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Abstract

In this dissertation, we concern ourselves with two fundamental phenomena in nature:
aggregation phenomena in biology and motions of incompressible fluids. The two phenom-
ena, to say the least, are ubiquitous in the world where we live, and both of them display
rich and complicated dynamics. Roughly speaking, we are interested in the interactions
between these two phenomena, with an emphasis on their long-time behaviors that are
characterized by either stability or instability. The dissertation is thus arranged into two
integral parts. The first part, covered by Chapter 2, 3, and 4, addresses the stability is-
sue of an array of chemotaxis-fluid systems. We study how singularity formation in the
Keller-Segel equation, a nonlocal aggregation-diffusion equation that describes chemotaxis,
can be prevented when it is additionally coupled to certain incompressible flows which are
forced by buoyancy. The second part, which comprises Chapter 5, investigates the insta-
bility phenomenon in the context of incompressible, free-boundary Euler equation subject
to the effect of surface tension. More precisely, we present the construction of a scenario

that realizes double-exponential vorticity gradient growth.

v



Dedication
To my mom, who raised me in spite of all difficulties.

To my dad, who never has the opportunity to witness the completion of this work.



Contents

Abstract . . . . . . iv
List of Figures . . . . . . . . . . . ix
Acknowledgements . . . . . . ... X
1 Introduction . . . . . . . . .. 1
1.1 Regularization by Active Advection in Chemotaxis . . . . . . ... ... .. 2
1.2 Instability in Free-Boundary Problems for Fluids . . . . . ... .. ... .. 5
2 Suppression of Chemotactic Singularity by Darcy’s Law . . . . . ... ... ... 8
2.1 Introduction . . . . . . . . . .. 8
2.2 Preliminaries . . . . . . . . L 14
2.2.1 Notation and conventions . . . . . . . .. . ... ... ... ... 14

2.2.2  Functional spaces and eigenfunction expansions . . . . . . .. .. .. 15

2.3 Local well-posedness and conditional regularity . . . . ... ... ... ... 16
2.4 Energy estimates . . . . . .. .. L 19
2.5 Partition into “good” and “bad” time intervals . . . . ... ... ... ... 23
2.6 Main estimates . . . . . . ... L 27
2.6.1 Keylemmas. .. ... .. ... .. 27

2.6.2 Estimates on the good intervals . . . . . . ... .. ... ... .... 35

2.6.3 Estimates on the bad intervals . . . .. ... ... ... .. ... .. 38

2.7 Proof of the main theorem . . . . . . .. ... ... 0L 40

3 Suppression of Chemotactic Singularity by Navier-Stokes Flow with Large Buoy-

AICY  « v v e e e e e e e e e e e 42
3.1 Introduction . . . . . . . . . ... 42
3.1.1 Main Theorem . . . . . . . . . . .. 47
3.1.2 Main Strategy of Proof . . . ... ... ... ... 00 47
3.1.3 Organization of the Paper . . . . . . . .. ... ... .. ....... 50

3.2 Preliminaries . . . . . . ... 51

vi



3.2.1 Notation and Conventions . . . . . . . . . . . . . ... ... ... 51

3.2.2 Steady Stokes Equation with Lions Boundary Condition . . . . . . . 52

3.3 Local Well-Posedness and Regularity Criteria . . . . . . .. ... ... ... 54
3.4 Analysis of the Static Problem . . . . . ... ... ... ... ... ..... 55
3.4.1 Key A Priori Estimates . . . . . . . . . ... ... ... ... 56
3.4.2 Norm-Stabilizing Property of the Static Problem . . . . . ... ... 63

3.5 Analysis of the Full Keller-Segel-Navier-Stokes Problem . . . . . ... ... 66
3.5.1 Preliminary Estimates . . . . . . . . ... ... 0L 67

3.5.2 Control of the Advection Term . . . . . .. ... ... ... ..... 71

3.5.3 Controlof yu. . . . . . . . e 73
3.5.4 Closing the Bootstrap . . . . . . .. .. .. ... ... ........ 81

3.6 Discussions . . . . . . .. e 87

4 Suppression of Chemotactic Blowup by Strong Buoyancy in Stokes-Boussinesq

Flow with Cold Boundary . . . . . . ... ... ... ... ... .. ..., 89
4.1 Introduction . . . . . . . . . L 89
4.2 Local Well-Posedness of Strong Solution . . . . . ... .. ... ... .... 94
4.2.1 Galerkin Approximations . . . . . ... ... ... ... ... 95
4.2.2 A priori Estimates and Existence. . . . . . . . ... ... ... .. 96
4.2.3 Uniqueness . . . . . . . . .o o 103
4.2.4 Regularity Criterion . . . . . .. .. ... oo 104
4.2.5 Global Well-Posedness with Small L2 Data, . . . ... ........ 107

4.3 Proof of the Main Theorem: Suppression of Blowup . . ... ... ... .. 109
4.3.1 Velocity Control . . . . . .. .. ... 109
4.3.2 A Key Theorem . . ... ... .. .. .. .. .. ... ... ... 112
4.3.3 Proof of Global Well-Posedness with Large g . . . . ... .. .. .. 116

4.4 Promotion to Regular Solution . . . . . ... ... ... ... ... ... .. 117

5 Small Scale Creation for 2D Free Boundary Euler Equations with Surface Tension137

vil



5.1 Introduction . . . . . . . . e 137

5.2 Preliminary results . . . . . . .. .. oL 142
5.2.1 Symmetry in 2D free boundary Euler equations . . . . . . . .. ... 142

5.2.2  Conservation of vorticity and a conserved L?-energy . . .. .. ... 144

5.3 Uniform estimates for the free boundary problem . . . . . . ... ... ... 146
5.3.1 Uniform-in-time control of the free boundary and kinetic energy . . 146

5.3.2 Error estimates of an approximate Biot-Savart law . . . . . ... .. 147

5.3.3 Estimating w using integral of w . . . . . .. ..o 151

5.4 Proof of the main theorem . . . . . . . . .. ... ... ... ... ... 153
5.5 Discussions . . . . .. . e 157
6 Conclusion . . . . . . . . . . e 159
Appendix A Some Technical Tools . . . . . . . . . ... .. ... ... ....... 160
A.1 Stokes Operator with Lions Boundary Condition . . . ... ... ... ... 160
A.2 Standard Stokes Operator . . . . . . . . . . . . .. .. ... ... ... 162
A.3 A Variation of Moser-Alikikos Iteration . . . ... ... ... ... ..... 163
Bibliography . . . . . . . . L 166

viii



List of Figures

2.1 An illustration of good and bad intervals . . .

2.2 An illustration of frequency cones used in proving the key inequality . . . .

5.1 Illustrations of initial datum and its evolution

ix



Acknowledgements
“I have always been a lucky person.” This is my first thought by the time I finished
this dissertation and recollected my growth starting from an ignorant student to a PhD
candidate who is ready to defend his thesis. I could not help but realize that none of the
mathematics that I did by myself in this dissertation would exist without the help and
support from many people that I have encountered in my life. I would hope the readers
to forgive me for this prolonged acknowledgement, which serves as my attempt to thank
those who have helped shape my personality and expertise.
When I just started my life as a PhD student, my mere wish was to be able to graduate:
I was intimidated by the sheer gap between the life as an undergraduate and that as a
graduate student. For quite some time, I was trapped in the swamp of confusion and
bewilderment. In the meantime, however, I am blessed to have Prof. Alexander Kiselev
as my advisor, who keeps encouraging me, inspiring me, and pushing me, so that I reach
where I am at this moment. In my point of view, Sasha as an academic advisor is a guru
of mathematical fluid dynamics who generously shares, as much as possible, his profound
knowledge with his disciples. What I could do was to learn from his great mathematical
skills, his brilliant taste in a good mathematical problem, as well as his ability to view a

2

problem from “the perspective of an eagle.” This entire thesis would not exist without
inspirations from him. Aside from academic aspects, Sasha also shows me, through his
composure, generosity, and kindness, how to be a proper mathematician and a decent
human being. Honestly, being Sasha’s student is a blessing for me, and I hope I have made
him proud.

Of course, my interest in mathematics started before I met Sasha, perhaps even before
I became an undergrad. Even though I started with viewing mathematics as a mere
recreation, the encouragement and guidance given by my family, my previous mentors, and
my friends truly motivated me to consider mathematical researcher as my real vocation.

My family has always played a fundamental role in my life — I would have accomplished

nothing without their unconditional love, care, and support. I would like to first thank

X



my mom, as she has persevered in spite of so many difficulties as I grew up. She is
my guardian angel who protects me so well that I can concentrate on what I strive for.
She is my true anchor of life. I would also like to dedicate this thesis to my dad, who
firmly supported me to experience a different style of life by studying abroad. He was
never a talkative person since I was a kid, but I know that he loves me in a silent way.
Finally, I would like to thank my grandparents. As my parents worked in another city,
my grandparents took care of me most of the time before I entered middle school. It was
their nurturing which helped me develop good habits and become a self-disciplined person.
The lessons that I learned from them are one of the most precious gifts that I would never
forget in my life. Last but not least, my initial motivation to delve into mathematics is
from my family: even though none of them had ever worked in quantitative subjects, they
full-heartedly encouraged and supported my decisions to specialize in mathematics and to
make researching in mathematics my lifelong endeavor.

My genuine interest in mathematics, especially in the analysis of PDEs, was kindled
during my undergraduate studies at Vanderbilt University. I was fortunate enough to enroll
in classes taught by several professors and to engage in inspiring conversations with them.
I cannot forget the moment that I began to appreciate the close ties between mathematics
and physics laws when I took a multivariable calculus course taught by Prof. Marcelo
Disconzi during my freshman year. Being my academic mentor throughout my under-
graduate years, he always nurtured me with patience, encouragement, and his profound
knowledge in PDEs. I would have never survived the honors track of math major without
his mentorship. I also remember how Prof. Chenyun Luo passionately explained to me the
mathematics behind fluid dynamics and general relativity in his office, even when I was
still an amateur in “serious mathematics” as a sophomore. To some extent, it was actually
Chenyun’s passion which eventually broadened my horizon in the realm of fluid equations,
and which motivated me to study this subject as a researcher in mathematics. I feel blessed
that our friendship persists and we even have collaborations now. Finally, it was an inspir-

ing experience to sit in the graduate analysis course taught by Prof. Jared Speck. While

xi



I almost miserably failed the first midterm exam on abstract measures, his “tough love”
quenched my excessive ego and taught me how to be patient as well as persistent. Along
with challenges and sometimes frustrations, Jared brought my understanding of mathe-
matical analysis to another level, which allowed me to truly engage in serious research and
to appreciate the beauty of mathematical analysis. Finally, I would also like to extend my
gratitude to Prof. Anna-Marie Bohmann, Prof. Giusy Mazzone, Prof. Glenn Webb, Prof.
Jonathan Campbell, Prof. Denis Osin, Prof. Doug Hardin, Prof. Larry Rolen, and many
other scholars. They helped me learn to appreciate the intricacy of many different aspects
of mathematics, and really shaped who I am now as a researcher in this field.

During my graduate studies, I was fortunate enough to get familiar with many brilliant
and wonderful people both inside and outside Duke. For my five years at Duke, I would like
to thank Prof. Tarek Elgindi for his care as well as his generosity of sharing so many brilliant
insights with me. I am always amazed by his ability to dismantle a complicated problem
and to isolate its core issue in an extremely intuitive way. I do wish I had more time learning
from him. I would also like to thank Prof. Siming He. I could not remember how many
times that I got help or suggestions from him, ranging from math problems to cover letter
writing. He would always patiently discuss with me when I was confused about anything.
It is difficult to overstate how big a role he has played in my PhD career. I would also like
to thank Prof. Jonathan Mattingly for his entertaining courses on stochastic analysis, and
Prof. Jim Nolen for his inspiring lectures on ODE theory and optimal transport. I would
also like to thank Prof. Tom Witelski for his wonderful course on fluid mechanics, which
broadened my horizon in this subject from a totally different perspective. Finally, I would
like to thank Federico Pasqualotto for teaching me about shock formation and sharing
with me many career advice; I also want to thank Raj Beekie for struggling through the
nonuniqueness reading project together and for guiding me through the subject of inviscid
damping and spectral theory.

These five years would not be so incredible without the friends that I made at Duke.

I would first like to thank Yupei Huang, Karim Khalil, and Kevin (#1) Dembski for their

xii



unwavering support over the past few years. I could never forget the fun we had when
we had different PDE reading groups together and math jokes. Many inspirations in my
research actually come from casual conversations with them. I would also like to thank
Naji and Bryan for bringing even more fun and brilliant thoughts to our PDE group
since the day they joined. I am also indebted to Ching-Lung, Victor Amaya, Jiayi, Kai,
Haotian, Zijun, Michael, Yuqing, Jing, Kyle, and many others for their companionship and
encouragement.

Also, I would have never completed my journey as a PhD without the help from friends
outside Duke. I would like to first thank Prof. Yao Yao. We became acquainted with
each other during a collaboration in 2023. Since then, she has been taking care of me as
if I were her student. In research, she always inspires new angles of thinking, which can
hardly be obtained elsewhere. I regard her as my de facto second advisor, as a major part
of this thesis would not exist without her guidance. Finally, I want to extend my gratitude
to Marc Nualart, Augusto Del Zotto, Tao Zhou, Jiaqi Liu, Jingbo Wan, and Jia Shi for
friendship and letting me know about other interesting topics in mathematical physics.

Of course, I am not able to survive these years of odyssey without “a little help from
my friends” (I finally find a way to pay tribute to the Beatles). I feel lucky to maintain
friendships with Ruibiao Ye, Nanrui Shao, and Zefeng Fan, with all the good memories
during our years in Longgang Experimental School. I was also indebted to my high school
friends Jiarui Xu, Yitong Deng, Daiyang Liu, Yuncong Yang, Chuyi Chen, Linhe Yang, and
many others. The years in Shenzhen Middle School are always golden and precious. It was
these wonderful human beings who taught me how to care, to love, and to be an upright
person. I can also never forget the ups and downs that I shared with Aodong Liu, Zhengang
Xu, Zhan Rong, Yunxi Xiong, and Tony Tian during my undergraduate years, not to
mention the days and nights of hard work that we spent together, the basketball games
every Friday, and the mutual support that we gave to each other during the application
season. Even though all of us ended up with different careers, our camaraderie still, and

will always, encourages me to walk further along the path of mathematics.

xiii



1. Introduction

The content of the dissertation is based on two overarching themes: regularization effects
induced by active advection in the context of an active scalar equation describing chemo-
taxis, and infinite-in-time growth phenomena appearing in some free-boundary problems
of fluid mechanics. We present four major results in this dissertation. The first three re-
sults, as presented in Chapter 2, 3, and 4, study the first main theme, while the last result
presented in Chapter 5 studies the second main theme.

In Chapter 2, I review the work [77] joint with Alexander Kiselev and Yao Yao. In this
chapter, we demonstrate how the addition of an incompressible porous medium (IPM) flow
driven by buoyancy forcing can immediately nullify the possibility of singularity formation
in the Keller-Segel equation posed in a periodic channel. This result involves a refined
analysis of a nonlinear, dynamical dimension-reduction effect precisely given by the buoy-
ancy coupling. This work [77] offers the first result showing blowup suppression by active
advection that is fully nonlinear and independent of any dominating background passive
states. Therefore, perhaps from a philosophical point of view, the nonlinear regularization
effect by active advection studied in this work might have connections with similar phe-
nomena which take place in some of the most fundamental fluid equations, such as three
dimensional Euler and Navier-Stokes equations.

In Chapter 3, I discuss the work [75]. This work extends the framework developed in
[77], and shows that the potential singularity of the Keller-Segel equation can be suppressed
by a Navier-Stokes flow in the regime of large buoyancy and viscosity. This result exploits
a similar dimension-reduction mechanism to that appearing in [77], and deploys a more
technical nonlinear analysis to study the nonlinear interactions between chemotaxis and
the Navier-Stokes equation. In practice, the Keller-Segel-Navier-Stokes system is a classical
and widely used model to describe chemotaxis taking place in viscous fluid. Therefore, an
understanding of the nonlinear regularization effects by Navier-Stokes flows bears signifi-
cant biological implications. To the best of the author’s knowledge, this work presents the

first nonlinear blowup suppression result in the context of the Keller-Segel-Navier-Stokes
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equations.

In Chapter 4, I present a result [76] joint with Alexander Kiselev, which demonstrates
another blowup suppression result for the Keller-Segel equation equipped with homoge-
neous Dirichlet boundary conditions. Comparing with the mechanisms wielded in Chapter
2 and 4, we observe an enhanced interaction between the bulk and the cold boundary,
which eventually leads to the suppression of blowup. Similar to the Navier-Stokes flow,
the Stokes equation is also a classical fluid model that describes the motions of viscous
fluids. Our work [76] actually gives some interesting insights into the interaction between
chemotaxis and a cold boundary aided by a buoyancy-dominated Stokes flow. This new
mechanism turns out to be quite general and could be applied to arbitrary smooth domains
that are either two or three dimensional.

In Chapter 5, we turn to the problem of incompressible, free-boundary FEuler equation
in two dimensions. In a joint work [78] with Chenyun Luo and Yao Yao, we construct a
scenario that generates double-exponential vorticity gradient growth in a similar spirit to
the groundbreaking work [91]. The main result presented in [78] seems to be the first result
which rigorously proves a purely vorticity-driven instability in the study of free-boundary
Euler equations. Moreover, the scenario that we constructed not only is nonlinearly un-
stable, but also “creates small-scales” in a sense that certain quantities related to the fluid
bulk grows indefinitely at an extremely fast rate.

For the rest of this section, we plan to give a more detailed discussion on the two main
themes of this dissertation. In particular, we will present some preliminary materials and

give a brief survey of the developments in these two directions respectively.

1.1 Regularization by Active Advection in Chemotaxis

The regularization effects of advection have been an involved phenomenon in the study of
incompressible fluids. In the context of the Euler and Navier-Stokes equations, certain flows
with good mixing properties produce an enhanced regularity or decay by effectively creating

small scales; such effects are widely explored in the study of inviscid damping and enhanced



dissipation (see [38, 10, 11, 83]). The regularization effects are also conjectured to persist
in the fully nonlinear setting: on one hand, some 1D models of the Euler equations have
global solutions for certain classes of data (see [32, 88]), where one develops a quantitative
understanding of the regularization effects by advection. On the other hand, while the
question of finite-time blowup versus global regularity for 3D Euler and Navier-Stokes
equations still remains largely open, one observes that the advection term prevents potential
singular behaviors of equations. This can be seen from the fact that the modified 3D Euler
and Navier-Stokes equations can form finite-time singularities when the advection term is
removed from the models (see [36, 73, 94]). In my work, I quantitatively investigate the
regularization by active advection in the context of the Keller-Segel equation, a nonlinear
aggregation equation that models chemotaxis. This equation, especially in dimension 2,
bears a remarkable property that a finite-time singularity might form. Studying how
advection suppresses blowups in this equation allows us to obtain deeper insights into the
role of advection in other active scalar equations, including some fluid models.

Now, I briefly summarize some preliminaries and related results on the Keller-Segel

equation with advection, which models the evolution of bacteria or cells in ambient fluids:

Op+ u-Vp — Ap +div(pVe) =0, —Ac=p, p(0,z)=po(z) >0, (1.1)
where u is a divergence-free vector field. The parabolic equation for p represents bacteria
undergoing random motion, aggregation induced by chemicals, and transportation by back-
ground fluid motion; the elliptic equation governing c reflects that the bacteria themselves
produce the chemical.

When the ambient fluid is absent (i.e. when u = 0), (1.1) reduces to the classical static
parabolic-elliptic Keller-Segel equation. For a thorough survey on this static model, we
refer to the works such as [9, 16, 19, 71], and [22]. If one additionally assumes that (1.1)
is in 2D, one finds a remarkable fact that (1.1) is L'-critical: the total mass of bacteria

lpol| 7,1 determines the behavior of the solution to (1.1). If ||po|| 1 > 87, a singularity forms



in finite time (see, e.g., [20, 87, 105, 69, 70]); if ||po||1 < 8, the solution remains regular
for all times (see, e.g., [20, 19]).

If the velocity field u is nontrivial, the additional advection injects much greater com-
plexity to the dynamics of (1.1). Perhaps one of the most intriguing effects is the regu-
larization by fluid advection: while advection does not smooth the equation by itself, it
aids global regularity by mixing or dimension-reducing effects. This leads to the following
general question that motivates my investigation: is there any example of u, either passive
or active, that prevents singularity formation of (1.1) with zero advection?

Examples of passive flows which suppress blowup have been constructed over the past
few years. Kiselev—Xu in [92] and Iyer-Xu-Zlatos in [86] show that strong flows that are
relaxation-enhancing, in the sense prescribed in [38], are viable examples. The underlying
mechanism of such flows is enhanced diffusion via mixing. In works by Bedrossian—He
[8] and He [65], the authors demonstrate that sufficiently strong shear flows also prevent
chemotactic blowup through a dimension-reduction mechanism. A fast-splitting scenario
induced by strong hyperbolic flows is also explored in [68].

The question on how to construct active flows that suppress chemotactic blowup, how-
ever, remains largely open, mainly due to the difficulty posed by the dependence of the
flow on the advected quantities. While there are many results on global existence of clas-
sical solutions to Keller-Segel-fluid systems, these results either assume small data (e.g.,
[31, 52, 102]) or work in scenarios where neither the chemotaxis nor fluid equations blow
up if they were not coupled (e.g., [125, 126]). Thus far, there are only a few examples of
blowup-suppressing active flows constructed in the context of Keller-Segel-Navier-Stokes
equation (see [131, 66, 95]). Notably, the main mechanisms in these works are based on
dimension reduction effects of certain shear flows and their hydrodynamic stability.

From the above discussion, existing works explore blowup-suppressing flows in an (al-
most) linear setting, where the background fluids are either passive flows or their perturba-
tions. Whether one can find a genuinely nonlinear mechanism that suppresses chemotactic

singularity still remains largely open. We will discuss some progress regarding this direction
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in Chapter 2, 3, and 4.

1.2 Instability in Free-Boundary Problems for Fluids

As a classical topic in fluid mechanics, hydrodynamic (in)stability, especially in the context
of the Euler and Navier-Stokes equations, has been extensively studied in both free space
and fixed-boundary settings. Regarding stability, a variety of stabilizing mechanisms, such
as enhanced dissipation ([11]), inviscid damping ([10, 83, 84]), and vorticity depletion near
shear flows ([12]) as well as vorticies ([7]), have been relatively well understood. On the
other hand, there are constructions of spectrally unstable shear flows and vortices (see, e.g.,
[96]). There are also methods of upgrading such instability to the nonlinear level (see, e.g.,
[64]). Scenarios involving strong hyperbolic flows are also classical in generating instabilities
(191, 132]). Moreover, it is worth noting that hydrodynamic instability ties intimately with
nonuniqueness ([123, 5, 4]) and singularity formation ([58]) in some classical fluid models.
In the case of free-boundary Euler equations, there are also extensive results on instability
of Stokes waves when the fluid is also vorticity-free (see, e.g., [45, 79, 107, 15]). However,
when there is nontrivial vorticity, the understanding of hydrodynamic instability is limited,
mainly due to the nonlocal effects that lead to interactions between the free surface and
the bulk vorticity.

We are interested in investigating the stability issue of the incompressible free boundary
Euler equations, which model the motion of an inviscid, incompressible, ideal fluid with a
moving domain:

ou+u-Vu+Vp=0, divu=0, in Ds. (1.2)

We denote D; = {zx = (z1,22) € X xR : 0 < x2 < n(t,z1)} as the fluid domain, where
Iy :={z2 = 0} is fixed and I'; := {(z1,n(t,z1)) : 21 € X} is free. Here X = R or T. With

initial conditions ug, 19, we also have the following boundary conditions:

om=u-N, and w-n=0, onlYy, (1.3)



and

p = O'H, on Ft. (14')

The boundary condition (1.3) means that the free interface I'; is advected by u, and the
flow moves tangentially along the fixed bottom I'y. Also recall that (1.4) encodes the
effect of surface tension. From the persepctive of physics, surface tension originates from
the cohesion force among fluid molecules, generating a tendency for the fluid interface to
shrink to a minimal surface. Mathematically, (1.4) regularize the free surface I';, in a
sense that (1.2)—(1.4) is ill-posed when o = 0 without imposing an additional Taylor sign
condition (see [54]).

Understanding the long time behavior of system (1.2)—(1.4) is a pivotal problem in
this field. Remarkably, if one additionally assumes that the flow is irrotational', the free
boundary Euler equations reduce to the water wave equation, and the study of which is ex-
tensive. In the full case (X = R), Wu in [127] established almost global well-posedness for
small data in o = 0 case; Ifrim-Tataru [80] and Ionescu-Pusateri [82] independently proved
the global well-posedness for small data in o > 0 case. In the periodic case (X = T),
Ifrim-Tataru [80] and Berti-Feola-Franzoi [14] showed cubic lifespan for small data with
nontrivial surface tension, meaning that the lifespan of the solution is at least of order e 2
given initial data of size €. To achieve the results mentioned above, the key observation
is that (1.2)—(1.4) reduces to a closed evolution equation of the free surface under the as-
sumption of irrotationality. Moreover, the reduced equation exhibits dispersive character
and has good nonlinear structures after normal form transformation. From another per-
spective, certain large initial data produce self-intersection of the free surface, see, e.g.,
[27, 28, 26]. Contrary to the irrotational case, the stability theory for free boundary Euler
equations with nontrivial vorticity is far less developed. There are indeed rigorous stability
results near rather special scenarios, and we name a few here: Ifrim-Tataru in [81] shows

cubic lifespans for small solutions near constant vorticity states in the periodic setting;

I An irrotational flow in 2D means that V* - u = 0. It is well-known that the irrotationality of the initial
datum is propagated by sufficiently regular solutions.



Su in [117] shows a similar result near a singular state where two counter-rotating point
vortices travel away from the free boundary. Although the two works above work with
nontrivial vorticity, the perturbation equations modulating the background vorticity still
exhibit good (non)linear structures. Such favorable properties crucially rely on structures
of the background vorticity, hence being highly non-generic.

In Chapter 5, based on [78], we address the aspect of instability. Specifically, we con-
struct a new example of nonlinear instability near the trivial state of the free-boundary
Euler equations. This work also highlights the pivotal role of nontrivial vorticity in gener-
ating such instability: for water waves (i.e., incompressible, free-boundary Euler without
vorticity), it is well-known that solutions with small initial data enjoy extended lifespans.
The result in [78] reveals a sharp contrast when even arbitrarily small vorticity is present.
Moreover, the instability in our example self-amplifies in time: the vorticity gradient grows

infinitely in time unless a more severe loss of regularity occurs.



2. Suppression of Chemotactic Singularity by Darcy’s
Law

This chapter is a reproduction of the work [77], which is joint with Alexander Kiselev and

Yao Yao.

2.1 Introduction

There are many mechanisms for regularity in partial differential equations. Sometimes,
like in the 2D Euler equation, there is a controlled quantity that is sufficient to prove
local and global regularity of solutions. There is a number of specific mechanisms that can
confer global regularity to an otherwise potentially singular equation. Perhaps the most
common and simple ones are viscosity or diffusion (like for the viscous Burgers equation),
or just strong enough damping. A more sophisticated regularity mechanism which in
many instances is nevertheless well understood is dispersion (see e.g. [97]). Our focus
in this paper is on regularization by fluid flow advection, a purely transport term of the
form (u - V)p. Fluid flow is naturally present in many settings. It is not expected to
be smoothing by itself, but can aid global regularity via mixing/diffusion enhancing, or
dimensionality reduction effects. These phenomena are relatively well understood in the
passive advection setting, where the vector field u is given and does not depend on the
advected quantity. Examples include certain limiting regimes in homogenization, where
the fluid flow leads to higher renormalized diffusion (e.g. [60]), flows with good mixing
properties that can enhance dissipation (e.g. [130]) or strong shear flows that can elevate
the relative power of diffusion by reducing the effective dimension of the problem (e.g. [8]).
In all these examples, it is important that the flow has large amplitude. On the other
hand, the potential regularizing role of advection is not yet well understood in an active
setting, where flow is not prescribed but determined by an equation that also involves
the advected quantity. One fundamental example here is the three dimensional Euler and
Navier-Stokes equations, where global regularity is not known, but there is evidence that

model equations for vorticity where the advective part is omitted lead to singularities (e.g.



[36, 74]). Another natural setting is aggregation equations with fluid transport. It is in
this area that we discover an intriguing phenomenon: a variant of the Patlak-Keller-Segel
equation, the much studied model coming from mathematical biology and well-known to
feature finite time singularity formation, is completely regularized by an arbitrarily weak
coupling to a simple fluid equation.

The Patlak-Keller-Segel equation is a fundamental model of chemotaxis [89, 110]. It
describes a population of bacteria or slime mold that move in response to attractive external

chemical that they themselves secrete. Here we are interested in its parabolic-elliptic form

dp — Ap+div(pVe) =0, —Ac=p—pm, p(z,0)= po(x). (2.1)

We can think of (2.1) set on a finite domain, with the most natural Neumann boundary
conditions for p and ¢; in this case pjs is the mean of the population density p, and ¢ is the
attractive chemical produced by the bacteria themselves. Diffusion and production of the
chemical ¢ are assumed to be much faster than other time scales of the problem, leading to
the elliptic equation for ¢ in (2.1). The equation (2.1) has dramatic analytic properties: in
particular, its solutions can form singularities in finite time in dimensions greater than one.
Finite time singularity formation in solutions of the Patlak-Keller-Segel model has been a
focus of extensive research (see e.g. [111]). It is known that in two dimensions, finite time
blowup is controlled by the mass of p, with the critical mass being 87: all initial data with
mass greater than critical lead to a finite time singularity [69, 70, 34|, while initial data
with mass smaller or equal to critical lead to globally regular solutions [87, 19].

Often, chemotactic processes take place in ambient fluid. One natural question is then
how the presence of fluid flow can affect singularity formation. In [92], this question was
studied for the case where the flow is passive - it is given and does not depend on the
density, resulting in the term A(u-V)p added on the left side of (2.1). The main point was
a connection between mixing properties of the flow and its ability to suppress chemotactic
explosion. It was proved that given an initial data py and a flow with strong mixing

properties, there exists a flow amplitude A(pg) such that solutions of (2.1) stay globally
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regular. The classes of flows for which the result of [92] holds include relaxation enhancing
flows of [38], mixing flows constructed in [133], or self-similar flows of [3]. More research
followed: for example, in [8] chemotactic singularity suppression by strong shear flow has
been investigated. In this case the shear works as a dimension reduction mechanism -
and since in one dimension the solutions of the Patlak-Keller-Segel equation are regular,
one can expect suppression of blowup in two dimensions. In [67], hyperbolic splitting flow
has been studied; in [42] advection induced regularity has been explored for Kuramoto-
Sivashinsky equation. The paper [86] put forward a more general formalism for suppression
of singularity formation by fluid advection for a class of nonlinearities, and considered more
general types of passive fluid flows, such as cellular.

A very interesting question that has so far remained largely open is whether fluid
advection can suppress chemotactic explosion if it is active, that is, if the Patlak-Keller-
Segel equation is coupled with some fluid mechanics equation. There have been many
impressive works that analyzed such coupled systems, usually via buoyancy force; see for
example [49, 52, 101, 100, 102, 125, 126, 31, 53, 118] where further references can be found.
Active coupling makes the system much more challenging to analyze, but in some cases
results involving global existence of classical solutions (the precise notion of their regularity
is different in different papers) have been proved. These results, however, apply either in
the settings where the initial data satisfy some smallness assumptions (e.g. [52, 102, 31])
or in the systems where both fluid and chemotaxis equations may not form a singularity
if not coupled (e.g. [125, 118, 126]). Very recently, in [66] and [131], the authors analyzed
Patlak-Keller-Segel equation coupled to the Navier-Stokes equation near Couette flow.
Based on ideas of blowup suppression in shear flows and stability of the Couette flow, the
authors proved that global regularity can be enforced if the amplitude of the Couette flow
is dominantly large and if the initial flow is very close to it.

We note that active fluid advection has been conjectured to regularize singular nonlinear
dynamics in other settings. The most notable example is the case of the 3D Navier-

Stokes and Euler equations. Constantin [36] has proved possibility of finite time singularity
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formation for the 3D Euler equation in R3 if the pure advection term in the vorticity
formulation is removed from the model. Hou and Lei have obtained numerical evidence for
finite time blowup in a system obtained from the 3D Navier-Stokes equation by the removal
of the pure transport terms [94]. In fact, finite time blowup has been also proved rigorously
in some related modified model settings [73, 74]. Of course, the proof of the global regularity
for the 3D Navier-Stokes remains an outstanding open problem, so whether the 3D Navier-
Stokes equation exhibits “advection regularization” is an open question. Interestingly, a
similar effect is present even in a one-dimensional model of the 3D Euler equation due to
De Gregorio [47]. While the global regularity vs finite time blowup question is open for
this model, the Constantin-Lax-Majda equation that is obtained from it by dropping the
advection term leads to finite time singularity formation [39]. Moreover, recent works [88]
and [32] establish global regularity for the full De Gregorio model near the main steady
state and under certain symmetry assumptions, respectively.

In this paper, we consider the following system set in  := T x [0, 7]:

Op+u-Vp—Ap+div(pV(—=An)"Hp — par)) =0,
u+ Vp = —gpez, divu =0,

p(l’,O) = po(x) > 07
g—ﬂag =0, u-nlpg =0, z = (z1,22) € Q,

(2.2)

where T = (—m, 7] is the circle, pp; = ﬁ fQ pdx, Ay is the Neumann Laplacian and g € R
is the Rayleigh number representing the strength of buoyancy. By maximum principle,
the solution p(t,z) remains nonnegative given that it remains regular. We keep the same
equation for the chemical ¢ as in (2.1) assuming that its diffusion and production remain
faster than other relevant time scales.

The system (2.2) comprises perhaps the most widely studied form of the Patlak-Keller-
Segel equation in the parabolic-elliptic version coupled with a fluid flow evolving according
to Darcy’s law, a common model of flow in porous media. The two equations are coupled
via buoyancy force. Note that when p is only advected by u (without diffusion or aggre-

gation), (2.2) becomes the incompressible porous media (IPM) equation, where it is an
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open question whether smooth initial density can lead to a finite time blowup - although
global well-posedness is known when the initial data is close to certain stable steady states
[41, 56, 29].

Based on the results quoted above regarding chemotaxis suppression by passive advec-
tion, one might hope that a similar effect can be present in (2.2): given the initial data, one
can find sufficiently large g so that chemotactic blowup will be prevented. The intuition
behind such result would be that the buoyancy force tends to stratify the density, inducing
and maintaining the configuration close to one-dimensional and thus changing the balance
between chemotaxis and diffusion - resulting in the global regularity.

Surprisingly, it turns out that in fact chemotactic explosion is prevented for arbitrarily
weak coupling g: namely, for every g # 0, for all sufficiently regular initial data, the

solutions stay smooth for all times. The main result of this paper is the following theorem:

Theorem 2.1.1. Let g # 0. Then for every initial data py € C*(Q2), the solution to the

Patlak-Keller-Segel-IPM system (2.2) is globally regular: C* in both space and time.

Remark 2.1.2. 1. In the rest of this paper we will only consider the case g > 0, as the

argument for negative g is analogous.

2. We do not pursue the sharpest result in terms of the class of initial data; standard

methods allow to consider py € H2.

3. Our argument can be generalized in several ways to different systems and settings, to be
explored in future works. Here we point out that, for example, changing the —Ac = p—ppr
law for the production of chemical to another commonly used law —Ac+ ¢ = p leads to the
same result as Theorem 2.1.1. There are some straightforward adjustments to the proof

one needs to make, mainly in the energy estimates of Section 2.4.

On the intuitive level, one may argue that this phenomenon is possible since even
for small g, the density tending to infinity will make the buoyancy force strong near top
concentrations, enabling local stratification that might arrest the blowup. Such intuition

seems hard to turn into a rigorous argument, and this is not how the proof works. Instead
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we show, roughly, that for the growth in the L? norm of density one has to pay with decay
in potential energy (to be defined in (2.15)). Given that there is a finite balance of potential
energy that one can draw on, it turns out insufficient to grow the L? norm to infinity. On
the other hand, the L? norm controls higher regularity, thus preventing any other type of
singularity formation as well.

Implementing this plan involves some nuances and requires understanding of the inter-
action of several competing mechanisms - diffusion, advection, and chemotaxis. A key role
is played by the observation that the “main term” in the derivative of the potential energy
in the regime of large L? norm is the Hj ! norm squared of d,,p. Intuitively, due to the

finite balance of the potential energy, this means that ||0,, p||irl should decay. Since decay
0

of the H~! norm of the solution is a well known measure of mixing (see e.g [85, 103, 104]),
this can be interpreted as solution becoming well-homogenized via active nonlinear mixing
in the ;1 direction. Hence, in a certain sense, the solution becomes quasi-one-dimensional
and singularity formation does not happen. We note that the role of the potential energy

and ||6zlp||§r1 in small scale creation for solutions of the incompressible porous media
0

equation was first explored by the last two authors in [93].

To the best of our knowledge, Theorem 2.1.1 is the first result proving blowup suppres-
sion by active advection in a fully nonlinear setting far away from any perturbative regimes.
We stress that in the setting of the system (2.2) we do not expect simple limiting dynamics,
such as convergence to some symmetric steady state that is typical for aggregation equa-
tions in regular regimes (see e.g. [18, 17, 23, 24] and the references therein). Instead, the
dynamics likely stays complex and perhaps turbulent for all times but nevertheless global
regularity is preserved. It is not difficult to upgrade the arguments to obtain global bounds
on Sobolev norms of p and u (g-dependent), but beyond this it seems challenging to gain

more precise information about solutions.
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2.2 Preliminaries
2.2.1 Notation and conventions
For any function f € L?(Q), we denote fy; the mean of f on Q : fy; := ﬁ Jo f(z,t) da.

We also consider the following decomposition f = f + f , where

_ 1 _ _
Faw) = oo [ Sz, =1~ 7
TJT
Note that f is exactly the projection of f onto the zeroth mode corresponding to direction

1, and f lies in the orthogonal complement:

/Q (F(22) = far) F(an, w2)darrdas = 0.

Any function g € LP(][0,7]), p € [1,00) one can identify with a function in LP(Q2) by the
correspondence g(x1,x2) = g(r2). One then can connect the one-dimensional and two-

dimensional L? norms by a simple relation || g||§p(ﬂ) = 27| 9”??([0@)' For clarity, we will

always refer to the two-dimensional L? norm when we write ||g|| ;2. We will use the notation
|- lp(jo,7)) When we emphasize its one-dimensional nature.

The Darcy’s law in (2.2) can be simplified by writing u = V4 (where V* = (=0,,04,)),
and applying V' to this equation. Note that no flux boundary condition for u corresponds
to the Dirichlet boundary condition for the stream function . Solving for w directly in

terms of density results in the relationship
U= gvl(_AD)ilampa (23)

where Ap is the Dirichlet Laplacian.

We will denote a universal constant in the upper bounds by C or Cj, a universal constant
in the lower bounds by ¢ or ¢;, and a constant depending on a quantity X by C(X) or
Ci(X). These constants are all positive and subject to change from line to line. For two
quantities A, B, we write A < B (respectively A 2 B) to mean that A < C'B (respectively

A > ¢B) for some positive constants C' and ¢ that may only depends on domain €2.
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2.2.2 Functional spaces and eigenfunction expansions

We denote H'() the homogeneous Sobolev space with semi-norm || f||? = Jo IV fI? dz. We
define the space HJ(2) to be the completion of C°(2) with respect to norm || - ||, and

consider its dual space Hy *(€2). We remark that one can equivalently set

1/2
g2 = ([ 1800 pas)

Since the problem contains both Dirichlet and Neumann Laplacians, we will find it
necessary to use two different eigenfunction expansions.

For f € L?(2), define the Dirichlet eigenfunction transform by

o)

f(:Cl,SUQ) = % Z Z fD(kl,kQ)eiklzl Sin(k}2$2);

ko=1k1€Z

o (k1,k2) : // f(z1,z2)e Zklwlsm(k:g:zg)d:zgdxl

Observe that on the Fourier side,

1£15- = D D2 (k + k)" ok, k)|

ko=1k1€Z

The Neumann eigenfunction transform is given by

f(x1,x2) Z Z +5 N (K1, ko)e ik cos(kaxa);

k‘g 0k1€Z

f (k‘l, k‘g / / f x1, $2 —ikiz1 COS(kQCL‘Q)dCL‘Qd!El, (24)

where §(ks) = 1 if ks = 0 and 6(k2) = 0 otherwise. For a function f € H'(Q), we have

1£1%: = Z > (K + E3)| f (R, Fe2) 2.

=0k €Z
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2.3 Local well-posedness and conditional regularity

Here we comment briefly on the local well-posedness of system (2.2) and state a conditional
regularity result which shows that the L? norm of the density controls possible blowup.
In fact, we remark that there already exists extensive literature which addresses the issue
of local well-posedness of Patlak-Keller-Segel equation coupled to various types of fluid
equations (e.g. [125, 126]). For this reason we provide just a rough outline of the proof;

more details can be found for example in [125].

Theorem 2.3.1. Let pg € C(2) be nonnegative. Then there exists a time T = T(pg) > 0
such that p(x,t) is the unique, nonnegative, reqular solution solving (2.2), with p € C*°(2x

(0,7)). If [0,T) is the mazimal lifespan of p(x,t), then

li 1) — o = 00. 2.5
tl/{f%HP(,) pm L= = o0 (2.5)

Proof. We follow the plan explained in [125, Lemma 2.1]. Namely, we apply the standard
fixed point method, and note that the regularity criterion (2.5) arises naturally from the

Banach space that we choose. Consider the Banach space
X = L>®(]0,T];C(Q)),

equipped with norm | - || x = supcjo,r] | - |- Here, T" will be taken small later according
to the initial data. Since each component of u is a Riesz transform of p, we have the

classical Calderén-Zygmund estimate:

[ullze < C(@lpllze < C(@)(llp = parliza + par)  for any g € (1, 00).

Following the notation in [125, Lemma 2.1], we consider a fixed-point scheme and define

the functional

t
O(p)(x,t) := eV py — / el IBN div(pV (=AN) " (p — par) + pu) (s, z)ds.
0
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Now, let us fix ¢ = 6, 5 = 1/3 (note in particular that such choice satisfies the constraint

€ (2,00), 8 € (1/q,1/2)). We follow [125, equation (2.4)] to obtain that for any ¢ € (0,7,

1@ () (> )L < l[pollzee + C/O (t = )72V (=AN) " (0 = par) + pu) (-, 8)| ods, (2.6)

for some constant C. In fact, C' originates from standard Neumann heat semigroup esti-
mate, and thus only depends on domain 2.
Then it suffices for us to control ||(pV(—=An)"1(p—par) + pu)(-, s)|| 16 pointwise in time

by ||p(+, s)||Lee. Omitting dependence on time, we observe the following bounds:
1PV (=AN) " p = par)llzs < llpllz=lIV(=An)""(p = par) o
S el IV (=AN) " (o = par)ll

S llellzello = pullze S llpllzello = parllzee,

lpullzs < llpllzellullze < llplzellpllze < llollze,

where we used the Sobolev embedding H' ¢ LS in the second inequality and elliptic
estimate in the third inequality. Note that all constants involved in the estimates above
only depend on domain {2, since this is the case for embedding inequalities and elliptic

estimates. Inserting the estimates above back into (2.6), we conclude that
12 (o) )|z < llpollz= + Clolxllp = parllx + llplZ) T
< llpollz= + Cllp = pulx + llo = par | x) TS,

where C' only depends on domain 2. With this estimate, we may follow the argument in

[125, Lemma 2.1] to conclude the existence of regular solution and criterion (2.5). O

Notice that the criterion (2.5) involves a (spatial) supercritical norm || - ||f. In the
following lemma, we improve this criterion and obtain a refined alternative that only in-
volves the critical norm || - ||z2. A crucial fact rendering such improvement possible is that

an L L2 control of p — pps can be upgraded to an L LS control. Namely, we have
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Lemma 2.3.2. Let pg € C™(Q2). Suppose that ||p(-,t) — pamllrz < 2M for all t € [0,T]
and some M > max(1,/par). Then we also have ||p(-,t) — prr|lL~ < CM?, where C is a

universal constant.

Proof. The proof follows verbatim from that of [92, Proposition 9.1], where it is handled
for T2. This is indeed the case since all integrations by parts do not produce any boundary

terms due to the Neumann boundary condition that p satisfies. O

A refined regularity criterion is then an easy corollary of Theorem 2.3.1 and Lemma

2.3.2.

Corollary 2.3.3. Suppose that pg € C*°(Q2) is nonnegative. Assume [0,T), T < oo, is the

mazximal lifespan of the unique regular solution p(x,t) to (2.2). Then

thfn% lp(,t) = pallp2 = oo (2.7)

Proof. Combining Theorem 2.3.1 and Lemma 2.3.2 immediately imply that

limsup [|p(-,t) — pumll 2 = oc.
t T

Next we show that the limsup in the above expression can be replaced by lim. Denote

Y(t) = llp(.t) = purllze.

A simple energy estimate (see Proposition 2.4.2 below) shows that Y satisfies the following

differential inequality for a smooth solution:
Y <C(Y?4Y) fortel0,T),

where the constant C may depend on the initial data. For any 0 < ¢t < ¢}, < T, integrating
this differential inequality in [¢, tx] yields

1

Y(t) > (Y(tk)fl + l)ec(tk*t) —1

for all ¢ € [0, tg]. (2.8)
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If limsup; »p Y (t) = oo, by choosing a sequence of time ¢, T such that limy_,oc Y (tx) =

00, the above bound becomes
for all t € [0,T),

and lim; ~7 Y (t) = oo follows. O

2.4 Energy estimates

In this section, we collect a few useful a priori estimates. In what follows, Ny € N
will denote a sufficiently large natural number that depends only on the initial data and
parameter g, and its value may change from line to line. In the course of the proof, we will

impose a finite number of conditions on how large Ny needs to be.

Proposition 2.4.1. Assume p(t,z) to be a reqular, nonnegative solution to (2.2) on [0,T].

Then [[p(-, )]l 1 = lpoll 2 = 272par for any t € [0,T].

Proof. The proof easily follows from computing %H p( )] = % Jq pdz (recall that p > 0)

and using incompressibility of u. O

In the rest of the paper, we will use Proposition 2.4.1 without explicitly referencing it.

Next, we introduce an elementary L? estimate for the density.

Proposition 2.4.2. Assume p(t,x) is a regular, nonnegative solution to (2.2) on [0,T].

Then for any t € [0,T], there exists a universal constant C' such that

d
Zllp = pullze +1Vpl72 < Clip = parllzz + 20mllp = paslZz- (2.9)

Proof. We remark that energy estimates of this sort are well known in the setting of Q = T?
or R? ([92, 111]); the argument is very similar in our case but we provide a proof for the

sake of completeness. Testing the p equation of (2.2) on both sides by p — pys, one obtains
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the following by applying the divergence theorem:

1d

2dtllp pulliz + 1Voll7. = —/Q(p—pM)diV(pV(—AN)‘l(p—pM))dfv

= /V (—AN) " p— prr)da

ZQ/Qp(p pa)d

= ;/Q(p — pM)de + pym /Q(p — pM)Zd:B (2.10)

By a Gagliardo-Nirenberg-Sobolev inequality in two dimensions, for any f € H'(Q) with
mean zero we have

1£lls < CIAIZENIV L.

Applying this to f := p — pas, (2.10) becomes

1d
thHp prl|72 +1IVpll72 < Cllp — pul32Voll e + parlle — parll3
1
iuvaL? +Cllp—pumlliz + pmllp — pull7e.

Absorbing the gradient term on right side of the above by left side we obtain

o= putll + 196l < Cllo— parlts + 20mllo — ol
and we conclude the proof. O
The following corollary follows immediately:
Corollary 2.4.3. If ||p(-,t) — pMﬂiz > 2No with sufficiently large Ny that only depends on
po (specifically, on ppr), then

d
—llp = pullZe + 19172 < Clip = parll72- (2.11)

Moreover, if for some N > Ny we have ||p(-,s) — pul|22 = 2V and ||p(-,r) — par||3, = 2N
for some r > s, then r — s > co2™N, where cq is a universal constant.
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Proof. The estimate (2.11) is immediate from the assumption and (2.11). To obtain the

second statement, let

= mf{t > s: [Ip(- 1) — parlZe = 2V},

T =sup{t <7 : [lp(-t) — parl2 =2V}
For t € [, 7] we clearly have 2 < |[p(-,¢) — pal|2. < 2V and so (2.11) holds given
N > Ny, where Ny is sufficiently large. Then r — s > 7 — 7 > o2~ N, ]
Next, we give a variant of (2.11), which takes advantage of the orthogonal decomposi-
tion p = p 4+ p.
Proposition 2.4.4. Assume p(z,t) is a reqular, nonnegative solution to (2.2) on [0,T].

Then for any t € [0,T), there exist universal constants Cy and Cs such that

d 2 02 _ 6
— — < ——= —
dt”p ﬂMHL2 = Pﬁlw 1P PMHL2

_ 10/3 - ~ ~
+Cs (15— prll 2 + oo = pasle + o3 + 17012 ) . (212)

Proof. We test (2.2) on both sides by p — pas, which yields

1d _ N 1 _ _ _ -
3 gpllo = s (10wl + 19513 = 5 [ 0= par+ 9+ o (5= pas +
=1+4+J

First, one observes that J = pas(||p — parl|32 + [|5]132) using orthogonality. To estimate I,

using the elementary inequality (a + b)® < C(|al® + |b]3), we have

I1<C </ \ﬁ—pM|3d:U—+—/ |ﬁ|3d:n) =:C(I1 + I).
Q Q

Before proceeding, recall the following Gagliardo-Nirenberg-Sobolev inequality for d =

1,2 for mean-zero f:

1—4d d
1£llzs < C@NfI 2 NV £l 2
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where C(d) is some dimensional constant. Applying the above inequality to [; (with
f=p—pmand d=1) and Iy (with f = p and d = 2) respectively, we have the following

for any € > 0:

LS 116 = ol 19l g vy < €llOuaill3a + C(ONI = parl 1
L S pl17211V5] 2 < €l ValZ: + Cle)l|pl 72
Choosing € small enough and combining the estimates of I, .J, we obtain
Lo~ parli2a + 102013 + 19013 < Os(15 — parl* + ael — pue 3
+pullplzz + 11AN72)- (2.13)
By the one-dimensional Nash’s inequality, we may bound the diffusion term from below by
102, 5l172 = 271|217 20,0 Z 17 = a3 115 = parllG2

Moreover, we have the elementary bound ||p — pas||r1 < par. Combining with the energy

inequality (2.13), we finally obtain (2.14). O

The following corollary simplifies the form of the differential inequality in large L? norm

regime.

Corollary 2.4.5. In addition to assumptions of Proposition 2.4.4, suppose that ||p(-,t) —
pM||%2 > 2No fort € [s,r] and sufficiently large Ny that may only depend on pypr. Then for

any t € [s,r] we have

d Cy, -
Zllo=puliiz < =10 = pullze + Cslllze (2.14)
Py

for some universal constants Co and Cj.

Proof. Recall that due to orthogonality,

lp = prllze = 15— pallzz + 115172

If ||p — parll22 > &llp — pasl|22, then, provided Ny is sufficiently large, the first term on

the right side of (2.14) dominates all other terms. If ||p — par][3. < Hlp — pul32, then
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16l2 = 3llp — parl/22. In this case, if N is sufficiently large, the last term on the right

side of (2.14) dominates all other terms with possible exception of the first one. O

At the end of this section, we introduce a potential energy of the system (2.2), which

will play a crucial role later. Define

E(t) ::/Q,o(x,t)xgdx. (2.15)

Note that if p(x,t) is a nonnegative solution of (2.2) that blows up at T. < oo, then

E(t) >0 for t € [0,T}), and

sup E(t) < mlp(-, )]l = 7llpoll 1 (2.16)
te[0,T%)

due to conservation of mass. In addition we need to control the rate of change of the

potential energy, and it is here that the IPM part of (2.2) is genuinely exploited:

Proposition 2.4.6. For any t € (0,T}), we have

B'(0) = ~gl0npliys — [ duspdot [ p0(-An) N p=pa). 217
N—————
Main term Diffusion Keller-Segel nonlinearity

Proof. The proposition follows from a straightforward computation. Using integration by

parts and the representation (2.3), we compute

B0 = [ puade— [ dupdo+ [ p0,(-An) o= pao

- / O, p(—Ap) Oy pi — / Oy + / POy (—An) " (p — par)de,
Q Q Q

which is exactly (2.17) by the definition of || - ”Hgl norm. O

2.5 Partition into “good” and “bad” time intervals
In this section, we suppose that p(¢,z) forms a finite time singularity at 7, < oco. Let

No € N be sufficiently large, in particular so that 2¥0=1 > ||pg — pas||2,. Let us define

t1 == sup{t € [0,T3) | [o( ) — pullf. = 2"°}.
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Inductively, given t; such that [p(-,t;) — paml[22 = 2V for some N > Np, let us define

= oN-1

te+1 € (tg,Ty) to be the smallest time such that either ||p(-,tx1) — parl3e
(s tes1) — pal|3s = 2NT1 Tt is clear that an infinite sequence tj, k = 1,2,... is well
defined since by Corollary 2.3.3 we see that the L? norm of p has to blowup at T,. It is
also clear that for t € (tg, tr41), we have 2V1 < |p(-,t) — par||2, < 2VFL. See Figure 2.5
for an illustration of the time sequence {ty}ren-

Once the sequence of times {tx}ren is determined as above, for each time interval
(th,trs1), we will classify its level based on the values of [|p(-,¢) — par||3. at the two
endpoints, and name it either as “good” or “bad” from the perspective of a finite time
singularity formation: the “good intervals” contribute to the blowup of L? norm of ||p(-, ) —

pM||%2; whereas on the “bad intervals” the norm gets driven down. The precise definition

is as follows:

Definition 2.5.1. For k € N and N > Ny, we call an interval (ti,tg+1) a good interval

of level N if ||p(-, tx) — pumll22 = 2N and ||p(-, tys1) — pul|22 = 2NFL. We call an interval

(tk, tit1) a bad interval of level N if || p(-, tk) — parl|22 = 2V and || p(-, tos1) —par |22 = 27,

See Figure 2.5 for an illustration of good and bad intervals at various levels. Note that
on a good interval of level N we have 2V=1 < ||p(-, t) — par[|2. < 2V F1; whereas on a bad

interval of level N we have 2% < ||p(-,t) — pas[|2, < 2V F2,

Lemma 2.5.2. Suppose that p(t,z) forms a finite time singularity at T\, < oco. Then for
any N > Ny, there can only be a finite number of good and bad time intervals of a given
level N in [0,Ty). These level-N intervals intertwine, and the number of good intervals of

level N must exceed the number of bad time intervals of level N by one.

Proof. 1t is clear that the first interval of level N must be good; it starts at the smallest
tg € [t1,00) such that [|p(-, tx) — pa|3. = 2% and after ¢ the norm ||p(-,t) — par||. reaches
2NF1 at a time t;,1; before it reaches 2V1.

To show the good and bad intervals of level N intertwine, we start by showing that

between any two good intervals of level IV, there exists a bad interval of level N. To see
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AllpCot) = parll,
2N+1
2N
2N71
2o = . .
good good good good t
N—-1 N-1 N N

FIGURE 2.1: The times {¢;} are marked by the dotted vertical lines. On the ¢ axis, the
good intervals are marked in blue color, and the bad intervals are marked in orange color.

this, observe that by definition, the good interval of level N is followed either by a good
interval of level N 41 or a bad interval of level IV, while a bad interval of level N is followed
either by a good interval of level NV or by a bad interval of level N — 1. Hence we can arrive
at the next good interval of level N only from a bad interval of level N or a good interval
of level N — 1. But we can descend the levels only along bad intervals, and we cannot make
any jumps. Thus to arrive at a good interval of level N — 1, we still have to go through
some bad interval of level N. A similar reasoning applies to bad intervals of level N: there
always has to be a good interval of level N between them.

Next we show that the total number of level N intervals is finite. Observe that by
Corollary 2.4.3, any good interval of level N has length at least ¢p2~ . Hence there can
only be a finite number of good intervals of level N in [t1,T}). Since we have shown that
the good and bad level N intervals intertwine, the total number of level N intervals must
also be finite.

We have shown in the beginning that the first interval of level N must be good. In
fact, the last one must also be good, otherwise p would not form a finite time blowup.

Combining this with the intertwining of good and bad interval of level IV, we know the
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number of good intervals of level N exceeds the number of bad intervals of level N by

one. O

If (tg,tgs+1) is a level N interval (can be either good or bad), from the definition we

immediately have ftt:

p = puml2edt ~ 2N (tgy1 — ti). Recall that ||p — parf|2. = o —
pumll22 + ||Al|25, where the two terms on the right hand side play opposite roles in the
growth of L2 norm: see (2.12). For this reason, our consideration will depend on whether
ff:“ 15]|22dt ~ 2N (tg41 — t) holds. The next lemma shows that this always holds in a

good interval. For a bad interval this might not be true; but in this case {511 — tx must be

very short.
Lemma 2.5.3. Let Ny be sufficiently large, which only depends on pj;.

(a) Assume that N > Ny and (tg,tx11) is a good interval of level N. Then p satisfies

bt ~112 N-2
| 10l dt 2 22t - 1), (2.18)

ti

(b) Assume that N > Ny and (tg,tg1) is a bad interval of level N. Assume in addition
that p does not satisfy (2.18). Then tyi1—tr < Cp3,272N for some universal constant

C > 0.

Proof. For any (good or bad) interval (¢, t;+1) of level N, assume that (2.18) fails on this

interval, i.e.

Bt N-2
/ 152 dt < 28 2(tps1 — th). (2.19)

ty

We first aim to show that (tj, 1) cannot be a good interval. Note that ||p(-,t) — par|3, >

2N=1 for t € (tg,tg+1). Combining this with (2.19) and the fact that [|p — pa|[2. =

15— pall32 + 15l17. gives

s 2 Bt NS A N-2
/ 1P — pallz2 dt >/ @207 = lpll72) dt > 27 (tpqr — t)-

tk ty

26



Applying Holder’s inequality to the above yields

trt1 6 tet1 9 3 y
[ =tz ([l puledr) (s -
tg

ty

> 23N_6(tk+1 — tk>.

Also note that (2.19) and the fact that ||p]|2, < |[p — pal[22 < 2VF2 in (ty, tp11) imply
Kt IN+4
[ ol < 294t — ).

ty

Integrating (2.12) in (¢, tx+1) and using the above two inequalities, we have

oo tirr) = parlize = llpCotn) = pualige < (=227 °Copyy + 2°MF4Cs) (thr — ). (2:20)

Let Ny be sufficiently large such that ZNO_HC’Qpr > (5. For any N > Ny, we have

lo(stir) = pallEe = lloC, te) = parllfe < =2°NTCopyy (tesr — t) < 0. (2.21)

Thus (tg,tx+1) cannot be a good interval: for a good interval we have that the left hand
side of (2.21) is 2V, which contradicts (2.21). Finally, if (,tr41) is a bad interval of level
N, then (2.21) imply

—2N <« —93N=TCh p bty — ti).

Thus tgr1 —tr < ijLwQ_QN, finishing the proof. ]

2.6 Main estimates

2.6.1 Key lemmas

We first collect a few technical results that will be fundamental in the estimates on both
good and bad intervals.

The following proposition applies to any p € H? (©) and can be of independent interest.
While we will prove it for the set , it has straightforward (and in fact simpler to prove)

analogs when the domain does not have a boundary, for example in the T? or R? case.
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Proposition 2.6.1. Assume that p € H'(Q). For some N > 1, assume that
192,013,109 < N 10120 (2.22)

Then

161320y < CN Y4301 VAl 20 (2.23)

for some universal constant C.

Remark 2.6.2. Observe that this Proposition can be restated in the following form:

- 1/5 ~112/5 ~12/5
18llz2(@) < Cl9a, ol o 717570 I VA 25000
giing a stronger generalized 2D Nash inequality for p. As the norm |’8x1p||H()—1(Q) appears
naturally in the IPM setting, we expect the inequality to be useful in further analysis of this

equation.

One can think of the proposition as a quantitative improvement of the Nash’s inequality.
Without the assumption (2.22), the Nash’s inequality exactly looks like (2.23) with some
order-one coefficient on the right hand side. We aim to show that the coefficient can be
made arbitrarily small (namely, into C N ~/4) if p satisfies (2.22), which can be understood
as some sort of “mixing” assumption on p in one direction. Indeed, the H~! norm is often
used as a measure of mixing (see e.g. [85, 103, 104]). In our context this assumption will
imply that p is more regular in 1 than in xo: specifically, on the Fourier side much of its
L? norm is supported in a narrow cone along the kg-axis. This will allow an improvement

in the constant in the Nash inequlity (2.23) that is crucial to establish Theorem 2.1.1.

Proof. In proving this proposition, we will have to negotiate bounds in Dirichlet and Neu-
mann Laplacian eigenfunction expansions. Indeed, the Ho_ ! norm assumption leads natu-
rally to information best stated in the Dirichlet context - but g does not satisfy the Dirichlet
boundary condition and to obtain an accurate estimate involving ||Vl ;2 we will have to

relay the bounds to the Neumann basis.
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Define the cones
Cr = {k = (k1, ko) € Z% | ka > aN?|ky |}

and

Co = {k = (k1, ko) € Z% | ko > a®> N2 |k |},

where a € (0,1) is a small parameter to be fixed later. The choice of a will be universal,
not depending on any parameters of the problem. See Figure 2.6.1 for an illustration of

the cones.

kg k2

A A

Cl C2
ko = aN'/2|ki] ko = N2 k|

0 > Ly 0 >

FIGURE 2.2: An illustration of the cones in the definitions of C; and Csy for some N > 1.
Note that C; and Cy are subsets of Z?, thus they only contain the integer points k € Z?
that fall in the shaded regions.

Let us denote P and P{¥ the Fourier side orthogonal projectors on C; in the Dirichlet

and on Cy in the Neumann expansions, respectively:

— —

(PP f)p(k1, ko) = fp(kr, k2)xe, (ki ka); (PN f) (ki ko) = fv (K1, ko) xe, (K1, k2).
Let us split p in two different ways into sums of two orthogonal components:
pla,t) = PPp(x,t) + (I = PP)p(w, t) = pr (@, 1) + p3 (2,1)
and
pla,t) = P pla, ) + (I = PY)p(x, 1) = ' (1) + 3 (1),

where [ is the identity map. Observe first that on the complement of the first cone, C{, we

have
k% a 2N-1
k% + k:% T a2N-1 4

1
1 > §min(1, a 2N,
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At first, we will assume that N is so large that ¢ 2N~! < 1; we will explain in the end

how to handle the smaller values of N. Combining the above with the assumption (2.22),

we have
a N1 Dy ~|2 <112 1y 5112
— I = P)ple < 100, Alg-1 = N77HIANL:-
Hence
1551172 < 24| plI72, (2:24)
and therefore
1501172 > (1= 2a°)|14] 725 (2.25)

here we used orthogonality of ﬁf) and ,62D .
The estimate (2.25) shows that if a is sufficiently small, p; is mostly supported on C;
in the Dirichlet expansion setting. Next we translate this information into the Neumann

setting. Consider

N 1 1 ,
(L - PlN)P?(l“lvﬂ?Q) == Z T 60k 6(14:2)6”6111 cos koxo
keCS, ke >0

X// P (g1, y2)e” ™19t cos(kayz)dyadyn, (2.26)
T JO

where §(k2) = 1 if k2 = 0, and 0 otherwise (due to normalization constant, as in (2.4)),

and

A1 (y1,2) Z pp(T1,72)e ™V sin(oyp). (2.27)
TECl

Substituting (2.27) into (2.26) and integrating out in y;, we obtain

2 1 ‘
N\ ~D _ ik1x
(I_Pl )pl (CEl,.CCQ)—* g me ! 1COSkIQaZQ
keCs, ka>0

iy
X Z ﬁD(/ﬁ,Tz)/ sin Tay2 cos kaya dya.
TzZaN1/2|k‘1‘ 0
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Note that in the second sum above, there are no terms corresponding to k; = 0 since

ﬁD(O, 72) = 0 for all 79 due to definition of j. Integration by parts then shows that

/7T i Kot dia| < -2 < 2 <4
SN 72Y2 COS KoY AY2| = > A
0 5 — k3 T |2l — k| T |7

provided that a < % (which implies 75 > 2k3). Then

2

lT-PPlr. <oy 2 S hplk )~

T2
k1€Z 0§k2<a2N1/2|k1\ ngaN1/2|k1\

<Ca®N'Y? Y |k > lop(k,m)P > i2

-
k1€Z\{0} T9>aN1/2|k;| T>aN2|ky| 2

2 1
< Ca®’N'/? Z k1] Z |PD(k1a7—2)’2T
CLN/ ‘k‘l‘
k1€Z\{0} T22aN1/2|k1|

< Ca Z Z \pp(ki,m2) 2 dt < Cal|p|l7.

k1€Z 19>aN1/2|ky|
(2.28)
Here in the first step we used the Parseval identity, in the second step summed over ko
and applied the Cauchy-Schwarz inequality, and then just simplified the resulting bound.

Combining (2.28) with (2.24) we find that with an adjusted universal constant C,

(2~ P)alZ: < Callpl < 21al%: (2.29)

-2
the last step follows if a is sufficiently small. Thus in the Neumann expansion, we have

that p is also mostly supported in a slightly larger, but still narrow cone.

Now let A > 0 be a parameter. For any A > 0, we observe that

lAlZ== >, xR+ Yo IanR)IP+ Y |an (k)P

kECy, 0<|k|<X k&Ca, |k|<A B

< RN P+ S 1N A2 Pl (k)
keCa, |k|<X k

g _ 1, _ _
< N2 2NV, + <13 + A IV A, (2.30)
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Note that we used the estimate |{k € Co} N{|k| < A\}| < AN2a~2N~1/2 in the first inequality,
and ||ﬁ\|lw(zz) < 1Al r with (2.29) in the second inequality. Also, [, |V f|?dz defined on
H'(Q) is the quadratic form corresponding to the Neumann Laplacian —Ay, and hence
S kP v (k)2 = IV ||z for all f € H'(). Observe that all bounds we imposed on a
were universal, and are independent on N or A. Then for sufficiently large N (we only
require N > a~?), the desired bound (2.23) follows from rearranging the final line above
and optimizing over ), absorbing a~! into the constant. For smaller N, the bound (2.23)
follows from the usual Nash inequality, and these N can be absorbed by increasing the
value of constant C' in (2.23) if necessary.

Note that if we tried to run the argument leading to (2.30) only using the Dirichlet
expansion, it would not imply (2.23): the last sum on the second line of (2.30) would be
replaced by 37, |k|?|pp(k)|?, which is finite if and only if 5 € HJ (). In our case it would

be infinity since plgq # 0, so the last inequality of (2.30) would fail to hold. O

For our application, we need a time averaged version of (2.23).

Corollary 2.6.3. Let 0 < s <r < T, and suppose that

[ 00l oyt < N[ . (231
Then there exists a universal constant C such that
[ 163yt < CNV [ 51100y IVl . (2.32)

In particular, (2.32) implies that the following holds for some universal constant ¢ > 0:

[ sl = copntie -t ([ HpHdet> - (2.33)

Proof. Let us denote S the set of times ¢ in [s, r| such that |0z, p(+, t) Hl%[(),l < 2N7YH|p(, t)]|2..

Then [g ||5]32 dt > 2 [T 11l dt, since otherwise

]./T ~112 ~112 N 2
o [ Vol < [ NplBade < [ o el it
2 Js [s.71\S 2 Jps 0 Ho @)
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a contradiction with (2.31). On the other hand by (2.23), for every ¢ € S we have 5|2, <

ON=Y43l| 1 IV7]| 2 Hence

!
/ 1612, dt < 2 /S 16125 dt < 20N-1/4 /S 161221V 5112 d.
S

This proves (2.32), where we relabeled the constant 2C back to C.
It remains to prove (2.33). Applying Cauchy-Schwarz inequality to (2.32), and using

IVoll7: = IVAlZ: + 102:0072 = VAl[72, we have

r r r 2 r -1
[tz [1vaaz e ([Cipzea) ([Ciaga) e
S S S S

Next we claim that [|p||;1 < pas. Using the definition of p and the fact that p,p > 0 in
Q,

s 1 s
12l 21 () Z// 2/0($1,$2)d$1d332d22/ /P(xl,dfz)dﬂfldafzz llpoll -
TJo 47 JrT 0o JT

Then triangle inequality gives ||5llz1 < |16l 11 () + [lollL = 2llpoll 1 = 47°pas. Substituting

this estimate into (2.34) implies (2.33), thus we finish the proof. O

In the following, recall that Ny is always assumed to be sufficiently large; its size will
be determined explicitly in the proof and will only depend on the initial datum pg and the
parameter g.

The next lemma relates the diffusion term appearing in (2.17) to a lower bound for

dissipation in p. More precisely, we have:

Lemma 2.6.4. Given any N > Np, assume that 271 < ||p(-,t) — par||2, < 2VF2 for

t € (s,r), where 0 < s <r < Ty. Moreover, suppose that

/ST /Q 8x2pdxdt’ =A(r—ys) (2.35)

for some A > 0. Then there exists a universal constant ¢ > 0 such that

T
[ 19 0Rede = ot 2% - ). (2:36)
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Proof. We first note that the diffusion term can be rewritten as follows:

/ /8x2pdxdt:/ /(p(t,xl,ﬂ)—p(t,xl,O))dxldt, (2.37)
s JQ s JT

where we integrated in x9. In view of (2.37), we may without loss of generality assume
that [ [ Op,pdxdt > 0, since we may replace p(z1,m) by p(z1,0) below to treat the other
case with a parallel argument.

By (2.37), (2.35), and p > 0, we have

/T/T,o(t, x1, m)dzidt > A(r — s). (2.38)

We also recall the fact that by conservation of mass,

/ / p(t, @1, wo)dwdt = prr(r — s).
s JQ

Note that [ ||Vp||3, dt > 2 (r — s) by Poincaré inequality, so we need only consider the

situation where A is sufficiently large, in particular A > % (otherwise (2.36) is automatic
if Ny is sufficiently large). We claim that there exists y € [ — 2pp A1, 7] C [0, 7] such

that fsr Jp p(t 21, y)dedt < %(r — 5). Indeed, suppose it were not the case. Then we must

/ /p(t,xl,xg)d:cdtz/ // p(a:l,xg)dxgdxldt
s JQ s JT Jr—2pp A1

> QpMA_l .

have

N ]

which is a contradiction. Then combining the claim and (2.38) yields

%(r —s) S/ /(p(t,a:l, p(t,x1,y))dx1dt = / // Ou,p(t, 21, x2)dxodr 1 dl
s T
1/2 " 1/2
<cpy (r 3)1/2/\*1/2 </ ||Vp||2L2dt> ,

where we used Holder’s inequality in the final step. The proof is completed by rearranging

the inequality above. O
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The final lemma gives an estimate on the contribution of the Keller-Segel nonlinearity

in (2.17) to the potential energy E(t).

Lemma 2.6.5. Given any N > Ny, we assume that 2V~ < |[p(-,t) — pu|2. < 282 for

t € (s,r), where 0 < s <r < T,. Then there exists a universal constant C' such that

/ /Q p0ny (=AN) " (p = par)dadt| < Co2P2NIB (0 _ ). (2.39)

Proof. By standard Sobolev embedding, LP elliptic estimate for the Neumann problem,

and Gagliardo-Nirenberg inequality, we have:
‘/Qpé’m(—AN)_l(p - pM)‘ < o202y (=AN) " (o = par)ll 2

< Clp = pullzz + par) 102y (=AN) (0 = par) 1o

< C(lp = pumllz + pao)llp — parll poss

2/3 1/3
< Cp o — parll 15 (lp = parll 2 + par)-

Here the choice of Sobolev space W16/5 is only a matter of convenience. Choosing Noy

sufficiently large, we have
_ 2/3 4/3 2/3
‘/pr‘?m(—AN) o= pan)| < Coylllo — pullfs’ < Cpy22N.

The proof is finished by integrating over (s, r). O

2.6.2 Estimates on the good intervals

In this section, our ultimate goal is to show the following key estimate:

Proposition 2.6.6. Assume that N > Ny, Ny is sufficiently large, and (tg,tx+1) is a good

interval of level N. Then there exists a universal constant c1 > 0 such that

Etpsr) — E(ty) < —%. (2.40)
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To prove this key proposition, we will first obtain a lower bound of the main term in

(2.17).

Lemma 2.6.7. Let Ny be sufficiently large. Assume that N > Ny and (tg,tg+1) is a good

interval of level N. Then

Bt 2 R Las 2 —1oN—1
/ HampHHaldt >N / lp— parllz2dt > N728 7 (tgpn — ). (2.41)
tE ty

Proof. Note that it suffices to prove the first inequality of (2.41), since the second inequality
directly follows from the fact that [|p(-,t) — pal|22 > 2! on the interval (tj,tp11). To

prove the first inequality, suppose on the contrary that

tr4+1 5 _1 tr4+1 9
| ol at < N7 [ o= o
k

tk

We combine this with (2.33) and Lemma 2.5.3(a) to obtain

tet1
/ IVpl22dt > cpy2NY222N (40 — ty). (2.42)

tg

Integrating the energy estimate (2.9) in (¢g,tx+1), we have

tet1 trt1
1o( te1) — paellze — (o te) — parll72 < —/ Vo3 dt+01/ lp— parl|7z dt

th ty
< (—eppf N2+ )22 (trgr — ),

(2.43)
where the second inequality follows from (2.42) and the fact that |[p(-,t) — par||2, < 2V +1
for t € [tg,tx+1].- Note that the right hand side of (2.43) would be negative if we choose
Ny sufficiently large so that —chfNol /2 + C' < 0. However, by definition of a good interval

at level N, the left hand side of (2.43) is equal to 2V yielding a contradiction and thus

finishing the proof. O

The next lemma gives an upper bound of the diffusion term in (2.17) on a good interval,

which will be dominated by the main term when N is sufficiently large.
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Lemma 2.6.8. Let Ny be sufficiently large. Assume that N > Ny and (tg,tg+1) is a good

interval of level N. Then

tet1
/ / 8x2pd:cdt' < CpiBo2NB (g — 1), (2.44)
th Q

where C' is a universal constant.

Proof. Let us first write

tet1
/ / agmpdl'dt' = A(tgr1 — tg)
tr Q

for some A > 0. We then apply Lemma 2.6.4 to obtain that

Bt 2 173
[ 19 > o %0~ 1), (2.45)
12

for some ¢ > 0. Integrating the naive energy estimate (2.9) from ¢ to tx+1 and using the

inequality (2.45), we have

i tkt+1
cppt N (tryr = tr) < lpCotern) = parlZe — oG te) = parll7a +/ IVpll72dt
12
Kak 4 N
<0 [ o pullfadt < €2V (b — 1),
tk
where we used that ||p(-, ti11) — parl|22 — [|p(-, te) — parl|22 = 2V > 0 in the first inequality.
Rearranging, we conclude that
A< s
and the proof is complete. O

Now we are ready to prove Proposition 2.6.6.

Proof of Proposition 2.6.6. Invoking Lemmas 2.6.5, 2.6.7 and 2.6.8, we obtain from (2.17)
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that:

tkt1
B(tirs) = B(t) < —g [ 1000l e+

tg

tet1
/ / Oz, pda:dt'
te Q

tet1
+ / /pﬁm(—AN)_l(p—PM)dl“dt‘
th Q

g 1/3 45— 2/36—
< (—ﬁ + CpyP2 NP 1 Cpl3a N/B) 2V (tyg1 — ti)

for any N > Ny. Choosing Ny sufficiently large so that —5%- + Cp}\//lg(l + pjl\f’)Q—No/?) <
—4’#0, we conclude that
9 oN c19
E _E ~ 99 ) <49
(trt1) = B(t) < =5 52" (e = te) < =7
by Corollary 2.4.3. O

2.6.3 Estimates on the bad intervals

On the bad intervals, it seems difficult to rule out the situation that the potential energy
E(t) may increase. The goal of this section is to show that any growth is of lower order
compared to the contributions from good intervals. As we will see below, the main obser-
vation is that any increase in potential energy has to happen in an extremely short time if

it were to increase. A precise statement is given as follows.

Proposition 2.6.9. Let Ny be sufficiently large, which only depends on ppr and g. Assume
that N > Ny and (tg, tx+1) is a bad interval of level N. Then there exists a constant C1(par)
such that

E(tps1) — E(ty) < Ci(par)2~ N3, (2.46)

Proof. First, we estimate the contribution to E(t) from the diffusion term. Write

Tt
/ / am2pd$dt' = A(tgr1 — tg) (2.47)
tr Q

for some A > 0 (if A = 0 there is nothing to do for this term). Let us apply Lemma 2.6.4
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and time-integrated version of (2.9) to see that

s Tt 9
cppy N (te1 — ti) S/ IVpllz2dt

ty
2 2 Bt 4
< ol te) — parllZe — 10 tig) — pasl2e + G / o — parladt
ti

< 2N L 0122Vt — t).

Taking power % on both sides of the above inequality and substituting it into (2.47), we

have

tet1
/ / 8x2pdxdt' < Cp}\f’ (2N/3(tk+1 — )23 4 22N B (g — tk)) : (2.48)
ti Q

Combining (2.48) with Lemma 2.6.5, invoking (2.17), and choosing Ny sufficiently large,
we obtain

tkt1
E(ti) — E(te) < —9/ 102, Iyt + Colpar) @M (thgr — ta)*® + 22V (g1 — i),

" (2.49)

where Cy(prr) = C(1+ p%g). Now, we discuss the following dichotomy:

Case 1. j;i’”l 1912.dt < 2N72(tgy1 — tg). In this case, Lemma 2.5.3(b) yields that

2—2N

ter1 — te < Cpiy , 80 setting it into (2.49) immediately gives us E(tgp4+1) — E(tr) <

C(,OM)QfN.
Case 2. fti’““ [5]122dt > 2N=2(tj4q — ti,). Denoting A := 2V (t441 — ), we can rewrite
(2.49) as

tet1
B(ties) = B(t) < —g [ 10nplsdt+ Colon)2 VA 4). (250)
ty

Next we further discuss whether (2.31) holds on the interval (tx, tg+1):
e If (2.31) holds, then (2.33) implies

bt 2 —2r1/2 1 bt o ?
/ Vol 2 dt > cpy2NY2(tper — )~ (/ 15]17.2 dt)
173

ty

> o N2ty — 1),
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Integrating (2.9) in (t,tx+1), applying the above inequality and the fact that ||p —

pumle < 2N*2 in (tg, tgy1), we have
=2V = |lp = purl| 32 (trar) = llp = parllF2(te) < (—cpp N2+ C)2°N (trp1 — t).
If we choose Ny large enough such that cp]T/[QN& /2 > 2C, for all N > Ny we have
ter1 — e < Cpy N~/227N,

This implies A = 2V (41 — tg) < Cp?walﬂ, which can be made less than one by
choosing Ny sufficiently large only depending on py;. Applying A < 1 in (2.50) gives

the desired inequality.

e If (2.31) fails, then combining this assumption with the assumption in Case 2 gives

e 2 T A 1oN—2 L
[ M0niplyrde = Nl de = N b — 1) = VA
tx ti
Putting it into (2.49) gives

E(tys1) — E(ty) < —%N’1A+CO(pM)2*N/3(A2/3+A)_

If A < 1, then we again have E(tp1) — E(tr) < 2Co(par)2~N/3. If A > 1, then the

inequality can be written as
E(tk1) — E(tg) < —%N*IA +2Co(par)2 NP A = (_%N,l T gco(pM)ng/?») A

Since N~! decays slower than 2~N/3 the right hand side is negative for all N > N

with Ny sufficiently large (which only depends on g and pys).

We have now showed that (2.46) holds in all cases, and this finishes the proof. O

2.7 Proof of the main theorem

In this section, we prove the global well-posedness of (2.2).
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Proof of Theorem 2.1.1. Let us choose a sufficiently large Ny € N for which all previous
bounds work, and in addition

cgN~t > 273 (2.51)

for all N > Np; here ¢; and C are constants from the estimates (2.40) and (2.46) respec-

tively. Next, find () > Ny such that

9 1
19 Z m > 7llpollL1;

m=Np

recall that the right hand side is the maximal possible potential energy due to (2.16), and
the potential energy is non-negative for all times. Let tx < T, be the first time when we

have [|p(-,tx) — pal|22 = 29F1. Then

K-1
E(tx) — E(t1) = Y _(E(tj11) — B(t;)).
j=1
Due to Lemma 2.5.2, in this sum for each level N = Ny, ..., @, the number of good intervals

exceeds the number of bad intervals by one. Then due to (2.40), (2.46), and (2.51), we

have
9 1
E(tg) — B(h) < —c1g Y — < =llpol 1.
m=Np
This implies that E(tx) < E(t1) — 7||po|lz1 < 0, a contradiction. O

The above argument can be used to derive a quantitative upper bound on the size of
llp(-,t) — parll 2 depending on g and the initial data - but we do not pursue it here.
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3. Suppression of Chemotactic Singularity by
Navier-Stokes Flow with Large Buoyancy

This chapter is a reproduction of the published work [75].
3.1 Introduction

We consider the parabolic-elliptic Keller-Segel equation in a periodic channel Q = T x [0, 7]

subject to the influence of the buoyancy-driven Navier-Stokes equation:

Op+u-Vp—Ap+div(pV(=Ax)"1(p — pm)) =0,
P = \ﬁll Jo p(t, x)dz,

o+ u-Vu— éAu + Vp =Rap(0,1)7,

divu = 0.

(3.1)

We equip the system with initial data p(0,2) = po(z), u(0,2) = wup(x), where pp is a
nonnegative scalar function and wg is a divergence-free vector field. We also consider the

following set of boundary conditions:
Dop=Vp-n=0, uy=u-n=0 w=V-u=0, on Of). (3.2)

Here, T := [—m, ) is the one dimensional torus, and a function f defined on T means that
f assumes the periodic boundary condition with period 27; n = (0,1)” denotes the unit
normal derivative along 9Q = T x {0, 7}; V* denotes the differential operator (—ds,d1).

The first equation in (3.1) is the classical parabolic—elliptic Keller-Segel equation with ad-
vection. This equation characterizes a population of bacteria with the density p that moves
in response to an attractive chemical that the bacteria themselves secrete. Specifically, the
chemical-induced aggregation effect is modeled by the term div(pV(—Ax)"1(p — pm)),
indicating a scenario where chemicals homogenize much faster than the motion of micro-
organisms. Here, —Ay denotes homogeneous Neumann Laplacian that represents the
classical condition of zero chemical flux across boundary 92. Furthermore, chemotaxis
usually takes place in ambient viscous fluids, which are classically modeled by Navier-
Stokes equations with velocity u and pressure p. In nature, the micro-organisms and the

fluid can interact through various means (see, e.g., [66]). The main interaction on which we
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focus is the coupling by buoyancy, which originates from the variation of bacterial density
in the domain. Mathematically, such interaction appears in the fluid equation through
the forcing term Rap(0,1)”, where Ra denotes the Rayleigh number measuring relative
buoyancy strength due to density variation.

In this work, we focus on the study of chemotaxis-fluid interaction in a canonical do-
main T x [0,7]. We remark that previous studies classically consider domains without
boundaries, e.g. R%, T2, T x R, in order to study chemotaxis-fluid interaction in the bulk
of fluid (see [8, 65, 92, 66]). Our work, in contrast, intends to investigate the buoyancy
effect along the vertical direction. From this perspective, it is interesting to consider a
domain with a top and bottom boundary, and study the chemotaxis-fluid interaction via
buoyancy when taking boundary effects into account. We also emphasize the boundary
conditions that we insist on for the rest of this work: on one hand, we assert the classical
homogeneous Neumann boundary condition for the cell density. On the other hand, we
impose the Lions boundary condition onto the fluid equation: w - nlgg = 0, wlgg = 0.
This particular boundary condition, as a special case of the more general Navier boundary
condition, is prevalent in simulations of flows in the presence of rough boundaries, such as
in hemodynamics. It was first introduced and rigorously studied by J.-L. Lions [98] and
P.-L. Lions [99]. We refer the readers to works such as [90, 62, 33, 128] and references
therein for a more thorough discussion regarding the Navier boundary condition.

When the ambient fluid is absent (i.e., when Ra = 0 and v = 0 in (3.1)), we recover

the classical parabolic-elliptic Keller-Segel equation:
Bip — Ap+div(pV(=AN) " (p = pm)) =0,  in Q. (3.3)

First introduced by Patlak [110], and Keller and Segel [89], (3.3) has been classically
studied in various settings. We refer the interested readers to the following list of works:
[6, 9, 16, 19, 20, 22, 25, 71, 72, 87, 105, 106]. A remarkable feature enjoyed by (3.3) is
that the solution can form singularity in finite time when dimension is greater than 1. In

dimension 2, (3.3) is L!-critical. For any initial datum po with finite second moment, the
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solution is globally regular if the initial mass ||po||;1 < 87, see e.g. [9, 20, 25, 87, 124].
If the initial mass is strictly greater than 8w, a finite-time singularity forms, as seen in
[20, 22, 87, 105]. A more careful analysis of such blowup solutions are also carried out
[34, 35, 120, 121, 122].

It is also curious to understand the behavior of Keller-Segel equation under the influence
of fluid advection, given the fact that most chemotactic processes take place in ambient
fluid. The presence of fluid advection can bring complicated effects to chemotaxis. Among
these effects, we would like to focus on the regularization effects induced by fluid advection.
That is, we would like to understand how the transport term u - Vp could prevent potential
singular behaviors in (3.3). For the past decade, much progress has been made to under-
stand such regularization effects in the context of Keller-Segel equation. In the regime of
passive advection (i.e. the fluid velocity w is given and is not coupled to the Keller-Segel
equation), Kiselev and Xu in [92] first demonstrate that given any initial datum pg, there
exists a relaxation-enhancing flow (see [38] for a precise definition) with sufficiently large
amplitude that can suppress the singularity formation. This result is later generalized by
[86] to a larger class of passive flows and more general aggregation equations. Moreover, in
[8, 65], the authors exploit the enhanced dissipation phenomenon induced by strong mono-
tone shear flows. Such flows effectively reduce the dimensionality of the problem, where
in 2D the singularity can be suppressed. The fast-splitting scenario induced by hyperbolic
flows are also explored in [67, 68].

There also have been numerous attempts to investigate the regularity properties of
the Keller-Segel equation coupling to active fluid models, and many of which address the
global regularity of solutions to such coupled systems. We highlight that, among those
results, either there is smallness assumption on initial data (e.g. [31, 49, 102, 52]), or the
global regularity of both the chemotaxis equation and fluid equation still hold if they are
uncoupled (e.g. [125, 126]). We also note that the authors in [66, 131] study the blowup
suppression mechanism of Keller-Segel-Navier-Stokes equation near a strong Couette flow.

These results are almost linear in a sense that the main driven mechanism is still brought
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by a dominating passive background flow.

Recently in a series of works [77, 76] by the author joining with Kiselev and Yao, they
analyze how buoyancy effects in fluid equations suppress chemotactic singularities in a gen-
uinely nonlinear setting. In [77], the authors investigated the Keller-Segel equation evolving
in ambient porous media under the influence of buoyancy. The authors demonstrated that
a coupling with the porous media equation via an arbitrarily weak buoyancy constant suf-
fices to arrest any potential chemotactic blowup. The key argument in [77] is a careful

analysis of a potential energy and the coercive term [|01p|| ;-1 in its time derivative. The
0

authors observed that this H ! norm has to be small, and induces an anisotropic mixing
effect along xi-direction. This effect renders the system quasi-one-dimensional and there-
fore suppresses finite-time blowup. On the other hand, [76] studies how Stokes-Boussinesq
flow with strong buoyancy suppresses blowup of a Keller-Segel equation equipped with zero
Dirichlet boundary condition. A rather soft argument in [76] shows that the flow quenches
the L? norm of cell density to be sufficiently small in the regime of large buoyancy.

The other motivation of studying the regularization by active fluid advection in the
Keller-Segel equation is its connection to the global regularity of other equations that
potentially have singular behaviors, such as some fluid equations. In fact, such regularizing
phenomenon is the main factor that competes with main blowup mechanisms in some of
the most classical fluid equations. For 3D Euler equations, a lack of/a weakened advection
term is sufficient to induce finite-time singularities, see [36, 57]. The same is also observed
in 3D Navier-Stokes equations, see [94, 73]. The crucial role played by advection stands
out even more when one considers certain 1D models capturing Euler and Navier-Stokes
dynamics, see [32, 88]. The Keller-Segel equation much resembles these fluid equations
since it is also a critical equation that exhibits potential singularities. Hence, studying the
regularization by fluid advection in Keller-Segel equation contributes to a more substantial
understanding in the problem of global existence for many fluid equations.

In this work, we plan to investigate (3.1) in the case where the fluid has large viscos-
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ity and exerts significant buoyancy onto the bacteria. We remark that not only micro-
organisms generically live in viscous environment (see [112]), but also intriguing biological
phenomena occur in a viscous fluid and in a buoyancy-dominating regime. For example,
[119] studies an interesting phenomenon called chemotactic Boycott effect in this regime,
which describes the sedimentation process of both bacteria and fluid. In numerical experi-
ments, the canonical choice of the coupling fluid is the Navier-Stokes flow with parameters
Ra ~ 105 and Re™! ~ 103. Hence, while the chemotaxis model used in [119] is differ-
ent from (3.1), the parameter regime Ra > ﬁ > 1 is still highly relevant in the study
of chemotaxis in viscous environment. Moreover, from an analytical perspective, this is
also a first step to showing the blowup suppression by Navier-Stokes flow with only large
buoyancy and moderate viscosity.

To make the problem more amenable to analysis, it is convenient to write B = Re™! and
g = Ra-Re. Another handy transformation is that in periodic channel €2, one can reduce
the Lions boundary condition in the following way: the no-flux boundary is equivalent to
uz|a, = 0. Since 0; is the tangential derivative on 0f2, we have the extra boundary con-
straint OFus|sq = 0 for all & € N. Thus, the Lions boundary condition can be equivalently
written as

uzlon =0, wlpn = dauilsn = 0.

To sum up, we will work with the following equivalent, yet more convenient form of (3.1):

op+u-Vp—Ap+div(pV(=An) " (p—pm)) =0, inQ, (3.4a)
o+ u-Vu— BAu+ Vp= Bgp(0,1)T, divu=0, inQ, (3.4b)
82p|39 =0, uzlag =0, dui|sq =0, (3.4c)
p(0,z) = po(z) >0, u(0,x) = ug(x). (3.4d)
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3.1.1 Main Theorem

The main result of this work is that the regular solution' of (3.4) with arbitrary large mass
is in fact globally regular given both parameters B and g sufficiently large, whose sizes
only depend on initial data (pg,up). The precise statement of the main result is given as

follows:

Theorem 3.1.1. Suppose initial data (po,uo) with pg € H' nonnegative and ug € V, where
V is the class of H', divergence-free vector fields that satisfy no-flux boundary condition'.

There exists a couple (g1, B1) = (g1(Pm, [|lpo — pmll£2): Bi(pm, lpo — pmllz2, |uoll1)) such

that if g > g1, B > BngegQ, (3.4) admits a unique, regular, and global-in-time solution.

Remark 3.1.2. We compare this result with [76]. Firstly, the two works treat different
scenarios: [76] investigates a Keller-Segel equation with zero Dirichlet boundary condition,
while we study the Keller-Segel equation with classical zero Neumann boundary conditions.
Secondly, the blowup-suppressing mechanism in the two works are different precisely due
to the first difference above. In [16], the blowup is suppressed by an increased interaction
between cells and the cold boundary induced by strong buoyancy force. This mechanism
forces the L? norm of cell density to drop below the mass threshold in short time. In our
work, we instead use a dimension reduction mechanism similar to that in [77]. It stabilizes

the L? norm of cell density around a possibly large number.

3.1.2 Main Strategy of Proof

In this section, we would like to first emphasize the main difficulty of proving Theorem
3.1.1, after which we briefly sketch the idea of proving this main result.

The main obstacle is that, given the appearance of time derivative and advection term
in the fluid equation (3.4b), the problem suffers from a loss of explicit velocity law, which

directly connects density p and fluid velocity u. In general, such loss prevents us from

! Roughly speaking, the solution pair (p,u) is called a regular solution if it is C*° in space and for positive
times. We will give a rigorous definition in Section 3.3.

i The exact definition of V will be given in Section 3.2.2.
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obtaining precise control of u in a way similar to [77]. In the parameter regime specified
in Theorem 3.1.1, however, we will show that (3.4) is a suitable perturbation of a static
problem (3.6), which actually has a velocity law that can be analyzed with tools developed
in [77]. Thus, we arrange the proof into the following steps.
Step 1. Study of Static Problem (3.6). We first discuss the intuition of deriving the
static problem (3.6). We start with dividing on both sides of (3.4b) by B. This yields

1 1 T )

E(&gu +u-Vu) — Au+ EVP =gp(0,1)", divu=0.
In the regime of large B, it is natural to treat the term %(Otu + u - Vu) perturbatively.
In fact, it is reasonable to guess that the following velocity law dominates the velocity

evolution:

—Au+ VP =gp0,1)T, divu =0, (3.5)

where we write P = B~!'p. We remark that the scaling B~! in front of the pressure is
irrelevant due to incompressibility. This motivates us to first understand the following

system, which we will later refer to as the static problem:

Oip +u-Vp—Ap+div(pV(=An) " p = pm)) = 0, (3.6a)
—Au+Vp=gp(0,1)T, divu=0, (3.6b)
D2p| 50 = 0, u2laq = 0, auilan =0, p(0,z) = po(x) > 0. (3.6¢)

We remark that we do not specify the initial datum for u. Indeed, the problem (3.6) is
closed by itself, due to a remarkable property of (3.6b)-(3.6¢) that one may reduce them

to the following compact form:
u=—gV(=Ap)~?dip, (3.7)

thanks to Proposition 3.2.2. Here —Ap denotes homogeneous Dirichlet Laplacian, and

(-Ap)~2 = (=Ap)~!t o (—=Ap)~!. This renders no degree of freedom over choosing the
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initial datum for w in problem (3.6). We will work with the more convenient form (3.7)
instead of the original formulation.
We also remark that the static problem (3.6) is reminiscent of the Keller-Segel equation

coupling to Darcy’s law studied in [77], whose velocity law is given by:
_ ool -1
u=gV—(=Ap)~ Oip. (3.8)

In [77], the authors exploited an anisotropic mixing effect that is sufficient to prevent
chemotactic blowup when p achieves a large L? norm. However, the velocity law (3.7)
yields a more regular fluid flow. The extra regularity induces a weaker mixing effect
comparing to (3.8). To remedy this issue, we introduce a large g so that the flow has
large amplitude to generate sufficient mixing effect. This treatment differs our work from
[77]. In the large amplitute setting, we can achieve a crucial norm stabilizing property of
(3.6). That is, the L? norm of p stabilizes around a level Ny, whose size only depends on
the initial datum pg in the regime of g sufficiently large. The abovementioned property is

formalized in the statement below:

Proposition 3.1.3 (Norm-Stabilizing Property). Consider problem (3.6) with nonnegative
initial datum py € H'. Assume that to > 0 is inside the lifespan of the unique reqular local
solution p(t,x). Then there exist No = No(pm, ||po — pmllr2), a time Ty = T(No, pm), and
90 = go(No, pm) > 0, such that the following statement holds: if ||p(to) — pm||3: < %,

then for all g > go, the regular solution p(t,x) can be continued in interval [ty, to+ Ti] with

estimate

sup  [|p(t) = pm[72 < No. (3.9)
tE[toﬂfo-ﬁ-T*]

Moreover, there exists a time instance T € [to + %,to + T*] such that

N,
Io(T) = P72 < (3.10)

We will devote Section 3.4 to the proof of this key result. As a direct consequence, we

will also see that the static problem (3.6) is globally regular.
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Step 2. Continuation Argument. In fact, one may view Proposition 3.1.3 as a damping
mechanism induced by the static problem (3.6). Keeping in mind that the full problem
(3.4) is a perturbation of (3.6), we employ a bootstrap argument to show that the solution
to the full problem is L?-close to the solution of the static problem for all times. Fixing
initial condition pg and ug, we choose large Ny as in Proposition 3.1.3. Define Ty to be the

largest time such that the following bootstrap assumption holds:

sup_|[p(t) — pm||72 < INo. (3.11)
0<t<To

Our goal is to prove the following improved estimate:

Proposition 3.1.4. Consider initial data py € H' that is nonnegative and ug € V. There

exists a couple (g1, B1) = (91(pm; [lpo — pmllr2), B1(Pm, [P0 — pmll L2, |woll1)) such that if

g>aq, B> Blg2692, the following improved estimate holds:

sup_lp(t) = pmll3z < 5No. (3.12)
0<t<To

The main ingredient of this step is based on various nonlinear estimates pertaining to
Navier-Stokes equation equipped with Lions boundary conditions. We devote Section 3.5
to the proof of these estimates as well as that of Proposition 3.1.4.

Step 3. Closing the Proof of Theorem 3.1.1. In the final step, we finish the proof of

Theorem 3.1.1 using estimate (3.12):

Proof of Theorem 38.1.1. Using Proposition 3.1.4 and regularity criteria in Theorem 3.3.3,
[0,7o] is both open and closed. This implies that 7o = oo and we have obtained global

existence of (3.4). O

3.1.3 Organization of the Paper

The paper is organized as follows. In Section 3.2, we introduce notations and conven-
tions used throughout this paper. We will also lay out a functional-analytic framework

for studying Stokes problem equipping Lions boundary condition. In Section 3.3, we state
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the local well-posedness of the full system (3.4) and the static problem (3.6); we also show
corresponding L?-based regularity criteria in the same section. In Section 3.4, we study
the static problem (3.6) and prove the key Proposition 3.1.3, from which the global well-
posedness of (3.6) follows. In Section 3.5, we perform nonlinear estimates and prove the

improved estimate (3.12). That is, we prove Proposition 3.1.4.
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3.2 Preliminaries

3.2.1 Notation and Conventions

We will denote the usual LP norm by ||-||z» or [||[z»(.). The second notation will be adopted
if we would like to emphasize the domain. Similarly, we will denote Sobolev H* norm by
| - ||s for s > 1. We define the space Hj () to be the completion of C2°(Q) with respect
to norm || - |1, and consider its dual space H, '(2). Moreover, the following equivalence is

standard:
1/2
gy =€ ([ 1001 sa)
Q

where C' is a constant that only depends on domain 2. We also recall that Ap denotes
homogeneous Dirichlet Laplacian. We simply regard C = 1 as the exact value of this
constant is inessential.

Recall the mean of p on Q : pp,(t) = ﬁ Jo p(t, ) dz. We remark that py, () is nonnega-

tive and a conserved quantity along evolution given the initial datum pg being nonnegative,
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due to a parabolic maximum principle and the divergence structure of the Keller-Segel
equation (see Proposition 2.4.1 for the proof of this fact). Thus, we will omit the time
dependence of the mean and write py,.

We also consider the following decomposition to any function p € L?(2) that would

play a crucial role in our analysis of the static problem: we write p = p + p, where

1

p(x2) = 2/p(fv1,1r2)dfc1, p=p—p.
™ Jr

Note that p is exactly the projection onto the zeroth mode corresponding to direction x7,

and p the orthogonal complement. We remark that p — p,, and j are orthogonal in L?(£2):

/Q (P(2) — pm)p(as, w2)derdirs = 0.

One can connect the 1D and 2D L? norm for p — p,,, by a simple relation ||p — pmH%Q(Q) =
27|lp — pmH%Q([O Ay the rest of the paper, we will only use the 1D L? norm for p. We

always refer to the 1D L? norm when we write ||p — pm|| 2.

We will denote a universal constant in the upper bounds by uppercase letters, and that
in lower bounds by lowercase letters. Constants without subscripts, i.e. ¢, C,C, are subject
to change from line to line. Constants with subscripts, i.e. ¢;, C;,C;, are fixed once they
are chosen. All such constants mentioned above only depend on domain €2 by default. We
will also use the notation C'(X) to denote a constant C' depending on quantity X. For
two positive quantities X, Y, we write X <Y to mean that X < CY for some universal
constant C' that might only depends on domain Q. X 2 Y is similarly defined. We will
use I;, © € N, to denote terms that will be estimated; this notation will be local to each
lemma and will be reused in the proofs of other lemmas. Lastly, we also use summation

convention. That is, the repeated indices are summed over.

3.2.2 Steady Stokes Equation with Lions Boundary Condition

In this subsection, we introduce suitable functional-analytic settings for our study of Stokes

equation equipped with Lions boundary condition. We shall first study the following static
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Stokes equation and investigate its well-posedness:

—Au+Vp=f, in
divu =0, in Q (3.13)
uslon = 0, dauilon = 0.

In particular, we will derive suitable elliptic estimates similar to those satisfied by the
classical Stokes operator that corresponds to no-slip boundary condition for velocity (see
[37]).

We introduce the following function spaces following the spirit of [90, 33]:

H={veL*Q) x L*Q) : divv =0, / vi(x)dz = 0},
Q

V={ve  HYQ) x HY(Q) : divv = 0, v3|pn = 0, / vi(x)dx = 0},
Q

W ={veVn(H*Q)?: dvi|sq = 0},

where we equip H with L? topology, V with topology induced by the inner product
(u,v)v = [qOu;dvjdr, and W with H? topology. For u € V, the following Poincaré

inequality holds:
Proposition 3.2.1. Let u € V. Then the following estimate holds:
lullL2 < Cp|[Vul|L2, (3.14)
where Cp is a positive constant that only depends on the domain 2.
Moreover, we have the following well-posedness and regularity result concerning (3.13):

Proposition 3.2.2. Assuming f € H, then (3.13) admits a unique solution u € W with
estimate

[ulla < Cl[f]]2- (3.15)

In fact, u assumes the following explicit formula:

u=V*(=Ap)*(daf1 — O fa), (3.16)
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where V+ := (=0s,01). In addition, if f € H*NH, s > 1, we have the following improved
reqularity estimate:

[ullsr2 < Cllfls- (3.17)

We delay the proofs of the Propositions above to the appendix.

3.3 Local Well-Posedness and Regularity Criteria

In this section, we show the local well-posedness for regular solutions to problems (3.4)
and (3.6), and state L? regularity criteria for both problems. We start with giving rigorous
definitions of a strong solution and a regular solution to both the full system (3.4) and the

static problem (3.6).

Definition 3.3.1. 1. Given initial data po € H', ug € V, we say that the pair (p(t,x),
u(t,x)) is a strong solution to (3.4) on [0,T], T > 0, if
p e C[0, T HY) N L2((0,T); H?), w € C°([0,T); V) N L*((0,T); W),

dp € L*(0,T); L?), dyu € L([0,T); H),

and (p,u) satisfies (3.4) in the sense of distribution. Moreover, a solution is reqular

if it is strong and additionally

peC™®((0,T] xQ), ueC>((0,T] x Q).

2. Given initial datum po € H', we say that p(t, z)is a strong solution to (3.6) on [0,T],
T>0,if
p € CU0, T HY) NL*((0,7); H?),  dup € L*([0,TT; L?),
and p is said to be regular if it is strong and p € C*°((0,T] x Q).

With the definition above, we state the following local well-posedness result.

Theorem 3.3.2. Given initial datum pg € H! (resp. po € H' ug € V') such that py > 0,
there exists Tioe = Tioc(po) > 0 (resp. Tioe = Tioc(po) > 0) so that there exists a unique
strong solution p (resp. (p,u)) to (3.6) (resp. (3.4)) on [0,Tjoe) (resp. [0, Tioe)). Moreover,

the strong solutions are regular.
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We conclude this section by stating the following regularity criteria for both (3.4) and

(3.6).

Theorem 3.3.3. If the mazximal lifespan T of the strong solution to (3.4) (resp. (3.6)) is

finite, then necessarily

lim [ [p(t) — pml|32dt = co. (3.18)
0

We briefly comment on the proof of Theorem 3.3.2 and Theorem 3.3.3, as the details
follow almost verbatim to Section 2 of [76]. To prove the existence part of Theorem 3.3.2,
we use standard Galerkin’s method to construct a solution to both (3.4) and (3.6) since
) is a compact domain. Hence, it suffices to show L?-based a priori estimates as in [76].
As for the a priori estimates of (3.4), all estimates in Section 2 of [76] carry over. The
only extra estimate one has to make is on advection term « - Vu, as we study the Navier-
Stokes equation in our case. The treatment of such terms, however, are standard in the
study of well-posedness of 2D Navier-Stokes equations. We refer interested readers to the
proof of [21, Theorem V.2.10] for related details. As for the a priori estimates of (3.6),
we repeat the same proof as we do for (3.4), with the only change of applying Proposition
3.2.2 whenever we see ||u||2. Finally, uniqueness follows from the a priori estimates that
we have derived above. Higher regularity follows from standard parabolic smoothing. This
ends the proof of Theorem 3.3.2.

The proof of Theorem 3.3.3 is the same as that of [76, Theorem 1.2] by studying the L?
estimate of the p equation. The reason why the proofs of [76, Theorem 1.2] can be carried
over is that [76, Theorem 1.2] only use divu = 0, p nonnegative, and ||p||;1 non-increasing.

These properties hold in both (3.4) and (3.6) (see Proposition 2.4.1).

3.4 Analysis of the Static Problem
In this section, we perform a detailed analysis of (3.6), which serves as a starting point
prior to the study of the full problem (3.4). In Section 3.4.1, we establish a series of a

priori estimates concerning both cell density p and velocity field u of the static problem.
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We will further show a Nash-type inequality that elucidates an anisotropic mixing effect

in the regime of large g. Finally, we prove Proposition 3.1.3 in Section 3.4.2.

3.4.1 Key A Priori Estimates

As a first step, we establish several key energy estimates concerning the system (3.6). We
first prove several a priori estimates for the Keller-Segel equation advected by a general
incompressible flow. Then we focus on showing estimates corresponding to the fluid equa-
tion (3.6b), which turn out to be crucial in establishing the norm-stabilizing property and

global well-posedness of (3.6).

Estimates for a General Keller-Segel Equation with Advection

In this section, we derive appropriate estimates for the Keller-Segel equation advected by

a general incompressible flow w, which may or may not depend on the cell density p itself:
Oip+u-Vp—Ap+div(pV(=Ax) "' (p = pm)) =0,
(3.19)
p(0,2) = po(x) = 0, d2ploa = 0.
Here, u is a smooth, divergence-free vector field that satisfies no-flux boundary condition
(i.e. u2lpn = 0). We allow such generality in (3.19) so that all results in this subsection
hold for both the static problem (3.6) and the full problem (3.4). This is because an
incompressible, viscous flow satisfying Lions boundary condition necessarily satisfies all
requirements prescribed in (3.19).

Our first result reveals that (3.19) conserves mass.

Proposition 3.4.1. Assume that p(t,x) is a regular solution to (3.19) on [0,T] with u

being C* and divergence-free. Then p(t,x) > 0 and ||p(t,")||z2 = ||pollz1 for all t € [0,T).

Proof. First, p(t,z) > 0 for all ¢ € [0,7] comes from the facts that po > 0 and parabolic

maximum principle. To prove the conservation of mass, we use nonnegativity of p(t,x) to
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obtain that

Gl = g [ plta)ds
= [ Vo g~ div(p¥ = An) o = o)) 120 =

where we integrated by parts and used that u is divergence-free, us|sn = 0, and da2plgn =

0. O

The next result, originally proved in [77], gives two variants of L? energy estimates of
(3.19), which play a major role in establishing the norm-stabilizing property of (3.6). We
point out that [77, Proposition 4.2 and Corollary 4.3] are proved where u is governed by
Darcy’s law (3.8). However, their proofs only used that wu is divergence-free and satisfies
no-flux boundary condition. Hence, the proof of the result below follows verbatim from

that of [77, Proposition 4.2 and Corollary 4.3].

Proposition 3.4.2 (Essentially Proposition 4.2, Corollary 4.3 of [77]). Assume p(t,x) to
be a regular, nonnegative solution to (3.19) on [to,to+ 1| for somety >0 and T > 0. Then
for any t € (to,to + T'), there exists a constant Cy depending only on the domain 0 such

that

d
prile pmllte +VplZz < Collp = pmlle + 20mllp — pml 7. (3.20)

Furthermore, if ||p(t,) — pm||32 = pm/4 for all t € [to,to + T), then there exists a positive

constant C1 depending only on the domain €2 such that

d
&Ilp—pmlliz + Vol < Cillp = pmllz2, (3.21)
and
d 2 1 _ 6 ~(14
Zillp = pmllie < TGl 1P = pmliz2 + Cillpll 72, (3.22)

for any t € [to, to + T7.

The next proposition shows that one can upgrade the L{°L?2 control of p to an L{°LX

control:
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Proposition 3.4.3. Let p(t, x) be a regular solution to (3.19) on [to, to+T for somety > 0
and N > max(1, py,) be an arbitrary number. If ||p(t,-) —pmll2 < 2N for allt € [tg, to+T),
then we also have supy,<i<i 7 |p(t,+) = pml|Le < CN?, where C is a domain dependent

constant.

Proof. The proof follows verbatim from that of [92, Proposition 9.1], where it is handled
for T2. We can do this since all integrations by parts do not introduce any boundary terms
due to the Neumann boundary condition that p satisfies as well as the no-flux boundary

condition satisfied by u. O
Finally, we establish a corollary shows a doubling time for the L? norm |p — pm||3,.

Corollary 3.4.4. Suppose p(t,z) is a regular solution to (3.19) on [to,to + T| for some

to >0, T >0, and N > 0 being an arbitrary number. If ||p(to) — pm||72 < N, then there

. 1 -1
exists a time Ty (N, pm) = %&{’)’”) =:comin(N 1, p-1) such that
sup - [lp(t) = pmll2 < 2N, (3.23)
to<t<to+T%(N,pm)
and
t0+T*(N,pm)
/ IVp(t)||32dt < 2N. (3.24)
to

Here, Cy is fixed as in Proposition 8.4.2.

Proof. To show (3.23), we employ a standard barrier argument: suppose that there exists
a time 7 € [to, to + Tx (N, pm)] such that [[p(7) — pml|32 = 2N, and |[p(t) — pm |3 < 2N for

any t € [to, 7). Integrating (3.20) from to to 7, we have

T T
2N = [|p(7) = pmllTe < N +2pm [ p(s) = pmlF2da +Co [ llp(s) = pmll2ds

to to

< N 4 4pm NT, + AN?CoT, < 2N,

where we used the definition of T} in the final inequality. However, this yields a contradic-

tion.
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To show (3.24), we integrate (3.20) from ¢g to to + T (N, pm ), which yields:

to+T«(N,pm)
10t + To(N, pm)) — 22 + / IV p(8)| 22t
to

t()“rT*(N,pm) 9 t0+T*(N,pm) 4
< N+2pm/ Ip(t) —pmlledtJrCo/ lp(t) = poll 7 2dt
to to
N CoN
< N +2p,(2N)T, 4+ Co(ANHT, < N + - < 2N.
= pm(2N) 0(4N") 2(1+Co) ' 2(1+ Co)
The proof is thus complete. O

Estimates for Static Problem (3.6)

Now, we turn to some estimates concerning the system (3.6), which crucially exploit the
structure of the Biot-Savart-type relation (3.7). As our first step, we prove the following
key estimate which displays the smallness of a mixing-type norm in the regime of large

parameter g.

Proposition 3.4.5. Let p(t,z) be a regular solution to equation (3.6) on [to,to + 1| for
some to > 0 and T > 0. Let N > 0 be an arbitrary number. If ||p(to) — pm||3. < N, the

following bound holds:

t0+T*(vam) 1 9 1
/ 1(=Ap) 1 01p|2adt < Clpm)g". (3.25)

to

Proof. On one hand, we compute that

to-+T+(N,pum) N to+ T2 (N,prm) X X
/ I(~80) 0splade = [ [ (-20) 01p(-20) 01 pis

to to Q

to+T% (N”Om)
— / / O p(—Ap) 201 pdadt
to Q

to+Ts«(N,pm)
-/ | p0r(~0) *orpdsas

to Q
1 [to+T«(N,pm)
= g/ /quQd:Udt. (3.26)
to
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Note that we have used the self-adjointness of (—Ap)~! in the second equality, integration
by parts in the third equality, and (3.7) in the last equality. On the other hand, we test

the p-equation of (3.6) by xo, which yields:

3
/qugdac =— /Q zo(u - Vp)dr = /QJJQ (Op — Ap + div(pV(—=AN) " (p — pm))) dz =: ;Ii,
(3.27)

where the first equality follows from integration by parts and no-flux boundary condition
satisfied by u. Integrating in time from tg to to + 7% (N, p,) and using Proposition 3.4.1 as

well as the bound (3.24), we estimate time integrals of I, I3 by

tO+T*(N7/)m)
/ L] = /Q 23(p(to + T (N, pm)) — plto))dz| < Cllpollzs< Cpm:

to

to+T%(N,pm) to+T%(N,pm)
/ IQ dt| = / / (92pd$dt
to to Q

to+Tx (N,pm) 1/2
< CT.(N, p) /2 / V()22 dt
to

<C.

Here, we used the definition of Ty (N, py,) and (3.24) in the final inequality of I esti-
mate. To estimate the term I3 in (3.27), we use Sobolev embedding, elliptic estimates, and

interpolation inequality to obtain that
I3 = /91132(—AN)1(P — pm) < llpll2102(=AN) " (o = pm) 2
< (Ip = pullzz + V27010 (—An) " (0 = Iy
< Clllp = pmllc2 + V2mpm) o — Pl poss

1/3
< CpPp = pmll 52 (lp = pmll 2 + pim)

= C(PPBNYS 4 23 N2/3).
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Then we may estimate the time integral of Az by

tot T (N.pom) : —1 1N/ 5/3n71/6 | 2/3nr2/3
I3dt < len(N » Pm )(pm N + o, N )

to
T\ BN L BN N1 T T
Collecting the estimates above yields:
t()—l—T*(N,pm)
/ / pugdzdt| < C(pm), (3.28)
to Q

Therefore by (3.26):

t0+T*(N7Pm) 9
/ I(~Ap) " Bupl2adt < Clom)g™,

to

which concludes the proof. O

Note that the norm ||(—=Ap)~1d1p|z2 could be viewed as a quantity that encodes
information on mixing. This is because, formally, this quantity has the same scaling as

the classical mix-norm ||p — pp|| Hy! (see [85] for example). Since generally smallness of

llo — pm|| -1 induces enhanced dissipation by creating large gradients, it is tempting to
uncover a similar effect by exploiting the smallness of ||(—Ap)~'d1pz2 in our setting. In
order to achieve this goal, we follow the approach taken in [77], which studies a similar

quantity ||d1p]| H ' The technical ingredient that we need is a Nash’s inequality with

improved coefficient: let us recall the following result from [77], which is valid for any

function p € L2([s,r], H'(Q)), 0 < s < r < 00:

Proposition 3.4.6 (Corollary 6.2 of [77]). Assume that for some K > 0, there is

T T
[ 10wl ade < 7 [ e (3.20)
S S

Then there exists a constant C > 0 depending only on € such that

T r 1/2 r 1/2
[wieac<cxmn([ipga) - ([1viga) . @)
S S S
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Note that the original statement in Corollary 6.2 of [77] only considers the case when
K > 1. However, one could extend the result for any K > 0 in a rather trivial way:
for K € (0,1), we simply invoke the original Nash’s inequality for p without using the
assumption (3.29). The fact that K—/* > 1 immediately yields the result.

With the proposition above, we may conclude the following crucial lemma, which pre-
cisely characterizes the creation of large gradients when the norm ||(—Ap) =19 p|| 2 is small

in an appropriate sense.

Lemma 3.4.7. Fiz g > 0. Assume that there is some constant C > 0 so that

r r 2
[ l=a0) aupliar < o0 ([ 1alear) (331)

Then the following estimate holds:

. ) , —4/5 , o 8/5
[ 19piae = o ([Mo-puliar) ([ 1aar) (3:32)

for some constant C' > 0 that only depends on the domain Q and constant C appearing in

(3.31).

Proof. Using definition of H ! norm and Cauchy-Schwarz inequality, we have

1015117+ = /Qalﬁ(AD)_lfhﬁdfc <1017l 2l (=Ap) "' Dupll 2 < IVpll2ll(=Ap) " Dupll 2,

where we used the fact that dip = 91p. Integrating the above inequality from s to r and

applying Cauchy-Schwarz inequality again, we have

. . 12 , o 1/2
[ 10side < ([ 10 oular) ([ 190l
S S S

- 1/2 ,r
< C1/279/20 </ ||vp||%2dt> /IlﬁHizdt-

—-1/2
/>

Then an application of Proposition 3.4.6 via replacing N by C' —1/2 gg/ 20 ( J ; I va%Q dt)
0 implies (3.32) after some rearrangements of the inequality. O
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3.4.2 Norm-Stabilizing Property of the Static Problem

With the a priori estimates set up in previous sections, we are ready to prove the norm-
stabilizing property (i.e. Proposition 3.1.3), from which the global existence of the static

problem (3.6) follows.

Proof of Proposition 3.1.3. We first fix our choice of Ny and T as follows: choose Ny so

that
No > max{1,2pm,2||po — pml22}, (3.33)

- 323C1pk (15/8 + 201 cp)

N
0 460

: (3.34)

and set T} = comin(2N; L pm) = 2coN§ 1 Recall that Cp, Cy are universal constants fixed
in Proposition 3.4.2; ¢q is also a universal constant fixed in Corollary 3.4.4. Moreover, we
fix g > go(No, pm), where the threshold gy will be chosen sufficiently large in the course of
the proof.

We first observe that by Corollary 3.4.4, given ||p(to) — pm||32 = No/2, we have

tO JFT*
[ I9plR e < (3.39

to

and in particular (3.9) holds.

We thus focus on the proof of (3.10). Assume for the sake of contradiction that
lp(t) = pmll2s > No/8 for any t € [to+ %, to+T.]. For g > go, we discuss the fol-
lowing dichotomy:

Case 1: Small ||p|| 2.

tO +T*
[ WlBade < cog . (3.36)
t() +T* /2

In this case, we first observe that due to the contradiction assumption, there is a lower

bound:

llp— Pm|’%2dt >

/t0+T* T. Ny o
AT )2 6 16
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Combining with (3.36) and using orthogonality between p and g, we have

tO+T>« 1 c
/t s 15 = pmll72dt > (16 - 91/20) o> —, (3.37)
0+7%

if we choose

go > 32%. (3.38)

On the other hand, an application of Holder’s inequality implies that

to+Tx 2/3 to+Tx 1/3
— 2 T* — 6
1P = pmll72dt < { 1P = pmlz=dt | .
t0+T*/2 to-i-T*/Q

Combining the inequality above with (3.37), we have

to+T 6 4
1P — pmll72dt > —5

Now, we shall invoke energy estimate (3.22) and integrate the differential inequality from

3
fo 1 A3 4cgN§
= 2 0 0-%0
— dt | > = . (339
/to+T*/2 17 pmllz: ) T 323772 323 (3:39)

T./2 to Ty,. Note that we can do this since ||p(t) — pm|3: > No/8 > pm/4 for any
t e [to + %,to + T*] by our contradiction assumption, and our choice of Ny in (3.33).

Therefore, we arrive at

1 to+T% ~
lotto + 1) = ol < lotto + Z./2) = pmlie = oo [ o= plfact

Clﬂfn to+T/2
to+Tk
e / 15114 dt
t

0+T%/2
9 to+T% 9
<o gl sw o= palfe [ Il
1/20
< 2Ny — 3230 4 NO 4+ 2C1¢c9Nog™ < 2Ny — 3230 4 NO + 2C1¢coNy.

Here, we used (3.39) in the second inequality, (3.36) in the third inequality, and g > go > 1
in the last inequality. Then by (3.34), a straightforward computation yields

Ny
NO + 2C1¢oNy < —

lo(to + T.) = punl32 < 2No — 2,

3230 4
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which is a contradiction to our assumption.

Case 2: Large ||p| 2.

to+T%
[ Wladt > cog . (3.40)
to+Tx/2

In this case, we first use estimate (3.25) to obtain that

to+Tx to+T% 2
/ 1(=Ap) " Bup|2adt < Clom)g™" < Clpm)egg™>0 / 1124t ) -
t0+T*/2 to-i-T*/Q

Then, we can invoke Lemma 3.4.7 with C' = C(py;)cy? to conclude that

to+ T ) to+Ts , —4/5 to+ T , 8/5
/ IVpl22dt > Clpm)g"™ / 16112, dt / 1512t
to+7T%/2 to+Tx/2 to+7Tx/2 (3.41)

> Cpm)Ti g9/ 0g=2/% > C(p ) NI/° /10,

Here, we applied Proposition 3.4.1, (3.40) in the second inequality, and used the definition

of T, in the final inequality. Now choose gg sufficiently large that
Clpm) NP g0 > Ny, (3.42)

Then together with (3.41), we would arrive at f;o:?z}/? IVpll2.dt > Ny. However, this
contradicts the a priori estimate (3.35). Up until this point, both cases in the dichotomy

lead to a contradiction and we have completed the proof. ]

Remark 3.4.8. 1. The specific choice of parameters Ny, Ty, and gy are summarized as
follows: we first fix Ny according to (3.33), (3.34), and we set T, = 200N0_1. After

No, Ty are fized, we choose go sufficiently large that (3.38) and (3.42) hold.

2. We also remark that the choice of Ny > 2||po — pmH%2 does not play a role in the
proof of Proposition 3.1.3. However, it is a rather technical choice that will play a
role in the proofs of Corollary 3.4.9 and Proposition 3.1.4, which rely on a barrier

argument.
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Note that we can conclude global well-posedness of system (3.13) from Proposition

3.1.3.

Corollary 3.4.9. For arbitrary nonnegative initial data py € H', there evists gy =
go(pm) > 0 sufficiently large that the solution of the static problem (3.6) is globally regular

for all g > go.

Proof. Let go, Ny be chosen as in Proposition 3.1.3 (and therefore T is fixed). Let ty > 0 be
the first time such that |[p— pp[|7. = No. If to = oo, then this means that [|p(t) — pm |3, <
Ny for all £ > 0 as Ny > ||po — pm||72- Hence by the regularity criterion stated in Theorem
3.3.3, we are already done. We may then suppose that tg < oco. By Proposition 3.1.3, there
exists T} € [to + T/2,to + T%) such that ||p(to + T1) — pm |32 = No/8 < No. Moreover, we
know that supg<;<s, 7. [|0(t) — pmll32 < 2Np. Then let ¢1 to be the first time after o + T}
such that ||p—pm||32 = No. Repeating the argument above, there exists Th € [t1+7T%/2,t1+
T.] such that ||p(t1 + T2) — pm||32 = No/8 and sup; 7 <i<s,om. [10(E) — pml|72 < 2No.

Repeating such steps indefinitely and using 7y > 0:

sup [|p(t) — pm |72 < 2No < o0,
>0
which implies global well-posedness by the L? criterion in Theorem 3.3.3. O

3.5 Analysis of the Full Keller-Segel-Navier-Stokes Problem

In this section, we study the full Keller-Segel-Navier-Stokes system (3.4), and we prove

Proposition 3.1.4. For the readers’ convenience, let us recall the system (3.4) here:

op+u-Vo—Ap+div(pV(=Ax) "o — pm)) =0, (3.43a)
Ou+u-Vu— BAu+ Vp = Bgp(0,1)T, divu =0, (3.43Db)
82p|39 =0, uzlag =0, duilsq =0, (3.43c¢)
p(0,2) = po(x) > 0, u(0,x) = up(z), (3.43d)
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As pointed out in Section 3.1.2, we will prove Proposition 3.1.4 with bootstrap assump-
tion (3.11). We will do so by appropriately setting up a comparison scheme between the
full problem (3.43) and the static problem (3.6). By examining Proposition 3.1.3 more
closely, we observe that the damping effect induced by the static problem (3.6) becomes
significant only when the L? norm of the cell density becomes sufficiently large i.e. Ny as
specified in the statement of Proposition 3.1.3. Therefore, in the case of the full problem
(3.43), we decompose the full solution (p,u) into the static problem dynamics (ps, us) and
the remainder term (r,v) as L? norm of p turns to the level of Ny. We then show suitable
estimates for remainder term (r,v), and show that they can be dominated by the damping
effect introduced by the static part.

From now, given initial data (pg, up), we fix Ny and T} as in Proposition 3.1.3. Namely,
we choose N so large that (3.33) and (3.34) hold, and then set Ty = 2¢oN; '. Moreover,
the thresholds g1, By > 1 are chosen to be sufficiently large in the course of our proof,
whose exact values will be summarized in Remark 3.5.8. For the rest of this section, we
assume g > g1 and B > Bj by default.

We organize this section in the following way: in Section 3.5.1, we prove preliminary
estimates of various derivatives to both p and w given bootstrap assumption (3.11). In
Section 3.5.2 and Section 3.5.3, we prove suitable estimates for - Vu and dyu respectively,
which are crucial in closing the bootstrap argument. In Section 3.5.4, we set up a compar-
ison scheme in between the full problem (3.43) and the static problem (3.6) so as to close

the bootstrap argument.

3.5.1 Preliminary Estimates

For the rest of this section, we will consider a solution (p,u) to system (3.4) with initial
data (po,up). We begin with several preliminary estimates for p, u, and some of their
derivatives. Such estimates will be instrumental in later estimates of d;u and u - Vu under
the bootstrap assumption. First, we introduce a time-integrated bound for Vp on any time

interval of scale T.
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Lemma 3.5.1. For arbitrary to € [0, To] and given bootstrap assumption (3.11), we have

to+T%/9
/ Vp||22dt < 18Np. (3.44)
to

Here, we recall that [0, To] is the bootstrap horizon.

Proof. This lemma follows directly from applying Corollary 3.4.4 with M = 9Nj. O

We then give an estimate of u that is uniform over the time interval [0, 7o+ 7% /9], which
is slightly longer than the bootstrap horizon. In the mean time, we also show a bound on

Vu on an interval of scale T.

Lemma 3.5.2. Given bootstrap assumption (3.11), the following estimate holds:

sup u(®)[|72 < C(pms [[uoll£2)g” No- (3.45)
0<t<To+T./9

Moreover, for arbitrary to € [0, To|, we have the following gradient bound:

to+T%/9 ) )
/ IVu(s)[22ds < Clpm: o]l 22)g (3.46)

to

Proof. Fix t € [0, 7o + T%/9]. Testing (3.43b) by u and using Cauchy-Schwarz inequality,

we obtain that

1d

§&H’U,H%2 —l—/ ujajuiuidx—i—B/ uAud:z::Bg/ puadz < Bg||pl|p2||w|l 2. (3.47)
Q Q Q

To treat the second and third term on LHS above, we use divu = 0 and ug|spq = 0 to

deduce that

1 2 1 : 2 2|27
uj0juudr = 3 uj0j|ul“dr = ) divulu|®dx + [ uzl|u| dr1 = 0.
Q Q Q T w2=0
Similarly,

T 9 To=T

/ uAudr = / / u;0;0;ujdradr = —||Vul|72 + / ;O dxq
Q T Jo T z2=0

To=T
= —||Vu||%2 + /T(ulazul + UQaQUQ) xz:odxl = —||Vu|]%2,
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where we used the Lions boundary condition in the final equality. Combining the two

identities above with (3.47), we have

1d

5@@!\%2 + B[ VullZ2 < Byllpl 2 |lullz2 (3.48)

On the other hand, we apply Poincaré inequality (3.14) and apply Cauchy-Schwarz

inequality to (3.48), which yields the following differential inequality:

d 2 B 2 201 112
%HUHB < _6||U||L2 +4CBg ||P||L2-

Further invoking Duhamel’s formula, we deduce from the above estimate that:
2 -5y 2 2 ! — B (t—s) 2
[u()z2 < e luollzz +4CBg cc lp(s)|Iz2ds, (3.49)

for t € [0,70 + T%/9]. To estimate (3.49), we first use bootstrap assumption (3.11) and

Corollary 3.4.4 to conclude that

sup_||p(t) = pml72 < 18N,
0<t<To+T%/9

Then, we deduce from (3.49) that:

t

B

)72 < luoll72 +4CBg*(  sup  |p(t) — pml7a +27r2pq2n)/ e c(=9)ds
0<t<To+T%/9 0

< |luo||2 + 4CBg(18Ny + 27%p%) - B~ 1 (1 — ¢~ ¢)
< |Juol72 + C(pm)9*No < Cpm, luoll £2)g* No

where third inequality follows from pgn < %pmNo due to our choice of Ny > 2p,,,. We also
used g, Ny > 1 in the final inequality. This concludes the proof of (3.45).

To show (3.46), we start with (3.48) to deduce that

1d

1/2
5 g lulzz + BIVullzz < Clpm, lluollz2) Bg(18No + 212p2,) %G Ny "* < C(pm, ol 2) Bg* No,

where we invoked the bootstrap assumption and (3.45) in the second inequality. Fixing

to € [0, 7o, and integrating the above from ¢y to tg + T%/9, we obtain that

tO+T*/9
B/ IVu(®)|[Z2dt < |[uoll72 + C(pm, uoll2) Bg*No - coNg ™ < C(pm, l[uollz2) Bg?,

to
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where the last inequality holds as g, B > 1. Now, the desired estimate follows from dividing

on both sides of the above inequality by B. O
We conclude this subsection by an estimate on the time derivative of cell density p.

Lemma 3.5.3. Assume the bootstrap assumption (3.11). For any ty € [0, To], we have

fotT+/9 2 2 nT2
[ ol st < Cloms luolli2)g? NG (3.50)

to

Proof. Picking arbitrary ¢ € H} and using (3.43a), we have

/8tpgod:z /u'Vpgoda: /Apgodx
Q Q Q

Using incompressibility of u and integrating by parts, we first see that

< +

+ ‘/Q o div(pV(=AN) " (p — pm))dz| = ZL

I = <|lp = pmllLellull L2Vl 12,

/Qu -Veo(p — pm)da

Applying integration by parts in a similar fashion and using Sobolev embeddings as well

as Holder’s inequality, we also have

I = ‘/va Vedz| < |[[Vpl|2]|Vel| 2,

I3 =

/QstD~V(AN)‘1(ppm)dﬂf < pllzallV(=AN) " (p = pm)ll 2Vl 12

1/2 3/2
<lplzalle = pmll21Vellz2 < Il E2 10 = pml 2221V 2

Combining estimates of I; above and using duality, we conclude that for any t € [to,to +
T./9]:
1017+ S Nl = pmllie Il 2 + 190l 72 + ol z=llo = ol 12
273 5/2 2
< Cpm, [luoll22) (9" Ny + No™) + [IVpll 72

< Cpm, |luollz2)g” N + Vol 72,
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where we used the bootstrap assumption (3.11), Proposition 3.4.3, and Lemma 3.5.2 in
the second inequality. Finally, we integrate over [to, to + T%/9] and invoke Lemma 3.5.1 to

conclude that

tot /9 2 colNg ! 2 A73 2 772
/ 10l y-2dt < =37 Clpm, lluoll2)g"Ng + 18No < Cpm, l[uoll 12)9"No

to

since g > 1 and Ny > 1. O

3.5.2 Control of the Advection Term

In this subsection, we estimate the advection term « - Vu on any time interval of length T’

in the bootstrap horizon.

Lemma 3.5.4. Assume the bootstrap assumption (3.11) holds and fix arbitrary T € (0, To+

T./9). There exists a constant Co = Co(pm, ||uol|z2) such that for B > CogNl/2 the

following estimate holds:

to+1
[ e VOl < Clon Juolh)g? No(g? Mo + 1), (3.51)

to
for any to € [0, To+ T,/9 — T1.
Proof. First using Holder inequality and Ladyzhenskaya’s inequality in 2D, we observe that
- Va2 < Jlull g2 Vull e S ull 2 )l | ally
< Nl 52l g2 + 1Vl g2) (Wl )5+ 192 [57)
= [l 32 IVull 2 + [l 321 2ulls + ully 5 1wl 35 + lal o2 IVl 2 92l 5

1/2 1/2

We show how to estimate the most singular term [Jul| /5 [|Vul 22| V?ul| />, and the rest of

the terms follow from a similar argument. Using the interpolation inequality ||Vu|]%2 <

l|lul| L2]|Aul| 2 for w € W, and the calculus lemma A.1.3, we have

lull 2 [Vl 2 V2l 2 < [Jull | Aul7. (3.52)
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Integrating (3.52) in time from ¢g to to + 7' and using (3.45), we have

fo+ ™ 2 2 2 tot 2
[ isude s s s [ Au)ade
to 0<t<To+T%/9 to

2 fotT 2
< Cprms luoll2)9* No / | Avu(t) 2.,
to

where we used (3.45) in the second inequality. Proceeding similarly with other terms, we

can conclude the following bound:

to+T to+T
[ e Valfede < Ol Junllz2)g®o [ 1Aulft (3.53)
to to

Thus to close the estimate, we need to obtain a control of Au over an interval of length T

Testing (3.43b) by —Auwu, we obtain that for any t € (to,t0 + T'):

1d

S LIVulZs + BlAul, = /(Au)(u-Vu)da:+Bg/ pAusdz
t Q Q

B
< [[Aullzellu- Vullz2 + [ Aulzz + Bg*[lpl72
2 B 2 2 2
< Cllull 2| Aulle + llAullzz + Bg™|lpllze

1/2 B
< Clpm, ol z2)gNg* | Aul 22 + ZHAHH%2 + Bg?||pl32, (3.54)

where we used (3.52) in the second inequality and (3.45) in the last inequality above.
Choose

B > AC(pm, ||uoll2)gNy* =: CogNy'?, (3.55)
where constant C'(pm, ||uo[z2) is the one appearing the last inequality of (3.54). Plugging

(3.55) into (3.54) and rearranging, we have
d
DIVl + Bl < 2Be20l% < 2B (18N + 2703,
for t € (to,to + 1'). Here, we used the bootstrap assumption (3.11) and Corollary 3.4.4.

Now integrating from tg to tg + 7', we obtain that

to+T
B/ |Au(t)|[72dt < [|Vuoll 2 + Clpm) Bg*NoT < Clpm, l[uoll1)(Bg* NoT + 1).

to
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After dividing by B,
to+T
[ 180 Badt < Clom fuol)(6*NoT + 1)
to
where we used B > 1 in the inequality. Combining with (3.53), we obtain the desired

result. O

3.5.3 Control of d,u

In this section, our ultimate goal is to show both a pointwise-in-time and a time-integrated
bound on the time derivative dyu. As the first step, we show an estimate of 0yu near time
zero, which is presented in Lemma 3.5.5. The fundamental reason that we prove this lemma
is rather technical: we do not assume appropriate compatibility condition on initial datum
ug. For such general datum, one generally cannot obtain a pointwise-in-time control of
|0¢u(0, -)|| 2 by naively taking the limit of ¢ — 0 using the equation. (We refer to [59] for
a more detailed discussion on compatible data for parabolic problems.) While a control
of Jyu exactly at time zero is not available in general, we may instead control ||Q;ul/2 at

some later time due to parabolic smoothing. More precisely, we have:

Lemma 3.5.5. Define a time instance sy := co min(||pg —pmHEg, omh), where cq is fized as
in Corollary 8.4.4. Then for B > gmaX(CoNolm, Ny), where Cy is defined in Lemma 3.5.4,
we have:

50
| 100t ede < Clpn. Junl) B2 (3.56)
0

In particular, there exists 7o € (0, s9) such that

C(pm, luoll1) B9

5 =: C1(pm, llpo = pmllz2, |uoll1) B¢, (3.57)

[0pu(10)] 72 <

Proof. Note that given (3.56), (3.57) directly follows from Chebyshev’s inequality. Hence,
we focus on showing (3.56). Multiplying d;u on both sides of (3.43b) and integrating in

space, we have

(|Opul| 32 + B/ Ou - (—Au)dx = Bg/ pOrusdx —/ Oyu(u - Vu)dz. (3.58)
Q Q Q
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Since u € W, we can further compute that

1d

§&||VUH%2 :/ataiujaiujdﬂs:/ﬁtu-(—Au)daz—}—/ Oyu;jOu;dS
Q Q o0

= / ou - (—Au)dx + Oyu OourdS +/ OyunOoundS = / ou - (—Au)dez,
Q oN Q

o

where we used the boundary conditions us|gn = dauilgo = 0 in the third inequality above.
Combining with (3.58) and using Cauchy-Schwarz inequality, we obtain the following en-

ergy inequality:

bd

1 3
S IVulds < Sl + 5 (B2Rlpls + lu- VellZa), ¢ € 0,50l

ol + <3 :

Rearranging and integrating in time from 0 to sg, we have

S0 3 S0
B||Vu(so)| 7 +/0 10cu(t)|[72dt < BI|Vuoll72 + 2/0 (B2¢llp(®)lI72 + llu- Vu(t)|72) dt.

(3.59)

Invoking Lemma 3.5.4 with tg = 0, T' = sg, we arrive at

50
|l Fu@) Bt < CComs ol ) No(gNoso + 1)

0

Note that we can indeed invoke Lemma 3.5.4 here due to sg < 7 and our assumption on

B. Combining this bound with (3.59), we conclude that

50
/ 18su(t)|72dt < B|[VuolZ2 + Cpm, luoll1)(B*g|lpo — pmlZ2 - 50+ ¢ Ngs0 + > No)
0

< Clpm, luoll)(B + B>¢? + g* Ni'so + g°No) < C(pm, [luoll1)B>¢?,

where the last inequality follows from choosing B? > 92]\702 > Ny, as well as the fact that

s0 < pt. Hence, we have shown (3.56). O

With the L? estimate (3.57) of dyu near time zero above, we may further derive the
following crucial estimates of dyu up to Ty thanks to the bootstrap assumption (3.11). More

precisely:
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Lemma 3.5.6. Assume the bootstrap assumption (3.11) holds. There ezists 9 < so and

Bo(pm, |[uol|1) large so that for any B > Byg?,

sup_[|0pu(t)|72 < 5C1(pm, [lpo — pmll2, lluollt) B9, (3.60)

T0<t<To

where Cy is defined in (3.57). Moreover, for any ty € |10, To], we have

to—‘rT*/g
[ Il < Clom ol B (3.61)

to

Additionally, if to € [10,To — %T*], then

tO+T>~<
[ oot < Clom ol B (3.62)

to

Remark 3.5.7. We remark that (3.61) does not follow directly from integrating (3.60) in

time. In fact, doing so will only lead to an insufficient upper bound of size Bzg2N0_1.

Proof. The proof for this lemma is rather lengthy, so we split the proof in several steps.
Step 1: Energy Estimate for 0,u. We start with the evolution of d;u. By differentiating

(3.43b) in time, it is straightforward to check that dyu satisfies the following equation:
8,52u + 0w - Vu~+u - Vou — BAGu + VOp = Bg(dip)(0, I)T.

Testing by dyu, using div(dyu) = 0 and the fact that O,u still satisfies the Lions boundary

condition, we have for arbitrary € > 0 that

1d

5 ill0ulRa + BIValZ: = — [ (0u;)(0ju) Ouui)da + By | dypduunds
Q Q

< - A}(atuj)(ajui)(atui)dw + B0z |3y + C () Bg?[10upll3, (3.63)
< - L(atUj)(ajuz‘)(atuz')dm +€CB||Voul 1z + C(e)Bg* |0l 1.

where we used the HéfHO_ ! duality in the first inequality, and Poincaré inequality in the
final inequality. The use of duality is indeed valid since the Lions boundary condition

implies that ug, and thus dyue, satisfies zero Dirichlet boundary condition.
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To estimate the first term on the RHS of the estimate above, an application of La-

dyzhenskaya’s inequality in 2D and Cauchy-Schwarz inequality gives:

/Q(atuy')(ajuvz)(ﬁtuz‘)dw < ||0cull74 |Vl 2 < Clldpull g2 (10pull 2 + [V Oy 2 )|V 2

C
< S IVowli: + S 10wl 1 Vul e + Cllowl Lz Vul e

=~ |

(3.64)

Now choosing € > 0 sufficiently small in (3.63), combining with (3.64), and rearranging,

we have the following differential inequality:

N

d C
Zl0wlzs < =BIIVowu| 7. + Zl0wl 72 Vullz: + Clowlz: [ Vull 2 + CBg* |0l

IA

C B
(GI7ul + IVl - - ) 10wl + OBl
(3.65)

where we used the Poincaré inequality (3.14) in the second inequality.
Choose 79 as in Lemma 3.5.5. We write (3.65) in Duhamel form and use (3.57) to

obtain that, for any t € [r, 70 + 1%/9],

B(t — t /1
10u(t)||72 < CLB?g” exp <—(CPTO) + 0/ <B||Vu(s)|!%2 + IIVu(s)|L2> ds)
T0

+ CBg? /t exp (—B(tc;s) + c/: <;|yvu(7)u§2 4 ||Vu(7')||L2> dT)

70

< lowp(s)I1, 1ds

B(t — 2
< B exp (- 2U=T0) | oo, luolly) (& + g(t — 70)'72
Cp B

t B(t—s 2
4 0392/ exp (_(C) + C(pm, |Juolr) (5’9 +g(t— 5)1/2>)
T0 P

< [10up ()2, 1ds.
(3.66)

Here, we used (3.46) in the second inequality above. We also utilized the following conse-
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quence of (3.46): for any 70 < a < b < a+ T./9,

b at+T./9 1/2
/ IVu(s) | eds < (b — a)V/2 / IVu(s)[2ads | < Clom luoll)g(b — a)'/2.

Then, we choose B sufficiently large that

> 2
log 2

(3.67)

where Ca := C(pm, ||uol|1) is the constant appeared in (3.66). This reduces (3.66) to

B(t —9)

o0l < 20 8%% exp (-2
P

+ Cag(t — 7'0)1/2>

1 08¢ [ exp (“BU9 4 gt — 92 |0up() P, rds = I, + 1
9- | exp o T C29(t = )" N 10p(s)llyy-ads =: [ + Io.
T0 P 0
(3.68)

This concludes the proof of energy estimates that we will use in later steps.
Step 2: Proof of (3.60). The plan of proving (3.60) is as follows: we first show a uniform
bound similar to the desired control (3.60), yet on a shorter time interval, together with

an improved bound at the endpoint of this interval. Namely, we will show that

sup ||8tu(t)|]%2 < 5C,B%¢?, (3.69)
TgSt§T0+T*/9
and additionally
10u(ro + T2 /9)|72 < CLB%g* = [[Opu(ro)| 7. (3.70)

With (3.69) and (3.70), we can prove (3.60) using an iteration argument.

Step 2.1: Proof of (3.69) and (3.70). To prove the desired estimates (3.69) and (3.70),
we study the inequality (3.68). The key point is that we have to estimate (3.68) in two
different time scales. Roughly speaking, we will choose B~! <« T, i.e. the dissipation
time for u being much smaller than that for p. In this scenario, ||Oju| ;2 may grow on

time interval [rp, 7o + B~!], but it will not grow much due to smallness of B~!. Yet on
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[0 + B~Y, 70 + T./9], the dissipation effect becomes significant and is sufficient to damp
growth generated by nonlinear terms.

More precisely, let us choose B such that

1OOCP < 670 _ E’ B Z 1OOCPC2292,
B 9No 9 (log 2)2

(3.71)

where Cp is the Poincaré constant appeared in (3.68). From (3.71), we obtain

exp <—B(tc;a) + Cag(t — a)1/2> < exp <—B(tc;a)> exp <M\/£ng) <2, (3.72)

for any time a so that 0 <t —a < %.

Estimate on |7, 7 + %]. If t € 10,70 + %], we may invoke (3.72) to estimate Iy
and I by:
7'0+T*/9
I <4CB%¢*, I < CBg? / 1910(5)I[%-1ds < Clpm, [luoll2) Bg* NG,
70

where we used Lemma 3.5.3 in the last inequality. Choosing B sufficiently large that

C\B
C(pm ol 2)g* NG < ~5= (3.73)

where C(pm, ||uo||r2) is the constant appearing in the previous estimate. We then conclude
that

sup |0pu(t)||72 < 5C1B?*g>. (3.74)

Estimate on (79 + %, 70 + 1%/9]. Suppose that t € (19 + %, 70 + 1%/9]. In this

case, we further choose B large so that

(2CpC2)* ,
B>-—" 3.75
> “00C, ¢ (3.75)
Such choice guarantees that for any time a € [m9,t — %], we have
B(t —a) 1 B(t—a)
T 4 gt — )P < T < 5. 3.76
Cr +Cag(t —a) /= < 20y = ( )
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Therefore using (3.76), we can bound I; and I in (3.68) by

B(t — 1
I <2C1B?¢% exp —M < e, B%¢* < =CB%*¢%. (3.77)
20 1
e B o)
— OB B b g)1/2 2
I = OBy ( n />xp< BES) i coglt = 977 100t
2/ —50 To+T/9 2 4 A2
<o +2) [ 10 ads < Clom uoll ) BN,
7o

(3.78)

where we used (3.76) to estimate the first integral and (3.72) to estimate the second integral

in the first inequality above. Then we choose B even larger that
a2 - C1
Clom, lluollL2)g”No < - B, (3.79)

where C'(pm, ||uol|z2) is the constant appearing in the last line of (3.78). Combining (3.79)

with (3.78), we conclude that I» in (3.68) can be bounded as follows:
I, < = B%¢*. (3.80)

Finally, we combine (3.77) and (3.80) to deduce that

sup |0pu(t)||72 < C1B?g>. (3.81)
0+ 2P <4 <7+ T. /9

Collecting both (3.74) and (3.81) directly yields (3.69) and (3.70).
Step 2.2: Iterative Procedure. With (3.69) and (3.70), we may start to iterate Step
2.1 and 2.2 for subsequent time intervals [ro + iT% /9,70 + (¢ + 1)T%/9], i > 1. Notice that
all estimates involved in Step 2.1 and 2.2 only used that [r, 79 + 7% /9] C [0, To + T%/9] and
|0su(70)||2, < C1B%g*. Hence, we may define i, to be the largest natural number so that
[70 + 1% /9, 70 + (ix + 1)T /9] C [0, 7o + Tx/9]. The above arguments will conclude that

sup H@tu(t)H%g < 50132g2.
70 <t<7o+(ix+1)T /9
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We may without loss of generality consider 7y < oo. In this case, by definition of 4., we must
have 19+ (ix+1)T%/9 > To, since otherwise [1o+(ix+1)T%/9, o+ (ix+2)T% /9] C [0, To+T1%/9],

contradicting the maximality of i,. We may then conclude that

sup [|Qpu(t)|[72 < sup 18eu(t) |72 < 5C1B%¢”.
T0<t<To To<t<70+(ix+1)T%/9

This concludes the proof of (3.60), after we choose threshold By so large that (3.67), (3.71),
(3.73), (3.75), and (3.79) hold for all B > Byg?. Note that we can indeed choose such By,
since all conditions of choosing B assume the form B > Cg¢? with some C.

Step 3: Proof of (3.61). We write (3.68) in Duhamel form starting at time tg € 70, To]:

to+T/9 to+T% /9 B
/ |Ou(®)|I32dt < 2|dpulto) |32 / exp (—Cu — to) + Cag(t - toy/z)dt
to to P

to+Ts/9 [t B
—{—C’BgQ/ / exp (—(t—s) + Cog(t — 5)1/2>
to to CP

< l[0up(s)|13, st

Cp

to
to+Ts/9 [t B
—{—CBgQ/ / exp (—(t—s)—l—ng(t—s)l/2>
to to CP

X ||6tp(s)|]§1(),1dsdt.

< 100 32 ) to+7T%/9 _E B B 12
< 10C1B%g exp (t —to) + Cag(t —to)™ /= | dt

(3.82)

Here, we used (3.60) in the second inequality. Since (3.71) and (3.75) hold, we may run a

similar argument in deducing (3.72) and (3.76) to conclude that

2exp (—242), 0 <t s < 100

B B
exp —(t—8)+ng(t—s)1/2> < -
< Cp exp (— Bg(tops)>v 00 <t—s< L

(3.83)

< sex <_B(t—s)),

2Cp
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for 0 <t — s <7T,/9. Applying (3.83) to (3.82), we have

to+T%/9 C _ BTy
[ 10t < ol 522 (1- 7 )
to
9 t0+T*/9 5 B(t—s) 9
+ CBg /t </t e 20p dt) H@tp(s)HHJldt
0 0

to+T /9
Clpm, luoll1)Bg? + Co? / 002, 2t
< Clpms l[uoll1)(Bg® + g'N§) < C(pm, |uoll1) Bg?,
if we choose B sufficiently large that
B > ¢’NZ. (3.84)

Note that we used (3.60) and Fubini theorem in the first inequality, and Lemma 3.5.3 in
the third inequality. This concludes the proof of (3.61) after we choose threshold By so
that (3.67), (3.71), (3.73), (3.75), (3.79), and (3.84) hold for all B > Byg?.

Step 4: Proof of (3.62). Given to € [r9, To — 3T.], we note that (3.62) follows directly

from (3.61):
to+Tx t0+ Z+1)T*/9 9 )
[ o) e = Z iyl |00u(t) Bt < Clpun, o) B
to 0+'LT*
where we applied (3.61) for each term in the inequality above. O

3.5.4 Closing the Bootstrap

In this section, we show the improved estimate as stated in Proposition 3.1.4. Consider a
time instance 77 to be the first time such that [[p — pm||2, achieves Ny, where we recall
that Ny was chosen to satisfy (3.33) and (3.34). Note that 7; verifies the following two

properties:
1. 71 > sg, where sq is chosen as in Lemma 3.5.5;
2. T+ T, <7Tp.
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The first property is due to Ny > 2||pg — pm||%2 and Corollary 3.4.4; the second property

is due to the choice that T, = QCONO_I.
Now, we set up the following comparison scheme: let ps,us be the (global) regular

solution to the following static problem

Ops + us - Vps — Aps + div(psV(=ANn) " (ps = (ps)m)) = 0,
—Aug + Vps = gps(0, )T, divu, =0, (3.85)
8295‘89 =0, (us)Q‘ag = 82(“8)1‘,99 =0, ps(0,2) = p(T1,2) = 0.

Define r(t,x) = p(t,x) — ps(t — T, x), v(t,z) = u(t,x) — us(t — T1,z) for ¢t € [T1, T1 + T].

A straightforward computation yields the following equations for r and v:

Opr —Ar+v-Vp+us-Vr+div(rV(=Ax) " p— pm)) +div(ps V(=Ax) ") = 0, (3.86a)

1 1
—Av+ V(B lp—p,) = —Eatu - E(u -Vu) + gr(0,1)T, dive =0, (3.86D)
T(’Tb‘r) =0, ’L)('Tl,ﬁﬂ) = U(ﬂ,x) - U’S(ﬂ’x)7 (386C)
Darlaa = 0, v2|gq = davi|sn = 0. (3.86d)

Notice that in the derivation of (3.86a), we used the fact that

p(t,l’) - Pm — (ps(t - ﬂ,$) - (ps)m) = p(t,fb) - ps(t - 7.1,1’) = T(t>$)7

thanks to the observation that (ps)m = (p(T1,:))m = pm-. Our plan is to establish appro-
priate controls of ||7(t)||z2 and ||ps(t — T1) — pm||r2 on time interval [T1, 71 + 1.

Step 1: Control of |[r(t)||;2. To control the remainder r, we study (3.86a) by testing
this equation by r. By incompressibility of us, we deduce that for any ¢ € [T1, 71 + T

1d

3l 41913 = = [ 0o [ rdivrV(=Am) (0 - o)
Q Q

X —/Qrdiv(pSV(—AN)lr)

:K1+K2+K3.
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We first treat Ko, K3. Integrating by parts, we have

Ko =g [ V603 V80) 0= pu) = 5 [ 0= puia

< =llp = pmllpe 7/l (3.87)

N

To estimate K3, we integrate by parts and obtain

K = /stw V(=AN)trde < ||Vl 2| psll 2 V(= AN) TH| o

1

3 _
< JIVrlize + SlpslIZal V(= An) = rllZs

3
< IVrlze + Sloslzalirllze, (3.88)

where we used the Sobolev embedding H' C L* and elliptic estimates. Finally, we treat
K, which potentially contributes the growth of ||r|/;2 due to the appearance of v in the

term. In fact, we have

Kl:—/TU'VdeE:/diV(T‘U)pdx—/ rugpdo
L Q o0
1 3
= /QVr-vpdx <|IVrllzllvllzeelpll Lz < ZHVTH%Q + §||v||§||p\|%2,

where we used va]g9q = 0 in the third equality, and Sobolev embedding H? C L* in the
final inequality.

Now, we claim that —B~'0uu(t,-) — B~ u-Vu+gr(t,-)(0,1)T € H. Indeed, as u(t,-) €
W by Theorem 3.3.2, we have [, u1(z)dz = 0. This leads to

/Q (=B 0w+ gr(0,1)7), do = /

—B 'Oy dr = —B_lat/ ui(x)dx = 0.
Q

Q

Moreover, we observe that using Lions boundary condition satisfied by u,

/(u-Vu)ldaf = / uj0jurde = —/ divuuld:p—i—/ ugurdS(x) = 0.
Q Q Q o0

The two computations above readily verify the claim. Hence, we are eligible to apply the

elliptic estimate (3.15) and obtain

1
loll3 <

2 S Za(10wlZz + u- VulZ2) + g*lIr [ Z-
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We therefore estimate K; by
1 1
Ky < 31971 + C (g0l + - Vi) + P1rlE: ) ol (39
Combining (3.89), (3.87), and (3.88), we have the following differential inequality: for any

te [, T+ 1

d
L3 + 19732 < € (@ oll3a + o — pmllz + sl 1
ol (100l + - Tul2)
B
C
< POlIrl32 + 5l — pmliZa + 2% (0wl + - Vuls)

where we set F(t) = C(g?|p(®)]132 + lp(t) — pmllzee + [lps(t — T1)||3.4). Note that by the

bootstrap assumption, Proposition 3.4.3, Proposition 3.1.3, and g > 1, we have

Ti+Tx 2
/T F(s)ds < C(pm. [lpoll2)g*.
1

Now we would like to estimate [|r(t)|[2, on [Ti,71 + Ti]. Since r(7i,z) = 0, an
application of Gronwall inequality and bootstrap assumption (3.11) yields that for any

te [T, h + Tul:

t

C
IOl < 52 /T (lp(s) = pmllZ2 + 27%p7,) (10pu(s)[ 72 + lu - Vu(s)[72) ds
1

oo ( /F Fegas )|

s 1 Ti+Tx
< Clom = pnll)e - 2 [ (0o + o Fu(o)Ea) ds - (3:90)
1

Choose
B > max(Byg?, CogNy'?), (3.91)

where By and Cy are chosen as in Lemma 3.5.6 and Lemma 3.5.4 respectively. Then we
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may invoke (3.62) (since T; +Ti < T and T; > so > 79) and Lemma 3.5.4 to estimate that
Tt 2 2 2 472 2
/T [0cu(s)]|72 + llu- Vu(s)||72ds < C(pm, [|[uoll1)(g"B + g" Ny Tx + g~ No)
1
= C(pma HU’OHl)(gQB + 94N0 + 92N0)7

where we used the fact that T, = 2coNy Lin the last equality. Combining this estimate

with (3.90), we obtain

(4°B + g*No + > No)e?”

sup [|r(®)l72 < C(pm, o — pmllzz, lluoll1)

T <t<T1+T% B?
(3.92)
29>
g-e
< Cloms llpo = pmll 2 l[uoll) =5~
where we used g > 1 and (3.91) in the last inequality above. Now choosing
B> 4C(pm7 ||/)0 - PmHLQ, Hu0||1>g2€g2 (393)

No ’

where C'(pm, ||po — pmll 12, [|wo]|1) is the constant appearing in the last line of (3.92), we
deduce that
No

sup [Ir(t)32 < 3

3.94
Ti<t<Ti+T. 4 (3:94)

Step 2: Control of ||ps(t — T1) — pml|r2. Since ps satisfies the static problem (3.85),
we shall use Proposition 3.1.3 to demonstrate that ps produces sufficient damping so as to
close the bootstrap argument. However, there is a technical caveat: Ny is chosen according
to initial datum pg, while p, corresponds to initial datum p(77,-), which has a different L?
norm from pg. Therefore, applying Proposition 3.1.3 to ps; will produce new thresholds,
which we call ]/\\fg, i/’:, and gg. Yet, we will demonstrate that one is still able to produce
sufficient damping from p.

Recall that (ps)m = pm, and [|ps(0,-) — pml|72 = No by the definition of 7;. Then by

Proposition 3.1.3, setting

—~ 323C, pt (15/8 + 2C'
Ny = max <1,2pm,2N0, 17m (15/8 + 160)),

40(]
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—~—1 - o~ -
T, = 2coNy , there exists gy = go(No, pm) such that for any g > gg, we have SUP( . 77 lps(T)—

pml2s < Ny, and there exists T € (T%/2, T) such that ||ps(T) — pmll72 < %- An elemen-

tary but crucial observation is that ]% = 2Ny: this is because we choose Ny to satisfy

(3.33) and (3.34), from which we have

323C pt (15/8 + 2C
NozInax<1,2,om, 17m(15/8 % 10‘”)

460

and therefore ]% = 2Ny. Thus by definition, we also have i = %

Now, we choose

g1 = 91([po — pmll 22, pm) := Go(No, pim)- (3.95)

With the discussions above, we conclude the following: assuming g > g1, then there is
ps(t) = pml|72 < No = 2Ny
for ¢ € [0,T,/2]. Moreover, there exists Sy :=T € [T}/4,T,/2] such that

No _ No

HPS(SI) - pm”%ﬂ < 3 1

Step 3: Proof of Improved Estimate (3.12). By triangle inequality and (3.94):

sup  lp(t) = pmllie <2 sup st =Th) = pmlia +2  sup  [lr(t)]7a
Ti<t<T1i+T./2 Ti<t<Ti+T%/2 Ti<t<Ti+T/2

N,
§4N0+T0 < 5N,

and

N N
No , No

Hp(7.1 + Sl) - pm”%2 < 9 I < N().

Now, we may iterate this argument in a similar spirit to the proof of (3.62) in Lemma
3.5.6. For any ¢ > 1, with 7;_1 and S;_1 € [T\/4,T./2] defined, we consider 7; to be the
first time instance after T;_1 + Sj—1 such that [|p — pm||32 = No. By definition of T;, we

have 7; — Ti—1 > Si;—1 > T./4. Moreover, we note that 7; still verifies that 7; > so and
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Ti + T« < To. Indeed, the first inequality is due to the monotonicity of 7; in 4, and the
second inequality holds true since T, is the least doubling time of ||p — pm||3, at level No.

So we may repeat Step 2 and 3 above on interval [T;, T; + Ti]:

sup [|p(t) = pml|72 < 5N,
Ti<t<Ti+T. /2

and
1o(T: 4+ Si) — pmll72 < No,

for some S; € [T,/4,T,/2]. Iterating for j, := L%J + 1 times, we reach the estimate that

sup  ||p(t) = pml|72 < 5No.
0<t<T;, +T. /2

However, we must have 7;, +T%/2 > To, since T;41 — T; > T\ /4 for every i. From this fact,

we conclude that

sup_||p(t) — pml7> < sup  [lp(t) = pmll72 < 5No,
0<t<To 0<t<T;, +Ts /2

which is the improved bound (3.12).

Remark 3.5.8. We summarize the choice of thresholds g1 and By as follows. We first
choose g1 = g1(pm, |lpo — pmllr2) as in (3.95). Firing g > g1, we then choose By =

Bi(pm. lpo — pmllz2, |uoll1) large so that (3.91) and (3.93) hold for all B > Big2ed’ .

3.6 Discussions

In this section, we discuss extensions of Theorem 3.1.1 and some open problems.

1. By performing a similar, but less laborious, analysis, one could prove a similar result

to Theorem 3.1.1 to the following Keller-Segel-Stokes system:

Ap+u-Vp—Ap+div(pV(=Ax)"2(p — pm)) =0,
Pm = ﬁ Jo p(t, x)dz,

dru — - Au+ Vp = Rap(0,1)7,

divu = 0.

(3.96)
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equipped with boundary conditions
Dop=0, uy=0, Ou =0, on Of). (3.97)

The proof of this result was contained in an earlier ArXiv version of this work,
but we only presented the Keller-Segel-Navier-Stokes case here due to considerable

redundancies in the proof of the Keller-Segel-Stokes case.

. It is natural to attempt to generalize our main result to the Keller-Segel-Navier-
Stokes system equipping classical no-slip boundary condition on the Navier-Stokes
equation. However, in this case, the existence of more singular boundary layers might
complicate the analysis. Such effect is manifested in a different leading order problem.
Instead of considering the Biot-Savart law v = —gV+(—Ap)~209;p as we did in this
work, one needs to use u = V-4, where 1 solves the following bi-harmonic equation

(see [46, 109, 108] for a more detailed discussion):

2,
{A v =i, (3.98)

Ylaa = 0otlan = 0.
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4. Suppression of Chemotactic Blowup by Strong
Buoyancy in Stokes-Boussinesq Flow with Cold
Boundary

This chapter is a reproduction of the published work [76], which is joint with Alexander

Kiselev.

4.1 Introduction

The Keller-Segel equation is a well known model of chemotaxis [89, 110]. It describes a
population of bacteria or slime mold that move in response to attractive external chemical
that they themselves secrete. The equation has interesting analytical properties: its solu-
tions can form mass concentration singularities in dimension greater than one (see e.g. [111]
where further references can be found). Often, chemotactic processes take place in ambient
fluid. One natural question is then how the presence of fluid flow can affect singularity
formation. In the case where the ambient flow is passive - prescribed and independent of
the bacteria density - it has been shown that the presence of the flow can suppress singu-
larity formation. The flows that have been analyzed include some flows with strong mixing
properties [92], shear flows [8], hyperbolic splitting flow [67], and some cellular flows [86].
In a similar vein, [42] explored advection induced regularity for the Kuramoto-Sivashinsky
equation. The paper [63] studied the phenomena of delayed blow up by transport noise in
a more general framework nonlinear PDE that includes the Keller-Segel, Fisher-KPP, and
Kuramoto-Sivashinsky equations.

The case where the fluid flow is active - satisfies some fluid equation driven by force
exerted the bacteria - is very interesting but harder to analyze. There have been many
impressive works that analyzed such coupled systems, usually via buoyancy force; see for
example [49, 52, 101, 100, 102, 31, 53, 118, 125, 126] where further references can be found.
In some cases results involving global existence of regular solutions (the precise notion of
their regularity is different in different papers) have been proved. These results, however,
apply either in the settings where the initial data satisfy some smallness assumptions (e.g.

[52, 102, 31]) or in the systems where both fluid and chemotaxis equations may not form
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a singularity if not coupled (e.g. [125, 118, 126]). Recently, in [66] and [131], the authors
analyzed Patlak-Keller-Segel equation coupled to the Navier-Stokes equation near Couette
flow. Based on ideas of blowup suppression in shear flows and stability of the Couette flow,
the authors proved that global regularity can be enforced if the amplitude of the Couette
flow is dominantly large and if the initial flow is very close to it.

In the recent work of the authors joint with Yao [77], the two dimensional Keller-
Segel equation coupled with the incompressible porous media via buoyancy force has been
analyzed. It has been proved that in this case, an arbitrary weak coupling constant (i.e,
gravity) completely regularizes the system, and the solutions become globally regular for

any reasonable initial data. At the heart of the proof is the analysis of potential energy,

2

_1 (where p is the bacteria
HO

whose time derivative includes a coercive "main term” |0y, p||

density). Essentially, this H ! norm has to become small, and intuitively this implies
mixing in the z; direction. Hence the solution becomes in some sense quasi-one-dimensional
and this arrests singularity formation.
Our goal in this paper is to analyze the Keller-Segel equation in an arbitrary smooth
domain in dimensions two and three coupled to the Stokes flow via buoyancy force:
Oip+u-Vp—Ap+div(pV(=A)"lp) =0, x€Q,
Oyu — Au + Vp = gpe,, divu = 0, x € €,

u(0, ) = uo(x), p(0,2) = po(x), po(x) = 0,
ulon = 0, plag = 0.

(4.1)

Here  is a smooth, compact domain in R% d = 2 or 3. e, denotes the unit vector
(0,1) when d = 2 or (0,0,1) when d = 3. g € R is the Rayleigh number representing
the buoyancy strength. Moreover, the operator (—A)~! denotes the inverse homogeneous
Dirichlet Laplacian corresponding to the domain 2. Throughout this work, we will always
work with nonnegative initial density pg, which is biologically relevant. In the case of the
Stokes flow, the fluid velocity is more regular, and the equation includes time derivative
that complicates matters, partly due to a loss of a “Biot-Savart law” that relates p and u

directly. We are unable to prove global regularity for all g, and we are not sure if it is true.
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Our main result is global regularity for strong buoyancy. The proof is completely different
from [77]: it relies on softer arguments and the analysis of the large buoyancy limit.

The first part of this paper, corresponding to Section 3.3, addresses the local well-
posedness of strong solutions to (4.1). Before we make precise of the notion of a strong
solution, we shall first introduce the following useful function spaces: to study the regularity

properties of p, we consider
H}} := completion of C2°(Q) with respect to H' norm,

Hy ' := dual space of H.

Moreover, we use the traditional notation W*P(€) to denote Sobolev spaces equipped with
norm || - ||, in domain Q. If p = 2, we in particular write H*(Q) = W*?2(Q) equipped with
norm | - ||z We will write W*? (or H¥) instead of W*P(Q) (or H¥(Q)) for simplicity if
there is no confusion over the domain involved. We also say an n-vector field v = (v;); € H*
ifve H  fori=1,...,n.

As we also need to work with Stokes equation, it is standard to introduce the following
spaces:

Coo i={u e C(Q) | divu = 0},

o0

H := completion of C7, with respect to L? norm,
V= HNH}Q), V* := dual space of V,

where V is equipped with H& norm, and V* is equipped with the standard dual norm.
We also recall the following useful operators: the Leray projector P : L? — H and the
Stokes operator A := —PA : D(A) = H>NV — H. We refer the readers to [36] for a
more thorough treatment of such operators. As a common practice in the study of Stokes

equation, one may equivalently rewrite the fluid equation as:
ou + Au = gP(pe,), (4.2)
We will often use this formulation in regularity estimates for the rest of this work.
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To make our discussion more precise, we give rigorous definition of a strong solution

and a regular solution to (4.1).
Definition 4.1.1. Given initial data pg € H&, up € V, and some T > 0, we say the pair
(p(t,x),u(t,z)) is a strong solution to (4.1) on [0,T] if
p € C([0,T]; Hy) N L*((0,T); H* N Hy), w € C([0,T]; V) N L*((0,T); H* NV),
dp € C([0,T); Hy'Y), 0w € C([0,T); VF),

and (p,u) satisfy (4.1) in the distributional sense. Moreover, a solution is regular if it is

strong and additionally
peC(0,T] xQ), ueC(0,T] x 0).
With this definition, we are able to obtain the following local well-posedness result:

Theorem 4.1.2. Given initial data py € HE, ug € V with py > 0, there exists a Ty =

T.(|lpollz2) > O such that there exists a unique strong solution (p,u) to problem (4.1) on

[0, T].
It will be convenient for us to assume that T, < 1 to simplify some estimates.
We will then prove a regularity criterion which allows us to continue a strong solution
4
of (4.1) as long as the L/~ * L2 norm of p is controlled. More precisely, we have

Theorem 4.1.3. Let Q C RY, d = 2,3, be a smooth, bounded domain. If the mazimal

lifespan Ty of the strong solution (p,u) to problem (4.1) is finite, then necessarily

1- 4 d —
lim / ol 57 ds =

We remark that a similar result was proved in [92] in the periodic setting for the
uncoupled Keller-Segel equation.
In the second part of this work, namely Section 4.2.5, we will quantify the quenching

effect of the Stokes-Boussinesq flow with strong buoyancy on the Keller-Segel equation
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equipped with homogeneous Dirichlet boundary condition. To be more precise, we show
that the flow can suppress the norm ||p||z2 to be sufficiently small within the time scale of

local existence. In particular, we will show the following main result of this work:

Theorem 4.1.4. For any smooth, bounded domain Q C R?, d = 2,3, and arbitrary initial
data py € HE N L>®, ug € V, with py > 0, there ezists g« = g«(||pol|Le=, ||uoll1) so that for
any g > g«, (4.1) admits a strong, global-in-time solution. In particular, p is quenched

exponentially fast in the sense that

lp(®)ll 22 < 2ol 260, (4.3)
where cq is a positive constant that only depends on domain ).

We observe that if we fix any smooth passive divergence-free u satisfying the no-flux
u-n = 0 boundary condition, then one can find smooth initial data pg such that the solution
of the first equation in (4.1) will lead to finite time blow up. The argument proving this is
very similar to that of Theorem 8.1 in [92] for the case of T?; the localization used in that
proof makes it insensitive to the boundary condition.

The main step towards showing Theorem 4.1.4 is to prove that ||p||;2 can be made
arbitrarily small within a short time interval in the regime of large g. This step is based on a
rather soft compactness/rigidity argument inspired by [40], where quenching phenomena for
reaction-diffusion equations with buoyancy were explored. Due to the compactness/rigidity
nature of our method, we expect that one can extend Theorem 4.1.4 to certain unbounded
domains that admit Sobolev compactness theorems; for a description of such domains,
we refer interested readers to [1]. Extending Theorem 4.1.4 to more general unbounded
domains would need new ideas, and we are not sure such an extension would in general
hold true.

In the final part of this paper, namely Section 4.4, we provide an argument demon-
strating that a strong solution to (4.1) is in fact regular. As a consequence of this fact, the
main results (i.e. Theorem 4.1.2, Theorem 4.1.3, and Theorem 4.1.4) can all be promoted

to regular solutions. The precise statement that we will prove is the following.
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Theorem 4.1.5. Suppose (p,u) is the strong solution to (4.1) with initial data py €
H&,uo € V on [0,T] for some T > 0. Then (p,u) also verifies the following regularity
property:

p e C®(0,T); H N HY), we C®((0,T];V nHY)

for all k € N. In particular, (p,u) is a reqular solution to (4.1).

While such regularization is expected for semilinear parabolic equations, we were unable
to locate a convenient reference for a regularity result in the scale of Sobolev spaces HF
with large k in the scenario of (4.1). Thus for the sake of the completeness, we will give
explicit a priori estimates which lead to this higher regularity in Section 4.4.

We end this section by declaring several notations and conventions that will be used
throughout this work. We will use the expression f < g to denote the following: there
exists some constant C' only depending on domain 2 such that f < Cg. In particular, we
will denote a generic constant depending only on 2 by C, and it could change from line to
line. Finally, we will use the Einstein summation convention. That is, by default we sum

over the repeated indices; e.g. we write a;z; := >, a;x;.

Acknowledgment. The authors acknowledge partial support of the NSF-DMS grants
2006372 and 2306726. We also thank anonymous referees for constructive comments which

greatly improved the presentation of this work.

4.2 Local Well-Posedness of Strong Solution

In this section, we will establish the local well-posedness of strong solutions to problem
(4.1), namely Theorem 4.1.2. It is well-known that the classical parabolic-elliptic Keller-
Segel equation is locally well-posed in domains such as R% or T¢, d = 2,3, or in a smooth,
bounded domain with Neumann boundary condition on p in suitable function spaces (see
e.g. [20,92, 125]). Since we consider a different boundary condition (i.e. Dirichlet boundary

condition on p), we will give a proof for the sake of completeness.
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We first set up an appropriate Galerkin scheme that uses two sets of bases in Subsection
4.2.1. In Subsection 4.2.2, we start with a set of lower order a priori energy estimates which
guarantee spatial regularity of a solution up to H?. In Subsection 4.2.3, we will complete
the proof of Theorem 4.1.2 by showing the uniqueness of strong solutions. We will then
demonstrate an L? regularity criterion (i.e. Theorem 4.1.3) in Subsection 4.2.4. In the final
subsection, we will show the global well-posedness of strong solution equipped with small
po measured in L? norm. Both the regularity criterion and the small-data global well-

posedness results will be instrumental in establishing the global well-posedness of (4.1).

Remark 4.2.1. We will only discuss the case when d = 3. Then d = 2 case follows from

similar (and easier) arguments.

4.2.1 Galerkin Approximations

Since (4.1) is a system of semilinear parabolic equations in a compact domain, it is con-
venient to construct a solution to (4.1) by Galerkin approximation. Let {vg}r, {Ax}r be
the eigenfunctions and eigenvalues of —A. Let {w;};, {n;}; be the eigenfunctions and

eigenvalues of the Stokes operator A. Consider the following approximate system:

8™ + Qu(ul™) - V™) — Apl™ +Q, (div(pMV(~A)"1p)) =0,
o™ + Au = gP,(pMe,), (4.4)
P (0) = Qupo, u™(0) = Py,

where Qy, f := (f,vk) 20k, Pnf := (f,w;)2w;. Here (-, )12 denotes the standard L*-inner
product. Note that the projection operators P,,Q, are symmetric with respect to L?

inner product. Writing the approximated solutions p(™ (t,z) = p,(gn) (t)op(z), u™(t, ) =

ug-n) (t)wj(x) (recall that we are summing over repeated indices), we obtain the following

constant-coefficient ODEs in ¢: for [ =1,...,n,

o+ O o+ vl = Diglp e =0,
%“z(n) + Ulul(n) = ng;lP;(fn)ez, (4.5)
Pl(n)(o) = (po,v1) 25 Ul(n)(o) = (uo, wy) 2,
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where
O = (Qulws - Vo), )2, DY) == Qu(div(vpV (=A) "oj), vp) 2,
Ckl = (ka,wl)L2.

To close the Galerkin approximation argument, we shall prove suitable uniform-in-n energy
estimates for (p(”), u(”)) and pass to the limit using compactness theorems. For the sake
of simplicity, we shall prove such energy estimates in an a priori fashion, for sufficiently
regular solutions of the original system (4.1). One could verify that all estimates below

can be carried over to the approximated solutions (p(”), u(”)) in a straightforward manner.

4.2.2 A priori Estimates and Existence

Given initial data pyg € H},u € V, we first show the following L{°L2 and L?H_ estimates

for a strong solution (p,u):

Proposition 4.2.2. Given initial data py € H},u € V, we assume (p,u) is a strong

solution to (4.1) on [0,T] for some T > 0. Then fort € [0,T], we have

d 1d
Zlellze + 1Vollze < Cullpllze, 52 llullze + [Vulze < gllullzelellze, (4.6)

where C1 is a constant that only depends on domain ). Moreover, there exists T, =

T (llpollr2) € (0,1], and a constant C(||pol|r2, ||uol|r2) > 0 such that

T*
sup [lo(t)]% + / IV 0(8)|2.ds < 4]|po 2. (4.7)
tel0,Ty] 0
T
sup ()1 + / IVa(®)2ads < C(llpoll e o]l z2) (g2 + 1). (4.8)
te|0,T%

Proof. First by testing the p-equation of (4.1) by p and integrating by parts, we have

1d
2 dt

1 3/2 3/2 _ 1
lellze + 1Vol2 = 3 /Q pde < Cllol32 9ol < 5IVall3z + Cllollgs.

96



where we used the following standard Gagliardo-Nirenberg inequality in 3D for f € H}

(see [1], for example):
3/2 3/2
11135 < CIAIZRIV £,

After rearranging, we obtain the first inequality of (4.6). Similarly, we test the u-equation

of (4.1) by u. After integration by parts, we have

1d

3 gplluls + IVl =g [ - (pede < glulellol i, (1.9
2 di o

which proves the second inequality in (4.6). In order to obtain the estimate (4.7), ob-
serve that from the differential inequality (4.6) that ||p||7, satisfies, there exists T} =

min(c||po|]2§, 1) such that

sup [ p(t)lI72 < 2lpollz (4.10)
te[0,T%]

and

Ts A
/O lo()sdt <

DN | =

for some ¢ > 0. Integrating the p-differential inequality in (4.6) from 0 to T, we have

Ts Ts
/O IVp(®)lZ2dt < [l poll7 +2||po||iz/0 lp(®) 2t < 2]l po]Z2- (4.11)

Then (4.7) is proved after combining (4.10) and (4.11).
Finally, to obtain (4.8), we integrate (4.9) from 0 to ¢ € (0,7%), using (4.7), and taking

supremum over t, we have

sup |[u(t)| 2 < 8gllpoll 2Ts + [luol 2. (4.12)
tel0,T%]

Using (4.7) and (4.12) in the integrated in time version of (4.9), we obtain that

Ty
/ IVu(s)|[72ds < [luollz> + 4gTellpoll 2 (89l ol 2 T + [luo | r2) (4.13)
0

The proof of (4.8) is finished after we combine (4.12) and (4.13). O
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Remark 4.2.3. From now on, any appearance of T, refers to the time T, chosen in

Proposition 4.2.2.

With Proposition 4.2.2, we will derive the following upgraded temporal and spatial

regularity estimates for solution (p, u) within the time interval [0, T%].

Proposition 4.2.4. Assuming (p,u) to be a strong solution to (4.1) with initial data

po € HY,u € V, there exists C(po,ug,g) > 0 such that
T 2 2 2 2
/0 (eI + @3 + 19ep() |72 + 10pu(t)|72) dt

+ sup ([T + [u(®)]?) < Clpo, uo, 9)-
te[0,T%]

Proof. Testing the p-equation in (4.1) by —Ap and integrating by parts, we obtain:

1d

3 IVolEe 4180 = [ At Vo) + [ Apdiv(pV(-a)Tp) =T+

Let us fix € > 0. Using Sobolev embedding, Poincaré inequality, and Young’s inequality
with €, we can estimate I by:

I <2021V pll 2 llull e < €l Apl72 + Cle)ull3I V7.
Moreover, we can write J as:
J = / Ap(Vp- V(-A)"tp— pz) de = J1 + Ja.
Q
Using elliptic estimates and Gagliardo-Nirenberg inequality, we can estimate J; by:
T < 12001 21Vl s IV (=2) " plls S 12012l V el s [V (=2) ol

1/2 1/2 3/2 1/2
S 1ol IVl 1901 el 2 S el 21V ol i 1ol 2

< el Apll7e + CONIVlZ:llplze,

where we also used Young’s inequality in the final step.

We are going to use the following Gagliardo-Nirenberg inequalities: in dimension three,

3/8 5/8 3/4 1/4
lollzs S 1A 1RIEES Nollzs < llolly lloll %"
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Then we can estimate Jo as follows:

1/2 5/6 1/2 1/6
Jo < | Apl2llpllze < CllAp| 2| Apll oll3a 1ol 2 1ol s

3/2 1/2
= Ol ApP 2Nl 2ol 2 < el Apl2z + C(Vpl22llpl L2,

Collecting the estimates above and choosing € to be sufficiently small, we obtain the fol-

lowing:

d

%HVPH?} +1Ap)Z2 < (lollze + Nul3) IVolz: (4.14)
On the other hand, we test (4.2) by Au. Integrating by parts, we have

1d

1 92
S —|[Vull2s + [ Au|22 = g | Au-pe, < | AullZs + Z|pl|22
2 dt Q 2

Rearranging the above and using Theorem A.2.1, we conclude that,
d 2 2 20 112 2 2
IVl +llullz < g°llolz2 < 497llpoll72, ¢ € 10, T, (4.15)

where the last inequality is due to Proposition 4.2.2. Integrating (4.15) from 0 to t, t < T,

and then taking supremum of ¢ on [0, 7], we obtain

sup || Vu(t)]|72 < 4g%[lpol| 32T + || Vuo|32;
te[0,T%]

in addition,
T 2 2 2 2
/0 lu(t)]12 < 462 pollZaT + V| 2. (4.16)

It follows that

T*
sup [u(®)|? + / la(®) |2t < C(uo, po, ).
te(0,T%] 0

Integrating (4.14) and using (4.16), we have that for all ¢ € [0, 7],

T
IVo(®)lZ2 < lloollf exp </0 (llpllz> + IUI|§d8> < llpolli exp (Clpo, 9)Tx + |luollF) < oo
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Similarly to the case of u, we can also use (4.14) to control fOT* p(t)||3dt as well, arriving

at

T
sup p()|l3 + / 1o(®)]12 < Cluo, po. 9)-
t€[0,T] 0

We have thus showed the spatial regularity of p and wu.
Finally, we shall obtain regularity estimates for the time derivatives. Using the equation

(4.1), we see that
Op=—u-Vp+ Ap —div(pV(=A)"1p) and du = —Au + gP(pe.).

Using standard Sobolev embeddings and elliptic estimates, we have the following bounds:

T T Ty
/0 lu- Vp(t)|Zadt < /0 lul2eVol2adt < sup [Ju(t)]2 /0 ()3,

te[0,T]
Ty Ty
/0 |Ap|2.dt < / ()13,

Ts T
/0 | div(pV(~A) " p) [2adt < /0 lollLs 4+ 1Vp - V(—A) " p|2adt

T*
< sup [p()[iTs + sup ||p(t)||%/ lp(t)3dt,
te[0,T%] t€[0,T%] 0

Ty T
/0 | AulZ + g Bp|2adt < /O lul2 + gllplZdr.

The above estimates and bounds we proved earlier imply that

T Ty
/ 0o 2dt + / lvulZadt < Cluo, pos g),
0 0

and the proof is thus complete. ]

With the regularity estimates above, we may construct solutions (p, u) from (p™, u(™).
The following standard compactness theorem is useful. We refer interested readers to

Theorem IV.5.11 in [21] and Theorem 4 of Chapter 5 in [59] for related proofs.
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Theorem 4.2.5. Let

Ey:={pe€ [P((O,T);H2 N HS), Oip € LQ((O,T);LQ)},

By :={ue L*((0,7);H*NV), du c L*((0,T); H)}

for some T > 0. Then Ey is continuously embedded in C([0,T], H}), and Ey is continuously

embedded in C([0,T],V).

With the compactness theorem above, we are ready to show the existence part of

Theorem 4.1.2 as follows.

Corollary 4.2.6. Given initial data py € H&, u € V, there exists a strong solution (p,u)
of the system (4.1) satisfying
p € C(0,T.); H) n L*((0, T.); H* 0 HY), v € C([0,T.]; V) N L2((0, T.); H*N'V), (4.17)

op € C([0,T.]; Hy), o € C([0, To); V). (4.18)

Proof. The uniform bounds in Proposition 4.2.4 inform us that there exists a subsequence

of {p(”)}n, {u(”)}n, which we still denote by p™, 4™ and p,u, such that

1. p™ — p weak-+ in L®((0,T.); H}), weakly in L2((0,T.); H> N HY); 9;p™ — dpp

weakly in L2((0,Ty); L?),

2. ul™ — o weak- in L>°((0,T,); V), weakly in L2((0,T,); H*NV); du™ — d,u weakly

in L2((0,T,); H).

It is straightforward to check that the limits p and u satisfy (4.1) in the sense of distribution.
Invoking Theorem 4.2.5, we have proved (4.17).

Now, we show dyu € C([0,T%]; V*). In view of (4.2), it suffices to show that —Au +
gpes € C([0,T]; V*). For simplicity, we show that the most singular term Au € C([0, T]; V*).
But this is indeed true as u € C([0,7%]; V) and A is a bounded linear operator from V to
V*. Hence, Opu € C([0,T,]; V*).

To show the needed regularity of 0;p, it suffices to show that

—u-Vp+ Ap—div(pV(=A)""p) € C([0, T.]; Hy ).
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A similar argument to how we treat Au will yield Ap € C([0,T.]; Hy'). We then prove

strong continuity for the most singular nonlinear term u-Vp, and the term div(pV(—A)~!p)

will follow from a similar argument. Let ¢,s € [0,7.]. Picking ¢ € H} and integrating by

parts, we have

/Q(u(t, x) - Vp(t,z) —u(s,x) - Vp(s,x))p(z)dr

— [ (ult.2) ~ uls. ) Vplt.)pdo + [ uls.:) - Viplt,a) ~ pls,a))pla)do
Q

Q

= [ div((utt.o) — uls. )t )pds + [ diviu(s, ) p(t.) = pls.a))pla)da

Q

_ /Q (u(t, ) — u(s, 2))p(t, 2)) - Vipdir — / (us, ) (p(t,z) — p(s, 7)) - Vep(a)da

Q

The first term on RHS can be estimated by:
/Q((U(t,m) —u(s, x))p(t, ) - Viedr < ult,-) —uls, )| sllo(t; )l sllel

S lults-) = uls, )llalleCt )lallel

< Clpo, uo, g)lult, ) = uls, )1l

Note that we used Sobolev embedding in the second inequality and the uniform bound of p
in L°°((0,T%); H}) norm in the last inequality. Similarly, we can estimate the second term

on RHS by:

/Q(“(S’ )p(tx) = p(s, ) - Vo(x)de < C(po, uo, 9)llp(t;-) = p(s, )1 llell

thanks to u € L*°((0,7); V). Combining the two estimates above and using duality, we

conclude that
lu(t, )V p(t, ) =uls, )-Vo(s, ) =1 < Clpo, uo, g)([|ult, )=uls, )1+l -)=p(s, )1) = 0

ast — s due tou € C([0,T3]; V) and p € C([0, T.]; Hy). This verifies d;p € C([0,T.]; Hy '),

and we have proved (4.18). O
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4.2.3 Uniqueness

In this section, we show the uniqueness of regular solutions to problem (4.1).

Proposition 4.2.7. Given two solutions (p1,u1), (p2,us2) defined on the same time interval

[0,T] with the same initial data (po,uo), it holds that p1 = p2, u; = uz on [0,T].

Proof. Consider the differences of the two pairs of solutions: r = p; — p2, w = u; — ug. A

straightforward computation yields the following equations satisfied by r, w:

Or — Ar +up - Vr+w - Vpy +div(rV(—=A)"tp; — paV(=A)~1r) =0,
ow + Aw = gP(re,),

with boundary conditions r|spq = 0, w|spq = 0 and zero initial condition. Testing the

r-equation by r, we obtain

1d
S lrllze + VrlZ: :/Tul'V?“/T(w-Vp2)+/rVr-V(A)_1p1

— / p2Vr - V(—A)_lT =L+ 1+ I3+ 1.
Q

Using incompressibility of u;, we immediately have I; = 0 via integration by parts. Using

Holder inequality and Sobolev embedding, we can estimate Is by:
L < [rl2llwllsVezllis < I7llzzlwlhllpzllz < ellwllf +Cle)llp2l3 ]l

for any € > 0. Using elliptic estimates, Sobolev embedding, and Gagliardo-Nirenberg-
Sobolev inequalities, we may estimate I3 by:
_ 1/2 1/2
I3 < Vel g2lirll s [V (=2) " prllze S IVl cellr 22191 lor 2

3/2 1/2
S ol V3210105 < el Vrl2z + C(e)llprllLa 712
Similarly, we can estimate I4 by
L S o2l eIl 2197l 2 S loallalirll 2197 2 < el Vrl3e + Ce) | pal3lir )22

On the other hand, we test the w-equation by w:

1d

1 2
gl + 190l =g [ were: < Sl + SlrlE
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Consider E(t) := ||w||3, + [|r[|2.. Collecting the estimates above and choosing € > 0 to be

sufficiently small, we have the following inequality:

dE
= = Clllp2l3 + lorllz= + ¢*) E(t) =: C () E(1).

Since (p;,u;) are strong solutions for i = 1,2, we know that f € L([0,T]). Since (r,w)
assumes zero initial condition, we have E(0) = 0. Then an application of Gronwall’s
inequality on time interval [0,7] implies E(t) = 0 for all ¢ € [0, 7] Hence, uniqueness of

strong solution is proved. O

4.2.4 Regularity Criterion

In this section, we aim to prove Theorem 4.1.3. We first need the following fact on the

monotonicity of L' norm of cell density p:

Lemma 4.2.8. Assume Q to be a smooth domain in either R? or R3. Let (p,u) be a
strong solution to problem (4.1) on [0,T]. Suppose also that py is nonnegative. Then for

a.e. t €10,T], we have

d
@l <0,

Proof. First, we note that by parabolic maximum principle, we must have p(t,z) > 0 in

[0,T] x Q. Using (4.1), we compute that

ot = 5 [ ottads = [ (Vo dp— div(pV(-2) ) da

. _ op 0 _
_ _ A1 _ op O Ay-1
= /lev(Vp pV(=A)"p)dx = 0 O p@n( A) " pdS

where % denotes the outward normal derivative and dS denotes the surface unit. Note

that regularity of a strong solution is sufficient to conclude that the right hand side is

in L?([0,Ty]), and so [|p(t,-)||r1 is absolutely continuous in time. ~ We also used the
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incompressibility of u, divergence theorem, and the Dirichlet boundary condition in the

derivation above. In view of parabolic maximum principle, we must have

dp
%}89 <0.

Hence, we conclude that

d
%Hp(tv ')HLl <0,t¢€ (O,T].

Now, we are ready to give a proof of the L? regularity criterion:

Proof of Theorem 4.1.3. Assume (p,u) is a solution to (4.1) with smooth data (pg, ug). Let

Ty > 0 be its maximal lifespan.

1. d = 2. Suppose Ty < co and

t
li 2, ds=M .
t}%/o lpllz2ds <0

First, we test the u-equation in (4.1) by Au, which yields:

1d 1 g

5 I Vule + Al =g [ Au- pes < Sl AulRs + %ol t € 0.T0).

2 dt 0 2 2

Rearranging the above inequality, using Gronwall inequality, Theorem A.2.1 and the

assumption, we obtain that

2

To
g M
sup fullf+ [ ulfds < ol + 7
te[0,To] 0

< o0. (4.19)

Testing p-equation by —Ap, one obtains that

1d
2 dt

IVpll72 + [[Apl|7- /QApu-Vp—/QAprJr/QApr-V(—A)‘lp

= Q1+ Q2+ Q3.
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Similarly to the estimate (4.14), we have for any € > 0
Q1 < 8l 2 lIVollz2llull e < ell Aplg2 + C(e)[ Vol lull3.
Q2 < e Apllze + C(O)lpls < el Apllz: + C(e)lplZa VAl

The term that we have to treat differently is (3. Using Hoélder inequality, Sobolev

embedding, and an LP-based elliptic estimate, we have:
Qs < 180112V pll s [V (=A) " pll e < 182021V ol 2V (=A) "l 8

1/3 2/3 2/3 1/3
S 2ol 1Vl s lloll oz S 12l llol 219201155 ol 22211 el

5/3 1/3 2/3 1/3
S 1AL 1ol o122 19011350 < ellAplZ2 + C(e) ol 22 llpll 4 Vol 22,
where we used the Gagliardo-Nirenberg-Sobolev inequalities
2/3 1/3 1/3 2/3
£l 2 < CIEIRIS AL, IV Flles < LIV £,

in the fourth inequality, and Young’s inequality in the last step. By Lemma 4.2.8,

we know that for ¢ € [0,Tp), ||p(t,-)||z1 < |lpollr:. Then we have
Q3 < el Apll72 + Clpo, oIl IV pll7 -

Choosing € > 0 sufficiently small and using the estimates of L; above, the p-estimate

can be rearranged as:

d
IVole + 180117 < Cloo)(Ilullz + Il IV AllZ:- (4.20)

Using Gronwall inequality, we have:

TO TO
sup HVp(t,~)HiQ+/O lpllzds < [V poll72 exp <C(po)/0

(ul3 + upu%z)ds)
0<t<Typ

< C(p()a uo, Maga T0)7

where we used the assumption, (4.19), and elliptic estimate. But this implies that
one can extend the solution (p, u) beyond the supposed lifespan Ty by Theorem 4.1.2.

This yields a contradiction.
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2. d = 3. Suppose Ty < oo and

t
li 4,ds=M .
tim [ lplfads = 0 < o

Testing the u-equation in (4.1) by Au and deploying estimates similar to the d = 2

case, we have

To 2

g/ MTy
sup ([Vulfda+ [ Julfids < ol + Y50 < .
t€[0,Tp) 0

A derivation identical to (4.14) yields:

d
VoIl + 120072 < (llollze + lul2) [ Voll7:.

Applying Gronwall inequality and combining the two estimates above, we have for

t € [0, Tp] that
2 To 2 2 To 4 2
IVt )22 + /0 lol2ds < llpollZ exp (0<po> /0 (ol + ||u|12>ds)
< C(p07u07Mag7T0)'

And this contradicts the assumption that T is the maximal lifespan in view of The-

orem 4.1.2.

The proof is thus completed. O

4.2.5 Global Well-Posedness with Small L? Data

We conclude Section 4.2 by making the following observation: a strong solution equipped
with initial data (pg,ug) with |[po||z2 sufficiently small survives for all times. This ob-
servation is based on an L%-energy inequality with a higher-than-quadratic nonlinearity,
together with the continuation criterion proved in Theorem 4.1.3. A precise statement of

this result is given as follows.

Proposition 4.2.9. Let (p,u) be a strong solution to (4.1) with initial data py € H}, uo €

V' and the mazximal lifespan Ty > 0. There exists g > 0 sufficiently small, depending only
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on domain Q0 and independent of g, so that if ||pol|lr2 < €0, To = 0o. Moreover, p decays

exponentially fast i.e.

lp(®)llz2 < llpoll 2", (4.21)
for some constant ¢y > 0 depending only on domain ).
Proof. Following the proof of Proposition 4.2.2, using the energy estimate of p, a Gagliardo-

Nirenberg-Sobolev inequality, Young’s inequality and Poincaré inequality, for ¢ € (0,7p)

we have that

1 d 9 12 2d
5 el < ~IVpI3a + SIVAlR: + Clol i

12 2d

< - IIPHLz +Clpll " = fallloll?e), (4.22)

where C), denotes the Poincaré constant that only depends on domain €. Since 2 < li:?ld

when d = 2,3, we fix ¢y € (0,1) sufficiently small so that fy(s) < 4é 52 for s € (0, €.
Note that such choice of ¢y only depends on domain §2.

With such choice of €, we claim that the solution is global and the L? norm never
exceeds €. Indeed, suppose not and let 7 € [0, Tp] to be the first time such that ||p(7)|| 72 =
€o. If 7 < Ty, applying (4.22) together with our choice of €y, we note that

1d

1
<0
2dt 100

Iolie],_, < fuled) <~

which contradicts the definition of 7. Hence, we must have 7 = Tj. But since ||po||z2 < €o,

we conclude that

sup |[p(t,-)[|z2 < eo,
te[0,To]

which yields
To
/ llp(t, )HLQddt <€y dTo < 00.
0

Then by Theorem 4.1.3, we must have Ty = 0o, as otherwise we could extend the strong

solution beyond Tp, leading to a contradiction.
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To prove (4.21), we note from above that sup;>g ||p(t, )|/ 2 < €o. In fact, by our choice
of €p and (4.22), we have

1

— t>0.
4Cp”p||L2) el

d
£HPHL2 <

A direct application of Gronwall inequality yields
__1 4
o)Lz < [lpollgze

for all ¢ > 0. We have thus established (4.21) by setting ¢q := ﬁ and rearranging the

inequality above. O

4.3 Proof of the Main Theorem: Suppression of Blowup

In this section, our goal is to show Theorem 4.1.4, namely proving that (4.1) is globally
strong in the regime of sufficiently large g. In particular, we will see that the coupling
of the Keller-Segel equation to the Stokes flow with sufficiently robust buoyancy term is
regularizing, in the sense that the solution p(t,z) approaches zero exponentially fast as g

is sufficiently large.

4.3.1 Velocity Control

In this subsection, we remark on two controls on the velocity field u in (4.1) that will be
instrumental in our main proof. The first lemma is in fact a standard Htl,m control of wu,
where part of which is hidden in our proof of energy estimate in Proposition 4.4.1. We give

a brief derivation here for clarity.

Lemma 4.3.1. Let (p,u) be a strong solution to problem (4.1) with initial data py € H{,
ug € V. We have

el oy < Clloollzes lluolli) (g + 1): (4.23)

109



Proof. In view of the estimate (4.8) in Proposition 4.2.2, it suffices to show that

Ty
/0 10cu(®)l[72dt < Clloll 2, [luoll1)(g” + 1) (4.24)

Testing the u equation in (4.1) by dyu, we have

Ld

) 2
|Gl + 5 5

1 g°
IVullte =g | B (pe)dz < g0l + 5ol
where we used incompressibility of © and Cauchy-Schwarz inequality above. Rearranging,

integrating in time, and using (4.7) we obtain

t t
[ 1o s + 1) < 07 [ )]s + Vol
< g* (2T lpoll72) + lluoll?
< C(llpollzz: lluoll1)(g” +1).
By taking supremum of ¢ over [0, 7], we have arrive at the estimate (4.24). O

The following lemma yields a key additional control over the velocity field by genuinely

exploiting the buoyancy forcing structure of the fluid equation in (4.1):

Lemma 4.3.2. Let (p,u) be a reqular solution to problem (4.1) with initial data po € H{,
ug € V. Then
sup [lu(t)[|72dt < C([lpollz2)g + lluol7.- (4.25)

te[0,T%]

Remark 4.3.3. Note that a straightforward L? estimate of u only yields a bound

Ty
A ()22t < g°.

What we display in the lemma is that the structure of buoyancy forcing “gains a g~'”.

Proof. Without loss of generality, assume that € contains the origin. Denote L := diam(2) >

0. Multiplying the p-equation of (4.1) by z — L (recall that z = x4 when Q C R%, d = 2,3)

110



and integrating over {2, we have

C(;t/Q(Z — L)pdz + /Q(z — L)(u-Vp)dx — /Q(z — L)Apdx
+ [ - Dy anpv(-a) s —o

Moreover using the Dirichlet conditions p|sq = 0 and u|gn = 0, we note that via integration

by parts:
/(z —L)(u-Vp)dx = —/ pudz +/ (z — L)pupdx = —/ puzdz,
Q Q 00 Q

—/(z — L)Apdx = / 0. pdx —/ (z — L)@dS,
0 Q o0 on

/(z — L) div(pV(=A)"tp)dz = —/ p0.(—A) " pd,
Q Q

where u,, denotes the normal component of u along 02, and d.S denotes the surface measure

induced on 0f2. Collecting the above computations, we have

/puzdx d (z—L)pdm+/6Zpd:n—/ (z—L)apdS—/p@(—A)_lpdx. (4.26)
dt Q o0 on Q

On the other hand, testing the u-equation of (4.1) by u, we also have

1d
gl + 19ul =g [ pu. (1.27)

From the proof of Lemma 4.2.8, we also know that dp/0n < 0 on 02 in [0, T,]. Hence, we
have [y, (z — L)g—ZdS > 0 by definition of L. Combining this fact with (4.26), (4.27), and

integrating on [0, 7], we have

|u<>||L2—||uo||Lz<zg[ [z = Dp(t.2) — pole) ds + / [opis

—/Ot/ﬂpaz(—A)_lpdw]

T, 1/2 T,
< Cy(_sup_ ot ||Lz+¢T*(/O ||vm|%2dt) + [ loliean

0<t<
C(HPOHL?)&L
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where we used elliptic estimate in the second inequality, and (4.7) in the final inequality.

The proof is therefore completed after integrating in time again. O

4.3.2 A Key Theorem

In this part, we prove a quantitative characterization of the regularizing effect of the Stokes-
Boussinesq flow in (4.1). With a rigidity-type argument inspired by [40], we show that the
flow with sufficiently large g can suppress the L? energy of p to be arbitrarily small within

the time scale of local existence, as elucidated in the following theorem:

Theorem 4.3.4. Let pg € HENL>®, ug € V be initial conditions for the problem (4.1), and
consider (p,u) to be the corresponding strong solution. For arbitrary € > 0, there exists

9« = g«(||poll o=, |wol|1, €) such that for any g > gs,

inf £, <e.
tel[{)l,T*}”p( M2 < e

Proof. We prove by contradiction. Suppose there exists ¢y > 0 such that there is a sequence

{(pn, Un, gn) }n verifying the following:

1. gn — o0;

\V]

. {(pnstn, gn) }n are strong solutions to (4.1) with p = pp,u = up,g9 = g, equipped

with initial data (pn,0, Un0);

w

- Menollze < llpollz2s onollzee < llpollzes, and [Jun,oll L2 < [luol|r2;

o

. for any ¢ € [0,7,] and for all n

Hpn(ta’)HLQ > €0- (428)

Note that since the time 7T, depends only on ||po||z2, we can work on the same time
interval for all n. If we are able to derive a contradiction, this would imply the existence
of g, that depends only on |lug||1 and ||po||cc (note that ||po||ree controls ||pol|z2) - indeed,

we are not fixing the initial data for {(pn, un, gn)}n but instead only impose uniform norm
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bounds on it. Let us consider the normalized velocity @, = u,/g,. Now, we divide the

proof into the following steps:
e Step 1: Convergence properties of (py, u,). From (4.23), we have
[tin |1 (0,1 %02 < Cllpollz2, [luollr)-

Using weak compactness and the Sobolev compact embedding theorem, we obtain

that there exists i, € H'([0,T}] x ) such that
Ty — le 0 HY([0,T%] x Q), and i, — Giee in L2([0,Ty] x Q).
In fact, observe that from the estimate (4.25) of Lemma 4.3.2 it follows that

ltnllz2(0,7.)x0) — 0

as n — 00, SO U = 0. In addition, from the energy estimate (4.7), we may pick a
further subsequence, still indexed by n, such that there exists poo € L2(0, Tk; H} (2))
and

Prn = Poo N L2(O7T*;H(%(Q))-

e Step 2: Derivation of the limiting fluid equation. Since (p,,u,) is a strong
solution to (4.1) with parameter g, on [0, T}], u, in particular solves the fluid equation

in (4.1) in the sense of distributions. That is,

- - [ @it + [ " | Adyiaza = [ ; [ pator-coydat,

for any smooth vector field ¢ € C2°([0,T%] x Q) with div ¢ = 0. By the convergence

properties of p,, u, as shown in Step 1, and by Lemma 4.3.2 we find that
Poo€z = vpooa (t,%) € [OvT*] x (429)

holds in a sense of distributions.
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e Step 3: Nontriviality of p.,. By maximum principle, we know that p,, and thus
Poos, 18 nonnegative. We would also like to claim that py, Z 0. To show this fact, we

need the following proposition.

Proposition 4.3.5. Let Q@ C R d = 2,3, be a smooth, bounded domain. As-
sume (p,u) to be the strong solution of problem (4.1) on [0,T] with initial condi-
tion po € H} N L>® and py > 0. If there exists M > max(1,cqlpollre) such that

supo<i<r |p(t)|l L2 < M, we then have
4
sup_ o)l < CMTT,
0<t<T

Here

1, 1] <1,
c pry
R [[IEER Y

and C' is a constant only depending on domain 2.

A variant of this result has been proved in [92] (Proposition 9.1), in a two dimen-
sional periodic setting. The proof of Proposition 4.3.5 is similar and for the sake of

completeness will be provided in the appendix.

Next, we need the following lemma.

Lemma 4.3.6. Let D C R?, d € N, be a bounded domain, and let {f,}, C L*(D) be
a sequence of nonnegative functions that weakly converges to a function f € L?(D).

Assume that there exist M,e > 0 such that || fu||r2 > €, || fallpe < M for alln. Then

f#0.

Proof. Suppose for the sake of contradiction that f = 0. Consider the characteristic
function ¢ = xp. Since D is bounded, ¢ € L?*(D). Then the weak convergence

informs us that

lim fn=0.



As f,, > 0 for all n, this is equivalent to lim, e || fn|[z1 = 0. Since || fn||ze < M, by

interpolation we have

1FallZe < Nl fallzeell fall 22 — 0

as n — oo. But this contradicts the assumption that || f,||z2 > €. O

Observe that from (4.7), we know that ||pn(¢,-)|lz2 < 4]|pol|r2 for all t € [0,T;] and

all n. Thus applying Proposition 4.3.5 to p, we get that ||p,(t,-)||p~ < M for all

4

€ [0,7y], and all n. Here M = CHpOHigﬁ is chosen as in Proposition 4.3.5. Then

Lemma 4.3.6 implies that p # 0.

Step 4: Derivation of a contradiction. Let us consider

Ts Ts
Un(w) = /0 pu(t,2)dt, o) = /0 po ()

In particular, 1o, Z 0 and ¥ > 0 by Step 3. On the one hand, picking arbitrary
n € L?(2), we have

‘ / — oo (x))dx

T

)(pn(t, ) — poo(t, x))dxdt‘

Ty

X[0,1.) (1) (pn(t, ) — poo(t, ¥))dxdt|,

which converges to 0 as p, — poo in L3([0,T}] x §2). This implies that 1, — o
in L?(92). On the other hand, we note that by Minkowski inequality and Holder

inequality,

T.
IVhn[ 2 < /0 IVpnllp2dt < VTV pnllL2omx0) < CllpollL2),

where we used (4.7) in the last step. Since p,|sn = 0, we know that 1, € Hg(Q)
with a uniform H'-norm bound from above. Hence by weak compactness and Sobolev

compact embedding theorem, there exists a subsequence, still denoted by v, and
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Yoo € HY(Q) such that
Un = Yoo in Hy(Q2), ¥ = Yoo in L*(Q).

Indeed, we must have 1;00 = 1o due to the uniqueness of weak limit, and hence

Voo € HE(R).

But now, integrating (4.29) with respect to time, we have
VP = 1se,

where P(z) := [)" Poo(t, )dt. But this implies that ¥ (z) = h(z), where h is some
single-variable function. Moreover, we know that 1o, € HE(Q2). These two facts
imply that ¥~ = 0. However, this contradicts the fact that ¥, > 0 - as shown in

Lemma 4.3.6 under assumption (4.28). This completes the proof of the theorem.

4.3.3 Proof of Global Well-Posedness with Large g

From Theorem 4.3.4, we know that, fixing initial data (pg,ug), the L? norm of p is sup-
pressed to a sufficiently small level in the regime of large ¢g. In view of the small-data global
well-posedness result stated in Proposition 4.2.9, the cell density p will enter the regime
of exponential decay as soon as ||p|| 2 touches a sufficiently low level. Combining these
two facts will yield Theorem 4.1.4. We now provide a rigorous proof of the aforementioned

idea.

Proof of Theorem 4.1.4. Let us first choose €g as in Proposition 4.2.9. By Theorem 4.3.4,
there exists g« = g«(||pol| Lo, |[|uo||1) such that for every g > g, there exists 7, € [0,T}] with
|p(79)]|25 < €. Now we consider the problem (4.1) equipped with initial data (p(74, z), u(7y, z)).
Applying Proposition 4.2.9 immediately yields global existence of strong solution (p, u) and

the exponential decay estimate

o)z < [lp() 12 < 2ol
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We remark that the second inequality above follows from our choice of T and the fact

that 74 < Ti.

4.4 Promotion to Regular Solution
In this section, we will show that strong solutions are in fact regular solutions. This will

be done by establishing the smoothness of a solution (p,u) for positive times, namely
p e C®((0,T,] x Q), uec C®((0,T] x Q),

via energy estimates in arbitrarily high order Sobolev norms. We would like to remark
on the following caveat: with Dirichlet boundary condition imposed on both p and u, one
cannot obtain higher order Sobolev estimates by commuting the differential operator 9°
with the equation, where 0° denotes a general s-th order spatial derivative. The main
reason is that when we treat the dissipation term, integration by parts incurs a boundary
term that is difficult to control. To remedy this issue, we commute time derivatives Of
through the equation. It is clear that no boundary terms are generated since 0; preserves
Dirichlet boundary condition. By applying this strategy, we can improve regularity in time,
after which spatial regularity can be upgraded using elliptic estimates.

Again, to obtain the claimed regularity we should proceed by the Galerkin scheme and
perform the estimates in Proposition 4.4.1 for the approximated solutions. Since this step
is similar to that in Corollary 4.2.6, we omit this tedious part and will proceed with only

a priori estimates as follows.

Proposition 4.4.1. Assume (p,u) is a regqular solution to problem (4.1) with initial con-

dition pg € H&, ug € V. Then the following bounds hold:

t (||5ép(t» ')”%—i—k—Zl + [|Obult, ')H%H@—m) < C(po,uo,9,k), (4.30)
T*
t 10}o(7, )3 + |0fu(r, )3 dr < C( k) (4.31)
’ tP\Ts ) ll24k—21 tUNT, )llo+k—21 ) T = U{po, U0, 3, ), .

for anyt € (0,T.], k €N, 0 <1 < [EEL|, where |-] denotes the floor function.
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Proof. We prove the proposition by induction on k. Since the case k = 0 is already proved
by Proposition 4.2.4, we now assume that the statement holds up to index k£ — 1. We will
discuss two cases based on the parity of k. We also remind the readers that the constant

C(po,uo, g, k) might change from line to line.

1. k is odd. Let us write § = , and define the s-energy

Ey(1) = |lpgs) (7 )22 + llugey (7, )17

for any 0 < s < S. From now on, we fix arbitrary ¢ € (0,7%]. This case can be

detailed into the following steps.

Step 1: show (4.30), (4.31) with [ = S. Commuting 9] with (4.1) for 0 < s < S,

we obtain that

S

S
Dip(s) — Bp(s) + <T) [(U(r) “V)P(s—r) F P(s—1)P(r)

r=0
+Vo(s—r) - V(—A)l(pm)} =0, (4.32a)
Oru(sy + Augs) = gP(p(s)ez), (4.32)

equipped with boundary conditions ps)lan = 0, u(glon = 0. Testing (4.32b) with

s =5 by u(g), we obtain that

1d

5 dtHu 9ll7z + [Vl < (HU(S)H%Q + [lps)ll7z2) -

Testing (4.32a) with s = S by p(g):
1d > /S
3l 4 19oelz: =3 (5) @+ 0+ 0, (4.33)
r=0

where

I z/ﬂ(ms))(uo«)'v)p(S—mv Jr= /Q(’J(SW(S—”)(”(”)’

K, / Vo5 - V(=A) o).
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To estimate I, first note that Iy = 0 by incompressibility and integration by parts.

For 1 <r <5 —1, we integrate I, by parts once to obtain:

I =— /Q Ijp(s)U(r) ;P(S—r)»

where we also used the incompressibility of u(,). Thus, we can estimate:

I < Vsl 2l sllos—n llzs < 8V ps)llz2 + C(6)lu 175l pes—n I3,

for some 6 > 0. If r = S, we instead estimate:

Is < |Vogs)llellugs)lzellpllize < 81Voes)lIz2 + CO)llplllucs) l72.

This concludes the estimates of I,.. To estimate .J,., we note that if r = 0 or r = 5,

we have

Jr < logs)Izallollz < logs) I721oll2

If1<r<S—1, then we have

2

1
Jr < Zllps)lli2 + §HP(T)H%HP(54)H1-

N

Now we estimate K,.. If r = 0, we use the standard elliptic estimate and Young’s

inequality to obtain:
Ko < 6]|Vpes)llzz + C@)lplTlloe 72,
where 0 > 0. If r =5, we apply elliptic estimates and Sobolev embeddings:
Ks < Vpllsllo) 2V (=) o) ls S IVplillogs)lIze-

If 1 <r <S5 —1, we can estimate
K, < Vpis—nllzsllo) 2l V(=A) " peyll s

< Zllolliz + ClIVos—nllilom 72

N

119



After choosing § > 0 to be sufficiently small, the above estimates yield the following

differential inequality: for 7 € (0, T}),

dEg
B H Va7 V(7 e < COR)| (L g+ ol + ) E(r)
S—1
+ ) (Vo= 1Tl 172 + lloe 1l ps—n 17
r=1

n |ru<r)||%3||p(s_r>u%)}
S—1

=C(k) <F<T)ES(T) +> GT<T)) (4.34)
r=1

with
F(r)=1+g+ [lp(r,")ll2 + lp(7, )3,

G (1) = IVpis—nllillom 172 + loe [Tlloes—m 1T+ e 2l 1T
To proceed, we need the following useful lemma:s:
Lemma 4.4.2. There exists 1o € [t/2,t] such that Es(10) < C(po,uo, g, k)t %,
Proof. Let us consider (4.32) with s = S — 1. For any 7 € [t/2,t], we note that by

(4.32D),

lugs)(M72 S Mus—1)li72 + 9% lps-1) 172 < lus-pll3 + g llos—1 72

Integrating over [t/2,t] and using (4.31) at index k — 1 (which is valid as this is part

of the induction hypothesis), we obtain
t ) T 5 .
[ st < [ s (Ol < Cloouong W0 439
t t

Similarly, applying Holder inequality to (4.32a), we have
S—1

los)llz2 S los—lls + D Clk) <HU(T)IIf\|Vp(su) I3
r=0
+ llos—1-n Tl I + HVp(s_l_r)II?IIP(T)II%2>- (4.36)
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Observe that given the induction hypothesis, applying (4.31) with index k — 1, we

have

t
/ s ()3 < Ol g, 0
t

Also, for r=0,...,5 -1,

t
/t/2 ey (DRI V (51 (DI[FdT < Clpo, uo, g, k)t >t

= C(,O(), uo, g9, k)tl_ka

where we applied (4.30) with index 27 to |lu¢y(7)[|1 and (4.31) with index 2(S—r—1)

to |[Vp(s—i—r)(7)[l1. In a similar fashion, we can also obtain the following bound:

t
/t/2 Hlos—1-n (OIEloe) (DT + 1V ps-1-m (DRl (7)I[72] dT < Clpo, w0, g, k)t 7.

Collecting the estimates above and combining with (4.36), we have

t
//2 lpesy(T)72d7 < Clpo, uo, g, k)t ", (4.37)
t

Combining (4.35) and (4.37), we have

t
/m (lugs) (D122 + llos) (DI22) dr < Clpo, uo, g, k).

By mean value theorem, we can find a 79 € (¢/2,t) such that

Es(10) = |lu(sy(10) 172 + los)(10) 172 < Clpo, uo, g, k)t ",

and this concludes the proof. O

We also need another lemma that treats the terms G,..

Lemma 4.4.3. Let 19 be chosen as in Lemma 4.4.2. Then for anyr =1,...,5 —1,

we have

Ty
GT<T)dT < C(ﬂOa uo, 9, k)t_k'

70
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Proof. We fix r =1,...,5 — 1. By definition of G, we can write

Ty Ty
Gr(T)dr = / (IVpis—n e 172 + 1o I los—n T + lu 1 Zslos—nllT) dr

70 70

=: /T* (GH(7) + G2(1) + G2(7)) dr.

0

Applying (4.30) with index 2r —1 and (4.31) with index k —2r 41 to terms ||p()|%2

and ||Vp( S_T)H% respectively, we observe that

Ty T
(ﬂﬂWSﬂWW%Mﬁ%/ Ios—n (73

70 70

< Clpo, u, g, k)rg & gy B2

S C(PO, uo, 9, k)tika

where we used the fact that 79 > ¢/2.

To study the term involving G2, we will apply (4.30) with index 2r and (4.31) with

index k — 2r to terms ||p( || and ||p(s_r)|| respectively. This yields:

T*
CmﬂMSC@wmmMﬂ”/ logsn () 2dr

70

Ty
70

< C(p()a uo, 9, k)TO_QTTO_(k_QT)

< C(pOa uo, 9, k)t_ka

Finally, using Sobolev embedding, Gagliardo-Nirenberg-Sobolev inequality, and Cauchy

-Schwarz inequality,

Ty Ty T
/ @mms/ mm@w@ﬂﬁhs/rmwpwwwmm&mwT

70 70 70

21 T
< C(po,uo,9,k)1y * To_r/ lp(s—r I TdT
T

0

< Clpo, ug, g, k)t~ =2) < C(po, uo, g, k)t ™"

Note that we applied (4.30) with index 2r — 1 to [lugyl[r2, (4.30) with index 2r

to [Vu(ylz2, and (4.31) with index k — 2r to the other ||pg_,)[|7. We also used

122



70 < T, < 1 in the final inequality. The proof is thus completed after we combine the

estimates above. O

Using induction hypothesis at k = 0, we have F' € L'(0, T.) with the bound || F'|| 1o 1,
< C(up, po,g). We may thus apply Gronwall inequality to (4.34) on time interval
[10,t], where 7y is selected as in Lemma 4.4.2 above. Using the two lemmas above,

we have
S—1 t
Eg(t) < C(k) (ES(TO) + Z/ Gr(T)dT) exp (|1Fllro,ry)
r=1"70
< C(pOaUOag>k)t_k7 (438)

where we recall that T\ depends only on pg. This verifies (4.30). To verify (4.31), we

integrate (4.34) on interval [t, Ty], which yields:

T*
/t (IV005) ()12 + Vs (7)1 22) dr

T S-1 .1,
< Eg(t) + C’(k)< F(r)Es(m)dr + ) / GT(T)dT>.
r=1 t

t

Using (4.38), Lemma 4.4.3, and the fact that % < 19 < t, we can estimate the above

by:
T 2 2 k
/ (195 ()22 + | Vugs) (1) 2a)dr < C oo, o, g, k)t~
t
+ Cloo, o, g, k) (| Flls + )
< C(po,ug, g, k)t~

This concludes the proof of (4.31) with [ = S.

Step 2: show (4.30), (4.31) with [ < S. We will show how we obtain the case
when [ = S — 1. Then the rest just follows from another induction on l =1,...,8

backwards.
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We may rewrite the equations (4.32) with s =5 — 1 as

S—1
S—1
—Aps—1) = —ps) — Z < ) [U(r) “Vps—1-r) T P(S—1-1)P(r)

r=0 "
+ Vo1 V(—A)l(P(r))} = —ps) + R (4.39a)
Au(s_l) = —ug) + g]P’(p(S_l)ez) = —u(s) + Ry (4.39b)

Here, R;, Ry are the remainder terms which are essentially of lower order. We will
see that these terms can be treated by the induction hypothesis on k. To illustrate

this, we show that the following estimates hold:

Lemma 4.4.4. For any t € (0,T],

1
RO + IRaAD]32) < Clonsa, 9.k,
T
¢ [T ORI + [Ra)IR) dr < oo, 0,58
t

Proof. First, it is straightforward to obtain the following bounds for Ry by directly

imposing the induction hypothesis at index k — 1:

T.
| Ry (8)]]72 +tk’_1/ IR2(t)[[Fdt < C(po, uo, g, k). (4.40)
t

Prior to estimating R;, we first need an improved bound for |lul|2: invoking (4.40)

with £ = 1, we have

|R2(t)72 < C(po, uo, 9).
Since S = 1 when k = 1 by definition, we apply the Stokes estimate to (4.39b) with
S =1 to see that

[ull < 10¢ull7z + | Rall72 < C(po,uo, 9) (¢ +1) < Clpo, uo, 9)t ", (4.41)

where we used Step 1 with &£ = 1 above. Now, we are ready to estimate R;. We first

note that it involves 3 typical terms, namely
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Ry =gy - Vps—1-p), Ris = ps—1-rnp@)s Riz = Vps—1-r) - V(=) (o),

where 0 < r < § —1. We will prove suitable bounds for R};, and the rest can be
bounded more easily since these terms involve fewer derivatives. If 1 <r < 5§ — 1,
then by Holder inequality:

IR 72 < Nlumy 761V os—1-n 175 < llue i los—1-n l1llos—1-m 2

k—2r—1 _ k—2r
2t 2

< C(po,uo, g, k)t "t~
< C(p07 uo, 9, k)t_(k_%)7
where we used (4.30) at indices 2r, k — 2r — 1, k — 2r respectively.
If r = 0, then we observe that R}, = u - Vp(s—1)- We estimate as follows:
1/2, 13/2
181132 < lullFeellpgs—n I3 < a2 lull3 oI}
< C(PO, uo, 9, k)t_3/4t_(k_1) = C(p07 uo, g, k)t_(k_1/4)

where we used Agmon’s inequality in 3D:

1/2) 113/2

lullZoe S llull 2" llully

in the second inequality. We also invoked (4.30) with index 0 to estimate |lu|| 2,

(4.30) with index k& — 1 to bound [|p(s_1)l|1, and (4.41) to control |ul[2.

Turning to the second inequality, since d;u = 0 on 0f2, then we can invoke Poincaré

inequality to obtain:

Ty ) Ty )
[ummms[uw&wm

Ty
s£<w%yw@1m§+mwv%sumgm

=: Rijy + Ripo.
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If1 <r <S5 —1, using Holder inequality and Gagliardo-Nirenberg-Sobolev inequali-

. . -
ties, we can estimate R7;; by

Ts Tx
Rpy, < / 190y 21V ps -1 2edr < / IV |21 V20 22 |V g1y 12

T*
< C(PO,UO,gvk)tTt(k2T)/ IVl 2V o(s -1 1dT
t

k—2r k—2r—1

Tt 2 = C(po,uo,g,k:)t_(k_%).

-2
2

< C(p07 uo, 9, k)t_rt_

If r = 0, then we apply Holder inequality and a Gagliardo-Nirenberg-Sobolev in-

equality to estimate that

T T
Ry < [ IVl oo edr < [ lululllo ol
t t

Ty
< Clom,uo g K2 [ sy
< C(po, uo, g, k)t~ *D < C(po, ug, g, k)t~ *=1/2),

where we used the bound (4.41) and (4.31) with index 0 and k£ — 1 above.

Now we discuss the bound for R],,. For 1 <r < S —1, we have
T 2 |1o2 2
o< [ a3V ocs 1 Fodr
T. )
< [ g s e

_2r—1 T 2
< C(po,uo,g,k)t™ 2 t lp(5—1-r)ll3dT
t
< C(po, uo, g, k)t~ *=1/2),

where we used (4.30) with indices 2r — 1 and 27 in the third inequality, and (4.31)

with index k — 27 in the last inequality. If » = 0, then we take advantage of Agmon’s
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inequality in 3D again to obtain:

T*
Rhs[|wﬂwm&Mﬁh
Ty
1/2 3/2
SZ!M&MUW@M@T

T
Samwy@fml o I3dr

< C(po, uo, g, k)t =3/ 4~ =D

= C(p07 uo, 9, k)t*(kfl/‘l)‘

Therefore, we arrive at the bound:
T
/ IR} 12dr < C(po,uo, g, k)t~ F=1/D,
¢

Proceeding in a similar fashion, we can acquire similar bounds for the R}, and Rf;.

The proof of the lemma, is thus complete after we sum up the estimates above. [
By Step 1, we know that for any ¢ € (0, T}/,

t* (loesy (D172 + llus) ®1172) < Clpo, uo, g, k),

T*
#[(WQWMHMMwmmsmWW@m.

Combining Lemma 4.4.4 with equations (4.39a), (4.39b), and using elliptic estimates,

we conclude that for ¢ € (0, 7]

los—1y @13 + llus—1) )13 < Cpo, uo. g, k)t

Ty
/t (lpes—n (M5 + lugs—n) (DI3) dr < Clpo, uo, g, k)",

which finishes the case when [ = S — 1. The rest will follow from an induction in [,

and we omit the details here. Hence, we have concluded the case where k is odd.
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2. k is even. Since we have proved the k = 0 case, we may write k = 25, S > 1, and
define
Ey(t) = | Vollzz + IVues) 172

for 0 < s < S. Notice that Ey(t) ~ () I3+ Ilus) |17 in view of the Poincaré inequality.
The scheme of the proof in this case is the same double induction argument (in
forward k and for each k backwards in /), and we will follow the same outline as in
the odd case. Considering (4.32) for s =1,...,S, we test (4.32a), (4.32b) with s = S

by —Ap(s), Au(g) respectively, which yields:

1d S/S\ - - -
3 i1Vl + 180wz =3 (F) G+ o+ Ko
r=0

g
371V e + Ius 2 = [ AusPlosie:) < §Bs.

where for r =0,..., 5,

I = /Q Ap(s) () Vp(s—ry Jr = /QAPw)P(r)P(sm

K, = /QA,O(S)VP(S—T)'v(_A)_lp(r)-

To estimate I:T, we first observe that

1/2 1/2
I < 1 Ap 2w s 1V os—m s < 180 2w 111V o | K2 12005 -y | 2o

Hence if r # 0, we may estimate I, as follows: for any € > 0,

I < el|lApes)ll7z + COllps—nllillog—nllzluwlli
If r = 0, we estimate
Ip = /QAP(S)(U “V)pes) < NApes) 2 llull e[ Vos)ll 2

< ellApgs)lIz2 + COlull3Voes)lIZ:-
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To estimate J,, we have:

Jr < e Apgs) 172 + C(©)llpim 13l ps—n I3,

where € > 0. Finally, to estimate of K,, we invoke elliptic estimate to obtain

K, < | Apsyllzzllos—n IV (=A) oy llze S 180l 2l ps—n LIV (=A) " iy ll2
< el Apes)llzz + ClOllom 1T I3
< () llz2 P llTllPs—m T,

for any € > 0. Combining the estimates above yields the following energy inequality:

for 7 € (0,Ty),

dE _
TTS + o) (1, )3 +Hllwes) (7, )15 < C(k) [ (g + lull3 + llpll3) Es(r)
S-1
+> (los—nlhllo—nllzluw I3 + llo—n Flow]13)
r=1
S-1
< o) (F<T>ES<T> s ém) , (w12
r=1

where F' € L'(0,T,) due to the induction hypothesis at k = 0. Now, we would like
to follow the same plan as that in the odd case. This motivates us to prove lemmas
similar to Lemma 4.4.2, 4.4.3, and 4.4.4 adapted to the even case. First, we show the

following lemma that parallels Lemma 4.4.2:
Lemma 4.4.5. There exists 1o € [t/2,t] such that Es(mo) < C(po,uo, g, k)t ",
Proof. We consider (4.32) with s =5 — 1. In view of (4.32b), we have

lues) 1T S lAus—1) 1T+ g los-vll < lus-nls + 9% los-nli,

for any 7 € [t/2,t]. Integrating over [t/2,t] and using (4.31) with index k — 1, we

obtain

t Ts
/mnu(smn%dfs /M lugs) (1) 247 < Cloo,uong, K. (4.43)
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To estimate ||V p(s)||12, we apply V to both sides of (4.32a) with s = S —1, and then

use Holder’s inequality:

S—1

1902 < llos-nlB + 3 (k) (er) Vs )
r=0

+IV(ps—r—1p) 72 + IV (VD(s—r—1) - V(—A)l(p(r)))fiz)‘ (4.44)

To save space, we only consider the most singular term, namely ||V (u(,)-Vp(s_r_1)) ||%2,

and show that

t
//2 19 ey Fpsor)3addr < Clon,uo. . F)E* . (4.45)
t

The estimates on the rest of the terms follow from a similar argument. To show

(4.45), we first compute that

V(U - Vos—r-1)) = V) - Vos—r—1) + iy - Vp(s—r_1)-

The first term can be estimated by
IV - Vos—rnliz < IVuell7allVos—r1)l7a
2

S IVu R IVes—rnli

< Jlu3llos—r—1)l3-
Similarly, we may estimate the second term above by
[y - V2ps—r—nlZ2 < luw)lillos—r—n)ll3

Thus for r =0,...,5 -1,

t t
/m IV Cuy - Vogsors)|Padr < /t/z (laco 131105 I3 + 1y 2 05— |2) d7

< Clpo, ug, g, k) (1~ @D (h=2r=2) | 4=2r—(k=2r-1))

< C(pOa uo, 9, k)t_(k_l)
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where we applied (4.30) with index 27 + 1 to [lu¢||2, (4.31) with index k — 2r — 2
to ||p(s—1—r)ll2, (4.30) with index 2r to [lu([l1, and (4.31) with index k — 2r — 1 to

|p(s—1—r)ll3- In a similar fashion, we can also obtain the following bound:

t
/t/2 IV (os—r—1ype) 72 + IV (Vos—r—1) - V(=A) " (py))I72] dr
< C(p()v ug, 9, k)tl_k'

Collecting the estimates above and combining with (4.44), we have

t
//2 ||Vp(5)(7')H%2dT < C(po,uo, g, k)t =", (4.46)
t

Combining (4.43) and (4.46), we have

t

ES(T)dT < C(PO, uo, 9, k)tl_k'
t/2

By mean value theorem, we can find a 79 € (¢/2,t) such that
Es(m0) < C(po, uo, g, k)t ",

and this concludes the proof. O

Then we show a counterpart to Lemma 4.4.3.

Lemma 4.4.6. Let 19 be chosen as in Lemma 4.4.5. Then for anyr=1,...,5—1,

we have

T.
GT<T)dT < C(p07 U0, 9, k)ti(kié)

70

Proof. Observe that forr=1,...,5 —1,

Gr = llps—nllillos—nlzllum i + los—nlilem i =: Gy + G2
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To estimate G2, apply (4.30) with index 2r to o |I7 and (4.31) with index k—2r —1

to || ps—nll7 :

T. T.
G2(r)dr < Clposuo, g, k) > / logsnZdr

70 0

< C(p07u07gv k)T(;2TTO_(k_2T_1)

S C(pO) uo, g, k)ti(kil)’

To treat the term é}” we use the induction hypothesis to obtain that

T. T.
G}«(T)dTZ/ locs—mllLlluey Il pis—r ll2llue) ll1dr

70 70

k—2r

T
< Clonuong 07 > 757 [ lots o2l Inds

70

_k—2r k=2r _ 2r—1

< C(P07U0>gak)7'0 2 ) 2 2

< Clpo,ug, g, k)t~ =)
Summing up the two estimates above completes the proof of the lemma. O

Finally, we show a result parallel to Lemma 4.4.4.

Lemma 4.4.7. For any t € (0,T],

1
(| R + | R2 ()11 < Clpo, uo, g, k),

T*
’“/ (IR ()3 + [ Ba(7) [3) dr < C(po, uo, g, k),
t

where Ry, Ry are defined as in (4.39).

Proof. First, we note that by applying (4.30) and (4.31) with index k — 2, we have

T
2 (HRz(t)H% -/ HR2(7)H%dT) < Clpo, 0,9, k).
t
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Then it suffices for us to show suitable bounds for R;. Similarly to the proof of

Lemma 4.4.4, we need to control the following typical terms:

Ry =y - Vos—i-r), Riy = ps—1-npu), Riz = Vps_1-r - V(=2)" (o)),
For simplicity, we will only consider in detail the most singular term Rj;, as the
estimates for the remaining two terms will follow similarly.

We first study || R%,||?, and it suffices for us to consider the leading order contribution

i.e. [[VRI||2,. Recall from the proof of Lemma 4.4.4 that
IVRY 72 S VU - Vos—1-nlliz + llugy - Vos-1-nll72 =t Rin + Riie:
To treat RY;;, we see that for any 0 <r < .S—1, an application of Holder inequality,
Sobolev embedding, and Gagliardo-Nirenberg Sobolev inequality yields:
11 < ||Vu(r)||%3||vP(Sfrfl)H%G
S IVuey 2 IVue 1V os—r—n I
< lug i lull2llpes—r—n 13

2r+1

< Clpo, uo, g, k)t "¢~ 2 ¢~ =20

< C(po, uo, g, k)t~ =12,
where we used (4.30) with indices 2r, 2r 4+ 1, k — 2r — 1 respectively in the second to
the last inequality above. To treat R, we first discuss the case when 1 <r < §—1:
T2 < lug 12611V p(s—r—1) 70
< gyl 2 lug sy I3
< C(po,uo, 9, k)t_¥t_rt_(k_2r)
< C(po, uo, g, k)t~ *=1/2),

where we used (4.30) with index 2r — 1, 2r, k — 2r respectively in the second to the

last inequality above. In the case where r = 0, we instead estimate as follows using
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Agmon’s inequality:
Ry < lullz V2 pis—1)ll72

1/2 3/2
< Nl 3 1 ogs -1 113

< C(p()v uo, 9, k)t_%t_(k_l)
S C(pOa uo, g, k)t_(k_1/4))

where we used (4.30) with index 0, 1, and k£ — 1 in the third inequality. Combining

the estimates above yields
VYR (@) < Clpo, wo, g, k).

Now we shall study || R},||3. We still consider the leading order contribution, namely

IV2RY,||3.. A straightforward computation yields:
IV?Ri1 72 S IV - Vos-1-mlze + 1 Vue) - Vis—1nllFe + llupy - Vips-1nli:

= R{n + R{m + R§13~

To control R, we have for any t € (0, T]:
~{11 < ||V2u(r)’|%3HVP(S—1—T)||%6
SV 211V 111 Vo -1-n I

< lu ll2llue sl ps—1-m I3

2r+1 k—2r—1
> |

< C(po, uo, g, k)t~ 2"t~ lug I3l ps—1-r)ll2
_k
= C(po,uo, 9, k)t 2 [lugy I3/l p(s—1-r)ll2

where we used (4.30) with indices 2r 4+ 1 and k£ — 2r — 1 above. Integrating in time,
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we obtain

T* - & T*
/ Riyydr < Clposuo, g, k)t / leagr allp(s—1—r) 12T
t t

i T. 12, .1,
< g s ([ uolBar) ([ losronlfar )
t t

k 2r+1 k—2r—2

< C(po,uo,g,k)t"2t" 2t 2

1/2

< C(pOa Uuo, g9, k)t_(k_1/2)>

where we used (4.31) with indices 2r+1 and k—2r —2. A similar argument switching

the estimates of u and p terms yields the same bound for R{m:

T

R 1dr < O(po, ug, g, k)t~ F=1/2),
¢

To estimate R},4, we first note that for 1 <r < § — 1,

Riyg < lluelI 21 V2 pis—r—1)lIZs

< Nlugllp2llwe il ps—r— 3

2r

_2r—1 _
< C(po,uo,g,k)t™ 2t er(S—T—l)HZ

where we used (4.30) with index 2r — 1 and 2r respectively in the last inequality

above. Integrating in time, we get:
T*

T
_2r—1
RYi3dt < C(po,uo, g, k)t™ 2 ¢ T/ Hp(Sfrfl)H?ldT
¢ ¢

< Clpo,ug,g k)t~ "7 ¢ ¢k=2r
= C(p()v Uuo, g9, k)t_(k_1/2)7

where we used (4.31) with index k — 2r above. In the case where r = 0, we instead
estimate as follows using Agmon’s inequality:

) 2 3 2

Ri13 < [Jullp=|IV p(sfl)HLQ

3/2

1/2
RNuldlpes—n) 12

S llull

_3
< C(po,uo, g, k)t 4||P(s-1)||§
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where we used (4.30) with indices 0 and 1. Integrating in time yields:

T

]

. T.
R?lSdT < C(p07u0797 k)ti / Hp(Sfl)H?idT
t t

< C(,OO, uo, g, k)t_%t_(k_l)

= C(po, uo, g, k)t~ B/,

where we used (4.31) with index k& — 1 above. Collecting the estimates above yields

T*
¢ [ IRR R < Clon,un. g,
t
The proof is therefore completed. O

From this point on, a similar argument to the odd case, combining Lemma 4.4.5,
4.4.6, and 4.4.7 above, finishes the proof for the even case. We leave details for the

interested reader.

O]

Finally, by combining Proposition 4.4.1 and Sobolev embeddings, we infer Theorem

4.1.5.
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5. Small Scale Creation for 2D Free Boundary Euler
Equations with Surface Tension

This chapter is a reproduction of the published work [78], which is joint with Chenyun
Luo and Yao Yao.
5.1 Introduction
The 2D incompressible free boundary Euler equations describe the motion of a fluid in two
dimensions with a free boundary separating the moving fluid region D, and the vacuum
region. In the fluid region, the fluid velocity w(t,z) and the pressure p(¢,x) satisfy the

incompressible Euler equations:

Ou+u-Vu+Vp=0, in Dy, (5.1)
V-u=0, in D;. '
We consider the setting where the whole spatial domain is T x R, where T = [—1,1) has

periodic boundary condition. Assume the fluid domain D; consists of an upper moving
boundary I'; and a fixed flat bottom I'y, = T x {z2 = 0}. Here the free boundary I'; evolves

according to the fluid velocity wu(t, ), namely, its normal velocity V' is given by
V=u- N on Ft, (52)

where N is the outward unit normal to I';. Throughout this paper, we assume the presence

of surface tension, i.e., the pressure on the free boundary obeys
p=ocH onTy, (5.3)

where o > 0 is the surface tension constant, and H is the mean curvature of the free

boundary. On the fixed boundary, we impose the no-flow boundary condition
u-n=0 only, (5.4)

where n = (0, —1) is the outward unit normal to I'y,. For simplicity, let the initial free
boundary be a straight line ') = T x {z2 = 2}, so the initial fluid domain is
Do =T x (0,2). (5.5)
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The system (5.1)—(5.4) is also referred to as the 2D capillary water wave system. This
system has been under very active investigation for the past two decades. The local well-
posedness for the free-boundary Euler equations with surface tension is well-known, which
can be found in [2, 30, 43, 50, 51, 113, 114, 115, 116]. Unlike the Euler equations in a
fixed domain, the local well-posedness for free-boundary Euler equations does not come
directly from the a priori estimate since the linearized equations lose certain symmetry on
the moving boundary. This issue is resolved by introducing carefully designed approximate
equations that are asymptotically consistent with the a priori estimate. In addition, for
certain large initial data, it is known that the solution to the water wave system with or
without surface tension can form a splash singularity in finite time; see [26, 27, 28, 44].

Beyond local well-posedness, a natural question is whether solutions with small initial
data stay small for a longer period of time. For irrotational ug (i.e. V X ug = 0) in a
domain with infinite depth, a positive answer was given independently by Ifrim—Tataru
[80] and Ionescu—Pusateri [82] for an asymptotically flat free boundary, where they showed
that small initial data leads to a global-in-time small solution. As for the case with a
periodic free boundary, Ifrim—Tataru [80] proved that small data solutions of the infinite
depth water waves in two space dimensions have at least cubic lifespan. In addition,
Berti-Feola-Franzoi [14] proved a similar result but with a finite bottom. See also Berti-
Delort [13], in which the almost global existence of 2D gravity-capillary water waves is
established, provided that additional symmetry conditions are imposed on the small initial
data. The key strategy in the aforementioned works is to reduce the system(5.1)—(5.3) to
a new system of equations defined on the moving boundary I';, owing to the fact that u is
both divergence- and curl-free. See also Deng—lonescu—Pausader—Pusateri [48] for global-
in-time irrotational solutions of the gravity-capillary water-wave system in 3D. However,
for rotational ug it is unknown whether solutions with small initial data always remain
small for all times.

The goal of this work is to give a negative answer to this question in the finite-depth

case - namely, we construct smooth initial data with a flat free boundary and arbitrarily
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small velocity, where ||Vw(t)| L grows at least double-exponentially for all times during
the lifespan of the solution.

For 2D Euler equations in a disk, such double-exponential growth of ||Vw(t)| p was
constructed in a celebrated result by Kiselev—Sverdk [91]. Similar ideas were applied to the
torus T? by Zlatos [132] to obtain exponential growth of vorticity gradient, and applied to
smooth domains with an axis of symmetry by Xu [129]. In this paper, we aim to extend
the construction of [91] to the free boundary setting. Our main result is as follows, which

is stated for the o = 1 case for simplicity:

Theorem 5.1.1. Consider the 2D free boundary Euler equations (5.1)~(5.4) with o =1,
whose initial domain Dy is given by (5.5). There exists a smooth velocity field vy € C*°(Dy)
and universal constants g, c1,co > 0, such that for any € € (0,gq), the solution! to (5.1)-

(5.4) with initial velocity ug := evg satisfies the following for its vorticity w := dyug — Oouy:
[Vw(t, )|l (p,) > €exp(cr exp(caet))  for allt €[0,T), (5.6)
where T' is the lifespan of the solution.

Remark 5.1.2. (1) In other words, we have constructed smooth small initial data of
size ¢ < 1, such that |u(t)|ly2.0 grows to order one by time O(e !lnlne™t), unless a
singularity occurs before this time. That is, we have demonstrated nonlinear instability for
a class of rotational initial data in their respective lifespans, which is a sharp contrast to
the irrotational case [13, 14, 48, 80, 82]. This result in 2D can be readily extended to the
periodic 3D setting, by setting ug independent of the x3 variable.

(2) Theorem 5.1.1 can be easily generalized to all ¢ > 0 (with €, c1,c2 depending on o
now). A simple scaling argument shows that if (u(t,-), D) is a solution to (5.1)—(5.4) with
o =1, then (\/ou(\/at,-), D /z) solves (5.1)~(5.4) for a given o > 0.

To prove Theorem 5.1.1, a natural starting point is to enforce the same symmetry as

[91], with ugp; odd-in-x1 and wgy even-in-x; respectively. One can easily check that such

! Here and throughout, a solution always means a H®-solution, for some fixed s > 4. Since our initial
data is smooth, the local existence of such a solution is guaranteed by [43, 113].
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FIGURE 5.1: Illustrations of our initial data ug,'g and its evolution after time ¢. Here the
red and blue colors represent positive and negative vorticity respectively. As we show in
Proposition 5.3.1, for small initial velocity, the free boundary I'; will be confined within
% <@ < g for all time during the lifespan of a solution. This allows us to estimate u(t,-)
near the point (0,0).

symmetry holds for all times (so vorticity remains odd-in-z; for all times). The proof is
standard and we include it in Lemma 5.2.1 for the sake of completeness. In addition, if we
set wo = 1 at most of the points in the right half of Dy (except a small measure, since wy
has to smoothly transition to 0 at 1 = 0 and ;1 = 1 due to its oddness), one can check
that such property also holds for Dy, since in the free boundary setting the vorticity is also
preserved along the characteristics.

However, despite these similarities, one faces two major challenges to adapt the proof
of [91] to the free boundary setting:

The first issue is the deformation of the domain. Since wg # 0 and Dy is evolving in
time, it may deform a lot from the initial domain Dy. In general, the free boundary I';
might get very close to the origin, and the nonlinear coupling between I';’s evolution and
the velocity field in the bulk of the fluid could destroy the small-scale creation mechanism
near the origin in [91]. That being said, we show that this can never happen at any
time for small initial data. This is because the free boundary Euler equation with surface

tension is known to have a conserved energy E(t) = K (t)+oL(t), where K (t) is the kinetic
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energy and L(t) is the length of the free boundary. (The energy conservation was shown
in [113, 114], and we derive it in Proposition 5.2.4 for the sake of completeness.) Using
this conserved energy, we make the simple but important observation that a flat initial free
boundary and a small initial kinetic energy guarantees that the free boundary I'; always
stays close to I'g, thus can never get close to the origin — see Proposition 5.3.1 for a precise
statement, and see Figure 5.1 for an illustration.

A more serious problem is the lack of Biot-Savart law in the free boundary setting.
Recall that for a fired domain D, given the vorticity w(t,:) in D at any moment, the
velocity field u(t,-) is uniquely determined by the Biot-Savart law u = V+¢, where the
stream function ¢ solves the elliptic equation Ap = w in D with ¢ = 0 on dD. This
Biot-Savart law was crucial in [91] to derive pointwise estimates of u(¢,-). In contrast, in
the free boundary setting, even with w(t,-) and D, given at some time ¢, it is not sufficient
to uniquely determine u(t,-) — one also needs to know the normal velocity of the free
boundary to determine w(¢,-) in the fluid domain. To overcome this challenge, we show
that u(t,-) can still be somewhat determined by w(t, ) by an approzimate Biot-Savart law
in Section 5.3.2, which contains an error term that remains regular and small for all times
near the origin. This allows us to obtain a pointwise estimate of u similar to the key lemma

in [91, Lemma 3.1], leading to the double-exponential growth of |[Vw(t)|| poc(p,)-

Notations

e Let B, be the open disk centered at the origin with radius r. In Section 3, we
define  := T x [0,1]. We also define Q* and D} as the right half of Q and Dy, i.e.
QO :=[0,1] x [0,1] and D;" := Dy N {x1 € [0,1]}.

e We denote by C' universal constants whose values may change from line to line. Any

constants with subscripts, such as C}, stay fixed once they are chosen.
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5.2 Preliminary results

In this section, we collect a few preliminary results on the free boundary Euler equations
with surface tension. In Section 5.2.1, We first demonstrate a symmetry to which 2D
free boundary Euler equations conform. Such symmetry corresponds to the odd-in-z
symmetry of vorticity in the fixed boundary case [91], and is crucial to our construction.
In Section 5.2.2, we show the conservation of vorticity and an energy balance involving the

bulk kinetic energy as well as the length of the free boundary.

5.2.1 Symmetry in 2D free boundary Euler equations

To begin with, we discuss some symmetry properties of the 2D free boundary Euler equa-
tions. For the 2D Euler equation in fixed domains, the conservation of odd-in-x; symmetry
in vorticity is crucial in the proof of small scale formations, as seen in [91, 129, 132]. Below
we show that a similar symmetry is also preserved for free boundary Euler equations; the
difference is that we state the symmetry assumptions in terms of the velocity rather than
the vorticity, since for the free boundary Euler equation one cannot uniquely determine the
velocity using the vorticity at a given moment due to the kinematic boundary condition

(5.2).

Lemma 5.2.1. Let (ug, Do) be the initial data of (5.1)—(5.4), where Dy is given by (5.5)
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and ug = (up1, uo2) satisfies
up1 (—x1, x2) = —up1 (w1, 22), uo2(—21,22) = uo2(w1,r2). (5.7)

Then for all time during the lifespan of a solution, the solution (u,D;) satisfies the same

symmetry, i.e.
—ul(t, —ZL‘1,ZL‘2) == ul(t,l‘l,l‘g), Ug(t, —$1,$2) = UQ(t,l‘l,IL‘Q), (5.8)

and the moving fluid domain Dy remains even in x1, i.e.,

D, = ﬁ = {(—z1,22) : (x1,22) € Dy}. (5.9)

Remark 5.2.2. As a direct consequence of (5.8), we know the vorticity w(t,x) = V+ -

u(t, ) stays odd in x1 for all time during the lifespan of a solution.

Proof. First, setting
v(t,x1,x2) = (v1(t, 1, 22), v2(t, 21, 2)) = (—u1(t, —21, 2), u2(t, —T1, T2)), (5.10)

Q(t,$1a$2) :p(t7 _$17x2)7 (511)

it suffices to show that (v, q, D;) also verifies the system (5.1)~(5.4) due to uniqueness of

solution. Fixing (x1,x2) € E, a direct computation shows that
(aﬂu +v-Vu + 81q)|(m1,1,2) = —(8tu1 +u-Vuy + 81p)\(t,_$17$2),

(8tv2 +v-Vug + (92q)|(t’$1’$2) = (6{&2 +u - Vug + agp)|(t7_m17m2),
which implies that ;v + v - Vv + Vg =0 in i)vt Similarly, we have
V- U|(t,w1,$2) =V u|(t,—r1,r2) =0.

Second, we need to check the boundary conditions. Since 823; = ft U fb, where

Ty = {(z1,22) : (—x1,29) € Ty}, (5.12)

and fb =TI'y, then it is straightforward to check that v-n =0 on fb.
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Furthermore, denoting by N = (/\7 1,]%) the outward unit normal to ft, we infer from

(5.12) that
j\vfl(t7l‘17‘r2) - _Nl(ta —.1'1,.7}2), NQ(t,xl,l'Q) :N2(t7 —xl,.%'Q). (513)

This yields v -/\~/|(t7x1’x2) =u-N

(t,—$1,$2)‘
Finally, we define H to be the mean curvature of I';. By definition, H = V - N/, where
V is the spatial derivative tangent to I';, whose components read

V;=V;,-N;N-V), j=1,2.

This implies H = v N, where %j = V,; — N;(N - V). Then, in light of (5.13), a direct
computation yields that for any (1, x2) € T,

H(t,x1,22) =V - N|(t,x1,x2) =V N‘(t;m,xz) =H(t, —x1,22). (5.14)
Thanks to (5.11), we have
g=0H, only.

This concludes the proof. ]

5.2.2 Conservation of vorticity and a conserved L*-energy

In this subsection, we aim to show two conserved quantities satisfied by the free-boundary
Euler equations (5.1) on both vorticity and velocity sides. The first result below shows that,
identical to the classical fixed-boundary Euler equations, any LP norm of the vorticity is

conserved.

Proposition 5.2.3. For any 1 < p < oo, we have ||w(t,-)||Lr(p,) = llwollLr(py) for all times

during the lifespan of the solution.

Proof. By applying the operator V- to the velocity equation in (5.1) and using the

divergence-free property of u, w satisfies the following transport equation
Ow+u-Vw=0 in D;.

This vorticity equation together with the divergence-free property of u yields the result. [
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The following proposition shows that free boundary Euler equations with surface tension
have a conserved L?-energy. It plays a pivotal role in quantifying the constraining effect of

the surface tension on the behavior of the free boundary, as we will see in Section 5.2.2.

Proposition 5.2.4. Let
E(t) == K(t) + oL(t), (5.15)

where

K@p:élJmu@Pm and Lﬁ%:éd&

are the kinetic energy of the fluid and the length of I'y respectively. Then
E(t) = E(0) (5.16)

for all times during the lifespan of the solution.

Proof. We will verify the identity (5.16) by direct computation. We start from

dK(t)—/ (Ou+u-Vu)-ude=— [ Vp-udz,
dt Dy D,

and then apply the divergence theorem and the boundary conditions to obtain

— | Vpudx= —/ p(u~/\/)dSt—/
I, r

D¢

p(u-n) dxﬁ—/
SN——" Dy

p(V-u)de = —/ p(u-N) dS;.
——

b Tt

Now, invoking the boundary conditions p = oH, and v - N =V on I';, we have

_/F plu-N) dst:_/ oHV dS,. (5.17)

Iy

On the other hand, since % fl‘z s, = th H(u - N)dSy (whose proof can be found in [55,

Chapter 4]), we have

d
—L(t) = .
ZL(t) [ wv s,

Combining this with (5.17), we arrive at

d d
@E(t) = %(K(t) +oL(t)) =0,

finishing the proof. O
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5.3 Uniform estimates for the free boundary problem
In this section, we obtain some uniform-in-time estimates of the free boundary and the

velocity field, which are at the heart of the proof of the main theorem of the paper.

5.3.1 Uniform-in-time control of the free boundary and kinetic energy

The following result shows that if the initial free boundary is flat and the initial kinetic
energy is sufficiently small, the free boundary I'; stays constrained in a small neighborhood
around the initial profile I'g for all times, and the kinetic energy at time t always stays
below the initial kinetic energy.

Proposition 5.3.1. Let 0 > 0. Consider the solution to the system (5.1)—(5.4) with
initial fluid domain Dy given by (5.5), where the initial velocity ug is smooth and has a

a

small kinetic energy K(0) < 3. Then we have

20
Iy cTx (g, g) forallt €[0,T) (5.18)
and
K(t) < K(0) forallte|0,T), (5.19)

where T > 0 is the lifespan of the solution.

Proof. In light of (5.16) in Proposition 5.2.4, we obtain
K(t)+oL(t) = K(0) + o L(0) (5.20)

for all times during the lifespan of the solution. Since K (t) > 0, we have

K(O);K(t) < L(0) + K(EO) < 2.05, (5.21)

L(t) = L(0) +

where the last inequality follows from the assumptions (5.5) (so L(0) = 2) and K(0) < 5.
Also, we deduce from the incompressibility that D; has the same area as Dy, so during
the lifespan of the solution, I'y must intersect with I'g = T x {2} at least once. In addition,

I'y is a closed curve in T x R4, and its projection onto the x; axis is the whole set T.

For any closed curve satisfying the properties above, if it intersects either T x {%} or

T x {g}, an elementary computation shows that it must have length at least 24/1 + (%)2 =
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V5 & 2.236. Since the length of Ty stays below 2.05 for all times due to (5.21), we conclude
that I'; must be contained in T x (%, %) for all times, which proves (5.18).

To show (5.19), note that (5.20) gives K (t) = K(0) + o(L(0) — L(t)), where L(0) = 2.
During the lifespan of the solution, the projection of I'; onto the x; axis is the whole set
T = [-1,1), thus T'; has length at least 2. This yields L(t) > 2 = L(0), thus K(¢) <

K(0). O

5.3.2 Error estimates of an approximate Biot-Savart law

As we have described in the introduction, a major issue in obtaining pointwise velocity
estimates in the free boundary setting is the lack of Biot-Savart law, namely, to determine
u(t,-), it is not sufficient to know w(t,-) and D;. To overcome this challenge, we introduce
an “approximate Biot-Savart law” which only uses the information of w(t,-) in the set
Q:=T x [0, 1], which leads to an approximate velocity field U(¢,-) in Q. We will then use
the uniform-in-time estimates in Proposition 5.3.1 to obtain a precise estimate on the error
between the actual velocity u and the approximate velocity field U — it turns out the error
is quite regular and small near the origin.

Recall the notations €2 := T x [0, 1], and B, as the open disk centered at the origin with
radius 7. We emphasize that as long as the initial kinetic energy is small, we have Q) C Dy
for all times during the lifespan of the solution due to Proposition 5.3.1.

For any t > 0 during the lifespan of the solution, we define an approzimate velocity field
Ut,"): Q—R? as

U(t,-) = V+td(t,-) inQ, (5.22)

where ®(t, ) solves the following elliptic equation at the fixed time ¢:

{Acb(t, ) =w(t,) inQ (5.23)

O(t,)=0 on 0L,
where w(t,-) = V+ - u(t, ) is the vorticity of the solution u(t,-).
Note that U(t, -) is uniquely determined by w(t, -)|q using the usual Biot-Savart law for

2D Euler equation in the fixed domain €2, hence the name “approximate Biot-Savart law”.
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To estimate the error between U and the actual velocity field u(t, -)|q restricted to Q (note
that u|q is well defined since Q2 C D; for all times by Proposition 3.1), we define the error
e(t,"): Q —R? as

e(t,) == u(t,)|a — Ult, ). (5.24)

The following proposition plays a key role in our proof of small scale creation. It says
that the error e is very regular in By 5N{2, and Ve is pointwise bounded above by C'\/K(0)
for all times. (In fact, the same estimate holds for any higher derivative of e, at the expense

of having a larger C' — but controlling the first derivative of e is sufficient for us.)

Proposition 5.3.2. Let o > 0. Consider the solution to the system (5.1)—(5.4) with initial
fluid domain Dy given by (5.5), where the initial velocity ug is smooth and has small kinetic
energy K(0) < 55. During the lifespan of the solution, let U(t,-) and e(t,-) be defined as
in (5.22) and (5.24) respectively.

Then e(t,-) is smooth in By, N2 up to its boundary, and there exists a universal

constant C such that
IVe(t, )L (B, ,na) < CVE(0). (5.25)

Proof. Let us fix any time ¢t > 0 during the lifespan of a solution. In the following,
all functions are at this frozen time t, so for notational simplicity, we will omit their ¢
dependence.

First note that e is divergence-free since both U and w are divergence-free in ). By

Helmholtz decomposition, there exists a stream function F' : 2 — R such that
e=V=TF.

Moreover, e is also irrotational in Q: applying V*- on both sides of (5.24) (and using the

definition of U in (5.22)—(5.23)), we have
Vte=Vt.u-Vt.Vid=w-w=0 inQ.

This leads to
AF=Vt.e=0 inQ.
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In addition, on T, = T x {0}, we have U-n = V+®-n = 0 (from the boundary condition

¢ =0o0nTI}) and u-n =0 by (5.4). Thus we must also have
ViF-n=e-n=(w-U)-n=0 onTy (5.26)

This implies F' = const on I'y, and by adding a constant to F' we have F(¢,-) = 0 on
I’y without loss of generality. Combining the above, we have shown that there exists

F(t,-) : Q — R such that e(t,-) = V1 F(t,-), where F satisfies

{AF(t, )=0 ingQ, (5.27)

F(t,-)=0 on I'p.

To show the regularity estimate (5.25), we first prove a bound for || F'|| z71(). We observe

the following orthogonality property between V® and VF in Q:

/V@-VFdxz—/(I)AFdx—i—/ ® (n-VF)dS(z) =0,

Q o 7 o027

where we used F' being harmonic in © and the boundary condition of ®. Here, dS(x)
denotes the induced surface measure on 0€2. Taking advantage of the orthogonality and

the a priori bound (5.19) for the kinetic energy K (t), we have

[ IVt + [V (t,0) s = fu(t, e < 2K(0) < 2K 0),
Q

from which one obtains ||V F (¢, -)H%Q(Q) < 2K(0). Now, since F' = 0 on I'y, we infer from

Poincaré inequality that

IE ()20 < CK(0) (5.28)

for some universal constant C. To show the C? bound for F, recall that F' is harmonic in
=T x [0,1] and satisfies the boundary condition F' = 0 on I',. Let us oddly extend F' to

Q:=Tx [-1,1]:

. F >0 ~
F(z):= (21, 22), =0 for e = (x1,22) € Q.
—F(:L‘l,—xg)7 z92 <0
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By the Schwarz Reflection Principle for real harmonic functions, F' : Q — R is harmonic

in Q, thus it is also harmonic in the unit disk B; C Q, and obeys the bound
1E B0y < 11200 = 21 B gy < 20K(0)

by (5.28). Applying the standard Calderén-Zygmund estimate (see [61, Chapter 2]) and

Sobolev embedding, we conclude that

1E 2B, ,0) S NE N m4(8y,0) S IE 1 8,) < CVE(0),
which finishes the proof of (5.25) after recalling Ve = V(VLF) in By N Q. O

Note that Proposition 5.3.2 only uses the smallness of initial kinetic energy, and we have
not used the symmetry of initial velocity yet. Under additional symmetry assumptions in

Lemma 5.2.1, we arrive at the following:

Proposition 5.3.3. Let the initial data of the system (5.1)—(5.4) satisfy the assumptions
of both Proposition 5.3.2 and Lemma 5.2.1. Then ei(t,-) is odd in x1 and ex(t,-) is even
in x1 for all times during the lifespan of the solution. Moreover, there exists a universal

constant C' such that for any x € By N ), we have
es(t.)] < CVEOayl. j=1,2 (5.20)

Proof. Using Lemma 5.2.1, we know wu;(¢,z) is odd in z; and ua(t,z) is even in z; for
all times in Dy, thus w(t,x) is odd in z; in D;. Since 2 C D; by Proposition 5.3.1, this
immediately implies that ®(¢,z) in (5.23) is also odd in z; in Q, due to uniqueness of
solution of (5.23). Using U(t,x) = V+®(t,z), Uy(t,z) is odd in 21 and Us(t,z) is even
in x; for all times. Recalling e = u — U, we know e1(t,x) and es(t, z) must satisfy the
asserted symmetries in €.

To show the estimate (5.29), let us fix any x € By, N Q. First using the fact that

e1(t,0,x2) = 0 for x5 € [0, 1] due to symmetry, we have

lex(t, z)| = |er(t, w1, 2) — e1(t,0,22)| < [|O1e1|[ 108, pne 21| < CVE(0)]z1],
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where we used (5.25) in the last inequality. On the other hand, since ex(t,x1,0) = 0 for

x1 € T by (5.26), a similar argument to the above yields (5.29) with j = 2. O

5.3.3 Estimating u using integral of w

With the error estimate above, we are finally ready to state and prove a pointwise velocity
estimate that parallels the lemmas in [91, Lemma 3.1] and [132, Lemma 2.1]. In the

following, let Q4 := T, x [0, 1].

Proposition 5.3.4. Let the initial data of the system (5.1)—(5.4) satisfy the assumptions
of both Proposition 5.3.2 and Lemma 5.2.1. Then for any x € By, Ny, the following

holds for all time during the lifespan of the solution [0,T):

™

Q(2z)

where Q(z) := [x1,1] X [x2,1], and By and By satisfies

Ba(t. )] < Co (lenllzeioy (1108 (142 ) ) + VETD))
Ba(t. )] < Co (el oo (14108 (142 ) ) + VETO))

for some universal constant Cjy.
Proof. Recall that (5.24) gives
u(t,z) = U(t,z) +e(t,x) foraz e BypnQy,tel0,T).
In Proposition 5.3.3, we have already obtained an estimate for the error term e(¢, ), namely
lej(t,z)| < C/EK(0)z;, forj=1,2.
(Note that 1,22 > 0 since x € By /5 N Q). Therefore to show (5.30)—(5.31), it suffices to

prove that

Uyt ) = (<17

</Q(2 ) %w(t’ vy + Bj(t””) zj, J=1L2, (5.32)
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where By, By satisfy (5.31) without the terms /K (0) on the right hand side.

To show this, let @ be the odd-in-z extension of w from Q = T x [0, 1] to T?, i.e.

w(t, z1, 29 — 2n3), x2 € (2n2,1 + 2ny)

for all ny € Z.
—w(t,x1, —(x2 — 2n2)), x2 € (=1 + 2n2,2n9)

(I)(t, I, 1'2) = {
Since @ is odd in x; (by Lemma 5.2.1) and odd in zo (by definition of @), there exists a
unique odd-odd solution ¥(¢,-) to the equation

AVU(t,) =a(t,-) in T? (5.33)

and ¥ € CY(T?) for any a € (0,1). Note that ¥ = 0 on both T x {z = 0} and
T x {x9 = 1} since w is odd about both lines. This implies ¥ = 0 = ® on 092. Combining
this with AV = w = A® in Q leads to ¥ = & in Q, therefore U = V1® = V1.

Note that for any = € €2, we can express U(t, z) using the Newtonian potential as
1 -
U(t,z) = — Z In|z —y—2n|o(t,y)dy

(note that the sum converges since & has mean zero in [—1, 1]?), which leads to the following

representation of U:

Ut z) = V0t a) =

2t y)dy.
5 w(t,y)dy

/ (z2 — y2 — 2n9, —x1 + Y1 + 2n1)
cz2/ [-L1)? |z —y — 2n[?

This is exactly the Biot-Savart law for 2D Euler equation in T2, therefore we can directly

use the estimate in [132, Lemma 2.1] to obtain (5.32), where B and By satisfy

) Ve (t, ) poorio.2s
Bu(t,)] < Cllwol oy (1+min{1og(1+”>,x2” Gl (0 D). G
I ||w0HL°o(Q)

~ V t,‘ oo xT
|Ba(t,2)| < Cllwoll oo (o <1+min {log (1 + xl) ,x1” Wit )l=(o2 112’}) (5.35)
T lwoll oo ()

for some universal constant C'. This finishes the proof: note that we can simply drop the
second argument in the minimum to arrive at | B;(t, z)| < C|lwo||ze (1 +log((1+ %)) for
j=1,2. O
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5.4 Proof of the main theorem

Once Proposition 5.3.4 is established, the rest of the proof is largely parallel to the proof
of [91, Theorem 1.1]. However, the situation is slightly more delicate here due to the
presence of : recall that our initial velocity ug = evg depends on & since we want to
show double-exponential growth can happen for arbitrarily small ¢ < 1. In our proof, we
need to construct vg that is independent of e, and we need to carefully justify that the
double-exponential growth phenomenon happens for any small €, and quantify the growth

rate (which depends on ¢).

Proof of Theorem 5.1.1. Recall that the initial velocity is set as ug = vy with e sufficiently
small, where vy € C°(Dy) is a fixed velocity field independent of €. We define vy as

v := V1, where ¢ solves

A¢=f in Dy,
¢=0 on 9Dy.

Here f € C®(Dy) is odd in 1, and satisfies 0 < f < 1 in Df and f(z1,22) = 1 for
r1 € [k'9,1 — 6], where k and § are small universal constants satisfying 0 < k < § < %,
and they will be fixed momentarily. Since || f||zo(p,) = 1 regardless of x and J, a standard
elliptic estimate gives |lvo|[z2(p,) < |8]lg1(py) < C for some universal constant C', which

implies

2

K(0) = Slluolapy = 5 lools,) < Cie? (5360
for some universal C;. Therefore, setting g9 := (20C;)~'/2, we have K(0) < 5 for all
e € (0,e9). Thus for all € € (0,&p), the initial velocity ug constructed as above satisfies the
small kinetic energy assumption in Proposition 5.3.1 and 5.3.2 (recall that we set o = 1
in the assumption of Theorem 5.1.1). As a result, Proposition 5.3.1 implies Q C D; for all
t €10, T). Due to the odd-in-z; symmetry of f, ug also satisfies the symmetry assumption

in Lemma 5.2.1.
Since the initial vorticity is wg = ef in Dy, the set {z € Dy : wo(z) # €} has area less
than 2§. Using the incompressibility of the flow and the conservation of w along the flow
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map, for any time t € [0,T), the set {x € D; : w(t,z) # ¢} has area less than 26. This
fact allows us to obtain a lower bound of the integral in (5.30) using a similar argument as

[91, Eq.(3.15)]: for any ¢t € [0,T) and x € Bs N Q.

w/3 1
/ D92 (y)dy > / / w(r:9) jgqr > < / / ~dfdr = T2 (log ™! — 2log4),
Q(2x) Ty[* =1 /6T n/6 T

(5.37)
where the first inequality uses the definition of Q(2z) and the fact that w > 0 in Q(2z),
and the second inequality uses |[{x € D) : w(t,z) # e}| < 26: in the polar integral
of w/r if we remove a set with area 20 closest to the origin from the integral domain
{r €(26,1),0 € (§,3)} to reflect the worst-case scenario that minimizes the integral, the
remaining set would have inner radius less than 4v/5. Also, applying (5.36) together with

the fact that ||w(t,)||Le = ||wol|zc = €, we can control the terms B; and B in (5.31) as

’Bl(t, :E)| < 008(2 + 01) =:(C% in BsnN Q+ N {0 < x99 < $1} (538)
|Ba(t, )| < Coe(2+ 4/C1) =: Coe on BsNQy N{zy = x1}. (5.39)

From now on, we fix § € (0,1) as a small universal constant such that

4
~ (45 (log 07! —210g4) = C) > 1. (5.40)

With such definition, combining the estimates (5.30) and (5.37)—(5.39), we have
—ui(t,z) >er1 in BsNQyN{0<z <z} (5.41)

ug(t,x) > exg on BsNQy N{ze =1} (5.42)
In particular, (5.41) implies the flow map starting from (6, 0) (denote it by n(t, d, 0)) satisfies
m(t,6,0) < de (5.43)

where we used the fact that (¢, d,0) stays on the bottom boundary I', for all times. Since
w(t,n(t,6,0)) = wp(d,0) = &, we know [|[Vw(t)||r at least increases exponentially for all

times during the lifespan of a solution:

|w(ta77(t7570))| > € :E(Sil z—:t.

va(ta )”L (D) = |771(t’ 5’ 0)| = Se—ct
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To upgrade the exponential growth to double-exponential growth, we follow the same

argument as [91], except that we have to keep track of the dependence on ¢ in the growth

rate. For any ¢ > 0 and z; € (0,1), we define the following two velocities (which is

well-defined since Q C D, for all t € [0,T)):
ui(t,zy) == min ui(t,z1, ), wi(t,zy) = max ui(t, 1, x2), (5.44)
(z1,22)EQ4,x2<T1 (21,22)€Q4 ,x2<T1

where u; and u; are locally Lipschitz in x1 during the lifespan of the solution. We then

define the functions a(t), b(t) via the ODEs
d(t) =ui(t,at), a(0)=r'", (5.45)
V(t) =ui(t,b(t)), b0)==r (5.46)

We also define the following trapezoidal region: for 0 < z} < zf < 1, let

O(xll’xlll) = {('Z13$2) S ot xll < < $/1,, 0< 2y < xl}.

And we set

The choice of our initial data gives wyg = € in Oy. We can argue in the same way as
[91, page 1215] that w(t,-) = € in O due to the definition of (5.44)—(5.46), we only need

to show w - (—1,1) > 0 along the diagonal of O;. This is true since u; < 0 and uz > 0 on

the diagonal Bs N Q1 N {x1 = 22}, which follows from (5.41)-(5.42).

Using (5.41), we have
b(t) < ke . (5.47)

To obtain a faster decay for a(t), note that loga(t) satisfies the differential inequality

ult.alt) 4 (/ I ot y)dy — C'zé?)
Q(2a(t),2a(t)) 1Yl

d
pn loga(t) = @) S x
<2 / Y2t y)dy — (Co + Ch)e | -
7™\ Jo@aw,0) Yl
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where the first inequality follows from (5.30) and (5.38), and the second inequality follows

from w < € and the fact that for any a < %, the integral in the rectangle f[2a 1]x[0,2] |y|4 2dy

is bounded by a universal constant C'3. On the other hand, using (5.30) and (5.38), log b(t)

satisfies the differential inequality in the opposite direction:

d _a(t, b(t)) 4 Y1y2
%logb(t) T z = </Q( |y|4 w(t, y)dy+025>

Subtracting them yields the following (where we use that O(2a(t),b(t)) C Q(2a(t),0))\

Q(2b(t),0))):

L iog M) 5 4 B
lg a(t) —m </(9(2a(t)b(t) ly|* (ty)dy (2C2+C3)5>' (5.48)

Using w(t,) = ¢ in O(2a(t),b(t)) C O, we can bound the integral in (5.48) from below as

w/4 t)/ cos@ 20 b(t
/ y1y42 tydy>a/ / sin dd0—€<log()—log2),
O(2a(t),b(t)) |y| 2a(t)/ cos 6 2r 4 a(t)

and plugging it into (5.48) gives

log @ (1 log oY) _ C4> ;

a(t) — a(t)
where Cy := (10g2 +2C5 4 C3) is a universal constant. Solving this differential inequality
gives
b(t) et b(0)
log —% > — | {log—= —7Cy ). 5.49
ow gy 2= (5) (1o oy - 049

b0) _

Since log 2 = 9log k1

, we can choose k € (0,6) to be a sufficiently small universal

constant such that log % — mCy > 2. Note that such choice of k guarantees that 2a(t) <

b(t) for any ¢t € [0,T"). Hence, (5.49) implies the following (where we use b(t) < 1 for all ¢

ot xp (20 ()0 > xp (0 ()
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Finally, using w = ¢ in Oy, we have w(t,a(t),0) = €, thus combining it with w(¢,0,0) =0

gives
€ et
IVw(t, ) peepy,) = al) > cexp (26Xp <7r )>
for all times during the lifespan of the solution. 0

5.5 Discussions
At the end, we discuss some generalizations of Theorem 5.1.1, and state some open ques-
tions.

1. Adding gravity to the system. When a gravity force —ges is added to the
first equation of (5.1), where g > 0 and es = (0,1)7, the system becomes the 2D gravity-
capillary water wave system. Our proof can be easily adapted to this case for g > 0 and
o > 0. This is because the gravity-capillary water wave system enjoys a similar conserved
energy E(t) = K(t) + gP(t) + oL(t), where P(t) = th xodz is the potential energy. It
is simple to check that P(t) > P(0) for all ¢, since among all sets with the same area
as Dy, the set Dy itself given by (5.5) has the lowest potential energy. As a result, the
uniform-in-time estimates in Proposition 5.3.1 still hold. One can also check that adding
gravity still preserves the symmetry in Lemma 5.2.1. The rest of the proof can be carried

out without any changes, and we leave the details to interested readers.

2. Removing surface tension. It seems challenging to obtain growth results without
surface tension. When o = 0, the uniform-in-time estimate (5.18) on the free boundary
fails, thus the free boundary could potentially get very close to the origin. This difficulty
persists even with an additional gravity term — for gravity water wave without surface
tension, if the initial kinetic energy is small, using the conserved energy K (t) + gP(t) =
K(0) 4 gP(0) one can prove that the free boundary stays close to I'g in the L? distance for

all times, however, their L* difference can still be large.

3. Different domains. A natural question is whether the growth result holds for

different domains. When the bottom boundary is a graph {z2 = g(x1) : 1 € T} where ¢
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is smooth and even-in-z1, we expect the proof would still hold after some modifications,
where the estimate of Biot-Savart law in domains with a symmetry axis by Xu [129] could
be useful. However, adapting the proof to the infinite-depth case (where there is no bottom
boundary) requires substantial new ideas. We also point out that our proof crucially relies
on the periodic-in-x; setting, and it is an interesting open question to prove similar results

for the 1 € R case for finite-energy smooth initial data.
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6. Conclusion

In this dissertation, we investigated quantitative behaviors concerning two ubiquitous phe-
nomena in nature: chemotaxis and the motion of incompressible fluids.

In Chapter 2, 3, and 4, we concerned ourselves with the interaction between chemo-
taxis and incompressible fluids. In particular, we quantitatively studied the regularization
effects by buoyancy-driven fluids in the context of the Keller-Segel equation. We are able
to show that potential singularities of the Keller-Segel equation , when coupling to various
fluid equations forced by buoyancy, can be suppressed, in a sense that the solutions be-
come globally well-posed after the addition of such fluids. An interesting open question is
whether one can find different mechanisms from buoyancy which are able to suppress such
singularities in a nonlinear way i.e. without the assistance by any dominant background
steady state of the fluid equation.

In Chapter 5, we turned to the study of free-boundary problems of incompressible
fluids. We studied scenarios which generate infinite-in-time growth of certain quantities
in the context of the motion of an ideal fluid with free boundaries i.e. free-boundary
Fuler equations. Our main result is a construction of a scenario where the gradient of
the bulk vorticity, being arbitrarily small at the initial time, grows infinitely in time with
a double-exponential rate. The construction of this scenario is inspired by the ground-
breaking work [91] by Kiselev and Sverak, who studied a similar problem in the case with
fixed boundary. However, our result only observes growth for bulk quantities e.g. vorticity
gradient. A natural question to ask is whether one can construct an initial data with trivial
initial boundary and nontrivial vorticity, so that the data give rise to significant growth
of boundary quantities. We expect that a similar initial data to ours possibly work, while

one requires significantly new ideas to rigorously prove such results.
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Appendix A.

A.1 Stokes Operator with Lions Boundary Condition
In this section, we first rigorously prove Proposition 3.2.1 and Proposition 3.2.2, which
concern Stokes operator corresponding to Lions boundary condition. For the convenience

of the readers, we reiterate the statements of the propositions as follows:

Proposition A.1.1. Let u € V. Then the following estimate holds:
lullr2 < Cp[[Vullr2, (A1)
where Cp is a positive constant that only depends on the domain Q.

Proof. Since ||lul|2; = |Ju1]|25+4]luz|/2, we will estimate each velocity component separately.
Since u € V, then in particular u; has zero spatial mean and uy € H}(2). Thus, (A.1)

follows from applying Poincaré inequality to u; and wug separately. O

Proposition A.1.2. Assuming f € H, then (3.13) admits a unique solution u € W with

estimate

[ulla < Cl[f]lL2- (A.2)

In fact, u is given by the following explicit formula:
u=V(=Ap)*(daf1 = O f). (A.3)
More generally, if f € HN H, s > 1, we have the following improved reqularity estimate:
[ulls+2 < ClIf]s. (A.4)

Proof. To show well-posedness of problem (3.13), it is convenient to show on the level of
stream function. Since we would find u such that fQ urdr = 0 and uz|pg = 0, there exists
a unique stream function ¢ such that v = V+¢ by Hodge decomposition. Moreover, 1)
satisfies the following:

AY =w, Plopg =0.
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Taking V+- on (3.13) and denoting w = V+ - u, we must have
—Aw=01fo—02f1, wloa =0.

Therefore, the discussion above motivates us to study the following auxiliary coupled sys-

tem:

{M =w, Wl =0, (A.5)

—Aw =01 fa — Oaf1, wlaa =0.

First, note that since f € L?, we have 0 fo — Oaf1 € Hy L'in the sense of distribution.
Then by standard elliptic theory, there exists a unique w € H& such that the w equation
holds, with estimate ||w|1 < C(Q)||f||z2 - Applying standard elliptic theory again to
equation, we have a unique solution ¢ € H3N H{, with estimate ||[¢]|3 < C(Q)||w||1. Define
u = V+ip. Then u strongly solves (3.13) with boundary conditions us|gn = dauilsq = 0

satisfied in the trace sense. Moreover, we have the estimate

[ull2 < ll¥lls < CE S 22

Moreover from the discussion above, we obtain formula (A.3). Finally, to show the higher
regularity estimates (A.4), we note that given f € HSNH, s > 1, Vf € H*~!. Using the

explicit formula (A.3) and standard elliptic estimate, we conclude (A.4). O
Finally, we present the following calculus lemma:
Lemma A.1.3. ||V2ul|;2 = [|Aul/z2 for u € W N C>®().
Proof. Integrating by parts twice, we obtain that
|Aull3, = /Qaiaiujﬁkakujdaz
= / 0;0ru;0;Orujdr + / AujOoujdr; — / Ok O2u ;O ujday
Q oN onN

=: HVQUH%Q =+ BT1 + BTQ.
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We moreover notice that

BT, = AuiOurdry + AugOsusdr] = 0,
o0

Now we observe that for any x € 02, since u is smooth and belongs to the class W, we
have

Aug = 0%’&2 + 8%1@ = 6%“2 = —010u1 =0,

where we used ug|go = 0 in the second equality, dive = 0 in the third equality, and
Oouilsn = 0 in the last equality. Using this fact and du; = 0 for = € 912, we expand the

sum and obtain:

BT2 :/ 6182u181u1d:n1 —I—/ 0182u281qux1
o0 o

+ OoO0gu1Oqurdry + Oo0gusO0qusdxy

[2)9] o0
= 8282U282U2d$1,
[2)9]
where we used the boundary conditions of u in the last equality. Since 8§u2 = —010ou; =0
for 2 € 09, we finally conclude that BTy = 0, and thus ||V?ul|;2 = ||Aul| 2. O

A.2 Standard Stokes Operator

In this section, we will remark on some standard regularity estimates for Stokes operator
A that plays an essential role in our energy estimates. What follows will be a proof of
Proposition 4.3.5 that appeared in the proof of the key result Theorem 4.3.4.

The regularity result for Stokes operator stated below is standard; proofs can be found

for example in [36]:

Theorem A.2.1. Let ) be a bounded C? domain. Then there exists a constant C depending

only on domain Q0 such that for allu € D(A) = H*(Q) NV,
[ull2 < CJlAu] 2.
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Moreover, there exist constants c1,C1 only depending on domain 0 such that

a|Vall 2 < [ AY?ul| 2 < OVl 2

A.3 A Variation of Moser-Alikikos Iteration

We will now give a proof for Proposition 4.3.5; its statement is reiterated below.

Proposition A.3.1. Let Q C R?, d = 2,3, be a smooth, bounded domain. Assume (p,u)
to be the strong solution of problem (4.1) on [0, T] with initial condition py € H N L and

po > 0. If there exists M > max(1, cql|pollL=) such that supg<i<r ||p(t)||L2 < M, we then

have
4
sup [lp(t)]lz= < CM7.
0<t<T
Here
1, Q] <1,
C =
AR [ RERN ST

and C' is a constant only depending on domain Q.

Proof. In the proof, we consider ¢ > 0 and suppress ¢t dependence for the rest of the proof.

Let p > 1 be an integer. We start with the following computation using (4.1):

d B . .
Sl = 2p/ﬂp2p H=(u-V)p = div(pV(=A) "' p) + Ap) dz = 2p(I + J + K).

Using incompressibility of u, we can compute that
_ 1
I= —/ PPN u-V)pde = —2/ u;0jp** = 0.
Q P Ja

Integrating by parts, we have

- - 2p—1 _ 2 — 1
T=p=1) [ 70,00,(~A) pdo = T [ 0,50y (~0) pdo = P [
Q p Q D Q

2

Using chain rule, we also have

_ 2p—1
K==Cp=1) [ #720p0,000 = —L22 [ |V
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Collecting all computations above, we observe that

||P||L2p = (2p = DllpllFs - <4 - > Vo122 (A.6)

Now we shall estimate ||p||;2n inductively on n. The base case n = 1 is dealt with by our
assumption: we simply have

lp(®)172 < M =: By

for all t € [0, 7). Then, we assume for ¢ € [0, 7] there is:
lp@)llz2n < B, Bn 21

Define f = p?", and apply p = 2" to (A.6), we obtain that

d . .
G | e < <21V 2 (A7)

L2+2 n

Applying a Gagliardo-Nirenberg-Sobolev inequality, we can estimate using Young’s in-

equality that

242 M _go—n—1

A2, SIVAIET A2 <d2 "2V Al + Cl Al ", (A8)

[2+2~ n o~
Iz S IIVfHZfIIfHd“- (A.9)

The constants in the above inequalities do not depend on n. Plugging (A.8), (A.9) to (A.7):
2427 —d2" 71

dt/dex< V|2, + & ||Vf||L2+O22”+1||f||L21 e

242 " _qg—n—1

+
< =Cillfll s ||f||L1 +C2 Y| f T (A.10)

where Cy, (o are constants only depending on d. Note that given d = 2,3, we have

242" "—g2—n-1 < 2d+4
1—d2—n—2 d

for n > 1. Moreover, observe that

Ifllp < By < .
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Then for each n > 1, the right hand side of (A.10) becomes negative when ||f|;2 is
sufficiently large. Indeed, this will be achieved by defining B, 11 by the following recursive

relation:
n+2 d

log Bu+1 = 55

d
log B,, + o [log C5 + (n + 1) log 2], (A.11)

where (5 is a constant independent of n. Moreover, observe that since B,, > 1 and

2"+2_g

sarz—ag > 1 for any n > 1, {B;}; is an increasing sequence. As By = M > cql|po| L=, we

then know that B;,11 > callpo|lL= > ||poll 2n+1. This lower bound of By, 1 combining with

(A.11) implies that ||p[|;2n+1 will never reach the value B, 1. Now, observe that we have

n n

" . ,

20+2 _ ¢ 2112 _ ¢ o2 _ g 4 —gom 4
o=lom =2 g =20 =1 -
7j=1

L1 9j+2 94 L1 9+l ¢ 4—d 4—d 4—d
7j=1 7j=1

as n — 0o, where in the second equality we used the telescoping nature of the product.
Using the recursive relation (A.11) and B; < M, one might straightforwardly compute

that

By < M4 [052_71’—%2?:&(“2_].“ “k)d2_j] [Qd(n+1)2_n+27;(>l(nzzj+l ax)d(j+1)277

Note that 0 < H?:1 a; < H;‘;l a; < ﬁ < 4 for d = 2,3, we may deduce from the
inequality above that

Buy1 < M7 [Cé‘dzy‘(’”] (242550027 | < opga,

where C' is a constant depending only on domain © and dimension d, since series » j 277

and Zj ( +1)277 converge. Finally, as € is bounded, we have
4
IpllLee = Tim ||p[|pon < CM =,
n—oo

and the proof of the lemma is complete. O
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