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Abstract

The recent emergence of new successful two-sided online platforms has trans-

formed the concept of a marketplace. Numerous two-sided mechanism design prob-

lems, including those studied in this thesis, are motivated by these platforms. Similar

to any other mechanism design problem, we wish to optimize an objective in the pres-

ence of selfish agents. However, there are unique features to a two-sided market, such

as supply uncertainty and the need for ensuring budget balance, which make these

problems particularly challenging. In our problems, we design models to capture the

two-sidedness, identify the challenges, and use algorithmic techniques to solve these

problems.

We start with a Bayesian single item auction with n independent buyers. For

this problem, we show how the existence of a trusted intermediary can result in a

better outcome for buyers without hurting the seller’s revenue. In this model, the

intermediary gets to see the true valuations of buyers and will reveal some information

after that in the form of a signal. The intermediary does not have any control over

agents after sending this signal, and any agent only maximizes their utility. This

essentially means that the seller will run an optimal auction conditioned on receiving

any signal. For this problem, we design approximately optimal ways of revealing

information.

The previous problem is an interesting model to show how a platform can mediate

in the market and improve the outcome for every agent. That problem is a single item

static problem. Next, we focus on pricing in two problems with multiple dynamic

agents on the seller side. The first problem is an extension of the multiple-choice

prophet inequality to the setting in which each item might disappear after an a
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priori unknown amount of time. This can be viewed as a way to model the supply

uncertainty arising because of the fact that different sellers might depart after some

time. Considering the importance of prophet inequalities in online posted pricing

mechanisms, we hope that incorporating features of two-sided markets in the model

and finding new prophet inequalities will be useful and provide new insights.

In our last problem, we design a model to capture a general dynamic two-sided

market. In our model, agents (buyers and sellers) with heterogeneous valuations/costs,

service quality requirements, and patience levels (or deadlines) arrive over time.

Both buyers and sellers arrive to the market following Poisson processes, and each

buyer/seller has a private value/cost for service, as well as a private patience level

for receiving/ providing service. In addition, each agent has a known location in

an underlying metric space, where the metric distance between any buyer and seller

captures the quality of the corresponding match. The platform knows the distribu-

tion over values/costs and patience levels and can post prices and wages at nodes

in the metric space, as well as choose agents for matching. It uses these controls

to maximize the social surplus subject to weak budget balance while guaranteeing a

high match quality and a service time (with a high probability) smaller than their

patience.

v



Contents

Abstract iv

List of Figures x

Acknowledgements xi

1 Introduction 1

1.1 Outline of Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Information Intermediaries in Single Item Auctions 7

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.1.1 Our Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.1.2 Intuition and Techniques . . . . . . . . . . . . . . . . . . . . . 12

2.1.3 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2.1 Revenue-Maximizing Auctions . . . . . . . . . . . . . . . . . . 16

2.2.2 Auctions with an Information Intermediary . . . . . . . . . . . 19

2.3 Lower Bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.3.1 First Lower Bound . . . . . . . . . . . . . . . . . . . . . . . . 25

vi



2.3.2 Second Lower Bound . . . . . . . . . . . . . . . . . . . . . . . 26

2.4 Ranking-Based Multi-Buyer Signaling Scheme . . . . . . . . . . . . . 27

2.5 Approximating Consumer Surplus . . . . . . . . . . . . . . . . . . . . 32

2.5.1 Approximating the Non-allocation Surplus . . . . . . . . . . . 33

2.5.2 Approximating the Mis-allocation Surplus . . . . . . . . . . . 38

2.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3 Prophet Inequalities with Uncertain Supply 43

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.1.1 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.1.2 Our Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.1.3 Technical Highlights . . . . . . . . . . . . . . . . . . . . . . . 48

3.1.4 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.2 Prophet Inequality for Heterogeneous Items with MHR Horizons . . . 52

3.2.1 Splitting Time into Stages . . . . . . . . . . . . . . . . . . . . 53

3.2.2 Upper Bound on Prophet’s Welfare . . . . . . . . . . . . . . . 54

3.2.3 Approximating Prophet’s Welfare in Long Stages . . . . . . . 57

3.2.4 Approximating Prophet’s Welfare in Short Stages . . . . . . . 61

3.2.5 Approximating Prophet’s Welfare in Final Stage . . . . . . . . 62

vii



3.2.6 Approximating Prophet’s Welfare . . . . . . . . . . . . . . . . 63

3.3 Prophet Inequality for Single Item with MHR Horizon . . . . . . . . 63

3.4 Lower Bounds for MHR Horizons . . . . . . . . . . . . . . . . . . . . 68

3.4.1 Tractable Approximation . . . . . . . . . . . . . . . . . . . . . 69

3.4.2 Lower Bound Construction for Dynamic Pricing . . . . . . . . 71

3.4.3 Lower Bound for Fixed Pricing Schemes . . . . . . . . . . . . 77

3.5 Lower Bound for General Horizons . . . . . . . . . . . . . . . . . . . 78

4 Pricing in Dynamic Two-sided Markets 81

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.1.1 High Level Problem Statement . . . . . . . . . . . . . . . . . 83

4.1.2 Our Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.1.3 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.2 Problem Statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4.3 Tradeoff Between Surplus, Profit, and Thickness . . . . . . . . . . . . 90

4.4 Approximation Algorithm . . . . . . . . . . . . . . . . . . . . . . . . 92

4.4.1 Hardness of Approximation . . . . . . . . . . . . . . . . . . . 92

4.4.2 Linear Programming Relaxation . . . . . . . . . . . . . . . . . 93

4.4.3 Solving the LP Formulation . . . . . . . . . . . . . . . . . . . 95

viii



4.4.4 Integrality Gap and Stronger LP Formulation . . . . . . . . . 96

4.4.5 Structural Characterization of LP Optimum . . . . . . . . . . 100

4.4.6 Rounding the LP Relaxation . . . . . . . . . . . . . . . . . . . 104

4.5 Queueing-theoretic Justification: Dynamic Marketplaces . . . . . . . 108

4.6 Envy-Free Pricing and Profit Maximization . . . . . . . . . . . . . . . 112

4.6.1 Approximation Algorithm . . . . . . . . . . . . . . . . . . . . 114

4.6.2 Justification via Dynamic Marketplace Model . . . . . . . . . 118

4.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

5 Conclusion 124

Bibliography 127

Biography 140

ix



List of Figures

2.1 (a) The auction with information intermediary setting (b) Two-dimensional

space of seller revenue and consumer surplus of different signaling

schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Illustrating the setting for lower bounds . . . . . . . . . . . . . . . . . 22

3.1 Redivision of the Time Horizon . . . . . . . . . . . . . . . . . . . . . 57

x



Acknowledgements

I would not have been able to finish my graduate studies without tremendous help

from many people. First and foremost, I am extremely grateful to my advisor Kamesh

Munagala for his support during my Ph.D. I have learned a lot from him both in

academic and non-academic matters.

I would like to thank Siddhartha Banerjee for both working with me closely during

these years and also serving on my committee. I am also grateful to the rest of my

committee–Vincent Conitzer and Debmalya Panigrahi– who were also among many

great teachers in graduate school that I learned a lot from.

Special thanks to my fellow student Kangning Wang. Kangning was a collab-

orator and a great friend during these years. I would also like to thank my other

collaborators–Sreenivas Gollapudi and Kostas Kollias.

I appreciate the financial support from NSF and Duke University. Thanks also to

all the professors, staff members, and students of the CS department at Duke, who

made this experience very enjoyable.

Finally, I want to thank my family, who have constantly been supporting me in

my life.

xi



1
Introduction

While marketplaces as a physical place that producers and consumers gather to trade

have existed for centuries, they have been drastically changed recently by the emer-

gence of successful online platforms. These platforms have transformed the economic

landscape of the modern world. Many of today’s most important companies are

platforms facilitating trade between agents: both for goods (Amazon, eBay), and

increasingly, services (Lyft, Uber, Airbnb, etc). These platforms enable fine-grained

monitoring, and greater control via pricing, recommendation, and directed search,

etc. The challenge of harnessing this increase in data and control has led to a grow-

ing literature in online marketplace design.

The main theme of this thesis is to study different two-sided mechanism design

problems motivated by these platforms. In all of these problems, the platform as

an intermediary implements a mechanism to maximize an objective in the presence

of strategic agents. Though this description has much in common with other one-

sided mechanism design problems in settings such as sponsored search auction and

monopolist pricing problems, there are a few features unique to two-sided markets

which makes them particularly challenging.

One such feature is the supply uncertainty arising because of the two-sidedness of

the market. This is particularly important in a dynamic marketplace in which agents

can arrive and depart over time. This feature introduces new complexities to our

problems and needs to be considered in our models and solutions. We provide some
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scenarios as examples to elaborate on how this feature can affect our problems. First,

consider a setting in which there are some sellers available on our platform, but we

believe that some of them might depart soon and no other seller substitute them in

the near future. In this case, we might prefer to match buyers to those sellers even if

they do not have a high value for the trade. Another interesting scenario is that we

might want to accept an agent for a potential trade even if there is no match from

the other side of the market at the moment, but we believe that it is likely that a

match arrives soon after that. However, for this scenario, the agents do not want to

wait for a long time, which might cause dissatisfaction with the platform. In other

words, agents have limited patience. These complexities must be carefully considered

when we design our models.

Another feature is the tension arising from the need for ensuring budget balance

(i.e., non-negative profits). This introduces new challenges, even in a static problem.

In particular, the problem of maximizing social welfare while respecting budget-

balance is at the heart of the famous Myerson-Satterthwaite impossibility result and

has received much attention in recent work in approximate mechanism-design. Next,

we will explain this impossibility result and compare it to the one-sided problem to

explain the challenges arising from this budget balance property.

In a one-sided market, the problem of designing a mechanism that maximizes wel-

fare can be solved by the celebrated VCG mechanism, which is incentive compatible

(IC) and individually rational (IR). The two-sided variant of this problem in the most

basic form is called a double auction. In a double auction, there are unit-demand buy-

ers and unit-supply sellers who want to trade, and they are indifferent between any

two agents from the other side. Similar to the one-sided version of the problem, being

IC and IR are two important desiderata of a solution. Though the VCG mechanism

still outputs an efficient solution to this problem, the total amount of money paid to

sellers can be larger than the total money paid by buyers. In other words, the mech-
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anism is not budget balanced (BB). In addition, Myerson-Satterthwaite impossibility

result shows that any Bayesian incentive compatible (BIC) and IR mechanism which

is ex-post efficient, cannot be BB, i.e., it needs outside subsidies. This impossibility

holds even for the simple setting of bilateral trade with a single buyer and a single

seller.

We start with a Bayesian single-item auction with independent buyers in which

both the seller and buyers seek to maximize their own utility. We show how a trusted

intermediary who knows all the private values of buyers can share this information

publicly such that the expected utility of buyers increases without decreasing the

expected utility of the seller. This result can be seen as a justification for the existence

of a platform or an intermediary, even in a static problem. In practice, it is common

to have multiple sellers. Moreover, we need to add dynamicity to capture many

applications. For this purpose, we add a specific type of supply uncertainty to the

prophet inequalities. Given the importance of prophet inequalities and online posted

pricing results in the one-sided setting, we hope that our results for this problem can

be a first step towards developing the same set of results for two-sided variants of

online posted pricing. These results are theoretically interesting and can lead to a

better understanding of the challenges in a two-sided problem. However, they still

do not capture a two-sided platform in its full generality. In the last chapter of this

thesis, we present a model to capture different aspects of a real platform for dynamic

marketplaces. We answer the question of optimal pricing for such a marketplace by

studying different objectives.

1.1 Outline of Results

We explain how the dissertation is organized and mention the results presented in

each chapter.

3



Chapter 2. In this chapter, we study how information intermediaries can increase

the expected utility of buyers in Bayesian single-item auctions with n buyers and

independent and discrete valuation distributions. The intermediary knows the true

valuations of buyers and can provide additional information via sending a signal

according to a signaling scheme. This can be considered as segmenting the prior

distribution of the buyers so that consumer surplus is maximized in the presence of a

revenue-maximizing seller. The work of Bergemann, et al. shows that a segmentation

that raises the maximum possible consumer surplus always exists for one buyer. Our

first result is an impossibility: Such a segmentation need not exist for n “ 2 buyers.

Indeed, no segmentation can achieve full social welfare while preserving any non-

trivial of the consumer surplus without segmentation, and further, no segmentation

can achieve consumer surplus that is more than a factor of 2 against a benchmark for

maximum possible consumer surplus. Next, we consider approximation algorithms

for consumer surplus against this benchmark. When the buyers’ valuation distri-

butions are identical, we present a Opminplog n,Kqq approximation where K is the

support size of the valuations. For general independent distributions, we present a

Opminpn log n,K2qq approximation.

Chapter 3. In this chapter, we consider the problem of selling multiple items to

a stream of buyers whose values are drawn i.i.d. from a known distribution, in

order to maximize social welfare. The items are identical from the perspective of the

buyers. We consider the variant where the items do not last the entire stream but can

disappear after an a priori unknown amount of time that we term the horizon. The

mechanism knows the (possibly different) distribution of the horizon for each item,

but not its realization till the item actually disappears. As with the classic prophet

inequalities, the goal is to design an online pricing scheme that competes with the

prophet that knows the horizon and extracts full social surplus (or welfare).
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Our main results are for the setting with multiple items where the horizon dis-

tributions satisfy the monotone-hazard-rate (MHR) condition, and are independent

across items, but not necessarily identical. For any number of items, we achieve a

constant-competitive bound via a conceptually simple policy that balances the rate at

which buyers are accepted with the rate at which items are removed from the system.

We implement such a policy via a novel technique of matching via probabilistically

simulating departures of the items at future times.

For a single item and MHR horizon distribution with mean µ, we show a tight

result: There is a fixed pricing scheme that has a competitive ratio of at most 2´1{µ,

and this is tight in the sense that there is a value distribution and an MHR horizon

distribution for which any dynamic pricing scheme has a competitive ratio of at least

2´ 1{µ.

We further show that our results are best possible. First, we show that the

competitive ratio is unbounded without the MHR assumption even for one item.

Further, even when the horizon distributions are i.i.d. MHR and the number of items

becomes large, the competitive ratio of any policy is lower bounded by a constant

greater than 1, which is in sharp contrast to the setting with identical deterministic

horizons.

Chapter 4. In this chapter, we model a dynamic two-sided market. In our model,

agents arrive at nodes in an underlying metric space, where the metric distance

between any buyer and seller captures the quality of the corresponding match. The

platform posts prices and wages at the nodes, and opens a set of facilities to route

the agents to. The agents at any facility are assumed to be matched. The platform

ensures high match quality by imposing a distance constraint between a node and the

facilities it is routed to. It ensures high service availability by ensuring flow to the

facility is at least a pre-specified lower bound. Subject to these constraints, the goal
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of the platform is to maximize the social surplus subject to weak budget balance,

i.e., profit being non-negative. We present an LP rounding based approximation

algorithm for this problem that yields a p1 ` εq approximation to surplus for any

constant ε ą 0 while relaxing the match quality (i.e., maximum distance of any

match) by a constant factor.

We also justify our models by considering a dynamic marketplace setting where

agents arrive according to a stochastic process and have finite patience (or deadlines)

for being matched. We perform queueing analysis to show that for policies that

route agents to facilities and match them, ensuring a low abandonment probability

of agents reduces to ensuring sufficient flow arrives at each facility.

Finally, we show how to extend our model and techniques to the case where

the platform elicits deadlines truthfully by posting lotteries over different prices and

wages for different deadlines.

6



2
Information Intermediaries in Single Item
Auctions

In this chapter, we study the effects of an information intermediary on the utility

of agents in a single item Bayesian auction with independent buyers. Without inter-

mediary intervention, the seller runs an optimal auction to maximize her revenue. As

a result of this auction, buyers might achieve positive utility in expectation since the

seller only has distributional information about the valuations of buyers. The inter-

mediary who knows the true values of the buyers can reveal additional information

according to a signaling scheme. Upon receiving any signal, the seller can compute

conditional value distributions and run a mechanism to maximize her revenue. This

additional signal does not hurt the seller’s revenue, and the goal of the intermediary

is to increase the expected utility of the buyers via this process.

This problem can be considered as a two-sided market problem because of the

fact that the seller is a strategic agent who wants to maximize her revenue, and the

goals of the intermediary and the seller are not aligned. However, note that unlike

many other two-sided problems such as bilateral trading, the seller does not have any

private information. Besides, the platform is an information intermediary who only

provides additional information. The seller is the one who runs the final mechanism.

The results of this chapter are from a working paper which is a joint work with

Siddhartha Banerjee, Kamesh Munagala, and Kangning Wang.
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2.1 Introduction

Consider a seller selling an item to a buyer, whose private value V is drawn from

some known distribution D. The overall social welfare is maximized when the seller

sells the item for $0. In contrast, to maximize the (average) revenue, the seller’s

optimal strategy is to sell at a revenue-maximizing price, which may lead to welfare

loss due to the item going unsold.

More generally, in a single-item Bayesian auction with n buyers with independent

private valuations, a welfare-optimal mechanism is the second-price (or VCG) auc-

tion, which always gives the item to the highest-valued buyer. In contrast, even when

the buyers have i.i.d. regular (continuous) valuations, the revenue-optimal mechanism

was shown by Myerson [123] to be a second-price auction with a reserve price; this

may lead to the item going unsold. The situation is more complex for non-i.i.d. buy-

ers, where the revenue-optimal mechanism may in addition sell the item to a buyer

with lower value than the highest, leading to more welfare loss. We visualize this

via a revenue-CS trade-off diagram (Fig. 2.1b), where, for different mechanisms and

value distributions, we plot expected consumer-surplus (i.e., value minus payment),

denoted CS, versus expected seller-revenue, denoted by R. Any welfare-maximizing

mechanism including VCG (point V ) lies on the 135˝ line with intercept W˚, the

maximum welfare. In contrast, Myerson’s mechanism (point M) has revenue RM

greater than that under VCG, but also lies strictly below the maximum-welfare line.

Information Intermediary. Now consider the same setting, but with an addi-

tional information intermediary : a third-party who knows the true buyer values

~V “ pV1, V2, . . . , Vnq and can provide a “signal” or side-information to the seller and

the buyers. Both the signal and signaling scheme are common knowledge to all agents

(buyers and seller), who can thus use Bayes’ rule to update the prior over valuations

8



given the signal. The signal “re-shapes” the joint prior over the buyer valuations in

a Bayes-plausible manner (i.e., such that the posterior averaged over signals equals

the prior). Given the signal, a seller can then propose the revenue-maximizing mech-

anism, and buyers bid optimally, under the posterior distribution. We illustrate this

in Fig. 2.1a.

Formally, consider a setting where n buyers have independent private valuations

~V drawn from a distribution D “ D1 ˆD2 ˆ ¨ ¨ ¨ ˆDn. The valuations ~V are known

to the intermediary, who maps them to a signal σ via a public signaling scheme Z.

Given σ, all agents compute the posterior S over buyer values; note these can now

be correlated. The seller then proposes a mechanism MS (comprising allocation and

payment rules) which maximizes the expected revenue assuming buyers act in a man-

ner which is ex-interim incentive-compatible (IC) and individually-rational (IR) given

S. If σ is such that S “ D, then MS is Myerson’s auction (point M in Fig. 2.1b); on

the other hand, if the signal fully reveals ~V , then the seller can extract full surplus

(i.e., get revenue W˚, point A in Fig. 2.1b). Moreover, the seller gets revenue at

least RM under any signaling scheme, as she can always ignore the signal (see Sec-

tion 2.2). Thus any signaling scheme Z must give a point in the shaded triangle with

consumer surplus CSpZq and revenue RpZq, and the maximum possible surplus Opt

is achieved at point O in Fig. 2.1b. Now we can ask:

What revenue-CS trade-offs can an information intermediary achieve via

signaling? More specifically, what is the maximum possible consumer

surplus that is achievable?

In the single-buyer case, Bergemann, Brooks and Morris [33] completely answer

these questions by showing that the entire shaded region is always achievable. In

particular, the point O is met by a simple signaling scheme where the revenue is

exactly RM , and the item is always sold thus the mechanism is efficient.

9



In this chapter we study the effectiveness of an information intermediary in a

multi-buyer (i.e., n ě 2 buyers) Bayesian auction. In brief, we expose a sharp separa-

tion between the single and multi-buyer settings, as in the latter, no signaling scheme

can guarantee more than a constant fraction of the optimal consumer surplus (Opt

in Fig. 2.1b). On the positive side, we obtain a novel yet simple signaling scheme

with strong approximation guarantees for a wide range of settings.

While our main focus is on theoretical results, our work has broader practical

relevance. Consider for example an agency like the FCC with privileged information

about bidders in a spectrum auction, or a bid optimizer working for multiple compet-

ing clients in an ad-exchange. These intermediaries have private information about

the buyers, and can selectively release it to influence the auction. Our work also fits

in a broader space of multi-criteria optimization where a third-party platform or gov-

ernment agency can release information about agents to a principal in charge of an

activity such as admissions or hiring, so as to trade-off the principal’s objective such

as maximizing quality of hire, with a societal objective such as fairness or diversity.

2.1.1 Our Results

We consider a single-item auction with n buyers with discrete valuations. We

assume the buyer valuations are independent, so D “ D1 ˆD2 ˆ ¨ ¨ ¨ ˆDn, where Di

has support size Ki, and the size of the union of the supports is K. We parametrize

our results in terms of n,Ki, and K.

Our first set of results (Section 2.3) shows a sharp demarcation between the cases

of n “ 1 and n ě 2 buyers. In contrast with the former case (where signaling

achieves the entire shaded region in Fig. 2.1b), we show in the latter case, the entire

segment BO is not achievable; indeed, the only achievable points on segment AO are

arbitrarily close to A. Therefore, achieving full welfare needs sacrificing an arbitrarily
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(a) Auction with Information Intermediary
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0

R
`
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“
W
˚

CS

R “ RM

M O

V

A

B

Opt

(b) Revenue-CS Trade-off Diagram

Figure 2.1: (a) The auction with information intermediary setting, where the intermediary
has full knowledge of valuations ~V , and can use this to provide a signal σ to the seller and
the buyers. The seller then uses the revenue-optimal mechanism MS for the posterior
distribution over valuations S given σ.
(b) Two-dimensional space of seller revenue, R, and consumer surplus, CS, of different
signaling schemes. The points M and V correspond to the Myerson and VCG mechanisms,
and the point A corresponds to selling to the highest-valued buyer at her value when the
seller has full information.

large fraction of consumer surplus compared to the no-signaling baseline.

Theorem 1. For n “ 2 buyers each with Ki “ 2, for any given constant ε ą 0, there

are instances where any signaling scheme Z under which the revenue-optimal auction

obtains full welfare (i.e., allocates to highest-value buyer), has CSpZq ď ε ¨ CSpDq,

where CSpDq is the consumer surplus of Myerson’s auction without signaling.

We next ask if we can sacrifice on welfare, but raise a consumer surplus arbitrarily

close to Opt? We again answer in the negative, and show a lower bound of 2 on the

approximation ratio.

Theorem 2. For n “ 2 buyers each with Ki “ 2, for any constant ε ą 0, there are

problem instances where any signaling scheme Z has CSpZq ď
`

1
2
` ε

˘

¨Opt.

We note that the above results are existential impossibility results, and do not

depend on the complexity of the signaling scheme. Given these negative results,

we focus on approximating the consumer surplus. To this end, we propose novel
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signaling schemes, which, informally, achieve a constant-approximation to Opt when

either the number of buyers n is a constant (with arbitrary support size K), or

when K is a constant (for arbitrary n). Formally, our main result, presented in

Sections 2.4 and 2.5, is the following:

Theorem 3 (Main). There are signaling schemes that achieve the following approx-

imations to Opt:

1. O
`

minplog n,Kq
˘

when Di’s are identical; and

2. O
`

minpn log n,K2q
˘

when Di’s are arbitrary.

Further, this signaling scheme has computation time polynomial in n and K.

2.1.2 Intuition and Techniques

For any n, the optimal signaling scheme for maximizing surplus can be obtained

via an infinite-sized linear program (see Eq. (2.2) in Section 2.3) with variables for

every possible signal, i.e., every possible joint distribution over buyer valuations.

Further, for each such signal, the quantity of interest is the consumer surplus of the

revenue-optimal auction given the signal. For n “ 1 case, Bergemann et al. show

this LP has a special structure in that it admits a basis comprising of “equal-revenue

distributions” containing the revenue-maximizing price (see Section 2.2.2). Our work

shows that this breaks down for optimal auctions with signaling involving n ě 2

buyers.

To understand why things change dramatically from n “ 1 to n ě 2 buyers, in the

former case, the optimal mechanism is a simple posted price scheme and its revenue is

continuous in the distribution D. However, with multiple buyers, the optimal auction

does not have simple structure even for independent buyers (see Algorithm 1), and we

need to analyze the consumer surplus of this auction, which can be a discontinuous
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function of the prior. Further, for correlated buyers, the revenue of the auction

itself may not be continuous in the prior! Indeed, a celebrated result of Crémer and

McLean [63] shows that slightly perturbing an independent prior to a correlated one

can discontinuously increase the revenue to W˚, hence decreasing consumer surplus

to 0. (See Theorem 4 in Section 2.2.) This makes it tricky to reason about the

optimal signaling scheme, leading to the gap between our upper and lower bounds.

In more detail: Our proofs of Theorems 1 and 2 use a special case of the Crémer-

McLean characterization [63]: for n “ 2 buyers each with Ki “ 2, under any non-

independent prior the seller can extract full social surplus as revenue. This lets us

focus on signaling schemes where buyers remain conditionally independent given each

signal. Using Myerson’s characterization of the optimal auction for discrete valua-

tions [75], we show a structural characterization that reduces the space of optimal

signals to a sufficiently simple form, yielding the desired counterexamples.

Theorem 3 is technically the most interesting result in this chapter. At a high

level, our scheme balances the trade-off between revealing enough information about

valuations so that the item is sold to a high-value buyer, and revealing too much

information such that the seller extracts all the surplus. Balancing these is delicate;

nevertheless, we show simple schemes, with polynomial computation time complexity.

Our schemes involve choosing a threshold value corresponding to that of the

pt ` 1qst buyer in descending order (for carefully chosen t), and then applying the

single-buyer signaling scheme in [33] to the excess value (i.e., value minus threshold)

of a randomly chosen buyer in the top t (while leaving the rest unchanged). Note

that though the posterior conditioned on signal is a product distribution, it requires

the intermediary to observe all the buyer valuations. We present this basic scheme in

Section 2.4. To show our bounds that depend on n, we use an appropriate randomiza-

tion over such schemes, while the bounds depending on K follow from a concentration

lemma over independent Bernoulli trials (Lemma 6), which may be of independent
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interest.

2.1.3 Related Work

The general problem of information structure design considers how sharing addi-

tional information can influence the outcome of a mechanism. Different variants of

this problem have been formulated and studied; we refer the reader to [35, 71] for

surveys. Of particular importance to us is the Bayesian persuasion problem formu-

lated by Kamenica and Gentzkow [105], where a receiver selects a utility-maximizing

action based on incomplete information about the state of nature. A sender who

knows the state of nature can signal side-information to the receiver so that the ac-

tion taken by the receiver is utility-maximizing for the sender. This general problem

has been widely studied in different domains such as bilateral trade and advertis-

ing [33, 54, 151]. For this problem, there is a distinction between existence and

computational results, and the work of [73] studies the computational complexity of

finding the optimal signaling scheme under different input models.

The restriction of our problem to one buyer is termed “bilateral trade”. Here, the

intermediary is the sender whose utility is consumer surplus, and the seller is the

receiver whose action space is take-it-or-leave-it prices and whose utility is revenue.

Beginning with the work of Bergemann et al. [33], several works [72, 138, 64, 49]

have considered various extensions and modifications to this basic problem. Unlike

bilateral trade where the buyer is perfectly informed, in our setting, not only the

seller, but also all the buyers are receivers, in the sense that they have imperfect

knowledge of the true valuations of other buyers, and modify their respective bidding

strategies in response to the intermediary’s signal to maximize their own utilities.

Our setting is therefore a Bayesian persuasion problem with multiple receivers, and

this aspect makes it significantly more complex.
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There has been work on signaling in auctions that cannot be modeled as Bayesian

persuasion, i.e., in which the common signal is not generated by an intermediary who

knows all the true values of the buyers. For instance, in [36], the auctioneer has perfect

information about buyer valuations and controls the precision to which buyers can

learn it, and in [82], the seller’s signal is drawn from a distribution that is correlated

with the buyer’s value, In both these works, the goal is to maximize seller revenue.

Finally [139] studies equilibria of optimal auctions when each buyer commits to a

signaling scheme with imperfect knowledge of other buyers’ valuations, while [34]

studies equilibria in first price auctions when buyers are provided correlated signals

about other buyers’ valuations. In contrast with the former, our work considers a

richer space of signals via an information intermediary, while compared to the latter,

in our setting the seller’s mechanism is not fixed, but is instead also a function of the

information structure.

2.2 Preliminaries

We consider Bayesian single-item auctions with n buyers, with independent pri-

vate valuations ~V “ pV1, V2, . . . , Vnq drawn from a known product distribution D “

D1ˆ¨ ¨ ¨ˆDn. Unless otherwise stated, we present our results for the setting in which

each Di is discrete. We denote by Ki the size of the support of Di, and by K the size

of the union of these supports.

For distribution Di, we use fDi to denote its probability mass function, and define

SDipxq “ PrV„DirV ě xs and FDipxq “ PrV„DirV ď xs. For a joint distribution D

and vector ~v, we use PrrD “ ~vs “ fDp~vq as shorthand for denoting the probability

of ~v drawn from D.
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2.2.1 Revenue-Maximizing Auctions

Given any shared prior D1 on the valuations of the buyers, which in the case

of signaling, can be different from D and arbitrarily correlated, the seller runs an

optimal (revenue maximizing) auction that satisfies ex-interim incentive compatibility

and individual rationality. Using the revelation principle [123], such an auction is

specified by an allocation rule x˚p~vq ě 0 and a payment rule p˚p~vq (that can be

positive or negative) given any realized valuation profile ~v. The quantity x˚i p~vq is

the probability buyer i gets the item given the valuation profile ~v. Finally, for any

prior D1, let pRpD1q,WpD1q,CSpD1qq denote the expected revenue, welfare (or total

surplus) and consumer surplus under the revenue-maximizing auction. Then we have

CSpD1q “WpD1q ´RpD1q, and:

RpD1q “ max
ÿ

~v

PrrD1 “ ~vs¨
ÿ

i

p˚i p~vq and WpD1q “
ÿ

~v

PrrD1 “ ~vs¨
ÿ

i

vix
˚
i p~vq.

First, we formalize the general revenue-maximizing auction. Our work builds on two

special cases – independent valuations, and full surplus extraction. Next, we explain

these cases.

General Setting

Give, D1, the prior distribution on valuations (which can be arbitrarily correlated),

let D1i denote the marginal distribution of buyer i. The optimal auction is a mapping

of each revealed valuation vector ~v to an allocation txip~vqu and price tpip~vqu. The

allocation is always non-negative, while the price could be negative. The auction

maximizes revenue:

RpD1q “ max
~x,~p

ÿ

~v

PrrD1 “ ~vs ¨
ÿ

i

pip~vq

subject to the following ex-interim constraints. The incentive compatibility (IC) con-

straint states that the expected utility of any buyer does not increase by misreporting
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its valuation. Formally, for every agent i, for every value q, and for every valuation

vector ~v “ pq, ~v´iq (where ~v´i denotes the valuations of the other buyers), and every

other possible report r, we have

ÿ

~v´i

PrrD1 “ pq, ~v´iqs
PrrD1i “ qs

¨ pxippq, ~v´iqq ´ pippq, ~v´iqqq ě

ÿ

~v´i

PrrD1 “ pq, ~v´iqs
PrrD1i “ qs

¨ pxipr, ~v´iq ´ pipr, ~v´iqq .

The individual rationality (IR) constraint says that for any buyer and any valuation,

the expected utility under the mechanism is non-negative:

ÿ

~v´i

PrrD1 “ pq, ~v´iqs
PrrD1i “ qs

¨ pxippq, ~v´iqq ´ pippq, ~v´iqqq ě 0, @i, q.

Finally, we have the constraint that the item is allocated probabilistically to at most

one buyer:
ÿ

i

xip~vq ď 1, @~v.

Optimal auction for independent valuations. When D “ D1 ˆ . . .Dn is a

product distribution, the optimal auction has a simple form given by Myerson [123].

For distribution Di with support z1 ă z2 ă ¨ ¨ ¨ ă zk, its virtual value function ϕDi is

defined as:

ϕDipzkq “ zk and ϕDipz`q “ z` ´ pz``1 ´ z`q
SDipz``1q

fDipz`q
, @` ă k. (2.1)

If buyer i is the only buyer in the system, the optimal auction sets a fixed price, and

the buyer buys the item when her valuation is at least this price. The reserve price

of Di, denoted rDi is the smallest value r in the support of Di that maximizes the

corresponding revenue rSDiprq. It is easy to check that ϕDiprDiq ě 0.

Throughout this chapter, for analytic simplicity, we assume the distributions Di

are regular, so that ϕDipzq is a non-decreasing function of z. Therefore, for all v ă rDi ,
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we have ϕDipvq ă 0. Our proofs can be extended without this restriction.1 For

discrete regular distributions, Myerson’s auction takes the form [75] in Algorithm 1.

Note that this auction is also ex-post IC and IR.

Algorithm 1: Myerson’s Auction with prior D and valuations ~v.

1 Sort the buyers in decreasing order of qi “ ϕDipviq. Assume no two values are

identical (can be ensured by using a fixed tie-breaking rule).

2 Allocate to the bidder j with highest virtual value qj, provided qj ě 0.

3 Let m be the bidder with second highest virtual value, and let

w “ maxp0, qmq.

4 Charge j the smallest value z in the support of Dj such that ϕDjpzq ą w.

Extracting full surplus as revenue. At the other extreme, a celebrated result

of Crémer and McLean [63] shows that for distributions D1 which are “sufficiently

correlated”, the optimal auction extracts full surplus (i.e., the revenue equals the

maximum valuation in each valuation profile). Formally, the result requires that for

each agent, their conditional distribution over others’ values given their own value is

full rank; for our purposes, we require a restriction of their result to n “ 2 buyers,

each with two possible valuations.

Theorem 4 (Crémer-McLean [63]). For n “ 2 buyers, where each buyer i has Ki “ 2

and the joint distribution over the valuations is D1, the seller can extract the entire so-

cial welfare (expected value of the maximum of the buyer’s valuations) as her revenue

when D1 is a correlated distribution.
1When the valuations are non-regular, we use the non-decreasing ironed virtual value
function [123, 75] instead.
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2.2.2 Auctions with an Information Intermediary

We next formalize the model of an information intermediary illustrated in Fig. 2.1a.

Since the effect of the intermediary’s signal is captured by the resulting posterior dis-

tribution over valuations, for ease of notation, we henceforth use “signal” to refer to

a distribution S over valuations.

A signaling scheme Z “ tγq,SquqPrms comprises a collection of signals (i.e., joint

distributions over valuations) S1,S2, . . . ,Sm and corresponding non-negative weights

γ1, γ2, . . . , γm. The scheme Z is feasible (or “Bayes plausible” [105]) if it satisfies
ř

q γq “ 1 and
ř

q γqSq “ D. The intermediary commits to scheme Z before the

auction, and it is known to the seller and all buyers.

The intermediary maps observed valuation profile ~v „ D to signal Sq with prob-

ability γq PrrSq“~vs
PrrD“~vs . The seller uses Sq as the shared prior and runs an optimal auc-

tion on the buyers. Note that though D is a product distribution, the tSqu can be

correlated. Abusing the notation introduced in Eq. (2.1), we denote the revenue

generated by signaling scheme Z as RpZq “
ř

q γqRpSqq, its consumer surplus by

CSpZq “
ř

q γqCSpSqq, and its welfare by WpZq “
ř

q γqWpSqq.

When D is a product distribution, the revenue from any signaling scheme must

be at least the optimal revenue of Myerson’s auction without signaling, RpDq. To

see this, we note that Myerson’s auction on D is ex-post IC and IR. This means that

this allocation and payment rule is still a feasible (ex-interim IC and IR) mechanism

conditioned on receiving any signal, completing the argument. Therefore, the con-

sumer surplus CSpZq under any signaling scheme Z is bounded by the difference

of the maximum possible welfare W˚ “ E~V„Drmaxi Vis and the maximum revenue

without signaling RpDq. We henceforth denote this bound as Opt, which is defined

as follows:

Opt “W˚
´RpDq.
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We say that Z is a θ-approximation signaling scheme if CSpZq ě Opt
θ
. Our goal is to

find the best approximation factor θ via a signaling scheme whose computation time

is polynomial in n and K. In the rest of the chapter, we omit the dependence on D

when clear from context.

Optimal signaling for a single buyer. For n “ 1 buyer, Bergemann et al. [33]

present a signaling scheme with consumer surplus exactly equal to Opt (i.e., imple-

menting the point O in Fig. 2.1b. We present this in more detail in this section, and

henceforth use BBMpv,Dq to refer to this scheme when the buyer has valuation dis-

tribution D and the realized value is v „ D but first we state some critical properties

of the BBM scheme which we use in our results.

Lemma 1 (Implicit in Bergemann et al. [33]). For a single buyer with value distribu-

tion D (with reserve price rD), the BBM mechanism satisfies the following properties:

1. For any signal Sq, ϕSqpvq ě 0 for all v in the support of Sq.

2. CSpBBMq “ Opt ě PrV„DrV ă rDs ¨ EV„DrV | V ă rDs “
ř

vărD
vfDpvq.

The Single-Buyer Signaling Scheme of Bergemann et al. [33]

We describe one of the signaling schemes in [33] that achieves optimal consumer

surplus Opt via a simple greedy algorithm. This scheme constructs distributions

(signals) S1,S2, . . .Sm and assigns weights γ1, γ2, . . . γm to them such that
ř

q γqSq “

D.

Let prior D takes value vi with probability pi, where 0 ă v1 ă . . . ă vk. Let

~p “ pp1, p2, . . . , pkq. In each iteration `, the algorithm constructs an equal revenue

distribution S` and subtracts it from the prior D. This equal revenue distribution

assigns positive probability pi` to vi if pi ą 0 and assigns pi` “ 0 if pi “ 0. In S`, the

seller raises equal revenue by setting the price to be any of the values vi with pi ą 0.
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It is easy to see that the equal revenue condition specifies a unique distribution S`.

Note that since this signal is equal revenue, the seller sets the lowest value as price,

so that the item always sells and the consumer surplus is maximum possible.

Let ~p` be the probability vector of S`. We set the largest weight γ` such that

~p ´ γ`~p` ě 0. We update D by setting ~p to ~p ´ γ`~p`, normalize it so that
ř

i pi “ 1,

and increase ` by one. We repeat this till the support of D becomes empty. The

tγ`,S`u specifies the signaling scheme.

We illustrate this procedure by an example below.

Example 1. Suppose the type space is t1, 2, 3u and D “ x1
3
, 1

3
, 1

3
y are the probabilities

of these types. The monopoly price is p “ 2 with revenue RpDq “ 4
3
, while the point A

in Fig. 2.1b has social welfare RpAq “W˚ “ ErDs “ 2. Suppose S1 “ x
1
2
, 1

6
, 1

3
y with

γ1 “
2
3
; S2 “ x0,

1
3
, 2

3
y with γ2 “

1
6
; and S3 “ x0, 1, 0y with γ3 “

1
6
. It is easy to check

that the monopoly price for each signal is the lowest price in its support so that the

item always sells, and
ř

γiRpSiq “ 4
3
. Therefore,

ř

γiCSpSiq “ 2 ´ 4
3
“ 2

3
“ Opt,

which corresponds to point O in Fig. 2.1b.

2.3 Lower Bounds

In this section, we prove Theorems 1 and 2. Our lower bounds are based on a

2-buyer instance illustrated in Fig. 2.2: given values a ą b ą c ą d, buyer 1 has

value V1 P ta, bu with probabilities α and 1´ α respectively, while buyer 2 has value

V2 P tc, du with probabilities β and 1´β respectively. We choose αa “ b and βc “ d;

thus, the virtual values satisfy: ϕ1paq “ a, ϕ2pcq “ c, and ϕ1pbq “ ϕ2pdq “ 0. We

call this distribution D.

Characterization of optimal signaling. By Theorem 4, we know any signal that

correlates the buyers raises zero consumer surplus. Therefore, the only signals S of
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s

Figure 2.2: Illustrating the setting for Theorems 1 and 2: On the left (below the axis)
we show the setting without signaling, where buyer 1 (blue) has values pa, bq and buyer 2
(red) has values pc, dq; we also show the corresponding virtual values (above the axis). On
the right, we show the two settings characterized by Theorem 5 under which a signal s has
non-zero consumer surplus (the changed virtual values are highlighted).

interest are those under which buyer values are independent. Abusing notation we

denote such a signal as s “ pα1, β1q, where Prrv1 “ as “ α1 and Prrv2 “ cs “ β1.

Note that in this instance, for a signal to get maximum welfare the resulting optimal

mechanism must always award buyer 1, and for non-zero consumer surplus it must

award the item to buyer 1 at price b, or buyer 2 at price d.

Let CSpsq denote the consumer surplus under any such a signal s, and ϕ1pb|sq

and ϕ2pd|sq denote the new virtual values (note that by definition, ϕ1pa|sq “ a and

ϕ2pc|sq “ c under any signal s with α1, β1 ą 0). We can use Myerson’s characterization

(Section 2.2.1) to exhaustively characterize the resulting optimal mechanisms as a

function of pϕ1pb|sq, ϕ2pd|sqq – we do so in Proposition 1 and our main insight is that

the setting can be further simplified to get the following structural property for the

optimal signaling scheme.

Theorem 5 (Structural Theorem). In an optimal signaling scheme, the only signals

s “ pα1, β1q that raise non-zero consumer surplus have the following form:

(1’) Under signal s, ϕ1pb|sq “ ϕ2pc|sq “ c and CSpsq “ α1pa´ bq.

(2’) Under signal s, ϕ2pd|sq “ ϕ1pb|sq ě 0 and CSpsq “ α1p1´ β1qpa´ bq.

Proof. Recall that we restrict ourselves to signals S under which the buyer valuations

remain independent. Any such signal can be alternately written as s “ pα1, β1q where
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α1 “ Prrv1 “ as and β1 “ Prrv2 “ cs. For ease of notation, we henceforth drop the

conditioning of virtual valuations on signal s (i.e., write ϕp¨q for ϕp¨|sq) when clear

from context.

The following proposition uses Myerson’s characterization [123, 75] to exhaus-

tively list out the different forms of auctions that can be realized under such signals,

and the corresponding revenue and consumer surplus.

Proposition 1. Conditioned on receiving a signal s, we have the following cases:

1. If ϕ1pbq ě c, then the optimal mechanism is to sell to Buyer 1 at price b.

CSpsq “ pa´ bqα1.

2. If ϕ2pdq ě maxp0, ϕ1pbqq, then the optimal mechanism is to try selling to Buyer

1 at price a then to Buyer 2 at price d. CSpsq “ p1´ α1qβ1pc´ dq.

3. If ϕ1pbq ď 0 and ϕ2pdq ď 0, then the optimal mechanism is to try selling to

Buyer 1 at price a then to Buyer 2 at price c. CSpsq “ 0.

4. If 0 ď ϕ1pbq ď c and ϕ2pdq ď ϕ1pbq, then the optimal mechanism is to sell

to Buyer 1 at price b if Buyer 2 has valuation d; otherwise, it tries selling to

Buyer 1 at price a then to Buyer 2 at price c. CSpsq “ α1p1´ β1qpa´ bq.

Next, let γs denote the weight of any signal s “ pα1, β1q. The signaling scheme that

maximizes consumer surplus is the solution to the following linear program written

over signals s “ pα1, β1q:

Maximize
ÿ

s

γsCSpsq

Subject to
ř

s“pα1,β1q γsα
1β1 ď αβ

ř

s“pα1,β1q γsα
1p1´ β1q ď αp1´ βq

ř

s“pα1,β1q γsp1´ α
1qβ1 ď p1´ αqβ

ř

s“pα1,β1q γsp1´ α
1qp1´ β1q ď p1´ αqp1´ βq

γs ě 0 @s

(2.2)
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We examine the cases in Proposition 1 with positive consumer surplus, and char-

acterize the optimal solution:

• In Case (1), we have ϕ1pbq “ c. To see this, consider any signal s with ϕ1pbq ą c.

Suppose we increase α1 and decrease γs while preserving the product α1γs. Since

γsCSpsq “ γsα
1pa´bq, this is preserved by the change. Therefore, the objective

of LP (2.2) is preserved, and so are the first two constraints. Further, since

p1´α1q decreases, this only makes the third and fourth constraints more feasible.

This transformation decreases ϕ1pbq.

• In Case (2) and (4), we have ϕ2pdq “ ϕ1pbq. It does not help to make them

unequal by a similar argument as above: In case (2), if ϕ2pdq ą ϕ1pbq, we can

increase β1 while preserving γsβ1. Since γsCSpsq “ γsp1 ´ α1qβ1pc ´ dq, this

does not change the contribution to the objective of LP (2.2), and preserves all

constraints. This transformation decreases ϕ2pdq In case (4), if ϕ2pdq ă ϕ1pbq,

we can increase α1 while preserving γsα1. Since γsCSpsq “ γsα
1p1 ´ β1qpa ´ bq,

this does not change the contribution to the objective of LP (2.2), and preserves

all constraints. This transformation decreases ϕ1pbq

Therefore, the only two types of signals s that give positive CS are

(1’) If ϕ1pbq “ c, then CSpsq “ α1pa´ bq.

(2’) If ϕ2pdq “ ϕ1pbq ě 0, then CSpsq “ maxpp1´ α1qβ1pc´ dq, α1p1´ β1qpa´ bqq.

As p1´ β1qpb´ dq ě 0, we have
ˆ

b´ d`
β1

1´ β1
pc´ dq

˙

p1´ β1q ě β1pc´ dq.

Notice that in Case (2’), we have ϕ1pbq “ b´ α1

1´α1
pa´ bq “ d´ β1

1´β1
pc´ dq “ ϕ2pdq.

This gives

α1p1´ β1qpa´ bq ě p1´ α1qβ1pc´ dq.
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Thus, the two types of signals s that give positive CS become

(1’) If ϕ1pbq “ c, then CSpsq “ α1pa´ bq.

(2’) If ϕ2pdq “ ϕ1pbq ě 0, then CSpsq “ α1p1´ β1qpa´ bq.

Using the above structural theorem, the proofs of Theorems 1 and 2 follow by

different choices of the parameters pa, b, c, dq. For Theorem 1, we set d “
`

1´ ε
2

˘

b,

with ϕ1pbq and ϕ2pdq slightly above zero; for Theorem 2, we set α “ β “ 1 ´ δ;

a “ 1
p1´δq2

, b “ 1
1´δ

, c “ 1, d “ 1 ´ δ with δ Ñ 0`. We provide complete proofs

of Theorem 1 in Section 2.3.1 and Theorem 2 in Section 2.3.2.

2.3.1 First Lower Bound

In the instance presented in the beginning of Section 2.3, suppose the virtual

values of b and d are slightly above zero with ϕ1pbq ą ϕ2pdq so that Case (4) in

Proposition 1 is uniquely optimal for the seller. The optimal auction generates con-

sumer surplus CSpDq “ αp1´ βqpa´ bq “ b
c
¨ c´d

a
¨ pa´ bq according to Proposition 1.

To prove Theorem 1, we set bÑ c`.2 Now in Proposition 1, in Case (1), we must

have α1 Ñ 0` since b Ñ c`, so that CS Ñ 0. Also if α1 “ 1 in a signal then CS “ 0

here. The only other signal where the item is allocated to the higher bidder is in Case

(4) when β1 “ 0. Let γ denote the probability of the signal of this type s “ pα1, 0q.

(Having multiple signals of this form gives the same CS as having a single signal as

their average.) Since ϕ1pbq ě ϕ2pdq, we have α1 ď b´d
a´d

.

By the constraints of LP (2.2), we have:

Prrv1 “ b^ v2 “ ds “ γp1´ α1q ď p1´ αqp1´ βq,

2ϕ1pbq ´ϕ2pdq and ϕ2pdq can be arbitrarily small as long as positive, so we take the limits
for them first, i.e., we are calculating limbÑc` limϕ2pdqÑ0`,ϕ1pbqÑϕ2pdq` CS in the following
part of the proof. This allows us to treat α “ b

a and β “ d
c in calculating p1´ αqp1´ βq,

as α and β are not infinitesimally close to 1 for any fixed ε.
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which simplifies to γ ď pa´dq¨pc´dq
ac

. The consumer surplus in this case is therefore:

CS “ γCSpsq “ γα1pa´ bq ď
pb´ dq ¨ pc´ dq

ac
¨ pa´ bq ď

b´ d

b
¨CSpDq.

Setting d “
`

1´ ε
2

˘

b and combining with the fact that CSÑ 0 in Case (1), we have

the consumer surplus of any efficient signaling, CSÑ ε
2
¨CSpDq so CS ă ε ¨CSpDq.

2.3.2 Second Lower Bound

Without signaling, Ermax vis “ αa`p1´αqb and RpDq “ αa`p1´αqβc. (Case

(2), (3) and (4) in Proposition 1 give the same revenue RpDq.) Therefore

Opt “ Ermax vis ´RpDq “ p1´ αqpb´ βcq.

Now we assign the values as: α “ β “ 1´ δ; a “ 1
p1´δq2

, b “ 1
1´δ

, c “ 1, d “ 1´ δ

with δ Ñ 0`. Then we plug in the values and the two possible types of signals s in

Theorem 5 become

(1’) If α1 “ 1´δ
2´δ

ă 1
2
, then CSpsq ď 1

2
δp1` op1qq.

(2’) If α1 ď 1 ´ δ; β1 “ 1´3p1´α1q`3δp1´α1q´δ2p1´α1q
1´2p1´α1q`δp1´α1q

ą
1´3p1´α1q
1´2p1´α1q

, then CSpsq ď α1p1 ´

β1qδp1` op1qq.

The consumer surplus maximizing signaling scheme should use t signals S2,i of

type (2’), with α12,i, β12,i and weight wpS2,iq. There is an additional signal S1 (with

weight wpS1q) of type (1’) with α11 and β11. (Having multiple signals of type (1’) gives

the same CS as having a single signal as their average.) Denoting the valuation of

the first buyer by v1 and the second buyer by v2, the constraints in LP (2.2) imply

the two constraints:

Prrv1 “ bs “ p1´ α11qwpS1q `

t
ÿ

i“1

p1´ α12,iq ¨ wpS2,iq ď 1´ α “ δ, (Constraint (I))
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Prrv1 “ b^ v2 “ ds “
t
ÿ

i“1

p1´ α12,iqp1´ β
1
2,iq ¨ wpS2,iq ď p1´ αqp1´ βq “ δ2.

(Constraint (II))

Note that Opt “ p1´ αqpb´ βcq “ 2δ2p1` op1qq.

The total consumer surplus therefore is:

CS ď
1

2
δp1` op1qq ¨ wpS1q `

t
ÿ

i“1

α12,ip1´ β
1
2,iqδp1` op1qq ¨ wpS2,iq

ď
1

2
δp1` op1qq ¨ 2

˜

δ ´
t
ÿ

i“1

p1´ α12,iq ¨ wpS2,iq

¸

` δp1` op1qq
t
ÿ

i“1

α12,ip1´ β
1
2,iq ¨ wpS2,iq

“δ2
p1` op1qq ` δp1` op1qq

t
ÿ

i“1

pα12,ip1´ β
1
2,iq ´ p1´ α

1
2,iqq ¨ wpS2,iq

ďδ2
p1` op1qq ` δp1` op1qq

t
ÿ

i“1

p1´ α12,iqp1´ β
1
2,iq ¨ wpS2,iq

ďδ2
p1` op1qq ` δp1` op1qq ¨ δ2

“δ2
p1` op1qq.

Here the second inequality follows from Constraint (I), and α11 ă
1
2
. The third

inequality uses the implication of ϕ2pdq “ ϕ1pbq that β12,i ą
1´3p1´α12,iq

1´2p1´α12,iq
. The fourth

inequality uses Constraint (II). This establishes a lower bound of 2, since Opt “

2δ2p1` op1qq.

2.4 Ranking-Based Multi-Buyer Signaling Scheme

In this section, we introduce a family of signaling schemes, which forms the basic

subroutine for obtaining our upper bounds. We first need one additional definition.

For agent i with Vi „ Di, we use Di|ąa to denote the conditional distribution of Vi

given Vi ą a, and Di|ăa to denote the conditional distribution of Vi given Vi ă a.

Moreover, we use Di|ąa ´ b to denote the distribution of Vi ´ b given Vi ą a; we refer
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to it as the distribution of Vi truncated at a and reduced by b. We now state a simple

result relating the reserve price of the truncated and the original distributions.

Lemma 2. Let D1i “ Di|ąv˝ ´ v˝. Then we have rD1i ě rDi ´ v˝, and moreover, for

any v ą v˝, we have ϕD1ipv ´ v
˝q “ ϕDipvq ´ v

˝.

Proof. We first prove the result about reserve prices. If r ď v˝ the inequality is

trivial. Otherwise, suppose for contradiction that for some r1 ă r ´ v˝, r1 ¨ SD1ipr
1q ě

pr ´ v˝q ¨ SD1ipr ´ v
˝q. Then we would have: pr1 ` v˝q ¨ SD1ipr

1q ě r ¨ SD1ipr ´ v
˝q, since

SD1ipr
1q ě SD1ipr ´ v˝q. Thus, pr1 ` v˝q ¨ SDipr

1 ` v˝q ě r ¨ SDiprq, a contradiction to

the assumption that r is the smallest optimal reserve price of Di.

To see the second part, if we condition the distribution on v ą v˝, this does not

change the virtual value function for values vj ą v˝, since both the numerator and

denominator in Eq (2.1) scale by the same amount. If we now subtract v˝ from the

support of the distribution, it reduces the virtual value by the same amount. This

completes the proof.

Note that D1i “ Di|ąv˝ ´ v˝ represents buyer i’s excess value compared to v˝.

Lemma 2 shows that for any threshold v˝ and any buyer i, given the side-information

that Vi ą v˝, her new reserve price is greater than her original reserve price.

The Rankt signalling scheme. We now introduce a family of signaling schemes

Rankt parameterized by t P t1, . . . nu, For any realized joint valuation profile ~v “

pv1, v2, . . . , vnq, the signal sent by Rankt consists of two parts. First, Rankt observes

~v and outputs pv˝, T q, where v˝ is the value of pt ` 1qst largest realized value (or 0

when t “ n), and T is the subset of buyers with realized value strictly greater than

v˝. For the second part of the signal, Rankt chooses a buyer j uniformly at random

from T , and computes her excess distribution Dj|ąv˝ ´ v˝. It then reveals both the
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identity of j, as well as the signal BBMpvj ´ v˝,Dj|ąv˝ ´ v
˝q generated by the single-

buyer BBM scheme on a buyer with value distribution Dj|ąv˝ ´ v˝. The scheme is

formalized in Algorithm 2.

Algorithm 2: Ranktp~v,Dq

1 v˝ Ð pt` 1qst largest value in ~v

2 T Ð ti : vi ą v˝u

3 if T ‰ ∅ then

4 j Ð Buyer chosen uniformly at random from T

5 sÐ BBMpvj ´ v˝,Dj|ąv˝ ´ v
˝q

6 return v˝, T , j, and s

7 else

8 return v˝, and T “ ∅

Optimal mechanism under Rankt. Conditioned on receiving the signal gener-

ated by Rankt, the seller is guaranteed a revenue of v˝ from the pt`1qst largest buyer,

and knows that only buyers in T can pay more than v˝. The seller can now charge

at least v˝ to any buyer in T , and can further run an auction over the excess value of

buyers in T , where for buyer i P T , her excess value has distribution D1i “ Di|ąv˝´v
˝.

Note that for any buyer i P T except the randomly chosen buyer j, a value drawn

from D1i represents how much more than v˝ she is willing to pay. Moreover, distri-

butions D1i are independent, and also, since the identity of j is chosen uniformly at

random, the BBM scheme modifies the distribution of buyer j in a fashion that is

independent of D1i.

By Lemma 1, we know that the BBM scheme ensures the virtual value of buyer

j is always non-negative. From the characterization of the optimal auction [123, 75],

since the item is always allocated to the highest virtual value bidder as long as this

value is non-negative, the item will always be allocated to buyer j if all other buyers
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i P T, i ‰ j have excess values vi ´ v˝ ă rD1i (and hence, negative virtual values).

Consumer surplus under Rankt. Let pi :“ 1 ´ SDiprDiq “ Prvi„Dirvi ă rDis

for any buyer i, where rDi is the reserve price of Di. Let Yi :“ Di|ărDi
denote the

distribution of Di conditioned on being smaller than rDi . Suppose we draw a sample

independently from each distribution Yi. Let Z` denote the distribution for the `th

largest value among these n draws. The following key lemma gives a lower bound for

the consumer surplus generated under Rankt.

Lemma 3. For 1 ď t ď n, the consumer surplus of Rankt satisfies:

CSpRanktq ě

˜

n
ź

i“1

pi

¸

¨

˜˜

1

t
¨

t
ÿ

l“1

ErZls

¸

´ ErZt`1s

¸

.

Proof. Fix a buyer b, and any valuation profile ~v´b “ tvi, i ‰ bu such that vi ă

rDi @ i ‰ b. Define vtb to denote the tth largest value in tvi, i ‰ bu. Now consider the

event

Qp~v´b, b, tq “ tVb ą vtb AND b selected for BBM signalingu.

Conditioned on Qp~v´b, b, tq, we have that the Rankt scheme (Algorithm 2) with pa-

rameter t sets threshold value as v˝ “ vtb. By Lemma 2, we have that for every

i P T, i ‰ b, their value vi is smaller than their new reserve price v˝ ` rD1i , since

vi ă rDi , and modifying Di to D1i “ Di|ąv˝ ´ v˝ does not decrease the reserve price.

Therefore, conditioned on Qp~v´b, b, tq, the auction behaves like the single item mech-

anism BBMpv1b,D1bq, where v1b “ vb ´ vtb, D1b “ Db|ąvtb
´ vtb. Let r1b denote the reserve

price of D1b; again using Lemma 2 we have r1b ě rb ´ vtb. Now, using Lemma 1, we

get that the expected consumer surplus generated by Rankt under Qp~v´b, b, tq is at

least:

ErCSpRanktq | Qp~v´b, b, tqs ě
ÿ

v1băr
1
b

v1bPrrD1b “ v1bs ě
ÿ

vtbăvbărb

pvb ´ v
t
bq
fDbpvbq

SDbpv
t
bq
.
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Note also that PrrQp~v´b, b, tqs “
1
t
¨

´

ś

i‰b fDipviq1tviărDiu

¯

¨ SDbpv
t
bq. Thus for

any buyer b, and any valuation profile ~v´b with vi ă ri for all i ‰ b, we have

ErCSpRanktq ¨ 1Qp~v´b,b,tqs “ PrrQp~v´b, b, tqs ¨ ErCSpRanktq | Qp~v´b, b, tqs

ě
1

t

˜

ź

i‰b

fDipviq

¸

ÿ

vtbăvbărb

pvb ´ v
t
bqfDbpvbq

“
1

t

ÿ

vbărb

˜

ź

i

fDipviq

¸

maxtpvb ´ v
t
bq, 0u.

For any ~v let vptq denote the tth largest value, and Itp~vq to be the indices corresponding

to the top t values in ~v. Summing up over all b, and all ~v´b such that vi ă ri @ i ‰ b,

we have

ÿ

b

ÿ

~v´b

ErCSpRanktq ¨ 1Qp~v´b,b,tqs ě
ÿ

~v|viări

1

t
¨

˜

ź

i

fDipviq

¸

¨

˜

ÿ

b

maxtpvb ´ v
t
bq, 0u

¸

“
ÿ

~v|viări

˜

ź

i

fDipviq

¸

¨

˝

ÿ

iPItp~vq

1

t

`

vi ´ v
pt`1q

˘

˛

‚

“
ÿ

~v|viări

˜

ź

i

fDipviq

¸

¨

˝

¨

˝

ÿ

iPItp~vq

vi
t

˛

‚´ vpt`1q

˛

‚.

(2.3)

Let D1i “ Di|ărDi
be the distribution of buyer i’s value conditioned on Vi ă

rDi . Recall we define pi “ Prvi„Dirvi ă rDis; thus fD1ipvq “ fDipvq{pi. Suppose we

independently sample Yi „ Di|ărDi
for each i, and define Z` as the `th largest value

in tYiu. Then Eq. (2.3) can be written as

ÿ

b

ÿ

~v´b|viări @ i‰b

ErCSpRanktq ¨ 1Qp~v´b,b,tqs ě
ÿ

~v|viări

˜

ź

i

pi

¸

fD1p~vq

¨

˝

¨

˝

ÿ

iPItp~vq

vi
t

˛

‚´ vpt`1q

˛

‚

“

˜

ź

i

pi

¸˜˜

t
ÿ

`“1

ErZ`s

t

¸

´ ErZt`1s

¸

.
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Finally, noting that the Qp~v´b, b, tq events are all non-overlapping, we can write

CSpRanktq ě
ÿ

b

ÿ

~v´b|viări @ i‰b

ErCSpRanktq ¨ 1Qp~v´b,b,tqs,

thereby completing the proof.

Lemma 3 forms the crux of our subsequent analysis, helping us quantify how our

selective BBM signal recovers much of the surplus lost by the Myerson auction. The

difficulty in proving it arises from the correlation between the probability the chosen

buyer j wins the auction, and the surplus raised by the BBM scheme, and we get

around it by coupling the surplus generated when buyer values are above the reserve

with the order statistics of buyer valuations below the reserve.

2.5 Approximating Consumer Surplus

We now prove our main theorem. For this, we first decompose our benchmark

consumer surplus Opt, and then use Lemma 3 to quantify how we recover each term

via signaling. Recall we start with a product distribution D “ D1 ˆ D2 ˆ ¨ ¨ ¨ ˆ Dn,

where Di has reserve price ri. Let x1 ă x2 ă . . . ă xK be the union of the supports

of value distributions. RpDq denotes the revenue of the optimal auction on D, and

Opt “ E~v„Drmaxi vis ´RpDq. We can now decompose Opt into three components:

Myerson’s surplus. The consumer surplus generated by Myerson’s auction, de-

noted by CSpDq.

Non-allocation surplus. The loss in consumer surplus due to Myerson’s auction

not allocating the item, denoted by CS0. In Lemma 4, we show that

CS0 “
ź

i

Pr
vi„Di

rvi ă ris ¨ E
~v„D

”

max
i
vi

ˇ

ˇ

ˇ
vi ă ri @i

ı

.

32



Mis-allocation surplus. The loss in surplus because the highest value and highest

virtual-value buyers are different. We denote the expected loss due to mis-allocating

the item to buyer i as CSi, and the expected loss due to mis-allocating to a buyer

with value xk as xCSk.

For i.i.d. values, we can write Opt “ CSpDq ` CS0, since the highest virtual-

value and highest value buyers coincide. For non-i.i.d. settings, we have two ways of

decomposing Opt:

Opt “ CSpDq `CS0 `

n
ÿ

i“1

CSi and Opt “ CSpDq `CS0 `

K
ÿ

k“1

xCSk. (2.4)

In the remainder, when seeking a θ approximation to Opt, we assume CSpDq is

not already a θ-approximation. We first present an Opminplog n,Kqq-approximation

for the non-allocation surplus CS0, and then use it to approximate the remaining

terms CSi and xCSk in the above expressions.

2.5.1 Approximating the Non-allocation Surplus

The scheme we use to approximate CS0 is simple: We choose the parameter

t P t1, 2, . . . , nu that maximizes CSpRanktq and run Rankt. This choice of t only

depends on the distribution D. Formally, we denote this scheme as S0p~v,Dq, and

present it in Algorithm 3.

Algorithm 3: S0p~v,Dq

1 Choose t “ argmaxnt1“1CSpRankt1q.

2 return Ranktp~v,Dq

In the rest of this section, we show the following theorem which is our main

technical contribution:

Theorem 6. The consumer surplus of the signaling scheme S0p~v,Dq is an O
`

minplog n,Kq
˘

-

approximation to the non-allocation surplus, CS0.
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The proof of the Oplog nq-approximation involves analyzing an appropriate ran-

domization of Rankt over different t (Algorithm 4), while the proof of the OpKq-

approximation involves showing a stronger version of Markov’s inequality for in-

dependent Bernoulli random variables (Lemma 6), which may be of independent

interest.

We first derive an expression for CS0. We denote a realization from D by ~v “ tviu.

Let pi, ri, Yi, Zt be as defined in Section 2.4. We have the following lemma:

Lemma 4. Let P “
śn

i“1 pi. Then, CS0 “ P ¨ ErZ1s.

Proof. Note that CS0 is the expected surplus lost due to not allocating the item in

Myerson’s mechanism. This happens only when all realized values are below their

corresponding reserve price. In this case, the value lost is the maximum valuation,

since this value contributes to the welfare, and the revenue raised is zero. Therefore,

we have:

CS0 “

˜

n
ź

i“1

pi

¸

¨ E

„

max
i“1,2,...,n

vi

ˇ

ˇ

ˇ

ˇ

@i, vi ă ri



where the expectation is over ~v „ D. This is equal to P ¨ ErZ1s.

Oplog nq-Approximation of CS0

For this purpose, we construct a signaling scheme denoted by S2
0 such that

CSpS2
0 q ď CSpS0q. We will then prove that consumer surplus of S2

0 is an Oplog nq-

approximation to CS0.

This scheme can be constructed by randomizing over different values for parameter

t in Rankt. We assign a weight wj to each rank j P t1, 2, . . . , nu and pick a rank t

with probability proportional to these weights. Note that this choice of the rank t

does not depend on ~v. Subsequently, we run Rankt. Formally, the signaling scheme
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is as follows.
Algorithm 4: S2

0 p~v,Dq

1 wj Ð
1
j`1

for j P t1, 2, . . . , n´ 2u

2 wn´1 Ð 1; wn Ð 1

3 Choose rank t P t1, 2, . . . , nu where rank j is chosen with probability

proportional to wj.

4 return Ranktp~v,Dq

Lemma 5. The consumer surplus of S2
0 is an Oplog nq-approximation to CS0.

Proof. We have:

CSpS2
0 q “

řn
t“1wt ¨CSpRanktq

řn
t“1wt

.

Recall the definition of P from Lemma 4. We now use Lemma 3 to lower bound the

numerator of the above formula:
n´1
ÿ

t“1

wtCSpRanktq ` wnCSpRanknq

ěP

˜˜

n´2
ÿ

t“1

ErZts ¨
n´2
ÿ

j“t

1

jpj ` 1q

¸

´

˜

n´1
ÿ

t“2

ErZts ¨
1

t

¸

`

˜

n´1
ÿ

t“1

ErZts ¨
1

n´ 1

¸

´ ErZns

¸

`

CSpRanknq

“P ¨ pErZ1s ´ ErZnsq `CSpRanknq.

It is easy to see that CSpRanknq ě P ¨ ErZns. Using Lemma 4, we have:
n
ÿ

i“1

wiCSpRankiq ě P ¨ ErZ1s “ CS0.

Now, we compute the denominator:
n
ÿ

t“1

wt “ 1`
n´1
ÿ

t“1

1

t
ď 1` lnn.

Therefore, we have:

CSpS2
0 q “

řn
t“1wt ¨CSpRanktq

řn
t“1wt

ě
CS0

1` lnn
.
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Since the scheme S0 chooses the Rankt with largest value, we now have the

following corollary:

Corollary 1. Consumer surplus of S0 is an Oplog nq-approximation to CS0.

OpKq-Approximation of CS0

For proving this part, we will assume n ą 5. For smaller values of n, the analysis in

the previous section already yields a constant-approximation to CS0. Using Lemma 4,

we know CS0 “ P ¨ ErZ1s. Setting x0 “ 0, we therefore have:

ErZ1s “

K
ÿ

k“1

PrrZ1 ě xks ¨ pxk ´ xk´1q.

Therefore, there is a k˚ P t1, 2, . . . ,Ku such that ErZ1s ď K ¨PrrZ1 ě xk˚s ¨ pxk˚´

xk˚´1q. We fix this k˚, and deduce:

CS0 ď K ¨ P ¨PrrZ1 ě xk˚s ¨ pxk˚ ´ xk˚´1q.

Therefore, if we show that CSpS0q ě Ωp1qP ¨PrrZ1 ě x˚ks ¨ px
˚
k ´ xk˚´1q, then we

have an OpKq-approximation to CS0.

In order to show the former statement, we need the following probability lemma:

Lemma 6. Given n independent Bernoulli random variables, Xi P t0, 1u for i P

t1, 2, . . . , nu, let N “
ř

iXi. Then there exists a value j P t1, 2, . . . , nu such that:

min

ˆ

1,
ErN s

j

˙

´PrrN ě j ` 1s ě
PrrN ě 1s

5
.

Proof. Let αq be the probability that N “ q. At least one of the following holds:

• If ErN s ă 5, then for j “ 5, we have:

min

ˆ

1,
ErN s

5

˙

´PrrN ě 6s “
1

5
ErN s ´PrrN ě 6s

ě
1

5

˜

n
ÿ

q“1

qαq

¸

´ α6 ě
1

5
¨

˜

n
ÿ

q“1

αq

¸

“
PrrN ě 1s

5
.
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• If 5 ď ErN s ď n
3
, then we set j “ 2 ¨ rErN ss. It is easy to see that for this

setting, we have min
´

1, ErNs
j

¯

ě 0.4. By a standard application of Chernoff

bounds we have:

PrrN ě j ` 1s ă e
´5
3 ă 0.19.

Therefore we have:

min

ˆ

1,
ErN s

j

˙

´PrrN ě j ` 1s ě 0.2 ě
PrrN ě 1s

5
.

• If ErN s ě n
3
, then we set j “ n, so that

min

ˆ

1,
ErN s

n

˙

´PrrN ě n` 1s ě
1

3
ě

PrrN ě 1s

5
.

We now complete the proof of the OpKq-approximation in the lemma below.

Lemma 7. There exists a value t1 such that CSpRankt1q ě Ωp1qP ¨ PrrZ1 ě xk˚s ¨

pxk˚ ´ xk˚´1q.

Proof. Recall that Yi is the distribution of Di conditioned on being strictly below

the reserve price ri. We draw one random variable independently from each Yi. We

define Gk to be the random variable corresponds to the number of draws with value

at least xk˚ among those n draws. Using Lemma 3, we have:

CSpRanktq ě P ¨ E

„řt
i“1 Zi
t

´ Zt`1



ě P ¨ pxk˚ ´ xk˚´1q ¨

ˆ

min

ˆ

1,
ErGk˚s

t

˙

´PrrGk˚ ě t` 1s

˙

.

We define a Bernoulli random variable Xi that is 1 when Yi ě xk˚ and zero

otherwise. Applying Lemma 6, there exists a value of t1 between 1 and n such that

the following holds:
ˆ

min

ˆ

1,
ErG˚ks

t1

˙

´PrrG˚k ě t1 ` 1s

˙

“ Ωp1q ¨PrrG˚k ě 1s “ Ωp1q ¨PrrZ1 ě xk˚s.

This when combined with the previous inequality, completes the proof.
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According to the previous lemma, there is a t1 such that consumer surplus of

Rankt1 is an OpKq-approximation and CSpS0q ě CSpRankt1q for any t1. Therefore,

we have the following corollary:

Corollary 2. Consumer surplus of S0 is an OpKq-approximation to CS0.

Combining Corollaries 1 and 2 completes the proof of Theorem 6.

Identically distributed buyers. For i.i.d. values, we use the better of two

schemes: Using S0p~v,Dq or sending no signal. This immediately implies anO
`

minplog n,Kq
˘

-

approximation to Opt, as in this setting we have: Opt “ CSpDq ` CS0. This

completes the first part of Theorem 3.

2.5.2 Approximating the Mis-allocation Surplus

Finally, we prove Theorem 3 when Di are not all identical. From Eq (2.4), this

requires approximating CSi and xCSk for any i and k. Recall CSi is the surplus lost

when a non highest-value bidder i wins the auction. Assuming we break ties in favor

of the higher valued buyer, we have:

CSi “
ÿ

~v:i“argmaxjpϕDj pvjqq

PrrD “ ~vs ¨

ˆ

max
j
pvjq ´ vi

˙

. (2.5)

Similarly, xCSk is the surplus lost when the item is allocated to a buyer with value

xk. Again assuming ties are broken in favor of higher-valued buyers, we have:

xCSk “
ÿ

~v:xk“maxjpϕDj pvjqq

PrrD “ ~vs ¨

ˆ

max
j
pvjq ´ xk

˙

. (2.6)

To approximate these quantities, we run the signaling scheme for approximating

CS0 on a modified product distribution. In this new scheme, we fix a cut-off value

c, and reveal the identity of all the buyers with realized value strictly greater than
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c. Let a denote the largest realized value that is at most c, and T denote the set of

buyers with values strictly bigger than a. We first modify the distribution Di for i P T

as follows: Recall that Di|ąc denotes the distribution of Vi conditioned on Vi ą c;

let Xi denote the corresponding random variable. We change the distribution to be

that of Xi ´ a, that we denote Dj|ąc ´ a. We now subtract a from all the valuations

vi, i P T , and run the signaling scheme S0 in this instance. The details of the scheme

can be found in Algorithm 5, where c is the cutoff parameter, and where we denote

by ~vT the |T | dimensional vector made by choosing the indices in T from ~v. Note

that c could be different from a when there is no buyer whose value coincides with c.

Algorithm 5: Truncp~v,D, cq

1 aÐ maxviďcpviq; and T Ð tj : vj ą au

2 DT,a Ð
ś

jPTi
pDj|ąc ´ aq // Modified distributions for j P T.

3 ~v1 Ð ~vT ´ a // a is a vector with all elements equal to a.

4 sÐ S0p~v1,DT,aq // s is the signal returned by S0.

5 return pa, Ti, sq as final signal

Approximating Opt for small n. We choose i˚ P t1, 2, . . . , nu that maximizes

CSi. By Eq. (2.4), to get an Opn log nq-approximation to Opt, it suffices to demon-

strate an Oplog nq-approximation to CSi˚ . The scheme S1 chooses i˚ P t1, 2, . . . nu

that maximizes CSi and returns Truncp~v,D, vi˚q.

Theorem 7. The consumer surplus of S1 is an Oplog nq-approximation to CSi˚.

Proof. Recall that the final scheme S1 chooses i˚ P t1, 2, . . . nu that maximizes CSi as

defined in Eq (2.5) and returns Truncp~v,D, vi˚q as defined in Algorithm 5. Applying

Corollary 1 to the modified distribution DT,a defined in Algorithm 5, the consumer

surplus of S1 is at least:

1

lnn` 1

ÿ

T,a

PrpT, aqCS0pDT,aq
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where PrpT, aq is the probability of the event that vi˚ “ a and the set of all the

buyers with value strictly larger than a is T .

In order to prove the lemma, we need to show the following:

CSi˚ ď
ÿ

T,a

PrpT, aqCS0pDT,aq.

From Eq (2.5), we have:

CSi˚ “
ÿ

~v:i˚“argmaxjpϕDj pvjqq

PrrD “ ~vs ¨

ˆ

max
j
pvjq ´ vi˚

˙

.

Let D1j “ Dj|ąa ´ a and let its reserve price be r1j. Then,

PrpT, aqCS0pDT,aq “
ÿ

~v1:v1jăr
1
j@jPT

PrpT, aq ¨PrrDT,a “ ~v1s ¨max
jPT
pv1jq.

Note that for every vector ~v P D there is a corresponding set T , value a, and vector

~v1 P DT,a as defined in Algorithm 5. We show that if a positive value is added to CSi˚

in the above formula, at least the same amount will be added to the corresponding

PrpT, aqCS0pDT,aq by the corresponding vector v1. First, since DT,a is the product of

conditional distributions of values of buyers in T being larger than a, we have:

PrrD “ ~vs “ PrpT, aq ¨PrrDT,a “ ~v1s.

Now, there is a positive contribution to CSi˚ in the event where vj “ maxi vi and

ϕDjpvjq ă ϕDi˚ pvi˚q ď vi˚ “ a. This assumes ties are broken by allocating to the

buyer with higher valuation. The contribution to CSi˚ is vj ´ vi˚ .

Consider the distribution Dj. By Lemma 2, ϕD1jpvj ´ aq “ ϕDjpvjq. Since

ϕDjpvjq ă a “ vi˚ , we have ϕD1jpv
1
jq ă 0 so that v1j ă r1j. Therefore, the contri-

bution to CS0pDT,aq is precisely v1j “ vj ´ vi˚ . This completes the proof.

Since there are n possible choices of i˚, this directly implies:

Corollary 3. Any n-dimensional product distribution D admits Opn log nq-approximate

signaling.
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Approximating Opt for small K. Similar to the previous section, consider k˚ P

t1, 2, . . . ,Ku that maximizes xCSk. The scheme, denoted by S2 executes Truncp~v,D, xk˚q.

Note that there may be no bidder with valuation xk˚ , which motivates the way Al-

gorithm 5 is presented.

Theorem 8. The consumer surplus of S2 is an OpKq-approximation to xCSk˚.

Proof. The proof is similar to the proof of Theorem 7 and we omit details. First, by

applying Corollary 2 to the modified distribution DT,xk˚
, the consumer surplus of S2

defined in Section 2.5.2 is at least:

Ω

ˆ

1

K

˙

ÿ

T

PrpT qCS0pDT,xk˚
q

where PrpT q is the probability that the set of all the buyers with value strictly larger

than xk˚ is T . Furthermore using Eq (2.6) and by replacing vi˚ by xk˚ in the proof

in Theorem 7, we have

xCSk˚ ď
ÿ

T

PrpT qCS0pDT,xk˚
q.

Combining the above two bounds proves the theorem.

Since there are K possible values of k˚, the previous theorem directly implies:

Corollary 4. Any n-dimensional product distribution D admits OpK2q-approximate

signaling.

By combining Corollaries 3 and 4, the proof of Theorem 3 is completed for the

non-i.i.d. case.
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2.6 Conclusion

The immediate and challenging open questions involve tightening our bounds.

First, we do not have any lower bound for the i.i.d. case, since the bounds in The-

orems 1 and 2 both require non-i.i.d. distributions. Indeed, for two-valued i.i.d.

distributions, the upper bound on approximation ratio is also one. Improving our

lower bounds will require a better characterization of the consumer surplus generated

by signals that correlate buyer valuations, beyond the Crémer-McLean characteriza-

tion [63]. Next, the space of signals we have considered for the upper bounds builds

on the n “ 1 case [33], and it is conceivable that signals that modify the valuation

distribution of multiple buyers at once may lead to improved bounds. Such signals

are challenging to analyze for reasons we describe in Section 2.1.2. Finally, it is quite

likely there is a separation between existence results and computational results, i.e.,

there could be an existence result showing a better approximation via an exponential

complexity signaling scheme. Such separations are known for the Bayesian persuasion

problem [73], and it would be interesting to derive such results for our multi-agent

setting.
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3
Prophet Inequalities with Uncertain Supply

The results of this chapter are published in [13], which is a joint work with Sid-

dhartha Banerjee, Sreenivas Gollapudi, Kamesh Munagala, and Kangning Wang.

3.1 Introduction

Online posted pricing problems are one of the canonical examples in online decision-

making and optimal control. The basic model comprises of a fixed supply of non-

replenishable items; buyers (demand) arrive in an online fashion over a fixed time

interval, and the platform sets prices to maximize some objective such as social

surplus (welfare) or revenue. Another variant of this setting is found in internet

advertising, where the number of advertisements (supply) is assumed to be fixed

(for example, based on contracts between the publisher and advertisers), while key-

words/impressions (demand) arrive online, and are matched to ads via some policy.

The demand is typically assumed to obey some underlying random process, which

allows the problem to be cast as a Markov Decision Process (MDP); however, in

many settings, such a formulation suffers from a “curse of dimensionality”, making it

infeasible to solve optimally.

An important idea for circumventing the computational intractability of optimal

pricing is that of prophet inequalities — heuristics with performance guarantees with

respect to the optimal policy in hindsight (i.e., the performance of a prophet with full

information of future arrivals). The simplest prophet inequality has its origins in the
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statistics community [115] — given a single item and T arriving buyers with values

drawn from known distributions, there is a pricing scheme using only a single price

that extracts at least half the social surplus earned by the prophet (moreover, this

is tight). More recently, there has been a long line of work generalizing this setting

to incorporate multiple (possibly non-identical) items, as well as combinatorial buyer

valuations [95, 57, 113, 80, 69, 133, 61, 3, 74].

The aim of this chapter is to develop a theory of prophet inequalities for settings

with uncertainty in future supply. This is a natural extension of the basic posted-

price setting, and indeed special cases of our framework have been considered be-

fore [135, 95] (in the context of optimal secretary problems with a random “freeze” on

hiring). What makes these problems of greater relevance today is the rise of online

‘sharing economy’ marketplaces, such as those for transportation (Lyft, Uber), la-

bor (Taskrabbit, Upwork), lodging (Airbnb), medical services (PlushCare), etc. The

novelty in such marketplaces arises because of their two-sided nature: in addition to

buyers who arrive online, the supply is now controlled by “sellers” who can arrive and

depart in an online fashion. For example, in the case of ridesharing/lodging plat-

forms, the units of supply (empty vehicles/vacant listings) arrive over time, and have

some patience interval after which they abandon the system (get matched to rides

on other platforms/remove their listings). Supply uncertainty also arises in other

settings, for instance, if items are perishable and last for a priori random amounts of

time. Our work aims to understand the design of pricing policies for such settings,

and characterize how the resulting prophet inequalities depend on the characteristics

of the supply uncertainty.
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3.1.1 Model

We introduce “supply uncertainty” into the basic prophet inequality setting as follows:

There are m items present initially, but these do not last till the end of the buyer

arrivals, but instead, depart after an a priori unknown amount of time. Formally,

we assume each item i samples a horizon from a distribution Hi, at which time it

departs. We assume the horizon lengths for items are mutually independent, and also

independent of the valuation distribution of the buyers. Note though that the items

can have different horizon distributions. We denote the maximum possible horizon

length for any item as n.

On the demand side, we assume there is an infinite stream of unit-demand buyers

arriving online, where the valuation of the h-th arriving buyer is a random variable

Xh drawn i.i.d. from a distribution V . From the perspective of a buyer, all items

are interchangeable, and hence being matched to any item that has not yet departed

yields value Xh. Note that assuming an infinite stream of buyers is without loss of

generality, because we can encode any upper bound on the number of buyers in the

horizon distributions.

The algorithm designer knows the horizon distribution Hi for each item, and the

buyer value distribution V , but not the realized horizons for each item (until the item

actually departs), or the value for any buyer. The goal is to design an online pricing

scheme that competes with a prophet that knows the realized horizons of each item

and the valuation sequence of buyers, and extracts full social surplus (or welfare).

The main outcome of the standard prophet inequality is that there are constant-

competitive algorithms for maximizing welfare, even when buyers are heterogeneous

and arrive in arbitrary order. This however turns out to be impossible in the presence

of item horizons without additional assumptions. First, even with i.i.d. horizons,

achieving a constant factor turns out to be impossible for general horizon distributions
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(cf. Theorem 12); thus to make progress, we need more structure on the horizons.

One natural assumption is that each item is more and more likely to depart as time

goes on, which can be formalized as follows.

Definition 1. A horizon distribution H satisfies the monotone-hazard-rate (MHR)

condition if:

Pr
h„H

rh ě h˚ ` 2 | h ě h˚ ` 1s ď Pr
h„H

rh ě h˚ ` 1 | h ě h˚s, @h˚ ě 1.

Several distributions satisfy the MHR condition, including uniform, geometric,

deterministic, and Poisson; note also that truncating an MHR distribution preserves

the condition.

Finally, even with MHR horizons, buyer heterogeneity is a barrier for obtaining

a constant-competitive algorithm, as demonstrated by the following example, with

deterministic valuations and known order of arrivals.

Example 2. Given m “ 1 item with horizon following a geometric distribution with

parameter 0.5, consider a sequence of n buyers with vh “ 2h for h “ 1, 2, . . . , n. The

expected value of the prophet is Θpnq while any algorithm can only achieve a constant

value in expectation.

3.1.2 Our Results

The above discussion motivates us to study settings with i.i.d. buyers, and items

with MHR horizons. Our main result is that these two assumptions are sufficient

to obtain a constant-competitive approximation to the prophet welfare. In particular,

our main technical result is the following theorem, which we prove in Section 3.2.

Theorem 9. There is a constant-competitive online policy for social surplus for any

m ě 1 items with independent and possibly non-identical MHR horizon distributions,

and unit-demand buyers arriving with i.i.d. valuations.
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Though the complete algorithm is somewhat involved, at a high level, it is based

on a simple underlying idea: to be constant-competitive against the prophet, we need

to choose prices so as to balance the rate of matches and departures. Achieving this

in the general case is non-trivial, and requires some new technical ideas. However, for

the special case of a single item, balancing can be achieved via a simple fixed pricing

scheme. In Section 3.3, we use this to obtain the following tight result for the m “ 1

setting (this also serves as a primitive for our overall algorithm):

Theorem 10. There is a fixed pricing scheme for a single item with an MHR horizon

distribution with mean µ that has competitive ratio 2 ´ 1{µ. Further, this bound is

tight for the geometric horizon distribution with mean µ.

Intuitively, the factor of two in the above theorem corresponds to the prophet

considering matching and departures as the same, which an algorithm cannot do.

The surprising aspect is that this simple policy is worst-case optimal within the class

of instances with MHR horizons — this is in contrast to deterministic horizons, where

fixed pricing is known to be suboptimal for the special case of one item with known

(deterministic) horizon and i.i.d. buyers [100, 74].

We complement our positive results by showing several lower bounds that establish

their tightness. As mentioned above, in Section 3.3, we show a (tight) lower bound of

2´ 1{µ for m “ 1 items with MHR horizons. Our main lower bounds in Section 3.4

generalizes this to m ě 1 items.

Theorem 11. For the multi-item setting with i.i.d. geometric horizons:

• For any number of items, there is a lower bound of 1.57 on the competitive ratio

of any dynamic pricing scheme; in the limit when the number of items goes to

infinity, this improves to 2.

• No fixed pricing scheme can be oplog logmq-competitive where m is the number

of items.
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The above theorem implies that the MHR horizon setting, even with i.i.d. hori-

zons, is significantly different from the setting with multiple items and a single deter-

ministic horizon (where fixed pricing extracts
´

1´O
´

1?
m

¯¯

-fraction of surplus [10]).

Put differently, the lower bound emphasizes that even with i.i.d. horizons, to obtain

a constant-competitive algorithm, it is not sufficient to replace the horizon distribu-

tions by their expectations and use standard prophet inequalities — the stochastic

nature of the horizons allows for significant deviations in the order of departures

of the items, and a policy that knows this ordering can potentially extract much

more welfare. Given this, it is quite surprising that a simple dynamic pricing scheme

achieves a constant approximation.

Finally, we consider the general case where there is no restriction on the horizon

distribution. In this setting, the presence of supply uncertainty severely limits the

performance of any non-anticipatory dynamic pricing scheme in comparison to the

omniscient prophet. In particular, we show that for any number of items and i.i.d.

buyer valuations, the ratio between the welfare of any algorithm and the prophet

grows with the horizon, even if the algorithm knows the realized valuations.

Theorem 12. For any m ě 1 items, there exists a family of instances such that the

prophet has welfare Ω
´

logn
log logn

¯

-factor larger than any online policy, even if the policy

knows all the realized values, but not the realized horizons. Here, n “ maxitsupppHiqu.

This generalizes similar lower bounds for settings where the horizon is unknown [101,

95]. The proof of this result is provided in Section 3.5.

3.1.3 Technical Highlights

At a high level, we achieve our results via a conceptually simple and natural class of

balancing policies that generalizes policies for the deterministic-horizon case:
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Balancing Policy. Balance the rate at which buyers are accepted to the

rate at which items depart the system because their horizon is reached.

Converting this high-level description of balancing into a concrete policy requires

new technical ideas. We first note the technical challenges we encounter. In the

setting with deterministic identical horizons [115, 80], we can achieve constant-

competitive algorithms (or even better) via a global expected value relaxation that

yields a fixed pricing scheme. Indeed, such an argument can safely assume buyers

are non-identical with adversarial arrival order. However, the setting with stochastic

horizons is very different. First, as Example 2 shows, even for m “ 1 item with

geometric horizon, there is an Ωpnq lower bound when buyer valuations are not iden-

tically distributed. Secondly, for m ą 1 items, we need dynamic pricing even in the

simplest settings — when horizons are i.i.d. geometric (see Theorem 11), or when

they are deterministic. This precludes the use of a global one-shot analysis.

At this point, we could try using techniques from stochastic optimization, partic-

ularly stochastic matchings [58, 31] and multi-armed bandits [89, 91]. Here, the idea

is to come up with a weakly coupled relaxation, say one policy per item, and devise

a feasible policy by combining these. However, these algorithms crucially require the

state of the system to only change via policy actions, and our problem more is similar

to a restless bandit problem [90] where item departures cause the state of the system

can change regardless of policy actions taken. Indeed, the actual departure process

itself may significantly deviate from its expected values, making it non-trivial to use

a global relaxation.

Simulating Departures. This brings up our technical highlight: Instead of en-

coding the departure process in a fine-grained way into a relaxation, we simulate its

behavior in our final policy. In more detail, we first write a weak relaxation of the

prophet’s welfare separately in a sequence of stages with geometrically decreasing
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number of items. This only uses the expected number of items that survive in the

stage, and not the identity of these items. The advantage of such a weak relaxation

is that it yields a solution with nice structure: this policy non-adaptively sets a fixed

price in each stage to balance the departure rate with the rate of matches. However,

it is non-trivial to construct a feasible policy from this relaxation, since the relaxation

decouples the allocations of the prophet across different stages, while any feasible al-

gorithm’s allocations are clearly coupled. Indeed, the optimal feasible policy is the

solution to a dynamic program with state space exponential in m, and the prophet

is further advantaged by knowing which items depart earlier in the future.

Surprisingly, we show that our simple relaxation is still enough to achieve a

constant-competitive algorithm. We do so by simulating the departure process, that

is, by choosing items for matching with the same probability that they would have

departed at a future point in time. This couples the stochastic process that dictates

the number of items available in the policy with that in the prophet’s upper bound,

albeit with a constant-factor speedup in time. This yields a non-adaptive policy that

makes its pricing decisions for the entire horizon, as well as the (randomized) se-

quence in which to sell the items, in advance. We believe such a policy construction

that simulates the evolution of state of the system may find further applications in

the analysis of restless MDPs.

Lower Bounds from Time-Reversal. Our lower bounds are all based on demon-

strating particular bad settings as in Example 2. From a technical perspective, the

most interesting construction is that in Theorem 11 — here, we first consider a

canonical, asymptotic regime where the horizon distribution is geometric with mean

approaching infinity, and show that we can closely approximate the behavior of the

prophet and the algorithm via an appropriate Markov chain. We then define and

analyze a novel time-reversed Markov chain encoding the prophet’s behavior, that
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captures matching a departing item to the optimal buyer that arrived previously.

3.1.4 Related Work

The first prophet inequalities are due to Krengel and Sucheston [115, 116]. It was sub-

sequently shown [134], there is a 2-competitive fixed pricing scheme that is oblivious

to the order in which the buyers arrive, and this ratio is tight in the worst case over

the arrival order. Motivated by applications to online auctions, since then there have

been several extensions to multiple items [109, 95, 10], matching setting [11, 143],

matroid constraints [113] and general combinatorial valuation functions [80, 133].

Our work is a generalization of the single-item setting where buyer valuations are

i.i.d. and the horizon is known, to the case where the horizon is stochastic and there

are multiple items. The setting with known horizons was first considered in Hill and

Kertz [100]. In this case, the optimal pricing scheme can be computed by a dynamic

program, and a sequence of results [110, 3, 61] show a tight competitive ratio of 1.342

for this dynamic program against the prophet. In contrast, we show that when the

horizon is MHR, a simple fixed pricing scheme has optimal competitive ratio of 2.

A generalization of the i.i.d. setting is the recently-introduced prophet secretary

problem where the buyers are not identical, but the order of arrival is a random

permutation. In this case, fixed pricing is a tight e
e´1

-approximation [77, 74]; and a

dynamic pricing scheme can beat this bound [20, 62] by a slight amount. Though our

results extend to this setting, it is not the focus of our work since the i.i.d.-valuations

case is sufficient to bring out our conceptual message.

The random horizon setting has been extensively studied in the context of the

classic secretary problem. When the horizon is unknown (that is, no distributional

information at all), no constant-competitive algorithm is possible [101]. In the context

of prophet inequalities, the unknown-horizon setting was considered by Hajiaghayi
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et al. [95], who show again that no constant-competitive algorithm is possible. We

use a similar example to extend this lower bound to the case where the horizon is

stochastic from a known distribution.

3.2 Prophet Inequality for Heterogeneous Items with
MHR Horizons

In this section, we present the proof of Theorem 9. We first give an overview of our

algorithm. At a high level, this scheme attempts to balance the rate that items are

assigned to buyers and the rate that items naturally depart. In Section 3.2.1, we

first introduce a way to divide the entire time horizon into disjoint stages in a way

such that during the k-th stage, m
2k

items depart in expectation. We then bound

the prophet’s welfare separately for each stage (Section 3.2.2) — we do so via a

relaxation that ignores the identity of the items, and only captures the constraint

that the expected number of matches in a stage is at most the expected number of

items present at the beginning of that stage.

The key technical hurdle at this point is that when we make a matching, we

do so without knowing exactly when items depart in the future. This changes the

distribution of the items available in subsequent stages. To get around this, in each

stage, we first simulate the future departure of items, and use this to select items

available for matching in the current stage. In more detail, in Section 3.2.3, we split

the stages alternately into even and odd stages, and develop an algorithm whose

welfare approximates the welfare of the relaxed prophet from the odd stages (and by

symmetry, another algorithm that approximates the welfare from the even stages).

For approximating the welfare from the odd stages, the algorithm re-divides time

into a new set of stages corresponding to the odd stages under the old division (See

Figure 3.1). We then use each new stage to approximate the welfare generated in the
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corresponding odd stage in the old division; to do so, we sample candidate items for

matching in the current stage with the probability they would leave in the subsequent

even stage under the old division. Consequently, for every item, the probability of

departure during an even stage under the old division is the same as of being selected

for matching in the current stage. We show that this process couples the behavior of

the algorithm and the benchmark, assuming the departure processes are MHR. Using

concentration bounds, we show that this approach yields a constant approximation.

In addition to the above process, our algorithm needs to separately handle any

stage of length 1 (i.e., any single time period where the expected number of available

items reduces by at least half), as well as a final stage where the expected number

of available items is constant. We show that the welfare in the length 1 phases

is approximated by a blind matching algorithm which matches all incoming buyers

(Section 3.2.4), while the welfare of the final period is approximated by an algorithm

that randomly selects only one item for matching at the beginning, and discards the

rest (Section 3.2.5). For the latter setting (i.e., for a single item setting), we present

a tight 2-competitive fixed pricing scheme for the m “ 1 setting in Section 3.3.

Finally, the overall algorithm is based on randomly choosing one of the four candidate

algorithms (i.e., for approximating the prophet welfare in odd stages, even stages,

short stages, and the final stage), with an appropriately chosen distribution.

3.2.1 Splitting Time into Stages

As a first step, we divide the time horizon into s`1 stages. The k-th stage corresponds

to an interval r`k, rkq. For k “ 1, 2, . . . , s, we define rk by

rk:“ min
!

t`1 : Ernumber of remaining items after time ts ď
m

2k

)

.

Also `k`1 :“ rk for k “ 1, 2, . . . , s; `1 “ 1 and rs`1 “ 8.
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We set s to be the smallest non-negative integer so that m
2s
ď 10, i.e., s :“

max
`

0,
P

log2
m
10

T˘

. Within the first s stages, we separate stages of length rk ´ `k “ 1

from the rest. We term the stages of length at least 2 as Long stages, and those of

length 1 as Short stages. We term the stage s ` 1 as the Final stage. Note that

based on our choice of s, the expected number of items which remain in the final

stage is at most 10, and unless s “ 0, at least 5 items in expectation survive at one

time step earlier into the final stage.

3.2.2 Upper Bound on Prophet’s Welfare

In this section, we develop a tractable upper bound for the prophet. Let Pro denote

the optimal welfare obtainable by the prophet. We term the total welfare of Pro in

the Long stages as ProLong, the total welfare in the Short stages as ProShort,

and the welfare in the Final stage as ProFinal. Clearly, we have:

Lemma 8. Pro “ ProLong` ProShort` ProFinal.

We bound ProLong and ProShort separately for each stage. Let Prok denote

the welfare from stage k, so that ProLong` ProShort “
řs
k“1 Prok.

Lemma 9. For 1 ď k ď s, we have:

Prok ď min
´

rk ´ `k,
m

2k´1

¯

¨ E
v„V
rv | v ě pks,

where pk satisfies Prv„V rv ě pks “ min
´

1, m{2
k´1

rk´`k

¯

.1

Proof. Fix a stage k. LetWi be the expected welfare that the prophet gets from buyer

i, and let yi be the probability that buyer i is matched by the prophet (`k ď i ă rk).

1The existence of such p is without loss of generality: Let t “ min
´

1, m{2
k´1

rk´`k

¯

. When there exists

some p˚ such that Prrv ě p˚s ą t and Prrv ą p˚s ă t, we could accept all values greater than

p˚ and accept p˚ with probability t´Prrvąp˚
s

Prrv“p˚s
.
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Notice that in expectation, at most m
2k´1 items have horizons of at least `k by the

definition of stages. Therefore,
řrk
i“`k

yi ď
m

2k´1 .

Let FV be the CDF of the distribution V . We haveWi ď yi¨Ev„V

“

v
ˇ

ˇ v ě F´1
V p1´ yiq

‰

,

since when buyer i is matched with probability yi, the prophet cannot do better than

getting the top yi-percentile of the distribution V from the buyer. With these con-

straints, we write a relaxation for the welfare of the prophet during stage k:

max
rk´1
ÿ

i“`k

Wi

s.t. Wi ď yi ¨ E
v„V

“

v
ˇ

ˇ v ě F´1
V p1´ yiq

‰

, @i“`k, `k`1, . . . , rk´1,

rk´1
ÿ

i“`k

yi ď
m

2k´1
,

yi P r0, 1s, @i“`k, `k`1, . . . , rk´1.

Clearly yi’s should be equal in the optimal solution. Therefore,
rk´1
ÿ

i“`k

Wi ď prk ´ `kq ¨min

ˆ

1,
m{2k´1

rk ´ `k

˙

¨ E
v„V
rv | v ě pks,

where Prv„V rv ě pks “ min
´

1, m{2
k´1

rk´`k

¯

. Summing over the s stages finishes the

proof.

Notice that in our upper bound for
řs
k“1 Prok, if an item departs during stage

k, we allow it to be matched once in stage 1, once in stage 2, . . . , and once in stage

k. However, since the expected number of departures in each stage exponentially

decreases, only a constant factor is lost comparing with the finer relaxation where we

enforce the constraint that each item is only matched once across the stages. Our

coarser relaxation enables a cleaner benchmark to work on.

We next bound ProFinal. Let ProSinglei be the optimal welfare of the

prophet (from all stages) if item i is the only item available in the system, i.e.,

the single-item setting. We consider this setting in detail in Section 3.3.
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Lemma 10. ProFinal ď
řm
i“1 Prhi„Hirhi ě `s`1s ¨ ProSinglei.

Proof. Let Wi be the welfare that the prophet can get from item i during the final

stage. We have

Wi ď Pr
hi„Hi

rhi reaches the final stages¨

E
hi„Hi

rwelfare from item i in the final stage | hi reaches the final stages

ď Pr
hi„Hi

rhi reaches the final stages ¨ Erwelfare from item is

“ Pr
hi„Hi

rhi ě `s`1s ¨ ProSinglei,

where the second inequality comes from the MHR condition of Hi: Prhi„Hirhi ě

`s`1 ` k | hi ě `s`1 ´ 1 ` ks ď Prhi„Hirhi ě 1 ` k | hi ě ks — item i would depart

faster if it started at time `s`1.

Summing up the items, we have:

ProFinal ď
m
ÿ

i“1

Wi ď

m
ÿ

i“1

Pr
hi„Hi

rhi ě `s`1s ¨ ProSinglei.

Lemmas 8, 9 and 10 together give an upper bound for our benchmark as:

Pro ď

«

ÿ

kďs, rk´`ką1

Prok

ff

`

«

ÿ

kďs, rk´`k“1

Prok

ff

`

«

m
ÿ

i“1

Pr
hi„Hi

rhi ě `s`1s ¨ ProSinglei

ff

where the three term correspond to an upper bound on the prophet’s welfare in the

Long, Short and Final stages respectively (i.e., ProLong, ProShort, and Pro-

Final). In the next three sections, we describe three separate algorithms, each one

of which, if run independently, provides an approximation to one of the terms. Our

overall algorithm is then based on randomly choosing between the three algorithms

with appropriately chosen distribution.
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3.2.3 Approximating Prophet’s Welfare in Long Stages

We first approximate upper bound given in Lemma 9. Within this, we approximate

ProLong and ProShort separately. We first focus on ProLong, since this is

technically the most interesting, and postpone approximating ProShort to Sec-

tion 3.2.4.

OLD: ¨ ¨ ¨

NEW: ¨ ¨ ¨

S1 S2 S3 S4 S5 S6

S 11 S 13 S 15

Figure 3.1: Redivision of the Time Horizon

We approximate ProLong by Algorithm 6. We divide all the s stages into

alternate odd and even stages. We focus on illustrating the approximation for odd

stages, and that for even stages is identical. We then re-divide time into stages

corresponding to the original odd stages, as illustrated in Figure 3.1, where Sk stands

for the old stage k and S 1k stands for the new stage k. At each odd stage, we

sample items according to their departure rates during the next (fictitious) even

stage. During the new process when items become unavailable by being sampled,

each item is as least as likely to survive a stage as before, since the sampling is only

as frequent as the natural departures during the original even stages.

Note that we set each S 1k to be 1 time step shorter than the corresponding Sk and

make each fictitious even stage 1 time step longer (unless the length of Sk is 0). We

do this to ensure enough items will be sampled: Because of integrality constraints,

an even stage may be too short (e.g., of length 0) and if so, little (or nothing if the

stage has length 0) can be sampled there. This is also the reason why Short stages

are separately considered.

Note that Algorithm 6 can be easily modified to work with even stages instead of
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Algorithm 6: DepartureSimulation: Odd Stages Version

1 AÐ t1, 2, . . . ,mu // A “ Set of available items

2 for each odd stage k “ 1, 3, . . . , till stage s do

3 Ck Ð ∅ // Ck “ Set of items considered in this stage

4 For each i P A, with probability Prhi„Hirhi ă rk`1 | hi ě `k`1 ´ 1s, place

in Ck

5 AÐ AzCk

6 if rk ´ `k ě 2 then

7 pk Ð F´1
V

´

max
´

0, 1´ m{2k´1

rk´`k

¯¯

8 For each of the next rk ´ `k ´ 1 arriving buyers, if this buyer has

valuation ě pk, match to any item in Ck and remove this item from

Ck

9 If any item departs, remove it from A and Ck
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odd stages, and will yield the corresponding version of the theorem below with “odd”

replaced by “even”. In order to show Theorem 9, we will use either the odd stages or

even stages algorithm depending on which yields larger expected welfare. Note that

it is entirely possible that one of these stages yields very low welfare compared to the

other.

Theorem 13. Algorithm 6 is a 15.1-approximation to the sum of Prok over odd

stages k ď s with rk ´ `k ě 2.

Proof. We use y` to denote maxp0, yq. For any odd k with rk ´ `k ě 2, let the

random variable Mk be the number of items in the set Ck that has horizon of at least
řpk`1q{2
k1“1 pr2k1´1´`2k1´1´1q`, i.e., the end of (new) stage k. We denote

řj
k1“1pr2k1´1´

`2k1´1 ´ 1q` by Sj in the rest of the proof.

Mk is the sum of m independent Bernoulli random variables, where the i-th one

denotes whether item i is in Ck and has horizon of at least Spk`1q{2. We have

ErMks “

m
ÿ

i“1

Pr
“

item i is in Ck and has horizon of at least Spk`1q{2

‰

“

m
ÿ

i“1

Pr
hi„Hi

“

hi ě Spk`1q{2

‰

¨

˜

pk´1q{2
ź

j“1

ˆ

1´ Pr
hi„Hi

rhi ă r2j | hi ě `2j ´ 1s

˙

¸

¨

Pr
hi„Hi

rhi ă rk`1 | hi ě `k`1 ´ 1s,

where we calculate the probability that item i has horizon of at least
řpk`1q{2
k1“1 pr2k1´1´

`2k1´1 ´ 1q`, was never selected into C2j´1’s during previous stages 2j ´ 1 ă k, and
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was selected into Ck. Further simplifying it, we have

ErMks “

m
ÿ

i“1

˜

pk`1q{2
ź

j“1

Pr
hi„Hi

rhi ě Sj | hi ě Sj´1s

¸

¨

˜

pk´1q{2
ź

j“1

Pr
hi„Hi

rhi ě r2j | hi ě `2j ´ 1s

¸

¨

Pr
hi„Hi

rhi ă rk`1 | hi ě `k`1 ´ 1s

Since the MHR condition implies the item is more likely to survive in earlier time

steps, we have:

ErMks ě

m
ÿ

i“1

˜

pk`1q{2
ź

j“1

Pr
hi„Hi

rhi ě r2j´1 ´ 1 | hi ě `2j´1s

¸

¨

˜

pk´1q{2
ź

j“1

Pr
hi„Hi

rhi ě r2j | hi ě `2j ´ 1s

¸

¨

Pr
hi„Hi

rhi ă rk`1 | hi ě `k`1 ´ 1s

“

m
ÿ

i“1

˜

pk`1q{2
ź

j“1

Pr
hi„Hi

rhi ě `2j ´ 1 | hi ě `2j´1s

¸

¨

˜

pk´1q{2
ź

j“1

Pr
hi„Hi

rhi ě l2j`1 | hi ě `2j ´ 1s

¸

¨

Pr
hi„Hi

rhi ă rk`1 | hi ě `k`1 ´ 1s

“

m
ÿ

i“1

Pr
hi„Hi

r`k`1 ´ 1 ď hi ă rk`1s

Now,
řm
i“1 Prhi„Hirhi ě `k`1 ´ 1s ě m

2k
and

řm
i“1 Prhi„Hirhi ě rk`1s ď

m
2k`1 . Thus,

ErMks ě

˜

m
ÿ

i“1

Pr
hi„Hi

rhi ě `k`1 ´ 1s

¸

´

˜

m
ÿ

i“1

Pr
hi„Hi

rhi ě rk`1s

¸

ě
m

2k`1

Note that m
2k`1 ě

m
2s

for k ă s. For k “ s, ErMks ě
řm
i“1 Prhi„Hirhi ě `k`1 ´ 1s ě

m
2k
“ m

2s
. Thus, ErMks ě

m
2s
ą 5 for any k ď s. By Chernoff bound,

Pr

„

Mk ě
1

4
¨
m

2k



ě 1´

ˆ

e´0.5

0.50.5

˙5

ą 0.535.
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Now let pk be F´1
V

´

max
´

0, 1´ m{2k´1

rk´`k

¯¯

where FV is the CDF of distribution

V , just as in Algorithm 6. Let the random variable Nk denote the number of buyers

with valuation of at least pk among the next rk ´ `k ´ 1 buyers. We have

ErNks “ prk ´ `k ´ 1q ¨min

ˆ

1,
m{2k´1

rk ´ `k

˙

.

If m{2
k´1

rk´`k
ě 1, then pk “ ´8 and Nk “ rk´ `k´1 with probability 1. In this case,

Algorithm 6 gets at least minpMk, rk ´ `k ´ 1qErV s ě min
`

Mk,
1
2
prk ´ `kq

˘

ErV s in

this stage. Since Mk ě
1
4
¨ m

2k
ě 1

8
¨ prk ´ `kq with probability at least 0.535, we know

Algorithm 6 gets at least 0.535
4
¨ prk´ `kq ¨ErV s and thus is an 4

0.535
ă 8-approximation

during the stage.

If m{2k´1

rk´`k
ă 1, then rk ´ `k ą 10 and ErNks “ prk ´ `k ´ 1q ¨ m{2

k´1

rk´`k
ą 0.9 ¨ m

2k´1 “

1.8 ¨ m
2k
ą 9. By Chernoff bound,

Pr

„

Nk ě
1

4
¨
m

2k



ě 1´

¨

˝

e´p1´
1

4ˆ1.8q

`

1
4ˆ1.8

˘
1

4ˆ1.8

˛

‚

9

ą 0.994.

When minpNk,Mkq ě
1
4
¨ m

2k
, Algorithm 6 gets at least 1

8
the benchmark during the

stage. Therefore, it is an 8
0.535¨0.994

ă 15.1-approximation.

3.2.4 Approximating Prophet’s Welfare in Short Stages

In this section, we deal with length-1 stages using Algorithm BlindMatch, that

simply matches each arriving buyer i to any available item.

Theorem 14. Algorithm BlindMatch is a 2.3-approximation to
řs
k“1 Prok¨1prk´`k“1q “

ErV s ¨ |tk P t1, 2, . . . , su | rk ´ `k “ 1u|.

Proof. Let z “ |tk P t1, 2, . . . , su | rk ´ `k “ 1u|, the number of length-1 stages.

Consider the time t “
P

z
2

T

. Since there are still at least
X

z
2

\

length-1 stages after

time t, at least 5 ¨ 2t z2 u ě 5 ¨
P

z
2

T

items in expectation have horizons of at least t,
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by the definition of the stages. Using Chernoff bound, the probability that at least
P

z
2

T

items with horizons of at least t is greater than 1 ´
´

e´0.8

0.20.2

¯5

ą 0.9. If this

happens, the first t items will be matched. Therefore, Algorithm BlindMatch is a
2

0.9
ă 2.3-approximation to ErV s ¨ z, completing the proof.

3.2.5 Approximating Prophet’s Welfare in Final Stage

We now approximate ProFinal from Lemma 10.
řm
i“1 Prhi„Hirhi ě `s`1s ď 10

by the definition of the stages. We run Algorithm 7. We randomly sample an item

and focus on the item in our algorithm. The probability that item i is sampled is

proportional to Prhi„Hirhi ě `s`1s. If item i is sampled, we run an algorithm for the

single-item setting (lines 3 and 4 in Algorithm 7). The single-item policy is analyzed

in Section 3.3 where it is shown to achieve welfare at least 1
2
¨ ProSinglei.

Algorithm 7: SingleItem

1 For i “ 1, 2, . . . ,m, set qi Ð Prhi„Hirhi ě `s`1s

2 i˚ Ð item i P t1, 2, . . . ,mu with probability qi
řm
i“1 qi

3 Set the reserve price p so that Prv„V rv ě ps “ 1
ErHi˚ s

4 For each arriving buyer, try selling item i˚ with reserve price p

Theorem 15. Algorithm 7 is a 20-approximation of ProFinal in expectation.

Proof. By Theorem 16 and Theorem 17, if item i˚ “ i, the algorithm gets 1
2
¨ Proi

in expectation. Thus, the expected welfare achieved by algorithm 7 is at least

m
ÿ

i“1

Prhi„Hirhi ě `s`1s
ř

j Prhj„Hj rhj ě `s`1s
¨

1

2
¨ ProSinglei

ě

m
ÿ

i“1

Prhi„Hirhi ě `s`1s

10
¨

1

2
¨ ProSinglei ě

1

20
¨ ProFinal.
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3.2.6 Approximating Prophet’s Welfare

Now we are ready to prove our main theorem.

Proof of Theorem 9. To summarize our previous discussion:

(1) Theorem 13 yields a 15.1-approximation to
ř

k Prok, where the sum is over

odd stages k ď s with rk ´ `k ě 2.

(2) If we replace “odd” with “even” in Theorem 13 and the corresponding algorithm,

we have a 15.1-approximation
ř

k Prok over even stages k with rk ´ `k ě 2.

(3) Theorem 14 is a 2.3-approximation to
ř

k Prok over stages k ď s with rk´`k “

1.

(4) Theorem 15 yields a 20-approximation to ProFinal.

An algorithm can do one of (1) to (4) with probability 15.1
52.5

, 15.1
52.5

, 2.3
52.5

and 20
52.5

respectively, yielding a 52.5-approximation to Pro.

3.3 Prophet Inequality for Single Item with MHR
Horizon

In this section, we consider the case where there is m “ 1 item, and present a proof of

Theorem 10. The algorithm also serves as our approximation for ProSingle, which

we use for the overall algorithm with multiple items

We show that the following fixed-price balancing scheme is a 2-approximation,

and this bound is tight for geometric distributions:

Pretend the item departs uniformly over time at rate 1{µ, where µ “

ErHs. Choose a price p s.t. the rate of acceptance of buyers matches the

rate of departure of the item.
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We bound the performance of this policy by using a simple linear programming

upper bound on Pro that only uses expected values. Though the relaxation is simple,

just as in Section 3.2.2, it brings out the key insight that the upper bound also behaves

like a balancing scheme, except it assumes the item lasts forever when performing

the matching. Surprisingly, such a simple relaxation yields the worst-case optimal

bound over all MHR distributions.

Theorem 16. Let α “ 1 ´ Eh„Hrp1 ´ µ´1qhs. Then for m “ 1 items, there is

a fixed pricing policy that is 1
α
-competitive. This policy sets the price p such that

PrX„V rX ě ps “ 1
µ
where µ “ ErHs.

Proof. First we find an upper bound for Pro. Let X be a random variable with

distribution V . Consider the following LP:

maximize
ÿ

v

ypvq ¨ v

subject to
ÿ

v

ypvq ď 1,

ypvq ď µ ¨ Pr
X„V

rX “ vs,@v.

Variable ypvq is the probability that a buyer with realized value v is chosen by prophet.

The first constraint requires the item to be sold at most once in expectation. The

second constraint says each value can be chosen only when it appears. Both of the

constraints are relaxations as they should hold for any realization while the con-

straints are in expectation. The optimal objective is thus an upper bound for the

expected value of the prophet.

Let λ be the Lagrange multiplier associated with the first constraint. The partial

Lagrangian of the LP is:

Lpλq “ λ`
ÿ

v

ypvq ¨ pv ´ λq,

ypvq ď µ ¨ Pr
X„V

rX “ vs, @v.

64



The partial Lagrangian is decoupled for each value v and is maximized when

ypvq “ µ ¨ PrX„V rX “ vs for any v ě λ and ypvq “ 0 otherwise. For any λ, this

gives us an upper bound on the prophet’s welfare. Let p be the value such that

PrX„V rX ě ps “ 1
µ
. If we set λ “ p, we get the following upper bound for the

prophet’s value:

Pro ď
ÿ

věp

µ ¨ v ¨PrrX “ vs “ E
X„V

rX | X ě ps.

Essentially, the prophet pretends that the horizon is infinite and it can always

find a buyer with value at least p. Now we look at Alg which is an algorithm with

a single price p. The algorithm has to also consider the event that the horizon ends

before the item is matched.

Alg “ E
X„V

rX | X ě ps¨

Prra value at least p was seen during the time horizons

“ E
X„V

rX | X ě ps ¨ E
h„H

r1´ p1´ µ´1
q
h
s.

Therefore,
Pro
Alg

ď E
h„H

r1´ p1´ µ´1
q
h
s
´1.

Now, we show that for MHR horizons, this algorithm is p2 ´ µ´1q-competitive.

The key idea is to use second order stochastic dominance to show that the upper

bound is maximized for geometric distributions with the same mean. Somewhat

surprisingly, we also show in Theorem 18 that this result is tight in the sense that

for geometric distributions, no online policy can do better.

Theorem 17. For any MHR distribution with mean µ, Eh„Hr1 ´ p1 ´ µ´1qhs´1 ď

2´ µ´1.

In order to prove the above theorem, we use second-order stochastic dominance.
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Definition 2. Let A and B be two probability distributions on R. Let FA be the

cumulative distribution function of A and FB be the CDF of B. We say A is second-

order stochastically dominant over B if for all x P R,
ż x

´8

pFBptq ´ FAptqqdt ě 0.

Proposition 1. If distribution A is second-order stochastically dominant over B, and

A and B have the same mean, then for any convex function f : RÑ R, Ex„Brfpxqs ě

Ex„Arfpxqs.

We now use second order stochastic dominance to show the following.

Lemma 11. Geometric distribution with mean µ is second-order stochastically dom-

inated by any other MHR horizon distribution with the same mean.

Proof. Let φcpxq : N` Ñ R be the following convex function:

φcpxq “

$

’

’

&

’

’

%

c´ x if x ď c

0 if x ą c

where c is a positive integer. Let G be the geometric distribution with mean µ. From

Definition 2, the lemma holds if and only if Ex„Drφcpxqs ď Ex„Grφcpxqs for any c and

any MHR distribution D with the same mean µ.

We prove this by contradiction. Let D be an MHR distribution with mean µ

which satisfies Ex„Drφcpxqs ą Ex„Grφcpxqs for some c. The set of MHR distributions

with the same tail after c (the same Prx„Drx “ x˚ | x ą cs for any x˚ ą c) is

homeomorphic to a closed and bounded set in Rc, which means it’s compact. The

function Ex„Drφcpxqs is continuous in D under L1-norm, so there is a D “ D˚

maximizing Ex„Drφcpxqs among MHR distributions with the same tail after c. This
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D˚ differs from G at some x ď c. Define qi “ Prx„D˚rx ě i ` 1 | x ě is and

q “ Prx„Grx ě i`1 | x ě is “ 1´µ´1. Because D˚ is MHR, qi’s are decreasing. Also

q1 ą q as otherwise the mean cannot be µ, and qc ă q as otherwise Ex„D˚rφcptqs ą

Ex„Grφcpxqs cannot hold. Thus there is some i˚ ă c such that qi˚ ą q and qi˚`1 ď q.

We are going to show for a pair of small enough ε and ε1, decreasing qi˚ by ε and

increasing qi˚`1 by ε1 such that the mean is preserved will increase Et„D˚rφcpxqs. Let

r “ 1`qi˚`2`qi˚`2qi˚`3`qi˚`2qi˚`3qi˚`4`¨ ¨ ¨ . When εÑ 0, we have εp1`qi`1rq “

ε1qir. This implies ε1qi ´ εqi`1 ą 0, which means Ex„D˚rφcpxqs is increased. It

contradicts with the fact that D˚ maximizes Ex„D˚rφcpxqs.

Proof. (of Theorem 17) From Theorem 16, we know Pro
Alg ď 1{Eh„Hrφphqs where

φphq “ 1´p1´µ´1qh is a concave function. From Lemma 11 and Proposition 1, among

all MHR distributions H with mean µ, Eh„Hrφphqs is minimized by a geometric one.

For geometric departure with mean µ, Eh„Hrφphqs “ 2´ µ´1.

Theorem 18. No online algorithm is better than p2 ´ µ´1q-competitive for m “ 1

items when the horizon distribution H is geometric with mean µ.

Proof. Let q P r0, 1q be the probability that the process continues after each step.

We have q “ 1´ µ´1.

Define Alg* as the expected value of the optimal algorithm and Pro as that of

the prophet. Let the valuation distribution be: vL with probability 1´p and vH with

probability p, vL ă vH. At each step, Alg* will set the price to vH if it expects to get

more than vL afterwards. Otherwise it will set the price to vL. Randomizing over vL

and vH cannot help Alg*. Also, because the geometric distribution is memoryless,

Alg* will make the same decision every time, i.e., the optimal algorithm is single-

threshold. We have

Alg* “ max

"

vL ¨ p1´ pq ` vH ¨ p, vH ¨
p

1´ qp1´ pq

*
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and

Pro “ vH ¨
p

1´ qp1´ pq
` vL ¨

ˆ

1´
p

1´ qp1´ pq

˙

.

When µ “ 1 and q “ 0, the theorem holds because 2 ´ µ´1 “ 1. Otherwise, we

set vH so that Alg* is indifferent between its two options. In that case,

lim
pÑ0

Pro
Alg*

“ lim
pÑ0

ˆ

1`
vL

vH

¨
1´ qp1´ pq

p

˙

“ lim
pÑ0

ˆ

1`

ˆ

p

1´ qp1´ pq
´ p

˙

¨
1´ qp1´ pq

p

˙

“ 1` q “ 2´ µ´1.

3.4 Lower Bounds for MHR Horizons

Next we provide a proof of Theorem 11. For this, we first show a lower bound of

2 for any dynamic pricing scheme in the limit when m becomes large, and 1.57 for

any finite m. We will subsequently show that no fixed pricing scheme can extract

constant fraction of the welfare for m ą 1 items. For showing these results, we

consider a special family of i.i.d. MHR horizon distributions, which we call low-rate

geometric: Let H be a geometric distribution with mean µ, so the probability of

survival at each step is q “ 1´µ´1. We call H low-rate geometric when q Ñ 1´. Let

λ “ 1´ q be the rate of departure for each item. This goes to 0` when H is low-rate

geometric.

Low-rate geometric distributions correspond to the canonical setting where items

are long-lasting, yet their departures are memoryless. In addition to being canonical,

the reason we consider this setting is its analytic tractability: It allows us to ig-

nore events where multiple items depart simultaneously, leading to tractable Markov

chains for both the prophet and the algorithm. The proof of lower bound of 2 for

largem involves analyzing an interesting time-reversed Markov chain for the prophet’s

welfare.
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3.4.1 Tractable Approximation

Denote by Alg˚mpλq the optimal online policy when there are m items and the rate

of departures is λ. Similarly, we define Prompλq to denote the prophet. Since we are

considering the limit as λÑ 0`, we will assume throughout that λ ă 1
m
.

Define the state of the system to be k if there are k items in the system. Note that

since departures are geometric, any online policy will use a fixed price in each state.

The state of the system therefore decreases over time. For both of the processes (cor-

responding to prophet and the optimal algorithm) given the current state is k, there

is a positive probability that the next state will be k1 for any k1 ď k. However, the

probability that multiple items depart together (or a match and departures happen

together for the algorithm) is extremely small when λ Ñ 0`. In light of this, we

introduce alternative processes for the ease of analysis.

In an alternative process, we will assume two events (departures, matches) do

not simultaneously happen. In other words, for the prophet, given state k, the state

transitions to k ´ 1 with probability kλ per time step. We do not consider state

changes due to matching. Instead and equivalently, we will assume that in hindsight,

the prophet can optimally match arriving buyers to items that had not departed by

that time. Call this prophet Pro1mpλq. For the algorithm, we assume that if the state

is k, the price is set so that the rate at which a buyer is matched is πk “ βkλk. Since

items also depart at rate λk, we will assume the state transitions from k to k ´ 1 at

rate p1` βkqλk. Denote the optimal such algorithm as Alg1mpλq.

Lemma 12. For any m ě 1: Prompλq
Pro1mpλq

Ñ 1 and Alg˚mpλq
Alg1mpλq

Ñ 1 as λÑ 0

Proof. We only show that Prompλq
Pro1mpλq

Ñ 1. The proof of the second part that Alg˚mpλq
Alg1mpλq

Ñ 1

uses a similar argument. We consider the following two processes: the main process

based on the actual departure of items in which two departures might happen simul-
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taneously and the alternative process in which at each time step at most one item

can depart. The alternative process might modify the number of items in the system

at some point during the process with a very small probability. In that case, states

of the two processes differ at some point and the two corresponding prophets might

achieve different values. Otherwise, they are always at the same state during the

process and their values are exactly the same.

There exist two sources of differences (only consider the first time step that they

are not at the same state during the process). The first one which we call type 1 is

as follows: If two departures happen at the same time, alternative process will only

consider one of them. In other words, if the main process goes from state k to k1 such

that k1 ă k´ 1, the alternative process will go from k to k´ 1 and will assume there

are still k ´ 1 items in the system at the next time step. The probability of such a

difference for a state k is not more than 2kp1´qq2

kqk´1p1´qq
which goes to 0 as q approaches

1. Therefore, using the union bound and the fact that m is finite, the probability of

such a difference during the process at some state k denoted by p1 also approaches 0.

The second source of differences (type 2) is: If the current state of the main

process is k and it remains unchanged after a time step (no departures happens)

with a very small probability ( q
k´1`kp1´qq

qk
), the state of the alternative process will

change to state k ´ 1 at this time step. The probability of such a difference at state

k is qk´1`kp1´qq
kp1´qqqk´1 . We can see that this probability goes to 0 as q approaches 1 and

since m is finite, using the union bound, the probability of such a difference during

the process denoted by p2 goes to 0 as q approaches 1.

Note that the value of Pro1 (alternative prophet) can only be greater than Pro

(main prophet) if two departures happen at the same time step during the actual

departure process (type 1 difference). However, note that the conditional expectation

of Pro1 given that such a difference exists is not greater than Pro1 (the expected
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welfare of Pro1). Therefore, we have:

Pro ě p1´ p1qPro1.

In addition, Pro can be only greater then Pro1 if a type 2 difference exists. Similarly,

the conditional expectation of Pro given that a type 2 difference exists is not greater

than Pro. Therefore, we also have:

Pro1 ě p1´ p2qPro.

Using the last two inequalities,

1´ p1 ď
Pro
Pro1

ď
1

1´ p2

.

Using that p1 and p2 both go to 0, we have Pro
Pro1 Ñ 1.

Therefore, we will analyze the quantity cmpλq “ Pro1mpλq
Alg1mpλq

as the competitive ratio

of the algorithm against prophet for any m,λ and subsequently take the limit as

λÑ 0`. In the remainder of this section, without creating ambiguity we omit the m

and λ in notation and use Alg1 and Pro1 instead.

3.4.2 Lower Bound Construction for Dynamic Pricing

To show the lower bounds, we consider the valuation distribution V such that for

any x P r1,8q, Prv„V rv ě xs “ x´α where α P p1,`8q is a constant that will be

determined later. Note that Ev„V rvs is finite. We first give an upper bound for Alg1

for this valuation distribution:

Alg1 ď
m
ÿ

k“1

max
βk

βkkλ

p1` βkqkλ
¨ Erv | v ě F´1

V p1´ βkkλqs
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where FV is the cumulative distribution function for V . The probability of accepting

a buyer in state k is at most βkkλ
p1`βkqkλ

(because acceptance and departure are disjoint

events in the alternative process).

Simplifying it, we have:

Alg1 ď
m
ÿ

k“1

max
βk

βkkλ

p1` βkqkλ
¨ E
v„V
rv | v ě pβkkλq

´ 1
α s

“

m
ÿ

k“1

max
βk

βkkλ

p1` βkqkλ
¨

α

α ´ 1
¨ pβkkλq

´ 1
α

“

m
ÿ

k“1

pkλq´
1
α ¨

α

α ´ 1
¨max

βk

β
1´ 1

α
k

1` βk

Optimizing over βk, we have:

Alg1 “
m
ÿ

k“1

pkλq´
1
α ¨ pα ´ 1q´

1
α . (3.1)

Now we solve for Pro1. Note that for the prophet, we assume the state only

changes due to departure of items. Let pkpvq denote the probability that the item

departing in state k is matched to a buyer with valuation at least v by the prophet.

In the rest of this section, we call the item departing at state k to be item k. We

have:

Pro1 “
m
ÿ

k“1

ż `8

0

pkpvqdv (3.2)

We now present different bounds for the above quantity depending on whether m

is finite, or we are considering the limit mÑ 8.
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Lower Bound for Dynamic Pricing: Finite m

This bound is simpler. Clearly, if a buyer with value at least v arrives at state k,

Pro1 always can assign the item k to a buyer with value at least v. Therefore,

Pro1ě
m
ÿ

k“1

ż `8

0

Prrsome buyer with valuation at least v arrives in state ksdv

“

m
ÿ

k“1

ˆ

1`

ż `8

1

p1´ kλqv´α

v´α ` kλ´ kλv´α
dv

˙

.

Therefore, we have:

lim inf
λÑ0`

Pro1

Alg1
ě lim

λÑ0`

ş`8

1
1

1`kλvα
dv

pkλq´
1
α pα ´ 1q´1{α

“

ş`8

0
1

1`uα
du

pα ´ 1q´1{α

“

1
α
¨Bp 1

α
, 1´ 1

α
q

pα ´ 1q´1{α
“

π
α
{ sinpπ

α
q

pα ´ 1q´1{α
,

where Bp¨, ¨q is the beta function. Comparing to Equation (3.1), we have that

lim infλÑ0`
Pro1
Alg1 is maximized at α “ 2 and in that case,

Pro1

Alg1
ě π{2 « 1.5708

The bound holds for any m P N`.

Lower Bound for Dynamic Pricing: Large m

We now consider the more interesting case when m Ñ 8. We present a tighter

lower bound for Equation (3.2). To achieve this goal, we need to to analyze pkpvq

more carefully. Previously, we used the fact that if a buyer with value at least v

arrives during state k, then a buyer with value at least v will be assigned to the item

k by the prophet. However, the prophet might assign a buyer with value at least v

to item k even if no such buyer arrives in state k.
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It is easy to see that the optimal policy for the prophet is the following: It

considers the items in increasing order of realized horizon, and matches each item to

the highest valued unmatched buyer arriving no later than the horizon of the item.

A buyer with value at least v is matched to the item k if and only if there is an i ě 0

such that between beginning of the state k` i and end of state k, at least i`1 buyers

with value at least v arrive. Note that in the previous section, we only considered

the case of i “ 0 to give a lower bound for pkpvq.

Time-reversed Markov Chain. In order to analyze the new process, we start

from the end of state k and go back in time. There are two possible types of events:

• An item departs, so that the state increases by 1 (note we are going back in

time); or

• A buyer with valuation at least v arrives.

We maintain a counter q initially set to 1. Each time an item departs, we increase

q by 1, and each time a buyer with valuation at least v arrives, we decrease q by 1.

It is easy to see that the item k is matched to a buyer with valuation at least v by

the prophet if and only if q reaches 0, i.e., pkpvq “ Prrq “ 0 at some times.

Note that as we are going back in time, when the state is k`j´1, the probability

an item departs is pk` jqλ. Similarly, the probability a buyer with valuation at least

v arrives is v´α. This yields a Markov chain in which when the state is the pk` j, qq,

the former event causes the state to become pk ` j ` 1, q ` 1q and the latter causes

the state to become pk ` j, q ´ 1q.

As pkpvq’s themselves are hard to analyze, we approximate them by a sequence of

functions tfjpxqu8j“0. Each fjpxq is defined on r0, 1s, and it represents the probability

that the following random walk ever reaches 0 in j steps: A point starts at 1 on the

number line. Independently in each step, it goes left by 1 with probability x, and
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goes right by 1 otherwise. Note that as j Ñ 8, fjpxq Ñ min
`

1, x
1´x

˘

. That is, the

point-wise limit of tfjpxqu8j“1 as j Ñ 8 is fpxq “ minp1, x{p1 ´ xqq. (We slightly

abuse notation at x “ 1 and fp1q “ 1.)

Lemma 13. pkpvq ě fjpv
´α{pv´α ` pk ` jqλqq for any integer j P r1,m´ ks.

Proof. From state k to state k ` j, exactly j departures happen so the process for

pkpvq has at least j moves in this period. For each move, the probability that the

counter q decreases is at least v´α{pv´α ` pk ` jqλq. Therefore, we can couple these

two processes so that if the random walk ever reaches 0, the counter must have visited

0 too.

We now show that these functions uniformly converge.

Lemma 14. tlog fjpxqu
8
j“1 uniformly converges to log fpxq on p0, 1s. This implies

@ε ą 0, Dk,@j ą k,@x, fjpxq ą p1´ εqfpxq.

Proof. Notice fjpxq is continuous on x and increasing in j. For any c ą 0, on

the compact set rc, 1s, each log fjpxq is continuous in x, and their limit log fpxq

is continuous too. Further, log fjpxq is increasing in j. By Dini’s theorem, the

convergence on rc, 1s is uniform.

For any ε ą 0, for any x P p0, εq and any j ě 1, fjpxq ě x ą x
1´x

¨ p1 ´ εq “

p1´ εqfpxq. Because tlog fjpxqu
8
j“1 uniformly converges on rε, 1s, there is a k so that

for any j ą k and any x P rε, 1s, fjpxq ą p1´ εqfpxq. This completes the proof.

Now we are ready to explicitly compute a lower bound for Pro1 as m Ñ 8. We
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start with Equation (3.2).

Pro1 “
m
ÿ

k“1

ż `8

0

pkpvqdv

ě

m´
?
m

ÿ

k“1

ż `8

0

pkpvqdv

ě

m´
?
m

ÿ

k“1

ż `8

0

f?mpv
´α
{pv´α ` pk `

?
mqλqqdv

where the final inequality follows from Lemma 13.

Let ck “ infxPp0,1s fkpxq{fpxq. Then we have:

Pro1 ě c?m

m´
?
m

ÿ

k“1

ż `8

0

fpv´α{pv´α ` pk `
?
mqλqqdv

“ c?m

m´
?
m

ÿ

k“1

ż `8

0

minp1, v´α{ppk `
?
mqλqqdv

“ c?m

m
ÿ

k“
?
m

ż `8

0

minp1, v´α{pkλqqdv

“ c?m

m
ÿ

k“
?
m

ˆ

pkλq´
1
α `

ż `8

pkλq´
1
α

v´α{pkλqdv

˙

“ c?m

m
ÿ

k“
?
m

α

α ´ 1
¨ pkλq´

1
α .

When mÑ 8, c?m goes to 1 by Lemma 14, and
řm
k“
?
m k´

1
α

řm
k“1 k

´ 1
α

goes to 1 too. Thus,

lim inf
mÑ8

˜

lim inf
λÑ0`

Pro1
řm
k“1

α
α´1

¨ pkλq´
1
α

¸

ě 1.

Together with the bound for Alg1 from Equation (3.1), this gives us:

lim inf
mÑ8

ˆ

lim inf
λÑ0`

Pro1

Alg1

˙

ě

α
α´1

pα ´ 1q´
1
α

,

which reaches its maximum of 2 at α “ 2. This completes the proof of Theorem 11.
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3.4.3 Lower Bound for Fixed Pricing Schemes

A natural question is whether there is a single-threshold algorithm that is a constant

approximation. Note that this is indeed the case when the horizons Hi’s are identical

and deterministic; in fact, in this case, the competitive ratio approaches 1 as mÑ 8.

In contrast, when the horizons are not deterministic — even if they are i.i.d geometric,

we show that no fixed pricing scheme can be constant-competitive. This shows the

second part of Theorem 11.

Theorem 19. There exists a family of instances with i.i.d geometric horizons, such

that any fixed pricing algorithm is Ωplog logmq-competitive, where m is the number

of items.

Proof. For any m ě 25 such that log2m is an integer, consider a geometric hori-

zon distribution H whose mean is m: Let qm be the probability that the horizon is

greater than the mean, i.e. qm “ Prh„Hrh ą ms. It is easy to verify 1
4
ď qm ď

1
e

since H is geometric. Let the value distribution V satisfy: supppV q “ t1{pqtmt
2q | t “

3, 4, . . . , log2mu and Prv„V rv ě 1{pqtmt
2qs “ qtm for t “ 3, 4, . . . , log2m. Straightfor-

ward calculation shows

E
v„V
rv | v ě 1{pqtmt

2
qs “ Θp1q ¨

1

qtm
¨

log2m
ÿ

k“t

qkm ¨
1

qkmk
2

“ Θp1q ¨
1

qtm
¨

ˆ

1

t
´

1

plog2mq ` 1

˙

.

Without loss of generality, for any single-threshold algorithm Sing, assume the

threshold is 1{pqtmt
2q. We know in time interval rjm ` 1, pj ` 1qms, the expected

number of transactions is at most the minimum of the expected number of buyers

with valuations at least 1{pqtmt
2q, and the expected number of items alive at the start
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of the interval. Therefore,

Sing ď E
v„V
rv | v ě 1{pqtmt

2
qs ¨

8
ÿ

j“0

minpmqtm,mq
j
mq

ď m ¨ E
v„V
rv | v ě 1{pqtmt

2
qs ¨ pt` 1qqtm{p1´ qmq “ Opmq.

We know from previous discussion that the upper bound from Lemma 9 is at

most 53 ¨Pro. Previously, we set the stages so that about 1
2
of items depart in each

stage. The factor of 1
2
is not essential and we can change it to any constant strictly

between 0 and 1, e.g. qm. Doing this only costs us a constant.

If we set the reserve price in the interval rjm` 1, pj ` 1qms to be qjmj2, we have:

Pro “ Ωp1q ¨m ¨

plog2mq´5
ÿ

j“3

qjm ¨ E
v„V
rv | v ě 1{pqjmj

2
qs

“ Ωp1q ¨m ¨

plog2mq´5
ÿ

j“3

1{j “ Ωpm log logmq.

Therefore, Pro “ Ωplog logmq ¨Sing for the constructed family of instances.

3.5 Lower Bound for General Horizons

In this section, we prove Theorem 12. We consider the general case without the MHR

restriction on the horizon distributions and provide lower bound for this case.

We assume m “ 1 in this proof. The same ideas apply to any m ě 1. Without

loss of generality, assume n “ 2ck for c that will be fixed later. The horizon is 2ci

with probability 2´i´1 for i “ 0, 1, 2, . . . , k ´ 1, and is n with probability 2´k. Intu-

itively, there are k ` 1 possible horizons, where each one is exponentially longer, yet

exponentially less probable than the previous one. Denote the valuation distribution

by: a1 with probability p1, a2 with probability p2, . . . , am with probability pm where

a1 ă a2 ă ¨ ¨ ¨ ă am. Here we set m “ ck, ai “ 2i{c and pi “ 2´i except pck “ 2´ck`1.
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Let VPro be any policy that knows realized valuations but not realized horizon,

and Pro be the omniscient prophet. The only information VPro does not know

beforehand is the realized horizon, and during execution it cannot do anything once

the horizon ends. Therefore it should aim for a specific buyer in advance:

VPro “ E
v1,...,vn

«

max
i

˜

ÿ

jěi

πj

¸

Mipv1, . . . , vnq

ff

ď 2 E
v1,...,vn

”

max
i
πiMipv1, . . . , vnq

ı

,

where πi is the probability for the horizon to be 2ci andMipv1, . . . , vnq is the maximum

of the first 2ci values. Then we have

VPro ď 4 ¨
k
ÿ

i“0

2i Pr
v1,...,vn

rDj, πjMj ě 2is

ď 4
k
ÿ

i“0

2i min

˜

1,
ÿ

j

Pr
v1,...,vn

rπjMj ě 2is

¸

ď 4
k
ÿ

i“0

2i min

˜

1,
ÿ

j

2cj Pr
v1,...,vn

r2´jv1 ě 2is

¸

ď 4
k
ÿ

i“0

2i min

˜

1, 2
ÿ

j

2cj2´ci´cj

¸

ď 4
k
ÿ

i“0

2i min
`

1, 2pk ` 1q2´ci
˘

“ Op1q

when k “ 2c. Here the first inequality is an approximation of the Lebesgue integral

of VPro. The second and third inequalities are union bounds.
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On the other hand, we have

Pro ě
1

2
¨

k
ÿ

i“0

2i
k
ÿ

j“0

πj ¨ Pr
v1,...,vn

rMj ě 2is

ě
1

2
¨

k
ÿ

i“0

2i
k
ÿ

j“0

2´j ¨min

ˆ

p1´ e´1
q, p1´ e´1

q2cj ¨ Pr
v1,...,vn

rv1 ě 2is

˙

ě
1

2
¨

k
ÿ

i“0

2i
k
ÿ

j“0

2´j ¨min
`

p1´ e´1
q, p1´ e´1

q2cj´ci
˘

ě
1

2
¨

k
ÿ

i“0

2i2´i ¨min
`

p1´ e´1
q, p1´ e´1

q2ci´ci
˘

“ Ωpkq.

Here the first inequality is an approximation of the Lebesgue integral of Pro. The

second inequality uses the fact that: if sum of the probabilities of several independent

events is p ď 1, then the union of them happens with probability at least p1´e´1q ¨p.

As n “ 2ck “ 2k log2 k, we know k “ Θ
´

logn
log logn

¯

.
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4
Pricing in Dynamic Two-sided Markets

The results of this chapter are published in [12], which is a joint work with Sid-

dhartha Banerjee, Sreenivas Gollapudi, Kostas Kollias, and Kamesh Munagala.

4.1 Introduction

The basic algorithmic challenge facing a marketplace platform can be summarized

as follows: it must decide which buyer should match to which seller, at what time,

and for what price and wage, in order to maximize some desired objective, such as the

social surplus. In a sense, this combines the challenges of online bipartite matching,

job scheduling, and pricing and mechanism design.

We start with the classic two-sided marketplace setting as in [125, 48, 43], where

buyers and sellers are characterized by their type and there is a single service they

are interested in trading. Buyers have values, and sellers have costs, and these are

drawn from known type-dependent distributions. For instance, on a room-sharing

platform, the type of a room can represent some combination of geographic location

and quality of room; on a freelancing platform, the type of a consultant can capture

their skill set and the type of a task can capture its requirements; and so on.

Suppose we now incorporate dynamics as follows. Buyers and sellers belong to

discrete types, and agents of any type arrive at a steady Poisson rate. Buyers accept

prices that are lower than their value, and sellers accept wages that are higher than

their costs, and the prices and wages set for different types determine the rates of
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arrival. We further assume buyer and seller types are located in a metric space.

Typically, the buyer would be happy as long as the seller a reasonable match with

her requirements, so that there is an upper bound on the metric distance of any

feasible match. We will use “type" and “node" interchangeably.

A policy for the platform is to (i) set a per-type price (for buyers) and wage (for

sellers); and (ii) schedule feasible matches between the arriving buyers and sellers

who accept the price/wage. The goal of this process is to maximize social surplus.

Finding the optimal policy is not difficult – it will be a convex flow program with

prices/wages set in a fashion to balance the rates of flow from buyers to sellers and

maximize social surplus.

Scheduling Impatient Agents via Thick Markets. Now consider what happens

when buyers and sellers have a patience level. They observe the price/wage, and

accept/reject it. If they accept, the platform may not immediately be able to match

them because a feasible match may not exist at that very moment. This will cause

the buyers and sellers to wait. However, if they are not matched by the time their

patience expires, they will abandon the system. The pricing and scheduling policy of

the platform needs to make sure the abandonment probability is very small, since this

causes dissatisfaction with the platform. Patience is a real constraint in two-sided

platforms; for instance, Uber has recently introduced pricing for buyers with different

patience levels [1].

Finding the optimal policy for scheduling matches under an abandonment con-

straint is a difficult stochastic control problem (see Section 4.5 for details). We

therefore consider a simpler class of policies that allow us to analytically model basic

tradeoffs the platform faces. These policies “pool" the arriving demand and supply

at close-by nodes, which we call “facilities". Demand and supply is probabilistically

routed to facilities, and agents routed to a single facility are matched optimally. For
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such policies to have abandonment probability below a threshold, we show in Sec-

tion 4.5 that two natural conditions are sufficient: (i) the rate of arrival of supply

and demand to a facility are equal; and (ii) this rate is at least a certain threshold, so

that agents find feasible matches with high probability, i.e., the facility is sufficiently

thick. In essence, the pricing policy will ensure the time for finding a match is on

average much smaller than the patience of any buyer or seller.

Remarks on the Model. We assume the set of different types and their embedding

into a metric space is constructed by the platform based on features of the agents in

a way that metric distance captures the quality of a match. However, these are not

necessarily known to the agents. Hence we assume the value (or cost) of each agent

is decoupled from the metric distance. For the same reason, agents cannot choose to

arrive as a different type. Finally, note that the facilities are not physical locations,

but rather canonical types. An agent can be assigned this canonical type if (s)he

has a type that is within a distance threshold and our policy will be constrained to

match agents such that the corresponding canonical types are the same. For instance,

these could be canonical room types on a renting portal, or canonical skill sets on a

freelancing platform. Hence we assume there are no facility costs.

4.1.1 High Level Problem Statement

One of our contributions (Section 4.5) is the reduction of a natural class of stochas-

tic control policies for the dynamic pricing and scheduling problem described above

to a static problem of locating facilities in the metric space so that these facilities are

sufficiently thick. In the resulting facility location problem, buyers and sellers flow

into nodes located in a metric space. The price (resp. wage) set at any buyer (resp.

seller) node determines the volume of flow at that node. The platform needs to (i)

open facilities in the metric space; (ii) assign prices and wages to each node; and (iii)
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probabilistically route the resulting flow to the open facilities so that the following

service guarantees are satisfied:

1. Quality of service guarantees: The flow assigned to a facility is from sup-

ply and demand nodes within distance R. (This ensures any matched de-

mand/supply is within distance 2R.)

2. Service availability guarantees: Each facility needs to have flow balance,

that is, equal amount of supply and demand is routed there. Further, there

is a lower bound L on the flow routed to each facility, capturing the thickness

constraint. As mentioned before, in Section 4.5, we show that these constraints

arise from natural stochastic matching policies for dynamically arriving impa-

tient agents.

The platform’s objective is to maximize the gains from trade or social surplus,

which is total value of buyers minus total cost of sellers, subject to weak budget bal-

ance, meaning the platform has non-negative total profit. We term this optimization

problem as Two-sided Facility Location.

Such a facility location model enables us to abstract out the stochastic dynamics

of scheduling with deadlines, and focus on studying the interplay between pricing and

the service guarantee of finding good quality matches with high probability. Note

that if we ignore the flow lower bound constraint, there is indeed a convex program

for maximizing surplus. However, this may set prices and wages in such a fashion

that there may not be enough nearby supply (resp. demand) to ensure thickness

and prevent abandonment. On the other hand, if we do take the lower bounds into

account, this may cause the prices (resp wages) to be set so low (resp. high) that

the platform loses money. We illustrate this trade-off in an example in Section 4.3,

which shows that with a flow lower bound constraint, the platform can obtain much
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larger surplus by losing money on one facility, and making up for this loss at other

facilities.

In summary, there is a three-way tension between the goals of maximizing surplus,

platform profitability, and the service guarantees described above. Our problem

formulation of Two-sided Facility Location captures this trade-off, and understanding

the computational complexity of this problem is the main focus of this chapter.

Our model is sufficiently flexible to accommodate more complex extensions, and we

present an extension to pricing patience in Section 4.6.

4.1.2 Our Results

Our main contribution in Sections 4.2–4.4 is to show an approximation algorithm

for Two Sided Facility Location. We present a new LP rounding framework that for

any constant ε ą 0, achieves a p1` εq approximation to the social surplus objective.

It relaxes the distance bound constraint by a factor of 4, while preserving the budget

balance constraint, as well as the flow balance and lower bound constraints at each

facility. If we allow a tiny additive error ∆ in the surplus objective, our algorithm

requires solving O
´

n1{ε

ε
log nWmax

ε∆

¯

LPs, where n is the number of nodes, and Wmax

is the maximum possible surplus.

We show in Section 4.4.1 that the surplus objective is NP-Hard to approximate

to a factor opLcq for some constant c ą 0, unless the distance bound is relaxed by at

least a factor of 2.

Techniques. Our facility location variants mirror the profit earning facility location

problem in [120]. Just like that setting, we have lower bounds on demand served at

each facility and an upper bound on how far the facility can be from an assigned

demand. However, there are key differences that preclude the application of existing

techniques from lower-balanced facility location [81, 88, 106, 120, 140]: First, the
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demand or supply at each node is a variable that can be adjusted using pricing. This

means the demand/supply can be zero at some “outlier" nodes, so that they do not

need to be served by any facility. Secondly, each facility needs to satisfy flow balance

between supply and demand, and finally, both surplus and profit involve differences,

so the platform can potentially lose money at some facilities, but recover it at others.

The above differences make formulating an LP relaxation tricky. Note that even

in [120], the version with outliers and profits that can become negative has unbounded

integrality gap, because the optimal profit can be zero while the LP achieves positive

profit. Unlike [120], since we can control demand/supply by pricing, we have greater

flexibility in modifying the LP variables. Despite this, the integrality gap of the

straightforward LP formulation for our problem is large, because there could be a

facility that generates a bulk of the surplus, but has large negative profit that is

compensated by other facilities. (See the integrality gap example in Section 4.4.4).

This brings up our main technical contributions: We first observe that if we fo-

cus on the LP variables corresponding to a facility, we can scale these up or down

by changing the fraction to which this node is an outlier. This enables us to use

techniques reminiscent of improved greedy algorithms for budgeted coverage prob-

lems [111, 65]: In particular, we strengthen the LP formulation via guessing a few of

the facilities that are opened in the optimal solution. Next, we use the guesses to

develop a structural characterization for this stronger LP based on modifying vari-

ables for pairs of facilities. In effect this shows that there is some integrality in the

neighborhood of any partially open facility, which helps us consolidate these facilities

while preserving all constraints.
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4.1.3 Related Work

Two-sided Markets. Our objective maximizes social surplus subject to budget bal-

ance (and individual rationality). This is a classic objective in two-sided market mech-

anisms, and originates in the celebrated work of Myerson and Satterthwaite [125],

where it is termed gains of trade. They considered the case of a single buyer and

seller. This has inspired a recent line of work on truthful mechanisms for approx-

imate surplus maximization in markets of multiple buyers and sellers [119, 48, 43],

ultimately resulting in a 2-approximation to gains of trade. This line of work assumes

buyers and sellers are matched in one shot. The novelty in our work is in modeling

a dynamic setting and incorporating service availability guarantees while preserving

the same objectives. We therefore consider the more natural class of mechanisms

that post prices and wages. Posted price mechanisms have been extensively studied

in two-sided marketplaces [119, 130, 16, 147], and the main idea we borrow from this

literature is the notion of insulating tariffs [147], which posits that market design

is easier if the prices seen by buyers is disconnected from the wages seen by service

providers.

Another recent line of work shows approximately optimal mechanisms for max-

imizing welfare in two sided markets with goods [59, 60]; however, theirs is a sum

objective defined in terms of the final sets of items allocated to each buyer and seller,

which is different from the gains of trade.

Dynamic Marketplaces. Our work on dynamic marketplaces is related to several

recent works on online scheduling under stochastic arrivals of tasks on machines with

limited resources [96, 55, 56]. Tasks have (private) types comprising their value,

arrival time, and deadline; the platform’s goal is to maximize welfare while truthfully

eliciting the type. While similar to our work on pricing resources or tasks, they

allow agents to choose assignments based on posted prices (envy-freeness). Another
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difference is the markets considered in their studies are one-sided.

Dynamic two-sided markets also serve as motivation for recent work on “online

matching with delays" [76, 19]. Here, buyers and sellers arrive online in a metric

space, and can be matched at any time subsequently. The goal is to minimize the total

distance cost plus waiting cost, and the authors present a log-competitive algorithm.

These models do not incorporate pricing. Further, our dynamic marketplace models

are more closely related to dynamic matchings with stochastic arrivals, and we review

this literature in Section 4.5.

4.2 Problem Statement

There is a metric space GpV,Eq with an associated distance function c. The two

sided facility location problem is parametrized as Two-Sided Fac-LocpL, Rq. Here,

R is the distance threshold for assignment to a facility and L is the lower bound on

flow routed to each open facility.

Each node j P V is associated with a demand function Fj and a supply function

Hj. When offered price p, we assume the demand (i.e., buyers) at node j is djFjppq,

where Fjppq is a non-increasing function of p corresponding to the survival function

of a continuous density function fj on valuations; formally Fjppq “
ş8

v“p
fjpvqdv. In

other words, the volume of buyers is dj, and when quoted a price p, only buyers with

valuations at least p choose to participate. We assume there is a finite price pmax so

that Fjppmaxq “ 0 for all j P V .

Similarly, when offered wage w, the supply of sellers at node j is sjHjpwq, where

Hjpwq is a non-decreasing function of w, corresponding to the CDF of a continuous

density function hj on costs; formally Hjpwq “
şw

c“0
hjpcqdc. When offered wage w,

all sellers with cost at most w participate, resulting in supply sjHjpwq. We assume

that Hjp0q “ 0, i.e., sellers accrue 0 utility by not participating in the platform.
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Let F Ď V the set of all candidate facilities; we set F “ V . For each node j,

BRpjq Ď F denotes the set of all compatible facilities, i.e., i P F such that cpi, jq ď R.

Similarly, for each facility i, we define BRpiq as the set of all compatible nodes, i.e.,

j P V such that cpi, jq ď R. A solution to Two-Sided Fac-LocpL, Rq is specified

by the following:

• An assignment of price pj and wage wj to each node j P V . If the price (resp.

wage) at node j is pmax (resp. 0), we assume this node generates no demand

(resp. supply).

• A set of locations S Ď F for opening the facilities; and

• A routing scheme ~xdj (resp. ~xsj) for each demand (resp. supply) node j P V that

generates non-zero demand (resp. supply). For facility i P S, if xdij ą 0 then

i P BRpjq (i.e., i is a compatible node for facility j). Further,
ř

iPBRpjq
xdij “ 1

for all nodes j P V that generate non-zero demand; similarly,
ř

iPBRpjq
xsij “ 1

for each j P V with non-zero supply.

Note that the flow of demand (resp. supply) from node j P V to facility i P S

is djFjppjqxdij (resp. sjHjpwjqx
s
ij). As motivated in Section 4.1.1, the flows need to

satisfy the flow balance and flow lower bound conditions at each facility i P S:

Flow Balance. The total amount of supply and demand are equal,

Flow Lower Bound. The total amount of supply (resp. demand) routed there is

at least L.

Both these desiderata can be formalized via the following constraint:

ÿ

j

djFjppjqx
d
ij “

ÿ

j

sjHjpwjqx
s
ij ě L, for all i P S.
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Surplus (Gains from Trade) Objective. We first define the following quantities:

Vjppq “ dj

ż 8

v“p

vfjpvqdv and Cjpwq “ sj

ż w

c“0

chjpcqdc

respectively denote the total value of buyers generated by node j when the price there

is p and the cost of sellers at node j when the wage there is w. The surplus objective

can then be written as:

Social Surplus =
ÿ

jPV

pVjppjq ´ Cjpwjqq

The goal of the platform is to maximize social surplus subject to the platform

profit being non-negative. This is termed weak budget balance, and is written as:

Profit “
ÿ

jPV

pdjpjFjppjq ´ sjwjHjpwjqq ě 0

Note that simply maximizing surplus may not guarantee non-negative profit because

of the flow lower bound constraint. We illustrate this in an example in Section 4.3.

In this section, we make the standard regularity assumptions (à la Myerson-

Satterthwaite [125]) on the density functions fj and hj. In particular, we assume

xF´1
j pxq is concave in x and yH´1

j pyq is convex in y. This is true for instance, for all

log-concave densities fj and hj, which includes Normal, Exponential, and Uniform

distributions.

4.3 Tradeoff Between Surplus, Profit, and Thickness

We show that the surplus optimum solution can open a facility with negative

profit. To be more specific, for any given constant c ă 1 we present a simple example

in which c fraction of the total surplus is generated by a facility with negative profit.

Let tv, v1u be two nodes infinitely far apart. Let L be the lower bound for the

total amount of demand (supply) at each open facility. For node v, assume that the
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volume of demand and supply are dv “ sv “ L, the valuation of buyers is uniformly

distributed over the interval r2, 3s, and the cost of sellers is uniformly distributed

over the interval r0, 1s. For node v1, assume the volume of demand and supply are

dv1 “ sv1 “ L, the valuation of buyers is uniformly distributed over the interval

rc1´ 1, 2c1` 1s, and the cost of sellers is uniformly distributed over the interval r0, c1s

where c1 “ 2c
1´c

. We claim that the optimum solution for this example is to open

a facility at each of the nodes and set the price and wage at node v to 2 and 1

respectively, and set the price and wage at node v1 to c1 ´ 1 and c1 respectively.

First, we show that this solution is feasible. At each node the price is not more

than the valuation of any arriving buyer. Therefore, all the buyers choose to par-

ticipate. Similarly, since the wage is not less than the cost of any arriving seller,

all the sellers choose to participate. This solution satisfies flow balance for each of

the facilities because the volume of sellers and buyers are equal at the corresponding

node, and all of them choose to participate. In addition, flow lower bound is also

satisfied, since this volume is at least L. Finally, the profit of the facility at v is dv

and the loss of the facility at node v1 is dv1 . Therefore, the total profit is 0 and profit

of the facility at node v compensates for the loss at the other facility.

Now, we show that the welfare of the facility with negative profit is a fraction c

of the total welfare. The welfare at node v is dvˆp2.5´ 0.5q “ 2L and the welfare at

node v1 is dv1 ˆ p3c1{2´ c1{2q “ c1L. Therefore, c1{pc1 ` 2q “ c fraction of the welfare

is generated at node v1.

Finally, we need to show that this solution is optimum. The nodes are far from

each other and we cannot send the buyers and sellers from different nodes to a

common facility. The only option for opening a facility at each of the nodes is to set

the price and wage at each node in a way that all the arriving buyers and sellers choose

to participate (otherwise, the flow lower bound cannot be satisfied). Therefore, this

problem has three feasible integral solutions: no facility is opened, a facility at node v
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is opened, and a facility at each of the nodes is opened. Note that the solution which

only opens a facility at v1 is not feasible because it does not satisfy budget balance

– in order to generate L volume of demand (supply), the platform must lose money

here. The welfare of those solutions are 0, 2L, and p2` c1qL respectively. Therefore,

the third solution is optimum.

4.4 Approximation Algorithm

We characterize the approximation ratio of any algorithm for Two-Sided Fac-

LocpL, Rq as pα, γq, if the resulting solution relaxes the distance bound of an as-

signment to a facility to αR, ensures lower bound L, and has surplus OPT {γ, where

OPT is the optimal surplus. First, we show that it is NP-Hard to obtain γ “ opLξq

for some constant ξ ą 0, unless α ě 2. Subsequently, we present a p4, 1 ` εq ap-

proximation. For the algorithm to have polynomial running time, they also need

lose a small additive amount in the objective; as we show later, this quantity can be

exponentially small.

4.4.1 Hardness of Approximation

Theorem 20. It is NP-Hard to find a pα, γq approximation for Two-Sided Fac-

LocpL, Rq unless α ě 2 or γ ě Lξ for some constant ξ ą 0.

Proof. We reduce from Maximum Independent Set in k-regular graphs (k-MIS).

Given a k-MIS instance with n vertices and m “ kn{2 edges, construct a metric

space where each edge in the k-regular graph GpV,Eq has length 2R. Place a de-

mand node at the mid-point of each edge, and a supply node at each vertex. We

set L “ k. Each supply node has sj “ k, and supply function H´1prq “ 1 ´ δ for

r P r0, 1s. Similarly, each demand node has dj “ 1, and demand function F´1pqq “ 1

for q P r0, 1s. Since the distance threshold is R, the facilities are opened at vertices of
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the graph. Each such facility must see k units of supply and demand, which means

all neighboring demand is routed there, leading to welfare (resp. profit) kδ at that

facility. Since two open facilities cannot share a demand, this means the open facili-

ties form an independent set. Therefore, the surplus of Two-Sided Fac-Locpk,Rq

is δ times the size of the maximum independent set in G. This is NP-hard to ap-

proximate to within a factor of kξ for some constant ξ ą 0; see [14, 99]. Therefore,

we need to relax the distance bound by at least a factor of 2.

4.4.2 Linear Programming Relaxation

We now formulate Two-Sided Fac-LocpL, Rq as an integer linear program. For

ease of exposition, we compare against an optimal solution that is restricted to using

prices from a fixed set P and wages from a fixed set W . Our solution is not restricted

to using prices and wages from this set. In Section 4.4.3, we show that our LP admits

to a polynomial time solution of arbitrary additive accuracy when this assumption is

relaxed, and demand/supply distributions are continuous.

Note that we assume pmax P P and 0 P W , and at this price (resp. wage) the

demand (resp. supply) is identically zero. This is the price (resp. wage) where this

node becomes an outlier and the solution is not required to open a facility nearby.

Instead of writing our LP using prices and wages, we use the associated de-

mand/supply values. Let Qj “ tq |q “ Fjppq, p P Pu and Rj “ tr | r “ Hjpwq, w P

Wu. The case where the node is an outlier now corresponds to setting q “ 0 (resp.

r “ 0). Moreover, the valuations/costs can also be redefined using supply/demand

values as follows:

Vjpqq “ dj

ż 8

v“F´1
j pqq

vfjpvqdv and Cjprq “ sj

ż H´1
j prq

c“0

chjpcqdc (4.1)

respectively denote the total value of buyers generated by node j when the price there

is F´1
j pqq, and the cost of sellers at node j when the wage there is H´1

j prq.
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Variables. For each candidate facility i P F , let yi P t0, 1u be the indicator variable

that a facility is opened at that location in the metric space. Let αjq “ 1 if the price

at node j P V corresponds to q P Qj. Similarly define βjr for r P Rj. The variable

zijq is non-zero only if αjq “ 1 and i P BRpjq. In this case, it is the fraction of j’s

demand that is routed to i. We define zijr similarly for supply. Note that the actual

flow from j to i is djqzijq; similarly for sellers.

Objective and Weak Budget Balance. The objective of social surplus and the

profit being non-negative can be captured by:

• Surplus Objective:

max
ÿ

jPV

¨

˝

ÿ

qPQj

αjqVjpqq ´
ÿ

rPRj

βjrCjprq

˛

‚ (4.2)

• Weak Budget Balance:

ÿ

jPV

¨

˝

ÿ

qPQj

αjqdjqF
´1
j pqq ´

ÿ

rPRj

βjrsjrH
´1
j prq

˛

‚ě 0 (4.3)

Feasibility. The following constraints connect the variables together. We present

these constraints only for buyers (that is, q P Qj); the constraints for sellers is

obtained by replacing q with r P Rj. First, for each q P Qj, we need to choose one

price for buyers (resp. sellers).
ÿ

qPQj

αjq “ 1 @j P V (4.4)

ÿ

iPBRpjq

zijq “ αjq @j P V, q P Qj (4.5)

Next, if demand is fractionally routed from j to i, then i should be open and

within distance R. Note that we need to ignore the case where q “ 0 (resp. r “ 0)

since in this case, the demand (resp. supply) routed is zero, so that there is no need

for a nearby facility.
ÿ

qPQj ,qą0

zijq ď yi @j P V, i P BRpjq (4.6)
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Service Availability. We finally encode flow balance and flow lower bound at each

facility:

ÿ

jPBRpiq

dj
ÿ

qPQj

qzijq “
ÿ

jPBRpiq

sj
ÿ

rPRj

rzijr @i P F (4.7)

ÿ

jPBRpiq

dj
ÿ

qPQj

qzijq ě Lyi @i P F (4.8)

If we replace the integrality constraints on tyiu and the tαjq, βjru with yi, αjq, βjr P

r0, 1s, the above is a linear programming relaxation of the problem.

4.4.3 Solving the LP Formulation

We now show how to use the Ellipsoid algorithm to efficiently solve the LP formu-

lation in the previous section to arbitrary additive accuracy even when the demand

and supply distributions are continuous, so that the sets Qj (resp. Rj) are contin-

uous. First we get rid of weak budget balance by take a Lagrangian of surplus and

the profit. For any parameter λ ě 0, define:

Vλj pqq “ Vjpqq ` λdjqF´1
j pqq

and

Cλj prq “ Cjprq ` λsjrH´1
j prq

Since we assumed regular supply and demand distributions, it is easy to show

that Vλj pqq is concave in q and Cλj prq is convex in r. The Lagrangian objective is then:

Maximize
ÿ

jPV

¨

˝

ÿ

qPQj

ÿ

iPBRpjq

zijqVλj pqq ´
ÿ

rPRj

ÿ

iPBRpjq

zijrCλj prq

˛

‚
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ř

qPQj

ř

iPF zijq ď 1 @j P V
ř

rPRj

ř

iPF zijr ď 1 @j P V
ř

qPQj zijq ď yi @j P V, i P BRpjq
ř

qPRj
zijr ď yi @j P V, i P BRpjq

ř

jPBRpiq

dj
ř

qPQj
qzijq “

ř

jPBRpiq

sj
ř

rPRj

rzijr @i P F

ř

jPBRpiq

dj
ř

qPQj
qzijq ě Lyi @i P F

zijq, zijr, yi ě 0 @i, j, q, r

The dual is the following:

Minimize
ÿ

jPV

paj ` bjq

aj ` ηij ` djqpζi ´ ρiq ě Vλj pqq @j P V, i P BRpjq, q P Qj

bj ` θij ´ sjrζi ` Cλj prq ě 0 @j P V, i P BRpjq, r P Rj

Lρi ě ηij ` θij @j P V, i P BRpjq

ηij, θij, ρi ě 0 @j P V, i P BRpjq

For fixed dual variables, since Vλj pqq is concave in q and Cλj prq is convex in r, it

is easy to check that for each i, j, the separation oracle either involves maximizing a

concave function in q (for the first set of constraints) or minimizing a convex function

in r (for the second set of constraints). In either case, finding the separating hyper-

plane involves one-dimensional convex optimization. This implies the LP admits to

an efficient additive approximation even for continuous distributions over a bounded

domain. We omit the standard details.

4.4.4 Integrality Gap and Stronger LP Formulation

The main technical hurdle arises because of the flow lower bound constraint: The

LP optimum (and even an integer optimum) can now open facilities i which have
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positive surplus but negative profit, and compensate for the loss in profit by other

facilities with positive profit. (See Section 4.3 for an example.) Note that Constraints

(4.6) and (4.4) together imply:

ÿ

iPBRpjq

yi ě 1´ αj0 @ Demand nodes j

and similarly for supply nodes. We call the quantities αj0 (resp. βj0) the outlier

fraction of node j, and correspond to the case where the node is priced in such a way

that it does not generate flow. In this case, there is no need to open a facility to satisfy

j. Therefore, if αj0βj0 ą 0, then the above constraints could imply
ř

iPBRpjq
yi ă 1.

This means there could only be a small fractional facility open in the vicinity of j,

which can account for a lot of the surplus. This makes the LP have super-polynomial

integrality gap and we present an example to show this.

Integrality Gap Example. Now we slightly modify the example in Section 4.3 to

show that the LP has unbounded integrality gap. We only change the distribution of

the valuation of the buyers at node v1. The valuation of the buyers is now uniformly

distributed over the interval rc1 ´ 1 ´ ε, 2c1 ` 1 ` εs for a small positive constant ε.

After this change, the integral solution which opens a facility at each node is not

feasible anymore because it violates weak budget balance constraint. Therefore, the

optimum integral solution has 2L welfare.

On the other hand we claim that there is a fractional solution which has p 1
1`ε

ˆ

2c
1´c
` 2qL welfare. Set the price and wage at node v to 2 and 1 and open the facility

at that node (yv “ 1). For the node v1 we can only open the facility partially. Set

yv1 “
1

1`ε
and the price and wage at node v1 to c1 ´ 1´ ε and c1 with probability 1

1`ε

and to pmax and 0 with probability ε
1`ε

. In other words, set αv11 “ βv11 “
1

1`ε
and

αv10 “ βv10 “
ε

1`ε
. This solution is feasible and generates p 1

1`ε
ˆ 2c

1´c
` 2qL welfare,

while the optimum integer solution generates only 2L welfare. Note that c can be

arbitrarily close to 1 and therefore the integrality gap is unbounded.
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Our first technical contribution involves adding constraints to the above LP for-

mulation to bound its integrality gap. Before showing how to strengthen the LP, we

present the following easy claim, which implies that once we round tyiu, the remaining

solution can easily be made integral.

Lemma 15. Given any feasible LP solution, there is an equivalent solution that

assigns only one price (resp. wage) per demand (resp. supply) node, that preserves

all constraints and does not decrease the objective.

Proof. The rounding of αjq, βjr is simple. Let q̂j “
ř

qPQj qαjq and r̂j “
ř

rPRj
rβjr.

Set the price of location j to be F´1
j pq̂jq and the wage at j to be H´1

j pr̂jq. In other

words, set α̂jq̂j Ð 1 and β̂jr̂j Ð 1. Further set ẑijq̂j Ð
ř

qPQ1j
zijq

q
q̂j

and ẑijr̂j Ð
ř

rPR1j
zijr

r
r̂j
.

Note that this process preserves the demand and supply from node j to facility

i, which preserves all the constraints in the LP formulation. Note further that the

function qF´1
j pqq is concave in q by the regularity of the demand function. Therefore,

ÿ

q

αjqqF
´1
j pqq ď

˜

ÿ

q

αjqq

¸

F´1
j

˜

ÿ

q

αjqq

¸

“ q̂jF
´1
j pq̂jq

Similarly, since we assumed rH´1
j prq is convex in r (by regularity of supply), we have

ř

r βjrrH
´1
j prq ě r̂jH

´1
j pr̂jq. Therefore, this transformation preserves weak budget

balance. Next, we note that Vjpqq is always a concave function of q and Cjprq is

always a convex function. Therefore, the above argument also implies the welfare

(social surplus) does not decrease in the above transformation.

Define a variable for the surplus Wi and profit Ri of facility i respectively as:

Wi “
ÿ

jPBRpiq

¨

˝

ÿ

qPQ1j

Vjpqqzijq ´
ÿ

rPR1j

Cjprqzijr

˛

‚ (4.9)

Ri “
ÿ

jPBRpiq

¨

˝

ÿ

qPQ1j

djqF
´1
j pqqzijq ´

ÿ

rPR1j

sjrH
´1
j prqzijr

˛

‚ (4.10)
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Then the objective can be rewritten as: Maximize
ř

iWi, and weak budget balance is
ř

iRi ě 0. Further note that Wi ě Ri since for any q, r, we have Vjpqq ě djqF
´1
j pqq,

and Cjprq ď sjrH
´1
j prq if we integrate the expressions in Equation (4.1) by parts.

Stronger LP Formulation. Let ε ą 0 be any constant, and let θ “ 1
ε
. We guess

the θ facilities in the optimum solution that have the most surplus. There are two

cases. First, if the optimum solution opens fewer than θ facilities, we can perform a

brute force search over all integer solutions that open at most θ facilities. This can

be done in Opnθq time, where n “ |V |. For each selection of facilities, Lemma 15

implies that solving the LP formulation with the corresponding yi set to 1 and the

rest to zero yields the optimal surplus (or results in declaring infeasibility). We can

therefore find the surplus maximizing solution among these in polynomial time; call

this surplus W1.

In the other case, the optimum solution opens more than θ facilities. In this case,

for every choice of parameter W ě 0 scaled to powers of p1 ` εq, and every subset

S Ď F with |S| “ θ, define LP pW , Sq as having all of Constraints (4.3) – (4.8), plus

the following new ones:

Wi ďWyi @i P FzS (4.11)

yi “ 1 @i P S (4.12)
ÿ

iPS

Wi ěWθp1´ εq (4.13)

LetOPT denote the optimum surplus, and also defineW2 “ maxtLP pW , Sq |W ě

0, S s.t. |S| “ θu. Then, it is easy to see that OPT ď max pW1,W2q: If OPT opens

fewer than θ facilities, then clearly W1 ě OPT , since W1 opens all possible choices of

at most θ facilities. Otherwise, let W ˚
i denote the surplus generated by open facility

i in OPT . Let W ˚ denote the θth largest value of W ˚
i . Choose W P rW ˚,W ˚p1` εqs,
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and S as the set of θ facilities in OPT with W ˚
i ě W ˚. This induces a feasible

solution to the above constraints, so that the LP optimum is at least OPT .

4.4.5 Structural Characterization of LP Optimum

Our second technical contribution is a new structural characterization about the

LP optimum. This is crucial for the rounding that we present subsequently, since it

allows sufficient mass of facility to be located in roughly the same neighborhood.

Recall αj0, βj0 are the fractions to which node j is an outlier, i.e. has zero flow.

These variables are the reason the simpler LP had large integrality gap, since they

allow facilities in BRpjq to be open to small fractions. Our main observation is the

following:

Lemma 16 (Structural Characterization). There is a p1 ` εq approximation to the

objective of LP pW , Sq that satisfies:

@i P F , yi P p0, 1q ñ Dj P BRpiq s.t. αj0βj0 “ 0

High level Idea. Before presenting the proof, we present the high level idea. Con-

sider a facility that violates the statement. If it has Ri ą 0, then consider all LP

variables tyi, zijq, zijru corresponding to some such facility i and uniformly increase

them. This increases both profit and surplus. We can decrease the fractions tαj0, βj0u

to which any node j connected to i is assigned as outlier to compensate the fraction

to which it is assigned i. Note that Constraints (4.7) and (4.8) are local to a single

facility. Since we scale up all variables corresponding to a facility, we preserve these

constraints. If we keep up this process, then either the facility is completely open

(yi “ 1); or some demand/supply node assigned to it has αj0 “ 0 or βj0 “ 0. (This

must hold in the LP optimum.)
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On the other hand, if Wi ą 0 but Ri ă 0, then increasing its LP variables would

hurt profit, which may violate the budget balance constraint; while reducing the vari-

ables would increase profit but hurt the surplus. The idea now is the following: Take

any pair of such facilities; increase the variables for one facility while decrease them

for the other. There is always a way of doing this so that both the total profit and sur-

plus do not decrease – this is essentially a fractional knapsack argument. Again, since

we uniformly scale all variables corresponding to a facility, we preserve all constraints.

Note that the process can also stop when a facility closes (yi “ 0). Eventually, we

run out of pairs, so that for all but one facility, the above characterization holds.

At this point, the strengthened LP kicks in. The singleton facility violating the

above lemma was fractionally open and had Ri ă 0. It has surplus at most W by

Constraint (4.11). But we have integrally open facilities that generate surplus at

least W p1´εq
ε

by Constraint (4.13), which means closing the singleton facility reduces

surplus by at most p1´ εq, and preserves budget balance.

Proof of Lemma 16. We first simplify the LP. Let Q1
j “ Qjzt0u and R1

j “ Rjzt0u.

Let ηj “
ř

qPQ1j
αjq and φj “

ř

rPR1j
βjr respectively denote the fractions to which

j is assigned prices (wages) that correspond to non-zero demand (supply). We can

rewrite the constraints (4.4) and (4.5) as:

ηj “
ÿ

qPQ1j

ÿ

iPBRpjq

zijq ď 1 and φj “
ÿ

rPR1j

ÿ

iPBRpjq

zijr ď 1 @j P V (4.14)

and set αj0 “ 1´ ηj, and βj0 “ 1´ φj. Recall from Equations (4.9) and (4.10) that

Wi and Ri are respectively the surplus and profit of facility i in the LP optimum.

We call node j fully demand-utilized if ηj “ 1, and fully supply-utilized if φj “ 1.

We say that node j is partially demand-connected to facility i P F if
ř

qPQ1j
zijq ą 0,

and partially supply-connected if
ř

rPR1j
zijr ą 0. Let JDpiq denote the set of nodes

that are partially demand-connected to i P F , and JSpiq be the set that is partially

supply-connected.
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Lemma 17. In the LP optimum, for any i P F with yi ą 0, we have Wi ą 0.

Furthermore, all except one facility with yi ą 0 satisfy the following condition: either

yi “ 1; or there exists j P JDpiq, such that j is fully demand-utilized; or there exists

j P JSpiq such that j is fully supply-utilized.

Proof. First, note that Wi ě Ri. Suppose an open facility has Wi ď 0. This implies

Ri ď 0. Consider a different solution that sets yi “ 0 and zijq “ zijr “ 0 for all

j P V, q P Q1
j, r P R1

j. We adjust ηj and φj for each j P V to preserve constraint

(4.14). This new solution hasWi “ Ri “ 0 and has at least as large surplus and profit.

Since we set all LP variables corresponding to i to zero, this satisfies constraints (4.6),

(4.7), and (4.8), and is therefore feasible for the LP.

We therefore only focus on facilities whose Wi ą 0. Consider the set of these

facilities and split them into two groups. Let

S1 “ ti P F |yi P p0, 1q and Ri ă 0u and S2 “ ti P F |yi P p0, 1q and Ri ě 0u

Assume that for all of these facilities, there is no j P JDpiq, such that j is fully

demand-utilized and no j P JSpiq such that j is fully supply-utilized

First consider the facilities in set S2, we can increase the LP variables till the

condition of the lemma is satisfied; this process only increases both profit and surplus,

preserving all constraints. We do this as follows: Suppose no j P JDpiq is fully

demand-utilized and no j P JSpiq is fully supply-utilized. In this case, let

θ “ min

¨

˚

˝

1

yi
, min
jPJDpiq

¨

˚

˝

1´
ř

qPQ1j

ř

i1‰i zi1jq

ř

qPQ1j

zijq

˛

‹

‚

, min
jPJSpiq

¨

˚

˝

1´
ř

rPR1j

ř

i1‰i

zi1jr

ř

rPR1j

zijr

˛

‹

‚

˛

‹

‚

Since ηj ă 1 for all j P JDpiq and φj ă 1 for all j P JSpiq, we have θ ą 1. Suppose we

increase yi, zijq for all j P JDpiq, q P Q1
j, and zijr for all j P JSpiq, r P R1

j by a factor

of θ. We will still have ηj ď 1 for all j P JDpiq and φj ď 1 for all j P JSpiq. However,
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either yi or one of these values will become exactly 1. Note that since we scaled all

LP variables corresponding to i by the same factor, this preserves constraints (4.6),

(4.7), and (4.8). The surplus and profit of this facility increase by a factor θ ą 1,

which contradicts the optimality of the LP solution. Therefore, the facilities in S2 all

have a neighboring j that is either fully demand-utilized or fully supply-utilized.

Next consider the facilities in set S1. Suppose the condition in the lemma is not

satisfied, so that there are two facilities i and i1 with yi, yi1 P p0, 1q, and with no

neighboring j that is either fully demand-utilized or fully supply-utilized. Suppose

Wi{|Ri| “ a and Wi1{|Ri1 | “ b with a ě b. We multiply each LP variable correspond-

ing to i by a factor of p1` δq, and multiply each LP variable corresponding to i1 by a

factor of
´

1´ Wi

Wi1
δ
¯

. Using the same argument as above, this process preserves the

constraints that are specific to a facility, since all variables are changed by the same

factor. The increase in surplus of facility i is δWi, and the decrease in surplus of

facility i1 is δWi, so the overall surplus is preserved. The decrease in profit of facility

i is |Ri|δ, and the increase in profit of facility i1 is |Ri1 |
Wi

Wi1
δ ě |Ri|δ by our assumption

that a ě b. Therefore, this process cannot decrease profit, hence all constraints are

preserved. We choose δ as the smallest value that either makes facility i have yi “ 1

or one neighboring j either fully supply or demand utilized, or that sets the variables

of facility i1 to zero. In all cases, the size of set S1 reduces by one. We repeat this

process till there is only one facility in S1, completing the proof.

The following corollary now restates Lemma 16, completing its proof.

Corollary 5. There is a p1` εq-approximation to the LP optimum where any facility

with yi ą 0 satisfies the following condition: either yi “ 1; or there exists j P JDpiq,

such that j is fully demand-utilized; or there exists j P JSpiq such that j is fully

supply-utilized.

Proof. By Constraint (4.12), there is a set of facilities S that are fully open (i.e.,
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yi “ 1) and
ř

iPSWi ěW 1´ε
ε

by Constraint (4.13). The rounding in Lemma 17 does

not touch these facilities, since we only increase/decrease variables corresponding to

partially open facilities (i.e., those with yi P p0, 1q). Lemma 17 implies there is only

facility i that violates the condition of the corollary. This facility must have surplus

Wi ďWyi ďW by Constraint (4.11). This means closing this facility (setting all its

associated variables to zero) reduces the LP optimum by at most a factor of p1´ εq.

Since the previous lemma implies this facility had Ri ă 0, this means closing it only

increases profit, preserving weak budget balance.

4.4.6 Rounding the LP Relaxation

The rounding now follows approaches similar to those in [81, 149]. We first present

the high-level idea. Note that if a node j has αj0 “ 0 or βj0 “ 0, then Constraint (4.6)

implies
ř

iPBRpjq
yi ě 1. Consider an independent set of such nodes, such that no two

are fractionally assigned to the same facility. For any j in this set, move all partially

open facilities in BRpjq to j itself, so that there is a facility integrally opened at

j. Since we move an entire facility, we preserve all flows, so that flow balance and

lower bound are preserved, and so is profit. Now a demand/supply can be assigned

a distance 2R away, and the opened facilities are integral.

At this point, consider any fractionally open facility i. It must have a node j

adjacent to it that satisfies the condition in Lemma 16. If j has a facility completely

open at its location, then move i to location j. Otherwise, j was not part of the

independent set in the previous step, which means j and j1 shared a fractionally

open facility, and the previous step opened a facility completely at j1. In this case,

we move i to j1, again preserving all flows. This means any demand/supply moves

distance at most 4R, preserving all the LP constraints.

104



Rounding Facilities

We now present the rounding algorithm in detail. Initially, all facilities i P F

with yi ą 0 are partially open. Node j P V is untouched if for all i such that

j P JDpiqYJSpiq, the facility i is partially open. Let U be the set of untouched nodes,

and let Z be the set that is either fully demand-utilized or fully supply-utilized. Let

Uf “ U X Z.

Phase 1. Consider any j P Uf . W.l.o.g., assume ηj “ 1; the case where φj “ 1 is

symmetric. Let Npjq “ ti|j P JDpiqu. For every i P Npjq, we “move" i to location j;

call the new facility at location j as i˚. This means we set

• ȳi˚ Ð
ř

iPNpjq yi and ȳi Ð 0 @i P Npjq;

• z̄i˚j1q Ð
ř

iPNpjq zij1q and z̄ij1q Ð 0 @j1 P V, q P Qj1 , i P Npjq

• z̄i˚j1r Ð
ř

iPNpjq zij1r and z̄ij1r Ð 0 @j1 P V, r P Rj1 , i P Npjq

From constraint (4.6), and the fact that ηj “ 1, we have:

ȳi˚ “
ÿ

iPNpjq

yi ě
ÿ

iPBRpjq

ÿ

qPQ1j

zijq “ ηj “ 1

Subsequently, we mark every i P Npjq as closed, and mark i˚ as completely open.

Furthermore, we mark every j1 that was reassigned in the above steps as touched.

Note that in the last three steps, any agents at a node j1 that was initially assigned

to i P Npjq is now assigned to i˚. Since each of the distances j1 Ñ i and i Ñ j is

at most R, the distance from j1 to i˚ is at most 2R. Therefore, this step relaxes the

distance of a feasible assignment to a facility from R to 2R.

This process trivially preserves the objective and weak budget balance, as well as

constraints (4.14). Moreover, constraints (4.6) and (4.7) are satisfied since we add
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both sides of the constraints corresponding to i P Npjq to obtain the constraint for

i˚. Finally, to see that (4.8) is satisfied for i˚, note that

ÿ

j1PJDpi˚q

ÿ

qPQ1
j1

dj1qz̄i˚j1q “
ÿ

iPNpjq

ÿ

j1PJDpiq

ÿ

qPQ1
j1

dj1qzij1q ě L
ÿ

iPNpjq

yi ě L

We continue this process, finding a node j P Uf , and merging all facilities in Npjq to

one location. At the end of this process, the set Uf is empty.

Phase 2. At the end of Phase 1, each node j which is touched (including all fully

utilized nodes) route some fraction of their demand (or supply) to at least one facility

that is completely open. However, there could still be partially open facilities with

yi P p0, 1q to which demand and supply are assigned. Consider these partially open

facilities in arbitrary order. Suppose we are considering facility i and there exists

touched and fully utilized node j such that
ř

qPQ1j
zijq ą 0 (resp.

ř

rPR1j
zijr ą 0).

Consider the completely open facility i˚ such that
ř

qPQ1j
z̄i˚jq ą 0 or

ř

rPR1j
z̄i˚jr ą 0.

We move the facility i to location i˚, updating the variables just as in Phase 1; i.e.,

we set

• ȳi˚ Ð ȳi˚ ` yi and ȳi Ð 0;

• z̄i˚j1q Ð z̄i˚j1q ` zij1q and z̄ij1q Ð 0 @j1 P V, q P Qj1

• z̄i˚j1r Ð z̄i˚j1r ` zij1r and z̄ij1r Ð 0 @j1 P V, r P Rj1

The argument that all constraints are preserved follows just as before. For any j1

that was partially assigned to i, the new assignment is to i˚. This distance is at most

cpj1, i˚q ď cpj1, iq ` cpi, jq ` cpj, i˚q ď R `R ` 2R “ 4R

where we note that the distance j Ñ i˚ was at most 2R because j was potentially

reassigned to i˚ in Phase 1. We mark all nodes j1 that are reassigned in this process

as touched.
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At the end of this process, suppose there are still partially open facilities with

yi P p0, 1q. By Corollary 5, each of these facilities i must have some j P Z partially

assigned to it. At the end of Phase 1, we have the invariant that j R Uf , since Uf is

empty. This means j was touched on Phase 1. But in that case, i must have been

reassigned in Phase 2, which is a contradiction. Therefore, at this point, all facilities

are either closed (ȳi “ 0) or completely open (ȳi ě 1). Furthermore, for any variable

z̄ijq ą 0 (resp. z̄ijr ą 0), the facility i is completely open; the distance from j to i is

at most 4R; for each completely open facility, the rate of supply equals the rate of

demand (Constraint (4.7)), and finally, the total flow is at least L (Constraint (4.8)).

Final Steps and Running Time

At this point, the facilities are opened integrally. Lemma 15 now implies that

we can choose one price/wage per node preserving all constraints and the objective.

This completes the proof of the following theorem.

Theorem 21. For any constant ε ą 0, there is a p4, 1` εq approximation algorithm

for Two-Sided Fac-LocpL, Rq.

Note that the surplus can become arbitrarily close to zero. Therefore, for pa-

rameter ∆ ą 0, we will allow additive error ∆ in the surplus objective. Note that

the maximum possible surplus is Wmax “ p
ř

j djqpmax, which is an upper bound on

W . If we assume the surplus is at least ∆, then maxiW
˚
i ě ∆{n. Since the top 1{ε

facilities on OPT have surplus Wp1´ εq{ε, this means we can set W ě ε∆
2n

Therefore,

the number of choices of W is O
`

1
ε

log nWmax

ε∆

˘

. For each choice of W , we need to

solve Opn1{εq LPs, so that the overall number of LPs is O
´

n1{ε

ε
log nWmax

ε∆

¯

. Note that

∆ can be exponentially small, and our algorithm for solving the LP in Section 4.4.3

will lose such an additive factor in the objective anyway. Omitting details, we note

that if the objective is profit, we can achieve optimal objective by directly rounding
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the single LP in Section 4.4.2 (details similar to Section 4.6).

4.5 Queueing-theoretic Justification: Dynamic Mar-
ketplaces

In the facility location model discussed above, we imposed a lower bound L on

the flow routed to any facility. We now present a dynamic marketplace model that

provides queueing-theoretic justification for these constraints. This model has the

following features:

• Buyer and seller types are located in a metric space just as before.

• Buyers at node j arrive as a Poisson process with rate djFjppq when quoted price

p, and when quoted a wage w; similarly, sellers follow a Poisson process with rate

sjHjpwq.

• We assume each buyer and seller has a private patience level or deadline; if not

matched within their deadline, they abandon the system. The platform knows the

patience distribution.

The stochastic control problem that we term dynamic marketplace problem can

be summarized by two control decisions:

1. Pricing decision. Choose static prices pj and wages wj at each node j P V ; and

2. Scheduling decision. This matches feasible buyer-seller pairs and removes them

from the system. This decision is dynamic, depending on the entire state of the

system as captured by the number of unmatched buyers and sellers at different

nodes at any point of time.

The goal is to design a stochastic control policy that maximizes the long-term average

surplus subject to long-term budget balance. We insist all scheduled matches must

involve a current buyer and seller with metric distance at most R. The key difference

is in the service availability guarantee: Given the stochastic nature of our arrivals,

108



there is always some probability that an incoming buyer or seller exhausts her patience

before being matched. A more realistic goal is to design policies that guarantee a

minimum level of service availability. We quantify this via the long-term average

probability of abandonment of agents. Formally, given a parameter ε ą 0 as input,

the goal of the platform is to make the abandonment probability at most ε.

Scheduling Policies. Constructing the optimal policy for the dynamic marketplace

problem is closely related to several lines of work in dynamic matchings over a com-

patibility graph – in kidney exchanges [9] where patients abandon the exchange if

their health fails; in control of matching queues for housing allocation [51]; and more

generally in service system design [94, 7, 6], wherein customers and servers arrive

stochastically and are matched according to a compatibility graph. In all these mod-

els, the choice of whom to match an arriving agent to depends on the entire set of

agents waiting at different nodes, leading to the “curse of dimensionality".

Given this curse of dimensionality, we consider the restricted sub-class of matching

policies where the platform creates facilities in the metric space, and uses each facility

to cater to a different set of mutually-compatible agent types. Arriving agents are

randomly routed to a compatible facility, where they are queued up to be matched

to agents on the other side. The probabilistic routing is fixed over time, and does

not depend on the state of the facilities.

Each facility maintains a queue of active buyers and sellers that have been assigned

there, ignores what location they came from, and matches them up using an optimal

scheduling policy for minimizing abandonment rate using only the current state of

that particular queue. We will enforce the constraint that for any facility, the long-

term abandonment probability is at most ε, which in turn will ensure the overall

abandonment probability is at most ε.

Now assume buyer deadlines are distributed as Exponentialpκq, and seller dead-
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lines are distributed as Exponentialpγq. Though these distributions are known, the

scheduling decisions at any facility are made without knowing the patience level of

any individual agent. Then, any work-conserving policy (including FIFO) is optimal.

If an agent’s deadline expires and there is no agent to match it with in the queue,

this agent is considered abandoned. We build on results from queueing theory [146]

to bound this abandonment rate tightly as follows:

Theorem 22. Suppose λ and µ be the (Poisson) arrival rates of buyers and sellers

into a facility. Assume buyer deadlines are distributed as Exponentialpκq, and seller

deadlines are distributed as Exponentialpγq. Then the FIFO policy has abandonment

rate at most ε when:

1. There is flow balance, that is, λ “ µ; and

2. There is a flow lower bound, that is, λ ě 3
2

´

minpγ,κq
ε2

¯

.

Proof. The behavior of a facility is captured via the following birth-death Markov

chain:

consider the state-space t. . . , sp2q, sp1q, 0, bp1q, bp2q, . . .u, where 0 “ sp0q “ bp0q

denotes the state that the facility is empty, while for any n ě 1, the state bpnq

denotes that there are n buyers queued up, and state spnq denote that there are n

sellers queued up. For any n ě 1, the transition rate from bpnq to bpn` 1q is λ, and

for spnq to spn`1q is µ; on the other hand, the rate of transition from spnq to spn´1q

is nγ ` λ, while from bpnq to bpn ´ 1q is nκ ` µ. Here, the term nγ corresponds to

the rate of abandonment of sellers as their deadlines expires, and similarly nκ is the

rate of abandonment of buyers.

Assume that λ “ µ. Let q0 denote the steady state probability of the queue being

empty. Let

PrrState “ spnqs “ αn PrrState “ bpnqs “ βn
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where α0 “ β0 “ q0. We have the following balance equations:

αnnγ “ λpαn´1 ´ αnq and βnnκ “ λpβn´1 ´ βnq

Adding these equations, we have:
ř8

n“1 pαnnγ ` βnnκq “ 2λq0. Note that the LHS

here is the total abandonment rate, and since the total arrival rate of agents (buyers

and sellers) is 2λ, this means the abandonment probability is exactly q0.

Since αn “ λ
λ`nγ

αn´1 and βn “ λ
λ`nκ

βn´1, we have by telescoping:

αn “ q0
λn

śn
j“1pλ` jγq

“ q0

n
ź

j“1

1
`

1` j γ
λ

˘

βn “ q0
λn

śn
j“1pλ` jκq

“ q0

n
ź

j“1

1
`

1` j κ
λ

˘

Since these probability values sum to one, this implies

1

q0

“ 1`
8
ÿ

n“1

˜

n
ź

j“1

1
`

1` j γ
λ

˘ `

n
ź

j“1

1
`

1` j κ
λ

˘

¸

(4.15)

For given κ and γ, this is an increasing function of λ. Therefore, q0 ď ε translates to

a bound of the form λ ě L. An upper bound Lε on L can be computed as follows.

Let c “ minpγ,κq
λ

. Then,

1

q0

ě 1`
8
ÿ

n“1

¨

˝

n
ź

j“1

1
´

1` jminpγ,κq
λ

¯

˛

‚

ě

8
ÿ

n“0

e´cn
2{2
´ e´c ě

ż 8

0

e´cx
2{2dx´ e´c

“

c

π

2c
´ e´c ě

c

2

3c

where the second inequality uses 1 ` x ď ex for all x ě 0. Therefore, if we insist
b

2λ
3 minpγ,κq

ě 1
ε
, this ensures the abandonment probability is at most ε. This translates

to the following lower bound:

λ ě Lε “
3

2
¨

minpγ, κq

ε2
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We have therefore shown that a sufficient condition for bounding the abandonment

probability at any facility by ε reduces to saying the flow to the facility is balanced,

and facility is thick – there is a lower bound L “ 3
2

´

minpγ,κq
ε2

¯

on how much demand

or supply needs to be routed there. This reduces the dynamic control problem with

atomic agents to a static problem where demand/supply are fluid – exactly Two-

Sided Fac-LocpL, Rq for suitable L that depends on ε.

4.6 Envy-Free Pricing and Profit Maximization

The idea from Section 4.2 of independently scaling up/down LP variables corre-

sponding to individual facilities is fairly general, and leads naturally to approxima-

tion algorithms for more complex variants that are motivated by different scheduling

policies for the dynamic marketplace problem. In this section, we present one such

formulation that generalizes the model discussed in Section 4.2. In Section 4.6.2, we

show that this model corresponds to the dynamic marketplace setting when the plat-

form uses prices to elicit patience of agents, and uses Earliest Deadline First (EDF)

scheduling in each virtual market.

We assume each node (type) j of buyer/seller has a collection of subtypes Sj.

There is a DAG GjpSj, Ejq on Sj that captures envy. If there is an edge pk1, k2q P Ej,

then sub-type k1 envies sub-type k2. The platform announces a price (resp. wage)

pjk (resp. wjk) for each sub-type k P Sj. In order to preserve incentive compatibility,

we require that if pk1, k2q P Ej, then pjk1 ď pjk2 ; resp. wjk1 ě wjk2 . This prevents

an agent of sub-type k1 from reporting its type to be k2. Note that since the graph

Gj is a DAG, such a price (resp. wage) assignment is feasible. We term such an

assignment of prices (resp. wages) at each j as a price (resp. wage) ladder.

As before, there is a non-increasing demand function djkFjkppjkq for each buyer

sub-type k P Sj, and a non-decreasing supply function sjkHjkpwjkq for each seller
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sub-type k P Sj. Each sub-type k P Sj is also associated with a weight Gjk. The

platform learns which sub-type any agent chooses.

Lottery Pricing and Assignment. The platform opens a set of “virtual markets".

For each node j and k P Sj, buyers (resp. sellers) arriving at the node and choosing

that type are probabilistically routed to virtual markets which are within distance

R from the node. We assume the platform shows a lottery over price (resp. wage)

ladders as follows: For each node j P V the platform maintains a distribution Zj of

virtual markets within distance bound R, and for each virtual market in this set, it

maintains a distribution Lij of price (resp. wage) ladders. Given an agent arriving at

this node, the platform first chooses a market i from Zj, and then a ladder from Lij

and shows it to the agent. After the agent chooses the price or wage (hence revealing

its sub-type), she is routed to market i. We note that the routing policy makes the

market the agent is routed to be independent of the sub-type elicited. Though this

assumption is somewhat restrictive, it prevents the agent from choosing a sub-type

to optimize for the virtual market they get assigned to.

Service Availability Guarantee. As before, we capture service availability by

ensuring that each virtual market i has balanced supply and demand, and is also

sufficiently thick. However, we now capture thickness by a lower bound L on the

total weight of the sub-types assigned there. Formally, let xijk denote the expected

flow of sub-type k P Sj to virtual market i.

Flow Balance. The expected amount of supply and demand assigned there are the

same.

Weight Lower Bound. The expected weight assigned there is large:
ř

jPV,kPSj Gjkxijk ě

L.

The objective is to maximize the expected profit of the solution. We term this

problem Envy-Free FLpL, Rq. We note that similar ideas can be used to maximize
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other objectives; we present the profit objective for simplicity.

In the dynamic marketplace setting presented in Section 4.6.2, the sub-types

correspond to different deadlines, and the weight of a sub-type is precisely the deadline

value. We show there that the weight lower bound corresponds to the condition for

the EDF scheduling policy to have low abandonment rate.

4.6.1 Approximation Algorithm

Our LP formulation and rounding are similar to the one for Two-Sided Fac-

LocpL, Rq, and we highlight the differences. As before, we assume there is a can-

didate set P and W of prices and wages for each node, respectively. The set of

all candidate virtual markets in the metric space is denoted by F ; since we assume

the metric space is explicitly specified as input, we set F “ V . For each node j,

BRpjq Ď F denotes the set of all the virtual markets i P F such that cpi, jq ď R.

For each virtual market i, define BRpiq as the set of all the nodes j P V such that

cpi, jq ď R.

Linear Programming Relaxation

Variables. For each candidate virtual market i P F , let yi P t0, 1u be the indicator

variable that a virtual market exists at that location in the metric space. These are

the only integer variables in our formulation. Variables xdij and xsij are non-zero only

if yi “ 1 and i P BRpjq. In this case, those are respectively the probability that

buyers and sellers at node j are routed to virtual market i. Note that there is some

probability that all prices at node j are set to pmax, which corresponds to not routing

node j anywhere. Let zijkp be the probability that buyers at node j with sub-type

k P Sj are assigned to virtual market i and offered price p. Similarly, zijkw denotes

the probability that sellers at node j with sub-type k are assigned to virtual market
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i and offered wage w.

Objective and Constraints. The objective is to maximize the profit.

max
ÿ

jPV

ÿ

kPSj

ÿ

iPBRpjq

˜

ÿ

pPP
pdjkFjkppqzijkp ´

ÿ

wPW
wsjkHjkpwqzijkw

¸

(4.16)

The following constraints connect the variables together. We present these con-

straints only for buyers (that is, p P P); the constraints for sellers is obtained by

replacing p and xd with w P W and xs. Since we route the buyers at node j proba-

bilistically to one of the virtual markets, or to no market by offering all deadlines a

price pmax:
ÿ

iPBRpjq

xdij ď 1 @j P V (4.17)

Next, a price should be offered to each buyer with sub-type k at node j assigned to

market i:
ÿ

pPP
zijkp “ xdij @j P V, i P BRpjq, k P Sj (4.18)

Next, if demand is fractionally routed from j to i, then i should be open and within

distance R:

xdij ď yi @j P V, i P BRpjq (4.19)

We next enforce that the prices and wages form a distribution over ladders. Note

that the policy first chooses the virtual market to route to, and then chooses from a

distribution over ladders. This reduces to a stochastic dominance condition for the

distributions corresponding to z:

ÿ

p1ďp,p1PP
zijkp1 ď

ÿ

p1ďp,p1PP
zijk1p1 @p P P , pk, k1q P Ej, @j P V, @i P BRpjq (4.20)

ÿ

w1ďw,w1PW
zijkw1 ě

ÿ

w1ďw,w1PW
zijk1w1 @w PW , pk, k1q P Ej, @j P V, @i P BRpjq(4.21)
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Finally, we encode the service availability constraints. We first capture flow bal-

ance at each virtual market: the rate of arrival of buyers and sellers are equal.

ÿ

jPBRpiq

ÿ

kPSj ,pPP
djkFjkppqzijkp “

ÿ

jPBRpiq

ÿ

kPSj ,wPW
sjkHjkpwqzijkw @i P F (4.22)

We finally encode weighted flow lower bound on the total deadline of buyers and

sellers at the market:

ÿ

jPBRpiq

ÿ

kPSj

Gjk

˜

ÿ

pPP
djkFjkppqzijkp `

ÿ

wPW
sjkHjkpwqzijkw

¸

ě Lyi @i P F (4.23)

Rounding

If we ignore the integrality constraints on yi, the above is a linear programming

relaxation of the problem. We will now show how to round the resulting solution.

We generalize Lemma 17 using the following definitions of fully utilized. We say

that j P V is fully demand utilized if
ř

iPBRpjq
xdij “ 1; similarly, it is fully supply-

utilized if
ř

iPBRpjq
xsij “ 1. We say j is partially demand-connected to market i P F if

xdij ą 0, and partially supply-connected if xsij ą 0. Let JDpiq denote the set of nodes

that are partially demand-connected to i P F , and JSpiq be the set that is partially

supply-connected. As before, we define the profit of a virtual market i P F as:

Ri “
ÿ

jPBRpiq

ÿ

kPSj

˜

ÿ

pPP
pdjkFjkppqzijkp ´

ÿ

wPW
wsjkHjkpwqzijkw

¸

Lemma 18. In the LP optimum, for any i P F , Ri ě 0. Further, if Ri ą 0, either

yi “ 1; or there exists j P JDpiq, s.t. j is fully demand-utilized; or there exists

j P JSpiq, s.t. j is fully supply-utilized.

The proof of the above lemma follows the same argument as Lemma 17: If a

market has negative Ri, we can set all its variables to zero without violating any
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constraints. If the condition in the Lemma is violated for i P F , then we can increase

all variables corresponding to i by the same factor till the condition is satisfied. Since

all constraints involve single markets, this process preserves them while increasing

the objective. For this transformation to work, it is crucial Constraints (4.20) are

defined separately for each pi, jq pair; in other words, we crucially need to assume the

policy chooses a market first and then chooses a distribution over ladders for that

market.

The rounding now proceeds in the same way as in Section 4.2: In Phase 1, we

identify untouched and fully utilized j and merge all i to which it is partially connected

to one market. Note that the total yi of these markets is at least 1 by the LP

constraints. At the end of this phase, we move the remaining partially open i as

in Phase 2 of the rounding scheme. This preserves the profit, and satisfies the flow

balance and lower bound constraints (BR is replaced by B4R in the constraints),

yielding the following theorem:

Theorem 23. There is a feasible solution tx̄, ȳ, z̄u to the above linear program, whose

objective is optimal, and all of whose constraints are satisfied. For each i P F , either

ȳi “ 0 or ȳi ě 1.

Final Policy. The final choice of prices and wages, and the routing policy is the

following. We present it only for buyers; the policy for sellers is symmetric.

• At node j, choose a market i with probability x̄ij. If no market is chosen, the

price is set to pmax.

• If market i is chosen, choose α uniformly at random in r0, 1s. For each k P Sj,

find pk P P such that
ř

p1ăpk,p1PP
z̄jkp1

x̄ij
ď α and

ř

p1ďpk,p1PP
z̄jkp1

x̄ij
ą α. Post prices

tp1, p2, . . . , pKu.
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• If the buyer accepts price pk, route her to virtual market i.

Constraints (4.20) imply that regardless of the choice of α, the prices tp1, p2, . . . , pKu

in the second step form a ladder, so that p1 ě p2 ě ¨ ¨ ¨ ě pK . A similar statement

holds for wages. Therefore, the second step produces a lottery over ladders. Further,

if Zijkp denote the event that the price for sub-type k P Sj is p and market i is chosen,

then it is an easy exercise to check that ErZijkps “ z̄jkp. Therefore, the randomized

policy exactly implements the solution found in Theorem 23, so that it maximizes

profit. We omit the details and state the final theorem.

Theorem 24. There is a polynomial time p4, 1q approximation for Envy-Free

FLpL, Rq. That is, we obtain the optimal expected profit by relaxing the distance

constraint by a factor of 4.

4.6.2 Justification via Dynamic Marketplace Model

In this section, we present a dynamic marketplace model that justifies the problem

statement of Envy-Free FL. As in Section 4.5, we assume buyers and sellers have

an inherent patience level or deadline. If they are not matched within their deadline,

they drop out of the system. We assume every agent m is associated with a patience

level νm; unlike Section 4.5, we do not assume these are Exponentially distributed.

The platform advertises a fixed set of patience levels, or deadlines, denoted by Sj “

tνj1, νj2, . . . , νjKu, which is a guarantee on the time by which a buyer or seller choosing

that deadline is guaranteed to be matched. We assume νj1 ď νj2 ď ¨ ¨ ¨ ď νjK . For

simplicity, we use k P Sj and νk P Sj interchangeably.

Incentive-compatibility. We assume the platform sets a lottery of prices and wages

at each node j, that are independent of time. Consider the issue of eliciting deadlines

truthfully. Consider buyers first. At node j, suppose the platform offers price pjk for
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deadline νjk. Every buyer can choose one deadline in Sj, in which case he pays price

pjk, and is guaranteed to be matched within time νjk from his arrival. We assume any

buyer m has very large negative utility for being matched after his patience level νm,

therefore he will choose a k such that νjk ď νm. Subject to this, he will choose k with

smallest pjk, since this maximizes his valuation minus price. A symmetric model can

be posited for sellers, where we replace price with wage, and the seller chooses the

largest wage such that the corresponding deadline is smaller than his own patience

level.

Since the goal of the platform is to elicit patience levels truthfully, the platform

chooses a price ladder pj1 ě pj2 ě ¨ ¨ ¨ ě pjK and wage ladder wj1 ď wj2 ď ¨ ¨ ¨ ď wjK

at each node j. This ensures that agents with νm P rνjk, νjk`1s report deadline νjk.

Each deadline level νjk P Sj gets associated with non-increasing demand func-

tion djkFjkppjkq, which is the Poisson rate at which buyers m with patience νm P

rνjk, νjk`1s arrive when the price of deadline νjk is pjk. Similarly, deadline level

k P Sj is associated with a non-decreasing supply function sjkHjkpwjkq, which is the

Poisson rate at which sellers m with patience νm P rνjk, νjk`1s arrive when the wage

for deadline νjk is wjk. These deadline levels correspond to the sub-types described

before.

Scheduling Policy. As in Section 4.5, the platform opens a set of “virtual markets".

For each node j and deadline level k, buyers (resp. sellers) arriving at the node

and choosing that deadline are probabilistically routed to virtual markets which are

within distance R from the node. Buyers and sellers arriving at the virtual market

are queued up, and optimally matched to minimize abandonment. Since the platform

knows which deadline was chosen by the agent, the optimal matching policy is now

a variant of Earliest Deadline First (EDF): When the deadline of some buyer (resp.

seller) expires, it is matched to that seller (resp. buyer) in the queue whose deadline
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will expire earliest in the future. If an agent’s deadline expires and there is no agent

to match it with in the queue, this agent is abandoned. It is an easy exercise to show

that this policy maximizes the number of matches made in any virtual market.

As in Section 4.5, the goal of the platform is to design a joint pricing and schedul-

ing policy to maximize profit, while ensuring bounded match distance and bounded

abandonment probability.

Bounding Abandonment Rate

We will now show that the weight lower bound can be interpreted as a sufficient

condition for the abandonment rate of the EDF policy to be at most ε, where the

weight of a sub-type is simply its deadline value.

The main technical assumption we require in this part is that the desired aban-

donment probability, ε is small, in particular that ε ! νmin

νmax
. As noted above, the

scheduling policy within a virtual market is a variant of EDF. Unlike the Patience-

oblivious model where the behavior of a virtual market could be modeled as a

variant of a M{M{1 queue, the optimal abandonment probability in a two-sided

EDF queue clearly depends on the entire distribution of deadlines of buyers and sell-

ers, which in turn depends on the pricing scheme and assignment policy. However,

we crucially need a closed-form bound on this probability in order to plug into an

LP relaxation for the overall problem. We use recent results from queueing due to

Kruk et al. [117] to construct such a closed-form bound, whose very existence we find

non-trivial and surprising!

Kruk et al. [117] present an approximation to the abandonment probability of a

one-sided queue M{M{1 queue with EDF scheduling. They approximate the queue-

ing process via a reflected Brownian motion. We adapt their result to our setting,

and rephrase it below. Consider the queue associated with a virtual market. Let S̄
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denote the average deadline of a seller arriving to this queue, and D̄ denote the aver-

age deadline of a buyer arriving to the queue. Note that the distribution of deadlines

as well as arrival rate depends on the overall pricing and assignment policies.

Recall that we assumed ε is small, in particular that ε ! νmin

νmax
. We first enforce

that supply and demand arrive to the queue at the same rate; call this rate λ. Next

suppose w.l.o.g. that D̄ ą S̄. Consider the policy that instantaneously matches

arriving sellers to the queued buyer with earliest deadline; if the queue is empty,

the seller is abandoned. This exactly mimics a one-sided M{M{1 queue with EDF

scheduling. We quote the following result informally from [117]:

Consider a one sided M{M{1 queue with arrival rate and service rate

equal to λ. Suppose deadlines of jobs are independently distributed with

mean D̄, and the scheduler uses the EDF policy. Then holding λ and
νmax

νmin
fixed, in the regime where νmin becomes very large, the abandonment

probability approaches 1
λD̄

.

Though part of their argument is heuristic, they perform simulations to show that

this approximation is indeed accurate. Since we need abandonment probability of 1
λD̄

to be at most ε ! 1, and since we assumed νmin

νmax
" ε, this automatically enforces

that all deadlines are much larger than the mean inter-arrival time, satisfying their

precondition for our setting.

Since the optimal policy for a two-sided queue only has lower abandonment prob-

ability, we use 1
λD̄

as an upper bound on this quantity. Since we assumed D̄ ě S̄, we

will instead use 2
λpD̄`S̄q

as the upper bound, which we will set to be at most ε.

We now show that this is the best possible upper bound that only depends on D̄

and S̄. Suppose buyers deadlines are deterministic with value D̄, and seller deadlines

are deterministic with value S̄. Then the optimal policy matches without waiting in
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a FIFO fashion. This means the loss probability assuming the queue has buyers is

the same as that of a M{M{1 queue with deadlines D̄, which from [44] is exactly

P1 “
1

1` λD̄

Similarly, when there are sellers in the queue, the loss probability is

P2 “
1

1` λS̄

Conditioned on the queue being empty and a buyer arriving, the expected time after

which the queue next becomes empty is Tb “ 1
P1
“ 1` λD̄, in which period the loss

probability is P1. Similarly, if a seller arrives when the queue is empty, the expected

time after which the queue again becomes empty is Ts “ 1
P2
“ 1`λD̄, in which period

the loss probability is P2. Since a buyer or seller arrives with equal probability when

a queue is empty, the expected loss probability is

P “
TbP1 ` TsP2

Tb ` Ts
“

2

2` λD̄ ` λS̄
«

2

λ
`

D̄ ` S̄
˘

assuming λpD̄ ` S̄q " 1.

In summary, each virtual market needs to satisfy the following two sufficient

conditions for its abandonment probability to be at most ε:

1. The rate of arrival of supply and demand should be the same; call this rate λ.

2. If S̄ denote the average deadline of a seller, and D̄ denote the average deadline

of a buyer, then λpD̄ ` S̄q ě 2
ε
.

Therefore, to reduce the scheduling policy to an instance of Envy-Free FLpR,Lq,

we set Gjk “ νjk and L “ 2
ε
, so that the second condition above translates to the

weight lower bound. This justifies the Envy-Free FLpR,Lq problem as capturing

the optimal scheduling policy for the dynamic marketplace problem presented above.
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Note that the resulting lower bound on λ derived by the above condition is a

significant improvement over the patience-oblivious case, since the lower bound now

depends on 1
ε
instead of 1

ε2
. This intuitively means that in order to achieve comparable

profit and abandonment probability, we can aim for a higher quality of match by

reducing the radius R. A similar observation that even partial information about

deadlines significantly reduces abandonment is made in [9], albeit for a different

model.

4.7 Conclusion

Our work is a first step in understanding the problem of jointly pricing and

scheduling in dynamic matching facilities. We now mention several open questions

that arise. For the facility location problems, there are other variants that we do not

yet have good algorithms for, for instance, general policies for the envy-free version

where the routing can be correlated with the sub-type elicited. Further, our model

imposes a uniform distance bound the match of any agent. Extending it to average

match distance will require new techniques; the basic filtering step in facility location

rounding fails in our case since the demand value itself is a variable. Finally, it is an

interesting question to extend our techniques to when facilities can be priced, and

agents choose facilities to optimize their utility, in particular, extending techniques

for stochastic scheduling in one-sided facilities [55, 56].
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5
Conclusion

We have studied different optimization problems that a platform as an intermedi-

ary might need to solve. The main objective of our problems is to maximize welfare.

However, the goals of other agents (buyers and sellers) are not necessarily aligned

with that objective, and each agent only wants to maximize its utility. Therefore,

in all of these problems, we considered the strategic behavior of these agents. In

this section, we briefly summarize the problems that we studied and some future

directions.

Information intermediary in auctions. First, we considered a Bayesian single

item auction with independent buyers and an additional intermediary who knows the

true values of the buyers. We studied the problem of designing a signaling scheme

by the intermediary to maximize the consumer surplus in the presence of a revenue-

maximizing seller. We considered a benchmark for maximum consumer surplus and

presented schemes with provable grantees against this benchmark. We also provided

lower bounds for any signaling scheme. In this problem, we assumed the seller always

runs an ex-interim IC and IR mechanism that maximizes her revenue. One future

direction is to consider the setting in which the seller needs to run ex-post IC and IR

mechanisms. It would be interesting to see if we can still find lower bounds for this

setting.

Going beyond our specific setting, it would be interesting to explore the equilibria

in optimal auctions when the intermediary can send different signals to the seller
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and to the buyers, much like in [34, 139]. At an even higher level, our work can

be considered a special case of a larger problem of information intermediaries for

multi-agent mechanisms. As mentioned before, in our case, the optimal auction is

the mechanism, and the intermediary can change the information to this mechanism

in order to achieve “fairness” between producer and consumer surplus. It would

be interesting to explore the question of achieving fairness by selectively regulating

information to a black-box optimizer or mechanism in more general settings.

Prophet inequalities with uncertain supply. In the second problem, we added

supply uncertainty to the multiple-choice prophet inequality. In our setting, each item

might disappear after an a priori unknown amount of time that we called horizon. The

mechanism only knows the horizon distribution for each item. We showed that if the

horizon distributions satisfy MHR condition, there is a constant competitive pricing

scheme. Unlike the classic multi-choice prophet inequalities where the approximation

ratio goes to 1 when the number of items becomes large, we showed a 1.57 (improves

to 2 when the number of items becomes large) approximation lower bound even when

the horizons are i.i.d. geometric. Our constant is tight for the single-item setting.

We now list several open questions. First, our constant factor for the upper bound

in the multi-item setting does not match the lower bound, and the gap is pretty large.

Closing the gap would be an interesting open question. Next, is it possible to have

stochastic horizons in more general prophet-inequality settings such as [69]?

An important future direction is to capture a more general form of supply uncer-

tainty. In other words, it would be interesting to extend our work to the case where

items arrive and depart in a stochastic fashion.

Pricing in dynamic two-sided markets. Finally, we considered a dynamic mar-

ketplace setting where agents arrive according to a stochastic process and have finite
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patience (or deadlines) for being matched. The goal here is to maximize social surplus

subject to budget balance while guaranteeing a high match quality and low abandon-

ment probability. We reduce a special type of scheduling policy that uses facilities to

our two-sided facility location problems, and we design approximation algorithms for

the two-sided facility location problems. The main future direction is to approximate

the overall optimal policy?

Our model here also assumed Poisson arrivals whose rate is constant over time.

A different approach is to use online algorithms. In particular, it would be interest-

ing to incorporate pricing and wages into the “online matching with delays" models

considered in [19, 76].
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