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Abstract

The framework of quantum field theory (Qrr) underlies our modern under-
standing of both particle physics and condensed matter physics. Despite its
importance, precise quantitative calculations in strongly-coupled theories in
QFTs have generally only been possible through non-perturbative lattice Monte
Carlo (mc) methods. Traditionally, such lattice mc methods proceed by starting
from a lattice regularization of the continuum QFt of interest, which has the
same (possibly infinite dimensional) local Hilbert space at each lattice site as the
continuum QFT. In this thesis, we explore an alternative regularization where the
local Hilbert space is also replaced by a smaller finite dimensional Hilbert space.
Motivated by the appeal of such models for near-term quantum computers, we
dub this approach qubit regularization. Using this approach, in this thesis, we
present three main results. First, we develop a qubit-regularization for the O(N)
nonlinear sigma model (NLsM) in D > 3 spacetime dimensions. We show using
numerical lattice calculations that the O(N) qubit model lies in the correct uni-
versality class for N = 2,4, 6,8, and reproduces the universal physics of the O(N)
Wilson-Fisher (wr) fixed point in D = 3 spacetime dimensions by computing
some well-known critical exponents. Next, we explore sectors of large global
charges of the O(N) wr conformal field theory (crr) using the O(N) qubit model.
This allows us to test the predictions of a recently proposed large-charge effective
field theory (ert) and extract the two leading low-energy constants (Lecs) in the
eFT. Performing computations for N = 2,4, 6,8, we are also able to quantitatively
test predictions of a recent large-N analysis in the large-charge sectors. Finally,
we show that our qubit approach can also be used to study the few-body physics
of non-relativistic particles. In particular, we consider a system of two species
of mass-imbalanced fermions in 1 + 1 dimensions. We compute the ground state

energies for a range of mass-imbalances and interaction strengths, and uncover

v



some problems with recent results obtained from the Complex Langevin (cr)

method for the same system.
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Chapter 1

Introduction

The sprawling framework of quantum field theory (Qrr) is a fundamentally
important aspect of modern physics. It is our best attempt yet for a fundamental
description of nature, as evidenced by the success of the standard model of
particle physics [1]]. It quantitatively describes universal features of condensed
matter systems close to criticality, and often provides a qualitative description
elsewhere. It touches aspects of pure mathematics, and has given rise to ideas
such as the renormalization group (rG), which have spawned areas of research
in other fields such the study of classical dynamical systems.

Fundamental developments in our understanding of Qrt have often paralleled
the invention of new computational techniques. This is true of Feynman’s di-
agrammatic methods during the beginnings of Qrr 2], which not only gave a
perturbative definition of Qrt, but also enabled an algorithmic way to perform
controlled quantitative computations in QFr, especially in weakly-coupled theo-
ries. This is also true for Wilson’s formulation of lattice gauge theory [3]] and the
renormalization group [4, 5], which provided a concrete non-perturbative defini-
tion of QFt, and, at the same time, paved the way for the precision numerical
studies of strongly coupled qrts using Monte Carlo (Mc) methods, such as the
ongoing worldwide efforts in lattice quantum chromodynamics (Qcp) .

Despite a long history of computational developments in oFr, lattice field
theory (Lrr) with Mmc methods remains the method general and powerful enough
to make quantitative predictions in strongly coupled QFrts in arbitrary spacetime
dimensions. Although there exist efficient numerical algorithms in low dimen-

sions [6[], and exact solutions in some rare cases |7, 8}, |9]], lattice mc methods



are undoubtedly the most widely-applicable technique, being applicable to
one-dimensional spin systems, as well as four-dimensionsal nonabelian gauge
theories. However, questions about nonequilibrium physics such as realtime
dynamics are still out of reach for lattice mc methods due to a severe complex
action problem.

However, with the advent of quantum computing, we might have new a way to
approach such questions. There is a significant effort in the scientific community
being devoted to develop techniques for simulating Qrrs on quantum computers
(10, |11} 12]. However, a successful real-world QFr calculation on a quantum
computer will not only require significant advances in quantum algorithms and
quantum hardware, but might also require us to find new formulations of lattice
QFTS.

Traditionally, a lattice regularization of a continuum QFt involves mapping
the QFT onto discrete spacetime in such a way that the local Hilbert space
at each lattice site is preserved. In several cases, such as field theories with
bosonic matter or gauge degrees of freedom, the local Hilbert space is infinite
dimensional. However, this is a problem for the prospect of quantum simulation
of QFTs, since near-term quantum computers are likely to be severely limited
by the number of logical qubits available to represent the local Hilbert space at
each site.

However, it is well-known that in several cases this requirement for the local
Hilbert space to be preserved to regulate a Qrr can be lifted, while still ensuring
that all the symmetries of the quantum theory are intact. Indeed, the ideas
of Wilson’s RG demonstrate, with no regard for the dimensionality of the local
Hilbert space, how lattice systems can give rise to continuum QFTs near second-
order critical points. Therefore, a lattice model with a finite-dimensional Hilbert
space can be used to study a desired continuum QFr, provided that the appro-

priate second-order critical point can be located. This idea is quite common in



condensed matter physics, but is often not considered from a particle physics
point of view. However, such a regularization is very natural for quantum com-
puters. Since the idea of quantum simulation make this kind of a regularization
very appealing, we dub this approach qubit regularization.

It should be noted that such qubit regularizations for several Qrrs have been
achieved from a different perspective. For example, in the D-theory formula-
tion [13,14,|15], one can obtain the continuum limit of the asymptotically free
2d O(3) nonlinear sigma model (NLsm) by the dimensional reduction of a 34
quantum spin system. The applicability of efficient cluster algorithms in this for-
mulation has also enabled numerical work with CP(N — 1) models [16,|17]]. This
approach has been extended to gauge theories such as Qcp as well [14,(15], which
are known as quantum link models. Such models can be considered as qubit
regularizations as well. However, the dimensionsonal reduction of D-theory
might not be a necessary ingredient in the construction of qubit regularizations.

In this thesis, we explore the program of qubit regularization and apply it to

study strongly coupled QFrs.

O(N) nonlinear sigma models

We first apply these ideas to a class of relativistic Qrrs known as O(N) NLsMs.
The O(N) niswms, for various N and spacetime dimensions, have a rich phe-
nomenology. In spacetime dimensions D > 3, they find applications in describ-
ing magnetism , the superfluid transition in Helium-4 [18], and are believed
to describe the spontaneous breakdown of chiral symmetry in two-flavor ocp
with light quarks [19,|20},21,|22,23]. In D = 2 spacetime dimensions, the O(N)
NLSM are very special owing to their integrability [24], and offer an excellent toy
model for Qcp, displaying features such as asymptotic freedom, dynamical mass
generation and dimensional transmutation.

Therefore, in Chapter 4 we develop a qubit regularization for the O(N) NLsMm.



In particular, we reformulate the traditional lattice O(N) NLsm as a qubit model
with an N + 1 dimensional Hilbert space at each lattice site. Using an efficient
worm algorithm in the worldline formulation, we demonstrate that the model
has a quantum critical point in (2 + 1) dimensions, and compute some critical
exponents for N = 2,4,6,8. By comparing the critical exponents with results
from large-N and e-expansions, we demonstrate that these quantum critical
points lie in the O(N) Wilson-Fisher (wr) universality class, and thus can be used

to study the continuum physics of the O(N) NLsM in three spacetime dimensions.

O(N) NLsM in the large-charge sector

Next, in Chapter |5, we apply the O(N) qubit models to complement the recent
work on the large-charge expansion in conformal field theories (cFrs), as devel-
oped in Refs. [25| 26]]. In these works, the authors showed that in a sector of
fixed global charge Q for the O(N) wr cFt, we can write down an effective field
theory (ert) with Q7! as the expansion parameter. This is important because
crTs generically do not have a small parameter to enable perturbative control.

The large-charge ert was used to compute anomalous dimensions of large-
charge operators in the O(N) wr cFr in terms of unknown low-energy constants
(Lecs). While these constants can in principle be determined from lattice mc
computations of the traditional O(N) lattice model, in practice such calculations
suffer from a severe signal-to-noise ratio (sNr) problem.

Fortunately, an efficient mc algorithm can be developed in a qubit formulation,
which can then be used to fix the unknown couplings in the efr, as was done
in Refs. [27) 28] for O(2) and O(4) wr crrs. In this thesis, we extend these
works to arbitrary O(N) [29, 30] and compute the conformal dimensions for
N =2,4,6,8 for charges up to Q = 20. This has allowed for a quantitative test
of some new predictions for the O(N) nLsm from a combined large-charge and

large-N approach [31]]. We find that the lattice computations agree well with the



large-N analytic predictions for the two leading couplings in the large-charge

EFT.

Few-body physics of nonrelativistic fermions

Finally, we show that our qubit approach can also be used to study the few-
body physics of non-relativistic particles. In particular, we study the physics of
two-species of non-relativistic fermions in 1 + 1 spatial dimensions. We develop
a worldline formulation of this model. Using a worm algorithm, we perform
computations of ground state energies for various mass-imbalances, coupling
strengths, and particle numbers. We find that the worm algorithm performs very
well across the entire parameter regime. Interestingly, we discover limitations of
the recently proposed Complex Langevin (cL) method [32]] for the same system

for strong couplings.



Chapter 2

Renormalization group, continuum
QFTs, and qubit models

We review the framework of Wilson’s renormalization group. In particular, we
emphasize how continuum quantum field theories emerge at second-order phase
transitions, and how renormalization can be understood non-perturbatively within
this framework. This is an essential ingredient in the construction of a qubit

regularization.

Since the purpose of this thesis is to study quantum field theories (Qrrs) from
lattice models with finite dimensional local Hilbert spaces, we must understand
how qFts arise from such lattice models. The conceptual framework which
explains this is called the renormalization group (rG).

We would like to emphasize that this chapter is merely expository in nature
and nothing here is original. rG is a vast subject with many avatars. Therefore
the choice of topics in this chapter are motivated in part by what we feel is
relevant for this thesis, and in part by what used to greatly confuse the author.
The presentation here is heavily inspired by the excellent discussions of Refs. [33,

34, 35], and we strongly recommend these original resources.

2.1 Fixed points and universality

We would like to study the long distance physics of a given lattice Hamiltonian
Hy. We represent this Hamiltonian as a point g, in an infinite dimensional
coupling constant space. Let us assume that we have an rG transformation R
corresponding to the scale factor s > 1. The transformations R, can be thought
of as inducing a transformation in the coupling constant space. Under repeated

6



applications of the transformation Ry, the coupling constants g flow in this

coupling constant space,

(Bol —5 (G1) =5 -+ 5 G e (2.1)

which corresponds to the sequence of lattice Hamiltonians

R s R s
Hy—H; —---— Hy — -, (2.2)

which in general become more and more long ranged (in lattice units) and
complicated to write down. The transformation R is constructed in such a way
that the correlation functions are the same up to terms that decay faster than

any power of s,

(P(x1)p(x2) - Plx)Ins1 = Z(5)2(p(sx1 ) p(sx2) -+ sk + -+ (2.3)

where Z is an overall factor.

In an infinite volume, we can perform this transformation infinitely many
times, and we shall assume that this is the case for the remainder of this section.
We will come back to finite volume effects in Section As we repeated apply
R starting from gy, there are several types of qualitatively different rG flows
that can emerge. We can imagine that the transformation R has a fixed point,

for some initial starting point g, such that
Jim RY (2] =R,[8.] =& (2.4)

Let us denote the Hamiltonian at g, as H*. As we will see, it is this simple as-
sumption that leads to an elegant explanation of the phenomenon of universality,
and the definition of continuum qQFrs. Let us proceed.

We know how R; acts on g, from Eq. (2.4), but what happens if we start the

7



rG flow in the vicinity of g,? Let us linearize R around g.:

Rs[g_:+Ag_)] :Rs[g_:]"'Ts'Ag_)"' O(A§2) (2-5)

where T; is an infinite-dimensional matrix in the coupling constant space and
the deviation Ag is a vector that lives in the tangent space at g,. Since the
RG transformations R implement scaling by a continuous parameter s, the T

operator must obey

TsTs’ = Tss’ (26)

for all 5,s” > 0, which implies that the eigenvalues of T; must be of the form
s*. Assume that the operator T, has a complete set of eigenvectors {&)} with

eigenvalues s*, with real A,

TS'E:\ :S/\E)/\. (27)

(In principle, A could be complex suggesting the possibility of rG limit cycles,
but we will assume that is not the case.) Then we may expand Ag in this basis as
AZ =Y ) u,,0€), where the coefficients u, o are called scaling variables. Under the

action of T;

TS'A§

T; - Z :Zu/\OT )
A

Zqus Z :Zu,\ (28)
A

A

Therefore, we see that the u) ( scale in a well-defined way under rG transforma-

tions,

1(s) = uy 5™ (2.9)



Now we can classify the rG flow around a fixed point g,. Close to an ra fixed
point, the coupling is called relevant, irrelevant or marginal depending on the
sign of the exponent A in the eigenvalue s*:

A>0 relevant

S

~
S
Il
~
o

A with  §1 =0 marginal - (2.10)

A <0 irrelevant.

The eigenvectors &, are directions in the coupling constant space. The rG
trajectories around the fixed point either flow out of the fixed point (for relevant
directions), flow into the fixed point (for irrelevant directions), or form a line of
RG fixed points (for marginal couplings). We can imagine following the rG flow
backwards for each of the irrelevant directions, beyond the tangent space. The
(infinite-dimensional) surface formed by the these rG trajectories is called the
critical surface.

This is illustrated in Fig. where we show the critical surface embedded in
an infinite-dimensional space of all microscopic lattice Hamiltonians. Schemat-
ically, we show the critical surface as a two-dimensional surface. Each point
on the critical surface is a lattice Hamiltonian which flows to the fixed point
Hamiltonian H* under rG transformations. Therefore, we get an infinite set of
Hamiltonians which have the same long-distance physics as H*. This is the ex-
planation of universality. On the other hand, the rG flow in the relevant direction
shown in Fig. 2.1 takes us out of the critical surface. We will discuss relevant
directions in the next section.

But what does this have to do with criticality of lattice Hamiltonians? In
fact, as the name suggests, all points on the critical surface are Hamiltonians
tuned to a second-order critical point. This can be seen as follows. Let us say
we start with a Hamiltonian H, that lies on the critical surface of H*, and let

the correlation length for Hj be &, in lattice units. After each rG step R, the
9



dimensionless correlation length diminishes by a factor of s

EN D EN = éTN (2.11)

The correlation length at the fixed point must satisfy £* = £*/s, which implies
& =0 or £ = co. The case of vanishing correlation length is trivial — it sim-
ply means that all the local degrees of freedom fluctuate independently, and
therefore this is called a trivial fixed point. On the other hand, if the correlation
length at the fixed point is infinite, £* = oo, then Eq. implies that all points
on the critical surface also have infinite correlation length. Therefore, each point
on the critical surface is in fact a lattice Hamiltonian which has been tuned to a
second-order phase transition. We say that that all these critical Hamiltonians
lie in the universality class of the fixed point H".

The fixed points of rRG describe scale invariant theories. This can be seen
from Eq. (2.3), which implies that the correlation functions of a fixed point

Hamiltonain H" satisfy

(P(x1)P(x2) -~ P(x1))s ~ (P(5X1)P(5X2) - -~ P(5Xk))s (2.12)

Under certain assumptions, it can be shown that global scale invariance implies
the much larger conformal symmetry 36} 37,|38,,39]]. Therefore, in such cases,
RG fixed points correspond to conformal field theories (crrs).

It is then clear how to study crrs from qubit models. To study the crr given
by H*, we can study the long-distance physics of any lattice Hamiltonian on
the critical surface of H*. Physically, an arbitrary critical Hamiltonian lying on
the critical surface of H* has several short-distance scales (short compared to
the correlation length). As we perform rc transformations, these short distance
scales diminish. As the number of rG steps N becomes large, eventually all

the finite length-scales disappear, and we are left only with the scale-invariant

10



physics of the longest distances. We will use this idea later extensively in
Chapters [4]and [5]to study the crr associated with the O(N) Wilson-Fisher (wk)
fixed point, which controls the continuum physics of the O(N) nonlinear sigma

model (NLsM).

Lover sl el NI .
X I ieckton
& Joiee

Figure 2.1: In the vicinity of an rG fixed point. Critical surface.

2.2 Continuum quantum field theories

In the latter part of the previous section, we considered irrelevant perturba-
tions about the fixed point. The long distance physics of such Hamiltonians
is described by scale-invariant, and in many cases even conformally invariant,
theories. Even though it is generically impossible to write down an explicit form
for the fixed point Hamiltonian, we can study these scale invariant theories by
starting from a lattice Hamiltonian and studying its long distance physics.
However, our fundamental theories of elementary particles are not scale
invariant. For example, quantum chromodynamics (Qcp) has a characteristic
scale of Agcp ~300MeV. To define such Qrrs with infrared (ir) scales, we have
to move away from the fixed point in a relevant direction. By carefully looking
at how the theory changes as we flow under rG, we can define a continuum limit

of such a theory and understand the traditional notion of renormalization in
11



particle physics, non-perturbatively.
Let there be a fixed point Hamiltonian H*. If we start at H*, and turn on a
small relevant coupling u, (¢, with rG eigenvalue s, the rG flow will take us out

of the critical surface,

g(s) =G +uy(s)e,  with  w(s) = uy o™, (2.13)
which is true for infinitesimal perturbations. Strictly speaking, as we repeat
the rG transformations, the relevant perturbation grows and the linear approx-
imation in Eq. breaks down. However, we can imagine following the
trajectory beyond the linear approximation.

The curve traced by the rG flow of a purely relevant direction (that is, a
perturbation about the fixed point that only has a single relevant component,
and no irrelevant components) is called a renormalized trajectory [33]. In Fig.
it is schematically shown as a red line coming out of the critical surface. We will
see that continuum Qrts are defined on such renormalized trajectories.

However, we typically never know H* explicitly. It is usually much easier to
find a lattice Hamiltonian that can be tuned to a critical point in the universality
class of H*. Let H(A) be such a Hamiltonian, where A is a parameter that can
be tuned to a critical point A = A.. We call the Hamiltonian H(A) the “bare”
Hamlitonian, and A the bare coupling. At the critical point, the rG flow takes
H(X,) to the fixed point Hamiltonian H*. In other words, H(A.) and H* differ
only by irrelevant operators.

If we start the rG transformations with the coupling A tuned slightly away
from the critical point A = A, + A\, then the corresponding rG trajectory will not
flow into the fixed point. Instead, if A is sufficiently close to the critical point,
then the rG trajectory will eventually become very close to the renormalized
trajectory after a sufficiently large number of rG steps. This is because, by taking
A slightly away from the critical point, we have introduced a small relevant

12



coupling. This makes the correlation length £(A) finite, although still very large
in lattice units, which introduces an additional length scale in the system, apart
from the short distance scales in the system. Since H(A) has other irrelevant
operators, there are several other short distance scales that are much smaller
than &(1). Let us call the largest of these scales I’(1). So we have a hierarchy of

length scales,
a=1<l'(A)<é&(N), (2.14)

where the lattice spacing a is unity since we measure everything in units of the

lattice spacing. The scale hierarchy is shown in Fig.
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Figure 2.2: A generic picture of the length scales in a Hamiltonian tuned close
to a second-order critical point.

As we perform rc transformations R, these length scales diminish by a scale
factor s at each step: | — I/s. Let Nj(A) be the number of rG steps it takes to
bring down I’ to unity, and let N,(1) be the number of steps needed to bring

&(A) down to unity,

I'(A)s™NW =1 (2.15)

E(N)s TN =1, (2.16)
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The hierarchy in length scales (2.14) can equivalently be written as a hierarchy

in the number of raG steps,

Ny(A)> Ny(A) > 1. (2.17)

After N; RrG steps, we land in the vicinity of the fixed point H*. At this point on
the ra trajectory, the effects of the irrelevant operators have washed away but the
correlation length is still extremely large. We start seeing the universal physics
of the fixed point H". If we continue the rG flow beyond N steps, the relevant
perturbation grows larger and takes us away from the fixed point. However, if A
is sufficiently close to A, the rG flow stays close to the renormalized trajectory
as it flows away from the fixed point. We show this procedure schematically in
Fig. We use the notation that after N rc steps, the Hamiltonian is Hy(A), the
correlation length (in lattice units) is £y, and the various short distance scales

become I’y. We get a series of Hamiltonians and length scales

Hamiltonian Hy— H;—> ---— Hy — ~+— Hy, (2.18)
Correlation length & — & — > &y — = &N, =1
(2.19)
Short-distance scales I’y — I’} —» = I'yy=1— -+ I’y =0.
(2.20)

So far, everything was measured in lattice units since the lattice Hamiltonian
H(X) does not know about the physical (“lab”) units. To introduce lab units,
we fix a physical length scale for the Hamlitonian at N,. For example, we can
declare that the mass of the lightest particle in the theory is known to be #1,pys

in lab units, say, Mphys = 1 MeV. But the correlation length & (in lattice units)

and the physical mass mppys can be related to each other if we know the value of

14
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Figure 2.3: Non-perturbative renormalization. We have a lattice Hamiltonian
with A as the “bare” coupling. The coupling can be tuned to a second-
order critical point A = A.. An raG flow starting from A, will end up at
the rg fixed point H". Starting from A = A;, we can perform N;(A;)
steps to land in the vicinity of H*, but after that we flow away from
H*. We define the low-energy physics by performing a total of N,(A;)
steps, which brings the correlation length &(A;) down to &y, (A1) = 1.

the lattice spacing a (or momentum cutoff A) in physical units,

1 AN2
Myhys = = (221)
PV anén,  En,

which gives a cutoff of Ay, = mppysEn, = 1 MeV. This defines the value of the
cutoff (or lattice spacing) in physical units for the Hamiltonian Hy,(A).

At N,, we have a theory given by Hy, with a cutoff Ay, = 1MeV, and a mass of
Mphys = 1 MeV. Taking the continuum limit corresponds to pushing the cutoff to
infinity. This can be done now, by simply retracing our rG trajectory backwards
from N, to 0.

At each backward step, we keep the physical mass fixed to m but the

phys

correlation length increases by a scale factor s, Therefore the cutoff in physical
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units

AN = mphyséN (222)

must also increase by the same factor. We therefore get a series of Hamiltonians
each with a larger and larger cutoff in physical units as we retrace the rG

trajectory backwards,

Hamiltonian H — H, <+ <« Hy,p < Hy,
(2.23)
Cutoff
AO:SNZAN2 <—5N?_1AN2 — Ay, — An,
(physical units)
(2.24)

In physical units, the cutoff at the lattice scale is thus Ay = sNZANz, and the
cutoff corresponding to the short distance scales I” is Ay, = sN2"M Ay . The
various length scales (in lattice units) in Eq. (2.14) translate to the following

hierarchy for the cutoffs in physical units:

1< l'(A)<&(A) (2.25)

AO > AN] = AUV > AN2 = AIR (226)
The maximum cutoff occurs for the Hamiltonian H; at the lattice scale,
Ao = EO(A)mphys- (2.27)

But we know that as we tune A to the critical point A, the correlation length will
diverge. Therefore, the cutoff in physical units will diverge as well. This is the

essence of non-perturbative renormalization. Given any “bare” lattice Hamiltonian
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tuned close to criticality with correlation length £y(1), we can invert Eq.
to define the bare coupling A as a function of the cutoff, A(A(). This tells us how
we must change the bare coupling as the cutoff is taken to be larger and larger,
such that the low-energy physics at Hy, remains fixed. In other words, as we

take the bare coupling closer to the critical point

A—- A, (2.28)

Hy, — Hir “Low-energy” physics (2.29)
Hn,-n, = H” “High-energy” physics (2.30)
Hy=H(A) —> H(A,) (2.31)

Note that Hiy lies exactly on the renormalized trajectory. In fact, the entire
trajectory between N; and N, steps will tend towards the renormalized trajectory
as we approach the critical point. In the A — A limit, we define a continuum
QFT as the series of Hamiltonians lying on the renormalized trajectory, which
are all carefully constructed to have higher and higher cutoffs, but the same
low-energy physics. The universal physics of the quantum field theory emerges
in the regime Ayy > p > A, where p is a scale where we probe the system.
Above Ayy, we start seeing the non-universal effects of the irrelevant terms.
We note that in order to truly take the cutoff to infinity, we must be able to
come arbitrarily close to the critical point. This can be of importance practically.
For example, if the bare Hamiltonian H(A) does not contain a critical point in
its parameter space, it might still be that the rG trajectory passes by very close
to the fixed point for some A;. In that case, Ayy will become very large but will
eventually saturate since we cannot take A — A.. We will not be able to take
the continuum limit completely, but the low-energy physics up to the scale Ayy
will match with the continuum theory. We have an effective field theory with a

finite cutoff, but not a continuum QFT.
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2.2.1 Asymptotically free QFTs

In the above construction, if the fixed point H* is a Gaussian fixed point, then
the continuum QT so defined is called asymptotically free. The most well-known,
and arguably the most important, example of an asymptotically free theory is
QCD.

In asymptotically free Qrrs such as Qcp, the low-energy regime is non-perturbative.
So usually we are interested in studying the physics of Hy,, defined at the scale
An,. As long as we know that the bare Hamiltonian has a second-order crit-
ical point, then we can study the physics of Hy, by studying length scales
I>11(A)> 1, where I;(A) is the largest of short-distance lattice artifacts.

On the other hand, what if we wanted to show that a particular bare Hamil-
tonian model defines an asymptotically free Qrr? Or what if we do not know
whether the critical point exists for a given bare Hamiltonian? Or perhaps, in
numerical computations, we can only approximately find the critical point. How
can we show that such a Hamiltonian defines an asymptotically free theory?

To study the physics of the fixed point, we have to study the bare Hamiltonian

at an intermediate length scale / such that

EA)>I>1">1, (2.32)

where (1) is the correlation length, I’ is the largest of the short distance scales
(in other words, lattice artifacts). This ensures that we are in the vicinity of the
fixed point H”, far from the low-energy physics of Hj, as well as far from the
non-universal physics at the lattice scale. Clearly, unless we can find the critical
point exactly, studying the physics numerically at such intermediate scales can

be tricky.
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2.3 Finite size scaling

Since all the numerical computations are performed for a finite system, the above
RG analysis needs to incorporate that. This means that the universal predictions
above cannot be directly used since the finite volume introduces another length
scale in the problem. But it turns out that certain finite size effects are universal
as well, and we can leverage the finite size scaling to study the fixed point as
well. This is a powerful technique and we will use this extensively in the later
chapters of the thesis.

Let’s start with the scaling of the free energy under rG transformations R, in
the infinite volume close to the fixed point. Let us assume that there are two

relevant perturbations u; and uy, with scaling dimensions y; and y;, respectively,

u, — uf = s¥tuy, (2.33)

up — uy = sy, (2.34)

Let f(u; uy) be the free energy density and let fng (1, 1) be its singular part.

Then the singular part of the free energy density fsing (14, uy,) transforms as

fsing(ut; up) = S_dfsing(ut/’ u}’l) (2'35)

= 57 fiing (¥ 11y, s 1,). (2.36)

Using just Eq. (2.36), we can derive several universal relations among physical
quantities. For example, we can show that the critical exponents are universal
by relating them to the scaling dimensions of the relevant perturbations.

Some of simplest critical exponents are defined by the behaviour of specific
heat as the system undergoes a phase transition. Let us consider a magnetic
system, and let us assume that the Hamiltonian under study has parameters t,h

corresponding to the deviation from critical temperature T, and magnetic field
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H¢, respectively,

t~T-Te, h~H-H,. (2.37)

92 f

The specific heat per unit volume is related to the free energy as ¢ ~ =7

evaluated at h = 0.

As |T —T¢| ~ t — 0, the critical behavior of the specific heat is given by
c~t (2.38)

where « is a critical exponent. The scaling variables u;,u; are in general a
complicated function of the Hamiltonian parameters t,h. However, they are
analytic functions of ¢, h at the critical point (¢, ) = (0,0). Therefore, for t,h small
enough, we can assume u; oc t and uy, oc h up to irrelevant constants, provided
that they are protected by symmetries from mixing with each other at leading
order. (For example, we may assume that the system has as Z, symmetry that is
broken by the magnetic field coupling h.)

To find a we need to find the scaling of the free energy with ¢ for h = 0. For
this, let us choose the scale factor s such that the transformed relevant variable

s¥tu, is of order one: s¥*u; = ii; = O(1). This gives

/y; ~Yn/Yt
fsing(ut: up) = (%) f(ﬂt,(%) Mh] (2.39)

t t

Set h =0, and differentiate with respect to t to get

9? - -
a_tjz[ =c td/yt 2fsing(ut; O) (2-40)

Therefore we get @ = d/y; — 2. Similarly, we can find other critical exponents.
The details can be found in standard textbooks, such as the ones mentioned in

the beginning of this chapter.
20



We see that the critical exponents are universal and related to the scaling
dimensions of the scaling variables at a fixed point.

But now, we can use this idea to characterize the finite size effects as well. Let
us put the system in a box of size L (in lattice units) along one direction, such
that the total volume is L¢. The free energy will depend on L now. For simplicity,
let’s say that there is only one other relevant parameter ;. Since L' — sL!
under rG transformations, we can think of L! as a relevant parameter with

scaling dimension 1:

fsing(utrL_l) = S_dfsing(sytut:SL_l)- (2-41)

To find the scaling of physical observables with L, let us choose s such that

sL™! = 1. We get

foing(tte, L) = L7 fiina (L 1y, 1) (2.42)

= L4D(L u,) (2.43)

where @(z) is a universal function. This means that if we had data for fgng (1, L
for a range of t and L, then all the data points for fng (1, L~1)L? when plotted
against LY u; will lie on a single curve @ (Lt u;). This suggests a powerful method
for identifying the critical points in a Hamiltonian, and the critical exponents.
For concreteness, let us look at an observable that is typically easy to measure
in numerical computations, such as the susceptibility
I’ f

x(tL)= == (2.44)
oh? 10

We can use the same technique to find the scaling behaviour of susceptibility.
foing(t, B, L) = L™ (LY, hLYh), (2.45)
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Differentiating with respect to h twice, and taking h — 0, we get
x(t,L) = L= qp(tLYr) (2.46)

where 1(x) is a universal function. In terms of the parameters of the Hamilto-

nian, we may write
X(T,L) =L (T - T,)L?). (2.47)

Therefore, by measuring x(T,L) for different L for several T close to T,, we can
plot x(T,L)L4~?%» against T. For the right v, all the curves will pass through
the same point at T = T,, which allows us to very precisely identify the critical
point. Furthermore, for x(T,L)L4 %% plotted as a function of L¥(T — Tc), all
data points for various T, L must collapse to a single curve. This phenomenon
is known as scaling collapse. We will use this technique extensively in the later
chapters to determine the critical point and study the properties of the fixed

point.
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Chapter 3

Worldline formulations and worm
algorithms

We review the mapping of the quantum statistical mechanics of a d-dimensional
system to the classical statistical mechanics of a (d + 1)-dimensional system. This
leads us to the idea of worldline representations and using Monte Carlo algorithms
to study quantum systems. We describe the idea of worm algorithms, which form

the basis of all the numerical work in this thesis.

3.1 Quantum-to-classical mapping and Monte Carlo
methods

Given a Hamiltonian H in d spatial dimensions, we would like to compute
observables in a quantum statistical mechanical system. The expectation value

of a quantum observable O may be computed as
(O)zZ‘lTr[OAe_ﬁH] (3.1)
at inverse temperature f3, where the normalization factor Z
Z=Tre PH, (3.2)

is called the partition function of the system.

It is well-known that the quantum statistical mechanics of a system in d
spatial dimensions can be mapped to the classical statistical mechanics of a
system in (d + 1) Euclidean spacetime dimensions. Since classical statistical

mechanics can be studied with Monte Carlo (mc) calculations, we can therefore
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study the system given by Eq. (3.2). Moreover, as we will see, there is a freedom
in the choice of basis for the classical system. By exploiting this freedom, we can
derive several alternative classical representations of the same quantum system.
However, not all representations lend themselves to efficient mc algorithms. To
study the system, we need to combine a ‘sign-problem’ free representation with
efficient sampling algorithms.

Although the quantum-to-classical mapping is well-known [40], let us review
it here for completeness. We imagine f as the total extent in the imaginary
time direction. It is convenient to divide f into T time steps of size ¢, such that
Te = p. We write the partition function as

Z =lim Tr[e " ... e7H]. (3.3)

e—0

At each time step t;, we introduce a complete set of states in some basis

Yy ln)(n| =1

Mz &g MYy | My | Mg DA< IneT e
SEM l - J, - | -¢H
ll’ e e, -\|/ [ e vy e
| $ i * o o ll ; |
T T-\ T > L 0

The trace can be written as

Z= Y (ngleHln_ Xng_y]--Iny)(mle Hno) (3.4)
no,Nny,...,nT
nr=ng

= Z K[n(t)]. (3.5)
n(t)
n(B)=n(0)

In the last line, we have defined a configuration n(t), where n(ke) = ny label an
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orthonormal basis {|n;)} inserted at imaginary time t = ke. We define a functional

K{[n(t)] which is just the product of all transfer matrix elements

T-1
K[n(1)] = lim ]1]<n,-+1|e-€H|ni> (3.6)

The trace in the definition of the partition function (3.2)) translates to summing

over configurations n(t) with periodic boundary conditions in imaginary time

Now, if the choice of basis |n) was such that the functional K[n(t)] > 0 for all
configurations n(t), then we may interpret it as the weight of a configuration
n(t) in expression (3.5). We can define the probability P[n(t)] of a configuration

n(t) as

__ K] -

Therefore, if we can sample configurations n(t) with the probability distribution

(3.7), then we can compute the expectation values for an operator O

(Oy=Z"'Tr Qe P (3.8)

- ZO[n(t)]P[n(t)]. (3.9)
n(t)

where the operator functional O[n(t)] can be derived from the operator O by
inserting the operator in the derivation given above.

We emphasize that in defining the probability distribution above in Eq. (3.7),
we assumed that the functional K[n(t)] was positive semidefinite for all configu-
rations n(t) that contribute to the partition function. However, this is generically
not true. Often, it turns out that for a given choice of basis, the positivity of
K[n(t)] cannot be guaranteed. If that this is the case, K[n(t)] cannot be inter-

preted as probabilities. In several cases like these, it can becomes very nontrivial
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to develop a sampling algorithm that lets us compute observables with favorable

signal-to-noise ratios.

3.2 Worldline representations

Equations and can be interpreted to define the classical statistical
mechanics of a system that can exist in a configuration n(t) with probability
P[n(t)]. As noted above, the configurations n(t) take values in a set that labels
the choice of basis |n) chosen to evaluate the matrix elements in the quantum-to-
classical mapping.

In this thesis, we are interested in a class of representations for the classical
system which are referred to as worldline representations. Generally speaking,
worldline representations correspond to choosing the occupation number basis
in deriving the quantum-to-classical mapping (see Section [3.1.

Worldline representations are interesting for two main reasons. The first is
that they can lead to new insights into the physics of the sign problem [41]].
Another very important reason is that there is a class of very efficient sampling
algorithms called “worm” algorithms that can be developed for worldline rep-
resentations. The majority of the numerical work in this thesis is based on the
application of worm algorithms to worldline representations.

We will work with two quantum mechanical systems in this thesis. In Chap-
ters [4 and [5| we will study an O(N) symmetric lattice Hamiltonian. We will
describe in detail the construction of a worldline representation of the O(N)
model in Section and a worm algorithm for it in Section We also
study a lattice descretization of a system of non-relativistic fermions in Chap-

ter [6 using a worldline representation that we elaborate in Section
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3.3 Markov Chain Monte Carlo

Let us say that we would like to generate configurations from a set C = {Cy,...,Cy}
with the weights W; for C;. The probability for the configuration C; is
W.
p=—"—, (3.10)

k
Zj:l Wj

Let us assume that we have an algorithm which probabilistically generates

sequences of the type,
Xl_)XZ_)"'XN' (311)

given an initial configuration X, such that each X; € C is any of the configura-
tions from C. Let the number of occurences of the configuration C; in the above
sequence be n;. The goal of a mc sampling algorithm is to generate a
sequence such that

lim %:Pi for i=1,...k (3.12)

N—oco

If we have an observable defined on each configuration O(C), then we compute
the expectation value of the observable by computing

(O) = lim

N—oo

O(Cj)n;
oty 1)

The most widespread method to generate such sequences is called a Markov
Chain Monte Carlo (mcmc). In such an algorithm, the probability of generating
a configuration X;,; from X; does not depend on the history {X;,..., X;_;}. We
will see that in such algorithms, coupled with some additional requirements,
we can ensure that the probability distribution tends to the desired one as the

sequence grows larger.
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Let us assume that the transition probability at each step is given by a k x k
matrix T such that the probability of generating the configuration C; in the next
step, given that the current state of the algorithm is C; is T};.

We would like to impose a condition on the transition matrix that will help
us ensure the correct probability distribution. Let w = (W,..., W) be a column
vector of all the weights. Then we require that the transition matrix T is such

that w is a right-eigenvector of T with eigenvalue one:

T %= (3.14)

Even though this is enough to guarantee that the Markov Chain will generate

the correct distribution, in practice we impose a stronger condition:

I/V,T,]:VV]T]Z for all i,jzl,...,k. (3.15)

This is called detailed balance. It can be seen by summing over the index j that
Eq. implies Eq. (3.14). The benefit of requiring this stronger condition
is that it is typically much easier to construct algorithms that obey detailed
balance. Together with the assumption of ergodicity, the convergence of a Mmc
algorithm is guaranteed [35].

Even though a given mc algorithm may converge to the correct distribution, in
practice the various configurations generated X; are not statistically independent.
How many steps it takes for an algorithm to generate statistically independent
data points for an observable can be characterized by the autocorrelation time.
A large autocorrelation time 7 effectively reduces the number of statistically
independent samples by a factor of ~ 7, therefore the errors become larger as

well.
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Worm algorithms

In all the numerical work in this thesis, we use a class of algorithms called worm
algorithms [42]. They are very efficient in the sense that they greatly reduce the
autocorrelation times compared to traditional mc algorithms, and yet can be
implemented with local updates. Since the details of the worm algorithms are
different for each model we study in this thesis, we describe the worm algorithm
for each model in their respective Sections and For a more
general introduction to the idea of worm algorithms, we refer the reader to the

treatments in Refs. [43, |44].
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Chapter 4

O(N) qubit models in D > 3
spacetime dimensions

We develop a qubit regularization of the O(N) nonlinear sigma model in D > 3
spacetime dimensions. Using an efficient lattice Monte Carlo method in D = 3,
we compute several observables close to the critical point. We compare against
existing results in the literature for the O(N) Wilson-Fisher universality class. We
find excellent agreement, indicating that our model lies in the same universality

class.

4.1 Introduction

In this chapter, we develop a qubit regularized O(N) model. This work was
published in Ref. [45] for N = 1,2,3 and the generalization to arbitrary N was
published as a preprint in Ref. [29].

The O(N) nonlinear sigma models (NLsMms) are relativistic quantum field
theories (Qrts) that have a wide applicability in both particle and condensed
matter physics. We begin in Section [4.2] with a brief review of the definitions and
physics of the continuum O(N) nonlinear sigma models in various dimensions.

Since the O(N) NLsMms are bosonic field theories, they naturally are defined
with an infinite dimensional Hilbert space at each lattice site. In Section
we construct an O(N) symmetric qubit model, and argue that this model has a
second-order critical point in D > 3 spacetime dimensions. In D = 3, this critical
point must lie in the Wilson-Fisher (wr) universality class.

The next step is to use numerical techniques to locate the critical point and
compute its properties. In such qubit models, it is generally very hard to show

analytically that the critical point is in a certain universality class. But we can
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use well-established lattice Monte Carlo (mc) methods and finite size scaling
techniques to study the critical point, and compute several universal quantities
that help us identify the corresponding fixed point.

A major advantage of qubit models is that they can be recast easily in a
worldline representation. This enables the use of a highly efficient class of
Mc methods called worm algorithms. We discuss our numerical techniques in
Section In particular, using the worm algorithm we can compute some
critical exponents, which act as a signature of the universality class.

Since the O(N) NLsm is a well-known and widely-applicable qFt, there is a
vast literature on the subject and much is known. For our purposes, this means
that we can compare our results for the critical exponents to existing results in
the literature for the wr universality class. There are several other methods used
in the literature, like large-N, e-expansion, conformal bootstrap, and lattice mc
approaches using the traditional model. In Section we perform a comparison
across these results and confirm that our models agree with existing results for
the critical exponents. This provides strong evidence that the model is in the
expected universality class.

Having established that our qubit model indeed reproduces the physics of the
O(N) nLsMm, and armed with an efficient mc algorithm to study it, in the next
chapter we will use our qubit model to study the O(N) wr fixed point in sectors

of large global charge.

4.2 O(N)nonlinear sigma model

In the continuum, the O(N) nLsMm is a QpT of N-component bosonic scalar fields

(EE RN, described by the following action in d dimensional Euclidean space

1 S >
S = —?Jddx 0, - Iy (4.1)
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with the constraint |<E > = 1. The (3 field vector thus lives on a (N —1)-dimensional
sphere SN,

Alternatively, we can be more concrete and start with a lattice model and use
the ideas of renormalization group (rG) to define the O(N) NLsM more concretely
(following the discussion in Chapter . Recall that, given an RraG fixed point,
there are an infinity of lattice models that describe the same universal physics of
the fixed point. Traditionally, the O(N) sigma models have been studied using

the lattice action

5L=—g1—zz<5i'$j (4.2)
ij)

defined on a d-dimensional Euclidean lattice and where (ij) runs over all bonds
(ij) between sites i and j. To distinguish it from the “qubit” model we define
later, we shall refer to the action in Eq. as the traditional O(N) model.

In dimensions d = 2, 3,4, this model has a second order critical point. There-
fore, we can define the continuum O(N) NLsMm using the lattice model tuned
close to the critical point g = g.. This approach lends itself to non-perturbative
lattice field theory techniques. The O(N) model has been the object of extensive
studies over the past decades [46], and displays a rich phenomenology.

In d = 4 dimensions, it is believed that the critical point is controlled by the
Gaussian fixed point, with a marginally irrelevant perturbation. Therefore, the
continuum d = 4 theory is just the free field theory, and there is no nontrivial
continuum limit.

In d = 3, however, the critical point is controlled by a non-trivial fixed point,
called the wr fixed point [47]], which has one relevant perturbation. The scale
invariant theory associated with this fixed point is a conformal field theory (cFr)
called the Wilson-Fisher crr. In general, O(N) scalar field theories in d = 3 are
known to have two fixed points — the Gaussian fixed point, and the wr fixed

point. Unlike d = 4, where the interaction term is marginally irrelevant around
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the Gaussian fixed point, the interaction in d = 3 is a relevant perturbation. In
perturbation theory, therefore we can see that a generic O(N) lattice model will
flow away from the Gaussian fixed point. If the mass of the theory is tuned to
zero, then the ra trajectory will flow to the wr fixed point.

The case of the two dimensional O(N) NLsM is arguably the most interesting
one, owing to the similarities with quantum chromodynamics (Qcp). In two
dimensions, the O(N) NLsM is believed to be asymptotically free for N > 3 and
exhibits other features of ocp such as dimensional transmutation and dynamical
mass generation. However, in this work, we do not consider the 2-dimensional

O(N) nrsm and leave it for a future publication.

4.3 Qubit model

A note on notation

While discussing the O(N) group, there is a slight notational inconvenience
to distinguish between the case where N is odd or even. To make it easier to
discuss both cases at once, we shall define an integer n such that N = 2n for N

even, and N = 2n+ 1 for N odd. We also define the set of integers Iy and Ky,

{1,...,2n} for N =2n

{0,...,2n} for N=2n+1,

{-n,...n}\{0} for N =2n

{-n,...,n} for N =2n+1.
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4.3.1 Some useful facts from the representation theory of the
O(N) group

Let {|7) | i € Iy} be a basis for the fundamental representation of the O(N) group.

We take this to be the Cartesian basis, such that a rotation R € O(N) acts on the

basis vector |i) as

where R is an N x N matrix satisfying RT R = II. It will be more convenient for us
to work in a basis where the states diagonalize a Cartan subalgebra of the o(N)
Lie algebra. Physically, such a basis consists of states with well-defined O(N)
charges.

For both N even and odd, we define h; (i = 1,...,n) as the generator of rotations

in the (2i — 1, 2i) plane,
hi = i(EZi,Zi—l — E2i—1,2i) for i= 1,...,1’1, (46)

where E; ; is an N x N matrix whose (i, j) element is one, and all other matrix

elements are zero. The h; commute with each other,
[hi,hj]:O forall i,j=1,...,n (4.7)

Since this is also the maximal set of mutually commuting generators, the {h;|i €

1,...,n} form a basis for the Cartan subalgebra (csa) of the o(2n) lie algebra.
Since all the Cartan generators commute with each other, they can be simulta-

neously diagonalized. We can construct a new basis |g}) (k = +1,...,+n) labeled

by the eigenvalues of the Cartan generators h;. The eigenbasis of h;, found by an
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explicit diagonlization of Eq. (4.6), can be expressed as

1 .

. —=(|2k-1)+i|2k)) fork=1,...,n,

Ty =1 V2 (4.8)
|0) for k =0 (if N is odd).

where the vectors g} = (qi,...,qg) (k € Ky) label the eigenvalues of the corre-

sponding eigenstate |7} ) under the Cartan generators hy,...,h,,

. i . . iékj fork=1,...,n.
hilgi) = ailqr),  with  (qux); = (4.9)
0 for k =0.

Under an O(N) rotation generated by the Cartan generators, parameterized

by 6 = (64,...,0,), the state |} ) transforms with just an overall phase
3 = OG5y = 0 3) (4.10)

In this sense, we say that the state |7} ) has the O(N) charge g (k € Ky). We note

that, if N is odd, then we have a state |7,) which has zero charges,
g0 =1(0,...,0). (4.11)

We shall call the basis given by Eq. (4.8)) the spherical basis, in analogy with

rotations in 3 spatial dimensions, where we often use this basis:
l£) =Ix) £ily), [0)=]z), (4.12)

where {|x),|y),|z)} are orthonormal vectors in the Cartesian basis.
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Some useful invariants

To write down the O(N) invariant Hamlitonian, let us list a few invariant terms

in the spherical basis. The first, trivially invariant, term is

T=) liXil= ) 13 (4.13)

iEIN kEKN

We will also need an invariant in the tensor product of two fundamental repre-

sentations. The term

Y liiy=) " 1 d k) (4.14)

iGIN kEKN

is also invariant, since it transforms as

Y liiy— ) RyRyljkd= ) (RTR)uliky= ) ljj),  (415)

iEIN i,j,k,EIN j,kEIN jEIN

where we have used that the matrix R is orthogonal: RTR =T
Now, we can define the Hilbert space for our quantum system, and use the

above invariants to write down an O(N) invariant “qubit” Hamiltonian.

4.3.2 The Hamiltonian

To construct a qubit model for the O(N) NLsM, let us begin with the definition of
the Hilbert space. The full Hilbert space H is the tensor product of local Hilbert

spaces H, at each lattice site,
H = ®XHX’ (4.16)

where x varies over all lattice sites. We take the local Hilbert space H, to be a

direct sum of a singlet representation and fundamental representations of the
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O(N) group.
M, =HY o H. (4.17)

where HSCO) is the one-dimensional singlet representation, and chl) is the N-
dimensional fundamental representation.

Let the singlet Hilbert space cho) be spanned by a normalized vector |@). It
will be convenient to think of this state as the Fock vacuum. For the fundamental
representation chl), we define “single-particle” states using the spherical basis

defined in the previous section.

1 - — - —
ch ) =) @lqn1)x @ ®NT0—1)x © G ) s (4.18)

. - . - l
where we omit the state |gy) for N even. We interpret the state |g}) € ch )as a

particle of charge gj.
We can take the identification of |7;) as a single-particle state further and
define “creation” and “annihilation” operators at each lattice site x, which can

respectively be written as

Ci’k = |q>k>x<®|xl and (4.19)

Cxk = |®>x<q—)k|xl (4.20)

where k € Kj. We think of the operators c;k and c,  as creating and annihilating
particles of charge g at the site x. However, we emphasize that these are not
creation/annihilation operators in the usual sense of the word, since they do not
satisfy either bosonic or fermionic commutation relations. (In condensed matter
literature, such operators are often referred to as Hubbard operators. See, for
example, Ref. [48].)

Note that applying a creation operation twice on an empty site gives zero. In
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other words, we do not allow more than one particle at a site. So in a sense the
particles obey the Pauli exclusion principle and are similar to fermions in that
respect. However, these operators are not truly fermionic since they commute at
different lattice sites. We call such particles hard-core bosons.

Using the O(N) invariants listed in the previous section, we can now write

down an O(N) invariant Hamiltonian with nearest-neighbor terms,

_ + / t t
H=] Z CookCuk T /2 Z (Cx,kcy,k + Cy,kcx,k)

X
kEKN kt?é;\]
+ /> Z (c;kc;,_k + Cx,kcy,—k) (4.21)
(x)
kEKN

where x runs over all lattice sites, and (xy) runs over all nearest neighbor sites.
We work with periodic boundary conditions in space. Setting N = 3, we can see

that this is exactly the O(3) qubit model that we constructed in Ref. [45].

4.3.3 Critical point and continuum limit

We can now heuristically argue that the model given in has a phase
transition in d > 2 spatial dimensions. In this work, we shall consider only
J2,]5 > 0. For simplicity, we take J, =J; >0, and let A = J;/],.

First we consider the A > 1 regime. In this limit, the fundamental states are
energetically suppressed due to the J; term in the Hamiltonian. The ground
state of the theory is therefore dominated by the singlets. In the A — oo limit,
the ground state is just the Fock vacuum |Q)) = |@®--- @), with each site x being
in the singlet state |@),. Making the A finite but large and positive will introduce
fluctuations in the system due to the creation and annihilation of the single
particle states. Since the lowest excited states consist of energetically costly N-
tuplet of particles, the system is gapped in this regime. The correlation length is
finite.
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— superfluid massive
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Ae A

Figure 4.1: The zero temperature phase diagram of our qubit Hamiltonian in
d=23.

On the other hand, as we take A large and negative, the fundamental states [+g;)
start to dominate the ground state. Since the Hamiltonian is O(N) symmetric,
the ground state must be O(N)-degenerate. In the thermodynamic limit, this
O(N) symmetry must be spontaneously broken in d > 2, giving rise to gapless
Goldstone modes.

Therefore, as we tune A from large and positive to large and negative, at some
critical A = A, the system must undergo a phase transition associated with the
spontaneous breaking of the O(N) symmetry. If the phase transition is second
order, then a continuum ort should emerge at the critical point, according to the
ideas of Wilson’s rg described in Chapter[2} In d > 2, we expect the emergent QFr
to be precisely the O(N) nLsm, which is controlled by the Wilson-Fisher fixed
point in d = 2 and the Gaussian (free) fixed point in d = 3 (with a marginally
irrelevant parameter).

Our aim in this work to is to develop the worldline formulation and worm
algorithm to numerically verify this heuristic argument. If the continuum Qrr is
indeed the O(N) NLsM, then this opens up the possibility of studying the physics

of the continuum O(N) nLsm using such qubit models.

4.4 Numerical techniques

4.4.1 O(N) qubit model: worldline representation

In this section, we construct a worldline representation (see Chapter (3) for our

O(N) qubit model (4.21)). We begin by splitting the Hamiltonian into single-site
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and two-site operators,
H=HWY+H®?), (4.22)

Here HW is a sum over all the single-site terms, and H? is the sum over all

nearest neighbor terms,

1 (1) 2 (2)

HY =Y HY, H? =) H, (4.23)
i (ij)

where i runs over all the spatial lattice sites of the system, and (ij) runs over all

nearest neighbor spatial bonds in the system. We take the representation of the

partition function in Eq. (3.5) as our starting point,

Z= ) K[n()] (33
n(t)
n(B)=n(0)

where the functional K[n(t)] is given by Eq. (3.6),

T-1
K[n(1)] = lim ]:)[<ni+1|e-€H|ni>. (59

and n(t) are “configurations” that take values in a set that labels some eigenbasis
{In)} at each (imaginary) time t. Worldline representations correspond to choos-
ing the occupation number basis as the eigenbasis {|n)}, which are eigenstates of

the H(),
HW|n) = E; (n)|n). (4.24)
Let us compute the transfer matrix elements

Tio1i = (nipleHn;) (4.25)
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in the occupation number basis. We approximate the matrix exponential as
e~e(HW+H?) _ p—eH (1 —eH? + 0(82)): (4.26)
and evaluate the transfer matrix elements in the occupation number basis,

Tirk = (eanle™ " (1= eH) + O(e?)) lng)
= e B S, mg) =€ ) (mealH g [+0(). (4.27)
(if)
where the sum on the right hand side is over all nearest neighbors (ij).

So far everything we did was true for any nearest neighbor Hamiltonian.
Now we invoke our knowledge of the Hilbert space and the Hamiltonian. Equa-
tion (4.27) suggests that we can diagrammatically represent the action of a single
application of the transfer matrix on a state |n,) by considering its action on a
pair of neighboring sites at a given (imaginary) time slice, say, t = Te. At time
step 7, we represent each site on the lattice by a dot. If the site is in the empty

state |@), then we leave the dot as it is.

_+_

2)

However, if the local state is one of fundamental states |1T,->, we draw an oriented
worldline passing through it, with the direction depending on the sign of the
charge 7.;. For example, we draw |q;) as an upward arrow, and |7_1) as a

downward arrow.



We interpret upward and downward arrows as particles and antiparticles mov-
ing forward in time, respectively. To distinguish the various charge states, it
helps to associate each charge g (k= 1,...,N) with a color. So we represent the
charges 7,1 by an oriented red worldline, the charge 7., by an oriented blue
worldline, and so on. If N is odd, then we also have the state |7,). Since the
charge g is zero, and therefore its own antiparticle, it is an unoriented worldline.
Therefore, a given site in the occupation number basis |n,), can be in any of the

following states:

2)  ld0) 1) 1) 152 13-) 170 13-

The action of the 2-site operators in this representation has a nice visual inter-
pretation as well. We consider each nearest-neighbor term in the Hamiltonian

in turn.

1. A pair creation/annihilation event on neighboring sites x and y:

T ) (ehieha+exncpi) =12 ) (i (@21 +|00)d 1)) (4.28)
keKy keKy

If the neighboring sites x,y are empty |@@), then an application of this

operator can produce a particle and anti-particle pair |k, §_x) of any color

k. Conversely, if there is a particle/anti-particle pair at neighboring sites,

this operator will annihilate them into singlets. We therefore represent the

action of this term, as well as it’s value, diagrammatically as

ot

(e]2) WP (e]2) WP
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where we define W, = e79/1, which is just the contribution from the single-

site term in the Hamiltonian.

2. A nearest neighbor hop between sites x and y:

I ) (ereyetehieas) =T ) (13 0X@, G +12,G0( G 2l)  (4.29)
keKy keKn

This term in the Hamiltonian will take a pair of neighboring sites where

exactly one is filled and the other is empty, and just exchange the two sites.

In the worldline language, this looks like a particle hopping from site to

another, and can be represented as:

Now we can put everything together and see the worldline picture emerge.
Starting with any state |n() at t = 0, we evolve this state with repeated applica-
tions of the transfer matrix. In the worldline formulation, this means picking
one of the moves listed above, or just going straight through. That is, on each
time step, either the particles can go forward, hop by one lattice site in any
spatial direction, or pair create/annihilate. For every such move, we pick up a
“weight” corresponding to it.

Because of the periodic boundary conditions in imaginary time, the world-
lines must close on themselves at t = . Therefore, we see that the partition
function has been rewritten as a sum over closed oriented worldlines of n

colors,
Zwi=) Win()] (4:30)
n(t)

where n(t) is a configuration consisting of (possibly disconnected) colored, ori-
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Table 4.1: Local weights in the world-
line representation of the O(N)
qubit model

Move Weight
Temporal hop W, =e~h
Spatial hop W, =¢])

Pair creation/annihilation W, = ¢],

ented spacetime loops and W[n(t)] is weight of the configuration which is just
the product of the weights at each bond, as described above. We also list the
local weights in Table [4.1|for convenience. In the worldline representation, the
O(N) symmetry is manifested in the fact that the weights are identical across all
colors.

Finally, we note that the above derivation is strictly correct only in the ¢ — 0
limit. But Eq. can be studied as a model of colored loops in spacetime in
its own right, even with ¢ finite. For arbitrary local weights (or couplings in the
Hamiltonian) and large ¢, the physics of the loop model could be qualitatively
different from the Hamiltonian that we started with. However, if the
Hamiltonian has a quantum critical point which is described by a relativistic
fixed point, then we can expect Zy to also have a critical point in the same
universality class. If we are interested only in the physics of the fixed point, then
we can use Zy as well, and set the spatial local weights equal to temporal local
weights. This gives us a model with manifest symmetry between space and time.

Our task now is to develop a mc method which can efficiently sample the

configurations in the partition function Eq. (4.30). We do this in the next section.
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4.4.2 Worm algorithm for the O(N) qubit model

As we discussed in Chapter (3| worldline representations have the advantage
that there is a class of algorithms, called worm algorithms, which can be used to
sample worldline configurations very efficiently. In this section, we describe a
worm algorithm for the worldline representation constructed above [45} 28].

For the O(N) model, we have oriented worldlines of n colors, where we
recall the definition n = N/2 for N even, and n = (N —1)/2 for N odd. For N
odd, we additionally have an additional type of worldline which is unoriented,
corresponding to the zero charge state in the qubit model.

A worm algorithm works by sampling configurations in a “worm sector.” We
extend the partition function Z to include also configurations with a single
source (the worm head) and a sink (the worm tail) of any color We call such a
configuration a worm configuration. The full partition function can be written

as

Z'=Z+Z, (4.31)

where Z is the original partition function in the worldline formulation, and Z,,
is the partition function that sums over worm configurations. Note that the
overall weights between Z and Z,, do not matter for any observable.

In the next subsections, we first describe the “begin/end” updates that take
us back and forth between the default and worm sectors. Then we describe the
“move” updates which are used in the worm sector to generate new configura-

tions.

Default sector Worm sector

Measurements Updates

happen here happen here
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Begin/end updates

Given a configuration in the Z sector, we begin the worm update by picking a
spacetime site x at random and proposing to create a worm head and tail at that
site, thereby entering the worm sector. The reverse move, from within the worm
sector, would be to close the worm if the worm head and tail are on the same
site, exiting the worm sector.

During the begin move, there are two local configurations possible at the
chosen site, and we perform a different update depending on it. We show
these two updates in Fig. For each of the two ‘begin’ moves, there is a
corresponding ‘end” move, which ends the worm update. We use a simple

metropolis update to satisfy detailed balance for each move Section

* Bl & E1: The first possibility is that the site x is empty. This is the Bl
configuration in Fig. In this case, we select a color ¢ at random, and
propose to create a worm head and tail of color c at the site x. The reverse
move is that if the worm head and tail are at the same site, then we propose

to exit the worm sector.

* B2 & E2: The second possibility is that the randomly chosen site x is
already filled — that is, it has an incoming and an outgoing bond of some
color c. Let the neighbor in the direction of the incoming bond be y. In
this case, we propose to delete the incoming bond (xy), place the worm
tail at x, and place the worm head at y. That is, we propose to create the
local configuration E2 to enter the worm sector. Conversely, the worm
update can end starting at E2, if we propose to move the worm head to a

neighboring site which contains the worm tail.

Once we are in the worm sector using one of the two updates above, now the
worm head travels through the spacetime lattice, changing the configurations as

it moves. We now describe these moves.
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Begin-end updates

N 6:* 4 T—) -—)J
B1 El B2 E2

Move updates

—— ——

F‘I — i —

M1 M2 M3 M3’

Figure 4.2: Local configurations for the worm head. We show pairs of config-
urations that can transform into each other during a worm update
with probabilities obeying detailed balance. B1 and B2 are not worm
configurations, but are the two local configurations where a worm
update can begin. All other configurations shown are local config-
urations around the worm head. E1, E2 are the two ways a worm
update can end. The configuration pairs (M1, M2) and (M3,M3’) are
local configurations that can transform into each other during the
“move” updates.

Move updates

Once we are in the worm sector, the worm head moves according to the ‘moves’
updates, shown in bottom row of Fig.

On each update, we first propose one of 2D nearest neighbors for the worm
head to hop to (where D is the spacetime dimension). We choose this direction
at random. Let the worm head be currently at site x, and the let the nearest
neighbor in the proposed direction by y. Which update we use depends on the
local configuration at y. As we show in the bottom row of Fig. there are only

two possibilities

* M1 — M2: If the site p is empty, then we just propose to move the worm

head from x to y. This will take the configuration to M2.

e M2 — M1: On the other hand, if the proposed direction is itself towards

an incoming bond, that is, (xy) is the incoming bond, then we propose
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to delete the incoming bond (xy) and move the worm head to y. This is
the reverse of the previous update, and these two satisfy detailed balance

among each other.

M3 & M3’: It could also be that the site proposed site y is completely
filled — that is, it already has incoming and outgoing bonds of some color ¢’
passing through it. If the color ¢’ of the bonds at y does not match the color
of the worm, we simply reject this proposal. However, if the colors match,
then we do the following. Let the incoming bond at y be (zy), where z is
a nearest neighbor of y. In this case, we propose to create the bond (xy),
delete the bond (zy), and move the worm head to z. The reverse of this

move is an identical move.

E2 — B2: The last possibility is that the proposed site y contains the worm
tail. In this case, this is in fact, the second ‘end’ update discussed in the
previous subsection. We propose to move the worm head x to the worm

tail y. If accepted, then we exit the worm sector.

Finally, we note that if the loop is unoriented, then there is no distinction

between incoming and outgoing bonds. For such worldlines, we need to modify

the above updates. This can be done by selecting one of the two bonds at

random whenever an incoming bond is needed, while taking care to ensure that

the detailed balance equations are satisfied.

Global color/orientation flip

Finally, we add another type of update, one that is not local. In this update,

we again begin by picking a site at random. If the site is empty, we do nothing.

However, let us assume there is a loop of some given color and orientation

passing through the site. In this case, we select a new color and orientation at

random, and update the entire loop to have this new color and orientation. Such
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global updates make it much easier for the algorithm to explore the configuration
space. We find that enabling this update greatly reduces autocorrelation times,

especially for larger N.

4.4.3 Observables

Vacuum density

Several observables are easily computable in our approach. The first, and the
simplest, is the vacuum density, which we define as the average density of vacuum

sites

1 1
V=7 Tr[ﬁ ZPf’e‘ﬁH), (4.32)
X

where P? = |@),(2|, is the projector onto the singlet state at the site x. For a
given worldline configuration, this can be measured simply by computing the

expectation value of the total number of vacuum sites on the spacetime lattice.

O(N) charges

The next set of observables are the n types of O(N) charges,
1 A
Q= ZTr(;Qx,ke ﬁH] fork=1,...n, (4.33)

where the operator Qx,k measures the local charge 7, at the site x,
Qk,x = cikcxk—cl_kcx_k fork=1,...,n. (4.34)

Since the worldlines in our formulation have well-defined O(N) charges by
construction, we can easily measure any of the O(N) charges. For a given

worldline configuration, all the O(N) charges are conserved. Therefore, to

49



measure the charge Qy for a particular k, we pick a time slice (say t = 0), and
count (with orientation) the number of worldlines of the color k passing through
it. Due to the O(N) symmetry, all the O(N) charges are in fact the same. We can
use this fact to average over all colors and increase the statistics n-fold.

In the continuum qrrt formalism, we typically use the charges as a probe
for the spontaneous breakdown of symmetry. In infinite volume, a nonzero
expectation value of any of the charges signals spontaneous symmetry breaking
(ssB). However, we note that since lattice calculations are always performed in
finite volume, there is no ssB. So, if the partition function has an O(N) symmetry,
the expectation values of all the charges (Qr) must in fact vanish in a lattice
calculation.

Even though the charges are zero for the case considered in this work, it is still
useful to measure this observable. This is because we can study sectors of fixed
(non-zero) global charge by introducing a chemical potential for the charges.
Further, this gives an additional check on the correctness of the algorithm when

we compare the worm algorithms with exact results on small lattices.

O(N) current-current susceptibility
An important observable is the O(N) current-current susceptibility which can
be measured by computing

(k) 1

_ k)
Ps = Ld_zﬁ

(NMY2y fork=1,...,n, (4.35)

where d is the number of spatial dimensions, k is a color, k =1,...,n is a given

color, and N,E,k)

is the winding number of color-k worldlines in a configuration.
Again, the O(N) symmetry ensures that pgk) will be identical for all colors k.
Therefore, we average over all colors k to improve the statistics. From now on,

we drop the color superscript k, and just denote this observable by p;.
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Susceptibility of the two-point function

The final observable is the susceptibility of the two-point correlation function of

charge 7, particles,
1 f S(B-t)H A —tH At
Xk =~ Z O dt Tr(e Oy ™OL,), fork=0,1,...,n (4.36)
Xy

where we omit k = 0 (unoriented worldlines) if N is even, and the operator OAx,k

defined as
Of = (cl p +cxi) (4.37)

creates particles and annihilates anti-particles.

Measuring this is particularly nice in worm algorithms, since in the worm sec-
tor, we already sample configurations with a creation and annihilation operator
at different spacetime sites, with the correct weights. We therefore have to just
count the number of configurations generated in the worm sector for a color k,
and that gives us xj. As before, we average over all colors to improve statistics,

and denote the susceptibility as .

4.4.4 Fits to the scaling behaviour

As described in Section physical observables exhibit scaling behaviour near
a critical point. In particular, the two observables current-current susceptibility

ps and susceptibility x, defined above in Section should behave as

o) = 1 f (1) (4.39

x(J;L) = L*g(u), (4.39)
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where D is the spacetime dimension, u = (J — J.)L!/” is the scaling variable, f(u)
and g(u) are unknown universal scaling functions analytic at # = 0, and # and
v are the critical exponents From the data for these observables p; and x at

various box sizes L and couplings J close to the critical value J., we can perform

a combined fit to Eqs. (4.38) and (4.39). We approximate the functions f(u) and

g(u) by a truncated Taylor series expansion up to a given order 71,y

nmax

flwy=) fuu", (4.40)
n=0

gu)=) ", (4.41)
n=0

The coefficients f;, g; become parameters to be fit. Since u is small close to
the critical point, the Taylor series can be truncated to small values such as
Nmax = 2, 3,4. However, we do need to vary n,,,, empirically to find an optimal
truncation. This procedure allows us to get a fairly accurate first estimate for the
critical coupling ], the critical exponents v, 77, and the scaling functions f(u)
and g(u).

However, this nonlinear fitting procedure (with 2n,,,, + 5 parameters) is
somewhat opaque given its reliance on the correct range of L and J, good initial
guesses for the parameters and optimal polynomial truncations for the functions
f(u)and g(u). Hence, we perform a few additional steps to make sure that we
are indeed in the scaling regime, and to identify the critical exponents more
precisely.

Once we obtain a reasonably precise estimate for the critical point | = J. from
the above fits, we perform another set of computations exactly at | = J. for
various L. First, we look at the current-current susceptibility ps(0;L) at ] =],

which according to Eq. (4.38)), must simply behave as

ps(O;L) =

@. (4.42)
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for D = 3 spacetime dimensions. We perform a single powerlaw fit to p,(0; L)L =
f(0)L* to find f(0) and the power a. If we are exactly at the critical point, the
exponent must be @ = 0, within errors. So, we repeat this computation over a
range of box sizes L € [Lyin, Limax], until a becomes consistent with a = 0 within
errors. This gives us the scaling window [Lyin, Lmax]- As an example, the top
plot in Fig.[4.3|shows this fit for the O(6) qubit model.

Performing the computations at | = ] also allows for a clean extraction of the
critical exponent 1. We perform a power-law fit of the susceptibility x(0;L) to

the form

x(0;L) = g(0)L>7", (4.43)

obtained by setting 1 = 0 in Eq. (4.39). This gives us our final value of the critical
exponent 7. For the O(6) qubit model, the bottom plot in Fig. shows the
extraction of # at the critical point.

Now we need to find the critical exponent v. For this, we go back and perform
the combined fits of Egs. and again. But this time we use the scaling
window L = [Lyjn, Linax ] determined above. We also keep 7, f(0), and g(0) fixed
to the values obtained from the powerlaw fits at ] =], in Egs. and (4.43).
This allows us to obtain a more controlled fit, and a more precise extraction of the
critical exponent v. This is the value for v that we finally report. Additionally,
we obtain the critical point ., again to make sure it is consistent with the value
we chose in the previous step. This is an additional check of self-consistency
of our fits. For the O(6) qubit model, Fig. shows these combined fits in the
scaling window and the extraction of the critical exponent v, the critical point
J., and the universal scaling functions f(u) and g(u).

We have performed these calculations for the O(N) qubit model with N =
2,4,6,8. The complete fitting results for all these models are collected in Figs.
and In the next section, we compare the results for the qubit models with
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known results for the Wilson-Fisher fixed point in the literature.

0(6) model
Jc=0.306530

0.42
0.4151 — a=0.010(8), x2=0.49 {

—— n=0.028(4), x2=0.24

70 80 90 100 200
L

Figure 4.3: Critical scaling for the O(6) qubit model at the critical point J = J..
Above: We peform a powerlaw fit for winding-number susceptibility
psL = f(0)L* in a range of box sizes [Lyin, Limax] and extract the
power a. If the box sizes are large enough, then we must have a = 0
at the critical points. By choosing the window [Lin, Linax| such that
a = 0 within ~ 10, we can make sure our subsequent fits are in the
scaling regime. Below: We then fit the susceptibility to the form
x(0;L) = g(0)L>7" to extract 7. We can now use this value of 1, as
well as f(0),¢(0) as an input during the extraction of v from the
double fits, as demonstrated in Fig.

4.5 Wilson-Fisher fixed point

In the previous sections, we computed critical properties of our O(N) qubit
model. In this section, we would like to argue that our model indeed lies in the
O(N) wr universality class by comparing the critical exponents with the known
results for the O(N) nLsm in the literature.

The critical properties of the 3d O(N) NLsm have been studied thoroughly
in the literature through several techniques. Numerically, precise results are
available from mc and conformal bootstrap techniques. Analytically, even
though the 3d O(N) model is non-perturbative, several techniques have been
developed to leverage a “hidden” small parameter and enable analytic control,

such as the 1/N and € expansions. In this section, we compile the best results
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Figure 4.4: Scaling collapse for the O(6) qubit model close to the critical point.
The above plot shows the data for winding-number susceptibility p
while the bottom plot shows the two—point function susceptibility x.
The circles show mc data for various L. The black dashed line shows
a combined fit to both p,(J,L) and x(J,L) for various J, L. The filled
circles were used in the fit as the scaling window, while the open
circles were not used in the fit. Yet, we find that the open circles all
lie on the same curve, within small deviations expected at the edges
from corrections to scaling, indicating that the scaling hypothesis is
well satisfied in the fitting regime. In the final fits, the values of the
critical exponent 77 as well as the y-intercepts f(0), g(0) were fixed by
performing the fits shown in Fig. For more details on the fitting
procedure, see Sectionm

known to us from these techniques. We show this comparison in Fig. where
we perform a comparison across these methods for the critical exponents v and
7.

First, we consider the critical exponents for the O(N) model in a large-N
expansion, which is exact in the N — oo limit. In the 1/N expansion, the critical

exponent v is known up to order N2 and 7 up to order N3 [49],

32 1 (3584 32\ 1 3
V=15 * g e O, and (4.44)
_m M2 s 4

55



0.95

—— Large N prediction Lattice Monte Carlo 0.050 —— Large N prediction Lattice Monte Carlo
—{+ 5-loop £ expansion & Qubit model (this work) -+ 5-loop & expansion @ Qubit model (this work)
0.90 ¢ Conformal bootstrap 0.045 - ¢ Conformal bootstrap
0.85 1 0.040 -
i
B 4 3 :\
> 0.80 < 0.035 1 ol S
\\
N
0.75 1 0.030 A
0.70 0.025 1 N
0.65 +— 0.020 T
0 0 2 4 6 8 10
N

Figure 4.5: Comparison of the qubit O(N) model against existing results in
literature for the wr critical exponents v, 1. The black dots labeled
“qubit model” are from this work. The green boxes for ¢-expansion
are from Ref. [50]. The large-N results [49] are shown as a solid
red line, with the shaded band showing expected higher order 1/N
contributions assuming they are of natural size. Finally, we show the
best numerical results from lattice mc and conformal bootstrap as
filled diamonds. The numbers for the critical exponents, along with
the references, are listed in Table We find excellent agreement
with all the other techniques.

with
8 S 797 61 , 27, 9,
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m 3 M2 3171 13 171[ 18 2471 + Sllb ( / )+2TC n

(4.46)

where ¢(x) = (d/d Inx)I'(x) is the logarithmic derivative of the I' function. Ref. [49]
gives the large-N expressions for the critical exponents # and y. The critical
exponent v can be extracted from the scaling relation v = y/(2 — 7). We show
the large-N results as a solid line in Fig.

The next analytic technique we compare with is the ¢ expansion. The ¢
expansion is a divergent series, so several resummation methods have been
employed in the literature. However, resummation techniques are uncontrolled
and do not yield precise error estimates. Hence, the ¢ expansion results shown
in Fig.|4.5|as green boxes do not have error estimates. The values shown are from

Ref. [50], where the authors computed the critical exponents from a five-loop ¢
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Table 4.2: Comparison of the qubit model results with literature

v n

N 2 4 6 8 2 4 6 8

Qubit model  0.6670(40) 0.7510(50) 0.8040(40) 0.8350(60) 0.0380(20)  0.0380(20)  0.0280(40)  0.0250(20)

€ expansion  0.670 0.738 0.790 0.830 0.039 0.036 0.031 0.027
Large N ~0.010 0.612 0.768 0.836 ~0.149 0.026 0.031 0.027
Numerical ~ 0.6719(11)” 0.747 66(84)° 0.8180(50)4 0.03852(64)" 0.03600(40)°  0.0390(30)4

?Monte Carlo [51]
b Conformal bootstrap [52]
¢ Monte Carlo [53]
4 Monte Carlo [54]
¢ Fixed dimension expansion [55]
expansion and tabulated the results up to N = 28.

Finally, we show the numerical results available in the literature for various
N [46]. These results are shown as filled diamonds in Fig. In most of these
cases (especially for N > 4), our results are almost as precise as the best results
in the literature. It is encouraging that we are already able to achieve reasonably
good precision with the qubit model and a simple finite-size scaling analysis.
This suggests that better precision should be within reach if desired using the
qubit model.

We consistently find that the critical exponent v from the qubit model agrees
very well with all the existing results up to N = 8. Unfortunately, the critical
exponent 77, being smaller, has larger error bars on this scale. It is harder to
extract # to a high relative precision without a more sophisticated analysis, but
we feel that is more suited for a follow-up work. We do find that the results
from other techniques for 7 lie within 1o of our computations.

Based on these comparisons, we see that the qubit O(N) model seems to have

a second-order critical point that lies in the O(N) wr universality class.
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Figure 4.6: Critical scaling for O(N) models with N = 2,...,8. We choose a range
of box sizes L such that a = 0 within errors. This is shown in the
plots on the left for different N. We then fit susceptibility to the
form x(0;L) = g(0)L>7" to extract 77, as shown in the right plots. This
procedure establishes the scaling window and also gives a clean
extraction of 7. We can now use this value of 7.
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Figure 4.7: Critical scaling for O(N) models with N = 2,4, 6, 8. The results agree
with the known Wilson-Fisher critical exponents within errors.
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4.6 Discussion and conclusions

In this chapter, we developed a qubit regularization of the O(N) nLsm for D > 3
spatial dimensions. We provided evidence that this model has a critical point in
the O(N) wr universality class. In particular, we computed the critical exponents
v, for arange of N = 2,4,6,8, and compared these with the available results
in the literature for the wr fixed point from various other techniques such as
the large-N and e-expansion. The O(N) NLsM in three spacetime dimensions
is described by the wr fixed point, therefore our qubit model reproduces the
physics of the O(N) NLsm.

A major motivation of this work was to develop the idea of qubit regularization
of QrFts, proposed in Ref. [45]]. There, the authors constructed a qubit model for
the O(3) nLsm using two qubits per lattice site. In this work, we demonstrate
the two-qubit O(3) model of Ref. [45] can be generalized to an O(N) model for
arbitrary N, although with a larger Hilbert space (N + 1 dimensional) at each
lattice site.

A key appeal of such qubit models is their suitability for simulation on
quantum computers. If the quantum critical point can be located precisely using
classical lattice mc calculations, then it is guaranteed that the continuum Qrr
exists and can be studied while keeping the number of qubits per lattice site
fixed, following Wilson’s rG.

At least in the foreseeable Nisq-era, if the ideal of fault-tolerant quantum
computers can be achieved, it will be extremely important to construct physi-
cally interesting models that use the available qubits parsimoniously, and yet
reproduce the physics of a desired qFr. This is a very active program of research,
and perhaps the most important ideas are yet to come.

While we had hoped to push our calculations for N > 10 as well, we encoun-
tered a somewhat puzzling phenemomen. We found that the higher N qubit

models require larger volumes, which are limited by available computational
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resources. This suggests that there may be a new scale in the problem that is
controlled by N. It also looks like, up to the lattice sizes considered in this work,
the N = 10 qubit model is not in the usual superfluid phase for large A, as it
is for large couplings A in the N < 8 models. Whether this signals a new kind
of phase transition, or is simply an artifact of smaller volumes, is not clear. It
would be very interesting to systematically explore higher N qubit models. We
leave this for a follow-up work.

An important direction not considered in the present work is an O(3) qubit
model in (1 + 1) dimensions. This model is known to be asymptotically free
and displays several other similarities with ocp. It would be extremely valuable
to construct a qubit model for this case, since it will open up the possibility
of constructing such models for other asymptotically free theories such as Qcp.
Whether this is possible with a finite number of qubits per lattice site seems
to be a controversial issue in the literature. This would be very interesting to

resolve in a future publication.
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Chapter 5

O(N) qubit models in the large
charge sector

We use the O(N) qubit model with lattice Monte Carlo methods to numerically
compute conformal dimensions of operators in sectors of large O(N) charges for
the Wilson-Fisher (wr) conformal field theory (crr). This allows us to connect
with recent literature on an effective field theory approach to O(N) wr cer in
large-charge sectors. In particular, we extract the low-energy constants in the large-
charge effective field theory, and quantitatively test recent analytic predictions

from a combined large-N and large-charge approach.

5.1 Introduction

In recent years, it has been realized that for some conformal field theories
(crrs) with some global symmetry group G, restricting to sectors of large global
charges for G leads to interesting simplifications. In particular, we can exploit
the pattern of symmetry breaking in these large-charge sectors, and write down
an effective field theory (err) description of the fixed point, with the inverse
charge density as the small parameter. With this ErT, we can make several
predictions about the properties of the crr as a power-series in inverse charge
density.

This technique was recently used in the very interesting works of Refs. [25} 31,
26| to study the O(N) nonlinear sigma model (NLsM) in 3 spacetime dimensions.
As we discussed in Section 4.2}, from the continuum point of view, the low-energy
physics of the O(N) NLsM is described by the Wilson-Fisher (wr) fixed point. The
scale invariant theory describing this fixed point is indeed a cFr, and is usually

referred to as the wr cFr.
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In the above-mentioned works, the authors developed an ert description of
the wr cFr in sectors of large global O(N) charges. They were able to compute
several properties, such as the conformal dimensions of various operators, in
the large-charge expansion.

However, the large-charge errs have unknown low-energy constants (LEcs)
at each order in the large-charge expansion. This is a limitation of the ErT
approach. Typically, we might be able understand the qualitative features of a
physical system using an ert by exploiting the information of the symmetries and
scale separation. However, a quantitative computation of physical observables
requires the knowledge of the Lec, which cannot be computed from within the
erTs. Therefore, we need an extra ingredient to make quantitative predictions.

In such cases, lattice Monte Carlo (Mc) computations can be used to provide
the missing pieces for the ert, provided that signal-to-noise ratio (sNr) problems
can be controlled. We note that such an approach is quite general, also being
used, for example, to make predictions about few-nucleon physics by combining
EFTs of quantum chromodynamics (Qcp) such as chiral perturbation theory or
pionless EFT with lattice ocp computations.

Such a combined lattice mc and erT approach was taken by the authors of
Ref. [27] to study the O(2) Wilson-Fisher fixed point in sectors of large global
charge. They computed the conformal dimensions and extracted the LEcs by
fitting to the form predicted by the err. Surprisingly, they found that the large-
charge expansion with just the leading three terms captures the behaviour of
the conformal dimensions of charge-Q operators all the way down to Q =1,
suggesting that the higher order terms in the large-charge et are unnaturally
small. However, at the moment the reason for this is not completely understood.

This strategy of combining lattice Mmc computations to extract the Lecs of the
large-charge ErT was then extended to the O(4) Wilson-Fisher fixed point in

Ref. [28]. The fit of the anomalous dimensions to the ert prediction from only
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the first three terms in the large-charge err predictions is again quite striking.

Recently, Ref. [31]] combined the large-charge approach with a large-N expan-
sion for the O(N) wr crr. This enabled them to to compute the Lecs analytically
in the large-N limit for the O(N) Wilson-Fisher crr. The authors compared the
large-N predictions for the LEcs to the available results for N =2 and N =4 and
found reasonable agreement. It is natural to ask to whether the agreement with
numerical results becomes better for larger N, as is the prediction. This is the
main motivation for the present work.

In order for mc methods to be viable, it is important to have the sNr problems
under control in the regime of interest. In fact, the traditional O(4) lattice
model leads to a severe sNr problem in sectors of large global charge. To
circumvent this issue, the authors of Ref. [28]] used a qubit O(4) model. A worm
algorithm in the worldline formulation based on this qubit model alleviates
the sNr problem in the traditional model, and enabled the computations of the
conformal dimensions of the large-charge operators in the O(4) Wilson-Fisher
CFT.

In this work, our aim is to extend the strategy to the general case of O(N)
nonlinear sigma models. There are two major steps in extracting anomalous
dimensions. The first step is to establish that our O(N) qubit model has a quan-
tum critical point that is indeed in the expected O(N) Wilson-Fisher universality
class, and to locate the critical coupling precisely. We did this for N = 2,4,6,8 in
the previous chapter.

Precisely identifying the critical point in the O(N) qubit model, we can then
proceed to the second step. To compute the conformal dimensions of the large
charge operators in the O(N) Wilson-Fisher crt, we use the algorithm developed
in Ref. [28]], which is easily generalized to arbitrary N, to compute correlation
functions in the presence of charged sources and sinks.

Since we also perform computations for N = 2 and N =4, let us make a few
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comments about the relationship of our work to the earlier works of Refs. [27,
28]]. For the O(2) Wilson-Fisher fixed point studied in Ref. [27], the authors used
a traditional lattice model, which is quite different from the qubit model we use
in this work. Our results are in perfect agreement with their results, and so the
present work provides a nontrivial independent verification of the existing O(2)
results. On the other hand, the techniques and model of the present work are
an extension of Ref. [28]] for the O(4) model. So in that case, we do expect our
results to match it. However, as we will remark later, some details of the model
are different, so it is indeed reassuring that our results are consistent with both
these earlier works and provide a nontrivial independent check. The N =6, 8

results in the large charge sector are new to the best of our knowledge.

5.2 The large charge expansion for O(N) nonlinear
sigma model

In this section, we review the large-charge expansion of O(N) (recall that we
use 2n = N) nonlinear sigma model. We merely point out the aspects of the
large-charge literature relevant for our work, and refer the interested reader to
the original works [31} 25, [26]] for further details.

We can classify fields in a crr according to their representations under the
conformal group. In particular, fields ¢(x) with well-defined conformal trans-

formation properties transform under scaling x — Ax, as
P(x) > ¢'(x') = AP p(Ax) (5.1)

where Dy is a real number called the conformal dimension of ¢(x). Within a
given representation of the conformal group, fields with the lowest conformal

dimension are called primary. Invariance under conformal symmetry implies
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that the 2-point functions of the primary fields ¢(x) must behave as power-laws,

_ C
- 2D, °
|x —p[~7¢

(p(x)P(p)) (5.2)

If the crr has an additional symmetry G, then the fields can further be classified
according to representations of G. We take G to be a compact Lie group. Let
hy,...,h, be a basis for the Cartan subalgebra (csa) of the Lie algebra of G. If
we choose a basis for the fields such that all h; (i = 1,...,n) act diagonally on
the fields, then the set of simultaneous eigenvalues of hy,...,h, are called the

charges:

7= (g1, qn)- (5.3)

In this work, we consider the O(N) wr crr and take G = O(N) with N = 2n.
The work of Refs. [25,|31} [26]] shows that the conformal dimensions of leading
primary operators in a fixed charge sector §=(gy,...,4,), can be written as an

expansion in inverse powers of the total charge Q =), |gi|,

D(Q) = 3,0%? +¢1,Q"% + ¢o + O(Q?). (5.4)

In this expression, c3/; and ¢/, are unknown constants that depend on N, but
co is universal and predicted to be ¢y = —0.0937..., independent of N.

Recently, the authors of Ref. [31] studied the O(N) Wilson-Fisher fixed point
in a combined large-charge and large-N limit. In this limit, they were able to

analytically compute the coefficients c3/, and cy/;,

2. 1
csp=3NT% cp=oN2 (5.5)

in the regime N < Q < N? for large Q,N. The goal of this work is to per-

form lattice calculations for the O(N) wr crr and test the validity of Egs. (5.4)
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and (5.5).

5.3 Conformal dimensions from qubit lattice
models

We are interested in the conformal dimensions of leading charge-Q primary op-

erators ¢, which in a crr can be measured by computing two-point correlators,

C

(Pox)p_o(¥)) = m, (5.6)

where D(Q) is the conformal dimension of ¢, and c is an arbitrary normaliza-
tion that can be chosen to be ¢ = 1.

In the previous chapter, we developed an O(N) qubit model and gave numeri-
cal evidence to support that it has a second-order critical point in the O(N) wr
universality class. Given any critical lattice Hamiltonian H in the universality
class of the O(N) wr fixed point, the arguments of Wilson’s renormalization
group (rG) (Chapter [2) show that we may access any correlation function in the
WF CFT by computing appropriate correlation functions in the lattice model at
criticality in the scaling regime. Therefore, we can use the O(N) qubit model to
compute correlation functions of charge-Q operators.

However, the qubit models have a finite dimensional Hilbert space at each

lattice site. At any given site, the local Hilbert space of the qubit model can only

hold one of the states with well-defined charges 7., ,{.,, where
q:1 = (£1,0,...,0) (5.7)
Fi2 = (0,%1,...,0) (5.8)
(5.9)
—)in = (0, 0’ ';il) (510)



(The choice of basis and notation was also described in Section ) Therefore,
the qubit model does not allow arbitrarily high charges at any given lattice site.
For example, we cannot create a local state with charge Q= (Q,0,...,0) with
Q> 1.

However, we can compute the correlators of leading charge-Q operators in a
qubit model by spreading the charges in a small region and appealing to scaling.
This is because the long distance behaviour of the correlation functions of a
product of nearby local lattice operators can be expressed in terms of the scaling
operators defined at the fixed point. For example, let us assume that ¢L(x) is a
local lattice operator that creates a state of charge q; = (1,0,...,0). Let xy,...,xo
be spacetime points that all lie within a small distance a (of the order of lattice

scale) of some point x. We define the product of operators

PG = [ o0 (5.11)

Q
i=1
Since the local operators on the right hand side have well-defined charges ¢},
the operator ¢! (x) has the charge (j = Q71 =(Q,0,...,0).

The ideas of Wilon’s rG (see, for example, Ref. |34, Sec. 3.8]) predict that the

long-distance behaviour of the 2-point function of ®%(x) can be expressed in

terms of the scaling operators in the crr
L L _ A, ’ _
(@L(DL 5(p) = ;A,xqbl(x)cpj(y» for lx-yl>ap (512

where the sum on the right hand side is over all scaling operators ¢;, 4); which
have the same symmetry properties as the lattice operators CD(Lj(x), @f(j, respec-
tively, and A;; are some non-universal constants. In particular, the scaling
operators that contribute must have charges Q and —-Q. Since the scaling op-
erators in a crr are power-laws with the exponent related to the conformal

dimensions, the leading order behaviour of the above equation comes from the
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leading (most-relevant) charge-Q operators and is therefore given by

(‘D(Lj(x)CDL (v)) = cL ( terms that

°5 = m + ) for |x—v|>agp, (5.13)

decay faster

where ¢; is some non-universal constant that depends on the details of the
lattice operators. Therefore, we can measure conformal dimensions D(Q) by
computing the correlation function of the type given in Eq. (5.13). We show this
schematically in Fig. Now, our task is to develop a Mmc method that can do

so efficiently.
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Figure 5.1: Using the qubit model to compute conformal dimensions in the crr

5.4 Lattice Monte Carlo

One way to numerically measure the conformal dimensions of the leading
charge-Q operators is to directly measure the correlator given in Eq. (5.13), and
use finite-size scaling arguments. We can put the system in a finite box of linear
size L and fix the separation between the sources and sinks to be some fraction

a < 1 of the box size |x —y| = aL. Finite-size scaling arguments show that the
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L-dependence of the correlator must be
(q)fé(x) CD(%(}))) o« LPQ ) for|x -yl=al, and aL > ag, (5.14)

where L is the linear size of the system, and D(Q) is the conformal dimension of
the leading charge-Q operator.

In principle, any lattice model in the O(N) wr universality class can be used
to compute the correlators. For example, we might try to use the traditional
O(N) lattice model (given by Eq. (4.2)). However, such a direct measurement of
this correlator using the traditional O(N) lattice model suffers from a severe sNr
problem [28]].

To circumvent the sNr problem with the traditional model, the authors of
Ref. [28]] developed a method to reliably extract the conformal dimensions for

the O(4) wr crT by computing the difference

A(Q)=D(Q+1)-D(Q). (5.15)

using a qubit O(4) model in the worldline formulation with worm algorithmes.
In this work, we generalize the model and techniques of Ref. [28] to the O(N)

model.

5.4.1 Worldine formulation

We begin by recalling the partition function of the worldline O(2n) qubit model

Eq. (4.30),
Zo= ZW[C], (5.16)

where the sum is over oriented, closed, worldline configurations of n colors.

The weights of the configuration W[C] are given by the product of local weights
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of each bonds. We choose the temporal and spatial bonds to have the same
weight, which gives a spacetime lattice model with manifest symmetry between
space and time. If we denote the weight of each bond by J, then this model
has a second-order critical point | =], for N = 2,4, 6, 8. This critical point was
precisely located in Section

To compute the correlators given in Eq. (5.14), we would like to develop a
worm algorithm which works in sectors with fixed charge sources and sinks. We

define a partition function in the charge-Q sector,
Zg=) WICo] (5.17)
Ca

where the sum is now over worldline configurations C that have Q sources at
the time slice t = 0 in a small region around ¥ = 0, and Q sinks of the same type
at the time slice t = L/2 in an identical configuration in space.

As mentioned before, if the linear size of the spatial region occupied by sources
and sinks is ag, then the long-distance physics of the cFr in the charge-Q sector
emerges at length scales [ > ag. Therefore, we would like to keep ag as small
as possible, although the exact placement of the charges inside this region does
not matter. We describe our choice of the charge placement in Fig. where
the numbers show the order in which the charges are placed as we increase the
total charge Q. We do not place a charge at the center, since we use that for the
‘measurement’ update, as described below in Section An illustration of a
configuration that contributes to Z is shown in Fig.

To describe an algorithm that can measure A(Q), we also define a partition
function in the (Q+ 1) sector. Let ngl) be a partition function with Q+1 sources
and sinks defined as follows. We take Zgitl) to be the sum over configurations
where the first Q sources and sinks are placed exactly as Z,, but we have an
additional source at the origin (X, t) = (6, 0), and a sink at an arbitrary spacetime

site (¥, t). Now, we define an observable which is the ratio of partition functions
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Figure 5.2: Placement of the ‘red’ sources at the t = 0 and t = L/2 temporal slices.
The numbers show the order in which the sources are placed as we
increase the total charge Q. We choose the configuration to ensure
that the spread (linear size ag) is as small as possible. The central
site X = 0 is kept empty for the measurement update, as described in

Section m
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Y

Figure 5.3: A typical worldline configuration for the O(6) model with three
colors, and two green sources and sinks. The open circles indicate
sources, and the filled squares indicate sinks. The source site at the
center (thick open circle) is used in the measurement update, as
described in the text.
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in the charge-(Q + 1) and charge-Q sectors,

(0,L/2)
Zom (L)
Q+1
Rp(L)= &L 7 5.18
¢ Zo(L) (5.18)
The discussion leading up to Eq. (5.14) also implies that
(0,L/2)
ZQ+1 + = —
ZO OC<¢Q+1(OIL/2) ¢Q+1(0:0)>+"', and (519)
Zq N a
- o< (dq(0,L/2) §o(0,0)) +---. (5.20)
0

Therefore, the ratio R must fall off as a powerlaw with the exponent A(Q) =

D(Q+1)_D(Q)/
Rp(L) = cL72AQ) 4 (higher order terms), (5.21)

where c is a non-universal constant. Now we can develop a worm algorithm to
measure the observable Rp(L). There are two components to the worm algorithm
in this work. The first is to generate configurations in Zp, and the second is to
measure the observable Ry defined in Eq. . We show the structure of the
algorithm schematically in Fig.

Note that, for simplicity, we have fixed the outgoing bonds at sources and
the incoming bonds at the sinks. Also, this model does not allow loops to be
turn back onto themselves. In this respect, this model is different from the one
considered in Ref. [28] for the O(4) model. Such details are not expected to
matter at criticality, and indeed we are able to verify and reproduce the results

of Ref. 28] for the O(4) model, which is reassuring.
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Measurement sector Worm sector

Figure 5.4: Worm algorithm for the extraction of conformal dimensions.

5.4.2 Worm algorithm: sampling Z

Fortunately, configurations in Z; can be updated by using a simple extension
of the worm algorithm that we described in Section The only difference
from the older worm algorithm is the existence of fixed sources and sinks in
the configurations. We can easily accommodate this by slightly modifying the
local updates listed Section such that if the worm head proposes a move
that would modify the local configuration corresponding to a fixed source or a
sink, then we just reject that proposal. This allows us to update configurations
while keeping the source and sink configurations intact. In all other respects,

the algorithm in the worm sector behaves identically to Section [4.4.2]

5.4.3 Worm algorithm: measuring the conformal dimensions

To measure the observable Ry(L), we define a new partition function ZQ

- (xrt)
Zo=Zo+) Zoh (5.22)
(%)
where the sum is over all spacetime sites (x, t) of the lattice.
The advantage of this construction is that again we can use a specialized worm
algorithm to sample configurations in the partition function Z. To do so, we

begin the worm update for this sector by introducing a worm head and tail at
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the site (0,0), which was left empty for placement of configurations in Z, (see
Fig.[5.2). Now, as the worm head moves, the algorithm samples configurations
in) Zgll. Whenever the worm head hits the site (¥, t) = (0,L/2), we count it as
a configuration in Zgjfi/z). Let the number of such configurations encountered

within the ith measurement update be given by r;. Then the average value of

the observable r gives us exactly Rp:

ri+--+r N Z(O’L/z)
1 NQ) Q00 0+1
- R (5.23)
Qy
( Ng Zq

where N is the total number of configurations generated in Z,.

5.5 Results

In Fig. we show the power law fits for N = 2,4, 6,8 for small charges for
illustration. We perform these fits up to Q = 10. The exponent in each of these

fits gives A(Q) and the conformal dimension D(Q) is then computed using
D(Q)=A(Q)+A(Q—-1)+---+A(0). (5.24)

With the sources, there is an independent way of computing the critical exponent
1 that provides a self-consistency check.

Having extracted the conformal dimensions, we can now extract Lecs in the
large-charge et using the predicted form in Eq. (5.4). We show the fits in
Figure where we plot D(Q)/Q%? as a function of Q. For large Q, Eq.
predicts that this must saturate to the value c3/,, which can thus be extracted
quite precisely. However, the subleading LEc cy/; is harder to extract.

Finally, in Fig. we show the comparison with large-charge and large-
N analytic predictions. We find that the analytic large-N prediction for the
leading coupling is quite impressive, even at N = 6 . The prediction for the
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Figure 5.5: Extraction of the conformal dimensions for charged operators for
Q=0,---,4 to illustrate the quality of the fits.

subleading coupling c;/, also is well within the errors for N = 6, 8, although the
errors are significantly larger as well. Even so, the large-N prediction that the
leading coupling c3,, decreases with higher N, while the subleading coupling

c1/; increases with N is unmistakably confirmed using the lattice calculations.

5.6 Conclusions

The motivation of this work was to push a combined lattice mc and large-charge
EFT approach forward, and develop techniques for the O(N) nonlinear model,
extending the previous work in this spirit (for N = 2,4) [27, [28]], and to test
the recent analytic predictions of Ref. [31]], where the authors computed the
LECS 3, and ¢y, from a combined large-charge and large-N limit. In this work,
by using the qubit O(N) model in the worldline formulation with an efficient
worm algorithm, we could compute the conformal dimensions of large-charge
operators up to Q = 10 for N = 2,4,6,8. While we hoped to push this qubit

model for N > 10 as well, we found that higher N qubit models seem to require
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Figure 5.6: Extraction of the large-charge err coefficients from Q =1,---,20.
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Figure 5.7: Comparison with the combined large-charge and large-N predictions
of Ref. [31]. We find that the c;/, prediction is in excellent agreement
with MC for N > 6. However, the subleading coefficient c,,,, while
within errors, seems to be in slight tension.
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larger volumes to achieve criticality, which is limited by computational resources.
It would be interesting to systematically explore this.

We fitted the conformal dimensions to the form predicted by the err and
extracted the Lecs directly. We find that the leading coupling c3/, has extremely
good agreement with the large-N prediction already at N = 8. However, the
extraction of the subleading coupling c/; is less precise. So while it is harder
to say how well the large-N predictions work for the subleading coupling, they
seem to be consistent within the precision achieved in this study. It is amusing
to note that the authors of Ref. [31] note a small “puzzle” about the product of
couplings c3/,c1/, that could be resolved with lattice Mmc computations provided
we can reduce the errors on ¢y /,. But it seems this will have to be addressed in a
future publication.

Another interesting feature of the large-charge ert is that the coupling ¢ of
the Q° term in the large-charge expansion for D(Q) is analytically predicted
to be universal with the value ¢y = -0.0937..., independent of N. It would be
very interesting to extract this coupling directly from a lattice Mc computation.
However, since this is a next-to-next-to-leading-order coupling, the precision
required to extract it confidently seems beyond the reach of the current method.
A different way should be devised for this.

In Ref. [27], the authors also provided predictions for the subleading repre-
sentations for the O(4) model as well. Our approach of using qubit models with
worm algorithms can be extended to cover such cases as well, and the results of

that will be published elsewhere.
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Chapter 6

Few-body physics of contact
interactions

We study a system of two species of non-relativistic fermions with delta-function
interactions using a worm algorithm in a worldline formulation. In one spatial
dimension, we find that the worm algorithm works extremely well across a wide
range of mass-imbalances, interaction strengths and particle numbers. The re-
sults from the worm algorithm uncover issues with a recent Complex-Langevin
approach to such systems. Our technique shows promise for application to the,

much harder, case of three-dimensional systems.

6.1 Introduction

Theories of particles interacting with short-ranged contact interactions fre-
quently arise as erts of strongly coupled physical systems. In nuclear physics,
pionless erT [56] has been successfully used to study systems in the few-nucleon
sector. They are being explored in astroparticle physics to predict universal
properties of dark matter candidates such as axions [57] and to look for signa-
tures of bound states of dark matter [58},/59]. In condensed matter physics, the
unitary Fermi gas offers an example of a system of theoretical and experimental
interest [60]. Such models have also extensively been used to describe electrons
in metals [61}|62].

Most of the applications in particle and astroparticle physics of such errs focus
on the few-body regime. However, even in this regime, analytic calculations
become intractable as the number of particles increases, except in cases with
extra symmetries [63}, 64]]. The applicability of perturbation theory is limited

in many cases of interest. For example, in nuclear physics, we are interested
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in bound states of nuclei, which are inherently non-perturbative systems. We
perform analytic computations in the two-body sector (such as the deuteron),
and even three-body sectors (such as helium-3, triton) to some degree. Beyond
that however, we must supplement the grT calculations with non-perturbative
numerical techniques.

Lattice Mmc methods offer a powerful nonperturbative method to compute
obsvervables in such systems, provided that the sign problem can be controlled.
However, most state-of-the-art studies are based on auxiliary field quantum
Monte Carlo (aAremc) methods [65, 66, |67, |68, 69], which suffers from sign
problems for repulsive interactions in many cases. It is desirable to look for
alternative formulations and algorithms that might solve the sign problem, at
least in the few-body sectors.

An excellent testing ground for new techniques is offered by systems in one
spatial dimension. Recently, there has been tremendous progress in experimen-
tal techniques to confine ultracold gases in optical traps [70]], which has made it
possible to study one-dimensional systems experimentally.

Motivated by this, we study a system of two species of mass-imbalanced
fermions in one spatial dimensions with a delta-function interaction, given by

the continuum Hamiltonian

N

H= [ax-) oyl By g wlorvlw | (61
o=tL 7

This is typically the leading-order Hamiltonian in the contact Errs mentioned

above. Recently, the authors of Ref. [32]] used the Complex Langevin (cr) ap-

proach for this system to avoid the sign problem for repulsive interactions.
However, in one spatial dimension, the sign problem can also be solved using

a worldline formulation [71}|72] under certain conditions. Motivated by this,

we construct a general worldline approach to study the physics of hard-core

bosons in the few-body sector in arbitrary dimensions. Since in this approach
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fermions effectively become hard-core bosons up to boundary effects, we can
use this method to study fermions as well.

Interestingly, we find that our worm algorithm results disagree with the cL
results of Ref. [32] for stronger repulsive couplings. To resolve this discrepancy,
we compare with perturbation theory and exact solutions from Bethe ansatz,
when available. We find that the other techniques confirm the results of the
worm algorithm, and the ‘flattening’ of the ground state energy as a function of
the coupling observed by Ref. [32] is an artifact of the cL method.

This chapter is organized as follows. In Section we discuss the lattice
Hamiltonian formulation of two species of hard-core bosons with a contact inter-
action. In Section we construct the worldline formulation of the problem on
a space-time lattice and provide details of our worm algorithm in Section In
Section we discuss how we can study fermions by measuring the fermionic
permutation sign. In Section we present our results for fermions in one
spatial dimension and consider two cases: the mass-balanced case and the mass-
imbalanced case. In the mass-balanced case, we show that our results are in
agreement with the exact results obtained using the Bethe ansatz. We also show
that in both cases the flattening of the ground state-energy observed in the cL
calculations is absent in our approach.

This chapter is based on work published in Refs. [73}74].

6.2 The continuum model and a lattice
discretization

In this section, we describe a simple continuum four-fermion Hamiltonian
and motivate a lattice model from it. Instead of fermions, however, we define
our lattice model in terms of hard-core bosons, which obey the Pauli exclusion

principle at each lattice site, but have bosonic statistics. Such objects are well-
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defined on the lattice. Formulating the problem in terms of hard-core bosons
will be useful to isolate the sign problem in a worldline formulation. In fact,
we will see that in d = 1 spatial dimensions, rewriting the original fermionic
Hamiltonian in such a way solves the sign problem for many cases of interest.
Let ¢, be a non-relativistic fermionic field of ‘species’ ¢, say o =T (spin up) or
o =| (spin down), and mass m,. In the continuum, we write down a Hamiltonian

with a two-body delta-function interaction between the two species,

d2
Ho== ) oo | wloof 5 ot (62
o=",1 g
Hin =g [ 91009100 {31 0, (6.3)

in #i=1 units.
We would like to study a lattice discretization of the above Hamiltonian (6.3).

To do so, we consider a d-dimensional spatial lattice of extent L (in lattice units)

.l.

in each direction. We define bosonic creation and annihilation operators €; ;€

i,0

for bosons of species o at site i. The lattice Hamiltonian is

U

+ + +

H=- Z to (Ci,aciﬂi,a + Ci+c%,oci,0 - 2Ci,aci,0) + a_d Z Ni;TNi,l’ (64)
i

1,4,0

where the index i runs over all sites in the lattice, and & unit vectors in each

direction. We also define particle number operators at each site as N; , = c:-r oCio
Since a naive continuum limit of the first term (two-fermion operators) gives
the kinetic term in Eq. (6.3, we identify the hopping parameter ¢, as being

related to the mass m, of the particles,
ty, =1/(2mya?), (6.5)

where a is the lattice spacing. The coupling U determines the interaction

strength.
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Our goal in this work is to compute the ground-state energy EJQ’T'Ni of the
Hamiltonian in the subspace with particle numbers Ny and N|. We will do this

by computing the energy

(E) = Zi Tr( H e_’gHI‘) (6.6)
7

at very low temperature (f — o). In the above, we have defined a modified

lattice Hamiltonian,
Hﬂ =H - ZIMUNG,il (6.7)
1,0

with chemical potentials y, for the two particle species, and the partition func-

tion
= Tr(e—ﬁHv) (6.8)

to define the expectation value. We can see that if we compute the trace in a
fixed particle-number sector, the chemical potential drops in the expectation
value and we get (E) = Eﬁ’r N, in the § — oo limit. Therefore, we must develop a

technique to compute (E) for large p.

6.3 Worldline formulation

The construction of a worldline representation for a general nearest-neighbor
Hamiltonian is described in We split the Hamiltonian as HH =HY +H® 4

sum of a diagonal term (in the occupation number basis)and a hopping term,

83



o o Wi ° Wi—e

Wy W

o o WL é Wih—e

T
T W S

® Wh : Wh ®
W W,

o Wl Whi—e Wi

® ® WE e WL e

Figure 6.1: An illustration of a worldline configuration C with Ny =1and N| = 1.
The dots represent space-time lattice sites and the bold solid lines
show the worldlines of the two particles. The interaction between
the particles is shown as a wiggly temporal bond. The Boltzmann
weights associated with lattice sites containing particles are also
shown. (Figure reproduced from Ref. [74].)

where

H(l) = Z(2dta —Us )Na,i + UNT,iNl,il (69)
i,0
H(Z) == Z tU(C;'l:aCi+d,0 T C;'I_+02,aci,cr)' (6'10)
i,d,0

Following the steps in the construction described in Chapter [3|and Section [4.4.1]
we end up with a rewriting of the partition function as a sum over worldline

configurations,

ZF:ZQ(C), (6.11)

C

where ()(C) is the weight of each worldline configuration C.

We show an illustration of a typical configuration in Fig. onal+1 di-
mensional spacetime lattice. Each configuration consists of closed worldline
loops of two types, corresponding to the two species of particles. We represent

them as red and blue worldlines. Worldlines of a given type cannot intersect
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themselves, since that would violate the hardcore constraint. Therefore, we
imagine that worldlines of different colors live on different layers of the lattice.
On a given layer, all possible non intersecting (possibly disconnected) closed
worldline spacetime loops are allowed.

To compute the weight ()(C) of a configuration C, we first define local weights
WH(C) at each lattice site (i,t). The weight of the configuration is the product

of these local weights at each lattice site,
Q(C) = ]_[ wid ). (6.12)
it

The local weights W("*) depend on the worldline configuration at the site (i, t).
The allowed configurations at a site for each particle species are shown in Fig.

If there is no worldline passing through a site, we define the weight of the site

wo =1. (6.13)

e

If a worldline passes through a site, we define the weight of the site to depend
only on the outgoing bond, that is, the direction in which the particle leaves that

site. If the particle leaves in the temporal direction, we assign a weight
Wy, = exp (- £(2dt, — i) ). (6.14)
If, however, the particles hops to a neighboring spatial site, we assign a weight
WY = tye. (6.15)

Finally, we take the interactions into account by looking at the two layers. If
two particles hop forward in time at the same site (that is, if there are any

overlapping outgoing bonds among the two layers), we multiply the local weight
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W; =exp(-€U). (6.16)

With the above assignments for the local weights, we see that the weight of a

full configuration can be written as
QC) = (WM WA W W Py, (6.17)

where Lt is the number of lattice sites in the temporal direction, N, is the
number of o-particles in the configuration C, ny is the number of spatial hops
and n; is the number of interacting temporal bonds.

We note that even though the spacetime worldline formulation allows purely
spatial loops (with no temporal hops), such configurations are highly suppressed

for small ¢ and do not contribute in the ¢ — 0 limit.

Figure 6.2: The allowed worldline configurations C on a 1+1 dimensional space-
time lattice site for one particle species. Using the weights defined
in Egs. (6.15) to (6.16)), the weights of the configurations from left
to right are (top row) 1, W,,, W,,,, (middle row) W, W;,, W,,,, (bottom
row) Wy, Wy,. In addition to these weights if both layers have the
weight W,, we multiply the product with W;. (Figure reproduced
from Ref. [74].)
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6.3.1 Observables

Several interesting observables can easily be expressed in the worldline formula-
tion. In this work, we focus on two main observables. The first is the expectation
value of the energy, which can be expressed in the worldline formulation, correct

up to O(e) as
1
(Ey=—=—) E(C)Q(C) (6.18)
Zy ;

where we define the energy of a worldline configuration E(C),

Ee)=u™O, Z[— nZﬁ(C) + 2dtUNG(C)]. (6.19)

o

This expression for E(C) can be derived from Eq. (6.17) by noting that Z =
2cQ(C)

1 dQ(C)
(E) = ZZ— (6.20)
and the f derivative of the configuration weight ()(C) is itself proportional to

the weight,
——— =E(C)Q(C). (6.21)

Therefore, we may interpret the proportionality factor E(C) as the energy of a
configuration.

We can also easily measure the average particle number (N, ) for each species,
since each worldline configuration C has a well-defined particle number N (C).
The particle number N, (C) can be measured by considering any time slice and

counting the number of worldlines passing through it, with orientation. Thus,
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we can write

(Ng)=— ) Ny(0)Q(0). (6.22)

=
Q

6.4 Worm algorithm

Fortunately, it is well known how to construct worm algorithms to sample
worldline configurations of the type shown in Fig.|6.1|[75}76|. Such an algorithm
was also proposed for the eight-vertex model in Ref. [77]. In this work, we use
an extension of that algorithm. Let us describe the algorithm in some detail.

For convenience in describing the worm algorithm, we imagine that each
particle species lives in a different ‘layer.” During a worm update, we select a
layer and perform a worm update on that layer, while keeping the other layers
fixed. Once the worm update on a given layer is complete, we then move to the
next layer and repeat this process until we have updated all the layers. While in
this work we consider only two particle species, and hence only two layers, it is
very easy to accommodate any number of layers.

We begin a worm update on a given layer by picking a spacetime site at
random. At this site, we introduce a particle creation/annihilation event in the
lattice. We shall refer to configurations with a single particle/annihilation event
as worm configurations. We label the particle creation event as the worm head,
and the particle annihilation event as the worm tail. Though the worm update
begins with the worm head and tail at the same site, we perform local updates
to move the worm head around. All the local updates satisfy detailed balance
(see Section . As the worm head moves, it modifies the local configurations.
Finally, when the worm head meets the worm tail, the worm “closes” — that is,
the worm update for this layer ends. We then repeat this update for the next

layer.
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To specify the worm algorithm, we must discuss: (i) what the local updates
are for the worm head, and (ii) how to choose probabilities for each move such

that detailed balance is satisfied. We do this in turn.

6.4.1 Local updates

We discussed the possible local configurations in Fig. where we show all
possible combinations of incoming and outgoing bonds at each lattice site, on
a given layer. However, to discuss local worm updates, we also include the
information about the location of the worm head in the diagrams for local con-
figurations. For example, the following figure represents a local configuration
where the worm head is about to enter a filled site from the left, and the site

already has a spatial incoming bond and outgoing temporal bond:

We use this notation in all further discussion of local updates, for example in
Figs.[6.3]and To implement the worm algorithm, we divide the local updates

into two classes:

1. begin-end updates: local updates that begin or end a worm update on a

layer; and

2. move updates: local updates that move the worm head, but cannot begin

or end a worm update.

When a worm head enters a site, the local site configuration determines the local
update that is applied. Within each class above (begin-end or move updates), we
determine the collection of local site configurations that can transform into each
other within a local update. We call such a collection of local configurations an

update group.
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The detailed balance for an update group is different depending on the num-
ber of local configurations within it. We define an n-flip as an update group
with 7 local configurations. We need to work out detailed balance for various #,

which we do in Section But first we must enumerate all the update groups.

Begin-end updates

Let us consider the begin-end updates first. All the update groups fora1+1
dimensional lattice are shown in Fig. When the worm update begins, we
visualize it as a worm head entering the site from the center.

When the worm update begins, there are only two possibilities: either the
worm enters on a filled site, or on an empty site. When the worm enters a filled
site, it deletes the incoming bond at the site and moves the worm head to the
nearest neighbor in the direction of the incoming bond. For example, if the local
configuration has an incoming spatial bond, and an outgoing temporal bond,

then we perform the following update:

Since all local updates must satisfy detailed balance, we must also allow for the
reverse to happen. This occurs when the worm head enters a site which has the
worm tail. These two pairs of configurations can therefore transform into each
other under local updates. There are other similar 2-flips that can occur, and we
enumerate all of them in Fig.[6.3|a).

If, however, the worm update begins on an empty site, then it can create
an outgoing bond in any of the 24 spatial directions, or an outgoing bond in
the forward temporal direction. This gives us a (2d + 2)-flip. In d = 1 spatial
dimensions, we get the 4-flip shown in Fig.[6.3(b).
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(b)

Figure 6.3: The eight update groups corresponding to begin-end n-flipsin 1 +
1 dimensions, classified by n (how many local configurations can
transform into each other), and where the worm update begins: (a)
2-flip, begins on a site with an existing particle, or (b) 4-flip, on an
empty site. The small arrow in each local configuration depicts the
direction of an incoming worm. The outgoing worm direction can be
obtained by reversing this arrow. (Figure reproduced from Ref. [|74].)

Move updates

Between the begin-end updates, we use move updates to move the worm head
through the spacetime lattice. All the local update groups for move updates in
1 +1 spatial dimensions are shown in Fig. We have n-flips with n =2, 3 or 4.

The 2-flips involve the situation where the worm head enters a filled site
through an empty bond. In such cases, the worm head creates an incoming
bond as it comes in, deletes the existing incoming bond and moves out of the
site in the direction of the pre-existing incoming bond. There are several local
configurations where this type of an update can happen, and all of them are
shown in Fig.[6.4(a) for a 1 + 1 dimensional lattice.

Then there are cases when the worm head enters either an empty site, or it
enters a filled site by deleting an outgoing bond. These can lead to (2d + 1)-flips
or (2d + 2)-flips, depending on the direction through which the worm head
enters. For example, in 1 + 1 dimensions, these correspond to the 3-flips and

4-flips shown in Fig.[6.4(b) and (c), respectively.
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Figure 6.4: Local worm updates in 1 + 1 dimensions when (a) the worm enters a
site which already contains a particle worldline; (b) the worm enters
an empty site along the spatial direction; or (c) the worm enters an
empty site along the forward time direction. (Figure reproduced
from Ref. [74].)

6.4.2 Detailed balance

As discussed above, a worm algorithm works by moving the worm head around
using local updates which must satisfy detailed balance. An n-flip has n local
configurations that can transform into each other. Let us denote the local config-
urations in an n-flip by Cy,C,,..., C,, with weights W, W,,..., W,,, respectively.
Let the transition probability to go to C; from C; be given by B;;, where P is the

n x n transition matrix. Detailed balance within an n-flip requires

P]1W1:Pl]W] for all i,j:1,...,n. (623)

where no summation over repeated indices is implied.

To have an efficient algorithm which quickly generates uncorrelated config-
urations, an important heuristic is to minimize “bounces” [78]. A bounce is
when during a local update the local configuration does not change. In terms of

our picture of a worm entering a site, this would mean that the worm head just
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bounces back, and goes back into the previous site.
In our (d + 1) dimensional model, we encounter n-flips with n = 2, (2d + 1)
and (2d + 2). For d =1 spatial dimensions, this means we need to work out the

detailed balance for n = 2, 3 and 4 flips. We do this one by one.

n-flips with n =2

Looking at all the 2-flips shown in Figs.[6.3]and we see that the outgoing
bond never changes. Since we define the weight of a local configuration to be
the weight of the outgoing bond, the local weights W, and W, are identical. The

detailed balance equation,

P21 Wl = P12W2, (624)

implies P,y = P;,. Therefore, we can completely eliminate bounces by choosing
P, = P,; = 1. The local update in this case simply toggles between the two con-
figurations with probability one. The local update for 2-flips can be represented

by the following directed graph and transition matrix:

P,=1 1 0
o= e
0 1
Py =1

n-flips with n =3

For update groups with more than two configurations, such as the 3-flips shown
in Fig.[6.4(b), we have to work slightly harder to make sure that detailed balance
is satisfied and that bounces are minimized. We can show that it is possible to
eliminate bounces in our model, at least in the £ — 0 limit.

Let us assume we have three configurations Cy, C,, C; with weights W;, W,, W3,

respectively. Let Wy be the largest of the weights, without loss of generality. We
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consider two cases.

* Casel: Wy < W, + Wj;
In this case, bounces can be eliminated for or arbitrary temporal spacing ¢.
To assign the transition probabilities, let W = W; + W, + W; be the sum of
all the weights, and let

= ) — %W. (6.26)

Q;; .
b= W, for i#j, and (6.27)
pj=0 for i=j. (6.28)

The last equation above implies that bounces will never happen. We can
see that the assignments in Eq. (6.28) are well-defined probabilities since
they are positive semi-definite p;i>0 foralli,j =1,2,3, and sum to one:

)_; Pji = 1. We can represent this by the following transition matrix:

P=|% o O» (6.29)

e Case II: Wy > W, + W3 In this case, we can not avoid the bounce generally.

However, we can choose the transition probabilities such that the bounce
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is eliminated in the ¢ — 0 limit. We choose the following transition matrix:

1 _ W2+W3 % W3

W, W, W,
P= 1 0 0 (6.30)
1 0 0

We can see that the largest weight configuration C; can bounce. However,

let us consider, for example, one of the 3-flips shown in Fig.

3

which have weights
Wy=1, W,=e @t Wy=t e (6.31)

In the ¢ — 0 limit, W;, W, — 1 and W5 — 0. This implies that the bounce
probability goes to zero. If W is the largest weight,

Wt Ws

Py=1-
11 Wl

(6.32)

Essentially, in the ¢ — 0 limit, the 3-flip reduces to a 2-flip, since the

configurations with outgoing spatial bonds are extremely unlikely.

n-flips with n > 3

In our work, we encounter n-flips with n > 3 having the property that the
weights of (1 —2) configurations are identical. Therefore, we can just generalize
the 3-flips to include this case by grouping those (n — 2) configurations into a

single configuration.
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For example, consider the 4-flips shown in Fig.[6.3|or Fig. In both cases,

the weights of the configurations are
Wi=1, W=W,, W;=Ws=W, (6.33)

where the last two both contain an outgoing spatial bond. Here we only have
two configurations with an outgoing spatial bond because we are in 1 +1 dimen-
sions. Generally, for the d + 1 dimensional system, we will have out 2d such

configurations with same the weight,
Wi=W, W,=W, W3=Wy=--=Wy; ,=W,. (6.34)
We define a configuration X with the weight
Wx =Wz+---+W,_, =(n-2)W;. (6.35)

Now we have three configurations: 1, 2 and X, and we can use the detailed

balance described in the previous section for 3-flips.

6.5 Fermions and sign problems

Our model is defined with hard-core bosons. However, if we define our model
with fermions instead, the derivation of Section [6.3|will go through identically
and again give us a worldline representation with a sum over worldline configu-
rations of the same type. The only difference will come from an additional sign
from the permutation of fermionic worldlines. The fermionic partition function

is

zf = ZS(C)Q(C), (6.36)



where S(C) is the sign associated with configuration C, and ((C) is the same
weight of a configuration of hardcore bosons that we defined earlier. Further,

this can be expressed in terms of the bosonic partition function Z as

zf =

2 ¢ S(C)Q(C)
;Q(C))—ZCQ(C) (6.37)

=Z{5(C))c (6.38)

where (:--)¢ represents expectation values computed in the worldline representa-
tion of Z. Any other observable O in the fermionic theory can also be computed

by sampling the bosonic system,

_ Le0@s(00()
=Ty 500 (6:39)

_ (05

" SO0 (6:4)

Even though we can compute the fermionic observables this way in principle,
it is a priori not clear whether this will be an efficient way of doing so. For
example, let us consider the computation of the ground state energy of the

fermonic system Ef. This can be extracted by looking at the average sign
(S(C))e = —- (6.41)

In the large § limit, only the respective ground state contributes to each of the

partition functions and hence the average sign is
(S(C))e = e~PE/-Eo) 4 (higher excited states). (6.42)

Since we can directly measure the average sign (S) and the bosonic energy (E)
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in our worldline representation, we can a fermionic energy observable (E/)
1
(Ef)=(E) =5 1In((S)), (6.43)

which gives us the ground state energy of the fermionic system in the f§ — oo

limit,
£0 . f
ENTxNL = /}I—{{;(E ). (6.44)

However, note that Eq. (6.42)) implies that the sign observable decays exponen-
tially in § as we make g large. Therefore, the fermionic energy observable (6.43)
can have a severe sNR problem. We comment on this for this problem for systems

in one spatial dimensions.

6.5.1 1+1 dimensional systems

In one spatial dimensions, the worldline approach leads to a solution of the
sign problem [71]]. This is because, in one spatial dimension with only nearest
neighbor hops, the particle worldlines cannot cross each other. So the only
fermionic permutations that are allowed are cyclic permutations. An example is
shown in Fig. For a system with periodic boundary conditions, we can write

down the sign of a configuration from a cyclic permutation as
S(C) = (=1)LoNeO-DNZ(C), (6.45)

where the winding number NJ is the number of times worldlines of o-type par-
ticles wind around the periodic box. We can immediately see that, in particular,
if Ny and N| are both odd, then S(C) = 1. Moreover, in a trapping potential or
with open boundary conditions, the fermions cannot wind around the box, so

N7 just vanishes. Again, the sign problem is solved.
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We see that in all these cases, fermions and hardcore bosons are completely
equivalent. However, this does not work for systems with spatial dimensions
d > 1. The fermions have enough room to just wind around each other, and the

fermionic sign problem returns.

¢ Sign=+1 ¢ Sign=-1

— X — X

Figure 6.5: An illustration of how the fermionic sign arises in the worldline
formulation in one spatial dimensions. The configuration on the left
has no permutation of the worldline configurations and hence no
sign. In the right figure, one of the particle worldlines wraps around
the edge of the periodic box causing all the fermions to shift to the
right by one position. This is an odd permutation, which gives a
negative sign. (Figure reproduced from Ref. [73].)

6.6 One-dimensional systems

In this section, we use our methods to compute the ground state energies for two
species of hardcore bosons in 1 + 1 dimensions, for a wide range of interaction
strengths and mass-imbalances. As discussed in Section[6.5.1} in 1+1 dimensions,
hardcore bosons are exactly equivalent to fermions in many cases of interest.
Therefore, all of the results in this section are valid for a system of fermions as
well without any changes. In cases where we can check against exact solutions
or perturbation theory, we do so and find excellent agreement. However, we find
that our method works well even in parameter regimes where other methods
fail.

We keep a fixed box size of Ly = 40 (lattice units) and use periodic boundary

conditions. We will work with only an odd number of particles of each type, in
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which case hardcore bosons and fermions are completely equivalent.

We work in sectors of fixed particle number of each type. Let the total number
of particles be N = N3 + N|, where N; and N| denote the number of spin-T and
spin-| particles, respectively. The particle-number density is n = N/Lyx. We

define the average mass m and the mass-imbalance parameter 7 as

_mT+mi mT—mi

7 = (6.46)

" 2 my+my’

respectively. We work in units with average mass m = 1 and the lattice spacing
a = 1. For convenient comparison with the literature, we parameterize the
interaction strength by

U

where U is the bare coupling used in the lattice model (6.4). We report all
energies in units of the corresponding one-dimensional ideal spin- and mass-

balanced Fermi-gas ground state energy Egg,

1
EFG = §N€F, (648)

where e = w2n?/8m is the Fermi energy.

Finally, we compute all energies at a fixed inverse temperature of § = 100,
which we find to be large enough for our purposes. However, it is important
to understand the dependence of the results on  carefully to perform zero-
temperature extrapolations, as is commonly done in the lattice field theory
community. However, we do perform extrapolations to continuous time (¢ — 0),

since we find that these errors tend to be large otherwise.
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6.6.1 Mass-balanced Systems

We begin by considering mass- and spin-balanced systems of Ny = N| fermions
(or, equivalently, hardcore bosons), where the particle numbers are taken to be

odd,

N;=Nj (odd), and m=0. (6.49)

This case is an excellent testing ground for our technique for a wide range of
couplings since the model can be exactly solved using the Bethe ansatz. This is
especially important for the strong coupling regime. After briefly discussing the
exact solution, we do a comparison with our Monte Carlo technique and find

excellent agreement.

Exact solution using the Bethe ansatz

The continuum model for mass-balanced fermions in 1 + 1 dimensions and
positive coupling (g > 0) was one of the first models to be solved using Bethe
ansatz. For this reason, it is also known as the Gaudin-Yang model after the
authors of Refs. |79, 80]. The exact solution was also extended to the lattice
model with 7 = 0, which is also called the Hubbard model [81].

For repulsive couplings, we can obtain exact ground state energies by a nu-
merical solution of the Bethe ansatz equations, both for the continuum and
lattice models. For attractive couplings g < 0, the continuum model is unsta-
ble. But the lattice model in a finite box is well-defined. We can compute the
ground state energy for the attractive lattice model by performing a particle-hole
transformation on the system, as discussed below.

To solve for the ground state using the Bethe ansatz, let us assume that we have
N| = M spin-down fermions, and Ny = N — M spin-up fermions with identical

masses. We choose the hopping parameters to be t; = t| = t, and we take the
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coupling to be repulsive, U > 0. Let P = (py,...,pn) and A = (Aq,..., A1) be
two collections of ascending real numbers, which are to be determined. In this
subsection, the index i runs over {1,..., N} and the index A runs over {1,..., M}.
Nested Bethe ansatz yields the following N + M coupled non-linear equations in

the N + M variables P, A:

M
27l; = Lyp; — Z@(2sinpi —21,), fori=1,...,.N,  (6.50)

a=1

4

M
27t], :ZQ(/\Q—/\/g)—26(2/\0(—23inpi), fora=1,...,M, (6.51)
p=1 i=1

where
2pt
0(p) = —2tan"! (%) € [-m, ), (6.52)

and I;, ], are specific integers (or half-odd integers) for N, M even (or odd) that
uniquely label the energy eigenstates. Once we choose values for I;,],, we
can numerically solve the above equations for p;,A,. The energy eigenvalue

corresponding to this choice of I;, ], is then given by

N
E =2t Z(l —cos(p;)). (6.53)
i=1
The ground state corresponds to the choice

1
Il-:—E(N+1)+i fori=1,...,N ,and (6.54)

1
Ja=-5M+1)+a fora=1,...,M. (6.55)

Finally, the ground state for the attractive Hubbard model (with U < 0) can be
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obtained from the solution of the U > 0 ground state using the relation,

E¢(N3, N}, U) = Eo(Ny, L= N|,—U) + UN; — 2t (L - 2N)). (6.56)

which can be derived by using a particle-hole transformation on one of the spins.

Results

We show our results for mass-balanced fermions in Fig. for Ny =N| =5,
over a wide range of repulsive couplings. The plot on the left shows the range
of couplings y € (0.0,3.0), while the plot on the right shows the larger range
y €(0.0,8.0).

The exact ground state energy from the Bethe ansatz is shown as a blue dashed
line labeled “Bethe ansatz.” We also show results from perturbation theory up
to second order. For couplings ¥ > 3 (shown in the plot on the right), the model
becomes quite non-perturbative, as the first and second-order corrections must
undergo large cancellations to give the correct Bethe ansatz value. The results
from our method are labelled “Worm algorithm,” and are shown as red dots.
We see that our method reproduces the exact Bethe ansatz results for the entire
range of couplings. For these results, we found p = 100 to be sufficient, but did
extrapolate to continuous time ¢ — 0.

For comparison, we also show the recent ct results from Ref. [32]. We observe
that the cL method works quite well in the perturbative regime, but starts to
deviate from the exact results when y > 2.5.

In the left plot of Fig. we show a comparison between the worm algorithm
and the exact results in both the lattice model and the continuum limit. As can
be seen, the worm algorithm results show a slight discrepancy from the lattice
Bethe ansatz results. This small discrepancy is due to  being finite. This is
shown in the plot on the right, where we pick the point y = 6.2, and perform

Mc calculations at larger and larger . We mark both the continuum and lattice
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results for the 1/(Beg) — 0 limit. As can be seen, the worm algorithm can resolve
even the small difference between the lattice and continuum results as we take

the 1/(peg) — 0 limit.

6.6.2 Mass-imbalanced Systems

Now, we move on to more general mass-imbalanced systems (with 7 = 0), where
no exact solution is known. However, as we show in this section, the worm
algorithm performs very well even in such cases.

In Fig. we show the ground state energy of a system of Ny = N| =5
fermions, with a high mass imbalance of 71 = 0.8, as a function of the coupling.
We vary the coupling across a wide range, and again compare our results with
perturbation theory up to second order, as well as to the ct results of Ref. [32].
The left plot shows a smaller range of couplings y € [0, 3.0], while the right plot
extends it to a bigger range y €[0.0,8.0].

Our algorithm shows no inefficiencies even in the mass-imbalanced case, for
the entire range of couplings. Although the exact Bethe ansatz solution does
not apply here, we do compute the energies from second-order perturbation
theory and find good agreement for small values of the coupling. As before, our
computations are performed at inverse temperature = 100.

Even though both the worm algorithm and second-order perturbation theory
agree up to y ~ 3.0, we see that the cr results start disagreeing with both methods
already beyond y > 2. In Ref. [32], the authors suggested that the ‘flattening’ in
the curve for the ground-state energy as a function y seen with the cL method,
was a genuine physical effect in the strong coupling regime. However, as we have
shown above, the cL method disagrees with the exact Bethe ansatz calculations
in the mass-balanced case, and with both the worm algorithm and second-order
perturbation theory at high mass imbalances. This strongly indicates that the

‘flattening’ observed in Ref. [32] is a artifact of the cL method.
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Figure 6.6: Plots of ground state energy as a function of y in the mass balanced
case (m = 0.0), with Ny = N| = 5. The left figure focuses on the
perturbative regime while the right figure extends it to the non-
perturbative region. The cL results shown are from [32]. Note that
they begin to disagree with exact results around y > 2.5. (Figure
reproduced from Ref. .)
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Figure 6.7: The left figure shows a comparison between the worm algorithm
results at Ly = 40, =100, ¢ —» 0, m = 0.0, Ny = N| = 5, with the
results obtained using the Bethe ansatz on a lattice with Ly = 40
and in the continuum. The f dependence of the energies plotted at
y = 6.2 in the right figure shows that the worm algorithm results are
sensitive to the small difference between the lattice and continuum.
In the fep — oo limit, we recover the exact lattice result as expected.

Next, we perform a comparison between different methods for a fixed attrac-
tive coupling, across a range of mass-imbalances. We show this comparison in
Fig. for Ny = N| = 3 fermions. The results from imaginary-mass Hybrid
Monte Carlo (raMc) and cL methods shown are from Ref. [32]. We see that 1amc
has larger errors for higher 71, while the worm algorithm has consistently small
error bars in the entire range of m. The cL results are unpublished data from
the authors of Ref. [32]. Unlike the repulsive case, these results are well in
agreement with the worm algorithm. At 7 = 0 we also show the exact result
from the Bethe ansatz. Although our results are clearly in disagreement with the

Bethe ansatz at 1 = 0, this discrepancy is entirely within the O(1/p) corrections
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(Figure reproduced from Ref. [74].)

expected from a finite temperature computation.
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Figure 6.8: Plots of ground state energy as a function of y in the high mass
imbalanced case (m = 0.8), with Ny = N| = 5. The left figure focuses
on the perturbative regime while the right figure extends it to the
non-perturbative region. The cr results shown are from [32]] and
begin to disagree with the worm algorithm around y > 2, even in the
regime where second-order perturbation theory works well. (Figure
reproduced from Ref. [74].)

6.7 Conclusions

In this work, we developed an efficient worldline approach to study few-body
physics of two species of hard-core bosons in an arbitrary dimensions. In
the worldline representation, the fermionic sign arises from permutations of
worldlines. In one spatial dimensions with nearest neighbor interactions, this
leads to a solution of the sign problem in cases where fermions can not wind
around the system. We compared our results across a range of other methods.
We noted that the recent cr results from Ref. [32] seem to be converging to
the wrong results for stronger repulsive couplings, as suspected by the authors.
Since exact results from Bethe ansatz are available for the mass-balanced case,
we were able to confirm this, and validate the worm algorithm results. While our
technique works for hardcore bosons in any dimensions, it would be interesting

to systematically explore the severity of the fermionic sign problem in higher
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Figure 6.9: Energy as a function of mass-imbalance m. Note that the lattice
model is invariant under m — —m, which implies that the curve is
quadratic in m for small values of 7. We show our data using the
worm algorithm along with the iHMC results of Ref. [32]], unpub-
lished cL data given to us by the authors of Ref. [32], and second
order perturbation theory. The apparent discrepancy at m = 0 be-
tween our results and the results from the Bethe ansatz is completely
due to finite . (Figure reproduced from Ref. [74].)

dimensions in a future publication.
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Chapter 7

Conclusions

The goal of this thesis was to study quantum field theories (Qrts) using the
idea of qubit regularization. The essence of this idea is to construct quantum
lattice Hamiltonians with a finite dimensional local Hilbert space such that the
universal physics of a given QFr emerges close to a quantum critical point, as
dictated by the ideas of Wilson’s renormalization group (rG).

A major motivation for considering such a regularization of Qrrs comes from
the excitement in the community regarding the prospect of quantum simulation
of qrrs. This has led to a search for new formulations of lattice QFrs which might
be better suited for implementation on quantum computers. Many proposals
in the literature start with a conventional lattice regularization, which might
have an infinite dimensional local Hilbert space, and then truncate it to a finite
dimensional subspace, with the aim of systematically restoring the local Hilbert
space at the end. In contrast to such proposals, in a qubit regularization we do
not explicitly restore the local Hilbert space. Rather, the existence of a quantum
critical point in the right universality class ensures that the continuum Qrr
emerges. In a sense, we let RG construct the infinite-dimensional Hilbert space
of the continuum qrr for us.

As an example of an important relativistic Qrr, we constructed a qubit model
for the O(N) nonlinear sigma model (NLsMm) in D > 3 spacetime dimensions.
Using efficient Monte Carlo (mc) algorithms we established the critical scaling
behavior of this model, and computed a few critical exponents. Upon compari-
son with existing results in the literature for the Wilson-Fisher (wr) fixed point,

we found excellent agreement. Therefore, this model lies in the expected O(N)
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wr universality class for N = 2,4,6,8 and can be used to study the O(N) wr
continuum field theory.

Having established a qubit regularization of the O(N) NnLsMm, we could now
in principle, explore quantum algorithms for simulations on digital quantum
computers. This direction is actively being pursued, such as Ref. [82].

Qubit regularizations are similar in spirit to the idea of D-theory [13} |15,
83|, which also uses quantum spin systems to construct continuum Qrts. In
particular, D-theory achieves a continuum limit of asymptotically free theories
by dimensional reduction. For example, we could use D-theory to construct
a regularization of the two-dimensional O(3) NLsMm, something that we did not
consider in this work. In our qubit regularization approach, such dimensional re-
duction might be unnecessary provided we can find the right critical point. This
possibility is very exciting, and certainly worth pursuing in a future publication.

Another major motivation for considering qubit models is that they can be
sometimes be used to circumvent the signal-to-noise ratio (sNr) problem present
in conventional approaches. Therefore, they are relevant purely from a classical
lattice mc perspective as well. In this thesis, we demonstrated this by studying
sectors of large global charge of the O(N) nLsm, which suffer from a sign problem
in the traditional model. Motivated by recent work using the “large-charge”
limit to study O(N) wr conformal field theory (crr), we computed the conformal
dimensions of leading large-charge operators. This let us explicitly compute
some low-energy constants (Lecs) in the effective field theory (ErT) description
in the large-charge limit. In particular, we were able to numerically test recent
predictions for these LEcs from a large-charge and large-N limit, and found good
agreement. It would be exciting to extend this work for several other quantities
that can be computed from the large-charge approach, especially in subleading
sectors where there are some puzzles.

Finally, we also demonstrated our methods in the case of a non-relativistic
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quantum mechanical system, where we studied the few-body physics of a sys-
tem of strongly interacting fermions in one spatial dimension. Such systems
appear ubiquitously across physics, and it is important to develop techniques
that could be extended to higher dimensions and larger particle numbers. We
demonstrated that a worm algorithm can be construced which works beautifully
in one dimension, and even uncovered some limitations of recently proposed
Complex Langevin methods for this system. We believe that it should be possi-
ble to extend this approach to higher dimensions and tame the fermionic sign
problem using ideas of exponential error reduction and fermion bags, at least in
the few-body sector.

Qubit regularizations might provide an alternative suite of methods to study
QFts. If quantum computers fulfill their promise, such ideas are likely to become
even more important. In any case, this program has yielded new results already.
Several other exciting threads are being pursued and it will be interesting to see

their resolution.
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