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Abstract

A new method of stabilizing low-order, proper orthogonal decomposition based reduced-

order models of the Navier Stokes equations is proposed. Unlike traditional ap-

proaches, this method does not rely on empirical turbulence modeling or modifi-

cation of the Navier-Stokes equations. It provides spatial basis functions different

from the usual proper orthogonal decomposition basis function in that, in addition

to optimally representing the solution, the new proposed basis functions also provide

stable reduced-order models. The proposed approach is illustrated with two test

cases: two-dimensional flow inside a square lid-driven cavity and a two-dimensional

mixing layer.
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1

Introduction

Numerical simulation of fluid flows is usually a very computationally intensive en-

deavor. Even when adequate computational resources are available, numerical sim-

ulations often provide too little understanding of the solutions they produce. There

are significant scientific and engineering benefits in developing and studying Model

Order Reduction (MOR) techniques capable of producing Reduced Order Models

(ROMs) of complex fluid flows that retain physical fidelity while substantially reduc-

ing the size and cost of the computational model.

Many MOR techniques involve a form of coordinate transformation where the

residual is constrained to be orthogonal to the space spanned by the new coordinate

system. Under this projection framework, the model order reduction problem can

be stated as follows: (1) find a new coordinate system that is aligned with some

important characteristics of the system (kinetic energy for example) and (2) ensure

the orthogonal projection preserves some important dynamical characteristics (sta-

bility for example) of the original system. For fluid flow problems the first objective

is usually satisfied by the Proper Orthogonal Decomposition (POD). The POD pro-

duces a coordinate transformation that is optimal with respect to the kinetic energy
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of the fluid flow. Satisfying the second objective is usually more difficult. It is well

known that orthogonal projections do not in general preserve stability. A stable,

full-order model may have unstable ROMs even when the coordinate transformation

and projection is fully accurate [50, 39]. Rigorous methodologies for deriving stable

and accurate ROMs are available, but these are only applicable to full-order systems

that are linear [79]. For example, in the balanced truncation approach, stable ROMs

are derived by choosing a coordinate transformation that is oriented with the most

observable and controllable states of the full order system. ROMs derived using

balanced truncations are guaranteed to be stable and ROM convergence is guaran-

teed in the H-Infinity norm. The concept of balanced truncation has been applied

to linearized fluid flows and various variants of the approach including approximate

balancing have been proposed [9, 2, 78, 54]. The drawback of balanced truncation

are the high computational costs associated with finding the most controllable and

observable states of the full-order system. When the full-order system is nonlinear,

e.g. the Navier-Stokes equations, no general methodologies for preserving stability

and or accuracy are available. Unstable projection-based ROM of the Navier-Stokes

equations are commonly observed in practice but are not often published. This is

especially true for projection-based ROMs of turbulent Navier-Stokes flows.

Turbulence is a fluid flow regime characterized by chaotic dynamics in both space

and time. In the limit of high Reynolds numbers, the dynamics of turbulence are

qualitatively universal: large scale flow features are broken down into smaller and

smaller scales until the scales are fine enough that viscous forces can dissipate their

energy [38]. The reason ROMs derived from the standard POD projection MOR ap-

proach are prone to instabilities is because POD, by construction, is biased towards

the large, energy containing scales. Therefore, ROMs generated using only the first

most energetic POD basis functions are not endowed with the natural energy dis-

sipation tendency of the smaller, lower energy viscous scales. This is especially
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problematic because viscous dissipation is the only form of energy dissipation in the

incompressible Navier-Stokes.

Currently, two broad categories of ROM stabilization for the Navier-Stokes equa-

tions are available: (1) direct modeling of small scale dynamics of the turbulent flow

by inclusion of a sufficiently large number of POD basis functions and (2) approx-

imate modeling of small scale dynamics using empirical turbulence models. Unfor-

tunately, both stabilization methods are often undesirable. Stabilization through

inclusion of a large number of POD basis functions creates very large POD-Galerkin

ROMs that are very computationally expensive to solve. Stabilization through ad-

dition of empirical eddy viscosity terms is possible but generally undesirable be-

cause the empirical terms modify the dynamics of the original Navier-Stokes equa-

tions [51, 5, 72, 64]. In this thesis a new approach to stabilization of projection based

ROMs of the Navier-Stokes equations is proposed.

1.1 Contribution of the present work to Model Order Reduction (MOR)

The objective of the work summarized in this thesis has been to develop a stabiliza-

tion methodology for projection-based ROMs of turbulent Navier-Stokes fluid flows.

The major contributions of this work are as follows:

1. Direct simulation of turbulent Navier-Stokes fluid flows using the

standard POD-Galerkin approach - As discussed, there are two traditional

approaches to resolve dissipative scales in projection based ROMs. Directly, via

inclusion of higher order spatial basis functions, and indirectly, using empirical

turbulent models. Both standard approaches have significant limitations. Curi-

ously, although literature utilizing the indirect approach (empirical turbulence

modeling) abound, there is no documented successful application of the direct

approach (inclusion of higher order POD basis functions). Although, heuristi-
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cally, the concept of resolving dissipative flow scales by including higher order

POD basis functions seems valid, we believe validating this approach answers

an important research question. Therefore, we attempt to simulate a turbu-

lent fluid flow inside a lid-driven cavity using a very high order POD-Galerkin

ROM. We show that it is indeed possible to fully resolve small scale flow dy-

namics through the addition of POD basis functions; our highest order model

utilizes 200 POD basis functions.

2. A new non-empirical stabilization methodology- we propose a new, non-

empirical stabilization methodology for low-order, projection based ROMs of

the Navier-Stokes. The proposed stabilization methodology involves deriving a

set of spatial basis functions different from the standard POD basis functions.

Compared to the standard POD basis functions, these new basis functions

include a greater proportion of small, dissipative scales of the turbulent flow.

The proposed methodology is formulated as a small-scale constrained nonlinear

optimization problem.

1.2 Thesis outline

The second chapter of this thesis provides an overview of the general projection based

MOR approach. Chapter 3 provides details of the two Navier-Stokes test cases used

in this thesis: the lid-driven cavity and the mixing layer. In Chapter 4 details of the

POD basis functions for the two test cases are presented. In Chapter 5 the standard

POD-Galerkin MOR approach is used to derive ROMs of the lid-driven cavity and

the mixing layer. In Chapter 6 the new non-empirical stabilization methodology

is presented and the numerical algorithm is summarized. The new stabilization

approach is applied to the two Navier-Stokes flows and the results are summarized

in Chapter 7. Finally, in Chapter 8, summaries are presented of the important

4



results of the thesis, the specific contributions of the thesis, and recommended future

research directions.
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2

Methodology

This chapter contains a summary of the general projection-based Model Order Re-

duction (MOR) approach.

2.1 Spectral methods

Spectral methods are a class of numerical techniques used to numerically discretize

and solve certain classes of differential equations [13, 14, 15, 71, 33]. For example,

consider a dynamical system that evolves in a Hilbert space H, uptq P H governed

by

9u “ X puq (2.1)

where X is a vector field on H. Often, the governing variable u is spatio-temporal,

u “ upx, tq, x P Ω, t P r0, T s and thus X is a spatial differential operator. In the

spectral approach, the governing variable, upx, tq is discretized using separable basis

functions, aiptq and uipxq

upx, tq « ur1,...,ns ”
ÿ

i

aiptquipxq (2.2)
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where tui P H| i “ 1, . . . , nu is a basis for the subspace of H. In the method of lines,

the spatial basis functions ui are known a priori and the goal, therefore, is to find tem-

poral coefficients, ai that satisfy the differential equation in some sense. In general,

the origin and/or form of the spatial basis functions, ui is arbitrary. In the context

of spectral methods in Computational Fluid Dynamics (CFD) the spatial basis func-

tions, ui are usually analytical functions such as trigonometric functions and power

functions, i.e. Chebyshev polynomials. The benefits of these functions are that their

spatial derivatives are known analytically and that numerically efficient algorithms

such as the Fast Fourier Transform (FFT) can be used to solve the spectral problem,

i.e. finding temporal coefficients, ai that satisfy the differential equation. In fluid flow

applications, the spatial basis functions can be derived from a priori completeness

requirements [35, 40], from Navier-Stokes-based eigenfunctions [32], or a posteriori

from solution data set, like the Proper Orthogonal Decomposition (POD) [31] or the

Dynamic Mode Decomposition (DMD) [56, 61].

The main benefit of the spectral discretization is the very favorable numerical

convergence. It can be shown that spectral discretizations of many dynamical sys-

tems converge exponentially while more familiar numerical discretization methods,

such as finite difference and finite element, converge only algebraically [13]

In the weighted residuals method, the temporal coefficients, ai of the spectral dis-

cretized dynamical system are chosen such that the error is orthogonal to a subspace

of H. Let tvi P H| i “ 1, . . . , nu be a basis for a subspace of H. We seek ai such that

@

vi, 9ur1,...,ns
D

Ω
´
@

vi, X
`

ur1,...,ns
˘D

Ω
“ 0 (2.3)

where x¨, ¨yΩ is an appropriately defined spatial inner product. Galerkin projection

is a special form of weighted residuals where vi ” ui. The projection yields a set of

evolution equations for the temporal coefficients ai

9ai “ fipaq (2.4)
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Given a set of initial conditions the evolution equation can be integrated using stan-

dard ODE techniques.

2.2 Proper orthogonal decomposition (POD)

The Proper Orthogonal Decomposition (POD) is a very general information com-

pression technique that is applicable to a wide variety of problems including digital

image compression [53], signal processing [73] and bioinformatics [74]. POD is a

method of deriving spatial and temporal basis functions that are in some ways ”op-

timal” with respect to a data set provided. For incompressible fluid flows, the POD

optimality condition can be expressed as follows

arg min
u,a

ż

T

›

›us ´ u
r1,...,ns

›

›

2

Ω
dt

s.t. p1q xui,ujyΩ “

ż

Ω

uipxq ¨ ujpxqdx “ δij

p2q xai, ajyT “
1

T

ż

T

aiptqajptqdt “ λiδij

(2.5)

where, uspx, tq is a snapshot of the fluid velocity field provided by a Direct Numer-

ical Simulation (DNS), δij is the Kronecker delta and λi are the POD eigenvalues.

The discretized equivalent of Eq. (2.5) is solved using the well known Eckart-Young

theorem [23] of Singular Value Decomposition (SVD). Let the matrices Ψ, Θ and A

identify a discrete sampling of the functions us, uipxq and aiptq such that the ith row

and jth column correspond to

Ψij ” uspxi, tjq
Θij ” ujpxiq
Aij ” aiptjq

(2.6)

8



The minimization problem Eq. (2.5) can then be restated in discrete form in terms

of the Frobenius norm

arg min
rkpΘq,rkpAq“n

›

›Ψ´ΘAT
›

›

F

s.t. p1qΘTΘ “ I

p2qAAT
“ diagtλu

(2.7)

By the Eckart-Young theorem [23], given a Singular Value Decomposition (SVD) of

the solution matrix

Ψ “ UΣVT (2.8)

the minimization problem, Eq. (2.7) is satisfied by setting the basis functions stored

in the matrix Θ equal to the first n left singular vectors of the solution matrix Ψ

Θ “ Up:, 1 : nq (2.9)

while the temporal functions, A are equal to

A “ Σp1 : n, 1 : nqVp:, 1 : nqT (2.10)

For very thin snapshot matrices, it is computationally advantageous to compute the

basis functions, i.e. the left singular vectors U, in two steps [66]. In the first step, the

right singular vectors, V and singular values, Σ are determined from an eigenvalue

decomposition of the correlation matrix

ΨTΨ “ VΣ2VT (2.11)

Note that Eq. (2.11) is simply Eq. (2.8) left multiplied by ΨT with the observation

that ΨTU “ VΣ. In the second step, the left singular vectors U, are found using

U “ ΨVΣ´1 (2.12)
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Note that Eq. (2.12) is simply Eq. (2.8) right multiplied by VΣ´1 with the obser-

vation that VVT “ I. The drawback of this two step approach is that forming the

product ΨTΨ roughly squares the condition number, so the eigenvalue solution is

likely less accurate. Fortunately, for many practical applications this has not proved

to be a major issue.

2.3 Projection-based ROMs of the Navier-Stokes equation

The evolution of velocity field, upx, tq of an incompressible Newtonian fluid is gov-

erned by the Navier-Stokes equations

∇ ¨ u “ 0 (2.13a)

Bu

Bt
“ ν∆u´∇ ¨ puuq ´∇p (2.13b)

The standard projection-based MOR approach to these equations utilizes a Galerkin

projection of POD spatial basis functions [41, 20, 18, 31, 43, 50, 55, 67, 69, 65, 64,

1]. In the standard approach, the fluid the velocity vector, upx, tq is discretized

spectrally using separable spatial, uipxq and temporal, aiptq basis functions

upx, tq « ur0,¨¨¨ ,ns “ u0 `

n
ÿ

i“1

aiptquipxq (2.14)

where u0 is the temporal mean. Reduced Order Models (ROM) of the Navier-Stokes

are obtained via a orthogonal, i.e Galerkin projection of the residual of the Navier-

Stokes onto the space spanned by spatial basis functions, uipxq. Projection yields

a set of n coupled and nonlinear Ordinary Differential Equations (ODEs) in the

following canonical form

9ai “
n
ÿ

jk

Qijkajak `
n
ÿ

j

Dijaj ` bi i “ 1, ¨ ¨ ¨ , n (2.15)
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For divergence-free spatial basis functions and steady dirichlet boundary conditions,

the Galerkin matrices are of the form

Qijk “ xui,∇ ¨ pujukqyΩ (2.16a)

Dij “ xui, ν∆uj ´∇ ¨ pu0ujq ´∇ ¨ puju0qyΩ (2.16b)

bi “ xui, ν∆u0 ´∇ ¨ pu0u0qyΩ (2.16c)

For open flows the pressure term cannot be ignored but in practice is rarely modeled

in full. For example, the contribution from the pressure term can usually be modeled

well using a linear fit of the linear Galerkin terms, Dij [26, 42]. It is important to note

that the instabilities commonly encountered in POD-Galerkin ROMs of the Navier-

Stokes are not a result of these pressure term approximations. Similar instabilities are

known to characterize ROMs derived from the vorticity formulations of the Navier-

Stokes [20].

In the context of MOR, Eq. (2.15) is a ROM of the Navier-Stokes equations with

respect to the n spatial basis functions chosen in Eq. (7.3). Given initial conditions

apt0q “ a0 the ROM can be integrated in time numerically and the full flow field

can be reconstructed via Eq. (7.3).

2.4 ROM accuracy and stability

Accuracy and stability are quantified by the turbulent kinetic energy, Eptq defined

as

Eptq ”
1

2

ż

Ω

|upx, tq|2 dx (2.17)

In the projection-based MOR approach, the flow-field, upx, tq is discretized spectrally

as in Eq. (7.3). When the spatial basis functions used in the spectral discretization

are orthonormal, the turbulent kinetic energy can be expressed as a function of the
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temporal basis functions only

Eptq “
1

2

n
ÿ

i“1

aiptq
2 (2.18)

When calculating the turbulent kinetic energy, Eptq using Eq. (2.18) a distinction

must be made with regards to what temporal basis functions, ai are used. By the

Eckart-Young theorem [23], the temporal and spatial basis functions derived via a

POD decomposition of the snapshot matrix provide the optimal reconstruction of

Eptq. Due to truncation and discretization errors, the temporal coefficients derived

using a numerical integration of the ROM are not identical to the POD temporal

functions. To avoid confusion, we label the turbulent kinetic energy calculated us-

ing the POD temporal basis functions as EOPT ptq and the turbulent kinetic energy

calculated using a numerical integration of the ROM as EROMptq.

The dynamics of the Navier-Stokes equations of a turbulent flow configuration

are assumed to be chaotic and the true trajectories of the temporal coefficient, ai are

assumed to lie on an attractor. A ROM is considered stable if and only if, the tem-

poral basis functions derived from the numerical integration of the ROM are close

enough to the true attractor for all time t. Distance to the attractor is quantified

using the time-averaged turbulent kinetic energy, xEptqyT . The time-average of the

optimal turbulent kinetic energy is, by definition of the POD optimality condition,

equal to

xEptqyT “
1

2

n
ÿ

i“1

λi (2.19)

Thus, a ROM is considered stable if and only if

ˇ

ˇ

ˇ

ˇ

ˇ

xEROMptqyT ´
1

2

n
ÿ

i“1

λi

ˇ

ˇ

ˇ

ˇ

ˇ

ď δE (2.20)
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where δE is a precision criterion for stability.

Unlike stability, a representative definition of ROM accuracy for chaotic nonlin-

ear systems is still a matter of debate [20]. In this paper, ROM accuracy is measured

qualitatively using the statistics of the turbulent kinetic energy. A ROM is consid-

ered accurate if and only if the statistics of the predicted turbulent kinetic energy

are close to statistics of turbulent kinetic energy of the optimal reconstruction.

The optimal kinetic energy reconstruction using POD basis functions is guaran-

teed to match the DNS in the limit of infinite n, i.e. lim
nÑ8

xEOPT ptqyT “ xEDNSptqy.

Numerous applications of the standard POD-Galerkin MOR approach suggest that

this limit is also true for the ROMs, i.e. lim
nÑ8

xEROMptqyT “ xEOPT ptqy. Rigor-

ous performance bounds for finite-order Galerkin-based ROMs of the Navier-Stokes

equations are not available however, because Galerkin projection does not guaran-

tees stability or accuracy for finite-order n projections1. In practice, finite-order

projection-based ROMs of the Navier-Stokes equations are almost always unstable

and must be stabilized artificially using empirical turbulence models. Achieving sta-

bility directly, i.e. by increasing the order of the ROM n, is not practical because the

convective nonlinearities of Navier-Stokes equations render higher-order projection-

based ROMs computationally very prohibitive. For example, for the incompressible

Navier-Stokes equations, the computational costs scale as nD`2, where D is the spa-

tial dimension of the system. Over the years many sophisticated turbulence models

have been developed [64, 11, 44, 46, 45, 18, 75, 65, 21, 49]. The drawback of empirical

turbulence models is that these models, by construction, modify the dynamics of the

Navier-Stokes equations and thus degrade ROM reliability and accuracy.

1 This is true for MOR of both linear and nonlinear systems and is not alleviated by the use of
“optimal” basis functions such as those derived from POD
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3

Applications

This chapter describes the two prototypical Navier-Stokes flows that are used to

validate the proposed methodology. Specifically, the incompressible flow inside a

two-dimensional lid-driven cavity and a two-dimensional mixing layer are considered.

Details of the flow parameters and boundary conditions are summarized including

details of the numerical solvers. The lid-driven cavity is discussed in Section 3.1 and

the mixing layer is discussed in Section 3.2.

3.1 Lid-driven cavity

The lid-driven cavity is a well known prototypical example problem used to validate

fluid flow numerical schemes and reduced order models [18, 62, 70]. Specifically,

isothermal, incompressible, two-dimensional flow inside a square cavity driven by a

prescribed lid velocity, ulid “ p1 ´ x2q2 is considered. Details of the boundary con-

ditions are illustrated in Fig. 3.1 The Reynolds number (Re) is defined with respect

to the maximum velocity of the lid and the width of the cavity. The Navier-Stokes

are discretized in space using Chebyshev polynomials. The convective nonlinearities

are handled pseudo-spectrally and the Chebyshev coefficients are derived using the

14
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Figure 3.1: Boundary conditions for the lid-driven cavity test case.

Fast Fourier Transform (FFT). The Navier-Stokes are discretized in time using a

semi-implicit, second-order Euler scheme. Figure 3.2 is a snapshot of a statistically

stationary solution at Reu “ 3 ˆ 104. This particular simulation was performed

using a 2562 Chebyshev grid. The computations were performed on a cluster at

Duke University using 8 processors. The computational domain comprises of a 2562

Chebyshev grid: 256 points in both the x and y directions. The simulation is first

initialized over 100 000 time steps (∆t “ 1 ˆ 10´3s) which corresponds to a total

run time of 8 hours. The data base is then generated: 50 000 iterations are done

on 4 hours to create 5000 snapshots, sampled at fs “ 10 Hz. The turbulent kinetic

energy, Eptq of the lid-driven cavity as predicted by the Direct Numerical Simulation

(DNS) of the Navier-Stokes equations is illustrated in Fig. 3.3. The time-average of

the turbulent kinetic-energy predicted by the DNS is xEDNSptqyT “ 9.347ˆ 10´4.
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Figure 3.2: Vorticity contours from a DNS of the lid-driven cavity at Reu “ 3ˆ104
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Figure 3.3: Evolution of the turbulent kinetic energy of the lid-driven cavity as
predicted by the DNS: EDNSptq( ).
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3.2 Mixing layer

The data base used for the present work corresponds to the DNS of a compressible

isothermal 2-D mixing layer. Details of the boundary conditions are illustrated in

Fig. 3.4 The numerical algorithm is the same as that employed previously for studies

on jet noise sources [17]. The full Navier-Stokes equations for 2-D fluid motion are

formulated in Cartesian coordinates and solved in conservative form. Spatial deriva-

tives are computed with a fourth-order-accurate finite scheme for both the inviscid

and viscous portion of the flux [30, 27]. A second-order predictor-corrector scheme

is used to advance the solution in time. In addition, block decomposition and MPI

parallelization are implemented. The three-dimensional Navier-Stokes characteristic

non-reflective boundary conditions (3D-NSCBC), developped in [37], are applied at

the boundaries of the computational domain to account for convective fluxes and

pressure gradients across the boundary plane. In order to simulate anechoic bound-

ary conditions, the mesh is stretched and a dissipative term is added to the equations,

in the sponge zone [19]. A detailed description of the numerical procedure is given

in [22].

The inflow mean streamwise velocity profile is given by a hyperbolic tangent
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profile

upyq “ U2 `
1

2
∆U r1` tanhp2yqs (3.1)

with ∆U “ U1 ´U2 the velocity difference across the mixing layer, where U1 and U2

are the initial velocity above and below, respectively. The velocities, lengths, and

time are nondimensionalized with ∆U and the initial vorticity thickness δω. The

flow Reynolds number is Re “ δω∆U{νa “ 500 where the subscript p¨qa indicates

a constant ambient quantity. The Mach number of the free streams are M1 “

U1{ca “ 0.1 and M2 “ U2{ca “ 0.033, where ca is the sound speed. The inflow

mean temperature is calculated with the Crocco-Busemann relation, and the inflow

mean pressure is constant. The Prandtl number is selected to be Pr “ 0.7. Finally,

the convective Mach number is given by Mc “ ∆U{2ca “ 0.033, so that the flow can

be assumed as quasi-incompressible. The numerical code was extensively validated

against numerical and experimental data; some results can be found in [17, 22]. The

computations were performed on the cluster of the PPRIME Institute in Poitiers,

France using 64 processors. The computational domain comprises approximately 2.1

million grid points: 2367 points in the streamwise direction, and 884 points along

the y direction. The extension of the computational domain is 325δω ˆ 120δω. The

sponge regions are from x “ ´20δω to x “ 0 and x “ 250δω to x “ 305δω in the

streamwise direction, and from ˘50δω to ˘60δω in the transverse y direction. In the

shear layer (´10 ď y{δω ď 10), the grid spacing in the y direction is uniform. This

value ∆ymin “ 0.07δω corresponds to the minimum grid spacing in the y direction.

The grid is then stretched using error functions as in [76]. The parameters of the

stretching are chosen to give a maximum spacing ∆ymax “ 0.9δω at y “ ˘60δω. In

the physical domain (0 ď x{δω ď 250), the grid spacing in the x direction is uniform

and equal to ∆xmin “ 1.7∆0. In the sponge regions, similar mapping functions are

used along x, to match ∆xmax “ 0.9δω at x “ ´20δω and ∆xmax “ 2δω at x “ 305δω.
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To promote a natural transition to turbulence from an initially laminar solution, the

flow is forced by adding at every iteration solenoidal perturbations defined as [12]

upx, y, tq “ upx, y, tq ` αεptqUc
py ´ y0q

∆ymin

exp

"

´ lnp2q
px´ x0q

2 ` py ´ y0q
2

∆y2
min

*

vpx, y, tq “ vpx, y, tq ´ αεptqUc
px´ x0q

∆ymin

exp

"

´ lnp2q
px´ x0q

2 ` py ´ y0q
2

∆y2
min

*

(3.2)

where ´1 ď ε ď 1 is a random number. The simulation parameters are x0 “ ´5δω

and y0 “ 0 for the location of the excitation, and α “ 0.01 for the forcing coefficient.

The simulation is first initialized over 330 000 time steps (∆t “ 1.8 ˆ 10´8s) which

corresponds to a total run time of 35 hours. The data base is then generated:

1 093 695 iterations are done on 115 hours to create 2000 snapshots, sampled at

fs “ 100 kHz. The turbulent kinetic energy, Eptq of the mixing layer as predicted by

0 50 100 150 200 250 300
´50

0

50

x

y

Figure 3.5: Vorticity contours from a DNS of the mixing at Reδω “ 500

the DNS is illustrated in Fig. 3.6. The time-average of the turbulent kinetic-energy

predicted by the DNS is xEDNSptqyT “ 75.55.
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Figure 3.6: Evolution of the turbulent kinetic energy of the mixing layer as pre-
dicted by the DNS: EDNSptq( ).
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4

Proper Orthogonal Decomposition

This chapter summarizes the results of a POD of the lid-driven cavity and the mixing

layer. A select number of spatial and temporal POD basis functions are illustrated

and the percentage of overall kinetic energy captured is summarized. In Section 4.3

the evolution of the turbulent kinetic energy of the two test cases is reconstructed

using the POD basis functions.

4.1 POD basis functions of the lid-driven cavity

A database of 5000 DNS snapshots of the lid-driven cavity were used to find POD

spatial, uipxq and POD temporal, aiptq basis functions. The nondimensional time

interval between each snapshot equaled 0.1. Increasing the number of snapshots or

the time interval between each snapshot had no significant effect on the performance

characteristics of the ROMs. The MATLAB code used to compute the basis functions

is presented in Appendix A.1. The percentaged of time-averaged, turbulent kinetic

energy captured by the ith POD basis functions is labeled, Ẽi and defined as follows

Ẽi “
λi

řN
i“1 λi

ˆ 100 (4.1)
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where N is a large number of basis functions that adequately approximates the DNS.

For the lid-driven cavity a total of 500 POD basis functions were identified and so a

total of N “ 500 eigenvalues are used to approximate the time-averaged, turbulent

kinetic energy of the DNS. Results for the lid-driven cavity are shown in Table 4.1.

Figure 4.1 illustrates the vorticity contours of the mean mode, u0pxq of the lid-driven

i Ẽi

1 16.12
2 13.21
3 8.275
4 7.459
5 5.300
...

...
249 4.017ˆ 10´3

250 3.951ˆ 10´3

Table 4.1: Percent of time-averaged, turbulent kinetic energy captured by the first
250 POD basis functions of the lid-driven cavity at Reu “ 3ˆ 104.

cavity at Reu “ 3 ˆ 104. Vorticity contours of spatial POD basis functions, uipxq
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Figure 4.1: Vorticity contours of the mean mode, u0pxq of the lid-driven cavity at
Reu “ 3ˆ 104.

for i “ 1, 2, 20, 50 and 250 of the lid-driven cavity are illustrated in Fig. 4.2. As ex-

pected, the overall spatial wave-lengths of the POD basis functions tends to increases
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with order. The low-order POD basis functions correspond to the large, high-energy

physical scales of the turbulent flows while the higher-order POD basis functions

correspond to the small, low-energy physical scales of the turbulent flow. The cor-

responding temporal POD basis functions of the lid-driven cavity are illustrated in

Fig. 4.3. Similarly to the spatial basis functions, the frequency content of the tem-

poral basis functions tends to increase with order. In addition, the mean amplitude

of the temporal basis functions tends to decrease with order. Figures 4.2 and 4.3

clearly illustrate the most fundamental spatio-temporal properties of turbulent flows:

large, high-energy features of a turbulent flow are associated with low temporal fre-

quencies while small, low-energy features of a turbulent flow are associated with high

frequency but low amplitude temporal dynamics.

4.2 POD basis functions of the mixing layer

A database of 2000 DNS snapshots of the mixing layer were used to find the POD

spatial, uipxq and POD temporal, aiptq basis functions. The nondimensional time

interval between each snapshot equaled 1. Increasing the number of snapshots or

the time interval between each snapshot had no significant effect on the performance

characteristics of the ROMs. The MATLAB code used to compute the basis functions

is presented in Appendix A.1. The percentaged of time-averaged, turbulent kinetic

energy captured by the POD basis functions are shown in Table 4.2. Figure 4.4

illustrates the vorticity contours of the mean mode, u0pxq of the mixing layer at

Reu “ 3 ˆ 104. Vorticity contours of spatial POD basis functions, uipxq for i “

1, 2, 20, 50 and 150 of the mixing layer are illustrated in Fig. 4.5. Similarly to the

lid-driven cavity, the overall spatial wave-lengths of the mixing layer POD basis

functions tends to increases with the order, n. The low-order POD basis functions

correspond to the large, high-energy physical scales of the turbulent flows while

the higher-order POD basis functions correspond to the small, low-energy physical
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Figure 4.2: Vorticity contours of spatial POD basis functions of the lid-driven
cavity at Reu “ 3ˆ 104.
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Figure 4.3: Evolution of the temporal POD basis functions of the lid-driven cavity
at Reu “ 3ˆ 104.
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i Ẽi

1 18.35
2 16.92
3 5.594
4 5.512
5 4.335
...

...
149 1.987ˆ 10´3

150 1.933ˆ 10´3

Table 4.2: Percent of turbulent kinetic energy captured by the first 150 POD basis
functions of the mixing layer at Reδω “ 500.
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Figure 4.4: Vorticity contours of the mean mode, u0pxq of the mixing layer at
Reδω “ 500.

scales of the turbulent flow. The corresponding temporal POD basis functions of

the mixing layer are illustrated in Fig. 4.6. Similarly to the spatial basis functions,

the frequency content of the temporal basis functions tends to increase with order.

In addition, the mean amplitude of the temporal basis functions tends to decrease

with order. Figures 4.5 and 4.6 again illustrate a fundamental property of turbulent

flows: large, high-energy features of a turbulent flow are associated with low temporal

frequencies while small, low-energy features of a turbulent flow are associated with

high frequency but low amplitude temporal dynamics.
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Figure 4.5: Vorticity contours of spatial POD basis functions of the mixing layer
at Reδω “ 500.
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Figure 4.6: Evolution of the temporal POD basis functions of the mixing layer at
Reδω “ 500.
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4.3 Reconstruction turbulent kinetic energy, Eptq

In this section the turbulent kinetic energy, Eptq of the lid-driven cavity and mixing

layer is reconstructed using the POD basis functions. Figures 4.7 and Figures 4.8

illustrates the evolution of Eptq for the lid-driven cavity and the mixing layer re-

spectively, as predicted by the DNS and POD reconstructions of order n “ 10, 20

and 50. For both test cases, the reconstruction of Eptq using n “ 50 POD basis

functions is indistinguishable from the DNS. The time-averaged, turbulent kinetic

energy, captured by the first n “ 10, 20 and 50 POD basis functions of the lid-driven

cavity are 67.16%, 82.40% and 93.60% of the DNS respectively. The time-averaged,

turbulent kinetic energy, captured by the first n “ 10, 20 and 50 POD basis functions

of the mixing layer are 66.80%, 81.77% and 95.50% of the DNS respectively. The

POD basis functions are optimal in that no other set of temporal and spatial basis

functions will reconstruct more of the turbulent kinetic energy on the average.

0 50 100 150 200 250 300 350 400 450 500
10´4

10´3

10´2

Time

Eptq

Figure 4.7: Reconstruction of the turbulent kinetic energy of the lid-driven cavity
at Reu “ 3 ˆ 104 using the first n POD basis functions: n “ 10( ), n “ 20( )
and n “ 50( ) and compared to the DNS( ).
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Figure 4.8: Reconstruction of the turbulent kinetic energy of the mixing layer at
Reδω “ 500 using the first n POD basis functions: n “ 10( ), n “ 20( ) and
n “ 50( ) and compared to the DNS( ).

4.4 Reconstruction of the full flow field, upx, tq

In this section the full flow field of the lid-driven cavity and mixing layer is recon-

structed. The full flow field is reconstructed using the standard spectral dicretization

upx, tq « ur0,¨¨¨ ,ns “ u0 `

n
ÿ

i“1

aiptquipxq (4.2)

where u0 is the temporal mean. Figure 4.9 illustrates the vorticity contours of the

lid-driven cavity as predicted by the DNS, the optimal reconstruction using the first

n “ 10 and first 50 POD basis functions. Figure 4.10 illustrates the vorticity contours

of the mixing as predicted by the DNS, the optimal reconstruction using the first

n “ 10 and first 50 POD basis functions. For both text cases, the reconstruction of

the vorticity field using n “ 50 POD basis functions is qualitatively very similar to

the DNS.
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Figure 4.9: Reconstructions of the vorticity field of the lid-driven cavity at t “ 200
using the first n “ 10 and 50 POD basis functions.
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Figure 4.10: Reconstructions of the vorticity field of the mixing layer at t “ 1000
using the first n “ 10 and 50 POD basis functions.
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5

The standard POD-Galerkin MOR approach

This chapter summarizes the performance characteristics of ROMs derived using the

standard POD-Galerkin MOR approach for the two prototypical Navier-Stokes flows

described in the preceding chapter. In Section 5.1, the incompressible flow inside a

two-dimensional lid-driven cavity is modeled and in Section 5.2 the two-dimensional

mixing layer is modeled. Results presented in this chapter demonstrate the strong

instabilities that characterize standard POD-based ROMs of turbulent fluid flows.

5.1 Lid-driven cavity

In this section, performance characteristics of ROMs of the lid-driven cavity derived

using the standard POD-Galerkin MOR approach are summarized. In the standard

POD-Galerkin MOR approach, nth order ROMs are derived by projecting the resid-

ual of the Navier Stokes onto the first n most energetic POD spatial basis functions,

ui; details of the MATLAB code used to find the Galerkin matrices are available

in Appendix A.2. The ROMs are integrated in MATLAB using the built-in adap-

tive forth/fifth order Runge-Kutta scheme ODE45. Details of the computation are

available in Appendix A.3. Figure 5.1 summarizes the stability characteristics of the
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standard POD-Galerkin ROMs. The turbulent kinetic energy, EDNSptq as predicted

by the DNS of the lid-driven cavity is identified by the thick gray curves. The optimal

reconstruction of the turbulent kinetic energy given the first n POD basis functions,

EOPT ptq is identified by the thin black curves. Finally, the turbulent kinetic energy,

EROMptq as predicted by ROMs derived using the standard POD-Galerkin MOR

approach is identified by the thin blue curves. The turbulent kinetic energy of the

ROM is calculated using Eq. (2.18) using temporal basis functions ai derived from

the numerical integration of Eq. (2.15). Figure. 5.1 illustrates several characteris-

tic properties of low-order ROMs derived using the standard POD-Galerkin MOR

approach. First, as the number of POD basis functions is increased, the optimal

kinetic energy reconstruction (thin black curves) converges to the true kinetic en-

ergy of the DNS (thick gray curves) as the number of basis functions n is increased.

Second, despite the fact that the POD basis functions are capable of reconstructing

the flow very accurately, i.e the black curves are very close to the thick gray curves,

this accuracy is not inherited by the ROMs generated from these basis functions. In

order to generate accurate and stable ROMs using the standard POD-Galerkin MOR

approach significantly more POD basis functions are required. Figure 5.1 suggests

that the standard POD-Galerkin MOR approach converges to the DNS as the order

of the ROMs is increased. The main drawback of this approach however is that the

computational costs associated with generating and simulation high-order ROMs can

be prohibitive. Table 5.1 summarizes the total CPU time required to generate and

simulate a ROM of order n. The CPU time includes the time required to generate

the Galerkin matrices Qijk, Dij and bi and integrating the n nonlinear and coupled

ODEs that define the the ROM for t “ r0, 500s.
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Figure 5.1: Evolution of the turbulent kinetic energy of the lid driven cavity as pre-
dicted by the DNS: EDNSptq( ), the optimal reconstruction using the POD basis
functions: EOPT ptq( ), and the integration of a ROM derived from the standard
POD-Galerkin MOR approach: EROMptq( ).
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n CPU time, seconds (hours)

10 20.22
20 26.66
50 74.78
200 7452 (2.070)

Table 5.1: CPU time required to generate and integrate POD-Galerkin ROMs of the
lid-driven cavity.

5.2 Mixing layer

In this section, performance characteristics of ROMs of the mixing layer derived

using the standard POD-Galerkin MOR approach are summarized. Figure 5.2 sum-

marizes the stability characteristics of the standard POD-Galerkin ROMs via the

turbulent kinetic energy. The thick gray curves correspond to the turbulent kinetic

energy, EDNSptq as predicted by the DNS of the mixing layer. The thin black curves

correspond to the optimal reconstruction of the turbulent kinetic energy, EOPT ptq

using the first n most energetic POD basis functions. The thin blue curves corre-

spond to the turbulent kinetic energy, EROMptq as predicted by ROMs derived using

the standard POD-Galerkin MOR approach. The turbulent kinetic energy of the

ROM is calculated using Eq. (2.18) using temporal basis functions ai derived from

the numerical integration of Eq. (2.15). As was the case for the lid-driven cavity, as

the number of POD basis functions is increased, the optimal turbulent kinetic energy

reconstruction (thin black curves) converges to the true kinetic energy of the DNS

(thick gray curves) as the number of basis functions n is increased. Finally, despite

the fact that the POD basis functions are capable of reconstruction the flow very

accurately, i.e the black curves are very close to the thick gray curves, this accuracy

is not inherited by the ROMs generated from these basis functions. Table 5.2 sum-

marizes the total CPU time required to generate and simulate ROMs of the mixing

layer. The CPU time includes the time required to generate the Galerkin matrices
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Figure 5.2: Evolution of the turbulent kinetic energy of the mixing layer as pre-
dicted by the DNS: EDNSptq( ), the optimal reconstruction using the POD basis
functions: EOPT ptq( ), and the integration of a ROM derived from the standard
POD-Galerkin MOR approach: EROMptq( ).
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Qijk, Dij and bi and integrating of the ROM for t “ r0, tmaxs where tmax “ 2000 in

MATLAB using ODE45.

n CPU time, seconds (hours)

10 38.02
20 147.9
50 2013 (0.5592)
100 64310 (17.86)

Table 5.2: CPU time required to generate and integrate POD-Galerkin ROMs of the
mixing layer.
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6

A new proposed stabilization approach to MOR of
the Navier-Stokes equations

In this chapter a new proposed stabilization approach to projection-based ROMs

of the turbulent Navier-Stokes equations is introduced. To motivate the proposed

methodology, background material on common stabilization approaches for linear

and nonlinear systems are first summarized.

6.1 Review of stabilization approaches for linear systems

Consider the following Linear Time Invariant (LTI) system

9x “ Ax`Bu (6.1a)

y “ Cx (6.1b)

where x P RN are the system sates, u P Rp are the inputs and y P Rq are the

outputs. For the sake of brevity, we assume the state matrices are real, i.e A P RNˆN ,

B P RNˆq and C P RqˆN and assume the feedthrough matrix D is zero. In the

typical projection-based MOR approach, the goal is to find coordinate transformation

x “ Φxr where U P RNˆn, xr P Rn, N ą n and a projection Ψ P RNˆn such that
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the dynamics of the reduced order system

9̂x “ ΨTAΦx̂`ΨTBu (6.2a)

y “ CΦx̂ (6.2b)

approximate the dynamics of the original system in some desirable way. For example,

it is usually desirable that the reduced order system is asymptotically stable, i.e.

that the real components of all eigenvalues of the reduced state matrix Â “ ΨTAΦ

are less than zero <
!

λ̂i

)

ă 0 for i “ 1, ¨ ¨ ¨ , n. It can be easily demonstrated

that this stability is not guaranteed for arbitrary coordinate transformations and

projections[50, 55]. Consider the simple asymptotically stable homogeneous system

9x “

„

1 ´1
3 ´2



x (6.3)

a projection onto the first coordinate using Φ “ Ψ “
“

1 0
‰T

yields the unstable

reduced order system 9̂x “ x̂.

A large variety of methods are available to guarantee stable and accurate ROMs

of LTI systems defined by Eq. 6.1 [79, 10, 57]. Probably the most common method

is balanced truncation. In balanced truncation, the coordinate transformation and

projection are carried out using the following

Φ “

»

—

–

σ
´1{2
1 ϕ1

...

σ
´1{2
r ϕr

fi

ffi

fl

Lo (6.4a)

ΨT
“ Lc

”

ψ1σ
´1{2
1 . . . ψrσ

´1{2
r

ı

(6.4b)

where:

• ψi are the normalized and ordered eigenvectors of LTcWoLc and σi are square

roots of its corresponding eigenvalues.
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• ϕi are the normalized and ordered row eigenvectors of LoWcL
T
o .

• Wo and Wc are the observability and controllability grammians respectively

and Lo and Lc are their respective Choleski decompositions .

The observability gramian, Wo and controllability gramian, Wc are unique solutions

to the Lyapunov equations WoA`ATWo`CTC “ 0 and AWc`WcA
T´BBT

“ 0

respectively. In addition to guaranteeing ROM stability, balanced truncation offers

very favorable and rigorous accuracy bounds. For example, the transfer functions of

the original system, G and reduced system, Ĝ satisfy the following upper bound for

error.

›

›

›
G´ Ĝ

›

›

›

8
ď 2

N
ÿ

i“n

σi (6.5)

The two most expensive calculations associated with balanced truncation are finding

the Gramians Wo, Wc, and calculating the first n dominant eigenvectors ϕi and ψ.

For systems of large dimension these calculations can be prohibitively high. Over the

years, several methods of approximate balancing have been developed. Many of these

approximate balancing methodologies alleviate computational costs through low rank

approximations of the controllability and observability matrices [4, 68, 8, 3, 48, 36]

and several of these methods have been applied to linearized fluid flows [54, 78].

The drawback of any gramian based MOR approach however is that often times,

not even approximate gramians of the full order model are available. For example,

when deriving ROMs from experimental data, sometimes only spatial basis functions

derived using POD are available.

A promising new stabilization methodology [2] has recently been proposed that

does not rely on approximations of the controllability and observability matrices. In

this new approach, the projection matrices, Φ andΨ are selected from a larger set

of candidate basis functions. Let the columns of Ξ P RNxˆN contain basis functions
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derived using a standard data reduction techniques such as POD. In the standard

Galerkin MOR approach, the ROMs would be derived using a orthogonal projection,

i.e. Φ “ Ψ using the first n more ”energetic” basis function. In the new proposed

stabilization approach [2], the coordinate transformation is fixed Φ “ Ξp:, 1 : nq

while the projection matrix is set equal to a subspace of Ξ, i.e Ψ “ ΞT where

T P RNˆn. The matrix T is linear superposition matrix that governs how the N

basis functions in Ξ are to be superimposed to form the n projection basis functions.

The goal in this proposed approach is to find the transformation matrix T such

that the reduced order state matrix Â “ TTΞAΦ is asymptotically stable, i.e.

<tλ̂iu ă 1 for i “ 1, ¨ ¨ ¨ , n. In [2] the authors formulate the problem as small-scale

convex optimization problem using the Lyapunov equation to enforce stability. The

advantage of this approach is that any arbitrary basis functions can be utilized and

the stabilization procedure operates on the reduced states only.

6.2 Review of stabilization approaches for nonlinear systems

In contrast to linear systems, very few rigorous stabilization methodologies are

available for ROMs of nonlinear systems. The methods that do exist are special-

ized to particular problems [59] and/or are applicable to weakly nonlinear systems

only [58]. In fluid flow applications, recent developments include piecewise model-

ing [52, 28] and nonlinear system identification techniques [63, 7, 6]. In addition, var-

ious strategies that can be regarded as reduced order CFD approaches include tem-

poral pseudo-spectral (i.e. harmonic balance) approaches [29] and Petrov–Galerkin

approaches [16]. However, for MOR nonlinear fluid flows, the Galerkin-based MOR

approach remains the most popular. The drawback of the standard Galerkin-based

MOR of the Navier-Stokes is that the derived ROMs are often unstable. In practice,

stabilization is achieved a posteriori through addition of auxiliary empirical turbu-

lence models. One of the most widely used approaches is the use of eddy viscosity
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models. Over the years many elaborate methods of calibrating eddy viscosities have

been proposed [51, 5, 72, 64]. For example, in [18] an empirical viscosity model is

calibrated using the energy conservation principle of turbulent Navier-Stokes fluid

flows. The following is a summary of this approach.

The canonical form of a ROM of the Navier-Stokes equations that is derived using

the standard projection-based MOR approach is as follows

9ai “
n
ÿ

jk

Qijkajak `
n
ÿ

j

Dijaj ` bi i “ 1, ¨ ¨ ¨ , n (6.6)

where variables ai are the temporal coefficients associated with the standard spectral

discretization

upx, tq « ur0,¨¨¨ ,ns “ u0 `

n
ÿ

i“1

aiptquipxq (6.7)

The turbulent kinetic energy, Eptq of the flow is defined as

Eptq ”
1

2

ż

Ω

|upx, tq|2 dx (6.8)

Because the spatial basis functions used in the spectral discretization are orthonor-

mal, the turbulent kinetic energy corresponding to the ith mode, Eiptq can be ex-

pressed as a function of the temporal coefficients only

Eiptq “
1

2
aiptq

2 i “ 1, ¨ ¨ ¨ , n (6.9)

A dynamical equation for the turbulent kinetic energy, Eiptq is obtained by substi-

tuting Eq. (6.6) into the time derivative of Eiptq

9Eiptq “
d
`

1
2
aiptq

2
˘

dt
“ aiptq 9aiptq i “ 1, ¨ ¨ ¨ , n (6.10)
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Thus, the dynamical equation for Eiptq is of the form

9Eiptq “
n
ÿ

jk

Qijkaiajak `
n
ÿ

j

Dijaiaj ` biai i, j, k “ 1, ¨ ¨ ¨ , n (6.11)

For statistically stationary turbulent fluid flows, the time-average of the turbulent

kinetic energy associated with each mode is a constant and therefore, the time average

of the time derivative of the turbulent kinetic energy is zero, i.e. for stationary

turbulent flow
A

9Eiptq
E

T
“ 0 for i “ 1, ¨ ¨ ¨ , n. The time average of the dynamical

equation for Eiptq is of the form

A

9Eiptq
E

T
“

n
ÿ

jk

QijkΥijk `

n
ÿ

j

Dijρij ` biµi i “ 1, ¨ ¨ ¨ , n (6.12)

where Υ P Rnˆnˆn, ρ P Rnˆn and µ P Rnˆ1 are matrices containing the temporal

correlations

Υijk “ xaiajakyT (6.13a)

ρij “ xaiajyT (6.13b)

µi “ xaiyT (6.13c)

where for POD basis functions ρij “ diag tλiu and µi “ 0, @i. In general, finite n POD

basis functions, ai and ui do not satisfy this kinetic energy balance criteria. This is

true despite the fact that the POD basis functions optimally reconstruct the time

averaged turbulent kinetic energy of the snapshot matrix. The POD algorithm does

not take into account the dynamics of system that produced the snapshot matrix.

POD works for fluid flows just as well as it does for digital image compression and

therefore it is no surprise that the POD basis functions do not satisfy conservation

properties of the the dynamical equations. In [18] a linear viscosity, ϑ is added to
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correct for the kinetic energy imbalance

A

9Eiptq
E

T
“

n
ÿ

jk

QijkΥijk `

n
ÿ

j

pDij ` ϑijq ρij ` biµi i “ 1, ¨ ¨ ¨ , n (6.14)

The authors demonstrate this approach using the turbulent flow inside a lid-driven

cavity. To achieve ROM stability however, the viscosity parameter, ϑ had to be

increased past equilibrium until an appropriate overall dissipation was achieved. In

other words, the correct stability criteria is as follows

A

9Eiptq
E

T
“

n
ÿ

jk

QijkΥijk `

n
ÿ

j

pDij ` ϑijq ρij ` biµi “ ´εi i “ 1, ¨ ¨ ¨ , n (6.15)

where εi are positive scalars. Although εi are not known a priori, the small size of the

ROM means that an appropriate values can be derived very quickly using iteration.

6.3 A new proposed approach to stabilization of projection-based
ROMs of the Navier-Stokes

We propose a new, non-empirical approach to stabilization of projection-based ROMs

of the Navier-Stokes equations. The new proposed approach combines the kinetic

balance stabilization approach developed in [18] with the basis recombination sta-

bilization approach developed in [2]. As in [18], we attempt to stabilize the ROMs

by balancing the kinetic energy. However, in our new proposed approach, we do not

use empirical turbulence modeling to achieve the kinetic energy balance. Instead, we

utilize the basis recombination method of [18] to find basis functions that satisfy the

energy balance a priori. The new proposed methodology is summarized as follows.

Let uipxq and aiptq for i “ 1, ¨ ¨ ¨ , N identify the first N most energetic POD

spatial basis functions. Let u1ipxq and a1iptq for i “ 1, ¨ ¨ ¨ , n (N ą n) identify a set

of basis functions that are a superposition of the first N most energetic POD spatial
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basis functions. By vectorizing the functions

U “
“

u1 u2 ¨ ¨ ¨ uN
‰

(6.16a)

U1
“
“

u11 u12 ¨ ¨ ¨ u1n
‰

(6.16b)

A “
“

a1 a2 ¨ ¨ ¨ aN
‰T

(6.16c)

A1
“
“

a11 a12 ¨ ¨ ¨ a1n
‰T

(6.16d)

the relationship between the two sets of basis functions as follows

U1
“ UT (6.17a)

A1
“ TTA (6.17b)

where T P RNˆn is the orthonormal (TTT “ Inˆn) transformation matrix. Thus, we

seek a set of basis functions, u1ipxq and a1iptq such that the turbulent kinetic energy

is balanced

A

9E 1iptq
E

T
“

n
ÿ

jk

Q1ijkΥ
1
ijk `

n
ÿ

j

D1ijρ
1
ij ` b

1
iµ
1
i “ ´εi i “ 1, ¨ ¨ ¨ , n (6.18)

where Q1 P Rnˆnˆn, D1 P Rnˆn and b1 P Rnˆ1 are the Galerkin matrices associated

with the new basis functions, u1i and Υ1 P Rnˆnˆn, ρ1 P Rnˆn and µ1 P Rnˆ1 are

matrices containing the temporal correlations

Υ1
ijk “

@

a1ia
1
ja
1
k

D

T
(6.19a)

ρ1ij “
@

a1ia
1
j

D

T
(6.19b)

µ1i “ xa
1
iyT (6.19c)
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All terms in Eq. (6.22) can be expressed as a function of POD Galerkin matrices and

the transformation matrix T as follows

Q1ijk “
n
ÿ

p“1

TpiT
T
:i Qp::T:k i, j, k “ 1, ¨ ¨ ¨ , n (6.20a)

D1
“ TTDT (6.20b)

b1 “ TTb (6.20c)

Υ1
ijk “

n
ÿ

p“1

TpiT
T
:i Υ1

p::T:k i, j, k “ 1, ¨ ¨ ¨ , n (6.20d)

ρ1 “ TTρT (6.20e)

µ1 “ TTµ (6.20f)

where for POD basis functions ρij “ diag tλiu and µi “ 0, @i. Therefore, the new

proposed stabilization methodology can be expressed as a nonlinear constrained op-

timization problem as follows

argmin
TPRNˆn

›

›

›

›

›

n
ÿ

i

λi ´
n
ÿ

i

`

TTdiagtλuT
˘

ii

›

›

›

›

›

s. t. p1q TTT “ Inˆn

p2q
A

9E 1iptq
E

T
` ε1i “ 0;

(6.21)

Minimization of the objective function in Eq. 6.21 ensures that the new basis func-

tions are as close to the optimal POD basis functions as possible. Minimization of

the objective function subject to the two constraints ensures the new basis functions

are orthonormal (constraint no. 1) and that the new basis functions conserve the

balance of turbulent kinetic energy transfer (constraint no. 2). Direct numerical

simulation of this N ˆ n constrained nonlinear minimization problem would be very

computationally expensive because the second constraint requires the generation of

the nonlinear Galerkin matrices Q1 at each iteration step and is a sextic function of
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the transformation matrix T.

Fortunately, for a large class of turbulent flows governed by the incompressible

Navier-Stokes equations, the computation of the nonlinear terms can be avoided. It

can be shown that the Galerkin matrix Q is energy preserving, i.e.
řn
ijkQ

1
ijk

@

a1ia
1
ja
1
k

D

T
“

0 [34, 20, 41]. This nonlinear energy conversation principle holds for many boundary

conditions including steady Dirichlet conditions (lid-driven cavity), ambient flow or

free-stream conditions at infinity, or periodic boundary conditions. For convective

boundary condition (mixing layer), this energy preserving property has not been rig-

orously proven. However, this conservation principle has been numerically observed

to vanish for a variety of simulations including the mixing layer simulation. To take

advantage of this symmetry, we must reformulate the second constraint in Eq. (6.21)

as a global energy balance. The global turbulent kinetic energy of the flow, Eptq is

simply equal to a summation of the modal energies Eptq “
řn
i“1Eiptq. Thus, the

global energy balance is of the form

A

9E 1ptq
E

T
“

n
ÿ

ijk

Q1ijkΥ
1
ijk `

n
ÿ

ij

D1ijρ
1
ij `

n
ÿ

i

b1iµ
1
i “ ´ε

1 (6.22)

where now, ε1 is a single scalar that quantifies the overall dissipation of the global,

time-averaged, turbulent kinetic energy of the flow. Since the nonlinear term Q does

not contribute to the over all kinetic energy balance, the stabilization approach can

be stated as follows

argmin
TPRNˆn

›

›

›

›

›

n
ÿ

i

λi ´
n
ÿ

i

`

TTdiagtλuT
˘

ii

›

›

›

›

›

s. t. p1q TTT “ Inˆn

p2q
n
ÿ

ij

`

TTDT
˘

ij

`

TTdiagtλuT
˘

ij
` ε1 “ 0

(6.23)

48



6.4 The algorithm and numerical implementation

For reasonably small problems, Eq. (6.23) can be directly implemented and solved

in MATLAB using the Sequential Quadratic Programming (SQP) method [24, 60,

47] found in MATLAB’s constrained nonlinear multivariable minimization package

fmincon. A MATLAB implementation of this algorithm is provided in Appendix A.4.

The following pseudo-code summarizes the approach.

Algorithm 1 Stabilization Algorithm

Input: POD basis functions, uipxq and aiptq for i “ 1, ¨ ¨ ¨ , N and the associated
Galerkin matrices Q P RNˆNˆN , D P RNˆN and b P RNˆ1. The global dissipa-
tion parameter ε1,

Output: Galerkin-based ROM [Q1 P Rnˆnˆn, D1 P Rnˆn,b1 P Rnˆ1] associated with

the transformed basis functions, u1i “
N
ÿ

j

Tjiuj for i “ 1, ¨ ¨ ¨ , n and j “ 1, ¨ ¨ ¨ , N

1: Choose n ą 0, s.t. N ą n
2: Compute POD eigenvalues λi “ xaiaiyT
3: Solve the optimization problem:

argmin
TPRNˆn

›

›

›

›

›

n
ÿ

i

λi ´
n
ÿ

i

`

TTdiagtλuT
˘

ii

›

›

›

›

›

s. t. p1q TTT “ Inˆn

p2q
n
ÿ

ij

`

TTDT
˘

ij

`

TTdiagtλuT
˘

ij
` ε1 “ 0

(6.24)

4: Compute Galerkin matrices:

Q1ijk “
n
ÿ

p“1

TpiT
T
:i Qp::T:k i, j, k “ 1, ¨ ¨ ¨ , n (6.25a)

D1
“ TTDT (6.25b)

b1 “ TTb (6.25c)

5: Compute u1i “
N
ÿ

j

Tjiuj for i “ 1, ¨ ¨ ¨ , n and j “ 1, ¨ ¨ ¨ , N

6: Return u1i, T and stabilized ROM [Q1 P Rnˆnˆn, D1 P Rnˆn,b1 P Rnˆ1]
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7

Stabilized Reduced Order Models (ROMs)

In this section the new proposed stabilization methodology is used to derive projec-

tion based ROMs of the lid-driven cavity and the mixing layer. In Section 7.4 the

turbulent kinetic energy balance is calculated exactly, i.e ε1 “ 0. The results in this

section demonstrate that balancing the turbulent kinetic energy does not, in general,

produce stable ROMs. Stabilization requires basis functions that are on average

more dissipative. In Section 7.4 the stabilization methodology is iterated until the

appropriate overall dissipation is found.

The stabilization minimization problem is solved in MATLAB using the the con-

strained nonlinear multivariable minimization package fmincon. A MATLAB imple-

mentation of this algorithm is provided in Appendix A.4. The function evaluation

tolerance, TolFun and constraint tolerance, TolCon are both set to 1 ˆ 10´9. In all

simulations demonstrated in this thesis, suitable solutions are found in fewer than

100 iterations.
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7.1 Stabilization using exact turbulent kinetic energy balance ε1 “ 0

Figures 7.1 and Figures 7.2 illustrate the evolution of the turbulent kinetic energy

of ROMs of the lid-driven cavity. Figures 7.1 and 7.2 correspond to ROM orders

n “ 1,2,3 and n “ 10,20,50 respectively. The thick black curves correspond to the

standard POD-Galerkin ROMs that, as expected, are all unstable. The dashed black

curves correspond to ROMs derived using the new proposed stabilization methodol-

ogy. The stabilized ROMs are all derived using a superposition of the first N “ 100

POD basis functions and the stabilized ROMs are all derived using an exact balance

of the kinetic energy, i.e. ε1 “ 0. In Figures 7.1 and Figures 7.2 the DNS is identified

by the thick gray curves, the optimal reconstructions using the standard POD basis

functions are identified by the thin red curves while the optimal reconstructions using

the new energy preserving basis functions functions are identified by the dashed blue

curves. The standard POD ROMs are identified by the dashed black curves while

the stabilized ROMs are identified by the solid black curves. Stabilization using an

exact balance of kinetic energy, ε1 “ 0 performs well at stabilizing the small order

ROMs while having limited influence on the higher order ROMs.

Finally, note the proximity of the two sets of optimal reconstructions; there is

no visible difference between the dashed blue line that corresponds to the optimal

reconstruction using the new basis functions and the thin red line that corresponds

to the optimal reconstruction using the POD basis functions. Satisfying the kinetic

energy balance constraint requires very little modification to the POD basis function.

In other words, the transformation matrix resembles the following

TNˆn “

„

Inˆn
0pN´nqˆn



` δNˆn (7.1)

where Inˆn and 0pN´nqˆn are the identity and null matrices respectively. δNˆn is

a matrix whose entries are all less than one, i.e. δij ă 1 for i “ 1, ¨ ¨ ¨ , N and
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j “ 1, ¨ ¨ ¨ , n. This proximity of the two sets of basis functions is summarized in

Table 7.1. Table 7.1 contains the optimal time-averaged, turbulent kinetic energy

captured by the first n POD basis functions, ui and the first n basis functions,

u1i derived using the new proposed stabilization methodology with ε1 “ 0. The

n Ẽ Ẽ 1, ε1 “ 0

1 16.12 16.03
2 29.34 29.24
3 37.61 37.52
10 67.16 67.06
20 82.40 82.25
50 93.60 93.52

Table 7.1: Percentage of turbulent kinetic energy of the lid-driven cavity captured
by the first n POD basis functions vs. the first n stabilized basis functions.

percentaged of time-averaged, turbulent kinetic energy captured by the first n basis

functions, u1i is labeled, Ẽ 1 and defined as follows

Ẽ 1 “
xE 1OPT ptqyT
xEDNSptqyT

ˆ 100 “

řn
i“1 λ

1
i

řN
i“1 λi

ˆ 100 (7.2)

where diagtλ1iu “ TTdiagtλiuT.

Figures 7.3 and Figures 7.4 illustrate the evolution of the turbulent kinetic en-

ergy of ROMs of the mixing layer. Figures 7.3 and 7.4 correspond to ROM orders

n “ 1,2,3 and n “ 11,20,50 respectively. Results for the mixing layer are similar to

the lid-driven cavity; the standard ROMs are all unstable and the stabilization using

an exact balance of kinetic energy, ε1 “ 0 only stabilizes the low-order ROMs. Also,

as before, the two sets of basis functions are very similar; there is no visible differ-

ence between the dashed blue line that corresponding to the optimal reconstruction

using the new basis functions and the thin red line that corresponds to the optimal

reconstruction using the POD basis functions.
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Figure 7.1: Evolution of the turbulent kinetic energy of the lid driven cavity as
predicted by the DNS: EDNSptq( ), the optimal reconstruction using the POD
basis functions: EOPT ptq( ) and the optimal reconstruction using the stabilized
basis functions: E 1OPT ptq( ). Integration of the standard POD-Galerkin ROM:
EROMptq( ) and the integration of a stabilized ROM: E 1ROMptq( ). The stabi-
lized ROMs are derived using an exact energy balance, ε1 “ 0 using a superposition
of N “ 100 POD basis functions.
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Figure 7.2: Evolution of the turbulent kinetic energy of the lid driven cavity as
predicted by the DNS: EDNSptq( ), the optimal reconstruction using the POD
basis functions: EOPT ptq( ) and the optimal reconstruction using the stabilized
basis functions: E 1OPT ptq( ). Integration of the standard POD-Galerkin ROM:
EROMptq( ) and the integration of a stabilized ROM: E 1ROMptq( ). The stabi-
lized ROMs are derived using an exact energy balance, ε1 “ 0 using a superposition
of N “ 100 POD basis functions.
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Figure 7.3: Evolution of the turbulent kinetic energy of the mixing layer as pre-
dicted by the DNS: EDNSptq( ), the optimal reconstruction using the POD ba-
sis functions: EOPT ptq( ) and the optimal reconstruction using the stabilized
basis functions: E 1OPT ptq( ). Integration of the standard POD-Galerkin ROM:
EROMptq( ) and the integration of a stabilized ROM: E 1ROMptq( ). The stabi-
lized ROMs are derived using an exact energy balance, ε1 “ 0 using a superposition
of N “ 100 POD basis functions.
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Figure 7.4: Evolution of the turbulent kinetic energy of the mixing layer as pre-
dicted by the DNS: EDNSptq( ), the optimal reconstruction using the POD ba-
sis functions: EOPT ptq( ) and the optimal reconstruction using the stabilized
basis functions: E 1OPT ptq( ). Integration of the standard POD-Galerkin ROM:
EROMptq( ) and the integration of a stabilized ROM: E 1ROMptq( ). The stabi-
lized ROMs are derived using an exact energy balance, ε1 “ 0 using a superposition
of N “ 100 POD basis functions.
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The proximity of the two sets of basis functions for the mixing layer is summarized

in Table 7.2. Table 7.2 contains the optimal time-averaged, turbulent kinetic energy

captured by the first n POD basis functions, ui and the first n basis functions, u1i

derived using the new proposed stabilization methodology using ε1 “ 0.

n Ẽ Ẽ 1, ε1 “ 0

1 18.35 18.34
2 35.27 35.25
3 40.87 40.85
10 66.80 66.77
20 81.77 81.75
50 95.50 95.47

Table 7.2: Percentage of turbulent kinetic energy of the mixing layer captured by
the first n POD basis functions vs. the first n stabilized basis functions.

7.2 Stabilization using ε1 “ ε1stab

In Section 7.4 it was demonstrated that ROMs derived using basis functions for

which
n
ř

ij

`

TTDT
˘

ij

`

TTdiagtλuT
˘

ij
“ 0 were in general not stable. In this sec-

tion we conjecture that stable ROMs can be derived using basis function for which

the global time averaged, kinetic energy is dissipative; basis functions for which

n
ř

ij

`

TTDT
˘

ij

`

TTdiagtλuT
˘

ij
` ε1stab “ 0 where ε1stab is a positive scalar. To the best

of the authors’ knowledge, it is not possible to derive ε1stab a priori. We propose

the following simple iterative approach. Given the initial condition, ε10 “ 0 solve

the stabilization algorithm (1) and integrate the derived ROM for a predefined time

interval. If the ROM is stable, i.e. xE 1ROMptqyT “ xE 1OPT ptqyT , return ε1stab “ ε10

and exit. If the ROM is unstable, increase ε1n “ ε1n´1 ` ∆ε1 and repeat until stabi-

lization is achieved. The most expensive calculation in this iterative scheme is the
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generation and integration of the ROM for each value of ε1n. Since the computational

costs associated with generating and integrating a Galerkin-based ROM increase very

quickly with order n, this proposed iterative scheme is only practical for small ROMs

(N, n ă 50). Our experience is that the stabilization is robust to the number of POD

basis function, N . Our experience suggests N « 2n as a good rule of thumb.

Figures 7.5 illustrate the evolution of the turbulent kinetic energy of ROMs of the

lid-driven cavity. The dashed black curves correspond to the standard POD-Galerkin

ROMs that, as expected, are all unstable. The solid black curves correspond to ROMs

derived using the new proposed stabilization methodology using ε1 “ 0. Finally, the

green curves corresponds to ROMs derived using ε1 “ ε1stab. Figure 7.6 illustrates the

Power Spectral Density (PSD) of the turbulent kinetic energy as predicted by ROM

derived using ε1 “ ε1stab. The PSD is estimated using Welch’s averaged, modified pe-

riodogram method [77]. Specifically, MATLAB’s built-in Welch’s algorithm, cpsd is

utilized. The estimating is performed using a Hamming window with a 50% overlap.

The length of the Hamming window is such that eight equal sections of the signal

are used to compute the average. Figure 7.6 illustrates how the dynamics of the sta-

bilized ROMs converge to the DNS as the order of the model is increased. As before,

the stabilized basis functions are very close to the original POD basis functions as

summarized in Table 7.3. Finally, Figure 7.7 illustrates the kinetic energy balance,

ε1stab required to stabilize the ROMs. Aside from the fact that ε1stab is positive for all

orders n, no clear trend is visible.

The results for the mixing layer flow are very similar to the lid-driven cavity as

illustrated in Figures 7.8. The standard POD-Galerkin ROMs of the mixing layer,

identified by the dashed black curves, are all unstable. The solid black curves cor-

respond to ROMs derived using the new proposed stabilization methodology using

ε1 “ 0. Finally, the green curves corresponds to ROMs derived using ε1 “ ε1stab. The

dynamics of the stabilized ROMs converge to the DNS of the lid-driven cavity as
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Figure 7.5: Evolution of the turbulent kinetic energy of the lid driven cavity as pre-
dicted by the DNS( ), the standard POD-Galerkin ROM( ), stabilized ROMs
using ε1 “ 0 ( ) and stabilized ROMs using ε1 “ ε1stab ( ).
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Figure 7.6: PSD of the turbulent kinetic energy of the lid driven cavity as predicted
by the DNS ( ) and stabilized ROMs using ε1 “ ε1stab of order n “ 5 ( ), 10
( ) and 20 ( ).

n Ẽ Ẽ 1, ε1 “ 0 Ẽ 1, ε1 “ εstab

5 50.37 50.19 50.01
10 67.16 67.06 66.72
20 82.40 82.25 82.11

Table 7.3: Percentage of turbulent kinetic energy of the lid-driven cavity captured
by the first n POD basis functions vs. the first n stabilized basis functions.
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Figure 7.7: Kinetic energy balance of stabilized ROMs of the lid driven cavity.
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the order of the model is increased. Figure 7.9 illustrates the PSD of the turbulent

kinetic energy as predicted by ROM derived using ε1 “ ε1stab. Figure 7.9 illustrates

how the dynamics of the stabilized ROMs converge to the DNS as the order of the

model is increased. As before, the stabilized basis functions are very close to the

original POD basis functions as summarized in Table 7.4. Finally, Figure 7.10 illus-

trates the kinetic energy balance, ε1stab required to stabilize the ROMs. Similarly to

the lid-driven cavity, no clear trend in ε1stab is visible.

n Ẽ Ẽ 1, ε1 “ 0 Ẽ 1, ε1 “ ε1stab
5 50.71 50.70 50.21
10 66.80 66.77 66.67
20 81.77 81.75 79.14

Table 7.4: Percentage of turbulent kinetic energy of the mixing layer captured by
the first n POD basis functions vs. the first n stabilized basis functions.

7.3 Reconstruction of the full flow field

In this section the temporal coefficients, a1iptq derived from integration of the sta-

bilized ROMs are used to reconstruct the the full flow field of the lid-driven cavity

and mixing layer. The full flow field is reconstructed using the standard spectral

discretization

upx, tq « ur0,¨¨¨ ,ns “ u0 `

n
ÿ

i“1

a1iptqu
1
ipxq (7.3)

where u0 is the temporal mean. Figure 7.11 illustrates the vorticity contours of the

lid-driven cavity as predicted by the DNS, the optimal reconstruction using the sta-

bilized basis functions and the reconstruction derived from a numerical integration

of the stabilized ROM. The predicted flow field of the lid-driven cavity predicted by

the ROM appears qualitatively similar to the optimal. Because the ROM equations

are generally chaotic, similarity can only be expected in a statistical sense. Finally,
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Figure 7.8: Evolution of the turbulent kinetic energy of the mixing layer as pre-
dicted by the DNS( ), the standard POD-Galerkin ROM( ), stabilized ROMs
using ε1 “ 0 ( ) and stabilized ROMs using ε1 “ ε1stab ( ).
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Figure 7.9: PSD of the turbulent kinetic energy of the mixing layer as predicted
by the DNS ( ) and stabilized ROMs using ε1 “ ε1stab of order n “ 5 ( ), 10
( ) and 20 ( ).
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Figure 7.10: Kinetic energy balance of stabilized ROMs of the mixing layer.

Figure 7.12 illustrates the vorticity contours of the mixing layer at t “ 1000. Sim-

ilarly to the lid-driven cavity, the ROM reconstruction of the mixing layer flow is

qualitatively similar to the optimal reconstruction.

7.4 Robustness of stabilized ROMs to changes in Reynolds number

In this section, the stabilized ROMs are used to predict the flow at a Reynolds number

that is different from the one used to derive and stabilize ROMs. Specifically, we

predict the turbulent kinetic energy inside the lid-driven cavity at Reu “ 4 ˆ 104

63



´1 ´0.5 0 0.5 1
´1

´0.5

0

0.5

1

x

y

´4

´2

0

2

4

´1 ´0.5 0 0.5 1
´1

´0.5

0

0.5

1

x

y

´4

´2

0

2

4

´1 ´0.5 0 0.5 1
´1

´0.5

0

0.5

1

x

y

´4

´2

0

2

4

Figure 7.11: Reconstructions of the vorticity field of the lid-driven cavity at t “ 200
using the n “ 20, ε1 “ εstab stabilized ROM. The top subfigure corresponds to the
DNS simulation, the middle subfigure corresponds to the optimal reconstruction
using the stabilized basis function, u1i and a1i and the bottom subfigure corresponds
to the reconstruction derived from a numerical integration of the stabilized ROM.64
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Figure 7.12: Reconstructions of the vorticity field of the mixing layer at t “ 1000
using the n “ 20, ε1 “ εstab stabilized ROM. The top subfigure corresponds to
the DNS simulation, the middle subfigure corresponds to the optimal reconstruction
using the stabilized basis function, u1i and a1i and the bottom subfigure corresponds
to the reconstruction derived from a numerical integration of the stabilized ROM.
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and Reu “ 2.5ˆ 104 using a ROM that was derived and stabilized using the flow at

Reu “ 3 ˆ 104. Figure 7.13 illustrates the evolution of the turbulent kinetic energy

of the lid-driven cavity at these three Reynolds number as predicted using DNS. As

expected, the overall magnitude of the turbulent kinetic energy is proportional to

the Reynolds number.

To quantify ROM accuracy, we use the following percent relative error

%Error “
xE 1OPT ptqyT ´ xE

1
ROMptqyT

xE 1OPT ptqyT
ˆ 100 (7.4)

where as before, xE 1OPT ptqyT “
řN
i“1 λ

1
i. However this time, the POD eigenvalues are

with respect to the flow at a different Reynolds number. To calculate these eigenval-

ues the optimal temporal coefficients, a1i associated with the basis functions, u1i for

the new flow must be evaluated. Since the spatial basis functions are orthonormal,

the optimal temporal coefficients are a1iptq “ xu
1
ipxq, uspx, tqyΩ where us is the snap-

shot of the flow field at the new Reynolds number. Finally, the optimal eigenvalues

equal λ1i “ xa1iptq, a
1
iptqyT . Table 7.5 summarizes the performance of the stabilized

ROMs in predicting the flow at the two new Reynolds numbers. The percent error

decreases as as the order or the ROMs is increased.

n Reu “ 2.5ˆ 104 Reu “ 3.0ˆ 104 Reu “ 4.0ˆ 104

5 -854% 0.92% 123%
10 69.0% 0.55% % -213%
20 -7.10% -0.89% 13.6%

Table 7.5: Percent error of stabilized ROMs in predicting flows at different Reynolds
numbers.
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Figure 7.13: Evolution of the turbulent kinetic energy of the lid driven cavity as
predicted by the DNS at Reu “ 3ˆ104( ), Reu “ 2.5ˆ104( ) and Reu “ 4.0ˆ104

( ).
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8

Conclusions

This chapter contains a summary of the contributions of this thesis, along with

suggestions for future work.

8.1 Summary

Chapter 2 discussed the general projection-based Model Order Reduction (MOR)

approach for dynamical systems. Specifically, a summary of the spectral method

and Galerkin projection was presented including how these methods may be used to-

gether to form a Reduced Order Model (ROM) of the Navier-Stokes equations. The

standard projection-based MOR approach yields ROMs that are a set of coupled

quadratic Ordinary Differential Equations (ODEs) for the temporal coefficients of

the spectral discretization. The stability and accuracy of these ROMs is quantified

using the turbulent kinetic energy of the fluid flow.

Chapter 3 discusses the two test cases used in this thesis: the two-dimensional

flow inside a square lid-driven cavity and the two-dimensional mixing layer. The

boundary conditions and flow parameters of both test cases are discussed and de-

tails of the numerical solvers used to produce Direct Numerical Simulations (DNS)
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summarized. Typical vorticity snapshots of the fluid flows are presented and the

turbulent kinetic energy of the flows is calculated.

Chapter 4 discusses the Proper Orthogonal Decomposition (POD) of the two test

cases. The vorticity contours of several POD spatial and temporal basis functions

are illustrated. The spatial and temporal characteristics of these basis functions

demonstrate the universal characteristics of turbulent flows: Large physical scales

are associated with low frequency temporal dynamics while small physical scales are

associated with high frequency temporal dynamics.

Chapter 5 discusses the stability characteristics and convergence properties of

POD projection-based ROMs of the Navier-Stokes equations. Despite the fact that

POD basis functions are the optimal basis functions to reconstruct the turbulent

kinetic energy of the fluid flow, the ROMs derived using the POD basis functions are

unstable for small to moderate numbers of POD basis functions. Convergence to the

DNS solution is achieved only if a large number of POD basis functions is utilized.

Achieving convergence in this way is not always practical because the associated

ROMs are large and therefore expensive to solve computationally.

In Chapter 6 a new proposed stabilization methodology to projection-based ROMs

of the Navier-Stokes equations is introduced. The chapter begins with a discussion

on rigorous stabilization approaches for ROMs of finite dimensional, Linear Time In-

variant (LTI) systems. In contrast to linear systems, very few rigorous stabilization

methodologies are available for ROMs of nonlinear systems. For nonlinear fluid flows,

projection-based ROMs are stabilized empirically through the addition of empirical

turbulence modeling. To achieve ROM stability, the empirical turbulence models

must be adjusted until the right balance of dissipation is achieved. The drawback

of this stabilization approach is that the empirical turbulence models modify the

dynamics of the Navier-Stokes equations. The goal of the new, non-empirical stabi-

lization methodology is to find a set of basis functions different from the standard
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POD basis functions that model the correct balance of ROM dissipation a priori.

The new proposed stabilization approach is formulated as a small-sized, nonlinear

constrained minimization problem. At the end of this chapter, an algorithm for

solving the minimization problem is introduced and its numerical implementation in

MATLAB is presented.

In Chapter 7 the new proposed stabilization approach is used to derive ROMs

of the two test cases. The accuracy and stability of the derived ROMs is quantified

using the turbulent kinetic energy of the flows. The stabilized ROMs are also used

to reconstruct the full flow fields of both test cases. Finally, the stabilized ROMs are

used to predict flows at Reynolds numbers different from the Reynolds number used

to create the ROM models.

8.2 Future work

There are several possible avenues for future work; some of these are summarized

below.

The new proposed stabilization methodology achieves ROM stability through

the utilization of spatial basis functions that are more dissipative than the stan-

dard POD spatial basis functions. The overall dissipation of the basis functions is

measured using ε1 which is the global, time-averaged rate-of-change of the turbulent

kinetic energy. The value of ε1 for which ROM stability is achieved is not known a

priori. This critical value of ε1, which we label ε1stab, must be found iteratively. For

each value of ε1, a ROM must be generated and integrated in time numerically. For

small order ROMs, i.e. n ă 20, this is not an problem because generating and in-

tegrating small order ROMs is computationally inexpensive. Iteration becomes very

expensive however when larger sized ROMs are used. For example, the generation

and numerical integration of a n “ 100 order ROM of the mixing layer required
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approximately 17 hours of CPU time. In order for the proposed stabilization ap-

proach to be applicable to large order ROMs, an efficient method of predicting ROM

stability would have be to be developed.

The new proposed stabilization methodology is formulated as a nonlinear con-

strained minimization problem. Minimization of the objective function ensures that

the new basis functions are as close to the optimal POD basis functions as possible

while the constraints ensure that the new basis functions are orthonormal and bal-

anced to the overall dissipation of ε1. It may be possible to improve the modeling

performance of the stabilized ROMs by additional constraints to the stabilization

problem. For example, currently, the overall dissipation of the ROM is measured

using the global rate-of-change of the turbulent kinetic energy. The global turbu-

lent kinetic energy of the flow, Eptq is simply equal to a summation of the modal

energies Eptq “
řn
i“1Eiptq. It is possible that ROM performance could be improved

by controlling how each of the modes contribute to the overall kinetic energy balance.

The two dimensional lid-driven cavity and the mixing layer are good prototypical

example problems of turbulent Navier-Stokes flows. However, the methodology must

be validated using three-dimensional Navier-Stokes fluid flow. In principle this should

be possible since nowhere during the development of the proposed methodology was

two-dimensionality assumed and/or required. In addition, flows at higher Reynolds

numbers should be also be investigated.
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Appendix A

Matlab code

A.1 Proper orthogonal decomposition

The following is a MATLAB code for the POD decomposition of a snapshot matrix

X. The inputs of the function, POD are the snapshot matrix, X P RNxˆNt , the number

of POD basis functions, N and the matrix, dx P RNxˆ1 that contains the size of the

discretized volume elements. Nx is the number of states of the system and Nt is the

number of temporal samples of these states. The states of the system are stored in

the rows of X and the columns of X correspond the values of the states at different

times The function, POD outputs the POD spatial basis functions, U P RNxˆN , the

POD temporal functions, AP RNˆNt and the POD eigenvalues, lambda P RNˆ1. The

ith column of the matrix U corresponds to the ith POD spatial basis function while

the ith row of the matrix A corresponds to the ith POD temporal basis function
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1 function [U,A,lambda]=POD(X,N,dx)
2 mean X = mean(X,2);
3 X = bsxfun(@minus, X, mean X);
4 C = (1/X t)*X'*bsxfun(@times, X, dx);
5 [Uc, Sc, Vc] = svd(C,'econ');
6 e = Uc(:,1:N);
7

8 U = X*(e/sqrt(X t*Sc(1:N,1:N)));
9 lambda = sqrt(Sc(1:N,1:N));

10 V = e*sqrt(X t)';
11 A = diag(lambda*V');
12 end

A.2 Numerical implementation of inner products

The spatial inner product is approximated using the standard Euclidean norm

xui,ujyΩ “
ÿ

k,m

uipxk, ymqujpxk, ymq∆xk∆ym (A.1)

The following MATLAB code outputs the Galerkin matrices Q P Rnˆnˆn, D P Rnˆn

and b P Rnˆ1. The n spatial basis functions u and v are sorted as cell arrays. The

mean modes are stored as matrices u_o and v_o. The matrix dxP Rnˆn contains

the discrete volumes ∆xk∆ym. The user defined functions diff_x() and diff_y()

compute the first spatial derivatives in the x and y directions respectively.

1 function [Q,D,b] = Galerkin Matrices(u,v,u o,v o,n,dx,nu)
2 u o x==diff x(u o); v o x=diff x(u o);
3 u o y==diff y(u o); v o y=diff y(u o);
4 u o xx==diff x(u o x); v o xx=diff x(v o x);
5 u o yy==diff y(u o y); v o yy=diff y(v o y);
6 u x==diff x(u); v x=diff x(u);
7 u y==diff y(u); v y=diff y(u);
8 u xx==diff x(u x); v xx=diff x(u x);
9 u yy==diff y(u y); v yy=diff y(u y);

10

11 Q = cell(n,1);
12 parfor i = 1:n
13 for j = 1:n
14 for k = 1:n
15 Q{i}(j,k)=´sum(sum(dx.*u{i}.*(u{j}.*u x{k} + v {j}.*u y{k}) + ...
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16 dx.*v{i}.*(u{j}.*v x{k} + v {j}.*v y{k}) ...
));

17 end
18 end
19 end
20

21 D = zeros(n,n);
22 parfor i = 1:n
23 for j = 1:n
24 D(i,j)=sum(sum(nu*dx.*u{i}.*(u xx{j} + u yy{j}) + ...
25 nu*dx.*v{i}.*(v xx{j} + v yy{j}) + ...
26 ´( dx.*u{i}.*(u o.*u x{j} + v o.*u y{j}) + ...
27 dx.*v{i}.*(u o.*v x{j} + v o.*v y{j}) + ...
28 dx.*u{i}.*(u{j}.*u o x + v{j}.*u o y) + ...
29 dx.*v{i}.*(u{j}.*v o x + v{j}.*v o y) )));
30

31 end
32 end
33

34 b = zeros(n,1);
35 parfor i=1:n
36 b(i,1)=sum(sum(nu*dx.*u{i}.*(u o xx + u o yy) + ...
37 nu*dx.*v{i}.*(v o xx + v o yy) + ...
38 ´( dx.*u{i}.*(u o.*u o x + v o.*u o y) + ...
39 dx.*v{i}.*(u o.*v o x + v o.*v o y) )));
40 end
41 end

A.3 Numerical integration of Galerkin ROMs

The ROMs generated from Galerkin projection of the Navier-Stokes are integrated

numerically in MATLAB using the built-in adaptive forth/fifth order Runge-Kutta

scheme ODE45. Details for the implementation are available in the MATLAB doc-

umentation files and further details are available in [25]. The following MATLAB

code integrates for the temporal coefficients a due to initial conditions a(:,1) in the

time interval [0:d_t:t_max].

1 [t,a] = ode45(@(t,a)Galerkin NS(a,n,Q,D,b),[0:d t:t max],a(:,1));

The following MATLAB function contains the Galerkin ROM of the Navier-Stokes
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1 function da = Galerkin NS(a,b,Q,D,b)
2 da = zeros(n,1);
3 for i=1:n
4 da(i) = a'*Q{i}*a + D(i,:)*a + b(i,1);
5 end
6 end

A.4 Solution of the stabilization problem

The following is a MATLAB code that solves the stabilization problem introduced

in Chapter 6. The inputs of the function stabilizeROM are the N spatial, u and

temporal, a POD basis function and the N ˆ N linear Galerkin matrix D. The

function stabilizeROM outputs the transformation matrix, T and matrices containing

the stabilized spatial, u_tilda and temporal a_tilda basis functions. The objective

function, objective evaluates the difference between the optimal reconstructions of

the time-averaged, turbulent kinetic energy using the POD basis functions and the

new basis functions. The constraint function constraint functions evaluates the

kinetic energy imbalance.
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1 function [T,u tilda,a tilda] = stabilizeROM(u,a,D,N,n)
2 global lambda D
3

4 for i=1:n;
5 lambda(i) = mean(a(i,:).*a(i,:));
6 end
7

8 x0 = eye(n,n);
9 x0(N,:) = 0;

10

11 problem = createOptimProblem('fmincon',...
12 'objective', @objective, ...
13 'nonlcon', @constraint, ...
14 'x0',x0);
15 [x,fval,EXITFLAG,OUTPUT,LAMBDA] = fmincon(problem)
16 OUTPUT.message
17

18 T=x*(x'*x)ˆ(´1/2);
19 u tilda=u*T;
20 a tilda=T'*a;
21 end

1 function [f] = objective(x)
2 global lambda;
3 T = x*(x'*x)ˆ(´1/2);
4 sum lambda = sum(lambda);
5 lambda tilda = diag(T'*diag(lambda)*T);
6 sum lambda tilda = sum(lambda tilda);
7

8 f = sum lambda ´ sum lambda tilda;
9 end

1 function [c,ceq] = constraint(x)
2 global D lambda epsilon stab;
3 T=x*(x'*x)ˆ(´1/2);
4 D tilda = T'*D*T;
5 lambda tilda = (T'*diag(lambda)*T);
6 ceq = sum(sum(D tilda.*lambda tilda)) + epsilon stab;
7 c = [];
8 end
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The following is a sample matlab output message for a N “ 10 and n “ 2 solution

1 x =
2 0.9993 0.0001
3 0.0001 0.9996
4 0.0044 0.0464
5 ´0.0056 ´0.0084
6 0.0563 ´0.0799
7 ´0.0640 ´0.0317
8 0.0199 ´0.0138
9 0.0404 ´0.0368

10 ´0.0751 0.0344
11 0.0783 0.0159
12

13

14 fval =
15 5.0963e´07
16 EXITFLAG =
17 1
18 OUTPUT =
19 iterations: 3
20 funcCount: 84
21 lssteplength: 1
22 stepsize: 1.1044e´05
23 algorithm: 'medium´scale: SQP, Quasi´Newton, line´search'
24 firstorderopt: 1.8685e´08
25 constrviolation: 2.4451e´10
26 message: [1x787 char]
27 LAMBDA =
28 lower: [20x1 double]
29 upper: [20x1 double]
30 eqlin: [1x0 double]
31 eqnonlin: 2.2569e´08
32 ineqlin: [1x0 double]
33 ineqnonlin: [1x0 double]
34

35

36 ans =
37

38 Local minimum found that satisfies the constraints.
39

40 Optimization completed because the objective function is ...
non´decreasing in feasible directions, to within the selected ...
value of the function tolerance, and constraints are ...
satisfied to within the selected value of the constraint ...
tolerance.

41

42 Stopping criteria details:
43
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44 Optimization completed: The first´order optimality measure, ...
1.868486e´08, is less than options.TolFun = 1.000000e´06, and ...
the maximum constraint violation, 2.445092e´10, is less than ...
options.TolCon = 1.000000e´06.

45

46 Optimization Metric Options
47 first´order optimality = 1.87e´08 TolFun = 1e´06 ...

(selected)
48 max(constraint violation) = 2.45e´10 TolCon = 1e´06 ...

(selected)
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