq.
47) resulting in the expression for d; in the form:

o B o [ i

" ( Q? + 2m? m?
(Ba —paC)?  (Er —p1g)?
m? >
L — 59
(B2 — p2()? (59)
where p is an arbitrary parameter of the dimension of a

mass. The energies of the initial and final electrons F;
and F5 are taken in the two-photons center-mass system:

w u wa+ u(l — )
B = By = p,=22T0 7Y
VT ke T dken 4k
(60)
and p2 = E2—m?2, m? = m?+a(1—a)Q?. The first step

in the calculamon is the integration over ¢. The result
of this integration involves the hyperheometric function,
however allows for expansion over k.. The forthcom-
ing integration over k., extraction of infrared divergent
terms, integration over «, and expansion over m keeping
only leading and next-to-leading terms result in

V4 1
IR _ m _ iy
SR = (2PIR+log( Ow()))(Lm 1+ 5L
2
T —1 2 o (61)

6 ’LU()

Integrals over dI's, for infrared free terms (i.e., first
and second summands in (B3])) can be performed in the
4-dimensional space. All integrals are calculated in Ap-
pendix [Cl For the second summand the integration re-
sults in

(L~ )+O<Q§)(62)

The integration of the first summand in (&3) is cum-
bersome resulting in

/ dTo A(FI® + FfR) =

LE (k) = §uTE + Rufo T + i, T
+(Fpuin + yfiy )T
+i (G#quT5F + E,uvan26) . (63)

All TF have the same structure

1 F Tf{ ’LU2 ng 2 F V
= log 2 + £ log —— v + T log —— —
2
uantities 71:. are rational functions o u, w, an
Q iti TZI; i 1 f i f QQ, , W, d

V2. They are independent of the electron mass. The
explicit expressions for the Quantities Tg are presented
in Appendix[Dl There are four remarks worth discussion.

First, as one can see many integrals over I's, con-
tain m? in denominators and therefore are infinite in the
massless approximation (see Appendix [C)). However all
these terms completely cancel when combined into func-
tions TZI; and these functions are finite in the massless
approximation.

Second, the lepton polarization vector was used in the
form

k1
= ooy +mé, (65)

where £ does not result in any lepton mass dependence.
This corresponds to the most practical case of longitudi-
nally polarized lepton or more general case when lepton
polarization vector is represented in the form of (]55]) Af-
ter integration over I'y, the vector € appeared in T, only
in the form k1€ = —1. This is a reason why & does not,
explicitly contribute to (64]) and equations for Tg given
in Appendix

Third, using known properties of traces of ~-matrices
one can show that the spin-independent part and spin-
dependent part containing leading component of ¢ =~
ki/m of L}, (k) are symmetric in respect of substitution
k1 < ko and Kk — —k. Therefore functions Ti}; pos-
sess certain symmetry (i.e., symmetric or antisymmetric
dependent on the symmetry of respective tensors), for
example, T} < Tk and Tl3 4 & T3 4 for i=1, 2, 3, and
6, while T < —T% and Tz}?jA < =Tk, for i=4 and 5.
Because of the contribution of &, functions T have cer-
tain symmetry only for unpolarized part of the leptonic
tensor.



Fourth, the results obtained earlier in the leading log
approximation [3], when only terms containing log m? are
held, are directly obtained from T} presented in (64)) and
Appendix [Dl The original leptonic tensor L, (k1, k2) in-

tegrated over I'y, (denoted by [ dloy Ly, (K1, k2) = Lf,)
can be represented as
4L, 1+ 23 4Ly 1+ 23
L, =————1IL° Lp 66
my w 21(1— 21) w T u 1—z9 M (66)

where Lj,, and L, are leptonic tensors for BH taken in a
shifted kinematical points. If to explicitly use arguments
of BH leptonic tensor,

LEIJI{ ELEIJI{(klak27kawau7Q2) (67)
then
LISUJ = Lflf{(zlkl,kg,ﬁ — (1 — Zl)kl,
21w, u — (1 _Zl)Q2ale2)a
ko 1
e, = L3 (ky, =,k — (— - Dk
Qv 'L“j(l,ZQH (2 )27
1 u Q2
—(—-1)Q* — 68
w- (-0 ) o)

V. CROSS SECTION

The hadronic tensor ([IHI4) can be rewritten in the
form

1
Wi = Z Wi F s (69)

j=1
where the structure functions are defined as (7 = t/4M?)

Fi= (A + )2, Fo=F24 7F2,
F3 = (Fl +F2)(F1 - TFQ), Fi= (Fl + FQ)FQ (70)

and
wfw = _tguuu Wy = 415;115117
. -1q
wfw = 2iMepung, wﬁu = anewpq. (71)

Contractions of the leptonic tensor describing 2y emis-
sion ([63]) with the tensors contributing to hadronic tensor
() requires the calculation of contraction of the base
tensors (i.e., Juv, KRy, etc) with ([ZI):

U,
C'11 = guuwuy = _3t7

Cot = ol __(u—w)2+4Q2V2
= h~uhv - )

v 4
_ (u+w)? +4Q%t
Cs1 = nunuwiy D
1 (Q*+t+ V) (u+w)

Cy = (ﬁufiy =+ ’fLVI?LM)w#U = — 5 s

Cia = gwj’wfw =t+ 4M2,

(28, —Q* —t—V?)?
4 )
(28, —u —w)?

~ ~ 2
032 = n#nl,ww = —4 y

s 2
Caz = Rukywy, =

Cuz = (Apfoy + iy )W,

_ (25, —Q* =t —V*H(2S, —u—w)
5 ,
Cs3 = iewkqwzu = —2M (2t(nk) — (Q* — t + V?)(nq)),
Co3 = i€pumqwy, = —2M (2t(1n) — (u + w)(ng)),
Cs4 = ’L'E;wkqwf:u = _(HQ) (281 — Q;]\} - V2)ta
Cos = e, = —(na) E22 L= (72)

Scalar products of polarization vector n = (0,7, 1y,72)
with four-momenta are obtained as generalizations of
Egs. (15) of ref. [3] for the case of the heavy photon.

s = — MNsx - 5SS, + 2M2Q? .
)\Y T 2Mm Z
phy = — Nsx - XS, — 2M2Q? .
)\Y T 2M\/E Z
, Asx
== 25X (1, cos ¢ + 1, sin @)

S, +2MA(Q% + 1+ V?)
2M Ay "
and nk = nk; —nko —np’. Here A\sx and A\gx are factors
in AY,, in (B2)) taken in ultrarelativistic approximation:
Asx = SXQ* = M*Q",
j\SX = ((Smt(sw - Q2) - vaz)t
—M?((Q* —t = V?)> +4Q°V?)). (T4
Contractions of the tensors describing BH and the
loop-effect leptonic tensors are denoted by C?j and ob-
tained from (72)) using substitutions w — wp, u — g,

and V2 — 0. Thus, the BH cross section is obtained in
the form

(73)

dog 327303 [ o 0 0
6 4
+PLPy Z Z Cg.z;@fj) (75)
=5 j=
or briefly
dao 327T
aTe Z COTVF;. (76)

Here 3, ; denotes the sum over all 4, j with non-zero (72)

as in (IE) ie.,
2 Sy nn Yy (77)

=1 j=1 1=5 j=3



The BH cross section coincides with the cross section
for unpolarized and polarized targets given by (7-10) of
ref. 3] as well as with results given in |[10]. The contribu-
tion of loops contains both factorized terms (containing
infrared divergent and mass singularity terms) and non-
factorized

do, o, doy dof

- — 61) 5vac T L ’ 78
where
dof  327%03 o
v~ N OVTY 79
dro St2 T ; e Y ( )

The contribution of two-gamma bremsstrahlung is

dor _ «a jpdog | dog dog

R Celr0 T4 TOR 80
dFO m R dro dro dF07 ( )
where
2
dog  64m2a* T av? oo
= s VL [ et - )
Z,] 0
’U2
doE Smad ~
_d?s = g:; / dv2Cy, Ty

Combining all contribution together we obtain the total
BH cross section with the lowest order RC

d d do¥ d dof
99 (1 + _5) 90 Tv | 294 YR (81)
dlo dl'g  dl'y  dl'g  dly
where 6 = 0y g + Oy and
3 1 V4 1 i
dvp==Lm—=+1 M (L —1) — = log® —. (82
VR = 5 2+ OgquO( ) 5 o8 w (82)

This expression does not contain the infrared divergence,
but also does not have terms with L2 .

Combining leading terms allows us to reconstruct the
results in the leading approximation obtained in [3] from
the cross section (8I). Only the terms dog/dl, dok /dTg
and the correction factor & contain the leading logs. The
leading log terms in doy/dl'y and dok /dl'y are combined
as:

TP oty
> Ci(Ge+ ImTr) =

Lo, 1 2 TOS 1 TOP
Lm (L2 A5 ] T2 . (83)
2 \z1(l—=2) w 1—20 u
where
V2 U
=1-— = — 84
L w T utve (84)

and TJOS and TJOP are obtained from TO = >, C2T? by

ij 1
substitution of kinematical variables by z1,2-dependent

variables as in (G8). Then straightforward calculation
using ([84) and eqs (42) of ref. 3] gives

doy
dly’

dog do¥ dopr, aLp,

ar, Tar, ~ dre | 2n (85)

(Ls + 1)

where doy, 1, /dT exactly represents the second and third
terms (i.e., terms with integrals) of the leading log con-
tribution given in eq. (48) of ref. [3] and I, , are

1
1 2
—/d21< +Zl—
1—2’1
! 2
1
/dZQ( +22_
1—22
0

These integrals are calculated by a regularization at the

upper integration limit as 1 — 1 —e€. Then two terms can
be calculated separately, e.g.,

VAy sin@ 20(z — z{”))
\//\Yz \/DO 1—21 ’

VAy siné’ 20(z — z{”))
VAv: VDo 22(l—2) )

1—e

1+ 27 3
d =—=—2I
/ AT ) ) oge (86)
0
and
1—e 2
Vy sin@ 2 dv? V2
dz =2 [ — =2log—.
\/ \/ 1 —z1 V2 €Wy
z1 E€Wo
(87)
Therefore
4
I;+I,=-3—-2log . (88)
wWoUg

One can see that the term with I; + I, in (8E) exactly
cancel the leading contribution from the correction factor
d, such that the results (48) in [3] are reproduced.

VI. NUMERICAL ANALYSIS

Detailed numerical analysis of the leading log RC to
the cross sections and spin asymmetries in the kinemat-
ics of JLab experiments was presented in ref. [3]. Here,
we focus on the comparison of the effects at the lead-
ing and next-to-leading level and on some other effects
not sufficiently discussed in that paper (e.g., r and Q*-
dependence of RC).

A. RC for the cross section and polarization
asymmetry

Figure @ shows the z- and Q?-dependencies of the RC
factor (defined as drc = 0obs/0BH, Where ops is approx-
imated by do/dl'g from @8I and opgy = dog/dly is given
by (@) calculated in nine different kinematical points on
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FIG. 4. The Q? dependence of LO (dashed) and NLO (solid) RC factor for several x, ¢ and ¢ calculated for beam energy
equaling 5.75 GeV and without any cuts on the the invariant mass of two photons (i.e., when V;2 is given by eq. ([@2). Nine
curves at each plot correspond (from the left to the right) to nine values of z: 0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4, 0.45, and 0.5.
Q2. is defined by kinematics.

t and ¢. Three values of ¢ are 0°, 90°, and 180°. Three  photon along the initial (t, = Q*X/(S — Q?)) or final
points on ¢ represent three kinematical regions defining (t, = Q*S/(X 4+ Q?)) electrons. Specifically, these points
the shape of ¢-dependence of the RC factor (see, Figure are chosen as:

5 of ref. |3]). These regions are separated by the values

of ¢t defining the position of the peaks in the cross section

of BH process. The peaks correspond to emissions of the tmin;‘ ts : ts ‘;‘ tp7 tp +2tma:n' (89)




Each plot contains eighteen curves (nine dashed curves
representing LO calculation, nine solid curves represent-
ing NLO calculation) for nine a’s. The regions for
Q? are between 1GeV? and Q2 ,, defined by kinemat-
ics: Q2,,. = ©5%/(S + xM?). The shapes of the Q-
dependencies are similar for LO and NLO cases, and the
values of the NLO RC factors are typically higher than
the RC factors calculated in the leading approximation;
the curved for ¢ =180° represent important exceptions
that are discussed below. In many cases the NLO cor-
rection calculated in this paper is the significant contri-
bution to the RC factor that should not be ignored in
analyses of experimental data. Three types of the shapes
of LO and NLO corrections are observed. The first is
observed for upper and lower rows of the plots: the RC
factor has a maximum for Q? close to Q2,,,. The mono-
tonic curves are observed for ¢ =0° or 90° and for ¢ be-
tween two peaks (i.e., between ¢, and t¢,). Third type
of the shape is represented in the sixth plot of Figure [
(i.e., for ¢ =180° and t = (ts + t,)/2). The large values
of the RC factor found for this point deserve a specific
attention that will be analyzed below in Subsection [VIBl

Measurements of the momenta of the final particles
provide redundant information for the reconstruction of
the four kinematical variables determining the BH event.
This information is used to construct various experimen-
tal cuts and apply them to data collected in a bin over
these four variables. Largely these cuts are designed to
remove the events with two photons (both of them are
not soft) and could be reduced to the cut on V2. These
cuts remove events with V2 > V2, the cross section
of the removed events are always positive therefore the
effect of the cut results in decreasing the values of RC fac-
tor. The example of RC factors with and without a cut
is presented in Figure 5 of ref. [3]. The value of decline
in RC resulting from the cut on V2 strongly depends on
how this cut is hard. Figure[d gives an example how the
cut on missing mass can influence RC. Since the cut can
suppress only the contribution of two photon emission
and respective cross section is always positive, the RC
factor goes down when applying a harder cut on missing
mass.

The radiative correction factor can be defined for the
polarization asymmetries in terms of RC factors for un-
polarized and polarized parts of the cross section as

da = 5%%/6%&? because

O_pol 5pol
b RC

Aobs = gnsp = 5unp ABH = 5AABH- (90)
obs RC

The index obs and BH stand for observed and BH cross
section, superindices unp and pol characterize the polar-
ization structure of the cross sections:

____unp unp
Oobs,BH = Oups ppy T PLPNUobs,BH' (91)

The radiative correction factor for asymmetries is not

defined for kinematical points where O'%OIl_I = 0. Several
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FIG. 5. The Q? dependence of NLO RC with (dashed) and
without (solid) the cut on V2 < 0.3 GeV? several x, t =
(tmin + ts)/2, ¢ =180° and Epeam =5.75 GeV. Four curves
correspond (from the left to the right) to four values of z:
0.15, 0.25, 0.35, and 0.5. Q2,,, is defined by kinematics.

examples of §4 are presented in Figure [(l The RC fac-
tor to asymmetries is close to 1 comparing to RC factor
for the unpolarized cross section. NLO correction could
essentially change both magnitude and the shape of §4.

B. Large effect for RC for ¢ =180° and t; <t <,

The nature of the large effect for ¢ =180° and t, < t <
t, was clarified in [3]. The large effect comes from the
two-photon emission process when both two irradiated
photons are collinear: one is collinear to the initial elec-
tron and and another is collinear to the final electron.
The corresponding BH process (i.e., one photon emis-
sion process with the same values of the four kinematical
variables) is the process with the emitted photon with 4-
momentum corresponding to the sum of momenta of the
two collinear photons. This photon is not collinear and
therefore the respective cross section of the BH process
is not large. This is visible from the leading log formulas
(66). The first term in (66) corresponds to the s-peak
of one of the photon and the second term describes the
p-peak. If another photon is collinear to another electron
(i.e., final electron for the first term and initial electron
for the second term), respective scalar products of the
photon with electron momenta (i.e., u for the first term
and w for the second) has to be small. These scalar prod-
ucts appear in the denominator of the BH cross section
making it large in this kinematical point.

The origin of the effect is visible from the NLO formu-
las as well. We see from (68)) that v and w in these terms
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1.4
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FIG. 6. The Q* dependence of LO (dashed) and NLO (solid)
radiative correction factors for polarization asymmetries (77 =
(0,0, 1) for upper plots, 77 = (1,0,0) for lower-left, and 7 =
(0,1,0) for lower-right plots) for several z, ¢ and ¢ =180°,
Epeam =5.75 GeV without cuts on V2. LO RC in the upper-
left plot is not shown because d4 ~ 1 for both values ¢. Nine
curves at each plot correspond (from the left to the right) to
nine values of z: 0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4, 0.45, and
0.5. Q2. is defined by kinematics. Only curves for z: 0.25,
0.3, 0.35, and 0.5 are shown for lower-left plot.

both proportional to Vi:

u= E, w = K (92)
w U

Numerical analysis confirms that the huge effect appear

due to the peak in the integrand in the point when V; is
small.

This observation allows us to identify kinematical con-

ditions when the effect can occur. Because Vi are pro-

portional to the electron propagators we can expect that

Vi=uw—V3Q*=0 (93)

for m — 0. Since u and w depend on V? (see eqs. (BI))
and (2))), eq. ([@3) gives us an equation for finding V2
representing the position of the peak of the integrand:

T + sin(¢) W Ty + sin® (¢)*TE = 0, (94)
where
Ty = 0y (X + @5 - @) (0= 1)t — 1)
X2tpt + S%tst + 2,1, X

o tpts 4
X2 V+&V ,
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T = 16Q*(Vy — V2)(SX — M?Q®)(Syt
+M2(VE+VE 42t +2Q7)),

Ty = Ay ((S% + X2)((t — Q* + V*)2 +4Q%*V?)
+2Q%t(S21(S: — Q%) — S V?)). (95)

The equation ([@4]) was obtained by squaring of an equa-
tions containing radicals in the LHS or RHS. There-
fore, some additional conditions have to be satisfied when
searching for solutions of ([@4)). One of them is

cos(¢) < 0. (96)

All three terms in ([@4]) are non-negative (last term in T
is positive because Sz¢(Sz — Q%) — S, V? > S44(S: — Q%) —
S.V2 = (82 — Q%t)?/(tS2)M? + o(M?/S,)), therefore
the solution is possible only when all of them equal zero.
This can be achieved only when ¢ = 180° and T = 0.
The solution of the latter equation is possible only for
ts <t <ty (otherwise all three terms in the brackets of
the expression for Tp are positive). The solution is V2 = 0
for t = t,, and some positive value of V2 for ¢ between
ts and t, as illustrated in Figure[@l Thus, we see that the
extremely small values of V1 = 0 in the denominators of
the integrand resulted in the huge RC can appear only
for t; <t <t, and ¢ = 180° (and a narrow area around
the value).

2
1.2 v
@=180°
1 L
solution
08|
0.6 |
0.4}
cut
0.2
A b
0 1 2 3 ¢ 4

FIG. 7. The solution of the equation ([@4)) that is possible only
¢ =180° and t, < t < tp. The line at V* = 0.2 GeV? shows a
possible cut on missing mass. This demonstrates us that the
effect around the kinematical points t = ¢, and ¢ = ¢, cannot
be completely suppressed by the cut.

VII. DISCUSSION AND CONCLUSION

In this paper we completed analytic calculation of the
radiative corrections in the BH process for unpolarized,
longitudinally polarized, and transversely polarized tar-
gets within the next-to-leading accuracy. In this approxi-
mation only terms proportional the electron mass are ne-



glected therefore the RC was calculated practically “ex-
actly”. The most important feature of the calculation
is that complete integration for loop contributions and
integration over angles of an additional photon for two-
gamma contribution was performed analytically.

This calculation is continuation of efforts of several
groups of researches made contributions to the problem
of RC in BH process which created a theoretical back-
ground for our study. The one-loop correction and soft
photon emission contributions were investigated in de-
tails by Vanderhaeghen et al. [l]. Some ideas of one-
loop correction calculation including ultraviolet and in-
frared renormalization using dimensional regularization
were used in our calculation. The approach for the cal-
culation in leading approximation for the DVCS cross
section was developed by Bytev, Kuraev, and Tomasi-
Gustafsson |2]. We largely based on their approach for
the calculation in the leading log approximation as well as
compared our expression for the shifted kinematics and
the expression for loops effect in the leading approxima-
tion. The explicit results in the leading log approxima-
tion which were used for the comparison were calculated
by us in ref. [3]. Two important sources of theoretical
information were used for the NLO calculations. The
first is the exact calculations of the next order correc-
tions to the radiative tails from elastic peaks was done
by Akhundov, Bardin, and Shumeiko |4]. Specifically, we
used the model for the phase space parametrization of
two photons and exact approach for extraction of infrared
divergence (see also |&]). The second is the asymptotic
expressions for loop integrals in non—collinear kinematics
calculated for one-loop diagrams by Arbuzov, Belitsky,
Kuraev, Shaikhatdenov [5]. All these integrals were re-
calculated by us in dimensional regularization and the an-
alytical expressions were tested numerically. Finally, we
used the theory of DVCS from Belitsky, Mueller, Kirch-
ner [10] for cross check of the BH formulas for unpolarized
and spin-dependent cross sections.

Leading log approximation provided compact expres-
sions are a particular case of our calculation. We demon-
strated how the leading log formulas can be extracted
analytically and evaluated the relative contributions of
the leading log and next-to-leading terms to the total
RC. Note, that hadronic structure is incorporated in the
leading log expressions through the “base” cross section
(i.e., the cross section with one photon emission) that
minimize possible model-dependence in the RC.

Large effects are predicted when both photons are
collinear (one is collinear to the initial lepton and an-
other is collinear to the final lepton). Since the photon
in respective BH process is not collinear (its momentum
is the sum of two collinear photons), the BH cross section
is not so large. We found analytical expressions for kine-
matical conditions of the large effects and demonstrated
that frequently used kinematical cuts cannot suppress
this large effect especially in the kinematical region close
tot =t; and t =t,,.

All conclusions are valid for the specific way of recon-
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struction of kinematic variables: leptonic and hadronic
momenta are used to reconstruct the kinematics of the
BH process. Kinematical variables of the photon were as-
sumed to be unmeasured (or used only in the calculation
of kinematical cuts). An universal way to avoid multi-
ple calculations to cover all possibilities for data analysis
designs is the development of the Monte Carlo generator
of the BH process with the additional process with two
photons.

Appendix A: Loop Integrals

In this Appendix we present the table of integrals over
4-momentum of an additional virtual photon that is de-
noted as £. The integrals are defined as:

J[A] = % / dA. (A1)
s

The scalar, vector, and tensor integrals are denoted as
Jiji, Ji5, and J7 respectively, where lower indices show
the terms in integrand denominator, i.e., ¢, 7, k are 0, 1,
2, q, or G for vg, vy, v2, V¥, or v, respectively, where

Vo 262,
v = (kl —f)2 — m2,
V2 kg —6)2—7’)12,

= (
of = (k1 — k —0)* —m?,
= (

wh = (kg + k — £)* —m?.
¢
For example, J[ﬁ] = Jog, J[m] = Jhag» and
0l 1 v
['U()’U;L’UQ’US] - J012¢7'

The integration involves the usage of the Feynman pa-
rameters and is performed in the dimensional regulariza-
tion. Note, that all expressions in this Appendix contain
wg and ug. However we drop the index ”0” in this Ap-
pendix for brevity and use w and u instead. The results
of the integration for scalar integrals are:

Jo1 = —2P + 2,

Joo = —2P + 2,

Jog = —2P +2 — Ly,
Jog=—2P+2— Ly,
Jio=-2P+2—-L,,
Jig = —2P,

Jo1z2 = _2§PIR 50° (L2, - 3),
R 2 e 2
Jorg == Gl + ).
1
qu*:—Q2+ (Lt(L¢ — L)



+5(Li— L) = 5 +20(1+ 7)),
Jozg Q21_ (Li(Ls — Lu)
+%(Lt — Ly)? +20(1 - 2)),
Jo2g %(%Li - %2)7
Ji2qg = 2 1_ w) (L7 -L2),
Ji2g 5 1_ o (L? - L),
Jo12¢g = % + wLQQ (2Lme —?
‘ 2
—2¢(1—aﬁ)“€$)’
Jot2q = —% — %QQ (2LmLu — Lf

2

—2@(1 - é) - %) (A2)

Here L,, = log(w/m?), L, = log(u/m?), L; = log(t/m?),
and L,, is defined after eq. ([B2). The two-propagator
vector integrals are

1
Jb = <—P+ —) k1,

1
J2H'q = (—P+ 1-— §Lt) (kl;,e + k?u - ku)a
1
J{Lq: (—P—‘,—l— 5[1,5) (klu+k2u+ku)~ (A3)

The result of vector and tensor integration for three-
propagator integrals are

Jil;'k = a}jkklu + a?jkkm - afjkqu,

T = b g + b kb + 07 Kk, + 0% 4.,
+bi5 (kpkay + kaukn) = 0 (kg0 + gukry)
—b7% (ko + qukay). (A4)

Integrals with four terms in denominators are defined in
the same way but with four lower indices. The “minus”
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sign appeared in some terms because of opposite defini-
tion of ¢ used in [5]. The coefficients for three-propagator

vector integrals are

L
1 _ 2 _ tm q
Gp12 = Qo12 = —0% ap12 = 0,

1
a(lnq = E (’LUJqu + 2L, — 2),

1
a(%lq = E (_Lw + 2)7

1
aglq = _E (_Lw + 2)7

agig = w _fQ2 019 — 2 (w +tQ2)2 bt (wt—i—_C;)? b
agg =0, ag1g = Z;UT_QL;’
a(l)Zq =0, ag?q = Lw_i_Ql;t’
a2y, = U_LQQJOQQ -2 _tQQ)QLt + (ut_JrQ“;)QLw,
a(l)zq = agzq = %(Lu - 2)’
a%m = % udozg — 2L, + 2)7
a}zq— " ! 120~ (ttQ2>2Lm+2( _tu)QLt-i- uEw
a?gq = J12¢ — Q124
I12q = g Jizg + (:ut?;QLt B 632u)2 bty E w
a%m = wiu 12§ — (:U—i__Ci;Lm +2(w_tu)2Lt+ uEw
a19q = Ji2g — alag,
afog = U?Q J12g — (t —i__?j)z L + 2(w CEQU)Q L
2
Cu—w’ (A%

Ultraviolet divergent terms are contained in bfjk only:

1
b312:—§P+
g 1
bolq:_§P+

1
bglq:_§

1
by = =5 -

1
ngQ:_§P+

1
blog = —5 P~

1
by = —3P

3—Ln
4 )

3— Ly
4 )

CA(w+Q2)

Wl —tLy
4(u—@Q?)
3— L,
1
yLm — tLt
A(u—w)
YLy —tLy
4(u — w)

L3
4’

L3
47

+
=W W

+



The ultraviolet-free coefficients for three-propagator ten-

sor integrals are

L,—1
béi? = b%%? = 2Q2 )
-1 1 2
b(lﬁz = Tan b0(112 = b0(112 = bglfz =0,
3 9
bl = —L,— —
o1g = Joig + w 2w’
pl2 _Lw -3
0lq 2w’
pla _ Ly,—3
Ola ™ 9y 7
Ly, —2
2 _ 22 _ w
i, = b3, = b, = T2
Bl u(t — u) +t2+2tw—u2 I
=\ + @ " 2w Qo )
H(t+4u) u—t N u? g
(w+Q2 " 2w+ Q2 T (w R
2
b(l)%q = b%%q = b0(111j =0,
2u+t 1
bl = " (L,— L) — —————
019 = 30w+ Q2 ) ST ey
bqqﬁ _ Lu _Lt
" = 5wt Q2
22 w(t 4+ w) _t2—2tw—w2 I
T\ 2-er )
t(t — 4w) w+t w?
L;— J
RO S ORI PR D Eh
1, =, = 0, =0
2w—t 1
7 A SR g7 W ———
T o2 E A T ek
3 9
22 _ 92 9
bozq - J02q uLu + 211,7
2 Lu -3
bz, = tig, = L2
L,—2
11 _ 41 _ u
I
bqqﬁ _ Lt - L’u)
202w - @)
t2 3t 4+ 4tQ* — Q*
by, = J L,
126 7 (4 — w)? 12g 2(u — w)3
3t2 L+ Q% — 4t
(w—w)?" " (u—w)?’
4 3Q* + 4tQ? — 12
b2 = @ J m
120 7 [y — )21 + 2(u — w)3
LHE-4QY) Q2
(w—w)? " (u—w)?’

Q' 3Q*
Wy = i
12 — 4tQ? — 3Q* t —4Q?
u—w)? T —w)?
g2 th( )_t2+4th+Q4)L
1207 (g — w)?2 124 2(u — w)? "
¢t +2Q? 2t + Q?
(t+2Q7), | 26+Q°
(u—w)? (u—w)?
tQ’ Q*(5t + Q%)
bid, = Ly,
1207 (y — w)2 Ji2g ¥ 2(u — w)3
CHE+5Q%) . 3t+3Q°
2u—w)? " 2u—w)?’
Q! Q*(t+5Q%)
P2 — % B2 S M VA S
129 (u—w)? J12g 2(u — w)3
204 2 _ 42 2 _
L2 s TRt
2(u —w)3 2(u — w)?
t2 3t2 4+ 4tQ% — Q*
2 _ _
b2z = (u—w)? Jizg ¥ 2(u — w)3 Lom
3t2 I Q% — 4t
(w—wp ™" (u—w)?’
4 3Q* + 4tQ? — 12
bllf — Q B m
1267 (4 — w)? Ji2g ¥ 2(u — w)3
t(t — 4Q? 2
L4073
(u—w)? (u—w)?
Q' 3Q*
Wy = i
t2 — 4t 2 _ 4 _ 2
@ -3Q', | 1-4Q"
2(u —w)3 (u—w)?
12 tQ? £+ 4tQ* + Q"
bisg = —7———3J12d ——————7—Lnm
1 (u —w)? 2(u — w)3
t(t+2Q?%) 2t + Q?
L
= T e
tQ? Q*(5t + Q%)
S S PP R SN Ly g
129 (u—w)? J12g 2(u — w)3
+t(t +5Q?%) 3t + 3Q?
2u—w)? " 2u—w)?’
Q! Q*(t+5Q%)
bis. = i Ly,
1207 (y — w)?2 Ji2g ¥ 2(u — w)3
R e A (O
2(u — w)3 C 2w —w)?

The coefficients for four-propagator vector and tensor integrals are:

T P ——
0120 = Sy

L2
2

15

((wQ2 +ut)Jizg + (1 — Q) Joog — w(u + Q%) Jorg — (u— Q2)(_m —2Lmby +1i +29 (1 - &)))



1 L? t
GB12g = 5y [ —(WQ? + W) Jizg — (ww + Q) Jozg + w(w + Q%) org — (w+ Q%) (72 = 2L Ly + LF +20(1- 3 )) ),
2uw@ 2 Q
q 1 2 2 2 2 o (Lo 2 t
W10 = gz (@0 + ) 2g = Q= Q*)Jozg — wQJong +Q (7 2Ly Ly + L2 + 2@(1 - @))
1 L? t
105 = S| —(uQ® + wt) J12g + (w + Q%) Jorg — u(w — Q%) Jozg + (w + Q%) (—m — 2Ly Ly + L7 + 2<1>(1 - —2)) ’
2uw@ 2 Q
0l = — (w0 + ut)Trsg — (ww + Q) Jorg + w(t — Q%) Josg + (1 — 622)(i — 9Ly Ly + L? + 20 (1 - —))
012q 2’U/LUQ2 q 4q 4 2 Q2
A —Q*(w + u)Ji2g + Q*(w + Q) Jo15 + uQ?Jozg + Q* Lin L+ L2 420 (1 -
012G 2uwQ2 12q 0lq 02q 2 mu t Q2 )
1
bgl2q = §(J12q - wa812q),
1
b(l)bq = 2uw0? ((U — Q%)*(J1zq — Wago,) + (wQ? + ut)ahq —w(u + Q2)a’(l)1q +Q%(u— Q%) (a1, + wa(1)12q)) )
1
b3%2q = Suw(? ((w + Q%) (J12q — wags,) — (u@® + wﬂ@%zq - (tQ* + Uw)agzq +w(w + Q2)a(2)1q
+Q*(w + Q*)(ago + wagmq)) ;
1
Wt = e (@012, — 2utdha,) + QP+ whaly, + QP — Q- @y, ),
1
b(l)%2q = 20w Q)? (—(tQ2 + uw)(Jizg — wag;y,) — (u@* + wt)ahq +w(w + Q2)a(1)1q + Q*(w+ Q%) (agyy + wa(lnzq))a
1
bé‘bq = G (_Q2(u — QQ)(Juq — 2wa812q) + (wQ* + ut)a‘lqu + (u — Q2)2a82q +w(u+ Q2)a31q),
b2l = L —Q*(w + Q*)(J12q — 2wal,y,) — (uQ? + wt)ady, — (Q*t + uw)ady, — w(w + Q*)ag
012q — 2uwQ2 12¢ 012q 12¢ 02q 01lq |»
1
bg12q = §(J12q u“012q)
1
b%%?q = 2uw0? ((w + Q%)*(J12q — Uag og) — (uQ* + wt)af% u(w — Q? )a02q Q*(w+ Q%) (agyy — u“?)mq)) ;
1
b012q = 2uw()? ((U — Q%) (J12g — U 9q) + (wQ? + ut)a}% — (tQ* + uw)a(lnq +u(u — Qz)aém
_Q2(U - Q2)(a312 - ua’(l)12q)) )
1
btz = Sun? (Q4(J12q — 2uagyy,) + Q°(u + w)aty; — uQ?agy; — Q*(w + QQ)a31q>v
1
(1J§2zj = W (—(tQ2 + uw)(Ji2g — uagioq) + (wQ* + Ut>a’%2q + u(u — Q? )a02q Q*(u— Q*)(agy, — Uaglzq)>7
(2Jlf2q ( ) (Jr2g — 2uag;oq) + (uQ® + wt)aty, — (w + Q2)2a816 +u(w — Q2)a(1J2q) )
(1Jlf2q 2uwQ2 ( %) (Jr2g — 2uag; o) — (wQ* + ut)afss + (Q*+ uw)ag; — u(u — Q2)a(1)2q) .
Note, that the integrals need to be considered in d- Appendix B: Functions T};
dimensional space. For example, the results of two in-
tegrals JG; and Jip gives an equality Jougw = Jig only The functions T}; contributed to (35) read

16

with using dimensional regularization rules, i.e., with tak-
. . _ _ . 1
ing into account that Pg,,g,, = Pd=4P+1 —|—O(d 4). TY = — o (4tty 130+ Q%) + SquO),
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T =——— (tQ2t2 (ug + wg + 2Q2)u0w0), Ty = — 30202 (2w0Q2(2t —wp — ug) — u0(3w§ + u%)),
W UpWy
Th=— o (uo(t, + Q*) — Q%twyo), Tis = 5,9, ( 2u0Q? (2t + wo + uo) + wo (3ug + wp)),
0 Upw
. 2
Ty3 = o0 (wo(ti + Q4) _ QQtuo), TY, = (u tO wo) (( (3Q2 £) + u(g) I wg)t B 3tyu0w0),
0
o 1 2 2 2 v (UO +w0) 2 2 2
Ty = Yot (4(2tyt 4+ uowo)Q~ + 3(ug + wy)ty), I5 = 2uZw? (3Q* = 1)t + ug +wp),
v 1 1
Tis = u—0(2Q2 + uo)tu, T = ——((3Q2 = t)t — 2ugt, + u2 + wd),
0
v 1 2 1
Ty = U—O(ZQ — wo)tw, Ty, = o 5 ((3Q% — )t + 2wot, + ud + wd),
. 1
T2O = 2u2u}2 (31513/ + 4(tQ2 + quO)(5t — Qz) + 12Q2u0w0), Tv4 _ _UO + wo ((t + Q2)t + 3t2)
’ to ° tupwo v
v 2 4)\2 2 4 » 1
5 = —2u8w8 ((t Q ) + 2u0w0(6U0’LUO + 3t“ 4+ Q )), T55 _ 2qu3 (2Q2(tQ2 + ti}) . (4tw . ty)uowo),
v t 2 2 2 1
Ty = W (44(Q + uo) + bug + t;), Ty = SaZwn (2Q2(tQ* + t2) — (4t,, — t,)ugwo),
t
Ty = — 4H(Q* — t2 + 6w? v 1
23 quS,( (Q* — wo) + t;, + 6wyp), Ty = _ugwg (tai (2t + 3ty)qu0)’
1
TS, = —— (4(2t,t 2 4 3(ud 4+ wd)it v 1
24 ugwg( (2tyt + uowo)Q~ + 3(ug + wo)ty), TS = 2wz (t§Q2 — 2ugwo(t + Q?)),
t
Ty = 202 + ug)tu, o 1 2
25 2”2%( Q" +uo)t Ty, = g (2uots, — t,Q2),
v 2 1
Toe = 2uiw? (2Q7 = wo)tw, T§s = ——= (2tuwo + t,Q%),
(:J[ 0 UowWy ’
v 3 _ 2 _ 1
Too = 2ulw3 (ty = 4(Q = 2t)uow), Toy = — (2t +3Q°)t,,
0 tO UoWo ’
v 4 2 2 1
T31 - 2“8“’8 (ty + 2(”0 + wO)u0w0)7 TGU5 = — 5 ) ((2Q2t — wouo)(’wo + ’U,O) - Qthwty),
UpWy
TS = ———(2u2 + t2 v 1
32 ugwo (2ug + y)7 Tss = ngwo (—(2Q2t - wouo)(’wo + up) + QUOtuty). (Bl)
v t 2 2
T3 = _Uo 8(2w0 + ty)’ Notation used in these formulas are
t
I3, = ( 4u0w0)ty, ty :t_Q27 tw =t —wo, 1y =1+ uop. (B2)
udw?
v t 2
Tss =555 ((2Q 3u0) N 2u0(2t — wo)); Appendix C: Integrals over phase space of two real
2ugwg PP g P P
¢ photons
Ty, = 22—2((2422 + 3w )t2 — 2wi (2t + ug)),
to _?_ In this Appendix we present the table of two-
Tip=— 20 3 (2t(2t +ty) — 3t§), dimensional integrals over dI'sy. The integrals are de-
tpw fined as:
T, = (+) (2tuowo + t2 Lt +Q )) 2 1
2ugwy J[A] = —/dFQVA: 4—/dcosoRd¢RA. (C1)
" T T
T = (2Q%wo + ui + w}),
2 udwo 0 0 There are two types of integrals to calculate:
t
T = ——=(2Q%uo — ug — wp), 1 1
uow; Jij —J[ J}, Jij —J{ J] (C2)
» U + W u1w2 1w1
Ty = (0270)(2% 0Q% — tf,(t +Q?%)),
ugw The invariants w2 and uy 2 are defined after eq.(dg]).

The integration is performed in the center-of-mass system



of two photons. The axis OZ is along q and the momenta
of electrons are in the OX Z plane. Photon energies are
equal w1 = wy = V/2. The electron energies and electron
momenta and their the components in this system are

w o
v’ TP 2v”
w? — wu + 2Q%*V?

plZ: ZV\/W ?

B =

wu — u? —2Q%V?
pQZ - 2V\/W I
Q*Vi
Ple =Pie =Pz = = - —m?, (C3)
%

where A\y = (w — u)? + 4Q?*V? and V] is defined after
eq. (B0). The invariants wy 2 and uy 2 are

w1 = 2w (E1 — p12 cos(Or) — pa sin(Or) cos(¢r)),
wz = 2wz (E1 + p1; cos(Or) + pz sin(Or) cos(¢r)),
u1 = 2w1(Es — pa, cos(0r) — ps sin(fr) cos(or)),
uz = 2wa(Es + pa, cos(0r) + pr sin(fr) cos(pr)).

The results of integration for scalar integrals with no
more than two propagators are

Ly LZ
Joo =1, Jio = —, Jo1 = —
u w
1 1
Jao = meve’ Jo2 = m2y2’
. 2L, 2L
J11 = ——= Ji1=—
11 v 11 v
where
2 2
vV _ u vV _ w
Lu - 1Og 2V27 Lw - log m2V2a

18

\%!
m2V2
and L, is defined after eq. (32]).

The integration of three- and four-propagator integrals
results in

L1 =log

U —w
Jo1 = T V2 LI Lot~ %
w 2u U —w
J12 - m2V2V1 + V_IQLI -2 VvIQ )
u? + w? Vi — 2uw u? + Vi — 3uw + w?
Jog = —4 Li+4 .
22 m2V2V12 ‘/13 1 + ‘/13

The vector and tensor integrals are defined as

A, _ A
J“_J[ } J;;_J{ “] (C4)
ujwy ‘ ujwy
and
AN, . ALA,
JQ”_J[%], JY _J{ ] (C5)
uiw‘; “1“’1

with A = ko — k1. The vector integrals with the depen-
dence on one of uy or wy are

i LXU— 2 (o 2‘/721%),
= wa— 2 (o 2‘%@#),
Jéto = % <% - 21:?) 2Luu2 <£k2# - “u)

Remaining vector integrals and tensor integrals depending on one of u; or ws are

- 2uwL,, LY +LY LY —LY —2L., V2 2LV V2 —2L,,— LY + LY
"= uw2 L - =k + [ u—= 73 2—— LY k1, + L + ( o1 w)¥ ko,
nQ*v % ViQ Viw A% Q*Vi
LY - LY 2LVV? (2L + LY + LY —2LYV? (=2Li+ LY + LY
J{Ll _ “u w Ko + w _ ( I 2u u))u klu + u ( I 2u w)w k?ua
% Viw Q*Vi uVp Q*Vi

(L1 Li— 1)V? 1 2v?
ngz( u__ | pu= (L )w)nu+4%klu—2<—+—>k2w

w — (LI — 1)’(1,)&“ B 4(L1 — 1)V2

V12

mQVI V2

1 212
k2;,e + 2(mT‘/I + —>kluu

v

w 2V2((2L1 — 3)u + 2w)

1 4
ng = <7m2v2‘/12 + V_13> (u2 _ w2)/1# + 2<m2‘/12 +
u 2V2((2L1 — 3)w + 2u)
-2 k
<m2VIQ + V3 24

1
(-
L

(W (2%~ 2, = V) — 208

Jio )ity = V2gu) = 2(Ly,

T =
01 w3

— 3)uV?(kyukoy + koytn) + 4(LY

= 3)WVw(kiuky + k1) + 4(Ly,

VP )’“

— 3)V4kguk2,j),

— 3)V4kluk1,j>,
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1
+— (u2(4(3 — LYVkpky +2(2 = LY) g, V?) +4(3LY — 8)uV?(kauky + Kyukay) + 8(8 — 3L1‘:)V4/€2Mk21,>,

1
+—7 (w2(4(3 — L) kb +2(2 = L) g V?) +4BLY, — 8)wV?(kyuky + kukiy) + 8(8 — 3L¥)V4k1#k1,,) .

v 1
0 = v (“%m = 2V Rk + baur) + 4V4’“2#’“”>
v 1
Jb = i (4V4kluk1,j — 2V2w(kuky + k1uky) + w2nuf<;,,>
[
Here c%% _
LY, =2L,— LY — LY,
Lyw=2L1— LY — LY,
Lyw=2L1+LY — LY, "
Lyw =201+ L), — LY. (C6) o =
Remaining integrals will be represented in the form 12 _
€11
JE = g + ) bk + ¢ kapkay + ¢ ki "
C =
—|—Cl1j2(l€1#k2y + kgukl,/) + C}Jk(kl‘uliy + H#k11,> 1
+cff(k2uf$,, + Kpkay). (C7) C%If _
The integrals J/;” have the same form and expressed in .
terms of coefficients ¢;;. The coefficients of tensor inte- €1 =
gration are:
A =
Yy 2
6!1]1 = Lqu ’
\%;
ail = 2 2(LY — 2V + 2uwWi + LY, uw? 22 _
11 V'I2w2Q2 w I uw ’ ] =
2 = e 2(LY — 2)ViZ + 2uwVi + LY uw? ),
uQ‘/IQQQ u uw o
e 4 2LY ww 2L, Co1 =
il = —
11 ‘/I ‘/12 Q2V2 )
o 2VALY. 4V?
€11 = —v2 YY) 2
Vi Q*V 21
_ 1
ay = 0w (2(L¥ - 2)V + (4 - LY, )Viuw
ok —
+2ngu2w2), ae
2k _
2= LoV _oyw2 - (4 v \Wiuw e
QQ‘/I2'UJ u uw
2ngu2w2), g
Cly =
12
L
9 = Zuw
b ety =
2
ol = Vw0l (2(Lg — 2V +2(3 — 2L YJuwVi
i -

+ (L — 2)u2w2) ,

2 14 2 14
+(Lyw — 2)u2w2>,
2(Ly — 2)
‘/I s
2

<_2Q2V2 - Luw%) )

QWi
1 -

e ((4 — Luu)Q?V? — Luwvl) :
1 _

Q2U‘/I ((4 - Luw)Q2V2 - Luw‘/l) )
1

W (2L‘u/‘/1 - Luwuw)v
1

07w ALYV + 2uw(2(1 — Luu)Vi

I
+(Luwu — 2)uw)),
4V2 2

2(2 — LY\V2(2V; — 3
m2uVI + Q4U3VI2( ( u) 1 ( I uw)

—uPw? (Luw — 2) + 202 (2Q*V* + w?Vy)),
U 1
v g
—2u(-1+ L1+ Ly — L}))w),

2
QW
+(Lyw — 2)u*w?),
2(LY — LY)V?

15 ’

2 2
m2W + Q2u2V2
+2Vi(u? — (LY — 2)V1) + (Luw — 2)u*w?),

1

4Vi 4 2u?

(2LY V2 +2(1 — Lyy)Viuw

(=2(u® + Vi)uw

(2LY Vi — Lyyuw),

Q*Viw
4V2 2
2(2 — LY)V2(2V; — 3
mQVIw Q4VI2’LU3( ( w) I ( I uw)

—uPw? (Lyu — 2) 4+ 20°(2QV* + u?V))),
1

oruv? (4L Vi + 2uw(=2(Lyw — 1)Vi



+(Luw — 2)uw)), Al 412 16V4
22 — 2V2 V3 )
Kk w 2 B v v m=Vy I
Cio = 2V2‘/I + = V (1 LI + L Lw)uw 022 B 4v2 16V4
+4V] + 2uw?), 2 m2y? V3
2 we U2+ w? 4
ci3 = o (2L VP +2(1 — Luu)VA(Q?VZ + W) @ = ayayE + V3 (u® + (L1 =)W
+(Lu — 2)uw?), +(3 — 2Ly)uw + w?),
2 2 8(3—2L)V4
1k _ v 2 12 _
Ci2 = _mg‘/l - QQ‘/IQU)Q (2(Lw - 2)‘/1 Cog = T’
+2Vi(u — w)w + uw? (2 = Lyy)u + 2w , 2w 4?2
o~ ) ww{(2 = Luwju+ 2u)) = o+ T (2 - B 2u),
2k 2(Lw _ Lu )V I I
Clg = —— 12 2
Vi 9%k 2u 4V
5 = ——— — —= (2u+ (3 — 2L1)w).
. 4(LI _ 1)V2 22 mQVIQ V13 ( )
Cag = _T’
I
Appendix D: Results for 7%
The functions TZJ; contributed to (G4]) read
P VEPi2w—u Q w@Q®-QiQ*+V? VP4 w+4Q®  QIV? Q*+V?  _Q%w
T11:6+72+__ 2 - 2 Q'U2’lj 2 -2 )
Q w Q*z Q%22 22 Q%2129 %
Vidw—2u Q>  VZ-u+4Q*>  wQ’+Q%(Q*+V? 2V ‘v 2y
Q> Q%2 Q%2 23 Q22122 %
4 2 2 2 _ 022 2 2 2 2 2 N2
T1F3_——2—2 v2jQu+2 ”2;_Qw+2 QQ _2_u2_2 w2+2 +Qv2+4 UZQ —4 wQQ
Q Q%21 Q%20 Q%2122 w21 Uz % Viw uV1
s QG B Q4
uViw uwzlzg
2 2 2 2 2 2 2 4y
T14=——+——4Q P +4Q 2—“2—2—“12+4Q——4h,
Z1 z9 Zl 22 zZ122 wzq uzo 1 UWZzZ1 29
8 4 4 2 2 202 202 2 2 2 _y2 2 172 2
TE—_°S 2. % Q__4Q__4 Qy2 2 4y sz+21+Q_+Q__2Q AL QQ_
QR?*? w u w?2 Q%2 Q%2 22 23 2122 Q22120 w2y
2 4 2 _ 4 2 _ 4 2 4 2 6 4
uzq VI w2 Viw UZo uVp quI uwzlzg
TF7_2Q2—w+u+z2—Q2_3Q2+V2_ 221 +wQ2_ V_2 20%2 + V2 32y +2Q7
ao Q* Q*w Q*z Q% Q2 22 Y Qi Vi
+2Qﬁj(u2 + w?) + 3u?z, 2Q12ﬂw Q4 w? zou?V?2 z1w? (Q% +Q2)?
20" 2Vi QWi U2QWim | 2QWizm L VE
TF:2Q2+u—w_zl+Q2_UQ2+u_3Q2—|—V2 zlw+V2 2oty 232'1—2@2
22 Q* Q?u Q*z Q%2 Q'z 25 Q’zn1z 21
2Q2% (u? + w?) — 3wz 2Q3u Qiu? zou’ 21V 2w? Q2+ Q%)
2Q*V; 2Vi Qi 2Q4Vin 2Q4V122 V2 ’
9 4 2 2 2 2 2 4 2 2
Q* Q*zn122 Q%wz Q%uz Q*Vi Viw uV1 uWiw  QWizr  Q4Viz
2
t
+4 @ty
UWz122
4 4 4 8 8 2 2 a T QL) ’t
Tﬂz__+_2+_2 o o Q + Q z22 . zZ1 +2(Qu 2C2w) Q
2y 25 w2 UZo VIw uVI Vizi Vizg Vi uwz1z2

20



21

. 14Q% —3u  14Q*°+3w 2 —-Q* 5 +Q* TQ*+6u TR*—-6w 1 1 3Q% +2V?2
Toys=—51+ 1 - 1 —d s td e t 1 - ~ e 2
Q Q'w Q'u Qw Q?u Q*z Q4% 29 25 Q22122
2 2 4 6u—Q> 4 Q? + 6w Q? 10Q% +3u |, Q? 10Q? — 3w
T Tt et u gt et w s t e U A — W —
wzy Uz W21 Qwzy Uz Q%uzs Viw Q*Viw uVI Q*uVr
2 2 9 1 — ) —2V2 4 2 2 2 2 2,
QW % Q*1 uViw  Q*Vizn QWizp Vi uwlez
2 2 _ _ N2 2 2 2 2 4 2 2 2
T;;:_%_ VPi3w—u z-Q° ,Q°+2V*  u’+V ——+(Q?U+V2)Qw2+QU2 _V_2
Q Q* Q*w Q%2 R~ 22 Q*z2 Q422 i
QL7 Q?+2V?  2Q% (u? + w?) + 3u?zy n 3V2+dw+3u  QFw? 2ou?V? 2w (u 4 w)?
Q12122 2Q°V; Vi Qi C20Wiz | 2QWiz VP
6  2V2—3u+ +Q? 2422 A 2+ Q32 Ve V2
Th =~ + utw At GOV w iV 2 gy @t Qe VLV
Q Q Q%u Q%22 Q422 21 Q*z Q2 2z
2V Q* +2V?  2Q%(u? +w?) — 3w’z 3V?-3w—4u  Qlu? 2 w?V? N zou (w+ u)?
— — — — — —u
2 Qlnz 20" Vi Q=i "20Wize | 2QYWizn I
6 2 2 2 2 _ 12 2 2 2 2 2 2 2
T§;,=—4+—+4Q4+Z2—4 Qw4 S V2Q4+Q +4 ?“ +4 ?w QjQ —gq 22
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