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Abstract

This dissertation consists of three main chapters - chapter 2, 3, and 4. These
are different research problems studying the use of information. In chapter 2, we
study a mechanism design problem where the Principal hires two agents to inspect
a product, the quality of which is uncertain. The main research question we ask is
the comparison of the inspection protocols. We found the optimality of sequential
inspection among the protocols considered. We then extend the analysis to allow
agents to differ and try to understand which is the better to order the agents
when using the sequential protocol. In chapter 3, we study an information design
problem where a present biased agent could commit to an information choice to
help herself to save more that she would have. We provide a full characterization of
the optimal information choice for a risk averse present biased agent. After that, as
an effort to further understand the interaction between risk aversion and present
bias, we introduce the EZKP framework and find a counterexample where risk
aversion itself has no impact on the form of the information choice in a special case
where the elasticity of the intertemporal substitution is fixed. In chapter 4, we study
an information design in games problem where a designer chooses information for
the agents to induce joint effort. We provide two examples illustrating the relative
strength of two prominent constructions of the optimal information structure in

the literature.
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Chapter 1

Introduction

This dissertation is a collection of results studying the use of information in three
different scenarios. The first project, which is a joint work with Curt, is a study
on the contracting of information acquisition where decision making and informa-
tion acquisition are conducted by different parties. This captures many real-life
situations where an individual seeks expert options on the unknown quality of a
product. The focus of this study is on the comparison of different protocols. When
the principal could hire multiple experts to inspect the product, it is important to
know whether she should approach the experts at the same time or one at a time.
To simplify the analysis, we first consider agents to be symmetric. Once we’ve
established the optimality of sequential inspection as a protocol, a next question
to ask is: what if the agents are not the same? They could differ in how skilled
they are as well as their specialization. Given the same effort choice, some expert
is better at detecting the defect than others. In other cases, for example, we could
have human resource managers who are better at telling whether an applicant
could be a good fit for the firm and others better at telling whether they could be a
misfit. Once the experts become different, which one to approach first becomes an
interesting question to ask. While contracting for information acquisition is well
studied, the specific question on the optimal ordering the agents in a sequence has
not received much attention. We find examples where it is better to first consult
the more skilled expert and the expert who specializes in looking for evidence

contrary to our prior belief.



The second project is a study on the possible use of informational tools to help
alleviate the dynamic inconsistency problem of a present biased agent. A present
biased agent discounts the near future too much and finds only in the future that
she has not saved enough. This is an issue many of us could relate to when we end
up in a situation where the money is not enough for life after retirement. Traditional
intervention from the government includes programs like 401(k) where working
people are encouraged to save more. While these "hard" tools could be effective,
we are living in an environment where there is an abundance of information. If
there is some way that we could help encourage more saving through the guidance
of what news people should read, then this could be a better approach as news is
freely available one click away. We consider a behavioral agent with present bias
as well as risk aversion which is also the common risk attitude and try to see if we
could solve this problem through the costless choice of information. As we will see
in our analysis, it turns out not knowing exactly what the economic condition will
be tomorrow sometimes could help with our savings. After finding that optimal
information choice, we are going to dig deeper and see how this present bias and

the risk attitude interact in our decision on what information to acquire.

The third project is a study on the constructions of the optimal information
structure for information design in incomplete information coordination games.
This class of problems feature an information designer choosing the informational
environment for a set of strategic players to induce a desirable outcome. The
general properties of the optimal information structure have been limited in their
guidance for solving this type of problem in applied settings where constructions

are often ad hoc. As part of the effort towards finding an easy-to-follow con-

2



struction procedure for applied words, we take two prominent constructions from
the literature, the pooling and Hoshino (2017), and highlight their relative strength
in two examples. We find that the prior distribution over states plays a role in

determining their performance.



Chapter 2

Quality Control

2.1 Introduction

Consulting experts is an important way to gather information for better decision
making in many situations. A car manufacturer hires inspectors to check if there is
significant safe issue before introducing a new model to the market to avoid future
recalls. A patient visits several doctors for different diagnosis in case early signs
of a serious disease might be overlooked. An employer puts an applicant through
several rounds of interviews to see if he’s a good fit hoping not to waste time and
effort training and onboarding someone who would not stay. A journal editor
invites multiple referees to help evaluate a paper so that it’s less likely for them to
publish questionable results that would tarnish the reputation of the journal.

Before reaching out to the experts with a contract, our decision maker needs to
decide first what is the best way to approach these experts. Should we approach
the experts one by one or simultaneously? Having the experts inspect a product
sequentially helps avoid the case where more than one of them obtaining the same
conclusive message on the existence of some defect, but also makes inducing the
later inspectors more costly as they become more pessimistic about discovering a
defect since earlier people have failed. The comparison of the different protocols
is therefore unclear.

Instead of solving for the optimal mechanism, in this paper, we take an indirect

approach and compare a selection of mechanisms, or protocols. We model the
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inspection as costly information acquisition where agents choose a costly effort to
acquire a signal about the underlying state. Specifically, the information acquisition
technology is such that the probability of discovering the defect is determined by
the effort. We start out with the benchmark model where the two agents share
the same information acquisition technology and show that sequential inspection

dominates simultaneous inspection.

In general, the difficulty in obtaining analytical solution for principal-expert
problems is well recognized in the literature as stated in Carroll (2015). While we
managed to get an analytical result for convex effort costs in the benchmark, thanks
to the simplicity of our information acquisition technology, this becomes impossible
when we extend to settings with asymmetric agents. However, the superiority of
the sequential inspection protocol for symmetric agents leads us to a following
question about how we should order the agents once their technology starts to
differ. We compromised the generality of the analysis and imposed functional
form restrictions among others and found some insights that could potentially
help guide future studies seeking a complete understanding of the problem. In
particular, we found examples where it is better to ask the more skilled inspector
first if they both look for evidence of the defect and that it is better to ask the
expert who specialize in looking evidence confirming the state that is deemed to
be unlikely when they differ in which state they could confirm.

Compared to information acquisition, contracting for experimentation has re-
ceived more attention as studies by Bergemann and Hege (1998, 2005), Manso
(2011), Horner and Samuelson (2013), and Halac et al. (2016), among others. The
closest paper to ours is Gerardi and Maestri (2012) where they also study con-
tracting for information acquisition. However, there is some essential differences

from our model as their effort choice is binary, the cost of effort is constant, and
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the realization of signal is only observable to the agent which implies that truthful
revelation is no longer guaranteed.

In the following, we first introduce the model and then analyze the benchmark
case with symmetric agents by comparing three different inspection protocols:
simultaneous, sequential, and random sequencing. After that, we extend the anal-
ysis to allow the agents to differ first in their probability getting the confirming
message with the same effort and then in the direction of their information acqui-

sition.

2.2 Model

The Principal has a product of unknown quality w € Q = {G,B} and needs to
choose an action a € A = {t,nt}. Her preference over the actions depends on the

underlying state in the following way:

—L, ifa=nt,w=B8B
v(a,w) = . (2.1)

0, otherwise

Given the utility function, the Principal is indifferent between the actions treat and
not treat in the good state while strictly prefers treat to avoid loss in the bad state.
Before taking an action, the Principal hires two agents A; and A, to inspect the
product. The agents share the same information acquisition technology exerting
efforta; € [0, 1] with increasing and strictly convex cost function c : [0, 1] — R that
is sufficiently smooth with ¢ € C? to look for an informative signal s € S = {B, &}
to learn about the bad state. We first consider the case where agents can only look

for bad news with the conditional probabilities of getting each signal depending



on their effort choices only in the bad state:

Prob(s = Blw = B) = 0,a, (2.2)
Prob(s = J|lw = B) =1 — Oa,, (2.3)
Prob(s = Jlw =G) =1, (2.4)

with 0; € (0,1) which is an index for the agent’s capability. The agents” payoffs
depend on the transfer w € R, they receive from the Principal as well as the cost

of effort incurred in the following way:

u(w;, a;) = w; — c(a;). (2.5)

The common prior belief on the state being bad is denoted by p. Both the Principal
and the agents are risk neutral, and the agents are protected by limited liability. In
the following analysis, we consider two cases where the agents are symmetric (6, =
0, = 1) and asymmetric (0, < 0; = 1). We’ll impose an additional assumption on
the cost function throughout which we’ll see later is sufficient! for the existence of

interior solutions:

Assumption 2.2.1. The marginal cost of effort is zero but increases significantly when

there is zero effort, and it increases at a strictly increasing speed everywhere. Specifically,

c'(0) =0,c"(0) > pL,and " (-) > 0 Va € [0,1]. (2.6)

LA weaker set of sufficient conditions that would work as well is: ¢/(0) < pL, and 2¢” (a) +ac” (a) >
pL, Va.



2.3 Benchmark: Symmetric Agents

The Principal asks the agents to inspect following one of the three protocols: (1)
both agents inspect simultaneously; (2) A; inspects first and if the signal is &§ A,
inspects; (3) A; inspects first with probability 7 € [0,1] and A, inspects first with
probability 1 — m. In this section, we analyze the three scenarios and compare
the efficiency in terms of the Agents’ induced efforts and Principal’s welfare when

possible.

Simultaneous Inspection: Given the information acquisition technology, there are

a total of four possible outcomes:

(s1,52) € { (B, B), (B,©), (2, B), (2, 2) }. 27)

Since the agents can get an empty message with zero cost and the Principal uses
transfers to induce effort, it is optimal for the Principal to give zero transfers for
empty messages. For the remaining cases, let w; be the payment to the agent A;
who discovers the defect when the other agent does not, and @ be the payment to
each agent when both discover the defect. The Principal’s problem is:

al,ﬂﬁiﬁ}m pIL(1 —a1)(1 — ap) + a1 (1 — ap)wq + ax(1 — a1)w, + 410220 (2.8)

s.t. a; = argmaxpla;(1 — aj)w; + aa;@) — c(a;), Vi. (2.9)

By solving the Agent’s problem and using the first order condition to replace the
incentive constraints:

c'(a;) = pl(1 — aj)w; + a;@], (2.10)



the Principal’s problem can then be rewritten as:

min Kgy = PL(l — al)(l — ﬂz) + ﬂlC/(ﬂl) + llzC/(llz), (211)

a1,a2

where

aic'(a;) = plai(1 — aj)w; + aa;0]. (2.12)

Comparing with the first-best problem allows us to see how the second-best efforts

compare to the first-best:

Lemma 2.3.1. a* < a'B,

Proof. The optimal efforts are pinned down by the first order condition of the
Principal’s problem above. Given the symmetry of the agents, the optimal effort

in this second-best case is characterized by:

pL(1 —a*) = c'(a*) + a*c"(a*). (2.13)

An interior solution a* € (0, 1) exists since the second order condition of this trans-

formed unconstrained optimization problem is satisfied as the Hessian D*Ksy (a7, a3)

is a positive definite symmetric matrix:

2
a—ZKSM =2c"(a*) + a*c"(a*) > 0, (2.14)
oa; e

2c"(a*) + arc” (a* L

(@) + me"(@) P > ¢"(0)2 — (pL)? > 0,
pL 2c"(ap) + a*c" (a*)
(}2
where K =pL,
aaia] aj=a;j=a*
i=aj



since ¢”(0) > pL and ¢”(-) > 0 by Assumption 2.2.1, and neither boundary a = 0 or

1 is optimal:

0
QKSM = —pL + ¢'(0) < 0, by Assumption 2.2.1,
i [l,‘:()

and %KSM =c(1)+c"(1) > 0. (2.16)
i a,':l

For the first-best solution, the Principal’s problem is:

min pL(1 —a1)(1 — a2) + c(a1) + c(az). (2.17)

ai,az

Similarly, the optimal effort in the first-base case is characterized by?*:

pL(1 —a"?) = ¢ (a'?). (2.18)
By subtracting these two characterizations, we get:
pL(a™® —a*) = d(a*) + a*c"(a*) — ' (a'P). (2.19)

Suppose a* > af®, strict convexity of the cost function implies that the right hand

side is strictly positive while the left hand side is weakly negative which is impos-

sible. Therefore, we have a* < a’®. n

Sequential Inspection: There are three possible outcomes in this case:

{(B), (2,B), (T, @)}. (2.20)

2The proof of the existence of interior solution is similar to the second-best case and therefore
omitted.
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Similar to our analysis above, it is optimal to set the transfers equal to zero for

empty messages. The Principal’s problem is:

min  p[L(1 —a1)(1 — a2) + ;ywy + ax(1 — a1)wy] (2.21)
1,2, W2,
1—a
s.t. a; = arg max uazwz —c(ap), (2.22)
1—pay
A = argmaxpaw, — c(ay), (2.23)

where pl(l_—;[ali) is Ay’s updated belief on the state being bad since he moves second
and therefore it must be that A; has received an empty message given the protocol.

Using the characterizations of optimal efforts solved from the agents” problems:

1_
Wy = ﬂc’(@), and w, = %c’(al), (2.24)

p(l—a)

we can rewrite the Principal’s problem as:

min Ksg = pL(1 —a1)(1 — ap) + a1c’(a1) + (1 — pay)axc’ (az). (2.25)

ay,az

A natural question to ask here is whether it’s optimal for the Principal to induce
a higher effort from A; or A,, which cannot be easily answered by checking the
marginal effects of the effort choices from the objective function above. As we
can see from this objective function, the Principal’s expected loss comes from two
sources: the expected loss when the defect has not been detected which is pL(1 —
11)(1—a,), and the expected transfer to A; and A, whichisa;c’(aq) + (1 —pay)axc’ (az).
If we have equal optimal efforts, a marginal increase in a; and a, will induce the
same amount of reduction in expected loss but different amount of increase in

the expected transfers. Different from the analysis of the simultaneous inspection

11



case where the marginal increase in the expected transfer takes the same form

d

araic’(a;) for both i = 1,2, here the dynamic nature of this protocol implies that A;’s

effort choice affects A,’s updated belief and hence effort choice. This means that,
compared to the simultaneous case, the marginal increase in expected transfer due
to a marginal increase in A,’s effort, - alc '(a1) — paxc’(az), is smaller by a constant;
while contribution from marginally increasing A,’s effort, (1 — pal)ﬁazc’(az), is
smaller by a fraction. The reason why we said that the comparison of a{* and a3*
cannot be easily answered comes from the difficulty in telling which has a more
significant impact at the optimum.

It turns out that Assumption 2.2.1 is a sufficient condition for inducing a lower

effort from the first inspector A; to be optimal.
Proposition 2.3.2. a}* < a3*

Proof. The optimal efforts are characterized by the first order conditions of the

Principal’s problem:

—pL(1 — a3") + c(a7") + ay"c"(a7") — pa3*c'(a3") = 0, (2.26)

—pL(1 —ay*) + (1 — pai™)(c'(a5*) + a5*c"(a5*)) = 0. (2.27)
Subtracting and rearranging these two equations gives us:

*3k M Kk Kk //

pL(ay*—a5")+a5"c" (a5%) —ay*c"(ay™) = pc'(a5™) (ay" —a3") +pay*az™c"(a5™) +c'(a™*) —c'(a5"),
(2.28)

where the left hand side can be rewritten as:

[pL ) +ac”(a))] da. (2.29)

12



Suppose ai* > a3*. Note first that the cost function is strictly increasing and
strictly convex implies that the right hand side is strictly positive. Assumption

2.2.1 implies that:

pL — (c"(a) +ac"(a)) < pL —c"(0) <0, since ¢”(-) > 0and ¢"(0) > pL.  (2.30)

This implies that the left hand side is strictly negative, which is impossible. There-

fore, ai* < az*. []

Compare the Principal’s objective function to that in the simultaneous case, we
can see that the only difference is the extra term —paja,c’(a;). Suppose that the
agents are exerting the same level of effort with a; = a, = a. To see why this could
not be optimal, let us consider local deviations by marginally increasing a; and
1. The convexity of the cost function implies that it is better for the Principal to

marginally increasing a, instead of a; as:

8KSQ (9KSQ
, 2.31
oy P oay ay=ay=a ( :
where
0Ks / Vi /
6111Q = —pL(1 —a) +c'(a) + ac”(a) — pac'(a), (2.32)
aKSQ / " / /!
o = —pL(1 —a) + c'(a) + ac”(a) — pac' (a) — pa*c’ (a). (2.33)
| =ax=a

This local argument explains the direction of adjustments for effort choices a4, and a,

which are substitutes when the Principal adopts the sequential inspection protocol.

Lemma 2.3.3. Sequential inspection is a better choice of protocol for the Principal than

simultaneous inspection.

13



Proof. Compare the Principals” expected payoff functions:
Ksm — Ksg = pmaxc'(az) > 0, (2.34)

since the cost function is strictly increasing. Kso everywhere below Kgy then

implies that min Kso < min Kgy. [ ]

Essentially, this is a result of the dynamic nature of this protocol which allows
the Principal to save on the transfer to A, when A; has already learned that the

state is bad.

Random Sequencing: Given that the order to inspect becomes random, there are

six possible outcomes in this case:

{(s1=B), (51 = &, = B), (51 = &,5 = @), (52 = B),
(Sz = @,81 = B), (Sz = @,Sl = @)} (235)

Since the agent’s identity is irrelevant for the value of the signal to the Principal and
it is similarly optimal to give zero transfers for empty messages, the indices of the
transfers w; and w, rewarding successful detection of the defect now correspond
to the realized order in the sequence, instead of the identity index, of the agent.
This randomization distorts the incentives of all parties by changing the Principal’s
probability of getting the bad news as well as the agents’ probability of getting w;
or w; for a successful detection for any pair of effort choice (a;,4,). For either agent,
when they’re asked to inspect, it could be either of the two cases: (1) they are the
first one in line; (2) they are the second inspector but the first one couldn’t confirm

if there is a defect. The randomization probability is common knowledge, which
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implies that the agents’ beliefs on them being the first one asked to inspect are

respectively:

1 1 1-—
= , and 0, = : , Where A = n
1+A(1—pﬂ2) 1+X(1—pa1)

01 € [0,0]. (2.36)

The order matters since it determines their belief on the underlying state. Now
we're ready to proceed with the analysis by first understanding how good this
random sequencing protocol is for any randomization probability n, and then
figuring out if there is a best randomization probability if we allow it to be a choice

variable of the Principal.

For any given 7, the Principal’s problem is:

min p{L(l —m)(1 —ap) + wq[may + (1 — m)ay] + wa (1 — ay)a,
ay a2, ,w2 (237)

+(1-m)(1 - a)a]

p(1—aj)

s.t.a; = argmax [opw; + (1 — o) ‘ wsla; — c(a;), Vi=1,2. (2.38)

Before going into the detailed analysis, we can see from the objective function that
it is a weighted average of the Principal’s expected payoffs using the sequential
inspection protocol with sequences (A;, A;) and (A, A1) where the agents have to
use the same efforts (a1, a,) in both cases. Recall from our previous analysis that the
optimal efforts are no longer symmetric when using the sequential inspection. This
implies that, whatever efforts the agents choose, the Principal’s minimal expected
payoff using sequential inspection cannot be achieved simultaneously for both
realizations of sequences (A, A;) and (A, A1). This rough intuition tells us the
Principal cannot be better off with random sequencing than sequential inspection.

While we have been examining only the objective function in this constrained

15



optimization problem, let us now formalize this intuition in the following result:

Proposition 2.3.4. Sequential inspection is a better choice of protocol for the Principal

than random sequencing.

Proof. We first characterize the optimal efforts as functions of transfers by solving
the agent’s problem. Plug in 0; and 0, from above and solve the transfers from the

characterizations of a’f** and az*r

—%(1 —m)[1+ %(1 —pay)|c’(a1) + A(1 —az)[1 + %(1 — pay)|c’(az)

w, =

: . (2.39)
Ap(1 = a2) = 7p(1 —a)

1 1
1+ —(1 —pay)]c(a) — [1+ =(1 — pay)]c'(az)
wy = — A ’ i P . (2.40)

1
Ap(1 —az) — Ap(l — )

Plug in the transfers and rewrite the Principal’s problem as an unconstrained

optimization problem:

min Kp = n{pL(l —m)(1 —ap) + arc'(a1) + axc’(a2)(1 — pal)}

ay,az

+ (1 - n){pL(l —a1)(1 —ap) + axc'(az) + arc’(a1)(1 — paz)}. (2.41)

Comparing this objective function with Ks(, this confirms our earlier conjecture that
random sequencing is a convex combination of the sequential inspections. Given

this, the strategy to show that the Principal is worse off with random sequencing is

kekck

to show that, given the current optimal choices of efforts (al ,

ay**), the Principal’s
expected payoff from any of the two realizations of sequence is strictly higher

than that when using sequential inspection. Consider the case® where the realized

3The analysis of the other case where the realized sequence is (A, A1) is the same given the
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S

sequence is (A1, Az), this is true so long as (a}**,a;**) # (a}*,a5*).

Rearrange the first order conditions to prepare for comparison with those char-

acterizing the sequential solutions:

(2.42)

(2.43)

We can similarly rearrange the first order conditions in the sequential analysis

where A; is the first to inspect:

—pL(1 —a3%) + c'(ay") + ay*c"(a”®) = paz*c'(az”), (2.44)

—pL(1 —ay*) + '(a5") + a5*c" (a5*) = pai*[c'(a5*) + a5*c"(a5")]. (2.45)

Suppose (a}]**,a;**) = (a}*,a5*) = (a1,a2), thelefthand side in both sets of equations

are equal, which implies that the right hand side of the corresponding equations

must be equal as well:

c'(ay) — c'(a) = arc"(a1), (2.46)

c'(a1) — c'(a2) = axc"(a2), (2.47)

which cannot hold at the same time since the cost function is strictly convex and

we have shown before that (a}*,a3*) # (0,0). Since 7 is arbitrary, this implies that

symmetry of the agents.
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(a7**(m), a5 (m)) # (a7*,a5*), Vm € (0,1). Given this, the minimal value of

min pL(1 —a;)(1 — a;) + a;ic’(a;) + (1 — pa;)a;c’ (a;) (2.48)
u,-,aj
cannot be achieved, and therefore, the Principal cannot be better off with random

sequencing. [

Given that sequential inspection is the boundary case of random sequencing

1

with 77 = 0 or 1 and the symmetry of the problem, a natural guess would be 7t = 5

is the worst for the Principal. We first present a lemma as a preparation for proving

this corollary.
Lemma 2.3.5. a}**(n) = a3** () if and only if = 3.

Proof. If m = %, note from equations (2.42) and (2.43) which characterizes the

optimal efforts, these two equations become symmetric once we plug in 7 = 1 and
therefore it has to be ai** = a3**.
For the only if part, suppose* ai** = a3** = a # 0, equations (2.42) and (2.43)

are satisfied at the same time which implies that:

1
(1 — m)pa*c”(a) = mpa*c”(a) = n = 5 since a # 0. (2.49)

Corollary 2.3.6. Among all random sequencing protocols, the Principal is worst off to

randomize the sequences (A1, As) and (Az, Ay) with equal probabilities 1.

KKk
1

kekck

4t’s easy to check a 3

= a;** = 0 is never optimal.
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Proof. Apply the Envelope Theorem:

a%KR(aT**(ﬂ),a’z“**(ﬂ),ﬂ) = pay™ (m)a;™ (m)(¢' (a7 (n)) — ¢'(a3**(m))) = 0,

if and only if 7 = % by Lemma (2.3.5). (2.50)

Since ¢ € C® which guarantees enough smoothness such that no interior point

n € (0,3)U(3,1) can be a local maximizer or minimizer. It remains to compare

7 = 1 with the boundary cases 7 = 0 and 1 which are the sequential inspections.

Proposition 2.3.4 implies that:

KR(a]"**,aZ‘**)]n:% > KR(a]"**,a;**)]nzo = KR(a’l"**,a;‘**)\nzl. (2.51)

Let us delay the discussion of these two results until after we compare this

protocol with simultaneous inspection:

Lemma 2.3.7. Random sequencing is a better choice of protocol for the Principal than

simultaneous inspection.

Proof. Rearrange the objective function in equation (2.41) from the previous proof:

min Kg = pL(1—a1)(1—ap) +a1c'(a1) +axc’(a2) — pmaz[7ic’ (a2) + (1 —m)c'(a1)] (2.52)

ay,az

Compare the Principal’s expected payoff functions:
Koy — Kg = pmay[ric’(az) + (1 — m)c'(a1)] > 0, (2.53)

since the cost function is strictly increasing. K everywhere below Ksys then implies
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that min Kz < min Kgy,. [ ]

The intuition for why random sequencing dominates simultaneous inspection
is essentially the same as before when we compared sequential with simultane-
ous: the Principal avoids receiving a duplicate message confirming the bad state
(i.e. the outcome (B,B)). Extending this intuition also helps shed light on why
sequential inspection dominates random sequencing. Since fully informing the
second inspector about what was learned from the first inspector (i.e. it has to be
that the first inspector has received an empty message) allows the Principal to be
more efficient in using a transfer to induce effort, randomizing the order of the
inspectors damages the value of learning and therefore makes it more costly for
the Principal. Along this line of reasoning, it would not be hard to imagine that
randomizing with equal probabilities turns out to be the worst among all possible

randomizations.’

Besides the boundary case m = 0 and 1 which is the sequential inspection, the
other potentially interesting case is randomizing with equal probabilities. While
we have proved that it is the worst choice, a related question to ask is if we could
find a class of contracts where randomizing with equal probabilities can be optimal.
We have discussed the value of the ordering of information to the agent and the
Principal which explains why randomizing with equal probabilities is worst as it
maximally reduces this information among all choices of 7. Given this, if we restrict
the class of the contracts and make the Principal less effective at inducing efforts
using transfers, the advantage of sequential inspections might vanish. It turns out
that randomizing with equal probabilities is indeed optimal if the Principal can no

longer customize the rewards to successful detection on the order of the inspector:

To what extent this conjecture depends on our model setup in terms of assumptions on functional
forms and properties is beyond the scope of this paper.
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Proposition 2.3.8. Consider the class of contracts where the agent receives a transfer w
for a successful detection regardless of his order in the sequence. The Principal is best off

randomizing the sequences (A1, Az) and (Az, A1) with equal probabilities %

Proof. The approach we have taken before is to substitute out the transfers using
the first order conditions of the agents’” problem and transform the Principal’s
constrained optimization problem to an unconstrained optimization problem with
effort choices. The restriction on the class of contracts means that we have one
transfer variable but two agents. This implies that we can no longer freely adjust
the efforts when solving the Principal’s problem and the transformed problem

now has a constraint which comes from the first order conditions in the agents’

problem:
, B 1+ A1 —ap)
; B A+1— ai
c(ay) = A m— — (2.55)

Divide both sides and rearrange the equation to get the following equality con-

straint on a;, a,:

o(ay, a5, 70) = c’(al){(l ~ (1 —pa) + (1 — )1+ (1 - paz)(1 —ay)] + 72(1 —al)}

— c’(az){(l —n)*(1 —a) + (1 — )1+ (1 — pay)(1 — a)] + (1 — pal)} =0.
(2.56)
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The Principal’s problem with w; = w, = w becomes:

min Ky = pL(1 — a1)(1 — a2) + a1¢'(a1) + a2¢'(a2)
i (2.57)

— pmaz[ric’(ap) + (1 — m)c'(a1)]

s.t. g(a1,a,,0) = 0. (2.58)

Note that at 7 = %, both K% and g(ay, a2, %) are symmetric with respect to a; and a,,
which implies that the solutions should be equal with a#**(1) = a***(1). This then
implies the constraint always holds and can therefore be discarded by setting the

, since:

N [—=

Lagrangian multiplier A; = 0 without loss when =
1
g(a,a, E) =0, Va. (2.59)

Therefore, we can apply the Envelope Theorem for the unconstrained optimization

case when 1t = 3:

Ko (), a5 ), m)| = e (e () e (3)) — e (5))) =

2.4 Extension: Sequential Inspection with Asymmet-

ric Agents

In the benchmark analysis above, we have shown the superiority of the sequential
inspection protocol among all three protocols considered when agents are sym-

metric. If we continue to use this sequential protocol but relax the assumption
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on agents to allow them to differ in their information acquisition technologies, the
order of the agents in the sequence becomes relevant to the Principal’s decision
making as it affects the agents’ belief updating and hence the effort choice. In this
section, we consider a variation of the model where the two agents are asymmetric
in (a) capabilities, i.e. the probabilities of discovering the defect with the same
effort choice are different; (2) direction, i.e. one agent specializes in looking for
good news that confirms the good state while the other agent specializes in bad
news that confirms the bad state, and compare the possible orderings of the agents

within the class of sequential inspections.

241 Asymmetric in Capabilities

What if agents are no longer equally skilled at detecting defects? In particular, if we
choose to ask inspectors one by one, should we approach the better expert first or
second? In this section, we extend the analysis of sequential inspection by assum-
ing one agent being fully capable as before while the other one being less capable
(60 < 1), and compare the two possible sequences: (1) ask the more skilled inspec-

tor first (01 = 1, 0, = 0); (2) ask the less skilled inspector first: (0; = 0,0, = 1).

Recall from our model setup, each agent’s probability of successful detection
when there is indeed a defect is 0;4;, and their capability 0; is common knowledge.
As we have analyzed in the previous section, there are three possible outcomes for
signal realizations, {(B), (&, B), (&, &)}, when the Principal chooses the sequential

inspection protocol. Using the same notations for the transfers w; and w, rewarding
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each agent’s successful detection, we can write out the Principal’s problem:

min p[L(l — 91{}!1)(1 — 92{12) + 61aywq + 626!2(1 — 616!1)?1)2] (261)

ay,A2,W1,W2

1—-06a
s.t. a, = arg max %62&2&)2 — C(az), (262)
a; = argmax pOia;w; — c(aq), (2.63)
where pl(:?—giz) is Ay’s updated belief on the state being bad given his knowledge of

his order in the sequence and A;’s capability. Transform the Principal’s problem
in the same way by substituting out the optimal transfers solved from the agents’
problems, we have:
Iarllgl pL(1 — 01a1)(1 — O2a2) + a1¢’(a1) + (1 — pOrar)axc’ (az). (2.64)
We had a result on effort comparison earlier when agents are symmetric that
the second inspector puts in more effort than the first inspector. Since the efforts
are substitutes to the Principal, we could tell from this result that the second
inspector’s effort has to be the cheaper one between the two agents. What this
implies is that the agents” optimal efforts should be closer to each other when the
second inspector becomes less capable with 0, = 0, since the second inspector’s
effort becomes less cheap and hence the two agents’ efforts are less substitutable;
and, similarly, the agents” optimal efforts should be further apart from each other
when the first inspector becomes less capable with 0; = 0 for the opposite reason.

We formalize this intuition in the following lemma:

Lemma 2.4.1. Compared to the case when the second inspector is more capable (0; =
0,0, = 1), the first (second) inspector puts in more (less) effort when the first inspector is
more capable (61 = 1,0, = 0).
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Proof. Case 1: (61 = 1,0, = 0). FOCs are:

c'(a1) + a1c"(ay) = pasc’(az) + pL(1 — Oay), Vay, (2.65)

c'(a) + axc"(ap) = %ﬁ,\ml. (2.66)
Case 2: (61 = 0,0, = 1). FOCs are:

c'(ay) + a1c"(aq) = Opayc'(ap) + OpL(1 — ap), Vay, (2.67)

c'(ay) + axc"(ap) = le(i—;ZZl),Val. (2.68)

Compare the right-hand side of FOC for 4; in both cases:

paxc'(ay) + pL(1 — Bay) > Opayc'(ay) + OpL(1 — az), Va,. (2.69)

Given our assumptions on the cost function, there exists a continuously differ-
entiable and monotonically decreasing function a,(a,) by the Implicit Function
Theorem, and the right-hand side comparison implies that a;(a,) from case 1 is
everywhere above that function from case 2. Similarly, we have a continuously
differentiable and monotonically decreasing function a,(a;) and that the right-hand
side comparison of FOCs for a, implies that a,(a; ) from case 1 is everywhere below
that function from case 2. Combine the comparisons of the reaction functions, we

could compare the intersection points (a},a;) for case 1 and (a2, 43) for case2. m

However, this effort comparison would not help with comparing which se-
quence is better for the Principal given the difference in the Principal’s objective
functions. Given this difficulty in obtaining an analytical solution, we take a spe-

cific quadratic cost function to illustrate the potential comparison in an example.
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Example 2.4.2. Plug in cost function c(a) = a* and solve for the optimal efforts:

Casel (61 =1,0, = 0):

From the FOCs we have:
OpL(1 —ay)
i =,
4(1 - pay)

Use this to further simplify the Principal’s problem:

and ay is then solved implicitly from the following equation:

(2.70)

(2.71)

32p%a3 + (—64p —8p° L+ 6*p°L?)a; + (32 + 16p°L—26°p*L?)ay = 8pL—26°p*L* + 6°p°L>.

Plug in the implicit solution to have K'(p, 0, L).

Case2 (6, =0,0, =1):

From the FOCs we have:
pL(1 — Oay)
) = —//———,
4(1 — Opay)

Use this to further simplify the Principal’s problem:

min K? = W [166pa; + (—16 — 80°p’L + 6°p*L?)a;
a — — 1

(2.72)

(2.73)

+26pL(4(1 +p) —pL)as + (—8 + pL)pL], (2.74)
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and ay is then solved implicitly from the following equation:

32p*0%a5 + (—64p6 — 8p°0°L + 6°p°L*)a7 + (32 + 16p*6°L — 20°p*L*)ay

= 80pL — 20p°L* + Op°L%. (2.75)

Plug in the implicit solution to have K*(p, 0, L).

Mathematica gives the result K! < K2 for parameter valuesp € (0.1,0.9),6 € (0.1,0.9),
and L € (0.1,9.9) which satisfy Assumption 2.2.1.

This example suggests it is better for the Principal to start with the more skilled
inspector at least in some cases. While we do not have a complete intuition for this
comparison due to the lack of analytical solutions which would help us identify
the factors driving the final result, following our local arguement for the effort
comparison under sequential inspection in Proposition 2.3.2 where we showed
that inducing effort of the first inspector is more costly than the second inspector,
we might guess that convexity of the cost function implies that the Principal should

ask the less costly inspector, which is the more skilled inspector, to inspect first.

2.4.2 Asymmetric in Direction

So far the Principal’s payoff depends only on the bad state. To set the stage for the

analysis with agents being able to acquire both good and bad news, we consider a
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variation of the Principal’s preference where both states matter:

r

—L, ifa=n,w=B
v(a, ) =10, fa=nw=0G- (2.76)

-T, Vo, ifa=t

\

To allow for the Principal’s preferred action being state-dependent, we need an
assumption on the comparison of payoffs L and T such that the action ¢ (treatment)
is preferred when the state is bad; and the action 1 (no treatment) is preferred when

the state is good:

Assumption 2.4.3. L > T.

Now that both states matter to the Principal, we can have agents learn about
both the good and the bad states. In particular, each agent specializes in looking
for either good or bad news, and they could either receive a conclusive signal
confirming the true state or an empty message. Their technologies are otherwise
symmetric. To accommodate the introduction of the new parameters and the more
complicated signal structures in the setup, instead of general convex cost functions,
we work with quadratic costs of the following functional form to make the analysis
tractable:

cla) = —. (2.77)

Since the agents are no longer symmetric in the current setting, we switch the
notations for their efforts from a; and a, to a for the agent who specializes in
looking for good news and b for bad news.

As we’ve seen from the previous section, the analysis for comparison of differ-

ent sequences with asymmetric agents is complicated due to the difference in the
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Principal’s objective functions, which means all parameter values could matter.
To simplify the analysis, we first allow the Principal to commit to an action after
getting two empty messages in a row. This means that the first inspector’s effort
affects his own probability of getting a conclusive message as well as his follower’s
belief, and the second inspector’s effort affects his signals in the same way, but their
efforts would no longer influence the Principal’s posterior belief and hence final
action. Moreover, the agents’ information acquisition technology also implies that
only the agent who could get a conclusive signal leading to the action different from
the committed action is useful to the Principal. We will see that this simplification

turns out to be helpful for the algebra as well as yielding a neat and intuitive result.

Committed Action: We first formalize the observation that only one inspector will

be asked in this case.

Observation 2.4.4. The Principal will only ask the good-news (bad-news) agent to inspect

if he has committed to treat (not treat) when receiving only empty messages.

Proof. Suppose the Principal commits to treat the patient if all the signals he has
collected from the agents are empty messages, i.e. the outcomeis (&, ). Consider
the bad-news agents who could get either a signal confirming the bad state or an
empty message as the second inspector. While his effort is costly, his information
acquisition is of no value to the Principal as he is going to take the same action,
treat, in either case. Therefore, it would be optimal for the Principal to set the effort

of the bad-news agent at zero. ]

Now that we know only one inspector will be asked, we only need to find
out which action the Principal should commit to which then determines which
inspector he should ask:
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Proposition 2.4.5. When the default action at the prior belief is to not treat (treat), it is

optimal to ask the bad-news (good-news) agent.

Proof. We first solve the Principal’s problem with both committed actions. (1)
Commit to Treat:

The Principal’s problem is:

min V' = [(1 - p)(1 —a) + p|T + “2—2 (2.78)

Solve a from FOC, we have:

(1-p)T, ifp e [max{l - 1,0},1]
a* = , (2.79)

1, o.w.

and
v T — %, if p € [max{1 — %,0},1] .50
a*) = . .
pT + 3, o.w.
(2) Commit to Not Treat:

The Principal’s problem is:

2
min V" = pbT + p(1 — b)L + % (2.81)

Solve b from FOC, we have:

p(L—T), ifp € [0,min{1, ==}]
b* = e (2.82)

1, o.w.
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and

2(L-T)% . ; 1
pL — ==, ifp € [0, min{1, 2=}]
Vo) = 2 L=T _ (2.83)
pT + 3, o.w.

Next, we consider all possible cases depending on the values of parameters p, L, T.
1. T>1,L-T<1

(@ pel0,1—4]

V(a*) - V(b*) (2.84)

2 L—T 2
pre - P (2.85)
= %[p(L ~T)-1P2>0 (2.86)

Optimal to use the bad-news agent. Note in this case, the default is not

to treat.

b) pell-z1]

V(a*) — V(o) (2.87)
1- pPT? (L — T)?
—T— a-pT (pL — u) (2.88)
2 2
1
— (T—pL)1— 2L —2Tp+ T, 2.89)
which is strictly positive when T > pL (i.e. p € [1 — 1, 1)) and strictly

negative when T < pL (i.e. p € (1,1]), since L < 2T. Optimal to use the
bad-news agent when the default at the prior belief is not to treat and

good-news agent when the default is to treat.

2.T<1,L-T<1
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For any p:

(2.90)
) (2.91)

(2.92)

which is strictly positive when T > pL and strictly negative when T < pL,

since (L —2T)p + T € [min{L — T, T}, max{L — T, T}] and max{L — T, T} < 1.

Optimal to use the bad-news agent when the default at the prior belief is not

to treat and good-news agent when the default is to treat.

3. T<1,L-T>1

(@) pe [0, ]
V(a*) — V(b*) (2.93)
2T2 2 L—-T 2
B et S Chtl Dl (2.94)
2 2
1

= (T = pL){1 - 5[(L —2T)p + T}, (295)

which is strictly positive when T > pL (i.e. p € [0,1)) and strictly
negativewhen T < pL (i.e. p € (£, L)), since (L—2T)p+T € [T, =55 + T

and “2 + T <2asT(L-T) <

< L. Optimal to use the bad-news agent

when the default at the prior belief is not to treat and good-news agent

when the default is to treat.
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V(a*) - V(b*) (2.96)
. (A-p?T 1
= — %[(1 ~-p)T—-1*<0 (2.98)

Optimal to use the good-news agent. Note in this case, the default is to

treat.

4. T>1,L-T>1

(@) p e [0,min{1 — 1, 1=}

i
V() - V(b¥) (2.99)
2 L—T 2
— T+ % ~(pL— %) (2.100)
— %[p(L ~T)-1?>0 (2.101)

Optimal to use the bad-news agent. Note in this case, the default is not

to treat since:

L L-LT+T?
L-T<min{lL-T-=,=—=—— .
pL—T <min{L - T T T } (2.102)

ocmin{(L — T)(LT - T*> - L), T(L-LT+T*} <0  (2.103)

33



(b) p & [max{l — 7, 75},1]

V(a*) = V(b7

(1—p)*T? 1
2

- T- (T +3)

1 2
= —E[(l—p)T—l] <0

(2.104)
(2.105)

(2.106)

Optimal to use the good-news agent. Note in this case, the default is to

treat since:

L L—LT~+T?
L-T> L-T— o — ="
p max{ T " I T }

ocmax{(L—T)(LT - T>~L), T(L—-LT +T*} >0

1 1

() p e [min{l — 1, =}, max{l — 1, = }]

i L-T>%

V(a*) — V(b*)
1

1
ZpT—FE—(pT-i- E) =0
Optimal to use either one.
ii. L-T<%

V(a*) - V(b*)
o A=pPT pPL-T)
=T-—F5—-(pL-—7%—)

1

= (T = pL){1 = 3[(L—2T)p + T},

(2.107)

(2.108)

(2.109)

(2.110)

(2.111)
(2.112)

(2.113)

which is strictly positive when T > pL (ie. p € [1 - 1,1)) and
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strictly negative when T < pL (i.e. p € (1, %)), since (L—2T)p+T €

(

[min{(L—2T)(1—$)+T, 55 + T}, max{(L—2T)(1- 4)+ T, 53L + T}]
and max{(L—2T)(1— 1)+ T, % + T} < 2. Optimal to use the bad-

news agent when the default at the prior belief is not to treat and

good-news agent when the default is to treat.

This result says that the Principal should commit to his default action to save
money on information acquisition. Suppose the default action at the prior belief
is to not treat but the Principal chooses to commit to treat after getting empty
messages. As our earlier Observation says, the Principal should then only ask the
good-news agent for the signals to be valuable. However, the default action is
to not treat implies that it’s very likely for the agent to get the conclusive signal
confirming the good state. Inducing effort to generate a conclusive signal is costly,
and therefore, this higher likelihood implies that the Principal is paying more by
asking the good-news agent. Essentially, if we’re ever going to pay for information,
the money is used more efficiently if we spend it on looking for evidence for the

unlikely case contradicting the prior.
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Chapter 3

Self Persuasion of a Present Biased Agent

3.1 Introduction

How people discount the future is an important component in the analysis of their
consumption saving decisions. A major cognitive bias related to discounting is
that people may discount over the same amount of time differently, depending on
how far into the future this time period is. This change in discounting over time
then gives rise to dynamic inconsistency, which captures the phenomenon that the
actual consumption saving decision made at a future time is inconsistent with the
optimal decision for that time viewed from the present. To alleviate the dynamic
inconsistency problem, there has been a long tradition in looking for an optimally
constrained future budget set with the availability of certain commitment device
(Strotz, 1955; Laibson, 1997; Amador, Werning, and Angeletos, 2006). Parallel to
this traditional approach, this paper explores the possibility of using informational
tools when the return to savings is uncertain.

To illustrate the informational tool that we have in mind, let us consider the
following scenario: knowing that some money will be deposited to our 401(k)
account at the next pay day, suppose that we want to figure out how much of it
should be invested in some ETF, say Vanguard Total Stock Market. We could wait
and simply pick a number at the time when that money arrives, based on some
understanding of the investment holdings and the past performance of this ETE.

Alternatively, while waiting, we could spend the time reading through newspa-
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pers and financial analysts” reports, which are freely available online, to be more
informed about how likely it is going to be a bull market. If our belief in the mar-
ket condition is influenced by the reading, we might end up choosing a different

number to invest.

If an agent is not present biased, acquiring information to be fully informed
of the uncertain state is always optimal, as it allows the agent to make a state-
contingent action plan (Blackwell, 1953). Once the agent becomes present biased,
he is prone to over-consuming. In this case, there might be a state where the
action that he prefers to take today differs from that tomorrow, which renders
acquiring full information possibly suboptimal. This gives the agent an incentive

to sometimes acquire less information as a way to induce different future actions.

The usefulness of the informational tool to a present biased agent has been
previously studied in Carrillo and Mariotti (2000) and Bénabou and Tirole (2002).
Despite the similarities in the model setup, we ask a different question here: what
is the agent’s ex-ante optimal information choice? Our question is essentially an
information design question, which we answer by applying the concavification
approach (Aumann and Maschler, 1995; Kamenica and Gentzkow, 2011) to solve

the intra-personal game between the incarnations of the agent at different times.

Our main finding concerns an agnet with CRRA preference, and proves that
full information turns out to be optimal for risk averse agents so long as they
are not too present biased relative to their risk attitude, so the Blackwell result is
locally robust as we start to accommodate the cognitive limitation of a behavioral
agent. Once the agent becomes sufficiently present biased relative to their risk
attitude, restricting access to information might be beneficial and the states matter.

We find a threshold for the uncertain state as a function of only the risk aversion
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and the present bias parameters for the risk averse expected-utility-maximizing
agent. Any state that is above this threshold is good enough for the agent and their
senstivity to further improvements of future prospects decreases. This creates the
room for partial information to dominate full information as the current self could
make the future self much more likely to save a decent amount of their income

instead of saving a little bit more but way less likely.

We can see from our discussion above that risk aversion plays an important
role in the determination of the optimal information choice to the extent that it
could completely cancel out the effect of the cognitive limitation and restore the
optimality of full information in certain cases. We understand the mechanism
behind this effect is complicated by the double-role of the risk aversion parame-
ter in the CRRA utility function, which ties together the agent’s attitude towards
tradeoffs both across time and across states. Present bias affects discounting and
hence intertemporal tradeoffs. We might guess that its implication for the elasticity
of intertemporal substitution allows the risk aversion parameter to cancel out the
effect of the present bias. This conjecture is supported as we show that for a version
of Epstein-Zin preference which separates risk aversion from elasticity of intertem-
poral substitution, the prediction that the behavioral agent behaves in exactly the
same way as a standard agent disappears when the consumption decision is very

sensitive to changes in the return on savings.

We first discuss the related literature in the remainder of this section before
introducing our model and discussing the main assumptions. After that, we apply
the concavification approach and explain main intuitions in a benchmark model,
followed by our main result. The extension to EZ-preference is presented in the

last.
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3.1.1 Related Literature

Carrillo and Mariotti (2000) and Bénabou and Tirole (2002) are among the first
attempts to investigate the value of having an information choice in mitigating the
sub-optimality of a present biased agent’s future decision. Carrillo and Mariotti
(2000) model the information choice as the choice of when to stop an experimen-
tation process, and prove the existence of an equilibrium where the agent stops
before he learns completely by reaching the correct expected value of the uncer-
tain state. In contrast, we consider an information design problem. Bénabou and
Tirole (2002) study optimal information either with or without the commitment
assumption.1 In their Section I where they assume commitment, they consider a
very restrictive set of information choices containing only no and full information.
As a comparison, we impose no restrictions other than what is implied by the
agent’s Bayesian rationality. Later in their Section IV, they consider the ex-ante
welfare of self-0 where information obtained could be remembered and passed on
to self-1 at a zero cost, which is equivalent to our problem under the commitment
assumption. However, we model the information choice differently. In their paper,
the information tool is modeled as memory where self-0 could choose what to tell
self-1 after observing the true state herself. Essentially, there is no common prior
and this is a problem of information disclosure. We model the information choice
as the design of information, or the choice of a statistical experiment, where both
agents have the same information at the time when self-0 makes the decision.
Our paper fits broadly into the recent literature on information design as sur-
veyed in Bergemann and Morris (2019). In particular, we follow the concavification

approach (Kamenica and Gentzkow, 2011; Aumann and Maschler, 1995) to solve

'Their demand side analysis in Section I considers the optimal information with respect to the
ex-ante indirect utility function; their supply side analysis in Section II considers the optimal
signal (or memory) after the realization of the low state.
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the one-sender-one-receiver Bayesian persuasion problem.? There are some re-
cent works that similarly consider a Bayesian persuasion problem for a behavioral
agent. Lipnowski and Mathevet (2018) considers a large class of behavioral agents
with intrinsic preference for information, including a Gul and Pesendorfer (2001)
agent with self control problems, and discuss the optimal information provision
with respect to different relationships of the psychological and instrumental value
of information. Our focus is on the characterization of the optimal information for
a present biased agent. Mariotti, Schweizer, Szech, and von Wangenheim (2018)
is a recent paper that extends Carrillo and Mariotti (2000) to study the optimal
information also for a present biased agent. While their main contribution is on
the optimal design of information when agents are heterogenous in their present
bias, we focus on the single agent scenario but explore how the two different
roles of the parameter in the CRRA utility function, risk aversion and elasticity of
intertemporal substitution, affect the information choice.

Within the information design literature, there are also papers extending the
analysis to incorporate non-standard preferences. Beauchéne, Li, and Li (2019)
extends the standard Bayesian persuasion problem by allowing both the sender
and the receiver to be ambiguity averse and characterize the optimal (ambiguous)
information. We have a section on accommodating Epstein-Zin preference, but the
objective function can be transformed into an expected utility form, and therefore
the optimal information is a smaller departure from that in a standard Bayesian
persuasion problem.

Adopting the Epstein-Zin formulation for a consumption saving problem under

uncertainty has been a common practice in the asset pricing literature as a response

2Other approaches include the linear programming approach (Kolotilin, 2018; Lipnowski and
Mathevet, 2017), the information design approach (Bergemann and Morris, 2019), and the price-
theoretic approach (Dworczak and Martini, ming).
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to the equity premium puzzle, for example in the long run risk literature started
by Bansal and Yaron (2004). Our exercise might be helpful for further explorations

of optimal information disclosure in asset pricing problems.

3.2 Model

Consider a quasi-hyperbolic agent with a three-period time horizon: t = 0,1, and
2. Int = 1, an endowment y = 1 arrives, and the agent makes a consumption
saving decision choosing c € A = [0, 1].% The gross rate of return on savings, R,
is uncertain. This payoff-relevant uncertain state R € Q = {R, R} is realized but
unobservable in t = 1, which determines the consumption in t = 2. Before the
endowment arrives, in t = 0, the agent who is endowed with the correct prior
belief on the high state p* = Prob(R = R) makes a costless information acquisition
decision to learn about the state by choosing 1 € A(AQ) for t = 1in a Bayes plausible
fashion.* Specifically, since the state space Q being binary implies that the belief p
is one-dimensional and therefore the space of posterior beliefs AQ is simply [0, 1],

the set of all Bayes plausible distributions is:

M= {ue A<[o,1]>|f0 pu(dp) = p*}.

Consumption in ¢ = 1 is then chosen optimally for the random belief p € supp(u)
realized in that period. The agent’s preference over the uncertain consumptions

is represented by the von Neumann Morgenstern (VNM) constant relative risk

3Following Kamenica and Gentzkow (2011), we consider the effective action space, that is, Vc € A,
there exists p such that ¢ is an optimal choice. Our action space A is necessarily continuous in
the general setting.

%As defined in Kamenica and Gentzkow (2011), “a distribution of posteriors is Bayes plausible if
the expected posterior probability equals the prior”, which translates to § A@) Pu(dp) = p* using
our notations.
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aversion (CRRA) utility function with a coefficient of RRA 1 — p for p € (-0, 1].

The agent has two choices to make: the information y in t = 0 and the con-
sumption ¢ in t = 1. These two choices are interdependent. The optimality of a
consumption choice in t = 1 depends on the posterior belief that is realized in that
period. At the same time, the optimality of a belief distribution in f = 0 depends
on how the consumption choice to be made in the following period would respond
to it. It has been standard practice to formalize this interdependence of the choices
in different periods as a strategic interaction between two separate agents that are
indexed respectively by the period when they need to make a choice. Following
the intra-personal game literature (Carrillo and Mariotti, 2000; Bénabou and Tirole,
2002), we call the agentin t = 0 choosing the information self-0 (she) and thatint = 1
choosing the consumption self-1 (he). To solve this intra-personal game, we use the
Sender-preferred subgame perfect equilibrium, which is defined in Kamenica and

Gentzkow (2011), as our solution concept.’

3.2.1 Modeling the information choice

Here we have chosen to model the agent’s information choice in t = 0 as the
choice of a Bayes plausible distribution of posterior beliefs u. Alternatively, we
could model it as the choice of a set of signals, {r(-|R) : Q — AS}, which are
conditional distributions over some signal realization space S.° The equivalence
between these two approaches is a result of the Bayesian rationality, as proved in

Proposition 1 of Kamenica and Gentzkow (2011) and, among others, discussed in

>Compared to the standard perfect Bayesian equilibrium, by requiring the receiver to choose the
sender-preferred action whenever indifferent, solution concept ensures the upper semicontinuity
of the agent’s indirect utility function and hence the selection of the equilibrium where the sender
obtains the highest possible payoff.

®This set of signals is essentially a Blackwell experiment as defined in Blackwell (1953) and most
recently Jakobsen (2018).
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Shmaya and Yariv (2009).” We illustrate the equivalence for the following three

types of information choices:

1. No iNnrormaATION: If supp(u) contains only one belief p, then the Bayes plau-
sibility constraint implies that p = p* and p(p*) = 1.2 The agent’s belief is
not updated in either state, which is only possible if the signal is completely
uninformative:

n(s|R) = p*,¥s € S.
We denote this u as u, and interpret it as no information.

2. FurL INFOrRMATION: If supp(u) contains two beliefs p; = 0 and p, = 1, then the
Bayes plausibility constraint implies that u(p2; p*) = p*. Thereis no uncertainty
at either posterior belief, which is only possible if the signal is completely

informative:

ds1 #s, €S, s.t. n(slll_Q) =1,and 7t(s;|R) = 1.

We denote this u1 as 11 and interpret it as full information.

3. PartiaL INFORMATION: For all the other y, the signal has to be designed in
such a way that the agent is better but not completely informed in either
state:

IR e Q,s.t. Vs € S, mt(s|R) < 1.

"The key idea behind this equivalence is that each belief p € supp(u) < AQ s essentially a posterior
belief that is Bayesian updated from the prior belief p* after some realization of the signal s € S.
This observation then facilitates the construction of a one-to-one mapping between the signal
realizations and the posterior beliefs using Bayes rule.

8Strictly speaking, the Bayes plausibility condition implies the dependence of the distribution
function p on the prior belief p*. However, we use u(p) instead of p(p; p*) throughout the paper
for easy notation.
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We collectively refer to all of them as partial information.

We impose two major assumptions on the informational environment. The first
assumption is about the information symmetry between self-0 and self-1. Follow-
ing our explanations above, whether we interpret the role of self-0 as a person or
a benevolent government anticipating over-consumption behavior to arise in the
future, we assume that self-1 has no access to additional sources of information
when compared to self-0 and hence has no private types. In that sense, self-0 and
self-1 are essentially the same person and self-0 is indeed choosing the information
for self-1. The informational asymmetry between self-0 and self-1 also justifies the
assumption of a common prior. This assumption implies that our model is not a

signaling or cheap talk game by nature.

The second assumption is about the commitment power of self-0. Justifying
this assumption is more of a challenge when we interpret self-0 as the agent himself
rather than some benevolent government. We want to think of self-0’s information
choice as a costless but time-consuming process. Information is not be readily
available but needs to be collected, for instance, from reading news articles during
period t = 0. By the time self-1 needs to make the consumption saving decision, he
could no longer change his information because he could neither afford the time
to collect new information or forget what he has learned so far about the state.

There are two ways to interpret the role of self-0. She could be a person
who is fully aware of her present bias and therefore correctly anticipates over-
consumption behavior to arise in the future. Given this awareness, she would
be interested in taking some proactive measure to alleviate the problem of over-
consumption, but is limited in the tools she has available. Let us assume for now
that signing up for a commitment device to save an arbitrary predefined amount
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is not free and therefore she cannot afford it since her endowment does not arrive
int = 0. In fact, in t = 0, her only affordable option is to customize the channels
in the News app on her laptop, which we assume is all her access to the news.
Some channels can be more informative on the future rate of return to savings
than others. For example, The Wall Street Journal should be considered as more
informative on this matter than The Washington Post. We want to consider a
hypothetical list of infinitely many channels such that she could always find her

ideal channel on the list.

Alternatively, she could be a benevolent planner who is aware of its subjects’
present bias and considers setting up a news channel to help them out. For ex-
ample, some universities provide faculty and staff free consultation with financial
advisors'’. Indeed, we could interpret any of self-0’s optimal information choices
as the suggestion of some financial advisor'!, together with the understanding that
financial advisors differ in the forecasting models that they use. Again, we want
to consider a hypothetical list of infinitely many financial advisors, each of whom
uses his unique forecasting model, such that the university could always find a

perfect advisor from the list for an employee.

We also have a few considerations regarding the payoffs of the game. We would
like to introduce risk aversion and model it with the CRRA utility function, which
is standard practice in the asset pricing literature . However, CRRA might cause a

difficulty in comprehending how self-0’s preference over distributions of posterior

9We might be able to justify this assumption for a present biased agent for the following two
reasons: (1) the 401(k) contribution cannot be personalized; (2) it is nearly costless to rearrange
any saving plan with a bank.

10Gee, for example, the arrangement at Duke from https://hr.duke.edu/benefits/retirement/investment-
carriers, retrieved on January 14, 2019.

"We ignore any conflict of interests between financial advisors and clients.
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beliefs is induced in our model. A key feature of the CRRA utility function is
that the relative risk aversion also determines the elasticity of the intertemporal
substitution with EIS = . The relative risk aversion naturally plays a role in de-
termining which information would be preferred as the environment is uncertain.
The elasticity of intertemporal substitution also plays a role here, since the conflict
of interests between self-0 and self-1 comes from the difference in discounting.
Therefore, after establishing the benchmark linear case and extending the analysis
to the standard von Neumann-Morgenstern expected utility formulation of CRRA,
we will separate EIS from RRA using Epstein-Zin preferences. A caveat is that un-
der those preferences the agent would demonstrate an intrinsic preference for the
time of resolution of uncertainty, which may or may not interfere with self-0’s
induced preference over distributions of posterior beliefs as we will see in detail

below.

3.3 Applying the Concavification Approach

Our model has a simple state space but a continuous action space, which differs
from most models in the literature applying the concavification approach. In this
section, we show how to simplify the representation of the concave closure in our
model.

Anticipating self-1 choosing consumption optimally, self-0’s optimization prob-

lem is:

c’;(g)ﬁ . 6EP[(R<1 —ct(p)))”

p R(1-¢))"
st. ci(p)e argmaxceﬂ% + /36Ep[¥

1}u(dp), (3.1)

1
ut e argmax#eMJ BS{
0

], (3.2)
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where the integrand in equation 3.1 is her indirect utility function of p, denoted by
uy(p), multiplied by the discount factor 0.

Simplifying u(p) For p € (—m,1), equation 3.2 has a unique interior solution,
c¢t(p) € (0,1), for any p.'* Self-1’s (gross) optimal consumption growth rate is then
determined by:

1—ci(p)

tp) = =) (BOE,[R?])

1
1—p

7 (3.3)

That tj(p) takes a simpler form is a result of our functional form assumption, as

CRRA is a special case of constant elastic substitution (CES) functions. Given the

1—c(p)
i (p)

with the choice of consumption growth rate, t € ﬁ+, as self-1’s action. The action

equivalence between ¢ (p) and in equation 3.3, we proceed in the analysis

space which contains only actions that are attainable with some p € [0, 1] becomes:

~

A = [min{(B5R") ™7, (BSR") ™7}, max{(BOR") ™, (BOR") =7 }]. (3.4)

Substituting out ¢} (p) with £} (p), self-0’s indirect utility function can then be sim-
plified to:
1 +8P)"

up(t(p)) = #(1 + B (). (3.5)

Simplifying M Many papers in the Bayesian persuasion literature have taken
the recommended action interpretation of the signal realization and used the number
of possible actions as a restriction on the number of posterior beliefs in the support
of the distribution function u, which is not helpful for our continuous action space.

Instead, denote by Uj(-) the concave closure of the set:

{uo(£7(p))[p € [0,1]}. (3.6)

2We discuss the special case of p = 1 in the following.
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Since this set is one dimensional with u,(-) € R, Caratheodory’s theorem implies
that any point that lies in the convex hull of this set can be written as a convex
combination of at most two points in the set. Specifically, any point on Uj(-) is
either a point in {uy(t;(p))} or a convex combination of two points in {uo(t}(p))}.
This observation allows us to consider a subset of M containing only distributions

over at most two posterior beliefs:

M={ue A(pupd)lp <p* <p2,u(pr) = Zz :;} U {0+ (3.7)

3.4 Special Case: p =1

In this section, we consider a benchmark model with linear utility function. For
any consumption choice ¢ € A and any belief p on the high state R, self-1’s lifetime

expected utility is:

Ui(c;p) = ¢+ Bo{pR(1 —c) + (1 = p)R(1 — o)}

Writing E,[R] = pR + (1 —p)R for the expected rate of return under belief p, we can

simplify self-1’s objective function to:
Ui(c;p) = ¢+ BOE,[R](1 —c).
Similarly, self-0’s lifetime expected utility evaluated at t = 1% is:

Uo(c;p) = ¢+ OE,[R](1 —c).

3We have abused the notation slightly by using Uy(c; p) to denote the expect lifetime utility, which
is different from Ujy(-) in the previous section that denotes the concave closure of 1 (-), the utility
of a consumption in one period.
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The linearity of the utility function captures both risk neutrality and perfect
elasticity of intertemporal substitution. Given that the agent is risk neutral, infor-
mation has only instrumental value in the sense that there is no value of information
to self-0, unless the information that she would make available to self-1 would in-
duce him to choose a different optimal action. Indeed, once we hold c fixed in
self-0’s objective function, the linearity of E,[R] in p implies that any provision of
information in the form of a Bayes plausible distribution of posterior beliefs would
not change the magnitude of E,[R] and hence would not affect self-0’s expected
utility. Therefore, the key implication of the risk neutrality assumption under von
Neumann-Morgenstern expected utility preferences is that self-0’s induced prefer-
ence over information becomes completely driven by how useful that information
is in aligning self-1’s preferred actions with self-0’s. This implication allows us to
simply focus on the alignment of the preferred actions to figure out self-0’s optimal

information choice.

Given perfect EIS, each of self-0 and self-1 would prefer to either consume all
of the endowment at t = 1 or save everything for t = 2. Denote self-0's and self-1"s
optimal consumptions for a belief p in t = 1 as ¢} (p) and ¢} (p) respectively. Since
the marginal utility of saving is the discounted expected rate of return, which is
OE,[R] for self-0 and BSE,[R] for self-1, and the marginal utility of consumption is
simply 1, they would prefer to save only when the expected rate of return is high

enough:

1, ifE,[R] < 1, ifE,[R] < 4

po

0, ifE,[R] > 0, ifE,[R]> 1L

Bo

A=

Therefore, perfect EIS allows us to focus without loss of generality on the binary
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action space A, = {0,1}, which is a subspace of the original continuous action
space A = [0, 1]. With both features of linear utility and binary action space, the
analysis of this benchmark model is readily comparable with existing studies in the
literature, including the prosecutor-judge example in Kamenica Gentzkow (2011),
the confidence-maintenance section in Benabou Tirole (2002), and the three-period

example in Carrilo Marriotti (2000).

Combining the implications of both the risk neutrality and the perfect EIS
assumptions, we understand that our analysis could be separated into cases de-
pending on self-0’s and self-1’s preferred actions, which depend on the parameters
B, o, R, and R. Not all cases are interesting. In particular, if self-1’s preferred action
is the same across states, then his preferred action is independent of his belief p,
which renders self-0’s persuasion useless. The equilibrium is then trivial where
self-0 prefers no information and self-1 plays a pure strategy, his state-independent

preferred action. We summarize in the following lemma:
Lemma 3.4.1. For any posterior belief p € [0,1],

1. Ifp' <0, then self-1 is optimally saving everything for t = 2;

2. Ifp' > 1, then self-1 is optimally consuming everything in t = 1.

In either case, self-0 cannot influence self-1's action with the informational tool and therefore

(weakly) prefers no information.

Therefore, for our analysis of self-0’s information choice to be nontrivial, we
need the parameters to be such that self-1 is persuadable with his preferred action
being different across states. Denote the belief threshold where self-1 switches
from consuming to saving as 7', which can be determined from the threshold for
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E,[R] in the ¢} (p) function:

|
AR
Bl
|
I=

=
|
=

Without further calculations, we know that the present bias g € (0,1) implies
that BOE,[R] < OE,[R] for any belief p. Gence self-0s threshold for saving to be

optimal is strictly smaller than self-1's, i.e. p’ < 7', where

A=
|
|~

Il

-0
p

<l
|
>

]31 € (0, 1] then rules out the case where consuming everything is preferred by self-0
across states. Restricting the parameters to make the problem non-trivial, we are
left with only two cases depending on whether self-0’s preferred action is state

independent or not.

Case1: P’ <0 <p' < 1. The first case is when self-0 has a state-independent
preferred action, which is saving everything. However, self-1’s preferred action is
state dependent, which is saving in the high state and consuming in the low state.
This is the case where self-0’s and self-1’s preferred actions are partially aligned.
If the common prior belief p* is high enough such that p* > 7', then self-1 would
already be saving absent of self-0’s information choice. It would be optimal for
self-0 not to persuade self-1 by choosing no information u,, given that their preferred
actions are already aligned.

If, instead, the prior belief p* is not high enough, then self-1 would be consum-
ing. In this scenario, the instrumental value of an information choice u to self-0

comes from its use in persuading self-1 to save as often'* as possible. For self-1

4This is a frequentist interpretation of the probability in the distribution of self-1’s choice, not
the probability of playing saving in self-1’s strategy. Indeed, self-1 is always playing some pure
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to save, he needs to be confident enough in the state being high, which requires a
posterior belief p at least as high as ;31. But because the prior belief p* is too low,
Bayes plausibility implies that it would be impossible for self-0 to persuade self-1
into saving all the time, since p* < 7. In fact, Bayes plausibility requires that self-0
also needs to randomize over at least one posterior belief p; < p* to “balance out”,
which leads to self-1 consuming. If self-0 would like to consider randomizing over
an additional posterior belief p, this belief would have to induce self-1 to either con-
sume or save. Since it cannot induce a different action, as we’ve discussed earlier
in this section, the risk neutrality assumption and the von Neumann-Morgenstern
formulation inherent in this linear case jointly imply that self-0 would be equally
well off if we pool this belief p with either one of the two posterior beliefs depend-
ing on which action it induces.” Therefore, we can safely constrain ourselves to
considering two and only two posterior beliefs in the support of self-0’s optimal
Bayes plausible distribution of beliefs p.

That it is sufficient to consider u that is only supported on at most two points
for self-0’s optimal information choice is an important step that we shouldn’t take
lightly. Formally, this means that we could without loss of generality search for
self-0’s optimal information on a subset M, = M, the set of all Bayes plausible belief

distributions that we have introduced earlier:

Ma = {1t AQO)| | pdu(pip*) = p*,and lsupp(y)| < 2},

strategy as we follow Kamenica Gentzkow (2011) in selecting the “sender optimal equilibrium”.

131f, say, p induces self-1 to consume, then self-0 could alternatively consider randomizing over a
belief § which is a convex combination of p and p;.
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which set could be equivalently represented by a set of supports:

M, = {{p1, p2}|p1 € [0,p*], and p € [p*, 1]},

since the u function can be uniquely pinned down by the Bayes plausible constraint

with

w oy _ P2 e PP
w(pip* p2) " wp2p* 1) Fa—

when |supp(u)| = 2 and u(p*;p*) = 1 when |supp(u)| = 1. Self-0’s optimization
problem is reduced from infinite dimensional to two dimensional and becomes

solvable with a simple linear programming approach.

This linear programming approach for Bayesian persuasion is formally intro-
duced in Kolotilin (2018) and also discussed in Lipnowski Mathevet (2017) and
Lipnowski and Mathevet (2018), who point out that we could without loss of
generality search for the optimal information by focusing on the set of outer point
posterior beliefs.'® Further constraining the set of u to measures supported by at
most two points could also be justified following the geometric approach to solv-
ing Bayesian persuasion problems in Kamenica and Gentzkow (2011), as any point
on the concave envelope of a graph, by definition, can be reached by the convex
combination of two points on the graph.

Following this simplification, our next step is to determine which pair of {p1, p>}
would be optimal to self-0. If we pick p, such that p, < ;71, then self-1 would still

be consuming all the time even after self-0’s information choice. Therefore, for

16Essentially, given the finiteness of the action space, this simplification should be no surprise
after learning the revelation principle result for information design problems in Bergemann and
Morris (2016), who consider the action space as the signal realization space. This “recommended
action” interpretation with straightforward signals is also mentioned in Kamenica and Gentzkow
(2011). Aswe’ve discussed earlier in this section, the finiteness of S when we look for the optimal
information structure (S, 1) should be equivalent of the finiteness of supp(u) when we look for
the optimal distribution of posterior beliefs 1.
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self-0 to benefit from her information choice, we need p; € [;31, 1] to induce saving.
While any p; in this range works, self-0 could only afford to randomize over higher
p2 with a smaller probability, since she needs to have the pair {p;,p,} satisfy the
Bayes plausiblility constraint. Her best option for p, then has to be the lowest one
in that range, i.e. p, = p'. Similarly, any choice of p; would work the same in
inducing self-1 to consume, since p; needs to fall on the left hand side of p*, which
is already too low for self-1 to switch to saving. Self-1 consuming is the action that
is misaligned with self-0’s preferred action, saving, and therefore self-0 would like

to minimize its frequency by choosing the furthest possible p; from p*, i.e. p; = 0.

Case2: 0 <p’ <p <1. Thesecond case is when self-0’s preferred action is state
dependent, where she prefers to consume in the low state and to save in the high
state. Since self-1’s preferred action is also state dependent, this is the case where
self-0’s and self-1's preferred actions are perfectly aligned. While the preferred
actions are aligned, absent self-0’s information choice, self-1 cannot have a state-
contingent action plan. He is either saving or consuming all the time, depending
on how the prior p* compares with his threshold ;31. Therefore, in this case, the
instrumental value of information to self-0 comes from making self-1’s action con-
tingent on the state, and full information is therefore optimal. In particular, note that
even if we get rid of the present bias by setting f = 1, information is still valuable
to the agent for exactly the same reason, which is to have the agent choose the right

action in either state.

We summarize the main insights from above in the following proposition:

Proposition 3.4.2. Suppose 0 < ;71 < 1. Let p* denote an arbitrary prior belief and p
an arbitrary posterior belief. For p € (0,1), in any equilibrium, self-1 chooses an optimal

54



consumption c;(p), which is given by

1. Ifp’ < 0, then

(a) when p* < 7', the unique equilibrium is that self-0 chooses a partial infor-

mation y, such that supp(u,) = {0, ;_91},

=1 % *

L1 PP o p
w,(0;p%,7') = = ,andyp(Pl;P,0)=ﬁ—l-

(b) when p* = 1", there are infinitely many equilibria where self-0 chooses a Bayes
plausible belief distribution u such that supp(u) = {pr,p2} < [p', 1] and the
probabilities u(p1; p*, p2) and u(p2; p*, p1) are as given above. In particular, one
equilibrium is that self-0 chooses the no information p, which is degenerate

at p*.
2. Ifp° > 0, then the unique equilibrium is that self-0 chooses the full information Lr
such that supp(u¢) = {0,1},

ur(0;p*,1) =1 —p*,and us(1;p*,0) = p*.

3. If ;70 = 0, then any equilibrium described in either case above remains an equilibrium.

The detailed proof is in the Appendix. We follow the concavification approach
from Kamenica Gentzkow (2011) to solve for self-0’s optimal information. Essen-

tially, this approach allows us to only look at the concave envelop of self-0’s indirect
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utility function, which gives the highest attainable utility from any of her feasible
information choices. At any prior belief p*, this highest attainable utility has to
be reachable from the convex combination of her utilities at some pair of posterior

beliefs, and this pair becomes the support of self-0’s optimal information choice p.

Uo(p) -
1 |
’B 1 ’ 1 i
......................... 1 . B ;
| | H | | >
—0 — —1 —0 =1 —1 1 p
P1 p P1 P2 Ps P,

Figure 3.1: Self-0’s indirect utility changes as p’ increases. The corresponding
concave envelopes are colored yellow.

Following this approach, an important step is to determine the shape of the
concave envelope. Recall that self-1’s optimal consumption choice ¢} (p) is binary,
and he switches from consuming to saving at the threshold p', which implies that
self-0’s indirect utility function is constant on [0,7') and linear with an upward
slope on [ﬁl, 1] with a discrete jump at ;71. Therefore, the concave envelope of
self-0’s indirect utility function is either piecewise linear with a kink atp' or simply
linear everywhere!”, which corresponds to self-0 preferring either no information or

full information at '

7In the language of Lipnowski Mathevet (2017) and Lipnowski Mathevet (2018), we have three
outer points here: 0, ﬁl, 1.
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When the prior belief is p', we know from ci(p) that self-1 would be saving
absent of self-0’s information choice. This saving action is perfectly aligned with
self-0’s preferred action when 7’ < 0as in Case 1, and we know from our previous
discussions that no information is optimal here. In this case, the concave envelope
of self-0’s indirect utility function should display a kink point at ;71, which implies
that self-0 should choose 1, to randomize over the pair of posterior beliefs {0, P}
when the prior belief p* € (0,7') and choose i, when p* € (p',1). Similarly, we can
tell that full information becomes optimal for its value in making self-1’s action state
contingent when 0 < p° < 1 as in cask 2. This implies that the concave envelope
should be linear everywhere and that self-0 should choose p; randomizing over

{0,1} for any p*.

Given the characterization of self-0’s optimal choices of 11, we can then construct
the optimal signals {(-|R) : Q — AS}. The equilibrium can be alternatively

characterized using the signals:

Corollary 3.4.3. Suppose R < !% < Rand therefore 0 < p' < 1. Also suppose Be(0,1).

Let p* denote an arbitrary prior belief. Consider the signal realization space S = {r,r}.
1. If 3 <R, then

(a) when p* < 7', the unique equilibrium is that self-0 chooses a partial infor-

mation set of signals {rt,(-|R) : Q — AS} such that:

7, (FIR) = 1,and 73,(7IR) = = F
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and self-1 chooses an optimal consumption C(r) for r € S such that:

(b) when p* > 7', there are infinitely many equilibria where self-0 chooses a set of

signals {rt(-|R)} such that:

1R __p* 1-7'

1-n(FR) 1-p* 7

7

and self-1 consumes nothing (saves):
Cs(r) =0,¥reS.

In particular, one equilibrium is that self-0 chooses the no information signals
{m,(:|R)} such that:
7, (FIR) = 10,(7|R) = p*.

2. If 3 > R, then the unique equilibrium is that self-0 chooses the full information
signals {7t¢(-|R)} such that:

ns(FIR) = m(rIR) =1,

and self-1 chooses the same optimal consumption C(r) as that given in 1(a).

3. If 3 = R, then any equilibrium described in either case above remains an equilibrium.

The condition : s R that separates the first two cases in Corollary 3.4.3 corre-

1
5
sponds to the condition p’ < 0in Proposition 3.4.2 and is derived similarly from
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the tradeoff at p'. We can think about this tradeoff in terms of the signals by
considering the special case where p* = ﬁl. We can represent any arbitrary signal
structure via 77(7|R) = 7, and 7t(7|R) = m,. Further, p* = ;71 implies that we can
without loss of generality restrict our attention to 7t; € [;71, 1] and 1, € [0, ﬁl] Any
more informative signal structure would induce self-1 to be more confident about
the state being high than his prior belief and hence to save after observing a high
signal realization 7. Similarly, any more informative signal structure would also
induce self-1 to be less confident about the state being high than his prior belief

and hence to consume after observing a low signal realization r.

If self-0 marginally increases 71, she is reallocating probability for r to 7 in the
high state, which causes a net change of 6R — 1 in her payoff from the high state. By
our assumption, this net change is always positive, and hence she would optimally
set 1y = 1 and always truthfully reveal the high state. Similarly, if she marginally
increases 11, then there is a net change of 6R — 1 in her payoff from the low state.
She would optimally set 7, = 0 if this change is negative, i.e. } > R, which leads
to the fully informative signal structure being optimal. She would set n, as high
as she can if the change is instead positive, m, = ;71. But then she could set m; to
p' without incurring any loss from the high state while increasing her payoff from
the low state, since the signal structure would become completely uninformative
with 7, = m, = p' and self-1 would be saving even after observing the low sate

signal realization r.

We now offer some intuitive understanding of the partial information result in
the Case 1a. As we’ve discussed above, this is the case where self-0’s and self-1’s
preferred actions are partially aligned. The goal for self-0 is to persuade self-1 to

save as often as possible, which is equivalent to inducing self-1 to have a belief
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p= ;71 as often as possible. To achieve this goal, when the true state is the high
state R, self-0 would certainly like to reveal it truthfully to self-1; when the true
state is R, self-0 would also like to send a high state message to self-1 as often as
she can. Specifically, the more often she is sending the false high state message
in the low state, the more often self-1 is saving. But self-0 couldn’t afford sending
the false message too often, since increasing the frequency of sending this false
message also reduces self-1's confidence in believing that the state is indeed high
when observing a high state message. Taking this to the extreme, if self-0 always
sends a false high state message when the true state is low, self-1 would know that
the signal is useless and his confidence in the high state would be as low as his
prior belief p*, and he would be optimally choosing to consume. Therefore, she

* _ 7l
can send the false high state message in the low state at most as often as 5 E = 1}_7—1”,

which induces self-1 to be just confident enough to save after observing the high

state signal .

3.5 Main Result

Without further restrictions, the distribution of posterior beliefs u is supported on
[0,1]. In our model, any p induces a different action cj(p), and our action space
is necessarily continuous. In the limit case of p = 1, this optimal consumption
ratio #{(p) is either 0 or oo, corresponding to cj(p) being either 1 or 0, depending
on whether the belief p is above or below self-1’s belief threshold defined for the
benchmark case in the previous section, which is p'. For any p € (—x,1), the
optimal consumption cj(p) is an interior solution within (0,1) and hence ¢} (p) €

(0,0). Instead of having self-0’s lifetime expected utility function defined as a
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function of ¢, we could rearrange it as a function of the consumption ratio ¢:

(1+

£)=P
Uo(t;p) = T{1 + OE,[RP]t1},

from which we can further derive self-0’s indirect utility from any posterior belief

p:
) (1 +#(p)"" .
(i (p)ip) = —— {1+ p7H(p)}:

To apply the concavification approach, we need to have an understanding of the
curvature of this indirect utility function. It turns out that its curvature critically
depends on the comparison of p and . Specifically, for any g, if p < f8, then this
indirect utility function is globally convex independent of all the other parameters,

6,R, and R. In the other case where p > B, these other parameters start to matter

in the sense that, if R is large enough and R small enough such that there exists

1-pp
p—B’

convex from p = 0 until it hits this inflection point and becomes concave all the

a unique inflection point p where t}(p) = then the function starts out being
way until p = 1. Otherwise, if either the high state R is too low or the low state R
is too high, there is no inflection point and the function is either globally convex

Oor concave.

At the inflection point, if it exists, we have:

poE, ReY) = ——LE.

pP—p
This equation holds for all p < 1 but might break down in the limit as we take
p — 1. Infact, it holds in the limit if and only if B6E,[R] = 1. Connecting back to our
analysis of the benchmark, we realize this is exactly the equation that gives us self-

1’s belief threshold, El, where he switches from consuming to saving. Indeed, this
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inflection point corresponds to the discontinuity point in the linear case. We’ve
learnt from Lemma 1 that the only interesting case is when there exists such a
discontinuity point for some p € (0,1). Moreover, we also learnt from Corollary
1 that, in this interesting case, whether full information or partial information'®
is optimal critically depends on the low state R. Specifically, we characterized a
threshold, %, such that full (partial) information is optimal if R is below (above) this
threshold. Not surprisingly, our result on the optimal information for the current

case parallels that from the benchmark linear case:

Proposition 3.5.1. Consider R,R € R, such that R < R. If p < B, full information is

always optimal. If p > B, for any R large enough such that R > Ry, where

i(l—ﬁp
po p—p

)

ROE[

there exists a unique R* such that:
1. if R < R*, then full information is optimal;

2. if R* < R < Ry, then there exists p € (0,1) such that, when the prior belief

p* € (0,p), partial information supported on {0,p} is optimal;

3. if R = Ry, or R* < R < Ry with a prior belief p* € [p, 1], then no information is

optimal;
otherwise, if R < Ry, full information is again optimal.

This proposition tells us that, as we take p away from 1, we get to maintain

the characterization of the optimal information, but only within a small enough

8Here, by partial information, we are referring to the case where partial information is optimal
for low prior belief and no information is optimal for high prior belief.
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neighborhood bounded by . Once p becomes too different from 1, full information
becomes optimal regardless of the values of all the other parameters. The natural
question to ask is: why does it matter how p compares to f? We will soon realize
that there is no easy answer to this simple question, because p plays two roles. As
we decrease p from 1, we increase the agent’s aversion to risk as well as decreasing
the agent’s aversion to consumption smoothing. We might come to a conjecture
that, given that we are comparing p to g which itself is about across-time tradeoff,
the change in EIS might be the dominant driving force. But because both across-
state and across-time tradeoffs are affected at the same time, there is no way to
understand the mechanism behind the sharp change in result at p =  unless we

can separate the two roles of p.

3.6 Extension: EZKP preferences

Our motivation for disentangling the elasticity of intertemporal substitution (EIS)
and risk aversion (RRA) arises from the fact that the effect of self-0’s informational
tool in influencing self-1’s action through these two channels are otherwise inter-
twined. This lack of separation has been acknowledged as a key critique of the
expected utility formulation with CRRA utility. It is particularly problematic in
our context. EIS captures the agent’s preference across time, which is necessarily
confounded with g which is a discount factor and hence also operates across time.
RRA, in contrast, captures the agent’s preference across states. Since uncertainty
only applies to t = 2, f does not interact with RRA directly. Adopting the Epstein-
Zin separation of preferences will give us enough flexibility to better comprehend

the roles of EIS and RRA in the optimality of self-1’s information choice.
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We follow the standard approach, the Epstein-Zin formulation developed in
Epstein Zin (1989), to disentangle EIS and RRA. The parameter a € (-, 1) is
used to capture RRA with RRA = 1 — a, while p € (-, 1) is used to capture
EIS with EIS = ﬁ. The essential idea behind the Epstein-Zin formulation is
that we take care of the uncertainty in each period by considering the certainty
equivalent consumption CE,[c; p| and then evaluate the path of certainty equivalent
consumptions using a different utility function that is parametrized by p. While
the general formulation is recursive, we need to adapt it to our setting which is
essentially static due to the quasi-hyperbolic agent making a consumption saving
decision only in t = 1.

We want to derive self-0’s and self-1’s objective functions by first consider-

ing their certainty equivalent consumptions in t = 2. Since the uncertain R is

multiplicative in our model, the certainty equivalent consumption is:
CEalc;p] = (Ep[R*])*(1 = ¢) = CEu[R;p](1 —¢),

where CE,[R;p| denotes the certainty equivalent rate of return.”” Evaluating the
certainty equivalent consumption from each period using u(c) = %, we get self-1's

lifetime utility under the Epstein-Zin formulation:

c” [CEL[R; p](1 — )]

Ui(c;p) = — +pod ,
p p
YFor any consumption choice ¢ and belief p, the expected utility from the uncertain consumption
t=2is:
[R( -] [R(L — )]
Eyfo(c)] = pr———m + (1 - p)=——,

where v(c) = < captures the risk aversion.
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which can be rearranged as:

p 1—c)
mmm:%+mauﬁw(pd.

Similarly, self-0’s lifetime utility evaluated at t = 1 becomes:

A=

p
wmm:%+wamm

If we set p = a, then we are back to standard CRRA expected utility case with
CE.[R;p]* = E,[R*], which we have analyzed in the previous section; if we addi-
tionally set them equal to 1, then we are back to our benchmark model featuring
linear utilities as CE;[R; p]' = E,[R].

We can solve for self-0’s and self-1's optimal actions from these t = 1 utility
functions. To better understand how the misalignment in preference induces the
misalignment in preferred actions, instead of comparing optimal consumptions,

we compare optimal consumption ratios:

1-@@)

t(p) = =)

One way to measure the misalignment in actions is to consider the ratio of their
respective t7(p), from which we can see that only the elasticity of intertemporal

substitution matters:

~

1p) o
mm‘ﬁ ’

To better use this separation of EIS and RRA to bridge the gap in intuition between
the benchmark linear case and the standard CRRA expected utility case, we first

shut down the EIS channel by setting p = 1 and allow RRA to be completely
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flexible. What we have seen in the above equation is that EIS plays a key role in
determining the misalignment which is essential for the relevance of informational
tools in alleviating insufficient saving caused by present bias. As we will see below,
for the special case where p = 1, it turns out that risk aversion has no impact on
information choice.

One caveat in using the Epstein-Zin formulation is that the agent would nec-
essarily demonstrate some intrinsic preference for the time of resolution of un-
certainty, as proved in Kreps Porteus (1978) and re-stated in Epstein Zin (1989).
Specifically, we would expect a preference for early resolution of uncertainty when
p > «, and a preference for late resolution of uncertainty for p < a. This inherent
preference for information may or may not interfere with self-0’s (instrumental)

induced preference for information as we will see below.

3.6.1 Perfect elasticity of intertemporal substitution & flexible

risk aversion

Setting p = 1 in the above utility functions to accommodate perfect elasticity of

intertemporal substitution, self-1’s lifetime utility becomes:

Ui(c;p) = ¢ + BOCE,[R; p](1 —¢c),

and self-0’s lifetime utility evaluated at t = 1 becomes:

Uo(c;p) = ¢ + 0CE,[R; p](1 —¢).

Parallel to the linear case considered in section 3, perfect EIS implies that we

can consider the binary action space A, = {0,1} without loss of generality, and
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that both self-0 and self-1 compare their discounted certainty equivalent rate of
return with 1, the return from consuming, to decide on their respective optimal

consumption:

1, if CEl[R;p] <3 1, if CE4[R;p] < ﬁlb
co(p) = ,olp) = (3.8)
0, if CE,[R;p] >3 0, if CE.[R;p] > 5

We maintain the assumption of 0 < 7' (a) < 1to guarantee a nontrivial information
choice. We separate the discussion into the two distinctive cases (1) EO(a) <0and
) p°(a) > 0, where self-0’s preferred action differs in terms of its state depen-
dency.?’ The departure from the benchmark lies in the certainty equivalent rate of

return, which now varies in risk aversion.

Under the Epstein-Zin formulation, as we’ve shown above, self-1’s problem
for optimal consumption should be similarly analyzed as before, since his utility
function has a similar functional form. Self-0’s problem for optimal informa-
tion, however, could be very different. We have to be careful in following Ka-
menica Gentzkow (2011) and applying their concavification approach, since we
have adopted the Epstein-Zin formulation instead of the vINM formulation which
they used in establishing the validity of this approach in their Proposition 1. In par-

ticular, self-0’s utility from some pair of posterior beliefs {p;, p.} being equal to the

20To determine the preferred action in each state, there is no uncertainty and hence risk aversion
doesn’t matter.
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convex combination of the corresponding utilities, Uy(c*(p1); p1) and Up(c* (p2); p2),
relies on the linearity of expected utility in the probabilities. Whether the con-
cavification approach still applies depends on whether this linearity property is
maintained.

Consider self-0’s objective function in ¢t = 0. Denote her utility from a belief p
att = 1by Uy(c;p). Att = 0, there is no consumption and hence no flow utility in
that period, but the consumption to be chosen at t = 1 by self-1 becomes stochastic
to self-0, since it depends on the posterior belief which itself is random. Therefore,
we can no longer take her expected utility in t = 1 as the objective function but
have to go through another layer of certainty equivalence?’ to accommodate the

Epstein-Zin formulation:

1
a

Ug(p1, p2s p*, (), a) = {upu p*, p2)Ug (¢ (p1); p1)* +(L—pu(pr; p*, p2) ) Ug (¢ (p2); p2) }

which is self-0’s utility evaluated at t = 0 scaled by a factor of ﬁ%. This is no longer
a convex combination of the corresponding utilities and hence we cannot apply
the concavification approach directly.

To circumvent this difficulty in applying the concavification approach, we con-

sider a monotone transformation of the utilities:

_x“—l

fx) ,

o

?Technically, we need to first get the corresponding consumptions for UJ(c*(pi);pi) from the
inverse function of u(c) = %, and then get the certainty equivalent consumption before finally
evaluating it using u(c). Here, since p = 1, u(c) = c is an identity function, which is why we can
take the certainty equivalent of Uj(c*(p;); p;) directly.
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so that self-0’s objective function becomes the expected transformed utility®*:

Ug (p1, p2; 0%, (), @) = ulp p*, p2)Ug (c* (p1);p1) + (1 — p(psp*, p2) UG (c* (p2); p2),
where

Ul(c*(p)ip)*—1 |0 ,ifpe[0,7 ()
U (c*(p)ip) = ——— = e s Yae (—oo,1].
(R

m jifpe [p'(a),1]

Now that the transformed indirect utility function restores linearity in p and the
transformed objective function becomes a convex combination of the transformed

utilities, we can apply the concavification approach.

Essentially, this monotonic transformation implies that, as a result of perfect EIS,
the current Epstein-Zin formulation with CRRA utility function on the state space
Q) with discount factor 6 is equivalent to the vNM expected utility formulation
with linear utility function on the transformed state space Q(a) = {Ea, R*} with the
transformed discount factor 6*. We want to emphasize the implication that the

separation of our cases is independent of « in the sense that, for any a:

0<p(a)<1<0<p <1, Pla)s0<7p" s0.

Therefore, the characterization of the optimal information should resemble that for

the linear case in Proposition 3.4.2.

That the “form” of the optimal information is independent of risk aversion is

Z2This convenience of transforming self-0’s problem to a maximization problem of the expected
value of the image of t = 1 stochastic utilities is a result of f(-) being a monotonic transformation
and is independent of t = 0 flow utility being zero or not.
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surprising, since the agent should demonstrate a preference for early resolution of
uncertainty due to the Epstein-Zin formulation with 1 = p > a. But this is because
there is another necessary condition for the agent to display this time preference,
which is the existence of a nonzero deterministic consumption in the earlier time
period. This is usually implicitly assumed, but is violated here. To see how it is
violated, let us consider an example where self-0 consumescint = land lint = 2.

If the uncertainty is resolved in t = 2, then self-0’s utility in t = 1 is:

U5 ?(c, 1;p) = ¢ + 6CE4[R; p).

If, instead, the uncertainty is resolved in t = 1, then self-0’s utility in t = 1 becomes:

Us(c,1;p) = CE4c + OR; p).

We see that nonzero deterministic c in the earlier period is essential in inducing a
preference for early resolution: we would have U;~'(c,1;p) > U5?(c,1;p) unless
¢ = 0, in which csae U;~'(0,1;p) = U57%(0,1;p). In our model, while consuming
c=0int =1and 1lint = 2is a possible consumption path, we have shown in
equation 3.8 that the only other possible consumption path is consuming ¢ = 1 in
t =1and 0int = 2 with U™ (1,0;p) > U5%(1,0;p) = c. In this case, the time of
resolution of uncertainty also does not matter but for a different reason: there is
no consumption and hence no uncertainty to resolve in t = 2.2

Since self-0 has no intrinsic preference for information, information is only of

instrumental value to her, which, as we’ve discussed in section 3, comes from mak-

ZWere there nonzero consumption in t = 2, we would restore self-0’s intrinsic preference for
information. If, due to some technical or institutional reason, the agent’s maximal saving is
bounded below 1 and hence self-1 has to incur a nonzero flow utility in t = 1, then self-0 will
have a strict preference over the time of resolution of uncertainty, which would then influence
the form of her optimal information.
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ing self-1’s actions depend on the state when she has a state-dependent preferred
action and from persuading self-1 to save as often as she could when she prefers
saving all the time. We have discussed earlier that risk aversion is irrelevant in de-
termining self-0’s or self-1’s preferred action in either state. Therefore, the optimal

information should take the same form as in the benchmark:

Proposition 3.6.1. Suppose 0 < ;31 < 1. For B € (0,1), given arbitrary prior belief p*, for
any a € (—oo, 1), the equilibrium is exactly the same as that characterized in Proposition 1,

with the only difference being that self-1's belief threshold " is replaced by the generalized
P ().

The full information equilibrium in the case of p° > 0 is exactly the same as
before, but the partial and no information equilibrium in the case of p’ < 0 needs
to be adapted with the belief threshold 7' now changing in a to accommodate the
flexible risk aversion. Note that the more risk averse the agent is, the smaller the
certainty equivalent rate of return. Therefore, a more risk aversion self-1 with a
smaller a is more difficult to persuade, since he would need to be more confident
in the high state to be willing to save. If the agent is so risk averse that «a is close to
—0, self-1 would need to be almost certain in the high state to be willing to take on
the risk and save. If, to the other extreme, the agent is only slightly risk averse that
a is close to 1, self-1 should behave in a way closely resemble that of a risk neutral

self-1. This gives rise to a conjecture on the monotone property of ' () in a.

Lemma 3.6.2. ;71 (o) monotonically decreases in o on (—o0,1), and it converges to 1 as

1
1R
p——cwand =—asa — 1.

The major take-away from this section is that risk aversion has no influence on
the form of the optimal information. The key reason behind this “irrelevance” of
risk aversion in the persuasion problem that we’ve shown in this section is that
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Figure 3.2: An illustration of the impact of changing @ with 0 < < & < 1. Fixed
parameters f, 6, R,and R.

whether self-0 prefers the same or different actions across the states is independent
of the risk aversion. Essentially, when we consider self-0’s optimal action in either
state, there is no uncertainty involved and hence risk aversion has no role to play.
But risk aversion does play a role in widening the region of p* at which partial
information is optimal, in the case where self-0 prefers to save independent of the
state. This is because a more risk averse self-1 tends to be less confident in the high

state and is therefore less likely to save unless persuaded, otherwise.?*

3.7 Conclusion

In this paper, we study the use of informational tools in alleviating the dynamic
inconsistency problem caused by present bias by formulating the problem as an

information design problem and solving it using the concavification approach

4This an alternative intuition for the impact of a on the partial information equilibrium.
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introduced in earlier papers in the literature. In our application, the misalignment
in the sender and receiver’s preferences is a result of present bias. We have
characterized the optimal information choice when the agent is either risk neutral
or risk averse. The risk aversion case is a slight departure from the standard
examples we have seen in the information design literature where the receiver’s
action is essentially binary. For binary actions, partial information could be optimal
when there is a discrete jump in the sender’s utility as a function of the receiver’s
belief. In contrsat, in our model, the action space is continuous, and the role of the
discrete jump is replaced by the inflection point of the sender’s utility function.
Other than this extension of the standard result for binary action space to our
example with a continuous action space, we have also discovered an interesting
interaction of risk attitude and present bias. In our main model, risk attitude is
captured by the CRRA utility function, which separates risk aversion from elasticity
of intertemporal substitution. We consider a special case of the Epstein-Zin model
and show that in that model risk aversion has no impact on the form of the optimal

information choice.
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Chapter 4

Information Design and Risk Dominance

4.1 Introduction

The success of a project is often impossible without the joint effort of all relevant
parties. Developing an area needs the investments on both the real estate and the
local infrastructure. Promoting electric cars in a new market needs the investment
on both the charging stations and the electric car sales and services. Creating a
new product in a tech company needs the input from both the engineering and the
business teams. While the project could be hugely profitable with joint investment,
each party may not be confident enough in the prospect of the project and hence
reluctant to invest unless they know the other party has committed to investing.
For the local government that wants to develop an area or the tech company
that wants to introduce a new product, one way to induce joint investments is to
make all parties become sufficiently confident that the investment is going to be
profitable, by convincing them in the likely prospect of the project being profitable
and their partners also investing.

The study of informational tools for inducing joint effort is made possible by
the information design literature which extends the Bayesian persuasion problem
pioneered by Aumann and Maschler (1995) and Kamenica and Gentzkow (2011)
to a setting where the agents being persuaded interact strategically. While the
general properties that need to be satisfied by the optimal information structure

have been outlined in Bergemann and Morris (2016) and Mathevet et al. (2020).
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The construction of the optimal information structure has been ad hoc in applica-
tions, which limits the usefulness of the information design framework in applied
work. This chapter paves the way for providing a detailed construction of optimal
information structure, which would be handy for applied researchers.

Two prominent constructions are pooling as in Li et al. (2019) and a specific
construction which completely separates underlying uncertainty and strategic un-
certainty introduced by Hoshino (2017). In this short paper, we find examples to
illustrate their relative strength.

We first introduce the general setup for this type of information design in strate-
gic problems, and present the two available constructions. After that, we show
via two examples that the two constructions cannot be globally ranked in terms of
their effectiveness. For practitioners this means that they should carefully compare
both constructions in the context of the specific strategic persuasion problem they

face.

4.2 Model

Two agents play an incomplete information game by choosing an action a; € A =
{H,L} for i € I = {1,2}. Their payoff is determined by their actions as well
as an underlying state @ € Q < R which is captured by the utility function
u;i(aj,a;w). The utility function has increasing differences which means that each
agent benefits from a higher action of the opponent as well as a higher underlying

state. We highlight three thresholds on @ corresponding to strict dominance,
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strictly dominated, and risk dominance criteria:

ui(Haj)=u;(L,aj) Va;

o oo 4.2)
ui(Haj)<ui(Laj),Ya;

kP — inf @. (43)

(u1(HH)—uy(L,H))(u2(HH)—u2(L,H))>(uy (L,.L)—u1 (HL))(u2(L,L)—u2(H,L))

Given these thresholds, we know that at any state w > w?", agent i plays the pure
strategy H; at any state w < w;"?, agent i plays the pure strategy L; and at any state

in the middle, their strategy depends on their belief on the opponent’s strategy.

The information designer shares common prior uy € A(Q) with the agents
and can commit to a Bayes plausible information structure which determines the
informational environment for the agents before they play. Specifically, the de-
signer chooses a signal space S and a mapping from the underlying state to the
distribution of signals 7= : O — A(S). Given the correlation of the signals, when
observing the signals, the agents update their belief on the underlying state as well
as the opponent’s strategy and choose a strategy that maximizes their expected
payoff E[u;(a;,aj;w)|s;]. In case there are multiple equilibria, the designer cares
about the worst case scenario and selects the outcome with the lowest expected
payoff for the agents. The designer prefers the outcome (H, H) independent of the
state and therefore chooses (S, ) that maximizes the probability of (H, H) being
the worst outcome which is then also the unique outcome given that (H, H) is the
best outcome for the agents.

Two prominent information structures in the literature are pooling and Hoshino
(2017). Both constructions feature correlated signals which leverage the higher
order beliefs to gradually increase the probability of agents playing the desirable

action H. Their difference rests in the treatment of the underlying uncertainty and
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strategic uncertainty. The intertwinement of these two uncertainties in solving
incomplete information games has been discussed in Liu (2015). Briefly, a unique
feature of the Hoshino (2017) construction is its sole reliance on strategic uncer-

tainty after constructing the first signal. Here, we describe the two constructions:

Pooling:

1

1. Find the first cutoff w; and set 7(s; = s}|w) = 1,V > w]

: solve a)% from

Elw|lw > w}] = @} (4.4)

2. Find the second cutoff w} and set 7t(s, = s;|w) = 1, Vw > w): solve w, as the

smallest w € Q such that

Eluy(H,H, w)|s1 = 51,52 = s3] + E[ua (L, H,w)|s1 # 5,5 =s,]  (4.5)

> E[uy(H L w)|s; = s}, = sy] + E[ua(L, L, w)|s1 #5],5 = s5]  (4.6)

3. Iteratively construct signals.
Hoshino:

1. Consider a partition of the state space Q = Q;(JQ,|JQ; such that w >

w°P, Y € Qy, Prob(w € Q) = €, and Eq,[w] = ®P.

2. Find p € (0,1) and set t((s1,52)|w) = 1,Yw € Qg and 1((s1,52)|w) = p, Yw €

such that E[w|(sy,s2)] = wP.

3. Iteratively construct the following signals on €2, such that:

n(slw) = n(s|w’), Vo, 0’ € Qy, 4.7)
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and the agent’s belief on the opponent’s playing H after observing any signal

is high enough for them to by willing to play H.

4.3 Comparisons

In general, when full implementation is impossible, it is hard to tell which of
the two constructions performs better and the fact that both constructions could
involve infinitely many signals adds to the difficulty in comparing the different
partial implementations. While Hoshino guarantees full implementation on states
expected to be above the risk dominance threshold, the prescription necessarily
leaves out all lower states where agents play the undesirable action L. The pooling
construction, to the contrary, could proceed iteratively to include states that are
below the risk dominance threshold, but whether it outperforms the Hoshino
construction depends on when it stops. As we will see in the following examples,
the prior distribution of the states plays an important role which sheds light on the

relative strength of these constructions.

Observation 4.3.1. If w} < w;?, compared to the pooling construction, the designer can

induce (H, H) with a strictly higher probability using Hoshino’s construction.

SDd

Proof. w; < @}

implies that:
E[ui(H,H)|s1] < E[u1(L, H)|s1], Vs1 # s].

Therefore, using pooling, the probability of inducing (H, H) is:

P(s7) = J> 1a)d‘uo(a)).



Since w*P < min{w;”, w3"},

P(),) = f wdpo(w) > P(sy).

waRD

This example highlights an extreme case where the pooling construction is
least effective in the sense that we could only afford the construction of the first
signal and the remaining states are already too low to induce further switching.
Therefore, we could only induce playing H on states that are expected to be above
the strict dominance threshold w°P using pooling. However, for Hoshino, we
could induce playing H on states that are expected to be above the risk dominance
threshold wRP which is necessarily lower than the strict dominance threshold and

therefore at a higher probability.

Observation 4.3.2. If supp(uo) = {@} | Qo, where w € (0P, wRP) for any w € Qp and
@ > &°P, and po(@) = €, compared to Hoshino’s construction, the designer can induce

(H, H) with a strictly higher probability using the pooling construction.

Proof. Find w] in the same way for both constructions. For Hoshino’s construction,

Vo < ], w € Q3. Therefore, the probability of inducing (H, H) is:

1—P(Q;) = f la)dyg((u). (4.8)
WwZwy
For the pooling construction, since Vo > a)%,
U (H/ Hr CL)) > U (H/ L/ CL)), (49)

1

we can always find a w) < w;

such that the inequality constraint in the step 2 of the
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pooling construction is still satisfied. Therefore, the probability of inducing (H, H)

is at least

J wdy(w) > J wduy(w). (4.10)

2 1

This example highlights another extreme case where the Hoshino construction
is least effective in the same sense as before where we could only afford the con-
struction of the first signal. Here, while we could construct the first single which
leverages the strict dominance using either pooling or Hoshino, we could proceed
the construction with pooling but not Hoshino due to the remaining states being

lower than the risk dominance threshold.
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Chapter 5

Conclusion

In the chapter on quality control, we showed the optimality of sequential inspection
among a selection of protocols. We further provided some insights on how to order
the agents using sequential inspection when they are different in terms of their
ability to acquire information. We leave a complete analysis of a model with more

general assumption on differences between agents for future studies.

In the chapter on self persuasion of a present biased agent, we characterized the
optimal information choice for a risk averse present biased agent and provided an
example that shows that intertemporal substitution would play a role in deciding
the information choice, while risk aversion may not.

In the chaper on information design and risk dominance, we provided two
examples to illustrate the relative strength of the two prominent constructions of

optimal information structure currently available in the literature.
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Appendix A

Omitted Proofs in Chapter 3

A.1 Proof of Proposition 3.4.2:

SeLF-1’s PROBLEM ~ Recall that for any consumption choice c € A, and any feasible

posterior belief p on the high state R, self-1's lifetime expected utility is:
Ui(c;p) = ¢+ BOE,[R](1 —c) (A1)

Therefore, self-1’s optimal action given a posterior belief p is:

L_R
1 ,ifp<it—

c*(p) = L (A2)
0 ,ifp>f—

SeLr-0’s PrROBLEM ~ We follow the concavification approach from Kamenica and
Gentzkow (2011)." Anticipating self-1 choosing c*(p), self-0’s indirect utility eval-

uated att = 11is:

Uo(c*(p)ip) = ¢ (p) +OE,[R](1 —c*(p)) (A.3)
. R

B 1 Jifp < %—B (Al
SE,[R] ,ifp > g__ff

!We present an algebraic rather than pictorial proof, but we still follow the concavification ap-
proach by considering convex combinations of Uy(c*(p1);p1) and Up(c*(p2); p2). We want to
emphasize that it is essential to have the expected utility formulation to use this approach.
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Denote Uy(c*(p); p) as the concave envelope of self-0’s indirect utility function.

Lemma A.1.1. Consider the following two functions of p:

Li(p) = 1+ (6R-1)p (A.5)
1+ 2 (R-Rp ,ifpel0,E—]

Ly(p) = P i (A.6)
SE,[R] Jfp> T

Uo(c*(p); p) is either Ly(p) or Ly(p) and cannot be anything else.

Proof. By definition of concave envelope, for any point 7,

Uo(c*(P)iP) = MAXeloplmeipt] i Uo(c* (pr); p1) + T—L-Un(c* (p2);p2) (A7)
P1— P2 P1— P2
1 Ifpe 0,22

Vp1 € [0,7], Uo(c*(p1); p1) = 1, which helps to simplify Uy(c*(7); p) to:

p—p2 N p1—p

Uo(c*(py); A.8
L o(c*(p2); p2) (A.8)

Uo(c*(P); P) = maxp,e(op) paefp

A—R
Given that Uy(c*(p2); p2) is strictly increasing in p, on [%DTB_’ 1], we can further

simplify it:

p—p2 N pi—p

1 _
pel0plpel B iPL = P2 P1—Pa

Uo(c*(p); p) = max Uo(c*(p2)ip2)  (A9)

1

p1 should be optimally set at 0, since for any p, € [”;__f,l], the objective
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function is strictly decreasing in ps:

O pP—p2  p1—P p2—p
< + Uo(c*(p2)ipa)] = 2P (1 — Up(c*(pa);
an [Pl I — o(c*(p2); p2)] = Pz)z( o(c*(p2); p2))

< 0, since Up(c*(p2);p2) > 1.

Uo(c*(P); P) can then be further simplified to:

Ul @ip) = max 4 =24 Dygecpaips)  (A0)
PzE[Iﬁ_B 1] <_p2) p2
— max 5, 1+2(-1+0E,[R]) (A1)
pze[ﬁ%l—;,l] p2
Note that:
A4 P sE, R = 20— oR) (A.12)
dp> pa (p2)? -

We consider the following cases:

(@) If  <R:

1_R .
pi = /;—B— is the unique maximizer of 1 + > (~1 + 0E,,[R]), and

W@ @ip) = 1+ 2 (-1+0E,R))

p P2
11

- 1+ —®-Rp
BTN

= Ly(p)

(b) If% > R:
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p; = 1is the unique maximizer of 1 + pﬁ;(—l + 6E,,[R]), and

Uo(C*(ﬁ)/ﬁ) = 1+ p£;<—1 + 6Ep;‘ [R])

1

2. 1fpe [B 1]

Vps € [P, ], Uo(c*(p2); p2) = OE,,[R], which helps to simplify Uy(c*(p); f) to

p—p>

— ) pL—p
Uo(c*(p);p) = maxpeopmeipn)———Uo(c*(p1); p1) + ———0E,[R]
pP1—p2 1— P2
— max{max PPz PLZP s IR), B[R]}

1
prelo, 2 R)Pzeplpl P2 P1— P2

To determine the maximum, let us first discuss the maximization of % +

= 7 5E,,[R] with respect to p;.

P—p PP
— + SE,[R]} = 1-
g B (pl 2{ R}

Bl
|
=

< 0, sincedE,[R]>1,Vp,=p>

=
|
I=

This implies the optimality of setting p; = 0 for p; € [0, __R) and hence the
following simplification:
P—p2 PP P—p P

max + OE,,[R] = maxyep1)—— + —OE,,[R]
pel0 B et — P2 pL—p2 P p) "

— Ml + 5 (OE,,[R] — 1)
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AR
%“ — implies that this simplified objective function is increasing in

pp=p =

p» and hence the optimality of setting p, = 1, which further implies that:

Uo(c*(p);p) = max{1+p(6R —1),8Es[R]}
= poR + (1 — p)max{1,6R}

Again, we consider the following cases:

(a) If § <R:

Uo(c*(P); p) = POR + (1 = P)OR = La(P)

Since in this case, 0E;[R] > 1 + p(6R — 1), it is only necessary to have

1 -
p1= % Indeed, Uy(c*(p); p) is independent of the p; and p, as long as

&—R
p1,p2 € [5—, 1], since the objective function:

=
=

PP e (o)) + Lt (pa)ip) = L—P26E, [R]

P1—P2 P1—P2 p1— P2
p1—p
+ OE, |R
ALY
= OEs[R]
(b) If% > R:

We've shown in the above proof to the lemma that (1) if ; < R, Up(c*(p);p) =
Ly(p); (2) if + > R, Uy(c*(p); p) = L1(p). We've also shown that:
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R R
Iz) p1 = 0 and p, = "‘ ; (2)

1. If § < R, when the prior is (1) p* € [0,

1 _
R %2

prele—=1,pr=p2=p

R-R

2.If; >R p1=0andp, = 1.

p; is the posterior belief on R after observing a low state message, and p5 is the

posterior belief on R after observing a high state message. Bayes rule implies that

for any po,

pon(R) () . pon(R)(7)

P o ®0 + (- p)r®@ 2 poern®® + (1 po)n(R)(F)

Since we’ve known the p} and p;, we can back out self-0’s optimal strategy

—0 = n®)(r)=0,r(R)F) =1

Pi
L _R 1 — p*
. po = - P> Po
Also, since pi = — = n(R)(r) = ,
g < TR0 -
= - P; —Po
n(R)(F) = —2——.
(R)() (= po)

1

7R
() Vpo € [Z, 1],

pi =3 = po= n(R)(r) = n(R)(r), n(R)() = m(R) ().

This condition characterizes all the uninformative signal structures. By

2This is the case where self-0 is actually indifferent among infinitely many feasible signal structures

1

which satisfy that p1,p, > =
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uninformative, we mean that self-1 could not update his belief to some

P # Po-

pi=0 = 7n(R)(r) =0,n(R)(r) =1

Also,sincep; =1 = m(R)(r) =0, n(R)(r) = 1.

ALTERNATIVE REPRESENTATION OF SELF-1’s STRATEGY  Self-1 observes a signal re-
alization, r e M = {E,B} = ), and then best responds to it with his Bayesian

updated belief. Consider self-1’s strategy as the mapping C : M — A,. Denote

p(r;po, 7t(-)(R)) as self-1's posterior belief after observing the signal realization r.

Then, as discussed above,

p(r;po, m()(r) = pi(po, (-)(7),  p(¥;po, 7()(7)) = p3(po, (-)())

Therefore, for each case with respect to py and 7t(r)(7),

C(r) = Clp(r;-)) = Cpy), C(r) = Clp(r;-)) = C(p3)

Specifically,
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A.2 Proof of Proposition 3.5.1:

For any belief p, Self-0’s indirect utility function is:

Un( (p); p) = %(l L BED)), (A13)

where the optimal consumption ratio:

£ (p) = {BOE,[R?]} 7. (A.14)

To apply the concavification approach, we first take a look at the curvature of this

indirect utility function:

%;(P);p) = {(B-p)t*(p) + (1= Bp) (A +t*(p)) P2 (p)* (1 — p) 2

xBo*(R” — RP)?

>0 ifpéﬁor{P>ﬁ&t*(P)<%}’

= V=0 ifp>B&ti(p) = 1L,

<0 ifp>p&ti(p) > %.

Since when p < B, we have global convexity, full information will be optimal.

When p > f3, since t*(p) increases in p monotonically as:

¥ (p) = LI (p)?BS(R” — R?) > 0, (A.15)

L=p
which implies that #*(p) < t*(1). If R is small enough such that:

#(1) = {BoR} ™ < %, (A.16)
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then t*(p) < @ is satisfied for all p and hence Uy(t*(p);p) is global convex and
p o—p p P)spP)1s g

full information is optimal. Similarly, if R is large enough such that:

11—
£(0) = {poRe}™7 > PP, (A.17)
p—P
then t*(p) > % is satisfied for all p and hence Uy (t*(p); p) is global concave and

no information is optimal. Besides these two extreme cases, the monotonicity of

t*(p) also implies that, for any R, R such that R < Ry < R, where

1
5

1-pp

= e, (A.18)

(

ROE[

then, as we increase p from 0 to 1, Uy(t*(p); p) starts out being convex till some
point p(Ry) and then becomes concave all the way until p = 1. The turning point
p(Ro) is solved from:

Epro)[R"] = RY. (A.19)

Next, we want to characterize the full information case where the line connecting
the two endpoints Uy(t*(0); 0) and Uy(t*(1); 1) happens to be tangent to Uy (t*(p); p)
at p = 1. We will see that this is a marginal case as discussed below. The slope of

the line representing full information is:

HlE ) HoEOD) _ (1 1)) 2t 100+ (e 170D

(A.20)
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The slope of Uy(t*(p);p) atp = 1 is:

oUy(t*(1);1)

Bl = Q)T

® 1 % ﬁ_p
<{t*(1) + B — Tt*(l){[t (Uﬁ +B]

R _
OV + T2,

Rearranging terms, the slopes are equal if and only if:

+ (0
(1+t4(0))P = (1 + t*(1))*° — B i R) e (A2D)
[t (1) T5 + Bl + (1)) [t*(1) + 2]
Also, %p(l);l)ha:l = uO(t*(l);l)Iu"(t*(O);o) if and only if either one of the following

two cases is satisfied:

L[5S + 8] + ORI + T2 <0;

)

* _ * R * —
2. [P (UL + 6]+ #EP[E() + 2] > 0,and
1+ £5(0))F < (1+ £%(1))1*0 o '
(1+1(0))7 < (1 + (1)) [z g e 0 B[+ 2

Denote LHS, RHS as the left and right hand side of the above equation respectively.

Note first that R € [0, R]. If we take R = 0, then #*(0) = 0, and we have:

LHS = 1 (A.22)
RHS = (1+ t*(1))1+pL_p <0. (A.23)
t(1)=, + B
To see the last inequality, since t*(1) > 1p_f lf and p > j,
p—p 1-Bpp—p p-1
(1) —— + B < L T 4p=1—<0. (A.24)
R R e AL



If we take R = R, then:

LHS = (1+ (1)) (A.25)
B . (1YLt p+t*(1)

RHS = (1+t*(1)) p[t*(l)’j‘—g+5]+t*(1)[t*(1)+1l‘—pf] (A.26)
N A Ukl UL C R U Y

ﬁ+ (1—pli)j;ﬁ—p)t*(1) +t*(1)2

since 1 4 f8 < %. Next, we want to show that there exists R, such that:
p-r R 1-pp
t"(1)—— + | +t*(1)(Z)?|t* (1) + ———] = 0. (A.28)
[ OF=E g+ &) [+ 7

We’ve shown above that value of the left hand side terms is strictly negativeat R = 0
and strictly positive at R = R. It is also easy to see that it monotonically increases
in R, which implies the existence of a unique R, that solves this equation. This
further implies that as R — R, RHS — o and hence is larger than LHS. Together
with RHS < LHS at R = R, we know there exists a Ry such that LHS = RHS. A

sufficient condition for the uniqueness of this R, is the convexity of the RHS in R:

= - oL or S -
R o 2
OV + IR e ) -1+ )~ (- )
R
> POEIIED + TR HTEr O - o + (1 p)pp),
VR € (R, R)
> 0.

We summarize the comparisons of the two slopes:
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1. forR c [0 R ) au(’a—p(l);l)h):l = Uo(t*(1); )luo(f*(o)o)/

2. forR Ry, M—ph’ L= UO(t*(l);l)IUO(t*(O);O),'

3. for R € (Ry,R], Mlp— Up(t* (1); )1U0(t*(0) 0

These comparisons together with the curvature of Uy(t*(p);p) we've discussed
above implies that full information is optimal forall R < Ry, and partial information

is optimal for all R € (Ro, R].
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A.3 Proof of Proposition 3.6.1:

Note that U] (p; c*(p), @) is a piecewise linear function that is constant at 0 on p €

[0,7' (a;-)] and increases linearly in p on 7' (a;-),1] from (E):_l to 2K

1. Therefore,

we have a parallel lemma to that one used in proving Proposition 3.4.2:

Lemma A.3.1. Consider the following two functions of p:

R —1
Lpia) = ——p (A.29)

(})2-1

. =1,
aﬁl(a,’-)P 4 pr € [O’p (a’ )]

69Ep[R*] -1

—— ifp>7p ()

Ly(p;a) =

Ul (p; c*(p), a) is either Ly(p; @) or Ly(p; @) and cannot be anything else.

Whether L (p; a) or L,(p; ) is the concave envelope hinges on the comparison

of their values at the belief threshold 7' («; -).

Lty OR =1 R 1) R Aal
l(P (a,-),a) - TP ((X,') - o Ea _ Re ( . )
(5)* -1 () -1
L{ (@ )a) = S—p'a) =2 (A.32)
ap (a;-) a
Therefore,
. . (R = (£)9)(1 = 5°R*) 1 _ goge
Li(p (a;-);a) — Lo(p (a;-); ) = o . (A.33)

We are back to the two familiar cases:

< R:Va, Ul(p;c*(p), a) = Lo(p' (a; ); ).

=

=1

> R: Va, Uj (p;c*(p), @) = Li(p (a;-); ).

=
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The optimal signal structure depends on how 3 compares with R but not a.

We summarize the findings: when } < R, the optimal signal structure is partially

informative; when % > R, the optimal signal structure is (fully) informative. In

either case, it’s exactly the same as that characterized in Proposition 3.4.2.
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A.4 Proof of Lemma 3.6.2:

SteP1: MONOTONICITY OF (E, [R?])s e SinceR € Q = {R,R}and R, R € R, forany
p € [0,1], we know that E|X| < o. Consider ¢4 (x) = x%, with —o0 < a1 < a; < 0.
¢1(-) is a strictly convex function, as ¢ (x) = (G- 1)35%_2 > 0. Also, Vp € (0,1),

Va, the random variable R is not almost surely constant. Jensen’s Inequality implies

that:
(E,[R%])® < E,[R™%] < (E,[R*])% > (E,[R™])™,as a; < O. (A.34)

Similarly, consider ¢,(x) = xé, with 1 > a; > a, > 0. ¢»(-) is also a convex

function. Again, by Jensen’s Inequality, we have:
(Ep[R™])% < E[R™%] < (E,[R*])% < (E,[R™])*, a5 a1 > . (A.35)

Therefore, we’ve shown that the effective expected rate of return, (E, [R9])z, is
increasing in @ on both (—o0,0) and (0,1). To see what happens at a = 0, we take
natural log of (E,[R*]) a:

 In[pR" + (1-p)R*]

| : (A.36)
(04

S

In[(E,[R])

Now that both numerator and denominator are equal to 0 at @« = 0, we apply

L’'Hospital’s rule:
LR pR In(R)+(1-p)R%In(R)
R + (1—p)R® R+ (1_p)R"
lim, o nlp (1-p)R] _ lim, PR +(1-p)R (A.37)
o 1
= pIn(R) + (1 - p)In(R). (A.38)
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Given that R, R € R, the limit of (E,[R?])# at = 0, which is equal to e"*®R)+(1-p)in®),
is well defined.

At a = 0, the CRRA utility function takes the special form of the log function.

Therefore, instead of (E,[R"]) =, we would have:

eErI R — PR+ =pn®) _ [ o (E,[RY])7, (A.39)
which proves the continuity of (E, [R?])# in av.

Combined with the monotonicity on both (—0,0) and (0,1), forany —o0 < a3 <
0 < a; <1, we have (EP[R"“])% < limaHO(Ep[R“])% < (EP[R"Q])%. Therefore, it has

to be that (E, [R?])# is increasing in a everywhere on (—o0,1).

STEP2: MONOTONICITY OF ﬁl (a; B, 0, R, R)na  We plan to use the implicit function

theorem. First, we want to show that (E,[R?])# is monotonically increasing in p.

%(E,,[Ra])% - l(Ep[R“])ﬁ‘l(ﬁa —R%) >0. (A.40)

R

The Euler equation for self-1 is:

1= BS(E,[RY))=. (A41)

If we assume R < ﬁié < R, then there exists an interior ;71 (a; B, 6, R, R) € (0,1) such
annd
that (Eji (0570 [R])7 = ﬁié

1

Consider a function F(a,p;8,6,R,R) = (E,[R*])s — ;;ia- At any arbitrary a €
—00, ,1) an = (a;B, ,_, ,Fla,p (a;-);-) = 0 is satisfie rearrang-
(—o0,0)1J(0,1) and p = 7' (a; B,6,R,R), F(a,p" 0 fied by g
ing the Euler equation.

Next, we check the properties of the partial derivative of F(a, p; -) with respect
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to p. We’ve shown that:

F(a,p;-) = %(EP[RH])% > 0. (A42)

Since it is strictly positive everywhere, it is nonzero at ;31 (a;-) in particular. Also, it

is continuous since it is a monotonic transformation of E,[R*], which is linear in p.

Finally, we check the properties of the partial derivative of F(a, p; -) with respect

to a.

0

Falppi)) = =-(E)[R7])" (A43)
= SERDPRI® (- pRMER)] (A4
HE,[RY)*n[pR” + (1= p)R7](~1)a?, (A45)

the functional form of which implies that it is necessarily continuous except at
a = 0. First, we need to check the differentiability of (E, [R%])# at @ = 0. Recall

that, at & = 0, the form of ef["(R)] — grinR)+(1-p)in(R)
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(E,[R"] )i — ePn®)+1-pin(®)
h

bR +(1-p)R") _ opln(R)+(1—p)In(R)
h

. a = 1 .
= limy_o a—he}?’”(pR +(-PR) by [’Hospital’s Rule

limh—»o

= limy_,

) 0 a1
= llma_,O%(Ep[R 1)

ity (B[R i { PRI :Eil[lg]p BB ln(EZER Dy
pR In(R) + (1 - p)R*In(R)
aE,[R¢]
pR In(R) + (1 - p)R*In(R
2aE,[R¢]
pR In(R) + (1 - p)R*In(R)
2aE,[R%]

Ey[In(R

= e J {lima_,g

—lim,_ ) }, by L'Hospital’s Rule

Ey[In(R

= e Nim, o

= 00Oor —

Therefore, (E, [R%])# is not differentiable at & = 0 and hence F,(a, p; -) is not contin-

uous at o = 0.

We proceed with applying the implicit function theorem®. The implicit function
;31 (a; B, 9, E, R) is well defined, continuous, and has continuous partial derivatives,

except at @ = 0. This implies:

1 ) 7t 7 %P -
L P, @B O R R = Fala 7 (@) + Bl 7)) T g
@) Fal@p(@))

4

Oat Fy(a, ' (a;); )

3We use the version of the implicit function theorem as stated on p. 195 in Chiang (2005).
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which is well defined and strictly negative, as it holds everywhere exceptat a = 0
that:

Fp(a,ﬁl(a;-);-) >0, and Fa(a,ﬁl(a;-);-) > 0. (A.46)

To see that ;71 (a; -) is also well-defined and continuous at @ = 0, we can solve for
7' (0; ) from the indifferent condition implied by the Euler equation (Er_,l (@) [R?])s —

1
% = 0, where (Ej () [R])7|amg = €51"();

S In(*3-)
0;-) = —— (A.47)
lI’Z(E)
Since:
1 ((ﬁig_l @_1q ((ﬁf’)_l )aln((ﬁélg_l) ln((ﬁ2_1> 1
lirnl){—)(]l7 (0(, ) = lima—»O % - lima—>0 R R — = % =p (O/ ')/
7)1 (z)n(3) In(})
(A.48)

we have shown that ﬁl (a;-) is well-defined and continuous at @ = 0. Therefore,

we’ve shown that 7' (@; -) is continuously decreasing in a.

Step3: LimiTs OF p (a;B,6,R,R) as @ — 1 aNp @ — —o0  We can solve for 7' (a; -)

from F(a,ﬁl(a;')}') = (E,—ﬂ(a;.)[Ra])% - ﬁl_é =0

(A.49)

|
Q
|
)
R
—~
I=I=| | I=
~
s}
|
—
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()" —R* (5 —-R
lirrza_,l;?1 (a;) = limy_y lfa = ﬁ
R-R* R-R
5 -1
. . . ((1313 )a -1
limy_oop (a;-) = limy_oo—— =1,
(B -1

. 1 =
since we’ve assumed that R < % <R.
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