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Abstract

In this dissertation we study random splitting and apply our results to random

splittings of fluid models. Random splitting is loosely defined as follows. Consider the

differential equation 9x “ V pxq where 9x is a time derivative and the vector field V on

RD splits as the sum V “
řn
j“1 Vj . In traditional operator splitting one approximates

solutions of 9x “ V pxq by composing solutions of 9x “ Vjpxq over (typically small)

deterministic time steps. Here we take these times to be independent and identically

distributed random variables. This turns the aforementioned compositions into a

Markov chain, which we call a random splitting of V or simply random splitting. We

prove under relatively mild conditions that these random splittings possess a unique

invariant measure (ergodicity), that their trajectories converge on average and almost

surely to trajectories of the original system 9x “ V pxq (convergence), and that, in

certain cases, their top Lyapunov exponent is positive (chaos). After proving these

general results, we construct random splittings of four fluid models: the conservative

Lorenz-96 and Lorenz-96 equations, and Galerkin approximations of the 2d Euler

and 2d Navier-Stokes equations on the torus. We prove these random splittings are

ergodic and converge to their deterministic counterparts in a certain sense, and, for

conservative Lorenz-96 and 2d Euler, that their top Lyapunov exponent is positive.
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1

Introduction

Many differential equations model systems whose observed behavior is difficult to

deduce from the equation itself. This is famously true of fluid systems whose long-

time and chaotic behavior has in many cases eluded mathematical verification for

decades. In this dissertation we study deterministic differential equations and the

systems they describe by splitting them into simpler, random ones. Two guiding

principles underlie this random splitting approach. First, splitting into simple parts

simplifies by definition; the delicacy is in how to split. If the simple is too simple,

important properties of the system are lost. If the simple is not simple enough, the

problem remains intractable. Second, randomness turns impossible into improbable,

and improbable is far more forgiving than impossible. In particular, deterministic

trajectories are predetermined: at any point in space, a deterministic trajectory can

move in exactly one direction. With randomness no such certainty exists: at most

points, a random splitting trajectory will be able to move in many possible directions.

As we will see, the flexibility of uncertainty is crucial to our results.

This dissertation is largely based on Random splitting of fluid models: Ergodicity

and convergence and Random splitting of fluid models: Positive Lyapunov exponents

1



by Andrea Agazzi, Jonathan C. Mattingly, and the author of this dissertation, Omar

Melikechi [2, 3]. Both papers are currently submitted and under review.

1.1 Splitting a butterfly

To illustrate the general idea of random splitting, consider the Lorenz-63 equations

9x1 “ σpx2 ´ x1q

9x2 “ pρ´ x3qx1 ´ x2

9x3 “ x1x2 ´ βx3,

(1.1)

where x “ px1, x2, x3q is in R3, 9x denotes the derivative of x with respect to time,

and σ, ρ, and β are positive constants. Edward Lorenz introduced this toy model

for atmospheric convection in 1963 and observed its sensitive dependence on initial

conditions, a key feature of what would become known as chaos [49, 67]. The vector

field V corresponding to (1.1) “splits” as the sum of two vector fields, V1 and V2:

V pxq “

ˆ

σpx2 ´ x1q

pρ´ x3qx1 ´ x2

x1x2 ´ βx3

˙

“

ˆ

´σ σ 0
ρ ´1 0
0 0 ´β

˙ˆ

x1

x2

x3

˙

`

ˆ

0
´x1x3

x1x2

˙

“: V1pxq ` V2pxq. (1.2)

In general there are many ways to decompose a vector field. Here we split V into

linear and nonlinear parts, V1 and V2, respectively. Solutions, or flows, of 9x “ V1pxq

dissipate in the x3 coordinate since β ą 0. Flows of V2 are rotations in the px2, x3q-

plane with angular velocity x1. In particular, x1 determines the direction and speed

of rotation – clockwise when x1 ă 0, counterclockwise when x1 ą 0, and faster and

faster as |x1| grows – and hence has a shearing effect. Such nonlinear rotations appear

and play a significant role in all examples studied in this work.

The idea of splitting a differential equation as above is called operator splitting

and has existed since the work of Sophus Lie in 1875 [33]. It is well-established that

if ψ : R3 ˆRÑ R3 denotes the flow of V and ϕpiq the flow of Vi for i “ 1, 2, then the

error incurred in approximating ψh :“ ψp¨, hq by the composed flow Φh :“ ϕ
p2q
h ˝ ϕ

p1q
h

2



Figure 1.1: Splitting Lorenz-63. Blue curves in both plots show true trajectories of
the Lorenz-63 equations (1.1) starting from x “ p1, 1, 1q with the same parameters
σ “ 10, ρ “ 28, and β “ 8{3 used by Lorenz. Note these trajectories settle on the
Lorenz butterfly, which is the attracting set of the Lorenz-63 dynamics. The orange
curves on the left and right are deterministic and random splittings corresponding
to (1.2), respectively. Note the deterministic splitting follows a much more apparent
pattern than its random counterpart.

is Oph2q. Consequently, for any finite t the error incurred in approximating ψt by

composing Φ with itself m times, i.e. Φm
h “ Φh ˝ ¨ ¨ ¨ ˝Φh with mh “ t, is Ophq [51]. In

particular, the composed flow converges to the true flow at worst linearly in h as hÑ 0

on any finite time scale. Traditionally the time step h is fixed; the novelty of random

splitting is that the time steps of the composed flow Φ are random. A canonical choice

in this work is to fix h ą 0 and choose times τi that are independent exponential

random variables with mean 1. Hence the collection of times hτi are independent

exponential random variables with mean h. Figure 1.1 shows deterministic and

random splitting trajectories of (1.1) corresponding to the splitting (1.2).

The role of random in random splitting is less obvious but just as significant as

that of splitting. We elaborate on this in the next section, but for now note the

splitting vector fields tV1, V2u in (1.2) span at most 2 dimensions at any point in

3



R3. On the other hand, the 3ˆ 3 matrix with columns V1, V2, and the Lie bracket1

rV1, V2s has rank 3 almost everywhere in R3. For instance, evaluating at the point

x˚ “ p1, 0, 1q and row reducing yields

¨

˝V1px˚q V2px˚q rV1, V2spx˚q

˛

‚

row reduce
ÝÝÝÝÝÝÑ

¨

˝

´σ ˚ ˚

0 σ ˚

0 0 σpβ ´ ρq

˛

‚,

which has rank 3 provided β ‰ ρ (the ˚ indicates irrelevant entries). Thus appending

rV1, V2s to the splitting tV1, V2u adds a new dimension to the dynamics.

1.2 The role of randomness

The long-time behavior of a dynamical system is closely related to its ability to explore

its space. For example, trajectories of the Lorenz-63 equations (1.1) converge to the

set pictured in blue in Figure 1.1 and come arbitrarily close to every point on that set

for almost every initial condition [50]. A significant role of the randomness in random

splitting is that it enhances exploration in a manner conducive to mathematical

analysis. This was hinted at in the splitting of Lorenz-63. There we saw the Lie

bracket rV1, V2s added a dimension to tV1, V2u so that the full dimension, 3, of the

space was realized. Thus if the times ti in composed flows of V1, V2, and rV1, V2s are

taken arbitrarily small, the dynamics can move in any infinitesimal direction in space.

This is impossible if the ti are deterministic as in traditional operator splitting, but if

they are chosen randomly from a distribution supported on p0, εq there is nonzero

probability the ti can be arbitrarily small. Herein lies the point: the “random” in

random splitting allows infinitesimal access to all splitting vector fields. In fact, we see

shortly that random splitting allows access to the entire Lie algebra generated by the

splitting vector fields. This stands in stark contrast to the dynamics of deterministic

differential equations and deterministic splitting. The rest of the section aims to

1 See Section 2.1 for the definition of the Lie bracket.
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bridge the gap between the preceding discussion and the more technical results of

later chapters. What follows is inspired by discussions in [12] and gives insight into

how and why Lie brackets are fundamental to our work.

Consider a smooth d-dimensional manifold X with d ě 3. Vector fields V on X

assign to each point x in X a vector V pxq in the tangent space TxX . Intuitively,

V pxq specifies a “direction” at x. The flow ϕ : X ˆ R Ñ X of V is the solution

of the differential equation 9x “ V pxq on X ; in all that follows, we assume vector

fields are complete so their flows exist for all initial conditions and all times. Setting

ϕtpxq :“ ϕpx, tq we have, by definition,

Btϕtpxq “ V pϕtpxqq . (1.3)

Hence Btϕtpxq gives the instantaneous direction of motion of the dynamics.

Now consider two vector fields V1 and V2 on X with flows ϕp1q and ϕp2q. When

only one vector field is available, we can only move in one infinitesimal direction

at any point. What about with two? To answer this, consider the composition

Φ “ ϕp1q ˝ ϕp2q ˝ ϕp1q : X ˆ R3 Ñ X . In (1.3) the instantaneous direction of the

dynamics was given by the time derivative of the flow. So again we take the time

derivative of Φ, which is now multivariate, to obtain the possible directions of motion

at x. By the chain rule and basic properties of flows,

DxΦtpxq
´1DtΦtpxq “

¨

˝V1pxq Dxϕ
p1q
´t1
pxqV2

`

xp1q
˘

Dxϕ
p1q
´t1
pxqDxϕ

p2q
´t2

`

xp1q
˘

V1

`

xp2q
˘

˛

‚

(1.4)

where t “ pt1, t2, t3q, x
p1q “ ϕ

p1q
t1 pxq, x

p2q “ ϕ
p2q
t2 ˝ ϕ

p1q
t1 pxq, and Dx and Dt denote

derivatives with respect to x and t. Note we have pulled the time derivative DtΦtpxq

back by DxΦtpxq
´1. This ensures the columns of the dˆ 3 matrix in (1.4) are tangent

vectors at x, which is the point we are interested in, rather than the time-dependent

5



point Φtpxq. At t “ 0,

DxΦtpxq
´1DtΦtpxq

ˇ

ˇ

ˇ

t“0
“

¨

˝V1pxq V2pxq V1pxq

˛

‚.

Thus if V1 and V2 are linearly independent at x, i.e. if the above matrix has rank

2, we can move infinitesimally via Φ in a 2-dimensional space about x. One might

suspect this is the best possible outcome with only two vector fields, but it is not. To

see why, consider the Lie bracket rV1, V2s between V1 and V2,

rV1, V2spxq “ LV1V2pxq :“ lim
tÑ0

Dϕ
p1q
´t pxqV2pϕ

p1q
t pxqq ´ V2pxq

t
, (1.5)

where LV1V2 is the Lie derivative of V2 with respect to V1. The Lie bracket is discussed

in Section 2.1; for more on the Lie derivative and proof that rV1, V2s “ LV1V2, see

[46, Theorem 9.38]. For now it suffices to know rV1, V2s is itself a vector field on X .

Rearranging (1.5) and substituting t1 for t gives

Dϕ
p1q
´t1pxq

´1V2

`

xp1q
˘

“ V2pxq ` t1rV1, V2spxq `Opt
2
1q. (1.6)

Note this is the second column of (1.4). Similarly, the third column satisfies

Dxϕ
p1q
´t1pxqDxϕ

p2q
´t2

`

xp1q
˘

V1

`

xp2q
˘

“ V1pxq ` t2rV2, V1spxq `O
`

‖t‖2
˘

. (1.7)

Plugging into (1.4) and ignoring higher order terms,

DxΦtpxq
´1DtΦtpxq «

¨

˝V1pxq V2pxq ` t1rV1, V2spxq V1pxq ` t2rV2, V1spxq

˛

‚.

By elementary column operations this has the same rank as
¨

˝V1pxq V2pxq rV1, V2spxq

˛

‚ (1.8)

provided t1 and t2 can be arbitrarily small – again highlighting the significance of

randomness – in which case higher order terms are rigorously disposed of using lower

6



semicontinuity of matrix rank. Hence the rank of DxΦtpxq
´1DtΦtpxq is at least the

rank of (1.8) for ti sufficiently small. So if V1, V2, and rV1, V2s are linearly independent

at x, the composed flow Φ, which corresponds to only two vector fields, can move

infinitesimally in 3 dimensions about x. In fact, by further composing ϕp1q and ϕp2q

and thereby obtaining additional Lie brackets, e.g. rV1, rV2, V2ss, rV2, rV1, rV2, V1sss,

etc., a more intricate but fundamentally similar argument shows arbitrary finite

compositions of these two flows move infinitesimally in n dimensions about x where

n is the dimension of the Lie algebra generated by tV1, V2u at x [6, 12, 40]. For a

formal statement of this fact, see Theorem 2.5 in Chapter 2.

1.3 Models

We consider four fluid models in this work: conservative Lorenz-96, Lorenz-96, Galerkin

approximations of 2-dimensional Euler on the torus, and Galerkin approximations

of 2-dimensional Navier-Stokes on the torus. The conservative models, conservative

Lorenz-96 and 2d Euler, are studied in Chapter 6. Their nonconservative counterparts,

Lorenz-96 and 2d Navier-Stokes, are studied in Chapter 7. We will construct random

splittings for each and apply to them the general results of Chapters 3 and 4. For

the conservative models we also apply the results of Chapter 5.

1.3.1 Lorenz-96 and conservative Lorenz-96

Fix n ě 4. The Lorenz-96 equations [48] are

9x “
n
ÿ

j“1

`

pxj`1 ´ xj´2qxj´1 ´ νxj ` Fj
˘

ej (1.9)

where x in Rn, teju
n
j“1 is the standard basis of Rn, ν, Fj ą 0, and indices are periodized

via the identities x´1 :“ xn´1, x0 :“ xn, and xn`1 :“ x1. The ´νxj term represents

dissipation in the jth coordinate and Fj is a forcing constant. We also study a variant

of Lorenz-96, called conservative Lorenz-96, obtained by removing the dissipation

7



and forcing terms:

9x “ V pxq :“
n
ÿ

j“1

pxj`1 ´ xj´2qxj´1ej .

We sometimes refer to the original Lorenz-96 model (1.9) as forced Lorenz-96 to

emphasize the forcing (though dissipation is equally important). For conservative

Lorenz-96, we split V into a collection of simple rotations similar to the one in

Lorenz-63 by observing that

V pxq “
n
ÿ

j“1

Vjpxq

where Vjpxq :“ pxj`1ej ´ xjej`1qxj´1. The dynamics given by 9x “ Vjpxq are easy

to understand on their own; any complex behavior comes from interactions of the

rotations. Importantly, each Vj is chosen to conserve, like V , the system’s energy,

which for Lorenz-96 is the square of the usual Euclidean norm, ‖x‖2 :“
řn
j“1 x

2
j .

1.3.2 Navier-Stokes and Euler

Let T denote the 2-dimensional torus, i.e. T :“ r0, 2πs2 with periodic boundary

conditions. The incompressible 2d Navier-Stokes equations on T, which model the

flow of an incompressible fluid, are

#

Btu` pu ¨∇qu “ ´∇p` F ` ν∆u ,

divpuq :“ ∇ ¨ u “ 0,

where u : Tˆ RÑ R2 is the fluid velocity, p : Tˆ RÑ R the fluid pressure,

pu ¨∇qu “ pu1B1u1 ` u2B2u1, u1B1u2 ` u2B2u2q, and ∆u “ B2
1u1 ` B

2
2u2.

Here u “ pu1, u2q and Bj :“ Bxj . The viscosity ν ą 0 measures the strength of the

dissipation introduced by the Laplacian ∆, and F px, tq is an external driving force

whose role is to keep the system from relaxing to the trivial state u ” 0. The 2d

8



Euler equations on T are obtained from 2d Navier-Stokes by dropping the dissipative

and forcing terms:

#

Btu` pu ¨∇qu “ ´∇p
divpuq :“ ∇ ¨ u “ 0.

In this work we consider Nth Galerkin approximations of 2d Euler and 2d Navier-

Stokes rather than the full equations themselves. These are obtained by considering

the Fourier transform qpk, tq of the vorticity of u and truncating high-frequency modes

with |k| ą N . A precise derivation of the resulting ordinary differential equation and

its splitting is given in Chapter 6.

1.4 Related work

This thesis is largely based on [2, 3]. Specifically, results on ergodicity (Chapter 3)

and convergence (Chapter 4) as well as the construction of random splittings of all

models mentioned above (see also Chapters 6 and 7) can be found in [2]. All results

on positive Lyapunov exponents, i.e. chaos, (Chapter 5) are in [3].

Among the simplest fluid models displaying interesting out-of-equilibrium behavior

are the 2d Euler and incompressible Navier-Stokes equations described above. By

balancing the dissipative effect of ∆u, the forcing term allows the system to establish

an out-of-equilibrium steady state. Such equilibria often develop fluxes across scales,

a phenomenon whose study is an active area of research. Often F is taken to live on

only a few scales so that the flux out of those scales can be studied [26, 37, 43, 53].

In practice, the forcing F px, tq is usually taken to be stochastic in space and time

for some stationary distribution which is typically white in time [22, 26, 28, 37]. A

common choice in the literature is F px, tq “
ř

ψkpxq 9Wkptq where each ψkpxq is a

fixed spatial forcing and t 9Wkptqu are mutually independent white-in-time noise terms

written here as the formal derivative of a Brownian motion. Stochastic forcing serves

9



multiple purposes in these settings. On one hand, it provides the energetic excitation

which keeps the system out of equilibrium and allows for the establishment of a

nontrivial statistical steady state. On the other, it provides local agitation which,

modulo certain constraints, ensures the existence of a unique statistical steady state

to which the system converges for most initial conditions. That is, it guarantees the

forcing is sufficiently generic to ensure convergence to a single long time statistical

behavior of the system, largely independent of the system’s initial configuration.

Random splitting injects randomness while separating in a simple way the various

roles served by noise in previous works as mentioned above [22, 26, 28, 37]. In partic-

ular, randomness is used primarily to ensure that when the dynamics is sufficiently

generic, unique ergodicity2 holds for a broad class of initial conditions. This will free

one to use a much less disruptive class of forcing to keep the system out of equilibrium.

More specifically, random splitting has a number of desirable properties:

1. It allows the separation of forcing, which keeps the system out of equilibrium,

and stochastic agitation, which ensures the system has a unique long time

statistical behavior.

2. It is strongly non-reversible since it is constructed from dynamics which only

flow in directions the original dynamics could already move.

3. For the models considered in this work, it preserves the conserved quantities of

the original dynamics. This allows properties of the (stochastic) conservative

dynamics to be studied directly rather than only as a limit of the forced-

dissipated dynamics.

4. Splitting into the composition of simple dynamics isolates particular nonlinear

interactions which are relatively intuitive and can be explicitly analyzed.

2 See Chapter 3.
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By balancing between preservation of fundamental macroscopic properties of the

original dynamics as in (3) and simplicity of the fundamental building blocks in

our model dynamics as in (4), we expect random splitting will provide meaningful

physical and dynamical insight into nonequilibrium steady states of models such as

2d Euler and Navier-Stokes.

1.5 Outline

This thesis is organized as follows. Random splitting is formally introduced in

Chapter 2 along with the Lie bracket condition and results about real analytic

vector fields. In Chapters 3, 4, and 5 we prove under typically mild conditions

that random splittings have desirable long-time behavior (ergodicity), that they are

close to their deterministic counterparts (convergence), and, in special cases, that

their largest Lyapunov exponent is positive (chaos). In Chapter 6 we construct

random splittings for the two conservative fluid equations, conservative Lorenz-96 and

Galerkin approximations of 2d Euler, and apply the results of Chapters 3, 4, and 5

to prove these random splittings are ergodic in a certain sense, that they converge

in the manner of Chapter 4, and that their top Lyapunov exponent is positive.

In Chapter 7 we construct random splittings of the nonconservative counterparts

of the Chapter 6 equations, namely Lorenz-96 and Galerkin approximations of 2d

Navier-Stokes, and again apply the results of Chapters 3 and 4 to prove these random

splittings are ergodic and converge. Certain technical aspects of the convergence

results in Chapter 4 are given in Appendix A, and those for some of the 2d Euler

results in Chapter 6 are given in Appendices B and C.
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2

Random splitting

Let V :“ tVju
n
j“1 be a family of vector fields on RD. The flow ϕpjq : RD ˆRÑ RD of

Vj is the solution of 9x “ Vjpxq. That is, ϕ
pjq
t pxq :“ ϕpjqpx, tq satisfies

Bt
`

ϕpjqpx, tq
˘

“ Vj

´

ϕ
pjq
t pxq

¯

.

We assume throughout this dissertation that the Vj are complete so every ϕpjq is well-

defined for all initial conditions and all time. We also assume the Vj are smooth, i.e.

infinitely differentiable, though some results will specify weaker or stronger regularity

as appropriate. For the applications considered here, the family V constitutes a

splitting of a vector field V on RD. That is, V “
řn
j“1 Vj. In this case we refer to V

as the true vector field and to the Vj as splitting vector fields. For example, in the

Lorenz-63 splitting given in (1.2) the splitting vector fields were V “ tV1, V2u and the

true vector field was V “ V1 ` V2.

Given V , define the composition Φ : RD ˆ Rn Ñ RD of the ϕpjq by

Φpx, tq :“ Φtpxq :“ ϕ
pnq
tn ˝ ¨ ¨ ¨ ˝ ϕ

p1q
t1 pxq.

Similarly, define Φm : RD ˆ Rmn Ñ RD by Φmpx, tq :“ Φm
t pxq :“ ϕ

pnq
tmn ˝ ¨ ¨ ¨ ˝ ϕ

p1q
t1 pxq

with superscripts cycling in order from 1 to n. Our convention throughout is that

12



the j in ϕpjq and Vj are implicitly taken mod n if k mod n ‰ 0 and are n otherwise.

For example, if n “ 3,

ϕp6q ˝ ϕp5q ˝ ϕp4q ˝ ϕp3q ˝ ϕp2q ˝ ϕp1q “ ϕp3q ˝ ϕp2q ˝ ϕp1q ˝ ϕp3q ˝ ϕp2q ˝ ϕp1q.

Also, the t in Φm
t always belongs to Rmn or, more generally, t “ ptjq

8
j“1, so that

Φm
t pxq “ ϕ

pnq
tmn ˝ ¨ ¨ ¨ ˝ ϕ

p1q
t1 pxq

is a composition of mn flows.

Though our ambient space is RD, we often restrict attention to subsets affiliated

with the family V called V-orbits. Specifically, for each x in RD the V-orbit of x is

X pxq :“
 

Φm
px, tq : m ě 0, t P Rmn

(

. (2.1)

This is the set of points that can be reached by tΦmu8m“0 from x in any finite number

of steps and over all times. When x is arbitrary or understood, we denote X pxq by X .

Since the Vj are complete, the V-orbits corresponding to different x are identical or

disjoint. Hence we have an equivalence relation x „ y if and only if X pxq “ X pyq, and

the V-orbits tX pxq : x P RDu partition RD. A classic result from geometric control

theory ensures every X is a smooth submanifold of RD [40]. In particular, each X

has a Riemannian structure induced by the ambient Euclidean structure on RD and

an associated volume form v, sometimes called Lebesgue or Hausdorff measure on X ,

which will serve as our reference measure on X .

To introduce randomness, fix h ą 0 and let τ “ pτjq
8
j“1 be a collection of mutually

independent real-valued random variables with mean 1 and common distribution ρ.

We assume throughout that ρ has a continuous density which, by a slight abuse of

notation, is also denoted by ρ, i.e. ρpdtq “ ρptqdt. We also assume the support of

ρ contains an interval p0, εq for some ε ą 0. A canonical choice is the exponential

distribution with mean 1.

13



Definition 2.1. Set hτ :“ phτjq
8
j“1. The random splitting associated to V and ρ, or

just random splitting, is the sequence tΦm
hτu

8
m“0 where Φ0

hτ is the identity and

Φm
hτ :“ ϕ

pnq
hτmn

˝ ¨ ¨ ¨ ˝ ϕ
p1q
hτpm´1qn`1

pΦm´1
hτ q. (2.2)

That is, starting from the current step, the next step of the random splitting is obtained

by flowing by each Vj for the random time hτj in order from j “ 1 to n.

Independence of the τj and (2.1) imply tΦm
hτu is a Markov chain on X whenever it

starts on X . Its transition kernel Ph : X ˆ BpX q Ñ r0, 1s is defined by

Phpx,Bq :“ P pΦhτ pxq P Bq “ E p1BpΦhτ pxqqq . (2.3)

Here BpX q is the Borel σ-algebra on X and 1B the indicator function on B. Ph acts

on measurable1 f : X Ñ R by Phfpxq :“ EfpΦm
hτ pxqq and on measures µ on X by

µPhpfq :“

ż

X
Phfpxqµpdxq.

Note we are using the fact that measures µ on X act on measurable functions f on

X by µpfq :“
ş

fdµ. Thus Phf is a measurable function on X and µPh is a measure

on X for all h. The Ph-invariant measures will play an important role in our results

on ergodicity and chaos.

Definition 2.2. A measure µ on X is Ph-invariant if µPh “ µ.

Remark 2.3. All results in this work remain true if at each step of the random

splitting we randomly permute indices in the composition Φ. That is, given a current

state x, the next step is ϕ
pσpnqq
hτn

˝ ¨ ¨ ¨ ˝ ϕ
pσp1qq
hτ1

pxq where σ is a random permutation of

t1, . . . , nu. This yields both additional randomness and an avenue to higher order

approximations of the true dynamics [18, 19, 44, 63, 64]. We forgo this more general

setting however to keep exposition more approachable and notationally light.

1 Measurable will always mean with respect to the Borel σ-algebra.
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2.1 The Lie bracket condition

The Lie bracket condition defined below is a condition on families of vector fields that

implies a certain nondegeneracy of their random splitting dynamics. This condition

plays a significant role in our general results on ergodicity and chaos in Chapters 3

and 5, and in verifying these properties for the models considered in Chapters 6 and 7.

Let V be a family of smooth vector fields as above and fix a d-dimensional V-orbit

X . The vector space XpX q of smooth vector fields on X is a Lie algebra when

equipped with the Lie bracket, rV,W spfq :“ V pW pfqq ´ W pV pfqq, where V and

W are in XpX q and f belongs to the space C8pX q of smooth real-valued functions

on X . Here V and W are regarded as derivations on X , i.e. as linear maps from

C8pX q to C8pX q satisfying V pfgq “ fV pgq`gV pfq. Define LiepVq to be the smallest

subalgebra of the Lie algebra XpX q containing V. For each x in X the collection

LiexpVq :“ tV pxq : V P LiepVqu is a subspace of TxX .

Definition 2.4. The Lie bracket condition holds at x in X if LiexpVq “ TxX .

The Lie bracket condition is called the weak bracket condition in [12] and Condition

B in [6]. Both papers also consider a strong bracket condition (Condition A) which is

used for results on continuous time Markov processes and therefore not needed here.

The Lie bracket condition has the following important consequence.

Theorem 2.5. If the Lie bracket condition holds at x˚ then for every neighborhood

U of x˚ and every T ą 0 there exists an x in U , an m, and a t in Rmn
` such that

řmn
j“1 tj ď T and t ÞÑ Φmpx˚, tq “ x is a submersion at t, i.e. DtΦ

mpx˚, tq : TtRmn Ñ

TxX is surjective.

Here and throughout R` :“ p0,8q. A version of Theorem 2.5 appears as Theorem

3.1 in [40]; the equivalent version here is better suited to random splitting and other

classes of piecewise deterministic Markov processes. See Theorem 5 in [6] and its
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subsequent discussion for details. Intuitively, Theorem 2.5 says that if the Lie bracket

condition holds at x˚ then, because of surjectivity, the random splitting can move in

any infinitesimal direction from x˚ in arbitrarily small positive times.

2.2 Real analyticity

Many differential equations, including the Lorenz-63 equations and those studied in

Chapters 6 and 7, correspond to vector fields that are not only smooth, but analytic2.

When this is the case, additional results are available. We present certain of these

here. Informally, an analytic function is one that equals its Taylor series at all points

in its domain. Formally, we have

Definition 2.6. A smooth function f : R Ñ R is analytic if for every x in R the

Taylor series
ř

f pkqpxqpy ´ xqk{k! converges to fpyq for all y in a neighborhood of x.

A vector field V : RD Ñ RD is analytic if each of its coordinate functions is analytic.

All polynomials, the exponential function, and common trigonometric functions such

as sine and cosine are analytic. In particular, all vector fields considered in this work

are analytic. When this is the case, V-orbits are analytic submanifolds of RD [40].

Furthermore, we have the following useful result due to Nagano. See [40, 61] for

discussion and proof.

Theorem 2.7. Suppose the vector fields in V are analytic. If the Lie bracket condition

holds at one point in X , then it holds at every point in X .

So to check the Lie bracket condition anywhere in X , it suffices in the analytic setting

to check it holds at any point in X . This will be tremendously useful in later examples

where verifying the Lie bracket condition will be significantly easier at some points

than at others.

2 Throughout this thesis analytic will mean real analytic
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2.3 Related work

Random splitting is an example of a random dynamical system [5] or an integrated

random function [24], and closely related to piecewise deterministic Markov process

when the times are chosen to be exponentially distributed and the ordering of indices

follows a Markov process [6, 12]. We continue to describe the system as a random

splitting, however, to emphasize its underlying physical motivation, i.e. its relation to

the true vector field V , and the corresponding physical structure that plays a central

role in the following analysis.

Our splitting into fundamental building blocks is partially motivated by the

classical stylized models of dynamics studied in depth at the dawn of the theory of

dynamical systems. Examples include the doubling map, quadratic maps, the Henon

map, the Smale horseshoe, and extended systems such as coupled map lattices. See

[23, 41, 67] and references therein. The form of the decomposition is also motivated

by recent progress in proving ergodic properties of piecewise deterministic Markov

processes (PDMPs) and their success as modeling and sampling tools. See for example

[6, 7, 8, 12, 13, 15, 25, 45, 47, 59].

Random splitting is also inspired by and resembles traditional operator splitting

discussed in Chapters 1 and 4. This classical numerical analysis technique is often

used in numerical simulations of various ordinary, partial, and stochastic differential

equations [4, 14, 18, 19, 34, 44, 51, 63, 64]. Typically the goal is to construct split

dynamics that are more computationally tractable than the true dynamics to obtain

an efficient and accurate numerical method. A variant of these models was also

explored in [69].

Further information about the geometric concepts used throughout this work,

such as vector fields on smooth manifolds and Lie brackets, can be found in most

differential topology and differential geometry texts. One comprehensive source is
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[46]. The discussion about the Lie bracket in the context of piecewise deterministic

Markov processes in [12] is especially insightful. See also [6].
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3

Ergodicity

Let V “ tVjunj“1 be a family of smooth vector fields on RD and fix a d-dimensional

orbit X . Also fix h ą 0 and let Ph be the transition kernel defined in (5.13). Recall

a measure µ on X is Ph-invariant if µPh “ µ. Thus if the random splitting system

is distributed according to µ, it will remain so for all time. As we prove for the

models in Chapter 7, it is sometimes the case that even when the system starts out of

equilibrium, i.e. according to any noninvariant initial measure, its distribution under

random splitting converges to an invariant one. A common intuitive example is that

of smoke filling a room; if the system is ergodic then, loosely speaking, one can infer

properties of the entire system of smoke particles by observing just one particle for

a sufficiently long time. The same idea lies at the heart of Monte Carlo methods

and is the content of Birkhoff’s ergodic theorem [16]. Hence invariant measures

shed light on the long-time behavior of systems. However, if a transition kernel

admits multiple invariant measures it may be unclear which distribution, if any, the

system will look like in the long run. This of course is not an issue if the system

admits a unique invariant measure, in which case we call the system uniquely ergodic.
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This nomenclature follows from the fact that the space of Ph-invariant probability

measures is convex and the extremal points of this set are precisely the ergodic

invariant measures. Thus if there is only one invariant measure, it is necessarily

extremal and therefore ergodic. For more on ergodicity of Markov processes and

proof of the aforementioned claim see [21, 36].

3.1 Results

Informally, unique ergodicity holds if a system can be sufficiently explored by its

dynamics. The rest of this brief chapter is dedicated to making this statement precise

for random splitting. We present three related sufficient conditions for Ph to have

at most one invariant measure on X . In each case the unique invariant measure,

provided it exists, is guaranteed to be absolutely continuous with respect to the

volume form on X , which we denote by v. The results presented here are closely

related to the analogous results for piecewise determinsitic Markov processes in [6, 12]

and will be especially relevant for our study of Lyapunov exponents in Chapter 5 –

see the multiplicative ergodic theorem discussed therein – and in Chapter 6.

Theorem 3.1. If there exists x˚ in X such that for all x in X there is an m and

a t in Rmn
` with Φmpx, tq “ x˚ and DtΦ

mpx, tq : TtRmn
` Ñ Tx˚X surjective, then Ph

has at most one invariant measure on X . Moreover, if such a measure exists, it is

absolutely continuous with respect to the volume form v on X .

Tx˚X is the tangent space of X at x˚. The proof of Theorem 3.1 follows from the

classical minorization condition [38, 54, 57, 65] given by the following result from [12,

Lemma 6.3].

Lemma 3.2. Let p ď m and let F : X ˆU Ñ X be C1, where U is an open subset of

Rm. Suppose τ is a U -valued random variable with continuous density ρ. If for some

px, tq in X ˆ U the map DtF px, tq is surjective and ρ is bounded below by c0 ą 0 on
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a neighborhood of t, then there exists a c ą 0 and neighborhoods Ux of x and U˚ of

x˚ :“ F px, tq such that

P
`

F py, τq P B
˘

ě cvpB X U˚q (3.1)

for all y in Ux and B in the Borel σ-algebra BpX q of X .

Remark 3.3. In our setting, U “ Rmn
` , F “ Φm : X ˆ Rmn

` Ñ X , and τ “

pτ1, . . . , τmnq with the τj independent random variables with mean h. In this case, if

x˚ “ Φmpx, tq for some t with DtΦ
mpx, tq surjective, then Lemma 3.2 guarantees the

existence of a constant c ą 0 and neighborhoods Ux of x and U˚ of x˚ such that, for

all y in Ux and B in BpX q,

Pm
py,Bq ě cvpB X U˚q .

Proof of Theorem 3.1. The proof is by contradiction. Suppose µ1 and µ2 are distinct

Ph-invariant probability measures. Assume without loss of generality both µi are

ergodic and therefore mutually singular [21, 42]. Then there exist disjoint measurable

sets A1 and A2 partitioning X such that µipBq “ µipBXAiq for all B in BpX q. Fix xi

in the support of µi so, by definition, µi gives positive measure to every neighborhood

of xi. By hypothesis and Remark 3.3 there exist ci ą 0, mi in N, and neighborhoods

Ui of xi and U˚ of x˚ such that Pmi
h px, ¨q ě ci vp¨ X U˚q for all x in Ui. Therefore

µipBq “ µiP
mi
h pBq ě

ż

Ui

Pmi
h px,Bqµipdxq ě ci vpB X U˚qµipUiq (3.2)

for all B in BpX q. In particular, µipBq “ 0 implies vpBXU˚q “ 0 since ci and µipUiq

are strictly positive. But µ1pA2 X U˚q “ µ2pA1 X U˚q “ 0 and hence

0 ă vpU˚q “ vpA1 X U˚q ` vpA2 X U˚q “ 0,

a contradiction. Absolute continuity of the Ph-invariant measure µ, provided it exists,

follows from uniqueness and the fact that the absolutely continuous part, µac, and
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singular part, µs, of µ are Ph-invariant whenever µ is [12, Proposition 2.7]. Specifically,

since µac and µs are Ph-invariant and there can be at most one Ph-invariant probability

measure, either µac or µs is identically zero. Since µac is nonzero by (3.2), it follows

that µs “ 0 and hence µ “ µac.

Remark 3.4. The invariant measure µ in Theorem 3.1, provided it exists, is

sometimes called a stationary measure. This is because the sequence of random

variables generated by the Markov chain starting from an initial condition dis-

tributed according to µ will be stationary. This helps distinguish from the invari-

ant measure of the skew flow px, τq ÞÑ pΨhτ pxq, ϑτq where the shift ϑ is defined by

ϑτ : τ “ pτ1, τ2, ¨ ¨ ¨ q ÞÑ pτn`1, τn`2, ¨ ¨ ¨ q.

The following corollary of Theorem 3.1 highlights the significance of the Lie bracket

condition.

Corollary 3.5. Suppose there is an x˚ in X at which the Lie bracket condition holds

and such that for every x in X there is an m and a t in Rmn
` satisfying Φmpx, tq “ x˚.

Then Ph has at most one invariant measure on X . Furthermore, if such a measure

exists, it is absolutely continuous with respect to the volume form on X .

One benefit of Corollary 3.5 is that it replaces the need to check the surjectivity

assumption of Theorem 3.1, which can be challenging in practice, with verification

of the Lie bracket condition. The next result provides a further convenience in the

analytic setting.

Corollary 3.6. Suppose the vector fields in V are analytic and there is an x˚ in X

such that for every x in X there is an m and a t in Rmn
` satisfying Φmpx, tq “ x˚. If

the Lie bracket condition holds at any point in X , then Ph has at most one invariant

measure on X which, provided it exists, is absolutely continuous with respect to the

volume form on X .
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Proof. Since the Lie bracket condition holds at one point in X , it also holds at x˚ by

Nagano’s theorem (Theorem 2.7). The result follows by Corollary 3.5.

3.2 Related work

The results of this chapter largely follow work on piecewise deterministic Markov

processes in [6, 12] and geometric control theory in [40, 61, 68]. The former are

especially relevant to our results on unique ergodicity, and the latter, especially [40],

elaborate considerably on V-orbits and other general geometric concepts that underlie

random splitting.
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4

Convergence

Throughout this chapter we consider a splitting of the differential equation

9x “ V pxq “
n
ÿ

j“1

Vjpxq (4.1)

on RD where, as before, V is the true vector field with flow ψ and V :“ tVju
n
j“1 are

the splitting vector fields with flows ϕpjq. For the forthcoming convergence results it

suffices to assume the Vj are merely C2, i.e. twice differentiable with continuous second

derivatives. As mentioned in our discussion of the Lorenz-63 equations, it is well

established that under quite general conditions the error incurred in approximating the

flow ψh of V by Φh “ ϕ
pnq
h ˝ ¨ ¨ ¨ ˝ ϕ

p1q
h is Oph2q and hence the error in approximating

ψt by Φm
h for any finite t with t “ mh is Ophq [51]. That is, trajectories of the

deterministic splitting Φm
h converge to the true trajectory ψt at worst linearly in h as

hÑ 0 for any finite t. This splitting scheme is therefore called a first-order method ;

higher order methods also exist but will not be considered here [33].

In this chapter we give analogous convergence results for the random splitting

associated to (4.1); the pluralized “results” reflects that with randomness comes

several different notions of convergence. Specifically, we give two main results. First,

24



as in the deterministic case, the transition kernel Ph converges to the true dynamics

linearly in h as h Ñ 0. Second, random splitting converges almost-surely to the

true dynamics as h Ñ 0. Precise statements are given in Theorems 4.1 and 4.4,

respectively, but first we introduce the relevant setting.

4.1 Preliminaries

We begin with a simple assumption.

Assumption 1. The V-orbits X pxq are bounded for each x in RD.

Since the vector fields Vj are assumed C2, Assumption 1 implies the Vj are bounded

with bounded first and second derivatives on every X . In particular,

C˚px0q :“ sup
xPX px0q

 

‖Vjpxq‖, ‖DVjpxq‖, ‖D2Vjpxq‖ : 1 ď j ď n
(

ă 8, (4.2)

where ‖Vjpxq‖ is the usual Euclidean norm, ‖DVjpxq‖ is the operator norm of DVjpxq :

RD Ñ RD, and ‖D2Vjpxq‖ is the operator norm of the bilinear map D2Vjpxq :

RD ˆ RD Ñ RD. Assumption 1 will hold for the conservative models considered in

Chapter 6 but not the nonconservative models in Chapter 7. However, the forthcoming

convergence results will still hold in a slightly altered but virtually equivalent sense;

see Remark 7.2.

For a positive integer k let CkpX q be the space of k-times continuously differentiable

functions f : X Ñ R. For f in CkpX q and ` ď k, the `th derivative D`fpxq of f at x

is a multilinear operator from b`1TxX to R. The operator norm of D`fpxq is then

‖D`fpxq‖ :“ sup
‖η‖“1

 

|D`fpxqη|
(

,

where η P b`1TxX . Defining D0fpxq :“ fpxq, this in turn induces a norm on CkpX q

given by

‖f‖k :“ sup
xPX

 

‖D`fpxq‖ : 0 ď ` ď k
(

.
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The corresponding operator norm is denoted ‖¨‖kÑk. More generally, for any k and `

define a norm ‖¨‖kÑ` on the space of linear operators L : CkpX q Ñ C`pX q by

‖L‖kÑ` :“ sup
‖f‖k“1

‖Lf‖` .

We make frequent use of the submultiplicity of ‖¨‖kÑ`. Namely, if A and B are bounded

linear operators from CjpX q to CkpX q and from CkpX q to C`pX q, respectively, then

‖BA‖jÑ` ď ‖B‖kÑ`‖A‖jÑk .

The results below are stated in terms of semigroups of the flows ψ and ϕpjq, which

are C2 by assumption. For all k ď 2 the semigroup tStutě0 corresponding to ψ acts

on f in CkpX q via

Stfpxq “ etV fpxq “ fpψtpxqq (4.3)

and, similarly, the semigroup trS
pjq
t utě0 corresponding to ϕpjq is given by

rS
pjq
t fpxq “ etVjfpxq “ fpϕ

pjq
t pxqq. (4.4)

In particular, m steps of random splitting corresponds to rSmhτ :“ rS
p1q
hτ1
¨ ¨ ¨ rS

pmnq
hτmn

. The

transition kernel Pm
h and semigroup composition rSmhτ are related via

Pm
h f “ EpfpΦm

hτ qq “ EprSmhτfq . (4.5)

4.2 Results

With the above notation we now present the two main results of this section, Theo-

rems 4.1 and 4.4, which follow from Lemmas 4.2 and 4.5, respectively. Full proofs of

both lemmas are in Appendix A, but we discuss the general idea behind each at the

end of this section.

Theorem 4.1. Suppose Assumption 1 holds and fix t ą 0. For all h sufficiently

small and satisfying mh “ t for some m in N, there is a constant Cptq depending

only on t such that

‖Pm
h ´ St‖2Ñ0 ď Cptqh. (4.6)
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Lemma 4.2. If Assumption 1 holds then there exists a constant C such that

‖Ph ´ Sh‖2Ñ0 ď Ch2 (4.7)

for all h sufficiently small.

Recalling from (4.9) that Ph “ EprS1
hτ q, informally Lemma 4.2 states that the average

difference between one step of random splitting and the true dynamics is Oph2q for

sufficiently small h, where here and throughout Ophq is with respect to the relevant

norm, namely ‖¨‖2Ñ0. For any finite time interval r0, ts we can leverage this result to

approximate St by successive steps of Ph. Specifically, choose h sufficiently small so

that (4.7) holds and there exists an integer m with mh “ t. Then the composition

Pm
h corresponds to Op1{hq steps of Ph. Since the difference between Ph and Sh is

Oph2q, the difference between Pm
h and St is Ophq.

Proof of Theorem 4.1. Let h be sufficiently small that (4.7) holds and such that

mh “ t for some m in N. The quantity of interest can be written as the following

telescoping sum:

Pm
h ´ St “

m
ÿ

k“1

P k´1
h pPh ´ ShqShpm´kq . (4.8)

For any k and continuous function f with ‖f‖0 “ 1,

‖P k
h f‖0 ď E

`
∥∥f`Φk

hτ

˘
∥∥

0

˘

“ 1 .

So ‖P k
h ‖0Ñ0 “ 1. Similarly, since mh “ t implies hpm ´ kq ď t for k ě 0 and X is

bounded by assumption (so ψ and its first and second derivatives are bounded on X ,

uniformly on r0, ts),

‖Shpm´kq‖2Ñ2 ď Kptq

for some Kptq depending on t but not h. Hence, by submultiplicity, (4.8), and

Lemma 4.2,

‖Pm
h ´ St‖2Ñ0 ď

m
ÿ

k“1

‖P k´1
h ‖0Ñ0‖Ph ´ Sh‖2Ñ0‖Shpm´kq‖2Ñ2 ď Kptq

m
ÿ

k“1

Ch2
“ Cptqh ,
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where Cptq :“ KptqC, with C the constant from (4.7) in Lemma 4.2.

Remark 4.3. Theorem 4.1 had the relation h “ t{m, while in the almost-sure results

below we will take h “ t{m2 (note we explicitly write t{m2, making no reference to the

variable h). The reason, loosely speaking, is that the transition kernel depends only on

the expectation of the randomness, while the almost-sure results additionally depend

on fluctuations of the randomness about its mean. For example, Lemma 4.5 prepares

for an application of the Borel-Cantelli lemma by establishing the summability of

probabilities of “large” fluctuations over sets of Opmq “ Op1{
?
hq cycles. This is

discussed in more detail at the end of this section and worked out in full in Appendix A.

Theorem 4.4. Suppose Assumption 1 holds and fix t ą 0. Then for any ε ą 0,

P
ˆ

lim sup
mÑ8

‖rSm2

tτ{m2 ´ St‖2Ñ0 ą ε

˙

“ 0 . (4.9)

Lemma 4.5. Suppose Assumption 1 holds and fix t ą 0. Then for any ε ą 0,

8
ÿ

m“1

P
´

‖rSmtτ{m2 ´ St{m‖2Ñ0 ą
ε
m

¯

ă 8. (4.10)

Proof of Theorem 4.4. By the Borel-Cantelli Lemma it suffices to show

8
ÿ

m“1

P
´

‖rSm2

tτ{m2 ´ St‖2Ñ0 ą ε
¯

ă 8 .

Consider the telescoping sum

rSm
2

tτ{m2 ´ St “
m
ÿ

k“1

rS
pk´1q

tτ{m2

´

rSmtτ{m2 ´ St{m

¯

Spm´kqt{m . (4.11)

For any k and continuous function f with ‖f‖0 “ 1,∥∥rSktτ{m2f
∥∥

0
“

∥∥f`Φk
hτ

˘
∥∥

0
“ 1.

So ‖rSpk´1q

tτ{m2‖0Ñ0 “ 1. Similarly, since pm´ kqt{m ď t for k ě 0 and X is bounded by

assumption (so ψ and its first and second derivatives are bounded on X , uniformly
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on r0, ts),

‖Spm´kqt{m‖2Ñ2 ď Kptq

for some Kptq depending on t but not h. Hence, by submultiplicity, (4.11), and

Lemma 4.5,∥∥rSm2

tτ{m2 ´ St
∥∥

2Ñ0
ď Kptq

m
ÿ

k“1

∥∥rSmtτ{m2 ´ St{m
∥∥

2Ñ0
“ Kptqm

∥∥rSmtτ{m2 ´ St{m
∥∥

2Ñ0
,

and hence by Lemma 4.5,

8
ÿ

m“1

P
´∥∥rSm2

tτ{m2 ´ St
∥∥

2Ñ0
ą ε

¯

ď

8
ÿ

m“1

P
´∥∥rSmtτ{m2 ´ St{m

∥∥
2Ñ0

ą ε
Kptqm

¯

ă 8.

We conclude by sketching the proofs of Lemmas 4.2 and 4.5, which are inspired

by ideas from [18, 19] and given in full detail in Appendix A. In what follows we set

rShτ :“ rS1
hτ and define rS

pi,jq
hτ :“ rS

piq
hτ ¨ ¨ ¨

rS
pjq
hτ . Consider first Lemma 4.2. Differentiating

rShτ in h gives

Bh rShτ “
n
ÿ

k“1

τke
hτ1 ¨ ¨ ¨ ehτk´1Vke

hτk ¨ ¨ ¨ ehτn “
n
ÿ

k“1

τk rS
p1,k´1q
hτ Vk rS

pk,nq
hτ .

Commuting rS
p1,k´1q
hτ and Vk via the Lie bracket rrS

p1,k´1q
hτ , Vks :“ rS

p1,k´1q
hτ Vk´Vk rS

p1,k´1q
hτ

gives

Bh rShτ “
n
ÿ

k“1

τkVk rShτ `
n
ÿ

k“1

τkrrS
p1,k´1q
hτ , VksrS

pk,nq
hτ “ V rShτ ` pVτ ´ V qrShτ ` Ehτ

where Vτ :“
řn
k“1 τkVk and Ehτ :“

řn
k“1 τkr

rS
p1,k´1q
hτ , VksrS

pk,nq
hτ . So, by variation of

constants,

rShτ ´ Sh “

ż h

0

Sh´rpVτ ´ V qrSrτdr `

ż h

0

Sh´rErτdr. (4.12)

Loosely speaking, the first integrand is Ophq because

EpVτ ´ V q “
n
ÿ

k“1

Epτk ´ 1qVk “ 0 (4.13)
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cancels first order terms from the full expression, Sh´rpVτ ´ V qrSrτ . On the other

hand the second integrand is Ophq because the bracket terms in Ehτ also cancel first

order terms (most of the work in the proof is making these two statements precise).

Thus, integrating these Ophq terms over the interval p0, hq, the difference on the right

side of (4.12) is Oph2q as claimed.

The proof of Lemma 4.5 is structurally similar to the one sketched above in that it

again begins with an application of variation of constants. However, in this case our

analysis aims to establish a concentration estimate and can therefore not rely solely

on the vanishing first moment as in (4.13). Instead, we expect the desired estimate

to hold because of the averaging of the independent flow times τi in the analog of

(4.13). In order to capture such averaging, we cannot limit our analysis to one cycle,

but have to consider a variation of constants estimate on m " 1 such cycles:

rSmhτ ´ Smh “

ż h

0

Smph´rqpVτ ´ V qrS
m
rτdr `

ż h

0

Smmph´rqE
pmq
rτ dr (4.14)

where now E
pmq
rτ :“

řmn
k“1 τkr

rS
p1,k´1q
hτ , VksrS

pk,nq
hτ . Note that the second term contains

Opm2q commutators, each contributing Oph2q as in the previous analysis. On the

other hand, once integrated, the difference in the first integral,
řmn
k“1pτk ´ 1qVk, scales

as Op
?
mhq by the central limit theorem. In order to have both terms decay faster

than Op1{mq we choose m „ Op1{
?
hq, whence the relation h “ t{m2.

4.3 Related work

As mentioned at the beginning of this chapter, the random splitting scheme considered

in this work is a random analogue of a first-order operator splitting method. Higher

order operator splitting schemes, i.e. those whose approximations on arbitrary time

scales are Ophpq for p ą 1, are available in most practical cases. An example of a

second-order method is Strang splitting [51]. Higher order can also be obtained by

fully randomizing the order [18] or randomly choosing between one ordering and
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its reverse [44, 63, 64]. Random splitting analogs of such higher order methods are

certainly conceivable but are left to future work.

There is a relationship between Theorems 4.1 and 4.4 and the averaging results

from Wentzell-Freidlin theory, e.g. [30, Theorem 2.1, Chapter 7]. This theorem builds

on local results like Lemmas 4.2 and 4.5. Since our averaging is that of a deterministic,

cyclic process, the calculations can be more explicit and more precise. We are able to

prove using simple calculations that the local error is Oph2q which leads to Ophq error

over order one times. Typical soft averaging results prove a local error of ophq and

then simply conclude that the order one error goes to zero. Of course, more careful

calculations are possible in the averaging setting. However, the simple structure

of our problems, where the only randomness is in the switching times and not the

orderings, allows for the direct proofs presented here.
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5

Chaos

There is no universally agreed upon mathematical definition of chaos [67, Chapter 9].

What is agreed upon, however, is that sensitive dependence on initial conditions, i.e.

exponential separation of nearby trajectories, is a necessary feature of any system that

can reasonably be called chaotic. To illustrate this idea, consider a random splitting

tΦm
hτu

8
m“0 associated to a family of vector fields V as before. Figure 5.1 shows how

perturbations of a point x in a V-orbit X are captured by tangent vectors in TxX .

Indeed, in the Euclidean setting where adding points and tangent vectors is valid,

Taylor’s theorem gives

DΦhτ pxqη “ Φhτ px` ηq ´ Φhτ pxq `O
`

‖η‖2
˘

.

Thus for h and η sufficiently small, the distance between trajectories of Φ starting

from x and the perturbed initial condition x ` η after one step is approximately

‖DΦhτ pxqη‖. Supposing trajectories separate with constant exponential rate λ, we

have ‖DΦhτ pxqη‖ « eλ‖η‖,

‖DΦ2
hτ pxqη‖ “ ‖DΦhτ pΦhτ pxqqDΦhτ pxqη‖ « eλ‖DΦhτ pxqη‖ « e2λ‖η‖,

32



Figure 5.1: Sensitive dependence on initial conditions.

and, continuing in this manner, ‖DΦm
hτ pxqη‖ « emλ‖η‖. Rearranging and taking m

to 8,

λ “ lim
mÑ8

1
m
plog‖DΦm

hτ pxqη‖´ log‖η‖q “ lim
mÑ8

1
m

log‖DΦm
hτ pxqη‖. (5.1)

The growth rate λ in (5.1), provided it exists, depends on multiple inputs including

x, η, and the randomness τ . So a priori there can be infinitely many of them. Quite

remarkably, the multiplicative ergodic theorem discussed below guarantees that if

the random splitting admits an ergodic invariant measure µ, then there are at most

d distinct growth rates λ1 ě ¨ ¨ ¨ ě λd that are constant for µ-almost every x and

almost every sequence of random times τ . The largest, λ1 is called the top Lyapunov

exponent. When it is positive, chaos ensues.

In this chapter we give sufficient conditions for a random splitting to have a

positive top Lyapunov exponent. Our proof involves adapting the framework of [9]

to the random splitting setting. In particular, we are able to reduce much of the

work in proving positivity of the top Lyapunov exponent for conservative systems to

the verification of the Lie bracket condition introduced in Section 2.1. A key step in

our argument is proving that if the Lie bracket condition holds at a point and the

vector fields of the random splitting are real analytic, then a positive power of the
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Markov transition kernel of the random splitting is strong Feller on a neighborhood

of that point; see Proposition 5.10. We then show via results in [9] that if the Lie

bracket condition and some basic integrability criteria hold, and if dλ1 “ λΣ where d

is the dimension of the state space and λΣ is the sum of Lyapunov exponents, then

either: (Alternative 1) The dynamics are conformal with respect to some Riemannian

structure on the state space or (Alternative 2) There exist proper subspaces of

the tangent spaces to the state space that are invariant under the dynamics. See

Theorem 5.2. In particular, if λΣ “ 0 then either λ1 “ 0 or one of the two alternatives

must hold. We then prove in Section 5.4 that Alternative 1 is ruled out by shearing

and Alternative 2 is ruled out when the Lie bracket condition holds at a point in the

tangent bundle of the state space.

5.1 Lyapunov exponents

Fix h ą 0 and consider a random splitting on a d-dimensional V-orbit X with transition

kernel Ph and ergodic Ph-invariant measure µ. Under Integrability Condition 1

below, the multiplicative ergodic theorem guarantees the existence of d numbers

λ1 ě ¨ ¨ ¨ ě λd, called the Lyapunov exponents of tΦm
hτu, such that for µ-almost every

x in X and every η in TxX ,

lim
mÑ8

1
m

log‖DΦm
hτ pxqη‖ “ λk

for some k and almost every τ , where D is the derivative in x and ‖¨‖ is the norm

on tangent spaces of X induced by the Euclidean norm on RD. Moreover, the top

Lyapunov exponent, λ1, and the sum of the Lyapunov exponents, λΣ :“ λ1` ¨ ¨ ¨ ` λd,

satisfy

λ1 “ lim
mÑ8

1
m

log‖DΦm
hτ pxq‖ and λΣ “ lim

mÑ8

1
m

log
∣∣ det

`

DxΦ
m
hτ pxq

˘
∣∣, (5.2)

where now ‖¨‖ is the operator norm. The top Lyapunov exponent captures the largest

rate of separation between nearby trajectories, e.g. tΦm
hτ pxqu and tΦm

hτ pyqu for points
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y infinitesimally close to x. A positive value corresponds to exponential growth and

is a hallmark of chaos. The sum of the Lyapunov exponents captures the overall

behavior of volumes under the dynamics with λΣ ą 0, λΣ “ 0, and λΣ ă 0 indicative

of expanding, conservative, and contracting dynamics, respectively. It is both possible

and in some sense typical to have a system which conserves volumes (λΣ “ 0) while

having some expanding directions (λ1 ą 0).

Integrability Condition 1. Integrability condition 1 is

E
ż

X

`

log`‖DxΦhτ pxq‖` log`‖DxΦhτ pxq
´1‖

˘

µpdxq ă 8 (5.3)

where log`paq :“ maxtlog a, 0u for a ą 0.

The following lemma says that if the derivatives of the Vj are bounded on X , then

Integrability Condition 1 always holds. In particular, the Lyapunov exponents exist

and satisfy (5.2). Since the Vj are smooth on RD, this is true whenever X is bounded.

Lemma 5.1. Suppose there exists a constant C ă 8 such that

sup
1ďjďn

sup
xPX

‖DVjpxq‖ ď C. (5.4)

Then the random splitting associated to V “ tVjunj“1 satisfies (5.3).

Proof. Fix t in Rn
`. By the chain rule,

DxΦpx, tq “ Dxϕ
pnq
tn

`

xpn´1q
˘

¨ ¨ ¨Dxϕ
p2q
t2

`

xp1q
˘

Dxϕ
p1q
t1

`

x
˘

where xpjq :“ ϕ
pjq
tj ˝ ¨ ¨ ¨ ˝ ϕ

p1q
t1 pxq. Therefore

‖DxΦpx, tq‖ ď
n
ź

j“1

∥∥Dxϕ
pjq
tj

`

xpj´1q
˘
∥∥. (5.5)

Fix j and set ϕ “ ϕpjq. By Cauchy-Schwarz, for any x in X and unit vector η in TxX ,

Bs‖Dxϕspxqη‖2
ď 2

∥∥DVkpϕspxqq‖‖Dxϕspxqη‖2
ď 2C‖Dxϕspxqη‖2.
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So by Grönwall’s inequality, ‖Dxϕspxqη‖ ď exppCsq. Since j, x, and η were arbitrary,

log‖DxΦpx, tq‖ ď
n
ÿ

j“1

log eChtj “ Ch
n
ÿ

j“1

tj,

which is polynomial in t and hence integrable against the exponential density. The

same argument applies to log‖DxΦpx, tq
´1‖ since DxΦpx, tq

´1 “ DxΦpx,´tq. So (5.3)

holds.

5.2 Conditions for chaos

Assume for the rest of this chapter that all Vj in V are analytic and that µ is absolutely

continuous1, ergodic, and invariant with respect to Ph for every h ą 0. Also assume

Integrability Condition 1 holds so the Lyapunov exponents λ1 ě ¨ ¨ ¨ ě λd on X exist

and are constant for µ-almost every x and almost every τ . Before stating the main

result of this section, Theorem 5.2, we need two additional definitions. First, for every

m define the pushforward of µ by Φm
hτ to be the probability measure µm :“ pΦm

hτ q#µ

on X given by

µmpBq :“ pΦm
hτ q#µpBq :“ µ

`

pΦm
hτ q

´1
pBq

˘

.

Second, for probability measures ν and µ on X define the relative entropy of ν with

respect to µ (also often called Kullback-Leibler divergence) by

DKLpν ‖ µq :“

#

ş

X
dν
dµ
pxq log

´

dν
dµ
pxq

¯

µpdxq if ν ! µ

8 otherwise,

where ν ! µ means ν is absolutely continuous with respect to µ and dν{dµ is the

Radon-Nikodym derivative. Note µm is random since it depends on τ , so we can

consider the average relative entropy, EDKLpµm ‖ µq. The finiteness of this quantity

is important in what follows. Whenever µm “ µ almost surely, as is the case in both

1 Absolutely continuous means absolutely continuous with respect to v on X unless otherwise
specified.
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the Lorenz and Euler models, one has that EDKLpµm ‖ µq “ EDKLpµ ‖ µq “ 0.

Another condition guaranteeing EDKLpµm ‖ µq ă 8 is that logpdµ{dvq is in L1pµq

since this and Integrability Condition 1 together imply EDKLpµm ‖ µq “ ´mλΣ [9,

Theorem 4.2]. With this in hand, we have

Theorem 5.2. Suppose EDKLpµm ‖ µq ă 8 for all m and the Lie bracket condition

holds at some x˚ in the support of µ. If dλ1 “ λΣ, then there is an open subset U of

X such that µpUq “ 1 and either

Alternative 1. There is a Riemannian structure2 tgx : x P Uu on U and an α : U Ñ R`

such that for all m, t in Rmn
` , x in U , and η and ξ in TxX ,

gΦmt pxq
pDxΦ

m
t pxqη,DxΦ

m
t pxqξq “ αpxqgxpη, ξq. (5.6)

That is, Φm
t is conformal with respect to tgx : x P Uu.

Alternative 2. For all x in U there exist proper linear subspaces E1
x, . . . , E

p
x of TxX

such that

DxΦ
m
t pxqpE

i
xq “ E

σpiq
Φmt pxq

(5.7)

for all m, t in Rmn
` , and every i, where σ is a permutation possibly depending on m,

t, and x.

Theorem 5.2 involves adapting [9, Theorem 6.9] to our setting. To state a version of

that result, recall Ph acts on the space BbpX q of bounded, measurable functions on

X via

Phfpxq “ E
´

f
`

Φhτ pxq
˘

¯

“

ż

Rn`
f
`

Φhtpxq
˘

ρptqdt, (5.8)

where ρptq is the probability density function of the n independent times τ “

pτ1, . . . , τnq. Ph is strong Feller if it maps BbpX q into CbpX q, the space of bounded,

2 A Riemannian structure on U is a family tgx : x P Uu of inner products gx : TxX ˆ TxX Ñ R on
TxX .
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continuous functions on X . Similarly, Ph is strong Feller on an open subset U of X if

it maps BbpUq into CbpUq.

Theorem 5.3. Suppose EDKLpµm ‖ µq ă 8 for all m and there is an open subset

U0 of X containing a point in the support of µ such that Ph is strong Feller on U0

for every h ą 0. If dλ1 “ λΣ, there exists an open set U in X such that µpUq “ 1

and Alternative 1 or 2 holds.

Theorem 5.3 is mostly a combination of results in [9], which culminate with Theorem

6.9 therein. It derives in large part from two relationships, one between Lyapunov

exponents and relative entropy, and the other between the splitting tΦm
hτu and the

lifted splitting

rΦm
hτ px, ηq :“

`

Φm
hτ pxq, DxΦ

m
hτ pxqη

˘

(5.9)

on the projective bundle PX of X where, by a slight abuse of notation, we use η to

denote both an element of the tangent space TxX and its equivalence class3 in PxX

whenever η ‰ 0. We also denote the transition kernel of the lifted process by rPh. The

assumption EDKLpµm ‖ µq ă 8 for all m allows for the comparison of λ1 and λΣ

that lies at the heart of Theorem 5.3. In particular, [9, Corollary 5.6] says that if

Integrability Condition 1 and the finite average relative entropy condition hold, then

dλ1 “ λΣ implies there exists a ν in the space PµpPX q of probability measures on PX

with X -marginal µ whose regular conditional probability distributions4 tνx : x P X u

satisfy

µ
!

x :
`

rΦm
hτ

˘

#
νx “ νΦmhτ pxq

for every m
)

“ 1 for almost every τ . (5.10)

The slight difference between Theorem 5.3 and [9, Theorem 6.9] is that in our setting

the strong Feller assumption implies any ν satisfying (5.10) has a version such that

3 Recall the projective space PxX at x is the space of all lines in the tangent space TxX .

4 The νx are probability measures on PX which are well-defined for µ-almost every x and satisfy
νxpPxX q “ 1.
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x ÞÑ νx is continuous5 on U0. This is in contrast to Baxendale’s setting where

the existence of a continuous version of the conditional distribution νx requires an

additional assumption on the transition kernel of the lifted process for discrete time

Markov chains. Specifically, we have the added advantage that h is a continuous

variable. This allows us to adapt the statement and proof of [9, Proposition 6.3]

despite not having a continuous time Markov semigroup.

Lemma 5.4. Suppose ν satisfies (5.10) and the hypotheses of Theorem 5.3 hold with

U0 as stated there. Then there is a version of tνx : x P X u such that x ÞÑ νx is

continuous on U0.

Theorem 5.3 follows immediately from Lemma 5.4, proven below, and [9, Theorem

6.9], which we refer the reader to for the details. Therefore the only thing that

remains in proving Theorem 5.2 is that if the Lie bracket condition holds at a point,

then Ph is strong Feller on a neighborhood of that point for all positive h. This is

the content of the next section.

Proof of Lemma 5.4. For any f in BbpPX q and probability measure κ on PX define

κ rPhpfq :“

ż

PX

rPhfprxqκpdrxq “

ż

PX
Ef

`

rΦhτ prxq
˘

κpdrxq “ E
ż

PX
fprxq

`

rΦhτ

˘

#
κpdrxq,

and κf : X Ñ R by

κfpxq :“ κxpfq “

ż

PX
fprxqκxpdrxq.

If (5.10) holds, then for every f in BbpPX q and µ-almost every x in X ,

νx rPhpfq “ E
ż

PX
fprxq

`

rΦhτ

˘

#
νxpdrxq “ E

ż

PX
fprxqνΦhτ pxqpdrxq “ Phνfpxq. (5.11)

5 The topology on PµpPX q is that of weak convergence induced by the compact-open topology on
CbpPX q.
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Note Phνf is continuous on U0 since Ph is strong Feller on U0 by assumption. However,

(5.11) holds for µ-almost every x in U0 and we need a version such that x ÞÑ νx is

continuous for every x in U0. To address this, fix a version tνx : x P X u, set

U1 :“ tx P U0 : (5.11) holds for every f P CbpPX qu,

and define a new version tν̄x : x P X u by

ν̄x :“

#

νx if x R U0zU1,

lim
nÑ8

νxn if x P U0zU1,
(5.12)

where txnu is a sequence in U1 converging to x and νxn a corresponding weakly

convergent (sub)sequence in PpPX q. Thus far, our choice of νx depends on the

sequence txnu. We now show (5.12) is independent of this choice. Suppose x is in

U0zU1 with txnu any sequence as above. By the dominated convergence theorem,

lim
hÑ0

ν̄x rPhf “ lim
hÑ0

ż

PX

rPhfprxqν̄xpdrxq “

ż

PX
fprxqν̄xpdrxq “ ν̄xpfq.

Therefore,

ν̄xpfq “ lim
hÑ0

ν̄x rPhf “ lim
hÑ0

lim
nÑ8

νxn rPhf “ lim
hÑ0

lim
nÑ8

Phνfpxnq “ lim
hÑ0

Phνfpxq

for all f in CbpPX q, where the second equality holds by (5.12), the third holds because

the xn are in U1 and therefore satisfy (5.11), and the fourth holds because Ph is

strong Feller on U0 for all h ą 0. Thus (5.12) is independent of txnu which, together

with µpU0zU1q “ 0, implies tν̄x : x P X u is a well-defined version of tνx : x P X u, i.e.

the two agree almost surely. Furthermore, for f in CbpPX q and x in U0,

lim
xnÑx

ν̄xnpfq “ lim
xnÑx

lim
hÑ0

Phνfpxnq “ lim
hÑ0

Phνfpxq “ ν̄xpfq,

where we again used the strong Feller property. So x ÞÑ ν̄x is continuous on U0.

5.3 Regularity

We begin this section by considering a more general setting than random splitting.

Corollary 5.6 and Proposition 5.8 are stated at this heightened level of generality. We
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then apply these results torandom splitting to prove that if the Lie bracket condition

holds at a point, then there is a positive integer m and a neighborhood U of that

point such that the transition kernel Pm
h has a density and is strong Feller on U ; see

Proposition 5.10. Note only the strong Feller part of this result is needed in our study

of Lyapunov exponents; the existence of transition densities is included because it is

a direct consequence of the coarea formula and of possible independent interest. To

avoid notational confusion, X will always denote a V-orbit.

5.3.1 Transition densities

Let U be an open subset of a smooth d-dimensional manifold Y with volume form vY ,

and let Ω be a connected, open subset of Rp with p ě d. Assume ρ is a probability

measure on Ω that is absolutely continuous with respect to Lebesgue. Any continuous

function Ψ : U ˆ Ω Ñ Y induces an operator P mapping BbpUq to itself via

Pfpuq :“ E
`

fpΨpu, ωqq
˘

:“

ż

Ω

pf ˝Ψqpu, ωqρpωqdω, (5.13)

where, as before, ρ denotes both the measure and its density with respect to Lebesgue.

P has a density with respect to vY if there exists an integrable p : U ˆ Y Ñ r0,8q

satisfying

Pfpuq “

ż

Y
fpyqppu, yqvYpdyq.

That P has a density is a direct corollary of the coarea formula when Ψ is a submersion.

Lemma 5.5 (Coarea formula). Let Y and Z be smooth d and p-dimensional manifolds

with volume forms vY and vZ , respectively. Suppose F : Z Ñ Y is a C1 submersion,

i.e. DF pzq : TzZ Ñ TF pzqY is surjective for every z in Z. Then for any f : Z Ñ R

measurable with respect to vZ ,

ż

Z
fpzqvZpdzq “

ż

Y

ˆ
ż

F´1pyq

fpzq
a

detDF pzqDF pzq˚
Hp´d

pdzq

˙

vYpdyq (5.14)
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as long as either side is finite. Here Hp´dpdzq is p´d-dimensional Hausdorff measure

on Z.

Proof. See [62, Corollary 2.2] or [27, Theorem 3.2.11].

Corollary 5.6. Suppose Ψ is in C1pU ˆ Ω,Yq. If for every u in U ,

DωΨpu, ωq : TωΩ Ñ TΨpu,ωqY (5.15)

is surjective for Lebesgue-almost every ω, then P has density p with respect to vY

given by

ppu, yq “

ż

Ψ´1
u pyq

ρpωq
a

detDωΨpu, ωqDωΨpu, ωq˚
Hp´d

pdωq (5.16)

where Ψ´1
u pyq :“ tω : Ψpω, uq “ yu.

The assumption that DωΨpu, ωq is surjective for almost every ω is equivalent to

Mpu, ωq :“ DωΨpu, ωqDωΨpu, ωq˚ (5.17)

being almost-surely invertible. Since Y is d-dimensional, M is a symmetric, positive-

semidefinite d ˆ d matrix. Note p ě d is a necessary condition for its invertibility,

which was our reason for assuming this above. M is analogous to the Malliavin

matrix in Malliavin calculus; for details see the related work section at the end of

this chapter and references therein.

Remark 5.7. The assumption in Corollary 5.6 that for fixed u the map Ψpu, ¨q :

Ω Ñ Y from noise space to state space is a submersion is a form of hypoellipticity. It

allows some regularity of the noise distribution ρ to be transferred to the state space.

Proof of Corollary 5.6. For f in BbpUq we have

Pfpuq “

ż

Ω

fpΨpu, ωqqρpωqdω “

ż

Y

ˆ
ż

Ψ´1
u pyq

fpΨpu, ωqqρpωq
a

detMpu, ωq
Hp´d

pdωq

˙

vYpdyq

“

ż

Y
fpyq

ˆ
ż

Ψ´1
u pyq

ρpωq
a

detMpu, ωq
Hp´d

pdωq

˙

vYpdyq “

ż

Y
fpyqppu, yqvYpdyq.
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where the second equality is the coarea formula, the third holds because fpΨpu, ωqq “

fpyq on Ψ´1
u pyq, and the fourth is by definition of ppu, yq. One caveat in our application

of the coarea formula is that detMpu, ωq is nonzero only almost-surely. This is not

an issue however since ty : Ψpu, ωq “ y, detMpu, ωq “ 0u has measure 0 in Y and

hence we can define ppu, yq “ 0 for y in this set without changing the integral of f in

BbpUq against p.

5.3.2 Strong Feller

Let Y, Ω, ρ, Ψ, and BbpYq be as in Section 5.3.1 and recall CbpYq is the space of

bounded, continuous functions f : Y Ñ R. The transition kernel P defined in (5.13)

is Feller if it maps CbpYq into CbpYq and strong Feller if it maps BbpYq into CbpYq.

Being Feller is a statement about the dynamics being well-posed in that dependence

on initial data is continuous. Strong Feller is a much stronger statement as it implies

P has a regularizing effect.

Proposition 5.8. Suppose U is an open subset of Y and Ψ is in C1pU ˆ Ω,Yq. If

for every u in U , DωΨpu, ωq is surjective for Lebesgue-almost every ω, then P is

strong Feller on U .

The next lemma is used to prove Proposition 5.8. Its proof is given at the end of this

section.

Lemma 5.9. Let Ψ be in C1pY ˆ Ω,Yq and let K be a compact subset of Ω. For y

in Y set

AKpyq :“ tω P K : detMpy, ωq “ 0u.

If Mpy, ¨q is almost-surely invertible for every y in Y, then for any y˚ in Y and

ε ą 0 there exists an open set U in Ω and a δ ą 0 such that µpUq ă ε and AKpyq is

contained in U for all y in Bδpy˚q. Moreover, there exists an open neighborhood W
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of K X U c such that

inf
yPBδpy˚q

!

detMpy, ωq : ω P W
)

ą 0. (5.18)

Proof of Proposition 5.8. Fix f in BbpYq. The case f ” 0 is immediate, so assume

otherwise; in particular, C :“ 6‖f‖8 ą 0. Fix y˚ in Y and ε ą 0. Since µ is a Borel

measure on Ω it is tight. So there exists a compact set K in Ω such that µpKcq ă ε{C.

By Lemma 5.9 there exists U open and δ1 ą 0 such that µpUq ă ε{C and

inf
yPBδ1 py˚q

 

detMpy, ωq : ω P W
(

“: α ą 0 (5.19)

for some open neighborhood W of K X U c. Now since 1Kc `1KXU `1KXUc “ 1,

Pfpyq´Pfpy˚q “ E
´

“

f
`

Ψpyq
˘

´f
`

Ψpy˚q
˘‰

1Kc

¯

`E
´

“

f
`

Ψpyq
˘

´f
`

Ψpy˚q
˘‰

1KXU

¯

` E
´

“

f
`

Ψpyq
˘

´ f
`

Ψpy˚q
˘‰

1KXUc
¯

(5.20)

for any y in Y . By our choice of K,∣∣∣E´“f`Ψpyq˘´ f`Ψpy˚q¯‰1Kc

˘

∣∣∣ ď 2‖f‖8µpKc
q ă

ε

3
. (5.21)

And by our choice of U ,∣∣∣E´“f`Ψpyq˘´ f`Ψpy˚q˘‰1KXU ¯∣∣∣ ď 2‖f‖8µpUq ă
ε

3
. (5.22)

To handle the third expectation (the one with 1KXUc), set L1 :“ L1pvYq and choose

a compactly supported, continuous function g on Y such that ‖g ´ f‖L1 ă ε{p18
?
αq.

This can always be done since compactly supported, continuous functions are dense

in L1 [29, Proposition 7.9]. By adding and subtracting g ˝Ψ appropriately,

E
´

“

f
`

Ψpyq
˘

´ f
`

Ψpy˚q
˘‰

1KXUc
¯

“ E
´

“

f
`

Ψpyq
˘

´ g
`

Ψpyq
˘‰

1KXUc
¯

` E
´

“

g
`

Ψpyq
˘

´ g
`

Ψpy˚q
˘‰

1KXUc
¯

` E
´

“

g
`

Ψpy˚q
˘

´ f
`

Ψpy˚q
˘‰

1KXUc
¯

.

(5.23)
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Since g ˝Ψ is continuous, there exists δ2 ą 0 such that for every y in Bδ2py˚q,∣∣g`Ψpyq˘´ g`Ψpy˚q˘∣∣ ă ε

9
.

So for all y in Bδ2py˚q,∣∣∣E´“g`Ψpyq˘´ g`Ψpy˚q˘‰1KXUc ¯∣∣∣ ă ε

9
. (5.24)

For the first and third terms in (5.23), recall µ is absolutely continuous and therefore

has an integrable density ρ. Setting Spy, ŷq :“ tω P W : Ψpy, ωq “ ŷu,

E
´

“

f
`

Ψpyq
˘

´ g
`

Ψpyq
˘‰

1KXUc
¯

“

ż

Ω

“

f
`

Ψpy, ωq
˘

´ g
`

Ψpy, ωq
˘‰

1KXUcpωqρpωqdω

“

ż

W

“

f
`

Ψpy, ωq
˘

´ g
`

Ψpy, ωq
˘‰

1KXUcpωqρpωqdω

“

ż

Y

ż

Spy,ŷq

“

f
`

Ψpy, ωq
˘

´ g
`

Ψpy, ωq
˘‰

1KXUcpωqρpωq
a

detMpy, ωq
dω vYpdŷq

“

ż

Y

`

fpŷq ´ gpŷq
˘

´

ż

Spy,ŷq

1KXUcpωqρpωq
a

detMpy, ωq
dω

¯

vYpdŷq.

The second equality holds because W contains K X U c and the third is the coarea

formula. By our choice of δ1 in (5.19) we have that for any y in Bδ1py˚q and ω in W ,

1
a

detMpy, ωq
ď

1
?
α
.

So for all y in Bδ1py˚q our choice of g implies∣∣∣E´“f`Ψpyq˘´ g`Ψpyq˘‰1KXUc ¯∣∣∣ ď 1
?
α

ż

Y

∣∣fpyq ´ gpyq∣∣dy ă ε

18
. (5.25)

Set δ :“ mintδ1, δ2u. Applying the triangle inequality, (5.24), and (5.25) to (5.23),∣∣∣E´“f`Ψpyq˘´ f`Ψpy˚q˘‰1KXUc ¯∣∣∣ ă ε

18
`
ε

9
`

ε

18
“
ε

3
(5.26)

for all y in Bδpy˚q. And applying the triangle inequality, (5.21), (5.22), and (5.26) to

(5.20), ∣∣Pfpyq ´ Pfpy˚q∣∣ ă ε

for all y in Bδpy˚q. So Pf is continuous and therefore P is strong Feller.
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Proof of lemma 5.9. Fix y˚ in Y and ε ą 0. By assumption AKpyq has Lebesgue

measure zero for all y. In particular, since µ is absolutely continuous with respect

to Lebesgue, there exists a neighborhood U of AKpy˚q such that µpUq ă ε. Suppose

toward a contradiction there is a sequence tynu converging to y˚ such that AKpynq

is not contained in U ; that is, for each yn there is an ωn in K X U c satisfying

detMpyn, ωnq “ 0. Then since K X U c is compact there is a subsequence tωnku of

tωnu which converges to some ω˚ in KXU c. Since py, ωq ÞÑ detMpy, ωq is continuous,

0 “ lim
kÑ8

detMpynk , ωnkq “ detMpy˚, ω˚q.

But this implies ω˚ is in AKpy˚q X pK X U cq “ H, a contradiction.

Consider now the “moreover” part of the lemma. By the preceding argument,

inf
yPBδpy˚q

!

detMpy, ωq : ω P K X U c
)

ě 2α

for some α ą 0. Set Fy :“ detMpy, ¨q and let K 1 be the closure in Ω of

ď

yPBδpy˚q

F´1
y p0, αq.

Straightforward verification shows K X U c and K 1 are closed and disjoint and are

therefore separated by disjoint open sets. By continuity and construction, any such

neighborhood W of K X U c satisfies

inf
yPBδpy˚q

!

detMpy, ωq : ω P W
)

ě α ą 0.

5.3.3 Strong Feller and random splitting

We return now to a general random splitting associated to a family of analytic vector

fields V . In this setting the above results yield the following.

Proposition 5.10. If the Lie bracket condition holds at a point x˚ in a d-dimensional

V-orbit X , then for some m and open neighborhood U of x˚ the map t ÞÑ DtΦ
mpx, htq
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is a submersion for every x in U , h ą 0, and almost every t in Rmn
` . In particular,

the transition kernel Pm
h is strong Feller on U for every h ą 0 and has transition

density pm,h : U ˆ X Ñ r0,8q given by

pm,hpx, yq “

ż

tt:Φmhtpxq“yu

ρptq
a

detMpx, htq
Hmn´d

pdtq, (5.27)

for almost every y in X and pm,hpx, yq “ 0 otherwise, where

Mpx, htq :“ DtΦ
m
px, htqDtΦ

m
px, htq˚.

The proof of Proposition 5.10 uses the following result from [58].

Lemma 5.11. Let Ω be a connected, open subset of Rn. If f : Ω Ñ R is analytic

and not identically 0, then f´1p0q has Lebesgue measure zero in Ω.

Proof of Proposition 5.10. By Theorem 2.5 there exist m and t˚ in Rmn
` such that

t ÞÑ Φmpx, tq is a submersion at t˚. Define f : X ˆ Rmn
` Ñ R by

fpx, tq :“ ftpxq :“ detDtΦ
m
px, tqDtΦ

m
px, tq˚ “ detMpx, tq.

Then fpx˚, t˚q ą 0 and, since ft˚ : X Ñ R is continuous, U :“ f´1
t˚ pp0,8qq is an open

neighborhood of x˚ in X . Now since the vector fields (and hence their flows) are

analytic and analyticity is preserved under addition, multiplication, composition, and

differentiation, the map t ÞÑ fpx, tq is analytic for every x in X . Also for any h ą 0

and x in U we have fpx, hpt˚{hqq “ fpx, t˚q ą 0 so t ÞÑ fpx, tq is not identically

0. And since Rmn
` is connected and open in Rmn, Lemma 5.11 implies Mpx, hτq is

almost-surely invertible. Hence t ÞÑ Φmpx, htq is a submersion for every x in U , h ą 0,

and almost every t in Rmn
` . This proves the first part of the theorem. The expression

for the transition density and the strong Feller property of Pm
h on U then follow

immediately from Corollary 5.6 and Proposition 5.8, respectively.
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5.4 Ruling out alternatives

If the hypotheses of Theorem 5.2 are satisfied and dλ1 “ λΣ, then Alternative 1 or 2

holds on an open set U in X satisfying µpUq “ 1. In this section we give sufficient

conditions under which these alternatives do not hold so that, in particular, dλ1 ‰ λΣ

whenever the aforementioned hypotheses are true. The primary mechanism for ruling

out Alternative 1 is shearing (Proposition 5.12), while Alternative 2 is ruled out when

the Lie bracket condition holds at any point in TU (Proposition 5.13).

Proposition 5.12. Suppose there are indices i, j, k, and ` and a constant C ‰ 0

such that

Vipxq “ Cx`pxkej ´ xjekq, (5.28)

where teju is the standard basis for RD. Then Alternative 1 cannot hold.

Proof. The solution of 9x “ Vipxq starting from xp0q is

$

’

&

’

%

xjptq “ xjp0q cospCx`tq ` xkp0q sinpCx`tq

xkptq “ ´xjp0q sinpCx`tq ` xkp0q cospCx`tq

xpptq “ xpp0q, p R tj, ku.

Restricting attention to xj, xk, and x` since these are the only coordinates that

contribute nontrivially to the flow ϕ :“ ϕpiq of Vi, the derivative of ϕ in the j, k, and

` coordinates is

Dϕtpxq “

¨

˝

cospCx`tq sinpCx`tq ´Ct pxj sinpCx`tq ´ xk cospCx`tqq
´ sinpCx`tq cospCx`tq ´Ct pxj cospCx`tq ` xk sinpCx`tqq

0 0 1

˛

‚.

Evaluating at tm :“ 2πm{Cx` for any x with x` ‰ 0 gives

Dϕtmpxq “

¨

˝

1 0 2πmxk
x`

0 1 ´2πm
xj
x`

0 0 1

˛

‚“ I `mA where A “

¨

˝

0 0 2π xk
x`

0 0 ´2π
xj
x`

0 0 0

˛

‚. (5.29)
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Suppose Alternative 1 holds, i.e. there exists a Riemannian structure tgx : x P Uu on

an open set U in X such that (5.30) is valid for all m, t in Rmn
` , x in U , and η, ξ in

TxX . In particular,

gϕtpxqpDϕtpxqη,Dϕtpxqξq “ αpxqgxpη, ξq. (5.30)

Consider a metric tensor on the tangent space TxX , which lifts to a metric tensor g̃

on the ambient space, RD. This metric tensor can be written as

g̃x “
ÿ

λjw
J
j wj

for some basis twju of TxRD and positive constants tλju. Hence, choosing η “ ξ with

}η}gx “ 1, by (5.30) we must have that for any fixed x with x` ‰ 0,

α “ gxpDϕtmη,Dϕtmηq “
ÿ

j

λjpw
J
j Dϕtmpxqηq

2,

where α :“ αpxq is constant. By (5.29) the above is a quadratic function of m so if the

coefficient of the largest exponent is nonzero it cannot be constant. This coefficient is
ÿ

j

λjpw
J
j Aηq

2

which is a sum of nonnegative terms. So it suffices to show at least one of them is

nonzero. This however is the case since the wj span TxX and the vector contained in A

is parallel to it, contradicting the assumption of conformal invariance. So Alternative

1 cannot hold.

Proposition 5.13. If the Lie bracket condition holds at rx˚ in TU , Alternative 2

cannot hold.

Proof. Analyticity of the vector fields implies the lifted splitting

rΦm
hτ px, ηq :“

`

Φm
hτ pxq, DxΦ

m
hτ pxqη

˘

, (5.31)

which we now regard as a chain on TX rather than PX , is also analytic. Therefore

the Lie bracket condition at rx˚ together with an argument essentially identical to the
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proof of Proposition 5.8 gives the existence of an m such that the transition kernel of

the lifted process rPm
h is strong Feller on a neighborhood rU of rx˚ for every h ą 0. Fix

such an h and assume for simplicity m “ 1, which comes without loss of generality

since the Lyapunov exponents of tΦm
hτu

8
m“0 are the same as those of tΦmk

hτ u
8
k“0 and

both alternatives in Theorem 5.2 hold for all m. Also, by shrinking rU if necessary,

assume the projection πprUq of rU onto X is contained in U . If Alternative 2 holds,

there exist for every x in U proper subspaces E1
x, . . . , E

p
x of TxX such that

DxΦtpxqpE
i
xq “ E

σpiq
Φtpxq

(5.32)

for every t in Rn
` and i, where σ is a permutation of t1, . . . , pu. In particular, setting

Ex :“
p
ď

i“1

Ei
x

for each x in U , the map f : rU Ñ R given by6

rfpx, ηq :“ 1Expηq :“

#

1 if η P Ex,

0 otherwise,

is in BbprUq and, since the Ei
x are proper subspaces, discontinuous. But by (5.32),

rPhfpx, ηq “ E
`

1EΦm
hτ
pxq
pDxΦhτ pxqηq

˘

“ E
`

1DxΦhτ pxqη pDxΦhτ pxqηq
˘

“ fpx, ηq,

contradicting that rPh is strong Feller on rU . So Alternative 2 cannot hold.

5.5 Related work

The bulk of this chapter first appeared in [3]. The work of Baxendale [9] builds on

ideas in [17, 31, 32, 35, 42] which were also consulted in developing this work. The

regularity results and their proofs presented above are reminiscent of the probabilistic

understanding, via Malliavin calculus, of Hörmander’s classical results on hypoelliptic

6 The assumption that πprUq is contained in U guarantees f is well-defined.

50



differential operators which require Lie bracket conditions similar to those presented

here [39]. In particular, the matrix M in (5.17) is analogous to the controllability

Gramian matrix in control theory where ω is a control, and the Malliavin matrix

in Malliavin calculus where randomness is Brownian motion.
a

detMpy, ωq is an

expression of the tangential Jacobian, so in this setting the coarea formula is just

a generalization of the classical change of variable formula [52, 60]. Related results

on the hypoellipticty of piecewise deterministic Markov processes, though leading to

slightly different statements, can be found in [6, 12].
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6

Conservative systems

In this chapter we construct random splittings and apply the above results to con-

servative Lorenz-96 and Galerkin approximations of 2d Euler on the torus. As we

see shortly, the former conserves energy and the latter conserves both energy and

enstrophy. Their respective splittings will be constructed so that the splitting vector

fields also conserve these quantities.

6.1 Conservative Lorenz-96

Recall from Section 1.3 the conservative Lorenz-96 equations are

9x “ V pxq :“
n
ÿ

j“1

pxj`1 ´ xj´2qxj´1ej, (6.1)

where n ě 4 is fixed, teju
n
j“1 is the standard basis in Rn, and indices are periodized

via the identities x´1 :“ xn´1, x0 :“ xn, and xn`1 :“ x1. We also saw V splits as

V pxq “
n
ÿ

j“1

Vjpxq where Vjpxq :“ pxj`1ej ´ xjej`1qxj´1. (6.2)

Similar to V2 in the splitting of Lorenz-63 in Section 1.1, for each j the flow ϕpjq of Vj

is a rotation in the pxj, xj`1q-plane with angular velocity xj´1. Direct computation
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shows Bt‖ϕpjqt pxq‖2 “ 0 so each Vj conserves, like V , the system’s energy, which

for Lorenz-96 is defined to be the square of the Euclidean norm, ‖x‖2 :“
řn
j“1 x

2
j .

Throughout this section V denotes the family of splitting vector fields corresponding

to (6.2) and Sn´1pRq :“ tx P Rn : ‖x‖ “ Ru is the sphere of radius R centered at the

origin in Rn. By the preceding remarks every V-orbit lies on Sn´1pRq for some R. In

particular, we have

Proposition 6.1. All the finite time convergence results of Chapter 4 apply to the

random splitting (6.2) of conservative Lorenz-96 starting from any initial condition.

Proof. The splitting vector fields are smooth and Assumption 1 is satisfied since every

V-orbit lies on a sphere, so the conclusions of Theorems 4.1 and 4.4 both hold.

6.1.1 Ergodicity

A complicating feature of the conservative Lorenz-96 equations is that they have

fixed points. Specifically, a point x in Rn is a fixed point of (6.1) if and only if
řn
j“1px

2
j ` x2

j`1qx
2
j´1 “ 0. For a 2-sphere embedded in R3 these are precisely the 6

points of intersection of the sphere with the standard coordinate axes. In higher

dimensions, these fixed points lie on submanifolds that in general have dimension

greater than 0 and in particular are no longer isolated. Nevertheless, nonfixed points

cannot reach fixed points in finite time. In fact, the following result shows there

is precisely one V-orbit, called a generic orbit, on each sphere that contains all

nonfixed points on that sphere. Furthermore, for every h ą 0 the volume form on

any such generic orbit is the unique Ph-invariant measure on that orbit, where Ph is

the transition kernel of the random splitting corresponding to (6.2).

Proposition 6.2. If x is a nonfixed point of conservative Lorenz-96, then

XRpxq “ XR :“

"

y P Rn : ‖y‖ “ R and
n
ÿ

k“1

py2
k ` y

2
k`1qy

2
k´1 ‰ 0

*

, (6.3)
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where R “ ‖x‖. Furthermore, for all h ą 0 the volume form on X is the unique

Ph-invariant measure on X where Ph is the transition kernel of the random splitting

associated to (6.2).

Proof. Fix R ą 0 and let x be a nonfixed point with ‖x‖ “ R. We first prove x can

be mapped via the split dynamics to x˚ :“ pR{
?
n, . . . , R{

?
nq. Since x is a nonfixed

point, i.e.
řn
j“1px

2
j ` x

2
j`1qx

2
j´1 ‰ 0, there exists j such that xj´1 ‰ 0 and xj or xj`1

is nonzero. Now, since ϕpjq is a rotation in the pxj, xj`1q-plane with angular velocity

xj´1, there is a tj such that both j and j ` 1 coordinates of ϕpjqpx, tjq are nonzero.

By the same argument there is a tj`1 such that the j, j ` 1, and j ` 2 coordinates

of xpj`1q “ ϕpj`1qpϕpjqpx, tjq, tj`1q are nonzero. Continuing this way, we see x can be

made to have nonzero coordinates in a finite number of steps.

Now since ‖x‖ “ R, there exists an index j such that |xj| ě R{
?
n. If j “ n,

rotate in the pn ´ 1, nq-plane so that the nth coordinate of x becomes R{
?
n. If

j ă n, rotate in the pj, j ` 1q-plane so that the j ` 1 coordinate of x becomes R{
?
n,

then rotate in the pj ` 1, j ` 2q-plane so that the j ` 2 coordinate of x becomes

R{
?
n, and so on until the nth-coordinate of x becomes R{

?
n. Such rotations are

always possible because all coordinates of x are nonzero by the preceding argument.

Thus, whether j “ n or j ă n we can evolve x via the split dynamics so that its last

coordinate, xn, is R{
?
n. In particular, there now must exist an index j ă n such that

|xj| ě R{
?
n. By the same procedure, and without disturbing the last coordinate,

we can use rotations to make the n´ 1 coordinate of x equal R{
?
n. Iterating this

process maps x to x˚ in a finite number of steps. Since x was arbitrary it follows that

every nonfixed point with norm R belongs to the same orbit, which is precisely the

set XR defined in (6.3).

Next we prove there is at most one Ph-invariant measure on X :“ XR. First, since

the split dynamics are all rotations the above procedure mapping any x in X to x˚
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can be done using strictly positive times. Furthermore, by direct observation, the

matrix of splitting vector fields

¨

˝V1pxq V2pxq ¨ ¨ ¨ Vn´1pxq

˛

‚“

¨

˚

˚

˚

˚

˚

˝

x2xn 0 . . . 0
´x1xn x3x1 . . . 0

0 ´x2x1 ¨ ¨ ¨
...

...
...

. . . xnxn´2

0 0 ´xn´1xn´2

˛

‹

‹

‹

‹

‹

‚

has rank n´ 1 when all xj are nonzero. In particular, since X is an open subset of

Sn´1pRq and therefore itself an n´ 1-dimensional manifold, the Vj span Tx˚X . Hence

Liex˚pVq “ Tx˚X . By Corollary 3.5, Ph has at most one invariant measure on X .

We next show Lebesgue measure, Leb, in Rn is Ph-invariant. Let Sn´1pRq denote

the sphere of radius R in Rn and let Leb
pjq
t :“ pϕ

pjq
t q# Leb be the pushforward of Leb

by ϕ
pjq
t . Since the Vj in (6.2) are divergence free, the continuity equation1, becomes

0 “ Bt Leb
pjq
t ` div

´

Vj Leb
pjq
t

¯

“ Bt Leb
pjq
t `∇Leb

pjq
t ¨Vj .

The latter is a transport equation with constant initial condition Leb
pjq
0 ” 1 and hence

Leb
pjq
t “ Leb for all t. Because the trajectories of all Vj conserve the energy }x}, we

fiber Rn using spherical coordinates pr, ϑq P R` ˆ Sn´1pRq. In these coordinates, we

have that Vjpr, ϑq “ 0 Br` rvjpϑq∇ϑ and by a change of coordinates of the divergence

operator the stationarity equation becomes

0 “ div pVjpxqvpxqq “ uprqwpϑq divϑpvpr, ϑqvjpϑqq, (6.4)

where divϑ denotes the angular terms of the divergence in spherical coordinates, and

uprq, wpϑq result from the change of variables. Hence, we can factor the solution

vpr, ϑq “ v̄pϑ|rq ¨ µRpdrq “ v̄pϑq ¨ µRpdrq, where v̄pϑ|rq is the conditional density of

Lebesgue measure on a fiber. The measure v̄ solves wpϑq divϑpv̄pϑqvjpϑqq “ 0 and

1 This equation should be interpreted as an equation on measures or, equivalently, as holding in the
weak sense. In other words, the left and right side are equal when integrated against any compactly
supported, smooth test function.
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hence is invariant under the flows ϕ
pjq
t . By rotational symmetry of Leb, we must have

that v̄pϑq is the volume form on Sn´1pRq. And since X is a full-measure open subset

of Sn´1pRq, the volume form v on X is just the restriction of v̄ to X . Thus v is also

invariant under the flows and is therefore the unique Ph-invariant measure on X .

Corollary 6.3. For all h ą 0 the volume form on Sn´1pRq, which we also denote by

v, is the unique ergodic Ph-invariant probability measure on Sn´1pRq that is absolutely

continuous with respect to v.

Proof. XR in (6.3) is the complement of a closed, measure zero subset of Sn´1pRq.

Thus volume form on XR agrees with the volume form, also denoted v, on Sn´1pRq.

In particular, v is an ergodic invariant measure on Sn´1pRq by Proposition 6.2. Since

ergodic invariant measures are mutually singular, see e.g. [36], any other ergodic

invariant measure on Sn´1pRq must be singular with respect to v.

6.1.2 Positive top Lyapunov exponent

Throughout this section we refer to orbits from (6.3) as generic orbits.

Theorem 6.4. The top Lyapunov exponent of the conservative Lorenz-96 random

splitting (6.2) on a generic orbit is positive for every h ą 0.

Proof. Fix R ą 0 and set X :“ XR. We know from Proposition 6.2 that the volume

form on any generic orbit X of the conservative Lorenz-96 splitting is the unique

Ph-invariant measure on X for every h ą 0. Thus the Lyapunov exponents exist and

are almost-surely constant on generic orbits and Integrability Condition 1 trivially

holds. Furthermore λΣ “ 0 (and hence λ1 ě 0) since the splitting vector fields

conserve Euclidean norm. This establishes the hypotheses of Theorem 5.2 for random

splittings on generic orbits of conservative Lorenz-96. And since λΣ “ 0, Theorem 5.2

says that if λ1 “ 0 then Alternative 1 or 2 must hold. Alternative 1 is immediately
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ruled out by Proposition 5.12 upon noting that the splitting vector fields are

Vjpxq “ xj´1pxj`1ej ´ xjej`1q.

So to prove Theorem 6.4, it remains to show Alternative 2 does not hold.

To rule out Alternative 2, it suffices to find a point rx˚ P TX at which the family

rV “ trVju satisfies the Lie bracket condition, dimpLie
rxprVqq “ 2n´2. In the coordinates

px1, η1, . . . , xn, ηnq, the lifted vector fields of the Lorenz splitting are

rVipx, ηq “ p0, . . . , 0, xi´1xi`1, ηi´1xi`1 ` ηi`1xi´1,´xi´1xi,´ηi´1xi ´ ηixi´1, 0, . . . , 0q,
(6.5)

where, in order from left to right, the nonzero entries correspond to the coordinates

xi, ηi, xi`1, and ηi`1. Let rx “ px, ηq be any point of TX satisfying

x “ pa, a, b, b, b, . . . , bq and η “

#

p1,´1, 1,´1, . . . , 1,´1q, if n even

p1,´1, 1,´1, . . . , 1,´1, 0q, if n odd,
(6.6)

with a, b ‰ 0. Note η is perpendicular to x as elements of Rn and is therefore a

well-defined element of TxX “ TxSn´1pRq. Consider first the case when n is even.

Direct computation via (6.5) shows that for i “ 2, . . . , n´ 1 the vector fields rVi and

rrVi´1, rVis evaluated at rx form the 2nˆ 2 matrix

¨

˝

“

rVi´1, rVi
‰

px, ηq rVipx, ηq

˛

‚“

¨

˝

‹

Ai
0

˛

‚,

where ‹ indicates irrelevant entries, 0 indicates the rest of the matrix is filled with

zeros, and the 2 ˆ 2 matrix Ai, which comprises the 2i ` 1 and 2i ` 2 rows of the

matrix, is given by

A2 “

ˆ

0 ´a2

4ab 0

˙

, A3 “

ˆ

apa2 ´ b2q ´ab
´pa` bq2 b´ a

˙

,

A4 “

ˆ

0 ´b2

4ab 0

˙

, Ai “

ˆ

0 ´b2

˘4b2 0

˙

,
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with the last Ai holding for all i ą 4. Define the 2nˆ 2n´ 2 matrix

A :“

˜

rV1 rrV1, rV2s rV2 ¨ ¨ ¨ rrVn´2, rVn´1s rVn´1
rVn

¸

“

¨

˚

˚

˚

˚

˚

˚

˝

B

0 A2 ‹ ‹ ‹ ‹ ‹

0 0 A3 ‹ ‹ ‹ ‹

0 0 0 A4 ‹ ‹ ‹

...
...

...
...

. . .
...

...
0 0 0 0 ¨ ¨ ¨ An´1 ‹

˛

‹

‹

‹

‹

‹

‹

‚

,

where B is the 4ˆ 2n´ 2 matrix

B “

¨

˚

˚

˝

ab ´ab2 0 0 0 ¨ ¨ ¨ 0 0
´a´ b ´b2 0 0 0 ¨ ¨ ¨ 0 4b2

´ab ab2 ab ´ab2 0 ¨ ¨ ¨ 0 0
a´ b ´b2 a` b a2 0 ¨ ¨ ¨ 0 0

˛

‹

‹

‚

.

We claim A has rank 2n´ 2 for certain choices of a and b. First, note A2, A4, and

Ai, i ą 4, have rank 2 whenever a, b ‰ 0. Also A3 has rank 2 whenever a, b ‰ 0 and

a3
` ab2

` 2b3
‰ 0. (6.7)

Row reducing B gives the matrix

B1 “

¨

˚

˚

˝

ab ‹ 0 0 0 ¨ ¨ ¨ 0 0
0 ‹ 0 0 0 ¨ ¨ ¨ 0 ‹

0 0 ‹ ‹ 0 ¨ ¨ ¨ 0 0
0 0 0 ´a5b5p2a2 ` 5ab` 2b2q 0 ¨ ¨ ¨ 0 4a4b7p2b´ aq

˛

‹

‹

‚

.

The ‹ entries, though easily computed and simply expressed, are redacted to emphasize

the relevant terms. Suppose that, in addition to a, b ‰ 0, the relations

$

’

’

’

&

’

’

’

%

2a2 ` pn´ 2qb2 “ R2

2a2 ` 5ab` 2b2 “ 0

a3 ` ab2 ` 2b3 ‰ 0

2b´ a ‰ 0

(6.8)

hold. Direct substitution verifies all the above are satisfied when

a “ ´
R

?
4n´ 6

and b “

?
2R

?
2n´ 3

. (6.9)
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The first relation in (6.8) guarantees x “ pa, a, b, . . . , bq satisfies ‖x‖ “ R and therefore

lies on X , and the third guarantees A3 has rank 2 by (6.7). The second and fourth

guarantee B1 has the form

B1 “

¨

˚

˚

˝

ab ‹ 0 0 0 ¨ ¨ ¨ 0 0
0 ‹ 0 0 0 ¨ ¨ ¨ 0 ‹

0 0 ‹ ‹ 0 ¨ ¨ ¨ 0 0
0 0 0 0 0 ¨ ¨ ¨ 0 c

˛

‹

‹

‚

for some nonzero constant c. Replacing B with B1 in A and moving the fourth row

of B1 to the last row of the whole matrix gives a new matrix

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

ab
0 ‹

0
0 A2 ‹ ‹ ‹ ¨ ¨ ¨ ‹ ‹

0 0 A3 ‹ ‹ ¨ ¨ ¨ ‹ ‹

0 0 0 A4 ‹ ¨ ¨ ¨ ‹ ‹

0 0 0 0 A5 ¨ ¨ ¨ ‹ ‹
...

...
...

...
...

. . .
...

...
0 0 0 0 0 ¨ ¨ ¨ An´1 ‹

0 0 0 0 0 ¨ ¨ ¨ 0 c

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

. (6.10)

Since each Ai has rank 2 and ab, c ‰ 0, this matrix – and hence A – has rank 2n´ 2.

When n is odd, everything is essentially the same. Only the matrix B is different,

but its row reduced form is identical to the B1 above, up to the irrelevant ‹ terms. In

particular, the matrix corresponding to A in the odd case becomes the matrix (6.10)

via the exact same procedure detailed above when subjected to the same relations

defined in (6.8). Thus the the Lie bracket condition holds for the lifted process at the

point rx defined as in (6.6) with a and b as in (6.9) for all n ě 4. So by Proposition

5.13 Alternative 2 cannot hold. And by Theorem 5.2 the top Lyapunov exponent of

the random splitting of conservative Lorenz-96 is positive.
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6.2 Galerkin approximations of 2d Euler

Recall from Section 1.3 that the 2d Euler equations on the torus T are
#

Btu` pu ¨∇qu “ ´∇p
divpuq :“ ∇ ¨ u “ 0

(6.11)

where u : Tˆ RÑ R2 is the fluid velocity, p : Tˆ RÑ R the fluid pressure, and

pu ¨∇qu “ pu1B1u1 ` u2B2u1, u1B1u2 ` u2B2u2q .

To construct a random splitting of (6.11), we first write (6.11) in vorticity form

and apply the Fourier transform. This yields an infinite system of ODEs which

we truncate to systems of arbitrary finite size, referred to throughout as Galerkin

approximations. Finally, we split these Galerkin approximations to obtain the desired

random splitting.

6.2.1 Constructing the splitting

The vorticity formulation of (6.11) is obtained by taking the curl of velocity. Specifi-

cally, setting q :“ curlpuq :“ B2u1 ´ B1u2, equation (6.11) becomes
#

Btq ` pKq ¨∇qq “ 0,

divpqq “ 0,
(6.12)

where K :“ ∇Kp´∆q´1 with ∇K :“ pB2,´B1q. To express (6.12) in Fourier space,

set Z2
8 :“ Z2ztp0, 0qu and let tejujPZ2

8
be the orthonormal basis of L2pT,Rq given by

ejpxq :“ p2πq´1 exppix ¨ jq. Then qpx, tq “
ř

jPZ2
8
qjptqejpxq where

qjptq :“ xq, ejyL2 “

ż

T
qpx, tqejpxqdx

is the jth Fourier mode of q. Here x¨, ¨yL2 is the standard inner product on L2pT,Rq

with ej denoting the complex conjugate of ej. The jth Fourier mode of pKq ¨∇qq is

xpKq ¨∇qq, ejyL2 “
ÿ

k``“j

Ck`qkq`
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where

Ck` :“
xk, `Ky

4π

ˆ

1

|k|2
´

1

|`|2

˙

(6.13)

with x¨, ¨y the standard inner product in R2, `K :“ p`2,´`1q, and |`|2 :“ `2
1 ` `2

2.

Therefore

ÿ

j

9qjej “ Btq “ ´pKq ¨∇qq “ ´
ÿ

j

ˆ

ÿ

k``“j

Ck`qkq`

˙

ej

and hence 9qj “ ´
ř

k``“j Ck`qkq`. Moreover, since q is real-valued,

ÿ

j

qjej “ q “ q “
ÿ

j

qje´j

which gives qj “ q´j. In particular,

9qj “ 9q´j “ ´
ÿ

j`k``“0

Ck`qkq` .

Writing each Fourier mode qj “ aj ` ibj in terms of real and imaginary parts gives

9aj ` i9bj “ 9qj “ ´
ÿ

j`k``“0

Ck`pak ´ ibkqpa` ´ ib`q

“
ÿ

j`k``“0

Ck`pbkb` ´ aka`q ` i
ÿ

j`k``“0

Ck`pakb` ` a`bkq .

Thus the Fourier modes of solutions to the Euler equation in vorticity form satisfy

$

’

’

’

’

&

’

’

’

’

%

9aj “
ÿ

j`k``“0

Ck`pbkb` ´ aka`q

9bj “
ÿ

j`k``“0

Ck`pakb` ` a`bkq

(6.14)

for all j P Z2
8. While (6.14) could be studied as is, notice the constraint q´j “ qj

implies a´j “ aj and b´j “ ´bj, which introduces redundancy in (6.14). Therefore

we restrict to

Z2
` :“ tj P Z2 : j2 ą 0u Y tj P Z2 : j2 “ 0 and j1 ą 0u .
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Specifically, by straightforward computation together with the identities a´j “ aj,

b´j “ ´bj, and Ck` “ C´k,´` “ ´C´k,` “ ´Ck,´`, the system (6.14) can be re-

expressed as

$

’

’

’

&

’

’

’

%

9aj “
ÿ

j`k´`“0

Ck`paka` ` bkb`q `
ÿ

j´k´`“0

Ck`pbkb` ´ aka`q

9bj “
ÿ

j`k´`“0

Ck`pakb` ´ bka`q ´
ÿ

j´k´`“0

Ck`pakb` ` bka`q

(6.15)

for all j P Z2
` with each sum running over all pairs k, ` P Z2

` satisfying the specified

identity. To split (6.15) note that for any j, k, ` P Z2
` satisfying j ` k ´ ` “ 0 (and

hence `´ j´ k “ 0) we can isolate from the above sums exactly 6 equations involving

only these indices:

9aj “ Ck`paka` ` bkb`q , 9ak “ Cj`paja` ` bjb`q , 9a` “ Cjkpbjbk ´ ajakq ,

9bj “ Ck`pakb` ´ bka`q , 9bk “ Cj`pajb` ´ bja`q , 9b` “ ´Cjkpajbk ` bjakq .

(6.16)

For reasons to be made clear shortly, we recombine (6.16) into 4 groups of 3 equations:

$

’

&

’

%

9aj “ Ck`aka`

9ak “ Cj`aja`

9a` “ ´Cjkajak

$

’

&

’

%

9aj “ Ck`bkb`
9bk “ Cj`ajb`
9b` “ ´Cjkajbk

$

’

&

’

%

9bj “ Ck`akb`

9ak “ Cj`bjb`
9b` “ ´Cjkbjak

$

’

&

’

%

9bj “ ´Ck`bka`
9bk “ ´Cj`bja`

9a` “ Cjkbjbk

.

(6.17)

Let Vajaka` , Vajbkb` , Vbjakb` , and Vbjbka` be the vector fields associated to the equations

of (6.17) from left to right. For example, Vajaka` is the vector field on R8 mapping

the aj coordinate to ´Ck`aka`, the ak coordinate to ´Cj`aja`, the a` coordinate to

´Cjkajak, and all other coordinates to 0. These are the splitting vector fields. Our

sought-after splitting is

V “
ÿ

j`k´`“0

Vajaka` ` Vajbkb` ` Vbjakb` ` Vbjbka` , (6.18)
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where V is the vector field associated to (6.15). As noted earlier, our focus will be on

finite truncations of the infinite-dimensional system (6.15). Thus we fix an integer

N ě 2 and define the Nth Galerkin approximation of (6.15) to be (6.15) with indices

restricted to the set

Z2
N :“

 

j P Z2
` : maxt|j1|, |j2|u ď N

(

.

The splitting (6.18) remains valid in this finite-dimensional setting, bearing in mind

that now all indices lie in Z2
N . By a slight abuse of notation, we denote the finite-

dimensional counterpart of V by V and similarly for the splitting vector fields. Thus

our family of splitting vector fields is

V “
 

Vajaka` , Vajbkb` , Vbjakb` , Vbjbka` : j, k, ` P Z2
N and j ` k ´ ` “ 0

(

. (6.19)

Since Z2
N has cardinality 2NpN ` 1q and each index j P Z2

N has an associated aj

and bj coordinate, these are all vector fields on Rn, where throughout this section

we set n :“ 4NpN ` 1q. We also abuse notation by conflating elements j in Z2
N with

elements j in t1, . . . , n{2u, which can be formalized via any bijection between the two

sets. Moreover, we denote elements of Rn by q “ paj, bjq
n{2
j“1. This reflects that the

aj and bj coordinates of q in Rn are in one-to-one correspondence with the real and

imaginary parts of the jth mode of q.

Remark 6.5. There are many possible splittings of a given equation. For the Euler

equations, we made the particular choice we have so that both energy and enstrophy are

conserved but the dynamics of each splitting are still relatively easily understood. We

could have further decomposed the three-dimensional dynamics in the above splitting

into a number of two-dimensional dynamics, similar in spirit to the decomposition into

rotations used in Lorenz-96. However, that would have necessitated only conserving

either the energy or the enstrophy.
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6.2.2 Conservation and convergence

The conservative Lorenz-96 dynamics discussed in Section 6.1 conserves Euclidean

norm (energy in that case) and therefore remains on whichever sphere it starts on.

So too do the flows of each of the splitting vector fields (6.2). We now show a similar

thing is true for Galerkin approximations of 2d Euler. Define the energy and enstrophy

of q “ paj, bjq
n{2
j“1 by

Epqq :“
ÿ

jPZ2
N

a2
j ` b

2
j

|j|2
and Epqq :“

ÿ

jPZ2
N

a2
j ` b

2
j , (6.20)

respectively (note the aforementioned conflation of j in Z2
N and j P t1, . . . , n{2u in

the summations). Straightforward computation shows that for all j, k, ` P Z2
N with

j ` k ´ ` “ 0,

Ck` ` Cj` ´ Cjk “
Ck`
|j|2

`
Cj`
|k|2

´
Cjk
|`|2

“ 0,

which in turn implies that under the dynamics (6.15),

BtEpqq “ BtEpqq “ 0

for all q P Rn. That is, both energy and enstrophy are conserved by the true dynamics

and

Q0pE, Eq :“
 

q P Rn : Epqq “ E, Epqq “ E
(

. (6.21)

is invariant under (6.15). This is a well-established property of the 2d Euler equations.

Moreover, if we flow by Vajaka` starting from q for any j, k, ` P Z2
N with j ` k ´ ` “ 0,

then

1
2
BtEpqq “

aj 9aj
|j|2

`
ak 9ak
|k|2

`
a` 9a`
|`|2

“

ˆ

Ck`
|j|2

`
Cj`
|k|2

´
Cjk
|`|2

˙

ajaka` “ 0 ,

and similarly BtEpqq “ 0. The same computation shows energy and enstrophy are

conserved by all of the splitting vector fields in V , which provides the motivation for

recombining (6.16) as (6.17) in the first place. In particular, we have
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Proposition 6.6. All the finite time convergence results of Chapter 4 apply to the

random splitting (6.18) of every Galerkin approximation of 2d Euler starting from

any initial condition.

Proof. The splitting vector fields are smooth and Assumption 1 is satisfied since every

V-orbit lies on a sphere, so the conclusions of Theorems 4.1 and 4.4 both hold.

6.2.3 Ergodicity

Fix energy and enstrophy values E and E and set Q0 :“ Q0pE, Eq.Q0 is an n ´ 2-

dimensional submanifold of Rn where, recall, n :“ 4NpN ` 1q; denote its volume form

by λ. As with conservative Lorenz-96, the Nth Galerkin approximation of 2d Euler

has points q in Q0 whose V-orbits are not dense in Q0. For example, any q with

exactly one nonzero coordinate is a fixed point of (6.15) and of all the equations (6.17).

In this subsection we characterize these points and prove there is exactly one V-orbit

Q on Q0 such that λpQq “ 1. By a slight abuse of notation we denote the restriction

of λ to Q by λ as well. We then show there exists a unique Ph-invariant measure on

Q – and hence on Q0 – that is absolutely continuous with respect to λ on Q0.

To make the above statements precise, we begin by enumerating the coordinates

of q P Rn by extending the indices j P Z2
N with an element χ P t`,´u which

denotes the real (`) or imaginary (´) part of the corresponding mode. Then, for

j “ pj, χq P Z2
N ˆ t`,´u, we define the type of such coordinates via the function

Tpjq “ χ so that qj is identified with aj if Tpjq “ ` and with bj if Tpjq “ ´. For

q P Rn, denote by

Apqq :“
 

j P Z2
N ˆ t`,´u : qj ‰ 0

(

(6.22)

the set of “active” coordinates. To streamline our analysis, we define the following
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operation to expand the set A:

A‘ ` :“

#

AY t`u if ` P tj ˘ ku X Z2
N for j,k P A, Cjk ‰ 0,Tpjq ¨ Tpkq “ Tp`q ,

A else ,

(6.23)

where Tpjq¨Tpkq is ` if Tpjq “ Tpkq and ´ if Tpjq ‰ Tpkq. This operation corresponds

to extending the nonzero coordinates of q from j,k to ` by letting a triple ι “ jk`

interact.

We assume that the initial condition is sufficiently nondegenerate, as stated in

the following assumption similar to the one made in [37, Theorem 2.1].

Definition 6.7 (Nondegenerate point). A point q in Q0 is nondegenerate if there

exists M P N, j˚ P Z2
N with |j˚|2 ą 1, and an ordered set of indices p`iq

M
i“1 in

Z2
N ˆ t`,´u such that

 

p1, 0,`q, p0, 1,`q, pj˚,´q
(

Ď
`

pApqq ‘ `1q ‘ `2

˘

¨ ¨ ¨ ‘ `M . (6.24)

Definition 6.8 (Generic point). A point in Rn is generic if all of its coordinates are

nonzero.

Remark 6.9. Every point with all coordinates nonzero is a nonfixed point of con-

servative Lorenz-96; similarly, every generic point in Q0 is nondegenerate. However,

comparing (6.24) with (6.3), we see the conditions defining nondegenerate points in

Q0 are more complicated than the easily characterized nonfixed points of conservative

Lorenz-96. The difference is that, unlike spheres in conservative Lorenz-96, there are

proper subspaces of Q0 which are invariant for our splitting of the Euler dynamics but

are not fixed points. One such subspace is the collection of purely real points; another

is the purely imaginary points.

The following analogs of Proposition 6.2 and Corollary 6.3 are the main results of

this subsection.
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Proposition 6.10. Every nondegenerate point in Q0 belongs to the same V-orbit,

Q, and for all h ą 0 there exists a unique Ph-invariant probability measure on Q.

Furthermore, this unique invariant measure is absolutely continuous with respect to

the volume form on Q.

Proof. By Proposition 6.13 there is a q˚ in Q0 such that every nondegenerate point in

Q0 belongs to the V-orbit Q :“ Qpq˚q, and for every q in Q there is an m P N and a

t P Rmn
` satisfying Φmpq, tq “ q˚. By Lemma 6.19 the splitting vector fields span the

tangent space of Q at generic points; in particular, the Lie bracket condition holds

at every generic point. Thus, since the vector fields in V are analytic, Corollary 3.6

implies Ph has at most one invariant probability measure on Q, which is necessarily

the one identified by Lemma 6.18.

Corollary 6.11. For all h ą 0 the measure from Proposition 6.10 is the unique

Ph-invariant ergodic probability measure on Q0 that is absolutely continuous with

respect to the volume form on Q0.

Proof. Let λ denote volume form on Q0. Since Q contains all generic points in Q0,

it is an open subset of Q0 satisfying λpQq “ 1. In particular, the unique invariant

measure on Q from Proposition 6.10 is an ergodic invariant measure on Q0. Since

ergodic invariant measures are mutually singular, see e.g. [36], any other ergodic

invariant measure on Q0 must be singular with respect to λ.

Remark 6.12. Continuing in the spirit of Remark 6.5, we observe (6.17) splits qj

into its real and imaginary parts. We could have chosen another basis of C and

even randomized over this choice for each evolution of an interacting triple pj, k, `q.

More explicitly, if we define epϑq “ cospϑq ` i sinpϑq then epϑq and epϑ` π
2
q form an

orthonormal basis of C for any ϑ. Then we can drive a system analogous to (6.17)

by setting q` “ aϑ` epϑq ` b
ϑ
` epϑ`

π
2
q. As the form is similar to (6.17), the results of
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the paper extend to this system. In particular, by randomizing the choice of ϑ for

each such triple pj, k, `q, we can relax the characterization of nondegenerate points in

Definition 6.7 by destroying some of the invariant structures discussed in Remark 6.9

which obstruct controllability starting from some initial conditions.

Controllability

We now prove controllability of the dynamics (6.17). By conservation of energy and

enstrophy, the V-orbit of an initial condition qp0q in Q0 is contained in Q0. Recalling

the definition of extended indices in Section 6.2.3, we define the set of interacting

coordinate triples

I :“
 

pj,k, `q P pZ2
N ˆ t`,´uq

3 : j ` k “ `, pCjk, Cj`, Ck`q ‰ p0, 0, 0q,

Tpjq ¨ Tpkq “ Tp`q
(

.
(6.25)

Then, for any such triple of interacting indices ι P ` we denote by ϕιt : Q0 Ñ Q0 the

flow of the ODEs (6.17) evolving the corresponding coordinates. The dynamics we

consider is then obtained by cycling through the set I in a fixed or random order.

For any ι P I we denote by Φι
t : Q0 Ñ Q0 the flow of (6.17) after one such full cycle

where the flow times are chosen as

τ ξ “

#

t if ξ “ ι ,

0 else ,
(6.26)

so that for any q P Q0, Φι
tpqq “ ϕιtpqq.

Let q˚ “ pa˚j , b
˚
j q
n{2
j“1 be the point in Q0 defined as follows:

q˚p1,0q “ q˚p0,1q “ pa
˚, 0q , q˚pN,Nq “ p0, b

˚
q , (6.27)

for a˚, b˚ ě 0 and q˚j “ p0, 0q for all other j P Z2
N . We show below that for any

nondegenerate initial condition qp0q P Q0 the system can be driven to this unique

point q˚.
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Proposition 6.13. For any nondegenerate point qp0q “ pa
p0q
j , b

p0q
j q

n{2
j“1 in Q0 there ex-

ists M and a joint sequence of transition times and coordinate triples tpιpmq, τpmqquMm“1

such that

Φ
ιpMq
τpMq ˝ ¨ ¨ ¨ ˝ Φ

ιp1q
τp1qpq

p0q
q “ q˚. (6.28)

Thus every nondegenerate point belongs to the same orbit, Q :“ Qpq˚q. Furthermore,

for every q in Q there is an m P N and a t P Rmn
` such that Φmpq, tq “ q˚.

Recall that the only property of the exponential distribution used in this proof

is the fact that it has a density around 0, allowing to choose the flow of some

of the split vector fields to be the identity as, e.g., in (6.26). This comment also

applies to the proof of Proposition 6.2 in the previous section. We further note

that, since the trajectories of each of the ϕιpmq in the above theorem are periodic

(see Lemma 6.15 and Lemma 6.16), each of these transformations can be inverted

by choosing complementary transition times to τpmq. Inverting the order of the

transformations yields the converse statement:

Corollary 6.14. For any nondegenerate point qp0q “ pa
p0q
j , b

p0q
j q

n{2
j“1 in Q0 there exists

M and a joint sequence of transition times and coordinate triples tpι̃pmq, τ̃0pmqqu
M
m“1

such that

Φ
ι̃pMq
τ̃pMq ˝ ¨ ¨ ¨ ˝ Φ

ι̃p1q
τ̃p1qpq

˚
q “ qp0q . (6.29)

While the Corollary 6.14 will not be used in the remainder of the paper, it offers

an alternative to Theorem 2.7 in proving that, when applying Corollary 3.5, it is

sufficient to verify that Lie bracket condition holds at any point in Q, not necessarily

at q˚.

Proof of Proposition 6.13. We prove the first statement by first evolving the initial

condition qp0q into a sufficiently nondegenerate state qp1q, and then by sequentially

shrinking the set of active components of the coordinate vector q to the ones listed in
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(6.27). We realize this program by following, in order, the sequence of steps described

below, represented schematically in Figure 6.1:

0. If it is not the case at initialization, Lemma B.1 shows that we can “prepare”

our state by evolving qp0q into qp1q such that

a
p1q
p1,0q, b

p1q
p1,0q, a

p1q
p0,1q, b

p1q
p0,1q, a

p1q
p1,1q, b

p1q
p1,1q ‰ 0 , (6.30)

as represented in Figure 6.1a.

1. As shown in Lemma B.2, we can then transform qp1q into qp2q with the property

q
p2q
j “ p0, 0q for all j P Z2

Nztp0, 1q, p1, 0q, p1, 1q, pN,Nq, p´N,Nqu , (6.31)

as represented in Figure 6.1b, and

a
p2q
p1,0q, b

p2q
p1,0q, a

p2q
p0,1q, b

p2q
p0,1q, a

p2q
p1,1q, b

p2q
p1,1q ‰ 0 . (6.32)

2. Lemma B.3 shows that we can then “transfer” the amplitude from modes

ap´N,Nq, bp´N,Nq, apN,Nq to mode bpN,Nq i.e. we can reach a state qp3q that

satisfies

q
p3q
j “ p0, 0q for all j P Z2

Nztp0, 1q, p1, 0q, p1, 1q, pN,Nqu , (6.33)

q
p3q
pN,Nq “ p0, b

p3q
pN,Nqq with b

p3q
pN,Nq ě 0 . (6.34)

This state is represented in Figure 6.1c.

3. Finally, Lemma B.5 shows that we can “transfer” the amplitude from modes

ap1,1q, bp1,1q, bp0,1q and bp1,0q to modes ap0,1q, ap1,0q, bpN,Nq so that, after the transfer,

ap0,1q “ ap1,0q and ap0,1q, ap1,0q, bpN,Nq ą 0 i.e. we reach the unique state q˚ from

(6.27) (represented in Figure 6.1d).

This proves the first part of Proposition 6.13, which immediately implies nondegenerate

points in Q0 belong to Q “ Qpq˚q. Let q be any point in Q. By definition there exist

m and t in Rmn such that

Φm
pq, tq “ ϕ

pnq
tmn ˝ ¨ ¨ ¨ϕ

p1q
t1 pqq “ q˚.
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(a) (b)

(c) (d)

Figure 6.1: Controlling Euler. Representation of the state of the network in a
generic initial state (a), after step 1 of the procedure in the proof of Proposition 6.13
(b), and after step 2 (c) and after step 3 (d) of the same procedure. In the above
pictures, each point corresponds to a mode, i.e. an element of Z2

N while the color of
each circle represents the real/complex value of the corresponding mode: zero (white,
no circle), purely imaginary (red), purely real (blue) or having both nonvanishing
real and imaginary parts (green).

Note that the times ti may be negative; however, by Lemma 6.15 each ϕpiq is

periodic. Thus for every ti ď 0 there exists a t1i ą 0 such that ϕ
piq
ti pq

1q “ ϕ
piq

t1i
pq1q

for all q1 in Q. Let t1 be t with all ti ď 0 replaced by t1i. Then t1 is in Rmn
` and

Φmpq, t1q “ Φmpq, tq “ q˚.

Defining similarly to (6.23) the operation of removing a coordinate from the set A

Aa ` “

#

Azt`u if ` P tj ` k, j ´ ku X Z2
N for j,k P A, Cjk ‰ 0,Tpjq ¨ Tpkq “ Tp`q ,

A else ,

(6.35)

we now proceed to construct (sequences of) times τ and interacting triples ι such

that the transformations Φ
pιq
τ of q implement the operations ‘,a from (6.23), (6.35)
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through the flow of (6.17), i.e. such that Apqq‘` “ ApΦι
τ pqqq or Apqqa` “ ApΦι

τ pqqq

respectively. To do so we separate the possible interactions between the modes in

two types:

aq ι “ jk` P I : |j| ‰ |k| ‰ |`| , (6.36)

bq ι “ jk` P I : |j| “ |k| ‰ |`| .

Note that these two types of interactions are exhaustive, since if |j| “ |k| “ |`|,

Cj` “ Cjk “ Ck` “ 0.

The following preparatory lemmas describe the properties of these two types of

interactions that we will leverage throughout our proof. The first one shows that

for interactions of type a), ordering the indices so that |j| ă |k| ă |`|, it is always

possible to activate all modes j,k, ` or to distribute the amplitude of the k-mode to

the j and `-modes reaching, in finite time, a state with qk “ 0. As we show in the

proof below, while such a point with qk “ 0 always exists on the orbits of (6.17), this

point is reachable in finite time for ι “ jk` P I with |j| ă |k| ă |`| only if

Eιpqq ‰ |k|
2Eιpqq , (6.37)

where Eιpqq and Eιpqq denote the energy and enstrophy of the coordinates in ι P I:

Eιpqq :“
ÿ

`Pι

|q`|
2 , Eιpqq :“

ÿ

`Pι

|q`|
2

|`|2
. (6.38)

In the following lemma and throughout the section, we abuse notation slightly by

defining signpxq “ `1 for x P r0,8q and ´1 otherwise.

Lemma 6.15. Fix ι “ jk` P I with |j| ă |k| ă |`|. Let q be a nondegenerate point

in Q0 satisfying (6.37) and let ql “ 0 for at most an index l P tj,k, `u. Then the

orbit of Vι is periodic and there exist τ ι´, τ
ι
` ě 0 such that

(a) ϕιτ ι´pqq “ q1 with q1k “ 0, signpqjq “ signpq1jq and signpq`q “ signpq1`q,
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(a)
(b)

Figure 6.2: Energy and enstrophy. Orbits Qι of (6.17) (in red) corresponding in
(A) to various values of the energy Eιpqq on the sphere of constant enstrophy Eιpqq
and in (B) to various values of the enstrophy Eιpqq on the ellipsoid of constant energy
Eιpqq. The axes are, sequentially, qk, qj , q`. The orbit with a degenerate point at the
pole of the sphere or ellipsoid corresponds to values of Eι, Eι violating (6.37).

(b) ϕιτ ι`pqq “ q2 with q2j , q
2
k, q

2
` ‰ 0, signpqjq “ signpq2jq and signpq`q “ signpq2`q.

Furthermore, if |j|2Eιpqq ă Eιpqq ă |k|
2Eιpqq, there exists τ ι“ ě 0 such that

(c) ϕιτ ι“pqq “ q3 with q3` “ 0, signpqjq “ signpq3j q and signpqkq “ signpq3k q.

Proof. We consider the intersection between the sphere and the ellipse corresponding

to the enstrophy and the energy in the coordinates ι “ jk` P I of interest, resulting

in the set

Qι :“

"

pq1j , q
1
k, q

1
`q P R3 : |q1j |

2
` |q1k|

2
` |q1`|

2
“ Eιpqq,

|q1j |
2

|j|2
`
|q1k|

2

|k|2
`
|q1`|

2

|`|2
“ Eιpqq

*

.

(6.39)

This set is represented in Figure 6.2. We observe that this set has exactly 2 disjoint

simply connected components when |j|2Eιpqq ă Eιpqq ă |k|2Eιpqq and |k|2Eιpqq ă

Eιpqq ă |`|2Eιpqq. These components are diffeomorphic to S1. By continuity the

dynamics are limited to one such component of Qι. Furthermore, | 9q|2 is uniformly

bounded away from 0 on each such component: the fixed points of (6.17) must have
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at least two coordinates vanishing, which cannot be realized on the curves of interest.

Therefore the dynamics on these sets are periodic.

We start by proving part (b) of the lemma. If qj , qk, q` ‰ 0 the result follows by

choosing τ ι` “ 0. Else, if ql “ 0 for l P ι the result follows immediately choosing

τ ι` small enough by combining the continuity of the flow Φι
t and the fact that

9ql “ Cl1l2ql1ql2 ‰ 0 for tl1, l2u “ ιztlu.

To prove part (a) we consider the cases where |j|2Eιpqq ă Eιpqq ă |k|
2Eιpqq and

|k|2Eιpqq ă Eιpqq ă |`|
2Eιpqq separately. In the first case, we see that there is no point

q P Qι with qj “ 0: if that were the case we would have

Eιpqq “ q2
k ` q

2
` “ |k|

2

ˆ

q2
k

|k|2
`

q2
`

|k|2

˙

ą |k|2Eιpqq , (6.40)

contradicting our assumption. Consequently the points ppj , 0, p`q, ppj , 0,´p`q with

p` ą 0, signppjq “ signpqjq and

p2
j ` p

2
` “ Eιpqq ,

p2
j

|j|2
`

p2
`

|`|2
“ Eιpqq , (6.41)

belong to the same connected component as q and by the lower bound on the

velocity on this connected component both these points are reachable in finite time

from q. This also proves part (c) by continuity of the dynamics. The second case

where |k|2Eιpqq ă Eιpqq ă |`|2Eιpqq can be handled analogously: in this case we

have Qι X tq` “ 0u “ H and we can reach ppj , 0, p`q, p´pj , 0, p`q with pj ą 0,

signpp`q “ signpq`q in finite time.

The following lemma considers interactions of type b) in (6.36). Recalling the def-

inition jK :“ pj2,´j1q we show that interactions with |j| “ |k| ‰ |`| leave component

` fixed and move j,k in a circle at constant angular speed.

Lemma 6.16. Fix an unordered interacting triple ι “ jk` with |k| “ |j| and

q` ‰ 0. For all ϑ in r0, 2πq there exists t ě 0 such that ϕιtpqq “ q1 with pq1j , q
1
kq “
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b

q2
j ` q

2
kpcospϑq, sinpϑqq and q1` “ q` .

Corollary 6.17. Fix an (unordered) interacting triple ι “ jk` P I with |k| “ |j| and

let q`, qk ‰ 0. Then there exist τ ι`, τ
ι
´ ě 0 such that pϕιτ ι`pqqqj ą 0 and pϕιτ ι´pqqqj “ 0 .

Proof of Lemma 6.16. Recall from (6.13) that if |j| “ |k| ‰ |`| we have Cjk “ 0. This

implies that, by our choice of |k| “ |j|, 9q` “ 0 and q1` “ q`. Again by (6.13) and since

to have an interacting triple ` “ j ` k we must have

xkK, `y “ xkK, k ` jy “ xkK, jy “ xpk ` jqK ´ jK, jy “ x`K, jy “ ´xjK, `y , (6.42)

so that

Ck` “
xk, `Ky

4π

ˆ

1

|k|2
´

1

|`|2

˙

“ ´
xj, `Ky

4π

ˆ

1

|j|2
´

1

|`|2

˙

“ ´Cj` . (6.43)

This implies that the dynamics of the vector q̃ :“ pqj , qkq can be written as 9̃q “ C̃q̃K

for C̃ :“ Cj`q` ‰ 0, proving the claim.

Existence of invariant measure

As with conservative Lorenz-96, each vector field of the 2d Euler splitting is divergence

free and so Lebesgue measure in Rn is invariant. Consequently, we have

Lemma 6.18. Let Leb denote Lebesgue measure on Rn. The measure obtained

by conditioning Leb to lie on Q Ă Q0pE, Eq, (or equivalently conditioned to lie on

Q0pE, Eq) is Ph-invariant.

Proof. As in the proof of Proposition 6.2 we have that Lebesgue measure in Rn is

Ph-invariant. Since the vector fields Vj defined in (6.19) are divergence free, the

continuity equation2 reads

Bt Leb` div pVj Lebq “ Bt Leb`∇Leb ¨Vj “ 0.

2 As in the proof of Proposition 6.2, the continuity equation is intended here in the weak sense.
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Because each flow ϕpjq conserves energy E and enstrophy E , we locally fiber Rn using

coordinates pE, E , ϑq P R` ˆR` ˆRn´2. In these coordinates, we have VjpE, E , ϑq “

0 BE ` 0 BE ` vjpE, E , ϑq∇ϑ so by a change of coordinates of the divergence operator

the stationary equation becomes

0 “ div pVjpxqLebpxqq “ upE, E , ϑq divϑpLebpE, E , ϑqvjpE, E , ϑqq , (6.44)

where divϑ denotes the “angular” terms of the divergence in pE, E , ϑq-coordinates,

and upE, E , ϑq result from the change of variables. Hence, we can factor the solution

LebpE, E , ϑq “ ĚLebpϑ|E, Eq ¨LebKpE, Eq, where ĚLebpϑ|E, Eq is the conditional density

of Lebesgue measure on a fiber, solving upE, E , ϑq divϑpĚLebpϑ|E, EqvjpE, E , ϑqq “ 0

for any choice of E{p2N2q ă E ă E. This proves the invariance of ĚLebpϑ|E, Eq under

the flow map for any value of the flow times τ . The stationarity of ĚLebpϑq under Ph

follows immediately as in Proposition 6.2

Spanning

For j, k, ` in Z2
N with j ` k ´ ` “ 0 define Mjk` to be the matrix

Mjk` :“

˜

Vajaka` Vajbkb` Vbjakb` Vbjbka`

¸

“

¨

˚

˚

˝

Ck`aka` Ck`bkb` 0 0
0 0 Ck`akb` ´Ck`bka`

Cj`aja` 0 Cj`bjb` 0
0 Cj`ajb` 0 ´Cj`bja`

´Cjkajak 0 0 Cjkbjbk
0 ´Cjkajbk ´Cjkbjak 0

˛

‹

‹

‚

(6.45)

and let M 1
jk` and M2

jk` be the 4-by-4 and 2-by-4 matrices consisting of the bottom

four and bottom two rows of Mjk`, respectively. Straightforward Gaussian elimination

shows that M , M 1, and M2 have ranks 4, 3, and 2 whenever Cjk, Cj`, Ck`, aj , bj , ak,

bk, a`, and b` are nonzero.

Recalling that a point q P Rn is generic if all its coordinates are nonzero, we have

Lemma 6.19. The family of vector fields

V :“
 

Vajaka` , Vajbkb` , Vbjakb` , Vbjbka` : j, k, ` P Z2
N and j ` k ´ ` “ 0

(

span TqQ at every generic point q in Q.
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Figure 6.3: Ordering indices. Ordering of Z2
N when N “ 4.

Proof. Fix a generic point q in Q. The main idea of the proof is to choose an

enumeration of Z2
N and a subset of vector fields from V so that the matrix made up

of these vector fields evaluated at q is in a convenient form whose rank is readily

deduced. Formally, the enumeration is the bijection F : Z2
N Ñ t1, . . . , 2NpN ` 1qu

given by

F pjq :“

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

1 j “ p1, 0q ,

5`N j “ p2, 0q ,

j1 `Np2N ` 1q j “ pj1, 0q with j1 ą 2 ,

j1 ` 2`N j “ pj1, 1q with j1 ă 3 ,

j1 ` 3`N j “ pj1, 1q with j1 ě 3 ,

j1 ` 2´N ` p2N ` 1qj2 j “ pj1, j2q with j2 ą 1 .

Figure 2 gives this enumeration in the case N “ 4. Informally, F starts at p1, 0q, then

counts lattice points from left to right along the horizontal line y “ 1 until the point

p2, 1q, which corresponds to 4 ` N . It then assigns 5 ` N to p2, 0q and continues

counting along the line y “ 1. From there it moves up to the lines y “ 2, y “ 3, and

so on, counting from left to right along each. Finally, it goes back down to the line

y “ 0 and counts the remaining indices from left to right.

The motivation for F is that all horizontally-adjacent indices pj1, j2q and pj1`1, j2q

form an interacting triple together with p1, 0q. Fix for the moment an integer y ą 1
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and consider the yth horizontal line of Z2
N ; that is, the points with second coordinate

y. These are outlined by red blocks in Figure 6.3. By the preceding remarks we

can choose the vector fields corresponding to the horizontally-adjacent indices and

concatenate them column-wise to get the block matrix

By :“

¨

˚

˚

˚

˝

ĂMy ˚ ˚ ˚

0 M2
y,´N`2 ˚ ˚

0 0
. . . ˚

0 0 0 M2
y,N

˛

‹

‹

‹

‚

.

Here, slightly abusing notation, each M2
y,i is the 2-by-4 matrix consisting of the

bottom two rows of (6.45) for the indices j “ p1, 0q, k “ pi´ 1, yq, ` “ pj, yq and

ĂMy :“

¨

˚

˚

˝

Cj`aja` 0 Cj`bjb` 0 0 0
0 Cj`ajb` 0 ´Cj`bja` 0 0

´Cjkajak 0 0 Cjkbjbk ´Cj1k1aj1ak1
0 ´Cjkajbk ´Cjkbjak 0 0 ´Cj1k1aj1bk1

˛

‹

‹

‚

where j “ p1, 0q, k “ p´N, yq, ` “ p´N`1, yq and j1 “ p0, 1q and k1 “ p´N`1, y´1q.

This is M 1 with two columns from the interacting triple p0, 1q, p´N `1, y´1q, p´N `

1, yq adjoined to the end. Note that these adjoined columns contribute entries in the

coordinates corresponding to p0, 1q and p´N ` 1, y ´ 1q, but these come before all

indices in the yth row for our ordering. By adding the latter two columns, ĂMy has

rank 4 at any generic point. Further, since each M2
y,j has rank 2, each By has rank

4` 2p2N ´ 1q “ 4N ` 2. This establishes spanning of the red blocks in Figure 6.3.

For the blue block we perform a similar procedure to the one above to get

B1 :“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

M123 ˚ ˚ ˚ ˚ ˚

0 M2
1,´N`2 ˚ ˚ ˚ ˚

0 0
. . . ˚ ˚ ˚

0 0 0 xM ˚ ˚

0 0 0 0
. . . ˚

0 0 0 0 0 M2
1,N

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚
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where M123 is the matrix from (6.45) for the interacting triple p1, 0q, p´N, 1q, p´N `

1, 1q, each M2 is as before, and xM is the 6-by-8 matrix

xM :“

¨

˚

˚

˚

˚

˚

˚

˝

M 1
1,N`3,N`4

0 0 0 0
0 0 0 0

´´´ ´´´ ´´´ ´´´

´´´ ´´´ ´´´ ´´´

0 0 0 0
0 0 0 0

M 1
N`2,N`4,N`5

˛

‹

‹

‹

‹

‹

‹

‚

located at the rows corresponding to N ` 3, N ` 4, and N ` 5. The reason for xM ,

and for considering the blue block separately, is that Cjk “ 0 when j “ p1, 0q and

k “ p0, 1q. The matrix M has rank 6 at a generic point. Since M123 has rank 4, xM

has rank 6, and each of the 2N ´ 3 remaining M2 blocks has rank 2, the matrix By

has rank 4` 6` 2p2N ´ 3q “ 4N ` 4.

Finally, none of the indices of the green block interact with p1, 0q since the Cjk

are all 0 in this case. However, by an entirely similar procedure to above, we can

use the interactions between p0, 1q, px, 0q, and px, 1q for x ą 1 to get a rank 2pN ´ 2q

block matrix for the last N ´ 2 coordinates of the form

BN`1 :“

¨

˚

˚

˚

˝

M̃2
0,2 ˚ ˚ ˚

0 M̃2
0,3 ˚ ˚

0 0
. . . ˚

0 0 0 M̃2
0,N

˛

‹

‹

‹

‚

where M̃2
0,x “ M2

p0,1q,px,0q,px,1q for M2
jk` consisting of the two bottom rows of (6.45).

Combining the above results we observe that there is an ordering of indices and vector

fields such that the matrix whose columns consist of these vector fields has the form

B :“

¨

˚

˚

˚

˝

B1 ˚ ˚ ˚

0 B2 ˚ ˚

0 0
. . . ˚

0 0 0 BN`1

˛

‹

‹

‹

‚

.
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Moreover, B has rank

rankpBq “ rankpB1q ` rankpBN`1q `

N
ÿ

y“2

rankpByq “ 4NpN ` 1q ´ 2 “ n´ 2

at every generic point in Q. Now since the dynamics conserve energy and enstrophy,

every tangent vector to Q is perpendicular to the normal vectors for these two

quantities which are linearly independent at every generic point. Therefore the

maximum dimension of TqQ is n´ 2, and by the above argument we have shown the

vector fields V span TqQ at q.

6.2.4 Positive top Lyapunov exponent

In the previous section we obtained the splitting vector fields of 2d Euler corresponding

to (6.17) by restricting to indices in Z2
` via the constraint q´j “ q̄j . In this section we

do not take this additional step of restricting to Z2
` and instead redefine Z2

N :“ tj P

Z2 : maxt|j1|, |j2|u ď Nu. In this case the splitting of the Nth Galerkin approximation

of 2d Euler becomes

V “
ÿ

j`k``“0

Vajaka` ` Vajbkb` ` Vbjakb` ` Vbjbka` (6.46)

with indices now ranging over Z2
N and the vector fields Vajaka` , Vajbkb` , Vbjakb` , and

Vbjbka` now given by

$

’

&

’

%

9aj “ ´Ck`aka`

9ak “ ´Cj`aja`

9a` “ ´Cjkajak

$

’

&

’

%

9aj “ Ck`bkb`
9bk “ Cj`ajb`
9b` “ Cjkajbk

$

’

&

’

%

9bj “ Ck`akb`

9ak “ Cj`bjb`
9b` “ Cjkbjak

$

’

&

’

%

9bj “ Ck`bka`
9bk “ Cj`bja`

9a` “ Cjkbjbk,

(6.47)

respectively. Note this differs from the previous splitting only by a few negative signs.

In particular, all results for the previous splitting apply to this slightly altered one.

Similar to conservative Lorenz-96, throughout this section we refer to the orbits

from Proposition 6.10 that contain all nondegenerate points as generic orbits. The

main result of this section is
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Theorem 6.20. The top Lyapunov exponent of the N th Galerkin approximated Euler

random splitting (6.46) on a generic orbit is positive for every h ą 0 and N ě 3.

Proof. We saw in Proposition 6.10 that for any generic orbit X of the Galerkin

approximated 2d Euler splittings there exists a unique Ph-invariant measure µ on X

for every h ą 0. Thus the Lyapunov exponents exist and are almost-surely constant

on generic orbits. We also showed in Lemma 6.18 that each such µ is the disintegration

of Lebesgue measure onto its respective orbit and is therefore invariant under Φhτ for

every τ . In particular, the pushforward measures µm defined in Section 5.2 satisfy

µm “ µ and hence EDKLpµm ‖ µq “ 0 ă 8 for all m. Furthermore λΣ “ 0 (and hence

λ1 ě 0) since the splitting vector fields conserve Euclidean norm. This establishes

the hypotheses of Theorem 5.2 for random splittings on generic orbits of 2d Euler.

And since λΣ “ 0, Theorem 5.2 says that if λ1 “ 0 then Alternative 1 or 2 must hold.

So to prove Theorem 6.20, it remains to show neither alternative holds.

Simple computation shows the constants Cjk satisfy Cjk “ 0 and Cj` “ ´Ck`

whenever |j| “ |k| and j ` k` ` “ 0, e.g. when j “ p1, 0q, k “ p0, 1q, and ` “ ´p1, 1q.

In this case the equation 9q “ Vajaka`pqq is given by

$

’

&

’

%

9aj “ Cj`a`ak

9ak “ ´Cj`a`aj

9a` “ 0,

which is equivalent to (5.28). So Proposition 5.12 rules out Alternative 1. All that

remains then is to rule out Alternative 2, which we do via Proposition 5.13.

As with conservative Lorenz-96, to rule out Alternative 2 we use Proposition 5.13.

Again, the main idea of the proof is to fix a point pq˚, η˚q P TX and to check that the

Lie Bracket condition holds for V from (6.47) at that point. In this spirit, we proceed

to choose a subset of vector fields and related commutators (indexed by the related

triples of interacting indices) from V whose spanning dimension, when evaluated at
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pq˚, η˚q, can be readily deduced. Concretely, this will be done by computing the rank

of the matrix whose columns are given by such vector fields. To increase readability,

while presenting the full idea of the computation and its results we have suppressed

the lengthy algebraic manipulations such computation entails. In the interest of

reproducibility, Mathematica code to reproduce such computations is available at [1].

The code’s inputs and outputs are reported in Appendix C.

Focusing on a given triple j, k, ` P Z2
N , we define the vector fields in X which we

express in 6 dimensions – corresponding to coordinates paj, bj, ak, bk, a`, b`q as

V
p1q
jk` “

¨

˚

˚

˚

˚

˚

˚

˝

´Ck`aka`
0

´C`jaja`
0

´Cjkajak
0

˛

‹

‹

‹

‹

‹

‹

‚

V
p2q
jk` “

¨

˚

˚

˚

˚

˚

˚

˝

Ck`bkb`
0
0

C`jajb`
0

Cjkajbk

˛

‹

‹

‹

‹

‹

‹

‚

V
p3q
jk` “

¨

˚

˚

˚

˚

˚

˚

˝

0
Ck`akb`
C`jbjb`

0
0

Cjkbjak

˛

‹

‹

‹

‹

‹

‹

‚

V
p4q
jk` “

¨

˚

˚

˚

˚

˚

˚

˝

0
Ck`bka`

0
C`jbja`
Cjkbjbk

0

˛

‹

‹

‹

‹

‹

‹

‚

(6.48)

The commutators of these vector fields read

rV
p1q
jk` , V

p2q
jk` s “

¨

˚

˚

˚

˚

˚

˚

˝

0
0

Ck`C`ja`bkb`
´Ck`C`jb`aka`
Ck`Cjkakbkb`
´Ck`Cjkbkaka`

˛

‹

‹

‹

‹

‹

‹

‚

rV
p1q
jk` , V

p3q
jk` s “

¨

˚

˚

˚

˚

˚

˚

˝

Ck`C`ja`bjb`
´Ck`C`jb`aja`

0
0

CjkC`jajbjb`
´C`jCjkbkaja`

˛

‹

‹

‹

‹

‹

‹

‚

rV
p1q
jk` , V

p4q
jk` s “

¨

˚

˚

˚

˚

˚

˚

˝

Ck`Cjkakbjbk
´Ck`Cjkajakbk
C`jCjkajbjbk
´C`jCjkajakbj

0
0

˛

‹

‹

‹

‹

‹

‹

‚

rV
p2q
jk` , V

p3q
jk` s “

¨

˚

˚

˚

˚

˚

˚

˝

´Ck`Cjkakbjbk
Ck`Cjkajakbk
C`jCjkajbjbk
´C`jCjkajakbj

0
0

˛

‹

‹

‹

‹

‹

‹

‚

rV
p2q
jk` , V

p4q
jk` s “

¨

˚

˚

˚

˚

˚

˚

˝

´Ck`C`ja`bjb`
Ck`C`jb`aja`

0
0

CjkC`jajbjb`
´C`jCjkbkaja`

˛

‹

‹

‹

‹

‹

‹

‚

rV
p3q
jk` , V

p4q
jk` s “

¨

˚

˚

˚

˚

˚

˚

˝

0
0

´Ck`C`ja`bkb`
Ck`C`jb`aka`
Ck`Cjkakbkb`
´Ck`Cjkbkaka`

˛

‹

‹

‹

‹

‹

‹

‚
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This yields the extended, 12-dimensional vector fields on TX obtained by stacking

the vector fields (6.48) and their commutators with the corresponding linearizations.

Throughout, we represent such vector fields reordering the coordinates of TX for a

triple of indices j, k, ` P Z2
N as

paj, bj, η
a
j , η

b
j , ak, bk, η

a
k , η

b
k, a`, b`, η

a
` , η

b
`q .

where for any j P Z2
N , ηaj , η

b
j are the linearization coordinates corresponding to aj, bj .

Then, denoting by rf s the linearization of a map f : R6 Ñ R , i.e., rf spx, ηq :“ Df ¨η ,

we write such extended vector fields for a given triple j, k, ` P Z2
N as the columns of a

matrix Mjk`, obtaining

Mjk` “

ˆ

V
p1q

jk`
V

p2q

jk`
V

p3q

jk`
V

p4q

jk`

“

V
p1q

jk`
, V

p2q

jk`

‰ “

V
p1q

jk`
, V

p3q

jk`

‰ “

V
p1q

jk`
, V

p4q

jk`

‰ “

V
p2q

jk`
, V

p3q

jk`

‰ “

V
p2q

jk`
, V

p4q

jk`

‰ “

V
p3q

jk`
, V

p4q

jk`

‰

˙

“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

Ck`aka` Ck`bkbl 0 0 B
j
k,b

B
j
`,b

0 0 ´B
j
`,b

´B
j
k,b

0 0 Ck`akb` Ck`bka` ´B
j
k,a

´B
j
`,a

0 0 B
j
`,a

B
j
k,a

Ck`raka`s Ck`rbkbls 0 0 rB
j
k,b
s rB

j
`,b
s 0 0 ´rB

j
`,b
s ´rB

j
k,b
s

0 0 Ck`rakb`s Ck`rbka`s ´rB
j
k,a
s ´rB

j
`,a
s 0 0 rB

j
`,a
s rB

j
k,a
s

C`jaja` 0 C`jbjb` 0 Bk
j,b 0 Bk

`,b ´Bk
`,b 0 Bk

j,b

0 C`jajb` 0 C`jbja` ´Bk
j,a 0 ´Bk

`,a Bk
`,a 0 ´Bk

j,a

C`j raja`s 0 C`j rbjb`s 0 rBk
j,bs 0 rBk

`,bs ´rBk
`,bs 0 rBk

j,bs

0 C`j rajb`s 0 C`j rbja`s ´rBk
j,as 0 ´rBk

`,as rBk
`,as 0 ´rBk

j,as

Cjkajak 0 0 Cjkbkbj 0 B`
j,b B`

k,b B`
k,b B`

j,b 0

0 Cjkajbk Cjkakbj 0 0 ´B`
j,a ´B`

k,a ´B`
k,a ´B`

j,a 0

Cjkrajaks 0 0 Cjkrbkbj s 0 rB`
j,bs rB`

k,bs rB`
k,bs rB`

j,bs 0

0 Cjkrajbks Cjkrakbj s 0 0 ´rB`
j,as ´rB`

k,as ´rB`
k,as ´rB`

j,as 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

,

with

B`
k,a :“ Bka` for Bk :“ CjkCk`akbk .

We further denote by M 1
jk` the last four rows intersected with the first, second,

sixth and seventh column of the above matrix:

M 1
jk` :“

¨

˚

˚

˚

˝

Cjkajak 0 B`
j,b B`

k,b

0 Cjkajbk ´B`
j,a ´B`

k,a

Cjkrajaks 0 rB`
j,bs rB`

k,bs

0 Cjkrajbks ´rB`
j,as ´rB`

k,as

˛

‹

‹

‹

‚

. (6.49)

To check spanning, we now write a subset of the vector fields introduced above as

the columns of a matrix whose rank will be shown to be dimTX “ 4n´ 4. To choose
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such vector fields, we introduce a convenient enumeration of the index space Z2
N as

the bijection F : t0, . . . , 2NpN ` 1qu Ñ pZ2
Nq

3 given by

F piq :“

$

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

%

p1, 0q, p´N ` i, 1q, p´N ` i` 1, 1q i ď N ´ 2

p´1, 1q, p´3, 1q, p2, 0q i “ N ´ 1 ,

p2, 0q, p´2, 1q, p0, 1q i “ N

p0, 1q, p2, 0q, p2, 1q i “ N ` 1

p1, 0q, p2, 1q, p1, 1q i “ N ` 2

p1, 0q, p´N ` i´ 1, 1q, p´N ` i, 1q N ` 3 ď i ď 2N

p0, 1q, p´2N ` i, 1q, p´2N ` i` 1, 0q 2N ` 1 ď i ď 3N ´ 1

p1, 0q, pL1piq, L2piqq, pL1piq ` 1, L2piqq 3N ď i ď 2NpN ` 1q

where pL1piq, L2piqq is the element of Z2
N obtained by starting from p´N, 1q (for

j “ 3N) and for each new value of j proceeding incrementally to the right (i.e.,

adding 1 to the first component of the two-dimensional index) until pN, 1q, then

moving to the row above at p´N, 2q, then again moving progressively to the right

until pN, 2q and so on until pN,Nq. Formally pL1piq, L2piqq is therefore defined as

L1piq :“ ´N `modpi´ 3N, 2N ` 1q

L2piq :“ tpi´ 3Nq{p2N ` 1qu ,

where modp ¨ , ¨ q and t ¨ u respectively denote integer part and the modulo operation,

i.e., the remainder of division of the first argument by the second. Note that this

ordering of the indices is motivated by the fact that each time we let a new triple

interact, two of the indices have already interacted in a previous triple, adding

exactly a new one. Because of this, from this enumeration of the triples follows

an enumeration of the indices: after mapping the first three interacting indices

p1, 0q, p´N ` i, 1q, p´N ` i` 1, 1q to 1, 2, 3, we proceed incrementally assigning the

number i to the third element of F pi´ 3q. We also note for future reference that for

all interacting triples considered above we have nonvanishing interaction constants

Cjk, Cj`, Ck`.

84



Using the above enumeration we can define

Ai “

¨

˝V
p1q
F piq V

p2q
F piq

“

V
p1q
F piq, V

p3q
F piq

‰ “

V
p1q
F piq, V

p4q
F piq

‰

˛

‚“

¨

˝

‹

M 1
F piq

0

˛

‚,

where ‹ indicates irrelevant entries, 0 indicates the rest of the matrix is filled with

zeros. We then define the 4nˆ 4n´ 4 matrix

A :“

ˆ

M0

A1 A1 . . . An´3

0

˙

“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

‹ ‹ ‹ ‹ ‹ ‹

M0 ‹ ‹ ‹ ‹ ‹ ‹

‹ ‹ ‹ ‹ ‹ ‹

0 M 1
F p1q

‹ ‹ ‹ ‹ ‹

0 0 M 1
F p2q

‹ ‹ ‹ ‹

0 0 0 M 1
F p3q

‹ ‹ ‹

0 0 0 0 M 1
F p4q

‹ ‹

...
...

...
...

...
. . .

...
0 0 0 0 0 ¨ ¨ ¨ M 1

F pn´3q

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

,

where M0 is a 12ˆ 8 matrix obtained by removing the eigth and the tenth column

from MF p0q. Note that the above matrix inherits its structure from the indexing of the

interacting triples: each triple contains exactly one index that has not yet interacted

with other modes. To prove the desired result, it therefore remains to show that for

every compatible3 choice of conserved quantities pE, Eq there exists a point pq˚, η˚q

where each of the n ´ 3 block elements has rank 4 and the M0 matrix has rank 8,

thereby yielding the desired total rank of 4n´ 4. Proceeding with this plan, in the

following we fix the vector pq˚, η˚q where we establish spanning as

a˚j “

$

’

&

’

%

α1 if j P tp0, 1q, p1, 0qu

α2 if j “ pN,Nq

β else

b˚j “

#

2a˚j if j P tp0, 1q, p1, 0q, p´1, 1q, p2, 0qu

a˚j else

pη˚q#j “

$

’

&

’

%

1 if # “ a

´1{2 if j P tp0, 1q, p1, 0q, p´1, 1q, p2, 0qu,# “ b

´1 else

3 We call a pair of conserved quantities compatible when there exists a nondegenerate point in
state space with the given energy and enstrophy. This is true if E{p2N2q ă E ă E
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for values of α1, α2 ą 0 to be chosen shortly and β ą 0 a sufficiently small, free

parameter. Throughout, we denote the set of indices for which the complex part is

twice the real part in q˚ by J2 :“ tp0, 1q, p1, 0q, p´1, 1q, p2, 0qu. Note η˚ P Tq˚Q since

η˚ ¨∇E “ η˚ ¨ x˚ “ 0 and η˚ ¨∇E “
ÿ

jPZ2
N

1

|j|2
ppη˚qaja

˚
j ` pη

˚
q
b
jb
˚
j q “ 0 .

Furthermore, it is easy to check that for every compatible pair pE, Eq, we have

Epq˚q “ E , }q˚} “ E upon choosing

α1 :“

c

1

10
GE,Epβq , α2 :“

1
?

2

g

f

f

f

eE ´ 2β2

»

–

15

8
`

ÿ

kPZ2
N zJ2

1

|k|2

fi

fl´GE,Epβq ,

where

GE,Epβq :“
1

1´ 1
2N2

¨

˝E ´ 1

2N2
E ´ 2β2

»

–

ˆ

15

8
´

1

N2

˙

`
ÿ

kPZ2
N zJ2

ˆ

1

|k|2
´

1

2N2

˙

fi

fl

˛

‚

for β P p0, Z`pE , Eqq, Z`pE , Eq being the positive zero of GE,Epβq. Here, the expres-

sion 2β2 15
8

results from
a2
k

|k2|
`

b2k
|k2|

for k P tp´1, 1q, p0, 2qu.

We further note that for any triple pj, k, `q P tF piquiPt1,...,n´3uztN`1u, since j P J2,

k R J2 Y tpN,Nqu, the vector pq˚, η˚q projected on the interacting coordinates can be

written

paj, bj, η
a
j , η

b
j , ak, bk, η

a
k , η

b
k, a`, b`, η

a
` , η

b
`q “ pγ1, 2γ1, 1,´

1
2
, β, β, , 1,´1, γ2,mγ2, 1,´

1
m
q,

with γ1 P tα1, βu, γ1 P tα1, α2, βu, m “ 2 for ` P tp0, 1q, p1, 0q, p´1, 1q, p0, 2qu and

m “ 1 otherwise. Evaluating M 1
jk` at pq˚, η˚q for such interacting triples one therefore

obtains a matrix of the form

M 1
jk` “

¨

˚

˚

˚

˝

βγ1Cjk 0 2CjkCj`γ
2
1γ2m ´β2γ2mCjkCk`

0 βγ1Cjk ´2γ2
1γ2CjkCj` β2γ2CjkCk`

βCjk ` γ1Cjk 0 CjkCj`

´

3
2
γ1γ2m´

2γ2
1

m

¯

β2CjkCk`
m

0 βCjk ´ γ1Cjk CjkCj`
`

´2γ2
1 ´

3
2
γ2γ1

˘

β2CjkCk`

˛

‹

‹

‹

‚

,
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whose determinant is given by

detpM 1
jk`q “

3β3γ3
1γ2C

4
jkCj`Ck` pβ ` βm

2 ` 2γ2m
2q

2m
. (6.50)

For any choice of γ1 P tα1, βu, γ1 P tα1, α2, βu and m P t1, 2u, this determinant is a

polynomial in β P p0, Z`pE , Eqq and as such is nonzero ouside on a set of measure

0. This establishes that for any pair pE, Eq, M 1
F piq for i P t4, . . . u has full rank for

almost every value of β P p0, Z`pE , Eqq.

The only interactions that were not considered above are the ones corresponding

to triples F pN ` 1q and F p0q. A similar computation to the one carried out in the

above paragraph, also carried out in [1] and in Appendix C, shows defining M 1
0 as

M0 without its first, second, eleventh and twelfth row, we have

detpM 1
0q “ ´96α5

1β
11C4

jkC
5
j`C

3
k` and detpM 1

F pN`1qq “
39

2
α3

1β
4
pβ ´ α1qC

4
jkCj`Ck` .

(6.51)

Again, these determinants are analytic functions of β P p0, Z`pE , Eqq and as such are

nonzero except on a set of measure 0. Combining (6.50) and (6.51) we see that the

matrix A has rank 8` 4 ¨ pn´ 3q “ 4n´ 4 “ dimpTX q. Since upon changing α1, α2

this holds for any compatible choice of the conserved quantities pE, Eq we have shown

the desired result.

6.3 Related work

It is natural to compare our work with [10, 11] which consider the related Lorenz-96

and Galerkin approximated 2d Euler models with Brownian forcing and balancing

dissipation. Here we work directly on the conservative equations rather than removing

dissipation and stochastic forcing through a limiting procedure to approach the

conservative dynamics. We expect this direct approach to allow us to say more

about the conservative dynamics. Here the randomness is injected through the
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random splitting and used mainly to make the dynamics generic. We also expect this

separation of the different roles of the forcing to be useful.

Our choice of how to inject randomness leads to a more “elliptic” dynamics in

that noise directly affects most of the model’s building blocks, though the mechanism

is arguably less disruptive than elliptic additive Brownian forcing. While possibly

more disruptive than the “minimally” hypoelliptic4 forcing considered in [11, 37],

the random splitting dynamics is likely more analytically tractable. For example,

here we are able to directly verify that the lifted dynamics on the projective space

satisfies the Lie bracket condition while in [11] (impressive) computer assisted algebra

is needed to verify the conditions. We are hopeful that this class of models will lead

to analyses in directions currently unfeasible for the more ubiquitous models with

Brownian forcing.

4 The terms elliptic and hypoelliptic used here are analogous to the identical terms used in the
partial differential equations literature.
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7

Nonconservative systems

In this chapter we add dissipation and fixed body forcing to both conservative

Lorenz-96 and Galerkin approximations of 2d Euler by introducing a new vector field

V0pxq “ ´νΛx` F (7.1)

to the splittings constructed in Sections 6.1 and 6.2, where ν ą 0, F is a fixed nonzero

vector with nonnegative entries, and Λ a linear operator satisfying

Λx ¨ x ě α‖x‖2 (7.2)

for some α ą 0. For the remainder of this chapter we consider random splittings

associated to families of complete, smooth vector fields V “ tVjunj“0 on Rd satisfying

Assumption 2. V0 is as in (7.1) with Λ satisfying (7.2) and the flows of the other

Vj conserve Euclidean norm.

Fix h ą 0 and let Ph be the transition kernel of a random splitting satisfying

Assumption 2. When Λ is the identity, the addition of V0 to the splitting of conservative

Lorenz-96 gives a splitting of the Lorenz-96 model introduced in Section 1.3, while

for 2d Euler the resulting V0 corresponds to a friction or drag term sometimes called
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Ekman damping. When Λ is diagonal with diagonal entry |j|2 in the positions

associated to1 aj and bj, which corresponds to the Laplacian in Fourier space, the

addition of V0 to the splitting of 2d Euler gives a splitting of 2d Navier-Stokes.

Note that the dissipative part of V0 in (7.1) depends linearly on x whereas the

forcing is constant. Thus dissipation dominates forcing for sufficiently large x and,

since the remaining vector fields are conservative, the splitting dynamics cannot grow

too large. Specifically, letting Φhτ be as before but with the flow ϕp0q of V0 appended

to the beginning of each cycle, i.e. Φhτ “ ϕ
pnq
hτn
˝ ¨ ¨ ¨ ˝ ϕ

p0q
hτ0

, we have

Lemma 7.1. Under Assumption 2 for any initial x and m ą 0,

}Φm
hτ pxq}

2
ď }x}2e´ναh

řm
k“0 τkpn`1q `

1

ν2α2
}F }2

´

1´ e´ναh
řm
k“0 τkpn`1q

¯

. (7.3)

Proof. Letting ϕ “ ϕp0q, we have

Bt‖ϕt‖2
“ 2xF, ϕty ´ 2νxΛϕt, ϕty ď

1

να
‖F‖2

` να‖ϕt‖2
´ 2να‖ϕt‖2

“
1

να
‖F‖2

´ να‖ϕt‖2,

where the inequality follows from (7.2) and 2xF, ϕty ď pναq
´1‖F‖2`να‖ϕt‖2. Solving

9y “
1

να
‖F‖2

´ ναy

from yp0q “ ‖x‖ together with the comparison theorem for ODEs [55] then gives

‖ϕtpxq‖2
ď ‖x‖2e´ναt `

1

ν2α2
‖F‖2

`

1´ e´ναt
˘

for all time. Furthermore, since ϕpkq conserves norm for 1 ď k ď n, the above implies

‖Φhτ pxq‖2
“ ‖ϕpnqhτn ˝ ¨ ¨ ¨ ˝ ϕ

p0q
hτ0
pxq‖2

“ ‖ϕp0qhτ0pxq‖
2

ď ‖x‖2e´νατ0 `
1

ν2α2
‖F‖2

`

1´ e´νατ0
˘

.

The result follows by straightforward induction on the number of cycles, m.

1 Recall that for each index j P Z2
N , we have two real coordinates aj and bj .
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Remark 7.2. The convergence results of Chapter 4 do not directly apply to Lorenz-

96 and Galerkin approximations of 2d Navier-Stokes since V-orbits are generally

unbounded in both models. However, Lemma 7.1 implies that any splitting starting

from x whose vector fields satisfy Assumption 2 will lie inside the ball of radius

‖x‖2 ` pναq´2‖F‖2 centered at the origin for all nonnegative times. In particular,

since the splitting vector fields are smooth, a bound analogous to (4.2) holds for

all x in the ball Brp0q of radius r centered at the origin in the ambient Euclidean

space. Thus all convergence results of Chapter 4 hold for these random splittings when

CkpX q is replaced by Ckr pX q, the space of k-times continuously differentiable functions

that vanish outside Brp0q. Intuitively, this says that for any initial condition x, the

trajectories of a random splitting satisfying Assumption 2 will converge on average

and almost surely as hÑ 0 to the trajectory of the true dynamics starting from x.

Corollary 7.3. The Euclidean norm is a Lyapunov function for Ph. That is, there

exist constants K ě 0 and γ P p0, 1q such that for all x P Rd,

pPh‖¨‖q pxq ď γ‖x‖`K.

Proof. By Lemma 7.1, specifically ‖Φhtpxq‖ ď ‖x‖e´ 1
2
ναt0 ` pναq´1‖F‖, we have

pPh‖¨‖q pxq “
ż

Rn`1
`

‖Φhtpxq‖e´
ř

tkdt ď
1

1` 1
2
ναh

‖x‖` 1

να
‖F‖

for any x. The result follows with K “ pναq´1‖F‖ and γ “ p1` 1
2
ναhq´1.

7.1 Ergodicity

We now present a variation of Theorem 3.1, namely Theorem 7.4, which simplifies

verification of ergodicity in the present setting. Recall from Sections 6.1 and 6.2 that

one of the difficulties in verifying Theorem 3.1 was proving controllability, i.e. the

existence of a distinguished point x˚ that could be reached by the splitting dynamics
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in finite time from any other point. With the addition of dissipation, the fixed point

ν´1Λ´1F of 9x “ V0pxq is a natural candidate for x˚ and, as we will see, the fact that

it is globally attracting obviates several technicalities associated with controllability

in the conservative cases discussed above.

Theorem 7.4. Suppose Assumption 2 holds and set x˚ “ ν´1Λ´1F . If there exist

m ě 0 and t in Rmn
` such that the Lie bracket condition holds at rx :“ Φm

htpx˚q, then

Ph has a unique invariant measure µ for all h ą 0. Furthermore, there exist C ą 0

and γ in p0, 1q such that for all x in Rd,

‖Pm
h px, ¨q ´ µ‖ ď Cγm (7.4)

where ‖¨‖ is the norm on probability measures induced by the weighted supremum

norm ‖f‖ :“ supx|fpxq|{p1` ‖x‖q on bounded measurable functions f : Rd Ñ R.

The proof of Theorem 7.4 uses the following lemmas. The first, due to Krylov-

Bogolubov, is a standard result from the theory of Markov processes [36]. The second,

which follows from Lemma 3.2 and Theorem 2.5, is from [12, Theorem 4.4]. For

the statement of Lemma 7.5, recall a transition kernel P on Rd is Feller if Pf is

continuous whenever f : Rd Ñ R is continuous and bounded. Also, a sequence of

probability measures tµmu on Rd is tight if for every ε ą 0 there exists a compact

subset K of Rd such that µmpKq ě 1´ ε for all m.

Lemma 7.5. Let P be a Feller probability transition kernel on Rd. If there exists x

in Rd such that tPmpx, ¨qu8m“0 is tight, then P has an invariant probability measure.

Lemma 7.6. Suppose Φm
htpxq “ rx and the Lie bracket condition holds at rx. Then

there exists a c ą 0, an rm, and neighborhoods Ux of x and rU of rx such that for all y

in Ux and B in BpX q,

P rm
h py,Bq ě cλ

´

B X rU
¯

.
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The following proof is another instance of the rather classical idea, dating at least

to the split chains of Nummelin [66] and work of Meyn and Tweedie [57], that the

existence of a globally accessible point at which the dynamics is continuous in the

right sense implies the transition densities converge to a unique equilibrium measure.

If the return to the globally accessible point has finite expectation, then mixing is

exponential. The same basic structure of the SDE version of our system was leveraged

in [26] to prove exponential mixing (see also [54]). In the closely related PDMP

setting, analogous results are found in [47] in a specific example and [13] in a more

general context.

Proof of Theorem 7.4. We first prove existence. Continuity of Φht immediately im-

plies Ph is Feller. Furthermore, Lemma 7.1 implies that random splitting starting

from any x is constrained to lie in a compact subset of Rd, namely the closed ball

of radius ‖x‖2 ` pναq´2‖F‖2 centered at the origin. Thus, for any x, the sequence

tPm
h px, ¨qu

8
m“0 is tight and existence follows from Lemma 7.5.

Next we prove uniqueness. The hypothesis and Lemma 7.6 together imply the

existence of c ą 0, rm, and neighborhoods U˚ of x˚ and rU of rx such that

P rm
h px,Bq ě cλ

´

B X rU
¯

(7.5)

for all x P U˚ and Borel sets B. Also, positive-definiteness of Λ implies

‖ϕp0qt pxq ´ x˚‖ ď e´αt‖x´ x˚‖

for any x P Rd and t ě 0. In particular, for any open ball Br of radius r centered

at the origin, there exists T0 ą 0 such that ϕ
p0q
ht pBrq is properly contained in U˚

whenever ht ą T0. And since ϕ
p0q
ht pBrq is properly contained in U˚ and the ϕpkq are

continuous, there exist Tk ą 0 such that Φht “ ϕ
pnq
htn
˝ ¨ ¨ ¨ ˝ ϕ

p0q
ht0
pxq P U˚ for all x P Br

and htk P p0, Tkq. So, for any x P Br,

Phpx, U˚q ě

ż Tn

0

¨ ¨ ¨

ż T1

0

ż 8

T0

1U˚ pΦhtpxqq e
´
ř

tkdt “
1

T0

n
ź

k“1

`

1´ e´Tk
˘

ą 0
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and hence infxPBr Phpx, U˚q ą 0.

As in the proof of Theorem 3.1, suppose toward a contradiction that µ1 and µ2 are

distinct Ph-ergodic probability measures and that A1 and A2 are disjoint measurable

sets partitioning Rd with µipBq “ µipBXAiq for all Borel sets B. Fix xi in the support

of µi, let r be sufficiently large that x1, x2 P Br, and set κ :“ infxPBr Phpx, U˚q ą 0.

Then by (7.5) for any Borel set B,

µipBq “ µiP
rm`1
h pBq “

ż

Rd

ż

Rd
P rm
h py,BqPhpx, dyqµipdxq

ě

ż

Br

ż

U˚

P rm
h py,BqPhpx, dyqµipdxq ě κcλ

´

B X rU
¯

µi pBrq .

(7.6)

In particular, µipBq “ 0 implies λpB X rUq “ 0 since c, κ, and µipBrq are all strictly

positive (the latter because Br is an open set containing both x1 and x2 which

were chosen to be in the supports of µ1 and µ2, respectively). But µ1pA2 X rUq “

µ2pA1 X rUq “ 0 and so we obtain the contradiction

0 ă λ
´

rU
¯

“ λ
´

A1 X rU
¯

` λ
´

A2 X rU
¯

“ 0,

which concludes the proof of uniqueness.

Finally, for the exponential convergence statement (7.4), we have from (7.6) that

for any r ą 0,

inf
xPBr

P rm`1
h px,Bq ě κcλ

´

B X rU
¯

for all Borel sets B. That is, the transition probabilities P rm`1
h px, ¨q are minorized

uniformly over Br by the probability measure rλ :“ λprUq´1λp¨ X rUq. Exponential

convergence then follows from Corollary 7.3 upon taking r ą 2K{p1 ´ γq. See for

example Theorem 1.2 in [38].

Corollary 7.7. Consider the random splitting of Lorenz-96 associated to the vector

fields tVku
n
k“0, where V0pxq “ ´νx ` F and tVku

n
k“1 are the splitting vector fields
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of conservative Lorenz-96 from Section 6.1. If x˚ :“ ´νF is not a fixed point of

conservative Lorenz-96, i.e. ν2
řn
k“1pF

2
k ` F

2
k`1qF

2
k´1 ‰ 0, then the random splitting

has a unique invariant measure on Rn and the dynamics converge to this measure at

an exponential rate in the sense of (7.4).

Proof. The determinant of the n-by-n matrix

¨

˝V0pxq V1pxq ¨ ¨ ¨ Vn´1pxq

˛

‚“

¨

˚

˚

˚

˚

˚

˝

´νx1 ` F1 x2xn 0 . . . 0
´νx2 ` F2 ´x1xn x3x1 . . . 0

´νx3 ` F3 0 ´x2x1 ¨ ¨ ¨
...

...
...

...
. . . xnxn´2

´νxn ` Fn 0 0 ´xn´1xn´2

˛

‹

‹

‹

‹

‹

‚

is

x1xn´1xn

˜

n´2
ź

x“2

x2
k

¸

`

ν2‖x‖2
´ xF, xy

˘

.

So the tVku
n
k“0 span Rn at every x with nonzero coordinates and satisfying ν2‖x‖2 ‰

xF, xy. In particular, since x˚ is not a fixed point of conservative Lorenz-96, we showed

in the proof of Proposition 6.2 that x˚ can be moved via the splitting dynamics to

some rx with nonzero coordinates. Finally, by rotating slightly more on the last step

if necessary, we can also guarantee ν2‖rx‖2 ‰ xF, rxy. Thus the Lie bracket condition

holds at rx and the result follows by Theorem 7.4.

Corollary 7.8. Fix N ě 2 and set n “ 4NpN ` 1q. Consider the random splitting

of the Nth Galerkin approximation of 2d Navier-Stokes associated to tVku
n
k“0, where

V0pxq “ ´νΛx` F with Λ the n-by-n diagonal matrix corresponding to the Laplacian

discussed at the beginning of this section, and tVku
n
k“1 the splitting vector fields of 2d

Euler from Section 6.2. If F is nondegenerate in the sense of Definition 6.7, then the

random splitting has a unique, and hence ergodic, invariant measure and the dynamics

converge to this measure at an exponential rate in the sense of (7.4).
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Proof. Recall in this case V0pxq “ ´νΛx ` F where Λ is the diagonal matrix with

diagonal entry |k|2 in the slots corresponding to the coordinates ak and bk. Fix

j, k, ` P Z2
N with j ` k ´ ` “ 0 and let W be one of the vector fields Vajaka` , Vajbkb` ,

Vbjakb` , or Vbjbka` . Letting e.g. pxj, xk, x`q “ paj, ak, a`q when W “ Vajaka` and

similarly for the other cases, direct computation yields

rV0,W sjpxq “ Ck`
`

Fkx` ` F`xk ` νp|j|2 ´ |k|2 ´ |`|2qxkx`
˘

,

rV0,W skpxq “ Cj`
`

Fjx` ` F`xj ` νp|k|2 ´ |j|2 ´ |`|2qxjx`
˘

,

rV0,W s`pxq “ ´Cjk
`

Fjxk ` Fkxj ` νp|`|2 ´ |j|2 ´ |k|2qxjxk
˘

,

(7.7)

where rV0,W sjpxq is the component of rV0,W s corresponding to the component xj

of x, and similarly for rV0,W sk and rV0,W s`. As in the 2d Euler case, Gaussian

elimination shows that the 6-by-6 matrix (see (6.45) for an explicit form of the middle

4 columns)

¨

˝V0 Vajaka` Vajbkb` Vbjakb` Vbjbka` rV0,W s

˛

‚ (7.8)

is rank 6 at every generic2 point q in Rn. Thus V0 and rV0,W s add two new directions

to the splitting vector fields of 2d Euler and by an entirely similar argument to the

spanning argument in Section 6.2.3 we have that the Lie bracket condition holds at

every such q. Furthermore, since F is nondegenerate the controllability argument of

Section 6.2.3 implies x˚ can be evolved via the split dynamics to a generic point. The

result then follows by Theorem 7.4.

Remark 7.9. A very similar argument to the one above proves unique ergodicity for

Ekman damping as well, i.e. when Λ is the identity matrix on Rn. In this case (7.7)

2 Recall a generic point is one with all coordinates nonzero; see Definition 6.8.
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becomes

rV0,W sjpxq “ Ck` pFkx` ` F`xk ´ νxkx`q ,

rV0,W skpxq “ Cj` pFjx` ` F`xj ´ νxjx`q ,

rV0,W s`pxq “ ´Cjk pFjxk ` Fkxj ´ νxjxkq ,

and the rest of the argument goes through unchanged.
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8

Conclusion

In this dissertation we introduced random splitting and gave conditions for such

systems to be ergodic, to converge to their deterministic counterparts, and to be

chaotic, i.e. to have a positive top Lyapunov exponent. We also applied these

results to random splittings of the conservative Lorenz-96 and Lorenz-96 equations,

as well as Galerkin approximations of the Euler and Navier-Stokes equations on

the 2-dimensional torus. The method of random splitting invites much future work.

A short list of possible directions includes constructing and studying splittings of

other models, studying higher-order random splitting schemes, and proving chaos for

systems whose sum of Lyapunov exponents λΣ is negative.
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Appendix A

Convergence lemmas

In this appendix we prove Lemmas 4.2 and 4.5 from Chapter 4.

A.1 Semigroups, norms, and bounds

In this subsection we elaborate on the semigroup framework of Chapter 4. The

notation and results are used extensively in the proofs of Lemmas 4.2 and 4.5, which

are given in subsections A.2 and A.4, respectively.

Fix a V-orbit X . The C2 assumption implies the Vk, which act on functions f via

Vkfpxq “ DfpxqVkpxq, are linear operators from C2pX q to C1pX q and from C1pX q to

CpX q. It also implies the semigroups tStutě0 and trS
pkq
t utě0 defined in (4.3) and (4.4)

are linear operators on CkpX q for k ď 2. Our aim now is to obtain bounds on norms

of compositions of these random semigroups. For i ď j define Φ
pi,jq
hτ :“ ϕ

pjq
hτj
˝ ¨ ¨ ¨ ˝ϕ

piq
hτi

and rS
pi,jq
hτ :“ rS

piq
hτ ¨ ¨ ¨

rS
pjq
hτ . Note rS

pi,jq
hτ acts on functions f via

rS
pi,jq
hτ fpxq “ f

´

Φ
pi,jq
hτ pxq

¯

“ f
´

ϕ
pjq
hτj
˝ ¨ ¨ ¨ ˝ ϕ

piq
hτi
pxq

¯

.

So for any f P CpX q with ‖f‖8 “ 1, we have

‖rSpi,jqhτ f‖8 “ ‖fpΦpi,jqhτ q‖8 “ 1
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and hence ‖rSmhτ‖0Ñ0 “ 1. Next, let ϕ “ ϕpkq for arbitrary k. Then

ϕtpxq “ x`

ż t

0

V pϕspxqqds

and so

Dϕtpxq “ I `

ż t

0

DV pϕspxqqDϕspxqds

and

D2ϕtpxq “

ż t

0

D2V pϕspxqq pDϕspxq, Dϕspxqq `DV pϕspxqqD
2ϕspxqds.

In particular, ‖Dϕtpxq‖ ď 1 ` C˚
şt

0
‖Dϕspxq‖ds for all x in X so by Grönwall’s

inequality

sup
xPX

‖Dϕtpxq‖ ď eC˚t, (A.1)

where here and throughout C˚ is the constant from (4.2) corresponding to X . Similarly,

since ‖D2V pDϕ,Dϕq‖ ď ‖D2V ‖‖Dϕ‖2 ď C˚‖Dϕ‖2,

‖D2ϕtpxq‖ ď C˚

ż t

0

‖Dϕspxq‖2
` ‖D2ϕspxq‖ds ď C˚te

2C˚t ` C˚

ż t

0

‖D2ϕspxq‖ds

and Grönwall’s inequality implies

sup
xPX

‖D2ϕtpxq‖ ď C˚te
3C˚t. (A.2)

Note (A.1) and (A.2) hold uniformly over all ϕpkq. Thus, for f P C1pX q with ‖f‖1 “ 1,∥∥∥D ´

rS
pi,jq
hτ f

¯∥∥∥ “ ∥∥∥Df ´Φ
pi,jq
hτ

¯

DΦ
pi,jq
hτ

∥∥∥ ď j
ź

k“i

‖Dϕpkqhτk‖ ď eC˚h
řj
k“i τk ,

where the first inequality follows from submultiplicity and the second from (A.1).

Similarly,

D2Φ
pi,jq
hτ “

j
ÿ

k“i

Dϕ
pjq
hτj
¨ ¨ ¨Dϕ

pk`1q
hτk`1

D2ϕ
pkq
hτk

´

DΦ
pi,k´1q
hτ , DΦ

pi,k´1q
hτ

¯
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together with (A.1) and (A.2) gives

∥∥∥D2Φ
pi,jq
hτ

∥∥∥ ď j
ÿ

k“i

∥∥∥Dϕpjqhτj∥∥∥ ¨ ¨ ¨ ∥∥∥Dϕpk`1q
hτk`1

∥∥∥∥∥D2ϕpkq
∥∥∥∥∥DΦ

pi,k´1q
hτ

∥∥∥2

ď C˚

j
ÿ

k“i

hτke
C˚h

řj
k`1 τ`e3C˚hτke2C˚h

řk´1
1 τ` ď C˚he

3C˚h
řj
k“i τk

j
ÿ

k“i

τk.

Therefore∥∥∥D2
´

rS
pi,jq
hτ f

¯
∥∥∥ “ ∥∥∥D2f

´

Φ
pi,jq
hτ

¯´

DΦ
pi,jq
hτ , DΦ

pi,jq
hτ

¯

`Df
´

Φ
pi,jq
hτ

¯

D2Φ
pi,jq
hτ

∥∥∥
ď

∥∥∥DΦ
pi,jq
hτ

∥∥∥2

`

∥∥∥D2Φ
pi,jq
hτ

∥∥∥ ď e2C˚h
řj
k“i τk `

∥∥∥D2Φ
pi,jq
hτ

∥∥∥
ď e2C˚h

řj
k“i τk ` C˚he

3C˚h
řj
k“i τk

j
ÿ

k“i

τk

ď

˜

1` C˚h
j
ÿ

k“i

τk

¸

e3C˚h
řj
k“i τk .

The above computations prove

Lemma A.1. For any h ą 0 and i ď j, we have ‖rSpi,jqhτ ‖0Ñ0 “ 1 as well as

∥∥∥rSpi,jqhτ

∥∥∥
1Ñ1

ď eC˚h
řj
k“i τk and

∥∥∥rSpi,jqhτ

∥∥∥
2Ñ2

ď

˜

1` C˚h
j
ÿ

k“i

τk

¸

e3C˚h
řj
k“i τk .

In particular,
∥∥∥rSpi,jqhτ

∥∥∥
`Ñ`

ď

´

1` C˚h
řj
k“i τk

¯

e3C˚h
řj
k“i τk for all ` ď 2.

Note that under the C2 assumption rS
pi,jq
hτ can also be regarded as a linear operator

from C2pX q to C1pX q. So since tf P C2pX q : ‖f‖2 “ 1u is a subset of tf P C1pX q :

‖f‖1 “ 1u, we have∥∥∥rSpi,jqhτ

∥∥∥
2Ñ1

“ sup
‖f‖2“1

∥∥∥rSpi,jqhτ f
∥∥∥

1
ď sup

‖f‖1“1

∥∥∥rSpi,jqhτ f
∥∥∥

1
“

∥∥∥rSpi,jqhτ

∥∥∥
1Ñ1

ď eC˚h
řj
k“i τk . (A.3)

We also have the following corollary of Lemma A.1.
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Corollary A.2. Fix i ď j and set m :“ j ´ i ` 1. For all ` ď 2 and polynomials

p : Rm
` Ñ R there exists h˚ ą 0 such that for all h ă h˚,

E‖ppτi, . . . , τjqrSpi,jqhτ ‖kÑk ă 8. (A.4)

Proof. Writing t “ pti, . . . , tjq and dt “ dti ¨ ¨ ¨ dtj, we have

E‖ppτi, . . . , τjqrSpi,jqhτ ‖`Ñ` “
ż

Rm`
|pptq|

∥∥∥rSpi,jqht

∥∥∥
`Ñ`

e´
ř

tkdt

ď

ż

Rm`
|pptq|

˜

1` C˚h
j
ÿ

k“i

tk

¸

ep3C˚h´1q
řj
k“i tkdt

which is finite for all h ă h˚ :“ p3C˚q
´1.

A.2 Proof of Lemma 4.2

We highlight the steps of the proof with italicized font.

Variation of constants. We begin by differentiating rShτ in h:

Bh rShτ “
n
ÿ

k“1

τke
hτ1 ¨ ¨ ¨ ehτk´1Vke

hτk ¨ ¨ ¨ ehτn “
n
ÿ

k“1

τk rS
p1,k´1q
hτ Vk rS

pk,nq
hτ .

Next, commute rS
p1,k´1q
hτ and Vk via rrS

p1,k´1q
hτ , Vks :“ rS

p1,k´1q
hτ Vk ´ Vk rS

p1,k´1q
hτ to get

Bh rShτ “
n
ÿ

k“1

τkVk rShτ `
n
ÿ

k“1

τkrrS
p1,k´1q
hτ , VksrS

pk,nq
hτ “ V rShτ ` pVτ ´ V qrShτ ` Ehτ

where Vτ :“
řn
k“1 τkVk and Ehτ :“

řn
k“1 τkr

rS
p1,k´1q
hτ , VksrS

pk,nq
hτ . So, by variation of

constants,

rShτ ´ Sh “

ż h

0

Sh´rpVτ ´ V qrSrτdr `

ż h

0

Sh´rErτdr. (A.5)

Call Sh´rpVτ ´ V qrSrτ error term 1 and Sh´rErτ error term 2. These terms will be

treated separately in what follows. First however, we invoke variation of constants
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again to get an expression for rrS
p1,k´1q
rτ , Vks that will be used to control error term 2.

Differentiating in r gives

BrrrS
p1,k´1q
rτ , Vks “

k´1
ÿ

j“1

τjrrS
p1,j´1q
rτ Vj rS

pj,k´1q
rτ , Vks

“

k´1
ÿ

j“1

τj

ˆ

rVj rS
p1,k´1q
rτ , Vks `

“

rrSp1,j´1q
rτ , VjsrS

pj,k´1q
rτ , Vk

‰

˙

“

k´1
ÿ

j“1

τjVjrrS
p1,k´1q
rτ , Vks `

k´1
ÿ

j“1

τj

ˆ

rVj, VksrS
p1,k´1q
rτ `

“

rrSp1,j´1q
rτ , VjsrS

pj,k´1q
rτ , Vk

‰

˙

.

The second equality follows from commuting rS
p1,j´1q
hτ and Vj as before, and the third

follows from the identity rXY,Zs “ XrY, Zs` rX,ZsY . So, by variation of constants,

rrSp1,k´1q
rτ , Vks “

k´1
ÿ

j“1

ż r

0

τje
pr´sq

řk´1
j“1 τjVj rVj, VksrS

p1,k´1q
sτ ds

`

k´1
ÿ

j“1

ż r

0

τje
pr´sq

řk´1
j“1 τjVj

“

rrSp1,j´1q
sτ , VjsrS

pj,k´1q
sτ , Vk

‰

ds.

(A.6)

Note ‖epr´sq
řk´1
j“1 τjVj‖0Ñ0 “ 1. So, by Corollary A.2 the integrands above satisfy

E‖τjepr´sq
řk´1
j“1 τjVj rVj, VksrS

p1,k´1q
sτ ‖2Ñ0 ď ‖rVj, Vks‖2Ñ0E‖τj rSp1,k´1q

sτ ‖2Ñ2 ă C

and, similarly,

E
∥∥τjepr´sqřk´1

j“1 τjVj
“

rrSp1,j´1q
sτ , VjsrS

pj,k´1q
sτ , Vk

‰
∥∥

2Ñ0
ă C

for some C. Therefore

E‖rrSp1,k´1q
rτ , Vks‖2Ñ0 ď 2

k´1
ÿ

j“1

ż r

0

Cds ď Cr (A.7)

for some new constant C (we will often absorb arbitrary constants into existing ones).
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Error term 1. Rewrite error term 1 as

Sh´rpVτ ´ V qrSrτ “
n
ÿ

k“1

pτk ´ 1qSh´rVk rSrτ

“

n
ÿ

k“1

pτk ´ 1qSh´rVk rS
p1,k´1q
rτ

rSpk`1,nq
rτ

`

n
ÿ

k“1

pτk ´ 1qSh´rVk rS
p1,k´1q
rτ perτkVk ´ IqrSpk`1,nq

rτ

“: A1 `A2

(A.8)

where A1 and A2 are the first and second sums in the preceding expression. The

second equality is obtained by adding and subtracting the identity I as follows:

rSrτ “ rSp1,k´1q
rτ

`

erτkVk ´ I ` I
˘

rSpk`1,nq
rτ “ rSp1,k´1q

rτ
rSpk`1,nq
rτ ` rSp1,k´1q

rτ perτkVk ´ IqrSpk`1,nq
rτ .

Notice rS
p1,k´1q
rτ

rS
pk`1,nq
rτ does not depend on τk. So, since the τi are independent with

mean 1,

EpA1q “

n
ÿ

k“1

St´rVkEpτk ´ 1qE
`

rSp1,k´1q
rτ

rSpk`1,nq
rτ

˘

“ 0. (A.9)

For the second sum, Taylor expanding r ÞÑ erτkVk about r “ 0 with remainder gives

erτkVk ´ I “ rτkVke
r˚τkVk

for some r˚ P r0, rs. Therefore

A2 “ r
n
ÿ

k“1

τkpτk ´ 1qSh´rVk rS
p1,k´1q
rτ Vke

r˚τkVk
rSpk`1,nq
rτ

and by Lemma A.1 and Corollary A.2,

‖EpA2q‖2Ñ0 ď Cr
n
ÿ

k“1

E‖rSp1,k´1q
rτ ‖1Ñ1E‖τkpτk ´ 1qrSpk,nqrτ ‖2Ñ2 ď Cr (A.10)

for some C ą 0. Combining Equations (A.8), (A.9), and (A.10) gives

‖EpSh´rpVτ ´ V qrSrτ q‖2Ñ0 ď Cr. (A.11)
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Error term 2. Recall error term 2 is Sh´rErτ :“
řn
k“1 τkSh´rr

rS
p1,k´1q
rτ , VksrS

pk,nq
rτ . Hence

‖Sh´rErτ‖2Ñ0 ď

n
ÿ

k“1

τk‖Sh´r‖0Ñ0‖rrSp1,k´1q
rτ , Vks‖2Ñ0‖τk rSpk,nqrτ ‖2Ñ2 .

Note rrS
p1,k´1q
rτ , Vks is independent of τk. So, by (A.7) Corollary A.2,

‖EpSh´rErτ q‖2Ñ0 ď Cr (A.12)

for some C ą 0.

Final step. Combining (A.5), (A.11), and (A.12) and absorbing constants into C, we

have

‖Ph ´ Sh‖2Ñ0 “ ‖EprShτ ´ Shq‖2Ñ0

ď

ż h

0

‖EpSh´rpVτ ´ V qrSrτ q‖2Ñ0dr `

ż h

0

‖EpSh´rErτ q‖2Ñ0dr

ď C

ż h

0

rdr “ 1
2
Ch2.

A.3 Concentration of exponentials

The proof of Lemma 4.5 will itself use two lemmas.

Lemma A.3. Let tτku
8
k“1 be iid exponential with mean 1. For any m P N, K ą 0

and β ą 1,

P

˜

m
ÿ

k“1

τk ą Kmβ

¸

ď 2me´
1
2
Kmβ . (A.13)

Proof. Note if τ „ Expp1q then Epeτ{2q “ 2. So, by Markov’s inequality and

independence,

P

˜

m
ÿ

k“1

τk ą Kmβ

¸

“ P
´

e
1
2

řm
k“1 τk ą e

1
2
Kmβ

¯

ď e´
1
2
Kmβ

´

E
”

e
1
2
τ
ı¯m

“ 2me´
1
2
Kmβ .
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Lemma A.4. Let tτku
8
k“1 be iid exponential with mean 1. For any m P N and

K P p0, 1q,

P

˜∣∣∣∣ m
ÿ

k“1

τk ´ 1

∣∣∣∣ ą Km

¸

ă 2e´
1
2
K2m. (A.14)

Proof. Fix m. For any γ P p0, 1q,

P

˜∣∣∣∣ m
ÿ

k“1

τk ´ 1

∣∣∣∣ ą Km

¸

“ P

˜

m
ÿ

k“1

τk ą p1`Kqm

¸

` P

˜

´

m
ÿ

k“1

τk ą ´p1´Kqm

¸

“ P
´

eγ
řm
k“1 τk ą ep1`Kqγm

¯

` P
´

e´γ
řm
k“1 τk ą e´p1´Kqγm

¯

ď e´p1`Kqγm pE reγτ sqm ` ep1´Kqγm
`

E
“

e´γτ
‰˘m

“ e´p1`Kqγm p1´ γq´m ` ep1´Kqγm p1` γq´m

“ exp

ˆ

´γm

„

1`K `
logp1´ γq

γ

˙

` exp

ˆ

γm

„

1´K ´
logp1` γq

γ

˙

.

The inequality is Markov’s inequality and the equality right after follows from

independence together with Erexppατqs “ p1´ αq´1 for any α P p´1, 1q. The other

steps are algebraic manipulations. By Taylor’s theorem with remainder there exists

γ1 P p´γ, 0q such that

1

γ
logp1´ γq “ ´1´

γ

2p1´ γ1q
2
ą ´1´

γ

2
,

where the inequality follows since γ1 ă 0. Therefore

exp

ˆ

´γm

„

1`K `
logp1´ γq

γ

˙

ď exp
´

´γm
”

K ´
γ

2

ı¯

.

Similarly,

exp

ˆ

γm

„

1´K ´
logp1` γq

γ

˙

ď exp
´

´γm
”

K ´
γ

2

ı¯

.
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So combining with the first computation of this proof and taking γ “ K gives

P

˜∣∣∣∣ m
ÿ

k“1

τk ´ 1

∣∣∣∣ ą Km

¸

ď 2 exp
´

´γm
”

K ´
γ

2

ı¯

“ 2e´
1
2
K2m.

A.4 Proof of Lemma 4.5

Fix t ą 0. The argument is similar to that of Lemma 4.2.

Variation of constants. Fix m P N. Since rSmhτ “ expphτ1V1q ¨ ¨ ¨ expphτmnVmnq,

Bh rS
m
hτ “

mn
ÿ

k“1

τk rS
p1,k´1q
hτ Vk rS

pk,mnq
hτ “

mn
ÿ

k“1

τkVk rS
m
hτ ` τkr

rSp1,k´1qhτ, VksrS
pk,mnq
hτ

“ mV rSmhτ `
mn
ÿ

k“1

pτk ´ 1qVk rS
m
hτ `

mn
ÿ

k“1

τkrrS
p1,k´1q
hτ , VksrS

pk,mnq
hτ ,

where the second equality is obtained by commuting rS
p1,k´1q
hτ and Vk, and the third by

replacing τk with τk´ 1` 1. So, setting E
pmq
hτ :“

řmn
k“1 τkr

rS
p1,k´1q
hτ , VksrS

pk,mnq
hτ , variation

of constants implies

rSmhτ ´ Shm “

ż h

0

Smph´rq

˜

mn
ÿ

k“1

pτk ´ 1qVk

¸

rSmrτdr `

ż h

0

Smph´rqE
pmq
rτ dr.

Therefore, since ‖Smph´rq‖0Ñ0 “ 1,

‖rSmhτ ´ Shm‖2Ñ0 ď

ż h

0

∥∥∥∥ mn
ÿ

k“1

pτk ´ 1qVk

∥∥∥∥
1Ñ0

∥∥∥rSmrτ∥∥∥
2Ñ1

dr `

ż h

0

‖Epmqrτ ‖2Ñ0dr.

Let I1phq and I2phq denote the first and second integrals, respectively. Then for any

ε ą 0,

P
´

‖rSmhτ ´ Shm‖2Ñ0 ą
ε

m

¯

ď P
´

I1phq ą
ε

2m

¯

` P
´

I2phq ą
ε

2m

¯

. (A.15)

Consider the two probabilities on the right, called the first and second probabilities,

separately.
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First probability. Note
řmn
k“1pτk´1qVk “

řn
k“1

řm
j“1pτ

pkq
j ´1qVk where τ

pkq
j :“ τpj´1qn`k.

So ∥∥∥∥ mn
ÿ

k“1

pτk ´ 1qVk

∥∥∥∥
1Ñ0

ď C˚

n
ÿ

k“1

∣∣∣∣ m
ÿ

j“1

τ
pkq
j ´ 1

∣∣∣∣,
and together with Lemma A.1 and Equation (A.3),

I1phq ď C˚

n
ÿ

k“1

∣∣∣∣ m
ÿ

j“1

τ
pkq
j ´ 1

∣∣∣∣ ż h

0

n
ź

k“1

eC˚r
řm
j“1 τ

pkq
j dr .

Therefore

P
´

I1phq ą
ε

2m

¯

ď P

˜

C˚

n
ÿ

k“1

∣∣∣∣ m
ÿ

j“1

τ
pkq
j ´ 1

∣∣∣∣ ż h

0

n
ź

k“1

eC˚r
řm
j“1 τ

pkq
j dr ą

ε

2m

¸

ď

n
ÿ

k“1

P

˜∣∣∣∣ m
ÿ

j“1

τ
pkq
j ´ 1

∣∣∣∣ ż h

0

n
ź

k“1

eC˚r
řm
j“1 τ

pkq
j dr ą

ε

2C˚mn

¸

.

The second inequality follows from a union bound and the fact that for any nonnegative

random variables Xk and constant c, t
řn
k“1Xk ą cu Ď Ynk“1tXk ą c{nu. Set

Aphq :“
n
č

k“1

#

h
m
ÿ

j“1

τ
pkq
j ď α

+

and

Bkphq :“

#∣∣∣∣ m
ÿ

j“1

τ
pkq
j ´ 1

∣∣∣∣ ż h

0

n
ź

k“1

eC˚r
řm
j“1 τ

pkq
j dr ą

ε

2C˚mn

+

for arbitrary α ą 0 and note that

Aphq XBkphq Ď

#∣∣∣∣ m
ÿ

j“1

τ
pkq
j ´ 1

∣∣∣∣heC˚nα ą ε

2C˚mn

+

“: Bphq.

Therefore

P
´

I1phq ą
ε

m

¯

ď

n
ÿ

k“1

P pBkphq X Aphqq ` P pBkphq X Aphq
c
q

ď n
“

P pBphqq ` P pAphqcq
‰

.
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Set h “ t{m2. By Lemma A.4 for all ε ą 0 such that K :“ εp2C˚tnq
´1e´C˚nα ă 1,

P pBphqq “ P

˜∣∣∣∣ m
ÿ

j“1

τ
pkq
j ´ 1

∣∣∣∣ ą εm

2C˚tneC˚nα

¸

ď 2e´
1
2
K2m.

And by Lemma A.3,

P pAphqcq “ P

˜

n
ď

k“1

#

m
ÿ

j“1

τ
pkq
j ą

α

h

+¸

ď nP

˜

m
ÿ

j“1

τj ą
αm2

t

¸

ď n2me´
1
2
K1m2

where K 1 :“ α{t. Therefore

P
´

I1phq ą
ε

2m

¯

ď 2e´
1
2
K2m

` 2mne´
1
2
K1m2

ď 2mCe´
1
2
Cm2

(A.16)

for some positive constant C independent of m.

Second probability. Recall E
pmq
rτ :“

řmn
k“1 τkr

rS
p1,k´1q
rτ , VksrS

pk,mnq
rτ . Also, from Equa-

tion (A.6),

rrSp1,k´1q
rτ , VksrS

pk,mnq
rτ “

k´1
ÿ

j“1

ż r

0

τje
pr´sq

řk´1
j“1 τjVj rVj, VksrS

p1,k´1q
sτ

rSpk,mnqrτ ds

`

k´1
ÿ

j“1

ż r

0

τje
pr´sq

řk´1
j“1 τjVj

“

rrSp1,j´1q
sτ , VjsrS

pj,k´1q
sτ , Vk

‰

rSpk,mnqrτ ds.

Lemma A.1 together with ‖rVj, Vks‖2Ñ0 ď ‖Vj‖1Ñ0‖Vk‖2Ñ1 ` ‖Vk‖1Ñ0‖Vj‖2Ñ1 ď 2C2
˚

give

∥∥∥rVj, VksrSp1,k´1q
sτ

rSpk,mnqrτ

∥∥∥
2Ñ0

ď 2C2
˚

˜

1` C˚r
mn
ÿ

j“1

τj

¸

e3C˚r
řmn

1 τj .

Also,

“

rrSp1,j´1q
sτ , VjsrS

pj,k´1q
sτ , Vk

‰

“ rSp1,j´1q
sτ Vj rS

pj,k´1q
sτ Vk ´ Vk rS

p1,j´1q
sτ Vj rS

pj,k´1q
sτ

´ Vj rS
p1,k´1q
sτ Vk ` VkVj rS

p1,k´1q
sτ
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together with Lemma A.1 gives

∥∥∥“rrSp1,j´1q
sτ , VjsrS

pj,k´1q
sτ , Vk

‰

rSpk,mnqrτ

∥∥∥
2Ñ0

ď 4C2
˚

˜

1` C˚r
mn
ÿ

j“1

τj

¸

e3C˚r
řmn

1 τj .

Therefore for any 0 ď r ď h,

∥∥Epmqrτ

∥∥
2Ñ0

ď

mn
ÿ

k“1

k´1
ÿ

j“1

τkτj

ż r

0

∥∥∥rVj, VksrSp1,k´1q
sτ

rSpk,mnqrτ

∥∥∥
2Ñ0

`

∥∥∥“rrSp1,j´1q
sτ , VjsrS

pj,k´1q
sτ , Vk

‰

rSpk,mnqrτ

∥∥∥
2Ñ0

ds

ď 6C2
˚r

ˆ

1` C˚r
mn
ÿ

`“1

τ`

˙

e3C˚r
řmn

1 τ`

mn
ÿ

k“1

k´1
ÿ

j“1

τkτj

ď Ch

ˆ

1` Ch
mn
ÿ

`“1

τ`

˙

eCh
řmn

1 τ`

ˆ mn
ÿ

k“1

τk

˙2

for some C ą 0. So, we have that

I2phq “

ż h

0

‖Epmqrτ ‖2Ñ0dr ď Ch2

ˆ

1` Ch
mn
ÿ

`“1

τ`

˙

eCh
řmn

1 τ`

ˆ mn
ÿ

k“1

τk

˙2

.

For arbitrary α ą 0, set

Aphq :“

#

h
mn
ÿ

k“1

τk ď α

+

and

Bphq :“

#

Ch2

ˆ

1` Ch
mn
ÿ

`“1

τ`

˙

eCh
řmn

1 τ`

ˆ mn
ÿ

k“1

τk

˙2

ą
ε

2m

+

.
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Then taking h “ t{m2 as before,

P
´

I2phq ą
ε

2m

¯

“ P pAphq XBphqq ` P pAphqc XBphqq

ď P

˜

Ch2
p1` Cαq eCα

ˆ mn
ÿ

k“1

τk

˙2

ą
ε

2m

¸

` P

˜

h
mn
ÿ

k“1

τk ą α

¸

“ P

˜

mn
ÿ

k“1

τk ą Km
3
2

¸

` P

˜

mn
ÿ

k“1

τk ą
αm2

t

¸

ď n

«

P

˜

m
ÿ

k“1

τk ą K 1m
3
2

¸

` P

˜

m
ÿ

k“1

τk ą
αm2

nt

¸ff

ď n
´

2me´
1
2
K1m3{2

` 2me´
1
2
K2m2

¯

ď 2mC 1e´
1
2
C1m3{2

(A.17)

for some C 1 ą 0 where K “ pεp2t2Cp1 ` CαqeCαq´1q1{2, K 1 “ Kn´1, K2 “

αpntq´1, and the second-to-last last inequality follows from Lemma A.3. Com-

bining (A.15), (A.16), and (A.17) and taking h “ t{m2 we therefore have that for all

ε sufficiently small,

P
´

‖rSmtτ{m2 ´ St{m‖2Ñ0 ą
ε
m

¯

ď 2mC2e´
1
2
C2m3{2

for some constant C2 ą 0 independent of m. So, we have that

8
ÿ

m“1

P
´

‖rSmtτ{m2 ´ St{m‖2Ñ0 ą
ε
m

¯

ď

8
ÿ

m“1

2mC2e´
1
2
C2m3{2

ă 8.
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Appendix B

Controllability lemmas

Combining the partial results obtained above we show the existence of transformations

implementing the steps listed at the beginning of the section:

Lemma B.1. If qp0q in Q0 is nondegenerate, then there exists M1 and a sequence

of transition times and interaction triples tιpmq, τpmquM1
m“1 such that Φ

ιpM1q

τpM1q
˝ ¨ ¨ ¨ ˝

Φ
ιp1q
τp1qpq

p0qq “ qp1q as in (6.30).

Proof. If (6.30) is satisfied by qp0q we simply set M1 “ 0, qp1q “ qp0q. If not, by nonde-

generacy there exists a sequence of triples tιpmquMm“1 with ιpmq “ jpmqkpmq`pmq such

that A0 :“ Apqp0qq and Am “ Am´1 ‘ `pmq with tp0, 1,`q, p1, 0,`q, pj˚,´qu Ă AM .

We notice that all steps of this procedure satisfy, upon possibly reordering the indices

within each triple, either the conditions of Lemma 6.15 (b) or of Lemma 6.16, so we

sequentially choose τpmq “ τ
ιpmq
` from those lemmas.

To activate coordinate p1, 1,´q – if this was not already done in the previous

procedure – we start with component bj˚ ‰ 0 for |j˚| ‰ 1 and consider a nearest

neighbors path t`pnquM
1

n“1 in Z2
N connecting j˚ to p1, 1q without performing any step
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on the axes. It is easy to see that such path can be realized through repeated

application of Lemma 6.15 (b) by choosing for the n-th step the triples ιpnq “

p0, 1,`qp`pnq,´qp`pnq ˘ p0, 1q,´q or ιpnq “ p1, 0,`qp`pnq,´qp`pnq ˘ p1, 0q,´q for

vertical and horizontal steps respectively.

Finally, coordinates p1, 0,´q and p0, 1,´q can be activated by applying Corol-

lary 6.17 to the triples p1, 0,´qp0, 1,`qp1, 1,´q and p1, 0,`qp0, 1,´qp1, 1,´q respec-

tively, while p1, 1,`q is activated by (b) by interchanging the type of modes p1, 1,´q

and p1, 0,`q (or p0, 1,`q) in ιpM 1q from the previous paragraph to p1, 1,`q and

p1, 0,´q (or p0, 1,´q).

Lemma B.2. Let qp1q be a nondegenerate point in Q0 satisfying (6.30). Then there

exists M2 and a sequence of interacting triples and transition times tιpmq, τpmquM2
m“1

such that Φ
ιpM2q

τpM2q
˝ ¨ ¨ ¨ ˝ Φ

ιp1q
τp1qpq

p1qq “ qp2q is a nondegenerate point in Q0 satisfying

(6.31) and (6.32).

Proof. In this part of the proof, we only consider interactions involving triples ιpmq

of the form
!

p0, 1qpl, hqpl, h˘ 1q or p1, 0qpl, hqpl ˘ 1, hq : |l|, |h| ď N, |pl, hq| ‰ 1
)

. (B.1)

By Lemma 6.15 (a), if |j| ă |k| ă |`| and p0, 1q, pl, hq P Apqq there exists τpmq “ τ
ιpmq
´

such that defining Am “ Apϕιpmqτpmqpqqq we have pl, hq R Am and p0, 1q P Am (and

similarly for p1, 0q) 1. Note that while a triple as above satisfies by assumption

that |j| ă |k| ă |`| and at least two of its coordinates are nonvanishing, it does

not, in general, satisfy (6.37). However, assuming that q does not satisfy (6.37),

by Lemma 6.16 and setting ι1 “ p1, 0qp0, 1qp1, 1q, there exists τ ι
1

such that |qp1,0q| ‰

|pΦι1

τ ι1
pqqqp1,0q| ą 0. Since none of the coordinates in Z2

Nztp1, 0qp0, 1qp1, 1qu are affected

1 Note that the same result can trivially be obtained if pl, hq R Apqq setting τ
ιpmq
´ “ 0
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by this operation, pΦι1

τ ι1
pqqq satisfies (6.37) and Lemma 6.15 can be applied to this

state.

To conclude the proof we identify a sequence of triples ιpmq “ pjpmq, kpmq, `pmqq P

I of the form (B.1) such that for A0 “ Apqp1qq Ď Z2
N ˆ t`,´u

pppA0 a kp1qq a kp2qq a . . . q a kpM2q

“ tp1, 0, χq, p0, 1, χq, p1, 1χq, pN,Nχq, p´N,Nχq , χ P t`,´uu .
(B.2)

A possible such sequence is given by triples of the form
!

p1, 0,`qpl, h, χqpl ` 1, h, χq : pl, hq P tp0, 2q, . . . , p0, Nqu , χ P t`,´u
)

to remove the vertical column of Z2
N (which cannot interact with p0, 1q), followed by

!´

p0, 1,`qpl, h, χqpl, h` 1, χq : pl, hq P
 

pl, 0q, . . . , pl, Nq :

|l| P p1, . . . , N ´ 1q
(

ztp1, 1qu
¯

, χ P t`,´u
)

,

(B.3)

where importantly the set of transitions for each l is ordered. The above transformation

zeroes all coefficients except those in the set tp1, 1q, p0, 1q, p1, 0qu Y tpl, Nq : l P

p´N, . . . , Nqu. We further remove the coefficients from tpl, Nq : l P p´N`1, . . . , N´

1qu by sequentially applying Lemma 6.15 to the ordered sequence of interacting triples
´

p1, 0,`qpl, h, χqpl ` 1, h, χq : pl, hq P tp0, Nq, . . . , pN ´ 1, Nq , χ P t`,´uu
¯

,

(B.4)

and then
´

p1, 0,`qpl, h, χqpl ´ 1, h, χq : pl, hq P tp´1, Nq, . . . , p´N ` 1, Nqu , χ P t`,´u
¯

.

(B.5)

It is easy to check that each transition in the above construction sequentially satisfies

the assumptions of Lemma 6.15 (a), and that once a mode has been removed from A

it will not interact again in this procedure. The fact that (6.32) holds follows from
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(6.30) and that in an interacting triple ι “ jk` with |j| ă |k| ă |l| both modes j and

` are in A at the end of the interaction by τ ι´.

Lemma B.3. Let qp2q be a nondegenerate point in Q0 satisfying (6.31) and (6.32).

Then there exists M3 and a sequence of interacting triples and transition times

tιpmq, τpmquM3
m“1 such that Φ

ιpM3q

τpM3q
˝ ¨ ¨ ¨ ˝ Φ

ιp1q
τp1qpq

p2qq “ qp3q is a nondegenerate point in

Q0 satisfying (6.33) and (6.34).

Since it may not be possible to “transfer” the content of e.g., mode p´N,Nq to

p´N ` 1, Nq through one single interaction with mode p1, 0q – and therefore it won’t

be possible to transfer the amplitude of mode p´N,Nq to pN,Nq in one single “pass”

– we proceed to prove that, through a sequence of interactions, we can transfer a finite

and qp´N,Nq-independent amount of energy from mode p´N,Nq to pN,Nq. Therefore,

the transfer of amplitude from mode p´N,Nq to pN,Nq may be accomplished by

repeating this sequence of interactions sufficiently many times.

The following corollary of Lemma 6.16 will be instrumental for the proof of

Lemma B.3:

Corollary B.4. Let qp1,1q, bp1,1q ‰ 0 then for any q, q1 with qj “ q1j for all |j| ą 1

there exist a sequence tιpmq, τpmqu4m“1 such that Φ
ιp4q
τp4q ˝ ¨ ¨ ¨ ˝ Φ

ιp1q
τp1qpqq “ q1.

Proof of Lemma B.3. The desired result follows upon showing that for any i P

t´N, . . . , Nu, setting ` “ p´i, N, χq, `1 “ pi, N, χ1q for χ, χ1 P t´,`u there exists M`,`1

and a sequence of triples and interaction times tιpmq, τpmqu
M`,`1

m“1 such that for any

q satisfying
Ť

|i1|ăitpi
1, N,`q, pi1, N,´qu XApqq “ H and q1 “ Φ

ιpM`,`1 q

τpM`,`1 q
˝ ¨ ¨ ¨ ˝ Φ

ιp1q
τp1qpqq

we have

q1j “

#

qj for j P Z2
Nzt`, `

1u ,

0 for j “ ` if ` ‰ `1 ,
(B.6)
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and for k P t`, `1u, signpqkq “ signpq1kq holds if q1k ‰ 0 (recalling our choice of notation

signp0q “ `1). Indeed, if signpbpN,Nqq ě 0 we sequentially apply the above result to

the pairs

p`, `1q “ ppN,N,`q, p´N,N,`qq, pp´N,N,`q, pN,N,´qq, pp´N,N,´q, pN,N,´qq .
(B.7)

Otherwise, when signpbpN,Nqq “ ´1 we first apply the above result to ` “ pN,N,´q,

`1 “ p´N,N,´q and then proceed as in the previous case.

We prove the result above by induction on i P t0, . . . , Nu. The proof for i ď 0 is

analogous.

Base case (i “ 0 : p0, N, χq Ñ p0, N, χ1q): If ` “ `1 there is nothing to show. We

proceed to consider the case ` “ p0, N,`q, `1 “ p0, N,´q, as the converse follows

by analogous arguments. In this case, for a sufficiently small ε ą 0 we consider

the interactions ι “ p1, 0,`qp0, N,`qp1, N,`q and ι1 “ p1, 0,´qp0, N,´qp1, N,`q,

running the corresponding flow maps by a small amount of time τpεq, τ 1pεq such that

pΦι1

τ 1pεq ˝Φι
τpεqpqqp0,N,´qq

2 “ b2
p0,Nq ` ε. We then apply Corollary B.4 to the coordinates

p1, 0,`q, p1, 0,´q to return them in the initial configuration. Note that the existence

of a uniform ε ą 0 such that the transitions above can be performed in a single

pair of interactions (and therefore the finiteness of the total number of interactions

required to perform the desired transformation) follows from the fact that bp0,Nq is

nondecreasing and the continuity of the dynamics together with Lemma 6.15.

Induction step (i ą 0 : p´i, N, χq Ñ pi, N, χ1q): We consider two possibilities

for q: a) there exists q2 with |a2
p1,0q| P r|ap1,0q|{2, |ap1,0q|s, q

2
p´i,N,χq “ 0 and for ι2 “

p1, 0,`qp´i` 1, N, χqp´i, N, χq

Eι2pqq “ Eι2pq
2
q , Eι2pqq“ Eι2pq2q ,

or b) such q2 does not exist.

In case a) the state q2 can be reached by letting ι “ p1, 0,`qp´i`1, N, χqp´i, N, χq

interact for a finite amount of time τ from Lemma 6.15 (c). Then, by the induction
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assumption there is a sequence of triples and interaction times allowing to reach

a state q3 with q3
p´i`1,N,χq “ 0, q3

pi´1,N,χ1q “ q2
p´i`1,N,χq and q3j “ q2j for all other

j P Z2
N . The desired state can then be reached by application of Lemma 6.15

(a) to the triple ι “ p1, 0,`qpi ´ 1, N, χ1qpi, N, χ1q . We proceed to check that the

final state satisfies (B.6). Because modes j R tp´i, Nq, . . . , pi, Nq, p1, 0qu did not

interact in the procedure above for such j we must have that qj “ q1j . The fact that

for j P tp´i, Nq, . . . , pi ´ 1, Nqu q1j “ 0 follows by construction and the induction

assumption. It remains to check that |a1
p1,0q| “ |ap1,0q|. Since the only modes affected

by the above transformation are p´i, N, χq, pi, Nχ1q, p1, 0,`q, this follows directly by

conservation of energy and enstrophy:

pqp´i,N,χqq
2
` pqpi,N,χ1qq

2
` pqp1,0,`qq

2
“ pq1pi,N,χ1qq

2
` pq1p1,0,`qq

2 ,

pqp´i,N,χqq
2

N2 ` i2
`
pqpi,N,χ1qq

2

N2 ` i2
` pqp1,0,`qq

2
“
pq1
p´i,N,χqq

2

N2 ` i2
` pq1p1,0,`qq

2 .

In case b) we proceed to show that case a) can be reached with a finite num-

ber of interactions. More specifically if condition a) is not satisfied we let the

triple ι2 “ p´i, N, χqp´i ` 1, N, χqp1, 0,`q for χ P t`,´u interact as described by

Lemma 6.15 for a time τ 2 to reach a nondegenerate point q2 in Q0 with q2j “ qj

for j R tp´i, N, χq, p´i ` 1, N, χq, p1, 0,`qu, a2
p1,0q “ ap1,0q{2 and q2

p´i,N,χq, q
2
p´i`1,N,χq

satisfying the conservation laws

pqp´i,N,χqq
2
` pqp1,0,`qq

2
“ pq2p´i,N,χqq

2
` pq2p´i`1,N,χqq

2
` pqp1,0,`q{2q

2 ,

pqp´i,N,χqq
2

N2 ` i2
` pqp1,0,`qq

2
“
pq2
p´i,N,χqq

2

N2 ` i2
`
pq2
p´i`1,N,χqq

2

N2 ` pi´ 1q2
` pqp1,0,`q{2q

2 ,

so that pq2
p´i,N,χqq

2 “ pqp´i,N,χqq
2´CN,ipqp1,0qq

2 for CN,i “
3
4

N2`i2

i2´pi´1q2
pN2`pi´ 1q2´ 1q.

We see that a positive, qp1,0,`q-dependent amplitude is removed from pqp´i,N,χqq
2.

Again applying the induction step and Lemma 6.15 (a) to transfer, respectively, the

amplitude from p´i` 1, N, χq to pi´ 1, N, χ1q and from pi´ 1, N, χ1q to pi, N, χ1q we
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reach the state q1 with qj “ q1j for modes j R tp´i, Nq, . . . , pi, Nq, p1, 0qu (since these

modes either vanish in both cases or they did not interact). Further, by conservation

of energy and enstrophy, we have that

pqp´i,N,χqq
2
` pqpi,N,χ1qq

2
` pqp1,0,`qq

2
“ pq2p´i,N,χqq

2
` pq2pi,N,χ1qq

2
` pq2p1,0,`qq

2 ,

pqp´i,N,χqq
2

N2 ` i2
`
pqpi,N,χ1qq

2

N2 ` i2
` pqp1,0,`qq

2
“
pq2
p´i,N,χqq

2

N2 ` i2
`
pq2
pi,N,χ1qq

2

N2 ` i2
` pq2p1,0,`qq

2 ,

so that |q2
p1,0,`q| “ |qp1,0,`q|. This shows that the amplitude CN,ipqp1,0,`qq

2 subtracted

to qp´i,N,χq is constant at each cycle, showing by boundedness of qp´i,N,χq that with a

finite number of iterations as the one described above we can reach state a), concluding

the proof.

Lemma B.5. Let qp3q be a nondegenerate point in Q0 satisfying (6.33) and (6.34).

Then there exists M4 and a sequence of interacting triples and transition times

tιpmq, τpmquM4
m“1 such that Φ

ιpM4q

τpM4q
˝ ¨ ¨ ¨ ˝ Φ

ιp1q
τp1qpq

p3qq “ q˚ is a nondegenerate point in

Q0 satisfying (6.27).

Proof. We start the proof by applying Corollary B.4 to transform the state qp3q into

q “ Φτp1qpq
p3qq satisfying q

p3q
j “ qj for all |j| ą 1 and ap0,1q “ bp0,1q “ bp1,0q “ ap1,0q ą 0.

Throughout this proof, we refer to states q such that qpi,i1,χq “ qpi1,i,χq for all i, i1 P

p0, . . . , Nq, χ P t`,´u as symmetric.

We then proceed to transfer the amplitude from ap1,1q to bp2,1q, bp1,2q by transforming

q into another symmetric state q1 with p2, 1,´q, p1, 2,´q P Apq1q and p1, 1,`q R Apq1q.

This can be done by letting triples ιp2q “ p1, 0,´qp1, 1,`qp2, 1,´q P I and ιp3q “

p0, 1,´qp1, 1,`qp1, 2,´q P I interact, and choosing the interaction times τ, τ 1pτq such

that Φ
ιp3q
τ 1pτq ˝ Φ

ιp2q
τ pqqp1,1,`q “ 0. Further, we note that the difference b1

p1,2q ´ b1
p2,1q is

negative for τ “ 0, positive for τ 1pτq “ 0 and is continuous in τ , so there must exist

τ˚ such that b1
p1,2q “ b1

p2,1q. To show that q1 is symmetric it only remains to show that
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b1
p1,0q “ b1

p0,1q. This follows from the conservation laws:

Bp1,0qp1,1q

´

pb1p1,0qq
2 ´ pbp1,0qq

2
¯

“ Bp2,1qp1,1qpb
1
p2,1qq

2

“ Bp1,2qp1,1qpb
1
p1,2qq

2 “ Bp0,1qp1,1q

´

pb1p0,1qq
2 ´ pbp0,1qq

2
¯

(B.8)

where

Bjk :“
1

|j|2
´

1

|k|2
. (B.9)

Next, let ιp4q “ p1, 0,´qp0, 1,`qp1, 1,´q and ιp5q “ p0, 1,´qp1, 0,`qp1, 1,´q interact.

By Lemma 6.16 there exists an interaction time such that the initial state q1 is mapped

to q2 with b2
p1,0q “ b2

p0,1q “ 0 and a2
p1,0q “ a2

p0,1q ą 0, so that p1, 0,´q, p0, 1,´q R Apq2q.

We then proceed to transfer the amplitude from modes p1, 2,´q and p2, 1,´q

to p2, 2,´q. This is done letting triples ιp6q “ p1, 0,`qp1, 2,´qp2, 2,´q and ιp7q “

p0, 1,`qp2, 1,´qp2, 2,´q interact until the modes p2, 1,´q, p1, 2,´q are depleted, as

proved in Lemma 6.15. The symmetry of the final state q3 is again a consequence of

the conservation laws:

Bp1,0qp2,2q

´

pa3p1,0qq
2 ´ pa2p1,0qq

2
¯

“ Bp2,1qp2,2qpb
2
p2,1qq

2 “ Bp1,2qp2,2qpb
2
p1,2qq

2 (B.10)

“ Bp0,1qp2,2q

´

pa3p0,1qq
2 ´ pa2p0,1qq

2
¯

. (B.11)

Summarizing, we have reached a symmetric state q3 “ Φ
ιp7q
τp7q ˝ ¨ ¨ ¨ ˝ Φ

ιp2q
τp2qpqq with

Apq3q “ tp1, 0,`q, p0, 1,`q, p2, 2,´q, p1, 1,´q, pN,N,´qu . (B.12)

The desired result then follows immediately if we can show that we can transfer

the amplitude of mode pi´ 1, i´ 1,´q to pi, i,´q for i P p2, . . . , Nq while preserving

the fact that a1
p1,0q “ a1

p0,1q. We show this by considering, sequentially, the interaction
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triples

ιp4iq “ p1, 0,`qpi´ 1, i´ 1,´qpi, i´ 1,´q ,

ιp4i` 1q “ p0, 1,`qpi´ 1, i´ 1,´qpi´ 1, i,´q ,

ιp4i` 2q “ p0, 1,`qpi, i´ 1,´qpi, i,´q ,

ιp4i` 3q “ p1, 0,`qpi´ 1, i,´qpi, i,´q .

More specifically, we consider the family of endpoints

q2ptq “ Φ
ιp4i`3q

τ
ιp4i`3q
´

˝ Φ
ιp4i`2q

τ
ιp4i`2q
´

˝ Φ
ιp4i`1q

τ
ιp4i`1q
´

˝ Φ
ιp4iq
t pq1q , (B.13)

where τ ι´ is defined in Lemma 6.15 (a). By construction, this sequence implies that

a2
pi´1,i´1q “ a2

pi´1,iq “ a2
pi,i´1q “ 0 and a2

pi,iq ‰ 0. It remains to prove a2
p1,0q “ a2

p0,1q. As

a composition of continuous functions, q2ptq is continuous in t so ∆qptq “ a2
p1,0qptq ´

a2
p0,1qptq is as well. Further, since by symmetry a2

p1,0qp0q “ a2
p0,1qpτ

ιp4iq
´ q, we must have

signp∆qp0qq “ ´signp∆qpτ ι1´ qq. This implies the existence of τp4iq P r0, τ ι1´ s with

∆qp0q “ 0, concluding the proof.
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Appendix C

Euler spanning

What follows are the Mathematica commands needed to reproduce some of the more

tedious calcluations from Section 6.2.4. We have reformated some of the outputs in

LATEXto improve readability. The source Mathematica file can be found at [1].

In[1]:= V1={Ckl ak al,0,Cjl aj al,0,Cjk aj ak,0};

V2={Ckl bk bl,0,0,Cjl aj bl,0,Cjk aj bk};

V3={0,Ckl ak bl,Cjl bj bl,0,0,Cjk bj ak};

V4={0,Ckl bk al,0,Cjl bj al,Cjk bj bk,0};

W1=BBB{{aj,bj,ak,bk,al,bl}}V1.{ηηηaj,ηηηbj,ηηηak,ηηηbk,ηηηal,ηηηbl}

W2=BBB{{aj,bj,ak,bk,al,bl}}V2.{ηηηaj,ηηηbj,ηηηak,ηηηbk,ηηηal,ηηηbl}

W3=BBB{{aj,bj,ak,bk,al,bl}}V3.{ηηηaj,ηηηbj,ηηηak,ηηηbk,ηηηal,ηηηbl}

W4=BBB{{aj,bj,ak,bk,al,bl}}V4.{ηηηaj,ηηηbj,ηηηak,ηηηbk,ηηηal,ηηηbl};

V12=BBB{{aj,bj,ak,bk,al,bl}}V1.V2-BBB{{aj,bj,ak,bk,al,bl}}V2.V1;

V13=BBB{{aj,bj,ak,bk,al,bl}}V1.V3-BBB{{aj,bj,ak,bk,al,bl}}V3.V1;
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V14=BBB{{aj,bj,ak,bk,al,bl}}V1.V4-BBB{{aj,bj,ak,bk,al,bl}}V4.V1;

V23=BBB{{aj,bj,ak,bk,al,bl}}V2.V3-BBB{{aj,bj,ak,bk,al,bl}}V3.V2;

V24=BBB{{aj,bj,ak,bk,al,bl}}V2.V4-BBB{{aj,bj,ak,bk,al,bl}}V4.V2;

V34=BBB{{aj,bj,ak,bk,al,bl}}V3.V4-BBB{{aj,bj,ak,bk,al,bl}}V4.V3;

W12=BBB{{aj,bj,ak,bk,al,bl}}V12.{ηηηaj,ηηηbj,ηηηak,ηηηbk,ηηηal,ηηηbl};

W13=BBB{{aj,bj,ak,bk,al,bl}}V13.{ηηηaj,ηηηbj,ηηηak,ηηηbk,ηηηal,ηηηbl};

W14=BBB{{aj,bj,ak,bk,al,bl}}V14.{ηηηaj,ηηηbj,ηηηak,ηηηbk,ηηηal,ηηηbl};

W23=BBB{{aj,bj,ak,bk,al,bl}}V23.{ηηηaj,ηηηbj,ηηηak,ηηηbk,ηηηal,ηηηbl};

W24=BBB{{aj,bj,ak,bk,al,bl}}V24.{ηηηaj,ηηηbj,ηηηak,ηηηbk,ηηηal,ηηηbl};

W34=BBB{{aj,bj,ak,bk,al,bl}}V34.{ηηηaj,ηηηbj,ηηηak,ηηηbk,ηηηal,ηηηbl};

The computation for the determinant of M 1
F piq for i P t1, . . . , n´ 3uztN ` 1u is

In[2]:= A0 = Join[Transpose[{V1,V2,V13,V34}][[5;;]],Transpose[{W1,W2,W13,W34}][[5;;]]]

/.{aj->ααα1 ,ak->βββ,al->ααα2,bj->2*ααα1,bk->βββ,bl->ααα2,

ηηηj
a->1,ηηηk

a->1,ηηηl
a->1,ηηηj

b-> -1/2, ηηηk
b->-1,ηηηl b->-1};;

A0//MatrixForm

Simplify[Det[A0]]

The matrix output is

M 1
F piq “

¨

˚

˝

βγ1Cjk 0 γ2
1γ2jCjkCj` ´jβ2γ2CjkCk`

0 βγ1Cjk ´γ2
1γ2CjkCj` β2γ2CjkCk`

βCjk ` γ1Cjk 0 CjkCj`

ˆ

´
γ21
j
` γ2γ1j ´ γ2γ1j

˙

β2CjkCk`

j

0 βCjk ´ γ1Cjk CjkCj`
`

´γ2
1 ´ γ2γ1k ` γ2γ1

˘

β2CjkCk`

˛

‹

‚

,

and the corresponding determinant

detM 1
F piq “

3

2j
C4
jkCjlCklβ

3γ3
1γ2

`

β ` βj2
` 2γ2j

2
˘

.

The computation for the determinant of the matrix M 1
F pN`1q is given by
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In[3]:= A1 = Join[Transpose[{V1,V2,V13,V34}][[5;;]],Transpose[{W1,W2,W13,W34}][[5;;]]]

/.{aj->ααα1 ,ak->βββ,al->βββ,bj->2*ααα1,bk->2*βββ,bl->βββ,

ηηηj
a->1,ηηηk

a->1,ηηηl
a->1,ηηηj

b->-1/2, ηηηk
b->-1/2,ηηηl

b->-1};;

A1//MatrixForm

Simplify[Det[A1]]

The matrix output is

M 1
F pN`1q “

¨

˚

˝

α1βCjk 0 2α2
1βCjkCj` ´2β3CjkCk`

0 2α1βCjk ´2α2
1βCjkCj` 2β3CjkCk`

α1Cjk ` βCjk 0 3
2α1βCjkCj` ´ 2α2

1CjkCj`
1
2β

2CjkCk`
0 2βCjk ´

α1Cjk

2 ´ 3
2α1βCjkCj` ´ 2α2

1CjkCj`
7
2β

2CjkCk`

˛

‹

‚

,

and the corresponding determinant

detM 1
F pN`1q “

39

2
α3

1β
4
pβ ´ α1qC

4
jkCj`Ck` .

The computation for the determinant of the matrix M 1
0 is given by

In[8]:= A2 = Join[Transpose[{V1,V2,V3,V4,V12,V13,V14,V23}][[2;;5]],

Transpose[{W1,W2,W3,W4,W12,W13,W14,W23}][[2;;5]]]

/.{ajÑÑÑ ααα1,akÑÑÑβββ,alÑÑÑβββ,bjÑÑÑ2*ααα1,bkÑÑÑβββ,blÑÑÑβββ,

ηηηj
a
ÑÑÑ1, ηηηk

a
ÑÑÑ1,ηηηl

a
ÑÑÑ1,ηηη j

b
ÑÑÑ-1/2,ηηηk

b
ÑÑÑ-1,ηηηl

b
ÑÑÑ-1};

A2//MatrixForm

Simplify[Det[A2]]

The first five columns of the matrix output are

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 0 β2Ck` β2Ck` 0
α1βCj` 0 2α1βCj` 0 β3Cj`Ck`

0 α1βCj` 0 2α1βCj` ´β3Cj`Ck`
α1βCjk 0 0 2α1βCjk β3CjkCk`

0 0 0 0 0

α1Cj` ` βCj` 0 ´2α1Cj` ´
βCj`

2 0 ´β2Cj`Ck`

0 βCj` ´ α1Cj` 0 2α1Cj` ´
βCj`

2 ´β2Cj`Ck`

α1Cjk ` βCjk 0 0 ´2α1Cjk ´
βCjk

2 ´β2CjkCk`

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

,
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while the last three columns read

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

α1

`

´β2
˘

Cj`Ck` α1

`

´β2
˘

CjkCk` α1

`

´β2
˘

CjkCk`
0 2α2

1βCjkCj` ´2α2
1βCjkCj`

0 ´2α2
1βCjkCj` 2α2

1βCjkCj`
2α2

1βCjkCj` 0 0
´β2Cj`Ck` ´β2CjkCk` ´β2CjkCk`

0 3
2α1βCjkCj` ´ 2α2

1CjkCj` 2α2
1CjkCj` ´

3
2α1βCjkCj`

0 ´3
2α1βCjkCj` ´ 2α2

1CjkCj`
3
2α1βCjkCj` ` 2α2

1CjkCj`
3
2α1βCjkCj` ´ 2α2

1CjkCj` 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

,

and the corresponding determinant is

detM 1
0 “ ´96α5

1β
11C4

jkC
5
j`C

3
k` .
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multiplicatifs. Ann. Inst. H. Poincaré Probab. Statist., 24(4):439–489, 1988.

[18] A. M. Childs, A. Ostrander, and Y. Su. Faster quantum simulation by random-
ization. Quantum, 3:182, Sep 2019.

[19] A. M. Childs, Y. Su, M. C. Tran, N. Wiebe, and S. Zhu. Theory of trotter error
with commutator scaling. Physical Review X, 11(1):011020, Feb 2021.

[20] D. Chouliara, Y. Gong, S. He, A. Kiselev, J. Lim, O. Melikechi, and K. Powers.
Hitting time of brownian motion subject to shear flow. Involve, a Journal of
Mathematics, 15(1).

[21] I. P. Cornfeld, S. V. Fomin, and Y. G. Sinăı. Ergodic theory, volume 245 of
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