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Abstract

Entering the era of big data, human beings are faced with an unprecedented amount
of geometric data today. Many computational challenges arise in processing the new
deluge of geometric data. A critical one is data uncertainty: the data is inherently
noisy and inaccuracy, and often lacks of completeness. The past few decades have
witnessed the influence of geometric algorithms in various fields including GIS, spatial
databases, and computer vision, etc. Yet most of the existing geometric algorithms
are built on the assumption of the data being precise and are incapable of properly
handling data in the presence of uncertainty. This thesis explores a few algorithmic
challenges in what we call geometric computing over uncertain data.

We study the nearest-neighbor searching problem, which returns the nearest
neighbor of a query point in a set of points, in a probabilistic framework. This thesis
investigates two different nearest-neighbor formulations: expected nearest neighbor
(ENN), where we consider the expected distance between each input point and a query
point, and probabilistic nearest neighbor (PNN), where we estimate the probability
of each input point being the nearest neighbor of a query point.

For the ENN problem, we consider a probabilistic framework in which the location
of each input point and/or query point is specified as a probability density function
and the goal is to return the point that minimizes the expected distance. We present
methods for computing an exact ENN or an e-approximate ENN, for a given error

parameter 0 < € < 1, under different distance functions. These methods build an
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index of near-linear size and answer ENN queries in polylogarithmic or sublinear
time, depending on the underlying function. As far as we know, these are the
first nontrivial methods for answering exact or e-approximate ENN queries with
provable performance guarantees. Moreover, we extend our results to answer exact
or e-approximate k-ENN queries. Notably, when only the query points are uncertain,
we obtain state-of-the-art results for top-k aggregate (group) nearest-neighbor queries
in the L; metric using the weighted SuUM operator.

For the PNN problem, we consider a probabilistic framework in which the location
of each input point is specified as a probability distribution function. We present
efficient algorithms for (i) computing all points that are nearest neighbors of a query
point with nonzero probability; (ii) estimating, within a specified additive error, the
probability of a point being the nearest neighbor of a query point; (iii) using it to
return the point that maximizes the probability being the nearest neighbor, or all
the points with probabilities greater than some threshold to be the nearest neighbor.
We also present some experimental results to demonstrate the effectiveness of our
approach.

We study the convex-hull problem, which asks for the smallest convex set that
contains a given point set, in a probabilistic setting. In our framework, the uncertainty
of each input point is described by a probability distribution over a finite number
of possible locations including a null location to account for non-existence of the
point. Our results include both exact and approximation algorithms for computing
the probability of a query point lying inside the convex hull of the input, time-
space tradeoffs for the membership queries, a connection between Tukey depth
and membership queries, as well as a new notion of f-hull that may be a useful
representation of uncertain hulls.

We study contour trees of terrains, which encode the topological changes of the

level set of the height value ¢ as we raise ¢ from —oo to +00 on the terrains, in a
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probabilistic setting. We consider a terrain that is defined by linearly interpolating
each triangle of a triangulation. In our framework, the uncertainty lies in the height
of each vertex in the triangulation, and we assume that it is described by a probability
distribution. We first show that the probability of a vertex being a critical point, and
the expected number of nodes (resp. edges) of the contour tree, can be computed
exactly efficiently. Then we present efficient sampling-based methods for estimating,
with high probability, (i) the probability that two points lie on an edge of the contour
tree, within additive error; (ii) the expected distance of two points p,q and the
probability that the distance of p, g is at least £ on the contour tree, within additive
error and/or relative error, where the distance of p,q on a contour tree is defined
to be the difference between the maximum height and the minimum height on the

unique path from p to ¢ on the contour tree.
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1

Geometric Computing over Uncertain Data
— An Introduction

1.1. Introduction

Entering the era of big data, today human beings are faced with an unprecedented
amount of geometric data, such as locational traces recorded by GPS devices, location
information produced by smart phones (typically associated with photos or social
network statuses), point clouds acquired by 3D scanners, and detailed Google/Bing
Maps. Even non-geometric data, such as videos and images, are often processed by first
reducing to geometric data through embedding into a multi-dimensional feature space.
In fact, the past few decades have witnessed the influence of geometric algorithms in
various fields including GIS, spatial databases, computer vision, computer graphics,
and CAD/CAM, so there is an urgent call for efficient and practical geometric
algorithms that are scalable and robust enough to handle big geometric data.

Many other computational challenges arise in exploring the new deluge of geometric
data. A critical one is data uncertainty. There is a growing awareness of uncertainty
in the geometric data we are collecting nowadays. The data is inherently noisy and

inaccuracy, and often lacks of completeness. For example, GPS devices only provide



certain level of accuracy; due to hardness reason, the geo-location of an IP address is
only approximate and specified as a region; different sensors might produce different
readings for the same target; for a moving object, its velocity is measured say, every
10 seconds, instead of continuously, to conserve energy; in privacy, noise is imposed
into data through various means. Yet most of the existing geometric algorithms
are built on the assumption of the data being precise and are incapable of properly
processing data in the presence of uncertainty. In response to this computational
challenge in handling geometric data, the focus of this thesis is what we call geometric
computing over uncertain data — through a small subset of representative geometric
problems together with a probabilistic framework used to model uncertainty, inspired
by models in machine learning and Bayesian statistics.

Among numerous geometric problems that can be casted under uncertainty, we
have devoted ourselves to three of the most fundamental ones, specifically, nearest-
neighbor searching, convexr hull, and contour tree, with an emphasis on geometric
queries, combinatorial structures, and topological structures, respectively. All of
these three problems, well-studied in the exact case, are often building blocks of
many others, and have wide-ranging applications, including but not limited to,
computer graphics, computer vision, geographic information systems, databases,
image processing, pattern recognition, visualizations, robotics, combinatorics, and
statistics. Therefore, we believe they are key problems that can help unveil the mask
of uncertainty role in both practice and theory, and that offer first steps towards
illustrating the computational challenges that arise when handling uncertain data.
Theoretically, we have explored some algorithmic challenges in geometric computing
over uncertain data: (i) how the input uncertainty affects the output quality, e.g. we
may have to associate a confidence level or likelihood with each output, or simply
compute certain statistics such as the expectation of the output; and (ii) how the
input uncertainty impacts the computational efficiency of an algorithm to obtain the
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output, e.g. it may become space-prohibiting or indeed computationally intractable.
Empirically, we have conducted some preliminary experiments on real datasets (for

nearest-neighbor searching) to validate the effectiveness of our approaches.
1.2. Uncertainty Models

Different models have been proposed for modeling uncertainty in geometric data:
mainly classified into deterministic models and probabilistic models. Probabilistic
models can be further classified into the existential model and the locational model,
which are simple and mathematically tractable enough for algorithmic designs and
analyses, and well capture the probabilistic nature of uncertainty, hence the focus of

this thesis.
1.2.1. Deterministic model

In this model, each input point lies inside a region, which can be a square, a disk, a
polygon, etc. An earlier model, e-geometry, a special case of the deterministic model,
was introduced by Salesin, Stolfi and Guibas in the late 1980s as a way to cope with
computational errors in geometric algorithms [107]. In the e-geometry model, each
input point is assumed to be at most € away from its true location; alternatively,
each input point lies inside a disk of radius € centered at its true location. The
region associated with an input point represents the knowledge we have about that
point. Consider the example that Walmart plans to open a new store in the Research
Triangle Park, but the exact location has not been chosen. Then the location of the

new store may be represented as the region of Research Triangle Park.



1.2.2. Existential model

In the existential uncertainty model, each uncertain point® p exists with independent
probability m,, and absent otherwise. A finite set P = {p1,p2,...,p,n} of such points
in R? is called a stochastic point set. For example, sensors may become inactive with
some probability due to hardware failures, and post offices may be closed with some

probability based on their operating hours, etc.
1.2.3. Locational model

In the locational uncertainty model, an uncertain point P in R? is represented as a
continuous probability distribution defined by a probability density function (pdf)
fr: RY — Rsg; fp may be a parametric pdf such as a uniform distribution or a
Gaussian distribution, or may be a non-parametric pdf such as a histogram. For
example, a vehicle’s location obtained using GPS can be represented as a Gaussian
distribution centered at its reading with variance being the accuracy level of the GPS
device. We also consider the case where P is represented as a discrete distribution
defined by a finite set P = {p;,...,p;} C R? along with a set of probabilities
{wi,...,ws} C [0,1], where w; = Pr[P is p;] and )., w; = 1. For instance, if an
object’s location is measured by multiple devices, and we have varying confidence
levels towards different devices, then the location of that object can be described as

a discrete distribution.

Note that the locational model generalizes the existential model if we allow
i w; < 1, and furthermore, it is a more general model than the deterministic
model because of the probability density function imposed on the uncertainty region
(the deterministic model can be thought of imposing a uniform distribution on the

uncertainty region). In this thesis, we focus on both the existential model and the

ITf the location of data is precise, we call it certain.
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locational model.
1.3. Prior Work

Uncertainty is ubiquitous. Many disciplines have been battling with, and will continue
dealing with, the presence of uncertainty in the data. See the book [43] for uncertainty
handling in databases, books [17,122] in data mining, the book [78] in statistical
science, the book [59] in remote sensing and GIS, among many others.

In computational geometry, most of the earlier methods assumed that the input
points and the query points were precise. In many applications, such as sensor
databases, location based services, face recognition, and mobile data, the location of
data is imprecise. This has led to a flurry of activity on geometric computing over
uncertain data. Below, we briefly survey some of the most recent work. More related
work can be found in each individual chapter.

In the deterministic model, much work has been done in computational geometry,
see e.g. [30,31,32,66,93,107,120] and Maarten Loffler’s Ph.D. thesis [92] for geometric
computing under this model. Many of them have focused on extreme values of
geometric measures such as diameter and bounding box, etc. For example, it was
shown that the largest (resp. smallest) smallest enclosing circle of n imprecise points
in the deterministic model can be found in O(n) time when the regions are all squares
or all disks, which also holds for the largest smallest bounding box in [92]. And
for the smallest smallest bounding boz, it takes time O(n) for squares while O(n?)
for disks. In [30], Cabello studied the problem of spreading points, i.e., placing n
points, each one inside its own prespecified disk, with the objective of maximizing
the distance between the closest pair of them. He showed that the problem of
spreading points is NP-hard and gave several approximation algorithms, e.g., in the
Lo metric, a 2-approximation algorithm running in O(n+/nlog®n) time was given.
In [31], Cabello and van Kreveld considered approximating the problem of aligning
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points, i.e., aligning as many points as possible horizontally, vertically, or diagonally,
when each point is allowed to be placed anywhere in its own given region.

In the existential model, researchers have investigated nearest-neighbor searching,
closest pair, convex hulls, minimum spanning trees, etc [79,80,104,115,116]. Let
P be a set of n uncertain points in the existential model. Very recently, Suri and
Verbeek [115] showed that the size of the most likely Voronoi diagram of P in R! is:
(1) ©(n?) in the worst case, (2) ©(kn) if the input has only & distinct probability
values, (3) O(nlogn) on average, and (4) O(ny/n) under smoothed analysis. Pérez-
Lantero [104] showed that for both area and perimeter of the convex hull of P, it
is NP-hard to compute the probability that the measure is at least a given bound
w. For a parameter ¢ € (0, 1), Pérez-Lantero offered a deterministic algorithm with
running time O(n?/e) which returns a value that is between the probability that the
area is at least w, and the probability that the area is at least (1 — ¢)w. Finally, a
Monte-Carlo algorithm was proposed to estimate such a probability within additive
error € with high probability.

In the locational model, numerous results have been obtained on nearest neigh-
bor queries, top-k queries, convex hulls, skylines, range queries, clustering, among
numerous results [7,28,44,45 50,64,73,85,91,114,118,125,127], in both the database
(known as probabilistic databases) and the computational geometry community;
see [17,51] for surveys on uncertain data. Take uncertain skylines for an example.
People have studied p-skyline and 7-skyline, for both of which we are given a set P
of n uncertain points in the plane, where each uncertain point P; is described by a
discrete probability distribution defined over k locations. For a parameter p € (0, 1],
the p-skyline of P consists of all the uncertain points of P whose skyline probabilities
are at least p, and it can be computed in O(m?) time in a straightforward manner,
where m = nk. Atallah and Qi [22] devised the first sub-quadratic algorithm with
running time O(m®®polylog(n)). Later, Afshani et al. [1] improved the running time
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to O(m?3/?), and they also constructed a set of uncertain points suggesting that this
bound might be optimal. For the case k < n, the running time can be further
improved to O(mklogm). Alternatively, in [125], we proposed 7-skyline: given a
parameter 7 € [0,1], the 7-skyline region of P is the set of points ¢ in the plane
such that the probability of any P, dominating ¢ is at most 7, and the 7-skyline
of P is the boundary of the 7-skyline region of . We showed that 7-skyline of P
can be computed in O(mlogm) time using a very simple approach, where m = nk.
The definition of the 7-skyline of P; is closely related to the concept of K-skyband,
proposed in [101]. Given a set P of n (exact) points and a parameter K < n, the
K-skyband of P asks for the set of points which are dominated by at most K points of
P. 0-skyband corresponds to the conventional skyline. As a product, we obtained the
first algorithm for computing the weighted skyband of a set of weighted points [125].

From above, it can be seen that some problems become indeed intractable in the
presence of uncertainty, and one has to turn to approximation. One more example is
that it was shown to be NP-hard in [80] to compute the probability that the closest
pair distance is less than a given value [, even in R? and L, norm, and a linear-space
data structure was given with O(logn) query time to compute the expected distance
of a given query point to its (1 + ¢)-approximate nearest neighbor when the dimension
d is a constant. For some other problems, it becomes impractical, though theoretically
tractable. For example, we have shown that the expected Voronoi diagram for ENN
or the most likely Voronoi diagram for PNN can have size quadratic, cubic or even
worse [6,9], far from satisfying compared with the linear-size Voronoi diagram in the

exact case.
1.4. Contributions

Nearest-neighbor searching. Motivated by a wide range of applications, nearest-

neighbor searching has been studied in many different fields including computational
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geometry, database systems and information retrieval; see [23,48,103] for surveys on
this topic. In its simplest form, it asks for preprocessing a set S of n points in R? into an
index so that the nearest neighbor (NN) in S of a query point can be reported quickly.
Voronoi diagrams are used to perform nearest-neighbor searching among a set of n in-
put points in R?, with O(nlogn) preprocessing time, O(n) space, and O(logn) query
time [52]. Unfortunately, the size of the Voronoi diagram is ©(n!%2!) in R The best
known method for answering an NN query, requires O((n/m/1%/?1polylog(n)) query
time for an O(m)-space structure, where n < m < nl4/21 [13]. To obtain better perfor-
mance, many researchers turned to approximate nearest-neighbor searching: given any
e > 0, a point p is an e-approximate nearest neighbor of ¢ if d(¢,p) < (14 ¢)d(q, p*),
where p* is the actual nearest neighbor. Arya et al. [20] attained space-time trade-offs
for approximate nearest-neighbor searching: given a tradeoff parameter v, where
2 <7 < 1/e, there exists an index of space O(ny?~1log(1/¢)) that can answer e-NN
queries in time O(log(ny) + 1/(7)@1/2). There is also extensive work on answering
approximate nearest neighbor queries using locality sensitive hashing, when d is not
a constant and the goal is to have an algorithm whose query time is polynomial in d;
see e.g. [19,70].

In the presence of uncertainty, it is even unclear how to formulate the nearest-
neighbor searching problem. Given a query point, what is the nearest neighbor in a set
of uncertain points? Can one efficiently return the (approximated) distribution of the
nearest distance, or some simple statistics such as the expected nearest distance? We
touch upon some of these questions in this thesis, and have obtained nontrivial results
with two different problem formulations: expected nearest neighbor and probabilistic
nearest neighbor.

In the formulation of expected nearest neighbor, one considers the expected
distance from each data point to the query point, and the goal is to return the point

that minimizes the expected distance, which we refer to as the expected nearest
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neighbor (ENN). In [9], we presented methods for computing an exact ENN or an
g-approximate ENN| for a given error parameter 0 < € < 1, under different distance
functions. These methods build an index of near-linear size and answer ENN queries
in polylogarithmic or sublinear time, depending on the underlying function. As far as
we know, these are the first nontrivial methods for answering exact or e-approximate
ENN queries with provable performance guarantees. This thesis also generalizes the
original ENN results presented in [9] to k-ENN queries. In many applications, such
as computer vision and patter recognition, retrieving k points instead of one point is
required. It turns out that some of the generalizations are nontrivial, and require
new ideas. All these results are included in Chapter 2, based on the joint work with
Pankaj K. Agarwal, Alon Efrat, and Swaminathan Sankararaman [9].

Moreover, we obtained improved results in the L; metric when the query point is
uncertain and the input data points are certain. The results were also generalized to
k-ENN queries. Notably, when only the query points are uncertain, we have obtained
state-of-the-art results for top-k aggregate (group) nearest-neighbor queries in the
Lq metric using the weighted SuM operator. The improved results are included in
Chapter 3, based on the joint work with Haitao Wang [124].

In the formulation of probabilistic nearest neighbor, one considers the probability of
each data point being the NN of the query point, which we refer to as the probabilistic
nearest neighbor (PNN). We obtained efficient algorithms for (i) computing all points
that are nearest neighbors of a query point with nonzero probability; (ii) estimating,
within a specified additive error, the probability of a point being the nearest neighbor
of a query point; (iii) using it to return the point that maximizes the probability
being the nearest neighbor, or all the points with probabilities greater than some
threshold to be the NN. We also conducted some experimental results to demonstrate
the effectiveness of our approach. The results for probabilistic nearest neighbor are
presented in Chapter 4, based on the joint work with Pankaj K. Agarwal, Boris
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Aronov, Sariel Har-Peled, Jeff M. Phillips, and Ke Yi [6].

Convez hull. Convex hull is a fundamental structure in mathematics and compu-
tational geometry. Given a set of points P in d-space, the conver hull of P is the
minimal convex polytope that contains all points in P. Convex hulls have applications
in a variety of areas including but not limited to computer graphics, image processing,
pattern recognition, robotics, combinatorics and statistics. Due to their importance in
practice, the algorithms for computing convex hulls are well-studied. The convex hull
of n points can be computed in O(nlogn) time [61,106] for d = 2,3, and in O(nl%/2)
time [39] for d > 3. These bounds are worst-case optimal [25,39], and output-sensitive
algorithms are also known [34,42,83,97,109]. See the survey [110] for an overview of
known results. In many applications, the location and sometimes even the existence
of the data is uncertain, but statistical information can be used as a probability
distribution guide for data. This raises the natural computational question: what
is a robust and useful convex hull representation for such an uncertain input, and
how well can we compute it? We explore this problem under two simple models
in which both the location and the existence (presence) of each point is described
probabilistically, and study basic questions such as what is the probability of a query
point lying inside the convex hull, or what does the probability distribution of the
convex hull over the space look like.

We studied the convex-hull problem in a probabilistic setting. In our framework,
the uncertainty of each input point is described by a probability distribution over
a finite number of possible locations including a null location to account for non-
existence of the point. Our results include both exact and approximation algorithms
for computing the probability of a query point lying inside the convex hull of the
input, time-space tradeoffs for the membership queries, a connection between Tukey

depth and membership queries, as well as a new notion of S-hull that may be a useful
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representation of uncertain hulls. We present the results for convex hulls in Chapter 5,
based on the joint work with Pankaj K. Agarwal, Sariel Har-Peled, Subhash Suri,
and Hakan Yildiz [12].

Contour tree. Contour tree is a fundamental structure for topological analysis and
data visualizations on large volume data sets, such as terrains? and images. Efficient
algorithms have been devised for computing contour trees of terrains in memory [33,
117,119], 1/O-efficiently [5], and for maintaining contour trees of dynamic terrains [4],
where terrains are defined as piecewise-linear height functions in R*. Due to the
inherent measurement errors, it is reasonable to assume that the height of each vertex
of the underlying triangulation defining a terrain is described probabilistically. This
triggers a natural question: what is the contour tree of such a resulting terrain? As
there can be exponential number of contour tree instances, can we compute/estimate
some statistics among these contour tree instances? For example, what is the
probability of two points lying on an edge of the contour tree? What is the expected
distance of two points p, ¢ on the contour tree, where the distance of p, ¢ on a contour
tree is defined to be the difference between the maximum height and the minimum
height on the unique path of from p to ¢ on the contour tree, as defined in [24]? We
look into some of the computational challenges related to contour trees of terrains
imposed by the uncertainty on the vertex heights.

We studied contour trees of terrains, which encode the topological changes of the
level set of the height value ¢ as we raise ¢ from —oo to +00 on the terrains, in a
probabilistic setting. We consider a terrain that is defined by linearly interpolating
each triangle of a triangulation. In our framework, the uncertainty lies in the height

of each vertex in the triangulation, and we assume that it is described by a probability

2A terrain is the graph of a piecewise-linear height function in R3, induced by a triangulation in
R2. See Chapter 6 for a more precise definition.
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distribution. We showed that the probability of a vertex being a critical point, and the
expected number of nodes (resp. edges) of the contour tree, can be computed exactly
efficiently. Moreover, we obtained efficient sampling-based methods for estimating,
with high probability, (i) the probability that two points lie on an edge of the contour
tree, within additive error; (ii) the expected distance of two points p,q and the
probability that the distance of p, ¢ is at least £ on the contour tree, within additive
error and/or relative error, where the distance of p,q on a contour tree is defined
to be the difference between the maximum height and the minimum height on the
unique path from p to ¢ on the contour tree. We include our results for contour trees

in Chapter 6, joint work with Pankaj K. Agarwal and Sayan Mukherjee.
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2

Expected Nearest Neighbor

2.1. Introduction

Nearest-neighbor (NN) search, which returns the nearest neighbor of a query point in
a set of points, is an important and widely studied problem in many fields, and it has
wide range of applications. In many of them, such as sensor databases, location-based
services, face recognition, and mobile data, the location of data is imprecise. In this
chapter we are interested in answering NN queries over uncertain data —the location
of input points or the query point is not precisely known, and we assume that it
is given as a probability density function. The existing methods for answering NN
queries on precise data cannot be applied directly to this setting and new methods

are needed.

Problem statement. We assume that each uncertain point P follows from the
locational uncertainty model defined in Section 1.2. Let d(:,-) denote a distance
function in R?; we consider Li, Ly, Loo-metrics or squared Euclidean distance!. For a

given d(+,-), the expected distance between two independent uncertain points P and

! the squared Euclidean distance between two points p,q € R? is ||p — ¢||? where || - || is the Lo
metric.
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@ is defined as

Ed(P,Q) = / fo(2) foly)d(z, y)dedy.

If fp and fg are discrete pmfs of size s each, then

Ed(P,Q) = Z Zwiwgd(pi, ),
i=1 j=1
where w;, w;- are the probabilities of P and () being at p; and g; respectively. If @) is

a (certain) point in R% i.e., Q = {q¢}, then

Ed(P,q) = Y wd(p;,q).
i=1

We say that the description complexity of fp is s if it can be represented using
O(s) parameters and certain basic primitive operations on fp can be performed
in O(s) time. In particular, Ed(P, ), for any x € R? can be computed in O(s)
time, and the expected location [z fp(z)dx of P, also called the centroid of P,
can be computed in O(s) time. For example, a discrete pdf consisting of at most
s points, and a piecewise-constant or piecewise-linear pdf consisting of at most s
pieces have description complexity s. Gaussian (under certain distance functions)
and inverse-distance distributions have constant description complexity:.

Let P = {Py,...,P,} be a set of n uncertain points in R? each of which is
independently chosen. For simplicity, let f; denote fp,, the pdf of P;. For an uncertain
point @, its expected nearest neighbor (ENN), denoted by ¢(P,Q), is

o(P, Q) = argmin Ed(P, Q).

pe?

For i > 1, let ¢;(P, Q) be the i-th expected NN of Q) in P i.e., Ed(Q, ¢;(P, Q)) is the i-

th smallest expected distance from @ to the points of P. Note that ¢1(P, Q) = ¢(P, Q).
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For k > 1, let ®4(P,Q) = {wi(P,Q) | 1 < i < k}, and we refer to ®(P, Q) as the
k-ENN of Q.
For a parameter 0 < € < 1, we call a point P € P an e-approzimate ENN (or

e-ENN; for brevity) of @ if

Ed(P,Q) < (14 ¢)Bd(0(P,Q), Q).

We call a set T C P an e-approzimate k-ENN (or (k, e)-ENN, for brevity) of @ if
for every ¢;(P, Q) € ®(P,Q), 1 <i < k, there exists P € T, such that

(1 - g)Ed<90i<iP> Q)a@) S Ed(Pv Q) S (1 +€)Ed(90i(g>7 Q):Q)

Note that the size of T may be smaller than k£ when there exists P € T which
g-approximates more than one point in @, (P, Q). Alternatively, one may think of T
as a multiset of size k.

Next, we introduce the notion of the expected Voronoi diagram of P. For 1 < i < n,

we define the expected Voronoi cell EVor(P;) as
EVor(P) = {z € R* | Ed(P,,z) < Ed(P;, z),Vj}.

The decomposition of R? into maximal connected regions induced by EVor(P;),
1 <i < n, is called the expected Voronoi diagram, EVD(P) of P. See Figure 2.1 for
an example EVD in R? where d(-,-) is the L; metric. A decomposition of R? into
connected cells, each cell 7 labeled with A\(7) € P, is called an e-approzimate EVD of
P (or e-EVD(P) for brevity) if for all x € 7, A(7) is an e-ENN of .

The above notion can be extended to the order-k expected Voronoi diagram of P.
For any subset T C P of size k, the order-k expected Voronoi cell EVory(7T) is defined
as

EVor (7) = {x € R*| Ed(P;,z) < Ed(P;,x),VP, € T,YP; € P — T}.
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L1 \]

NN |

FIGURE 2.1. An example EVD in R? where d(-,-) is the L; metric. P = {Py, P, P3}. P; has two
locations: (—5,0) and (5,0), each with probability 0.5. P has two locations: (0, —5) and (0, 5),
each with probability 0.5. Ps has four locations: (—3,-3), (—3,3), (3,—3) and (3,3), each with
probability 0.25. Domain shown: [—8, 8]2.

The decomposition of R? into maximal connected regions induced by EVor(T), for
all subsets T C P of size k, is called the order-k expected Voronoi diagram of P, and
denoted by EVD,(P).

In this chapter, we study the problem of answering exact or approximate ENN

and k-ENN queries when input points are uncertain or the query is an uncertain

point. We also study the problem of computing EVD(P), EVDy(P) and e-EVD(P).

Previous results. In the uncertainty setting, nearest neighbor searching has been
studied in both the existential model and the locational model (see Section 1.2). In
the existential model, Kamousi et al. [80] proposed a linear-space index with O(log n)
query time to compute an e-approximate value of the expected distance from a query
point to its nearest neighbor when the dimension d is a constant.

In the locational model, when the data is uncertain but the query is exact, re-
searchers have studied top-k probable nearest neighbor, probabilistic nearest neighbor,
and superseding nearest neighbor [28,44,45,85,91,118,127]. Ljosa et al. [91] in-

vestigated the expected k-NN under L; metric using and obtained e-approximation.
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Cheng et al. [44] studied the probabilistic nearest neighbor query that returns those
uncertain points whose probabilities of being the nearest neighbor are higher than
some threshold, allowing some given error in the answers. All of these methods
were based on heuristics and did not provide any guarantee on the query time in
the worst case. Moreover, recent results that rely on Voronoi diagram for support-
ing nearest neighbor queries under uncertainty cannot be adapted to answer ENN
(see [47,76,111]). We are not aware of any index that uses near-linear space and
returns in sublinear time the expected nearest neighbor or a point that is the most
likely nearest neighbor.

The problem of computing the expected nearest neighbor when the queries are
uncertain but the input is exact is closely related to the aggregate nearest neighbors
(ANN) problem. Given a set of points P in a metric space X with a distance
function d, the aggregate nearest neighbor to a set of query points ) is defined as
ANN(Q,P) = argmin, .5 g(p, @), where g(p, Q) is some aggregation function of the
distances from points of ) to p. The aggregation functions commonly considered
are SUM, corresponding to the minimization of the summation of the individual
distances, and MAX, corresponding to the minimization of the maximum distance. If
the pdf is a uniform distribution, the ENN problem is the same as the ANN problem
under the SUM aggregation function. Several heuristics are known for answering
ANN queries [69,87,90,94,100,112,126]. Li et al. [86] provided a polynomial-time
approximation scheme for ANN queries under the MAX aggregation function. Li et al.
[88] presented approximation schemes under MAX and SuM functions for any metric
space as long as an efficient nearest-neighbor algorithm is provided. For the Sum
function, they provide a 3-approximation which, to the best of our knowledge, is the

best known approximation factor. See also [90].

Our results. In this chapter, we focus on the locational model of uncertainty to
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Table 2.1. Summary of our results for k-ENN queries under squared Euclidean distance and
rectilinear distance, and for (k,e)-ENN queries under Euclidean distance. Setting k = 1 gives

corresponding results for ENN or e-ENN queries. The O notation hides polylog factors of n, k, and
€.

Distances Settings Space Preprocessing Query
Squared | Uncertain Data O(n) O(nlogn + ns) O(logn + k)
Euclidean | Uncertain Query O(n) O(nlogn) O(logn+ s+ k)

Rectilinear | Uncertain Data | O(s?nlog®n) | O(s*nlog®n) | O(log®(sn) + klog(log(sn) + k))

Distance | Uncertain Query | O(nlog®n) O(nlog®n) O(s?log® n + klog(slogn + k))
Euclidean | Uncertain Data | O(nk/e?) O(nk/<?) O(log(n/e) + k)
Distance | Uncertain Query O(n) O(nlogn) O((1/?)1og(1/e)(logn + s) + k)

study the problem of nearest neighbor searching. We present efficient algorithms for
answering ENN and k-ENN queries under various distance functions. For simplicity,
we state the results in R? ie., P = {P,...,P,} is a set of n uncertain points in
R2. We assume that the description complexity of the pdf of each P; is s. Table 2.1

summarizes our main results.

Squared Fuclidean distance (Section 2.3). If d(-,-) is the squared Euclidean
distance, then we show that a set P of n uncertain points can be replaced by a set P
of n weighted points such that the weighted Voronoi diagram of P under d(-,-) (also
called the power diagram of P [23]) is the same as EVD(?P). In particular, EVD(P)
has linear size and can be computed in O(nlogn + ns) time if the pdf of each P; has
description complexity s. Furthermore, EVD(P) can be preprocessed in O(nlogn)
time into a linear size index so that an ENN query for a (certain) point can be
answered in O(logn) time. For k-ENN queries, we show that P can be preprocessed,
in O(nlogn + ns) expected time, where s is the description complexity of the pdf
of each P;, into a linear-size index such that a k-ENN query can be answered in
O(logn + k) time. If the query is also an uncertain point ), then we show that
©(P, Q) is the same as ¢(P,q), where § = [ 2 fo(z)dx is the centroid of Q.

Rectilinear distance (Section 2.4). We assume that each pdf f; is a discrete pdf
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consisting of s points. We show that EVD(P) has O(n*s?a(n)) complexity, where
a(n) is the inverse Ackermann function, and that it can be computed in the same
time. We also show that there exists a set P of n uncertain points with s = 2 such that
EVD(?P) has Q(n?) vertices. We then describe an index of size O(s?nlog?n) that can
answer an ENN query in O(log®(sn)) time. The index can be built in O(s?nlog®n)
time. For k-ENN queries, the query time becomes O(log®(sn) + klog(log(sn) + k)),
while the space and the preprocessing time remain the same. Next, we show that a
set P of n (certain) points in R? can be stored in an index of size O(nlog®n) so that
for an uncertain point with discrete pdf consisting of s points, an ENN query can be
answered in O(s?log®n) time. The index can be built in O(nlog?n) time. For k&-ENN
queries, we show that P can be preprocessed, in O(n log® n) time, into an index of size
O(nlog®n), so that a k-ENN query can be answered in O(s?log® n+ klog(slogn+k))
time. We note that L, and L., metrics are closely related, so these results also hold

for the L., metric.

Fuclidean distance (Section 2.5). Since the expected distance function under
Euclidean distance is algebraically quite complex even for discrete pdfs, we focus on
answering e-ENN and (k, €)-ENN queries. First, we show that the expected distance
to an uncertain point P can be approximated by two parts: (i) a piecewise-constant
function defined inside a square, consisting of O((1/£?)log(1/¢)) pieces; (ii) the
distance to the centroid of P outside the square. Using this result, we construct, in
O((n/e?)1og?(n)log(n/c) log(1/¢)) time, an e-EVD of P of size O((n/c?)log(1/e));
each face of the subdivision is the region lying between two nested squares —it can be
partitioned into at most four rectangles, so that the e-EVD is a rectangular subdivision.
Moreover, for any query point, we can return its e-ENN in O(log(n/¢)) time. For
(k,e)-ENN queries, an index of size O((nk/e?)log klog(1/¢)) can be constructed in
O((nk/e?)1og(k)log®(n) log(n/e)log(1/¢)) time, so that a (k,<)-ENN query can be
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answered in O(log(n/e) + k) time.

Finally, we show that a set P of n (certain) points in R? can be stored in an
index of linear size so that, for an uncertain point with pdf of description complexity
s, an ENN query can be answered in O((1/£%)log(1/¢)(logn + s)) time. The index
can be built in O(nlogn) time. For (k,e)-ENN queries, an index of linear size
can be built on P in O(nlogn) expected time so that a query can be answered in
O((1/2*)1og(1/e)(logn + s) + k) time. These results can be extended to any L,
metric.

We remark that most of our algorithms extend to higher dimensions, but the query
time increases exponentially with d; we mention specific results in the appropriate

sections.

Outline of this chapter. @~ We begin in Section 2.2 by describing a few geometric
concepts that will be useful. Section 2.3 describes our algorithms for the squared
Euclidean distance function, Section 2.4 for the L; and L., metrics, and Section 2.5

for the Euclidean distance. We conclude by making a few final remarks in Section 2.6.
2.2. Preliminaries

In this section, we describe a few geometric concepts and data structures that we

need.

Lower envelopes and Voronoi diagrams. Let F'={f;,..., f,} be aset of n

bivariate functions. The lower envelope of F' is defined as

Lp(z) = min fi(z),

1<i<n

and the minimization diagram of F, denoted by M(F'), is the projection of the graph
of Ly on R% M(F) is a planar subdivision in which the same function appears on

the lower envelope for all points inside a cell. The (combinatorial) complexity of L g
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and M(F') is the number of vertices, edges, and faces in M(F'). If we define f;(z) to
be Ed(FP;, x), then EVD(?P) is the minimization diagram of the resulting functions.
Figure 2.2 shows the Voronoi diagram of a set of points as the minimization diagram
of its distance functions.

The notion of lower envelope and minimization diagram can be extended to
partially defined functions: f; is defined over a region V; C R? then Lp(z) is the
minimum over all functions f; of F' that are defined at x, i.e., x € V;. Let R be
a set of polygons, each consisting of a constant number of vertices (e.g. triangles,
rectangles) in R3. By viewing each of them as the graph of a partially-defined linear
function, we can define the lower envelope Ly and minimization diagram M(R) of R.
It is known that the complexity of M(R) is ©(n?a(n)) and that it can be computed

in O(n%a(n)) time [113], where a(n) is the inverse Ackermann function.

FIGURE 2.2. Euclidean Voronoi diagram of (certain) points as the minimization diagram of their
distance functions.

Compressed quadtree. A square in R? is called canonical if its side length is 2!
for an integer [ and its bottom-left corner is (2!a, 2'b) for some integers a, b. Note
that two canonical squares are either disjoint or one of them is contained in the other.

A quadtree on a canonical square H is a 4-way tree T', each of whose nodes v is
associated with a canonical square [, C H. The root of T is associated with H itself.
The squares associated with the children of a node v are obtained by dividing each

side of [, into two halves, thereby dividing [], into four congruent canonical squares.
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If the side length of H is 2%, then the nodes of T" at depth ¢ induce a 2° x 2% uniform
grid inside H; each grid cell has side length 2179, See Figure 2.3 for an example.

Let B = {By,...,Bn,} be a set of m canonical squares inside H. A compressed
quadtree T on (B, H) is constructed as follows: Let T be the quadtree on H as
described above. A square B € B is stored at a node v if [, = B. The leaves of T
are the lowest nodes that store a square of B. They induce a subdivision of H into
canonical squares, none of them contains any square of B in its interior. If a node
v € T does not store a square of B and both v and p(v), the parent of v, have degree
one, we delete v and the child of v becomes the child of p(v). We repeat this step
until no such node is left. The size of T is O(m), and it can be constructed directly,
without constructing 7', in O(mlogm) time [70]. See Figure 2.3.

We call a node v of T exposed if its degree is at most one. We associate a region R,
with each exposed node v. If v is a leaf, then R, = [J,. Otherwise, v has one child w
and we set R, =, \ O,,. For a point z € R, v is the lowest node such that = € 0J,.
The regions R, of the exposed nodes induce a partition E(B, H) of H of size O(m).
Each face of E(B, H) is a canonical square or the difference between two canonical
squares, and none of the faces contains a square of B in its interior. The depth of T is
©(m) in the worst case. Nevertheless, using standard tree-decomposition schemes, for
a point x € H, the lowest node of T such that x € O, can be computed in O(logm)

time [70]. We thus have the following.

Lemma 2.2.1. Let H be a canonical square, and let B be a set of m canonical
squares in H. A compressed quadtree T on (B, H) of size O(m) can be constructed
in O(mlogm) time, and it can be preprocessed in additional O(mlogm) time, so
that for a point ¢ € H, the lowest node v of T such that q € U, can be reported in

O(logm) time.

T can also be used to store a set S = {p1,...,p,} of points in H. We again build
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FIGURE 2.3. A simple example point set, its quadtree and its compressed quadtree.

a quadtree T"on H. A node v € T is a leaf if |[SNO,| < 1. We compress the nodes
as above and define the partition E(S, H) as earlier. Again, using tree-decomposition
schemes, we can now determine in O(logn) time whether o N S # () for a canonical
square o. If the answer is yes, we can also return all the points in SN in O(logn +1t)

time, where ¢ = |S N o|. Hence, we have the following.

Lemma 2.2.2. Let H be a canonical square, and let S be a set of n points in H. A
compressed quadtree T on (S, H) of size O(n) can be constructed in O(nlogn) time,
and it can be preprocessed in additional O(nlogn) time, so that for a canonical square
o, we can return all the points in SNo, if SNo # 0, in O(logn + t) time, where

t=1]SNal.

Approximate order-k Voronoi diagrams.  Given a set S = {py,...,pn} of
points and any point ¢ in R?, we say that a point p € S is an e-approximate i-th NN
of ¢ if

(1 —¢)d(q,NNy(q)) < d(g,p) < (1 +¢)d(g, NNi(q)),

where NN;(¢) denotes the exact i-th NN of ¢ in S. We say that a subset S’ C S
of size k is a set of e-approximate k NNs, or (k,)-NN for brevity, of ¢, if for any
7, 1 < i < k, there exists an e-approximate i-th NN in S’. An e-approximate i-th

Voronoi diagram of S is a subdivision of R? such that the same input point is an
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g-approximate i-th NN for all points within each cell. An e-approximate order-k
Voronoi diagram, denoted by (k,e)-VD, of S is a subdivision of R? such that one can
store a set ®. C S of k points with each cell ¢ of the subdivision that is a (k,e)-NN
of all points in ¢. A (k,€)-VD can be built as follows.

For each ¢ < k, we build an e-approximate i-th Voronoi diagram of S using
the algorithm by [71]. Their algorithm constructs a compressed quadtree T; such
that the subdivision induced by the exposed nodes of T; is an e-approximate i-
th Voronoi diagram of P. T; has size O((n/(ic?))log(1/¢)), it can be built in
O(nlogn + (n/(ic*))(1/e + logn)log(1/¢)) time, and an e-approximate i-th NN
query can be answered in O(log(n/(ic))) time. We can obtain a compressed quadtree
T by overlaying all the k& compressed quadtrees Ty, ..., Ty. The exposed nodes of T
induce a subdivision M, which is the desired (k,<)-VD of S.

Note that we do not store the (k,e)-NN for each cell of M explicitly, otherwise
the size of the (k,e)-VD increases by a factor of k. We observe that for two adjacent
cells of M, if their common edge belongs to the subdivisions of ¢ T;’s, then their
(k,)-NN’s differ by at most ¢ points. Therefore, using a persistent data structure [54],
we can store the (k,£)-NN’s for all cells using O((n/e?) log(k)log(1/¢)) space, so that
for any cell, its (k,e)-NN can be retrieved in O(log(n/e) + k) time. Furthermore, the
(k,e)-VD of S can be built in O(nklogn + (n/e*)(1/e + logn) log(k) log(1/¢)) time.

Therefore, we obtain the following.

Lemma 2.2.3. Given a set of S = {p1,...,pn} of points in R?, a (k,&)-VD
of S of size O((n/e?)log(k)log(1/e)) can be built in O(nklogn + (n/e*)(1/e +
log n) log(k)log(1/¢e)) time, such that a (k,e)-NN query can be answered in O(log(n/e)+

k) time.

Remarks.  We prove in Section 2.5.3 that the subdivision induced by T; itself
is a (k,e)-VD of S, but unlike M, the (k,e)-NN’s stored at two adjacent cells may
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be completely different, so if we store them for each cell, the total size will be

O((kn/e?)1og(1/¢)), even though the size of the subdivision is O((n/e?)log(1/¢)).
2.3. Squared Euclidean Distance

In this section, for two points a,b € R?, d(a,b) = |la — b||>. We first show how to
compute the EVD of a set of uncertain points, and then show how to answer an ENN

query with an uncertain point.
2.83.1. Uncertain data

Let P = {Py,..., P,} be a set of n uncertain points in R?. The following lemma, well
known in mathematics, suggests how to replace P with a set of weighted points. We

provide a proof for the sake of completeness.

Lemma 2.3.1. Let P be an uncertain point in R?, let f be its pdf, let p be its centroid,

and let 0* = [o, ||v —D|]* f(x)dz. Then for any point q¢ € R?,
Ed(P,q) = [lg —l]* + o*.

Proof. Let (p,q) denote the inner product of p and ¢, and || - || denote the Euclidean

metric. Using the fact that [o, f(x)dx = 1, we obtain
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Ed(P.) = [ o=l fla)ds
~llalP =2(a, [ as@)+ [ llalPf@)da
= la=7IF = I+ [ lalFf @)

~ =l =205l + [ (e =5 +260.) f(a)da
=l —BlI* = 2I[p|I* + 0* + 2(p. D)
=lla—plI* +o*.
L]
Let p be a weighted point in R? with weight w,. For a point ¢ € R?, we define
the (weighted) distance from ¢ to p as
3(q,p) = lla = plI* + w,.

If we replace each point in P; € P by a weighted point p; whose weight is 07 = [0, ||z —
P:||2fi(z)dx, then by the above lemma 6(¢,p;) = EA(P;,q). Set P = {py,...,p,}.
EVD(?) is the same as the Voronoi diagram of P under the distance function d(, -).
We now show how to compute the Voronoi diagram of P.

For each 1 < i < n, we define a linear function h; : R> — R as
hi(z) = 2(p;, =) — HI_%W - 01'2-

We will use h; to denote the graph of this linear function, which is a plane in R3.

The proof of the following lemma is straightforward (see e.g., [52]).
Lemma 2.3.2. For any q € R?,

arg min 6;(¢,p;) = arg max h;(q).

1<i<n 1<i<n

26



Let h = {x € R3 | hy(z) > 0} be the halfspace in R? lying above the plane h;.
Set HT = {h; | 1 <i < n}. By Lemma 2.3.2, the minimization diagram of functions
{0(x,p;) | 1 < i < n} is the same as the zy-projection of (), 4+ h". Since the
intersection of n halfspaces in R? has linear size and can be computed in O(nlogn)
time [52], we conclude that the Voronoi diagram of P, under §(-,-) as the distance
function, can be computed in O(nlogn) time, and thus EVD(P) can be computed
in O(nlogn + ns) time, where the extra O(ns) time is required for computing P.
Furthermore, by preprocessing EVD(P) into a linear-size index for point-location
queries, an ENN query for a point ¢ € R? can be answered in O(logn) time. We thus

obtain the following.

Theorem 2.3.3. Let P be a set of n uncertain points in R*. EVD(P) under the
squared Buclidean distance has O(n) size. If the description complexity of the pdf
of every point in P is s, then EVD(P) can be computed in O(nlogn + ns) time.
Furthermore, EVD(P) can be preprocessed in a linear-size index so that for a point

q € R?, an ENN query can be answered in O(logn) time.

Remarks. This can be extended to higher dimensions. In R?, d > 3, the space
becomes O(nl?2) and the preprocessing time becomes O(nl%% logn + ns). The

query time remains the same.

Answering k-ENN queries. We now generalize this to k-ENN queries. Set
H ={h; |1 <i<n}, and denote A(H) as the arrangement of H2. A point p is said
to be at level k with respect to H if there are exactly k hyperplanes in H lying strictly
below p. The k-level of A(H) is the closure of all faces of A(H) whose interior points
have level k with respect to H. It is not hard to see that EVD(P) is the projection

of the (k — 1)-level of A(H). The projection of the 0-level is EVD(P). However, the

2The arrangement A(H) of H is the subdivision of R? induced by H that consists of 0-, 1-, 2-,
and 3-dimensional faces.
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complexity of EVD(P) is O(nk®/3) [53], so we describe a different approach, without
constructing EVDy(P) explicitly, that uses O(n) space. For k > 0, let A<,(H) denote
the set of points which have level at most k with respect to H.

A result by Chan [35, Lemma 3.1], which adapts an earlier construction by
Matousek [96], shows that A<,(H) can be covered by O(n/k) pairwise-disjoint cells,
each intersecting O(k) planes of H. Furthermore, each cell is a triangular prism
unbounded from below whose top face is a triangle. The top faces of these cells
form a concave surface. The cells and the list of planes intersecting each cell can be
constructed in O(nlogn) expected time. Let = be the set of these cells, and let =* be

* is a set of pairwise-disjoint triangles that

the set of xy-projections of these cells; =
triangulate R2. For each prism 7 € Z, let H, C H be the set of planes that intersect
7, and for the xy-projected triangle 7* of 7, let P, = {p, | h; € H,}. By construction,
|P,| = O(k), and for any point ¢ € 7*, the k nearest points of ¢ in P belong to P;.
We preprocess Z* in O((n/k)log(n/k)) time for point-location queries, and store P,
for each 7* € Z*. The total size of the index is " - |P;| = O(n), and the expected
preprocessing time is O(nlogn).

Let ¢ € R? be a query point for which we wish to compute @ (P, q). We first find
the triangle 7* € Z* that contains ¢. Next, we compute 6(g,p;) for every p; € P, and

then return the k£ points with the smallest k& values of §(q,p;). The total query time
is O(logn + k). We thus obtain the following.

Theorem 2.3.4. Let P be a set of n uncertain points in R%. If the description
complezity of the pdf of every point in P is s, then P can be preprocessed into an index
of size O(n) in O(nlogn + ns) expected time so that for a point ¢ € R?, a k-ENN

query can be answered in O(logn + k) time.
2.3.2. Uncertain query

Let @ be an uncertain query point in R? represented as a pdf fo.

28



Lemma 2.3.5. For an uncertain point () with a pdf fo,
p(P,Q) = argmin||g — p||*,
peP

where q is the centroid of Q.

Proof. For a point p € P, we have

Ed(p. Q) = [ lIp =l ole)ds
[l + [ el foe)d = 2(p.7) 2.1)

Observing that the second term in RHS of (2.1) is independent of p, we obtain

arg min Ed(p, Q) = arg min ||p| ]2 —2(p,q)
pe?P peP

= arg min |[p — g|[*,
peP

as claimed. n

The preprocessing step is to compute the Voronoi diagram VD(P) of the points
P in time O(nlogn). Once a query ) with a pdf of description complexity s
is given, we compute its centroid g in O(s) time and find the nearest neighbor

NN(?,q) = argmin s || — p||* in O(logn) time by querying VD(P) with g.

Theorem 2.3.6. Let P be a set of n points in R?. P can be preprocessed in O(nlogn)
time into an index of size O(n) so that, for a query point Q with a pdf of description
complexity s, o(P,Q), under the squared Euclidean distance, can be computed in

O(logn + s) time.

Remarks. The algorithm extends to higher dimensions but the query time becomes
O(n*=Y14/21%9 1) for any § > 0 [13]. Alternatively, a query can be answered in
O(logn + s) time using O(n!%/?1) space.
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Expected Distance (Ed)

FIGURE 2.4. Ed(P;,q) when the uncertain point P; is composed of two points p; and py with

probabilities 0.5 each. The grid induced by H; and Hz| is shown below and Ed(FP;, q) is linear within
each rectangle of B;.

Answering k-ENN queries. To generalize to k-ENN queries, we preprocess P
into an index I' of size O(n) in O(nlogn) expected time for answering k nearest
neighbor queries in O(logn + k) time, as in [2]. Once a query @ with a pdf of
description complexity s is given, we compute its centroid g in O(s) time and find
its k nearest neighbors in O(logn + k) time by querying I" with . We conclude the

following.

Theorem 2.3.7. Let P be a set of n points in R2. P can be preprocessed in O(nlogn)
expected time into an index of size O(n) so that, for an uncertain point with description
complexity s, a k-ENN query under the squared Euclidean distance, can be computed

in O(logn + s + k) time.
2.4. Rectilinear Metric

In this section we assume the distance function to be the L; metric. That is, for any

two points p = (px,py) and ¢ = (Qm, Qy)?

d(p,q) = |px — @] + Iy — qyl-
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j+1
.

FIGURE 2.5. Lower bound construction for EVD. EVD of (a) 2 points, (b) 3 points, (¢) 6 points on
the boundary of a square o. (d) Bisectors of (P;, P;), (P;, Pi+1), and (Pj, Pj+1).

The results in this section also hold for the L., metric, i.e., when d(p, ¢) = max{|p, —
Qxls |py — qy|}. We first consider the case when the input is a set of n uncertain points
in R?, each with a discrete pdf, and the query is a certain point, and then consider
the case when the input is a set of certain points and the query is a uncertain point

with a discrete pdf.
2.4.1. Uncertain data

Let P ={Py,..., P,} be a set of n uncertain points in R?, each with a discrete pdf of
size s as described above. We first prove a lower bound on the complexity of EVD(P)
and then present a near-linear-size index to answer ENN queries.

Expected Voronoi diagram. Fix a point P, = {p;1,pi2,...,pis} of P. Let H
(resp. Hl‘) be the set of s horizontal (resp. vertical) lines in R? passing through the
points of P;. Let B; be the set of O(s?) rectangles in the grid induced by the lines

in H U HZ!. It can be checked that Ed(P;, q) is a linear function fo within each
rectangle [J of B;; see Figure 2.4. For each (I € B;, let O be the rectangle in R3

formed by restricting the graph of fo with [, i.e.,

O = {(z,y, fa(z,y)) | (z,y) € O}.

Let Bl = {0 | O € B,}. By definition, the rectangles in B! form the graph of the
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function Ed(P;,q). Set B = (JI, B, and BT = |, Bl. By construction and the
discussion in Section 2, EVD(?) is the minimization diagram M(B") of B'. We prove

an almost tight bound on the complexity of EVD(P).

Theorem 2.4.1. Let P be a set of n uncertain points in R?, each with a discrete pdf
consisting of s points, and let d(-,-) be the Ly metric. Then the complezity of EVD(P)
is O(s?n%a(n)), where a(n) is the inverse Ackermann function. Moreover, there is a

set P of n uncertain points in R? with s = 2 such that EVD(P) has Q(n?) size.

Proof. We first prove the upper bound. Set H~ = I, H; and H = |J_, HZ!;
|H=| = |H!| = ns. We sort the lines in H~ by their y values and choose a subset
G~ of s lines by selecting every nth line. Let G! be a similar subset of H!. Let R be
the set of rectangles in the non-uniform grid formed by the lines in G~ U G!. For
each rectangle R € R, let Br C B be the set of rectangles whose boundaries intersect
R, and let Br C B be the set of rectangles that contain R. Since R lies between
two adjacent lines of G~ and G/, at most 2n lines of H~ U H! intersect R, implying
that |Bg| < 2n. |Bg| < n because at most one rectangle of B; can contain R for any
1<i<n. Set yg={0O"|0O¢€ BrUBr}. We note that M(B") N R = M(xz) N R.
Since |xr| < 3n, the complexity of M(xg) is O(n?a(n)) (cf. Section 2.2). The O(s?)
rectangles in R tile the entire plane, therefore the complexity of M(B"), and thus of
EVD(P), is O(s*na(n)).

Next, we show that there exists a set P of n uncertain points in R? with s = 2
such that EVD(®P) has Q(n?) size. Assume that n = 2m for some positive integer
m. Each point P; € P has two possible locations p;; and p;s, each with probability
0.5. All the points lie on the boundary of the square o = [0,2m]? (see Figure 2.5).
More specifically, for 1 < i < m, the two possible locations of P; are p;; = (0,2¢ — 1)
and pi = (2m,2i — 1). For 1 < j < m, the two possible locations of P, are
Pm+i1 = (2§ —1,0) and pp4j2 = (27 — 1,2m). That is, the two sites of each point in
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Py, ..., P, lie on the left and right edges of o, and the two sites of each of P, 11,..., P,
lie on the top and bottom edges of o.

We claim that EVD(P) has Q(n?) size. Notice that for any pair 1 < i <
m < j < 2m, the bisector of P; and P; inside the square o consists of two lines:
y=x+2(m+i—j)andy =—x+2(i+j—m—1) (see Figure 2.5(d), dashed lines).
Let x;; be the intersection point of these two lines. We observe that Ed(F;, x;;) =
Ed(P;, xi;) = m and Ed(Py, x;;) > m for all k ¢ {i,j}, implying that x;; bounds
EVor(F;) and EVor(P;) on EVD(P). Since x;; is the common vertex of two bisectors
of EVor(P;) and EVor(P;), hence x;; is a vertex of EVD(P). Similarly, for all
1 <4 < m, the bisector of P; and P;,; is the line y = 2¢, and for all m < 7 < 2m, the
bisector of P; and Pj;; is the line z = 2j — 2m (see Figure 2.5(d), solid lines). The
intersection point of these two bisectors, &;; = (2j —2m, 2i), is also a vertex of EVD(P):
Ed(P;, &) = Ed(Pisa, &) = EA(P;, &) = EA(Pj11, &) = m~+0.5 < Ed(Py, &), for all
k¢ {i,i+1,7,j+ 1}, implying that &; is a common vertex of EVor(P;), EVor(P;,),
EVor(P;) and EVor(P;,;). Hence EVD(P) has Q(n?) vertices inside o. O

Remarks. By preprocessing EVD(P) for point-location queries [52,108], an
ENN query can be answered in O(logn) time using O(s*n*a(n)) space. For higher

dimensions, the complexity of EVD(?P) is O(s%na(n)).

Near-linear size index. Next we show that despite the size of EVD(P) being
Q(n?), an index of size O(s*nlog®n) can be constructed so that an ENN query can
be answered in O(log®(sn)) time. Roughly speaking, we follow the same construction
as to prove the upper bound on EVD(P), but we proceed in a hierarchical manner to
keep the size of the index under control.

For a query point ¢ € R?, let [, be the line parallel to the z-axis passing through
q, and oriented in the (+z)-direction. Then (P, q) is P; if the first rectangle of
BT that [, intersects belongs to B!. We label each rectangle ' in ‘B! with i and

33



build an index on BT so that the first rectangle intersected by a line parallel to
the z-axis can be reported quickly. The index works in two stages. In the first
stage, it builds a family F = {C}, Cs, ..., C,} of canonical subsets of B, i.e., for each
1 <i<u, C; C B, so that for a query point ¢ € R?, the subset B, C B of rectangles
containing ¢ can be represented as the union of O(log®(sn)) canonical subsets of
F. That is, there exists a subset F, C F of size O(log”n) such that B, = Uces, C-
Furthermore, ., |Gy = O(s*nlog®n) [7]. Next, for a rectangle J € B, let 4o be
the plane containing the rectangle (', i.e., the graph of the linear function fo. For
each 1 <i <w,set T; = {yn | O € C;}. We compute the minimization diagram (cf.
Section 2.2) of T}, which is a convex planar subdivision of size O(|T;|) and preprocess
it for point-location queries [52].

Given a query point ¢ € R?, we first compute F, in O(log?(sn)) time, then for
each canonical subset C; in F,, we perform a point-location query using ¢ on the
minimization diagram of 7; to find out the first plane of T; intersected by a vertical
line /, in O(logn) time, and finally we choose the best candidate among them. The

total query time is O(log®(sn)). We conclude the following.

Theorem 2.4.2. Let P be a set of n uncertain points in R?, each with a discrete
pdf consisting of s points, and let d(-,-) be the Ly or L metric. P can be stored in
an index of size O(s’nlog®n), so that an ENN query can be answered in O(log®(sn))

time. The index can be built in O(s*nlog®n) time.

Remarks. The algorithm extends to higher dimension. Namely, we use a higher-
dimensional range tree so that the set F, can be represented as a union of O(log®(sn))
canonical subsets. For each canonical subset C;, the first hyperplane of T; inter-
sected by a vertical line can be computed in O(n'~"/[4/2110g%@ pn) time using O(n)

space [13]. Putting everything together and omitting further details, we conclude
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the following. For d > 3, the size of the index is O(s%n log? n) and the query time is
O(n'=1/14/2110g% ™ (sn)).

Answering k-ENN queries. The above index can be generalized to k-ENN
queries. The only part we need to modify is the second stage, where we build an index
of linear size on T; to report the first k& planes, instead of the first one, of T} intersected
by a vertical line [, in O(logn + k) time [2]. By querying each canonical subset in
F, with this structure, we compute a set of O(klog?(sn)) points of P that contain
the k-ENN of ¢q. We extract the k&-ENN from this set in an additional O(klog?(sn))
time. So a k-ENN query takes O(log®(sn) + klog®(sn)) time. We sketch below how
the query time can be improved to O(log®(sn) + klog(slogn + k)).

We note that the data structure described in [2] reports the k planes in batches:
first 2 plane, next 2' planes, next 22 planes, ..., next 2°2%! planes. Instead of
retrieving all the k& planes for each canonical subset of F, at once, we retrieve the
planes according to the batches as needed. Initially, we only retrieve the first plane
for each canonical subset. We store all the possible candidate planes retrieved in
a priority queue Q, with f(q) as the key for each plane 7g. At each step, the
algorithm performs the DELETEMIN operation on Q, which reports (and removes from
Q) the lowest plane intersected by [, among all the candidate planes in Q. If the
DELETEMIN operation on Q returns a plane from 7; for the canonical subset C; and Q
does not contain any more planes of T;, we retrieve the next batch of planes from the
Afshani-Chan data structure built on 7; and add them to Q. The retrieval process
stops as soon as k planes have been reported or Q becomes empty.

Recall that F, = O(log®(sn)). Our algorithm ensures that if it reports k; planes
from T; for the canonical subset C; € JF,, then it fetches at most 2k;;; planes
from T; through the Afshani-Chan data structure built on 7;. Hence, the total

number of planes retrieved over all canonical subsets is O(k 4 log®(sn)). Since
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each DELETEMIN operation takes O(log(log(sn) + k)) time, the overall query time is

O(log®(sn) + klog(log(sn) + k)). Therefore, we conclude the following.

Theorem 2.4.3. Let P be a set of n uncertain points in R?, each with a discrete pdf
consisting of s points, and let d(-,-) be the Ly or Lo metric. P can be stored in an
index of size O(s*nlog?n) so that a k-ENN query can be answered in O(log®(sn) +

klog(log(sn) + k)) time. The index can be built in O(s*nlog®n) time.

Remarks. The algorithm extends to R%, d > 3. The size of the index will be
O(s%nlog?(sn)) and the query time will be O(n'~V%2110g%?D n 4 Eklog?(sn)) [13].
We note that we write a weaker bound for the query time and do not use the improved

procedure, just described, for reporting the points from different canonical subsets.
2.4.2. Uncertain query

Let P = {p1,pa,...,pn} be a set of n certain input data points in R?. We first build
an index such that the ENN of an uncertain query point (), which is represented as a
discrete pdf of s points, can be found quickly.

Given an uncertain query ), which has a discrete pdf of s points {qi, ..., qs} with
associated probabilities {wy,...,ws}, let H~ (resp. H!) be the set of s horizontal
(resp. vertical) lines in R? passing through the points of Q). Let B be the set of O(s?)
rectangles in the grid induced by the lines in H~ U H! (see Figure 2.6(a)).

Fix a rectangle O € B, let P = PN0O. Let wy,, denote the sum of the probabilities
of points of ) which are above and to the left of O. We similarly define wye, Wgy, Wee
for points of ) which are at top-right, bottom-left and bottom-right of 0. We call

these regions the quadrants of O; see Figure 2.6(b).
Lemma 2.4.4. For every point p = (z,,y,) € O,
Ed(p, Q) = wyz, + wyy, + c,
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FIGURE 2.6. (a) The set of rectangles B induced by horizontal lines H~ and vertical lines H/
through the points of Q. A single rectangle O is also shown. (b) The four quadrants of O are shown
along with the number of points of @) in each. The points Pp in O are shown as red squares.

where Wy = Wny + Weyw — Wne — Wse, Wy = Wy + Wse — Wnw — Wne and ¢ 15 independent

of p.

Proof. Note that no point of @) lies vertically above or below, or horizontally to
the left or right of 0. Let vny = (Tnw, Ynw) (T€SP. Une, Vsw, Use) denote the top-left
(resp. top-right, bottom-left, bottom-right) corner of 0. Let Qpny, Qne, @sw and Qge
denote the points of () that lie in the top-left, top-right, bottom-left and bottom-right
quadrants of O respectively, and let ¢ € Qpny. Then d(p,q) = d(p, vaw) + d(Vaw, q)-

Thus the total contributions of points of @ in this quadrant to Ed(p, Q) is

Z d(Q7 Unw) + wnwd(vnwap) = Z d(Qa Unw) + wnw(xp - xnw) + wnw(ynw - yp>‘

qEQnw qE€EQnw

Similar expressions hold for the remaining quadrants. Thus, by summing over all

quadrants, the lemma follows. O

Lemma 2.4.5. Let

p* = argmin Ed(p, Q).
pEPo

Then p* is a vertezx of the convex hull conv(Pp) of Pp.
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Proof. By Lemma 2.4.4, p* is an extreme point of Pn minimizing a linear function of
p € Po. Thus, without loss of generality, it realizes its minimum when p* is a vertex

of conv(Pp). O

Preprocessing step.  Our index is simply a two dimensional range-tree on the
points in P [52] with a single modification to enable efficient ENN queries. The
range-tree consists of two levels. We first construct a balanced binary tree 7 on the
x-coordinates of the points of P. We call this the primary tree. Its leaves store the
points of P in sorted z-order from left to right, and internal nodes store splitting
values to guide the search. Each node v in T is associated with the subset S, C P
of points that are stored at the leaves in the subtree rooted at v. For each node v
in the tree, a similar balanced binary tree T, is constructed on the y-coordinates of
Sy. We call these secondary trees. Each node u in a secondary tree T, corresponding
to a node v in 7 is associated with the subset S, C S, of points stored at leaves in
the subtree of T, rooted at u. All such subsets are called canonical subsets. Given a
query rectangle, the points of P in the rectangle are reported as the disjoint union of
O(log®n) canonical subsets. See [52] for more details on range-trees.

We make the following modification to the range-tree structure. For any canonical
subset P, corresponding to a node u in a secondary tree T,, we store the convex
hull conv(P,) of the points of P,. For any secondary tree T, the convex hull of
the canonical subsets may be computed by performing a bottom-up traversal while
merging the convex hulls of the children at any internal node. Thus, if there are m
nodes in T,, the total time for constructing the convex hulls is O(mlogm). Finally,
we build a fractional-cascading data structure [52] on the convex hulls to expedite
the search among them. The total preprocessing time and the space required for the

index are O(nlog?n).
Query step.  When a query @) is given, we construct B as above, and compute,
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for each rectangle O € B, the values wpe, Wy, Wee, and wg,. Next, we perform a
range query in 7, to find the points of Py as the union of O(log? n) canonical subsets
of P. We find the point p* by performing a binary search on the points on the convex
hulls of each subset, using fractional cascading, and picking the minimum over all
subsets. By Lemma 2.4.5, the point p* must be among these points. The total time
is O(s%log?n).

Theorem 2.4.6. Let P be a set of n points in R* and let d(-,-) be the Ly or L
metric. P can be preprocessed, in O(nlog”n) time, in an index of size O(nlog®n),
so that for an uncertain query QQ as a discrete pdf with s points, its ENN under the

Ly or Ly metric can be reported in O(s?log®n) time.

Remarks. (i) Theorem 2.4.6 has been improved by [124], where they showed that
it is sufficient to check O(s) rectangles, instead of all the O(s?) rectangles, of B. As
a result, a factor of O(s) got shaved in the query time. They further showed that by
using the compact interval tree [65], instead of building the convex hull explicitly,
for each canonical subset, one can obtain an index of O(nlognloglogn) size and
preprocessing time such that an ENN query can be answered in O(slog®n) time.
(ii) This can be extended to R? by constructing a d-dimensional range tree
and by preprocessing the convex hull of each canonical subset for point-location
queries [52]. The space and preprocessing time become O(nl%? log?n), and the

query time becomes O(s? Jogdtt n). Alternatively, one can construct a linear-size data

_ 1 )
structure and answer a query in O(sdnl [d/2] +6) time for any ¢ > 0.

Answering k-ENN queries.  We first make a further modification to the range-
tree structure, as follows. For a point set X, the convez layers of X, denoted by £(X), is
a partition of X into a sequence Xy, ..., X, of subsets with conv(X;) C int conv(X;_1),

defined as follows. Set Y, = X, and for ¢ > 1, X; = Y,y N dconv(Y,_1), and
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FIGURE 2.7. Hollow circles have been visited; Squares are event points.

Y: =VY;_1\ X;. That is, £(X) is obtained by repeatedly peeling away the points that
lie on the boundary of the convex hull. See Figure 2.7. £(X) can be constructed
in O(|X|log |X]|) time [36]. For each canonical subset in the 2D range tree, we
construct its convex layers. We also preprocess all of these convex layers for fractional
cascading [40]. The total size of the index remains O(nlog®n), but the preprocessing
time becomes O(nlog® n).

We now describe the query procedure. Let B be as above. We query the range
tree for each rectangle O € B. Let fo(z,y) = w,x + wyy + ¢ be the linear function as
described in Lemma 2.4.4. Let Fp be the family of canonical subsets reported for
PN O. Fix a canonical subset P, € F5. We describe how to report the points of P,
in the increasing order of their expected distances from (@), i.e., in increasing order of
the values { fo(p) | p € Pu}.

We achieve this by sweeping a line /g in direction (w,,w,) from —oo to +o0o. We
note that the i-th point of P, encountered during the sweep is ¢;(Py, @), i-th ENN
of @ in P,. It thus suffices to show how to perform the sweep efficiently without
explicitly sorting the points of P, in direction (w,, w,). This is where £(P,) plays an
important role. Suppose the sweep line /g is currently intersecting the first ¢ layers
of P,. We define the event points to be the endpoints of the two edges of each layer
that /5 is intersecting but not encountered so far plus the minimal point of layer i + 1

in direction (w,,w,) (squares in Figure 2.7). We store these 2i + 1 event points in a
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priority queue Q, with (p, (w,, wy)), i.e., fa(p) — ¢, as the key of a point p. It can be
checked that the next point of P, encountered by /g is one of the event points.

At each step, the algorithm performs the DELETEMIN operation on Q, which
reports the event point p with the minimum expected distance from (). We report p.
If p is not the last point of its convex layer, say, layer i, we add the point(s) adjacent
to p in that layer to Q — if p is not the first point of layer ¢ encountered by /g, then
only one point is added to Q, otherwise two points are added. If p is the first point of
layer ¢ and layer ¢ 4+ 1 exists, then we also add the minimal point of layer ¢ 4+ 1 in
direction (w,,w,) to Q.

Returning to our overall query procedure, we perform the above sweep simultane-
ously at all canonical subsets in Fg, and for all O € B. We store all event points, of
all canonical subsets, in a single global priority queue Q. If the DELETEMIN operation
on Q returns a point from a canonical subset P, of F5, we advance the sweep over
P, as described above. The sweep stops as soon as k points have been reported or Q
becomes empty.

Recall that there are a total of O(s? log® n) canonical subsets that are reported by
the query procedure. The total number of layers swept by the sweep-line procedure
over all canonical subsets is O(k + s?log®n). Hence, each DELETEMIN operation
takes O(log(slogn + k)) time, implying that the overall query time is O(s?log®n +
klog(slogn + k)).

Theorem 2.4.7. Let P be a set of n points in R? and let d(-,-) be the Ly or Ly
metric. P can be preprocessed, in O(nlog®n) time, in an index of size O(nlog®n),
so that for an uncertain query @ as a discrete pdf with s points, the k-ENN of Q) can

be reported in O(s?log®n + klog(slogn + k)) time.
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2.5. Euclidean Distance

We now consider the case when d(-,-) is the Euclidean distance. For any two points
a,b € R? we use ||la — b|| to denote the Euclidean distance d(a,b). Unfortunately,
the expected distance under Euclidean metric is an expression containing the sum
of radicals (square roots), so the algebraic complexity of a bisector, and thus of
a Voronoi cell, is quite large (see e.g. [29]). We thus focus on answering e-ENN
queries in this section. We first describe an algorithm for computing a function that
approximates the expected distance from a fixed uncertain point to any point in R2.
The construction is similar to the one given in [11]. We use this algorithm to answer
e-ENN queries: first the input being a set of uncertain points but the query a fixed
point, and then, the input being a set of points in R? but the query an uncertain

point. In the former case, we construct an approximate expected Voronoi diagram of

P.
2.5.1. Approximation of the expected Fuclidean distance

Let P be an uncertain point in R?, and let fp : R? — Ry be its pdf®. Let the
description complexity of fp be s. We construct a function gp : R? — Ry of

description complexity O((1/¢%)log(1/¢)) such that for any x € R?,
Ed(P,z) < gp(x) < (1+ £)Ed(P, ).

Let p be the centroid of P. The following two lemmas follow from the triangle

inequality.
Lemma 2.5.1. For any two points a,b € R?,

3For simplicity, we focus on P having a continuous pdf; the argument holds for a discrete pdf as
well.
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Proof.

[Ed(P, a) — EA(P,b)| = /R2 fe(@)|llz = all = llz — bl||d

gﬁ?ﬁuwm—mux

= lla—bl|.
]
Lemma 2.5.2. Ed(P,p) < 2 min Ed(P,x), where D is the centroid of P.
zeR
Proof. Let pyin = argmin,  p» EA(P, ). By Lemma 2.5.1,
|Ed(P7]_9) - Ed<P7pmin)| S ||ﬁ _pmin“
have, = [|Pmin — / 2 fp(@)de]
RQ
— [ o) pun)del
R2
< [ sela)le ~ pulda
R2
= Ed(P7 pmin)-
The lemma now follows. O]

Lemma 2.5.3. Let 0 < e <1 be a parameter, let p = EA(P,D), and for any x € R?,
let

g9(x) = ||z = pll +7.

Then for any point ¢ € R?* with ||q — p|| > 8p/¢,

Ed(P,q) < g(q) < (1 +¢)Ed(P,q).
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8p/e

FIGURE 2.8. An illustration for the proof of Lemma 2.5.3.
Proof. Let q € R? be a point with ||¢ — p|| > 8p/e. See Figure 2.8. By Lemma 2.5.1,
Ed(P,q) < BA(P,p) + [lg — Bll =7+ lla — PIl < 9(a).
Similarly,
EA(P,q) > lla — 7l - EA(P,B) = la — Bl - 7.
Therefore

9(q) = llg = ol +p < EA(P,q) + 2p. (2.2)

Let D be the disk of radius 4p/¢ centered at p. For any point = & D, ||z —p|| > 4p/e.

Hence,

7= / e — Bl fr(2)de > / e — Bl fo(x)de
R2 R2\D
e
€ Jr2\D

implying that

/ fr(z)dr <e/4 and / fe(x)dx > 1—¢/4.
R2\D D
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On the other hand, for any point x € D, ||z — ¢|| > 4p/e. Therefore
Ed(P.q) = [ llo = allfrle)de > [ 1o = allfo(a)da
R D
45 45 2%
> — de > —(1—¢/4) > —
> L [ gt = La-ep = 2L,
which implies that p < ¢Ed(P, ¢)/2. Substituting this in (2.2),

g(q) < (1 +¢)EA(P, q).

]

We are now ready to describe the function gp. p = Ed(P,p). For a point x € R?
and a value r > 0, let B(z,r) denote the square of side length 2r centered at x.
Let [ = [logy(8/¢)]. For 0 < i < I, set B; = B(p,p2"); set B_; = . Finally, set
pi = €2'p/8.

We cover B; by at most four congruent canonical squares C1, . .., Cy of side length
at most 2p; = p2*1. The union of C}, ...,y is also a square C; see Figure 2.9. We

set

gp(z) = llz =l +p, Ve gl

FicURrE 2.9. Covering B; with four canonical squares and drawing an exponential grid composed of
canonical squares.
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For 1 <j<4and 0<i <, we cover C; N (B;\ B;_1) with canonical squares of
size 2% where A; = |log, p;]; see Figure 2.9. For each such square (J, let ag be its

center and set

6g = Ed(P,ag) + 4 - 2.

Finally, we also cover C'\ B; with canonical squares of size 2% and set J5 as
above. By construction, any point x € C' is covered with some canonical square,
which is further associated with a constant value. Let B be the resulting set of
O((1/£*)log(1/e)) canonical squares. We construct a compressed quadtree T on
(B, C) as described in Section 2.2. It can be checked that each exposed node on T
is a leaf and therefore the rectilinear subdivision of C' induced by E = E(B, C) is
composed of canonical squares. If a square ¢ in E lies in multiple squares of B, we set
d; = 0 where [ is the smallest square of B containing ¢. Finally, for every o € E,
we set

gp(x) =0, Vze€o.

Lemma 2.5.4. Let P be an uncertain point in R? with a pdf of description complexity
s, and let 0 < € < 1 be a parameter. A function gp : R> = Rsq can be constructed in

O((s/e*)1log(1/¢)) time such that

(i) gp is piecewise constant inside a square C, which is the union of four canonical

squares.

(i) Each piece of gp inside C' is defined over a canonical square, and the number

of pieces is O((1/e%)1log(1/¢)).
(iii) C O B[p,8Ed(P,p)/e] and gp(x) = ||z — p|| + EA(P,D) for x ¢ C.
(iv) Ed(P,z) < gp(z) < (1+¢)Ed(P,z) for all x € R?.

Proof. (i) and (ii) follow from the construction, and (iii) follows from Lemma 2.5.3,

so we only need to prove (iv). We describe the proof for the case when = € By, a
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similar argument holds when = € B; \ B;_1, for i > 1. Suppose z lies in a grid cell 7

of By. Then, using Lemma 2.5.1,
gp(r) = EA(P,a,) + 4 - 250
> Ed(P,z) — |lz — a-|| + 2po

> Ed(P, z).

On the other hand,
gp() < EA(P,2) + |2 — af]| +4- 2%
< Ed(P,z) + 2po + 4po

<Ed(P,z)+ =

N

7
< (1+¢e)Ed(P,x).
m
Remarks. We remark that a similar function can be constructed that approximates
Ed(P,z) even if d(-,-) is an L, metric for p # 2.
2.5.2. Uncertain data, e-ENN queries

Let P = {P,...,P,} be a set of n uncertain points in R? each with a pdf of
description complexity s, and let € € (0, 1) be a parameter. We describe a method for
computing an e-ENN of a query point ¢ € R? in P. For each 1 < i < n, we construct
the function g; : R? — Rs, using Lemma 2.5.4 with £/3 as the approximation factor

(instead of €), so that
Ed(P;,q) < gi(q) < (1+¢/3)Ed(P, q),

for all ¢ € R?. Let C; be the canonical square inside which g; is piecewise constant.

Let G = {¢1,...,9,}. By definition, the minimization diagram M(G) of G is an
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e-EVD(P). Hence, it suffices to construct M(G) and build an index on M(G) for
point-location queries. The difficulty with this approach is that we do not have
a near-linear upper bound on the complexity of M(G) even in R%. Moreover, the
complexity of M(G) is Q(n/%?1) in higher dimensions, so this approach will not be
practical for d > 3. We circumvent this problem by using the ideas from Arya et al.
[20] and constructing a different e-EVD(?P) of near-linear size.

Here is the outline of the algorithm. We construct two sets B, and By, of
canonical squares. Set B = B;, U Byy:. The size of B, denoted by m, will be
O((n/e*)log(1/e)), and it can be constructed in O(nlogn + (n/e?)log(1/¢)) time.
We build, in O(mlogm) time, a compressed quadtree T of size O(m) on B, and
preprocess it in additional O(m) time so that for a point ¢ € R?, the exposed node of
T containing ¢ can be computed in O(logm) time. Let E be the planar subdivision
induced by the exposed nodes of T. We refine each cell of E into O(1) faces to construct
an e-EVD of P. More precisely, for a point z € R?, let Py,[z] = {P; | z € C;} and
Pout[z] = {P; | x ¢ C;}. T has the property that for every exposed node v, Py,[z] and
Pout[z] are the same for all points in the region R,. We denote these sets by Py, [v]
and Py [v].

We associate two representative points Pi* € Py, [v], P € Pyui[v] as follows: we
choose an arbitrary point z, € R,. P™ is an e-ENN of 2, in P;,[v] and P°" is an
e-ENN of z, in Py [v]. If P = P, we store the canonical square [J, of the function
gi that contains R,, and if PS" = P;, we also store the centroid p; of Pj at v. For all
r € Ry, gi(z) is constant and g;(x) = ||z —p;||+Ed(F;,p;). The minimization diagram
of g; and g; within R,, denoted by X,, has O(1) size; see Figure 2.11(a). We compute
Y, for all exposed nodes of T. ¥,’s induce a planar subdivision, denoted by ¥, which
is a refinement of E. We show that ¥ is the desired e-EVD of P; Figure 2.11(b) shows
a section of such a planar subdivision.

We first describe the computation of B;, and B, followed by the computation
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of the representative points P" and P for each exposed node v in T. Then we

describe how to construct an e-EVD using the representative points. Finally, we

prove that ¥ is an e-EVD of P.

Constructing B;,. For 1 < i < n, let B; be the set of canonical squares that
define the pieces of the piecewise-constant portion of g;. Set B, = U?:l B,. For each
[0 € B;, we associate a value dn with O, which is g;(z) for any x € 0. If a square [
appears in multiple B;’s, we keep only one copy of [ in B;, and d5 is the minimum
of the values associated with the different copies of (1. For each square (1 € B;, we

set Pnh=F,.

Constructing B, By is constructed using the algorithm by Arya et al. [20]
for computing an e-VD of a set S of N (certain) points. We therefore sketch their
algorithm in R%. Two point sets A, B C R? are called a-well-separated if A and B can
be contained in disks D4 and Dpg respectively, whose centers are at distance ¢ and
whose radii are at most a/; see Figure 2.10(a). A partition of S x S —{(p,p) | p € S}
into a family Z = {(Ay, B1), ..., (An, By} of a-well-separated pairs is called an a-
well-separated pair decomposition (a-WSPD) of S. It is well known that an a-WSPD
of S with O(N/&?) pairs can be computed in O(N log N + N /&%) time [70].

Arya et al. [20] first compute a (1/8)-WSPD Z of S. Let (A;, B;) be a pair in
Z. Without loss of generality, assume that A; and B; are contained in disks of radii
(/8 centered at a;, b;, respectively, and the centers of these disks are at distance /.
Let t = [log,(1/¢)] 4+ 4. They construct a family of 2t disks D', D ... D DPi
centered at a;, b; where the radius of Dfi, DJB" is r; = 2973(. They cover D;‘i, Df"
with a set C; of canonical squares of the largest size but not exceeding r; - €/32;
€| = O(1/€?). See Figure 2.10(b). Set B; = Ui<j<¢ €;. The above procedure is
repeated for each pair in Z. Let B be the overall set of canonical squares constructed;

|B| = O((N/e?)log(1/¢%)). B can be constructed in O((N/e?)log(1/e) + Nlog N)
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FIGURE 2.10. (a) A single pair (A, B) in an a-WSPD. (b) DE,... DP centered at b, where
t = [logy(1/€)] + 4, constructed for a pair (A, B) in a (1/8)-WSPD. D has radius 2/=3/ and is
covered by canonical squares. A similar family of disks is constructed around a.

time. Next, they store B into a compressed quadtree and argue that the subdivision
induced by the exposed nodes of the quadtree is an e-VD of S.

Using the above procedure, we construct By, as follows: For 1 < i < n, let p;
denote the centroid of P;. Set P = {p, | 1 <i < n}. We run the above procedure
on P to construct an (¢/3)-VD of P. The set B of canonical squares constructed by
the procedure is the desired Boy;. |Bout| = O((n/?)log(1/€)) and it is constructed

in O(nlogn + |Bout|) time.

Computing the representative points. To facilitate the computation of repre-
sentative points, we build an index, which is removed after the preprocessing step and
is not part of our overall index. For a point 2 € R, let Poy[z] = {D; | P; € Pows|2]}.
Similar to the index in Section 2.4.1, we construct an index for answering stabbing
queries that can find, for a query point ¢, which squares in ¢ = J_; C; do not
contain ¢ and thus, find Pgy[g]. This index stores a family of canonical subsets of P
such that for any query point ¢, Pou[q] can be represented as the union of O(log®n)
canonical subsets. For each canonical subset A C P, we store an (¢£/12)-VD of A

using the algorithm by Arya et al. [20]. The total space required for the index is
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(a) (b)

FIGURE 2.11. (a) The minimization diagram, ¥, (shown below) of b and h, for an exposed node
v of T. The complexity of ¥, is O(1). (b) A portion of the e-EVD (shown below) obtained by
replacing each cell of Ml by 3,. The corresponding b}’s (raised squares) and h,’s (cones) are also
shown.

O((n/e?)log?(n)log(1/e)) and it takes the same time to construct the index. For a
query point g, we can now compute, in O(log?(n)log(n/e)) time, an (¢/12)-NN of ¢
in Poylq].

We build a compressed quadtree T on B = B;, U B,; as mentioned above. Let
v be an exposed node of T. If none of the ancestors of v (including v itself) stores
a square of By,, PI" is undefined. Otherwise, among the squares [J of By, stored at
the ancestors of v, let O be the one with the smallest value of 5p. We set Pi* = Ps,
b, = [, and b} to the square in R? obtained by lifting O to the height d=.

Next, we pick a point z, € R, and compute an (£/12)-NN of z, in Pyy[2,], say B;.
We set P°"* = P, and p, = p;. Let h,(x) = ||l — p;|| + EA(P;, ;).

Finally, we compute the minimization diagram ¥, of b and h, within R,; see
Figure 2.11(a). By replacing each cell R, of E with X,, we obtain the desired
e-EVD of P, whose size is O(m) = O((n/e*)log(1/¢)); Figure 2.11(b) shows a
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portion of such an e-EVD. The total time spent in constructing this e-EVD is
O((n/e*) log?(n) log(n/<) log(1/<)).

Proof of correctness. The correctness of the algorithm follows from the following.

Lemma 2.5.5. Let g be a point lying in the region R, of an exposed node v of T.
Let P" and P;“ be the ENN of q in Pou[q] and Pi[q], respectively. Then,

(i) EA(P™ q) < (1 —|—5)Ed(P;n,q).
(ii) EA(P™, q) < (1 + €)EA(P™, g).

Proof. (i) Let B, = {0 € B, | P € Pwlg] A ¢ € O}. Since each square in B,
contains ¢, it is stored at an ancestor of v in T. Hence, P = argmin PiePinla 9i(4)-
Furthermore, P* € Piy[q]. Now, (i) follows from Lemma 2.5.4.

(ii) By construction, the set {C; | z ¢ C;} is the same for all z € R,. Therefore,
Pout[q] = Pout[v] and PO € Pyyi[q]. Let p, and p, be the centroids of P2 and Pq"ut

respectively. The argument in Arya et al. [20] implies that

1P, =gl < (1 +¢/3)|pg = all- (2:3)
Since Py € Poutldl,
1P, — all = 8EA(P™,P,)/(¢/3) = (24/2)Ed(P™,B,). (24)
Therefore,
EA(P™,q) < |Ip, — qll +EA(P™,5,)  (triangle inequality)
< |Ip, = all + (¢/24)]Ip, — 4l (by (2.4))
< (L+¢/24)(1 +¢/3)llp, — dll (by (2:3))
< (1+¢/24)(1 +¢/3)gpou(q) (Lemma 2.5.4(iii))
<(IT+e/24)(1+¢/3)(1+ 6/3)Ed(P;ut, q) (Lemma 2.5.4(iv))

< (14 )Ed(P™, q).
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Putting everything together, we conclude the following.

Theorem 2.5.6. Let P be a set of n uncertain points in R?, each with a pdf of
description complexity s, and let 0 < & < 1 be a parameter. A FEuclidean e-EVD of
P of size O((n/e?)log(1/€)) can be constructed in O((n/e?)log?(n)log(n/e)log(1/e))
time. It can be processed in additional O((n/e*)log(1/¢))) time into an index of size

O((n/e*)log(1/¢)) so that an e-ENN query can be answered in O(log(n/c)) time.

Noting that for an uncertain point P, the function gp that approximates Ed(P, z)

under any L, metric can be constructed in the same time, we also obtain the following.

Theorem 2.5.7. Let P be a set of n uncertain points in R?, each with a pdf of
description complexity s, let 0 < e <1 be a parameter. For any L, metric, an e-EVD
of P of size O((n/e?)log(1/€)) can be constructed in O((n/e?)log? n log(n /<) log(1/¢))
time. It can be processed in O((n/e?) log(1/¢)) additional time into an index of size
O((n/e?)log(1/¢)) so that an e-ENN query under the L, metric can be answered in
O(log(n/e)) time.

Remarks. (i) Note that it is not necessary to construct the minimization diagram

Y, for each exposed node v € T if we simply want to answer e-ENN queries. We can

simply use P, P°u bl and h, stored at v to compute an e-ENN of a query point.
(ii) The algorithm can be extended to higher dimensions. The size of the index

becomes O((n/e?)log(1/¢)), the preprocessing time become O((n/e?) polylog(n/c)),

and the query time remains the same.
2.5.8. Uncertain data, (k,e)-ENN queries

We now generalize the above algorithm to (k,e)-ENN queries. We again construct

the sets B;, and B,y of canonical squares. For the set By, if a square [] appears
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in multiple B;’s, we keep up to k copies of [ in By, and dg’s are the minimum of
the values associated with the different copies of (1. For each square [0 € B;, we
set Pg = P;. Boy: remains the same as for the ENN queries. As before, we build a
compressed quadtree T on B = B;, UB,:. For each exposed node v of T, we associate
two sets of representative points PX* C Py, [v], Provt € P, [v], defined as follows.

For an exposed node v of T, if none of the ancestors of v (including v itself) stores
a square of By, PX is undefined. Otherwise, among the squares [J of By, stored at
the ancestors of v, let O’s be the (at most k) ones with the smallest values of . We
set P be the set of P5's. Next, we pick a representative point z, € R, and compute
a (k,£/12)-NN of z, in Poy[2], say p;’s. We set P to be the set of P;’s. For each
P e ??n, we store the canonical square [J, of the function g; that contains R,,, and
for each P; € Pk we also store the centroid p; of Pjat v. For all x € R,, gi(7) is
constant and g;(z) = ||z — p;|| + EA(P;, ;).

Computing P is straightforward but computing Pkt efficiently is more challeng-
ing. We build an index that stores a family of canonical subsets of P such that for any
query point g, Poy[g] can be represented as the union of O(log®n) canonical subsets.
For each canonical subset X, we store a (k,£/12)-VD of X using Lemma 2.2.3. The
total space required for the index is O((n/e?)log?(n)log(k)log(1/)) and it takes the
same time to construct. For a point ¢, a (k,/12)-NN of ¢ in Py[q] can be computed
in O((log(n/e) + k) log” n) time. Again, this index is only needed for computing Pkout
for all nodes, and is discarded after they have been computed.

Given a query point ¢, we find the exposed node v of T containing q. Among the
points in Pkeut | Prout " we return the A-ENN of Pin (J Ppout,

This completes the description of our index, and we now prove its correctness.

Proof of correctness. Let v be the exposed node of T that contains a query

point ¢ € R%. By construction, PX" is obviously a (k,)-ENN of ¢ in Pi,[v] = Piq]-
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It therefore suffices to prove that P is a (k,&)-ENN of q in Poy[v] = Pous[q]. Let

X, C P,u[v] be the set of centroids of points in P, We need the following lemma.
Lemma 2.5.8. X, is a (k,£/3)-NN of ¢ in Poy|[v].

Before proving this lemma, we show how it implies P to be a (k,e)-ENN of ¢ in
Pout[v]. For i <k, let X; C X, be the (i,¢/12)-NN associated with the representative
point 2z, in Poy[v], and let X; = {P; | B, € X;} be the set of corresponding (uncertain)
points of Pkout: let Y, = {V7,...,Y;} denote the set of i ENNs of ¢ in P,y[v] with
Ed(q, Y1) < ... <Ed(q,Y:), and let Y; = {y, | ¥; € Y;} be the set of corresponding
centroids of (uncertain) points in Y;. By induction on i, we prove that X; is an
(7,€)-ENN of ¢ in Poy[v]. For i = 1, the claim follows from the proof of correctness
for the ENN queries. Assume that X; is an (i,¢)-ENN of ¢ for all i < k, and now
assume that i = k.

Let X* = argmaxpex, Ed(g, P). Since |Xx| = k and Xy C Poue[v], Ed(g, X*) >
Ed(q, Yx). It thus suffices to show that Ed(q, X*) < (1 + ¢)Ed(q, Y%), because then it
would imply that X is a (k,e)-ENN of ¢. Let ¥ € X, be the centroid of X*. Let
y" = argmaxy oy, lqy;ll, and let Y™ be the corresponding uncertain point of 7. Note
that

Ed(q,Y™) < Ed(q, Y). (2.5)

Let y;. denote the k-th NN of ¢ in Py [v]. Since |Yi| = k and Y, C Py [v], we have
lqurll < llqy*]|. Since X, is a (k,/3)-NN of q in Pyy[v],

lgz"|] < (1 +&/3)llquell < (1 +2/3)llay" |- (2.6)

Following the same argument as in the second part of the proof of Lemma 2.5.5, (2.5)

and (2.6) imply that

Ed(q, X*) < (14+¢)Ed(q,Y") < (1 4+ ¢)Ed(q, Yz),
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as desired. Hence P* is a (k,&)-ENN of ¢ in Poui[v]. O
We now prove Lemma 2.5.8, by generalizing the argument in [20] for e-NN queries.

Proof of Lemma 2.5.8. Let x4, ..., x;, be the k points of X, in a non-decreasing
order of their distances from the representative point z, of R,. We prove by induction
on i that X; = {z1,...,2;} is an (4,/3)-NN of ¢q. For ¢ = 1, this is true by the
argument of Arya et al. [20]. Suppose X; is an (i,£/3)-NN of ¢ in Py [v] for all
i < k, and now assume i = k. Let y;,...,y; be the k-NN of ¢ in Pyy[v] with

lavall < ... <|lqukl||. We show that there is a point z* € X} such that

layell < llgz™| < (14 &/3)llqyll- (2.7)

We choose z* = arg max,cx, ||¢z|. If * =y, then (2.7) obviously holds, so assume
x* # yp. Since |Xi| = k and X;, C Pow[v], ||yl < |lgz*||. So it suffices to prove
that [[qz|| < (1+¢/3)lqul-

If z* # x4, then by induction hypothesis, [[¢z*|| < (1 + €/3)|lqye—1|| < (1 +
£/3)|lqurll, as desired. Next assume x* = x;. Since Py [v] € P and 2* = x5, # ys,
there is a pair (X,Y) in the WSPD of P such that 2, € X and y, € Y. Let 2/, ¢/
be the centers of the smallest disks Dy, Dy containing X and Y, respectively, and
let £ = ||2'y/||. Then by the WSPD property, the radii of Dx, Dy is at most ¢/8. As

in [20], we consider three cases.
Case 1: ||¢y'|| > 6//c.

By the triangle inequality,
gzl < llgy/l| + ly'2'[| + [|="zx ]l < [lgy/l| +9¢/8 < (14 32/16)]|qy||- (2.8)
On the other hand,

lquell > gyl = l1v'yell > llay'l| — €/8 > (1 —e/48)]lq¥/|. (2.9)
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Combining (2.8) and (2.9) and using € € (0, 1), we obtain

1+ 3¢/16

- <(1 .

lqae]] <

Case 2: (/4 < ||qy'|| < 6(/e.

Since ||qy'|| < 6¢/e, the preprocessing algorithm constructed a disk of radius
at most 2||qy’|| centered at y’ that contains ¢, and that it generated a quadtree
box B € B,y of side length sp < 2||qy/|| - (¢/3)/32 = (¢/48)]|qy’|| that contains gq.

Consequently R, C B and thus ||z,q|| < 2-sp < (¢/24)]|q¥/||. But

lawell = llgy'll = ly'ysll = llay'll = €/8 = (1/2)llay’l

Therefore,
lzvall < (£/12)lqyell- (2.10)
Let y* = arg max;<;<y ||zo%i]|, and let NN(z,) denote the k-th NN of z, in Py [2,].
Note that [lqy*|| < llqyell and || 2NNk (z0)[] < [[z07[|. Then [|zpzx | < (14£/12)]|2,NNg ()| <
(1+¢/12)[|z,y*||. Using these inequalities and (2.10), we obtain
gkl < llazoll + [|zo]

< llgzoll + (1 +/12)[| 2097

< llgzoll + (1 +/12)([[20g]| + [lqy"[])

< (1 +¢/12)llquell + (2 + £/12)(e/12)]| gy |

< (1+4¢e/4+4 /144 qus

< (L+¢/3)llqyll-
The last inequality follows from the fact that ¢ € (0,1).

Case 3: ||qv/'|| < ¢/4.

By construction, there is a quadtree box B € By of side length sp < (£/4) -
(¢/3)/32 that contains ¢ and R, C B. Hence ||z,q| < 2-sp < le/192.
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As in Case 2, let y* = arg max;i<;< || 2,9, and let NNg(z,) denote the k-th NN

of 2, in Poy[z,]. Note that ||qy*|| < ||quk|| and [|2,NNx(2,)|| < ||z.¥*]]. We have
12NNk (20)l] < 2oyl < gyl + llazoll < llayell + gzl
< lgy'll + ¥yl + llgz |

< O)4+ )8+ (e]192 = (3/8 + £/192)L.

On the other hand,
lzvzill > 12'Y[| = IY'qll = ll2"zxll = [|20q]]

>0 —0/4—10/8 — (/192 = (5/8 — £/192)L.
Consequently,

lzoill  _ 5/8—¢/192 5 —¢/24 _ 119
2NNy (z,)|| = 3/8+¢/192 = 3+¢/24 = 73"

which contradicts that z; is an (¢/12)-appropriate k-th NN of z, in Poy[v], for
e € (0,1). Hence, this case is impossible.

Putting everything together, we conclude that X, is a (k,/3)-NN of q in Py [v].

]

We obtain the following.

Theorem 2.5.9. Let P be a set of n uncertain points in R?, each with a pdf of
description complezity s, let 0 < ¢ < 1 be a parameter and let d(-,-) be the Eu-
clidean distance. An indez of size O((nk/e?)log(k)log(1/¢)) can be constructed in
O((nk/e?) log(k) log?(n) log(n/c) log(1/e)) time, such that a (k,<)-ENN query can be

answered in O(log(n/e) + k) time.

Remarks. (i) The algorithm can be extended to higher dimensions. The size

of the index becomes O((nk/c?)log(k)log(1/¢)), the preprocessing time become

O((nk/e%) log(k)log®(n)log(n/c) log(1/¢)), and the query time remains the same.
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(ii) Instead of storing Pkin Pkout af each node of the compressed quadtree, we can
build a separate index that can compute them as part of the query procedure. The
space (resp. preprocessing time) used is shaved by a factor k (resp. log®n), but the
query time increases by a factor of log? n. We omit the details of this index.

(iii) We conjecture that one may be able to shave the factor k from the space

used in Theorem 2.5.9.
2.5.4. Uncertain query

Let P = {p1,...,pn} be a set of (certain) points in R?. For an uncertain query point
(@ of description complexity s and a parameter 0 < ¢ < 1, we wish to compute
its e-ENN in P. We preprocess P into a compressed quadtree T as described in
Section 2.2. We also preprocess P for answering NN queries, by constructing its
Voronoi diagram and preprocessing it for point-location queries. The size of the index
is O(n) and it can be built in O(nlogn) time [52].

To answer a given query (), we construct the function gg : R* — Rs( using
Lemma 2.5.4. Let B be the set of canonical squares defining gg. For each 0 € B,
we query T and report a point po € N P if there exists one. Among all the points
reported, we return the point p* = arg min,_ go(po). If no point is reported, then we
return the point of P that is closest to g, the centroid of ). The correctness of the
algorithm follows from the Lemma 2.5.4. Querying each OJ € B takes O(logn) time,
by Lemma 2.2.2, and the NN of § can be computed in O(logn) time, so we conclude

the following:

Theorem 2.5.10. Let P be a set of n (certain) points in R%. An index of size O(n)
can be built on P in O(nlogn) time so that for an uncertain query point Q) with a
pdf of description complexity s and for a parameter 0 < e < 1, an e-ENN of Q) can

be computed in O((1/e%)log(1/e)(logn + s)) time.
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Remarks. (i) The algorithm can be extended to R¢ by building a d-dimensional
compressed quadtree. The size and the preprocessing time remain the same, but the
query time increases to O((1/e%)log(1/)(logn + s)).

(ii) All pieces of the function gg need not be computed in the beginning itself.
They can be constructed hierarchically while querying the compressed quadtree on P.

This does not affect the worst-case running time but it is more efficient in practice.

Answering k-ENN queries. = We preprocess P into a compressed quadtree T as
described in Section 2.2 (cf. Lemma 2.2.2). Next, we preprocess P into an index I'(P)
of size O(n) in O(nlogn) expected time for answering k-NN queries in O(logn + k)
time, as in [2].

Given a query @, we construct the function gg : R* — Rs( using Lemma 2.5.4.
Let B be the set of squares defining gg. We sort the squares [J of B in increasing
order of their associated values d5. For each [J € B in the sorted order, we query T
and report the points of [JN P one by one. We stop the query process once we have
reported k points. If we fail to report k points over all squares of B, we query the
index I'(P) to find the £-NN of § in P. Among the at most 2k points found, we pick

the best k points. Omitting the details, we conclude the following.

Theorem 2.5.11. Let P be a set of n (certain) points in R An index of size O(n)
can be built on P in O(nlogn) expected time so that for an uncertain query point Q
with a pdf of description complezity s and for a parameter 0 < e <1, a (k,e)-ENN
of Q can be computed in O((1/e%)log(1/e)(logn + s) + k) time.

Remarks. The algorithm can be extended to R?,d > 3. The modifications lie in

that: (1) We build a d-dimensional compressed quadtree; (2) We preprocess P for

answering (k,/3)-NN queries by building a (k, £/3)-VD of P in Lemma 2.2.3; (3) The

function gg : R* — R is constructed by applying Lemma 2.5.4 using /3 (instead

of €). The size of the index becomes O((n/e?)log(k)log(1/¢)), and the preprocessing
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time becomes O(nklogn + (n/e?)(1/e471 + logn)log(k)log(1/€)). A query takes
O((1/e%) log(1/¢)(logn + s) + k) time.

2.6. Conclusion

In this chapter we considered the problem of answering NN queries under uncertainty:.
We used a probabilistic framework to model the uncertainty in the location of input
data or query point, and presented indexing schemes of linear or near-linear size that
answer exact or e-approximate ENN and k-ENN queries in R? in polylog(n) time
under squared Euclidean, L, Lo, and L., distance functions. As far as we know,
these are the first methods to obtain such bounds. We conclude by mentioning a few

open problems:

(i) What is the combinatorial complexity of EVD(P) when d(-, -) is the Euclidean
distance? Can a quadratic upper bound be proved? Although the algebraic
complexity of a bisector is large, the combinatorial complexity, i.e., the number

of vertices, can be small.

(ii) The expected distance is not a reliable indicator when the variance of the pdf’s
is not small. In this case, one is interested in computing a point that is the
nearest neighbor with highest probability or the points that are the nearest
neighbors with probability higher than a given threshold. Is there a linear-size
index to answer these queries in sublinear time in the worst case? This problem
seems hard even for very simple pdf’s such as Gaussians. A few initial results

were obtained in Chapter 4, but the problem largely remains unsolved.
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3

Aggregate Nearest Neighbor

3.1. Introduction

In this chapter, we present improved results over Chapter 2 for expected nearest
neighbor in the L; metric with uncertain queries. We choose to present this chapter in
the setting as for top-k weighted SUM aggregate nearest neighbor in the L; metric to
emphasize the improvement and importance for the widely-studied aggregate nearest
neighbor problem.

Top-k nearest neighbor searching has been well-studied, e.g., see [23,48] for surveys.
For a set P of points in the d-D space R, the problem asks for a data structure to
quickly report the k£ nearest neighbors in P for any query point. Aggregate nearest
neighbor (ANN) searching [9,86,87,88,90,94, 100,102,112, 126], also known as group
nearest neighbor searching, is a generalization of the basic problem, where each query
consists of a set of (weighted) points and the result of the query is based on applying
aggregate operators, such as (weighted) SuM and MAX, on all the points in the query.
In this chapter, we study top-k ANN queries using the weighted SUM operator under

the L; metric in the plane.
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Problem statement and our results. For any two points p and ¢ in the plane,
denote by d(p, q) the distance of p and ¢q. Let @ be a set of points and each point
q € @ has a weight w(q) > 0. Throughout the chapter, we use m to denote the
size of () for any given ) (note that m is not a fixed value). For any point p in
the plane, the aggregate distance from p to @, denoted by Ad(p, @), is defined to be
Ad(p, Q) = X eq w(g)d(p, q)-

Let P be a set of n points in the plane. Given a query consisting of a set ) of
weighted points and an integer k, 1 < k < n, the top-k aggregate nearest neighbors
(top-k ANNS) of @ in P are the k points of P whose aggregate distances to () are the
smallest among all points in P; we denote by Si(P, Q) the set of the top-k ANNs.
Our goal is to design a data structure to quickly report the set Si(P, Q) for any
weighted point set ) and integer k.

For any point p, denote by z(p) the z-coordinate of p and by y(p) the y-coordinate
of p.

In this chapter, we consider the L; metric. Specifically, for two points p and
q in the plane, their L; distance is d(p,q) = |z(p) — z(q)| + |ly(p) — y(¢)|. We
build an O(nlognloglogn)-size data structure in O(nlognloglogn) time that can
answer each query in O(mlogm + (k 4+ m)log®n) time. With trade-off between
preprocessing and query time, we also build two other data structures: the first one
has O(nlogn) preprocessing time and space with O(m logm + (k+m)log® nloglogn)
query time; the second one has O(nlognlog® n) preprocessing time and space with
O(mlogm + (k +m)log® nlog* n) query time.

For the 1-D version, we build an O(n)-size data structure in O(nlogn) time with
O(min{k,logm} - m + k + logn) query time, and the query time can be reduced to
O(k +m + logn) time if the points of @) are given in sorted order.

Further, we extend our techniques to solve the top-k aggregate farthest neighbor

(AFN) searching problem, with the same bounds as above.
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Related work. Previously, only approximation and heuristic results were given for
the top-k ANN query problem [91]. For the special case where k = 1, with O(nlog®n)
time and space preprocessing, Agarwal et al. [9] can answer each top-1 ANN query in
O(m?log® n) time. Hence, even for k = 1, our results are better than that in [9] in all
three aspects: preprocessing time, space, and query time. Recently, Ahn et al. [18]
studied the unweighted version of the problem, and they gave two data structures
under the assumption that the maximum value of |@| is known in advance as m for
all queries, with the following time bounds: the first one is built in O(m?nlog®n)
time and space with O(m?logn + k(loglogn + logm)) query time; the second one
is built in O(m?nlogn) time and O(m?n) space with O(m?logn + (k + m)log®n)
query time. Clearly, our results, albeit on the weighted version and do not require
the assumption, are generally better than the results in [18] for most cases. (e.g., if
m = O(1), their second result is better than ours on the unweighted version with the
assumption).

For the L, metric, only heuristic and approximation algorithms are known for
even top-1 ANN queries [9,87,88,94,100,102,112,126]. The best heuristic method
for the top-1 ANN queries is based on R-tree [102], where each query takes O(n) time
in the worst case. Li et al. [88] gave a data structure with 3-approximation queries
for the top-1 ANN. Agarwal et al. [9] gave a data structure with a polynomial-time
approximation scheme for the top-1 ANN.

If MAX is used to define the aggregate distance, i.e., Ad(p, Q) = max,eq w(q)d(p, ¢),
to the best of our knowledge, we are not aware of any previous work on the general
weighted top-k, even for £ = 1. For the unweighted version, heuristic and approxima-
tion algorithms are given for the Ly top-1 query [86,102], and Wang [123] gave an
O(m\/ﬁlogo(l) n) time exact algorithm. For the L; metric, Wang [123] built a data
structure of O(n) size in O(nlogn) time that can answer each (unweighted) L; top-k
ANN-MAX query in O(m + klogn) time.
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In addition, Li et al. [88] proposed the flexible top-k ANN queries, which extend
the ANN queries, and provided approximation algorithms for both unweighted Sum
and MAX operators in any metric space and any fixed dimension.

Note that the weighted ANN queries studied in this chapter can be used to solve
the ezpected nearest neighbor (ENN) queries for uncertain query points. In each ENN
query, an uncertain point () is given with m different locations and each location ¢
is associated with a probability w(q) of being the true location of @), and the query
asks for the point in P that has the smallest expected distance to ). Agarwal et
al. [9] gave the first nontrivial methods for answering exact or approximate ENN
queries under L, Lo, and the squared Euclidean distance, with provable performance
guarantees. We have mentioned their exact top-1 query algorithm on L; metric
earlier. Other formulations on nearest neighbor queries over uncertain data have also
been studied in [9] and elsewhere, e.g., [6,28,44,47,91,127].

For the top-k AFN queries, we are not aware of any previous work on the weighted
queries. For unweighted queries, Gao et al. [60] gave heuristic algorithms using R-trees
for the Ly metric; for the L; metric, Ahn et al. [18] also extended their techniques to
top-k AFN queries with the same bounds, assuming that the maximum value of m
is known for all queries. For k = 1, farthest Voronoi diagrams [23] can be used for
answering top-1 AFN queries.

Below, in Section 3.2, we present our results in the 1-D space, which are generalized
to the 2-D space in Section 3.3. One may view Section 3.2 as a “warm-up” for Section
3.3. Section 3.4 extends our techniques to solve the AFN queries. For simplicity of
discussion, we make a general position assumption that no two points in P U ) have
the same x- or y-coordinate for any (); we also assume no two points of P have the
same aggregate distance to ). Our techniques can be extended to the general case
without these assumptions, although the discussion would be more tedious.

To simplify the notation, we will write Ad(p) for Ad(p, @), and S(P) for Si(P, Q).
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When we say “the ANN” we mean the top-1 ANN. For any P’ C P, denote by Sy(P’)
the set of the top-k ANNs of @ in P'. Let W =} _,w(q). We assume m < n always
holds since otherwise we could compute Si(P) in O((m + n)logm) = O(mlogm)
time by directly computing the aggregate distances for all points in P, and we omit

the details.
3.2. Top-k ANN Searching in the 1-D Space

In the 1-D space, all points of P lie on a real line L. We assume L is the z-axis.
Consider any @ = {q1,...,¢n} on L. For any point p on L, the aggregate distance
from p to @ is Ad(p) = >_,co w(q)d(p, q), where d(p, ¢) = |z(p) — z(q)|. Given any
@ and k, our goal is to compute Si(P), i.e., the set of the top-k ANNs of @) in P.

A point p on L is called a global minimum point if it minimizes the aggregate
distance Ad(p) among all points on L. Such a global minimum point may not be
unique. The global minimum point is also known as weighted Fermat-Weber point [55],
and as shown below, it is very easy to compute in our problem setting.

To find Sk(P), we do the following. First, we find a global minimum point ¢* on
L. Second, ¢* partitions P into two subsets P, and P,, for which we compute Si(F,)
and Si(P.). Finally, S,(P) is obtained by taking the first k points after merging
Sk(P) and Si(P,).

Note that the points in () may not be given sorted on L. Let ¢* be the point
in @ such that 37 ) e (@) < W/2 and w(q*) + 3, ) <o(g)qgeo W(@) = W/2.
If we view w(q) as the weight of x(q), then ¢* is the weighted median of the set
{z(q) | ¢ € Q} [49]. We claim that ¢* is a global minimum point on L. To prove
the claim, we first present Lemma 3.2.1. We say a function f(z) is monotonically

increasing (resp., decreasing) if f(z1) < f(xq) for any z; < x (resp., 1 > xg).

Lemma 3.2.1. For any point p on L and p # q*, if we move p on L towards q*, the
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aggregate distance Ad(p) is monotonically decreasing.

Proof. Without loss of generality, assume p is on the left side of ¢* and we move p on
L to the right towards ¢*. The case where p is on the right side of ¢* can be analyzed
similarly. At any moment during the movement of p, let Qr, = {¢ € Q |z(q) < z(p)}
and Qr = Q \ Qr. According to the definition of Ad(p), we have

Ad(p) = [a(p) —z(g)) = > wlq) - [x(p) — z(q)] + Y wlq) - [z(q) — =(p)]

q€Q q€QL 9€QR
= [ Y wl@) = X w@] aw) = Y wla) wla) + Y wla) - wla).
9EQL 9EQR gEQL 4EQR

(3.1)

Because p is to the left of ¢*, according to the definition of ¢*, quQL w(q) <
W/2 <3 co,w(g) holds. Further, as p moves to the right towards ¢*, the value z(p)
is monotonically increasing.

Suppose p is between two points ¢; and ¢; of @ such that z(¢;) < z(p) < z(g;)
and there are no other points of () between ¢; and ¢;. Note that it is possible that
such a point ¢; does not exist (i.e., no point of ) is on the left side of p), in which
case we let 2(¢g;) = —oo.

If p moves in the interval [z(g;), z(g;)) to the right, then both sets Q1 and Qg
stay the same, and thus, the value [3° ., w(q) — > ,cq, w(@)] - z(p) is monotonically
decreasing and neither > ., w(q) - z(q) nor > ., w(q) - x(q) changes. Therefore,
if p moves in the interval [z(g;), z(g;)) to the right, Ad(p) is monotonically decreasing.
We claim that for any p in [x(g;), z(g;)), it always holds that Ad(p) > Ad(g;), which
leads to the lemma. Indeed, it can be verified that Ad(g;) — Ad(p) = (z(g;) — z(p)) -
5 e 0(0)— S e ()] Since 2(g;)—2(p) > 0 and [, eq, w(0)— Y eq, w(@)] <
0, we obtain that Ad(g;) — Ad(p) < 0.

The lemma thus follows. O
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Lemma 3.2.1 implies that Ad(p) attains a global minimum at p = ¢*. Hence,
the point ¢* is a global minimum point on L. Let P, = {p € P | z(p) < z(q¢*)}
and P, = P\ F,. We find the set Si(P,) of top-k ANNs of ) in P, by scanning the
sorted list of P, from left to right and reporting the first k& scanned points. Si(P)
can be obtained similarly. Among the 2k points obtained above, we report the set of
k points with the smallest aggregate distances to @ as Sy(P). Therefore, we obtain

the following.

Theorem 3.2.2. Given a set P of n points on the real line L, with O(nlogn) time
and O(n) space preprocessing, the top-k ANNs can be found in O(min{k,logm} -m +
k +logn) time for any weighted point set Q and integer k; if the points of Q are

given sorted on L, then the query time is O(k +m + logn).

Proof. The only preprocessing is to sort the points in P from left to right, which
takes O(nlogn) time and O(n) space.

Given any query @) and any k, we first compute the point ¢*, in O(m) time by
the weighted selection algorithm [49]. The sorted lists of P, and P, can be obtained
implicitly in O(logn) time by determining the two neighboring points of ¢* in the
sorted list P. If kK = 1, it is sufficient to consider the two neighboring points of ¢* in P:
we compute, in O(m) time, their aggregate distances to ), and return the point with
smaller aggregate distance. Hence, the total time for finding ANN is O(m + logn).
Below, we compute Sy(P) for general k.

For simplicity of discussion, we assume |P)| > k and |P,| > k. We first compute
the set Si(P,) of top-k ANNs of @) in P, by scanning the sorted list of P, from left
to right and report the first k£ points. Si(F,) can be obtained similarly. Among the
found 2k points in Si(P,) U Sk(P.), we report the set of k points with the smallest
aggregate distances to @ as Si(P). Let U; = {Ad(p) | p € Sk(P)} denote the set of k

aggregate distance values Ad(p) of all points p in Sg(F,). Similarly, we define ¥,. Set
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U =V, UW,. If we know W, the final step can be done easily in O(k) time. ¥ can be
computed in O(mk) time in a straightforward way, leading to O(mk + logn) overall
query time. In the following, we show that ¥ can be computed in O(mlogm + k)
time, which leads to O(mlogm + k + logn) overall query time, and further, if @ is
given sorted, U can be computed in O(m + k) time.

The m points in @) partition L into m + 1 intervals and an easy observation is
that the aggregate distance Ad(p) changes linearly as p changes in each interval.
Specifically, consider computing Ad(p) for any given point p: if we know the four
values >- co. w(q), D peq, W(@), Dgeo, W(@)2(q), and Y- o w(g)z(q) in Eq. (3.1)
in the proof of Lemma 3.2.1, then Ad(p) can be computed in constant time. In order
to utilize this, we preprocess () as follows.

We sort the points of () from left to right and assume the sorted list is q1, go, - . ., @m-
For each 1 < j < m, we compute the four values S>7_ w(q), 20, w(q)z(q),
>oimjw(a), and Y7 w(gi)x(gi). Note that all these 4m values can be computed in
O(m) time (after @ is sorted). Then, given any point p, if we know the index ¢ such
that z(¢;) < z(p) < x(¢i+1), then Ad(p) can be computed in constant time.

Now, we compute U. Let Q;, = {qg € Q | 2(q) < z(¢*)} and Q, = Q \ Q;. After
having ¢*, @, and @, can be obtained implicitly in O(logm) time by binary search
on the sorted list of (). Recall that we scan the points in P, from left to right to find
Sk(P,). If we scan both P, and @, simultaneously, then at the moment of scanning
any point, say p, we already know the index i such that z(¢;) < z(p) < 2(¢;41) and
thus Ad(p) can be computed in constant time. Hence, W,. can be computed in O(m+k)
time, so can W;. In this way, the total time for computing ¥ is O(k + mlogm). Note
that if @ is given sorted on L, the query time becomes O(k + m).

The theorem thus follows. O]
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3.3. Top-k ANN Searching in the Plane

In this section, both P and @) are in the plane. We generalize the techniques in
Section 3.2. For any ), we first find a global minimum ¢* in the plane. Then, for
each quadrant R of the four quadrants with respect to ¢* (i.e., the four quadrants
partitioned by the vertical line and the horizontal line through ¢*), we find the top-k
ANNs of @ in PN R (i.e., S,(P N R)) and compute the aggregate distance values
Ad(p) for all p € S,(P N R); among the found 4k points, we report the set of k£ points
with smallest aggregate distances to @) as Si(P). Note that we view each quadrant as
a closed region including its two bounding half-lines (with the common endpoint ¢*).

In the sequel, we only describe our algorithm for the first quadrant, and the other
three quadrants can be treated in a similar manner. Let P! C P be the set of points
lying in the first quadrant, i.e., P! = {p € P | z(p) > z(¢*),y(p) > y(q*)}. Our goal
is to find Sy, (P?), the set of top-k ANNs of @ in P'. Let z; denote the i-th ANN of
Q in P'. Our algorithm computes Sy(P') in the order of 2y, 29, ..., 2.

The problem is more difficult than the 1-D case. For example, in 1-D, for all
1 < k, the i-th ANN in P, or P, can be easily found by scanning a sorted list. Here in
2-D, instead, by proving a monotonicity property, we show that the i-th ANN z; in
P! must be on a “skyline” (to be defined later) and we need to somehow search the
“skyline”. After z; is found, we determine a new skyline without considering z1, ..., z;,
and then find z;; by searching the new skyline. This procedure continues until zj is
obtained. The details are given below.

Consider any @ = {q1, 2, - .., ¢} and any k. Our goal is to find the top-k ANN
set Sp(P') in the first quadrant. A point p in the plane is called a global minimum
point if it minimizes the aggregate distance Ad(p) among all points in the plane.
Below, we first find a global minimum point and prove a monotonicity property.

Recall that W = 3" o w(q)-
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Let ¢; € @suchthat 37 o cow(q) < W/2and w(q;)+ 2, ) <a(qr) g (@) =
W/2. If we view w(q) as the weight of z(q) for each ¢ € @, then z(q}) is the
weighted median of the set {x(q) | ¢ € Q} [49]. Similarly, let ¢; € @ such that
Zy(q)<y(q;), quw(q) < W/2 and w(qZ) + Zy(q)<y(q{;)7 a€Q w(g) = W/2.

We claim that ¢* = (2(q;),y(q;)) is a global minimum point. To prove the claim,
we first present Lemma 3.3.1, which generalizes Lemma 3.2.1. A path in the plane is
monotone if we move from one endpoint of it to the other, the x-coordinate (resp.

y-coordinate) is monotonically changing (either increasing or decreasing).

Lemma 3.3.1. For any point p in the plane with p # q*, if we move p towards q*

along a monotone path, the aggregate distance Ad(p) is monotonically decreasing.

Proof. According to the definition of Ad(p), we have

Ad(p) = " w(a) - d(p,q) = > wlg) - (2(p) = 2(a)| + ly(p) — y(a)])

q€Q q€Q
=3 w(g) - |2(p) — 2(@)] + 3 w(a) - y(®) - y(a)]
9€Q 9€Q

= Ad,(z(p)) + Ad,(y(p)),

where

Ads(2(p)) = Y w(q) - |2(p) —2(q)] and Ad,(y(p)) = Y w(a) - [y(p) — y(a)!.

qeQ q€Q

If we move p towards ¢* along a monotone path, on the xz-projection, we are moving
x(p) towards z(¢*). By Lemma 3.2.1, Ad,(z(p)) is monotonically decreasing, so is
Ad,(y(p)). The lemma thus follows. O

Lemma 3.3.1 implies that Ad(p) attains a global minimum at p = ¢*. Hence, ¢* is
a global minimum point (note that ¢* is not necessarily in @). In the sequel, based
on the point ¢* and Lemma 3.3.1, we introduce the minimal points and the skyline,
and present some observations.
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FIGURE 3.1. The four (red) points connected by the dashed line segments (the skyline) are minimal
points. p; dominates po and the dotted curve connecting ¢* and ps is a monotone path.

3.3.1. The minimal points and the skyline

We first show how to find z; (i.e., the ANN of @ in P'). For any two different
points p; and py in P!, we say that p; dominates py if and only if x(p;) < x(ps) and
y(p1) < y(p2). A point p in P! is called a minimal point if no point in P! dominates p
(note that the “minimal” here is different from the “global minimum” defined earlier).
If p; € P! dominates p, € P!, then there exists a monotone path 7 connecting p,
and ¢* such that p; € 7 (see Fig. 3.1). By Lemma 3.3.1, Ad(p1) < Ad(pz). Therefore,
to compute 21, we only need to consider the set of minimal points in P!, denoted by
M. Hence, z; is in M.

One tempting approach is to find M and then find z;. Unfortunately, since M
may have ©(n) points, we cannot afford to check every point of M. Below, we give a
better approach.

For each ¢ € @), we induce a horizontal line and a vertical line through g,
respectively; let A be the arrangement of the resulting 2m lines. Each cell of A is a
(possibly unbounded) rectangle. Each point in @ is a vertex of \A. Note that we do
not explicitly compute A.

We will show below that Ad(p) is a linear function of z(p) and y(p) inside any cell
C of A, implying that the ANN (i.e., the top-1 ANN) of @) in PN C' is on the convex
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hull of PN C, as discussed in [9]. For any cell C, suppose C = [z, 2| X [yp, y¢]. Let

Qr={qeQlz(@ <u}, Qr={e€Q|z(q) 22}, Qp={ac€Q|yle) < w}
and Qr = {q € Q | y(¢) > y:}. By the construction of A, no point of @ lies strictly
inside C' and Q = Q1 U Qr = @ U Q1. We have the following lemma.

Lemma 3.3.2. For any point p in the cell C, Ad(p) = C, - z(p) + Cy - y(p) + C.,

where

Co= Y wlg)— Y wlg), Co="> wlg)— > wlq), and

q€QL q€QR 9€QB q9€QT
Co= Y w(q)z(q) = > wg)zlq) + Y wlgyle) — > wlq)y(q).
q€EQR q€EQL q€EQT q€Qp

Further, with O(mlogm) time preprocessing on Q, given any cell C' of A, we can

compute Cy, Cy, and C, in O(logm) time.

Proof. The first part (i.e., computing the values of C,, Cj, and C.) has been discussed
in [9] and it can also be easily verified by our analysis in Lemma 3.3.1. Hence, we
omit the proof for it.

For the second part, given any cell C', our goal is to compute the three values
C,, Cy, and C.. Generally speaking, if, as preprocessing, we compute the prefix
sums of the values w(q) and w(q)x(q) in the sorted list of the points of @ by their
x-coordinates, and compute the prefix sum of w(q)y(q) in the sorted list of the points
of @ by their y-coordinates, then C,, Cy, and C, can be computed in O(logm) time.
The details are given below.

To compute Cy, we need to know the value » ., w(q) and the value > ., w(q).
Note that > .o w(q) =W =3~ o w(g). We can do the following preprocessing.
We sort all points in () by their z-coordinates. Suppose the sorted list is q1, ¢, . - ., ¢m
from left to right. For each 1 < j < m, we compute the value W;(g;) = 321 w(q;)-

For any given cell C, let x; be the x-coordinate of the vertical line containing the
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left side of C'. By binary search on the sorted list ¢1,qo, ..., ¢n, in O(logm) time,
we can find the rightmost point ¢’ in @ such that z(¢’') < z;. It is easy to see that
> acq, W(@) = Wi(q'). Note that the above preprocessing takes O(mlogm) time,
and C, can be computed in O(logm) time.

In similar ways, we can compute Cj, and C. in O(logm) time, with O(mlogm)

preprocessing time. Hence, the second part of the lemma follows. O

As discussed in [9], Lemma 3.3.2 implies that S1(P N C) (i.e., the ANN of @ in
PN C) is on the convex hull of PN C. More specifically, S;(P N C) is an extreme
point of P N C along a certain direction that is determined by C, and Cj, and thus
we can do binary search on the convex hull to find it.

To compute z1, the algorithm in [9] checks every cell C' of A in the first quadrant,
and it finds S1(P N C) by searching the convex hull of the points in P N C. The
number of cells checked in [9] is O(m?). In contrast, since z; € M, we show below
that we only need to check O(m) cells. Although |M| can be ©(n), we show that the
number of cells of A that contain these minimal points is O(m), and further, we can
find these cells efficiently.

If we order the points in M by their z-coordinates and connect every pair of
adjacent points by a line segment, then we can obtain a path 7, which we call a
skyline (see Fig. 3.1). The points of M are also considered as the vertices of . If
we move on 7 from its left endpoint to its right endpoint, then the z-coordinate is
monotonically increasing and the y-coordinate is monotonically decreasing. Hence,
71 is a monotone path.

Denote by C; the set of cells of A that contain the minimal points in M. Recall

that z; is in M. We have the following lemma.

Lemma 3.3.3. |C1| = O(m) and 2, is in one of the cells of C;.
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Proof. Since z; is in M, based on the definition of C;, z; must be in one of the cells
of Cy.

Due to our general position assumption that no two points in P U () have the
same x-coordinate or y-coordinate. Each edge of m; is neither horizontal nor vertical.
Because 7 is a monotone path, each line of A can intersect m; at most once. Hence,
the number of intersections between 7 and A is O(m), which implies that the
number of cells that intersect 7y is O(m). Since all points in M are on 7y, the lemma

follows. O

A straightforward way to compute C; is to first compute A and then traverse A
by following the skyline ;. But this is not efficient due to: (1) computing A takes
O(m?) time; (2) the size of m; may be ©(n) due to |[M| = O(n) in the worst case.
Below in Lemma 3.3.4, we compute C; in O(mlogn + mlogm) time.

First of all, we sort all points in ) by their z-coordinates and y-coordinates,
respectively; accordingly, we obtain a sorted list for the horizontal lines of A and
a sorted list for the vertical lines of A. Then, given any point p, we can determine
the cell of A that contains p in O(logm) time by doing binary search on the above
two sorted lists. We should point out that there might be other ways to compute Cy,
but the algorithm we propose for Lemma 3.3.4 is particularly useful later when we

compute other points in Sj,(P') than z;.

Lemma 3.3.4. With O(nlogn) time and O(n) space preprocessing on P, given any

Q, we can compute the set C; in O(mlogn + mlogm) time.

Proof. One operation frequently used for computing C; is the following segment-
dragging queries. Given any horizontal or vertical line segment s, we move s along a
given direction perpendicular to s; the query asks for the first point of P hit by s or
reports no such point exists. Chazelle [37] constructed an O(n)-size data structure in
O(nlogn) time such that each segment-dragging query can be answered in O(logn)
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time. As preprocessing, we build such a data structure on P. Hence, the preprocessing
takes O(nlogn) time and O(n) space.

For each cell C' of Cy, we call the leftmost point of M NC the skyline-left point of C
and call the bottommost point of M NC' the skyline-bottom point of C'. In other words,
if we move along the skyline m; from its left endpoint to its right endpoint, then the
skyline-left point of C' is the first vertex of m; we meet in C and the skyline-bottom
point of C' is the last vertex of m; we meet in C'. Note that if C' has only one minimal
point of M, then the only minimum point is both the skyline-left point and the
skyline-bottom point of C'

We will find the skyline-left point and the skyline-bottom point for each cell
C € C;. Each such point p is determined by a segment-dragging query on a segment
s and we call s the generating segment of p; s will be associated with p for later
use (for computing other points in S(P') than z;). Further, we will classify these
generating segments into four types, and again, they will be useful later in Lemma
3.3.7 for computing Sy (P?').

All the vertical lines passing through points in @) partition the space into O(m)
regions, which we refer to as columns (including bounding lines). Let Dy, denote the
set of columns of A each of which contains at least one cell of C;. We search the
columns of Dy, from left to right. For each column D € D,;, we will first find the
topmost cell and the bottommost cell of C; in D; then, from the bottommost cell to
the topmost cell, we search all other cells of C; in D in a bottom-up fashion. After
the searching on D is done, we proceed to the next column of Dy,;. The details are
given below.

Note that due to the general position assumption that no two points in P U @)
have the same z- or y-coordinate, each point of P lies strictly inside a cell of A.

We first determine the leftmost column of D,;, denoted by D, which is the one
containing the leftmost point py of M (see Fig. 3.2). pg can be found by the following
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F1GURE 3.2. Illustrating the algorithm in Lemma 3.3.4: the dashed grid is \A.

segment-dragging query. Let Ynqe, = maxyep1 y(p). Consider a vertical segment

so = q*b where b = (2(q%), Ymaz)- If we drag s rightwards (i.e., horizontally to the
right), po will be the first point of P! hit by sy. By using the segment-dragging query
data structure on P, py can be found in O(logn) time. After having py, D can be
determined in O(logm) time using binary search on the sorted list of the vertical
lines of A.

Notice that the cell of A that contains pg is the topmost cell in D N Cy, which we
denote by Cy, and that pg is the skyline-left point of C; (see Fig. 3.2). The segment
So is the generating segment of py and we classify sy as an so-type. In general, the
so-type generating segments are used to find the skyline-left points of the topmost
cells of the columns of D,;.

Next, we determine the bottommost cell of D N Cy, denoted by C,. We first
determine the skyline-bottom point p; of C} by a segment-dragging query as follows.
Let ¢ denote the horizontal line y = y(¢*). Set s; = D N L. If we drag s; upwards, p;
will be the first point of P! hit by s; (see Fig. 3.2). After p; is found in O(logn) time,
(' can be determined in additional O(logm) time. s; is the generating segment of p;
and we classify s; as the s;-type generating segment. In general, s;-type generating
segments are used to find the skyline-bottom points of the bottommost cells of the

columns of Dy,.

7



If C, = 4, then the column D contains only one cell of C;, and our searching on
D is done. Below, we assume C}, # C}.

In the sequel, from the bottommost cell (), we search the cells of C; in D in a
bottom-up manner until we meet the topmost cell C;. We first show how to determine
the second lowest cell of C; N D (i.e., the one of C; N D right above C}), denoted by
Cs.

To determine Cj, we first find the skyline-left point ps of Cj using a segment-
dragging query, as follows. Let sy be the left side of Cjy. py is the first point in P!
hit by dragging s, rightwards (see Fig. 3.2). sy is the generating segment of p; and
we classify so as the so-type generating segment. In general, each so-type generating
segment is used to find the skyline-left point of a cell whose skyline-bottom point has
just been found. Next, we determine C; by using ps.

We first determine the skyline-bottom point p3 of Cs. Since y(ps) > y(p2),
x(p3) < x(p2) (otherwise p, would dominate ps). An easy observation is that ps is
the lowest point among all points of P! N D whose x-coordinates are less than z(ps)
(see Fig. 3.2). We can determine ps by the following segment-dragging query. Let
s3 be the horizontal line segment on the top side of the cell C} such that the left
endpoint of s3 is the upper left vertex of C}, and the right endpoint has x-coordinate
x(p2) (see Fig. 3.2). Due to our general position assumption that no two points in
P U@ have the same - or y-coordinate, ps is the point of P! hit first by dragging s;
upwards. After ps is found, C, can be determined. Therefore, we can determine C
in O(logn + logm) time. s3 is the generating segment of p; and we classify sz as the
s3-type generating segments. In general, s3-type generating segments are used to find
the skyline-bottom points for non-bottommost cells of the columns of D),.

If ¢y = C, we are done searching on D. Otherwise, we continue the above
procedure to search other cells of C; N D until we meet the topmost cell C;.

Now we proceed to the next column D’ € Dy, in the following way. We first
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determine D’ by a segment-dragging query as follows. Recall that p; is the lowest
point in P N D. Let s4 be the vertical line segment on the right bounding line of D
such that the lower endpoint of s, has y-coordinate y(¢*) and the upper endpoint
has y-coordinate y(p1) (see Fig. 3.2). We drag the segment s, rightwards, and let p4
be the first point of P! hit by s, (see Fig. 3.2). It is not difficult to see that p, is a
minimal point and the column of A containing p4 is D’. Further, p4 is the skyline-left
point of the topmost cell of C; N D’. Hence, after p, is found, D’ and the topmost
cell of C; N D’ can be determined in O(logm) time. s, is the generating segment of
p4; note that s, is an sg-type generating segment.

Note that if the above segment-dragging query on sy fails to find any point (i.e.,
such a point p, does not exist), then all cells of C; have been found, and we terminate.
Otherwise, we proceed to search all cells in C; N D’ in the same way as in the column
D, and then search other columns of D), similarly.

For the running time, as shown above, the algorithm spends O(logn + logm) time
finding each cell of C;. Due to |C;]| = O(m) (by Lemma 3.3.3), computing C; takes

O(mlogn + mlogm) time. The lemma thus follows. O
3.8.2. Computing the top-k ANN set Si(P')

In this section, we compute Si(P') in the order of zy, 2o, .. ., 2.

Since z; is in one of the cells of Cy, once we have C;, we compute the ANN of ()
in C'N P in each cell C' € Cy; among the |Cy| candidate points, z; is the one with the
smallest aggregate distance to ). Once z; is obtained, we use a similar approach to
compute zy. Let m be the skyline of P!\ {z;}, and let Cy be the set of cells of A that
contain the vertices of my. Again, 25 must be in one of the cells of Cy, and we find 2z,
by searching the cells of Cy. In general, let 7; be the skyline of P\ {z1,...,21},
and let C; be the set of cells of A that contain the vertices of m;. The point z; must

be in one of the cells of C;, and we find z; by searching the cells of C;. We repeat this
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till z; is found.

For each 1 < i < k, since 7; is a skyline, |C;| = O(m). A straightforward
implementation to compute Si(P') needs to search O(km) cells. We will show that
we only need to search O(k + m) cells in total, and more importantly, we can find all
these cells efficiently. More specifically, we propose an algorithm that can efficiently
determine the set C; by updating the set C;_q, for all 2 <1 < k.

In the sequel, we first present an algorithm that can quickly compute the ANN of
Q in C'N P for any cell C of A. An O(nlog®n)-size data structure was given in [9]
that can be built in O(nlog®n) time and can compute the ANN in any cell C' of A in
O(log®n) time. By using compact interval trees [65], we have the following improved

result in Lemma 3.3.5.

Lemma 3.3.5. For a set P of n points in the plane, an O(nlognloglogn)-size data
structure can be built in O(nlognloglogn) time, such that given any axis-parallel
rectangle C' (e.g., any cell of A), the ANN of Q in P N C can be computed in
O(log2 n) time. With trade-off between preprocessing and query time, we can build
two other data structures: the first one has O(nlogn) preprocessing time and space
with O(log® nloglogn) query time; the second one has O(nlognlog* n) preprocessing

time and space with O(log® nlog*n) query time.

Proof. Our data structure uses the compact interval tree [65], which was for solving
the following sub-path hull queries in [65]. Let 7 be a simple path of n vertices in the
plane and suppose the vertices are vy, vo, ..., v, ordered along 7. Given two vertex
indices ¢ and j with ¢ < j, the sub-path hull query asks for the convex hull of all
vertices v, Vi1, ..., v;. A compact interval tree data structure was given in [65], and
for each sub-path hull query, it can report in O(logn) time a data structure that
represents the convex hull such that any standard binary-search based operation on

the convex hull can be implemented in O(logn) time (e.g., finding an extreme point

80



on the convex hull along any given direction). Assume the vertices of 7 are sorted by
their a- or y-coordinates. The compact interval tree is of O(nloglogn) size and can
be built in the same time. With trade-off between preprocessing and query time, two
other compact interval trees can be built for the sub-path hull queries: the first one
has O(n) preprocessing time and space with O(lognloglogn) query time; the second
one has O(nlog" n) preprocessing time and space with O(lognlog™n) query time.

Our data structure for the lemma is constructed as follows. At the high-level,
it is similar to the two-dimensional orthogonal range tree [52]. A balanced binary
search tree T' is built based on the xz-coordinates of the points in P. The leaves of T
store the points of P in sorted order from left to right, and the internal nodes store
splitting values to guide the search on T'. For each node v of T, it also stores the
subset P(v) C P of points in the subtree of T rooted at v, and P(v) is called the
canonical subset of v. For each canonical subset P(v), we build a compact interval
tree in the following way. If we sort the points of P(v) by their y-coordinates and
connect each pair of adjacent points in the sorted list by a line segment, we obtain a
path 7(v). The points in P(v) are vertices of w(v). Note that m(v) is a simple path
and each horizontal line intersects m(v) at most once. We build a compact interval
tree on 7(v) using the approaches in [65]. This finishes the construction of our data
structure.

For each canonical subset P(v), depending on which of the three compact interval
trees is used, constructing the compact interval tree on 7(v) takes O(uloglog p) (or
O(p) or O(plog™ i) time and space, where u = |P(v)|. Note that the y-sorted list of
P(v) can be built during the construction of 7" in a bottom-up manner. Hence, the
preprocessing time and space is O(nlog nloglogn) (or O(nlogn) or O(nlognlog” n)),
the same as claimed in the lemma statement.

Given any axis-parallel rectangle C, our goal is to find the ANN of @) in C'N P.
Essentially, we are looking for an extreme point in C'N P along a certain direction,
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denoted by 0. As discussed in [9], o is determined by the two factors C, and C,
defined in Lemma 3.3.2, and can be computed in O(logm) time by Lemma 3.3.2.
Recall that m < n; hence, logm = O(logn).

Suppose C' = [z}, ] X [yp, y;]. Using the range [z, z,|, we first find the O(logn)
canonical subsets whose union is the set of points in P lying between the two vertical
lines * = x; and z = z,.. For each such canonical subset P(v), we use the range [ys, yi]
to determine the sub-path of 7(v) inside C, which can be done by binary search
on the y-sorted list of P(v); subsequently, we use the compact interval tree data
structure on 7(v) to (implicitly) report the convex hull of the sub-path in O(logn)
time (or O(lognloglogn) or O(lognlog® n) time), after which we search the extreme
point on the convex hull along the direction o in O(logn) time. In this way, we
obtain O(logn) extreme points for these O(logn) canonical subsets, and the one
minimizing the aggregate distance to @) is the ANN of @@ in C'N P. Assuming that we
have computed the three factors C,, Cy, and C. as defined in Lemma 3.3.2, for each
extreme point found above, its aggregate distance to () can be computed in constant
time.

Therefore, the ANN of Q in CNP can be found in O(log? n) time (or O(log® n log log n)

or O(log® nlog*n) time). The lemma thus follows. O

In the following, to avoid the tedious discussion, unless otherwise stated, when
we refer to Lemma 3.3.5 we will always use the data structure with O(log®n) query
time, with the understanding that using different data structures will give different
performances (i.e., preprocessing and query time) accordingly.

Let m; = |C;| for each 1 < i < k. By Lemma 3.3.5, we can determine z; in
O(my log?n) time. Next we compute z;. To this end, we need to find the set C, first.
Instead of computing C, from scratch as we did for C;, we obtain C, by updating C;.

Specifically, if some cells are both in C; and Cy, we do not need to compute them
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again. In other words, we only need to compute the cells in Cy \ C;. Let C'(21) denote
the cell containing z;. We will show that all the cells of C; except C'(z1) must be in
Cs. The cell C(z1) may or may not be in Cy. If C(z1) € Co, then special care needs to
be taken when searching C'(z1) because we are looking for z, and the point z; should
not be considered any more. The details are given below.

For each i with 2 <i <k, let C] = C; \ C;—; and m] = |C{|. We first show that C,
can be obtained in O(m/(log” n 4 logm)) time, and specifically, we compute the cells
of C) and determine whether C'(21) € Cy, which is done in Lemma 3.3.7.

The algorithm in Lemma 3.3.7 needs a dynamic version of the segment-dragging
query data structure that can support point deletions for P. Later after we finish
the query, we also need to insert those points that have been deleted back to P,
and we call them special insertions, i.e., whenever we insert a point p to P for the
segment-dragging query data structure, p has already been deleted from P before.
In the following Lemma 3.3.6, we present such a dynamic data structure for the
segment-dragging queries by using the range trees [52|. Note that the performance of
the data structure in Lemma 3.3.6 may not be theoretically the best: since other parts
of our algorithm for computing S(P') dominate the overall running time, we choose

to present a data structure that is simple and does not affect the overall performance.

Lemma 3.3.6. With O(nlogn) time and O(nlogn) space preprocessing on P, we
can answer each segment-dragging query in O(log?n) time and support each point

deletion and special insertion for P in O(log®n) time.

Proof. Our data structure consists of two range trees, one for horizontal segment-
dragging queries and the other for vertical segment-dragging queries. Below, we only
present the one for horizontal segment-dragging queries and the other one can be
obtained similarly.

We first sort the points in P by their x-coordinates and y-coordinates, respectively.
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We build a balanced binary search tree 1" based on the x-coordinates of the points in
P. The leaves of T store the points of P in sorted order from left to right. Each node
v of T also stores the subset P(v) of points stored in the leaves of the subtree rooted at
v; P(v) is called the canonical subset of v. For each node v, we use another balanced
binary search tree T'(v) to store the points in P(v) based on the y-coordinates of the
points. It is commonly known that T' can be constructed in O(nlogn) time using
O(nlogn) space [52].

Consider any segment-dragging query. Without loss of generality, assume we
drag upwards a horizontal segment s = [z1(s), z2(s)] X {y(s)} (i-e., its y-coordinate
is y(s) and its z-coordinate spans the interval [z1(s),z2(s)]). We first determine
the O(logn) canonical subsets of T" whose union is the subset of points of P with
x-coordinates lying in [z1(s), z2(s)]. For each canonical subset P(v), we use the tree
T'(v) to determine in O(logn) time the lowest point of P(v) whose y-coordinate is
no less than y(s) and that point will be the first point hit by dragging s upwards.
After we find such a point in each canonical subset, we report the point with smallest
y-coordinate as the answer to the segment-dragging query for s. The total query time
is O(log”n) time.

Now consider deleting a point p from P. We first find the leaf v, of T" storing p.
Then, for each node v in the path of T" from the root to v,, we delete p from the tree
T(v), which can be done in O(logn) time. Hence, it takes O(log®n) time for each
point deletion. Consider a special insertion that inserts a point p to P. Since it is a
special insertion, p was in P before but has been deleted. We first find the leaf v,
of T that stored p before. Then, for each node v in the path of T' from the root to
vp, We insert p to the tree T'(v), which can be done in O(logn) time. Hence, it takes
O(log® n) time for each special insertion.

The lemma thus follows. O
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Next in Lemma 3.3.7, we compute Cy based on C;. The algorithm for Lemma 3.3.7
essentially follows the behavior of the algorithm for Lemma 3.3.4, but only focuses on
searching the cells of Cj. The efficiency of the algorithm for Lemma 3.3.7 also hinges
on the observation that the cells of C) form at most two subsets (separated by C(z)
if C'(z1) € Cy) of consecutive cells of Cy if we order the cells of Cy from “northwest”

to “southeast”.

Lemma 3.3.7. We can determine the set Cy in O((1 4 mb)(log? n + logm)) time,
where mfy = |Ch|, and more specifically, our algorithm will compute the cells of C5 and

determine whether C(z;) € Cy.

Proof. We call the order of the cells of C; by which the skyline 71 crosses them from
left to right the canonical order of C;. In other words, the canonical order of C; follows
the northwest-to-southeast order. We define the canonical order of Cy similarly.

Suppose the canonical order of the cells of Cy is: Cy,Cy, -+, C,,,. Note that we
can obtain this ordered list during computing C; in Lemma 3.3.4 within the same
time. Recall that when computing C; we also computed a skyline-left point and a
skyline-bottom point for each cell of C; as well as their generating segments. Let
C; = C(z), i.e., the cell that contains z;. We assume i # 1 and ¢ # m; (otherwise
the algorithm is similar and much simpler).

In order to better understand the algorithm we will present below, we first discuss
a question: which cells are possibly in C;? Imagine that we partition the plane into
four quadrants with respect to z; by the vertical line through z; and the horizontal line
through z1; an easy observation is that only the cells intersecting the first quadrant
can possibly be in C} because only points in the first quadrant are dominated by
z1. Further, for each cell C; with j # ¢, none of the vertices of the skyline m; in C;
is dominated by z;, and thus C; is still in Cy. In other words, all cells of C; \ {C;}

are still in Cy. The cell C; may or may not be in Cs. Also note that if we remove z;
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FIGURE 3.3. The red points are in 7; and the blue points are in 75 \ 71. The skyline-bottom point
of the cell C' is p; in w1 but py in 5.

from P, then the skyline-bottom point of C;_; may be changed (see Fig. 3.3), but the
skyline-left point of Cj_; does not change; for each cell C; with 1 < j < i — 2, neither
its skyline-left point nor its skyline-bottom point changes. Similarly, due to the
removal of 2z, the skyline-left point of C;,; may be changed, but its skyline-bottom
point does not change; for each cell C; with i +2 < j < my, neither its skyline-left
point nor its skyline-bottom point changes.

The above implies that to determine Cy, we need to do the following. (1) Find all
cells in Cf, and as in Lemma 3.3.4, for each cell of C}, compute its skyline-left point
and skyline-bottom point as well as their generating segments. (2) Determine whether
C; is still in Cy, and if yes, compute its new skyline-left point and skyline-bottom
point as well as their generating segments, if any of them changes. (3) Compute
the new skyline-bottom point (and its generating segment) for C;_; if it changes.
(4) Compute the new skyline-left point (and its generating segment) for C;yq if it
changes.

Let Dp be the dynamic segment-dragging data structure in Lemma 3.3.6 we built
on P. Below, we give an algorithm that can determine Cy in O((14+m/)(log® n+logm))
time, and in particular, we need to find the cells of Cj. Intuitively, if C; & Co, then
C!, consists of all cells of Cy between C;_; and C;y in the canonical order; otherwise,

C!, consists of all cells of Cy between C;_; and C; and all cells between C; and C;;.
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Our algorithm essentially follows the behavior of the algorithm in Lemma 3.3.4, but
only focuses on the cells in C5 U {C;_1, C;, Ciy1}. Recall that C; is the cell of C; that
contains zj.

First of all, we delete the point z; from the data structure Dp. The point z; can
be the skyline-left point of C;, or the skyline-bottom point of C;, or both of them, or
neither of them. Our algorithm works differently for these cases, as follows. Recall
that according to our algorithm in Lemma 3.3.4, if z; is either the skyline-left point
or the skyline-bottom point of Cj, then z; has a generating segment, denoted by s(z1).
In other words, z; is identified by a segment-dragging query on $(z;) in our algorithm

in Lemma 3.3.4.

1. If z is neither the skyline-left point nor the skyline-bottom point of C;, then
C; is still in Cy and C) = (. In fact, Co = C;. Further, the skyline-left and
skyline-bottom points of any cell of C; do not change. Hence, we are done for

this case.

2. If z is the skyline-left point but not the skyline-bottom point, then according
to our algorithm in Lemma 3.3.4, the generating segment s(z;) is either an
so-type or an so-type. Note that since z; is not the skyline-bottom point of Cj,
the skyline-bottom point of C; is still in the skyline 75, which implies that C; is
still in Cy and no cell of C} is between C; and C;;; in the canonical order of C,.
In other words, all cells of C} are between C;_; and C; in the canonical order of

Cy. Denote by D the column of A that contains C;.

(a) If s(z1) is an so-type, then C; is not the topmost cell of C; in the column
D, which implies that C;_; is in D. According to the algorithm in Lemma
3.3.4, s(z1) is the left side of C; (i.e., 21 is the first point of P hit by

dragging s(z;) rightwards). By using the data structure Dp (after deleting
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21), we do a segment-dragging query by dragging s(z;) rightwards to find
the first point of P\ {21} hit by s(z1), and we denote the point by p. Then,
p is the new skyline-left point of C; (without considering z1). Note that
s(z1) is still an so-type generating segment for p.

Next, from C;, we continue to find the cells of C} in a bottom-up manner in
the same way as the algorithm in Lemma 3.3.4 until we meet the cell C;_;.
Note that it is possible that C5 = (). Again, it takes two segment-dragging
queries (using Dp) on each cell of C} to find its skyline-left and skyline-
bottom point as well as their generating segments. Also, the algorithm
will find the new skyline-bottom point of C;_; if it changes in 7. Recall
that given any point p, we can determine the cell of A that contains p in
O(logm) time (by binary search on the sorted vertical lines of A and on
the sorted horizontal lines of A). Therefore, in this case, the total running

time to determine Cy is O((1 + mj)(log® n + logm)) time.

If s(z1) is an sp-type, then C; is the topmost cell of C; in the column D,
which implies that C;_; is in a column to the left of D. Denote by D’
the column of A containing C;_; and let p be the skyline-bottom point of
C;_1. According to the algorithm in Lemma 3.3.4, s(z1) is the vertical line
segment on the right side of D’ where the lower endpoint of s(z;) is on the
horizontal line y = y(¢*) and the upper endpoint has the same y-coordinate

as p, and z; is the first point of P hit by dragging s(z1) rightwards.

By using the data structure Dp (after deleting z;), we do a segment-
dragging query by dragging s(z;) rightwards; let p’ be the point returned
by the query (i.e., p’ is the first point of P\ {2} hit by dragging s(z;)

rightwards). Note that s(z1) is still an sp-type generating segment for p'.
i. If p/ is in C;, then p’ is the new skyline-left point of C;, and C; is still
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FIGURE 3.4. (a). Illustrating Case 2(b)ii: If C' # C;, then C” is in D and higher than C;. (b).
Tlustrating Case 3b: p is the first point hit by dragging s(z1) upwards without considering z;.

the topmost cell of Co in D, which implies C, = ().

ii. If p’ is not in Cj, then let C” be the cell containing p’ and p’ is the
skyline-left point of C’. Since z; is not the skyline-bottom point of
C;, the cell ¢ is still in the column D and is higher than C; (see
Fig. 3.4(a)). Then, from the cell C; to C’, we use the bottom-up
procedure as in the algorithm in Lemma 3.3.4 to find the cells of
Cy between C; and C” in the column D and these cells (expect C;)
constitute the set C,. Again, it takes two segment-dragging queries
(using Dp) for each cell of C} to find its skyline-left and skyline-bottom

point as well as their generating segments.

The total running time is O((1 + mj)(log® n + logm)) time.

3. If 2z is the skyline-bottom point but not the skyline-left point, then according
to our algorithm in Lemma 3.3.4, s(z1) is either an s;-type or an s3-type. Note
that since z; is not the skyline-left point of C;, the skyline-left point of Cj is
still in the skyline my, which implies that C; is still in Cy and no cell of C) is
between C;_; and C; in the canonical order of Cy. In other words, all cells of C}
are between C; and Cj; in the canonical order of C5. Denote by D the column

of A that contains C;.
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(a) If s(z1) is an sj-type, then C; is the bottommost cell of C; in D. According
to the algorithm in Lemma 3.3.4, s(z;) is the intersection of D and the
horizontal line y = y(¢*). By using the data structure Dp (after deleting
z1), we do a segment-dragging query by dragging s(z;) upwards and let
p be the point returned by the query. Then p is the new skyline-bottom

point of C;. Next, we find the cells in Cj.

Let s’ be the vertical segment on the right side of D where the lower
endpoint of " is on the horizontal line y = y(¢*) and the upper endpoint
of s has the same y-coordinate as p. We do a segment-dragging query by
dragging s’ rightwards and let p’ be the point given by the query. The
segment s’ is the generating segment of p’, and in fact, s’ is an sy-type
generating segment by our definition in the proof of Lemma 3.3.4. Denote
by C(p') the cell of A that contains p’. Let D’ be the column that contains
Cit1-

i. If C(p') is in D', then there are further two cases. If C(p') is Ciyq,
then p’ is the new skyline-left point of C;yq, and C5 = (). Otherwise,
from C;1 to C(p'), we use the same bottom-up procedure as in the
algorithm in Lemma 3.3.4 to find all cells of C; between C;,; and
C(p'), and these cells (expect C;;1) constitute the set C).

ii. If C(p') is not in D', then it must be in a column to the left of D’
From the cell C(p’), we proceed in the same way as in the algorithm
in Lemma 3.3.4 until the first time we find a cell in the column D’.
Then, we use the same algorithm as the above case where C(p') is in
D',

(b) If s(21) is an s3-type, then C; is the not bottommost cell of C; in D, which

implies that C;;; is in D. We show below that C, = 0); further, we will
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find a new skyline-bottom point in C; (without considering z1).

Based on our algorithm in Lemma 3.3.4, the generating segment s(z1) of z
is the horizontal line segment on the top side of C; 1 whose left endpoint is
the upper left vertex of C;;; and right endpoint has the same z-coordinate
as the skyline-left point of C;;;. By using the data structure Dp (after
deleting z7), we do a segment-dragging query by dragging s(z;) upwards,
and let p be the point returned by the query.

Note that z; is the lowest point of P that will be hit by dragging s(z;)
upwards and z; is in C;. The point p is the lowest point of P\ {z;} that
will be hit by dragging s(z;) upwards (see Fig. 3.4(b)). Clearly, p cannot
be any cell of D lower than C;. On the other hand, since z; is not the
skyline-left point of C;, the skyline-left point of Cj is still in C;. Note that
when we drag s(z;) upwards, the skyline-left point of C; will be hit by
s(z1) (but not necessarily the first point hit by s(z7)), and this implies
that the point p must be in C;. In other words, p is the skyline-bottom

point of C; in the new skyline 75, and further C} = ().

In any case above, the total running time is O((1 + m4)(log® n + logm)) time.

. It remains to discuss the case where z; is both the skyline-left point and the

skyline-bottom point of C;.

In this case, z; is the first time identified as either the skyline-left point or the

skyline-bottom point. In general, unlike the second and the third cases where

the cells of C) are either between C;_; and C; or between C; and C;y; in the

canonical order of Cy, in this case the cells of C, may lie both between C;_; and

C; and between C; and C;, 1. Hence, our algorithm may need to search on both

“directions”. In addition, in the previous three cases, the cell C; must be in Cy;

in this case, however, it is possible that C; is not in C,.
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(a) If 21 is the first time identified as the skyline-left point of C;, then C; must
be the topmost cell of C; in D where D is the column of A that contains

C;, which implies that its generating segment s(z;) must be an so-type.

Let p be the skyline-bottom point of the cell C;_;. Let D’ be the column of
A that contains C;_;. According to the algorithm in Lemma 3.3.4, s(z;) is
the vertical line segment on the right side of D’ where the lower endpoint
of s(z1) is on the horizontal line y = y(¢*) and the upper endpoint has the
same y-coordinate as p. By using the data structure Dp (after deleting
z1), we do a segment-dragging query by dragging s(z1) rightwards, and let
p’ be the point given by the query. Let C(p') be the cell that contains p'.
Note that p’ is the skyline-left point of C'(p’). Let D” be the column that

contains the cell C;, 1. Note that it is possible that D" = D.

i. If C(p') is also in D”, then there are further two cases.
It C(p') = Cyyq, then C, = 0 and C; & Cs.
Otherwise, C(p’) must be higher than C;;1 in D”. Then, from the
cell Ciy1 to C(p'), we use the same bottom-up procedure as in the
algorithm in Lemma 3.3.4 to find all cells of C; between C;,; and
C(p'), and these cells (except C;;; and possibly C;) constitute the set
Cs. Note that the cell C; may or may not be identified as in Cy in the

above procedure.

ii. If C(p') is not in D”, then C'(p’) must be in a column to the left of
D". We proceed from C(p’) in the same way as in the algorithm in
Lemma 3.3.4 until the first time we find a cell in D”. Then, we use

the same algorithm as in the above case (i.) to determine C,.
In any case, the total running time is O((1 + m})(log® n + logm)) time.

(b) If z; is the first time identified as the skyline-bottom point, then its
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generating segment $(z1) can be either an s;-type or an s3-type segment.

Let D be the column that contains C;. In this case, C; is not the topmost

cell of Cy in D since otherwise z; would be the first time identified as the

skyline-left point of C;. This means that C;_; is also in D.

i.

ii.

If s(z1) is an s;-type segment, then C; must be the bottommost cell of
C, in the column D. According to the algorithm in Lemma 3.3.4, s(21)
is the intersection of D and the horizontal line y = y(¢*). By using
the data structure Dp (after deleting z1), we do a segment-dragging
query by dragging s(z;) upwards and let p be the point returned by
the query. Let C'(p) be the cell that contains p. Clearly, C'(p) is in Cs.
Let C}, be the subset of cells in Cj that are between C;_; and C(p)
in the canonical order of Co, and let Ci, = C} \ C;; in other words,
1o 1s the subset of cells in C) that are between C(p) and Cji; in the
canonical order of Cy. Below, we will find C}; and C), separately, by
searching from C(p) towards two “directions”: one towards C;_; and
the other towards Cj.
Since C;_1 is also in D, from C(p) to C;_1, we use the bottom-up
procedure to find the cells of Cy between C(p) and C;_q, and these
cells (except C;_1 and possibly C;) constitute the set Cj,. Note that
the cell C; may also be identified in Cs.
Next, we find the set C,, which can be done by the same algorithm
as in Case 3a. We omit the details.
If s(z1) is an s3-type, then C; is the not bottommost cell of C; in D,
which implies that C;4; is in D.
Based on our algorithm in Lemma 3.3.4, the generating segment s(z;)

of z; is the horizontal line segment on the top side of C;y; whose left

93



endpoint is the upper left vertex of C;y; and right endpoint has the
same x-coordinate as the skyline-left point of C;,;. By using the data
structure Dp (after deleting z;), we do a segment-dragging query by
dragging s(z1) upwards, and let p be the point returned by the query.
Let C(p) be the cell that contains p.

Note that z; is the lowest point of P that will be hit by dragging s(z;)
upwards and z; is in C;. The point p is the lowest point of P\ {z;}
that will be hit by dragging s(z;) upwards. Since C;_; is also in D,
C;_1 is higher than C;. Hence, the cell C(p) is one of the cells of D
between (and including) C;_; and C; (this is because the vertices of
m in C;_; are all to the left of the right endpoint of s(z;) and to the
right of the left endpoint of s(z;1)). Hence, from C(p) to C;_1, we can
use the bottom-up procedure as before to find the cells of Cs, these

cells (except C;_; and possibly C;) constitute the set C.

In any case, the total running time is O((1 + mj})(log® n + logm)) time.

In summary, we can determine the set Cy in O((1 + mj)(log>n + logm)) time.

More specifically, for each cell in Cj, we have computed its skyline-left point and its

skyline-bottom point as well as their generating segments. We have also determined

whether C; is in Cy, and if yes, its new skyline-bottom point and skyline-left point

are computed if any of them changes. The new skyline-bottom point of C;_; has

been found if it changes, and the new skyline-left point of ;1 has been found if it

changes. In addition, in the above algorithm, we can also order all cells of C} (with C;

if C; € Cy) from northwest to southeast with the same running time, and therefore,

along with the ordered cells from C4 to C;_; and the ordered cells from C;q to C,y,,

we have obtained a canonical order for C,. O

By Lemma 3.3.7, we can determine the set Cy, and in particular, we have the set

94



C), explicitly, and we know whether the cell C'(z;) € Cy. Similarly to Lemma 3.3.3,
the second ANN 2z is in one of the cells of C5. Denote by P, = P\ {z}.

To find 29, as in the case for finding z;, a straightforward approach is to compute
the ANN of @ in P, N C for each C' € Cy, and then among the |C;| candidate points,
report the one with the smallest aggregate distance to () as z,. This approach will
lead to an O(km) time query algorithm for finding Si.(P'). Below, we present a
better method.

Note that when computing z;, we have computed the ANN S;(P N C) for each
C € Cy. Also, for each cell C' € Cy, if C'# C(z), then C € Cy and PNC = P, N C.
Therefore, if we maintain the ANNs for all cells of C; \ C(z1), we do not have to
compute them again. In other words, when computing z,, we only need to compute
the ANNs in the cells of C}. In addition, if C'(z1) € Cq, we will use a special approach
to compute Si(P; N C(z1)). To maintain the ANNs in the involved cells mentioned
above, we use a min-heap H, as follows.

When searching z;, for each C' € Cy, after the ANN S;(P N C) is computed, we
insert it into H with its aggregate distance to () as the “key”. After the ANNs for all
cells of C; are computed and inserted into H, the point in H with the smallest key
is z1. Note that H has m; = |Cy| points. To compute first determine C; by Lemma
3.3.7. By the “Extract-Min” operation of min-heaps [49], we remove z; from H. We
compute the ANNs of the cells in C} and insert them into H. If C(z1) & Cs, then
the point of H with the smallest key is z,. Otherwise, we use the following special
approach to determine S;(P; N C(z1)).

One tempting approach is to have a dynamic version of the data structure in
Lemma 3.3.5 to support point deletions from P. Unfortunately, due to the “static”
nature of compact interval trees, it is not clear to us how to design such a dynamic
data structure without deteriorating the performance. Instead, we present another
method to “mimic” point deletions, as follows.
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We divide the cell C'(z1) into two sub-cells C(z1) and Cy(z1) using the horizontal
line through z;. Hence, z; is on the common edge of the two sub-cells. Due to our
general position assumption, no point of P is on the boundary of C'(z1). Hence, no
point of P, = P\ {z} is on the boundary of C}(z1) (or Cs(z1)). Below, we use
Ci(z1) (resp., Cy(z1)) to refer to only its interior. Instead of computing the ANN
S1(P1 N C(z)) and insert it into H, we compute the ANNs S;(P N Cy(z1)) and
S1(P N Cy(z)) and insert them into H; note that one of them is S1(P; N C(z;1)). The
reason we divide C(z;) into two sub-cells as above is that we can now simply use
the data structure in Lemma 3.3.5 to compute S1(P N Ci(z1)) and S1(P N Cy(z));
in other words, z; appears to be “deleted” from the data structure of Lemma 3.3.5.
Clearly, now, the point of H with smallest key is zs.

To analyze the running time for computing 23, C5 can be determined in O((1 +
m4)(log® n + logm)) time, after which, we compute the ANNs for the cells of C} and
possibly for the two sub-cells of C(z;) in O((2 + m})log>n) time by Lemma 3.3.5.
Then, one “Extract-Min” operation and at most m/, + 2 insertions on H together
take O((mf + 3)log(|H|)) time; note that |H| < my + mb + 2 (here “2” corresponds
to the number of possible sub-cells).

It should be noted that we need to explicitly maintain the two sub-cells C}(z1)
and Cs(21) because later they may be further divided into smaller sub-cells (e.g., if
29 € C1(z1) and C(z1) € C3, then C}(z1) will be divided for computing z3). Also note
that these sub-cells are only maintained for computing ANNs and they will not be
considered when we determine the sets C;’s (in Lemma 3.3.7). After 2z, is found, we
proceed to search the third ANN z3 similarly.

In general, suppose we have computed C; and z;, and we are about to find z; ;. We
first determine C;;1 by computing C;,, and determining whether C'(z;) € C;41, where
C(z;) is the cell of C; that contains 2;; this can be done in O((1+m/_;)(log® n+logm))
time similarly as in Lemma 3.3.7.
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Note that for any cell C' € C;,, it never appears in C; for any 1 < j <. Next,
we determine the ANNs in the cells of C;,; by Lemma 3.3.5 and insert them into the
heap H. We also need to remove z; from H. If C(z;) ¢ C;41, then the point of H
with smallest key is z;,;. Otherwise, as before, we divide C'(z;) into two sub-cells
and compute their ANNs and insert them into H. Note that C'(z;) may have already
been divided into many sub-cells before. If so, they are explicitly maintained, and we
can find the sub-cell that contains z; in O(log k) time by binary search since C(z;)
has at most k£ — 1 sub-cells ordered by y values. Then, we divide the sub-cell into
two smaller sub-cells by the horizontal line through z; and compute the ANNs in the
two smaller sub-cells by Lemma 3.3.5 and insert them into H. Now, the point of H
with smallest key is z;1.

To analyze the running time for computing z;,1, C;11 can be determined in
O((1 + m!_;)(log” n + logm)) time. The time for computing the ANNs for the cells
in C.; and possibly two sub-cells is bounded by O((2 4+ m/,,)log®n). There are
O(2 + m/,,) insertions and one “Extract-Min” operation on H, which together take
O((mi,, + 3)log(|H|)) time. Note that |H| < m; +m} , + 2.

We repeat the above procedure until z is found. We have the following lemma (a

crucial observation is that my + ¢, m) = O(m + k).

Lemma 3.3.8. The overall running time of our query algorithm for finding Sy(P') =

21, 29, 2kt is O(mlogm + (k + m)log?n).
{21, 22,5 21} (mlog ( ) log

Proof. Let A =m; + Zsz m;, denote the total number of cells in C; U Uf:2 C..

By Lemma 3.3.4, we compute C; in O(mlogn + mlogm) time. By Lemma 3.3.7,
the total time for finding all cells of |Jf_, C! is O((k + \)(log?n + logm)).

In the entire algorithm, the total number of operations for finding the ANNs in
the cells of A (not including the sub-cells) is O(\) because the above cells are those in

C, U Uf:2 C!. After finding z; for each 1 < i < k, we have at most two more sub-cells,
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and thus the total number of operations for finding the ANNs in the sub-cells is O(k).
Hence, by Lemma 3.3.5, the total time for finding the ANNSs in the cells and sub-cells
is O((A + k) log®n). Also, we only need to explicitly maintain at most O(k) sub-cells
in the entire algorithm.

Similarly, the total number of operations on the heap H is O(\ + k), and the
size of H in the entire algorithm is always bounded by O(A + k). Hence, the total
operations on H take O((A + k) log(A + k)) time.

In summary, the overall running time is O((k + \)(log” n 4 log m + log(\ + k))).
To prove the lemma, we prove an important claim: A = O(m + k).

The proof for the claim is based on the fact that |C;| = O(m) for each 1 <i <k,
since each skyline ; intersects O(m) cells. In particular, |Cx| = O(m). For each
1 <i < k—1, all the cells of C; except C'(z;) are in C;;1 and the cell C'(z;) may or may
not be in C;y1. Hence, |Ciy1| > |Ci| —1+|Cl 4], ie., mip1 > m; — 14+ m; . Therefore,
my > my + S ,m} — (k—1). Due to my, = O(m), we have A = my + S, m} <
my +k —1=0O(m+ k). The above claim thus follows.

Due to the above claim, the overall running time for finding Sy.(P') is O((k +
m)(log? n +log(k +m))), which is O(mlogm + (k +m)log®n) (to see this, note that
if k > m, then since n > k, (k 4+ m)log(k +m) = O((k + m)log®n) holds). O

After obtaining Sy (P'), we also need to insert the points of Si(P') back to the
data structure in Lemma 3.3.6 for answering other top-k ANN queries in future.

Putting everything together, we obtain the following.

Theorem 3.3.9. Given a set P of n points in the plane, a data structure of size
O(nlognloglogn) can be built in O(nlognloglogn) time, such that for any weighted
point set Q and integer k, the top-k ANNs can be found in O(mlogm -+ (k+m)log®n)
time. With trade-off between preprocessing and query time, we also build two other data

structures: the first one has O(nlogn) preprocessing time and space with O(mlogm+
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(k+m)log® nloglogn) query time; the second one has O(nlognlog*n) preprocessing

time and space with O(mlogm + (k +m)log® nlog* n) query time.

Proof. Our preprocessing on P includes the following steps. (1) Sort all points in
P by their z-coordinates and y-coordinates, respectively. (2) Build the dynamic
segment-dragging query data structure in Lemma 3.3.6 on P. (3) Construct the
data structure in Lemma 3.3.5. The total time and space are dominated by Step (3),
regardless of which data structure of Lemma 3.3.5 is used.

Given any query set () and any k, we compute Si(P) in the following steps. (1)
Sort all points in @) by their their z-coordinates and y-coordinates, respectively. (2)
Process @) as in Lemma 3.3.2. (3) Compute a global minimum point ¢*. (4) Divide the
plane into four quadrants with respect to ¢*. In each quadrant R, we find the top-k
ANNs of @ in PN R as follows. Suppose R is the first quadrant. (4.1) Find the set
C; by Lemma 3.3.4, and for each cell C' € Cy, find the ANN of @) in PN C by Lemma
3.3.5 and insert the point into a min-heap H; the point of H with smallest aggregate
distance to @ is the ANN of @ in PN R. (4.2) Based on C; and z;, determine Cy
and find z5. (4.3) The above procedure continues until we find zx. (5) Among the
found 4k points from all four quadrants of ¢* (their aggregate distances to @) have
also been computed), we report the k points with smallest aggregate distances to @
as Sk(P). (6) Insert the above 4k points back to the data structure in Lemma 3.3.6
(for answering other top-k ANN queries in future).

For the running time of the query algorithm, the first three steps can be done in
O(mlogm) time; Step (4) can be done in O(mlogm + (k +m)log®n) time. Step
(5) takes O(k) time. Step (6) needs O(klog®n) time. Hence, the total query time is
bounded by O(mlogm + (k +m)log®n). If we use the other two data structures in
Lemma 3.3.5, then we have the query times of O(mlogm + (k + m)log® nloglogn)

and O(mlogm + (k + m)log® nlog* n), respectively. ]
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3.4. Top-k Aggregate Farthest Neighbor Searching

Our techniques can be extended to solve the top-k AFN searching, with the same
bounds as in Theorems 3.2.2 and 3.3.9.

For the 1-D case, given any () and k, recall that for computing the top-k ANNs,
we first compute the global minimum point ¢* and then search in P from ¢* towards
left and right. To compute the top-k AFNs, due to Lemma 3.2.1, we search in P from
the leftmost and rightmost points of P towards the middle (e.g., either the leftmost
or the rightmost point of P is the top-1 AFN of ) by Lemma 3.2.1). The rest of the
algorithm is similar as that for Theorem 3.2.2 and the performance is the same as

Theorem 3.2.2. We omit the details.

Theorem 3.4.1. Given a set P of n points on the real line L, with O(nlogn)
preprocessing time and O(n) space, the top-k AFNs can be found in O(min{k,logm} -
m+k+logn) time for any query set Q and any k; if the points of Q are given sorted

on L, then the query time is O(k +m + logn).

For the 2-D case, consider any weighted point set () and integer k. As in the ANN
case, we first compute a global minimum point ¢* and then compute the top-k AFNs
in each quadrant of ¢*. Suppose R is the first quadrant with respect to ¢*. We find
the top-k AFNs in R as follows. Recall that in the ANN case we search the top-k
ANNSs in a direction from ¢* towards northeast. In the AFN case, due to Lemma
3.3.1, we search the top-k AFNs along the opposite direction, i.e., from northeast
towards ¢*. Specifically, here we re-define the “dominate” relationship in the opposite
way as before: a point p; dominates po if and only if z(p1) > x(p2) and y(p1) > y(p2).
A point p in PN R is called a mazimal point if no other point in P N R dominates p.
Similarly, we re-define the skyline as the path connecting all maximal points of PN R.
According to Lemma 3.3.1, the AFN of ) in P N R must be in the skyline. Then, we

can use a similar algorithm as in the ANN case to compute all top-k AFNs. More
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specifically, we first compute the AFN p on the skyline and then search the second
AFN on the next skyline (without considering p); we continue this procedure until
we find the k-th AFN. The algorithm is similar (or symmetric) as the ANN case and

we omit the details. The performance is the same as that in Theorem 3.3.9.

Theorem 3.4.2. Given a set P of n points in the plane, a data structure of
O(nlognloglogn) size can be built in O(nlognloglogn) time, such that for any
query set Q and any k, the top-k AFNs can be found in O(mlogm + (k 4+ m)log®n)
time. With trade-off between preprocessing and query time, we also build two other
data structures: the first one has O(nlogn) preprocessing time and space with
O(mlogm + (k 4+ m)log® nloglogn) query time; the second one has O(nlognlog* n)

preprocessing time and space with O(mlogm + (k +m)log? nlog* n) query time.
3.5. Conclusion

We presented efficient methods for the top-k aggregate nearest and farthest neighbor
searching in the plane under the L; metric. Our results are the first-known solutions
for the general top-k queries on the weighted query points. Even for the special case
where k£ = 1 or the unweighted query points, our results are still generally better than
the previous work. An interesting open problem is whether and how the techniques

proposed in this chapter can be extended to higher dimensional spaces.

101



4

Probabilistic Nearest Neighbor

4.1. Introduction

In this chapter, we consider the probabilistic nearest neighbor (PNN) problem, a
counterpart of the ENN problem in Chapter 2. Despite many efforts devoted to the
PNN problem, it still lacks a theoretical foundation. Specifically, not only are we
yet to understand its complexity (is the problem inherently more difficult than on
precise data?), but we also lack efficient algorithms to solve it. Furthermore, existing
solutions all use heuristics without nontrivial performance guarantees. This chapter

addresses some of these issues.
4.1.1. Problem definition

We assume that each uncertain point P follows from the locational uncertainty
model defined in Section 1.2. When P is represented by a continuous probability
distribution, the uncertainty region of P (or the support of fp) is the set of points
for which fp is positive, i.e., Sup fp = {:v e RY| fp(x) > O}. We assume P has a
bounded uncertainty region: if fp is Gaussian, we work on truncated Gaussian, as

in [28,44]. Let P = {P,..., P,} be a set of n uncertain points in R? and let d(-,-)
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FIGURE 4.1. (a) P; is represented by a uniform distribution defined on a disk D of radius r = 5 and
centered at origin O, ¢ = (6,8), and d(-,-) is Ly metric; (b) gq,:().

be the Euclidean distance. For a point ¢ € R?, let 7;(¢) = (P}, q) be the probability
of P; € P being the nearest neighbor of ¢, referred to as its qualification probability,
defined as follows:

For a point ¢, and i = 1,...,n, let g,; be the pdf of the distance between ¢ and
P,. That is, g,(z) = Pr[z < d(¢, P;) <z + dz]. See Fig. 4.1 for an example of g, ;.
Let Gyi(x) = [y 9¢i(y)dy denote the cumulative distribution function (cdf) of the
distance between ¢ and P;. Then m;(q), the probability that P; is the NN of ¢, is

m(a) = [ 90it) TL1 = Gt (4.)
0 i

If P;’s are represented by discrete distributions, then 7;(q) can be rewritten as

follows. Let G (1) = > q(y,,,.q)<r Wit then

Wi(Q) = Z Wis H(l - Gq,j (d(pi57 Q))) (4-2)

Pis€EP; J#i

Given a set P of n uncertain points, the probabilistic nearest neighbor (PNN)
problem is to preprocess P into a data structure so that, for any given query point g,
we can efficiently return all pairs (P, m;(¢)) with m;(¢) > 0.

In addition, one can consider the most likely NN of ¢, denoted NN, which is the
P; with the maximum 7;(q); or the threshold NN i.e., the set of all the P;’s with m;(q)

103



exceeding a given threshold 7.
Usually, the PNN problem is divided into the following two subproblems, which

are often considered separately.

Nonzero NNs.  The first subproblem is to find all the P;’s with m;(¢) > 0 without

computing the actual qualification probabilities, i.e., to find

NN, P) = (P, | mi(q) > 0}.

If the point set P is obvious from the context, we drop the argument P from NN (g, P),
and write it as NN_o(¢). Note that NN_o(¢) depends (besides ¢) only on the
uncertainty regions of the uncertain points, but not on the actual pdf’s.

A possible approach to compute nearest neighbors is to use Voronoi diagrams. For
example, the standard Voronoi diagram of a set of points in R? (without uncertainty)
is the planar subdivision so that all points in the same face have the same nearest
neighbor. In our case, we define the nonzero Voronoi diagram, denoted by V_o(P), to
be the subdivision of R? into maximal connected regions such that NN_(q) is the

same for all points ¢ within each region. That is, for a subset T C P, let

cell4o(T) = {qg € R* | NN(q) = T}. (4.3)

Although there are 2" subsets of P, we will see below that only a small number
of them have nonempty Voronoi cells. The planar subdivision V_(P) is induced by
all the nonempty cell,(T)’s for T C P. The (combinatorial) complexity of V_o(P) is
the total number of vertices, edges, and faces in Vo(P). In this chapter, we study
the worst-case complexity of V(P) and how it can be efficiently constructed. The
complexity of the Voronoi diagram is often regarded as a measure of the complexity
of the corresponding nearest-neighbor problem. In addition, once we have V_,(P),
a point-location structure can be built on top of it to support NN, queries in

logarithmic time.
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Similarly, one can consider the most likely Voronoi diagram (partitioning the plane
into regions having the same most likely NN) and the threshold Voronoi diagram
(partitioning the plane into regions having the same set of points with qualification
probabilities exceeding 7). However, these Voronoi diagrams tend to be more complex

as they depend on the actual distributions of the uncertain points.

Computing qualification probabilities The second subproblem is to compute
the qualification probability 7;(q) for a given ¢ and P;. Since exact values of these
probabilities are often unstable — a far away point can affect these probabilities
— and computing them requires complex n-dimensional integration, which is often
expensive. As such, we resort to computing 7;(¢) approximately within a given
additive error tolerance € € (0,1). More precisely, we aim at returning a value 7;(q)
such that |m;(q) — m(q)| < e.

Note that, having solved these two subproblems, we obtain immediate approximate

solutions to the most likely NN and the threshold NN problems.
4.1.2. Previous work

Besides the related work on ENN stated in Section 2.1, here we survey some more

that are related to PNN.

Nonzero NNs.  Sember and Evans [111] showed that the complexity of the nonzero
Voronoi diagram (though they did not use this term explicitly) when the uncertainty
regions of the points are disks is O(n?); they did not offer any lower bound. If one
only considers those cells of V_(P) in which NN_y(¢) contains only one uncertain
point P;, i.e., only P; has a non-zero probability of being the NN of ¢, they showed
that the complexity of these cells is O(n). Note that for such a cell, we always have
mi(q) = 1 for any ¢ in the cell, so they are called the guaranteed Voronoi diagram.

Probably unaware of the work by Sember and Evans [111], Cheng et al. [47] proved an
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exponential upper bound for the complexity of the nonzero Voronoi diagram, which
they referred to as UV-diagram.

The nonzero Voronoi diagram is not the only way to find the nonzero NNs.
Cheng et al. [46] designed a branch-and-prune solution based on the R-tree. Recently,
Zhang et al. [128] proposed to combine the nonzero Voronoi diagram with R-tree-like

bounding rectangles. These methods do not have any performance guarantees.

Computing qualification probabilities. = Computing the qualification probabil-
ities has attracted a lot of attention in the database community. Cheng et al. [46]
used numerical integration, which is quite expensive. Cheng et al. [44] and Ber-
necker et al. [27] proposed some filter-refinement methods to give upper and lower
bounds on the qualification probabilities. Kriegel et al. [85] took a random sample
from the continuous distribution of each uncertain point to convert it to a discrete
one, so that the integration becomes a sum, and they clustered each sample to further
reduce the complexity of the query computation. These methods are best-effort based:
they do not always give the e-error that we aim at — how tight the bounds are

depends on the data.

Other variants of the problem. The PNN problem we focus on in this chapter is
the most commonly studied version of the problem, but many variants and extensions
have been considered.

The probabilistic model we use is often called the locational model, where the
location of an uncertain point follows the given distribution. This is to be compared
with the existential model, where each point has a precise location but it appears
with a given probability.

Besides using the qualification probability, one can also consider the expected
distance from a query point ¢ to an uncertain point, and return the one minimizing

the expected distance as the nearest neighbor; this was studied by Agarwal et al.
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[9](Chapter 2). This NN definition is much easier since the expected distance to each
uncertain point can be computed separately, whereas the qualification probability
involves the interaction among all uncertain points. However, the expected nearest
neighbor is not a good indicator under large uncertainty (see [127] for details).

Finally, instead of returning only the nearest neighbor, one can ask to return the &
nearest neighbors in a ranked order (the k¥ NN problem). If we use expected distance,
the ranking of points is straightforward, namely, rank them in a non-decreasing
order of the expected distance from the query point. However, when qualification
probabilities are considered, many different criteria for ranking the results are possible,
leading to different problem variants [75].

Various combinations of these extensions have been studied in the literature; see,

e.g., [28,45,80,91,127].
4.1.83. Our results

The main result of this chapter is a tight bound on the combinatorial complexity of
nonzero Voronoi diagrams. We also present efficient algorithms for answering NN,

queries as well as for computing the qualification probabilities.

Nonzero NNs.  We first study (in Section 4.2) the complexity of V_o(P). Suppose
the uncertainty region of each P; € P is a disk and d(-, ) is the Ly metric. We show
that V_o(P) has O(n*) complexity, and that this bound is tight in the worst case.
This significantly improves the bound in [111] and closes the problem. If the disks
are pairwise disjoint and the ratio of their radii is at most A, then the complexity
of V_0(P) is O(An?), and we prove a lower bound of Q(n?). If each point in P has
a discrete distribution of description complexity &, then we show that V_o(P) has
O(kn?®) complexity.

We present a randomized algorithm for computing Vo(P) in O(n?logn + p)

expected time, where p is the complexity of Vo(P). A point-location structure can
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be built on top of V_,(P) whose size is proportional to the complexity of V_o(P) and
that answers an NN, query in O(logn + t) time, where ¢ is the output size.

Next, we consider (in Section 4.3) how quickly NN, queries can be answered
using less space. If the uncertainty region of each point is a disk, then an NN, query
can be answered in O(logn + t) time using O(n'*¢) space, for any constant € > 0,
where t is the output size. If each uncertain point has at most k possible locations,
then an NN query can be answered in O(log(nk) + ¢) time using O((nk)**¢) (for
any € > 0) space, or in O((nk)'/?*¢ +t) time using O(nk) space, where t is the output

size.

Computing qualification probabilities. =~ We present two algorithms for approx-
imating the qualification probabilities efficiently. The first (see Section 4.4.1) is a
Monte-Carlo algorithm for estimating m;(¢) for any P; and ¢ within additive error
e with probability at least 1 — 9, for parameters €,0 € (0,1). First we argue that if
each uncertain point has a discrete distribution of description complexity k, then we
can estimate m;(q) within additive error ¢ with probability at least 1 — § by using
ses = O((1/€%) log(nk/§)) random instantiations of P. (Note that there are at most
1/e P;’s for which m;(¢q) > e.) Consequently, we can preprocess P into a data structure
of size O((n/e?)log(nk/d)) so that for any query point ¢ € R?, m;(q) for all P’s can be
estimated within additive error € in O((1/¢?)log(nk/d)logn) time, with probability
at least 1 — 9. The algorithm explicitly computes the estimates of m;(¢q)’s for at most
se s points and sets the estimate to O for the rest of the points. This data structure
can be used to find the (approximate) most likely NN and the threshold NN within
the same time bound. We also show that this approach works even if the distribution
of each P; is continuous, by approximating a continuous distribution with a discrete
one. A key observation is that it suffices to sample polynomial number of points from

the distribution of each P; to ensure that the error in the quantification probability
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1s at most €.

Next, we describe (in Section 4.4.2) a deterministic algorithm for computing
7;:(q) approximately provided that the distribution of each P; is discrete. Let P, =
{pi1,...,pir} and w;; = Pr[P; is p;;]. We set p = I:nf:’—jx’;, where maximum and
minimum are taken over all the location probabilities of points in S = (Ji_, P;,. We
show that P can be preprocessed into a data structure of O(n) size so that for any
q € R? and for any € € (0,1), m;(q), for all i € {1,...,n}, can be computed with
additive error at most ¢ in O(pklog(p/e) 4+ logn) time. Our result shows that there
are at most m(p,e) = pkln(p/e) + k — 1 points of P for which m;(¢) > €. The
algorithm explicitly estimates m;(q) for at most m(p,e) points and sets the estimate
to 0 for the rest of the points. As earlier, this data structure can be used to solve the
most likely NN and the threshold NN problem approximately within the same time
bound.

Finally, we present experimental results, in Section 4.5, to demonstrate the efficacy

of our approach for estimating quantification probabilities.
4.2. Nonzero Probabilistic Voronoi Diagram

Let P be a set of n uncertain points as described earlier. We analyze the combinatorial
structure of V_o(P) and describe algorithms for constructing it. We first consider the
case when the distribution of each point is continuous and then consider the discrete

case.
4.2.1. Continuous case

For simplicity, we assume that the uncertainty region of each P; is a circular disk D;
of radius r; centered at c;.
We first observe that the actual pdf of P; is not important for computing V_o(P).

What really matters is the uncertainty region D;. More precisely, for each 1 <7 <n
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FIGURE 4.2. P = {P17...,P5}. A(.’L‘) = Al(l‘), NN#Q(.’I%T) = {Pl,PQ,Pg}, A(x') = Al(LU/),
NNo(2',P) = {P1, P>}, and 2’ lies on an edge of Vo (P).

and for ¢ € R?, let

Az(q) = maXd(Q7p) = d(Qa Ci) + Ty

pED;

4;(¢) = mind(q, p) = max{d(q, ¢;) — r;,0}

pED;

be the maximum and minimum possible distance, respectively, from q to P;.

The proof of the following lemma is straightforward.

Lemma 4.2.1. For a point x € R?, a point P; € P belongs to NN_o(x, P) if and only
of
0i(z) < Aj(z) for alll1 < j#i<n.

Let A: R? — R denote the lower envelope! of Ay, ..., A,; that is, for any ¢ € R?,

A(g) = min A;(q).

1<i<n

The projection of the graph of A(z) onto the xy-plane is the additive-weighted
Voronoi diagram of the points ¢y, . .., ¢,, where the weight of ¢; is r;, and the weighted
distance from ¢ to ¢; is d(q,¢;) + 15, for @ = 1,...,n. Let M denote this planar
subdivision. It has linear complexity and each of its edges is a hyperbolic arc; see [21].

Lemma 4.2.1 implies that, for any ¢ € R2,

NNo(a,?) = {P: | 3(a) < Alg)}. (4.4)

!The lower envelope, L, of a set F of functions is their pointwise minimum, i.e., Lr(x) =
minyep f(x). The upper envelope, Up, of F is the pointwise maximum, i.e., Up(x) = maxser f(x).
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See Fig. 4.2. Tt also implies that, as we move = continuously in R?, NN_(z, P)
remains the same until 6;(z), for some 1 < i < n, becomes equal to A(z) (e.g., 2’
in Fig. 4.2). The above was also observed previously; see, e.g. [44,46]. Using this
observation we can now characterize V_,(P).

Fori=1,...,n,let 7, = {z € R*| §;(x) = A(x)} be the zero set of the function
A(z) = 6(x). Set T'={y,..., %}

The curve +; partitions the plane into two open regions: A(z) < §;(x) and
A(z) > d;(x). By Eq. (4.4), P, € NN_o(z,P) for all points = inside the latter region
and for none of the points x inside the former region. It is well known that for any
fixed j # i, 1;; = {z € R? | §;(x) = Aj(x)} is a hyperbolic curve [21]. The curve
7 is composed of pieces of v;;, for j # . We refer to the endpoints of these pieces
as breakpoints of ;. They are the intersection points of v; with an edge of M and
correspond to points g such that the disk of radius A(q) centered at g touches (at
least) two disks of D from inside, touches D; from outside, and does not contain any
disk of D in its interior. See Fig. 4.3. Formally, we say that a disk D; touches a disk
Dy from the outside (resp. inside) if 9D; N ODy # () and int Dy Nint Dy = @) (resp.

int D2 Q int Dl)

Lemma 4.2.2. The curve v;, 1 < i < n, has at most 2n breakpoints, and it can be

computed in O(nlogn) time.

Proof. Let T'; = {~;; | j # 4,1 < j < n}. It can be verified that a ray emanating
from ¢; intersects the hyperbolic curve ;;, for any j # 4, in at most one point, so ;;
can be viewed as the graph of a function in polar coordinates with ¢; as the origin.
That is, let ;;: [0,27) — Rsq, where 7;;(6) is the distance from ¢; to 7;; in direction
f. Then ~; is the lower envelope of I';. Since each pair of curves in I'; intersects at
most twice, a well-known result on lower envelopes implies that v; has at most 2n

breakpoints, and that it can be computed in O(nlogn) time [113]. See Fig. 4.4 for
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an example. O

Let A(T") denote the planar subdivision induced by I': its vertices are the break-
points of ;’s and the intersection points of two curves in I', its edges are the portions
of v;’s between two consecutive vertices, and its cells are the maximal connected
regions of I' that do not intersect any curve of I'. We refer to vertices, edges, and
cells of A(I") as its 0-, 1-, and 2-dimensional faces.

For a face ¢ (of any dimension), and for any two points z,y € ¢, the sets
{P; | 6i(z) < A(x)} and {P; | 0;(y) < A(y)} are the same; we denote this set by Py.
Furthermore, if z, y lie in two neighboring faces ¢ and ¢', respectively, then Py # P .

The following lemma is an immediate consequence of Eq. (4.4).

Lemma 4.2.3. Let z € R? be a point lying in a face ¢ of A(T). Then NN (z, P) =
P

For a subset T C P, let cello(T) be as defined in Eq. (4.3). An immediate

corollary of the above lemma is:

Corollary 4.2.4. (i) For any T C P, cell,o(T) # 0 if and only if there is a face ¢
of A(T") with T = Py.
(i1) The planar subdivision A(L') coincides with V_o(P).

We now bound the complexity of A(I') and thus of V_,(?P).

112



FIGURE 4.4. An example of ;.

Theorem 4.2.5. Let P = {Py,..., P,} be a set of n uncertain points in R* whose
uncertainty regions are disks. Then Vo(P) has O(n?®) complexity. Moreover, it can

be computed in O(n*logn + u) expected time, where p is the complexity of V_o(P).

Proof. Using a standard perturbation argument (see e.g. [113]), it suffices to bound
the complexity of V_.o(P) when the points of P are in general position, so we can
assume that the degree of every vertex in V() is constant. Since Vy(P) is a
planar subdivision and the degree of every vertex is constant, the number of edges
and cells in V_o(P) is proportional to the number of its vertices. Hence, it suffices to
bound the number of vertices. Let I' = {~1,...,7,} be the set of curves as defined
above. By Lemma 4.2.2, each 7; has O(n) breakpoints, so there are a total of O(n?)
breakpoints. We claim that each pair of curves +; and 7; intersect O(n) times — each
such intersection point corresponds to a point v € R? such that the disk of radius
A(v) centered at v touches D; and D; from the outside and another disk Dy, of D,
the one realizing the value of A(v), from the inside (e.g., ¢’ in Fig. 4.3). For a fixed k,
we show that there are at most two points v such that J;(v) = 6;(v) = Ag(v). Note
that J;(v) = Ag(v) represents either an empty set or one hyperbolic branch. Similarly
for 0;(v) = Ag(v). Two such hyperbolic branches intersect at most twice, implying
that d;(v) = §;(v) = Ag(v) contributes at most two vertices. Hence, the number of
vertices in V_o(P) is O(n?), as claimed.

113



By Lemma 4.2.2, T' can be computed in O(n?logn) time. The planar subdivision
A(I') can be computed in O(nlogn+ ) expected time using randomized incremental
method [15], where p is the complexity of V_(P). Hence V() can be computed

in O(n?logn + p) expected time. O

Remarks. A near-cubic bound on the complexity of V_(P) holds if the uncertainty
region of each point is a semi-algebraic set of constant description complexity, i.e., each
region is defined by Boolean operations (union, intersection, and complementation) of
a constant number of bivariate polynomial inequalities of constant maximum degree

each.

Next we show that the above upper bound is tight in the worst case.

Theorem 4.2.6. There exists a set P of n uncertain points whose uncertainty regions

are disks such that V 4o(P) has Q(n?) vertices.

(P |
0 QA
DO D°

(a (b)

FIGURE 4.5. (a) Q(n?) lower bound construction with m = 3; only some disks are drawn. (b) An
illustration of the proof.

Proof. Assume that n = 4m for some m € N*. We choose two parameters R = 8n?
and w = 1/n?. We construct three families of disks: D~ = {D7,..., D}, Dt =
{Df,...,D}}, and D° = {D? ..., DY 1} The radius of all disks in D~ U DT is

R and their centers lie on the z-axis; the radius of all disks in D is 1 and their
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centers lie on the y-axis. More precisely, for 1 < 4,7 < m, the center of D, is
¢; = (=R —3/2— (i — 1)w,0) and the center of D} is ¢ = (R+3/2+ (j — 1)w,0),
and for 1 < k < 2m, the center of DY is (0,4(k —m) — 2). See Fig. 4.5(a).

We claim that for every triple ¢, j, k with 1 < 4,7 < m and 1 < k < 2m, there are
two disks each of which touches D;” and D} from the outside and Dj, from the inside
and does not contain any disk of D~ U D' U DY in its interior. See Fig. 4.5(b).

Fix such a triple ¢, j, k. Since the radius of D; and D;f is the same, the locus b;;
of the centers of disks that simultaneously touch D;” and D} from the outside is the
bisector of their centers, i.e., b;; is the vertical line z = (2(c; ) +x(c;))/2 = (j —i)w/2.
Let 0;; denote the intersection point of b;; and the z-axis; o;; = (%(] —i)w,0). A
point on b;; can be represented by its y-coordinate; we will not distinguish between

the two. For y-value a, let &, be the disk centered at a and simultaneously touching

D; and D. The radius of &, is

la—c;ll = R =\/a? + lle; — o]~ R

:\/a2+ (R+3/2+ (%—1) W)Q—R'

The radius of £, is thus at least 3/2, and for a € [—4m,4m], it is at most 2 (using

the fact that R > 8n? and w = 1/n?). Hence for a € [—4m,4m], £, contains at most
one disk of D in its interior, and obviously &, does not contain any disk of D~ U D+
in its interior.

Let a, = 4(k —m) — 2. Then the disk &,, contains DY in its interior because the
distance between the centers of D} and &,, is at most mw < 1/(4n), the radius of
D} is 1, and the radius of &,, is at least 3/2. On the other hand, the disk &, for
a = aj, =2 does not contain DY in its interior because the radius of &, is at most 2 and
the distance between the center of DY and &, is at least 2. Therefore, by a continuity
argument, there is a value a* € [ay, ar + 2] at which &+ touches DY from the inside.
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(a) (b)

FIGURE 4.6. (a) Q(n?®) lower bound construction using disks of same radius with m = 3; only some
disks are drawn. (b) Illustration of the proof.

Similarly, there is a value a~ € [a), — 2, ax| at which &,- touches D} from the inside.

This proves the claim that there are two disks touching D, and D;f from the
outside and DY from the inside and not containing any disk of D~ U D+ U DO in its
interior. In other words, each triple 4, j, k contributes two vertices to V_o(P). Hence

V_o(P) has Q(n?) vertices. O

Next, we show that a more careful construction gives an Q(n?) lower bound on

the complexity of V_o(P) even if all disks in D have the same radius.

Theorem 4.2.7. There exists a set P of n uncertain points, whose uncertainty regions
are disks of the same radius, for which V_4(P) has Q(n®) vertices.

1

Proof. Assume that n = 3m for some m € N*. We choose two parameters = Z- )

and a sufficiently small positive number w. We construct three families of disks:
D~ ={Dy,....,D.}, Dt ={D{,....Dt} and D° = {D? ... D°}. Without loss
of generality, we assume that the radius of all disks is 1. The centers of disks in
D~ U DT lie on the z-axis, and the centers of disks in DO lie in the first quadrant.

More precisely, for 1 < i,57 < m, the center of D; is ¢; = (=2 — (i — 1)w,0) and
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the center of D is ¢/ = (24 (j — 1)w,0), and for 1 < k < m, the center of D} is
(2 — 2cos(kf),2sin(kh)). See Fig. 4.6(a).

We claim that for every triple i, j, k with 1 <1, 7, k < m, there is a disk touching
D;” and Dj from the outside and D from the inside and not containing any disk of
D~ U DT U D in its interior.

First of all, this is true for = j =1 and 1 < k < m. Note that D; is centered
at (—2,0), Dy is centered at (2,0), and DY touches Dj from the outside. Since
the radius of D] and D is the same, the locus by; of the centers of disks that
simultaneously touch D; and Dj from the outside is the bisector of their centers,
i.e., by; is y-axis. Fix a value k. It is easy to see that the disk Dj,, centered at
(0,2 tan(k0)) with the radius ﬁ — 1 touches D; and D; from the outside and
DY from the inside. Furthermore, we show that D}, does not contain disks in DY
in its interior (obvious for D~ U DT). Since every disk in D° touches D from the
outside, D%, containing a disk of DY in its interior would imply that D}, intersects
the interior of D, a contradiction.

Next, we show that it holds for 1 < 4,7 < m and 1 < k < m. The key idea is that
D; (resp. D) got placed by translating (“perturbing”) D7 (resp. D) so little that
the disk D}, touching D; and D} from the outside and Dy from the inside does not
contain any disk of D~ U DT U D in its interior as for the case when i = j = 1. We
argue this using some elementary geometry. See Fig. 4.6(b). Let v;;; and v, be the
two intersection points of aD;;.k and D7, for 1 <, 7,k < m. Such two intersection
points coincide with each other when ¢ = j = 1, and furthermore, they always exist
due to our construction. Note that vyyy, is also the intersection point of DY and oD;.
It is trivial to see that as the parameter w gets smaller, v;;, and vgjk lie closer to vy1x

along D7 . They all coincide with v11, when w becomes 0. Since w is a sufficiently

small positive number, we are assured that v;;; lies between vy1(,—1) and vy1; along
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dDY, i.e., Djj;, does not contain D)_,, not to mention DY, ..., D _,. Similarly, D},
does not contain DY, ..., Dj,. Moreover, Djj, does not contain any disk of D~UD™.
Hence, there is a disk touching D;” and D] from the outside and D} from the inside
and not containing any disk of D~ U D+ U DO in its interior, for 1 <14, j,k < m.

This proves our claim, and finishes our (n?) lower bound construction when the

disks have the same radius. O

Next, if the disks in D are pairwise disjoint and the ratio of the radii of the largest
to the smallest disk is bounded by A, then we prove a refined bound on the complexity

of V4o(P) that depends on .

Lemma 4.2.8. If P = {Py,...,P,} is a set of n uncertain points in R* whose
uncertainty regions are pairwise-disjoint disks with radii in the range [1,\], a pair of

curves in I' intersects in O(X) points.

Proof. Fix a pair of curves v; and vy, let D; and Dy be the corresponding disks, and
let ¢; and ¢y be their centers, respectively. By applying rotation and translation to
the plane, we can assume D; and D, are centered on the z-axis, with D; to the left

of _D2.

FIGURE 4.7. An illustration for the proof of Lemma 4.2.8.

For a parameter ¢, 1 <t < )\, let D denote the set of all the disks associated with
P, excluding Dy and D,, with radii between ¢ and 2¢. An intersection point ¢ € v; Nys
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corresponds to a witness disk W centered at g that touches both D; and D, from the
outside, touches exactly one other disk £ € D from the inside, and properly contains
no disks of D. The family of disks that touch both D; and D, from the outside is
a pencil, which sweeps over a portion of the plane as the tangency points with D,
and D, move continuously (see Fig. 4.5(b)). A disk of D can contribute at most two
intersection points to 71 Ny, as its boundary gets swept over at most twice by the
circles of the pencil.

We break OW into two curves, top and bottom, at W’s tangency points with D,
and D,. For a disk E € D, if its tangency point with its witness disk W is on the
top portion of W, then it is a top tangency event, otherwise it is a bottom tangency
event. See Fig. 4.7(a). Let Dy (resp. D) be the set of disks in D that are closer to
Dy (resp. Dy).

Below we bound the number of top tangency events involving disks in Dy. Other
tangency events are handled by a symmetric argument.

We remove from Dy all the disks at distance at most T' = &t from Do, where € is
a sufficiently large constant. The ring with outer radius r(Ds) + 47 and inner radius

r(Dy) has area

a=7((r(Ds) +4T)* — (r(D2))?) = O(Tr(Ds) + T?) = O(t* + At),

as r(Dy) < A. Disks removed from D, have the following properties:
(i) they are interior-disjoint, and
(i) their radii lie in the interval [¢,2t], and
(iii) they are contained in the aforementioned ring, and
(iv)

Hence the number of removed disks is O((t* + At)/t?) = O(\/t).

the area of each such disk is at least wt2.

Consider the circle oy of radius r(Ds) 4+ T'/2 centered at c¢y. Consider any disk

E € Dy and its witness disk W touching both D; and D, from the outside. Note
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that since E has not been removed from Dy, r(W) > (T + 2t)/2; in particular it is
larger than T'/2. Let Wy, be the disk concentric with W with radius r(W) — 7, where
7 = 4t. The disk W, is interior-disjoint from all disks in Ds, as E touches W from

inside and W cannot fully contain any other disks from Ds,.

The witness disk W covers an arc of length at least 7'/2 on oy. Indeed, 92
neither of these two disks contains the center of the other, and the inner B
distance between the two intersection arcs is T'/2, see figure on the right.

Similarly, let J(E) be the arc W, N os. By the same argument, we have
that J(E) is of length at least T/2 — 7 = Q(t).

The circumference of o9 is 27(r(D2) + T/2) = O(N), so if the arcs I(F), for
E € D, are pairwise disjoint, we are done, as this implies that there could be at most
A (T/2 — 1) = O(\/t) such arcs and thus the size of the original Dy is O(A/t). See
Fig. 4.7(b). We will therefore proceed to prove that any two such arcs are disjoint.

So, consider two disks F, £’ € D, both realizing a top tangency event. Let W
(resp. W’) be the witness disk that is tangent to Dy, Dy and E (resp. E'). Assume
that the tangency of W with Dy is clockwise to the tangency of W’ with Dy (i.e.,
E is “above” E'). If Wy, and W, are disjoint then their corresponding arcs are
disjoint. Otherwise, as we already observed, E' and Wg, are disjoint. Furthermore,
it is easy to verify that £’ must lie in the region “between” oy, Wg,, and W/ _, and
therefore the arcs J(E) and J(E’) are disjoint, as claimed; refer to Fig. 4.7(c).

We now repeat the above counting argument, for ¢t = 1,2,4,...,2™ where
m = [log, A], concluding that the number of intersection points between ~; and 7, is

bounded by 7", O(A\/2") = O()), as claimed. O

Theorem 4.2.9. Let P = {Py,..., P,} be a set of n uncertain points in R? such that
their uncertainty regions are pairwise-disjoint disks and that the ratio of the largest

and the smallest radii of the disks is at most X. Then the complexity of V_.o(P) is
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O(Mn?), and it can be computed in O(n*logn + u) expected time, where p is the
complezity of Vo(P). Furthermore, there exists such a set P of uncertain points for

which V_4o(P) has Q(n?) complexity.

Proof. The upper bound on the complexity of V_o(P) follows from Lemma 4.2.8. By
the same argument as in the proof of Theorem 4.2.5, V_o(P) can be computed in
O(n*logn + u) time, where g is the number of vertices in V_o(?P).

Next we show that there exists a set P of n uncertain points in R? such that
V_o(P) has Q(n?) vertices. Assume that n = 2m for some positive integer m. All the
disks D; have the same radius 1, centered at ¢; = (4(: —m) — 2,0), for 1 < i < 2m.
Any pair (P, P;) satisfying that j —i > 2 and j + 4 is even determines 2 vertices:
vy =26+j—2m—1),(j—i)*—1),and vo = (2(i+j—2m—1),1— (j —i)?), of V0
(realized with Py, k = £I*) (Fig. 4.8). Any pair (P, P;) satisfying that j —i > 2 and
J +1 is odd determines 2 vertices: vy = (2(i+j —2m —1),(j —i)y/(j —i)?> —4), and
vy = (2(i +j — 2m — 1), (i — j)/(j — )2 — 4), of Vg (realized with Py, k = ||
or k = [£Z]) . One can verify that &§(v) = §;(v) = Ag(v) < Ay(v), for 1 <1 < n,

v € {v1,v2}. Hence we obtain a lower bound of Q(n?) for the complexity of V. [

FIGURE 4.8. Any pair (P;, P;) satisfying j — ¢ > 2 determines 2 vertices of V_zo. Only the vertex v,
is shown.

Storing P,’s for Vo(P). We store the index ¢ of each uncertain point P, instead
of P itself. If we store P, for each cell ¢ of Vo(P) explicitly, the size increases by
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a factor of n. However, we observe that for two adjacent cells ¢, ¢' of V_o(P), i.e.,
two cells that share a common edge, |P, @ Py | = 1, where @& denotes the symmetric
difference of two sets. Therefore, using a persistent data structure [54], we can store
P, for all cells of V_o(P) in O(u) space, where 1 is the complexity of V_o(?P), so that
for any cell ¢, P4 can be retrieved in O(logn + |P4|) time.> By combining this with

a planar point-location data structure [52], we obtain the following:

Theorem 4.2.10. Let P be a set of n uncertain points in R%, and let pu be the
complezity of V4o(P). Then Vo(P) can be preprocessed in O(plogp) time into
a data structure of size O(p) so that for a query point ¢ € R*, NN_o(q,P) can be

computed in O(logn + t) time, where t is the output size.

Remarks. This bound can be extended to the case when each uncertainty region
is a convex a-fat semialgebraic set of constant description complexity. A convex set
C is called a-fat, if there exist two concentric disks, D C C C D', such that the
ratio between the radii of D’ and D is at most «. The constant of proportionality
also depends on o and the number and maximum degree of polynomials defining the

uncertainty regions.
4.2.2. Discrete case

We now analyze the complexity of V_.o(P) when the distribution of each point P,
in P is discrete. Let P, = {pi1,...,pi}. For 1 <j <k, let w;; = Pr[P; is p;;]. As
in the previous section, for a point z, let A;(x) = maxi<;<; d(x,p;;) and J;(z) =
ming <;<; d(x, p;;). Note that the projection of the graph of A; (resp. J;) onto the
xy-plane is the farthest-point (resp. nearest-point) Voronoi diagram of P;. Let

A(z) = minj<;<, Aj(x). For each i, let v; = {z € R? | §;(x) = A(z)}, and set

2If the curves of I intersect transversally at every vertex, it suffices to store Py for each cell of
V_o(P). Otherwise one may have to store Py for edges and vertices of V_.o(P). This does not affect
the asymptotic performance of the data structure.
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I'={7,...,7}. Then V_(?P) is the planar subdivision induced by I', as defined

above. We need the following lemma to bound the complexity of V_,(P).

Lemma 4.2.11. For any pairi,j, 1 <i# j <n, let v;; = {x € R* | §;(x) = A;(z)},

then ~;; is a convex polygonal curve with O(k) vertices.

Proof. Fix a point p € R?, and we define a linear function g: R? — R as

g(x) = d®(z,p) — |lz|* = Ipl* — 2(z,p). (4.5)

For 1 <i < n, define y;(x) = miny<;<j g(z,p;;) and ®;(x) = max;<j< g(z, pi;)-
Then for any pair 7, j, §;(z) = A;(z) if and only if ¢;(x) = ®;(x). Hence, ~;; is also
the zero set of the function ®;(x) — ¢;(x).

®; is the upper envelope of £ linear functions, and thus is a piecewise-linear convex
function. Similarly, ¢;, the lower envelope of k linear functions, is a piecewise-linear
concave function. Hence ®;(z) — ¢;(x) is a piecewise-linear convex function, which
implies that v;; = {z € R? | ®;(x) = ¢;(2)} is a convex polygonal curve. Since ;; is
the projection of the intersection curve of the graphs of ®; and ¢;, each of which is
the surface of an unbounded convex polyhedron with at most k faces, v;; has O(k)

vertices. OJ

Theorem 4.2.12. Let P = {Py,..., P,} be a set of n uncertain points in R?, where
each P; has a discrete distribution of size at most k. The complexity of V_o(P) is
w=0(kn?) , and it can be computed in O(n*logn + p) expected time. Furthermore,
it can be preprocessed in additional O(u) time into a data structure of size O(u) so

that an NN_o(q) query can be answered in O(log 1+ t), where t is the output size.

Proof. We follow the same argument as in the proof of Theorem 4.2.5. We need to

bound the number of intersection points between a pair of curves «; and ;. Fix an

index u. Let v, = {z € R?* | §;(x) = A,(2)} and v;,, = {z € R? | §;(z) = Ay(x)}.
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By Lemma 4.2.11, each of v;, and ~;, is a convex polygonal curve in R? with O(k)
vertices. Since two convex polygonal curves in general position with n; and ny vertices
intersect in at most n; + ny points, v;, and 7;, intersect at O(k) points. Hence ~;
and ~; intersect at O(kn) points, implying that V_o(P) has O(kn?) vertices. The

running time follows from the proof of Theorem 4.2.5. O]
4.3. Data Structures for NN_y Queries

With the maximum size of Vo being O(n?®) or O(n?), we present data structures
with less space that can answer NN_ queries in poly-logarithmic or sublinear time.
We consider both continuous and discrete cases.

An NN_(q) query is answered in two stages. The first stage computes A(g), and
the second stage computes all points P, € P for which 6;(¢) < A(g). We build a

separate data structure for each stage.

Continuous case.  We assume that the uncertainty region of each point P is a disk
D; of radius r; centered at ¢;. Recall from Section 4.2 that the projection of the graph
of the function A onto the xy-plane, a planar subdivision M, is the (additive-weighted)
Voronoi diagram of the points ¢4, ..., ¢,, and it has linear complexity. Hence M can
be preprocessed in O(nlogn) time into a data structure of size O(n) so that for a
query point ¢ € R* A(g) can be computed in O(logn) time.

Next we wish to report all points P; € P for which 0;(¢) < A(g). Note that the
projection of the graph of the lower envelope of {d1,...,d,} is also an (additive)
weighted Voronoi diagram of the points cy, . . ., ¢, and has linear complexity. Therefore,
using the data structure by Agarwal et al. [10, Thm 4.1], the above query can be
answered in O(logn + t) time. The preprocessing time and the size of the data

structure are O(n'*¢), for any constant € > 0. We thus obtain the following:

Theorem 4.3.1. Let P = {P,,...,P,} be a set of n uncertain points in R? so
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that the uncertainty region of each P; is a disk. Then P can be preprocessed into
a data structure of size O(n'*®), for any constant ¢ > 0, so that an NN_(q) query
can be answered in O(logn+t) time, where t is the output size and the hiding constants

in the big O notation depend on €.

Remarks. (i) Note that Theorem 4.3.1 gives a better result than Theorem 4.2.10 if
the uncertainty regions of P are allowed to intersect, but the Voronoi—diagram-based
data structure is much simpler and practical.

(ii) If we use Ly or L., metric to compute the distance between points and use
disks in Ly or L., metric (i.e., a diamond or a square), then an NN_y(g) query can
be answered in O(log?n + t) time using O(nlog®n) space: the first stage remains the
same and the second stage reduces to reporting a set of axis-aligned squares that

intersect a query (axis-aligned) square [3].

Discrete case. If the distribution of each P; is discrete, then the functions A;
and ¢; are complex and thus the data structure for NN_y(g) queries is more involved.
First we observe that the problem of reporting all points P; € P such that §;(¢) < R
for a query point ¢ € R? and R > 0, can be formulated as a colored disk range
reporting. Namely, we color all k points of P; with color ¢. Let S = |J;_, P;. Then
given a disk D of radius R centered at ¢, we wish to report the colors of all points
in S that lie inside D — each color should be reported only once. Using the results
in [68], this can be done with O(log(nk) +t) query time using O((nk)**¢) space (for
any constant ¢ > 0), or with O((nk)/?¢ 4 t) query time using O(nk) space.

It thus suffices to describe how we compute A(q) for a query point ¢ € R?. Recall
that the projection of A; onto the zy-plane, for 1 < i < n, is the farthest-point
Voronoi diagram of P;, and that A is the lower envelope of Ay, ..., A,. Following the
same argument as by Huttenlocher et al. [74], where they studied the upper envelope

of 41,...,0,, we can prove the following.
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Lemma 4.3.2. The xy-projection of the graph of the function A is a planar sub-
division with O(n*ka(nk)) vertices, and it can be computed in O(n*klog(nk)) time,

where «(+) is the inverse Ackerman function.

Hence by preprocessing the projection of A for point-location queries, A(q) can
be computed in O(log(nk)) time, for any query point g.

If we wish to construct a linear-size data structure, we do not construct A.
Instead we proceed as follows. As in the proof of Lemma 4.2.11 (cf. Eq. (4.5)), the
graph of each A; can be represented as a piecewise-linear xy-monotone surface. By
triangulating each face of A;, we can assume A, is a triangulated zy-monotone surface
in R3. Let ¢, be the oriented line in the direction of the (4z)-axis. Our goal is to
find the first triangle of a surface in A = {A4,..., A, } intersected by ¢,. The total
number of triangles in A is O(nk).

As shown in [9,81], this so-called vertical ray shooting problem is equivalent to the
point-enclosure problem in the xy-projections of triangles in A, under the semi-group
model. Namely, report all triangles (in R?) of the projection that contain a query
point, as the union of a small set of canonical subsets; a family of canonical subsets
is constructed at the preprocessing stage which does not depend on the choice of a
query point. Using multi-level partition trees, a point-enclosure query, and thus a
vertical ray shooting query, can be answered in O((nk)/?*¢), for any constant ¢ > 0,
using O(nk) space and O(nklog(nk)) preprocessing [3]. Putting everything together,

we conclude the following.

Theorem 4.3.3. Let P be a set of n uncertain points in R?, each of size at most
k. P can be preprocessed into a data structure of size O((nk)**), for any constant
e > 0, so that an NN_y(q) query can be answered in O(log(nk) + t) time, or into
a data structure of size O(nk) with O((nk)Y?*¢ +t) query time, where t is the output

size. The preprocessing times are O((nk)**¢) and O(nklog(nk)) time, respectively.
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The hiding constants in the big O notation depend on €.
4.4. Quantification Probabilities

We begin with exact algorithms for uncertain point sets, in which each uncertain point
has k possible locations. We can build a structure called the probabilistic Vorono:
diagram Vp,.(P) that decomposes R? into a set of cells, so that any point ¢ in a cell
has the same m;(q) value for all P, € P; that is, for any point ¢ in this cell, we know

exactly the probability of each point P € P being the NN of g.

Lemma 4.4.1. For a set P of n uncertain points in R?, each with k possible locations,
the complezity of Vp(P) is O(ntk*). Moreover, there exists a set P of n uncertain

points in R? with k = 2 such that Vp,(P) has size Q(n*).

"

D

FIGURE 4.9. An illustration of the proof. Inside the unit disk D, two adjacent faces f and f’ share
a portion of the bisector b;; defined by p; and p;.

Proof. We first prove the upper bound. There are nk possible locations. Each pair
of possible locations determines a bisector, resulting in O(n?k?) bisectors. These
bisectors partition the plane into O(n*k*) convex cells so that the order of all distances
to each of the nk possible locations, and thus by Eq. (4.2) also all the qualification
probabilities, are preserved within each cell. Therefore the resulting planar subdivision

is a refinement of Vp,(P), and thus O(n*k*) is an upper bound on the complexity of

VPr((‘P>‘
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Next, we show that there exists a set P of n uncertain points in R? with k& = 2 such
that Vp,(P) has size Q(n?). For simplicity, we describe a degenerate configuration
of points, but the argument can be generalized to a non-degenerate configuration as
well, by being more careful. For every 1 < i <n, P, € P has two possible locations p;
and p, each with probability 0.5. Let D be the unit disk centered at the origin. We
choose p1,...,p, inside D so that the bisector b;; of every pair p;, p;, for i < j, is a
distinct line and all pairs of bisectors intersect inside D. We place all p}’s at the same
location far away from D, say, at p = (100,0). Note that the bisector of p and p;, for
any 7 < n, does not intersect inside D, so for any point ¢ € D, d(p;,q) < d(p, q).

Let A be the arrangement of the bisectors {b;; | 1 < i < j < n}. Since all
pairs of bisectors intersect inside D, A N D has ©(n?) faces. Let f, f’ be any two
adjacent faces of A inside D, let b;; be the bisector separating f and f’, and let ¢, ¢’
be arbitrary points in the interior of f, f’, respectively. Without loss of generality,
assume that d(p;, ¢) < d(p;,q), then d(p;, ¢') > d(p;,¢'). See Fig. 4.9. Suppose there
are r, 0 <r <mn—1, points of {p1,...,p,} that are closer to ¢ than p;, i.e., p; (resp.

p;) is the (r 4+ 1)-st NN of ¢ (resp. ¢') among {pi,...,p,}. Then, by Eq. (4.2),
mi(q) =0.5- (1 —=0.5)"+0.5- (1 —0.5)""1 =051 +0.5"

mi(q) =0.5- (1 =05+ +0.5- (105" =0.5F 0.5

Symmetrically, m;(¢') = 0.5""% 4+ 0.5" and 7;(¢') = 0.5"" + 0.5". In particular
mi(q) # mi(¢') and 7;(q) # 7;(¢’). In other words, any two adjacent faces of A inside
D have distinct quantification probability vectors, implying that Vp,(P) has Q(n?)

complexity. O

Vp,(P) is too large to store in practice, so we explore how to approximate m;(q).
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4.4.1. A Monte-Carlo algorithm

In this section we describe a simple Monte-Carlo approach to build a data structure
for quickly computing 7;(q) for all P, for any query point ¢, which approximates
the quantification probability m;(¢). For a fixed value s, to be specified later, the
preprocessing step works in s rounds. In the j-th round the algorithm creates a
sample R; = {rj1,7j2,...,7;n} € R? by choosing each r;; using the distribution of
P;. For each j € {1,...,s}, we construct the Voronoi diagram Vor(R;) in O(nlogn)
time and preprocess it for point-location queries in additional O(nlogn) time.

To estimate quantification probabilities of a query ¢, we initialize a counter ¢; = 0
for each point P,. For each j € {1,...,s}, we find the point r;; € R; whose cell
in Vor(R;) contains the query point ¢, and increment ¢; by 1. Finally we estimate
7i(q) = ¢;/s. Note that at most s distinct ¢;’s have nonzero values, so we can implicitly

set the others to 0.

Discrete case. If each P, € P has a discrete distribution of size k, then this
algorithm can be implemented very efficiently. Each r; can be selected in O(log k)
time after preprocessing each P;, in O(k) time, into a balanced binary tree [99]. Thus
total preprocessing takes O(s(n(logn + logk)) + nk) = O(nk + snlog(nk)) time and
O(sn) space, and each query takes O(slogn) time.

It remains to determine the value of s so that |m;(¢) — 7i(q)| < ¢ for all P; and all
queries g, with probability at least 1 — 9. For fixed ¢, F;, and instantiation R;, let
X; be the random indicator variable, which is 1 if r; is the NN of ¢ and 0 otherwise.

Since E[X;] = m;(¢) and X; € {0, 1}, applying a Chernoff-Hoeffding bound [99] to

A==~ 3,

S

we obtain that

Pr ([7:(q) — mi(q)| > €] < 2exp(—2¢”s). (4.6)
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For each cell of Vp,(P), we choose one point, and let ) be the resulting set of
points. If |7;(¢) — mi(q)| < € for every point g € Q, then |7;(¢) — m;(q)| < € for every
point ¢ € R2. Since there are n different values of 4, by applying the union bound to
Eq. (4.6), the probability that there exist a point ¢ € R? and an index i € {1,...,n}
with |7;(q) — m(q)| > € is at most 2n|Q| exp(—2¢%s). Hence, by setting

]

= —1n

8_252 o

[7:(q) — mi(q)| < e for all ¢ € R? and for all i € {1,...,n}, with probability at least
1 — 4. By Lemma 5.4.1, |Q| = O(n'k*), so we obtain the following result.

Theorem 4.4.2. Let P be a set of n uncertain points in R?, each with a discrete
distribution of size k, and let €,0 € (0,1) be two parameters. P can be preprocessed,
m

O(nk + (n/e*)log(nk) log(nk/d))
time, into a data structure of size O((n/e?)log(nk/d)), which computes, for any query
point ¢ € R?, in O((1/e*)log(nk/d)logn) time, a value 7;(q) for every P; such that

|mi(q) — mi(q)| < e for all i with probability at least 1 — 0.

Continuous case. There are two technical issues in extending this technique and
analysis to continuous distributions. First, we instantiate a certain point r; from each
P;. Herein we assume the representation of the pdf is such that this can be done in
constant time for each P,.

Second, we need to bound the number of distinct queries that need to be considered
to apply the union bound as we did above. Since m;(¢) may vary continuously with
the query location, unlike the discrete case, we cannot hope for a bounded number of
distinct results. However, we just need to define a finite set Q of query points so that
for any point ¢ € R?, there is a point ¢’ € @) such that max; |7;(¢) — 7:(¢')| < /2.
Then we can choose s large enough so that it permits at most £/2 error on each query
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in Q. Specifically, choosing s = O((1/£2)log(n|Q|/6)) is sufficient, so all that remains
is to bound |Q)|.

To choose @, we show that each pdf of P, can be approximated with a discrete
distribution of size O((n?/e?)log(n/d)), and then reduce the problem to the discrete
case.

For parameters @ > 0 and ¢’ € (0,1), set

c 1
kf(OZ) = ? log Ea
where c is a constant. For each i € {1,...,n}, we choose a random sample P; C P; of

size k(a), according to the distribution defined by the location pdf f; of P,. We regard
P; as an uncertain point with uniform location probability. Set P = {?1, e ,ﬁn}.
For a point ¢ € R?, let Eq,i denote the cdf of the distance between ¢ and P;,
i.e., G,i(r) = Pr[d(q, P;) < r], or equivalently, it is the probability of P; lying in
the disk of radius r centered at g. A well-known result in the theory of random
sampling [89,121] implies that for all » > 0,
|Gq,i(r) - @q,i(r)‘ < q, (4.7)

with probability at least 1 — ¢’, provided that the constant ¢ in k(«a) is chosen
sufficiently large.
Let 7;(¢q) denote the probability of P; being the NN of ¢ in P. We prove the

following:

Lemma 4.4.3. For any q € R? and for any fived i € {1,...,n},

mi(q) — Tilq)| < an,
with probability at least 1 — ¢'.

Proof. Recall that by Eq. (4.1),

w0 = [ o) [J0 -Gyt

J#
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Using Eq. (6.2), and the fact that G, ;(r), G, ;(r) € [0, 1] for all j, we obtain

milg) < / " 00 T = G ) + (0 — Dar

J#1
Note that [, (1 —Glyj(r)) is the probability that the closest point of ¢ in P\ { P;}
is at least distance r away from ¢. Let h,; be the pdf of the distance between ¢ and

its closest point in P\ {P;}. Then

Therefore

< /0 N / T i (M hes(0)d0dr + (n — 1o

By reversing the order of integration, we obtain

< /0 h /0 b i(0)g0s(r)drd8 + (n — 1)

_ /OO hes(0)G, 5(0)d0 + (n— 1)

IN

/ {(0) +a)df + (n — 1)«
(using Eq. (6.2))

0)dd + na

Il
\

=T(q) + na.

A similar argument shows that m;(q) > 7;(¢) — na. This completes the proof of

the lemma. N

Thus by setting a = £/2n, a random sample P; of size O((n?/c?)log(n/6)) from
each P, ensures that

mi(q) = mi(g)] < /2 (4.8)
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for all queries. By choosing ¢’ = §/2n, Eq. (4.8) holds for all ¢ € {1,...,n} with
probability at least 1 — §/2.

We consider Vp,(P), choose one point from each of its cells, and set @ to be the
resulting set of points. For a point ¢ € R?, let § € @ be the representative point of
the cell of Vp,(P) that contains q. Then |m;(q) — 7;:(q)| < £/2 for all points ¢ € R?
and 7 € {1,...,n}, with probability at least 1 — §/2.

Now applying the analysis for the discrete case on the point set P, if we choose

ofm2)

then |7;(q) — 7i(q)| < e for all points ¢ € R? and for all 7 € {1,...,n} with probability

at least 1 — ¢/2. Since

Pl =#(g) =05 e5)

by Lemma 5.4.1,

12

a-0((:(5))) -o(Zm'3)

Putting everything together, we obtain the following.

Theorem 4.4.4. Let P = {P,,...,P,} be a set of n uncertain points in R* so
a random instantiation of P; can be performed in O(1) time, let 0 < £,§ < 1.
P can be preprocessed in O((n/e?)log(n/ed)logn) time into a data structure of size
O((n/e?)log(n/ed)), which computes for any query point ¢ € R?, in O((1/£%)log(n/ed)logn)
time, a value 7;(q) for every P; such that |m;(q) — 7;(q)| < € for all i with probability

at least 1 — 9.
4.4.2. A spiral-search algorithm

If the distribution of each point in P is discrete, then there is an alternative approach

to approximate the quantification probabilities for a given query ¢: set a parameter
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m > 1, choose m points of S = J;_, P, that are closest to ¢, and use only these m
points to estimate ;(q) for each P;. We show this works for a small value of m when,
for each P;, each location is approximately equally likely, but is not efficient if the
location probabilities vary significantly.

Let P, = {pi1,...,pir} and w;; = Pr[P; = p;;]. Set S =J_, P;. We refer to the
quantity

max; ; Wi

p=— (4.9)
min; ; Wi

as the spread of location probabilities. Set

m(p,e) = pkln(p/e) + k — 1.

Fix a query point ¢ € R?, and let S C S be the m(p, <) nearest neighbors of ¢
in S. Let P, = SNP, and P = {Py,...,P,}. Note that w; = Zpi,aeﬁi w; 4 i nOt
necessarily equal to 1, so we cannot regard P; as an uncertain point in our model,
but still it will be useful to think of P; as an uncertain point that does not exist with
probability 1 — w;.

For a set Y of points and another point ¢ € R?, let

YiEl={peY |d(g,p) <d(¢ &)}

Then for a point p := p; , € P, my(q), the probability that p is the NN of ¢ in P is

(@) =wia [J(1- 3 wie). (4.10)

J#i pj,e€P;[p]

Moreover,

(@) = Y () (4.11)

Pi,a€P;

For each i < n, we analogously define a quantity 7;(¢) using Eq. (4.10) and
Eq. (4.11) but replacing P; with P; for every j € {1,...,n}. Intuitively, if P were a
family of uncertain points, then 7;(g) would be the probability of P; being the NN of
qin P.
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Lemma 4.4.5. Foralli € {1,...,n},

(m:(q) — i(q)| < e.

Proof. Fix a point p € P;. Set x; = |P;[p]| and m = ., x;. Note that each w;,

satisfies

1/pk < w;, < p/k.

Then for a point p := p;, € P;, we obtain using Eq. (4.10)

Tp(4) = Wi H(l - Z wj,£>

J#i Pe€Pj[p]
10— %)

<k 1——
< H Py

J#i
< P P
<o [l exp (=a;/pk) = L exp (=m/pk).

J#i

Thus any point p € P; that has m > pklIn(p/e) points in P\ {P;} closer to ¢ than
itself, has probability at most /k of being the closest point to ¢. Since each P, € P
consists of at most k points, the combined effect of all of these far points cannot
contribute more than € to the total probability that P; is the nearest neighbor. Also
k —1 points from P; may also be closer to ¢ than p. Thus if p is not an m(p, €)-nearest
neighbor of ¢ in S, i.e., p ¢ P;, then m,(q) < /k. Hence,

milq) <> mlg) +e= Y Fplg) +e=7i(q) +e.

pEﬁi pEﬁi
This completes the proof of the lemma. O

For any i, if P, N S(q) = 0, then we can implicitly set 7;(¢) to 0. Finally, the
following result shows that the m nearest neighbors of ¢ in .S can be chosen efficiently

in R2.
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Lemma 4.4.6 (Afshani and Chan [2]). Given a set of N points in R?, with O(N log N)
expected preprocessing time and O(N) space, the m nearest neighbors of a query point

can be reported in O(m + log N) time.
We thus obtain the following result.

Theorem 4.4.7. Let P be a set of n uncertain points in R%, p be the spread of
its location probabilities as in Eq. (4.9), and € € (0,1) be a parameter. P can be
preprocessed in O(nklog(nk)) expected time into a data structure of size O(nk), so
that for a query point ¢ € R? and a parameter € € (0,1), it can compute, in time
O(pklog(p/e) +log(nk)), values T;(q) for all P; € P such that |m;(q) — 7:(q)| < € for
alli € {1,...,n}.

Remarks. (i) Unfortunately, this approach is not efficient when the spread of
location probabilities is unbounded. In this case, one may have to retrieve 2(n)
points. Another approach may be to ignore points with weight smaller than e/k,
since even k such weights from a single uncertain point P; cannot contribute more
than e to m;(¢). However, the union of all such points may distort other probabilities.

Consider the following example. Let p; € P, € P be the closest point to the query
point ¢. Let w(p1) = 3¢. Let the next n/2 closest points ps, . .., pn/2+2 be from different
uncertain points Ps, ..., P, /242 and each have weights w(p) = 2/(n + 2) < ¢/k. Let
the next closest point p, € P, € P have weight w(ps) = 5e. With probability
Tp, (q) = 3¢ the nearest neighbor is p;. The probability that p, is the nearest
neighbor is 7,,(q) = (5¢)(1 — 3¢)(1 — 2/n)"? < (5¢)(1 — 3¢)(1/e) < 2¢. Thus p
is more likely to be the nearest neighbor than p,. However, if we ignore points
D3, - -, Pnj2+2 because they have small weights, then we calculate p, has probability
Tp,(q) = (1 — 3¢)(be) > 4e for being the nearest neighbor. So my(g) will be off by
more than 2¢ and it would incorrectly appear that py is more likely to be the nearest
neighbor than p;.
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(ii) Though Lemma 4.4.6 is optimal theoretically, it is too complex to be imple-
mented. Instead, one may use order-m Voronoi diagram to retrieve the m closest
points (in unsorted order) to ¢. This would yield a data structure with O(m(nk—m))
space and O(m(nk —m)log(nk) +nklog®(nk)) expected preprocessing time [8], while
preserving the query time (log(nk) 4+ m), where m = O(pklog(p/c)). Alternatively,
one may use quad-trees and a branch-and-bound algorithm to retrieve m points of S

closest to ¢ [70].
4.5. Experimental Results

We have conducted experiments on synthetic datasets to demonstrate the efficacy of
our methods for estimating qualification probabilities.

Experimental setup. We assume each uncertain point has a discrete distribution
of size s. We set r = \/Lﬁ, where ¢ > 0 is a parameter. The value of ¢ indicates the
level of uncertainty: the bigger value c is, the larger uncertainty each uncertain point
has. We synthetically generated n uncertain points in two steps as follows: (1) For
each uncertain point, we first generate a disk of radius r whose center is randomly
chosen inside the unit square [0, 1]2. (2) We then choose s possible locations within
the disk of each uncertain point. We chose s possible locations uniformly inside the

disk (we also tried Gaussian distribution and got similar results). In our experiments,

we set n = 1000,s = 5, and ¢ € {0.5,1.0}.

Measuring the effectiveness. = We test how effective the Monte Carlo method
and the spiral-search methods are in computing the most likely nearest neighbor,
NN, and the estimates of qualification probabilities. In the experiments, 1000 queries
were issued for each input, and we measured the following three quantities:

(i) The percentage of trials in which the algorithm returns the correct NN.

(ii) The error in estimated qualification probability of NN . Specifically for each
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query, suppose P; is the true NN, then the NN probability error is |m; — 7;;
we report the 90% percentile of these errors.

(iii) For each query ¢, we compute max; |m;(q) — 7;(¢)|, the maximum error in
probability. Among all 1000 trials, we report the 5%, 50%, and 95% percentiles

of these errors. We only used ¢ = 0.5 for quantity (iii).

Monte Carlo method. We tested how quantities (i)-(iii) changed as we varied ¢,
the number of instantiations ¢. Fig. 4.10(a)—(c) show these quantities as ¢ varies from
5 to 45. Not surprisingly, as ¢ increases, the percentage of correct NN, increases, and
the probability errors decrease. The smaller uncertainty (as denoted by ¢) we have,
the better performance. For both ¢ = 0.5 and ¢ = 1.0, the NN, is returned correctly
at least 80% of the times if ¢ > 20, and this also generally provides probability error
less than 0.15.

Spiral search method. We also tested how (i) — (iii) changed as we varied m,
the number of closest points retrieved to estimate the qualification probabilities.

Fig. 4.11(a)—(c) show these quantities as m varies from 1 to 15 (or 10 in Fig. 4.11(c)).

138



Compared to the Monte Carlo approach, the spiral search method accuracy seems to
converge much faster (although ¢ versus m is not directly comparable). After only
m = 9 closest points are retrieved, the NN, is found more than 95% of the time, and
the probability error goes to practically 0. Recall s = 5 so from these experiments it
appears retrieving only 2s points to be effective. This method also seems less affected
by the scale of uncertainty (parameter c). Since many practical k-nearest-neighbor

algorithms exist, we believe this has the potential for practical use.
4.6. Conclusion

In this chapter, we investigated NN queries in a probabilistic framework in which
the location of each input point is specified as a probability distribution function.
We presented efficient methods for returning all the non-zero probability points,
estimating the quantification probabilities and using it for threshold NN queries. We
also conducted some preliminary experiments to demonstrate the effectiveness of our

methods. We conclude by mentioning two open problems:

(i) Analogously to the probabilistic Voronoi diagram defined in Section 4.4, one
can define the most likely Voronoi diagram as a planar subdivision in which all
points in a cell have the same most likely NN. What is the complexity of the
most likely Voronoi diagram? The bound proved in Lemma 5.4.1 is an obvious

upper bound but no matching lower bound is known.

(ii) Can we extend the spiral search method to continuous distributions (at least for
some simple, well-behaved distributions such as Gaussian), so that the query

time is always sublinear?
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5

Probabilistic Convex Hull

5.1. Introduction

In this chapter, we study the convex-hull problem, which asks for the smallest convex

set that contains a given point set, in a probabilistic setting.

Uncertainty models.  We focus on two models of uncertainty: unipoint and
multipoint. In the unipoint model, each input point has a fixed location but it only
exists probabilistically. Specifically, the input P is a set of pairs {(p1,71),- -, (Pn, Vn)}
where each p; is a point in R? and each ~; is a real number in the range (0, 1] denoting
the probability of p;’s existence. The existence probabilities of different points are
independent; P = {pi,...,p,} denotes the set of sites in P.

In the multipoint model, each point probabilistically exists at one of multiple
possible sites. Specifically, P is a set of pairs {(P1,I'1),..., (Pn, ')} where each P;
is a set of n; points and each T'; is a set of n; real values in the range (0,1]. The
set P, = {p},...,p"} describes the possible sites for the ith point of P and the set
;= {9}, ...,7"} describes the associated probability distribution. The probabilities

%J correspond to disjoint events and therefore sum to at most 1. By allowing the
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sum to be less than one, this model also accounts for the possibility of the point not

existing (i.e. the null location)—thus, the multipoint model generalizes the unipoint

model. In the multipoint model, P = J*, P; refers to the set of all sites and n = |P).

Our results. The main results of our chapter can be summarized as follows.

(A)

(C)

We show (in Section 5.2) that the membership probability of a query point
q € R, namely, the probability of ¢ being inside the convex hull of P, can be
computed in O(nlogn) time for d = 2. For d > 3, assuming the input and the
query point are in general position, the membership probability can be computed
in O(n?) time. (This result is shown in Section 5.3.) The results hold for both
unipoint and multipoint models.

Next we describe two algorithms (in Section 5.4) to preprocess P into a data
structure so that for a query point its membership probability in P can be
answered quickly. The first algorithm constructs a probability map M(P), a
partition of R? into convex cells, so that all points in a single cell have the same
membership probability. We show that M(P) has size @(ndQ), and for d = 2 it
can be computed in optimal O(n?*) time. The second one is a sampling-based
Monte Carlo algorithm for constructing a near-linear-size data structure that
can approximate the membership probability with high likelihood in sublinear
time for any fixed dimension.

We show (in Section 5.5) a connection between the membership probability and
the Tukey depth, which can be used to approximate cells of high membership
probabilities. For d = 2, this relationship also leads to an efficient data structure.
Finally, we introduce the notion of 5-hull (in Section 5.6) as another approximate
representation for uncertain convex hulls in the multipoint model: for g € [0, 1],
a convex set C'is called §-dense for P, if C contains at least [ fraction of each

uncertain point. The S-hull of P is the intersection of all S-dense sets for P. We
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show that for d = 2, the S-hull of P can be computed in O(nlog’n) time.

Related work. There is extensive and ongoing research in the database community
on uncertain data; see [51] for a survey. In the computational geometry community,
the early work relied on deterministic models for uncertainty (see e.g. [58,92]), but
more recently probabilistic models of uncertainty, which are closer to the models used
in statistics and machine learning, have been explored [1,6,7,9,79,80,104,105,116,125].
The convex-hull problem over uncertain data has received some attention very recently.
Suri et al. [116] showed that the problem of computing the most likely convex hull
of a point set in the multipoint model is NP-hard. Even in the unipoint model, the
problem is NP-hard for d > 3. They also presented an O(n?)-time algorithm for
computing the most likely convex hull under the unipoint model in R2. Zhao et al.
[129] investigated the problem of computing the probability of each uncertain point
lying on the convex hull, where they aimed to return the set of (uncertain) input
points whose probabilities of being on the convex hull are at least some threshold.
Jorgensen et al. [77] showed that the distribution of properties, such as areas or

perimeters, of the convex hull of P may have Q(II",n;) complexity.
5.2. Membership Probability in the Plane

In this section, we describe how to compute the probability that a query point lies
inside the convex hull of a given uncertain point set in the plane. For simplicity,
we assume that the input is non-degenerate, meaning that all possible point sites,
including the query point ¢, are in general position: no two sites have the same
coordinate along any dimension and no three sites are collinear. We defer the
discussion of how to handle such degeneracies to Section 5.2.3. We begin our

discussion with the unipoint case.
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5.2.1. The unipoint model

Let P = {(p1,71),-- -, (Pn,Vn)} be a set of n uncertain points in R? under the unipoint
model. We let P denote the set of all sites of P, namely, {pi,...,pn}. Let R denote
the outcome of the probabilistic experiment by choosing each p; with probability ;;
R is a random subset of P. For a subset B C P, let v(B) = Pr[R = B]. Then
v(B) =1 x [
pi€B pi¢B
where 7; is the complementary probability (1 — ;). Given a query point ¢, we want
to compute its membership probability, denoted by p(q), the probability that ¢ lies
in the convex hull of R. Let CH(B) denote the convex hull of B. By definition, x(q)

can be written as

g = > B). (5.1)
BCP| g€ cu(B)
which unfortunately involves an exponential number of terms (possible subsets B).
Our polynomial-time scheme for computing p(g) builds on the following simple
observation: ¢ is outside CH(R) if and only if ¢ is a vertex of the convex hull
CH(RU {q}). For ease of reference, let C' denote CH(RU {¢}) and V' denote the set
of vertices of C. Then the probability we want is u(q) = 1 —Pr[qge V.

If R = (, then clearly C' = {¢q} and ¢ € V. Otherwise, |[V| > 2 and ¢ € V
implies that ¢ is an endpoint of exactly two edges on the boundary of C.! In this
case, we define the first edge following ¢ in the counter-clockwise order of C' as
the witness edge of ¢ ¢ CH(R). (See Fig. 5.1 (A).) It is easy to see that ¢ € V' if

and only if R = () or (exclusively) ¢p; is a witness edge for some 1 < i < n. Let

'If B consists of a single site p;, then C is the line segment gp;. In this case, we consider the
boundary of C' to be a cycle formed by two edges: one going from ¢ to p;, and one going from p;
back to q.
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mi(q) = Pr[qpi is a witness edge}. Thus,

1—u(q):Pr[qEV}:Pr[R:(ﬂ—i-Zm(q). (5.2)

p;EP

Let G; C P be the set of sites lying to the right of the oriented line ¢;, spanned
by the vector m We observe that gp; is a witness edge if and only if (i) p; € R and
(i) RN G; = 0. Therefore

mile) = [ %
p;€G;
This expression can be computed in O(n) time. Since Pr [ R= @] can be computed
in linear time, p(q) can be computed in O(n?) time. The computation time can be

improved to O(nlogn) as described below.

Improving the running time. The main idea is to compute the witness edge
probabilities in radial order around ¢q. We sort P in counter-clockwise order around
q. Without loss of generality, assume that the circular sequence (p1,...,p,) is the
resulting order. (See Fig. 5.1 (B).) We first compute m;(¢q) in O(n) time. Next for
i > 1, we compute 7;(q) from m;_1(¢q) in O(1) amortized time as follows: Let W;
denote the set of sites in the open wedge bounded by the rays emanating from ¢ in
directions p;_1¢ and pi. (See Fig. 5.1 (C).) Notice that G; = Gi_1 U {p;1 } \ W;. Tt
follows that

mi(q) = 77_ = (q).

i—1 HijWiTj

The amortized cost of a single update is O(1) because each site of P enters G; at
most twice. Finally, notice that we can easily keep track of the set WW; during our

radial sweep, as changes to this set follow the same radial order.

Theorem 5.2.1. Given a set of n uncertain points in R? under the unipoint model,

the membership probability of a query point q¢ can be computed in O(nlogn) time.
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FIGURE 5.1. (A) A witness edge. (B) Sites in radial order around q. (C) The set W;. (D) The set
W,

5.2.2. The multipoint model

Let P = {(P,T"1),...,(Pn, ')} be a set of uncertain points in the multipoint model,
as defined in the previous section. Recall that P = ;" P; is the set of all sites. Let
R be the outcome of the experimental outcome in which exactly one point of P; is
chosen randomly; p{ is chosen with probability 727 .

For a subset B C P, let v(B) = Pr[R = B]. As in the unipoint model, the
definition of «(B) involves a product of existence probabilities for all sites in B. The
sites that are not in B, however, contribute to (B) in a different way. Specifically,
let pg be a site that is not in B. If B contains another site p¢ from the ith point,
then the non-existence probability of pg is irrelevant to v(B), because existence of
p! already implies non-existence of p{ . If there is no such site p!, then no site from
the tuple of the ith point is in B. In that case, we just consider the probability that
ith point does not exist at all, which is 1 — ), <j<|P| fyf Finally, notice that if B
contains two sites from the same uncertain point, then it cannot be the outcome of
an experiment.

For a point ¢ € R?, we again define u(q) = Pr[q € cH(R) } We now describe how
1(q) is computed in the multipoint model. Let C' and V' be defined as above. As in
the unipoint model, ¢ € cH(R) if and only if ¢ € V, thus u(q) =1 —Pr[q € V']. Let

7i;(q) denote the probability that gp! is a witness edge. We follow a similar strategy
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and decompose Pr[q € V] as follows:

PrigeV]=Pr[R=0]+ Z i (q).

The first term is trivial to compute in O(n) time; 7;;(q) is computed as follows. Let

—
G,,; be the set of sites to the right of the oriented line spanning the vector ¢p!. As

in the unipoint model, the segment qpf is a witness edge if and only if pz € R and

RNG;; = 0. Hence,
7i5(q) = Pr[p/€R] x Pr[RNGi; =0 | pleR]

=Pr[pleR] x [] Pr[RNGiy;NP. =0 | p/eR]

1<k<m

:Pr[pgeR} X H PI‘[RﬂPkﬁGi,j:@]

1<k<m
k#1

=y 11 1= > %

1<k<m 1| pLeG;
li |PL€Gij

This expression can be easily computed in O(n) time. It follows that one can
compute Pr[q € V'], thus u(q), in O(n?) time.

As before, the computation time can be improved to O(nlogn) by computing
the witness edge probabilities in a radial order around ¢. Let the circular sequence
Py Py, ..., D), be the counter-clockwise order of all sites around ¢, where each p, is
a distinct site p’. We first compute the probability that gp| is the witness edge
in O(n) time and also remember the values of the intermediate factors used in the
computation. (The factors inside the [],.,,, expression.) Then, for increasing values
of u from 2 to n, we compute the probability that ¢p/, is the witness edge by updating
the probability for ¢p!, ;. As a first step to this update, we update the values of

the intermediate factors. To be more specific, let W, denote the set of sites in the
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open wedge bounded by the rays emanating from ¢ in directions gﬂ) and M Also,
for simplicity, assume that p/, = p® and p{, ; = p?. (See Fig. 5.1 (D).) Notice that
Gup = GeaU{p?} \ W,. Then, for each site p/ in W, the eth factor increases by 7.
Also, the cth factor decreases by 7¢. Finally, we temporarily set the value of the ath
factor to 1 (to cover the case k # i in the expression). Then, we can compute the
witness edge probability for ¢p!, by multiplying the probability of ¢p!,_, with ~° /44
and the multiplicative change in each intermediate factor. The cost of a single update
is O(1) amortized, as each site can contribute to at most 4 updates as in the unipoint

case.

Theorem 5.2.2. Given a set P of uncertain points in the multipoint model with n
sites in total and a point q in R?, the probability of q being in the convex hull of P

can be computed in O(nlogn) time using linear space.
5.2.3. Dealing with degeneracies

In this section, we briefly explain how our algorithm for the planar case can be
adapted to handle degeneracies. There are two main issues to be handled in the

presence of degeneracies:

1. A site may coincide with the query point ¢: If this is the case, then the
existence of such a site in R implies that ¢ € cH(R). We separately compute
the probability that ¢ coincides with a site in R. The remaining portion of 1(q)
is computed as before, but conditioned on the non-existence of all sites that
coincide with ¢g. To be precise, we again compute the probability 1 —Pr[q € V'],
but this time on the reduced set of sites that does not involve the sites coinciding
q. (In the multipoint model, this also requires adjusting the probabilities of the
sites which belong to the same uncertain point with another site coinciding q.)

Once this probability is computed, we further multiply it with the probability
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that no site coinciding ¢ exists in R.

2. ¢ might be collinear with two or more other sites: In this case, we need
to re-define GG; in a more careful manner. As before, let ¢; be the oriented line
spanned by the vector q_ﬁ Let G} C P be the set of sites lying to the right
of or on ¢;. Let G2 C P be the set of sites lying on the segment gp;. Then

G; = G! — G%. A similar approach also applies to the multipoint model.
5.3. Membership Probability in Higher Dimensions

In this section, we describe our algorithm for computing the membership probability for
dimensions higher than two. This algorithm works correctly only for non-degenerate
input. To be precise, we require that all sites, including the query point ¢, are in
general position in the following sense: for 2 < k < d, the projection of no k+1 points
of P U {q} on a subspace spanned by any subset of k coordinates lies on a (k — 1)-
hyperplane. We note that computing the membership probability for degenerate
point sets in high dimensions is still an open problem. Our work can be considered a
first step into understanding the complexity of the membership probability in high

dimensions.
5.3.1. The unipoint model

The difficulty in extending the above to higher dimensions is an appropriate general-
ization of witness edges, which allow us to implicitly sum over exponentially many
outcomes without over-counting. The following discussion explains the main idea we
use for this generalization.

As in Section 5.2.1, let R denote the probabilistic outcome, C' = cH(RU {q})
its convex hull, and V' the vertices of C. Let A(RU {q}) denote the point with the

lowest z4-coordinate in RU {q}. Clearly, if ¢ is A(RU {¢}) then ¢ € V; otherwise, we
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FIGURE 5.2. A three-dimensional example of an p;-escaping face f for g.

condition the probability based on which point of R is A(RU {¢}). In particular, we

have

Pr[qev} :Pr[q:/\(RU{q})] + Y Pr[pi:)\(RU{q}) AqeV].

1<i<n

It is easy to compute the first term. We show below how to compute each term of
the summation in O(n?~1) time, which gives the desired bound of O(n).

Let p; be an arbitrary point in R. We use p; as a reference point known to be
contained in the hull C'= cH(RU {q}). Let R, p; and ¢’ denote the projections of R,
p; and ¢ respectively on the hyperplane x4 = 0, which we identify with R*!. Let us
define C" = cH(R' U {¢'}) C R¢"1, and let V' be the vertices of C'.

Let ?(p;, q') denote the open ray emanating from ¢’ in the direction of the vector
]Tq’ (that is, this ray is moving “away” from p}). A facet f of C is a p;-escaping
facet for q if ¢ is a vertex of f and the projection of f on R%~! intersects 7(]9;, q).
See Fig. 5.2 for a three-dimensional example. The following lemma is key to our

algorithm. The points of C' projected into 9C’ form the silhouette of C.

Lemma 5.3.1. (A) q has at most one p;-escaping facet on C.
(B) The point q is a non-silhouette vertex of the convex-hull C if and only if q

has a (single) p;-escaping facet on C.

Proof. (A) If ¢ has a p;-escaping facet then it is a vertex of the convex-hull C.

Consider the union of facets adjacent to ¢, and observe that the projection of this
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“tent” can fold over itself in the projection only if ¢ is on the silhouette. Specifically,
if ¢ is not on the silhouette then the claim immediately holds. Otherwise, ¢ is on the
silhouette, the open ray 7(]9;7 q') does not intersect C’, and there are no p;-escaping
facets.

(B) The second claim follows immediately from the observation that the projected

“tent” surrounds ¢’ and as such one of the facets must be an escaping facets for p;. [

Given a subset of sites P, C P\ {p;} of size (d — 1), define f(FP,) to be the
(d — 1)-dimensional simplex CH(P, U {q}). Since p; = A(RU {¢}) implies p; € R, we

can use Lemma 5.3.1 to decompose the ith term as follows:

Pr[p = ARU{g) A e V] =Pr[p=ARU{g}) A ¢ € V']

+ Z Pr[pl- = MRU{q}) N f(P,) is a facet of C] :

PoCP\{p;}
|Pal=(d—1)
f(Py) is pi-escaping for ¢

The first term is an instance of the same problem in (d — 1) dimensions (for the point
¢ and the projection of P), and thus is computed recursively. For the second term,
we compute the probability that f(P,) is a facet of C' as follows. Let G; C P be the
subset of sites which are on the other side of the hyperplane supporting f(P,) with
respect to p;. Let Gy C P be the subset of sites that are below p; along the x4-axis.
Clearly, f(P,) is a facet of C' (and p; = A(RU{¢})) if and only if all points in P,
and p; exist in R, and all points in G; U G are absent from R. The corresponding

probability can be written as

Pj chP, pj € G1UG
This formula is valid only if P, NG5 = () and p; has a lower z4-coordinate than g;
otherwise we set the probability to zero. This expression can be computed in linear

time, and the whole summation term can be computed in O(n?) time. Then, by
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FIGURE 5.3. A facet f; projected to the orthogonal complement plane.

induction, the computation of the ith term takes O(n?) time. Notice that the base case
of our induction requires computing the probability Pr [pi = AMRU{q}) A ¢¥? ¢

V@21 (where =2 indicates a projection to R?). Computing this probability is
essentially a two-dimensional membership probability problem on ¢ and P, but is
conditioned on the existence of p; and the non-existence of all sites below p; along
dth axis. Our two dimensional algorithm can be easily adapted to solve this variation
in O(nlogn) time as well.

Similar to the planar case, we can improve the computation time for the ith term
to O(n? ') by considering the facets f(FP,) in radial order. In essence, the main idea
is to fix (d — 2) sites of a given P, and then change its (d — 1)th site in radial order
around the fixed sites in order to obtain different P,’s, such that the probability for
the next P, is easily computed using the probability for the previous P,. In particular,
let Lg C P\ {p;} be a subset of (d — 2) sites. Let f; denote the (d — 1)-dimensional
simplex f(Lg U {p;}) where p; € Lg and p; # p;. (Note that Lg U p; is a possible P,
and f; = f(P,).) We can compute the probability that f; is a facet of C for all facets
f; in constant amortized time as follows. We project all sites to the two-dimensional
plane passing through ¢ and orthogonal to the (d — 2)-dimensional hyperplane defined
by Ls U {q}. (Such a plane is known as an orthogonal complement.) The hyperplane
defined by Lg U {q} projects onto ¢ on this plane. Moreover, each facet f; projects to

a line segment extending from g. When we need to compute the probability that f; is
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a facet of C, the set G; includes the sites on the other side of the line supporting f;’s
projection with respect to p;. (See Fig. 5.3.) We compute probabilities for the facets
f; based on their radial order around g. The probability for the next facet in the
sweep can be computed by modifying the probability of the previous facet in constant
amortized time as we have done for the planar case, as we can efficiently track how
G changes. It follows that the probability for all facets f; (based on a single Lg) can
be computed in O(n) time. By iterating through all possible Lg, we can compute the
probability for all facets f(P,) in O(n?!) time. As a final note, we point out that
the total cost of all sorting required for the radial sweeps is O(n?~!logn) which is

less than the overall cost of O(n9).

Theorem 5.3.2. Let P be a set of n uncertain points in the unipoint model in R?,
and let q be a point in R, If the input sites and q are in general position, then the
probability of q being in the convex hull of P can be computed in O(n?) time using

linear space.
5.3.2. The multipoint model

As in the planar case, the d-dimensional algorithm easily extends to the multi-
point model. As before, we compute 1(q) by computing the probability Pr[q € V'].

Following the earlier strategy, we decompose it as

Pr[q e v} - Pr[q: A(R)}

+Y 1 Y Pr[pg':A(R) AgeV
1<i<m \1</<|P|
It is trivial to compute the first term in O(n) time. We now show how to compute
each term inside the summations in O(n?~1) time. This implies a total time of O(n?).
Clearly, Lemma 5.3.1 extends to the multipoint model, so we can use pg -escaping

facets to decompose our probability. Given a subset of sites P, C P \{p{ } of size
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(d — 1), define f(P,) to be the (d — 1)-dimensional simplex whose vertices are the

points in P, and ¢. Then,
Pr[pl = MRU{q}) A g€V | =Pr[p] =ARU{g}) A ¢ € V']

+ Z Pr[pg =AMRU{q¢}) N f(P,) is a facet of C] .

P.cP\{p!}
|Pa|=(d—1)

f(Pa) is pl-escaping for g

The first term is computed recursively. We compute each term of the summation
as follows. Let I, be the set of uncertain point indices of the sites in P,, i.e.,
I, =A{u | Jv.p’ € P,}. As before, let G; C P be the subset of sites which are on
the other side of the hyperplane supporting f(P,) with respect to pf Let Gy C P
be the subset of sites that are below p{ along the xg4-axis. As done for the unipoint
model, we write the desired probability as the probability that all points in P, and
p{ exist in R, and all points in G; U G5 are absent from R. This probability is clearly

zero, if any of the following conditions hold:
e P,NGy #0.
) p{ has a higher x4-coordinate than q.
e P, contains any two sites from the same uncertain point Pj.
e P, contains any site from P;.

Otherwise, we can write the probability as follows:

Pr[pl eR A P, CR A RN(G1UGy) =0]
=Pr[p/ €R] x Pr[P, CR|p! €R] x
Pr[RN(GiUG,) =0|p] €R A P, CR]
—Pr[p €R] x Pr| P CR| x

Pr[RN(G1UG,)=0]|p €R A P, CR]
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—Pr[p €R] x Pr| P, CR| x

H (Pr[PuﬁRﬂ(GlUGg) =(ZJ]>

1<u<m
uly
_ i v ) u
=7 X H Tu X H 1= T
u,v | pY € Py 1<u<m v|pye(G1UG2)
uély

The expression takes linear time to compute and thus the summation term can
be computed in O(n?) time. Then, by induction, the computation of the term for the
site p! takes O(n?) time. As before, we can improve this computation time to O(n%?)
by considering the facets f(P,) in radial order. This implies a total complexity of

O(n?) for the algorithm.

Theorem 5.3.3. Let P be a set of n uncertain points in the multipoint model in R?
and a point ¢ € RY for d > 3, such that q and the sites of P are in general position.

The probability of q being in the convex hull of P can be computed in O(n?) time.
5.4. Membership Queries

In this section, we describe two algorithms — one deterministic and one Monte Carlo —
for preprocessing a set of uncertain points for efficient membership-probability queries.
We begin with the deterministic algorithm, which is based on a structure called the

probability map.
5.4.1. Probability map

The probability map M(P) is the subdivision of R? into maximal connected regions
so that the membership probability is the same for all query points in a region. The

following lemma gives a tight bound on the size of M(P).
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FIGURE 5.4. The probability map for a set of uncertain points arranged as vertices of a regular
polygon.

Lemma 5.4.1. The worst-case complexity of the probability map of a set of uncertain
points in R is @(ndQ), under both the unipoint and the multipoint model, where n is

the total number of sites in the input.

Proof. We prove the result for the unipoint model, as the extension to the multipoint
model is straightforward. For the upper bound, consider the set H of O(n?) hyper-
planes formed by all d-tuples of points in P. In the arrangement A(H) formed by
these planes, each (open) cell has the same value of p(g). This arrangement, which is
a refinement of M(%P), has size O((n?)?) = O(n?’), establishing the upper bound.
For the lower bound, consider the problem in two dimensions; extension to higher
dimensions is straightforward. We choose the sites to be the vertices py,...,p, of a
regular n-gon, where each site exists with probability w, 0 < w < 1. See Fig. 5.4.
Consider the arrangement A formed by the line segments p;p;, 1 <i < j <n, and
treat each face as relatively open. If u(f) denotes the membership probability for a
face f of A, then for any two faces f; and f; of A, where f; bounds f, (i.e., fi C 0f2),
we have p(f1) > p(fa), and p(f1) > p(fe) if w < 1. Thus, the size of the arrangement
A is also a lower bound on the complexity of M(P). This proves that the worst-case

complexity of M(?P) in R? is ©(n®"). O

We now describe an algorithm for computing the probability map M(P). For

simplicity, we describe the algorithm for the unipoint model, and then briefly explain
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how to extend it to the multipoint model. Let H be the set of O(n?) lines passing
through a pair of sites in P, and let A(H) be the arrangement of H. A(H) contains
O(n*) cells, edges and vertices. By Lemma 5.4.1, A(H) is a refinement of M(P). We
first construct A(H) in O(n*) time, using an algorithm by Edelsbrunner et al. [57].
Since the membership probability of all points on an edge or cell is the same, let u(f)
denote this quantity for a vertex, edge, or cell f of A(H).

Next, we compute the membership probability of one of the cells in the arrange-
ment, say C, in O(nlogn) time (cf. Theorem 5.2.1). We compute the membership
probabilities of the vertices, edges and cells neighboring C', in O(1) time per each, by
modifying p(C).2 We then apply the same process for all cells neighboring C. By
repeatedly expanding into the neighboring cells, we can compute the probabilities for
all of the arrangement in O(n?) time.

We now show how to compute (C”) by using the already computed p(C'), where
(" is one of the neighboring cells of C'. We later explain how this algorithm can be
adapted to compute the probability of neighboring edges and vertices.

Without loss of generality, assume that C' and C” are separated by a vertical line ¢
passing through the sites p; and p; and C'is to the left of C’. Notice that the common
edge of C' and ', contained in ¢, does not contain p; or p;. Now imagine that a point ¢
moves through this boundary, crossing from C' to C’. It is easy to see that the change
in the membership probability of ¢ is due to the changes in witness edge probabilities of
the segments ¢p; and gp;, as other sites are irrelevant. Let G;(C') denote the set of sites
lying to the right of the line gp; for some ¢ € C'. By construction, G;(C) is the same
for all ¢ € C. Similarly we define G;(C"), m;(C) = Pr[qpi is a witness edge | ¢ € C’}

and m;(C") = Pr|gp; is a witness edge | g € C']. We describe the change in the

2For ease of presentation, we assume that the arrangement is non-degenerate. It is straightfor-
ward to apply our technique on degenerate arrangements by using standard techniques (such as
perturbation) to create a non-degenerate arrangement. We note that, even if we perturb the points
to create a non-degenerate arrangement, we still use the old coordinates of the points and utilize
the degeneracy handling rules of Section 5.2.3 while computing probabilities.
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FIGURE 5.5. The cases to consider for computing the probability of C’ from C.

witness edge probability of gp;. The probability of ¢gp; changes analogously. The
change in the probability of ¢p; happens differently for two cases (See Fig. 5.5):
(a) p; is above p;: In this case G;(C") = G;(C) \ {p;}, therefore m;(C") =
mi(C) /-
(b) p; is below p;: In this case G;(C’) = G;(C)U{p;} and p; ¢ G;(C), therefore
mi(C') = m(C) - 7.
The changes clearly require constant time operations, and thus the membership
probability of C’ can be computed in O(1) time.

We now describe how to compute p(e) by using the already computed p(C),
where e is one of the bounding edges of C. Notice that any query point ¢ on an edge
e is degenerate with respect to the uncertain points. Therefore, we have to make
use of the degeneracy handling rules from Section 5.2.3. Without loss of generality,
assume that e is on a vertical line passing through the sites p; and p; and C' is to the
left of e. Notice that e is only a segment of the vertical line and does not contain
p; or p;. Now imagine that a point ¢ moves from C' onto e. Again, the change in
the membership probability of ¢ is due to the changes in witness edge probabilities
of the segments ¢p; and gp;. Similarly to G;(C) and m;(C), we define G;(e), and
mi(e) = Pr[gp; is a witness edge | ¢ € e]. We describe the change in the witness
edge probability of gp;, the change for gp; is analogous. We consider six different

cases based on the vertical order of the points ¢,p; and p; (See Fig. 5.6):
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FIGURE 5.6. The cases to consider for computing the probability of e from C.

Order ¢, p;, p;: In this case G;(e) = G;(C), therefore m;(e) = m;(C).
G;(C), therefore m;(e) = m;(C).
) =mi(C).

Order p;,q, p;: In this case G;(e) = G;(C), therefore (e

Order ¢, p;,p;: In this case G;(e)

i (C
Order pj, ¢, p;: In this case G;(e) = G;(C)U{p,} and p; ¢ G;(C), therefore
mi(e) = mi(C) - ;.
(e) Order p;,pj,q: In this case G;(e) = G;(C)\{p,}, therefore m;(e) = m;(C)/7;.
(f) Order pj;,p;, q: In this case G;(e) = G;(C)U{p,} and p; ¢ G;(C), therefore
mi(e) = m(C) - 7.

For all cases, the change to the witness edge probability is easily computed in O(1)
time.

Finally, we explain how to compute the probability of the vertices. Let v be a
vertex of A(H), which is the common endpoint of two edges e; and ey of a cell C.

Then p(v) is computed by applying the same probability changes that is applied for

e; and ey. In other words,

The only exception to this is when v coincides a site p;. In that case, we compute the
membership probability of v from scratch in O(nlogn) time. Since the number of
such vertices is linear, it does not increase our overall cost of O(n*).

The extension of our technique to the multipoint model is straightforward. The
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only major difference is that we need to remember (similar to what is done in
Section 5.2.2) the intermediate factors when computing cell probabilities, as updating
the witness edge probabilities requires updating these factors first. The total cost of
a single update remains O(1) because it requires updating one intermediate factor of

two witness edge probabilities.

Theorem 5.4.2. Given a set P of uncertain points in the plane with n sites in total,

the probability map M(P) can be computed in O(n*) time.

Once M(P) is computed, it can be preprocessed in O(n?) time into a data structure
of size O(n*) so that the vertex, edge, or face of M(P) containing a query point can

be found in O(logn) time. We thus conclude the following.

Theorem 5.4.3. Let P be a set of uncertain points in R?, with a total of n sites. P
can be preprocessed in O(n') time into a data structure of size O(n?) so that for any

point ¢ € R, u(q) can be computed in O(logn) time.

Remark. For d > 3, due to our general position assumption, we can compute the
membership probability only for d-faces of M(P), and not for the lower-dimensional
faces. In that case, by utilizing a point-location technique in [38], one can build
a structure that can report the membership probability of a query point (inside a

d-face) in O(logn) time, with a preprocessing cost of O(n®*4).
5.4.2. A Monte-Carlo algorithm

The size of the probability map may be prohibitive even for d = 2, so we describe a
simple, space-efficient Monte Carlo approach for quickly approximating the member-
ship probability, within absolute error. Fix a parameter s > 1, to be specified later.
The preprocessing consists of s rounds, where the algorithm creates an outcome A; of
P in each round j. Each A, is preprocessed into a data structure so that for a query

point ¢ € R% we can determine whether ¢ € CH(A4;).
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For d < 3, we can build each CH(A;) explicitly and use linear-size point-location
structures with O(logn) query time. For d = 2, we also apply fractional cascading
to CH(A;), for 1 < j < s, so that for a point ¢ € R?, all values of j < s for which
q € CH(A;) can be reported in a total of O(logn + s) time. This leads to total
preprocessing time O(snlogn) and space O(sn). For d > 4, we use the data structure
in [97] for determining whether ¢ € CH(A;), for all 1 < j < s. For a parameter
t such that n < t < nl¥2 and for any constant ¢ > 0, using O(st'7) space and
preprocessing, it can compute in O(;7 {73y log?™ n) time whether ¢ € CH(A;) for
every j.

Given a query point ¢ € R?, we check whether ¢ € CH(A,;), for every j < s. If g
lies in k of them, we return fi(q) = k/s as our estimate of p(g). Thus, the query time
is O(q7tarer log?™ n) for d > 4, O(slogn) for d = 3, and O(logn + s) for d = 2.

It remains to determine the value of s so that |u(q) — i(q) | < e for all queries ¢,
with probability at least 1 — J. For a fixed ¢ and outcome A;, let X; be the random
indicator variable, which is 1 if ¢ € CH(A;) and 0 otherwise. Since E[X;] = p(g) and
X; € {0, 1}, using a Chernoff-Hoeffding bound [99] on

j(q) = k/s = (1/s) ZX

we observe that

Pr(|fi(q) — pu(q) | > €] < 2exp(—2¢%s) < ¢

By Lemma 5.4.1, we need to consider O(n®") distinct queries. If we set 1/6' = O(n?’ /)

and s = O((1/€%)log(n/d)), we obtain the following theorem.

Theorem 5.4.4. Let P be a set of uncertain points in R under the multipoint model
with a total of n sites, and let £,0 € (0,1) be parameters. P can be preprocessed into
a data structure so that with probability at least 1 — &, for any query point ¢ € R?, a
non-negative value 11(q) satisfying |p(q) — f(q) | < e can be returned.
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o For d = 2, the query time, the size, and the preprocessing time of the data

n

structure are O(%log %), O(%&log %), and O(% loglog % logn), respectively.

e Ford = 3, the query time, the size, and the preprocessing time of the data struc-

ture are O(Z log(%)logn), O(&log%), and O(% loglog % logn), respectively.

e Ford >4 and a parameter t such that n <t < nl#2! the query time, the size,
and the preprocessing time of the data structure are O(m log % Jog?t! n),

O((t'*7/e*)log %), and O((t'*7 /*)log &), respectively, for any constant o > 0.
5.5. Tukey Depth and Convex Hull

The membership probability is neither a convex nor a continuous function, as suggested
by the example in the proof of Lemma 5.4.1. In this section, we establish a helpful
structural property of membership-probability function, intuitively showing that the
probability stabilizes once we go deep enough into the “region”. Specifically, we show
a connection between the Tukey depth of a point ¢ with its membership probability;
in two dimensions, this also results in an efficient data structure for approximating

1(q) quickly within a small absolute error.

Estimating (q). Let @ be a set of weighted points in R?. For a subset A C @Q,
let w(A) be the total weight of points in A. Then the Tukey depth of a point ¢ € R?
with respect to @, denoted by 7(q, @), is minw(Q N H) where the minimum is taken
over all halfspaces H that contain ¢.® If Q) is obvious from the context, we use 7(q)
to denote 7(¢, Q). Before bounding p(q) in terms of 7(q, @), we prove the following

lemma.

Lemma 5.5.1. Let Q be a finite set of points in R?. For any p € R?, there is a set

8§ ={S1,...,57} of d-simplices formed by Q such that (i) each S; contains p in its

3If the points in @ are unweighted, then (g, Q) is simply the minimum number of points that
lie in a closed halfspace that contains gq.
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interior; (i) no pair of them shares a vertez; and (i) T > [7(p, Q)/d].

Proof. 1If 7(p, Q) > 0, then p € cH(Q), and by Carathéodory Theorem [56], there is a
d-simplex S with its d 4+ 1 vertices in () such that p € S. Remove the vertices of .S
from @, and repeat the argument. Let Sy, ..., S7 be the resulting simplices. Observe
that at most d vertices of S can be in an halfspace passing through p, which implies
that the Tukey depth of p drops by at most d after each iteration of this algorithm.
Hence T' > [7(p, Q)/d]. O

We now use Lemma 5.5.1 to bound p(p) in terms of 7(p, P), but we first need
a definition. Let X be a set of n points in R?. A subset N C X is called an e-net,
for ¢ € [0, 1], if for every halfspace h with |h N X| > en, N Nh # (. Haussler and
Welzl [72] proved that a random subset of X of size ¢ In % is an e-net with probability
at least 1 — d; here c is a constant.? Their argument can be adapted to prove that if
each point of X is chosen with probability p(s) > % In %, then the resulting subset

is an e-net with probability at least 1 — 4.

Theorem 5.5.2. Let P be a set of n uncertain points in the uniform unipoint model,
that is, each point is chosen with the same probability v > 0. Let P be the set of sites

in P. There is a constant ¢ > 0 such that for any point p € R% with 7(p, P) > t, we

have (1 —~)" <1 — pu(p) < dexp(—%).

Proof. For the first inequality, fix a closed halfspace H that contains ¢ points of P.
If none of these ¢ points is chosen then p does not appear in the convex hull of the
outcome, so 1 — u(p) > (1 —~)".

Next, let p be a point with 7(p, P) > ¢, § the set of T" simplices of Lemma 5.5.1,

and V its set of vertices, where T' > [t/d]. The uniform model chooses each point of V/

4Haussler and Welzl [72] defined e-net for general range spaces and proved the bound on the size
of e-nets for range spaces with finite VC-dimension but we need their result for this special case.
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cd(d+1)
[V]

with probability 7. Let R C V be the set of chosen points. If v = In %, then R is

a (ﬁ)—net with probability at least 1 —4. Since any halfspace H containing p contains
vl

or1- Therefore with probability at

at least one vertex of each simplex in 8, |H NR| >

least 1 — 9, every halfspace containing p contains at least one point of R, implying that

cd(d+1)
4

p € CH(R). Consequently, u(p) > 1— 9. Since v = Iné¢=2%9nd< %lng, we

have § < dexp(—%), as desired. ]

Data structure. Let P be a set of uncertain points in the uniform unipoint model
in R?, i.e., each point appears with probability 7. Let P denote the set of all sites
of P. We now describe a data structure to estimate j(q) for a query point ¢ € R?,
within additive error 1/n®, for some constant ¢y. We fix a parameter ¢, = slnn for
some constant ¢ > 0. Let T = {z € R? | (2, P) > to} be the set of all points whose
Tukey depth in P is at least to. If g < n/3, T # () and T is a convex polygon with
O(n) vertices [95]. We assume that v > 2 Inn, so that T # 0.

By Theorem 5.5.2, u(q) > 1 — 1/n¢ for all points ¢ € T, where ¢ is a constant
dependent on c. For a point ¢ € R?, let ji(q) = Pr[q € cH(TU R)}, where R, as
earlier, is the random subset of P obtained by choosing each point of P with probability
7. Note that fi(q) > pu(q). We describe a data structure for computing fi(q) and
argue that fi(q) — p(q) < 1/n°.

We construct T and preprocess P for halfspace range reporting queries [41]. T
can be computed in time O(nlog®n) [95], and constructing the half-plane range
reporting data structure takes O(nlogn) time [41]. So the total preprocessing time
is O(n log® n), and the size of the data structure is linear.

A query is answered as follows. Given a query point ¢ € R?, we first test in
O(logn) time whether ¢ € T. If the answer is yes, we simply return 1 as p(q). If not,
we compute in O(logn) time the two tangents 1, ¢y of T from ¢. For i = 1,2, let

& =40;N7T, and let hy, be the closed half-plane bounded by ¢; that does not contain
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FIGURE 5.7. Illustration for the halfplanes hy, and hy,.

T. Without loss of generality, assume that T lies to the left (resp. right) of the vector
q—g (resp. q—f_;) (See Fig. 5.7.) Set P, = PN (hy, U hy,) and n, = |P,|.

By querying the half-plane range reporting data structure with each of these two
tangent lines, we compute the set P, in time O(logn +ng). Let P) = Py N (hy, \ hy,).
Note that for a point p € P\ Pg, @ cannot be a witness edge of ¢ ¢ cH(RUT).

Adapting Eq. (5.2) in Section 5.2, we can write

1—jg) = Y #ilq). (5.3)

where 7;(q) = Pr[qpi is a witness edge}.

Note that for any p; € P(?, the points lying to the right of the line av; belong
to P,. Therefore 7;(¢) can be computed by just considering the points of P,. By
sorting P, around ¢ and then performing an angular sweep, as in Section 5.2, 7;(q),
for all p; € P,, can be computed in a total of O(n,logn,) time. Hence, fi(¢) can be
computed in O(n,logn,) time.

The correctness of the algorithm follows from the following lemma.

Lemma 5.5.3. For any point ¢ € T, |ji(q) — pu(q)| < 1/n°"t, where c is the hiding

constant of proportionality in the value of t.
Proof. We first note that m;(q) = 7;(q) for all p; € P). Therefore Eq. (5.2) and
Eq. (5.3) imply
ilg) — plg) = Y milg)= Y (1 -
pi¢ PY

pi¢ PY
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where G; C P, as defined in Section 5.2, is the set of points lying to the right of m
For p; ¢ Pg, the halfplane lying to the right of the line qp, intersects T, therefore,
by definition of T, |G;| > ty. Hence,

. c .
ilg) — pla) < 341 —7)" < - exp(—te) < n- em(—v; nn) =1/n"".
Pi

The efficiency of the algorithm follows from the following lemma.
Lemma 5.5.4. For any point ¢ € T, n, < 4ty = O(y *logn).

Proof. Fix any edge e = (u,v) of T. Let /. be the bounding line of e, and h, be
the open half-plane bounded by /. that does not contain J. By definition of T,
[P N hy | <to.

Next we show that |P N hy,| < 2t5. Let e; = (&, u) and €] = (&1, ') be the two

edges adjacent to the vertex & of J. Then |P N hZﬁl| <ty—1land |[PNh, | <ty—1.
€1

Noticing that PN hy,y € PN (h[e1 Uh,, U{&}), we have
‘1

[P NVhe, | < \P0(Ry, uh;e,1 u{gl})’ < ’th;el‘+’th;€,l + 1 < 2.

Similarly, |P N he,| < 2t. The lemma now follows from that n, = |P N (hy U hy,)| <
|Pﬂhg1‘ + |Pﬂh52‘ < 4ty.
[

By Lemma 5.5.4, n, = O(y 'logn), so the query takes O(y!log(n)loglogn)

time. We thus obtain the following.

Theorem 5.5.5. Let P be a set of n uncertain points in R? in the unipoint model,
where each point appears with probability v. Given a constant ¢ > 0, P can be

preprocessed in O(n log® n) time into a linear-size data structure so that, for any
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point ¢ € R?, a value i(q) satisfying |ji(q) — u(q)| < 1/n° can be computed in
O(y~tlog(n)loglogn) time, provided that y > Cll% where ¢ is a constant depending

on c.
5.6. B-Hull

In this section, we consider the multipoint model, i.e., P = {(P;,T1),...,(Pn, )}
A convex set C C R? is called 3-dense with respect to P if it contains S-fraction of
each (P, T), i.e., Zpg'ec 75 > B for all i < m. The B-hull of P, denoted by CHg(P),
is the intersection of all convex [-dense sets with respect to P. See Fig. 5.8(a) for an
example. Note that for m = 1, cHg(P) is the set of points whose Tukey depth is at
least 1 — 5. We first prove an O(n) upper bound on the complexity of CHg(P) and

then describe an algorithm for computing it.

Theorem 5.6.1. Let P = {(P,Iy),...,(Pn, ')} be a set of m uncertain points in
R? under the multipoint model with P = \J;", P; and |P| = n. For any 8 € [0,1],

CHp(P) has O(n) vertices.

Proof. We call a convex S-dense set C' minimal if there is no convex (-dense set C’
such that C" C C. A convex f-dense set C' is minimal if C'= cH(P N C'). Therefore
C' is a convex polygon whose vertices are a subset of P. Obviously CHg(P) is the
intersection of minimal convex [-dense sets. Therefore each edge of CHg(P) lies on a
line passing through a pair of points of P. Let L be the set of lines supporting the
edges of CHg(P). We prove that |L| < 2n.

Fix a point p € P. We claim that L contains at most two lines that pass through
p. Indeed if p € int(CHg(P)), then no line of L passes through p; if p € d(cug(P)),
then at most two lines of L pass through p; and if p ¢ CHg(P), then the only lines of
L that can pass through p are the two tangents of CHg(?P) from p. Hence at most

two lines of L pass through p, as claimed. O
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Algorithm. We describe the algorithm for computing the upper boundary U of
CHp(P). The lower boundary of CHg(P) can be computed analogously. We call a line
¢ passing through a point p € P, S-tangent of P; at p if the open half-plane lying
above { contains less than S-fraction of points of P; but the closed half-plane lying
below ¢ contains at least S-fraction of points.

It will be easier to work in the dual plane. The dual of a point p = (a, b) is the
line p* : y = ax — b, and the dual of a line ¢ : y = mz + ¢ is the point £* = (m, —c).
The point p lies above/below/on the line ¢ if and only if the dual point ¢* lies
above/below/on the dual line p*. Set P; = {p/* | p/ € P} and P* =J, P’. For a
point ¢ € R? and for i < m, let k(q,1) = > %j , where the summation is taken over all
points p{ € P; such that ¢ lies below the dual line pf *. We define the S-level A; of P?
to be the upper boundary of the region {q € R? | k(q,7) > }. A; is an z-monotone
polygonal chain composed of the edges of the arrangement A(FP;); the dual line of a
point on A; is a S-tangent line of P;. Let A be the lower envelope of Ay,..., A,,. See
Fig. 5.8(b).

Let ¢ be the line supporting an edge of U. It can be proved that the dual point
¢* is a vertex of A: first, £ is a supporting line for some minimal convex [§-dense
set, hence /¢ is a f-tangent line for some P; and contains at least S-fraction of each
(P, T), that is, ¢* € A; second, as in the proof of Theorem 5.6.1, ¢ passes through a
pair of points of P, hence ¢* is an intersection vertex of two lines of P*. Next, let ¢
be a vertex of U, then ¢ cannot lie above any [-tangent line of any P; (since for any
[-tangent line £, there exists a convex [-dense set with £, bounding its upper part,
and U has to lie no above ¢,), which implies that the dual line ¢* passes through a
pair of vertices of A and does not lie below any vertex of A. Hence, each vertex of U
corresponds to an edge of the upper boundary of the convex hull of A. See Fig. 5.8(c).

This observation suggests that U*, the dual of U, can be computed by adapting an
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(a) (b) (c)

FIGURE 5.8. (a) An example of S-hull. P has 4 uncertain points (marked with different shapes);
each uncertain point has 4 possible locations with probability 0.25 each. Here 8 = 0.75. (b) The
B-levels A; (blue solid) of P, and their lower envelope A (red dashed). (¢) The upper boundary
(blue solid) of the convex hull of A (red dashed).

algorithm for computing the convex hull of a level in an arrangement of lines [16,95].
We begin by describing a simple procedure, which will be used as a subroutine in the

overall algorithm.

Lemma 5.6.2. Given a line ¢, the intersection points of £ and A can be computed in

O(nlogn) time.

Proof. We sort the intersections of the lines of P* with ¢ in O(nlogn) time. Let
(q1,---,qu), u<mn, be the sequence of these intersection points. For every i < m,
k(q1,1) can be computed in a total of O(n) time. Given {k(g;_1,7) |1 <i < m},
{k(g;,7) | 1 <i < m} can be computed in O(1) time because if ¢; lies on a line of P},
then only x(g;, ) is different from x(g;_1,7). A point ¢; € A if ¢; € A; for some ¢ and

lies below A for all other ¢'. This completes the proof of the lemma. n

The following two procedures can be developed by plugging Lemma 5.6.2 into the

parametric-search technique [16,95].

(A) Given a point ¢, determine whether ¢ lies below U* or return the tangent
lines of U* from q.

(B) Given a line ¢, compute the edges of U* that intersect ¢.
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FIGURE 5.9. A (1/r)-cutting Z with respect to the upper boundary of the convex hull of A.

Using Lemma 5.6.2 and the parametric search technique described in [16, Section
2], (A) can be performed in O(nlog®n) time. Using (A) as a procedure and the
parametric search technique described in [16, Section 2], (B) can be done in O(nlog*n)
time.> Given (B), we can now compute U* as follows.

With the procedure (B) at hand, we are now ready to describe the algorithm. It
is a recursive algorithm: each subproblem is defined with respect to a triangle A, and
has as input a subset L of lines of P* and a vector B3a, where OA is intersected by
two disjoint edges eq, es of U* each of which has one vertex inside A, and La, Ba are
defined recursively as follows.

Let vy (resp. vy) be the vertex of ey (resp. ey) that lies inside A, respectively. Let
L denote the set of lines from the previous recursive call. La is the set of lines £ in

L that cross A such that: ©

(i) ¢ crosses the segment vyvy, or
(ii) £ lies above the segment v1v, and the slope of ¢ is between the slopes of e;

and es.
The vector Ba = (B2, ..., 32) indicates for 32 that A; is the 2-level of P¥ N Ly,
and it can be obtained as follows. Let Bar = (B2, ..., 82"} denote the vector from

the previous recursive call, and x£(A) = 347 where the summation is taken over

°In [16, Section 2], the running time for (B) was stated as O(n polylog(n)) since the authors did
not aim for the most efficient implementation.

6 Tt can happen that A is intersected by two disjoint edges e; and e of U* each of which has
one vertex inside A, and another two disjoint edges e3 and e4 of U* each of which has one vertex
inside A. One can define La in this case similarly, and it does not affect our analysis.
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all points p/ € P; such that p/* € La and A lies below p/*. For i < m, we set
B =B — K(A).
Next, we present the overall algorithm. In the initial call, we have as input

L= P*and 8= (B,...,8). Fix a parameter r > 1.” We compute a (1/r)-cutting

(1]

={Ay,...,A,} of L, where u = O(r?). For each A € =, we do the following. By
executing (B) with L and 3, we compute the edges of U* that intersect 0A. We can
then deduce whether A contains more than one vertex of U*. If OA is intersected by
two disjoint edges e; and ey of U* each of which has one vertex inside A, then the
answer is yes, and we solve the problem recursively in A with La and B as input,
where L and Ba are defined previously. See Fig. 5.9.

Let na = |Lal, for each A € Z. Since U* is convex, each line ¢ crosses U* at
most twice for case (i), and each line ¢ satisfies case (ii) only once. Furthermore, if
case (ii) holds for a triangle A, then case (i) does not hold for any triangle. Hence,
Y ae=na < 2n, where n = [L|.

Let T(na, pia) denote an upper bound on the running time of the recursive call
within A, where na = |Lal, and pa is the number of vertices of U* lying inside A.
The overall running time will be T'(n, i), where p = O(n) is the complexity of U*. In
the initial call, we assume p > 1, otherwise it is trivial. The following recurrence can
be derived.

Sacz T(na, pa) +O(nlog*n) if p>1,

T =
(. 1) {O(n log* n) if p <1.

where na <n/r, Y aczna < 2nand Yoz pa < o= O(n). The above recurrence

solves to T'(n, ) = O(nlog®n). We conclude the following.

Theorem 5.6.3. Given a set P of uncertain points in R? under the multipoint model

with a total of n sites, and a parameter 3 € [0, 1], the 5-hull of P can be computed in

"A (1/7)-cutting of L is a triangulation = of R? such that each triangle of = crosses at most n/r
lines of L, where n = |L|.
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O(nlog®n) time.

Remarks. (1) The procedure (B) can be performed in O(nlog®n) expected time by
using randomized search (see e.g. [14]) instead of parametric search. Consequently,
the B-hull of P can be computed in O(nlog* n) expected time.

(2) Let k = maxj<;<, |P;]. Note that the B-level A; has O(k?) complexity, and the
lower envelope A of Ay, ..., A, has O(mk?) = O(nk) complexity. Thus, the upper
hull of A, hence U* and the -hull of P, can be computed in O(nklogn) time. This
approach is more straightforward than using parametric search, and improves the

running time for computing S-hull of P in Theorem 5.6.3 if k£ = O(log* n).
5.7. Conclusion

In this chapter we studied the convex-hull problem in a probabilistic setting. We
presented efficient algorithms for computing the probability of a point lying inside
the convex hull of a set of uncertain points, and we also presented data structures for

answering membership-probability queries. There are a few natural open problems:

(i) Extend our membership-probability algorithm in high dimensions to handle
degeneracies in the input.

(ii) The size of the probability map is quite high. Is there a small-size approximate
probability map? More precisely, given a parameter € > 0, can we compute a
small-size subdivision of R? and associate a number fi; with each cell of the
subdivision so that for all points ¢ € f, |1(q) — fif| <e. What is the size of
such a subdivision and how quickly can it be computed?

(iii) Can the data structure described in Section 5.5 be extended to higher dimen-

sions?
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6

Probabilistic Contour Tree

6.1. Introduction

In this chapter, we study contour trees of terrains in a probabilistic setting. Terrain
is generally defined as the vertical and horizontal dimension of land surface, the
understanding of which is important in many areas, including but not limited to,
geographic information systems, agriculture, hydrology, and aviation. One commonly-
studied type of terrain is represented as the graph of a piecewise-linear triangulated
surface in R3, known as triangulated irreqular network (TIN). This is also the type of
our interest in this chapter. Due to the inherent measurement errors, it is reasonable
to assume that the height of each vertex of the underlying triangulation defining a
terrain is described probabilistically.

Contour tree is a fundamental structure for topological analysis and data visual-
izations on large volume data sets, such as terrains and images. Efficient algorithms
have been devised for computing contour trees of terrains in memory [33,117,119],
I/O-efficiently [5], and for maintaining contour trees of dynamic terrains [4], where

terrains are represented as TIN. When the height of each terrain vertex is repre-
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sented probabilistically, a natural question raises: what is the contour tree of such
a terrain? As there can be exponential number of contour tree instances, can we
compute/estimate some statistics among these contour tree instances? For example,
what is the probability of two points p, ¢ lying on an edge of the contour tree? What
is the expected distance of two points p, ¢ on the contour tree, where the distance of
P, q on a contour tree is defined to be the difference between the maximum height and
the minimum height on the unique path from p to ¢ on the contour tree, as defined
in [24]? We look into some of the computational challenges related to contour trees

of terrains imposed by the uncertainty on the vertex heights.

Terrains. We consider a terrain in R? induced by a triangulation M = (V, E, F) in
R?, where V, E, F' denote the set of vertices, edges, faces (triangles), respectively. Let
n = |V|. Let h: R? = R be a piecewise-linear function defined on M by first defining
h(v) for each v € V, and then linearly interpolate each triangle f € F'. Alternately, h
is characterized by the vector (h(vy),...,h(v,)). The graph of h is a terrain, which we
denote by X. ¥ is a piecewise-linear triangulated surface in R? whose triangulation is
induced by M, i.e., if we project ¥ onto R?, we get exactly M. Abusing the notations
a little bit, we denote ¥ by ¥ = (V, E,| F') as well, and we use ¥ and h interchangably
whenever the context is clear. We assume that h(u) # h(v) for any two distinct

vertices u,v € V.

Critical points. For a vertex v € V of M, the set of neighbors of v, denoted by
N,, is the set of vertices u € V such that u shares the same triangle with v. A
higher (resp. lower) neighbor of v is a neighbor u € N, such that h(u) > h(v)
(resp. h(u) < h(v)). v is called a local minimum (resp. local maximum) of M
if v has no lower neighbor (resp. higher neighbor). v is called a saddle vertex if

there exist two higher neighbors and two lower neighbors which alternate around v.
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More precisely, there exist uy, us, ug, us € N, in the counterclockwise order around v
such that h(uy) > h(v), h(uz) < h(v), h(uz) > h(v) and h(us) < h(v), or such that
h(uy) < h(v), h(ug) > h(v), h(us) < h(v) and h(uys) > h(v). All the local minimums,

local maximums, and saddle vertices are called critical points.

Contours. Given any value ¢ € R, the (-level set of M, denoted as My, is defined
as My, = {x € R? | h(x) = (}. A connected component of M is called a contour. A
local minimum or maximum v has only one contour, which only consists of the single
point v. A saddle vertex v can have two or more contours, where v is the only point

shared by these two or more contours.

Height level maps. Introduced by de Berg et al. [26], a height level map My, for a
given terrain I, is defined to be the planar map consisting of all the contours of
all the critical points; see Fig. 6.1 for an example. Since for a given saddle vertex,
the complexity of all its contours can be linear, and there can be linear number of
saddle vertices, M, can have quadratic complexity in the worst case. See [26] for

more details.

FIGURE 6.1. (a) A terrain 3; (b) its height level map Mp; (c) its contour tree T,
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Contour trees. As we change the value of ¢ from —oo to +00, contours can appear
at local minimums, split/merge at saddle vertices, and disappear at local maximums.
Contour tree was defined to track the topological changes of contours, where each
node of a contour tree corresponds to a contour at a critical vertex, and an edge
(v, w) represents the contour that appears at v and disappears at w. For a terrain X,
we denote its contour tree by Tj. T, can be defined directly from My, by taking all
the critical points as nodes, and connecting two nodes v and v if and only if there is a
region in My, bounded by the contours of v and v. That is, an edge in Tj corresponds
to a region in M. T}, has only linear size while Mj, has quadratic size in the worst
size. See Fig. 6.1. Note that here we are defining T, based on My, as in [119]. One

can also define T, from the perspective of contour evolutions; see e.g. [4,33].

Uncertainty. Here we assume at each vertex v € V., h(v) has k possible values, each
with some probability being chosen. Formally, h(v) € {hl,... h*} and Pr[h(v) =
h!] = w!, where w! € [0,1] and Z?Zl w) =1, and we say that h(v) has a discrete
distribution of description complexity k. We assume that for any two distinct vertices
wand v of M, h!, # h, for any 1 <i,5 < k. We also consider the case where h(v)
is represented as a continuous distribution defined by a probability density function

(pdf) h(v) : R — Rsy. Examples of h(v) include uniform distributions, Gaussian

distributions, and histograms.

Our results. 'The main results of this chapter can be summarized as follows.

(A) We show (in Section 6.2) that if the height of each terrain vertex is described
by a discrete distribution of description complexity k, then after sorting the
height values for each vertex v in total O(nklogk) time, the probability that v
is a critical point can be computed in O(kt?) time, where ¢, is the number of

neighbors of v. Consequently, the expected number of nodes (resp. edges) of the
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counter tree can be computed in additional O(n) time.

(B) We show (in Section 6.3) that the probability of two points p, ¢ in R? lying on
an edge of the contour tree can be estimated within additive error with high
probability using a near-linear-size data structure. The results hold both for
discrete and continuous distributions to represent the height of each terrain

vertex.

(C) We define the distance of two points p, ¢ on a contour tree to be the difference
between the maximum height and the minimum height on the unique path
from p to ¢ on the contour tree, as in [24]. We show (in Section 6.4) that two
distance statistics, the expected distance of p, ¢ in R? and the probability that
the distance of p, g is at least £ on the contour tree, can be estimated within
additive error and/or relative error with high probability using a near-linear-size

data structure.

Related work. 'The contour-tree problem under uncertainty has received some atten-
tion recently, see e.g. [67,84,98]. Kraus [84] studied the visualization of uncertain
contour trees, where he showed how to determine (by using grayscale morphology)
and visually convey the uncertainty of the elements of a contour tree, and how to
combine multiple contour trees of different versions of a data set in one visualization.
Mihai and Westermann [98] studied the visualization of the stability of critical points
in uncertain scalar fields, where they derived measures for the likelihood of a critical
point occurring around a given location. Giinther et al. [67] studied mandatory critical
points of 2D uncertain scalar fields, where a mandatory critical point is represented
by a critical component as well a critical interval such that any realization has at
least one critical point of a given type present in the critical component and taking a

value in the critical interval. The mandatory critical points can be interpreted as the
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common topological denominator of all the realizations of the uncertain data.
Furthermore, there has been some work on terrain analysis in the presence of
data uncertainty. The shortest-path problems have been studied on terrains in a
probabilistic setting, termed as uncertain terrains, see e.g. [62,63,82]. Gray and
Evans [63] showed that finding the optimistic shortest path on uncertain terrains is
NP-hard, where for any vertex in the underlying triangulation defining an uncertain
terrain, its height is represented as an interval and can take any value in the given
interval, a path is characterized in R?, its length with respect to a terrain instance is
defined in R? by lifting it onto the terrain instance, and its length with respect to an
uncertain terrain is defined to be the minimum length of this path among all terrains
instances of the uncertain terrain. Later, Gary [62] extended the hardness result to
the pessimistic-shortest-path problem where the length of a path with respect to an
uncertain terrain is the maximum length of this path among all terrain instances
of the uncertain terrain. Furthermore, Kholondyrev and Evans [82] showed that
if we can walk only on the terrain edges, i.e., the (lifted) path is restricted on the
terrain edges, then finding the pessimistic shortest path on uncertain terrains remains
NP-hard and there exists a fully-polynomial time approximation scheme for it, while

the optimistic version is polynomial-time solvable.
6.2. Probability of a Vertex Being a Critical Point

In this section, we describe how to compute the probability that v is a critical point,
which we denote by ¢(v), and then show how to use ¢(v) to compute the expected
number of nodes (resp. edges) in the contour tree.

We assume that the height h(v) of each vertex v is described by a discrete
distribution of description complexity k. Let 3 denote the random terrain outcome
of the probabilistic experiment, in which exactly one height value h/ of v is chosen
— hJ is chosen randomly with probability w?, and let H denote the random height
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function of 3. Let ¥ denote one possible outcome in which v has height value h,

and v(3) = v(h) = Pr{H = h}, where h is the height function of 3. Then

V() =y(h) = [ wi.

veV

By definition, ¢(v) can be written as

o)=Y D)

v is critical in ¥

Note that there are O(k™) terrain instances Y, implying that the above expression
involves an exponential number of terms. Nevertheless, we show that ¢(v) can be
computed in polynomial time. For simplicity, we compute its complement probability,
1 — ¢(v), the probability that v is not a critical point. v is called a regular vertex
in such cases. It is easy to see that v is a regular vertex if and only if, in the
counterclockwise order around v, all the neighbors of v form a non-empty sequence
of higher neighbors followed by a non-empty sequence of lower neighbors, or vice
versa. There are only O(t?) such cases, where ¢, denotes the number of neighbors
of v, and the probability of each case occurring can be computed in amortized O(1)
time, given a fixed value of v and sorted height values of each vertex. Therefore it

takes O(kt?) time to compute 1 — ¢(v), hence ¢(v). We conclude the following.

Lemma 6.2.1. Given a terrain in R3, induced by a triangulation M = (V, E, F) in
R?, where n = |V| and the height h(v) of each vertex v is described by a discrete
distribution of description complexity k. After sorting the height values for each
verter v € V' in total O(nklogk) time, the probability that v is a critical point can be

computed in O(kt?) time, where t, is the number of neighbors of v.

Let Ty denote the random contour tree of the random height function H (or

the random outcome ). Next, we describe how to compute the expected number
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of nodes (resp. edges) in the contour tree Ty, which we denote by EN(Ty) (resp.
EE(Ty)), where the expectation is taken over all possible contour tree instances Tj.

Since the number of edges is always one less than the number of nodes in a tree,
we have that EE(Ty) = EN(Ty) — 1. Now we show how to evaluate EN(Ty). Note
that for an outcome X, a vertex v is a node in Ty if and only if v is a critical point in
Y. By linearity of expectation,

EN(T) = 3 6(0).

veV

Thus, we have the following corollary.

Corollary 6.2.2. Given a terrain in R?, induced by a triangulation M = (V, E, F)
in R?, where n = |V| and the height h(v) of each vertex v is described by a discrete
distribution of description complexity k. The expected number of nodes (resp. edges)
in its contour tree can be computed in O(n) time given the probabilities of all the

vertices in M being critical points.

Remarks. 1f the height h(v) of each vertex v is described by a continuous distribu-
tion, computing ¢(v) requires complex high-dimensional integration, which is often
expensive. Instead, one may sample each continuous distribution first to estimate

¢(v) within additive error in polynomial running time with high probability.
6.3. Probability of Two Points Lying on an Edge of the Contour Tree

In this section, we describe our algorithm for estimating the probability of any two
points p, ¢ € R? lying on an edge of the contour tree Ty, which we denote by 7(p, q),
within additive error € with probability at least 1 — 4, for any two given parameters
g,0 € (0,1). We start with the discrete case where the height h(v) of each vertex v is
described by a discrete distribution of description complexity k, then proceed with

the continuous case.
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Discrete case.  We have O(k™) possible instances of terrains X, each of which defines

a contour tree T, resulting in O(k™) contour trees. 7(p,q) can be written as

m(p,q) = > v(h).

p,q lies on an edge of Ty
Furthermore, we have the following lemma.

Lemma 6.3.1. There exists a terrain in the probabilistic setting with at most two

height values for each of its n vertices such that it has Q(2") distinct contour trees.

Proof. Assume n = 9m? for some positive integer m. Consider a grid G of size
VI X /n = 3m x 3m with n vertices. See Fig. 6.2. Note that G has m? pairwise-
disjoint grids of size 3x3. Let h~, h?, h* be three height values such that h~ < h® < h™.
For each such 3 x 3 grid, its center vertex has only one height value h°, and each of its
other eight vertices has two possible height values h~, h™, with probability 0.5 each.
Finally, we triangulate each grid of size 1 x 1 arbitrarily, resulting in a triangulated
grid M. It is no hard to see that each center vertex can be a critical or non-critical
vertex, and it is independent with other center vertices. Hence it has Q(2™") distinct
sets of critical vertices, resulting in Q(2m2) contour trees. Since m? = n/9, hence this

construction gives a lower bound of 2(2") on the number of contour trees. ]

FIGURE 6.2. Lower bound construction with n = 36 vertices placed on a 6 x 6 grid. It has 4
pairwise-disjoint grids of size 3 x 3.
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Lemma 6.3.1 suggests that it is unlikely to avoid summing over exponential number
of terms to compute 7(p, q) exactly. Therefore, we turn to approximate 7(p, ¢). To
this end, we rely on the height level maps My, defined in Section 6.1. We show
that although there can be k™ height level maps My, each of which has complexity
O(n?), the overlay of all k" such height level maps, which we denote by M n, only has

complexity O(n*k®).

Lemma 6.3.2. Given a terrain in R3, induced by a triangulation M = (V, E, F) in
R?, where n = |V| and the height h(v) of each vertex v is described by a discrete
distribution of description complexity k. |\7|h has complezity O(n3k®), and it can be

constructed in time proportionally to its size.

Proof. Note that in the exact case, each triangle is crossed at most once by all the
contours of a saddle vertex, i.e., each triangle contributes at most one edge to all
the contours of a saddle vertex in Mj,. There are n possible saddle vertices, each
taking k possible values, giving us nk possible saddle values. There are k* vertex
value combinations for the three vertices of a triangle, hence there are totally O(nk*)
edges inside each triangle. The arrangement of these O(nk?) edges has complexity
O(n*k®). Since we have n triangles, and edges are disjoint between any two triangles,
therefore the complexity of the resulting planar map, which we denote by M R, 1S
O(n3k®). Furthermore, it is no hard to see that |\7|h is finer than |\7|h, hence |\7|h has
complexity O(n?k®).

To construct I\A/Ih, we need to remove redundant edges in |\7|h. First notice that
each edge e in M n is determined by three vertices vy, vo, v3 of a triangle in M and a
saddle value h, of some vertex v in Ml. We test whether e is valid in M n, by checking

the following two conditions:

(i) Whether it is possible for v to be a saddle vertex with saddle value h,, conditioning

on the values that v, v9, v3 have taken. If v coincides with one of vy, vo, v3, say
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v1, then v; must take the same value as v. It can be checked in constant time

assuming v is adjacent to constant number of triangles (hence vertices) in M. If

e is not valid, we remove e from M,,. We do this for every edge e in M.

(ii)) Whether the edge e is able to reach v through a path of the same height as
e. We can find all these edges in a BFS (breadth-first search) manner starting
from v, and then eliminate those edges e that cannot reach v through a path of
the same height as e. Those eliminated edges are components of the level sets

of h(v) but do not lie in the same contour as v.

Finally, for every vertex v in M, we check whether it has a chance to be a local
minimum/maximum. If it does, we add v back into M n if v is removed in the phase
of validating the edges in M n. It is no hard to argue that the resulting map is M h-
Since validating all edges in |\7|h takes O(n3k®) time, which dominates the process
of validating all vertices in M, we conclude that it takes O(n®k®) time to construct

M n. The theorem thus follows. O
It is now easy to derive the following lemmas.

Lemma 6.3.3. For any two points p and q in the same region of |\7|h, (p,q) = 1,

i.e., p and q always lie on an edge of Th.

Proof. Note that for each region R of M n, R is the intersection of all the k™ regions
Ry, Ry, ..., Rin that contain R in the k™ height level maps. Now p € R and ¢ € R
implies that p € R; and q € R;, V1,1 <1 < k™. Hence p and ¢ lie in the same region
for all £ height level maps, i.e., p and ¢ always lie on an edge of Ty. This completes

the proof. n

Lemma 6.3.4. Given two distinct regions R and R’ of |\7|h, any two points p,q of R,

and any two points p',q" of R, w(p,p’) = 7(q,q).
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Proof. This follows from transitivity. By Lemma 6.3.3, p and ¢ alway lie on an edge
of Ty, and p’ and ¢’ always lie on an edge of Ty. So the event that p and p’ lie on an
edge of Ty is equivalent to the event that ¢ and ¢’ lie on an edge of Ty. The lemma

hence follows. ]
Lemma 6.3.4 gives us the following corollary.

Corollary 6.3.5. The size of the set {m(p,q) | p,q € R*} is O(nSk'®).

Proof. For each region of M n, we choose an arbitrary representative point, resulting
in O(n3k®) representative points (by Lemma 6.3.2). For any pair of p and ¢ in R?,
7(p, q) can be answered using a pair of such representative points (by Lemma 6.3.4).

Hence it follows. O

A Monte-Carlo algorithm. We describe a simple Monte Carlo approach to build a
data structure for quickly approximating 7 (p, ¢), for any two points p, ¢ in R?. More
precisely, it will output a value 7(p, ¢) such that |7 (p, q)—7(p, ¢)| < &, with probability
at least 1 — 9, for some parameters 0 < £,0 < 1. For a fixed value s, to be specified
later, the preprocessing step has s rounds. In the j-th round the algorithm creates
an instance X; using h;(v) € h(v) by choosing each h;(v) using the distribution of
h(v). For each j < s, we construct the linear-size data structure on X; in O(nlogn)
time such that given two points p and ¢, one can determine in O(logn) time whether
p and q lie in the same region of the height level map My, , i.e., lie on an edge of the
contour tree Ty, as in [26].

To estimate 7(p, q), the probability that p and ¢ lie on an edge of Ty, we initialize
a counter ¢ = 0. For each 3J;, if p and ¢ lie on an edge of T}, we increment c by 1.
Finally we use 7(p, q) = ¢/s to estimate 7(p, q).

Since each vertex v has k possible values, this algorithm can be implemented very
efficiently. Each h;(v) can be selected in O(log k) time after preprocessing each h(v), in
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O(k) time, into a balanced binary tree with total weight calculated for each subtree [99].
Thus total preprocessing takes O(s(n(logn+logk))+nk) = O(nk+ snlog(nk)) time
and O(sn) space, and each query takes O(slogn) time.

It remains to determine the value of s so that |7(p,q) — 7(p, q)| < e for all pairs
of p and ¢ in R? with probability at least 1 —§. For fixed p, ¢, and instance 3;, let X
be the random indicator variable, which is 1 if p and ¢ lie on an edge of T;, and 0
otherwise. Since E[X] = 7(p, ¢) and X € {0, 1}, applying a Chernoff-Hoeffding bound

to

R c 1
W(p,q)———gZX,

==
we observe that

Pr [|7(p, q) — 7(p, q)| > €] < 2exp(—2¢%s). (6.1)

For each region of |\7|h, we choose one representative point, and let P be the
resulting set of points. Let () = P x P denote all possible combinations of pairs of
points in P. By Corollary 6.3.5, if |7 (p, q) — 7(p, q)| < € for all pairs (p,q) € @, then
it holds for any two points p, ¢ in R?. By applying the union bound to Eq. (6.1), the
probability that there exist two points p,q € R? and |#(p, q) — 7(p, q)| < € is at most

2|Q| exp(—2¢?s). Hence, by setting
1, 2|Q|

22 5’
|7 (p, q) — m(p, q)| < e for all pairs of points p, g € R? with probability at least 1 — .

By Corollary 6.3.5, |Q| = O(n®k'®), so we obtain the following result.

Theorem 6.3.6. Given a terrain in R?, induced by a triangulation M = (V, E, F)
in R?, where n = |V| and the height h(v) of each vertex v is described by a discrete
distribution of description complexity k, and let €,0 € (0,1) be two parameters. It

can be preprocessed, in

O(nk + (n/e*)log(nk) log(nk/d))
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time, into a data structure of size O((n/e?)log(nk/d)), which computes, for any
two points p,q € R?, in O((1/€?)log(nk/§)logn) time, a value (p,q) such that

|7 (p,q) — 7(p, q)| < e with probability at least 1 — 0.

Continuous case. There are two technical issues in extending this technique and
analysis to continuous distributions. First, we instantiate a certain height value from
each continuous distribution h(v). Herein we assume the representation of the pdf is
such that this can be done in constant time for each h(v).

Second, we need to bound the number of distinct queries that need to be considered
to apply the union bound as we did above. Since 7(p, ¢) may vary continuously with
the locations of p, ¢, unlike the discrete case, we cannot hope for a bounded number of
distinct results. However, we just need to define a finite set Q of query points so that for
any points p, ¢ € R?, there are two points p’, ¢ € @ such that |7(p, q) —7(p',¢")| < /2.
Then we can choose s large enough so that it permits at most £/2 error on each pair
of query points in Q. Specifically, choosing s = O((1/£2)log(n|Q|/6)) is sufficient, so
all that remains is to bound |Q)].

To choose @, we show that each continuous distribution h(v) can be approximated
with a discrete distribution h(v) of size O((n?/£?)log(n/§)), and then reduce the
problem to the discrete case.

For parameters o > 0 and ¢’ € (0, 1), set

1

C
5(0{) - @ 1Og 57

where c is a constant. For each v € V, we choose a random sample h(v) of size &(a),
according to the continuous distribution h(v). We regard h(v) as a uniform discrete
distribution. Let 1(p, ¢, X) be an indicator function that is 1 when p, ¢ lies on an edge
of Ty, of the terrain instance ¥, and 0 otherwise.

We first derive the following lemma.
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Lemma 6.3.7. Given a terrain in R?, induced by a triangulation M = (V, E, F) in
R?, where n = |V| and the height h(v) of one vertex v is described by a continuous
distribution while the heights of all other vertices are fized. Then there are at most two
disjoint intervals I,1' C R such that if h(v) € ITUI', 1(p,q,%) = 1 for the resulting

terrain Y.

Proof. 1f 1(p, q,%) = 0 holds no matter what value h(v) takes, then there is nothing
to reason about. The interesting case is when 1(p, g, %) = 1 for any terrain X with
h(v) taking values from an interval I C R, we argue that there is at most one more
interval I’ C R and I’ NI = () such that if h(v) € I', then 1(p,¢, %) = 1 for the
resulting terrain . Suppose when h(v) € I, p, g lies on an edge defined by u,t € V.

There are two cases:

(i) v has no chance lying in between p and g on Ty,. In this case, p, ¢ will always lie

on the edge of u,t, and I = R.

(ii) v has a chance lying in between p and g on Tj,. In this case, as the height value
of v changes from —oo to oo, p, ¢ first lies on the edge of u and ¢, then p (resp.
q) lies on the edge of u (resp. t) and v, then again p, g lies on the edge of v and
t. Hence there are two such intervals I, I’ that if h(v) € TU I, 1(p,¢, %) =1

for the resulting terrain X.
This concludes the proof. O

Now assume the same assumption as in Lemma 6.3.7. Let X C R be the set of
height values of vertex v for which 1(p, ¢, %) = 1. By Lemma 6.3.7, X can be empty,
consists of one interval, or consists of two disjoint intervals. A well-known result in

the theory of random sampling implies that

(6.2)




with probability at least 1 — ¢’, provided that the constant ¢ in {(«) is chosen
sufficiently large.

Let 7(p, q) denote the probability of p, ¢ lying on an edge on the contour tree T,
where H denotes the random height function of the random terrain generated using

the sampled distributions 2(v). We prove the following:

Lemma 6.3.8. For any p,q € R?,
7(p.q) —7(p, )| < an,

with probability at least 1 — .

Proof. Let the continuous (resp. sampled) distribution of the height function of v;
be denoted h;(v;) (resp. hi(v;)), for all v; € V = {vy,...,v,}. We can now rewrite

7(p,q) as

ﬂ(p,q):/ hl(vl).../ ho(va)1(p, q, X)dv, . . . du;.

Consider the innermost integral

I, = / hon(v)1(p, ¢, ¥)dv,
in which case hy(v1),...,hn_1(v,_1) are fixed. If 1(p, ¢, X)) is always 0, then there is
nothing to reason about, since replacing hy,(v,) with h,(v,) does not generate any
error. Furthermore, by Lemma 6.3.7, there are at most two intervals I;, [5, C R such
that if h(v) € I; U I, 1(p,q, %) = 1 for the resulting terrain ¥, for which h,,(v,)

approximates within . Hence

< a.

Consider the case where h,(v,) undercounts this probability, change the order of

integration, and move the a error outside to obtain

7T(p, q) S/ En(”n) / hl(vl) ce / hn71<vn71)1(p7 q, E)d’l}n,1 L dvldvn + a.
Un, U1 Un—1
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We now repeat ths argument n — 1 times on the current innermost term until the full
integration of the right hand side is exactly 7(p, ¢) and we obtain 7(p, q) < 7(p, q)+an.

Bounding the overestimate of 7(p, ¢) is symmetric. O]

Thus by setting a = €/2n, a random sample h(v) of size O((n?/?)log(n/§)) from

each continuous distribution h(v) ensures that

17(p,q) —7(p,q)| < ¢e/2 (6.3)

for any pair of points p, ¢ € R% By choosing &' = §/2, Eq.(6.3) holds with probability
at least 1 — /2.

We consider I\A/IE, the overlay of all possible height level maps using the sampling
distributions h(v). We choose one point from each region of |\7|g, and set P to be the
resulting set of points. Let Q = P x P denote the set of all pairs of points in P. For
two points p,q € R?, let (p,7) € Q be the pair of representative points such that p
(resp. q) lies in the same region of MH as p (resp. ¢). Then |w(p,q) — 7(p,q)| < &/2
for any two points p, ¢ € R?, with probability at least 1 — §/2.

Now applying the analysis for the discrete case on the sampled distributions h(v),

if we choose

then |T(p, q) — T(p, q)| < €/2 for any points p, ¢ € R? with probability at least 1 —4/2.

Since the description complexity k of each sampled distribution h(v) is

_ _ 2

= ()| = 05 1og ).

by Corollary 6.3.5,
Q1= 0(nE") = Opoly(n/(c0))).

Putting everything together, we obtain the following.
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Theorem 6.3.9. Given a terrain in R3, induced by a triangulation M = (V, E, F) in
R?, where n = |V| and the height h(v) of each vertex v is described by a continuous
distribution such that a random instantiation can be performed in constant time, and let
g,0 € (0,1) be two parameters. It can be preprocessed, in O((n/e?)log(n/(gd))logn)
time, into a data structure of size O((n/e*)log(n/(gd))), which computes, for any
two points p,q € R?, in O((1/*)log(n/(ed))logn) time, a value 7 (p,q) such that

|7 (p,q) — 7(p,q)| < e with probability at least 1 — 0.

6.4. The Distance Statistics of Two Points

In this section, we study statistics about the distance of any two points p, ¢ in R?
on the contour tree. Here the distance is defined as in [24]: given a terrain X, the

distance of p, ¢ on its contour tree Tj, denoted as dx(p, q), is

ds(q,p) = max hg(z) — min hg(z),
zex(p,q) zex(p,q)

where x(p,q) denotes the unique path from p to ¢ on Ty, and hg(z) denotes the
height value of point z on X.
We are interested in the following statistics: (i) the expected distance of p, g,

denoted by Ed(p, ¢), which can be written as

an outcome X

and (ii) the probability that the distance of p, ¢ is at least ¢, i.e.,

Pr{ds(p,q) >t} = ) (D).
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6.4.1. The expected distance of two points

Here we assume that for any given vertex v of M, the range of its k possible height

values is bounded, more precisely, we assume that

max h! — min b} < A, (6.4)

1<j<k 7 1<j<k
for some bounded parameter A > 0.

6.4.1.1. A deterministic algorithm with additive error A

In this section, we derive a very simple deterministic algorithm to estimate Ed(p, q),
and show that the resulting additive error is bounded by A. It also serves as a

warm-up for later sections.

The deterministic algorithm. For each vertex v of M, we define

hy = (maX h! + min h%>/2

1<j<k 1<j<k

By assigning the height value h, to v for each vertex v of M, we obtain a terrain 3,
for which we compute its contour tree T;. We estimate Ed(p, ¢) by using the distance

of p and ¢ with respect to the contour tree Ty, denoted by ds(p, q).

The error analysis: special case. First, we start with a special case, where for any two
vertices u and v of M, if h, > h,, then h!, > hJ, for each 4,5 € {1,... k}. In this
case, the contour tree Tj, of each instance ¥ “resembles” the contour tree Ty, that is,
Tj, and T are the same in terms of nodes, edges and relative height value orders, but

not the exact height values. Notably,

arg max hy(x) =arg max hg(z) =u,
zex(p,q) zeX(p,9)
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and

arg min hy(x) = arg min hs(z) = v,
zex(p,9) zeX(p,9)

for some vertices u,v of M, where x(p,q), X(p,q) denote the paths of p and ¢ on
Th, T4, respectively; and hy(z), hss(z) denote the heights of location  in the terrains
3,3, respectively. Note that |hs(u) — hs(u)| < A/2, and |hs(v) — hs(v)| < A/2.
Therefore,
|ds(p, q) — ds(p, @)| = |hz(u) — hs(v) = (hg(u) — hs(v))]
< [hs(u) = hg(u)| + |hs(v) = hg(v)]

<A2+ A2 =A,

where dx(p, ¢) and ds(p, ¢) denote the distance of p and ¢ with respect to T, and Ty,
respectively.
Summing over all possible instances Y, we obtain

Ed(p,q) —ds(p. )l =1 Y  ¥E)-ds(pq) —dg(p, @) < A,

an outcome %

where (X)) denotes the probability that the terrain instance ¥ exists.

The error analysis: general case. Next, we show that the additive error is no more
than A even without the above assumption for the special case. Fix a terrain instance

Y. We again want to show that

[ds(p, q) — ds(p. g)] < A. (6.5)

Let x(p,q),X(p,q) denote the paths of p and g on T, Ty, respectively; Define
U = arg MaXyey(pq) Mx (), v = argmingey(pq) hx (), v = arg maxgex(p,q) hx(r), v' =

arg Mingex(p,q) Mss(x). We show that |hs(u) — hg(u')] < A/2 and |hx(v) — hs(v')] <

A/2; next we only show the former, since the latter can be obtained in a similar
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manner. Without loss of generality, we assume that hy(u) > hs(u'). We distinguish

two cases:

L. uweXx(pq).

Note that hs(u') > hg(u) and hy(u) — hs(u) < A/2. Therefore

hg(u) — hf(u’) < hg(u) — hg(u) < A/Q

2. u ¢ X(p,q).

Since the path x(p,q) of p and ¢ passes through u on the contour tree Ty, it
implies that on the height level map My, the dual of T}, there exists a contour
C,, of u such that p and ¢ are separated by C,, namely, one of p and ¢ lies in the
region bounded by C,, while the other lies outside. Note that on the height level
map My, C,, is not a valid contour any more. (Otherwise it has to be the contour
of u since it passes through wu, and then u would lie on the path of p and ¢, since
any path would have to pass through w; this contradicts with the assumption
that u ¢ X(p,q).) Nevertheless, for any point x € C,, |hs(x) — hx(u)| < A/2.

Furthermore, hs(u’) > hs(z), for any x € C,,. Therefore

hs(u) — hs(u') < hy(u) — hs(z) < A/2.

The remaining argument follows from the analysis for the special case. Hence,
[Ed(p, q) — ds(p, 9)| < A.

Remarks. For simplicity of discussions, we did not consider the cases when p or ¢
realizes the maximum height or the minimum height on the path x(p, q) in our error

analysis. One can easily incorporate those cases, considering that |hs(p) — hs(p)| <

A/2 and |hy(q) — hs(q)| < A/2.
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Note that the above applies to the continuous case if the height range of each
vertex is bounded by A as well. Furthermore, one can compute T in O(nlogn)
time [33], and preprocess it for answering each distance query in O(logn) time. We

conclude the following.

Theorem 6.4.1. Given a terrain in R, induced by a triangulation M = (V, E, F) in
R?, where n = |V| and the height h(v) of each vertex v is described by a probability
distribution with bounded range A. A representative contour tree T can be constructed
in O(nlogn) time such that for any two point p,q in R%, Ed(p, q) can be approzimated

using T3 in O(logn) time within additive error A.
6.4.1.2. A Monte-Carlo method with additive error e A

In this section, we present a simple Monte-Carlo method, by adapting [79, Lemma
3.1]. Given two parameters €, € (0, 1), it outputs a value Ea(p, q), such that with

probability at least 1 — 4,
[Ed(p, q) — Ed(p, q)| < eA.

for any two points p and ¢ satisfying the condition Ed(p,q) > A + m,,, where
mpq is the minimum possible distance dyx(p, ¢) among all O(k") instances ¥. This
method admits much smaller additive error compared with the one presented in

Section 6.4.1.1, while being slightly less efficient and non-deterministic.

The algorithm. We draw N samples according to the distribution of the height of
each vertex v, where N is a parameter to be determined later. Given any two points
p and ¢ in R?) we estimate Ed(p, ¢) by using Ea(p, q), the average distance of p and ¢

among these N samples.

The analysis. We start by restating [79, Lemma 3.1].
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Lemma 6.4.2. (Chernoff Bound.) Let Xi,..., Xy be i.i.d. random variables over
a bounded domain [0, U] with expectation E[X;] = p. Let X = + SN X,. Then for

0<e<2e—1, we have
Pri(l—e)p < X < (14¢)u] > 1 — 2 NWL/4

Hence, to ensure correctness with probability at least 1 — §, one needs to set the
number of samples to be N = O((\/e?)log(1/4)), where X is the ratio between U,
the maximum possible value of X;, and u, the expected value of X;.

For fixed p and g, let

M,, = max dx(p,q) and m,, = mzin ds(p,q) (6.6)

denote the maximum and minimum possible distance of p, ¢ among all O(k™) instances,
respectively. Let
Whg = Mpg—mypg. (6.7)

denote the span (range) of dy(p, ¢) among all O(k™) instances X. Note that W, , < 2A

by the analysis in Section 6.4.1.1. Set

Apg = W o/ (Ed(p, q) — my ). (6.8)

If we set the number of samples to be N = O((\,,/€?)log(1/d)) and use /2
instead of ¢, then by Lemma 6.4.2 and the fact that Ed(p,q) —m,, < W, , < 2A, we

have that, with probability at least 1 — 9,
[Ed(p, q) — Ed(p, q)|
= |(Ed(p, q) — mpvq) - (Ed(p, q) — mm)|

< (¢/2) - (Ed(p,q) — mpgq)

< eA.
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To have a reasonable running time, we have to control the value A, , hence the

number of samples. Note that if
Ed(p. q) > A + iy, (6.9)

then A\, , = O(1/e), and N = O((1/£%)log(1/6)). Therefore, this method is efficient
when Eq. (6.9) holds for fixed p, g.

Next, we show that how to extend this to estimate Ed(p, ¢), for any two points p
and ¢ satisfying Eq. (6.9).

We again turn to M n, the overlay of all the height level maps. For our purpose
here, we further overlay M » with the triangulation M, and let M}, denote the resulting
subdivision. Note that the size of M, remains O(n®k®), and furthermore, the height
of each point in a region is determined by three vertices of a triangle (this is why we
overlay M with |\7|h) For each region R of M, we pick a small (finite) set Ry C R
of representative points such that for any point p € R, there exists a representative
point z € Ry with

|hs(2) — hs(p)| < n/4, (6.10)

for any instance .

Note that each region R is fully contained inside a triangle t = A(vy, va,v3) of M.

Define
h(t) = max{h(vy), h(vs), h(vs)} — min{h(vy), h(v2), h(vs)}. (6.11)
H = max h(t). (6.12)

Note that H is bounded by the difference between the maximum possible height and
the minimum possible height in the O(k™) terrains.
To ensure additive error /4 in Eq. (6.10), the number of representative points

we need to choose in one region is O(H?k3/n3). Since the number of regions is
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O(n®k®), the total number of representative points is O(n?*k H3/n?). For any two

representative points z, 2, we define A, ., similarly as in Eq. (6.8) for A, ,. Let

A= max Aszr (6.13)

By decreasing & by a factor of O(n*k"'W?3/n?) and hence setting

N = O((A\/€*)log((nkH)/(6n))),

we obtain that for any pair of such representative points z, 2/, with probability at
least 1 — 9,
[Ed(z, ) — Ed(z, )| < eA. (6.14)

Now for any two points p and ¢, suppose z, 2’ are two such representative points that
|hs(2) = hs(p)] < n/4 and |hs(2') — hs(q)] < n/4,
for any instance Y. Then it is easy to see that
[Ed(p,q) — Ed(z, )| < 7/2 and [Ed(p,q) — Ed(z, )| < n/2.
Therefore, with probability at least 1 — 9,
[Ed(p. q) — Ed(p, q)| < eA +1, (6.15)

for any two points p and ¢ in R2.
Note that if
Ed(p> Q) Z EA + mnq + 77/27 (616>
then Ed(z,2') > eA+m, , and A, = O(1/e). In other words, if we set A = O(1/e¢)
globally, then for any two points p, ¢ satisfying Eq. (6.16), Eq. (6.15) holds. By

decreasing ¢ to €/2 and setting n = €A, Eq. (6.16) becomes Eq. (6.9), and N =
O((1/€)log((nkH)/(eAd))). Therefore, we obtain the following.
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Theorem 6.4.3. Given a terrain in R?, induced by a triangulation M = (V, E, F)
in R%, where n = |V| and the height h(v) of each vertex v is described by a discrete
distribution of description complexity k with bounded range A. Let H be as defined in

Eq. (6.12). It can be preprocessed, in
O(nk + (n/e*)log(nk) log((nkH)/(sA¥)))

time, into a data structure of size O((n/e3)log((nkH)/(¢Ad))), which computes,
for any two points p,q € R? satisfying the condition Ed(p,q) > €A + m,,, in
O((1/£3) log((nkH)/(eA8)) log n) time, a value Ed(p, q) such that |Ed(p, ¢)—Ed(p, ¢)| <
eA with probability at least 1 — 6.

Remarks. If we bound the variance (as a function of €), besides the range, of the
k height values at v, then the condition Ed(p,q) > eA + m,, may hold for any p, g,
i.e., this method may be efficient for all pair of points p, ¢ in R? with the additional

assumption.
6.4.1.3. A Monte-Carlo method with relative error eEd(p, q) and additive error 3eA

In this section, we present another simple Monte-Carlo method, which guarantees
|E?1(p, q) — Ed(p,q)| < eEd(p,q) + 3cA with probability at least 1 — §, for two
parameters €,0 € (0,1) and any two points p,q € R%. This method gets rid of the
condition Ed(p, ¢) > eA +m,,, required for the one presented in Section 6.4.1.2, while
adds a factor of O(1/¢) in terms of efficiency and additional relative error.

To start, we fix p,q € R? and I C R, and we want to use Monte Carlo to estimate
Pr{ds(p, q) € I}, the probability that ds(p,q) € I, within e additive error with high
probability. This is the most basic usage of Monte Carlo, and it is easy to derive the

following.
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Lemma 6.4.4. Given a terrain in R?, induced by a triangulation M = (V, E, F) in
R?, where n = |V| and the height h(v) of each vertex v is described by a discrete
distribution of description complexity k, and let £,0 € (0,1) be two parameters. Given
fized p,q € R? and I C R, using space O((n/e*)1log(1/d)), we can compute, in O(nk+
(n/e2)log(nk)log(1/8)) time, a value Pr{ds(p,q) € I} such that |Pr{ds(p,q) €
I} — Pr{ds(p, q) € I}| < e with probability at least 1 — 0.

Next, we show how to extend Lemma 6.4.4 to estimate Ed(p, ¢) for fixed points
p,q € R%. Let H be the difference between the maximum possible height and the
minimum possible height among all instances. We divide the interval [0, H] into a
set J of O(H /n) pairwise-disjoint intervals: Iy = [0,n), [, = [1,27),...,I; = [sn, H],
where s = |H/n]. Let df"® = (i 4+ 0.5) - n and dJ'™ = i - 7. After decreasing § by
a factor of O(H/n), we apply Lemma 6.4.4 to estimate Pr{d(p,q) € I} for each
I €73 Let M, ,,my,, Wy, be defined as in Eq. (6.6) and Eq. (6.7), respectively. Let
Ipg = [Mp.g, Myl and Jpq = Uy i, , 20 I Define

Ed;(p.q) = Pr{d(p,q) € I} -d™, and Ed(p,q) = Y _ Ed(p,q).

1€dp.4

Lemma 6.4.5. Given fized p, q, with probability 1 — 0,

[Ed(p,q) — Ed(p.q)l <& Y d7'™+p/2.

169,
The rest follows from Lemma 6.4.4 by decreasing § with a factor of O(H/n).

Proof. Fix an interval I € J, ;. Define

Ed;(p,q) = Z Pr{d(p,q) = ¢} - ¢.

¢e1,Pr{d(p,q)=£}>0

Then Ed(p, q) = >_cy,  Edr(p, q). We first show that

[Ed;(p, q) — Edr(p, q)] < Pr{d(p,q) € I} - /2 + ¢ - d}™.
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When 0 < f’;{d(p, q) € I} —Pr{d(p,q) € I} <e,

[Ed;(p, q) — Ed;(p, q)]

= [Pr{d(p,q) € I} - dJ™ — > Pr{d(p,q) = (} - /|
¢el,Pr{d(p,q)=¢}>0
< le-dp— > Pr{d(p.q)={}- (¢ —df'?)|

¢e1,Pr{d(p,q)=£€}>0

< e-dp +Pr{d(p,q) € I} - n/2.

Similarly, when 0 < Pr{d(p,q) € I} — f’;{d(p, q) €I} <e,
[Ed;(p, q) — Edi(p, q)]

= [Pr{d(p.q) € I} - d7™ - > Pr{d(p,q) =} - /|
¢el,Pr{d(p,q)=¢}>0

< Pr{d(p,q) € I} -1/2 + - (d™ + 1/2).

< e df+Pr{d(p,q) € I} n/2.
The lemma follows from summing over all intervals [ € J,,. O

Note that W, , < 2A, hence |J,,] < [2A/n] + 1. If we choose n = €A, then
9,4] <2/e+42 < 4/e. Applying Lemma 6.4.5 with £2/4 instead of €, we have, with

probability 1 — ¢,

[Ed(p,q) — Ed(p, q)] < (2/4) > df™ +n/2

I€dp,q
< (€%/4) Ly ol (Ed(p, q) + 2A) + €A /2

< eEd(p, q) + 5eA/2.

Next, we show that how to extend this to estimate Ed(p, q) for any two points
p,q in R%. The idea is the same as for Section 6.4.1.2. We choose a small finite set of

representative points so that for any two points p, ¢, there exist two representative
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points z, 2’ such that
IEd(p, ¢) — Ed(z, 2')| < eA/4, and |Ed(p, q) — Ed(z, /)| < eA/A4.
It can be shown that if |E?1(z, 2') — Ed(z,2")| <eEd(z,2") + 5eA/2, then
|Ea(p, q) — Ed(p, q)| < eEd(p, q) + 3cA.

Therefore, we conclude the following.

Theorem 6.4.6. Given a terrain in R?, induced by a triangulation M = (V, E, F)
in R%, where n = |V| and the height h(v) of each vertex v is described by a discrete
distribution of description complexity k with bounded range A, and let €,6 € (0,1) be
two parameters. Furthermore, let H be the difference between the maximum possible
height and the minimum possible height among all instances. It can be preprocessed,
m

O(nk + (n/e*) log(nk)log((nkH)/(cAd)))

time, into a data structure of size O((n/e*)log((nkH)/(eAd))), which computes, for
any two points p,q € R?, in O((1/e*)log((nkH)/(¢Ad))logn) time, a value E?i(p, q)

such that |E(\1(p, q) — Ed(p, q)| < eEd(p, q) + 3eA with probability at least 1 —§.

Remarks. When A < Ed(p, q)/3, by decreasing € by a factor of 2, the error becomes
eEd(p, ¢). That is, we can get rid of the additive error 3¢ A, and only have the relative

error.
6.4.2. Probability that the distance of two points is at least ¢

In this section, we describe how to estimate the other distance statistics we are
interested in: Pr{ds(p,q) > ¢}, the probability that the distance of p,q is at least /.

We first show how to estimate Pr{ds(p, q) > ¢} for fixed p,q € R? and any ¢ € R,
then extend it to any p,q € R? and any ¢ € R.

200



Fized p,q. For a fixed pair of points p,q € R? and a fixed value ¢ € R, it is
straightforward to estimate Pr{ds(p,q) > ¢} using Monte-Carlo. Namely, draw N
samples, and if dx(p,q) > ¢ for s samples ¥, we set the estimate f’;{dg(p, q) >
¢} = s/N. The number of instances we need is N = O(1/e*log(1/4)) such that
|f’\r{dg(p, q) > (} — Pr{ds(p, q) > ¢}| < e with probability at least 1 — .

Now we extend it to any value ¢ € R while we fix p,q. The main observation is
that though there are infinite number of values of ¢, the number of distinct values of

Pr{ds(p, q) > ¢} is only polynomial. Recall that given a terrain X,

ds(q,p) = max hy(x) — min hy(x),
zex(p:q) zex(p,g)

where x(p,q) denotes the unique path from p to ¢ on Ty, and hg(z) denotes the

height value of point x on Y. It is easy to see that

max hy(z), min hx(x) € {h(p), h(q), h(v) | Vv € V}.

zex(p,q) zex(p,q)

That is, the maximum (resp. minimum) height on x(p, ¢) has only O(nk+k?*) possible
choices, implying that ds(p, ¢) has only O(nk + k3)? distinct values. Therefore, it is
sufficient to choose O(nk + k*)? number of representative values ¢’ such that given a

value ¢, there exists a representative value ¢’ satisfying

Pr{ds(p,q) > {} = Pr{ds(p,q) > ('}. (6.17)

By decreasing ¢ by a factor of O(nk + k%)%, we conclude the following.

Theorem 6.4.7. Given a terrain in R?, induced by a triangulation M = (V, E, F)
in R?, where n = |V| and the height h(v) of each vertex v is described by a discrete
distribution of description complexity k, and let £,0 € (0,1) be two parameters. It

can be preprocessed, in

O(nk + (n/e*)log(nk) log(nk/d))
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time, into a data structure of size O((n/e?)log(nk/d)), which computes, for fized
points p,q € R? and any value { € R, in O((1/€?)log(nk/§)logn) time, a value
f’\r{dz(p, q) > L} such that |ﬂ{d2 (p,q) > €} —Pr{ds(p,q) > (}| < e with probability

at least 1 — 9.

Any p,q. We extend the above to any pair of points p, ¢ € R2?. The challenge lies in
that there are infinite number of values h(p), h(q). To resolve this, we again adapt
the idea from Section 6.4.1.2. For a parameter n > 0, we choose a small finite set of
representative points so that for any two points p, ¢, there exist two representative

points z, 2’ such that for any terrain instance X,
|ds(p, q) — ds(2, 2)| < n/2. (6.18)

We can show that if for any ¢, |f’\r{dg(z, 2') >4} — Pr{ds(z,2") > (}| < ¢, then

Pr{ds(p,q) > (+n} —e < Pr{dg(p,q) > (} < Pr{ds(p,q) > { —n} +e.

As in Section 6.4.1.2, the total number of representative points we need to choose is
O3k H3 /n?), resulting in O(n®k* H®/n°) pair of representative points z,2’. For
each pair of representative points z, 2/, we choose O(nk+k?)? number of representative
values of . Now for any p,q € R? and ¢ € R, we can find representative points z, 2’
and representative value ¢ such that Eq. (6.17) and Eq. (6.18) hold.

By further decreasing § by a factor of O(n%k?2H%/n%) in Theorem 6.4.7, we

conclude the following.

Theorem 6.4.8. Given a terrain in R?, induced by a triangulation M = (V, E, F)
in R?, where n = |V| and the height h(v) of each vertex v is described by a discrete
distribution of description complexity k, and let £, € (0,1),1n > 0 be three parameters.

It can be preprocessed, in

O(nk + (n/e*) log(nk) log(nkH/(6n)))
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time, into a data structure of size O((n/e?)log(nkH/(dn))), which computes, for any
points p,q € R? and any value £ € R, in O((1/e*)log(nkH/(dn))logn) time, a value
f’\r{dg(p, q) > {} such that

Pr{ds(p,q) > { +n} — ¢ < Pr{ds(p,q) > £} < Pr{ds(p,q) > { —n} +e.
with probability at least 1 — .
6.5. Conclusion

In this chapter we studied contour trees of terrains in a probabilistic setting. We first
showed that the probability of a vertex being a critical point, and the expected number
of nodes (resp. edges) of the contour tree, can be computed exactly efficiently. Then
we presented efficient sampling-based methods for estimating, with high probability,
(i) the probability that two points lie on an edge of the contour tree, within additive
error; (ii) the expected distance of two points p, ¢ and the probability that the distance
of p,q is at least £ on the contour tree, within additive error and/or relative error.

We conclude this chapter with a few open problems:

1. How hard is it to compute the probability of two points lying on an edge of the

contour tree exactly? What about the distance statistics of two points?

2. Given a point p in R?, let I'(p) C R? denote the set of points ¢ such that p and

q always lie on an edge of Ty. How quickly can we compute I'(p)?

3. What is a robust and useful contour tree representation of a terrain in the

presence of data uncertainty?
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