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Abstract

Brain-machine interfaces (BMIs) are devices that transform neural activity into com-
mands executed by a robotic actuator. For paraplegics who have suffered spinal cord
injury and for amputees, BMIs provide an avenue to regain lost limb mobility by
providing a direct connection between the brain and an actuator. One of the most
important aspects of a BMI is the decoding algorithm, which interprets patterns of
neural activity and issues an appropriate kinematic action. The decoding algorithm
relies heavily on a neural tuning function for each neuron which describes the re-
sponse of that neuron to an external stimulus or upcoming motor action. Modern
BMI decoders assume a simple parametric form for this tuning function such as co-
sine, linear, or quadratic, and fit parameters of the chosen function to a training data
set. While this may be appropriate for some neurons, tuning curves for all neurons
may not all take the same parametric form; hence, performance of BMI decoding
may suffer because of an inappropriate mapping from firing rate to kinematic. In
this work, we develop a non-parametric model for the identification of non-linear tun-
ing curves with arbitrary shape. We also develop an associated variational Bayesian
(VB) inference scheme which provides a fast, big data-friendly method to obtain ap-
proximate posterior distributions on model parameters. We demonstrate our model’s

capabilities on both simulated and experimental datasets.
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1

Introduction

1.1 Brain-Machine Interface and a Review of Motor Tuning

Brain-machine interfaces (BMIs) are devices that interpret patterns of neural activity
to control robotic actuators. For patients with spinal cord injury and for amputees,
BMIs can provide a means to regain limb control by bypassing severed neural circuits
and directly communicating with a robotic actuator. Invasive BMIs operate by
processing firing rates from individual neurons or groups of neurons. These firing
rates can be recorded using extracellular electrodes that are part of electrode arrays.
Such arrays can record from hundreds to thousands of neurons and are implanted
in the primary motor cortex (M1) and other areas of the brain known to contain
information relevant to motion.

The first successful demonstration of a BMI was peformed by Chapin and col-
leagues in the Nicolelis laboratory (Chapin et al. (1999)). In this pioneering work,
rats were implanted with electrodes and trained to obtain a reward by controlling
a lever to reach a target. Artificial neural networks were used to decode neuronal
population activity into lever movement and showed that rats could achieve nearly
100% efficiency in controlling the lever for a reward over a 280-second period (Chapin
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et al. (1999)). These results set off a wave of research in the BMI field. Taylor et al.
(2002) developed a neuroprosthetic that could be controlled in 3D by a rhesus mon-
key. Schalk et al. (2004) built a tool called BCI:2000 which streamlined the signal
processing pipeline in EEG-based BMIs. Velliste et al. (2008) followed up with a
BMI that could process cortical neural activity of a rhesus monkey to not only allow
realistic 3D movement but also allow the subject to control the strength of grip of a
robotic hand. O’Doherty et al. (2011) built a BMI capable of providing sensory feed-
back to the user through cortical microstimulation. Ifft et al. (2013) trained rhesus
monkeys to operate a bimanual BMI, which allows both arms to be simultaneously
controlled. More recent work has focused on brain-to-brain and brain-plus-brain in-
terfaces which allow subjects to cooperatively operate BMIs by sharing or integrating
information (Pais-Vieira et al. (2015); Ramakrishnan et al. (2015)).

The BMI decoder translates neural activity into kinematic commands by inverting
a so-called tuning curve, which relates neural activity to a behavioral parameter
such as arm position or velocity. For invasive BMIs, this neural activity takes the
form of firing rates; hence, a tuning curve for a given neuron shows how firing rate
is modulated as a function of behavior. Neurons only respond when stimuli are
present within their receptive fields, which are classically defined as the region in
sensory space which elicits a neural response from a sensory neuron. To illustrate
the concept of a receptive field, figure 1.1 depicts the receptive field of a retinal
ganglion cell, which is a type of neuron commonly studied in sensory neuroscience.
In each of the subplots, the large outer circles indicate the field of view of the retina.
Yellow and purple regions indicate regions in the field of view which cause neurons
to fire or stop firing depending on whether the cell is an on center cell or off center
cell. For the on center cell, the neuron fires when light strikes the center of the field
of view. On the other hand, for the off center cell, the ganglion cell tonically fires
and stops firing only when light strikes the center. Opposite effects are observed in
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FIGURE 1.1: Receptive field of a retinal ganglion cell.

each cell when the light strikes the region surrounding the center.

The tuning function relates the firing rate of the neuron to the “intensity” of the
stimulus in the receptive field. Figure 1.2 gives an example of a tuning function of a
neuron in the primary visual cortex, which was first discovered by Hubel and Wiesel
(1959). The neuron has a receptive field which is sensitive to the orientation of bars
observed in the environment, some of which are shown under “stimulus” on the left
subplot. The middle subplot (“response”) shows a raster plot of spikes generated by
the neuron for different bar orientations. These firing rates are averaged over many
trials and the count is plotted as a function of bar angle in the right subplot, which
depicts the “tuning curve.”

In the context of motor neurons, the receptive field is the region in “behavioral
space” which elicits a neural response. The tuning function then gives the firing rate
of the neuron as a function of stimulus within this “behavioral receptive field.” Figure
1.3 illustrates this concept for a hypothetical neuron whose receptive field includes
only outward movements of the arms. The left half of the plot illustrates movement

of the left arm, and the right half movement of the right arm. When the arms are
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FIGURE 1.2: Tuning function of a neuron in the primary visual cortex.

moved a great deal away from the center (top plot) the firing rate is maximal. When

they are moved slighltly away, the firing rate is less. When the arms are moved in

the perpendicular or antiparallel directions, the firing rate is small or zero.
State-of-the-art BMIs employ various parametric forms for tuning functions. For

instance, van Hemmen and Schwartz (2008) employ cosine tuning, which is also
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FIGURE 1.3: Example of a neuron whose receptive field encompasses only outward
movements of the arms.
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known as the population vector algorithm. This model suggests that each neuron has
a single “preferred direction” 6 of movement for which it fires with greatest intensity;
as one moves further from this direction, the firing rate decreases as cos(). Figure
1.4 depicts the cosine tuning function first identified in Georgopoulos et al. (1982).

Li et al. (2009) compare linear and quadratic tuning functions to position and
velocity in combination with an unscented kalman filter decoder. The quadratic tun-
ing function also assumes a neuron has a preferred “direction,” in the sense that a
neuron fires maximally for a linear function of behavioral parameters and neigboring
“directions” elicit firing rates which fall off quadratically. They show that decod-
ing performance significantly improves when employing a quadratic tuning function
compared to a linear function.

Evidence suggests that motor neurons may have more than one preferred direc-
tion and may be tuned to behavioral parameters other than simply direction, position
(absolute or relative), velocity, etc. For instance, Sergio et al. (2005) show that while
a monkey performs isometric force and arm movement tasks, a neuron’s preferred
direction can switch as the subject executes a movement. In fact, 59 out of 132 neu-

rons that were recorded had preferred direction changes greater than 90° immediately



after force was applied. Moran and Schwartz (1999) map firing rates of M1 neurons
measured during a center-out/finger spiral/figure-eight drawing task to direction,
speed, and multiple joint angles. They show that the same neuron can be tuned to
multiple kinematic variables and that hand trajectory (a combination of direction,
speed, and joint angle) can be accurately reconstructed from the cortical activity. In
addition, there has been much debate centered around whether motor neurons utilize
“force control” or “position control” to execute limb movements. The former relies
on the assumption that the neurons encode Newtonian mechanics and specify the
underlying forces and torques necessary to execute a movement (Bizzi et al. (1984))
while the latter suggests that movements are the result of brain-controlled transitions
among so-called “equilibrium points” (Asatryan and Feldman (1965)). Thus, limbs
provide proprioceptive feedback which the brain interprets in order to modulate po-
sition. Lastly, while a neuron might not be directly tuned to a given stimulus, the
inputs it receives from upstream neurons that are tuned to the stimulus can interact

at the dendrite (where inputs converge) to influence firing rates nonlinearly.
1.2 The Linear-Nonlinear-Poisson Model

To determine how to model this complex, nonlinear tuning function, we start by
branching out of the BMI literature and into the computational neuroscience liter-
ature. The McCulloch-Pitts model forms the foundation of many modern nonlinear
regression models (McCulloch and Pitts (1943)). This model integrates synaptic
inputs to a neuron using a weight vector and passes the output of the integration
through a threshold nonlinearity. Parameters to be inferred include the weights and
the threshold. While useful conceptually, this model is overly simplistic: it ignores
the fact that synaptic inputs are stochastic (i.e. just because a presynaptic neuron
caused a postsynaptic neuron to fire does not mean the postsynaptic neuron will
propagate the information to the neuron being measured) and not memoryless.
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The McCullogh-Pitts model led to a much more commonly used model known
as the linear-nonlinear-Poisson (LNP) model (Schwartz et al. (2006)). This model
describes the relationship between stimulus and single neuron firing rate and consists
of three stages. First, the stimulus vector is projected onto (or convolved with) a
linear filter, which is the receptive field of the neuron. Second, a static nonlinearity
(such as logistic sigmoid) is applied to the output of the convolution. The result
is then treated as the mean firing rate in an inhomogenous Poisson process. In

summary, this is given by:

sl = LB o [ T, (11)

Y-

where k is the receptive field and f is the static nonlinearity. The LNP model
accounts for stochasticity in neural inputs, and moreover, several biologically realistic
models that account for ion channel activity (including the leaky integrate-and-fire,
where the leak refers to the leakage of input current when when the neuron does
not reach threshold voltage after receiving input; exponential integrate-and-fire; and
generalized exponential models) can be closely approximated by the LNP model.
More recently, LNP models have been extended to linear-nonlinear-LNP (LN-
LNP) models, which hierarchically chain many LNP-modeled neurons to model com-
putation in dendritic trees (Vintch et al. (2012)). While the first layer models many
neurons as LNP, the second layer combines the output of the first layer and passes
this output through a separate nonlinearity to obtaining a mean firing rate. Al-
though simple LNPs are easy to fit, they lack the richness of LN-LNP models. On
the other hand, LN-LNP models are much more difficult to fit; Wu et al. (2015)
presents way to achieve maximum likelihood (ML) esimates for a specific choice of

the two nonlinearities.
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FIGURE 1.5: Samples from a Gaussian process with N = 100, different pre-factors
p, and different length scales [. The pre-factor controls the overall variance of the
generated function, and the length scale controls the amount of change in the input
needed to achieve a prescribed variance in the output.

1.3 Statistical Models for Nonlinear Regression

Having briefly explored the recent neural modeling literature, we turn to the stastis-
tics literature to seek flexible yet tractable models for nonlinear regression. Ras-
mussen (2006) proposes Gaussian processes (GPs) for Bayesian nonlinear regression.
GPs model the joint distribution of any subset of observations as Gaussian. Further-
more, the covariance between observations is a function of only the regressors. Hence,
given a valid covariance function and a set of observations, one can make predictions
by employing conditional covariance properties of the Gaussian distribution. GPs
are useful because analytic expressions can be provided for predictive distributions
and because they can be highly nonlinear (see figure 1.5).

Fitting a single GP to the entire regressor space could cause local trends to get
washed out. One could therefore extend the GP to a “mixture” of GPs, which consists
of many components that together span the full regressor space. Each component
could be fit with the same kernel function but with different parameters or with

different kernel functions altogether. Rasmussen and Ghahramani (2002) and Snel-



son and Ghahramani (2007) provide some theoretical results for such GP mixtures,
demonstrating that local approximations improve predictive performance without
significant addition to the computational cost. One issue that comes up is how to
choose the number of mixture components K. Rasmussen and Ghahramani (2002)
employ the Dirichlet process (DP), which is an elegant approach to choosing K and
is ubiquitous in nonparametric Bayes literature (Ferguson (1973)). Formally, the
Dirichlet process is defined as follows (El-Arini (2008)). Assume a continuous base
measure (G over a support A and a positive, real-valued concentration parameter .

Then, for any finite set of partitions A; U Ay U ... U Ak:
(G(A1),...,G(Ak)) ~ Dirichlet(aGy(A1), ..., aGo(Ak)) (1.2)

Although useful in theory, this form does not lend much to intuition. Two construc-
tive definitions of the DP are particularly useful. The first is the Chinese restaurant
process (CRP). In this culinary analogy, a customer walks into a restaurant and sits
down at the first table. For every future customer ¢, the probability of sitting at
an existing table j is proportional to the number of customers n_; ; already at that
table, and the probability of creating a new table is proportional to the concentration

parameter « of the Dirichlet process. Mathematically, this is given by:

plai=j) = — (1.3a)

Here, n is the total number of customers at the restaurant. If we think of the
customers as data points and the tables as clusters (more specifically, the cluster
means and covariances), the CRP analogy illustrates the “clustering effect” or “rich-
gets-richer” property of the DP (Aldous (1985)). The DP corresponds to the limit

as the number of customers, and hence, the number of tables, goes to infinity. The
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stick-breaking analogy is another useful analogy in which a stick of unit length is
broken into infinitely many pieces whose lengths are given by draws from a Beta(1, «)
distribution. We see again that the distribution is discrete and the greater the value
of alpha the more the number of sizable sticks. Referring back to equation (1.2),
we see that the partitions correspond to cluster parameters and the G(Ag)’s to the
mixing coefficients.

The DP is elegant for several reasons. First, since it is essentially a distribu-
tion over distributions, it can be directly incorporated into a probabilistic modeling
framework. Second, although the two analogies above may intuitively suggest that
data points modeled as coming from a DP are not exchangeable, writing out the
joint distribution shows that they in fact are. Hence, the order in which the data
points is observed does not matter for DP inference. Third, because of the clustering
property, if « is chosen to be small relative to the number of data points, the DP
will naturally prefer models that are simpler (i.e. containing fewer clusters). Given
enough data, the model will discover the number of mixture components in the infer-
ence process by maximizing the posterior probability of the data given the number of
components and their values. Last but not least, fast approximate inference for the
DP is relatively straightforward and can be performed using variational inference,
which will be discussed below.

Motivated by an understanding of the DP which gives us a nonparametric way
to identify K in the mixture of GPs, we could in theory proceed by fitting a non-
parametric mixture of GPs to our data to identify the nonlinearities. GPs present
several drawbacks, however. First, the covariance kernel K (xi,z5), where x; and
xo are the data, must be chosen, which is in a sense very similar to the underlying
problem we are trying to eliminate (i.e. choosing a sigmoid, quadratic, etc. function
for the tuning curve). Second, the conditional covariance of a Gaussian distribution
requires matrix inversion of an N x N covariance matrix, where N is the number

10



of observed data points. Matrix inversion is an O(N?) operation, and is hence very
inefficient. Observations must be also be Gaussian distributed, which may not be
the case for neural data (Pillow et al. (2003)). Therefore, we seek methods that are
fast and allow us to do nonparametric inference for nonlinearities.

One substitute for the GP that comes to mind is the generalized linear model
(GLM) (Nelder and Baker (1972)). Briefly, a GLM is linear model whose error
covariance is not restricted to the Gaussian distribution. Furthermore, the response
variable is related to a linear function of the regressors by an invertible link function.

For example, for Poisson regression, the GLM is given by:
Ely:|x:, 0] = exp (0'x;) (1.4)
where exp () is the link function. Hence, the PMF is given by:

E[yt|xt79]yt X €Xp (_E[yt|xt70])

. (1.5)

p(yelxe, 0) =

Just as we did for GPs, we can apply the idea of a mixture model to GLMs. Please
see figure 1.6 for an illustration of fitting a neural tuning curve with a GLM mixture.
Figure 1.6a depicts an example tuning curve. While this looks like it may be fitted
with a parametric function such as cubic or sin, there are regions in the stimulus
space where the function does not match either of these functions well. For instance,
between stimulus values of 2 and 4 and between 9 and 10, the function flattens out,
and around a stimulus value of 6, there is a sharp transition from negative to positive
slope. Furthermore, the noise variance is siginificantly larger in the region between
6 and 9 compared to the other regions. (Note that this is also just one example of
a tuning function, and that, in reality, tuning functions can be much more complex.
Additionally, there can be several different, nonlinearly interactive receptive fields
for which the neuron exhibits some response.) To fit this using a mixture of GLMs,
we could employ a linear link function for each mixture component, which implies

11



Example Tuning Curve Example Tuning Curve
T T T T

(a) Simulated neural tuning curve. (b) Fit with mixture of GLMs.

FIGURE 1.6: Simulated neural tuning curve fitted with mixture of GLMs.

that, locally, there is a linear relationship between stimulus and firing rate. In order
to choose the number of components, we could perform nonparametric clustering on
the stimulus space. This would allow us to identify regions in the stimulus space for
which the linear model of neural firing rate has the same slope and intercept. This
clustering and fit with a linear link function is illustrated in figure 1.6b.

Hannah et al. (2011) propose a Dirichlet Process mixture of Generalized Linear
Models (DP-GLM) to address the problem of nonparametric Bayesian regression.
The DP-GLM fits an infinite mixture of GLMs, where each component is specialized
for a local subset of covariates. The DP-GLM is a rich, flexible model in that each
component can have a completely different GLM associated with it, and the total
number of components is learned from the data. More specifically, the noise distri-
bution of each GLM component need not be Gaussian. State-of-the-art inference
algorithms for DP-GLMSs rely on sampling-based methods, which are known to be
slow and are only accurate as the number of samples taken approaches infinity, which
is never true in practice. Furthermore, the model does not perform any dimension-
ality reduction, so high-dimensional regressors would require fitting a large number

of parameters.

12



In the following chapter, we describe our model, which is an extension of the
DP-GLM. In addition to the features of the DP-GLM, the proposed model allows
for identification of nonlinearly interacting receptive fields. In the process, we also
perform a dimensionality reduction so that rather than working in the stimulus space
directly, the model is fit in the receptive field space, which is typically of much lower
dimensionality than the stimulus space. Finally, our model is fit with VB inference,
which is a fast alternative to sampling-based inference that has numerous other

advantages, which will be discussed.
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Model

2.1 Model Formulation

We provide here details of the statistical model used for fitting the nonlinear tuning

function. Figure 2.1 illustrates the model in graphical form. 7, represents the firing

Y
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W—E ()
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FIGURE 2.1: Graphical model of nonlinear regression.

rate of a single neuron. (While one could model many neurons jointly, we consider
one neuron at a time for simplicity.) x; represents some observed stimulus or behav-
ioral parameter; for example, this could be arm position or velocity. Rather than
perfoming the non-linear regression directly on these behavioral variables, we do the
regression on a lower dimensional latent variable u,. This is useful and important

14



for two reasons. First and foremost, a neuron’s firing rate may not be tuned to
velocity, position, or any other behavioral measurements in particular. Hence, we
can apply W to x; to find a low-dimensional projection of these measurements to
which the neuron is best tuned. Second, without the projection, the number of re-
gression parameters that we must learn scales linearly with the number of behavioral
measurements. If this is very large compared to the size of the dataset, one can
suffer from problems in estimating model parameters due to overfitting. Thus, we
model an explicit dimensionality reduction on a full set of regressors that is cluster-
independent, i.e. u; = Wx;. This also allows us to discover non-linear interactions
between linear receptive fields.

In order to discover the nonlinearity, we use a piecewise linear function modeled
by a mixture of Gaussians. Each Gaussian has a mean, which is a function of ay, by,
and W. Here a;, controls the slope of each line while b, controls the intercept; when
the model is fit, the transformation a,u; + b, gives the mean of the regressors and
provides a smoothed estimate of the tuning curve when averaging is performed with
posterior cluster probabilities. W simply acts on x; to transform it to the lower-
dimensional space on which we are modeling the tuning function. The parameter
pr specifies the precision of the observed firing rate and is specific to each Gaussian
cluster; thus, p; allows the tuning curve to be heteroscedastic, with different variance
along the u; axis.

The number of clusters (i.e. piecewise linear components) is learned using a
Dirichlet distribution approximation to the Dirichlet process. The Dirichlet is a dis-
tribution over distributions on the K-dimensional simplex. It can be parameterized
by a single concentration parameter ag. As the number of clusters K approaches
o0, we recover the Dirichlet process. (Although the stick-breaking prior can be used
explicitly in practice by truncating the number of components, the results are often
similar to those obtained using a Dirichlet prior with the same cap on number of
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components. We use the Dirichlet prior here for convenience.) Because the Dirichlet
process has a so-called “rich get richer” property, the model favors placing data points
into as few clusters as possible, so there is a built in penalty for overfitting.

The observations and parameters are modeled as follows:

7 ~ Dirichlet(ay, . .., ap) (2.1)

z¢|7 ~ Multniomial(7r) (2.2)

Ak ~ WiShELI't(Vo, PQ) (23)

el Ay ~ N (mo, (koAx) ™) (2.4)

W ~ HlatI'iX-N(Mo, .U—()7 Vo) (25)

pr ~ Gamma(ay, 5o) (2.6)

[, 0] [ ~ N (go, (Bo) ™) (2.7)
K

wl{pens Aitic, 2o ~ | [NV (s AT (2.8)
k=1
K

il (@, br, prbics e,z ~ | [N (alag + bp, i) (2.9)
k=1
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3

Inference

3.1 Expectation Maximization

In order to take advantage of the richness of the DP-GLM model framework without
sacrificing on speed, we employ variational Bayesian (VB) inference (Beal (2003)).
To motivate VB, we start with its simpler predecessor, the expectation maximization
(EM) algorithm (Dempster et al. (1977)). For models involving latent variables, the
EM algorithm allows one to find ML (or maximum a posteriori, i.e. MAP) estimates
of the parameters by proceeding alternately between two steps: (i) expectation and
(ii) maximization. EM can be illustrated very simply for ML estimatation in a
Gaussian mixture model (GMM). For a GMM, the probabilistic model is given by:

p<X‘IJ’k7 Eka 77) = 1_[ [ﬂ-kN<Xt“"'k7 Ek)] (31)

t=1 k=1

where X is a T x d matrix of x;’s. Parameters are defined as variables which are fixed
in number with respect to the size of the dataset; thus, the parameters to estimate
are the cluster means py, cluster covariances X, and mixing proportions m. If

we attempt to maximize the log likelihood (which is equivalent to maximizing the
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likelihood since In is a monotonic function) directly, i.e. maximize

Inp(X|p, =, ) = Z {Zwk/\/(xt|uk,2k)} (3.2)

k=1

we run into two issues. First, the In acts on the sum over k, which means that
expressions for derivatives with respect to py, 3y, and 7 can be complicated (or, in
some cases, intractable). These are needed in order to find values that maximize the
likelihood. Second, the MLE could result in a cluster mean collapsing onto a single
data point. In this case, the variance of the cluster would shrink to zero, resulting in
extreme overfitting; i.e. when clustering new data points, they would all be assigned
to the other components unless they had a value exactly equal to the overfitted mean.

The EM algorithm remedies the first issue by augmenting the model with a
set of latent variables z;. Latent variables increase in number with the number of
observations. We first define the complete likelihood function as the distribution over
both observations and latent variables, i.e.:

T K
P(X, Zlu, Bm) = | [ [ i el o)™ (33)

t=1 k=1

Here, z; follows a categorical distribution, and 2 is an indicator which has a value
of 1 when 2y = 1 and 0 otherwise. Taking the log, we notice immediately that the

In no longer acts on a sum, but rather, it directly acts on the Gaussian density:

T K
Inp(X, Z|p, B, m) = ) 2 [In 7y, + In N (x| g, )] (3.4)
t=1k=1

In this form, the expressions for the MLEs are greatly simplified.

Utilizing the complete likelihood function assumes that we know the cluster labels
z; when in fact, they are unknown. As an intermediate step, we can average, or take
the expectation of, the complete data likelihood function over the posterior proba-
bility of z; using the current estimates of the model parameters. This intermediate
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step is known as the expectation, or E, step. We write:

T K
Ez[lnp(X, Z|p, 2, )] = ) 2 2% s | 2o ) (I 7 + N (i e, )] (3.5)
t=1k=1

and we find Ezx ;5= [2u4] to be:

TN (x D
By pomnln] = e Xl 1)

Zj:l TN (x| pj, 25)

(3.6)

which is simply the posterior cluster assignment probability. We can then maximize
(3.5), which is known as the M step. Thus, we can alternate between computing
expectations in (3.6) and maximizing (3.5) until the algorithm reaches some conver-
gence criterion (e.g. change in log likelihood is less than some €). Together, these
steps constitute the EM algorithm. We refer the reader to Bishop (2006) for a full
derivation of EM. Note the similarity between the EM algorithm for Gaussian mix-
tures and the K-means algorithm (MacQueen et al. (1967)). While in K-means we
use “hard” cluster assignments for data points, in EM for GMMs, we model the data
as conditionally Gaussian with some mean and covariance and, hence, are able to

provide “soft” cluster assignments.
3.2 Maximizing the lower bound

We made two major jumps in the explanation of the EM algorithm. First, why did
we compute the expectation with respect to the posterior distribution of Z7 And
second, how do we know the EM algorithm will converge? To answer these questions,
we first define a functional as a mapping which takes in a function and outputs a
scalar value (Bishop (2006)). Next, we introduce a functional on latent variables
q(Z), and consider the following decomposition of the likelihood function on our set

of parameters 8 = {u, 3, 7w} (Bishop (2006)):
Inp(X|6) = L(g,0) + KL(ql|p) (3.7)
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=S o9

L(qllp) = =) a(Z) {%} (3.9)

where KL is the Kullback-Leibler divergence between ¢(Z) and p(Z|X, ) (Kullback
and Leibler (1951)). Since KL divergence must be > 0, this set of equations shows
that the log likelihood can be decomposed into the sum of a lower bound £ (given the
current estimate of the parameters and choice of ¢) and the KL divergence between
the functional of Z and posterior distribution on Z.

EM is essentially a coordinate ascent algorithm in which each step iteratively
maximizes the lower bound on the log likelihood £(q, @) with respect to ¢ and 8 and
adjusts the KL divergence. Assume that at the start of the current iteration of EM,
our parameter 6 equals 8y. Then, in the E step, if we choose ¢(Z) = p(Z|X, ) and
plug this expression into (3.8), we see that the lower bound reduces exactly to the
expression for the E step we found in (3.5) above and justifies choosing ¢(Z) equal
to the posterior distribution of Z. Moreover, the KL divergence disappears and the
lower bound is maximized with respect to ¢(Z).

The M step seeks to maximize the log likelihood with respect to 8. We know
that since the KL divergence term in (3.7) is 0 after the E step, maximizing the log
likelihood is equivalent to maximizing the lower bound. This in turn is equivalent
to maximizing (3.5) since the expressions are equal. Unless we are already at a local
maximum, this will necessarily cause the lower bound to increase. KL divergence, by
definition, must be > 0, and since changing 8 will change the posterior on Z, the KL
divergence will be nonzero. Hence, the log likelihood function will increase, and the
increase will be greater than the increase in the lower bound since it also includes the
positive KL divergence term. This process of recomputing ¢(Z) and maximizing the

lower bound with respect to 6 continues until we reach a local maximum. After this
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point, the KL divergence will always be zero, and the algorithm will have converged.

Hence, convergence to a local maximum is guaranteed.
3.3 Variational Inference

Now that we have proper background and motivation from the EM algorithm, we
return our attention to VB. VB has its origins in mean field theory with applica-
tions to statistical physics and was more recently employed for fitting hierarchical
Bayesian models (Weiss (1907); Parisi (1988); Beal (2003)). The name VB comes
from the calculus of variations, which deals with functionals and functional deriva-
tives. Functional derivatives describe how the value of a functional changes as the
input function is changed infinitesimally (Bishop (2006)). In VB, we seek functionals
that best approximate the posterior distributions of the parameters and latent vari-
ables in the model. These approximate posteriors allow us to avoid overfitting and
to perform model comparison by calculating the marginal likelihood of the data (or
a lower bound thereof) and computing Bayes factors. (Technically, overfitting can
be avoided in EM by placing priors on parameters and searching for MAP estimates
rather than MLEs. This still only gives point estimates, however, so we cannot per-
form model comparison with EM.) Like EM, VB is a coordinate ascent algorithm
which allows us to avoid having to choose a learning rate parameter which is often
required for gradient descent-based algorithms. In practice, convergence requries
only a handful of VB iterations as opposed to thousands of samples that would need
to be drawn when doing inference via sampling. This makes VB big-data friendly.
Note that, like EM, VB does not guarantee convergence to the global mode of the
joint posterior - only to a local mode. Hence, initialization of parameters is impor-
tant for converging to a “desirable” local mode, i.e. one which by definition locally
maximizes the posterior probability of the data but also yields predictions that are
in the vicinity of the true values.
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We start by referring back to equations (3.7)-(3.9). (Note that there are many
similarities between VB and EM, so it is useful to keep in mind the derivations of the
E and M steps in EM.) In VB inference, we group all latent variables and parameters

into Z. Like in EM, we can decompose the log marginal likelihood as follows (Bishop

(2006)):
Inp(X) = L(q) + KL(q||p) (3.10)
B L [rXZ)
L(g) = Jq(Z)l { g }dZ (3.11)
Ki(all) = - [a@ym {0z (3.12)

Asin the E step of the EM algorithm, we can maxmize the lower bound by zeroing out
the KL divergence, which occurs when ¢(Z) = p(Z|X). In most situations, p(Z|X)
is intractable, so we seek approximate posteriors which yield tractable normalizing
constants but also provide a sufficiently good approximation to the true posterior.

We assume we can factorize the variational posterior into M groups, such that:
M
9(Z) = | [ ai(Z:) (3.13)
i=1

We seek to maximize the lower bound with respect to each of the ¢;’s. First, we

substitute (3.13) into (3.11) and consider only one specific ¢;:

i) = [a@) 1{%} 1z

.
- | Hq {lnp(X, Z) —;qu} dZ

[

r
J

i#] i7#]

r
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where

Inp(X,Z;) = flnp(X, Z) | [ 4:dZ; + const.
i#]

=E..;[Inp(X,Z)] + const.

Also note that the terms not involving ¢; (namely, ¢;Ing; Vi # j) have been absorbed
into the constant. Equation (3.14) is sometimes referred to as the variational free
energy F.

Next, we recognize that (3.14) is the negative KL divergence between the approx-
imate posterior ¢(Z;) and p(X, Z;), which is simply the true joint posterior averaged
over variational distributions of all latent variables and parameters except Z;. Min-
imizing this KL divergence is equivalent to maximizing the the lower bound L(q)

with respect to ¢;, and by inspection of (3.14), we find that:

In g} (Z;) = Eiyi[lnp(X, Z)] + const. (3.15)

Equation (3.15) is the defining equation for variational inference.

By separating Z back out into latent variables and parameters, one can think
of VB inference as being composed of an E step and an M step. For a graphical
illustration of VB inference for our model, please see figure 3.1. In the VB-E step,
we observe the data and take the expectation of the joint posterior with respect
to all parameters, which gives us a term proportional (in the log-domain) to the
distribution of the latents. The parameters and data are highlighted in yellow in
figure 3.1a. In the VB-M step, we observe the data and take the expectation of the
joint posterior with respect to all latents, which gives us a term proportional (in the
log-domain) to the distribution of the parameters. The latent variables and data are
highlighted in yellow in figure 3.1b. As in EM, each step increases the lower bound.
Convergence here is guaranteed since the lower bound is convex with respect to each
of the parameters (Boyd and Vandenberghe (2004)).
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FIGURE 3.1: Steps of VB inference involve iteratively averaging over distributions
of parameters and latent variables.

In summary, VB is an approximate inference scheme in the sense that one it-
eratively optimizes the lower bound on the marginal likelihood of the observations
by minimizing the Kullback-Leibler divergence between the approximate and true
posterior distributions. There are two main steps in VB: the expectation step (VB-
E) and the maximization step (VB-M). Since the variational distribution over the
latents is found in the VB-E step, taking the expectation over the latents is straight-
forward when the distribution of the latents has some parametric form. One of the
main advantages VB has over sampling-based methods is speed. Approximate pos-
terior distributions are calculated for each of the model parameters through VB.

Derivations for the VB-E and VB-M steps are provided in the following sections.
3.4 VB M-step

In the M-step, we take the expectation of the log joint distribution over parameters,
latent variables, and data with respect to all latent variables and parameters except

the one we are considering. We first write the variational posterior as a product of
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marginal distributions over which it factorizes:

q*({aka bk‘a pk}l:Ka W7 {I-‘l’k7 Ak}l:Ka 7T) =

¢*(m)q* (W) | [ [a" (aw bilow)a* (o) 0" (kx| Ar) g™ ()] (3.16)

Next, we identify hyperparameters of the variational posteriors using the defining

equation:

¢} (Z;) = Eir; [Inp(X, Z)] + const. (3.17)

where Z is the set of all latent variables and parameters and X is the set of data.

We begin with the distribution ¢*(7):
In q* (7T> = E—ﬂ' [lnp(n7 {ak7 bk? Pk}l:K; Xa W7 {I-‘l’ka Ak}l:K) T, Z)] + const.

[ K T K
—E_, Z Inp(mg) + Z Z 1np(2’tk|7")]
k=1 t=1k=1

|
&
3
1=

>
Il
—

k=1t=1

K T
(Ao — 1) Inmy + Z Z 2 In Wk] + const.

K /T
= Z (ZE [zie] + Mo — 1) In 7, + const.

t=1

We recognize this as a Dirichlet distribution. Thus, we take ¢*(7) to be
Dirichlet(Ay, ..., Ax). By inspection, we determine the hyperparameters of

In g*(7) to be:

AL =X + iE[Ztk] (318)

t=1

Next, we consider the joint distribution ¢* (s, Ag):

In q* (,’l’kv Ak) = E_NlmAk [lnp(nv {ak‘a bk’a Pk}l:lﬂ X7 W7 {I-l’ky Ak}l:Ka , Z)]

+ const.
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T
=E_, A, [lnp(,u,k, Ay) + Z In p(W=x¢| s, Ag, 21) | + const.

t=1

= E_NkvAk llnp(uk|Ak) + lnp(Ak)+

T
Z In p(Wxy| g, Ay, ztk)] + const.

t=1

1
= E_IJfIwAk{ In [Ag| — —(Mk —mg) " Ay (pr, — mg)+

—d—1 1
%mmﬂ -5 T (P Ay) +

1T
22,

+ const.

In ’Ak i (WXt k)T Ay (Wxt - Mk) ]Ztk}

We first solve for the hyperparameters of In ¢*(pi|Ax). Retaining only the terms

that involve p; and temporarily dropping E_,,, A, for notational convenience:

K
In¢* (pr|Ag) = 70 (N—krAkl«Lk — 2py, Aymg + mgAkmo) +

DN —

T
— Z [xtTWtTAkat — QMEA;CWX,: + ugAkuk] Zy, + const.
=1

1 T
=73 [Mg (/fo + Z Ztk) Ajpr—

t=1

t=1

T
2u) Ay (Iiomg + WZ (thtk)> ] + const.

We realize that the distribution is quadratic in p;, and hence, it is Gaussian.
We can set Ing*(pr|Ar) to be Gaussian and inspect the density to identify the

hyperparameters:

R

Ing*(pr|Ax) = ln |Ax| - > [t — my) T Ay (pay — my) |
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1

1
= 5 In |Ak| — 5 [[J,]IAk[J,kKJk — Qy,gAkmkI{k + mgAkmk/ik]

Hence, by inspection, and after reinstating E_,,, A, :

Kk = Ko + Z E[Ztk] (319)

t=1

1 T
my; = — [ komg + E[W] Z Xt]E[Ztk]]
t=1

Kk
T T

= — |komoy + M Z xtE[ztk]] (3.20)
Ri | t=1

Next, we recognize that
Ing*(Ax) = Ing* (pr, Ax) — Ing* (pr|As)
= E—,uk,Ak [lnp(ny {akv bka Pk}l:K; Xa W7 {I-‘l’ka Ak}l:Ka ™, Z)] -

In ¢* (per| Ax)

We drop expectations temporarily for notational convenience. Retaining terms
that involve Ay and noting that terms involving p; should cancel:

. 1 1
lnq (Ak) = 5 In |Ak‘ — 5 [[,l,;{rAk,Ll;k/'io — 2,U,kAkm0/€0 + mS—Akmolio] +

—d—1 1

oA -t ey A+
2 2

aap 1

> l—ln Ak — = (x] WAL Wx,—

4|2 2

2x; WTAppy + ugPuk)Ztk] -

1 1
[5 In [Ag| - 2 (.Ungka/ik - 2N2Akmkﬁk + m—krAkmk’fk)]

+ const.
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Substituting for kj and my, into terms from In ¢* (py | Ay ) that are linear and quadratic
in py clearly shows that all terms involving p; cancel, leaving:

d

1 —d-1 1
= —5m Aymoro + ———— In Ay - 3 Tr [Py A ] +

1 d 1« 1
5 In |A—k‘ Z 2tk — 5 Z |:2th;|— W TAk W X; + §m,IAkmk/<ck
t=1 t=1

Applying the trace property trfABC]| = trf[BCA] = tr[CAB] and collecting terms:

—d—1+3T
= In|Ay| i 2= Ztk] -
2
1
3 Tr (Pol + mOmDTﬁO — mkmgmk—i—

T
W (Z xtx;rztk) WT> A
t=1

We realize that the distribution is a Wishart. Hence, we can set In ¢*(Ay) to be
Wishart (P, ) and inspect the density to identify the hyperparameters. Reinstating

expectations, we find:

T
v = vo + ) Efz] (3.21)
t=1

1
P, = {POI + momgmo —mym, k;, + E [W (Z xtxtTE[ztk]) WT] }

t=1

T
= {Pgl + mOmOT/-iO — mkank +UTr [(Z xtxtTIE[ztk]> V] +
t=1

M (i thtTE[ztk]) MT} (3.22)

Next, we consider the joint distribution ¢*(ag, by, pr). We first define the following

for convenience:
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Yool
& vV 0
iy

We proceed with the joint distribution ¢* (v, px):
Ing*(ve, pr) =
= E—’)’bpk [hlp(’?a {’7/6’ pk}l:K) Xa W? {“’k> Ak’}lsKa T, Z)] + const.

T
= E—’Vk,Pk [Z lnp(nt|7k7 Pk W7 Ztk) + lnp(7k7 Pk)]

t=1

T
=E [Z n p(nelve, or, W, 2) + Inp(yic| pr) + lnp(pk)]

t=1

T
1 ’\/N /\/N ~ ~—
[— In pj, — 2% (nf — 29 WX, + 7] WX, X/ WT%) ] PR

= E—’Ympk{ Z Y

=2 2

d
3 In py — % (vi Bovi — 27, Bogo + 8¢ Bogo) +

(g — 1) Inpg — ﬂopk} + const.

We first solve for the hyperparameters of In ¢*(~x|pr). Retaining only terms that

involve 7, and temporarily dropping E_,, ,, for notational convenience:

T
1 ’\/N ~ I~ Nf\/
Ing* (velpr) = ) [_5 ('rkT WX W o — 2, WXt”th) Ztk] -
t=1

1
5 [’Y;IBO’YkPk — Q’YI;FBogopk] + const.

We realize that the distribution is quadratic in -, and hence, it is Gaussian. We
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can set In ¢*(vx|px) to be Gaussian and inspect the density to identify the hyperpa-

rameters:
In¢* (velpx) = = ln lpeBo| — = [('m — &) ' Br(ve — gr)]

d+1
2

1
In | pg| +§IH|BO|_

1

3 [7e Biveor — 27, Brgrpr + &, Bigy pi]

Hence, by inspection, and after reinstating E_., , :

T
Bk =K [W <Z )NCt)’\(/;thk> WT
=1
[(Z xtxt [zik ) +M (2 xtxt ztk]> M + B,

8k = [ <Z tZtk) + Bog()]
=B, [M (2 itntE[Ztk]> + Bogo]

Next, we recognize that

+ By

Ing*(pr) = In¢* (Y, px) — Inq* (velpr)

= E—’)‘k,pk [lnp("% {7/% pk’}l:K7 X7 Wa {l‘l’ka Ak}l:K) ™, Z)] -

In ¢* (& |pk)

(3.23)

(3.24)

We drop expectations temporarily for notational convenience. Retaining terms

that involve p; and noting that terms involving -, should cancel:

Ing*(pr) = llnkaZtk—

T T
Pk [ Z nfztk - Q’YkTW Z Xy 2+

t=1 t=1
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T
W (Z X% ztk> WT%] ] +
t=1

[(d+ 1) Inpx — pi (7% Bovi — 27, Bogo + g Bogo) | +

N | —

(g — 1) In p, — Bopr—

d
[5 In |pg| — % (1 By — 2, Brgr + gIIBkgk)] + const.

Substituting for By into terms from In ¢*(vx|px) that are linear and quadratic in
clearly shows that all terms involving -, cancel, leaving;:

T T
N Pk 2 Pk T Pk T
= Inpy ; 2tk — B} ; N 2tk — Ego Bogo + ?gk; Brgi+

(a0 — 1) In pr — Bopr
Collecting terms:

1 Z
= In pg [522,%—%040—1] —

t=1

T

1

Pk [5 [Z 77t22t1c + ggBogo - gll—Bkgk] + 50]
t=1

We realize this is a Gamma distribution. Hence, we can set Ing*(px) to be
Gamma(qy, fx) and inspect the density to identify the hyperparameters. Reinstating
expectations, we find:

| I
Q= og + 5 ZE[ztk] (3.25)

t=1

[
Br = Bo + 3 Z 17 E[ 2] + 8o Bogo — 8 Brg (3.26)

t=1

Next, we solve for the variational posterior on W, which we assume follows a
matrix normal distribution. To compute the hyperparameters of the posterior, we

can maximize the free energy (or variational lower bound) over M, U, and V. The
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free energy is defined as the expectation of the log joint probability over parameters
and data minus the entropy of the log posterior distribution of W:

T K
- Elz Z lnp 7]t|7k7/0kaw Xt, Ztk + 2 Z lnp WXt|l’l’k7 Ak? Ztk)
t=1k=1

t=1k=1

Inp(W) —1In q*(W)] + const.

Pk
B =W WK 0| +

M=

o3

=1k

-+

Il
—
)

=
M=

—% [(Wxt - Nk)T Ar (Wx; — Mk)] ztk] +

~
Il
—_

Eo
Il

=
r

B £2_OT1" [Vo ' (W —Mo) "Ug (W — My)] —

g mIVI= b Ul - e[V w - Mo w - ]|

+ const. (3.27)

We can take this expectation term by term. Note that in all the following expec-

tations, we have dropped some terms that are constant with respect to W, U, and

V. We begin with the 7, observation term:

B2~ W W2 | -

E{ p2k ( QHgWtht + a; WXtX:WTak + 28k Wthk) Ztk}

We can break this term down into subterms. We begin with the first subterm:

E| -5 (~2a{Wxin) | = EwlEpe[Eaujo[(~55) (-2a] Wixen,)T]

= Ew[E, [ox(g\) Wxin:)]]

= Ew [g (g1]2TWXt7h)]
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Next, the second subterm. For this subterm, we can apply the trace property:

E [—Ea;WthtTWTak] = Ew [Epk []Eakm [Tr <—%akak WxtxtTWT)]]]

Pk _ _
= Bw[B, [T (= G| [B], ot

_ _% Tr (Ck [U Tr (tht V) + MXtX:MT:I)

where Cy, := [B']1.0.1.4 + o gg C)lg%T. Finally, for the last subterm:

E [—%(Qak Wxtbk)] = Ew o | Eagbilon [_ (2ay, bkth)]]]

= Ew ]Epk [ [ d+1 1: dpk + g((i-‘r)lgl d ] Wxt]]

_ (6973
=Ew |- l[Bk 1]d+1 ra T Egc(lJr)lglc)l ] Wx ]

- Ak (k) (KT
- ([Bkl]d+1 14 T 3 911814 ) Mx;,
’ B
Adding these subterms and taking the expectation with resepect to zy:

B[~ - AWK o] = { 5 el M) -

% Tr (Ck [U Tr (tht V) + MXtXtTMT])

_ Ok (k k)T
([Bk 1]d+1,1:d + Egc(ur)lggzc)l ) Mxt}E[Ztk] (3-28)
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Next, we deal with the Wx; term:

E[—lpwkrw%waﬁkrw%ﬂ%J

2
1
= —E|:§(X,5TWTA]§WX,5 — QXZWTAk[J,k + ,UZAkﬂk)ztk:|

1
- -E., l]EW []EAk lEMAk {ix: WIAWx, — x] WAL+
1 T
5#% Ay Ztk
1
-E.,, [Ew [EAk [éxj WIAWx, — x] WTA,my+
1 -1, -1 T
) [T (ApAy R ") +my Agmyg ] | |20

1
= —EZtk lEW léXIWTPkaWXt - XZWTPkamk-F

[TI' (Id/ilzl) + mngVkmk] :|Ztk:|

DN | —

1
_ [éykxj [V Tt (UP,) + MTP,M] x; — v M Pymy+

[d/ilzl + Vkm,IPkmk] :|E [Ztk’]

DN | —

Next, we tackle the prior on W:

B[S [viw Mg U W ]
= Ew[ — ZTe[Vo'WTUS'W — Vi IM] Uj'W -

V,'WTU; M| + const.

§o
2

=—>Tr [Vgl [VTr (UU;") + MTU;'M] - V"M Uy "M -
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V"M UG M, | + const. (3.30)

Finally, we do the entropy term. Here, we have omitted —%In|V| — Z1In|U] for

convenience:

Ew [—% Tr[VHW - M)"U (W — M)]]
_ Ewl — %Tr[VleU1W—

VMU 'W - V'WTU'M + V—lMTu-lM)]]

= —% Te[V ' [VTr (UU ) + MU 'M] -

V' MU'™™M - VMU M + VIM'U'M)]
dp

--2 (3.31)

Substituting the above components into (3.27):
T
k)T
F= ZZ{ (g” Mx1;) —
1
3 Tr (Ck [U Tr (xtxt V) + Mx;x, MT])
ak k

( d+1 1: d Bk gc(l-i-)l 81.d ) Mxt}E[ztk]"’_

T K 1
Z Z —{iykx: [V Tr (UP;) + M'P,M] x;—
t=1 k=1

1
l/kX;rMTPkmk + 5 [dli;l + ykaPkmk] }E [Ztk;] —

%OT lvol [VTr (UU;Y) + MTU; ™M — V"M Uy 'M—

d d
Vo—lMTUglMO] +5In|V|+ gln U]+ 7]3 (3.32)
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We now take derivatives of the above expression with respect to M, U, and V
and set them equal to zero to solve for the hyperparameters. We begin with U:

oF

o (I K

A
%l/kxt [V Tr (UPy)] x.E 2] ] -

50

2

T [V5! [V (UUF)]] + S n |U|}

T K
1
- Z Z [ N _Ck Tr XtXtTV) Elzu] — §VkXtTVXthE (2] ] —
t=1k=1

AL

T [Vy' V] UG+ S0 =0

Thus,

K

T
[Z TI' XtXt ) [ztk]Ck + VkX;rVXtE [Ztk] Pk] +

t=1k=1
-1
&Tr[Vi'V] Ugll (3.33)

Next, we solve for V:

= uX [ A e T e V) ) -

k=1
[
VX, V Tr (UPy) xE [2] | —

%0 T [Vy' [V T (UU Y]] + g In |V|}

T K
1 1
= Z Z [—5 Tr [CkU] XtXIE[Ztk] - §katx;r Tr (UPk) ]E[ztk]:| —
t=1k=1

%Vgl Tr (UU,Y) + gv—l =0
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Thus,

(3.34)

0F 0 (s (o [ w7 L re, IMxx T MT
M~ M ) _<g1:d Mxmt>_§ r[Cr [Mxx, M']] -

- Ok (k) (BT
([Bk 1]d+1,1:d + B g((i-i-)lglc)l )Mxt}E[ztk]_

T K
=1k=1

% r[Vo'M'Ug'™ = V"M Ug'M - V"M Uy 11\/10]} (3.35)

1
{ikatTMTPkMxt — katTMTPkmk}E[ztk]—

~

We define the follwing variables as derivatives of terms in equation (3.35)

‘ {EZZ_ 81.4 MXtUtEZtk}ZZZB—k (kXtT]thtk]

A= oM

_ k (k) (k)T
([Bkl]d+1,1d + 5_9(+)1 53 ) MXtE[Ztk]}

-
- Qg (k
<[Bk 1]d+1,1:d + ﬁ_ c(l+)1gla)l ) XtTE[Ztk]

37



T

K K
A3 = aiM {Z I;l katTMTPkmk} = Z Z VkPkka;rE[Ztk]

t=1 t=1k=1
In addition:

‘_50(} _&]0

1= 5o Tr [V MIUM] = 2= Tr [Ug "MV ™M
=&U MV ! (3.36)
A; = %&iM Tr[Vy'MUg'M] = 5—2°U51M0Va1
0
Ag = %6_1\/[ Tr[Vy'M UG M| = %UglMoVo‘l

This leaves two more quadratic terms. From matrix calculus identities:

aix Tr[AXBX'C] = ATC'XB' + CAXB (3.37)

Although the remaining quadratic terms can be written in this form, the summations
are coupled over t and k through E[z4], and hence, the sum cannot be broken. We
proceed as follows.

First, consider the quadratic term Zthl Ziil

where we have defined K™ to be the result of the matrix derivative. Rewriting this

in elementwise notation gives:
T K p d
k
Ki(jl) = 2 Z Efz] !Z Z Ci(l )Mznl}(f)] :cﬁ»” (3.38)
t=1k=1 n=11=1

where CZ.(lk) denotes the entry at row ¢ and column [ of Cy, M;, denotes the entry
at row [ and column n of M, and ng) denotes the n'™ entry of x,. KM isa d x p
matrix, so¢=1,...,dand j =1,...,p.
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Similarly, for the second quadratic term %ZtT:l ZkK Lk MTP MxE|[2]:

253

t=1k=1

)

vex;, MTP.Mx,E[2]

D
N | —

()}

T K 1
ZZ oIt PkMxtx M I/k]E[Ztk]]

t:1k=1
1 T
- §Pk1\/[xtxt viE[2u](2)

= P Mx,x, v E[z] = K®

Rewriting this in elementwise notation gives:
T K p d
2
BN bR B
t=1k=1 —1i=1

where P ) denotes the entry at row ¢ and column [ of Py.
These derivatives are fourth order tensors; yet, we can still solve for M by a
matrix inversion. First, we notice the term from equation (3.36) whose derivative

involves M. We write this term in elementwise notation:
p d
= 50 Z Z leln )nj
n=11[=1

where (Uy'); denotes the entry at row 7 and column [ of Uy (similarly for V).
The full expression of the derivative can be set equal to zero to solve for M;,:

(1) 2) () ®3) () (6) 1) @) _

1

where qu-) denotes the element at row ¢ and column j of A,. Isolating Kfj), Ki(f),

and K Z(] ), and substituting to view the equation in terms of W;,,:

AD —AD 1 AD AP 1 AY = K + KD + KD
T K p d
- Z E[z] [Z qu me(t)] ®
t=1k=1 n=1[=1
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t=1k=1 n=1[=1
p d
& ) (UG aMin(Vy ) (3.39)
n=1[=1

This can be rewritten in matrix notation as

vec(D) = Hvec(M)

where D denotes the matrix defined elementwise by the left-hand side of equation
(3.39); the vec(-) operation vectorizes its argument matrix by stacking its columns;
and H is a dp x dp matrix defined elementwise as follows:

T K T K
H(] Dd+i,(n—1)p+l = Z Z Ztk S)xy) + 2 Z Ztk I/k:P n)xgt)‘f’

t=1k=1

(U Ha(Vo g

Finally, we can solve for the least-squares estimate of vec(M) by:

—_—

vec(M) = (H'H) 'H'vec(D) (3.40)

The d x p matrix from restoring the dp x 1 vector vec(M) to a matrix yields M, the
posterior mean of W.

This completes the VB M-step.

3.5 VB E-step

In the E-step, we take the expectation over the same joint distribution with respect
to all parameters to compute the hyperparameters of the distribution on latent vari-

ables.
Ing*(Z) =
= Eﬂ,u,ak,bk,pk,w [lnp(na {ak7 bk7 pk}l:K; X7 Wa {l'l’ka Ak}l:K7 T, Z)] + const.
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T K
1 NN ~ i N'\/
Z Ztk{E [5 In p, — %(’YJWXtXtTWT’Yk - QW’JWth + 77?)] +

t=1k=1

1 1
E {5 In |Ag| — §(XtTWTAkat — 2)(1?\7\7TA;€;L;C + ,u,,:Akuk)] +

E[ln Wk]} + const. (3.41)

Next, we define In ¢, as follows:

1 o~ ~ .
Incy = E [5 In pj, — %(%I WX W Ty, — 29 WXy, + 77?)] +

1 1
E [5 In|Ayg| — §(xtTWTAkWXt —2x/ WAy + u;Akuk)] +
E[In 7]

Exponentiating both sides of (3.41), we find:
T K
(@) ][] ]
=1 k=1

The distribution needs to be normalized for each value of t. Hence, we define a new

variable 7y as follows:

Cik

Ttk = K
Dk Ctk

Thus, zy is categorically distributed with

Elz] = ik (3.42)

We need to evaluate the expectations in (3.41) which we can do term by term:

E[ln px] = ¢ (i) — In(By) (3.43)

p
E [f(m — VJWTXDQ] =
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=K [% (’YJWititTWT’Yk — 2%3{7%5% + 773)]
_ Pk _Tooy T T TR~ Pk 2
= Ew |Epy [Eqilpn DRL Wxixy W — pkyy WXell: + o
— Ew [Epkl . [Tr (Wxtxt N Bklp,;l) + gl (WitﬁTVNVT) gk] -
S Pk
prgr WXy, + EUEH
1 ~ ~ N N
— Ew [5 {Tr (Wit;(j WTB,;l) 4 dhgT (WitszTWT) gk} ]—
k
la
A ngtht +35 2 5, 77t
1

= 5{ Tr [ (INJ Tr (tht V) + Mxt TMT) B,;l]—k

—gk <[~J Tr (xtxt V> + Mxtxt MT> gk}—

A 750~ 10ék 9
—g. Mxyn + - —
@kgk tMt 2 B un
1 ~ ~ ~ ~
-3 {Tr [(U Tv (itijv) + MitﬁjMT) (B,;l + %gkggﬂ } -
k
—o Mxyn; + ——
mgk 1Mt 2 B, U
1 ~ TRET ~ 1
- {Tr [(U Tr <tht V) + M MT> Ck]} — Sk INIR, + = <En?  (3.44)
T2 Br 2 By
where Cj = (B + O‘kgkgk>
d vp +1—
E[ln [A4|] Z¢ ( i ) +dIn2 + In|Py)| (3.45)

2 [ (W = ) A Wox = )| -

1
=E [E(XZWTAkWXt — 2%/ W Appy, + pa, Ak”’k)]
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1 1
= Ew lEAk [Euk/xk léX:WTAkWXt —x{ W Aypy, + 5#;-’%1%] H

1
=Ew [EAk |:§XZWTAkWXt — xtTWTAkmkvL

[TI' (AkAglfilgl) + mgAkmk] ]]

N |

1
= Ew [EXZWTPkUkWXt — xtTWTPkykmk—k

[TI' (Id/ilzl) + mngykmk] :|

N | —

1
= iykxtT [V Tr (UPy) + M'P,M] x;—

1
vex, M'P,m;, + 3 [dm,;l + Vkm;Pkmk] (3.46)
K
E[lnm] = (M) — ¢ (Z )\k) (3.47)
k=1

This completes the VB E-step.
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4

Results and Discussion

4.1 Simulated Data

To demonstrate performance, we show results on both simulated and experimental
data. Since the model is fully generative, data could be generated from the model

itself, but for simplicity, we use the following three functions:

f(X) = Wl,l:pxt +N(0, 01) (41)
f(X) = taﬂh(WLl:pXt) + N(O, 0].) (42)
f(X) = taﬂh(WLl:pXt)Wg,l;pXt + N(O, 01) (43)

The notation W ., indicates taking entries in the first row of W, and so on. Data
generated from these functions is depicted in figure 4.1. We denote these the linear,
hyperbolic tangent, and saddle dataset, respectively. Covariates x; were randomly
generated using a p-variate Gaussian.

We fit three regressions on each dataset: a GLM with linear link function (i.e.
linear regression, abbreivated LR); a GLM with a piecewise linear link function
and pointwise (one-dimensional) nonlinearity (abbreviated PNGLM); and a full non-

linear regression as specified by our model (FNLR). Each of the first two models
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w1, )X tanh(W(1,:)"X)

tanh((W(1,:)*X)).*(W(2,:)*X)

(c) tanh(W 1 1.px¢) W, 1.y

FIGURE 4.1: Simulated datasets.

can be considered submodels of our full model with different choices of p and K.
Specifically, the LR model corresponds to K = 1 and the PNGLM model corresponds
tod = p = 1. Both the LR and FNLR models were set to have two dimensional
receptive fields (this makes visualization straightforward, but models with higher
dimensional receptive fields can also be fit), and for the PNGLM and FNLR models,
K = 12. For each dataset, we tested each of the three models. The models were
initialized to have vague priors. Table 4.1 lists the values of the hyperparameters
chosen for all models. We ran VB for 300 iterations, after which we deemed that the
inference had converged.

Table 4.2 shows the mean-squared errors (MSEs) for each combination of dataset
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Table 4.1: Prior hyperparameter values.

Hyperparameter Value
(7)) ]_/K
By | F
Bo 1
go 0411
Ao 1
my N (Od, Id)
M, matrix-N (04xp, K14,1,)
IZ0) d
PO Id
U, 1,

Vo I,

and model as well as the the total variance of the datasets. For the linear dataset,
we see that all three models perform about equally well. To see why, we can take
a look at figures 4.2-4.4. FEach of these figures shows the value predicted by the
respective models (in color) overlaid on the original data projected into the space
of the discovered receptive field (in black). For each of the plots and subplots, u,
and us correspond to the first and second receptive fields discovered for the models.
(Note that there is no wus in figure 4.3 since the PNGLM has a one-dimensional
nonlinearity.) The different colors indicate the cluster labels to which the data points
were assigned. In figure 4.2, we see that LR perfectly fits a hyperplane to the data.
We get a hyperplane rather than a line since the model was set to have d = 2; thus,
the model seeks the projection of the data in two dimensions which is best fit by a
hyperplane. The projection of the data happens to be a hyperplane since the data
was generated from a linear transformation (Wj,x; is a line in one dimension).
Figure 4.2b shows cross sections of the hyperplane for different values of uy. In each
of the cross sections, the predicted and true values overlap very closely. This is
expected since the dataset is linear; hence, the linear model should be able to fit the

data set extremely well.
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Table 4.2: MSE on simulated data for Linear Regression (LR), Pointwise Nonlinearity
(PNGLM), and Full Nonlinearity (FNLR).

W171:pXt tanh(WM:pxt) tanh(Wl,lszt)WngpXt
var (1) 2.3969 0.6432 1.1188
LR 0.0106 0.0885 1.1077
PNGLM | 0.0109 0.0156 0.1041
FNLR | 0.0104 0.0160 0.0336

Figure 4.3 shows the same dataset fit by the PNGLM. Since the PNGLM model
has only a one-dimensional nonlinearity, the predicted values will always lie along a
one-dimensional curve. We see that the PNGLM uses one cluster to perfectly fit the
data points to a line. This demonstrates the parsimony property of the Dirchlet prior;
the model uses a minimal number of clusters relative to the maximum of K = 12 to
maximize the posterior probability of the data. Finally, figure 4.4 shows the dataset
fit by FNLR. Like the LR model, the FNLR model was fit with d = 2, so predictions
lie on a plane. All cross sections show that the predicted and true values closely
match, and we again see that the model is parsimonious in the number of clusters,
employing only one to fit the entire dataset. This also make sense since the data is
linear and, hence, only one line (cluster) should be required to fit the dataset.

For the hyperbolic tangent dataset, we see that LR does significantly worse than

/(
kb R
o
%

/t
o m
o
o

(a) Fitted hyperplane. (b) Cross sections.

FIGURE 4.2: LR on Wy 1,,x; dataset.
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FIGURE 4.3: PNGLM on W ;,,x; dataset.

both the PNGLM and FNLR, and that both PNGLM and FNLR do about the same.
Figures 4.5-4.7 illustrate these results. In figure 4.5, we see that data is projected into
a space that results in predictions by a linear model that best fit the data; however,
because the true data was generated by a function with a point (one-dimensional)
nonlinearity, LR does worse here than for the linear dataset. The predictions on the
plane miss points near the inflection and the tails of the hyperbolic tangent. This
is evidenced both in the plot of the fitted hyperplane (figure 4.5a) and in the cross
sections (figure 4.5b), where the black and cyan points do not overlap for values of

u9 near the inflection points and tails.

u,=-16 u,=-1.2 u,=-08
4 25 3 2
| e
ST 2 e 1 et
R RISV %g
2 - 15 0
0 0.5 -1 0 1 1 0 1
u,=-04 u,=0 u,=04
2 1 0
e %
- g |
0 1 -2
1 0 1 0.5 0 0.5 -1 0 1
u,=08 u,=12 u, =16
0 -1 -2 .
= -2 fom%ﬁ% -3 “EU T
N e wete 2
2 - -3 -4
-0.5 0 05 -05 0 05 -05 0 0.5
U‘ Ll‘ U‘
(a) Fitted surface. (b) Cross sections.

FIGURE 4.4: FNLR on W 1,,x; dataset.
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0.5 0.5 0
= ol et 1 11
1.5 -1.5 2
27 5 0 05 -05 0 0.5 0.5 0 0.5
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\ :
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u2 ul U‘ U‘
(a) Fitted hyperplane. (b) Cross sections.

FIGURE 4.5: LR on tanh(W 1.,x;) dataset.

Figure 4.6 shows the same dataset fit by a PNGLM. As expected, the model
does an excellent job discovering the nonlinearity. The one-dimensional receptive
field is all that is necessary to fit the data since it was generated with a point
nonlinearity. The model uses three clusters - one blue cluster in the center and two
cyan and dark blue clusters at the tails - to fit the data compared to the maximum of
twelve, demonstrating once again the parsimony of the model. While we might expect
three colored lines, we instead, see three colored curves. This is another advantage
of Bayesian inference: because we have posterior cluster assignment probabilities

for each data point, we can take a weighted average over the predictions made by

FIGURE 4.6: PNGLM on tanh(Wj 1.,,x;) dataset.
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(a) Fitted surface. (b) Cross sections.

FIGURE 4.7: FNLR on tanh(W, 1,,x;) dataset.

assigning each data point to each cluster to come up with a final prediction for each
data point. The cluster assignments are especially uncertain for data points near the
boundary between two clusters, so averaging causes the predictions to be smoothed
out, resulting in curves rather than jagged lines. The colors indicate the MAP cluster
label for the data points.

Finally, figure 4.7 shows the dataset fit by FLNR. The data points are projected
into the two dimensional space corresponding to the two dimensional receptive field.

We see that the receptive fields are interacting nonlinearly, resulting in an S-shaped

u, =-0.1
5 5 5 ‘.' ..
P
4 =0 0 R~
5 5
05 El 0 1
u =01
5 5 -
=0 0 G
5 -5 5
0.5 0 0.5 -1 0 1 1 0 1
u, =01 u, =03
5 - 5 5 .
LS. “i
= of 7 st o 0 e
-5 -5 -5
-0.5 0 05 -05 0 05 -05 0 0.5
u2 U2 UZ
(a) Fitted hyperplane. (b) Cross sections.

FIGURE 4.8: LR on tanh(Wj 1,,x:) W3 1,,x; dataset.
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FIGURE 4.9: PNGLM on tanh(Wj 1.,x;) W2 1.,,x; dataset.

hyperbolic tangent surface of firing rates. Cross-sections show that a few of the
points near the inflection and near the edges are missed, but the surface is overall
very well-fit. The model uses only three clusters to fit the data. Introducing a second
dimension of nonlinearity might require running the algorithm for more iterations,
which is possibly why FNLR does slightly worse than PNGLM for this dataset.

For the saddle dataset, LR performs significantly worse than both PNGLM and
FNLR. PNGLM does much better than LR but is outperformed by FNLR. Figures
4.8-4.10 show the predicted and true firing rates for models fitted to the saddle
dataset. As shown in figure 4.1c, this dataset has a two-dimensional nonlinearity,
one parabola going from left to right and one going into and out of the page. The
point at which the parabolas meet is called the saddle point. Because this is a highly
nonlinearly dataset, the LR model cannot project the data into a plane. Hence, LR
predicts the mean of the data but cannot do any better. All cross sections show that
a significant number of data points are missed by the model. PNGLM uses three
clusters that result in relatively good predictions along the “long” side of the saddle
(going from left to right). We see again that the model smoothes out predictions near
the boundary between two clusters by taking a weighted average of the predictions

made by assigning the data points to each of the clusters. Because the model is only
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(a) Fitted surface. (b) Cross sections.

FIGURE 4.10: FNLR on tanh(Wy 1.,x;) W3 1.,%; dataset.

capable of fitting a point nonlinearity, however, the model is not able to capture
the “shorter” side of the saddle (going into and out of the page). This is remedied
by FNLR, which is able to capture nonlinearities in both dimensions. We see that
all cross sections show that predictions closely overlap with true values. Near the
middle, we see that the short saddle is accurately predicted; running the model for
more iterations may result in an even tighter fit. FNLR uses a total of four clusters

to model the data.
4.2 Experimental Data

Experimental data was collected on monkeys performing a bimanual center-out task
(Ifft et al. (2013)). In this task, the monkeys were trained to manipulate two virtual
arms that appeared on a montior. The goal in each trial was to move both arms
from the a central position to targets that appeared along the periphery. Figure 4.11
depicts the task. Arm positions were recorded and velocity was calculated by taking
a two-point difference. These eight behavioral variables (position and velocity for
both arms in 2-D space) were input as the regressors to each of the models. Firing

rates from 377 neurons were recorded simultaneously. Tuning curves were fitted to
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FIGURE 4.11: Bimanual center-out task (Ifft et al. (2013)). Monkey controls two
virtual arms. The goal of the task is to move the arms into targets that appear on
the periphery of the computer monitor.

each of these neurons using each of the three models.

Neurons were ranked first in order of variance then in order of predictive power
in a linear model consisting of all 377 neuron. Rankings were averaged, and the
results for the top three neurons are reported here. All models were initialized with
semi-empirical priors. Figure 4.12 gives the receptive fields of each of the neurons.
The z-axis is labeled by the eight behavioral parameters described above (z- and
y-position and velocity for right and left arms). Among the three neurons, neuron 3
has the simplest receptive field. The first dimension u; encodes primarily for right
arm - position, while the second dimension us more or less averages over the eight

parameters. Hence, this neuron can be called a “right arm x-position” neuron. The

Table 4.3: MSE on experimental data for Linear Regression (LR), Pointwise Nonlin-
earity (PNGLM), and Full Nonlinearity (FNLR).

Neuron 1 | Neuron 2 | Neuron 3
var(n;) 34.2759 88.5033 24.2922
LR 31.0126 77.5427 22.0589
PNGLM | 24.6845 | 66.9744 | 15.7245
FNLR | 20.9112 | 725174 | 11.9120
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(c) Neuron 3

FIGURE 4.12: Receptive fields.

first dimension of neuron 2’s receptive field performs an average over the z- and
y-positions of the right arm while the second dimension performs a contrast between
the two. Hence, we can call this a “right arm position neuron.” Finally, neuron
1’s receptive field is the most complicated. There is no simple way to describe the
receptive field of the neuron, but in general, its first dimension encodes a contrast of
right arm z-position and velocity against left arm y-position and velocity, and the
second dimension encodes an average of left arm z-position and velocity.

Table 4.3 highlights the performance of each model on these three selected neu-
rons. We see that for all three neurons, FNLR significantly outperforms LR, due to

a better fit to the neurons’ highly non-linear tuning curves. FNLR also outperforms
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(a) Neuron 1 fitted with FNLR. (b) Cross sections.

FIGURE 4.13: FNLR fit on neuron 1.

PNGLM for neurons 1 and 3, but PNGLM does better than FNLR for neuron 2.
This is likely because neuron 2 only has a one-dimensional non-linearity; hence, fit-
ting it with FNLR results in superfluous parameters that only widen the prediction
error bars while biasing the parameters toward the prior mean.

For illustration, we show cluster-labeled predictions made by FNLR for these
neurons in figure 4.13-4.15. Each of the neurons was fit with a maximum number
of clusters equal to twelve but only eight components were needed for neuron 1,

five for neuron 2, and six for neuron 3. From the cross sections, we see that FNLR

(a) Neuron 2 fitted with FNLR. (b) Cross sections.

FIGURE 4.14: FNLR fit on neuron 2.
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(a) Neuron 3 fitted with FNLR. (b) Cross sections.

FIGURE 4.15: FNLR fit on neuron 3.

accurately captures many of the interesting properties of the dataset. For instance,
in the first subplot of figure 4.13b, we see that there is a gap in between two regions
of the stimulus space in which the neuron does not fire at all. The model is able to
adapt to this by fitting separate lines to each of the regions surrounding the gaps.
This is also evident in many of the subplots in figure 4.14b. Next, there are regions
for which the tuning curve is nonlinear; see, for example, the u; = —0.6 subplot
of figure 4.13b. The model captures the nonlinearity by fitting several piecewise
components and smoothing areas at the boundary between two clusters. Finally, for
each of the neurons, there is a large vertical cluster near the region where u; and us
both equal 0. This suggests that when the monkey is not moving (u; = uy = 0),
there is a great deal of variability in the neural firing rates. The model attempts
to fit this variability using a few clusters near the zero region (see, for example, the
u1 = 0 subplot of 4.15b), but does so poorly. This is purely a result of the fact that
neurons are extremely noisy and suggests that good decoding of kinematics require

information from multiple neurons.
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Conclusions and Future Work

Tuning curves of cortical neurons can be dynamic, highly nonlinear, and unique
to each and every neuron in the motor cortex. Furthermore, the receptive fields
to which neurons respond can be varied. In the context of BMI, fixing the same
receptive field for all neurons and making poor approximations to tuning curves
can result in poor decoding performance. Classically, BMI decoders have employed
cosine, linear, and quadratic tuning functions for position and velocity. To account
for varying nonlinearities among the many neurons from which recordings are taken,
we have formulated here a nonparametric, nonlinear regression model. The model
fits a piecewise linear function to a tuning curve for a low-dimensional projection of
behavioral variables. Hence, the model not only discovers unique nonlinearities for
each neuron but also discovers the receptive fields to which the neuron best responds.
We fit this model using VB, which allows for fast approximation of the posterior
distributions of model parameters. We show that the model accurately discovers
nonlinearities in tuning functions in both simulated and experimental data.

In future work, we plan to make the model more robust to local modes by in-

corporating split and merge steps while clustering. Moreover, we plan to add an
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additional layer to our model by treating the Gaussian firing rate as a parameter for
a Poisson firing rate observation. This will tie in with existing literature on LNP
models and will more accurately represent the firing properties of neurons. We also
plan to measure the decoding performance using the newly learned tuning functions.
This will require inverting the model in the sense that we will back out behavioral
parameters from the firing rates rather than predict firing rates from behavioral
parameters. Since this could result in multimodal distributions for the behavioral
parameters, part of the challenge will be in integrating information across all neurons
in a clever way to avoid taking a simple average over the modes for each neuron.
This work is highly interdisciplinary and has important implications outside of
BMI. One could employ this model to discover whether or not circuit-level non-
linear operations proposed by systems neuroscientists, such as divisive normalization,
can be identified. It could also be used to identify dendritic non-linearities from
spiking data and potentially be used to classify cell type based on a cell’s non-linear
transfer function. Figure 5.1 illustrates this with a cartoon. The gray boxes depict
neurons which are interconnected in a complex neural circuit. The black triangles
symbolize electrodes which are recording from the neurons. As stimuli are presented,
the neurons respond, and receptive fields and tuning curves can be characterized.
The analogous circuit is depicted on the right with tuning curves fitted by FNLR.
Assuming that neurons with similar tuning curves have similar cellular structure,

one could cluster tuning parameters to identify cell types of unlabeled neurons.
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FIGURE 5.1: Explaining the diversity of neuron type characterized by a neuron’s
dendritic structure by clustering nonlinear tuning curves.
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