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RANDOM SPLITTING OF FLUID MODELS:
POSITIVE LYAPUNOV EXPONENTS

ANDREA AGAZZI*, JONATHAN C. MATTINGLY**", AND OMAR MELIKECHT*

ABSTRACT. In this paper, we apply the framework of [5] to give sufficient conditions for the ran-
dom splitting systems introduced in [2] to have a positive top Lyapunov exponent. We verify these
conditions for the randomly split conservative Lorenz-96 equations and randomly split Galerkin ap-
proximations of the 2D Euler equations on the torus. In doing so, we highlight particular structures
in the equations such as shearing. Since a positive top Lyapunov exponent is an indicator of chaos
which in turn is a feature of turbulence, our results show these randomly split fluid models have
important characteristics of turbulent flow.

1. INTRODUCTION

Operator splitting is a popular approach to numerically integrate the flow ® of a differential
equation & = V (x) where V is a vector field on R”. This method consists of expressing V as a sum
of simpler vector fields {Vj}g‘:l on RP with flows o) and approximating the flow ® by

Oz, t) = By(x) = o\ 00!V () (1.1)

for a given choice of times {t;}7_;. In a simple version of such methods, t; =--- =t, =hfor h < 1
yields an approximation of the infinitesimal flow ®(z,h). To integrate V on longer time intervals,
one concatenates infinitesimal flows, i.e., define ®™ : RP x R™ — RP by &™(z,t) = ®(x) =
gogz)n o-- -ogpg) () with superscripts cycling in order from 1 to n, again setting each t; = h. In [2] we
introduced a stochastic analog of the above method: the random splitting method. This stochastic
process is obtained by choosing the flow times randomly, e.g., drawing (Tj);";l independently and
identically distributed from a distribution p with mean 1 and setting t; = h7j, so that E(¢;) = h.
Similar to determinstic operator splitting, we proved in [2] that under general conditions random
splitting trajectories converge to the deterministic trajectories of ® almost surely as b — 0. However,
our principal goal in that paper and in what follows is not approximation but rather to use the
splitting as a novel and useful way to introduce stochastic agitation.

In this paper we give sufficient conditions for a random splitting to have a positive top Lyapunov
exponent, A1. As detailed in Section 2.3, in our setting \; satisfies

M= lim Llog ||D,0: (@) (1.2

for almost every 7, where ||-|| is the operator norm. Our proof that A\; > 0 involves adapting the
framework of [5] , which itself builds on ideas in [9, 22, 15, 18, 14], to the random splitting setting.
In particular, we are able to reduce much of the work in proving positivity of the top Lyapunov
exponent for conservative systems to the verification of one condition, the Lie bracket condition,
which roughly says the random splitting dynamics can move in all directions in the vicinity of any
point at which it holds. A key step in our argument is proving that if the Lie bracket condition
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holds at a point and the vector fields of the random splitting are real analytic, then a positive power
of the Markov transition kernel of the random splitting is strong Feller on a neighborhood of that
point (Proposition 5.6). We then show via results in [5] that if the Lie bracket condition and some
basic integrability criteria hold, and if dA\; = Ay where d is the dimension of the state space and
Ay is the sum of Lyapunov exponents, then either: (Alternative 1) The dynamics are conformal
with respect to some Riemannian structure on the state space or (Alternative 2) There exist proper
subspaces of the tangent spaces to the state space that are invariant under the dynamics (Theorem
4.1). In particular, if Ay, = 0 then either A; = 0 or one of the two alternatives must hold. We then
prove Alternative 1 is ruled out by shearing and Alternative 2 is ruled out when the Lie bracket
condition holds at a point in the tangent bundle of the state space.

Our primary motivation for developing the general results just described comes from the study of
chaos and, ultimately, turbulence in fluid models. More specifically, we aim to explore the emergence
of chaotic behavior in (the random splitting dynamics of) the following two models by proving their
random splittings have a positive top Lyapunov exponent. Since a positive top Lyapunov exponent
is an indicator of chaos which in turn is a precursor of turbulence, Theorems 1.1 and 1.2 below
show these randomly split fluid models retain important characteristics of turbulent flow.

Model 1 (Conservative Lorenz-96). The conservative Lorenz-96 equations describe the evolution
of € R"™ (here D =n) forn >4 as
n
T = VLorenz(JE) = Z(:Ej_H — :Ej_2)$j_1€j, (1.3)
j=1
where {ej}?zl is the standard basis in R™, and indices are defined periodically, i.e. 1 = xp_1,
T = Tn, and 1 = Tp41-

Model 2 (2D Euler). The second model is Nth-order Galerkin approzimations of the Euler equa-
tions on the 2-dimensional torus T, approximating the behavior of the incompressible Euler equations

{atu + (u-V)u=—-Vp

div(u) ==V -u =0, (1.4)

where u = (u1,uz) : TxR — R2 is the fluid velocity and p : TxR — R the fluid pressure. Concretely,
the approxzimation is obtained by considering the Fourier transform q(k,t) of the vorticity of u and
truncating the high-frequency modes with |k| > N. A precise description of this procedure and of
the resulting ODE for q is given in Section 3.1.

As detailed in [2] and discussed in Section 3, Models 1 and 2 decompose into vector fields whose
associated random splittings preserve important physical properties of the original systems such as
energy conservation. In particular, the split dynamics of both models are confined to submanifolds
of Euclidean space called V-orbits. Among these are certain “typical” V-orbits called generic orbits
(Definition 3.7), which are distinguished by having “full measure” in some sense. Applying the
general results from above, we prove the Lyapunov exponents of these random splittings on any
generic orbit X exist and are constant almost everywhere with respect to the volume form on X.
Moreover, the top Lyapunov exponent is positive. This is summarized in the following theorems.

Theorem 1.1. The top Lyapunov exponent of the conservative Lorenz-96 random splitting from
[2] on a generic orbit is positive for every h > 0.

Theorem 1.2. The top Lyapunov exponent of the Nth Galerkin approximated Euler random split-
ting from [2] for N > 3 on a generic orbit is positive for every h > 0.

The Lorenz and Euler random splittings are defined in Definitions 3.1 and 3.2, respectively, and
generic orbits are defined in Definition 3.7. Proofs of Theorems 1.1 and 1.2 are in Section 7.
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Related work. The random splitting defined in this work is an example of a random dynamical
system [3] or an integrated random function [11], and closely related to piecewise deterministic
Markov process when the 7; are chosen to be exponentially distributed and the ordering follows
a Markov Process [8]. We continue to describe the system as a random splitting to highlight its
underlying physical motivation, i.e. its relation to V' and ® as above, and the corresponding physical
structure that plays a central role in the following analysis; however, many of the ideas can be
applied to a broader class of random dynamics.

It is natural to compare our work with [6, 7] which consider the related Lorenz-96 and Euler
models with Brownian forcing and balancing dissipation. Here we work directly on the conservative
equations rather than removing dissipation and stochastic forcing through a limiting procedure to
approach the conservative dynamics. We expect this direct approach to allow us to say more about
the conservative dynamics. Here the randomness is injected through the random splitting and used
mainly to make the dynamics generic. We also expect this separation of the different roles of the
forcing to be useful. See [2] for more discussion.

Our choice of how to inject randomness leads to a more “elliptic” dynamics in that noise directly
affects most of the model’s building blocks, though the mechanism is arguably less disruptive than
elliptic additive Brownian forcing. While possibly more disruptive than the “minimally” hypoellip-
tic! forcing considered in [7, 19], the random splitting dynamics is likely more analytically tractable.
For example, here we are able to directly verify that the lifted dynamics on the projective space
satisfies the Lie bracket condition while in [7] (impressive) computer assisted algebra is needed to
verify the conditions. We are hopeful that this class of models will lead to analyses in directions
currently unfeasible for the more ubiquitous models with Brownian forcing.

The regularity results and their proofs presented below are reminiscent of the probabilistic un-
derstanding, via Malliavin calculus, of Hormander’s classical results on hypoelliptic differential
operators which require Lie bracket conditions similar to those presented here [20]. Related re-
sults on the hypoellipticty of piecewise deterministic Markov processes, though leading to slightly
different statements, can be found in [4, 8].

Organization of the paper. In Section 2, we introduce random splitting, the Lie bracket con-
dition, and Lyapunov exponents. In Section 3, we define the conservative Lorenz-96 and Euler
equations and their random splittings, and apply to them the results of Section 2. In Section 4,
we state our main result, Theorem 4.1, on Lyapunov exponents of general random splittings. In
Section 5, we prove the almost-sure invertibility of a certain random matrix implies the strong Feller
property for a general class of transition kernels. We use this to show the Lie bracket condition
implies the strong Feller property for analytic random splittings, which in turn proves our main
general result Theorem 4.1. In Section 6, we prove shearing rules out Alternative 1 and the Lie
bracket condition holding at a point in the tangent bundle of state space rules out Alternative 2.
Finally in Section 7, we use the preceding results to prove Theorems 1.1 and 1.2.

2. PRELIMINARIES

We begin by describing the setting and our preliminary results. Section 2.1 introduces a general
random splitting framework. Section 2.2 discusses the Lie bracket condition for random splitting
and its relevant implications. Section 2.3 introduces Lyapunov exponents of random splittings.

1The terms elliptic and hypoelliptic used here are analogous to the identical terms used in the partial differential
equations literature.
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2.1. Random splitting. Let V = {V]}?:1 be a family of complete?, analytic® vector fields on R
with flows ¢) and define ® : RP x R® — RP by (1.1)

O(z,t) = Py(x) = ‘PIE:) 0---0 gpill)(a;)

Similarly, define ®™ : RP xR™ — RP by @™ (z,t) :== ®1"(x) := gpgz)no- . -ogogll)(:lt) with superscripts
cycling in order from 1 to n. For each z in RP the V-orbit of = is
X(z) = {®"(z,t) :m >0,t € R"™}. (2.1)

This is the set of points that can be reached from z in any finite number of steps and over all times,
positive and negative. When z is arbitrary or understood, we denote X (x) by &'. Since the V; are
complete, the V-orbits corresponding to different x either agree or are disjoint. Hence we have an
equivalence relation x ~ y if and only if X'(z) = X (y), and the V-orbits {X(z) : * € RP} partition
RP. Furthermore, definition (2.1) is equivalent to the definition of V-orbits in control theory [21, 28].
A classic result from geometric control theory ensures every X is an analytic submanifold of R”
[21]. In particular, each X has a Riemannian structure induced by the ambient Euclidean structure
on RP and an associated volume form Vv, sometimes called Lebesgue or Hausdorff measure on X,
which will serve as our reference measure on X'

To introduce randomness, fix A > 0 and let 7 = (7;)72; be a collection of mutually independent
R-valued random variables with mean 1 and common distribution p. We assume throughout that p
is absolutely continuous with respect to Lebesgue measure and, by a slight abuse of notation, denote
its density by p as well, i.e. p(dt) = p(t)dt. We also assume the support of p contains an interval
(0,¢) for some € > 0. A canonical choice is the exponential distribution with mean 1; the uniform
distribution on (0,2) also satisfies our assumptions. Setting ht = (h7;)2,, the random splitting

=1

associated to V, or just random splitting, is the sequence {®} }>°_, where <I>2T is the identity and
. 1 -1

M= ool (). (2.2)

That is, starting from the current step, the next step of the sequence is obtained by flowing by each
Vj; for the random time h7; in order from j = 1 to n.

Independence of the 7; together with (2.1) imply {®}"} is a Markov chain on X whenever the
sequence starts on X. Throughout this paper we denote the transition kernel of this Markov chain
by Pj. It acts on functions f : X — R by P, f(z) := Ef(®}" (x)) and on measures p on X by

jPy(A) = /X Pu(z, A)p(da),

where Py (x, A) :== P, 1 4(z) for measurable subsets A of X.* A measure u is Pj,-invariant if uPj, = .

Remark 2.1 (Convergence as h — 0). The term random splitting alludes to the fact that, under
quite general conditions, trajectories of the random dynamics {®}'}>°_ converge almost-surely as
h — 0 to the trajectory of the deterministic ordinary differential equation & =V (z) = Z?lej(x)
See [2] for more details. We call V' the true vector field and V; the splitting vector fields.

2.2. The Lie bracket condition. We now introduce a key condition on a family V of vector
fields guaranteeing sufficient nondegeneracy of its dynamics: the Lie bracket condition. Fix a d-
dimensional V-orbit X of a general random splitting associated to V as in Section 2.1. Let X(X)
denote the Lie algebra of smooth vector fields on X" and define Lie(V) to be the smallest subalgebra
of X(X) containing V. For each x € X" the collection Lie, (V) := {V (z) : V € Lie(V)} is a subspace
of T, X.

2A vector field is complete if its flow curve starting from any point exists for all time.
3Thr0ugh0ut this paper analytic means real analytic.
4The indicator function 1a(z)is 1ifz € Aand Oifz & A
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Definition 2.2. The Lie bracket condition holds at x in X if Liey(V) = T, X.

The Lie bracket condition is called the weak bracket condition in [8] and Condition B in [4].
Both papers also consider a strong bracket condition (Condition A) which is used for results about
continuous time Markov processes and is therefore not needed here. The Lie bracket condition also
has the following important consequence.

Theorem 2.3. If the Lie bracket condition holds at x, then for every neighborhood U of x, and
every T > 0 there exists anx € U, anm, and at € RT™ such that " tp < T andt — @™ (x4, t) =
x is a submersion at t, i.e. Dy®™ (x4, t) : TIR™ — T, X is surjective. Here Ry = (0,00).

A version of the preceding theorem appears as Theorem 3.1 in [21]; the equivalent version given
here is better suited to random splitting and other classes of piecewise deterministic Markov pro-
cesses. See Theorem 5 in [4] and its subsequent discussion for details. Intuitively, Theorem 2.3 says
that if the Lie bracket condition holds at x, then, as a consequence of surjectivity, the random
splitting can move in any infinitesimal direction from x, in arbitrarily small positive times. In Sec-
tion 5, we combine this fact with analyticity of the Vj to prove a certain almost-sure surjectivity of
the dynamics near x,. This, in turn, allows us to show that for m as in Theorem 2.3 the transition
kernel P" is strong Feller® on a neighborhood of x, for every h > 0.

Theorem 2.4 shows the Lie bracket condition also plays a role in verifying a given random splitting
is ergodic® which, by the multiplicative ergodic theorem discussed in the next subsection, is relevant
to our study of Lyapunov exponents. Theorem 2.4 is a consequence of Theorem 2.3 and Theorem
3.1 1in [2]. See also [4, 8] for similar results on piecewise deterministic Markov processes.

Theorem 2.4. Suppose there is an . € X at which the Lie bracket condition holds and such that
for every x € X there is an m and a t € R satisfying ™ (x,t) = x,. Then Py, has at most one
tnvariant probability measure on X. Moreover, if such a measure exists, it is absolutely continuous
with respect to the volume form v on X.

Remark 2.5. As noted above, every V-orbit X is an analytic submanifold of RP when the vector
fields V; are analytic. In this analytic setting, a theorem due to Nagano further says that if the Lie
bracket condition holds at one point in X then it holds at every point in X [21, 26]. Hence, the
point where the bracket condition holds in Theorem 2.4 need not coincide with the globally reachable
point.

2.3. Lyapunov exponents. Consider a random splitting on a fixed d-dimensional orbit X as
above with transition kernel P, and ergodic Pj-invariant measure p. Under Integrability Condition
1 below, the multiplicative ergodic theorem guarantees the existence of d numbers Ay > -+ > Ay,
called the Lyapunov exponents of {®}"}, such that for y-almost every x € X and every n in T, X,

mh—I>noo % log|| D, @3 (z)n|| = A\

for some k and almost every 7, where D, is the derivative in  and ||-|| is the norm on tangent spaces
of X induced by the Euclidean norm on RP. Moreover, the top Lyapunov ezponent, Ai, satisfies
equality (1.2) from Section 1 and the sum of the Lyapunov exponents, Ay, := A1 + - - - + Ay, satisfies

Ay = lim Lllog | det (D, @} (2)) . (2.3)

m—ro0

5A transition kernel on a state space ) is strong Feller if it maps bounded measurable functions on ) to bounded
continuous ones; see Section 5.
6Under the hypotheses of Theorem 2.4 the invariant measure of P, provided one exists, is unique. This is because
if a Markov kernel has exactly one invariant measure, then that measure is necessarily ergodic as it is necessarily an
extremal point in the set of invariant probability measures for that kernel [10].
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The top Lyapunov exponent captures the largest rate of separation between nearby trajectories,
e.g. {®7 (x)} and {®@}* (y)} for points y infinitesimally close to z. A positive value corresponds to
exponential growth and is a hallmark of chaos. The sum of the Lyapunov exponents captures the
overall behavior of volumes under the dynamics with As; > 0, Ay = 0, and Ay < 0 indicative of
expanding, conservative, and contracting dynamics, respectively. As will be the case in our examples,
it is possible (and in some sense typical) to have a system which conserves volumes (Ay; = 0) while
having some expanding directions (A\; > 0).

Integrability Condition 1. For a > 0 set log™ (a) == max{log a,0}. Integrability condition 1 is
E/X (log™ || Dy ®pr ()| + log™ || De®pr(z) ~1]) p(dz) < occ. (2.4)

The following lemma says that if the derivatives of the V;’s are bounded on &', then Integrability
Condition 1 always holds. In particular, the Lyapunov exponents always exist and satisfy (1.2) and
(2.3). Since the V; are smooth on R, this is true whenever X is bounded.

Lemma 2.6. Suppose there exists a constant C' < oo such that

sup sup||DVj(z)|| < C. (2.5)
1<j<nzeX

Then the random splitting associated to V = {VJ};‘:1 satisfies (2.4).

Proof. Fix t € R"}. By the chain rule,
D,®(z,t) = ngpg:) (a:(”_l)) . ngpg) (a:(l))ngpill) (m)

where 20 = gpg) o0---0 cpg)(x) Therefore

1D @ (2, 8)]| < ] || Darel” (a*-)]]. (2.6)
k=1

Fix j and set ¢ = ). By Cauchy-Schwarz, for any 2 € X and unit vector n € T,X,
05| Daps (2)nl|* < 2[| DVi(ps ()1 Daos (@)nl* < 2C || Daps ()]

So by Gronwall’s inequality, || Dzps(z)n|| < exp(C's). Since j, x, and n were arbitrary, (2.6) gives

n n
log|| Dy ®(, 8)|| <) loge®™ = Ch "ty
j=1 i=1

which is polynomial in ¢ and hence integrable against the exponential density. The same argument
applies to log||D,®(x,t)~}|| since D, ®(z,t)"! = D, ®(x, —t). So (2.4) holds. O

3. MOTIVATING MODELS: CONSERVATIVE LORENZ-96 AND 2D EULER

Before giving our main results for general random splittings in Sections 4 and 5, in this section we
motivate the framework of Section 2 by applying it to the conservative Lorenz-96 and 2-dimensional
Euler equations introduced in Section 1. Specifically, in Section 3.1 we define random splittings of
the conservative Lorenz-96 and Galerkin approximated 2-dimensional Euler models. In Section 3.2,
we discuss important features of these models: their conservation laws, generic orbits, the existence
of a unique invariant measure on each generic orbit, and existence of Lyapunov exponents.

3.1. Random splittings of Lorenz and Euler.
6



Conservative Lorenz-96. Recall the conservative Lorenz-96 equations introduced in (1.3),
n
& = Viorens(z) = Z($j+1 — Xj_2)xj_1€5,
j=1
where n > 4, z is in R", {e; };-‘:1 is the standard basis in R"™, and indices are defined periodically,
ie.x_1 =xp_1, o = xn and 1 = 1. The original vector field Vi gren, splits as
n
Viorens = Z V; where Vj(x):=x;_1(zjr1€j — Tjejq1). (3.1)
j=1
Note each vector field V; generates a rotation in the (x;,x;41)-plane with angular velocity x;_;.

Definition 3.1 (Lorenz splitting). A random splitting of conservative Lorenz-96, or just Lorenz
splitting, is any random splitting associated to the family Vioren, = {Vj}g‘:1 defined in (3.1)

2D FEuler. For any N > 3 the Nth Galerkin approximation of the Euler equations on the 2-
dimensional torus, T, is given by

0=Veuer(@) =~ | D Culle| e, (3.2)
j+k+=0

where j, k, ¢ range over the finite lattice Z% = {j € Z? : max{|ji], 2|} < N}, Cy¢ are constants
depending on k and ¢, {e; : j € Z*} is the orthonormal basis e;j(z) := (27) ! exp(iz - j) of L*(T,R),
and ¢ is in C" with n = 4N(N + 1). A detailed derivation of (3.2) is given in [2]. The variable ¢
in (3.2) is the restriction of the Fourier transform of the vorticity, curl(u(zx,t)) from (1.4) to the
Fourier modes whose indices are in Z?V. We will often regard q as an element of R?" and write
q = (a,b) where a and b are the real and imaginary parts of ¢, respectively.

The true vector field Ve, from (3.2) split further into real vector fields as

VEUIET’ = Z Va]‘aka[ + Vajbkbg + ‘/bjakbe + %jbkag (33)
Jj+k+£=0

with indices ranging over Z?\, and the vector fields Vo apa,s Vajbpbes Vojarb,, and Vep,a, given by

a; = —Crpagag aJ = Chebrby i)j = Crearby b] = Crebrag
dk = —ngajag bk = ngajbg ak = ngbjbg bk = ngbjag (3.4)
dz = —Ujkaj ag bg = Cjka]’bk bg = Cjkbjak dg = Cjkbjbk,

respectively, where a; and b; are the real and imaginary parts of the jth Fourier mode g; and
(G k) (1 1
C. = - 3.5
= T \GE TP (39

with k* := (kg, —ki). The slight difference in the signs of (3.4) compared to [2, (6.7)] is due to our
choice of triples (j, k, ¢) satisfying j+k+¢ = 0, as opposed to j+k—¥¢ = 0 as used in that reference.

Definition 3.2 (Euler splitting). A random splitting of the Nth Galerkin approximation of 2-
dimensional Euler, or just Euler splitting, is any random splitting associated to the family Viyier ==
{Vajakap Vajbkbea ‘/bjakbea ‘/bjbkae : j7 k:7£ € Z?V?] + k + é = 0} deﬁn6d Zn (34)

Remark 3.3 (Distribution of random times). The splitting vector fields in Definitions 3.1 and 3.2 are
unambiguous. However, we have said “a random splitting of...” rather than “the random splitting
of...” because one still has to choose the common distribution of the random times.
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Remark 3.4 (Shear isolating splitting). An important feature of the above splittings is that they both
maintain (and highlight) the shearing which is expected to be important in the original dynamics
for producing many of the systems’ dynamical features such as positive Lyapunov exponents. To see
the shearing in (3.1) notice that the speed of rotation of (xj,xj11) varies depending on the value of
xj—1. The same mechanism of nearby points rotating at different rates also produces shear in (3.4).

Remark 3.5 (Euler tops). As an interesting aside, we note that each of the four sets of equations
given in (3.4) are those of a classical Euler spinning top. Hence, (3.3) gives the decomposition of
the Euler equations for fluid motion into a collection of interacting Euler tops. See [17, 16] for
investigations of related deterministic decompositions used to model turbulence.

3.2. Preliminary results for splittings of Lorenz and Euler. The conservative Lorenz-96
equations (1.3) and Galerkin approximated Euler equations (3.2) conserve Euclidean norm on R".
So too do all the splitting vector fields in Vi gren> and Vigyier. Thus in both random splitting models
the dynamics are confined to spheres centered at the origin with the same radius as the initial data.
Note not all splittings are guaranteed to have this property; we chose the splittings Vioren, and
VEuler in part because they conserve the Euclidean norm, as do the original dynamics.

By the above discussion the Vi ren,-orbit of any point z satisfies

X(r) C {y eR™: [yl = H517||} = MLorenz(2).

While a similar statement holds for Euler, more can be said in this case. Indeed, in addition to the
Euclidean norm which corresponds to enstrophy in Galerkin approximated Euler, (1.4) conserves a
second quantity corresponding to the energy of the original fluid system. In the variable ¢ = (a,b),

2 2
the energy is given by E(a,b) =3 ;72 %. Direct calculation shows F(a,b) is also conserved

by every splitting vector field in Vgye, [2]. Thus the Vgye-orbit of any g = (a,b) satisfies
X(q) € {(,B) € R*": ||(a, B)| = [|(a, )|, E(cr, B) = E(a,b)} = Mpuier(q),

where we recall n = 4N (N + 1) for the Nth Galerkin approximation of Euler. Note the collections
of manifolds {M_porenz(z) : # € R} and {Mpuer(q) : ¢ € R*™} foliate their respective ambient
Fuclidean spaces. Any M from either of these foliations further decomposes into V-orbits of possibly
different dimensions. However, the following result from [2] says each M contains exactly one V-
orbit that has full measure, and is therefore open’, in M.

Proposition 3.6. For every M poren.(x) there exists a unique Viorenz-orbit X with full measure in
M iorenz(x), i.e. V(X) =1 where Vv is the normalized volume form on Mpepenz(x). Similarly, for
every Mpuier(q) there ezists a unique Vpyer-orbit with full measure on Mpyier(q)-

Definition 3.7 (Generic orbit). The unique full-measure V-orbits in Mporenz(z) and Mpyier(q)
in Proposition 3.6 are called generic Vi ren.-orbits and generic Vg e-orbits, respectively. When
there is mo confusion, we also simply call them generic orbits.

The next result, also from [2], highlights a key feature of generic orbits, namely that the Vioren
and Vgyier splittings are ergodic on them. This follows from the fact that the Lie bracket condition
holds on generic orbits of Lorenz and Euler and that Lebesgue measure in ambient space — and
therefore its disintegration onto generic orbits — is Py-invariant for every h > 0 in each case.

Theorem 3.8. For any generic orbit X of either the Lorenz or Fuler random splittings, there
exists a unique Py-invariant measure on X for every h > 0. Furthermore, this measure is absolutely
continuous with respect to the volume form v on X and, respectively, on Mporenz(x) or MEgyier(q).

"Smooth submanifolds of M with nonzero codimension have volume measure zero. So any V-orbit in M with
nonzero measure must have the same dimension as, and therefore be open in, M.
8



Theorem 3.8 requires the assumption in Section 2.1 that the support of the time distribution p
contains an interval (0,¢). Note Integrability Condition 1 holds for both models by Lemma 2.6
since V-orbits are bounded and the splitting vector fields are smooth, so (2.5) is satisfied in each
case. By the discussion in Section 2.3 the Lyapunov exponents of any such splitting on a generic
orbit exist and are constant for v-almost every x and almost every sequence of times 7.

Remark 3.9. For both Lorenz and Euler, not only is Lebesque measure in the ambient space, and
therefore its disintegration onto V-orbits (intended in the classical measure-theoretic sense), invari-
ant under Py for any h > 0, but it is also invariant under ®p, for every T. This follows from
the fact that the {V]};‘Zl are divergence free in both models, and thus each gpgl) preserves Lebesgue
measure in the ambient space for every t.

4. MAIN RESULT ON LYAPUNOV EXPONENTS OF GENERAL RANDOM SPLITTINGS

Consider as in Section 2 a random splitting {®}? } on a d-dimensional V-orbit X with V = {V;}7_;
a family of complete, analytic vector fields on R”. Assume p is an absolutely continuous® measure
on X that is ergodic and invariant with respect to P, for every h > 0, and that Integrability
Condition 1 holds so the Lyapunov exponents Ay > --- > A\; of the random splitting on X exist
and are constant for p-almost every z and almost every 7. Before stating the main result of this
section, Theorem 4.1, we need two additional definitions. First, for every positive integer m define

the pushforward of 1 by ®7* to be the probability measure j,, = (®}%)xpn on X given by
pm(B) = (Ppr) pi(B) = ((®7)"1(B)) -

Second, for probability measures v and p on X define the relative entropy’ of v with respect to i
by

dv dv .
2 (r)log | ¥ (x dz) ifv
Drr(v || p) = {fx du( ) g(@( )) p(dz) ,u
o0 otherwise,

where v < p means v is absolutely continuous with respect to p and dv/du is the Radon-Nikodym
derivative. Note u,, is random since it depends on 7, so we can consider the average relative entropy,
EDkr(pm || ©). The finiteness of this quantity is important in what follows. Whenever p,, = u
almost surely, as is the case in both the Lorenz and Euler models, one has that EDgr (i, || 1) =
EDgr(p || #) = 0. Another condition guaranteeing ED (i, || 1) < oo is that log(du/d V) € L(u)
since this and Integrability Condition 1 together imply EDgr (pim || 1) = —mAx [5, Theorem 4.2].

Theorem 4.1. Suppose EDg(pim || 1) < 0o for all m and the Lie bracket condition holds at an
Xy in the support of p. If d\y = Ay, then there is an open set U in X such that u(U) = 1 and either

Alternative 1. There is a Riemannian structure'® {g, : x € U} on U and an o : U — R, such that
9o (z) (D@ ()1, De @ (2)€) = () g2 (), ) (4.1)

forallm, t e R™, x € U, and n,§ € T, X. That is, ®{" is conformal with respect to {g, : x € U}.

Alternative 2. For every x € U there exist proper linear subspaces EL, ... EY of T,X such that

iy — o)
D, (x)(EL) = Egf (4.2)
for every m and t € R and every i, where o is a permutation possibly depending on m, t, and x.
8Absalutely continuous means absolutely continuous with respect to v on X unless otherwise specified.
IRelative entropy is also often called Kullback-Leibler divergence.
107 Riemannian structure on U is a family {g. : * € U} of inner products g, : ToX X T, X — R on T, X.
9



Theorem 4.1 involves adapting [5, Theorem 6.9] to our setting. To state a version of that result,
recall that P, acts on the space By(X) of bounded, measurable functions on X' via

Puf@) = B(£(@1r(@) = | F(@ule))olt)at, (4.3)

where p(t) is the probability density function of the n independent times 7 = (71,...,7,). Ph
is strong Feller if it maps By(X) into Cy(X), the space of bounded, continuous functions on X
Similarly, we say Py is strong Feller on an open subset U of X if it maps By,(U) into Cp(U).

Theorem 4.2. Suppose EDgp(pm || 1) < oo for all m and there is an open subset Uy of X
containing a point in the support of u such that Py is strong Feller on Uy for every h > 0. Then if
d\1 = Ay, there exists an open set U in X such that (U) = 1 and Alternative 1 or 2 holds.

Theorem 4.2 is mostly a combination of results in [5], which culminate with Theorem 6.9 therein.
It derives in large part from two relationships, one between Lyapunov exponents and relative
entropy, and the other between the splitting {®}" } and the lifted splitting

O (z,1) = (P (2), Do @y (2)n) (4.4)
on the projective bundle PX of X where, by a slight abuse of notation, we use 1 to denote both
an element of the tangent space T, X and its equivalence class'! in P, X whenever n # 0. We also
denote the transition kernel of the lifted process by Pj. The assumption EDgr(pm || 1) < oo for
all m allows for the comparison of A\; and Ay, that lies at the heart of Theorem 4.2. In particular, [5,
Corollary 5.6] says that if Integrability Condition 1 and the finite average relative entropy condition
hold, then dA; = Ay, implies there exists a v in the space &2,(PX) of probability measures on PX
with X-marginal p whose regular conditional probability distributions'® {v, : x € X'} satisfy

1 {a; : ((T)m_)#vx = Vo (z) for every m} = 1 for almost every 7. (4.5)

The slight difference between Theorem 4.2 and [5, Theorem 6.9] is that in our setting the strong
Feller assumption implies any v satisfying (4.5) has a version such that z ~ v, is continuous'
on Uy. This is in contrast to Baxendale’s setting where the existence of a continuous version the
conditional distribution v, requires an additional assumption on the transition kernel of the lifted
process for discrete time Markov chains. Specifically, we have the added advantage that h is a
continuous variable and hence we have a continuous family of Markov chains indexed by h. This
allows us to adapt the statement and proof of [5, Proposition 6.3] to our setting as show below,
even though we do not have a continuous time Markov semigroup.

Lemma 4.3. Suppose v satisfies (4.5) and the hypotheses of Theorem 4.2 hold with Uy an open
set as stated there. Then there exists a version of {v, : @ € X'} such that x — vy is continuous on
Up.

Theorem 4.2 follows immediately from Lemma 4.3, proven below, and [5, Theorem 6.9], which we
refer the reader to for the details. Therefore the only thing that remains in proving Theorem 4.1
is that if the Lie bracket condition holds at a point, then P} is strong Feller on a neighborhood of
that point for all positive h. This is the content of the next section.

Proof of Lemma 4.3. For any f € By(PX) and probability measure x on PX define
}P) = [ Pt @) = [ BI @ @)ndn) <E [ f@)(@) (i),

HRecall the projective space Py X at x is the space of all lines in the tangent space T, X.

12The v, are probability measures on PX which are well-defined for p-almost every = and satisfy vy (P, X) = 1.

13The topology on Z,,(PX) is the topology of weak convergence induced by the compact-open topology on C,(PX).
10



and kf : X = R by
kf(x) =k (f) = | [f(@)ka(dT).
PX
If (4.5) holds, then for every f in By(PX) and p-almost every = in X,
vePh(f) =E | f(@)(Pnr) yva(dT) / @)W, (@) (dT) = Py f(a). (4.6)
PX

Note P,vf is continuous on Uy since Py, is strong Feller on Uy by assumption. However, (4.6) holds
for p-almost every x € Uy and we need a version such that = — v, is continuous for every x € Uj.
To address this, fix a version {v, : © € X'}, set

Uy = {x € Uy : (4.6) holds for every f € Cp(PX)},

and define a new version {7, : x € X'} by

Vg if x ¢ Up\Uq,
Dy = ¢ Uo\Uh (4.7)
h_l)n vy, if x € Up\Uy,

where {x,} is a sequence in U; converging to = and v,, a corresponding weakly convergent
(sub)sequence in Z(PX). Thus far, our choice of v, depends on the particular sequence {z,}.
We now show (4.7) is independent of this choice. Suppose z is in Up\U; with {x,} any sequence as
above. By the dominated convergence theorem,

lim 7, Py f = lim | Pof(B)oe(dZ) = | f(@)0,(dT) = 7,(f).
h—0 h—0 Jpy Px

Therefore,
7e(f) = lim 7, Py f = lim lim vy, Pf = lim lim Pyvf(z,) = lim Pyvf(x)

for all f in Cp(PX), where the second equality holds by definition (4.7), the third holds because the
x, are in Uy and therefore satisfy (4.6), and the fourth equality holds because P} is strong Feller
on Uy for all h > 0. Thus (4.7) is independent of {z,,} which, together with p(Uy\Uy) = 0, implies
{Uy : © € X} is a well-defined version of {v, : x € X'}, i.e. the two agree almost surely. Furthermore,
for f in Cp(PX) and x € Uy,

lim 7, (f)= lim lim Pyvf(z,) = hm Pof(x) =o.(f),

Tn—T Tn—x h—0

where we have again used the strong Feller property. So z — v, is continuous on Uj. O

5. TRANSITION DENSITIES AND STRONG FELLER

We begin this section by considering a more general setting than random splitting. Corollary 5.2
and Proposition 5.4 are stated at this heightened level of generality. We then apply these results to
random splitting to prove that if the Lie bracket condition holds at a point, then there is a positive
integer m and a neighborhood U of that point such that the transition kernel P;"* has a density and
is strong Feller on U; see Proposition 5.6. Note only the strong Feller part of this result is needed
in our study of Lyapunov exponents; the existence of transition densities is included because it is a
direct consequence of the coarea formula and may be of independent interest. To avoid notational
confusion, X will always denote a V-orbit of random splitting.
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5.1. Transition densities in a general setting. Let U be an open subset of a smooth d-
dimensional manifold ) with volume form vy, and let 2 be a connected, open subset of R” with
p > d. Also let p be a probability measure on € that is absolutely continuous with respect to
Lebesgue. Any continuous function ¥ : U x £ — ) induces an operator P that maps the space
By(U) of bounded, measurable functions f : U — R to itself via

PF(w) = B(f((ww) = [ (o )(uw)ple)de, (5.1

where, as before, p denotes both the measure and its density with respect to Lebesgue. P has a
density with respect to vy if there exists an integrable function p : U x ) — [0, 00) satisfying

Pr) = [ 10w vy ()
The existence of a density for P is a direct corollary of the coarea formula when ¥ is a submersion.

Lemma 5.1 (Coarea formula). Let Y and Z be smooth d and p-dimensional manifolds with volume
forms vy and v z, respectively. Suppose F : Z — Y is a O submersion, i.e. DF(z) : T,Z — Tr)Y
1s surjective for every z in Z. Then for any f : Z — R measurable with respect to vz,

[ 1) vatas) = /y < / o T ] ((Z))DF(Z)*Hp_d(dz)> vy(dy) (5.2)

as long as either side is finite. Here HP~%(dz) is p — d-dimensional Hausdorff measure on Z.

Proof. See [27, Corollary 2.2] or [12, Theorem 3.2.11]. O
Corollary 5.2. Suppose VU is in C1(U x Q,Y). If for every u in U,
DW\I’(U,O.)) 1,0 — qu(uw)y (53)

is surjective for Lebesgue-almost every w, then P has density p with respect to Vy given by

_ p(w) p—d W
Plu.y) = [I/ul(y) \/det Dw\If(u,w)Dw\If(u,w)*% (d) (5.4)

where U (y) == {w: ¥(w,u) = y}.
The assumption that D,V (u,w) is surjective for almost every w is equivalent to
M (u,w) == Dy,¥(u,w)D, ¥ (u,w)” (5.5)
being almost-surely invertible. Since ) is d-dimensional, M is a symmetric, positive-semidefinite
d x d matrix. Note p > d is a necessary condition for its invertibility, which was our reason for
assuming this above. M is analogous to the controllability Gramian matrix in control theory where
w is a control, and the Malliavin matrix in Malliavin calculus where randomness is Brownian motion.

det M (y,w) is an expression of the tangential Jacobian, so in this setting the coarea formula is
just a generalization of the classical change of variable formula [25, 23].

Remark 5.3. The assumption in Corollary 5.2 that for fized u the map ¥(u,-) : Q@ — Y from noise
space to state space is a submersion or, equivalently, that M is invertible, is a form of hypoellipticity.
It allows some reqularity of the noise distribution p to be transferred to the state space.

Proof of Corollary 5.2. For f in By(U) we have

_ _ PO ))p) g
Pt = [ oo = [ ([ LRI i) ) v ay)

:/yf(y)<Au1(y) %de(dw)) Vy(dy) Z/yf(y)p(u,y) Vy(dy).
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where the second equality is the coarea formula, the third holds because f(¥(u,w)) = f(y) on
U 1(y), and the fourth is by definition of p(u,y). One caveat in our application of the coarea
formula is that our assumption says det M (u,w) is nonzero only almost-surely. This is not an issue
however since {y : ¥(u,w) = y and det M (u,w) = 0} has measure 0 in ). Therefore we can define
p(u,y) = 0 for y in this set without changing the value of integrating f in B,(U) against p. O

5.2. Strong Feller in a general setting. Let ), Q. p, ¥, and B,()) be as in Section 5.1 and
define Cy()) to be the space of bounded, continuous functions f : ) — R. The transition kernel P
defined in (5.1) is Feller if it maps Cp()) into Cp()) and strong Feller if it maps By()) into Cp()).
Being Feller is a statement about the dynamics being well-posed in that dependence on initial data
is continuous. Strong Feller is a much stronger statement as it implies P has a regularizing effect.

Proposition 5.4. Suppose U is an open subset of Y and W is in C1(U x Q,Y). If for every u € U,
D, ¥ (u,w) is surjective for Lebesque-almost every w, then P is strong Feller on U.

The next lemma is used in the proof of Proposition 5.4. Its proof is given at the end of this section.
Lemma 5.5. Suppose VU is in C1(Y xQ,Y) and K is a compact subset of Q. For eachy € Y define
Ag(y) = {w € K : det M (y,w) = 0}.

If M(y,-) is almost-surely invertible for everyy € ), then for any y. € Y and € > 0 there exists an
open set U in Q@ and a § > 0 such that 1(U) < e and Ak (y) is contained in U for all y € Bs(y.).
Moreover, there exists an open neighborhood W of K NU€ such that

inf det M(y,w) :w e W; > 0. 5.6
yEBé(y*){ (y,w) } (5.6)

Proof of Proposition 5.4. Fix f € By()). The case f = 0 is immediate, so assume otherwise; in
particular, C' := 6||f||c > 0. Fix y, € Y and £ > 0. Since p is a Borel measure on €2 it is tight. So
there exists a compact subset K of Q such that u(K¢) < ¢/C. By Lemma 5.5 there exists U open
and 97 > 0 such that u(U) < e/C and

inf {detM(y,w):weW}=0a>0 (5.7)
yEBs, (y«)

for some open neighborhood W of K N U*. Now since 1 e + 1xny + Lxnue = 1,
Pf(y) — Pf(y.) = E([f(\lf(y)) — £(%(y)] ﬂKc) + E([f(\ll(y)) ()] ]leU>
+E([F() - F(¥)] Txnoe ) (5:5)

for any y in ). By our choice of K,

E([F(2@) = F(0)] 1e )| < 2 F o) < 2. (5.9)
And by our choice of U,
E([(2@) = F(¥)] Lxrw )| < 20 loonU) < . (5.10)

To handle the third expectation (the one with 1 <), set L' := L'(vy) and choose a compactly

supported, continuous function g on ) such that ||g — f||;1 < ¢/(18/«). Note that this can always

be done since compactly supported, continuous functions are dense in L' [13, Proposition 7.9]. By
13



adding and subtracting g o ¥ appropriately,
E([F(() = F(¥@)] Lxewe ) =E([F(¥() — 9(¥(1)] Lrrv )
+E([9(¥®) - 9(¥(v.))] Lerwe ) (5.11)

B (o) £ (0(0)] L ).

Since g o ¥ is continuous, there exists d2 > 0 such that for every y in Bs, (y4),

9 () ~ g ()| < 5.

So for all y € By, (ys«),

[E(l9(¥®) - 9(¥()] Lrroe )| < 5. (5.12)

For the first and third terms in (5.11), recall p is absolutely continuous with respect to Lebesgue
measure on ) and therefore has an integrable density p. Setting S(y,3) = {w € W : ¥(y,w) = 3},

E([f(‘lf(y)) —9(¥(y)] ﬂKnUc) = /W [f(¥(y,w) = g(¥(y,w))] Lxnve (w)p(w)dw

_ 0 M)
- /y (/S(y-,.@) (V) (Pl a2 M(y,w)d )Vy(dy)
_ Lxnue(w)p(w)

= /y (f(@) —9(9)) (/S(y)g) mdﬁd) Vy(dg).

The second equality holds because W contains K NU*¢ and the third is the coarea formula. By our
choice of d; in (5.7) we have that for any y in Bs, (y«) and w in W,

1 1

Vdet M (y,w) = NGS

So for all y in Bs, (y.) our choice of g implies

E([f(¥()) — 9(¥@)] Lxrwe )| < —= [ [£() — 9(u)]dy <
valy

Finally, set 6 := min{dy, d2}. Applying the triangle inequality, (5.12), and (5.13) to (5.11) gives

iy (5.13)

€

e € €
E v — f(P(ys))| 1 c — 4+ = = - .14
E([F(¥W) = F(0)] Lrroe )| < 5+ 5+ 75 = 5 (5.14)
for all y in Bjs(y«). Applying the triangle inequality, (5.9), (5.10), and (5.14) to (5.8) gives
\Pfy) — Pf(ys)| <e
for all y in Bs(y«). So Pf is continuous. Since f in By()) was arbitrary, P is strong Feller. g

Proof of Lemma 5.5. Fix y, € Y and € > 0. By assumption Ag(y) has Lebesgue measure zero
for all y. In particular, since u is absolutely continuous with respect to Lebesgue, there exists a
neighborhood U of Ak (y.) such that u(U) < e. Suppose toward a contradiction there is a sequence
{yn} converging to y, such that Ax(y,) is not contained in U; that is, for each y,, there is an w,, in
K NU° satisfying det M (yp,wr) = 0. Then since K N U* is compact there is a subsequence {wy, }
of {wy} which converges to some w, in K NU®. Since (y,w) — det M (y,w) is continuous,

0= klim det M (yn,,, wn, ) = det M (ys, wy).
—00

But this implies wy is in Ax (y«) N (K NU) = 0, a contradiction.
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Consider now the “moreover” part of the lemma. By the preceding argument,

inf det M(y,w) :we KNU®; > 2
yEBé(y*){ ) }

for some o > 0. Set Fy, := det M(y,-) and let K’ be the closure in © of

U F 10w

y€Bs (yx)

Straightforward verification shows KNU¢ and K’ are closed and disjoint and are therefore separated
by disjoint open sets. By continuity and construction, any such neighborhood W of K NU¥¢ satisfies

inf {detM(y,w):wEW}2a>O. O
yE€Bs(y«)

5.3. Strong Feller and random splitting. We return now to a general random splitting associ-

ated to a family of analytic vector fields V. In this setting the above results yield the following.

Proposition 5.6. If the Lie bracket condition holds at a point x, in a d-dimensional V-orbit X,
then for some m and open neighborhood U of x. the map t — Dy®™(x, ht) is a submersion for
every v € U, h > 0, and almost every t € R, In particular, the transition kernel P} is strong
Feller on U for every h > 0 and has transition density py,p : U x X — [0,00) given by

Pran () = /{ P gpmn— ) (5.15)

o (z)=y} \/det M (x, ht)

for almost every y in X and pp, p(z,y) = 0 otherwise, where M (x, ht) = D@ (x, ht) Dy ®™ (z, ht)*.
The proof of Proposition 5.6 uses the following result from [24].

Lemma 5.7. Let Q be a connected, open subset of R™. If f : Q — R is analytic and not identically
0, then f~1(0) has Lebesgue measure zero in €.

Proof of Proposition 5.6. By Theorem 2.3 there exist m and ¢, in R such that ¢ — ®™(z,t) is a
submersion at t,. Define f : X x R — R by

flx,t) = fi(x) = det Dy®"(x,t) D@ (x,t)" = det M (z,1).

Then f(z4,t.) > 0 and, since f;, : X — R is continuous, U = ftzl((O, 00)) is an open neighborhood
of z, € X. Now since the vector fields (and hence their flows) are analytic and analyticity is
preserved under addition, multiplication, composition, and differentiation, the map t — f(x,t) is
analytic for every x € X. Also for any h > 0 and x € U we have f(x,h(ti/h)) = f(x,t) > 0
so t — f(x,t) is not identically 0. And since R is connected and open in R™", Lemma 5.7
implies M (x, h7) is almost-surely invertible. Hence t — ®™(z, ht) is a submersion for every = € U,
h > 0, and almost every ¢t € R". This proves the first part of the theorem. The expression for
the transition density and the strong Feller property of P on U then follow immediately from
Corollary 5.2 and Proposition 5.4, respectively. O

6. GENERAL PROPERTIES RULING OUT ALTERNATIVES 1 AND 2

If the hypotheses of Theorem 4.1 are satisfied and d\; = Ay, then Alternative 1 or 2 holds
on an open set U in X satisfying u(U) = 1. In this section we give sufficient conditions under
which these alternatives do not hold so that, in particular, dA\; # Asx; whenever the aforementioned
hypothesis are true. The primary mechanism for ruling out Alternative 1 is shearing (Proposition
6.1); Alternative 2 is ruled out when the Lie bracket condition holds at any point in TU (Proposition
6.2).
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Proposition 6.1. Suppose there are indices i, j,k, and £ and a constant C # 0 such that
Vi(z) = Cxp(xre; — xjer), (6.1)
where {e;} is the standard basis for RP. Then Alternative 1 does not hold.

Proof. The solution of & = V;(x) starting from x(0) is

)
i(t) = x;(0) cos(Cayt) + x4(0) sin(Cxyt)
k(t) = —x;(0) sin(Cxgt) + 2 (0) cos(Cxst)
xp(t) - ‘Tp(o)v p ¢ {]7 k}

Restricting attention to xj,zy, and x, since these are the only coordinates that contribute nontriv-

8

8

ially to the flow ¢ := @ of Vj, the derivative of ¢ in the j, k, and £ coordinates is

0;0; Okpj Oup; cos(Cagt) sin(Cuxpt) —Ct(x;sin(Capt) — xy cos(Cxyt))
Dp(z) = | Ojor Ok Oppr | = | —sin(Cxgt) cos(Cxpt) —Ct(x;cos(Cagt) + xp sin(Cayt))
Ojoe O Oppe 0 0 1
Evaluating at t,, := 27m/Cxzy for any = with z; # 0 gives
1 0 27Tm2—’z 0 0 271'9%
Dy, (x)=[0 1 —27‘('777,% =I+mA where A=|0 0 —27T . (6.2)
0 0 1 0 0 0

Suppose Alternative 1 holds, i.e. there exists a Riemannian structure {g, : € U} on an open
subset U of & such that (4.1) is valid for all m, t € R, x € U, and n,{ € T, X. In particular,

9ot (x) (D(')Dt (l‘)’l’}, Dy (l‘)f) = O‘(:E)gm (777 g) (63)

Now consider a metric tensor on the tangent space T, X, which lifts to a metric tensor g on the
ambient space, RP. This metric tensor can be written as

gw = Z )\jijwj
for some basis {w;} of T,RP and positive constants {\;}. Hence, choosing n = £ with ||, = 1,
by (6.3) we must have that for any fixed x with x, # 0,

a = guo(Dgy,,n, Dy, m) = > Nj(w] Doy, (x)n)?,

where o := a(z) is constant. Now by (6.2) the above is a quadratic funtion of m so if the coefficient
of the largest exponent is nonzero it cannot be constant. The coefficient of the quadratic term is

Z/\ (w] An)?

which is a sum of nonnegative terms. So it suffices to show at least one of them is nonzero. This
however is the case since the w; span the tangent space at z, and the vector contained in A is parallel
to it, contradicting the assumption of conformal invariance. So Alternative 1 cannot hold. ([l

Proposition 6.2. If the Lie bracket condition holds at T, in TU, then Alternative 2 cannot hold.

Proof. Analyticity of the vector fields implies the lifted splitting

(@) = (fr(x), Do @} (2)n), (6.4)
which we now regard as a chain on T'X" rather than PX, is also analytic. Therefore the Lie bracket

condition at z, together with an argument essentially identical to the proof of Proposition 5.4 gives

the existence of an m such that the transition kernel of the lifted process P is strong Feller on
16



a neighborhood U of &, for every h > 0. Fix such an h and assume for simplicity m = 1, which
comes without loss of generality since the Lyapunov exponents of {®}" }>°_, are the same as those

of {(IJhmTk},;“;o and both alternatives in Theorem 4.1 hold for all m. Also, by shrinking U if necessary,
assume the projection w(U) of U onto X is contained in U. If Alternative 2 holds, by definition

there exist for every = € U proper linear subspaces E., ..., EL of T,X such that
Dy ®y(w)(EL) = Eg ) (6.5)
for every t € R, and every ¢, where o is a permutation of {1,...,p}. In particular, setting
p .
E,=|JE;
i=1

for each z € U, the map f : U—R given by

~ 1 ifne By,
,n) =1 =
f(w.m) £, (1) {0 otherwise,

is bounded, measurable, and — since the E’ are proper subspaces — discontinuous. But by (6.5),
is discontinuous, which contradicts that lgh is strong Feller on U. So Alternative 2 cannot hold. [

7. POSITIVE TOP LYAPUNOV EXPONENT: CONSERVATIVE LORENZ-96 AND 2D EULER

We know from Theorem 3.8 that for any generic orbit X’ of the Lorenz and Euler splittings there
exists a unique Pj-invariant measure p on X for every h > 0. Thus the Lyapunov exponents exist
and are almost-surely constant on generic orbits. We also noted in Remark 3.9 that each such u
is the disintegration of Lebesgue measure onto its respective orbit and is therefore invariant under
®,,, for every 7. In particular, the pushforward measures p,, defined in Section 4 satisfy p,, = p
and hence EDgr,(pm || ) = 0 < oo for all m. Furthermore Ay, = 0 (and hence A; > 0) since the
splitting vector fields conserve Euclidean norm. This establishes the hypotheses of Theorem 4.1 for
random splittings on generic orbits of both Lorenz and Euler. And since Ax; = 0 in both cases,
Theorem 4.1 says that if A\; = 0 then Alternative 1 or 2 must hold. So to prove Theorems 1.1 and
1.2, it remains to show neither alternative holds in both models. In Sections 7.1 and 7.2 we rule out
Alternatives 1 and 2, respectively, for both models. Since the latter is more involved, we separate
Section 7.2 into two subsections: Section 7.2.1 for Lorenz and Section 7.2.2 for Euler.

7.1. Ruling out Alternative 1. Recall the splitting vector fields for Lorenz are
Vi(z) = zj1(zj1e; — zjej1),

so Alternative 1 is immediately ruled out by Proposition 6.1. For Euler, simple computation shows
the Cjj defined in (3.5) satisfy Cj; = 0 and Cjy = —Cyy whenever |j| = |k| and j+k+ £ =0, e.g.
when j = (1,0), k = (0,1), and £ = —(1,1). In this case the equation ¢ = V;,4,4,(q) is given by

a; = Cjpapay

ap = —Cjpaga;

df = 07
which is equivalent to (6.1). So Proposition 6.1 rules out Alternative 1 for Euler as well. All that

remains then is to rule out Alternative 2, which we do via Proposition 6.2.

14The assumption that 7r((7) is contained in U guarantees f is well-defined.
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Remark 7.1. For simplicity and efficiency, we have only leveraged the shearing in the diagonal case
when |j| = |k|. Shearing, sufficient to rule out Alternative 1, also exists in other non-diagonal
triads.

7.2. Ruling out Alternative 2. The splitting vector fields V; of a general random splitting on a
V-orbit & lift to vector fields V; on the tangent bundle TX given by

70 = (o) )

where T = (x,7). When regarded as vector fields on the ambient space R which is the perspective
we take in what follows, the Lie brackets of the lifted vector fields are given by

Vi, Vi](@ = DV, @Vi(@) - DVi@V; (@),
where the derivative D is with respect to Z. As noted above when ruling out Alternative 1, for both

Lorenz and Euler each of the splitting vector fields effectively depends on only three coordinates.
We therefore reorder the coordinates (x1,...,2p,m1,...,np) as (x1,M1,...,2p,np) in what follows.

7.2.1. Conservative Lorenz-96. Fix n > 4. The generic orbits of the Lorenz splitting are

Xr = {x € R": ||z|]| = R and Z(m? + :E?_H):E?_l # 0}, (7.2)
j=1

for R > 0. Each XR is precisely the points on the sphere S’]{l of radius R in R” that are not fixed
by all the Vj. In particular, X'r is a codimension 1 submanifold of R" satisfying T, Xr = T. wS%_l for
all © € Xg. See [2] for more discussion. Fixing R > 0, for brevity we let X denote the Xr from (7.2).
Our objective is to find a point Z, € TX at which the family V = {‘N/J} satisfies the Lie bracket

condition, dim(Liez(V)) = 2n — 2.
In the coordinates (x1,m1,...,Zn, ), the lifted vector fields of the Lorenz splitting are

Vi(x,ﬁ) = (0, e 0,141, 1T+ M1 Ti—1, —Ti—1T4, —Ni—1T5 — i Ti—1,0, . .. 70)7 (7-3)

where, in order from left to right, the nonzero entries correspond to the coordinates x;,n;, x;11, and
Ni+1. Let T = (x,7n) be any point of TX satisfying

(1,-1,1,—-1,...,1,-1), if n even

7.4
(1,-1,1,—1,...,1,—1,0), if n odd, (7.4)

x = (a,a,b,b,b,...,b) and 77:{

with a, b # 0. Note 7 is perpendicular to x as elements of R™ and is therefore a well-defined element
of T,X = T,S"}(R). Consider first the case when n is even. Direct computation via (7.3) shows

that for s = 2,...,n — 1 the vector fields ‘72 and [‘N/,-_l, ‘7,] evaluated at  form the 2n x 2 matrix

| _ *

[‘72'—17‘2](%77) Vz-(r|c,n) = f(l)i ,

where % indicates irrelevant entries, 0 indicates the rest of the matrix is filled with zeros, and the
2 x 2 matrix A;, which comprises the 2i + 1 and 2i 4+ 2 rows of the matrix, is given by

(0 —a? ~( a(a®*—-b*) —ab [0 - B 0 -
A2_<4ab 0)’ A3_<—(a+b)2 b-a) M=\ o) AT a2 o)
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with the last A; holding for all ¢ > 4. Define the 2n x 2n — 2 matrix

B
T | | 0[ Az = *» * » x =
A= [Vi,WB] W Vo Vua]l Voa Vol =10 0[As] * * x x «|
| | | | | | 0 0 0 [|As] » % * *
0 O 0 0 E * * *
00 0 0 0 T, ]+

where B is the 4 X 2n — 2 matrix

ab  —ab®> 0 0 0 0 0

P e - 0 0 0 0 4b?
o —ab ab? ab  —ab® 0 0 0
a—b —b*> a+b a® 0 0 0

We claim A has rank 2n — 2 for certain choices of a and b. First, note that Ao, A4, and A;, i > 4,
have rank 2 whenever a,b # 0. Also Az has rank 2 whenever a,b # 0 and

a® 4 ab® + 2b° # 0. (7.5)
Row reducing B gives the matrix
ab * 0 0 0 -~ 0 0
B_|0 *x0 0 0 -~ 0 *
10 0 % * 0 -~ 0 0
0 0 0 —ab°(2a®+ 5ab+ 2b%) 0 0 4a*b7(2b — a)

The * entries, though easily computed and simply expressed, are redacted to emphasize the relevant
terms. Suppose that, in addition to a,b # 0, the relations

2a% + (n — 2)b? = R?

2a? 4 5ab + 2b% = 0

7.6
a® + ab® + 2% # 0 (7.6)
2b—a#0
hold. Direct substitution verifies all the above are satisfied when
R V2R
- d b= """, 7.7
¢ In—6 V2n =3 -7
The first relation in (7.6) guarantees = = (a,a,b,...,b) satisfies ||z|| = R and therefore lies on X,

and the third guarantees A has rank 2 by (7.5). The second and fourth guarantee B’ has the form

ab « 0 0 0 0 0
|0 000 0 *
0 0 x 0 0 0
00000 0 ¢
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for some nonzero constant c. Replacing B with B’ in A and moving the fourth row of B’ to the
last row of the whole matrix gives a new matrix

ab

0 *

0

0 [A] x * * * *

0 0 \i * % * *

0 0 0 [As] » -+ x % (7.8)
0 0 0 0 [A4]-- * *

000 0 0 0 - [Aug]*

o o o o0 0 -- 0 c

Since each A; has rank 2 and ab, ¢ # 0, this matrix — and hence A itself — has rank 2n — 2.

When n is odd, everything is essentially the same. Only the matrix B is different, but its row
reduced form is identical to the B’ above, up to the irrelevant x terms. In particular, the matrix
corresponding to A in the odd case becomes the matrix (7.8) via the exact same procedure detailed
above when subjected to the same relations defined in (7.6). Thus the the Lie bracket condition
holds for the lifted process at the point = defined as in (7.4) with @ and b as in (7.7) for all n > 4.
So by Proposition 6.2 Alternative 2 cannot hold. And by Theorem 4.1 the top Lyapunov exponent
of the random splitting of conservative Lorenz-96 is positive.

7.2.2. 2D Euler. To rule out Alternative 2, as in the previous section, we use Theorem 2.4. Again,
the main idea of the proof is to fix a point (¢*,n*) € T'X and to check that the Lie Bracket condition
holds for V from (3.4) at that point. In this spirit, we proceed to choose a subset of vector fields and
related commutators (indexed by the related triples of interacting indices) from V whose spanning
dimension, when evaluated at (¢*,n*), can be readily deduced. Concretely, this will be done by
computing the rank of the matrix whose columns are given by such vector fields. To increase
readibility, while presenting the full idea of the computation and its results we have suppressed
the lengthy algebraic manipulations such computation entails. In the interest of reproducibility,
Mathematica code to reproduce such computations is available at [1]. The code’s inputs and outputs
are reported in Appendix A.

Focusing on a given triple j, k,¢ € Z?V, we define the vector fields in X which we express in 6
dimensions — corresponding to coordinates (aj, b;, ay, bg, ag, be) as

—Ckgakag Ckgbkbg 0 0
0 0 Ckgakbg Ckgbkaé
v —Cyjajay v _ 0 v® Cyjbibe v 0 (7.9)
gkt 0 gkt ngajbg gkt 0 gkt ngbjag
—Ujkaj ag 0 0 Cjkbjbk
0 C’jkajbk C’jkbjak 0
The commutators of these vector fields read
0 CkgC[jagbjbg Ckngkakbjbk
0 —Ck[C[jbgajag —Ck[Cjkajakbk
[V(l) (2)] _ | CreCrjacbiby [V(l) (3)] _ 0 [ (1) (4)] _ | CeiCirajbsbr
gkt Vike] T | —CreCribragay jke> v jkel — 0 jke> Vikel T | —CeiCjrajarb;
Ck,gc]-kakbkb[ CjkC[jajbjb@ 0
—Ckngkbkakag —ngCjkbkajag 0
7Cklcjkakb]‘bk 7Ck@C[ja@bjbe 0
Ckngkajakbk Ck[C[jbgajag 0
[V(2) V(g)] _ CejCjrajbjby [V(z) V(4)] _ 0 [ (3) (4)] _ —CreCrjarbrbe
gk Vikel 7 | —Cy;Cikajarb; jke> v jkel — 0 jke> Vjkel — CreCyribeagay
0 CjkC[jajbjb@ Ckgcjkakbkb[
0 7CejCjkbka]‘ae 7Ckgcjkbkaka@
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This yields the extended, 12-dimensional vector fields on T'X obtained by stacking the vector fields
(7.9) and their commutators with the corresponding linearizations. Throughout, we represent such
vector fields reordering the coordinates of T'X for a triple of indices j, k, ¢ € Z?V as

b b b
(aj7 ij’r/;'lv’r}j7aka bkvng7nk7a€7 56,7721,77() .
where for any j € Z?V, 3, 77? are the linearization coordinates corresponding to a;,b; . Then, denot-

ing by [f] the linearization of a map f : R® — R | ie., [f](z,n) := Df-n, we write such extended
vector fields for a given triple j, k, £ € Z?V as the columns of a matrix M, obtaining

| | | | | | | |
1 2 3 4 1 2 1 3 1 4 2 3 2 4 3 4
M = (vj;kz Vil Vi Vi VALV VELVERD Vi Vil ViR vl VL v [v;,cz]v;kz}

Ck@aka[ Ckébkbl 0 0 ch.,b Bz,b 0 0 7Bng 7B~I‘i,b

0 0 Cyearbe  Crebrae  —Bi ., —Bj, 0 0 B, Bi,
Crelarag]  Crelbirbi] 0 0 (B}, 4] (B ] 0 0 =[B;,]  —[Bi.,]

0 0 Crelarbe]  Crelbrael  —[B],] —I[B7, 0 0 [B7.,] (Bj. .
Cyjajae 0 Cljbjbe 0 BF, 0 Bf, Bf, 0 BF,

_ 0 Cja;be 0 Cesbjae -BJ, 0 —Bf, By, 0 -BJ,

Crjlajar 0 Clj[bjbe] 0 (B} ] 0 (Beol  —[Bgs] 0 By, |’

0 Cujlasbe] 0 Cijlbsarl  —[BE,) 0 —[BE]  [BE] 0o —[Bk,]
Cikajay 0 0 Ckbib; 0 Bf,b Bﬁ b Bﬁ b Bf,b 0

0 Cjkajbk Cjkakbj 0 0 —Be,a _Bé,a _Bé,a —Be,a 0
Cjklajax] 0 0 Cjk[brb;] 0 [BS,] (B o] (B o] (BS,] 0

0 Cinlagbi]  Cjrlaxbs] 0 0 —[BL -BL. -IBl. -IBiJ 0

with
Bll;,a = Bkag for Bk = Cjkagakbk .
We further denote by M ]’ ¢ the last four rows intersected with the first, second, sixth and seventh
column of the above matrix:

Cjkajak 0 Bf,b Bll;,b
o 0 Cjra;by _Bf,a _Bﬁ,a (7.10)
IR Curlajag) 0 [Bf,b] [B}..s] '
0 Cjklajbe]  —[Bja] =Bl

To check spanning, we now write a subset of the vector fields introduced above as the columns of
a matrix whose rank will be shown to be dimT'X = 4n—4. To choose such vector fields, we introduce

(=N +i—1,1),(—N +i,1) N+3<i<2N

J(=2N +4,1),(—=2N +i+1,0) 2N+1<i<3N -1

where (L1 (i), L(7)) is the element of Z3, obtained by starting from (—N,1) (for j = 3N) and for
each new value of j proceeding incrementally to the right (i.e., adding 1 to the first component
of the two-dimensional index) until (N, 1), then moving to the row above at (—N,2), then again
moving progressively to the right until (N,2) and so on until (N, N). Formally (L1(3), La(4)) is
therefore defined as

a convenient enumeration of the index space Z%; as the bijection F : {0,...,2N(N + 1)} — (Z%)3
given by

((1,0), (=N +i,1), (—N +i+1,1) i<N-2

(—1,1), (=3,1),(2,0) i=N-1,

(2,0),(-2,1),(0,1) i=N

F) = (0,1),(2,0),(2,1) z::N+1

( (2,1),(1,1) i=N+2

(1,0),(

(0,1),(

Li(i) := =N 4+ mod(i — 3N, 2N + 1)
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Ly(i) := (1 = 3N)/2N + 1)],

where mod(-, -) and |- | respectively denote integer part and the modulo operation, i.e., the
remainder of division of the first argument by the second. Note that this enumeration differs from the
one exemplified in [2, Figure 2]. This ordering of the indices is motivated by the fact that each time
we let a new triple interact, two of the indices have already interacted in a previous triple, adding
exactly a new one. Because of this, from this enumeration of the triples follows an enumeration
of the indices: after mapping the first three interacting indices (1,0), (=N +¢,1),(—=N +i+ 1,1)
to 1,2,3, we proceed incrementally assigning the number i to the third element of F'(i — 3). We
also note for future reference that for all interacting triples considered above we have nonvanishing
interaction constants Cji, Cj¢, Cy.
Using the above enumeration we can define

J | | *
1 Jz 1 3 1 4
A = VF|(Z) VF|(2) [V}&)]Vé&)] [V}(ﬁ)]V}(Z)] - Mé<i> ’

where ¥ indicates irrelevant entries, 0 indicates the rest of the matrix is filled with zeros. We then
define the 4n x 4n — 4 matrix

b~
w
—

O - [Tk ok o o F
S

o O O O

o
S O[T+ X *
L D . S S
L D . S S

7
MF n—3

0 0 0 0
where My is a 12 x 8 matrix obtained by removing the eigth and the tenth column from Mpq).
Note that the above matrix inherits its structure from the indexing of the interacting triples: each
triple contains exactly one index that has not yet interacted with other modes. To prove the desired
result, it therefore remains to show that for every compatible!® choice of conserved quantities (E, £)
there exists a point (¢*,n*) where each of the n — 3 block elements has rank 4 and the My matrix
has rank 8, thereby yielding the desired total rank of 4n — 4. Proceeding with this plan, in the
following we fix the vector (¢*,n*) where we establish spanning as

oy if j € {(0,1),(1,0)} {ga; if j € {(0,1),(1,0),(—1,1),(2,0)}

CL;: Qa9 lf]:(N,N) b;k: "
5 else aj else
1 if#=a
(77*)3éé =49 -1/2 ifje{(0,1),(1,0),(-1,1),(2,0)},# =b
-1 else

for values of aj,as > 0 to be chosen shortly and § > 0 a sufficiently small, free parameter.
Throughout, we denote the set of indices for which the complex part is twice the real part in ¢* by

15We call a pair of conserved quantities compatible when there exists a nondegenerate point in state space with
the given energy and enstrophy. This is true if E/(2N?) < £ < E
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Jo == {(0,1),(1,0),(-1,1),(2,0)}. Note that n* € T, Q since
* * * * 1 *\a ok * *
n-VE=n"-2"=0 and 77'Vg:ZW((n)jaj—i'(n)?bj):O'
JEZ

Furthermore, it is easy to check that for every compatible pair (E, ), we have £(¢*) =&, ||¢*|| = E
upon choosing

1 1 15 1
ar =4[ =Cep(B),  ari=— |E-202 | =+ 3 | - Gen(d),

10 V2 8 K|
keZ3\J2

where

1 1 15 1 1 1
G = E——=E-28% (= - = — — o5
e.() [ N2 b <8 N2>+ 22: <\/<;]2 2N2>
keZ3\J2
for p € (0,Z+(&,FE)), Z+(€,E) being the positive zero of Gg¢ g(5). Here, the expression 2521—85
2 2
results from % + % for k € {(—1,1),(0,2)} .
We further note that, for any triple (j,k,¢) € {F(i)}icq1,.. n—3)\{N+1}, Since j € Jo, k € Jo U
{(N, N)}, the vector (¢*,n*) projected on the interacting coordinates can be written as
(aj7 b]7 77;'17 7737 ag, bku 77]%7 T,Zu g, bfa T,?? 772) = (’Ylu 2’717 17 _1/27 /87 /87 ) 17 —1,’}/2,771’}/2, 17 _1/m) )

with v € {a1,8}, 71 € {a1,a2,8}, m =2 for ¢ € {(0,1),(1,0),(—1,1),(0,2)} and m = 1 otherwise.
Evaluating M ]’-M at (¢*,n*) for such interacting triples one therefore obtains a matrix of the form

B1Cji 0 2051Cjvivam —3%72mCCre
. 0 By1Ck —27372C;Cje ) 52722C'jk0ké
= 2 Ci1C s
IR BChk+ G 0 CiuCie ($r7em — 2t o
0 BCik —1Cik  CikCje (—273 — 372m) B2C;1Che

whose determinant is given by

33°7¢72C 1, CeChe (B + Bm? + 2yam?)
2m ’

det(M},,) = (7.11)

For any choice of v1 € {a1,8}, 11 € {a1,a9,8} and m € {1,2}, this determinant is a polynomial
in € (0,Z4(E,F)) and as such is nonzero ouside on a set of measure 0. This establishes that for
any pair (E, &), Ml’;(i) for ¢ € {4,...} has full rank for almost every value of § € (0,2, (&, E)).

The only interactions that were not considered above are the ones corresponding to triples
F(N + 1) and F(0). A similar computation to the one carried out in the above paragraph, also
carried out in [1] and in Appendix A, shows defining M| as M, without its first, second, eleventh
and twelfth row, we have

39

det(Mp) = —9601 8" CjC3CRy  and  det(Mpy ) = 704?54 (8 —a1) CjiCyCe . (7.12)

Again, these determinants are analytic functions of 5 € (0,74 (€, E)) and as such are nonzero
except on a set of measure 0. Combining (7.11) and (7.12) we see that the matrix .4 has rank
8+4-(n—3) =4n—4 = dim(TX). Since upon changing a1, a this holds for any compatible choice
of the conserved quantities (E, ) we have shown the desired result. O
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APPENDIX A. SPANNING COMPUTATIONS FOR SPLIT GALERKIN EULER EQUATION

What follows are the Mathematica commands needed to reproduce some of the more tedious

calcluations from Section 7.2.2. We have reformated some of the outputs in KTEXto improve read-
ability. The source Mathematica file can be found at [1].

In[1]:= V1={Ck1 ax al,O,le a; al,O,Cjk a5 ak,O};
V2={Ck1 bk b]_,O,O,CJ'l aj bl,O,Cjk aj bk};
V3={O,Ck1 Ay b]_,Cj]_ bj bl,0,0,Cjk bj ak};
V4={O,Ck1 bk al,O,le b_] a]_,Cjk b_] bk,O};

W1=0((a; b, ar,be,an, 003 V- (050508 10,0505 }
w2=3{{aj »bj,ak,bx,a1 ,b1}}V2 . {nj an? ’ni J?E ,77211 ’nllj}
w3=3{{aj »bj,ak,bx,a1 ,b1}}V3 . {nj an? ’ni J?E ,77211 ’nllj}
WA=0 (s, b, a0, bu, 20,0011 V4 {0505 0518 05,00 )5

V12=3{{aj ,bj»ax, by, a1 ;b iVL. VQ—B{{aj b ,ax,bi,a1,b1 1} V2. V15
V13=3{{aj ,bj»ax, by, a1 ;b iVL. VB—B{{aJ. b ,ax,bi,a1,b1}} V3.V
V14=3{{aj ,bj»ax, by, a1 ;b iVL. V4—6{{aj b ,ax,by,a1,b1}} V4.V
V23=8{{aj ,bj,aK, bk, a1 ,bl}}V2 . VB—B{{aj ,bj ,ak,bk,al,bl}}VB .V2;
V24=8{{aj ,bj,aK, bk, a1 ,bl}}V2 . V4—8{{aj ,bj ,ak,bk,al,bl}}V4 .V2;
V34=8{{aj ,bj,aK, bk, a1 ’bl}}V3 . V4—8{{aj ,bj ,ak,bk,al,bl}}V4 .V3;

W12 (s b, a0, be,a1, 01} V12 {0505, 05, 10,15 .10 } 5
W13=0{{a, b, ac,be,a1, 01} V13- {05505 050,02, m3 10 } 5
W14=3{{aj »bj,ak,bx,a1 ,bl}}V]-4 . {77? an? ,7712 ,WE ”rfl1 ’nllj};
W23=0{ () by, a0, b, 21,011 V23- {05105, 15 M 03 10} 5
W24=3{{aj ,bj ,ak,bk,al,bl}}V24 . {"7? ,77? ,’712 ’ni ’ni ’nllj};
W34=3{{aj ,bj ,ak,bk,al,bl}}V34 . {"7? ,77? ,’712 ’ni ’ni ’nllj};

The computation for the determinant of the matrix M ;,(Z.) forie {1,...,n—3} \ {IV + 1} is given

by

In[2:= A0 = Join[Transpose[{V1,V2,V13,V34}]1[[5;;]],Transpose[{W1,W2,W13,Ww34}1[[5;;]11]
/. {aj -0y ak—>ﬂ,a1—>a2 ,bj =>2%Qq ,bk—>,3,b1->a2 ,
0;%->1,m, 2 ->1,m,°->1,0;°-> -1/2, 9,"->-1,9; b->-1};;
A0/ /MatrixForm
Simplify[Det[A0]]
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The matrix output is

B Cjk 0 Y3725 C;1Clie —3B%72C1Cl
o 0 By1Cjk _'7%2’7203‘190]‘6 52722C'jk0ke
= : . CnC. ,
F@ BCjk + 11 Cji 0 CMCM(—%%~mwj—vmu> et
0 BCik —Cjr CiiCie (=7F — vorik + v2m1) B2C;1Che

and the corresponding determinant

3 . .
det Mip ;) = ?jcﬁkcjlckzﬂ?’vi”w (B+ 872 + 29252 .

The computation for the determinant of the matrix M ;;( N+1) is given by

In[3]:= Al = Join[Transpose[{V1,V2,V13,V34}]1[[5;;]],Transpose[{W1,W2,W13,Ww34}1[[5;;]11]
/ A{aj=>aq ,a—>f,a1->f,bj=>2%ay , b ->2%[,b1->f,
nja->1,nka->1,n1a->1,njb->-1/2, nkb_>_1/2’n1b_>_1};;
A1//MatrixForm
Simplify[Det[A1]]

The matrix output is

a18C5 0 203 BC;1Ce —2B83C;1,C

o B 0 2a18C —203BC;1Cjy 283C % Chs
F(N+L) = | o Oy + BCji 0 30180 Cje — 205C;5Ci0  358°CjCe ’

0 26Cs, — 52 —3018CjCje — 203CChe LB2CiiCe

and the corresponding determinant

39
—aipt (B - a) C;'lijZCkZ .

detM;?(NH) -9

The computation for the determinant of the matrix M| is given by
Injg]:= A2 = Join[Transpose[{V1,V2,V3,V4,V12,V13,V14,V23}1[[2;;51],
Transpose [{W1,W2,W3,W4,W12,W13,W14,w23}]1 [[2;;5]]1]
/. {aj—) aq, ak—),B, al—),B,bj—)Q*al ,bk—)ﬂ,bl—)ﬂ,
n;°=1, n—=1,m%=1,n P—-1/2,n,°=-1,9,"=-1};
A2//MatrixForm
Simplify[Det [A2]]

The first five columns of the matrix output are

0 0 B2 Chy B2 Cly 0
a18C5 0 2011 8C¢ 0 B3CeCre
0 a18C5 0 201 8C}; —B3C;4Che
a1 8Cjy 0 0 201 8C}, B3CjkChe
0 0 0 0 0 )
a1Cje + BCy 0 20,0y — 2t 0 —B2C;4Che
0 BCi¢ — a1Cjy 0 200 Cjp — ﬁ;“ —B2CjChe
a1Cjk + BCli 0 0 —201Cjp, — 552 —B2C51Cre
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while the last three columns read

o1 (=B2) CjeChe o1 (=B2) CjiChe o1 (=B2) CjiChe
0 QQ%ﬂOjijz —QQ%ﬂOjkOjg
0 —QQ%ﬂOjkOjg QQ%ﬂOjijz
QQ%ﬂOjkOjg 0 0
—B2C;4Che —B%CjkChe —B%CjkChe
0 %alﬁCjijg — 2a%Cjijg 204%Cjk0jg — %OzlﬁCjijg
0 —%alﬁCjijg — 204%Cjk0jg %alﬁCjijg + 2a%Cjijg
%alﬁCjijg — 2a%Cjijg 0 0

and the corresponding determinant is
det M(/) = —QGQ?,BllC;lkC;gCgE .
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