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Abstract
In this dissertation, we concern ourselves with two fundamental phenomena in nature:

aggregation phenomena in biology and motions of incompressible fluids. The two phenom-

ena, to say the least, are ubiquitous in the world where we live, and both of them display

rich and complicated dynamics. Roughly speaking, we are interested in the interactions

between these two phenomena, with an emphasis on their long-time behaviors that are

characterized by either stability or instability. The dissertation is thus arranged into two

integral parts. The first part, covered by Chapter 2, 3, and 4, addresses the stability is-

sue of an array of chemotaxis-fluid systems. We study how singularity formation in the

Keller-Segel equation, a nonlocal aggregation-diffusion equation that describes chemotaxis,

can be prevented when it is additionally coupled to certain incompressible flows which are

forced by buoyancy. The second part, which comprises Chapter 5, investigates the insta-

bility phenomenon in the context of incompressible, free-boundary Euler equation subject

to the effect of surface tension. More precisely, we present the construction of a scenario

that realizes double-exponential vorticity gradient growth.

iv



Dedication
To my mom, who raised me in spite of all difficulties.

To my dad, who never has the opportunity to witness the completion of this work.

v



Contents
Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Regularization by Active Advection in Chemotaxis . . . . . . . . . . . . . . 2

1.2 Instability in Free-Boundary Problems for Fluids . . . . . . . . . . . . . . . 5

2 Suppression of Chemotactic Singularity by Darcy’s Law . . . . . . . . . . . . . . 8

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2.1 Notation and conventions . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2.2 Functional spaces and eigenfunction expansions . . . . . . . . . . . . 15

2.3 Local well-posedness and conditional regularity . . . . . . . . . . . . . . . . 16

2.4 Energy estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.5 Partition into “good” and “bad” time intervals . . . . . . . . . . . . . . . . 23

2.6 Main estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.6.1 Key lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.6.2 Estimates on the good intervals . . . . . . . . . . . . . . . . . . . . . 35

2.6.3 Estimates on the bad intervals . . . . . . . . . . . . . . . . . . . . . 38

2.7 Proof of the main theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3 Suppression of Chemotactic Singularity by Navier-Stokes Flow with Large Buoy-
ancy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.1.1 Main Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.1.2 Main Strategy of Proof . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.1.3 Organization of the Paper . . . . . . . . . . . . . . . . . . . . . . . . 50

3.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

vi



3.2.1 Notation and Conventions . . . . . . . . . . . . . . . . . . . . . . . . 51

3.2.2 Steady Stokes Equation with Lions Boundary Condition . . . . . . . 52

3.3 Local Well-Posedness and Regularity Criteria . . . . . . . . . . . . . . . . . 54

3.4 Analysis of the Static Problem . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.4.1 Key A Priori Estimates . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.4.2 Norm-Stabilizing Property of the Static Problem . . . . . . . . . . . 63

3.5 Analysis of the Full Keller-Segel-Navier-Stokes Problem . . . . . . . . . . . 66

3.5.1 Preliminary Estimates . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.5.2 Control of the Advection Term . . . . . . . . . . . . . . . . . . . . . 71

3.5.3 Control of ∂tu . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.5.4 Closing the Bootstrap . . . . . . . . . . . . . . . . . . . . . . . . . . 81

3.6 Discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4 Suppression of Chemotactic Blowup by Strong Buoyancy in Stokes-Boussinesq
Flow with Cold Boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

4.2 Local Well-Posedness of Strong Solution . . . . . . . . . . . . . . . . . . . . 94

4.2.1 Galerkin Approximations . . . . . . . . . . . . . . . . . . . . . . . . 95

4.2.2 A priori Estimates and Existence . . . . . . . . . . . . . . . . . . . . 96

4.2.3 Uniqueness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

4.2.4 Regularity Criterion . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4.2.5 Global Well-Posedness with Small L2 Data . . . . . . . . . . . . . . 107

4.3 Proof of the Main Theorem: Suppression of Blowup . . . . . . . . . . . . . 109

4.3.1 Velocity Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

4.3.2 A Key Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

4.3.3 Proof of Global Well-Posedness with Large g . . . . . . . . . . . . . 116

4.4 Promotion to Regular Solution . . . . . . . . . . . . . . . . . . . . . . . . . 117

5 Small Scale Creation for 2D Free Boundary Euler Equations with Surface Tension137

vii



5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

5.2 Preliminary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

5.2.1 Symmetry in 2D free boundary Euler equations . . . . . . . . . . . . 142

5.2.2 Conservation of vorticity and a conserved L2-energy . . . . . . . . . 144

5.3 Uniform estimates for the free boundary problem . . . . . . . . . . . . . . . 146

5.3.1 Uniform-in-time control of the free boundary and kinetic energy . . 146

5.3.2 Error estimates of an approximate Biot-Savart law . . . . . . . . . . 147

5.3.3 Estimating u using integral of ω . . . . . . . . . . . . . . . . . . . . 151

5.4 Proof of the main theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

5.5 Discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

Appendix A Some Technical Tools . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

A.1 Stokes Operator with Lions Boundary Condition . . . . . . . . . . . . . . . 160

A.2 Standard Stokes Operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

A.3 A Variation of Moser-Alikikos Iteration . . . . . . . . . . . . . . . . . . . . 163

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166

viii



List of Figures
2.1 An illustration of good and bad intervals . . . . . . . . . . . . . . . . . . . . 25

2.2 An illustration of frequency cones used in proving the key inequality . . . . 29

5.1 Illustrations of initial datum and its evolution . . . . . . . . . . . . . . . . . 140

ix



Acknowledgements
“I have always been a lucky person.” This is my first thought by the time I finished

this dissertation and recollected my growth starting from an ignorant student to a PhD

candidate who is ready to defend his thesis. I could not help but realize that none of the

mathematics that I did by myself in this dissertation would exist without the help and

support from many people that I have encountered in my life. I would hope the readers

to forgive me for this prolonged acknowledgement, which serves as my attempt to thank

those who have helped shape my personality and expertise.

When I just started my life as a PhD student, my mere wish was to be able to graduate:

I was intimidated by the sheer gap between the life as an undergraduate and that as a

graduate student. For quite some time, I was trapped in the swamp of confusion and

bewilderment. In the meantime, however, I am blessed to have Prof. Alexander Kiselev

as my advisor, who keeps encouraging me, inspiring me, and pushing me, so that I reach

where I am at this moment. In my point of view, Sasha as an academic advisor is a guru

of mathematical fluid dynamics who generously shares, as much as possible, his profound

knowledge with his disciples. What I could do was to learn from his great mathematical

skills, his brilliant taste in a good mathematical problem, as well as his ability to view a

problem from “the perspective of an eagle.” This entire thesis would not exist without

inspirations from him. Aside from academic aspects, Sasha also shows me, through his

composure, generosity, and kindness, how to be a proper mathematician and a decent

human being. Honestly, being Sasha’s student is a blessing for me, and I hope I have made

him proud.

Of course, my interest in mathematics started before I met Sasha, perhaps even before

I became an undergrad. Even though I started with viewing mathematics as a mere

recreation, the encouragement and guidance given by my family, my previous mentors, and

my friends truly motivated me to consider mathematical researcher as my real vocation.

My family has always played a fundamental role in my life – I would have accomplished

nothing without their unconditional love, care, and support. I would like to first thank

x



my mom, as she has persevered in spite of so many difficulties as I grew up. She is

my guardian angel who protects me so well that I can concentrate on what I strive for.

She is my true anchor of life. I would also like to dedicate this thesis to my dad, who

firmly supported me to experience a different style of life by studying abroad. He was

never a talkative person since I was a kid, but I know that he loves me in a silent way.

Finally, I would like to thank my grandparents. As my parents worked in another city,

my grandparents took care of me most of the time before I entered middle school. It was

their nurturing which helped me develop good habits and become a self-disciplined person.

The lessons that I learned from them are one of the most precious gifts that I would never

forget in my life. Last but not least, my initial motivation to delve into mathematics is

from my family: even though none of them had ever worked in quantitative subjects, they

full-heartedly encouraged and supported my decisions to specialize in mathematics and to

make researching in mathematics my lifelong endeavor.

My genuine interest in mathematics, especially in the analysis of PDEs, was kindled

during my undergraduate studies at Vanderbilt University. I was fortunate enough to enroll

in classes taught by several professors and to engage in inspiring conversations with them.

I cannot forget the moment that I began to appreciate the close ties between mathematics

and physics laws when I took a multivariable calculus course taught by Prof. Marcelo

Disconzi during my freshman year. Being my academic mentor throughout my under-

graduate years, he always nurtured me with patience, encouragement, and his profound

knowledge in PDEs. I would have never survived the honors track of math major without

his mentorship. I also remember how Prof. Chenyun Luo passionately explained to me the

mathematics behind fluid dynamics and general relativity in his office, even when I was

still an amateur in “serious mathematics” as a sophomore. To some extent, it was actually

Chenyun’s passion which eventually broadened my horizon in the realm of fluid equations,

and which motivated me to study this subject as a researcher in mathematics. I feel blessed

that our friendship persists and we even have collaborations now. Finally, it was an inspir-

ing experience to sit in the graduate analysis course taught by Prof. Jared Speck. While

xi



I almost miserably failed the first midterm exam on abstract measures, his “tough love”

quenched my excessive ego and taught me how to be patient as well as persistent. Along

with challenges and sometimes frustrations, Jared brought my understanding of mathe-

matical analysis to another level, which allowed me to truly engage in serious research and

to appreciate the beauty of mathematical analysis. Finally, I would also like to extend my

gratitude to Prof. Anna-Marie Bohmann, Prof. Giusy Mazzone, Prof. Glenn Webb, Prof.

Jonathan Campbell, Prof. Denis Osin, Prof. Doug Hardin, Prof. Larry Rolen, and many

other scholars. They helped me learn to appreciate the intricacy of many different aspects

of mathematics, and really shaped who I am now as a researcher in this field.

During my graduate studies, I was fortunate enough to get familiar with many brilliant

and wonderful people both inside and outside Duke. For my five years at Duke, I would like

to thank Prof. Tarek Elgindi for his care as well as his generosity of sharing so many brilliant

insights with me. I am always amazed by his ability to dismantle a complicated problem

and to isolate its core issue in an extremely intuitive way. I do wish I had more time learning

from him. I would also like to thank Prof. Siming He. I could not remember how many

times that I got help or suggestions from him, ranging from math problems to cover letter

writing. He would always patiently discuss with me when I was confused about anything.

It is difficult to overstate how big a role he has played in my PhD career. I would also like

to thank Prof. Jonathan Mattingly for his entertaining courses on stochastic analysis, and

Prof. Jim Nolen for his inspiring lectures on ODE theory and optimal transport. I would

also like to thank Prof. Tom Witelski for his wonderful course on fluid mechanics, which

broadened my horizon in this subject from a totally different perspective. Finally, I would

like to thank Federico Pasqualotto for teaching me about shock formation and sharing

with me many career advice; I also want to thank Raj Beekie for struggling through the

nonuniqueness reading project together and for guiding me through the subject of inviscid

damping and spectral theory.

These five years would not be so incredible without the friends that I made at Duke.

I would first like to thank Yupei Huang, Karim Khalil, and Kevin (#1) Dembski for their

xii



unwavering support over the past few years. I could never forget the fun we had when

we had different PDE reading groups together and math jokes. Many inspirations in my

research actually come from casual conversations with them. I would also like to thank

Naji and Bryan for bringing even more fun and brilliant thoughts to our PDE group

since the day they joined. I am also indebted to Ching-Lung, Victor Amaya, Jiayi, Kai,

Haotian, Zijun, Michael, Yuqing, Jing, Kyle, and many others for their companionship and

encouragement.

Also, I would have never completed my journey as a PhD without the help from friends

outside Duke. I would like to first thank Prof. Yao Yao. We became acquainted with

each other during a collaboration in 2023. Since then, she has been taking care of me as

if I were her student. In research, she always inspires new angles of thinking, which can

hardly be obtained elsewhere. I regard her as my de facto second advisor, as a major part

of this thesis would not exist without her guidance. Finally, I want to extend my gratitude

to Marc Nualart, Augusto Del Zotto, Tao Zhou, Jiaqi Liu, Jingbo Wan, and Jia Shi for

friendship and letting me know about other interesting topics in mathematical physics.

Of course, I am not able to survive these years of odyssey without “a little help from

my friends” (I finally find a way to pay tribute to the Beatles). I feel lucky to maintain

friendships with Ruibiao Ye, Nanrui Shao, and Zefeng Fan, with all the good memories

during our years in Longgang Experimental School. I was also indebted to my high school

friends Jiarui Xu, Yitong Deng, Daiyang Liu, Yuncong Yang, Chuyi Chen, Linhe Yang, and

many others. The years in Shenzhen Middle School are always golden and precious. It was

these wonderful human beings who taught me how to care, to love, and to be an upright

person. I can also never forget the ups and downs that I shared with Aodong Liu, Zhengang

Xu, Zhan Rong, Yunxi Xiong, and Tony Tian during my undergraduate years, not to

mention the days and nights of hard work that we spent together, the basketball games

every Friday, and the mutual support that we gave to each other during the application

season. Even though all of us ended up with different careers, our camaraderie still, and

will always, encourages me to walk further along the path of mathematics.

xiii



1. Introduction
The content of the dissertation is based on two overarching themes: regularization effects

induced by active advection in the context of an active scalar equation describing chemo-

taxis, and infinite-in-time growth phenomena appearing in some free-boundary problems

of fluid mechanics. We present four major results in this dissertation. The first three re-

sults, as presented in Chapter 2, 3, and 4, study the first main theme, while the last result

presented in Chapter 5 studies the second main theme.

In Chapter 2, I review the work [77] joint with Alexander Kiselev and Yao Yao. In this

chapter, we demonstrate how the addition of an incompressible porous medium (IPM) flow

driven by buoyancy forcing can immediately nullify the possibility of singularity formation

in the Keller-Segel equation posed in a periodic channel. This result involves a refined

analysis of a nonlinear, dynamical dimension-reduction effect precisely given by the buoy-

ancy coupling. This work [77] offers the first result showing blowup suppression by active

advection that is fully nonlinear and independent of any dominating background passive

states. Therefore, perhaps from a philosophical point of view, the nonlinear regularization

effect by active advection studied in this work might have connections with similar phe-

nomena which take place in some of the most fundamental fluid equations, such as three

dimensional Euler and Navier-Stokes equations.

In Chapter 3, I discuss the work [75]. This work extends the framework developed in

[77], and shows that the potential singularity of the Keller-Segel equation can be suppressed

by a Navier-Stokes flow in the regime of large buoyancy and viscosity. This result exploits

a similar dimension-reduction mechanism to that appearing in [77], and deploys a more

technical nonlinear analysis to study the nonlinear interactions between chemotaxis and

the Navier-Stokes equation. In practice, the Keller-Segel-Navier-Stokes system is a classical

and widely used model to describe chemotaxis taking place in viscous fluid. Therefore, an

understanding of the nonlinear regularization effects by Navier-Stokes flows bears signifi-

cant biological implications. To the best of the author’s knowledge, this work presents the

first nonlinear blowup suppression result in the context of the Keller-Segel-Navier-Stokes

1



equations.

In Chapter 4, I present a result [76] joint with Alexander Kiselev, which demonstrates

another blowup suppression result for the Keller-Segel equation equipped with homoge-

neous Dirichlet boundary conditions. Comparing with the mechanisms wielded in Chapter

2 and 4, we observe an enhanced interaction between the bulk and the cold boundary,

which eventually leads to the suppression of blowup. Similar to the Navier-Stokes flow,

the Stokes equation is also a classical fluid model that describes the motions of viscous

fluids. Our work [76] actually gives some interesting insights into the interaction between

chemotaxis and a cold boundary aided by a buoyancy-dominated Stokes flow. This new

mechanism turns out to be quite general and could be applied to arbitrary smooth domains

that are either two or three dimensional.

In Chapter 5, we turn to the problem of incompressible, free-boundary Euler equation

in two dimensions. In a joint work [78] with Chenyun Luo and Yao Yao, we construct a

scenario that generates double-exponential vorticity gradient growth in a similar spirit to

the groundbreaking work [91]. The main result presented in [78] seems to be the first result

which rigorously proves a purely vorticity-driven instability in the study of free-boundary

Euler equations. Moreover, the scenario that we constructed not only is nonlinearly un-

stable, but also “creates small-scales” in a sense that certain quantities related to the fluid

bulk grows indefinitely at an extremely fast rate.

For the rest of this section, we plan to give a more detailed discussion on the two main

themes of this dissertation. In particular, we will present some preliminary materials and

give a brief survey of the developments in these two directions respectively.

1.1 Regularization by Active Advection in Chemotaxis

The regularization effects of advection have been an involved phenomenon in the study of

incompressible fluids. In the context of the Euler and Navier-Stokes equations, certain flows

with good mixing properties produce an enhanced regularity or decay by effectively creating

small scales; such effects are widely explored in the study of inviscid damping and enhanced

2



dissipation (see [38, 10, 11, 83]). The regularization effects are also conjectured to persist

in the fully nonlinear setting: on one hand, some 1D models of the Euler equations have

global solutions for certain classes of data (see [32, 88]), where one develops a quantitative

understanding of the regularization effects by advection. On the other hand, while the

question of finite-time blowup versus global regularity for 3D Euler and Navier-Stokes

equations still remains largely open, one observes that the advection term prevents potential

singular behaviors of equations. This can be seen from the fact that the modified 3D Euler

and Navier-Stokes equations can form finite-time singularities when the advection term is

removed from the models (see [36, 73, 94]). In my work, I quantitatively investigate the

regularization by active advection in the context of the Keller-Segel equation, a nonlinear

aggregation equation that models chemotaxis. This equation, especially in dimension 2,

bears a remarkable property that a finite-time singularity might form. Studying how

advection suppresses blowups in this equation allows us to obtain deeper insights into the

role of advection in other active scalar equations, including some fluid models.

Now, I briefly summarize some preliminaries and related results on the Keller-Segel

equation with advection, which models the evolution of bacteria or cells in ambient fluids:

∂tρ+ u · ∇ρ︸ ︷︷ ︸
advection

− ∆ρ︸︷︷︸
diffusion

+div(ρ∇c)︸ ︷︷ ︸
aggregation

= 0, −∆c = ρ, ρ(0, x) = ρ0(x) ≥ 0, (1.1)

where u is a divergence-free vector field. The parabolic equation for ρ represents bacteria

undergoing random motion, aggregation induced by chemicals, and transportation by back-

ground fluid motion; the elliptic equation governing c reflects that the bacteria themselves

produce the chemical.

When the ambient fluid is absent (i.e. when u ≡ 0), (1.1) reduces to the classical static

parabolic-elliptic Keller-Segel equation. For a thorough survey on this static model, we

refer to the works such as [9, 16, 19, 71], and [22]. If one additionally assumes that (1.1)

is in 2D, one finds a remarkable fact that (1.1) is L1–critical : the total mass of bacteria

∥ρ0∥L1 determines the behavior of the solution to (1.1). If ∥ρ0∥L1 > 8π, a singularity forms

3



in finite time (see, e.g., [20, 87, 105, 69, 70]); if ∥ρ0∥L1 < 8π, the solution remains regular

for all times (see, e.g., [20, 19]).

If the velocity field u is nontrivial, the additional advection injects much greater com-

plexity to the dynamics of (1.1). Perhaps one of the most intriguing effects is the regu-

larization by fluid advection: while advection does not smooth the equation by itself, it

aids global regularity by mixing or dimension-reducing effects. This leads to the following

general question that motivates my investigation: is there any example of u, either passive

or active, that prevents singularity formation of (1.1) with zero advection?

Examples of passive flows which suppress blowup have been constructed over the past

few years. Kiselev–Xu in [92] and Iyer-Xu-Zlatos in [86] show that strong flows that are

relaxation-enhancing, in the sense prescribed in [38], are viable examples. The underlying

mechanism of such flows is enhanced diffusion via mixing. In works by Bedrossian–He

[8] and He [65], the authors demonstrate that sufficiently strong shear flows also prevent

chemotactic blowup through a dimension-reduction mechanism. A fast-splitting scenario

induced by strong hyperbolic flows is also explored in [68].

The question on how to construct active flows that suppress chemotactic blowup, how-

ever, remains largely open, mainly due to the difficulty posed by the dependence of the

flow on the advected quantities. While there are many results on global existence of clas-

sical solutions to Keller-Segel-fluid systems, these results either assume small data (e.g.,

[31, 52, 102]) or work in scenarios where neither the chemotaxis nor fluid equations blow

up if they were not coupled (e.g., [125, 126]). Thus far, there are only a few examples of

blowup-suppressing active flows constructed in the context of Keller-Segel-Navier-Stokes

equation (see [131, 66, 95]). Notably, the main mechanisms in these works are based on

dimension reduction effects of certain shear flows and their hydrodynamic stability.

From the above discussion, existing works explore blowup-suppressing flows in an (al-

most) linear setting, where the background fluids are either passive flows or their perturba-

tions. Whether one can find a genuinely nonlinear mechanism that suppresses chemotactic

singularity still remains largely open. We will discuss some progress regarding this direction

4



in Chapter 2, 3, and 4.

1.2 Instability in Free-Boundary Problems for Fluids

As a classical topic in fluid mechanics, hydrodynamic (in)stability, especially in the context

of the Euler and Navier-Stokes equations, has been extensively studied in both free space

and fixed-boundary settings. Regarding stability, a variety of stabilizing mechanisms, such

as enhanced dissipation ([11]), inviscid damping ([10, 83, 84]), and vorticity depletion near

shear flows ([12]) as well as vorticies ([7]), have been relatively well understood. On the

other hand, there are constructions of spectrally unstable shear flows and vortices (see, e.g.,

[96]). There are also methods of upgrading such instability to the nonlinear level (see, e.g.,

[64]). Scenarios involving strong hyperbolic flows are also classical in generating instabilities

([91, 132]). Moreover, it is worth noting that hydrodynamic instability ties intimately with

nonuniqueness ([123, 5, 4]) and singularity formation ([58]) in some classical fluid models.

In the case of free-boundary Euler equations, there are also extensive results on instability

of Stokes waves when the fluid is also vorticity-free (see, e.g., [45, 79, 107, 15]). However,

when there is nontrivial vorticity, the understanding of hydrodynamic instability is limited,

mainly due to the nonlocal effects that lead to interactions between the free surface and

the bulk vorticity.

We are interested in investigating the stability issue of the incompressible free boundary

Euler equations, which model the motion of an inviscid, incompressible, ideal fluid with a

moving domain:

∂tu+ u · ∇u+∇p = 0, div u = 0, in Dt. (1.2)

We denote Dt = {x = (x1, x2) ∈ X × R : 0 < x2 < η(t, x1)} as the fluid domain, where

Γb := {x2 = 0} is fixed and Γt := {(x1, η(t, x1)) : x1 ∈ X} is free. Here X = R or T. With

initial conditions u0, η0, we also have the following boundary conditions:

∂tη = u · N , and u · n = 0, on Γb, (1.3)
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and

p = σH, on Γt. (1.4)

The boundary condition (1.3) means that the free interface Γt is advected by u, and the

flow moves tangentially along the fixed bottom Γb. Also recall that (1.4) encodes the

effect of surface tension. From the persepctive of physics, surface tension originates from

the cohesion force among fluid molecules, generating a tendency for the fluid interface to

shrink to a minimal surface. Mathematically, (1.4) regularize the free surface Γt, in a

sense that (1.2)–(1.4) is ill-posed when σ = 0 without imposing an additional Taylor sign

condition (see [54]).

Understanding the long time behavior of system (1.2)–(1.4) is a pivotal problem in

this field. Remarkably, if one additionally assumes that the flow is irrotational1, the free

boundary Euler equations reduce to the water wave equation, and the study of which is ex-

tensive. In the full case (X = R), Wu in [127] established almost global well-posedness for

small data in σ = 0 case; Ifrim-Tataru [80] and Ionescu-Pusateri [82] independently proved

the global well-posedness for small data in σ > 0 case. In the periodic case (X = T),

Ifrim-Tataru [80] and Berti-Feola-Franzoi [14] showed cubic lifespan for small data with

nontrivial surface tension, meaning that the lifespan of the solution is at least of order ε−2

given initial data of size ε. To achieve the results mentioned above, the key observation

is that (1.2)–(1.4) reduces to a closed evolution equation of the free surface under the as-

sumption of irrotationality. Moreover, the reduced equation exhibits dispersive character

and has good nonlinear structures after normal form transformation. From another per-

spective, certain large initial data produce self-intersection of the free surface, see, e.g.,

[27, 28, 26]. Contrary to the irrotational case, the stability theory for free boundary Euler

equations with nontrivial vorticity is far less developed. There are indeed rigorous stability

results near rather special scenarios, and we name a few here: Ifrim-Tataru in [81] shows

cubic lifespans for small solutions near constant vorticity states in the periodic setting;

1 An irrotational flow in 2D means that ∇⊥ · u = 0. It is well-known that the irrotationality of the initial
datum is propagated by sufficiently regular solutions.
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Su in [117] shows a similar result near a singular state where two counter-rotating point

vortices travel away from the free boundary. Although the two works above work with

nontrivial vorticity, the perturbation equations modulating the background vorticity still

exhibit good (non)linear structures. Such favorable properties crucially rely on structures

of the background vorticity, hence being highly non-generic.

In Chapter 5, based on [78], we address the aspect of instability. Specifically, we con-

struct a new example of nonlinear instability near the trivial state of the free-boundary

Euler equations. This work also highlights the pivotal role of nontrivial vorticity in gener-

ating such instability: for water waves (i.e., incompressible, free-boundary Euler without

vorticity), it is well-known that solutions with small initial data enjoy extended lifespans.

The result in [78] reveals a sharp contrast when even arbitrarily small vorticity is present.

Moreover, the instability in our example self-amplifies in time: the vorticity gradient grows

infinitely in time unless a more severe loss of regularity occurs.
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2. Suppression of Chemotactic Singularity by Darcy’s
Law
This chapter is a reproduction of the work [77], which is joint with Alexander Kiselev and

Yao Yao.

2.1 Introduction

There are many mechanisms for regularity in partial differential equations. Sometimes,

like in the 2D Euler equation, there is a controlled quantity that is sufficient to prove

local and global regularity of solutions. There is a number of specific mechanisms that can

confer global regularity to an otherwise potentially singular equation. Perhaps the most

common and simple ones are viscosity or diffusion (like for the viscous Burgers equation),

or just strong enough damping. A more sophisticated regularity mechanism which in

many instances is nevertheless well understood is dispersion (see e.g. [97]). Our focus

in this paper is on regularization by fluid flow advection, a purely transport term of the

form (u · ∇)ρ. Fluid flow is naturally present in many settings. It is not expected to

be smoothing by itself, but can aid global regularity via mixing/diffusion enhancing, or

dimensionality reduction effects. These phenomena are relatively well understood in the

passive advection setting, where the vector field u is given and does not depend on the

advected quantity. Examples include certain limiting regimes in homogenization, where

the fluid flow leads to higher renormalized diffusion (e.g. [60]), flows with good mixing

properties that can enhance dissipation (e.g. [130]) or strong shear flows that can elevate

the relative power of diffusion by reducing the effective dimension of the problem (e.g. [8]).

In all these examples, it is important that the flow has large amplitude. On the other

hand, the potential regularizing role of advection is not yet well understood in an active

setting, where flow is not prescribed but determined by an equation that also involves

the advected quantity. One fundamental example here is the three dimensional Euler and

Navier-Stokes equations, where global regularity is not known, but there is evidence that

model equations for vorticity where the advective part is omitted lead to singularities (e.g.
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[36, 74]). Another natural setting is aggregation equations with fluid transport. It is in

this area that we discover an intriguing phenomenon: a variant of the Patlak-Keller-Segel

equation, the much studied model coming from mathematical biology and well-known to

feature finite time singularity formation, is completely regularized by an arbitrarily weak

coupling to a simple fluid equation.

The Patlak-Keller-Segel equation is a fundamental model of chemotaxis [89, 110]. It

describes a population of bacteria or slime mold that move in response to attractive external

chemical that they themselves secrete. Here we are interested in its parabolic-elliptic form

∂tρ−∆ρ+ div(ρ∇c) = 0, −∆c = ρ− ρM , ρ(x, 0) = ρ0(x). (2.1)

We can think of (2.1) set on a finite domain, with the most natural Neumann boundary

conditions for ρ and c; in this case ρM is the mean of the population density ρ, and c is the

attractive chemical produced by the bacteria themselves. Diffusion and production of the

chemical c are assumed to be much faster than other time scales of the problem, leading to

the elliptic equation for c in (2.1). The equation (2.1) has dramatic analytic properties: in

particular, its solutions can form singularities in finite time in dimensions greater than one.

Finite time singularity formation in solutions of the Patlak-Keller-Segel model has been a

focus of extensive research (see e.g. [111]). It is known that in two dimensions, finite time

blowup is controlled by the mass of ρ, with the critical mass being 8π: all initial data with

mass greater than critical lead to a finite time singularity [69, 70, 34], while initial data

with mass smaller or equal to critical lead to globally regular solutions [87, 19].

Often, chemotactic processes take place in ambient fluid. One natural question is then

how the presence of fluid flow can affect singularity formation. In [92], this question was

studied for the case where the flow is passive - it is given and does not depend on the

density, resulting in the term A(u ·∇)ρ added on the left side of (2.1). The main point was

a connection between mixing properties of the flow and its ability to suppress chemotactic

explosion. It was proved that given an initial data ρ0 and a flow with strong mixing

properties, there exists a flow amplitude A(ρ0) such that solutions of (2.1) stay globally
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regular. The classes of flows for which the result of [92] holds include relaxation enhancing

flows of [38], mixing flows constructed in [133], or self-similar flows of [3]. More research

followed: for example, in [8] chemotactic singularity suppression by strong shear flow has

been investigated. In this case the shear works as a dimension reduction mechanism -

and since in one dimension the solutions of the Patlak-Keller-Segel equation are regular,

one can expect suppression of blowup in two dimensions. In [67], hyperbolic splitting flow

has been studied; in [42] advection induced regularity has been explored for Kuramoto-

Sivashinsky equation. The paper [86] put forward a more general formalism for suppression

of singularity formation by fluid advection for a class of nonlinearities, and considered more

general types of passive fluid flows, such as cellular.

A very interesting question that has so far remained largely open is whether fluid

advection can suppress chemotactic explosion if it is active, that is, if the Patlak-Keller-

Segel equation is coupled with some fluid mechanics equation. There have been many

impressive works that analyzed such coupled systems, usually via buoyancy force; see for

example [49, 52, 101, 100, 102, 125, 126, 31, 53, 118] where further references can be found.

Active coupling makes the system much more challenging to analyze, but in some cases

results involving global existence of classical solutions (the precise notion of their regularity

is different in different papers) have been proved. These results, however, apply either in

the settings where the initial data satisfy some smallness assumptions (e.g. [52, 102, 31])

or in the systems where both fluid and chemotaxis equations may not form a singularity

if not coupled (e.g. [125, 118, 126]). Very recently, in [66] and [131], the authors analyzed

Patlak-Keller-Segel equation coupled to the Navier-Stokes equation near Couette flow.

Based on ideas of blowup suppression in shear flows and stability of the Couette flow, the

authors proved that global regularity can be enforced if the amplitude of the Couette flow

is dominantly large and if the initial flow is very close to it.

We note that active fluid advection has been conjectured to regularize singular nonlinear

dynamics in other settings. The most notable example is the case of the 3D Navier-

Stokes and Euler equations. Constantin [36] has proved possibility of finite time singularity

10



formation for the 3D Euler equation in R3 if the pure advection term in the vorticity

formulation is removed from the model. Hou and Lei have obtained numerical evidence for

finite time blowup in a system obtained from the 3D Navier-Stokes equation by the removal

of the pure transport terms [94]. In fact, finite time blowup has been also proved rigorously

in some related modified model settings [73, 74]. Of course, the proof of the global regularity

for the 3D Navier-Stokes remains an outstanding open problem, so whether the 3D Navier-

Stokes equation exhibits “advection regularization” is an open question. Interestingly, a

similar effect is present even in a one-dimensional model of the 3D Euler equation due to

De Gregorio [47]. While the global regularity vs finite time blowup question is open for

this model, the Constantin-Lax-Majda equation that is obtained from it by dropping the

advection term leads to finite time singularity formation [39]. Moreover, recent works [88]

and [32] establish global regularity for the full De Gregorio model near the main steady

state and under certain symmetry assumptions, respectively.

In this paper, we consider the following system set in Ω := T× [0, π]:


∂tρ+ u · ∇ρ−∆ρ+ div(ρ∇(−∆N )−1(ρ− ρM )) = 0,

u+∇p = −gρe2, div u = 0,

ρ(x, 0) = ρ0(x) ≥ 0,
∂ρ
∂n |∂Ω = 0, u · n|∂Ω = 0, x = (x1, x2) ∈ Ω,

(2.2)

where T = (−π, π] is the circle, ρM = 1
2π2

∫
Ω ρdx, ∆N is the Neumann Laplacian and g ∈ R

is the Rayleigh number representing the strength of buoyancy. By maximum principle,

the solution ρ(t, x) remains nonnegative given that it remains regular. We keep the same

equation for the chemical c as in (2.1) assuming that its diffusion and production remain

faster than other relevant time scales.

The system (2.2) comprises perhaps the most widely studied form of the Patlak-Keller-

Segel equation in the parabolic-elliptic version coupled with a fluid flow evolving according

to Darcy’s law, a common model of flow in porous media. The two equations are coupled

via buoyancy force. Note that when ρ is only advected by u (without diffusion or aggre-

gation), (2.2) becomes the incompressible porous media (IPM) equation, where it is an
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open question whether smooth initial density can lead to a finite time blowup - although

global well-posedness is known when the initial data is close to certain stable steady states

[41, 56, 29].

Based on the results quoted above regarding chemotaxis suppression by passive advec-

tion, one might hope that a similar effect can be present in (2.2): given the initial data, one

can find sufficiently large g so that chemotactic blowup will be prevented. The intuition

behind such result would be that the buoyancy force tends to stratify the density, inducing

and maintaining the configuration close to one-dimensional and thus changing the balance

between chemotaxis and diffusion - resulting in the global regularity.

Surprisingly, it turns out that in fact chemotactic explosion is prevented for arbitrarily

weak coupling g: namely, for every g ̸= 0, for all sufficiently regular initial data, the

solutions stay smooth for all times. The main result of this paper is the following theorem:

Theorem 2.1.1. Let g ̸= 0. Then for every initial data ρ0 ∈ C∞(Ω), the solution to the

Patlak-Keller-Segel-IPM system (2.2) is globally regular: C∞ in both space and time.

Remark 2.1.2. 1. In the rest of this paper we will only consider the case g > 0, as the

argument for negative g is analogous.

2. We do not pursue the sharpest result in terms of the class of initial data; standard

methods allow to consider ρ0 ∈ H2.

3. Our argument can be generalized in several ways to different systems and settings, to be

explored in future works. Here we point out that, for example, changing the −∆c = ρ−ρM

law for the production of chemical to another commonly used law −∆c+c = ρ leads to the

same result as Theorem 2.1.1. There are some straightforward adjustments to the proof

one needs to make, mainly in the energy estimates of Section 2.4.

On the intuitive level, one may argue that this phenomenon is possible since even

for small g, the density tending to infinity will make the buoyancy force strong near top

concentrations, enabling local stratification that might arrest the blowup. Such intuition

seems hard to turn into a rigorous argument, and this is not how the proof works. Instead
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we show, roughly, that for the growth in the L2 norm of density one has to pay with decay

in potential energy (to be defined in (2.15)). Given that there is a finite balance of potential

energy that one can draw on, it turns out insufficient to grow the L2 norm to infinity. On

the other hand, the L2 norm controls higher regularity, thus preventing any other type of

singularity formation as well.

Implementing this plan involves some nuances and requires understanding of the inter-

action of several competing mechanisms - diffusion, advection, and chemotaxis. A key role

is played by the observation that the “main term” in the derivative of the potential energy

in the regime of large L2 norm is the H−1
0 norm squared of ∂x1ρ. Intuitively, due to the

finite balance of the potential energy, this means that ∥∂x1ρ∥2H−1
0

should decay. Since decay

of the H−1 norm of the solution is a well known measure of mixing (see e.g [85, 103, 104]),

this can be interpreted as solution becoming well-homogenized via active nonlinear mixing

in the x1 direction. Hence, in a certain sense, the solution becomes quasi-one-dimensional

and singularity formation does not happen. We note that the role of the potential energy

and ∥∂x1ρ∥2H−1
0

in small scale creation for solutions of the incompressible porous media

equation was first explored by the last two authors in [93].

To the best of our knowledge, Theorem 2.1.1 is the first result proving blowup suppres-

sion by active advection in a fully nonlinear setting far away from any perturbative regimes.

We stress that in the setting of the system (2.2) we do not expect simple limiting dynamics,

such as convergence to some symmetric steady state that is typical for aggregation equa-

tions in regular regimes (see e.g. [18, 17, 23, 24] and the references therein). Instead, the

dynamics likely stays complex and perhaps turbulent for all times but nevertheless global

regularity is preserved. It is not difficult to upgrade the arguments to obtain global bounds

on Sobolev norms of ρ and u (g-dependent), but beyond this it seems challenging to gain

more precise information about solutions.
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2.2 Preliminaries

2.2.1 Notation and conventions

For any function f ∈ L2(Ω), we denote fM the mean of f on Ω : fM := 1
2π2

∫
Ω f(x, t) dx.

We also consider the following decomposition f = f̄ + f̃ , where

f̄(x2) :=
1

2π

∫
T
f(y1, x2)dy1, f̃ := f − f̄.

Note that f̄ is exactly the projection of f onto the zeroth mode corresponding to direction

x1, and f̃ lies in the orthogonal complement:

∫
Ω
(f̄(x2)− fM )f̃(x1, x2)dx1dx2 = 0.

Any function g ∈ Lp([0, π]), p ∈ [1,∞) one can identify with a function in Lp(Ω) by the

correspondence g(x1, x2) = g(x2). One then can connect the one-dimensional and two-

dimensional Lp norms by a simple relation ∥g∥pLp(Ω) = 2π∥g∥pLp([0,π]). For clarity, we will

always refer to the two-dimensional L2 norm when we write ∥g∥L2 . We will use the notation

∥ · ∥Lp([0,π]) when we emphasize its one-dimensional nature.

The Darcy’s law in (2.2) can be simplified by writing u = ∇⊥ψ (where∇⊥ = (−∂x2 , ∂x1)),

and applying ∇⊥ to this equation. Note that no flux boundary condition for u corresponds

to the Dirichlet boundary condition for the stream function ψ. Solving for u directly in

terms of density results in the relationship

u = g∇⊥(−∆D)
−1∂x1ρ, (2.3)

where ∆D is the Dirichlet Laplacian.

We will denote a universal constant in the upper bounds by C or Ci, a universal constant

in the lower bounds by c or ci, and a constant depending on a quantity X by C(X) or

Ci(X). These constants are all positive and subject to change from line to line. For two

quantities A, B, we write A ≲ B (respectively A ≳ B) to mean that A ≤ CB (respectively

A ≥ cB) for some positive constants C and c that may only depends on domain Ω.
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2.2.2 Functional spaces and eigenfunction expansions

We denote Ḣ1(Ω) the homogeneous Sobolev space with semi-norm ∥f∥21 =
∫
Ω |∇f |2 dx.We

define the space Ḣ1
0 (Ω) to be the completion of C∞

c (Ω) with respect to norm ∥ · ∥1, and

consider its dual space Ḣ−1
0 (Ω). We remark that one can equivalently set

∥f∥Ḣ−1
0

=

(∫
Ω
f(−∆D)

−1fdx

)1/2

.

Since the problem contains both Dirichlet and Neumann Laplacians, we will find it

necessary to use two different eigenfunction expansions.

For f ∈ L2(Ω), define the Dirichlet eigenfunction transform by

f(x1, x2) =
1

π

∞∑
k2=1

∑
k1∈Z

f̂D(k1, k2)e
ik1x1 sin(k2x2);

f̂D(k1, k2) :=
1

π

∫
T

∫ π

0
f(x1, x2)e

−ik1x1 sin(k2x2)dx2dx1.

Observe that on the Fourier side,

∥f∥2
Ḣ−1

0
=

∞∑
k2=1

∑
k1∈Z

(k21 + k22)
−1
∣∣f̂D(k1, k2)∣∣2.

The Neumann eigenfunction transform is given by

f(x1, x2) =
1

π

∞∑
k2=0

∑
k1∈Z

1

1 + δ(k2)
f̂N (k1, k2)e

ik1x1 cos(k2x2);

f̂N (k1, k2) :=
1

π

∫
T

∫ π

0
f(x1, x2)e

−ik1x1 cos(k2x2)dx2dx1, (2.4)

where δ(k2) = 1 if k2 = 0 and δ(k2) = 0 otherwise. For a function f ∈ Ḣ1(Ω), we have

∥f∥2
Ḣ1 =

∞∑
k2=0

∑
k1∈Z

(k21 + k22)
∣∣f̂N (k1, k2)

∣∣2.
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2.3 Local well-posedness and conditional regularity

Here we comment briefly on the local well-posedness of system (2.2) and state a conditional

regularity result which shows that the L2 norm of the density controls possible blowup.

In fact, we remark that there already exists extensive literature which addresses the issue

of local well-posedness of Patlak-Keller-Segel equation coupled to various types of fluid

equations (e.g. [125, 126]). For this reason we provide just a rough outline of the proof;

more details can be found for example in [125].

Theorem 2.3.1. Let ρ0 ∈ C(Ω) be nonnegative. Then there exists a time T = T (ρ0) > 0

such that ρ(x, t) is the unique, nonnegative, regular solution solving (2.2), with ρ ∈ C∞(Ω×

(0, T )). If [0, T ) is the maximal lifespan of ρ(x, t), then

lim
t↗T

∥ρ(·, t)− ρM∥L∞ = ∞. (2.5)

Proof. We follow the plan explained in [125, Lemma 2.1]. Namely, we apply the standard

fixed point method, and note that the regularity criterion (2.5) arises naturally from the

Banach space that we choose. Consider the Banach space

X := L∞([0, T ];C(Ω)),

equipped with norm ∥ · ∥X = supt∈[0,T ] ∥ · ∥L∞ . Here, T will be taken small later according

to the initial data. Since each component of u is a Riesz transform of ρ, we have the

classical Calderón-Zygmund estimate:

∥u∥Lq ≤ C(q)∥ρ∥Lq ≤ C(q)(∥ρ− ρM∥Lq + ρM ) for any q ∈ (1,∞).

Following the notation in [125, Lemma 2.1], we consider a fixed-point scheme and define

the functional

Φ(ρ)(x, t) := et∆Nρ0 −
∫ t

0
e(t−s)∆N div(ρ∇(−∆N )−1(ρ− ρM ) + ρu)(s, x)ds.
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Now, let us fix q = 6, β = 1/3 (note in particular that such choice satisfies the constraint

q ∈ (2,∞), β ∈ (1/q, 1/2)). We follow [125, equation (2.4)] to obtain that for any t ∈ (0, T ),

∥Φ(ρ)(·, t)∥L∞ ≤ ∥ρ0∥L∞ + C

∫ t

0
(t− s)−

5
6 ∥(ρ∇(−∆N )−1(ρ− ρM ) + ρu)(·, s)∥L6ds, (2.6)

for some constant C. In fact, C originates from standard Neumann heat semigroup esti-

mate, and thus only depends on domain Ω.

Then it suffices for us to control ∥(ρ∇(−∆N )−1(ρ−ρM )+ρu)(·, s)∥L6 pointwise in time

by ∥ρ(·, s)∥L∞ . Omitting dependence on time, we observe the following bounds:

∥ρ∇(−∆N )−1(ρ− ρM )∥L6 ≤ ∥ρ∥L∞∥∇(−∆N )−1(ρ− ρM )∥L6

≲ ∥ρ∥L∞∥∇(−∆N )−1(ρ− ρM )∥Ḣ1

≲ ∥ρ∥L∞∥ρ− ρM∥L2 ≲ ∥ρ∥L∞∥ρ− ρM∥L∞ ,

∥ρu∥L6 ≤ ∥ρ∥L∞∥u∥L6 ≲ ∥ρ∥L∞∥ρ∥L6 ≲ ∥ρ∥2L∞ ,

where we used the Sobolev embedding Ḣ1 ⊂ L6 in the second inequality and elliptic

estimate in the third inequality. Note that all constants involved in the estimates above

only depend on domain Ω, since this is the case for embedding inequalities and elliptic

estimates. Inserting the estimates above back into (2.6), we conclude that

∥Φ(ρ)(·, t)∥L∞ ≤ ∥ρ0∥L∞ + C(∥ρ∥X∥ρ− ρM∥X + ∥ρ∥2X)T 1/6

≤ ∥ρ0∥L∞ + C(∥ρ− ρM∥2X + ∥ρ− ρM∥X)T 1/6,

where C only depends on domain Ω. With this estimate, we may follow the argument in

[125, Lemma 2.1] to conclude the existence of regular solution and criterion (2.5).

Notice that the criterion (2.5) involves a (spatial) supercritical norm ∥ · ∥L∞ . In the

following lemma, we improve this criterion and obtain a refined alternative that only in-

volves the critical norm ∥ · ∥L2 . A crucial fact rendering such improvement possible is that

an L∞
t L

2
x control of ρ− ρM can be upgraded to an L∞

t L
∞
x control. Namely, we have
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Lemma 2.3.2. Let ρ0 ∈ C∞(Ω). Suppose that ∥ρ(·, t) − ρM∥L2 ≤ 2M for all t ∈ [0, T ]

and some M ≥ max(1,
√
ρM ). Then we also have ∥ρ(·, t)− ρM∥L∞ ≤ CM2, where C is a

universal constant.

Proof. The proof follows verbatim from that of [92, Proposition 9.1], where it is handled

for T2. This is indeed the case since all integrations by parts do not produce any boundary

terms due to the Neumann boundary condition that ρ satisfies.

A refined regularity criterion is then an easy corollary of Theorem 2.3.1 and Lemma

2.3.2.

Corollary 2.3.3. Suppose that ρ0 ∈ C∞(Ω) is nonnegative. Assume [0, T ), T <∞, is the

maximal lifespan of the unique regular solution ρ(x, t) to (2.2). Then

lim
t↗T

∥ρ(·, t)− ρM∥L2 = ∞. (2.7)

Proof. Combining Theorem 2.3.1 and Lemma 2.3.2 immediately imply that

lim sup
t↗T

∥ρ(·, t)− ρM∥L2 = ∞.

Next we show that the limsup in the above expression can be replaced by lim. Denote

Y (t) := ∥ρ(·, t)− ρM∥2L2 .

A simple energy estimate (see Proposition 2.4.2 below) shows that Y satisfies the following

differential inequality for a smooth solution:

Y ′ ≤ C(Y 2 + Y ) for t ∈ [0, T ),

where the constant C may depend on the initial data. For any 0 < t < tk < T , integrating

this differential inequality in [t, tk] yields

Y (t) ≥ 1

(Y (tk)−1 + 1)eC(tk−t) − 1
for all t ∈ [0, tk]. (2.8)
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If lim supt↗T Y (t) = ∞, by choosing a sequence of time tk ↗ T such that limk→∞ Y (tk) =

∞, the above bound becomes

Y (t) ≥ 1

eC(T−t) − 1
for all t ∈ [0, T ),

and limt↗T Y (t) = ∞ follows.

2.4 Energy estimates

In this section, we collect a few useful a priori estimates. In what follows, N0 ∈ N

will denote a sufficiently large natural number that depends only on the initial data and

parameter g, and its value may change from line to line. In the course of the proof, we will

impose a finite number of conditions on how large N0 needs to be.

Proposition 2.4.1. Assume ρ(t, x) to be a regular, nonnegative solution to (2.2) on [0, T ].

Then ∥ρ(·, t)∥L1 = ∥ρ0∥L1 = 2π2ρM for any t ∈ [0, T ].

Proof. The proof easily follows from computing d
dt∥ρ(·, t)∥L1 = d

dt

∫
Ω ρdx (recall that ρ ≥ 0)

and using incompressibility of u.

In the rest of the paper, we will use Proposition 2.4.1 without explicitly referencing it.

Next, we introduce an elementary L2 estimate for the density.

Proposition 2.4.2. Assume ρ(t, x) is a regular, nonnegative solution to (2.2) on [0, T ].

Then for any t ∈ [0, T ], there exists a universal constant C such that

d

dt
∥ρ− ρM∥2L2 + ∥∇ρ∥2L2 ≤ C∥ρ− ρM∥4L2 + 2ρM∥ρ− ρM∥2L2 . (2.9)

Proof. We remark that energy estimates of this sort are well known in the setting of Ω = T2

or R2 ([92, 111]); the argument is very similar in our case but we provide a proof for the

sake of completeness. Testing the ρ equation of (2.2) on both sides by ρ− ρM , one obtains
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the following by applying the divergence theorem:

1

2

d

dt
∥ρ− ρM∥2L2 + ∥∇ρ∥2L2 = −

∫
Ω
(ρ− ρM ) div(ρ∇(−∆N )−1(ρ− ρM ))dx

=
1

2

∫
Ω
∇(ρ2) · ∇(−∆N )−1(ρ− ρM )dx

=
1

2

∫
Ω
ρ2(ρ− ρM )dx

=
1

2

∫
Ω
(ρ− ρM )3dx+ ρM

∫
Ω
(ρ− ρM )2dx (2.10)

By a Gagliardo-Nirenberg-Sobolev inequality in two dimensions, for any f ∈ Ḣ1(Ω) with

mean zero we have

∥f∥L3 ≤ C∥f∥2/3
L2 ∥∇f∥

1/3
L2 .

Applying this to f := ρ− ρM , (2.10) becomes

1

2

d

dt
∥ρ− ρM∥2L2 + ∥∇ρ∥2L2 ≤ C∥ρ− ρM∥2L2∥∇ρ∥L2 + ρM∥ρ− ρM∥2L2

≤ 1

2
∥∇ρ∥2L2 + C∥ρ− ρM∥4L2 + ρM∥ρ− ρM∥2L2 .

Absorbing the gradient term on right side of the above by left side we obtain

d

dt
∥ρ− ρM∥2L2 + ∥∇ρ∥2L2 ≤ C∥ρ− ρM∥4L2 + 2ρM∥ρ− ρM∥2L2 ,

and we conclude the proof.

The following corollary follows immediately:

Corollary 2.4.3. If ∥ρ(·, t)− ρM∥2L2 ≥ 2N0 with sufficiently large N0 that only depends on

ρ0 (specifically, on ρM ), then

d

dt
∥ρ− ρM∥2L2 + ∥∇ρ∥2L2 ≤ C∥ρ− ρM∥4L2 . (2.11)

Moreover, if for some N ≥ N0 we have ∥ρ(·, s)−ρM∥2L2 = 2N and ∥ρ(·, r)−ρM∥2L2 = 2N+1

for some r > s, then r − s ≥ c02
−N , where c0 is a universal constant.
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Proof. The estimate (2.11) is immediate from the assumption and (2.11). To obtain the

second statement, let

τ2 = inf{t > s : ∥ρ(·, t)− ρM∥2L2 = 2N+1},

τ1 = sup{t < τ2 : ∥ρ(·, t)− ρM∥2L2 = 2N}.

For t ∈ [τ1, τ2] we clearly have 2N ≤ ∥ρ(·, t) − ρM∥2L2 ≤ 2N+1 and so (2.11) holds given

N > N0, where N0 is sufficiently large. Then r − s ≥ τ2 − τ1 ≥ c02
−N .

Next, we give a variant of (2.11), which takes advantage of the orthogonal decomposi-

tion ρ = ρ̄+ ρ̃.

Proposition 2.4.4. Assume ρ(x, t) is a regular, nonnegative solution to (2.2) on [0, T ].

Then for any t ∈ [0, T ], there exist universal constants C2 and C3 such that

d

dt
∥ρ− ρM∥2L2 ≤ − C2

ρ4M
∥ρ̄− ρM∥6L2

+ C3

(
∥ρ̄− ρM∥10/3

L2 + ρM∥ρ̄− ρM∥2L2 + ρM∥ρ̃∥2L2 + ∥ρ̃∥4L2

)
. (2.12)

Proof. We test (2.2) on both sides by ρ− ρM , which yields

1

2

d

dt
∥ρ− ρM∥2L2 + (∥∂x2 ρ̄∥2L2 + ∥∇ρ̃∥2L2) =

1

2

∫
(ρ̄− ρM + ρ̃)3 + ρM

∫
(ρ̄− ρM + ρ̃)2

:= I + J.

First, one observes that J = ρM (∥ρ̄− ρM∥2L2 + ∥ρ̃∥2L2) using orthogonality. To estimate I,

using the elementary inequality (a+ b)3 ≤ C(|a|3 + |b|3), we have

I ≤ C

(∫
Ω
|ρ̄− ρM |3dx+

∫
Ω
|ρ̃|3dx

)
=: C(I1 + I2).

Before proceeding, recall the following Gagliardo-Nirenberg-Sobolev inequality for d =

1, 2 for mean-zero f :

∥f∥L3 ≤ C(d)∥f∥1−
d
6

L2 ∥∇f∥
d
6

L2 ,
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where C(d) is some dimensional constant. Applying the above inequality to I1 (with

f = ρ̄− ρM and d = 1) and I2 (with f = ρ̃ and d = 2) respectively, we have the following

for any ϵ > 0:

I1 ≲ ∥ρ̄− ρM∥5/2
L2([0,π])

∥∂x2 ρ̄∥
1/2
L2([0,π])

≤ ϵ∥∂x2 ρ̄∥2L2 + C(ϵ)∥ρ̄− ρM∥10/3
L2 ;

I2 ≲ ∥ρ̃∥2L2∥∇ρ̃∥L2 ≤ ϵ∥∇ρ̃∥2L2 + C(ϵ)∥ρ̃∥4L2 .

Choosing ϵ small enough and combining the estimates of I, J , we obtain

d

dt
∥ρ− ρM∥2L2 + ∥∂x2 ρ̄∥2L2 + ∥∇ρ̃∥2L2 ≤ C3

(
∥ρ̄− ρM∥10/3

L2 + ρM∥ρ̄− ρM∥2L2

+ ρM∥ρ̃∥2L2 + ∥ρ̃∥4L2

)
. (2.13)

By the one-dimensional Nash’s inequality, we may bound the diffusion term from below by

∥∂x2 ρ̄∥2L2 = 2π∥∂x2 ρ̄∥2L2([0,π]) ≳ ∥ρ̄− ρM∥−4
L1 ∥ρ̄− ρM∥6L2 .

Moreover, we have the elementary bound ∥ρ̄ − ρM∥L1 ≲ ρM . Combining with the energy

inequality (2.13), we finally obtain (2.14).

The following corollary simplifies the form of the differential inequality in large L2 norm

regime.

Corollary 2.4.5. In addition to assumptions of Proposition 2.4.4, suppose that ∥ρ(·, t)−

ρM∥2L2 ≥ 2N0 for t ∈ [s, r] and sufficiently large N0 that may only depend on ρM . Then for

any t ∈ [s, r] we have

d

dt
∥ρ− ρM∥2L2 ≤ − C2

ρ4M
∥ρ̄− ρM∥6L2 + C3∥ρ̃∥4L2 (2.14)

for some universal constants C2 and C3.

Proof. Recall that due to orthogonality,

∥ρ− ρM∥2L2 = ∥ρ̄− ρM∥2L2 + ∥ρ̃∥2L2 .

If ∥ρ̄ − ρM∥2L2 ≥ 1
2∥ρ − ρM∥2L2 , then, provided N0 is sufficiently large, the first term on

the right side of (2.14) dominates all other terms. If ∥ρ̄ − ρM∥2L2 ≤ 1
2∥ρ − ρM∥2L2 , then

22



∥ρ̃∥L2 ≥ 1
2∥ρ − ρM∥2L2 . In this case, if N0 is sufficiently large, the last term on the right

side of (2.14) dominates all other terms with possible exception of the first one.

At the end of this section, we introduce a potential energy of the system (2.2), which

will play a crucial role later. Define

E(t) :=

∫
Ω
ρ(x, t)x2dx. (2.15)

Note that if ρ(x, t) is a nonnegative solution of (2.2) that blows up at T∗ < ∞, then

E(t) ≥ 0 for t ∈ [0, T∗), and

sup
t∈[0,T∗)

E(t) ≤ π∥ρ(·, t)∥L1 = π∥ρ0∥L1 (2.16)

due to conservation of mass. In addition we need to control the rate of change of the

potential energy, and it is here that the IPM part of (2.2) is genuinely exploited:

Proposition 2.4.6. For any t ∈ (0, T∗), we have

E′(t) = −g∥∂x1ρ∥2Ḣ−1
0︸ ︷︷ ︸

Main term

−
∫
Ω
∂x2ρdx︸ ︷︷ ︸

Diffusion

+

∫
Ω
ρ∂x2(−∆N )−1(ρ− ρM )︸ ︷︷ ︸
Keller-Segel nonlinearity

. (2.17)

Proof. The proposition follows from a straightforward computation. Using integration by

parts and the representation (2.3), we compute

E′(t) =

∫
Ω
ρu2dx−

∫
Ω
∂x2ρdx+

∫
Ω
ρ∂x2(−∆N )−1(ρ− ρM )dx

= −g
∫
Ω
∂x1ρ(−∆D)

−1∂x1ρdx−
∫
Ω
∂x2ρdx+

∫
Ω
ρ∂x2(−∆N )−1(ρ− ρM )dx,

which is exactly (2.17) by the definition of ∥ · ∥Ḣ−1
0

norm.

2.5 Partition into “good” and “bad” time intervals

In this section, we suppose that ρ(t, x) forms a finite time singularity at T∗ < ∞. Let

N0 ∈ N be sufficiently large, in particular so that 2N0−1 > ∥ρ0 − ρM∥2L2 . Let us define

t1 := sup{t ∈ [0, T∗) | ∥ρ(·, t)− ρM∥2L2 = 2N0}.
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Inductively, given tk such that ∥ρ(·, tk) − ρM∥2L2 = 2N for some N ≥ N0, let us define

tk+1 ∈ (tk, T∗) to be the smallest time such that either ∥ρ(·, tk+1) − ρM∥2L2 = 2N−1 or

∥ρ(·, tk+1) − ρM∥2L2 = 2N+1. It is clear that an infinite sequence tk, k = 1, 2, ... is well

defined since by Corollary 2.3.3 we see that the L2 norm of ρ has to blowup at T∗. It is

also clear that for t ∈ (tk, tk+1), we have 2N−1 < ∥ρ(·, t) − ρM∥2L2 < 2N+1. See Figure 2.5

for an illustration of the time sequence {tk}k∈N.

Once the sequence of times {tk}k∈N is determined as above, for each time interval

(tk, tk+1), we will classify its level based on the values of ∥ρ(·, t) − ρM∥2L2 at the two

endpoints, and name it either as “good” or “bad” from the perspective of a finite time

singularity formation: the “good intervals” contribute to the blowup of L2 norm of ∥ρ(·, t)−

ρM∥2L2 ; whereas on the “bad intervals” the norm gets driven down. The precise definition

is as follows:

Definition 2.5.1. For k ∈ N and N ≥ N0, we call an interval (tk, tk+1) a good interval

of level N if ∥ρ(·, tk) − ρM∥2L2 = 2N and ∥ρ(·, tk+1) − ρM∥2L2 = 2N+1. We call an interval

(tk, tk+1) a bad interval of level N if ∥ρ(·, tk)−ρM∥2L2 = 2N+1 and ∥ρ(·, tk+1)−ρM∥2L2 = 2N .

See Figure 2.5 for an illustration of good and bad intervals at various levels. Note that

on a good interval of level N we have 2N−1 < ∥ρ(·, t)− ρM∥2L2 < 2N+1; whereas on a bad

interval of level N we have 2N < ∥ρ(·, t)− ρM∥2L2 < 2N+2.

Lemma 2.5.2. Suppose that ρ(t, x) forms a finite time singularity at T∗ < ∞. Then for

any N ≥ N0, there can only be a finite number of good and bad time intervals of a given

level N in [0, T∗). These level-N intervals intertwine, and the number of good intervals of

level N must exceed the number of bad time intervals of level N by one.

Proof. It is clear that the first interval of level N must be good; it starts at the smallest

tk ∈ [t1,∞) such that ∥ρ(·, tk)−ρM∥2L2 = 2N and after tk the norm ∥ρ(·, t)−ρM∥2L2 reaches

2N+1 at a time tk+1 before it reaches 2N−1.

To show the good and bad intervals of level N intertwine, we start by showing that

between any two good intervals of level N , there exists a bad interval of level N . To see
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t

‖ρ(·, t)− ρM‖2L2

2N−1

2N

2N+1

level N

level N−1

...

...

bad good badgood good
N−1

good
N−1 N N NN−1

2N0

Figure 2.1: The times {tk} are marked by the dotted vertical lines. On the t axis, the
good intervals are marked in blue color, and the bad intervals are marked in orange color.

this, observe that by definition, the good interval of level N is followed either by a good

interval of level N+1 or a bad interval of level N, while a bad interval of level N is followed

either by a good interval of level N or by a bad interval of level N −1. Hence we can arrive

at the next good interval of level N only from a bad interval of level N or a good interval

of level N −1. But we can descend the levels only along bad intervals, and we cannot make

any jumps. Thus to arrive at a good interval of level N − 1, we still have to go through

some bad interval of level N. A similar reasoning applies to bad intervals of level N : there

always has to be a good interval of level N between them.

Next we show that the total number of level N intervals is finite. Observe that by

Corollary 2.4.3, any good interval of level N has length at least c02
−N . Hence there can

only be a finite number of good intervals of level N in [t1, T∗). Since we have shown that

the good and bad level N intervals intertwine, the total number of level N intervals must

also be finite.

We have shown in the beginning that the first interval of level N must be good. In

fact, the last one must also be good, otherwise ρ would not form a finite time blowup.

Combining this with the intertwining of good and bad interval of level N , we know the
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number of good intervals of level N exceeds the number of bad intervals of level N by

one.

If (tk, tk+1) is a level N interval (can be either good or bad), from the definition we

immediately have
∫ tk+1

tk
∥ρ − ρM∥2L2dt ∼ 2N (tk+1 − tk). Recall that ∥ρ − ρM∥2L2 = ∥ρ̄ −

ρM∥2L2 + ∥ρ̃∥2L2 , where the two terms on the right hand side play opposite roles in the

growth of L2 norm: see (2.12). For this reason, our consideration will depend on whether∫ tk+1

tk
∥ρ̃∥2L2dt ∼ 2N (tk+1 − tk) holds. The next lemma shows that this always holds in a

good interval. For a bad interval this might not be true; but in this case tk+1 − tk must be

very short.

Lemma 2.5.3. Let N0 be sufficiently large, which only depends on ρM .

(a) Assume that N ≥ N0 and (tk, tk+1) is a good interval of level N . Then ρ̃ satisfies

∫ tk+1

tk

∥ρ̃∥2L2 dt ≥ 2N−2(tk+1 − tk). (2.18)

(b) Assume that N ≥ N0 and (tk, tk+1) is a bad interval of level N . Assume in addition

that ρ̃ does not satisfy (2.18). Then tk+1−tk < Cρ4M2−2N for some universal constant

C > 0.

Proof. For any (good or bad) interval (tk, tk+1) of level N , assume that (2.18) fails on this

interval, i.e. ∫ tk+1

tk

∥ρ̃∥2L2 dt < 2N−2(tk+1 − tk). (2.19)

We first aim to show that (tk, tk+1) cannot be a good interval. Note that ∥ρ(·, t)−ρM∥2L2 >

2N−1 for t ∈ (tk, tk+1). Combining this with (2.19) and the fact that ∥ρ − ρM∥2L2 =

∥ρ̄− ρM∥2L2 + ∥ρ̃∥2L2 gives

∫ tk+1

tk

∥ρ̄− ρM∥2L2 dt >

∫ tk+1

tk

(2N−1 − ∥ρ̃∥2L2) dt > 2N−2(tk+1 − tk).
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Applying Hölder’s inequality to the above yields∫ tk+1

tk

∥ρ̄− ρM∥6L2 dt ≥
(∫ tk+1

tk

∥ρ̄− ρM∥2L2 dt

)3

(tk+1 − tk)
−2

> 23N−6(tk+1 − tk).

Also note that (2.19) and the fact that ∥ρ̃∥2L2 ≤ ∥ρ− ρM∥2L2 ≤ 2N+2 in (tk, tk+1) imply

∫ tk+1

tk

∥ρ̃∥4L2dt ≤ 22N+4(tk+1 − tk).

Integrating (2.12) in (tk, tk+1) and using the above two inequalities, we have

∥ρ(·, tk+1)− ρM∥2L2 − ∥ρ(·, tk)− ρM∥2L2 <
(
−23N−6C2ρ

−4
M + 22N+4C3

)
(tk+1 − tk). (2.20)

Let N0 be sufficiently large such that 2N0−11C2ρ
−4
M ≥ C3. For any N ≥ N0, we have

∥ρ(·, tk+1)− ρM∥2L2 − ∥ρ(·, tk)− ρM∥2L2 < −23N−7C2ρ
−4
M (tk+1 − tk) < 0. (2.21)

Thus (tk, tk+1) cannot be a good interval: for a good interval we have that the left hand

side of (2.21) is 2N , which contradicts (2.21). Finally, if (tk, tk+1) is a bad interval of level

N , then (2.21) imply

−2N < −23N−7C2ρ
−4
M (tk+1 − tk).

Thus tk+1 − tk < Cρ4M2−2N , finishing the proof.

2.6 Main estimates

2.6.1 Key lemmas

We first collect a few technical results that will be fundamental in the estimates on both

good and bad intervals.

The following proposition applies to any ρ ∈ Ḣ1(Ω) and can be of independent interest.

While we will prove it for the set Ω, it has straightforward (and in fact simpler to prove)

analogs when the domain does not have a boundary, for example in the T2 or R2 case.
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Proposition 2.6.1. Assume that ρ ∈ Ḣ1(Ω). For some N ≥ 1, assume that

∥∂x1ρ∥2Ḣ−1
0 (Ω)

≤ N−1∥ρ̃∥2L2(Ω). (2.22)

Then

∥ρ̃∥2L2(Ω) ≤ CN−1/4∥ρ̃∥L1(Ω)∥∇ρ̃∥L2(Ω) (2.23)

for some universal constant C.

Remark 2.6.2. Observe that this Proposition can be restated in the following form:

∥ρ̃∥L2(Ω) ≤ C∥∂x1ρ∥
1/5

Ḣ−1
0 (Ω)

∥ρ̃∥2/5
L1(Ω)

∥∇ρ̃∥2/5
L2(Ω)

,

giving a stronger generalized 2D Nash inequality for ρ̃. As the norm ∥∂x1ρ∥Ḣ−1
0 (Ω) appears

naturally in the IPM setting, we expect the inequality to be useful in further analysis of this

equation.

One can think of the proposition as a quantitative improvement of the Nash’s inequality.

Without the assumption (2.22), the Nash’s inequality exactly looks like (2.23) with some

order-one coefficient on the right hand side. We aim to show that the coefficient can be

made arbitrarily small (namely, into CN−1/4) if ρ satisfies (2.22), which can be understood

as some sort of “mixing” assumption on ρ in one direction. Indeed, the H−1 norm is often

used as a measure of mixing (see e.g. [85, 103, 104]). In our context this assumption will

imply that ρ is more regular in x1 than in x2: specifically, on the Fourier side much of its

L2 norm is supported in a narrow cone along the k2-axis. This will allow an improvement

in the constant in the Nash inequlity (2.23) that is crucial to establish Theorem 2.1.1.

Proof. In proving this proposition, we will have to negotiate bounds in Dirichlet and Neu-

mann Laplacian eigenfunction expansions. Indeed, the Ḣ−1
0 norm assumption leads natu-

rally to information best stated in the Dirichlet context - but ρ̃ does not satisfy the Dirichlet

boundary condition and to obtain an accurate estimate involving ∥∇ρ̃∥L2 we will have to

relay the bounds to the Neumann basis.

28



Define the cones

C1 = {k = (k1, k2) ∈ Z2 | k2 ≥ aN1/2|k1|}

and

C2 = {k = (k1, k2) ∈ Z2 | k2 ≥ a2N1/2|k1|},

where a ∈ (0, 1) is a small parameter to be fixed later. The choice of a will be universal,

not depending on any parameters of the problem. See Figure 2.6.1 for an illustration of

the cones.

k2

k1

C1
k2 = aN1/2|k1|

0

k2

k1

C2
k2 = a2N1/2|k1|

0

Figure 2.2: An illustration of the cones in the definitions of C1 and C2 for some N ≫ 1.
Note that C1 and C2 are subsets of Z2, thus they only contain the integer points k ∈ Z2

that fall in the shaded regions.

Let us denote PD
1 and PN

1 the Fourier side orthogonal projectors on C1 in the Dirichlet

and on C2 in the Neumann expansions, respectively:

(̂PD
1 f)D(k1, k2) = f̂D(k1, k2)χC1(k1, k2); (̂PN

1 f)N (k1, k2) = f̂N (k1, k2)χC2(k1, k2).

Let us split ρ̃ in two different ways into sums of two orthogonal components:

ρ̃(x, t) = PD
1 ρ̃(x, t) + (I − PD

1 )ρ̃(x, t) := ρ̃D1 (x, t) + ρ̃D2 (x, t)

and

ρ̃(x, t) = PN
1 ρ̃(x, t) + (I − PN

1 )ρ̃(x, t) := ρ̃N1 (x, t) + ρ̃N2 (x, t),

where I is the identity map. Observe first that on the complement of the first cone, Cc
1, we

have

k21
k21 + k22

≥ a−2N−1

a−2N−1 + 1
≥ 1

2
min(1, a−2N−1).
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At first, we will assume that N is so large that a−2N−1 < 1; we will explain in the end

how to handle the smaller values of N. Combining the above with the assumption (2.22),

we have

a−2N−1

2
∥(I − PD

1 )ρ̃∥2L2 ≤ ∥∂x1 ρ̃∥2Ḣ−1
0

≤ N−1∥ρ̃∥2L2 .

Hence

∥ρ̃D2 ∥2L2 ≤ 2a2∥ρ̃∥2L2 , (2.24)

and therefore

∥ρ̃D1 ∥2L2 ≥ (1− 2a2)∥ρ̃∥2L2 ; (2.25)

here we used orthogonality of ρ̃D1 and ρ̃D2 .

The estimate (2.25) shows that if a is sufficiently small, ρ̃1 is mostly supported on C1

in the Dirichlet expansion setting. Next we translate this information into the Neumann

setting. Consider

(I − PN
1 )ρ̃D1 (x1, x2) =

1

π

∑
k∈Cc

2, k2≥0

1

1 + δ(k2)
eik1x1 cos k2x2

×
∫
T

∫ π

0
ρ̃D1 (y1, y2)e

−ik1y1 cos(k2y2)dy2dy1, (2.26)

where δ(k2) = 1 if k2 = 0, and 0 otherwise (due to normalization constant, as in (2.4)),

and

ρ̃D1 (y1, y2) =
1

π

∑
τ∈C1

ˆ̃ρD(τ1, τ2)e
iτ1y1 sin(τ2y2). (2.27)

Substituting (2.27) into (2.26) and integrating out in y1, we obtain

(I − PN
1 )ρ̃D1 (x1, x2) =

2

π

∑
k∈Cc

2, k2≥0

1

1 + δ(k2)
eik1x1 cos k2x2

×
∑

τ2≥aN1/2|k1|

ˆ̃ρD(k1, τ2)

∫ π

0
sin τ2y2 cos k2y2 dy2.
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Note that in the second sum above, there are no terms corresponding to k1 = 0 since

ˆ̃ρD(0, τ2) = 0 for all τ2 due to definition of ρ̃. Integration by parts then shows that

∣∣∣∣∫ π

0
sin τ2y2 cos k2y2 dy2

∣∣∣∣ ≤ 2τ2
τ22 − k22

≤ 2

|τ2| − |k2|
≤ 4

|τ2|

provided that a ≤ 1
2 (which implies τ2 > 2k2). Then

∥∥(I − PN
1 )ρ̃D1

∥∥2
L2 ≤ C

∑
k1∈Z

∑
0≤k2<a2N1/2|k1|

∣∣∣∣∣∣
∑

τ2≥aN1/2|k1|

ˆ̃ρD(k1, τ2)
1

τ2

∣∣∣∣∣∣
2

≤ Ca2N1/2
∑

k1∈Z\{0}

|k1|

 ∑
τ2≥aN1/2|k1|

| ˆ̃ρD(k1, τ2)|2
 ∑

τ2≥aN1/2|k1|

1

τ22


≤ Ca2N1/2

∑
k1∈Z\{0}

|k1|
∑

τ2≥aN1/2|k1|

| ˆ̃ρD(k1, τ2)|2
1

aN1/2|k1|

≤ Ca
∑
k1∈Z

∑
τ2≥aN1/2|k1|

| ˆ̃ρD(k1, τ2)|2 dt ≤ Ca∥ρ̃∥2L2 .

(2.28)

Here in the first step we used the Parseval identity, in the second step summed over k2

and applied the Cauchy-Schwarz inequality, and then just simplified the resulting bound.

Combining (2.28) with (2.24) we find that with an adjusted universal constant C,

∥(I − PN
1 )ρ̃∥2L2 ≤ Ca∥ρ̃∥2L2 ≤ 1

2
∥ρ̃∥2L2 ; (2.29)

the last step follows if a is sufficiently small. Thus in the Neumann expansion, we have

that ρ̃ is also mostly supported in a slightly larger, but still narrow cone.

Now let λ > 0 be a parameter. For any λ > 0, we observe that

∥ρ̃∥2L2 =
∑

k∈C2, 0<|k|<λ

| ˆ̃ρN (k)|2 +
∑

k ̸∈C2, |k|<λ

| ˆ̃ρN (k)|2 +
∑
|k|≥λ

| ˆ̃ρN (k)|2

≤ λ2a−2N−1/2∥ ˆ̃ρN∥2l∞(Z2) +
∑

k ̸∈C2, |k|<λ

| ˆ̃ρN (k)|2 + λ−2
∑
k

|k|2| ˆ̃ρN (k)|2

≤ λ2a−2N−1/2∥ρ̃∥2L1 +
1

2
∥ρ̃∥2L2 + λ−2∥∇ρ̃∥2L2 . (2.30)
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Note that we used the estimate |{k ∈ C2}∩{|k| < λ}| ≤ λ2a−2N−1/2 in the first inequality,

and ∥ ˆ̃ρ∥l∞(Z2) ≤ ∥ρ̃∥L1 with (2.29) in the second inequality. Also,
∫
Ω |∇f |2 dx defined on

H1(Ω) is the quadratic form corresponding to the Neumann Laplacian −∆N , and hence∑
k |k|2|f̂N (k)|2 = ∥∇f∥2L2 for all f ∈ H1(Ω). Observe that all bounds we imposed on a

were universal, and are independent on N or λ. Then for sufficiently large N (we only

require N > a−2), the desired bound (2.23) follows from rearranging the final line above

and optimizing over λ, absorbing a−1 into the constant. For smaller N , the bound (2.23)

follows from the usual Nash inequality, and these N can be absorbed by increasing the

value of constant C in (2.23) if necessary.

Note that if we tried to run the argument leading to (2.30) only using the Dirichlet

expansion, it would not imply (2.23): the last sum on the second line of (2.30) would be

replaced by
∑

k |k|2| ˆ̃ρD(k)|2, which is finite if and only if ρ̃ ∈ H1
0 (Ω). In our case it would

be infinity since ρ̃|∂Ω ̸≡ 0, so the last inequality of (2.30) would fail to hold.

For our application, we need a time averaged version of (2.23).

Corollary 2.6.3. Let 0 ≤ s < r < T∗, and suppose that∫ r

s
∥∂x1ρ∥2Ḣ−1

0 (Ω)
dt ≤ N−1

∫ r

s
∥ρ̃∥2L2(Ω) dt. (2.31)

Then there exists a universal constant C such that∫ r

s
∥ρ̃∥2L2(Ω) dt ≤ CN−1/4

∫ r

s
∥ρ̃∥L1(Ω)∥∇ρ̃∥L2(Ω) dt. (2.32)

In particular, (2.32) implies that the following holds for some universal constant c > 0:

∫ r

s
∥∇ρ∥2L2 dt ≥ cρ−2

M N1/2(r − s)−1

(∫ r

s
∥ρ̃∥2L2 dt

)2

. (2.33)

Proof. Let us denote S the set of times t in [s, r] such that ∥∂x1ρ(·, t)∥2Ḣ−1
0

≤ 2N−1∥ρ̃(·, t)∥2L2 .

Then
∫
S ∥ρ̃∥2L2 dt ≥ 1

2

∫ r
s ∥ρ̃∥2L2dt, since otherwise

1

2

∫ r

s
∥ρ̃∥2L2 <

∫
[s,r]\S

∥ρ̃∥2L2 dt ≤
N

2

∫
[s,r]\S

∥∂x1ρ∥2Ḣ−1
0 (Ω)

dt,
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a contradiction with (2.31). On the other hand by (2.23), for every t ∈ S we have ∥ρ̃∥2L2 ≤

CN−1/4∥ρ̃∥L1∥∇ρ̃∥L2 . Hence∫ r

s
∥ρ̃∥2L2 dt ≤ 2

∫
S
∥ρ̃∥2L2 dt ≤ 2CN−1/4

∫
S
∥ρ̃∥L1∥∇ρ̃∥L2 dt.

This proves (2.32), where we relabeled the constant 2C back to C.

It remains to prove (2.33). Applying Cauchy-Schwarz inequality to (2.32), and using

∥∇ρ∥2L2 = ∥∇ρ̃∥2L2 + ∥∂x2 ρ̄∥2L2 ≥ ∥∇ρ̃∥2L2 , we have

∫ r

s
∥∇ρ∥2L2 dt ≥

∫ r

s
∥∇ρ̃∥2L2 dt ≥ cN1/2

(∫ r

s
∥ρ̃∥2L2 dt

)2(∫ r

s
∥ρ̃∥2L1dt

)−1

. (2.34)

Next we claim that ∥ρ̃∥L1 ≲ ρM . Using the definition of ρ̄ and the fact that ρ̄, ρ ≥ 0 in

Ω,

∥ρ̄∥L1(Ω) =

∫
T

∫ π

0

1

2π

∫
T
ρ(x1, x2)dx1dx2dz =

∫ π

0

∫
T
ρ(x1, x2)dx1dx2 = ∥ρ0∥L1 .

Then triangle inequality gives ∥ρ̃∥L1 ≤ ∥ρ̄∥L1(Ω)+ ∥ρ∥L1 = 2∥ρ0∥L1 = 4π2ρM . Substituting

this estimate into (2.34) implies (2.33), thus we finish the proof.

In the following, recall that N0 is always assumed to be sufficiently large; its size will

be determined explicitly in the proof and will only depend on the initial datum ρ0 and the

parameter g.

The next lemma relates the diffusion term appearing in (2.17) to a lower bound for

dissipation in ρ. More precisely, we have:

Lemma 2.6.4. Given any N ≥ N0, assume that 2N−1 ≤ ∥ρ(·, t) − ρM∥2L2 ≤ 2N+2 for

t ∈ (s, r), where 0 ≤ s < r < T∗. Moreover, suppose that

∣∣∣∣∫ r

s

∫
Ω
∂x2ρdxdt

∣∣∣∣ = Λ(r − s) (2.35)

for some Λ > 0. Then there exists a universal constant c > 0 such that

∫ r

s
∥∇ρ∥2L2dt ≥ cρ−1

M Λ3(r − s). (2.36)
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Proof. We first note that the diffusion term can be rewritten as follows:

∫ r

s

∫
Ω
∂x2ρdxdt =

∫ r

s

∫
T
(ρ(t, x1, π)− ρ(t, x1, 0)) dx1dt, (2.37)

where we integrated in x2. In view of (2.37), we may without loss of generality assume

that
∫ r
s

∫
Ω ∂x2ρdxdt ≥ 0, since we may replace ρ(x1, π) by ρ(x1, 0) below to treat the other

case with a parallel argument.

By (2.37), (2.35), and ρ ≥ 0, we have

∫ r

s

∫
T
ρ(t, x1, π)dx1dt ≥ Λ(r − s). (2.38)

We also recall the fact that by conservation of mass,

∫ r

s

∫
Ω
ρ(t, x1, x2)dxdt = ρM (r − s).

Note that
∫ r
s ∥∇ρ∥2L2 dt ≥ c2N (r − s) by Poincaré inequality, so we need only consider the

situation where Λ is sufficiently large, in particular Λ > 2π
ρM

(otherwise (2.36) is automatic

if N0 is sufficiently large). We claim that there exists y ∈ [π − 2ρMΛ−1, π] ⊂ [0, π] such

that
∫ r
s

∫
T ρ(t, x1, y)dxdt ≤

Λ
2 (r − s). Indeed, suppose it were not the case. Then we must

have ∫ r

s

∫
Ω
ρ(t, x1, x2)dxdt ≥

∫ r

s

∫
T

∫ π

π−2ρMΛ−1

ρ(x1, x2)dx2dx1dt

> 2ρMΛ−1 · Λ
2
(r − s) = ρM (r − s),

which is a contradiction. Then combining the claim and (2.38) yields

Λ

2
(r − s) ≤

∫ r

s

∫
T
(ρ(t, x1, π)− ρ(t, x1, y))dx1dt =

∫ r

s

∫
T

∫ π

y
∂x2ρ(t, x1, x2)dx2dx1dt

≤ cρ
1/2
M (r − s)1/2Λ−1/2

(∫ r

s
∥∇ρ∥2L2dt

)1/2

,

where we used Hölder’s inequality in the final step. The proof is completed by rearranging

the inequality above.
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The final lemma gives an estimate on the contribution of the Keller-Segel nonlinearity

in (2.17) to the potential energy E(t).

Lemma 2.6.5. Given any N ≥ N0, we assume that 2N−1 ≤ ∥ρ(·, t) − ρM∥2L2 ≤ 2N+2 for

t ∈ (s, r), where 0 ≤ s < r < T∗. Then there exists a universal constant C such that

∣∣∣∣∫ r

s

∫
Ω
ρ∂x2(−∆N )−1(ρ− ρM )dxdt

∣∣∣∣ ≤ Cρ
2/3
M 22N/3(r − s). (2.39)

Proof. By standard Sobolev embedding, Lp elliptic estimate for the Neumann problem,

and Gagliardo-Nirenberg inequality, we have:∣∣∣∣∫
Ω
ρ∂x2(−∆N )−1(ρ− ρM )

∣∣∣∣ ≤ ∥ρ∥L2∥∂x2(−∆N )−1(ρ− ρM )∥L2

≤ C(∥ρ− ρM∥L2 + ρM )∥∂x2(−∆N )−1(ρ− ρM )∥W 1,6/5

≤ C(∥ρ− ρM∥L2 + ρM )∥ρ− ρM∥L6/5

≤ Cρ
2/3
M ∥ρ− ρM∥1/3

L2 (∥ρ− ρM∥L2 + ρM ).

Here the choice of Sobolev space W 1,6/5 is only a matter of convenience. Choosing N0

sufficiently large, we have

∣∣∣∣∫
Ω
ρ∂x2(−∆N )−1(ρ− ρM )

∣∣∣∣ ≤ Cρ
2/3
M ∥ρ− ρM∥4/3

L2 ≤ Cρ
2/3
M 22N/3.

The proof is finished by integrating over (s, r).

2.6.2 Estimates on the good intervals

In this section, our ultimate goal is to show the following key estimate:

Proposition 2.6.6. Assume that N ≥ N0, N0 is sufficiently large, and (tk, tk+1) is a good

interval of level N . Then there exists a universal constant c1 > 0 such that

E(tk+1)− E(tk) ≤ −c1g
N
. (2.40)
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To prove this key proposition, we will first obtain a lower bound of the main term in

(2.17).

Lemma 2.6.7. Let N0 be sufficiently large. Assume that N ≥ N0 and (tk, tk+1) is a good

interval of level N. Then

∫ tk+1

tk

∥∂x1ρ∥2Ḣ−1
0
dt ≥ N−1

∫ tk+1

tk

∥ρ− ρM∥2L2dt > N−12N−1(tk+1 − tk). (2.41)

Proof. Note that it suffices to prove the first inequality of (2.41), since the second inequality

directly follows from the fact that ∥ρ(·, t) − ρM∥2L2 > 2N−1 on the interval (tk, tk+1). To

prove the first inequality, suppose on the contrary that

∫ tk+1

tk

∥∂x1ρ∥2Ḣ−1
0
dt < N−1

∫ tk+1

tk

∥ρ− ρM∥2L2 dt.

We combine this with (2.33) and Lemma 2.5.3(a) to obtain

∫ tk+1

tk

∥∇ρ∥2L2dt ≥ cρ−2
M N1/222N (tk+1 − tk). (2.42)

Integrating the energy estimate (2.9) in (tk, tk+1), we have

∥ρ(·, tk+1)− ρM∥2L2 − ∥ρ(·, tk)− ρM∥2L2 ≤ −
∫ tk+1

tk

∥∇ρ∥2L2 dt+ C1

∫ tk+1

tk

∥ρ− ρM∥4L2 dt

≤ (−cρ−2
M N1/2 + C)22N (tk+1 − tk),

(2.43)

where the second inequality follows from (2.42) and the fact that ∥ρ(·, t)− ρM∥2L2 ≤ 2N+1

for t ∈ [tk, tk+1]. Note that the right hand side of (2.43) would be negative if we choose

N0 sufficiently large so that −cρ−2
M N

1/2
0 +C < 0. However, by definition of a good interval

at level N , the left hand side of (2.43) is equal to 2N , yielding a contradiction and thus

finishing the proof.

The next lemma gives an upper bound of the diffusion term in (2.17) on a good interval,

which will be dominated by the main term when N is sufficiently large.
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Lemma 2.6.8. Let N0 be sufficiently large. Assume that N ≥ N0 and (tk, tk+1) is a good

interval of level N . Then

∣∣∣∣∫ tk+1

tk

∫
Ω
∂x2ρdxdt

∣∣∣∣ ≤ Cρ
1/3
M 22N/3(tk+1 − tk), (2.44)

where C is a universal constant.

Proof. Let us first write

∣∣∣∣∫ tk+1

tk

∫
Ω
∂x2ρdxdt

∣∣∣∣ = Λ(tk+1 − tk)

for some Λ > 0. We then apply Lemma 2.6.4 to obtain that

∫ tk+1

tk

∥∇ρ∥2L2dt ≥ cρ−1
M Λ3(tk+1 − tk), (2.45)

for some c > 0. Integrating the naive energy estimate (2.9) from tk to tk+1 and using the

inequality (2.45), we have

cρ−1
M Λ3(tk+1 − tk) < ∥ρ(·, tk+1)− ρM∥2L2 − ∥ρ(·, tk)− ρM∥2L2 +

∫ tk+1

tk

∥∇ρ∥2L2dt

≤ C1

∫ tk+1

tk

∥ρ− ρM∥4L2dt ≤ C22N (tk+1 − tk),

where we used that ∥ρ(·, tk+1)−ρM∥2L2 −∥ρ(·, tk)−ρM∥2L2 = 2N > 0 in the first inequality.

Rearranging, we conclude that

Λ ≤ Cρ
1/3
M 22N/3,

and the proof is complete.

Now we are ready to prove Proposition 2.6.6.

Proof of Proposition 2.6.6. Invoking Lemmas 2.6.5, 2.6.7 and 2.6.8, we obtain from (2.17)
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that:

E(tk+1)− E(tk) ≤ −g
∫ tk+1

tk

∥∂x1ρ∥2Ḣ−1
0
dt+

∣∣∣∣∫ tk+1

tk

∫
Ω
∂x2ρdxdt

∣∣∣∣
+

∣∣∣∣∫ tk+1

tk

∫
Ω
ρ∂x2(−∆N )−1(ρ− ρM )dxdt

∣∣∣∣
≤
(
− g

2N
+ Cρ

1/3
M 2−N/3 + Cρ

2/3
M 2−N/3

)
2N (tk+1 − tk)

for any N ≥ N0. Choosing N0 sufficiently large so that − g
2N0

+ Cρ
1/3
M (1 + ρ

1/3
M )2−N0/3 ≤

− g
4N0

, we conclude that

E(tk+1)− E(tk) < − g

4N
2N (tk+1 − tk) ≤ −c1g

N
,

by Corollary 2.4.3.

2.6.3 Estimates on the bad intervals

On the bad intervals, it seems difficult to rule out the situation that the potential energy

E(t) may increase. The goal of this section is to show that any growth is of lower order

compared to the contributions from good intervals. As we will see below, the main obser-

vation is that any increase in potential energy has to happen in an extremely short time if

it were to increase. A precise statement is given as follows.

Proposition 2.6.9. Let N0 be sufficiently large, which only depends on ρM and g. Assume

that N ≥ N0 and (tk, tk+1) is a bad interval of level N . Then there exists a constant C1(ρM )

such that

E(tk+1)− E(tk) ≤ C1(ρM )2−N/3. (2.46)

Proof. First, we estimate the contribution to E(t) from the diffusion term. Write

∣∣∣∣∫ tk+1

tk

∫
Ω
∂x2ρdxdt

∣∣∣∣ = Λ(tk+1 − tk) (2.47)

for some Λ > 0 (if Λ = 0 there is nothing to do for this term). Let us apply Lemma 2.6.4
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and time-integrated version of (2.9) to see that

cρ−1
M Λ3(tk+1 − tk) ≤

∫ tk+1

tk

∥∇ρ∥2L2dt

≤ ∥ρ(·, tk)− ρM∥2L2 − ∥ρ(·, tk+1)− ρM∥2L2 + C1

∫ tk+1

tk

∥ρ− ρM∥4L2dt

≤ 2N + C12
2N+4(tk+1 − tk).

Taking power 1
3 on both sides of the above inequality and substituting it into (2.47), we

have ∣∣∣∣∫ tk+1

tk

∫
Ω
∂x2ρdxdt

∣∣∣∣ ≤ Cρ
1/3
M

(
2N/3(tk+1 − tk)

2/3 + 22N/3(tk+1 − tk)
)
. (2.48)

Combining (2.48) with Lemma 2.6.5, invoking (2.17), and choosing N0 sufficiently large,

we obtain

E(tk+1)− E(tk) ≤ −g
∫ tk+1

tk

∥∂x1ρ∥2Ḣ−1
0
dt+ C0(ρM )(2N/3(tk+1 − tk)

2/3 + 22N/3(tk+1 − tk)),

(2.49)

where C0(ρM ) = C(1 + ρ
2/3
M ). Now, we discuss the following dichotomy:

Case 1.
∫ tk+1

tk
∥ρ̃∥2L2dt < 2N−2(tk+1 − tk). In this case, Lemma 2.5.3(b) yields that

tk+1 − tk < Cρ4M2−2N , so setting it into (2.49) immediately gives us E(tk+1) − E(tk) ≤

C(ρM )2−N .

Case 2.
∫ tk+1

tk
∥ρ̃∥2L2dt ≥ 2N−2(tk+1 − tk). Denoting A := 2N (tk+1 − tk), we can rewrite

(2.49) as

E(tk+1)− E(tk) ≤ −g
∫ tk+1

tk

∥∂x1ρ∥2Ḣ−1
0
dt+ C0(ρM )2−N/3(A2/3 +A). (2.50)

Next we further discuss whether (2.31) holds on the interval (tk, tk+1):

• If (2.31) holds, then (2.33) implies∫ tk+1

tk

∥∇ρ∥2L2 dt ≥ cρ−2
M N1/2(tk+1 − tk)

−1

(∫ tk+1

tk

∥ρ̃∥2L2 dt

)2

≥ cρ−2
M N1/222N−4(tk+1 − tk).
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Integrating (2.9) in (tk, tk+1), applying the above inequality and the fact that ∥ρ −

ρM∥2L2 < 2N+2 in (tk, tk+1), we have

−2N = ∥ρ− ρM∥2L2(tk+1)− ∥ρ− ρM∥2L2(tk) ≤ (−cρ−2
M N1/2 + C)22N (tk+1 − tk).

If we choose N0 large enough such that cρ−2
M N

1/2
0 ≥ 2C, for all N ≥ N0 we have

tk+1 − tk ≤ Cρ2MN
−1/22−N .

This implies A = 2N (tk+1 − tk) ≤ Cρ2MN
−1/2, which can be made less than one by

choosing N0 sufficiently large only depending on ρM . Applying A ≤ 1 in (2.50) gives

the desired inequality.

• If (2.31) fails, then combining this assumption with the assumption in Case 2 gives

∫ tk+1

tk

∥∂x1ρ∥2Ḣ−1
0
dt ≥ N−1

∫ tk+1

tk

∥ρ̃∥2L2 dt ≥ N−12N−2(tk+1 − tk) =
1

4
N−1A.

Putting it into (2.49) gives

E(tk+1)− E(tk) ≤ −g
4
N−1A+ C0(ρM )2−N/3(A2/3 +A).

If A < 1, then we again have E(tk+1) − E(tk) ≤ 2C0(ρM )2−N/3. If A > 1, then the

inequality can be written as

E(tk+1)− E(tk) ≤ −g
4
N−1A+ 2C0(ρM )2−N/3A =

(
−g
4
N−1 + 2C0(ρM )2−N/3

)
A.

Since N−1 decays slower than 2−N/3, the right hand side is negative for all N ≥ N0

with N0 sufficiently large (which only depends on g and ρM ).

We have now showed that (2.46) holds in all cases, and this finishes the proof.

2.7 Proof of the main theorem

In this section, we prove the global well-posedness of (2.2).
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Proof of Theorem 2.1.1. Let us choose a sufficiently large N0 ∈ N for which all previous

bounds work, and in addition

c1gN
−1 ≥ C12

−N/3 (2.51)

for all N ≥ N0; here c1 and C1 are constants from the estimates (2.40) and (2.46) respec-

tively. Next, find Q ≥ N0 such that

c1g

Q∑
m=N0

1

m
> π∥ρ0∥L1 ;

recall that the right hand side is the maximal possible potential energy due to (2.16), and

the potential energy is non-negative for all times. Let tK < T∗ be the first time when we

have ∥ρ(·, tK)− ρM∥2L2 = 2Q+1. Then

E(tK)− E(t1) =
K−1∑
j=1

(E(tj+1)− E(tj)).

Due to Lemma 2.5.2, in this sum for each level N = N0, . . . , Q, the number of good intervals

exceeds the number of bad intervals by one. Then due to (2.40), (2.46), and (2.51), we

have

E(tK)− E(t1) ≤ −c1g
Q∑

m=N0

1

m
< −π∥ρ0∥L1 .

This implies that E(tK) < E(t1)− π∥ρ0∥L1 < 0, a contradiction.

The above argument can be used to derive a quantitative upper bound on the size of

∥ρ(·, t)− ρM∥L2 depending on g and the initial data - but we do not pursue it here.
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3. Suppression of Chemotactic Singularity by
Navier-Stokes Flow with Large Buoyancy

This chapter is a reproduction of the published work [75].

3.1 Introduction

We consider the parabolic-elliptic Keller-Segel equation in a periodic channel Ω = T× [0, π]

subject to the influence of the buoyancy-driven Navier-Stokes equation:


∂tρ+ u · ∇ρ−∆ρ+ div(ρ∇(−∆N )−1(ρ− ρm)) = 0,

ρm = 1
|Ω|
∫
Ω ρ(t, x)dx,

∂tu+ u · ∇u− 1
Re∆u+∇p = Ra ρ(0, 1)T ,

div u = 0.

(3.1)

We equip the system with initial data ρ(0, x) = ρ0(x), u(0, x) = u0(x), where ρ0 is a

nonnegative scalar function and u0 is a divergence-free vector field. We also consider the

following set of boundary conditions:

∂2ρ = ∇ρ · n = 0, u2 = u · n = 0, ω = ∇⊥ · u = 0, on ∂Ω. (3.2)

Here, T := [−π, π) is the one dimensional torus, and a function f defined on T means that

f assumes the periodic boundary condition with period 2π; n = (0, 1)T denotes the unit

normal derivative along ∂Ω = T× {0, π}; ∇⊥ denotes the differential operator (−∂2, ∂1).

The first equation in (3.1) is the classical parabolic–elliptic Keller-Segel equation with ad-

vection. This equation characterizes a population of bacteria with the density ρ that moves

in response to an attractive chemical that the bacteria themselves secrete. Specifically, the

chemical-induced aggregation effect is modeled by the term div(ρ∇(−∆N )−1(ρ − ρm)),

indicating a scenario where chemicals homogenize much faster than the motion of micro-

organisms. Here, −∆N denotes homogeneous Neumann Laplacian that represents the

classical condition of zero chemical flux across boundary ∂Ω. Furthermore, chemotaxis

usually takes place in ambient viscous fluids, which are classically modeled by Navier-

Stokes equations with velocity u and pressure p. In nature, the micro-organisms and the

fluid can interact through various means (see, e.g., [66]). The main interaction on which we
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focus is the coupling by buoyancy, which originates from the variation of bacterial density

in the domain. Mathematically, such interaction appears in the fluid equation through

the forcing term Ra ρ(0, 1)T , where Ra denotes the Rayleigh number measuring relative

buoyancy strength due to density variation.

In this work, we focus on the study of chemotaxis-fluid interaction in a canonical do-

main T × [0, π]. We remark that previous studies classically consider domains without

boundaries, e.g. R2,T2,T × R, in order to study chemotaxis-fluid interaction in the bulk

of fluid (see [8, 65, 92, 66]). Our work, in contrast, intends to investigate the buoyancy

effect along the vertical direction. From this perspective, it is interesting to consider a

domain with a top and bottom boundary, and study the chemotaxis-fluid interaction via

buoyancy when taking boundary effects into account. We also emphasize the boundary

conditions that we insist on for the rest of this work: on one hand, we assert the classical

homogeneous Neumann boundary condition for the cell density. On the other hand, we

impose the Lions boundary condition onto the fluid equation: u · n|∂Ω = 0, ω|∂Ω = 0.

This particular boundary condition, as a special case of the more general Navier boundary

condition, is prevalent in simulations of flows in the presence of rough boundaries, such as

in hemodynamics. It was first introduced and rigorously studied by J.-L. Lions [98] and

P.-L. Lions [99]. We refer the readers to works such as [90, 62, 33, 128] and references

therein for a more thorough discussion regarding the Navier boundary condition.

When the ambient fluid is absent (i.e., when Ra = 0 and u ≡ 0 in (3.1)), we recover

the classical parabolic-elliptic Keller-Segel equation:

∂tρ−∆ρ+ div(ρ∇(−∆N )−1(ρ− ρm)) = 0, in Ω. (3.3)

First introduced by Patlak [110], and Keller and Segel [89], (3.3) has been classically

studied in various settings. We refer the interested readers to the following list of works:

[6, 9, 16, 19, 20, 22, 25, 71, 72, 87, 105, 106]. A remarkable feature enjoyed by (3.3) is

that the solution can form singularity in finite time when dimension is greater than 1. In

dimension 2, (3.3) is L1-critical. For any initial datum ρ0 with finite second moment, the
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solution is globally regular if the initial mass ∥ρ0∥L1 < 8π, see e.g. [9, 20, 25, 87, 124].

If the initial mass is strictly greater than 8π, a finite-time singularity forms, as seen in

[20, 22, 87, 105]. A more careful analysis of such blowup solutions are also carried out

[34, 35, 120, 121, 122].

It is also curious to understand the behavior of Keller-Segel equation under the influence

of fluid advection, given the fact that most chemotactic processes take place in ambient

fluid. The presence of fluid advection can bring complicated effects to chemotaxis. Among

these effects, we would like to focus on the regularization effects induced by fluid advection.

That is, we would like to understand how the transport term u ·∇ρ could prevent potential

singular behaviors in (3.3). For the past decade, much progress has been made to under-

stand such regularization effects in the context of Keller-Segel equation. In the regime of

passive advection (i.e. the fluid velocity u is given and is not coupled to the Keller-Segel

equation), Kiselev and Xu in [92] first demonstrate that given any initial datum ρ0, there

exists a relaxation-enhancing flow (see [38] for a precise definition) with sufficiently large

amplitude that can suppress the singularity formation. This result is later generalized by

[86] to a larger class of passive flows and more general aggregation equations. Moreover, in

[8, 65], the authors exploit the enhanced dissipation phenomenon induced by strong mono-

tone shear flows. Such flows effectively reduce the dimensionality of the problem, where

in 2D the singularity can be suppressed. The fast-splitting scenario induced by hyperbolic

flows are also explored in [67, 68].

There also have been numerous attempts to investigate the regularity properties of

the Keller-Segel equation coupling to active fluid models, and many of which address the

global regularity of solutions to such coupled systems. We highlight that, among those

results, either there is smallness assumption on initial data (e.g. [31, 49, 102, 52]), or the

global regularity of both the chemotaxis equation and fluid equation still hold if they are

uncoupled (e.g. [125, 126]). We also note that the authors in [66, 131] study the blowup

suppression mechanism of Keller-Segel-Navier-Stokes equation near a strong Couette flow.

These results are almost linear in a sense that the main driven mechanism is still brought
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by a dominating passive background flow.

Recently in a series of works [77, 76] by the author joining with Kiselev and Yao, they

analyze how buoyancy effects in fluid equations suppress chemotactic singularities in a gen-

uinely nonlinear setting. In [77], the authors investigated the Keller-Segel equation evolving

in ambient porous media under the influence of buoyancy. The authors demonstrated that

a coupling with the porous media equation via an arbitrarily weak buoyancy constant suf-

fices to arrest any potential chemotactic blowup. The key argument in [77] is a careful

analysis of a potential energy and the coercive term ∥∂1ρ∥H−1
0

in its time derivative. The

authors observed that this H−1
0 norm has to be small, and induces an anisotropic mixing

effect along x1-direction. This effect renders the system quasi-one-dimensional and there-

fore suppresses finite-time blowup. On the other hand, [76] studies how Stokes-Boussinesq

flow with strong buoyancy suppresses blowup of a Keller-Segel equation equipped with zero

Dirichlet boundary condition. A rather soft argument in [76] shows that the flow quenches

the L2 norm of cell density to be sufficiently small in the regime of large buoyancy.

The other motivation of studying the regularization by active fluid advection in the

Keller-Segel equation is its connection to the global regularity of other equations that

potentially have singular behaviors, such as some fluid equations. In fact, such regularizing

phenomenon is the main factor that competes with main blowup mechanisms in some of

the most classical fluid equations. For 3D Euler equations, a lack of/a weakened advection

term is sufficient to induce finite-time singularities, see [36, 57]. The same is also observed

in 3D Navier-Stokes equations, see [94, 73]. The crucial role played by advection stands

out even more when one considers certain 1D models capturing Euler and Navier-Stokes

dynamics, see [32, 88]. The Keller-Segel equation much resembles these fluid equations

since it is also a critical equation that exhibits potential singularities. Hence, studying the

regularization by fluid advection in Keller-Segel equation contributes to a more substantial

understanding in the problem of global existence for many fluid equations.

In this work, we plan to investigate (3.1) in the case where the fluid has large viscos-
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ity and exerts significant buoyancy onto the bacteria. We remark that not only micro-

organisms generically live in viscous environment (see [112]), but also intriguing biological

phenomena occur in a viscous fluid and in a buoyancy-dominating regime. For example,

[119] studies an interesting phenomenon called chemotactic Boycott effect in this regime,

which describes the sedimentation process of both bacteria and fluid. In numerical experi-

ments, the canonical choice of the coupling fluid is the Navier-Stokes flow with parameters

Ra ∼ 106 and Re−1 ∼ 103. Hence, while the chemotaxis model used in [119] is differ-

ent from (3.1), the parameter regime Ra ≫ 1
Re ≫ 1 is still highly relevant in the study

of chemotaxis in viscous environment. Moreover, from an analytical perspective, this is

also a first step to showing the blowup suppression by Navier-Stokes flow with only large

buoyancy and moderate viscosity.

To make the problem more amenable to analysis, it is convenient to write B = Re−1 and

g = Ra ·Re. Another handy transformation is that in periodic channel Ω, one can reduce

the Lions boundary condition in the following way: the no-flux boundary is equivalent to

u2|∂Ω = 0. Since ∂1 is the tangential derivative on ∂Ω, we have the extra boundary con-

straint ∂k1u2|∂Ω = 0 for all k ∈ N. Thus, the Lions boundary condition can be equivalently

written as

u2|∂Ω = 0, ω|∂Ω = ∂2u1|∂Ω = 0.

To sum up, we will work with the following equivalent, yet more convenient form of (3.1):

∂tρ+ u · ∇ρ−∆ρ+ div(ρ∇(−∆N )−1(ρ− ρm)) = 0, in Ω, (3.4a)

∂tu+ u · ∇u−B∆u+∇p = Bgρ(0, 1)T , div u = 0, in Ω, (3.4b)

∂2ρ
∣∣
∂Ω

= 0, u2|∂Ω = 0, ∂2u1|∂Ω = 0, (3.4c)

ρ(0, x) = ρ0(x) ≥ 0, u(0, x) = u0(x). (3.4d)
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3.1.1 Main Theorem

The main result of this work is that the regular solution i of (3.4) with arbitrary large mass

is in fact globally regular given both parameters B and g sufficiently large, whose sizes

only depend on initial data (ρ0, u0). The precise statement of the main result is given as

follows:

Theorem 3.1.1. Suppose initial data (ρ0, u0) with ρ0 ∈ H1 nonnegative and u0 ∈ V , where

V is the class of H1, divergence-free vector fields that satisfy no-flux boundary conditionii.

There exists a couple (g1, B1) = (g1(ρm, ∥ρ0 − ρm∥L2), B1(ρm, ∥ρ0 − ρm∥L2 , ∥u0∥1)) such

that if g ≥ g1, B ≥ B1g
2eg

2
, (3.4) admits a unique, regular, and global-in-time solution.

Remark 3.1.2. We compare this result with [76]. Firstly, the two works treat different

scenarios: [76] investigates a Keller-Segel equation with zero Dirichlet boundary condition,

while we study the Keller-Segel equation with classical zero Neumann boundary conditions.

Secondly, the blowup-suppressing mechanism in the two works are different precisely due

to the first difference above. In [76], the blowup is suppressed by an increased interaction

between cells and the cold boundary induced by strong buoyancy force. This mechanism

forces the L2 norm of cell density to drop below the mass threshold in short time. In our

work, we instead use a dimension reduction mechanism similar to that in [77]. It stabilizes

the L2 norm of cell density around a possibly large number.

3.1.2 Main Strategy of Proof

In this section, we would like to first emphasize the main difficulty of proving Theorem

3.1.1, after which we briefly sketch the idea of proving this main result.

The main obstacle is that, given the appearance of time derivative and advection term

in the fluid equation (3.4b), the problem suffers from a loss of explicit velocity law, which

directly connects density ρ and fluid velocity u. In general, such loss prevents us from

i Roughly speaking, the solution pair (ρ, u) is called a regular solution if it is C∞ in space and for positive
times. We will give a rigorous definition in Section 3.3.

ii The exact definition of V will be given in Section 3.2.2.
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obtaining precise control of u in a way similar to [77]. In the parameter regime specified

in Theorem 3.1.1, however, we will show that (3.4) is a suitable perturbation of a static

problem (3.6), which actually has a velocity law that can be analyzed with tools developed

in [77]. Thus, we arrange the proof into the following steps.

Step 1. Study of Static Problem (3.6). We first discuss the intuition of deriving the

static problem (3.6). We start with dividing on both sides of (3.4b) by B. This yields

1

B
(∂tu+ u · ∇u)−∆u+

1

B
∇p = gρ(0, 1)T , div u = 0.

In the regime of large B, it is natural to treat the term 1
B (∂tu + u · ∇u) perturbatively.

In fact, it is reasonable to guess that the following velocity law dominates the velocity

evolution:

−∆u+∇P = gρ(0, 1)T , div u = 0, (3.5)

where we write P = B−1p. We remark that the scaling B−1 in front of the pressure is

irrelevant due to incompressibility. This motivates us to first understand the following

system, which we will later refer to as the static problem:

∂tρ+ u · ∇ρ−∆ρ+ div(ρ∇(−∆N )−1(ρ− ρm)) = 0, (3.6a)

−∆u+∇p = gρ(0, 1)T , div u = 0, (3.6b)

∂2ρ
∣∣
∂Ω

= 0, u2|∂Ω = 0, ∂2u1|∂Ω = 0, ρ(0, x) = ρ0(x) ≥ 0. (3.6c)

We remark that we do not specify the initial datum for u. Indeed, the problem (3.6) is

closed by itself, due to a remarkable property of (3.6b)-(3.6c) that one may reduce them

to the following compact form:

u = −g∇⊥(−∆D)
−2∂1ρ, (3.7)

thanks to Proposition 3.2.2. Here −∆D denotes homogeneous Dirichlet Laplacian, and

(−∆D)
−2 = (−∆D)

−1 ◦ (−∆D)
−1. This renders no degree of freedom over choosing the
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initial datum for u in problem (3.6). We will work with the more convenient form (3.7)

instead of the original formulation.

We also remark that the static problem (3.6) is reminiscent of the Keller-Segel equation

coupling to Darcy’s law studied in [77], whose velocity law is given by:

u = g∇⊥(−∆D)
−1∂1ρ. (3.8)

In [77], the authors exploited an anisotropic mixing effect that is sufficient to prevent

chemotactic blowup when ρ achieves a large L2 norm. However, the velocity law (3.7)

yields a more regular fluid flow. The extra regularity induces a weaker mixing effect

comparing to (3.8). To remedy this issue, we introduce a large g so that the flow has

large amplitude to generate sufficient mixing effect. This treatment differs our work from

[77]. In the large amplitute setting, we can achieve a crucial norm stabilizing property of

(3.6). That is, the L2 norm of ρ stabilizes around a level N0, whose size only depends on

the initial datum ρ0 in the regime of g sufficiently large. The abovementioned property is

formalized in the statement below:

Proposition 3.1.3 (Norm-Stabilizing Property). Consider problem (3.6) with nonnegative

initial datum ρ0 ∈ H1. Assume that t0 ≥ 0 is inside the lifespan of the unique regular local

solution ρ(t, x). Then there exist N0 = N0(ρm, ∥ρ0 − ρm∥L2), a time T∗ = T∗(N0, ρm), and

g0 := g0(N0, ρm) > 0, such that the following statement holds: if ∥ρ(t0) − ρm∥2L2 ≤ N0
2 ,

then for all g ≥ g0, the regular solution ρ(t, x) can be continued in interval [t0, t0+T∗] with

estimate

sup
t∈[t0,t0+T∗]

∥ρ(t)− ρm∥2L2 ≤ N0. (3.9)

Moreover, there exists a time instance T ∈
[
t0 +

T∗
2 , t0 + T∗

]
such that

∥ρ(T )− ρm∥2L2 ≤ N0

8
. (3.10)

We will devote Section 3.4 to the proof of this key result. As a direct consequence, we

will also see that the static problem (3.6) is globally regular.
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Step 2. Continuation Argument. In fact, one may view Proposition 3.1.3 as a damping

mechanism induced by the static problem (3.6). Keeping in mind that the full problem

(3.4) is a perturbation of (3.6), we employ a bootstrap argument to show that the solution

to the full problem is L2-close to the solution of the static problem for all times. Fixing

initial condition ρ0 and u0, we choose large N0 as in Proposition 3.1.3. Define T0 to be the

largest time such that the following bootstrap assumption holds:

sup
0≤t≤T0

∥ρ(t)− ρm∥2L2 ≤ 9N0. (3.11)

Our goal is to prove the following improved estimate:

Proposition 3.1.4. Consider initial data ρ0 ∈ H1 that is nonnegative and u0 ∈ V . There

exists a couple (g1, B1) = (g1(ρm, ∥ρ0 − ρm∥L2), B1(ρm, ∥ρ0 − ρm∥L2 , ∥u0∥1)) such that if

g ≥ g1, B ≥ B1g
2eg

2
, the following improved estimate holds:

sup
0≤t≤T0

∥ρ(t)− ρm∥2L2 ≤ 5N0. (3.12)

The main ingredient of this step is based on various nonlinear estimates pertaining to

Navier-Stokes equation equipped with Lions boundary conditions. We devote Section 3.5

to the proof of these estimates as well as that of Proposition 3.1.4.

Step 3. Closing the Proof of Theorem 3.1.1. In the final step, we finish the proof of

Theorem 3.1.1 using estimate (3.12):

Proof of Theorem 3.1.1. Using Proposition 3.1.4 and regularity criteria in Theorem 3.3.3,

[0, T0] is both open and closed. This implies that T0 = ∞ and we have obtained global

existence of (3.4).

3.1.3 Organization of the Paper

The paper is organized as follows. In Section 3.2, we introduce notations and conven-

tions used throughout this paper. We will also lay out a functional-analytic framework

for studying Stokes problem equipping Lions boundary condition. In Section 3.3, we state

50



the local well-posedness of the full system (3.4) and the static problem (3.6); we also show

corresponding L2-based regularity criteria in the same section. In Section 3.4, we study

the static problem (3.6) and prove the key Proposition 3.1.3, from which the global well-

posedness of (3.6) follows. In Section 3.5, we perform nonlinear estimates and prove the

improved estimate (3.12). That is, we prove Proposition 3.1.4.
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3.2 Preliminaries

3.2.1 Notation and Conventions

We will denote the usual Lp norm by ∥·∥Lp or ∥·∥Lp(·). The second notation will be adopted

if we would like to emphasize the domain. Similarly, we will denote Sobolev Hs norm by

∥ · ∥s for s ≥ 1. We define the space H1
0 (Ω) to be the completion of C∞

c (Ω) with respect

to norm ∥ · ∥1, and consider its dual space H−1
0 (Ω). Moreover, the following equivalence is

standard:

∥f∥H−1
0

= C

(∫
Ω
f(−∆D)

−1fdx

)1/2

,

where C is a constant that only depends on domain Ω. We also recall that ∆D denotes

homogeneous Dirichlet Laplacian. We simply regard C = 1 as the exact value of this

constant is inessential.

Recall the mean of ρ on Ω : ρm(t) = 1
|Ω|
∫
Ω ρ(t, x) dx. We remark that ρm(t) is nonnega-

tive and a conserved quantity along evolution given the initial datum ρ0 being nonnegative,
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due to a parabolic maximum principle and the divergence structure of the Keller-Segel

equation (see Proposition 2.4.1 for the proof of this fact). Thus, we will omit the time

dependence of the mean and write ρm.

We also consider the following decomposition to any function ρ ∈ L2(Ω) that would

play a crucial role in our analysis of the static problem: we write ρ = ρ̄+ ρ̃, where

ρ̄(x2) =
1

2π

∫
T
ρ(x1, x2)dx1, ρ̃ = ρ− ρ̄.

Note that ρ̄ is exactly the projection onto the zeroth mode corresponding to direction x1,

and ρ̃ the orthogonal complement. We remark that ρ̄− ρm and ρ̃ are orthogonal in L2(Ω):∫
Ω
(ρ̄(x2)− ρm)ρ̃(x1, x2)dx1dx2 = 0.

One can connect the 1D and 2D L2 norm for ρ̄− ρm by a simple relation ∥ρ̄− ρm∥2L2(Ω) =

2π∥ρ̄ − ρm∥2L2([0,π]). In the rest of the paper, we will only use the 1D L2 norm for ρ̄. We

always refer to the 1D L2 norm when we write ∥ρ̄− ρm∥L2 .

We will denote a universal constant in the upper bounds by uppercase letters, and that

in lower bounds by lowercase letters. Constants without subscripts, i.e. c, C, C, are subject

to change from line to line. Constants with subscripts, i.e. ci, Ci, Ci, are fixed once they

are chosen. All such constants mentioned above only depend on domain Ω by default. We

will also use the notation C(X) to denote a constant C depending on quantity X. For

two positive quantities X, Y , we write X ≲ Y to mean that X ≤ CY for some universal

constant C that might only depends on domain Ω. X ≳ Y is similarly defined. We will

use Ii, i ∈ N, to denote terms that will be estimated; this notation will be local to each

lemma and will be reused in the proofs of other lemmas. Lastly, we also use summation

convention. That is, the repeated indices are summed over.

3.2.2 Steady Stokes Equation with Lions Boundary Condition

In this subsection, we introduce suitable functional-analytic settings for our study of Stokes

equation equipped with Lions boundary condition. We shall first study the following static
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Stokes equation and investigate its well-posedness:


−∆u+∇p = f, in Ω

div u = 0, in Ω

u2|∂Ω = 0, ∂2u1|∂Ω = 0.

(3.13)

In particular, we will derive suitable elliptic estimates similar to those satisfied by the

classical Stokes operator that corresponds to no-slip boundary condition for velocity (see

[37]).

We introduce the following function spaces following the spirit of [90, 33]:

H = {v ∈ L2(Ω)× L2(Ω) : div v = 0,

∫
Ω
v1(x)dx = 0},

V = {v ∈ H1(Ω)×H1(Ω) : div v = 0, v2|∂Ω = 0,

∫
Ω
v1(x)dx = 0},

W = {v ∈ V ∩ (H2(Ω))2 : ∂2v1|∂Ω = 0},

where we equip H with L2 topology, V with topology induced by the inner product

(u, v)V =
∫
Ω ∂iuj∂ivjdx, and W with H2 topology. For u ∈ V , the following Poincaré

inequality holds:

Proposition 3.2.1. Let u ∈ V . Then the following estimate holds:

∥u∥L2 ≤ CP ∥∇u∥L2 , (3.14)

where CP is a positive constant that only depends on the domain Ω.

Moreover, we have the following well-posedness and regularity result concerning (3.13):

Proposition 3.2.2. Assuming f ∈ H, then (3.13) admits a unique solution u ∈ W with

estimate

∥u∥2 ≤ C∥f∥L2 . (3.15)

In fact, u assumes the following explicit formula:

u = ∇⊥(−∆D)
−2(∂2f1 − ∂1f2), (3.16)
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where ∇⊥ := (−∂2, ∂1). In addition, if f ∈ Hs ∩H, s ≥ 1, we have the following improved

regularity estimate:

∥u∥s+2 ≤ C∥f∥s. (3.17)

We delay the proofs of the Propositions above to the appendix.

3.3 Local Well-Posedness and Regularity Criteria

In this section, we show the local well-posedness for regular solutions to problems (3.4)

and (3.6), and state L2 regularity criteria for both problems. We start with giving rigorous

definitions of a strong solution and a regular solution to both the full system (3.4) and the

static problem (3.6).

Definition 3.3.1. 1. Given initial data ρ0 ∈ H1, u0 ∈ V , we say that the pair (ρ(t, x),

u(t, x)) is a strong solution to (3.4) on [0, T ], T > 0, if

ρ ∈ C0([0, T ];H1) ∩ L2((0, T );H2), u ∈ C0([0, T ];V ) ∩ L2((0, T );W ),

∂tρ ∈ L2([0, T ];L2), ∂tu ∈ L2([0, T ];H),

and (ρ, u) satisfies (3.4) in the sense of distribution. Moreover, a solution is regular

if it is strong and additionally

ρ ∈ C∞((0, T ]× Ω), u ∈ C∞((0, T ]× Ω).

2. Given initial datum ρ0 ∈ H1, we say that ρ(t, x)is a strong solution to (3.6) on [0, T ],

T > 0, if

ρ ∈ C0([0, T ];H1) ∩ L2((0, T );H2), ∂tρ ∈ L2([0, T ];L2),

and ρ is said to be regular if it is strong and ρ ∈ C∞((0, T ]× Ω).

With the definition above, we state the following local well-posedness result.

Theorem 3.3.2. Given initial datum ρ0 ∈ H1 (resp. ρ0 ∈ H1, u0 ∈ V ) such that ρ0 ≥ 0,

there exists Tloc = Tloc(ρ0) > 0 (resp. Tloc = Tloc(ρ0) > 0) so that there exists a unique

strong solution ρ (resp. (ρ, u)) to (3.6) (resp. (3.4)) on [0, Tloc) (resp. [0, Tloc)). Moreover,

the strong solutions are regular.
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We conclude this section by stating the following regularity criteria for both (3.4) and

(3.6).

Theorem 3.3.3. If the maximal lifespan T of the strong solution to (3.4) (resp. (3.6)) is

finite, then necessarily

lim
t→T

∫ t

0
∥ρ(t)− ρm∥2L2dt = ∞. (3.18)

We briefly comment on the proof of Theorem 3.3.2 and Theorem 3.3.3, as the details

follow almost verbatim to Section 2 of [76]. To prove the existence part of Theorem 3.3.2,

we use standard Galerkin’s method to construct a solution to both (3.4) and (3.6) since

Ω is a compact domain. Hence, it suffices to show L2–based a priori estimates as in [76].

As for the a priori estimates of (3.4), all estimates in Section 2 of [76] carry over. The

only extra estimate one has to make is on advection term u · ∇u, as we study the Navier-

Stokes equation in our case. The treatment of such terms, however, are standard in the

study of well-posedness of 2D Navier-Stokes equations. We refer interested readers to the

proof of [21, Theorem V.2.10] for related details. As for the a priori estimates of (3.6),

we repeat the same proof as we do for (3.4), with the only change of applying Proposition

3.2.2 whenever we see ∥u∥2. Finally, uniqueness follows from the a priori estimates that

we have derived above. Higher regularity follows from standard parabolic smoothing. This

ends the proof of Theorem 3.3.2.

The proof of Theorem 3.3.3 is the same as that of [76, Theorem 1.2] by studying the L2

estimate of the ρ equation. The reason why the proofs of [76, Theorem 1.2] can be carried

over is that [76, Theorem 1.2] only use div u = 0, ρ nonnegative, and ∥ρ∥L1 non-increasing.

These properties hold in both (3.4) and (3.6) (see Proposition 2.4.1).

3.4 Analysis of the Static Problem

In this section, we perform a detailed analysis of (3.6), which serves as a starting point

prior to the study of the full problem (3.4). In Section 3.4.1, we establish a series of a

priori estimates concerning both cell density ρ and velocity field u of the static problem.
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We will further show a Nash-type inequality that elucidates an anisotropic mixing effect

in the regime of large g. Finally, we prove Proposition 3.1.3 in Section 3.4.2.

3.4.1 Key A Priori Estimates

As a first step, we establish several key energy estimates concerning the system (3.6). We

first prove several a priori estimates for the Keller-Segel equation advected by a general

incompressible flow. Then we focus on showing estimates corresponding to the fluid equa-

tion (3.6b), which turn out to be crucial in establishing the norm-stabilizing property and

global well-posedness of (3.6).

Estimates for a General Keller-Segel Equation with Advection

In this section, we derive appropriate estimates for the Keller-Segel equation advected by

a general incompressible flow u, which may or may not depend on the cell density ρ itself:

∂tρ+ u · ∇ρ−∆ρ+ div(ρ∇(−∆N )−1(ρ− ρm)) = 0,

ρ(0, x) = ρ0(x) ≥ 0, ∂2ρ|∂Ω = 0.
(3.19)

Here, u is a smooth, divergence-free vector field that satisfies no-flux boundary condition

(i.e. u2|∂Ω = 0). We allow such generality in (3.19) so that all results in this subsection

hold for both the static problem (3.6) and the full problem (3.4). This is because an

incompressible, viscous flow satisfying Lions boundary condition necessarily satisfies all

requirements prescribed in (3.19).

Our first result reveals that (3.19) conserves mass.

Proposition 3.4.1. Assume that ρ(t, x) is a regular solution to (3.19) on [0, T ] with u

being C1 and divergence-free. Then ρ(t, x) ≥ 0 and ∥ρ(t, ·)∥L1 = ∥ρ0∥L1 for all t ∈ [0, T ].

Proof. First, ρ(t, x) ≥ 0 for all t ∈ [0, T ] comes from the facts that ρ0 ≥ 0 and parabolic

maximum principle. To prove the conservation of mass, we use nonnegativity of ρ(t, x) to
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obtain that

d

dt
∥ρ(t, ·)∥L1 =

d

dt

∫
Ω
ρ(t, x)dx

=

∫
Ω
(−u · ∇ρ+∆ρ− div(ρ∇(−∆N )−1(ρ− ρm)))(t, x)dx = 0,

where we integrated by parts and used that u is divergence-free, u2|∂Ω = 0, and ∂2ρ|∂Ω =

0.

The next result, originally proved in [77], gives two variants of L2 energy estimates of

(3.19), which play a major role in establishing the norm-stabilizing property of (3.6). We

point out that [77, Proposition 4.2 and Corollary 4.3] are proved where u is governed by

Darcy’s law (3.8). However, their proofs only used that u is divergence-free and satisfies

no-flux boundary condition. Hence, the proof of the result below follows verbatim from

that of [77, Proposition 4.2 and Corollary 4.3].

Proposition 3.4.2 (Essentially Proposition 4.2, Corollary 4.3 of [77]). Assume ρ(t, x) to

be a regular, nonnegative solution to (3.19) on [t0, t0+T ] for some t0 ≥ 0 and T > 0. Then

for any t ∈ (t0, t0 + T ), there exists a constant C0 depending only on the domain Ω such

that

d

dt
∥ρ− ρm∥2L2 + ∥∇ρ∥2L2 ≤ C0∥ρ− ρm∥4L2 + 2ρm∥ρ− ρm∥2L2 . (3.20)

Furthermore, if ∥ρ(t, ·)− ρm∥2L2 ≥ ρm/4 for all t ∈ [t0, t0 + T ], then there exists a positive

constant C1 depending only on the domain Ω such that

d

dt
∥ρ− ρm∥2L2 + ∥∇ρ∥2L2 ≤ C1∥ρ− ρm∥4L2 , (3.21)

and

d

dt
∥ρ− ρm∥2L2 ≤ − 1

C1ρ4m
∥ρ̄− ρm∥6L2 + C1∥ρ̃∥4L2 , (3.22)

for any t ∈ [t0, t0 + T ].

The next proposition shows that one can upgrade the L∞
t L

2
x control of ρ to an L∞

t L
∞
x

control:
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Proposition 3.4.3. Let ρ(t, x) be a regular solution to (3.19) on [t0, t0+T ] for some t0 ≥ 0

and N ≥ max(1, ρm) be an arbitrary number. If ∥ρ(t, ·)−ρm∥L2 ≤ 2N for all t ∈ [t0, t0+T ],

then we also have supt0≤t≤t0+T ∥ρ(t, ·) − ρm∥L∞ ≤ CN2, where C is a domain dependent

constant.

Proof. The proof follows verbatim from that of [92, Proposition 9.1], where it is handled

for T2. We can do this since all integrations by parts do not introduce any boundary terms

due to the Neumann boundary condition that ρ satisfies as well as the no-flux boundary

condition satisfied by u.

Finally, we establish a corollary shows a doubling time for the L2 norm ∥ρ− ρm∥2L2 .

Corollary 3.4.4. Suppose ρ(t, x) is a regular solution to (3.19) on [t0, t0 + T ] for some

t0 ≥ 0, T > 0, and N > 0 being an arbitrary number. If ∥ρ(t0) − ρm∥2L2 ≤ N , then there

exists a time T∗(N, ρm) = min(N−1,ρ−1
m )

8(1+C0)
=: c0min(N−1, ρ−1

m ) such that

sup
t0≤t≤t0+T∗(N,ρm)

∥ρ(t)− ρm∥2L2 ≤ 2N, (3.23)

and ∫ t0+T∗(N,ρm)

t0

∥∇ρ(t)∥2L2dt ≤ 2N. (3.24)

Here, C0 is fixed as in Proposition 3.4.2.

Proof. To show (3.23), we employ a standard barrier argument: suppose that there exists

a time τ ∈ [t0, t0 + T∗(N, ρm)] such that ∥ρ(τ)− ρm∥2L2 = 2N , and ∥ρ(t)− ρm∥2L2 < 2N for

any t ∈ [t0, τ). Integrating (3.20) from t0 to τ , we have

2N = ∥ρ(τ)− ρm∥2L2 ≤ N + 2ρm

∫ τ

t0

∥ρ(s)− ρm∥2L2dx+ C0

∫ τ

t0

∥ρ(s)− ρm∥4L2ds

≤ N + 4ρmNT∗ + 4N2C0T∗ < 2N,

where we used the definition of T∗ in the final inequality. However, this yields a contradic-

tion.
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To show (3.24), we integrate (3.20) from t0 to t0 + T∗(N, ρm), which yields:

∥ρ(t0 + T∗(N, ρm))− ρm∥2L2 +

∫ t0+T∗(N,ρm)

t0

∥∇ρ(t)∥2L2dt

≤ N + 2ρm

∫ t0+T∗(N,ρm)

t0

∥ρ(t)− ρm∥2L2dt+ C0

∫ t0+T∗(N,ρm)

t0

∥ρ(t)− ρ0∥4L2dt

≤ N + 2ρm(2N)T∗ + C0(4N
2)T∗ < N +

N

2(1 + C0)
+

C0N

2(1 + C0)
< 2N.

The proof is thus complete.

Estimates for Static Problem (3.6)

Now, we turn to some estimates concerning the system (3.6), which crucially exploit the

structure of the Biot-Savart-type relation (3.7). As our first step, we prove the following

key estimate which displays the smallness of a mixing-type norm in the regime of large

parameter g.

Proposition 3.4.5. Let ρ(t, x) be a regular solution to equation (3.6) on [t0, t0 + T ] for

some t0 ≥ 0 and T > 0. Let N > 0 be an arbitrary number. If ∥ρ(t0) − ρm∥2L2 ≤ N , the

following bound holds:

∫ t0+T∗(N,ρm)

t0

∥(−∆D)
−1∂1ρ∥2L2dt ≤ C(ρm)g−1. (3.25)

Proof. On one hand, we compute that∫ t0+T∗(N,ρm)

t0

∥(−∆D)
−1∂1ρ∥2L2dt =

∫ t0+T∗(N,ρm)

t0

∫
Ω
(−∆D)

−1∂1ρ(−∆D)
−1∂1ρdxdt

=

∫ t0+T∗(N,ρm)

t0

∫
Ω
∂1ρ(−∆D)

−2∂1ρdxdt

= −
∫ t0+T∗(N,ρm)

t0

∫
Ω
ρ∂1(−∆D)

−2∂1ρdxdt

=
1

g

∫ t0+T∗(N,ρm)

t0

∫
Ω
ρu2dxdt. (3.26)
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Note that we have used the self-adjointness of (−∆D)
−1 in the second equality, integration

by parts in the third equality, and (3.7) in the last equality. On the other hand, we test

the ρ-equation of (3.6) by x2, which yields:∫
Ω
ρu2dx = −

∫
Ω
x2(u · ∇ρ)dx =

∫
Ω
x2
(
∂tρ−∆ρ+ div(ρ∇(−∆N )−1(ρ− ρm))

)
dx =:

3∑
i=1

Ii,

(3.27)

where the first equality follows from integration by parts and no-flux boundary condition

satisfied by u. Integrating in time from t0 to t0+T∗(N, ρm) and using Proposition 3.4.1 as

well as the bound (3.24), we estimate time integrals of I1, I2 by∣∣∣∣∣
∫ t0+T∗(N,ρm)

t0

I1dt

∣∣∣∣∣ =
∣∣∣∣∫

Ω
x2(ρ(t0 + T∗(N, ρm))− ρ(t0))dx

∣∣∣∣ ≤ C∥ρ0∥L1≤ Cρm,

∣∣∣∣∣
∫ t0+T∗(N,ρm)

t0

I2dt

∣∣∣∣∣ =
∣∣∣∣∣
∫ t0+T∗(N,ρm)

t0

∫
Ω
∂2ρdxdt

∣∣∣∣∣
≤ CT∗(N, ρm)1/2

(∫ t0+T∗(N,ρm)

t0

∥∇ρ(t)∥2L2dt

)1/2

≤ C.

Here, we used the definition of T∗(N, ρm) and (3.24) in the final inequality of I2 esti-

mate. To estimate the term I3 in (3.27), we use Sobolev embedding, elliptic estimates, and

interpolation inequality to obtain that

I3 =

∫
Ω
ρ∂2(−∆N )−1(ρ− ρm) ≤ ∥ρ∥L2∥∂2(−∆N )−1(ρ− ρm)∥L2

≤ (∥ρ− ρm∥L2 +
√
2πρm)∥∂2(−∆N )−1(ρ− ρm)∥W 1,6/5

≤ C(∥ρ− ρm∥L2 +
√
2πρm)∥ρ− ρm∥L6/5

≤ Cρ2/3m ∥ρ− ρm∥1/3
L2 (∥ρ− ρm∥L2 + ρm)

= C(ρ5/3m N1/6 + ρ2/3m N2/3).
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Then we may estimate the time integral of A3 by∫ t0+T∗(N,ρm)

t0

I3dt ≤ Cmin(N−1, ρ−1
m )(ρ5/3m N1/6 + ρ2/3m N2/3)

≤

{
ρ
2/3
m + ρ

−1/3
m , N ≤ 1,

ρ
5/3
m N−5/6 + ρ

2/3
m N−1/3, N > 1

≤ C(ρm).

Collecting the estimates above yields:∣∣∣∣∣
∫ t0+T∗(N,ρm)

t0

∫
Ω
ρu2dxdt

∣∣∣∣∣ ≤ C(ρm), (3.28)

Therefore by (3.26):

∫ t0+T∗(N,ρm)

t0

∥(−∆D)
−1∂1ρ∥2L2dt ≤ C(ρm)g−1,

which concludes the proof.

Note that the norm ∥(−∆D)
−1∂1ρ∥L2 could be viewed as a quantity that encodes

information on mixing. This is because, formally, this quantity has the same scaling as

the classical mix-norm ∥ρ − ρm∥H−1
0

(see [85] for example). Since generally smallness of

∥ρ − ρm∥H−1 induces enhanced dissipation by creating large gradients, it is tempting to

uncover a similar effect by exploiting the smallness of ∥(−∆D)
−1∂1ρ∥L2 in our setting. In

order to achieve this goal, we follow the approach taken in [77], which studies a similar

quantity ∥∂1ρ∥H−1
0

. The technical ingredient that we need is a Nash’s inequality with

improved coefficient: let us recall the following result from [77], which is valid for any

function ρ ∈ L2([s, r], H1(Ω)), 0 ≤ s < r ≤ ∞:

Proposition 3.4.6 (Corollary 6.2 of [77]). Assume that for some K > 0, there is∫ r

s
∥∂1ρ∥2H−1

0
dt ≤ K−1

∫ r

s
∥ρ̃∥2L2dt. (3.29)

Then there exists a constant C > 0 depending only on Ω such that

∫ r

s
∥ρ̃∥2L2 dt ≤ CK−1/4

(∫ r

s
∥ρ̃∥2L1 dt

)1/2(∫ r

s
∥∇ρ̃∥2L2 dt

)1/2

. (3.30)
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Note that the original statement in Corollary 6.2 of [77] only considers the case when

K ≥ 1. However, one could extend the result for any K > 0 in a rather trivial way:

for K ∈ (0, 1), we simply invoke the original Nash’s inequality for ρ̃ without using the

assumption (3.29). The fact that K−1/4 > 1 immediately yields the result.

With the proposition above, we may conclude the following crucial lemma, which pre-

cisely characterizes the creation of large gradients when the norm ∥(−∆D)
−1∂1ρ∥L2 is small

in an appropriate sense.

Lemma 3.4.7. Fix g > 0. Assume that there is some constant C > 0 so that

∫ r

s
∥(−∆D)

−1∂1ρ∥2L2dt ≤ Cg−9/10

(∫ r

s
∥ρ̃∥2L2dt

)2

. (3.31)

Then the following estimate holds:

∫ r

s
∥∇ρ∥2L2dt ≥ C̃g9/50

(∫ r

s
∥ρ− ρm∥2L1dt

)−4/5(∫ r

s
∥ρ̃∥2L2dt

)8/5

, (3.32)

for some constant C̃ > 0 that only depends on the domain Ω and constant C appearing in

(3.31).

Proof. Using definition of H−1
0 norm and Cauchy-Schwarz inequality, we have

∥∂1ρ̃∥2H−1
0

=

∫
Ω
∂1ρ̃(−∆D)

−1∂1ρ̃dx ≤ ∥∂1ρ̃∥L2∥(−∆D)
−1∂1ρ∥L2 ≤ ∥∇ρ∥L2∥(−∆D)

−1∂1ρ∥L2 ,

where we used the fact that ∂1ρ = ∂1ρ̃. Integrating the above inequality from s to r and

applying Cauchy-Schwarz inequality again, we have∫ r

s
∥∂1ρ̃∥2H−1

0
dt ≤

(∫ r

s
∥(−∆D)

−1∂1ρ∥2L2dt

)1/2(∫ r

s
∥∇ρ∥2L2dt

)1/2

≤ C1/2g−9/20

(∫ r

s
∥∇ρ∥2L2dt

)1/2 ∫ r

s
∥ρ̃∥2L2dt.

Then an application of Proposition 3.4.6 via replacingN by C−1/2g9/20
(∫ r

s ∥∇ρ∥2L2dt
)−1/2

>

0 implies (3.32) after some rearrangements of the inequality.
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3.4.2 Norm-Stabilizing Property of the Static Problem

With the a priori estimates set up in previous sections, we are ready to prove the norm-

stabilizing property (i.e. Proposition 3.1.3), from which the global existence of the static

problem (3.6) follows.

Proof of Proposition 3.1.3. We first fix our choice of N0 and T∗ as follows: choose N0 so

that

N0 ≥ max{1, 2ρm, 2∥ρ0 − ρm∥2L2}, (3.33)

N0 ≥
323C1ρ

4
m(15/8 + 2C1c0)

4c0
, (3.34)

and set T∗ = c0min(2N−1
0 , ρm) = 2c0N

−1
0 . Recall that C0, C1 are universal constants fixed

in Proposition 3.4.2; c0 is also a universal constant fixed in Corollary 3.4.4. Moreover, we

fix g ≥ g0(N0, ρm), where the threshold g0 will be chosen sufficiently large in the course of

the proof.

We first observe that by Corollary 3.4.4, given ∥ρ(t0)− ρm∥2L2 = N0/2, we have

∫ t0+T∗

t0

∥∇ρ∥2L2dt ≤ N0, (3.35)

and in particular (3.9) holds.

We thus focus on the proof of (3.10). Assume for the sake of contradiction that

∥ρ(t) − ρm∥2L2 > N0/8 for any t ∈
[
t0 +

T∗
2 , t0 + T∗

]
. For g ≥ g0, we discuss the fol-

lowing dichotomy:

Case 1: Small ∥ρ̃∥L2. ∫ t0+T∗

t0+T∗/2
∥ρ̃∥2L2dt ≤ c0g

−1/20. (3.36)

In this case, we first observe that due to the contradiction assumption, there is a lower

bound: ∫ t0+T∗

t0+T∗/2
∥ρ− ρm∥2L2dt ≥

T∗N0

16
=
c0
16
.
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Combining with (3.36) and using orthogonality between ρ̄ and ρ̃, we have

∫ t0+T∗

t0+T∗/2
∥ρ̄− ρm∥2L2dt ≥

(
1

16
− g−1/20

)
c0 ≥

c0
32
, (3.37)

if we choose

g0 ≥ 3220. (3.38)

On the other hand, an application of Hölder’s inequality implies that∫ t0+T∗

t0+T∗/2
∥ρ̄− ρm∥2L2dt ≤

(
T∗
2

)2/3
(∫ t0+T∗

t0+T∗/2
∥ρ̄− ρm∥6L2dt

)1/3

.

Combining the inequality above with (3.37), we have

∫ t0+T∗

t0+T∗/2
∥ρ̄− ρm∥6L2dt ≥

4

T 2
∗

(∫ t0+T∗

t0+T∗/2
∥ρ̄− ρm∥2L2dt

)3

≥ 4c30
323T 2

∗
=

4c0N
2
0

323
. (3.39)

Now, we shall invoke energy estimate (3.22) and integrate the differential inequality from

T∗/2 to T∗. Note that we can do this since ∥ρ(t) − ρm∥2L2 > N0/8 ≥ ρm/4 for any

t ∈
[
t0 +

T∗
2 , t0 + T∗

]
by our contradiction assumption, and our choice of N0 in (3.33).

Therefore, we arrive at

∥ρ(t0 + T∗)− ρm∥2L2 ≤ ∥ρ(t0 + T∗/2)− ρm∥2L2 −
1

C1ρ4m

∫ t0+T∗

t0+T∗/2
∥ρ̄− ρm∥6L2dt

+ C1

∫ t0+T∗

t0+T∗/2
∥ρ̃∥4L2dt

≤ 2N0 −
4c0

323C1ρ4m
N2

0 + C1 sup
t0+T∗/2≤t≤t0+T∗/2

∥ρ− ρm∥2L2

∫ t0+T∗

t0+T∗/2
∥ρ̃∥2L2dt

≤ 2N0 −
4c0

323C1ρ4m
N2

0 + 2C1c0N0g
−1/20 ≤ 2N0 −

4c0
323C1ρ4m

N2
0 + 2C1c0N0.

Here, we used (3.39) in the second inequality, (3.36) in the third inequality, and g ≥ g0 > 1

in the last inequality. Then by (3.34), a straightforward computation yields

∥ρ(t0 + T∗)− ρm∥2L2 ≤ 2N0 −
4c0

323C1ρ4m
N2

0 + 2C1c0N0 <
N0

8
,
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which is a contradiction to our assumption.

Case 2: Large ∥ρ̃∥L2. ∫ t0+T∗

t0+T∗/2
∥ρ̃∥2L2dt > c0g

−1/20. (3.40)

In this case, we first use estimate (3.25) to obtain that

∫ t0+T∗

t0+T∗/2
∥(−∆D)

−1∂1ρ∥2L2dt ≤ C(ρm)g−1 < C(ρm)c−2
0 g−9/10

(∫ t0+T∗

t0+T∗/2
∥ρ̃∥2L2dt

)2

.

Then, we can invoke Lemma 3.4.7 with C = C(ρm)c−2
0 to conclude that

∫ t0+T∗

t0+T∗/2
∥∇ρ∥2L2dt ≥ C(ρm)g9/50

(∫ t0+T∗

t0+T∗/2
∥ρ̃∥2L1dt

)−4/5(∫ t0+T∗

t0+T∗/2
∥ρ̃∥2L2dt

)8/5

≥ C(ρm)T
−4/5
∗ g9/50g−2/25 ≥ C(ρm)N

4/5
0 g1/10.

(3.41)

Here, we applied Proposition 3.4.1, (3.40) in the second inequality, and used the definition

of T∗ in the final inequality. Now choose g0 sufficiently large that

C(ρm)N
4/5
0 g1/10 > N0. (3.42)

Then together with (3.41), we would arrive at
∫ t0+T∗
t0+T∗/2

∥∇ρ∥2L2dt > N0. However, this

contradicts the a priori estimate (3.35). Up until this point, both cases in the dichotomy

lead to a contradiction and we have completed the proof.

Remark 3.4.8. 1. The specific choice of parameters N0, T∗, and g0 are summarized as

follows: we first fix N0 according to (3.33), (3.34), and we set T∗ = 2c0N
−1
0 . After

N0, T∗ are fixed, we choose g0 sufficiently large that (3.38) and (3.42) hold.

2. We also remark that the choice of N0 ≥ 2∥ρ0 − ρm∥2L2 does not play a role in the

proof of Proposition 3.1.3. However, it is a rather technical choice that will play a

role in the proofs of Corollary 3.4.9 and Proposition 3.1.4, which rely on a barrier

argument.
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Note that we can conclude global well-posedness of system (3.13) from Proposition

3.1.3.

Corollary 3.4.9. For arbitrary nonnegative initial data ρ0 ∈ H1, there exists g0 =

g0(ρm) > 0 sufficiently large that the solution of the static problem (3.6) is globally regular

for all g ≥ g0.

Proof. Let g0, N0 be chosen as in Proposition 3.1.3 (and therefore T∗ is fixed). Let t0 ≥ 0 be

the first time such that ∥ρ−ρm∥2L2 = N0. If t0 = ∞, then this means that ∥ρ(t)−ρm∥2L2 ≤

N0 for all t ≥ 0 as N0 ≥ ∥ρ0 − ρm∥2L2 . Hence by the regularity criterion stated in Theorem

3.3.3, we are already done. We may then suppose that t0 <∞. By Proposition 3.1.3, there

exists T1 ∈ [t0 + T∗/2, t0 + T∗] such that ∥ρ(t0 + T1)− ρm∥2L2 = N0/8 < N0. Moreover, we

know that sup0≤t≤t0+T∗ ∥ρ(t)− ρm∥2L2 ≤ 2N0. Then let t1 to be the first time after t0 + T1

such that ∥ρ−ρm∥2L2 = N0. Repeating the argument above, there exists T2 ∈ [t1+T∗/2, t1+

T∗] such that ∥ρ(t1 + T2) − ρm∥2L2 = N0/8 and supt0+T1≤t≤t1+T∗ ∥ρ(t) − ρm∥2L2 ≤ 2N0.

Repeating such steps indefinitely and using T∗ > 0:

sup
t≥0

∥ρ(t)− ρm∥2L2 ≤ 2N0 <∞,

which implies global well-posedness by the L2 criterion in Theorem 3.3.3.

3.5 Analysis of the Full Keller-Segel-Navier-Stokes Problem

In this section, we study the full Keller-Segel-Navier-Stokes system (3.4), and we prove

Proposition 3.1.4. For the readers’ convenience, let us recall the system (3.4) here:

∂tρ+ u · ∇ρ−∆ρ+ div(ρ∇(−∆N )−1(ρ− ρm)) = 0, (3.43a)

∂tu+ u · ∇u−B∆u+∇p = Bgρ(0, 1)T , div u = 0, (3.43b)

∂2ρ
∣∣
∂Ω

= 0, u2|∂Ω = 0, ∂2u1|∂Ω = 0, (3.43c)

ρ(0, x) = ρ0(x) ≥ 0, u(0, x) = u0(x), (3.43d)
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As pointed out in Section 3.1.2, we will prove Proposition 3.1.4 with bootstrap assump-

tion (3.11). We will do so by appropriately setting up a comparison scheme between the

full problem (3.43) and the static problem (3.6). By examining Proposition 3.1.3 more

closely, we observe that the damping effect induced by the static problem (3.6) becomes

significant only when the L2 norm of the cell density becomes sufficiently large i.e. N0 as

specified in the statement of Proposition 3.1.3. Therefore, in the case of the full problem

(3.43), we decompose the full solution (ρ, u) into the static problem dynamics (ρs, us) and

the remainder term (r, v) as L2 norm of ρ turns to the level of N0. We then show suitable

estimates for remainder term (r, v), and show that they can be dominated by the damping

effect introduced by the static part.

From now, given initial data (ρ0, u0), we fix N0 and T∗ as in Proposition 3.1.3. Namely,

we choose N0 so large that (3.33) and (3.34) hold, and then set T∗ = 2c0N
−1
0 . Moreover,

the thresholds g1, B1 ≥ 1 are chosen to be sufficiently large in the course of our proof,

whose exact values will be summarized in Remark 3.5.8. For the rest of this section, we

assume g ≥ g1 and B ≥ B1 by default.

We organize this section in the following way: in Section 3.5.1, we prove preliminary

estimates of various derivatives to both ρ and u given bootstrap assumption (3.11). In

Section 3.5.2 and Section 3.5.3, we prove suitable estimates for u ·∇u and ∂tu respectively,

which are crucial in closing the bootstrap argument. In Section 3.5.4, we set up a compar-

ison scheme in between the full problem (3.43) and the static problem (3.6) so as to close

the bootstrap argument.

3.5.1 Preliminary Estimates

For the rest of this section, we will consider a solution (ρ, u) to system (3.4) with initial

data (ρ0, u0). We begin with several preliminary estimates for ρ, u, and some of their

derivatives. Such estimates will be instrumental in later estimates of ∂tu and u · ∇u under

the bootstrap assumption. First, we introduce a time-integrated bound for ∇ρ on any time

interval of scale T∗.
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Lemma 3.5.1. For arbitrary t0 ∈ [0, T0] and given bootstrap assumption (3.11), we have

∫ t0+T∗/9

t0

∥∇ρ∥2L2dt ≤ 18N0. (3.44)

Here, we recall that [0, T0] is the bootstrap horizon.

Proof. This lemma follows directly from applying Corollary 3.4.4 with M = 9N0.

We then give an estimate of u that is uniform over the time interval [0, T0+T∗/9], which

is slightly longer than the bootstrap horizon. In the mean time, we also show a bound on

∇u on an interval of scale T∗.

Lemma 3.5.2. Given bootstrap assumption (3.11), the following estimate holds:

sup
0≤t≤T0+T∗/9

∥u(t)∥2L2 ≤ C(ρm, ∥u0∥L2)g2N0. (3.45)

Moreover, for arbitrary t0 ∈ [0, T0], we have the following gradient bound:

∫ t0+T∗/9

t0

∥∇u(s)∥2L2ds ≤ C(ρm, ∥u0∥L2)g2 (3.46)

Proof. Fix t ∈ [0, T0 + T∗/9]. Testing (3.43b) by u and using Cauchy-Schwarz inequality,

we obtain that

1

2

d

dt
∥u∥2L2 +

∫
Ω
uj∂juiuidx+B

∫
Ω
u∆udx = Bg

∫
Ω
ρu2dx ≤ Bg∥ρ∥L2∥u∥L2 . (3.47)

To treat the second and third term on LHS above, we use div u = 0 and u2|∂Ω = 0 to

deduce that∫
Ω
uj∂juiuidx =

1

2

∫
Ω
uj∂j |u|2dx = −1

2

∫
Ω
div u|u|2dx+

∫
T
u2|u|2

∣∣∣x2=π

x2=0
dx1 = 0.

Similarly, ∫
Ω
u∆udx =

∫
T

∫ π

0
uj∂i∂iujdx2dx1 = −∥∇u∥2L2 +

∫
T
uj∂2uj

∣∣∣x2=π

x2=0
dx1

= −∥∇u∥2L2 +

∫
T
(u1∂2u1 + u2∂2u2)

∣∣∣x2=π

x2=0
dx1 = −∥∇u∥2L2 ,
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where we used the Lions boundary condition in the final equality. Combining the two

identities above with (3.47), we have

1

2

d

dt
∥u∥2L2 +B∥∇u∥2L2 ≤ Bg∥ρ∥L2∥u∥L2 (3.48)

On the other hand, we apply Poincaré inequality (3.14) and apply Cauchy-Schwarz

inequality to (3.48), which yields the following differential inequality:

d

dt
∥u∥2L2 ≤ −B

C
∥u∥2L2 + 4CBg2∥ρ∥2L2 .

Further invoking Duhamel’s formula, we deduce from the above estimate that:

∥u(t)∥2L2 ≤ e−
B
C
t∥u0∥2L2 + 4CBg2

∫ t

0
e−

B
C
(t−s)∥ρ(s)∥2L2ds, (3.49)

for t ∈ [0, T0 + T∗/9]. To estimate (3.49), we first use bootstrap assumption (3.11) and

Corollary 3.4.4 to conclude that

sup
0≤t≤T0+T∗/9

∥ρ(t)− ρm∥2L2 ≤ 18N0.

Then, we deduce from (3.49) that:

∥u(t)∥2L2 ≤ ∥u0∥2L2 + 4CBg2( sup
0≤t≤T0+T∗/9

∥ρ(t)− ρm∥2L2 + 2π2ρ2m)

∫ t

0
e−

B
C
(t−s)ds

≤ ∥u0∥2L2 + 4CBg2(18N0 + 2π2ρ2m) ·B−1(1− e−
Bt
C )

≤ ∥u0∥2L2 + C(ρm)g2N0 ≤ C(ρm, ∥u0∥L2)g2N0

where third inequality follows from ρ2m ≤ 1
2ρmN0 due to our choice of N0 ≥ 2ρm. We also

used g,N0 ≥ 1 in the final inequality. This concludes the proof of (3.45).

To show (3.46), we start with (3.48) to deduce that

1

2

d

dt
∥u∥2L2 +B∥∇u∥2L2 ≤ C(ρm, ∥u0∥L2)Bg(18N0 + 2π2ρ2m)1/2gN

1/2
0 ≤ C(ρm, ∥u0∥L2)Bg2N0,

where we invoked the bootstrap assumption and (3.45) in the second inequality. Fixing

t0 ∈ [0, T0], and integrating the above from t0 to t0 + T∗/9, we obtain that

B

∫ t0+T∗/9

t0

∥∇u(t)∥2L2dt ≤ ∥u0∥2L2 + C(ρm, ∥u0∥L2)Bg2N0 · c0N−1
0 ≤ C(ρm, ∥u0∥L2)Bg2,
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where the last inequality holds as g,B ≥ 1. Now, the desired estimate follows from dividing

on both sides of the above inequality by B.

We conclude this subsection by an estimate on the time derivative of cell density ρ.

Lemma 3.5.3. Assume the bootstrap assumption (3.11). For any t0 ∈ [0, T0], we have

∫ t0+T∗/9

t0

∥∂tρ∥2H−1
0
dt ≤ C(ρm, ∥u0∥L2)g2N2

0 (3.50)

Proof. Picking arbitrary φ ∈ H1
0 and using (3.43a), we have∣∣∣∣∫

Ω
∂tρφdx

∣∣∣∣ ≤ ∣∣∣∣∫
Ω
u · ∇ρφdx

∣∣∣∣+ ∣∣∣∣∫
Ω
∆ρφdx

∣∣∣∣+ ∣∣∣∣∫
Ω
φdiv(ρ∇(−∆N )−1(ρ− ρm))dx

∣∣∣∣ =:

3∑
i=1

Ii.

Using incompressibility of u and integrating by parts, we first see that

I1 =

∣∣∣∣∫
Ω
u · ∇φ(ρ− ρm)dx

∣∣∣∣ ≤ ∥ρ− ρm∥L∞∥u∥L2∥∇φ∥L2 ,

Applying integration by parts in a similar fashion and using Sobolev embeddings as well

as Hölder’s inequality, we also have

I2 =

∣∣∣∣∫
Ω
∇ρ · ∇φdx

∣∣∣∣ ≤ ∥∇ρ∥L2∥∇φ∥L2 ,

I3 =

∣∣∣∣∫
Ω
ρ∇φ · ∇(−∆N )−1(ρ− ρm)dx

∣∣∣∣ ≤ ∥ρ∥L4∥∇(−∆N )−1(ρ− ρm)∥L4∥∇φ∥L2

≤ ∥ρ∥L4∥ρ− ρm∥L2∥∇φ∥L2 ≤ ∥ρ∥1/2L∞∥ρ− ρm∥3/2
L2 ∥∇φ∥L2 .

Combining estimates of Ii above and using duality, we conclude that for any t ∈ [t0, t0 +

T∗/9]:

∥∂tρ∥2H−1
0

≲ ∥ρ− ρm∥2L∞∥u∥2L2 + ∥∇ρ∥2L2 + ∥ρ∥L∞∥ρ− ρm∥3L2

≤ C(ρm, ∥u0∥L2)(g2N3
0 +N

5/2
0 ) + ∥∇ρ∥2L2

≤ C(ρm, ∥u0∥L2)g2N3
0 + ∥∇ρ∥2L2 ,
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where we used the bootstrap assumption (3.11), Proposition 3.4.3, and Lemma 3.5.2 in

the second inequality. Finally, we integrate over [t0, t0 + T∗/9] and invoke Lemma 3.5.1 to

conclude that

∫ t0+T∗/9

t0

∥∂tρ∥2H−1
0
dt ≤ c0N

−1
0

9
· C(ρm, ∥u0∥L2)g2N3

0 + 18N0 ≤ C(ρm, ∥u0∥L2)g2N2
0

since g ≥ 1 and N0 ≥ 1.

3.5.2 Control of the Advection Term

In this subsection, we estimate the advection term u · ∇u on any time interval of length T

in the bootstrap horizon.

Lemma 3.5.4. Assume the bootstrap assumption (3.11) holds and fix arbitrary T ∈ (0, T0+

T∗/9). There exists a constant C0 = C0(ρm, ∥u0∥L2) such that for B ≥ C0gN1/2
0 , the

following estimate holds:

∫ t0+T

t0

∥u · ∇u(t)∥2L2dt ≤ C(ρm, ∥u0∥1)g2N0(g
2N0T + 1), (3.51)

for any t0 ∈ [0, T0 + T∗/9− T ].

Proof. First using Hölder inequality and Ladyzhenskaya’s inequality in 2D, we observe that

∥u · ∇u∥L2 ≤ ∥u∥L4∥∇u∥L4 ≲ ∥u∥1/2
L2 ∥u∥1∥∇u∥

1/2
1

≤ ∥u∥1/2
L2 (∥u∥L2 + ∥∇u∥L2)(∥∇u∥1/2

L2 + ∥∇2u∥1/2
L2 )

= ∥u∥3/2
L2 ∥∇u∥

1/2
L2 + ∥u∥3/2

L2 ∥∇2u∥1/2
L2 + ∥u∥1/2

L2 ∥∇u∥
3/2
L2 + ∥u∥1/2

L2 ∥∇u∥L2∥∇2u∥1/2
L2

We show how to estimate the most singular term ∥u∥1/2
L2 ∥∇u∥L2∥∇2u∥1/2

L2 , and the rest of

the terms follow from a similar argument. Using the interpolation inequality ∥∇u∥2L2 ≤

∥u∥L2∥∆u∥L2 for u ∈W , and the calculus lemma A.1.3, we have

∥u∥L2∥∇u∥2L2∥∇2u∥L2 ≤ ∥u∥2L2∥∆u∥2L2 . (3.52)
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Integrating (3.52) in time from t0 to t0 + T and using (3.45), we have∫ t0+T

t0

∥u∥2L2∥∆u∥2L2dt ≤ sup
0≤t≤T0+T∗/9

∥u(t)∥2L2

∫ t0+T

t0

∥∆u(t)∥2L2dt

≤ C(ρm, ∥u0∥L2)g2N0

∫ t0+T

t0

∥∆u(t)∥2L2dt,

where we used (3.45) in the second inequality. Proceeding similarly with other terms, we

can conclude the following bound:

∫ t0+T

t0

∥u · ∇u∥2L2dt ≤ C(ρm, ∥u0∥L2)g2N0

∫ t0+T

t0

∥∆u∥2L2dt. (3.53)

Thus to close the estimate, we need to obtain a control of ∆u over an interval of length T .

Testing (3.43b) by −∆u, we obtain that for any t ∈ (t0, t0 + T ):

1

2

d

dt
∥∇u∥2L2 +B∥∆u∥2L2 =

∫
Ω
(∆u)(u · ∇u)dx+Bg

∫
Ω
ρ∆u2dx

≤ ∥∆u∥L2∥u · ∇u∥L2 +
B

4
∥∆u∥2L2 +Bg2∥ρ∥2L2

≤ C∥u∥L2∥∆u∥2L2 +
B

4
∥∆u∥2L2 +Bg2∥ρ∥2L2

≤ C(ρm, ∥u0∥L2)gN
1/2
0 ∥∆u∥2L2 +

B

4
∥∆u∥2L2 +Bg2∥ρ∥2L2 , (3.54)

where we used (3.52) in the second inequality and (3.45) in the last inequality above.

Choose

B ≥ 4C(ρm, ∥u0∥L2)gN
1/2
0 =: C0gN1/2

0 , (3.55)

where constant C(ρm, ∥u0∥L2) is the one appearing the last inequality of (3.54). Plugging

(3.55) into (3.54) and rearranging, we have

d

dt
∥∇u∥2L2 +B∥∆u∥2L2 ≤ 2Bg2∥ρ∥2L2 ≤ 2Bg2(18N0 + 2π2ρ2m),

for t ∈ (t0, t0 + T ). Here, we used the bootstrap assumption (3.11) and Corollary 3.4.4.

Now integrating from t0 to t0 + T , we obtain that

B

∫ t0+T

t0

∥∆u(t)∥2L2dt ≤ ∥∇u0∥2L2 + C(ρm)Bg2N0T ≤ C(ρm, ∥u0∥1)(Bg2N0T + 1).
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After dividing by B,

∫ t0+T

t0

∥∆u(t)∥2L2dt ≤ C(ρm, ∥u0∥1)(g2N0T + 1),

where we used B ≥ 1 in the inequality. Combining with (3.53), we obtain the desired

result.

3.5.3 Control of ∂tu

In this section, our ultimate goal is to show both a pointwise-in-time and a time-integrated

bound on the time derivative ∂tu. As the first step, we show an estimate of ∂tu near time

zero, which is presented in Lemma 3.5.5. The fundamental reason that we prove this lemma

is rather technical: we do not assume appropriate compatibility condition on initial datum

u0. For such general datum, one generally cannot obtain a pointwise-in-time control of

∥∂tu(0, ·)∥L2 by naively taking the limit of t→ 0 using the equation. (We refer to [59] for

a more detailed discussion on compatible data for parabolic problems.) While a control

of ∂tu exactly at time zero is not available in general, we may instead control ∥∂tu∥L2 at

some later time due to parabolic smoothing. More precisely, we have:

Lemma 3.5.5. Define a time instance s0 := c0min(∥ρ0−ρm∥−2
L2 , ρ

−1
m ), where c0 is fixed as

in Corollary 3.4.4. Then for B ≥ gmax(C0N1/2
0 , N0), where C0 is defined in Lemma 3.5.4,

we have: ∫ s0

0
∥∂tu(t)∥2L2dt ≤ C(ρm, ∥u0∥1)B2g2. (3.56)

In particular, there exists τ0 ∈ (0, s0) such that

∥∂tu(τ0)∥2L2 ≤ C(ρm, ∥u0∥1)B2g2

s0
=: C1(ρm, ∥ρ0 − ρm∥L2 , ∥u0∥1)B2g2. (3.57)

Proof. Note that given (3.56), (3.57) directly follows from Chebyshev’s inequality. Hence,

we focus on showing (3.56). Multiplying ∂tu on both sides of (3.43b) and integrating in

space, we have

∥∂tu∥2L2 +B

∫
Ω
∂tu · (−∆u)dx = Bg

∫
Ω
ρ∂tu2dx−

∫
Ω
∂tu(u · ∇u)dx. (3.58)
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Since u ∈W , we can further compute that

1

2

d

dt
∥∇u∥2L2 =

∫
Ω
∂t∂iuj∂iujdx =

∫
Ω
∂tu · (−∆u)dx+

∫
∂Ω
∂tuj∂2ujdS

=

∫
Ω
∂tu · (−∆u)dx+

∫
∂Ω
∂tu1∂2u1dS +

∫
∂Ω
∂tu2∂2u2dS =

∫
Ω
∂tu · (−∆u)dx,

where we used the boundary conditions u2|∂Ω = ∂2u1|∂Ω = 0 in the third inequality above.

Combining with (3.58) and using Cauchy-Schwarz inequality, we obtain the following en-

ergy inequality:

∥∂tu∥2L2 +
B

2

d

dt
∥∇u∥2L2 ≤ 1

2
∥∂tu∥2L2 +

3

4

(
B2g2∥ρ∥2L2 + ∥u · ∇u∥2L2

)
, t ∈ [0, s0].

Rearranging and integrating in time from 0 to s0, we have

B∥∇u(s0)∥2L2 +

∫ s0

0
∥∂tu(t)∥2L2dt ≤ B∥∇u0∥2L2 +

3

2

∫ s0

0

(
B2g2∥ρ(t)∥2L2 + ∥u · ∇u(t)∥2L2

)
dt.

(3.59)

Invoking Lemma 3.5.4 with t0 = 0, T = s0, we arrive at

∫ s0

0
∥u · ∇u(t)∥2L2dt ≤ C(ρm, ∥u0∥1)g2N0(g

2N0s0 + 1).

Note that we can indeed invoke Lemma 3.5.4 here due to s0 < T0 and our assumption on

B. Combining this bound with (3.59), we conclude that∫ s0

0
∥∂tu(t)∥2L2dt ≤ B∥∇u0∥2L2 + C(ρm, ∥u0∥1)(B2g2∥ρ0 − ρm∥2L2 · s0 + g4N2

0 s0 + g2N0)

≤ C(ρm, ∥u0∥1)(B +B2g2 + g4N2
0 s0 + g2N0) ≤ C(ρm, ∥u0∥1)B2g2,

where the last inequality follows from choosing B2 ≥ g2N2
0 ≥ N0, as well as the fact that

s0 ≤ ρ−1
m . Hence, we have shown (3.56).

With the L2 estimate (3.57) of ∂tu near time zero above, we may further derive the

following crucial estimates of ∂tu up to T0 thanks to the bootstrap assumption (3.11). More

precisely:
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Lemma 3.5.6. Assume the bootstrap assumption (3.11) holds. There exists τ0 < s0 and

B0(ρm, ∥u0∥1) large so that for any B ≥ B0g
2,

sup
τ0≤t≤T0

∥∂tu(t)∥2L2 ≤ 5C1(ρm, ∥ρ0 − ρm∥L2 , ∥u0∥1)B2g2, (3.60)

where C1 is defined in (3.57). Moreover, for any t0 ∈ [τ0, T0], we have

∫ t0+T∗/9

t0

∥∂tu(t)∥2L2dt ≤ C(ρm, ∥u0∥1)Bg2. (3.61)

Additionally, if t0 ∈ [τ0, T0 − 8
9T∗], then

∫ t0+T∗

t0

∥∂tu(t)∥2L2dt ≤ C(ρm, ∥u0∥1)Bg2. (3.62)

Remark 3.5.7. We remark that (3.61) does not follow directly from integrating (3.60) in

time. In fact, doing so will only lead to an insufficient upper bound of size B2g2N−1
0 .

Proof. The proof for this lemma is rather lengthy, so we split the proof in several steps.

Step 1: Energy Estimate for ∂tu. We start with the evolution of ∂tu. By differentiating

(3.43b) in time, it is straightforward to check that ∂tu satisfies the following equation:

∂2t u+ ∂tu · ∇u+ u · ∇∂tu−B∆∂tu+∇∂tp = Bg(∂tρ)(0, 1)
T .

Testing by ∂tu, using div(∂tu) = 0 and the fact that ∂tu still satisfies the Lions boundary

condition, we have for arbitrary ϵ > 0 that

1

2

d

dt
∥∂tu∥2L2 +B∥∇∂tu∥2L2 = −

∫
Ω
(∂tuj)(∂jui)(∂tui)dx+Bg

∫
Ω
∂tρ∂tu2dx

≤ −
∫
Ω
(∂tuj)(∂jui)(∂tui)dx+ ϵB∥∂tu2∥2H1

0
+ C(ϵ)Bg2∥∂tρ∥2H−1

0

≤ −
∫
Ω
(∂tuj)(∂jui)(∂tui)dx+ ϵCB∥∇∂tu∥2L2 + C(ϵ)Bg2∥∂tρ∥2H−1

0
,

(3.63)

where we used the H1
0–H

−1
0 duality in the first inequality, and Poincaré inequality in the

final inequality. The use of duality is indeed valid since the Lions boundary condition

implies that u2, and thus ∂tu2, satisfies zero Dirichlet boundary condition.
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To estimate the first term on the RHS of the estimate above, an application of La-

dyzhenskaya’s inequality in 2D and Cauchy-Schwarz inequality gives:∫
Ω
(∂tuj)(∂jui)(∂tui)dx ≤ ∥∂tu∥2L4∥∇u∥L2 ≤ C∥∂tu∥L2(∥∂tu∥L2 + ∥∇∂tu∥L2)∥∇u∥L2

≤ B

4
∥∇∂tu∥2L2 +

C

B
∥∂tu∥2L2∥∇u∥2L2 + C∥∂tu∥2L2∥∇u∥L2 .

(3.64)

Now choosing ϵ > 0 sufficiently small in (3.63), combining with (3.64), and rearranging,

we have the following differential inequality:

d

dt
∥∂tu∥2L2 ≤ −B∥∇∂tu∥2L2 +

C

B
∥∂tu∥2L2∥∇u∥2L2 + C∥∂tu∥2L2∥∇u∥L2 + CBg2∥∂tρ∥2H−1

0

≤
(
C

B
∥∇u∥2L2 + C∥∇u∥L2 −

B

CP

)
∥∂tu∥2L2 + CBg2∥∂tρ∥2H−1

0
,

(3.65)

where we used the Poincaré inequality (3.14) in the second inequality.

Choose τ0 as in Lemma 3.5.5. We write (3.65) in Duhamel form and use (3.57) to

obtain that, for any t ∈ [τ0, τ0 + T∗/9],

∥∂tu(t)∥2L2 ≤ C1B2g2 exp

(
−B(t− τ0)

CP
+ C

∫ t

τ0

(
1

B
∥∇u(s)∥2L2 + ∥∇u(s)∥L2

)
ds

)

+ CBg2
∫ t

τ0

exp

(
−B(t− s)

CP
+ C

∫ t

s

(
1

B
∥∇u(τ)∥2L2 + ∥∇u(τ)∥L2

)
dτ

)
× ∥∂tρ(s)∥2H−1

0
ds

≤ C1B2g2 exp

(
−B(t− τ0)

CP
+ C(ρm, ∥u0∥1)

(
g2

B
+ g(t− τ0)

1/2

))

+ CBg2
∫ t

τ0

exp

(
−B(t− s)

CP
+ C(ρm, ∥u0∥1)

(
g2

B
+ g(t− s)1/2

))
× ∥∂tρ(s)∥2H−1

0
ds.

(3.66)

Here, we used (3.46) in the second inequality above. We also utilized the following conse-
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quence of (3.46): for any τ0 ≤ a ≤ b ≤ a+ T∗/9,

∫ b

a
∥∇u(s)∥L2ds ≤ (b− a)1/2

(∫ a+T∗/9

a
∥∇u(s)∥2L2ds

)1/2

≤ C(ρm, ∥u0∥1)g(b− a)1/2.

Then, we choose B sufficiently large that

B ≥ C2
log 2

g2, (3.67)

where C2 := C(ρm, ∥u0∥1) is the constant appeared in (3.66). This reduces (3.66) to

∥∂tu(t)∥2L2 ≤ 2C1B2g2 exp

(
−B(t− τ0)

CP
+ C2g(t− τ0)

1/2

)

+ CBg2
∫ t

τ0

exp

(
−B(t− s)

CP
+ C2g(t− s)1/2

)
∥∂tρ(s)∥2H−1

0
ds =: I1 + I2.

(3.68)

This concludes the proof of energy estimates that we will use in later steps.

Step 2: Proof of (3.60). The plan of proving (3.60) is as follows: we first show a uniform

bound similar to the desired control (3.60), yet on a shorter time interval, together with

an improved bound at the endpoint of this interval. Namely, we will show that

sup
τ0≤t≤τ0+T∗/9

∥∂tu(t)∥2L2 ≤ 5C1B2g2, (3.69)

and additionally

∥∂tu(τ0 + T∗/9)∥2L2 ≤ C1B2g2 = ∥∂tu(τ0)∥2L2 . (3.70)

With (3.69) and (3.70), we can prove (3.60) using an iteration argument.

Step 2.1: Proof of (3.69) and (3.70). To prove the desired estimates (3.69) and (3.70),

we study the inequality (3.68). The key point is that we have to estimate (3.68) in two

different time scales. Roughly speaking, we will choose B−1 ≪ T∗ i.e. the dissipation

time for u being much smaller than that for ρ. In this scenario, ∥∂tu∥L2 may grow on

time interval [τ0, τ0 + B−1], but it will not grow much due to smallness of B−1. Yet on
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[τ0 + B−1, τ0 + T∗/9], the dissipation effect becomes significant and is sufficient to damp

growth generated by nonlinear terms.

More precisely, let us choose B such that

100CP

B
<

c0
9N0

=
T∗
9
, B ≥ 100CPC2

2

(log 2)2
g2, (3.71)

where CP is the Poincaré constant appeared in (3.68). From (3.71), we obtain

exp

(
−B(t− a)

CP
+ C2g(t− a)1/2

)
≤ exp

(
−B(t− a)

CP

)
exp

(
10
√
CPC2g√
B

)
≤ 2, (3.72)

for any time a so that 0 ≤ t− a ≤ 100CP
B .

Estimate on [τ0, τ0 +
100CP

B ]. If t ∈ [τ0, τ0 +
100CP

B ], we may invoke (3.72) to estimate I1

and I2 by:

I1 ≤ 4C1B2g2, I2 ≤ CBg2
∫ τ0+T∗/9

τ0

∥∂tρ(s)∥2H−1
0
ds ≤ C(ρm, ∥u0∥L2)Bg4N2

0 ,

where we used Lemma 3.5.3 in the last inequality. Choosing B sufficiently large that

C(ρm, ∥u0∥L2)g2N2
0 <

C1B
2
, (3.73)

where C(ρm, ∥u0∥L2) is the constant appearing in the previous estimate. We then conclude

that

sup
τ0≤t≤τ0+

100CP
B

∥∂tu(t)∥2L2 < 5C1B2g2. (3.74)

Estimate on (τ0 +
100CP

B , τ0 + T∗/9]. Suppose that t ∈ (τ0 +
100CP

B , τ0 + T∗/9]. In this

case, we further choose B large so that

B ≥ (2CPC2)2

100CP
g2. (3.75)

Such choice guarantees that for any time a ∈ [τ0, t− 100CP
B ], we have

−B(t− a)

CP
+ C2g(t− a)1/2 ≤ −B(t− a)

2CP
≤ −50. (3.76)
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Therefore using (3.76), we can bound I1 and I2 in (3.68) by

I1 ≤ 2C1B2g2 exp

(
−B(t− τ0)

2CP

)
≤ e−50C1B2g2 <

1

4
C1B2g2. (3.77)

I2 = CBg2

(∫ t− 100CP
B

τ0

+

∫ t

t− 100CP
B

)
exp

(
−B(t− s)

CP
+ C2g(t− s)1/2

)
∥∂tρ(s)∥2H−1

0
ds

≤ CBg2(e−50 + 2)

∫ τ0+T∗/9

τ0

∥∂tρ(s)∥2H−1
0
ds ≤ C(ρm, ∥u0∥L2)Bg4N2

0 ,

(3.78)

where we used (3.76) to estimate the first integral and (3.72) to estimate the second integral

in the first inequality above. Then we choose B even larger that

C(ρm, ∥u0∥L2)g2N2
0 ≤ C1

2
B, (3.79)

where C(ρm, ∥u0∥L2) is the constant appearing in the last line of (3.78). Combining (3.79)

with (3.78), we conclude that I2 in (3.68) can be bounded as follows:

I2 ≤
C1
2
B2g2. (3.80)

Finally, we combine (3.77) and (3.80) to deduce that

sup
τ0+

100CP
B

≤t≤τ0+T∗/9

∥∂tu(t)∥2L2 < C1B2g2. (3.81)

Collecting both (3.74) and (3.81) directly yields (3.69) and (3.70).

Step 2.2: Iterative Procedure. With (3.69) and (3.70), we may start to iterate Step

2.1 and 2.2 for subsequent time intervals [τ0 + iT∗/9, τ0 + (i+ 1)T∗/9], i ≥ 1. Notice that

all estimates involved in Step 2.1 and 2.2 only used that [τ0, τ0+T∗/9] ⊂ [0, T0+T∗/9] and

∥∂tu(τ0)∥2L2 ≤ C1B2g2. Hence, we may define i∗ to be the largest natural number so that

[τ0 + i∗T∗/9, τ0 + (i∗ + 1)T∗/9] ⊂ [0, T0 + T∗/9]. The above arguments will conclude that

sup
τ0≤t≤τ0+(i∗+1)T∗/9

∥∂tu(t)∥2L2 ≤ 5C1B2g2.
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Wemay without loss of generality consider T0 <∞. In this case, by definition of i∗, we must

have τ0+(i∗+1)T∗/9 > T0, since otherwise [τ0+(i∗+1)T∗/9, τ0+(i∗+2)T∗/9] ⊂ [0, T0+T∗/9],

contradicting the maximality of i∗. We may then conclude that

sup
τ0≤t≤T0

∥∂tu(t)∥2L2 ≤ sup
τ0≤t≤τ0+(i∗+1)T∗/9

∥∂tu(t)∥2L2 ≤ 5C1B2g2.

This concludes the proof of (3.60), after we choose threshold B0 so large that (3.67), (3.71),

(3.73), (3.75), and (3.79) hold for all B ≥ B0g
2. Note that we can indeed choose such B0,

since all conditions of choosing B assume the form B ≥ Cg2 with some C.

Step 3: Proof of (3.61). We write (3.68) in Duhamel form starting at time t0 ∈ [τ0, T0]:∫ t0+T∗/9

t0

∥∂tu(t)∥2L2dt ≤ 2∥∂tu(t0)∥2L2

∫ t0+T∗/9

t0

exp

(
− B

CP
(t− t0) + C2g(t− t0)

1/2

)
dt

+ CBg2
∫ t0+T∗/9

t0

∫ t

t0

exp

(
− B

CP
(t− s) + C2g(t− s)1/2

)
× ∥∂tρ(s)∥2H−1

0
dsdt

≤ 10C1B2g2
∫ t0+T∗/9

t0

exp

(
− B

CP
(t− t0) + C2g(t− t0)

1/2

)
dt

+ CBg2
∫ t0+T∗/9

t0

∫ t

t0

exp

(
− B

CP
(t− s) + C2g(t− s)1/2

)
× ∥∂tρ(s)∥2H−1

0
dsdt.

(3.82)

Here, we used (3.60) in the second inequality. Since (3.71) and (3.75) hold, we may run a

similar argument in deducing (3.72) and (3.76) to conclude that

exp

(
− B

CP
(t− s) + C2g(t− s)1/2

)
≤

2 exp
(
−B(t−s)

CP

)
, 0 ≤ t− s ≤ 100CP

B ,

exp
(
−B(t−s)

2CP

)
, 100CP

B < t− s ≤ T∗
9 ,

≤ 2 exp

(
−B(t− s)

2CP

)
,

(3.83)
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for 0 ≤ t− s ≤ T∗/9. Applying (3.83) to (3.82), we have∫ t0+T∗/9

t0

∥∂tu(t)∥2L2dt ≤ C(ρm, ∥u0∥1)B2g2
CP

B

(
1− e

−BT∗
18CP

)

+ CBg2
∫ t0+T∗/9

t0

(∫ s

t0

e
−B(t−s)

2CP dt

)
∥∂tρ(s)∥2H−1

0
dt

≤ C(ρm, ∥u0∥1)Bg2 + Cg2
∫ t0+T∗/9

t0

∥∂tρ(s)∥2H−1
0
dt

≤ C(ρm, ∥u0∥1)(Bg2 + g4N2
0 ) ≤ C(ρm, ∥u0∥1)Bg2,

if we choose B sufficiently large that

B ≥ g2N2
0 . (3.84)

Note that we used (3.60) and Fubini theorem in the first inequality, and Lemma 3.5.3 in

the third inequality. This concludes the proof of (3.61) after we choose threshold B0 so

that (3.67), (3.71), (3.73), (3.75), (3.79), and (3.84) hold for all B ≥ B0g
2.

Step 4: Proof of (3.62). Given t0 ∈ [τ0, T0 − 8
9T∗], we note that (3.62) follows directly

from (3.61):∫ t0+T∗

t0

∥∂tu(t)∥2L2dt =

8∑
i=0

∫ t0+(i+1)T∗/9

t0+iT∗/9
∥∂tu(t)∥2L2dt ≤ C(ρm, ∥u0∥1)Bg2,

where we applied (3.61) for each term in the inequality above.

3.5.4 Closing the Bootstrap

In this section, we show the improved estimate as stated in Proposition 3.1.4. Consider a

time instance T1 to be the first time such that ∥ρ − ρm∥2L2 achieves N0, where we recall

that N0 was chosen to satisfy (3.33) and (3.34). Note that T1 verifies the following two

properties:

1. T1 > s0, where s0 is chosen as in Lemma 3.5.5;

2. T1 + T∗ < T0.
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The first property is due to N0 > 2∥ρ0 − ρm∥2L2 and Corollary 3.4.4; the second property

is due to the choice that T∗ = 2c0N
−1
0 .

Now, we set up the following comparison scheme: let ρs, us be the (global) regular

solution to the following static problem


∂tρs + us · ∇ρs −∆ρs + div(ρs∇(−∆N )−1(ρs − (ρs)m)) = 0,

−∆us +∇ps = gρs(0, 1)
T , div us = 0,

∂2ρs
∣∣
∂Ω

= 0, (us)2
∣∣
∂Ω

= ∂2(us)1
∣∣
∂Ω

= 0, ρs(0, x) = ρ(T1, x) ≥ 0.

(3.85)

Define r(t, x) = ρ(t, x)− ρs(t− T1, x), v(t, x) = u(t, x)− us(t− T1, x) for t ∈ [T1, T1 + T∗].

A straightforward computation yields the following equations for r and v:

∂tr−∆r+ v ·∇ρ+us ·∇r+div(r∇(−∆N )−1(ρ−ρm))+div(ρs∇(−∆N )−1r) = 0, (3.86a)

−∆v +∇(B−1p− ps) = − 1

B
∂tu− 1

B
(u · ∇u) + gr(0, 1)T , div v = 0, (3.86b)

r(T1, x) = 0, v(T1, x) = u(T1, x)− us(T1, x), (3.86c)

∂2r|∂Ω = 0, v2|∂Ω = ∂2v1|∂Ω = 0. (3.86d)

Notice that in the derivation of (3.86a), we used the fact that

ρ(t, x)− ρm − (ρs(t− T1, x)− (ρs)m) = ρ(t, x)− ρs(t− T1, x) = r(t, x),

thanks to the observation that (ρs)m = (ρ(T1, ·))m = ρm. Our plan is to establish appro-

priate controls of ∥r(t)∥L2 and ∥ρs(t− T1)− ρm∥L2 on time interval [T1, T1 + T∗].

Step 1: Control of ∥r(t)∥L2. To control the remainder r, we study (3.86a) by testing

this equation by r. By incompressibility of us, we deduce that for any t ∈ [T1, T1 + T∗]:

1

2

d

dt
∥r∥2L2 + ∥∇r∥2L2 = −

∫
Ω
rv · ∇ρ−

∫
Ω
r div(r∇(−∆N )−1(ρ− ρm))

×−
∫
Ω
r div(ρs∇(−∆N )−1r)

= K1 +K2 +K3.
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We first treat K2,K3. Integrating by parts, we have

K2 =
1

2

∫
Ω
∇(r2) · ∇(−∆N )−1(ρ− ρm) =

1

2

∫
Ω
r2(ρ− ρm)dx

≤ 1

2
∥ρ− ρm∥L∞∥r∥2L2 . (3.87)

To estimate K3, we integrate by parts and obtain

K3 =

∫
Ω
ρs∇r · ∇(−∆N )−1rdx ≤ ∥∇r∥L2∥ρs∥L4∥∇(−∆N )−1r∥L4

≤ 1

4
∥∇r∥2L2 +

3

4
∥ρs∥2L4∥∇(−∆N )−1r∥2L4

≤ 1

4
∥∇r∥2L2 +

3

4
∥ρs∥2L4∥r∥2L2 , (3.88)

where we used the Sobolev embedding H1 ⊂ L4 and elliptic estimates. Finally, we treat

K1, which potentially contributes the growth of ∥r∥L2 due to the appearance of v in the

term. In fact, we have

K1 = −
∫
Ω
rv · ∇ρdx =

∫
Ω
div(rv)ρdx−

∫
∂Ω
rv2ρdσ

=

∫
Ω
∇r · vρdx ≤ ∥∇r∥L2∥v∥L∞∥ρ∥L2 ≤ 1

4
∥∇r∥2L2 +

3

8
∥v∥22∥ρ∥2L2 ,

where we used v2|∂Ω = 0 in the third equality, and Sobolev embedding H2 ⊂ L∞ in the

final inequality.

Now, we claim that −B−1∂tu(t, ·)−B−1u ·∇u+gr(t, ·)(0, 1)T ∈ H. Indeed, as u(t, ·) ∈

W by Theorem 3.3.2, we have
∫
Ω u1(x)dx = 0. This leads to∫

Ω

(
−B−1∂tu+ gr(0, 1)T

)
1
dx =

∫
Ω
−B−1∂tu1dx = −B−1∂t

∫
Ω
u1(x)dx = 0.

Moreover, we observe that using Lions boundary condition satisfied by u,∫
Ω
(u · ∇u)1dx =

∫
Ω
uj∂ju1dx = −

∫
Ω
div uu1dx+

∫
∂Ω
u2u1dS(x) = 0.

The two computations above readily verify the claim. Hence, we are eligible to apply the

elliptic estimate (3.15) and obtain

∥v∥22 ≲
1

B2
(∥∂tu∥2L2 + ∥u · ∇u∥2L2) + g2∥r∥2L2 .
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We therefore estimate K1 by

K1 ≤
1

4
∥∇r∥2L2 + C

(
1

B2
(∥∂tu∥2L2 + ∥u · ∇u∥2L2) + g2∥r∥2L2

)
∥ρ∥2L2 (3.89)

Combining (3.89), (3.87), and (3.88), we have the following differential inequality: for any

t ∈ [T1, T1 + T∗],

d

dt
∥r∥2L2 + ∥∇r∥2L2 ≤ C

(
g2∥ρ∥2L2 + ∥ρ− ρm∥L∞ + ∥ρs∥2L4

)
∥r∥2L2

+
C

B2
∥ρ∥2L2

(
∥∂tu∥2L2 + ∥u · ∇u∥2L2

)
≤ F (t)∥r∥2L2 +

C

B2
(∥ρ− ρm∥2L2 + 2π2ρ2m)

(
∥∂tu∥2L2 + ∥u · ∇u∥2L2

)
,

where we set F (t) = C(g2∥ρ(t)∥2L2 + ∥ρ(t) − ρm∥L∞ + ∥ρs(t − T1)∥2L4). Note that by the

bootstrap assumption, Proposition 3.4.3, Proposition 3.1.3, and g ≥ 1, we have

∫ T1+T∗

T1
F (s)ds ≤ C(ρm, ∥ρ0∥L2)g2.

Now we would like to estimate ∥r(t)∥2L2 on [T1, T1 + T∗]. Since r(T1, x) = 0, an

application of Grönwall inequality and bootstrap assumption (3.11) yields that for any

t ∈ [T1, T1 + T∗]:

∥r(t)∥2L2 ≤ C

B2

∫ t

T1
(∥ρ(s)− ρm∥2L2 + 2π2ρ2m)

(
∥∂tu(s)∥2L2 + ∥u · ∇u(s)∥2L2

)
ds

×
[
exp

(∫ t

T1
F (s)ds

)]

≤ C(ρm, ∥ρ0 − ρm∥L2)eg
2 · 1

B2

∫ T1+T∗

T1

(
∥∂tu(s)∥2L2 + ∥u · ∇u(s)∥2L2

)
ds (3.90)

Choose

B ≥ max(B0g
2, C0gN1/2

0 ), (3.91)

where B0 and C0 are chosen as in Lemma 3.5.6 and Lemma 3.5.4 respectively. Then we
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may invoke (3.62) (since T1+T∗ < T0 and T1 > s0 ≥ τ0) and Lemma 3.5.4 to estimate that∫ T1+T∗

T1
∥∂tu(s)∥2L2 + ∥u · ∇u(s)∥2L2ds ≤ C(ρm, ∥u0∥1)(g2B + g4N2

0T∗ + g2N0)

= C(ρm, ∥u0∥1)(g2B + g4N0 + g2N0),

where we used the fact that T∗ = 2c0N
−1
0 in the last equality. Combining this estimate

with (3.90), we obtain

sup
T1≤t≤T1+T∗

∥r(t)∥2L2 ≤ C(ρm, ∥ρ0 − ρm∥L2 , ∥u0∥1)
(g2B + g4N0 + g2N0)e

g2

B2

≤ C(ρm, ∥ρ0 − ρm∥L2 , ∥u0∥1)
g2eg

2

B
,

(3.92)

where we used g ≥ 1 and (3.91) in the last inequality above. Now choosing

B ≥ 4C(ρm, ∥ρ0 − ρm∥L2 , ∥u0∥1)
N0

g2eg
2
, (3.93)

where C(ρm, ∥ρ0 − ρm∥L2 , ∥u0∥1) is the constant appearing in the last line of (3.92), we

deduce that

sup
T1≤t≤T1+T∗

∥r(t)∥2L2 ≤ N0

4
. (3.94)

Step 2: Control of ∥ρs(t − T1) − ρm∥L2. Since ρs satisfies the static problem (3.85),

we shall use Proposition 3.1.3 to demonstrate that ρs produces sufficient damping so as to

close the bootstrap argument. However, there is a technical caveat: N0 is chosen according

to initial datum ρ0, while ρs corresponds to initial datum ρ(T1, ·), which has a different L2

norm from ρ0. Therefore, applying Proposition 3.1.3 to ρs will produce new thresholds,

which we call Ñ0, T̃∗, and g̃0. Yet, we will demonstrate that one is still able to produce

sufficient damping from ρs.

Recall that (ρs)m = ρm, and ∥ρs(0, ·) − ρm∥2L2 = N0 by the definition of T1. Then by

Proposition 3.1.3, setting

Ñ0 = max

(
1, 2ρm, 2N0,

323C1ρ
4
m(15/8 + 2C1c0)

4c0

)
,
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T̃∗ = 2c0Ñ0
−1

, there exists g̃0 = g̃0(Ñ0, ρm) such that for any g ≥ g̃0, we have sup0≤τ≤T̃∗
∥ρs(τ)−

ρm∥2L2 ≤ Ñ0, and there exists T̃ ∈ (T̃∗/2, T̃∗) such that ∥ρs(T̃ )− ρm∥2L2 ≤ Ñ0
8 . An elemen-

tary but crucial observation is that Ñ0 = 2N0: this is because we choose N0 to satisfy

(3.33) and (3.34), from which we have

N0 ≥ max

(
1, 2ρm,

323C1ρ
4
m(15/8 + 2C1c0)

4c0

)

and therefore Ñ0 = 2N0. Thus by definition, we also have T̃∗ =
T∗
2 .

Now, we choose

g1 = g1(∥ρ0 − ρm∥L2 , ρm) := g̃0(Ñ0, ρm). (3.95)

With the discussions above, we conclude the following: assuming g ≥ g1, then there is

∥ρs(t)− ρm∥2L2 ≤ Ñ0 = 2N0

for t ∈ [0, T∗/2]. Moreover, there exists S1 := T̃ ∈ [T∗/4, T∗/2] such that

∥ρs(S1)− ρm∥2L2 ≤ Ñ0

8
=
N0

4
.

Step 3: Proof of Improved Estimate (3.12). By triangle inequality and (3.94):

sup
T1≤t≤T1+T∗/2

∥ρ(t)− ρm∥2L2 ≤ 2 sup
T1≤t≤T1+T∗/2

∥ρs(t− T1)− ρm∥2L2 + 2 sup
T1≤t≤T1+T∗/2

∥r(t)∥2L2

≤ 4N0 +
N0

4
< 5N0,

and

∥ρ(T1 + S1)− ρm∥2L2 ≤ N0

2
+
N0

4
< N0.

Now, we may iterate this argument in a similar spirit to the proof of (3.62) in Lemma

3.5.6. For any i > 1, with Ti−1 and Si−1 ∈ [T∗/4, T∗/2] defined, we consider Ti to be the

first time instance after Ti−1 + Si−1 such that ∥ρ − ρm∥2L2 = N0. By definition of Ti, we

have Ti − Ti−1 ≥ Si−1 ≥ T∗/4. Moreover, we note that Ti still verifies that Ti > s0 and
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Ti + T∗ < T0. Indeed, the first inequality is due to the monotonicity of Ti in i, and the

second inequality holds true since T∗ is the least doubling time of ∥ρ− ρm∥2L2 at level N0.

So we may repeat Step 2 and 3 above on interval [Ti, Ti + T∗]:

sup
Ti≤t≤Ti+T∗/2

∥ρ(t)− ρm∥2L2 ≤ 5N0,

and

∥ρ(Ti + Si)− ρm∥2L2 ≤ N0,

for some Si ∈ [T∗/4, T∗/2]. Iterating for j∗ := ⌊4T0T∗
⌋+ 1 times, we reach the estimate that

sup
0≤t≤Tj∗+T∗/2

∥ρ(t)− ρm∥2L2 ≤ 5N0.

However, we must have Tj∗ +T∗/2 ≥ T0, since Ti+1−Ti ≥ T∗/4 for every i. From this fact,

we conclude that

sup
0≤t≤T0

∥ρ(t)− ρm∥2L2 ≤ sup
0≤t≤Tj∗+T∗/2

∥ρ(t)− ρm∥2L2 ≤ 5N0,

which is the improved bound (3.12).

Remark 3.5.8. We summarize the choice of thresholds g1 and B1 as follows. We first

choose g1 = g1(ρm, ∥ρ0 − ρm∥L2) as in (3.95). Fixing g ≥ g1, we then choose B1 =

B1(ρm, ∥ρ0 − ρm∥L2 , ∥u0∥1) large so that (3.91) and (3.93) hold for all B ≥ B1g
2eg

2
.

3.6 Discussions

In this section, we discuss extensions of Theorem 3.1.1 and some open problems.

1. By performing a similar, but less laborious, analysis, one could prove a similar result

to Theorem 3.1.1 to the following Keller-Segel-Stokes system:


∂tρ+ u · ∇ρ−∆ρ+ div(ρ∇(−∆N )−1(ρ− ρm)) = 0,

ρm = 1
|Ω|
∫
Ω ρ(t, x)dx,

∂tu− 1
Re∆u+∇p = Ra ρ(0, 1)T ,

div u = 0.

(3.96)
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equipped with boundary conditions

∂2ρ = 0, u2 = 0, ∂2u1 = 0, on ∂Ω. (3.97)

The proof of this result was contained in an earlier ArXiv version of this work,

but we only presented the Keller-Segel-Navier-Stokes case here due to considerable

redundancies in the proof of the Keller-Segel-Stokes case.

2. It is natural to attempt to generalize our main result to the Keller-Segel-Navier-

Stokes system equipping classical no-slip boundary condition on the Navier-Stokes

equation. However, in this case, the existence of more singular boundary layers might

complicate the analysis. Such effect is manifested in a different leading order problem.

Instead of considering the Biot-Savart law u = −g∇⊥(−∆D)
−2∂1ρ as we did in this

work, one needs to use u = ∇⊥ψ, where ψ solves the following bi-harmonic equation

(see [46, 109, 108] for a more detailed discussion):

{
∆2ψ = ∂1ρ,

ψ|∂Ω = ∂2ψ|∂Ω = 0.
(3.98)
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4. Suppression of Chemotactic Blowup by Strong
Buoyancy in Stokes-Boussinesq Flow with Cold
Boundary

This chapter is a reproduction of the published work [76], which is joint with Alexander

Kiselev.

4.1 Introduction

The Keller-Segel equation is a well known model of chemotaxis [89, 110]. It describes a

population of bacteria or slime mold that move in response to attractive external chemical

that they themselves secrete. The equation has interesting analytical properties: its solu-

tions can form mass concentration singularities in dimension greater than one (see e.g. [111]

where further references can be found). Often, chemotactic processes take place in ambient

fluid. One natural question is then how the presence of fluid flow can affect singularity

formation. In the case where the ambient flow is passive - prescribed and independent of

the bacteria density - it has been shown that the presence of the flow can suppress singu-

larity formation. The flows that have been analyzed include some flows with strong mixing

properties [92], shear flows [8], hyperbolic splitting flow [67], and some cellular flows [86].

In a similar vein, [42] explored advection induced regularity for the Kuramoto-Sivashinsky

equation. The paper [63] studied the phenomena of delayed blow up by transport noise in

a more general framework nonlinear PDE that includes the Keller-Segel, Fisher-KPP, and

Kuramoto-Sivashinsky equations.

The case where the fluid flow is active - satisfies some fluid equation driven by force

exerted the bacteria - is very interesting but harder to analyze. There have been many

impressive works that analyzed such coupled systems, usually via buoyancy force; see for

example [49, 52, 101, 100, 102, 31, 53, 118, 125, 126] where further references can be found.

In some cases results involving global existence of regular solutions (the precise notion of

their regularity is different in different papers) have been proved. These results, however,

apply either in the settings where the initial data satisfy some smallness assumptions (e.g.

[52, 102, 31]) or in the systems where both fluid and chemotaxis equations may not form
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a singularity if not coupled (e.g. [125, 118, 126]). Recently, in [66] and [131], the authors

analyzed Patlak-Keller-Segel equation coupled to the Navier-Stokes equation near Couette

flow. Based on ideas of blowup suppression in shear flows and stability of the Couette flow,

the authors proved that global regularity can be enforced if the amplitude of the Couette

flow is dominantly large and if the initial flow is very close to it.

In the recent work of the authors joint with Yao [77], the two dimensional Keller-

Segel equation coupled with the incompressible porous media via buoyancy force has been

analyzed. It has been proved that in this case, an arbitrary weak coupling constant (i.e,

gravity) completely regularizes the system, and the solutions become globally regular for

any reasonable initial data. At the heart of the proof is the analysis of potential energy,

whose time derivative includes a coercive ”main term” ∥∂x1ρ∥2H−1
0

(where ρ is the bacteria

density). Essentially, this H−1
0 norm has to become small, and intuitively this implies

mixing in the x1 direction. Hence the solution becomes in some sense quasi-one-dimensional

and this arrests singularity formation.

Our goal in this paper is to analyze the Keller-Segel equation in an arbitrary smooth

domain in dimensions two and three coupled to the Stokes flow via buoyancy force:
∂tρ+ u · ∇ρ−∆ρ+ div(ρ∇(−∆)−1ρ) = 0, x ∈ Ω,

∂tu−∆u+∇p = gρez, div u = 0, x ∈ Ω,

u(0, x) = u0(x), ρ(0, x) = ρ0(x), ρ0(x) ≥ 0,

u|∂Ω = 0, ρ|∂Ω = 0.

(4.1)

Here Ω is a smooth, compact domain in Rd, d = 2 or 3. ez denotes the unit vector

(0, 1) when d = 2 or (0, 0, 1) when d = 3. g ∈ R+ is the Rayleigh number representing

the buoyancy strength. Moreover, the operator (−∆)−1 denotes the inverse homogeneous

Dirichlet Laplacian corresponding to the domain Ω. Throughout this work, we will always

work with nonnegative initial density ρ0, which is biologically relevant. In the case of the

Stokes flow, the fluid velocity is more regular, and the equation includes time derivative

that complicates matters, partly due to a loss of a “Biot-Savart law” that relates ρ and u

directly. We are unable to prove global regularity for all g, and we are not sure if it is true.
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Our main result is global regularity for strong buoyancy. The proof is completely different

from [77]: it relies on softer arguments and the analysis of the large buoyancy limit.

The first part of this paper, corresponding to Section 3.3, addresses the local well-

posedness of strong solutions to (4.1). Before we make precise of the notion of a strong

solution, we shall first introduce the following useful function spaces: to study the regularity

properties of ρ, we consider

H1
0 := completion of C∞

c (Ω) with respect to H1 norm,

H−1
0 := dual space of H1

0 .

Moreover, we use the traditional notationW k,p(Ω) to denote Sobolev spaces equipped with

norm ∥ ·∥k,p in domain Ω. If p = 2, we in particular write Hk(Ω) =W k,2(Ω) equipped with

norm ∥ · ∥k. We will write W k,p (or Hk) instead of W k,p(Ω) (or Hk(Ω)) for simplicity if

there is no confusion over the domain involved. We also say an n-vector field v = (vi)i ∈ Hk

if vi ∈ Hk for i = 1, . . . , n.

As we also need to work with Stokes equation, it is standard to introduce the following

spaces:

C∞
c,σ := {u ∈ C∞

c (Ω) | div u = 0},

H := completion of C∞
c,σ with respect to L2 norm,

V := H ∩H1
0 (Ω), V

∗ := dual space of V,

where V is equipped with H1
0 norm, and V ∗ is equipped with the standard dual norm.

We also recall the following useful operators: the Leray projector P : L2 → H and the

Stokes operator A := −P∆ : D(A) = H2 ∩ V → H. We refer the readers to [36] for a

more thorough treatment of such operators. As a common practice in the study of Stokes

equation, one may equivalently rewrite the fluid equation as:

∂tu+Au = gP(ρez), (4.2)

We will often use this formulation in regularity estimates for the rest of this work.
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To make our discussion more precise, we give rigorous definition of a strong solution

and a regular solution to (4.1).

Definition 4.1.1. Given initial data ρ0 ∈ H1
0 , u0 ∈ V , and some T > 0, we say the pair

(ρ(t, x), u(t, x)) is a strong solution to (4.1) on [0, T ] if

ρ ∈ C([0, T ];H1
0 ) ∩ L2((0, T );H2 ∩H1

0 ), u ∈ C([0, T ];V ) ∩ L2((0, T );H2 ∩ V ),

∂tρ ∈ C([0, T ];H−1
0 ), ∂tu ∈ C([0, T ];V ∗),

and (ρ, u) satisfy (4.1) in the distributional sense. Moreover, a solution is regular if it is

strong and additionally

ρ ∈ C∞((0, T ]× Ω), u ∈ C∞((0, T ]× Ω).

With this definition, we are able to obtain the following local well-posedness result:

Theorem 4.1.2. Given initial data ρ0 ∈ H1
0 , u0 ∈ V with ρ0 ≥ 0, there exists a T∗ =

T∗(∥ρ0∥L2) > 0 such that there exists a unique strong solution (ρ, u) to problem (4.1) on

[0, T∗].

It will be convenient for us to assume that T∗ ≤ 1 to simplify some estimates.

We will then prove a regularity criterion which allows us to continue a strong solution

of (4.1) as long as the L
4

4−d

t L2
x norm of ρ is controlled. More precisely, we have

Theorem 4.1.3. Let Ω ⊂ Rd, d = 2, 3, be a smooth, bounded domain. If the maximal

lifespan T0 of the strong solution (ρ, u) to problem (4.1) is finite, then necessarily

lim
t↗T0

∫ t

0
∥ρ∥

4
4−d

L2 ds = ∞.

We remark that a similar result was proved in [92] in the periodic setting for the

uncoupled Keller-Segel equation.

In the second part of this work, namely Section 4.2.5, we will quantify the quenching

effect of the Stokes-Boussinesq flow with strong buoyancy on the Keller-Segel equation
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equipped with homogeneous Dirichlet boundary condition. To be more precise, we show

that the flow can suppress the norm ∥ρ∥L2 to be sufficiently small within the time scale of

local existence. In particular, we will show the following main result of this work:

Theorem 4.1.4. For any smooth, bounded domain Ω ⊂ Rd, d = 2, 3, and arbitrary initial

data ρ0 ∈ H1
0 ∩ L∞, u0 ∈ V , with ρ0 ≥ 0, there exists g∗ = g∗(∥ρ0∥L∞ , ∥u0∥1) so that for

any g ≥ g∗, (4.1) admits a strong, global-in-time solution. In particular, ρ is quenched

exponentially fast in the sense that

∥ρ(t)∥L2 ≤ 2∥ρ0∥L2ec0(1−t), (4.3)

where c0 is a positive constant that only depends on domain Ω.

We observe that if we fix any smooth passive divergence-free u satisfying the no-flux

u·n = 0 boundary condition, then one can find smooth initial data ρ0 such that the solution

of the first equation in (4.1) will lead to finite time blow up. The argument proving this is

very similar to that of Theorem 8.1 in [92] for the case of T2; the localization used in that

proof makes it insensitive to the boundary condition.

The main step towards showing Theorem 4.1.4 is to prove that ∥ρ∥L2 can be made

arbitrarily small within a short time interval in the regime of large g. This step is based on a

rather soft compactness/rigidity argument inspired by [40], where quenching phenomena for

reaction-diffusion equations with buoyancy were explored. Due to the compactness/rigidity

nature of our method, we expect that one can extend Theorem 4.1.4 to certain unbounded

domains that admit Sobolev compactness theorems; for a description of such domains,

we refer interested readers to [1]. Extending Theorem 4.1.4 to more general unbounded

domains would need new ideas, and we are not sure such an extension would in general

hold true.

In the final part of this paper, namely Section 4.4, we provide an argument demon-

strating that a strong solution to (4.1) is in fact regular. As a consequence of this fact, the

main results (i.e. Theorem 4.1.2, Theorem 4.1.3, and Theorem 4.1.4) can all be promoted

to regular solutions. The precise statement that we will prove is the following.
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Theorem 4.1.5. Suppose (ρ, u) is the strong solution to (4.1) with initial data ρ0 ∈

H1
0 , u0 ∈ V on [0, T ] for some T > 0. Then (ρ, u) also verifies the following regularity

property:

ρ ∈ C∞((0, T ];H1
0 ∩Hk), u ∈ C∞((0, T ];V ∩Hk)

for all k ∈ N. In particular, (ρ, u) is a regular solution to (4.1).

While such regularization is expected for semilinear parabolic equations, we were unable

to locate a convenient reference for a regularity result in the scale of Sobolev spaces Hk

with large k in the scenario of (4.1). Thus for the sake of the completeness, we will give

explicit a priori estimates which lead to this higher regularity in Section 4.4.

We end this section by declaring several notations and conventions that will be used

throughout this work. We will use the expression f ≲ g to denote the following: there

exists some constant C only depending on domain Ω such that f ≤ Cg. In particular, we

will denote a generic constant depending only on Ω by C, and it could change from line to

line. Finally, we will use the Einstein summation convention. That is, by default we sum

over the repeated indices; e.g. we write aixi :=
∑

i aixi.

Acknowledgment. The authors acknowledge partial support of the NSF-DMS grants

2006372 and 2306726. We also thank anonymous referees for constructive comments which

greatly improved the presentation of this work.

4.2 Local Well-Posedness of Strong Solution

In this section, we will establish the local well-posedness of strong solutions to problem

(4.1), namely Theorem 4.1.2. It is well-known that the classical parabolic-elliptic Keller-

Segel equation is locally well-posed in domains such as Rd or Td, d = 2, 3, or in a smooth,

bounded domain with Neumann boundary condition on ρ in suitable function spaces (see

e.g. [20, 92, 125]). Since we consider a different boundary condition (i.e. Dirichlet boundary

condition on ρ), we will give a proof for the sake of completeness.
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We first set up an appropriate Galerkin scheme that uses two sets of bases in Subsection

4.2.1. In Subsection 4.2.2, we start with a set of lower order a priori energy estimates which

guarantee spatial regularity of a solution up to H2. In Subsection 4.2.3, we will complete

the proof of Theorem 4.1.2 by showing the uniqueness of strong solutions. We will then

demonstrate an L2 regularity criterion (i.e. Theorem 4.1.3) in Subsection 4.2.4. In the final

subsection, we will show the global well-posedness of strong solution equipped with small

ρ0 measured in L2 norm. Both the regularity criterion and the small-data global well-

posedness results will be instrumental in establishing the global well-posedness of (4.1).

Remark 4.2.1. We will only discuss the case when d = 3. Then d = 2 case follows from

similar (and easier) arguments.

4.2.1 Galerkin Approximations

Since (4.1) is a system of semilinear parabolic equations in a compact domain, it is con-

venient to construct a solution to (4.1) by Galerkin approximation. Let {vk}k, {λk}k be

the eigenfunctions and eigenvalues of −∆. Let {wj}j , {ηj}j be the eigenfunctions and

eigenvalues of the Stokes operator A. Consider the following approximate system:


∂tρ

(n) +Qn(u
(n) · ∇ρ(n))−∆ρ(n) +Qn(div(ρ

(n)∇(−∆)−1ρ(n))) = 0,

∂tu
(n) +Au(n) = gPn(ρ

(n)ez),

ρ(n)(0) = Qnρ0, u
(n)(0) = Pnu0,

(4.4)

where Qnf := (f, vk)L2vk, Pnf := (f, wj)L2wj . Here (·, ·)L2 denotes the standard L2-inner

product. Note that the projection operators Pn,Qn are symmetric with respect to L2

inner product. Writing the approximated solutions ρ(n)(t, x) = ρ
(n)
k (t)vk(x), u

(n)(t, x) =

u
(n)
j (t)wj(x) (recall that we are summing over repeated indices), we obtain the following

constant-coefficient ODEs in t: for l = 1, . . . , n,


d
dtρ

(n)
l + C

(n)
ljk u

(n)
j ρ

(n)
k + λlρ

(n)
l −D

(n)
ljkρ

(n)
k ρ

(n)
j = 0,

d
dtu

(n)
l + ηlu

(n)
l = gCklρ

(n)
k ez,

ρ
(n)
l (0) = (ρ0, vl)L2 , u

(n)
l (0) = (u0, wl)L2 ,

(4.5)
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where

C
(n)
ljk := (Qn(wj · ∇vk), vl)L2 , D

(n)
ljk := Qn(div(vk∇(−∆)−1vj), vl)L2 ,

Ckl := (Pvk, wl)L2 .

To close the Galerkin approximation argument, we shall prove suitable uniform-in-n energy

estimates for (ρ(n), u(n)) and pass to the limit using compactness theorems. For the sake

of simplicity, we shall prove such energy estimates in an a priori fashion, for sufficiently

regular solutions of the original system (4.1). One could verify that all estimates below

can be carried over to the approximated solutions (ρ(n), u(n)) in a straightforward manner.

4.2.2 A priori Estimates and Existence

Given initial data ρ0 ∈ H1
0 , u ∈ V , we first show the following L∞

t L
2
x and L2

tH
1
x estimates

for a strong solution (ρ, u):

Proposition 4.2.2. Given initial data ρ0 ∈ H1
0 , u ∈ V , we assume (ρ, u) is a strong

solution to (4.1) on [0, T ] for some T > 0. Then for t ∈ [0, T ], we have

d

dt
∥ρ∥2L2 + ∥∇ρ∥2L2 ≤ C1∥ρ∥6L2 ,

1

2

d

dt
∥u∥2L2 + ∥∇u∥2L2 ≤ g∥u∥L2∥ρ∥L2 , (4.6)

where C1 is a constant that only depends on domain Ω. Moreover, there exists T∗ =

T∗(∥ρ0∥L2) ∈ (0, 1], and a constant C(∥ρ0∥L2 , ∥u0∥L2) > 0 such that

sup
t∈[0,T∗]

∥ρ(t)∥2L2 +

∫ T∗

0
∥∇ρ(t)∥2L2ds ≤ 4∥ρ0∥2L2 . (4.7)

sup
t∈[0,T∗]

∥u(t)∥2L2 +

∫ T∗

0
∥∇u(t)∥2L2ds ≤ C(∥ρ0∥L2 , ∥u0∥L2)(g2 + 1). (4.8)

Proof. First by testing the ρ-equation of (4.1) by ρ and integrating by parts, we have

1

2

d

dt
∥ρ∥2L2 + ∥∇ρ∥2L2 =

1

2

∫
Ω
ρ3dx ≤ C∥ρ∥3/2

L2 ∥∇ρ∥
3/2
L2 ≤ 1

2
∥∇ρ∥2L2 + C∥ρ∥6L2 ,
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where we used the following standard Gagliardo-Nirenberg inequality in 3D for f ∈ H1
0

(see [1], for example):

∥f∥3L3 ≤ C∥f∥3/2
L2 ∥∇f∥

3/2
L2 .

After rearranging, we obtain the first inequality of (4.6). Similarly, we test the u-equation

of (4.1) by u. After integration by parts, we have

1

2

d

dt
∥u∥2L2 + ∥∇u∥2L2 = g

∫
Ω
u · (ρez)dx ≤ g∥u∥L2∥ρ∥L2 , (4.9)

which proves the second inequality in (4.6). In order to obtain the estimate (4.7), ob-

serve that from the differential inequality (4.6) that ∥ρ∥2L2 satisfies, there exists T∗ =

min(c∥ρ0∥−4
L2 , 1) such that

sup
t∈[0,T∗]

∥ρ(t)∥2L2 ≤ 2∥ρ0∥2L2 (4.10)

and ∫ T∗

0
∥ρ(t)∥4L2dt ≤

1

2

for some c > 0. Integrating the ρ-differential inequality in (4.6) from 0 to T∗, we have

∫ T∗

0
∥∇ρ(t)∥2L2dt ≤ ∥ρ0∥2L2 + 2∥ρ0∥2L2

∫ T∗

0
∥ρ(t)∥4L2dt ≤ 2∥ρ0∥2L2 . (4.11)

Then (4.7) is proved after combining (4.10) and (4.11).

Finally, to obtain (4.8), we integrate (4.9) from 0 to t ∈ (0, T∗), using (4.7), and taking

supremum over t, we have

sup
t∈[0,T∗]

∥u(t)∥L2 ≤ 8g∥ρ0∥L2T∗ + ∥u0∥L2 . (4.12)

Using (4.7) and (4.12) in the integrated in time version of (4.9), we obtain that

∫ T∗

0
∥∇u(s)∥2L2ds ≤ ∥u0∥2L2 + 4gT∗∥ρ0∥L2(8g∥ρ0∥L2T∗ + ∥u0∥L2) (4.13)

The proof of (4.8) is finished after we combine (4.12) and (4.13).
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Remark 4.2.3. From now on, any appearance of T∗ refers to the time T∗ chosen in

Proposition 4.2.2.

With Proposition 4.2.2, we will derive the following upgraded temporal and spatial

regularity estimates for solution (ρ, u) within the time interval [0, T∗].

Proposition 4.2.4. Assuming (ρ, u) to be a strong solution to (4.1) with initial data

ρ0 ∈ H1
0 , u ∈ V , there exists C(ρ0, u0, g) > 0 such that∫ T∗

0

(
∥ρ(t)∥22 + ∥u(t)∥22 + ∥∂tρ(t)∥2L2 + ∥∂tu(t)∥2L2

)
dt

+ sup
t∈[0,T∗]

(∥ρ(t)∥21 + ∥u(t)∥21) ≤ C(ρ0, u0, g).

Proof. Testing the ρ-equation in (4.1) by −∆ρ and integrating by parts, we obtain:

1

2

d

dt
∥∇ρ∥2L2 + ∥∆ρ∥2L2 =

∫
Ω
∆ρ(u · ∇ρ) +

∫
Ω
∆ρdiv(ρ∇(−∆)−1ρ) = I + J.

Let us fix ϵ > 0. Using Sobolev embedding, Poincaré inequality, and Young’s inequality

with ϵ, we can estimate I by:

I ≤ ∥∆ρ∥L2∥∇ρ∥L2∥u∥L∞ ≤ ϵ∥∆ρ∥2L2 + C(ϵ)∥u∥22∥∇ρ∥2L2 .

Moreover, we can write J as:

J =

∫
Ω
∆ρ
(
∇ρ · ∇(−∆)−1ρ− ρ2

)
dx = J1 + J2.

Using elliptic estimates and Gagliardo-Nirenberg inequality, we can estimate J1 by:

J1 ≤ ∥∆ρ∥L2∥∇ρ∥L3∥∇(−∆)−1ρ∥L6 ≲ ∥∆ρ∥L2∥∇ρ∥L3∥∇(−∆)−1ρ∥1

≲ ∥∆ρ∥L2∥∇ρ∥1/2
L2 ∥∇ρ∥

1/2
1 ∥ρ∥L2 ≲ ∥ρ∥3/22 ∥∇ρ∥1/2

L2 ∥ρ∥L2

≤ ϵ∥∆ρ∥2L2 + C(ϵ)∥∇ρ∥2L2∥ρ∥4L2 ,

where we also used Young’s inequality in the final step.

We are going to use the following Gagliardo-Nirenberg inequalities: in dimension three,

∥ρ∥L4 ≲ ∥∆ρ∥3/8
L2 ∥ρ∥

5/8
L2 ; ∥ρ∥L4 ≲ ∥ρ∥3/41 ∥ρ∥1/4

L2 .
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Then we can estimate J2 as follows:

J2 ≤ ∥∆ρ∥L2∥ρ∥2L4 ≤ C∥∆ρ∥L2∥∆ρ∥1/2
L2 ∥ρ∥

5/6
L2 ∥ρ∥

1/2
1 ∥ρ∥1/6

L2

= C∥∆ρ∥3/2
L2 ∥ρ∥

1/2
1 ∥ρ∥L2 ≤ ϵ∥∆ρ∥2L2 + C(ϵ)∥∇ρ∥2L2∥ρ∥4L2 ,

Collecting the estimates above and choosing ϵ to be sufficiently small, we obtain the fol-

lowing:

d

dt
∥∇ρ∥2L2 + ∥∆ρ∥2L2 ≲

(
∥ρ∥4L2 + ∥u∥22

)
∥∇ρ∥2L2 (4.14)

On the other hand, we test (4.2) by Au. Integrating by parts, we have

1

2

d

dt
∥∇u∥2L2 + ∥Au∥2L2 = g

∫
Ω
Au · ρez ≤

1

2
∥Au∥2L2 +

g2

2
∥ρ∥2L2

Rearranging the above and using Theorem A.2.1, we conclude that,

d

dt
∥∇u∥2L2 + ∥u∥22 ≤ g2∥ρ∥2L2 ≤ 4g2∥ρ0∥2L2 , t ∈ [0, T∗], (4.15)

where the last inequality is due to Proposition 4.2.2. Integrating (4.15) from 0 to t, t ≤ T∗

and then taking supremum of t on [0, T∗], we obtain

sup
t∈[0,T∗]

∥∇u(t)∥2L2 ≤ 4g2∥ρ0∥2L2T∗ + ∥∇u0∥2L2 ;

in addition, ∫ T∗

0
∥u(t)∥22 ≤ 4g2∥ρ0∥2L2T∗ + ∥∇u0∥2L2 . (4.16)

It follows that

sup
t∈[0,T∗]

∥u(t)∥21 +
∫ T∗

0
∥u(t)∥22dt ≤ C(u0, ρ0, g).

Integrating (4.14) and using (4.16), we have that for all t ∈ [0, T∗],

∥∇ρ(t)∥2L2 ≲ ∥ρ0∥21 exp
(∫ T∗

0
(∥ρ∥4L2 + ∥u∥22ds

)
≤ ∥ρ0∥21 exp

(
C(ρ0, g)T∗ + ∥u0∥21

)
<∞.
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Similarly to the case of u, we can also use (4.14) to control
∫ T∗
0 ∥ρ(t)∥22dt as well, arriving

at

sup
t∈[0,T∗]

∥ρ(t)∥21 +
∫ T∗

0
∥ρ(t)∥22 ≤ C(u0, ρ0, g).

We have thus showed the spatial regularity of ρ and u.

Finally, we shall obtain regularity estimates for the time derivatives. Using the equation

(4.1), we see that

∂tρ = −u · ∇ρ+∆ρ− div(ρ∇(−∆)−1ρ) and ∂tu = −Au+ gP(ρez).

Using standard Sobolev embeddings and elliptic estimates, we have the following bounds:∫ T∗

0
∥u · ∇ρ(t)∥2L2dt ≤

∫ T∗

0
∥u∥2L6∥∇ρ∥2L3dt ≲ sup

t∈[0,T∗]
∥u(t)∥21

∫ T∗

0
∥ρ(t)∥22dt,

∫ T∗

0
∥∆ρ∥2L2dt ≤

∫ T∗

0
∥ρ(t)∥22dt,

∫ T∗

0
∥ div(ρ∇(−∆)−1ρ)∥2L2dt ≲

∫ T∗

0
∥ρ∥4L4 + ∥∇ρ · ∇(−∆)−1ρ∥2L2dt

≲ sup
t∈[0,T∗]

∥ρ(t)∥41T∗ + sup
t∈[0,T∗]

∥ρ(t)∥21
∫ T∗

0
∥ρ(t)∥22dt,

∫ T∗

0
∥Au∥2L2 + g∥Pρ∥2L2dt ≤

∫ T∗

0
∥u∥22 + g∥ρ∥2L2dt.

The above estimates and bounds we proved earlier imply that

∫ T∗

0
∥∂tρ∥2L2dt+

∫ T∗

0
∥∂tu∥2L2dt ≤ C(u0, ρ0, g),

and the proof is thus complete.

With the regularity estimates above, we may construct solutions (ρ, u) from (ρ(n), u(n)).

The following standard compactness theorem is useful. We refer interested readers to

Theorem IV.5.11 in [21] and Theorem 4 of Chapter 5 in [59] for related proofs.
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Theorem 4.2.5. Let

E1 := {ρ ∈ L2((0, T );H2 ∩H1
0 ), ∂tρ ∈ L2((0, T );L2)},

E2 := {u ∈ L2((0, T );H2 ∩ V ), ∂tu ∈ L2((0, T );H)}

for some T > 0. Then E1 is continuously embedded in C([0, T ], H1
0 ), and E2 is continuously

embedded in C([0, T ], V ).

With the compactness theorem above, we are ready to show the existence part of

Theorem 4.1.2 as follows.

Corollary 4.2.6. Given initial data ρ0 ∈ H1
0 , u ∈ V , there exists a strong solution (ρ, u)

of the system (4.1) satisfying

ρ ∈ C([0, T∗];H
1
0 ) ∩ L2((0, T∗);H

2 ∩H1
0 ), u ∈ C([0, T∗];V ) ∩ L2((0, T∗);H

2 ∩ V ), (4.17)

∂tρ ∈ C([0, T∗];H
−1
0 ), ∂tu ∈ C([0, T∗];V

∗). (4.18)

Proof. The uniform bounds in Proposition 4.2.4 inform us that there exists a subsequence

of {ρ(n)}n, {u(n)}n, which we still denote by ρ(n), u(n), and ρ, u, such that

1. ρ(n) ⇀ ρ weak-∗ in L∞((0, T∗);H
1
0 ), weakly in L2((0, T∗);H

2 ∩ H1
0 ); ∂tρ

(n) ⇀ ∂tρ

weakly in L2((0, T∗);L
2),

2. u(n) ⇀ u weak-∗ in L∞((0, T∗);V ), weakly in L2((0, T∗);H
2∩V ); ∂tu

(n) ⇀ ∂tu weakly

in L2((0, T∗);H).

It is straightforward to check that the limits ρ and u satisfy (4.1) in the sense of distribution.

Invoking Theorem 4.2.5, we have proved (4.17).

Now, we show ∂tu ∈ C([0, T∗];V
∗). In view of (4.2), it suffices to show that −Au +

gρe2 ∈ C([0, T∗];V
∗). For simplicity, we show that the most singular termAu ∈ C([0, T∗];V

∗).

But this is indeed true as u ∈ C([0, T∗];V ) and A is a bounded linear operator from V to

V ∗. Hence, ∂tu ∈ C([0, T∗];V
∗).

To show the needed regularity of ∂tρ, it suffices to show that

−u · ∇ρ+∆ρ− div(ρ∇(−∆)−1ρ) ∈ C([0, T∗];H
−1
0 ).
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A similar argument to how we treat Au will yield ∆ρ ∈ C([0, T∗];H
−1
0 ). We then prove

strong continuity for the most singular nonlinear term u·∇ρ, and the term div(ρ∇(−∆)−1ρ)

will follow from a similar argument. Let t, s ∈ [0, T∗]. Picking φ ∈ H1
0 and integrating by

parts, we have∫
Ω
(u(t, x) · ∇ρ(t, x)− u(s, x) · ∇ρ(s, x))φ(x)dx

=

∫
Ω
(u(t, x)− u(s, x)) · ∇ρ(t, x)φdx+

∫
Ω
u(s, ·) · ∇(ρ(t, x)− ρ(s, x))φ(x)dx

=

∫
Ω
div((u(t, x)− u(s, x))ρ(t, x))φdx+

∫
Ω
div(u(s, ·)(ρ(t, x)− ρ(s, x)))φ(x)dx

= −
∫
Ω
((u(t, x)− u(s, x))ρ(t, x)) · ∇φdx−

∫
Ω
(u(s, ·)(ρ(t, x)− ρ(s, x))) · ∇φ(x)dx.

The first term on RHS can be estimated by:∫
Ω
((u(t, x)− u(s, x))ρ(t, x)) · ∇φdx ≤ ∥u(t, ·)− u(s, ·)∥L3∥ρ(t, ·)∥L6∥φ∥1

≲ ∥u(t, ·)− u(s, ·)∥1∥ρ(t, ·)∥1∥φ∥1

≤ C(ρ0, u0, g)∥u(t, ·)− u(s, ·)∥1∥φ∥1.

Note that we used Sobolev embedding in the second inequality and the uniform bound of ρ

in L∞((0, T∗);H
1
0 ) norm in the last inequality. Similarly, we can estimate the second term

on RHS by:

∫
Ω
(u(s, ·)(ρ(t, x)− ρ(s, x))) · ∇φ(x)dx ≤ C(ρ0, u0, g)∥ρ(t, ·)− ρ(s, ·)∥1∥φ∥1

thanks to u ∈ L∞((0, T );V ). Combining the two estimates above and using duality, we

conclude that

∥u(t, ·)·∇ρ(t, ·)−u(s, ·)·∇ρ(s, ·)∥H−1
0

≤ C(ρ0, u0, g)(∥u(t, ·)−u(s, ·)∥1+∥ρ(t, ·)−ρ(s, ·)∥1) → 0

as t→ s due to u ∈ C([0, T∗];V ) and ρ ∈ C([0, T∗];H
1
0 ). This verifies ∂tρ ∈ C([0, T∗];H

−1
0 ),

and we have proved (4.18).
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4.2.3 Uniqueness

In this section, we show the uniqueness of regular solutions to problem (4.1).

Proposition 4.2.7. Given two solutions (ρ1, u1), (ρ2, u2) defined on the same time interval

[0, T ] with the same initial data (ρ0, u0), it holds that ρ1 ≡ ρ2, u1 ≡ u2 on [0, T ].

Proof. Consider the differences of the two pairs of solutions: r = ρ1 − ρ2, w = u1 − u2. A

straightforward computation yields the following equations satisfied by r, w:{
∂tr −∆r + u1 · ∇r + w · ∇ρ2 + div(r∇(−∆)−1ρ1 − ρ2∇(−∆)−1r) = 0,

∂tw +Aw = gP(rez),

with boundary conditions r|∂Ω = 0, w|∂Ω = 0 and zero initial condition. Testing the

r-equation by r, we obtain

1

2

d

dt
∥r∥2L2 + ∥∇r∥2L2 = −

∫
Ω
ru1 · ∇r −

∫
Ω
r(w · ∇ρ2) +

∫
Ω
r∇r · ∇(−∆)−1ρ1

−
∫
Ω
ρ2∇r · ∇(−∆)−1r = I1 + I2 + I3 + I4.

Using incompressibility of u1, we immediately have I1 = 0 via integration by parts. Using

Hölder inequality and Sobolev embedding, we can estimate I2 by:

I2 ≤ ∥r∥L2∥w∥L6∥∇ρ2∥L3 ≲ ∥r∥L2∥w∥1∥ρ2∥2 ≤ ϵ∥w∥21 + C(ϵ)∥ρ2∥22∥r∥2L2

for any ϵ > 0. Using elliptic estimates, Sobolev embedding, and Gagliardo-Nirenberg-

Sobolev inequalities, we may estimate I3 by:

I3 ≤ ∥∇r∥L2∥r∥L3∥∇(−∆)−1ρ1∥L6 ≲ ∥∇r∥L2∥r∥1/2
L2 ∥∇r∥

1/2
L2 ∥ρ1∥L2

≲ ∥ρ1∥L2∥∇r∥3/2
L2 ∥ρ∥

1/2
L2 ≤ ϵ∥∇r∥2L2 + C(ϵ)∥ρ1∥4L2∥r∥2L2 .

Similarly, we can estimate I4 by

I4 ≲ ∥ρ2∥L∞∥r∥L2∥∇r∥L2 ≲ ∥ρ2∥2∥r∥L2∥∇r∥L2 ≤ ϵ∥∇r∥2L2 + C(ϵ)∥ρ2∥22∥r∥2L2 .

On the other hand, we test the w-equation by w:

1

2

d

dt
∥w∥2L2 + ∥∇w∥2L2 = g

∫
Ω
w · rez ≤

1

2
∥w∥2L2 +

g2

2
∥r∥2L2 .
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Consider E(t) := ∥w∥2L2 + ∥r∥2L2 . Collecting the estimates above and choosing ϵ > 0 to be

sufficiently small, we have the following inequality:

dE

dt
≤ C(∥ρ2∥22 + ∥ρ1∥4L2 + g2)E(t) =: Cf(t)E(t).

Since (ρi, ui) are strong solutions for i = 1, 2, we know that f ∈ L1([0, T ]). Since (r, w)

assumes zero initial condition, we have E(0) = 0. Then an application of Grönwall’s

inequality on time interval [0, T ] implies E(t) = 0 for all t ∈ [0, T ] Hence, uniqueness of

strong solution is proved.

4.2.4 Regularity Criterion

In this section, we aim to prove Theorem 4.1.3. We first need the following fact on the

monotonicity of L1 norm of cell density ρ:

Lemma 4.2.8. Assume Ω to be a smooth domain in either R2 or R3. Let (ρ, u) be a

strong solution to problem (4.1) on [0, T ]. Suppose also that ρ0 is nonnegative. Then for

a.e. t ∈ [0, T ], we have

d

dt
∥ρ(t)∥L1 ≤ 0.

Proof. First, we note that by parabolic maximum principle, we must have ρ(t, x) ≥ 0 in

[0, T ]× Ω. Using (4.1), we compute that

d

dt
∥ρ(t, ·)∥L1 =

d

dt

∫
Ω
ρ(t, x)dx =

∫
Ω

(
−u · ∇ρ+∆ρ− div(ρ∇(−∆)−1ρ)

)
dx

=

∫
Ω
div(∇ρ− ρ∇(−∆)−1ρ)dx =

∫
∂Ω

∂ρ

∂n
− ρ

∂

∂n
(−∆)−1ρdS

=

∫
∂Ω

∂ρ

∂n
dS,

where ∂
∂n denotes the outward normal derivative and dS denotes the surface unit. Note

that regularity of a strong solution is sufficient to conclude that the right hand side is

in L2([0, T∗]), and so ∥ρ(t, ·)∥L1 is absolutely continuous in time. We also used the
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incompressibility of u, divergence theorem, and the Dirichlet boundary condition in the

derivation above. In view of parabolic maximum principle, we must have

∂ρ

∂n

∣∣
∂Ω

≤ 0.

Hence, we conclude that

d

dt
∥ρ(t, ·)∥L1 ≤ 0, t ∈ (0, T ].

Now, we are ready to give a proof of the L2 regularity criterion:

Proof of Theorem 4.1.3. Assume (ρ, u) is a solution to (4.1) with smooth data (ρ0, u0). Let

T0 > 0 be its maximal lifespan.

1. d = 2. Suppose T0 <∞ and

lim
t↗T0

∫ t

0
∥ρ∥2L2ds =M <∞.

First, we test the u-equation in (4.1) by Au, which yields:

1

2

d

dt
∥∇u∥2L2 + ∥Au∥2L2 = g

∫
Ω
Au · ρe2 ≤

1

2
∥Au∥2L2 +

g2

2
∥ρ∥2L2 , t ∈ [0, T0).

Rearranging the above inequality, using Grönwall inequality, Theorem A.2.1 and the

assumption, we obtain that

sup
t∈[0,T0]

∥u∥21 +
∫ T0

0
∥u∥22ds ≤ ∥u0∥21 +

g2M

2
<∞. (4.19)

Testing ρ-equation by −∆ρ, one obtains that

1

2

d

dt
∥∇ρ∥2L2 + ∥∆ρ∥2L2 =

∫
Ω
∆ρu · ∇ρ−

∫
Ω
∆ρρ2 +

∫
Ω
∆ρ∇ρ · ∇(−∆)−1ρ

=: Q1 +Q2 +Q3.
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Similarly to the estimate (4.14), we have for any ϵ > 0

Q1 ≤ ∥∆ρ∥L2∥∇ρ∥L2∥u∥L∞ ≤ ϵ∥∆ρ∥2L2 + C(ϵ)∥∇ρ∥2L2∥u∥22,

Q2 ≤ ϵ∥∆ρ∥2L2 + C(ϵ)∥ρ∥4L4 ≤ ϵ∥∆ρ∥2L2 + C(ϵ)∥ρ∥2L2∥∇ρ∥2L2 .

The term that we have to treat differently is Q3. Using Hölder inequality, Sobolev

embedding, and an Lp-based elliptic estimate, we have:

Q3 ≤ ∥∆ρ∥L2∥∇ρ∥L3∥∇(−∆)−1ρ∥L6 ≲ ∥∆ρ∥L2∥∇ρ∥L3∥∇(−∆)−1ρ∥1, 3
2

≲ ∥∆ρ∥L2∥∇ρ∥L3∥ρ∥L3/2 ≲ ∥∆ρ∥L2∥ρ∥1/3
L2 ∥∇2ρ∥2/3

L2 ∥ρ∥
2/3
L1 ∥∇ρ∥

1/3
L2

≲ ∥∆ρ∥5/3
L2 ∥ρ∥

1/3
L2 ∥ρ∥

2/3
L1 ∥∇ρ∥

1/3
L2 ≤ ϵ∥∆ρ∥2L2 + C(ϵ)∥ρ∥2L2∥ρ∥4L1∥∇ρ∥2L2 ,

where we used the Gagliardo-Nirenberg-Sobolev inequalities

∥f∥L3/2 ≤ C∥f∥2/3
L1 ∥∇f∥

1/3
L2 , ∥∇f∥L3 ≤ C∥f∥1/3

L2 ∥∇2f∥2/3
L2 ,

in the fourth inequality, and Young’s inequality in the last step. By Lemma 4.2.8,

we know that for t ∈ [0, T0), ∥ρ(t, ·)∥L1 ≤ ∥ρ0∥L1 . Then we have

Q3 ≤ ϵ∥∆ρ∥2L2 + C(ρ0, ϵ)∥ρ∥2L2∥∇ρ∥2L2 .

Choosing ϵ > 0 sufficiently small and using the estimates of Li above, the ρ-estimate

can be rearranged as:

d

dt
∥∇ρ∥2L2 + ∥∆ρ∥2L2 ≤ C(ρ0)(∥u∥22 + ∥ρ∥2L2)∥∇ρ∥2L2 . (4.20)

Using Grönwall inequality, we have:

sup
0≤t≤T0

∥∇ρ(t, ·)∥2L2 +

∫ T0

0
∥ρ∥22ds ≲ ∥∇ρ0∥2L2 exp

(
C(ρ0)

∫ T0

0
(∥u∥22 + ∥ρ∥2L2)ds

)
≤ C(ρ0, u0,M, g, T0),

where we used the assumption, (4.19), and elliptic estimate. But this implies that

one can extend the solution (ρ, u) beyond the supposed lifespan T0 by Theorem 4.1.2.

This yields a contradiction.
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2. d = 3. Suppose T0 <∞ and

lim
t↗T0

∫ t

0
∥ρ∥4L2ds =M <∞.

Testing the u-equation in (4.1) by Au and deploying estimates similar to the d = 2

case, we have

sup
t∈[0,T0]

∥∇u∥2L2 +

∫ T0

0
∥u∥22ds ≤ ∥u0∥21 +

g2
√
MT0
2

<∞.

A derivation identical to (4.14) yields:

d

dt
∥∇ρ∥2L2 + ∥∆ρ∥2L2 ≲

(
∥ρ∥4L2 + ∥u∥22

)
∥∇ρ∥2L2 .

Applying Grönwall inequality and combining the two estimates above, we have for

t ∈ [0, T0] that

∥∇ρ(t, ·)∥2L2 +

∫ T0

0
∥ρ∥22ds ≲ ∥ρ0∥21 exp

(
C(ρ0)

∫ T0

0
(∥ρ∥4L2 + ∥u∥22)ds

)
≤ C(ρ0, u0,M, g, T0).

And this contradicts the assumption that T0 is the maximal lifespan in view of The-

orem 4.1.2.

The proof is thus completed.

4.2.5 Global Well-Posedness with Small L2 Data

We conclude Section 4.2 by making the following observation: a strong solution equipped

with initial data (ρ0, u0) with ∥ρ0∥L2 sufficiently small survives for all times. This ob-

servation is based on an L2-energy inequality with a higher-than-quadratic nonlinearity,

together with the continuation criterion proved in Theorem 4.1.3. A precise statement of

this result is given as follows.

Proposition 4.2.9. Let (ρ, u) be a strong solution to (4.1) with initial data ρ0 ∈ H1
0 , u0 ∈

V and the maximal lifespan T0 > 0. There exists ϵ0 > 0 sufficiently small, depending only
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on domain Ω and independent of g, so that if ∥ρ0∥L2 < ϵ0, T0 = ∞. Moreover, ρ decays

exponentially fast i.e.

∥ρ(t)∥L2 ≤ ∥ρ0∥L2e−c0t, (4.21)

for some constant c0 > 0 depending only on domain Ω.

Proof. Following the proof of Proposition 4.2.2, using the energy estimate of ρ, a Gagliardo-

Nirenberg-Sobolev inequality, Young’s inequality and Poincaré inequality, for t ∈ (0, T0)

we have that

1

2

d

dt
∥ρ∥2L2 ≤ −∥∇ρ∥2L2 +

1

2
∥∇ρ∥2L2 + C∥ρ∥

12−2d
4−d

L2

≤ − 1

2Cp
∥ρ∥2L2 + C∥ρ∥

12−2d
4−d

L2 =: fd(∥ρ∥2L2), (4.22)

where Cp denotes the Poincaré constant that only depends on domain Ω. Since 2 < 12−2d
4−d

when d = 2, 3, we fix ϵ0 ∈ (0, 1) sufficiently small so that fd(s) < − 1
4Cp

s2 for s ∈ (0, ϵ0].

Note that such choice of ϵ0 only depends on domain Ω.

With such choice of ϵ0, we claim that the solution is global and the L2 norm never

exceeds ϵ0. Indeed, suppose not and let τ ∈ [0, T0] to be the first time such that ∥ρ(τ)∥L2 =

ϵ0. If τ < T0, applying (4.22) together with our choice of ϵ0, we note that

1

2

d

dt
∥ρ∥2L2

∣∣∣
t=τ

≤ fd(ϵ
2
0) < − 1

4Cp
ϵ20 < 0

which contradicts the definition of τ. Hence, we must have τ = T0. But since ∥ρ0∥L2 < ϵ0,

we conclude that

sup
t∈[0,T0]

∥ρ(t, ·)∥L2 ≤ ϵ0,

which yields ∫ T0

0
∥ρ(t, ·)∥

4
4−d

L2 dt ≤ ϵ
4

4−d

0 T0 <∞.

Then by Theorem 4.1.3, we must have T0 = ∞, as otherwise we could extend the strong

solution beyond T0, leading to a contradiction.
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To prove (4.21), we note from above that supt≥0 ∥ρ(t, ·)∥L2 ≤ ϵ0. In fact, by our choice

of ϵ0 and (4.22), we have

d

dt
∥ρ∥L2 ≤ − 1

4Cp
∥ρ∥L2 , t ≥ 0.

A direct application of Grönwall inequality yields

∥ρ(t)∥L2 ≤ ∥ρ0∥L2e
− 1

4Cp
t

for all t ≥ 0. We have thus established (4.21) by setting c0 := 1
4Cp

and rearranging the

inequality above.

4.3 Proof of the Main Theorem: Suppression of Blowup

In this section, our goal is to show Theorem 4.1.4, namely proving that (4.1) is globally

strong in the regime of sufficiently large g. In particular, we will see that the coupling

of the Keller-Segel equation to the Stokes flow with sufficiently robust buoyancy term is

regularizing, in the sense that the solution ρ(t, x) approaches zero exponentially fast as g

is sufficiently large.

4.3.1 Velocity Control

In this subsection, we remark on two controls on the velocity field u in (4.1) that will be

instrumental in our main proof. The first lemma is in fact a standard H1
t,x control of u,

where part of which is hidden in our proof of energy estimate in Proposition 4.4.1. We give

a brief derivation here for clarity.

Lemma 4.3.1. Let (ρ, u) be a strong solution to problem (4.1) with initial data ρ0 ∈ H1
0 ,

u0 ∈ V . We have

∥u∥2H1([0,T∗]×Ω) ≤ C(∥ρ0∥L2 , ∥u0∥1)(g2 + 1). (4.23)
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Proof. In view of the estimate (4.8) in Proposition 4.2.2, it suffices to show that

∫ T∗

0
∥∂tu(t)∥2L2dt ≤ C(∥ρ0∥L2 , ∥u0∥1)(g2 + 1). (4.24)

Testing the u equation in (4.1) by ∂tu, we have

∥∂tu∥2L2 +
1

2

d

dt
∥∇u∥2L2 = g

∫
Ω
∂tu · (ρez)dx ≤ 1

2
∥∂tu∥2L2 +

g2

2
∥ρ∥2L2 ,

where we used incompressibility of u and Cauchy-Schwarz inequality above. Rearranging,

integrating in time, and using (4.7) we obtain∫ t

0
∥∂tu(s)∥2L2ds+ ∥∇u(t)∥2L2 ≤ g2

∫ t

0
∥ρ(s)∥2L2ds+ ∥∇u0∥2L2

≤ g2(2T∗∥ρ0∥2L2) + ∥u0∥21

≤ C(∥ρ0∥L2 , ∥u0∥1)(g2 + 1).

By taking supremum of t over [0, T∗], we have arrive at the estimate (4.24).

The following lemma yields a key additional control over the velocity field by genuinely

exploiting the buoyancy forcing structure of the fluid equation in (4.1):

Lemma 4.3.2. Let (ρ, u) be a regular solution to problem (4.1) with initial data ρ0 ∈ H1
0 ,

u0 ∈ V . Then

sup
t∈[0,T∗]

∥u(t)∥2L2dt ≤ C(∥ρ0∥L2)g + ∥u0∥2L2 . (4.25)

Remark 4.3.3. Note that a straightforward L2 estimate of u only yields a bound

∫ T∗

0
∥u(t)∥2L2dt ≲ g2.

What we display in the lemma is that the structure of buoyancy forcing “gains a g−1”.

Proof. Without loss of generality, assume that Ω contains the origin. Denote L := diam(Ω) >

0. Multiplying the ρ-equation of (4.1) by z−L (recall that z = xd when Ω ⊂ Rd, d = 2, 3)
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and integrating over Ω, we have

d

dt

∫
Ω
(z − L)ρdx+

∫
Ω
(z − L)(u · ∇ρ)dx−

∫
Ω
(z − L)∆ρdx

+

∫
Ω
(z − L) div(ρ∇(−∆)−1ρ)dx = 0.

Moreover using the Dirichlet conditions ρ|∂Ω = 0 and u|∂Ω = 0, we note that via integration

by parts: ∫
Ω
(z − L)(u · ∇ρ)dx = −

∫
Ω
ρuzdx+

∫
∂Ω

(z − L)ρundx = −
∫
Ω
ρuzdx,

−
∫
Ω
(z − L)∆ρdx =

∫
Ω
∂zρdx−

∫
∂Ω

(z − L)
∂ρ

∂n
dS,

∫
Ω
(z − L) div(ρ∇(−∆)−1ρ)dx = −

∫
Ω
ρ∂z(−∆)−1ρdx,

where un denotes the normal component of u along ∂Ω, and dS denotes the surface measure

induced on ∂Ω. Collecting the above computations, we have∫
Ω
ρuzdx =

d

dt

∫
Ω
(z − L)ρdx+

∫
Ω
∂zρdx−

∫
∂Ω

(z − L)
∂ρ

∂n
dS −

∫
Ω
ρ∂z(−∆)−1ρdx. (4.26)

On the other hand, testing the u-equation of (4.1) by u, we also have

1

2

d

dt
∥u∥2L2 + ∥∇u∥2L2 = g

∫
Ω
ρuz. (4.27)

From the proof of Lemma 4.2.8, we also know that ∂ρ/∂n ≤ 0 on ∂Ω in [0, T∗]. Hence, we

have
∫
∂Ω(z − L) ∂ρ∂ndS ≥ 0 by definition of L. Combining this fact with (4.26), (4.27), and

integrating on [0, T∗], we have

∥u(t)∥2L2 − ∥u0∥2L2 ≤ 2g

[ ∫
Ω
(z − L)(ρ(t, x)− ρ0(x)) dx+

∫ t

0

∫
Ω
∂zρ dx

−
∫ t

0

∫
Ω
ρ∂z(−∆)−1ρ dx

]

≤ Cg( sup
0≤t≤T∗

∥ρ(t)∥L2 +
√
T∗

(∫ T∗

0
∥∇ρ∥2L2dt

)1/2

+

∫ T∗

0
∥ρ∥2L2dt)

≤ C(∥ρ0∥L2)g,
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where we used elliptic estimate in the second inequality, and (4.7) in the final inequality.

The proof is therefore completed after integrating in time again.

4.3.2 A Key Theorem

In this part, we prove a quantitative characterization of the regularizing effect of the Stokes-

Boussinesq flow in (4.1). With a rigidity-type argument inspired by [40], we show that the

flow with sufficiently large g can suppress the L2 energy of ρ to be arbitrarily small within

the time scale of local existence, as elucidated in the following theorem:

Theorem 4.3.4. Let ρ0 ∈ H1
0 ∩L∞, u0 ∈ V be initial conditions for the problem (4.1), and

consider (ρ, u) to be the corresponding strong solution. For arbitrary ϵ > 0, there exists

g∗ = g∗(∥ρ0∥L∞ , ∥u0∥1, ϵ) such that for any g ≥ g∗,

inf
t∈[0,T∗]

∥ρ(t, ·)∥L2 ≤ ϵ.

Proof. We prove by contradiction. Suppose there exists ϵ0 > 0 such that there is a sequence

{(ρn, un, gn)}n verifying the following:

1. gn → ∞;

2. {(ρn, un, gn)}n are strong solutions to (4.1) with ρ = ρn, u = un, g = gn equipped

with initial data (ρn,0, un,0);

3. ∥ρn,0∥L2 ≤ ∥ρ0∥L2 , ∥ρn,0∥L∞ ≤ ∥ρ0∥L∞ , and ∥un,0∥L2 ≤ ∥u0∥L2 ;

4. for any t ∈ [0, T∗] and for all n

∥ρn(t, ·)∥L2 > ϵ0. (4.28)

Note that since the time T∗ depends only on ∥ρ0∥L2 , we can work on the same time

interval for all n. If we are able to derive a contradiction, this would imply the existence

of g∗ that depends only on ∥u0∥1 and ∥ρ0∥∞ (note that ∥ρ0∥L∞ controls ∥ρ0∥L2) - indeed,

we are not fixing the initial data for {(ρn, un, gn)}n but instead only impose uniform norm
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bounds on it. Let us consider the normalized velocity ūn = un/gn. Now, we divide the

proof into the following steps:

• Step 1: Convergence properties of (ρn, un). From (4.23), we have

∥ūn∥H1([0,T∗]×Ω) ≤ C(∥ρ0∥L2 , ∥u0∥1).

Using weak compactness and the Sobolev compact embedding theorem, we obtain

that there exists ū∞ ∈ H1([0, T∗]× Ω) such that

ūn ⇀ ū∞ in H1([0, T∗]× Ω), and ūn → ū∞ in L2([0, T∗]× Ω).

In fact, observe that from the estimate (4.25) of Lemma 4.3.2 it follows that

∥ūn∥L2([0,T∗]×Ω) → 0

as n → ∞, so ū∞ = 0. In addition, from the energy estimate (4.7), we may pick a

further subsequence, still indexed by n, such that there exists ρ∞ ∈ L2(0, T∗;H
1
0 (Ω))

and

ρn ⇀ ρ∞ in L2(0, T∗;H
1
0 (Ω)).

• Step 2: Derivation of the limiting fluid equation. Since (ρn, un) is a strong

solution to (4.1) with parameter gn on [0, T∗], un in particular solves the fluid equation

in (4.1) in the sense of distributions. That is,

−
∫ T∗

0

∫
Ω
(∂tϕ)ūndxdt+

∫ T∗

0

∫
Ω
(Aϕ)ūndxdt =

∫ T∗

0

∫
Ω
ρn(ϕ · ez)dxdt,

for any smooth vector field ϕ ∈ C∞
c ([0, T∗]× Ω) with div ϕ = 0. By the convergence

properties of ρn, un as shown in Step 1, and by Lemma 4.3.2 we find that

ρ∞ez = ∇p∞, (t, x) ∈ [0, T∗]× Ω (4.29)

holds in a sense of distributions.
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• Step 3: Nontriviality of ρ∞. By maximum principle, we know that ρn, and thus

ρ∞, is nonnegative. We would also like to claim that ρ∞ ̸≡ 0. To show this fact, we

need the following proposition.

Proposition 4.3.5. Let Ω ⊂ Rd, d = 2, 3, be a smooth, bounded domain. As-

sume (ρ, u) to be the strong solution of problem (4.1) on [0, T ] with initial condi-

tion ρ0 ∈ H1
0 ∩ L∞ and ρ0 ≥ 0. If there exists M ≥ max(1, cΩ∥ρ0∥L∞) such that

sup0≤t≤T ∥ρ(t)∥L2 ≤M , we then have

sup
0≤t≤T

∥ρ(t)∥L∞ ≤ CM
4

4−d .

Here

cΩ =

{
1, |Ω| ≤ 1,

|Ω|1/2, |Ω| > 1,

and C is a constant only depending on domain Ω.

A variant of this result has been proved in [92] (Proposition 9.1), in a two dimen-

sional periodic setting. The proof of Proposition 4.3.5 is similar and for the sake of

completeness will be provided in the appendix.

Next, we need the following lemma.

Lemma 4.3.6. Let D ⊂ Rd, d ∈ N, be a bounded domain, and let {fn}n ⊂ L2(D) be

a sequence of nonnegative functions that weakly converges to a function f ∈ L2(D).

Assume that there exist M, ϵ > 0 such that ∥fn∥L2 > ϵ, ∥fn∥L∞ ≤M for all n. Then

f ̸≡ 0.

Proof. Suppose for the sake of contradiction that f ≡ 0. Consider the characteristic

function ϕ = χD. Since D is bounded, ϕ ∈ L2(D). Then the weak convergence

informs us that

lim
n→∞

∫
D
fn = 0.
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As fn ≥ 0 for all n, this is equivalent to limn→∞ ∥fn∥L1 = 0. Since ∥fn∥L∞ ≤M , by

interpolation we have

∥fn∥2L2 ≤ ∥fn∥L∞∥fn∥L1 → 0

as n→ ∞. But this contradicts the assumption that ∥fn∥L2 > ϵ.

Observe that from (4.7), we know that ∥ρn(t, ·)∥L2 ≤ 4∥ρ0∥L2 for all t ∈ [0, T∗] and

all n. Thus applying Proposition 4.3.5 to ρn we get that ∥ρn(t, ·)∥L∞ ≤ M for all

t ∈ [0, T∗], and all n. Here M = C∥ρ0∥
4

4−d

L2 is chosen as in Proposition 4.3.5. Then

Lemma 4.3.6 implies that ρ∞ ̸≡ 0.

• Step 4: Derivation of a contradiction. Let us consider

ψn(x) :=

∫ T∗

0
ρn(t, x)dt, ψ∞(x) :=

∫ T∗

0
ρ∞(t, x)dt.

In particular, ψ∞ ̸≡ 0 and ψ∞ ≥ 0 by Step 3. On the one hand, picking arbitrary

η ∈ L2(Ω), we have∣∣∣∣ ∫
Ω
η(x)(ψn(x)− ψ∞(x))dx

∣∣∣∣ = ∣∣∣∣ ∫ T∗

0

∫
Ω
η(x)(ρn(t, x)− ρ∞(t, x))dxdt

∣∣∣∣
=

∣∣∣∣ ∫ T∗

0

∫
Ω
η(x)χ[0,T∗](t)(ρn(t, x)− ρ∞(t, x))dxdt

∣∣∣∣,
which converges to 0 as ρn ⇀ ρ∞ in L2([0, T∗] × Ω). This implies that ψn ⇀ ψ∞

in L2(Ω). On the other hand, we note that by Minkowski inequality and Hölder

inequality,

∥∇ψn∥L2 ≤
∫ T∗

0
∥∇ρn∥L2dt ≤

√
T∗∥∇ρn∥L2([0,T∗]×Ω) ≤ C(∥ρ0∥L2),

where we used (4.7) in the last step. Since ρn|∂Ω = 0, we know that ψn ∈ H1
0 (Ω)

with a uniformH1-norm bound from above. Hence by weak compactness and Sobolev

compact embedding theorem, there exists a subsequence, still denoted by ψn, and
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ψ̃∞ ∈ H1
0 (Ω) such that

ψn ⇀ ψ̃∞ in H1
0 (Ω), ψn → ψ̃∞ in L2(Ω).

Indeed, we must have ψ̃∞ = ψ∞ due to the uniqueness of weak limit, and hence

ψ∞ ∈ H1
0 (Ω).

But now, integrating (4.29) with respect to time, we have

∇P = ψ∞ez,

where P (x) :=
∫ T∗
0 p∞(t, x)dt. But this implies that ψ∞(x) = h(z), where h is some

single-variable function. Moreover, we know that ψ∞ ∈ H1
0 (Ω). These two facts

imply that ψ∞ ≡ 0. However, this contradicts the fact that ψ∞ > 0 - as shown in

Lemma 4.3.6 under assumption (4.28). This completes the proof of the theorem.

4.3.3 Proof of Global Well-Posedness with Large g

From Theorem 4.3.4, we know that, fixing initial data (ρ0, u0), the L
2 norm of ρ is sup-

pressed to a sufficiently small level in the regime of large g. In view of the small-data global

well-posedness result stated in Proposition 4.2.9, the cell density ρ will enter the regime

of exponential decay as soon as ∥ρ∥L2 touches a sufficiently low level. Combining these

two facts will yield Theorem 4.1.4. We now provide a rigorous proof of the aforementioned

idea.

Proof of Theorem 4.1.4. Let us first choose ϵ0 as in Proposition 4.2.9. By Theorem 4.3.4,

there exists g∗ = g∗(∥ρ0∥L∞ , ∥u0∥1) such that for every g ≥ g∗ there exists τg ∈ [0, T∗] with

∥ρ(τg)∥2L2 < ϵ.Now we consider the problem (4.1) equipped with initial data (ρ(τg, x), u(τg, x)).

Applying Proposition 4.2.9 immediately yields global existence of strong solution (ρ, u) and

the exponential decay estimate

ec0(t−τg)∥ρ(t)∥L2 ≤ ∥ρ(τg)∥L2 ≤ 2∥ρ0∥L2 .
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We remark that the second inequality above follows from our choice of T∗ and the fact

that τg ≤ T∗.

4.4 Promotion to Regular Solution

In this section, we will show that strong solutions are in fact regular solutions. This will

be done by establishing the smoothness of a solution (ρ, u) for positive times, namely

ρ ∈ C∞((0, T∗]× Ω), u ∈ C∞((0, T∗]× Ω),

via energy estimates in arbitrarily high order Sobolev norms. We would like to remark

on the following caveat: with Dirichlet boundary condition imposed on both ρ and u, one

cannot obtain higher order Sobolev estimates by commuting the differential operator ∂s

with the equation, where ∂s denotes a general s-th order spatial derivative. The main

reason is that when we treat the dissipation term, integration by parts incurs a boundary

term that is difficult to control. To remedy this issue, we commute time derivatives ∂kt

through the equation. It is clear that no boundary terms are generated since ∂t preserves

Dirichlet boundary condition. By applying this strategy, we can improve regularity in time,

after which spatial regularity can be upgraded using elliptic estimates.

Again, to obtain the claimed regularity we should proceed by the Galerkin scheme and

perform the estimates in Proposition 4.4.1 for the approximated solutions. Since this step

is similar to that in Corollary 4.2.6, we omit this tedious part and will proceed with only

a priori estimates as follows.

Proposition 4.4.1. Assume (ρ, u) is a regular solution to problem (4.1) with initial con-

dition ρ0 ∈ H1
0 , u0 ∈ V . Then the following bounds hold:

tk
(
∥∂ltρ(t, ·)∥21+k−2l + ∥∂ltu(t, ·)∥21+k−2l

)
≤ C(ρ0, u0, g, k), (4.30)

tk
∫ T∗

t

(
∥∂ltρ(τ, ·)∥22+k−2l + ∥∂ltu(τ, ·)∥22+k−2l

)
dτ ≤ C(ρ0, u0, g, k), (4.31)

for any t ∈ (0, T∗], k ∈ N, 0 ≤ l ≤ ⌊k+1
2 ⌋, where ⌊·⌋ denotes the floor function.
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Proof. We prove the proposition by induction on k. Since the case k = 0 is already proved

by Proposition 4.2.4, we now assume that the statement holds up to index k − 1. We will

discuss two cases based on the parity of k. We also remind the readers that the constant

C(ρ0, u0, g, k) might change from line to line.

1. k is odd. Let us write S = k+1
2 , and define the s-energy

Es(τ) = ∥ρ(s)(τ, ·)∥2L2 + ∥u(s)(τ, ·)∥2L2

for any 0 ≤ s ≤ S. From now on, we fix arbitrary t ∈ (0, T∗]. This case can be

detailed into the following steps.

Step 1: show (4.30), (4.31) with l = S. Commuting ∂st with (4.1) for 0 ≤ s ≤ S,

we obtain that

∂tρ(s) −∆ρ(s) +

s∑
r=0

(
s

r

)[
(u(r) · ∇)ρ(s−r) + ρ(s−r)ρ(r)

+∇ρ(s−r) · ∇(−∆)−1(ρ(r))

]
= 0, (4.32a)

∂tu(s) +Au(s) = gP(ρ(s)ez), (4.32b)

equipped with boundary conditions ρ(s)|∂Ω = 0, u(s)|∂Ω = 0. Testing (4.32b) with

s = S by u(S), we obtain that

1

2

d

dt
∥u(S)∥2L2 + ∥∇u(S)∥2L2 ≤ g

2

(
∥u(S)∥2L2 + ∥ρ(S)∥2L2

)
.

Testing (4.32a) with s = S by ρ(S):

1

2

d

dt
∥ρ(S)∥2L2 + ∥∇ρ(S)∥2L2 =

S∑
r=0

(
S

r

)
(Ir + Jr +Kr), (4.33)

where

Ir =

∫
Ω
(ρ(S))(u(r) · ∇)ρ(S−r), Jr =

∫
Ω
(ρ(S))ρ(S−r)(ρ(r)),

Kr =

∫
Ω
(ρ(S))∇ρ(S−r) · ∇(−∆)−1(ρ(r)).
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To estimate Ir, first note that I0 = 0 by incompressibility and integration by parts.

For 1 ≤ r ≤ S − 1, we integrate Ir by parts once to obtain:

Ir = −
∫
Ω
∂jρ(S)u(r)jρ(S−r),

where we also used the incompressibility of u(r). Thus, we can estimate:

Ir ≤ ∥∇ρ(S)∥L2∥u(r)∥L3∥ρ(S−r)∥L6 ≤ δ∥∇ρ(S)∥2L2 + C(δ)∥u(r)∥2L3∥ρ(S−r)∥21,

for some δ > 0. If r = S, we instead estimate:

IS ≤ ∥∇ρ(S)∥L2∥u(S)∥L2∥ρ∥L∞ ≤ δ∥∇ρ(S)∥2L2 + C(δ)∥ρ∥22∥u(S)∥2L2 .

This concludes the estimates of Ir. To estimate Jr, we note that if r = 0 or r = S,

we have

Jr ≤ ∥ρ(S)∥2L2∥ρ∥L∞ ≲ ∥ρ(S)∥2L2∥ρ∥2

If 1 ≤ r ≤ S − 1, then we have

Jr ≤
1

2
∥ρ(S)∥2L2 +

1

2
∥ρ(r)∥21∥ρ(S−r)∥21.

Now we estimate Kr. If r = 0, we use the standard elliptic estimate and Young’s

inequality to obtain:

K0 ≤ δ∥∇ρ(S)∥2L2 + C(δ)∥ρ∥21∥ρ(S)∥2L2 ,

where δ > 0. If r = S, we apply elliptic estimates and Sobolev embeddings:

KS ≤ ∥∇ρ∥L3∥ρ(S)∥L2∥∇(−∆)−1ρ(S)∥L6 ≲ ∥∇ρ∥1∥ρ(S)∥2L2 .

If 1 ≤ r ≤ S − 1, we can estimate

Kr ≤ ∥∇ρ(S−r)∥L3∥ρ(S)∥L2∥∇(−∆)−1ρ(r)∥L6

≤ 1

2
∥ρ(S)∥2L2 + C∥∇ρ(S−r)∥21∥ρ(r)∥2L2 .
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After choosing δ > 0 to be sufficiently small, the above estimates yield the following

differential inequality: for τ ∈ (0, T∗),

dES

dτ
+ ∥∇ρ(S)(τ, ·)∥2L2+∥∇u(S)(τ, ·)∥2L2 ≤ C(k)

[ (
1 + g + ∥ρ∥2 + ∥ρ∥22

)
ES(τ)

+
S−1∑
r=1

(
∥∇ρ(S−r)∥21∥ρ(r)∥2L2 + ∥ρ(r)∥21∥ρ(S−r)∥21

+ ∥u(r)∥2L3∥ρ(S−r)∥21
)]

= C(k)

(
F (τ)ES(τ) +

S−1∑
r=1

Gr(τ)

)
(4.34)

with

F (τ) = 1 + g + ∥ρ(τ, ·)∥2 + ∥ρ(τ, ·)∥22,

Gr(τ) = ∥∇ρ(S−r)∥21∥ρ(r)∥2L2 + ∥ρ(r)∥21∥ρ(S−r)∥21 + ∥u(r)∥2L3∥ρ(S−r)∥21.

To proceed, we need the following useful lemma:

Lemma 4.4.2. There exists τ0 ∈ [t/2, t] such that ES(τ0) ≤ C(ρ0, u0, g, k)t
−k.

Proof. Let us consider (4.32) with s = S − 1. For any τ ∈ [t/2, t], we note that by

(4.32b),

∥u(S)(τ)∥2L2 ≲ ∥Au(S−1)∥2L2 + g2∥ρ(S−1)∥2L2 ≤ ∥u(S−1)∥22 + g2∥ρ(S−1)∥2L2 .

Integrating over [t/2, t] and using (4.31) at index k− 1 (which is valid as this is part

of the induction hypothesis), we obtain

∫ t

t/2
∥u(S)(τ)∥2L2dτ ≤

∫ T∗

t/2
∥u(S)(τ)∥2L2dτ ≤ C(ρ0, u0, g, k)t

1−k. (4.35)

Similarly, applying Hölder inequality to (4.32a), we have

∥ρ(S)∥2L2 ≲ ∥ρ(S−1)∥22 +
S−1∑
r=0

C(k)

(
∥u(r)∥21∥∇ρ(S−1−r)∥21

+ ∥ρ(S−1−r)∥21∥ρ(r)∥21 + ∥∇ρ(S−1−r)∥21∥ρ(r)∥2L2

)
. (4.36)
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Observe that given the induction hypothesis, applying (4.31) with index k − 1, we

have ∫ t

t/2
∥ρ(S−1)(τ)∥22dτ ≤ C(ρ0, u0, g, k)t

1−k.

Also, for r = 0, . . . , S − 1,∫ t

t/2
∥u(r)(τ)∥21∥∇ρ(S−1−r)(τ)∥21dτ ≤ C(ρ0, u0, g, k)t

−2rt−2(S−r−1)

= C(ρ0, u0, g, k)t
1−k,

where we applied (4.30) with index 2r to ∥u(r)(τ)∥1 and (4.31) with index 2(S−r−1)

to ∥∇ρ(S−1−r)(τ)∥1. In a similar fashion, we can also obtain the following bound:

∫ t

t/2

[
∥ρ(S−1−r)(τ)∥21∥ρ(r)(τ)∥21 + ∥∇ρ(S−1−r)(τ)∥21∥ρ(r)(τ)∥2L2

]
dτ ≤ C(ρ0, u0, g, k)t

1−k.

Collecting the estimates above and combining with (4.36), we have

∫ t

t/2
∥ρ(S)(τ)∥2L2dτ ≤ C(ρ0, u0, g, k)t

1−k. (4.37)

Combining (4.35) and (4.37), we have

∫ t

t/2

(
∥u(S)(τ)∥2L2 + ∥ρ(S)(τ)∥2L2

)
dτ ≤ C(ρ0, u0, g, k)t

1−k.

By mean value theorem, we can find a τ0 ∈ (t/2, t) such that

ES(τ0) = ∥u(S)(τ0)∥2L2 + ∥ρ(S)(τ0)∥2L2 ≤ C(ρ0, u0, g, k)t
−k,

and this concludes the proof.

We also need another lemma that treats the terms Gr.

Lemma 4.4.3. Let τ0 be chosen as in Lemma 4.4.2. Then for any r = 1, . . . , S − 1,

we have ∫ T∗

τ0

Gr(τ)dτ ≤ C(ρ0, u0, g, k)t
−k.
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Proof. We fix r = 1, . . . , S − 1. By definition of Gr, we can write∫ T∗

τ0

Gr(τ)dτ =

∫ T∗

τ0

(
∥∇ρ(S−r)∥21∥ρ(r)∥2L2 + ∥ρ(r)∥21∥ρ(S−r)∥21 + ∥u(r)∥2L3∥ρ(S−r)∥21

)
dτ

=:

∫ T∗

τ0

(
G1

r(τ) +G2
r(τ) +G3

r(τ)
)
dτ.

Applying (4.30) with index 2r− 1 and (4.31) with index k− 2r+1 to terms ∥ρ(r)∥2L2

and ∥∇ρ(S−r)∥21 respectively, we observe that∫ T∗

τ0

G1
r(τ)dτ ≤ C(ρ0, u0, g, k)τ

1−2r
0

∫ T∗

τ0

∥ρ(S−r)(τ)∥22dτ

≤ C(ρ0, u0, g, k)τ
−(2r−1)
0 τ

−(k−2r+1)
0

≤ C(ρ0, u0, g, k)t
−k,

where we used the fact that τ0 > t/2.

To study the term involving G2
r , we will apply (4.30) with index 2r and (4.31) with

index k − 2r to terms ∥ρ(r)∥21 and ∥ρ(S−r)∥21 respectively. This yields:∫ T∗

τ0

G2
r(τ)dτ ≤ C(ρ0, u0, g, k)τ

−2r
0

∫ T∗

τ0

∥ρ(S−r)(τ)∥21dτ

≤ C(ρ0, u0, g, k)τ
−2r
0 τ

−(k−2r)
0

≤ C(ρ0, u0, g, k)t
−k,

Finally, using Sobolev embedding, Gagliardo-Nirenberg-Sobolev inequality, and Cauchy

-Schwarz inequality,∫ T∗

τ0

G3
r(τ)dτ ≤

∫ T∗

τ0

∥u(r)∥2L3∥ρ(S−r)∥21dτ ≲
∫ T∗

τ0

∥u(r)∥L2∥∇u(r)∥L2∥ρ(S−r)∥21dτ

≤ C(ρ0, u0, g, k)τ
− 2r−1

2
0 τ−r

0

∫ T∗

τ0

∥ρ(S−r)∥21dτ

≤ C(ρ0, u0, g, k)t
−(k− 1

2
) ≤ C(ρ0, u0, g, k)t

−k.

Note that we applied (4.30) with index 2r − 1 to ∥u(r)∥L2 , (4.30) with index 2r

to ∥∇u(r)∥L2 , and (4.31) with index k − 2r to the other ∥ρ(S−r)∥21. We also used
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τ0 ≤ T∗ ≤ 1 in the final inequality. The proof is thus completed after we combine the

estimates above.

Using induction hypothesis at k = 0, we have F ∈ L1(0, T∗) with the bound ∥F∥L1(0,T∗)

≤ C(u0, ρ0, g). We may thus apply Grönwall inequality to (4.34) on time interval

[τ0, t], where τ0 is selected as in Lemma 4.4.2 above. Using the two lemmas above,

we have

ES(t) ≤ C(k)

(
ES(τ0) +

S−1∑
r=1

∫ t

τ0

Gr(τ)dτ

)
exp

(
∥F∥L1(0,T∗)

)
≤ C(ρ0, u0, g, k)t

−k, (4.38)

where we recall that T∗ depends only on ρ0. This verifies (4.30). To verify (4.31), we

integrate (4.34) on interval [t, T∗], which yields:∫ T∗

t

(
∥∇ρ(S)(τ)∥2L2 + ∥∇u(S)(τ)∥2L2

)
dτ

≤ ES(t) + C(k)

(∫ T∗

t
F (τ)ES(τ)dτ +

S−1∑
r=1

∫ T∗

t
Gr(τ)dτ

)
.

Using (4.38), Lemma 4.4.3, and the fact that t
2 < τ0 < t, we can estimate the above

by: ∫ T∗

t
(∥∇ρ(S)(τ)∥2L2 + ∥∇u(S)(τ)∥2L2)dτ ≤ C(ρ0, u0, g, k)t

−k

+ C(ρ0, u0, g, k)(t
−k∥F∥L1 + t−k)

≤ C(ρ0, u0, g, k)t
−k.

This concludes the proof of (4.31) with l = S.

Step 2: show (4.30), (4.31) with l < S. We will show how we obtain the case

when l = S − 1. Then the rest just follows from another induction on l = 1, . . . , S

backwards.
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We may rewrite the equations (4.32) with s = S − 1 as

−∆ρ(S−1) = −ρ(S) −
S−1∑
r=0

(
S − 1

r

)[
u(r) · ∇ρ(S−1−r) + ρ(S−1−r)ρ(r)

+∇ρ(S−1−r) · ∇(−∆)−1(ρ(r))

]
= −ρ(S) +R1 (4.39a)

Au(S−1) = −u(S) + gP(ρ(S−1)ez) = −u(S) +R2 (4.39b)

Here, R1, R2 are the remainder terms which are essentially of lower order. We will

see that these terms can be treated by the induction hypothesis on k. To illustrate

this, we show that the following estimates hold:

Lemma 4.4.4. For any t ∈ (0, T∗],

tk−
1
4 (∥R1(t)∥2L2 + ∥R2(t)∥2L2) ≤ C(ρ0, u0, g, k),

tk−
1
4

∫ T∗

t

(
∥R1(τ)∥21 + ∥R2(τ)∥21

)
dτ ≤ C(ρ0, u0, g, k).

Proof. First, it is straightforward to obtain the following bounds for R2 by directly

imposing the induction hypothesis at index k − 1:

tk−1∥R2(t)∥2L2 + tk−1

∫ T∗

t
∥R2(t)∥21dt ≤ C(ρ0, u0, g, k). (4.40)

Prior to estimating R1, we first need an improved bound for ∥u∥2: invoking (4.40)

with k = 1, we have

∥R2(t)∥2L2 ≤ C(ρ0, u0, g).

Since S = 1 when k = 1 by definition, we apply the Stokes estimate to (4.39b) with

S = 1 to see that

∥u∥22 ≲ ∥∂tu∥2L2 + ∥R2∥2L2 ≤ C(ρ0, u0, g)(t
−1 + 1) ≤ C(ρ0, u0, g)t

−1, (4.41)

where we used Step 1 with k = 1 above. Now, we are ready to estimate R1. We first

note that it involves 3 typical terms, namely
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Rr
11 := u(r) · ∇ρ(S−1−r), R

r
12 := ρ(S−1−r)ρ(r), R

r
13 := ∇ρ(S−1−r) · ∇(−∆)−1(ρ(r)),

where 0 ≤ r ≤ S − 1. We will prove suitable bounds for Rr
11, and the rest can be

bounded more easily since these terms involve fewer derivatives. If 1 ≤ r ≤ S − 1,

then by Hölder inequality:

∥Rr
11∥2L2 ≤ ∥u(r)∥2L6∥∇ρ(S−1−r)∥2L3 ≲ ∥u(r)∥21∥ρ(S−1−r)∥1∥ρ(S−1−r)∥2

≤ C(ρ0, u0, g, k)t
−2rt−

k−2r−1
2 t−

k−2r
2

≤ C(ρ0, u0, g, k)t
−(k− 1

2
),

where we used (4.30) at indices 2r, k − 2r − 1, k − 2r respectively.

If r = 0, then we observe that R0
11 = u · ∇ρ(S−1). We estimate as follows:

∥R0
11∥2L2 ≤ ∥u∥2L∞∥ρ(S−1)∥21 ≤ ∥u∥1/2

L2 ∥u∥
3/2
2 ∥ρ(S−1)∥21

≤ C(ρ0, u0, g, k)t
−3/4t−(k−1) = C(ρ0, u0, g, k)t

−(k−1/4)

where we used Agmon’s inequality in 3D:

∥u∥2L∞ ≲ ∥u∥1/2
L2 ∥u∥

3/2
2

in the second inequality. We also invoked (4.30) with index 0 to estimate ∥u∥L2 ,

(4.30) with index k − 1 to bound ∥ρ(S−1)∥1, and (4.41) to control ∥u∥2.

Turning to the second inequality, since ∂rt u = 0 on ∂Ω, then we can invoke Poincaré

inequality to obtain:∫ T∗

t
∥Rr

11∥21dτ ≲
∫ T∗

t
∥∇Rr

11∥2L2dτ

≲
∫ T∗

t

(
∥∇u(r) · ∇ρ(S−1−r)∥2L2 + ∥u(r) · ∇2ρ(S−1−r)∥2L2

)
dτ

=: Rr
111 +Rr

112.
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If 1 ≤ r ≤ S − 1, using Hölder inequality and Gagliardo-Nirenberg-Sobolev inequali-

ties, we can estimate Rr
111 by

Rr
111 ≤

∫ T∗

t
∥∇u(r)∥2L3∥∇ρ(S−1−r)∥2L6dτ ≲

∫ T∗

t
∥∇u(r)∥L2∥∇2u(r)∥L2∥∇ρ(S−1−r)∥21dτ

≤ C(ρ0, u0, g, k)t
−rt−(k−2r)

∫ T∗

t
∥∇2u(r)∥L2∥∇ρ(S−1−r)∥1dτ

≤ C(ρ0, u0, g, k)t
−rt−

k−2r
2 t−rt−

k−2r−1
2 = C(ρ0, u0, g, k)t

−(k− 1
2
).

If r = 0, then we apply Hölder inequality and a Gagliardo-Nirenberg-Sobolev in-

equality to estimate that

R0
111 ≤

∫ T∗

t
∥∇u∥2L3∥∇ρ(S−1)∥2L6dτ ≤

∫ T∗

t
∥u∥1∥u∥2∥ρ(S−1)∥22dτ

≤ C(ρ0, u0, g, k)t
−1/2

∫ T∗

t
∥ρ(S−1)∥22dτ

≤ C(ρ0, u0, g, k)t
−1/2t−(k−1) ≤ C(ρ0, u0, g, k)t

−(k−1/2),

where we used the bound (4.41) and (4.31) with index 0 and k − 1 above.

Now we discuss the bound for Rr
112. For 1 ≤ r ≤ S − 1, we have

Rr
112 ≤

∫ T∗

t
∥u(r)∥2L3∥∇2ρ(S−1−r)∥2L6dτ

≤
∫ T∗

t
∥u(r)∥L2∥u(r)∥1∥ρ(S−1−r)∥23dτ

≤ C(ρ0, u0, g, k)t
− 2r−1

2 t−r

∫ T∗

t
∥ρ(S−1−r)∥23dτ

≤ C(ρ0, u0, g, k)t
−(k−1/2),

where we used (4.30) with indices 2r − 1 and 2r in the third inequality, and (4.31)

with index k− 2r in the last inequality. If r = 0, then we take advantage of Agmon’s
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inequality in 3D again to obtain:

R0
112 ≤

∫ T∗

t
∥u∥2L∞∥∇2ρ(S−1)∥2L2dτ

≤
∫ T∗

t
∥u∥1/2

L2 ∥u∥
3/2
2 ∥ρ(S−1)∥22dτ

≤ C(ρ0, u0, g, k)t
−3/4

∫ T∗

t
∥ρ(S−1)∥22dτ

≤ C(ρ0, u0, g, k)t
−3/4t−(k−1)

= C(ρ0, u0, g, k)t
−(k−1/4).

Therefore, we arrive at the bound:

∫ T∗

t
∥Rr

11∥21dτ ≤ C(ρ0, u0, g, k)t
−(k−1/4).

Proceeding in a similar fashion, we can acquire similar bounds for the Rr
12 and Rr

13.

The proof of the lemma is thus complete after we sum up the estimates above.

By Step 1, we know that for any t ∈ (0, T∗],

tk
(
∥ρ(S)(t)∥2L2 + ∥u(S)(t)∥2L2

)
≤ C(ρ0, u0, g, k),

tk
∫ T∗

t

(
∥ρ(S)(τ)∥21 + ∥u(S)(τ)∥21

)
dτ ≤ C(ρ0, u0, g, k).

Combining Lemma 4.4.4 with equations (4.39a), (4.39b), and using elliptic estimates,

we conclude that for t ∈ (0, T∗]

∥ρ(S−1)(t)∥22 + ∥u(S−1)(t)∥22 ≤ C(ρ0, u0, g, k)t
−k,

∫ T∗

t

(
∥ρ(S−1)(τ)∥23 + ∥u(S−1)(τ)∥23

)
dτ ≤ C(ρ0, u0, g, k)t

−k,

which finishes the case when l = S − 1. The rest will follow from an induction in l,

and we omit the details here. Hence, we have concluded the case where k is odd.
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2. k is even. Since we have proved the k = 0 case, we may write k = 2S, S ≥ 1, and

define

Ẽs(t) = ∥∇ρ(s)∥2L2 + ∥∇u(s)∥2L2

for 0 ≤ s ≤ S. Notice that Ẽs(t) ∼ ∥ρ(s)∥21+∥u(s)∥21 in view of the Poincaré inequality.

The scheme of the proof in this case is the same double induction argument (in

forward k and for each k backwards in l), and we will follow the same outline as in

the odd case. Considering (4.32) for s = 1, . . . , S, we test (4.32a), (4.32b) with s = S

by −∆ρ(S),Au(S) respectively, which yields:

1

2

d

dt
∥∇ρ(S)∥2L2 + ∥∆ρ(S)∥2L2 =

S∑
r=0

(
S

r

)
(Ĩr + J̃r + K̃r),

1

2

d

dt
∥∇u(S)∥2L2 + ∥Au(S)∥2L2 = g

∫
Ω
Au(S)P(ρ(S)ez) ≤

g

2
ẼS ,

where for r = 0, . . . , S,

Ĩr =

∫
Ω
∆ρ(S)(u(r) · ∇)ρ(S−r), J̃r =

∫
Ω
∆ρ(S)ρ(r)ρ(S−r),

K̃r =

∫
Ω
∆ρ(S)∇ρ(S−r) · ∇(−∆)−1ρ(r).

To estimate Ĩr, we first observe that

Ĩr ≤ ∥∆ρ(S)∥L2∥u(r)∥L6∥∇ρ(S−r)∥L3 ≤ ∥∆ρ(S)∥L2∥u(r)∥1∥∇ρ(S−r)∥
1/2
L2 ∥∇2ρ(S−r)∥

1/2
L2 .

Hence if r ̸= 0, we may estimate Ĩr as follows: for any ϵ > 0,

Ĩr ≤ ϵ∥∆ρ(S)∥2L2 + C(ϵ)∥ρ(S−r)∥1∥ρ(S−r)∥2∥u(r)∥21.

If r = 0, we estimate

Ĩ0 =

∫
Ω
∆ρ(S)(u · ∇)ρ(S) ≤ ∥∆ρ(S)∥L2∥u∥L∞∥∇ρ(S)∥L2

≤ ϵ∥∆ρ(S)∥2L2 + C(ϵ)∥u∥22∥∇ρ(S)∥2L2 .
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To estimate J̃r, we have:

J̃r ≤ ϵ∥∆ρ(S)∥2L2 + C(ϵ)∥ρ(r)∥21∥ρ(S−r)∥21,

where ϵ > 0. Finally, to estimate of K̃r, we invoke elliptic estimate to obtain

K̃r ≤ ∥∆ρ(S)∥L2∥ρ(S−r)∥1∥∇(−∆)−1ρ(r)∥L∞ ≲ ∥∆ρ(S)∥L2∥ρ(S−r)∥1∥∇(−∆)−1ρ(r)∥2

≤ ϵ∥∆ρ(S)∥2L2 + C(ϵ)∥ρ(r)∥21∥ρ(S−r)∥21,

for any ϵ > 0. Combining the estimates above yields the following energy inequality:

for τ ∈ (0, T∗),

dẼS

dτ
+ ∥ρ(S)(τ, ·)∥22+∥u(S)(τ, ·)∥22 ≤ C(k)

[ (
g + ∥u∥22 + ∥ρ∥22

)
ẼS(τ)

+
S−1∑
r=1

(
∥ρ(S−r)∥1∥ρ(S−r)∥2∥u(r)∥21 + ∥ρ(S−r)∥21∥ρ(r)∥21

)]

≤ C(k)

(
F̃ (τ)ẼS(τ) +

S−1∑
r=1

G̃r(τ)

)
, (4.42)

where F̃ ∈ L1(0, T∗) due to the induction hypothesis at k = 0. Now, we would like

to follow the same plan as that in the odd case. This motivates us to prove lemmas

similar to Lemma 4.4.2, 4.4.3, and 4.4.4 adapted to the even case. First, we show the

following lemma that parallels Lemma 4.4.2:

Lemma 4.4.5. There exists τ0 ∈ [t/2, t] such that ẼS(τ0) ≤ C(ρ0, u0, g, k)t
−k.

Proof. We consider (4.32) with s = S − 1. In view of (4.32b), we have

∥u(S)∥21 ≲ ∥Au(S−1)∥21 + g2∥ρ(S−1)∥21 ≤ ∥u(S−1)∥23 + g2∥ρ(S−1)∥21,

for any τ ∈ [t/2, t]. Integrating over [t/2, t] and using (4.31) with index k − 1, we

obtain ∫ t

t/2
∥u(S)(τ)∥21dτ ≤

∫ T∗

t/2
∥u(S)(τ)∥21dτ ≤ C(ρ0, u0, g, k)t

1−k. (4.43)
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To estimate ∥∇ρ(S)∥L2 , we apply ∇ to both sides of (4.32a) with s = S−1, and then

use Hölder’s inequality:

∥∇ρ(S)∥2L2 ≲ ∥ρ(S−1)∥23 +
S−1∑
r=0

C(k)

(
∥∇(u(r) · ∇ρ(S−r−1))∥2L2

+ ∥∇(ρ(S−r−1)ρ(r))∥2L2 + ∥∇(∇ρ(S−r−1) · ∇(−∆)−1(ρ(r)))∥2L2

)
. (4.44)

To save space, we only consider the most singular term, namely ∥∇(u(r)·∇ρ(S−r−1))∥2L2 ,

and show that

∫ t

t/2
∥∇(u(r) · ∇ρ(S−r−1))∥2L2dτ ≤ C(ρ0, u0, g, k)t

1−k. (4.45)

The estimates on the rest of the terms follow from a similar argument. To show

(4.45), we first compute that

∇(u(r) · ∇ρ(S−r−1)) = ∇u(r) · ∇ρ(S−r−1) + u(r) · ∇2ρ(S−r−1).

The first term can be estimated by

∥∇u(r) · ∇ρ(S−r−1)∥2L2 ≤ ∥∇u(r)∥2L4∥∇ρ(S−r−1)∥2L4

≲ ∥∇u(r)∥21∥∇ρ(S−r−1)∥21

≤ ∥u(r)∥22∥ρ(S−r−1)∥22.

Similarly, we may estimate the second term above by

∥u(r) · ∇2ρ(S−r−1)∥2L2 ≲ ∥u(r)∥21∥ρ(S−r−1)∥23

Thus for r = 0, . . . , S − 1,∫ t

t/2
∥∇(u(r) · ∇ρ(S−r−1))∥2L2dτ ≲

∫ t

t/2

(
∥u(r)∥22∥ρ(S−r−1)∥22 + ∥u(r)∥21∥ρ(S−r−1)∥23

)
dτ

≤ C(ρ0, u0, g, k)(t
−(2r+1)t−(k−2r−2) + t−2rt−(k−2r−1))

≤ C(ρ0, u0, g, k)t
−(k−1)
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where we applied (4.30) with index 2r + 1 to ∥u(r)∥2, (4.31) with index k − 2r − 2

to ∥ρ(S−1−r)∥2, (4.30) with index 2r to ∥u(r)∥1, and (4.31) with index k − 2r − 1 to

∥ρ(S−1−r)∥3. In a similar fashion, we can also obtain the following bound:∫ t

t/2

[
∥∇(ρ(S−r−1)ρ(r))∥2L2 + ∥∇(∇ρ(S−r−1) · ∇(−∆)−1(ρ(r)))∥2L2

]
dτ

≤ C(ρ0, u0, g, k)t
1−k.

Collecting the estimates above and combining with (4.44), we have

∫ t

t/2
∥∇ρ(S)(τ)∥2L2dτ ≤ C(ρ0, u0, g, k)t

1−k. (4.46)

Combining (4.43) and (4.46), we have

∫ t

t/2
ẼS(τ)dτ ≤ C(ρ0, u0, g, k)t

1−k.

By mean value theorem, we can find a τ0 ∈ (t/2, t) such that

ẼS(τ0) ≤ C(ρ0, u0, g, k)t
−k,

and this concludes the proof.

Then we show a counterpart to Lemma 4.4.3.

Lemma 4.4.6. Let τ0 be chosen as in Lemma 4.4.5. Then for any r = 1, . . . , S − 1,

we have ∫ T∗

τ0

G̃r(τ)dτ ≤ C(ρ0, u0, g, k)t
−(k− 1

2
).

Proof. Observe that for r = 1, . . . , S − 1,

G̃r = ∥ρ(S−r)∥1∥ρ(S−r)∥2∥u(r)∥21 + ∥ρ(S−r)∥21∥ρ(r)∥21 =: G̃1
r + G̃2

r .
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To estimate G̃2
r , apply (4.30) with index 2r to ∥ρ(r)∥21 and (4.31) with index k−2r−1

to ∥ρ(S−r)∥21 : ∫ T∗

τ0

G̃2
r(τ)dτ ≤ C(ρ0, u0, g, k)τ

−2r
0

∫ T∗

τ0

∥ρ(S−r)∥21dτ

≤ C(ρ0, u0, g, k)τ
−2r
0 τ

−(k−2r−1)
0

≤ C(ρ0, u0, g, k)t
−(k−1).

To treat the term G̃1
r , we use the induction hypothesis to obtain that∫ T∗

τ0

G̃1
r(τ)dτ =

∫ T∗

τ0

∥ρ(S−r)∥1∥u(r)∥1∥ρ(S−r)∥2∥u(r)∥1dτ

≤ C(ρ0, u0, g, k)τ
− k−2r

2
0 τ−r

0

∫ T∗

τ0

∥ρ(S−r)∥2∥u(r)∥1dτ

≤ C(ρ0, u0, g, k)τ
− k−2r

2
0 τ−r

0 τ
− k−2r

2
0 τ

− 2r−1
2

0

≤ C(ρ0, u0, g, k)t
−(k− 1

2
)

Summing up the two estimates above completes the proof of the lemma.

Finally, we show a result parallel to Lemma 4.4.4.

Lemma 4.4.7. For any t ∈ (0, T∗],

tk−
1
4 (∥R1(t)∥21 + ∥R2(t)∥21) ≤ C(ρ0, u0, g, k),

tk−
1
4

∫ T∗

t

(
∥R1(τ)∥22 + ∥R2(τ)∥22

)
dτ ≤ C(ρ0, u0, g, k),

where R1, R2 are defined as in (4.39).

Proof. First, we note that by applying (4.30) and (4.31) with index k − 2, we have

tk−2

(
∥R2(t)∥21 +

∫ T∗

t
∥R2(τ)∥22dτ

)
≤ C(ρ0, u0, g, k).
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Then it suffices for us to show suitable bounds for R1. Similarly to the proof of

Lemma 4.4.4, we need to control the following typical terms:

Rr
11 := u(r) · ∇ρ(S−1−r), R

r
12 := ρ(S−1−r)ρ(r), R

r
13 := ∇ρ(S−1−r) · ∇(−∆)−1(ρ(r)),

For simplicity, we will only consider in detail the most singular term Rr
11, as the

estimates for the remaining two terms will follow similarly.

We first study ∥Rr
11∥21, and it suffices for us to consider the leading order contribution

i.e. ∥∇Rr
11∥2L2 . Recall from the proof of Lemma 4.4.4 that

∥∇Rr
11∥2L2 ≲ ∥∇u(r) · ∇ρ(S−1−r)∥2L2 + ∥u(r) · ∇2ρ(S−1−r)∥2L2 =: Rr

111 +Rr
112.

To treat Rr
111, we see that for any 0 ≤ r ≤ S−1 , an application of Hölder inequality,

Sobolev embedding, and Gagliardo-Nirenberg Sobolev inequality yields:

Rr
111 ≤ ∥∇u(r)∥2L3∥∇ρ(S−r−1)∥2L6

≲ ∥∇u(r)∥L2∥∇u(r)∥1∥∇ρ(S−r−1)∥21

≲ ∥u(r)∥1∥u(r)∥2∥ρ(S−r−1)∥22

≤ C(ρ0, u0, g, k)t
−rt−

2r+1
2 t−(k−2r−1)

≤ C(ρ0, u0, g, k)t
−(k−1/2),

where we used (4.30) with indices 2r, 2r+1, k− 2r− 1 respectively in the second to

the last inequality above. To treat Rr
112, we first discuss the case when 1 ≤ r ≤ S−1:

Rr
112 ≤ ∥u(r)∥2L3∥∇2ρ(S−r−1)∥2L6

≤ ∥u(r)∥L2∥u(r)∥1∥ρ(S−r−1)∥23

≤ C(ρ0, u0, g, k)t
− 2r−1

2 t−rt−(k−2r)

≤ C(ρ0, u0, g, k)t
−(k−1/2),

where we used (4.30) with index 2r − 1, 2r, k − 2r respectively in the second to the

last inequality above. In the case where r = 0, we instead estimate as follows using

133



Agmon’s inequality:

R0
112 ≤ ∥u∥2L∞∥∇2ρ(S−1)∥2L2

≲ ∥u∥1/2
L2 ∥u∥

3/2
2 ∥ρ(S−1)∥22

≤ C(ρ0, u0, g, k)t
− 3

4 t−(k−1)

≤ C(ρ0, u0, g, k)t
−(k−1/4),

where we used (4.30) with index 0, 1, and k − 1 in the third inequality. Combining

the estimates above yields

tk−1/4∥Rr
11(t)∥21 ≤ C(ρ0, u0, g, k).

Now we shall study ∥Rr
11∥22. We still consider the leading order contribution, namely

∥∇2Rr
11∥2L2 . A straightforward computation yields:

∥∇2Rr
11∥2L2 ≲ ∥∇2u(r) · ∇ρ(S−1−r)∥2L2 + ∥∇u(r) · ∇2ρ(S−1−r)∥2L2 + ∥u(r) · ∇3ρ(S−1−r)∥2L2

=: R̃r
111 + R̃r

112 + R̃r
113.

To control R̃r
111, we have for any t ∈ (0, T∗]:

R̃r
111 ≤ ∥∇2u(r)∥2L3∥∇ρ(S−1−r)∥2L6

≲ ∥∇2u(r)∥L2∥∇2u(r)∥1∥∇ρ(S−1−r)∥21

≲ ∥u(r)∥2∥u(r)∥3∥ρ(S−1−r)∥22

≤ C(ρ0, u0, g, k)t
− 2r+1

2 t−
k−2r−1

2 ∥u(r)∥3∥ρ(S−1−r)∥2

= C(ρ0, u0, g, k)t
− k

2 ∥u(r)∥3∥ρ(S−1−r)∥2

where we used (4.30) with indices 2r + 1 and k − 2r − 1 above. Integrating in time,
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we obtain∫ T∗

t
R̃r

111dτ ≤ C(ρ0, u0, g, k)t
− k

2

∫ T∗

t
∥u(r)∥3∥ρ(S−1−r)∥2dτ

≤ C(ρ0, u0, g, k)t
− k

2

(∫ T∗

t
∥u(r)∥23dτ

)1/2(∫ T∗

t
∥ρ(S−1−r)∥22dτ

)1/2

≤ C(ρ0, u0, g, k)t
− k

2 t−
2r+1

2 t−
k−2r−2

2

≤ C(ρ0, u0, g, k)t
−(k−1/2),

where we used (4.31) with indices 2r+1 and k−2r−2. A similar argument switching

the estimates of u and ρ terms yields the same bound for R̃r
112:∫ T∗

t
R̃r

112dτ ≤ C(ρ0, u0, g, k)t
−(k−1/2).

To estimate R̃r
113, we first note that for 1 ≤ r ≤ S − 1,

R̃r
113 ≤ ∥u(r)∥2L3∥∇3ρ(S−r−1)∥2L6

≤ ∥u(r)∥L2∥u(r)∥1∥ρ(S−r−1)∥24

≤ C(ρ0, u0, g, k)t
− 2r−1

2 t−r∥ρ(S−r−1)∥24

where we used (4.30) with index 2r − 1 and 2r respectively in the last inequality

above. Integrating in time, we get:∫ T∗

t
R̃r

113dτ ≤ C(ρ0, u0, g, k)t
− 2r−1

2 t−r

∫ T∗

t
∥ρ(S−r−1)∥24dτ

≤ C(ρ0, u0, g, k)t
− 2r−1

2 t−rtk−2r

= C(ρ0, u0, g, k)t
−(k−1/2),

where we used (4.31) with index k − 2r above. In the case where r = 0, we instead

estimate as follows using Agmon’s inequality:

R̃0
113 ≤ ∥u∥2L∞∥∇3ρ(S−1)∥2L2

≲ ∥u∥1/2
L2 ∥u∥

3/2
2 ∥ρ(S−1)∥23

≤ C(ρ0, u0, g, k)t
− 3

4 ∥ρ(S−1)∥23
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where we used (4.30) with indices 0 and 1. Integrating in time yields:∫ T∗

t
R̃0

113dτ ≤ C(ρ0, u0, g, k)t
− 3

4

∫ T∗

t
∥ρ(S−1)∥23dτ

≤ C(ρ0, u0, g, k)t
− 3

4 t−(k−1)

= C(ρ0, u0, g, k)t
−(k−1/4),

where we used (4.31) with index k − 1 above. Collecting the estimates above yields

tk−1/4

∫ T∗

t
∥∇2Rr

11∥2L2 ≤ C(ρ0, u0, g, k).

The proof is therefore completed.

From this point on, a similar argument to the odd case, combining Lemma 4.4.5,

4.4.6, and 4.4.7 above, finishes the proof for the even case. We leave details for the

interested reader.

Finally, by combining Proposition 4.4.1 and Sobolev embeddings, we infer Theorem

4.1.5.
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5. Small Scale Creation for 2D Free Boundary Euler
Equations with Surface Tension

This chapter is a reproduction of the published work [78], which is joint with Chenyun

Luo and Yao Yao.

5.1 Introduction

The 2D incompressible free boundary Euler equations describe the motion of a fluid in two

dimensions with a free boundary separating the moving fluid region Dt and the vacuum

region. In the fluid region, the fluid velocity u(t, x) and the pressure p(t, x) satisfy the

incompressible Euler equations:

{
∂tu+ u · ∇u+∇p = 0, in Dt,

∇ · u = 0, in Dt.
(5.1)

We consider the setting where the whole spatial domain is T× R+, where T = [−1, 1) has

periodic boundary condition. Assume the fluid domain Dt consists of an upper moving

boundary Γt and a fixed flat bottom Γb = T×{x2 = 0}. Here the free boundary Γt evolves

according to the fluid velocity u(t, x), namely, its normal velocity V is given by

V = u · N on Γt, (5.2)

where N is the outward unit normal to Γt. Throughout this paper, we assume the presence

of surface tension, i.e., the pressure on the free boundary obeys

p = σH on Γt, (5.3)

where σ > 0 is the surface tension constant, and H is the mean curvature of the free

boundary. On the fixed boundary, we impose the no-flow boundary condition

u · n = 0 on Γb, (5.4)

where n = (0,−1) is the outward unit normal to Γb. For simplicity, let the initial free

boundary be a straight line Γ0 = T× {x2 = 2}, so the initial fluid domain is

D0 = T× (0, 2). (5.5)
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The system (5.1)–(5.4) is also referred to as the 2D capillary water wave system. This

system has been under very active investigation for the past two decades. The local well-

posedness for the free-boundary Euler equations with surface tension is well-known, which

can be found in [2, 30, 43, 50, 51, 113, 114, 115, 116]. Unlike the Euler equations in a

fixed domain, the local well-posedness for free-boundary Euler equations does not come

directly from the a priori estimate since the linearized equations lose certain symmetry on

the moving boundary. This issue is resolved by introducing carefully designed approximate

equations that are asymptotically consistent with the a priori estimate. In addition, for

certain large initial data, it is known that the solution to the water wave system with or

without surface tension can form a splash singularity in finite time; see [26, 27, 28, 44].

Beyond local well-posedness, a natural question is whether solutions with small initial

data stay small for a longer period of time. For irrotational u0 (i.e. ∇ × u0 = 0) in a

domain with infinite depth, a positive answer was given independently by Ifrim–Tataru

[80] and Ionescu–Pusateri [82] for an asymptotically flat free boundary, where they showed

that small initial data leads to a global-in-time small solution. As for the case with a

periodic free boundary, Ifrim–Tataru [80] proved that small data solutions of the infinite

depth water waves in two space dimensions have at least cubic lifespan. In addition,

Berti–Feola–Franzoi [14] proved a similar result but with a finite bottom. See also Berti–

Delort [13], in which the almost global existence of 2D gravity-capillary water waves is

established, provided that additional symmetry conditions are imposed on the small initial

data. The key strategy in the aforementioned works is to reduce the system(5.1)–(5.3) to

a new system of equations defined on the moving boundary Γt, owing to the fact that u is

both divergence- and curl-free. See also Deng–Ionescu–Pausader–Pusateri [48] for global-

in-time irrotational solutions of the gravity-capillary water-wave system in 3D. However,

for rotational u0 it is unknown whether solutions with small initial data always remain

small for all times.

The goal of this work is to give a negative answer to this question in the finite-depth

case - namely, we construct smooth initial data with a flat free boundary and arbitrarily
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small velocity, where ∥∇ω(t)∥L∞ grows at least double-exponentially for all times during

the lifespan of the solution.

For 2D Euler equations in a disk, such double-exponential growth of ∥∇ω(t)∥L∞ was

constructed in a celebrated result by Kiselev–Šverák [91]. Similar ideas were applied to the

torus T2 by Zlatoš [132] to obtain exponential growth of vorticity gradient, and applied to

smooth domains with an axis of symmetry by Xu [129]. In this paper, we aim to extend

the construction of [91] to the free boundary setting. Our main result is as follows, which

is stated for the σ = 1 case for simplicity:

Theorem 5.1.1. Consider the 2D free boundary Euler equations (5.1)–(5.4) with σ = 1,

whose initial domain D0 is given by (5.5). There exists a smooth velocity field v0 ∈ C∞(D0)

and universal constants ε0, c1, c2 > 0, such that for any ε ∈ (0, ε0), the solutioni to (5.1)-

(5.4) with initial velocity u0 := εv0 satisfies the following for its vorticity ω := ∂1u2−∂2u1:

∥∇ω(t, ·)∥L∞(Dt) ≥ ε exp(c1 exp(c2εt)) for all t ∈ [0, T ), (5.6)

where T is the lifespan of the solution.

Remark 5.1.2. (1) In other words, we have constructed smooth small initial data of

size ε ≪ 1, such that ∥u(t)∥W 2,∞ grows to order one by time O(ε−1 ln ln ε−1), unless a

singularity occurs before this time. That is, we have demonstrated nonlinear instability for

a class of rotational initial data in their respective lifespans, which is a sharp contrast to

the irrotational case [13, 14, 48, 80, 82]. This result in 2D can be readily extended to the

periodic 3D setting, by setting u0 independent of the x3 variable.

(2) Theorem 5.1.1 can be easily generalized to all σ > 0 (with ε0, c1, c2 depending on σ

now). A simple scaling argument shows that if (u(t, ·),Dt) is a solution to (5.1)–(5.4) with

σ = 1, then (
√
σu(

√
σt, ·),D√

σt) solves (5.1)–(5.4) for a given σ > 0.

To prove Theorem 5.1.1, a natural starting point is to enforce the same symmetry as

[91], with u01 odd-in-x1 and u02 even-in-x1 respectively. One can easily check that such

i Here and throughout, a solution always means a Hs–solution, for some fixed s ≥ 4. Since our initial
data is smooth, the local existence of such a solution is guaranteed by [43, 113].
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Figure 5.1: Illustrations of our initial data u0,Γ0 and its evolution after time t. Here the
red and blue colors represent positive and negative vorticity respectively. As we show in
Proposition 5.3.1, for small initial velocity, the free boundary Γt will be confined within
3
2 < x2 <

5
2 for all time during the lifespan of a solution. This allows us to estimate u(t, ·)

near the point (0, 0).

symmetry holds for all times (so vorticity remains odd-in-x1 for all times). The proof is

standard and we include it in Lemma 5.2.1 for the sake of completeness. In addition, if we

set ω0 = 1 at most of the points in the right half of D0 (except a small measure, since ω0

has to smoothly transition to 0 at x1 = 0 and x1 = 1 due to its oddness), one can check

that such property also holds for Dt, since in the free boundary setting the vorticity is also

preserved along the characteristics.

However, despite these similarities, one faces two major challenges to adapt the proof

of [91] to the free boundary setting:

The first issue is the deformation of the domain. Since ω0 ̸≡ 0 and Dt is evolving in

time, it may deform a lot from the initial domain D0. In general, the free boundary Γt

might get very close to the origin, and the nonlinear coupling between Γt’s evolution and

the velocity field in the bulk of the fluid could destroy the small-scale creation mechanism

near the origin in [91]. That being said, we show that this can never happen at any

time for small initial data. This is because the free boundary Euler equation with surface

tension is known to have a conserved energy E(t) = K(t)+σL(t), where K(t) is the kinetic
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energy and L(t) is the length of the free boundary. (The energy conservation was shown

in [113, 114], and we derive it in Proposition 5.2.4 for the sake of completeness.) Using

this conserved energy, we make the simple but important observation that a flat initial free

boundary and a small initial kinetic energy guarantees that the free boundary Γt always

stays close to Γ0, thus can never get close to the origin – see Proposition 5.3.1 for a precise

statement, and see Figure 5.1 for an illustration.

A more serious problem is the lack of Biot-Savart law in the free boundary setting.

Recall that for a fixed domain D, given the vorticity ω(t, ·) in D at any moment, the

velocity field u(t, ·) is uniquely determined by the Biot-Savart law u = ∇⊥φ, where the

stream function φ solves the elliptic equation ∆φ = ω in D with φ = 0 on ∂D. This

Biot-Savart law was crucial in [91] to derive pointwise estimates of u(t, ·). In contrast, in

the free boundary setting, even with ω(t, ·) and Dt given at some time t, it is not sufficient

to uniquely determine u(t, ·) – one also needs to know the normal velocity of the free

boundary to determine u(t, ·) in the fluid domain. To overcome this challenge, we show

that u(t, ·) can still be somewhat determined by ω(t, ·) by an approximate Biot-Savart law

in Section 5.3.2, which contains an error term that remains regular and small for all times

near the origin. This allows us to obtain a pointwise estimate of u similar to the key lemma

in [91, Lemma 3.1], leading to the double-exponential growth of ∥∇ω(t)∥L∞(Dt).

Notations

• Let Br be the open disk centered at the origin with radius r. In Section 3, we

define Ω := T × [0, 1]. We also define Ω+ and D+
t as the right half of Ω and Dt, i.e.

Ω+ := [0, 1]× [0, 1] and D+
t := Dt ∩ {x1 ∈ [0, 1]}.

• We denote by C universal constants whose values may change from line to line. Any

constants with subscripts, such as Ci, stay fixed once they are chosen.
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5.2 Preliminary results

In this section, we collect a few preliminary results on the free boundary Euler equations

with surface tension. In Section 5.2.1, We first demonstrate a symmetry to which 2D

free boundary Euler equations conform. Such symmetry corresponds to the odd-in-x1

symmetry of vorticity in the fixed boundary case [91], and is crucial to our construction.

In Section 5.2.2, we show the conservation of vorticity and an energy balance involving the

bulk kinetic energy as well as the length of the free boundary.

5.2.1 Symmetry in 2D free boundary Euler equations

To begin with, we discuss some symmetry properties of the 2D free boundary Euler equa-

tions. For the 2D Euler equation in fixed domains, the conservation of odd-in-x1 symmetry

in vorticity is crucial in the proof of small scale formations, as seen in [91, 129, 132]. Below

we show that a similar symmetry is also preserved for free boundary Euler equations; the

difference is that we state the symmetry assumptions in terms of the velocity rather than

the vorticity, since for the free boundary Euler equation one cannot uniquely determine the

velocity using the vorticity at a given moment due to the kinematic boundary condition

(5.2).

Lemma 5.2.1. Let (u0,D0) be the initial data of (5.1)–(5.4), where D0 is given by (5.5)
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and u0 = (u01, u02) satisfies

u01(−x1, x2) = −u01(x1, x2), u02(−x1, x2) = u02(x1, x2). (5.7)

Then for all time during the lifespan of a solution, the solution (u,Dt) satisfies the same

symmetry, i.e.

−u1(t,−x1, x2) = u1(t, x1, x2), u2(t,−x1, x2) = u2(t, x1, x2), (5.8)

and the moving fluid domain Dt remains even in x1, i.e.,

Dt = D̃t := {(−x1, x2) : (x1, x2) ∈ Dt}. (5.9)

Remark 5.2.2. As a direct consequence of (5.8), we know the vorticity ω(t, x) = ∇⊥ ·

u(t, x) stays odd in x1 for all time during the lifespan of a solution.

Proof. First, setting

v(t, x1, x2) = (v1(t, x1, x2), v2(t, x1, x2)) = (−u1(t,−x1, x2), u2(t,−x1, x2)), (5.10)

q(t, x1, x2) = p(t,−x1, x2), (5.11)

it suffices to show that (v, q, D̃t) also verifies the system (5.1)–(5.4) due to uniqueness of

solution. Fixing (x1, x2) ∈ D̃t, a direct computation shows that

(∂tv1 + v · ∇v1 + ∂1q)|(t,x1,x2) = −(∂tu1 + u · ∇u1 + ∂1p)|(t,−x1,x2),

(∂tv2 + v · ∇v2 + ∂2q)|(t,x1,x2) = (∂tu2 + u · ∇u2 + ∂2p)|(t,−x1,x2),

which implies that ∂tv + v · ∇v +∇q = 0 in D̃t. Similarly, we have

∇ · v|(t,x1,x2) = ∇ · u|(t,−x1,x2) = 0.

Second, we need to check the boundary conditions. Since ∂D̃t = Γ̃t ∪ Γ̃b, where

Γ̃t = {(x1, x2) : (−x1, x2) ∈ Γt}, (5.12)

and Γ̃b = Γb, then it is straightforward to check that v · n = 0 on Γ̃b.
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Furthermore, denoting by Ñ = (Ñ1, Ñ2) the outward unit normal to Γ̃t, we infer from

(5.12) that

Ñ1(t, x1, x2) = −N1(t,−x1, x2), Ñ2(t, x1, x2) = N2(t,−x1, x2). (5.13)

This yields v · Ñ |(t,x1,x2) = u · N |(t,−x1,x2).

Finally, we define H̃ to be the mean curvature of Γ̃t. By definition, H = ∇ · N , where

∇ is the spatial derivative tangent to Γt, whose components read

∇j = ∇j −Nj(N · ∇), j = 1, 2.

This implies H̃ = ∇̃ · Ñ , where ∇̃j = ∇j − Ñj(Ñ · ∇). Then, in light of (5.13), a direct

computation yields that for any (x1, x2) ∈ Γt,

H̃(t, x1, x2) = ∇̃ · Ñ |(t,x1,x2) = ∇ · N |(t,−x1,x2) = H(t,−x1, x2). (5.14)

Thanks to (5.11), we have

q = σH̃, on Γ̃t.

This concludes the proof.

5.2.2 Conservation of vorticity and a conserved L2-energy

In this subsection, we aim to show two conserved quantities satisfied by the free-boundary

Euler equations (5.1) on both vorticity and velocity sides. The first result below shows that,

identical to the classical fixed-boundary Euler equations, any Lp norm of the vorticity is

conserved.

Proposition 5.2.3. For any 1 ≤ p ≤ ∞, we have ∥ω(t, ·)∥Lp(Dt) = ∥ω0∥Lp(D0) for all times

during the lifespan of the solution.

Proof. By applying the operator ∇⊥· to the velocity equation in (5.1) and using the

divergence-free property of u, ω satisfies the following transport equation

∂tω + u · ∇ω = 0 in Dt.

This vorticity equation together with the divergence-free property of u yields the result.
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The following proposition shows that free boundary Euler equations with surface tension

have a conserved L2-energy. It plays a pivotal role in quantifying the constraining effect of

the surface tension on the behavior of the free boundary, as we will see in Section 5.2.2.

Proposition 5.2.4. Let

E(t) := K(t) + σL(t), (5.15)

where

K(t) :=
1

2

∫
Dt

|u(t, x)|2 dx and L(t) :=

∫
Γt

dSt

are the kinetic energy of the fluid and the length of Γt respectively. Then

E(t) = E(0) (5.16)

for all times during the lifespan of the solution.

Proof. We will verify the identity (5.16) by direct computation. We start from

d

dt
K(t) =

∫
Dt

(∂tu+ u · ∇u) · u dx = −
∫
Dt

∇p · u dx,

and then apply the divergence theorem and the boundary conditions to obtain

−
∫
Dt

∇p·u dx = −
∫
Γt

p(u·N ) dSt−
∫
Γb

p (u · n)︸ ︷︷ ︸
=0

dx1+

∫
Dt

p (∇ · u)︸ ︷︷ ︸
=0

dx = −
∫
Γt

p(u·N ) dSt.

Now, invoking the boundary conditions p = σH, and u · N = V on Γt, we have

−
∫
Γt

p(u · N ) dSt = −
∫
Γt

σHV dSt. (5.17)

On the other hand, since d
dt

∫
Γt
dSt =

∫
Γt

H(u · N ) dSt (whose proof can be found in [55,

Chapter 4]), we have

d

dt
L(t) =

∫
Γt

HV dSt.

Combining this with (5.17), we arrive at

d

dt
E(t) =

d

dt
(K(t) + σL(t)) = 0,

finishing the proof.

145



5.3 Uniform estimates for the free boundary problem

In this section, we obtain some uniform-in-time estimates of the free boundary and the

velocity field, which are at the heart of the proof of the main theorem of the paper.

5.3.1 Uniform-in-time control of the free boundary and kinetic energy

The following result shows that if the initial free boundary is flat and the initial kinetic

energy is sufficiently small, the free boundary Γt stays constrained in a small neighborhood

around the initial profile Γ0 for all times, and the kinetic energy at time t always stays

below the initial kinetic energy.

Proposition 5.3.1. Let σ > 0. Consider the solution to the system (5.1)–(5.4) with

initial fluid domain D0 given by (5.5), where the initial velocity u0 is smooth and has a

small kinetic energy K(0) ≤ σ
20 . Then we have

Γt ⊂ T×
(
3

2
,
5

2

)
for all t ∈ [0, T ) (5.18)

and

K(t) ≤ K(0) for all t ∈ [0, T ), (5.19)

where T > 0 is the lifespan of the solution.

Proof. In light of (5.16) in Proposition 5.2.4, we obtain

K(t) + σL(t) = K(0) + σL(0) (5.20)

for all times during the lifespan of the solution. Since K(t) ≥ 0, we have

L(t) = L(0) +
K(0)−K(t)

σ
≤ L(0) +

K(0)

σ
≤ 2.05, (5.21)

where the last inequality follows from the assumptions (5.5) (so L(0) = 2) and K(0) ≤ σ
20 .

Also, we deduce from the incompressibility that Dt has the same area as D0, so during

the lifespan of the solution, Γt must intersect with Γ0 = T×{2} at least once. In addition,

Γt is a closed curve in T× R+, and its projection onto the x1 axis is the whole set T.

For any closed curve satisfying the properties above, if it intersects either T × {3
2} or

T×{5
2}, an elementary computation shows that it must have length at least 2

√
1 + (12)

2 =
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√
5 ≈ 2.236. Since the length of Γt stays below 2.05 for all times due to (5.21), we conclude

that Γt must be contained in T×
(
3
2 ,

5
2

)
for all times, which proves (5.18).

To show (5.19), note that (5.20) gives K(t) = K(0) + σ(L(0)− L(t)), where L(0) = 2.

During the lifespan of the solution, the projection of Γt onto the x1 axis is the whole set

T = [−1, 1), thus Γt has length at least 2. This yields L(t) ≥ 2 = L(0), thus K(t) ≤

K(0).

5.3.2 Error estimates of an approximate Biot-Savart law

As we have described in the introduction, a major issue in obtaining pointwise velocity

estimates in the free boundary setting is the lack of Biot-Savart law, namely, to determine

u(t, ·), it is not sufficient to know ω(t, ·) and Dt. To overcome this challenge, we introduce

an “approximate Biot-Savart law” which only uses the information of ω(t, ·) in the set

Ω := T× [0, 1], which leads to an approximate velocity field U(t, ·) in Ω. We will then use

the uniform-in-time estimates in Proposition 5.3.1 to obtain a precise estimate on the error

between the actual velocity u and the approximate velocity field U – it turns out the error

is quite regular and small near the origin.

Recall the notations Ω := T× [0, 1], and Br as the open disk centered at the origin with

radius r. We emphasize that as long as the initial kinetic energy is small, we have Ω ⊂ Dt

for all times during the lifespan of the solution due to Proposition 5.3.1.

For any t ≥ 0 during the lifespan of the solution, we define an approximate velocity field

U(t, ·) : Ω → R2 as

U(t, ·) := ∇⊥Φ(t, ·) in Ω, (5.22)

where Φ(t, ·) solves the following elliptic equation at the fixed time t:{
∆Φ(t, ·) = ω(t, ·) in Ω

Φ(t, ·) = 0 on ∂Ω,
(5.23)

where ω(t, ·) = ∇⊥ · u(t, ·) is the vorticity of the solution u(t, ·).

Note that U(t, ·) is uniquely determined by ω(t, ·)|Ω using the usual Biot-Savart law for

2D Euler equation in the fixed domain Ω, hence the name “approximate Biot-Savart law”.
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To estimate the error between U and the actual velocity field u(t, ·)|Ω restricted to Ω (note

that u|Ω is well defined since Ω ⊂ Dt for all times by Proposition 3.1), we define the error

e(t, ·) : Ω → R2 as

e(t, ·) := u(t, ·)|Ω − U(t, ·). (5.24)

The following proposition plays a key role in our proof of small scale creation. It says

that the error e is very regular in B1/2∩Ω, and ∇e is pointwise bounded above by C
√
K(0)

for all times. (In fact, the same estimate holds for any higher derivative of e, at the expense

of having a larger C – but controlling the first derivative of e is sufficient for us.)

Proposition 5.3.2. Let σ > 0. Consider the solution to the system (5.1)–(5.4) with initial

fluid domain D0 given by (5.5), where the initial velocity u0 is smooth and has small kinetic

energy K(0) ≤ σ
20 . During the lifespan of the solution, let U(t, ·) and e(t, ·) be defined as

in (5.22) and (5.24) respectively.

Then e(t, ·) is smooth in B1/2 ∩ Ω up to its boundary, and there exists a universal

constant C such that

∥∇e(t, ·)∥L∞(B1/2∩Ω)) ≤ C
√
K(0). (5.25)

Proof. Let us fix any time t ≥ 0 during the lifespan of a solution. In the following,

all functions are at this frozen time t, so for notational simplicity, we will omit their t

dependence.

First note that e is divergence-free since both U and u are divergence-free in Ω. By

Helmholtz decomposition, there exists a stream function F : Ω → R such that

e = ∇⊥F.

Moreover, e is also irrotational in Ω: applying ∇⊥· on both sides of (5.24) (and using the

definition of U in (5.22)–(5.23)), we have

∇⊥ · e = ∇⊥ · u−∇⊥ · ∇⊥Φ = ω − ω = 0 in Ω.

This leads to

∆F = ∇⊥ · e = 0 in Ω.
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In addition, on Γb = T×{0}, we have U ·n = ∇⊥Φ ·n = 0 (from the boundary condition

Φ = 0 on Γb) and u · n = 0 by (5.4). Thus we must also have

∇⊥F · n = e · n = (u− U) · n = 0 on Γb. (5.26)

This implies F = const on Γb, and by adding a constant to F we have F (t, ·) = 0 on

Γb without loss of generality. Combining the above, we have shown that there exists

F (t, ·) : Ω → R such that e(t, ·) = ∇⊥F (t, ·), where F satisfies

{
∆F (t, ·) = 0 in Ω,

F (t, ·) = 0 on Γb.
(5.27)

To show the regularity estimate (5.25), we first prove a bound for ∥F∥H1(Ω). We observe

the following orthogonality property between ∇Φ and ∇F in Ω:∫
Ω
∇Φ · ∇Fdx = −

∫
Ω
Φ ∆F︸︷︷︸

=0

dx+

∫
∂Ω

Φ︸︷︷︸
=0

(n · ∇F )dS(x) = 0,

where we used F being harmonic in Ω and the boundary condition of Φ. Here, dS(x)

denotes the induced surface measure on ∂Ω. Taking advantage of the orthogonality and

the a priori bound (5.19) for the kinetic energy K(t), we have∫
Ω
|∇Φ(t, x)|2 + |∇F (t, x)|2dx = ∥u(t, ·)∥2L2(Ω) ≤ 2K(t) ≤ 2K(0),

from which one obtains ∥∇F (t, ·)∥2L2(Ω) ≤ 2K(0). Now, since F ≡ 0 on Γb, we infer from

Poincaré inequality that

∥F (t, ·)∥2H1(Ω) ≤ CK(0) (5.28)

for some universal constant C. To show the C2 bound for F , recall that F is harmonic in

Ω = T× [0, 1] and satisfies the boundary condition F = 0 on Γb. Let us oddly extend F to

Ω̃ := T× [−1, 1]:

F̃ (x) :=

{
F (x1, x2), x2 ≥ 0,

−F (x1,−x2), x2 < 0
for x = (x1, x2) ∈ Ω̃.
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By the Schwarz Reflection Principle for real harmonic functions, F̃ : Ω̃ → R is harmonic

in Ω̃, thus it is also harmonic in the unit disk B1 ⊂ Ω̃, and obeys the bound

∥F̃∥2H1(B1)
≤ ∥F̃∥2

H1(Ω̃)
= 2∥F∥2H1(Ω) ≤ 2CK(0)

by (5.28). Applying the standard Calderón-Zygmund estimate (see [61, Chapter 2]) and

Sobolev embedding, we conclude that

∥F̃∥C2(B1/2)
≲ ∥F̃∥H4(B1/2)

≲ ∥F̃∥H1(B1) ≤ C
√
K(0),

which finishes the proof of (5.25) after recalling ∇e = ∇(∇⊥F̃ ) in B1/2 ∩ Ω.

Note that Proposition 5.3.2 only uses the smallness of initial kinetic energy, and we have

not used the symmetry of initial velocity yet. Under additional symmetry assumptions in

Lemma 5.2.1, we arrive at the following:

Proposition 5.3.3. Let the initial data of the system (5.1)–(5.4) satisfy the assumptions

of both Proposition 5.3.2 and Lemma 5.2.1. Then e1(t, ·) is odd in x1 and e2(t, ·) is even

in x1 for all times during the lifespan of the solution. Moreover, there exists a universal

constant C such that for any x ∈ B1/2 ∩ Ω, we have

|ej(t, x)| ≤ C
√
K(0)|xj |, j = 1, 2. (5.29)

Proof. Using Lemma 5.2.1, we know u1(t, x) is odd in x1 and u2(t, x) is even in x1 for

all times in Dt, thus ω(t, x) is odd in x1 in Dt. Since Ω ⊂ Dt by Proposition 5.3.1, this

immediately implies that Φ(t, x) in (5.23) is also odd in x1 in Ω, due to uniqueness of

solution of (5.23). Using U(t, x) = ∇⊥Φ(t, x), U1(t, x) is odd in x1 and U2(t, x) is even

in x1 for all times. Recalling e = u − U , we know e1(t, x) and e2(t, x) must satisfy the

asserted symmetries in Ω.

To show the estimate (5.29), let us fix any x ∈ B1/2 ∩ Ω. First using the fact that

e1(t, 0, x2) = 0 for x2 ∈ [0, 1] due to symmetry, we have

|e1(t, x)| = |e1(t, x1, x2)− e1(t, 0, x2)| ≤ ∥∂1e1∥L∞(B1/2∩Ω)|x1| ≤ C
√
K(0)|x1|,

150



where we used (5.25) in the last inequality. On the other hand, since e2(t, x1, 0) = 0 for

x1 ∈ T by (5.26), a similar argument to the above yields (5.29) with j = 2.

5.3.3 Estimating u using integral of ω

With the error estimate above, we are finally ready to state and prove a pointwise velocity

estimate that parallels the lemmas in [91, Lemma 3.1] and [132, Lemma 2.1]. In the

following, let Ω+ := T+ × [0, 1].

Proposition 5.3.4. Let the initial data of the system (5.1)–(5.4) satisfy the assumptions

of both Proposition 5.3.2 and Lemma 5.2.1. Then for any x ∈ B1/2 ∩ Ω+, the following

holds for all time during the lifespan of the solution [0, T ):

uj(t, x) = (−1)j
4

π

(∫
Q(2x)

y1y2
|y|4

ω(t, y)dy +Bj(t, x)

)
xj , j = 1, 2, (5.30)

where Q(x) := [x1, 1]× [x2, 1], and B1 and B2 satisfies

|B1(t, x)| ≤ C0

(
∥ω0∥L∞(Ω)

(
1 + log

(
1 +

x2
x1

))
+
√
K(0)

)
,

|B2(t, x)| ≤ C0

(
∥ω0∥L∞(Ω)

(
1 + log

(
1 +

x1
x2

))
+
√
K(0)

) (5.31)

for some universal constant C0.

Proof. Recall that (5.24) gives

u(t, x) = U(t, x) + e(t, x) for x ∈ B1/2 ∩ Ω+, t ∈ [0, T ).

In Proposition 5.3.3, we have already obtained an estimate for the error term e(t, x), namely

|ej(t, x)| ≤ C
√
K(0)xj , for j = 1, 2.

(Note that x1, x2 ≥ 0 since x ∈ B1/2 ∩ Ω+). Therefore to show (5.30)–(5.31), it suffices to

prove that

Uj(t, x) = (−1)j
4

π

(∫
Q(2x)

y1y2
|y|4

ω(t, y)dy + B̃j(t, x)

)
xj , j = 1, 2, (5.32)

151



where B̃1, B̃2 satisfy (5.31) without the terms
√
K(0) on the right hand side.

To show this, let ω̃ be the odd-in-x2 extension of ω from Ω = T× [0, 1] to T2, i.e.

ω̃(t, x1, x2) :=

{
ω(t, x1, x2 − 2n2), x2 ∈ (2n2, 1 + 2n2)

−ω(t, x1,−(x2 − 2n2)), x2 ∈ (−1 + 2n2, 2n2)
for all n2 ∈ Z.

Since ω̃ is odd in x1 (by Lemma 5.2.1) and odd in x2 (by definition of ω̃), there exists a

unique odd-odd solution Ψ(t, ·) to the equation

∆Ψ(t, ·) = ω̃(t, ·) in T2, (5.33)

and Ψ ∈ C1,α(T2) for any α ∈ (0, 1). Note that Ψ = 0 on both T × {x2 = 0} and

T× {x2 = 1} since ω̃ is odd about both lines. This implies Ψ = 0 = Φ on ∂Ω. Combining

this with ∆Ψ = ω = ∆Φ in Ω leads to Ψ = Φ in Ω, therefore U = ∇⊥Φ = ∇⊥Ψ.

Note that for any x ∈ Ω, we can express Ψ(t, x) using the Newtonian potential as

Ψ(t, x) =
1

2π

∑
n∈Z2

∫
[−1,1]2

ln |x− y − 2n| ω̃(t, y)dy

(note that the sum converges since ω̃ has mean zero in [−1, 1]2), which leads to the following

representation of U :

U(t, x) = ∇⊥Ψ(t, x) =
1

2π

∑
n∈Z2

∫
[−1,1]2

(x2 − y2 − 2n2,−x1 + y1 + 2n1)

|x− y − 2n|2
ω̃(t, y)dy.

This is exactly the Biot-Savart law for 2D Euler equation in T2, therefore we can directly

use the estimate in [132, Lemma 2.1] to obtain (5.32), where B̃1 and B̃2 satisfy

|B̃1(t, x)| ≤ C∥ω0∥L∞(Ω)

(
1 + min

{
log

(
1 +

x2
x1

)
, x2

∥∇ω(t, ·)∥L∞([0,2x2]2)

∥ω0∥L∞(Ω)

})
, (5.34)

|B̃2(t, x)| ≤ C∥ω0∥L∞(Ω)

(
1 + min

{
log

(
1 +

x1
x2

)
, x1

∥∇ω(t, ·)∥L∞([0,2x1]2)

∥ω0∥L∞(Ω)

})
(5.35)

for some universal constant C. This finishes the proof: note that we can simply drop the

second argument in the minimum to arrive at |B̃j(t, x)| ≤ C∥ω0∥L∞(1+ log((1+
x3−j

xj
)) for

j = 1, 2.
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5.4 Proof of the main theorem

Once Proposition 5.3.4 is established, the rest of the proof is largely parallel to the proof

of [91, Theorem 1.1]. However, the situation is slightly more delicate here due to the

presence of ε: recall that our initial velocity u0 = εv0 depends on ε since we want to

show double-exponential growth can happen for arbitrarily small ε ≪ 1. In our proof, we

need to construct v0 that is independent of ε, and we need to carefully justify that the

double-exponential growth phenomenon happens for any small ε, and quantify the growth

rate (which depends on ε).

Proof of Theorem 5.1.1. Recall that the initial velocity is set as u0 = εv0 with ε sufficiently

small, where v0 ∈ C∞(D0) is a fixed velocity field independent of ε. We define v0 as

v0 := ∇⊥ϕ, where ϕ solves {
∆ϕ = f in D0,

ϕ = 0 on ∂D0.

Here f ∈ C∞(D0) is odd in x1, and satisfies 0 ≤ f ≤ 1 in D+
0 and f(x1, x2) = 1 for

x1 ∈ [κ10, 1 − δ], where κ and δ are small universal constants satisfying 0 < κ < δ < 1
2 ,

and they will be fixed momentarily. Since ∥f∥L∞(D0) = 1 regardless of κ and δ, a standard

elliptic estimate gives ∥v0∥L2(D0) ≤ ∥ϕ∥H1(D0) ≤ C for some universal constant C, which

implies

K(0) =
1

2
∥u0∥2L2(D0)

=
ε2

2
∥v0∥2L2(D0)

≤ C1ε
2 (5.36)

for some universal C1. Therefore, setting ε0 := (20C1)
−1/2, we have K(0) ≤ 1

20 for all

ε ∈ (0, ε0). Thus for all ε ∈ (0, ε0), the initial velocity u0 constructed as above satisfies the

small kinetic energy assumption in Proposition 5.3.1 and 5.3.2 (recall that we set σ = 1

in the assumption of Theorem 5.1.1). As a result, Proposition 5.3.1 implies Ω ⊂ Dt for all

t ∈ [0, T ). Due to the odd-in-x1 symmetry of f , u0 also satisfies the symmetry assumption

in Lemma 5.2.1.

Since the initial vorticity is ω0 = εf in D0, the set {x ∈ D+
0 : ω0(x) ̸= ε} has area less

than 2δ. Using the incompressibility of the flow and the conservation of ω along the flow
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map, for any time t ∈ [0, T ), the set {x ∈ D+
t : ω(t, x) ̸= ε} has area less than 2δ. This

fact allows us to obtain a lower bound of the integral in (5.30) using a similar argument as

[91, Eq.(3.15)]: for any t ∈ [0, T ) and x ∈ Bδ ∩ Ω+,

∫
Q(2x)

y1y2
|y|4

ω(y)dy ≥ 1

4

∫ 1

2δ

∫ π/3

π/6

ω(r, θ)

r
dθdr ≥ ε

4

∫ 1

4
√
δ

∫ π/3

π/6

1

r
dθdr =

επ

48
(log δ−1 − 2 log 4),

(5.37)

where the first inequality uses the definition of Q(2x) and the fact that ω ≥ 0 in Q(2x),

and the second inequality uses |{x ∈ D+
t : ω(t, x) ̸= ε}| < 2δ: in the polar integral

of ω/r if we remove a set with area 2δ closest to the origin from the integral domain

{r ∈ (2δ, 1), θ ∈ (π6 ,
π
3 )} to reflect the worst-case scenario that minimizes the integral, the

remaining set would have inner radius less than 4
√
δ. Also, applying (5.36) together with

the fact that ∥ω(t, ·)∥L∞ = ∥ω0∥L∞ = ε, we can control the terms B1 and B2 in (5.31) as

|B1(t, x)| ≤ C0ε(2 +
√
C1) =: C2ε in Bδ ∩ Ω+ ∩ {0 ≤ x2 ≤ x1} (5.38)

|B2(t, x)| ≤ C0ε(2 +
√
C1) =: C2ε on Bδ ∩ Ω+ ∩ {x2 = x1}. (5.39)

From now on, we fix δ ∈ (0, 12) as a small universal constant such that

4

π

( π
48

(
log δ−1 − 2 log 4

)
− C2

)
> 1. (5.40)

With such definition, combining the estimates (5.30) and (5.37)–(5.39), we have

−u1(t, x) ≥ εx1 in Bδ ∩ Ω+ ∩ {0 ≤ x2 ≤ x1} (5.41)

u2(t, x) ≥ εx2 on Bδ ∩ Ω+ ∩ {x2 = x1}. (5.42)

In particular, (5.41) implies the flow map starting from (δ, 0) (denote it by η(t, δ, 0)) satisfies

η1(t, δ, 0) ≤ δe−εt, (5.43)

where we used the fact that η(t, δ, 0) stays on the bottom boundary Γb for all times. Since

ω(t, η(t, δ, 0)) = ω0(δ, 0) = ε, we know ∥∇ω(t)∥L∞ at least increases exponentially for all

times during the lifespan of a solution:

∥∇ω(t, ·)∥L∞(Dt) ≥
|ω(t, η(t, δ, 0))|
|η1(t, δ, 0)|

≥ ε

δe−εt
= εδ−1eεt.
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To upgrade the exponential growth to double-exponential growth, we follow the same

argument as [91], except that we have to keep track of the dependence on ε in the growth

rate. For any t > 0 and x1 ∈ (0, 1), we define the following two velocities (which is

well-defined since Ω ⊂ Dt for all t ∈ [0, T )):

¯
u1(t, x1) := min

(x1,x2)∈Ω+,x2<x1

u1(t, x1, x2), ū1(t, x1) := max
(x1,x2)∈Ω+,x2<x1

u1(t, x1, x2), (5.44)

where
¯
u1 and ū1 are locally Lipschitz in x1 during the lifespan of the solution. We then

define the functions a(t), b(t) via the ODEs

a′(t) = ū1(t, a(t)), a(0) = κ10, (5.45)

b′(t) =
¯
u1(t, b(t)), b(0) = κ. (5.46)

We also define the following trapezoidal region: for 0 < x′1 < x′′1 < 1, let

O(x′1, x
′′
1) := {(x1, x2) ∈ Ω+ : x′1 < x1 < x′′1, 0 ≤ x2 ≤ x1}.

And we set

Ot := O(a(t), b(t)).

The choice of our initial data gives ω0 ≡ ε in O0. We can argue in the same way as

[91, page 1215] that ω(t, ·) ≡ ε in Ot: due to the definition of (5.44)–(5.46), we only need

to show u · (−1, 1) > 0 along the diagonal of Ot. This is true since u1 < 0 and u2 > 0 on

the diagonal Bδ ∩ Ω+ ∩ {x1 = x2}, which follows from (5.41)–(5.42).

Using (5.41), we have

b(t) ≤ κe−εt. (5.47)

To obtain a faster decay for a(t), note that log a(t) satisfies the differential inequality

d

dt
log a(t) =

ū1(t, a(t))

a(t)
≤ − 4

π

(∫
Q(2a(t),2a(t))

y1y2
|y|4

ω(t, y)dy − C2ε

)

≤ − 4

π

(∫
Q(2a(t),0)

y1y2
|y|4

ω(t, y)dy − (C2 + C3)ε

)
.
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where the first inequality follows from (5.30) and (5.38), and the second inequality follows

from ω ≤ ϵ and the fact that for any a < 1
2 , the integral in the rectangle

∫
[2a,1]×[0,2a]

y1y2
|y|4 dy

is bounded by a universal constant C3. On the other hand, using (5.30) and (5.38), log b(t)

satisfies the differential inequality in the opposite direction:

d

dt
log b(t) =

ū1(t, b(t))

b(t)
≥ − 4

π

(∫
Q(2b(t),0)

y1y2
|y|4

ω(t, y)dy + C2ε

)
.

Subtracting them yields the following (where we use that O(2a(t), b(t)) ⊂ Q(2a(t), 0))\

Q(2b(t), 0))):

d

dt
log

b(t)

a(t)
≥ 4

π

(∫
O(2a(t),b(t))

y1y2
|y|4

ω(t, y)dy − (2C2 + C3)ε

)
. (5.48)

Using ω(t, ·) ≡ ε in O(2a(t), b(t)) ⊂ Ot, we can bound the integral in (5.48) from below as

∫
O(2a(t),b(t))

y1y2
|y|4

ω(t, y)dy ≥ ε

∫ π/4

0

∫ b(t)/ cos θ

2a(t)/ cos θ

sin 2θ

2r
drdθ =

ε

4

(
log

b(t)

a(t)
− log 2

)
,

and plugging it into (5.48) gives

d

dt
log

b(t)

a(t)
≥ ε

(
1

π
log

b(t)

a(t)
− C4

)
,

where C4 :=
4
π (

log 2
4 +2C2+C3) is a universal constant. Solving this differential inequality

gives

log
b(t)

a(t)
≥ exp

(
εt

π

)(
log

b(0)

a(0)
− πC4

)
. (5.49)

Since log b(0)
a(0) = 9 log κ−1, we can choose κ ∈ (0, δ) to be a sufficiently small universal

constant such that log b(0)
a(0) − πC4 > 2. Note that such choice of κ guarantees that 2a(t) <

b(t) for any t ∈ [0, T ). Hence, (5.49) implies the following (where we use b(t) ≤ 1 for all t

due to (5.47)):

a(t)−1 ≥ exp

(
2 exp

(
εt

π

))
b(t)−1 ≥ exp

(
2 exp

(
εt

π

))
.
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Finally, using ω ≡ ε in Ot, we have ω(t, a(t), 0) = ε, thus combining it with ω(t, 0, 0) = 0

gives

∥∇ω(t, ·)∥L∞(Dt) ≥
ε

a(t)
≥ ε exp

(
2 exp

(
εt

π

))
for all times during the lifespan of the solution.

5.5 Discussions

At the end, we discuss some generalizations of Theorem 5.1.1, and state some open ques-

tions.

1. Adding gravity to the system. When a gravity force −ge2 is added to the

first equation of (5.1), where g > 0 and e2 = (0, 1)T , the system becomes the 2D gravity-

capillary water wave system. Our proof can be easily adapted to this case for g > 0 and

σ > 0. This is because the gravity-capillary water wave system enjoys a similar conserved

energy E(t) = K(t) + gP (t) + σL(t), where P (t) =
∫
Dt
x2dx is the potential energy. It

is simple to check that P (t) ≥ P (0) for all t, since among all sets with the same area

as D0, the set D0 itself given by (5.5) has the lowest potential energy. As a result, the

uniform-in-time estimates in Proposition 5.3.1 still hold. One can also check that adding

gravity still preserves the symmetry in Lemma 5.2.1. The rest of the proof can be carried

out without any changes, and we leave the details to interested readers.

2. Removing surface tension. It seems challenging to obtain growth results without

surface tension. When σ = 0, the uniform-in-time estimate (5.18) on the free boundary

fails, thus the free boundary could potentially get very close to the origin. This difficulty

persists even with an additional gravity term – for gravity water wave without surface

tension, if the initial kinetic energy is small, using the conserved energy K(t) + gP (t) =

K(0)+ gP (0) one can prove that the free boundary stays close to Γ0 in the L2 distance for

all times, however, their L∞ difference can still be large.

3. Different domains. A natural question is whether the growth result holds for

different domains. When the bottom boundary is a graph {x2 = g(x1) : x1 ∈ T} where g
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is smooth and even-in-x1, we expect the proof would still hold after some modifications,

where the estimate of Biot-Savart law in domains with a symmetry axis by Xu [129] could

be useful. However, adapting the proof to the infinite-depth case (where there is no bottom

boundary) requires substantial new ideas. We also point out that our proof crucially relies

on the periodic-in-x1 setting, and it is an interesting open question to prove similar results

for the x1 ∈ R case for finite-energy smooth initial data.
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6. Conclusion
In this dissertation, we investigated quantitative behaviors concerning two ubiquitous phe-

nomena in nature: chemotaxis and the motion of incompressible fluids.

In Chapter 2, 3, and 4, we concerned ourselves with the interaction between chemo-

taxis and incompressible fluids. In particular, we quantitatively studied the regularization

effects by buoyancy-driven fluids in the context of the Keller-Segel equation. We are able

to show that potential singularities of the Keller-Segel equation , when coupling to various

fluid equations forced by buoyancy, can be suppressed, in a sense that the solutions be-

come globally well-posed after the addition of such fluids. An interesting open question is

whether one can find different mechanisms from buoyancy which are able to suppress such

singularities in a nonlinear way i.e. without the assistance by any dominant background

steady state of the fluid equation.

In Chapter 5, we turned to the study of free-boundary problems of incompressible

fluids. We studied scenarios which generate infinite-in-time growth of certain quantities

in the context of the motion of an ideal fluid with free boundaries i.e. free-boundary

Euler equations. Our main result is a construction of a scenario where the gradient of

the bulk vorticity, being arbitrarily small at the initial time, grows infinitely in time with

a double-exponential rate. The construction of this scenario is inspired by the ground-

breaking work [91] by Kiselev and Sverak, who studied a similar problem in the case with

fixed boundary. However, our result only observes growth for bulk quantities e.g. vorticity

gradient. A natural question to ask is whether one can construct an initial data with trivial

initial boundary and nontrivial vorticity, so that the data give rise to significant growth

of boundary quantities. We expect that a similar initial data to ours possibly work, while

one requires significantly new ideas to rigorously prove such results.
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Appendix A.

A.1 Stokes Operator with Lions Boundary Condition

In this section, we first rigorously prove Proposition 3.2.1 and Proposition 3.2.2, which

concern Stokes operator corresponding to Lions boundary condition. For the convenience

of the readers, we reiterate the statements of the propositions as follows:

Proposition A.1.1. Let u ∈ V . Then the following estimate holds:

∥u∥L2 ≤ CP ∥∇u∥L2 , (A.1)

where CP is a positive constant that only depends on the domain Ω.

Proof. Since ∥u∥2L2 = ∥u1∥2L2+∥u2∥2L2 , we will estimate each velocity component separately.

Since u ∈ V , then in particular u1 has zero spatial mean and u2 ∈ H1
0 (Ω). Thus, (A.1)

follows from applying Poincaré inequality to u1 and u2 separately.

Proposition A.1.2. Assuming f ∈ H, then (3.13) admits a unique solution u ∈ W with

estimate

∥u∥2 ≤ C∥f∥L2 . (A.2)

In fact, u is given by the following explicit formula:

u = ∇⊥(−∆D)
−2(∂2f1 − ∂1f2). (A.3)

More generally, if f ∈ Hs ∩H, s ≥ 1, we have the following improved regularity estimate:

∥u∥s+2 ≤ C∥f∥s. (A.4)

Proof. To show well-posedness of problem (3.13), it is convenient to show on the level of

stream function. Since we would find u such that
∫
Ω u1dx = 0 and u2|∂Ω = 0, there exists

a unique stream function ψ such that u = ∇⊥ψ by Hodge decomposition. Moreover, ψ

satisfies the following:

∆ψ = ω, ψ|∂Ω = 0.
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Taking ∇⊥· on (3.13) and denoting ω = ∇⊥ · u, we must have

−∆ω = ∂1f2 − ∂2f1, ω|∂Ω = 0.

Therefore, the discussion above motivates us to study the following auxiliary coupled sys-

tem:

{
∆ψ = ω, ψ|∂Ω = 0,

−∆ω = ∂1f2 − ∂2f1, ω|∂Ω = 0.
(A.5)

First, note that since f ∈ L2, we have ∂1f2 − ∂2f1 ∈ H−1
0 in the sense of distribution.

Then by standard elliptic theory, there exists a unique ω ∈ H1
0 such that the ω equation

holds, with estimate ∥ω∥1 ≤ C(Ω)∥f∥L2 . Applying standard elliptic theory again to ψ

equation, we have a unique solution ψ ∈ H3∩H1
0 , with estimate ∥ψ∥3 ≤ C(Ω)∥ω∥1. Define

u = ∇⊥ψ. Then u strongly solves (3.13) with boundary conditions u2|∂Ω = ∂2u1|∂Ω = 0

satisfied in the trace sense. Moreover, we have the estimate

∥u∥2 ≤ ∥ψ∥3 ≤ C(Ω)∥f∥L2 .

Moreover from the discussion above, we obtain formula (A.3). Finally, to show the higher

regularity estimates (A.4), we note that given f ∈ Hs ∩H, s ≥ 1, ∇f ∈ Hs−1. Using the

explicit formula (A.3) and standard elliptic estimate, we conclude (A.4).

Finally, we present the following calculus lemma:

Lemma A.1.3. ∥∇2u∥L2 = ∥∆u∥L2 for u ∈W ∩ C∞(Ω).

Proof. Integrating by parts twice, we obtain that

∥∆u∥2L2 =

∫
Ω
∂i∂iuj∂k∂kujdx

=

∫
Ω
∂i∂kuj∂i∂kujdx+

∫
∂Ω

∆uj∂2ujdx1 −
∫
∂Ω
∂k∂2uj∂kujdx1

=: ∥∇2u∥2L2 +BT1 +BT2.
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We moreover notice that

BT1 =

∫
∂Ω

∆u1∂2u1dx1 +∆u2∂2u2dx1 = 0,

Now we observe that for any x ∈ ∂Ω, since u is smooth and belongs to the class W , we

have

∆u2 = ∂21u2 + ∂22u2 = ∂22u2 = −∂1∂2u1 = 0,

where we used u2|∂Ω = 0 in the second equality, div u = 0 in the third equality, and

∂2u1|∂Ω = 0 in the last equality. Using this fact and ∂2u1 = 0 for x ∈ ∂Ω, we expand the

sum and obtain:

BT2 =

∫
∂Ω
∂1∂2u1∂1u1dx1 +

∫
∂Ω
∂1∂2u2∂1u2dx1

+

∫
∂Ω
∂2∂2u1∂2u1dx1 +

∫
∂Ω
∂2∂2u2∂2u2dx1

=

∫
∂Ω
∂2∂2u2∂2u2dx1,

where we used the boundary conditions of u in the last equality. Since ∂22u2 = −∂1∂2u1 = 0

for x ∈ ∂Ω, we finally conclude that BT2 = 0, and thus ∥∇2u∥L2 = ∥∆u∥L2 .

A.2 Standard Stokes Operator

In this section, we will remark on some standard regularity estimates for Stokes operator

A that plays an essential role in our energy estimates. What follows will be a proof of

Proposition 4.3.5 that appeared in the proof of the key result Theorem 4.3.4.

The regularity result for Stokes operator stated below is standard; proofs can be found

for example in [36]:

Theorem A.2.1. Let Ω be a bounded C2 domain. Then there exists a constant C depending

only on domain Ω such that for all u ∈ D(A) = H2(Ω) ∩ V ,

∥u∥2 ≤ C∥Au∥L2 .
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Moreover, there exist constants c1, C1 only depending on domain Ω such that

c1∥∇u∥L2 ≤ ∥A1/2u∥L2 ≤ C1∥∇u∥L2

A.3 A Variation of Moser-Alikikos Iteration

We will now give a proof for Proposition 4.3.5; its statement is reiterated below.

Proposition A.3.1. Let Ω ⊂ Rd, d = 2, 3, be a smooth, bounded domain. Assume (ρ, u)

to be the strong solution of problem (4.1) on [0, T ] with initial condition ρ0 ∈ H1
0 ∩L∞ and

ρ0 ≥ 0. If there exists M ≥ max(1, cΩ∥ρ0∥L∞) such that sup0≤t≤T ∥ρ(t)∥L2 ≤ M , we then

have

sup
0≤t≤T

∥ρ(t)∥L∞ ≤ CM
4

4−d .

Here

cΩ =

{
1, |Ω| ≤ 1,

|Ω|1/2, |Ω| > 1,

and C is a constant only depending on domain Ω.

Proof. In the proof, we consider t > 0 and suppress t dependence for the rest of the proof.

Let p ≥ 1 be an integer. We start with the following computation using (4.1):

d

dt
∥ρ∥2p

L2p = 2p

∫
Ω
ρ2p−1(−(u · ∇)ρ− div(ρ∇(−∆)−1ρ) + ∆ρ) dx = 2p(I + J +K).

Using incompressibility of u, we can compute that

I = −
∫
Ω
ρ2p−1(u · ∇)ρ dx = − 1

2p

∫
Ω
uj∂jρ

2p = 0.

Integrating by parts, we have

J = (2p− 1)

∫
Ω
ρ2p−1∂jρ∂j(−∆)−1ρdx =

2p− 1

2p

∫
Ω
∂j(ρ

2p)∂j(−∆)−1ρdx =
2p− 1

2p

∫
Ω
ρ2p+1dx

Using chain rule, we also have

K = −(2p− 1)

∫
Ω
ρ2p−2∂jρ∂jρdx = −2p− 1

p2

∫
Ω
|∇ρp|2dx.
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Collecting all computations above, we observe that

d

dt
∥ρ∥2p

L2p = (2p− 1)∥ρ∥2p+1
L2p+1 −

(
4− 2

p

)
∥∇ρp∥2L2 . (A.6)

Now we shall estimate ∥ρ∥L2n inductively on n. The base case n = 1 is dealt with by our

assumption: we simply have

∥ρ(t)∥2L2 ≤M =: B1

for all t ∈ [0, T ]. Then, we assume for t ∈ [0, T ] there is:

∥ρ(t)∥L2n ≤ Bn, Bn ≥ 1

Define f = ρ2
n
, and apply p = 2n to (A.6), we obtain that

d

dt

∫
Ω
f2dx ≤ −2∥∇f∥2L2 + 2n+1∥f∥2+2−n

L2+2−n . (A.7)

Applying a Gagliardo-Nirenberg-Sobolev inequality, we can estimate using Young’s in-

equality that

∥f∥2+2−n

L2+2−n ≲ ∥∇f∥d2−n−1

L2 ∥f∥2+2−n−d2−n−1

L2 ≤ d2−n−2∥∇f∥2L2 + C∥f∥
2+2−n−d2−n−1

1−d2−n−2

L2 , (A.8)

∥f∥L2 ≲ ∥∇f∥
d

d+2

L2 ∥f∥
2

d+2

L1 . (A.9)

The constants in the above inequalities do not depend on n. Plugging (A.8), (A.9) to (A.7):

d

dt

∫
Ω
f2dx ≤ −2∥∇f∥2L2 +

d

2
∥∇f∥2L2 + C22

n+1∥f∥
2+2−n−d2−n−1

1−d2−n−2

L2

≤ −C1∥f∥
2d+4

d

L2 ∥f∥−
4
d

L1 + C22
n+1∥f∥

2+2−n−d2−n−1

1−d2−n−2

L2 , (A.10)

where C1, C2 are constants only depending on d. Note that given d = 2, 3, we have

2+2−n−d2−n−1

1−d2−n−2 < 2d+4
d for n ≥ 1. Moreover, observe that

∥f∥L1 ≤ B2n

n <∞.
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Then for each n ≥ 1, the right hand side of (A.10) becomes negative when ∥f∥L2 is

sufficiently large. Indeed, this will be achieved by defining Bn+1 by the following recursive

relation:

logBn+1 =
2n+2 − d

2n+2 − 2d
logBn +

d

2n
[logC3 + (n+ 1) log 2] , (A.11)

where C3 is a constant independent of n. Moreover, observe that since Bn > 1 and

2n+2−d
2n+2−2d

> 1 for any n ≥ 1, {Bj}j is an increasing sequence. As B1 = M ≥ cΩ∥ρ0∥L∞ , we

then know that Bn+1 ≥ cΩ∥ρ0∥L∞ ≥ ∥ρ0∥L2n+1 . This lower bound of Bn+1 combining with

(A.11) implies that ∥ρ∥
L2n+1 will never reach the value Bn+1. Now, observe that we have

n∏
j=1

aj :=
n∏

j=1

2j+2 − d

2j+2 − 2d
= 2−n

n∏
j=1

2j+2 − d

2j+1 − d
= 2−n 2

n+2 − d

4− d
=

4− d2−n

4− d
→ 4

4− d

as n → ∞, where in the second equality we used the telescoping nature of the product.

Using the recursive relation (A.11) and B1 ≤ M , one might straightforwardly compute

that

Bn+1 ≤M
∏n

j=1 aj

[
C

d2−n+
∑n−1

j=0 (
∏n

k=j+1 ak)d2
−j

3

] [
2d(n+1)2−n+

∑n−1
j=0 (

∏n
k=j+1 ak)d(j+1)2−j

]

Note that 0 <
∏n

j=1 aj ≤
∏∞

j=1 aj ≤ 4
4−d < 4 for d = 2, 3, we may deduce from the

inequality above that

Bn+1 ≤M
4

4−d

[
C

4d
∑n

j=0 2
−j

3

] [
24d

∑n
j=0(j+1)2−j

]
≤ CM

4
4−d ,

where C is a constant depending only on domain Ω and dimension d, since series
∑

j 2
−j

and
∑

j(j + 1)2−j converge. Finally, as Ω is bounded, we have

∥ρ∥L∞ = lim
n→∞

∥ρ∥L2n ≤ CM
4

4−d ,

and the proof of the lemma is complete.
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[132] A. Zlatoš, Exponential growth of the vorticity gradient for the Euler equation on
the torus, Advances in Mathematics, 268 (2015), pp. 396–403.
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