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Abstract
Traditionally, statistical data has been in the form of elements of Euclidean space.

However, as data complexity increases, it is assumed to lie on lower dimensional non-linear

space such as smooth manifolds, in what is known as the manifold hypothesis. Nonetheless,

real-world data is not always in the form of smooth manifolds but, in general, can lie on

stratified spaces. In this thesis, we explore the geometry of stratified spaces with the overall

objective of enabling statistics on these spaces. More specifically, we provide answers to

the following two problems.

A fundamental task in object recognition is to identify when two shapes are similar. One

approach to rendering this as a precise mathematical problem is to look at the space of all

shapes and define a metric on it. This approach has been taken by renowned statisticians

and mathematicians like Kendall, Grenander, Mumford, Michor, and others. In this, we

provide an algebraic construction of the moduli space of shapes and define metrics on it

with the objective of developing a statistical theory on shapes. The construction is far more

general than existing constructions, as it doesn’t restrict ‘shapes’ to smooth manifolds and

includes a broad category of spaces, including many stratified spaces. The foundation of

this construction relies on the topological analogue of the Radon transform, building on the

work of Schapira who showed that such transforms are injective.

This thesis also provides a starting point for developing a theory of diffusion processes on

general stratified spaces. On Euclidean spaces, Brownian motion is constructed by taking

scaled limits of random walks. This approach is challenging because stratified spaces are

not only non-linear and lack addition but also the tangent spaces of stratified spaces are

non-linear, unlike smooth manifolds. So, instead, we define Brownian motion on stratified

spaces by taking appropriate limits of Dirichlet forms. Sturm took this approach for general

metric measure spaces, where he came up with a measure-theoretic condition required for

these Dirichlet forms to converge properly. We prove this is the case for certain compact

subanalytic spaces.

Parts of the thesis are based on joint work with Justin Curry and Sayan Mukherjee.
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1. Introduction
Traditionally, statistical data has been in the form of elements of Euclidean space. The

collection of k data points typically looks like,

tx1, x2, ¨ ¨ ¨ , xku Ă Rn.

It is very reasonable to assume Rn-valued data, as it greatly simplifies statistical analysis.

Firstly, the linear structure of Rn makes it possible to add data points, allowing for the

computation of sample or population means. Additionally, random walks can be defined

by adding independent and identically distributed (i.i.d.) random variables, and by taking

scaled limits of random walks, we obtain Brownian motion. Brownian motion or more

generally diffusion can be used to model the time evolution of data, generate random

samples from complex probability distributions, and enable statistical inference. Secondly,

distances between two data points can be easily measured by, for instance, the Euclidean

distance. This helps quantify the similarity between two data points and is very useful in

data analysis, for example, in clustering and segmentation.

With increasing technological advances and the datafication of everything, data is be-

coming increasingly complex, not only in terms of size but also structure. Assuming that

data points are Rn-valued is overly simplistic and not feasible. For example, data objects

could be 3D scans from medical imaging. This forms the basis for object-oriented data anal-

ysis [MA14; MD21], where the central question posed is “What are the atoms of statistical

analysis?”

More recently, it is assumed that data is non-linear and can be represented as

tx1, x2, ¨ ¨ ¨ , xku Ă M Ă Rn,

where M is a Riemannian manifold, in what is known as the manifold hypothesis. For

example, data points could lie on the sphere. The sphere is a non-linear space: adding

two points on the sphere may result in a point lying outside of the sphere. The manifold

assumption takes this non-linearity into account. The manifold assumption also reduces
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Figure 1.1: Variations of 1s, each constituting manifolds of different dimension.

the degrees of freedom of the system making computations more tractable.1

Since Riemannian manifolds locally look like Euclidean space, one would expect much of

the theory applicable to Euclidean spaces to apply to the case of manifolds. The distances

between manifold-valued data points can be measured by the geodesic distance induced by

the Riemannian metric. So, there are well-developed tools for statistical analysis and infer-

ence on manifolds. For example, linear sample means can be replaced by Fréchet means on

manifolds [Fré48], principal component analysis (PCA) becomes principal geodesic analysis

[FLJ03; Fle+04], central limit theorems become central limit theorems for Fréchet means

[BP03a; BP03b] and stochastic processes on Rn have an analogous counterpart on manifolds

[Hsu02].

The assumption that data points lie on a smooth manifold offers significant generality.

Even if there are some singular or non-smooth points like corners or edges, smooth mani-

folds are reasonable approximations of such spaces at generic (or smooth points). However,

the problem occurs when the typical or average behavior of data points lies nearby singular

points. This may occur in many spaces of interest, and so such an assumption is unrea-

sonable in a global sense. For example, the space of handwritten digits is not a smooth

manifold2. For simplicity, let’s consider the space of “1s.” In Figure 1.1, the first “1” can be

described by its vertical line length, while the second one requires additional parameters

for the angle and length of the top hat. The space of “1s” consists of different manifolds of

1 This thesis does not pertain to manifold learning, where the objective is to find a low-dimensional data
representation for high-dimensional Euclidean-valued data. Instead, we assume to work with manifold-
valued data (or more generally data valued in stratified spaces) and aim to develop theory to enable
statistical inference on these spaces.

2 One of the most fundamental tasks in machine learning is to classify handwritten digits from the MNIST
dataset.
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varying dimensions glued together—a stratified space [Mil23]. So, if the average behavior

of data points (for example, the mean of data points) congregates at the intersections of

strata, then assuming that the space of “1s” lies on smooth manifolds may lead to incor-

rect statistical inferences. Therefore, understanding the geometry of data sampled nearby

singular points is important.

So, we assume that data points are represented as

tx1, x2, ¨ ¨ ¨ , xku Ă X Ă Rn,

where X is a stratified space. Roughly speaking, a stratified space X Ă Rn is a union

of smooth submanifolds (called strata) of varying dimensions that are glued together in a

consistent way.

Stratified spaces are spaces with singularities or non-smooth parts, with perhaps the

most well-known example being black holes, which are singularities in space-time. However,

one does not need to look so far to find examples of stratified spaces; simplicial complexes are

stratified spaces. MacPherson, one of the inventors of intersection (co)homology of singular

spaces, described singular spaces as spaces where the normal rules of algebra, geometry, and

calculus break down. He gives an example of the intersection point of racetrack shaped like

the numeral ‘8’, where a fast racing car can drive full speed at all parts of the racetrack but

at the intersection point will have to change the rules, slow down, and look in all directions

for traffic.

1.1 Examples and Applications

Stratified spaces are ubiquitous, and below are some examples of stratified spaces.

Graphs and simplicial complexes

If X is an abstract simplicial complex, then the relatively open simplices define a strat-

ification of its geometric realization.

3



Algebraic varieties

The set of zeroes of a finite set of polynomials is a stratified space. Statistical machines

(mathematical objects or structures that can be described using statistical methods) like

the parameter space of artificial neural networks, or more generally feasible solutions of

optimization problems can be thought of as a semi-algebraic variety. The configuration

space of a robot system can also be described by an semi-algebraic variety.

Moduli spaces

Moduli spaces are spaces where every point represents a distinct class of geometric

objects of a fixed type. They often are singular spaces. Consider the moduli spaces of

phylogenetic trees, as given in [BHV01], commonly known as BHV tree space. The space of

such trees is used are used to track evolutionary changes in genetics, or represent biological

pathways and are stratified spaces. The space of positive semi-definite matrices of dimension

n can be stratified with each stratum of dimension r corresponding to positive semi-definite

matrices of rank r for 0 ď r ď n.

Orbit space of a smooth manifold

Let M be a smooth manifold and G be a compact Lie group. Suppose that G acts

smoothly on M , then the orbit space M{G is a stratified space. More precisely the strata

are

MpHq “ tx P M | Gx is conjuagte to Hu

for every closed subgroup H of G where Gx is the is isotropy subgroup.

Orbit spaces of smooth manifolds can be used to represent data that exhibit symmetries.

It is becoming increasingly common to do analysis on spaces that respect symmetries, for

example in areas such as equivariant machine learning. Below are some examples of orbit

spaces.

Example 1.1.1. (Sample space) The sample spaces of size k of a smooth manifold M

4



are orbit spaces under the action of the symmetric group Sk. Consider the set of k-point

samples ofM , denoted byMk, i.e. each element x inMk takes the form x “ px1, x2, ¨ ¨ ¨ , xkq

where each xi P M . The orbit space Mk{Sk is a stratified space where the regular stratum

is the set of points that are mutually distinct.

Example 1.1.2 (Shape spaces). Shape spaces were pioneered in the works of Kendall

[Ken77; Ken84] and Bookstein [Boo92] for the purpose of shape comparison and more

generally statistical shape analysis. Each shape is defined by a set of k landmark points in

Rn, where typically n “ 2, 3. The shape space is the quotient of the space of configurations

of k landmark points by the groups of translations, re-scaling, and rotations of Rn. The

main point here is that shapes are invariant under rigid motions, for instance, a 90o rotation

of an image of the cat is still a cat and a metric defined on such a space should ensure that

the distance between two such cat images is 0.

1.2 Overview

This thesis explores the geometry of data valued in stratified spaces with the overall

objective of enabling statistics on these spaces. More specifically we, 1) provide an algebraic

model of shape space (or the space of stratified spaces with the objective of shape analysis

and comparison) and 2) provide a method to define Brownian motion on stratified spaces.

At a high level we are concerned with the following questions.

1. How do we represent stratified spaces? A computer scientist may rephrase this ques-

tion as: What is a good data structure to represent such a space? What are the

desirable properties of such a representation?

2. How do we compare such spaces to one another? A human eye is capable of telling

when two shapes are similar, but how can we quantify this similarity?

3. How do we randomly sample from a stratified space? How can we describe distri-

butions on stratified spaces? For this, we resort to diffusion processes, where the

5



transition kernels of such processes can serve as the probability density functions of

the distributions.

Aside from the statistical interest, Item 3, i.e., diffusion on stratified spaces, can also

be used to solve problems in geometry. Brownian motion and probabilistic methods inform

the geometry of the space (see, for example, the probabilistic proof of the Atiyah-Singer

index theorem [Hsu87]).

The next section discusses items 1 and 2 in more detail. Item 3 is discussed in section 1.4.

1.3 Shape space

Shape space has been a fundamental object of study in geometric morphometrics with

countless applications to biology, biomedical imaging, and evolutionary anthropology (for

review articles see [AO13], [Hal04], [MS22] and for a detailed list of application areas see

[SK16, Section 1.2]). Shape spaces are not only intended to provide a single framework for

comparing shapes but also allow for a mathematical and computational representation of

shapes that can be used for statistical analysis. Different shapes are rendered as different

points in shape space, and comparisons of shapes can be formalized in terms of distances

between points.

There is no universally accepted mathematical definition of a shape. There have been

several attempts to precisely define what shapes and their corresponding shape space are

depending on context and applications. Historically, a shape has been defined as a collection

of a fixed number of landmark points, in what is known as Kendall shape spaces and is

denoted by

Σk
d :“ tpRdqk´1z0u{Sim,

where Sim is the group of rotations and dilations and k denotes the number of landmarks.

Each shape is defined by k points and the i-th point in one shape corresponds to the i-th

point in every other shape in the space; this introduces the central notion of correspondences

in shape space. Note that in Σk
d a shape is reduced to a d ˆ k matrix, which is a very

6



convenient representation. However, the downside of this approach is that a user will need

to decide on landmarks before analysis can be carried out, and reducing modern databases

of 3-dimensional micro-computed tomography (CT) scans [Gos15; Boy+16] to landmarks

can result in a great deal of information loss.

There is another commonly accepted shape space, which is due to Grenander, and

originates from his works on Pattern theory, although some aspects were anticipated by

[CMM91]. In these works, a shape space is specified for each manifold M and dimension

d. One then considers all possible immersions modulo the group of reparameterizations of

M , i.e.

ShapepMq :“ ImmpM,Rdq{DiffpMq.

Variation in shape is then modeled by the action of the Lie group of diffeomorphisms on Rd.

The advantage of Grenander’s approach (or more generally known as the diffeomorphism-

based approach) is that it avoids the need for landmarks, but the resulting spaces of interest

are infinite-dimensional and shapes with different topology cannot be compared. However,

many tools have been developed that efficiently compare the similarity between shapes in

large databases via algorithms that continuously deform one shape into another [Boy+11;

Ovs+12; Boy+15; GKD19].

1.3.1 The Shapes

Our definition of shape extends beyond smooth manifolds to include a large class of

stratified spaces. Shapes found in nature often exhibit wondrous complexity, such as frac-

tals. However, we make the assumption that these shapes adhere to the principles of

Grothendieck’s programme on tame topology [Gro97]. Essentially, this means excluding

pathological examples like space-filling curves and Cantor-like sets. We work with strati-

fied spaces that are triangulable and hence can be faithfully represented via a mesh on a

computer. More precisely, a shape is represented by a compact definable set M Ă Rd (or a

constructible set) with respect to a fixed o-minimal structure O on Rd.
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By considering shapes to be this general, we lose the one-one correspondence maps be-

tween any two shapes. For instance, in the landmark-based approach, the correspondence

maps are mappings between landmarks, and in the diffeomorphism-based approach, the

correspondence maps are diffeomorphisms. These maps were key in constructing metrics

on these shape spaces, thereby making our task much more challenging.

1.3.2 The Representation

Once we have a precise definition of a shape, the next question to consider is how we

should represent our shapes. More importantly, what properties must this representation

satisfy? We must ensure that the representation is faithful or injective, as we do not

want identical representations corresponding to different shapes. Secondly, we would want

the representation to be equivariant with respect to rigid motions, i.e., the action of rigid

motions such as translations and rotations on the input should produce corresponding rigid

motions of the output. We build upon the fundamental work of Schapira [Sch91b; Sch95b],

selecting our representatives as the two topological transforms—the Euler characteristic

transform (ECT) and the persistent homology transform (PHT)—introduced in [TMB14]

to facilitate comparison of non-diffeomorphic shapes. The ECT and PHT have two useful

properties: standard statistical methods can be applied to the transformed shape and

the transforms are injective [GLM18; CMT22b], so no information about the shape is

lost via the transform. The utility of the transforms for applied problems in evolutionary

anthropology, biomedical applications and plant biology were demonstrated in [Cra+20;

Wan+21; Tan+22; Amé+22].

In 1917, Radon [Rad05] observed that differentiable functions in R3 could be explicitly

determined by its integrals over all planes in R3. This was essentially the basis for the Radon

transform, which has wide applications in computed tomography (CT), X-ray imaging,

and related fields [Cor63; Cor64]. To illustrate the application of the Radon transform

in tomography, consider the following scenario: Consider a convex body X with density

8



(a) Landmark-based
Shape Space

(b) Diffeomorphism-based
Shape Space

(c) PHT-based
Shape Space

Figure 1.2: Previous constructions of shape space imply a fiber bundle perspective on
shape space. The fibers encode similarity transformations or reparameterizations of a shape
and the base space records the shape as an equivalence class. The PHT-based shape space
introduced here uses a more algebraic construction where the base space is replaced by a
base poset and the fibers are unique sheaf-theoretic representations of the shape.

function f through which a beam of X-rays is passed through a specific direction along

line L. Cormack and Hounsfield observed that the line integral could be obtained through

X-ray measurements, specifically as logpI1{I2q, where I1 and I2 represent the intensities of

the X-ray beam before and after interacting with the object X respectively. By applying

Radon’s observation, we can now determine the density completely. The idea of topological

transforms stems from a similar concept: knowing the topological invariants such as the

Euler characteristic or homology groups of shapes filtered in different directions can be used

to reconstruct the shape. As one would expect, when the topological invariant is the Euler

characteristic, we obtain the Euler characteristic transform (ECT), and when the invariant

is the homology groups, we obtain the Persistent Homology Transform (PHT).

1.3.3 Our Construction

Now, we are ready to construct a truly general shape space using the topological trans-

forms discussed above. In the case of previous models of shape space, the shape space

can be thought of as a fiber bundle due to the presence of one-one correspondence maps

between shapes. However, since we don’t make the assumption that shapes are in one-one

correspondence to each other, we transition from the land of fiber bundles to the world of
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sheaves, which replaces the local triviality condition of fiber bundles with the local continu-

ity condition of sheaves (refer to Figure 1.2). This passage requires two preparatory steps

of categorical generalization:

1. Instead of a “base manifold” of shapes we work with a “base poset” of constructible

sets CSpRdq ordered by inclusion. This poset is equipped with a notion of continuity

via a Grothendieck topology.

2. Each shape—that is, each point M P CSpRdq—is equivalently regarded via its per-

sistent homology transform PHTpMq, which is an object in the derived category of

sheaves DbpShvpSd´1 ˆ Rqq.

1.3.4 Main results

With these observations in place, our main result are summarized below. This is joint

work with Justin Curry and Sayan Mukherjee and is contained in [ACM23].

Theorem 1.3.1. The following assignment is a homotopy sheaf:

F : CSpRdqop Ñ DbpShvpSd´1 ˆ Rqq M ÞÑ PHTpMq.

This is precisely stated in Theorem 3.2.8. Intuitively, this result allows us to interpolate

between shapes in a continuous way via their persistent homology transforms; continuity

is mediated via the Grothendieck topology on CSpRdq. Essentially, we can glue the PHT

of smaller shapes to create the PHT of a larger shape. More precisely, our main result

establishes Čech descent for the persistent homology transform, which is a generalization

of the sheaf axiom that holds for higher degrees of homology.

In Theorem 3.1.1 we interpret the homotopy sheaf axiom for the PHT in terms of

a generalized inclusion-exclusion principle for the Euler Characteristic Transform (ECT),

which is the decategorification of the PHT.

Theorem 1.3.2. For a finite cover M “ tMiuiPΛ of M Ă Rd by constructible subsets

ECTpMq “
ÿ

IĂΛ

p´1q|I|`1 ECTpMIq

10



where each MI denotes the intersection Mi1 XMi2 X ¨ ¨ ¨ XMik for I “ pi1, ..., ikq.

The homotopy sheaf axiom also implies a nerve lemma for the PHTs, which says that

degree-0 homology suffices to characterize polyhedral shapes (see Corollary 3.4.1 for a more

precise statement).

Theorem 1.3.3 (Nerve Lemma for the PHT.). If M P CSpRdq is a polyhedron, i.e. it can be

written as a finite union of closed linear simplices M “ tσiuiPΛ, then the n-th cohomology

sheaf of the PHT (or the persistent homology transform in degree n), written PHTnpMq,

is isomorphic to the n-th cohomology of the following complex of sheaves:

0 Ñ
à

IĂΛ s.t. |I|“1

PHT0pMIq Ñ
à

JĂΛ s.t. |J |“2

PHT0pMJq Ñ ¨ ¨ ¨

Here MI with |I| “ k denotes the disjoint union of depth k intersections of closed simplices

appearing in the cover M.

As such it is desirable to have an approximation result that is provably stable under the

persistent homology transform and allows us to work degree-0 homology alone. We do this

by proving a general stability theorem for the PHT across shapes i.e. small perturbations of

shapes result in at most small changes in the corresponding persistent homology transforms.

To do this, we need to define metrics on our shape space. In Chapter 4, we define two classes

of distances: the interleaving type distance and the Wasserstein type distances. We provide

some comparisons between these distances and those used in the past. We also show that ϵ

perturbations of shapes result in no more than ϵ perturbations of the persistent homology

transforms with respect to the introduced distances. The result is stated as follows:

Theorem 1.3.4 (Stability of the PHT). Any two constructible sets M,N P CSpRdq that

are homotopy equivalent via homotopies that move no point more than ϵ have ϵ-close PHTs

of M and N .

Using the sampling methods in [NSW08], construct a discrete approximation of the

manifold such that with high confidence the homotopy type of manifold is the same as the
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nerve of the union of balls around sample points. So, any compact submanifold M can be

approximated with arbitrary ϵ ą 0 precision by a polyhedral shape such that their peristent

homology transforms are ϵ-close.

Corollary 1.3.5 (Approximation of the PHT). For any compact submanifold M and any

ϵ ą 0 we can construct a polyhedron N so that with high probability PHTpMq and PHTpNq

are ϵ-close. PHTpNq can then be computed using Theorem 1.3.3.

To summarize, we present a mathematically rigorous construction of shape space, where

shapes are not required to be smooth, unlike in previous constructions of shape spaces.

Furthermore, shapes need not be diffeomorphic or even homeomorphic to one another. We

study the structure of such a shape space and demonstrate that it possesses a desirable

local-to-global property, witnessed by the homotopy sheaf axiom. Furthermore, we define

metrics on this space and describe a method to approximate shapes using close polyhedral

counterparts.

1.4 Diffusion on stratified spaces

We are interested in sampling randomly from stratified spaces. For example, this could

allow us to put a distribution on shape spaces, see Example 1.1.2. Stratified spaces are not

only non-linear, but also their tangent spaces are not always linear, unlike the situation

with smooth manifolds. They are precisely non-linear at points that are singular (or not

smooth). This makes statistical analysis much more challenging. Our approach involves

defining Brownian motion (or diffusion in general) on these spaces. The transition kernels

of these processes can then serve as probability distribution functions from which we can

sample or construct statistical models.

Prior work on diffusion on stratified spaces include tree spaces [FD84], Euclidean 2-

complexes [BK01] and cubical complexes [Nye20]. Nevertheless, the understanding of dif-

fusion in general stratified spaces remains limited.

Diffusion on stratified spaces not only enables statistics on such spaces but can also be
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used to solve problems in geometry. Brownian motion and probabilistic methods inform the

geometry of the space (see for example the probabilistic proof of the Atiyah-Singer index

theorem [Hsu87]).

Sturm in [Stu98] introduced an approach for constructing diffusion processes on metric

measure spaces. This construction relies on the theory of Dirichlet forms, due to the well

known correspondence between regular Dirichlet forms and symmetric Markov processes

[FOT11]. The key idea of this approach is to construct Brownian motion by taking limits

of a sequence of non-local Dirichlet forms rather than taking a limit of an appropriated

scaled random walks. The advantage of using Dirichlet forms is that it does not require the

domain, and more importantly, the ambient space to be smooth.

Example 1.4.1. (Dirichlet forms on Riemannian manifolds) Let pM, gq be a n-dimensional

smooth Riemannian manifold. Then the Dirichlet form is given by,

Epu, uq “
1

2

ż

M
|∇upxq|2mpdxq

where u is any (real-valued) continuous Lipschitz function on M with compact support and

m is the Riemannian volume. The associated canonical diffusion process is the Brownian

motion on M . It can be shown that the generator of this diffusion process is the Laplace-

Beltrami operator ∆M , and so this is consistent with Hsu’s treatment of Brownian motion

on manifolds [Hsu02].

Our goal is to generalize the above construction for stratified spaces and construct a

canonical diffusion process on them. However, the methods used to prove these conditions

for Riemannian manifolds cannot be directly applied to stratified spaces for the following

reasons.

1. Degenerate volume on strata. To construct a well-defined volume on stratified

spaces that restricts to the Riemannian volume on each of the strata calls for a

definition that gives zero volume to singular strata. It is often the case, that due to
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the presence of isolated singularities, the volume of certain subsets can blow up to

infinity.

2. Lack of exponential maps. Non-linear spaces lack vector addition, and to some

extent, exponential maps remedy this defect. However, on stratified spaces, tangent

spaces are no longer vector spaces, rather they are cones. For these reasons, expo-

nential maps are not well defined.

The first item can be mitigated by considering a nicer class of stratified spaces, for

eg. subanalytic spaces. The second item is much more technical and so essentially we view

stratified spaces as metric measure spaces. Sturm gives a general measure theoretic condi-

tion on the metric measure space pX, d,mq that guarantees the convergence of the sequence

of non-local Dirichlet forms to a local one, thereby ensuring a canonical diffusion process

on pX, d,mq which is point-wise well defined for any starting point x P X. This measure

theoretic condition is a weaker notion of the volume doubling condition, i.e. measure of

balls of radius 2r is at most constant times the measure of the ball of radius r. In Theo-

rem 5.3.6 we show that compact subanalytic spaces with open and dense stratum satisfy

this condition. The implication of this result reads:

Theorem 1.4.2. Let X be a compact subanalytic space with open and dense top-dimensional

strata. Then there exists a strongly local regular Dirichlet form pE ,Fq. This implies the

existence of a diffusion process pXt,Ptq that is uniquely determined for every starting point

x P X.

This is joint work with Celia Hacker, Sayan Mukherjee and Markus Pflaum.

1.5 Outline

Chapters 2-4 discuss shape space and metrics on shape space, and can also be found

in [ACM23]. Chapter 5 addresses diffusion on stratified spaces. Specifically, Chapter 2

provides background information on o-minimal sets, sheaves, cohomology, and topological
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transforms. In Chapter 3, we describe the sheaf-theoretic construction of shape space and

prove the sheaf axiom for the persistent homology transform, along with the nerve lemma.

Additionally, we present a short proof using infinity categories in Section 3.7. Chapter 4

discusses metrics on the constructed shape space, where we establish the stability and

approximation theorem. In Chapter 5, we first give a brief introduction to subanalytic sets

in Section 5.1. Then, in Section 5.2, we discuss diffusion on metric measure spaces, and

finally, in Section 5.3, we describe diffusion on subanalytic sets.
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2. Background

2.1 Stratified spaces

The spaces we consider in this thesis are in general not smooth and possess singularities.

We still assume that these spaces can be stratified meaning that they can be decomposed

into smooth parts such that the decomposition is locally finite and fulfills the condition of

frontier. For the convenience of the reader we explain this in some detail below; for further

information on stratified spaces see [Pfl01].

Definition 2.1.1 (Stratified subset of Rd). Let X Ă Rd be a locally closed subset. By a

stratification one understands a locally finite partition S “ tSiuiPI of X into locally closed

subspaces Si Ă X called strata such that the following properties hold true:

(D1) Each stratum is a finite-dimensional topological manifold in the induced topology and

X “
Ů

iPI Si.

(D2) The condition of frontier holds true that is if R,S are two strata such that RXS ‰ H,

then R Ă S.

The dimension of X is given by

dimX “ suptdimS | S P S u.

Note that the dimension is independent of the stratification. The dimension of X is p if

and only if X contains an open set homeomorphic to an open ball in Rd, but not an open

set homeomorphic to an open ball in Re, for e ą d. The strata with maximal dimension are

called regular strata, while those that are not regular are termed as singular. The union of

singular strata is denoted as Σ Ă X.

Remark 2.1.2. Note that we can replace Rd with any smooth manifold M , and many

of the results are true for arbitrary M . However, in this work, we are only interested in

subsets of Rd, so we work exclusively within the setting of Rd.
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Figure 2.1: The 2-open book with 3 pages.

Remark 2.1.3. If R,S are two strata of a stratified space pX,S q such that R Ă S one

calls the stratum R incident to S. We sometimes write R ď S for the situation when R is

incident to S. The incidence relation is an order relation on the set of strata.

Example 2.1.4 (Manifold with Boundaries). The simplest example of stratified spaces

are manifolds with boundaries. As you might expect a manifold with boundary X can be

decomposed as a union of the interior and the boundary.

Example 2.1.5 (Glued Spaces). A general recipe for creating stratified spaces is by gluing

together manifolds with boundaries along their boundaries such that the axiom (D2) is

satisfied. Some important examples include k-spiders, which consist of k copies of the real

line glued together at the origin, and the n-open book with k pages, obtained by taking the

Cartesian product of the k-spider with Rn.

Example 2.1.6 (The Whitney cusp). Consider the zero set of the real polynomial y2 `

x3 ´ z2x2 i.e.

W “ tpx, y, zq P R3 | y2 ` x3 ´ z2x2 “ 0u.

The gradient of the polynomial is p3x2´2xz2, 2y, 2x2zq and so the critical points lie on the z-

axis. For every point p in W that does not lie on the z-axis, by the inverse function theorem

there exists a neighbourhood of p that is diffeomorphic to a 2-dimensional Euclidean ball.

Call this part the regular or smooth part of W, denoted as Wreg. Hence, we have a
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Figure 2.2: The Whitney cusp.

decomposition of W as follows

W “ Wreg Y tz´axisu.

There is another natural decomposition of W given by

W “ Wreg Y t0u Y tz´axisz0u.

This turns out to be the ‘right stratification’ for the Whitney cusp, and one of the reasons

is because this decomposition satisfies local homogeneity, which means that every neigh-

bourhood around a point on each stratum looks the “same.” These conditions are precisely

formulated by Whitney and are commonly known as Whitney’s conditions.

Stratified spaces, in general, constitute a very large class of spaces, and often, for applied

problems, such a high degree of generality may not be necessary. For example, in the context

of shape analysis, we are concerned with comparing shapes that can be represented by a

computer via triangular mesh. Therefore, we are interested in working with a class of sets

that are triangulable and have finite changes in topology.

In this thesis, we primarily consider two main stratified spaces: sets definable with respect

to o-minimal structures on Rd (Section 2.2) and subanalytic sets (Section 5.1). Both of these

sets of sets are tame in the sense of Grothendieck’s Esquisse d’un programme [Gro97]. A
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relationship between these two classes of sets is discussed in Example 2.2.3. The explicit

stratification for sets definable with respect to o-minimal structures is not important, and

we do not utilize it in our work. In fact, a cell decomposition theorem can be found in

[Van98b], and they admit Whitney stratifications [Lê 98].

2.2 O-minimal topology

We define a class of shapes that we are interested in working with– constructible sets.

These sets precisely capture the notion of a “shape.” Specifically, these shapes are stratified

spaces but to ensure our shapes possess desirable properties and avoid pathological cases

like Cantor-like sets, we impose certain tameness conditions. These conditions have been

formalized into a broader class of sets known as o-minimal structures.

The main idea of an o-minimal structure is to provide a class of “nice” sets that do

not degenerate (i.e. remain “nice”) after performing elementary logical, geometric, and

topological operations. Refer to [Van98b] for a full treatment of the subject.

Definition 2.2.1 (O-minimal structure). An o-minimal structure O “ tOdu, is a spec-

ification of a boolean algebra of subsets Od of Rd for each natural number d ě 0 such

that

1. O is closed under certain product operators, i.e. if A P Od, then Aˆ R and R ˆA are

in Od`1;

2. O is closed under projection operators, i.e. if A P Od`1, then πpAq P Od where

π : Rd`1 Ñ Rd is the axis aligned projection;

3. tpx1, ..., xdq P Rd : xi “ xju P Od for 1 ď i ă j ď d;

4. The graphs of addition and multiplication are in O3;

5. O1 contains only finite unions of points and intervals (with respect to the natural

order ă on R).
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Here a boolean algebra of sets on Od means that Od is closed under finite unions,

intersections, and complements. Condition 1 ensures that O is closed under Cartesian

products. To see this write A ˆ B “ pA ˆ Rnq X pRm ˆ Bq for A P Om and B P On, and

O is closed under intersection since it is a Boolean algebra. Condition 3 ensures diagonals

belong to O. Conditions 1-3 are required to form a structure on R in the logical sense i.e.

every set that is definable from a set in O is also in O. Condition 4 is required to ensure

that there is definable way of selecting the midpoint of a bounded interval, which in turn

implies some deeper results, for instance, the triangulation theorem.

Condition 5 is the simplest assumption that makes the structure compatible with the

order of R. Since the order gives a topology to R, these conditions express compatibility

with the topology. Thus, the term “o-minimal”: minimal assumptions required for the

structure to behave well with the order of R.

Example 2.2.2 (Semi-algebraic sets). A semi-algebraic set in Rd is a finite union of sets

of the form

tx P Rd | f1pxq “ ¨ ¨ ¨ “ fkpxq “ 0, g1pxq ą 0, . . . , glpxq ą 0u.

Let Od be the set of semi-algebraic sets in Rd. Then Ralg “ pOdqd is a o-minimal structure

on R. One can readily check that semi-algebraic sets are closed under unions, intersections,

complements, and products. Closure with respect to projections is due to Tarski-Seidenberg

and involves model-theoretic notions to prove. The semi-algebraic sets of R are finite unions

of points and intervals and so condition 5 is true.

In fact, due to this definition, every o-minimal structure must contain all semi-algebraic

sets, so Ralg is the smallest o-minimal structure.

Example 2.2.3 (Globally subanalytic sets). In general, subanalytic sets (see Section 5.1

for a definition) do not form an o-minimal structure on R due to the fact that they are

not closed under projections. However, subsets of Rd that are subanalytic in the larger

projective space RPd given by the map

px1, . . . , xdq ÞÑ r1, x1, . . . , xds
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forms an o-minimal structure [Van98a].

A set A Ď Rd is definable with respect to an o-minimal structure O if A P Od. A

map f : A Ñ Rn definable (with respect to O) if its graph tpx, fpxqq|x P Au Ă Rn`d is

definable. Furthermore, compact definable sets are called constructible sets. The sub-

collection of constructible subsets in Od is denoted CSpRdq.

2.2.1 Topology of definable sets

Grothendieck envisaged a new foundation of topology and geometry– tame topology

(or topologie modérée [Gro97])– grounded in axioms rather than analysis. Tame topology

seeks to avoid “pathological” objects and counter-intuitive results found in traditional ap-

proaches. For example, one of the strong assumptions introduced in this programme is the

triangulability axiom which says that all tame sets should be triangulable in a tame sense.

In contrast, traditional topology readily allows the construction of non-triangulable spaces,

such as the comb space,

S “ tpx, yq | 0 ď y ď 1;x “ 0 or x “ 1{n for n P Nu Y pr0, 1s ˆ t0uq.

This space, being locally disconnected, cannot be homeomorphic to a simplicial complex.

Tame topology aims to eliminate such problematic sets.

O-minimal structures are a reasonable choice for an axiomatic approach that realizes a

tame topology. For instance, each definable set (with respect to an o-minimal structure)

admits cell decompositions and is triangulable. In other words, the definable topology of a

set can be entirely expressed through finite combinatorial information.

From now on we fix an o-minimal structure O on R. When we say definable set, we

mean definable set with respect to the o-minimal structure O.

21



A triangulation in Rn of a definable set A Ď Rd is a tuple pϕ,Kq where K is a simplicial

complex in Rn and ϕ : A Ñ |K| is a definable homeomorphism. Here |K| is the geometric

realization of the simplicial complex K.

Theorem 2.2.4. (Triangulation Theorem [Van98b]) Each definable set is definably home-

omorphic to a simplicial complex.

An important consequence of this theorem is that algebraic topological signatures such

as Euler characteristic and homology, are well defined for any definable set.

Remark 2.2.5. In fact, a stronger version of this theorem exists. Suppose the definable

set X has definable subsets A1, . . . , Ak, then the triangulation of X can be chosen such

that it is compatible with each of the subsets [Van98b, Theorem 2.9].

Definition 2.2.6 (Definable Euler Characteristic). If A Ď Rd is a definable set and if ϕ :

A Ñ \iσi is a definable bijection with a collection of (open) simplices, then the definable

Euler characteristic of A is

χpAq :“
ÿ

i

p´1qdimσi

where dimσi denotes the dimension of the open simplex σi.

As you might predict, the definable Euler characteristic remains the same regardless

of the specific triangulation chosen [Van98b, pp. 70-71]. This is because it is a definable

homeomorphism invariant. However, as illustrated in the next example, the definable Euler

characteristic is not a homotopy invariant.

Example 2.2.7. The open interval p0, 1q has definable Euler Characteristic ´1 but it is

contractible to a point which has definable Euler characteristic 1. In general, the definable

Euler characteristic of an open n-simplex is p´1qn.

However, for compact definable sets (or constructible) sets the definable Euler charac-

teristic is a homotopy invariant. This is because the definable Euler characteristic can also
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be written as an alternating sum of the Borel-Moore homology (See [BG10])

χpAq “

8
ÿ

k“0

p´1qkHBM
k pA;Rq,

and for compact spaces the Borel-Moore homology coincides with the usual singular ho-

mology, a well-known homotopy invariant.

2.2.2 Euler Calculus in an o-minimal structure

In this section, a fixed o-minimal structure O is assumed. When referring to constructible

sets, we mean constructible sets with respect to the o-minimal structure O. For brevity, we

drop the term ‘definable’ before Euler characteristic from now on.

Euler calculus is a topological integration theory for definable functions based on the

Euler characteristic. In this theory, the (finitely additive) measure is the Euler characteristic

and the measurable sets are the definable sets. This makes sense for the following reason:

Lemma 2.2.8. For definable A,B Ď Rd

χpAYBq “ χpAq ` χpBq ´ χpAXBq. (2.1)

This can be seen by applying the triangulation theorem and counting cells.

Remark 2.2.9. Unlike a measure, this is only true for a finite unions of definable sets.

However, there is still a well-defined notion of an integration operator for finitely additive

measure but as you might expect, the integral theory does not behave well with limits.

See [BG10] to see more details about this.

For a simple function f valued in Z, f “
ř

AiPCSpRdq

finite

λAi1Ai , and B P CSpRdq the Euler

integration, reminiscent of usual measure-theoretic integration, is given by

ż

B
fpxqdχpxq “

ÿ

AiPCSpRdq

finite

λAiχpAi XBq. (2.2)
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If X P CSpRdq, then a constructible function is an integer valued compactly sup-

ported function f : X Ñ Z with only finitely many non-empty level sets, each of which are

definable, and hence triangulable. We denote the ring of constructible functions on X by

CFpXq. In this thesis, we specifically focus on constructible functions, so we limit ourselves

to compactly supported functions. However, it’s worth noting that a more general theory

exists.

The stronger version of the triangulation theorem (Remark 2.2.5) allows us to view any

function f P CFpXq as a simple function i.e. f “
ř

α
finite

cα1σα where tσαu are the simplices

and cα P Z. So, this gives a well defined notion of Euler integration on CFpXq for any

definable X.

Definition 2.2.10 (Euler Integration). The Euler integration is a homomorphism
ş

A dχ :

CFpXq Ñ Z that satisfies Equation (2.2). More explicitly, after applying the definitions it

can be readily checked that

ż

X
fdχ “

n“8
ÿ

n“´8

nχpf “ nq “

8
ÿ

n“0

χpf ą nq ´ χpf ă ´nq

where the latter equality follows from a telescoping expansion.

Another fundamental property satisfied by the Euler characteristic is the multiplicative

property. For any two definable sets X and Y , it holds that χpX ˆ Y q “ χpXqχpY q.

This gives two important theorems, namely a Fubini-type theorem and a Riemann-Hurwitz

theorem for Euler integration [Vir06]. The Euler integration allows for various operations

on constructible functions, and some of these operations are defined below.

Definition 2.2.11 (Pushforward and Pullback, cf. [Sch91a]). If φ : X Ñ Y is a (definable)

mapping between constructible sets, then we have pushforward φ˚ : CFpXq Ñ CFpY q

and pullback φ˚ : CFpY q Ñ CFpXq operations via

φ˚fpyq :“

ż

φ´1pyq

fdχ and φ˚gpxq :“ gpφpxqq.
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Definition 2.2.12 (Radon Transform). Let S Ă X ˆ Y be a closed constructible subset

of the product of two constructible sets. Let πX and πY be the projections onto the

indicated factors. The Radon Transform with respect to S is a group homomorphism

RS : CFpXq Ñ CFpY q defined by

RSpϕq :“ pπY q˚

“

ppπXq˚ϕq1S

‰

where RSpϕqpyq “

ż

π´1
Y pyq

pϕ ˝ πXq1Sdχ.

A celebrated theorem of Schapira [Sch95a] gives a criterion for determining the invert-

ibility of the Radon transform RS in terms of the Euler characteristic of the fibers of

S Ă X ˆ Y , when projected to each of these two factors:

Theorem 2.2.13 ([Sch95a] Theorem 3.1). If S Ă X ˆ Y and S1 Ă Y ˆ X have fibers Sx

and S1
x in Y satisfying

1. χpSx X S1
xq “ χ1 for all x P X, and

2. χpSx X S1
x1q “ χ2 for all x1 ‰ x P X,

then for all ϕ P CFpXq,

pRS1 ˝RSqϕ “ pχ1 ´ χ2qϕ` χ2

ˆ
ż

X
ϕdχ

˙

1X .

2.2.3 Euler Characteristic Transform

Now, we are ready to define the Euler characteristic transform, a central object of the

thesis. Intuitively, the Euler characteristic transform should be thought of as a represen-

tation of a shape- it encodes the Euler characteristic of ‘enough’ sub-levels of the shape,

ensuring that the transform is injective.

Definition 2.2.14 (ECT: Map Version). The Euler Characteristic Transform (ECT)

of a constructible set M P CSpRdq is the map that assigns to each direction v P Sd´1 the

piece-wise constant integer-valued function on R that records the Euler characteristic of the
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Figure 2.3: The inverted ‘V’ shape summarised by the Euler characteristic transform.
The Euler characteristic transform in direction v records the Euler characteristic curve of
the filtration of M in v.

sublevel set of M in direction v, i.e.

ECTpMq : Sd´1 Ñ FunpR,Zq ECTpMqpv, tq “ χ
`

Mv,t

˘

,

where Mv,t :“ tx P M | x ¨ v ď tu is the intersection of M with the half-space x ¨ v ď t.

We note that since M is constructible and the equation defining a sub-level set is semi-

algebraic—and hence definable—the intersection Mv,t is constructible as well, and thus has

a well-defined Euler characteristic.

As our notation suggests, one can also view ECTpMq as a function from Sd´1 ˆ R to Z

that assigns to each pair pv, tq P Sd´1 ˆR the Euler characteristic χpMv,tq. This perspective

is important because it allows us to view the ECT as a type of integral transform, which

takes a shape (viewed as an indicator function on Rd) and produces a function on Sd´1ˆR—

a coordinate system built for tomographic comparison.

Definition 2.2.15 (ECT: Version 2). Let S “ tpx, v, tq P Rd ˆ Sd´1 ˆ R | x ¨ v ď tu.

The Euler characteristic transform of M is equal to the Radon transform of its indicator

function

ECTpMq “ RSp1M q.

In [CMT22a] this was used to prove that the Euler Characteristic Transform is injective.
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Theorem 2.2.16 ([CMT22a] Theorem 3.5). The Euler Characteristic Transform ECT :

CSpRdq Ñ CFpSd´1 ˆ Rq is injective, i.e. if ECTpMq “ ECTpM 1q, then M “ M 1.

The proof essentially follows from Schapira’s inversion theorem (Theorem 2.2.13).

2.3 Persistent Homology

So far, we have discussed the Euler characteristic of constructible sets, which is a topo-

logical invariant, and developed an injective transform on constructible sets based on the

Euler characteristic. Another useful topological invariant of a constructible set M P CSpRdq

is the homology in degree n with coefficients in a field k1, denoted as HnpM ;kq. This al-

gebraic summary is more powerful than the Euler characteristic because of functoriality,

which means that for maps on spaces g : X Ñ Y , there is an induced map on homology

g˚ : HkpXq Ñ HkpY q and these maps compose correctly in the sense that if there is another

map h : Y Ñ Z, then the induced map on homology ph ˝ gq˚ is the same as h˚ ˝ g˚.

Persistent homology encodes how the homology of M changes under an R-indexed fil-

tration of M . More specifically, let f : M Ñ R be a real-valued function on constructible

set M . We can define a family of R-modules, typically called persistence modules in degree

i by

Xf
t :“ Hipf

´1p´8, ts; kq.

Inclusions f´1pp´8, tsq Ď f´1pp´8, ssq when t ă s induce homomorphisms of the homol-

ogy groups2 for each degree i

ιtăs
i : Hipf

´1p´8, ts; kq Ñ Hipf
´1p´8, ss;kq.

Definition 2.3.1 (Height function). The height function in the direction v P Sd´1 is

denoted as hv :M Ñ R, defined by hvpxq “ x ¨ v. Denote the sub-level set h´1
v pp´8, tsq “

tx P M | x ¨ v ď tu as Mv,t.

1 In general, the coefficients can be taken from any abelian group G, but we exclusively work with field
coefficients.

2 In the case where the coefficients are valued in a field k, homology groups are actually vector spaces.
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Figure 2.4: The barcode and persistence diagram of shape inverted ‘V’ filtered according
to height function.

We call r P R a homological critical value for the filtration function f if there exists a

degree i such that the induced map Hipf
´1p´8, r ´ δs; kq Ñ Hipf

´1p´8, rs; kq is not an

isomorphism for any δ ą 0.

The filtration function f is tame if there are finitely many critical values, and the ho-

mology vector spaces Hipf
´1p´8, ts; kq is finitely generated for all degrees i and parameters

t P R.

For constructible sets M P CSpRdq, the height function hv is tame for every direction

v P Sd´1, as there are only finitely many critical values of Mv,t as t varies [CMT22b, Lemma

3.4]. This ensures that the persistence diagrams, as defined in Definition 2.3.3, exist.

Definition 2.3.2 (Persistent homology group). The ith sublevel set persistent homology

group of the height function in direction v P Sd´1 is the image of the homomorphism

ιtăs
i : HipMv,t;kq Ñ HipMv,s; kq.

These persistent homology groups contain important information about the birth and

death of topological features of M when filtered in a direction v.

A homology class α P HipMv,tq is born at time a if α lies in the cokernel of ιa1ăa
i for

any a1 ă a. Often, the birth of a class α is denoted as bpαq. The class α born at a dies at b

(denoted as dpαq) if for all a1 ă a ă b1 ă b, ιaăb
i pαq P im ιa

1ăb
i but ιaăb1

i pαq R im ιa
1ăb1

i . The

class that never dies is known as the essential class.

Definition 2.3.3 (Persistence Diagram). Let R2` be the extended plane that is above the

diagonal, i.e. R2` “ tpa, bq P t´8u Y R ˆ R Y t8u | a ă bu. Then the persistence diagram
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in degree i of a constructible set M filtered in direction v P Sd´1, is multi-set (set with

repetition allowed) of points

Bi :“ PHipM, vq “ tpa, bq;nqu Ă R2` ˆ N

such that dim im ιaăb
i is equal to the number of points (counting multiplicity) in p´8, as ˆ

rb,8q. This is achieved by placing at each pa, bq number of points (or “dots”; see Figure 2.4)

equal to dimension of the space of i-dimensional homology classes that are born at time a

and die at time b.

We can consider any persistence diagram B as a set instead of a multi-set, referred to

as a barcode, by utilizing another coordinate to enumerate copies of each interval I. i.e.,

B “ tpI; jq | pI; jq P R2` ˆ Nu where j indicates the jth copy of I.

There is a persistent diagram for each direction v P Sd´1. We denote the set of all

persistence diagrams as Dgm.

Definition 2.3.4 (Matchings and the p-Wasserstein Distances [CMT22b] ). A matching

of these is a partial bijection σ : B Ñ B1, i.e., a choice of subset M Ď B, called the

domain dompσq, and an injection σ : M Ñ B1. The complement of the domain of σ

as domcpσq :“ Bzdompσq and the complement of the image of σ as imcpσq :“ B1z impσq

together define the unmatched points of σ. We then promote a partial bijection σ to

an actual bijection via the introduction of diagonal images; a point I “ pb, dq P R2` where

neither coordinate is 8 has a diagonal image ∆pIq “ p b`d
2 , b`d

2 q. With this convention, a

partial bijection σ : B Ñ B1 becomes an actual bijection of augmented persistence diagrams

σ̃ : Bpσq Ñ B1pσq where

Bpσq :“ dompσq Y domcpσq Y
ď

pI 1,j1qPimcpσq

p∆pI 1q; j1q

and

B1pσq :“ impσq Y imcpσq Y
ď

pI,jqPdomcpσq

p∆pIq; jq.
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The map σ̃ now matches points that were previously unmatched by σ with their corre-

sponding diagonal images. By abuse of notation, we simply write σ for the extended map

Bpσq Ñ B1pσq. If σjpIq denotes the R2` coordinates of σpI; jq and ||I ´ σjpIq||p is the ℓp

metric on R2`, then the p-cost of this extended matching σ is

costppσq “

¨

˝

ÿ

pI,jqPBpσq

||I ´ σjpIq||pp

˛

‚

1{p

.

For every p P r1,8s we define the Wasserstein p-distance between two diagrams B

and B1 is then the infimum of this matching cost over all matchings, i.e.

WppB,B1q :“ inf
σ:BÑB1

costppσq.

We note that the Wasserstein 8-distance is also called the bottleneck distance, for which

we reserve the special notation

dBpB,B1q :“ W8pB,B1q “ inf
σ:BÑB1

max
pI,jqPBpσq

||I ´ σjpIq||8.

We now have enough preliminaries to provide the first, classical definition of the per-

sistent homology transform. The persistent homology transform studies the persistent

homology of a constructible subset M P CSpRdq by considering the filtration Mv,t “ tx P

M | x ¨ v ď tu for all directions v P Sd´1.

Definition 2.3.5 (PHT: Map Version). Let M P CSpRdq be a constructible set. The

persistent homology transform of M is defined as the map

PHTpMq : Sd´1 Ñ Dgmd v ÞÑ pPH0pM,vq,PH1pM,vq, . . . ,PHdpM,vqq

See Figure 2.5 for an example.

Remark 2.3.6. Note that we have defined the persistent homology transform using co-

homology instead of homology, to ensure consistency with all the different versions of the

definitions we provide later on. Typically, we assume that k is of characteristic 0 so that

homology and cohomology are isomorphic, i.e. HnpM ;kq – HnpM ;kq.
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Figure 2.5: For an embedded shape in R2, the PHT (Definition 2.3.5) assigns to each
direction v P S1 a persistence diagram. In this example we super-impose the PHT of two
different embeddings of the letter ‘V’, one in blue with normal directions v1 and v2 to the
sides of the letter ‘V’ and one in red with flatter sides with steeper normal directions w1

and w2. Around the circle are eight persistence diagrams corresponding to the directions
˘ei and ˘vi for i “ 1, 2; e1 “ p1, 0q points in the positive x direction and e2 “ p0, 1q points
in the positive y direction. Notice that the blue persistence diagram associated to direction
´e2 has an earlier birth time than the red persistence diagram.

Although homology is usually a lossy summary of a shape, knowing the persistent

homology of a shape in every direction completely determines the shape.

Theorem 2.3.7 (PHT: Injectivity, cf. [CMT22a]). If PHTpMq “ PHTpNq, then M “ N .

2.4 Sheaves and Cohomology

It is now understood, thanks to the foundational thesis by Curry [Cur14a], that tradi-

tional persistent homology can be viewed as a special case of sheaf theory. The main idea

here is that the filtration parameter space R indexes the (co)chain complexes of spaces,
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such as the sub-level sets, rather than the (co)homology of these spaces. Moreover, as first

outlined in [CMT22a], sheaves also allow us to view the persistent homology transform

(PHT) as a collection of (co)chain complexes parameterized by the entire parameter space

Sd´1 ˆ R.

2.4.1 Sheaf Theory

In this section, we review basic sheaf theory and sheaf cohomology, necessary for un-

derstanding the concepts discussed above.

Presheaves and sheaves provide a way of associating “algebraic data” to topological

spaces.

Definition 2.4.1 (Pre-Sheaves). Let X be a topological space and let OpenpXq be the

poset of open sets in X. A pre-sheaf valued in the category of abelian groups Ab on

X is a functor F : OpenpXqop Ñ Ab. We sometimes write ρU,V : FpUq Ñ FpV q for the

restriction map associated to the inclusion V Ď U .

We refer to elements of FpXq (commonly denoted as ΓpX,Fq) as global sections and

elements of FpUq (commonly denoted as ΓpU,Fq) for U P OpenpXq as local sections of F

over U .

Remark 2.4.2. Categorically speaking, we can define a presheaf to be a contravariant

functor from OpenpXq to Ab. More generally, we can replace the category of abelian

groups to any fixed concrete category3.

Definition 2.4.3 (Stalks). The stalk of a pre-sheaf at a point x P X is then defined as the

direct limit of F over all open sets containing x, i.e.

Fx :“ lim
ÝÑ
UQx

FpUq

3 A concrete category C can be thought of as the category of sets, with some additional structure. It
is characterized by a faithful forgetful functor C Ñ Set. For example, the category of groups, rings, and
vector spaces are concrete categories. See [nLa24] for a precise definition.
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One can think of the stalk at x as the “local picture” of F at x. This can be constructed

rigorously as follows

Fx “
ğ

UQx

F pUq
L

„,

that is, the equivalence class of abelian groups given by the relation pf, Uq „ pg, V q for f P

FpUq and g P FpV q iff there is an open W Ď U XV containing x such that ρU,V f “ ρV,W g

i.e. two local sections around x are identified whenever they agree on some small enough

neighborhood of x.

Remark 2.4.4. This definition remains applicable even if we replace abelian groups with a

concrete category C. However, for the rigorous definition of stalks for pre-sheaves valued in

C to make sense, we must ensure that the forgetful functor from C to Set preserves filtered

colimits.

Definition 2.4.5 (Čech Cohomology of a Cover). Given a pre-sheaf F and an open cover

U “ tUiuiPΛ of an open set U , one has the Čech cochain complex associated to U where

the n-cochains are given by the product over intersections of n` 1 cover elements, i.e.,

ČnpU ;Fq “
ź

i0,...,inPΛ

FpUi0,...,inq

where we always assume Fp∅q “ 0. The nth-coboundary operator is defined by specifying

the contribution of a general element s P ČnpU ;Fq to the factor i0, . . . , in`1 in Čn`1pU ;Fq.

This is given by the formula

pδnsqi0,...,in`1 “

n`1
ÿ

j“0

p´1qjsi0,...,îj ,...,in`1
|Ui0,...,in`1

,

where îj denotes removal of that entry and the vertical line is the commonly accepted

shorthand for the application of the restriction map from Ui0,...,îj ,...,in`1
to Ui0,...,in`1 .

Definition 2.4.6 (Sheaves). A pre-sheaf of abelian groups F is a sheaf if for every open

set U and open cover U “ tUiuiPΛ we have that the value of F on U can be computed using
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the Čech cohomology of the cover:

FpUq – H0

„

Č0pU ;Fq Ñ Č1pU ;Fq Ñ Č2pU ;Fq Ñ ¨ ¨ ¨

ȷ

This is a local-to-global principle, because it guarantees that a sheaf is always determined

locally by a cover. More generally, one can define sheaves valued in categories that are not

necessarily abelian, such as Set, but where the categorical notion of an (inverse) limit makes

sense. As a reminder, the limit4 is a categorical operation that takes an entire diagram of

objects—in this case, the objects FpUiq—and produces a single object that maps to each

of the objects and commutes with the morphisms connecting the objects—in this case the

restriction maps FpUiq Ñ FpUijq Ð FpUjq. One then modifies the sheaf axiom to instead

require that

FpUq – lim
ÐÝ

„

ź

i

FpUiq Ñ
ź

i,j

FpUijq
ÑÑÑ ¨ ¨ ¨

ȷ

.

It is well known that the limit only depends on the objects tFpUiqu associated to the cover

elements along with the objects associated to the pairwise intersections tFpUijqu, in similar

spirit to how H0 only depends on the nodes and edges of a triangulated space. Higher-order

information, such as intersections of three or more elements, is ignored by the usual sheaf

axiom.

Remark 2.4.7. The sheaf condition can also be more familiarly expressed as follows: For

any open covering pUiqiPΛ of U P OpenpXq,

1. (Gluing) If sections fi P FpUiq agree on overlaps i.e. ρUij ,Uifi “ ρUij ,Ujfj for all

i, j P Λ, then there exists a unique lift f P FpUq such that ρUi,Uf “ fi for all i;

2. (Locality) Suppose that f, g P FpUq and that ρUi,Uf “ ρUi,Ug for all i P Λ, then

f “ g.

Definition 2.4.8 (Morphism of sheaves). A morphism between two sheaves F ,G on X

valued in Ab is a natural transformation of η : F Ñ G of the presheaves. A sheaf morphism

4 Kernels, equalizers, and pullbacks are all examples of limits. See [Rie17, §3] for more background.
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consists of a collection of morphisms ηU : FpUq Ñ GpUq in Ab for every U P OpenpXq

such that whenever there is an inclusion U ãÝÑ V , there is a commutative diagram

FpV q GpV q

FpUq GpUq

ρV,U

ηV

ρV,U

ηU

Example 2.4.9 (Constant and Locally Constant Sheaves). The pre-sheaf that assigns the

vector space k to every open set is not a sheaf because the value that should be associated

to an open set U “ U1 Y U2 with two components should be k2. The sheafification of this

constant pre-sheaf is called the constant sheaf and is usually written k as well. One can

replace k with any vector space V and obtain an analogous constant sheaf. Moreover, if a

sheaf F P ShvpXq has the property that for each point x P X there is a neighborhood Ux

so that F restricts to a constant sheaf on Ux, then one calls F a locally constant sheaf

or local system.

Definition 2.4.10. Let C be a complete “data” category, i.e., all limits in C exist. De-

note the category of pre-sheaves and sheaves on X valued in Dat by PShvpX;Datq and

ShvpX;Datq, respectively. Since every sheaf is a pre-sheaf there is a natural inclusion of

categories

ps : ShvpX;Datq ãÑ PShvpX;Datq.

Under suitable hypotheses5 on Dat, the ps has an “inverse”6 called sheafification

sh : PShvpX;Datq Ñ ShvpX;Datq.

Typically we set Dat “ Vect and let ShvpXq denote the category of sheaves of vector

spaces.

Remark 2.4.11 (Preservation of Stalks). It is a fact that sheafification preserves stalks,

so the “local picture” of a pre-sheaf F is unchanged by this process and only the failure of

the local-to-global principle is repaired.
5 See condition (17.4.1) in [KS94].
6 i.e. a left adjoint, see [Rie17, §4].
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Definition 2.4.12 (Pushforward and Pullback of Sheaves). Suppose f : X Ñ Y is a

continuous map of spaces, F is a sheaf on X, and G is a sheaf on Y . The pushforward

(or direct image) of F along f , written f˚F is the sheaf that assigns to each open set

V P OpenpY q the value Fpf´1pV qq. Dually, the pullback (or inverse image) of G along

f , written f˚G, is the sheaf associated to the pre-sheaf that assigns to every open set

U P OpenpXq the “stalk at fpUq”:

sh
“

U ÞÑ lim
ÝÑ

V ĚfpUq

GpV q
‰

These define functors

f˚ : ShvpXq Ñ ShvpY q and f˚ : ShvpY q Ñ ShvpXq.

We now isolate a very important class of pushforward sheaves, which we call Leray

sheaves.

Definition 2.4.13 (Leray Sheaves). Suppose f : Y Ñ X is a proper continuous map

of spaces, then the ith Leray sheaf of f , written Rif˚k, is the sheaf associated to the

pre-sheaf

sh
“

U P OpenpXq ÞÑ H ipf´1pUq; kq
‰

.

For i “ 0 this is just the pushforward of the constant sheaf, but for i ě 1 this definition

arises naturally from the “derived” perspective considered in Section 2.4.2.

Remark 2.4.14 (Cohomology of the Fiber). As Remark 2.4.11 indicates, the stalk of the

Leray pre-sheaf is preserved under sheafification. Consequently, if

lim
ÝÑ
UQx

H ipf´1pUqq – H ipf´1pxqq,

then this sheaf records the cohomology of the fiber. This last consequence follows from

properness of f , which plays a key role in the proper base change theorem [Ive86].
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2.4.2 Derived Sheaf Theory

In this section, instead of considering abelian groups as we did previously, we will work

with abelian categories. Abelian categories provide a general framework for homological

algebra; similar to abelian groups, they have kernels, cokernels, and various desirable prop-

erties such as the validity of the snake lemma.

Definition 2.4.15 (Chain complexes). A complex in an abelian category A is a sequence

A‚ of objects and maps, called differentials

¨ ¨ ¨ A0 A1 A2 ¨ ¨ ¨
δ0 δ1

such that δi`1 ˝ δi “ 0 for all i. A chain map f : pA‚, δAq Ñ pB‚, δBq of complexes consists

of maps f i : Ai Ñ Bi that commute with the differentials. The complexes in A form an

abelian category and it is denoted by CpAq.

We often work with the category of complexes in A that are bounded, i.e. there exist

integers n1, n2 such that Ak “ 0 for all k ą n1 and k ă n2. Denote the category of bounded

complexes of objects in A as CbpAq. The definitions below make sense if we replace CbpAq

with CpAq.

The object H ipA‚q “ kerpδiq{ impδi´1q is the i-th cohomology of A‚.

Definition 2.4.16 (Quasi-isomorphism). A chain map f : A‚ Ñ B‚ is a quasi-isomorphism

if f induces isomorphisms on H ipfq : H ipA‚q Ñ H ipB‚q for all i.

Define the shift of a complex, Arns‚ as the complex with objects Arnsk “ Ak`n with

differentials δiArns
“ p´1qnδi`n

A .

Definition 2.4.17 (Mapping cone). The mapping cone of a chain map f : A‚ Ñ B‚ is

the complex Cpfq “ Ar1s ‘ B with differentials δipa, bq “ p´δi`1
A paq, f i`1paq ` δiBpbqq.

Definition 2.4.18 (Homotopy Category). Associated to CbpAq is the homotopy cate-

gory KbpAq of complexes, which has the same objects as CbpAq, but where morphisms are

homotopy classes of chain maps.
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We now recall one definition of the derived category, as there are many.

Definition 2.4.19 (Derived category). Let Q denote the class of quasi-isomorphisms. The

bounded derived category of A is the localization of KbpAq at the collection of mor-

phisms Q, i.e.

DbpAq :“ KbpAqrQ´1s.

More precisely, DbpAq is endowed with a tautological functor j : KbpAq Ñ DbpAq, and

has the universal property that given any functorF : KbpAq Ñ B, that sends all quasi-

isomorphisms in KbpAq to isomorphisms in B, then there exists a unique functor F 1 :

DbpAq Ñ B such that F “ F 1 ˝ j.

Remark 2.4.20. An alternative definition of the derived category makes use of the as-

sumption that A has enough injectives, i.e. every object in A has an injective resolution

or, said differently, every object in A is quasi-isomorphic to a complex of injective objects.

Under this assumption, the derived category of A is equivalently defined as the homotopy

category of injective objects in A, i.e.

DbpAq » KbpInj ´ Aq.

Remark 2.4.20 provides an easier-to-understand prescription for working with the de-

rived category. One simply takes an object, e.g. sheaf, replaces it with its injective resolu-

tion, and works with the resolution instead.

The homotopy category KpAq and DpAq are not abelian categories. However, they are

additive categories; i.e., the zero object exists, categorical products exist, and hom sets are

abelian groups. However, not every morphism may exhibit kernels and cokernels, so an

exact sequence does not make sense. Instead, the homotopy category and derived category

have an extra structure described by the distinguished collection of exact triangles and are

examples of triangulated categories. These distinguished exact triangles can be thought of

as a replacement for exact sequences in abelian categories.
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A triangle in any additive category C is a sequence of three composable maps:

A Ñ B Ñ C Ñ Ar1s.

A morphism of triangles f is a commutative diagram

A B C Ar1s

A1 B1 C1 A1r1s

ffff

Remark 2.4.21. A triangle is also sometimes displayed as follows

A B

C
`1

Definition 2.4.22 (Distinguised triangles in KpAq). A distinguished triangle in KpAq

is a triangle of the form,

A
f
ÝÑ B

i
ÝÑ Cpfq

p
ÝÑ Ar1s,

where ipbq “ p0, bq and ppa, bq “ a. An exact triangle in KpAq is a triangle isomorphic to

a distinguished triangle.

Definition 2.4.23 (Exact triangles in DpAq). An exact triangle in DpAq is a triangle

isomorphic in DpAq to a distinguished triangle in KpAq.

A benefit of the derived category is that exact sequences in CpAq gives exact triangles

in DpAq, which is not true in KpAq. Another feature of the derived category is that for

every exact triangle in DpAq

A Ñ B Ñ C Ñ Ar1s,

there is a long exact sequence of cohomology

¨ ¨ ¨ Ñ H0pAq Ñ H0pBq Ñ H0pCq Ñ H1pAq Ñ ¨ ¨ ¨ .
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Remark 2.4.24. By specializing to the setting where the abelian category is the category

of abelian sheaves (i.e., sheaves valued in abelian categories), we obtain derived sheaf theory.

The category of abelian sheaves has enough injectives, so Remark 2.4.20 applies.

An additive covariant functor F between two abelian categories is left exact if whenever

0 Ñ A Ñ B Ñ C Ñ 0 is exact then 0 Ñ FpAq Ñ FpBq Ñ FpCq is exact. The functor is

exact if short exact sequences remains exact after the application of the functor.

Definition 2.4.25 (Derived functors). Suppose F : A Ñ B is an additive and left-exact

functor, i.e. it commutes with direct sums and preserves kernels, then the total right

derived functor of F , written RF : DbpAq Ñ DbpBq is defined by

RF pA‚q :“ F pI‚q

for I‚ an injective resolution of A‚. The cohomology objects H ipRF q denoted by RiF are

called the classical right derived functors of F .

Remark 2.4.26. An F -acylic object A is one that satisfies RiF pAq “ 0 for all i ą 0. In

general, one can substitute I‚ in Definition 2.4.25 with any F -acyclic resolution of A‚. Such

resolutions are said to be adapted to F .

Recall that ΓpX,´q : ShvpXq Ñ Ab is the global section functor that takes a an

abelian sheaf F and outputs an abelian group FpXq. This functor is left exact and so we

can consider the right derived functor of Γ.

Definition 2.4.27 (Sheaf Cohomology). The ith cohomology of the abelian sheaf F on X

is defined as

H ipX,Fq “ RiΓpF q.

2.5 Constructible Sheaves and their Functions

We finish our review of preliminary material by showing how the topological transform—

the Euler characteristic—are recovered by the derived perspective. This is accomplished

via the sheaf-to-function correspondence, which is best studied for constructible sheaves.
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Definition 2.5.1 (Constructible and Cellular Sheaves). A sheaf F P ShvpXq is said to be

constructible if there is a decomposition of X into definable subsets tXαu so that for each

α the pullback of F along the inclusion iα : Xα ãÑ X produces a locally constant sheaf

i˚αF P ShvpXαq, cf. Example 2.4.9. When the subsets tXαu are cells in a triangulation of

X, we can equivalently express F as a cellular sheaf, which simply assigns a vector space

to each cell Xα and a linear map to each pair Xα Ď Xβ ; see [She85] for the first description

of cellular sheaves and [Cur14b] for a modern treatment.

In similar spirit, if F‚ is a complex of sheaves, e.g., a derived sheaf, then it is said to

be cohomologically constructible if the cohomology sheaves HiF‚ are constructible for

every i. A derived cellular sheaf then associates to each cell in a cellulation a complex of

vector spaces and a chain map for every face-relation pair Xα Ď Xβ .

We now show how to associate to a constructible function to a constructible sheaf.

Definition 2.5.2 (Euler-Poincaré and Hilbert Functions). Let F‚ be a complex of coho-

mologically constructible sheaves on X. The local Euler-Poincaré index is the piecewise

constant integer-valued function defined by

hpxq :“ χpF‚qpxq “
ÿ

i

p´1qi dimHipF‚qx “
ÿ

i

p´1qi dimpH iF‚
xq

The first equality considers the stalks of the cohomology sheaves of F‚ and the second

equality considers the cohomology of the stalk complex. By Remark 2.4.11 these are

isomorphic and thus have the same dimension and Euler characteristic. In the simplest

setting—constructible sheaves that are concentrated in a single cohomological degree—the

local Euler-Poincaré index is just the Hilbert function—it records the dimension of the

stalks of a sheaf.

2.6 The Persistent Homology Transform

We now have enough language to describe one of the central objects of thesis.
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Definition 2.6.1 (PHT: Sheaf Version, cf. [CMT22a]). Let M P CSpRdq be a constructible

set. Associated to M is the auxiliary total space

ZM :“ tpx, v, tq P M ˆ Sd´1 ˆ R | x ¨ v ď tu.

The ith persistent homology transform sheaf of M , written PHTipMq, is the ith Leray

sheaf of the map fM : ZM Ñ Sd´1 ˆ R that projects onto the last two factors. Since M is

compact and fM is a projection, we see that fM is proper. By Remark 2.4.14, the stalk of

the ith Leray sheaf at pv, tq P Sd´1 ˆ R is isomorphic to the ith cohomology of the fiber i.e.,

H ipfM
´1pv, tqq. See Figure 2.6 for a stalk-wise picture of PHT0 of the shape ‘V’, which

was considered from the map perspective in Figure 2.5.

Remark 2.6.2. As a consequence of the Trivialization Theorem [Van98b, Ch 9, 1.2] (or

Lemma 3.4 in [CMT22a]) the PHT sheaf is constructible. This means that we can find a

finite partition tAiu
N
i“1 of Sd´1 ˆ R such that on each Ai, the PHT in degree k is a vector

bundle with fibers HkpMv,t; kq where pv, tq P Ai. Essentially, for every direction and height

pv, tq in Ai we attach the cohomology of Mv,t as the “fiber." The sheaf axiom provides a

way to pass between two fibers from different partition elements. So one may view the PHT

sheaf as stitching together vector bundles on different pieces of Sd´1 ˆ R.

Remark 2.6.3. If we restrict the sheaf PHTipMq to the subspace tvuˆR, then one obtains

a constructible sheaf that is equivalent to the persistent (co)homology of the filtration of M

viewed in the direction of v. The persistence diagram in degree i is simply the expression

of this restricted sheaf in terms of a direct sum of indecomposable sheaves.

Remark 2.6.4 (Iterated Pushforwards and the Equivariance Property). An advantage of

the sheaf-theoretic definition of the PHT is that there are further operations that can be

performed on it. For example, one can iterate the Leray sheaf construction for any change

of coordinates of Sd´1 ˆ R. For example, a rigid motion g P SOpdq, induces an action on

the corresponding PHT sheaves PHTipMq via pushforward along g. In particular, we have
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v1 v2

(0; 0)

(-2,4) (2,4)

(a) M is an embedded ‘V’ shape.

(b) PHT0
pMq (c) PHT0

pMq viewed on the plane.

Figure 2.6: Figure (B) is a visualization of the PHT sheaf in degree 0 of M “ ‘V’ on the
cylinder S1ˆR. The dark pink region represents where there are two connected components
and the light pink region represents one connected components. The green arrow represents
the direction e2 “ p0, 1q and the the red axis corresponds looking to the right e1 “ p1, 0q.
To visualize the sheaf on the plane, as in Figure (C), we map the cylinder S1 ˆ R to the
plane R2 by sending the circle at t “ ´8 to p0, 0q and the circle at t “ `8 goes to infinity
in each direction.
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the following equivariance formula:

PHTipg ¨Mq “ g˚ PHT
ipMq

To prove the above formula, it suffices to show for any test open U Ď Sd´1 ˆ R,

f´1
gM pUq “ f´1

M

`

g´1pUq
˘

.

The equality of the sets follows from the definition of the projection map fM (Defini-

tion 2.6.1) and the fact that gx ¨ v “ x ¨ g´1v for any x P M and v P Sd´1. In other

words, filtering a shape rotated by g in direction v is equivalent to filtering the original

shape in direction g ¨ v. A similar expression can be shown for translations. In particular,

if g represents translation by T P Rd. Then it induces a map g : Sd´1 ˆ R Ñ Sd´1 ˆ R by

pv, tq ÞÑ pv, t` T ¨ vq.

We can now define the persistent homology transform as a derived sheaf.

Definition 2.6.5 (PHT: Derived Version, cf. [CMT22a]). Let M P CSpRdq be a con-

structible set. Let ZM be the auxiliary space construction from Definition 2.6.1. Let

fM˚ : ShvpZM q Ñ ShvpSd´1 ˆ Rq be the pushforward (or direct image) functor along the

projection map fM : ZM Ñ Sd´1 ˆ R. The derived PHT sheaf is

PHTpMq :“ RfM˚kZM
P DbpShvpSd´1 ˆ Rqq.

More explicitly we can describe this right-derived pushforward as follows: For a topological

space X we let SppU ; kq denote the group of singular p-cochains of U Ă X with coefficients

in k. Define S ppX,kq “ shpU ÞÑ SppU ;kqq where sh stands for sheafification. The constant

sheaf kZM
admits a flabby resolution by singular cochains:

0 Ñ kZM
Ñ S 0pZM ; kq Ñ S 1pZM ; kq Ñ S 2pZM ;kq Ñ ¨ ¨ ¨

Because flabby resolutions form an adapted class for the pushforward functor [Bre12] we

can describe PHTpMq as the pushforward of the complex of sheaves of singular cochains:

RfM˚kZM
:“ fM˚S 0pZMi ; kq Ñ fM˚S 1pZMi ;kq Ñ ¨ ¨ ¨
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Taking ith cohomology of this complex—written Hi in the category of sheaves—produces

the ith PHT sheaf of Definition 2.6.1.

Remark 2.6.6. We remark that implicitly we have made use of the fact that singular

cohomology is isomorphic to sheaf cohomology with constant coefficients. This is always

true when X is paracompact and locally contractible, which is our case. More properly we

would have written:

0 Ñ kZM
Ñ S 0pZM ; kZM

q Ñ S 1pZM ;kZM
q Ñ S 2pZM ; kZM

q Ñ ¨ ¨ ¨

However, since we are in the derived category, we can replace it with a sequence that is

quasi-isomorphic to it.
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3. A Homotopy Sheaf on Shape Space
This chapter is derived from Chapter 3 of [ACM23], with a more detailed exposition of

spectral sequences and infinity categories.

As mentioned in the introduction, we want to build a shape space using a sheaf-theoretic

construction on the poset of constructible sets CSpRdq. Naively one would like to prove that

the association

F : CSpRdqop Ñ DbpShvpSd´1 ˆ Rqq M ÞÑ PHTpMq

is a sheaf, but there are two main obstacles.

The first obstacle is that a topology on CSpRdq needs to be specified. Although sheaves

on posets are well-defined via the Alexandrov topology—see [Cur14a] for a modern treatment—

the poset under consideration is infinite and using the Alexandrov topology here would

imply that a shape can be determined via a cover by its points; this is clearly impossible as

there is not enough of an interface between points to determine homology. The second ob-

stacle is fatal for a naive sheaf-theoretic approach: the pre-sheaf U ÞÑ H ipUq is not a sheaf

for i ě 1. Indeed, the connecting homomorphism in the Mayer-Vietoris long-exact sequence

quantifies precisely the failure of the sheaf axiom. Both of these obstacles are addressed via

tools from “higher” sheaf theory: Grothendieck topologies, and homotopy sheaves. This is

synonymous with the motto for derived categories “Homology Bad, Complexes Good.”

3.1 Inclusion-Exclusion for the ECT

As a reminder, Definition 2.2.15 presented the Euler characteristic transform as the

Radon transform RS associated to a particular relation S Ď X ˆ Y , where X “ Rd and

Y “ Sd´1 ˆ R. One of the stated properties of the Radon transform is that it defines a

group homomorphism

RS : CFpXq Ñ CFpY q i.e. RSpϕ` ψq “ RSpϕq ` RSpψq.

This allows us to prove an immediate inclusion-exclusion principle for the ECT.
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Theorem 3.1.1. For a finite cover M “ tMiuiPΛ of M Ă Rd by constructible subsets

ECTpMq “
ÿ

IĂΛ

p´1q|I|`1 ECTpMIq

where each MI denotes the intersection Mi1 XMi2 X ¨ ¨ ¨ XMik for I “ pi1, ..., ikq.

Proof. The inclusion-exclusion principle allows us to write the indicator function as

1M “
ÿ

IĂΛ

p´1q|I|`11MI
.

Linearity of the Radon transform then implies that

RS1M “
ÿ

IĂΛ

p´1q|I|`1RS1MI
,

which is the expression using ECTs written above.

Remark 3.1.2. If we take the sheaf-to-function correspondence of Section 2.5 seriously,

then Theorem 3.1.1 should be viewed as a decategorification of a deeper sheaf-theoretic

result:

PHTpMq – “summary of”
„

ź

PHTpMiq Ñ
ź

PHTpMijq Ñ
ź

PHTpMijkq Ñ ¨ ¨ ¨

ȷ

However, unlike the sheaf axiom of Definition 2.4.6, this summary operation cannot only

use the Mi and their pairwise intersections Mij . Indeed the inclusion-exclusion result of

Theorem 3.1.1 says that all higher order terms must be considered. This summary operation

is accomplished by the homotopy limits of Definition ?? or via limits in the derived 8-

category (Section 3.7).

3.2 Sites and Homotopy Sheaves

Grothendieck topologies provide a way of generalizing sheaves to contravariant functors

on a general category C. Covers of an open set are replaced with collections of morphisms

that have certain “cover-like” properties.
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Definition 3.2.1 (Grothendieck Pre-topology, cf.[Art62]). Let C be a category with pull-

backs. A basis for a Grothendieck topology (or a pre-topology) on C requires spec-

ifying for each object U P C a collections of admissible covers of U . This collection of

covers must be closed under the following operations:

1. (Isomorphism) If f : U 1 Ñ U is an isomorphism then tf : U 1 Ñ Uu is a cover.

2. (Composition) If tfi : Ui Ñ Uu is a cover of U and if for each i we have a cover

tgi,j : Ui,j Ñ Uiu then the composition tfi ˝ gi,j : Ui,j Ñ Uu is also a cover.

3. (Base Change) If tfi : Ui Ñ Uu is a cover and V Ñ U is any morphism then the

pullback tπi : V ˆU Ui Ñ V u is a cover as well

As the name suggests, the above data specifies a genuine Grothendieck topology on C. A

category equipped with a Grothendieck topology is known as a site.

Remark 3.2.2 (Sheaves on Sites). The classical definition of a pre-sheaf and sheaf can

now be generalized to a site. A functor F : Cop Ñ Dat is a pre-sheaf. If Dat has all

limits, we say a pre-sheaf is a sheaf if for every object U P C and cover U “ tfi : Ui Ñ Uu

FpUq “ lim
ÐÝ

„

ź

i

FpUiq Ñ
ź

i,j

FpUijq

ȷ

.

Here equality means isomorphic up to a unique isomorphism and Uij is the pullback of

fj : Uj Ñ U along fi : Ui Ñ U for any pair of morphisms fi and fj that participate in the

cover U .

Unfortunately the functor F specified in Theorem 1.3.1 is valued in the derived category

of sheaves on Sd´1 ˆ R. As discussed in Section 2.4.2, the derived category DbpAq of an

abelian category A is not abelian. Candidate kernels and co-kernels do not have canonical

inclusion and projection maps, but one can work with distinguished triangles instead (refer

to Definition 2.4.23). More generally, we can describe a sheaf axiom whenever the notion

of a homotopy limit makes sense in the target category Dat. These limits allow for some
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homotopical leeway and is not as rigid as the ordinary limit. For example, the ordinary

colimit of ˚ Ð S2 Ñ ˚ is a point and has no recollection of the homotopy type of S2 but

the homotopy limit is the suspension of the sphere.

Definition 3.2.3 (Homotopy Limits). Given an inverse system of objects pKn, fnq in DbpAq

¨ ¨ ¨
fn´1
ÝÝÝÑ Kn´1

fn
ÝÑ Kn

fn`1
ÝÝÝÑ ¨ ¨ ¨

an object K is a homotopy limit if there is a distingushed triangle in the derived category

K Ñ
ź

n

Kn
shift
ÝÝÑ

ź

n

Kn Ñ Kr1s.

The shift map being given by pknq ÞÑ pkn ´ fn´1pkn´1qq. We note that the homotopy limit

is not necessarily unique and so we say that K is a homotopy limit rather than it is the

homotopy limit.

Remark 3.2.4. This definition applies more generally to any triangulated category. We

specialize to the case of the derived category DbpAq.

We can now define sheaves valued in the derived category.

Definition 3.2.5 (Homotopy Sheaf). A pre-sheaf F : Cop Ñ DbpAq is a homotopy sheaf

(or satisfies Čech descent [DHI04]) if for every object U P C and cover U “ tUi Ñ Uu the

following map is a quasi-isomorphism:

FpUq
»
ÝÑ holim

„

ź

i

FpUiq Ñ
ź

i,j

FpUijq
ÑÑÑ ¨ ¨ ¨

ȷ

We can now prove our main results.

Lemma 3.2.6. The poset CSpRdq admits the structure of a site.

Proof. For every object M P CSpRdq we say that tMi ãÑ Mu is a covering if it is a finite

closed cover of M in the usual sense, i.e. YMi “ M . Pullbacks exist by virtue of the fact

that o-minimal sets are closed under intersection.
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Lemma 3.2.7. The following assignment is a pre-sheaf

F : CSpRdqop Ñ DbpShvpSd´1 ˆ Rqq M ÞÑ PHTpMq

where PHTpMq is the derived sheaf version of the PHT; see Definition 2.6.5.

Proof. We want to show that F is a contravariant functor. Let ι : M1 ãÝÑ M2 be an

inclusion of constructible sets of Rd. Note that M1 is a closed subspace of M2. This induces

an inclusion of the auxiliary total spaces ι : ZM1 ãÝÑ ZM2 of Definition 2.6.1. This in turn

determines a morphism of pre-sheaves fM2˚SjpZM2 ;kq Ñ fM1˚SjpZM1 ; kq for all j. To

see this, take an open U Ă Sd´1 ˆ R and observe that f´1
M1

pUq is open in f´1
M2

pUq. More

generally, for U Ă V in Sd´1 ˆ R we have a commutative diagram of cochain groups:

Sjpf´1
M1

pUq;kq Sjpf´1
M2

pUq; kq

Sjpf´1
M1

pV q;kq Sjpf´1
M2

pV q; kq

Since sheafification is a functor, we get a morphism fM2˚S jpZM2 ;kq Ñ fM1˚S jpZM1 ; kq

for all j. These fit together into a morphism between complexes of sheaves:

fM2˚S 0pZM2 ; kq fM2˚S 1pZM2 ;kq fM2˚S 2pZM2 ;kq ¨ ¨ ¨

fM1˚S 0pZM1 ; kq fM1˚S 1pZM1 ;kq fM1˚S 2pZM1 ;kq ¨ ¨ ¨

The canonical functor from CbpShvpSd´1 ˆ Rqq Ñ DbpShvpSd´1 ˆ Rqq then induces the

desired restriction morphism between derived PHT sheaves:

FpM2q :“ RfM2˚kZM2
Ñ RfM1˚kZM1

“: FpM1q

The following is the main result of the paper, which was stated as Theorem 1.3.1 in

the introduction. We give a direct proof below, but Remark ?? gives a more intuitive and

computationally flavored proof using spectral sequences.
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Theorem 3.2.8. The pre-sheaf F of Lemma 3.2.7 is a homotopy sheaf; see Definition

3.2.5.

Proof. We have already specified a Grothendieck topology on CSpRdq in Lemma 3.2.6. Let

M “ tMiuiPΛ be a finite closed cover of M . Since F is a pre-sheaf we have an inverse

system of derived sheaves:

à

IĂΛ s.t. |I|“1

RfMI˚kZMI
Ñ

à

JĂΛ s.t. |J |“2

RfMJ˚kZMJ

ÑÑÑ

à

KĂΛ s.t. |K|“3

RfMK˚kZMK
Ñ ¨ ¨ ¨

We wish to show that RfM˚kZM
is the homotopy limit of the above inverse system of

derived sheaves, i.e. we want to show that

RfM˚kZM
» holim

„

à

|I|“1

RfMI˚kZMI
Ñ

à

|J |“2

RfMJ˚kZMJ

ÑÑÑ ¨ ¨ ¨

ȷ

.

By replacing each RfMI˚kZMI
with its flabby resolution by singular cochains it suffices to

prove that the following is a distinguished triangle:

fM˚ S ¨pZM ;kq
ś

n

À

|I|“n fMI˚ S ¨pZMI
;kq

ś

n

À

|I|“n fMI˚ S ¨pZMI
;kq

shift
`1

To show this we consider the following maps of complexes of sheaves:

fM˚ S ¨pZM q Ñ
ź

n

à

|I|“n

fMI˚ S ¨pZMI
q

shift
ÝÝÑ

ź

n

à

|I|“n

fMI˚ S ¨pZMI
q

Where we drop the coefficient k for convenience. For every pv, tq P Sd´1ˆR, these morphisms

induce a sequence on stalks, which give rise to a sequence of cochain complexes

S¨pMv,tq Ñ
ź

n

à

|I|“n

S¨ppMIqv,tq
shift
ÝÝÑ

ź

n

à

|I|“n

S¨ppMIqv,tq (3.1)

where pMIqv,t is the intersection of MI with the half-space tx | x ¨ v ď tu. The kernel of

the shift map at each stalk is clearly the cochain complex of small co-chains S¨
Mv,t

pMv,tq;
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these are cochains supported on singular simplices that are individually contained in some

cover element pMiqv,t of the fiber Mv,t. Consequently, we have the following distinguished

triangle

fM˚ S ¨
MpZM q

ś

n

À

|I|“n fMI˚ S ¨pZMI
q

ś

n

À

|I|“n fMI˚ S ¨pZMI
q

shift
`1

where S ¨
MpZM q is the sheaf of cochains supported in the cover.

We now show we can replace fM˚ S ¨
MpZM q with fM˚ S ¨pZM q above. For any pv, tq P

Sd´1 ˆ R, we show the inclusion of cochain complexes

S¨
Mv,t

pMv,tq ãÑ S¨pMv,tq (3.2)

is a quasi-isomorphism. Since a map of (derived) sheaves is an isomorphism if and only if it

induces an isomorphism on stalks [KS94, Prop. 2.2.2], we can conclude fM˚ S ¨
MpZM q and

fM˚ S ¨pZM q are isomorphic.

To prove inclusion (3.2) is a quasi-isomorphism, we appeal to simplicial cohomology.

By the Triangulation Theorem (Theorem 2.2.4) we can triangulate Mv,t in a way that

is subordinate to the closed cover tpMIqv,tu for arbitrary (yet finite) intersections MI .

Simplicial cochains for this triangulation form a sub-cochain complex of S¨
Mv,t

pMv,tq, but

the triangulation can be used to compute cohomology ofMv,t. This completes the proof.

Remark 3.2.9 (Proof via infinity categories.). There is yet another perspective to the

homotopy sheaf axiom. This can be seen by promoting the derived category of sheaves on

Sd´1 ˆ R to the derived infinity category. In Section 3.7, we show that our desired sheaf

axiom for finite covers is automatically satisfied.

3.3 Spectral Sequences

Theorem 3.2.8 proves that the functor F is a sheaf but does not give an easy way to

glue the sheaf data on cover elements. The sheaf axiom says that the cohomology of the
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fiber Mv,t can be built out of the cohomology of the cover elements but computing the limit

of singular chain complexes of the cover elements can be a difficult task. So we appeal to

spectral sequences to build up the PHT of a shape from its cover elements.

3.3.1 Overview of Spectral Sequences

Definition 3.3.1 (Cohomological spectral sequence). A cohomological spectral se-

quence in an abelian category is a sequence of objects Ep,q
r with r ě 0 (known as the

sequence of pages) together with differentials,

δp,qr : Ep,q
r Ñ Ep`r,q´r`1

such that pδp,qr q2 “ 0 and Er`1 “ H˚,˚pEr, δrq, that is,

Ep,q
r`1 “ kerpδr : E

p,q
r Ñ Ep`r,q´r`1

r q
L

im
`

δr : E
p´1,q`r´1
r Ñ Ep,q

r

˘

We often suppress pp, qq notation for the differentials when it is clear. A spectral sequences

converges to the sequence of objects H˚, written as Ep,q
r ùñ Hp`q if,

1. For each bidegree pp, qq there exists r0 such that δp,qr “ 0 for r ě r0.

2. There is a filtration of H˚,

0 Ď ¨ ¨ ¨ Ď F´1H
˚ Ď F0H

˚ Ď F1H
˚ Ď ¨ ¨ ¨ Ď H˚,

so that for each n, Ep,q
8 :“ lim

ÝÑr
Ep,q

r is isomorphic to FpH
p`q{Fp´1H

p`q.

We say that the spectral sequences collapses at Er0 if there exists r0 such that for all p, q

and r ě r0, E
p,q
r “ Ep,q

8 . If the the spectral sequence is in the first quadrant, i.e. when

p ă 0, q ă 0, Ep,q
r “ 0 for all r, it is automatic that the spectral sequence collapses at some

r0, because eventually the maps δr extend into the zero regions and hence become zero.

Next, we give a statement of the Grothendieck spectral sequence, which originated in

Grothendieck’s famous Tǒhuku paper. It is a computational tool to compute the composi-

tion of the derived functors G ˝ F from the information of the functors G and F , and can
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be thought of as chain rule for derived functors. The power of the spectral sequence lies

in the fact that many spectral sequences encountered in practice are just instances of the

Grothendieck spectral sequence.

Theorem 3.3.2 (Grothendieck Spectral Sequence). Let F : A Ñ B and G : B Ñ C be

two left exact exact functors between abelian categories. Assume that A and B have enough

injective objects and that F takes injective objects of A to G-acyclic objects, then for each

X in D`pAq, there exists a spectral sequence,

Ep,q
2 “ RpGpHqpRF pXqqq ùñ Hp`qpRpG ˝ F qpXqq

3.3.2 Proof via Spectral sequences

We now show how Theorem 3.2.8 can be inferred from a simple spectral sequence argu-

ment.

Proof. Consider the resolution of the constant sheaf supported on ZM (Theorem 4.4.1 in

[God58b]),

kZM
Ñ ‘|I|“1kZMI

Ñ ‘|I|“2kZMI
Ñ ¨ ¨ ¨ (3.3)

This already proves, in essence, Čech descent for the PHT. More specifically, the homotopy

sheaf axiom is witnessed via a first quadrant spectral sequence. Taking flabby resolutions

of the sheaves by singular sheaves we get the following double complex:

S 1pZM ; kq ‘|I|“1S
1pZMI

;kq ‘|I|“2S
1pZMI

; kq

S 0pZM ; kq ‘|I|“1S
0pZMI

;kq ‘|I|“2S
0pZMI

; kq

kZM
‘|I|“1kZMI

‘|I|“2kZMI
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Now we can apply the pushforward f˚ to get

f˚S 1pZM ; kq ‘|I|“1f˚S 1pZMI
; kq ‘|I|“2f˚S 1pZMI

; kq

f˚S 0pZM ; kq ‘|I|“1f˚S 0pZMI
; kq ‘|I|“2f˚S 0pZMI

; kq

f˚kZM
‘|I|“1f˚kZMI

‘|I|“2f˚kZMI

Since quasi-isomomorphisms can be detected at the level of stalks we take stalks of the

above diagram at some point pv, tq P Sd´1 ˆ R,

S1pMv,t; kq ‘|I|“1S
1ppMIqv,t;kq ‘|I|“2S

1ppMIqv,t; kq

S0pMv,t; kq ‘|I|“1fS
0ppMIqv,t; kq ‘|I|“2S

0ppMIqv,t; kq

pf˚kZM
qv,t ‘|I|“1pf˚kZMI

qv,t ‘|I|“2pf˚kZMI
qv,t

where Mv,t is the fiber of the map f´1pv, tq X ZM . Taking cohomology vertically gives us

the E1 page,

‘|I|“1H
2pMI,v,t;kq ‘|J |“2H

2pMJ,v,t;kq

‘|I|“1H
1pMI,v,t;kq ‘|J |“2H

1pMJ,v,t;kq

‘|I|“1H
0pMI,v,t;kq ‘|J |“2H

0pMJ,v,t;kq

Taking cohomology of this complex horizontally gives us the E2 page of the spectral

sequence. The Grothendieck spectral sequence (Theorem 3.3.2) with F “ f˚ : ShvpZM q Ñ

ShvpSd´1 ˆ Rq, G “ Γ : ShvpSd´1 ˆ Rq Ñ Ab and X as the the sequence in 3.3 gives us

that the E2 page converges to the cohomology of Mv,t.
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We now reconsider Theorem 3.1.1 from this spectral sequence perspective.

Remark 3.3.3 (Redux of the Inclusion-Exclusion Principle for the ECT). The inclusion-

exclusion principle expression for the indicator function

1M “
ÿ

IĂΛ

p´1q|I|`11MI
.

is exactly the local Euler-Poincaré index of Godemont’s resolution from Equation 3.3. The

Radon transform expression

RS1M “
ÿ

IĂΛ

p´1q|I|`1RS1MI
,

is exactly the local Euler-Poincaré index of the pushforward of the resolution in Equation

3.3. Checking on stalks reveals that for any pv, tq P Sd´1 ˆ R

χ
`

f´1
M pv, tq

˘

“
ÿ

IĂΛ

p´1q|I|`1χ
`

f´1
MI

pv, tq
˘

.

3.4 Nerve theorem

Corollary 3.4.1. Suppose M P CSpRdq is a polyhedron and suppose M “ tMiuiPI is a

cover of M by PL subspaces, then PHTnpMq is the n-th cohomology of the complex,

0 Ñ ‘|I|“1 PHT
0pMIq Ñ ‘|I|“2 PHT

0pMIq Ñ ¨ ¨ ¨ (3.4)

where the ¨ ¨ ¨ represents PHT0 of higher intersection terms.

Proof. By examining the E1 page of the spectral sequence in Section 3.3.2 one can see that

for a PL cover, the higher cohomologies, i.e. the higher PHTs, all vanish. The E1 page

looks like,
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Figure 3.1: For a cover of M “ S2 using the intersection with each orthant in R3, a cover
element Mi can have non-trivial PHT1pMiq even though PHT1pMq is trivial.

0 0

0 0

‘|I|“1H
0pMI,v,t;kq ‘|J |“2H

0pMJ,v,t;kq

Consequently the spectral sequence collapses at the E2 page.

Here MI when |I| “ k represents the k- fold intersections. i.e tMi1,...,ik |i1, . . . , ik P

Ik are distinctu. Since taking stalks is an exact functor, the above theorem can be rephrased

as the following: for any pv, tq P Sd´1 ˆ R, PHTnpMqpv, tq is the n-th cohomology of

0 Ñ ‘|I|“1H
0pMI,v,t, kq Ñ ‘|I|“2H

0pMI,v,t, kq Ñ ¨ ¨ ¨ ,

where MI,v,t “ f´1
MI

pv, tq. This is the usual nerve lemma for persistent homology filtered in

some direction v.

Remark 3.4.2. It should be noted that positive scalar curvature of a constructible set M

(when defined) obstructs Theorem 3.4.1 from being directly applied. The cover elements

may necessarily have higher homology when viewed in a direction along the normal vector

to the point with positive scalar curvature. See Figure 3.1 for an example.
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3.5 Example Calculation

A sheaf is not a collection of local data nor a collection of global data, but the glue

that passes between both. In this section, we leverage the spectral sequence argument to

illustrate an explicit calculation of the gluing process.

Figure 3.2: M “ S1 with cover elements A and B.

Let M “ S1 be the unit circle in R2. Define a covering M “ tA,Bu by two closed

half-circles, as indicated in Figure 3.2. First, we compute the PHT of each of the cover

elements and their intersection. Because our PHT sheaves are on S1 ˆ R we can project

this cylinder onto the plane R2 by following the instructions in the caption of Figure 3.3.

Now for every point pv, tq P S1 ˆ R we write out the spectral sequence in Section 3.3.2.

For example, let pv, tq “ pÒ, 0q, then the E1 page of the spectral sequence works out to be:

0 0 0

0 0 0

k ‘ k k 0

This spectral sequence collapses after the E2 page and converges to H˚pMv,t;kq. And

so for this example taking cohomology horizontally gives us that H0pMv,t; kq “ k and

H1pMv,t; kq “ 0. Since the PHT is a sheaf we can can do this at all pv, tq to find PHT ˚pMq.

Figure 3.4 shows the PHT of M .
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(a) PHT0
pAq (b) PHT0

pBq

(c) PHT0
pAXBq

Figure 3.3: To visualise the sheaf we have mapped the cylinder S1 ˆ R to the plane R2 by
squashing down a tapering cylinder onto a plane in the following way: fix direction v P S1

and then map tvuˆR onto p0,8q. So every direction v has a ray attached to it. For example,
consider direction w “Ò“ p0, 1q and t “ 0 then in figure (A) we see H0pAw,t,kq “ k (see
the red square) since Aw,t “ tx P A|x ¨ w ď tu has one connected component.
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Figure 3.4: PHT0pMq

3.6 Relative PHT and ECT

We showed how to construct the PHT of a shape by gluing PHTs that from a cover.

Intuitively this corresponds to "adding" several PHTs together in a precise way. A natural

question to consider is if there is a process for "subtracting" one PHT from another. This

is accomplished by using relative cohomology.

Definition 3.6.1 (Relative PHT). Let M P CSpRdq be a constructible set and suppose

N Ă M is a closed constructible subset of M The relative PHT is defined to be the sheaf

over Sd´1 ˆ R defined by

PHTipM,Nq “ sh
”

U Ñ H i
`

f´1
M pUq, f´1

N pUq;kZM

˘

ı

.

The stalk at pv, tq P Sd´1 ˆ R is the relative cohomology of the pair pMv,t, Nv,tq.

To prove that this definition suitably "subtracts" one PHT from another, consider the

long exact sequence of pairs:

¨ ¨ ¨ Ñ PHTipM,Nqv,t Ñ PHTipMqv,t Ñ PHTipNqv,t Ñ PHTi`1pM,Nqv,t Ñ ¨ ¨ ¨ (3.5)

Exactness at stalks implies exactness of sheaves and so we have the following long exact
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sequence of PHT sheaves:

¨ ¨ ¨ Ñ PHTipM,Nq Ñ PHTipMq Ñ PHTipNq Ñ PHTi`1pM,Nq Ñ ¨ ¨ ¨

Similarly, we can also interpret the long exact sequence of pairs given in Equation 3.5

from the point of view of Euler characteristic.

Definition 3.6.2. (Relative ECT) The relative ECT of a pair pM,Nq where N is a con-

structible subset of M is the function associated to the relative PHT sheaf under the

function-to-sheaf correspondence. That is for all pv, tq P Sd´1 ˆ R,

ECTpM,Nqpv, tq “ χpPHTpM,Nqqpv, tq “
ÿ

i

p´1qi dimH i
`

f´1
M pv, tq, f´1

N pv, tq
˘

Subtraction of ECTs characterizes the relative Euler Characteristic Transform.

Lemma 3.6.3. For closed and constructible N Ă M

ECTpM,Nq “ ECTpMq ´ ECTpNq.

Proof. Recall the LES of a pair from Equation 3.5,

¨ ¨ ¨ Ñ PHTipM,Nqv,t Ñ PHTipMqv,t Ñ PHTipNqv,t Ñ PHTi`1pM,Nqv,t Ñ ¨ ¨ ¨

The long exact sequence implies that

χ
`

PHTpMq
˘

pv, tq “ χ
`

PHTpM,Nq
˘

pv, tq ` χ
`

PHTpNq
˘

pv, tq,

which can be rewritten as

ECTpMqpv, tq “ ECTpM,Nqpv, tq ` ECTpNqpv, tq.

3.7 Infinity Category Version

At a high-level, the 8-category perspective works by maintaining a data structure that

keeps track of maps between objects and separates out composition in a clear way. By doing
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so, it allows us to consider compositions that are identified with other morphisms only “up

to homotopy” or via a similar identification. The usual refrain is that an 8-category not

only has 1-morphisms, like an ordinary category does, but also 2-morphisms that relate

1-morphisms, 3-morphisms that relate 2-morphisms, and all the way up ad infinitum. The

data structure that organizes all these morphisms is called a simplicial set, and an 8-

category is a simplicial set that has certain “composition” properties that allow us to fill

out a simplex.

3.7.1 Simplicial Sets and Infinity Categories

Let ∆ denote the simplex category, whose objects are non-empty totally ordered finite

sets and whose morphisms are order-preserving maps. More explicitly, the objects are of

the form rns, which denotes the totally ordered set t0 ă 1 ă ¨ ¨ ¨ ă nu for n ě 0. The

morphisms are maps f : rns Ñ rms such that i ď j ùñ fpiq ď fpjq.

For each n ě 0 and 0 ď i ď n, define the coface maps di : rn ´ 1s Ñ rns and the

codegeneracy maps si : rn` 1s Ñ rns as follows:

dipkq “

#

k if 0 ď k ă i

k ` 1 if i ď k ď n´ 1
sipkq “

#

k if 0 ď k ď i

k ´ 1 if i ă k ď n` 1

The coface map di skips i whereas the codegeneracy map si repeats i. It turns out that any

order preserving morphism f P hom∆prns, rmsq can be written as composites of si (inser-

tions) and di (deletions). As a convention, if a morphism in f P hom∆prns, rmsq contains a

codegeneracy map in its factorization, then we say f is degenerate.

A simplicial set is a functor S : ∆op Ñ Set. It is typical to call Sprnsq the set

of n-simplices in S. In this setting, the standard n-simplex is the simplicial set ∆n :“

Hom∆p´, rnsq.Geometrically, once can think of a simplicial set as a bunch of non-degenerate

simplices, with the face maps giving a way to glue simplices together. This observation is
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made precise in the following examples.

Example 3.7.1. (Standard 0-simplex) The standard 0-simplex (viewed as a simplicial set)

consists of one element, namely the 0 map, for every rns. Note that, there is only one

non-degenerate morphism which is the identity morphism from r0s Ñ r0s. This can be

thought of as a vertex, agreeing with standard 0-simplex from algebraic topology.

Example 3.7.2. (Standard 2-simplex) The 0-simplices of ∆2 consists of order preserving

maps from r0s Ñ r2s. There are 3 such maps each corresponding to 0 ÞÑ i where 0 ď i ď 2.

These can be thought of as the three 0-simplices or vertices as indicated in Figure 3.5.

There is only one non-degenerate map from the 2-simplex, namely the identity map from

r2s Ñ r2s. This unique morphism can be thought of as filled-in triangle.

In this way, the standard n-simplex viewed as a simplicial set is a generalisation of

the n-simplex from algebraic topology. Think of simplicial sets as the “singular” version of

simplicial complexes from algebraic topology.

Definition 3.7.3. (Inner horn) The ith inner horn Λn
i is the subcomplex of ∆n obtained

by removing the n-simplex and its ith face.

Simplicial sets form a category, with objects as simplicial sets and morphisms as natural

transformations.

0

1

2

∆
2([0]) = ∆

2([1]) = ∆
2([2]) =

0

0

1

1

2

2

20

1

Figure 3.5: A representation of the standard 2-simplex: the non-degenerate maps of the
standard 2-simplex are in one-one correspondence with this by the Yoneda Lemma.
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0

1

2

Figure 3.6: Inner horn Λ2
1

Definition 3.7.4 (Infinity Category). An 8-category is a simplicial set C which has the

following property: for any 0 ă i ă n, any map f : Λn
i Ñ C admits an extension f : ∆n Ñ C.

Example 3.7.5. (Standard n-simplex) It is easy to check from the definition that the

standard n-simplex is an infinity category.

Example 3.7.6 (Nerve of a Category). Every ordinary category C has an associated 8-

category via the nerve construction N pCq. The 0-simplices of the nerve are objects of C, the

1-simplices are morphisms of C, the 2-simplices are strings of compositions of morphisms

of length 2, e.g., g ˝ f : x Ñ y Ñ z, the 3-simplices are strings of composition of length 3

and so on.

The nerve of a category is an infinity category [cite]. For an intuitive understanding,

consider a map from Λ2
1 Ñ N pCq. From diagram 3.6, we can observe that this implies

the existence of two 1-simplices: g : C0 Ñ C1 and h : C1 Ñ C2. The order of the maps

is determined by the order-preserving structure of the simplex category, and the fact that

the target of the first is the same as the origin of the second is due to the induced face

maps. An extension from ∆2 Ñ N pCq always exists. This is true because there is a map

f : C0 Ñ C2 by taking the composition f “ h ˝ g. The unique 2-simplex is the morphism

C0 Ñ C1 Ñ C2.

Morphisms f, g : x Ñ y for any objects x, y in an infinity category are said to be
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homotopic if there is a 2-simplex of the form:

y

x y

f

g

idy

It can be seen that homotopy of morphisms is an equivalence relation on the set of mor-

phisms between any two objects.

Definition 3.7.7. (Homotopy category) The homotopy category of an infinity category C,

denoted hC, is the category whose objects are the objects of C and whose morphisms are

homotopy classes of morphisms in C.

One can verify that rf ˝ gs “ rf s ˝ rgs and idC “ ridCs, confirming that the homotopy

category is indeed a category.

3.7.2 Homological Algebra in Infinity categories

Let A be an abelian category with enough injective objects. We denote chpAq to be the

category of chain complexes valued in A, i.e. a composable sequence of morphisms:

¨ ¨ ¨ Ñ A´1 B´1

ÝÝÑ A0 B0

ÝÑ A1 Ñ ¨ ¨ ¨

such that Bn ˝ Bn´1 “ 0 for every integer n.

Remark 3.7.8. Note that we fix a cohomological grading, that is the differentials B increase

the index by 1.

This category can be promoted to a differentially graded category by enriching it in the

category of chain complexes of abelian groups chpAbq. In other words, the hom-sets in

chpAq can be replaced by mapping complexes as below: If A‚ and B‚ are chain complexes,

hompA‚, B‚qrds “
ź

nPZ

homApAn, Bn`dq

and the differentials B : hompA‚, B‚qrd´1s Ñ hompA‚, B‚qrds is given by Bfn “ BB ˝fn´1´

p´1qdfn ˝ BA.
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We can build an infinity category from a category enriched in ch(Ab) by taking the

differentially graded nerve, which is similar to the construction outlined above.

Example 3.7.9 (Differentially graded nerve of chpAq).

• A 0-simplex of NdgpchpAqq is a chain complex A‚.

• A 1-simplex of NdgpchpAqq is a pair of chain complexes A‚, B‚ and a morphism f P

hompA‚, B‚q0 such that Bf “ 0. In other words, 1- simplices between A‚ and B‚ are

morphisms f such that each of the squares commute.

¨ ¨ ¨ A´1 A0 A1 ¨ ¨ ¨

¨ ¨ ¨ B´1 B0 B1 ¨ ¨ ¨

BA BA

BB BB

f f f

• A 2-simplex of NdgpchpAqq consists of a triple of chain complexes A‚, B‚ and C‚ and

morphisms f P hompA‚, B‚q0, g P hompB‚, C‚q0 and h P hompA‚, C‚q0 such that

Bf “ Bg “ Bh “ 0 and a morphism h1 P hompA‚, C‚q such that Bh1 “ g ˝ f ´ h.

B‚

A‚ C‚

f g

h

h1

• and so on.

Remark 3.7.10. The homotopy category of the differentially graded nerve hNdgpchpAqq is

the usual homotopy category of chain complexes in A, denoted as KpAq. So, the 8-category

NdgpchpAqq provides an 8-categorical version of homological algebra in A. In particular,

there exists a derived infinity category which is the 8-localization of the category of chain

complexes in A at the class of quasi-isomorphisms. Equivalently, by [Lur17], the derived

8-category can be defined to be the differentially graded nerve of the category of chain

complexes of injectives in A.
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Let ch`pAq denote the full subcategory of chpAq spanned by those chain complexes that

are bounded from below i.e. for small n ă 0, An » 0.

Definition 3.7.11. (Derived 8-Category) The derived 8-category of A is the differentially

graded nerve of chpAinjq, that is D`pAq “ Ndgpch`pAinjqq where Ainj is the full subcategory

of A spanned by the injective objects.

This category is a stable 8-category and carries a triangulated structure. In particular,

the homotopy category of this category, hD`pAq is the classical derived category in homo-

logical algebra. However, unlike the derived category in classical homological algebra, this

category has finite limits and colimits by virtue of being a stable infinity category [Lur17,

Prop. 1.1.3.4].

As in the case of classical homological algebra, one can also study the functoriality

of the derived 8-category. Suppose F : A Ñ B is an additive functor between abelian

categories i.e. the functor preserves the 0 object and preserves direct sums. The object-

wise application of the functor F gives a functor chpFq : chpAq Ñ chpBq which is an enriched

functor over chain complexes of abelian groups. The functoriality of the differentially graded

nerve construction gives a functor NdgpchpFqq : NdgpchpAqq Ñ NdgpchpBqq. In particular,

this functor commutes with finite limits and colimits because the functor preserves sums

and the terminal object 0. Similar to the case of classical homological algebra this functor

NdgpchpFqq induces a right derived functor RF : DpAq Ñ DpBq by taking its left Kan

extension along the projection ρA : NdgpchpAqq Ñ DpAq.

A surprising property of functors of stable infinity categories is that left exact (equiv-

alently right exact) functors are exact, i.e., they commute with finite limits and colim-

its [Lur17, Prop. 1.1.4.1]. In particular, by the universal property of D`pAq [Lur17,

Thm. 1.3.3.2] we have that a left exact functor F : A Ñ B, gives a left exact (and hence

exact) functor, called the right derived functor, RF : D`pAq Ñ D`pBq.
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3.7.3 The PHT viewed as an object of the Derived 8-Category.

We can now specialize to the case where the abelian categories are A “ ShvpMˆSd´1ˆ

Rq and B “ ShvpSd´1 ˆ Rq where M P CSpRdq. As defined before, let f :M ˆ Sd´1 ˆ R Ñ

Sd´1 ˆ R be the projection on the last two factors. Further, let ιM : ZM Ñ M ˆ Sd´1 ˆ R

be an embedding of spaces. The composition f ˝ ιM is written as fM (see Definition 2.6.5).

Definition 3.7.12 (PHT: Infinity Category Version). The 8-categorical definition of the

PHT of M P CSpRdq is given by:

PHTpMq “ RpfM q˚kZM
P D`pShvpSd´1 ˆ Rqq

where D`pShvpSd´1 ˆ Rqq is the derived 8-category of bounded below complexes.

3.7.4 Proof of the sheaf axiom via infinity categories

Since the right derived functor is exact (and hence commutes with finite limits and

colimits), we have that the sheaf axiom for the assignment M ÞÑ PHTpMq “ RpfM q˚kZM

for M P CSpRdq is automatic. Precisely, for a finite covering M “ tMi ãÑ MuiPI we have:

RpfM q˚kZM
“ Rf˚pιM q˚kZM

“ Rf˚ lim
ÐÝ

IPN pMq

pιMI
q˚kZMI

“ lim
ÐÝ

IPN pMq

Rf˚pιMI
q˚kZMI

“ lim
ÐÝ

IPN pMq

RpfMI
q˚kZMI

.
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4. Metrics on Shape Spaces
Aside from the intrinsic theoretical interest in a gluing result for the PHT, a practical

motivation is to parallelize PHT computations over a cover. This parallelization inevitably

becomes more complex if our cover elements have higher homology when viewed in certain

directions and at certain filtration values. See Figure 3.1 for an example. This motivates

our need to replace our shapes with piecewise-linear (PL) approximations. The main result

of this section proves that, up to some tolerance, we can always approximate a submanifold

M P CSpRdq via a PL shape K so that the PHT’s of M and K are arbitrarily close. This

requires several preparatory steps. Firstly, we introduce several novel distances1 on the

PHT and prove that the PHT is stable under small perturbations of the underlying shape.

This stability property reaffirms our belief that the PHT is a good summary statistic for

shapes. We also carry out some calculations for especially simple shapes (finite point clouds

in Rd) and compare these calculations with the Procrustes distance. Secondly, we use the

sampling procedure from Niyogi-Smale-Weinberger [NSW08] to approximate a submanifold

of Rd by a (PL) polyhedron. Finally, we conclude from the stability theorem that the PHT

of the polyhedron is close to the PHT of the submanifold. This chapter is taken from

Chapter 4 of [ACM23].

4.1 Distances on PHTs

In this section, we define distances on PHTs using both the sheaf perspective (Defini-

tion 2.6.5) and the map to persistence diagram space (Definition 2.3.5) perspective. We

start with the sheaf perspective as the interleaving distance we introduce is more involved

algebraically, but it is also simplest for proving our main stability result. Bounds on the

interleaving distance then imply bounds on certain Wasserstein-type distances, but not

others.

1 By which we mean an extended—the value 8 is allowed—metric.
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4.1.1 Interleaving-type Distances on the PHT

As first introduced in [Cha+09], the interleaving distance provides a powerful general-

ization of the Hausdorff distance to functors from pR,ďq to an arbitrary data category Dat.

When Dat “ vect, the celebrated isometry theorem of [Les15] proves that this distance

is equivalent to the bottleneck distance (cf. Definition 2.3.4), which due to its combinato-

rial structure as a matching problem can be computed in polynomial time. However, the

interleaving distance is far more general and permits the construction of distances in more

general categorical settings, where no easy distance is to be found. Following a sugges-

tion of Patel, the interleaving distance for sheaves first appeared in [Cur14b, §15], then for

cosheaves of sets over R (equivalent to Reeb graphs) in [DMP16], and finally for derived

sheaves over vector spaces in [KS18] as the convolution distance.

In parallel to these developments was the thesis work of Stefanou [Ste18], which general-

ized the interleaving distance to any category equipped with an action of r0,8q on it—also

called a category with a flow [SMS18]. This action is used to send any object F to its

forward evolution F ϵ. With this in hand, one defines an ϵ-interleaving between two objects

F and G to be any commutative diagram of the form

F F ϵ F 2ϵ

G Gϵ G2ϵ

although [SMS18; Ste18] consider more general diagrams then this one. Regardless of the

particulars, one then defines the interleaving distance dIpF,Gq to be the infimum over

all ϵ P r0,8q where such diagrams exist. If there is no such diagram relating two objects,

then dIpF,Gq “ 8.

Returning to interleavings of pre-sheaves, the suggestion of Patel was to define the ϵ-

thickening/smoothing of a presheaf on a metric space X to be F ϵpUq “ F pU ϵq, where U ϵ

is the thickening of an open set by ϵ ě 0. However, for our applications we leverage the

more general perspective of [SMS18] to work with a specialized shift operation in order to
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define our interleavings.

Definition 4.1.1 (ϵ-Shift of the Derived PHT). The ϵ-shift of the derived PHT sheaf of

a shape M P CSpRdq is

PHTpMqϵ :“ RpfMϵq˚kZMϵ

where ZMϵ is an ϵ-shift of the set ZM in the filtration parameter, i.e.,

ZMϵ “ tpx, v, tq P M ˆ Sd´1 ˆ R | x ¨ v ď t` ϵu.

The map fMϵ is the usual projection of ZMϵ onto its last two factors. Notice that if

px, v, tq P ZM , then it certainly is contained in ZMϵ , which implies that ZM Ď ZMϵ . By

functoriality of cohomology, there is a restriction map of constant sheaves kZMϵ Ñ kZM
and

thus a map of sheaves PHTpMqϵ Ñ PHTpMq. Further details that this defines an ϵ-shift

functor, starting on the image of CSpRdqop Ñ DbpShvpSd´1 ˆ Rqq, which further satisfies

the axioms of [SMS18] is left to the reader. Note that an ϵ-shift of the derived PHT sheaf is

still a derived sheaf although it might not correspond to the PHT of any particular shape.

Since our sheaves are defined used cohomology, our interleaving diagram goes in the

opposite direction of the one stated above, thus closer in spirit to the interleaving diagrams

of [Cur14b, §15] and [KS18].

Definition 4.1.2 (Interleaving Distance between PHTs). Let M,N P CSpRdq. An ϵ-

interleaving of PHTpMq and PHTpNq is a pair of morphisms φ : PHTpMqϵ Ñ PHTpNq

and ψ : PHTpNqϵ Ñ PHTpMq such that the following diagram is commutative:

PHTpMq2ϵ PHTpMqϵ PHTpMq

PHTpNq2ϵ PHTpNqϵ PHTpNq

(4.1)

The arrows PHTpMq2ϵ Ñ PHTpNqϵ and PHTpNq2ϵ Ñ PHTpMqϵ being given by the image

of φ and ψ under the ϵ-shift functor. The interleaving distance between PHT sheaves is

then

dIpPHTpMq,PHTpNqq :“ inftϵ ě 0 | D ϵ-interleavingu.
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If no such interleaving exists, then dIpPHTpMq,PHTpNqq “ 8.

4.1.2 Wasserstein-type Distances on the PHT

We can also define a metric on the PHTs viewed as map (Definition 2.3.5). This is

a generalisation of the p-PHT distance in [ST20, Definition 5.4]. Let PHipM,vq be the

persistence diagram in degree i associated to shape M with sub-level set filtration given by

the height function in direction v P Sd´1, i.e. hvpxq “ x ¨ v.

Definition 4.1.3. (pp, qq-PHT distance) The pp, qq-PHT distance between M,N P CSpRdq

for p, q ě 1 in degree i for i ą 0 and is defined as:

dPHTi

p,q pM,Nq “

ˆ
ż

vPSd´1

Wq
p

`

PHipM,vq,PHipN, vq
˘

dµ

˙
1
q

where µ is the Lebesgue measure on Sd´1. When q “ 8,

dPHTi

p,8 pM,Nq “ max
vPSd´1

Wp

`

PHipM,vq,PHipN, vq
˘

.

Note that when p “ 8, we have the bottleneck distance between persistence diagrams.

Below, we consider the cases where p “ 2 or p “ 8, i.e., the Wasserstein 2-distance or

the bottleneck distance on diagrams. Additionally, we will restrict ourselves to q “ 2, which

computes the squared average diagram distance over all directions, or q “ 8, which takes

the biggest diagram distance over all directions. We refer to dPHTi

8,8 as the PHT bottleneck

distance in degree i. The next lemma explains the relationship between the PHT sheaf

interleaving distance and the PHT bottleneck distance.

Lemma 4.1.4.

dIpPHTpMq,PHTpNqq ě max
iě0

dPHTi

8,8 pM,Nq.

Proof. Evaluating diagram 4.1 on stalks pv, tq P Sd´1 ˆ R gives

H i
`

f´1
M2ϵpv, tq; k

˘

H i
`

f´1
Mϵpv, tq; k

˘

H i
`

f´1
M pv, tq;k

˘

H i
`

f´1
N2ϵpv, tq;k

˘

H i
`

f´1
Nϵ pv, tq;k

˘

H i
`

f´1
N pv, tq;k

˘
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This can be interpreted as an ϵ-interleaving of persistence modules in degree i obtained by

filtering M,N in direction v. The isometry theorem [Cha+16; Les15] guarantees that the

interleaving distance between persistence modules is equal to the the bottleneck distance

between their corresponding persistence diagrams. In other words,

dIpPHTpMq,PHTpNqq “ ϵ ùñ @i @v P Sd´1 W i
8 pPHpM,vq,PHpN, vqq ď ϵ,

where W i
8 is the bottleneck distance in degree i.

4.2 Comparison with other Distances on PHTs and Shape

Spaces

We now proceeed to compute the above mentioned distances on some simple examples

and attempt a comparison with other shape space metrics, primarily the Procrustes dis-

tance. A more detailed computation of the PHT of the two embeddings of the letter ‘V’

from Figure 2.5 is carried out in Example 4.3.4 in Section 4.3 after our main stability result

is proved.

4.2.1 Distances between Point Clouds

We begin with the simplest possible shapes: a finite collection of points in Rd. It should

be noted that one quirk of the persistent homology transform is that it is very sensitive to

the global homology of a shape. Consequently, if two point clouds have differing numbers

of points and no further construction is performed on them, then their PHTs are infinitely

far apart. To this end, let A “ ta1, ¨ ¨ ¨ , anu and B “ tb1, ¨ ¨ ¨ , bnu be two point clouds in

Rd.

Proposition 4.2.1. If A “ ra1, ¨ ¨ ¨ ans and B “ rb1, ¨ ¨ ¨ , bns are point clouds regarded as

matrices where the vectors that coordinatize each point are stored as columns, then

dIpPHTpAq,PHTpBqq “ dPHT0

8,8 pA,Bq “ inf
ϕ:AÑB
matching

max
aiPA

}ai ´ ϕpaiq}Rd (4.2)
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dPHT0

2,2 pA,Bq “

¨

˝

ż

}v}“1
inf

ϕ:AÑB
matching

n
ÿ

i“1

|ai ¨ v ´ ϕpaiq ¨ v|2dµ

˛

‚

1{2

ď inf
ϕ:AÑB
matching

a

AreapSd´1q ˆ }A´ ϕpAq}F
?
n

.

(4.3)

dPHT0

2,8 pA,Bq “ inf
ϕ:AÑB
matching

}A´ ϕpAq}8. (4.4)

where } ¨ }F and } ¨ }8 stands for the Frobenius norm and Schatten 8-norm of a matrix

respectively.

Proof. To prove Equation 4.2, we prove that the sheaf interleaving distance is equal to the

max bottleneck distance over all directions. By Lemma 4.1.4, we have that an ϵ-interleaving

of PHT sheaves implies that the p8,8q-PHT distance is less than ϵ. Suppose the latter

distance is ϵ in degree 0, since the sublevel sets are finite point sets, for any v P Sd´1 and

t P R the following diagram commutes,

f´1
A2ϵpv, tq f´1

Aϵ pv, tq f´1
A pv, tq

f´1
B2ϵpv, tq f´1

Bϵ pv, tq f´1
B pv, tq

Since the sets in the above diagram are finite, it extends to a commutative diagram for

every open U P Sd´1 ˆ R and so, by the functoriality of the right derived functor there is

an ϵ-interleaving of PHTpAq and PHTpBq. So, dIpPHTpAq,PHTpBqq “ dPHT0

8,8 pA,Bq. For

the case of points sets, the PHT Bottleneck distance turns out to be:

dPHT0

8,8 pA,Bq “ max
vPSd´1

inf
ϕ:AÑB
matching

max
aiPA

|ai ¨ v ´ ϕpaiq ¨ v| “ inf
ϕ:AÑB
matching

max
aiPA

}ai ´ ϕpaiq}Rd
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To prove Equation 4.3, we need to calculate,

dPHT0

2,2 pA,Bq “

¨

˝

ż

vPSd´1

inf
ϕ:AÑB
matching

n
ÿ

i“1

|ai ¨ v ´ ϕpaiq ¨ v|2dµ

˛

‚

1{2

where µ is the Lebesgue measure on Sd´1. Let Xi “ ai ´ ϕpaiq, and so rewriting the above

expression in terms of matrices gives,
´

dPHT0

2,2 pA,Bq

¯2
ď inf

ϕ:AÑB
matching

ż

vPSd´1

vT

˜

n
ÿ

i“1

XiX
T
i

¸

v dµ

“ inf
ϕ:AÑB
matching

ż

vPSd´1

vTY v dµ

“ inf
ϕ:AÑB
matching

ż

vPSd´1

trpvTY vq dµ

“ inf
ϕ:AÑB
matching

ż

vPSd´1

trpY vvT q dµ

“ inf
ϕ:AÑB
matching

tr

ˆ

Y

ż

vPSd´1

vvT dµ

˙

where Y is
řn

i“1XiX
T
i . The integral A :“

ş

vPSd´1 vv
T dµ is invariant under conjugation

by orthogonal matrices, since the sphere is rotationally invariant. So, in particular for

orthogonal matrix U we have,

A “

ż

vPSd´1

vvT dµ “

ż

vPSd´1

UvvTUT dµ “ UAUT .

The matrix A commutes with orthogonal matrices and so by Schur’s Lemma, A must be a

scalar times the identity matrix.

A “

ż

vPSd´1

vvT “ λI

where λ can be found my taking trace on both sides i.e.,

ż

vPSd´1

dµ “ λn.
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So, we have,

inf
ϕ:AÑB
matching

tr

ˆ

Y

ż

vPSd´1

vvT dµ

˙

“ inf
ϕ:AÑB
matching

1

n
trpY qAreapSd´1q “ inf

ϕ:AÑB
matching

1

n
}A´ ϕpAq}2FAreapSd´1q.

Finally, to prove Equation 4.4, we note that

´

dPHT0

2,8 pA,Bq

¯2
“ max

vPSd´1
inf

ϕ:AÑB
matching

n
ÿ

i“1

|ai ¨ v ´ ϕpaiq ¨ v|2

“ inf
ϕ:AÑB
matching

max
vPSd´1

vTY v

“ inf
ϕ:AÑB
matching

λmaxpY q

“ inf
ϕ:AÑB
matching

λmax

`

pA´ ϕpAqpA´ ϕpAqqT
˘

“ inf
ϕ:AÑB
matching

}A´ ϕpAq}8,

where } ¨ }8 stands for the 8-Schatten norm of the matrix.

Proof. To prove Equation 4.2, we prove that the sheaf interleaving distance is equal to the

max bottleneck distance over all directions. By Lemma 4.1.4, we have that an ϵ-interleaving

of PHT sheaves implies that the p8,8q-PHT distance is less than ϵ. Suppose the latter

distance is ϵ in degree 0, since the sublevel sets are finite point sets, for any v P Sd´1 and

t P R the following diagram commutes,

f´1
A2ϵpv, tq f´1

Aϵ pv, tq f´1
A pv, tq

f´1
B2ϵpv, tq f´1

Bϵ pv, tq f´1
B pv, tq

Since the sets in the above diagram are finite, it extends to a commutative diagram for

every open U P Sd´1 ˆ R and so, by the functoriality of the right derived functor there is

an ϵ-interleaving of PHTpAq and PHTpBq. So, dIpPHTpAq,PHTpBqq “ dPHT0

8,8 pA,Bq. For
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the case of points sets, the PHT Bottleneck distance turns out to be:

dPHT0

8,8 pA,Bq “ max
vPSd´1

inf
ϕ:AÑB
matching

max
aiPA

|ai ¨ v ´ ϕpaiq ¨ v| “ inf
ϕ:AÑB
matching

max
aiPA

}ai ´ ϕpaiq}Rd

To prove Equation 4.3, we need to calculate,

dPHT0

2,2 pA,Bq “

¨

˝

ż

vPSd´1

inf
ϕ:AÑB
matching

n
ÿ

i“1

|ai ¨ v ´ ϕpaiq ¨ v|2dµ

˛

‚

1{2

where µ is the Lebesgue measure on Sd´1. Let Xi “ ai ´ ϕpaiq, and so rewriting the above

expression in terms of matrices gives,
´

dPHT0

2,2 pA,Bq

¯2
ď inf

ϕ:AÑB
matching

ż

vPSd´1

vT

˜

n
ÿ

i“1

XiX
T
i

¸

v dµ

“ inf
ϕ:AÑB
matching

ż

vPSd´1

vTY v dµ

“ inf
ϕ:AÑB
matching

ż

vPSd´1

trpvTY vq dµ

“ inf
ϕ:AÑB
matching

ż

vPSd´1

trpY vvT q dµ

“ inf
ϕ:AÑB
matching

tr

ˆ

Y

ż

vPSd´1

vvT dµ

˙

where Y is
řn

i“1XiX
T
i . The integral A :“

ş

vPSd´1 vv
T dµ is invariant under conjugation

by orthogonal matrices, since the sphere is rotationally invariant. So, in particular for

orthogonal matrix U we have,

A “

ż

vPSd´1

vvT dµ “

ż

vPSd´1

UvvTUT dµ “ UAUT .

The matrix A commutes with orthogonal matrices and so by Schur’s Lemma, A must be a

scalar times the identity matrix.

A “

ż

vPSd´1

vvT “ λI
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where λ can be found my taking trace on both sides i.e.,

ż

vPSd´1

dµ “ λn.

So, we have,

inf
ϕ:AÑB
matching

tr

ˆ

Y

ż

vPSd´1

vvT dµ

˙

“ inf
ϕ:AÑB
matching

1

n
trpY qAreapSd´1q

“ inf
ϕ:AÑB
matching

1

n
}A´ ϕpAq}2FAreapSd´1q.

Finally, to prove Equation 4.4, we note that
´

dPHT0

2,8 pA,Bq

¯2
“ max

vPSd´1
inf

ϕ:AÑB
matching

n
ÿ

i“1

|ai ¨ v ´ ϕpaiq ¨ v|2

“ inf
ϕ:AÑB
matching

max
vPSd´1

vTY v

“ inf
ϕ:AÑB
matching

λmaxpY q

“ inf
ϕ:AÑB
matching

λmax

`

pA´ ϕpAqpA´ ϕpAqqT
˘

“ inf
ϕ:AÑB
matching

}A´ ϕpAq}8,

where } ¨ }8 stands for the 8-Schatten norm of the matrix.

The appearance of matrix norm expressions for our PHT distances is a welcome devel-

opment, as it permits a qualitative comparison with a certain class of Procrustes distances.

Remark 4.2.2 (Comparison with Procrustes Distances). The general Procrustes dis-

tance [DM98] between two ordered point clouds in Rd, scaled by their centroid sizes2,

A “ ra1, ¨ ¨ ¨ , ans and B “ rb1, ¨ ¨ ¨ , bns is

dP pA,Bq “ inf
RPR

˜

n
ÿ

i“1

}Rai ´ bi}
2

¸1{2

“ inf
RPR

}RA´B}F

2 The centroid size is given by
`

n´1 řn
i“1 }ai ´ ā}

2
˘ 1

2 where ā is the mean of taiu
n
i“1.
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where R is the group of rigid motions on Rd. One advantage of the PHT distances considered

here is that apriori no ordering needs to be put on the points in the point clouds. On the

other hand, the PHT distances are sensitive to the embedding and consequently point

clouds are not compared via their optimal alignments.

However, there is a closer connection between the ECT/PHT and the orthogonal Pro-

crustes distance, which is given by

dOP pA,Bq “ min
R s.t. RTR“I

}RA´B}F ,

and whose solution R “ UV T is determined by the singular value decomposition (SVD) of

BTA “ UΣV T . By comparison, [CMT22a, Thm. 6.7] states that if two generic simplicial

complexes M and N in Rd have identical pushforward measures on the space of Euler curves

(or persistence diagrams), i.e., if ECTpMq˚µ “ ECTpNq˚µ, then M and N are related by

an Opdq action. This, along with Remark 2.6.4, suggests that one could modify the PHT

distances here to also consider a minimization procedure along orthogonal transformations

or rigid motions.

4.3 The Stability Theorem

In general the PHT distances are hard to compute, so often times we need to use

other notions to bound the PHT distance. In this section we prove that if two shapes are

homotopic through an ϵ-controlled homotopy, then their derived PHTs (Definition 2.6.5)

are also ϵ-close in the interleaving distance.

Theorem 4.3.1 (Stability of the PHT under Controlled Homotopies). Let M,N Ď Rd be

constructible sets and let φ :M Ñ N and ψ : N Ñ M be a homotopy equivalence of M and

N ; that is, there are homotopies HM :M ˆ I Ñ M and HN : N ˆ I Ñ N connecting IdM

to ψ ˝ φ and IdN to φ ˝ ψ. If there is some ϵ ą 0 such that }x´ φpxq}2Rd ď ϵ for all x P M

and }y´ψpyq}2Rd ď ϵ for all y P N , where further }x´HM px, sq}2Rd ď 2ϵ for all x P M and

}y´HN py, sq}2Rd ď 2ϵ for all y P N and s P I, then the PHT of M and N are ϵ-interleaved.
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Proof. We show the following diagram is commutative.

RpfM2ϵq˚kZM2ϵ RpfN2ϵq˚kZN2ϵ

RpfMϵq˚kZMϵ RpfNϵq˚kZNϵ

RpfM q˚kZM
RpfN q˚kZN

(*)

We prove this for the left triangle as the commutativity of the right triangle follows

from a similar argument. Let U Ă Sd´1 ˆ R be a test open set and so Rf˚kZMϵ pUq “

“

S ‚pf´1
MϵpUq; kq

‰

where
“

S ‚pf´1
MϵpUq;kq

‰

represents the class of complexes quasi-isomorphic

to the singular cochain complex on f´1
MϵpUq. We first prove that we have the following non-

commutative diagram of topological spaces

f´1
M2ϵpUq

f´1
MϵpUq f´1

Nϵ pUq

f´1
M pUq

g

h

that commutes up to homotopy; that is h ˝ g is homotopic to ι : f´1
M pUq ãÝÑ f´1

M2ϵpUq. If

we apply the singular cochain functor to this diagram and then take quotients by quasi-

isomorphisms, we will get the desired commutative trianglea in Equation 4.1.

We now explicitly describe the maps g and h. For px, v, tq P f´1
M pUq define g such that

gpx, v, tq “ pφpxq, v, t` ϵq. It remains to verify that pφpxq, v, tq is in f´1
Nϵ pUq. Note that

φpxq ¨ v ´ x ¨ v “ pφpxq ´ xq ¨ v ď }φpxq ´ x}2 ď ϵ.

Since x ¨ v ď t, we have that φpxq ¨ v ´ t ď φpxq ¨ v ´ x ¨ v ď ϵ and so φpxq ¨ v ď t ` ϵ.

Similarly for py, v, tq P f´1
Nϵ pUq, let hpy, v, tq “ pψpyq, v, t ` ϵq. After composing we get

that h ˝ gpx, v, tq “ pψ ˝ φpxq, v, t ` 2ϵq. To see that h ˝ g is homotopic to the inclusion
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ι : f´1
M pUq ãÝÑ f´1

M2ϵpUq, define a map K : f´1
M pUq ˆ I Ñ f´1

M2ϵpUq by

Kppx, v, tq, sq “ pHM px, sq, v, t` 2ϵq.

By Cauchy-Schwarz,

HM px, sq ¨ v ´ x ¨ v “ pHM px, sq ´ xq ¨ v ď }HM px, sq ´ x}2 ď 2ϵ

for all s P I. Since x ¨v ď t, we have HM px, sq ¨v ď t`2ϵ. This means that Kppx, v, tq, sq “

pHM px, sq, v, t` 2ϵq P f´1
M2ϵpUq for px, v, tq P f´1

M pUq. Further, Kppx, v, tq, 0q “ px, v, t` 2ϵq

and Kppx, v, tq, 1q “ pψ ˝φpxq, v, t` 2ϵq “ h ˝ gpx, v, tq. Continuity follows from continuity

of HM and so K is a homotopy between the inclusion map and h ˝ g.

Application of Lemma 4.1.4 implies the following,

Corollary 4.3.2. (Stability of the PHT Bottleneck distance) Under the assumptions of

Theorem 4.3.1 for all i ě 0,

dPHTi

8,8 pM,Nq ď ϵ.

Remark 4.3.3. One can also bound the p8, qq-PHT distance when q ‰ 8. To see this,

the p8, qq-PHT distance is the q-th integral norm of the bottleneck distance, integrated

over all directions. Consequently, the p8, qq-PHT distance is bounded by ϵ ¨ AreapSd´1q
1
q ,

thereby establishing stability.

Example 4.3.4. We now calculate and bound some PHT distances between the shapes

A (in blue) and B (in red) in Figure 4.1. The normals v1, v2 are p 2?
5
, 1?

5
q and p´ 2?

5
, 1?

5
q.

Since all the sublevel sets of the shapes are contractible, it suffices to only consider PHT0

of the two shapes. In particular, the PHT bottleneck distance in degree 0 is

dPHT0

8,8 pA,Bq “max
θPS1

W8

`

PH0pA, θq,PH0pB, θq
˘

“

ˇ

ˇ

ˇ

ˇ

p´4, 2q ¨

ˆ

2
?
5
,
1

?
5

˙ˇ

ˇ

ˇ

ˇ

“
6

?
5
.
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Figure 4.1: Distances between the PHTs of A (in blue) and B (in red).

The direction at which the maximum occurs is v1 and v2.

The PHT sheaf interleaving distance is hard to compute in practice. However, the

application of Theorem 4.3.1 gives an upper bound on the PHT sheaf interleaving distance.

In this example, we have that A and B are homeomorphic to each other. Explicitly, the

linear map sending p´4, 2q to p´2, 4q can be extended to a homeomorphism φ : B Ñ A

where px, 12 |x|q ÞÑ p12x, |x|q. Further, the maximum movement of points under map φ is,

}px, 12 |x|q ´ φpx, 12 |x|q}R2 ď 2
?
2. So, by Theorem 4.3.1 and Lemma 4.1.4

2
?
2 ě dI pPHTpAqq,PHTpBqq ě

6
?
5
.

4.4 Point Samples for Approximating the PHT

After having established various distances on the PHT, we are now in a position to

describe how to approximate a shape with point samples so that the resulting PHTs are

close. We note that this is the only section where we require a manifold hypothesis on

our shapes M . This is because the problem of approximating a general constructible set

(or stratified space) is not well understood. Instead we rely on the following sampling

and inference result, which makes implicit use of the injectivity radius of an embedded

submanifold. This is encoded via the condition number τ , but we refer to [NSW08, §2] for

a more detailed description of this.
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Theorem 4.4.1 (Theorem 3.1 in [NSW08]). Let M be a compact submanifold of Rd with

condition number τ . Let x̄ “ tx1, .., xnu be a set of n points drawn independently and

identically from a uniform probability measure on M . Let 0 ă ϵ ă τ{2. Let U “ YxPx̄Bϵpxq

be the union of the open balls of radius ϵ around the sample points. Then for all

n ą β1

ˆ

log β2 ` log
1

δ

˙

the homology of U equals the homology of M with probability ą 1 ´ δ. Here β1 and β2 are

constants that depend on the condition number τ , ϵ and the volume of M . The bound on n

ensures that with high probability the sample is ϵ
2 -dense in M .

We let U :“ tBϵpxqu be the balls produced by Theorem 4.4.1. As the set of sampled

pointsX “ txu is embedded in Rd, we can consider the Voronoi cell decomposition V “ tVxu

of Rd generated by X—this is the decomposition of Rd into convex regions where every point

y P intVx is closest to x and no other point x1 P X. The alpha complex [Ede93] is defined

to be the (geometric) nerve of the cover tBϵpxq X Vxu of U ; see Figure 4.2. By the nerve

lemma, the alpha complex is homotopy equivalent to union of the balls U and so with high

probability Theorem 4.4.1 says that the homology of K is equal to homology of M . We

now promote this to an observation about the PHT.

Corollary 4.4.2. (Approximation) Let M be a compact submanifold of Rd with condition

number τ . Let x̄ “ tx1, .., xnu be a set of n points drawn independently and identically from

a uniform probability measure on M . Let 0 ă ϵ ă τ
2 . Let U “ YxPx̄Bϵpxq be the union of

the open balls of radius ϵ around the sample points. Let K be the alpha complex of U . Then

for all

n ą β1

ˆ

log β2 ` log
1

δ

˙

we have that, dIpPHTpMq,PHTpKqq ď ϵ2 with high confidence i.e. probability > 1- δ.

Proof. We show that the assumptions of Theorem 4.3.1 are satisfied with 0 ă ϵ ă τ{2 and

then apply Theorem 4.3.1 to conclude the result. We need to find a homotopy equivalence
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φ : K Ñ M and ψ : M Ñ K that satisfies the assumptions of Theorem 4.3.1. We do this

by passing through the union of balls U as an intermediary.

Homotopy equivalence of M and U : Since the sample is ϵ{2-dense in M with high

probability, there is an inclusion of M into U with high probability. Let ι be this inclusion

and let f be the projection that sends x ÞÑ argminpPM }p ´ x}. By the definition of

condition number, the distance between any q P M to the medial axis is greater than

τ ą 2ϵ. The well-definedness of f is equivalent to x P U not contained in the medial

axis. Suppose x P U is in the medial axis, so }p ´ x} ą 2ϵ for every p P M . Since x̄

is ϵ{2-dense in M w.h.p and U “ YyPx̄Bϵpyq, it must be that for any p P M , }p ´ x} ď

}p ´ y} ` }y ´ x} ă ϵ
2 ` ϵ ă 3

2ϵ. This is a contradiction to x in the medial axis. This

proves that f is well-defined. The map f is a deformation retraction and can be seen by

taking the homotopy HU px, tq “ tx ` p1 ´ tqfpxq for all x P U and t P r0, 1s. Further,

}HU pt, xq ´ x} “ }tx` p1 ´ tqfpxq ´ x} “ p1 ´ tq}x´ fpxq} ă p1 ´ tqϵ{2 ď ϵ.

Homotopy equivalence of U and K: We have the inclusion map j : K Ñ U . There is

a retract g : U Ñ K which follows the lines in U connected to the nearest point in K; see

Figure 4.2. We call the homotopy that follows these lines GU . Since U is a union of balls

of radius ϵ, the homotopy GU does not move the points of U more than ϵ.

Let φ :“ f ˝ j and ψ :“ g ˝ ι. On composing, φ ˝ ψ “ f ˝ j ˝ g ˝ ι „ f ˝ IdU ˝ ι “

f ˝ ι „ IdM and similarly ψ ˝φ „ IdK . The radius of balls are less than ϵ and so for x P K,

}x´f ˝jpxq} ď ϵ and so }x´φpxq}2 ă ϵ2. Since the sample points are ϵ{2-dense, for y P M ,

}y ´ g ˝ ιpyq} ď ϵ{2 ă ϵ and so }y ´ ψpyq}2 ď ϵ2. Since the homotopy maps HU and GU

satisfy the conditions }HU px, tq ´x} ď ϵ and }GU px, tq ´x} ď ϵ for all x P U , the homotopy

map K1 connecting φ ˝ψ and IdM satisfy }Kpx, tq ´ x} ď ϵ for all x P M . The case for K2

connecting ψ ˝ φ and IdK is similar. Applying Theorem 4.3.1 gives ϵ2-interleaving of the

PHTs of M and K.
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Figure 4.2: A collection of disks in the plane has a simpler summary given by its alpha
complex, which is the geometric simplicial complex shown with shaded simplices above.
The radial lines in each disk shows how points in the union of the disks deformation retract
onto its alpha complex. Figure inspired by Fig. 3.1 of [Ede93].

85



5. Diffusion on stratified spaces
In this chapter, we describe a method of constructing diffusion on stratified spaces.

More precisely, we consider subanalytic spaces because the volume measure on such spaces

is finite. We briefly give an introduction to subanalytic spaces.

5.1 Subanalytic sets

Stratified spaces constitute a large category of spaces, and dealing with such generality

can be very challenging. Therefore, we restrict to a subclass of singular spaces—subanalytic

sets—since they satisfy many regularity properties, which make them amenable to analysis.

Subanalytic sets align with Grothendieck’s program on tame topology [Gro97]; for instance,

subanalytic sets are triangulable. In this section, we define subanalytic sets and discuss some

of the regularity conditions they satisfy.

Definition 5.1.1. (Semi-analytic sets) A subset X Ă Rn is called semi-analytic if it

is locally defined by finitely many equalities and inequalities of real analytic functions.

Precisely, for each p P Rn there is a neighbourhood U of p and real analytic functions fij

and gij on U , where i “ 1, . . . , r and j “ 1, . . . si P N such that

X X U “ Yr
i“1 X

si
j“1 tx P U : gijpxq ą 0, fijpxq “ 0u.

It is important to note that p is any point in Rn and are not just points in X.

Example 5.1.2. Since polynomials are semi-analytic functions, semi-algebraic sets are

clearly semi-analytic.

We work with a bigger class of sets, namely with the class of sets being locally proper

projections of semi-analytic sets.

Definition 5.1.3. (Subanalytic sets) A subset X Ă Rn is subanalytic if there exists a semi-

analytic set Z Ă Rn`p, p P N such that X “ πpZq where π : Rn`p Ñ Rn is the projection

onto the first n coordinates.
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Example 5.1.4. Clearly, semi-analytic sets are subanalytic, and so semi-algebraic sets are

examples of subanalytic sets.

Every subanalytic set admits a Whitney stratification [Hir73]. This property extends

to definable sets in arbitrary o-minimal structures [Lê 98]. We remind the reader that

subanalytic sets, in general, are not definable sets, however, globally subanalytic sets as

defined in 2.2.3 are definable. Generally, we observe the following inclusions of classes of

stratified spaces.

Semi-algebraic sets Semi-analytic sets Subanalytic sets Stratified spaces

Remark 5.1.5. Below are some important properties of subanalytic sets.

1. The intersection and union of a finite collection of subanalytic sets are subanalytic.

2. A subanalytic set is locally connected.

3. The closure, complement, and interior of a subanalytic set is subanalytic.

4. Let X Ă Rn be a closed subanalytic set. Then for every point in X, there exists a

neighbourhood U such that X X U “ πpAq where A is a closed analytic subset of

U ˆ Rm for some m, and dimA “ dimX X U and π : U ˆ Rm Ñ U is a proper map

when restricted to A [BM88].

5.1.1 Lengths on stratified spaces

Recall that in any path connected metric space pX, dq, the geodesic distance between

any two points can be defined as

δpx, yq “ inftlpγq | γ P Cpr0, 1s, Xq, γp0q “ x and γp1q “ yu,

where Cpr0, 1s, Xq is the set of all curves that are defined on r0, 1s and the length of a curve

γ : r0, 1s Ñ X is given by

lpγq “ sup

#

ÿ

0ďiďk

d pγptjq, γptj´1qq

ˇ

ˇ

ˇ

ˇ

k P N, 0 “ t0 ă t1 ¨ ¨ ¨ ă tk´1 ă tk “ 1

+

.
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Let X Ď Rn and let d be the Euclidean distance restricted to X. Then it is clear that

the geodesic distance δ between any two points x, y P X is at least the Euclidean distance,

that is,

}x´ y} “ dpx, yq ď δpx, yq.

However, the reverse is not necessarily true, even up to some constant factor. In fact, one

can come up with examples where the geodesic distance is infinite. So, the metrics need

not be equivalent. Tougeron came up with a notion of l-regularity which gives an upper

bound on the geodesic distance in terms of the Euclidean distance.

A compact set K Ď Rn is said to be l-regular with l ě 1, if K is finitely path connected

and there exists a constant C ą 0 such that

δpx, yq ď Cdpx, yq1{l,

for all x, y P K.

Definition 5.1.6 (Whitney-Tougeron regular sets). Let X be a subset of Rn. We say X is

Whitney-Tougeron regular if for every x P X there is an lpxq ě 1 depending on x and

a lpxq-regular compact neighbourhood K Ă Rn.

Remark 5.1.7. We remark that all these definitions carry forward to general stratified

sets using singular charts as defined in [Pfl01].

Example 5.1.8. Every subanalytic set in Rn is regular [KO97].

Remark 5.1.9. In fact, there is a more intrinsic way to define distances on stratified spaces.

There exists a smooth Riemannian metric µ on subanalytic sets such that pX, δµq becomes

a length space. Here δµ is the geodesic distance induced by the metric µ. Moreover, the

metric reflects the underlying topology of X. See Section 2.4 in [Pfl01].
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5.1.2 Volume on stratified spaces

In this section, we define volumes of subsets of stratified spaces based on Ferrarotti’s

work in [Fer86].

Let pX,S q be a closed stratified subset of Rd. Recall a σ-compact subset of a topological

space is a set that is expressible as a countable union of compact sets.

Definition 5.1.10 (Volume). The volume of a σ-compact set Y of X is defined as

Vol pY,S q :“ lim
ÝÑ
NPN

Vol pY zNq , (5.1)

where N is the directed system of family of open neighbourhoods of Σ in X, ordered by

N ď N 1 if and only if N Ě N 1.

The volume Vol pY zNq makes sense because Y zN belongs to a submanifold which has

a well-defined notion of volume.

Remark 5.1.11. Below are some properties of volumes on stratified spaces.

1. The limit in Equation 5.1 exists (possibly being infinite) because the volume of Y zN

is increasing in N .

2. The volume of σ-compact subset of Σ is 0.

3. If X is a Riemannian manifold then the volume coincides with the usual definition of

volume on Riemannian manifolds.

Surprisingly, this definition of volume does not depend on the stratification S [Fer86,

Proposition I.5]. Since the volume of Riemannian manifolds are measures, we expect that

the volume on stratified spaces are also measures.

Lemma 5.1.12 ([Fer86]). Let Y be a family of σ-compact subsets of X. Then

1. For every Y P Y, Vol pY q ě 0.

2. If Y Ď Y 1 for Y, Y 1 P Y, Vol pY q ď Vol pY 1q.
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0-1 1

1

2

Figure 5.1: The spiral X defined as image of the curve given by Equation 5.2 and the
origin. The volume of a ball around the origin has infinite volume.

3. Countable additivity: If tYiuiPN is a sequence of disjoint sets of Y, then Vol pYiYiq “

ř8
i“1Vol pYiq.

4. For every Y P Y, Vol pY q “ Vol
´

Y XXzΣ
¯

.

However, the volume can blow up to infinity. Below is an example describing this

situation.

Example 5.1.13 (Spiral). Let X Ď R2 be defined as the union of the image of the curve

γptq “

ˆ

?
t cos

ˆ

1

t

˙

,
?
t sin

ˆ

1

t

˙˙

, (5.2)

when 0 ă t ă p2πq´1 and the origin p0, 0q. The origin is the singular stratum and the

one-dimensional curve is the regular stratum (See Figure 5.1). In this case

Vol pXq “ lim
sÑ0

ż 2π´1

s

1
?
t

c

1

4
`

1

t2
dt ě lim

sÑ0

ż 2π´1

s

1

t
?
t

ě lim
sÑ0

´2
?
t

ˇ

ˇ

ˇ

ˇ

2π´1

s

“ 8.

This suggests even for simple one-dimensional stratified spaces, the volume may be

infinite. We are interested in spaces where the volume of compact subsets does not blow
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up to infinity. One of the main results of Ferrarotti’s paper [Fer86] is that the subanalytic

spaces have locally finite volume. In fact, subanalytic spaces satisfy a stronger volume

regularity property known as v-regularity.

Definition 5.1.14 (v-regularity). Let pX,S q be a closed stratified subset of Rd of dimen-

sion n. If for every relatively compact open set K of Rd there is a positive constant cpKq

depending only on K such that

Vol
`

X XBEuc
r

˘

ď cpKqrn,

for each ball BEuc
r in Rd with ¯BEuc

r Ă K, then X is said to be v-regular.

Theorem 5.1.15. ([Fer86, Theorem IV.2]) Let X be a subanalytic set in Rd. Then X is

v-regular.

In summary, the geodesic distance between any two points in a subanalytic set is finite

and the volume of a subset subanalytic set is finite. This suggests that the subanalytic sets

can be regarded as metric measure spaces.

For us, a metric measure space means the following.

Definition 5.1.16 (Metric measure spaces). A metric measure space is a triple pX, d,mq

where pX, dq is a locally compact separable metric space and m is a Radon measure on X

with mpUq ě 0 for each non-empty open set U Ă X.

Lemma 5.1.17. Any compact subanalytic set of Rd is a metric measure space.

Proof. Let X be a subanalytic space with metric given by the geodesic distance δ and

measure of any σ-compact subset A of X given by Vol pAq. Since X is compact and the

metric δ induces the topology of X ([Pfl01, Theorem 2.4.7]), every open subset of X is

σ-compact. Theorem 5.1.15 guarantees that the volume of every open set U Ă X is finite.

The tightness of the measure follows from the fact that X is compact and so the measure

is Radon.
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5.2 Analysis on metric measure spaces

So far, we have established that compact subanalytic sets in Rd are metric measure

spaces. There is a well developed theory of analysis on metric measure spaces, to the

extent that there is a notion of diffusion and heat kernels on such spaces. Much of this is

due to Sturm [Stu98], where they use the theory of Dirichlet forms to construct diffusion

on such spaces. In this section, we give a brief account of the theory of Dirichlet forms

and how they relate to diffusion and further show that Dirichlet forms on subanalytic sets

are well defined and of diffusion type, meaning they give rise to diffusion. The argument

essentially boils down to ensuring that the volume measure of balls in subanalytic spaces

grows and shrinks in a controlled manner.

5.2.1 Dirichlet Forms

Dirichlet forms are analytic objects that are used to construct certain Markov processes,

especially in cases where typical tools of analysis such as the Laplacians are difficult to de-

fine. In this sense, they can be regarded as a generalized version of the Laplacian.

Let pX,mq be a measure space. For the sake of convenience assume that X is compact

with Radon measure m and supppmq “ X. The assumption that X is compact is not

necessary and with minor modifications, we can replace it with locally compact X. The

space of all square-integrable functions with respect to the measure m is a Hilbert space

L2pX,mq “

"

m´measurable f : X Ñ R

ˇ

ˇ

ˇ

ˇ

ż

X
f2pxqmpdxq ă 8

*

,

with inner product

xf, gyL2pX,mq :“

ż

X
fpxqgpxqmpdxq.

A symmetric form E on Hilbert space L2pX,mq with domain DpEq is a map E :

DpEq ˆ DpEq Ñ R such that:
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1. DpEq is a dense subspace of L2pX,mq,

2. Epau` bv, wq “ aEpu,wq ` bEpv, wq for u, v, w P DpEq and a, b P R,

3. Epu, uq ě 0 for u P DpEq,

4. Epu, vq “ Epv, uq for any u, v P DpEq.

Some additional properties need to be satisfied if one wants the domain DpEq to also be

a Hilbert space. Define for every α ą 0, a symmetric form Eα by

Eαpu, vq “ Epu, vq ` αxu, vyL2pX,mq u, v P L2pX,mq.

Note that DpEq with inner product E1 forms an inner product space. We say the form E is

closed if DpEq is complete with respect to E1. Since, the forms Eα and Eβ are comparable

for different α, β ą 0, closure of E implies that DpEq is a Hilbert space with inner product

Eα for every α ą 0.

Definition 5.2.1 (Dirichlet Form). A Dirichlet form is a symmetric form on Hilbert

space L2pX,mq with domain DpEq such that:

1. E is closed,

2. For every u P DpEq, v “ p0 _ uq ^ 1 also belongs to DpEq and Epv, vq ď Epu, uq. We

then say that unit contraction acts on E .

Example 5.2.2 (Dirichlet form on Rn). The Dirichlet form on Rn with Lebesgue measure

that corresponds to the standard Brownian motion is given by

Epu, vq “
1

2

ż

∇u ¨ ∇vdx u, v P W 1,2pRnq,

where W 1,2pRnq “ tu P L2pRnq | Biu P L2pRnq for all iu. One can readily check that E

defined above is a Dirichlet form.
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As suggested before, Dirichlet forms are in one-one correspondence with symmetric

Markov processes. Refer to Appendix A for a short account of the theory of Markov

semigroups and generators, and their correspondence with Markov processes. The following

is a basic result in the theory of Dirichlet forms (See [FOT11]):

Theorem 5.2.3. The following classes of objects are in one-one correspondence with each

other:

1. closed symmetric forms pE ,Dq on L2pX,mq,

2. strongly continuous semigroups on L2pX,mq,

3. non-positive definite self-adjoint operators (or generators) L on L2pX,µq).

This correspondence is essentially given by the Riesz representation theorem.

D “ Dp
?

´Lq; Epu, vq “ x
?

´Lu,
?

´Lvy for u, v P D.

When u P DpLq, then the correspondence can be characterized by Epu, vq “ x´Lu, vy.

When the closed symmetric form satisfies the unit contraction property, i.e. it is a

Dirichlet form, the corresponding stochastic process is a Markov process.

Example 5.2.4. (Connection between Dirichlet forms and generators on Rn) It is well

known that the generator of standard Brownian motion on Rn is 1
2∆. Using the Dirichlet

form on Rn defined as in Example 5.2.2, a simple integration by parts reveals that

Epu, vq “
1

2

ż

∇u ¨ ∇vdx “
1

2

ż

´∆uvdx “

B

´
1

2
∆u, v

F

.

A Dirichlet form E is regular if there exists a core C Ă DpEq X CpXq such that C is

dense in CpXq with respect to the } ¨ }8- norm and dense in DpEq with respect to the norm

induced by E1. Here CpXq denotes the space of continuous functions on X.

A Dirichlet form E is strongly local if whenever u is constant on some neighbourhood

of the support of v or vice-versa, then Epu, vq “ 0.
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A Dirichlet form is called of diffusion type if it is both regular and strongly local. This

is because when Dirichlet forms are regular, they correspond to certain types of Markov

processes called Hunt processes. Hunt processes are special Markov processes that have

right continuity of sample paths and satisfy the strong Markov property amongst others.

When the Dirichlet forms are also strongly local, they correspond specifically to diffusion

processes, meaning the sample paths are continuous.

Theorem 5.2.5 ([FOT11]). Let pE ,Dq be a Dirichlet form of diffusion type on L2pX,mq.

Then, there exists a m-symmetric diffusion process ptXtutą0, pPxqxPXq on X with Dirichlet

form E.

Example 5.2.6 (Dirichlet forms on metric measure spaces [Stu98]). Let pX, d,mq be a

metric measure space as in Definition 5.1.16. For each scale r ą 0 and u, v P L2pX,mq

Erpu, vq “
1

2

ż

X
Npxq

ż

B˚
r pxq

pupxq ´ upyqqppvpxq ´ vpyqqq

d2px, yq

mpdyqmpdxq
a

mpBrpyqq
a

mpBrpxqq
, (5.3)

where B˚
r pxq is the ball of radius r around x excluding x itself and N can be any normal-

ization function and can be seen to play the role of the local dimension.

Observe that when x is in a region that is locally like Rd, then we can write by essentially

the generalized Lebesgue differentiation theorem

|∇upxq|2 “ d lim
rÑ0

1

mpBrpxqq

ż

B˚
r pxq

„

upyq ´ upxq

dpx, yq

ȷ2

mpdyq,

and so Equation 5.3 is a generalization of
ş

Rd |∇u|2dx.

5.2.2 Gamma Limits

The study of Gamma limits or variational limits was introduced by E. de Giorgi in [De

75]. To grasp the main idea, consider a sequence of real-valued functions tFhu on a space X

that converge pointwise to a function F . This does not necessarily imply that the minimum

value of tFhu converges to the minimum value of F . The gamma limit or variational limit
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Figure 5.2: The sequence of functions Fhpxq “ hxe´2h2x2 for different values of h.

is a special kind of limit that remedies this; namely, the minimum value of tFhu converges

to the minimum value of the gamma limit (if it exists). In this sense, these limits are stable

under ‘variational’ or optimization problems. In this section, we give a brief introduction

to gamma limits and list some of its properties.

Definition 5.2.7. (Γ-limit) The Γ- lower limit and the Γ- upper limit of the sequence of

functions tFhu from a topological space X to R are the continuous functions from X into

R defined as follows:

pΓ ´ lim inf
hÑ8

Fhqpxq :“ sup
UPN pxq

lim inf
hÑ8

inf
yPU

Fhpyq, (5.4)

pΓ ´ lim sup
hÑ8

Fhqpxq :“ sup
UPN pxq

lim sup
hÑ8

inf
yPU

Fhpyq, (5.5)

where N pxq is the set of all open neighbourhoods of x in X. Further, if the functions are

equal, i.e. Γ ´ lim inf
hÑ8

Fh “ Γ ´ lim sup
hÑ8

Fh “ F , then write F as Γ ´ lim
hÑ8

Fh. We say that

tFhu converges (in the sense of Γ-convergence) to F or F is the Γ-limit of tFhu.

Remark 5.2.8. The Γ-limit of a sequence of functions does not depend on the pointwise

limit.

Examples 5.2.9. 1. Consider the sequence of functions Fhpxq “ hxe´2h2x2 defined on

X “ R (See Figure 5.2). The pointwise limit of this sequence of functions as h Ñ 8
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is the zero function. However, the Γ-limit when x “ 0 is the infimum value of the

function ´1
2e

´1{2 at value ´ 1
2h . When x ‰ 0, the Γ-limit is just 0.

2. The Γ-limit of the sequence of functions Fhpxq :“ cosphxq is the constant function

´1.

Theorem 5.2.10. (Fundamental theorem of Γ-convergence) If Fh Ñ F in the sense of

Γ-convergence, and xh P X minimizes Fh, then every limit point of the sequence txhu is a

minimizer of F .

The Γ-limit and the pointwise limit are related in the following way.

Lemma 5.2.11. If Fh Ñ F in the sense of Γ-convergence and Fh Ñ G pointwise, then

F ď G. In particular, if the Γ-limit of Fh is F then the pointwise limit is F if and only if

lim sup
hÑ8

Fhpxq ď Γ ´ lim
hÑ8

Fhpxq.

Theorem 5.2.12 (Sequential Characterization of Gamma limits; Proposition 8.1 [Dal12]).

The Γ-limit of a sequence of functions tFhu is F if and only if the following conditions are

satisfied:

1. For every x P X and every sequence xh Ñ x in X

F pxq ď lim inf
hÑ8

Fhpxhq;

2. For every x P X, there is a sequence xh Ñ x in X such that

F pxq “ lim
hÑ8

Fhpxhq.

Theorem 5.2.13 (Existence of Gamma limits; Theorem 8.5 [Dal12]). Assume X is second

countable. Every sequence of functions tFhu has a Γ-convergent subsequence.

5.3 Existence of strongly local forms on subanalytic sets

Let pX, d,mq be a metric measure space as in Definition 5.1.16. Let Er be a Dirichlet

form on X at scale r as given in Example 5.2.6. The pointwise limit of this family Er as
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r Ñ 0 may not be a reasonable object, for instance, it might not be a regular Dirichlet

form, and so we instead work with gamma limits. The next theorem gives a criteria for

when the gamma limit of Dirichlet forms Er is strongly local and hence corresponds to a

diffusion process.

Theorem 5.3.1 (Theorem 3.3 [Stu98]). Let prnqn be a sequence with rn Ñ 0 as n Ñ 8 for

which limit E0 “ Γ ´ lim
nÑ8

Ern exists. Then the closure of pE0, CLip
0 q is a regular Dirichlet

form. Further, it is strongly local if for every compact Y Ă X

lim sup
rÑ0

sup
x,yPY,

dpx,yqăr

mpBrpxqq

mpBrpyqq
ă 8 (5.6)

Remark 5.3.2. The above equation 5.6 can be thought of as a weaker notion of the volume

doubling condition. The volume doubling condition given by

lim sup
rÑ0

sup
yPY

mpB2rpyqq

mpBrpyqq
ă 8 (5.7)

for each compact Y Ă X, implies the volume condition 5.6 because mpB2rpyqq ą mpBrpyqq.

Riemannian manifolds satisfy the asymptotically volume doubling condition, as given in

(5.7). The main idea is that in a manifold M of dimension n, the volume of geodesic balls

behave as

volpBrq „ rn,

for r small enough, i.e., in the radius where the exponential map is defined.

More generally, they also satisfy the global volume doubling condition (i.e., for each r

and not only for small r) when the Ricci curvature is non-negative. This follows from the

Bishop-Gromov comparison theorem.

Let X Ă Rd be a compact subanalytic set with measure defined as in section 5.1.2

equipped with the geodesic distance δ. Let p be the dimension of the top dimensional

stratum. Let Brpxq “ ty P X | δpx, yq ă ru be an open ball of radius r in X and let

BEucpxq be an open ball in Rd with the Euclidean distance.
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Lemma 5.3.3. For X defined as above, there exists a positive constant C ą 0 such that

Vol pBrpxqq ď Crp, (5.8)

for every x P X and r ą 0.

Proof. Let x P X, and r ą 0. Since the volume is v-regular by Theorem 5.1.15, we have

that there exists a positive constant C, such that Vol
`

BEuc
r pxq XX

˘

ď Crp. Since the

dEucpx, yq ď δpx, yq for every pair of points x, y P X, Vol pBrpxqq ď Vol
`

BEuc
r pxq XX

˘

ď

Crp for all x P X.

This provides an upper bound on the volume growth rate of balls in X. However, the

lower bound given by Vol pBrpxqq ą Crp may not hold for every r. Nevertheless, we can

demonstrate the existence of a constant C1 such that Vol pBrpxqq ě C1r
p for small r.

Lemma 5.3.4. If the top-dimensional strata denoted as X ´ Σ is open and dense in X,

then

lim inf
rÑ0

inf
xPX

Vol pBrpxqq

rp
ą 0.

Proof. Suppose that

lim inf
rÑ0

inf
xPX

Vol pBrpxqq

rp
“ 0.

Then there exists a sequence priq of positive radii converging to 0 such that sequence

infxPX
VolpBri pxqq

rip
converges to 0. Without loss of generality, since there are finitely many

strata, we can assume that there is only one connected p-dimensional stratum, denoted as

Sp. Since Sp is dense in X, Bripxq X Sp is non-empty, and

inf
xPX

Vol pBripxqq

rip
ě inf

xPX

Vol pBripxq X Spq

rip
.

Since Sp is dense in X, for every x P X there exists a sequence txnunPN in Sp such that

xn Ñ x. In particular, for ϵ “
ri
2 , there is a number Npriq such that δpxn, xq ď

ri
2 for
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Figure 5.3: The Balalaika shape, represented by a solid triangle glued to a closed interval
r´1, 0s at its endpoint 0. The 2-dimensional stratum is not dense in the space.

n ě N “ Npriq. This implies that Bri{2pxN q X Sp Ď Bripxq X Sp and so

inf
xPX

Vol pBripxq X Spq

rip
ě inf

xPX

Vol
`

Bri{2pxN q X Sp
˘

rip
,

where xN denotes the point on Sp such that dpx, xN q ď ri{2. By the continuity of Radon

measures, the function x ÞÑ
VolpBri{2pxN qXSpq

rip
is continuous. Since X is compact there is

a minimizer x̃, that depends only on ri which realizes the infimum, call it Cpriq. Since

Bri{2px̃N q X Sp is an open ball in the smooth manifold Sp, we know that as ri Ñ 0,

VolpBri{2px̃N qXSpq
pri{2q

p is a constant greater than 0 which gives a contradiction.

Remark 5.3.5. The top-dimensional stratum being dense in X is a necessary condition.

For example, in Figure 5.3, for a point x in the interval, the volume of a small ball is 0

since it completely lies within the singular stratum.

Combining lemmas 5.3.3 and 5.3.4 we can conclude the following.

Theorem 5.3.6. For compact subanalytic sets X, with an open and dense top dimensional

stratum, the volume condition 5.6 holds.

Proof. Observe by Lemma 5.3.3, mpBrpxqq

mpBrpyqq
ă Crp

mpBrpyqq
and then apply the previous lemma 5.3.4

to prove the statement of the theorem.
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Corollary 5.3.7. For each limit point E0 in the sense of Γ-convergence of a sequence of

Dirichlet forms tErurą0, there is a symmetric diffusion process pXt,Pxq on X with

E0pu, uq “ lim
tÑ0

1

2t

ż

Ex rupXtq ´ upxqs
2mpdxq

for all lipschitz u in L2pX,mq.

Remark 5.3.8. In the case of Riemannian manifolds, where the distance metric is induced

by the Riemannian metric and the measure is the usual notion of Riemannian volume, it

satisfies a stronger volume regularity property known as the measure contraction property

[Stu98, Definition 4.1]. It turns out that this volume property implies that the pointwise

limit is a reasonable object, in particular, the pointwise limit equals the gamma limit.

Unfortunately, as we will see later on in Example 5.3.13, for the case of compact subanalytic

sets with open and dense top dimensional stratum, this property is not true.

Definition 5.3.9 (Weak measure contraction property [Stu98]). A metric measure space

pX, d,mq satisfies the weak measure contraction property (MCP for short) with exceptional

set Z Ă X with mpZq “ 0 if for every compact set Y Ă XzZ there exists

• R ą 0,

• Θ ă 8,

• θ ă 8,

• m2- measurable maps Φt : X ˆX Ñ X for all t P r0, 1s,

such that:

1. For x, y P Y with dpx, yq ă R and all s, t, the maps Φt have the following properties:

Φ0px, yq “ x, (5.9)

Φtpx, yq “ Φ1´tpy, xq, (5.10)

Φspx,Φtpx, yqq “ Φstpx, yq, (5.11)

dpΦspx, yq,Φtpx, yqq ď θ|s´ t|dpx, yq, (5.12)
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2. For all r ă R, x P Y , all measurable sets A Ă Brpxq X Y and all t P r0, 1s

mrpAq
a

mpBrpxqq
ď Θ

mrtpΦtpx,Aqq
a

mpBrtpxqq
.

Equivalently this can be replaced by the condition

mpAqq

mpBrpxqq
ď Θ

mpΦtpx,Aqq

mpBrtpxqq
. (5.13)

Remark 5.3.10. If pX, dq is a geodesic space then conditions (5.9) - (5.12) are always

satisfied with θ “ 1.

Remark 5.3.11. Sturm proved in Proposition 4.7 of [Stu98] that the measure contraction

property without any exceptional set is true for Riemannian manifolds equipped with the

Riemannian distance and the Riemannian volume.

Lemma 5.3.12. Compact subanalytic sets equipped with the geodesic distance and the vol-

ume form defined in Defintion 5.1.10 satisfy the weak measure contraction property with an

exceptional set equal to the singular stratum Σ.

Proof. The volume form on subanalytic spaces is defined in such a way that the volume

of the singular stratum is 0 and that the restriction of the volume form to each stratum

coincides with the Riemannian volume. Then, the statement follows by Remark 5.3.11.

However, we are interested in the case where the exceptional set is the empty set. This

is because a non-trivial exceptional set results in a diffusion process whose sample paths do

not cross the exceptional set. So, Lemma 5.3.12 implies that there is diffusion in each of

the regular strata but it does not cross the singularities. We are interested in the situation

in which heat diffuses through the singularities.

Example 5.3.13 (Failure of MCP for subanalytic sets). Consider the stratified space

consisting of two solid triangles glued together at the origin, as shown in Figure 5.4. If

we consider the set A as depicted in the figure, then the set of geodesics at some time t
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A

x

Figure 5.4: A demonstration of the failure of the measure contraction property without
exceptional set.

with endpoints in A and starting at x is denoted by ϕtpx,Aq. There exists some value of

t ą 0 for which the volume of ϕtpx,Aq is 0, whereas the volume of A is non-zero, thereby

violating equation (5.13).

We conjecture that the MCP condition is true without exceptional set if the singular

stratum of compact subanalytic sets has codimension at most 1. In particular, this would

mean for spaces such as spiders and open books in Example 2.1.5, the pointwise limit of

the Dirichlet forms coincides with the variational limit and gives rise to diffusion. In this

case, one can explicitly write out the generator for the diffusion process (refer to [KS05]).
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6. Conclusion
To summarise, we develop some preliminary methods to enable statistical analysis on

stratified spaces. As mentioned before, stratified spaces possess singularities where fun-

damental geometry breaks down. This makes analysis on such spaces challenging and

necessitates the use of novel methods to understand the structure of such spaces. We have

outlined initial approaches to two key questions.

1. How to compare such spaces with one another?

2. How do we develop statistical models on stratified spaces?

Specifically, we introduced a general construction of shape space. The shapes are tame

stratified spaces, more accurately described as constructible sets with respect to an o-

minimal structure. The shape descriptors are topological analogues of the Radon transform.

Much of this theory can be understood as a theory of signal processing on shapes, where the

signals are shapes. We have proven that the assignment of each shape to its descriptor is a

sheaf on the poset of shapes, ordered by inclusions. Additionally, we proposed metrics on

shape spaces and demonstrated that these metrics are stable with respect to ϵ-perturbations.

We also provide a starting point for understanding diffusion processes on stratified

spaces. Specifically, we provide a method to construct diffusion on compact subanalytic

spaces with open and dense top-dimensional stratum via a sequence of Dirichlet forms.

However, there is still much to understand. For example, what is the associated jump

process when the top-dimensional stratum is not dense in the space? In what cases is the

pointwise limit of the sequence of Dirichlet forms the same as the gamma limit? How does

the diffusion process interact with the singularities? How can we make this theory more

amenable for applications? Recently, a Central Limit Theorem was proved on stratified

spaces (more specifically CAT(κ)-spaces) as evidenced in [MMT24; MMT23a; MMT23b;

MMT23c]. Currently, I am working (in collaboration with Ezra Miller) on defining Brow-

nian motion on such spaces, using approaches similar to those in the referenced papers.
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Appendix A. Markov processes, Semigroups and Gener-
ators

For proofs see [EK09].

Let pX,mq be a compact measure space. Let H be a Hilbert space. For us the Hilbert

space H is L2pX,mq. The assumption that X is compact is not required and with some

modification, the theory works for locally compact spaces, however for simplicity, we just

state it for the compact case. Let pΩ,F ,Pq be a filtered probability space and let tXtu be

a stochastic process on Ω adapted to F taking values in X.

Definition A.0.1 (Markov processes). A stochastic process tXtu is a Markov process if

for s ă t in r0,8q and bounded measurable f : X Ñ R, E rfpXtq | Fss “ E rfpXtq | Xss .

For a Markov process Xt, ptpx,Bq “ PxpXt P Bq, where B is a measurable set, is called

the transition function or transition density of X.

Intuitively, a Markov process is symmetric with respect to m if the distribution of the

process started in m is the same when moving forward or backward in time.

Definition A.0.2 (m-symmetric Markov process). A Markov process tXtu on X is m-

symmetric if pXsq0ďsďt „ pXt´sq0ďsďt under Pm, where Pm denotes the law of the process

started from initial distribution m.

Markov processes give rise to semigroups, known as Markov semigroups.

Definition A.0.3 (Strongly continuous semigroups). A collection of linear operators tTt; t ą

0u on H is a strongly continuous semigroup if:

1. Each Tt is a symmetric operator with domain H,

2. (Semigroup) TspTtfq “ Ts`tf for all s, t ą 0 and f P H,

3. (Strongly continuous, i.e. right continuous at 0) xTtf ´f, Ttf ´fy Ñ 0 as t Ñ 0 from

above for all f P H,

4. (Contraction) xTtf, Ttfy ď }f} for all f P H, t ą 0.
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Note that this definition requires that the semigroup operators are right continuous

at 0, but using the semigroup property one can show that these operators are continuous

everywhere.

There is a one-one correspondence between abstract semigroups and symmetric Markov

processes and one can confirm that Markov processes are related to semigroups in the

following way

Ttfpxq “ ExrfpXtqs.

One can also say that a Markov process with semigroup tTtu is m-symmetric if

ż

X
fpxqTtpgpxqqmpdxq “

ż

X
Ttpfpxqqgpxqmpdxq,

for f, g in L2pX,mq.

For a construction of a Markov process from a strongly continuous semigroup refer to

[EK09].

Next, we define a generator of a semigroup. The generator of the semigroup is the

derivative of the semigroup at t “ 0, and so it describes the behavior of the semigroup in

an infinitesimal time interval.

Definition A.0.4 (Generator of a semigroup). The generator L of semigroup tTtu is a

linear operator on H with domain DpLq defined as follows

DpLq “

"

f P H

ˇ

ˇ

ˇ

ˇ

lim
tÑ0

Ttf ´ f

t
exists in H

*

; Lpfq “ lim
tÑ0

Ttf ´ f

t
.

One can check that the generator of strongly continuous semigroup is a non-positive

definite self-adjoint operator. The converse of this statement is also true, for every such

operator L, we have a semigroup associated to it given by

Ttf “ lim
nÑ8

ˆ

I ´
t

n
L

˙´n

f.
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So the generator defines the semigroup and the semigroup determines the process. This

gives a three-way correspondence between Markov processes, semigroups and generators.
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