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Abstract

We develop the theory of cluster growth near criticality for a class of “two-choice rules” for
dynamically grown graphs. We use scaling theory to compute critical exponents for any two-
choice rule, and we show special cases in which we can solve for these exponents explicitly. Finally,
we compare our results with the corresponding results for the Erdős-Rényi rule, the simplest two-
choice rule for which more explicit calculations are possible. We derive several of its important
properties, then show that a large subset of two-choice rules - bounded size rules - behave like
Erdős-Rényi near criticality.
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1 I N T RO D U C T I O N

We begin with an empty graph on n vertices, and at each step we add one edge chosen at random. If
each step corresponds to time 1/n, then as n→ ∞ the graph at time t converges to an Erdős-Rényi
graph in which the connection probability between any two edges is 2t/n. A basic result on Erdős-
Rényi graphs [7] is that there is a critical time tc = 1/2 at which point a giant component with order
n points emerges, which is referred to as “percolation”.

Figure 1: The above is an approximation of the Erdős-Rényi process using 2500 vertices at times
t = 2

5 ,
1
2 , and

3
5 , respectively. Black vertices are isolated; otherwise, vertices of the same color belong

to the same cluster. Cluster color corresponds to cluster size, with dark clusters being small and light
clusters large. Note that after time 1

2 , a single cluster has begun to dominate the graph.

The properties of the Erdős-Rényi model are well understood, so it serves as a natural reference
point when studying other models. For example, if θ(t) is the fraction of vertices in the giant com-
ponent (after we have let n → ∞), then θ(t) → 0 as t ↘ tc. This shows that the phase transition is
continuous. Additionally, θ(t) ∼ (t− tc)

β , where β = 1. This gives us a “critical exponent” β that
describes the behavior of the process near tc.

It is then natural to ask which generalizations of Erdős-Rényi graphs also have these properties.
At a Fields Institute workshop in 2000, Dmitris Achlioptas suggested a class of variants of the Erdős-
Rényi model, now dubbed “Achlioptas processes”. One starts with an empty graph, and at each step
two edges (v1, v2) and (v3, v4) are randomly chosen from the set of all possible edges. Only one of
them is added to the graph, though, according to some rule that depends on the cluster sizes of the
current graph.

In 2001, Bohman and Frieze were the first to describe an Achlioptas process that delayed perco-
lation [4]. At each step, the first edge is added if both v1 and v2 were isolated vertices, and the second
edge is added otherwise. They showed that there was a constant c0 > 0.535 such that the largest
component at time c0 has size bounded by (logn)O(1). This rule is an example of a “bounded size
rule”, in which all components of size greater than some constantK are treated the same.

If κi is the cluster size of vi, then two possible rules are the sum rule and product rule. In the
sum rule, the first edge is added if κ1 + κ2 < κ3 + κ4, and the second edge is added otherwise. In
the product rule, the first edge is added if κ1κ2 < κ3κ4, and the second edge is added otherwise. In
2009, Achlioptas, D’Souza, and Spencer [1] used numerical experiments to claim that the product
rule exhibited “explosive percolation” by causing a discontinuous phase transition at the critical time;
however, in 2010, da Costa, et al. [5] found that the product rule’s phase transition was actually
continuous by comparing it to a strictly more explosive rule with continuous phase transition; the da
Costa rule with parameterm selected two groups ofm vertices at random and joined the vertices from
each group with the smallest cluster size (in this work, we will classify a rule like this as a “minimizing
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two-choice rule”). Their arguments relied on scaling theory, and our results in turn rely heavily on
their ideas.

In 2011, Riordan and Warnke showed that results for the da Costa rule could be greatly gener-
alized even without the use of scaling theory: the phase transition at criticality is continuous for all
ℓ-vertex rules [8], which are a generalization of Achlioptas processes in which ℓ vertices are sampled
independetly at random and one or more edges are necessarily added between them only if each
vertex is in a distinct cluster.

Figure 2: The above is an approximation of the da Costa rule withm = 5 at times t = 1
2 ,

3
4 , and 1,

respectively. Here we see explosive cluster growth: by time 3
4 , there are many large clusters cluttering

the graph, and by time t = 1, they have all merged into a single cluster that contains all but a handful
of vertices.

In 2013, Bhamidi, Budhirja, and Wang showed that the behavior of the Bohman-Frieze process
near the critical point was the same as in the Erdős-Rényi case [3]. Explicitly, they showed that at
time tc + r/n1/3 for −∞ < r < ∞, the system converges to the “multiplicative coalesent”, in
which clusters of size x and y merge at rate xy. Aldous had already showed a corresponding result
for Erdős-Rényi graphs [2], so this hinted at a deeper connection between the Bohman-Frieze and
Erdős-Rényi processes. Through far from trivial, this result should not be surprising. After some
time there will be very few isolated vertices, so the process will start to add edges almost uniformly at
random.

Then in 2017, Riordan and Warnke showed that all bounded size Achlioptas processes share (in
a strong sense) all the features of the Erdős-Rényi phase transition [9]. One unfortunate consequence
of working in such generality is that Riordan and Warnke’s work is largely based on contradiction,
and thus it does not provide much quantitative information about the sizes of the graph clusters near
criticality. Under the additional assumption of “scaling behavior” that is supported by numerical
evidence (see da Costa et al. [6]), though, it is possible to calculate further critical exponents for these
processes.

The focus of this work will then be to generalize existing methods of calculating critical exponents,
determining the classes of rules for which this is possible, and studying the limiting behavior of the
critical exponents as their corresponding rules’ parameters tend to extreme values.

2 T WO - C H O I C E RU L E S

To begin, we will need to define some basic terms that will be used over and over again. Let S
be the fraction of vertices in the dominating cluster as n → ∞. If xi is a vertex, then we denote
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its absolute cluster size by κi. Denote the probability that the minimum of m independetly and
randomly sampled vertices is s by

Qm(s, t) := P (min {κ1, . . . , κm} = s at time t) .

For notational simplicity we will drop the time t from the notation. Consider the sum 〈1〉m :=∑
sQm(s), where the sum is over x <∞. Since S is the probability that a randomly chosen vertex

belongs to an infinite cluster, we can write this sum as

〈1〉m =
∑
s

Qm(s) = 1− Sm. (1)

Since S = 0 for t ≤ tc by definition, 〈1〉m = 1 for all t ≤ tc. Since they frequently show up in
common examples, we givem = 1 andm = 2 shorthands:

P := Q1, Q := Q2.

We also define
〈sk〉ϕ :=

∑
s

skϕ(s)

for any real-valued function ϕ. In the special case ϕ = Qm, we will use the shorthand

〈sk〉m := 〈sk〉Qm .

We will use 〈 · 〉P and 〈 · 〉Q instead of 〈 · 〉1 and 〈 · 〉2, respectively. Finally, we will use the
notation a(t) ∼ b(t) to denote that a(t) and b(t) are asymptotically similar in the following sense:
if t approaches some critical value t∗ (which will be clear from context) such that a(t), b(t) → ∞ as
t→ t∗, then

a(t) ∼ b(t) ⇐⇒ a(t)

b(t)
→ C as t→ t∗

for some nonzero constant C. It is straightforward to show that if a(t) ∼ b(t), then for any nonzero
constants λ, µ, we have a(t) ∼ λa(t) ∼ a(t) + µ ∼ b(t).

With these definitions in hand, we can turn our attention to the main results. We will be discussing
rules that add a single edge every t = 1/n units of time, gotten by randomly sampling two groups
of vertices independently from the graph, then choosing an endpoint vertex from each group. The
following definition is a straightforward generalization of this idea, but we will only concern ourselves
in this work with the case ℓ = 2.

Definition 1. Define a rule R as follows:

• Every t = 1/n units of time, choose ℓ groups of vertices V1, . . . ,Vℓ (of potentially different sizes) by sampling
vertices independent and at random from the graph.

• For each i ∈ {1, . . . , ℓ}, follow some rule Fi to choose a vertex xi with cluster size κi from group Vi, subject
to the condition that Fi induces a function ϕi(s) = P (κi = s) that does not depend on any other ϕj for
j 6= i.

We call R an ℓ-choice rule.

If ϕi = Qmi
for each i, then R is minimizing. We can similarly define maximizing rules. If

each ϕi is the same, we sayR is symmetric. We would like to restrict the vertex selection processes
in each group as little as possible in order to get a more general theory, but for the concrete examples
mentioned above, we can obtain more detailed results.
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2.1 T H E S C A L I N G A S S U M P T I O N A N D C R I T I C A L E X P O N E N T S

Most of the results in this work follow from the assumption that near the critical time tc, the function
P has the following form

P (s, t) = s1−τf(sδ1/σ), (2)

where τ and σ are constants, f is a scaling function, δ := t−tc, and s is large. The following theorem
gives relations between the exponents τ and 1/σ if some regularity conditions hold for the scaling
function f .

Theorem 1. Suppose a rule R has a scaling function f such that

1. limx→∞ x2−τf(x) is finite; and

2.
∫∞
0
x2−τf ′(x) dx is finite.

Then there are critical exponents

β = (τ − 2)/σ,

γm = (m(2− τ) + 1)/σ.

such that S ∼ δβ and 〈sk〉m ∼ δ−γm−(k−1)/σ .

Proof. We begin proving the first result. Since S(t) = 1−
∑

s P (s, t) =
∑

s(P (s, tc)−P (s, t)), we
can replace the sum with integration and substitute (2) to get

S ≈
∫ ∞

0

s1−τ (f(0)− f(sδ1/σ)) ds.

We make the change of variable s = xδ−1/σ to get

S = δ(τ−2)/σ

∫ ∞

0

x1−τ (f(0)− f(x)) dx.

Integrating by parts gives

S =
δ(τ−2)/σ

τ − 2

[[
−x2−τ (f(0)− f(x))

]x=∞
x=0

−
∫ ∞

0

x2−τf ′(x) dx

]
.

So by our assumptions on f , we have S ∼ δβ , where β = (τ − 2)/σ. The derivation of γm is
similar.

We will primarily be concerned with determining the critical exponents 1/σ, τ , and γm. More
generally, we can also consider exponents γϕ for any real-valued function ϕ: γϕ is the unique real
number such that 〈s〉ϕ ∼ δ−γϕ , if it exists. If so, we can generalize the previous theorem to extend
its results to this case.

Theorem 2. Suppose ϕ(s) can be written in the form ψ(P (s)), and suppose further that there is a γϕ such that
〈s〉ϕ ∼ δ−γϕ . Then

〈sk〉ϕ ∼ δ−γϕ−(k−1)/σ

for all k.
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Proof. The integral definition of 〈sk〉ϕ and the scaling asumption give

〈sk〉ϕ =

∫ ∞

0

skψ(P (s)) ds

=

∫ ∞

0

ψ(s1−τf(sδ1/σ)) ds.

We make the change of variable s = xδ1/σ to get

〈sk〉ϕ = δ−(k+1)/σ

∫ ∞

0

xkψ(x1−τδ(1−τ)/σf(x)) dx.

Let gk(x) := xkδ−(k+1)/σψ(x1−τδ(1−τ)/σf(x)), then

〈sk〉ϕ =

∫ ∞

0

gk(x) dx = δ−1/σ

∫ ∞

0

xgk−1(x) dx

= δ−(k−1)/σ

∫ ∞

0

xk−1g1(x) dx.

By our assumption that γϕ exists, the above integral is ∼ δ−γϕ . Thus 〈sk〉ϕ ∼ δ−γϕ−(k−1)/σ for all
k > 0.

As a consequence, we can determine γϕ from 1/σ using any k. Thus we can always choose
whichever one makes computations easiest. From now on, we will assume that all rules we work with
satisfy the conditions of Theorem 2.

2.2 I N D U C E D O R D E R M A P S

An important tool used throughout this work is the induced order map, which encodes how quickly the
giant component is growing at criticality. We use the term scaling form to denote the function of δ that
a particular value takes on as a result of the scaling assumption (2). For example, the scaling form of
S is δβ , a direct result of Theorem 1.

Definition 2. For ζ a real-valued function of S, the induced ordermap of ζ is the unique map Fζ : R → R
such that

ζ(S) ∼ δFζ(β),

i.e. Fζ(β) is the order of the scaling form of ζ(S). The i-th standard induced order map Fi of an ℓ-choice
rule is the induced order map of 1− 〈1〉ϕi

, the probability that the vertex selected by ϕi belongs to an infinite cluster.

Example 1. Consider the map f(S) = Sa for some constant a. In scaling form, f(S) ∼ δaβ , so
the induced order map Ff is multiplication by a. Alternatively, consider the map g(S) = bS for
some constant b. In scaling form, g(S) ∼ bδa, so the induced order map Fg is the identity. This is
expected, as g does not change the asymptotic behavior of the growth of S.

Example 2. Consider the two-choice rule with ϕ1 = ϕ2 = Qm. Both standard induced order
maps are the same: the unique map F such that F (β) is the order of the scaling form of 1 − 〈1〉m.
Recall the identity 1−〈1〉m = Sm, which means the scaling form is δmβ , so F (β) = mβ. Note that
F (β) = β for the Erdős-Rényi rule (m = 1), i.e. 1− 〈1〉P = S ∼ δβ .
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We will see later on that the quantity 1−〈1〉ϕ occurs quite naturally when describing the growth
of the giant component near criticality, which motivates why we use it to define the standard induced
order map. On a different note, the following theorem ties together critical exponents and induced
order maps, allowing us to translate between the two whenever necessary.

Proposition 1. For any two-choice rule R,

γϕi
=

1

σ
− Fi(β),

where Fi is the i-th standard induced order map of R.

Proof. γϕi
is defined to be the real number satisfying 〈s〉ϕ ∼ δ−γϕi . But by Theorem 2 and the

definition of standard induced order maps, 〈1〉ϕi
∼ δ−γϕi

+1/σ = δFi(β). Thus γϕi
= 1/σ −

Fi(β).

In the following sections, we will derive scaling relations for general two-choice rules in terms of
standard induced order maps, then use these to analyze minimizing rules and several other examples.

2.3 S C A L I N G R E L AT I O N S

Suppose R is a general two-choice rule, then, since the two sets are chosen independently,

∂tP (s) = s
∑

u+v=s

ϕ1(u)ϕ2(v)− sϕ1(s)− sϕ2(s). (3)

The summation term represents two components merging into a new component of size s, and the
last two terms each represent a component of size s joining with another component (this also has an
integral form, which we will use when it is convenient). We can use this to calculate the growth rate
of the giant component, which allows us to prove an important computational theorem.

Lemma 1. For any two-choice rule R, the fraction of vertices in the giant component S satisfies

∂tS = 〈s〉ϕ1
(1− 〈1〉ϕ2

) + 〈s〉ϕ2
(1− 〈1〉ϕ1

) .

Furthermore, both terms have order F1(β) + F2(β)− 1/σ, where Fi is the standard induced order map of ϕi.

Proof. Using the identity
∑

s P (s) = 1− S, we calculate

∂tS = −
∑
s

∂tP (s)

= −
∑
s

s
∑

u+v=s

ϕ1(u)ϕ2(v) +
∑
s

sϕ1(s)
∑
s

+sϕ2(s)

= −
∑
u

∑
v

(u+ v)ϕ1(u)ϕ2(v) + 〈s〉ϕ1 + 〈s〉ϕ2

= −
∑
u

uϕ1(u)
∑
v

ϕ2(v)−
∑
u

ϕ1(u)
∑
v

vϕ2(v) + 〈s〉ϕ1
+ 〈s〉ϕ2

= −〈s〉ϕ1
〈1〉ϕ2

− 〈1〉ϕ1
〈s〉ϕ2

+ 〈s〉ϕ1
+ 〈s〉ϕ2

= 〈s〉ϕ1 (1− 〈1〉ϕ2) + 〈s〉ϕ2 (1− 〈1〉ϕ1) .
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To determine scaling relations for two-choice rules, we will need one last result, a consequence
of Lemma 1.

Corollary 1. For any two-choice rule R, the average cluster size 〈s〉P satisfies

∂t〈s〉P = 2〈s〉ϕ1
〈s〉ϕ2

− 〈s2〉ϕ1
(1− 〈1〉ϕ2

)− 〈s2〉ϕ2
(1− 〈1〉ϕ1

).

Proof.

∂t〈s〉P =
∑
s

s∂tP (s)

=
∑
s

s2
∑

u+v=s

ϕ1(u)ϕ2(v)−
∑
s

s2ϕ1(s)−
∑
s

s2ϕ2(s)

=
∑
u

∑
v

(u+ v)2ϕ1(u)ϕ2(v)− 〈s2〉ϕ1
− 〈s2〉ϕ2

= 〈s2〉ϕ1
〈1〉ϕ2

+ 2〈s〉ϕ1
〈s〉ϕ2

+ 〈1〉ϕ1
〈s2〉ϕ2

− 〈s2〉ϕ1
− 〈s2〉ϕ2

= 2〈s〉ϕ1
〈s〉ϕ2

− 〈s2〉ϕ1
(1− 〈1〉ϕ2

)− 〈s2〉ϕ2
(1− 〈1〉ϕ1

).

Theorem 3. For any two-choice rule with standard induced order maps Fi,

γϕ1 = F2(β)− β + 1,

γϕ2 = F1(β)− β + 1,

γP = F1(β) + F2(β)− 2β + 1,

1

σ
= F1(β) + F2(β)− β + 1,

τ =
β

F1(β) + F2(β)− β + 1
+ 2.

Proof. Since ∂tS ∼ δβ−1, Lemma 1 shows

1

σ
= F1(β) + F2(β)− β + 1.

Since ∂tS = 〈s〉ϕ1
(1− 〈1〉ϕ2

) + 〈s〉ϕ2
(1− 〈1〉ϕ1

), the two dominating terms near criticality give us
the system

β − 1 = −γϕ1
+ F2(β) = −γϕ2

+ F1(β).

This system implies

γϕ1 = F2(β)− β + 1,

γϕ2 = F1(β)− β + 1.

By Corollary 1, we know ∂t〈s〉P = 2〈s〉ϕ1〈s〉ϕ2 −〈s2〉ϕ1(1−〈1〉ϕ2)−〈s2〉ϕ2(1−〈1〉ϕ1). The three
terms in this expression all have order F1(β) + F2(β)− 2/σ, which gives the system

−γP − 1 = −γϕ1
− γϕ2

= −γϕ1
− 1

σ
+ F2(β) = −γϕ2

− 1

σ
+ F1(β).

Using our previously calculated expressions for γϕ1 and γϕ2 this system gives us

γP = F1(β) + F2(β)− 2β + 1.



9 | B R A D E N H OAG L A N D

Finally, using the identity β = (τ − 2)/σ from Theorem 1, we get

τ =
β

F1(β) + F2(β)− β + 1
+ 2.

Suppose we are instead working with a minimizing two-choice rule, i.e. ϕ1 = Qa and ϕ2 = Qb

for two positive integers a and b. In this case, we have simpler forms for the scaling relations.

Corollary 2. For minimizing two-choice rules, the scaling relations from Theorem 3 become

γa = 1 + (b− 1)β,

γb = 1 + (a− 1)β,

γP = 1 + (a+ b− 2)β,

1

σ
= 1 + (a+ b− 1)β,

τ =
β

1 + (a+ b− 1)β
+ 2.

Proof. The relation 〈1〉m = 1 − Sm holds for all m, so the induced order map for Qm is β 7→ mβ.
The result then follows from Theorem 3.

Example 3. Da Costa et al. [6] studied the two-choice rule with ϕ1 = ϕ2 = Qm for some m. In
this case, Corollary 2 gives critical exponents

γm = 1 + (m− 1)β,

γP = 1 + (2m− 2)β,

1

σ
= 1 + (2m− 1)β,

τ =
β

1 + (2m− 1)β
+ 2,

which agree with those derived in [6].

2.4 L I M I T I N G B E H AV I O R

One might expect that as a and b grow, we can delay the emergence of the giant component since we
have more control over which vertices are connected. The following proposition makes this notion
precise for minimizing two-choice rules in terms of induced order maps.

Proposition 2. SupposeR is a minimizing two-choice rule with standard induced order maps F1(β) = aβ and
F2(β) = bβ. If aβ → 0 and bβ → 0 as a, b→ ∞, then the critical exponents for R have limits

γϕ1 = γϕ2 = γP =
1

σ
= 1, τ = 2.

Proof. If aβ, bβ → 0, then β → 0 necessarily. This is then a straightforward computation using
Corollary 2.
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Of course, not all rules will satisfy this condition, as not all rules attempt to delay the critical
time in the first place. It is an interesting question to determine broad families of rules for which
Fi(β) → 0 for both i as a, b → ∞. We conjecture that this applies for all minimizing two-choice
rules.

Conjecture 1. SupposeR is a minimizing two-choice rule with group sizes a and b. Then aβ → 0 and bβ → 0
as a, b→ ∞, i.e. the limits in Proposition 2 apply.

2.5 C L U S T E R S I Z E VA R I A N C E

The variance of the cluster size (at a fixed time) is, by definition, Vari(s) = 〈s2〉ϕi − 〈s〉2ϕi
. For

two-choice rules, we can use our scaling relations to put this solely in terms of β and the induced
order maps, at least near criticality.

Var1(s) = δ−[γϕ1
+1/σ] − δ−2γϕ1

= δ−[F1(β)+2F2(β)−2β+2] + δ−[2F2(β)−2β+2].

Similarly,
Var2(s) = δ−[2F1(β)+F2(β)−2β+2] + δ−[2F1(β)−2β+2].

Then if Fi(β) ≥ 0 for both i, this is dominated by the first term. So near tc, we have

Var1(s) ≈ δ−[F1(β)+2F2(β)−2β+2],

Var2(s) ≈ δ−[2F1(β)+F2(β)−2β+2].

If Fi(β) → 0 for both i, then we get the asymptotic behavior Vari(s) → δ−2. If Fi(β) ≤ 0 for
either i, then a similar argument with more cases gives the same limit.

Example 4. If R is a minimizing two-choice rule, then F1(β) = aβ and F2(β) = bβ. Then

Var1(s) = δ(2−a−2b)β−2,

Var2(s) = δ(2−2a−b)β−2.

If Conjecture 1 is true, then Vari(s) → δ−2 for both i.

We can consider what happens in the limit for certain rules. If Fi(β) → 0 as for both i as
a, b→ ∞, then by the proof of Proposition 2, β → 0 as well. Then a simple computation yields

Vari(s) = δ−2

for both i. Thus if Conjecture 1 holds, this is true for minimizing two-choice rules.
If a rule is simple enough, we need not consider a limiting case of it to determine the variance of

its cluster size distribution. For example, we know the Erdős-Rényi rule has β = 1 (see Section 3.1)
and Fi(β) = β = 1 for both i. Thus for this simple rule, we get Vari(s) = δ−3 for both i.

3 E R D Ő S - R É N Y I

The Erdős-Rényi rule is the simplest of all the two-choice rules. For each group, simply pick one vertex
at random to be the group representative. Thus an equivalent way of defining the Erdős-Rényi rule
is to add one of the

(
n
2

)
possible edges in the graph at random at each time step.
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This rule also has strong connections with the usual Erdős-Rényi random graphs. In particular,
we can view the graph created by the Erdős-Rényi rule at time t/n (so t edges have been added) as an
Erdős-Rényi graph with connection probability 2t

n(n−1) . Thus in addition to our scaling theory, we
can apply the theory of Erdős-Rényi random graphs to study this rule. We will denote Erdős-Rényi
random graphs on n vertices and with connection probability pc as G(n, pc).

Before deriving our first results, we should note that the Erdős-Rényi rule is both minimizing and
symmetric, so plugging in a = b = 1 into the scaling relations from Corollary 2 gives

γP = 1,
1

σ
= 1 + β, τ =

β

1 + β
+ 2. (4)

With such a simple rule, we can in fact determine much more. In particular, we can determine β,
which in turn fixes the other critical exponents. We will show β = 1 (see Theorem 4 below), which
subsequently implies σ = 1/2 and τ = 5/2.

3.1 F I N D I N G β F O R E R D Ő S - R É N Y I

Lemma 2. For the Erdős-Rényi rule, the critical time is 1/2.

Proof. This is a result of translating between the Erdős-Rényi rule and Erdős-Rényi random graphs.
It is well known [10] that percolation in Erdős-Rényi random graphs occurs when the connection
probability is 1/(n − 1), which corresponds to using the Erdős-Rényi rule up until time 1/2 by our
earlier discussion.

Note that since the critical time for the Erdős-Rényi rule is tc = t/n = 1/2, this corresponds to
adding t = n/2 edges to the graph. To find β then, we can apply the theory of branching processes
to study how connected the static graphs G(n, t/n) are for t < n/2, as branching processes arise
quite naturally in them.

Theorem 4. For the Erdős-Rényi rule, β = 1.

Proof. Suppose t < n/2, i.e. we are in the subcritical regime, and consider the Erdős-Rényi random
graph G(n, t/n). This has connection probability proportional to G(n, 2t/(n(n − 1))) by a factor
of 2/(n− 1), so as n → ∞, this corresponds is a slowed down version of the Erdős-Rényi rule with
critical time tc = 1.

Let v be a randomly chosen vertex and let Zm be the number of vertices at distance m from v.
Whenm = o(logn), the cluster containing x is a tree with high probability, which makes Zm into a
branching process where each individual has a Poisson(t) number of offspring.

The generating function for this distribution is

ϕ(z) =

∞∑
k=0

rkz
k

=

∞∑
k=0

tke−t

k!
zk

= e−t(1−z).

We care about this in the limit as t → n/2 and as n → ∞, so we can suppose t > 1. A standard
result on branching processes is when t > 1, the probability that the process dies out is given by the
smallest z ∈ [0, 1] such that z = ϕ(z). This means the probability that the process never dies out is
θ = 1− z.
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Letting µ := ϕ′′(1) and z = 1− θ and expanding ϕ(1− θ) in power series near 1 gives

z = ϕ(z)

1− θ = ϕ(1− θ)

1− θ ≈ 1− tθ +
µθ2

2

θ ≈ 2

µ
(t− 1).

Thus θ ∼ t − 1. But in this slowed down version of Erdős-Rényi, the critical time is 1, so this is in
the form θ ∼ δ. By definition, β is the exponent such that θ ∼ δβ , so β = 1.

3.2 T H E S C A L I N G W I N D OW

A critical assumption of this work was the scaling assumption, and for Erdős-Rényi, we can find an
explicit bound on the size of the scaling window, the region where the scaling assumption is accurate.

Theorem 5. For Erdős-Rényi, the scaling assumption holds for clusters of size s after tc when δ = Θ(s−1/2).

Proof. We use the following two relationships, which [6] derives for symmetric minimizing two-choice
rules when t < tc and s is large.

• P (x) = δ(τ−1)/σ f̃(xδ1/σ);

• f̃(x) ∝ xλ exp
(
−Cx1+log2 m

)
, where λ = (1 + log2m)

(
1 + 1

4m−2

)
− 2m

2m−1 ;

where m is the group size. In the case of Erdős-Rényi, we know m = 1, τ = 5/2, and 1/σ = 2, so
these reduce to

P (x) = C̃δ2x−1/2 exp
(
−Cxδ2

)
,

where C̃ is the constant of propotionality from f̃ . To clean up notation, we use the shorthand Ex :=
exp

(
−Cxδ2

)
. Also note that δ = t− tc when t > tc, so ∂tδ = 1. With these observations, we can

begin the computation. When s is large, Equation (3) becomes

∂tP (s) =
s

2

∫ s

0

P (u)P (s− u) du− sP (s)

∂t

{
C̃δ2s−1/2Es

}
=
s

2

∫ s

0

C̃2δ4(su− u2)−1/2EuEs−u du − C̃δ2s1/2Es

C̃δEs
[
2s−1/2 − 2Cδ2s1/2

]
= C̃δEs

[
s

2

∫ s

0

C̃δ3(su− u2)−1/2 du − δs1/2
]

2s−1/2 − 2Cδ2s1/2 =
s

2
C̃δ3

∫ s

0

(su− u2)−1/2 du − δs1/2.

Consider the integral above. It is straightforward to check that 2 sin−1(
√
u/s) is an antiderivative of

1√
su−u2

when s is positive, so this integral evaluates to∫ s

0

1√
su− u2

du = 2
(
sin−1(1)− sin−1(0)

)
= π.
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Thus our ealier equation becomes

2s−1/2 − 2Cδ2s1/2 =
1

2
C̃δ3πs− δs1/2.

Note that the first term on the left hand side goes to zero as s→ ∞, so in the limit this becomes(
1

2
C̃πs

)
δ2 +

(
2Cs1/2

)
δ − s1/2 = 0.

This quadratic has roots

δ =
−2Cs1/2 ±

√
4C2s+ 2C̃πs3/2

C̃πs
.

The only valid root is the positive one since δ > 0 in the postcritical regime. This root is Θ(s−1/2)
when s is large.
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Figure 3: The above plots show the fraction of vertices in the giant component for 20 Erdős-Rényi
processes with n = 100, 1000, and 2500 vertices, respectively. The fact that β = 1, i.e. θ ∼ δ,
means that the slopes of these lines at t = 1/2 become linear in the limit as n → ∞. Furthermore,
Theorem 5 implies that as n→ ∞, the linear portion of the plot becomes smaller, which is somewhat
evident from the above plots.

In particular, consider the growth of the giant component as n → ∞, where n is the number of
vertices in the graph. In the limit, the giant component’s size at criticality approaches∞, so it grows
linearly (like δβ for β = 1) in only an infinitesimally small region around tc.

3.3 B O U N D E D S I Z E RU L E S

Since the Erdős-Rényi rule is so well understood, it is useful to know how any arbitrary rule relates
to it. In particular, we can focus on rules that behave exactly like Erdős-Rényi, as characterized by
critical exponents. These rules might have different subcritical and supercritical behavior, but as the
giant component emerges, the rule produces similar graphs as Erdős-Rényi.

Bounded size rules are a very general category of rule that eventually start acting like Erdős-
Rényi in the following sense: fix a constant K ∈ N, then R is a bouded size rule if it treats all
sampled vertices with κi > K identically. In fact, [9] shows that bounded size rules share all the key
features of Erdős-Rényi at criticality in a certain precise sense.

Intuitively, it makes sense that a bounded size rule eventually become similar to Erdős-Rényi.
After enough clusters have been joined, the number of clusters of size≤ K will be so small that it will
not have much of an effect on the growth of the giant component. The key to noticing the complexity
here is actually twofold:
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1. For any k ≤ K, the number of clusters of size k can be nonzero at percolation (see Proposition 3
below);

2. After all clusters of size ≤ K have stopped having a real effect on the giant component, we
are in a position much different than that of Erdős-Rényi. Instead of lots of isolated nodes, we
have lots of finite size clusters.

We can use a simple bounded size two-choice rule to examine these problems, which we do using
a generalization of the well known Bohman-Frieze rule:

1. At each step, pickm vertices. These are the group 1 vertices.

2. If any of the m vertices are isolated, pick the first such one as the group 1 representative. If
not, sample one more random vertex and pick it no matter what.

3. Repeat this for group 2, and connect the 2 group representatives with an edge.

For this particular rule, we can explicitly track how the number of isolated clusters is changing through
time; we will see that a nonzero proportion of our graph will be made up of isolated nodes at criticality.

Proposition 3. For the Bohman-Frieze rule with m = 1, a nonzero proportion of the vertices in the graph are
isolated at percolation.

Proof. We can explicitly write out the probability ϕ(s) that a representative’s cluster size is s:

ϕ(s) =

{
1− (1− P1)

m+1 s = 1,

(1− P1)
mPs s > 1.

Letm = 1, then Equation (3) gives

∂tP1 = −2ϕ(1)

= −2 + 2(1− P1)
m+1

= −2 + 2(1− P1)
2

= 2P 2
1 − 4P1.

Solving this differential equation and using the initial condition P1(0) = 1 gives us the solution

P1(t) =
2

e4t + 1
.

We know that percolation occurs at t = 1 at the very latest by [8]. But plugging in t = 1 givesP1(1) =
2

e4+1 ≈ 0.024, so at criticality, a strictly positive proportion of our nodes are still isolated.

As it turns out, this does not significantly affect cluster growth for bounded size rules, which
we can formalize in terms of critical exponents (compare the following theorem with (4)). This is a
known result [9], but using our theory of induced order maps, the proof is computational instead of
by contradiction, as in [9].

Theorem 6. Every bounded size two-choice rule has critical exponents

γP = 1,
1

σ
= 1 + β, τ =

β

1 + β
+ 2.
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Proof. Suppose we have a bounded size two-choice rule that treats all clusters of size > K the same.
Without loss of generality, suppose this rule is also symmetric with ϕ(s) = P (κ = s) (this argument
really only applies to the representative selection process for one of the two vertex groups, so it readily
extends to the case of non-symmetric rules). Finally, suppose each vertex group containsm vertices.

We will also need a bit of new notation. Let N ∈ {0, . . . ,m} denote the number of vertices in
our group whose cluster size is ≤ K, and let P≤K = P1 + · · · + PK . Then for s > K, we can
partition ϕ(s) and use the fact that it acts exactly like Erdős-Rényi if allm of the vertices in the group
come from clusters of size > K.

ϕ(s) = P (κ = s | N = 0)P (N = 0) + P (κ = s | N > 0)P (N > 0)

=
Ps

S +
∑

r>K Pr
(1− P≤K)m + P (κ = s | N > 0)P (N > 0) .

But 1− P≤K = S +
∑

r>K Pr, so this becomes

ϕ(s) = Ps(1− P≤K)m−1 + P (κ = s | N > 0)P (N > 0) .

For s ≤ K, we can use this same partition to get a similar expression.

ϕ(s) = P (κ = s | N = 0)P (N = 0) + P (κ = s | N > 0)P (N > 0)

= 0 + P (κ = s | N > 0)P (N > 0) .

This allows us to sum over all ϕ(s) and thus calculate 〈1〉ϕ. Let ξ =
∑

s P (κ = s | N > 0), then∑
s

ϕ(s) =
∑
s>K

ϕ(s) +
∑
s≤K

ϕ(s)

=

[∑
s>K

(1− P≤K)m−1

]
+

[∑
s

P (κ = s | N > 0)P (N > 0)

]

=

[
(1− P≤K)m−1(1− S − P≤K)

]
+

[
(1− (1− P≤K)m)

∑
s

P (κ = s | N > 0)

]
= (1− P≤K)m−1 [1− S − ξ + (ξ − 1)P≤K ] + ξ.

The induced order map for this rule is then the order of the quantity

1− 〈1〉ϕ = 1− (1− P≤K)m−1 [1− S − ξ + (ξ − 1)P≤K ]− ξ. (⋆)

We will induct on the group sizem to show that ξ ∼ 1, which will greatly simplify (⋆). Whenm = 1,∑
s

P (κ = s | N > 0) =
∑
s

P (κ = s | N = 1) = 1.

Then assuming
∑

s P (κ = s | N > 0) ∼ 1 when the group size ism− 1,∑
s

P (κ = s | N > 0) =
∑
s

P (κ = s | 0 < N < m)P (0 < N < m | N > 0)

+
∑
s

P (κ = s | N = m)P (N = m | N > 0)

= P (0 < N < m | N > 0)
∑
s

P (κ = s | 0 < N < m)

+ P (N = m | N > 0)
∑
s

P (κ = s | N = m) .
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The first sum above is ∼ 1 by our inductive hypothesis, and the second sum is exactly equal to 1.
Thus ∑

s

P (κ = s | N > 0) ∼ P (0 < N < m | N > 0) + P (N = m | N > 0) = 1,

as desired. Then (⋆) becomes 1 − 〈1〉ϕ ∼ (1 − P≤K)m−1S. Since t 7→ (1 − P≤K(t))m−1 is
continuous at tc, its scaling form is

1− 〈1〉ϕ ∼ δβ .

By definition, this fixes the standard induced order map F (β) = β for this rule. Note that for Erdős-
Rényi, 1− 〈1〉P = S ∼ δβ as well, so both rules share the same standard induced order map. Since
our computation of the critical exponents of two-choice rules relied only this map, the desired result
follows.

A crucial relation used in the previous theorem was the fact that

ξ =
∑
s

P (κ = s | N > 0)

is dominated by other terms as we approach criticality. For certain bounded size two-choice rules,
more can be said of this term. For example, the Bohman-Frieze rule is a bounded size rule with
threshold K = 1, and ξBF = 1 since it always prioritizes connecting isolated vertices. It is already
intuitively clear that the Bohman-Frieze rule cannot prioritize isolated clusters (more generally, the
clusters below its size threshold) any further, but this classification gives that statement rigorous mean-
ing.
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