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Abstract

We construct monopoles on asymptotically conical (AC) 3-manifold X with vanishing second Betti
number b%(X). For sufficiently large mass, our construction covers an open set in the moduli space of
monopoles.

We also give a more general construction of Dirac monopoles in any AC manifold, which may be useful
for generalizing our result to the case when b%(X) # 0.

Let (X3, g) be a 3 dimensional Riemannian manifold, P — X an SU(2)-bundle and gp the associated
adjoint bundle, equipped with an Ad-invariant metric. A pair (A, ®) where A is a connection on P and
® € N°(X, gp) called the Higgs field is said to be a monopole if they satisfy

In this paper we shall focus on asymptotically conical (AC) 3 manifolds (X, g). These are noncompact and it
is helpful to think of them as the interior of a manifold X with boundary > = X . Then, along Y the metric
g is modeled on a cone metric on R x ¥, see deﬁnitionfor the details. Denote by ¥;, fori € {1, ...,{} the
connected components of Y. We shall refer to the i-th end of X as the one modeled on R™ x ¥;, and let p
denote a radial coordinate which at each end is identified with the radial distance along the cone. Suppose
that along the end, the connection A converges uniformly to some connection A, pulled back from a bundle
over Y. In this situation, a monopole (A, ®) is said to have finite mass if at each end, 7 say, there is m; € Rt
with |®| converging uniformly in X; to m;. Under such conditions one can prove [6]], [10]
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2p
for some m; € R and kio € Z (in fact more is known regarding the asymptotic behavior of finite mass
monopoles and we refer the reader to previous references). We shall call the tuples kO = (klo, vy k:lo)
and 7 = (myq,...,m;) € R! the charge and the mass of the monopole (A, ®) respectively. The integer
k =k + ... + kP will be called the total charge.

Remark 1. In fact one can prove, [|10] that under the assumption of finite mass the Higgs field converges to
a parallel section of gp at each end. Moreover, if it does not vanish, i.e. m; # 0, then the connection Ao, to
which A converges at the ends, is reducible and Yang-Mills. Having this in mind we remark that each of the
k‘io is the degree of the complex line bundles over the 3.;’s associated with each of such reductions.

Definition 1. Denote the space of smooth pairs (A, ®) with total charge k € Z and mass m € Z' by
Cim(X, g), and by My, z those (A, ®) € Cy, 5 solving the monopole equation
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Let G be the space of gauge transformations g € Aut(P). Equation is invariant under the G-action and
we define the moduli space of total charge k and mass m monopoles to be

Mk,m(Xa g) = Mk,m(Xv 9)/g

The nomenclature of definition [I]is in agreement with that of [7]], and should be thought of as moduli
space of unframed monopoles. The main result of this paper is

Theorem 1. Let k € Z and (X, g) be an asymptotically conical 3-manifold with b*>(X) = 0 (notice this
implies | = 1). Then, there is i € R, such that if m > p and X*(m) C X* denotes the open set defined by

X*(m) = {(pl, s pr) € X* | dist(pi,pj) > dm~2 , fori # j},
while TF=1 = {(e1, ..., e € TF | ¢{O1++0k) = 11 there is a local diffeomorphism
(0.3) h: XF(m) x HY(X,S') x T — My .

Remark 2. 1. We may interpret the monopoles in the image of the map h as being formed by gluing
k separated monopoles. Then one may think of the parameters in X*(m) x H'(X,S') x Tk-1
used in their construction as follows: The points (p1, ..., pr) € Xk(m) denote the location of the k
monopoles, TF~1 denotes local phases assigned to each of these and H' (X,S') a possible twist with
a reducible flat connection, i.e. a usual vector potential whose strength (magnetic field) vanishes inside
the superconductor filling in X.

2. In [[7]], Kottke computes the virtual dimension of the moduli space of monopoles with fixed mass on
an AC 3-manifold and obtains the formula dim(M,, ) = 4k + 2b1(2) — bO(2). The long exact
sequence on cohomology H.(X) — H(X) — H(X) and the duality H = (H3~*)*, can be used to
rewrite Kottke’s formula as

dim(M, 1) = 4k + b1 (X) — b*(X) — 1,

and the construction described here gives a good geometric interpretation of all these parameters in
an open set in M, .. Even though it will be evident that the elements of b%(X) obstruct the gluing
construction, the author believes the analysis here can be changed to take these into account and

extend theorem|l|to the case of b*(X) # 0.

We shall now give a short outline of the paper and of the proof of the results above. The first result of the
paper is a construction of finite mass Dirac monopoles, as in definition[5} on AC manifolds. This requires
definition (7| which constructs X*(m) C X" as the intersection of a 3k — b?(X) dimensional submanifold
with a big open set in X*. Then, for each element in X*(m) x H!(X,S!) theorem [2| constructs a Dirac
monopole. Later in section section proposition 4} these Dirac Monopoles are smoothed out around the
singular points p; € X. To smooth each singular point requires an element of S' and this construction gives a
map

(0.4) H: X (m) x HY(X,S") x T" ' = Cp.m(X, 9),

whose image consists of approximate solutions to the Bogomolny equations. Still in in section[2.T| we estimate
the error term ey = e(Ag, Pg) of a configuration in the image of the map H. Section constructs a general
setup to solve the monopole equation by deforming an approximate solution (Ag, ®¢) in the image of the map



H. More precisely, section [3.1|constructs function spaces depending on the approximate solution (Ag, ®¢).
These are specially adapted to uniformly invert the linearised equation, make the the error term ey small, and
handle the nonlinearities. Then, in section [3.2]the linearised equation is shown to admit a right inverse with
uniformly bounded norm on the previously defined function spaces. Finally, section [3.3]solves the monopole
equation, see proposition [f] by using a special version of the contraction mapping principle.

To the author’s knowledge the first reference in the literature investigating monopoles on a large class
of 3-manifolds is Braam’s paper [1]], which explores monopoles in asymptotically hyperbolic manifolds.
Monopoles on asymptotically Euclidean 3-manifolds have been investigated by Floer [3]] and Ernst [2]]. The
main motivation for all these is the possibility of using the moduli space of monopoles on noncompact
3-manifolds to attack problems in 3-dimensional topology. This tries to imitate the way instantons have shed
light on 4 dimensional topology and this possibility have remained unexplored. In this direction here we have
extended Floer’s and Ernst to the more general class of asymptotically conical manifolds where we are able
to describe an open set of the moduli space.
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1 Preliminary Remarks

1.1 Linearized Operator

Let (V 4, ®) be a connection and Higgs field, not necessarily satisfying the Bogomolny equations. For such a
configuration the quantity ey = *F4 — V 4P may be nonzero. The linearized Bogomolny equation fits into a
sequence

(1.1) QO(su(P)) & Ql(su(P)) & Q°(su(P)) B 0l (su(P)),
with d1€ = (—V 4&, —[®, €]) and
(1.2) da(a, ) = *daa — V a¢p — [a, D].

Their formal adjoints are given by dj(a, ¢) = —V¥a + [®, ¢] and dia = (xdaa + [a, @], —Va). If (A, D)
is a monopole then the sequence inis actually an elliptic complex and so the operator D = d» ¢ dJ acting
on sections of (A @ A%)(su(P)) is elliptic. Its formal adjoint is D* = d% @ d; and these can be written as

D= (*di‘ _VA> +[®,], D*=D-2[®,)].
—d% 0

Remark 3. Fix a monopole (A, ®) € Cj , for the topology being considered in the moduli space of
monopoles (definition , we shall take G to consist of those g € Aut(P) with g~V ag in the Sobolev space
H 12’71 5 as in definition

The moduli space of framed monopoles, as defined in that reference, can be obtained by taking the quotient of
M, (X, g) by the action of those gauge transformations such that g 'Vag e H 12 3 for B < —1. We further
remark that the weight « here corresponds to the weight —y — 3/2 in reference [7]].



We now state some standard Weitzenbodck formulas which will be useful later. The proofs of such are
straightforward computations.

Lemma 1. (Standard Weitzenbick) Let ¥V 4 be a connection and u € Q* (su(2)) @ QO(su(2)), then
(1.3) Aqu = ViV qu + FW (u) + Ric" (u).
Where FY (a, ¢) = (*[*Fa A a],0) and Ric" (a, $) = (Ric(a),0).

Lemma 2. (Monopole Weitzenbick) Let (V 4, ®) be a connection and an Higgs Field. Let u € Q' (su(2)) @
Q0(s5u(2)), then

(1.4 DD*u = V4Vau — [[u,®],®] + Ric" (u) + € (u)
(1.5) D*Du = DD*u+2(Va®)" (u).

Where bV (a, ¢) = (x[a A b] — [b, @], [(b,a)]) and b is either eg = *F4 — ¥V 4®, Ric or (eg + 2d 4 ®).

If (A, ®) = (Ag + a, &g + ¢) for suitable u = (a, ¢) € Q' (su(P)) @ Q°(su(P)) is a monopole, then
(1.6) c0 + D(u) + Q(u,u) =0,
*la A a] —la, ¢]

0
in the gauge-fixed monopole equation are zero order and quadratic.

where the operator D is as above and Q (u, u) = >, i.e. the nonlinear terms appearing here

We turn now to one other very important property of monopoles. This is the scale invariance of the
Bogomolny equation, inherited from the conformal invariance of the ASD equations in 4 dimensions. The
precise result is

Proposition 1. Let (V 4, ®) be a monopole on (M3, g), where M? is a Riemannian 3 manifold. Then
(V4,6 1®) is a monopole for (M3, g = §29).

Proof. In general, if w is a k form and % the Hodge operator for the metric §, then %w = 6" 2¥ x w (n = 3).
This implies that xF'y = 5~ 1% Fy =61V 4@, and the result follows. O

The Yang-Mills-Higgs (YMH) Energy is defined on a precompact set U C X as
1
(1.7) Ey = 2/ IV A®|? + |Fal?.
U

The Euler Lagrange equations are d [’y = [da®, @], Ag, P = 0. It is well known that monopoles not only
solve these, but also minimize the YMH energy on X. The energy over a precompact set U with smooth
boundary is given by the flux [,7(®, F4). On an AC manifold finite mass monopoles have finite energy

givenby Ey = 4m Zle m;k?, see [10] for a proof.



1.2 Analytical Preliminaries on AC Manifolds

Definition 2. A 3 dimensional Riemannian manifold (X", g) is called asymptotically conical (AC) with rate
v < 0, ifthere is a compact set K C X, a Riemann surface (X2, gs) and a diffeomorphism

w:(l,00) x ¥ — X\K,

such that the metric go = dr® + r?gs; on (1,00) x 3 satisfies |V (p*g — go)|lc = O(r?=7), for all j € Ny.
Here V is the Levi Civita connection of gc. A radius function will be any positive function p : X — Ry,
such thatin X\K, p=ro @1

In particular ¥ may be not be connected. In that case we can write X as the disjoint union of its connected
components, > = Uélei. Then we shall refer to ¢((1,4+00) x ¥;) as the i-th end of X.

The rest of this section contains a brief discussion of the Lockhart-McOwen conically weighted spaces,
see chapter 4 in [9] for more details. For p > 0, n € N and 8 € R define the norms

P S Nl

i<n

Definition 3. Let LfL denote the Banach space completion of the smooth compactly supported sections in
the norm || - || » . defined above.

Later in sectionwe shall define Hilbert spaces H,, g such that dy : Hy g — Hg g_1 is surjective and
admits a bounded right inverse for some 8 € R. To prove that this is the case we shall need to analyze the
operator

(1.8) d+d*: L35 — Lg s g

Lemma 3. Let (X3, g) be AC and denote by gs, the metric on the link  at the conical end of X, then the
following statements hold.

1. There is a discrete set
D(d+d*) ={BeR|(B+1)(3 1+ ) € Spec(X)o},

such that if 3 € R\D(d + d*) the operator (1.8 on 1-forms is Fredholm. Here Spec(X)o denotes the
spectrum of the Laplacian A4, on functions.

[a

2. For B < =1, ker(d+ d*)s = ker(A)g and for 1-forms, there is an isomorphism ker(A) s
2
H!(X,R) = H?*(X,R)*.
Proof. For the first item see from [9], chapter 6. The weights appearing in D(d + d*) correspond to the

rates of the homogeneous closed and coclosed 1-forms on the metric cone (Rt x ¥, go = dr? 4 r2gs). The
second item follows from the fact that L?) 30 = L? and the statement that there is an isomorphism between

the space of L? harmonic 1-forms and the compactly supported cohomology, see [8]. O

Corollary 1. Let (X3, g) be AC with b*(X) = 0, then there is a constant ¢ > 0 such that for « < —1 and
allu € L3
I+l > ellllzz,
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Proof. Tt follows from the fact that d + d* is Fredholm for those o« ¢ D(d + d*), that Lg,afl = (d+
d*)(L3 ) ® Wa—1, with W, = ker(d + d*)_2_q. Since d 4 d* has closed image for a ¢ D(d + d*),
there is ¢ > 0 such that

@+ d Yl > el

for all u € ker(d + d*)%. Moreover, for a < —3 + 1, we can integrate by parts and so ker(A), =
ker(d+d*),. This together with the second item in lemmagives ker(d+d*)o C ker(A)_s = H?(X,R)*,
2

for all &« < —3. Then, the assumption that b*(X) = 0 finally gives ker(d + d*), = 0 for all o < —3.
However, as the Laplacian Ay, has no negative eigenvalues, the first item in lemma 3 gives that there are no
critical rates « in the interval (—2, —1). Hence, one can increase « up until (but excluding) —1. O

The following two results will also be used later during the construction of monopoles on AC 3 manifolds
and it is convenient to have them stated now.

Lemma 4. Let V 4 be a metric compatible connection on an Hermitian vector bundle E over an AC manifold
(X3,9). Then, for all o € [1, 3], there is a constant cy () > 0, such that

1 1
1 9,dvoly 2« 2
([ iohae )™ < et ([ 19.008)
X Y X

for all smooth and compactly supported section u. In particular for a = 3,1 one has respectively ||u||%6 <
cxlIVaul?, and ||p~ ull7, < cxl|Vaull7,.

Proof. Kato’s inequality |V|u|| < |V 4u|, holds pointwise for all irreducible Hermitian connections. Then,
the proof follows from combining this with corollary 1.3 in [4]. U

Lemma 5. In the conditions of lemmald} Let u be a section such that V su € L2, then there is a covariant
constant limit u|y, € I'(3, E|x). Moreover, on the cone C(¥;) over each end there is an inequality

lful = usllgza , < [IVaulre.
T2

Proof. This lemma is a particular case of propositions A.0.16 and A.0.17 in the Appendix A to [10]. O

1.3 Monopoles on (R?, g)

In this short section we shall be interested in monopoles on R? equipped with the Euclidean metric gz. In the
construction of the approximate solution in proposition []it will be important to scale these monopoles. Given
A € R, amonopole on (R3, g), then by proposition [1| (4, A®) is a monopole on (R?, A=2gg). Using the
scaling map exp, () = Az on R? we define

(1.9) O\ =Aexpy @, Ay =expy A, (9p)r = A2 exp JE-

Since the Euclidean metric is invariant under scaling (gg)) = gg, and (Ay, ®)) is a monopole for the
Euclidean metric. However, the monopole (A, ®,) no longer has mass m but mass Am.

Let C? denote the trivial rank 2 complex vector bundle, then an isomorphism 7 : C2|ga\ 10y — H* @& H~*
is called a framing. We shall fix a framing n which identifies the limiting Higgs Field and connection with
the pullbacks via 1) of those determined by the unique SU(2) invariant configurations on the Hopf bundle H.
These framings are unique up to a factor of S /Z, where S' denotes the automorphism group of H equipped



with its unique SU (2) invariant connection.

We shall denote by N ,,, the moduli space of charge k € Z and mass m € R monopoles on R?, together
with a framing as above.

Example 1. Fixing a framing gives a model for the Hopf bundle H, this together with the map that to a
charge one monopole assigns the zero of the Higgs field, gives a map N1 1 = R3 x S'. Moreover, R3 acts on
monopoles by translations and we shall denote by

° Y 1
./\/’1,1 =S,
the quotient of N 1 by this action.

Definition 4. There is a unique spherically symmetric monopole with mass 1, [[[1|], which we shall call
the BPS monopole and denote it by (ABPS ®BFPS) . Moreover, one remarks that there is R > 0 such that
|®BPS| > 1/2 outside the ball of radius R in R3,

Then, any element of M 1.1 is a framing 1 : C2 ]Rg\ oy > Ho H ~1 which at infinity identifies the
connection ABPS with the direct sum of the unique SU(2) invariant connection on H. Hence, fixing a
random framing 7o any other € N 1 is such that n o 1y ! is multiplication by a constant function with

values in S'. This gives an isomoprhism N, 11 = S! and from now on we shall think of A; 1,1 as being St.

Example 2. We think of S* =2 SU(2)/U (1) via the Hopf fibration and define on S? the SU (2)-bundle
P =5SU(2) x) SU(2),

where X : U(1) — SU(2) is given by \(e'®) = diag(e™, e™'). Now, let T\, T», T3 be a basis of su(2), with
(T, T;] = 2€;5 Tk, and wy,wa, ws be its dual left invariant coframe. The unique SU (2)-invariant connection
on the Hopf bundle induces a connection on P whose connection 1-form is w' @ Ty € QY(SU(2), su(2)).
We now pull this back to R3\{0} via the framing 1o, and denote it by AP. Let v : R? — R{ be the radial
distance to the origin, i.e r(x) = |z|y,, then one can check that (AL, ®2) with

AD — AP oD — <1—m> Q T,
2r
is a monopole. In fact, the monopole above is the monopole on the SU(2) bundle induced from an S*-
monopole known as the standard mass m Dirac monopole on R3.
Abusing notation and omitting pullbacks via 1y, we now write the BPS monopole from definitiond] Scaling
so it has mass m as in equation[I.9it is given by

1 m

2mr __m N\gr
2r  tanh(2mr) -

ABPS — AD
m * sinh(2mr)

S
(Ty ®w* + T3 @ w?), ®SF° = (

The following lemma is an important tool for estimating the error term of the approximate solution

Lemma 6. Let (AD &) and (ABPS ®BPS) be the mass m Dirac and BPS monopole on R? as above.

Then, for large r
(@7 = @ = O(me™"™), |ALPS — AR| = O(me™™).



Proof. Using the explicit formulas in example [2] we compute that for large r

|<I>ﬁps(r) — @ﬁ(r)] = m(1 — coth(2mr))|T1|
m€—2m'r’

sinh(2mr)’

which is of order O(me=4™"), for r away from 0. Similarly

2mr

|ABPS (1) — AD ()| = sinh(2mr)

1Ty @ w? + T3 @ w3 = O(me™2™").

2 Dirac Monopoles

This section contains the linear analysis necessary for the construction of Dirac monopoles (see definition [3))
with a specified mass. The main result comes in the form of theorem[2] We start by defining Dirac monopoles

Definition 5. Let (X3, g) be a 3-dimensional Riemannian manifold. A pair (A, ®) is said to be a Dirac
monopole on X if there there is k € N and (p1, ..., px) € X" such that

1. (A, ®) is a monopole, reducible to an S* bundle over X\{p1, ..., pi.}-

2. Foreachic {1,... k},
lim 7;|®| # 0 and lim 72| F4| # 0,
r;—0 r;—0

where r;(+) = dist(-, p;), denotes the distance to the point p;.

Remark 4. The second point in the definition above is included in order to require that the Dirac monopoles
do have singularities at the points p1, ..., px. In this way a smooth monopole, such as a flat Abelian connection
is not a Dirac monopole.

Back to the setting where (X3, g) is an AC manifold we shall now construct Dirac monopoles with a
specified mass.

Example 3. The standard Dirac monopole on X = R3, (AP ®P) from example 2|is an example of a Dirac
monopole. In that case k = 1 andp; =0 € R3, and recall that
1

We shall now construct finite mass Dirac monopoles on R3 in a more systematic way. This will be helpful in
illustrating the general construction to come.

As S is Abelian, its adjoint representation is trivial, and so is the adjoint bundle. Therefore, the Higgs field ®
of a Dirac monopole is simply a real valued function. Similarly, the induced connection on the trivial adjoint
bundle is the trivial connection and the monopole equation turns into

2.1) Fy = %d®,



where the curvature F'4 is now simply a closed 2-form. Hence, differentiating the equation above we conclude
that ® is an harmonic function. Moreover, the finite mass requirement implies that ® must be bounded at
infinity. Using separation of variables we find

kI

d(z)=m— —
() =m g

for any m, kT € R. Now notice that given ® one can determine F 5 from the monopole equation In the
case under consideration ® is defined on R*\{0} = R x S? and for F4 = %d® = k! dvolg2 to be the
curvature of a connection on a circle bundle over R3\ {0}, the real number k' must actually be an integer.
The standard Dirac monopole on R? from example 2| being the case when k' = 1.

At this point we use the action of R? by translations in order to produce more examples. This gives that for
anyp € R®and k! € 7, @(x—p):m—mfiip‘.

To finish, we notice that the Abelian monopole equation above is linear and so we can sum solutions in order

to produce more solutions. Therefore, for any (p1, ...,pi) € (R®)¥ and integers k{ we can set

k

kL

O(x) =m — —t
= 2z —pil

The reader may have noticed that for while we have ignored the connection A and focused on ®. However, ®
determines F'4 via equation and as the complement of a finite set of points in R? is simply connected, F
does determine A uniquely up to gauge.

Let [ = by(X%), then given a total charge k € N and mass m = (my, ..., m;) € Rl = H9(3, R) we shall
construct Dirac monopoles with this mass and total charge. The quantity

1 bo(%)
mo(m) = 7 Z ms,
i=1

is called the average mass of the monopole.

Definition 6. Let p = (p1, ..., p) € X* and define the current § € (C§°(X))*, by

k

5(f)=>_ f(p)

i=1
for a compactly supported f € C3°(X).

These points can be repeated and so the current § has multiplicities giving a vector K= (k:{ s k:ﬁ]_ ot s) €

ZF of charges generating a flux that must then leave X through its ends with some charges kO € 7! with
|kT| = |k©|. The Laplacian A acts C§°(X) and one can consider its transpose operator, also denoted by A
actingon H € (C§°)* by AH(g) = H(Ag), forall g € C§°(X).

Proposition 2. Let (py,...,pr) € X¥ and (my,...,m;) € R, then there is a current HP € (C§°(X))* such
that AHP = §. This can be represented by an integral operator

D _ D
H(ﬂiém,
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where ¢ is an harmonic function on X \{p1, ..., p} and k© € R! satisfying |k°| = |k'| such that

)
(2.2) 00|y = 5 TO0)
K91 L
@3 Polyey = M gy, O

Where U (p;) and U (%;) respectively denote a neighborhood of p; and the i-th end.

The proof is an exercise in the calculus of variations, which below is hidden by the use of the Riesz
representation theorem. Before the proof two lemmas are required. Let V' denote the space of functions
fe L}OC(X), with Vf € L%. Given g € Llloc, a function u € V is called a weak solution to Au = g if for

all smooth compactly supported 1)
(du, )12 = [ gu.
X

Recall that if f : X — Ris such that V f € L?, then according to lemmathe uniform limit of f |§071( (rIx=)
along any end exists, is constant and will be denoted by f|sx;, on each connected component ¥; of ¥.

Lemma 7. Let g € Ls (X), then there is a unique weak solution ug € V of

Au, = g

ugly = 0.

Proof. Those f € V such that f|x, vanishes form an Hilbert space H, namely the completion of the smooth
compactly supported functions in the inner product (f1, fo) r = [ df1 A *dfa, for f1, f2 € C§°(X). To find
a weak solution u, € H one proves the linear functional f f 9/ is bounded on H. This follows from

[ ar1< gl g1l < gl g7

where we used first Holder’s inequality and then the Sobolev inequality from lemma] The Riesz repre-
sentation theorem gives an element u, € H such that (ug, f)g = [ v gf.forall f € H,ie. ugisaweak
solution to the problem. To prove uniqueness suppose there are two solutions u,v € H. Then w = u — v

is an harmonic function in H. Moreover, since w € H we have dw € L? and w|y; = 0 and so there is a
sequence 1; — oo such that w|,-1(g,) = o(RZ-_l/Q) and dw|g, = 0(R;3/2). So one can compute

0 = /XwAw:—/X(d(w*dw)—dw/\*dw)

= lim w* dw + |Jwl|%
1— 00 Tﬁl(RfL‘
2
= |wll,
and conclude w € H withdw = 0andsow = 0, i.e u = v. O

Corollary 2. Given m = (my, ...,m;) € R!, there is a unique solution u,, € V of the problem

Au,, = 0

um‘zi = my, 1= 1, ...,l.

10



Proof. Let g € C*°(X) with g|s, = m be a smooth extension of m to the whole X, such that Ag € L3,
Then from lemma 7] one concludes that there is a unique solution & € H to the problem A = Ag. Then the
solution u,,, is given by setting u,, = g — . O

Corollary 3. Let g € L3 (X) and m = (mq,...,m;) € R, there is a unique solution u € V of the problem

Au = ¢

ulgi = my, 1= 1,...,[.

Proof. Letu, € H C V be the solution to Aug = g, ug|y; = 0 given by lemma and let u,, € V be the
solution to Au,, = 0, u;,|s, = m given by corollary Then u = uy + up, is the desired solution and the
uniqueness follows from a similar argument as the one used in the proof of lemma[7} O

Proof. (of proposition [2) There is a 1-parameter family of smoothings of the current § represented by smooth
3-forms §“dvol, such that 0(f) = lime,o [, 0°f, for all f € C3°(X). The 6 can be chosen to have
uniformly bounded L'-norm, i.e. ||0¢||1 = [y |6¢|dvolx = k, and to be supported on small € > 0 balls
around the points p;. At this point it must be remarked that the original distribution & does not make sense as
an element of H*, as elements of H need not be bounded. However, it does makes sense as a current, i.e.
d € (C°(X))* as ||6¢)| 1 = k is bounded independently of € and so

lim/ o°f
e—0 X

The trick now is to understand that for each € the norm ||§¢ HL% is still bounded, however not independently

6(H)I = < K[ fllpee-

of €. Then corollary [3|gives a family of functions ¢%, € V/, weakly solving

Agp = &
(bEDlEz = mi,i:L...,l,

and with ¢, unique for each €. Since the ¢ are smooth, elliptic regularity guarantees that so are the ¢¢,.
However it must be remarked that the norm ||¢%, ||z is not uniformly bounded independently of e. For
feg(X)

5(f) =ty [ 5°F = (0 £

e—0 Jx e—0

and since for all e we have (¢, f)ir = [y 0°f < k| f]|. the weak limit as € — 0 of the ¢2 exists and gives
a current ¢ weakly solving A¢p” = A4. This current is represented by an unbounded function which we
still denote by ¢ such that the integral [, f¢” = limc_o [y ¢% f is well defined for all f € C5°(X). As
the L'-norm of the ¢¢ is bounded independently of € and A%, = 0 outside an e-neighborhood of the p;’s one
respectively concludes that ¢” € L} . and is smooth away from the p;’s.
Moreover, as the metric is asymptotically conical ¢ p behaves as at each end. Locally on small balls U,
around each p; the metric is approximately Euclidean, so that on these [2.2]holds. The last thing to be checked
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is the identity |k!| = |k©|, this follows from integrating

0 = / ApP dvol = — / d * dpP”
X\{pl - P— ptc} X\{ph -7pﬁ—pts4}

f—pts. t—ends.
I T D . D
=t > [ st 3 [ o

f—pts. f—ends.

i=1 =1

where we use Stokes’ theorem and the local behavior of ¢ both at the singular points p; and at the ends
3. O

Remark 5. The distribution § can be extended from the smooth compactly supported functions to those f
which are smooth and bounded. Then, the second Green’s identity gives

f dop N *df,
‘“f)‘{ [ FAbp+ [, f + dép,

where the integrals involving ¢ can be interpreted as the corresponding limits as € — 0. Since, *d¢ pls, =

kO
Vol( )dvolg

JRECTE Zkzw /f

moreover if df € L2 then f converges to a constant by lemma |5 I and the formula above simplifies to
J fxdop = Zbo( k9 f|s,. One still needs to show A¢p = Zﬁ DS 5(p;), but this can be achieved by
the limit lim._,o A@%, this can be seen to converge uniformly to zero outside the p;’s leaving Zg;fts‘ Op;- To
check that A¢p does not get any contribution at oo one needs to use the fact that the metric is asymptotically
conical and so at the i-th end
k¢ 1 _
oy = mi = o +o(r72),

VOZ(Zl) \/7‘2 + 52

one computes

091, . 20,
or? r Or
k:lo 3e2

_l’_
Vol(%i) (r2 4 62)%

2.4 Adp

and so the integration of A¢, times a bounded function is finite and then converges to zero as € — 0.
Inserting all this information one concludes that § extends as

f—pts jjfends
= kL F(p;) —

The next goal is to construct a line bundle with connection on U = X \{pi}g;’ft&

12



Proposition 3. Let U = X\{pi}f;fts’ and Fp = xd¢p. Then Fp is a closed 2-form on U and the class
[Fp] € H?(U,R/Z) is uniquely determined by a class [Fx] € H*(X,R/Z). Moreover, the Fp is the
curvature of a connection on a line bundle over U if and only if the class [Fx| vanishes.

Proof. Let R be one of the following Abelian Groups Z, R, R/Z. Since H (U, \{p:}), H*(Up,) and H3(X)

all vanish, the long exact sequence for the pair U = X \{pi}g;’fts, Ug;’fts Up,» gives

f—pts
0— H*X,R) » H*(U,R) —» @ H*(Up,\{p:},R) — 0.
=1

The 2-form Fp = *d¢p is closed in U, since dFp = — % Aqu which vanishes in U. It represents a class in
H?(U,R) and is the curvature of a connection on a line bundle over U if and only if this class has integer
periods, equivalently if [Fp] vanishes in H2(U,R/Z). In fact, from the definition of ¢, one knows that the
image of [Fp] in H?(U,,\{p:}, R/Z) vanishes, since

/ FD:/ dFD:/ 5=k €Z
U, Up; Up;

So by exactness of the Mayer-Vietoris sequence, the class [Fp] € H?(U,R/Z) is the image of a class in
[Fx] € H*(X,R/Z) and for Fp to be the curvature of a connection on a line bundle over U one just needs
[Fx] to vanish as well. O

Definition 7. 1. Define the action of R on H*(X, R) = R"() given by
(2.5) c.(mi, .., myys)) = (M1 + ¢, ..o My (s) + €),
for c € Rand let H*(X, R)/R denote the space of R-equivalence classes.

2. Define the map
(2.6) b: X¥x HY(Z,R)/R — H?*(X,R/Z)
(p,[m]) = [Fx],

where [Fx]| is the class determined via proposition Moreover, fixing the mass m denote by by, the
map that to p € X* assigns by, (p) = b(p, [m]) € H*(X,R/Z).

The map b above is indeed well defined, since changing the mass

m = (ml7 °")mbo(2))

by an overall constant amounts to add this constant to ¢p. Hence F)p = *d¢p remains unchanged and
proposition 3| can be rephrased as

Corollary 4. Given (p,[m]) € X*x H°(X,R)/R, these determine a line bundle L over U = X\{p1, ..., pr}
with connection V p and curvature Fp = xd¢p if and only if b(p, [m]) = 0.

Remark 6. 7o make a connection with Hitchin’s point of view in [5]] one must regard the formal sum of
points Z§:1 p; as a sort of divisor on the 3 dimensional Riemannian manifold (X, g). This divisor can be
equivalently regarded as a flat gerbe, since H3(X,7) = 0 as X is noncompact. The holonomy of the flat
connection represents a class in H*(X,R/Z) and then one has the following equivalent statements. 1. The
holonomy vanishes. 2. The flat gerbe is trivial. 3 The divisor is linearly trivial. 4 There is a Dirac monopole
onU.
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Theorem 2. Let m € HY(3, R), then for each

(p,a) € b[*ml] (0) x H'(X,sh
there is a reducible SU (2) bundle L ® L~ over X\{p1, ..., px } equipped with a charge k and mass m Dirac
monopole (Ap, ®p). In particular, if by = 0, then the map b vanishes and there is such a Dirac monopole
forall p € X*.

Moreover, for any two different (p, ) and (p', o) the Dirac monopoles associated with these are not related
by any gauge transformation g € C*°(X,S!).

Proof. This has 3 steps.

1. From proposition one constructs the function ¢ p, which determines a 2 form via Fp = *d¢p. Then,
from proposition [3or equivalently corollary 4] one knows that the two form F is the curvature of a
connection V p on a line bundle L over X \{p1, ..., px } if and only if b(p, [m]) = 0.

We also note that the connections V p associated with different tuples of points are obviously gauge
inequivalent and may possibly live in different line bundles.

2. Aclass « € H'(X,S') represents a gauge equivalence class of flat connections V" on a torsion line
bundle L over X. One can now twist this with the Dirac monopole without changing the Higgs
field. This gives the line bundle L ® L, which one still denotes by L, equipped with the connection
V =Vp®1+1® V. The curvature of this connection remains unchanged and so it still satisfies
the Bogomolnyi equation *Fp = d¢p.

3. To finish the proof increase the gauge group to SU(2), either by equipping L with a metric and
considering the principal bundle P = S'(L) Xy 1) SU(2), or by considering the vector bundle
L @ L™, associated with P through the standard representation of SU(2) in C2. Then, the adjoint
bundleis gp = R@® L2. Define the connection Ap = Vp®(—Vp)on E and Higgs field p = ¢p @0,
these do satisfy the monopole equations on U and have Dirac type singularities at the points p;, for
1=1,..., k.

O]

Remark 7. The automorphism group of the pair (Ap, ®p) constructed above on X\ UF_, {p;} is isomorphic
to S'. Infact, given ¢'® € S', we have ¢"*®P . (Ap, ®p) = (Ap, ®p).

2.1 The Approximate Solution

This section constructs an approximate solution to the monopole equations in proposition 4 whose error
term is estimated in lemma (9] Recall the map b from definition in [7]and theorem [2] which proves that if
p = (p1,...,px) € X¥ and m € H°(X,R) are such that b(p, [m]) = 0, then one can construct a reducible
Dirac Monopole (Ap,®p) on an SU(2)-bundle L & L~ over X\{p1, ..., px. }. Before proceeding to the
construction of an approximate solution it is helpful to show how one can make this Dirac monopole have
very large Higgs field in a big open set in X.

Lemma 8. Let [m] € H°(X,R)/R be an R-equivalence class. Then, there is ji € R (depending on the
metric g and the class [m)]), with the following property. Let ¢p the Higgs field constructed in proposition

14



associated with a representative m € [m] with average mass mo(m) > p and k distinguish points

D1y, P € X. Then, there is € = ,/%
oP >

i

o
2

onU. = X\ U, Bc(ps).

Proof. Let min;y € H°(X,R) be a representative in the class [m] with average mass mg(minit) = 0.
Then,equation in roposition [2| implies that there are ¢; € R and a positive 6 < inj(X, g) such that on

Bs(pi), .
op(r) =c — > + O(r).

One can always add a constant mg and construct a new Dirac monopole ¢p with mass m = myns +
(mo, ..., mp). Then [m] = [Mjnit], but mg([m]) = my. Then, by possibly changing the constants ¢; by some
term linear in 0 one can assume that on each B;(p;)

1
ép > mo+c — —,

2r
and is increasing along the radial coordinate. The goal now is to increase my in order to find € < 4§, such
that for € (¢,9) one has ¢p > 2. As the ¢;’s do not change with mg, one can change mq so that
mo +¢; > %mo, i.e. mog > 10 max;(—c¢;). Then it is enough to solve

9 1 mo
mo— -2 &5
10 2r 2
which gives r > ¢-=. This quantity is strictly decreasing with increasing m, and so we can arrange for
8m0 << 4, as 5 does not depend on mg. Then, set € = Smo > 810 for big mg. Then, one has
mo
¢plos, > TR

so that the problem is reduced to show that ¢pp > “5° on the whole of U. = X\ U; Be(p;). This follows
from the fact that ¢ p is harmonic on U, and so by the maximum principle it has no interior maximum or
minimum. These are attained at the ends of X or at the spheres 0B.. Since € was chosen smaller than ¢, and
on each Bs(p;) ¢p is increasing with = dist(p;, -), the conclusion is that the minimum is attained at the
inner boundaries and so ¢p > 52 on X\ U; B.(p;). O

Definition 8. Let m € H°(3, R) be a configuration with positive avemge mass mg. Define X*(m) as the set
of p = (p1, ..., pk) € X¥ such that b(p, [m]) = 0 and dist(p;, pj) > \/7 , for all distinct i,j € {1,...,k}.

Remark 8. In the case where b*(X) = 0, the map b vanishes identically and H°(X,R) = R! so X*(m) is
the open subset of X* where the distinct points are at distance more than 4/\/m apart. However, in general
this is the intersection of this open set U(m) with a submanifold b[;;] (0) of X* of dimension 3k — b*(X).
Moreover, this submanifold only depends on the equivalence class [m] and so by increasing mo(m) one can
make the open set U(m) as large as one wants and so X*(m) = b ]( ) N U (m) is certainly nonempty.
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Proposition 4. Fix an identification S* = (M 1(R3)) with the moduli space of charge 1 centered monopoles
on R3. Denote k copies of this by T* and let TF=1 = {(&'1, ..., %) € TF | ¢!O1++0%) = 1}, Then, for all
[m] € HY(X,R) /R, there is jg > 0, such that for mo(m) > po there is a function

(2.7) H: X (m) x HY(X,S") x T" ' = Cp.m(X, g),
with the property that for each configuration (Ao, ®o) = H (p, o, 0) there are real numbers €', = 2¢., =
O(mal/Q) and \; = O(my) such that
e (Ao, @) is a configuration on a SU(2) bundle E, such that E|x\ (p, ... p.} = Lo L™, where L L1
is the bundle from theorem 2] and |®o| > "5°.
o On X\ Ug;zfts' B.i (pi). the configuration (Ao, ®o) coincides with a Dirac monopole,

e Using geodesic normal coordinates on each B,; (p;), (Ao, ®o) coincides with a centered charge 1 and
mass \; BPS monopole on R,

Proof. Letz = (p,a,6) € X*(m) x H'(X,S") x TF~1. Starting with (p, @), theorem[2]in the last section

constructs a reducible SU(2) Dirac monopole (Ap, ®p) on L & L~ over X\{p1, ..., px }. From the proof
of lemma(g] in a neighborhood of each p;, one can write

1
op = 5 +ci+m0+0(7"),

where the ¢;’s are constants independent of the average mass mg and depend only on the points p; and the
class [m]. Moreover there is p > 0, such that for mg > max{1 + 2sup; |¢;|, #} and define

(2-8) )\i = mo+tg¢
2.9) a, = N2

and one can check that locally around each p; for r > ¢! . it holds that ¢pp > %

m’
The identification S* 2 Ny 1 (R3) gives for each element of 6; € S! a framed centered BPS monopole
(ABPS @BPS 1)) As the bundle L has degree one on small spheres around each p; we can use the framing
n; to identify the trivial C2 bundle over OB \{pi} with the restriction of L & L~1. This extends the bundle

L @ L' over the points p; to form the bundle E.

Recall from definition 4] that |®#B7S| > 1 outside B1 (0) C R®. After scaling these BPS configurations to

have mass \;, they satisfy |2£79] > i outside the ball of radius A; ' in R®. Let €}, = 2()\;)~/2, then
dist(pi, pj) > 2€,,,. Then using geodesic normal coordinates centered at the points p; and 6 = (61, ...,0x) €
Tk=1 to identify the bundles we can pullback these scaled monopoles (Aip S (DiP ) from a small ball
B CR’totheball B.i (p;).

€ou 1t

Now consider the open cover of X given by the B (p;) and U = X\ U;=1 B, (p;) and let

ut

{Xouts X1, ---, X } be a partition of unity subordinate to this cover, such that

i 1 in Be? (pi)a 0 in U?:l Bel (pi>’
Xin — in , Xout — m
(pi)-

0 inX\B, 1 in X\ UL, B (p2)-
and
k . . 71
D IVxil + [Vxouwl < sup (eg — i) < cv/mo.
i—1 ie{l,....k}
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Define the approximate solution as the following configuration on £

k
(2.10) Do = Xour®p+ Y Xip®RS
=1
k .
@.11) Ay = Ap+ Y X (AR5 — Ap).
=1

One must remark that even though the connection Ap does not extend over the points p;, the connection A
does, as on each trivialization over B,; (p;), the connection Ay is represented by the connection A/I\BZ_P S, 0O

Remark 9. Recall that the automorphism group of the pair (Ap, ®p) on X\ UX_| B.i (p;) is isomorphic to
St via '@ s D, Hence, given 0 = (01, ..., 0) € TF, the configuration (Ao, ®o) = H(p, o, 0) is gauge
equivalent via €'*®0 to H(p, o, 0 + @) where 0 +d = (01 + a, ..., 0 + a).

Lemma 9. There is a constant ¢ > 0 independent of m, such that for any approximate solution (Ag, ®¢) in
the image of the map H the quantity eq = *Fa, — V 4,Po vanishes outside the balls B e, (p:) and its C°
norm is bounded by

leo| < emy.

In particular, if the metric g on X is exactly Euclidean on the balls B t(pi), then in fact the error ey is

supported on the annulus B  (p;)\B. (pi).

ut

Proof. On X\ UE_, B ,(pi) the configuration (A, ®o) agrees with the Dirac monopole (Ap, ®p) and
hence satisfies the monopole equations. So, the error term ey = *Fy, — V 4,P is supported on the small
balls UleBGi (p)" On each of these balls, say B \ (pi) the bundle F has a trivialization and Xﬁn = 1—Xout,

ut

these may be used to write
Py = CDZPS + Xout(q)D - @iPS)

Ay = APPS 4 xou(Ap — AZF®).

Since this agrees with (Ai, Ps, q)i PS) in the ball B.i (p,)> the error term only depends on how far the metric
g on these balls differs from the Euclidean one. Computing the curvature and the covariant derivative of the
Higgs field

Fag = Faprs +dprs Xout(Ap — AZF?) + 32 [(Ap — ARPS) A (Ap — ARPP)]
= Fyprs +dxou N (Ap — AZPS) + Xoutd gprs(Ap — AZPS)
+Xout [(Ap — AZPS) A (Ap — AFFO)],
Vi® = V Aips@g + Xout [(Ap — ASP®), @)
= VAgiPS‘I)ABiPS + dXout(®p — D5 + XouthiPS(@D — ®PF%)

+Xout [(AD - AiPS)’ CI)O} )
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one concludes that the error term is given by
¥Fpy =V, ®o = *FAJAS"PS — VAEPSq)O
+Xout <*dA§PS (Ap — AiPS) VABPS (Pp — q)BPS)>
+ % (dX0ut A (AD - AiPS)) - dXout(cI)D - (I)EZ-PS)
Xou * [(Ap — AFT) A (Ap — AFT?)]
—Xout [(AD - Aips)a (I)O]
The first of these terms would vanish if the metric ¢ is Euclidean in these balls. The terms |Ap — Aip S
and |®p — @ip S| always appear multiplied by Yous or dX oyt Which are supported outside Be,, (pi). So, one
starts by estimating these on the annulus B, (pi)\ B, (p:), where lemma 6] gives

B = BE75 O, Ap = AT + O,
€ins out) and \; = O(mo), while e ut = O( —1/2)
e ADPS| 4 by — BEPS| — O )

and since on these annulus r € (¢

and this gives

‘ * (dXout A (AD — AiPS)) | + ‘dXout((I)D B (biPS” _ O(mg/Qe_\/”TO)
\Cut(Ap = AFPS) + [xout [(Ap — AFPS), @] | = O(moe™V™)
X(Q)ut (‘ * dAf_PS(AD — AiPS” + |VA§‘PS((I)D _ @iPSN) _ O(moe_\/”TO)‘

Back to evaluate the first term *F' ABPS — \Y ApPs @, one needs to compare the metric g with the Euclidean
metric go on the balls B, ( ;). Let 'the {z;}i=1,2.3 denote geodesic normal coordinates centered at the point
p; and recall that these are used to pullback the configuration (Aip S @ip %) from R? to this small ball.

In these coordinates g = go + xixjvij + O(2?) for some symmetric 2-tensor y = xixj'yij . After a short
computation expanding the formula w A *w = ]w\gdvolg for any k-form w, one concludes that

1. .
kg = <1 + 7<w’2w) — 6Ric”mimj) *xo w + O(ac3).
|w go

Applying this to xF' ABPS gives

*FAE.PS - VA?PS@)%PS = *OFA?PS - VAEPSQQPS +
VFages, Fagrs) 1
+ ! 5 — —RicYx;x;j | %o Fyprs,
|FA§PS |g0 6 A

ABPS (I)BPS)

the first term vanishes because ( is a monopole for the metric gg. Regarding the second term it

is O((€,1)? \FABps|go) then since €., = O(m 172 ) and |FA§PS|go = O(m3), which gives

| FAM - VA)\i(I))\i‘g = O(my).

Summing all these terms for big mg (all the previous ones were lower order compared to this one), gives the
result in the statement. O
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This lemma points out one other "problem", there is no hope in controlling the error term in the C” norm
provided by the metric g. This is related to the fact that there is no mass independent lower bound on the
first eigenvalue of dod5 for the large mass BPS monopole. The idea to overcome this issue is to rescale all
data inside the balls Bgé (p;) and work there with the metric Imgt = m% exp:‘na2 g. Then one can use the

ut

scaling identity
(212) ’ *6 FAez\i - vAe)\i (I)E)\’L ‘ge = 62’ * }FA/\Z - vAkl (b)\z ’g’

for all € > 0. Applying this with € = m ! gives the following result

Corollary 5. There is ¢ € R, such that eg = *Fa, — V 4,®0 vanishes on X\ U¥_, B (i) and one the
interior of these balls

_92 ]
’(60)m81|gm81 =my “leolg < emy .

Based on this, one can define function spaces where not only the error term will be small but the first
eigenvalue of dad5 is bounded from below.

3 Proof of the Main Theorem

Our goal is to apply a version of the Banach space Implicit Function theorem to solve the monopole equation.
In order to do that we divide our proof into 3 major steps: 1. In subsection [3.1| we introduce suitable function
spaces. 2. In subsection [3.2] we prove that using these function spaces the linearisation of the monopole
equation ds is surjective. 3. Finally in subsection [3.3| we use the result from the second step in order to find a
solution to the monopole equation. This also requires the spaces defined in the first step to give the initial
approximate solution a small error term. In fact, we shall be able to control the error term in the approximate
solutions in a uniform manner with respect to the mass of the approximate solution.

3.1 Function Spaces

This section introduces function spaces specially adapted to solve the monopole equation. To proceed with
the definition of these Function spaces some preparation is needed. Let (Ag, @) be the approximate solution
constructed in section Thenon U = X\ U, B ,(pi) the adjoint bundle g splits as gz = R & L? and

one writes a section f = fll @ f* according to this splitting. Let 5 € R and K C X containing Ui?:lBl (pi)
and for each n € Ny, define W,, : X — R to be smooth weight functions, interpolating between the values

m62+n’ in Ui‘c:l Bﬁgut (pl)7
W, = 1, at UX, 0B1(p),
"5 in X\K,

Define for smooth compactly supported f, the norms
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1%, = Z /B Wl
1P

3.1 +/ Wofl)2 + 1 £412) dvol,.
X1 (W14 17413)dooly

113, = Sy / W,V e /2wl

j=0 i=1 Blpz

3.2) +Z/

Definition 9. Forn € Ny and 3 € R, let H,, 3 be the Hilbert space completion of C§°(X, (A & A') @ gg)
in the inner product obtained from polarizing the norms[3.1|and 3.2}

S |ijf40 SV + lady,? (V9 £+) 12) dvol,,
i=1 1

Remark 10. . Recall the error eq of (Ao, ®) is supported in the small balls B.i (p;) and to make it

small in the C° norm we used an ¢ = mal-rescaled norm g. = e 2exp’ g, i.e. for f € T(X,A' ® gg)
one needed to use |fc|g. = €2|f|g where f. = exp? f ifl = 1 and f. = cexp f if| = 0. Indeed, the
functions W, are defined so that Wy = my 2 on UleBei . (pi)-

2. Outside a big compact set K the function spaces to be defined will coincide with the usual L? spaces
for the f+ component and the Lockhart-McOwen weighted spaces in the f component. These are
suitable to order to find a bounded right inverse to the operator ds.

3.2 The Linear Equation

The goal of this section is to solve the linear equation associated with the linearized monopole equation.
Namely, one needs to find a range for 8 € R such thatif g € Hg_1, then one can solve

dof =g

for f € Hy g. In other words one needs to construct a right inverse () to the operator dy : Hy g3 — Hg_.
This whole section is occupied with the proof of

Proposition 5. Let (X, g) be asymptotically conical with b*(X) = 0. Then there is i > 0, such that if
mo(m) > p, the operator
d2 : Hl,ﬁ — Hongfl,

associated with any approximate solution (Ag, o) constructed in proposition is surjective for all B > —1.
In particular, there is a uniformly bounded right inverse Q) : Hg_1 — H; g.

To prove this proposition we need to show that the cokernel of dy in Hy g_; vanishes. Using the L?
inner product one can identify H§—1 = Hy _p—2 and the cokernel of do in Hy g1 with the kernel of d;
in Hy _g_o. The goal is to find a range of 3 for which this vanishes. To prove this it enough to prove an
inequality of the form

(3.3) Hd;f”HO,a—l > C”f”Ho,ou
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forsome o € R,c > 0Oandall f € Hy,. Then, we set 3 = —a — 2 and construct Q) : Hy g1 — Hj g to be
such that v = @) f is the unique solution of dou = f such that u is H; g-orthogonal to the kernel of d3 in
H; g. To proceed with the proof, let x be a bump function such that

‘- 0 in UF, Ba (i),
1 inU=X\UZ, B: (p),

and vanishing with all derivatives on B,; (p;). One can further suppose that there is a constant C' > 0,

such that |dx|, < C’m(l)/ ? on each annulus where dy is supported. Hence its L? norm is bounded by

lldx|lLz < Cmy 1/2 as the volume of the set containing the support of d is of order (¢’,,)? = O(m, 3/ 2).
Then, for any section f € Q(X, gp) one can write f = (1 — x)f + xf, where the first term is supported
inside the balls B,: (p;) and the second one is supported on U, the complement to their closure.

ut

Lemma 10. There is j1 > 0 such that if mo(m) > pand o < —1, there is a constant ¢ > 0, such that

15 (X ) Hoamr = ellx Sl Ho o
forall f € Hy,.

Proof. Recall that in the complement U, the approximate solution (Ag, ®¢) gives a splitting gp = R @ L2,
which is preserved by the operator dy. Moreover, this is an orthogonal decomposition with respect to the
Ad-invariant metric on gp. So

15O g0y = 15O D T oy + 1450 T
and it is enough to separately prove the inequality for each of these terms.

1. The longitudinal component y f! is a one form, so ||x f![|, . = |lxf!|z2  and

ds(x 1) = (ed(x 1), —d* (x f1)).

Then using corollaryguarantees that Hd;(fo)H%IO oy 2 cllx f! 1, .- forall & < —1 and some ¢
not depending of f. ’ '

2. For the transverse component X f, ||xf*| .. = [[X.f* |12 for all & € R. So we need to consider

(34 a00ft) = (dag (0 + D @, =Vag )

in usual L? spaces. Notice that x f is supported in U, where the approximate solution (A, ®)
coincides with the Dirac monopole (Ap, ®p) (see the second bullet in . Using the decomposition
gp = R® L% wehave ®p = ¢p © 0, and |¢p| > “52. Then, integrating by parts together with the
Weitzenbok formula[T.4] gives

lds(xf DG = (f, dadi(xf)) e
XFH VHVD(XFT) + oDxfT + Ric(xf)) e
(3.5) = VO3 + lonxs 72 + (xef - xRic(f5)) 2.
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Recall, from lemma that, ¢ p is harmonic on U and is bounded from below by its values at U, these
being greater or equal to “5*. Then, ¢p > 52 on U and

* m2 .
0D = 1900+ (5 = suplRic ) 12
o |Ric|
— supx|Ric
> ||VD(XfL)||%2+(WZ: + max ( ))2” ¢Dfl||L2
> el

m2
for any o € R and one can take c; = min {1, M} > 0 for mg > 2+/||Ric|| o

mo—l—maxl mZ

Sum these two inequalities to get

Hdz(Xf)HHo,a—l > CHXfHHl,a?

with ¢ = min{cy, c2}. For the two inequalities to be true and the statement to hold one needs o < —1 due to
the component  f!l, and mg > p > 2+/||Ric| .~ for the component x f=. O

We shall now use lemma [I0]to prove the inequality This is done as follows. One minimizes the
functional

J(f) = 15 f N7 0
subject to the constraint that || f||zz, , = 1. The minimizer f satisfies an elliptic equation of the kind

dody f + g1d5f 4+ gof =0,

where g1, g2 are smooth functions. A standard iteration argument in elliptic PDE theory gives an L°° bound
on the minimizer f, over compact sets. So that one can write || f|| () < C, for C' > 0 some constant and
K some compact set containing UleBEé B (pi). Denote by o4y the symbol of the operator d5, then

N5 XHE oy = Noag(dx)f + xd5fllg, .,
”O'd; (dX)fHHO’a,l + HXdeH%‘IO,a,l
S CQ”dXH%{O’a_l + ‘|d§fH%‘ona_1'

where in the first term one used the bound || || < C on f and Cy > 0 denotes some possibly larger

constant in order to also bound |o4,|. In the last term it was used that || xdf||2 Hour = 5 f 1% Hooo1-
1/2

IN

Now notice that |dx/| is supported on the union of the annuli B (pi)\Bei (pi), where |dx| < Cmy
However, in this region the spaces H o1 use the rescaled norm |(dx) mo ! lg . <Cmy 32 See equation

0
[3.1]and the definitions preceding it. Moreover, having into account the volume of the annuli one obtains
ldx|1%, ., < Cmg®, so that

ld3f 2,y = N5 O,y — Camg”,

for some C'5 > 0. Insert here the intermediate inequality from proposition

I3l = el — Cimp?

k
> ellfln, =D 1 m,
i=1 ¢

-3
» (pi)) Cgmo .
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The first term is c as f satisfies the constraint that || f||z, , = 1. The last two ones can be made arbitrarily
small using the L*° bound on f over compact sets and by letting m get big. Hence one obtains the inequality
in equation [3.3] then the discussion above it proves the main proposition 5] of this section.

3.3 The Nonlinear Terms

Equipped with the surjectivity of the operator ds, proved in proposition [} we will now apply the Implicit
Function Theorem to solve the monopole equation *F'4,4+4 — V.a,+4 (Po + ¢) = 0. This can be written in
the form

eo + d2(a7 gb) + N((CL, ¢)7 (CL, ¢)) =0,

where e is the error term of the approximate solution (Ag, ), ds the linearisation of the monopole equation
at (A, @) and N is the nonlinear term N ((a, ¢), (b,7)) = 3 [a A b] — 3 [a, 9] — 5[b, ¢]. We shall look
for a solutions (a, ¢) in the image of the right inverse to ds, i.e. (a, ») = Qu for some v a 1-form with values
in gp, such that u € Hy g1, with 3 > —1. Then, the equation is

(3.6) u+ N(Qu, Qu) = —ep,
which is solved using the following particular version of the contraction mapping theorem

Lemma 11. Let B be a Banach space and q : B — B a smooth map such that for all u,v € B

lla(w) = q()[I < & (Jull + [lo]]) lu = o],

for some fixed constant k (i.e. independent of u and v). Then, if ||v|| < ﬁ there is a unique solution u to the
equation

(3.7 u+q(u) =,
which satisfies the bound ||u|| < 2v]|.

In this lemma one interprets as a fixed point equation. Under those hypothesis, the contraction
mapping principle applies and one obtains the estimate by keeping track of the norms in the iterations, see
[6]. This will be used to prove

Proposition 6. Let k € N and (X, g) be asymptotically conical with b*(X) = 0. Then, there is yu > 0, such
that for all m € H°(X,R) withm > p and (p, o, 0) € X*¥(m) x HY(X,S") x T*~L. There is a unique
charge k and mass m monopole (A, ®), which can be written as (A, ®) = (Ao, o) + Qu and satisfies

(4, @) — (A0, 20)l|sr, ) < Cm ™%,

where (Ag, ®9) = H(p,«, ) is the approximate solution from proposition 4| and C' denotes a constant
independent of m.

Lemma 12. Let f = —1/2 & D(d + d*). Then, there is C > 0, such that for all f,g € H 3

INCF 9o 50 < Cllf 5119l 5-

Proof. That § = —% ¢ D(d + d*) follows from the first item in lemma and the fact that the Laplacian Ay,
has positive eigenvalues. To prove the inequality, let x be the bump function [3.2]from last section and write
N(f,g) as the sum of two components, one supported inside the balls B.(p;) and the other one outside these.
We shall prove the inequality separately for each of these two components.
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1. If f, g are supported inside the ball B.: . (pi), then using both the Holdér and Sobolev inequalities

INGE D iosy = Img2falliesmy < Cllmg  fllaes. o 1m0 9l 1450
< Cllmg fllz s limo 9l c2s.me)
< C"Nf N9l 5

Moreover the constant C” > 0 is independent of my.

2. For f, g supported on the big open set U = X\ U*_, B.(p;), we can write f = fl + f*, and similarly
for g. Then

N(f.9) = (N(f1g") + N gh) + N gh),
Il

where the first two terms have values in gI%, while the third has values in g;,. We shall now bound these
separately. For 5 < —% the Holdér and Sobolev inequalities give

INC gD g CllopN(f+, gl L2

< Ol 07575 gpN(f*, g1l 2
< 1o op fHllsllp s gl e
< CllopfHleslgls

<

1
C"lén s zzllg iz

where it was used that 3+ 2 — 1 = 3+ 3 < 0, for 8 < —3 and that ”gHHLSE = |lp P8 gl|| s,

by definition. Since the weighted H-norm uses standard L? spaces along the components in gl%, and

weighted norms along the g‘]‘D one can bound the last item above as

INGE e < CO I M sl

The term N (fll, 1) follows by a similar computation. To evaluate the other term, which lies in g
note that for 5 > —%

_ _3
IN(FY g s < Cllp PP 2N g5l
< CHN(fL?gl)HL%

hence one can once again use the Holder and Sobolev inequalities to bound the above quantity by
szllenfHlzlépg™lis < Cliflla, s llglla, 5 for mo > VC.

O

Proof. (of proposition [6) We start by showing that ¢(u) = N(Qu, Qu) satisfies the hypothesis stated in
lemma for B = Hy 1 and 3 = —1/2. This is done by computing

IN(Qu,Qu) — N(Qv,@u)lln, , = IN(Qu+v),Qu—v)lu,
ClIQu+ ), _, Q0 =0, _,

O (ull, _y +Nolls, ) llu = vl .

3
2

IN

IN
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where the constant C' may possibly change from one line to the other. The only hypothesis of lemma[IT|which

remains to be checked is that it is possible to make [eo|[n, , < ﬁ. This is an immediate consequence
T2

of corollary 5| This states the existence of an approximate monopole H (p, c,#), whose error term e

satisfies Woleo|y < emg ', for some constant ¢ > 0 not depending on mg. Moreover, |eg| is supported on

U?:IBEZ‘) (pz)

ut

”‘BOH%IO_% = /X [Woeo|? < ckngVOZ(Begut(pi)) < ck:ma7/2

¢’ such that this is the unique solution u to equation [3. 0 7/

and so for big mg one obtains a solution u to equation [3.6] In fact from lemma [I1] there is a constant
6 . Then by setting

with [[ullg, , < dm
T2

(A, @) = (Ag + a, Dy + ¢), where (a, p) = Qu, one obtains a monopole which is the unique one of this

form satisfying

(A, ®) = (Ao, Do), , < Cmy ™.

4 Uniqueness in a Gauge Orbit

Proposition [6|can be used to make the following

Definition 10. Let k € N and (X, g) be asymptotically conical with b*>(X) = 0 and m € H°(Z,R) & R,
be such that m > p, so that proposition[6|applies and defines a map

4.1) h: XF(m) x HY(X,S") x T" ' — My, ..

The image of the map h above corresponds to monopoles (A, ®), which can be written as (Ag, @) + Qu,

where || Qullg, _,,, < Cm~7/* and (Ag, ®y) is an approximate solution in the image of the map H from

proposition The goal of this section is to show that given (A, ®) in the image of h, all gauge equivalence
classes of monopoles close to (A, ®) come from this construction, i.e. to show

Theorem 3. The map h descends to a local diffeormorphism
(4.2) h: XF(m) x HY(X,S') x TF 1 — My .

The rest of this section is dedicated to prove this theorem. We shall now introduce some notation, let
P = X*(m) x H'(X,S") x T*~! denote the parameter space, 2 € P be a point and (A, ®) = h(z), then
(A, ®)] = h(xz) € My, is the corresponding gauge equivalence class. Moreover, (A, ®) = (Ao, ®o) + Qu,
where (Ao, ®9) = H(z) and [|Qu|n, _,, < Cm~T/4,
Invoking the implicit function theorem, we may take a model for My, ,,, as a slice in CY, ,,,. This identifies
a neighborhood of h(x) in My ., with a neighborhood of zero in ker(d} @ d2)_1/2 C T3,(4)Cr,m- Since
d} @ dg is Fredholm [7]], we can fix an orthonormal basis of ker(d} @ d2)_, /o and define a projection

T, © Tﬁ(x)ck,m — ker(d’{ D dg)_%.
Then it is enough to show that there are neighborhoods U of z € P and V of 0 € ker(dj @ d2)_ /2, such that
mpoh:U—V

is a diffeomorphism.
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Lemma 13. There is ;o > 0 and R > 0 such that for all m > u the map
Th O H:P— kel"(di< ¥ dQ)_l/Q,

maps an open neighborhood U’ of x € P onto Bp a ball of radius R in ker(d} @ d2)_1/2 C Chm, equipped
with the metric Hy _y s, Le.

Br = {u € ker(di @ da) 12 | Julla, _, ), < R}
Proof. Notice that given z € P, the map dH, : TP — T, Ck,m is injective and we can define the norm

lollp = lldHz ()], _,,

where v € T,P and dH,(v) = 4 H(exp,(tv)). It follows from [7] that di & do has index ¢ =
dt|,_g z 1
t=

4k+b'(X)—1 (our weight 3 = —% corresponds in that reference to the weight v = —f3 —% = —1). Moreover,
the same proof as that of proposition [5|gives that d} @ ds is surjective and so we have dim(ker(d; @ dg)) =
dim(7T, P). Hence, in order to show that 75, o H is an isomorphism it is enough to show that it is injective. In

fact we shall prove an inequality of the form
4.3) I 0 dHy (v) — dHy (0)| 1, 5 < c(m)|[v] P,

with ¢(m) > 0 converging to zero as m — +oo and all v € T, P. To prove this inequality notice that the
operator dj @ da has closed image, 7, (dH,(v)) is in its kernel and 7,dH,(v) — dH,(v) is orthogonal to it.
So, there is a constant ¢ > 0 such that for all v

ldi ® da (mhdHy(v) = dHz(0)) [[Ho 5y > cllmndHe(v) — dHz(0)||a, 5,

and the left hand side is equal to ||d} ® d2(dH(v))|| m, 5_, Which by construction of the map H is no greater
than c(m)||dH (v)|| 1, ; = c(m)||v||p, with ¢(m) — 0 as m — +oo. Hence, for large enough m, the map
mp, o dH is a degree 1 map of a sphere of radius R; in 7, P into a topological sphere in the annulus of in
ker(dj @ da) whose inner and outer radius are R — ¢(m) and R; + ¢(m) respectively. Hence, by the implicit
function theorem, for large m, 7, o H is a local diffeomorphism and maps an m independent neighborhood
U’ of z onto a neighborhood of H (). Moreover, one can use equationto prove that there is an inequality

[7ndH e (0) ||, 5 = (1 = c(m))]v]lp

and so the derivative 7, o dH, is uniformly bounded by below for large m. This implies that for large m,
7, o H(U') is a neighborhood of 7, o H (z) with a fixed size, in particular it contains a ball of a fixed radius
Bp, around 7, (H (z)). O

Recalling the discussion preceding the statement of the previous lemma, we shall now go on to prove that
there are U and V such that 3
mpoh:U—=V
is a diffeomorphism. We write h(z) = H(x) + Qu with Qu given by proposition @ Hence, it follows from
elliptic regularity that we can obtain H, _1 bounds in on Qu for all k£, Moreover, these are such that converge
)
to 0 as m — oo, in particular
_7
”QUHH17% <Cm 1.
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Hence 7, (h(z)) = m(H(x)) + 71, (Qu) and ||7Th(QU)HHL_% is very small. It follows that the equation

mr(h(z)) = y, for y contained in a ball of radius R’ < R always has a unique solution provided that
Cm~7 < R — R'. This can always be achieved by taking m to be large enough, namely

C \1*
o (350

Hence we can take V = B and U C U’ to be its inverse image via 7, o h. This finishes the proof of
theorem 31
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