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Abstract
In economic analysis, agents are typically assumed to have stable preferences, full aware-

ness of the true strategic environment in which they operate, and a mathematically compact

choice set from which to select their actions. Under these assumptions, agents make deci-

sions to maximize their preferences within the available action space, fully accounting for

the strategic environment they face.

While these assumptions are normatively appealing, they may lose their realistic rele-

vance in various scenarios. In contrast, the focus of my dissertation is to deviate from these

traditional assumptions and provide analytical frameworks in which they are relaxed. By

loosening these assumptions, I derive corresponding results that offer a more flexible and

realistic understanding of economic behavior.

In Chapter 1, we defined a preference representation over consumption streams across

different periods. The utility representation incorporates inter-temporal substitution and

complementarity effects, allowing for tractable analysis. We present a set of sufficient ax-

ioms that preferences satisfy to achieve a non-separable additive representation. By allowing

non-separability, the current instantaneous utility can depend on history, which can explain

various consumption patterns in reality. In contrast to most history-dependent preference

models, which consider only a single commodity or basket of goods, this chapter extends

the framework to accommodate N different commodities, providing a richer explanation of

the agent’s periodic consumption patterns.

Chapter 2 focuses on speculative trading behavior in a discrete infinite setting. The

model developed deviates from the rational expectation framework (REE) by assuming

market participants are not aware of the true strategic environment instead they make

market forecasts by Bayesian updating factor models according to realized historical prices.

Throughout the chapter, we define the equilibrium concept under our setting and show its

connection with Berk-Nash equilibrium. The existence and convergence results to equilib-

rium are proved and explained. We also utilize our theoretical framework to explain bubble

formation and price momentum & reversal in the financial market.
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Chapter 3 studies the Legislature Bargaining Process under a closed rule. The question

we consider is similar to Baron and Ferejohn (1989). However, in their paper, the proposal

space that decision-makers can propose and vote on is compact, which means they are

uncountable infinite. In contrast, under our setting, the number of proposals is finite, which

aligns more closely with realistic legislative processes. In this chapter, the existence of Nash

Equilibrium in our setup is first proved. Then we leverage an example to demonstrate

that the equilibrium under our setting is qualitatively different from the one in Baron

and Ferejohn (1989). Moreover, theorems that characterize the Nash Equilibrium under

majority rule and unanimity rule within our setup are provided and proved.
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1. Introduction
In economics, it is a longstanding tradition to assume that agents have stable preferences

and conduct economic activities according to utility maximization. However, in reality, it is

widely observed that agents often exhibit random choice behavior: when people repeatedly

make choices from the same set, their selections tend to differ. For example, Keane, 1997

observed and modeled consumption persistence behavior, showing that in a multi-brand

market (e.g., laundry detergent), an agent is more likely to choose a specific brand if they

chose it the day before, compared to the case where they had chosen a different brand. A

more relatable example from everyday life is that after eating a heavy burger for lunch, we

are more likely to prefer a salad the next day, avoiding a second visit to a burger joint.

Additionally, agents’ random choice behavior has been empirically demonstrated in labora-

tory settings, first by Tversky (1969), and similar experiments have been replicated since.

This seemingly "inconsistent" choice behavior contradicts the assumption of stable pref-

erences. Nonetheless, the assumption that individuals have well-defined preferences remains

a cornerstone and starting point for most economic analyses. Therefore, reconciling this

observed behavior with the stable preference assumption is necessary.
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1.1 Related Literature

One approach to narrowing the gap is to acknowledge that agents have random utility.

In a static setting, an agent makes decisions by maximizing a realized random utility func-

tion, and since the realized underlying state differs over time, the agent’s choices may vary.

The characteristics of static random utility representations have been studied by Gul and

Pesendorfer (2006) and Ahn and Sarver (2013). These axiomatic studies help clarify which

choice behaviors are inconsistent with random utility representations. Frick et al. (2019)

extended the static random utility framework to a dynamic decision tree structure, as de-

fined by Kreps and Porteus (1978). In their framework, the utility function Ut, indexed by

time t, is modeled as a stochastic process. Due to the potential serial correlation of Ut, this

approach naturally leads to history-dependent choice behavior.

A common feature of the aforementioned literature is that instantaneous utility func-

tions change or evolve in an exogenous manner, meaning the random state is resolved

independently of past consumption. In other words, past choices do not influence today’s

preferences or choice behavior. While this assumption is reasonable in certain contexts, it

seems implausible in others (e.g., the burger house example mentioned earlier).

Another approach to reconciling well-defined preferences with "inconsistent" choice be-

havior is to assume that agents have stable preferences over consumption streams, where

a consumption stream specifies what to consume at each point in time. By imposing

preferences over consumption streams, intertemporal relationships are introduced between

consumption at different periods. Stigler and Becker (1977) was one of the first to apply

this framework to explain addiction, customer loyalty, and other history-dependent choice

patterns, assuming that agents maximize utility defined over consumption streams. Murphy

and Becker (1988) provided a comprehensive study on the dynamics of rational addiction,

offering insights into how addictions may end. Rozen (2010) provided an axiomatic foun-

2



dation for linear habit formation. Beyond the literature on addiction and habit formation,

Gilboa et al. (2016) applied the same framework to study consumption patterns for mem-

orable consumption goods, explaining why certain non-durable goods are consumed in a

manner inconsistent with consumption smoothing.

1.1.1 Inter-temporal Complement and Substitute Effects

Let us now reconsider the example of selecting lunch options. The reason we may be

unwilling to eat a burger two days in a row and prefer a salad instead is that eating a burger

yesterday reduces our craving for greasy food and increases our preference for a lighter op-

tion like salad. In economic terms, yesterday’s hamburger acts as a substitute for today’s

hamburger and as a complement to today’s salad. In reality, the number of restaurants or

types of cuisine an agent is aware of or can afford is typically more than two, and any two

options can exhibit inter-temporal substitutability or complementarity. Consequently, we

require a utility representation that includes N commodities, allowing for any two of them

to be inter-temporal substitutes or complements.

The literature discussed earlier focuses on how past consumption of a specific good influ-

ences future consumption of that same good, without considering the inter-temporal effects

across different goods. To analyze the dynamic consumption patterns that agents exhibit in

scenarios like "lunch choices," we need a utility representation that captures inter-temporal

complementarity and substitutability across multiple goods.

Section 2 will present the main utility representation of the paper after introducing

the framework. Section 3 consists of axioms needed to derive the main representation and

Section 4 focuses on the behavior implications of some parametric specifications on the

model. Section 5 will conclude the paper. The mathematical proofs in this chapter are

provided in Appendix A.
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1.2 Framework and Representation
1.2.1 Setup and Notation

The decision maker (DM) faces an infinite-horizon problem in which she chooses a

consumption bundle from N (N ě 3) types of commodities in each period, indexed by

t P N ” t0, 1, 2, . . . u. Formally, the DM faces a choice set X consisting of consump-

tion streams. For each consumption stream x P X, we have x = (x0, x1, . . . , xT, . . . ) and

xt = (x1
t , . . . , xN

t ) P RN
+, where xk

t represents the quantity of commodity k that the DM

consumes at time t. Before making a decision about which consumption stream to choose,

the DM has a consumption history h ” (. . . , h´t, . . . , h´1) that captures what she consumed

yesterday (h´1), the day before yesterday (h´2), and so on. We use H to represent all pos-

sible consumption histories the DM could have. The DM’s preferences over consumption

stream X depend on her history h, i.e., the primitive of analysis is tÁhuhPH.

For convenience in the subsequent analysis, we define x̃t as a single-period consumption

bundle such that there exists x P R+, and for all 1 ď i, j ď N, xi
t = xj

t = x. We call x̃t a

uniform consumption bundle with amount x.

In each period, the choice set RN
+ is endowed with the Euclidean topology. For the set

of consumption streams X, we equip it with the corresponding product topology. By en-

dowing X with the product topology, we ensure that it is a separable space, so a continuous

representation can be derived once we assume continuity for each Áh.

1.2.2 Main Representation

The starting point for modeling inter-temporal substitution and complementarity effects

is the inter-temporal separable and additive preference, whose foundations were established

by Koopmans (1960) and Koopmans (1972). The classic form is as follows:

U(x0, x1, . . . , xT, . . . ) =
8
ÿ

t=0

βtu(ct)

4



However, to allow today’s utility from consuming goods to depend on past consumption,

the utility function cannot remain separable. To capture this history dependence in a

parsimonious manner, we propose a representation where the utility in period t is influenced

by consumption in period t ´ 1. At the same time, to keep the analysis tractable, we retain

an additive form. The main representation of the paper is:

U((h, x0, x1, . . . , xT, . . . )) =
8
ÿ

t=0

βt
N

ÿ

k=1

αk(xt´1) f (xk
t ) (1.1)

x´1 = h´1,
N

ÿ

k=1

αk(xt´1) = 1 and f (xk
t ) = (xk

t )
γ (1.2)

The paper primarily focuses on how consumption intertwines inter-temporally, which is

why the instantaneous utility function retains an additive separable form. The functional

form f (¨) for each commodity remains constant over time, specifically taking the form

of a power function. Given this specific functional form and its additive representation,

the instantaneous preference exhibits homotheticity. Furthermore, it will be shown that,

conversely, additivity and homotheticity imply that the functional form must indeed be a

power function. History affects the decision maker’s (DM) current preferences only through

the weights αk(¨), which represent the relative importance of commodity k to the DM in the

current period. The condition
řN

k=1 αk(xt´1) = 1 implies that history does not affect the

overall consumption bundle (in the case of a uniform consumption bundle); it only shifts

the relative weights among different commodities. This approach prevents instantaneous

utility from exploding, even when addictive goods are present.

5



1.3 The Main Axioms

In this section, we introduce the axioms that are both necessary and sufficient for the

main representation. As is customary, ąh denotes the asymmetric part of the binary relation

Áh. The first assumption is standard and ensures that each preference relation Áh can be

represented by a continuous utility function.

Assumption 1.1. For all h P H, Áh is complete, transitive, and continuous for product topology.

The second assumption partially captures the Markovian nature of preferences: the

preference over consumption streams is influenced only by the most recent consumption

history. When combined with the stationary assumption introduced later, this implies that

the instantaneous utility in period t + 1 is affected solely by consumption in period t.

Assumption 1.2 (Markov). Given h = (. . . , h´t, . . . , h´1) and h1 = (. . . , h1
´t, . . . , h1

´1),

if h´1 = h1
´1, then Áh and Áh1 are identical.

In the following analysis, without loss of generality, the history h can be represented as

a positive real vector h P RN
+, rather than an infinite sequence of real vectors. The next two

assumptions ensure that consumption history has no effect on any uniform consumption

bundle at any period, including period ´1.

Assumption 1.3 (No effect on uniform consumption of goods (a)).

@(x0, x1, . . . ), (y0, y1, . . . ), (z̃0, . . . , z̃t, zt+1, . . . ), (z̃1
0, . . . , z̃1

t, z1
t+1, . . . ) P X

(x0, x1, . . . , xt´1, z̃t, zt+1, . . . ) Áh (y0, y1, . . . , yt´1, z̃t, zt+1, . . . )

ðñ

(x0, x1, . . . , xt´1, z̃1
t, z1

t+1, . . . ) Áh (y0, y1, . . . , yt´1, z̃1
t, z1

t+1, . . . )

Assumption 1.4 (No effect on uniform consumption of goods (b)). If (x̃0, x1, x2, . . . ) Áh

(ỹ0, y1, y2, . . . ), then for any h1 P H, we have (x̃0, x1, x2, . . . ) Áh1 (ỹ0, y1, y2, . . . ).

6



The purpose of Assumptions 3 and 4 is to establish that the uniform consumption bun-

dles z̃t, z̃1
t, x̃0, and ỹ0 act as absorbing states, effectively isolating the influence of consump-

tion history. While we still aim to retain a notion of monotonicity, defining monotonicity

in a history-dependent setting is challenging: consuming more of every commodity may

increase the DM’s instantaneous utility but could diminish their appetite for future con-

sumption. However, with absorbing states in place, monotonicity can be properly defined.

Assumption 1.5 (Local Monotonicity). For all t, h. if xt ą x1
t, then we have:

(x0, . . . , xt´1, xt, x̃t+1, xt+2, . . . ) ąh (x0, . . . , xt´1, x1
t, x̃t+1, xt+2, . . . )

For all t, h. if xt ě x1
t, then we have:

(x0, . . . , xt´1, xt, x̃t+1, xt+2, . . . ) Áh (x0, . . . , xt´1, x1
t, x̃t+1, xt+2, . . . )

Assumption 1.6 (Continuity at Infinity / Existence of Minimization). If x and y are con-

sumption programs such that, for all t = 1, 2, . . .

(x1, x2, . . . , xt´1, yt, yt+1, yt+2, . . . ) Àh (x1, x2, . . . , xt´1, xt, yt+1, yt+2, . . . ),

then x Àh y.

Assumption 6 captures continuity at infinity, implying that consumption infinitely far

in the future has an insignificant impact on the ordering of consumption streams. A direct

consequence of Assumptions 5 and 6 is that the zero program 0, representing consuming

nothing in each period, is the minimal element of the preference relation Áh. From As-

sumptions 1 to 6, for each history h, we can associate any consumption stream x P X with

a consumption stream x̃ composed of uniform consumption bundles. The next proposition

elaborates on this.

Proposition 1.1. For any h P H, given x = (x0, . . . , xt, . . . ) P X, which is not the zero program,

there exists a program x̃ = (x̃0, . . . , x̃t, . . . ) P X such that x „h x̃.

Proposition 1 allows us to compare consumption streams across different histories. For

any two consumption streams with different histories, we can calibrate them by their cor-

7



responding uniform consumption streams. Since the ordering of consumption streams con-

sisting of uniform consumption bundles is independent of history, they can be directly

compared.

Definition 1.1. We define the preference relation Á on H ˆ X following a two-step procedure:

**Step 1**: Define Á on the set of uniform consumption bundles X̃ ” tx̃ | x̃ = (x̃0, . . . , x̃n, . . . )u.

For x̃, ỹ P X̃, we say x̃ Á ỹ if and only if there exists h P H such that x̃ Áh ỹ.

**Step 2**: Extend Á from X̃ to H ˆ X.

For any x, y P X and any h, h1 P H, we define (h; x) Á (h1; y) if and only if:

x „h x̃, y „h1 ỹ, and x̃ Á ỹ.

Due to assumption 1.4, the first step ensures that Á is a valid preference relation

on X̃. Furthermore, by proposition 1.1, Á is also a preference relation on H ˆ X. In

the following context, elements in H ˆ X will be denoted by (h; x0, x1, . . . ). For instance,

(x0; x1, x2, . . . ) represents the consumption plan where the decision maker (DM) chooses

bundle x1 for the current period and x2 for the next period, given the history is x0. The next

assumption expresses the following idea: if two consumption streams are equally desirable

from tomorrow’s perspective, then the DM will evaluate them based on the current bundle

they provide.

Assumption 1.7 (Utility Independence). Let

x ” (x0, x1, . . . , xn, . . . ), y ” (y0, y1, . . . , yn, . . . ),

x1 ” (x0, x1
1, . . . , x1

n, . . . ), y1 ” (y0, y1
1, . . . , y1

n, . . . ).

For any h, h1 P H, if (h; x) Á (h1; y) and (x0; x1, . . . , xn, . . . ) „ (y0; y1, . . . , yn, . . . ), then, given

(x0; x1
1, . . . , x1

n, . . . ) „ (y0; y1
1, . . . , y1

n, . . . ), we must have (h; x1) Á (h1; y1).

By assumption 1.4 and assumption 1.7, we can define the preference on single period con-

sumption, from which instantaneous utility will derive.
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Definition 1.2. For h, h1 P H and x0, y0 P RN
+ , we write (h; x0) Á1 (h1; y0) if there exist x, y P X

such that (x0; x) „ (y0; y) and (h; x0, x) Á (h1; y0, y).

For h P H, we define Áh
1 from Á1 as follows:

x0 Áh
1 y0 iff (h; x0) Á1 (h; y0).

By assumptions 1.4 and 1.7, we conclude that Á1 is a continuous preference relation on

H ˆ RN
+. Furthermore, for any given history h, Áh

1 is a continuous preference relation on

RN
+. Assumption 8 introduces a stationary condition, which allows the main representation

to exhibit a recursive structure.

Assumption 1.8 (Stationary Preference). For all (x0, x1, . . . ) P X and (y0, y1, . . . ) P X,

if x0 „h
1 y0,

then :

(x0; x1, . . . ) Á (y0; y1, . . . ) iff

(h; x0, x1, . . . ) Á (h; y0, y1, . . . ).

1.3.1 Foundation for Additive Markov Preference

We define the additive Markov representation on the finite product set X1 ˆ X2 ˆ ¨ ¨ ¨ ˆ

XN in the following form:

U(x1, x2, . . . , xN) = u1(x1, x2) + u2(x2, x3) + ¨ ¨ ¨ + uN´1(xN´1, xN).

The main representation of this paper is a specific form of the additive Markov representa-

tion on H ˆ X, which is an infinite product space. In this section, we provide the axioms on

the product space X1 ˆ X2 ˆ ¨ ¨ ¨ ˆ XN that are both necessary and sufficient for the additive

Markov representation. Although this section focuses on results for finite product spaces,

they can naturally extend to derive the desired form in infinite product spaces. Gilboa et

al. (2016) provided the axiomatic foundation for the additive Markov representation when

N = 3.
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Result 1.2 (Gilboa et al. (2016)). Let X, Y, Z be convex subsets of Euclidean spaces, and denote

their product as A = X ˆ Y ˆ Z. We impose the following four axioms on the binary relation

ÁĂ A ˆ A:

A1: Weak order: Á is complete and transitive.

A2: Continuity:@a P A, tb P A | b ą au, tb P A | a ą bu are open sets.

A3: Cross-Consistency:@y0, y1 P Y, @x1, x2, x3, x4 P X, and every z1, z2, z3, z4 P Z, if :

(x1, y0, z1) Á (x3, y1, z3),

(x2, y0, z1) À (x3, y1, z4),

(x1, y0, z2) À (x4, y1, z3),

then :

(x2, y0, z2) À (x4, y1, z4).

A4: Essentiality:For every y P Y, there exist x1, x2 P X and z P Z such that

(x1, y, z) ą (x2, y, z), and there exist x P X and z1, z2 P Z such that (x, y, z1) ą (x, y, z2).

The relation ÁĂ A ˆ A satisfies A1–A4 if and only if there are continuous functions:

u : X ˆ Y Ñ R,

v : Y ˆ Z Ñ R,

such that Á is represented by:

f (x, y, z) = u(x, y) + v(y, z),

where neither u(¨, y) nor v(y, ¨) is a constant.

The Uniqueness Result:

If u1 and v1 also satisfy the representation above, then there exists a constant α, a continuous

function β : Y Ñ R, and γ P R such that:
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#

u1(x, y) = αu(x, y) + β(y),
v1(y, z) = αv(y, z) ´ β(y) + γ.

The Cross-Consistency condition captures the idea that, for each fixed value y P Y, the

consumption of X and Z do not interact or "intertwine." In the A3 condition, the first two

lines suggest that the change from z3 to z4 is better than the change from x1 to x2, while

the first and third lines imply that the change from x3 to x4 is better than the change from

z1 to z2. Consequently, if the consumption of X and Z do not influence each other, then the

combined change from x3 to x4 and from z3 to z4 should still be preferable to the combined

change from x1 to x2 and from z1 to z2. This is exactly what the fifth line expresses. The

next proposition generalizes this result to any natural numbers N. Before presenting it,

two definitions are introduced to streamline the description of the proposition.

Definition 1.3. For three topological spaces X, Y, Z, with their product space denoted as A ”

X ˆ Y ˆ Z, we say that a preference relation Á on A satisfies the Essentiality condition if, for

every y P Y, there exist x1, x2 P X and z P Z such that (x1, y, z) ą (x2, y, z), and there exist

x P X and z1, z2 P Z such that (x, y, z1) ą (x, y, z2).

Definition 1.4. For three topological spaces X, Y, Z, with their product space denoted as A ”

X ˆ Y ˆ Z, we say that a preference relation Á on A satisfies Cross-Consistency if:

@y0, y1 P Y, @x1, x2, x3, x4 P X, and every z1, z2, z3, z4 P Z, if :

(x1, y0, z1) Á (x3, y1, z3),

(x2, y0, z1) À (x3, y1, z4),

(x1, y0, z2) À (x4, y1, z3),

then :

(x2, y0, z2) À (x4, y1, z4).

Proposition 1.3. Let X1, X2, X3, . . . , XN be convex subsets of Euclidean spaces, with their prod-

uct denoted as A = X1 ˆ X2 ˆ ¨ ¨ ¨ ˆ XN . We impose the following four axioms on the binary
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relation ÁĂ A ˆ A:

A1: Weak order: Á is complete and transitive.

A2: Continuity: @a P A, tb P A | b ą au, tb P A | a ą bu are open sets.

A3: Cross-consistency: For k = 2, . . . , N ´ 1, cross-consistency holds on:

(X1 ˆ ¨ ¨ ¨ ˆ Xk´1) ˆ Xk ˆ (Xk+1 ˆ ¨ ¨ ¨ ˆ XN).

A4: Essentiality: For k = 2, . . . , N ´ 1, essentiality conditions hold for each

Ak ” (X1 ˆ ¨ ¨ ¨ ˆ Xk´1) ˆ Xk ˆ (Xk+1 ˆ ¨ ¨ ¨ ˆ XN).

The relation ÁĂ A ˆ A satisfies A1–A4 if and only if there exist continuous functions:

ui : Xi ˆ Xi+1 Ñ R

Such that the preference can be written as:

U(x1, x2, . . . , xN) = u1(x1, x2) + u2(x2, x3) + ¨ ¨ ¨ + uN´1(xN´1, xN).

Uniqueness Result:

For another additive Markov representation of the same preference:

U1(x1, x2, . . . , xN) = u1
1(x1, x2) + u1

2(x2, x3) + ¨ ¨ ¨ + u1
N´1(xN´1, xN),

The following relationship holds:

#

u1
1(x1, x2) = αu1(x1, x2) ´ β1(x2),

u1
N´1(xN´1, xN) = αuN´1(xN´1, xN) + βN´1(xN´1) + γ,

and for 1 ă i ă N,

u1
i(xi, xi+1) = αui(xi, xi+1) + βi(xi) ´ βi+1(xi+1).

The main intuition behind the proof of this proposition is that, by imposing the right

amount and forms of cross-consistency conditions, we can ensure that consumption at time

t (Xt) only interacts with consumption at t ´ 1 (Xt´1) and t + 1 (Xt+1). For example, con-

sider the product space A = X1 ˆ X2 ˆ X3 ˆ X4, where each pair of commodities can po-

tentially interact, leading to 6 possible interactions in total. By imposing cross-consistency
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on X1 ˆ X2 ˆ (X3 ˆ X4), the interactions between (X1, X3) and (X1, X4) are eliminated.

Similarly, by imposing cross-consistency on (X1 ˆ X2) ˆ X3 ˆ X4, the interaction between

(X2, X4) is also eliminated. The remaining interactions are between (X1, X2), (X2, X3), and

(X3, X4), which is precisely the desired outcome.

One important consideration in our setting is that the uniform consumption bundle x̃t

functions as an absorbing state, meaning that history does not affect the instantaneous

utility of consuming x̃t. In other words, in the main representation, the corresponding

term for the instantaneous utility at period t given the consumption of a uniform bundle,

ut(¨, x̃t), becomes degenerate for xt´1. However, this violates the essentiality condition of

Result 1.2 and Proposition 1.3. Consequently, we need a variant of Result 1.2 to prove a

modified version of Proposition 1.3 to accommodate later use.

Proposition 1.4 (Variant of Gilboa et al. (2016)). Let X, Y, Z be convex subsets of Euclidean

spaces and Ỹ be any subset of Y with YzỸ is connected and YzỸ = Y. Denote the product space

of X, Y, Z as A = X ˆ Y ˆ Z. We impose the following four axioms on the binary relation

ÁĂ A ˆ A:

A1: Weak order: Á is complete and transitive.

A2: Continuity: @a P A, tb P A | b ą au, tb P A | a ą bu are open.

A3: Cross-consistency: Cross-Consistency holds for A

A4: Essentiality: Essentiality holds for X ˆ YzỸ ˆ Z

The relation ÁĂ A ˆ A satisfies A1–A4 if and only if there are continuous functions:

u : X ˆ Y Ñ R,

v : Y ˆ Z Ñ R,

13



such that Á is represented by:

f (x, y, z) = u(x, y) + v(y, z),

where neither u(¨, y) nor v(y, ¨) is constant for y P YzỸ.

The Uniqueness Result:

If u1 and v1 also satisfy the representation above, then there exist constants α, a continuous function

β : Y Ñ R, and γ P R such that:

#

u1(x, y) = αu(x, y) + β(y),
v1(y, z) = αv(y, z) ´ β(y) + γ.

Proposition 1.5. Let X1, X2, X3, . . . , XN be convex subsets of Euclidean spaces, with their prod-

uct denoted as A = X1 ˆ X2 ˆ ¨ ¨ ¨ ˆ XN . For 1 ă k ă N, let X̃k be a subset of Xk with

XkzX̃k is connected and XkzX̃k = Xk. We impose the following four axioms on the binary relation

ÁĂ A ˆ A:

A1: Weak order: Á is complete and transitive.

A2: Continuity:@a P A, tb P A | b ą au, tb P A | a ą bu are open.

A3: Cross-consistency: For k = 2, . . . , N ´ 1, cross-consistency holds on:

(X1 ˆ ¨ ¨ ¨ ˆ Xk´1) ˆ Xk ˆ (Xk+1 ˆ ¨ ¨ ¨ ˆ XN).

A4: Essentiality: For k = 2, . . . , N ´ 1, essentiality conditions hold for each

Ak ” (X1 ˆ ¨ ¨ ¨ ˆ Xk´1) ˆ (XkzX̃k) ˆ (Xk+1 ˆ ¨ ¨ ¨ ˆ XN),

The relation ÁĂ A ˆ A satisfies A1–A4 if and only if there exist continuous functions:

ui : Xi ˆ Xi+1 Ñ R

Such that the preference can be written as:

u1(x1, x2) + u2(x2, x3) + ¨ ¨ ¨ + uN´1(xN´1, xN).
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The Uniqueness Result:

For another additive Markov representation of the same preference:

u1
1(x1, x2) + u1

2(x2, x3) + ¨ ¨ ¨ + u1
N´1(xN´1, xN),

The following relationship holds:

#

u1
1(x1, x2) = αu1(x1, x2) ´ β1(x2),

u1
N´1(xN´1, xN) = αuN´1(xN´1, xN) + βN´1(xN´1) + γ.

For 1 ă i ă N,

u1
i(xi, xi+1) = αui(xi, xi+1) + βi(xi) ´ βi+1(xi+1).

The intuition behind these two variants is as follows: we can relax the Essentiality con-

dition on a minor subset while maintaining it on the major subset. Then, by leveraging

the continuity assumption, we can obtain the Markov additive representation on the minor

set by considering converging sequences whose elements belong to the major set, where the

Markov additive representation is well-defined.

As we build up the foundation for getting Markov additive representation on the finite

product space, we will try to extend it to the infinite product space, which is our setting.

Under our setting, program space is denoted by

X ” ˆ8
t=´1Xt = ˆ8

t=´1RN
+ ,

1, with Xt ” RN
+. we define two useful notations:

Zt ” RN
+/t(x1, . . . , xN) | xi = xju.

And define X̄ = ˆ8
t=´1Zt. Zt should be considered as the consumption space at time t

without the uniform consumption bundle. The following two axioms are central to the

additive Markov structure of the main representation.

1 X´1 represent the consumption history
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Assumption 1.9 (Cross-Consistency). Given the preference Á, for k = 0, . . . , n ´ 1, . . . , we

assume cross-consistency holds on the following product space:

(H ˆ ¨ ¨ ¨ ˆ Xk´1) ˆ Xk ˆ (Xk+1 ˆ ¨ ¨ ¨ ˆ Xn . . . ).

Assumption 1.10 (Essentiality Condition). Given the preference relation Á, for k = 0, . . . , n ´

1, the Essentiality Condition holds for each:

Ak ” (H ˆ ¨ ¨ ¨ ˆ Xk´1) ˆ Zk ˆ (Xk+1 ˆ ¨ ¨ ¨ ˆ Xn ¨ ¨ ¨ ).

In the following context, we first focus on programs that have a uniform consumption

tail starting from period T + 1. Specifically, for a fixed z̃ = (z̃0, z̃1, . . . , z̃t, . . . ) and any

x = (x0, x1, . . . , xt, . . . ), we study the preference Áh on the subspace

0Xz̃
T ” t(x0, . . . , xT, z̃T+1, z̃T+2, . . . ) | x P Xu.

We use 0 Á
(h,z̃)
T to denote the derived preference from Áh on 0Xz̃

T. Given z = (z0, z1, . . . , zt, . . . )

and m = (m0, m1, . . . , mt, . . . ), we denote (z0, . . . , zT, mT+1, mT+2, . . . ) as:

(0zT,T+1 m),

And define:

T+1Xz ” t(z0, . . . , zT, mT+1, mT+2, . . . ) | m P Xu.

The derived preference from Áh on T+1Xz is denoted as T+1 Á(h,z).
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Proposition 1.6. By Assumptions 1.1 to 1.10, for all T, the preference 0 Á
(h,z̃)
T is independent of

z̃. The preference 0 Á
(h,z̃)
T can be represented by the following:

u0(h, x0) + u1(x0, x1) + ¨ ¨ ¨ + uT(xT´1, xT),

where for 0 ď t ď T, we have ut(¨, x̃t) = ut(x̃t), and ut(¨, ¨) is continuous function.

In the following context, the relationship between u0(¨, ¨), u1(¨, ¨), . . . , un(¨, ¨) will be ex-

plored. By Assumptions 1.7 and 1.8, a discounted utility structure is expected. The next

corollary summarizes the restrictive power of Assumptions 1.7 and 1.8.

Fix a z and h, for t ě 1. Define:

tX
(z,w)
t+k ” t(h; z0, . . . , zt´2, w, xt, . . . , xt+k, zt+k+1, . . . ) | (xt, . . . , xt+k) P (RN

+)
ku.

For t = 0 specifically:

tX
(z,w)
t+k ” t(w; x0, . . . , xk, zk+1, . . . ) | (x0, . . . , xk) P (RN

+)
ku.

We use t Á
(z,w)
t+k to represent the derived preference on tX

(z,w)
t+k from Á. Note that for the case

of t ě 1, t Á
(z,w)
t+k does not depend on h, due to the repeated application of Assumption 1.8

(stationary preference). Therefore, we do not need to assign h as a superscript or subscript

for the derived preference.

Corollary 1.7. Fixing the program z̃, the derived preference t Á
(z̃,w)
t+k is independent of both t and

z̃.

The following proposition and theorem demonstrate that we can derive an additive

discounted utility form on 0 Á
(h,z̃)
T and Á, given that we have already established the

additive Markov representation and recursive structure.

Proposition 1.8. The utility representation of 0 Á
(h,z̃)
T can be expressed as:

u(h, x0) + βu(x0, x1) + β2u(x1, x2) + ¨ ¨ ¨ + βTu(xT´1, xT),

Where u(¨, ¨) is a continuous function.
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Theorem 1.9. Under Assumptions 1.1 to 1.10, the preference relation Á can be represented by

the following utility function:

8
ÿ

t=0

βtu(xt´1, xt), with 0 ă α ă 1 and x´1 = h.

With u(¨, ¨) is a continuous function.

1.3.2 State Independent Additive Form

In the next step, to obtain the representation 1.1, the structure of u(¨, ¨) must be further

specified. Ideally, the representation follows the form
řN

k=1 αk(xt´1) f (xk
t ), which is addi-

tive, and the functional form f (¨) remains unaffected by the previous consumption bundle

xt´1. To achieve this, we impose two simple assumptions on Áh
1, allowing us to derive an

additive separable representation with f (¨) taking the form of a power function. There are

multiple ways to derive the separable additive representation, and we will employ Coordi-

nate Independence, a method thoroughly explored by Wakker (2013). Alternative methods

to achieve additivity include the Hexagon Condition from Blaschke (1928b) and Blaschke

(1928a), as well as Double Cancellation from Debreu (1959).

Definition 1.5. The binary relation Á on RN
+ satisfies the independence of equal coordinates, or

in short, coordinate independence (CI), if for all i P t1, . . . , Nu and all x, y, v, w P RN
+ :

x´ivi Á y´ivi ô x´iwi Á y´iwi

In this case, we say Á is CI.

Assumption 1.11. (Independence) Given any history h and any fixed uniform consumption

stream indexed from period 1 (i.e., tomorrow) to the infinite future (x̃1, . . . , x̃t, . . . ), we assume

the conditional preference on RN
+ derived from Áh, denoted by Á

(x̃1,...,x̃t,... )
h , satisfies coordinate

independence.

To ensure the functional form f (¨) is independent of previous consumption, we impose

a homothetic assumption on Áh. In this setting, homotheticity implies that only the con-

sumption bundle matters, and history affects the decision-maker (DM) by altering their
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preferences for consumption bundles. Interestingly, when additivity and homotheticity are

combined, the functional form f (¨) must be a power function.

Assumption 1.12. (Homothetic) Given any histories h, h1 and any fixed uniform consumption

stream indexed from period 1 (i.e., tomorrow) to the infinite future (x̃1, . . . , x̃t, . . . ), we have:

(h; x0, x̃1, . . . , x̃t, . . . ) Á (h1; y0, x̃1, . . . , x̃t, . . . ) if and only if

(h; αx0, x̃1, . . . , x̃t, . . . ) Á (h1; αy0, x̃1, . . . , x̃t, . . . ),

For any positive scalar α.

Proposition 1.10. Along with Assumptions 1.1 to 1.10, and the additional Assumptions 1.12

and 1.11, the preference Áh
1 defined in Definition 1.2 can be represented by an additive utility

function of the form:

v(h)((x1, . . . , xN)) =
ÿ

k

αk(h)xγ(h)
k with

ÿ

k

αk(h) = 1,

Where the utility function is unique up to affine transformation 2.

The intuition behind the proof is straightforward: homothetic preferences can be repre-

sented by homogeneous functions, and in the one-dimensional case, a homogeneous function

must take the form of a power function. Due to the homothetic assumption, the power pa-

rameter remains consistent across different commodities.

From the proposition, we note that the power parameter can vary across different histo-

ries. We will skip the assumptions that ensure the power parameter’s invariant to different

2 It might be tempting to conclude that, with Assumptions 1.1 to 1.12, the preference Á can be repre-

sented by:
ř8

t=0 βt řN
k=1 αk(xt´1)xγ(xt´1)

k . However, this is not the case, as any expression of the form
ř8

t=0 βtg
(

řN
k=1 αk(xt´1)xγ(xt´1)

k

)
, with any strictly increasing continuous function g(¨), will also be a utility

representation for Á satisfying Assumptions 1.1 to 1.12. Therefore, to obtain
ř8

t=0 βt řN
k=1 αk(xt´1)xγ(xt´1)

k
specifically, additional assumptions—such as independence across commodities over time—are necessary to
ensure additivity between different commodities across different time periods. We will omit this analysis
here.
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histories. For the following analysis, we assume that preferences over (h, x0, x1, . . . , xt, . . . )

can be represented by:

U((h, x0, x1, . . . , xT, . . . )) =
8
ÿ

t=0

βt
N

ÿ

k=1

αk(xt´1)(xt
k)

γ (1.3)

x´1 = h´1, and
N

ÿ

k=1

αk(xt´1) = 1 0 ă β ă 1

1.4 Consumption Dynamic under the Cobb-Douglas Representa-
tion

The Markov additive representation of preferences on consumption streams, as shown

in Equation 1.3, offers an alternative explanation for agents’ varying choices when faced

with the same set of options in a repeated setting. This representation assumes that agents

have Markov preferences, meaning their instantaneous utility evolves endogenously, result-

ing in a consumption trajectory that maximizes their period utility function. Over time,

this trajectory may repeatedly traverse a subset of the entire consumption space, leading to

the formation of a stationary distribution. Thus, when data analysts observe a consumer’s

consumption history, they may notice that the consumer appears to choose different goods

according to a probability distribution. However, the underlying mechanism is that the con-

sumer has deterministic preferences in each period, which evolve in a regular, predictable

manner, generating a consumption history that appears probabilistic.

In this section, two specific forms of the formula 1.3 will be introduced, and the result-

ing consumption trajectories, in which agents maximize their utility over the consumption

stream, will be examined. The first example captures agents’ preferences for variety, where

drastically different choices are made in each period, reflecting a desire for diverse consump-

tion experiences. The second example describes an addiction and suppression process, which

is closely related to addiction replacement—a phenomenon commonly observed in clinical
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rehabilitation settings, where one addictive behavior is substituted for another during the

recovery process.

Before providing specific examples and their corresponding utility representations, we

further refine the functional form of equation 1.3. We focus on the case where γ Ñ 0

and β Ñ 0. When γ Ñ 0, the instantaneous utility function
ř8

t=0 βt řN
k=1 αk(xt´1)xγ

k

simplifies to the Cobb-Douglas function
śN

k=1(xk
t )

αk(xt´1)3. Assuming β Ñ 0, the agent

can be interpreted as myopic, making optimal decisions on a period-by-period basis. The

rationale for considering this limiting case is that it eliminates the need to solve a dynamic

programming problem; instead, the optimal choice for each period is straightforwardly

characterized, allowing us to explicitly track the consumption trajectory. We define the

operator α(¨) ” (α1(¨), . . . , αN(¨)) : RN
+ Ñ RN

+, with α(xt) = (α1(xt), . . . , αN(xt)). Given

that the agent has a unit budget and the price of each unit is equal to one, with γ Ñ 0 and

β Ñ 0, starting with an initial consumption history h, the resulting consumption trajectory

can then be characterized by the sequence αt(h)tÑ8
4.

1.4.1 Example: Variety Seeking

In each period, an agent can choose from three different commodities: x, y, and z. The

price of each commodity is normalized to one, and the agent is assumed to have a unit

budget. The choice space is the simplex t(x, y, z) : x ě 0, y ě 0, z ě 0, x + y + z = 1u. The

instantaneous utility function in period t is represented by:

u(ct´1, ¨) = xαx(ct´1)yαy(ct´1)zαz(ct´1)

Where the last period’s consumption bundle is ct´1. α(¨) ” [αx(¨), αy(¨), αz(¨)] is defined as

follow:

3 The proof of the equivalence between the Cobb-Douglas and additive power function representations

relies on the observation that limγÑ0
(xk

t )
γ´1

γ = log xk
t . From an axiomatic perspective, Trockel (1989) and

Faro (2013) demonstrated that the key axiom characterizing Cobb-Douglas preferences is strong homothetic,
which implies both homothetic and coordinate independence, as discussed in the previous section.

4 αt(¨) represents the compound operator, for example, α2(¨) ” α(α(¨)).
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H(x, y, z) = max(x ´ x ´
1
2

y, 0) + max(y ´ y ´
1
2

z, 0) + max(z ´ z ´
1
2

x, 0)

α(x, y, z) =

$

’

’

’

&

’

’

’

%

αx(x, y, z) = max(x´x´ 1
2 y,0)

H(x,y,z)

αy(x, y, z) = max(y´y´ 1
2 z,0)

H(x,y,z)

αz(x, y, z) = max(z´z´ 1
2 x,0)

H(x,y,z)

with

x = y = z =
1
2

To illustrate the utility function, consider the commodities as follows: x as a burger,

y as a salad, and z as creamy tomato soup. Given that the agent consumed a burger in

the current period, the top choice for the next period would likely be salad, as consuming

both creamy tomato soup and a burger may feel too heavy. After consuming salad, creamy

tomato soup becomes the top choice, as both the burger and salad are cold dishes. Finally,

after consuming creamy tomato soup, the burger becomes the preferred option, as both

salad and tomato soup are vegetable-based, providing a natural rotation in preferences.

x(Burger)

y(Salad)

z(Tomato Soup)

FIGURE 1.1: Consumption choice cycle between Burger, Salad, and Tomato Soup.

The consumption trajectory generated by this example exhibits an interesting pattern:
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for any initial point within the simplex, except ( 1
3 , 1

3 , 1
3 )

5, the consumption path will even-

tually reach one of the extreme points in a finite number of periods. Once any extreme

point is reached, the system enters an extreme-point cycle: x Ñ y Ñ z. In figure 1.2(a),

the blue region shows the points that will reach an extreme point in the next period. In

figure 1.2(b), the orange region represents points that will reach an extreme point in two

periods, passing through the blue region first. Finally, in figure 1.2(c), the green region rep-

resents points that will reach an extreme point in the third period. This example serves as

a demonstration that the dynamic utility representation can offer a theoretical framework

and explanation for variety-seeking behavior.

(a) Points converge to
extreme points in 1 period

(b) Points converge to
extreme points in 2

periods

(c) Points converge to
extreme points in 3

periods

FIGURE 1.2: Segmentation by the number of periods needed to reach extreme points

5 In this example, α(¨, ¨, ¨) is well-defined and continuous for all points within the simplex except at ( 1
3 , 1

3 , 1
3 ),

where it becomes impossible to assign a value that maintains continuity across the entire simplex. This
discontinuity issue can be resolved by assigning values to x̄, ȳ, and z̄ other than 1

2 ; however, this adjustment
would result in a less clean segmentation than the one presented here.
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1.4.2 Example: Addiction and Suppression

In the second example, we consider the scenario of addiction replacement. The con-

sumption of commodity x (e.g., alcohol) is addictive, creating a positive feedback loop

within itself. Conversely, there is another commodity y (e.g., working out) that can serve

as a substitute for this addiction. In this case, the consumption of x encourages the agent

to consume more of y, while the consumption of y reduces the desire to consume x. These

feedback loops are illustrated in Figure 1.3.

X Y

Positive feedback
Positive feedback

Negative feedback
FIGURE 1.3: Feedback loop between X and Y

A key pattern generated by this feedback loop is that when an agent consumes a large

quantity of x, it subsequently motivates them to increase their consumption of y, which

in turn alleviates their consumption of x. However, as the consumption of x decreases,

the motivation to consume y also diminishes, reducing its suppression effect on x. Conse-

quently, the consumption of x will begin to rise again. This cyclical interaction leads to

periodic fluctuations in the levels of both x and y.

To model this scenario, we introduce three types of goods: x, y, and z. Goods x

and y represent the same commodities discussed previously while z represents any basket

of consumption other than x and y. The prices of x, y, z, and the total budget are all

normalized to one. The choice space remain the simplex t(x, y, z) : x ě 0, y ě 0, z ě

0, x + y + z = 1u or t(x, y)|x ą 0, y ą 0, x + y ă 1u with z = 1 ´ x ´ y. α(x, y, z) ”

(αx(x, y, z), αy(x, y, z), αz(x, y, z)) is defined as follow:
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α(x, y, z) =

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

(αx(x, y, z), αy(x, y, z)) =
(
cos(θ)

(
x ´ 1

3

)
´ sin(θ)

(
y ´ 1

3

)
+ 1

3 ,
sin(θ)

(
x ´ 1

3

)
+ cos(θ)

(
y ´ 1

3

)
+ 1

3

)
if this point is within the simplex,

(αx(x, y, z), αy(x, y, z)) = S
( (

cos(θ)
(
x ´ 1

3

)
´ sin(θ)

(
y ´ 1

3

)
+ 1

3 ,
sin(θ)

(
x ´ 1

3

)
+ cos(θ)

(
y ´ 1

3

)
+ 1

3

) )
otherwise,

αz(x, y, z) = 1 ´ (αx(x, y, z) + αy(x, y, z)).

where

S
(

x, y
)

represents the closet point within t(a, b)|a ą 0, b ą 0, a + b ă 1u to (x, y)

The consumption pattern under this scenario can be illustrated in Figure 1.4. The

trajectory (a2, b2, c2) represents a situation where the consumption of x is high, leading

to an increased consumption of y. As a result, the suppression effect dominates, and the

consumption of x is gradually reduced. In contrast, for the trajectory (a, b, c), when the

consumption of x is low, the suppression effect from y is also low. This allows the positive

feedback loop associated with x to dominate, eventually increasing the consumption level

of x.

x

y

(1, 0)

(0, 1)

a b
c

...

θ
a1

b1

c1a2
b2c2

θ

FIGURE 1.4: Consumption pattern under addiction and suppression
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1.5 Conclusion

This paper develops a preference representation to capture inter-temporal substitu-

tion and complementarity in consumer behavior. The proposed representation takes a

discounted, non-separable additive form, where non-separability allows the instantaneous

utility function to depend on past consumption, while additivity ensures the representation

remains both tractable and elegant. The paper also explores the axiomatic foundations

underlying this preference structure, identifying a set of assumptions that lead to a dis-

counted, non-separable utility representation across different periods of consumption.

This framework offers an alternative explanation for consumers’ varying choices in re-

peated settings. By specifying the functional form of this representation, the model can

generate realistic consumption patterns, such as variety-seeking behavior and addiction

replacement, which are commonly observed in the real world. The model thus enriches

our understanding of dynamic consumer behavior, providing insights into the role of past

consumption in shaping future choices.
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2. Learning and Trading with Heterogeneous Data
2.1 Introduction

In financial markets, real-time equilibrium is shaped by the collective decisions of all in-

vestors. These forward-looking investors base their investment choices on projected future

returns. Traditionally, literature suggests that investors possess private market informa-

tion, viewing financial markets as a means to aggregate this information and update price

expectations (Literature will covered in the next section)). Understanding how an investor,

who has incomplete knowledge of others’ beliefs and actions, learns from market outcomes

remains less explored. In practice, with advanced computational capabilities, hedge fund

professionals explore stocks’ features that correlate with future stock returns. They form

expectations about future stock returns by implementing statistical models to fit the histor-

ical data and using trained models to generate predictions, implying they lack knowledge

of the market’s structure - how other investors make decisions that affect equilibrium price

and do not consider them in decision making. This deviation from what has been presumed

by previous literature motivates our research.

We study the belief formation process of market participants and market equilibrium

outcomes in an infinite discrete-time setting. Following Brown and Jennings (1989) and

Blume et al. (1994), participants are assumed to be myopic, so they choose their demand for

risky assets to maximize expected utility on a period-by-period basis. In our setting, a finite

number of participants trade N assets simultaneously. Each participant i adopts Ki many

features of assets to forecast asset prices in the next period, using a linear factor model with

an exogenous prior belief about coefficients. This market-wide stock selection scenario is

also studied by Martin and Nagel (2022). In particular, participants are unaware of others’

beliefs. From their belief of future prices, participants with mean-variance preferences place

contingent orders to maximize their expected utility payoff in the next period, specifying

how much they will trade given any hypothetical prices of assets. The actual realized prices

are the market clearing prices of these collective contingent orders plus a random noise
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and are revealed to all the participants. Following the Bayesian rule, they update the co-

efficients in their linear models based on the difference between realized prices and their

previous forecasts. This completes one cycle of trading and belief updates, with the dy-

namics of market-clearing prices and participants’ beliefs evolving according to this process.

Since agents in our setting are assumed to be unaware of others’ strategies and the in-

formation structure in the market, we cannot apply the Rational Expectations Equilibrium

(REE) to model our scenario. Consequently, our paper focuses on the following questions:

First, what is the appropriate concept of equilibrium in this context, and does such an

equilibrium exist? Second, if an equilibrium exists, can it be reached through a process of

repeated learning by the agents? Third, what are the empirical implications that can be

derived from our model?

In Section 2.2, we present the model setup, where we assume two types of participants

in the market: long-run investors and traders. Long-run investors hold constant beliefs

about future prices and do not adjust their beliefs based on short-term price changes. In

contrast, traders actively update their beliefs in response to short-term price fluctuations by

employing statistical models. The section also provides details on how agents update their

beliefs and trade based on these updates. Additionally, both the normative and positive

aspects of the modeling approach are discussed.

In Section 2.3, we define the equilibrium of the model. While the existence of equilib-

rium is guaranteed, the number of equilibriums varies depending on the presence of long-run

investors in the market. In our model, traders form their beliefs by searching through para-

metric models and updating their beliefs based on the coefficients of a linear model that

best fits historical asset prices. As a result, the strategic environment perceived by traders

differs from the actual environment. This divergence between the objective environment

and the subjective environment is the essence of misspecified learning. We will also ex-
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plain how the equilibrium in our model relates to the Berk-Nash equilibrium, as studied by

Esponda and Pouzo (2016) and Fudenberg et al. (2017).

Section 2.4 examines whether repeated interactions and belief updates among investors

lead to convergence to equilibrium. The convergence theorem allows us to characterize the

stationary prices for risky assets and the long-term beliefs of each investor. First, we ana-

lyze the case where long-run investors are present in the market. In this scenario, we prove

that the beliefs of traders converge to a fixed point within their respective data spaces.

This limit is influenced solely by the beliefs of long-run investors and the data spaces of

high-frequency traders, but not by the prior beliefs of the traders themselves. The market-

clearing price also converges to a fixed value, which is the weighted average of all investors’

beliefs, with the weights determined by their risk aversion.

Next, we consider the case where long-run investors are absent from the model. In this

case, we demonstrate that the market-clearing price converges to a random distribution,

whose support lies at the intersection of their data spaces. In other words, if a feature is not

observed or used by any investor, it will eventually be disregarded by those who initially

relied on it.

Section 2.5 outlines the empirical implications of the model. It offers a theoretical

framework to explain the formation of bubbles and price momentum. Finally, Section

2.6 concludes the paper. All the mathematical proof of this chapter will be provided in

Appendix B.

2.1.1 Literature Review

Our work complements the extensive literature that leverages Rational Expectations

Equilibrium (REE) to model financial markets and explain stylized empirical results regard-

ing price volatility and trading volume. In the REE framework, the market’s information
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structure is assumed to be common knowledge, and every participant forms correct beliefs

about the liquidation or fundamental value of a risky asset based on their private signals

and observed price and volume, which aggregate all the information available in the market.

The demand for risky assets, derived from investors maximizing their utility based on their

beliefs and the observed price, in turn, leads to market clearing.

The REE literature can be categorized into two branches based on market structure: the

competitive market setup (e.g. Grossman and Stiglitz (1976), Grossman and Stiglitz (1980),

Hellwig (1980), Diamond and Verrecchia (1981), Grundy and McNichols (1989), Holthausen

and Verrecchia (1990), Kim and Verrecchia (1991a), Kim and Verrecchia (1991b), Blume

et al. (1994)) and the market-maker with informed trader setup (e.g. Kyle (1985), Admati

and Pfleiderer (1988), Foster and Viswanathan (1990)).

In the competitive market literature, a large economy with many traders is assumed.

Grossman and Stiglitz (1976, 1980) examine a scenario where informed traders, who know

the liquidation value in advance, coexist with uninformed traders, who infer the liquida-

tion value from the price. The existence of equilibrium is guaranteed because the supply

of the risky asset is exogenous and random, ensuring that the equilibrium price does not

fully reveal all information. Hellwig (1980) and Diamond and Verrecchia (1981) assume

all traders are informed but observe different signals. They characterize the properties of

equilibrium given that the signals are both accurate and noisy. Grundy and McNichols

(1989) extends the framework of Hellwig (1980) to a multi-period setting. Holthausen and

Verrecchia (1990) define and extract "informedness" and "consensus" from the equilibrium,

using these concepts to explain the forces driving price and volume variation. Kim and Ver-

recchia (1991a, 1991b) explore a two-period problem, where the financial market opens in

two stages. In the first period, each trader observes both a private signal and a public

signal, leading to trading activity. In the second period, a new public signal is generated,

prompting traders to rebalance their portfolios accordingly. This work provides a frame-
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work to study how public announcements affect both price and volume.

In the market-maker with informed trader literature, informed traders possess monopoly

power. Kyle (1985) initially studied a model consisting of a market-maker, informed traders,

and noise traders. The informed trader knows the ex-post liquidation value of the secu-

rity and must decide the quantity to trade continuously within a single trading day. The

market-maker sets the price equal to their expectation of the liquidation value after ob-

serving the trading volume in each period. The presence of noise traders camouflages the

trading behavior of informed traders, allowing them to earn profits by strategically placing

trade orders and gradually injecting information into the market. This model explains how

information is incorporated into prices and examines the factors influencing market liquidity

and depth. Admati and Pfleiderer (1988) build on this framework to explain concentrated

trading patterns within a single trading day. If liquidity traders trade simultaneously, the

market becomes deeper, as the trading behavior of informed traders can be better camou-

flaged. Consequently, this incentivizes discretionary liquidity traders to trade together, as

a deeper market implies lower transaction costs. Foster and Viswanathan (1990) extend

the Kyle (1985) framework to a multi-period setting. In each period, informed traders

can continuously trade with the market-maker, as in Kyle’s model. The liquidation value

of the risky asset is updated periodically, with informed traders possessing more precise

information than the public. In this multi-period context, informed traders have an incen-

tive not to fully reveal their information by the end of the trading day, and carry their

informational advantage into the next period if the market is more liquid. This paper pro-

vides a theoretical explanation for inter-day variations in trading volume and price volatility.

Generally, in the REE literature, the strategic environment is assumed to be common

knowledge, with agents presumed to correctly anticipate others’ strategies and respond op-

timally. While this approach has strong normative appeal, it lacks some positive realism.

A survey by Balasubramanian and Yang (2019) of investment and trading professionals
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reveals several key observations: First, discretionary traders heavily rely on statistical fore-

casting models. Second, a significant proportion of sophisticated traders do not infer others’

forecasts and are uncertain about others’ investment models. Third, many traders believe

they possess superior information or modeling capabilities. These real-world practices mo-

tivate us to depart from the "common knowledge" assumption and instead model financial

market participants as “statisticians,” who use a data-driven approach to form forecasts

and subsequently trade based on these forecasts. Concerning market structure, our model

aligns with competitive market literature: Many traders with different data access, and no

monopoly power is assumed.

Our convergence theorem in Section 2.4 is comparable to the findings of Blume et al.

(1994). In their work, they also relax the "common knowledge" assumption, but only

slightly: the precision of idiosyncratic errors is not common knowledge. Under this frame-

work, even with a fixed supply of the risky asset, the market-clearing price is not fully

information-revealing. Furthermore, trading volume provides additional information be-

yond price, supporting the use of technical analysis, which often employs trading volume as

a predictor. Their study also explores whether repeated learning processes lead the market

price to converge to its fundamental value and whether traders’ beliefs converge. They find

that the market-clearing price converges to the liquidation value, and traders’ beliefs con-

verge to the same point. While their results are comparable to ours, we relax the common

knowledge assumption more thoroughly. In our model, each trader’s belief converges, but to

different points, and while the market-clearing price also converges, it does not necessarily

align with the liquidation value.

Another key distinction between our work and the REE literature is that, in the REE

framework, the liquidation value of the risky asset is exogenous, and agents’ payoffs are

directly linked to this liquidation value. In our model, however, the liquidation value is

not a necessary component. Instead, participant in the market are engaged in speculative
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behavior, and the price dynamics are endogenously determined by their trading actions.

As a result, our model is better suited to explaining the formation of bubbles.

Since we assume investors adopt different factor models to forecast the market, our

model also relates to the literature assigning traders different models to process informa-

tion(e.g, Kandel and Pearson (1995), Banerjee and Kremer (2010), Kurz (1994), Eyster

and Piccione (2013)). In contrast, our work focuses on modeling investors who have access

to different data, which leads to the development of distinct models. In previous studies,

traders still observe the same public signal but interpret it differently (e.g., by using differ-

ent likelihood functions to infer the fundamental value). The focus on different data sources

is motivated by the growing use of non-traditional data, such as satellite imagery and web

traffic, as hedge funds seek to gain an informational advantage. Another motivation for our

assumption of heterogeneous data access is the increasing reliance on machine learning in

the financial industry. Hedge funds often employ machine learning and feature engineering

to generate “alpha” features—non-linear transformations of basic features—which are then

used as factors in their models. Since different firms may utilize distinct machine learning

models, the "alpha" features they produce can vary significantly, effectively leading to the

use of different data.

Lastly, since the Bayesian learning process under a linear factor model can be interpreted

as ridge regression (as we will demonstrate in Section 2.2), our work is connected to the

recent literature on machine learning and asset pricing, which models algorithmic trading

(e.g., Molavi et al. (2024), Mondria et al. (2022), Dugast and Foucault (2023)). Unlike these

studies, which often incorporate computational costs and non-Bayesian learning paradigms,

our model assumes that traders continue to engage in Bayesian learning. However, our

primary focus is on characterizing the learning dynamics when the stochastic process that

agents are attempting to learn is endogenously determined.
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2.2 Setting
2.2.1 Belief & Belief Updating

There are N assets in the market. The market participants are categorized into two

groups: K high-frequency traders (denoted "she"), labeled t1, . . . , Ku, and M long-run in-

vestors (denoted "he," explained later), labeled tK + 1, . . . , K + Mu. Each trader i observes

Ki features for every stock. We represent the feature matrix for all stocks that trader i uses

to make inferences as Xi, which has dimensions N ˆ Ki. Importantly, we assume that Xi

remains constant over time. If stock features were to change, we could interpret this as a

reshuffling of the rows in the matrix.

Assumption 2.1. In each time interval, both traders and investors have mean-variance prefer-

ences for each asset. The utility payoff from an asset with mean return r and variance σ2 is given

by:

Ui(r, σ2) = r ´
1
2

Aiσ
2

For notational convenience, we use A to represent the risk preference parameter for traders and

B to represent the risk preference parameter for investors. Specifically, if agent i is a trader, her

preference is:

Ui(r, σ2) = r ´
1
2

Aiσ
2

If agent k is an investor, his preference is:

Uk(r, σ2) = r ´
1
2

Bkσ2

Assumption 2.2. Each trader i uses a linear factor model to forecast prices and holds a belief over

gi:

P = Xigi + e, with e „ N(0, Σe)

Given the coefficients gi, the investor’s belief about the price follows P|gi „ N(Xigi, Σe).

Assumption 2.3. Whenever the market price P is newly realized, a trader i updates her belief

about gi using Bayesian inference. The belief updating rule follows the Bayesian framework.
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Assumption 2.4. For each trader i, before observing any data, she holds a prior belief about the

coefficient gi:

gi „ N(µi, Σg)

Proposition 2.1. The Bayesian Learning process in the Linear Factor Model can be characterized

by the following: After seeing the first period price P1, the posterior belief will have the normal

distribution with mean µ1
i and covariance matrix Σ1

g:

µ1
i = (X1Σ´1

e X + Σ´1
g )´1(X1Σ´1

e P1 + Σ´1
g µi) (2.1)

Σ1
g = (X1Σ´1

e X + Σ´1
g )´1 (2.2)

After seeing the prices P1, . . . , PT, the posterior belief will have the normal distribution with

mean µT
i and covariance matrix ΣT

g :

µT
i = (X1Σ´1

e X +
1
T

Σ´1
g )´1(X1Σ´1

e P̄T +
1
T

Σ´1
g µi) (2.3)

ΣT
g = (TX1Σ´1

e X + Σ´1
g )´1 (2.4)

Proof. Given prior of g is N „ (µi, Σg), we can rewrite g as g = µi + eg with eg „ N(0, Σg).

Price P is decided by P = Xg + e with e „ N(0, Σe).

P(g|P1)9P(P1|g)P(g)

P(P1|g)P(g)

= exp [´
1
2
((P1 ´ Xg)TΣ´1

e (P1 ´ Xg) + (g ´ µi)Σ´1
g (g ´ µi))]

= exp [´
1
2
(PT

1 Σ´1
e P1 ´ PT

1 Σ´1
e Xg ´ gTXTΣ´1

e y1 + gTXTΣ´1
e Xg)]˚

exp [´
1
2
(gTΣ´1

g g ´ gTΣ´1
g µi ´ µT

i Σ´1
g g + µT

i Σ´1
g µi)]

= exp ´
1
2
[(g ´ Bb)TB´1(g ´ Bb) + (PT

1 Σ´1
e P1 + µT

i Σ´1
g µi)]
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With

B´1 = X1Σ´1
e X + Σ´1

g

b = X1Σ´1
e P1 + Σ´1

g µi

The result from 2.1 to 2.4 can be established by inductively using the result just proved.

2.2.2 Bayesian Updating & Linear Ridge Regression

Bayesian learning under the linear factor model not only has a well-structured form but

also possesses descriptive power. When investors aim to solve for coefficients that minimize

a given loss function, their behavior mirrors that of Bayesian learning. This connection is

also illustrated in Balasubramanian and Yang (2019). Consider the following loss function

when an investor observes stock prices in the first period P1:

L(g) = (P1 ´ Xg)1(P1 ´ Xg) + λ||g ´ µi||
2
2

By solving the first-order condition, we find that the optimal g satisfies:

´2XTP1 + 2XTXg + λ(2g ´ 2µi) = 0

(XTX + λI)g = λµi + XTP1

g = (XTX + λI)´1(λµi + XTP1)

Using this characterized loss function to find the g that best fits the data is called ridge

regression. Now, assume the matrices Σe and Σg from Assumptions 2.2 and 2.4 are diagonal,

with Σe = σ2
e I and Σg = σ2

g I. The equation (2.1) becomes:

µ1
i = (X1X +

σ2
e

σ2
g

I)´1(X1P1 +
σ2

e
σ2

g
µi)

Here, σ2
e

σ2
g

represents the noise-to-signal ratio. If we set σ2
e

σ2
g
= λ, the posterior mean coincides

with the result of linear ridge regression. Furthermore, if we extend the ridge regression
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over observed prices P1, . . . , PT, minimizing the following loss function:

L(g) =
T

ÿ

t=1

(PT ´ Xg)1(PT ´ Xg) + λ||g ´ µi||
2
2

we arrive at the same result as in (2.3), with λ = σ2
e

σ2
g
. Thus, an investor using linear

ridge regression to estimate coefficients based on historical data can be seen as performing

Bayesian learning with diagonal covariance matrices for both coefficients and error terms,

where λ equals the signal-to-noise ratio.

Assumption 2.5. For each trader i, we assume X1
i Xi = I, Σe = I, and Σg = 1

λ I.

For any Xi, we can apply either eigenvalue decomposition or Cholesky decomposition to

ensure X1
i Xi = I. Given the linear ridge regression interpretation, assuming diagonal co-

variance matrices do not affect the generality of the model.

Assumption 2.6. Each long-run investor k holds the belief that the expected price vector P in the

next period equals qk, and this belief remains fixed over time. His belief about the price vector is

modeled as P „ N(qk, I).

Remark. There are several justifications for the existence of long-run investors. One ex-

planation is that long-run investors represent long-term market participants who value

stocks based on their fundamental value. In the short run, the fundamental value of a

stock is unlikely to change significantly, which leads to their beliefs remaining constant in

a high-frequency trading setting. Another plausible explanation is that long-run investors

represent retail investors, who may hold misspecified beliefs and are either reluctant or

unable to update them due to a lack of expertise. In Section 2.5, we model a market with

long-run investors under both interpretations and demonstrate how bubbles are formed

and amplified.

2.2.3 Timeline For Decision Making

End of time T ´ 1 Begin of time T Mid of time T End of time T . . . End of time T + 1
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• End of time T ´ 1: PT´1 is realized

• Begin of time T: Update belief about g given PT´1 and form belief for PT+1.

• Mid of time T: Given updated belief for PT+1, traders/investors i proposes contingent

plan ψT
i,j(¨) : R Ñ R @j.

• End of time T: PT is decided given ψT
i,j(¨) for every i and j.

2.2.4 Contingent Plan Proposing and Market Clearing

ψT
i,j(¨) represents the contingent plan that agent i makes regarding their position in stock

j at time T. We use ψT
i (¨) to denote the vector of contingent plans across all assets:

ψT
i (¨) = (ψT

i,1(¨), . . . , ψT
i,j(¨), . . . , ψT

i,N(¨))
1.

The payoff that agent i receives from holding position j is given by:

ψT
i,j(PT,j)[PT+1,j ´ PT,j]

where PT,j is the price of asset j at time T and PT+1,j is the price at time T + 1.

If trader i, using the linear model P = Xig + e, believes that g has distribution

N(µT
i , ΣT

g ), then their belief about the future price follows the distribution N(Xiµ
T
i , XiΣT

g X1
i +

Σe). Their perspective on the return from purchasing one unit of asset j at price pj is thus

normally distributed with:

N
(
(Xiµ

T
i )j ´ pj, (XiΣT

g X1
i + Σe)j

)
.

From their mean-variance preference, agent i’s demand for asset j is:

ψT
i,j(pj) =

(Xiµ
T
i )j ´ pj

Ai

(
(XiΣT

g X1
i + Σe)j

) .1 (2.5)

1 When investors engage in hypothetical thinking about possible prices, they do not treat these hypothetical
prices as real inputs for Bayesian updating. One explanation is that these inputs are not actual observations,
and another is the high computational cost of updating even when using Ridge regression.
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By the same reasoning, the demand for asset j by a long-run investor k is given by:

ψT
k,j(pj) =

qk,j ´ pj

Bk

where qk ” (qk,1, . . . , qk,j, . . . , qk,N)
1. In general, the market-clearing condition depends on

the total amount of stock issued through an Initial Public Offering (IPO) and whether

short selling is allowed. To avoid complications arising from IPOs, we make the following

assumptions about the market. For each stock, there is a broker with deep pockets, mean-

ing the broker manages or owns a large amount of stock. The traders and investors in the

market (who we assume do not hold any stock initially) submit their contingent plans to

the broker, who then decides the market price based on all these contingent plans. The

broker also lends stock (we assume no interest for simplicity), which means short selling is

allowed in this market.

Under this setting, the initial stock position is irrelevant, and the market-clearing price

for each stock j is determined by the supply and demand balance, ensuring an aggregate

position of zero for each stock. Thus, the equilibrium price PT˚,j is determined by:

M+K
ÿ

i=1

ψT
i,j(P˚

T,j) = 0

The actual price is the market-clearing price plus some noise (representing the impact of

noise traders in the market):

P˚
T = (P˚

T,1, . . . , P˚
T, N)

1

PT = (PT,1, . . . , PT,N)
1

PT = P˚
T + eT

where eT „ N(0, I). The noise eT represents the random influence of noise traders on the

market-clearing price.
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In the following two sections, we first provide the definition of stationary equilibrium.

Subsequently, Lemma 2.2 and Lemma 2.3 establish the existence of stationary equilibrium.

Theorems 2.4, 2.5, and 2.6 describe the asymptotic behavior of the learning process. Theo-

rem 2.4 demonstrates that, given the presence of at least one long-run investor, the market

price vector P will converge almost surely, and the point of convergence is unique. Theo-

rem 2.5 shows that if no long-run investor is present, the price vector P will drift within

a subspace, but convergence is not guaranteed for every realization. Finally, Theorem 2.6

addresses the special case where there is no long-run investor and all traders use the same

dataset. In this case, the stochastic process of learning is fully characterized, extending

beyond just its asymptotic behavior.

2.3 Existence of Equilibrium

After a long period, given agents’ learning behavior, if the price vector converges to Pe,

what property should Pe satisfy?

For a high-frequency trader i with the feature matrix, she always believes that the mar-

ket clearing price lies in Span(Xi), the column span of Xi. Let Pi(¨) denote the projection

operator on Span(Xi) (Given by Assumption 5, Pi(P) = XiX1
i P). Suppose that in the long

run, the market clearing price converges to Pe. When a high-frequency trader observes

enough periods of prices centered around Pe, her belief of the market clearing price Xig

would converge to Pi(Pe). Her stock position would converge to ψT
i (Pe) = Pi(Pe)´Pe

Ai
, since

ΣT
g will converge to 0 and µT

i will converge to X1
i Pe as T Ñ 8. For long-run investor k, his

stock position will be ψT
k (Pe) =

qk´Pe
Bk

. As a consequence, to be a stationary price vector in

the long run, Pe itself has to satisfy the market clear condition, given traders in the market

have observed abundant of Pe, which is characterized by:

K
ÿ

i=1

Pi(Pe) ´ Pe

Ai
+

M+K
ÿ

k=K+1

qk ´ Pe

Bk
= 0 (2.6)
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2 The above analysis motivates us the following definition.

Definition 2.1. for any P satisfy:

K
ÿ

i=1

Pi(P) ´ P
Ai

+
M+K
ÿ

k=K+1

qk ´ P
Bk

= 0

we say P is a stationary equilibrium price.

Lemma 2.2. If M ě 1, then there exists a unique stationary equilibrium price Pe.

Lemma 2.3. When there is no long-run investor, the set of all possible equilibrium prices is

XSpan(Xi)

Lemma 2.2 and Lemma 2.3 establish the existence of a stationary equilibrium, regardless

of whether long-run investors are present. When there is at least one long-run investor, the

initial beliefs of traders become irrelevant to the stationary equilibrium. In this case, the

stationary equilibrium is entirely determined by the feature matrix of the traders and the

beliefs of the long-run investor. In other words, the long-run investor’s valuation serves as an

anchor for the entire market. In contrast, when there are no long-run investors, the market

lacks this anchor. However, over time, any information not observed by all traders will

asymptotically diminish to zero, due to the inherent shrinkage property of the projection

matrix. Consequently, the stationary equilibrium resides in the vector space XSpan(Xi).

2.3.1 Berk-Nash Equilibrium

In the following two subsections, we establish the connection between the Berk-Nash

equilibrium and the stationary equilibrium prices in our framework. The Berk-Nash equi-

librium is a more general concept of Nash equilibrium, where agents operate under misper-

ceptions of the strategic environment, meaning they rely on a misspecified model. Before

demonstrating the connection between our framework and the Berk-Nash equilibrium, we

first introduce the relevant concepts and notions within the mis-specified model framework.

2 Notice, In this equation, all parameters Pe, qk, P, Pi(Pe) and 0 are vectors.
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For a more rigorous treatment, please refer to Esponda and Pouzo (2016) and Fudenberg

et al. (2017).

In a misspecified model, agents are not required to hold a correctly specified view of

the environment. Each player is characterized by a subjective model, which describes their

set of beliefs over payoff-relevant consequences as a function of their actions. A game

G = xO,Qy consists of two components: the objective game O and a subjective model Q.

2.3.1.1 Objective Model

Notation:

Let O = xI, Ω, S, P, X, Y, f , πy, where:

• I denotes the set of players.

• Ω is the set of payoff-relevant states.

• S = ˆiPISi represents the set of private signal profiles, where Si is the set of signals

for player i.

• P is the probability distribution over Ω ˆ S. The conditional distribution of player i,

given the observation of si, is represented as PΩ|si(¨|si).

• X = ˆiPI Xi is the set of action profiles, where Xi is the action space of player i.

• Y = ˆiPIYi is the set of observable consequences, where Yi is the consequence space

for player i.

• f = t f iuiPI , where f i : X ˆ Ω Ñ Yi, represents the consequence function for player i.

• π = tπiuiPI , where πi : Xi ˆ Yi Ñ R, is the payoff function for player i.

Strategy

A strategy for player i is a mapping σi : Si Ñ ∆(Xi), where σi(xi|si) represents the prob-

ability of choosing action xi after observing signal si. The strategy profile is denoted as

σ = tσiuiPI , and Σ represents the space of all strategy profiles. For any strategy profile σ,

there is an objective distribution over player i’s consequence.
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Qi
σ : Si ˆ Xi Ñ ∆(Yi)

Qi
σ(y

i|si, xi) =
ÿ

t(ω,x´i): fi(xi ,x´i ,ω)=yiu

ÿ

s´i

ź

j‰i

σj(xj|sj) ˆ PΩˆS´i(ω, s´i|si)

Here, Qi
σ(yi|si, xi) represents the true distribution over consequences, given that the strategy

profile is σ and agent i implements action xi after observing signal si.

2.3.1.2 Subjective Model

Θ = ˆiPIΘi, Θi represents player i’s parameter space. For each θi P Θi, there is

a conditional distribution over player i’s consequence parameterized by θi, Qi
θi(¨|si, xi) :

Si ˆ Xi Ñ ∆(Yi). Qi
θi(¨|¨, ¨) represents player’s perception of their environment. And Θi

represents all the perception of environment player i can think of.

2.3.1.3 Kullback-Leibler divergence

Given a strategy profile σ, we need a distance notion to represent how far a perceived

environment is away from a true environment. The Kullback-Leibler divergence of σ and

θi is defined in following way:

Ki(σ, θi) =
ÿ

(si ,xi)PSiˆXi

EQi
σ(¨|si ,xi)

[
ln

Qi
σ(Yi|si, xi)

Qi
θi(Yi|si, xi)

]
σi(xi|si)pSi(si).

We use Θi(σ) = argmin
θiPΘi

Ki(σ, θi), to represent the perception that is closest to the real

environment, given strategy profile is σ.

2.3.1.4 Equilibrium Concept

For player i, A strategy σi is optimal given µi P ∆(Θi) if σi(xi|si) ą 0 iff

xi P arg max
xiPXi

EQ̃i
µi (¨|s

i ,xi)

[
πi(xi, yi)

]
,
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with

Q̃µi(¨|si, xi) =

ż

Θi
Qi

θi(¨|si, xi)µi(dθi)

Definition 2.2. A strategy profile σ is a Berk–Nash equilibrium of game G if, for all players i P I,

there exists µi P ∆(Θi) such that

(i) σi is optimal given µi, and

(ii) µi P ∆(ϕi(σ)), that is, if θ̂i is in the support of µi, then

θ̂i P argmin
θiPΘi

Ki(σ, θi).

2.3.2 Stationary Equilibrium Prices & Berk-Nash Equilibrium

Now, we slice the infinite discrete game developed in sections 2.2 and 2.3 into a static

game, where each agent’s payoff depends on a two-stage framework. We also translate the

setup into the language of mis-specified models.

The two-stage game proceeds as follows: there are K + M agents in the market, and

they are tasked with pricing N stocks. In the first stage, each agent is asked to submit a

contingent plan indicating how many shares of each stock they would short or long based

on potential prices. The market maker then aggregates all contingent plans and selects the

equilibrium price Pe to clear the market. The realized price in the first period, P1, is given

by Pe + Ω1, where Ω1 „ N(0, IN). Agent i then receives their corresponding allocation of

stocks Hi = (h1
i , . . . , hN

i ) based on their contingent plan and the realized price. Here, hj
i ą 0

indicates that agent i holds a long position in stock j, while hj
i ă 0 indicates a short position.

In the second stage, a new price, P2 = Pe + Ω2, is realized, where Ω2 „ N(0, IN) and

Ω1 K Ω2. Each agent’s final payoff is given by (P2 ´ P1) ¨ Hi, where ¨ represents the dot

product.
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2.3.2.1 Objective Environment

• I: There are K + M agents. The first K agents are learners, while the last M agents

hold constant beliefs. These agents exhibit absolute risk aversion with parameters Ai

(for learners) or Bk (for constant belief holders).

• Ωi „ N(0, IN), i P t1, 2u: The shocks in the first and second periods follow a normal

distribution with zero mean and identity covariance matrix.

• Each agent does not have a private signal.

• Xi = tFi|Fi : RN Ñ RNu represents agent i’s contingent plan on stock holdings, given

realized prices.

• Yi = RN ˆ RN represents the realized price vector in N markets for both the first and

second periods.

• f i : P1 = Pe + Ω1 and P2 = Pe + Ω2, where Pe solves
řK+M

i=1 Fi(Pe) = 0.

• πi : (P2 ´ P1) ¨ Fi(P1) represents agent i’s payoff, which is the dot product of price

changes and their contingent plan.

2.3.2.2 Subjective Environment

Learner

If agent i is a learner, they can observe the feature matrix Xi (N ˆ Fi), which we assume is

orthogonal. The agent believes that the price vector of N markets is given by Pe = Xiθ
i + ϵ

with (ϵ „ N(0, IN)) for some θi P RFi ” Θi. Given that agent i assigns unit mass to θi,

Qi
θi(si, xi) is degenerate with respect to si and xi, and Qi

θi(si, xi) „ N(Xiθ
i, IN). Agent i’s

contingent plan choice will be:

Fi(P) =
Xiθ

i ´ P
Ai

by constant risk aversion preference.

Constant Belief Holder

For agent k as a constant belief holder, they observe a matrix Xk (N ˆ Fk). Moreover,
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they have a singleton parameter space Θk = tθku and believe that Pe „ Xkθk + ϵ. Their

contingent plan choice will be:

Fk(P) =
Xkθk ´ P

Bk

by constant risk aversion preference.

Strategy Profile

In this setting, since there is no private signal, a strategy profile σ is given by:

σ ” tσiuiP[1,...,K+M] = tFiuiP[1,...,K+M].

Kullback-Leibler divergence

For each player i as a learner. Given a θi P Θi. 3

Ki(σ, θi) with Qi
σ „ (Pe, IN), Qi

θi „ N(Xiθ
i, IN)

=
1
2

EQi
σ
[2PT

e X ´ 2(Xiθ
i)X] ´

1
2

PT
e Pe +

1
2
(Xiθ

i)TXiθ
i

=
1
2

PT
e Pe ´ (Xiθ

i)TPe +
1
2
(Xiθ

i)T(Xiθ
i)

=
1
2
(Pe ´ Xiθ

i)T(Pe ´ Xiθ
i)

As a Result, argmin
θiPΘi

K(σ, θi) is given by θi˚ = X1
i Pe.

Berk-Nash Equilibrium

By combining the elements described above, the Berk-Nash equilibrium can be expressed

as follows: The market-clearing price Pe satisfies:

K
ÿ

i=1

XiX1
i Pe ´ Pe

Ai
+

M+K
ÿ

k=K+1

Xkθk ´ Pe

Bk
= 0 (2.7)

3 In this setup, both the realized price distribution and player’s anticipation of realized price in the first
period and the second period are the same, as a result, we only need to calculate the KL divergence of a
single period.
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In this equilibrium, each learner i holds a degenerate belief where θi = X1
i Pe, while each

constant-belief holder k maintains the fixed belief θk. Their respective contingent plans are

given by:

Fi(P) =
Xiθ

i ´ P
Ai

and Fk(P) =
Xkθk ´ P

Bk

respectively. It is evident that equation 2.6 and equation 2.7 are equivalent. Consequently,

the stationary equilibrium prices defined within our framework correspond to the observable

outcomes of a Berk-Nash equilibrium. Moreover, the contingent plans of traders and long-

term investors under the stationary equilibrium prices align with the strategic actions of

agents in the Berk-Nash equilibrium.

2.4 Convergence to Equilibrium

Recall that from Lemma 2.2, when there are long-run investors, there is a unique station-

ary equilibrium. We show that the dynamic of the market does converge to this stationary

equilibrium.

Theorem 2.4. Suppose that M ě 1. Then each high-frequency trader i’s belief of Xig converges

to the point mass of Pi(Pe) in distribution, and the market clearing price P˚
T converges to Pe a.s.

We note that the long-term limits of beliefs and prices are independent of the initial

beliefs of the traders; only the datasets of the traders matter. This is intuitive because

the anchoring effect of the long-run investors consistently pulls the beliefs of the traders

towards the beliefs of long-run investors. Datasets of the traders specify how close traders

can learn about long-run investors’ pricing kernel.

In the absence of a long-run investor anchoring the market, the market dynamics will

not converge to a deterministic point. However, the market-clearing price will still converge

to one of the stationary equilibrium prices.

Theorem 2.5. When there is no long-run investor, then there exists a random variable Supp(Pe) =

XSpan(Xi) such that P˚
T converges to Pe in L2 norm.
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The case in which all traders observe the same feature matrix is more tractable. In this

scenario, we not only achieve L2 norm convergence but also pointwise convergence. More-

over, the evolution of both traders’ beliefs and the market-clearing price can be expressed

in explicit form.

Theorem 2.6. When there is no long-term investor, and high-frequency traders’ feature matrices

are the same i.e. Xi = X. Then the asset prices for each time t is truly a linear factor model with:

Pt = Xβt + et

The dynamic of βt is following:

βt+1 = βt +
1

t + λ
X1et with β1 =

1
ř 1

Ai

K
ÿ

i=1

µi

Ai

The difference between, µt
i and βt+1 is given by:

µt
i ´ βt+1 =

λ

t + λ
(µi ´ β1)

As observed, the pricing kernel βt evolves recursively according to βt+1 = βt +
1

t+λ X1et,

following a random walk with a shrinking step size. The initial noise terms are given greater

weight because, when traders are less confident in their beliefs, they tend to update those

beliefs more rapidly.

Remark. From Theorem 2.5 and 2.6, within no constant belief investor case, the anchor of

the whole market is lost since the stationary equilibrium is not unique. However, by Theo-

rem 2.5, The pricing process will be restrained under a subspace of the whole space. From

Theorem 2.6, we can get almost surely convergence again: Given βt+1 = βt +
1

t+λ X1et,

the pricing kernel βt follows a random walk with shrinking step size. The Variance of

pricing kernel at time T, βT is
řT

t=1
1

(λ+t)2 . Euler has proved that
ř8

n=1
1
n2 = π2

6 , which is

finite. As a result, the L2 norm of random variable βt is uniformly bounded. By Holder in-

equality, the L1 norm of βt is uniformly bounded. The last conclusion allows us to apply
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Doob’s martingale convergence theorem and show that βt will converge almost surely.

Theorem 2.6 demonstrates, that in the case that every trader observes the same data, not

only the pricing kernel (price as well) will drift in the space of row space of X, but it will

also converge. The difference between this case and the previous case with constant be-

lief investors is that we can not know which point it will converge to before and within

the stochastic process. However, with constant belief investors, the convergent point is

unique and can be calculated by knowing the dataset each trader uses and the belief each

investor holds.

2.5 Empirical Implication

In this section, we utilize our framework to provide a theoretical explanation of bubble

formation and stock price momentum as long as price reversal. The analysis is based

on simulated synthetic data, with the code for modeling traders, investors, and market

evolution provided in the appendix.

2.5.1 Bubble Formation

During the development of the model, market participants are assumed to engage in

speculative trading, implying that the liquidation value of stocks is not required to anchor

the payoff functions of participants. As the liquidation value is not a necessary component

of the model, there is no reason to expect that the market equilibrium prices of stocks will

align with their liquidation value.

In the model, both the stationary equilibrium and deviations from the liquidation value

of stocks depend on investors’ market forecasts and the extent to which traders can incor-

porate these forecasts. In our analysis, we categorize long-term investors into two groups:

rational and irrational investors. Rational investors’ market forecasts align with stocks’

liquidation values, while irrational investors do not. Consider a scenario in which a small

group of irrational investors use unconventional data unrelated to the fundamental value

of stocks to forecast prices and inform their trades. If traders’ models remain orthogonal
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to this unconventional data throughout their learning and updating process, traders will

interpret the forecasts of irrational investors as noise, with no influence on their own beliefs.

Consequently, the impact of irrational investors on equilibrium prices will be minimal. Con-

versely, if traders incorporate the unconventional data favored by irrational investors into

their factor models, they will adjust their pricing kernels to reflect these investors’ views

over time. In this case, the trading behavior and forecasts of irrational investors will be

more readily interpreted by traders, leading to the amplification of these forecasts through

traders’ statistical learning and pulling the market equilibrium further from the liquidation

value.

To illustrate the formation of a bubble in this case, we simulate a market scenario with

three types of participants: traders, rational investors, and irrational investors. All partic-

ipants employ linear factor models to forecast the market. Similar to the model, traders

continuously update their model coefficients based on historical data, while investors main-

tain static market forecasts throughout the process. The key difference between rational

and irrational investors lies in the factors they incorporate. Rational investors rely on

factors that reflect stocks’ expected cash flows and risk premiums, with their forecasts

representing the stocks’ liquidation values. In contrast, irrational investors use a nearly

identical set of factors but include an additional, irrelevant factor to which they assign

considerable weight. Notably, irrational investors’ forecasts would align with the stocks’

liquidation values if they did not incorporate the additional factor. However, by relying

on this irrelevant factor, their forecasts deviate significantly from the true liquidation values.

We use X to represent the feature matrix of rational investors and [X, xirration] to rep-

resent the feature matrix of irrational investors, where xirration is a column vector. The

column vectors in [X, xirration] are orthogonal to each other. The feature matrix observed

by traders is [X, xtrader], given xtrader = ρ ¨ xirration +
a

1 ´ ρ2 ¨ xalter, where xalter is a column

vector orthogonal to [X, xirration]. In this case, ρ P [0, 1] represents how well traders can
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(a) Stock 1: Liquidation Value and
Equilibrium price for different ρ

(b) Stock 2: Liquidation Value and
Equilibrium price for different ρ

(c) Stock 3: Liquidation Value and
Equilibrium price for different ρ

(d) Stock 4: Liquidation Value and
Equilibrium price for different ρ

FIGURE 2.1: Liquidation Value VS Stationary Equilibrium price for different ρ

perceive irrational traders’ additional factors. During the simulation, 90% of participants

are traders, 9% are rational investors, and only 1% are irrational investors.

We aim to explore how the stationary market equilibrium deviates from the liquidation

value as ρ ranges from 0 to 1, where ρ = 0 represents the case in which traders cannot ob-

serve the irrational investors’ additional factor, and ρ = 1 represents the case where traders

fully incorporate the additional factor into their models. In our simulation, we assume a

market with 1,000 stocks and 15 column vectors in the feature matrix X.

Figure 2.1 illustrates the relationship between liquidation values and market equilibrium
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prices across different values of ρ for selected stocks in the market. Stocks 1 to 3 represent

cases where irrational investors have higher valuations than the liquidation values, while

Stock 4 represents a case where irrational investors undervalue the stock relative to its

liquidation value. When ρ = 0, traders are unable to observe the additional factors used

by irrational investors, and since irrational investors constitute only a small proportion of

the market, the stationary equilibrium remains close to the liquidation value. However,

as ρ approaches 1, the pricing behavior of irrational investors is gradually perceived and

incorporated by traders through updates to their factor models. Consequently, the sta-

tionary equilibrium deviates significantly from the liquidation value. This occurs because,

as ρ nears 1, the irrational investors’ pricing influence becomes amplified and reinforced

by traders, even though irrational investors represent a small fraction of the total market

participants.

In summary, the speculative behavior of traders and investors driven by short-term

price fluctuations suggests that stationary equilibrium prices need not align with liquidation

values. Moreover, traders’ statistical learning behavior provides an amplification channel

that exacerbates abnormal pricing in the market, causing equilibrium prices to deviate

significantly from their fundamental liquidation values.

2.5.2 Price Momentum & Reversal

Price momentum refers to the observed tendency of rising asset prices to continue in-

creasing while falling prices tend to decline further. This phenomenon has been widely

exploited by finance professionals to generate signals aimed at achieving abnormal returns.

Lo and MacKinlay (1990) and Jegadeesh and Titman (1993) provide evidence of price mo-

mentum and demonstrate the profitability of constructing portfolios that buy past "win-

ners" and sell past "losers". The existence of momentum is considered a market anomaly,

which conventional finance theory struggles to explain. Several behavioral models have been

developed (e.g., Barberis et al. (1998), Daniel et al. (2001), and Hong and Stein (1999)),
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attributing price momentum to inherent biases in how individuals process and interpret

information.

FIGURE 2.2: An example of bullish price momentum

4

Our model offers an alternative perspective for explaining price momentum. Departing

from the common knowledge assumption, we propose that traders in the market engage

in statistical learning to update their factor models. However, this learning process is

adaptive, meaning it takes multiple iterations for traders to adjust their beliefs, and for

market-clearing prices to gradually converge to a stationary equilibrium. This concept is

illustrated in the following simulation study: the population is divided into two groups,

investors and traders. Similar to the model, investors hold constant beliefs, while traders

update their beliefs based on realized prices. We consider two scenarios: First, the investors’

market forecast is higher than the traders’ initial beliefs. In this case, we expect traders

to gradually update their beliefs closer to those of the investors, with market-clearing and

realized prices for each stock rising gradually until they approach the stationary equilibrium

determined by the investors’ beliefs. In the second scenario, we simulate a case where the

investors’ market forecast is lower than that of the traders, and we expect the trend to

reverse. During the simulation, both groups observe the same feature matrix, 1000 ˆ 15,

consisting of 1000 stocks with 15 features for each stock.
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Scenario I: Market Clearing Price Scenario I: Realized Price

Scenario II: Market Clearing Price Scenario II: Realized Price

FIGURE 2.3: Realized Price and Market Clearing Price of Single Stock

Figure 2.3 presents the simulated results for both the realized price and market-clearing

price of a single stock under Scenarios I and II. As expected, the graph for Scenario I corre-

sponds to bullish price momentum, while the graph for Scenario II corresponds to bearish

price momentum.

Another common pattern observed in financial markets is price reversal, which has been

actively used by practitioners to generate signals for trading strategies. A reversal refers to

a change in the price direction of an asset, which can occur either to the upside or downside.

Price reversals can also be effectively explained and generated by our model. A reversal

following an uptrend can be understood as a scenario where a group of traders holds a

strong prior belief about the market forecast, with their valuation being higher than that of

54



FIGURE 2.4: An example of price reversal

other traders and the market’s stationary equilibrium. As a result, the market is initially

driven to a higher price by these traders with elevated valuations. However, since these

traders continue to update their beliefs, albeit at a slower pace, the market price eventually

declines after a few periods, converging to a lower stationary equilibrium.

We simulate this scenario by generating an economy with three groups of market par-

ticipants. The first two groups consist of traders who update their beliefs according to

the model, while the third group consists of investors who hold constant beliefs. However,

the first group of traders is more confident in their prior market forecasts than the second

group, and their valuations are higher than those of both the second and third groups. This

implies that their valuations are also higher than the stationary equilibrium. During the

simulation, all groups observe the same feature matrix, 1000 ˆ 15, consisting of 1000 stocks

with 15 features for each stock.

Figure 2.5 displays the market-clearing price and realized price of a single stock. As

expected, the price dynamics exhibit a reversal pattern, where the initial upward trend is

driven by confident, high-valuation traders and the price gradually declines to its stationary
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Market Clearing Price Realized Price

FIGURE 2.5: Realized Price and Market Clearing Price of Single Stock

equilibrium as these traders slowly adjust their beliefs.

2.6 Conclusion

In this paper, we depart from the rational expectations equilibrium (REE) framework

and examine speculative behavior in an infinite discrete time setting, where market partic-

ipants form their forecasts using linear factor models and update their models via Bayesian

rules, identifying the optimal parameters that best fit the observed price data. We demon-

strate that Bayesian learning in our setting is equivalent to algorithmic trading, where

traders perform ridge regression to forecast the market. Our framework allows traders to

observe different factors, reflecting real-world practices in the financial sector, where prac-

titioners increasingly rely on statistical models that incorporate unconventional data and

make fewer inferences about the actions of other participants.

We define stationary equilibrium in our model and prove its existence. Additionally,

we relate our problem to the literature on misspecification, showing that the stationary

equilibrium in our infinite setting corresponds to a Berk-Nash equilibrium in a compara-

ble static setting. Furthermore, we prove that prices converge to stationary equilibrium

through repeated market interactions among participants.

Our model offers a theoretical explanation for bubble formation, suggesting that sta-
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tistical learning behavior can serve as an amplification and reinforcement mechanism for

abnormal pricing, driving the stationary price away from its liquidation value even when ir-

rational investors represent only a small proportion of market participants. Moreover, since

statistical learning is adaptive, our framework provides a potential explanation for price mo-

mentum and reversals, which are common patterns in financial markets that conventional

finance theory struggles to explain.

57



3. Dynamic Legislature Bargaining
3.1 Introduction

This chapter studies the legislative bargaining process, which endogenizes both proposal-

making and voting. A legislature typically includes the following elements: (1) N members,

each representing a legislative district; (2) a recognition rule that determines who has the

right to propose; (3) an amendment rule that specifies if and how a proposal may be modi-

fied once presented; and (4) a voting rule that establishes the criteria for passing a proposal.

In this chapter, we focus on an Infinite-Session Legislature with a Closed Rule. The

closed rule represents the amendment rule that once a proposal is made, it proceeds directly

to a vote without further modification. The legislative structure here is similar to that in

Baron and Ferejohn (1989). However, in our framework, the set of feasible proposals is

finite. In contrast, in Baron and Ferejohn’s setting, a proposal is represented by a distri-

bution xi = (xi
1, . . . , xi

N) such that
řN

j=1 xi
j ď 1, so the set of all possible proposal is an

n-dimensional simplex. Assuming a discrete and finite set of possible proposals, our frame-

work closely mirrors certain real-world legislative scenarios, such as public good provision.

For instance, in a city, the number of potential sites for a new public park is inherently

limited. The chosen location of the park will have varying impacts on citizens depending

on their proximity to it. We will demonstrate that this adjustment impacts the properties

of the equilibrium.

This chapter is organized as follows: Section 3.2 formally introduces the game setting

and equilibrium concept, followed by a proof of equilibrium existence. In Section 3.3, we

provide an illustrative example demonstrating that, within our framework, the Nash equilib-

rium may involve delays, causing the legislative process to extend beyond the initial stage.

This result contrasts with the equilibrium behavior outlined in Baron and Ferejohn (1989),

where the proposal is accepted in the first stage along the path of play. Section 3.4 char-

acterizes the Nash equilibrium under a unanimity rule within our framework and explores

58



its relationship with Pareto efficiency. Finally, Section 3.5 presents the Nash equilibrium

characterization under a majority rule. All the proofs are in Appendix C.

3.2 Game Setting & Existence

During the legislature, there are finite numbers M of proposals and N of players, we

also specify that N is an odd number. We denote the space of proposals by X, where

||X|| = M. Each proposal x P X represents a distribution of benefits among the players,

given by (x1, . . . , xN).

3.2.1 Timing of the Game

1. At the beginning of the game, one of the players is recognized to propose. For each

player i P t1, . . . , Nu, the probability of being recognized is πi, with
řN

i=1 πi = 1.

2. Once a player is recognized, they make a proposal xi P X, where xi = (xi
1, . . . , xi

N),

with xi
j representing the payoff to player j if proposal i is adopted.

3. After player i proposes, all other players vote on it. If the proposal receives more

than K votes, where K ď N ´ 1, it is accepted. Otherwise, another player is selected

according to the same probability distribution, and the process repeats.

3.2.2 Strategy Space

We consider a Markovian Perfect Nash Equilibrium, characterized as follows:

1. Whenever a player is a proposer, they always play the same probability distribution

over all proposals, regardless of the history of play.

2. Whenever a player votes on a proposal, they always choose to accept it with a specific

probability irrespective of the history of play.

In the Markovian framework, the strategy space is defined as follows:

• As a Proposer: For a proposer, the strategy space P consists of all discrete probability

distributions over X. For any p P P, it is represented as p = (p1, . . . , pM), where
řM

i=1 pi = 1.

• As a Voter: For a voter, the strategy space F consists of contingent plans for different
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proposals. Each strategy is a function f : X Ñ [0, 1], where f (x) represents the prob-

ability of accepting proposal x. F is equivalent to [0, 1]M, and f ” ( f (1), . . . , f (M))

can be represented as a point within [0, 1]M.

So the strategy space for each player is S ” P b F, specifying their strategy as proposers

and voters.

3.2.3 Valuation

We can characterize each player’s ex-ante payoff—defined as the expected payoff be-

fore the proposer is recognized—through a valuation function. Let Vj(¨) denote the val-

uation function of player j. Since all players adopt Markovian strategies, the valuation

function for each player also follows a recursive form. Given the players’ strategy profile

s ” t((p1
1, . . . , p1

M), ( f 1(1), . . . , f 1(M))), . . . , ((pi
1, . . . , pi

M), ( f i(1), . . . , f i(M))), . . . ,

((pN
1 , . . . , pN

M), ( f N(1), . . . , f N(M)))u, the ex-ante payoff of player j, Vj(s), is given by:

Vj(s) = πj

M
ÿ

i=1

pj
i [Q

j
i ˆ xj

i + (1 ´ Qj
i)ˆ δVj(s)] +

N
ÿ

k=1,k‰j

πk

M
ÿ

i=1

pk
i [Q

k
i ˆ xj

i + (1 ´ Qk
i )ˆ δVj(s)]

(3.1)

with

Qj
i =

ÿ

tz1,...,zkuĂt1,...,Nu/tju,kěK

N
ź

h=1

(
f h(i)1hPtz1,...,zku + (1 ´ f h(i))1hRtz1,...,zku

)

Qj
i denotes the probability that xi passes the vote, given that player j proposes it. The

parameter δ represents the discount factor. To be precise, Qj
i should be written as Qj

i(s).

However, for the sake of notational convenience, it is simplified as Qj
i . It is obvious to see

that Qj
i is continuous with ( f k(1), . . . , f k(M)) for k = j (in this case, it is degenerate) and

all k ‰ j. The Vj can be reformulated in another way

Vj(s) =
N

ÿ

k=1

πk

M
ÿ

i=1

pk
i Qk

i xj
i + [

N
ÿ

k=1

πk

M
ÿ

i=1

pk
i (1 ´ Qk

i )]δVj(s) (3.2)
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Vj(s) =
N

ÿ

k=1

πk

M
ÿ

i=1

pk
i Qk

i xj
i + (1 ´ Q(s))δVj(s) (3.3)

with

Q(s) =
N

ÿ

k=1

M
ÿ

i=1

πk pk
i Qk

i

Q(s) represents the ex-ante probability that the proposal made by the recognized pro-

poser will be accepted. Using this notation, the valuation function for each player can be

re-write as:

Vj(s) =
N

ÿ

k=1

M
ÿ

i=1

πk pk
i Qk

i
1 ´ δ + δQ(s)

xj
i (3.4)

The discounted continuation value, given that the proposal is rejected, is expressed as

follows:

δVj(s) =
N

ÿ

k=1

M
ÿ

i=1

πk pk
i Qk

i
1´δ

δ + Q(s)
xj

i

3.2.4 Best Response

By equation 3.1, we can decompose the expression of value function into two compo-

nents, by each it gives the valuation of player j as proposer and voter with choosing strategy

sj = (pj, f j) (pj ” (pj
1, . . . , pj

M) and f j ” ( f j(1), . . . , f j(M))) and others choose s´j. The

value function of the player as proposer and voter are separately given by:

Vprop
j (s) =

M
ÿ

i=1

pj
i [Q

j
i ˆ xj

i + (1 ´ Qj
i) ˆ Vj(s)δ] (3.5)

Vvote
j (s) =

N
ÿ

k=1,k‰j

πk

1 ´ πj

M
ÿ

i=1

pk
i [Q

k
i ˆ xj

i + (1 ´ Qk
i ) ˆ δVj(s)] (3.6)

Given other players play s´j, we determine the (pj˚, f j˚) that simultaneously satisfies
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the following two conditions, representing the best response for player j.

pj˚ = arg
pjPP

max Vprop
j ((pj, f j˚), s´j) (3.7)

f j˚ = arg
f jPF

max Vvote
j ((pj˚, f j), s´j) (3.8)

The next two lemmas are instrumental in determining the best response of a player,

both as a voter and as a proposer, given the strategy of the other. They are also help-

ful in demonstrating that both Vprop
j ((¨, f j), s´j) and Vvote

j ((pj, ¨), s´j) are quasi-concave

functions.

Lemma 3.1. for pj and pj1 P P, given f j and s´j

M
ÿ

i=1

pj1

i [Q
j
i ˆ xj

i + (1 ´ Qj
i) ˆ Vj((pj, f j), s´j)δ] ą Vprop

j ((pj, f j), s´j)

iff

Vj((pj1 , f j), s´j) ą Vj((pj, f j), s´j)

Lemma 3.2. for f j and f j1 P F, given pj and s´j

N
ÿ

k=1,k‰j

πk

1 ´ πj

M
ÿ

i=1

pk
i [Q

k
i (s

1) ˆ xj
i + (1 ´ Qk

i (s
1)) ˆ δVj(s)] ą Vvote

j ((s))

iff

Vj(s1) ą Vj(s)

with

s1 ” ((pj, f j1), s´j) s ” ((pj, f j), s´j)

Remark. The intuitions behind Lemma 3.1 and 3.2 are straightforward. Let us first con-

sider the case where the player acts as the proposer: When a player j is recognized as

the proposer and his initial strategy is to propose according to pj ” (pj
1, . . . , pj

M). Given
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other players play a Markov strategy, if he finds that proposing according to another dis-

tribution pj1 ” (pj1
1 , . . . , pj1

M) in the current stage makes him strictly better off—in other

words,

M
ÿ

i=1

pj1

i [Q
j
i ˆ xj

i + (1 ´ Qj
i) ˆ Vj((pj, f j), s´j)δ] ą Vprop

j ((pj, f j), s´j)

then he will continue deviating to pj1 from pj once the game develops to a later stage and

he is recognized again. As a result, he has the incentive to deviate to pj1 from pj at every

node where he is recognized as the proposer. This demonstrates that

Vj((pj1 , f j), s´j) ą Vj((pj, f j), s´j)

The intuition for a player acting as a voter is similar. If player j, in the role of a voter, finds

that deviating from f j to f j1 in the current stage makes him strictly better off—in other

words, if

N
ÿ

k=1,k‰j

πk

1 ´ πj

M
ÿ

i=1

pk
i [Q

k
i (s

1) ˆ xj
i + (1 ´ Qk

i (s
1)) ˆ δVj(s)] ą Vvote

j ((s))

then he will continue deviating to f j1 from f j whenever the game progresses to a later

stage and he is in the position of a voter. Consequently, he has the incentive to deviate to

f j1 from f j at every decision node where he must vote. This establishes that

Vj(s1) ą Vj(s)

with

s1 ” ((pj, f j1), s´j) s ” ((pj, f j), s´j)

.

Proposition 3.3. For player j, given (pj, f j) and s´j. The better than set tp P P : Vprop
j ((p, f j), s´j) ě

Vprop
j ((pj, f j), s´j)u is convex, and the best response pj of proposer given s´j and f j can be char-

acterized as follows:
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pj
i ą 0 only if @k ‰ i, Qj

i ˆ xj
i + (1 ´ Qj

i) ˆ Vj((pj, f j), s´j)δ

ě

Qk
i ˆ xk

i + (1 ´ Qk
i ) ˆ Vj((pj, f j), s´j)δ

Proposition 3.4. For player j, given (pj, f j) and s´j. The better than set t f P F : Vvote
j ((pj, f ), s´j) ě

Vvote
j ((pj, f j), s´j)u is convex, and the best response f j of proposer given s´j and pj can be char-

acterized as follows:

If
ř

k=1,k‰j pk
i Qk

i (s) is not degenerate with respect to f j(i) :

f j(i) = 1 iff xj
i ą δVj(s)

f j(i) = 0 iff xj
i ă δVj(s)

f j(i) P [0, 1] iff xj
i = δVj(s)

If
ř

k=1,k‰j pk
i Qk

i (s) is degenerate with respect to f j(i) :

f j(i) P [0, 1].

Proposition 3.4 characterizes the best response in a standard setting. However, in

scenarios where
ř

k=1,k‰j pk
i Qk

i (s) is degenerate with respect to f j(i), player j is permitted

to choose any rejection probability, regardless of whether the proposal’s payoff is higher

or lower than his discounted continuation valuation. To address this, we further restrict

players’ optimal responses by requiring that each player accepts a proposal if its payoff

is strictly higher than the discounted continuation valuation and rejects it if the payoff

is strictly lower than the discounted continuation valuation. These conditions refine our

equilibrium concept, and we proceed to prove the existence of a Nash Equilibrium under

this stronger restriction.

Definition 3.1. Strong Incentive Condition

We say that player j satisfies the Strong Incentive Condition (CID) if, as a voter, the best response

f j of player j, given s´j and pj, is characterized as follows:
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f j(i) = 1 iff xj
i ą δVj(s)

f j(i) = 0 iff xj
i ă δVj(s)

f j(i) P [0, 1] iff xj
i = δVj(s).

Theorem 3.5. Given that each player adopts a Markov strategy and the Strong Incentive Condi-

tion holds, a Nash Equilibrium for the game exists.

3.3 Example with Delay

In this section, we construct an example with asymmetric recognition probabilities and

demonstrate that, given a finite number of proposals, a player will adopt a mixed strategy

as a voter in Nash equilibrium, and the game may extend beyond the initial stage.

In this example, the legislature involves the discussion of two public issues by three

players. For each issue, there are three policy alternatives: x1, x2, and x3. For each player

i, the payoffs associated with the different policy alternatives are identical across the two

issues. In other words, the payoff information for the players regarding these two issues

can be represented by the same table 3.1. For instance, for player 2, policy alternative

x1 yields a payoff of 0.8, policy alternative x2 yields a payoff of 1, and policy alternative

x3 yields a payoff of 0.9 for both issues. The legislative process follows a closed rule, as

described in the previous section, with the recognition probabilities for being the proposer

set at 0.4 for Player 1, 0.3 for Player 2, and 0.3 for Player 3, respectively. Every player,

acting as a proposer, needs to propose a policy combination for both issues. We use xij

to represent the policy combination, where xi is implemented for the first issue and xj for

the second issue. Table 3.2 presents each player’s payoff information for different policy

combinations. For example, implementing x1 for the first issue and x2 for the second issue

results in the policy combination x12, which provides player 2 with a total payoff of 1.8 1.

1 For Table 3.2, it should originally contain 9 columns. However, since xij and xji provide the same payoff
to all players, we only leave one of each pair.

65



Table 3.1: Payoff Matrix for Both Issues.

x1 x2 x3

Player 1 1 0.9 0.8
Player 2 0.8 1 0.9
Player 3 0.9 0.8 1

Table 3.2: Payoff Matrix for Policy Combination of two Issues.

x11 x12 x13 x22 x23 x33

Player 1 2 1.9 1.8 1.8 1.7 1.6
Player 2 1.6 1.8 1.7 2 1.9 1.8
Player 3 1.8 1.7 1.9 1.6 1.8 2

The voting process begins once a proposal is made. In this example, the passing criterion

follows the majority rule, meaning that if at least one additional player, apart from the

original proposer, accepts the proposal, it will be approved, and the legislative process will

conclude. If the proposal is rejected, a new player will be recognized as the proposer based

on the same recognition probability, and the entire process will be repeated.

3.3.1 Stationary Equilibrium

It is straightforward to observe that as players become less patient, the equilibrium

will result in each player proposing the option most beneficial to themselves (player i will

propose xii). In this case, the player receiving a payoff of 1.8 will accept the proposal, while

the player receiving a payoff of 1.6 will reject it and the legislature process ends at the first

stage. In the following analysis, we will refer to this strategy profile as the standard sce-

nario. In contrast, under the asymmetric recognition probability case, when players become

more patient (δ Ñ 1), player 1 will reject x22, causing the standard scenario to fail as an

equilibrium. The reason is that, under the standard scenario, player 1’s ex-ante valuation

is 1.82. Consequently, if player 2 proposes x22 when recognized as the proposer, player 1

will reject it as long as δ ą 1.8
1.82 (Critical Condition).
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To determine the equilibrium across different discount factors δ, we divide the domain of

δ into [0, 1.8
1.82 ] and ( 1.8

1.82 , 1]. For convenience, we define r ” 1
δ ´ 1, resulting in a corresponding

partition for r of [ 1
90 , 8] and [0, 1

90 ). For r P [ 1
90 , 8], the standard scenario serves as a

stationary equilibrium. Therefore, we focus on the case where r P [0, 1
90 ). For r P [0, 1

90 ),

the equilibrium takes the following form:

• Player 1 will propose x11 and will reject any offer xi where xi
1 ă 1.8, while accepting

any offer xi where xi
1 ą 1.8. For an offer where xi

1 = 1.8, player 1 will accept it with

probability t1 and reject it with probability 1 ´ t1.

• Player 2 will propose x22 and will accept any offer xi where xi
2 ě 1.8.

• Player 3 will propose x33 and will accept any offer xi where xi
3 ą 1.8, reject any offer

where xi
3 ă 1.8, and accept an offer where xi

3 = 1.8 with probability t3 while rejecting

it with probability 1 ´ t3.

To ensure the proposed strategy constitutes an equilibrium, the strategy must maximize

the utility of players as voters. Specifically, V1 and V2 must equal 1.8 ¨ (1 + r) to guarantee

that the discounted continuation value is 1.8, while V3 must be strictly less than 1.8 ¨ (1+ r).

The variables V1, V2, V3, t1, and t3 must satisfy the following equations:

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

V1 = 0.4 ˚ 2 ˚ t3 + 0.4 ˚ 1.8 ˚ (1 ´ t3) + 0.3 ˚ 1.8 + 0.3 ˚ 1.6
V2 = 0.4 ˚ 1.6 ˚ t3 + 0.4 ˚ (V2/(1 + r)) ˚ (1 ´ t3) + 0.3 ˚ 2 ˚ t1

+0.3 ˚ (V2/(1 + r)) ˚ (1 ´ t1) + 0.3 ˚ 1.8
V3 = 0.4 ˚ 1.8 + 0.3 ˚ t1 ˚ 1.6 + 0.3 ˚ (1 ´ t1) ˚ 1.8 + 0.3 ˚ 2
V1 = 1.8 ˚ (1 + r)
V3 = 1.8 ˚ (1 + r)

The solution for the system of equations is
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

t1 = 1.0 ´ 30.0 ˚ r
t3 = 22.5 ˚ r + 0.75
V2 = ´1.8 ˚ (r + 1.0) ˚ (20.0 ˚ r ´ 9.0)/(10.0 ˚ r + 9.0)
V1 = 1.8 ˚ (1 + r)
V3 = 1.8 ˚ (1 + r)
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The ex-ante valuations for different players and the acceptance probabilities of players 1 and

3 for different values of r P [0, 1
90 ) are presented in Figure 3.1 and Figure 3.2, respectively.

FIGURE 3.1: V1 and V3 given different r

FIGURE 3.2: t1 and t3 given different r

Additionally, for the strategy to be an equilibrium, it must maximize the players’ utilities

as proposers. For player 2, instead of proposing x22, he could alternatively propose x23.

Given t1 and t3, the ex-ante payoff for proposing x22 is 2 ¨ (1.0 ´ 30.0 ¨ r) + (1 ´ (1.0 ´

30.0 ¨ r)) ¨
V3

1+r , while the ex-ante payoff for proposing x23 is 1.9 ¨ (22.5 ¨ r + 0.75) + (1 ´

(22.5 ¨ r + 0.75)) ¨
V3

1+r . The corresponding values for different r are shown in Figure 3.3. As

illustrated, proposing x22 yields a higher payoff than proposing x23. For player 1, proposing

x12 guarantees a payoff of 1.9, while proposing x11 yields a payoff of 2 ¨ (22.5 ¨ r + 0.75) +
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FIGURE 3.3: ex ante payoff playing x22 and x23 given different r

FIGURE 3.4: ex ante payoff playing x11 given different r

1.8 ¨ (1 ´ (22.5 ¨ r + 0.75)). Figure 3.4 compares the ex-ante payoffs of proposing x11 and

1.9, demonstrating that proposing x11 is strictly better. For player 3, it is straightforward

to see that, given player 2 will always accept a proposal providing a payoff of 1.8, player

3’s optimal move as a proposer is to propose x33. Therefore, the above strategy serves as

the equilibrium.

3.3.2 Inefficiency

For r P [0, 1
90 ), player 1 and player 3 will adopt a mixed strategy as voters. Consequently,

the game has a probability of progressing to a later stage, leading to an efficiency loss due

to discounting the value over time. Figure 3.5 illustrates the welfare loss for different values
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FIGURE 3.5: Total valuation of three players given different r

of r.

The game can progress to a later stage under asymmetric recognition probabilities,

instead of ending in the first stage, because the proposal space is finite. Given the finite

proposal space, the way to "punish" the player with a higher recognition probability is to

reject their proposal and allow the game to proceed to a later stage, thereby discounting

their payoff. In contrast, in settings like those described by Baron and Ferejohn (1989),

where the proposal space is the simplex, the player with higher recognition probability can

be punished by assigning them a proposal with a low payoff.

3.4 Legislatuer under Unanimity Rule

In Section 3.2, we establish the existence of an equilibrium for the infinite-session legis-

lature game, assuming the voting rule follows a K-majority rule for any arbitrary K. In the

subsequent two sections, we move beyond the existence theory to characterize the proper-

ties of Nash equilibrium for two specific cases of the K-majority rule: the unanimity rule

(where every player must vote in favor for a proposal to pass) and the simple majority rule

(where more than half of the players must vote in favor for a proposal to pass). For this

section, we focus on the case with the unanimity rule.
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Table 3.3: Payoff Matrix of reform policies with 3 issues and 3 players.

player1 player2 player3

issue 1 5 5 -3
issue 2 -3 5 5
issue 3 4 4 4

As usual, there are N players (an odd number) indexed by 1, 2, . . . , N. The probability

of being recognized as a proposer is given by π1, . . . , πN, with
řN

i=1 πi = 1. In the follow-

ing two sections, we specify the structure of the proposal space X to provide it with some

real-world relevance. During the legislature, there are K issues to be considered. Each issue

has two policy alternatives, t1, 0u, where 1 represents a reform policy for the issue, and

0 represents the status quo. For each issue, we normalize the status quo payoff to 0 for

every player, and the payoff of the reform policy for an issue is represented by a vector in RN.

Since the status quo is normalized to 0, each issue can be characterized by the payoff

vector of its reform policy. Let A represent the set of all reform policies, ta1, . . . , aKu,

with each aj P RN. Correspondingly, the payoff structure of all K reform policies can be

represented by a K ˆ N payoff matrix, where the (i, j) entry in this matrix represents the

payoff to player j for the reform policy of issue i. The proposal space X consists of all

subsets of A, with ||X|| = 2||A||. The payoff vector for each x P X is the summation of the

payoff vectors of all reform policies contained within x.

Let us consider an example with 3 players and 3 issues to illustrate the concepts. The

payoff matrix for the reform policies regarding the three issues is displayed in Table 3.3. In

this case, there are 8 possible subsets of the three reform policies. In other words, ||X|| = 8,

and:

X = t(0, 0, 0), (5, 5, ´3), (´3, 5, 5), (4, 4, 4), (2, 10, 2), (9, 9, 1), (1, 9, 9), (6, 14, 6)u

The vector (6, 14, 6) represents the scenario where all the reform policies are proposed.
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Similarly, (9, 9, 1) represents the proposal of reform policies for issue 1 and issue 3, while

(0, 0, 0) represents the status quo for all issues.

The next two propositions characterize the Nash equilibrium of the legislature game

described in Section 3.2. In these propositions, we focus on the scenario where the discount

factor for each player, δ « 1. This assumption is made to maximize the bargaining power

of each voter during the legislative process.

Proposition 3.6. For each Pareto-efficient allocation xi in X that provides every individual with

a positive payoff, it supports an equilibrium. The equilibrium strategy is as follows: Each proposer

will propose the combined reform policies xi that result in the Pareto-efficient allocation. For player

j, as a voter, if a proposal offers them a payoff equal to or greater than xi
j, they will accept the

proposal. If the payoff is less than xi
j, they will reject it.

The intuition behind this proposal is straightforward. Since the voting rule follows the

unanimity rule, every player is pivotal during the voting process. As a result, when the

strategy profile provides a Pareto-efficient allocation, any proposer who introduces a new

combination of reform policies will inevitably offer some players a payoff that is strictly less

than the Pareto-efficient allocation. Given that every player is pivotal, the new proposal

will be rejected, making it an unprofitable deviation.

Given every Pareto allocation with a positive payoff to every player can support an

equilibrium, A Natural question to ask is under the unanimity rule, are Pareto allocations

the only allocations that can appear in the equilibrium? The next proposition answers it.

Proposition 3.7. If an equilibrium provides each player with a positive ex-ante valuation, com-

bined reform policies that will not give Pareto efficient allocation will not appear in the path of

play.
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The restriction that the equilibrium provides each player with a positive ex-ante valua-

tion is necessary for the proposition to hold. To demonstrate the necessity of this condition,

let us consider a simple example: Assume we have two players, and the proposal space X

is (0, 0), (´2, 1), (´1, 2). Under this setting, all equilibria have the following structure:

• For player 1, as a proposer, he will propose (0, 0). As a voter, he will accept any xi

with xi
1 ą 0 and reject any xi with xi

1 ă 0. If xi
1 = 0, he will accept with a fixed

probability.

• For player 2, as a proposer, she will propose any x P X. As a voter, she will accept

any xi with xi
2 ą 0 and reject any xi with xi

2 ă 0. If xi
2 = 0, she will accept with a

fixed probability.

It is straightforward to see that this structure serves as an equilibrium, where both play-

ers have an ex-ante valuation of 0. The reason for this is that, apart from (0, 0), all other

proposals give the player 1 a negative payoff, which he will reject. Consequently, the only

proposal that can be passed is (0, 0). As a result, player 2 is indifferent between proposing

(´2, 1) or (´1, 2), since both will be rejected, causing the game to proceed to the next

stage, which provides her with a discounted continuation value of 0—the best outcome she

can achieve. Consequently, player 2 might propose (´2, 1) even though (´1, 2) is a Pareto

improvement.

By specifying the equilibrium with a positive ex-ante payoff, we rule out the patholog-

ical cases that can arise in the example. Since each player has a positive ex-ante payoff,

they will not be indifferent about whether their proposal is rejected or passed; instead, they

will always prefer their proposal to be accepted to avoid the utility being discounted. As a

result, if some xi P X, which can be Pareto improved by another xj P X, is proposed, there

will be another player (she), who could be better off with xj, rejecting xi and forcing the

game to proceed to the next stage. In the next stage, she has a strictly positive probability

of being recognized as the proposer and proposing xj herself. As a result, since xi will be

rejected for sure, It failed to be an equilibrium.
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Remark. As we can see, the unanimity rule is closely associated with Pareto efficiency.

However, Pareto efficiency will lead to multiplicity of Nash equilibrium. For example

whose reform policies are represented by Table 3.3. All of (9, 9, 1), (1, 9, 9), and (6, 14, 6)

are Pareto efficient and can be Nash equilibrium. However, all the reform policies for

issue 1, issue 2, and issue 3 are efficient 2, and (9, 9, 1) and (1, 9, 9) will lead to inefficiency.

The reason for multiplicity and inefficiency is that the unanimity rule gives each player

infinite bargaining power.

2 A reform policy is efficient when the outcome is positive if we sum up all players’ payoff given by this
reform policy.
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3.5 Legislature Under Majority Rule

In the previous section, we characterized the properties of equilibrium for the infinite-

session legislature game under the assumption that the voting rule follows the unanimity

rule. In this section, we shift our focus to the legislature game where the voting rule follows

the simple majority rule. Here, we continue to consider the case where the discount factor

for each player, δ « 1, to maximize their bargaining power. The setting and proposal space

are nearly identical to those in the previous section. However, since the simple majority

rule is more complex than the unanimity rule, as not all players are pivotal in this case, we

introduce further specifications to the payoff structure to make the analysis feasible.

As usual, there are N players (an odd number) indexed by 1, 2, . . . , N. In this section,

we specify that the number of issues equals the number of players. Similar to the previous

section, each issue has two alternatives, 1, 0, where 1 represents a reform policy and 0

represents the status quo, whose payoff is normalized to 0. We still use A to represent the

set including all the reform policies. Correspondingly, the payoff structure of all reform

policies can be represented by an N ˆ N matrix P. The (i, j) entry of P, Pij, represents

the payoff to player j for the reform policy of issue i. In this section, we further impose

a cyclical structure on the payoff matrix. This cyclical structure is determined by four

parameters: N (the number of players), K ă N (the number of players benefiting from

each reform policy), g ą 0 (the amount of benefit received by beneficiaries), and l ă 0 (the

amount of loss endured by those adversely affected). Additionally, for the i-th row Pi_ in

the payoff matrix of reform policies, the payoff vector takes the following specific form:

#

Pij = g j P tt|D m P t0, 1, . . . , K ´ 1u, t = (i + m)%Nu

Pij = l Otherwise

Where % denotes the modular operator. The proposal space X includes all subsets of the

N reform policies corresponding to the N issues. Table 3.4 provides an example of a payoff

structure with a cyclical structure. In this example, N = 5, K = 3, g = 10, and l = ´1.
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Table 3.4: A Example with a Cyclical Payoff Structure.

player1 player2 player3 player4 player5

issue 1 10 10 10 -1 -1
issue 2 -1 10 10 10 -1
issue 3 -1 -1 10 10 10
issue 4 10 -1 -1 10 10
issue 5 10 10 -1 -1 10

From this example, it is straightforward to observe that the indexing of players is not

arbitrary; players are arranged in a circular structure, as depicted in Figure 3.6, where

the first player and the last player are adjacent. Players’ preferences regarding the issues

become more aligned the closer they are to each other in the circle.

1

2

34

5

FIGURE 3.6: Position Relationship for players in Table 3.4.

We define a cyclical structure as efficient if, for any reform policy, the sum of its elements

is positive, and we define it as inefficient if the sum is negative. Table 3.4 provides an

example of an efficient payoff structure, while Table 3.5 provides an example of an inefficient

payoff structure.

If the reform policies’ payoff structure is efficient, the proposal that includes all the

reform policies should ideally be passed during the legislature. This is because any subset of

the reform policies could result in welfare loss from the perspective of a social planner or by

assuming post-event transfers are allowed. The following Lemma and Theorem characterize

the conditions that must be satisfied for the equilibrium, given the cyclical structure is
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Table 3.5: A Example with an inefficient Cyclical Payoff Structure.

player1 player2 player3 player4 player5

issue 1 10 10 10 -16 -16
issue 2 -16 10 10 10 -16
issue 3 -16 -16 10 10 10
issue 4 10 -16 -16 10 10
issue 5 10 10 -16 -16 10

Table 3.6: Payoff structure satisfying No Coalition Condition

player1 player2 player3

issue 1 10 10 -1
issue 2 -1 10 10
issue 3 10 -1 10

efficient, to ensure that every recognized proposer will propose all the reform policies and

that this proposal will be accepted.

Definition 3.2. For all the coalition C with N+1
2 numbers of players, for all the proper subset S of

all the reform policies A. If S can not Pareto improve A within Coalition C, then we say the payoff

structure satisfies No Coalition Condition.

Table 3.6 represents a payoff structure that satisfies the No Coalition Condition. In

contrast, Table 3.7 represents a payoff structure that does not satisfy the No Coalition

Condition. For instance, if player 1 and player 2 form a coalition and decide to only pass

reform policies regarding issue 1 and issue 2, each of them will receive a payoff of 9, which

is greater than the payoff of 8 they would receive if all proposals were passed.

Definition 3.3. The strategy profile characterized as follows is referred to as the All Pass Sce-

nario: For each recognized proposer, he/she will propose all the reform policies, and every voter will

approve this proposal.
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Table 3.7: Payoff structure without No Coalition Condition

player1 player2 player3

issue 1 10 -1 -1
issue 2 -1 10 -1
issue 3 -1 -1 10

Lemma 3.8. The All Pass Scenario is an equilibrium if and only if the No Coalition Condition is

satisfied.

The No Coalition Condition under the cyclical payoff structure indicates that there is

no proper subset of players, constituting more than half of all players, that can unanimously

agree to pass only a proper subset of the reform policies. This condition implies that for

any player recognized as a proposer, if they propose a policy combination other than the

combination of all reform policies, they will fail to secure enough supporters to satisfy the

majority rule. As a result, the game will proceed to the next stage, and the proposer’s

payoff will be discounted.

As a result, for the All Pass Scenario to be an equilibrium, it is sufficient to identify the

conditions that satisfy the No Coalition Condition. The following theorem characterizes

the necessary and sufficient conditions for a payoff structure to meet the No Coalition

Condition.

Theorem 3.9. If the payoff structure is cyclical, then the payoff structure satisfies the No Coalition

Condition if and only if for each reform policy, K ą N ´ K and (r N+1
2 /(N ´ K)s ´ 1) ˆ g ě |l|.

Remark. To illustrate the notation, rs represents the ceiling function.For example, the pay-

off matrix by rotation of (5, 5, 5, ´7, ´7) do not satisfy the necessary and sufficient con-

dition for No Coalition Condition however, the rotation of (5, 5, 5, ´4, ´4), which is dis-

played by Table 3.8 satisfies it, since (r3/2s ´ 1) = 1 and 5 ă 7 but 5 ą 4. The necessary

and sufficient condition for No Coalition Condition under cyclical preference shows a

78



tradeoff between the number of beneficiaries and the amount of the benefit, if the number

of beneficiaries is larger, then the amount that each beneficiary gets to make No Coalition

Condition hold is less, Vice Versa.

We use Table 3.8 to provide the intuition behind this result. If player 2 wants to form

a coalition and propose a subset of A such that every player in the coalition can be better

off, they would first choose players 1 and 3 to form the coalition, as these players have the

most aligned preferences. Once the coalition is formed, they need to identify a non-empty

subset B of A such that A ´ B becomes a Pareto improvement of A. For this to happen, B

must satisfy the condition that, for each player i P 1, 2, 3, there exists at least one reform

policy j in B such that reform policy j gives player i a negative payoff. In other words,

they must find a subset B of A such that the negative terms in B cover all three players 1,

2, and 3. Moreover, player 2 will aim to cover players 1, 2, and 3 in the most efficient way.

Efficiency means that, while using the negative terms in B to cover all players in the coali-

tion, the subset B should include the minimum number of positive terms. In Table 3.8, the

most efficient way to cover players 1, 2, and 3 is by selecting issue 3 and issue 4, which

are highlighted in yellow. If the policy combination in B cannot provide a negative payoff

for each player i P 1, 2, 3, then it is impossible to find a subset B such that A ´ B becomes

a Pareto improvement for the coalition. In the example, since 5 + (´4) = 1, player 1 will

not agree on excluding the reform policies regarding issues 3 and 4 and Coalation can not

be formed. This entire judgment process is formalized in Theorem 3.9.

Another property worth mentioning is that under cyclical preference, it may be tempt-

ing to propose that the necessary and sufficient condition for No Coalition Condition is

that for all the coalition C with N+1
2 numbers of players, all the proposals are efficient pro-

posals for coalition C. The statement is a sufficient condition for No Coalition Condition,

However, it is not necessary. This can also be shown by Table 3.8. In this example, if play-

ers 1, 2, and 3 form a coalition, then issues 3 and 4 will be inefficient to this coalition since
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Table 3.8: Example of Payoff Structure Satisfying the Theorem 3.9

player1 player2 player3 player4 player5

issue 1 5 5 5 -4 -4
issue 2 -4 5 5 5 -4
issue 3 -4 -4 5 5 5
issue 4 5 -4 -4 5 5
issue 5 5 5 -4 -4 5

both of them will give this coalition a payoff ´3. However, any subset of all the propos-

als can not achieve a Pareto improvement and this payoff structure satisfies No Coalition

Condition.
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4. Conclusion
In this work, we dive into three topics concerning different aspects of microeconomics

Theory. Chapter 1 introduces a preference model that captures inter-temporal substitu-

tion and complementarity in consumer choices. The proposed model adopts a discounted,

non-separable additive structure, where the non-separability allows each period’s utility

to be influenced by past consumption, while additivity ensures that the model remains

manageable. The paper also examines the axiomatic basis of this preference structure,

identifying conditions that lead to a discounted, non-separable utility representation over

time. The non-separable form is developed by applying cross-consistency, which is intro-

duced by Gilboa et al. (2016) inductively. The discounted form is given by independence

and stationary assumptions characterized by the original work implemented by Koopmans

(1972). This framework provides an alternative perspective on consumer behavior in re-

peated scenarios. By defining this representation’s functional form, the model can produce

realistic consumption patterns, such as variety-seeking and addiction replacement, observed

in real-world settings. Consequently, the model deepens our understanding of dynamic con-

sumer behavior by highlighting the impact of past consumption on future decisions.

Chapter 2 moves beyond the rational expectations equilibrium (REE) framework to

explore speculative behavior within an infinite discrete-time setting, where market partici-

pants form forecasts through linear factor models and update these models using Bayesian

rules to optimize parameters based on observed price data. We show that Bayesian learning

in this context mirrors algorithmic trading, where traders apply ridge regression to forecast

market trends. Our framework reflects real-world financial practices, as it allows traders to

observe various factors—similar to practitioners who increasingly rely on statistical models

incorporating unconventional data with minimal assumptions about other participants’ ac-

tions. We define a stationary equilibrium in this model and establish its existence, linking

our findings to the literature on model misspecification. Specifically, we show that the sta-

tionary equilibrium in our infinite-time model corresponds to a Berk-Nash equilibrium in a
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comparable static framework. Additionally, we prove that prices converge to this station-

ary equilibrium through repeated interactions among participants. Our model provides a

theoretical basis for bubble formation, illustrating how statistical learning can amplify and

reinforce abnormal pricing, pushing the stationary price away from its liquidation value,

even with only a small proportion of irrational investors. Furthermore, given the adaptive

nature of statistical learning, our framework offers a potential explanation for phenomena

such as price momentum and reversals—patterns commonly observed in financial markets

that are challenging for traditional finance theories to explain.

Chapter 3 explores an Infinite-Session Legislature with a Closed Rule, resembling the

framework in Baron and Ferejohn (1989) but with a key difference: our model assumes a

discrete and finite set of proposals, making it more representative of real-world legislative

contexts. We define a more restrictive Nash equilibrium concept than the Markovian Nash

equilibrium, where a player will vote in favor if it yields a strictly higher payoff than their

discounted continuation value. We also prove that a Nash equilibrium exists under this

restriction. Unlike prior studies, we provide an example showing that, within our frame-

work, the Nash equilibrium can involve delays, extending the legislative process beyond the

initial stage. Furthermore, we analyze the Nash equilibrium under the unanimity rule in

our model and find that only Pareto-efficient allocations are supported, with non-Pareto ef-

ficient outcomes excluded from the path of play. Moving to the simple majority rule, which

introduces greater complexity, we examine cases where players have cyclical preferences

over proposals. Here, we identify the necessary and sufficient conditions for the legislature

to support Pareto-efficient outcomes under majority rule.
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Appendix A. Mathematical Appendix for Chapter 1

Proposition A.1 (Proof of Proposition 1.1). For any h P H, given x = (x0, . . . , xt, . . . ) P

X, which is neither the zero program nor the maximum program, there exists a program x̃ =

(x̃0, . . . , x̃t, . . . ) P X such that x „h x̃.

Proof. First, consider x is not a maximum program. By the existence of a minimization

and non-maximum assumption, there exists (x̄0, . . . , x̄t, . . . ) such that.

(x̄0, . . . , x̄t, . . . ) ąh (x0, . . . , xt, . . . ) ąh 0.

Given that preferences are continuous for the product topology, there exists t1 and (x̃t1 , x̃t1+1, . . . )

such that:

(x̄0, . . . , x̄t1´1, x̃t1 , x̃t1+1, . . . ) ąh (x0, . . . , xt1+1, . . . ) ąh (0, . . . , 0, x̃t1 , x̃t1+1, . . . ).

Since the product of the uniform consumption space is convex, and by continuity and

local monotonicity, we can find (x̃0, . . . , x̃t1 , . . . ) P X such that x „h x̃.

Now assume x ” (x0, x1, . . . , xt) is a maximum program given history h. The sequence

txkuk, where xk ” (x0, . . . , xk, 0, 0, . . . ), converges to x. By Assumptions 1.1, 1.3, and 1.5,

we can find tz̃kuk, where z̃k = (z̃0, z̃1, . . . , z̃k, 0, 0, . . . ), such that xk „h z̃k.

This holds because we can always find z̃0 such that (x0, 0, . . . ) „h (z̃0, 0, . . . ). Assum-

ing (x0, . . . , xk, 0, 0, . . . ) „h (z̃0, z̃1, . . . , z̃k, 0, 0, . . . ), by local monotonicity and Assumption

1.1, we can find z̃k+1 such that:

(x0, . . . , xk, xk+1, 0, 0, . . . ) „h (x0, . . . , xk, z̃k+1, 0, 0, . . . ).

By Assumption 1.3, we have:

(x0, . . . , xk, z̃k+1, 0, 0, . . . ) „h (z̃0, z̃1, . . . , z̃k, z̃k+1, 0, . . . ).

The sequence tz̃kuk converges to some program z̃, and txkuk converges to x, with xk „h z̃k.

By the continuity assumption, we have z̃ „h x.
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Proposition A.2 (Proof of Proposition 1.3). Let X1, X2, X3, . . . , XN be convex subsets of Eu-

clidean spaces, with their product denoted as A = X1 ˆ X2 ˆ ¨ ¨ ¨ ˆ XN . We impose the following

four axioms on the binary relation ÁĂ A ˆ A:

A1: Weak order: Á is complete and transitive.

A2: Continuity: @a P A, tb P A | b ą au, tb P A | a ą bu are open.

A3: Cross-consistency: For k = 2, . . . , N ´ 1, cross-consistency holds on:

(X1 ˆ ¨ ¨ ¨ ˆ Xk´1) ˆ Xk ˆ (Xk+1 ˆ ¨ ¨ ¨ ˆ XN).

A4: Essentiality: For k = 2, . . . , N ´ 1, essentiality conditions hold for each

Ak ” (X1 ˆ ¨ ¨ ¨ ˆ Xk´1) ˆ Xk ˆ (Xk+1 ˆ ¨ ¨ ¨ ˆ XN).

The relation ÁĂ A ˆ A satisfies A1–A4 if and only if there are continuous functions:

ui : Xi ˆ Xi+1 Ñ R

Such that the preference can be written as:

U(x1, x2, . . . , xN) = u1(x1, x2) + u2(x2, x3) + ¨ ¨ ¨ + uN´1(xN´1, xN).

Uniqueness Result:

For another additive Markov representation of the same preference:

U1(x1, x2, . . . , xN) = u1
1(x1, x2) + u1

2(x2, x3) + ¨ ¨ ¨ + u1
N´1(xN´1, xN),

The following relationship holds:

#

u1
1(x1, x2) = αu1(x1, x2) ´ β1(x2),

u1
N´1(xN´1, xN) = αuN´1(xN´1, xN) + βN´1(xN´1) + γ.

For 1 ă i ă N,

u1
i(xi, xi+1) = αui(xi, xi+1) + βi(xi) ´ βi+1(xi+1).

Proof. We want to show that for k = 2, . . . , m, if all the corresponding cross-consistency

conditions are satisfied, we can have a utility representation, with each component as a
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continuous function:

U(x1, . . . , xN) = u1(x1, x2) + u2(x2, x3) + ¨ ¨ ¨ + um´1(xm´1, xm) + um(xm, . . . , xN).

For m = 2, this is satisfied.

Assume for m = j, it is satisfied, and Á can be represented by the utility representation:

U(x1, . . . , xN) = u1(x1, x2) + ¨ ¨ ¨ + uj´1(xj´1, xj) + vj(xj, . . . , xN). (A.1)

Now, with cross-consistency on:

(X1 ˆ ¨ ¨ ¨ ˆ Xj) ˆ Xj+1 ˆ (Xj+2, . . . , XN),

Á can be represented by:

ũ(x1, . . . , xj, xj+1) + Ṽ(xj+1, xj+2, . . . , xN). (A.2)

Given a fixed x̃j+1, the conditional preference Áx̃j+1 can be represented by:

#

u1(x1, x2) + u2(x2, x3) + ¨ ¨ ¨ + uj´1(xj´1, xj) + vj(xj, . . . , xN),
ũ(x1, . . . , xj, x̃j+1) + Ṽ(x̃j+1, xj+2, . . . , xN).

Since we have assumed cross-consistency on:

(X1 ˆ ¨ ¨ ¨ ˆ Xj´1) ˆ Xj ˆ (Xj+1, . . . , XN),

it follows that, given the fixed x̃j+1, we still have cross-consistency on:

(X1, . . . , Xj´1) ˆ Xj ˆ (Xj+2, . . . , XN).

This implies the following, by the uniqueness result of Gilboa et al. (2016):

#

řj´1
s=1 us(xs, xs+1) = α(x̃j+1)ũ(x1, . . . , xj, x̃j+1) ´ β(x̃j+1, xj),

vj(xj, x̃j+1, . . . , xN) = α(x̃j+1)Ṽ(x̃j+1, . . . , xj+2, . . . , xN) + β(x̃j+1, xj) + γ(x̃j+1).

As a result, u1(x1, x2) + u2(x2, x3) + ¨ ¨ ¨ + uj´1(xj´1, xj) + vj(xj, . . . , xN) can be written

as:

u1(x1, x2) + u2(x2, x3) + ¨ ¨ ¨ + uj´1(xj´1, xj) + β(xj+1, xj)+

α(xj+1)Ṽ(xj+1, . . . , xj+2, . . . , xN) + γ(xj+1).

85



Now we need to prove that β(¨, ¨) is a continuous function. We claim that the function

α(¨) is continuous with respect to x̃j+1.

Assume α(¨) is discontinuous at point x̄j+1. We can find a sequence txn
j+1u such that

txn
j+1u converges to x̄j+1, but there exists ϵ such that |α(xn

j+1) ´ α(x̄j+1)| ě ϵ. The first line

of equation (A3) can be written as:

j´1
ÿ

s=1

us(xs, xs+1) + β(xn
j+1, xj) = α(xn

j+1)ũ(x1, . . . , xj, xn
j+1),

We also have:

j´1
ÿ

s=1

us(xs, xs+1) + β(x̄j+1, xj) = α(x̄j+1)ũ(x1, . . . , xj, x̄j+1).

Subtracting the second equation from the first, we have:

β(xn
j+1, xj) ´ β(x̄j+1, xj) = α(xn

j+1)ũ(x1, . . . , xj, xn
j+1) ´ α(x̄j+1)ũ(x1, . . . , xj, x̄j+1).

By the continuity of the function ũ(¨, . . . , ¨), as n becomes large, the right-hand side of

the equation will converge to (α(xn
j+1) ´ α(x̄j+1))ũ(x1, . . . , xj, x̄j+1). Thus, the oscillation

on the right-hand side depends on the values of x1, . . . , xj´1, whereas the left-hand side

does not. Therefore, α(¨) cannot be discontinuous.

Given that α(¨) is continuous and
řj´1

s=1 us(xs, xs+1) is a continuous function, we have

that β(¨, ¨) is also a continuous function. By the same reasoning, γ(¨) is a continuous

function as well. The uniqueness property can be directly derived from the uniqueness

result of Gilboa et al. (2016).

Proposition A.3 (Proof of Proposition 1.4). Let X, Y, Z be convex subsets of Euclidean spaces

and Ỹ be any subset of Y with YzỸ is connected and YzỸ = Y. Denote the product space of X, Y, Z

as A = X ˆ Y ˆ Z. We impose the following four axioms on the binary relation ÁĂ A ˆ A:
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A1: Weak order: Á is complete and transitive.

A2: Continuity: @a P A, tb P A | b ą au, tb P A | a ą bu are open.

A3: Cross-consistency: Cross-Consistency holds for A

A4: Essentiality: Essentiality holds for X ˆ YzỸ ˆ Z

The relation ÁĂ A ˆ A satisfies A1–A4 if and only if there are continuous functions:

u : X ˆ Y Ñ R,

v : Y ˆ Z Ñ R,

such that Á is represented by:

f (x, y, z) = u(x, y) + v(y, z),

where neither u(¨, y) nor v(y, ¨) is constant for y P YzỸ.

The Uniqueness Result:

If u1 and v1 also satisfy the representation above, then there exist constants α, a continuous function

β : Y Ñ R, and γ P R such that:

#

u1(x, y) = αu(x, y) + β(y),
v1(y, z) = αv(y, z) ´ β(y) + γ.

Proof. The proof relies on observations made in the proof of Result 1.2 in the original

paper by Gilboa et al. (2016). In the original proof, the convexity of the set Y is required

to guarantee that W(A), defined in the first paragraph of page 449, is connected in R—in

other words, that it forms an interval. There are two key parts of the proof that rely on

W(A) being an interval:

1. Given that W(A) is an interval, the set Y can be covered by a countable collection

of closeness balls, Y =
Ť

iPZ C(yi), as described on page 452, where C(yi) is a closeness

87



ball centered at yi, defined on page 451. This step is necessary to establish the additive

representation on the entire space X ˆ Y ˆ Z.

2. The connectness of W(A) is used to construct ξ = min
Ť

y W(Ay) or

ξ = max
Ť

y W(Ay), as shown on page 453. Here, Ay is the subset where the middle

element equals y, defined at the end of page 446. This construction ensures the continuity

of the additive representation.

Thus, the requirement for Y to be convex ensures that W(A) forms an interval. By

assuming that YzỸ is connected, we similarly have that W(Ã), where Ã = X ˆ (YzỸ)ˆ Z,

forms an interval. Given Axioms A1–A4, we can derive the continuous additive represen-

tation on Ã, where for each (x, y, z) P Ã, we have u(x, y, z) = u(x, y) + u(y, z).

Since we assume YzỸ = Y, it follows that Ã = A. By the continuity assumption

(A2), we can extend the representation from Ã to A by taking the limit. Since the limit

operation preserves additivity, the resulting representation on A remains both continuous

and additive, and the uniqueness result is also preserved.

Proposition A.4 (Proof of Proposition 1.5). Let X1, X2, X3, . . . , XN be convex subsets of Eu-

clidean spaces, with their product denoted as A = X1 ˆ X2 ˆ ¨ ¨ ¨ ˆ XN . For 1 ă k ă N, let X̃k be

a subset of Xk with XkzX̃k is connected and XkzX̃k = Xk. We impose the following four axioms

on the binary relation ÁĂ A ˆ A:
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A1: Weak order: Á is complete and transitive.

A2: Continuity:@a P A, tb P A | b ą au, tb P A | a ą bu are open.

A3: Cross-consistency: For k = 2, . . . , N ´ 1, cross-consistency holds on:

(X1 ˆ ¨ ¨ ¨ ˆ Xk´1) ˆ Xk ˆ (Xk+1 ˆ ¨ ¨ ¨ ˆ XN).

A4: Essentiality: For k = 2, . . . , N ´ 1, essentiality conditions hold for each

Ak ” (X1 ˆ ¨ ¨ ¨ ˆ Xk´1) ˆ (XkzX̃k) ˆ (Xk+1 ˆ ¨ ¨ ¨ ˆ XN),

The relation ÁĂ A ˆ A satisfies A1–A4 if and only if there exist continuous functions:

ui : Xi ˆ Xi+1 Ñ R

Such that the preference can be written as:

u1(x1, x2) + u2(x2, x3) + ¨ ¨ ¨ + uN´1(xN´1, xN).

The Uniqueness Result:

For another additive Markov representation of the same preference:

u1
1(x1, x2) + u1

2(x2, x3) + ¨ ¨ ¨ + u1
N´1(xN´1, xN),

The following relationship holds:

#

u1
1(x1, x2) = αu1(x1, x2) ´ β1(x2),

u1
N´1(xN´1, xN) = αuN´1(xN´1, xN) + βN´1(xN´1) + γ.

For 1 ă i ă N,

u1
i(xi, xi+1) = αui(xi, xi+1) + βi(xi) ´ βi+1(xi+1).

Proof. The proof proceeds by applying Proposition 1.4 recursively, in the same manner as

Proposition 1.3 is proved by recursively applying Result 1.2.
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Proposition A.5 (Proof of Proposition 1.6). By Assumptions 1.1 to 1.10, for all T, the pref-

erence 0 Á
(h,z̃)
T is independent of z̃. The preference 0 Á

(h,z̃)
T can be represented as:

u0(h, x0) + u1(x0, x1) + ¨ ¨ ¨ + uT(xT´1, xT),

where for 0 ď t ď T, we have ut(¨, x̃t) = ut(x̃t).

To prove this proposition, we need the following lemmas.

Lemma A.6. For any z̃ and z̃1, and for any x and x1, given any preference Áh, we have:

(0xT,T+1 z̃) Áh (0xT,T+1 z̃1) if and only if (0x1
T,T+1 z̃) Áh (0x1

T,T+1 z̃1).

Proof. This is followed by inductively applying Assumptions 7, 8, and 4 (Assumption 4

underpins Definition 1).

Lemma A.7. For any z̃, the preference 0 Á
(h,z̃)
T can be represented as:

u0(h, x0) + u1(x0, x1) + ¨ ¨ ¨ + uT(xT´1, xT).

Proof. By proposition 1.5 and assumption 1.9 and 1.10, the preference Áh can be repre-

sented as:

u0(h, x0) + u1(x0, x1) + ¨ ¨ ¨ + uT(xT´1, xT) + uT+1(xT, xT+1) + V(xT+1, xT+2, . . . ).

By Lemma 1, for any z̃ and m̃, and for any xT and x˚
T, we have:

uT+1(xT, m̃T+1) + V(m̃T+1, m̃T+2, . . . ) ě uT+1(xT, z̃T+1) + V(z̃T+1, z̃T+2, . . . )

ðñ

uT+1(x˚
T, m̃T+1) + V(m̃T+1, m̃T+2, . . . ) ě uT+1(x˚

T, z̃T+1) + V(z̃T+1, z̃T+2, . . . ).

In other words, fixing x˚
T, for any other xT, there exists a continuous increasing func-

tion gxT (¨) such that:

uT+1(xT, z̃T+1) + V(z̃T+1, z̃T+2, . . . ) = gxT (uT+1(x˚
T, z̃T+1) + V(z̃T+1, z̃T+2, . . . )).
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Next, we use I(x˚
T, z̃T+1) to represent the range of the function uT+1(x˚

T, z̃T+1)+

V(z̃T+1, ¨, . . . ), and we use I(x˚
T) to represent the range of the function uT+1(x˚

T, ¨)+V(¨, . . . ).

For any δ and δ + ϵ P I(x˚
T, z̃T+1), we have:

gxT (ϵ + δ) ´ gxT (δ) = ϵ.

This shows that the function gxT (¨) is locally linear.

For any δ + ϵ, δ P I(x˚
T), we have [δ, δ + ϵ] Ă

Ť

z̃T+1Pt(x1,...,xn)|xi=xju
I(x˚

T, z̃T+1). By

imposing the relative topology induced by the subset I(x˚
T),

we have [δ, δ + ϵ] Ă
Ť

z̃T+1Pt(x1,...,xn)|xi=xju
int(I(x˚

T, z̃T+1)). Since [δ, δ + ϵ] is compact, it can

be covered by a finite open cover.

As a result, there exist two finite sequences (z̃m
T+1)m=1,...,n and (δm)m=1,...,n´1 such that

[δ, δ + ϵ] Ă
Ť

m=1,...,n I(x˚
T, z̃m

T+1), with δ P int(I(x˚
T, z̃1

T+1)), δ + ϵ P int(I(x˚
T, z̃n

T+1)), and

δm P int(I(x˚
T, z̃m

T+1)) X int(I(x˚
T, z̃m+1

T+1 )).

Finally, we have:

gxT (ϵ + δ) ´ gxT (δ) = gxT (ϵ + δ) ´ gxT (δn´1) + gxT (δn´1) ´ gxT (δn´2)

+ ¨ ¨ ¨ + gxT (δ1) ´ gxT (δ)

= ϵ.

This demonstrates that gxT (¨) is an affine transformation with slope 1. Thus, we have:

uT+1(xT, z̃T+1) + V(z̃T+1, z̃T+2, . . . ) = uT+1(x˚
T, z̃T+1) + V(z̃T+1, z̃T+2, . . . ) + β(xT).

We can set u1
T+1(z̃T+1) = uT+1(x˚

T, z̃T+1) and u1
T(xT´1, xT) = uT(xT´1, xT) + β(xT).

Finally, the preference Áh can be represented as:

u0(h, x0) + u1(x0, x1) + ¨ ¨ ¨ + u1
T(xT´1, xT).

Corollary A.8 (Proof of Corollary 1.7). Given a fixed program z̃, the derived preference t Á
(z̃,w)
t+k

is independent of t and z̃.
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Proof. This result follows directly from Lemma A.6 and Proposition 1.6.

Proposition A.9 (Proof of Proposition 1.8). The utility representation of 0 Á
(h,z̃)
T can be ex-

pressed as:

u(h, x0) + βu(x0, x1) + β2u(x1, x2) + ¨ ¨ ¨ + βTu(xT´1, xT)

Proof. By Corollary 1.7, for any z̃ and w, we have that 0 Á
(z̃,w)
T´1 and 1 Á

(z̃,w)
T represent the

same preference. These preferences can be represented by:
#

u0(w, ¨) + u1(¨, ¨) + ¨ ¨ ¨ + uT´1(¨, ¨)

u1(w, ¨) + u2(¨, ¨) + ¨ ¨ ¨ + uT(¨, ¨)

By the uniqueness result from Proposition III.4, for each w and any (x1, . . . , xT) P

(RN
+)

T, the following holds:

u1(w, x1) + u2(x1, x2) + u3(x2, x3) + ¨ ¨ ¨ + uT(xT´1, xT)

= βw(u0(w, x1) + u1(x1, x2) + u2(x2, x3) + ¨ ¨ ¨ + uT´1(xT´1, xT)) + γ(w)

For another w1, the same equation holds:

u1(w1, x1) + u2(x1, x2) + u3(x2, x3) + ¨ ¨ ¨ + uT(xT´1, xT)

= βw1(u0(w1, x1) + u1(x1, x2) + u2(x2, x3) + ¨ ¨ ¨ + uT´1(xT´1, xT)) + γ(w1)

Thus, we have:

(u1(w, x1) ´ βwu0(w, x1)) ´ (u1(w1, x1) ´ βw1 u0(w1, x1)) + γ(w1) ´ γ(w)

= (βw ´ βw1)(u1(x1, x2) + u2(x2, x3) + ¨ ¨ ¨ + uT´1(xT´1, xT))

Since this equation is valid for any (x2, x3, . . . , xT), and the left-hand side has no de-

pendence on (x2, . . . , xT), by significance, it must be the case that βw = βw1 = β for all w

and w1.

As a result, for any w, x0, x1, . . . , xT´1, we have:

u1(w, x0) + u2(x0, x1) + u3(x1, x2) + ¨ ¨ ¨ + uT(xT´2, xT´1)

= β(u0(w, x1) + u1(x1, x2) + u2(x2, x3) + ¨ ¨ ¨ + uT´1(xT´1, xT)) + γ(w)
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By the uniqueness result, we can deduce:
$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

u1(w, x0) = βu0(w, x0) + γ(w) ´ β0(x0),
u2(x0, x1) = βu1(x0, x1) + β0(x0) ´ β1(x1),
u3(x1, x2) = βu2(x1, x2) + β1(x1) ´ β2(x2),
...
uT(xT´2, xT´1) = βuT´1(xT´2, xT´1) + βT´2(xT´2)

u0(w, x0) + u1(x0, x1) + u2(x1, x2) + ¨ ¨ ¨ + . . . uT(xT´1, xT)

= u0(w, x0) + γ(x0) + βu0(x0, x1) + βγ(x1) + β2u0(x1, x2) + β2γ(x2)+

...

+ βT´1u0(xT´2, xT´1) + βT´1γ(xT´1) + βTu0(xT´1, xT) ´

T´1
ÿ

k=0

βT´1´kβk(xT)

Finally, by setting xT = z̃T and u0(w, x0) + γ(x0) = u(w, x0), we conclude that 0 Á
(h,z̃)
T´1

can be represented as:

u(h, x0) + βu(x0, x1) + β2u(x1, x2) + ¨ ¨ ¨ + βT´1u(xT´2, xT´1)
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Theorem A.10. (Proof of Theorem 1.9)

By Assumptions 1.1 to 1.10, Á can be represented as follows:

8
ÿ

t=0

βtu(xt´1, xt), 0 ă α ă 1, x´1 = h

With u(¨, ¨) is a continuous function.

Proof. Before deriving the desired representation for all consumption streams, let us first

focus on programs that ultimately have constant consumption (i.e., a uniform consump-

tion bundle) z̃ in each period. We define:

consX ” t(z̃, z̃, . . . )|Dz̃ P tuniform consumption bundleuu

Xcons ” t(x0, x1, . . . , xT, z̃, z̃, . . . )|DT ě 0, Dz̃ P R̄N
+ , (x1, . . . , xT) P (RN

+)
Tu

XT
cons ” t(x0, x1, . . . , xT, z̃, z̃, . . . )|Dz̃ P R̄N

+ , (x1, . . . , xT) P (RN
+)

Tu

First, we focus on consX. For z̃ and ṽ P tuniform consumption bundleu, by Assumption

1.4, if Dh1, h2 P H such that (h1, z̃) Á1 (h2, ṽ), then for any h1, h2 such that (h1, z̃) Á1 (h2, ṽ).

Consequently, since the ranking does not depend on history, we denote it as z̃ Á1 ṽ. Note

that z̃ Á1 ṽ is equivalent to u(z̃) ě u(ṽ), as u(¨, ¨) is degenerate in the first argument when

ṽ and z̃ are uniform consumption bundles.

By Assumption 1.8, if z̃ Á1 ṽ, we have (z̃, ṽ, ṽ, . . . ) Á (z̃, z̃, ṽ, . . . ) Á (z̃, z̃, z̃, ṽ, . . . ). By

Assumption 1.6, we have (z̃, z̃, z̃, . . . ) Á (ṽ, ṽ, ṽ, . . . ). Therefore, the preference Á on consX

is the same as Á1 on tuniform consumption bundleu.

As a result, by Proposition 1.8 and Lemma A.7, the preference Á on H ˆ XT
cons can be

represented as follows:

UT
cons((h; x0, . . . , xT, z̃, z̃, . . . )) = u(h, x0) + βu(x0, x1) + ¨ ¨ ¨ + βTu(xT´1, xT) + fT(u(z̃))

With fT(¨) being an increasing function by the stationary assumption. By Proposition 1.6,
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we know that 0 Á
(z̃,w)
T´1 and 1 Á

(z̃,w)
T represent the same preference on XT

cons.
#

(a) u(w, x0) + βu(x0, x1) + ¨ ¨ ¨ + βT´1u(xT´2, xT´1) + βTu(z̃) + fT(u(z̃))
(b) βu(w, x0) + β2u(x0, x1) + ¨ ¨ ¨ + βTu(xT´2, xT´1) + fT(u(z̃))

By the uniqueness result, we have (b) = α(a) + C, which implies that fT(u(z̃)) =

βT+1u(z̃)
1´β + C (C is a constant). Since fT(¨) is an increasing function, it follows that 0 ă β ă

1. We can drop the constant, and the preference Á on H ˆ XT
cons can be represented as:

(c) UT
cons((h; x0, . . . , xT, z̃, z̃, . . . )) = u(h, x0)+ βu(x0, x1)+ ¨ ¨ ¨+ βTu(xT´1, xT)+

βT+1u(z̃)
1 ´ β

Now that we have a preference representation on XT
cons, it also applies across different

T: Without loss of generality, assuming T1 ą T, the representation for T coincides with T1

by the summation property of a geometric sequence.

For each sequence x = (h; x0, x1, . . . , xt, . . . ) (which may not belong to Xcons), we can

fix a uniform consumption bundle z̃ (e.g., 0) and form the series tStut ”

t(h; x0, . . . , xt, z̃, z̃, . . . )utPN. Given that Áh is a continuous preference concerning the prod-

uct topology and limtÑ8 St = x, the limit in the product topology yields:

lim
tÑ8

Ut
cons(h; x0, . . . , xt, z̃, . . . ) =

8
ÿ

t=0

βtu(xt´1, xt)

This provides the utility representation for the consumption stream x.

Proposition A.11. (Proof of Proposition 1.10)

Given Assumptions 1.12, 1.11 and 1.5 the well-defined Áh
1 can be represented by an additive

utility function of the form:

v(h)((x1, . . . , xn)) =
ÿ

k

αk(h)xγ(h)
k with

ÿ

k

αk(h) = 1,

Where the utility function is unique up to affine transformation.
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Proof. By independence axiom, we have Áh
1 can be represented by v(¨), with:

v(x1, . . . , xn) =
n

ÿ

k=1

fk(xk) fk(0) = 0 @k

since Áh
1 is monotonic, homothetic and continuous, Á1

h can be represented by Q(¨), where

Q(¨) is a homogeneous function with degree 1, which means D strictly increasing function

g such that:

g( fk(x)) = Q(0, . . . , x, . . . , 0)

g( fk(x)) = xQ(0, . . . .1, . . . , 0)

g( fk(x)) = αkx (set Q(0, . . . , 1, . . . , 0) = αk ą 0)

now, we have fk(x) = g´1(αkx). Use g̃ to replace g´1, we have fk(x) = g̃(αkx). Since

Á1
h is homothetic, we have @m ą 0,

řn
k=1 g̃(mαkx) can represent Áh

1. By uniqueness of

additive form, cm
řn

k=1 g̃(αkx) =
řn

k=1 g̃(mαkx). combine with g̃(0) = 0, we will have the

following:

(a) cm g̃(x) = g̃(mx) @x P R+

Equivalently

c(m)g̃(1) = g̃(m)

So, to get the functional form of g̃(¨), we only need to pin down the functional form of c(¨).

By equation (a), for any rational number α, c(mα) = (c(m))α. For any number α(maybe

irrational), there exist tαiu, where αi is rational. such that limiÑ8 αi = α.

c(mα) = lim
iÑ8

c(mαi) = lim
iÑ8

(c(m))αi = c(m)α

As a result, for any α, m, n, we have :
$

’

&

’

%

(c(m))logα
m = c(mlogα

m) = c(α)
(c(n))logα

n = c(nlogα
n) = c(α)

(c(m))logα
m = (c(n))logα

n
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Now, we fix n to be ψ, and set α = m, we have:

lnc(m)

lnc(ψ)
= logm

ψ

ñ lnc(m) = lnc(ψ)logm
ψ

ñ c(m) = exp(lnc(ψ)logm
ψ )

ñ c(m) = (exp(logm
ψ ))

lnc(ψ)

ñ c(m) = (exp(lnm))
lnc(ψ)

lnψ

ñ c(m) = m
lnc(ψ)

lnψ

Since lnc(ψ)
lnψ is a constant, we set it to be γ, so the representation for c(m) is mγ. Addition-

ally, g̃(x) = κmγ, where κ is a constant. Accordingly, fk(x) = g̃(αkx) = κ(αkx)γ = κα
γ
k xγ.

As a consequence, the utility function of Á1
h can be represented by

ř

k κα
γ
k xγ. We can set

αk(h) =
α

γ
k

ř

j α
γ
j
, and get the representation we want.
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Appendix B. Mathematical Appendix for Chapter 2
B.0.1 Proof of Lemma 2.2

Proof. The market clear equation can be written as

(
1

řK
i=1

1
Ai

+
řK+M

k=K+1
1
Bk

K
ÿ

i=1

1
Ai

Pi(¨) ´ I

)
P = ´

1
řK

i=1
1
Ai

+
řK+M

k=K+1
1
Bk

K+M
ÿ

k=K+1

1
Bk

qk

Given there is at least one animal trader, we claim that:(
1

řK
i=1

1
Ai

+
řK+M

k=K+1
1
Bk

K
ÿ

i=1

1
Ai

Pi(¨) ´ I

)

is an invertible matrix.

Assume that

(
1

řK
i=1

1
Ai

+
řK+M

k=K+1
1
Bk

K
ÿ

i=1

1
Ai

Pi(¨) ´ I

)
(x) = 0

then

||x|| = }

(
1

řK
i=1

1
Ai

+
řK+M

k=K+1
1
Bk

K
ÿ

i=1

1
Ai

Pi(x)

)
}

ď
1

řK
i=1

1
Ai

+
řK+M

k=K+1
1
Bk

K
ÿ

i=1

1
Ai

}Pi(x)}

ď
1

řK
i=1

1
Ai

+
řK+M

k=K+1
1
Bk

K
ÿ

i=1

1
Ai

}x}

If there is at least one long-run investor M ą 0, 1
řK

i=1
1

Ai
+

řK+M
k=K+1

1
Bk

řK
i=1

1
Ai

ă 1. For the

inequality to hold, we must have x = 0

B.0.2 Proof of Lemma 2.3

Proof. p is such that

1
ř 1

Ai

K
ÿ

i=1

1
Ai

Pi(P) = P
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Then

ÿ 1
Ai

}P} =

›

›

›

›

›

n
ÿ

i=1

1
Ai

Pi(P)

›

›

›

›

›

ď

K
ÿ

i=1

1
Ai

}Pi(P)}

ď

K
ÿ

i=1

1
Ai

}P}

Where the two inequality are qualities iff Pi(P) = P. In other words, P P
Ş

i span(Xi)

B.0.3 Proof of Theorem 2.4

If trader i believes the price follows Xig + ϵt, where g follows N (µT
i , ΣT

g ), then her belief

for price follows

N (Xiµ
T
i , XiΣT

g X1
i + I)

Her demand for stock j is

ψT
i,j(PT,j) =

(
Xiµ

T
i
)

j ´ PT,j

Ai(1 +
(

XiΣT
g X1

i

)
j
)

The market clear condition for this stock is then:

0 =
K

ÿ

i=1

(
Xiµ

T
i
)

j ´ PT,j

Ai(1 +
(

XiΣT
g X1

i

)
j
)
+

K+M
ÿ

k=K+1

qk,j ´ PT,j

Bk

The market clearing price for this stock at time T + 1 is

P˚
T+1,j =

1
řK

i=1
1

Ai(1+(XiΣT
g X1

i )j
+

řK+M
k=K+1

1
Bk

[
K

ÿ

i=1

(Xiµ
T
i )j

Ai(1 + (XiΣT
g X1

i)j)
+

K+M
ÿ

k=K+1

qk,j

Bk

]
,

where we recall that

µT
i = (1 +

λi

T
)´1(X1

i p̄T +
λi

T
µi).
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We thus write the evolution of price in a recursive manner:

PT+1 = P̃T+1( p̄T) + qT + eT+1,

where P̃T+1 is the linear operator with each entry given by

P̃T+1,j( p̄T) :=
1

řK
i=1

1
Ai(1+(XiΣT

g X1
i )j)

+
řK+M

k=K+1
1
Bk

K
ÿ

i=1

(Xi(1 +
λi
T )

´1X1
i p̄T)j

Ai(1 + (XiΣT
g X1

i)j)
,

and qT is the constant vector given by

qT,j :=
1

řK
i=1

1
Ai(1+(XiΣT

g X1
i )j)

+
řK+M

k=K+1
1
Bk

[
K

ÿ

i=1

(Xi(1 +
λi
T )

´1 λi
T µi)

Ai(1 + (XiΣT
g X1

i)j)
+

K+M
ÿ

k=K+1

qk,j

Bk

]

As T Ñ 8, we have ΣT
g = (T + λi)

´1 I Ñ 0 so that

P̃T Ñ P̃8 :=
1

řK
i=1

1
Ai

+
řK+M

k=K+1
1
Bk

K
ÿ

i=1

XiX1
i

Ai

in the operator norm a.s. and

qT Ñ q :=
1

řK+M
k=K+1

1
Bi

K+M
ÿ

k=K+1

qk,j

Bk
.

We let Pe denote the unique stationary equilibrium as given by Lemma 2.2. Then

Pe = P̃8(Pe) + q

Then

PT+1 ´ Pe ´ eT+1 = P̃T+1( p̄T) ´ P̃8(Pe) + qT ´ q

=

[
P̃T+1( p̄T) ´ P̃T+1(Pe) ´ P̃T+1(

1
T
(e1 + ¨ ¨ ¨ + eT))

]

+ P̃T+1(Pe) ´ P̃8(Pe) + P̃T+1(
1
T
(e1 + ¨ ¨ ¨ + eT)) + (qT ´ q)

= P̃T+1

(
1
T

T
ÿ

i=1

(Pi ´ Pe ´ ei)

)

+ (P̃T+1 ´ P̃8)(Pe) + P̃T+1(
1
T
(e1 + ¨ ¨ ¨ + eT)) + (qT ´ q)
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It follows that

}PT+1 ´ Pe ´ eT+1} ď
›

›P̃T+1
›

›

(
1
T

T
ÿ

i=1

}Pi ´ Pe ´ ei}

)

+
›

›P̃T+1 ´ P̃8

›

› }Pe} +
›

›P̃T+1
›

›

›

›

›

›

1
T
(e1 + ... + eT)

›

›

›

›

+ }qT ´ q} .

By Law of Large Numbers,
›

›

1
T (e1 + ... + eT)

›

› Ñ 0 a.s. On the Event that
›

›

1
T (e1 + ... + eT)

›

› Ñ

0. We define

S := lim sup
T

(
1
T

T
ÿ

i=1

}Pi ´ Pe ´ ei}

)

Then

S = lim sup
T

(
1
T

T
ÿ

i=1

}Pi ´ Pe ´ ei}

)

ď lim sup
T

}PT+1 ´ Pe ´ eT+1}

ď lim
T

›

›P̃T+1
›

› ¨ lim sup

(
1
T

T
ÿ

i=1

}Pi ´ Pe ´ ei}

)

+ lim
T

›

›P̃T+1 ´ P̃8

›

› }p} + lim
T

›

›P̃T+1
›

›

›

›

›

›

1
T
(e1 + ... + eT)

›

›

›

›

=
›

›P̃8

›

› ¨ S + 0 + 0.

Since
›

›P̃8

›

› < 1, we have S = 0. Equivalently, P˚
T = Pi ´ ei converges to Pe a.s. Again by

the Law of Large Numbers,

p̄T =
1
T

T
ÿ

i=1

P˚
T +

1
T

T
ÿ

i=1

ei

converges to Pe a.s. as T Ñ 8. Thus,

Xiµ
T
i = Xi(1 +

λi

T
)´1(X1

i p̄T +
λi

T
µi) Ñ XiX1

i(Pe) = Pi(Pe).

Recall that ΣT
g = (T + λi)

´1 I Ñ 0. Thus, trader i’s belief of the market clearing price

converges to Pi(Pe).
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B.0.4 Proof of Theorem 2.5

Lemma B.1. Let tctu
8
t=1 , tdtu

8
t=1 be a sequence of coefficients satisfying ct = O( 1

t2 ) and dt =

O( 1
t2 ). Let tetu

8
t=1 be iid centered normal random variables. If tatu is a sequence of real numbers

satisfying the recursive formula

at+1 = at + dt +
1
t

et + ct
1
t

t
ÿ

i=1

(ai + ei),

then at converges in L2 to some a8.

Proof. Let C be such that those coefficients satisfy |ct| , |dt| ď C
t2 and |a1| ď C. Let

C1 :=
8

ź

k=1

(1 +
2C
k2 ) ă 8

We claim that there exists deterministic coefficients (xj
i)iăj such that

at = xt
0 + xt

1e1 + ¨ ¨ ¨ + xt
t´1et´1,

where the coefficients satisfy

ˇ

ˇxt
i
ˇ

ˇ ď
1
i

t´1
ź

k=1

(1 +
2C
k2 ) ď

1
i

C1

if i ě 1 and

ˇ

ˇxt
0
ˇ

ˇ ď C
t´1
ź

k=1

(1 +
2C
k2 ).

We prove this by induction.

Basis: t = 1. x1
0 = |a1| ď C.

Suppose that the bounds on coefficients hold for a1, . . . , at. We now bound the coeffi-
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cients in front of at+1. Then

ˇ

ˇ

ˇ
xt+1

0

ˇ

ˇ

ˇ
ď

ˇ

ˇxt
0
ˇ

ˇ +
C
t2 +

C
t2

1
t

t
ÿ

k=1

ˇ

ˇ

ˇ
xk

0

ˇ

ˇ

ˇ

ď C
t´1
ź

k=1

(1 +
2C
k2 ) +

C
t2 +

C
t2

1
t

t
ÿ

k=1

C
t´1
ź

j=1

(1 +
2C
j2

)

ď C
t´1
ź

k=1

(1 +
2C
k2 ) +

C
t2 +

C
t2 C

t´1
ź

k=1

(1 +
2C
k2 )

ď C
t

ź

k=1

(1 +
2C
k2 ).

For i = 1, . . . , t ´ 1,

ˇ

ˇ

ˇ
xt+1

i

ˇ

ˇ

ˇ
ď

ˇ

ˇxt
i
ˇ

ˇ +
C
t2

1
t

t
ÿ

k=1

ˇ

ˇ

ˇ
xk

i

ˇ

ˇ

ˇ
+

C
t3

ď
1
i

t´1
ź

k=1

(1 +
2C
k2 ) +

C
t2

1
i

t´1
ź

k=1

(1 +
2C
k2 ) +

C
t2

1
i

ď
1
i

t
ź

k=1

(1 +
2C
k2 ).

ˇ

ˇ

ˇ
xt+1

t

ˇ

ˇ

ˇ
=

1
t

ď
1
t

t
ź

k=1

(1 +
2C
k2 ).

This completes the induction step.

Consider the coefficients in front of ei across time. Note that for t ą i, the coefficients

satisfy the recursive relation

xt+1
i = xt

i + O(
1
t2 ) ¨ sup

k

ˇ

ˇ

ˇ
xk

i

ˇ

ˇ

ˇ
= xt

i + O(
1
t2 ),

so that t ÞÑ xt
i is a Cauchy sequence. Let x8

i = lim xt
i . As each

xt
i ă

1
i

C1 ă 8
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for i ą 1, we have

x8
i ă

1
i

C1

as well. Define

a8 := x8
0 +

8
ÿ

i=1

x8
i ei,

then this is finite and well-defined a.s. because its variance is

8
ÿ

i=1

(x8
i )2 ă 8.

We claim that ak Ñ a8 in L2. Fix ε ą 0. Let N be large such that

8
ÿ

i=N

1
i2 (C

1)2 ă ε.

Let k ą N be such that
ˇ

ˇx8
i ´ xk

i

ˇ

ˇ ă
a

ε
N for all i ă N. Then

}ak ´ a8}
2
L2 =

›

›

›

›

›

N
ÿ

i=1

(x8
i ´ xk

i )ei

›

›

›

›

›

2

L2

+

›

›

›

›

›

k
ÿ

i=N+1

(x8
i ´ xk

i )ei

›

›

›

›

›

2

L2

+

›

›

›

›

›

8
ÿ

i=k+1

x8
i ei

›

›

›

›

›

2

L2

ď

N
ÿ

i=1

(x8
i ´ xk

i )
2 +

k
ÿ

i=N+1

(x8
i ´ xk

i )
2 +

8
ÿ

i=k+1

(x8
i )2

ď ε +
k

ÿ

i=N+1

2(
1
i
)2(C1)2 +

8
ÿ

i=k+1

(
1
i
)2(C1)2

ď 3ε.

As ε ą 0 is arbitrary, we have ak Ñ a8 in L2 as desired.

We then apply this lemma to the proof of Theorem 2. }¨} shall denote the vector norm.

The market clearing price for the stock at time T + 1 is

p˚
T+1,j =

1
řK

i=1
1

Ai(1+XiΣT
g X1

i )j

[
K

ÿ

i=1

1
Ai(1 + XiΣT

g X1
i)j

(Xiµ
T
i )j

]
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where

µT
i = (1 +

1
Tλi

)´1(X1 p̄T +
1

Tλi
µi)

and

ΣT
g =

(
T +

1
λi

)´1

I.

We let qT P RN be such that

(qT)j =
1

řK
i=1

1
Ai(1+XiΣT

g X1
i )j

[
K

ÿ

i=1

1
Ai(1 + XiΣT

g X1
i)j

Xi(1 +
1

Tλi
)´1 1

Tλi
µi

]

and P̃T+1 be the linear operator on RN defined by

[P̃T+1(p)]j :=
1

řK
i=1

1
Ai(1+XiΣT

g X1
i )j

K
ÿ

i=1

1
Ai(1 + XiΣT

g X1
i)j

Xi(1 +
1

Tλi
)´1(X1

i p)j

Then

p˚
T+1 = P̃T+1( p̄T) + qT.

We make the following observations

1.
›

›P̃8 ´ P̃T
›

› = O(
1
T
)

and
›

›P̃T+1 ´ P̃T
›

› = O(
1

T2 )

where

P̃8 =
1

řK
i=1

1
Ai

K
ÿ

i=1

XiX1
i

Ai
.

2.

qT = O(
1
T
)
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and

(qT ´
T ´ 1

T
qT´1) = O(

1
T2 )

3. P̃8 = Id on XSpan(Xi). There exists some constant c ă 1 such that for any

x P (XSpan(Xi))
K, we have

›

›P̃8x
›

› ď c }x}

and

P̃8x P (XSpan(Xi))
K .

Proof. Let tx1, . . . , xNu be a basis for RN such that each Span(Xi) is a span of some ele-

ments in the basis. For any xi P (XSpan(Xi))
K, there exists some j such that xi R Span(Xj)

so that xiKSpan(Xj). Then

›

›P̃8xi
›

› ď

›

›

›

›

›

›

1
řk

i=1
1
Ai

ÿ

i‰j

XiX1
i

Ai

›

›

›

›

›

›

ď

ř

i‰j
1
Ai

1
řk

i=1
1

Ai

}xi} .

Let’s prove that p˚
T converges in L2 to p˚

8 P XSpan(Xi).
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We write

p˚
T+1 = P̃T+1( p̄T) + qT.

= P̃T+1

(
1
T
(p1 + ¨ ¨ ¨ + pT)

)
+ qT

= P̃T+1

(
1
T
(p˚

1 + ¨ ¨ ¨ + p˚
T)

)
+ P̃T+1

(
1
T
(e1 + ¨ ¨ ¨ + eT)

)
+ qT

= P̃T+1(
1
T

p˚
T) + P̃T+1(

1
T

eT)

+ P̃T

(
1
T
(p˚

1 + ¨ ¨ ¨ + p˚
T´1)

)
+ P̃T

(
1
T
(e1 + ¨ ¨ ¨ + eT´1)

)
+

T ´ 1
T

qT´1

+(P̃T+1 ´ P̃T)(
1
T
(p˚

1 + ¨ ¨ ¨ + p˚
T´1) +

1
T
(e1 + ¨ ¨ ¨ + eT´1)) + (qT ´

T ´ 1
T

qT´1)

= P̃T+1(
1
T

p˚
T) + P̃T+1(

1
T

eT) +
T ´ 1

T
p˚

T

+O(
1

T2 )

(
1
T
(p˚

1 + ¨ ¨ ¨ + p˚
T´1) +

1
T
(e1 + ¨ ¨ ¨ + eT´1)

)
+ O(

1
T2 ).

= P̃8(
1
T

p˚
T) + P̃8(

1
T

eT) +
T ´ 1

T
p˚

T

+O(
1

T2 )

(
1
T
(p˚

1 + ¨ ¨ ¨ + p˚
T) +

1
T
(e1 + ¨ ¨ ¨ + eT)

)
+ O(

1
T2 ).

We let p˚
T+1 = A˚

T + B˚
T, where A˚

T P XSpan(Xi) and B˚
T P (XSpan(Xi))

K. Then

A˚
T+1 = A˚

T + O(
1

T2 ) +
1
T

e1
T + O(

1
T2 )

1
T

T
ÿ

i=1

(A˚
i + ei), (B.1)

where e1
T is the projection of eT to XSpan(Xi) and thus centered and iid. Each entry of A˚

T

satisfies the same recursively formula as in (B.1). By applying Lemma B.1 to each entry

separately, we have A˚
T converges in L2.

We now analyze the dynamics of B˚
T. We write ĀT = 1

T
řT

i=1 A˚
T and B̄T = 1

T
řT

i=1 B˚
T.
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Then

P̃T+1( p̄T) + qT

= P̃T+1(ĀT + B̄T +
1
T

T
ÿ

i=1

ei) + qT

= P̃8(ĀT + B̄T +
1
T

T
ÿ

i=1

ei) + O(
1
T
)(ĀT + B̄T +

1
T

T
ÿ

i=1

ei) + O(
1
T
).

B˚
T can be recursively written as

B˚
T+1 = P̃8(B̄T +

1
T

T
ÿ

i=1

e2
i ) + O(

1
T
)(ĀT + B̄T +

1
T

T
ÿ

i=1

e2
i ) + O(

1
T
),

where e2
i is the projection of ei to (XSpan(Xi))

K.

›

›B˚
T+1

›

›

vector norm

ď c1 1
T

T
ÿ

i=1

}B˚
T} + O(

1
T
) + O(

1
T
) + c1

›

›

›

›

›

1
T

T
ÿ

i=1

e2
i

›

›

›

›

›

,

for c ă c1 ă 1. We then take L2 norm, then

›

›

›

›B˚
T+1

›

›

›

›

L2

ď c1 1
T

T
ÿ

i=1

}}B˚
T}}L2 + O(

1
T
) + O(

1
T
) + c1o(1),

where we use
›

›

›

›ĀT
›

›

›

›

L2 uniformly bounded and 1
T

řT
i=1 e2

i Ñ 0 in L2. From here, it’s not

hard to see

}}B˚
T}}L2 Ñ 0

as desired.
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B.0.5 Proof of theorem 2.6

For t = 1, given investor i has prior belief N „ (µi, 1
λ I) about g, his belief about

stock price P2 ” Xg + e2 ” Xµi + Xeg + e2(where g = µi + eg) follows distribution N „

(Xµi, (1 + 1
λ )I). So for a particular stock j, i’s belief about Pj follows N „ (Xj.µi, 1 + 1

λ ).

So, when investor makes contingent plan and considering the stock price for stock j is p,

his perspective of purchasing one unit of stock is Pj ´ p „ N(Xj.µi ´ p, 1+ 1
λ ). Given agent

i has Mean Variance preference, we have ψ1
i,j(p) = Xj.µi´p

Ai(1+ 1
λ )

.

The equilibrium price for stock j is decided by:

K
ÿ

i=1

Xj.µi ´ P1˚,j

Ai(1 + 1
λ )

= 0

P1˚,j =
1

ř 1
Ai

K
ÿ

i=1

Xj.µi

Ai

Then, it’s obvious to see P1˚ = X( 1
ř 1

Ai

řK
i=1

µi
Ai
) and P1 = X( 1

ř 1
Ai

řK
i=1

µi
Ai
) + e1. After

observing P1, the posterior mean of g for investor i, which is µ1
i will change to:

µ1
i = (X1X + λI)´1(X1(Xβ1 + e1) + λµi)

= (X1X + λI)´1(X1Xβ1 + λµi) + (X1X + λI)´1X1e1

And the covariance matrix for belief about g after observing P1 is (X1X + λI)´1.
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By the same reasoning, P2 is decided by µ1
i and P2 is given by P2 = X( 1

ř 1
Ai

řK
i=1

µ1
i

Ai
) + e2.

β2 =
1

ř 1
Ai

K
ÿ

i=1

µ1
i

Ai

= (X1X + λI)´1X1Xβ1 + λ(X1X + λI)´1(
1

ř 1
Ai

K
ÿ

i=1

µi

Ai
) + (X1X + λI)´1X1e1

= (λI + X1X)(X1X + λI)β1 + (X1X + λI)´1X1e1

= β1 + (X1X + λI)´1X1e1

After seeing P2, the posterior mean of g µ2
i is:

µ2
i = (2X1X + λI)´1(X1P2 + (λI + X1X)µ1

i )

The covariance matrix after seeing P2 is (2X1X + λI)´1.

In general, the posterior mean µt
i after observing Pt is given by:

µt
i = (tX1X + λI)´1(X1Pt + (λI + (t ´ 1)X1X)µt´1

i )

Given βt+1 = 1
ř 1

Ai

řK
i=1

µt
i

Ai
and Pt = Xβt + et, βt+1 can be written as:

βt+1 =
1

ř 1
Ai

K
ÿ

i=1

µt
i

Ai

= (tX1X + λI)´1(X1Xβt) + (tX1X + λI)´1X1et + (tX1X + λI)´1(λI + (t ´ 1)X1X)βt

= (tX1X + λI)´1(tX1X + λI)βt + (tX1X + λI)´1X1et

= βt + (tX1X + λI)´1X1et

Now let us take a close look at the expression for µt
i :

µt
i = (tX1X + λI)´1(X1Pt + (λI + (t ´ 1)X1X)µt´1

i )

= (tX1X + λI)´1(X1Xβt + X1et + λµt´1
i + tX1Xµt´1

i ´ X1Xµt´1
i )

= (tX1X + λI)´1X1Xβt + (tX1X + λI)´1X1et + µt´1
i ´ (tX1X + λI)´1X1Xµt´1

i
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Finally, we get the expression

µt
i ´ βt+1

= ((tX1X + λI)´1 ´ I)βt ´ ((tX1X + λI)´1X1X ´ I)µt´1
i

= (I ´ (tX1X + λI)´1(X1X))(µt´1
i ´ βt)

With Assumption 2.5 that columns of X are orthogonal to each other, we have :

µt
i ´ βt+1

= (I ´
1

t + λ
I)(µt´1

i ´ βt)

= (
t + λ ´ 1

t + λ
)(µt´1

i ´ βt)

Applying recursively, we have µt
i ´ βt+1 = λ

λ+T (µi ´ β1)
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Appendix C. Mathematical Appendix for Chapter 3

Lemma C.1 (Proof of Lemma 3.1). for pj and pj1 P P, given f j and s´j

M
ÿ

i=1

pj1

i [Q
j
i ˆ xj

i + (1 ´ Qj
i) ˆ Vj((pj, f j), s´j)δ] ą Vprop

j ((pj, f j), s´j)

iff

Vj((pj1 , f j), s´j) ą Vj((pj, f j), s´j)

Proof.

Vj((pj1 , f j), s´j) = πj

N
ÿ

i=1

pj1

i [Q
j
i ˆ xj

i + (1 ´ Qj
i) ˆ δVj(s)]

+ πj

N
ÿ

i=1

pj1

i [(1 ´ Qj
i) ˆ δ(Vj(s1) ´ Vj(s))] (s1 ” ((pj1 , f j), s´j))

+
N

ÿ

k=1.k‰j

πk

M
ÿ

i=1

pk
i [Q

k
i ˆ xj

i + (1 ´ Qk
i ) ˆ δVj(s)]

+
N

ÿ

k=1,k‰j

πk

M
ÿ

i=1

pk
i [(1 ´ Qk

i ) ˆ δ(Vj(s1) ´ Vj(s))]

we define D ” πj
řN

i=1 pj1

i [Q
j
i ˆ xj

i + (1 ´ Qj
i) ˆ δVj(s)] ´ πj

řN
i=1 pj

i [Q
j
i ˆ xj

i + (1 ´ Qj
i) ˆ

δVj(s)]. Then Vj((pj1 , f j), s´j) can be reformulated as:

Vj((pj1 , f j), s´j) = πj

N
ÿ

i=1

pj1

i [(1 ´ Qj
i) ˆ δ(Vj(s1) ´ Vj(s))]

+
N

ÿ

k=1,k‰j

πk

M
ÿ

i=1

pk
i [(1 ´ Qk

i ) ˆ δ(Vj(s1) ´ Vj(s))]

+ D + Vj(s)

Notice πj
řN

i=1 pj1

i (1 ´ Qj
i) +

řN
k=1,k‰j πk

řM
i=1 pk

i (1 ´ Qk
i ) = 1 ´ Q((pj1 , f j), s´j), we finally

have:

[1 ´ δ + δQ((pj1 , f j), s´j)][Vj(s1) ´ Vj(s)] = D
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This establishes the if and only if condition we want.

Lemma C.2 (Proof of Lemma 3.2). for f j and f j1 P F, given pj and s´j

N
ÿ

k=1,k‰j

πk

1 ´ πj

M
ÿ

i=1

pk
i [Q

k
i (s

1) ˆ xj
i + (1 ´ Qk

i (s
1)) ˆ δVj(s)] ą Vvote

j ((s))

iff

Vj(s1) ą Vj(s)

with

s1 ” ((pj, f j1), s´j) s ” ((pj, f j), s´j)

Proof.

Vj((pj, f j), s´j) = πj

N
ÿ

i=1

pj
i [Q

j
i ˆ xj

i + (1 ´ Qj
i) ˆ δVj(s)]

+ πj

N
ÿ

i=1

pj
i [(1 ´ Qj

i) ˆ δ(Vj(s1) ´ Vj(s))]

+
N

ÿ

k=1.k‰j

πk

M
ÿ

i=1

pk
i [Q

k
i (s

1) ˆ xj
i + (1 ´ Qk

i (s
1)) ˆ δVj(s)]

+
N

ÿ

k=1,k‰j

πk

M
ÿ

i=1

pk
i [(1 ´ Qk

i (s
1)) ˆ δ(Vj(s1) ´ Vj(s))]

we define D ”
řN

k=1.k‰j πk
řM

i=1 pk
i [Q

k
i (s

1) ˆ xj
i + (1 ´ Qk

i (s
1)) ˆ δVj(s)]´

řN
k=1.k‰j πk

řM
i=1 pk

i [Q
k
i (s)ˆ xj

i + (1 ´ Qk
i (s))ˆ δVj(s)]. Then Vj(s1) can be reformulated as:

Vj(s1) = πj

N
ÿ

i=1

pj
i [(1 ´ Qj

i) ˆ δ(Vj(s1) ´ Vj(s))]

+
N

ÿ

k=1,k‰j

πk

M
ÿ

i=1

pk
i [(1 ´ Qk

i (s
1)) ˆ δ(Vj(s1) ´ Vj(s))]

+ D + Vj(s)
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Notice πj
řN

i=1 pj
i(1 ´ Qj

i) +
řN

k=1,k‰j πk
řM

i=1 pk
i (1 ´ Qk

i (s
1)) = 1 ´ Q(s1), we finally have:

[1 ´ δ + δQ(s1)][Vj(s1) ´ Vj(s)] = D

This establishes the if and only if condition we want.

Proposition C.3 (Proof of Proposition 3.3). For player j, given (pj, f j) and s´j. The better

than set tp P P : Vprop
j ((p, f j), s´j) ě Vprop

j ((pj, f j), s´j)u is convex, and the best response pj of

proposer given s´j and f j can be characterized by following:

pj
i ą 0 only if @k ‰ i, Qj

i ˆ xj
i + (1 ´ Qj

i) ˆ Vj((pj, f j), s´j)δ

ě

Qk
i ˆ xk

i + (1 ´ Qk
i ) ˆ Vj((pj, f j), s´j)δ

Proof. Given Lemma 3.1, we have the better than set B ” tpj1 P P : Vprop
j ((pj1 , f j), s´j) ě

Vprop
j ((pj, f j), s´j)u is the same as B1 ” tpj1 P P :

řM
i=1 pj1

i [Q
j
iˆ

xj
i +(1 ´ Qj

i)ˆ Vj((pj, f j), s´j)δ] ą Vprop
j ((pj, f j), s´j)u. Since B1 is convex given

řM
i=1 pj1

i [Q
j
i ˆ

xj
i + (1 ´ Qj

i) ˆ Vj((pj, f j), s´j)δ] is linear with respect to pj1 . The best response character-

ization is a direct result of Lemma 3.1.

Proposition C.4 (Proof of Proposition 3.4). For player j, given (pj, f j) and s´j. The better

than set t f P F : Vvote
j ((pj, f ), s´j) ě Vvote

j ((pj, f j), s´j)u is convex, and the best response f j of

proposer given s´j and pj can be characterized by following:

If
ř

k=1,k‰j pk
i Qk

i (s) is not degenerate with respect to f j(i) :

f j(i) = 1 iff xj
i ą δVj(s)

f j(i) = 0 iff xj
i ă δVj(s)

f j(i) P [0, 1] iff xj
i = δVj(s)

If
ř

k=1,k‰j pk
i Qk

i (s) is degenerate with respect to f j(i) :

f j(i) P [0, 1].
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Proof. The proof of Proposition 3.4 is the same as Proposition 3.3 as long as we notice

that Qk
i (s) is linear with respect to f j(i). The reason Qk

i (s) can be degenerate with respect

to f j(i) is that the majority rule is applied instead of a unanimous rule.

Theorem C.5 (Proof of Theorem 3.5). Given each player plays Markov strategy and Strong

Incentive Condition holds, the Nash Equilibrium of the Game exists.

Proof. The first thing we need to notice is that without the restriction of CID, the existence

of Markov perfect NE can be established. The reason is that:

• Both F and P are compact, convex, and non-empty subsets of Euclidean space.

• Vprop
j (s) is continuous with respect to s and

BRprop
j ( f j, s´j) ” arg

pjPP
max Vprop

j ((pj, f j), s´j) is convex, since given Proposition 3.3

the better than is convex.

• Vvote
j (s) is continuous with respect to s and

BRvote
j (pj, s´j) ” arg

f jPF
max Vvote

j ((pj, f j), s´j) is convex, since given Proposition 3.4

the better than is convex.

• By Berge’s Maximum Theorem, Both BRprop
j (¨) and BRvote

j (¨) is upper-hemicontinuous

with respect to ( f j, s´j) and (pj, s´j).

By Kakutani’s Fixed Point Thoerem, The NE exists. In this theorem, we impose fur-

ther CID. However, for player j the CID condition only affect the BRvote
j (pj, s´j) given

that (pj, s´j) will induce Di, st.
ř

k=1,k‰j
pk

i Qk
i (s) is degenerate with respect to f j(i) and

xj
i ą δVj(s) _ xj

i ă δVj(s), where Vj(s) = max
f jPF

Vj((pj, f j), s´j).

Now, Assuming for (pj, s´j), Di such that
ř

k=1,k‰j pk
i Qk

i (s) is degenerate with respect to

f j(i) and xj
i ą δVj(s) (WLOG) . By CID, f j(i) = 1. For t(pjh

, sh
´j)u

+8
h=1 with limhÑ8(pjh

, sh
´j) =

(pj, s´j), we can get t f jh
uhÑ8 such that f jh

P arg
f PF

max Vvote
j ((pjh

, f ), sh
´j) with satisfying

CID condition. By direct implication of Berge’s Maximum Theorem, we have

115



limhÑ+8 Vj((pjh
, f jh

), sh
´j) = Vj(s). Hence, Vj((pjh

, f jh
), sh

´j) will eventually smaller than

xj
i and limhÑ+8 f jh

(i) = 1 = f j(i).

Proposition C.6 (Proof of Proposition 3.6). For each Pareto-efficient allocation xi in X that

provides every individual with a positive payoff, it supports an equilibrium. The equilibrium strat-

egy is as follows: Each proposer will propose the combined reform policies xi that result in the

Pareto-efficient allocation. For player j, as a voter, if a proposal offers them a payoff equal to or

greater than xi
j, they will accept the proposal. If the payoff is less than xi

j, they will reject it.

Proof. Given everyone proposes the same combined reform policies, it is the best response

for agents as voters to accept combined reform policies that give them a larger or equal

payoff and reject proposals that give them less payoff.

As a proposer, if someone has the incentive to change the combined proposal. Since the

previous proposal is Pareto efficient, the new proposal will give some players strict less

payoff and since it is under unanimity rule, this voter will reject the proposal and if the

proposal fails the game will go to the next round. Since the discount factor δ « 1 but still

δ ă 1, the proposer will bear a loss if he/she changes the proposal.

Proposition C.7 (Proof of Proposition 3.7). Given an equilibrium provides each player with

a positive ex-ante valuation, combined reform policies that will not give Pareto efficient allocation

will not appear in the path of play.

Proof. Assume there are combined policies xm = (xm
1 , . . . , xm

N), that will be proposed by

agent t under equilibrium. (one thing worth noting is that, given this is equilibrium, the

ex-ante value for each player k in this game Vk has Vk = xm
k , given δ « 1. Since if xm

k ą Vk,

it means someone else proposes a proposal xm1

such that xm1

k ă Vk. Given this, player k

will reject this proposal and it can not be an equilibrium). Additionally, there are other

combined policies xn, which is a Pareto Improvement of xm. In other words, @i, xn
i ě xm

i

and for some j, xn
j ą xm

j . If t = j, then it is not the best response for player t to propose xm,
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since proposing xn can give him strictly better payoff, and everyone else as a voter will

pass xm with probability, which can only be higher than the pass probability than xm.

If t ‰ j, then for player j, he will have the incentive to reject this proposal and wait to the

next round with the chance that he will be the proposer and propose xn. The reason he

will have the incentive to deviate is that by deviating at this round according to previously

described, his valuation for next round play will at least be δ((N´1
N )Vj +

1
N xn

j , given Vj =

xm
j , this can be written as δ((N´1

N )xm
j + 1

N xn
j ). Since xn

j ą xm
j and δ Ñ 1, δ((N´1

N )xm
j +

1
N xn

j ) ą xm
j . This means player j has a strict incentive to deviate.

Lemma C.8 (Proof of Lemma 3.8). The All Pass Scenario is an equilibrium if and only if the

No Coalition Condition is satisfied.

Proof. If All Pass Scenario is an equilibrium, It means Nobody has the incentive to pro-

pose a proper subset of all the reform policies. It means nobody can offer a policy com-

bination that gives him strictly better payoff and given this subset of policies, there are

other N´1
2 players whose payoff is at least the payoff which will be given by All Pass

Equilibrium.

On the other side, if No Coalition Condition is satisfied. Given every player proposes

all the reform policies and every player will pass the combination of all reform policies.

For each player, as a voter, passing the combination of all reform policies is optimal. For

each player, as a proposer, if he proposes some combination of policies that make himself

strictly better off, by No Coalition Condition, this policy combination will be rejected

since there are not enough players to pass this proposal. As a result, it is optimal to

propose a combination of reform policies.

Theorem C.9 (Proof of Theorem 3.9). If the payoff structure is cyclical, then the payoff structure

satisfies the No Coalition Condition if and only if for each reform policy, K ą N ´ K and
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(r N+1
2 /(N ´ K)s ´ 1) ˆ g ě |l|.

Proof. First, we will show, under cyclical preference, K ą N ´ K and (r N+1
2 /(N ´ K)s ´

1) ˆ g ě |l| is sufficient condition for No Coalition Condition.

Given a cyclical preference, players who are adjacent to each other have a preference that

is mostly aligned. So If the adjacent players can not form a Coalition, then other group of

players can not as well. So we can focus on the sub-group of players who are adjacent to

each other.

Another observation we need to make is that, in order to make platform M a subset of X

to be a Pareto improvement of platform X, it must be the case that @ agent i, Dxj P X ´ M

such that xji ă 0. For example, given the following payoff matrix:

p1 p2 p3 p4 p5

issue 1 5 5 5 -7 -7
issue 2 -7 5 5 5 -7
issue 3 -7 -7 5 5 5
issue 4 5 -7 -7 5 5
issue 5 5 5 -7 -7 5

for player 1, 2, 3, issue 1, 2, 5 can make a Pareto Improvement on issue 1, 2, 3, 4, 5, since

issue 3 give player 1 negative payoff, issue 3, 4 give player 2 negative payoff and issue 3

give player 3 negative payoff.

So, we would like to find the most "efficient" way of finding a set Q which is a subset

of X such that for every player i, it gives i a negative payoff for some q P Q, and make

X ´ Q a candidate for the Coalition.

considering the following example: In this case, including issue 4 and issue 5 are the most

efficient way to construct a subset such that everyone will have some loss in some issue in

it. In this case, by eliminating issue 4 and issue 5, it achieves a Pareto improvement on the

whole set platform. The reason this is the most "efficient" way of constructing Q is that
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p1 p2 p3 p4 p5 p6 p7

issue 1 5 5 5 5 -7 -7 -7
issue 2 -7 5 5 5 5 -7 -7
issue 3 -7 -7 5 5 5 5 -7
issue 4 -7 -7 -7 5 5 5 5
issue 5 5 -7 -7 -7 5 5 5
issue 6 5 5 -7 -7 -7 5 5
issue 7 5 5 5 -7 -7 -7 5

p1 p2 p3 p4 p5 p6 p7

issue 1 5 5 5 5 -7 -7 -7
issue 2 -7 5 5 5 5 -7 -7
issue 3 -7 -7 5 5 5 5 -7
issue 4 -7 -7 -7 5 5 5 5
issue 5 5 -7 -7 -7 5 5 5
issue 6 5 5 -7 -7 -7 5 5
issue 7 5 5 5 -7 -7 -7 5

in order to make everyone have an issue in Q that gives them a loss, agent 1 only needs

to abandon 1 positive payoff 5, and agent 4 only needs to abandon 1 positive payoff 5 as

well. It is the most efficient way of connecting p1, p2, p3, and p4 by using negative payoff.

So, given this efficient way of Q, if everyone has a positive payoff when abandoning Q

as a whole, they will abandon it, and X ´ Q will become a coalition. Otherwise, if even

given this efficient way of constructing Q, there is someone who will bear the loss when

abandoning Q as a whole, there is no way to abandon any subset P of X to make X ´ P as

a coalition. As a result, in the general case, the number of issues that need to construct Q is

r N+1
2 /(N ´ K)s. And for the boundary players in the coalition(In the illustrating example,

it is p1 and p4), the number of positive payoffs they need to abandon is r N+1
2 /(N ´ K)s ´ 1.

In order to prevent X ´ Q from a Pareto improvement on X, we need Q to give a positive

payoff to the boundary player as a whole, which is (r N+1
2 /(N ´ K)s ´ 1) ˆ g ě |l|. The

other direction is easy, if the condition K ą N ´ K and (r N+1
2 /(N ´ K)s ´ 1) ˆ g ě |l| is

not satisfied, then we follow the efficient way to construct Q and can show that Q give

every agent in coalition a negative payoff as a whole. So X ´ Q would be a Coalition.
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