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Abstract
This dissertation consists of three essays on microeconomic theory and matching mar-

kets.

The first essay investigates how a social planner can allocate subsidies in a budget-

constrained matching market under incomplete information. We fully characterize robust

subsidy policies that can improve aggregate welfare relative to the observed outcome.

Rather than eliciting preferences, our approach infers the underlying information struc-

ture from observed outcomes to identify these robust policies, offering a novel method for

addressing informational constraints.

The second essay, co-authored with Atila Abdulkadiroğlu and Adam Rosen, introduces

an econometric model of rank-order choice with latent consideration sets. We provide

sufficient conditions for the point identification of both the consideration set formation

process and random utility parameters. Furthermore, we propose two estimators based on

ranking probabilities, which demonstrate favorable performance in Monte Carlo simulations.

The third essay studies a career concerns game with voluntary information disclosure.

It characterizes the optimal disclosure rule in equilibrium and analyzes its impact on the

incentive to invest in ability at the first stage.
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1. Introduction

This dissertation consists of three essays on microeconomic theory and matching.

The first essay studies how a social planner can allocate subsidies in a budget-constrained

matching market across settings that differ in the information available to the planner. Un-

der complete information, the planner fully observes match values and budget constraints.

We provide an algorithm that computes the minimal total subsidy required to implement

the welfare-maximizing matching. Under incomplete information, the planner observes the

status-quo stable matching and agents’ budget constraints, but not the underlying match

values. We characterize robust subsidy policies that improve aggregate welfare relative to

the observed outcome. Our central result provides necessary and sufficient conditions for a

subsidy to be non-distortive: for every profile of match values consistent with the observed

outcome, there exists a stable matching that is weakly welfare-improving relative to the

status quo. We then examine how the planner’s information set shapes the flexibility of de-

signing targeted subsidies. In the most restrictive environment with no information about

match values or budget constraints, a uniform subsidy emerges as the only non-distortive

policy. Rather than eliciting preferences, our approach infers the underlying information

structure from the observed outcome and identifies robust policies, providing a new method

for addressing informational constraints.

The second essay, co-authored with Atila Abdulkadiroğlu and Adam Rosen, introduces

a model of rank order choice in which each individual submits a ranking of alternatives from

an unobservable individual-specific consideration set. The rankings obey individual pref-

erences among those alternatives that are considered, but rankings are silent as to those

alternatives which are not considered. Sufficient conditions for point identification are

provided for a parametric specification of consideration set formation and random utility,

leveraging information about individuals’ default options. Two estimators are then pro-

posed using ranking probabilities for individual options and pairs of options. Monte Carlo

1



simulations demonstrate favorable performance of these estimators relative to models that

use ranking information but do not account for heterogeneity in unobservable consideration

set formation.

The third essay studies a career concerns game with voluntary information disclosure.

We show that information revelation has a threshold feature and characterize a clean cutoff

for such disclosure without strong assumptions. We further find that voluntary disclosure

harms the incentive for ability investment at the first stage, leading to a socially inefficient

outcome.

2



2. Subsidy Design in Budget-Constrained Matching

2.1 Introduction

Budget constraints are pervasive features of matching markets with transfers. Public

schools hire teachers under fixed annual funding,1 and hospitals fund residency positions

with limited program resources.

With these constraints, institutions may be unable to offer transfers sufficient to im-

plement efficient allocations, leading to inefficient matching. Empirically, high-value teach-

ers disproportionately sort into better-resourced schools, leaving low-income communities

underserved.2 Likewise, physicians concentrate in urban hospitals, contributing to physi-

cian shortages in rural areas.3 Taken together, these patterns indicate a policy problem:

resource-limited institutions cannot compete for talent at prevailing budgets, generating

systematic inefficiencies.

Policymakers have implemented various financial interventions to alleviate such ineffi-

ciencies, but the evidence is mixed. On the one hand, targeted transfers have delivered

meaningful gains: in North Carolina, a $1,800 annual bonus reduced teacher turnover by

about 17%, helping retain teachers in high-poverty schools (C. T. Clotfelter et al., 2008);

in Wisconsin, public schools increased spending on teacher compensation after receiving

additional state funding, which improved teacher quality and student outcomes (Baron,

2022). On the other hand, targeted subsidies can improve outcomes at recipient schools

but may do so by poaching teachers from nearby non-subsidized schools, generating neg-

ative spillovers and ambiguous aggregate welfare effects (Castro and Esposito, 2022; Kho

et al., 2023).

1 This is not merely a wage-rigidity issue: many public systems use flexible pay, including Wisconsin’s Act
10 (Biasi, 2021), Texas’s Teacher Excellence Initiative (TEI; Hanushek et al., 2023), and Florida’s SB 736 (Jones,
2013). Stipends for high-need positions and performance-based bonuses are also common.

2 See, for example, Lankford et al. (2002), C. Clotfelter et al. (2006), Sass et al. (2012), and Ajzenman et al.
(2024).

3 See, for example, Rosenblatt and Hart (2000) and Machado et al. (2021).
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These considerations motivate our central question: how should a social planner allocate

subsidies in a budget-constrained matching market? The key challenge is informational: in

practice, the planner often observes only the existing market outcome but not the underlying

match values, so the efficient matching is not identified ex ante.

We study this question in a model of one-to-one matching with transfers in which the

social planner has incomplete information. Our analysis spans a spectrum of informational

environments: from complete knowledge of match values and budgets to cases where only

the observed outcome is available. Throughout, we use schools and teachers as the running

example, but the framework applies broadly to other two-sided markets with transfers.

At one extreme, the planner has complete information and observes schools’ bud-

get constraints, each teacher’s cost of working at each school, and the match values for

all school–teacher pairs. We develop an algorithmic procedure—analogous to the Bell-

man–Ford algorithm—that computes the minimal total subsidy required to implement the

welfare-maximizing matching. The procedure augments school budgets only when such

transfers are necessary to attain the efficient outcome; it terminates in finitely many steps

and yields a stable allocation that coincides with the first-best matching.

Our main focus is the intermediate case, in which the planner faces incomplete infor-

mation. The planner observes a status-quo stable matching, the wages paid from schools

to teachers, schools’ budget constraints, and each teacher’s cost of working at each school,

but not the underlying match values. Because multiple match-value profiles can rationalize

the observed outcome, the welfare-maximizing matching is no longer identified.

To address these informational constraints, we develop a novel inference-based robust

approach to policy design: rather than eliciting preferences through mechanism design, we

infer the set of match-value profiles consistent with the observed outcome. We then charac-

terize subsidy policies that are robust, meaning they can weakly improve efficiency relative

to the status quo for all match-value profiles consistent with the planner’s observations.

We call a subsidy allocation non-distortive if, under the post-subsidy budgets, there

exists a stable matching that is weakly welfare-improving relative to the status quo for

4



every match-value profile consistent with the planner’s observations. Our central result

(Theorem 4) provides a complete characterization: a subsidy allocation is non-distortive if

and only if it satisfies both of the following conditions.

• Direct-effect coverage. A subsidized school may newly be able to afford a teacher it

could not hire at the status quo. When such a teacher becomes affordable, the subsi-

dized school’s offer imposes direct upward wage pressure on that teacher’s incumbent

school. If the incumbent school lacks sufficient budget to retain its current teacher,

it may be forced to give up the match even when the match value is high, result-

ing in potential efficiency loss. Therefore, each school’s post-subsidy budget must be

sufficient to cover the direct wage pressure imposed by newly subsidized rivals.

• Spillover coverage. Beyond the direct effects, subsidies can generate spillover effects

through wage competition. A school directly challenged by a subsidized rival may

need to raise the wage of its current teacher, which can make other teachers in the

market more attractive. As a result, schools not directly challenged by a subsidized

rival may still face spillover wage pressure through indirect chains of wage competition.

To prevent potential efficiency loss, the subsidy policy must ensure that each school

has sufficient post-subsidy budget to cover the maximum spillover wage pressure it

may face.

Our results make two main contributions. On the practical side, we provide an exact

characterization of the robust subsidy policies that can improve aggregate welfare across

all match-value profiles consistent with the observed outcome. This characterization offers

actionable guidance for policy design under planner-side informational constraints. To the

best of our knowledge, this is the first paper to study robust policy intervention in matching

markets when the planner faces incomplete information.

More importantly, our contribution is methodological: we develop a new way to address

informational constraints in economic policy design. Rather than relying on mechanism

design to elicit private information, we infer the underlying information structure from the

observed market outcome and use this inference to identify robust policy. We show that

5



the observed outcome and the inferred structure are sufficient to construct a robust policy

prescription that enables improvement across all environments consistent with the planner’s

observations.

Building on this characterization, we analyze how the planner’s information set shapes

the set of non-distortive policies. Theorems 6 and 7 show that as the planner’s information

about budgets and costs becomes more limited, her ability to design targeted subsidies

correspondingly diminishes. When only match values are unobservable, the planner re-

tains substantial flexibility to design targeted subsidies. When both match values and costs

of working are unobservable, this flexibility is significantly reduced. When match values,

costs, and budgets are all unobservable, only uniform subsidies remain non-distortive. This

analysis shows that the degree of information available to the planner governs the flexi-

bility of policy design and determines whether targeted subsidies or uniform transfers are

appropriate in practice.

Beyond its theoretical contributions, our findings contribute to the longstanding debate

between efficiency and fairness in policy design. Policymakers often adopt uniform subsidies

for reasons of fairness or political feasibility. Our framework offers an alternative efficiency-

based rationale: when the planner faces severe informational constraints, uniform transfers

emerge as the unique robust efficiency-improving option. Thus, efficiency and fairness need

not conflict—under limited information, they may coincide.

The remainder of the paper is organized as follows. Section 2.2 reviews related lit-

erature. Section 2.3 presents the model. Section 2.4.1 discusses classical results without

and with budget constraints. Section 2.4.2 covers the complete-information analysis and

introduces the Minimum Subsidy Implementation (MSI) algorithm. Section 2.4.3 considers

the incomplete-information case and characterizes non-distortive subsidies. Section 2.4.4

explores how different informational environments shape the set of non-distortive policies.

Section 2.5 concludes. All proofs are collected in Appendix A.
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2.2 Related Literature

We adopt a one-to-one matching framework with transferable utility (TU) to study the

optimal design of subsidies. This framework belongs to a class of two-sided matching models

in which utility can be freely transferred between agents, typically via monetary payments.4

The TU framework is well established in the matching literature, including foundational

models such as the assignment game (Shapley and Shubik, 1971) and job matching models

(V. P. Crawford and Knoer, 1981; Kelso and Crawford, 1982). Hatfield and Milgrom (2005)

later unified many of these models within a broader matching-with-contracts framework.

For comprehensive surveys of the matching literature, see Roth and Sotomayor (1990) and

Abdulkadiroğlu and Sönmez (2013).

Although numerous empirical studies examine the effects of various financial interven-

tions,5 the theoretical literature on subsidy design remains relatively scarce. Our paper

contributes to this line of research by providing a unifying framework that (i) computes the

minimum subsidies needed to implement the efficient matching under complete information,

and (ii) characterizes the exact set of non-distortive subsidies under incomplete information.

The focus on incomplete information distinguishes our analysis from prior work. Existing

research has addressed related questions such as whether a financial intervention policy

preserves substitutability and stability (Kojima et al., 2024), how match-specific taxes or

subsidies reshape the set of stable matchings (Dupuy et al., 2020), and how to design taxes

or subsidies to achieve policy goals such as distributional requirements (Yokote, 2020).

However, all of these studies assume that the social planner has complete information. To

the best of our knowledge, our paper is the first to examine robust policy intervention in

matching markets when the planner faces informational constraints.

Our approach to addressing informational constraints is novel in two dimensions. First,

4 Matching models with non-transferable utility (NTU) have also had broad theoretical and practical impact,
including applications such as the marriage model, school choice, and kidney exchange. See, for example,
Abdulkadiroğlu and Sönmez (2003), Becker (1973), Gale and Shapley (1962), and Roth et al. (2004).

5 See, for example, Baron (2022), Biasi (2021), Castro and Esposito (2022), C. T. Clotfelter et al. (2008), De Ree
et al. (2018), Fryer (2013), Goodman and Turner (2013), Hendricks (2014), and Kho et al. (2023)
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we rely solely on inference rather than elicitation. Traditionally, economists use mecha-

nism design to overcome information gaps (see, for example, Holmström, 1979; Myerson,

1981). In this framework, the planner offers agents a menu of options and elicits their

private information from their choices. In contrast, we infer the underlying information

structure from observed market outcomes and identify robust policies that improve aggre-

gate welfare across all environments consistent with that inference. Recent work, such as

Rosenthal (2019) and Burkett and Rosenthal (2024), combines inference with mechanism

design. However, we show that inference alone already provides valuable guidance, allow-

ing policymakers to identify robust welfare improving interventions directly from observed

outcomes.

Second, our notion of robustness is arguably stronger. In the literature on robust mech-

anism design (see, for example, Bergemann and Morris, 2005; Carroll, 2015; Chung and Ely,

2007), robustness typically refers to a non-Bayesian or prior-free approach.6 Researchers do

not assume that the planner knows the distribution of agents’ private information and focus

on non-Bayesian objectives such as dominant strategy implementation or minimax regret.

Robustness is thus defined at the level of the mechanism. In contrast, our framework defines

robustness at the policy level: each non-distortive subsidy must be able to improve welfare

across all match-value profiles consistent with the planner’s observations. By drawing in-

ference from realized outcomes, our approach offers a more targeted and arguably stronger

notion of robustness than is standard in the literature.

Moreover, our methodology of using observed market data to infer possible match-value

profiles shares a common spirit with the econometric literature on partial identification. In

our setting, the set of match-value profiles consistent with the planner’s observations can

be interpreted as the sharp identification region of schools’ preferences over teachers. If we

interpret the change in aggregate welfare as the treatment effect of a financial intervention,

then our characterization of non-distortive subsidies corresponds to the set of policies that

can generate a non-negative treatment effect across the entire identification region. In the

6 See Carroll (2019) for a survey of robustness in mechanism design and contracting.
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literature, many researchers use market data to partially identify parameters of interest,

such as treatment effects, unobserved preferences, or market structure (see, for example, N.

Agarwal and Somaini (2018), Chesher and Rosen (2017), Ciliberto and Tamer (2009), Haile

and Tamer (2003), and Manski (1990)). Given partially identified parameters, there is a

growing literature examining how to design or choose policies accordingly (see, for example,

Ishihara and Kitagawa (2021), Kasy (2016), Manski (2000), Montiel Olea et al. (2023), and

Yata (2021)). For recent surveys, see Ho and Rosen (2017) and Molinari (2020). Our work

combines these two strands in the context of job matching markets and provides a clear

and complete linkage from observed outcomes to unobserved structure and robust policy

design.

Another related branch of the literature examines matching under constraints. A large

body of work studies how different types of constraints affect the existence of stable match-

ings.7 In contrast, existence is guaranteed in our one-to-one TU framework, and we do not

focus on restoring it. Instead, we ask a complementary question: how can efficiency be re-

stored when budget constraints lead to suboptimal outcomes? We characterize the minimal

relaxations of budget constraints that restore efficiency under complete information, and

develop a robust approach to relaxing constraints under incomplete information.

Our work is also connected to the literature on matching with incomplete information,

although most existing studies focus on environments in which the agents, rather than

the planner, face informational limitations. Early contributions such as Roth (1989) and

Ehlers and Massó (2007) examine the incentive properties of matching mechanisms when

agents lack full knowledge of others’ preferences. Beyond incentives, researchers have also

explored welfare implications: Li and Rosen (1998) show that incomplete information can

lead to inefficient early contracting, while Coles et al. (2013b) finds that introducing a

simple signaling mechanism can convey credible information and improve both match rates

7 See Abizada (2016) and Mongell and Roth (1986) for matching with budget constraints; Klaus and Klijn
(2005), Kojima et al. (2013), Nguyen and Vohra (2018), and Roth and Peranson (1999) for matching with
couples; and Kamada and Kojima (2015, 2017) for distributional constraints. In job matching, Kojima et al.
(2020) characterizes all constraints that preserve the substitutes condition, which guarantees the existence of
stable matchings.
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and welfare.8 Different from these agent-centric perspectives, our paper adopts a planner-

centric view: here, it is the planner who lacks full information about agents’ preferences.

We focus on the implications of informational constraints for policy design.

2.3 Model

The matching–with–transfers framework has broad applications. Throughout, we refer

to the two sides as “schools” and “teachers,” but the interpretation is flexible: one may read

them as firms and workers in Kelso and Crawford (1982) or as hospitals and physicians in

Hatfield and Milgrom (2005).

Let S = ts1, . . . , snu denote the set of schools and T = tt1, . . . , tnu the set of teachers,

with |S| = |T| = n.9 For each pair (s, t) P S ˆ T there is a match value vs,t ě 0 enjoyed by

the school and a match-specific cost cs,t ě 0 borne by the teacher. Each school s P S has a

budget bs ě 0. We impose two standard assumptions: (i) nonnegative surplus, vs,t ě cs,t for

all (s, t); and (ii) no intrinsically infeasible pairs, bs ě cs,t for all (s, t). This is a one-to-one,

quasilinear matching environment with transfers.

An allocation specifies who matches with whom and the wages paid on matched pairs.

Definition 1 (Allocation). An allocation is a pair (µ, w), where µ : S Ñ T Y tHu is a matching.

We assume each school hires at most one teacher and each teacher works at most at one school.10 Let

Sµ = ts P S : µ(s) P Tu and Tµ = tt P T : µ´1(t) P Su. The wage vector is w =
(
ws,µ(s)

)
sPSµ

and assigns a nonnegative wage to each matched pair. We write µ(s) = H if school s is unmatched

and µ´1(t) = H if teacher t is unmatched.

Utilities are quasilinear with a zero outside option. If a school s is matched with a

8 Recent work, including Q. Liu et al. (2014), Q. Liu (2020), and Chen and Hu (2023), proposes new stability
concepts for settings with asymmetric information among agents.

9 The framework can be extended to allow unequal numbers of schools and teachers. If some agents remain
unmatched, we can introduce dummy schools or teachers with zero match value and zero cost to pair with
the unassigned agents. The analysis then extends without modification.

10 If one wishes to allow a school to hire multiple teachers, interpret each position as a separate
“school–position” that hires one teacher; budgets are then position-specific.
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teacher t at wage ws,t, then

us = vs,t ´ ws,t and ut = ws,t ´ cs,t.

Unmatched agents receive utility 0. We denote by us(µ, w) and ut(µ, w) the utilities of

school s and teacher t under allocation (µ, w).

Following the standard approach, we define feasibility, individual rationality, and (budget-

constrained) stability as follows.

Definition 2 (Feasibility). An allocation (µ, w) is feasible if wages are defined only on matched

pairs and, for every s P Sµ with t = µ(s),

ws,t ď bs.

That is, the wage does not exceed the school’s budget.

Definition 3 (Individual rationality (IR)). An allocation (µ, w) is individually rational if

every matched agent obtains nonnegative utility; i.e., for every s P Sµ with t = µ(s),

vs,t ´ ws,t ě 0 and ws,t ´ cs,t ě 0.

Equivalently, both the school and the teacher weakly prefer their match to remaining unmatched.

Definition 4 (Stability). An allocation (µ, w) is stable if it is feasible and individually rational,

and there is no blocking pair (s, t) P S ˆ T together with an affordable wage pw such that

pw ď bs, vs,t ´ pw ą us(µ, w), pw ´ cs,t ą ut(µ, w).

In words, no school–teacher pair can profitably deviate at a wage that respects the

school’s budget and makes both the school and the teacher strictly better off than under

(µ, w).

We adopt the notion of core rather than the strict core of V. P. Crawford and Knoer

(1981) and Kelso and Crawford (1982). When schools face no binding budget constraints,
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the two notions coincide. By contrast, with binding budgets, the strict core can be empty

even in very small markets.11 For this reason, we study the core throughout the paper.

We study optimal subsidy design when budget constraints generate inefficiencies. Before

turning to the section of results, we formalize the subsidy object.

Definition 5 (Subsidy allocation). Given baseline budgets b = (bs)sPS, a subsidy allocation

is a nonnegative vector τ = (τs)sPS, and the post-subsidy budgets are

bτ
s = bs + τs for all s P S.

Thus each school’s budget weakly increases, and the increment for s is τs.

2.4 Results

This section first reviews classical results. We then examine how binding budget caps

introduce novel considerations, leading to the subsidy design problem.

2.4.1 Existing results
2.4.1.1 Existence of stable allocations and lattice structure with no budget constraints.

If every school has an effectively unbounded budget (bs = +8 for all s), stable alloca-

tions coincide with the utilitarian optimum (Shapley & Shubik, 1971). Formally, let

µ˚ P arg max
µ

ÿ

sPS

(
vs,µ(s) ´ cs,µ(s)

)
.

Then there exist wages w = (ws,µ˚(s))sPS such that (µ˚, w) is stable. Moreover, every

stable allocation (µ, w) attains the same maximal total surplus. Equilibrium wages can be

computed by the salary adjustment procedures in V. P. Crawford and Knoer (1981) and

Kelso and Crawford (1982).

This benchmark is the classical assignment game: the set of core payoffs forms a lattice

that supports all efficient matchings, with extremal points yielding the teacher- and school-

11 For example, with two schools and two teachers, zero costs, zero budgets, and identical strict school
preferences for teacher 1 over teacher 2, any allocation employing teacher 1 can be weakly blocked by moving
teacher 1 to the other school at the same wage of zero: the teacher is indifferent while the receiving school
strictly gains. Hence no allocation lies in the strict core.
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optimal divisions of surplus. Accordingly, any inefficiency in our setting is driven by binding

budgets. When budget constraints are absent or slack, efficiency obtains automatically.

2.4.1.2 Existence of stable allocations and lattice structure with budget constraints.

We now consider the case in which schools face budget constraints. When the wage

set is finite, any deterministic tie-breaking rule induces single-valued choice functions over

contracts. In our one-to-one, quasilinear environment, these choice functions satisfy sub-

stitutability and the law of aggregate demand in Hatfield and Milgrom (2005), which guar-

antees a nonempty set of stable allocations in this discrete market. Moreover, by Hatfield

and Milgrom (2005, Theorem 3), the set of stable allocations forms a lattice with extremal

elements—namely, the school-optimal and teacher-optimal stable allocations—and every

other stable allocation lies between them.

In the continuous market, the feasible wage set is compact and utilities are continu-

ous in wages. Fisher (2020) establishes the existence of a stable allocation.12 Moreover,

Schlegel (2018) shows that, for any deterministic tie-breaking rule, the school-optimal and

teacher-optimal core allocations in the continuous market arise as limits of their discrete

counterparts as the wage grid goes to zero.13

Two observations will be useful below. First, introducing budgets in this one-to-one,

quasilinear environment does not affect the existence or lattice structure of stable alloca-

tions. Second, budget caps do restrict the feasible contract set by truncating affordable

wages, which can lead to inefficiencies. Our analysis, therefore, focuses on how targeted

subsidies expand feasibility to recover efficient outcomes.

2.4.2 Complete information benchmark

In this subsection we first study the setup of complete information as a benchmark: we

assume the planner observes the entire value profile v = (vs,t), cost profile c = (cs,t), and

12 This contrasts with the many-to-one setting in Mongell and Roth (1986), where contracts fail substitutabil-
ity when firms face budget constraints. In one-to-one matching with quasilinear utilities, substitutability
holds.

13 This result requires that teachers are gross substitutes for schools, which holds in our one-to-one, quasilin-
ear framework.
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baseline budgets b = (bs). The planner’s objective is to implement the utilitarian-optimal

matching µ˚.

If transfers are effectively unbounded, the planner can implement µ˚ by granting suffi-

ciently large subsidies to all schools, thereby reverting to the unconstrained case. One could

also guarantee µ˚ by raising each school’s budget to the wage it pays in the school–optimal

stable outcome of the unconstrained problem. Both approaches, however, may entail more

financial assistance than necessary. We therefore seek the minimal subsidy vector that

implements µ˚.

Formally, let b = (bs)sPS denote baseline budgets. Choose a subsidy vector τ = (τs)sPS

and wages w such that (µ˚, w) is stable under the post-subsidy budgets bτ, where bτ
s =

bs + τs. The planner’s problem is

min
τPRn

+

ÿ

sPS

τs subject to (µ˚, w) is stable under budgets bτ.

2.4.2.1 Minimum Subsidy Implementation (MSI) algorithm.

We propose a constructive procedure to compute the smallest necessary subsidies: the

Minimum Subsidy Implementation (MSI) algorithm. The idea is straightforward and mir-

rors a Bellman–Ford–type relaxation scheme to find the minimum subsidies needed. Con-

cretely, starting from the lowest individually rational wages for the target matching µ˚,

if some rival school can profitably poach a teacher at an affordable wage, we raise that

teacher’s wage to the lowest level that deters all such deviations. Then subsidize only

those schools that cannot afford the required wages. In this way, subsidies are introduced

gradually and only where needed, keeping µ˚ stable while minimizing total transfers. The

algorithm proceeds in rounds, each with two stages.

Round 1 (Initialization). Fix the welfare-maximizing assignment µ˚ and initialize at

that matching: each school s is paired with µ˚(s), and each teacher t with µ˚´1(t). Set

each matched teacher’s wage to her cost, and set each school’s budget to its initial budget:

w1
s,µ˚(s) = cs,µ˚(s), b1

s = bs for each s P S.
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By our assumption bs ě cs,t for all (s, t), w1 is affordable and we do not need to subsidize

any school in this round.

Rounds r = 2, 3, . . . (Updating). Each subsequent round consists of the following two

stages:

(i) Wage stage. For each school–teacher pair (s, t), compute the lowest deterrence wage

d r
s,t that prevents school s from profitably deviating to t at the current budgets:

d r
s,t = min

!

b r´1
s , vs,t ´ vs,µ˚(s) + w r´1

s,µ˚(s)

)

.

(Here the second term makes s indifferent between (s, µ˚(s)) at w r´1
s,µ˚(s) and (s, t);

the mint¨u captures affordability.) Then, for each matched pair (s, µ˚(s)), raise that

teacher’s wage (if needed) to defend all such deviations:

w r
s,µ˚(s) = max

s1PS

!

d r
s1, µ˚(s) ´ cs1, µ˚(s) + cs, µ˚(s)

)

.

Equivalently, w r
s,µ˚(s) ´ cs,µ˚(s) = maxs1PSt d r

s1, µ˚(s) ´ cs1, µ˚(s)u.

(ii) Subsidy stage. Lift any school’s budget that is now below its required wage:

b r
s = maxt b r´1

s , w r
s,µ˚(s) u for each s P S.

Termination. Stop at the first round r˚ ě 1 such that w r˚

s,µ˚(s) = w r˚´1
s,µ˚(s) for all s P S

(no wage increases). The resulting subsidy vector is

τs = b r˚

s ´ bs, s P S.

2.4.2.2 An illustrative example.

To illustrate the algorithm, consider a 3 ˆ 3 market with schools S = ts1, s2, s3u and

teachers T = tt1, t2, t3u. Costs are zero for all pairs (cs,t = 0). The match values (vs,t) are

given in the table below. In this instance, the unique optimal matching is the diagonal µ˚

with µ˚(si) = ti, yielding total welfare 3 + 6 + 6 = 15.14

14 When the market is large, one can use the Hungarian algorithm to identify a welfare-maximizing assign-
ment.
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s1 s2 s3

t1 3 1 0
t2 4 6 4
t3 8 7 6

To visualize values at the pair level, we display for each school a bar chart whose bar

heights are the corresponding match values.
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FIGURE 2.1: Match values for the 3 ˆ 3 example.

We first consider the case where budgets are effectively unbounded. Then µ˚ can be

supported in a stable allocation. Moreover, the school-optimal allocation is

µ˚(si) = ti, ws1,t1 = 0, ws2,t2 = 3, ws3,t3 = 5

The following figure reports, for every (si, tj), the decomposition of the total match value

into the teacher’s (yellow) and school’s (blue) utilities in the school-optimal allocation.
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FIGURE 2.2: The school-optimal allocation without budget constraints.

We now examine how budget constraints can lead to inefficiency by considering the

following illustrative budget configuration: bs1 = 4, bs2 = 1, and bs3 = 2. Budgets are

depicted by red dashed lines in the figure below.
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FIGURE 2.3: b = t4, 1, 2u for the 3 ˆ 3 example.

Any allocation that implements µ˚ must match s3 with t3, and therefore must pay t3

a wage ws3,t3 ď bs3 = 2, since the wage must be covered by s3’s budget. It follows that

teacher t3 obtains utility at most 2. Likewise, in µ˚, school s1 is matched with t1. Since

wages are nonnegative, the utility of s1 is at most the total match value, vs1,t1 = 3.
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Consider the pair (s1, t3). School s1 can afford any pw P (2, 4] to t3, and at such a wage,

ut3 = pw ą 2 (strict gain for teacher t3),

us1 = vs1,t3 ´ pw ě 8 ´ 4 = 4 ą 3 ě us1(µ
˚, w) (strict gain for school s1).

Hence (s1, t3, pw) is a profitable deviation that respects s1’s budget and strictly benefits both

agents. Therefore, no stable allocation can implement µ˚ under the stated budget caps.

Now let us consider the MSI algorithm. In the initialization step, each school is matched

to its µ˚ partner at the lowest individually rational wage. Since cs,t = 0 for all (s, t), the

initial wages are all zero in Round 1. In Round 2, we compute the lowest deterrence

wages td 2
s,tu that prevent profitable poaching at current budgets. This yields the following

deterrence wages

d2
s1,t1

= 0, d2
s1,t2

=1, d2
s1,t3

=4,

d2
s2,t1

=´5, d2
s2,t2

=0, d2
s2,t3

=1,

d2
s3,t1

=´6, d2
s3,t2

= ´ 2, d2
s3,t3

=0,

To interpret these deterrence wages, consider d2
s1,t2

= 1 as an example: this means that,

to prevent school s1 from profitably poaching teacher t2, the wage of t2 must be set to at

least 1. Similarly, d2
s1,t3

= 4 indicates that s1 must face a wage of at least 4 on t3 to deter

a profitable deviation. Each entry captures the minimum wage required to make poaching

unprofitable at the current round’s budget levels.

After computing these deterrence wages, the MSI algorithm updates the wages on the

matched pairs accordingly. By construction, the updated wage on each matched pair equals

the highest deterrence wage imposed by potential poachers. This yields:

w2
s1,t1

= 0, w2
s2,t2

= 1, w2
s3,t3

= 4.
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FIGURE 2.4: Round 2 wage stage of the MSI algorithm.

At these required wages, school s3 cannot afford w2
s3,t3

= 4 given bs3 = 2. The MSI

subsidy step therefore augments s3’s budget by 2 (from 2 to 4). No other school requires

additional funds at this stage.
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FIGURE 2.5: Round 2 subsidy stage of the MSI algorithm.

With bs3 raised, the next wage update increases the deterrence requirement for t2 to

w3
s2,t2

= 2.
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FIGURE 2.6: Round 3 wage stage of the MSI algorithm.

This makes s2’s budget insufficient (bs2 = 1), so the subsidy step grants 1 unit to s2

(raising bs2 to 2).

vs1,t1 vs1,t2 vs1,t3

0

2

4

6

8
8

4

3

3

2

4

2

4

M
at

ch
va

lu
es

vs2,t1 vs2,t2 vs2,t3

7

6

1

1

4

3

2

4

vs3,t1 vs3,t2 vs3,t3

6

4

0

2

2

2

4

School 1 School 2 School 3

Teacher’s utility School’s utility Budget

FIGURE 2.7: Termination of the MSI algorithm.

No further wage increases occur thereafter, so MSI terminates. The final outcome

implements µ˚ with the minimal subsidy vector τ = (0, 1, 2) and the total subsidies are 3

units.

Interpretation and discussion.

• Economic meaning. The wage stage computes the lowest deterrence wages needed to

20



prevent deviations from µ˚. The subsidy stage injects funds only where a school’s current

budget is insufficient to cover its required wage. Thus, subsidies are used only when

necessary to preserve stability.

• Convergence. The MSI process terminates in finitely many rounds. Since µ˚ is socially

optimal, the underlying graph of required wage adjustments contains no positive-weight

cycles; otherwise, there will be a matching strictly better than µ˚. This guarantees that

the sequence of wage updates—analogous to shortest-path computations in the Bellman-

Ford algorithm—stabilizes after finitely many steps.

• Optimality at termination. Upon termination at round r˚, the outcome (µ˚, w r˚

) is

stable under budgets b r˚ . Hence, MSI implements µ˚ using the computed wage and

budget profiles.

• Monotonicity and minimality. Wages and budgets are weakly increasing across rounds.

No subsidy is wasted: the budget of a school is raised only when needed to meet its

updated deterrence wage. At termination, each school’s budget has been raised just

enough to support µ˚, yielding a componentwise minimal implementation.

These properties are summarized formally below.

Proposition 1 (Properties of MSI). To implement the socially optimal matching µ˚, the MSI

algorithm satisfies:

(i) MSI terminates in finitely many rounds.

(ii) If MSI terminates at round r˚ with wage profile w r˚

and budget vector b r˚

, then (µ˚, w r˚

)

is stable under budgets b r˚

.

(iii) If (µ˚, w̃) is stable under some budget vector b̃ = b + τ̃, then b̃s ě b r˚

s for all s P S.

In particular, b r˚

is componentwise minimal among all budget vectors that admit a stable

outcome implementing µ˚.

2.4.3 Incomplete information

The preceding analysis assumes complete information: the planner observes the full

environment (v, c, b). This benchmark is analytically useful—it identifies the minimum
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subsidies required to implement µ˚—but its policy relevance is limited, since the com-

plete–information assumption rarely holds in practice. In practice, the planner typically

observes an existing allocation, but does not have full knowledge of schools’ and teachers’

preferences over potential partners, and baseline budgets may also be unknown.

We therefore turn to an incomplete–information setting. Throughout this subsection,

the planner observes an existing allocation (µ, w) and knows that it is stable under the true

(but partially unobserved) primitives. We begin with the case in which match values are

unobserved, but costs and baseline budgets are known: the planner knows c = (cs,t)s,t and

b = (bs)s, but not v = (vs,t)s,t. We start with this case because it is empirically plausible:

many components of c (e.g., commuting costs or the quality and condition of school facili-

ties) can be measured or credibly estimated from administrative and census data, whereas

match values reflect school–teacher fit and productivity that are typically unobserved to

the planner. Importantly, we continue to assume that match values are known to the agents

themselves—i.e., schools and teachers make informed decisions—but the planner lacks ac-

cess to this information. Our main result in this environment is Theorem 4. We then

extend the analysis to two progressively weaker informational environments: first, when

both values and costs (v, c) are unobserved by the planner (Theorem 6); and finally, when

none of (v, c, b) are known to the planner (Theorem 7).

Before introducing new definitions and analysis, we first illustrate the incomplete–information

logic with a 3 ˆ 3 example that will recur throughout Section 2.4.3. The planner observes

the following stable outcome (µ, w) and budgets b but not the value profile v, and costs are

known to be zero for all pairs.

$

’

&

’

%

µ(s1) = t1, ws1,t1 = 1, bs1 = 2
µ(s2) = t2, ws2,t2 = 2, bs2 = 3
µ(s3) = t3, ws3,t3 = 3, bs3 = 6

Figure 2.8 depicts the observed wages (yellow), unknown schools’ utilities (gray), and

budget caps (red dashed lines).
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FIGURE 2.8: 3 ˆ 3 example with incomplete information.

Even though v is unobserved, stability and affordability already imply informative in-

equalities. For school s1, stability at (s1, t1) yields

vs1,t1 ě ws1,t1 = 1.

Beyond this, the data are silent about vs1,t2 and vs1,t3 . Indeed, s1’s maximum affordable offer

is bs1 = 2, while the incumbent effective wages for t2 and t3 are ws2,t2 = 2 and ws3,t3 = 3,

respectively. Since s1 cannot make a strictly higher effective offer to either t2 or t3, the

observed stability places no additional restriction on s1’s valuations for those teachers.

The planner can infer more from the observations for s2. Stability of (s2, t2) implies

vs2,t2 ě ws2,t2 = 2.

Moreover, s2 can afford to poach t1 because bs2 = 3 ą ws1,t1 = 1. Stability of (µ, w)

therefore requires that t2 be at least as attractive to s2 as t1 at the current wages:

D21 ” vs2,t2 ´ vs2,t1 ě ws2,t2 ´ ws1,t1 = 1.

Analogously for s3, stability of (s3, t3) gives

vs3,t3 ě ws3,t3 = 3.
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Since bs3 = 6 exceeds both incumbent wages ws1,t1 = 1 and ws2,t2 = 2, school s3 could afford

to make offers to t1 and t2. Thus stability imposes two revealed-preference inequalities:

D31 ” vs3,t3 ´ vs3,t1 ě ws3,t3 ´ ws1,t1 = 2,

D32 ” vs3,t3 ´ vs3,t2 ě ws3,t3 ´ ws2,t2 = 1.

Figure 2.9 depicts these values in the graph: D21, D31, and D32.
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FIGURE 2.9: Inference from the observed stable allocation.

2.4.3.1 Setup and notation

Equipped with the reasoning from the illustrative example, there are many value profiles

consistent with the observed allocation. Formally, given an observed stable outcome (µ, w)

under costs c and budgets b, define the set of consistent value profiles

V(µ, w; b, c) =
␣

v : (µ, w) is stable under (v, c, b)
(

.

To compare matchings across such profiles, we measure welfare for any matching µ by

W(µ; v, c) =
ÿ

sPS

(
vs,µ(s) ´ cs,µ(s)

)
.

When v is unobserved, the planner cannot identify the welfare–maximizing matching.

We therefore pursue a robust policy: choose subsidies that (weakly) improve outcomes
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for every value profile consistent with the observed data. To formalize this objective, we

introduce two definitions.

Definition 6 (Post–subsidy optimal welfare). Fix v, c, b. For a subsidy allocation τ = (τs)sPS

(so bτ
s = bs + τs), define

W(v, c, b, τ) ” max
µ

!

W(µ; v, c) : D w with (µ, w) stable under (v, c, bτ)
)

.

Thus W(v, c, b, τ) is the highest welfare attainable after applying τ.

Definition 7 (Non–distortive subsidy). In an allocation (µ, w) with budgets b and costs c, a

subsidy allocation τ is non–distortive for (µ, w; b, c) if, for all v P V(µ, w; b, c),

W(v, c, b, τ) ě W(µ; v, c).

Equivalently, under the post–subsidy budgets bτ, there exists a stable allocation whose welfare

is weakly higher than that of the observed matching µ for every value profile consistent with

(µ, w; b, c).

Non–distortiveness requires the subsidy to be robust across all value profiles consistent

with what the social planner observes: regardless of which v P V(µ, w; b, c) is true, the

best stable outcome after the subsidy does not reduce welfare relative to the status quo

(µ, w). If the inequality in Definition 7 fails, then there exists a consistent v for which

every post–subsidy stable outcome is strictly worse than µ, in which case the subsidy is

distortive. Our goal in what follows is to characterize the set of non–distortive subsidies.

2.4.3.2 Direct effect

Providing subsidies relaxes previously binding budget constraints and can thereby change

the set of stable allocations. In particular, schools that were constrained in the pre-subsidy

market may become able to compete for teachers they could not previously afford. To

capture such constraints at the observed outcome, we introduce an outbidding relation.
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Definition 8 (Outbid). Given an observed stable allocation (µ, w) under budgets b and costs c,

we say that school si is outbid by school sj if

bsi ´ csi ,µ(sj) ď wsj,µ(sj) ´ csj,µ(sj).

Conversely, we say that si is not outbid by sj, denoted si
µ
ÝÑ sj, if

bsi ´ csi ,µ(sj) ą wsj,µ(sj) ´ csj,µ(sj).

Equivalently, si is outbid by sj if si cannot offer teacher µ(sj) any effective wage (wage minus cost)

that strictly exceeds her current effective wage at sj, and si
µ
ÝÑ sj if it can.

A subsidy to a previously constrained school may enable it to approach a teacher it

could not afford before, creating upward wage pressure on that teacher’s current employer.

We quantify this direct wage pressure as follows.

Definition 9 (Direct effect). Given an observed stable outcome (µ, w) under budgets b and costs

c, and a subsidy allocation τ (so bτ
s = bs + τs), define for each school sj:

∆d
j ” max

i: si is outbid by sj in (µ,w)

[(
bτ

si
´ csi ,µ(sj)

)
´
(
wsj,µ(sj) ´ csj,µ(sj)

)]
+

,

where [x]+ := maxtx, 0u, with the convention ∆d
j = 0 if the index set is empty.

Intuition (direct effect). Consider any rival si that was previously outbid by sj. After

subsidies, si may be able to exceed the incumbent effective wage of µ(sj), forcing sj to raise

that wage to defend its match. The quantity ∆d
j is the maximal direct wage-lifting pressure

that sj may face from its previously outbid rivals.

Such direct effects can generate efficiency losses. Consider our illustrative example and

the following subsidy allocation:

τs1 = 2, τs2 = 0, τs3 = 0.
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FIGURE 2.10: Direct effect illustration.

As depicted in Figure 2.10, the subsidy to s1 increases its budget, creating wage-lifting

pressures of 2 on s2 and 1 on s3. Because s3 has a sufficiently large budget (bs3 = 6), it can

afford to defend its current match with t3 against potential poaching from s1. In contrast,

s2 has a budget of only 3, which is insufficient to defend its partner t2 from the new offer

that s1 can now make. Consequently, even when s2 and t2 generate a high match value, s2

may be forced to leave t2, resulting in a less efficient allocation.
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FIGURE 2.11: Efficiency loss generated by direct effect.

The value profile illustrated in Figure 2.11 is consistent with the observed pre-subsidy
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allocation (µ, w). After the subsidy τs1 = 2, school s1 can make an offer to t2 that strictly

dominates the highest affordable offer of s2, thereby forcing s2 to relinquish t2. Being unable

to match the new effective wage, s2 loses t2 even though the match (s2, t2) generates a high

underlying value. The resulting post-subsidy allocation is therefore strictly less efficient

than the original stable outcome.

We refer to bτ
s ´ ws,µ(s) as school s’s budget reserve: the unspent budget remaining af-

ter paying its incumbent teacher under post-subsidy budgets bτ. The preceding example

shows that relaxing one school’s constraint can unintentionally destabilize other matches,

generating welfare losses via direct poaching. To prevent such distortions, a subsidy alloca-

tion must ensure that every school retains sufficient budget reserve to defend its incumbent

match against the strongest potential challenge from previously constrained rivals. This

requirement is captured by the following condition.

Condition 1 (Direct-effect coverage (DC)). In an allocation (µ, w) with budgets b and costs c,

a subsidy allocation τ satisfies DC if, for every sj,

bτ
sj

´ wsj,µ(sj) ě ∆d
j .

Equivalently, for any si that is outbid by sj before the subsidy,

bτ
sj

´ csj,µ(sj) ě bτ
si

´ csi ,µ(sj).

Intuition. DC requires each school sj to hold enough post-subsidy budget reserve to

absorb the largest direct wage-lifting pressure ∆d
j generated by its previously outbid rivals.

If DC fails for some sj, a formerly constrained rival si may offer a higher effective wage to

µ(sj) after receiving the subsidy, inducing µ(sj) to switch and thereby lowering total welfare.

In this case, the subsidy is distortive via the direct-poaching channel. We formalize this

observation below:

Lemma 2 (Non-distortion implies DC). In an allocation (µ, w) with budgets b and costs c, if a

subsidy allocation τ is non-distortive, then τ satisfies DC.
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2.4.3.3 Spillover effect

Direct wage pressure at one school can propagate through the market. When a sub-

sidized school challenges an incumbent for its teacher, the incumbent may have to raise

that teacher’s wage to block the deviation; the higher wage lowers the incumbent’s own

payoff at its current match and can make some other teacher comparatively more attrac-

tive. Therefore, direct wage pressure can travel along a chain of bid–counterbid moves that

is determined by the pre–subsidy structure of the observed allocation. We illustrate this

transmission with the following example, where the subsidy allocation is

τs1 = 0, τs2 = 2, τs3 = 0.

so only s2 receives 2 units of funds.
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FIGURE 2.12: Spillover effect illustration.

In the configuration of Figure 2.12, revealed preference at the observed outcome implies

that s2 does not wish to pursue t1 after receiving the subsidy. However, with τs2 = 2 (so

bτ
s2
= 5), school s2 can feasibly approach t3, whose incumbent wage is ws3,t3 = 3. School s3

can defend t3 (its budget is bs3 = 6) by raising t3’s wage, which reduces s3’s payoff at the

match (s3, t3). This reduction makes t1 relatively more attractive to s3, so s3 may next bid

for t1. Hence the initial direct pressure faced by s3 is transmitted to s1 through the chain

s2 Ñ s3 Ñ s1.

29



To formalize this propagation, we now introduce two notions: (i) a spillover chain,

which describes the pre-subsidy paths along which direct pressure can travel, and (ii) the

spillover effect of a subsidy, which quantifies the induced wage pressure transmitted along

such chains.

Definition 10 (Spillover chain). Given an observed stable outcome (µ, w) under budgets b and

costs c, we say there exists a spillover chain from si to sj if there is a sequence of schools

C = (sk1 , sk2 , . . . , skm) with k1 = i, km = j, m ě 2,

such that

sk1

µ
ÝÑ sk2

µ
ÝÑ sk3 ¨ ¨ ¨

µ
ÝÑ skm .

At each step, before the subsidy, the predecessor skℓ can feasibly approach the teacher employed by

its successor skℓ+1 , so wage-lifting pressure can propagate along the chain from si to sj.

Once a direct effect arises at some school, the resulting wage pressure may propagate

along the spillover chains defined above. For example, if s1 raises its wage in response to

pressure, it may then find another teacher relatively more attractive, thereby transmitting

pressure further along the chain. To formalize this propagation, we define the spillover

effects below.

Definition 11 (Spillover effect). Given an observed stable outcome (µ, w) under budgets b and

costs c, and a subsidy allocation τ (so bτ
s = bs + τs), consider a spillover chain

C : s1
µ
ÝÑ s2

µ
ÝÑ ¨ ¨ ¨

µ
ÝÑ sj.

Let ∆d
1 denote the direct effect at s1 (Definition 9). Define the chain–specific spillover effects tδC

i u
j
i=2

recursively by

δC
2 ” min

!

∆d
1, bτ

s1
´ cs1,µ(s2) ´

(
ws2,µ(s2) ´ cs2,µ(s2)

))
,

and for i = 3, . . . , j,

δC
i ” min

!

δC
i´1, bτ

si´1
´ csi´1,µ(si) ´

(
wsi ,µ(si) ´ csi ,µ(si)

))
.
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We refer to δC
j as the spillover effect reaching sj along C. The total spillover effect faced by sj is

∆s
j ” sup

C: spillover chains ending at sj

δC
j ,

with the convention that the supremum over an empty family equals 0.

Remark (budget-capped propagation). The mint¨, ¨u in the recursion for δ reflects that,

at each link of a spillover chain, the pressure that can be transmitted is capped both by the

incoming pressure and by the successor’s affordability gap (determined by its post-subsidy

budget and costs). Consequently, spillover pressure is weakly decreasing along any chain:

δC
1 ě δC

2 ě ¨ ¨ ¨ ě δC
j .

Remark (cycles). A spillover chain may, in principle, include a cycle. However, because

the transmitted pressure weakly declines at each step, traversing a cycle cannot amplify the

effect. It therefore suffices to consider simple (cycle-free) chains, which already capture the

maximal spillover effect transmitted through the network of schools:

∆s
j = max

C: simple spillover chains ending at sj
δC

j .

Equipped with the above definitions, we return to Figure 2.12. School s3 faces a di-

rect wage pressure of 2. Because there is a spillover chain from s3 to s1, this pressure is

transmitted downstream: s3’s defense of t3 can prompt it to seek t1, thereby imposing a

spillover pressure of 2 on s1. If s1’s post-subsidy budget reserve bτ
s1

´ ws1,µ(s1) is insufficient

to absorb this pressure, s1 may be unable to defend t1, potentially generating an efficiency

loss. Figure 2.13 exhibits a value profile consistent with the observed outcome in which s1

is indeed forced to relinquish t1 after the subsidy, leading to a welfare loss.
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FIGURE 2.13: Efficiency loss generated by spillover effect.

Motivated by this transmission logic, we require subsidies to cover not only each school’s

direct pressure but also the spillover that can reach it through any spillover chain.

Condition 2 (Spillover coverage (SC)). In an allocation (µ, w) with budgets b and costs c, a

subsidy allocation τ satisfies SC if, for every school sj,

bτ
sj

´ wsj,µ(sj) ě ∆s
j .

Intuition. SC guarantees that each school has enough post–subsidy budget reserve to

absorb the largest wage pressure that can arrive via spillover chains originating anywhere

in the market. If SC fails at some sj, then—even if direct-effect coverage holds—pressure

propagated from upstream schools can still induce a profitable deviation at µ(sj), making

every post–subsidy stable outcome strictly worse than the status quo. In that case, the

subsidy is distortive via spillovers. We formalize this necessity below.

Lemma 3 (Non-distortion implies SC). In an allocation (µ, w) with budgets b and costs c, if a

subsidy allocation τ is non-distortive, then τ satisfies SC.

2.4.3.4 Main result

Lemmas 2 and 3 establish that both Direct-effect coverage (DC) and Spillover coverage

(SC) are necessary for a subsidy allocation to be non-distortive. However, these results do
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not yet tell us how to design such a subsidy. The next theorem provides a complete answer

by showing that the two conditions are not only necessary but also sufficient.

Theorem 4 (Characterization of non-distortive subsidies). In an allocation (µ, w) with bud-

gets b and costs c, a subsidy allocation τ is non-distortive if and only if τ satisfies both DC and

SC. Equivalently, for all sj,

bτ
sj

´ wsj,µ(sj) ě Λj ” maxt∆d
j , ∆s

j u.

Theorem 4 closes the loop: the two coverage conditions are jointly necessary and suf-

ficient for non-distortion. Together, they provide a full characterization of all subsidy

allocations that guarantee the existence of a post-subsidy stable allocation whose welfare

is weakly higher than that of the status quo, for every value profile consistent with the

observed outcome.

Although Theorem 4 is an existence result and does not prescribe how to select among

post-subsidy stable outcomes, its proof is constructive: under budgets bτ, the school–optimal

stable allocation (with a tie-breaking rule favoring the status-quo matching) achieves weakly

higher welfare than the status quo. Therefore, if the planner can operate a centralized clear-

inghouse, a welfare-improving outcome can be implemented by running a school–proposing

extended Deferred Acceptance (DA) algorithm in reality.

Operationally, the theorem reduces design or verification of a non-distortive policy to a

system of simple inequalities:

bτ
sj

ě wsj,µ(sj) + Λj for all sj.

Hence the planner can test any candidate subsidy allocation—or design one—without solv-

ing for unobserved preferences or recomputing the full set of stable outcomes.

Economically, the characterization bundles two distinct conditions that every robust

subsidy must satisfy. First, DC ensures the subsidy respects the observed outbidding struc-

ture, preventing new direct poaching that would generate efficiency loss. Second, SC ac-

counts for indirect wage pressure through spillover chains: even a school that faces no direct
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poaching may still be affected by wage pressure transmitted from others. Together, DC and

SC ensure that post-subsidy budgets are sufficient to absorb both direct and propagated

wage pressures.

Methodologically, Theorem 4 offers a robust policy prescription without a mechanism-

design layer. The planner need not elicit private information about schools’ preferences:

the observable features (µ, w, b, c) and the outbidding and spillover relations inferred from

them suffice to design a non-distortive subsidy across all consistent value profiles.

2.4.4 The value of information under incomplete information

This subsection studies how the availability of information affects the set of non-distortive

subsidies. In the incomplete-information environment, the planner may lack full knowledge

of match values, costs, or even budgets. We will show that information constraints have a

significant impact on policy design: as the planner’s information set becomes more limited,

the set of non-distortive subsidies contracts, and the planner loses flexibility to target as-

sistance across schools. Conversely, when richer information is available, the planner can

design targeted interventions.

2.4.4.1 When the planner has rich information

When the planner observes the status quo allocation (µ, w) together with costs c and

budgets b—but not the underlying match values v—the set of non-distortive subsidies is

characterized by Theorem 4. In this setting, the planner possesses enough information to

design targeted subsidies that respect the revealed outbidding and spillover structures. A

uniform transfer across schools,

τsi = τsj ą 0 @i, j,

can be dominated by a targeted subsidy allocation. Before stating this result formally, we

first define a notion of dominance to compare different subsidy allocations.

Definition 12 (Dominance). In an allocation (µ, w) with budgets b and costs c, a subsidy allo-
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cation τ is said to be dominated if there exists another subsidy τ1 such that

W(v, c, b, τ1) ě W(v, c, b, τ) for all v P V(µ, w; b, c),

and
ÿ

sPS

τ1
s ă

ÿ

sPS

τs.

Intuitively, a subsidy allocation τ is dominated if another policy τ1 can achieve at

least the same welfare for all value profiles consistent with the observed environment while

requiring a strictly smaller total transfer.

Proposition 5 (Uniform subsidies can be dominated). A positive uniform subsidy allocation

is dominated if there exists sj such that

#

bsi ´ csi ,µ(sj) ď wsj,µ(sj) ´ csj,µ(sj),

bsi ´ csi ,µ(sj) ă bsj ´ csj,µ(sj),
for all i ‰ j,

and

sj
µ
ÝÑ si for all i ‰ j.

Proposition 5 shows that when the planner knows costs and budgets, but not valuations,

a uniform policy, though non-distortive, may still be dominated. With this intermediate

level of information, the planner can often achieve at least the same welfare for all consistent

value profiles while using fewer total resources. For instance, recall Figure 2.8: under a

uniform transfer τ = (1, 1, 1), school s3 already has enough budget reserve, so the 1 unit

allocated to s3 does not relax any binding constraint and is wasted. A different subsidy

τ1 = (1, 1, 0) achieves the same level of improvement while strictly reducing total transfers,

thereby dominating the uniform policy.

In short, richer information enables targeted and more cost-effective subsidy design,

whereas informational constraints progressively limit this flexibility.
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2.4.4.2 When the planner has limited information

We next consider an environment in which the planner does not observe match values

or costs but still knows the observed allocation (µ, w) and the baseline budgets b. In this

case, the definition of consistency and non-distortion must be adjusted to account for the

unobserved parameters.

Define the set of value and cost profiles consistent with the observed environment

(µ, w; b):

V , C(µ, w; b) ”
␣

v, c : (µ, w) is stable under (v, c, b)
(

.

Definition 13 (Non-distortive subsidy with unknown v and c). In an allocation (µ, w) with

budgets b, we say a subsidy allocation τ = (τs)sPS is non-distortive for (µ, w; b) if, for every

value and cost profile v, c P V , C(µ, w; b),

W(v, c, b, τ) ě W(µ; v, c).

Theorem 6 (Characterization with unknown v and c). In an allocation (µ, w) with budgets

b, a subsidy allocation τ is non-distortive if and only if

bτ
sj

´ wsj,µ(sj) ě max
si

τsi for all sj.

Theorem 6 shows that when the planner cannot observe the underlying values or costs,

the flexibility to differentiate subsidies is sharply reduced. The non-distortive set is uni-

formly constrained by the largest subsidy granted to any school, limiting the scope for

targeted assistance. Equivalently, each school’s post-subsidy budget reserve must cover a

uniform lower bound, which is the greatest potential direct effect that any single subsidized

school can generate.

2.4.4.3 When the planner has minimal information

Finally, consider the extreme case in which the planner cannot observe match values,

costs, or budgets and only knows the existing allocation (µ, w). With such minimal in-

formation, any differentiation across schools may generate distortions for some consistent

environment.
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Define the set of value, cost, and budget profiles consistent with the observed allocation

(µ, w):

V , C,B(µ, w) ”
␣

v, c, b : (µ, w) is stable under (v, c, b)
(

.

Definition 14 (Non-distortive subsidy with unknown v, c, and b). In an allocation (µ, w),

a subsidy allocation τ = (τs)sPS is non-distortive for (µ, w) if, for every value, cost, and budget

profile v, c, b P V , C,B(µ, w),

W(v, c, b, τ) ě W(µ; v, c).

Theorem 7 (Characterization with unknown v, c, and b). In an observed allocation (µ, w), a

subsidy allocation τ is non-distortive if and only if

τsi = τsj for all i ‰ j.

When information is severely limited, the planner observes neither schools’ preferences

v, nor teachers’ preferences c, nor schools’ constraints b. Deprived of this information,

the planner loses all flexibility to target assistance across schools. Uniform assistance is

therefore the only policy that guarantees robustness across all environments consistent

with the observed outcome.

2.4.4.4 Discussion

Taken together, Proposition 5 and Theorems 4–7 reveal how information constraints

shape the design of non-distortive subsidies. As the planner’s information set becomes

coarser, the feasible set of policies narrows: (i) with rich information, targeted subsidies

can dominate a uniform policy; (ii) with partial information, the scope for differentiation

shrinks; and (iii) with minimal information, uniform subsidies are the only robust choice.

Hence, the degree of information available to the planner governs the flexibility of policy

design and determines whether the planner should implement targeted interventions or

uniform transfers in practice.

It is worth noting that uniform subsidies are often adopted in practice due to fairness

or political considerations. However, the notion of non-distortion employed here is purely
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efficiency-based, focusing on preserving the total welfare generated by the existing matching.

The results above therefore provide an alternative rationale for uniform policies: even when

efficiency is the sole objective, information constraints alone may render uniform subsidies

the only non-distortive—and thus efficiency-preserving—option available to the planner.

2.5 Conclusion

This paper studies subsidy design in budget-constrained matching markets when the

social planner operates under informational constraints. It offers two contributions: one

policy-oriented and one methodological.

For policy implications, our results demonstrate that even under incomplete informa-

tion, the planner can robustly improve welfare. In particular, Theorem 4 identifies two

intuitive and testable requirements: direct-effect coverage and spillover coverage. These

conditions are necessary and sufficient for a subsidy allocation to improve aggregate welfare

across all environments consistent with the planner’s observations. Moreover, we show that

the planner’s information set governs the choice between targeted and uniform transfers,

offering a clear value-of-information message for policymakers: richer information enables

finer targeting, whereas minimal information leaves uniform transfers as the only robust

option.

The methodological contribution is more important: we develop a new approach for re-

searchers and policymakers to address informational constraints in economic design. Rather

than relying on mechanism design to elicit private information, we infer the underlying in-

formation structure from observed market outcomes and use that inference to guide policy

design. Our findings show that observed data, together with this inference, are sufficient

to construct a robust policy prescription. While we apply this method to subsidy design in

matching markets, this inference-based approach can be broadly applied to other settings

with incomplete information.

To conclude, our analysis strengthens the connection between matching theory and

policy implementation by characterizing how a social planner can operate under incomplete
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information, thereby enabling the design and implementation of more effective policies

in real world matching markets. We also develop a novel approach for researchers and

policymakers to address informational constraints, paving the way for improved economic

design.
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3. Rank Order Choice Modeling with Latent
Consideration Sets

3.1 Introduction

The role of unobservable consideration sets in discrete choice modeling has been long-

recognized, with its explicit incorporation in the analysis of random utility models in Manski

(1977). Several papers have since proposed models of the consideration set formation pro-

cess that enable estimation of individual preferences when the menu from which consumers

choose is indeed unobservable. Examples include Swait and Ben-Akiva (1987), Ben-Akiva

and Boccara (1995), Goeree (2008), Manzini and Mariotti (2014), Abaluck and Adams-

Prassl (2021), Barseghyan et al. (2021), G. S. Crawford et al. (2021), and N. Agarwal

and Somaini (2025), among many others.1 Such models are important for understanding

how individuals actually make choices when consideration of all alternatives may not be

practical, and for informing individuals’ choices under counterfactual scenarios.

This paper considers the presence of heterogeneous unobservable consideration sets in

econometric models of rank order choice, whereby researchers observe not just the option

chosen, but rather a ranking of a finite set of top-ranked choices submitted by each indi-

vidual. The development and application of econometric models for rank order choice that

assert full consideration of all alternatives have a long history going back to the rank order

logit model first used in Beggs et al. (1981).2 This model and other models of rank order

choice since developed assert that individuals rank their top M choices out of J options,

according to the random utility associated with each alternative. In this paper individuals

are modeled as first forming a consideration set of L ď J options from the universe of J

alternatives, and then ranking their M ď L top choices from their consideration set. To the

1 We do not attempt here to provide a detailed review of the literature on discrete choice modeling with
heterogeneous and unobservable consideration sets. This literature is thoroughly reviewed in Barseghyan
et al. (2021) and G. S. Crawford et al. (2021).

2 The form of the conditional ranking probability used in Beggs et al. (1981) was obtained in Luce and
Suppes (1965), but appears not to have been previously used for econometric analysis.
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best of our knowledge, previous research appears not to have previously modeled consider-

ation set formation in econometric models of rank-order choice. This paper contributes to

this literature by developing and analyzing such a model.

Prominent applications of rank order choice include ranking of schools by students in

school allocation mechanisms, and the ranking of candidates in elections that feature rank

order choice ballots. In both circumstances it may be practically unreasonable for individ-

uals to evaluate the entire set of options available, as doing so may simply be too costly.

Individuals faced with both time constraints and a finite capacity to process information

may instead adopt simple criteria for focusing only on a subset of the universe of all possi-

ble alternatives, i.e. their consideration set. Rank order preferences may then be revealed

by each individual only for alternatives within their consideration set. The underlying ra-

tionale for the use of such consideration sets rather than evaluating all possible options

matches that of discrete choice settings where only the top choice is observed.

Models of consideration set formation with rank order choice are necessary for correct

inference on preferences and for modeling individual rankings in counterfactual scenarios.

For example, in order to assess how individual school choice rankings will respond to the

opening of a new school or the availability of school vouchers, both preferences and con-

sideration set formation must be taken into account. If some individuals simply do not

consider schools outside of a default option, or those in a very localized neighborhood, then

models assuming full consideration will incorrectly attribute such choices to preferences.

Such a model may predict an incorrect response to the opening of a new school or the

availability of vouchers. Moreover, a model that includes consideration set formation may

reveal important informational channels, potentially more effective for some households in

achieving good school matches than alternative policies.

Our task of embedding consideration set formation in models of rank order choice is

informed by the recent literature on discrete choice. Specifically, we adapt the hybrid con-

sideration set model allowing both default alternatives and alternative specification con-

sideration probabilities in Abaluck and Adams-Prassl (2021) for discrete choice analysis
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to model rank-order choice with unobservable consideration sets. Because the rank-order

choice model includes the individual’s top choice from their consideration set, one could

potentially adapt the Abaluck and Adams-Prassl (2021) nonparametric identification argu-

ment to rank-order choice models, enabling identification of consideration probabilities and

choice share probabilities conditional on a given (latent) consideration set. The approach

in that paper however makes use of choice-specific exogenous covariates with continuous

and unbounded support, which are not easily found in practice. This paper focuses on

parametric models for which identification of structural parameters can be obtained when

such variation is lacking.

Relative to discrete choice analysis, rank order choice data provides more information

about individuals’ preferences. For example, the researcher knows with certainty that all

options ranked by an individual are elements of that individual’s consideration set, while

with discrete choice data the researcher can only be certain that the single choice observed

belongs to their consideration set. This additional knowledge can potentially be helpful for

identifying preferences and the consideration formation process. However, generalization

to rank order choice also entails significant complication. The sheer number of possible

rankings and the combinatorial complexity of the joint consideration and ranking process

is overwhelming. If there are J alternatives, then the number of possible consideration sets

of size L is

J!
(J ´ L)!L!

,

and each such consideration set admits L! possible rankings. Therefore, the total number

of possible rankings of length L is

J!
(J ´ L)!

.

For example, when J = 10 and L = 3, there are 10!/(7!3!) = 120 possible consideration

sets of size 3, and 10!/7! = 720 possible rankings of length 3. Summing across all possible
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lengths l = 1, . . . , J, the total number of possible consideration sets is

J
ÿ

l=1

J!
(J ´ l)!l!

= 1023,

while the total number of possible rankings is

J
ÿ

l=1

J!
(J ´ l)!

= 9,864,100.

The combinatorial complexity of the problem prohibits the use of maximum likelihood

based on the full ranking even in a model with a fully parametric specification. While

rankings provide further information relative to discrete choice information alone, practical

considerations make aggregation of this information essential.

Given the novelty of incorporating latent consideration set formation in a model of rank

order choice, this paper focuses specifically on developing a tractable parametric model

for which observable implications amenable to estimation are characterized. As such, the

model is not intended to demonstrate the most general approach to this problem, but

rather to demonstrate the importance of consideration set formation, and to lay the foun-

dation for further analysis. Many avenues for relaxation of functional form or distributional

restrictions on unobservables are possible, and perhaps desirable, but may complicate iden-

tification analysis and estimation. Monte Carlo analysis demonstrates that even with a

data generation process following the tightly-specified parametric model studied, conven-

tional approaches to rank choice modeling provide misleading estimates due to the absence

of modeling consideration set formation. Further development and analysis of econometric

models incorporating latent consideration in rank order choice is therefore warranted.

The rest of the paper proceeds as follows. Section 3.2 sets out the rank order choice

model with unobservable consideration sets analyzed herein. Section 3.3 collects several

observable implications of the model in the form of conditional probabilities and moments

that are functions of model parameters. Section 3.4 considers estimators for structural pa-

rameters and their properties. Section 3.5 provides simulation evidence on the performance
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of the proposed estimators, and compares their performance to those that do not account

for heterogeneous consideration set formation. Section 3.6 concludes and provides possible

avenues of further development.

3.2 A Model of Ranking and Consideration

In the section we develop a model for rank order choice with latent consideration set

formation. The model is inspired by the hybrid model studied by Abaluck and Adams-

Prassl (2021) for discrete choice, providing a generalization to rank order choice modeling.

Rankings Yi and a list of covariates Xi are observed for each individual i = 1, ..., n.

Rankings Yi comprise an ordered list of options, each of which are elements of a universal

set of alternatives J ” t1, ..., Ju. Individuals do not necessarily rank all options in the

universal set, but rather only a subset of them, and the length of the ordered list Yi, denoted

Li, may differ across individuals. Covariates Xi can be decomposed as (Zi, Wi, Mi, Ji(d))

where Zi denotes characteristics that vary with i but not across alternatives, and where

Wi ” (Wi1, ..., Wi J) are characteristics that may vary with both the individual and the

alternative, such as the distance from the individual’s home to a school, or which may be

constant across individuals, such as a measure of academic performance at school j. Variable

Mi denotes characteristics specific to individual i which do not affect utility, but which may

affect consideration set formation. The notation here reflects the use of characteristics of

student i’s middle school in the context of rank order choice elicitation for high schools.

Variable Ji(d) denotes the identity of a default option for i, which will be assigned to

i for sure if no higher-ranked option is available. In the context of school choice, this is

the identity of the local public school to which i will be offered a seat for sure if no option

ranked higher than i is available. This is also the option designated to i if no rank order

list is submitted.

The following assumption on the data generating process is made throughout.

Assumption 1. (Random Sampling) Data t(Yi, Xi) : i = 1, ..., nu comprises a random sample of

(Y, X) such that FYX is identified.
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The goal of identification analysis is to determine what features of the model below

can be learned from knowledge of FYX. Further modeling restrictions on the formation

of individuals’ consideration sets and on their process for ranking alternatives in their

consideration sets are provided in Sections 3.2.1 and 3.2.2 below.

3.2.1 Consideration Set Formation

Each individual i is modeled as having a default option, and possibly a continuation

option, within the universal set of alternatives J ” t1, ..., Ju. While all individuals have a

default option, the continuation option may be null for some individuals. In the context

of school choice, the continuation option could be attendance at the high school offered by

the student’s current middle school, when their school offers grades beyond middle school.

Since some schools cover grades in both middle school and high school, while others do not,

only some students will have continuation schools. Middle school students may or may not

automatically have the option to attend their continuation high school when they have one,

depending on the school’s entry requirements. Our model allows both cases.

Notation J(c) is used to denote a continuation option, which is the null value H when

no such option is available. Notation C Ă J denotes a consideration set, with Ci indicating

the consideration set of individual i, and Ji(d) and Ji(c) denoting individual i’s default and

continuation options, respectively. Consideration sets are not observable, but are assumed

to always contain the default option, as well as the continuation option when there is one,

and both J(d) and J(c) are observable. The continuation option J(c) is assumed to be a

known function of M, as it would be in a model of school choice in which M denotes a

student’s middle school. Notation Cdc ” tJ(d), J(c)u denotes the default and continuation

option pair.

As previously noted, we employ a consideration set formation model similar to the hy-

brid consideration set formation model used for discrete choice analysis in Abaluck and

Adams-Prassl (2021), which combines features of default and alternative specific considera-

tion models. Each individual expends effort to consider options further to their default and

45



continuation options to form a richer consideration set with some probability µ, which is

allowed to depend on X. With one minus that probability, they consider only their default

and continuation options. Variable S is used to denote an indicator equal to one if the

individual expends effort to consider alternatives other than the default and continuation

options. While C denotes an individual’s consideration set, C(j) ” 1 [j P C] is used to denote

an indicator for whether option j is an element of the consideration set.

Assumption 2 formally specifies the consideration set formation part of the model.

Assumption 2. (Consideration Set Formation)

(i) Variable S indicating whether effort is made to consider options further to the default and

continuation options J(d) and J(c) is determined by

S = 1
[
ω ď µ(Z, M, WJ(d))

]
, ω „ U[0, 1],

where ω is unobservable.

(ii) If S = 1, then whether or not each alternative j P J is considered is determined by

C(j) = 1 [j P Jdc] + 1 [j R Jdc] ¨ S ¨ 1
␣

gj (X) γ + ε j ą 0
(

,

where ε ” (ε1, ..., ε J) is unobservable and gj(X) = g(Z, M, Wj) with g(¨, ¨, ¨) a known

function.

(iii) The components of ε are i.i.d. standard normally distributed, i.e. ε j „ N (0, 1) for all j.

Moreover, ε, ω, and X are mutually independent.

Assumption 2(i) specifies the process that determines whether a given individual at-

tempts to form a consideration set that includes more than their default and continuation

options. The uniform distribution restriction on ω along with the independence restriction

of Assumption 2(iii) imply that Pr [S = 1|X = x] = µ(z, m, wj(d)), so that the character-

istics of options other than the default option do not affect the decision to expand the

consideration set. Since the continuation option is a deterministic function of m, the con-

tinuation school can however have an effect on Pr [S = 1|X = x] through dependence on

m.
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Assumption 2(ii) specifies the process determining whether each option j is considered.

Any option j which is not the default or continuation option is considered if S = 1 and

the index g(Z, M, Wj)γ exceeds ´ε j. Together with Assumption 2(iii) this implies that the

conditional probability that such an option j is considered conditional on X = x and S = 1

is

ϕj(x) ” Pr [C(j) = 1|X = x, S = 1]

where

@j R Jdc : ϕj(x) = Pr
[
g(z, m, wj)γ ą ´ε j | X = x, S = 1

]
= Φ(g(z, m, wj)γ), (3.1)

where Φ(¨) is the standard normal CDF. Assumption 2(ii) comprises an exclusion restriction

because the function gj(x) is invariant with respect to the characteristics of options other

than j as well as the identity of the default option, both of which are components of x.

The second equality in (3.1) follows from Assumption 2(iii). In principle, less stringent

restrictions on the distribution of ε could be allowed, at the cost of reduced tractability.

The assumption also implies that conditional on S = 1 and X = x, the probability of

considering both options j and k is the product of the probabilities of considering them

separately. Thus, like that of Abaluck and Adams-Prassl (2021), this specification allows

for dependence in alternative-specific consideration on the basis of observables, but not

conditional on observables X.

3.2.2 Ranking of Considered Alternatives

Each individual ranks alternatives among those in their consideration set C. The sub-

mitted ranking is assumed to follow the order of preferences among those choices in the

consideration set whose utility exceeds that of the individual’s default option J(d). The

ranking is denoted by vector Y of length L such that Y1 is the highest ranked option, Y2

is the second highest ranked option, and so on, with YL being the lowest ranked option.

Individuals may submit rankings of different lengths L.3 The formal assumption follows.

3 If an individual is observed to have a default option, but that option does not appear in the individual’s
rank order list, the default option is appended to the rank order list submitted, signifying that all ranked
options are preferred to the default option.
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Assumption 3. (Ranking by Preference)

(i) Observed rankings Y comprise all considered options j P C such that Uj ě UJ(d), and among

these alternatives rankings are submitted in order from most-preferred to least-preferred op-

tion such that

UY1 ą UY2 ą ¨ ¨ ¨ ą UYL , (3.2)

where Uj denotes the perceived utility associated with alternative j.

(ii) Utility is determined by

Uj = v(Z, Wj)β + νj, (3.3)

for a known function v(¨, ¨) : Supp
(
Z, Wj

)
Ñ Rv, where ν ” (ν1, ..., νJ) is preference

heterogeneity known to the individual for each j P C, but unobservable to the researcher.

(iii) Unobservable preference heterogeneity is such that ν } (X, ε, ω), and the components of ν

are mutually independent, each marginally distributed Type I Extreme Value.

Assumption 3(i) states that all considered alternatives weakly preferred to the default

option are ranked in order following preferences. Assumption 3(ii) stipulates an additive

random utility specification for alternatives. This restriction also comprises an exclusion

restriction since utility only varies with individual characteristics Z and covariates rele-

vant for alternative j but not with any other component of X, such as covariates of other

alternatives or the default option. For tractability Assumption 3(iii) specifies that the unob-

servable variables νj are mutually independent and each distributed Type I Extreme Value,

and are also jointly independent of both covariates and all other unobservable variables in

the model. This rules out dependence of unobservable components of utility and considera-

tion, although it should be noted that there may be observable variables that affect utilities

as well as consideration set formation, so dependence on the basis of observable variables

is allowed. Our goal here is tractability, but relaxations of Assumption 3(iii) would seem

useful for future consideration.

The upshot of Assumption 3 is that conditional on X and choice set C, the specification

follows the rank order logit model introduced by Beggs et al. (1981). Thus the probability
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of a ranking y = (y1, y2, ..., yℓ) conditional on X = x and consideration set C is

p(y|x, C) = P
[
Uy1 ą Uy2 ą ¨ ¨ ¨ ą Uyℓ |x, C

]
= P

[
Uy1 ą Uy2 ą ¨ ¨ ¨ ą Uj(d)|x, C

]
,

with the second equality following because the default option is the last ranked choice. This

probability can then be written

p(y|x, C) =
ℓ
ź

j=1

Pr

[
Uyj ą max

kPCzy1:j´1

Uk|x, C, Y1:j´1 = y1:j´1

]
,

where for 1 ď j ď k, yj:k ” tyj, ..., yku denotes the set of options ranked in places j through

k. Because νj are i.i.d. and independent of X and C, the conditioning event that options

y1:j´1 were the top j ´ 1 ranked choices can be dropped and we obtain

p(y|x, C) =
ℓ
ź

j=1

Pr

[
Uyj ą max

kPCzy1:j´1

Uk|x, C
]
=

ℓ
ź

j=1

exptv(z, wj)βu
ř

hPyj:ℓ
exptv(z, wh)βu

,

which is the usual “exploded logit” conditional probability for Ur1 ą Ur2 ą ¨ ¨ ¨ ą Urℓ .

In addition, the probability that a given alternative is ranked first conditional on C is

given by the simple logit probability

s˚
j (x|C) ” Pr

[
Uj ě max

k‰j
Uk|x, C

]
=

exptv(z, wj)βu
ř

hPyj:ℓ
exptv(z, wh)βu

.

This corresponds to the conditional share equation in a discrete choice model. Using this,

we can form conditional probabilities that any alternative j is top-ranked, i.e. choice prob-

abilities, conditional on X = x only, when C is unobservable, as shown in Section 3.3.1.

3.3 Observable Implications and Identification

In this section expressions are developed for conditional probabilities and moments as

functions of observable variables and parameters. These expressions constitute observable

implications that can be used to establish identification and to construct estimators.

49



3.3.1 Top Rank Probabilities

Here expressions are provided for each alternative being an individual’s top choice.

These are similar to those obtained in the discrete choice hybrid consideration model of

discrete choice studied in Abaluck and Adams-Prassl (2021). A difference here is that we

allow for both a continuation and a default option. We further assume that the default

option is always put in the final place in the individual’s ranking when they expend effort

to form a consideration set, since individuals know that they will obtain the default option

for certain if all higher-ranked alternatives are exhausted.

First, note that using Assumption 3, including the distributional restrictions on unob-

servable ν in Assumption 3(iii) gives

Pr
!

Uj(c) ě Uj(d)|X = x
)

= ψj(c)(x; β),

where

ψj(x; β) ” PrtUj ą Uj(d) | X = xu = Λ
((

v(z, wj) ´ v(z, wj(d))
)

β
)

(3.4)

where Λ(¨) is the logistic CDF. Thus, ψj(x; β) is the probability that option j is preferred

to the default option j(d) conditional on X = x.

For top rank probabilities there are three cases to consider: j = j(d), j = j(c), and

j R Jdc. For any j P J , let P(j) denote the collection of consideration sets that contain j.

P(j) ” tC Ď J : j P Cu .

The conditional probability that alternative j P J is top-ranked conditional on x is then

sj(x) = µ(z, m, wj(d))Sj(z, m, w; θ), j R Jdc, (3.5)

sj(d)(x) =
(

1 ´ µ(z, m, wj(d))
) (

1 ´ ψj(c)(x; β)
)
+ µ(z, m, wj(d))Sj(c)(z, m, w; θ), (3.6)

sj(c)(x) =
(

1 ´ µ(z, m, wj(d))
)

ψj(c)(x; β) + µ(z, m, wj(d))Sj(c)(z, m, w; θ), (3.7)

where for any j P J

Sj(z, m, w; θ) ”
ÿ

CPP(j)

$

&

%

ź

hPC
ϕh(x)

ź

hRC
(1 ´ ϕh(x)) s˚

j (x|C)

,

.

-

. (3.8)
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Here Sj(z, m, w; θ) denotes the probability that option j is chosen conditional on the indi-

vidual exerting effort to form a consideration set further to the default and continuation

option. The expression in (3.8) is obtained by using the law of total probability applied to

all consideration sets P(c) that contain option j.

3.3.2 Ranking Probabilities

In this subsection expressions are developed for the conditional probability that a given

option is ranked in any place in the individual’s rank order list, denoted

pj (x; θ) ” Pr (j P Y|X = x) . (3.9)

The default option is always ranked.4 The continuation option, when there is one, is always

in the consideration set, and will be ranked if its associated utility is higher than that of

the default option. An alternative j P J that is neither the default nor continuation option

is ranked if an individual (i) forms a consideration set (ii) considers j among the universe

of alternatives and (iii) has higher utility from option j than that of their default option.

Thus

pj (x; θ) =

$

&

%

µ(z, m, wj(d)) ˆ ϕj(x) ˆ ψj(x; β), if j R Jdc,
ψj(c)(x; β), if j = j(c),
1, if j = j(d),

(3.10)

where ψj(x; β) denotes the probability that alternative j is preferred to the default option,

as defined in (3.4).

Which option is i’s continuation option is observed, so that j(c) is a component of x.

Hence we have from (3.4) that if J(c) ‰ H then

pJ(c) (x; θ) = ψJ(c)(x; β) = Λ
((

v(z, wj(c)) ´ v(z, wj(d))
)

β
)
, (3.11)

while pJ(c) (x; β) is zero if there is no continuation option, i.e. if J(c) = H. Equation (3.11)

holds under Assumption 3, as in particular part (iii) restricts unobservable heterogeneity

4 Recall that if a submitted rank-order list does not contain the default option, it is interpreted as placing the
default option in the next place following the lowest-ranked option.
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in utility to be independent of the continuation options given observable utility shifters.

Moreover, under Assumption 3(iii) the event J(c) = H is independent of unobservable

heterogeneity in utility ν conditional on X = x, and therefore

Pr
(

UJ(c) ą UJ(d)|X = x, J(c) ‰ H

)
= Λ

((
v(z, wj(c)) ´ v(z, wj(d))

)
β
)
. (3.12)

The quantity on the left-hand side of (3.12) is identified from ranking data, since both the

continuation and default options J(c) and J(d) are observable elements of the consideration

set. Specifically, this is equal to the conditional probability that J(c) is ranked higher than

J(d). Thus, there is the following implication.

Lemma 8. Let Assumptions 1–3 hold. If the matrix

E [( v(Z, WJ(c)) ´ v(Z, WJ(d) )
1( v(Z, WJ(c)) ´ v(Z, WJ(d) )|J(c) ‰ H]

has full rank then β is identified.

The proof of this lemma is straightforward and omitted; it follows directly from noticing

that the probability of ranking the continuation option higher than the default option

conditional on their being a continuation option follows a binary logit specification.

Consequently, the probability ψj(x; β) defined in (3.4) is point-identified for each option j

and vector of observable covariates x. This will be used together with the form of the ranking

probabilities given in (3.10) along with the probability of ranking two options simultaneously

studied in the following subsection to obtain conditions for point identification of all model

parameters.

3.3.3 Ranking Two Schools Together

Consider now the probability pjk(x; θ) that two options j and k are both ranked. This

probability is given by

pjk (x; θ) =

$

’

’

&

’

’

%

µ(z, m, wj(d)) ¨ ϕj(x) ¨ ϕk(x) ¨ ψjk(x; β), if j R Jdc, k R Jdc,
µ(z, m, wj(d)) ¨ ϕk(x) ¨ ψk(x; β), if j = j(d), k ‰ j(c),
µ(z, m, wj(d)) ¨ ϕk(x) ¨ ψjk(x; β), if j = j(c), k ‰ j(d),
ψk(x; β), if j = j(d), k = j(c),

(3.13)
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where

ψjk(x; β) ” Pr
(

Uj ą Uj(d) and Uk ą Uj(d)|X = x
)

= Pr
(

min
␣

v(Z, Wj)β + ε j, v(Z, Wk)β + εk
(

ą v(Z, Wj(d))β + ε j(d)|X = x
)

,

is the conditional probability that both options j and k are preferred to the default option

under Assumption 3. From Lemma 8 ψjk(x; β) is identified for all x since β is identified.

In the next section equation (3.13) is used together with results from Sections 3.3.1 and

3.3.2 to establish conditions under which the parameter vector θ is identified.

3.4 Identification and Estimation

To establish identification and an approach for estimation of model parameters, consider

again any two alternatives j and k, neither of which are default or continuation options.

From (3.10) there is for all x:

ϕj(x) =
pj(x; θ)

µ(z, m, wj(d))ψj(x; β)
.

Substituting for ϕj(x) in (3.13) and isolating ϕk(x) then yields

ϕk(x) =
pjk(x; θ)ψj(x; β)

pj(x; θ)ψjk(x; β)
=

pjk(x; θ)

pj(x; θ)

/
ψjk(x; β)

ψj(x; β)
. (3.14)

Thus the probability of considering alternative k R Jdc is given by a ratio of ratios. Specifi-

cally, it is the ratio of the probability of ranking both j and k divided by the probability of

ranking j, to that of the probability of preferring both j and k to the default option divided

by the probability of preferring j to the default option. Formalizing this observation yields

the following Proposition.

Proposition 9. Let Assumptions 1–3 hold and let the rank condition stated in Lemma 8 be sat-

isfied such that β is identified. Then ϕj(x) is identified for all j P J and all x P Supp(X)

and µ(z, m, wj(d)) is identified for all (z, m, wj(d)) P Supp((Z, M, Wj(d))). Furthermore, let

Gj ” g(Z, M, Wj) and define G as the J ˆ dim(γ) matrix whose jth row is Gj for each j = 1, ..., J.

If E [G1G] is nonsingular then γ is identified.
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Proof. From (3.10) we have that for all j P J :

Pr [j P Y|x, j R Jdc] = pj(x; θ) = µ(z, m, wj(d)) ˆ ϕj(x) ˆ ψj(x; β),

and from (3.13) there is for all j, k P J :

Pr [tj, ku Ď Y|x, j R Jdc, k R Jdc] = pjk(x; θ) = µ(z, m, wj(d)) ¨ ϕj(x) ¨ ϕk(x) ¨ ψjk(x; β),

where Pr [j P Y|x, j R Jdc], Pr [tj, ku Ď Y|x, j R Jdc, k R Jdc] are identified from FYX and ψj(x; β)

and ψjk(x; β) are identified from Lemma 8. Therefore combining the equations above we

have that for all k P J :

ϕk(x) =
pjk(x; θ)ψj(x; β)

pj(x; θ)ψjk(x; β)
=

pjk(x; θ)

pj(x; θ)

/
ψjk(x; β)

ψj(x; β)
,

so that ϕk(x) is identified for all x such that ψjk(x; β) ą 0. From (3.10) we also have that

Pr [k P Y|x, k R Jdc] = pk(x; θ) = µ(z, m, wj(d)) ¨ ϕk(x) ¨ ψk(x; β),

from which we obtain

µ(z, m, wj(d)) =
pk(x; θ)

ϕk(x)ψk(x; β)
=

pj(x; θ)pk(x; θ)ψjk(x; β)

pjk(x; θ)ψj(x; β)ψk(x; β)
,

so that µ(z, m, wj(d)) is identified. From Assumption 2 equation (3.1) holds for each j, from

which it follows that if E [G1G] is nonsingular:

γ = E [G1G]
´1 E

[
G1

(
Φ´1 (ϕ1(X)) , ..., Φ´1 (ϕJ(X))

)1
]

,

completing the proof.

Proposition 9 establishes that Assumptions 1–3 suffice for identification of the condi-

tional probability ϕj(x) of considering each option j P J as well as identification of the

conditional probability of searching for options beyond the default and continuation op-

tion µ(z, m, wj(d)). Under Assumption 2(ii)–(iii), ϕj(X) = Φ(Gjγ) and a rank condition
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for any one of the Gj suffices for identification of parameter vector γ. It is worth noting

that identification of ϕj(x) for each x P Supp(X) does not however rely on the parametric

specification of ϕ(¨) in Assumption 2.

The proposition further shows how particular moment equations implied by the model

can be leveraged for estimation and inference. While one might ideally consider maximum

likelihood estimation based on the full model conditional likelihood for the entire rank

order list, the number of possible rankings will generally make this infeasible. Under the

conditions of Proposition 9 we see that the conditional probability of ranking each option

and each pair of options is sufficient to achieve identification, offering motivation for using

moment-based estimators using these conditional probabilities. To this end, we outline two

tractable estimation strategies below: a Generalized Method of Moments (GMM) approach

and a Pooled Partial Likelihood (PPL) approach.

3.4.1 Generalized Method of Moments

Following the identification argument in Proposition 9, the conditional probabilities of

ranking each option can be directly leveraged to construct a moment-based estimator. Let

yij ” 1tj P Yiu denote an indicator equal to one if individual i ranks alternative j. The

model implies that the conditional expectation of this indicator is given by the ranking

probability defined in equation (3.10):

E[yij | Xi] = pj(Xi; θ0),

where θ0 is the true parameter vector. This naturally suggests a Generalized Method of

Moments (GMM) approach. Define the ranking residual for individual i and alternative j

as:

eij(θ) = yij ´ pj(Xi; θ).

To construct unconditional moment conditions, let tzjmuM
m=1 denote a set of M valid

instruments for alternative j, which may include functions of the exogenous covariates Xi

or alternative-specific characteristics. At the population level, the true parameter vector
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θ0 satisfies the orthogonality condition E[eij(θ0)zjm] = 0. Stacking these moments across

all J alternatives and M instruments yields a J ¨ M-dimensional population moment vector

g0(θ). The true parameter θ0 is then the vector that minimizes the population criterion

function:

θ0 = arg min
θPΘ

g0(θ)
JWg0(θ),

where W is a positive semi-definite weighting matrix.

Given a random sample of n individuals, for each alternative j P J and instrument m,

we form an empirical moment by averaging the residuals across all n individuals:

gjm(θ) =
1
n

n
ÿ

i=1

eij(θ)zjm.

Stacking these moments across all J alternatives and M instruments yields a J ˆ M

matrix of sample moments Gn(θ) = [gjm(θ)]jPJ ,m=1,...,M. Vectorizing this matrix provides

the J ¨ M-dimensional empirical moment vector gn(θ) = vec(Gn(θ)). The GMM estimator

θ̂ is then defined as the parameter vector that minimizes the sample criterion function:

θ̂ = arg min
θPΘ

gn(θ)
JWngn(θ),

where Wn is a consistent estimator of W. In practice, a rich set of instruments derived from

alternative characteristics, such as continuous covariates and their cross-products, can be

used to identify the parameters governing both consideration set formation and random

utility.

3.4.2 Pooled Partial Likelihood

As an alternative to the GMM framework, one may consider a partial maximum like-

lihood estimator using only the conditional ranking probabilities pj(x; θ). For each alter-

native j, pj(x; θ) provides the conditional likelihood for the event that j is ranked. The

single-observation log-likelihood for this binary event will be

Lj (θ; y, x) ” 1tj P yu log
(

pj(x; θ)
)
+ 1tj R yu log

(
1 ´ pj(x; θ)

)
. (3.15)
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By standard arguments for maximum likelihood estimators it follows that θ maximizes the

expectation of this partial log-likelihood, i.e.

θ P argmax
θ̃PΘ

E
[
Lj

(
θ̃; Y, X

)]
, (3.16)

where Θ denotes the parameter space. The above is a partial log-likelihood because it only

uses information about whether option j is ranked.

As long as the model correctly specifies the form of the probabilities pj(x; θ), (3.16)

holds for each option j P J . It thus follows that

θ P argmax
θ̃PΘ

E
[
L
(
θ̃; Y, X

)]
, L

(
θ̃; Y, X

)
”

ÿ

jPJ
Lj

(
θ̃; Y, X

)
, (3.17)

where L
(
θ̃; y, x

)
is the pooled partial likelihood obtained that pools all the partial likelihood

functions across j. Given a random sample of n individuals, we can estimate the parameters

by maximizing the empirical counterpart to the expected pooled partial log-likelihood. The

pooled partial maximum likelihood estimator θ̂ is defined as:

θ̂ P argmax
θ̃PΘ

1
n

n
ÿ

i=1

L
(
θ̃; Yi, Xi

)
. (3.18)

This treatment mirrors the use of pooled likelihood methods for panel data, see for ex-

ample Section 13.8 of Wooldridge (2010). However, the maximizer of the expected pooled

partial likelihood need not be unique without sufficient conditions for point identification

using only the ranking probabilities. Nonetheless, suitable adaptation of methods for in-

ference using likelihood methods allowing the possibility of partial identification such as

X. Liu and Shao (2003) may be possible.

Remarks

1. All that is required for the pooled partial likelihood approach is a parametric specifi-

cation for the individual ranking probabilities pj(x; θ). Correlation of unobservables

across options can be permitted, although identifying those correlations using only

ranking probabilities should not be possible.
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2. One could consider also using partial likelihoods for the event of simultaneously rank-

ing two alternatives j and k together. This would use more information, though it

would require some specification of correlation across alternatives.

3. One advantage of the pooled partial likelihood approach is a practical one. There is

no need to convert conditional moments to unconditional ones by use of instrument

functions, as is needed for GMM.

3.5 Monte Carlo Experiments

To evaluate the performance of the proposed estimators, we conduct a series of Monte

Carlo simulations. The data generation processes are designed to follow the rank order

choice model with latent consideration sets developed in Section 3.2.

3.5.1 Environment of the Simulation

We simulate an environment consisting of three populations: middle schools M with

|M| = 20, a universal set of alternatives (high schools) J with J = 20, and a population of

individuals I with n = 80, 000. To model continuation options Ji(c), 20% of middle schools

are paired one-to-one with the first 20% of high schools.

Each middle school m P M is characterized by coordinates (xm, ym) „ Unif([0, 1]2), an

academic quality index qMS
m drawn from Unif(0, 4.5) and transformed to a percentile scale,

and a borough identifier bm P t1, 2, 3, 4u corresponding to the quadrant of its coordinates.

Each alternative j P J is assigned coordinates (xj, yj) „ Unif([0, 1]2), an academic qual-

ity index qHS
j transformed to a percentile scale, a type composition vector (πT1

j , πT2
j , πT3

j )

representing the share of Type 1, Type 2, and Type 3 students, and a borough identifier bj.

For each individual i = 1, . . . , n, covariates Xi include home coordinates (xi, yi) „

Unif([0, 1]2) with an implied borough bi, type ti P t1, 2, 3u drawn with probabilities (0.4, 0.4, 0.2),

and a poverty indicator pi „ Bernoulli(0.4). Each individual i is assigned a middle school

Mi selected uniformly at random from the 10 nearest middle schools. The individual’s

default option Ji(d) is selected uniformly at random from the k nearest high schools, where

k = 20 or k = 10 depending on the specific data generating process (DGP).
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3.5.2 Consideration Formation

Following Assumption 2, individuals first determine whether to expend effort to consider

options beyond their default option Ji(d) and continuation option Ji(c). The probability of

extending the consideration set, denoted µ(Zi, Mi, WJi(d)), depends on the individual’s type.

Specifically, the probability of forming a broader consideration set is µt1 for Type 1 students

and µt2,t3 for all other students. Thus, the probability of effort is Pr(Si = 1 | Xi) = µti .

If an individual i does not exert effort (Si = 0), their consideration set Ci strictly consists

of the default option Ji(d) and, if available, the continuation option Ji(c).

If an individual exerts effort (Si = 1), any other alternative j R Jdc is considered if an

index exceeds zero. To match the empirical specification, consideration of j is determined

by:

gj(Xi)γ + ε ij ą 0, where ε ij „ N (0, 1).

The deterministic vector gj(Xi) includes the Euclidean distance between Mi and high

school j, the absolute difference in academic performance between Mi and j, and an indicator

for whether individual i and school j are in the same borough.

3.5.3 Utility Formation and Ranking

Following Assumption 3, each alternative j provides perceived utility Uij = v(Zi, Wj)β+

νij. In our simulations, the deterministic component of utility is modeled as:

v(Zi, Wj)β = βdis(pi)di,j + βacadhsAcademicj + βtype1tsame_typeiju

where di,j is the distance from i’s home to school j, hsAcademicj is the school’s academic per-

centile, and 1tsame_typeiju indicates a match between the student’s type and the school’s

dominant type.

The distance preference is heterogeneous based on poverty: βdis(1) = ´1.5 for poor

students and βdis(0) = ´1 for non-poor students. The remaining utility parameters are

βacad = 3 and βtype = 0.6. The preference shocks νij are drawn i.i.d. from a standard

Gumbel (Type I Extreme Value) distribution.
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Consistent with the model, individual i ranks alternative j if and only if j P Ci and

Uij ě Ui,Ji(d). The submitted list Yi orders all such alternatives descending by Uij. Options

that are not considered or are strictly worse than the default option are omitted from the

ranking.

3.5.4 Estimation Strategies

We implement four estimation approaches to recover the parameters of the model. The

first two strategies—a GMM estimator and a pooled partial likelihood estimator—account

for latent consideration sets using the single-school ranking probabilities derived in Section

3.3. To serve as benchmarks, we also implement two conventional maximum-likelihood

estimators based on exploded logit models under different (and potentially misspecified)

assumptions about the consideration set.

Strategy 1: Generalized Method of Moments (GMM)

This estimator utilizes moment conditions based on the residuals eij(θ) = yij ´ pij(θ),

where yij = 1tj P Yiu is the observed ranking indicator, and pij(θ) ” Pr(j P Yi | Xi) is the

model-predicted probability. For any j R Jdc, this probability takes the form:

pij(θ) = µti Φ(gj(Xi)γ)
exp(v(Zi, Wj)β)

exp(v(Zi, Wj)β) + exp(v(Zi, WJi(d))β)
.

For paired schools, this predicted probability simplifies to the preference share, and equals

one for default schools. For each school j, we define a set of 24 school-level instruments

zjm. The exact choices of these 24 instruments are detailed in Appendix B.1. We construct

empirical moments by averaging residuals across all n individuals:

gjm(θ) =
1
n

n
ÿ

i=1

eij(θ)zjm.

Stacking these moments across all J = 20 alternatives and 24 instruments yields a 480-

dimensional moment vector g(θ). The GMM estimator θ̂ minimizes the objective g(θ)JWg(θ),

where W is the identity weight matrix.5

5 We also experimented with the optimal GMM weighting matrix and found that the results are almost
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Strategy 2: Pooled Partial Likelihood (PPL)

Alternatively, we utilize the pooled partial likelihood approach introduced in Section 3.4.

For each alternative j, the marginal log-likelihood contribution across individuals is:

Lj(θ) =
n
ÿ

i=1

[
yij log(pij(θ)) + (1 ´ yij) log(1 ´ pij(θ))

]
.

Because the true parameter vector θ0 is a maximizer of Lj(θ) for any j, it is also a maximizer

of the pooled partial log-likelihood. We estimate θ by minimizing the negative pooled

objective:

min
θ

´
ÿ

jPJ
Lj(θ) = ´

n
ÿ

i=1

ÿ

jPJ
log

[
pij(θ)

yij(1 ´ pij(θ))
1´yij

]
.

This formulation provides a practical alternative to GMM by eliminating the need to con-

struct unconditional moments via instrument functions.

Benchmark MLE Estimators

For the remaining two benchmark strategies, we estimate the utility coefficients β using

standard exploded logit models. For each student i, let the observed rank-ordered list be

denoted by Ri = (yi1, yi2, . . . , yiKi), where the alternatives are ordered such that Ui,yi1 ą

Ui,yi2 ą ¨ ¨ ¨ ą Ui,yiKi
. By construction, the last-ranked school yiKi is the student’s default

high school.

Strategy 3: Exploded Logit with Universal Consideration Set

This model assumes that each student considers all J high schools and ranks them according

to their utilities. The universal consideration set is Ci = J . Defining the remaining choice

set at stage k as C(k)
i = Ciztyi1, . . . , yi,k´1u, the log-likelihood over all students is:

logL(β) =
n
ÿ

i=1

Ki
ÿ

k=1

log

 exp(v(Zi, Wyik)β)
ř

aPC(k)
i

exp(v(Zi, Wa)β)

 .

identical. However, using the identity matrix requires only about one-seventh of the computation time.
Therefore, we present the results using the identity matrix hereafter.
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Strategy 4: Exploded Logit with Restricted Consideration Set

This strategy assumes that the reported ranking list fully captures the student’s consid-

eration set. No unreported schools are considered, restricting the consideration set to

Ci = tyi1, yi2, . . . , yiKi u. Using the restricted remaining choice set C(k)
i = Ciztyi1, . . . , yi,k´1u,

the log-likelihood across all students is:

logL(β) =
n
ÿ

i=1

Ki
ÿ

k=1

log

 exp(v(Zi, Wyik)β)
ř

aPC(k)
i

exp(v(Zi, Wa)β)

 .

3.5.5 Data Generation Processes and Simulation Results

To thoroughly assess the estimators, we evaluate their performance across seven dis-

tinct Data Generating Processes (DGPs). These DGPs systematically vary the underlying

consideration set formation process and the assignment of the default option. In the tables

below, we report the mean point estimates and standard deviations across 100 Monte Carlo

simulations (in parentheses) for four estimation strategies. These include our two proposed

methods accounting for latent consideration: the Generalized Method of Moments (GMM)

and the Pooled Partial Likelihood (PPL). We compare these against two benchmark estima-

tors: the Exploded Logit with a Universal Consideration Set (MLE_U) and the Exploded

Logit with a Restricted Consideration Set (MLE_R).

We present the results for DGPs 1, 3, 5, and 7 in this section. DGPs 2, 4, and 6 perfectly

mirror the consideration formation processes of DGPs 1, 3, and 5, respectively, but restrict

the default high school assignment to only the 10 closest schools. Because these localized

default variations yield highly similar qualitative takeaways regarding estimator bias and

robustness, their detailed results are deferred to the Appendix.

3.5.5.1 DGP 1: Endogenous Consideration Set Formation

In DGP 1, consideration sets are formed endogenously. Individuals exert effort to con-

sider schools beyond their default and continuation options according to the parameterized

probability µti . The default high school Ji(d) is randomly selected from the entire univer-
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sal set of 20 high schools. As shown in Table 3.1, the GMM and PPL estimators accu-

rately recover both the utility and consideration parameters, whereas the benchmark MLE

models—which ignore latent consideration—suffer from severe attenuation bias in utility

coefficients.

Table 3.1: Simulation Results for DGP 1
Parameter True Value GMM PPL MLE_U MLE_R

βacad 3.000 2.991 3.002 1.102 2.153
(0.030) (0.024) (0.050) (0.034)

βtype 0.600 0.598 0.599 0.212 0.442
(0.021) (0.010) (0.013) (0.008)

βdis(0) -1.000 -0.967 -0.998 -1.422 -1.214
(0.097) (0.027) (0.046) (0.029)

βdis(1) -1.500 -1.465 -1.494 -1.593 -1.580
(0.102) (0.030) (0.050) (0.031)

µt1 0.900 0.926 0.900
(0.019) (0.007)

µt2,t3 0.850 0.875 0.850
(0.018) (0.007)

γ1 (Dist Diff) -1.000 -1.023 -1.000
(0.026) (0.007)

γ2 (Acad Diff) -0.300 -0.308 -0.299
(0.027) (0.008)

γ3 (Same Boro) 0.400 0.370 0.401
(0.025) (0.006)

Note: The numbers reported in the table are the means of the parameter point estimates across 100 Monte
Carlo simulations. Standard deviations in parentheses are the standard deviations of the parameter point
estimates across these 100 Monte Carlo simulations.

3.5.5.2 DGP 3: Random Consideration Set Formation

In DGP 3, consideration is completely exogenous and random; each high school enters

an individual’s consideration set with a 50% probability. The default option is drawn

from all 20 schools. The proposed estimators correctly recover that schools are considered

randomly with probability 0.5, whereas standard MLEs remain biased because they assume

full consideration.
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Table 3.2: Simulation Results for DGP 3
Parameter True Value GMM PPL MLE_U MLE_R

βacad 3.000 3.001 3.001 1.426 2.015
(0.017) (0.014) (0.023) (0.015)

βtype 0.600 0.600 0.599 0.270 0.416
(0.015) (0.006) (0.009) (0.007)

βdis(0) -1.000 -1.010 -1.001 -0.496 -0.696
(0.041) (0.017) (0.016) (0.013)

βdis(1) -1.500 -1.512 -1.501 -0.716 -1.049
(0.061) (0.024) (0.020) (0.014)

µt1 1.000 0.996 0.997
(0.006) (0.003)

µt2,t3 1.000 0.995 0.997
(0.006) (0.003)

γ1 (Dist Diff) 0.000 0.008 0.005
(0.016) (0.007)

γ2 (Acad Diff) 0.000 0.002 0.002
(0.018) (0.007)

γ3 (Same Boro) 0.000 0.006 0.001
(0.015) (0.005)

Note: The numbers reported in the table are the means of the parameter point estimates across 100 Monte
Carlo simulations. Standard deviations in parentheses are the standard deviations of the parameter point
estimates across these 100 Monte Carlo simulations.

3.5.5.3 DGP 5: (Almost) Universal Consideration Set

DGP 5 simulates a near-universal choice environment where almost all schools (99%)

are considered, with the default drawn from the full set. As expected, when the underlying

data generation process closely mimics the universal consideration assumption, the MLE_U

bias shrinks significantly.
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Table 3.3: Simulation Results for DGP 5
Parameter True Value GMM PPL MLE_U MLE_R

βacad 3.000 3.001 3.006 2.911 1.844
(0.011) (0.011) (0.032) (0.014)

βtype 0.600 0.600 0.600 0.580 0.384
(0.006) (0.005) (0.006) (0.007)

βdis(0) -1.000 -0.999 -1.001 -0.959 -0.630
(0.022) (0.012) (0.014) (0.013)

βdis(1) -1.500 -1.491 -1.502 -1.448 -0.954
(0.026) (0.018) (0.016) (0.015)

µt1 1.000 0.909 0.999
(0.020) (0.001)

µt2,t3 1.000 0.999 0.999
(0.002) (0.001)

γ1 (Dist Diff) 4.000 4.245 4.023
(0.367) (0.077)

γ2 (Acad Diff) 4.000 4.171 4.042
(0.594) (0.145)

γ3 (Same Boro) 4.000 2.812 2.799
(1.345) (0.767)

Note: The numbers reported in the table are the means of the parameter point estimates across 100 Monte
Carlo simulations. Standard deviations in parentheses are the standard deviations of the parameter point
estimates across these 100 Monte Carlo simulations.

3.5.5.4 DGP 7: Endogenous Consideration Set Formation with FGM Correlation

To test the robustness of our framework against violations of the unobservable inde-

pendence assumption, DGP 7 replicates the endogenous setting of DGP 1 but introduces

a positive correlation between the unobservables in utility and consideration via an FGM

copula6(θFGM = 0.2). Table 3.4 shows that our estimators can effectively recover the struc-

tural parameters and the FGM dependency parameter, remaining robust to this specific

correlation structure.

6 FGM correlation refers to dependence generated by the Farlie–Gumbel–Morgenstern copula,

C(u, v) = uv
[
1 + θ(1 ´ u)(1 ´ v)

]
, θ P [´1, 1].

Here, u and v are the marginal cumulative probabilities of the two latent events: (i) a school is considered, and
(ii) the school is preferred to the default school. The copula combines these two marginal probabilities into
a joint distribution while preserving the marginal distributions. The parameter θ governs the direction and
strength of dependence: θ = 0 implies independence, θ ą 0 implies positive dependence, and θ ă 0 implies
negative dependence. In this application, positive dependence means that schools that are more likely to be
considered also tend to be more likely to be preferred to the default school.
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Table 3.4: Simulation Results for DGP 7 (with FGM Correlation)
Parameter True Value GMM PPL MLE_U MLE_R

βacad 3.000 2.998 3.003 1.077 2.080
(0.056) (0.022) (0.051) (0.034)

βtype 0.600 0.600 0.599 0.207 0.427
(0.019) (0.010) (0.012) (0.009)

βdis(0) -1.000 -1.037 -0.998 -1.406 -1.171
(0.077) (0.027) (0.048) (0.029)

βdis(1) -1.500 -1.500 -1.494 -1.573 -1.524
(0.087) (0.028) (0.047) (0.029)

µt1 0.900 0.901 0.900
(0.015) (0.007)

µt2,t3 0.850 0.851 0.850
(0.014) (0.007)

θFGM 0.200 0.197 0.198
(0.054) (0.023)

γ1 (Dist Diff) -1.000 -0.998 -1.000
(0.019) (0.007)

γ2 (Acad Diff) -0.300 -0.299 -0.299
(0.016) (0.008)

γ3 (Same Boro) 0.400 0.399 0.401
(0.017) (0.006)

Note: The numbers reported in the table are the means of the parameter point estimates across 100 Monte
Carlo simulations. Standard deviations in parentheses are the standard deviations of the parameter point
estimates across these 100 Monte Carlo simulations.

3.5.6 Summary of Simulation Findings

Across all data generating processes, the simulation results highlight the critical im-

portance of modeling latent consideration sets in rank-order choice data. When the true

consideration process is restricted—whether endogenously (DGPs 1 and 2) or randomly

(DGPs 3 and 4)—conventional maximum-likelihood estimators that assume universal con-

sideration (MLE_U) or restrict consideration strictly to reported schools (MLE_R) suffer

from severe bias. Furthermore, localizing the default option (DGPs 2, 4, and 6) notice-

ably exacerbates this bias, as the unmodeled spatial constraints of the consideration set

become conflated with underlying spatial preferences. Only when the actual environment

approaches universal consideration (DGPs 5 and 6) does the MLE_U estimator begin to

perform adequately. In contrast, our proposed GMM and PPL estimators remain highly

robust, consistently and accurately recovering both the underlying utility and consider-
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ation parameters across all scenarios, including environments characterized by correlated

unobservables (DGP 7).

3.6 Conclusion

This paper introduces a tractable econometric framework for rank-order choice that ex-

plicitly incorporates latent consideration set formation. Recognizing that decision-makers

often face cognitive, or informational constraints, our model departs from traditional rank-

order specifications by allowing individuals to evaluate only a subset of the universal choice

set. By leveraging observable information regarding individuals’ default and continuation

options, we establish sufficient conditions for the point identification of both the consider-

ation set formation process and the structural parameters governing random utility.

Building upon these identification results, we develop two practical estimation strate-

gies: a Generalized Method of Moments (GMM) approach and a Pooled Partial Likelihood

(PPL) approach. These methods bypass the severe combinatorial complexity that renders

full maximum likelihood estimation computationally infeasible in rank-order settings with

unobserved choice sets. Our Monte Carlo experiments confirm the favorable performance

of both proposed estimators. Crucially, the simulations demonstrate that conventional

models ignoring consideration set formation yield highly distorted preference estimates.

Our estimators successfully correct for this bias across a variety of data generating pro-

cesses, including environments featuring endogenous consideration, random consideration,

and correlated unobservables.

Several promising avenues remain for future research. While our framework relies on

parametric restrictions for computational tractability, future theoretical work could explore

semi-parametric or non-parametric relaxations of the consideration probabilities and utility

shocks. Additionally, extending the model to accommodate more complex dependence

structures among unobservables across alternatives would further enrich the framework.

Finally, an immediate next step is to take this econometric framework to the data. Applying

these estimators to rich empirical settings—such as analyzing high school zone data and
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rank-order admission processes in large urban districts like New York City—will provide

valuable, policy-relevant insights into how geographic boundaries, demographic factors, and

academic quality jointly shape students’ actual choice sets and preferences.
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4. Career Concerns Game with Voluntary Information
Disclosure

4.1 Introduction

Information plays an important role in a lot of circumstances. A student can submit a

test score during his application; a seller can show a certificate of an object’s quality to ask

for a higher price; a candidate can provide a proof of prize during a competition to convince

the interviewer to get a job. The underlying problem is simple but important: when the

student (student/seller/candidate) has some private information, what is the optimal way

to utilize it? In addition, when the disclosure of information is voluntary, how does it affect

the incentive for the student to invest in his ability? To answer these questions, I propose

a career concerns model with strategic information disclosure which covers all the settings

mentioned above, and throughout the paper, I will use ’student’ and ’school’ as two sides

of the market.

I consider an information model with one student and one school. The student first

exerts effort e, which determines his (binary) type θ P t0, 1u. I assume that the student’s

true type is unknown to both the student and the school. The school then forms a prior

belief e˚ of the student’s type. Then the student (exogenously) receives a signal about his

ability (e.g. a standardized test score, prizes of competitions etc.) with a certain probability.

A question then arises: should the student reveal his signal during the application? Further

on, what is his optimal way to do that? It is intuitive to expect that the student will reveal

the good signals and conceal the bad ones. Surprisingly, it is only possible for the student

to conceal bad signals when the probability of signal arrival is strictly smaller than 1.

Meanwhile, in equilibrium, the cutoff of revealing signals is independent of the choice of

effort level.

When the signal arrives for sure, the school, although not knowing the content, perfectly

knows the arrival of information. I prove that there is a unique class of equilibrium, in which
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the student strictly prefers to reveal if his signal is not the worst one and is indifferent

otherwise, which echoes the results in Grossman (1981) and Milgrom (1981). The key

intuition here is that everyone who conceals will be pooled together regardless of his signal

quality. As a result, if the signal is not the worst one, he will reveal it to avoid being

pooled with the ones whose signal quality is lower. The school can then perfectly infer

the quality of concealed signals. When the arrival of information is not for sure, there is

a positive probability where the student fails to get a private signal, i.e., not everyone has

extra information. In this case, the unique equilibrium follows a thresholding feature. The

student will prefer to reveal if his signal quality is above a certain threshold and to conceal

otherwise. Here, those with bad signals lower than the threshold can hide because the ones

fail to get a signal will have to be pooled with them. In expectation, the ones with extra

information get higher payoff, in the cost of their unlucky colleagues.

A crucial assumption of my analysis and results is that the school knows the arrival

of information. That is, although not knowing the content of information, the school has

perfect knowledge of how much information the student possesses. This does not exclude

the possibility that the student can exert effort to search for more information. However, it

does not allow the case that the student secretly collects two pieces of information and only

reveals the better one, where the school believes that this is the only information available

to the student. The latter case will cause a problem similar to the winner’s curse.

Besides the analysis on the disclosure game, I also show that voluntary disclosure will

decrease the student’s incentive to invest in his own ability, leading to a less socially efficient

outcome.

The remainder of the chapter is organized as follows: Section 4.2 discusses related

literature, Section 4.3 presents the model, Section 4.4 discusses the main findings, and

Section 4.5 concludes the work.
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4.2 Related Literature

To discuss the literature, it is helpful to start with the famous ’unraveling result.’ in

quality disclosure, derived by Grossman (1981) and Milgrom (1981), where seller possesses

better information about product quality than consumers do and there is no cost to verify

and disclose it. The above two papers argue that sellers will always disclose. Starting

from that, there is a gigantic body of literature studying seller’s incentives to disclose

quality information to uninformed buyers. For example, Jovanovic (1982) shows that when

disclosure is costly, only sellers with information better than a threshold will choose to

disclose. Dye (1985) proves that when the investors are not sure if a manager possesses

private information, concealing bad information will be possible in equilibrium. Other than

the frictions mentioned above, dynamic incentives can play a role in the disclosure game.

Grubb (2011) shows that one may conceal information to avoid the pressure of disclosing

in the future, when the quality may drop.1

Besides quality disclosure about products, there is a branch of literature regarding

individuals’ incentive to take different actions in a disclosure game. Holmström (1999)

studies manager’s (dynamic) incentive to exert effort when outcome of projects are publicly

observable. Mukherjee (2008) shows that employers can strategically disclose information

to influence incentives of employees and matching efficiency. Bar-Isaac and Lévy (2022)

find that an employer may assign less informative tasks to avoid competition on workers.

Another branch of literature closely related to this project is career concerns models.

Starting from the seminal paper, Holmström (1999), which gives a tractable framework to

study career concerns, Dewatripont et al. (1999a) characterizes how to compare different

information structure. Other development and extensions include Gibbons and Murphy

(1992), Dewatripont et al. (1999b).

My work contributes to the literature in the following two aspects: firstly, I provide

a clean characterization of the threshold for signal disclosure without strong assumptions;

1 For more papers about quality disclosure, there is a nice review paper by Dranove and Jin (2010)
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secondly, to the best of my knowledge, this is the first project combining career concerns

with voluntary information disclosure.

4.3 Model

I study a one-period disclosure game between a school and a student. The model

consists of one school and one student. At the beginning of the game, the student exerts

effort level e P [0, 1], with a cost of c(e). The effort level will be the probability of him

being high type, that is, e = P(being high type). After the effort investment stage, the

student’s type θ P t0, 1u is realized, which is unknown to both the school and himself.

The school holds a prior belief e˚ P (0, 1) which is the probability of the student being a

high type. Then, the student receives a private signal s (e.g., a test score) with a fixed

probability p P (0, 1], where p is public knowledge. Conditional on receiving a signal, the

realized signal s is drawn from the distribution with cumulative distribution function Fθ and

probability density function fθ, where both depend on the student’s true type. I impose

no restriction on the distributions except f0 ‰ f1 and the two distributions have the same

support. If the student gets a signal s, he decides between a binary action tR, Cu, i.e., to

reveal the signal or to conceal it. The school will form an updated belief µ after seeing

the student’s decision, and the student’s payoff is then µ(e.g. admission offer with different

level of scholarship). The timing of the game is as follows:

1. The student exerts effort level e P [0, 1], paying cost c(e) (where c(0) = 0, c1(0) =

0, c1 ą 0, c2 ą 0). His effort level e determines the probability of him being high type.

(type is binary)

2. The school forms a belief e˚;

3. With probability p, the student privately observes a signal s, realized according to

f0, f1;

4. The student chooses to reveal (R) the signal s or to conceal (C) it;

5. The school forms her updated belief µ = µR(s) if the student reveals and µ = µC

otherwise, and then sets the student’s payoff u = µ.
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4.4 Results
4.4.1 The disclosure game

Before talking about the career concerns game, let us first analyze the disclosure game

given the school’s belief e˚.

4.4.1.1 p = 1

I first consider the case p = 1, i.e., the student for sure gets a signal. Let r(s) denote a

generic element of the student’s strategy profile, which specifies the probability of revealing

given the signal s. Adopting Bayes’ rule, the school forms an updated belief µ = µR(s) if

seeing the student reveals as

µR(s) =
e˚ f1(s)

(1 ´ e˚) f0(s) + e˚ f1(s)
,

and forms an updated belief µ = µC if seeing the student conceals as

µC =

ş

e˚(1 ´ r(x)) f1(x)dx
ş

(1 ´ e˚)(1 ´ r(x)) f0(x)dx +
ş

e˚(1 ´ r(x)) f1(x)dx
.

For simplicity, I let f (s) ” (1 ´ e˚) f0(s) + e˚ f1(s) denote the expected density of signal

s according to the school’s prior belief. In the following analysis, I employ the concept

of perfect Bayesian equilibrium (PBE), where for a given signal realization s, the student

chooses R if his wage after revealing is higher, i.e., µR(s) ą µC, chooses C if his wage after

revealing is lower, i.e., µR(s) ă µC, and is indifferent otherwise.

I first show that in any equilibrium, the updated belief if seeing the student conceals is

no larger than the prior. A formal result is as follows.

Lemma 10. Given any equilibrium strategy profile r˚(s), µC ď e˚.

Proof. Suppose not, then we have µC ą e˚. There are two cases:

Case 1: there is an off-path strategy, that is, the student is always revealing or con-

cealing. If always concealing, then µC = e˚. If always revealing, then action C is off-

path, PBE puts no constraint on µC. But in order to support such an equilibrium, I need
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µC ď µR(s), @s. However, Bayes plausibility requires that there is at least some signals s˚,

such that µR(s˚) ď e˚, then µC ď µR(s˚) ď e˚, contradicting the assumption µC ą e˚.

Case 2: there is no off-path strategy (R, C both have a positive probability). Then there

exists an equilibrium strategy profile r˚(¨) such that µC ą e˚. Bayes plausibility requires

e˚ =

ż

f (x)r˚(x)µR(x)dx +

ż

f (x)(1 ´ r˚(x))µCdx.

If µC ą e˚, then there must exist some s˚ with r˚(s˚) ą 0 such that µR(s˚) ă e˚.By µC ą

e˚, the student with signal s˚ should strictly prefer concealing, contradicting r˚(s˚) ą 0.

Lemma 10 provides an intuitive result. The updated belief after seeing concealing is

weakly lower than the school’s prior belief, meaning that concealing is an indicator of bad

signals. Given that, the student with any good enough signal will reveal it to distinguish

himself. This logic naturally leads to the next corollary.

Corollary 11. For any equilibrium strategy profile r˚(¨), r˚(s) = 1, @s P ts : µR(s) ą e˚u.

The above results show that students with good signals will reveal for sure in any

equilibrium. Next, I show that there is one unique class of equilibrium, in which the student

will reveal for sure if he gets any signal other than the worst one, and will be indifferent

otherwise. This is equivalent to the case that the student always reveals since the school

can update her belief perfectly ’as if’ she observes the student’s private signal.

Before formally stating the results, I introduce a likelihood ratio measurement l(s) ”

f1(s)
f0(s)

. Intuitively, a higher value of l indicates that the student is more likely to be a high

type. The unique class of equilibrium is then formally stated as follows.

Proposition 12. Assume fθ share the same support. For any equilibrium strategy profile r˚(¨),

(i) r˚(s) = 1 if l(s) ą infs l(s);

(ii) r˚(s) can take any value in [0, 1] if l(s) = infs l(s) = mins l(s).
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Proof. See Appendix.

Proposition 12 echoes the results in Grossman (1981) and Milgrom (1981). It states

that in equilibrium, the student strictly prefers revealing if his realized signal is not the

worst one in the measurement of likelihood ratio. There are two key driving forces for the

result. One is that revealing brings no cost. The student with the best signal will reveal

for sure, forcing the second-best to distinguish themselves and so on, leading to the unique

class of equilibrium.

These equilibria can be equivalently interpreted as the case that the student always

reveals his signal to the school. Because the concealing pool only includes the worst signal,

seeing a concealing action is the same as observing a revealed worst signal. Therefore, in

any equilibrium, the school can always update her belief perfectly as in the case where all

signals are revealed.

In the next section, I generalize the result to the case p P (0, 1).

4.4.1.2 p P (0, 1)

This section studies the general case p P (0, 1), i.e., the student gets a private signal

with a probability strictly smaller than 1, which can be considered as some level of market

friction. Such frictions in the real world are common. For example, students from poor

families can study hard for the SAT tests, but they may lose the chance of taking the

test because of financial restrictions. Another example can be the COVID-19, during the

pandemic, students may lose the chances of joining international competitions (and they

may have prepared years for that).

Adopting the same notations r(¨) for the student’s strategy profile and l(¨) for the

likelihood ratio measurement, the next result proves that there is again a unique class

of equilibrium. The existence of equilibrium with incomplete disclosure is shown in Dye

(1985). In comparison, I show that the unique equilibrium follows a thresholding feature.

That is, the student will prefer to reveal if the likelihood ratio of his signal is above a certain

threshold; the student will prefer to conceal if the likelihood ratio of his signal is below the
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threshold; and the student will be indifferent if the likelihood ratio of his signal equals the

threshold. This result does not require any commonly seen assumptions such as first order

stochastic dominance or monotone likelihood ratio. A formal statement of the result is as

follows.

Proposition 13. Assume fθ share the same support and are continuous. There exists a unique

value of l˚ such that for any equilibrium strategy profile r˚(¨),

(i) r˚(s) = 1 if l(s) ą l˚;

(ii) r˚(s) = 0 if l(s) ă l˚;

(iii) r˚(s) can take any value in [0, 1] if l(s) = l˚.

Proof. See Appendix.

Proposition 13 provides a similar result compared to Proposition 12. It states that in

equilibrium, the student uses a threshold strategy. The key distinction here is that there is

a possibility for the student to hide the content of information. The reason is that there is

a positive probability where the student fails to get a private signal, i.e., not everyone has

extra information. Similarly, those with good signals take the reveal action to distinguish

themselves. However, those with bad signals can hide this time because the ones who fail

to get a signal will have to be pooled with them. In expectation, the ones with extra

information get a higher payoff, at the cost of their unlucky colleagues.

Another thing noteworthy about proposition 13 is that, this result does not depend

on some commonly seen assumptions such as FOSD or MLR. The assumption of common

support and continuity are also for cleanness of expression and proof. 2

The above proposition shows the existence of cutoff (in the sense of likelihood), my next

result further characterizes some nice properties of the cutoff

Proposition 14. The (unique) cutoff value for likelihood ratio is specified below, independent of

the school’s belief e˚.

2 If we define the a positive number over 0 to be positive infinity and let our likelihood ratio function take
values on extended real line, the thresholding feature still holds without these assumptions.
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(1 ´ p) + p
ş

s:l(s)ăl˚ f1(s)ds

(1 ´ p) + p
ş

s:l(s)ăl˚ f0(s)ds
= l˚ ă 1

Proof. See Appendix.

Note that when we are only integrating signals with likelihood ratio smaller than a

certain value, the left hand side is bounded by 1. Therefore, the value of l˚ must be strictly

smaller than 1.

Besides some mathematical details, there is an intuitive way to understand why this

cutoff is independent of the school’s belief. In the most standard Bayesian updating process,

after seeing a signal s, one’s belief will be

e˚ f1(s)
(1 ´ e˚) f0(s) + e˚ f1(s)

In the setting of p ă 1, we can consider receiving ’no signal’ and ’signal lower than

cutoff’ as receiving a signal called ’concealing’. Then one’s belief after seeing ’conceal’ will

be

e˚P(C|high type)
(1 ´ e˚)P(C|low type) + e˚P(C|high type)

As a result, the only thing matters in the updating process is the ratio between P(C|low type), P(C|high type),

which are

P(C|high type) = p + (1 ´ p)
ż

s:l(s)ăl˚

f1(s)ds

P(C|low type) = p + (1 ´ p)
ż

s:l(s)ăl˚

f0(s)ds

which makes l˚ independent of the school’s belief e˚.

77



4.4.2 The career concerns game
4.4.2.1 Socially optimal outcome

We first look at the benchmark case, where the school can perfectly observe the student’s

type. Since the type is directly observed, the student’s (expected) payoff is P(being high type),

which is just effort level e. Therefore, he solves maxe e ´ c(e), which gives c1(e) = 1. By

assumptions on the cost function (c(0) = 0, c1(0) = 0, c1 ą 0, c2 ą 0), we have a unique

socially optimal effort level, denoted as eopt.

4.4.2.2 Equilibrium under voluntary disclosure

When the disclosure is voluntary, according to the strategy characterized in Proposition

13, the student’s utility will be

u(e) = ´c(e)

+ (1 ´ p)µC

+ p[e
ż

s:l(s)ěl˚

f1(s)µR(s)ds + (1 ´ e)
ż

s:l(s)ěl˚

f0(s)µR(s)ds]

+ p[e
ż

s:l(s)ăl˚

f1(s)µCds + (1 ´ e)
ż

s:l(s)ăl˚

f0(s)µCds]

where the first term is the cost of exerting effort; the second line stands for the utility

when the student does not receive any signal; The third line and fourth line are utilities

after signal arrivals.

Given the equation above, we can write down the new first order condition for the

student:
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c1(e) = p[
ż

s:l(s)ěl˚

f1(s)µR(s)ds ´

ż

s:l(s)ěl˚

f0(s)µR(s)ds]

+ p[
ż

s:l(s)ăl˚

f1(s)µCds ´

ż

s:l(s)ăl˚

f0(s)µCds]

the first line is the utility when he receives a signal good enough to reveal, and the

second line is the case for concealing. We can further rewrite the equation as

c1(e) = p
ż

s
( f1(s) ´ f0(s))µR(s)ds

+ p
ż

s:l(s)ăl˚

( f1(s) ´ f0(s))(µC ´ µR(s))ds

This time, the first line will be utility under mandatory disclosure, and the second line

is negative because µC ě µR(s) when l(s) ă l˚, and l˚ ă 1 ñ f1(s) ´ f0(s) ă 0.

This result suggests that voluntary disclosure reduces the incentive of exerting effort. An

intuitive explanation is the following: when a student has the option to conceal signals, he

must conceal bad signals. This means that voluntary disclosure benefits bad signals, which

is realized more when one’s type is low. Therefore, the student will have less incentive

to exert effort at the first stage. The above results can be summarized in the following

proposition.

Proposition 15. For any interior equilibrium e˚ under the case p = 1. Consider any level of

market friction p ă 1,

1. the corresponding equilibrium effort level (if exists) with mandatory disclosure drops.

2. the corresponding equilibrium effort level (if exists) with voluntary disclosure further drops.

This result states that voluntary disclosure is actually harming the incentive of exerting

effort, generating social inefficiency. The corresponding real world application can be the

following: during the pandemic, a lot of educational institutions adopted test-optional
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policies, allowing students to strategically disclose their standardized test scores as they

see fit; there are also empirical evidence from different areas (e.g. what to disclose about

nutrition facts before nutrition labeling is mandatory (Mathios, 2000), what rankings to

disclose on MBA programs’ website (Luca and Smith, 2015)). Given the existence of

strategic disclosure in a lot of contexts, my results suggest that mandatory disclosure can

lead to a more socially efficient outcome.

4.5 Conclusion

The simple model proposed in this paper studies the role of voluntary disclosure in a

career concerns game. I show that the information revelation has a thresholding feature

and characterize a clean cutoff for such disclosure without strong assumptions. I further

argue that voluntary disclosure harms the incentive of ability investment at the first stage,

leading to a socially inefficient outcome.

There are still many possible improvements to the current model. For example, the

reason why schools do not require SAT scores could be that they hope students focus

more on developing other abilities instead of concentrating on test scores. Allowing for

multitasking could be another way to explain the adoption of policies. In addition, when

there are two schools, one requiring mandatory disclosure, the other one asking for voluntary

disclosure may also have interesting applications.
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5. Conclusions

This dissertation consists of three essays on microeconomic theory and matching.

The first essay studies subsidy design in budget-constrained matching markets when the

social planner operates under informational constraints. It offers two contributions: one

policy-oriented and one methodological.

For policy implications, our results demonstrate that even under incomplete informa-

tion, the planner can robustly improve welfare. In particular, Theorem 4 identifies two

intuitive and testable requirements: direct-effect coverage and spillover coverage. These

conditions are necessary and sufficient for a subsidy allocation to improve aggregate welfare

across all environments consistent with the planner’s observations. Moreover, we show that

the planner’s information set governs the choice between targeted and uniform transfers,

offering a clear value-of-information message for policymakers: richer information enables

finer targeting, whereas minimal information leaves uniform transfers as the only robust

option.

The methodological contribution is more important: we develop a new approach for re-

searchers and policymakers to address informational constraints in economic design. Rather

than relying on mechanism design to elicit private information, we infer the underlying in-

formation structure from observed market outcomes and use that inference to guide policy

design. Our findings show that observed data, together with this inference, are sufficient

to construct a robust policy prescription. While we apply this method to subsidy design in

matching markets, this inference-based approach can be broadly applied to other settings

with incomplete information.

The second essay, co-authored with Atila Abdulkadiroğlu and Adam Rosen, introduces

a tractable econometric framework for rank-order choice that explicitly incorporates latent

consideration set formation. Recognizing that decision-makers often face cognitive, or in-

formational constraints, our model departs from traditional rank-order specifications by
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allowing individuals to evaluate only a subset of the universal choice set. By leveraging

observable information regarding individuals’ default and continuation options, we estab-

lish sufficient conditions for the point identification of both the consideration set formation

process and the structural parameters governing random utility.

Building upon these identification results, we develop two practical estimation strate-

gies: a Generalized Method of Moments (GMM) approach and a Pooled Partial Likelihood

(PPL) approach. These methods bypass the severe combinatorial complexity that renders

full maximum likelihood estimation computationally infeasible in rank-order settings with

unobserved choice sets. Our Monte Carlo experiments confirm the favorable performance

of both proposed estimators. Crucially, the simulations demonstrate that conventional

models ignoring consideration set formation yield highly distorted preference estimates.

Our estimators successfully correct for this bias across a variety of data generating pro-

cesses, including environments featuring endogenous consideration, random consideration,

and correlated unobservables.

The third essay studies a career concerns game with voluntary information disclosure.

We show that information revelation has a threshold feature and characterize a clean cutoff

for such disclosure without strong assumptions. We further find that voluntary disclosure

harms the incentive for ability investment at the first stage, leading to a socially inefficient

outcome.
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Appendix A. Proofs for Chapter 2
A.1 Proofs for Section 2.4.2
A.1.1 Proof of Proposition 1 (i)
Proof. Step 1: View schools as a directed graph.

Consider the set of schools as a directed graph, and define fixed edge weights on the

school graph:

δsÑs1 =
(
vs,µ˚(s1) ´ cs,µ˚(s1)

)
´
(
vs,µ˚(s) ´ cs,µ˚(s)

)
.

Step 2: MSI is equivalent to Bellman–Ford algorithm.

Using MSI’s wage and budget update, we have

dr
s,µ˚(s1) = mintbr´1

s , wr´1
s + vs,µ˚(s1) ´ vs,µ˚(s)u

wr
s1,µ˚(s1) ´ cs1,µ˚(s1) = max

s
tdr

s,µ˚(s1) ´ cs,µ˚(s1)u

which is equivalent to

wr
s1,µ˚(s1) = max

s

␣

mintbr´1
s ´ cs,µ˚(s1) + cs1,µ˚(s1), wr´1

s + δsÑs1u
(

Then each round of the MSI extends node distance (the wage) by one edge, adds the fixed

edge weight, and applies a cap (the min function) on the edge weight. This is similar to the

Bellman–Ford algorithm with path relaxation. In other words, determining the terminal

wage and budget for each school s is equivalent to solving a longest-path problem ending

at node s. The terminal values correspond to the maximum total edge weight along any

path terminating at s.

Step 3: No positive cycles.

Since µ˚ maximizes total surplus, then for every directed cycle C

ÿ

(sÑs1)PC

δsÑs1 =
ÿ

(sÑs1)PC

␣(
vs,µ˚(s1) ´ cs,µ˚(s1)

)
´
(
vs,µ˚(s) ´ cs,µ˚(s)

)(
ď 0.

That is, there are no positive cycles in the graph.
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Step 4: Longest paths are cycle-free.

By Step 3, there are no positive cycles in the school graph. By construction of the MSI

algorithm, traversing any cycle (i) does not change budgets and (ii) cannot increase the

total path weight. Hence the maximum path weight (the termination wage and budget) is

achieved by a simple (cycle-free) path. Consequently, the number of nodes of the longest

path is bounded by n, the number of schools in the market.

Conclusion: finite termination.

Since longest paths are cycle-free and have at most n nodes, the Bellman–Ford–type

relaxation in MSI terminates after at most n rounds (including the initialization).1 This

completes the proof.

A.1.2 Proof of Proposition 1 (ii)
Proof. Individual rationality.

By initialization, w1
s,µ˚(s) = cs,µ˚(s) for all s. By construction of MSI, matched-edge

wages are nondecreasing across rounds, so wr˚

s,µ˚(s) ě cs,µ˚(s) for all s. Thus every matched

teacher earns at least cost, and every matched school’s payoff is vs,µ˚(s) ´ wr˚

s,µ˚(s) ě 0 by

the construction of the wage updates and optimality of µ˚. Hence (µ˚, wr˚

) is IR.

Budget feasibility.

Budgets are updated by br
s = maxtbr´1

s , wr
s,µ˚(s)u. Therefore br˚

s ě wr˚

s,µ˚(s) for all s, so

wages are affordable at r˚.

1 This is the longest-path, no–positive-cycle analogue of Bellman–Ford for shortest paths with no negative
cycles; see Cormen et al., 2009, §24.1.
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No blocking pair.

At the termination round r˚, fix any school-teacher pair (s, t). By construction of the

MSI algorithm, we have

wr˚

µ˚´1(t),t ´ cµ˚´1(t),t = max
s1PS

␣

dr˚

s1,t ´ cs1,t
(

ě dr˚

s,t ´ cs,t

where the LHS is the effective wage received by teacher t, and the RHS is the highest

effective wage school s is willing to offer. Therefore, there is no profitable deviation.

A.1.3 Proof of Proposition 1 (iii)

Proof. We use an inductive argument to show the minimality of MSI subsidies.

Base step

Let ( rw,rb) be any wages and post-subsidy budgets such that (µ˚, rw) is stable under

rb = b + rτ with rτ ě 0. Then stability implies IR, which gives

rws,µ˚(s) ě cs,µ˚(s) = w1
s,µ˚(s).

Also rbs ě bs (since rb = b + rτ with rτ ě 0) and budget feasibility gives rbs ě rws,µ˚(s) ě

cs,µ˚(s), hence

rbs ě maxtbs, cs,µ˚(s)u = b1
s .

Induction step

Fix r ě 2. If (µ˚, rw) is stable under rb and

rws,µ˚(s) ě wr´1
s,µ˚(s) and rbs ě br´1

s for all s,

then we want to show

rws,µ˚(s) ě wr
s,µ˚(s) for all s and rbs ě maxtbr´1

s , wr
s,µ˚(s)u = br

s for all s.
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Proof. For any pair (s, t), stability of (µ˚, rw) under rb gives

rwµ˚´1(t),t ´ cµ˚´1(t),t ě mintrbs, vs,t ´ vs,µ˚(s) + rws,µ˚(s)u ´ cs,t,

where the LHS is the effective wage of teacher t in (µ˚, rw), and the RHS is the highest

effective wage s would offer to t without lowering its profit and subject to its budget.

By the induction hypothesis rbs ě br´1
s and rws,µ˚(s) ě wr´1

s,µ˚(s), hence

mintrbs, vs,t ´ vs,µ˚(s)+ rws,µ˚(s)u ´ cs,t ě mintbr´1
s , vs,t ´ vs,µ˚(s)+wr´1

s,µ˚(s)u ´ cs,t = dr
s,t ´ cs,t.

Taking the maximum over schools,

rwµ˚´1(t),t ´ cµ˚´1(t),t ě max
s

tdr
s,t ´ cs,tu = wr

µ˚´1(t),t ´ cµ˚´1(t),t,

which proves rw ě wr. Budget feasibility then yields

rbs ě rws,µ˚(s) ě wr
s,µ˚(s).

Together with rbs ě br´1
s (induction hypothesis) we obtain

rbs ě maxtbr´1
s , wr

s,µ˚(s)u = br
s.

Given Proposition 1 (i), MSI terminates in finite rounds. The above induction shows

that the MSI termination budget br˚

s is the componentwise minimum among all post-

subsidy budgets that implement µ˚, which completes the proof.

A.2 Proofs for Section 2.4.3
A.2.1 Proof of Lemma 2

Proof. We prove Lemma 2 by contradiction.

Suppose we have a non-distortive subsidy allocation τ but DC fails. Then there exists sj

such that

bτ
sj

´ wsj,µ(sj) ă ∆d
j (L1-1)
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By definition of ∆d
j

∆d
j ” max

i: si is outbid by sj in (µ, w)

[
(bτ

si
´ csi ,µ(sj)) ´ (wsj,µ(sj) ´ csj,µ(sj))

]
+

Then there exists si such that

bsi ´ csi ,µ(sj) ď wsj,µ(sj) ´ csj,µ(sj) (L1-2)

And

∆d
j = (bτ

si
´ csi ,µ(sj)) ´ (wsj,µ(sj) ´ csj,µ(sj)) (L1-3)

Combining (L1-1) and (L1-3), we have

bτ
sj

´ csj,µ(sj) ă bτ
si

´ csi ,µ(sj) (L1-4)

Construct the following value profile v

vsi ,µ(si) = wsi ,µ(si), vsi ,µ(sj) = csi ,µ(sj) + V, vsj,µ(sj) = csj,µ(sj) + 2V

For all remaining matched pairs (s, µ(s)) set

vs,µ(s) = ws,µ(s)

For all remaining unmatched pairs (s, t) set

vs,t = cs,t

Here V ą 0 is a large enough value such that

V ą Σs(ws,µ(s) ´ cs,µ(s)) + Σsbτ
s

We claim that (µ, w) is stable under budgets b given (v, c), so v P V(µ, w; b, c).

To show (µ, w) is stable, we need to show the following:

• (µ, w) is feasible:

This is directly implied by the observed market structure (µ, w; b, c), so we have

bs ě ws,µ(s).
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• IR holds for all matched pairs:

Teachers’ IR are also directly implied by the observed market structure (µ, w; b, c),

so we have ws,µ(s) ě cs,µ(s).

Now we need to check schools’ IR. By construction of v, we have

2V ą V ą Σs(ws,µ(s) ´ cs,µ(s)) + Σsbτ
s ě wsj,µ(sj) ´ csj,µ(sj)

Therefore, for school sj, we have

vsj,µ(sj) ´ wsj,µ(sj) = 2V ´ wsj,µ(sj) + csj,µ(sj) ą 0

So IR holds for school sj.

For any school s ‰ sj, by construction of v, we have

vs,µ(s) ´ ws,µ(s) = 0

So IR holds for school s ‰ sj. Therefore, IR hold for all schools.

• There is no blocking pairs:

For any unmatched pair (s, t) ‰ (si, µ(sj)), by construction of v, we have vs,t = cs,t.

Then any deviating wage w1 ą cs,t will lead to a payoff vs,t ´ w1 ă 0, which cannot

block the current matching.

For (si, µ(sj)), any deviating wage w1 need to satisfy

w1 ´ csi ,µ(sj) ą wsj,µ(sj) ´ csj,µ(sj)

By (L1-2), we have

wsj,µ(sj) ´ csj,µ(sj) ě bsi ´ csi ,µ(sj)

Then we have

w1 ą bsi

So any deviating wage is not affordable, and (si, µ(sj)) cannot block the current

matching.
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Therefore, the observed allocation (µ, w) is stable, and we have

v P V(µ, w; b, c)

Now we claim that, for any matching µ1 where µ1(sj) ‰ µ(sj) we have

W(µ1; v, c) ă W(µ; v, c)

To show the above, by definition of W(µ1; v, c), we have

W(µ1; v, c) = Σs
(
vs,µ1(s) ´ cs,µ1(s)

)
Then by construction of v, we have

vs,µ1(s) ´ cs,µ1(s) =

#

0 if µ1(s) ‰ µ(s)
ws,µ(s) ´ cs,µ(s) if µ1(s) = µ(s)

for s ‰ si, sj

Also, we know

vs,µ(s) ´ cs,µ(s) = ws,µ(s) ´ cs,µ(s) for s ‰ si, sj

Then we have

vs,µ1(s) ´ cs,µ1(s) ď vs,µ(s) ´ cs,µ(s) for s ‰ si, sj

Now consider si. By construction of v, the best match we can form is matching si with

µ(sj), which gives

vsi ,µ1(si) ´ csi ,µ1(si) ď vsi ,µ(sj) ´ csi ,µ(sj) = V

Now consider sj. Since µ1(sj) ‰ µ(sj), by construction of v, we have

vsj,µ1(sj) ´ csj,µ1(sj) = 0

Summing the above will give

W(µ1; v, c) = Σs
(
vs,µ1(s) ´ cs,µ1(s)

)
ď Σs‰si ,sj

(
vs,µ(s) ´ cs,µ(s)

)
+ V + 0

ă Σs‰si ,sj

(
vs,µ(s) ´ cs,µ(s)

)
+ 2V + wsi ,µ(si) ´ csi ,µ(si)

= Σs
(
vs,µ(s) ´ cs,µ(s)

)
= W(µ; v, c)
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Therefore, we have

W(µ1; v, c) ă W(µ; v, c) if µ1(sj) ‰ µ(sj) (L1-5)

Recall τ is non-distortive, so we have

W(v, c, b, τ) ě W(µ; v, c)

Since W(µ1; v, c) ă W(µ; v, c) for any matching µ1 where µ1(sj) ‰ µ(sj), there must be at

least one stable allocation (µ̃, w̃) where µ̃(sj) = µ(sj) after the subsidy.

Consider the above (µ̃, w̃), we have

µ̃(sj) = µ(sj)

By feasibility of (µ̃, w̃), we have

w̃sj,µ̃(sj) ď bτ
sj

Recall (L1-4), we then have

bτ
si

´ csi ,µ(sj) ą bτ
sj

´ csj,µ(sj) ě w̃sj,µ̃(sj) ´ csj,µ(sj)

Then, by µ̃(sj) = µ(sj), we have

bτ
si

´ csi ,µ̃(sj) ą w̃sj,µ̃(sj) ´ csj,µ̃(sj)

which means a wage of bτ
si

from school si is strictly better for µ̃(sj).

Now consider si. Since we know µ̃(sj) = µ(sj), so si cannot be matched with µ(sj) after

the subsidy. Then by construction of v, the highest utility si can enjoy in (µ̃, w̃) is matching

µ(si) with a wage of csi ,µ(si). So the highest utility of si in (µ̃, w̃) is

wsi ,µ(si) ´ csi ,µ(si)

However, by construction of v, matching µ̃(sj) with a wage of bτ
si

will lead to a utility of

V + csi ,µ(sj) ´ bτ
si

90



Recall V is large enough

V ą Σs(ws,µ(s) ´ cs,µ(s)) + Σsbτ
s

So we have

V + csi ,µ(sj) ´ bτ
si

ą [wsi ,µ(si) ´ csi ,µ(si) + bτ
si
] + csi ,µ(sj) ´ bτ

si
ě wsi ,µ(si) ´ csi ,µ(si)

Therefore, matching µ̃(sj) with a wage of bτ
si

is also strictly better for si, and (si, µ̃(sj)) will

block (µ̃, w̃), contradicting the stability of (µ̃, w̃). Therefore, sj cannot match µ(sj) after the

subsidy, and (L1-5) then contradicts τ being non-distortive, which finishes the proof.

A.2.2 Proof of Lemma 3

Proof. We prove Lemma 3 by contradiction.

WOLG, let µ(si) = ti for notational convenience. Suppose we have a non-distortive sub-

sidy allocation τ but SC fails. Then there exists sj such that

bτ
sj

´ wsj,tj ă ∆s
j (L2-1)

By definition of ∆s
j , there exists a spillover chain (after reindexing)

C : s1
µ
ÝÑ s2

µ
ÝÑ ¨ ¨ ¨

µ
ÝÑ sj

such that

∆s
j = δC

j

Choose the shortest violating chain, then SC holds at smaller indices, which is

bτ
sk

´ wsk ,tk ě δC
k for k = 2, . . . , j ´ 1 (L2-2)

By Lemma 2, DC holds at s1, which is

bτ
s1

´ ws1,t1 ě ∆d
1 (L2-3)

By definition of ∆d
1, there exists a school s0 (after reindexing) such that

bs0 ´ cs0,t1 ď ws1,t1 ´ cs1,t1 (L2-4)
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And

∆d
1 = (bτ

s0
´ cs0,t1) ´ (ws1,t1 ´ cs1,t1) (L2-5)

Construct the following value profile v

vs0,t0 = ws0,t0 , vsk ,tk = wsk ,tk + V for k = 1, . . . , j ´ 1, vsj,tj = wsj,tj + 2V

For all other matched pairs

vsk ,tk = wsk ,tk for k R t0, 1, . . . , ju

For the following unmatched pairs

vsk ,tk+1 = csk ,tk+1 +
(
wsk+1,tk+1 ´ csk+1,tk+1

)
+ V for k = 0, . . . , j ´ 1

For all other unmatched pairs

vs,t = cs,t for all remaining (s, t)

Here V ą 0 is a large enough value such that

V ą Σi(wsi ,ti ´ csi ,ti) + Σibτ
si

We claim that (µ, w) is stable under budgets b given (v, c), so v P V(µ, w; b, c).

To show (µ, w) is stable, we need to show the following:

• (µ, w) is feasible:

This is directly implied by the observed market structure (µ, w; b, c), so we have

bsi ě wsi ,ti .

• IR holds for all matched pairs:

Teachers’ IR are also directly implied by the observed market structure (µ, w; b, c),

so we have wsi ,ti ě csi ,ti .

Now we need to check schools’ IR. By construction of V, we have

V ą Σi(wsi ,ti ´ csi ,ti) + Σibτ
si

ě wsi ,ti ´ csi ,ti for @i
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Therefore, for school si, where i P t1, . . . , ju, by construction of v, we have

vsi ,ti ´ wsi ,ti ě V ´ wsi ,ti + csi ,ti ą 0

So IR holds for all school si where i P t1, . . . , ju.

For any school si where i R t1, . . . , ju, by construction of v, we have

vsi ,ti ´ wsi ,ti = 0

So IR holds for any school si where i R t1, . . . , ju. Therefore, IR holds for all schools.

• There is no blocking pairs:

For any unmatched pair (s, t) ‰ (si, ti+1), where i R t0, 1, . . . , j ´ 1u, by construction

of v, we have vs,t = cs,t. Then any deviating wage w1 ą cs,t will lead to a payoff

vs,t ´ w1 ă 0, which cannot block the current matching.

For any unmatched pair (si, ti+1), where i P t1, . . . , j ´ 1u, any deviating wage w1

need to satisfy

w1 ´ csi ,ti+1 ą wsi+1,ti+1 ´ csi+1,ti+1

By construction of v, we have

vsi ,ti+1 ´ w1 = csi ,ti+1 +
(
wsi+1,ti+1 ´ csi+1,ti+1

)
+ V ´ w1 ă V

And si is matching with ti with wage wsi ,ti , which gives a utility of

vsi ,ti ´ wsi ,ti = V ą vsi ,ti+1 ´ w1

Therefore, (si, ti+1), where i P t1, . . . , j ´ 1u, cannot block the current matching.

For (s0, t1), any deviating wage w1 need to satisfy

w1 ´ cs0,t1 ą ws1,t1 ´ cs1,t1

By (L2-4), we have

ws1,t1 ´ cs1,t1 ě bs0 ´ cs0,t1

Then we have

w1 ą bs0
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So any deviating wage is not affordable, and (s0, t1) cannot block the current match-

ing.

Therefore, the observed allocation (µ, w) is stable, and we have

v P V(µ, w; b, c)

Now we claim

W(µ1; v, c) ă W(µ; v, c) if µ1(sj) ‰ tj (L2-6)

To show the above, by definition of W(µ1; v, c), we have

W(µ1; v, c) = Σs
(
vs,µ1(s) ´ cs,µ1(s)

)
Then by construction of v, we have

vs,µ1(s) ´ cs,µ1(s) =

#

0 if µ1(s) ‰ µ(s)
ws,µ(s) ´ cs,µ(s) if µ1(s) = µ(s)

for s R ts0, s1, ...sju

Also, we know

vs,µ(s) ´ cs,µ(s) = ws,µ(s) ´ cs,µ(s) for s R ts0, s1, ...sju

Then we have

vs,µ1(s) ´ cs,µ1(s) ď vs,µ(s) ´ cs,µ(s) for s R ts0, s1, ...sju (L2-7)

Now consider si P ts0, s1, ...sj´1u. By construction of v, the best match we can form is

matching si with ti+1, which gives

vsi ,µ1(si) ´ csi ,µ1(si) ď vsi ,ti+1 ´ csi ,ti+1 = (wsi+1,ti+1 ´ csi+1,ti+1) + V

Now consider sj. Since µ1(sj) ‰ tj, by construction of v, we have

vsj,µ1(sj) ´ csj,µ1(sj) = 0

Then we have

ΣsPts0,s1...sju
(vs,µ1(s) ´ cs,µ1(s)) ď ΣsPts1...sju

(ws,µ(s) ´ cs,µ(s)) + jV + 0
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Now consider the welfare generated in µ for s P ts0, s1...sju. By construction of v, we have

ΣsPts0,s1...sju
(vs,µ(s) ´ cs,µ(s)) = ΣsPts0,s1...sju

(ws,µ(s) ´ cs,µ(s)) + (j + 1)V

By V ą 0, and ws0,µ(s0) ´ cs0,µ(s0) ě 0, we have

ΣsPts0,s1...sju
(vs,µ1(s) ´ cs,µ1(s)) ă ΣsPts0,s1...sju

(vs,µ(s) ´ cs,µ(s)) (L2-8)

Combining (L2-7) and (L2-8), we have

W(µ1; v, c) = Σs
(
vs,µ1(s) ´ cs,µ1(s)

)
= ΣsRts0,s1,...sju

(
vs,µ1(s) ´ cs,µ1(s)

)
+ ΣsPts0,s1,...sju

(
vs,µ1(s) ´ cs,µ1(s)

)
ă ΣsRts0,s1,...sju

(
vs,µ(s) ´ cs,µ(s)

)
+ ΣsPts0,s1,...sju

(
vs,µ(s) ´ cs,µ(s)

)
= Σs

(
vs,µ(s) ´ cs,µ(s)

)
= W(µ; v, c)

Therefore, we have

W(µ1; v, c) ă W(µ; v, c) if µ1(sj) ‰ tj (L2-6)

Recall τ is non-distortive, so we have

W(v, c, b, τ) ě W(µ; v, c)

Since W(µ1; v, c) ă W(µ; v, c) for any matching µ1 where µ1(sj) ‰ tj, there must be at least

one stable allocation (µ̃, w̃) where µ̃(sj) = tj after the subsidy.

Consider the above (µ̃, w̃), we have

µ̃(sj) = tj

By failure of SC at sj, we have

bτ
sj

´ wsj,tj ă δC
j

which is equivalent to

bτ
sj

´ csj,tj ă
(
wsj,tj ´ csj,tj

)
+ δC

j
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Then the effective wage received by tj satisfies

w̃sj,tj ´ csj,tj ď bτ
sj

´ csj,tj ă
(
wsj,tj ´ csj,tj

)
+ δC

j

By definition of δC
j

δC
j = min

!

δC
j´1, bτ

sj´1
´ csj´1,tj ´

(
wsj,tj ´ csj,tj

))
we have

bτ
sj´1

´ csj´1,tj ´
(
wsj,tj ´ csj,tj

)
ě δC

j

which is equivalent to

bτ
sj´1

´ csj´1,tj ě
(
wsj,tj ´ csj,tj

)
+ δC

j

Hence sj´1 can afford to offer tj an effective wage of
(
wsj,tj ´ csj,tj

)
+ δC

j , strictly exceeding

tj’s current effective wage at sj. By our construction of v, matching tj with the above

effective wage will give sj´1 a utility of

csj´1,tj +
(
wsj,tj ´ csj,tj

)
+ V ´

([
wsj,tj ´ csj,tj

]
+ δC

j + csj´1,tj

)
= V ´ δC

j

Therefore the utility of sj´1 in (µ̃, w̃) must be strictly higher than V ´ δC
j (it is strict because

bτ
sj

´ wsj,tj ă δC
j is strict). Recall our construction of V, we then have

V ą Σi(wsi ,ti ´ csi ,ti) + Σibτ
si

ě bτ
s1

By Lemma 2, DC holds for s1, we have

bτ
s1

´ ws1,t1 ě ∆d
1 ñ bτ

s1
ě ∆d

1 (L2-9)

By definition of δC
j along the spillover chain C, we have

∆d
1 ě δC

2 ě δC
3 ... ě δC

j ñ bτ
s1

ě δC
j

So we have

V ´ δC
j ą 0
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meaning that sj´1 is enjoying a strictly positive utility in (µ̃, w̃). Recall our construction of

v, for any teacher t ‰ tj´1, tj, we have

vsj´1,t = csj´1,t

Then teacher’s IR will leave sj´1 a non-positive utility. Also, we know µ̃(sj) = tj, so the

only possible matching giving sj´1 a positive utility is µ̃(sj´1) = tj´1. Since utility of sj´1

in (µ̃, w̃) is strictly higher than V ´ δC
j , we have

vsj´1,tj´1 ´ w̃sj´1,tj´1 ą V ´ δC
j

Recall our construction of v, and δC
j ď δC

j´1 by construction, we have

w̃sj´1,tj´1 ă vsj´1,tj´1 ´ V + δC
j = wsj´1,tj´1 + δC

j ď wsj´1,tj´1 + δC
j´1

Thus the effective wage received by tj´1 satisfies

w̃sj´1,tj´1 ´ csj´1,tj´1 ă wsj´1,tj´1 ´ csj´1,tj´1 + δC
j´1

By the same logic, sj´2 can afford the RHS for tj´1 to enjoy a positive utility, meaning that

sj´2 is matching with tj´2 in (µ̃, w̃). And the wage of tj´2 satisfies

w̃sj´2,tj´2 ´ csj´2,tj´2 ă wsj´2,tj´2 ´ csj´2,tj´2 + δC
j´2

Continuing this induction yields µ̃(s1) = t1, and

w̃s1,t1 ´ cs1,t1 ă ws1,t1 ´ cs1,t1 + ∆d
1

Recall (L2-5), s0 can afford the RHS effective wage to t1. By our construction of v,

vs0,t0 = ws0,t0 , vs0,t1 = cs0,t1 + V, vs0,ti = cs0,ti , for i ‰ 0, 1

The highest utility s0 can enjoy (when not matching t1) in (µ̃, w̃) will be

ws0,t0 ´ vs0,t0
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However, matching t1 with a wage of cs0,t1 + ws1,t1 ´ cs1,t1 + ∆d
1 will give a utility of

vs0,t1 ´ (cs0,t1 + ws1,t1 ´ cs1,t1 + ∆d
1)

Recall our construction of v, the above quantity is

vs0,t1 ´ (cs0,t1 + ws1,t1 ´ cs1,t1 + ∆d
1) = V ´ (ws1,t1 ´ cs1,t1 + ∆d

1)

Recall V is large enough and (L2-9)

V ą Σi(wsi ,ti ´ csi ,ti)+Σibτ
si

ě ws0,t0 ´ vs0,t0 +ws1,t1 ´ cs1,t1 + bτ
s1

ě ws0,t0 ´ vs0,t0 +ws1,t1 ´ cs1,t1 +∆d
1

Then we have

V ´ (ws1,t1 ´ cs1,t1 + ∆d
1) ą ws0,t0 ´ vs0,t0

Therefore, deviating to t1 with a wage of cs0,t1 +ws1,t1 ´ cs1,t1 +∆d
1 will be strictly profitable

for s0 and t1, contradicting the stability of (µ̃, w̃). Therefore, sj cannot be matched with

tj after the subsidy, and (L2-6) will contradict τ being non-distortive, which finishes the

proof.

A.2.3 Proof of Theorem 4.

Proof. Lemma 2 and Lemma 3 establish necessity. It remains to prove sufficiency.

Let (µ, w), b, and c denote the pre-subsidy allocation, budgets, and costs. For notational

convenience, relabel so that µ(si) = ti for all indices that appear below.

Fix any value profile v P V(µ, w; b, c) and a subsidy allocation τ that satisfies DC and SC.

Consider the post-subsidy school-optimal stable allocation under tie-breaking in favor of

µ (schools and teachers weakly prefer their µ-partners when indifferent). Let (µ1, w1) be

the resulting allocation under budgets bτ and costs c.

It suffices to show W(µ1; v, c) ě W(µ; v, c) for every v P V(µ, w; b, c), because then

W(v, c, b, τ) ě W(µ1; v, c) ě W(µ; v, c)

so τ is non-distortive.
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We now show

W(µ1; v, c) ě W(µ; v, c)

by contradiction. Suppose

W(µ1; v, c) ă W(µ; v, c)

Step 1:

In this step, we show there exists a welfare-decreasing cycle C.

Since

W(µ1; v, c) ă W(µ; v, c)

Then we have µ ‰ µ1, otherwise the welfare of µ, µ1 should be the same. Given µ ‰ µ1, we

need the following definition

Definition 15 (Cycle and fixed points). For two different matchings µ and µ1. Define the

permutation operator

σ(s) = µ´1(µ1(s))

A set of distinct schools ts1, s2 . . . , smu (after reindexing) forms a cycle of length m if

σ(si) = si+1 for i = 1, . . . , m ´ 1 and σ(sm) = s1

When m = 1 we have σ(s) = s, equivalently µ1(s) = µ(s). We call such s a fixed point.

Since we have µ(si) = ti, we can WLOG let each cycle include both schools and teachers because

they share the same set of indices.

Given the definition above, since the market is finite, we can partition S uniquely into

different cycles with length m ě 2 and fixed points.

Now we claim there must be at least one cycle with length m ě 2

C = ts1, . . . , sm, t1, . . . , tmu
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where the welfare change is negative, that is

m
ÿ

i=1

(
vsi ,ti+1 ´ csi ,ti+1

)
ă

m
ÿ

i=1

(
vsi ,ti ´ csi ,ti

)
with tm+1 ” t1

We show the above claim by contradiction. Suppose for all cycles with length m ě 2, we

have
m
ÿ

i=1

(
vsi ,ti+1 ´ csi ,ti+1

)
ě

m
ÿ

i=1

(
vsi ,ti ´ csi ,ti

)
We also know the welfare of a fixed point does not change

vs,µ(s) ´ cs,µ(s) = vs,µ1(s) ´ cs,µ1(s) if µ(s) = µ1(s)

Summing over all cycles, we have

Σs(vs,µ(s) ´ cs,µ(s)) ě Σs(vs,µ1(s) ´ cs,µ1(s)) ñ W(µ1; v, c) ě W(µ; v, c)

contradicting our hypothesis. Therefore, there exists a cycle with length m ě 2

C = ts1, . . . , sm, t1, . . . , tmu

and
m
ÿ

i=1

(
vsi ,ti+1 ´ csi ,ti+1

)
ă

m
ÿ

i=1

(
vsi ,ti ´ csi ,ti

)
with tm+1 ” t1 (T1-1)

And the matching pairs are

#

µ : (s1, t1), (s2, t2), . . . , (sm, tm)

µ1 : (s1, t2), (s2, t3), . . . , (sm, t1)

Step 2:

In this step, we show the following cannot be true in C:

D i such that bsi ´ csi ,tii+1 ď wsi+1,ti+1 ´ csi+1,ti+1 where si P C

that is, there is no si P C such that, si is outbid by si+1 in (µ, w).
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We show the above by contradiction. Suppose there is an index i such that

bsi ´ csi ,tii+1 ď wsi+1,ti+1 ´ csi+1,ti+1

WOLG, let i = 1 by relabeling, we then have

bs1 ´ cs1,t2 ď ws2,t2 ´ cs2,t2

Now we want to show the following affordability conditions

bτ
si+1

´ csi+1,ti+1 ě w1
si ,ti+1

´ csi ,ti+1 for i = 1, 2, ...m with tm+1 ” t1 (AFF)

Proof. We show (AFF) by induction in three steps.

• Step 2.1: We first show bτ
s2

´ cs2,t2 ě w1
s1,t2

´ cs1,t2 .

Since s1 was outbid by s2 in (µ, w), DC gives

bτ
s2

´ ws2,t2 ě ∆d
2 ě (bτ

s1
´ cs1,t2) ´ (ws2,t2 ´ cs2,t2) ě (w1

s1,t2
´ cs1,t2) ´ (ws2,t2 ´ cs2,t2)

where the last inequality is by feasibility of (s1, t2) in (µ1, w1). Rearranging gives

bτ
s2

´ cs2,t2 ě w1
s1,t2

´ cs1,t2

which is the desired inequality.

• Step 2.2: Now we show bτ
s3

´ cs3,t3 ě w1
s2,t3

´ cs2,t3 .

Split by whether s2 is outbid by s3 in µ.

– Case 2.2.1: If s2 is outbid by s3 in (µ, w), we have

bs2 ´ cs2,t3 ď ws3,t3 ´ cs3,t3

then DC gives

bτ
s3

´ ws3,t3 ě ∆d
3 ě (bτ

s2
´ cs2,t3) ´ (ws3,t3 ´ cs3,t3) ě (w1

s2,t3
´ cs2,t3) ´ (ws3,t3 ´ cs3,t3)

hence

bτ
s3

´ cs3,t3 ě w1
s2,t3

´ cs2,t3
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– Case 2.2.2: If s2 is not outbid by s3 in (µ, w), then we have

bs2 ´ cs2,t3 ą ws3,t3 ´ cs3,t3

Then s2
µ
ÝÑ s3 forms a spillover chain C. Because τ satisfies SC,

bτ
s3

´ ws3,t3 ě δC
3 (T1-2.1)

where

δC
3 = min

!

∆2, bτ
s2

´ cs2,t3 ´ (ws3,t3 ´ cs3,t3)
)

If δC
3 takes the latter value, then by feasibility bτ

s2
ě w1

s2,t3
and the above, we have

bτ
s3

´ ws3,t3 ě δC
3 = bτ

s2
´ cs2,t3 ´ (ws3,t3 ´ cs3,t3) ě w1

s2,t3
´ cs2,t3 ´ (ws3,t3 ´ cs3,t3)

which rearranges to the desired inequality

bτ
s3

´ cs3,t3 ě w1
s2,t3

´ cs2,t3

If δC
3 takes the former value ∆2, then by definition of ∆2 and feasibility bτ

s1
ě w1

s1,t2
,

we have

δC
3 = ∆2 ě

[
(bτ

s1
´ cs1,t2) ´ (ws2,t2 ´ cs2,t2)

]
ě (w1

s1,t2
´ cs1,t2) ´ (ws2,t2 ´ cs2,t2) (T1-2.2)

Pre-subsidy stability of (s2, t2) vs. (s2, t3) implies

vs2,t2 ´ ws2,t2 ě vs2,t3 ´ ws3,t3 + cs3,t3 ´ cs2,t3

By step 2.1 and tie-breaking in favor of µ, s2 can match w1
s1,t2

. So post-subsidy stability

of (s2, t3) vs. (s2, t2) requires

vs2,t3 ´ w1
s2,t3

ě vs2,t2 ´ w1
s1,t2

+ cs1,t2 ´ cs2,t2

Combining yields

(
w1

s1,t2
´ cs1,t2

)
´
(
ws2,t2 ´ cs2,t2

)
ě

(
w1

s2,t3
´ cs2,t3

)
´
(
ws3,t3 ´ cs3,t3

)
(˚2Ñ3)
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Using (˚2Ñ3), (T1-2.1) and (T1-2.2), we have

bτ
s3

´ ws3,t3 ě δC
3 ě (w1

s1,t2
´ cs1,t2) ´ (ws2,t2 ´ cs2,t2) ě w1

s2,t3
´ cs2,t3 ´ (ws3,t3 ´ cs3,t3)

which rearranges to the desired inequality

bτ
s3

´ cs3,t3 ě w1
s2,t3

´ cs2,t3

• Step 2.3: Now we show bτ
si+1

´ csi+1,ti+1 ě w1
si ,ti+1

´ csi ,ti+1 for i = 3, . . . , m.

Assume the inequality holds for i ´ 1.

If si is outbid by si+1 in (µ, w), case 2.2.1 will give the desired inequality.

If si is not outbid by si+1 in (µ, w), then find the largest index q such that sq´1 is outbid

by sq, and sq
µ
ÝÑ sq+1...

µ
ÝÑ si+1 forms a spillover chain. Such q exists because we know

bs1 ´ cs1,t2 ď ws2,t2 ´ cs2,t2

Given the spillover chain sq
µ
ÝÑ sq+1...

µ
ÝÑ si+1, SC gives

bτ
si+1

´ wsi+1,ti+1 ě δC
i+1 (T1-2.3)

Then check δC
i+1, we have

δC
i+1 = min

!

δC
i , bτ

si
´ csi ,ti+1 ´ (wsi+1,ti+1 ´ csi+1,ti+1)

)

If δC
i+1 takes the latter value, (T1-2.3) and feasibility give the following:

bτ
si+1

´ wsi+1,ti+1 ě δC
i+1 = bτ

si
´ csi ,ti+1 ´ (wsi+1,ti+1 ´ csi+1,ti+1) ě w1

si ,ti+1
´ csi ,ti+1 ´ (wsi+1,ti+1 ´ csi+1,ti+1)

and rearranging gives the desired inequality

bτ
si+1

´ csi+1,ti+1 ě w1
si ,ti+1

´ csi ,ti+1

If δC
i+1 takes the former value, then

δC
i+1 = δC

i
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By definition of δC
i , we have

δC
i = min

!

δC
i´1, bτ

si´1
´ csi´1,ti ´ (wsi ,ti ´ csi ,ti)

)

There will be two cases:

– Case 2.3.1: If δC
i takes the latter value, then

δC
i = bτ

si´1
´ csi´1,ti ´ (wsi ,ti ´ csi ,ti) ě w1

si´1,ti
´ csi´1,ti ´ (wsi ,ti ´ csi ,ti) (T1-2.4)

Now recall the induction hypothesis, pre-subsidy stability of (si, ti) vs. (si, ti+1), and

post-subsidy stability of (si, ti+1) vs. (si, ti), we can derive the following similar to

case 2.2.2

(
w1

si´1,ti
´ csi´1,ti

)
´
(
wsi ,ti ´ csi ,ti

)
ě

(
w1

si ,ti+1
´ csi ,ti+1

)
´
(
wsi+1,ti+1 ´ csi+1,ti+1

)
(˚iÑi+1)

(T1-2.4) and (˚iÑi+1) will give

bτ
si+1

´ wsi+1,ti+1 ě δC
i+1 = δC

i ě
(
w1

si ,ti+1
´ csi ,ti+1

)
´
(
wsi+1,ti+1 ´ csi+1,ti+1

)
which rearranges to the desired inequality

bτ
si+1

´ csi+1,ti+1 ě w1
si ,ti+1

´ csi ,ti+1

– Case 2.3.2: If δC
i takes the former value, then check δC

i´1. We either combine (˚i´1Ñi)

and (˚iÑi+1) to get the desired inequality or move to δC
i´2. This backward induction

terminates at index q. DC of ∆d
q and telescoping (˚) will give the desired inequality.

This completes the proof of (AFF).

By (AFF), for each i, the contract (si+1, ti+1, w1
si ,ti+1

´ csi ,ti+1 + csi+1,ti+1) is feasible. At that

wage, ti+1 enjoys the same effective wage. Tie–breaking in favor of µ implies ti+1 will

accept the offer. Therefore, in the post–subsidy allocation (µ1, w1), stability requires that

si+1 does not want to switch from ti+2 to ti+1 at wage (w1
si ,ti+1

´ csi ,ti+1 + csi+1,ti+1), which

gives

vsi+1,ti+2 ´ w1
si+1,ti+2

ą vsi+1,ti+1 ´ w1
si ,ti+1

+ csi ,ti+1 ´ csi+1,ti+1 (i = 1, . . . , m)
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Summing these m inequalities gives the following

m
ÿ

i=1

(
vsi ,ti+1 ´ csi ,ti+1

)
ą

m
ÿ

i=1

(
vsi ,ti ´ csi ,ti

)

But by step 1, we know

m
ÿ

i=1

(
vsi ,ti+1 ´ csi ,ti+1

)
ă

m
ÿ

i=1

(
vsi ,ti ´ csi ,ti

)

which is a contradiction. Therefore, the hypothesis at the beginning of step 2 cannot be

true, which gives

bsi ´ csi ,ti+1 ą wsi+1,ti+1 ´ csi+1,ti+1 for all si P C

Step 3:

In this step, we want to show there exists i such that

bτ
si+1

´ csi+1,ti+1 ď w1
si ,ti+1

´ csi ,ti+1

meaning that si+1 is outbid by si in (µ1, w1).

We again prove by contradiction. Suppose the following

bτ
si+1

´ csi+1,ti+1 ą w1
si ,ti+1

´ csi ,ti+1 for i = 1, 2, ..., m

Then every school si can match ti with her current effective wage. Stability of (µ1, w1) then

requires

vsi+1,ti+2 ´ w1
si+1,ti+2

ą vsi+1,ti+1 ´ w1
si ,ti+1

+ csi ,ti+1 ´ csi+1,ti+1 for i = 1, 2, ..., m

Summing these m inequalities gives

m
ÿ

i=1

(
vsi ,ti+1 ´ csi ,ti+1

)
ą

m
ÿ

i=1

(
vsi ,ti ´ csi ,ti

)
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But by step 1, we know

m
ÿ

i=1

(
vsi ,ti+1 ´ csi ,ti+1

)
ă

m
ÿ

i=1

(
vsi ,ti ´ csi ,ti

)

a contradiction. Therefore there exists i with

bτ
si+1

´ csi+1,ti+1 ď w1
si ,ti+1

´ csi ,ti+1

Step 4: Utility drop of si

In this step, we derive the utility drop of si, where i is the index at the end of step 3.

Let i be the index at the end of step 3, we then have

bτ
si+1

´ csi+1,ti+1 ď w1
si ,ti+1

´ csi ,ti+1 (T1-4.1)

Recall τ satisfies DC and SC, which implies

bτ
si+1

´ csi+1,ti+1 ě
(
wsi+1,ti+1 ´ csi+1,ti+1

)
+ Λi+1 (T1-4.2)

where by definition, we have

Λi+1 ” maxt∆d
i+1, ∆s

i+1u

Combining (T1-4.1), (T1-4.2) and feasibility of w1
si ,ti+1

, we have

bτ
si

´ csi ,ti+1 ě w1
si ,ti+1

´ csi ,ti+1 ě bτ
si+1

´ csi+1,ti+1 ě
(
wsi+1,ti+1 ´ csi+1,ti+1

)
+ Λi+1 (T1-4.3)

Now we define

ΛiÑj ” min
!

Λi, bτ
si

´ csi ,tj ´
(
wsj,tj ´ csj,tj

))
which denotes the spillover effect transmitted at si

µ
ÝÑ sj. And we develop the following

lemma

Lemma 16. If si
µ
ÝÑ sj, then

Λj ě ΛiÑj
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Proof. For any spillover chain C : s1
µ
ÝÑ s2...

µ
ÝÑ si ending at si, there is another spillover

chain C1 : s1
µ
ÝÑ s2...

µ
ÝÑ si

µ
ÝÑ sj. Therefore, by definition of spillover effects

∆s
j ” sup

C: spillover chains ending at sj

δC
j

ě sup
C: spillover chains ending at si then sj

δC
j

= sup
C: spillover chains ending at si

min
!

δC
i , bτ

si
´ csi ,tj ´

(
wsj,tj ´ csj,tj

))

Since bτ
si

´ csi ,tj ´
(
wsj,tj ´ csj,tj

)
is a constant, after changing the order of min and sup, we

have

∆s
j ě sup

C: spillover chains ending at si

min
!

δC
i , bτ

si
´ csi ,tj ´

(
wsj,tj ´ csj,tj

))

= min
!

sup
C: spillover chains ending at si

δC
i , bτ

si
´ csi ,tj ´

(
wsj,tj ´ csj,tj

))

= min
!

∆s
i , bτ

si
´ csi ,tj ´

(
wsj,tj ´ csj,tj

))
(L3-1)

Also, since si
µ
ÝÑ sj, definition of ∆s

j gives

∆s
j ě min

!

∆d
i , bτ

si
´ csi ,tj ´

(
wsj,tj ´ csj,tj

))
(L3-2)

There will be two cases:

• bτ
si

´ csi ,tj ´
(
wsj,tj ´ csj,tj

)
ě max t∆d

i , ∆s
i u

Then we have

∆s
j ě min

!

∆d
i , bτ

si
´ csi ,tj ´

(
wsj,tj ´ csj,tj

))
= ∆d

i

and

∆s
j ě min

!

∆s
i , bτ

si
´ csi ,tj ´

(
wsj,tj ´ csj,tj

))
= ∆s

i

Then we have

∆s
j ě max t∆d

i , ∆s
i u ě min

!

max t∆d
i , ∆s

i u, bτ
si

´ csi ,tj ´
(
wsj,tj ´ csj,tj

))
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where the last term is

min
!

max t∆d
i , ∆s

i u, bτ
si

´ csi ,tj ´
(
wsj,tj ´ csj,tj

))
= min

!

Λi, bτ
si

´ csi ,tj ´
(
wsj,tj ´ csj,tj

))
= ΛiÑj

So we have

∆s
j ě ΛiÑj

• bτ
si

´ csi ,tj ´
(
wsj,tj ´ csj,tj

)
ă max t∆d

i , ∆s
i u

Then one of (L3-1), (L3-2) will imply

∆s
j ě bτ

si
´ csi ,tj ´

(
wsj,tj ´ csj,tj

)
= min

!

max t∆d
i , ∆s

i u, bτ
si

´ csi ,tj ´
(
wsj,tj ´ csj,tj

))
The last term is again

min
!

max t∆d
i , ∆s

i u, bτ
si

´ csi ,tj ´
(
wsj,tj ´ csj,tj

))
= ΛiÑj

Then we have

∆s
j ě ΛiÑj

So in both cases, we have ∆s
j ě ΛiÑj. Recall definition of Λj, we have

Λj ” max t∆d
j , ∆s

j u ě ∆s
j ě ΛiÑj (L3-3)

which finishes the proof of Lemma 16.

Recall step 2, we have si
µ
ÝÑ si+1. Then by Lemma 16, we have

Λi+1 ě ΛiÑi+1 ” min
!

Λi, bτ
si

´ csi ,ti+1 ´
(
wsi+1,ti+1 ´ csi+1,ti+1

))
where ΛiÑi+1 denotes the spillover effect transmitted at si

µ
ÝÑ si+1.

There will be two cases:

• Case 4.1: If ΛiÑi+1 takes the latter value, meaning that spillover effects from si to si+1 is

capped by post-subsidy budgets, then we have

Λi+1 ě ΛiÑi+1 = bτ
si

´ csi ,ti+1 ´
(
wsi+1,ti+1 ´ csi+1,ti+1

)
(T1-4.4)
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combine (T1-4.3), (T1-4.4) and feasibility of (si, ti+1, w1), we have

bτ
si+1

´ csi+1,ti+1 ě
(
wsi+1,ti+1 ´ csi+1,ti+1

)
+ Λi+1 ě bτ

si
´ csi ,ti+1 ě w1

si ,ti+1
´ csi ,ti+1

meaning that si+1 can afford the effective wage of ti+1 in (µ1, w1). Therefore, by tie-

breaking in favor of µ, si+1 must strictly prefer his current matching (si+1, ti+2). This

post-subsidy stability gives

vsi+1,ti+2 ´ w1
si+1,ti+2

ą vsi+1,ti+1 ´ (w1
si ,ti+1

´ csi ,ti+1 + csi+1,ti+1) (T1-4.5)

By step 2, we have si+1
µ
ÝÑ si+2, pre-subsidy stability requires

vsi+1,ti+1 ´ wsi+1,ti+1 ě vsi+1,ti+2 ´ (wsi+2,ti+2 ´ csi+2,ti+2 + csi+1,ti+2) (T1-4.6)

combine (T1-4.5) and (T1-4.6) and rearrange, we have

(w1
si+1,ti+2

´ csi+1,ti+2) ´ (wsi+2,ti+2 ´ csi+2,ti+2) ă (w1
si ,ti+1

´ csi ,ti+1) ´ (wsi+1,ti+1 ´ csi+1,ti+1)

where the LHS is the effective wage change of ti+2, the RHS is the effective wage change

of ti+1. Recall (T1-4.4) and feasibility bτ
si

ě w1
si ,ti+1

, we have

RHS ď bτ
si

´ csi ,ti+1 ´
(
wsi+1,ti+1 ´ csi+1,ti+1

)
= ΛiÑi+1

which gives

(w1
si+1,ti+2

´ csi+1,ti+2) ´ (wsi+2,ti+2 ´ csi+2,ti+2) ă ΛiÑi+1 (T1-4.7)

We now show si+2 can afford this effective wage (w1
si+1,ti+2

´ csi+1,ti+2) to ti+2. Consider

the post-subsidy budget of school si+2, by DC and SC, we have

bτ
si+2

´ csi+2,ti+2 ě
(
wsi+2,ti+2 ´ csi+2,ti+2

)
+ Λi+2 (T1-4.8)

and by si+1
µ
ÝÑ si+2 and Lemma 16, we have

Λi+2 ě Λi+1Ñi+2 ” min
!

Λi+1, bτ
si+1

´ csi+1,ti+2 ´
(
wsi+2,ti+2 ´ csi+2,ti+2

))
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If Λi+1Ñi+2 takes the former value, Λi+2 ě Λi+1Ñi+2 = Λi+1 ě ΛiÑi+1, then (T1-4.7),

(T1-4.8) will give the following

bτ
si+2

´ csi+2,ti+2 ě
(
wsi+2,ti+2 ´ csi+2,ti+2

)
+Λi+2 ě

(
wsi+2,ti+2 ´ csi+2,ti+2

)
+ΛiÑi+1 ą w1

si+1,ti+2
´ csi+1,ti+2

If Λi+1Ñi+2 takes the latter value, then (T1-4.8) will give

bτ
si+2

´ csi+2,ti+2 ě
(
wsi+2,ti+2 ´ csi+2,ti+2

)
+ Λi+2 ě bτ

si+1
´ csi+1,ti+2 ě w1

si+1,ti+2
´ csi+1,ti+2

Therefore, in both cases, si+2 can afford an effective wage of w1
si+1,ti+2

´ csi+1,ti+2 to ti+2.

Then post-subsidy stability requires that si+2 must strictly prefer his current matching

(si+2, ti+3). Similar to the logic in (T1-4.5), (T1-4.6) and (T1-4.7). We can get

(w1
si+2,ti+3

´ csi+2,ti+3) ´ (wsi+3,ti+3 ´ csi+3,ti+3) ă ΛiÑi+1

Keep the above induction along the cycle C, we finally circle back to index i ´ 1 and

have

(w1
si´1,ti

´ csi´1,ti) ´ (wsi ,ti ´ csi ,ti) ă ΛiÑi+1 (T1-4.9)

Similarly, by DC and SC, we have

bτ
si

´ wsi ,ti ě Λi (T1-4.10)

Recall definition of ΛiÑi+1, we have

ΛiÑi+1 ” min
!

Λi, bτ
si

´ csi ,ti+1 ´
(
wsi+1,ti+1 ´ csi+1,ti+1

))
ď Λi (T1-4.11)

By (T1-4.9), (T1-4.10), (T1-4.11), we have

bτ
si

´ wsi ,ti ě Λi ě ΛiÑi+1 ą (w1
si´1,ti

´ csi´1,ti) ´ (wsi ,ti ´ csi ,ti)

Therefore, si can afford an effective wage of (w1
si´1,ti

´ csi´1,ti) to ti. Post-subsidy stability

requires

vsi ,ti+1 ´ w1
si ,ti+1

ą vsi ,ti ´ (w1
si´1,ti

´ csi´1,ti + csi ,ti) (T1-4.12)
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Also, by step 2, si
µ
ÝÑ si+1, pre-subsidy stability requires

vsi ,ti ´ wsi ,ti ě vsi ,ti+1 ´ (wsi+1,ti+1 ´ csi+1,ti+1 + csi ,ti+1) (T1-4.13)

combine (T1-4.12), (T1-4.13) and rearrange, we have

(w1
si ,ti+1

´ csi ,ti+1) ´ (wsi+1,ti+1 ´ csi+1,ti+1) ă (w1
si´1,ti

´ csi´1,ti) ´ (wsi ,ti ´ csi ,ti)

where the LHS is the effective wage change of ti+1, the RHS is the effective wage change

of ti. Recall (T1-4.1) and (T1-4.2) for the LHS and (T1-4.9) for the RHS, we have

Λi+1 ď LHS ă RHS ď ΛiÑi+1 ď Λi+1

which is a contradiction. Therefore, ΛiÑi+1 takes the former value

ΛiÑi+1 = Λi

• Case 4.2: Given case 4.1, we have

ΛiÑi+1 = Λi

By Lemma 16

Λi+1 ě ΛiÑi+1 = Λi

then recall (T1-4.1), (T1-4.2), we have

w1
si ,ti+1

´ csi ,ti+1 ě
(
wsi+1,ti+1 ´ csi+1,ti+1

)
+ Λi+1 ě

(
wsi+1,ti+1 ´ csi+1,ti+1

)
+ Λi (T1-4.14)

(T1-4.14) shows that the effective wage of ti+1 increases by at least Λi. Recall si
µ
ÝÑ si+1,

pre-subsidy stability requires

vsi ,ti ´ wsi ,ti ě vsi ,ti+1 ´ (wsi+1,ti+1 ´ csi+1,ti+1 + csi ,ti+1) (T1-4.15)

Combine (T1-4.14) and (T1-4.15), we have

vsi ,ti+1 ´ w1
si ,ti+1

ď vsi ,ti ´ wsi ,ti ´ Λi (T1-4.16)

(T1-4.16) is the key observation in step 4. It shows that si suffers at least a utility drop of

its own wage-lifting pressure. Intuitively, it means that si is paying si+1 an unnecessarily

high wage in (µ1, w1).
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Step 5: Utility drop of all schools in C

In step 5, our target is to show each school in cycle C suffers a huge utility loss, which

is the following

vsi ,ti+1 ´ w1
si ,ti+1

ď vsi ,ti ´ wsi ,ti ´ Λi i = 1, . . . , m (T1-5.1)

We show (T1-5.1) by induction, step 4 shows that (T1-5.1) is true for index i. Now consider

school si´1, and we first show the following

Λi´1Ñi ” min
!

Λi´1, bτ
si´1

´ csi´1,ti ´
(
wsi ,ti ´ csi ,ti

))
= Λi´1 (T1-5.2)

We show the above by contradiction, that is, assume

Λi´1Ñi = bτ
si´1

´ csi´1,ti ´
(
wsi ,ti ´ csi ,ti

)
ă Λi´1

Then consider the effective wage of ti in (µ1, w1), we have

w1
si´1,ti

´ csi´1,ti ď bτ
si´1

´ csi´1,ti = wsi ,ti ´ csi ,ti + Λi´1Ñi (T1-5.3)

meaning that the effective wage of si increases at most Λi´1Ñi.

By τ satisfying DC and SC, we have

bτ
si

´ wsi ,ti ě Λi

By step 2, si´1
µ
ÝÑ si. Then by Lemma 16, we have

bτ
si

´ wsi ,ti ě Λi ě Λi´1Ñi (T1-5.4)

Combine (T1-5.3), (T1-5.4) and rearrange

bτ
si

´ csi ,ti ě w1
si´1,ti

´ csi´1,ti

meaning that si can afford the effective wage of ti in (µ1, w1).

112



Recall our induction hypothesis (T1-4.16), si suffers at least a utility drop of Λi in (µ1, w1).

However, by (T1-5.3), matching ti back with the same effective wage suffers at most

Λi´1Ñi, where Λi´1Ñi ď Λi. Therefore, si should weakly prefer matching ti. Also, µ1

is generated with a tie-breaking rule favoring µ, si should strictly prefer matching ti back,

contradicting the stability of (µ1, w1).

Hence, we have

Λi´1Ñi = Λi´1

Now consider the utility of si´1, there will be two cases

• Case 5.1: si is outbid by si´1 in (µ1, w1). Then we have

bτ
si

´ csi ,ti ď w1
si´1,ti

´ csi´1,ti (T1-5.5)

by DC and SC, we know

bτ
si

´ wsi ,ti ě Λi ě Λi´1Ñi = Λi´1

then we have

bτ
si

´ csi ,ti = bτ
si

´ wsi ,ti + wsi ,ti ´ csi ,ti ě wsi ,ti ´ csi ,ti + Λi´1 (T1-5.6)

(T1-5.5) and (T1-5.6) then give

w1
si´1,ti

´ csi´1,ti ě wsi ,ti ´ csi ,ti + Λi´1 (T1-5.7)

We also know si´1
µ
ÝÑ si, pre-subsidy stability between (si´1, ti´1) and (si´1, ti) gives

vsi´1,ti´1 ´ wsi´1,ti´1 ě vsi´1,ti ´ wsi ,ti + csi ,ti ´ csi´1,ti (T1-5.8)

(T1-5.7) and (T1-5.8) then give the following

vsi´1,ti ´ w1
si´1,ti

ď vsi´1,ti´1 ´ wsi´1,ti´1 ´ Λi´1

which is (T1-5.1) for index i ´ 1.
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• Case 5.2: si is not outbid by si´1 in (µ1, w1). Then si can afford the effective wage of ti

after the subsidy. Post-subsidy stability requires

vsi ,ti+1 ´ w1
si ,ti+1

ě vsi ,ti ´ w1
si´1,ti

+ csi´1,ti ´ csi ,ti

Since si´1
µ
ÝÑ si, pre-subsidy stability requires

vsi´1,ti´1 ´ wsi´1,ti´1 ě vsi´1,ti ´ wsi ,ti + csi ,ti ´ csi´1,ti

Combining the above two inequalities,

(vsi´1,ti ´ w1
si´1,ti

) ´ (vsi´1,ti´1 ´ wsi´1,ti´1) ď (vsi ,ti+1 ´ w1
si ,ti+1

) ´ (vsi ,ti ´ wsi ,ti) (T1-5.9)

meaning that si´1 suffers a larger utility drop than si. Combine our induction hypothe-

sis (T1-4.16) and (T1-5.9), we have

(vsi´1,ti ´ w1
si´1,ti

) ´ (vsi´1,ti´1 ´ wsi´1,ti´1) ď ´Λi ď ´Λi´1Ñi = ´Λi´1

which rearranges to (T1-5.1) for index i ´ 1

vsi´1,ti ´ w1
si´1,ti

ď vsi´1,ti´1 ´ wsi´1,ti´1 ´ Λi´1

Given the induction step and (T1-4.16) at index i, we conclude that

vsi ,ti+1 ´ w1
si ,ti+1

ď vsi ,ti ´ wsi ,ti ´ Λi i = 1, . . . , m

that is, every school si in C suffers a utility loss at least Λi.

Step 6: A dominant and feasible reallocation

In this step, we are trying to construct a feasible and better allocation for all schools in

C.

Construct a hypothetical allocation (rµ, rw) as follows

rµ(si) = ti, rwsi ,ti = wsi ,ti + Λi (si P C)

and leave all matches/wages outside C as in (µ1, w1). By DC and SC, bτ
si

´ wsi ,ti ě Λi for

every i P C, hence (rµ, rw) is feasible under bτ.
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• IR hold for all schools and teachers in C.

For each teacher, she is receiving her wage in (µ, w) plus a nonnegative wage buffer, IR

in (rµ, rw) is implied by IR in (µ, w). For each school, it is weakly better than (µ1, w1), so

IR in (rµ, rw) is implied by IR in (µ1, w1).

• Schools in C are weakly better, so no blocks with outside teachers.

For each si P C, step 5 established

vsi ,ti+1 ´ w1
si ,ti+1

ď vsi ,ti ´ wsi ,ti ´ Λi i = 1, . . . , m

Thus every school in C weakly improves. If (si, t) with t R C can block (rµ, rw), then it

would also block (µ1, w1), contradicting the stability of (µ1, w1). Therefore there is no

block between a school in C and an outside teacher.

• No deviations within the cycle.

To show the last piece, we first develop the following lemma

Lemma 17. For any school si, sj, consider an allocation (µ̃, w̃) after the subsidy where

#

µ̃(si) = ti

µ̃(sj) = tj

#

w̃si ,ti = wsi ,ti + Λi

w̃sj,tj = wsj,tj + Λj

then (si, tj) does not form a blocking pair in (µ̃, w̃).

Proof. We consider the following two cases:

• Case 1: si is not outbid by sj in µ. So we have si
µ
ÝÑ sj. Pre-subsidy stability gives

vsi ,ti ´ wsi ,ti ě vsi ,tj ´ (wsj,tj ´ csj,tj) + csi ,tj (L4-1)

Recall Lemma 16 and si
µ
ÝÑ sj, we have

Λj ě ΛiÑj ” min
!

Λi, bτ
si

´ csi ,tj ´
(
wsj,tj ´ csj,tj

))
If ΛiÑj = Λi, then we have

Λj ě Λi
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Recall (L4-1), we then have

vsi ,ti ´ wsi ,ti ´ Λi ě vsi ,tj ´ (wsj,tj ´ csj,tj) + csi ,tj ´ Λj

where the LHS is the utility of si in (µ̃, w̃). And the RHS is the utility of deviating to tj

with tj getting the same effective wage. Therefore, si still does not gain by deviating to

tj, and no block arises. If ΛiÑj = bτ
si

´ csi ,tj ´
(
wsj,tj ´ csj,tj

)
, then we have

Λj ě bτ
si

´ csi ,tj ´
(
wsj,tj ´ csj,tj

)
which rearranges to

bτ
si

´ csi ,tj ď wsj,tj ´ csj,tj + Λj = w̃sj,tj ´ csj,tj

meaning that si is outbid by sj in (µ̃, w̃), and no block arises.

• Case 2: si is outbid by sj in µ.

By Definition 9

∆d
j ě (bτ

si
´ csi ,tj) ´ (wsj,tj ´ csj,tj)

Since Λj ě ∆d
j , we have

bτ
si

´ csi ,tj ď (wsj,tj ´ csj,tj) + Λj = rwsj,tj ´ csj,tj

So si is still outbid by sj in (rµ, rw), and no block arises.

The above has shown that (si, tj) cannot block (rµ, rw), which finishes the proof of Lemma

17.

Now we are ready to show there are no deviations within the cycle. Recall our construc-

tion of (rµ, rw). For any si, sj P C, we have

#

µ̃(si) = ti

µ̃(sj) = tj

#

w̃si ,ti = wsi ,ti + Λi

w̃sj,tj = wsj,tj + Λj

Then Lemma 17 directly implies that (si, tj) cannot block (rµ, rw).
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If (rµ, rw) is stable, then every school in C would be weakly better than in (µ1, w1), and

at least one strictly so. Because teachers’ effective wages weakly decrease, and the total

welfare generated by rµ on C is strictly larger by (T1-1).

But (µ1, w1) is the school-optimal stable allocation, hence (rµ, rw) cannot be stable. We have

shown that there is no block within the cycle, and there is no block between a school in C

and an outside teacher. Therefore, any blocking pair must involve an outside school and

a teacher in C. Hence, there exist sk R C, tj P C, and a feasible wage pw such that (sk, tj, pw)

blocks (rµ, rw).

Step 7:

Let (sk, tj, pw) be a blocking pair for (rµ, rw) with sk R C and tj P C. In this step, we are

trying to show

sk
µ
ÝÑ sj

and

vsk ,µ1(sk) ´ w1
sk ,µ1(sk)

ă vsk ,tk ´ wsk ,tk ´ Λk

Because tj accepts the deviation, teacher’s incentive implies

pw ´ csk ,tj ą rwsj,tj ´ csj,tj =
(
wsj,tj ´ csj,tj

)
+ Λj

hence

bτ
sk

´ csk ,tj ě pw ´ csk ,tj ą
(
wsj,tj ´ csj,tj

)
+ Λj (T1-7.1)

We now show sk
µ
ÝÑ sj pre-subsidy. Suppose, to the contrary, that sk is outbid by sj in

(µ, w), we then have

bsk ´ csk ,tj ď wsj,tj ´ csj,tj

By DC, we have

∆d
j ě

(
bτ

sk
´ csk ,tj

)
´
(
wsj,tj ´ csj,tj

)
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By construction of Λj, we have

Λj ě ∆d
j

Then we have

Λj ě ∆d
j ě

(
bτ

sk
´ csk ,tj

)
´
(
wsj,tj ´ csj,tj

)
(T1-7.2)

(T1-7.1) and (T1-7.2) imply

(
bτ

sk
´ csk ,tj

)
´
(
wsj,tj ´ csj,tj

)
ą Λj ě ∆d

j ě
(
bτ

sk
´ csk ,tj

)
´
(
wsj,tj ´ csj,tj

)
which is a contradiction.

Therefore, we have sk
µ
ÝÑ sj, which means

bsk ´ csk ,tj ą wsj,tj ´ csj,tj

By Lemma 16, we have

Λj ě ΛkÑj (T1-7.3)

Using (T1-7.1), we have

bτ
sk

´ csk ,tj ą
(
wsj,tj ´ csj,tj

)
+ Λj ě

(
wsj,tj ´ csj,tj

)
+ ΛkÑj

By definition of ΛkÑj, we have

bτ
sk

´ csk ,tj ´ (wsj,tj ´ csj,tj) ą ΛkÑj ” min
!

Λk, bτ
sk

´ csk ,tj ´ (wsj,tj ´ csj,tj)
)

If it takes the latter value

ΛkÑj = bτ
sk

´ csk ,tj ´ (wsj,tj ´ csj,tj)

Then we have

bτ
sk

´ csk ,tj ´ (wsj,tj ´ csj,tj) ą ΛkÑj = bτ
sk

´ csk ,tj ´ (wsj,tj ´ csj,tj)

which is a contradiction. So we have

bτ
sk

´ csk ,tj ´ (wsj,tj ´ csj,tj) ą ΛkÑj
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and

ΛkÑj = Λk

Recall (T1-7.3), we have

Λj ě ΛkÑj = Λk (T1-7.4)

We now show the outside blocker loses at least Λk. Since (sk, tj, pw) blocks (rµ, rw), school

sk’s deviation condition and (T1-7.1) gives

vsk ,µ1(sk) ´ w1
sk ,µ1(sk)

ă vsk ,tj ´ ŵ ă

(
vsk ,tj ´ csk ,tj

)
´

(
wsj,tj ´ csj,tj

)
´ Λj (T1-7.5)

By sk
µ
ÝÑ sj, pre-subsidy stability between (sk, tk) and (sk, tj) implies

vsk ,tk ´ wsk ,tk ě

(
vsk ,tj ´ csk ,tj

)
´

(
wsj,tj ´ csj,tj

)
(T1-7.6)

Combining (T1-7.4), (T1-7.5) and (T1-7.6) yields

vsk ,µ1(sk) ´ w1
sk ,µ1(sk)

ă vsk ,tk ´ wsk ,tk ´ Λj ď vsk ,tk ´ wsk ,tk ´ Λk (T1-7.7)

Thus sk suffers a utility drop of at least Λk.

Case 7.A: Outside blocker is a fixed point

Let (sk, tj, pw) be the blocking pair for (rµ, rw) from Step 6, and suppose sk is a fixed point,

that is

µ1(sk) = µ(sk) = tk

By (T1-7.7), sk loses at least Λk, we have

vsk ,tk ´ w1
sk ,tk

ă vsk ,tk ´ wsk ,tk ´ Λk

which implies

w1
sk ,tk

ą wsk ,tk + Λk

Update the hypothetical allocation (rµ, rw) as follows:

rµ(si) = ti (si P C Y sk Y tk), rwsi ,ti = wsi ,ti + Λi (si P C Y sk Y tk)
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and keep all other matches/wages as in (µ1, w1).

This hypothetical allocation is feasible by DC and SC. We now show it is also stable within

C Y sk Y tk.

We can use the same reasoning in Step 6 to show

• IR hold for all schools and teachers in C Y sk Y tk.

• Schools in C Y sk Y tk are weakly better, no blocks with outside teachers.

• Lemma 17 shows that there are no deviations within C Y sk Y tk.

Case 7.B: Outside blocker belongs to a cycle without outbid
Step B.1: Utility drop at the outside blocker on D

Let (sk, tj, pw) be the blocking pair for (rµ, rw) from Step 6, and suppose sk belongs to a

cycle D (we adopt similar index as in C, so school si is matching teacher ti+1) with the

following:

bsi ´ csi ,ti+1 ą wsi+1,ti+1 ´ csi+1,ti+1 for all si P D (T1-7.7)

Repeating the argument of Step 7, we have sk
µ
ÝÑ sj and

vsk ,tk+1 ´ w1
sk ,tk+1

ă vsk ,tk ´ wsk ,tk ´ Λk (T1-7.8)

that is, sk’s utility drops by at least Λk.

Step B.2: Utility drop on the entire cycle D

We now show that every school in D loses at least its own Λ.

By DC and SC, we have

bτ
sk

´ wsk ,tk ě Λk

meaning that sk can afford a wage of wsk ,tk + Λk to tk. If tk accepts this offer, then sk is

getting strictly better because it loses more than Λk in (µ1, w1). And matching tk with a

wage of wsk ,tk + Λk only loses Λk. Therefore, by stability of (µ1, w1), the effective wage of

tk must be strictly higher than wsk ,tk ´ csk ,tk + Λk. Formally,
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w1
sk´1,tk

´ csk´1,tk ą
(
wsk ,tk ´ csk ,tk

)
+ Λk (T1-7.9)

Given the feasibility of (µ1, w1), we have

bτ
sk´1

´ csk´1,tk ě w1
sk´1,tk

´ csk´1,tk ą
(
wsk ,tk ´ csk ,tk

)
+ Λk

Repeat the argument in step 7 from (T1-7.1) to (T1-7.4), we have

Λk ě Λk´1Ñk = Λk´1 (T1-7.10)

Now consider the utility of sk´1. By our assumption (T1-7.7) , we have sk´1
µ
ÝÑ sk. Pre-

subsidy stability gives

vsk´1,tk´1 ´ wsk´1,tk´1 ě
(
vsk´1,tk ´ csk´1,tk

)
´
(
wsk ,tk ´ csk ,tk

)
(T1-7.11)

(T1-7.9), (T1-7.10) and (T1-7.11) give the following:

vsk´1,tk ´ w1
sk´1,tk

ă vsk´1,tk´1 ´ wsk´1,tk´1 ´ Λk ď vsk´1,tk´1 ´ wsk´1,tk´1 ´ Λk´1 (T1-7.12)

Iterating the same one-step argument successively around D implies that

vsk ,tk+1 ´ w1
sk ,tk+1

ă vsk ,tk ´ wsk ,tk ´ Λk for all sk P D (T1-7.13)

which means every school in D loses at least its own Λ.

Step B.3: Expand the hypothetical allocation to C Y D

Similar to step A, we now update the hypothetical allocation (rµ, rw) as follows:

rµ(si) = ti (si P C Y D)

rwsi ,ti = wsi ,ti + Λi (si P C Y D)

and keep all other matches/wages as in (µ1, w1). Similarly, this updated (rµ, rw) is feasible

by DC and SC.

To show the stability within C Y D. We can use the same reasoning in step 6 to show
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• IR hold for all schools and teachers in C Y D.

• Schools in C Y D are weakly better, no blocks with outside teachers.

• Lemma 17 shows that there are no deviations within C Y D.

Case 7.C: Outside blocker belongs to a cycle with outbid

Let (sk, tj, pw) be the blocking pair for (rµ, rw) from Step 6, and suppose sk belongs to

a cycle E (we adopt similar index as in C, so school si is matching teacher ti+1) with the

following:

D i such that bsi ´ csi ,ti+1 ď wsi+1,ti+1 ´ csi+1,ti+1 where si P E (T1-7.14)

Repeating the argument of Step 7, we have sk
µ
ÝÑ sj and

vsk ,tk+1 ´ w1
sk ,tk+1

ă vsk ,tk ´ wsk ,tk ´ Λk (T1-7.8’)

that is, sk’s utility drops by at least Λk.

Repeat the argument of Step B.2. For sk´1, we still get the following

w1
sk´1,tk

´ csk´1,tk ą
(
wsk ,tk ´ csk ,tk

)
+ Λk (T1-7.9’)

Then by feasibility of (µ1, w1), we have

bτ
sk´1

´ csk´1,tk ě w1
sk´1,tk

´ csk´1,tk ą
(
wsk ,tk ´ csk ,tk

)
+ Λk (T1-7.15)

The above rules out the possibility that sk´1 is outbid by sk in (µ, w), because otherwise

DC and SC requires

Λk ě bτ
sk´1

´ csk´1,tk ´ (wsk ,tk ´ csk ,tk) (T1-7.16)

and (T1-7.15), (T1-7.16) lead to a contradiction.

Therefore, we now have sk´1
µ
ÝÑ sk and (T1-7.15). Repeating the logic from (T1-7.1) to

(T1-7.4), we have

Λk´1 ď Λk (T1-7.17)
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Combine (T1-7.9) and (T1-7.17), we have

w1
sk´1,tk

´ csk´1,tk ą
(
wsk ,tk ´ csk ,tk

)
+ Λk´1 (T1-7.18)

Recall sk´1
µ
ÝÑ sk, pre-subsidy stability requires

vsk´1,tk´1 ´ wsk´1,tk´1 ě
(
vsk´1,tk ´ csk´1,tk

)
´
(
wsk ,tk ´ csk ,tk

)
(T1-7.19)

Combining (T1-7.18) and (T1-7.19) gives

vsk´1,tk ´ w1
sk´1,tk

ă vsk´1,tk´1 ´ wsk´1,tk´1 ´ Λk´1 (T1-7.20)

Then we can repeat the logic from (T1-7.8’) to (T1-20) to get

sk´2
µ
ÝÑ sk´1

and

vsk´2,tk´1 ´ w1
sk´2,tk´1

ă vsk´2,tk´2 ´ wsk´2,tk´2 ´ Λk´2 (T1-7.21)

However, different from Case 7.B, we have (T1-7.14)

D i such that bsi ´ csi ,ti+1 ď wsi+1,ti+1 ´ csi+1,ti+1 where si P E (T1-7.14)

and the above one-step propagation (T1-7.21) will finally give si
µ
ÝÑ si+1 leading to a con-

tradiction of (T1-7.14).

Step 8: Exhaustion and final contradiction

We first find a welfare-decreasing cycle C in step 1. Then follow step 2 to step 6, we

initialize reallocation on C and let

rµ(si) = ti, rwsi ,ti = wsi ,ti + Λi (si P C)

Let R denote the set of schools and teachers that have been reallocated. So R = C at the

beginning. Then we iteratively apply the expansion rule: whenever there exists a blocking

pair (sk, tj, pw) for (rµ, rw) with tj P R and sk R R, expand the reallocation set and update

(rµ, rw) as follows
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• If sk is a fixed point, apply 7.A and add sk, tk into R and let

rµ(si) = ti (si P R Y sk Y tk), rwsi ,ti = wsi ,ti + Λi (si P R Y sk Y tk)

• If sk belongs to a cycle D without outbid, apply 7.B and add D into R and let

rµ(si) = ti (si P R Y D), rwsi ,ti = wsi ,ti + Λi (si P R Y D)

Keep the above expansion, there are two possibilities.

(1) All outside schools are Case 7.A or Case 7.B.

Since the market is finite, the expansion terminates when it exhausts the set of all schools.

By internal stability of R and the absence of remaining outside schools, (rµ, rw) is stable.

Every school is weakly better than in (µ1, w1), and at least one is strictly better, contradict-

ing the school–optimality of (µ1, w1).

(2) Some outside schools are Case 7.C.

By Case 7.C, when the expansion reaches a cycle with outbid, we directly have a contra-

diction.

In either branch, we reach a contradiction. Therefore, the assumption in step 1

Wv,c(µ
1) ă Wv,c(µ)

is false. Hence, for every value profile v P V(µ, w; b, c), we have

W(v, c, b, τ) ě Wv,c(µ
1) ě Wv,c(µ)

which completes the proof.

A.3 Proofs for Section 2.4.4
A.3.1 Proof of Proposition 5.

Proof. WLOG, we again let µ(si) = ti for all i.
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Let τ be the positive uniform subsidy allocation and let ∇ be the quantity of subsidy

allocated to each school. Then we have

∇ = τs ą 0 for all s P S

We claim τ is dominated by the following τ1, where

#

τ1(s) = τs = ∇ for all s ‰ sj

τ1(sj) = max
␣

maxi‰jtbsi ´ csi ,tj + csj,tj u +∇ ´ bsj , maxi‰jtwsi ,ti ´ csi ,ti + csj,ti u +∇ ´ bsj , 0
(

We first verify τ1(sj) ă τ(sj). Recall conditions of Proposition 5

bsi ´ csi ,tj ă bsj ´ csj,tj for all i ‰ j

so we have

max
i‰j

tbsi ´ csi ,tj + csj,tj u ´ bsj +∇ ă ∇

Then recall conditions of Proposition 5, we have sj
µ
ÝÑ si for any i ‰ j, so we have

bsj ´ csj,ti ą wsi ,ti ´ csi ,ti for all i ‰ j

Th gives

max
i‰j

twsi ,ti ´ csi ,ti + csj,ti u +∇ ´ bsj ă ∇

also, we know ∇ ą 0, which gives

τ1(sj) ă ∇ = τ(sj) ñ
ÿ

sPS

τ1
s ă

ÿ

sPS

τs

Recall the definition of W(v, c, b, τ), we have

W(v, c, b, τ) ” max
µ

!

W(µ; v, c) : D w such that (µ, w) is stable under budgets bτ given (v, c)
)

Then for @ v P V(µ, w; b, c), there exists a stable allocation (µ1, w1) after the subsidy such

that

W(v, c, b, τ) = W(µ1, v, c)

Fix v, and consider the corresponding (µ1, w1), there will be two cases
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• µ1(sj) = tj

That is, sj does not change its teacher from µ to µ1. There will be three more subcases:

– w1
sj,tj

ď max
␣

wsj,tj , maxi‰jtbsi ´ csi ,tj + csj,tj u +∇
(

Now we replace τ with τ1. By construction of τ1, we have τ1(sj) ě 0, so

bτ1

sj
ě bsj ě wsj,tj ě w1

sj,tj

Also, by construction of τ1, we have

bτ1

sj
ě max

i‰j
tbsi ´ csi ,tj + csj,tj u +∇

The above two inequalities give

bτ1

sj
ě max

␣

wsj,tj , max
i‰j

tbsi ´ csi ,tj + csj,tj u +∇
(

ě w1
sj,tj

Meaning that (µ1, w1) is still feasible. Now we verify it is stable:

Since the only thing changed is the budget of sj, so IR still hold. And we only

need to check if (sj, tk) forms a blocking pair where k ‰ j.

If sj is outbid by µ1´1(tk) in (µ1, w1) with subsidy τ, we have

bτ
sj

´ csj,tk ď w1
µ1´1(tk),tk

´ cµ1´1(tk),tk

Since τsj ą τ1
sj

, we have

bτ1

sj
´ csj,tk ă bτ

sj
´ csj,tk ď w1

µ1´1(tk),tk
´ cµ1´1(tk),tk

So sj is still outbid by µ1´1(tk) in (µ1, w1) with subsidy τ1, and (sj, tk) does not

form a blocking pair.

If sj
µ1

ÝÑ µ1´1(tk) with τ, then stability requires

vsj,µ1(sj) ´ w1
sj,µ1(sj)

ě vsj,tk ´ csj,tk ´ (w1
µ1´1(tk),tk

´ cµ1´1(tk),tk
)
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Since the allocation does not change, there is still no incentive for sj to deviate

to tk with subsidy τ1, and (sj, tk) does not form a blocking pair.

Therefore, (µ1, w1) is still feasible and stable when the subsidy is τ1. Then we

have

W(τ1, v, b, c) ě W(µ1, v, c) = W(v, c, b, τ)

– w1
sj,tj

ą wsj,tj ą maxi‰jtbsi ´ csi ,tj + csj,tj u +∇

Then we can construct the following allocation (µ1, w̃), where

#

w̃s,µ1(s) = w1
s,µ1(s) for all s ‰ sj

w̃sj,tj = wsj,tj

Now we show (µ1, w̃) is feasible and stable after the subsidy.

Recall τ1(sj) ě 0, so

bτ1

sj
ě bsj ě wsj,tj ě w1

sj,tj

meaning that (µ1, w̃) is feasible.

Now we need to verify there are no blocking pairs in (µ1, w̃) when the subsidy

is τ1. Comparing to (µ1, w1) with subsidy τ, we only changed τ1(sj) and w̃sj,tj .

Therefore, we only need to check if (sj, tk) or (sk, tj) form a blocking pair where

k ‰ j.

First consider (sj, tk). If sj is outbid by µ1´1(tk) in (µ1, w1) with subsidy τ, we

have

bτ
sj

´ csj,tk ď w1
µ1´1(tk),tk

´ cµ1´1(tk),tk

Since τsj ą τ1
sj

, we have

bτ1

sj
´ csj,tk ă bτ

sj
´ csj,tk ď w1

µ1´1(tk),tk
´ cµ1´1(tk),tk

= w̃µ1´1(tk),tk
´ cµ1´1(tk),tk

So sj is still outbid by µ1´1(tk) in (µ1, w̃) with subsidy τ1, and (sj, tk) does not

form a blocking pair.
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If sj
µ1

ÝÑ µ1´1(tk) when the subsidy is τ, then stability requires

vsj,tj ´ w1
sj,tj

ě vsj,tk ´ csj,tk ´ (w1
µ1´1(tk),tk

´ cµ1´1(tk),tk
)

By construction of w̃ and the case assumption, we have

w̃sj,tj = wsj,tj ă w1
sj,tj

which gives

vsj,tj ´ w̃sj,tj ą vsj,tj ´ w1
sj,tj

ě vsj,tk ´ csj,tk ´ (w1
µ1´1(tk),tk

´ cµ1´1(tk),tk
)

meaning that there is still no incentive for sj to deviate to tk, and (sj, tk) does

not form a blocking pair.

Now consider consider (sk, tj). By construction of w̃ and the case assumption,

we have

w̃sj,tj = wsj,tj ą max
i‰j

(bsi ´ csi ,tj + csj,tj) +∇ ě bsk ´ csk ,tj + csj,tj +∇

By construction of τ1, we then have

bτ1

sk
´ csk ,tj = bsk ´ csk ,tj +∇ ă w̃sj,tj ´ csj,tj

meaning that sk is outbid by sj in (µ1, w̃) with subsidy τ1, and (sk, tj) does not

form a blocking pair.

Lastly, we check IR for sk and tk. By construction of w̃, we have

w̃sj,tj = wsj,tj

so IR of tk is implied by IR of (µ, w) before the subsidy. For sk, we have

vsj,tj ´ w̃sj,tj ą vsj,tj ´ w1
sj,tj

so IR of sk is implied by IR of (µ1, w1) with subsidy τ.

To conclude, (µ1, w̃) is feasible and stable with subsidy τ1, so we have

W(τ1, v, b, c) ě W(µ1, v, c) = W(v, c, b, τ)
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– w1
sj,tj

ą maxi‰jtbsi ´ csi ,tj + csj,tj u +∇ ě wsj,tj

Then we can construct the following allocation (µ1, w̃), where

#

w̃s,µ1(s) = w1
s,µ1(s) for all s ‰ sj

w̃sj,tj = maxi‰jtbsi ´ csi ,tj + csj,tj u +∇

Now we show (µ1, w̃) is feasible and stable after the subsidy.

By construction of τ1, we have

bτ1

sj
= bsj + τ1

sj
ě max

i‰j
tbsi ´ csi ,tj + csj,tj u +∇ ě w̃sj,tj

meaning that (µ1, w̃) is feasible.

Now we need to verify there are no blocking pairs in (µ1, w̃) when the subsidy

is τ1. Comparing to (µ1, w1) with subsidy τ, we only changed τ1(sj) and w̃sj,tj .

Therefore, we only need to check if (sj, tk) or (sk, tj) form a blocking pair where

k ‰ j.

First consider (sj, tk). If sj is outbid by µ1´1(tk) in (µ1, w1) with subsidy τ, we

have

bτ
sj

´ csj,tk ď w1
µ1´1(tk),tk

´ cµ1´1(tk),tk

Since τsj ą τ1
sj

, we have

bτ1

sj
´ csj,tk ă bτ

sj
´ csj,tk ď w1

µ1´1(tk),tk
´ cµ1´1(tk),tk

= w̃µ1´1(tk),tk
´ cµ1´1(tk),tk

So sj is still outbid by µ1´1(tk) in (µ1, w̃) with subsidy τ1, and (sj, tk) does not

form a blocking pair.

If sj
µ1

ÝÑ µ1´1(tk) when the subsidy is τ, then stability requires

vsj,tj ´ w1
sj,tj

ě vsj,tk ´ csj,tk ´ (w1
µ1´1(tk),tk

´ cµ1´1(tk),tk
)

By construction of w̃ and the case assumption we have

w̃sj,tj = max
i‰j

tbsi ´ csi ,tj + csj,tj u +∇ ă w1
sj,tj
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which gives

vsj,tj ´ w̃sj,tj ą vsj,tj ´ w1
sj,tj

ě vsj,tk ´ csj,tk ´ (w1
µ1´1(tk),tk

´ cµ1´1(tk),tk
)

meaning that there is still no incentive for sj to deviate to tk, and (sj, tk) does

not form a blocking pair.

Now consider consider (sk, tj). By construction of w̃, we have

w̃sj,tj = max
i‰j

tbsi ´ csi ,tj + csj,tj u +∇ ě bsk ´ csk ,tj + csj,tj +∇

which gives

bτ1

sk
´ csk ,tj ď w̃sj,tj ´ csj,tj

meaning that sk is outbid by sj in (µ1, w̃) with subsidy τ1, and (sk, tj) does not

form a blocking pair.

Lastly, we check IR for sk and tk. By construction of w̃ and the case assumption,

we have

w̃sj,tj = max
i‰j

tbsi ´ csi ,tj + csj,tj u +∇ ě wsj,tj

so IR of tk is implied by IR of (µ, w) before the subsidy. For sk, we have

vsj,tj ´ w̃sj,tj ą vsj,tj ´ w1
sj,tj

so IR of sk is implied by IR of (µ1, w1) with subsidy τ.

To conclude, (µ1, w̃) is feasible and stable with subsidy τ1, so we have

W(τ1, v, b, c) ě W(µ1, v, c) = W(v, c, b, τ)

• µ1(sj) = tk ‰ tj

That is, sj changes its teacher from µ to µ1. Now we want to show

w1
sj,tk

ď bτ1

sj
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Recall conditions of Proposition 5, we have sj
µ
ÝÑ sk. Pre-subsidy stability then re-

quires

vsj,tj ´ wsj,tj ě vsj,tk ´ csj,tk ´ (wsk ,tk ´ csk ,tk) (P2-1)

Now consider (µ1, w1) with subsidy τ. Let sm be the school matching tj in µ1, then

we have

µ1´1(tj) = sm

Recall conditions in Proposition 5, we have

#

bsm ´ csm,tj ď wsj,tj ´ csj,tj

bsm ´ csm,tj ă bsj ´ csj,tj

We then have

#

bτ
sm

´ csm,tj = bsm +∇ ´ csm,tj ď wsj,tj ´ csj,tj +∇
bτ

sm
´ csm,tj = bsm +∇ ´ csm,tj ă bsj ´ csj,tj +∇

By feasibility of (µ1, w1), we then have

wsj,tj ´ csj,tj +∇ ě bτ
sm

´ csm,tj ě w1
sm,tj

´ csm,tj (P2-2)

and

bτ
sj

´ csj,tj = bsj ´ csj,tj +∇ ą bτ
sm

´ csm,tj ě w1
sm,tj

´ csm,tj (P2-3)

(P2-3) implies that sj can offer a strictly higher effective wage to tj. Then the post-

subsidy stability requires

vsj,tk ´ w1
sj,tk

ě vsj,tj ´ csj,tj ´ (w1
sm,tj

´ csm,tj) (P2-4)

Combining (P2-1) and (P2-4), we have

(w1
sj,tk

´ csj,tk) ´ (wsk ,tk ´ csk ,tk) ď (w1
sm,tj

´ csm,tj) ´ (wsj,tj ´ csj,tj) (P2-5)

Recall (P2-2), we then have

(w1
sj,tk

´ csj,tk) ´ (wsk ,tk ´ csk ,tk) ď ∇
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which is equivalent to

w1
sj,tk

ď wsk ,tk ´ csk ,tk + csj,tk +∇ (P2-6)

Recall construction of τ1, we have

bτ1

sj
= bsj + τ1

sj
ě max

i‰j
twsi ,ti ´ csi ,ti + csj,ti u +∇ ě wsk ,tk ´ csk ,tk + csj,tk +∇ (P2-7)

(P2-6) and (P2-7) then give

w1
sj,tk

ď bτ1

sj
(P2-8)

Now we replace τ with τ1. (P2-8) shows that (µ1, w1) is feasible with subsidy τ1. It

remains to show it is stable.

Since the only thing changed is the budget of sj, so IR still hold. And we only need

to check if (sj, tk) forms a blocking pair where k ‰ j.

If sj is outbid by µ1´1(tk) in (µ1, w1) with subsidy τ, we have

bτ
sj

´ csj,tk ď w1
µ1´1(tk),tk

´ cµ1´1(tk),tk

Since τsj ą τ1
sj

, we have

bτ1

sj
´ csj,tk ă bτ

sj
´ csj,tk ď w1

µ1´1(tk),tk
´ cµ1´1(tk),tk

So sj is still outbid by µ1´1(tk) in (µ1, w1) with subsidy τ1, and (sj, tk) does not form

a blocking pair.

If sj
µ1

ÝÑ µ1´1(tk) with τ, then stability requires

vsj,µ1(sj) ´ w1
sj,µ1(sj)

ě vsj,tk ´ csj,tk ´ (w1
µ1´1(tk),tk

´ cµ1´1(tk),tk
)

Since the allocation does not change, there is still no incentive for sj to deviate to tk

with subsidy τ1, and (sj, tk) does not form a blocking pair.

Therefore, (µ1, w1) is still feasible and stable when the subsidy is τ1. Then we have

W(τ1, v, b, c) ě W(µ1, v, c) = W(v, c, b, τ)
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Therefore, in all cases, we have

W(τ1, v, b, c) ě W(µ1, v, c) = W(v, c, b, τ)

and recall

τ1(sj) ă ∇ = τ(sj) ñ
ÿ

sPS

τ1
s ă

ÿ

sPS

τs

The above analysis works for all v P V(µ, w; b, c), meaning that τ is dominated by τ1,

which finishes the proof of Proposition 5.

A.3.2 Proof of Theorem 6.

Proof. We first show the necessity. That is, if τ is non-distortive, then we have

bτ
sj

´ wsj,µ(sj) ě max
si

τsi for @j (T2-1)

WLOG, we again let µ(si) = ti by reindexing.

Fix two distinct indices k ‰ j. Consider the following cost and value profile (v˚, c˚), where

for all matched pairs, we have

#

v˚
si ,ti

= wsi ,ti

c˚
si ,ti

= wsi ,ti

for all i

and for all unmatched pairs (s, t) where t ‰ µ(s), we have

#

v˚
sk ,tj

= bsk

c˚
sk ,tj

= bsk

and

#

v˚
s,t = 0

c˚
s,t = 0

for all (s, t) ‰ (sk, tj)

We now show the above (v˚, c˚) is consistent with (µ, w) and b, that is

(v˚, c˚) P V , C(µ, w; b)

To show the above, we need to verify the following:
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• (µ, w) is individually rational.

By construction of (v˚, c˚), each school si is enjoying a utility of

v˚
si ,ti

´ wsi ,ti = 0 ě 0 for all i

each teacher ti is enjoying a utility of

wsi ,ti ´ c˚
si ,ti

= 0 ě 0 for all i

so IR hold for all schools and teachers.

• (µ, w) is feasible.

This is directly implied by the observed (µ, w) and b and we have

bsi ě wsi ,ti for all i

• There are no blocking pairs.

By construction of (v˚, c˚), we have

v˚
s,t = c˚

s,t for all s, t where t ‰ µ(s)

therefore, for any unmatched pair (s, t), any deviating wage ŵ strictly profitable for

teacher t will require

ŵ ´ c˚
s,t ą 0

which gives

v˚
s,t ´ ŵ ă 0

so ŵ cannot be profitable for school s, so there are no blocking pairs.

Given the above, we have shown that (µ, w) is stable, which gives

(v˚, c˚) P V , C(µ, w; b)

Fix the above c˚, by definition of V , C(µ, w; b), and V(µ, w; b, c), we have

v˚ P V(µ, w; b, c˚)
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therefore, we know that V(µ, w; b, c˚) ‰ H.

Recall definition of V , C(µ, w; b), and V(µ, w; b, c), we have

(v1, c˚) P V , C(µ, w; b) for all v1 P V(µ, w; b, c˚)

Since τ is non-distortive for (µ, w; b), we have

W(v, c, b, τ) ě W(µ; v, c) for all (v, c) P V , C(µ, w; b)

which implies

W(τ, v1, b, c˚) ě W(µ; v1, c˚) for all v1 P V(µ, w; b, c˚)

which means τ is also non-distortive for (µ, w; b, c˚).

Recall Theorem 4, we know τ satisfies DC. And by our construction of c˚, we have

bsk ´ c˚
sk ,tj

= bsk ´ bsk = 0 ď wsj,tj ´ wsj,tj = wsj,tj ´ c˚
sj,tj

Therefore, sk is outbid by sj in (µ, w; b, c˚), and DC then requires

bτ
sj

´ wsj,tj ě bτ
sk

´ c˚
sk ,tj

= τsk + bsk ´ bsk = τsk (T2-2)

The above analysis works for any indices k ‰ j, so (T2-2) is true for any k ‰ j, which gives

bτ
sj

´ wsj,tj ě max
si

τsi for @j

which is the desired inequality (T2-1), finishing the proof of necessity.

Now we show sufficiency, that is, if τ satisfies

bτ
sj

´ wsj,tj ě max
si

τsi for @j (T2-1)

then τ is non-distortive for (µ, w; b).

For any

(v, c) P V , C(µ, w; b)
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fix the above c, and we want to show τ is non-distortive for (µ, w; b, c).

We first consider DC. For any school sj, by definition, we have

∆d
j ” max

i: si is outbid by sj in (µ, w)

[
(bτ

si
´ csi ,µ(sj)) ´ (wsj,µ(sj) ´ csj,µ(sj))

]
+

for @j

which gives

∆d
j = max

i: si is outbid by sj in (µ, w)

[
(bτ

si
´ csi ,µ(sj)) ´ (wsj,µ(sj) ´ csj,µ(sj))

]
+

ď max
i: si is outbid by sj in (µ, w)

τsi

ď max
si

τsi for @j (T2-3)

We then consider SC, and by definition, we have

∆s
j ” sup

C: spillover chains ending at sj

δC
j (T2-4)

For any spillover chain C ending at sj, let C be the following by reindexing:

C : s1
µ
ÝÑ s2

µ
ÝÑ ¨ ¨ ¨

µ
ÝÑ sj

Then by definition of δC
j , we have

δC
j ď δC

j1 ...δC
2 ď ∆d

1

By (T2-3), we then have

δC
j ď ∆d

1 ď max
si

τsi (T2-5)

Since (T2-5) holds for any spillover chain C ending at sj, we recall (T2-4) and get the

following

∆s
j ď max

si
τsi for @j (T2-6)

(T2-1), (T2-3) and (T2-6) then give

bτ
sj

´ wsj,µ(sj) ě max
si

τsi ě maxt∆d
j , ∆s

j u for @j
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then by Theorem 4, τ is non-distortive for (µ, w; b, c).

Now consider any (v, c) such that

(v, c) P V , C(µ, w; b)

by definition of V , C(µ, w; b), and V(µ, w; b, c), we have

v P V(µ, w; b, c)

by τ being non-distortive for (µ, w; b, c), we have

W(τ, v1, b, c) ě W(µ; v1, c) for all v1 P V(µ, w; b, c)

which implies

W(v, c, b, τ) ě W(µ; v, c)

Therefore, τ is non-distortive for (µ, w; b), which proves the sufficiency.

A.3.3 Proof of Theorem 7.

Proof. We first show the necessity. That is, if τ is non-distortive, then we have

τsi = τsj for @i ‰ j (T3-1)

WLOG, we again let µ(si) = ti by reindexing.

Fix two distinct indices k ‰ j. Consider the following cost, value and budget profile

(v˚, c˚, b˚), where for all matched pairs, we have

$

’

&

’

%

v˚
si ,ti

= wsi ,ti

c˚
si ,ti

= wsi ,ti

b˚
si
= wsi ,ti

for all i

and for all unmatched pairs (s, t) where t ‰ µ(s), we have

#

v˚
s,t = 0

c˚
s,t = 0

for all (s, t) where t ‰ µ(s)
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We now show the above (v˚, c˚, b˚) is consistent with (µ, w), that is

(v˚, c˚, b˚) P V , C,B(µ, w)

To show the above, we need to verify the following:

• (µ, w) is individually rational.

By construction of (v˚, c˚), each school si is enjoying a utility of

v˚
si ,ti

´ wsi ,ti = 0 ě 0 for all i

each teacher ti is enjoying a utility of

wsi ,ti ´ c˚
si ,ti

= 0 ě 0 for all i

so IR hold for all schools and teachers.

• (µ, w) is feasible.

This is directly implied by the construction of (c˚, b˚) and we have

b˚
si

ě wsi ,ti for all i

• There are no blocking pairs.

By construction of (v˚, c˚), we have

v˚
s,t = c˚

s,t for all s, t where t ‰ µ(s)

therefore, for any unmatched pair (s, t), any deviating wage ŵ strictly profitable for

teacher t will require

ŵ ´ c˚
s,t ą 0

which gives

v˚
s,t ´ ŵ ă 0

so ŵ cannot be profitable for school s, so there are no blocking pairs.

Given the above, we have shown that (µ, w) is stable, which gives

(v˚, c˚, b˚) P V , C,B(µ, w)
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Fix the above b˚, by definition of V , C,B(µ, w) and V , C(µ, w; b), we have

(v˚, c˚) P V , C(µ, w; b˚)

therefore, we know that V , C(µ, w; b˚) ‰ H.

Recall definition of V , C,B(µ, w) and V , C(µ, w; b), we have

(v1, c1, b˚) P V , C,B(µ, w) for all (v1, c1) P V , C(µ, w; b˚)

Since τ is non-distortive for (µ, w; b), we have

W(v, c, b, τ) ě W(µ; v, c) for all (v, c, b) P V , C,B(µ, w)

which implies

W(τ, v1, b˚, c1) ě W(µ; v1, c1) for all (v1, c1) P V , C(µ, w; b˚)

which means τ is also non-distortive for (µ, w; b˚).

Recall Theorem 6, we know τ satisfies (T2-1), which is

bτ
sj

´ wsj,tj ě max
si

τsi

which gives

bτ
sj

´ wsj,tj ě τsk

Recall construction of b˚, we have

bτ
sj

´ wsj,tj = τsj + b˚
sj

´ wsj,tj = τsj + wsj,tj ´ wsj,tj = τsj ě τsk

The above analysis works for any indices k ‰ j, so we have

τsj = τsk for @j ‰ k

which is the desired (T3-1), finishing the proof of necessity.

Now we show sufficiency, that is, if τ satisfies

τsi = τsj for @i ‰ j (T3-1)
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then τ is non-distortive for (µ, w).

For any

(v, c, b) P V , C,B(µ, w)

fix the above b, and we want to show τ is non-distortive for (µ, w; b).

By definition, (µ, w) is stable for any (v, c, b) P V , C,B(µ, w). Feasibility then gives

bsj ě wsj,tj for all j (T3-2)

Then by (T3-1) and (T3-2), we have

bτ
sj

´ wsj,tj = τsj + bsj ´ wsj,tj ě τsj = τsi for @i ‰ j

which then gives

bτ
sj

´ wsj,tj ě max
si

τsi for @j

Then by Theorem 6, τ is non-distortive for (µ, w; b).

Now consider any (v, c, b) such that

(v, c, b) P V , C,B(µ, w)

Then fix b. By definition of V , C,B(µ, w) and V , C(µ, w; b), we have

(v, c) P V , C(µ, w; b)

by τ being non-distortive for (µ, w; b), we have

W(τ, v1, b, c1) ě W(µ; v1, c1) for all (v1, c1) P V , C(µ, w; b)

which implies

W(v, c, b, τ) ě W(µ; v, c)

Therefore, τ is non-distortive for (µ, w), which proves the sufficiency.
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Appendix B. Additional Results for Chapter 3
B.1 Choice of Instruments for GMM

This appendix details the construction of the instruments used in the Generalized

Method of Moments (GMM) estimation strategy (Strategy 1) for the Monte Carlo exper-

iments. To uniquely identify the heterogeneous parameters governing both consideration

set formation and random utility (which vary by type and poverty status), we construct a

rich set of instruments by interacting continuous school characteristics with student-level

demographics. For each alternative j P J , we define M = 24 instruments.

First, we define three student-level binary indicators:

• Type 1: An indicator equal to 1 if the student is Type 1.

• Type 2 & 3: An indicator equal to 1 if the student is Type 2 or Type 3.

• Poverty: An indicator equal to 1 if the student is classified as poor.

Second, we utilize six continuous variables that serve as core shifters for utility, consid-

eration probability, and the default option threshold:

1. Distance to High School: The Euclidean distance from the student’s home to high

school j.

2. High School Academic Quality: The academic percentile of high school j.

3. Distance from Middle School: The Euclidean distance from the student’s assigned

middle school to high school j.

4. Academic Difference: The absolute difference in academic performance between the

student’s middle school and high school j.

5. Default Academic Quality: The academic percentile of the student’s default high

school Ji(d).

6. Default Distance: The Euclidean distance from the student’s home to their default

high school Ji(d).

The final set of 24 instruments for alternative j, denoted zjm for m = 1, . . . , 24, consists

of:
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• The 6 base continuous variables.

• 18 interaction terms generated by multiplying each of the 3 demographic binary in-

dicators with each of the 6 continuous variables.

With J = 20 alternatives (high schools) in the universal choice set, and M = 24 in-

struments constructed for each alternative, stacking these sample moments yields a matrix

Gn(θ) of dimension 20 ˆ 24. Vectorizing this matrix naturally provides the exact 480-

dimensional empirical moment vector gn(θ) P R480 used to minimize the GMM criterion

function.

B.2 Additional Simulation Results: DGPs with Localized Defaults

This appendix provides the detailed simulation results for DGPs 2, 4, and 6. These

specifications parallel DGPs 1, 3, and 5, but alter the default option assignment so that

the default high school is drawn randomly from only the 10 closest high schools, mimicking

neighborhood-based assignment policies. In all cases, the localization of the default option

exacerbates the bias in the benchmark MLE models, particularly distorting the distance

coefficients, while our proposed GMM and PPL estimators remain robust.

DGP 2: Endogenous Consideration Set Formation, Local Default

DGP 2 maintains the endogenous consideration set formation of DGP 1 but alters the

default option assignment. Here, the default high school is drawn randomly from only the

10 closest high schools.
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Table B.1: Simulation Results for DGP 2
Parameter True Value GMM PPL MLE_U MLE_R

βacad 3.000 3.005 2.999 1.202 2.082
(0.034) (0.016) (0.095) (0.099)

βtype 0.600 0.598 0.600 0.231 0.426
(0.020) (0.009) (0.013) (0.012)

βdis(0) -1.000 -0.989 -1.003 -2.342 -0.482
(0.127) (0.029) (0.078) (0.118)

βdis(1) -1.500 -1.482 -1.500 -2.553 0.166
(0.118) (0.031) (0.083) (0.124)

µt1 0.900 0.919 0.900
(0.018) (0.006)

µt2,t3 0.850 0.869 0.850
(0.018) (0.005)

γ1 (Dist Diff) -1.000 -1.015 -1.000
(0.034) (0.008)

γ2 (Acad Diff) -0.300 -0.310 -0.301
(0.021) (0.008)

γ3 (Same Boro) 0.400 0.377 0.400
(0.030) (0.005)

Note: The numbers reported in the table are the means of the parameter point estimates across 100 Monte
Carlo simulations. Standard deviations in parentheses are the standard deviations of the parameter point
estimates across these 100 Monte Carlo simulations.

DGP 4: Random Consideration Set Formation, Local Default

DGP 4 combines the random exogenous consideration of DGP 3 with a localized default

high school. Once again, the restriction on the default option’s proximity drastically distorts

the distance preference estimates in the benchmark MLEs.
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Table B.2: Simulation Results for DGP 4
Parameter True Value GMM PPL MLE_U MLE_R

βacad 3.000 3.000 2.999 1.518 1.896
(0.019) (0.013) (0.054) (0.078)

βtype 0.600 0.598 0.600 0.287 0.392
(0.013) (0.007) (0.010) (0.010)

βdis(0) -1.000 -1.005 -1.000 -1.002 0.589
(0.025) (0.020) (0.053) (0.112)

βdis(1) -1.500 -1.503 -1.498 -1.267 0.315
(0.051) (0.020) (0.063) (0.121)

µt1 1.000 0.994 0.997
(0.007) (0.003)

µt2,t3 1.000 0.994 0.997
(0.007) (0.003)

γ1 (Dist Diff) 0.000 0.011 0.005
(0.022) (0.007)

γ2 (Acad Diff) 0.000 0.000 0.001
(0.016) (0.008)

γ3 (Same Boro) 0.000 0.010 0.002
(0.015) (0.004)

Note: The numbers reported in the table are the means of the parameter point estimates across 100 Monte
Carlo simulations. Standard deviations in parentheses are the standard deviations of the parameter point
estimates across these 100 Monte Carlo simulations.

DGP 6: (Almost) Universal Consideration Set, Local Default

DGP 6 mirrors DGP 5’s (almost) universal consideration rate but draws the default

school locally. Similar to DGP 5, MLE_U performs much better under these conditions

compared to other DGPs, though MLE_R still fails to recover accurate parameters.
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Table B.3: Simulation Results for DGP 6
Parameter True Value GMM PPL MLE_U MLE_R

βacad 3.000 3.005 3.002 2.927 1.731
(0.010) (0.010) (0.027) (0.066)

βtype 0.600 0.601 0.601 0.582 0.361
(0.006) (0.005) (0.005) (0.009)

βdis(0) -1.000 -0.990 -0.998 -0.978 0.218
(0.021) (0.012) (0.013) (0.113)

βdis(1) -1.500 -1.491 -1.497 -1.470 -0.045
(0.026) (0.015) (0.015) (0.091)

µt1 1.000 0.908 0.999
(0.020) (0.002)

µt2,t3 1.000 0.998 0.999
(0.002) (0.001)

γ1 (Dist Diff) 4.000 4.186 4.017
(0.375) (0.083)

γ2 (Acad Diff) 4.000 4.161 4.030
(0.688) (0.155)

γ3 (Same Boro) 4.000 2.734 2.865
(1.331) (0.880)

Note: The numbers reported in the table are the means of the parameter point estimates across 100 Monte
Carlo simulations. Standard deviations in parentheses are the standard deviations of the parameter point
estimates across these 100 Monte Carlo simulations.
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Appendix C. Proofs for Chapter 4
C.1 Proofs for Section 4.4
C.1.1 Proof of Proposition 12

To start the proof, we first prove that in equilibrium, everyone who has a strict positive

probability of concealing will share the same likelihood ratio for their signals. A formal

statement is as follows.

Lemma 18. For any equilibrium strategy profile r˚(¨), s1, and s2 ‰ s1, if r˚(s1) ă 1, r˚(s2) ă 1,

then l(s1) = l(s2).

Proof. Suppose not, then there are two distinct signals s1 ‰ s2 such that r˚(s1) ă 1,

r˚(s2) ă 1, and l(s1) ‰ l(s2).

Let SC denote the support of concealing, that is SC = ts : r˚(s) ă 1u. Let µ˚ denote the

average belief over SC regardless of action, that is

µ˚ ”

ş

SC
e˚ f1(x)dx

ş

SC
(1 ´ e˚) f0(x)dx +

ş

SC
e˚ f1(x)dx

.

Consider any signal s P SC, the school will obtain an updated belief if the student

reveals s as

µR(s) =
e˚ f1(s)

(1 ´ e˚) f0(s) + e˚ f1(s)
.

Substituting l(s) = f1(s)
f0(s)

and transforming the above equation, we get

µR(s) =
e˚l(s)

(1 ´ e˚) + e˚l(s)
= 1 ´

1 ´ e˚

(1 ´ e˚) + e˚l(s)
.

The school will obtain an updated belief if the student conceals as

µC =

ş

e˚(1 ´ r˚(x)) f1(x)dx
ş

(1 ´ e˚)(1 ´ r˚(x)) f0(x)dx +
ş

e˚(1 ´ r˚(x)) f1(x)dx

=

ş

SC
e˚(1 ´ r˚(x)) f1(x)dx

ş

SC
(1 ´ e˚)(1 ´ r˚(x)) f0(x)dx +

ş

SC
e˚(1 ´ r˚(x)) f1(x)dx

,
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where the last equality is straightforward since 1 ´ r˚(s) = 0 for all s R SC. Then, Bayes’

plausibility rule gives

µ˚ =

ż

SC

[(1 ´ e˚) f0(x) + e˚ f1(x)]r˚(x)µR(x)dx

+

ż

SC

[(1 ´ e˚) f0(x) + e˚ f1(x)](1 ´ r˚(x))µCdx. (C.1)

Now consider a ’thought experiment’ in which the student always reveal the signals

in SC. This may sound contradictory and may not support an equilibrium. But the imag-

inary condition still need to satisfy the Bayes’ plausibility rule and will thus give us the

following constraint

µ˚ =

ż

SC

[(1 ´ e˚) f0(x) + e˚ f1(x)]µR(x)dx. (C.2)

Equating (C.1) and (C.2), we get

µC =

ş

SC
[(1 ´ e˚) f0(x) + e˚ f1(x)](1 ´ r˚(x))µR(x)dx
ş

SC
[(1 ´ e˚) f0(x) + e˚ f1(x)](1 ´ r˚(x))dx

, (C.3)

which implies that the concealing belief µC is equal to a weighted average of the ’beliefs

after revealing’ of those who are concealing.

Since r˚(s1) ă 1, r˚(s2) ă 1, we have s1, s2 P SC. By l(s1) ‰ l(s2), we have l ”

infsPSC l(s) ă supsPSC
l(s) ” l.

Notice that, for any s P SC,

µR(s) = 1 ´
1 ´ e˚

(1 ´ e˚) + e˚l(s)
ď 1 ´

1 ´ e˚

(1 ´ e˚) + e˚l
.

By l(s1) ‰ l(s2) and (C.3), we have the following strict inequality

µC ă 1 ´
1 ´ e˚

(1 ´ e˚) + e˚l
.

This implies that we can find some value µ1 P (µC, 1 ´ 1´e˚

(1´e˚)+e˚l
). By definition of

sup and µR(s) being a continuous function of l(s), there exists s˚ P SC such that µR(s˚) P
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(µ1, 1 ´ 1´e˚

(1´e˚)+e˚l
). Then we have µR(s˚) ą µ1 ą µC. The student will strictly prefer to

reveal signal s˚, meaning that r˚(s˚) = 1, which contradicts s˚ P SC. This completes the

proof for Lemma 18.

By Lemma 18, we can easily conclude that l(s) = l(s1), @s, s1 P SC. We denote this value

as c ” l(s), s P SC. Then, for any s P SC, we have

µR(s) = 1 ´
1 ´ e˚

(1 ´ e˚) + e˚l˚(s)
= 1 ´

1 ´ e˚

(1 ´ e˚) + e˚c
= µC. (C.4)

Substituting into (C.3), we have for any s P SC,

µC =

ş

SC
[(1 ´ e˚) f0(x) + e˚ f1(x)](1 ´ r˚(x))µR(x)dx
ş

SC
[(1 ´ e˚) f0(x) + e˚ f1(x)](1 ´ r˚(x))dx

=

ş

SC
[(1 ´ e˚) f0(x) + e˚ f1(x)](1 ´ r˚(x))[1 ´ 1´e˚

(1´e˚)+e˚c ]dx
ş

SC
[(1 ´ e˚) f0(x) + e˚ f1(x)](1 ´ r˚(x))dx

= 1 ´
1 ´ e˚

(1 ´ e˚) + e˚c
.

Since SC is the support of concealing, it remains to show that c = infs l(s). We again

prove by contradiction. Suppose not, i.e., c ą infs l(s). Then, there exists s˚ such that

r˚(s˚) = 1, l(s˚) ă c. However,

µR(s˚) = 1 ´
1 ´ e˚

(1 ´ e˚) + e˚l˚(s˚)
ă 1 ´

1 ´ e˚

(1 ´ e˚) + e˚c
= µC.

That is, the student with the signal s˚ will have a strict incentive to deviate. Contradicting

r˚(¨) being an equilibrium. Thus, c = infs l(s). This finishes the proof for the first part of

Proposition 12.

The second part of Proposition 12 follows directly from (C.4), which is the indifference

condition between revealing and concealing. This completes the proof.

C.1.2 Proof of Proposition 13

We prove Proposition 13 with two lemmas.
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Lemma 19. For any equilibrium strategy profile r˚(¨), there exists a constant c (depending on

r˚(¨)) such that

(i) r˚(s) = 1 if l(s) ą c,

(ii) r˚(s) = 0 if l(s) ă c,

(iii) r˚(s) can take any value in [0, 1] if l(s) = c.

C.1.3 Proof of Lemma 19

Proof. Consider any equilibrium strategy r˚(¨). Since 1 ´ p ą 0, i.e., there is a positive

probability of not receiving a signal, the updated belief of concealing always exists. Using

f (x) = (1 ´ e˚) f0(x) + e˚ f1(x), we have

µC =
pe˚ + (1 ´ p)

ş

f (x)(1 ´ r˚(x))dx
ş

e˚(1´r˚(x)) f1(x)dx
ş

(1´e˚)(1´r˚(x)) f0(x)dx+
ş

e˚(1´r˚(x)) f1(x)dx

p + (1 ´ p)
ş

f (x)(1 ´ r˚(x))dx
(C.5)

=
pe˚ + (1 ´ p)

ş

f (x)(1 ´ r˚(x))µR(x)dx
p + (1 ´ p)

ş

f (x)(1 ´ r˚(x))dx
, (C.6)

where the first equality represents a weighted average among those not receiving a signal

and those who conceal, and the second equality follows by Bayes plausibility. That is,

the average belief of those who conceal should be the same as the average belief of the

same set of student who reveals.

For a fixed equilibrium strategy profile r˚(¨), µC is a constant. Recall that the school

will obtain an updated belief if the student reveals a signal s as

µR(s) =
e˚ f1(s)

(1 ´ e˚) f0(s) + e˚ f1(s)
= 1 ´

1 ´ e˚

(1 ´ e˚) + e˚l(s)
.

Then, for a constant µC, the student will strictly prefer revealing if and only if

µC ă µR(s) ðñ µC ă 1 ´
1 ´ e˚

(1 ´ e˚) + e˚l(s)

ðñ l(s) ą
µC(1 ´ e˚)

e˚(1 ´ µC)
.

The student will strictly prefer concealing if and only if

µC ą µR(s) ðñ l(s) ă
µC(1 ´ e˚)

e˚(1 ´ µC)
.

149



And the student will be indifferent if and only if

µC = µR(s) ðñ l(s) =
µC(1 ´ e˚)

e˚(1 ´ µC)
.

Therefore, c = µC(1´e˚)
e˚(1´µC)

is a desired constant as described in Lemma 19. This finishes

the proof.

With the existence of a threshold established, we next prove its uniqueness.

Lemma 20. The constant c in Lemma 19 is unique.

C.1.4 Proof of Lemma 20

Proof. We prove the result by contradiction. Suppose not. That is, there exist two distinct

values c1 ‰ c2 that correspond to two equilibrium profiles r˚
1 , r˚

2 . WLOG, let c1 ă c2. We

then have
µC1 (1´e˚)

e˚(1´µC1 )
ă

µC2 (1´e˚)

e˚(1´µC2 )
, which further gives µC1 ă µC2 since µC1 , µC2 P (0, 1).

By Lemma 19, we have

r˚
1 (s) = 1, @s P ts : l(s) ą c1u,

r˚
1 (s) = 0, @s P ts : l(s) ă c1u,

r˚
2 (s) = 1, @s P ts : l(s) ą c2u,

r˚
2 (s) = 0, @s P ts : l(s) ă c2u.

Since µC1 , µC2 are the updated belief of concealing, by definition, we have

µC1 =
pe˚ + (1 ´ p)

ş

f (x)(1 ´ r˚
1 (x))µR(x)dx

p + (1 ´ p)
ş

f (x)(1 ´ r˚
1 (x))dx

=
pe˚ + (1 ´ p)

ş

s:l(s)ďc1
f (x)(1 ´ r˚

1 (x))µR(x)dx

p + (1 ´ p)
ş

s:l(s)ďc1
f (x)(1 ´ r˚

1 (x))dx

=
pe˚ + (1 ´ p)

ş

s:l(s)ăc1
f (x)(1 ´ r˚

1 (x))µR(x)dx

p + (1 ´ p)
ş

s:l(s)ăc1
f (x)(1 ´ r˚

1 (x))dx

=
pe˚ + (1 ´ p)

ş

s:l(s)ăc1
f (x)µR(x)dx

p + (1 ´ p)
ş

s:l(s)ăc1
f (x)dx

, (C.7)
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where the first line follows by (C.6), the second line follows by the first half of Lemma

19, the third line follows by µR(s) = µC1 when l(s) = c1, and the last line follows by the

second half of Lemma 19.

Now consider µC2 . Similarly, we have

µC2 =
pe˚ + (1 ´ p)

ş

f (x)(1 ´ r˚
2 (x))µR(x)dx

p + (1 ´ p)
ş

f (x)(1 ´ r˚
2 (x))dx

=
pe˚ + (1 ´ p)

ş

s:l(s)ďc2
f (x)(1 ´ r˚

2 (x))µR(x)dx

p + (1 ´ p)
ş

s:l(s)ďc2
f (x)(1 ´ r˚

2 (x))dx

=
pe˚ + (1 ´ p)

ş

s:l(s)ăc1
f (x)µR(x)dx + (1 ´ p)

ş

s:l(s)P[c1,c2]
f (x)(1 ´ r˚

2 (x))µR(x)dx

p + (1 ´ p)
ş

s:l(s)ăc1
f (x)dx + (1 ´ p)

ş

s:l(s)P[c1,c2]
f (x)(1 ´ r˚

2 (x))dx

=
[p + (1 ´ p)

ş

s:l(s)ăc1
f (x)dx]µC1 + (1 ´ p)

ş

s:l(s)P[c1,c2]
f (x)(1 ´ r˚

2 (x))µR(x)dx

p + (1 ´ p)
ş

s:l(s)ăc1
f (x)dx + (1 ´ p)

ş

s:l(s)P[c1,c2]
f (x)(1 ´ r˚

2 (x))dx

ď
[p + (1 ´ p)

ş

s:l(s)ăc1
f (x)dx]µC1 + [(1 ´ p)

ş

s:l(s)P[c1,c2]
f (x)(1 ´ r˚

2 (x))dx]µC2

p + (1 ´ p)
ş

s:l(s)ăc1
f (x)dx + (1 ´ p)

ş

s:l(s)P[c1,c2]
f (x)(1 ´ r˚

2 (x))dx

ă µC2 ,

where the first line follows by (C.6), the second line follows by the first half of Lemma 19,

the third line follows by splitting ts : l(s) ď c2u into ts : l(s) ă c1u and ts : l(s) P [c1, c2]u

and applying the second half of Lemma 19, the fourth line follows by using (C.7), the fifth

line follows by µR(s) ď µC2 when l(s) ď c2, and the last line follows by µC1 ă µC2 , and the

fact that a weighted average of µC1 , µC2 is strictly smaller than the larger one, which is µC2

in this case. This gives a contradiction, which finishes the proof.

C.1.5 Proof of Proposition 13

Proof. Combining Lemma 19 and Lemma 20, we have shown that if there exists equilib-

riums, they share the same unique threshold of likelihood ratio l˚, such that the student

follows a cutoff strategy on his realized l(s). It remains to show the existence of such an

equilibrium.
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To show existence, consider the two following functions:

h1(l) = 1 ´
1 ´ e˚

(1 ´ e˚) + e˚l
,

h2(l) =
pe˚ + (1 ´ p)

ş

s:l(s)ăl f (x)[1 ´ 1´e˚

(1´e˚)+e˚l ]dx

p + (1 ´ p)
ş

s:l(s)ăl f (x)dx
.

where h2(l) = e˚ ą h1(l), h2(l) ď e˚ ď h1(l). Since both h1, h2 are continuous functions

w.r.t. l, intermediate value theorem gives the existence of l˚, which is the desired threshold

in Proposition 13, Lemma 20 gives the uniqueness, completing the proof.

C.1.6 Proof of Proposition 14

Proof. To find the value of l˚, we require the following indifference condition

µC =
(1 ´ p)e˚ + p

ş

s:l(s)ăl˚ e˚ f1(s)ds

(1 ´ p) + p
ş

s:l(s)ăl˚ e˚ f1(s) + (1 ´ e˚) f0(s)ds

=
e˚l˚

(1 ´ e˚) + e˚l˚

where the first line is the school’s belief over who conceal signals, the second line is

the updated belief if a student reveal a signal with likelihood l˚. The existence of such

signal is guaranteed by the continuity of fθ .

On both sides of the equation, we take away the numerator from the denominator,

which gives

(1 ´ p)e˚ + p
ş

s:l(s)ăl˚ e˚ f1(s)ds

(1 ´ p)(1 ´ e˚) + p
ş

s:l(s)ăl˚(1 ´ e˚) f0(s)ds
=

e˚l˚

(1 ´ e˚)

ñ
(1 ´ p) + p

ş

s:l(s)ăl˚ f1(s)ds

(1 ´ p) + p
ş

s:l(s)ăl˚ f0(s)ds
= l˚

where the second line is canceling out e˚

1´e˚ , which finishes the proof.
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