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Abstract

We study two fluid dynamics problems which are of particular interest in indus-
tries where thin film coating is a part of a production process, like optical coating,
insulating layers in micro-circuitry, adhesives and painting.

Experiments show that for very thin films of viscous liquids van der Waals inter-
molecular forces can produce instabilities leading to film ruptures. We consider this
problem of thin film rupture driven by van der Waals forces and look for axisym-
metric steady state solutions. Small perturbations from these solutions will lead to
finite-time rupture. Using different numerical approaches we look for the solutions
close to rupture. We obtain more solutions via shooting method and show that finite
difference schemes on uniform grids are inferior to shooting for this problem.

The second problem comes from a process called spin coating, one of the methods
used to coat uniform thin films onto solid surfaces in variety of industrial applica-
tions such as manufacturing magnetic and optical discs. In spin coating a drop of
liquid spreads radially due to centrifugal effects from spinning and eventually yields
a thin film of uniform thickness formed on the solid surface. In experiments fingering
instabilities at the expanding front of the fluid layer have been observed. This has
renewed interest in the study of the nonlinear dynamics of such problems. We derive
the evolution equation for thin films in rotating polar coordinates. We solve the
axisymmetric problem and give numerical and analytical results for steady states.

For large fluid volumes in rotating cylinders, we show that when centrifugal and

v



gravity forces dominate, steady state solution free-surface profiles are parabolas for
the angular velocity less then the critical velocity, and for higher velocities film rup-
tures, producing truncated parabolic profiles with circular contact lines. We find the
similar results for the steady state case when centrifugal and surface tension forces
are dominant, and when gravity, centrifugal and surface tension forces are dominant.
Finally, we study the dynamics of the spin coating again considering the three cases,

as well as including the influence of van der Waals and Marangoni forces.
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Introduction

1.1 Historical context

Interest in fluids and fluid flow is as old as the human kind. The fascination comes
from observing fluids in the nature; from watching ripples formed by the rock thrown
into a pond and flow of a river through a canal, to desire to understand the flow
of the blood around our bodies or wind and weather in the atmosphere. Ancient
civilizations had the knowledge to solve certain flow problems and apply them to
better their lives. The focus at the time was on building canals, aqueducts, irrigation
systems, and sailing ships.

The improvement in designs of those systems continued but it was not until 15th
century when Leonardo Da Vinci (1452-1727), great Italian artist and engineer, first
started to analyze the world of fluids and fluid flow. He was an experimentalist
and in his notes carefully described phenomena such as waves, eddies, falling water,
interference of waves and many other then newly observed phenomena. He was also
the first to derive the equation of conservation of mass in one-dimensional steady

flow.



Leonardo Da Vinci was followed by Isaac Newton (1642-1727), English scien-
tist whose great contribution was his postulates of laws of motion and the law of
viscosity of linear fluids. His theory led eighteen century mathematicians such as
Leonhard Euler (1707-1783), who derived equations which describe the conservation
of momentum and mass for inviscid fluids, and others to produce many solutions to
frictionless-flow problems. Engineers of the time rejected these mathematical theo-
ries as unrealistic and begun relying on experiments and in process developed the
science of hydraulics. Much data was produced at this time on fluid flows such as
open channels, pipe flows, and waves. This was also the time when French scientist
Claude Louis Marie Henry Navier (1785-1836) and Irish scientist George Gabriel
Stokes (1819-1903) introduced viscous transport into the Euler equations resulting
in the famous Navier-Stokes equations [39].

The complexity of the equations made them too difficult to apply to arbitrary
flows. It was not until the 1960s and 1970s with the development of computers that
the equations could be solved for real flow problems. These equations are the basis
of the modern fluid dynamics.

In this work we consider a simplification of Navier-Stokes equations to a single
partial differential equation called the Reynolds lubrication equation. In 1886 Osborn
Reynolds [43] applied the Navier-Stokes equation to slow viscous flow and derived
the fundamental differential equation called Reynolds lubrication equations. He also
found approximate solutions for this equation and compared his theoretical results
to earlier experiments. In his theory of lubrication he introduced the idea of the
lubrication limit in which one of the dimensions in the problem is assumed to have
a much smaller scale compared to other two. For all the problems in this work we
assume that the scale for the height of the fluid is much less that its lateral length
scales. This allows us to model the flow by applying lubrication theory to Navier-
Stokes equations and obtain so-called thin film equations.

2



Thin films appear in many natural phenomena such as lava flows in geology,
tear films in the eye in biophysics, and industry such as application of paints and
adhesives [40]. Thin film flows display a variety of interesting dynamics which has
been observed experimentally. They can rupture, flows with contact lines can change
structure leading to fingered patterns, or since the interface between the liquid film
and the air is deformable, they can display wave motion. All of these flow phenomena

can be described by the thin film equation
he =V - (W*VP(h)) (1.1.1)

where h is the height of the thin film spreading over a solid substrate, and P(h) is
a pressure due to any forces effecting the problem. For example, simple assumption
that the height scale of the fluid is much smaller than the length scales of micro-
scopic films leads to the conclusion that for those fluids gravity forces are dominated
by surface tension forces. Assuming a constant surface tension, pressure is then

proportional to curvature or

P(h) = —V*h. (1.1.2)

In equation (1.1.1) this surface tension term wants to flatten the surface. It minimizes
the curvature of surface and smooths out jumps in the height of the surface. This
model has been a subject of many studies both numerical and analytical, and a basis
for study many other thin film flows. Researchers often start with equation (1.1.1)
and add terms which describe the influence of different forces which effect their
particular problem. In our work we study two interesting problems both which arise
from the phenomena related to industry of optical coating, microcircuitry, paints and
adhesives.

We first consider the problem of rupture of thin films of viscous fluids on solid
substrates. For films of very small heights of 100 — 1000 A intermolecular van der

Waals forces between the fluid and surface begin to influence the fluid flow. The
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expression for the force has been a subject of many studies [24, 25, 56, 48]. In this
model we follow a work by Williams and Davis [51] and model the pressure as a sum
of contributions from a disjoining pressure due to attractive van der Waals forces

and a linearized curvature term corresponding to surface tension effect

1

which substituted into (1.1.1) gives a fourth order nonlinear partial differential equa-
tion

hi ==V - (h"'Vh) = V- (h*VV2h). (1.1.4)

Since the work of Williams and Davis this equation and related models have been
used in many studies of linear and non-linear stability of liquid films and has been
extended to include effects such as thermocapillarity, evaporation, inertia, repulsive
van der Waals forces [53].

The second problem described in this work comes from the industrial process
called spin coating used, for example, in a production of silicon microchips. The
small fluid drop is deposited in the center of the solid surface and spun. Ideally
the fluid spreads axisymmetrically. After the fluid covers the surface and excess
fluid spills over the edges, a thin relatively uniform layer is left on the surface.
Unfortunately, the industrial process and experimental work showed formation of
fingering structures and instabilities in free-surface flows of rotating fluids. This
has made the study of films in rotating systems of great interest. Since early work
done by Emslie et al. [18] which involved simple analysis of axisymmetric flow on
an infinite smooth disk with centrifugal force being balanced by viscous resistance,
much research has been done on the flow of a thin film on a rotating disk. Studies
included effects such as air shear [36], surface tension [49], non-Newtonian fluids [3],

uneven solid substrates [17], and evaporation [42]. Meyers and Charpin in [38] give a



detailed analysis of the influence of Coriolis force and derive evolution equation which
includes centrifugal, surface tension, disjoining pressure and gravity force effects. Wu
in [55] derives an evolution equation for spin model in which he includes effects of
centrifugal, surface tension, disjoining pressure, external air shearing and Marangoni
forces, result of surface tension gradients. Wu further imposes nonuniform surface
tension profiles to the surface of the solid and study their effects on the flow. In our
work we derive the thin film equation which includes effects of centrifugal, surface

tension, disjoining pressure, gravity and Marangoni forces

3

h
ht+V-{§

(Ca_lv (V?h) — St™'Vh — HaVII + Fw2> + EMaVJ} . (1.1.5)
For thin films of small hight scales, surface tension is a dominant force and, if it is
not constant, Marangoni forces control the motion of the fluid by driving the film
flow toward lower temperature regions. Following previous work done in the study of
gravity flows and use of thermal effects to drive thin film dynamics [22, 55|, we study

the influence of competing centrifugal and Marangoni forces on some axisymmetric

spin coating problems.
1.2 Numerical methods

The governing systems modeling the two problems described in this work have only
special analytic solutions. In order to solve our models we have to use numerical tools
to solve these nonlinear partial differential equations with boundary conditions. For
the most part, solving problems via implicit method involves more than just direct
calculation at each time step in explicit methods. Instead, a root finding method,
such as Newton’s method, must be used in order to find the solution at next time
step. That makes implementation of implicit methods more difficult and requires

more work. However, in return implicit methods grant efficiency when dealing with



stiff and non-linear problems. Because the equations in our work are very stiff due
to the presence of fourth order diffusive terms, we need to use implicit time-stepping
methods. Such methods are necessary for stability with larger time steps [47]. For
such problems use of explicit schemes would be long, tedious and even impossible
since those methods are limited to very small time steps to maintain stability. The
systems of equations produced by implicit schemes in this work use finite difference
equations to discretize both the spatial (z, or r) and time (¢) variables. Implicit
schemes are then solved using Newton’s method which will be discussed in the fol-

lowing sections.
1.2.1 Finite difference schemes

There are many important computational advantages to finite difference schemes.
Most importantly, they are very easily implemented in a variety of problems since
they can be simply written by replacing derivatives in governing differential equations
with their corresponding difference approximations. Even very complicated problems
can be implemented in computer programs with the aid of computer algebra packages
(Maple). The disadvantages of finite difference methods are seen when we encounter
more complex problems with difficult geometry, complex boundary conditions or
nonuniform characteristics. For such complex problems the accuracy of methods like
the finite elements method might outweigh the simplicity of use of finite difference
methods. But for our problems, finite differences will be sufficient and simple to
implement.

The challenging problem in our equations will be singular terms in the evolution
equations and boundary conditions. In such cases the usual methods might fail to
perform as well as expected. So in order to see how to formulate numerics for the
difference stencils and boundary conditions of spinning problem we set up simpler

problems with similar underlying issues. We start by making sure that the accuracy



of finite difference discretization is preserved by testing our codes first on a linear
parabolic PDE problem in cylindrical coordinates and then on a simpler non-linear

problem, but with similar underlying issues to our full problem.
1.2.2  Newton’s method

The problem of finding the solution of a set of nonlinear equations is much more
difficult than that of linear equations. Unlike with linear equations, values of the
system at next step cannot be expressed explicitly. Instead, we have to use Newton’s

method [19] to solve nonlinear systems of form
F(@) =0 (1.2.1)

where ¥ is the vector of unknown solution values, F contains the coefficients which
are result of the discretizaton and in non-linear problem depends on Z.

To describe the idea behind the Newton’s method we first look at the simplest
case, finding a root of a scalar function f (z). Newton’s method starts with an initial
guess ¥} which is reasonable close to the true root #*. Function is first approximated

by its tangent line at the initial guess

fx)=~f (az{k}) + f (:U{k}) (a: — x{k}) , (1.2.2)

and the z-intercept of that line is then typically a better approximation to the original

guess

2k
gk = gk % (1.2.3)

This equation is then iterated until desired accuracy is achieved with convergence
z* — 2* for k — oo.

In general, to solve the system of equations (1.2.1) we write the expansion (1.2.2)

—

F () = F (2" + 3 () (7 - 2) (1.2.4)
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SO

Fh = 7 (3 (#9) T F (7)) (1.2.5)
Here J (f{k}) is the Jacobian. The elements of J (f{k}) are

OF;

8:1:]- zlk}

Jij (7)) =

(1.2.6)

In most problems, and in all problems in this work, this Jacobian matrix is banded.
This simplifies calculation and cuts on the numerical costs as the linear systems of
banded matrices can be solved using LU decomposition. In our codes we use bandec
and banbks as described in Numerical Recipes for Fortran 77.

If the initial guess, #1%, was close to true root, %, Newton’s method will converge
quadratically with respect to k, #*} — #*. However, if the initial guess was far off,
the method might never converge. Sometimes Newton’s method might be taking
steps which are too aggressive. In such cases, an adaptive under relaxed Newton’s
method can be helpful. This method changes the correction slowly by introducing

the relaxation parameter A\, 0 < A < 1, in the iteration equation
FhH = 6\ (3 () F (&) (1.2.7)
1.3 Outline

Following this introduction we begin our study of thin film with a general derivation
of the thin films evolution equation (1.1.1) in Chapter 2. We start with the Navier-
Stokes equations to which we apply the thin film lubrication limit to obtain a general
partial differential equation describing the motion of the fluid. This derivation follows
the work of Oron, Davis and Bankoff in their review of modern research of thin liquid
films [40].

In Chapter 3 we consider a problem of thin film rupture driven by van der Waals

forces. We give brief history of the problem and continue on the previous work
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done by Witelski and Bernoff in [53]. We then apply and discuss some numerical
schemes for finding the solutions of the steady state axisymmetric problem. We first
consider a shooting approach via Runge-Kutta fourth order method, and a standard
boundary value problem solver via finite difference scheme and Newton’s method,
both on uniform grid. Realizing that in order to capture the solution structure near
the origin closer to rupture we need more information around that point, we introduce
a geometric type of grid with points which get denser closer to origin and describe a
new difference scheme proposed by Buckmire [10, 11] which can be compared to the
standard difference scheme.

In Chapters 4 and 5 we study the second thin film problem, problem of rotating
thin film flow. The full derivation of the evolution equation is described in chapter
4. We begin with the Navier-Stokes equations in cylindrical coordinates and apply
lubrication theory to obtain the axisymmetric thin film equation in the cylindrical
coordinates. We proceed to study the equation in Chapter 5 and find the analytical
and numerical solutions to steady state problems. We begin by testing our numerical
code on a linear fourth order heat problem with a known analytical solution. This
problem has many of the similar difficulties to the full spin-coating problem. We
also test the code on a non-linear fourth order partial differential equation which is
even more similar to the full problem. We the proceed with analytical and numerical
study of three versions of the spin coating problem. We find the critical angular
velocities for each case numerically and analytically. Finally we consider the whole

problem and study the influence of Marangoni force on the dynamics of the flow.



2

Derivation of the evolution equation for thin films

2.1 Governing equations and boundary conditions

We study problems involving free-surface lubrication flow of a thin film of viscous
incompressible Newtonian liquid bounded below by a horizontal solid surface and
bounded above by a liquid-air interface. The fluid is subject to conservative body
forces V¢, and surface forces on the interface with the air which yield normal and
tangential stresses. We begin with the Navier-Stokes equations and use the lubrica-
tion theory [39, 43] to derive the evolution equation for the height of a thin fluid layer
in terms of general boundary conditions and body forces. We amend this general
evolution equation for each problem studied later in order to describe their specific
nature.

We begin by setting up the coordinate system with zy-plane along coinciding
with solid surface, and z-axis normal to the xy-plane, as shown in Figure 2.1.1. We
are interested in the evolution of the liquid-air interface, h(x,y,t) = z. The Navier-
Stokes and continuity equations for viscous incompressible flow are of the form

Du

P Dr = ~Vp+ puV3%i+ Ve (2.1.1a)

10
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7
FIGURE 2.1.1: Scheme of a liquid film with a mean thickness H and typical wave-
length L. Here y axis is coming out of the plane.

V-u=0 (2.1.1b)
where the material derivative is
D 0
— = —4u- 2.1.2
Di o TV (212)

and in rectangular coordinates the Laplacian operator is

Vi=s —+ —+—. (2.1.3)

for a Newtonian fluid of constant density p and constant dynamic viscosity p. Pres-
sure of the fluid is given by p and the body force is V¢ [1, 13, 15, 31].

The boundary conditions between the liquid and the solid are classical no-slip
and no-flux conditions [1, 31], which say that fluid particles on the solid plate will

stick onto and move with the plate and not penetrate the interface,
il =g = 0. (2.1.4)
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It is known that the no slip boundary condition is incompatible with the motion
of fluid contact line on dry solid surfaces [26]. If we wished to allow for the case
where the motion of the contact line exists and there is a slip between the liquid and
the solid (liquid spreads on the surface and displaces the gas), instead of non-slip

condition for the velocities in the x and y directions we would have

0
ul,—o = &ca—u (2.1.5a)

z

and

ou
V=0 = Fy5 (2.1.5b)

called Navier-slip boundary conditions, where 3, , are the slip coefficients in  and
y directions respectively. In the case of no slip 3., = 0 [32].

On the interface with the air we have the kinetic boundary condition which says
that fluid particles never leave the surface

bf _

= 2.1.
B =0 (2.1.6)

where we defined the fluid-gas boundary as the level set of f(z,y,2,t) = z —

h(z,y,t) = 0 so that

Dh

Ft = w’Z:h(x’yﬂg). (2.1.7)

On the interface, z = h(z,y,t), we have the stress balance condition which says

that the sum of all forces has to be zero
— T + Thiuia + k07l — Vo = 0 (2.1.8)

where T:ms is the surface traction of the gas on the fluid, fﬂmd is the surface traction

of fluid on the gas, ¢ is the unit vector tangential to the interface, s is the mean
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curvature, o is the surface tension, and s the arc-length along the interface. Under

the assumption that the gas is an empty space it follows

—

Tyas = 0. (2.1.9)

In Newtonian fluid

Tiia = i (2.1.10)
so that the stress balance condition (2.1.8) can be rewritten as
il + kol — Vo =0 (2.1.11)
where in general
= —pl+ AV D)L+ g (Vi + (VD)) (2.1.12)

and A is bulk viscosity. Further, if fluid is incompressible and Newtonian
7= —pl+p |Vi+ (V)] (2.1.13)

The boundary conditions given by the vector equation (2.1.11) at z = h(x,y,t)
consist of three scalar equations. In the normal direction normal stress is balanced

by the product of the surface tension and mean curvature

—

n- 711+ ko = 0. (2.1.14)

In the two tangential directions we balance the shear stress on the interface and the

surface gradient of the surface tension o,

— —

ty -0 —t, - Veo =0, (2.1.15)
and
ty T —t, Vo =0. (2.1.16)
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In the rectangular coordinates the unit outward vector normal to the interface 7,

and the unit vectors tangential to the interface, ¢, and 72;, are given by equations

Vi (=he,—hy1)

n = = , 2.1.17
YTV T iR LR (2.1.17a)
- 1,0,h
po L0k (2.1.17b)
V1+h2
- 0,1,h
ty, = u (2.1.17¢)
V1It+hy
with 7 - t_;;,y = 0. The surface curvature is given by Kk = —V - 77 where
L Naa + yy + haohy — 2hehyhe, + hyyhgl (2.1.18)

(1+n2+h2)?
2.2 Scaled system of equations

Now that we have determined the governing equations and boundary conditions,
we will introduce scalings which will allow us to nondimensionalize the system. To
simplify the derivation, we consider the problem in one dimension in terms of the
height z = h(z,t) of the free surface. Later we will generalize to the two dimensional
problem where z = h(x,y,t).

Consider length scale in the x direction defined by wavelength L on a film of
mean thickness H defining the length scale in z direction.

Then dimensionless z, and Z coordinates are

T =c¢€

%, (2.2.1a)

and

(2.2.1b)



is a nondimensional parameter called the aspect ratio. We assume

where € = %

e — 0 is a small parameter called lubrication or long-wave limit.
The dimensionless fluid velocity in the x direction is

u
U= — 2.2.2
i- g (222)

where U is the characteristic velocity of the problem. The equation of the continuity

then requires that the dimensionless fluid velocity in the z direction be

v

0= —. 2.2.3
W= (2.2.3)
The time is scaled with T = [% = %
~ Ut
l=€e—. 2.24
U 224

Balancing the pressure and viscous force terms gives pressure and force potential

scales
pUL  pU
P=& = = 2.2.
H? eH (2:2.5)
SO
eH
D= —— 2.2.6
b= b (2.2.6)
and
~ eH
= —¢o. 2.2.7
6= 50 227)

From now on we will consider the modified pressure p which directly incorporates

the body forces
p=p+o (2.2.8)

where the body force ¢ consists of force due to the gravity pgz and intermolecular

force so

/

» = pgz + ?H(h). (2.2.9)
m
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In thin film problems it is important to incorporate intermolecular forces. These
forces become significant as the film thickness nears to a range of couple of hundred
Angstroms. One such type of forces are van der Waals forces which are attrac-
tive or repulsive forces between the molecules caused by fluctuating polarization of
their neighboring molecules [40]. In general they compete with electrical forces from
electrical double layers but for a typical material they dominate when film thick-
nesses are of order 0.1um, with instabilities developing on horizontal length scales
of 50 — 100 times the film thickness consistent with lubrication approximation [53].
Their strength depends on dimensional Hamaker constant A’ and potential II(h)
definition of which depends on the wetting properties of the surface [24]. In our case

we chose common dewetting/wetting form for the van der Waals pressure [44]

II(h) = KhZ”)n - (%’;”)m} (2.2.10)

where h,,;, is the wetting height, a very thin precursor layer of constant height, and

m and n are integers such that m > n > 3. We use model where n = 3 and m =4
[6]. This model will prevent the height of the fluid from decreasing to zero thickness
and by doing that we avoid analytical and numerical difficulties which come with
zero height solutions [5].

The scaled reduced pressure is

Pr = p+ St™'Z + Hall(h) (2.2.11)

with the inverse Stokes number

St = : (2.2.12)
uwlU
and Hamaker constant
A'e
Ha = GrpU I (2.2.13)



The Navier-Stokes equations are now expressed in terms of nondimensional vari-

ables
eRe (ii; + Uiz + Wis) = —Pry + sz + s, (2.2.14a)
e’ Re (W7 + Uz + Wiz) = —pr; + € (€Wzz + Wzz) (2.2.14b)
Uz +wsz = 0. (2.2.14c¢)
At solid wall Z =0
u =0, (2.2.15a)
w = 0. (2.2.15b)
At moving boundary Z = h = % we have the kinematic boundary condition

W = hi + thz, (2.2.16)

as well as the normal stress balance (2.1.14)

hii

\/1+62ﬁ§

P (1 + 62E§> 2R — 262 [y (s + @2) — w] +Cat —0, (2.2.17)

and the tangential stress balance (2.1.15)
— 2¢%h; (U — W) + 0z + Uz — h2 (X + Uz) = 65 (1 + 62}2%) (2.2.18)

where the Reynolds number Re is given by

H
Re = U4 (2.2.19)

14

o= ;% is the dimensionless surface tension, and Ca = €

_3% is capillary number
with the surface tension o at room temperature T,,.

In order to include thermocapillarity effects caused by the variation of surface
tension we need to add additional energy equation and corresponding boundary
conditions to the governing system of equations [40].
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From conservation of energy
pc, (Ty + uTy + wTy) = ky, V>T (2.2.20)

where ¢, is the specific heat of the fluid of density p, ky, is its thermal conductivity.

The boundary condition at z = 0 is the imposed temperature
T =Ty(z), (2.2.21)

and at z = h(x,t)

The first boundary condition says that at the interface with the solid temperature
T is the same as the temperature of solid. The second boundary condition is a
consequence of Newton’s cooling law with «y, being the heat transfer coefficient
which describes the rate of heat transfer from the liquid to the gas which is at
constant room temperature [40].

To obtain the nondimensional equations we scale temperature T’

T —-Tx
AT

T = (2.2.23)

where AT is the maximum of temperature gradient. The nondimensional conserva-

tion of energy equation is then
eRePr (ji‘i‘ + ’IITU:C + ?IJT5> = EQTjj + ng (2224)
where we introduce new dimensionless parameter called Prandtl number and define

it as

pr = 1% (2.2.25)
K,

At Z = 0 the nondimensionalized boundary condition is

T = Ty(%), (2.2.26)
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and at the surface Z = h(Z,1)

T: — €Tshs + BiT\/1 4 €2h2 = 0 (2.2.27)

where Biot number
Qiep, H

Bi =
Kin

(2.2.28)

describes the ratio of temperature flux escaping from the surface and the temperature
conduction within the fluid layer.

Finally, to have a complete system we need to describe the relation between the
surface tension and the temperature. In most liquids the surface tension decreases
with an increase of local temperature at the free-surface Ty = T'(3 = fz) according to
linear relationship [55]

o=o09—7(Ts — Tw) (2.2.29)

where oy is the surface tension of the liquid at a referential temperature 75, (room
temperature), vy is a positive constant. The scaled tangential surface tension gradient

from equation (2.1.11) under these conditions is

06 oT,
— = —Ma—2 2.2.
07 *or (22:30)
where the Marangoni constant is
Ma— ATL (2.2.31)
plo

Further, assuming the thin film is spreading over slowly changing temperature
profiles and the ratio of thermal advection to diffusion is small (Peclet number,
Pe = Pr - Re), then the uniform temperature is achieved quickly across the film
thickness [22]. In addition we assume that the the ratio of heat transfer at the surface

and resistance to heat transfer inside of the body, the Biot number, is very small
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(Bi = O(¢)). Then the temperature distribution is independent of z and temperature

on the free surface is the same as the temperature on the interface with the solid
Ts(z) = To(z). (2.2.32)
We study flows in which we impose a linear temperature distribution
Ts(z) =Tw — T2 (2.2.33)

where 7 is the uniform temperature gradient so that

06
— =M 2.2.34
ox (2:2:34)
with Marangoni constant
L
Ma= 7 (2.2.35)
plo

and then (2.2.18) becomes
— 262 (g — :) + €2; + 11z — €h2 (2; + ii) = Ma (1 n ezﬁg) . (2.2.36)
2.3 Leading order problem and lubrication approximation

Assuming Reynolds number Re = O(1) and taking the lubrication limit € — 0 we

obtain the leading order equations

0= —prz + Uz, (2.3.1a)
0= —Pg:, (2.3.1b)
iz + s = 0. (2.3.1c)
At Z2=0
i =0, (2.3.2a)
W =0 (2.3.2h)



Atz=h=1
W = hy + tih; (2.3.3a)
iz = Ma (2.3.3b)
p=—Ca ths. (2.3.3¢)

Notice that from equation (2.3.1b) modified pressure is dependent only on variable

x and time so using condition (2.3.3c) we have
p~R = (%|£:]~1 — Ca_lflm = Stilil + Haf[(iz) — Ca_lflm. (234)

Now we can solve the system by first integrating twice equation (2.3.1a) to obtain

(7, 2,t) = ===+ Co(7,1)Z + C1 (%, 1). (2.3.5)

The no-slip condition at Z = 0 and stress condition at Z = h(Z,) further determine

constants Cy and (' so that

. Opr [ s -
u(z, z,t) = ¥ {E - hz} + Maz (2.3.6)
or
- ~ - . ~ 32

Combining equations (2.3.1¢)(2.3.2b), and (2.3.3a) gives

oh o (M
54—%/0 w(z,z,t)dz = 0. (2.3.8)

From there we can obtain the one dimensional evolution equation

7 _ 7 7 -1 927 72
S 2 o (s e - S0 ] <o




In two dimensions one can show that the evolution equation has the form

a;l i];g _1"‘ ~ —1 2~ BQ ~
V|5V (St h+ Hall(R) — Ca”'V h) - SMaVs| =0.  (2310)
or
ail ~3 iL2 ~

where pressure P is a function of & and is determined by the problem, here

p= (St‘lh + Hall(h) — Ca’1V2h) . (2.3.12)

Wl =
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3

Thin Film Rupture

3.1 Introduction

In this chapter we consider a problem of thin film rupture driven by van der Waals
forces described by

% = -V - (h"'Vh) =V - (R*VV?h). (3.1.1)
In thin films of viscous fluid on solid substrates, rupture, represented by finite-time
singularities with h — 0, describes the formation of dry spots and changes the geom-
etry of the flow. This is a problem which is of particular interest in industry where
thin film coating is a part of the production process (optical coatings, insulating lay-
ers in micro-circuitry, adhesives, painting) where nonuniformity is highly undesirable
[53].

As described in work of Williams and Davis [51], equation (3.1.1) is derived from

the lubrication equation (2.3.11) which holds for low Reynolds number flow of a thin

layer of a viscous fluid on a solid substrate with pressure

1
P=c- V2h, (3.1.2)
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which consists of disjoining pressure due to attractive van der Waals force and a
linearized curvature term which represents the effects of surface tension.

Much work has been done on linear and nonlinear stability of liquid films whose
behavior is described by the equation (3.1.1), and similar models which included
effects like thermocapillarity, evaporation, surface reaction, inertia, and repulsive
van der Waals forces since Williams and Davis published their study [51]. Bertozzi
and Pugh studied behaviors of contact lines and weak solutions of the generalized

lubrication equation [7, 8, 9]

g—? = -V - (h"VV?h £ h"™Vh) (3.1.3)
while Laugesen and Pugh analyzed the properties of its steady state solutions [33].
Earlier work on rupture driven by van der Waals forces described by (3.1.1) found
that in planar case rupture occurs at points [12, 29|, and that axisymmetric problem
for the lubrication equation as a model of van der Waals driven bubble merging
suggested that axisymmetric rupture or merging could occur either as a point at the
origin or as a ring rupture with a finite radius [57, 58]. Zhang and Lister [59] studied
the problem of rupture in (3.1.1) associated with singularity forming with h — 0
at finite time t, and showed that first-type similarity solutions exist for both planar
line and axisymmetric point rupture with b = O((t. — t)5) and = = O((t. — t)3)
as t — t.. Using those scalings they were able to reduce (3.1.1) to a fourth order
ordinary differential equation for the self-similar profiles. Then they used a shooting
method to find some of the solutions. Witelski and Bernoff followed Zhang and Lister
[59] but used Newton’s method to calculate the self-similar profiles as solutions of
a nonlinear two-point boundary value problem [52] which gave linear stability of
solutions as well as ordered set of self-similar profiles unlike the shooting method.
Later they extended their analysis to include the geometry and dynamics of rupture

of full three-dimensional thin films [53].
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In this chapter we apply and discuss some numerical schemes for finding the
solutions of the steady state axisymmetric problem. In particular, the solutions we
want to find belong to the family of solutions on the first bifurcation branch when
height of the fluid at the origin gets small. We first try solving the problem using
shooting via fourth order Runge-Kutta with Newton’s method, and standard finite
difference scheme for the boundary value problem with Newton’s method, both on
uniform grid. Realizing that in order to capture the solution structure near the
origin closer to rupture we need more information around that point, we introduce a
geometric type of grid with points which get denser closer to origin. We also describe
a new difference scheme proposed by Buckmire [10, 11] which can be compared to

the standard finite-difference scheme.
3.2 Description of the Problem

Following the work of Witelski and Bernoff [53] we consider a thin layer of fluid
confined within an impermeable cylindrical container of finite size. The film thickness
is assumed to be nonzero everywhere before the rupture. We also assume there is no
flux of fluid through the boundary of the circular region €2, an area of the container
in 760- plane,

n-Vp=0 on 8. (3.2.1)

Here 77 is unit outer normal. Additionally, we take the fluid surface to be normal to

the container walls,

i-Vh=0 on 09 (3.2.2)

This condition means that we are neglecting any positive or negative meniscus on
the wetting or non wetting walls of the container. The uniform fluid layer solution
h(r,0) = h is then an exact solution of the full problem.

Since equation (3.1.1) is a conservation equation, a consequence of the no flux
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boundary condition (3.2.1) is that the fluid volume

_ / /Q hdA (3.2.3)
dt // hdA = 0. (3.2.4)

Further, in all our calculations we consider a fixed domain with R = 1 and average

is conserved

film thickness h = Where A is area of €.
Witelski and Bernoff [53] defined the energy associated with each instantaneous

state of the fluid layer as

- //Q <%|Vh|2 - %h‘z) dA. (3.2.5)

Taking the time derivative of (3.2.5) yields dissipation of energy for all solutions

o0& 8h
3.2.6
=/ s (29
where % is the first variation of the energy functional. To find it we disturb the

solution h by some small perturbation ey where ¢ — 0 is a small parameter and y is
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a perturbation function. Then

6o& . Eh+ey)—Eh)
shY T 11—{% €
= lim~ //( V(R + ey)|? —6(h+ey) 2——|Vh|2 h‘)dA
e—0€

— lim // (w Vy+Zh s 4 0(6)) dA
o 3

e—0

- /Q <Vh-Vy+ %h‘?’) dA

:fyn Vhds+// VYR + Ihm )dA
By) 3
1 -3
- y( -V -Vh+-h?)dA
o 3
- [l
Q

where we have used the integration by parts in the sixth line, and the first term of
that expression vanishes due to the boundary condition (3.2.2). From the seventh

line 85 = p so

e //pv-(h3vp)dA (3.2.8)
dt a
= j{ ph3Vp~ﬁds—// R3Vp - VpdA
0N Q
= —// W |Vpl* dA
Q

where on the second line we used Green’s first identity and the first term vanished
due to boundary condition (3.2.1). Since h is positive everywhere in 2 from it follows
that energy is decreasing unless pressure is uniformly constant, and energy is constant

as well.

—// R?|Vp|*dA <0 (3.2.9)
Q



Since % = 0 at the equilibrium, equilibrium solutions must have uniform pressure

1
§h—*“” — V?h = p. (3.2.10)
Solutions to (3.2.10) are also subject to boundary conditions (3.2.2),

7{ Vh-itds =0, (3.2.11)
o0N

and as 77 is an outer unit normal vector of 0€2, a boundary of a closed bounded region

) and h has continuous first and second derivative we invoke divergence theorem so

//Q V.- VhdA=0. (3.2.12)

Since V - Vh = V2h, we can substitute (3.2.10) in (3.2.12),

//Q (%fﬂ — p) dA =0, (3.2.13)

to obtain the compatibility condition which defines the average pressure

1 1
p=7 //Q gh‘SdA > 0. (3.2.14)

Note that for non-uniform solutions the average pressure is always greater than the

pressure for uniform fluid layers,
p=— >0 (3.2.15)

Besides the uniform solution, h = h, which exists for all h > 0, there exist critical
values h, where families of solutions bifurcate from the uniform solutions. To find
those solutions we expand the pressure and the film thickness in the neighborhood
of the bifurcation point

P=Pc+0+..., (3.2.16)
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h(r) = h + ehi(r) + ha(r) + ... (3.2.17)

where € < 1 and § < 1 are small perturbation parameters with O(J) < O(e). Using

(3.2.15) uniform solution is then

h=— = ! - = e _—h.+0(@F)  (3.2.18)
305 (3p.+36+0(02) (142 +0(0%)s
where
_ 1
he = —. (3.2.19)
(3pc)3

Substituting into (3.2.10) we have a regular perturbation problem which at O(e)

gives

1
=+ V2h, =0 (3.2.20)

subject to Neumann boundary condition (3.2.2). The bifurcation values h, = ﬁ are

obtained from the positive eigenvalues A2, of the Helmholtz equation with Neumann

boundary conditions

A*hy + V?hy =0 (3.2.21a)
ii-Vh=0. (3.2.21b)

In particular, for axisymmetric problem, when h = h(r) and equilibrium solutions

must satisfy

1 dh
ghf:% 1t (T‘%) =P on0<r<l, (3.2.22&)

he(0) = hy(1) = 0 (3.2.22b)

the linearized equation (3.2.20) is Bessel’s equation of zero order
1 2
hlrr + _hlr + A hl =0 (3223)
r
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with roots of the Bessel function Jj(A,) = 0 for n = 1,2,... as eigenvalues which

correspond to bifurcation solutions

- 1
hn = \/_A_n hl,n(T’) = Anjo(AnT) (3224)

In the proceeding section we will use numerical methods to find the branches of

solutions corresponding to first two bifurcation points.
3.3 Solving the Axisymmetric Problem Numerically

To solve the axisymmetric problem we could use a variety of numerical methods. In

this chapter we consider three:
1. a shooting approach via Runge-Kutta fourth order method (RK-4)

2. a boundary value problem (BVP) solver via finite difference scheme and global

iterative relaxation scheme

3. a BVP solver with a non-standard difference scheme as used by Buckmire
[10, 11] on problem in cylindrical coordinates, and global iterative relaxation

scheme.

We also study how well the two BVP solver schemes compare to each other.
3.3.1 Shooting via Runge-Kutta-4 and Newton’s Method

We want to solve axisymmetric boundary value problem for a range of values of

pressure p. For each pressure value we have

1, 1/ dn
Y/ — =9 <r< .0.
Sh r(rdr) D on0<r<1 (3.3.1a)

hy (0) = hy (1) = 0. (3.3.1b)



Here, to solve the axisymmetric problem we use a shooting method via the initial

value problem

2h 1, _, 1dh

5= §h_ - — P, (3.3.2a)
h(0) = a (3.3.2b)
h.(0) = 0. (3.3.2¢)

For each value of the shooting parameter « the initial value problem gives one solu-
tion. All the solutions of the initial value problem make a family of the solutions but
only one of the values a solves the original axisymmetric boundary value problem

with boundary condition h,.(1) = 0.
F(a) = h,(1,a) = 0. (3.3.3)

We want to find the root « of this equation. In order to apply Newton’s method to
this problem we need to determine F’(«). To do that we differentiate the initial value
problem (3.3.2a) with respect to the parameter « which gives us an additional initial

value problem on 0 < r < 1. With w = % the additional initial value problem is

d*w 4 1 dw
w(0) =1 (3.3.4b)
w,(0) = 0. (3.3.4¢)

At r = 0 both equations (3.3.2a) and (3.3.4a) are singular. This singularity can be
removed by multiplying the equations by r, however that does not help the difficulty
when solving problem numerically. To resolve this problem we derive Taylor series
for h(r) and w(r) at r = 0 using initial conditions. We then use it to approximate

the values of the two functions at r = ¢, some small value close to origin, while at the
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same time making sure it matches ordinary differential equations (3.3.2a) and(3.3.4a)

to the fourth order at that position. Taylor series around r = 0 are

2 3 P4
h(r) = o+ Fh(0) + Fh"(0) + 37h(0) + O(Ar7) (3:3.5)
and
7,2 7”3 4
w(r) = 14 5w"(0) + Zu"(0) + Z;w(0) + O(Ar?). (3.:3.6)

Then we plug the series into equations (3.3.2a) and (3.3.4a) and keep the terms up

to O(r®) to obtain conditions on the coefficients in two expansions

ni L 1 B
R"(0) = 5 (3043 p) , (3.3.7a)
h(0) =0, (3.3.7b)
3 1
Gy=——" [ — 5
Rt (0) S (3043 p> : (3.3.7¢)
and
"(0) = — (3.3.8a)
w S .3.8a
w®(0) = 0, (3.3.8b)
3 (7
(4) ——— [ _ 403D
w'™(0) 1o (3 a p) : (3.3.8¢)

We can now use series to approximate values of h(r), h'(r), w(r) and w'(r) at some

r = ¢ with O(¢’) accuracy so




and

€2 et 7 3_ 6
w(e,a) =1— 1oi + e \3 ™ 4a°p | + O(€°), (3.3.10a)
w'(e, o) = g C (1_ 40°p | 4+ O(€°) (3.3.10b)
YT o0t Tt \3 | -

We will use this approximation at the first step of numerical integration,e = Ar.
If we let y1 = h, y» = h,, y3 = w, and y4 = w, then we have an initial value

problem on e < r <1,

d

=y, (€)= hie, o) (3.3.11)
;

dyg 1 1 _

@ " ag P y2(€) = I (€, ) (3.3.12)

d

= =y, ys(e) = we, ) (3.3.13)
:

d 1

o= vale) = w'(e, ) (3.3.14)

For every a the non-singular initial value problem (3.3.11) is solved using the stan-
dard fourth-order Runge-Kutta scheme [19], which is fourth-order accurate method.
Numerical integration cannot be started at r = 0 because of the 1/r singular coeffi-
cients, hence the use of the Taylor series approximations introduced above.

Here « is a shooting parameter and we define a objective function
F(a) =y(1) (3.3.15)

which measures the difference between the current solution and the desired right side
boundary condition. We iterate the value of the shooting parameter using Newton’s
method so that if the solution for «y is not within of the solution a, by a prescribed
error tolerance we try a new shooting parameter given by

F(ay)
F'(ag)

Q1 = O —

(3.3.16)
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FIGURE 3.3.1: Numerical error of (1) when p = 1.8 for different numbers of grid
points.

where

dF d (dh dw
/ = — = — o = —
Fla) = da  dr (da) ’ _, dr

r=1
We check the RK-4/Newton scheme for accuracy by solving it for pressure, p = 1.8,
with different step sizes Ar. Figure 3.3.1 shows the error at h(1) for different step
sizes. From the log-log plot we see that the error decreases like O(Ar?) as the step
gets smaller. This confirms the fourth order accuracy of Runge-Kutta method and
approximation at the first step.

Figures 3.3.2 and 3.3.3 show scaled version of the solutions of (3.3.2a), (3.3.2b),
and (3.3.2c) for a range of values of p. Figure 3.3.2 shows a family of solutions with
minima at the origin. Figure 3.3.3 shows a family of solutions with minima at the
outer edge, r = 1.

Figure 3.3.4 is a plot of bifurcation diagram of first two branches of solutions
to the axisymmetric steady state rupture problem with A(0) being a function of a
parameter h, the diagonal straight line represents all uniform solutions (flat film).
Figure 3.3.5 shows the same but on a semi log scale which enables us to see better
details of the graph, especially the part where the first bifurcation curve begins to

oscillate. Similarly, while Figure 3.3.6 shows the diagrams of first two bifurcation
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FI1GURE 3.3.3: The family of scaled axisymmetric steady state solutions with minima
at the outer edge, r = 1.

branches of solutions to the axisymmetric steady state rupture problem with p being
a function of a parameter h, Figure 3.3.7 shows the same on a log-log plot. Using
log-log plot displays more clear the behavior of the first bifurcation curve as h(0)
goes closer to rupture.

The focus of our numerical calculations was evaluating the solutions correspond-
ing to the first bifurcation branch and our goal is to find more solutions on the

bifurcation curve as h(0) gets smaller. From Figure 3.3.5 we can see that as the
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FIGURE 3.3.4: Bifurcation diagram of solutions to the axisymmetric steady state
rupture problem.

height of fluid at the origin becomes thinner the bifurcation curve begins to oscillate
and becomes multivalued for a given value of h. The part of the bifurcation graph
where the oscillations start to form corresponds to the part of the graph in Figure
3.3.7 where curve begins to spiral. To find the solution via shooting we have to have
a good initial guess, the task which becomes harder as h(0) goes to 0 and there are
many solutions corresponding to the same pressure value.

The problem is even more clear from Figure 3.3.2 and Figure 3.3.3 which show
a family of solutions on the first bifurcation branch. Solutions in Figure 3.3.3 corre-
spond to solutions above the intersection of the first bifurcation curve and straight
line in Figure 3.3.4. On the other hand, solutions in Figure 3.3.2 correspond to points
in Figure 3.3.4 where the first bifurcation curve is below the straight line which rep-
resents all the uniform solutions. We can now see from Figure 3.3.2 that solutions
close to rupture are approaching a singular form near 0 and thus are less likely to
be chosen as a result of the shooting code. We need to see if there is some other

standard method which can get us more solutions.
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FIGURE 3.3.6: Pressure vs. height of thin film: bottom curve corresponds to solu-
tions on the first bifurcation branch while the top corresponds to solutions on the
second bifurcation branch.

3.3.2  Finite Difference Discretization and Newton’s Method on Uniform Grid

Another standard way of solving a boundary value problem is by discretizing it using
finite differences over, in the simplest case, an uniform grid.

We discretize (3.3.1a) rewritten in form

d*h  1dh 1
L R34 p= 3.1
dr?  rdr 3 p=0 (3.3.18)
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h

FiGUurE 3.3.7: Log-log plot of pressure vs. height of thin film: bottom curve cor-
responds to solutions on the first bifurcation branch while the top corresponds to
solutions on the second bifurcation branch.

over an equally spaced grid r; = iAr for e = 0,..., N where Ar = % so that rg =0
and ry = 1. Values hy and hy correspond to values of h(r) at » = 0 and r = 1

respectively. Using the centered difference scheme we obtain

1 — 2hi + by 1 hipr — hisy 1
hz 1 hz+hz+1+_hz+1 7 1——h~_3

p = 0. 3.3.19
Ar? T Tit1 — Ti—1 3" +p ( )
or
hi-v —2hi +hiyr  hipr —hiy 1,3
— —h; =0. 3.3.20
Ar? + 2iAr? 3" P ( )
fori =1,..., N with Axy1 = hy_1, consequence of centered difference approximation
to boundary condition at r =1
dh h — hy_
0= SRR REY (3.3.21)

T dr 1 - 2Ar

This scheme is second order accurate away from the origin.
When ¢ = 0 we cannot use the above scheme because of division with zero in
second term since rqg = 0. To resolve that problem we find different way to express

the corresponding derivative %% at r = 0. Writing h(r) as Taylor series around
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we have
dh ! " 2
o = h'(0) + rR"(0) + O(r*) for r — 0.
r
Boundary condition at r = 0 says h/(0) = 0 so

1dh
lim —— = 1"(0).

r—0 7 dr
Now we can use that to approximate (3.3.18) at r =0
d*h

1dh d*h

1 1
- - —Zh(0) P +p=2—5| —Zh(0)’+p
dr?|, _, rdr|._, 3 0 +» dr?|,._, 3 0 +»
and using centered difference
d*h hiy —2hg + h_q h1 — hg
—| = O(Ar?) =2
dr? | _, Ar? +0(Ar7) Ar?

to obtain a corrected finite difference equation for i = 0

hi — ho

4
Ar?

1
— §h53 +p+O(Ar*) = 0.

(3.3.22)

(3.3.23)

(3.3.24)

(3.3.25)

(3.3.26)

(3.3.27)

As the corrected finite difference equation at » = 0 is second order accurate as

well as the centered finite difference scheme we use for the rest of the grid points,

the best accuracy we can hope for is O(Ar?). We test our numerical code by solving

it again for p = 1.8 and check the error at h(1) for different size of Ar. The test

confirms that the scheme is second order accurate as expected.

Figure 3.3.9 and Figure 3.3.10 show the first two branches of bifurcation graph

of steady state solutions to axisymmetric rupture problem numerically obtained via

the finite difference scheme described above implemented with Newton’s method.
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F1GURE 3.3.9: The bifurcation diagram of the solutions to the axisymmetric steady
state problem using finite-difference scheme on uniform grid.

Not only we were not able to get more solutions, but with the finite difference
scheme we were not able to get as many solutions as with the shooting method. As
pressure parameter was made smaller the finite difference scheme was able to find the
solutions easily using solutions at the previous pressure step as an initial condition.
However, once the profile of the solution became closer to being singular at the origin
the code was not able to evaluate those solutions using the previous solution as an
initial condition. Profiles of the solutions close to rupture suggest that instead of the

uniform grid we should use a grid which is more dense close to the origin.
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finite-difference scheme on uniform grid.

3.3.3 Buckmire’s Discretization Scheme and Newton’s Method

In [10, 11] Buckmire introduced a novel method for computing numerical solutions to
partial differential equations and ordinary differential equations written in cylindrical

and spherical coordinates. This new scheme involves a particular discretization of

4

<> where p = 1 in the cylindrical case and p = 2 in the spherical

the operator R = r?
case. Examples given by Buckmire deal with singular problems, more specifically,
problems in which the solution is more sensitive and needs better resolution at the
origin. As the axisymmetric rupture problem has a geometric singularity at » = 0 it

is interesting to see if Buckmire’s scheme would make a significant difference.

We consider the quantity B(r) which is defined as

dh
B(r) =Rh = rp%, (3.3.28)

where h = h(r) is a smooth, bounded function which operator R acts on. Following

Buckmire’s notation we choose grid {r;}X, on the interval 0 < r < 1 so that

ra=0<rg<m<rn<..<rn<..<ry=1 (3.3.29)
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where

1—9;
T, = <T5Z) Ti+1 (3330)

Ti+1 T4

. An uniform grid is a poor

with characteristics of grid discretization §; =
choice of domain discretization when there is a singular point in a domain (r = 0
in the axisymmetric rupture problem). In such case around r = 0 we would want
more resolution via a denser set of grid points. Making ¢; small for all ¢ would ensure
that. Easy choice would be making all §; be the same value and we do so by letting
§ = e~ for all i where € = o and describes how far away is the first grid point from
the origin. Then

ry=o6""" (3.3.31)

or

N—i i

ry=(ro) ¥ =rpe” N1, (3.3.32)

This discretization is exponential with many grid points close to r = 0. We also define

. . o . ) ~ ) o p@
our discretized quantities as h;y1 =~ h(r;) and B, w1 = "l where 7,
2

1
2

ri+Tit1

5 Buckmire proposes a scheme which he obtains by assuming that B(r) is

piecewise constant on each sub-interval (r;,7;41) of the grid. On each interval r; <

r < r;y1 we then have a boundary value problem

dh
rp% = B, 1 = constant. (3.3.33)
h(ﬁ'+1) = hi+1- (3335)

Solution of the ordinary differential equation (3.3.33) with p = Lis h(r) = B, 1 In(r)+

C for r; <r <41, and when boundary conditions (3.3.34) and (3.3.35) are applied
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we obtain formula

hit1 — Iy
B, 1=———". 3.3.36
i+l IOg(T;—tl) ( )
Using this idea we can now discretize our problem
10 ([ dh 1,
P - — —h Hn — < < 1 .O.
rOor <Tdr) Sh Tp=0onlsrs (3.3.37a)
h-(0) = h.(1) =0, (3.3.37b)
so that fori=1,--- N —1
1Biy1—B1 1
— e 2 _ p 4+ p=0 (3.3.38)
Ty Till —T,_1 3
2 2
with B;, 1 and B;_ 1 as described by (3.3.36) so
2 hiv1— h; h; — h;_ 1, o
= - |-zt +p=0 (3.3.39)
T (ri-i-l - ri—l) log (7"1_+1) log <L) 3
T4 Ti—1
When ¢ = 0 we assume B_ 1= 0 since
dh
B 1 ~r— =0 (3.3.40)
2 dr r=0
SO
LR SN (3.3.41)
LTy — T glo TP=Y o

To obtain a condition at ¢« = N we discretize boundary condition and obtain

N =1 22—y
N2 N g S Ny 4+ s = 0. (3.3.42)

rN—1— 1 rN—1— 1

To see how this new scheme compares to finite-difference scheme we will solve ax-
isymmetric problem using both schemes on the uniform grid for different number of
grid points. We test the numerical code by solving it for p = 1.8 and then check the
error at h(1) for different size of Ar.
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3.4 Conclusions and Further Work

The problem of rupture as seen in this chapter is not a problem that can be solved
easily using traditional methods such as shooting via Newton or finite difference
schemes. The difficulty lays in the near-singularity of the problem at the origin
which lowers the accuracy of our schemes and as the solutions come closer to being
singular at the origin methods stop being accurate.

There is still much work that can be done to find more solutions which occur
closer to rupture. One thing would be improving on the shooting method by using
a higher order Runge-Kutta method than the fourth order one used in this chapter.
Another thing would be considering a non uniform grid with finite difference or
scheme introduced by Buckmire. It would be interesting to solve both schemes on
the exponential grid when ¢ is fixed and the number of grid points vary, and also
when number of grid points is the same but distance from the origin to the first grid
point varies. Yet another possibility is a connection which could be made to a similar
problem from electrohydrodynamics, the so-called Emden equation

d?y ldy

2 Tadr T

g. (3.4.1)
Here variables y and x in (3.4.1) correspond to h and r in rupture problem, while
parameters o and (3 correspond to —p and % respectively. Note that the L% term
corresponds to 75 term. Equation (3.4.1)was studied by Ackerberg in [2] where
he considered a special case of equation when parameter a = 0, and with use of
substitution transformed it into first-order problem. He then solved the equation
with boundary conditions

dy

=0 3.4.2
dr|,_, ’ ( 2)

y(1) = 1. (3.4.2b)
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Finally, there is AUTO, continuation and bifurcation software for ordinary differen-
tial equations. This software is promising to solve the type of systems such as the

rupture problem.
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4

Spin coating: derivation of governing equations in
rotating polar coordinates

4.1 Introduction

Spin coating is a method that has been widely used to coat uniform thin films on
substrates in a variety of industrial applications such as manufacturing magnetic
and optical discs, the production of phosphorous coatings on television screens and
films on silicon wafers [14, 23]. The process of spinning can be separated into two
phases [40]. In the first phase, a liquid droplet is placed in the center of a disk and
the disk has begun to spin, the fluid layer is relatively thick so that the Reynolds
number is significant, and inertial forces are important. As the disk is spun with
constant angular velocity the liquid spreads outwards and the fluid layer thins out
so that at some point inertial forces are no longer important. At that time phase
two begins and the film continues to thin, a consequence of centrifugal force acting
on the fluid (see Figure 4.1.1). Ideally, a drop of liquid is perfectly axisymmetric
and its center coincides with the axis of the rotation. In the absence of temperature

gradients the fluid is then expected to spread axisymmetrically due to centrifugal
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FiGURE 4.1.1: Liquid drop is deposited onto the center of the solid. As it
is spun it spreads under the centrifugal force. Process ends once the excess
fluid has spun off the solid and thin layer is left on the surface. (Source:
http://www.indium.com/blogs/Jim-Hisert-Blog/)

force. In practice, however, it has been found that the spreading region of fluid
becomes unstable at its edges, and forms “fingers” of liquid [46, 20, 35, 44]. Fluid
then “prefers” to flow through the “fingers” leaving dry spots on the solid surface, a
highly undesirable outcome in a coating process. This problem has made the study
of rotating flows of thin films of high interest.

Pioneering work on spin coating was done by Emslie et al. [18] and involved
simple analysis of axisymmetric flow on an infinite smooth disk with centrifugal
force being balanced by viscous resistance. Since then much work has been done
to expand the theory to include factors such as air shear [36], surface tension [49],
non-Newtonian fluids [3], uneven solid substrates [17] and evaporation [42]. In all the
studies mentioned above but [42] the effect of the Coriolis force has been neglected.
The analytical investigation of the effect of the Coriolis force on the film heights and
velocities has not been addressed until Momoniat and Mason in [37]. In it they as-
sume an non-axisymmetric flow, and balance the viscous resistance in the azimuthal
direction with the pressure gradient. This choice results in a nondimensionalization
in which the scale of the azimuthal velocity is the same as that of the radial ve-
locity. This nondimensionalization is a problem in the case of axisymmetric flow
when the pressure gradient in the azimuthal direction is zero. As considered in [42],

Myers and Charpin realized that the scales of azimuthal and radial velocities can be
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quite different and instead they considered force balance in azimuthal direction to
be between the viscous force and Coriolis force. In [38] they consider a thin layer of
fluid subject to viscous resistance, centrifugal, Coriolis, gravity and surface tension
forces and find that the azimuthal velocity term (Coriolis term) in radial velocity
equation appears at the same order as inertia and is therefore negligible. Wu in [55]
derives an evolutions equation for spin model in which he, like Myers and Charpin,
includes effects of viscosity, centrifugal force, surface tension, and disjoining pressure
but also considers forces of external air shearing and thermocapillarity (temperature
dependent surface tension). The dimensionless equation he gives however excludes
gravity, effect which Meyers and Charpin include. In [55] Wu then imposes different
temperature profiles on the spinning disk, and shows that both the thermoviscosity
and thermocapillarity effects significantly enhance film depletion rate when disk cen-
ter is at a higher temperature than the outer edge. In this chapter we expand on the
work of Myers and Charpin and Wu, and derive evolution equation which includes
effects of viscosity, gravity, centrifugal force, surface tension, disjoining pressure as
well as localized Marangoni forcing opposing the flow of the fluid. Following previous
work done in the study of gravity flows and use of thermal effects to drive thin film
dynamics [22, 55], we then in Chapter 5 study the influence of competing centrifugal

and Marangoni forces on a variety of axisymmetric spin coating problems.
4.2 Converting inertial to rotational frames of reference

We derive the equations describing the flow in a thin film of viscous incompressible
fluid on a rotating disk with respect to a reference frame attached to the disk (see
Figure 4.2.1).

If @; denotes the fluid velocity with respect to this fixed (inertial) frame and g
denotes the fluid velocity with respect to a reference frame with the same origin and

rotating with angular velocity & relative to the inertial frame, then to get from the
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FIGURE 4.2.1: Thin layer of fluid is spun on a disk. Position vector 7(x,y, z) in
Cartesian coordinates corresponds to polar coordinates (r, 0, z).

inertial frame (I) of reference to rotational frame of reference (R) we have operator

(- ()=

If we denote 7 = (z, vy, z) as the position vector of the fluid element, it follows that the

relationship between the velocity in the inertial frame and rotation frame is described

dr dr
Yy (E 3 X7 4.2.2
(@), (@), 422

and further more two accelerations are related as

), (), (&), o rax (), o]

2y (2 — | +Ix7|+Idx =) +Idx7|. (4.2.3)
(dt2 s dt) p L\ dt /), dt ) p

Hence

&7 &> ds dr dr
_ — _ _ — — _ — _ — — 4.2.4
(dtQ)] <d2€2)R—i_(dt)RXT—}_(‘UX(dt)l%—i_wx(dt)R_}_wxGA}XF)7 ( )

which can be rewritten as

by

4 dF
dr=dn+ (2] xrr2ox (Z) +ox @ x7) (4.2.5)
it ) , dt ) ,
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and

da
aI:aR+<d—°;> X T4 23 X g+ @ % (& X 7) (4.2.6)
R
to finally obtain
Gp=ar— | — X T —20 X Up— & X (JXT) (4.2.7)
R

where (”Cll—‘j) r X 7 1s the so called Euler force term, 24 X tp is Coriolis force term and

— —

W x ("< &) is centrifugal force term [31, 34]. If angular velocity does not change with

time, the Euler force is zero. Coriolis force is given by

o| & réo e
2Wxidp==-|0 0 Q|=2—ug,u,0) (4.2.8)

r
Ur TUp Uy

where & = (0,0,9Q) and g = (u,, ug, u,) [1].

=
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=
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FIGURE 4.2.2: Centripetal acceleration on a particle at a position 7(z,y,z) in a
rotating reference frame of angular velocity &. Vector R is a perpendicular projection
of vector 7.

The centrifugal force can then be written in terms of the vector B = (x,y,0)
drawn perpendicularly to the axis of rotation, perpendicular projection of 7 =

(x,y, 2), (see Figure 4.2.2) since

& x7=& xR, (4.2.9)



SO

Gx (B xF) =& % (@ xR)
= (@ Ro+(@-O)R (4.2.10)
= Q%R
- (s

where in the third line we used the vector identity A x (§ X 5) = (ff . 6) B—

(ff E) C'. Scalar r = /2% + 42 on the last line is the magnitude of vector R.

In the case that the Euler term is zero (i.e. the angular velocity does not change

with time) equation (4.2.6) can be rewritten as

= 5 (1o o

ar = d; + 2Q(—ug, u,,0) = V §Q . (4.2.11)
In our problem d; = g, the acceleration due to gravity.

4.3 Governing equations and boundary conditions

We begin with the Navier-Stokes and continuity equations relative to a frame of
reference which rotates at with angular velocity along a fixed axis & = (0,0,(Q)
where () is constant

V-i=0 (4.3.1a)

p (@ + - Vﬁ) = —Vp+ uV3i — VII(h) (4.3.1b)

dw 1
—p [g’+ (d_j) X 7+ 2Q(—ug, u,,0) = V <592r2>] .

where @ = (u,(r,0,z),up(r,0,2),u.(r,0,2)) is the fluid velocity relative to the ro-
tating frame, and we assume that the shear stress due to the induced air flow is

negligible. 24 is a rate of change of « at a fixed position 7 in that frame. Euler force

term (ij—‘;’)r is zero for constant angular velocity as it is the case in this problem. The
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centrifugal force term can be incorporated into the “reduced pressure” pr together

with the force due to gravity

1 A’
pr=p+pgz = 5pUr* + (). (4.3.2)

Component-wise continuity and Navier-Stokes equations can then be rewritten as

10 10ug Ou, B
ou, ou,  ug Ou, ou,  ud _ 10pr 9 u, 2 Oug
ot +ur(9r+7’ 00 +u282 r por +p Vi r2  r2 06 2ug
(4.3.3b)
Oug Oug  ug Ouy Oug  UpUyp 1 Opr p 9 ug 2 Ou,
— —t— =——— 4~ -+ —=— -2
ot il or + r 00 s 0z + r pr 00 +p Viug 72 2 06 o
(4.3.3¢)
ou, Oou, upOu, ou, 10pr 1y
=0 S L T 4.3,
5 +urar—|—r 50 +uzaz p8z+pvuz (4.3.3d)

Assuming there is no slip between the fluid and the solid boundary, conditions
at z =0 are:

Up|.=0 = 0, (4.3.4a)
ug|.=o = 0, (4.3.4b)

and no flux through the impermeable solid boundary
Uy| =0 = 0. (4.3.4¢)

The kinematic boundary conditions at the fluid-air interface z = h(r,0,t) are given

by equations

oh Oh  ugOh

Uy, =

and
TN = —Kon + Vo (4.3.6)
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where o is the surface tension, s is the arc length along the interface, and 7 is the

stress tensor of the incompressible fluid

T = —prl +2pE (4.3.7)
with
1 — T
Qur 10uy Ouy OQuy Qug  Ous
T r 889 z or %r ar
= 1| Ju 19usg Jug | 4 1| 10ur 10up 10u,
-2 0 2 0 0 0
Y 0w Toms  ou (4.3.8)
or r 00 0z 0z 0z 0z
9 dur Jug + 10u,r  Our + Ou
or T r 00 0z ar
— 1| Oug 4 10uy 2 Jug Qug | 10u;
2 ar r 00 r 00 0z r 00
Ou _'_% 10u, _'_% 26uz
or 0z r 00 z 0z

Hence, for the incompressible Newtonian fluid

—pr ot 2 (G 15) (e o+ Ge)
T=| (G L) —pp 4 2 (G Lo ) (4.3.9)

e+ 52) p( 55 + 52 —pr+2n%e

Equation (4.3.5) is the kinematic boundary condition which says that normal com-
ponent of the velocity of the fluid at the interface is balanced by the speed of the
interface. Vector equation (4.3.6) has three components which are obtained by taking
the dot product of the equation (4.3.6) with 7, . and fy (equations (4.3.10), (4.3.11)
and (4.3.12) respectively). In the normal direction normal stress is balanced by the

product of the surface tension and mean curvature
n-THn = —Ko. (4.3.10)

In the two tangential directions we balance the shear stress on the interface and the

surface gradient of the surface tension o,
t.-Til =1t Vo (4.3.11)

and
to-Tii =ty - V0. (4.3.12)
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Here the unit normal and tangential vectors in polar coordinates are

( oh 1 0h 1)

ar’ 1 oo’

, (4.3.13a)
1+ &)+ L (2

. 1,0,2
t, = M (4.3.13b)
1+ (92

and

. 0,1,1%n
ty = 0L, 5) (4.3.13c)

(

= =

~—
~—
[\

—_
+
ﬁwl"

|Qv
S

so that mean curvature of the interface

Kk =-V- -1

_ 10 g ]_m[ = } {
N Y i R SR O R € R R (D Y O
S Tl (3) i (3) A B A ()0 h T ()" Sk (5
h

— ar2 ' r

~ 2h
(4.3.14)
We can now expand the terms in the vector equation (4.3.6)
QR —
ViH(5) + (55)
oh Qur h, (9 Quy OQuy Ouz
—ar Cpnt205e) — g (G - gi) + (62 +97) | (43.15)
U 0 Uz
oot ) - U )+ G 56)
U Uy z 0 2z
— o (e +52) — 1ok (G55 + 52) — pr+ 2%
and
_ (B e (B) e B A B (5) B8 5 A ()b 58 (3) b B (81))
RoTl = 2 2\2
+H(8) +(55))
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so that the stress balance condition in normal direction (4.3.10) becomes

(4.3.17)

2
2 Gh G 9GOy (Gs 4 Qu) OB (Tuo y LOu) _ y (F0)7 (G 4 Ou)
h

_nOhoh (Dus 4 10wy _ do
r Or 00 \ 0z r o0 /) — or

(4.3.18)
and finally the tangential stress balance in the azimuthal direction is
20 Oh D 20 8h Hus oh 1 duy Oh Oh (du. | duy
— %090 T 7 90 o0 —Maﬁ%;;%);%maaé‘F§)
u 1 0u, u 1 0u,
_7‘%(_9 _;+Faa)+“ a_;+Fae) (4.3.19)
_ 10 1 (0h\2 | 1 (0h\? 1 (0h)?
—;a—Z\/l+r—2(—e) +55 (55) \/1+rz(—e)

4.4 Nondimensionalized system

We consider the length scales in the r direction defined by the radius R of the film

of mean thickness H so that H < R, and introduce small parameter

c— % (4.4.1)
The dimensionless 7 and Z coordinates are given by

r = RF, (4.4.2)
and

z=HZ. (4.4.3)



The dimensionless fluid velocity in the r direction is scaled as
u, = U, (4.4.4)

where U, is the characteristic velocity of the problem in r direction. We scale veloc-

ities in € and z directions as

ug = Ugtiyp, (4.4.5)
and
u, = U,1,. (4.4.6)
Time is scaled as
- R
t=Tt=—t 4.4.7
o (1.47)
angular velocity is scaled
w = Q, (4.4.8)

where () is some fixed reference rotation rate. Reduced pressure is scaled
We drop the tildes and write the scaled system. The conservation of mass equation

1 UplOoug U, Ou,
;E(rur) + Fr;m + EUT 2 = 0. (4410)

It follows U, = €U,, and Uy = U, for a non-axisymmetric problem.

In the radial direction the nondimensional Navier-Stokes equations become

)]
_Us 2 0up| 4 Pur  9Usl—1
= 86] + G T 25 Bk wuy,

T

s
&

2 Our Our  Up ug dur Qur _
¢“Re |:6t+u7“6r+Urr80+uzaz (

uF

— _9r 4 2|10 (,0ur 1 Pup _
- or t+e [rar(rar)+r2 002

%
SIS

(4.4.11)



in the azimuthal direction

2 dug Oug | Up up Gue Oug | urue
¢Re <Bt+u7"6r+UTr89+uzaz+ )
B

,
-1 -1
_(Ue 10pr | 2|10 (,.0ug) j 1 8%up _ up Us 2 duy 82ug
<UT> r 00 te r Or (T’ or ) + r2 002 r2 + U, r2 00 + 022
1

(4.4.12)

and in the z-direction

e*Re [68% + u, %z 4 Voo Ouz | u, 9

_ _9pr 21,210 (,0us 21 ou, | O%us
or T U+ 00 92 | = 8z+6[6 (T )+€ + :

r Or or r2 00 0z2
(4.4.13)

Here the Reynolds number describing the ratio of inertial to viscous forces is

Re — LU _ OB (4.4.14)
1 v

The Ekman number describing the ratio of viscous to centrifugal forces is

v

and the pressure scaling is
P= “fgﬁ (4.4.16)

We want to keep the effect of the centrifugal force, so from the scaling of reduced

pressure

~9 o
pr = Ppr=P (]5 + Stz — w2r - HaH(h)) (4.4.17)

we can obtain U,
B P2 RH? B O’RH?
= . -—

Ur

(4.4.18)

Here the inverse Stokes number represents the ratio of gravitational to viscous forces

pgH*
pU,
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and the Hamaker constant describing the strength of the disjoining pressure due to
van der Waals forces
Ale

Ha— — ¢
& GrulU H?

(4.4.20)

No slip boundary condition between the fluid and the solid boundary conditions at

z = 0 stays the same

Up| =0 = 0, (4.4.21)

Ug|,=0 = 0, (4.4.22)
and similarly for no flux condition

Uy|=0 = 0. (4.4.23)

The kinematic boundary condition at the fluid-air interface z = h(r,0,t) is given by

equation

_Oh Oh  UyugOh
ot "o Uy 00

Uy

(4.4.24)

The stress boundary condition equations are little bit more involved. In the normal

direction
2 [(on\2 | 1 (8Rn\2 4 [Bur (OR\2 | 10h0h (Ugdug |, 10u
—P[1+6 {(W) + 72 (55)7| p +2e [Tﬁ(») tioran \U or T 700
_9¢2 ( Us Oug 210u 4 | Oh (Ou Our) _ Up 1 (0h\2 dug _ Ou
2¢ \ o, 2 +6r892) 26 |G (B +92) — oo (59) " %0 8;}
10h |, 02h 1 (0h\3
?7+W+62;(35) +
1 iﬁ_t'_ﬁ@(@) _ (4.4.25)
+ o e 892 oh 53 %Th o 92h (Oh\2
2 2 2e¢” Oh 21
\/1+62[(%) +5(2)] | =ower (59) 25z (5) +
(21 9%h @)2
r2 962 \or
= 0.

In the radial direction the tangential stress boundary condition is

or Or or 0z or U, or r 00

_9e20hdu | 9200w 4 20us | Dur _ (210h (%% ym)
2 (8h)2 ( 2 du, BuT) 21 9h Oh (Ug Aug 21auz>
—e? (8h)" (28ue 4 Our) _ (210000 (Usdup 4 21
or 0z

or r Or 00

g e [@)7 s s @ iee @)
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where we have used V.0 ~ (g—‘;, %%,0) + O(e). The tangential stress boundary

condition in the azimuthal direction is

_oUs,210hduy | 0210hou. _ 20h (Ugdug | 10u,\ _ 21000k (20u: | dus
205 T o0 90 T 2€ 1 56 os 667‘( + p (6 + )

(4.4.27)
where reduced capillary number is
U,
Ca =320 (4.4.28)
0o
and scaled surface tension ¢ is
U.R .
o= 'UH 7. (4.4.29)
4.5 Scaled axisymmetric problem
We first consider the axisymmetric problem with % = 0 so that scaled system
simplifies to
10 Ou,
-~ (ru, = 4.5.1
rar(ru)+8z 0 (45.1)
2 9
Our Our Our U, U, _ 2] o) Our Uy
e (% +u e +ute - (B 0) = i@ (g -]
+2u 4 2L Bk wu,
ou, ou, ou UpU, _ 0 ou, u
R (4t e+ ) = & (L2 () — 3] -
+662Z“29 -2 <U—f Ektwu,., o
ou ou ou Opr 10 [ Ou 0%u
4 z z z 21 2 z z
R r . = —— -— . (4.5.2
‘ e(@t T 6r+u 62’) 0z e {Erﬁr(rar>+022 ( )



with reduced pressure

w27,.2

pr=p+St 'z — + HalI(h). (4.5.3)

Assuming that in the azimuthal direction Coriolis force drives the flow, we keep the

Coriolis force term at the leading order so

Uy = Bk 'U, (4.5.4)
or

U,

79 — Ek .. (4.5.5)

Note that using the scaling for the velocity in radial direction (4.4.18) we can rewrite

e2Re as follows

H?U.R H*Q*RH® QH'

2
¢“‘Re = =
Rz v Ry v Iz

Ek 2. (4.5.6)

2
Hence ¢’Re = (g—f) and we can rewrite equations (4.5.2a),(4.5.2b) and (4.5.2¢)

2
2 Our Our ur _ 2m % \ .  _ 9pr 2190 (,0ur\ _ ur
ERe(at +u7"8r +u282 6Rer>_ or te [rar(ra'r) 7“2}

2
—I—% + 262Rewug,

0 0 0 r 10 0 0?
e%ie(ﬂ—l—urﬂ%—uzﬂ—l—uue):g{ —( ug)—%}jt u9—2wur,

(4.5.7a)

ot or 0z r ror TE r2 022
(4.5.7h)
ou, ou, ou, Opr 10 [ Ou, 9%u,
4 _ _9pr | 9|2l O
6Re<8t +ur87’ +“Zaz)_ 0z te {67’87“ (T(?r)—i_@z?]' (4.5.7¢)

No slip boundary condition between the fluid and the solid boundary conditions at
z = 0 stays the same:
Up| =0 = 0, (4.5.8)
ugl.=o = 0, (4.5.9)
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and

U] = 0. (4.5.10)

The kinematic boundary condition at the fluid-air interface z = h(r,0,t) is given by

equation

_on . oh

Uy

Stress condition equations are simplified to

o1 (3] vt ()7 - 2mtegE 2 1 (3 + ) - B
3

2 0h Ou, L9 5 Oh Ou, n ,0u,  Ou,

25 e Y% T e

8h8u9 8u9
— 2—— —_—
oot =0, (4.5.14)

4.6 Leading order axisymmetric problem
We seek the solution of the governing equations as a perturbation series in powers of

the small parameter e. We consider the lubrication approximation of the governing

system by letting Re, Ca = O(1), as € = £ — 0. We then have

R
L9 )+ 22 <0, (16.1)
Ps_ (4.6.3)



and

p _ -1
9 St (4.6.4)

No slip boundary condition between the fluid and the solid boundary conditions at

z = 0 stays the same:

Up| =0 = 0, (4.6.5)
Ug|.—o = 0, (4.6.6)
and

The kinematic boundary condition at the fluid-air interface z = h(r,t) is given by

equation

oh  Oh
=5 g (4.6.8)

Uy

Stress condition equations at z = h(r,t) are simplified to

10 oh
=—Ca'==(r=— 4.6.9
p Ca ror (rar) ’ ( )
ou,
=M 4.6.10
and
8u@
— =0 4.6.11
0z ( )
where Marangoni number
YTR
Ma = 4.6.12
a GMUT ( )

represent ration of thermal surface tension to viscous forces as described in Chapter

2.
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4.7 Solving the leading order axisymmetric problem

Integrating equation (4.6.4) gives
p(r,z) = Cy(r) — St~ 'z (4.7.1)

From the stress condition (4.6.9) we then have

0 ( Oh
_ a1 9o -1
Ci(r) =—Ca o (r 87“) +St™h (4.7.2)
SO
_ S h) —cat O (O
p(r,z) = =St™ (2 —h) — Ca il KAl (4.7.3)
Now
op _10h 0 (10 ( Oh
or ot or Ca or (T or (T8T>) (4.7.4)

so equation (4.6.2) yields

0?u, L0h 10 (10 [ Oh 5 ol
—st1 Y et S (2 () ) - Hal. e
022 ot ar Ca or (7" or (T&")) Wt “or (47.5)

Integrating once with respect to variable z gives first derivative of radial velocity

ou,  [o,_10h 4,0 (10 ([ Oh onl
5, {St o Ca o (7“87" <r8r)) + Ha 5 Y r} z+4 Cy(r).  (4.7.6)

Integrating once again with respect to variable z yields general equation for radial
velocity wu,.(r, z)
oh o (10 Oh oIl 22

— -1~ -1 - i H 2 ~ )
u,(r, 2) [St o Ca o ( (7" )) + ag - —w 7"] 5 + Co(r)z+ Cs(r)
(4.7.7)

Boundary condition (4.6.5) yields C3(r) = 0 and stress condition (4.6.10) gives

oh o (10 oh oIl
Colry)=Ma— [St7'— —Ca'— | == [ r— Ha— — w’r| h 4.7.8
2(r) . [ or o (7“87“ (T&’))—'— “or wr] ( )
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SO
_oh 9 (10 ( oh o,/

which has to satisfy the equation (4.6.3) so

2 1 11 2
97ug = 2w [St_lah — Ca_12 < 0 <7"8h)> + Haa—r — wQT} <22 — hz) + 2Mawz.

022 or or \ror \| or 0
(4.7.10)
Integrating equation (4.7.10) once with respect to variable z yields
Oug __ —10h —10 (19 28
Ge= w[StT'F = CaTl5 (15 (r5)) + HaGl — wir] <§—h22> (4.7.11)

+Mawz? + Cy(r),

and integrating second time with respect to the same variable gives

w= ol e 2 (A () s (5-5) o
+Maw§ + Cy(r)z + Cs(r).
The azimuthal no slip boundary condition (4.6.6) determines C5(r) = 0, and stress
condition (4.6.11) yields an expression for Cy(r)

oh d (10 [ Oh o1l h3
100~ Lo [ oh ol v 2
Cy(r) = 2w [St o Ca g (T@T (T&")) + Ha 5 Y r] 3 Mawh

(4.7.13)

SO

=[S 0 (1 ) 4 ] (54 )
+Maw ( — h%z >
(4.7.14)
Integrating equation (4.6.1) together with boundary conditions (4.6.7) and (4.6.8)
gives

%4_18
ot ror
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so that the non-dimensional evolution equation is given by

3 2
oh + L0 {rh [Ca18 (18 ( 8h)> —Stfl@ —HaaH—i-uJQT] —i—Marh}

ot  ror | 3 or \r or r@r or or 2 0

(4.7.16)
where capillary number Ca characterizes the ratio of viscous to surface tension acting

across the interface between a liquid and gas

ol 2R

Ca p T (4.7.17)
Inverse Stokes number St~! is a ratio of gravity and viscous forces
St — 6/)55{2 _ giqzi 5 (4.7.18)
Hamaker number Ha
Ha = ¢ A A (4.7.19)

6ruU, H?  6mpQ2R2H3’
Marangoni number Ma is a ratio of thermal surface tension and viscous forces

YTR 0T

Ma = = .
WU, T )R

(4.7.20)

For hydrophilic materials when the fluid is spreading and completely wetting the
surface we choose the disjoining pressure of the form

1

(h) = — 1.

(4.7.21)

Note that the van der Waals term in the pressure expression is of the opposite sign of
that in the rupture problem. This is caused by the difference in fluids and substrates

in two problems. In the case of hydrophobic surface (water on a Teflon) van der
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Waals forces promote rupture (positive sign) while in the case of hydrophilic mate-
rials (silicon oil over the silicon chip surface) they smooth the surface and promote
spreading.

Written in the original dimensional variables evolution equation is then given by

% + lﬁ @ fg 12 T% _@%_f_ A/ﬁ i +£w27«
ot ror| 3 |por \ror \  or w or  6mrpor \ h? 1

h2
+ ﬁr—} —0 (4.7.22)

which corresponds to two dimensional form of evolution of thin films equation (2.3.11)

in polar coordinates. Here, in general,

3

2
hy+ V- {% (Ca™'V (V%h) = St™'Vh — HaVII + it?) + %MaVU} = 0. (4.7.23)

66



5

Solutions of spin coating problems

5.1 Introduction

We consider two different models of the spin coating problem; one to which we
refer to as a spinning bucket problem, and one which we call a spinning droplet
problem. In this chapter we present a detailed study of solutions to both problems.
Analysis of both of the models is closely guided by the experiments performed by
Professor Robert Behringer and Shomeek Mukhopadhyay at Duke University Physics
Department. Figures 5.1 and 5.1.2 show their first and then final experimental set
ups in which Plexiglas cylinder is mounted to a motor with controllable angular
velocity. With this kind of set up we can perform experiments which correspond to
both of the models we want to study.

In the spinning bucket experiment we perform a comprehensive discussion of the
special case of Newton’s rotating bucket experiment [30] (see Figure 5.1.3). Unlike in
the original Newton’s bucket experiment, we consider a relatively thin layer of fluid
confined within an impermeable cylindrical container of finite size. Depending on

the angular velocity of the rotation two resulting shapes form. If the angular velocity
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FIGURE 5.1.1: The preliminary assembly of the rotating thin film experiment by
Shomeek Mukhopadhyay

is less than some critical angular velocity, the surface of the fluid is a paraboloid of
revolution (see profile in Figure 5.1). On the other hand if the angular velocity is
very high the fluid ruptures and dry circular region forms around the center of the
cylinder (see profile in Figure 5.1.5). Studying how the effects of centrifugal, gravity,
surface tension as well as Marangoni forces influence the critical angular velocity
separating the two shapes is something we study in this chapter.

The second model, the spinning drop, is a problem which is more closely related
to the industrial process of spin coating. In the spinning drop model we replicate the
process by considering a thin drop placed in the center of an impermeable cylindrical
container of infinite size (see Figure 5.1). As the cylinder rotates, drop spreads
coating the bottom of the cylinder with a thin film. This problem has a great
similarity with problems of gravity driven forces. Following the previous work done
in study of thermal effects to drive thin film dynamics in gravity flows we examine
the behaviors which result from the competing Marangoni and centrifugal forces.

In both problems the thickness is assumed to be nonzero everywhere which means
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FIGURE 5.1.2: Another view of the experimental set up for the rotating thin film
experiment by Shomeek Mukhopadhyay

that the initial condition in the spinning droplet problem will have to include a
nonzero film of fluid on the whole surface of the cylinder. We also assume there is
no flux of fluid through the boundary of the circular region with 0 < r < 1, an area
of the container in r6- plane,

_Op

=0, (5.1.1)

r=1

and additionally, we take fluid surface to be normal to the container walls

_Oh

= 0. (5.1.2)

r=1

Here 7 is the unit outer normal. The normal condition (5.1.2) means that we are
neglecting any positive or negative meniscus on the wetting or non wetting walls of
the container. In that case the uniform fluid layer solution h(r,) = h is then an
exact solution of the full problem.

Since evolution equation is a conservation equation, a consequence of the no flux

boundary condition (3.2.1) is that the fluid volume

2 1
V(t):/ /hrdrdGzﬂh (5.1.3)

0 0
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FI1GURE 5.1.3: The interface of two immiscible liquids rotating around a vertical
axis is an upward-opening circular paraboloid. (Source: http://en.wikipedia.
org/wiki/Bucket_argument)

FIGURE 5.1.4: Initial profile and a parabolic profile for w < w, formed after some
time.

is conserved

27 1
ﬂ = i (/ / hrdrd@) =0. (5.1.4)
dt At \Jy Js

In this chapter we both analytically (if possible) and numerically examine prob-
lems for various combinations of capillary, gravity, van der Waals, Marangoni and
centrifugal forcing. We begin the chapter by testing the numerical scheme on a linear
fourth order PDE with a known analytical solution. Further, we test the code on a

nonlinear forth order problem of similar structure which does not include spin but
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F1GURE 5.1.5: Initial profile and a truncated parabolic profile for w > w. formed
after some time.

FIGURE 5.1.6: Initial profile and spreading profile at some later time of spinning
droplet

has a known similarity solution. We then proceed implementing the code to find the

critical angular velocities for steady state solutions for thee different cases:

1. centrifugal and gravity forces only,

2. centrifugal and surface tension forces only,

3. centrifugal, gravity and surface tension forces only.

Finally, we solve numerically full problem with full or linearized expression for cur-

vature in the capillarity term.
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5.2 Fourth order test problem for the linear thin film equation

Many of the difficulties associated with the full spin-coating problem are addressed

by solving the linear fourth order heat equation
hi +V*h =0 (5.2.1)

in axisymmetric form

oh 10 0|10 oh
e G (522)

We consider the axisymmetric fourth order heat equation (5.2.2) on a domain 0 <

r < 1, with boundary conditions

oh Oh

- — - = 2.

| . 0 and ar| 0, (5.2.3)
o109 Oh
I B g — 24
or L‘ or (rﬁr)] ‘7:1 0, (5.2.4)

and initial condition h(r,0) = ho(r). Boundary conditions (5.2.3) a “no-meniscus”
or zero inclination angle condition at the wall of the container (the fluid interface
will be normal to the solid). Note that there is only one no flux condition (5.2.4).
A no flux condition at » = 0 is not needed due to the regular singular point of the
equation at the origin so some solutions are unbounded and rejected as unphysical.

Also note that equation (5.2.4) can be rewritten as
910 (N[ _ (9 g ToRy| (o 1o
or |ror \ Or 1 \ord ror2 r20r)|._, \ord  ror?

This system makes a good test problem because it has an analytical solution

= 0.
r=1

(5.2.5)

which can be found using method of separation of variables so we can verify the
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stability and accuracy of our finite difference discretization for the thin film equation
by testing our code on this simpler linear partial differential equation problem.

We assume solution of form
h(r,t) = i Co T, ()R, () (5.2.6)
n=0
and substitute into the partial differential equation to obtain
T G| R

As left side of the equation is dependent on ¢, and right on r variable only, both sides

have to be a constant. This immediately yields to two ordinary linear differential
equations.

First we find a general solution 7,,(t) of the ordinary differential equation

dT.

— N7 =0. 5.2.8
This solution is

T (t) = Ape Nt (5.2.9)

To solve the ordinary differential in radial direction we expand the equation to

obtain
d*R
4 n 3
" drt 2r

3 2

General solution of this equation is
R,(r) = B Jo(Anr) + CrYo(Anr) + Dplo(Ner) + En Ko(Ayr) (5.2.11)

where Jy, Yy, Iy and K| are respectively Bessel functions of first, second, modified

first and modified second kind of order zero. Solution (5.2.11) was found using Maple.
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From (5.2.11)

dR,,
dr

= — B\ Ji(Aar) = CodaYi (Mnr) + Dpdnls (M) + En A Ki(Ar)  (5.2.12)

where Ji, Y7, I; and K are respectively Bessel functions of first, second, modified
first and modified second kind of order one. Since we are looking for a bounded
solution, and Yi(r) and Ki(r) blow up at r = 0, we get C,, = E, = 0. The zero

contact angle condition at r = 1 reduces the solution to form
Rn(T) = BnJO(/\nT) + Dn]O()\nr) (5213)

with

BnJi(An) = Dpli(Ay). (5.2.14)
On the other hand the no flux boundary condition (5.2.4) determines that
BnJi(An) = —Dpli(\n), (5.2.15)
so we must take D, = 0 and A, to satisfy J;(A\,) = 0 The solutions are:
Ry(r) = BnJo(An) (5.2.16)

where A, is a root of Bessel function of the first kind J;(\,,) shown in Figure 5.2.1.

Finally, we have analytical solution of our test problem
h(rt) = ha(r,t) =Y Fue ™™ Jo(Aar), (5.2.17)
n=0 n=0

and we can numerically solve the problem and compare it to its analytical solution.
5.2.1 Numerical scheme

We consider the fourth-order heat equation (5.2.2)

oh 10 [ op
o (7“5) =0 (5.2.18a)
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FIGURE 5.2.1: Bessel function of the first kind of the first order J;(r)

on a domain 0 < r < 1 where

10 ( Oh
=12 (f,n5> | (5.2.18h)
Boundary conditions are
h h
oh =0 and on =0, (5.2.18¢)
87" r=0 87" r=1
Ip
- =0 5.2.18d
ar 1 Y < )

and initial condition h(r,0) = Jy(A;7r) where A\; =~ 3.831705970. Note, \g = 0 gives
the uniform constant, flat film solution hy(r) = 1.

We discretize the problem over an equally-spaced grid r; = iAr for i =0,..., N

1

~ 50 that 7o = 0 and ry = 1. Values h} and b, correspond to values of

where Ar =
h(r,t) at r =0 and r = 1 at time ¢t; = jAt. The initial condition at time ¢, = 0 is
discretized as

hY = J(Airy) (5.2.19)

where \; ~ 3.831705970. We use the backward Euler difference scheme to discretize
in time. This scheme yields first order accuracy, O(At). To discretize in space we
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use second order accurate scheme,

O(Ar?), the centered difference scheme. This

results in an implicit method which does require more computational effort in each

solution step but is unconditionally

stable meaning that we can take as big of a time

step as needed and the solution will still remain well behaved for linear problems.

In contrast, using an explicit method (choosing a forward Euler difference scheme

to discretize in time) we would be

limited to a time step dependent on a size of a

spatial step, At ~ O(Ar*). This would be very slow if we wanted good accuracy.

We obtain discretized equations (5.2.18a) and(5.2.18b)

1 _
hg—’_ — hg 1 H— or z—|—— Tz—lar z—%
At B T_ r,,1—7T _1
! +3 i—3
J+1 j+1 j+1 g+l
_ 1 pl-‘rl ) pl i—1
- royl———————— i—L
riAr Y2 -1 2o =Ty
_ 1 ( j+1 _pjﬂ) ( j+1 +1)
= A2 it P TP i1 D5
(]
_ z+% pj+1 Z—% p]+1 _ z—% :+1 (5 9 20)
r; Ar? i T ‘ TzA 25 riAr2t it
Tirl 2 Ti1
3 g+l J+1 3 g+l
- = Pit1 T P — 3ol 5.2.21
TZ‘AT’Q i+1 A DY) TZ‘AT’Q i—1) ( )
and
r. 100 Jj+r r 0k ]+1
41 ]_ Z+ or 7,_‘_7 7,—* ar 7,—*
p; =
i Tinp i
j+1 j+1 j+1 J+1
— 1 hz-i—l hz hl - hz‘_
- i+l —Tr,_1
rAT T g =y 2T =T
— 1 (hHl hj+1) _ (hj+1 i hj+1) (5 9 22)
- T‘ATZ i+ i1 1 701'7% i i1 . 2.
1
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Combining two discretizations we have

Wi T T (hlfy — W) — s (RIF — R0
At Tiri+1Ar4 i+35 i+2 i+1 i+35 i+1 %
2

poree IR CHE T BEE ()]

Tr._ 1

i3 [ G+ i+l G+ g+l
——2 —\r._ i (k] —h ) —r._s(hl, —h
rﬂ“i,lA?A i—3 ( 7 7 1) =35 ( i—1 7 2)

fori=2,...,N. Here

Wl = hyt, (5.2.23)

is a consequence of centered difference, second order accurate, discretization of the

no inclination angle boundary condition at r =1

@
or

j+1 Jj+1
. hN+1 T thl

2
S T O(Ar). (5.2.24)

=0

r=1

Similarly, by discretizing the no-flux condition at » = 1 using centered differences

oMo (o] _ [0 (1on, o
or |ror Tar  lor\ror  Or?

_(Fn1en 1on
N ord  rorz2  r2or

WLy = 200 4 2k — R

r=1

r=1

r=1

_ Ny2
2A7r3
it = 20+
Ar?
WYL — R
N+l N Ar?
2Ar +O(Ar7)
hj+1 _hj-l-l AN hj-i-l _hj—l—l
_ N2 N—2 “’2A ;‘( N-1 N ) +O(Ar@5.2.25)
r
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we obtain

Wty = B, — 40r (W — By + O(Ar?). (5.2.26)
When ¢ = 0 and ¢ = 1 we cannot use the above scheme (5.2.23) because of division
with zero in some of the terms. We have to find other ways to express conditions at
those points.
For ¢ = 0 discretize the no meniscus boundary condition at » = 0 using second
order forward differences

on| =3R4 4Rt — Byt

— Ar?) = 2.2
or| _, 2Ar TO@Ar) =0 (5.2.27)

SO
J+1 J+1

hj—i—l _
0 3

+ O(Ar?) (5.2.28)

For i« = 1 we can see that in the general expression division by zero occurs in
the fourth term of equation (5.2.20), expression for pressure p’*'. To resolve that
problem we have to find a different way to express the pressure in terms of boundary

conditions. Assuming solution of form
h(r,t) =Y enlt)r™ = co(t) + ca(t)r + ea(t)r® + ...+ O() (5.2.29)
n=0

for r — 0 we have

Oh

5, = all) +26(t)r +007). (5.2.30)

The no slip boundary condition (5.2.3) at r = 0 makes ¢;(¢) = 0 so for small r

10h 10h o*h  0h
2O it e ) = im S = O 5.2.31
ror|,_, o7 O e2(t) r00rz o ( )
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Now we can use that to approximate

Lo (on\[  _ (&h 10k
ror T@r —0 N or?2  ror
2
2(’9h

o

r=0

r=0
2h1 —2ho + h_y
Ar?

hi — ho
Ar?

+ O(Ar?)

= 4 + O(Ar?). (5.2.32)

This gives a modified scheme for ¢ = 1

W B s - - - -
_ = — 2 - J _hJ . J _ K
At T T At [7“; (73 ") T3 (hy hy )] (5.2.33)
2 j+1 j+1 i+1 j+1
o [y (7 =) =y (7 = 1)
4ri , .
_r1A27"4 (h]lﬂ N héﬂ) :

All together discretized differential equations (5.2.28), (5.2.33) and (5.2.23) make a
system of N + 1 linear equations, Ah = 0. Matrix A is a five banded matrix with
two sub diagonals and two super diagonals. To solve band-diagonal sets of equation
we use in combination Numerical Recipes routines bandec and banbnks [41]. We
first call on bandec routine which constructs an LU decomposition of a row wise
permutation of A.

The mass of the system is conserved so

1
i/ h(r,t)rdr = 0. (5.2.34)
dt J,
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We use (5.2.2) to rewrite the mass conservation equation (5.2.34)

d [! ' oh

pr i h(r,t)rdr = /0 ardr
= —/12 ! r@ dr
B o Or |r \  or

_ 1o o\
N ror \ Or

Using the backward difference approximation for time derivative and trapezoid rule

= 0. (5.2.35)

0

to represent the integral we can approximate

1 N-1
h
/ h(r)rdr = Ar? E ih; + ATTN + O(Ar?) (5.2.36)
0

i=1

Figure 5.2.2 shows error |Ma,(T) — My| with respect to Ar and shows that error
goes by O(Ar?) which is expected by the centered difference approximation. This
confirms that boundary conditions are satisfied and there is no fluid flux escaping or

coming in through boundaries meaning that the mass is conserved.

T ] B e S
le-04
1e-05 |
1e-06 |

1e-07 F

|Mar(T) — Mol

1e-08 |

1e-09 error o

quadratic function
Lol L

lolgb— T vl
le-04 0.001 0.01 0.1 1

Ar
FIGURE 5.2.2: Plot of error |Ma,(T) — My| where T'= 1072 and M initial mass at
time t = 0 vs Ar for linear fourth order test problem.

Figure 5.2.3 shows the numerical solution compared to the exact analytical solu-

tion. We confirm the second order accuracy in space by plotting the error at h(0,T)
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FIGURE 5.2.3: Numerical and analytical solution of linear test problem (5.2.2) in
polar coordinates

0.01 f—r—rrrr—— g
0.001 & .
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N | ° i
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S F ]
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4 1e07TE ]
= - ]
le-08 E error o 7
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16-09 P | ol
le-04 0.001 0.01 0.1 1

Ar
FIGURE 5.2.4: Plot of error at h(0,T) where T' = 1072 vs Ar for the linear fourth
order test problem.

when T = 1072 for solutions calculated with different step size Ar, as well as plot-
ting the Ly norm of the error vector ha,(r,T) — h(r,t). We keep constant time step
At = 1078, Figure 5.2.4, the log-log plot of the numerical error at h(0,T) vs Ar,
and Figure 5.2.5, the plot of L2 norm of ha,(r,T) — h(r,T) vs Ar, show the second
order accuracy as expected. We similarly test the dependence on time by plotting
the error at h(0,T) when T = 1072 for solutions calculated with different step size
At as well as plotting the L2 norm of the error vector ha.(r,T) — h(r,t). We keep

constant spacial step Ar = 1073, Figure 5.2.6, the log-log plot of the numerical error
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FIGURE 5.2.5: Plot of L2 norm of ha,(r,T) — h(r,T) where T = 1072 vs Ar for the
linear fourth order test problem.
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FIGURE 5.2.6: Plot of error at h(0,7) where T = 1072 vs At for the linear fourth
order test problem.

le-09 1e-08 le-07

at h(0,T) vs At, and Figure 5.2.7, the plot of L2 norm of ha:(r,T) — h(r,T) vs At,

show the expected first order accuracy.
5.3 Fourth order nonlinear test problem for the thin film equation

We now test our code on a nonlinear test problem which has a similarity solution
so it will be easy to verify the accuracy of our numerical method. We consider the

nonlinear fourth order partial differential equation

oh 10 [ 0 [10 [ 0n\]|
5 o {”L o [;a (a_)]} =0 (5:81)
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FIGURE 5.2.7: Plot of L2 norm of hay(r, T) — h(r,T) where T' = 1072 vs At for the
linear fourth order test problem.

1e-07 L Lol
1e-09 le-08

with n = 1. In our full problem n = 3 but the features and the difficulties are the

same. Boundary conditions are no slip

oh oh
E L =0 and E . = O, (532)
and no flux
o010 oh

This problem was chosen because it has an analytic closed-form solution. To

solve analytically we assume self-similar solution of form

T s=mr (5.3.4)

T

1
h(T, t) = ﬁH(na 5)7 n=

with 7 = a(t — t)?, and substitute into the governing partial differential equation

[52]. The resulting equation is

By _op_,0H OH\ _ _(t-t)P10 [ 0710/ 0H
ozz(t to) 2H n8n+8s B ol non nH@n non 77877

(5.3.5)

so f=¢ and o = 65. Hence 7 = [6(¢ — t,)]5 and

oH OH 10 0190 ( 0H
B = ol ()| ) 099



Similarity solution H(n) is

L) (5.3.7)

H(U):?)—Q

so that h(n, ) = 5= (L* — n?). In terms of r and ¢

1 , ?
h(r’t)_?)z[(s(t—to)] [L [6<t—to>1]' (5:3:5)

W=
W=

We use this to set up our initial condition A(0, 7).
5.8.1 Numerical scheme

We discretize the non-linear test problem (5.3.1) so that the numerical scheme be-

comes

g ' :
hi —hi | reghe res (R RITYY e (R I
At riri+1Ar4 L i+§ i+2 i+1 i+§ i+1 7 |
e T A S o Rt ity ]
T TRAA Ti+%( i+l — 1% )_ri7%< i~ )
e B R A R Rt pih]
T TRAT 7}'+§( 1 T )_Tif%( i i)

feated T (R - W —th] =0 (5.3.9

+riri_1A7~4 _Ti—%( D= hil) _ri—%( i-1 172)_ = (5.3.9)

C_ : Gl gl Gl gt j+1 j+1
for i = 2,...,N with hiy,, = hy_, and hy [, = by, — 4Ar(hy_, — hyy ), con-

sequence of centered difference approximation to boundary conditions (5.3.2) and
(5.3.3) at r = 1, same as in the linear problem.

Following the linear problem, for i = 0 we use boundary condition (5.3.2) at r = 0
using the second order forward difference

% _ —3h'(j)+1 +4h‘i+1 . hf;+1
ar|,_, 2Ar

+ O(Ar?*) =0 (5.3.10)
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and for ¢ = 1 we use

1l g3 rsh
hl _hl 2

At +

Like in the linear test problem we use bandec and banbks Numerical recepies
routines [41] to solve, in this case, nonlinear system of N + 1 equations at each step
of the Newton iteration until desired error tolerance is achieved (107'*). For the
initial condition we use similarity solution to form a profile of a drop on a prewetted

surface of thickness § = 0.0001

2
N ) —— Y
h(r,0) = 32[6(—@)}3{ [6(—t0)]3 0

57 7’27’0

o=

Here L = rg[6(0 —1tp)] . We set initial drop radius 7o = 0.1 and initial time
to = —5- 1077 so that the height of the droplet at the origin at time ¢t = 0 is unit
height. To that we add the prewetting height 6 = 0.0001 which adds to the initial
height of the drop (at ¢t = 0 the height of the drop is 4(0,0) = 1.0001). Figure 5.3.1
shows this initial solution with 6 = 0.02 in order for the profile to be more clear. It
is evident that the prewetting layer height is significantly smaller than the size of the
drop.

Figure 5.3.1 shows profile of the solution evolving through time. Here the height
of the drop at the origin, h(0,t), gets smaller as the time ¢ increases. In log-log plot
of h(0,t) vs. t shown in Figure 5.3.1 we can see that this height evaluated by the

numerical code decays as expected by the similarity solution. Similarity solution at

r = 0 is given by

L4
) = =)
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h(r0) g6 | =
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FiGURE 5.3.1: The similarity solution at time ¢ = 0 when initial drop radius is

ro = 0.1 and we set h(0,0) = 1+ 6 so that ¢ty &~ —5 x 10~7. In our code § = 0.0001

but in this plot 6 = 0.02 to better see the form of the initial profile.

0.9 -
0.8 -
0.7
0.6

h(r,t) 05

e I :
: . 0.4 0.6 0.8 1
r

FIGURE 5.3.2: Solution profiles of nonlinear test problem evolving through time
evaluated numerically

1

so log-log plot of h(0,t) vs t — o is a straight line with slope —3 and y-intercept

L2
32.63 )-

log(

5.4 Spin coating problem steady state solutions

We now begin our study of three steady state problems related to our full spin

coating evolution equations. In this section we only consider the bucket model.
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FIGURE 5.3.3: Plot of height of the drop at the origin, h(0,t), vs. time for nonlinear
test problem

Each evolution begins with the flat thin film in a cylinder which is being spun with

some constant angular velocity w.

5.4.1 Steady state solutions for Ca~' = 0, Ma = 0 and Ha = 0 - centrifugal and
gravity forces only

In this problem we assume that the driving forces are centrifugal and gravity force and
neglect capillary, surface tension and any forces due to van der Waals intermolecular
interaction. This models an experiment in which layer of fluid being spun in a bucket
is of a medium thickness.

We are looking for a steady state solution to second order PDE problem

oh 10 [rh3 0 ) w?r?
_ e | =St = 4.1
8t+7"87“{3 8r( SUThE 2 )} 0 (54.1)

with boundary conditions

oh

E o =0 (542&)
0 L, wir?
— | - = 0. 4.2
8r( St™h + 5 >r:1 0 (5.4.2b)

where w is the constant angular velocity of the spin.
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To solve the problem we first integrate steady state form of equation (5.4.1) and

obtain

0 wer

— (=St~ 'h+ o = 0. (5.4.3)
( )

or 2

Note that boundary condition (5.4.2b) is now satisfied and gives us no more infor-

mation. We integrate now (5.4.3) to get

h(r) = %uﬂrz’ + Co. (5.4.4)

This general solution not only satisfies boundary condition (5.4.2b) at » = 1 but also
boundary condition at r = 0, equation (5.4.2a). Constant Cy is determined by the
conservation of mass.

If in the beginning of the experiment, before the spin, we had a flat layer of fluid

we can write the initial condition as h(r) = h. Total mass is then

or 1 1
/ / h(r)rdrdf = 27?/ hrdr = h. (5.4.5)
o Jo 0

Since mass is conserved

2 1 1 St
/ / h(r)rdrdd = 27r/ (—w27’3 + C’or) dr
o Jo 0o \ 2
St r2\ !
= 27 <§w27’4 + COE)

t
= Ssz + 7Cp. (5.4.6)

0

Setting equations (5.4.5) and (5.4.6) equal to each other gives us the value of constant
Co
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We now have that the steady state solution depends on the uniform initial condition

and constant St in this manner

St - St
h(r) = —w*r* + h — —w*. (5.4.8)
2 4
Note that function h(r) becomes negative when initial height of the fluid h < %wQ,

or when angular velocity

h_ . 5.4.9
w>\g =¥ ( )

When angular velocity w is greater than this critical angular velocity w. a dry

spot occurs so that

h(r) =0 for r <r.. (5.4.10)

where r = r. is a critical radius within which there is no fluid and which depends on
the angular velocity. Steady state solution (5.4.8) in this case does not hold and we
have to look for a different solution profile.

Equation (5.4.4) is the general form of the steady state solution with constant Cj
which is in the case when the angular velocity w > w,. determined by the boundary

condition at r = r,

St
h(r.) = Euﬂrﬁ +Cp = 0. (5.4.11)
It follows
St
Co = —?ﬁr? (5.4.12)

so the weak steady state solution when w < w, is then

h(r) = %uﬂ (r*=1r2). (5.4.13)
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As in the case with small angular velocities, mass has to be conserved so

2l 1
/ / h(r)rdrdd = 271/ (%uﬂr?’ — %uﬂrfr) dr
0 Te Te

St St !
= 27 (ngr‘l — Zw2r3r2>

Te

St St St St

St
= WZwQ (1—2r2+1r}) (5.4.14)

has to be the same as the mass before the spin (5.4.5). This condition yields the

We
c= /1= 5.4.15
r » ( )

where w, = \/% is angular velocity for which the profile of the spun film changes

critical radius for w > w,

from parabolic to ruptured parabolic (see Figure 5.1 and Figure 5.1.5).

Finally, we can write a steady solution of the PDE problem (5.4.1) when w > w,

St 2 (r?2 —r?) ifr.<r<1.

2 C

0 if0 <7 <r,,
h(r) = { Hu<r=r (5.4.16)

We test the code solving the dynamical equation (5.4.1) and matching the long
time solution with the steady state solutions (5.4.8) and (5.4.13). We set Stokes
number St = 1 and initial height of flat fluid A~ = 1 constant for all the plots.
Critical angular velocity is then w, = 2.

Figure 5.4.1 shows the numerical solutions to the PDE evolving over the time
(plotted every At = 0.1) when w = 1 < w,.. As the time increases the height of
the PDE solution profiles at the origin is decreasing and the parabolic shapes are
converging to the plot of the steady state solution. Figure 5.4.2 shows the same but
for the problem when angular velocity w = 2.1 > w,.
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numerical solution to PDE
analytical solution to steady state problem o P

1.2

h(r)

FIGURE 5.4.1: Evolution of the numerical solution to the PDE compared to the
analytical solution of the steady state problem for w = 1 when St = 1, and h = 1
(we = 2).

The plot in Figure 5.4.3 shows the relation between the r. and 2 obtained by
numerically solving the full problem for a range of w. The numerical solution is
compared to the analytical relationship between the r. and w (5.4.15). To calculate

r. in numerical code we check for the smallest value of h(r,t) at grid points. This

would not a big issue if the graph of the function was smooth and consequently its

# ‘ ‘ numcrical‘solution to PbE
9 analytical solution to steady state problem S
1.5
h(r) 1
0.5
0
0.5 \ \ \ \

FIGURE 5.4.2: Evolution of the numerical solution to the PDE compared to the
analytical solution of the steady state problem for w = 2.1 when St =1, and h =1
(we = 2).
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FIGURE 5.4.3: Comparison of numerical data plot r. vs. = with the predicted
analytical solution from equation (5.4.15) with w. = 2.

numerical approximation was smooth. But profiles of solution to the PDE when
w > w, are not differentiable, and therefore not smooth at r.. Graphs h(r) = 0 for
r < r. and piecewise parabolic profile described by equation (5.4.13) for r > r, meet
in a cusp at r = r.. Figure 5.4.4 shows a blow up of the part of the plot around
r = r.. This plot was done with Ar = 10~* and initial At = 10~°. Error tolerance on
Newton’s method is 1071, With the time flat part of the numerical solution lowers
towards the analytical steady state solution, however, with time oscillations form in

the flat line solution. Figure 5.4.5 shows log-log plot of the height of the fluid at the
origin h(0,t) through time t. The height decays with O (t’%> which is slower than

the exponential convergence in linear test problem. This slower convergence to the

steady state height is due to the non smooth weak solution (5.4.16).

5.4.2 Steady state solutions for St™' = 0, Ma = 0 and Ha = 0 - centrifugal and
surface tension forces only

In this problem we consider a thin layer of fluid rotating so that dominant forces
are centrifugal and surface tension forces while we neglect gravity, and forces due to

disjoining pressure and thermocapillarity. We are looking for a steady state solution
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FIGURE 5.4.5: Log-log plot of h(0,t) vs ¢t shows that the height of the film at the
origin decays as \/%

to the fourth order PDE problem

Oh 10 [rh30 (110 [ Oh w?r?
o o [TE (@?E <7E)+ > )}:0 (5:4.17)

with boundary conditions

Oh

= 4.1
o 0 (5.4.184a)

r=0
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Oh

5| =0 (5.4.18b)

r=1

0 (110 (o) w
or \Cardr Tar 2

where w is the constant angular velocity of the spin.

= 0. (5.4.18¢)

r=1

To solve the problem we first integrate steady state form of equation (5.4.17) and

obtain
d (11d dh wr?
i e i =0. 4.1
dr <Cardr (Tdr) i 2 ) 0 (5.4.19)
Integrating second time yields
11d dh wr?

We now rewrite the resulting equation as

d dh Caw?r?

and integrate once again to obtain

dh Caw2r3 C’oCa Cl
— = — —. 4.22
dr 8 + 2 r T (5 )

Integrating once more gives the general steady solution of the PDE (5.4.17)

C 2,4 OC 2
hr) = — a;‘;T + S+ Gl + . (5.4.23)

Since we are looking for a bounded solution, no meniscus boundary condition at
r = 0 implies C; = 0. At r = 1 no meniscus boundary condition on the other hand
says

dh _ Caw? N CoCa
dr|, 8 2

0 (5.4.24)

=1
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so that Cy = %2. As the no-flux condition is already satisfied the steady state solution

is of the form

2,4 2,.2
hir) = —Ca;‘;r + Caﬁf + . (5.4.25)

If we begun the experiment with a flat layer of fluid h(r) = h then total mass at

the beginning is
ol 1 -
/ / h(r)rdrdd = 27?/ hrdr = mh. (5.4.26)
o Jo 0

Since mass stays conserved

o 1 1 2.5 2,.3
/ / h(r)rdrdd = 27r/ _Cawr + Caw™r + Cor | dr = 7h (5.4.27)
o Jo ; 32 16

SO

2
Cy=h~— CZ;" . (5.4.28)

The steady state solution depends on the initial uniform height, angular velocity w

and capillary constant Ca

Caw?rt  Caw?? - Caw?
h(r) = — h — 4.2
(r) 32 16 48 (5.4.29)
The problem occurs once function h(r) becomes negative, when h < CZ;”Q, or

when angular velocity w is greater than critical angular velocity w,

48h
=4/ = 4.
we =\ G (5.4.30)

For angular velocities greater than critical angular velocity a dry spot occurs and

there is r., critical radius, such that for » < r, there is no fluid

h(r) =0, for r<r. (5.4.31)
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and
@
or

r=rc

=0.

At r=r,
C 2,4 C C 2
h(re) = — ad TC—I— 0 arC+Cllnrc+C’2:0
32 4
SO
Caw?r?  CyCar?
Cy = 1 Cilnr,
and
Caw? CyCa r
h(?") = — 32 <T4 _ ’["3) —+ 1 (r2 _ 7’(2:) —+ Cl hl 7"_0

for r > r.. Now

oh _Caw2r3 N C’OCar 9]
or 8 2 r

so the no meniscus boundary condition at » = 1 becomes

Caw2 CoCa
— et T+ Ci=0
and
Caw2 C()Ca
C = s g

Similarly from the boundary condition at r = r. (5.4.32)

Caw2 3 C()C& Cl
— r, + re+ —
8 2 Te

=0,

so we substitute in for C}

=0,

r
8 2

Caw? ; CyCa 1 /Caw? (CyCa
sty et (s
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(5.4.33)

(5.4.34)

(5.4.35)

(5.4.36)

(5.4.37)

(5.4.38)

(5.4.39)

(5.4.40)



to get

w2

Co= (r2+1) (5.4.41)
and
Caw? (CyCa Caw?® Caw? Caw?r?
Cy = — = — 1) =— = 5.4.42
S 2 8 5 (et l) 8 (5442)
Now the weak solution for w > w, is given by
0 ifo<r<r,,

h(r) =

4 4

ri—r 2 r2—r2 4.4
Caw? [—( ) + (ret1)(=re) r?1In T’"—C] ifr. <r<1. (5-4.43)

8 4 2

As mass has to be conserved, at the steady state

2T 1 2 1 5 4 3 2
C _ _
/ /h(r)rdrde S j” / {—T 4TTC+(1”3+1)T zm_wilni} dr
0 Te Tec

Te
rCaw? [ ¢ ) r r? 2 ]|
— _ 1) — — 47 2_1 o
1 { ot e+ ) g -y Tcznrj .
Caw? 1
- = <r2 — 6t 432 + 21272 In —)
= 7h (5.4.44)

with & initial height of the fluid before rotation. It follows

1 96h
6 4 2 2
—6rt+3 2 —-12r%In — = —— 5.4.45
Tc Te + Tc + Tc n Te Can ( )
or
6 4 2 2 1 we 2
S 6rt 43212 1272l =2 (-) (5.4.46)
Te w
where
48h
o= —. 5.4.47
w Ca ( )
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FIGURE 5.4.6: The evolution of numerical solution every At = (.01, and analytical
solution to the steady state problem for w = 1 when Ca =1, and h = 1 (w, = 4V/3).

We test the code solving the PDE numerically and matching the long time solu-
tion with the analytical steady state solution. Figure 5.4.6 shows the numerical and
the steady state solution for angular velocity w = 1 of the fluid for Ca =1 and h = 1
when critical angular velocity w, = 4v/3. Figure 5.4.7 shows the numerical and the
steady state solution when angular velocity w = 4v/3 + 5 > w, with the same values
of Ca and h. As time goes on initial flat fluid surface evolves into a shape which with
time converges to the predicted steady state solution. Figure 5.4.8 is enlarged long
time numerical solution to the PDE around r. compared to the analytical solution
of the steady state problem for w = w.+ 5. Like in the gravity and centrifugal forces
only case, the numerical code chooses r. by finding the lowest bound on h(r).

Figure 5.4.9 shows the relation between the r. and = obtained by solving the full
problem and is compared to the analytical relation (5.4.46) obtained for the steady
state solution when w > w,.. There is an error introduced into the analytical solution
as it also had to be found numerically. Two data sets are very close to each other.
The better accuracy can be obtained by making spacial step smaller and running
the code which solves the PDE for a longer time. Figure 5.4.10 shows log-log plot of
the height of the fluid at the origin h(0,¢) through time ¢. The height decays with
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FIGURE 5.4.7: Long time numerical solution to PDE compared to the analytical
solution to steady state problem for w = 4v/3 4+ 5 < w, = 4v/3 when Ca = 1, and

h=1.
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FIGURE 5.4.8: Enlargement of the long time numerical solution and steady state
analytical solution of the PDE problem when w = w.+ 5, Ca =1 and h = 1 near r..

O(t~*/°) which is slower than the exponential convergence in linear test problem but
faster than the spin in which gravity and centrifugal forces are dominant and which

has a cusp at r = r..
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FI1GURE 5.4.9: Comparison of numerical data plot r. vs. o with the analytical
solution from equation (5.4.46).
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FIGURE 5.4.10: Log-log plot of h(0,t) vs ¢t shows that the height of the film at the
origin decays as 3.

5.4.83 Steady state solutions for Ma = 0 and Ha = 0 - gravity, centrifugal and
surface tension forces only

We consider a rotating thin film under the influence of gravity, centrifugal and surface
tension forces and neglect the effects of van der Waals and Marangoni forcing. We
are looking for a steady state solution to the fourth order nonlinear PDE problem

oh 10 [rh* 0 (110 [ Oh L, wir?
o o [?E (c—‘a— (W)‘St S )]—0 (54.48)
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with boundary conditions

Oh

= = 4.4
or._. 0 (5.4.49%)
Oh

onl _ 4.49b
o 0 (5.4.49D)

o0 (110 [ Oh L, whr?
E(@FE GE)—St h + 5 ) =0 (5.4.49¢)

where w is the constant angular velocity of the spin.

r=1

To solve for the steady state solution we first integrate steady state form of

(5.4.48) to obtain

d (11d ([ dh w?r?
— | === (r—) =St =0. 5.4.50
dr (Cardr (rdr) * 2 ) ( )
Integrating once again yields
11d dh w?r?
- J— — t_lh = . 4.51
Cardr (rdr> 5 * 2 Co (5.4.51)

Using Maple we can find the solution

st

Caw2 — CpSt (5.4.52)

h(r) = Cily ( Bor) + Oy Ky ( Bor) + %w%ﬂ +2

where Bond number, the ratio of gravity and surface tension is given by

H2 RQ
Bo =St~ . Ca= 2P0 - P90 (5.4.53)
00 0o
It follows
dh 5
o= C1vVBol,; (\/ Bor) — CyVBoK; (\/ Bor) + Stwr. (5.4.54)
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Since we are looking for bounded solutions the no meniscus boundary condition at

r = 0 gives Cy = 0. Furthermore, from the no meniscus boundary condition at r = 1

2
Oy = St (5.4.55)

 VBor, (VBo)

SO

Iy ( VBor 2
ot w? < ) + &w%? + 2Siw2 — St (5.4.56)
vVBo <4 /B0> 2 Ca

h(r) = —

is the steady state solution with flux condition at » = 1 is already satisfied.

To find the constant Cy we use conservation of mass
027r fol h(r)rdrdd = 2x fol <—\/S—]§fow2r% + %w%g + ZSC—tjwzr — C’OStr> dr
= 7St (‘g—S;wQ + - CO>
= mh
(5.4.57)
where h is the initial height of the flat thin layer of fluid before the spin. We now

have

4St 2 .
45¢ 2 + 2 St (5.4.58)

Co = Ca 4

The steady state solution depends on the initial uniform height & and constants St,
Ca and Bo as
st Mo ( BOT) St ,, 2St> , St

w? — =w? + h. (5.4.59)

h(T)Z—\/B_Ow [1(\/B_o) +?wr—a 1

This steady state solution breaks down once function h(r) becomes negative or when

initial height of a flat thin film before spin

_ 2 2 2
RSt W B e, St (5.4.60)
VBo (, /Bo> Ca 4
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The critical angular velocity w. for which this happens is given by

-1

B2 s, s 1
Ca 4 \/13011(\/3—0)

We = (5.4.61)

When w > w, a dry spot occurs so that h(r) = 0 for all r < r., where r. is some

critical radius depending on w. The general solution

_ St 5 5 St®
h(r) = CiIy < Bor) + Cy K, (\/ Bor) + Swr + QQw — CpSt (5.4.62)
is then subject to boundary conditions
h(r.) =0, (5.4.63a)
dh
— =0 5.4.63b
dri,_,. ’ ( )
as well as
dh
— =0. 5.4.63
ar| ( c)
Hence
St 5 St* ,
h(r) = Cil (\/Borc> + CyK, (\/Borc> P22 19N 2 St =0, (5.4.64)
2 Ca
dh 5
. = (C1vBol; <\/ Borc> — (43vBoK; (\/ Borc> + Stw®r. =0, (5.4.65)
and
dh 5
= =avBo (\/Bo) — CyV/Bok, (\/BO) + Stw? = 0. (5.4.66)
r r=1

From (5.4.66)
Ky (\/B_0> - St
I (@) VBol, (@)
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so substituting into (5.4.65) we have

I <\/§rc> I <\/§T‘c>

CyVBo WKI (@) — K (\/%TJ + Stw? |r. — W 0.
(5.4.68)
We now have constant Co
St L (ﬁ%) L <\/§TC> B
S ) ) L R )
(5.4.69)
Substituting into equation (5.4.64) yields constant C
Co = CiSt™ Iy (VBor) + C28t™1Y; (VBor, ) + ”2;3 + %—?ﬁ (5.4.70)
so finally we have the weak steady state solution when w > w,
0 ifo<r<r,,
h(r) = Ch [[0 < BO?“) — Iy (@%)}
+C5 [KO < Bor) — K, (\/%Tcﬂ + %wz (r2—r?) ifr.<r <1
(5.4.71)

where C} and Cy are given by (5.4.67) and (5.4.69) respectively.

Using the conservation of mass we can find the relationship between r. and w

2w 1
/ / h(r)rdrdf = wh (5.4.72)
0 Te

which is much more complicated than for the previous cases and we find it numeri-
cally using the trapezoid rule. Figure 5.4.11 shows the relation between the r. and
w obtained by solving the full problem and is compared to the analytically found
relationship. The analytical r. was obtained numerically by finding the node which

the most closely satisfies equation (5.4.72).
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Problem including surface tension, gravity and centrifugal forces
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FIGURE 5.4.11: Comparison of numerical data plot r. vs. w with the predicted
analytical solution.

5.5 Full dynamical problem - with Marangoni forcing

We now consider a full dynamical problem including surface tension, gravity, cen-

trifugal, capillary and disjoint pressure forces

oh 190 7“_’13[@&12 19 ( 90\ _q-10n
ot ror| 3 or \ror Tar or

0 (1 N rh?
with boundary conditions

oh

- - 5.2

o), 0 (5.5.2a)

oh

- = 5.2

or|_, 0 (5.5.2b)

0 (10 ([ Oh oh 0 3Ma
19 (Lo [ odh _gt1 " g - 2, , oMa _
{Ca ar (r@r (Té?r)) S TG (h3)+w * 2h} Y

(5.5.2¢)

To solve the full problem we use numerical methods, more specific; finite difference
via Newton’s method.
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We want to discretize the full PDE (5.5.1). We let r; = iAr for i = 0,...,N

i
N

h(r,t) at r =0 and r = 1 at time t; = jA?.

where Ar = L so that 7y = 0 and ry = 1. Values A}, and I’ correspond to values of

Finite difference

Rt —pd
At

41 { m%(’lg;) [ Ca=12 (L2 (r2h))

or \ror \' or

it+3
A T

_q-1higahy Ha 1 1 2

s s\ Ty T

i+1

ar \ror \' ar

’"i%(hf+1é)3{ Ca ' 2 (L2 (p2hY)

=3

Rt _pitl
o —1"% 1—1 & 1 _ 1 2
St Ar + A (hz+1>3 ghfﬁ)s +tw Tyl

T o1 (hj+11) T <h7+11)
i+ + i— —
TRV AN VAN | A

(5.5.3)

2

s (W5 =) =y (87— 1)

o 1 J+1 g+l J+l g+l
= moAs [ﬁ+g (hi+2 hi+1) Tz’+1(hz‘+1 h; )]

(5.5.4)

T riAr3 i+1 =3

and
. . . .
SOEEN| = Aw ey (=R — sy (W - 0]
=3
it [y (W = I vy (= )]
(5.5.5)
for i = 2,...,N with b)), = hy, and By, ~ WY, — 4Ar (B - B -

2Ar3Ca <w2 + Qilﬁ"l) (consequence of centered difference approximation to boundary
N

conditions at r = 1).
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FIGURE 5.5.1: Flow of a drop driven by centrifugal and surface tension forces (Ca =
1, w = 10).

For ¢ = 0 we use boundary condition at » = 0 using the second order forward

difference:

%
or

=3 AR — By
2Ar

+O(Ar?) =0 (5.5.6)

r=0

and for ¢ = 1 we use

or (or (r57))

_ 1 G+ pitl G pitl
= AS |:ri+%(hi+1 —hi) - Tifé(hi —hi’)

—x (W7 = hih)

(5.5.7)

11—

N

Figure 5.5.1 shows the spreading of a drop under the influence of centrifugal and
surface tension forces where gravity, disjoining pressure and Marangoni forces have
been neglected. The influence of adding the positive Marangoni forcing is shown in
Figure 5.5.2. This forcing caused by the surface tension gradient, consequence of a
cooler center of the disk compared to the outer edges, is acting against the centrifugal

force making the spreading of the fluid slower.
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FI1GURE 5.5.2: Flow of a drop driven by centrifugal, surface tension and Marangoni
forces (Ca =1, Ma =1, w = 10).
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6

Future Work

In this work we studied only axisymmetric flow problems of rotating thin films. To
model fingering instabilities which have been observed in spin coating experiments we
would need to consider a full problem in which the height h(r,0,t) is also dependent
on angle 0 [44, 20, 35, 46, 50]. The simplest such problem would be

hi+V - (h*VV?h) =0 (6.0.1)

with surface tension as a dominating force. This equation is written out in full

cylindrical coordinates as
10 0 (10 ( 0Oh 1 0%h
h —— b= == (r=— ——
v ror [T or (r(?r (T8r> * r? 892>]
10 [h0 (10 [ Oh 1 0%h
—— | —=-= = —— 1| =0. 0.2
+ 7“89{7‘ ol (7"87“ <T8r>+r2892)} 0 (602)
In order to solve two dimensional partial differential equation (6.0.2), a fast alter-
native to a standard method like the Crank-Nicolson would be Alternating Direction

Implicit (ADI) method [54]. This method simplifies problem from solving for the

height of the fluid over the full two-dimensional surface to solving along lines in one
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direction and then alternating with solving along lines in the perpendicular direction.
Equation (6.0.2) is not only harder to solve than its axisymmetric form because it
has more singular terms but also because it has terms which have mixed derivatives.
This problem in computation has been studied by Beam and Warming [4].
Studying equation (6.0.2) would be a first step towards understanding the full
non-axisymmetric evolution equation which would also include influence of centrifu-
gal, gravity, van der Waals and Marangoni forces. This is necessary in order to
examine how thermal effects drive thin film dynamics in spin coating problems. By
analogy with gravity driven flows, the radially driven flow can be expected to have a
contact line that is unstable to transverse perturbation and the development of long
fingers. In further work we want to examine the behaviors that can result from the
competition of Marangoni effects with centrifugal acceleration. Marangoni forces in
the spreading layers of fluid can be induced by imposing a constant gradient in radial

outward direction of the center of the spinning disk.
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