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Abstract

Biological processes such as cell division and synaptic plasticity are regulated by
concentration gradients of signaling molecules. A number of biochemical mecha-
nisms can result in intracellular signaling gradients. For example, restriction of
diffusional flux of a chemical from one compartment to another will result in a tran-
sient gradient. A sustained gradient can be generated by opposite reactions such as
phosphorylation and dephosphorylation of a signaling substrate taking place at dif-
ferent locations in the cell. More sophisticated mechanisms for non-uniform spatial
signaling profiles include Turing type patterning and wave-pinning. It is becom-
ing apparent that cell shape can regulate concentration gradients and modulate the
downstream processes. In Chapter 1 we review how cell geometry can regulate intra-
cellular signaling gradients in the context of the aforementioned gradient-generating
mechanisms. The works reviewed make heavy use of mathematical modeling in or-
der to investigate how reaction and diffusion taking place in complex cell geometries
can modulate concentration gradients. That is a motivation for Chapter 2 where
we implement a computational method to simulate reaction and diffusion on curved
surfaces representing the cell membrane coupled with reaction and diffusion in the
enclosed volume (representing the cell cytosol). To solve the reaction-diffusion equa-
tions on the surface we use the closest point method, a finite-difference technique
that embeds the equations in the surrounding space. Such method is coupled with

an embedded boundary technique to solve the equations in the enclosed volume with
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boundary conditions accounting for material exchange between surface and volume.
The method is second-order convergent in the grid spacing despite a simple accuracy
analysis predicts first-order errors. In Chapter 3 we use mathematical modeling in
order to propose mechanisms accounting for the spatiotemporal dynamics of Rho-
GTPase signaling at dendritic spines during synaptic plasticity. Dendritic spines
are the postsynaptic terminals of most excitatory synapses in the mammalian brain.
Learning and memory are associated with long-lasting structural remodeling of den-
dritic spines (structural plasticity) through an actin-mediated process regulated by
the Rho-family GTPases RhoA, Rac, and Cdc42. These GTPases undergo sustained
activation following synaptic stimulation, but whereas Rho activity can spread from
the stimulated spine, Cdc42 activity remains localized to the stimulated spine. Since
Cdc4?2 itself diffuses rapidly in and out of the spine, the basis for the retention of
Cdc42 activity in the stimulated spine long after synaptic stimulation has ceased
remains unclear. We model the spread of Cdc42 activation at dendritic spines by
means of reaction-diffusion equations solved on spine-like geometries. Excitable be-
havior arising from positive feedback in Cdc42 activation leads to spreading waves of
Cdc42 activity. However, because of the very narrow neck of the dendritic spine, wave
propagation is halted through a phenomenon we term geometrical wave-pinning. We
show that this can account for the localization of Cdc42 activity in the stimulated
spine and interestingly, retention is enhanced by high diffusivity of Cdc42. These
findings are broadly applicable to other instances of signaling in extreme geometries,

including filopodia and primary cilia.
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Introduction: How can cell geometry regulate the
spatial organization of intracellular signaling?

Cells respond to changes in their external and internal environment by detecting
stimulus and processing information through signaling pathways. Such pathways
comprise biochemical reactions whose behavior will determine cell response. In
many cases the signaling molecules involved are well mixed during the physiological
timescales and the temporal evolution of the concentration of signaling molecules
will determine cell fate following stimulus detection. Nevertheless, important bio-
logical processes such as cell division, cell migration, and synaptic plasticity are also
regulated by the spatial organization of signaling molecules (Fuller, 2010; Murakoshi
and Yasuda, 2012). A number of biochemical mechanisms can result in non-uniform
spatial signaling organization or concentration gradients. For example, restriction
of diffusional flux of a molecule from one compartment to another will result in a
transient concentration gradient between the compartments. A sustained signaling
gradient can be generated by opposite reactions such as phosphorylation and de-

phosphorylation of a signaling substrate taking place at different locations in the cell



(Brown and Kholodenko, 1999). More sophisticated mechanisms for non-uniform
spatial signaling profiles include Turing type patterning (Howard et al., 2001; Gory-
achev and Pokhilko, 2008) and wave-pinning (Mori et al., 2008).

As we describe in the following sections, it is becoming apparent that cell shape
can regulate concentration gradients of signaling molecules and modulate the associ-
ated downstream responses. Cells display a wide variety of shapes (Fig. 1.1) which
correlate with the diversity of functions that they perform, moreover, cell morphology
can be an indicator of cell homeostasis and pathology (Fiala et al., 2002). However,
in many cases it is not understood how cell morphology regulates cell physiology
and in particular cell signaling. In this chapter we recapitulate a number of studies
that provide insights into how cell geometry can affect the spatial organization of
signaling. We aim to conceptualize how the effect of cell geometry depends on the

mechanism originating the spatial signaling profiles.

1.1  Cell geometry can induce signaling gradients by restricting diffu-
sion

Most of the connections between the principal neurons in the brain are made at
dendritic spines, sub-micrometer bulb-shaped structures emanating from the den-
drite. Synaptic activity can induce biochemical and structural reorganization of the
spine resulting in enhanced synapse strength associated with learning and memory.
Remarkably, upon synaptic activity, just the stimulated synapse undergoes strength-
ening; adjacent synapses at neighbor spines remain unmodified. The shape of the
spine seems to be important for achieving such specificity by restricting the diffu-
sional leak of postsynaptic signals to neighbor spines (Tonnesen et al., 2014). For
example, upon synaptic activity, Ca2+ enters to the spine cytosolic environment and
induces spine structural remodeling. Long and narrow spine necks can restrict the

diffusion of Ca2+ to adjacent spines (Fig. 1.2), contributing to the confinement of
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FIGURE 1.1: Cells show a great diversity of shapes in nature. A) Pyramidal neuron,
B) fibroblast, B) blood cells (from left to right: eritrocyte, thrombocyte, leukocyte).
Images adapted from: A) “Pyramidal hippocampal neuron 40x” by Methoxy-
Roxy - Own work. Licensed under CC BY-SA 2.5 via Wikimedia Commons -
https://commons.wikimedia.org/wiki/File:Pyramidal_hippocampal neuron_40x.jpg.
B) “Fibroblast” by SubtleGuest - slika uzeta sa engl vikipedije
[1]. Licensed under CC BY 25 via Wikimedia Commons -
https://commons.wikimedia.org/wiki/File:Fibroblast.jpg. C) “Red White Blood
cells” by Electron Microscopy Facility at The National Cancer Institute at Frederick
(NCI-Frederick) - [1]. Licensed under Public Domain via Wikimedia Commons
https://commons.wikimedia.org/wiki/File:Red _White_Blood cells.jpg.
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FIGURE 1.2: Ca2" ions enter to the spine upon synaptic activity. Long and narrow
spine necks restrict the diffusion of Ca?" ions to adjecent spines.

this remodeling signal to the stimulated spine (Hayashi and Majewska, 2005; Noguchi
et al., 2005). Synaptic strengthening is also associated with an increase in the spine
levels of AMPA receptors, ion channels that mediate synaptic currents. The shape of
the spine has also been proposed to play a role in the retention of AMPA receptors
by restricting their membrane diffusion from the spine to the dendrite (Kusters et al.,
2013).

Other biological systems present geometrical features similar to those of dendritic
spines (a compartment attached to a larger structure through a long narrow neck)
such as the primary cilium, and filopodia. The impact of geometry on the regulation
of signaling in these systems is not well understood to the best of our knowledge,
however, we expect that, as in the case of the dendritic spine, geometry can regulate
signaling spread by modulating the diffusional flux.

Nevertheless, compartmentalization of postsynaptic signaling at dendritic spines



is not completely understood. For example, upon the entrance of calcium to the
spine, some downstream signals remain localized to the spine while others diffuse
out to the dendrite and adjacent spines (Murakoshi et al., 2011). Therefore, other
means for regulation of signaling spread must be present besides simple regulation of
the diffusional flux. One possibility is a mechanism for down-regulation of signaling
away form the source of signaling activity. In the next section we refer to some
cases where this mechanism has been shown to modulate signaling spatial profiles
in other systems. We also describe how cell geometry can play a regulatory role in

such scenarios.

1.2 Effect of cell geometry on gradients originated by opposite reac-
tions at different locations in the cell

A number of biological processes are controlled by concentration gradients of signal-
ing molecules. During mitosis, gradients of phospho-stathmin and Ran-GTP regu-
late spindle formation, and gradients of Aurora B kinase control cytokinesis (Fuller,
2010). In budding yeast, mating pheromone response results in a cytosolic gradi-
ent of active Fus3, a MAP kinase involved in cell polarity regulation, secretion and
actin cable-based transport. The spatial profile of Fus3 may control morphological
responses associated with mating (Maeder et al., 2007). Although the regulation of
such gradients can be complicated, Brown and Kholodenko (1999) proposed a sim-
ple conceptual model where spatial signaling profiles can be generated by opposing
reactions that occur in different locations in the cell. For example, if a substrate is
phosphorylated at the membrane and dephosphorylated at the cytosol, a gradient
of cytosolic phosphorylation will be observed with maximum concentration at the
membrane and minimum at the interior of the cell (Fig. 1.3 A). The length scale of
such gradient will depend on the dephosphorylation rate and the diffusion coefficient.

It is becoming apparent that cell geometry can regulate signaling gradients and
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FiGURE 1.3: Intracellular gadients can be generated by opposite reactions taking
place at different locations in the cell. A) Phosphorylayion of a substrate by kinases
located at the membrane and dephosphorylation by phosphatases in the cytosol re-
sult in a gradient with maximum phosphorylation levels close to the membrane and
minimun phosphorylations levels at the interior of the cell. The level of phospho-
rylation is depicted by the intensity of blue inside the cell. The length scale of the
gradient is determined by the rate of dephosphorylation and the diffusion coeffcient
(Brown and Kholodenko, 1999). B) For given reaction rates and diffusion coefficient,
the size of the cell determines the overall level of phosphorylation inside. C) In
fission yeast dephosphorylation of Pom1 at the cell tips induces its binding to the
membrane. Poml then diffuses and self-phosphorylates reducing its affinity to the
membrane. As Poml detaches from the membrane a longitudinal cortical gradient
is formed. Short cells show considerable levels of Pom1 at the cell equator, however
as the cell grows the concentration of Poml in this part of the cell decreases.



modulate the associated physiological responses. Meyers et al., (2006) pointed out
that for cytosolic gradients as described above, the surface to volume ratio of the
cell or a cell compartment, will determine the internal signaling environment. For
instance, a round cell with a small radius compared with the length scale of a gradi-
ent will result in high activity at the cytosol. The activity at the interior of the cell
however will be reduced for a bigger cell (Fig. 1.3 B). This form of geometric regula-
tion appears to operate in neurons in the S-adrenergic receptor to MAPK signaling
pathway (Neves et al., 2008). In such system, cAMP is generated at the membrane
by adenylyl cyclase and degraded at the cytosol by PDE4 resulting in cytosolic gra-
dients. High levels of cAMP are detected in the dendrites, where the surface to
volume ratio is higher, and low levels of cAMP are observed in the cell soma where
the surface to volume ratio is lower. Such observations support the hypothesis that
cell geometry can actively participate in signal processing.

Cell geometry can also regulate signaling under the same principles described
above but in a situation where one of the opposing reactions takes place in a par-
ticular location of the cell specified by an additional mechanism. In fission yeast,
for example, landmark proteins recruit phosphatases that dephosphorylate cytoso-
lic Pom1 at the cell tips, promoting its relocation to the membrane. Subsequently,
Pom1 diffuses away from the tips on the membrane and auto-phosphorylates, thus,
reducing its affinity to the membrane and detaching to the cytosol. This process
results in a gradient of cortical Pom1 with maximum concentration at the tips of
the cell and minimum concentration at the center (Hachet et al., 2011). The levels
of Poml at the middle of the cell will depend on the length of the cell. Short cells
will have higher concentration of Pom1 at the equator, and as the cell grows, this
concentration will decrease (Fig. 1.3 C). Pom1 has an inhibitory effect on Cdr2, an
activator of mitotic entry that localizes at the middle of the cell. The release of such

inhibition on Cdr2 as the cell grows has been suggested as a mechanism for cell-size
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control (Moseley et al., 2009).

As mentioned before, the gradient of Pom1 is originated by the spatial positioning
of landmark proteins. However, there are several cases where a non-uniform spatial
signaling profile arises from a self-organizing mechanism starting with a uniform
spatial profile. In these cases, cell morphology can also play a significant role as we

describe in the following section.
1.3 Cell shape and size can regulate Turing chemical patterns

In the absence of spatial landmarks, cells can still establish non-uniform signaling
profiles in a process sometimes termed symmetry breaking. Turing (1952) first de-
scribed mathematically how a system of uniformly distributed biochemical species
that is subject to small perturbations can evolve to a non-uniform profile via a diffu-
sion driven instability. Gierer and Meinhardt (1972) showed that biochemical mecha-
nisms including short-range activation combined with long-range inhibition can result
in symmetry breaking through a Turing instability in a biological context. The final
non-uniform distributions that can evolve from such mechanisms are very diverse,
including profiles that oscillate with time, traveling waves, and stationary patterns,
and they are believed to underlie many biological phenomena (Kondo and Miura,
2010). In the context of cell biology, for example, Turing-based symmetry-breaking
has been proposed as a mechanism to explain spontaneous polarization of cortical
Cdc42 in the absence of positional landmarks (Goryachev and Pokhilko, 2008). In
this case, short-range activation occurs as active Cdc42 localizes to the membrane
where it diffuses slowly and recruits a complex containing a Cdc42 activator, yield-
ing positive feedback. Long-range inhibition has been proposed to occur due to the
depletion of rapidly diffusing cytosolic substrates such as the activator-containing
complex or inactive Cdc42.

The shape of the profile that will emerge in a Turing unstable system can be
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concentration

FIGURE 1.4: Medium size can influence Turing type patterns. In this scheme, as the
medium size increases there is a transition including A) no pattern formation, B) a
fundamental profile evolves, C) a combination of fundamental profiles evolve and D)
a second fundamental profile evolves. Adapted from (Murray, 2003).

importantly affected by the medium geometry. The evolution of a uniform distri-
bution into a non-uniform profile is known to occur as a superposition of growing
fundamental profiles (Murray, 2003). The shape of such fundamental profiles is de-
pendent on the geometry of the medium. Furthermore, the size of the medium can
determine whether the final profile will be a particular fundamental profile (Fig. 1.4
B and D), a superposition of certain fundamental profiles (Fig. 1.4 C), or a uniform
distribution because none of the fundamental profiles will grow (Fig. 1.4 A).

A Turing type mechanism is also believed to account for the non-uniform signal-
ing profile of MinD in E. coli (Loose et al., 2011). This signaling profile regulates cell
division and is dependent on cell geometry. MinD displays longitudinal oscillations
from pole to pole resulting in a time-averaged gradient with maxima at the poles of
the cell and minima at the center. Short-range activation occurs as MinD binds coop-
eratively to the membrane where it diffuses slowly. Long-range inhibition takes place
due to fast-diffusing cytosolic MinE which displaces MinD from the membrane. This
dynamic gradient has a functional similarity with the static Pom1 gradient where a

minimum of activity occurs at the cell center where division takes place. However,



in F. coli it seems that there are no landmarks to orient the gradient other than the
shape of the cell. As demonstrated by Wu et al. (2015) by growing E. coli cells in
chambers with predefined shapes, the gradients of MinD become aligned with the
symmetry axes of the cell geometry. The gradients however aligned in the direction
of axes restricted to a length range of 3 — 6um. This length range coincides with
physiological cell sizes, suggesting that the reaction-diffusion mechanism underlying
the MinD profile is employed by the cell to sense its dimension. In geometries with
dimensions outside of this range, abnormal patterns were observed such as a profiles
with an additional maximum at the center of the cell when the length of the cell
exceeded ~ 6um. Such patterns can be the result of the contribution of additional

fundamental Turing profiles at larger than physiological cell sizes.
1.4 Cell geometry can regulate traveling waves in excitable medium

Non-uniform signaling profiles have been also proposed to occur due to the stalling
of a chemical self-organized wave (Mori et al., 2008). Traveling waves have been
described in a number of biological systems, for example, action potentials in neurons
(Hodgkin and Huxley, 1952) and actin traveling waves in different cell types (Allard
and Mogilner, 2013). Such waves can exist in a medium where initially low levels of
certain chemical species (“off” state), can be transiently or permanently increased to
a high level (“on” state) following stimulation. Such switching behavior is dependent
on positive-feedback, and the transition occurs when stimulation exceeds a certain
threshold. When a region in such an excitable medium is excited to the “on” state,
a traveling wave will propagate as material diffuses from the stimulated region to
neighbor regions in the “oft” state, triggering the transition to the “on” state. When
the transition to the on state is permanent, the wave will propagate as a traveling
front, and when excitation is transient, due to a negative feedback, for example, the
wave will propagate as a traveling pulse.

10



R > R >

FI1GURE 1.5: Effect of wave front curvature on wave velocity in an excitable medium.
A circular wave front that is expanding (B) travels slower than a flat front (A). A
circular wave front traveling inwards (C) moves faster than the flat front.

Biological systems can regulate the velocity of traveling waves by tuning several
factors that influence wave dynamics. The speed of a traveling wave with a flat

1/2 where 7 is a characteristic time scale of the reaction

front is proportional to (D/T)
rates, and D is the diffusion coefficient. In principle, wave speed could be tuned
by regulating the reaction kinetics and the diffusivity. Another way of tuning wave
propagation dynamics for a living cell is by altering its morphology. It is known for
example that the traveling dynamics of action potentials can be regulated by axon
geometry (Goldstein and Rall, 1974).

Cell shape can regulate the velocity of a propagating wave by influencing the
geometry of the wave front, as this has a direct impact on wave velocity. To provide

an intuition of the effect of wave front on traveling speed, let us consider first a

situation where waves travel in a flat two-dimensional surface (Fig. 1.5). In this case
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a circular front traveling outwards (Fig. 1.5 B) will travel slower than a flat front
(Fig. 1.5 A). In the circular wave, molecules in the excited region at the periphery
of the circle will diffuse to a larger region outside the excited area. This results
in a divergent flow of molecules that is less effective in exciting the region in the
“off” state, compared with the situation where the interface is flat. On the other
hand, if the circular wave is traveling inwards instead (Fig. 1.5 C), molecules flow
from a larger region to a smaller region. Compared to the flat front, this convergent
flow is more effective increasing the concentration and exciting the “off neighbor
area, resulting in faster wave speed. The above reasoning has been quantitatively

approximated by the “eikonal equation”:

V =V, - KD, (1.1)

where V is the velocity of a flat wave, K is the curvature of the wave front and
D is the diffusion coefficient. For a circular wave traveling outwards (Fig. 1.5 B)
K =1/R and V < Vj, and if the wave is traveling inwards (Fig. 1.5 C) K = —1/R
and V > V4.

Cell morphology can alter the wave speed by inducing changes in the geometry of
the wave front. For example, in the case of a wave traveling on a curved membrane,
similar arguments apply regarding the effect of wave front on wave speed, however,
the front curvature K is replaced by the geodesic curvature K, in Eq. 3.4. K| is the
curvature of the projection of the wave front on a tangential plane to the surface
(Fig. 1.6). Cell shape can regulate the propagation speed of a traveling wave as K|,
depends on the geometry of the membrane. This principle is applied in Chapter 3,

in the context of postsynaptic signaling spread during synaptic plasticity.
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FIGURE 1.6: The geodesic curvature of a curve (dashed line) on a surface (S) at a
point p is defined as the curvature of the projection of the curve (solid line) on the
tangential plane at p.
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2

Coupling Reaction and Diffusion on a curved closed
surface with diffusion in the enclosed volume: An

Embedded Boundary Approach

2.1 Introduction

Important cellular processes such as cell division, cell migration, and synaptic plas-
ticity are controlled by the spatiotemporal dynamics of signaling proteins and small
molecules. (Etienne-Manneville and Hall, 2002; Murakoshi and Yasuda, 2012). Such
signaling molecules often show inhomogeneous spatiotemporal dynamics as a result
of coupled reactions and diffusion processes that take place at the cell membrane
and in the cytosol. Moreover, the cell membrane is generally irregular in shape, and
its geometrical properties can influence the diffusion and spatial arrangement of its
components and molecules in the cytosol. In such complex scenario, mathematical
models have been useful to understand how cell geometry can influence inhomoge-
neous signaling (Meyers et al., 2006; Neves et al., 2008; Strychalski et al., 2010; Maree
et al., 2012; Kusters et al., 2013; Rangamani et al., 2013; Wu et al., 2015).

Mathematical models of the spatiotemporal dynamics of signaling species on com-
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plex domains can be formulated using non-linear reaction-diffusion equations, a type
of partial differential equations (PDEs). Solving such equations on simple, regular
geometries is relatively easy using standard finite difference or finite volume ap-
proaches. However, solving equations modeling diffusion and reaction on complex
surfaces and exchange between surface and the enclosed volume is a challenging
problem that requires more elaborate techniques. Such equations can be solved for
example with the finite element approach (Elliott and Ranner, 2012). Implementing
such method is nevertheless challenging, in part because it uses an irregular mesh
to discretize the space. A finite volume approach has also been used to solve the
coupled reaction-diffusion problem (Novak et al., 2007). In such implementation, the
enclosed volume is discretized in a regular grid with cubic voxels, and the enclos-
ing surface is approximated from the staircase boundary of the discretized volume.
Although this finite volume approach avoids the use of an irregular mesh, it shows
reduced accuracy due to the surface approximation employed. Another approach is
known as the phase-field, or diffuse interface method (Teigen et al., 2009). In such
technique the enclosing surface is represented with a sharp interphase of a function
defined to be 1 inside the volume and 0 outside. The width of such interface deter-
mines the accuracy of the numerical solution, with smaller widths resulting in higher
accuracy. A drawback of this method is that it requires estimation of the derivatives
of the interface and this is a computationally challenging problem for sharp interfaces
required to achieve high accuracy.

Here, we present an alternative simple method for solving reaction-diffusion equa-
tions on complex closed surfaces and in the enclosed volume, including exchange of
material between these compartments. Our computational technique combines an
existing algorithm to solve partial differential equations on arbitrary surfaces known
as the closest point method (Ruuth and Merriman, 2008; Macdonald and Ruuth,
2009) with a finite difference approach to solve reaction-diffusion equations on vol-
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umes bounded by complex surfaces. The closest point method belongs to a type of
technique where the surface equation is embedded in a surrounding domain where
the solution is evolved. The combined approach inherits the simplicity of the closest
point method, as the operators in the surface equation do not need to be reformu-
lated in the solution strategy and the equations are discretized using finite difference
schemes. We present a second-order spatial accuracy implementation in space, al-
though the accuracy could be easily improved. Below, we begin by introducing the
equations to solve and we review the closest point method. We then present the

extended technique and provide numerical experiments to test its accuracy.

2.2 PDE formulation of coupled reaction-diffusion at the surface with
reaction-diffusion in the enclosed volume

We are interested in the evolution of a system where a molecular species can diffuse
and react on a complex closed surface S and in the enclosed volume v, and can
relocate between these compartments. Such system can be described by the solution
of the following partial differential equations for the concentration on the surface (a),

and in the volume (b) of the chemical species:

% DA+t R, (2.1)
ot
ob
= = Didb+ R, (2.2)
ob
D, 2| =F 2.
" on s (2:3)

where D, and D, are the diffusion coefficients for the species on the surface and in
the volume respectively, A g is the Laplace-Beltrami operator, which is the gener-
alization of the Laplacian operator on a complex surface. R, is the rate of change

in the concentration of a due to reactions and relocation to or from the volume, and
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is therefore a function that can depend on a and the value of b at the surface. R,
represents reactions occurring inside the volume affecting the levels of b. A is the
Laplacian operator in v and Eq. 2.3 is a boundary condition that specifies the flux F'

of material into the volume where is the spatial derivative of b in the outward

oals
normal direction at the surface. F' can be the result of reactions in the volume at
the boundary with the surface or exchange of material between the surface and the
volume. In a mass-conserved situation, F' = —R,,.

To solve these equations we use the closest point method to evolve a on the
surface, together with a finite difference approach to solve the equation in the enclosed

volume with appropriate boundary conditions. As follows we describe the closest

point method.
2.3 Closest point method

The goal is to solve a reaction-diffusion equation on a complex surface such as Eq.
2.1 for the case where R, does not depend on b. The general strategy is to extend the
equation to an embedding Cartesian volume where it is discretized using standard
finite difference methods and evolved in time. Such extension is done by projecting
the solution (a) at time t orthogonally into the embedding space. The projection
is done by assigning to every point in the embedding grid the value of a at the
closest point on the surface. The orthogonal extension ensures that at time ¢ the
Laplacian operator in the embedding domain evaluated at the surface has the same
value as the corresponding Laplace-Beltrami operator in the surface domain (Ruuth
and Merriman, 2008). Therefore, at time ¢, the extended a can be evolved one time
step with an equation analogous to the equation of the original problem, and at
t + At, the solution of the extended equation evaluated at the surface will agree with
the solution of the original problem defined purely on the surface. The algorithm
proceeds iteratively: starting with a at the surface for certain time ¢ (e.g. ¢t = 0), a
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is extended to the embedding Cartesian grid where it is evolved one time step, and
then a is recalculated at the surface.

Implemented as described above the method evolves the solution in time explicitly
(the right hand side of the equation at time ¢ is used to evolve the solution until ¢+ At
) (Ruuth and Merriman, 2008). However, replacing the operators in Eq. 2.1 by the
corresponding operators in the embedding domain and evaluating the terms in the
right hand side at the closest point cp(z) results in an extended equation (defined in

the embedding space) that can be solved implicitly (Macdonald and Ruuth, 2009):

da(t, x)
ot

= Ad(t,ep(x)) + Ra(ep(x)). (2.4)

In Eq. 2.4 we changed the notation to make evident the argument of the different
terms and we ignore the diffusivity constant to simplify the notation. As follows we

describe how such equation is discretized in space.
2.4 Spatial discretization

Eq. 2.4 is solved using a finite differences approach in a Cartesian grid with spacing
h restricted to a narrow domain surrounding the surface. We denote such grid as
a vector & where each component z; (i : 1...N,) is a position in the embedding
space (black dots in Fig. 2.1). The evolution of a at the grid points is given by the

following coupled ordinary differential equations:

da

— = Da(ep()) + Ra(cp(x)) (2.5)

where a is the vector of values of a at the grid points x: a(x). R, is in general
a function of a, therefore R,(cp(x)) = R,(a(cp(x))) and a(cp(x)) is estimated by

Lagrange interpolation. This interpolation is expressed as a weighted sum of values
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in a at nearby grid points. In matrix form:
a(ep(w:)) ~ Y Bja;
J

or,

a(cp(z)) ~ F'a

where £’ is a sparse matrix containing the interpolating weights.

In Eq. 2.5, Aa(cp(x)) can be approximated as A*Ea where A” is the discrete
Laplacian operator in matrix form at the grid «, and F is a matrix similar to E’,
but with additional rows to estimate a at the closest point of grid points &9 outside
of « (blue circles in Fig. 2.1). Such external points &9 are required to estimate the
Laplacian at points in « near the boundary of the embedding domain. Nevertheless,
the operator A*E = M’ is unstable. To make the method stable, M’ is replaced by
M = diagA”® + (A* — diagA®)E.

The full discretized version of Eq. 2.4 is therefore:

da
= = Ma + R,(cp(z)). (2.6)

Eq. 2.6 can be evolved in time using an implicit method when R, is a linear

function of a, otherwise, a semi-implicit method can be used.
2.5 Discretization of the equation in the volume

Eq. 2.2 is solved using an embedded boundary method (see for example, (Kreiss
et al., 2004)). The equation is discretized using finite differences in a Cartesian
grid restricted to points inside v. We denote such points as a vector y where each
component y; (i : 1...N,) is a grid point inside v (black dots in Fig. 2.2). In
this implementation y belong to the same Cartesian grid containing x, although a
different grid can be used. We impose the boundary condition in Eq. 2.3 by setting
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F1GURE 2.1: With the closest point method, a diffusion-reaction equation defined
on a surface (one dimensional solid line in the figure) is extended into a Cartesian
embedding grid & (black points). In this grid, the equation is discretized and evolved
in time. The blue circles (x9) are points outside of the embedding grid that required
to calculate the discrete second-order Laplacian at external points in x.

at every time step the value of b in a set of ghost points (y?) in the Cartesian grid
outside of v (red circles in Fig. 2.2). These are points required to calculate the
second-order discrete Laplacian at interior points that are close to the boundary.

The spatial discretization of Eq. 2.2 in matrix form is:

o - [;’g] + Ry(b). (2.7)

Eq. 2.7 is a set of coupled ODEs for b, the values of b at the grid points y. AY
is the second-order discrete Laplacian operator in matrix form and b? are the values

of b at the ghost points y9. We also omitted the diffusivity constant to simplify the
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FI1GURE 2.2: The equation in the bulk is discretized using finite differences in Carte-
sian grid inside the volume (black dots) enclosed by the surface S, which is denoted
in the figure by the solid line. The red circles are ghost points (y9): grid points out-
side the volume required to estimate the second-order discrete Laplacian at points
inside the volume close to the boundary.

notation.
The value of b at a given ghost point y! is set using a centered difference approx-

imation formula:

0b
L R e 25)
T ep(y?)

where b" is the value of b at y!™, the mirror reflection of y! (Fig. 2.3). Because

m

y;" is not a grid point in general, 0" is estimated by Lagrange interpolation using

values of b at nearby grid points inside v (e.g., the black dots in Fig. 2.3). The term

ob

an‘cp(y_g) in Eq. 2.8 is replaced by F(cp(y]))/Dy according to Eq. 2.3. Since F' in
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FIGURE 2.3: The value of b at a ghost point y¢ is set according to Eq. 2.8 where y!™
is the mirror reflection of /. Connected by red dotted lines are grid points required
to calculate the discrete Laplacian at y;. The value of b at the mirror point 3" is
estimated by Lagrange interpolation. An example of the stencil for such interpolation
are the black dots in the figure.

general depends on a and b, F(cp(y;)) = F( a(cp(yy)), b(cp(yi)) ), where a(cp(y;))
and b(cp(yy)) are estimated with Lagrange interpolation using the values of a and

b respectively. |y! — y!| is the distance between yf and y!™.

m

In matrix form, we denote the vector of mirror points as y” and we express b?

as:

F(cp(y?))

b =0b" + D,

Y —y"| (2.9)

where b™ is the vector of values of b at y™ and F(cp(y?))|y? — y™| is a component
by component multiplication between the vector of values of F' at cp(y?) and the
vector of the distances between the y¢ and their mirror reflections y™.

The full spatial discretization of Eqs. 2.1 and 2.2 accounting for the boundary

condition in Eq. 2.3 can be written as:

da
dt
db b

— =AY m m
dt b™ + F(cp(y?))|y? — y™|/Dy

= Ma + R,(cp(z)) (2.10)

+ Ry(b). (2.11)

Since R, in general depends on a and b, R,(cp(x)) = R.( a(cp(x)),b(cp(x)) ),
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and a(cp(x)) and b(cp(x)) are estimated with Lagrange interpolation using the values
of a and b respectively. If R, is a linear function of b, and R, and F' are linear
functions of a and b, Egs. 2.10 and 2.11 can be evolved in time simultaneously using
and implicit time-stepping scheme. Otherwise a semi-implicit scheme can be used to

account for non linear terms.
2.6 Local truncation error introduced by the spatial discretization

Here we look at the local errors introduced to the solution due to the discretization in
Egs. 2.10 and 2.11. We first consider Eq. 2.10 using M instead of M’ for simplicity
of this analysis, and we assume that Lagrange interpolation of degree p is used and
that the discretization is done in a grid with spacing A . The first term in Eq. 2.10

contributes an error (LT E)):

LTE, = M'a — Aa(cp())
= A*(Ea) — Aa(ep())
= A%(cp(a) + O(R"*)) — Aa(cp())
= Aa(ep(z)) + O(h?) + O(h"™!) — Aa(cp(z))

— O(h?) + O(h"™Y).

This is saying that the O(hP™!) error introduced by degree p interpolation is
reduced to O(hP~1) after applying the second-order discrete Laplacian. Therefore,
in order to maintain the second-order error introduced by the discrete Laplacian,
p— 1> 2 as noted in (Ruuth and Merriman, 2008). The reaction term in Eq. 2.10
results in an error O(h?*!) from the interpolation, therefore it does not contribute
to the analysis as O(hP™1) < O(hP71).

To look at the error introduced in Eq. 2.11, we consider first the error from
the approximation of the ghost points in Eq. 2.9. Estimating ™ by interpolation

23



introduces error O(hP*!) and the centered difference approximation to estimate the

ghost points results in error O(h?). Thus, the error introduced in Eq. 2.11 is:

Y b
LTE, = A b(y?) + Oh®) + O(hp+1)] — Ab(y)
= Ab(y) + O(h) + O(h*~") — Ab(y)

— O(h) + O(hrY).

The accuracy in the calculation of the ghost points is reduced by 2 after applying
the second-order discrete Laplacian. This results in a local truncation error of order
one for the discretization of the equation in the bulk (Eq. 2.2), where again the error
from the reaction term can be neglected. This O(h) error is however introduced
just close to the boundary of the domain. In the next section we present numerical
results showing that, despite such low accuracy at the boundary, the method has

global O(h?) error.
2.7 Convergence test

To test the convergence of the method, we selected a problem whose analytical
solution is available and we compare it with our numerical results. We looked at the
equations describing a species that diffuses on the surface of a sphere and inside the

enclosed volume relocating between both domains:

oa
o = Aupa+bls —a (2.12)
0ob
= q
= = Ab (2.13)
0ob
&_'n, < =a—b|5. (214)
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FIGURE 2.4: Numerical solution of Eqs. 2.12-2.14 with initial condition from Eq.
2.15 setting ¢ = 0. We used the discretization in Eqgs. 2.10, 2.11 and evolve the
solution in time until £ = 0.1 using the BDF-2 time-stepping scheme with At = 1074
We show the solution of the equation on the surface.

This is a particular case of Egs. 2.1-2.3 and with R, = b|s — a = —F (where b|g
is the value of b at the surface), D, = D, = 1 and R, = 0. A particular symmetric

solution to these equations is (Novak et al., 2007):

a(t, ) = we ™" cos b

b(t,0, p) = e (Si(f;g? - Coifgﬂ)) cos

(2.15)

COSKk sink

K K2

w=sink +

k = 1.527338738.

We solve Eqs. 2.12 - 2.14 using the discretization in Eqgs. 2.10 and 2.11. As in
this case the equations are linear in a and b, an implicit time integration method
can be used to evolve them in time. Here we use the second-order implicit time inte-

gration method BDF-2. In Fig. 2.4 we show the numerical solution of the equation
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on the surface at ¢ = 0.1. A plot of the relative error for a and b shows second-
order convergence in the grid spacing h (Fig. 2.5). Such second-order convergence
is observed despite the extrapolation scheme for the ghost points introduces O(h)
truncation errors near the surface in the discretization of the equation for b (see
previous section). In fact, there are mathematical results showing second-order con-
vergence in finite difference methods even when first order errors are introduced at
the boundary. Such kind of results have been obtained with first-order errors coming
from discontinuity in parameters specified at the boundary (Beale, 2009) or due to
boundary conditions (Morton and Mayers 2005, Chap. 6.5) as in the method that
we are using here. Although such mathematical results have been obtained for a
two-dimensional case without dynamics at the boundary, they constitute evidence
supporting the convergence of the method that we present here, which is applied in

a more complex scenario.
2.8 Conclusions

We implemented a second-order finite difference method to solve the partial dif-
ferential equations describing reaction and diffusion on a closed surface and in the
enclosed volume accounting for exchange of material between these compartments.
The algorithm is an extension to the closest point method (Ruuth and Merriman,
2008; Macdonald and Ruuth, 2009) to solve reaction diffusion equations on arbitrary
surfaces. We extended the method by solving the equation in the enclosed volume
using an embedded boundary approach, imposing the boundary condition by means
of ghost points. The value of the ghost points is set using a centered difference
approximation of the normal derivative at the surface. This introduced local first
order errors to the solution in the volume close to the boundary. Nevertheless, the
method shows second order global convergence. The method is flexible and rela-
tively easy to implement, as it uses a Cartesian grid to evolve the solution. Further
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FI1cURE 2.5: The numerical solution to Eqgs. 2.12-2.14 as described in the cap-
tion of Fig. 2.4 shows second order convergence in the grid spacing h. We com-
pute the relative error in infinite norm of the solution for a (blue squares) as
max|a*(cp(x)) — a(ep(x))|/|a*(cp(x))]2, where a* is the analytical solution from
Eq. 2.15, |a*(cp(z))|2 = (3, a*(ep(x;))?/n)Y2. The relative error of the solution for
b (red squares) is max|b*(cp(y)) — b(cp(y))|/|b*(cp(y))]2 where a similar notation
is used. The solid black line and the equation are a linear fit to the relative errors
errors of a to estimate the convergence degree of the method.

work concerns improving the method to achieve higher accuracy by using a higher
order discrete Laplacian operator and a more accurate boundary condition. Another
possible modification of the method is replacing the ghost point approach by an in-
ternal grid point approach to set the boundary condition as described in (Appelo
and Petersson, 2012).
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3

Dendritic spine geometry can localize GTPase
signaling in neurons

3.1 Introduction

!Our mental processes are the result of the electrical activity of complex networks
of neurons. A majority of the connections between the principal nerve cells occur
at dendritic spines, which are femtoliter-sized protrusions emanating from the den-
drites. These structures are highly dynamic; they can be remodeled, created and
eliminated as a result of synaptic activity. Such experience-dependent plasticity has
been associated with learning and memory, suggesting that spines are a substrate for
the storage of information in the brain (Kasai et al., 2010; Lamprecht and LeDoux,
2004).

Spine remodeling is usually associated with changes in synaptic connectivity.
For example, long-term potentiation (LTP), a persistent enhancement of synaptic
strength after synaptic activity, often leads to a sustained increase in spine size

(Matsuzaki et al., 2004). LTP and the associated increase in spine size are specific

! This Chapter was adapted from our published work (Ramirez et al., 2015).
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to the activated synapse. Spine stimulation also results in longer-range effects on
adjacent spines, such as a reduction of the threshold stimulus required to induce LTP
(LTP priming) (Harvey and Svoboda, 2007). Moreover, induction of LTP has been
associated with the creation of new spines at adjacent sites in the dendrite (Roo et al.,
2008; Maletic-Savatic et al., 1999). Plasticity induced by single spine stimulation
therefore takes place over space scales ranging from the single spine to a neighborhood
in the dendrite. How such physiological changes are regulated is not well understood,
but Rho-family GTPases, which are known to control polymerization of the actin
cytoskeleton and synaptic plasticity (Luo, 2002), are strong candidates to regulate
such events over different space scales (Yasuda and Murakoshi, 2011).

A recent study used fluorescence lifetime imaging to measure the spatiotemporal
activity of the Rho GTPases RhoA and Cdc42, after the induction of LTP in single
identified spines (Murakoshi et al., 2011). Both GTPases increased their activity
persistently at the spine upon stimulation, but while the activity of RhoA spread
out to the dendrite and adjacent spines (over several microns), the activity of Cdc42
remained restricted to the stimulated spine (a sub-micron compartment) for around
15 min. The differences in spreading were not simply due to differences in GTPase
diffusion, as active RhoA and Cdc42 both diffused out of the spine on timescales of
5 s. These findings suggest that physiological changes over different length scales
induced after single-spine stimulation may be regulated by the spread of GTPase
activities. For example, the sustained specific increase in spine size may be controlled
by localized activation of Cdc42, while neighborhood hetero-synaptic effects like LTP
priming and new spine formation may be controlled by the spreading activation of
RhoA. The basis for the observed differences in spatial spread of GTPase activities is
not understood. Moreover, elucidating the mechanisms that limit Cdc42 activation
to a sub-micron sized compartment is essential for a better understanding of the
molecular basis of the synapse specificity of LTP and memory in general.
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Rho-family GTPase biochemistry has been extensively investigated (Etienne-
Manneville and Hall, 2002). GTPases become activated upon exchanging bound
GDP for GTP, stimulated by guanine nucleotide exchange factors (GEFs). Acti-
vated GTPases are mainly associated with the plasma membrane, where they regu-
late effector proteins that control actin assembly and function. Deactivation occurs
due to hydrolysis of bound GTP to GDP, stimulated by GTPase activating pro-
teins (GAPs). GDP-bound GTPases relocate to the cytosol upon binding guanine
nucleotide dissociation inhibitors. Regulation of the activity and intracellular local-
ization of GAPs and GEFs is thought to determine the activity profiles of GTPases
(Tolias et al., 2011).

Cdc42 regulation is best understood in yeast, where the GTPase establishes po-
larized cortical domains that guide budding and mating. In this case, mathematical
models have been crucial to understand how polarization arises as an emergent prop-
erty of the interplay of reactions and diffusion (Goryachev and Pokhilko, 2008; Howell
et al., 2009; Klunder et al., 2013; Mori et al., 2008). Positive feedback between Cdc42
and its activating GEF results in the clustering of Cdc42 in a region of the mem-
brane forming a polarity patch. Furthermore, depletion of a cytoplasmic “substrate”
of the auto-regulated activation, e.g. inactive Cdc42 or a GEF-containing complex,
is believed to limit the growth of the polarity patch. Mathematical models of po-
larization are usually posed as systems of partial differential equations describing
the spatiotemporal evolution of the concentrations of chemical species. For exam-
ple, Mori et al. (2008) proposed a model in which the positive feedback leads to
bistability, i.e., the potential for stable high-GTP-Cdc42 “on” or low-GTP-Cdc42
“off” states depending on the history of the system. In this model, starting with the
uniform “off” state, an initial local stimulation results in growth of a region with
Cdc42 “on”. The transition from “oft” to “on” spreads as a wave until depletion

of the inactive pool of Cdc42 in the cytosol halts the spread. This “wave-pinning”
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process yields a polarized situation where “on” and “oft” states coexist in the same
cell.

The observation that GTPases in dendritic spines remain activated for a period
of time at least an order of magnitude longer than the initial stimulus (Murakoshi
et al., 2011) is consistent with the existence of positive feedback in GTPase acti-
vation, just as in the yeast Cdc42 system. Indeed, it has been proposed that the
mammalian Cdc42 GEF, §-PIX, participates in such feedback via the Cdc42 ef-
fector, p2l-activated kinase (Shin et al., 2002). However, a key requirement for
polarization in the yeast models, namely the depletion of cytoplasmic factors, is not
likely to hold in the dendritic spine. The dendritic shaft presumably acts as an ef-
fectively inexhaustible source of cytoplasmic substrates because of its much larger
volume compared to the spine. Thus, even if the expected positive feedback could
explain the persistence of Cdc42 activation during LTP, it is unclear why that ac-
tivation would be limited to the stimulated spine rather than spreading throughout
the dendrite.

Here, we computationally explore the consequences of enacting yeast-style Cdc42
biochemistry in the context of a neuronal geometry. We show that the geometrical
characteristics of dendritic spines provide a novel potential mechanism for limiting
the spatial spread of Cdc42 activity that can explain experimental observations. We
also compare the predictions from the geometrical wave-pinning mechanism with a

theoretical formulation that describes wave dynamics on curved surfaces.

3.2 Results

3.2.1 Basis for prolonged confinement of Cdc42 activity within a dendritic spine

We first address the basis for prolonged confinement of Cdc42 activity in the spine
that receives synaptic input. A conceptually simple way to explain this phenomenon

would be that a Cdc42-directed GEF is activated locally at the synapse (e.g. at the
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spine head). Assuming no feedback and uniform first-order deactivation of Cdc42,
the spread of active Cdc42 to the dendrite once the system has reached steady state,
depends on diffusion and the rates of activation and deactivation (Berezhkovskii
et al., 2010). Furthermore, the shape of the spine may also affect the level of Cdc42
activity at the dendrite. To simulate these effects, we modeled the spatiotemporal
dynamics of Cdc42 at the spine by numerically solving the reaction-diffusion equation

for the concentration of GTP-bound Cdc42 (a) on spine-like geometries:

— =D, Arga+ f (31)

where D, is the diffusion coeflicient of active Cdc42 on the membrane, Ap is the
Laplace-Beltrami operator, which is a generalization of the Laplace operator for
curved surfaces, and f is the rate of change of a due to activation and deactivation
of Cdc42. For the scenario described above, f is described by a localized constant
rate of activation in the upper part of the spine, and first order deactivation rate
(ad) everywhere. Active Cdc42 diffuses from the source of activation (Fig. 3.1A),
and for a given diffusion coefficient and spine geometry, the steady-state spread of
active Cdc42 can be tuned by altering the deactivation rate constant ¢ (Fig. 3.1B).

Thus, in principle, an appropriate combination of rate constants and diffusion
coefficient can yield compartmentalized Cdc42 activity within a spine. However, the
rapid deactivation necessary to prevent escape of active Cdc42 into the dendritic shaft
would lead to rapid inactivation of Cdc42 within the spine once synaptic transmission
ceased (Fig. 3.1B inset). Moreover, the spread of activity into the dendrite would
depend on spine geometry. For example, we observe a considerable change in the
spread of Cdc42 for different spine lengths (Fig. 3.1C) and a modest variation for
different spine radii (Fig. 3.1D). Thus, in order to get similar behavior from spines
of different shapes (Murakoshi et al., 2011), one would have to tune parameters in a

spine-specific manner. Overall, these features make this simple model unattractive
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FI1GURE 3.1: Simulations of the spread of active Cdc42 for the case of localized
GEF activity at the top of the spine with uniform deactivation. (A) Profile of the
concentration of GTP-Cdc42 at a spine connected to the dendrite. In the simula-
tions the dendrite membrane is represented by an annulus with outer radius 10 pm
connected to the spine. Here we show just a part of the dendrite membrane. The
rate of activation is 1 s~'um~=2 over a symmetric area of ~0.12 ym? at the top of the
spine and the diffusion coefficient is 0.25 ym?/s. We show the results after 60 s of
stimulation. (B) Radial profiles of the concentration of active Cdc42 on the dendrite
for different deactivation rate constants . Inset: Concentration of active Cdc42 at
the top of the spine as a function of time (6 = 0.5/s). The activation stimulus is
turned on at ¢t = 0 and off at ¢ = 60 s. (C) Concentration of active Cdc42 observed
in the dendrite at a point 1 um away from the base of the spine for different spine
lengths and (D) different spine radii, as depicted below the graphs.
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as a way to explain confinement of Cdc42 activity in different-shaped spines for

prolonged periods extending well beyond the initial synaptic stimulation.
3.2.2  Geometrical wave-pinning can yield long-lived but confined Cdc42 activation

As discussed in the Introduction, studies on Cdc42 in yeast and other cells suggest
that Cdc42 regulators can provide positive feedback on Cdc42 activation (Johnson
et al., 2011; Kozubowski et al., 2008). A simple model that recapitulates many
aspects of such auto-regulation was proposed by Mori et al., (2008). In this case
the reaction term f in Eq. 3.1 combines positive feedback on Cdc42 activation with
first-order deactivation as:

Flab) = b (ko + V—‘Ln) _ a (3.2)

K™+ ar

where a represents the concentration of active Cdc42 at the membrane, and b repre-
sents the cytosolic concentration of inactive Cdc42. The first term on the right hand
side is a basal activation rate of Cdc42, and the second describes an autocatalytic
activation rate given by a Hill function with Hill coefficient n and saturation param-
eter K. The third term is the rate of Cdc42 deactivation, where § is a constant.
The concentration of inactive Cdc42 is described by an equation analogous to 3.1
but defined in the cytosol. As the total amount of Cdc42 (a + b) is conserved, the
reaction term for b is f(a,b) at the boundary with the membrane.

This reaction scheme models the membrane as an excitable medium, where a
localized stimulus can induce a switch from a low concentration of active Cdc42
(“off” state) to a high concentration of active Cdc42 (“on” state) in that region of
the membrane. Activation of Cdc42 then propagates as a traveling wave front on
the membrane. As the wave travels, active Cdc42 from the region that has already
switched to the “on” state diffuses to the neighboring “off” region. This flow of active

Cdc4?2 increases the concentration to a level where the autocatalytic recruitment of
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F1GURE 3.2: Spread of Cdc42 activity in a bistable model upon localized transient
stimulation. (A) Depletion of inactive Cdc42 results in localization of active Cdc42
in one part of the membrane. (B) Without Cdc42 depletion, the entire membrane
develops a high concentration of active Cdc42. (C) Membrane geometry can confine
activation, resulting in localized sustained activity of Cdc42 at the spine without
depletion of inactive GTPase.

Cdc42 from the cytosol triggers the transition to the “on” state (Mori et al., 2008).

Mori et al. (2008) showed that for a cell with a fixed total amount of Cdc42, the
spreading wave of cortical Cdc42 activity would lead to depletion of inactive Cdc42
in the cytosol, which in turn could halt the traveling wave of activation, a process
termed “wave-pinning”. The result is a final polarized configuration where the “on”
and “off” states coexist (Fig. 3.2A). If inactive Cdc42 were not depleted, then the
wave of activation would continue traveling until active Cdc42 completely covered the
surface (Fig. 3.2B). Because dendritic spines are very small compared to the whole
dendrite, activation of Cdc42 in a single spine would not cause a significant reduction
of inactive Cdc42 in the dendritic shaft. However, our simulations using this positive
feedback scheme show that the activity of Cdc42 can remain localized within the
spine even without any depletion of inactive Cdc42 from the cytoplasm (Fig. 3.2C).
This form of wave-pinning arises purely from the geometry of the membrane.

To understand why spine geometry might constrain the spread of Cdc42 activity,
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consider what happens as the wave front of Cdc42 activation reaches the base of
the spine. As it moves into the dendritic shaft, the wave front develops a circular
shape that must expand for the wave to keep traveling (Fig. 3.3). Because of the
small radius of the spine neck (0.025 - 0.15 pum) (Harris and Stevens, 1989; Tonnesen
et al., 2014), the wave front at the spine base is highly curved, and active Cdc42
diffusing into the dendrite is rapidly dissipated into a larger area. Thus, the flow
of active Cdc42 from the “on” region at the neck is no longer sufficient to activate
the “oft” region in the shaft. Increasing the radius of the spine neck results in a less
curved wave front, and hence a less dissipative flow of active Cdc42 (Fig. 3.3). With a
sufficiently large spine neck, the flow of active Cdc42 is able to trigger the switch from
the off to the on state in the dendritic shaft, resulting in wave propagation away from
the spine (Fig. 3.3). We note that high Cdc42 diffusivity at the membrane favors
wave confinement by promoting the dissipation of activity at the dendrite close to
the spine. Reduced diffusivity results in more accumulation of active Cdc42 close the
base of the spine, and (with sufficiently slow diffusion) propagation of the wave of
activation to the dendrite (Fig. 3.3, G-I). Thus, counterintuitively, a faster-diffusing
protein would be easier to confine by the geometrical wave-pinning mechanism.
Because a small neck-radius promotes geometrical wave confinement, thinner
necks can confine waves over a larger set of parameters. We quantify this effect
in Fig. 3.4, showing how wave confinement or propagation depends on the maxi-
mum autocatalytic Cdc42 activation rate v (Fig. 3.4, A and B) or the deactivation
rate 0 (Fig. 3.4, C and D). In each case, we only consider parameter values that allow
wave propagation within the spine. High ~ or low ¢ enable Cdc42 diffusing from the
“on” region to more effectively activate Cdc42 in the “oft” region, promoting wave
propagation (Fig. 3.4, A-D, white area). However, below a critical value of v (or
above a critical value ¢) the wave can become confined by the geometry at the base of
the spine (Fig. 3.4, A-D, blue area). Smaller neck radii result in a larger parameter
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FiGURE 3.3: Narrow spine neck and high diffusivity promote localization of Cdc42
activity to the spine. Concentration of active Cdc42 at the membrane in a spine with
neck radius (A) 0.05 pm, (B) 0.1 gm and (C) 0.15 gm. In (A-C) D, = 0.25 um?/s.
(D-F) Concentration of active Cdc42 at the annulus representing the membrane of
the dendrite in proximity to the spine for (A-C) respectively. (G-I) Concentration
of active Cde42 for neck radius 0.1 ym and diffusion coefficients (G) 0.8 pm? /s, (H)

0.25 pm?/s and (I) 0.1 gm?/s.
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range yielding wave confinement. Similarly, increasing the diffusion coefficient makes
it easier to confine the wave (Fig. 3.4, B, D and F).

The analyses above were restricted to the relatively narrow parameter regime
in which the balance between Cdc42 activation and inactivation rates allows wave
propagation in the spine. We can also vary both rates at the same time while
maintaining this balance, by writing the reaction term as:

fla,b) = k [b (0.05 + 7—an> - a] . (3.3)

Kn 4+ an

Here, k determines the timescale of all reaction rates. k can be varied over a large
range, yielding waves that propagate at different speeds. However, the qualitative
behavior remains unchanged: decreasing the neck radius or increasing the diffusion

coefficient enables wave confinement (Fig. 3.4, E and F).

3.2.83  Comparison of simulations and theoretical predictions regarding signaling lo-
calization

The results from our simulations are in qualitative agreement with existing theory
for propagation of waves with curved fronts on excitable media. If a wave front
traveling on a flat surface has positive curvature, the wave travels more slowly than
a flat wave front because as the circular wave travels, material (e.g. GTP-Cdc42)
diffuses from a smaller region to a larger region, making it more difficult to trigger the
switch to the “on” state in the region that is still in the “off” state. The higher the
curvature, the greater the dissipation and hence the slower the travel. A quantitative

approximation for this intuition is given by the eikonal equation:
V=VWW—-KD (3.4)

where V' is the velocity of the wave, D is the diffusion coefficient on the surface,

or D, in this case, Vj is the velocity of the wave when the front is flat, and K is the
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FIGURE 3.4: Phase diagrams showing the effect of spine neck radius and diffusivity
on confinement of Cdc42 activation to the spine. White areas correspond to parame-
ter regions where waves propagate to the dendrite and blue areas indicate where the
waves stays confined to the spine. (A and B) Varying v, the maximum autocatalytic
Cdc42 activation rate constant. (C and D), Varying ¢, the deactivation rate, see
Eq. 3.2. (E and F) Varying k, a parameter that determines the timescale of all the
reaction rates, see Eq. 3.3. The diffusion coefficient is 0.1 ym?/s for (A, C, E), and
0.5 um?/s for (B, D, F).
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curvature of the wave front, or 1/R for a circular wave that is expanding (Zykov,
1980; Keener, 1986; Zykov, 1987; Tyson and Keener, 1988). For a wave traveling on a
curved surface, such as the spine membrane, K is replaced by the geodesic curvature
K, (Davydov et al., 2000), which is the curvature of the projection of the wave
front on the tangential plane. Along the spine neck, the membrane is approximately
cylindrical and the wave front traveling towards the dendrite has K, ~ 0. After
reaching the dendrite shaft, the surface is approximately planar and K, = K = 1/R
where R is the radius of the circular wave front. Therefore, near the intersection of

the spine with the dendrite shaft:

Va~V at the neck,

D (3.5)
V=V - 7 at the dendrite.

Thus, as the wave front reaches the dendrite, the change in membrane geometry
will induce a reduction in the velocity equal to D/Ryec (if Vo > D/Ryeer) or stop
the wave altogether (if Vy < D/Ry,ee). This theory agrees with the expectation
that smaller R, and larger D would make it easier to stop the wave (geometrical
wave-pinning), as illustrated in Figs. 3.3 and 3.4. However, as discussed below,
this theoretical approximation displays significant quantitative disagreement with
the results of our numerical simulations.

To compare the predictions from the numerical solution of Eq. 3.1 and the
eikonal equation, we use the reaction term in Eq. 3.3 and compute in both cases
the maximum k& (k.) that results in wave confinement for different neck radii. The
predicted values of k. from simulations correspond to the boundary between the two
regions in Fig. 3.4E, also plotted in Fig. 3.5A. According to the theory, k. is such

that:




In this case, k. can be estimated using the classical result V; oc (kD)Y? (see for
example, (Tyson and Keener, 1988)) by determining the proportionality constant
and replacing Vy with D/R,.. according to Eq. 3.6. In Fig. 3.5A we see that Eq.
3.6 overestimates k., predicting confinement at values of k that result in spread of
Cdc42 activation in simulations. Furthermore, the difference between theory and
simulations becomes large when the neck radius is very small, as with dendritic
spines. We do not think this is a numerical artifact as we used a second order
implicit integration scheme, and reducing the space and time steps did not affect the
results significantly.

To better understand the mismatch between theory and simulation, we examined
the behavior of waves that spread from the spine-like geometry into the dendrite
shaft (Fig. 3.5B). Eq. 3.4 predicts that the abrupt increase in geodesic curvature of
a wave front at the junction of the spine neck with the dendrite (Fig. 3.5B) would
induce an equally abrupt drop in the wave velocity, which would then recover as the
curvature decreases (Fig. 3.5C, solid line). However, the simulations indicate a more
gradual and less dramatic drop in wave velocity (Fig. 3.5C dashed line). The smaller
effect of geodesic curvature in the simulations is correlated with the observation that
it appears to be harder to stall a wave in simulations than predicted by Eq. 3.6 (Fig.
3.5A).

An assumption in the derivation of Eq. 3.4 is that the wave profile does not change
in time as the wave travels (Keener, 1986). However, we observe in our simulations
that the wave profile can change considerably. For example, for the simulation in
Fig. 3.5C (dashed line), the maximum slope of the Cdc42 profile rose transiently as
the wave transitioned from the neck of the spine into the dendrite (Fig. 3.6A dashed
line). The transient increase in maximum slope results in faster flow of active Cdc42
from the “on” to the “oftf” region, thereby accelerating wave propagation and partly
counteracting the slowing effect of curvature. This “buffering” by the change in wave
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F1GURE 3.5: Comparison of simulations and theory for propagation of waves with
curved fronts in a dendritic spine geometry. (A) Maximum k for confinement (k)
predicted by simulations (dashed line) and theory (solid line). (B) Geodesic curvature
(K,) of a circular wave front as a function of geodesic distance from the base of the
spine. Spine schemes show snapshots of a wave traveling into the dendrite. (C)
Predicted wave velocity from simulations (dashed line) and theory (solid line). k =

10/s, Ryeer, = 0.1 pum, D, = 0.1 um?/s . The mismatch between the two is highlighted
in red.
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profile therefore results in higher minimum velocities observed in the simulations than
those predicted by the theory. The same effect may also explain the slower velocities
predicted by simulations than theory when the wave is traveling at the dendrite (Fig.
3.5C right side of the plot). In this case the maximum slope is reduced compared to
the profile of a non-curved wave front (Fig. 3.6A solid line), therefore decelerating
the wave.

To correct for the change in the wave profile resulting from the sudden change in
curvature, we note that the flow of activated Cdc42, a, from the “on” region to the
“off” region is proportional to the product of the maximum slope of the concentration
profile and the diffusivity. As this flow mediates wave propagation, we might expect

Vb to be proportional to that product:
Vo = aDmax(slope). (3.7)

Indeed, if we obtain a family of planar waves by varying k, we see a linear relation
between V; and the maximum slope (Fig. 3.6B). Extracting the proportionality
constant « from this relation, we can then generate a revised prediction for curved

geometries that incorporates the change in wave profile:
V' = aDmax(slope) — K,D. (3.8)

This equation matches more accurately the velocity observed in simulations (Fig.
3.6C) compared to the predictions of Eq. 3.4 (Fig. 3.5C). The remaining mismatch
occurs just around the base of the spine, and is caused by the abrupt 90 degrees angle
at the base of the modeled spine. In simulations with a smooth transition between
the spine and the dendritic shaft (Fig. 3.7A) the change in geodesic curvature is
more gradual and the mismatch between simulations and both Eq. 3.4 (Fig. 3.7B)
and Eq. 3.8 (Fig. 3.7C) is significantly reduced.

To enable wave spreading from the spine, the simulations discussed above used a
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F1GURE 3.6: The mismatch between simulation and theory is due in part to a change
in the profile of the wave as it traverses the base of the spine. (A) Maximum slope of
the profile of Cdc42 activity as a wave with & = 10/s travels on a spine with Ryecx =
0.1 pm (dashed line) and for a flat wave (solid line). D, = 0.1 um?/s. We also show
snapshots of the activity on the spine and cartoons of the profile of the activity vs.
distance. (B) Flat wave velocity V, vs. the maximum slope of the profile of activity
as k is varied. (C) Velocity from simulations (dashed line) and predicted by Eq. 3.8
(solid line) for the wave in (A). The mismatch between simulations and Eq. 3.8 is
visualized as a red area.
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Fi1GURE 3.7: The mismatch between simulation and theory is reduced with a smooth
transition at the base of the spine. (A) Smooth surface at the intersection between
the spine and the dendritic shaft results in smaller mismatch between the velocity
from simulations (dashed lines) and the predictions of both Eq. 3.4 (B) and Eq. 3.8
(C). k =10/s, Rpeer = 0.1 um, D, = 0.1 um?/s. (D) Localization of Cdc42 activity
can still occur in a smooth geometry, in this case k = 5/s and D, = 0.5 um?/s.

low diffusion coefficient (0.1 pm?/s) and a high value of k& (10/s). For more physio-
logical values (D, = 0.5 um?/s, k = 5/s), confinement of active Cdc42 at the spine

was still observed in a smoothed geometry (Fig. 3.7D).
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3.3 Discussion

3.3.1  Geometrical wave-pinning as a way to confine signals to dendritic spines

It is widely accepted that the geometry of dendritic spines can partially isolate spine
signaling from adjacent synapses by slowing diffusional escape of cytosolic molecules
into the dendritic shaft (Gold and Bear, 1994; Hayashi and Majewska, 2005; Noguchi
et al., 2005; Tonnesen et al., 2014). Recent theoretical simulations suggest that spine
geometry may also restrict lateral diffusion of membrane receptors out of the spine
(Kusters et al., 2013). However, these confining attributes are insufficient to explain
how Cdc42 activity remains localized to a spine for several minutes after glutamate
stimulation, despite diffusion timescales of a few seconds (Murakoshi et al., 2011).
Notably, the activity of other GTPases with similar diffusional characteristics can
spread from the spine to the dendritic shaft (Harvey and Svoboda, 2007; Murakoshi
et al., 2011), suggesting that Cdc42 activity confinement arises from the specific
mechanisms controlling that GTPase. This may have important physiologic conse-
quences, as Cdc42 is essential for LTP and is important for specific aspects of learning
and memory that are distinct from other closely related GTPases such as Rac (Kim
et al., 2014). Because Cdc42 controls the actin-mediated remodeling of the spine dur-
ing LTP, understanding long-term Cdc42 confinement is critical for explaining how
LTP-associated spine remodeling is targeted specifically to the stimulated spine.
Here, we propose a mechanism for confinement of Cdc42 activity that depends
both on the geometry of the membrane and on the propagation of Cdc42 activity as
a wave front. Wave-like spreading of activity can occur when a signaling pathway
is excitable, as in many biological systems including those of GTPases controlling
actin (Allard and Mogilner, 2013; Hodgkin and Huxley, 1952; Iglesias and Devreotes,
2012; Tyson and Murray, 1989). In particular, Cdc42 activation is subject to positive

feedback regulation (Johnson et al., 2011), which can result in a bistable regulatory
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landscape that enables propagation of waves of Cdc42 activity (Mori et al., 2008). We
further demonstrate using simulations that the narrow neck of the spine can confine
such waves of Cdc42 activity. This “geometrical wave-pinning” arises due to the high
membrane curvature at the intersection between the spine and the dendritic shaft,
which prevents the activity wave from spreading into the shaft while maintaining
high Cdc42 activity within the spine.

In contrast to diffusional escape, which is enhanced by a high diffusion coefficient,
for geometrical wave-pinning, a high diffusion coefficient enhances confinement of
Cdc42 within the spine. This counterintuitive effect arises because more rapid diffu-
sion of Cdc42 in a wave-front with positive curvature allows more rapid dissipation
of Cdc42 activity in the neighboring membrane, reducing or blocking wave propa-
gation. Thus, the activation of Cdc42 is easier to constrain within the spine if it
diffuses rapidly.

Our results are broadly consistent with theoretical studies on how surface ge-
ometry can affect wave propagation, as expressed in the quantitative approximation
known as the “eikonal equation” (Zykov, 1980; Keener, 1986; Zykov, 1987; Davydov
et al., 2000). However, this approximation overestimates the confinement capacity
of a given spine, because the assumption of gradual change in membrane curvature
is not fulfilled for the extreme geometry of the dendritic spine.

Although the activity of Cdc42 localizes at dendritic spines upon stimulation,
the activity of other GTPases, such as RhoA and Ras, spread out to adjacent spines
(Harvey and Svoboda, 2007; Murakoshi et al., 2011). This spread may lead to hetero-
synaptic effects (Yasuda and Murakoshi, 2011). In the model that we present here,
the activation and deactivation rates can determine whether GTPase activity remains
confined to the spine or propagates to the dendritic shaft (Fig. 3.4). Thus, a similar
regulatory architecture can result in drastically different signaling spread by tuning
a single parameter. A possible scenario is that RhoA and Ras are regulated in
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a similar way as Cdc42, but faster activation rate and/or slower deactivation rate
brings signaling dynamics into the spreading regime (e.g., white areas in Fig. 3.4).
Alternatively, it could be that unlike Cdc42, Rho and Ras GTPases may not be
subject to positive feedback, or may be subject to a different form of feedback that
does not result in wave propagation. We also note that the data from (Murakoshi
et al., 2011) shows a slow decrease in the activity of Cdc42 once it has been localized
to the spine. This decrease may be due to additional regulation on Cdc42 activity, for
example, negative feedback stemming from mechanical tension (Houk et al., 2012).
Such regulation is beyond the scope of this work but could be included in an extension

of the model that we present here.
3.3.2  Implications for other systems

Our study adds to several recent findings that emphasize the potential effects of
cell geometry on signal transduction and polarization (Meyers et al., 2006; Neves
et al., 2008; Maree et al., 2012; Rangamani et al., 2013; Kusters et al., 2013; Dawes
and Iron, 2013; Schmick and Bastiaens, 2014). Our particular focus has been on
excitable signaling in the context of the extreme geometry of the dendritic spine,
with its characteristically narrow neck. We note that other cellular protrusions,
including filopodia, some bristles (Tilney et al., 1995) and primary cilia (Michaud
and Yoder, 2006), also have very narrow necks. Primary cilia are hubs for Hedgehog
and other signaling pathways (Singla and Reiter, 2006; Goetz and Anderson, 2010).
Filopodia may also play signaling roles (Mattila and Lappalainen, 2008), and bristles
are mechanotransduction organs (Guild et al., 2005). Thus, there may be many
scenarios in which cells exploit extreme geometries to confine or facilitate signaling.

One scenario of particular interest concerns spinogenesis, the process by which
dendritic spines first form. As with spine remodeling, synaptic activity and signal-

ing through Rho-family GTPases are thought to play a critical role in spinogenesis
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(Hotulainen et al., 2009; Goh and Ahmed, 2012). However there is controversy on
whether spines form from pre-existing filopodia or directly from the dendritic shaft
(Yuste and Bonhoeffer, 2004; Ethell and Pasquale, 2005; Ebrahimi and Okabe, 2014).
One hypothesis is that short-lived filopodia search the space to establish the first
connection with an incoming axon. Upon synaptic communication, the filopodium
transforms into a spine in a process mediated by regulation of the actin cytoskeleton.
If the initiating synaptic input were to occur at the dendritic shaft, it would take a
strong signal to activate the GTPases (Fig. 3.8A). This is because synaptic signaling
in a very small patch would have the same large positive curvature issues that we
discussed with regard to wave propagation from the base of a very small spine neck.
However, the sharp morphology at the tip of a filopodium, and the high curvature
at the base, would facilitate the accumulation and retention of signaling GTPases at
that site (Fig. 3.8B), stimulating the remodeling of the filopodium into a new spine.
The enhanced efficiency of GTPase activation conferred by the extreme geometry of

the filopodium may therefore facilitate the formation of spines from these structures.
3.4 Methods
3.4.1 Representation of the spine surface

We represent the shape of the spine with the surface of revolution of the parametric

curve:

(A2 — (E2)2 1/2
T<Z>Z(C<E><f‘44 <E>>+Bg) | 39

with z > 0. For most of the simulations, at z = 0 this surface intersects the
dendritic shaft membrane, which is represented by an annulus on the plane xy with
inner radius B and outer radius that varied depending on the figure. In Fig. 3.7,

the transition from the spine to the dendritic shaft is represented by the surface of

revolution of a quarter of a circle with radius Ry.qns = 0.3. In all the simulations A
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F1cURE 3.8: Filopodial geometry facilitates sustained GTPase activation by a weak
synaptic input. Stimulatory pulses of GEF activity lasting 5 s over a symmetric area
of 0.031 um? were applied to a flat surface representing the dendritic shaft (A) or to
the tip of a filopodium connected to the shaft (B). Strength of the pulse is indicated
by the color (blue — red, strength varies between 1 and 11 s™! ym~2). GTPase
behavior is assumed to display positive feedback according to Eq. 3.2, and maximum
concentration of active GTPase is graphed as a function of time. The insets show
characteristic profiles of the activity on the surfaces after removal of the stimulus. At
the dendritic shaft, GTPase activity would decay rapidly once stimulation ceased,
unless the stimulus was very strong, in which case, it would trigger a wave that
would spread along the shaft. At filopodia, intermediate stimulus strengths would
lead to sustained, localized GTPase activity, potentially leading to actin remodeling
and spine formation.

= 1.2, C = 0.3. B is the radius of the spine, which varies in the simulations. F is
varied in order to obtain different spine lengths L, = z,,,, which are estimated by

solving 7(z) = 0. In the paper r and z are interpreted as having units of pm.
3.4.2  Space and time discretization

Because of the angular symmetry of both the geometry and the initial conditions,
the solution of Eq. 3.1 is one-dimensional, and is obtained using geodesic coordinates

(see for example (Davydov et al., 2000; Faraudo, 2002)). In that coordinate system
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Eq. 3.1 takes the form:

oa d%a da
@ _p Lt p K% b 3.10
pn gz T Pl + fla ) (3.10)

where [ is the position along a geodesic (meridian) which is calculated from:

K is the geodesic curvature at position [, i.e., the projection of the curvature of a

curve of constant [ on the tangential plane. At the surface of revolution representing

the spine:
ldr (dI\"
Ky = (E) . (3.12)
At the dendrite:
1
K, = p (3.13)

We used a second order space discretization of Eq. 3.10. The step size dl was
0.002 pm, which ensured that further reduction of dl would improve the accuracy of
the estimated quantities by less than 3%. At the edge of the annulus representing
the dendrite we use no-flux boundary conditions. The time evolution was carried
out with the second order backward differentiation formula BDF-2. dt was selected
making sure that further reduction did not change the accuracy of the estimated

quantities for the given dl.
3.4.83 Wave simulations

For simulations of wave propagation, the concentration is initially set uniformly as
alow, which is the lowest solution of f(a) = 0. Transient stimulation is simulated

with a rate of activation ktrans over a symmetric region | < ly.q4ns. The duration and
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strength of stimulation are enough to start a wave at the top of the spine that travels
along the surface. In all simulations the Hill coefficient n = 3. The concentration
units are normalized such that K = 1 ym~2. For all wave simulations except in Fig.
3.2A, b = 2.5 pum~3. In Figs. 3.2, 3.3, 3.4 and 3.8 (unless otherwise stated), § = 5
sy =5pums™ ky =0.25 ym s7'. In Fig. 3.2 and 3.8, D, = 0.25 pum?/s. This
value for the diffusion coefficient, together with other values used in the paper (0.1 -
0.8 um?/s) are consistent with experimental estimates of the diffusion coefficients of
small GTPases in mammalian cells which are around 0.5 pum?/s (Murakoshi et al.,
2004; Lommerse et al., 2004; Yasuda and Murakoshi, 2011; Das et al., 2015).

For Fig. 3.2A we consider the time evolution of the concentration of inactive
Cdc42 (b) assuming that b is well mixed in the cytosol. In this case, the change in b

is computed from the mass conservation relation:

f adS + bv = constant (3.14)
S

where S is the surface and v is the volume of the sphere.
3.4.4 Phase diagrams

To compute the boundary of the phase diagrams in Fig. 3.4, we ran simulations of
waves that escape to the dendritic shaft and varied the parameter of interest (e.g. =y
in Fig. 3.4A) for a given neck radius, until the wave remained localized to the spine.
As we varied the parameter by decreasing it (7, k) or increasing it (J) by a small
amount €, we measured the time T},, for the wave to travel from a position l;,; =
5 pm on the spine from the base, to a position [t = 5 pm on the dendrite from
the base of the spine. The criterion to determine that a wave was localized at the
spine was that it did not reach the position lfinal after 4 times T}, from the previous

iteration. In Fig. 3.9 we show a plot of 1/7},, as we vary k to illustrate the iteration
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FIGURE 3.9: Iteration process to determine a critical parameter where a wave of
activity no longer escapes to the dendritic shaft. As we decrease k, 1/T},, approaches
zero. The red point is the estimated critical k, which is subject to an error €. R,ccx
= 0.1 um, D, = 0.1 um?/s.

process. The range of parameters in Fig. 3.4 is such that a 1D system allows for
wave propagation.

To estimate the position of the wave front in Fig. 3.4, 3.5 and 3.6, we defined that
position as the location where the concentration of a has the value of the intermediate
solution of f(a) = 0 (i.e. the threshold a concentration for switching between low

and high activity states in a well mixed system).
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4

Future directions

4.1 Modeling GTPase activity at dendritic spines

Confinement of Cdc42 activity at dendritic spines is described as a steady state
solution of a PDE in the geometrical-wave pinning mechanism that we present in
Chapter 3. It may be of interest to study the stability of such solution. Furtheremore,
the robustness of signaling localization can be analyzed using models accounting for
the stochastic nature of diffusion and reactions.

Other mechanisms could contribute to the localization of Cdc42 signaling. For
example, Cdc42 may be deactivated by GAPs outside of the spine. If this were the
case, it will be of interest to understand how the activity of those GAPs could be
localized just at the dendrite without entering to the spine, and how this mechanism
could add to other possible mechanisms of activity localization such as the ones that
we present here. It may be also interesting to explore if a Turing type mechanism
could explain the localization of Cdc42 activity at dendritic spines.

Here we focused on the spatiotemporal dynamics of Cdc42. The spatitemporal

dynamics of RhoA and Rac is different from that of Cdc42 and may not be explained
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by simple diffusion. Moreover, studies in other systems have suggested that there
may be interactions between theses GTPases. Future work can therefore address the
spatiotemporal dynamics of RhoA and Rac potentially including cross-talk between
them.

Another future direction is exploring the effect of additional factors that are
present in real cells. For example, the effect of finite diffusion of cytosolic substrates
and more realisic geometries on GTPase siganling spread can be studied with the
numerical techniques that we present in Chapter 2.

During structural plasticity the spine head and the spine neck increase their sizes.
In this dissertation we evaluated the effect of spine neck width on Cdc42 confinement.
However, we did not consider the effect of the dynamics of geometry remodeling on
GTPase signaling. A possible extension of this work is therefore to solve the reaction-
diffusion equations modeling GTPase dynamics with a method allowing for moving
boundary conditions. Such type of implementation can be also the starting point to
study how spines are remodeled as a result of a feedback between siganling and cell

geometry.

4.2 Numerical method to solve the equations coupling diffusion and
reaction on a curved surface with diffusion and reaction in the
enclosed volume

The method presented in Chapter 2 can be improved in several ways. For example,
the approach to impose the boundary condition can be changed by using interior
boundary points instead of external ghost points. This altenative technique seems to
have a number of advantages such as higher accuracy and robustness as as described
in (Appelo and Petersson, 2012).

The efficiency of the method can also be improved by solving the equations with

a multi-grid approach. This will allow to solve multi-scale problems without com-
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promising the performance of the technique.
Here we presented a second-order accurate implementation of the method. 1
would be of interest to increase the accuracy method and test how the computational

performance is affected.

56



Bibliography

Allard, J. and Mogilner, A. (2013), “Traveling waves in actin dynamics and cell
motility,” Current opinion in cell biology, 25, 107-115.

Appelo, D. and Petersson, N. A. (2012), “A fourth-order accurate embedded bound-
ary method for the wave equation,” SIAM Journal on Scientific Computing, 34,
A2982-A3008.

Beale, J. T. (2009), “Smoothing properties of implicit finite difference methods for a
diffusion equation in maximum norm,” SIAM Journal on Numerical Analysis, 47,
2476-2495.

Berezhkovskii, A. M., Sample, C., and Shvartsman, S. Y. (2010), “How long does it
take to establish a morphogen gradient?” Biophysical Journal, 99, 1L.59-61.

Brown, G. C. and Kholodenko, B. N. (1999), “Spatial gradients of cellular phospho-
proteins,” FEBS letters, 457, 452-454.

Das, S., Yin, T., Yang, Q., Zhang, J., Wu, Y. I, and Yu, J. (2015), “Single-molecule
tracking of small GTPase Racl uncovers spatial regulation of membrane transloca-
tion and mechanism for polarized signaling,” Proceedings of the National Academy
of Sciences of the United States of America, 112, E267-76.

Davydov, V. A., Morozov, V. G., and Davydov, N. V. (2000), “Ring-shaped au-
towaves on curved surfaces,” Physics Letters A, 267, 326-330.

Dawes, A. T. and Iron, D. (2013), “Cortical geometry may influence placement of
interface between Par protein domains in early Caenorhabditis elegans embryos,”
Journal of theoretical biology, 333, 27-37.

Ebrahimi, S. and Okabe, S. (2014), “Structural dynamics of dendritic spines: molec-
ular composition, geometry and functional regulation,” Biochimica et biophysica
acta, 1838, 2391-2398.

Elliott, C. M. and Ranner, T. (2012), “Finite element analysis for a coupled bulk-
surface partial differential equation,” IMA Journal of Numerical Analysis.

57



Ethell, I. M. and Pasquale, E. B. (2005), “Molecular mechanisms of dendritic spine
development and remodeling,” Progress in neurobiology, 75, 161-205.

Etienne-Manneville, S. and Hall, A. (2002), “Rho GTPases in cell biology,” Nature,
420, 629-635.

Faraudo, J. (2002), “Diffusion equation on curved surfaces. I. Theory and application
to biological membranes,” The Journal of chemical physics, 116, 5831.

Fiala, J. C., Spacek, J., and Harris, K. M. (2002), “Dendritic spine pathology: cause
or consequence of neurological disorders?” Brain research reviews, 39, 29-54.

Fuller, B. G. (2010), “Self-organization of intracellular gradients during mitosis,”
Cell Div, 5.

Gierer, A. and Meinhardt, H. (1972), “A theory of biological pattern formation,”
Kybernetik, 12, 30-39.

Goetz, S. C. and Anderson, K. V. (2010), “The primary cilium: a signalling centre
during vertebrate development,” Nature reviews. Genetics, 11, 331-344.

Goh, W. I. and Ahmed, S. (2012), “mDial-3 in mammalian filopodia,” Communica-
tive & integrative biology, 5, 340-344.

Gold, J. I. and Bear, M. F. (1994), “A model of dendritic spine Ca2+ concentration
exploring possible bases for a sliding synaptic modification threshold,” Proceedings
of the National Academy of Sciences of the United States of America, 91, 3941—
3945.

Goldstein, S. S. and Rall, W. (1974), “Changes of action potential shape and velocity
for changing core conductor geometry,” Biophysical Journal, 14, 731.

Goryachev, A. B. and Pokhilko, A. V. (2008), “Dynamics of Cdc42 network embodies
a Turing-type mechanism of yeast cell polarity,” FEBS letters, 582, 1437-1443.

Guild, G. M., Connelly, P. S., Ruggiero, L., Vranich, K. A., and Tilney, L. G. (2005),
“Actin filament bundles in Drosophila wing hairs: hairs and bristles use different
strategies for assembly,” Molecular biology of the cell, 16, 3620-3631.

Hachet, O., Berthelot-Grosjean, M., Kokkoris, K., Vincenzetti, V., Moosbrugger, J.,
and Martin, S. G. (2011), “A phosphorylation cycle shapes gradients of the DYRK
family kinase Pom1 at the plasma membrane,” Cell, 145, 1116-1128.

Harris, K. M. and Stevens, J. K. (1989), “Dendritic spines of CA 1 pyramidal cells in
the rat hippocampus: serial electron microscopy with reference to their biophysical

characteristics,” The Journal of neuroscience : the official journal of the Society
for Neuroscience, 9, 2982-2997.

58



Harvey, C. D. and Svoboda, K. (2007), “Locally dynamic synaptic learning rules in
pyramidal neuron dendrites,” Nature, 450, 1195-1200.

Hayashi, Y. and Majewska, A. K. (2005), “Dendritic spine geometry: functional
implication and regulation,” Neuron, 46, 529-532.

Hodgkin, A. L. and Huxley, A. F. (1952), “A quantitative description of membrane
current and its application to conduction and excitation in nerve,” The Journal of
physiology, 117, 500-544.

Hotulainen, P., Llano, O., Smirnov, S., Tanhuanpaa, K., Faix, J., Rivera, C., and
Lappalainen, P. (2009), “Defining mechanisms of actin polymerization and depoly-
merization during dendritic spine morphogenesis,” The Journal of cell biology, 185,
323-339.

Houk, A. R., Jilkine, A., Mejean, C. O., Boltyanskiy, R., Dufresne, E. R., Angenent,
S. B., Altschuler, S. J., Wu, L. F., and Weiner, O. D. (2012), “Membrane tension
maintains cell polarity by confining signals to the leading edge during neutrophil
migration,” Cell, 148, 175—188.

Howard, M., Rutenberg, A. D., and de Vet, S. (2001), “Dynamic compartmentaliza-
tion of bacteria: accurate division in E. coli,” Physical review letters, 87, 278102.

Howell, A. S., Savage, N. S., Johnson, S. A., Bose, 1., Wagner, A. W., Zyla, T. R.,
Nijhout, H. F., Reed, M. C., Goryachev, A. B., and Lew, D. J. (2009), “Singularity
in polarization: rewiring yeast cells to make two buds,” Cell, 139, 731-743.

Iglesias, P. A. and Devreotes, P. N. (2012), “Biased excitable networks: how cells
direct motion in response to gradients,” Current opinion in cell biology, 24, 245—
253.

Johnson, J. M., Jin, M., and Lew, D. J. (2011), “Symmetry breaking and the estab-
lishment of cell polarity in budding yeast,” Current opinion in genetics € devel-
opment, 21, 740-746.

Kasai, H., Fukuda, M., Watanabe, S., Hayashi-Takagi, A., and Noguchi, J. (2010),
“Structural dynamics of dendritic spines in memory and cognition,” Trends in
neurosciences, 33, 121-129.

Keener, J. P. (1986), “A Geometrical Theory for Spiral Waves in Excitable Media,”
SIAM Journal on Applied Mathematics, 46, 1039-1056.

Kim, I. H., Wang, H., Soderling, S. H., and Yasuda, R. (2014), “Loss of Cdc42
leads to defects in synaptic plasticity and remote memory recall,” eLife, 3,
10.7554 /eLife.02839.

99



Klunder, B., Freisinger, T., Wedlich-Soldner, R., and Frey, E. (2013), “GDI-mediated
cell polarization in yeast provides precise spatial and temporal control of Cdc42
signaling,” PLoS computational biology, 9, e1003396.

Kondo, S. and Miura, T. (2010), “Reaction-diffusion model as a framework for un-
derstanding biological pattern formation,” Science, 329, 1616-1620.

Kozubowski, L., Saito, K., Johnson, J. M., Howell, A. S., Zyla, T. R., and Lew,
D. J. (2008), “Symmetry-breaking polarization driven by a Cdc42p GEF-PAK
complex,” Current biology : CB, 18, 1719-1726.

Kreiss, H.-O., Petersson, N. A., and Ystrom, J. (2004), “Difference approximations
of the Neumann problem for the second order wave equation,” SIAM Journal on
Numerical Analysis, 42, 1292-1323.

Kusters, R., Kapitein, L. C.,; Hoogenraad, C. C., and Storm, C. (2013), “Shape-
induced asymmetric diffusion in dendritic spines allows efficient synaptic AMPA
receptor trapping,” Biophysical Journal, 105, 2743-2750.

Lamprecht, R. and LeDoux, J. (2004), “Structural plasticity and memory,” Nature
reviews. Neuroscience, 5, 45-54.

Lommerse, P. H., Blab, G. A., Cognet, L., Harms, G. S., Snaar-Jagalska, B. E.,
Spaink, H. P.; and Schmidt, T. (2004), “Single-molecule imaging of the H-ras
membrane-anchor reveals domains in the cytoplasmic leaflet of the cell membrane,”
Biophysical Journal, 86, 609—-616.

Loose, M., Kruse, K., and Schwille, P. (2011), “Protein self-organization: lessons
from the min system,” Annual review of biophysics, 40, 315-336.

Luo, L. (2002), “Actin cytoskeleton regulation in neuronal morphogenesis and struc-
tural plasticity,” Annual Review of Cell and Developmental Biology, 18, 601-635.

Macdonald, C. B. and Ruuth, S. J. (2009), “The implicit closest point method for
the numerical solution of partial differential equations on surfaces,” SIAM Journal
on Scientific Computing, 31, 4330-4350.

Maeder, C. L., Hink, M. A., Kinkhabwala, A., Mayr, R., Bastiaens, P. 1., and Knop,
M. (2007), “Spatial regulation of Fus3 MAP kinase activity through a reaction-
diffusion mechanism in yeast pheromone signalling,” Nature Cell Biology, 9, 1319—
1326.

Maletic-Savatic, M., Malinow, R., and Svoboda, K. (1999), “Rapid dendritic mor-
phogenesis in CA1 hippocampal dendrites induced by synaptic activity,” Science
(New York, N.Y.), 283, 1923-1927.

60



Maree, A. F., Grieneisen, V. A., and Edelstein-Keshet, L. (2012), “How cells integrate
complex stimuli: the effect of feedback from phosphoinositides and cell shape on
cell polarization and motility,” PLoS computational biology, 8, e1002402.

Matsuzaki, M., Honkura, N.; Ellis-Davies, G. C., and Kasai, H. (2004), “Structural
basis of long-term potentiation in single dendritic spines,” Nature, 429, 761-766.

Mattila, P. K. and Lappalainen, P. (2008), “Filopodia: molecular architecture and
cellular functions,” Nature reviews. Molecular cell biology, 9, 446-454.

Meyers, J., Craig, J., and Odde, D. J. (2006), “Potential for control of signaling
pathways via cell size and shape,” Current biology : CB, 16, 1685-1693.

Michaud, E. J. and Yoder, B. K. (2006), “The Primary Cilium in Cell Signaling and
Cancer,” Cancer research, 66, 6463—-6467.

Mori, Y., Jilkine, A., and Edelstein-Keshet, L. (2008), “Wave-pinning and cell polar-
ity from a bistable reaction-diffusion system,” Biophysical Journal, 94, 3684—3697.

Morton, K. W. and Mayers, D. F. (2005), Numerical solution of partial differential
equations: an introduction, Cambridge university press.

Moseley, J. B., Mayeux, A., Paoletti, A., and Nurse, P. (2009), “A spatial gradient
coordinates cell size and mitotic entry in fission yeast,” Nature, 459, 857-860.

Murakoshi, H. and Yasuda, R. (2012), “Postsynaptic signaling during plasticity of
dendritic spines,” Trends in neurosciences, 35, 135-143.

Murakoshi, H., Iino, R., Kobayashi, T., Fujiwara, T., Ohshima, C., Yoshimura, A.,
and Kusumi, A. (2004), “Single-molecule imaging analysis of Ras activation in
living cells,” Proceedings of the National Academy of Sciences of the United States
of America, 101, 7317-7322.

Murakoshi, H., Wang, H., and Yasuda, R. (2011), “Local, persistent activation of
Rho GTPases during plasticity of single dendritic spines,” Nature, 472, 100-104.

Murray, J. D. (2003), Mathematical Biology. II Spatial Models and Biomedical Appli-
cations {Interdisciplinary Applied Mathematics V. 18}, Springer-Verlag New York
Incorporated.

Neves, S. R., Tsokas, P., Sarkar, A., Grace, E. A., Rangamani, P., Taubenfeld,
S. M., Alberini, C. M., Schaff, J. C., Blitzer, R. D., Moraru, I. I., and Iyengar, R.
(2008), “Cell shape and negative links in regulatory motifs together control spatial
information flow in signaling networks,” Cell, 133, 666—680.

Noguchi, J., Matsuzaki, M., Ellis-Davies, G. C. R., and Kasai, H. (2005), “Spine-Neck
Geometry Determines NMDA Receptor-Dependent Ca2+ Signaling in Dendrites,”
Neuron, 46, 609-622.

61



Novak, I. L., Gao, F., Choi, Y. S., Resasco, D., Schaff, J. C., and Slepchenko,
B. M. (2007), “Diffusion on a Curved Surface Coupled to Diffusion in the Volume:
Application to Cell Biology,” Journal of computational physics, 226, 1271-1290.

Ramirez, S. A., Raghavachari, S., and Lew, D. J. (2015), “Dendritic spine geometry
can localize GTPase signaling in neurons,” Molecular biology of the cell, 26, 4171—
4181.

Rangamani, P., Lipshtat, A., Azeloglu, E. U., Calizo, R. C., Hu, M., Ghassemi, S.,
Hone, J., Scarlata, S., Neves, S. R., and Iyengar, R. (2013), “Decoding information
in cell shape,” Cell, 154, 1356-1369.

Roo, M. D., Klauser, P., and Muller, D. (2008), “LTP promotes a selective long-term
stabilization and clustering of dendritic spines,” PLoS biology, 6, €219.

Ruuth, S. J. and Merriman, B. (2008), “A simple embedding method for solving
partial differential equations on surfaces,” Journal of Computational Physics, 227,
1943-1961.

Schmick, M. and Bastiaens, P. I. (2014), “The interdependence of membrane shape
and cellular signal processing,” Cell, 156, 1132-1138.

Shin, E. Y., Shin, K. S.; Lee, C. S.; Woo, K. N., Quan, S. H., Soung, N. K., Kim,
Y. G., Cha, C. L., Kim, S. R., Park, D., Bokoch, G. M., and Kim, E. G. (2002),
“Phosphorylation of p85 beta PIX, a Rac/Cdc42-specific guanine nucleotide ex-
change factor, via the Ras/ERK/PAK2 pathway is required for basic fibroblast

growth factor-induced neurite outgrowth,” The Journal of biological chemistry,
277, 44417-44430.

Singla, V. and Reiter, J. F. (2006), “The primary cilium as the cell’s antenna: sig-
naling at a sensory organelle,” Science (New York, N.Y.), 313, 629-633.

Strychalski, W., Adalsteinsson, D., and Elston, T. C. (2010), “Simulating biochemi-
cal signaling networks in complex moving geometries,” SIAM Journal on Scientific
Computing, 32, 3039-3070.

Teigen, K. E., Li, X., Lowengrub, J., Wang, F., and Voigt, A. (2009), “A diffuse-
interface approach for modeling transport, diffusion and adsorption/desorption of
material quantities on a deformable interface,” Communications in mathematical
sciences, 4, 1009.

Tilney, L. G., Tilney, M. S., and Guild, G. M. (1995), “F actin bundles in Drosophila
bristles. I. Two filament cross-links are involved in bundling,” The Journal of cell
biology, 130, 629-638.

62



Tolias, K. F., Duman, J. G., and Um, K. (2011), “Control of synapse development
and plasticity by Rho GTPase regulatory proteins,” Progress in neurobiology, 94,
133-148.

Tonnesen, J., Katona, G., Rozsa, B., and Nagerl, U. V. (2014), “Spine neck plasticity
regulates compartmentalization of synapses,” Nature neuroscience, 17, 678-685.

Turing, A. M. (1952), “The chemical basis of morphogenesis,” Philosophical Trans-
actions of the Royal Society of London B: Biological Sciences, 237, 37-T2.

Tyson, J. J. and Keener, J. P. (1988), “Singular perturbation theory of traveling
waves in excitable media (a review),” Physica D: Nonlinear Phenomena, 32, 327—
361.

Tyson, J. J. and Murray, J. D. (1989), “Cyclic AMP waves during aggregation of
Dictyostelium amoebae,” Development (Cambridge, England), 106, 421-426.

Wu, F., van Schie, B. G., Keymer, J. E., and Dekker, C. (2015), “Symmetry and
scale orient Min protein patterns in shaped bacterial sculptures,” Nature nanotech-
nology, 10, 719-726.

Yasuda, R. and Murakoshi, H. (2011), “The mechanisms underlying the spatial
spreading of signaling activity,” Current opinion in neurobiology, 21, 313-321.

Yuste, R. and Bonhoeffer, T. (2004), “Genesis of dendritic spines: insights from
ultrastructural and imaging studies,” Nature reviews. Neuroscience, 5, 24-34.

Zykov, V. S. (1980), “Analytical evaluation of the dependence of the speed of an
excitation wave in a two-dimensional excitable medium on the curvature of its
front,” Biophysics, 25, 906-911.

Zykov, V. S. (1987), Simulation of wave processes in excitable media, Manchester
University Press, Manchester and New York.

63



Biography

1. Full name: Samuel Andres Ramirez Martinez
2. Date and place of birth: May 315 1986, Bogota, Colombia.

3. 2015 Ph.D. Computational Biology and Bioinformatics. Duke University. Durham,
NC.

4. 2010 M.S. Physics. Universidad de los Andes, Bogota, Colombia.

5. 2008 B.S. Chemical Engineering, Universidad de los Andes, Bogota, Colombia.

64



	Abstract
	List of Figures
	List of Abbreviations and Symbols
	1 Introduction: How can cell geometry regulate the spatial organization of intracellular signaling?
	1.1 Cell geometry can induce signaling gradients by restricting diffusion
	1.2 Effect of cell geometry on gradients originated by opposite reactions at different locations in the cell
	1.3 Cell shape and size can regulate Turing chemical patterns
	1.4 Cell geometry can regulate traveling waves in excitable medium

	2 Coupling Reaction and Diffusion on a curved closed surface with diffusion in the enclosed volume: An Embedded Boundary Approach 
	2.1 Introduction
	2.2 PDE formulation of coupled reaction-diffusion at the surface with reaction-diffusion in the enclosed volume
	2.3 Closest point method
	2.4 Spatial discretization
	2.5 Discretization of the equation in the volume
	2.6 Local truncation error introduced by the spatial discretization
	2.7 Convergence test
	2.8 Conclusions

	3 Dendritic spine geometry can localize GTPase signaling in neurons
	3.1 Introduction
	3.2 Results
	3.2.1 Basis for prolonged confinement of Cdc42 activity within a dendritic spine
	3.2.2 Geometrical wave-pinning can yield long-lived but confined Cdc42 activation
	3.2.3 Comparison of simulations and theoretical predictions regarding signaling localization

	3.3 Discussion
	3.3.1 Geometrical wave-pinning as a way to confine signals to dendritic spines
	3.3.2 Implications for other systems

	3.4 Methods
	3.4.1 Representation of the spine surface
	3.4.2 Space and time discretization
	3.4.3 Wave simulations
	3.4.4 Phase diagrams


	4 Future directions
	4.1 Modeling GTPase activity at dendritic spines
	4.2 Numerical method to solve the equations coupling diffusion and reaction on a curved surface with diffusion and reaction in the enclosed volume

	Bibliography
	Biography

