Essays on Individual Incentives and Private

Information
by
Shougiang Wang

Department of Business Administration
Duke University

Date:

Approved:

Alexandre Belloni, Co-Supervisor

Giuseppe Lopomo, Co-Supervisor

Peng Sun

Paul H. Zipkin

Dissertation submitted in partial fulfillment of the requirements for the degree of
Doctor of Philosophy in the Department of Business Administration
in the Graduate School of Duke University
2011



ABSTRACT

(Business Administration)

Essays on Individual Incentives and Private Information
by
Shougiang Wang

Department of Business Administration
Duke University

Date:

Approved:

Alexandre Belloni, Co-Supervisor

Giuseppe Lopomo, Co-Supervisor

Peng Sun

Paul H. Zipkin

An abstract of a dissertation submitted in partial fulfillment of the requirements for
the degree of Doctor of Philosophy in the Department of Business Administration
in the Graduate School of Duke University
2011



Copyright (© 2011 by Shougiang Wang
All rights reserved except the rights granted by the
Creative Commons Attribution-Noncommercial Licence


http://creativecommons.org/licenses/by-nc/3.0/us/

Abstract

This dissertation explores the incentive issues and strategic interactions among de-
centralized parties in three operations management environments: inventory systems,
revenue management and healthcare policies. The first model studies the impact of
multilateral asymmetric information about inventories in a two-echelon inventory
systems. The second model applies optimization techniques to solve a monopolist’s
revenue problem where the seller’s cost function is not separable across buyers with
multidimensional private information. The third model uses a game-theoretical ap-
proach to study the decentralized resource allocation between self-interested countries

to control an epidemic disease.
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Introduction

Traditional operations management research focuses on centralized systems, where a
single firm is able to access to all the information along every stage of the supply chain
and control all the decision making processes. However, in reality, the products and
services flow among multiple parties who are motivated by their own interests and
possess information unknown to the others. Conflicts of incentives are prevalent in
many decentralized operations management environments. This dissertation explores
the strategic interactions involved among different parties in three OM settings:
inventory, revenue management and health care. The rest of the dissertation is
organized as follows.

Chapter 2! studies the impact of multilateral private information about inventory
levels on the overall performance of two-echelon supply chains. We focus on two polar
cases: 1) multiple suppliers serving a single retailer; and ii) a single supplier facing
multiple retailers. In both cases the single party has all the bargaining power, i.e., it
can commit to take-it-or-leave-it offers. In the former case, we find that the inventory

policy that solves the centralized cost minimization problem remains optimal for the

1 This chapter is based on the recently submitted paper (Belloni et al., 2011).
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retailer, even in the presence of multilateral private information. Moreover, the
retailer can appropriate the cost reduction of the entire supply chain. In the latter
case, the contract that is optimal for the supplier induces a simple ranking allocation
rule, based on critical fractiles of adjusted demand distributions that account for
the incentives generated by private information. This rule reverses the order of all
served retailers’ inventory positions. For intermediate values of the supplier’s initial
inventory level, the rule “overshoots” the positions of some retailers, i.e., pushes them
beyond their optimal levels without private information. An important managerial
insight implied by our results is that supply chains in which parties that are more
exposed to demand uncertainty have stronger bargaining positions perform better in
terms of operating cost.

Chapter 3% is motivated by a classic problem in revenue management, where a
monopolist offers products that can be sold at different quality levels. However, we
consider the case in which all buyers have privately known valuations for each quality
level (i.e. multidimensional types), and the seller has only a single object to sell (i.e.,
the seller’s cost function is not separable). For example, the Federal Communications
Commission (FCC) sells spectrum licenses with different levels of regulatory restric-
tions. The analysis of multidimensional mechanism design has proven significantly
more complex than the one-dimensional case. Building upon Border and taking ad-
vantage of symmetry, we reformulate the seller’s problem into a more parsimonious
representation that eliminates the dimensionality dependence on the number of buy-
ers. We next show that the associated infinite-dimensional optimization problem
posed by the theoretical model can be approximated arbitrarily well by a sequence
of finite-dimensional linear programming problems. To deal with the exponentially
large set of constraints, we use a cutting-plane method that dynamically incorporates

constraints as needed. In particular, we provide an efficient algorithm to verify the

2 This chapter is based on the published paper (Belloni et al., 2010).
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feasibility of the Border constraints and incentive compatibility constraints. This
implies that our finite-dimensional approximation is solvable in polynomial time.
The numerical solutions of the finite-dimensional approximations shed light on the
qualitative nature of optimal solutions to the original infinite-dimensional problem.
In particular, for the case with two quality levels, we propose an auction named
"exclusive buyer mechanism” for practical implementation: the buyers compete in a
second-price auction for the right to be the only buyer who gets to choose between
buying the object of low quality at no additional cost, or the object of high quality
for a prescribed add-on price.

Chapter 4° examines how two countries would allocate resources at the onset
of an epidemic when they seek to protect their own populations. We model this
situation as a game between selfish countries, where players strategically allocate
their resources in order to minimize the total number of infected individuals in their
respective populations during the epidemic. We study this problem when the initial
number of infectives is very small, which greatly simplifies the analysis. We show in
this framework that selfish countries always allocate their resources so as to bring
the effective reproduction ratio below one and avoid a major outbreak. When a
major outbreak is avoidable, we further identify the necessary and sufficient condi-
tions under which the individual allocation decisions of selfish countries match the
decision that a central planner would make in order to minimize the total number of
infectives in the whole population (without distinguishing between countries). More
specifically, the decentralized equilibrium allocation coincides with the centralized
optimal allocation only in the cases of total selfishness (i.e., both countries keep
their resources for themselves) and total altruism (i.e., one of the countries will give

up all its resources to the other).

3 This chapter is based on the published paper (Wang et al., 2009).
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2

Private Information about Inventories

2.1 Motivation

Consider a two-echelon supply chain in which retailers face stochastic demand. The
centralized problem of minimizing the total operating cost in this setting has been
extensively studied, and the main features of the optimal allocation are well un-
derstood (Zipkin, 2000). Recently, several decentralized supply chains models have
highlighted various aspects of the fundamental tension between the unilateral in-
centives of suppliers and retailers versus the benefits of system coordination, see e.g.
Cachon and Lariviere (1999), Lee and Whang (1999), Cachon and Fisher (2000), Lee
and Whang (2000), Cachon (2001), Cachon and Lariviere (2001), Chen (2007), Chen
et al. (2001), Cachon and Lariviere (2005), Cachon and Zhang (2006), Cachon (2004)
and Zhang (2010). In this chapter, we study the impact of multilateral private infor-
mation regarding inventory levels on both the performance of the entire supply chain
and the main features of the optimal allocation. We consider a single period model
in which all parameters except initial inventory levels are common knowledge. Thus
we isolate the effect of private information about inventory levels on the performance
of the supply chain. More specifically, we address the following questions:

4



e Can a decentralized supply chain be as efficient as its centralized counterpart?

e What are the main properties of the optimal contract?

We find that the answers to these questions depend upon the structure of the
supply chain. Our analysis focuses on two scenarios: i) multiple suppliers serving
a single retailer (MSSR), and ii) a single supplier facing multiple retailers (SSMR).
In both scenarios retailers face stochastic demands, all parties have privately known
inventory levels, and the single party (the retailer in the MSSR case and the supplier
in the SSMR case) has all the bargaining power, i.e. can commit to a “take-it-or-
leave-it” contract offer. The optimal mechanisms minimize the overall cost (operating
plus monetary) for the single party in the presence of strategic agents and multilateral
private information about initial inventory levels.

The MSSR case applies to situations in which a large retail company procures its
products from many suppliers on a regular basis. Typically, the retailer’s inventory
can hardly be monitored by any individual supplier. On the other hand, it may
be costly for the retailer to gather accurate and timely information about all its
suppliers’ current inventory levels.

To motivate the SSMR case, consider a new hot-selling product during a holiday
shopping season. For example, Zhu Zhu Pet became the hottest toy during the
Christmas season of 2009 in the US (Mabrey and Janik, 2009; Wernau, 2009). The
overnight frenzy created a drastic shortage, and the manufacturer Cepia LLC had
to deal with the problem of restocking its retailers, having limited knowledge about
their current inventory positions and local demand conditions.

Our first main result is that private information about inventories matters in the
SSMR case, and is irrelevant in the MSSR case. The irrelevance result hinges on two
reasons. First, the retailer’s private information does not matter because its cost

function is not directly affected by the suppliers’ inventory levels. In the literature
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on mechanism design by an informed principal, this property is labeled “private
values” (Maskin and Tirole, 1990). Second, each supplier’s private information is
inconsequential because the benefit of selling any additional unit is constant up to
its inventory level. In our static environment, where production has already taken
place, this is equivalent to the standard assumption of constant marginal handling
cost. In turn, this is also due to the fact that suppliers are not directly exposed to
any demand uncertainty. Thus in the MSSR case the presence of multilateral private
inventory information does not hinder the implementability of the inventory policy
that minimizes the total operating cost of the system (without private information).
Moreover, the retailer can appropriate the full cost reduction of the entire supply
chain using a straightforward fixed price contract.

In contrast, in the SSMR case the centralized optimal inventory policy is no longer
optimal for the supplier. This is because the exposure to demand uncertainty makes
each retailer’s cost function non-linear — the cost reduction from an additional unit
is decreasing.

Contracts that are optimal for the supplier are characterized by a simple rank-
ing allocation rule, based on critical fractiles of an appropriately adjusted demand
distribution, which accounts for the incentives generated by the presence of private
information. Even in symmetric environments, where retailers differ only with re-
spect to their privately known inventory levels, it is optimal for the supplier to reverse
the order of the inventory positions of all served retailers. As it is well-known, the
solution to the centralized problem (without private information) aims at balanc-
ing all retailers’ inventory positions. Thus the “reverse ranking” of final inventory
positions is entirely due to the presence of private information. We also show that
the optimal allocation is more selective, i.e., it serves a weakly smaller number of

retailers relative to the centralized allocation.



Confirming a well known feature of environments with private information, the
total number of units sold by the supplier cannot exceed the one prescribed by
the centralized solution. However, in our model, even with symmetric retailers,
the quantities allocated to some retailers may “overshoot,” i.e. go beyond the levels
prescribed by the centralized solution. We provide necessary and sufficient conditions
for the occurrence of overshooting, which, to the best of our knowledge, is unique in
the literature.

The rest of the chapter is organized as follows. Sections 2.2 and 3.2 are devoted
to the analyses of the MSSR model and the SSMR model respectively. In Section 2.4,
we restrict our attention to the symmetric case of the SSMR model and establish that
the optimal allocation entails reverse ranking of inventory positions and overshooting
distortions. Section 2.5 contains numerical examples to illustrate our findings. All

proofs and technical comments are relegated to the appendices.
2.1.1 Literature Review

Centralized supply chains have been extensively studied. The main properties of
the allocations that minimize inventory operating costs in many different situations
are well understood (see Allen (1958) and Zipkin (2000)). More recently, there has
been a wealth of research on the tension between competition and coordination in
decentralized supply chains. We defer to Cachon (2003) for an extensive literature
review, and a general discussion on how various types of contracts can be used to
manage incentive conflicts. In particular, Section 10 of Cachon (2003) focuses on
issues generated by private information in supply chain environments. In this work
we consider models that contribute to the decentralized supply chain literature by
incorporating multilateral private information about inventory levels and examining
different bargaining power configurations under capacity constraints.

In their pioneering work, Cachon and Lariviere (1999) study a model with a



capacity constrained supplier serving multiple retailers that are privately informed
about their optimal stocking level. They show that several empirically relevant
contracts with a fixed wholesale price are vulnerable to manipulation.

Deshpande and Schwarz (2005) characterize optimal contracts in an abstract
model similar to Cachon and Lariviere (1999). Both papers also consider the capacity
choice problem under the optimal contract.

Corbett (2001), Corbett and de Groote (2000) and Cachon and Zhang (2006)
study principal-agent problems in supply chain environments with one-sided private
information on cost parameters. Lau et al. (2008) also consider private information
on cost but allow for price-dependent demand. In a similar environment Zhang (2010)
characterizes optimal contracts that specify a service-level attribute in addition to
quantity.

Chen (2007) considers the optimal procurement auction for a buyer facing multi-
ple suppliers with private information about their cost structures. Iyengar and Ku-
mar (2008) study a similar model, where suppliers have private information about
cost parameters as well as capacity levels.

Lee and Whang (2000) point out that informational decentralization and incen-
tives are key factors for the overall supply chain performance. Lee and Whang (1999)
investigate performance measurement schemes to improve the decentralized decision-
s. Porteus and Whang (1991) develop mechanisms which include an internal futures
market to account for different incentives in the supply chain.

Zhang et al. (2009) investigate a model in which a supplier interacts over time
with a retailer who has private information about its current inventory level. Their
single period model is essentially identical to the SSMR case we consider, with a single
retailer, no capacity constraint and no private information on the supplier’s side. In
the dynamic model, they show that under certain conditions on the parameter values
and demand distributions it is optimal for the supplier to offer a batch contract in

8



every period.
2.2 Multiple Suppliers and a Single Retailer

In this section we study a two-echelon supply chain system with M suppliers serving
a single retailer.

The retailer is modeled as a newsvendor, with a privately known inventory level
x,, facing the standard trade-off between holding excess inventory, which entails a
unit cost h,., and not being able to meet its stochastic demand D, which generates
a per-unit penalty cost b.. After receiving a total quantity @) from all suppliers, its

expected operating cost can be written as

C, (xra Q) = h, Ep, [(xr +Q - Dr)—q + 0, Ep, [(xr +Q — Dr)_] ) (2‘1)

where the expectation is taken with respect to the demand D,..
Similarly, supplier i € {1,..., M} is privately informed about its inventory x;
and incurs unit holding and shipping/transaction costs h; and ¢;, respectively. Thus

its total cost of supplying ¢; units is given by
Ci(wi, i) = hi(zi — @) + ciqi, 0 < q; < ;. (2.2)

The last two inequalities capture the facts that inventory cannot flow back from any
retailer to the supplier and production has already taken place, hence the quantity
sold g; cannot exceed the inventory.

Relabeling suppliers if necessary, we can assume that ¢;—hy < --- < cpr—hyy. To
avoid uninteresting cases we also assume that h; < h,. and ¢; < b, foralle =1,..., M.

We assume that the retailer has all the bargaining power, i.e. can to commit
to a take-it-or-leave-it contract offer. Its problem is to design a procurement con-
tract that minimizes its total expected cost given by the sum of its monetary pay-
ments to the suppliers plus its operating cost. By the revelation principle (Myerson,

9



1979; Dasgupta et al., 1979), without loss of generality, we can restrict attention
to the set of incentive compatible and individually rational revelation mechanisms.
Formally, a revelation mechanism specifies the quantity ¢; (z,, x) sold by supplier i
and the payment m;(z,, x) received from the retailer, for each inventory profile x,,
x = (x1,...,2p), and each i = 1,..., M.

The incentive compatibility and individual rationality constraints can be stated

as: for all z, and

Ey

M M
, (xr,zqm;,m) +zmi<x;,x>] |
=1 =1

(IC,)

M M
6 (om0t + o] <5.
i=1 i=1

and

Ey

C, <xr,Zqi(xT,x)> —I—Zmi(:pr,x)] < C.(z,0), (IR,)

where the expectation is taken with respect to the retailer’s belief about the suppliers’

/

inventory profile x. Similarly, and for each ¢« =1,..., M, and for all z;, 2/,

Emr,m_i [Cl(xzv Qi(xﬁ .%')) - mi(xT’v 1‘)] < Exr,x—i [Cl(xh qi(xﬁ (x—iv 1‘;))) - mi(xﬁ (x—iv 1‘;))] )
(1C:)

where z_; := (21, ..., % 1,%iz1,...,2p), and
Emr,a}_i [Cz(xla QZ(xrv l’)) - mi(xra ZL‘)] S Cl(xlv 0) (IRZ)

where the expectation is taken with respect to supplier’s ¢ belief about all other
parties’ inventory levels.

The retailer’s problem, given its privately known inventory level z,., can be stated

10



as

min E,
q7m

CT (l'raz%(xrwr)> - Zmz(l’,«,l')]

=1

(2.3)

s.t. (IC,), (IR,), (IC;), (IR;) and 0 < g;(zy,x) < x;, i=1,..., M.

Our first theorem establishes that the retailer’s problem (2.3) is solved by the
allocation function ¢ which also solves the centralized problem: for each inventory

profile x,, x

qo(xra {L‘) € arg IIlqul OT (ZL‘T, Zj\il QZ) + Zj\il CZ(ZL‘Z, QZ)
(2.4)

qulgxl for Z:L,M

Theorem 2.1. In the MSSR model, the following contract is optimal for the retailer’s

problem. For any inventory profile x,, x, there exists an integer i° such that, for each

i=1,2.... M
. i i<
1 ( hitb =
o - itbr—ci ; ;o
q; (177«,1') = GT (W) — Ty — Z Zj, if i=1 s
J=1
0, if @>1°,

where G, denotes the cumulative distribution function of the retailer’s demand D,.,
and

m; (zr, ) = (¢; — hi) g; (@, ). (2.5)

Since the allocation rule ¢° defined in (2.4) already minimizes the entire sys-
tem cost for any given inventory profile x,, x without any incentive constraints, the
proof of Theorem 2.1 consists in showing that the payments m° defined in (2.5)

together with ¢° satisfy all incentive constraints and at the same time generate no

I Technically, the retailer faces an “informed principal problem.” Appendix A.1 provides the details
of the formal approach leading to (2.3).
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cost reduction for any supplier. This immediately implies that the retailer is able
to appropriate the full cost reduction of the entire supply chain. We record this

observation for future reference in the following corollary.

Corollary 2.1. In the MSSR model, the retailer appropriates the full cost reduction

of the entire supply chain.

The contract characterized in Theorem 2.1 would remain optimal even if all in-
ventory levels were publicly known. Thus the presence of private information has
no impact on the efficiency of entire supply chain in the MSSR model. Intuitively,
there are two reasons for this results. First, the irrelevance of the retailer’s private
information is due to the fact that its cost function is not directly affected by the

suppliers’ private information.?

Second, the irrelevance of each supplier’s private
information hinges on the property that its benefit of selling any additional unit is
constant, which in turn follows from the fact that they are not directly exposed to

any demand uncertainty:.

Remark 2.1. The contract characterized in Theorem 2.1 satisfies all incentive con-
straints “ex post”: the retailer’s constraints (1C,) and (IR,) for each realization of the
suppliers’ inventory profile x, and supplier i’s satisfies (1C;) and (IR;), i =1,..., M,
for all realizations of x_; and x,. In particular the implementation of the optimal
contract does not require any knowledge by the retailer of the suppliers’ beliefs about

the others’ inventory levels.?

2 This result was first established by Maskin and Tirole (1990). Mylovanov and Troger (2008)
provide sufficient conditions in more general environment for the irrelevance result. See Appendix
A.1 for a more detailed discussion on this issue, which also arises in the SSMR model studied in
the next sections.

3 Formally, this contract satisfies ex post incentive compatibility and individual rationality for all
parties.
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2.3 A Single Supplier and Multiple Retailers

We now turn to the case with a single supplier, indexed by s, serving N retailers.
As in the previous model, each party is privately informed about its own inventory
level.

The supplier’s cost of delivering ¢; units to retailer ¢ = 1,..., N is given by

Cs(xsa q) - hs (xs - sz\il Qz) + Zf\il Ciqi, for Zi\il qi S Tsy, ( Z Oa (26)

where x, denotes its inventory level, hy denotes the unit holding cost for unsold inven-
tory, and ¢; the shipping/transaction cost for any unit sold to retailer i. The supplier
cannot allocate more than its inventory/capacity x, cannot discard its inventory, nor
can receive inventory from retailers.

Retailer 7 is modeled as a newsvendor with unit holding cost h; > hg, unit penalty
cost b; > ¢;, facing stochastic demand D; with cdf and pdf denoted by G; and g;. Its

expected cost function given by
Ci(zi,qi) = hi Ep, [(zi + ¢ — D))" + b Ep, [(zi + ¢ — D;) "], (2.7)

where x; denotes the retailer’s (privately known) inventory level.

The supplier’s problem?* is to design a contract that minimizes its expected total
cost given by its operating cost minus the payments made by the retailers. The
supplier’s belief about the profile x := (xy,...,zx) is represented by the joint prob-
ability distribution FV on the rectangular support X = [, &; = [\, [z;, %;] with
marginals Fi,..., Fiy. Similarly, retailer ¢ believes that retailer j’s inventory is dis-
tributed accordingly to the cdf F; and the supplier’s inventory level is distributed

accordingly to Fy with support Xj.

4 As in the previous section there is a potential signaling issue due to the fact that the contract
designer also has private information. Potentially, the other participants may make inferences
about the designer’s private information through the offered contract and exploit this information.
Appendix A.1 provides a more detailed discussion of this issue.
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The incentive constraints that determine the feasible set for the supplier’s problem

are: for each retailer i = 1,..., N, and all x; € X}, 2} € A],

Ezs,a}_i [Cz (.’L’Z‘, q; (.%'S,IL')) +m; (.’L’S,.%')] < Ews,z_i [Cz (IL'Z‘, q; (xaw (UU;’x—z))) +m; (x& (.’IJ;,.’IJ_Z))] ;

(1G;)
for all x; € AX;
EIsJ—i [CZ (xia qi (xm l’)) + my; (:L'Sa l’)] S CZ (xh O) ) (IRZ>
for any xg, 2l € A,
N N
Ez Cs (xsa Q(l’s, .’L’)) - Zmi(xsax) < Ez Cs (l‘s, q(x’ .’L’)) - Zmz(xgax) )
i=1 i=1
(ICs)
and for all z, € X,
N
B, |C (2o, q(ze, ) = Y mi(z,2)| < Cs(24,0), (IR,)
i=1
where z_; := (x1,...,%;_1,%it1, ..., Ty ), and all expectations are taken to their cor-
responding distributions.
Formally, the supplier’s problem can be stated as
in E,[C "
I(E?l_’? T |: s (:L‘sv q(l‘sv l’)) - Zi:l mi(xsa l'):|
(2.8)

s.t. (ICS), (IR,S), (ICZ), (IRZ), qi(l's,l') 2 0 1= 1, e N
N
Z._l (s, v) < .

The results for the SSMR model will be established under the following regularity

conditions.

Assumption 2.1. The survival function of the demand G;(-) = 1 — G;(-) is log-
concave fori=1,2,..., N.
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Assumption 2.2. The retailers’ inventory levels x1, ..., xn are distributed indepen-
dently, with marginal densities f1, ..., fn, and cumulative distributions I, ..., Fy. For
each i =1,,...,N the reversed hazard rate 1’;—’1 1S MON-INCreasing.

Assumption 2.1 allows for a variety of demand distributions. It is weaker than
the log-concavity of the probability density functions g; which is imposed in Zhang
et al. (2009). Assumption 2.2 is standard in the literature (e.g. Myerson (1979),
Corbett (2001) and Zhang et al. (2009)). We are now ready to state the main result

of this section.

Theorem 2.2. In the SSMR model, under Assumptions 2.1 and 2.2, the following

contract is optimal for the supplier’s problem (2.8): for each x € X and x4 € X

¢ (rs,x) € argmin 7 (x, q)
q>0

N (2.9)
E i ST
=1
N F,
where 7™ (x,q) == > [(cl — hs)q; + Ci(xi, q;) + (hi + b;) fl((;“)) Gi(x; + q)|, and each
i=1 e

retailer payment is given by

m;(zs,x) = Ci(x;,0)—Ci(x4, ¢ (ws, ) — (hi+b;) /x Gi(z + ¢ (xs, (2,2-))) — Gi(2)] d=.

i

The function 7*(z,q) is given by the sum of all retailers’ “virtual costs”.” Tt
adjusts the supply chain costs by taking into account the incentives generated by the
presence of private information.

The allocation ¢* characterized in Theorem 2.2 may differ significantly from the
centralized solution, due to the presence of the retailers’ private information in the

SSMR model. Indeed, the supplier’s private information is irrelevant — the contract

® The expression “virtual utility” was introduced by Myerson (1979).
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of Theorem 2.2 would remain optimal even if x, were publicly known. This is be-
cause the supplier’s cost function is not directly affected by the retailers’ private
information.® The retailers’ private information limits the supplier’s gains because
each retailer’s cost reduction of receiving additional units is decreasing. This feature

in turn is a consequence of the retailers bearing the entire supply chain risk.

Remark 2.2. The contract characterized in Theorem 2.2 satisfies (1C;) and (IR;) for
each i =1,..., N, for all realizations of x_; and x4. Therefore, the implementation
of the optimal contract does not require any knowledge by the supplier of the retailers’

beliefs about the others’ inventory levels.

In the remainder of this section and in Section 2.4 we derive additional structural

properties of the optimal contract.
2.3.1 Fractile-Based Interpretation of the Optimal Allocation

This section provides a characterization of the optimal contract derived in Theorem
2.2 based on critical fractiles of appropriately adjusted demand distributions. This
allows for a direct comparison with the centralized solution. We begin by defining
the following family of adjusted cumulative distribution functions, parameterized by
the inventory level x;

Gi(ylz:) == Gily) + T(0)

gi(ly), i=1,...,N. (2.10)

In general, G;(-|z;) is not a cumulative probability distribution as it can be both
non-monotone and larger than one. It turns out however that, under Assumption

2.1, min{1, Gy(-|z;)} is a cumulative distribution function,” and its fractiles agree

6 This result was first established by Maskin and Tirole (1990). Mylovanov and Troger (2008)
provide sufficient conditions in more general environment for the irrelevance result.

7 Under Assumption 2.1, the non-monotonicity can only occur if éz(y|xz) > 1.
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with the inverse of G;(-|z;) restricted to (0,1). This allows us to speak meaningfully,
albeit informally, of the “fractiles” of G;(-|z;).

To formally state our results let
a-fractile of Gi(+|z;) := inf{y € [z, 7] : Gi(ylz:) >a}, i=1,...,N, (2.11)

and

Note that the index p; coincides with the derivative of 7*(x,¢q) with respect to g;
evaluated at x;. The next theorem characterizes the optimal allocation defined in
(2.9) by first ranking the retailers based on indices y;(z;), and then expressing the

allocated quantity to each retailer as a fractile of the adjusted distribution C~}’Z

Theorem 2.3 (Allocation Rule via Ranking and Fractiles). In the SSMR model, fix

an tnventory profile x5 € X5, x € X, and relabel retailers, if necessary, so that

pi(@1) < po(we) < -+ < pnv (). (2.13)

Under Assumption 2.1, there exist a Lagrange multiplier U* € [.jﬂinN{Ci —hs—0;},0]

=1,..,

and an integer n* such that the solution q* to (2.9) is determined by:

(i) for alli < n*, we have ¢f >0 and z; + ¢& = <%)—fr@ctile of Gi(-|2;):

(ii) for all j > n*, we have ¢; = 0 and x; > (%) -fractile of éj(-\xj); and

(iii) U*- (31, ¢; — x5) = 0.

The idea of ranking retailers to characterize optimal allocations under a capacity
constraint is already present in Zipkin (1980).% Theorem 2.3 shows that this charac-

terization extends to the problem in (2.9) where the presence of private information

8 Zipkin (1980) also provides an efficient algorithm to find the index n* and the multiplier U*.
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induces non-convexities in the objective function. The expressions in (i)—(iii) gen-
eralize the solution of the classic newsvendor problem to our setting with limited
capacity, multiple retailers, and private information. The Lagrange multiplier U*
and the adjusted demand distribution él account for the capacity constraint and the

presence of private information, respectively.
2.3.2  Distortions of the Optimal Allocations

This section examines distortions due to the presence of private information under
limited capacity with multiple retailers. In particular, we compare the optimal allo-
cations derived in Theorem 2.2 with the solutions of two standard benchmarks:® the
classic newsvendor problem without capacity constraint,

Gi(z;) = {G;l (%) — xl} for m; € X;, i=1,...,N; (2.14)

and the centralized distribution system in which a limited quantity z, is allocated

to minimize the overall cost of the supply chain

Jr
)—xl} for x,€e Xy, xeX,1=1,...,N,

¢ (s, ) = {G.—l (UO ths+bi—c

b; + h;
(2.15)

where the Lagrange multiplier U° = U°(xg,z) < 0 ensures that Ziil @ (zs, ) < x4,
The case in which the supplier has no private information and unlimited capacity
collapses to the single retailer case studied in Zhang et al. (2009), under slightly
different assumptions.'® Indeed, once the capacity constraint is removed, the prob-
lem becomes separable across retailers and all results in Zhang et al. (2009) extend

immediately to the multiple-retailer case.

9 Both standard benchmarks have no private information, i.e. the inventory levels of retailers are
known by the supplier.

10 Zhang et al. (2009) also considered an interesting dynamic mechanism design problem which we
do not consider here.
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We begin by comparing the total quantities allocated in (2.9), (2.14) and (2.15).

Proposition 2.1. In the SSMR model, under Assumptions 2.1 and 2.2, we have,
forall xy € X, and x € X,

N N

Y gi(re1) <D g laa Zq ). (2.16)

i=1 i=1

The first inequality is due to the presence of private information. This “friction”
effect is familiar from standard mechanism design results. The second inequality
follows directly from removing the capacity constraint in the centralized problem.

The next proposition pertains to individual quantities.

Proposition 2.2. In the SSMR model, under Assumptions 2.1 and 2.2, for all x4 €
X, xeX,andi=1,...,N, we have

¢ (zs, ) < Gi(x;) and ¢ (xs,x) < Gi(x;).

As in Proposition 2.1, the first inequality is due to private information and the
second to the removal of the capacity constraint.

The individual allocations ¢ and ¢;, however, cannot be ranked, in general. This
is because the simultaneous presence of private information and limited supplier’s
inventory creates two conflicting effects: (i) the “friction” effect described above, and
(i) a “redistribution” effect. Due to friction effect the supplier restricts quantities
allocated to high inventory retailers. This allows the supplier to redistribute the
released units to low inventory retailers. The redistribution effect is formalized in

the next proposition.

Proposition 2.3. In the SSMR model, under Assumptions 2.1 and 2.2, we have,
forallzs € X5, x € X,

U (zs,2) < U*(xg,x) <O0. (2.17)
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Proposition 2.3 implies that the adjusted fractiles are larger under private infor-
mation, hence the capacity released by the friction effect is reallocated more prof-
itably for the supplier. The lack of exact knowledge regarding the retailers inventory
levels lowers the marginal value of additional capacity units for the supplier relative

to the centralized distribution system.
2.4 Single Supplier with Multiple Symmetric Retailers

In this section, we restrict attention to the case where all the retailers are ex ante
symmetric. This allows us to isolate the distortions arising purely due to private
information about inventories.!! By ex ante symmetric retailers we mean that the
shipping/transaction costs for all retailers are the same ¢ = ¢;, and they have the
same inventory cost function C(-) = Cy(+) fori = 1,..., N. In particular the holding
and penalty costs are the same h = h;, b = b; and all retailers face a stochastic
demand with the same distribution G = G; and have the same belief F; = F about
the others’ inventory levels over the support [z,Z], i =1,..., N.

In this symmetric environment, it is well known that, without private information,
the optimal allocation ¢°(xg,x) for the centralized distribution system balances the
final positions of the n°(xg, z) retailers that are served, see Allen (1958). Relabeling

retailers if necessary so that z; <z <--- <2y < xy11 = 00, We have

Ts + Z?:l Lq

xi+q; =
n

Ts+ ’f T; . .
# for all ¢ <n°:= min {n:

< 2.18
> min _xn+1}, (2.18)

hs+b—c

— ]t i -
ik ) x;]" as in the newsven

if the capacity constraint is binding, and ¢ = [G™! (
dor problem, otherwise. This yields the following balanced final positions among

served retailers

IN

T1+q) = Ta+qg = 0 = Tpot Qo < Tpogpy < o-e- TN. (2.19)

11 Asymmetry among retailers introduce additional distortions.
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2.4.1 Reverse Ranking

In general, the balancing policy defined in (2.18) and (2.19) is no longer optimal under
private information. For example, consider the unlimited capacity case with two
retailers and F uniform. When z; < x5 < G™* (%), we have G(y|z1) < G(y|z2)

which leads to the unbalanced final inventory positions z1 +¢; > x5+ ¢3 by Theorem
2.3.

The next theorem generalizes this example and establishes that, for all served
retailers, the order of their inventory levels is completely reversed by the optimal

allocation to the problem (2.9).

Theorem 2.4 (Reverse Inventory Positions). In the SSMR model with symmetric

retailers, for any xs € X, x € X, relabel retailers, if necessary, so that

and let ¢~ = q*(xs,x) denote the solution to (2.9). If Assumptions 2.1 and 2.2
hold, there exists an integer n* = n*(xs, x) such that ¢¢ > 0 if and only if i < n*.

Furthermore

(i) the final positions of all served retailers are reversed, i.e.

T+ G >G> > T Qe (2.20)

(ii) fewer retailers are served relative to the centralized distribution system, i.e.

n* < n°. (2.21)

Under our assumptions, ranking retailers with respect to the indices p; is e-
quivalent to ranking them by their inventory levels x;. This allows us to use the

characterization derived in Theorem 2.3.
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2.4.2  Quershooting

In both allocations ¢* and ¢°, retailers with lower inventory levels receive larger
shares of the available quantity x;. The inequalities in (2.20) however imply that,
under private information, this imbalance is larger. Nonetheless, as remarked in the
previous section, the individual allocations ¢ and ¢ cannot be ranked in general.
This subsection will shed some light on this comparison.

The next result provides a characterization of a new type of distortion induced
by the presence of private information in our setting, which is a consequence of
the interplay between the “friction” effect and “redistribution” effect. We provide
necessary and sufficient conditions for a retailer to be allocated strictly more under
private information than it would be in the optimal allocation of the centralized
distribution system (i.e., ¢f > ¢f for some 7). We refer to this type of distortion as

“overshooting”.

Theorem 2.5 (Overshooting). In the SSMR model with symmetric retailers, let
N > 2. Suppose that Assumptions 2.1 and 2.2 hold, and F(xz;)/f(x;) is strictly
increasing over [z, Z]. Fix xs € Xy and v € X, relabeling retailers, if necessary, by

their inventory levels, with x1 < x5. Then, overshooting occurs
¢ (zs,x) > ¢ (x5, x) for somei=1,...,N
if and only if

hs+b—c

(i) xg > w90 —a1  and  (i1) xs < ;{él( W0

The proof also shows that overshooting occurs if and only if it occurs for the
retailer with the lowest initial inventory, i.e. ¢f(zs,z) > ¢5(zs, ).

Condition (i) in Theorem 2.5 guarantees that it is optimal for the supplier to serve
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at least two retailers in the centralized distribution system, i.e. n® > 2. Otherwise,
by (2.16) and (2.21) we would have that ¢} < ¢f, hence no overshooting.

Condition (i) can be rewritten as G([z, + S0, @:]/n°|x1) < (hs+b—c)/(h +b),
in light of (2.18). Since [z, 4+ 21", x;]/n° is non-decreasing in x,, this shows that z,
cannot be too large which in turn implies that capacity is binding at the centralized
allocation ¢°. With unlimited capacity, the problem would collapse to the single
retailer case, studied in Zhang et al. (2009), in which overshooting cannot occur.
However, overshooting can also occur when capacity is not binding for ¢*.

Deviations from the centralized solution similar to the ones discussed Proposition
2.1 and 2.2, and in particular the friction effect generated by private information that
tends to reduce the total quantity allocated in the system, have been observed in
many other supply chain environments, e.g. Cachon and Lariviere (1999), Corbett
(2001), Deshpande and Schwarz (2005), and Zhang et al. (2009). However, in many of
these models without any capacity constraint the problem decomposes into a family
of independent single-agent problems. The overshooting distortion can arise only in
the presence of multiple retailers and limited capacity. To the best of our knowledge,
Theorem 2.5 is the first result that demonstrates that an agent (a retailer) can be
allocated in the optimal mechanism more than it would in the absence of private

information even within symmetric environments.
2.5 Numerical Examples

This section presents numerical simulations that illustrate the impact of private
information in the SSMR model. To isolate the distortion effects due to the presence
of private information about inventory, we focus on the symmetric case.

Consider the following numerical example: cost parameters hy, = 0.3, c = 0.1, h =

0.5,b = 0.5; each retailer’s demand distribution is D ~ Unif(0, 1); and identical in-
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dependent probability assessment for the inventory level z; given by F; ~ Unif(0, 1).

For each supplier’s capacity level 3 = 0.1,0.2,..., 3 and number of retailers N =
1,5,10,50 and each x; drawn according to F', we compute the centralized solution
¢°(zs, ) and the decentralized solution {q¢*(zs, ), m*(zs,x)}, based on which we

computed several measures to illustrate the main results of Sections 3.2 and 2.4.
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FI1GURE 2.1: Expected efficiency ratios.

Letting C(z, x, q) = Cs(xs,0) — Cy(xs, q) + Zi]\il[C’i(xi, 0) — Ci(x;, q;)] denote the
overall cost reduction of the supply chain, we define the expected efficiency of the
decentralized solution as E, [C'(zs, z, ¢*)] /E, [C(xs, x, ¢°)] (relative to the centralized
solution). This is a measure of how detrimental private information about inventory
is to the overall performance of the supply chain. As can be seen from Figure 2.1,
the expected efficiency is always below 1 due to the “friction effect”. The expected
efficiency decreases with s and increases with N increases. Intuitively, as the ca-
pacity zs becomes more stringent while the number of retailers becomes larger, the
competition for the limited capacity becomes more intense. As a result, the “redis-

tribution effect”, which promotes efficiency, becomes larger relative to the “friction
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effect”.
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Service Ratio
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FIGURE 2.2: Service ratios.

We define the “service ratio” between the decentralized solution and the central-
ized solution as E, [n*(x,, x)] /E, [n°(xs,x)]. As can be seen from Figure 2.2, the
service ratio is always below 1, which illustrates part (ii) of Theorem 2.4.

In order to illustrate the presence of overshooting distortions, we compute the
probability P, [¢}(zs, ) > ¢} (zs, )], and the expected number of overshooting re-
tailers B, [|{i : ¢/ (x5, ) > ¢7 (x5, 2)}|]. Figures 2.3 and 2.4 illustrate these two mea-
surements. The u-shape patterns in both figures indicate that Conditions (i) and (ii)

in Theorem 2.5 are more likely to hold for intermediate values of capacity.
2.6 Concluding Remarks

In this chapter we investigated a single period two-echelon supply chain in which
all parties have private information regarding their inventory level. Thus this work
is complementary to most literature on decentralized supply chains with private

information, which focuses on unilateral private information on costs.
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FI1GURE 2.3: Probabilities of overshooting.

Two bargaining power configurations were studied. In the MSSR case, where
the retailer bears the entire supply chain risk and has all the bargaining power, we
find that the centralized allocation is optimal and allows for the full extraction of
all cost reductions by the retailer. This results hinges critically on the assumption
that the supplier’s cost function is linear up to its initial inventory level. In our
static environment, where production has already taken place, this is equivalent to
the standard assumption of constant marginal handling cost.

In the SSMR case, where the supplier has all the bargaining power, the optimal
allocation can be significantly different from the centralized solution. In particular,
the total quantity sold tends to be lower. We characterize the contract via a ranking
rule based on critical fractiles of a virtual demand distributions, which is adjusted
to account for the incentives created by private information. Under the optimal
allocation for symmetric environments, retailers with smaller initial inventory levels
are brought to larger final inventory positions (reverse ranking), and in some cases

final allocations exceed the ones prescribed by the centralized solution.
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FIGURE 2.4: Expected number of overshooting retailers.

Several interesting questions remain beyond the scope of this chapter. Zhang
et al. (2009) have studied a dynamic extension of our SSMR with one retailer and
unlimited supplier’s inventory. Extending both SSMR and MSSR models to dynamic
settings appears to be the natural next step in this line of research. It would also
be interesting to develop practical procedures for implementing the optimal contract
in the SSMR case. We note however that even without a practical implementation,
the characterization of the optimal mechanism provides useful insights, as well as a
benchmark for evaluating the performance of any alternative mechanism. Finally,

intermediate bargaining power structures should also be investigated.
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3

Revenue Management with Multidimensional
Screening

3.1 Motivation

This chapter revisits the classic problem of a monopolist offering a product that
can be sold at different quality levels. The literature on this subject dates back to
Mussa and Rosen (1978), who studied a model in which the seller’s cost function is
separable across buyers, and the buyers’ private information is represented by a one-
dimensional parameter (see also Maskin and Riley (1984)). In his seminal paper on
optimal auctions (Myerson, 1981), Myerson dealt with the case in which the seller has
a single object (hence the cost function is not separable across buyers), and showed
that, under mild regularity assumptions, any auction in a large class that includes
several popular formats, e.g. the English auction, the Dutch auction, and the first-
price auction, maximizes the expected profit among all feasible selling procedures.
Myerson’s results immediately extend to the case in which the seller can choose the
object’s quality, as long as one maintains the assumption that each buyer’s private

information is represented by a one-dimensional variable.
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This chapter considers the case in which all buyers have multidimensional types
and the seller’s cost function is not separable across buyers. We show that the asso-
ciated infinite-dimensional optimization problem posed by the theoretical model can
be approximated arbitrary well by a sequence of finite-dimensional linear program-
ming problems. In addition we develop an efficient computational method to solve
the resulting linear programming problem efficiently (in theory and practice).

The analysis of the multidimensional case has been proven significantly more
complex, and has produced results, under the assumption that costs are separable
across buyers, that seem unable to explain the use of popular selling procedures in
terms of their optimality for the seller. Rochet and Choné (1998) provide general
characterizations of optimal mechanisms in a multidimensional version of Mussa
and Rosen’s model, which had been previously investigated by Wilson (1993) and
Armstrong (1996). Manelli and Vincent (2007) study the closely related problem of
a monopolist selling several objects to a single buyer which has a privately known
value for each.

The main technical difficulty that emerges in this stream of literature is that, for
generic parameter values, “non-local” incentive compatibility constraints are binding,
hence it is optimal for the seller to “bunch” types of consumers in various regions, i.e.
to induce them to choose the same configuration of quality levels. Rochet and Choné
(1998) deal with this issue by developing a “sweeping operator” which allows them to
obtain an implicit characterization of optimal solutions. Manelli and Vincent (2007)
show that a large variety of mechanisms can be optimal for the seller, depending on
her prior beliefs about the buyer’s type.

The main difference between the model studied in the present chapter and the
models described above is that in our case the seller’s cost function is not separable
across buyers. In particular, we assume that the seller has just one object, as in Myer-
son’s optimal auction problem, but can set the object’s quality equal to any “grade”
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Table 3.1: Summary of the relation with literature.

One-dimensional Multidimensional
types types

Wilson (1993), Armstrong (1996),
Rochet and Choné (1998),
Manelli and Vincent (2007)

Mussa and Rosen (1978),

Separable Cost Maskin and Riley (1984)

Non-separable Cost Myerson (1981) This Chapter

within a finite set. Each buyer has a privately known willingness to pay for each
quality level. A motivating example would be Federal Communications Commission
(FCC) selling spectrum licenses with different levels of regulatory restrictions. To
the best of our knowledge, this problem has not been studied in detail. Table 3.1
summarizes how this chapter relates to the previous literature.

Our contribution can be described as follows. First, we reformulate the seller’s
problem using “interim” variables only!. This reformulation also eliminates the di-
mensionality dependence on the number of buyers, a property which is desirable in
practical applications where the number of buyers tends to be significantly larger
than the number of quality levels. This approach hinges on the adaptation of results
obtained by Border (1991) to our environment with multiple quality levels.

Next we establish that the infinite-dimensional optimization problem posed by
the theoretical model can be approximated arbitrary well by a sequence of finite-
dimensional linear programming problems, under standard assumptions on the buy-

ers’ valuations. Indeed this result cannot hold for arbitrary specifications of the

L' Tn mechanism design terminology, “ex post” variables depend on all buyers’ privately known
types; while “interim” variable are obtained after integrating out all but one buyers’ types.
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buyers’ valuation, because the set of all feasible mechanisms includes discontinuous
and non-smooth functions, for which finite-dimensional approximations may perform
poorly. Our proof hinges on regularity assumptions, such as smoothness conditions
on the probability distribution that represents the seller’s belief about the buyer-
s’ values, and consists in using an isoperimetric inequality to establish a notion of
stability under small perturbations.

Having provided a theoretical justification for the finite-dimensional approxima-
tion, we approach the computational problem associated with such approximation.
The proposed reformulation is based on interim variables and can still be cast as a
linear programming problem. To deal with the exponentially large constraint sets,
we resort to the implementation of a cutting-plane method which dynamically in-
corporates constraints as needed, and thus never deals with all of them at once. We
provide an algorithm, which terminates in polynomial time in the problem size, to
compute the separation oracle associated with the Border constraints and incentive
compatibility constraints. As it is well-known, this implies that the finite-dimensional
approximation is solvable in polynomial time (e.g., Grotschel et al. (1981, 1988); Pad-
berg and Rao (1980)).

The computation of convergent approximations also provides an opportunity
to detect structural patterns in the solution of finite-dimensional approximation-
s. These patterns can help in formulating well-educated guesses about the nature
of simple mechanisms that can approximate the optimal solution to the original
infinite-dimensional problem.

The chapter is organized as follows. Section 3.2 introduces the theoretical model
and poses the infinite-dimensional problem. In Section 3.3 we discuss the finite-
dimensional approximation and establish the approximation results. Section 3.4
describes a cutting-plane algorithm for the finite-dimensional approximation. This

section also shows that the separation oracles can be implemented in polynomial
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time, and finite termination of the overall method is achieved. The implementation
and computational results are discussed in Section 3.5. Section 3.6 is devoted to the
discussion of a particular example. Proofs and technical results are deferred to the

appendices.
3.2 The Model

The seller of a single object faces N potential buyers. The seller can set the object’s
quality equal to any “grade” j = 1,...,J. For notational convenience we identify
the set of buyers and the set of quality grades with their cardinalities, that is N =
{1,..,N} and J = {1, ..., J}. Each buyer i € N has utility function
wi= 30l g —m
jeJ

where q; denotes the probability that the object of grade j is awarded to buyer
1, ’U]i- denotes the buyer’s willingness to pay for it, and m; denotes his payment to
the seller. Buyer i’s type v' = (vf, e ,v;'-, e ,vf]) is obtained as the realization
of a random variable, distributed independently of the other buyers’ values v=* :=
(vl, U L TL e UN), with support V' := HjeJ [yj, Ej} and probability distribution
function F. Buyer i observes the realization of his type v’ privately. Finally, the seller
faces a cost ¢; to provide the object at the quality level j = 1,...,J. In the most
general version of the model, ¢; may depend on the entire type profile v € V. The
model can also be adapted, with the required modifications, to monopsony situations,
e.g. procurement contexts, in which a single buyer faces N competing sellers.

The seller’s problem is to select a pricing schedule that maximizes her expected
profit. Invoking the revelation principle (see Myerson (1979)), we restrict attention
to the set of all “direct” selling mechanisms in which the buyers simply report their

types, and reporting truthfully is a Bayesian-Nash equilibrium of the corresponding
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type-reporting game. Formally, a direct mechanism (g, m) consists of an assignment

rule

q: VN = A(JxN),

where A (J x N) denotes the simplex on the set J x N, and payment rules
m = (ml,...,mN) VY S RY,

specifying, for any profile of reported types w := (vl, o ) € V¥, the probability
qj- (w) that buyer ¢ is awarded the object of grade j, (i,7) € N x J, and the payment
m® (w) that buyer i makes to the seller. The restriction to deterministic payment
rules is without loss of generality since all agents are risk-neutral.

A mechanism (g, m) satisfies:

i) incentive compatibility, if “truth-telling” is a Bayesian-Nash equilibrium, i.e.
U (v,0) > U; (B,0) forallB,v €V, i€ N; (IC)

and
ii) individual rationality, if each buyer has no incentive to decline participation,
ie.

Ui (v,v) >0 forallveV, i€eN; (IR)

where [7@ denotes buyer i’s interim expected payoff function

f@a= [ bd @) -m @) T

dF (V) v, 0 € V.
keN\{i}
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The seller’s problem can be formulated as:

I%X/VN Z lmi (w) — ch (w) Q§ (w) HdF (UZ)

ieN jeJ ieN

(Py) subject to (IC), (IR) and

5 (w) >0, forall (4,j,w) € N xJx VN,
(©)

> g (w) <1, forallwe VY.

iEN jEJ

The linear program (P,) contains functions with domain V¥ < R/N. There-
fore the size of any discrete approximation of (F,) grows exponentially with both
the number of buyers N and the number of quality levels J. Thus direct compu-
tation of solutions to finite approximations of (F,) can only be done for relatively
small grid sizes. An initial significant simplification comes directly from the obser-
vation that, since all buyers are ez ante identical (they draw their values from the
same distribution), we can restrict attention, without loss of generality, to symmetric
mechanisms.? However, even after imposing symmetry, the growth with N and J
remains exponential.

We propose a reformulation of (F,) in which the dimensionality is independent
of the number of buyers - in particular, all variables have V' as domain instead of
VY. The reformulation relies on interim variables (Q,U) obtained by integrating

out the types of all but one buyer. The interim probability that a buyer is awarded

2 A mechanism {¢’,m’;i € N} is symmetric if

¢' (v) =¢" () and m’ (v) =m" ()
for all i,i’ € N, v,v € V, such that v' = 0%, o' = v and 0% = o k # 4,¢. If (g, m) is optimal
and asymmetric, then its “mirror image” (¢’,m’), obtained by permuting buyers, is also optimal.
Since the feasible set is convex, and the objective is linear, the mechanism %(q,m) + %(q’ ,m’) is
also optimal, and symmetric. The above argument mimics the steps in Maskin and Riley (1986)
footnote 11.
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the object of grade j € J is

QJ(U)E/Vqu] ’UUi H dF forallvEV

keN\{i}

and the interim expected utility function of each buyer is defined as

U(U)EZU]- Q; (v)—/ m' (v,v™") H dF (v*), forall veV.
jed v keEN\{i}
By appealing to an extension of the results in Border Border (1991) (see Lemma
B.1), we can replace the constraints in (C') with the following “Border constraints”

written only with the interim probabilities.

Q;(v) = 0, forallj€J, veV
(8) i
NfA Y. Q;(v)dF (v) < 1—(fV\AdF(v)) , forall ACV.

jel
Moreover, we can rewrite (IC) and (IR) with interim variables as follows
U) —U®) > (Q(@),v—10) forall (v,0) €V xV, (11C)

and

U(v) >0 forallvelV, (IIR)

and, by appealing to the following well-known characterization lemma (Manelli and

Vincent, 2007), we eliminate the most of the (ITR) constraints.?

Lemma 3.1. If (Q,U) satisfies (IIC), then U is convez, and Q (v) € U (v) for all
v € V. Conversely, if U is convex, then (Q,U), where Q(v) € U (v) for allv € V,
satisfies (11C).

3 Following standard notation in convex analysis Rockafellar (1970), we denote the subdifferential
of a convex function U : V= R at v € V by OU (v) = {s : U(0) > U(v)+ (s,0 —v) for all D€R"}.
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Lemma 3.1 immediately implies that (//R) holds if and only if U (v) > 0, where
V= (Ql, ey Uy vy yJ) . Clearly, in any mechanism that maximizes the seller’s expect-
ed revenue we must have U (v) = 0.

Thus the seller’s problem of finding a price schedule that maximizes her expected

profit subject to incentive compatibility and individual rationality can be stated as

OPT, = max /V [Z [v; — ¢; (V)] Q; (v) = U (v)| dF (v)

Q?U
JjeJ

subject to (B), (IIC) and U(v) = 0.

As a final remark, note that the formulation (P,) eliminates the dependence of
the number of variables on N, since it is searching for variables that are functions
on V C R’. However, this simplification comes at the cost of having to deal with
an exponentially large class of Border constraints (B). This structure lends itself to
the use of cutting-plane algorithms, which consider only a subset of the constraints
at any iteration. By dynamically adjusting the subset of constraints, it is possible
to efficiently solve the original problem (i.e. in polynomial time in the dimension of

the problem).
3.3 Finite-Dimensional Approximation

In this section we study how to approximate the infinite-dimensional problem of
interest (P,) by a sequence of finite-dimensional problems. In particular, we provide
an extension of any solution to a discretized problem for which we can guarantee (a
rate of) convergence to the solutions of (P,). Throughout the chapter we impose the

following regularity conditions.

Assumption 3.1. The data of the problem (P,) satisfy: (i) the type space V is a
compact subset of R ; (ii) the probability distribution F' has a twice continuously
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differentiable density function f which is bounded away from zero; (iii) the mapping

w:V — R, defined as wj(v) = vj — ¢;(v), is twice continuously differentiable;

In order to approximate an optimal solution of (P;), we begin by discretizing the
type space V. Let T denote a positive integer that will control the precision of the
discretization. For each j € J, let Vp(j) denote the discretization of the interval
v, 7]

Vr(j) ={v;,v; +€v; +2¢,...,7;}

where € = minje J{ o } Our discretized version of V. parameterized by T, is

defined as Vr := [[,c; Vr(j). The grid Vr is a set with O(T7) elements which

defines a net over V such that

max dist(v, Vz) < e V.

veV

Based on the probability density function f we can define a probability distribution

function on Vi by setting f(v) = % Note that f(v) approximates the measure
teVp

on the hypercube [, ;[v;, v; + €.
For each T' > 0, by replacing V' with the grid Vi, we obtain the following (sequence

of) finite-dimensional approximation for (P;).
OPTr =max N Y. (Z w;i(v) Qj (v) — U@)) f(w)
Q veVp \jeJ

Uw)—U(0) > (Q(v),v —v) forall (v,0) € Vp x Vp,

N
NY [ZQj(v) f@)g-( > f@)) , forall A C Vp,

veVr \A

Q;(v) >0, Qij(v) <1, 0<U(v)<U, forall veVr.
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where U is an upper bound on U that can be derived from the fact that the set V/
is compact and () is bounded from above. The “additional” upper bounds on () are
already implied by the Border constraints; they are included explicitly to highlight
the fact that any feasible solution is bounded. We denote by (QT,UT) a optimal
solution of (Pr).

Since our “target” program (P,) is infinite-dimensional, and allows discontinuous
functions within its feasible set, the following issues must be confronted. First, in the
present setting, the discretization affects not only the computation of the objective
function value but also the constraint formulation. Therefore intuitive extensions of
the solution to a discretized problem might not be near feasible for the continuous
problem (FP,). Second, the presence of discontinuous functions (); in the feasible set
introduces challenges to approximations based on grids. Intuitively, in order for an
approximation scheme to be successful, the problem of interest must be stable under
small perturbations.

We will work with the following approximation notions. Given a pair of mappings
(Q,U), let 0,.(Q, U), respectively dr(Q,U), denote the supremum over all constraint
violations in (P.), respectively in (Pr), by (Q,U). Analogously, let OPT,(Q,U),
respectively OPTp(Q,U), the objective function value obtained by (Q,U) in (P,),
respectively in (Pr). Note that (@, U) is feasible for (P;) only if 4,(Q,U) < 0.

The following notion of asymptotic optimality is standard: all violations converge

uniformly to zero, and optimality is achieved in the limit.

Definition 3.1. A sequence of mappings (QT,UT) defined over V is said to be
asymptotically optimal for (P.), iflimr_ 6,(QT,UT) = 0 andlimy_,o, OPT,(QT,UT) =
OPT,.

Next, we propose an extension of the finite-dimensional solutions (Q*, UT) which

has useful properties. Our first result is concerned with the feasibility guarantees of

38



the extension.

Theorem 3.1. Let (QT,U") be a solution to (Pr) associated with the grid V induced

by € = O(1/T). Consider the extensions (QT,UT) of (QT,UT) to the set V defined

as
07(v) = maxU"(8)+(Q"(0),v ), and
ve
) (3.1)
é;[("f) = Q]T(@), jed, veVp, v<v <0+ ee.

Under Assumption 3.1, we have:
(i) UT(v) is conver, (ii) QT (v) € 9oUT(v), Yo € V and (iii) 6,(Q7,UT) < O(1/T).

Theorem 3.1 yields non-asymptotic bounds in the maximum violation of the
extension. In particular it establishes that the extended @T(v) is a 2e-subgradient

of UT(v) for all v € V, namely for any v' € V we have
U () > 0" (v) + <@T(U),'U’ — U> — 2¢.

Recall that the discretization also affects the Border constraints (B). Theorem 3.1
also establishes bounds for violation over all measurable subsets of V. However, it will
be possible to satisfy all Border constraints of (P,) by rescaling a feasible solution of
(Pr), or vice-versa. A key step in the proof of this results is provided in the following
technical, which establishes an isoperimetric inequality relating violations of Border

constraints and the measure of the associated subset of the type space.

Lemma 3.2. Consider an arbitrary probability measure F' (possibly discrete) on V,
and any measurable mapping Q : V — R’ such that 0 < ZjeJ Q;(v) < 1. Then, for

any measurable subset A C V, and any n > 0, the inequality

N/AZJ;QJ.(U)dF(v) > 1- (/CdF(v))NM,
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implies that / dF'(v) > +/2n/N.
A

Lemma 3.2 is instrumental in recovering feasible solutions for (P,) or (Pr) based
on near-feasible solutions that violate only Border constraints. Essentially it asserts
that if a Border constraint is violated, the probability measure of the associated
subset of the type space must be relatively large. In turn this ensures that the right-
hand-side of the constraint is large (since the probability measure of the complement
cannot be close to one). Corollary 3.1 below shows how all Border constraints can be

satisfied without substantially reducing the corresponding objective function value.

Corollary 3.1. Assume that a pair of mappings (Q,U) satisfies 6(Q,U) < %, where

0 =90, or d = dr. Then, the rescaled pair

roTTry — 5(Q>U)

| | 5(@.0)
r Ty < - .
satisfies all Border constraints and §(Q",U") < §(Q,U) (1 V- /_5(Q7U)>

By applying the previous corollary to the restriction of the optimal solution
(Q*,U*) to the grid Vp and (Pr) we are able to bound the (unknown) optimal
value of (P,).

Theorem 3.2. Let (Q*,U*) denote the optimal solution for (P,). For any finite T let
or(Q*,U*) denote the maximum violation of (Q*,U*) for (Pr). Under Assumption
3.1 we have that op(Q*,U*) = O(1/T) and

OPT, < OPT; (1 oW/ >_1 L0 (l> .

V- ouT) T

Theorem 3.2 provides a numerical bound for the true optimal value of (P,) which
can be used to evaluate the quality of any feasible solution for (P,). Finally, we close
this section by establishing its main result.
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Corollary 3.2. Under Assumption 3.1 the sequence of extensions (@T, (7T) defined

as in (3.1) is asymptotically optimal for (P, ).

The proof of the above corollary simply combines Theorems 3.1 and 3.2.
3.4 Algorithmic Structure

Having established the validity of the finite-dimensional approximations (3.1), we
proceed to address the computational issues that arise when we solve (Pr) numeri-
cally.

To have a sense of how quickly the discrete program grows with 7', note that the
dimensionality of the variables, cardinality of (//C') constraints and cardinality of
Border constraints are respectively O(JT7), O(T?7) and O(27”). In order to obtain
numerical solutions for relatively large values of T" the particular structure of the
problem (Pr) must be exploited. In particular, it is computationally intractable to
simply enumerate all Border constraints for large values of 7. We start by showing

an equivalent characterization for the Border constraints.

Lemma 3.3. Consider the Border constraints in (P.) or (Pr). For any given Q) :

V — R the sets A C V can be restricted to the form of

EQ(Q):{UEV: ZQj(v)za} for all o > 0.

jed

The version of Lemma 3.3 where J is a singleton was first established by Border
(1991). In this chapter we fully exploit the computational consequences of this char-
acterization. The following lemma plays a crucial role in our method. It establishes
that both separation oracles associated with (/I/C') and (B) can be implemented in
polynomial time in 7. That is, given a candidate solution (Q,U), it is possible to
efficiently verify either that (Q, U) satisfies all (/C') and (B) constraints, or exhibit
one constraint that is violated by (Q,U).
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Lemma 3.4. The separation oracle for the Border constraints (B) can be imple-
mented in O(JT?InT) operations. The separation oracle for the (IC) constraints

can be implemented in O(JT?’) operations.

The usefulness of the new representation of the Border constraints derived in
(3.3) is notable. It enables an implementation of the separation oracle for (B) to be
more efficient than the separation oracle for (1C).

In light of Lemma 3.4, the cutting-plane method can be efficiently implemented

to solve (Pr) for any T as follows:

Algorithm 3.1. Let S* denote the set of constraints at iteration k.

Step 1: Letk=1,5'=0, OPT = oc.

Step 2:  Solve the linear program associated with S*.
Let (Q*, U*) denote a optimal solution and
let OPT" denote the optimal value.

Step 3:  Select a subset I* C S* of inactive (IC) and (B)
constraints for (QF, U*).

Step 4:  Solve the separation oracle for (IC') and (B).
Let A* denote a subset of the violated inequalities to be added.

Step 5: If OPT* < OPT, set S¥1 < (S*\I*)U A* and OPT + OPT*.
Else set SF*1 < Sk AF,

Step 6: If A¥ =0, stop.
Else set k < k+ 1 and goto Step 2.

Algorithm 3.1 is a cutting-plane algorithm works with a subset of (I/C) and
(B) constraints at each iteration. Step 5 is there to prevent the dimensionality of
the program from growing unnecessarily, by dropping inactive constraints whenever
the objective value decreases. The following lemma establishes that the algorithm

terminates in a finite number of iterations.
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Theorem 3.3. Algorithm 3.1 terminates in finite steps with the optimal solution.

Finally, invoking Grotschel et al. (1981, 1988) and Padberg and Rao (1980),
since both separations oracles can be solved in polynomial time with respect to the
dimension of (Pr), we have that the linear programming problem (Pr) is solvable in

polynomial time (for instance, via the ellipsoid method).
3.5 Implementation and Computational Results

In this section we briefly discuss some aspects of our implementation and display our
computational results in Table 3.2.

To properly solve any large-scale linear programming problem, considerable effort
into the implementation is needed. Throughout the course of the implementation
of Algorithm 3.1 we relied on many existent linear programming solvers including
SeDuMi, SDPT3, LINSOL, and CPLEX. During an initial phase of the implemen-
tation we used MatLAB as the working environment for preliminary testing, and
later we built a C4++ environment to properly work with CPLEX for better memory
management.

Table 3.2 summarizes the results of the implementation on a variety of instances
for different configurations of the grid (7"), buyers (IV), and quality levels (J). As a
by-product of the implementation, by solving instances without considering incentive
compatibility constrains, we recover solutions for the “First Best Problem,” whose
optimal value is always above of the seller’s maximization problem (Pr). In all
instances the optimal solution was obtained in all instances. This illustrates the
finite termination property established in Theorem 3.3.

The use of general cost functions and probability distributions is allowed by the
implementation. Regarding the linear programming solver, as typical in cutting-

plane methods, warm-start the solver with the previous solution can lead to signif-
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Table 3.2: Computational results for various model specifications.

Active Total
J N T OPTVAL (IC) (B) (IC) (B)
Seller’s Problem
2 2 5 6.051008 56 9 (25)4 22
2 2 10 5946440 257 28 (100)* 210
2 2 20% 5.896710 2355 118  (400)* 2109
2 2 30 5.880743 2802 920 (900)* 299
2 5 5 6.734230 54 9 (25)1 2%
2 5 10 6.605535 246 18  (100)* 210
2 5 20* 6.5335155 1365 398  (400)* 2100
2 10 5 6.99129 40 8 (25)1 2%
2 10 10 6.88799 207 17 (100)* 2100
2 10 20* 6.8185167 1159 512  (400)* 2409
3 2 5 4.263083 641 139 (125)% 2%
3 5 5 7.82672 793 171 (125)8 2%
3 10 5 8.16429 549 134 (125)% 2%
First Best
2 2 5 6.540664 — 25 — 225
2 2 10  6.487975 — 100 — 2100
2 2 20 6.452313 — 400 — 2400
2 5 5 6.901566 — 24 — 225
2 5 10  6.833399 — 86 — 2100
2 5 20"  6.800695 — 2917 — 2100
2 10 5 7.050792 — 20 — 2%
2 10 10  6.991210 — 62 — 2100
2 10 20 6.956887 — 200 — 2100
3 2 5 8.468104 — 181 - 2125
3 5 5 9.035501 — 145 — 2125
3 10 5 9.450985 — 135 — 2125

The seller’s maximization problem is the model considered in Section 3.3.
The first-best problem ignores the incentive compatibility constraints. The
instances marked with “*” were solved using a simplex method, while the
others were solved using an IPM.
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icant improvements in running time. Although interior point methods (IPMs) were
usually faster than simplex-type methods to solve each LP from the scratch, simplex-
type were able to use warm-starts and were more efficient in the larger instances that
we considered.

Finally, it is worth pointing out that the number of active Border constraints is
substantially smaller than the number of active incentive compatibility constraints,

in all tested instances.
3.6 Insights and Discussion of a particular Example

The computation of discrete approximations also provides an opportunity to detect
patterns in the qualitative nature of the optimal solutions that can help in formu-
lating educated guesses about the functional form of the optimal solutions to the
infinite-dimensional problem (P;) posed by the theory.

In this section we focus on a simple example involving only two quality levels,
where the buyers’ types are drawn from a uniform distribution. Formally, we have
J = 2, F uniform on a rectangular support [v,,71] X [vy,Ts]. Figure 3.1 shows the
graph of the buyer surplus U in (3.1), for a grid with 7" = 30.

A reasonable visual “approximation” for the function U is the maximum of two
one-dimensional, strictly convex functions: one that depends only on v; and the
other that depends only on vy. Moreover, these two functions meet along a linear
path, on which U is nondifferentiable.

The solutions obtained by considering various values for the cost vector ¢, and
various grid sizes, exhibited patterns that have prompted us to formulate the fol-
lowing simple mechanism as a candidate for a good approximation of the optimal

solution in the infinite-dimensional problem (P.). Consider the following class of
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F1GURE 3.1: Buyer surplus function U for T = 30.

mechanisms, parameterized by the prescribed “add-on price” p:

Qf (v1,v2) = N1 (v1,v1 +p) 1{vy > vy — p}

Q5 (v1,v2) = FN71 (v — p,va) 1{v1 < vy —p}
and

ur (Ulav%p) = maX{/ Qzl) (t7/02> dta / QIQ) (Ulat> dt} :
vy 5]

For any p, the mechanism (Q?, U?) is feasible for the infinite-dimensional program
(P,), because it can be implemented by the following auction named “ezclusive buyer
mechanism”, for the case with two quality levels (see Brusco et al. (2011)). The
buyers compete in a second-price or ascending-bid auction, possibly augmented with
a reserve price r, for the right to be the only buyer who gets to choose between
buying the object of lower quality (grade 1) at no additional cost, or the object of

higher quality (grade 2) for an additional payment of p.* Since the value for buyer

4 For the case with J > 2 quality levels, the winner of the auction selects a price-quality pair from
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i € N of winning the auction is 8; = max {vi, v — p}, it is a dominant strategy for
buyer i to bid §; at the auction. Thus, in equilibrium, buyer 2 wins the auction only
if 8; > max {r,max {#;;j € N\ {i}}}, is assigned the low-quality and high-quality
object with probabilities QY (vi,v}) and QF (vi,v4), respectively, and his expected
utility is U? (vy, va; p).

Let p, denote the value of p which maximizes the seller’s expected profit within
the class of exclusive buyers mechanisms, i.e. across all values of p € R. Table 3.3
shows how the value of the objective function in (P,) evaluated at (QP+, UP) (last
row) compares with the values obtained by the objective function in (3.1) for various

grid sizes, and F' uniform on [v,, 7] X [v,, U] = [6,8] x [9,11], ¢; = 0.9 and ¢y = 5.

Table 3.3: Optimal values of (Pr) and the objective function value of the exclusive
buyer mechanism.

J N T OPT VAL
2 2 3 6.051008
2 2 10 5.946440
2 2 20 2.896710
2 2 30 5.880743
2 2 1000~ 5.838323

*obtained by numerical integration with 7" = 1000.

As Table 3.3 shows, the exclusive buyer mechanism performs quite well relative
to the numerical optimal solutions, at least for the case in which F' is uniform.
Moreover, as Figure 3.2 illustrates, the difference between the U function shown in
Figure 3.1 and the buyer surplus function in the optimal exclusive buyer mechanism,
for a grid of size T' = 30, is relatively small. (The largest deviations occur near the

“manifold” of non-differentiable points of U.)

a menu of up to J choices.
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FIGURE 3.2: The difference of the buyer surplus functions between (Pr), for T' = 30,
and the optimal exclusive buyer mechanism.

It is interesting to contrast the nature of the exclusive buyer mechanism with the
qualitative features of the optimal mechanisms in the single buyer models, studied
in Armstrong (1996), Rochet and Choné (1998), and Manelli and Vincent (2007).
A main result in Armstrong (1996) is that, in any optimal mechanism, it is optimal
not to sell with positive probability. In contrast, in the optimal exclusive buyer
mechanism with no reserve price, which performs quite well relative to the numerical
optimal mechanisms in our numerical simulations, the object is always sold. Rochet

and Choné (1998) establish that

“bunching is robust in these multidimensional screening problems, even
with very regular distributions of types. This comes from a strong conflict
between participation constraints and second order incentive compatibil-

ity conditions.” (Rochet and Choné, 1998, p. 783)
Manelli and Vincent (2007) reinforce the point that, in one buyer settings, optimal
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mechanisms are generically quite different in nature from the simple “take-it-or-leave-

it” mechanisms, which are always optimal in the one-dimensional case:

“We find that the set of extreme points contains, in addition to price-
posting, many “novel” mechanisms. In particular, extreme points need
not be simple functions (Example 2), and even when they are, they may
randomly assign objects to consumers (Examples 1 and 3). In contrast to
the one-good case, the form of the optimal mechanism is determined by
the prior distribution of buyer valuations.” (Manelli and Vincent, 2007,

p. 154)

In contrast, our analysis suggests that the exclusive buyer mechanism with an
optimally chosen ‘add-on’ price can perform quite well, and shares many of its defin-
ing features with its one-dimensional counterparts, i.e. Myerson’s optimal auctions:
there is no ‘bunching’, and is defined by simple rules that do not depend on the prior

distribution of buyer valuations.
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4

Decentralized Resource Allocation to Control an
Epidemic

4.1 Motivation

A common strategy for containing the spread of an epidemic consists in reducing
the number of susceptibles in a population so as to bring the effective reproduction
ratio R, (typically equal to the average number of infections caused by an infectious
individual after countermeasures have been applied, also referred to as the “control
reproductive ratio”) below one (Smith, 1964; May and Anderson, 1984; Anderson and
May, 1991). For instance, immunization through vaccinations has proven to be an
effective technique for controlling many infectious diseases (see, for instance, Fenner
et al. (1988)). In most situations, the amount of available resources to reduce the
number of susceptibles is limited. This typically leads to an optimization problem
where a central planner needs to allocate resources among different groups having
various transmission rates in order to minimize the overall impact of the epidemic
(Brandeau et al., 2003; Brandeau, 2004).

However, a central planner may not always exist. For example, the emerging
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threat of an influenza pandemic has revealed situations where available resources
are divided among independent decision makers. Regions where transmissions of
the H5N1 influenza A virus to humans have occurred thus far, such as South East
Asia, do not maintain large inventories of antivirals or vaccines. Western Europe,
North America and Japan, on the other hand, possess most of the world’s stock of
these medicines (Anonymous, 2005). Vaccines might need to be diverted to other
countries in order to contain an epidemic (Monto, 2005), but no international orga-
nization exists to enforce a worldwide allocation rule. Rather, decision makers might
distribute their limited resources so as to protect their own populations, possibly at
the expense of others. Countries that have decentralized these allocation decisions,
such as the United States, face a similar situation even within their borders.

This study examines how two selfish countries (or independent geographical areas)
would allocate their resources selfishly at the onset of the epidemic when each seeks
to protect its own population even at the expense of others. We model this situation
as a game between countries where players strategically allocate their resources in
order to minimize the total number of infected individuals (i.e. the final size of the
epidemic) in their own population. We show in this framework that selfish countries
always allocate their resources so as to bring the effective reproduction ratio below
one, as long as there are enough resources in the system for a hypothetical central
planner to do so. In other words, countries that act in their own self-interest avoid
the outbreak of a pandemic when this is possible, as a central planner would do.
Nonetheless, even when the effective reproduction ratio is below one, individuals in
both populations are infected. In this case, the equilibrium allocation decisions in
our model differ in general from the centralized optimal solution that would minimize
the total number of removals in both countries. This means that at least one of the
two countries will suffer from the decision of the other.

We describe the epidemic dynamics using a deterministic dynamic population SIR

51



1 The total population

model, a heterogencous version of Ball’s modelBall (1991).
is divided into two countries, in each of which the population mixes homogenously.
A fraction of infectives also moves from one country to the other, infecting the
new population. Fach country possesses a given amount of resources. We assume,
without loss of generality, that one unit of resource can immunize one susceptible.
Allocation decisions are made at the beginning of the time horizon and their effects
last until the end of the pandemic. Countries may not be symmetrical, i.e., they
may have different population, transmission rates, and may hold different amounts
of resources.

Given an initial number of infectives, a country needs to decide how much of its
resources to use for its population and how much to allocate to the other country
in order to limit infections from abroad. The objective of the country is to mini-
mize the total number of removals from its population until the end of the epidemic.
This situation gives rise to a game, and our goal is to characterize the Pareto Nash
Equilibrium, when it exists. An important question is how the game equilibrium
compares with the optimal decision that a central planner would make in order to
minimize the total number of removals in the whole population. In particular, when
the total amount of pooled resources is large enough, the central planner immunizes
(possibly different) fractions of each population so as to bring the effective reproduc-
tion ratio below one and therefore avoid a major outbreak (Hill and Longini, 2003).
We are interested in the conditions under which selfish countries achieve a similar
result.

Given the allocation decisions and the initial number of infectives, the final size of

the epidemic in each country is given by the solution of a system of highly non-linear

L Ball pointed out that a model incorporating movement of both susceptibles and infectives is
preferred when describing human epidemics. This does not create any problem for our later results
due to approximation. In fact, the Ball’s model has also been adopted by other researchers (see
Klein et al. (2007) for example) to model human epidemics.
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equations. This makes the analysis of the game intractable. Hence, we consider first
the case where the number of initial infectives is very small, a realistic assumption.
More precisely, we study the system of equations as the initial number of infectives
approaches zero. The solution at the limit corresponds to the players’ response
curves of the resource allocation game. In this framework, we show that a Pareto
Nash Equilibrium exists, for which the effective reproduction ratio is below one.
This result suggests that selfish decision makers are able to avoid major outbreaks
whenever possible.

When an outbreak is avoidable, because we analyze the system at the limit when
the number of initial infectives is null, the final size is also null at the equilibrium.
Nonetheless, individuals are infected even when a major outbreak does not occur.
To study this situation in more detail, we focus on the case where the effective
reproduction ratio is below one, which is achievable in the Pareto Nash Equilibrium.
In this setting, the number of infectives decreases over time and we make the classical
approximation that the total number of susceptibles in a population remains constant
over time. This approach can be thought of as a first order approximation of the
original model. We can then derive analytical expressions for the final size of the
epidemic, which depends on the initial number of infectives. We show the existence
of a unique Pareto Nash Equilibrium that can be fully characterized. Finally, we
solve the central planner’s optimization problem, and show that in general it does
not match the equilibrium of the decentralized game.

This chapter is one of the few studies where the resource allocation decision to
contain the spread of an epidemic is decentralized. To our knowledge, only Sun, Yang,
and de Véricourt (2009) have analyzed a similar problem. Their focus, however, is
on containing a pandemic at its onset, while we are concerned with the final size
of the epidemic. Besides this study, very few papers have formulated game theory

problems in the context of epidemic dynamics. Notable exceptions are Bauch et al.
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(2003) and Bauch and Earn (2004) where they studied the impact of individuals’
decision to vaccinate according to self-interest on the eradication of a disease.

The chapter is organized as follows. In Section 4.2, we formally introduce our
model and the notions of basic reproduction ratio and effective reproduction ratio.
This allows us to derive necessary and sufficient conditions for allocation decisions for
a major outbreak to occur. We consider in Section 4.3 the resource allocation game
assuming the number of initial infectives is close to zero. In Section 4.4, we relax
this assumption by considering that the size of the susceptible population remains

constant over time. We conclude in Section 4.5.
4.2  Epidemic Dynamics and Reproduction Ratios

We consider a world with two countries, ¢ = 1,2, each with an original population
size n; when the epidemic first starts at time ¢ = 0. For each country ¢ at time
t €[0,00), let z;(t),y;(t) and z;(t) denote the total number of susceptibles, the total
number of infectives, and the total number of removals, respectively. In particular,
zi(00) represents the total number of final removals (henceforth referred to as the
“final size”) when the influenza deceases, and z;(0) = 0. Further, let ¢; represent the
number of initial infectives in country i such that y;(0) = ¢;,. Let ¢ = (€1, €)" and
assume that 0 < ¢; < n; with € > 0 or e > 0, or both. Let ; and v; denote the
pairwise infectious contact rate and removal rate of infectives, respectively, within
country ¢. Further let B denote the diagonal matrix diag{3;, 52} and C the diagonal
matrix diag{~y, v}

We model the temporal-spatial development of the epidemic following Ball (1991).
Define ¢;; the immigration rate of an infective from country ¢ moving to country 7,
with ¢;; > 0. Also denote ¢; = —¢;; for j # i and @ = (g¢;;) the corresponding

transition-rate matrix. The following system of ordinary differential equations (Ball,
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1991) models the dynamics of the epidemic without any intervention:

dl’l‘

= —Bixy; 4.1
— Bixiy (4.1)
dy; 2
i = Bixyi + jEZl q5iY5 — ViYi, (4-2)
dz;
L= 4.3
7 Yiy (4.3)

The total endowment of resources that country ¢ possesses to protect susceptibles
is equal to @;. Resources include antiviral drugs, vaccines, masks, etc. We calibrate
the units such that one unit of resource fully protects one susceptible anywhere in
the world from being infected by the pathogen. At time zero, country ¢ allocates
u; € [0, 4] to country j # i and keep @; — u; for its own population. Given each
country’s allocation decision we can define a = uy — uo, such that a € [—us, u1]. The
quantity ‘a’ corresponds to the net resources which are transferred from country 1

to country 2. Specifically,

>0 : a units of resources transferred from country 1 to 2;
a{ =0 : no transfer of resources occurs; (4.4)
<0 : —a units of resources transferred from country 2 to 1.

(Similarly, it follows that u; = 4, —a > 0 and uy = s +a > 0.)

We also assume that the total resources in the world are not enough to fully
remove all susceptibles in either of the countries. Otherwise, the game is degenerate
when all susceptibles in one country are removed. Therefore, the initial number of
susceptibles in country i is z;(0) = n; — u;, and is guaranteed to be positive for all
feasible w;.

For later ease of notation, we denote Xy(a) = diag{z1(0),z2(0)}. We also denote

ny = ny — 4y and ny = Ny — uy. Therefore z1(0) = ny + a and 22(0) = ny — a.
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Given the dynamics of an epidemic, a major outbreak occurs when the corre-
sponding basic reproduction ratio Ry is above one. For heterogeneous populations,
this ratio is defined as the radius spectrum of the next generation matrix (Diekmann
and Heesterbeek, 2000), which depends on the initial number of susceptibles. In our
framework, however, resource allocation ‘a’ decreases the number of susceptibles and
therefore changes the conditions for a major outbreak. Hence, we refer to R(a) as
the effective reproduction ratio given the allocation ‘a’. When there is no transfer
of resources, R(0) = Ry. One of the main questions this chapter seeks to answer
is whether the allocation decisions countries make when they act in their own self
interest would lead to a major outbreak (R(a) > 1 at the equilibrium).

For our model, Ball (1991) discusses the conditions that give rise to a major
outbreak for the symmetrical case, when 5; = 3, v; = v and n; = n for all 7. The
basic reproduction ratio is then equal to Ry = fn/v. In order to determine R(a) for
asymmetrical countries, we first consider a correspondence between the deterministic
model and the stochastic model following Ball (1991). Let p;; be the probability that
an infective from group ¢ makes contact with an individual in group j. After a unit of
time, one infective from group ¢ will cause p;;5;x,(0) infectives in group j, while the
removal rate of the infective in group 7 is ;. According to the corresponding birth
and death processes, one infective from group ¢ will produce ;- 1pij B;x;(0) secondary
infectious cases in expectation in group j. Therefore, the effective next generation
matrix is given by

C'PBX(a),
where P = (p;;). According to (Ball, 1991, Theorem 4.1) we have
P=0CC-Q)™"
Hence, the effective next generation matrix can be further reduced to
(C — Q) 'BXy(a).
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Definition 4.1. Given a strategy ‘a’ at the onset of the epidemic, the effective repro-
duction ratio R(a) is defined as the radius spectrum of the effective next generation

matrix

(C — Q) 'BXy(a).

Alternatively, we may identify a set A of allocations such that R(a) < 1 if and
only if a € A. Next, we first provide the definition of such a set A and then establish

the equivalence.

Definition 4.2. Define the feasible allocation set A(uy, ug) C [—us, u1] to be the set

of net transfers ‘a’ which satisfies the following three conditions:

M+ q2—pFi(ni+a) > 0 (4.5)

Y,
@)
—
=
=2
N~—

Yo + @21 — ﬁQ(HQ - a)

{1+ q2 = Bi(ny +a)H{ye + g1 — Ba(n2 —a)} > qagar- (4.7)
The complement of A(1, is), denoted by AC(iiy,us), is defined as
AC (1), Tg) = [—lg, U1] \ Al Us).
The next lemma provides equivalent conditions for R(a) < 1.

Lemma 4.1. The following statements are equivalent:

1. R(a) < 1;

2. the real parts of all the eigenvalues of the matrix

G(a) == BXg(a) -C+Q = ( frlm + 6221_ f2 = Ba(ng — 6312_ o1 — ) ;

(4.8)

are less than or equal to 0;
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3. a € Aluy, ts).

The proof is presented in the Appendix C.1.

Note that when v; = v, ; = f and n; + a = ny — a = n, conditions (4.5)-(4.7)
are equivalent to fn/y < 1 in Ball (1991).

The next results provide conditions for the total amount of resources in the world
such that R(a) < 11is achievable. Define m; = n;,—(¢;;+7v:)/0; fori # j,i,5 = 1,2 and
q = (q12g21) /(51 B2), the product of the migration rates between countries normalized

by the within country transmission rates.

Proposition 4.1. The total endowment of the resources from both countries uy and
Uy satisfy

Uy + gy > M, (4.9)

if and only if A(tuy,us) # 0 and

A(tiy, ) = [, %] N [s1, 52], (4.10)
where
my — 2L if my <mg and mi < —\/q
M = my — mLQ, if mg <my and my < —\/q (4.11)
my + mo + 2\/67 Zf mq, Mo Z —\/a
and
1 1 e
51 = §(m2 —my — Uy +Uy) — 5\/(7”1 tmy — i —U2)? —4g - (4.12)
1 1 e
Sy = §(m2 —my — Uy + Uy) + 5\/(7”1 g = —z)? —4g. (4.13)

For a proof, see Appendix C.2.

From Proposition 4.1, it is obvious that the feasible allocation set A(uy, us) is
either empty or a connected closed interval in [—s, @;], which can be characterized
by a single threshold M of the world’s total resource endowment % + .
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4.3 The General Resource Allocation Game in the Limit

We consider a game where each country i tries to minimize the final size of the
epidemic in its own population by making its allocation decision. Given the numbers
of initial infectives ¢ and the allocation {uj,us}, or, equivalently, the net transfer
a = u; — ug, the autonomous system (4.1), (4.2) and (4.3) has a unique global
differentiable solution given the initial conditions and the corresponding assumptions
(Capasso, 1993). Hence, each country’s response curve is well-defined and we denote
by zi(a,€) the (unique) final size in country 7 as a function of the allocation decision
‘a’ and the initial number of infectives €. The following proposition shows that
zi(a;€), i = (1,2) is the unique solution of a system of equations (usually referred to

as final size equations in the literature, see for example (Anderson and May, 1991)).

Proposition 4.2. Given an allocation ‘a’ and initial infectives € # 0, the final sizes
z1(a;€) and zy(ase) are the unique positive solutions (z1, z2) to the following system

of final size equations:

Z9 = h1(21;€1,a) (414)

21 = h2(22;€2,0,), (415)

in which functions hy and hy are defined as

8
hi(z1;€1,a) == 2 {—el + [1 + @] 21— (n1 +a) [1 - ewizl}} , and
q21 T

ha(zo; €2,a) := s {—62 + [1 + @] 2y — (ng — a) [1 — e_%”} } :

q12 V2

The proof is presented in Appendix C.3. Notice that Equations (4.14)-(4.15) are
transcendental equations, whose solutions cannot be written in an explicit form.

Equations (4.14)-(4.15) are highly non-linear and the corresponding resource allo-
cation game is intractable. However, allocation decisions are made at the beginning

99



of the pandemic when the initial number of infectives is small. Our approach consists
then of replacing z;(a; €) by its limit as € approaches zero. The following lemma gives

the solutions of (4.14)-(4.15) when (e, €2) = (0,0).

Lemma 4.2. Assume (€1,e3) = (0,0). The system of final size equations (4.14)-
(4.15) has

e a unique non-negative solution at the origin, (0,0), when a € A(uy,uz);
e two non-negative solutions, (0,0) and (2%(a), 29(a)) > 0, when a € A (uy, Us).

The proof is presented in Appendix C.4.

The only possible limit for (z1(a;¢e1), 22(a;€1)) is zero when e approaches 0 from
above, as shown in the next proposition. On the other hand, according to Lemma
4.2, two possible candidates for the limit exist in case of an outbreak. The next

proposition shows that this limit corresponds then to the positive solution.

Proposition 4.3. As (e, €2) approaches (0,0) from above, the solution (z1(a;¢), z2(a;€))

to the final size equations (4.14)-(4.15) asymptotically converges to
e (0,0) from above, for all a € A(uy,us);
o (%a),29(a)) from above, for all a € A°(iy,us).

See Appendix C.5 for a proof.

Figures 4.1(a)-4.1(b) present some geometric intuitions behind this result. Figure
4.1(a) depicts the case when a € A(uy, us). The two dotted curves represent the final
size equations (4.14)-(4.15), respectively. The two solid curves represent the same
equations with ¢ = 0. As we can see from the graph, when the numbers of initial
infectives € = 0, the final sizes of the epidemic in the two countries, represented by
the intersection of the two solid curves, is at the origin. On the other hand, the two
curves intersect in the positive orthant when ¢ > 0. This intersection converges to
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the origin as & approaches zero. Figure 4.1(b), on the other hand, represents the
case when a € A%(iy,u5). The two solid curves, representing the final size equations
(4.14)-(4.15) with ¢ = 0, have two intersections, one at the origin and the other
positive. With ¢ > 0, the non-negative solution becomes unique and dominates the
positive intersection of the two solid curves. This unique positive solution approaches
the positive intersection of the two solid curves as € approaches zero. Note that when
¢ = 0, the final size is also null. However the final sizes as € approaches 0 from above
do not converge to the origin but to the positive intersect. In other words, the

solution of the final size equations is not continuous in ¢ at zero.

R(a)<l R(a)>1

L L
0 0
Z1 Z1

(a) Intersection of hi(z1;€1,a) and ha(za;€2,a) (b) Intersection of hi(z1;€1,a) and ho(ze;€a,a)
when R(a) < 1 when R(a) > 1

F1GURE 4.1: Ilustration of the Final Size Equations.

Based on the previous analysis we introduce the resource allocation game where
each country’s objective is to minimize the asymptotic final size

N T o - O, a & A(ﬂl,ﬂg) s
fila) = 151%1 zilaie) = { 2(a), a € A%(uy, ug) .

)

Since the final allocation ‘a’ is a result of decisions among the two countries, the
solution concept to the game that we adopt here is the Pareto Nash Equilibrium

(PNE). Formally, a* € [—ug, Uy is a PNE;, if

1. no country has an incentive to deviate from the allocation a*, and
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2. there does not exists another a € [—us, ;] such that

(1) no country has an incentive to deviate from ‘a’, and

(2) zi(a) < zi(a*) for both ¢ = 1,2 and the inequality holds strictly for some

i.

The PNE is more restrictive than Nash equilibrium as a solution concept to a game.
The previous analysis implies that such a Pareto Nash Equilibrium exists in our

game, which constitutes the main result of this chapter.

Theorem 4.1. Any strategy a € A(iy, us) Pareto dominates strategy a’ € A° (iiy, s),

and is a PNE in the game.

This is an immediate consequence of Proposition 4.3.
Theorem 4.1 implies that even without centralized control, decision makers have

the incentive to allocate resources to prevent an outbreak.

4.4 The Resource Allocation Game in the Absence of a Major Out-
break

Theorem 4.1 suggests that as long as there are enough resources to bring R(a) down
to one or below, the countries should agree upon such an allocation as ¢ — 0. In
this section we relax this asymptotic condition by considering positive ¢;, which
is negligible compared to the population size n; (or, more precisely, the number of
susceptibles n; +a). Using a common approximation scheme (Daley and Gani, 1994),
we characterize and show the uniqueness of the Pareto Nash equilibrium.

The approximation follows the intuition that for an allocation a € A(uy,us),
the total number of infectives y;(t) tends to decrease from the already very small
€;, compared to the large population size n;. Therefore, the susceptible population

x;(t) does not change much over time. As an approximation, we fix z;(t) at x;(0)
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throughout the time horizon. That is, we approximate the dynamics of the epidemic
(4.1), (4.2) and (4.3) by the following system of linear ordinary differential equations

with constant coefficients,

2

dy; 5 N - .

7 Biz;(0)y; + ; Q¥ — Vi¥i, JF1 (4.16)
dz;

0% 417
7 Vil (4.17)

with the initial boundary condition ;(0) = ¢; < 7; and Z;(0) = 0.
Similar to the previous analysis, we can define the final size Z;(a; ) for ‘a’ in the

interior of A(uy, us),

Zila;e) == Zi(00) =y /000 g;(t)dt . (4.18)

as a function of the allocation a € A(u;,us) and the number of initial infectives
e. (Note that when ‘a’ is on the boundary of A(iy, iis) or in A% (s, s), the limit
does not exist and Z;(a;e) tends to infinity. The approximation does not work in
such a regime.) The approximation provides an upper-bound such that z;(t) <
Zi(t) and z(a,e) < Zi(a,e) . Given ‘a’ and € we derive the analytical expressions

for Z;(a;€) in the following result,

Proposition 4.4. For an allocation ‘a’ in the interior of A(uy,us), Zi(a;€) is a

linear function of c.

—Y1(—€162a + €12(ma — Us) — €2q21)

Ala:e) BiB2l(a+my — tr)(—a + mg — Us) — g (4.19)
. —e(e2fia + 51 (mi — ) — e1q12)
Ba(a;e) B1Ba](a+my — tr)(—a+me — U2) — g (4.20)
Furthermore,
Zi(a;e) = zi(ase) + o(e), (4.21)
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i.e., Zi(a;€) is the first-order approximation of z;(a;€) fori=1,2.
For a proof, see Appendix C.6.
4.4.1  Characterization of the Game Equilibrium

In the game we consider, each country ¢ allocates its resources so as to minimize

Zi(a; €), which admits a unique minimizer as shown by the next Lemma.

Lemma 4.3. For any fized nonzero ¢, Z(a;e) and Zy(a;e) are both positive con-
vex functions on the interval (s1,$2) (s1 and sy are defined in equations (4.12) and
(4.13)), and Z;(a; ) achieves its global minimum at a = t; defined in terms of model
parameters. Further more,

81 <ty <ty < 8o

The proof is presented in Appendix C.7.

The expressions of ¢; are given in Appendix C.7. It is worth mentioning that
the thresholds ¢; and ¢, critically depend on all model parameters, especially on the
ratio between €; and e5. Moreover, if only one of €; and €5 is positive, the minimizer
t; does not depend on €; and €, .

Figure 4.2 provides an illustration of the shapes of Z;(a; ) (the blue dashed line)
and Z3(a;e) (the green dashed and dotted line), both of which are convex functions
in ‘a’. We also illustrate the total final size using the solid curve, which will be the
subject of discussion in the next section. From the graph, it is clear that when the
allocation ‘a’ is between s; and ¢, the final sizes of both countries are monotonically
decreasing in ‘a’; and they are increasing when the allocation ‘a’ is between ¢y and
Sy. When a € [t1, 5], on the other hand, the two countries’ interests conflict with
each other. Since a = u; — us, this situation gives rise to a game, which admits a

unique Pareto Nash Equilibrium.
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FIGURE 4.2: The first order approximation Z;(x;€) of the TNFR z;(x;¢) for a €
A(ty, t).

Theorem 4.2. Assume each country’s objective is to minimize Z;(a,€). If the world-
wide resources are abundant (uy +uy > M) and the decentralized decisions are made
at the onset of the epidemic ((e1,€2) < (f1,n2)), there exists a unique PNE alloca-
tion a* such that R(a*) < 1. Furthermore, the allocation a* is implemented through
a two-threshold resource transfer structure: there exists t1 < to determined in terms

of the model parameters such that

1. if t1 > 0, min{uy, &1} units of resources are transferred from country 1 to

country 2;

2. if ty < 0, min{ug, —t2} units of resources are transferred from country 2 to

country 1;

3. if t1 <0 < ty, neither country gives anything to the other.
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See proof in Appendix C.8.
4.4.2  Central Planner Optimal Allocations

An important question our study seeks to answer is how the previous equilibrium
compares with the optimal decision that a central planner (e.g., the World Health
Organization) would make in order to minimize the total final size of the epidemic the
world population as a whole, without distinguishing between countries. To address
this point, we first derive the optimal allocation decision of the central planner.
This allows us to derive necessary and sufficient conditions under which the game
equilibrium corresponds to the centralized choice.

By Theorem 4.1, we may restrict our search within the set A(uy, ). In order
to obtain analytical solutions, we follow the same approximation as used in Section
4.4. Formally, we denote allocation a* € [—us, 1] to be the central planner’s optimal
allocation (CPOA) that minimizes the approximated total final size 2 (a; €)+22(a; €).
In Figure 4.2, the solid line illustrates the world’s final size Z;(a;€) + Z2(a; €), which
is again a convex function in ‘a’. From the graph, we notice that the minimum is
achieved between t; and t9, where the two countries’ interests conflict. With the help

of this intuition, we obtain the main result of this section.

Theorem 4.3. Assume the central planner’s objective is to minimize Z (a;€) +
Zo(a;€). If the worldwide resources are abundant (uy + uy > M) and the central
planner’s decision is made at the onset of the epidemic ((e1,€) < (ny,ng)), there
exists a unique CPOA a* such that R(a*) < 1. Furthermore, the allocation a*
1s 1mplemented through a single-threshold resource transfer structure: there exists

te € [t1,ts] determined in terms of the model parameters such that the CPOA a*:

1. if t. > 0, transfer min{t., a1} units of the resources from country 1 to country

2;
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2. if t. < 0, transfer min{—t., —us} units of the resources from country 2 to

country 1;
3. if t. = 0, no resource transfer occurs between the two countries.

See proof in Appendix C.9.

Notice that t. = 0 occurs with very few sets of model parameters. So Case 3 in
Theorem 4.3 may be perceived as degenerate.

Combining Theorem 4.2 and Theorem 4.3, we have the following corollary, which
describes the relationship between the centralized optimal solution and the equilib-

rium.

Corollary 4.1. Under the condition that the worldwide resources are abundant (u, +
s > M) and the central planner’s decision is made at the onset of the epidemic
((e1,€2) < (n1,72)), the effective reproduction ratio is less than 1 under either the
CPOA or the PNE; the exact allocations of resources under the CPOA and the PNFE,

however, coincide if and only if we are in one of the following three situations:
1. ty > uy, when all the resources of country 1 are transferred to country 2;
2. ty < —uo, when all the resources of country 2 are transferred to country 1;
3. t. =0, no net transfer of resources between these two countries occurs.

In other words, selfish countries reach an allocation equilibrium that is also opti-
mal for the whole world when they act either completely altruistically or completely
selfishly. However, such situations are extreme cases. In general, decentralized de-
cisions result in more infectives for at least one of the countries compared to the
centralized choice. Alternatively, one country would need to incur more infectives

in its population in order to achieve the best outcome for the overall population.
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Furthermore, in a decentralized equilibrium, there exists a wide range of model pa-
rameters (such that 0 € [t1,%3]) under which both country hoard resources within
their own territory, which is fundamentally different from the centralized optimal

allocation, where such a scenario rarely happens.
4.5 Conclusion

This study constitutes the first analysis of a resource allocation problem to minimize
the finial size of a pandemic when different regions allocate their resources selfishly,
i.e., to protect their own population. Our main result suggests that the allocation
decisions at the equilibrium bring the effective reproduction ratio below one. In
other words, if decision makers act rationally to achieve their own best interest, a
major outbreak in the world is avoided. In particular, no resource allocation pre-
commitments need to be secured to contain an epidemic globally, and the total
number of infected individuals remains small compared to the whole population
size. However, we show that in general the final size of the epidemic resulting from
decentralized decisions is still larger than that from the optimal centralized allocation
rule. This raises difficult ethical questions as one country would need to increase its
number of infectives if the final size of the epidemic in the world were to be minimized.

Our model assumes that the transmission parameters remain constant over time
and that the population’s behaviors do not change significantly. In particular, coun-
tries do not close their borders during the pandemic. When countries are able to
isolate themselves from the rest of the world at the onset of the epidemic, a stochastic
model studied by Sun, Yang, and de Véricourt (2009) is more appropriate. The more
difficult situation where transmission rates vary over time remains an open problem
for the decentralized as well as centralized cases.

Another limitation of our model is that we assume perfect knowledge of the
parameters of the epidemic dynamics. In real circumstances, decision-makers may
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only have access to partial or even biased information. It is worth studying the impact
of partial information, and extend our model to include information acquisition.

We also assume that the effects of the resources on the populations are immediate.
An interesting research direction consists in describing the distribution of resources
within and between countries that also considering logistic constraints. In particular,
congestion effects should be expected in the delivery of drugs and a queueing system
could be added to the model in the spirit of Kaplan et al. (2003).

Another natural extension of our model is the case of multiple (i.e., more than
two) countries. We expect some preliminary results, such as the conditions for a
major outbreak or the uniqueness of the final size to be easily generalized. However,
the analysis of the equilibrium appears quite challenging and has proven intractable
so far. Further research is needed to study this situation.

This chapter is not concerned with the production of the resources necessary to
contain an epidemic. For instance, the world stock of mass prophylaxis is insufficient
to tackle an influenza pandemic, (see Smolinski et al. (2003)). Rather, we focus on
the actual allocation of these resources in case of an outbreak. However, we believe
that considering strategic behaviors of the relevant decision makers can improve
preparedness for a pandemic. From this perspective, our primary result suggests
that countries should strive to reach a political agreement on the total number of

resources available in the world, rather than on allocation rules.
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Appendix A

Proofs in Chapter 2

A.1 Mechanism Design by an Informed Principal

Following the mechanism design nomenclature, we refer to the party with all the
bargaining power (the retailer in the MSSR case, and the supplier in the SSMR
case) as the principal. In both models the principal has private information about
its inventory level. This changes the mechanism design problem into an “informed-
principal problem.” On one hand the principal could exploit its private information
to achieve higher payoffs, on the other hand the proposed contract could signal its
own private information to the other parties.

In order to deal with the incentives faced by the informed principal, Myerson
(1983) introduces the concept of “strong solution” for environments with finite type
spaces and finite outcome spaces. An extension to non-finite environments can be

found in Mylovanov and Troger (2008).

Definition A.1 (Safe, Dominated, and Strong Solution). A mechanism is said to
be safe if it would remain incentive feasible (incentive compatible and individually

rational) for the principal and all agents, even if all agents knew the principal’s
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private information. An incentive feasible mechanism is said to be dominated if
there exists another incentive feasible mechanism such that all types of the principal
are at least as well off and a positive mass of types of the principal is strictly better

off. A mechanism is said to be a strong solution if it is both safe and not dominated.

Myerson (1983) (Theorem 2) proves that in any environment with finite type
spaces and a finite outcome space, any strong solution is an equilibrium outcome
of an informed-principal game where any finite simultaneous-move game form is a
feasible mechanism. Moreover, Myerson (1983) also points out that any two strong
solutions yield the same expected payoft for all types of the principal.

Mylovanov and Troger (2008) provide an extension of this result to non-finite
environments, which can be adopted in our setting. Formally Mylovanov and Troger
show that no type of the principal has an incentive to deviate by offering any fi-
nite (simultaneous-move or multi-stage) game. The restriction to finite deviating
mechanisms is due to the need to guarantee that any feasible mechanism has an
equilibrium.

In Appendices A.2 and A.3, we construct an incentive feasible mechanism that
(i) solves the principal problem when its type is publicly known (full-information-
optimal), and (ii) minimizes the principal’s expected cost (ex-ante optimal). By
Lemma 1 of Mylovanov and Troger (2008), since we are in a private values model,

this mechanism is a strong solution for the informed principal problem.
A.1.1 Specializing to SSMR

In this section we specialize the analysis of the informed principal problem to the
SSMR scenario (the MSSR scenario is analogous so it is omitted).

The full information optimal for each inventory level x4 of the supplier is given
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min E, [Cs (s, q(ws, 7)) — Zil ml-(xs,x)]

q?m

(A1)
st (IC)(ws), (IRy)(xs), qi(xs,2) >0 i =1,...,N

Zij\il Qi(xsa :L‘) S Ty
where (IC;)(xs) and (IR;)(zs) represent the incentive constraints for the retailers
knowing the supplier’s inventory level x.

The ex-ante optimal is given by

N

min EmS,m [Os (xs7g(x8’x)) o Z

m;(zs, x)]
q,m =1

(A.2)
st (ICy), (IRy), (IC;), (IR;), ¢i(xs,2) >0 i=1,...,N

Zij\il ¢i(zs, ) < x,.

The supplier’s problem (2.8) has the objective function of (A.1) and the con-
straints of (A.2). Under our assumptions, the optimal contract ¢*, m* characterized
in Theorem 2.2 solves (2.8), (A.1), and (A.2) simultancously. In particular, by solving
(A.1) and (A.2), since we have private values environment, Lemma 1 of Mylovanov
and Troger (2008) establishes that the optimal contract ¢*, m* is a strong solution.
Thus, the mechanism ¢*, m* is also an equilibrium of the associated game, see My-

erson (1983) Theorem 2.

A.2 Proofs in Section 2.2

Proof of Theorem 2.1. We divide the proof in two steps: i) the main arguments, and
ii) technical results on the allocation ¢° used in i).

Step 1. Main Arguments. First observe that setting m{(z) = (¢; — hi) ¢7(2)
implies that (IR;) holds with equality for all ¢ = 1,..., M, thus the retailer extract-

s the entire cost reduction given by (2.4). It remains to show that the contract
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{@ (xr, ), mS (., x) }M, also satisfies (IC;), (IC,) and (IR,). For any x,, z, we have
Ci(xi, ¢ (zy,x)) — mi (z,x) = Ci(x;,0) = hjzy, for 1=1,..., M,

which implies that (IC;) holds with equality. Moreover, by (2.4) we have

M M M
c, <az 3 qf(%@)) + 3 Gl (0, 2)) < o, 0) + " Cil,0)
i=1 i=1 i=1
and by the previous equality

M M

C?" (xra Z qf(xra l’)) + Z m; (xT? 33')
Z'El Z]T41

- OT (177“’ Z q;('r?“a [L‘)) + Z [CZ(:L"M q;(ajﬂ $)) - Oz(xza 0)]

i=1 i=1

< Cr(l‘r) 0)

The last inequality is (IR,.). Finally, to see that (IC,) also holds, for each z,, 2/, z,
define

M M
A= C, <xr,qu(xT,x)> + me(:pr,x) —
i=1 i=1

M M
c, <xr,zqs<x;,x>> T st<x;,x>]
=1 i=1

wH—ﬁ: q3 (zr,) M
) [5G = D+ b = ) (o) — (e} )

r+ 22 qf (z).,2) i=1
=1

We will show that A < 0 hence (IC,) holds by integrating z out.

Let n; = G ((hi + b, — ¢;)/(h, +b,)) fori = 1,..., M. Note that 7; is decreasing
ini=1,...,M since ¢; — h; is increasing. The index i°(z,, x) is defined in Step 2
below.

If m <z, <2, then ¢ (x,,x) = ¢ (x),x) = 0 by Step 2 (%% x) and hence A = 0.

If 2, < and z, < n; < 9:7«+Zf‘i1wz~ for some 7 = 1,..., M, then by Step 2
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M
° br + hio(mr,z) - Cio(zr,a})
G, <xr—|—2qj(xhx)> = ol :
=1 r r

Furthermore, we have ¢ (x,, ) > ¢ (2], x) by Step 2 (). Hence,

1°(zr,x)
AS Z (hr+b r(xT_'_ZqZ xra ) b +h _CZ)] (qZ'O(x“ ) qz( 1"7 ))
=1
Z hio (@, @) = Cio(e,.) = (hi = )] (@] (@0, 2) — g} (], 2)) < 0.
i=1 D -

<0 >0

If 2, <2l and ny >z, + Zf‘il x;, then by Step 2 (x * xx),

M
br‘l—h]\/[ — Cp
Gr $T+Zq9($r,$)> S - 4 1 -
( P ! h, + b,

Furthermore, we have ¢ (x,,x) > ¢7 (2., x) by Step 2 (x). Hence,

(hr + br) xﬂrzxz (br + hi — )] (47 (zr, ) — g} (27, 7))

If 2, > x>, then ¢ (z,,x) = ¢S (x),x) = 0 by Step 2 (%% x) and hence A = 0.
If x, >m > 2], we have 0 = °(z,,x) < i°(z},z) and 0 = ¢{(x,,x) < ¢ (x),x)
for alli=1,..., M by Step 2 (* * *)

A< Z (B + b:) G () = (b + i = )] (¢; (27, ¥) — G} (s, @)
i (@7.,x)

< Y [(=e) = (= )] (¢ (2, 2) = ¢ (7, 7)) < 0.
1=1i°(zr,2) ;O ;,O
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If z, > 2/, which implies i°(z,,x) < °(2.,x) and ¢} (z,,z) < ¢(x.,x) by Step
2 (%), and x, <m; <z, + Zi\il x; for some i = 1,..., M, which implies, by Step 2

(),

M
° br + hio(mr,z) - Cio(zr,a})
Gr (xr + E q]' (.fr,l')) = h o+b ’
=1 r r

then we have

i° (@), m)

A< )

1=i° (2, )

(hy + b,)G, (::: + Z ¢ (z,, x)) — (by + h; — ci)] (2 (z, ) — @2 (2, 2))

i°(x.,)
= Z \[(hi"(m,m) = Cio(er2)) — (hi — Ci)lgq;(%ﬂ z) — q; (7, :E))J <0.
1=1°(xr,x) 26 ;?)

If 2, > . but ny > z, + Yoot @i, we have ¢¥(z,,2) = ¢°(),z) = z; for all
1=1,...,M. Hence, A = 0.

Step 2. Properties of the allocation q°.

Recall the definition of n;, = G '((hi + b, — ¢;)/(h, + b)) for ¢« = 1,..., M.
Note that n; is decreasing in ¢ = 1,..., M since ¢; — h; is increasing. Because of the
convexity of objective function in (2.4), KKT condition is the necessary and sufficient
for the global optimality of ¢°, namely there exists v;, \; > 0,7 =1,..., M such that

the following (in)equalities are satisfied for i = 1,..., M:

M
(hr—Fbr)Gr(fL'r—i-Zq]')—br—FCi—hi—i‘I/j—)\iIO (A3)

J=1
0< ¢ <z, v(ri—q¢)=0, XNg=0

Hence, for given z, we consider the following greedy algorithm:

Set 1 =0 and ¢° = 0. If x, > n;, terminate.

Iteration Step: if i > M terminate;
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141+ 1;

i
if z, + > x; <m;, set ¢ = x; and return to Iteration Step;
j=1
else set ¢7 =n; — x, — Z;;ll z; and terminate.

Let ° denote the exiting index ¢ and note that ¢ = 0 for all ¢ > ¢°. Hence

@ (zy,x), i =1,..., M, is the one given in the statement of the theorem. Moreover,

define

U — (Cl'o — hio) — (CZ' — hz)7 if i< 7/-0,
=90 >

and

{0 i<
L (Ci — h/z) — (C’io — hz‘o), lf Z > 7:0.

Then v;, \; > 0 for all 4, together with ¢} (z,,x), i = 1,..., M satisfy (A.3). There-
fore, ¢7 (v, ), i =1,..., M, indeed solves (2.4).

It follows that:
() i° = 1°(x,, x) and ¢ (z,, ) is non-increasing in z, for i = 1,2,..., M;
(%) @, + Z]A/il ¢ (v, x) = mpe if 2, < <y + sz\i1 x; for some i =1,..., M;

(¢ %) ¢ (xp,x) = 0 for i = 1,...,M if z, > n (and hence z, > n; for all i =
L,...,M).

(%% #%) ¢O(,,0) = a;fori=1,..., Mifny > 2,43 M, 2; (and hence n; > x,+> 10 | ;

foralli=1,..., M).
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A.3 Proofs of Section 3.2

Proof of Theorem 2.2. The proof consists in showing that the contract ¢*, m* con-
stitutes a strong solution (see Appendix A.1).

By Lemma A.4, we note that for any given x,, {¢*(zs,z), m*(zs,x)} satisfies
(IC;)(zs) and (IR;)(xs) and hence is incentive feasible for all the retailers even if
they knew z;. By Definition A.1, in order to show {¢*(zs,x), m*(zs, )} is safe for

the supplier, we need to verify (ICy) and (IR,). Since the contract ¢*, m* minimizes

E, [C. (@ (o) = 3 milay, )]

over a set that contains the contract ¢ =0 and m = 0, we have

Em S Cs (1'57 0)

N
Os (xsv q*(xsa l’)) - Z m:(x& l’)
i=1

and (IRs) holds. In order to verify (IC;), by the supplier’s cost structure and Lemma
A4, for any x,, 2, € A,

N

E, [Co (@' (@ha) = D2 milal, )| =B [ (e, " (@, 2))] + hovs (A4)

i=1

where SN ¢ (2, 2) < x, for all z € X.

Thus, for any z, < 2, we cannot have S, ¢*(2),x) > =, for any z. If
SN (e, x) < x, < 2 for all z, then z, is enough to bring retailer i’s final
inventory position to the minimum y;(z;) of V;(-|x;) as defined in (A.18) for all i, i.e.
for all z,

6; (5, ) = g; (2, ) = (y; (i) — @) -
Thus, 7 (x, ¢*(xs, x)) = 7*(z, ¢* (2, x)) for all x. Therefore, (ICy) holds (with equal-
ity) by (A.4).
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For any x, > 2/, we must have Y1 | ¢*(2,, 2) < 2, < x, and Y0 | ¢F (24, 7) < 4.

Thus by Lemma A.4, since ¢* solves (A.15), for any =,
™(z, ¢ (rs, ) < 7 (x, q*(:c;, z)),

which immediately implies (ICy) by (A.4).

On the other hand, because (A.6) minimizes the supplier’s cost for any given
xs subject to only the retailers’ incentive constraints (IC;) and (IR;) by ignoring
(ICs) and (IR5). Hence, we must have for any other incentive feasible mechanism

{q(zs, ), m(xs, )} such that, for all xy,

N

E, [Cs (s, q(xs, 7)) — 211 mi(xs,x)} <E, [Cs (v, (x5, 7)) — Z

. m; (s, x)} )

Thus, by Definition A.1, {¢*(xs,x), m*(zs,2)} is not dominated by any other in-
centive feasible mechanism. Therefore, by Definition A.1, {¢*(xs, z), m*(zs,z)} is a

strong solution for the supplier’s problem. O

Proof of Theorem 2.3. The result follows from Lemma A.7 and the observation that
the fractile representation arises from pu;(x; + ¢ (x5, x)|x;) = U* being equivalent to

Gi(9€z’+q;(9€s,9€)|$i) = (U*+hs+bi_ci>/(hi+bi)- ]

The classic centralized problem where there is no private information is:

N
H?V(xsa .I') = Ig{)l C(s (xsa Q> + Zl {Cz (xia QZ) - Cz(xza O)} - Cs (:Csa O)

Zﬁil qi S L.

(A.5)

As a corollary of Theorem 2.3, we can immediately characterize the solution

{q°,m°} to (A.5) in the next result, where ¢;(x;) := (h; + b;)Gi(x;) — (hs + b; — ¢;)

N
for 1 = 17 ) N and 7‘('0(3;',(]) = Z {Cz(x“%) - (hs - Cl>qz}
i=1
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Corollary A.1. Fix an inventory profile x5 € Xs , v € X, and relabel retailers, if

necessary, so that
¢1(71) < Po(w2) < -+ < dn(aN).

Then there exists a Lagrange multiplier ,j{liHN{Cz' —hs—b;} <U° <0 and an integer

.....

n® such that the allocation rule ¢° to (A.5) is determined by

(A.1.1) for alli <n°, ¢¢ >0 and x; + ¢ = (%) -fractile of G;(-);

(A.1.2) for all j > n°, ¢; =0 and x; > <%>—fr@ctile of G;(+); and

(A.1.3) YN ¢ <y and U° - (XN, g0 — z,) = 0.

Proof. Following the same argument as in the proof of Lemma A.4 and Theorem 2.3

by substituting ?((;“)) with 0, the relaxed problem (A.15) is reduced to the centralized

problem (A.5). Notice that this is a convex program even without Assumption
2.1. Furthermore, there is no monotonicity constraints and hence we do not need

Assumption 2.2. 0

Proof of Proposition 2.2. By Theorem 2.3, if ¢ > 0 we have

U+ hs+b —¢ hs +b; — ¢
N <at s T TG\ 1 (R T TG
x)_ ' ( bi + h; )_ ' ( bi + h; )

since G;(y) < Gi(y|z;) and U* < 0. O

(U 4 g+ b —c;
»f:Gfl S ) )
4d; i ( bz+hz

Proof of Proposition 2.1. The second inequality is straightforward. Let us focus on
the first inequality. Since y}(x;) is the unrestricted minimum for each function V;(+|z;)
defined in (A.18). Note also that the unrestricted centralized allocation corresponds

to y*(z;), since the factor Fi(z;)/fi(z;) = 0. Thus, we have

> ¢;(z) = min {ﬂf > (i) — 930*} :

i=1 =1
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and
N

qu(x) = min {%, Z(y*@z) - x2)+} '

i=1 =1

Since yf(+) is non-increasing by Lemma A.6, we have

i=1 i=1

min {xs, Z(y:(%) — $z)+} < min {xsa Z(y:(%) - xZ)J“} )

which immediately yields the result. O

Proof of Proposition 2.3. If x, > SN | (y¥(x;) — 2;)*, by Lemma 2.3, the lagrangian
multiplier U*(x,,2) = 0 and the result follows. Otherwise, z, < SN (y¥(z;) —
z;)t and we have 3N ¢ = SN ¢° = x, by Proposition 2.1. Since G (alz) <
G Yalz,) = G (@) for e € [0,1] and i = 1,..., N, if U* < U° it follows by Lemma

2.3 that z; + ¢¢ < x; + ¢ for all i such that ¢¢ > 0. That yields Y.~ ¢° > x, and

therefore U* < U° cannot hold. O
A.4 Proofs of Section 2.4

Proof of Theorem 2.4. Under Assumption 2.2 for ¢ < j that ?((;)) < i((j:)) Hence

by definition of p;(-|x;) in (A.17), wi(y|z;) < pi(ylz;) for all y. Moreover, for any
i, pi(y|z;) < 0 and non-decreasing for y € [0, yf(z;)], and p;(y|z;) > 0 otherwise by
Lemma A.5. Thus, if p;(x;|z;) > 0, we have z; > y?(x;) and we have correspondingly
g7 = 0 and the ith retailer is not served; so, without loss of generality, we may assume
wi(xilz;) <0, ie x; < yf(z;). Thus, the condition 7y < 9 < .-+ < zy implies
that p(a1]21) < po(za|rs) < -+ < pn(n|an) since p(z;|z;) < pipr(@i]zi) <
fi1 (it [Tisn).

By Lemma 2.3 we have two cases. Either ¢* = 0, in which case n* = 0 and both

results (1) and (2) hold. Otherwise, for i < n* we have ¢f > 0, p;(z;+q}|z;) = U*, and
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ri+q < yf(x;). Thus, i (@;+¢}|z41) > U* which implies that z;4+¢ > x40 +¢),
by the monotonicity of pt;1(-|zit1) up to ¥/ (iy1) > i1 + ¢y

To establish the second result we can assume ¢* # 0. Note that if for some
is < n* we have ¢; > ¢;, for any @ < i, we have z; + ¢ > x; + ¢ = x;, +q;, by
the result (1) and the balancing property of the centralized supply chain solution.
Thus, if n* > n°, g% > 0 = % which yields SN ¢ > SV, ¢° which contradicts

Proposition 2.1. Thus, n* < n° and (2) follows. O

Proof of Theorem 2.5. Fix x € X with z; < z;41 and 21 < x9, and let ¢* = ¢* (x4, x)
and ¢° = ¢°(zs,x) be the optimal allocations for the asymmetric information and
the centralized supply chain.

It suffices to show that g7 > ¢7. Indeed, if ¢ > ¢7 we have x; + ¢ > x; + ¢f >
r; +¢q; = xj + qj, hence ¢f > ¢ for all j < 4. Thus, if overshooting happens for
retailer 7, it must also happen for all retailers 7 < 1.

We first establish that Conditions (i) and (ii) are sufficient for overshooting.

First assume that 2, < S°N (yr(z;) — x;)*, so that SN ¢ = SN ¢° = ..
Therefore either ¢* = ¢° or there is an index ¢ such that ¢ > ¢ since they are
non-negative. Since x; > xo — x1, we have ¢5 > 0 by (2.19). Thus, if ¢ = 0
we are done. Otherwise, by Lemma 2.3, p(z1 + ¢f|z1) = po(za + ¢5lae) and since
F(z1)/f(z1) < F(x2)/f(z2) we have x1 + ¢F > 22 + ¢5. Therefore ¢* # ¢°.

Second, if SN (yf(x:) — )t < x4, we have qf = (y7(z;) — x;)*. Also, note that
r1+q) = (zs + 27:01 ;)/n° so that Condition (i) is equivalent to G(z1 + ¢f|zy) <
(hs +b —c¢)/(h + b) which implies that x; + ¢ < yi(z1) by Lemma A.5. Hence we
have ¢} < qf, i.e. overshooting occurs.

Next we show the necessity of Conditions (i) and (ii). If x5 < x5 — 7 we have
¢ = (G (hetb=e) — z) T A, and ¢¢ =0 for all i = 2,..., N. By Theorem 2.4 part

h+b

(ii), we also have ¢f = 0 for i = 2,..., N, and, by Proposition 2.1, ¢ < ¢{. Thus,
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overshooting does not occur.

If Gz + ¢Qlzy) > hs,;tfb_c, we have yf(x1) < 21 + ¢ by Lemma A.5. Therefore,
@ < (yf(x1) —x1)" < ¢5. Using the fact that ¢° balances the final inventory position
of served retailers and Theorem 2.4, we have that x; + ¢ > 1 + ¢} > z; + ¢ so that

qF < ¢q;, i.e. overshooting does not occur. O
A5 Characterization of (IC;) and (IR;) in the SSMR case

The following is the supplier’s problem in Section 3.2 if its inventory/capacity level

were publicly known:

T4 (zs) :== min E, |C (zs, q(zs, 7)) — Zfil m;(zs, )

q,m
subject to SN gi(ws, 7) < @y (A.6)
(ICZ)(xS)’ (IRZ)(:L‘S)7 Qi(l‘sax) > 0 for 7 = ]-7 R N

where (IC;)(z,) and (IR;)(x;) are the incentive constraints for the retailers when
is publicly known.

In this section, we abbreviate m;(xs, x) as m;(x), ¢;(xs, z) as ¢;(x). For any ¢ and
m let
Lemma A.1. Fizanyi € {1,..., N}, suppose that g;(z) is non-increasing in z; € X;

for all x_; € X_;. Then the pair ¢;(x), m;(z), where
mi(z) = Ci(x;,0)—Ci(x;, ql-(:c))—(hl-+bl-)/ {Gi(z+qi(z,2,)) —Gi(2)}dz, xe€X.
satisfies the following inequality

Ci(xi, qi()) + mi(x) < Ci(ay, i), x—)) + my(a), x_y;), Va, € X,z e X, (A.8)

and hence satisfies (1C;).
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Proof. Notice that

T

Ci(xi, ;) — Ci(wQ, q) = (hi + bz)/ Gi(z + q)dz — by(x; — x;)

Thus, we have
[Ci(wi, i}, w—)) + ma(a, 2—)] = [Cilxs, gi()) + my(@)]
=[Ci(wi, ¢i(}, 2—1)) — Cilwi, (@, 2-4))]
+ [Cilag, qilas, v-)) + ma(af, -i)] = [Cilwi, qi(@)) + ma()]

=[Ci(wi, qi(w}, v3)) — Cil, qi2f, v4))]

O 0) — Ci(ai, 0)] — (B + by) / G+ ) - G2 ds

:(hz + bl) /wZ [GZ(Z + qz(x;, .’L',Z)) — GZ(Z + ql-(z, .T,Z))] dz > 0,

’

where the last inequality is due to the fact that if x; > 2%, ¢;(2}, x_;) > ¢;(z,2_;) for
all z € [x;,x}] because of monotonicity of ¢;(x) in x; for any given x_;. (Similarly
if x; < x} we have ¢;(2,2_;) < qi(z,2_;) for all z € [x;,2}].) This shows (A.8) and

taking the expectation of (A.8) with respect to z_; yields (IC;). O

Lemma A.2. For anyi = 1,...,N, if ¢; and m; satisfy (1C;), then for any z; €

[z;, T;], we have
or equivalently,

B bou(o)] = Wile)-E [Gloale) + [ 400G +az0-0) - b

(A.10)
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Proof. Define

/V[Z'(xz‘a ;) = Bo_, [Ci(wi, i, 2-3)) + mu(aj, 2-)].
Then (IC;) can be formulated as

Wi(z) = min Wi(z:, ).

ri €[, T4

We have
iﬁ?( L) =E i(j.( a2 )| = By [(hi + ;) Gi(mi + qi(ah, 2_;)) — b;]
al'i i\, Ly) = L, al'l i\Ti, @i\ Ty, T— — L, 7 ) i\T; qi\T;, T—; i)

because the differentiation and expectation operators commute (Rosenthal, 2000,

N < max{h;,b;} for any (z;,z}), and (A.9)

Proposition 9.2.1). Thus )%W(xi,x’)

follows from the envelope theorem of Milgrom and Segal (2002). The equality in
(A.10) follows from the definition of W; in (A.7). O

Corollary A.2. Fori=1,...,N, if ¢ and m; satisfies (1C;), then (IR;) reduces to
Wi(z;) < Ci(Z4,0). (A.11)
Proof. By Lemma A.2, we have

Ty

G+ ar) - Giz)}de

J/

—(hi +b)E, , /

Z;

-~

>0

< Wi(z;) — Ci(z4,0).

Thus the (IR;) constraint, W;(z)—C;(z;,0) < 0 for all z;, is equivalent to imposing
only (A.11). O
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Lemma A.3. Let {q; (")}, denote the solution to the following program.:

N
min B, [z {(i = h)ai(@) + Cils, as(@)) + (i + b)) 4

q(-) i=1 '

Gl + 0}

st. SN qix) <z, q(r) >0, z€X.
(A.12)
If qf(z) is also non-increasing in x; for all x_; € X_; and 1 = 1,..., N, then the

allocation rule {qf ()}, together with the payment rule

mi(z) = Ci(x;,0) — Ci(zi, ¢f (x)) — (hi + b;) /w {Gi(z + ¢ (z,24)) — Gi(2)} dz,
i=1,... N, z€X. (A.13)
solves (A.6).

Proof. Replace the term {E,_ [m;(z)]}Y, in (A.6) with the expression in (A.10).
In light of Corollary A.2 and Lemma A.1, we can focus on the following relaxed

minimization problem:

N
()IHiIl o Ew [Cs (1'57 Q(x))] + Z EJ? [Cz(xza QZ(x))]
Qi ()seees an (- .
Wi (Z1),.-., Wn(zZn) =1
N z, N
+ ) (i + b)E, l / Gi(z + gz, xl-))dz} = Wil@) (A.14)
i=1 Ti i=1
N
i=1
Since the objective function is decreasing in W;(z;) fori =1,..., N, it is optimal
to set,
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Furthermore, we have,

/x UG+ il :cl-))dzH

i

E, {/ Z Gi(z + qi(z,xi))dz} = E,_, [Ez

1

= E, [Ezi {F(i)g(az +q¢(x))H

_ R {i((;))G(x—f-q(x))] i—1,...N

where the second equality follows from integration by parts. Substituting the last

expression into (A.14) yields (A.12). The result follows from Lemma A.1. O

Our approach of solving the problem reformulated in Lemma A.3 is to solve the

following pointwise optimization problem by ignoring the monotonicity constraints.

min 7 (x,q
2 T (A15)
Zizl ¢ < xg,

N

where 7 (z,q) == > |(¢i — hs)gi + Ci(wi, ;) + (hi + bz)?((f)) Gi(wi + q) |
i=1

In particular, one needs to account for the lack of global convexity in the objective
function. We circumvent by establishing that the function is (globally) quasi-convex
and convexity holds on the relevant region so that KK'T conditions can still be used to
characterize the global solution, which turns out to satisfy the neglected monotonicity

conditions under our mild conditions on the distribution functions.

Lemma A.4. Under Assumptions 2.1 and 2.2, the solution ¢*(xs, x) given in (A.15)
and the payment m*(zs, x) defined by (A.13) solves (A.6).

Proof. Combining Lemma A.3, Lemma A.7 and Lemma A.8 we see that the relaxed
solution to the pointwise optimization problem (A.15) indeed solves the problem

(A.6) under Assumptions 2.1 and 2.2. O
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A.6  Quasi-convexity and Monotonicity in the SSMR Case

Lemma A.5 below will be applied through out the paper with oo = (hs+b; —¢;)/(h; +
bi), G =Gi, g=gi, ¢ = [Fi(x)/ fi(z:)] = 0.

Lemma A.5. Let G be a probability distribution with a upper-semi continuous prob-
ability density function g such that 1 — G is log-concave, ¢ > 0, and a € (0,1).
Define y* = inf{y € [0, +00)| — a4+ G(y) + Cg(y) > 0}. Then

(i) —a+ G(y) + Cg(y) is non-decreasing for y € [0, y*|;
(it) —a+ G(y) +Cg(y) > 0, for ally € [y*, +00).

Proof. 1t is equivalent to show that 1 — G(y) — (¢(y) is non-increasing in y € [0, y*|
and for y € [y*, 00)
1-Gy) —¢yly) <1 -a. (A.16)

By definition of y*, if 1 — G(y) — (g(y) < 0, we must have y € [y*, 00) and (A.16)
holds for this case. Otherwise note that

log (1 = G(y) — Cg(y)) = log(1 — G(y)) + log (1 - C%> '

By the monotonicity of G we have log(1—G(y)) is non-increasing and by log-concavity
of 1 — G we have that —g(y)/[1 — G(y)] is non-increasing in y. Therefore both terms

are non-increasing in y, establishing (i) and (ii) since 1 —G(y*) —Cg(y*) < 1—a. O

Lemma A.6 below will typically be applied to oy = (hs+b; — ¢;)/(h; +b;), a = 1,

and (;(x;) = Fi(z;)/ fi(z;) as a non-decreasing function of z; for fixed z_;.

Lemma A.6. Assume that (; is non-decreasing (non-increasing) in x;, and let o; €
(0,1), a > 0, and G; be a probability distribution with density function g;. Then
yr(z;) = inf{y € [0, +00) : —a; + G;(y) + ali(x;)g:(y) > 0} is non-increasing (non-
decreasing) in x;.
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Proof. Pick x; < x so that (;(z;) < (;(«}). For any y

0 < —; + Gily) + ali(z:)gi(y) < —a; + Gi(y) + al;(x)g(y)

so that any y considered in the infimum problem for y;(z;) is also considered in the
infimum problem for y’(z%). Thus, yf(z;) > y(x}). Similar arguments apply when

¢i(x;) is non-increasing in ;. O

In what follows we need the definition

pi(ylai) = (hi + b)) Gi(yla;) — (hs + b; — ;) (A.17)
which generalizes (2.12).

Lemma A.7. Under Assumption 2.1, fit x € X, relabeling retailers if necessary so

that
pa(zr]my) < po(wa]rs) < -+ < pn(wy|oy),

the solution q*(+) to (A.15) can be characterized as follows: there is U* = U* (x5, x) €

[ r{ﬂnN{cj — hs — b;},0] and index n* such that

1. pi(x; + g (xs, x)|x;) = U* for those i such that qf (xs,x) >0, i < n*.

2. pj(zjlr;) > U for those j such that ¢}(zs,x) =0, i > n*.

3. SN g (e, x) < x4 and U* - (Zf\; qf (zs, ) — x3> =0.
Proof. Let

Vilyla) = (ci — hy)y + Ci(y,0) + (h + @)%Gi(y). (A.13)

N
The objective function in problem (A.15) can be written as > Vj(x;+¢;|z;). Straight-
i=1

forward computation reveals that %Vi(yui) = pi(y|z;) defined in (A.17). Lemma
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A5 establishes that V;(-|x;) is quasi-convex over the whole line, reach its minimum
at y!(x;) and convex over [—oo,y’(x;)]. Thus it entails that ¢ (zs,2) = 0 for all
those i such that p;(x;|xz;) > 0. For those ¢ such that p;(z;|x;) < 0, KKT condi-
tions are necessary and sufficient to characterize the solution. Let U* = U*(xs, x) be
the Lagrangian multiplier for the capacity constraint le\il ¢; < xs. Thus we have
wi(z; + qf (xs, x)|x;) = U* for those ¢ such that ¢/ (zs,z) > 0 and p;(z;|z;) > U* for
those j such that ¢j(z,,x) = 0.

Ifforall j =1,..., N, gj(vs,x) =0, set U* = min{p;(x;|z;): j=1,...,N} <0
and hence U* > min{—(hs;+b; —¢;) : j =1,..., N}. If, for some i, ¢/ (x5, z) > 0, we
have U* = p;(z;+q} (25, )|z;) > —(hs+b;—¢;) > min{—(hs+bj—c¢;) : j=1,...,N}
and U* = p;(x; + ¢ (zs, x)|z;) < 0 because z; + ¢} (xs, x) € [—00, y(z;)], over which
i (+]z;) < 0 by quasi-convexity (Lemma A.5). The complementarity condition follows
from the fact that if Zi\; qf (x5, ) < s, then we must have p;(z; + ¢f (vs, x)|x;) >
wi(yr(x;)|z;) = 0 and it suffices to set U* = 0.

Finally, since p;(z;|x;) are increasing, n* = max{i > 0 : ¢/ (x5, z) > 0}.

O

Lemma A.8. Under Assumptions 2.1 and 2.2, let ¢* be the solution to (A.15) char-
acterized in Lemma A.7. Then for i = 1,...,N we have that q}(xs,x) is non-

increasing i ;. Moreover, q;-‘(xs,x) s mon-decreasing in x; for any j # 1.

Proof. For fixed x_; and z; < 2} consider ¢ = ¢*(zs, x;,x_;) and ¢ = ¢*(zs, 2}, x_;).
We can assume ¢, > 0 otherwise we are done. Moreover, since p;(x;|z;) < p;(z}|x}),
we have that ¢, > 0 implies that ¢; > 0. By Lemma A.7, ¢ and ¢’ are characterized

by the existence of multipliers U and U’, and integers n and n’ such that

J<n, g #Fi, pi(r;+qilr;) =Uq >0 J<n',j#i, pi(r;+gjley) =U',q¢; >0
pi(zi + gilwg) = U i@ + gilzg) = U’
Jg>n,j#14, pi(rile;) >Uq =0 J>n' g #4 pi(zley) > U, q =0

U.(Zj'vzlq]'—xs>:0 Ul.(Z;ilQ}_xs>:O.
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Since p;(ylz;) < pi(yla)) for all y, it follows that U’ > U. Moreover, note that
v+ q; < yj(x;) if j <nand 25+ ¢; < yj(w;) if j < n'. Therefore, since p;(-|z;)
is non-decreasing for y € [0,y;(x;)] by Lemma A.5 (i), it follows that ¢} > ¢; for
Jj <max{n,n'}, j #1i.

Thus, note that if U < 0 the conditions above imply Zf;l ¢; = rs and we have

J# J#i

and the result follows. On the other hand, if U = 0, we also have U’ = 0 and
¢; = max{0, yS(z}) —x}} <max{0,y (z;) —x;} = ¢ since y}(x;) —x; is non-increasing

in z; by Lemma A.6. 0J
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Appendix B

Proofs in Chapter 3

B.1 Auxiliary Technical Results

Lemma B.1. The inequalities in (C) are equivalent to the inequalities in (B).

Proof. Using our notation, Proposition 3.1 in Border (1991) states: Let X : V' — [0, 1]
be measurable. Then X is implementable by a symmetric auction if and only if for

each measurable set A C T, the following inequality is satisfied:

1= (fadF (v))N
- .

[ xwarw <
A

By “X is implementable” Border means that there exists a symmetric function

= (2t ..., 2") : VN = |0, 1™ such that

X (vz) = /VN_1 z (vi,v_i) H dF (vk)

keN\{:}

The equivalence between (C) and (B) follows immediately from Border’s Proposition

3.1, by letting z* (v) = > ¢} (v) and X (v) = 3> Q; (v). O

jed jed
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Lemma B.2. Let h be a Lipschitz function on V, with constant L, and let
h(v) = {h(0) : for some O such that ||v — 3| < &}

be a piecewise constant function. For any measurable function g : V. — R we have

/)h — h(v)

Proof. Since h is Lipschitz, by definition of & we have that |h(v) — h(v)| < Le. The

that

()dv<L5/|g )|dv  for any D C V.

result follows by integration. O
Lemma B.3. For some T > 0, consider the grid Vi defined by e = O(1/T). Let UT
be defined as in (3.1). For any v € V we have that

0< U (w) = U (W) <e, v €Vp, v/ <v<t +ee.

Proof. Note that U7 is a convex function. By its definition, any subgradient of
UT belongs to the set conv{Q”(v) : v € Vp}. It follows that any subgradient

s € conv{QT (v) : v € Vr} is such that s > 0 and

|s]]1 < max
a”—072v6VTaU:1

1

<> ausup [[QT(v)[h < 1.

veVr veVT

Thus,
U"(v) = U () < sup [(s,0 =)

a€l0,1],s€0U (av+(1—a)v’)

< s fshlv-vle<e
«€[0,1],s€0U (av+(1—a)v’)

Moreover, because s > 0 and v — v" > 0, we have

UT(v) > U () + (s,v—0') > UT ().
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Lemma B.4. Under Assumption 3.1 we have that

for- [ rwa

Proof. For convenience let C, = {v/ € V : v < v/ < v+ ee} where ¢ = O(1/T).

< e2V/ T sup ||V f(v') | vol(V)

eV

D

veEVP

By the mean value theorem, [, f(v')dv’ = f(0)e where © € C,. The triangular

)

inequality yields

o - [ 1w

' fv) = | f)d

23 (\f@) — )]+

UEVT veVr Cy
<3 (1) = f@) | + € 1) - F@)))
veVr

Note that for the first term we have

S 1) - s)e] = 3 e Y| = 1= 3 e
veVp veVy L=v'eVr o' eV V' €V
= ‘ S f)e = f(v')e‘]' <> EIFE) = ()]
v eVp v eVp v eVp
Finally, we bound
> 1@ = @< Y € sup (V)0 =0)| < ev/Tsup [V (w)]vol(V)

vEVp veVr

B.2 Proofs of Section 3.3

Proof of Theorem 3.1. Within this proof, we omit the superscript T' for notational

convenience. First note that U is convex (since it is the maximum of affine functions)

and non-negative in V by construction because U(v) > U(v) = 0.
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To show (ii), consider any two points v,v" € V and denote by 0,0 € Vi the

points that 0 < v < ee, and v/ < v' < 0’ 4 ee. Next recall that all (IIC) are satisfied

for all 0,9’ € Vi Because Q(v) = Q(0), U(d) = U(d), U(?') = U(¥'), we have

0() = U(v) = (Q),v' = v)
—UW) = U@) +U®) = Uw) + U@ — U®®) — (Q(8),0/ — v)
—e+(Q(0),0) — ' + 0 — ) + U@) = U(®) — (Q), 1 — 1)

>
> = = [|Q(O) L]0 = v]loc = —2¢,

by Lemma B.3, U(v') > U(¥'), (Q(8),v' — 9') > 0, and [|Q(0)||; < 1. Thus Q(v) €
Oa.U (v).

Since violations to (IIC) we bounded by (ii) to show (iii) we need to control the
violation among all Border constraints. By Lemma 3.3 it suffices to consider sets
of the form E, == {v € V : Z}]=1 @]T('U) > a}. The definition of @ implies that
these sets are of the form unions of cubes of side € (and therefore volume ¢’). Let

A =Upearcv{v € Viv <o < v+ ee}, then we have

<) ) QW)

/ F)de! — fv)
vCAp jET v’ <vt-ee

<y ] [ s fo)

veVp v<v’'<vtee

<e2vJ sup IV £ (@")[[vol(V)

/A S 0wdre) - 3 S QW) i)

jedJ vEAD jEJ

by Lemma B.4. A similar bound applies to the right-hand-side of the Border con-
straint. Therefore the maximum Border violation is bounded by O(e) = O(1/T).

O

Proof of Lemma 3.2. Let o = [, dF(v). First note that N [, 3", Q;(v)dF(v) <
Na. This implies that Nao > 1 — (1 — a)V + 1.

Using

20[2

(1—a)V <e M <1-Na+ for a € (0,1)
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we have that

2 2 N2a2
o) + = Na— o)

Na>1—-14+ Na-— + .

ﬁ

This implies a > % U

Proof of Corollary 3.1. Consider an arbitrary violated Border constraint such that

N
N/ S Q(0)dF(w) =1 - (1 _ / dF(v)> 4
AT A
where we have n < §(Q,U) by definition of §. For notational convenience let o =
[ dF(v) denote the probability measure of A.
Next consider scaling the mappings (Q,U) by

1—(1—-a) 1 n

(a9 1x9/0-(-aM ='"T-q=a)V

which would make it satisfy border for this particular set A.

By Lemma 3.2 we have that a > /2n/N which implies that

N2a?

5= V2-n

1-(1-—a)¥ > Na-—

This yields a bound on the scaling

el k) RV
1-(1-a)N+n— " V2n-1 V2 -

Since this last quantity is monotone in n < 6(Q, U) it suffices to scale (Q, U) by

QU
\/_ Y 5(@7 U)

so that (tQ),tU) satisfies all Border constraints.
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Regarding (IIC) if for every v,v" in the domain we have
Uv) = U@@) 2 (Q(),v —v) = 6(Q,U),
since t > 0 it holds that
tU(v) —tUW'") > QW) v — ") —t6(Q, U).

Finally, for (IIR) note that if U(v) > 0 we have tU(v) > 0. On the other hand if
U(v) < 0, multiplying by ¢ reduces the violation as claimed.

Therefore, §(tQ,tU) < t6(Q, U) and all Border constraint are satisfied by (tQ, tU).

U

Proof of Theorem 3.2. Let (Q*,U*) denote the restriction of (Q*,U*) to Vi and
(Q*,U*) the extension of (Q*,U*) to V (as in (3.1)). First note that Lemma 3.2

and Corollary 3.1 can be applied to (Q*, U *) in order to obtain a feasible solution

for (Pr). Let t =1 — QU)o that (tQ*,tU*) is feasible for (Pr) since all

\/5_ V 6T(Q*a0*)
(IIC)s are already satisfied.

In order to bound 5T(Q*, U *), note that by convexity for any A > 0 we have

U*(v) = U*(v — he) < ZQ;(U) < U (v + he) = U"(v) forall veV,

h h

jeJ

where e denotes the vector of all ones. Next we apply Lemma 3.3 to restrict attention
to the class of Border constraints with sets E,. Without loss of generality we can
restrict E, to be a compact set.

Once again by convexity we have that (Q*(0) — Q*(v),v —v) > 0. Applying this
to 0 = v+ he for h > 0 we have that >, Q;(v) < >_,; Qj(v + he). Therefore, if

v € K, we have that v+ he € E, for any h > 0 such that v + he € V.
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Define L(E,) = {v € E, : $h >0 such that v — he € E,}. For each v € L(E,)

let h(v) = max,>o{h: v+ he € V'}. Therefore we can rewrite Border constraint as

fEa Jje€J Q; )f( )dv

:/( / > Q5w+ he) f(v + hv)dh dv
L(Eq)

jedJ

= / U*(v + he) f(v + he)|, h(v) / *(v+ he)e'V f(v+ he)dh| dv
L(Eq)

~ h(v)
= / U*(v + he) f(v + he) / U* (v + he)e'V f (v + he)dh| dv + O(1/T)
L(Ea)

by Lemma B.2 since U* is Lipschitz, V' is compact, and f has bounded first and
second derivatives. Convergence is uniform over all sets FE, since U is Lipschitz
(constant at most 1), V' is compact, , by using Lemma B.2. Combining this result

with Lemma B.4 yields the rate of convergence 6r(Q*, U*) = O(1/T") and

OPT, > Y (<t@*(v),v> —tﬁ*(v)) F(v)

veVp

=/, <tc§* (v), v> —tU*(v) dF(v) + O(t/T)
_ /V (HO* (v), v) — tU*(v) dF(v) + O(t/T)
— {OPT. + O(t/T).

O

Proof of Corollary 3.2. Theorem 3.1 showed that (@T, U T) is asymptotically feasi-
ble. Now we claim that the objective value OPT*(QT, ﬁT) corresponding to (@T, ﬁT)
can be approximated by the objective value corresponding to OPTr(QT,UT) cor-
responding to (QT,U?). Then by Theorem 3.2, OPT*(@T,ﬁT) is asymptotically
approximating the true optimal OPT,. Thus, the two conditions in Definition 3.1
are satisfied by (QT, U Ty and we obtain the corollary.

Now we are going to prove the claim. The objective function in the continuum

is given by
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/V (Qv), w(w)) — U(w)] f(v)do. (B.1)

First we have

[T wre) - 3 vt fe)
v v eVp
- UEZVT ASU’SWrG@ <UT(U/) - UT(U)> f(v,)dv, i UUGZVT f(v) N [SUSWrGe f(vl)dvl
< ey / F)dv' + 2V T sup ||V f(0')|[vol(V)  (by Lemma B.3 and B.4)
veVy Y VSV Svtee v'eV

< (VT sup [V ()] + )vol(V)e
v eV

Let W = max,ev )., w(v) < oo by Assumption 3.1. Then we have

/V (O (@), W) F@)dv — QT (0), w(w)) f(v)

veVp

< |2 [ (@) - @) reh
+W Z flv) - /v<v/<v+ee f(dv'|  (because )

< (2VJsup |V + 1)vol(V)e (by Lemma B.4)
v'eV

Comparing the above two inequalities with (B.1) immediately yields our claim.
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B.3 Proofs of Section 3.4

Proof of Lemma 3.3. We will show that for any measurable set A C V' there is a set
of the form E, whose violation of Border is at least as large the violation associated

with A. Let a be the largest value such that

/ AF(@) 2 /A dF (v)

which exists since the mapping o — | g, AF (v) is continuous from the left. We have

that

dF (v)

dF (v) + /AOE [Z Q; (v)

jeJ

/ [Z Q, (v)

jeJ

IF (v) = / ; [Z@j (v)

jeJ

< /A - adF (v) + /A . LEE;Q]- (v)| dF (v)
_ aA\EadF(v)+AmEa L;Qj )| dF (v).

Note that if we can take fEa dF(v) = [, dF(v), we also have fEa\A dF(v) = fA\Ea dF(v)
and E, leads to a larger violation than A (since the respective right-hand sides are

equal). Therefore we can assume [ g, dF'(v) > J4dF(v). In turn this implies that

Ha:{vEV:ZQj(v):a}

jed

has positive measure with respect to F', that is

/ AF(v) > / dF(v) — /A AF(v) > 0.
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(Otherwise we would be able to choose a larger «.)

Consider the violation of the Border constraint associated with A

51 = /A [Z Q; (v)

jeT

dF (v) — 1+ (1 —/AdF(v)>N and

dF(v) — 1+ (1 - /E RCOR M)N

where p = [, dF(v) with H C H,. The latter is a convex function in the scalar

s o |

Eo\Ha

[Z Q;(v)

jeJ

p€ [0, [, dF(v)] so it is maximized at one of the extremes (i.e., the extremes have
a violation at least as big as d4). Note that there might be no set H associated with
intermediate values of p (say p = [, dF(v) — fEa\Ha dF(v)) but the maximum is
achieved in the extreme. This allows us to obtain at least the same violation as d4

either with H = () or H = H,. These cases correspond to set of the form E,. O

Proof of Lemma 3.4. Regarding the separation oracle for (//C') note that we can
simply enumerate them. Each of the O(T?/) constraint requires O(J) operations.
Next we turn to Border constraints. Let (@, U) be the point to be considered by
the oracle. First construct the O(T”)-dimensional vector Q defined as
Q) =) Q;(v)
jed
which accounts for O(JT”) operations. Then we sort the vector @ in descending

order using O(T7 In(T”)) operations to create (). Next note that we can generate all

the O(T") sets E, associated with @ by considering the following sets of components

{{1},{1,2},{1,2,3},....{1,2,...,0(T")}}

of @ Since this can be done incrementally, the computational cost to search over all

these sets is O(T"). O
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Proof of Lemma 3.3. Let S* denotes the set of indices of included Border and IC
constraints at the k-th iteration. Since there are a finite number of constraints, there
is a finite number of possible sets S* each of which containing a finite number of
extreme points or faces. Therefore there is only a finite number of different objective
function values that can be achieved at any iteration. Since inequalities are dis-
carded only if an improvement on the objective function is observed, either we keep

accumulating inequalities or a improvement in the objective function is made. [
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Appendix C

Proofs in Chapter 4

C.1 Proof of Lemma 4.1

Proof. We show the following directions:

(1)<(2) First notice that C'— (@ is a diagonally dominant M-matrix, and hence has
inverse-positivity property, i.e. (C'— @Q)~! exists and has nonnegative entries
(Seneta, 1981, Exercise 2.4). Let Apax and fimay be the eigenvalue of (C' —
Q) 'BXy (non-negative matrix) and BXy — C' + @ (ML-matrix) respectively,
which have the largest real part among all the eigenvalues. Then by (Seneta,

1981, Theorem 2.6), Apax and pimayx are both real. Hence, by definition 4.1,

Suppose fimax < 0. Let v be the associated positive right eigenvector, then

[BXo — C 4 Qv = limaxv. Hence, we have
BXov = (C —Q)V + timaxv = (C — Q)Vv. (C.1)

Due to the positivity of (C'— Q)~', we can multiply (C' — Q)~! on the both
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sides of (C.1), and get
(C—Q)'BXov <,

i.e. v is a subinvariant for (C'— Q) 'BX,. Then by (Seneta, 1981, Theorem
1.6), Amax < 1, which, by definition, means R(a) < 1.

For the inverse, suppose Apax < 1. First notice that C(C'—Q)~! is the transition
probability matrix and hence (C' — Q) 'BXj is primitive. By (Seneta, 1981,

Theorem 1.1), let v be the associated positive right eigenvector, i.e.
(C - Q) 'BXyv =v.

Or equivalently,
[BXo—C+Q]v=0,

which implies, by (Seneta, 1981, Theorem 2.6), fimax < 0.

(2)<(3) Notice that G(a) is so-called ML-matrix or quasi-monotone matrix. A
necessary and sufficient condition for an ML-matrix to have the spectral radius
less than 0 (and hence the real part of all the eigenvalues) is that all the
principal minors of G(a) is positive. The closure of the all such ‘a’ is exactly

the set A(uq,us). (Gantmacher, 2005; Seneta, 1981).

C.2 Proof of Proposition 4.1.

Proof. Conditions (4.5) and (4.6) can be further reduced to (just by rearranging the

terms)

S
IN

—my + @y, (C.Q)

a Z mg—ﬂg, (C?))
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whose consistency requires
my +mg — Uy — Uz < 0. (C.4)
After some algebra, condition (4.7) can be converted to
—a® + (my —my — Ty + Uy)a+ (my — @y)(mg — 1) — q > 0. (C.5)
The discriminant of the quadratic form on the left-hand-side of (C.5) is given by
A = (my +my — Uy — z)* — 4q. (C.6)
Due to (C.4), we only need to consider the following two possibilities:
o if —2,/q <my+my— 1t —uy <0, then A <0 and hence (C.5) is infeasible;

o if my+my—ty —uy < —2,/q, the A > 0 and hence the feasible a’s are between

the two roots (may coincide) of the quadratic form (C.5):

1 1

S1 = §(m2—m1—ﬂg+ﬂ1)—§vA
1 _ i 1

So = §(m2—m1—u2+u1)+§vA

Notice that [s1, so] C [ma—1us, —m;+u4] and (C.2), (C.3) and (C.5) are consistent

if my +mg — 4y — Uy < —2,/q < 0 or equivalently,
Uy + Uy > my +me + 24/q. (C.7)
On the other hand, in order for [—s, @] N [s1, s3] # 0, we need

Uy

Y

51 (C.8)
—112 S S9o (09)

Therefore, if u; and uy satisfies the conditions (C.7), (C.8) amd (C.9), then
A(ty,1u2) # 0 and (4.10) holds. Now we show that the (C.7), (C.8) amd (C.9) are

precisely characterized by (4.9) and (4.11).
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(C.8) can be converted to

\/(m1+m2—111—ﬂ2)2—4q2m2—m1—'&1—ﬂg (ClO)

If m; > —/q, mi+mo+2,/q > my—my, which implies (C.7) = mo—m—t;—1ts <0
= (C.10). Thus, in this case, we only need to consider conditions (C.7) and

(C.9).

If my < —\/q, mi + my + 2,/q < my — my. If still 4y + 4y > my — my, then
me —my —ty —uy < 0 = (C.10), in which case conditions (C.7) and (C.8) are
substituted by @, + @iy > mg — my; if my +mg + 2,/q < Uy + Uy < mg — my,
then squaring both sides of (C.10) (and rearranging terms) yields u; + uy >

my — - > my + my + 2,/q, in which case conditions (C.7) and (C.8) are

mi

substituted by u; +uy > mg — mil. By noticing ms —mq > mo — mil in this case,

we obtain that i + @z > me — ;= covers (C.7) and (C.8) when m; < —/g.

By symmetry, we can similarly deal with the condition (C.9). Putting them

together, we obtain the proposition. O
C.3  Proof of Proposition 4.2

Proof. First, from (4.3) and the initial boundary condition z;(0) = 0, we can get

zi(00) = ”yi/ y;(t)dt (C.11)
0
Notice that (4.1) can be reformulated as

Solve it and plug in (C.11), we will get:

z;(00) = x;(0)eFi/izi(%0), (C.13)
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For fixed ¢, summing up (4.1), (4.2) and (4.3) yield

d 2
E(l"z +yit+zi) = Z QkiYk- (C.14)
k=1

Integrating (C.14), we get
2 oo
[7i(00) + ys(00) + zi(00)] — [i(0) + 1i(0) + z(0)] = > _ gy / ypdt,  (C.15)
j=1 0
where we substitute x;(0) = n; — u;, ¥:(0) = €,2:(0) = 0, y;(c0) = 0, z;(c0) =
z;(0)e~Pi/mz() (C.13) and ;7 y;dt = @ by (C.11). For each i = 1,2, (C.15)
turns out to be (4.14) and (4.15) respectively, i.e. zi(a;e) and z9(a;e) must satisfy
the system (4.14) and (4.15). In addition, (C.11) implies that z;(co) > 0.
Now we claim that the system (4.14) and (4.15) has exactly one positive solution

provided that (0,0) # (e1,€2) € R3. As a result, the final sizes z(z;¢) > 0 and

zo(x;€) > 0 are completely characterized by the system (4.14) and (4.15).

Existence Substituting 2, in (4.15) with (4.14) immediately implies that z;(a;¢€) is

the zeros of the following function:

g(Zl) = hg(hl(zl;el,a);q,a) — Z21. (016)
Obviously, function h;(-;€;, a) and g(-) are continuous on R. Now, notice that

hi(0;e1,a) = =26, <0, hy(+00;€1,a) = +o0,

421

The Intermediate Value Theorem immediately implies that there exists a zf& >
0 such that hy(z) = 0, where 2 = 0 iff ¢, = 0. Notice again, since (e, €5) #

(0,0)

gef) = Lo —af <0 glroo)= oo
12
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Again, by the Intermediate Value Theorem, there exists a zf > zf& > 0 such
that g(z]) = 0, i.e. the zeros of function ¢(-) exists in (0, +00), so does z;(a; ) €

(0,4+00). Exactly similarly, we can prove the existence of z3(a;e) € (0, +00).

Uniqueness We prove this by contradiction. Suppose that there are two distinct
positive solutions to the system (4.14) and (4.15), say z!) = (zﬁl),zél)) and

z(?) = (z?), zf)). Now consider the line passing through these two points (z")

and z?) in the z;-2, plane, namely

Cavg = {(21,2) € R?: (282 — 20) (21 — 2V) — (20 — 2{)) (2 — 27) = 0}.

Without loss of generality, assume 251) > 252). We first demonstrate that

NORC)

In fact, by the strict convexity of hy(z1;€1,a) and the fact that
h1(0;€1,a) < 0and hy(400; €1, a) = 400, there is a single crossing point zf& such
that hy(27;€1,a) = 0 and hy(z1;€1,a) < 0 for z € [0, 2]") and hy(21; €1, a) > 0,
Wi(z;6,a) > 0 for 2 € (21, 00). Since we are consider positive solutions,
it must be the case that 251) > 252) > z#, i.e. the solutions must lie on the

(strictly) increasing part of hy(z1; €1, a). Therefore, we immediately get

zél) = hl(zg); €1,a) > hl(z?); €1,a) = zéQ).

Consider the following two cases:

L Ifv = (zéQ) - zél))(O - z%l)) — (zf) - z%l))(O - zél)) < 0, then by the strict

convexity of hi(z1; €1, a), we have

h1(0;€1,a) > the value of zy-coordinate of the line ¢4, when z; =0

9
= — >0,
zf) B Zil)

which is a contradiction since hy(0;€1,a) = —372161 <0.
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2. If9 = (zém —Zél))(O—zﬁl))—(zf) _251))(0_%1)) > (), consider the function
ha(z2; €2,a) on [0, 400). Then, by the strict convexity of ha(zs; €2, a), we

have

ho(0; €2,a) > the value of z;-coordinate of the line £,a),2 when z; =0

0
. a—— )
Zél) . ZéQ)

which is a contradiction since hy(0; €9, a) = —q%eg <0.

To sum up, we must have a unique positive solution to the system (4.14) and

(4.15).

C.4 Proof of Lemma 4.2

Proof. Our proof consists of the following parts !:

a € A(uy,uz) = the unique solution to (4.14) and (4.15): It is very easy to ver-
ify that (0,0) is a solution to (4.14) and (4.15) when €; = €3 = 0. Now we just
need to demonstrate its uniqueness. Since hy(z;) is a strictly convex function

in 2z, hence the points (z%l), Zél)) such that Zél) = hl(zﬁl)) must satisfy

2D > h’l(O)zﬁl), and ”=" holds when (z\", z{") = (0,0), (C.17)

where R} (0) = Z2[(1+42) — B1(ny 4 a)]. Similarly, if the points (z?), zf)) are

q21 Y1

such that zf) = hl(zéz))

2P > 0 (0)2?,  and ”=" holds when (z\”, 2{") = (0,0), (C.18)

! In the following arguments, we abbreviate h;(2;;€;,a) as h;(z;) in the absence of confusion for
any given € and ‘a’.
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where h(0) = q%[(l + %) — %(ng —a)l.

Now notice that if a € A(uy,us), h}(0) > 0, h5(0) > 0 and R{(0) > %.

Let k be such that h}(0) > k > @, then, by (C.17) and (C.18), we have

zél) > kzil) with equality at (0,0) and zéQ) < kz%z) with equality only at (0,0).

Hence, (0,0) is the unique intersection point in this case.

a € A°(uy, iis) = two solutions to (4.14) and (4.15): (0,0) and (2%(a), 23(a)) with
29(a) > 0. Clearly, (0,0) is a solution, and therefore, we just need to show the
existence and uniqueness of the other solution (29(a), 29(a)) with 29(a) > 0.

Let g(z1) be as defined in (C.16).
We first demonstrate the existence. If a € A% (w1, s), then one of the condi-

tions (4.5), (4.6) and (4.7) is violated. By symmetry, we just need to consider

the following two cases:
If (4.7) is violated: When ¢; = ¢; = 0, we have

hi(0) = 0,hi(+o0) = 400,

Y2 G2 B
h(0) = —=[1+—=—-—(m+a
1() Q21[ i1 71(1 )]

9(0) = 0,9(+00) = +0o0,

g'(O) = ! (71 + qi2 = Bi(n1 + a)) (72 + g21 — Ba(ne — @) — qr2qa1] <0,
2171

which implies g(d) < 0 for some small enough § > 0. Therefore, the
Intermediate Value Theorem, implies a zero point z9(a) > d > 0 of g(z;).

Similarly, z9(a) > 0.

If (4.5) is violated then we have

ha(0) = 0, hy(+00) = o0, M(0)= 2211+ %2 _ P 4on <o,
421 M 71
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which, by the strict convexity of hq(z1), implies that there exists a unique
2 > 0 such that hy(27) = 0 (because the strictly convex function can
at most have two zeros), hi(z;) < 0 for z, € (0,27) and hy(z) > 0 for
21 > z# Therefore,

9(z7) = —%Zfﬁ < 0,9(+00) = +00,
1

which, by the Intermediate Value Theorem, implies that there a zero point

2(a) > 2 > 0 of g(z1), and hence 2(a) = hy(20(a)) > 0.

We now demonstrate the uniqueness. Notice that if (27, 23) is a nonnegative

solution of the system (4.14) and (4.15), then (2], z5) must satisfy
9(z1) = 0.

If (4.6) holds, h4(0) > 0 and hence hs(2y) is increasing in z; and g(z;) is an
increasing function for z > z{*. Thus, we can conclude that (20(a), 29(a))
is the only solution to g(z1) = 0 such that 2{(a) > 0.

If (4.6) is violated, similarly we can show that there exists a unique zf >0

such that hy(27) = 0, ha(zs) < 0 for z € (0,27) and hy(z) > 0 for
z > 2. Now let z/# be the unique solution to hy(z) = 27 by the
convexity of hi(-). The it is easy to see that 277" > 27 and hy(z) > 27
for z; > z## and the solution zj > z##. On the other hand, we can

easily see that g(z) is increasing for z; > zf& #. Thus, we can conclude

that (29(a), 29(a)) is the only solution to g(z;) = 0 such that z)(a) > 0.
U

C.5 Proof of Proposition 4.3

Proof. Our proof consists of the following two parts.
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1. Fort=1,2 and ¢; > 0,
zi(a; €1, €2) > zi(a; €1,0) > 2(a;0,0)

in which z;(a; €1, €), 2zi(a;€,0) and z;(a;0,0) are solutions to the system of
final size equations (4.14)-(4.15) when ¢ takes values (€1, €2), (€1,0) and (0,0),

respectively.

We only demonstrate the first inequality z;(a, €1, €3) > z;(a, €1,0) and the other

one (z(a,er,0) > z;(a,0,0)) follows from the similar logic.

By definition, (z;(a; €1, €2), 22(a; €1, €2)) is the solution to the following system:

2o = h1(21;€1,a):—;—2€1+h1(21§07a)
21

21 = ho(2;€,a) = —162 + ha(22:0,a).
12
And similarly, (z(a;€;,0), 22(a; €1,0)) is the solution to the following system:

29 = h1(2’1;€1,(1)=—Z—2€1+h1(21§0aa)
21

21 = ho(22;0,0a).

Thus if we define

g(zl) = hQ(hl(Zl; €1,CL); 0,0,) — 21,

then, according to (C.16),



By definition, z;(a;€;1,0) is the solution of g(z;) = 0 and z(a; €1, €2) is the

solution of ¢g(z;) = 0.

By Proposition 4.2 and Lemma 4.2, there are at most two nonnegative solutions
to the equation g(z1) = 0: 0 and/or a nonnegative number (z(a; e, 0)), which
may collapse into one. By the continuity of §(-), we must have g(z;) < 0 for
z1 € [0, z1(a;€1,0)] with = holds at the end points. Now notice that g(z1) is
a downward shifting of g(z;), which implies that the solutions to g(z;) = 0
must lie outside of the interval [0, z;(a; €1,0)]. Thus, by the nonnegativity of
z1(a; €1, €2) (Proposition 4.2) z1(a; €1, €2) > z1(a; €1, 0), and the strict inequality

holds if €5 > 0.

Because the nonnegative intersection of z; = ho(29; €2, a) and z5 = hy(z1; €1, a)
must lie on the increasing branch of hy(z1; €1, a), hi(z1; €1, a) is increasing in z;

for all z; > 21(a;€1,0). Hence,

z(a;er, €2) = hi(z1(a; €1, €);€1,a) > hi(z1(a; €1,0); €1,a) = 22(a; €1, 0)
by definition.
. As (61,62) — (0,0),

' 0 : ifac A(ﬂla aQ)a
Zi(a’7 6) - { ZO(G) : lf a € AC(a17ﬂ2)

(2

(C.19)

We first give some notations used in the following analysis. For any fixed ‘a’,

(4.14) and (4.15) can be rewritten as:

E
e = (14 @)Zl —(n1+a)[l — eiﬁzl] - %22 (C.20)
T 72
8
e = —12. 4 1+ %]22 —(ng —a)[l — 67%22], (C.21)
g "2
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which can be regarded as a map from (z1,20) € R? to (e1,62) € R?. The

Jacobian of this mapping is given by

der ey
_ B B
o = (B B)

821 822
B
7+qi2—PF1(nita)e M _q21
— Y1 2
= s
_ qi2 Y2+g21—P2(n2—a)e 72
Y1 Y2

Now, we consider the following cases:

(a)

Fix a € A(uy, ) with (4.7) being strict. At the unique intersection point
(0,0), we have

[’Yl +q12 — B (nl + a)][”YQ + g21 — ﬁQ(nz - a)] — (12421 -
Y172

det J(0,0) = 0.

The Inverse Function Theorem implies that there is a neighborhood around
(0,0) in the z1-2z9 space such that the unique positive solution z;(a;¢) is s-
mooth function of (1, €) for € in a neighborhood of (0, 0) in the €;-¢; space

for i = 1,2. Therefore, as (€1, €) — (0,0), (21(a;€), z2(a;e)) — (0,0).

Fix a € A%(iy, ily) with (4.7) being strict. At the unique intersection

point (2%(a), 28(a)), we claim that

det J(27(a), 29(a)) =

) -2:9
[y1+qi2—pB1(n1+a)e 11| [yo4go1—Ba(na—a)e 72 2| —qi2q21 >0
Y172 ’

The Inverse Function Theorem implies that there is a neighborhood around
(29, 29) in the z1-25 space such that the unique positive solution z;(a;¢)
is smooth function of (e, €3) for € in a neighborhood of (0,0) in the €-

€o space for i = 1,2. Here notice that (zi(a;e), 22(a;€)) must be in the
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neighborhood of (z,23) rather than (0,0) because we have show that
zi(a;e) > zY Therefore, as (€1, €2) — (0,0), (21(a;€), 22(a;€)) — (29, 29).
Now we show the above claim above. Let us define

90(21) = hg(hl(zl; O, a), O, a) — Z1.

Then 2z)(a) is the positive solution of go(21) = 0 (0 is another solution)
and, by the strict convexity of go(z;), we must have g (z}) > 0 and notice

that 2§ = hi(29;0,a), then

hy (2330, @) (250,a) —1 > 0,
which is, when written explicitly, exactly our claim.

If a € A(tuy,us) with (4.7) being active, i.e.

Ry (0; €, a)hy(0; €2,a) = 1. (C.22)

By definition, (z(a;e), 22(a;€)) is the solution to the following system:

29 = hi(z1;€1,a) = —;—261 + hi(21;0,a) (C.23)
21

21 = hQ(ZQ;EQ,a) = —;/—1624-]12(2’2;0,&). (024)
12

Now consider an alternative system:

2o = hi(z15€1,a) = —;/—261 + hi(z1;0,a) (C.25)
21

0 o= ey h2(0; 0, a) +h5(0; €2, a)za. (C.26)
q12 T/
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Denote the solution to this system as (27 (a;¢), 23 (a;¢)). Then we have

the following two claims:

Claim 1: 0 < z(a;e) < 27 (a;¢). It is obvious that 27 (a;¢€) is the zero

point of the following strict convex functions:

fe(z) == —leg — hy(0; ez,a)ﬁel + h5(0; €2, a)hi(21;0,a) — 21;

q12 q21

while, due to the strict convexity of hs(zs;€,a), we have zi(a;e) =
ho(hi(z1(a;€); €1,a); €2, a) > ha(0; €2, a) + hy(0; €2, a)hi(21(a; €); €1, a),

1.e.

Fe(z1(a;e)) < 0= fo(zF (a;€)). (C.27)

On the other hand, the strict convexity of hy(z1;0,a) implies for all

z1 > 0, we have

fL(z1) = h5(0; €2, a)hy (215 €1, a) — 1 > ho(0; €2, a)h}(0;€1,a) — 1 =0,

by (C.22). That is to say f.(z1) is an increasing function. Therefore,
(C.27) immediately implies our first claim.

Claim 2: 2z (a;e) — 0 as (e1, &) — (0,0).
It is very easy to see from the above analysis that y = f0,0)(21)
is a strictly convex function tangent to the horizontal axis y = 0
at z; = 0, and for (e;,e2) = (0,0), f.(z1) is a parallel downward

shift of function f(o) with a positive solution (the larger intersection

point of y = f.(z) and y = 0 ), namely 2 (a;e). Obviously, as

(e1,€3) — (0,0), this positive solution ¥ (a; ) approaches to 0.
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Those two claims together implies that, as (e, €3) — (0,0), z1(a; ) —
0. Exactly similar arguments can be applied to show that z3(a;e) — 0

as (e1,€2) — (0,0).

C.6 Proof of Proposition 4.4

Proof. Denote y(t) = (1(t), y2(t))’, then (4.16) can be written in the following ma-

trix form:

—~ = (G(a)y, (C.28)

where y(0) = (e1,€) and G(a) is as defined in Lemma 4.1. Notice (C.28) is a
homogenous linear system with constant coefficients. Hence, for the given initial

condition, we have a unique closed form solution
y(t) = exp(tG(a)")e
Integrating this expression yields
/oojf(t)dt = (/00 exp(tG(a)T)dt)e
0 0
= —G(a) e

The last integration is because all the eigenvalues of G(a) have negative real parts
for ‘a’ in the interior of A(#y, 2) thanks to Lemma 4.1.

Hence, the definition of Z(a;¢) (4.18) implies
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(iad )= (a0 )=~ (5 2 )eo
T ( %1 702 ) ( e +a;12_ e Ba(ny —ngl— 421 — 72 ) ( 2 )

___1 70 Ba(nz — a) — qa1 — 72 421 €1
detGla) \ 0 7 —G12 Ar(ni+a) — g2 —m €

—Yi(—€1f2a + €1f2(my — Us) — €2q21)
B1Ba[(a+ my — ﬂl)E—a + gy — tg) — q]
—Yo(e2f1a + €81 (m1 — 1) — €1qu2)
B1Bal(a+my —uy)(—a + mg — uz) — ¢

which yields the expressions (4.19) and (4.20).

Now we show (4.21). Through the proof of Proposition 4.3, we see that for
any given ‘a’ in the interior of A(wy,us), z;(a;€) is a C' function of (€1, €;) in the
neighborhood of (€1, €2) = (0,0) and we also have z;(a;0) = 0. Hence, we can assume

for any given ‘a’

zi(a;e) = cier + diea + o(e), (C.29)

where ¢; and d; are to determine.
Substituting z;(a;¢) in (4.14) and (4.15) with (C.29), and expanding the expo-

nential in its Taylor series yields

Ly + does +0(2)) = —er +[1+ L2)(crer + dies + 0(e))
Y2 71
B1
—(ny + a)7_(61€1 + diea + 0(¢)) (C.30)
1
D2 et dies +0(e) = —eo+[1+ LY(coer + does + 0(c))
71 Y2
Ba
—(TLQ — &)7—(0261 -+ d2€2 + 0(5)). (Cg]_)
2

Comparing the coefficients of €; and €; on both sides of the above equations, we
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obtain the linear system that ¢; and d; satisfy:

B q12 421

—(ni1+a)—(1+—)|lcy + —co = —1,
[71( ! ) ( %)] ! 2 ?

22 12—~ (14 B, = 0
4! V2 V2
[@(nl—i—a)—(l—kg)]dl—k@dg = 0,
24! 24! Yo

i1 V2 Y2

For a € A(uy, us), we can invoke Cramer’s rule to solve the system and get

—71(=PB2a + Ba(my — Us))

@ = B1Ba[(a+my — ty)(—a+ my — Uz) — q]’
R Y2€1q12

’ B1fa[(a+my — 1) (—a+mg — Uz) — g’
d = Y1921

' B1fa[(a+my — 1) (—a+mg — Uz) — g’
dy — —Yo(Bra + Bi(my — uy))

BiBal(a+my — 1)(—a +my — tz) — g

Plugging the above expression of coefficients back to (C.29) and comparing the

expressions (4.19) and (4.20), we obtain the desired results. O
C.7  Proof of Lemma 4.3

Proof. Since £ # 0, the positivity of Z;(a;¢) immediately follows from Proposition
4.2. The convexity of Z;(a;€) can be directly read from their expressions (4.19) and
(4.20). In fact, the denominators of (4.19) and (4.20) are quadratic forms in ‘a’ and

the numerators are linear in ‘a’. Hence, the global minimum of Z;(a; €) is achieved at
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a certain t;, which can be calculated through the first order condition and we obtain:

( %(mg—ml—l—'&l—f@) : if6120,62>0
(mg —u2) +./q : ife>0,6=0
b=y ) - g ’
ifeg >0,e0 >0
62Q21 _ _ €1q12 _ €2q21 )
\ +\/ Bze1 m T My = Uy — Uy — Bre2 Bae1 )
( —(ml—'&l)—\/c_] : if€120,62>0
%(mg—ml—l—al—ﬂg) : if€1>0,€2:0
B= ) —m ) + g )
ifeg >0,e0 >0
_ 61f112 _ _ €1q12 _ €2921 )
\ \/ Brez ml + ma u2 ul Biez B2e1 )

Now we show that s; <t} <ty < s5.We discuss the following cases:

Ifeg=0and e, >0: t, — t; = —%(ml — U + my — U) — /q > 0, according to

(C.7). And t; — 51 = %\/(ml + my — Us + u1)? — 4g > 0, obviously. Finally,

82_t2 - %[(ml — Uy + Mo —ﬂ2)+2\/§+ \/(m1+m2—ﬂ2+ﬂ1)2—4q] Z 0,
because (my+mo — s +111)* —4q— [(my — Uy +me — ) +2,/q]* = 4,/q[—(m1 —
Uy + mg — z) — 2,/q] > 0, still by (C.7).

If ¢, > 0 and e, = 0: Similar to the above case by symmetry.

If ¢, >0 and €, > 0: Let ¥ := —(m1+m2—62—ﬂl—%—%)20,thenwe

have

€ €
t2—t1:@[ﬁ—( ﬁllqelj + gzq;l)] >0,

because ¥ — (,/ eﬁllqelj \ /6556211 —(my 4+ mg — Uy — 1) — 24/q > 0 still by

(C.7).

In order to prove that t; > s;, we denote a = 6511616122 b = 6622% and ¢ = my +

mo — Uy — 4. Then, by (C.7), we have ¢* > 4ab. Under this notation,

ti—s1 = 1o — 20 + 2V by/a + b — ¢ + /2 — 4ab]., where we claim ¢ — 2b +
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2Vby/a + b — ¢ > 0, and hence t; — s; > 0. In fact we have ¢ — 2b < 0 and
(2vby/a + b — )2 — (¢ — 2b)% = ¢* — 4ab > 0. Exactly similarly, we can show

that S9 2 tz.

C.8 Proof of Theorem 4.2

Proof. By Lemma 4.3, Z;(a; ) is decreasing when a < ¢; and increasing when a > t;

for 1+ = 1,2, and we also know that s; < t; < t5 < s9. Hence, the equilibrium

depends on the order of the five critical values: tq, t3, —to, 0 and @;. For example,

if —tuy <0 < u; <ty <ty ie. the feasible region is below ¢; where both countries’

Zi(a;€) is decreasing in ‘a’. Therefore, in order to minimize Z;(a;e), country 1 is

willing to give up all its resources u;; while country 2 has no incentive to return any

of these resources, i.e. she will accepts the offer. Obviously, such an allocation is

also Pareto. Similarly, we can analysis all the combinations of the five critical values

and summarize the corresponding PNE in the following table:

Table C.1: PNEs corresponding to different orders of the critical values.

Parameter Order Relations

Equilibrium a*

—Uy <0<ty <ty <ty (0
—Uy <0<ty <y <o t1
—Uy <0<t <ty <y t1
—Uy <t <0< u <ty 0
th < —us <0< u; <ty 0
—Uy <t <0<ty <y 0
t < =y <0<ty <y 0
—Uy <t <t <0<y la
1 < =g <ty <0<y la
t1 <ty < —liy <0<y —Ug

Hence, summarizing the PNEs in Table C.1 immediately yields the results.
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C.9 Proof of Theorem 4.3

Proof. Since both Z;(a;¢) and Z3(a;e) are convex functions in ‘a’, Z;(a;e) + Z2(a; €)
is also a convex function in ‘a’. Hence, the first order condition will yields that the

minimum of Zi(a;e) + Z5(a; €) is achieved at

O + /T

tc - 5
Y1€1B2 — €272

(C.32)

where

O = yie1fa(mg — U2) — Yi€2qa1 + Vo€ S (M1 — U1) — Ya2€1¢12
U= v\, + 712612522912921 — 216182726281 q12G21 + 722622512(]126121
Uy = —yef2 (Mg — Uy + mo — Ua) + Y1€2¢21 + Y2€1¢12

Uy = —yef1 (Mg — Uy + mo — Ua) + Y1€2G21 + Y2€1¢12-

The convexity of Z;(a;€) + Z2(a; €) immediately implies that the CPOA is

—Uy : T, < —Ug
a* = te @ —up <t.<u
(T S A TR

which can be interpreted as the implementation stated in the theorem.

The last thing we need to prove is that

t1 < t. < ts.

In fact, suppose t. < t;. Then by the strict convexity of Z;(a;e) and t; < o
(Lemma 4.3), we have Z|(t;;e) < 0 and Z,(t.;¢) < 0, where the derivative is taken
over ‘a’. Then, Z|(t.;e) + Z5(t.;e) < 0, contradicting to Z|(t.;e) + Z4(te;e) = 0.

Therefore, t. < t; does not hold. Similarly, we can disprove t. > 5. O
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