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Abstract

We study a sequential decision-making problem in which a decision maker allocates
shared resources across many treatments over a finite horizon based on the decision maker’s
beliefs about each treatment’s performance, with the goal of maximizing the expected total
reward. The belief about each treatment’s performance is updated with the realized reward
in each period, fitting the problem into a generalized multi-armed bandit model. Some
applications of this problem include clinical trials, training of artificial intelligence models,
online marketing, and production mix optimization, where efficient resource allocation is
crucial for maximizing rewards while learning about treatment effectiveness. Such problems
are naturally formulated as weakly coupled stochastic dynamic programs (DPs) that are
difficult to solve as the state space grows exponentially in the number of treatments. In
this dissertation, we use Lagrangian relaxation to characterize an optimal relaxed policy
and its feasible version under assumptions on the time frame, prior beliefs, and available
resources. We then bound the relative gap between the value of the feasible relaxed policy
and the optimal value function, showing that the feasible policy proposed is asymptotically

optimal.

Keywords: Dynamic resource allocation, weakly coupled stochastic dynamic programs,

Lagrangian relaxation.
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1. Introduction

The problem of allocating limited resources across many treatments occurs in a wide va-
riety of scenarios. For instance, healthcare institutions screen potential drugs with limited
capacity to find the best for clinical trials, e-commerce firms allocate advertising budget
across different online advertisement platforms to identify a provider of high conversion
rate, and manufacturing companies prioritize supply to efficient production lines to max-
imize profitability. In many applications, the decision maker (DM) executes the resource
allocation in a non-adaptive manner, focusing on finding the best treatment by the end of
the time horizon with a low bias instead of maximizing the reward during the allocation
process. For example, clinical trials are historically designed to be non-adaptive, where
the DM determines the number of patients allocated to each treatment before the trials
start without considering the outcome of these treatments during the trials. A similar non-
adaptive structure is commonly seen in A /B testing, where resources are evenly split across
variants for a fixed duration, and the best-performing option is selected afterward based on
aggregate outcomes. Under this non-adaptive experimental design, the DM does not lever-
age the observed outcomes to adjust their allocation strategy. As a result, resources may
be inefficiently allocated to treatments that consistently underperform, leading to avoidable
waste. This approach may be acceptable when the number of treatments is small or when
the resources allocated for testing are negligible relative to the total population. However,
when the number of treatments grows with the available resources and becomes a limiting
factor in the experimental design, a response-adaptive allocation policy provides greater
flexibility by adjusting decisions based on observed outcomes. Such adaptive policies can
improve cumulative reward, which is particularly valuable when the DM aims to avoid low
rewards during testing or when test-phase resources represent a substantial share of the
total available for future allocation.

Bayesian response-adaptive allocation policies are intuitive and relatively easy to im-
plement for dynamic resource allocation aiming to maximize the total reward during the

test periods. As a form of adaptive experimentation, Bayesian updating allows the DM
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to sequentially adjust decisions based on observed outcomes, balancing exploration and
exploitation. After each period, the DM uses the outcomes observed to update the prior
beliefs about the underlying effectiveness of each treatment. Treatments with performance
below a certain threshold will be eliminated from the testing pool, or equivalently, be al-
located 0 resources in the following periods, whereas treatments that perform well will
be allocated more resources. With Bayesian updating, the resource allocation problems
are naturally formulated as weakly coupled stochastic dynamic programs (DPs) with the
shared resources as linking constraints. However, the DPs are challenging to solve because
the allocation decision for one treatment depends on the states of the other treatments, and
the state space grows exponentially with the number of treatments. Given the difficulty
of solving the DP, we use Lagrangian relaxations to find a feasible near-optimal policy:
the Lagrangian relaxations decompose the original DP into treatment-specific DPs that are
easier to solve, and we propose a feasible policy that resembles the optimal policy of the
relaxed problem. We also provide bounds on the relative performance of this feasible policy
proposed against an optimal policy of the original unrelaxed problem. In this dissertation,
we study four variants of this problem, distinguished by the type of reward and the form
of the resource constraint. The reward is either binary, with beliefs updated using a Beta-
Binomial model, or continuous, with beliefs updated using a Normal-Normal model. In each
case, the resource constraint is either imposed per period or over the entire time horizon.
For each setting, we propose a feasible policy via Lagrangian relaxation and characterize
its performance. We show that, in a two-period model, the relative performance gap of the
feasible policy proposed is O(N _%) in the binary reward setting with limited resources per
period, O(N~3) with limited total resources, and O((log N)~1) in both continuous reward
settings. These results highlight how the statistical and structural properties of the model

shape the rate of convergence to optimality.

Literature Review. Our paper is related to several key areas of research. We examine

response-adaptive resource allocation problem as a finite-horizon variant of weakly coupled



DP in that it also comprises subproblems sharing resource constraints but are otherwise
independent. Hawkins, 2003, Adelman and Mersereau, 2008, Bertsimas and Misi¢, 2016,
Brown and Smith, 2020 and Brown and Zhang, 2022 study weakly coupled DPs and explore
Lagrangian relaxation as a technique to decompose these problems into additively separable
subproblems, similar to our approach in Section 2.1. The concept of additively separable
value functions has been established in the approximate DP literature since Schweitzer
and Seidmann, 1985 and further developed by De Farias and Van Roy, 2003. Lagrangian
relaxation techniques of DPs have been applied across different industries, such as marketing
in Bertsimas and Mersereau, 2007, assortment optimization in Caro and Gallien, 2007,
network revenue management in Topaloglu, 2009, dynamic pricing in Balseiro et al., 2021,
and multi-location inventory management in Miao et al., 2022.

A central component of our model is Bayesian adaptive design, situated within the
broader framework of adaptive experimentation. The exploration—exploitation trade-off
foundational to adaptive methods was initially examined by Thompson, 1933, Robbins,
1952, and Chernoff, 1959. This trade-off has since been revisited and comprehensively dis-
cussed from a contemporary Bayesian perspective by Scott, 2010. Gittins, 1979 introduced
optimal index policies for infinite-horizon discounted bandit problems, with key insights
summarized in Berry and Fristedt, 1985. Extensions addressing finite-horizon settings were
later developed by Katehakis and Veinott Jr, 1987. Further methodological advancements
include the knowledge-gradient rule by Frazier et al., 2008, approximate dynamic program-
ming techniques for budget-constrained Bayesian optimization by Lam et al., 2016, and
batching methods tailored for high-throughput experimentation by Che and Namkoong,
2023. These theoretical developments provide the foundational support for our optimal
policy design.

Cumulative regret minimization and best-arm identification (BAI) are two well-studied
objectives in the multi-armed bandit literature. The study of regret minimization began
with the asymptotically optimal allocation rules of Lai and Robbins, 1985, and was further

developed through index-based analyses by Burnetas and Katehakis, 1996 and the finite-
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time guarantees of the UCB family introduced by Auer et al., 2002. Bayesian extensions
such as Bayes-UCB (Kaufmann et al., 2012) adopt posterior-based confidence bounds to im-
prove empirical performance. Surveys by Bubeck, Cesa-Bianchi, et al., 2012 and Slivkins et
al., 2019 provide comprehensive overviews of this literature. The BAI objective, by contrast,
focuses on sample-efficient identification of the best alternative. Information-theoretic lower
bounds by Mannor and Tsitsiklis, 2004 motivated a range of elimination-based and pure-
exploration strategies (Even-Dar et al., 2006; Bubeck et al., 2009; Audibert and Bubeck,
2010; Jamieson et al., 2014). From a Bayesian perspective, Russo, 2016 demonstrated that
top-two Thompson sampling achieves matching sample complexity bounds. More recent
efforts have explored hybrid objectives that blend features of both regret minimization and
BAI including algorithms robust to stochastic and adversarial environments (Bubeck and
Slivkins, 2012) and methods that combine regret-optimal learning with sample-efficient
identification (Zhang and Ying, 2023). These results inform the design of our dual-relaxed
policy, which balances learning and earning under finite resource constraints.

Adaptive experimentation has been widely applied across a broad range of domains, such
as online platforms, clinical development, and dynamic pricing. In the technology sector,
bandit-based systems have enabled large-scale experimentation and content optimization,
as seen in contextual bandits for news recommendation at Yahoo! (Li et al., 2010; Chapelle
and Li, 2011), overlapping experimentation tools at Google (Tang et al., 2010), and Meta’s
Adaptive Experimentation (AE) platform and its open-source successor Ax (Bakshy et al.,
2018; Olson et al., 2025). These systems often integrate A/B testing infrastructure with
sequential monitoring techniques to mitigate issues such as peeking and early stopping, as
discussed in Johari et al., 2017. In clinical trials, Bayesian adaptive methods have long sup-
ported ethical and efficient allocation under uncertainty. Berry, 1978 introduced a learning
approach that adapts to observed drug effectiveness, while Berry and Eick, 1995 proposed
a design that balances immediate patient benefit with final treatment identification. More
recently, Ahuja and Birge, 2016 developed a Bayes-adaptive MDP framework that facili-

tates learning from parallel patient outcomes. In dynamic pricing and revenue management,
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adaptive methods have supported two-price learning (Rothschild, 1974), demand estima-
tion under uncertainty (Kleinberg and Leighton, 2003), and inventory-constrained customer
choice models (Jasin and Kumar, 2012), with broader frameworks surveyed in Balseiro et
al., 2024. These applications collectively underscore the flexibility and practical signifi-
cance of adaptive experimentation, and they motivate the resource-constrained formulation
developed in this work.

Beyond adaptive experimentation, several of the previously cited works also belong to
a broader literature on network revenue management, which features finite resource con-
straints, cumulative reward objectives, and additively separable value functions. Relevant
studies include customer choice models with inventory limits (Jasin and Kumar, 2012),
unified frameworks for dynamic resource-constrained allocation (Balseiro et al., 2024), and
resolving heuristics for network revenue management that achieve constant-loss guarantees
without restrictive assumptions (Bumpensanti and Wang, 2020). In addition, structural
techniques such as additively separable value function approximations have been applied
to large-scale dynamic programs in revenue management (Adelman, 2004; Maxwell et al.,
2010; Vossen and Zhang, 2015; Kunnumkal and Talluri, 2016). Although these works do
not explicitly model adaptive experimentation, they offer valuable insights into the struc-
ture and tractability of dynamic allocation problems and inform the design of our proposed

policies.

Outline. The dissertation studies four variations of Bayesian adaptive allocation models
that differ in reward type (binary or continuous) and resource constraints (limited per pe-
riod or in total). Chapter 2 introduces the Beta-Binomial model corresponding to binary
rewards with per-period resource constraints. Section 2.1 formulates the Lagrangian re-
laxations and decomposes the dynamic program across treatments. Section 2.2 focuses on
a two-period version of the problem with homogeneous priors, where we propose a feasi-
ble allocation policy and analyze its performance relative to the optimal policy. Section

2.3 generalizes the analysis to include heterogeneous prior types and presents supporting



numerical results. Chapter 3 considers the same Beta-Binomial update mechanism under
a total resource constraint. Section 3.1 studies the homogeneous prior case, and Section
3.2 extends the analysis to heterogeneous treatment types. Chapters 4 and 5 follow the
same analytical structure under a Normal-Normal updating framework corresponding to
continuous rewards, analyzing the same two resource constraints in both homogeneous and
heterogeneous prior settings. Chapter 6 concludes with a summary of findings and direc-

tions for future research. Proofs and technical details are provided in the Appendix.



2. Beta-Binomial Model with Constrained Resources
per Period

We consider a discrete-time finite-horizon model over T periods and denote the total
number of treatments available for testing by J. In each period t = 1,..., T, the decision
maker (DM) determines the amount of resources allocated to each treatment j, which is
denoted as 7. The maximum number of resources available for allocation at time t is N;.

We denote the set of feasible resource allocations at time ¢ by
]
Up=1{neeZ, > m;<Niy. 2.1)
j=1

For each resource the DM allocates to a treatment in a given period, an outcome is
observed which can be either a success or a failure. Each success (failure) corresponds to
an outcome of 1 (0) and yields a reward of 1 (0). We assume the outcomes are independent
and identically distributed across resources for a given treatment, and independent across
treatments. Prior to each resource allocation decision, the DM’s belief about the success
rate 0;; of treatment j is modeled as a beta distribution denoted by B(ay;, Bt;), where ay
and f;; are hyperparameters reflecting the DM’s prior information or assumptions about
treatment performance.

Allocating 7, ; resources to treatment j generates a random number of successes k(1 ;).
Given 6, ;, the number of successes follows a binomial distribution: k(n;;) | 6;; ~ Bin(ny, 0; ;).

Since 6 ; ~ B(ay, Btj), the predictive distribution of k(n;;) is
k(nt,j) ~ Beta-Binomial (BB) (nt,j,oct,j,[%t,j) .

After observing the outcomes in each period, the DM updates the beliefs about each
treatment’s effectiveness. Since the outcome follows a binomial distribution and the DM’s
prior belief about the success rate follows a beta distribution, the posterior (next-period

prior) belief 0;, 1 ; also follows a beta distribution B (DCH_L]‘, ﬁt_l,_l,]') with updated parameters

wppr,j = &+ k(ng ),



Brs1,; = Brj+ 1 —k(ny)) .

A resource allocation policy is feasible if it satisfies constraints (2.1) for all possible belief
states and time periods. The objective is to find a feasible policy that maximizes the
expected total reward, i.e., the expected total number of successes across all periods.
Following standard results in dynamic programming (DP), the problem can be solved
using value iteration. Let the value function in a given state of beliefs (a, B¢) be denoted

by Vi(a, Bt). We assume that the terminal value function is zero, i.e.,

Vrii(eersr, Bre1) =0

for all terminal states. The value function at time ¢ then satisfies the following recursion:

]
Vi(ex, By) = max E[k(nt)] 4+ Eg(ng) [ Vie1 (@41, Br41) ]
t t ]:1
) iy
= max | > ———mj+ By, [Vie1 (g1, 8r41) ] | - (2.2)

neelds pt Ky + ,Bt,]'

The expectation is taken over the random outcomes k(n¢), which determine the updated

belief parameters (a1, Bt+1) through Bayesian updating.
2.1 Lagrangian Relaxations and Decomposition

The DP problem in equation (2.2) is difficult to solve due to the shared resource con-
straints (2.1), which cause the state space to grow exponentially with the number of treat-
ments. The problem, however, has a “weakly coupled” structure, as it consists of subprob-
lems that are coupled by the shared resource constraints but otherwise independent. In
this section, we apply Lagrangian relaxation to replace the resource constraints (2.1) with
penalty terms in the objective function for any violations. The resulting relaxed DP decom-
poses across treatments and provides an upper bound on the optimal value of the original
DP.

We denote the Lagrange multipliers associated with the T resource constraints (2.1)

by A = (A1, Ag,..., A1) = 0. Analogous to the DP (2.2), we can express the Lagrangian
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relaxation recursively as
J

Lt)‘(at, B¢) = max

t,j A
4 By [ L (@4, Be) |
n:€{0,...N;}/ = i+ B tj k(nt) r1 (a1, Brya)

]
+ Ar | Nt — Z oy ,
j=1

where L’T\H(aT_H, Br+1) = 0 for all aryq and Br41. Compared to the original DP
(2.2), there are two key changes. First, the resource constraints n; € U; have been relaxed,
allowing the DM to allocate up to N; resources to any treatment at any time. Second,
the objective function includes Lagrange penalties that penalize allocations that violate
resource constraints.

For any A > 0, the value Lf‘(al, (1) provides a performance bound to assess the subop-
timality of any feasible policy. Since any feasible allocation satisfies the resource constraints,
and relaxing these constraints can only improve the achievable value, the Lagrangian re-
laxed value serves as an upper bound on the value of any feasible policy. This is formalized

in the following proposition:

Proposition 2.1 (Weak Duality). For any A > 0, it holds that Vi(aw, Bt) < LMo, Bt) for all

states and times.

Moreover, following results in Adelman and Mersereau, 2008, the Lagrangian DP de-
composes into a sum of treatment-specific DPs, each of which can be solved independently.
This decomposition significantly reduces computational complexity, avoiding the curse of

dimensionality in the joint state space.

Proposition 2.2 (Lagrangian Decomposition). For any A > 0, and for all states and times, we

have that

T ]
L} (o, Be) = Z ArNz + Z th}- (e, Bj)

=t j=1



where th}-(at,j, B, is the value function for the treatment-specific DP

Ky i
V}‘ Ky, ) — 7’]—)\ Ny i E . |:V}\ il ir i }) ’ 2.3
t,]( t,j .Bt,]) nt/je%?fl\]t} ((“t,j + B t> tj T Ek(n,) t+1,]( t41,j ﬁt+1,]) (2.3)

with terminal value VT>‘+L]-(0¢T+1,]', ,BTH,]') = 0 for all states.

Proof of Proposition 2.2. The result follows directly from the standard Lagrangian relax-
ation for weakly coupled stochastic dynamic programs with separable dynamics and ad-
ditive rewards developed in Adelman and Mersereau, 2008. When the resource constraint
(2.1) of period t is dualized with multiplier A; > 0, the resulting Lagrangian objective
function becomes separable across treatments, and hence the dynamic program decom-
poses into ] independent subproblems, one for each treatment. The term >.7_, AN corre-
sponds to the dual cost of relaxing the resource constraint in the upcoming periods. Each
A

treatment-specific value function V;; solves a dynamic program that maximizes the ex-

Ny i . . . . .
pected reward (ﬁ — A¢)ny j over feasible allocations, recursively incorporating future
/] 7l

values. O

Although any non-negative A yields an upper bound on the optimal value of the original
constrained problem, our goal is to optimize X to find the best (i.e., lowest) upper bound.

The corresponding Lagrangian dual problem is

: A
min L1 (a1,81). (2.4)

=

With the optimal Lagrange multipliers A*, we can find the corresponding optimal poli-
cies for each treatment-specific subproblem. It is possible for a treatment to have multiple
optimal actions at a given state, which we refer to as “ties” of optimal actions. We define
the number of ties for a given state and treatment as the number of optimal actions be-
yond the first. When such ties occur, the DM may choose any of the optimal actions and
may randomize across them. The total number of ties across all treatments and states can
be bounded above by the number of relaxed constraints in the Lagrangian formulation of

problem (2.4), as shown in Appendix C.1. This leads to the following result:
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Proposition 2.3 (Maximum Number of Ties). At the optimal Lagrange multipliers X*, the

total number of ties of optimal actions across all periods and possible states is at most T.

See Appendix C.2 for the proof.
The complementary slackness conditions of the Lagrangian dual problem (2.4) imply
the existence of an optimal randomized Lagrangian policy that uses at most N; resources

per period in expectation. The following proposition formalizes this:

Proposition 2.4 (Optimality Condition). The Lagrange multipliers X* are optimal if and only
if there exists an optimal randomized allocation policy 7T* at X* such that for every period t, we

have

]
E| > nT | <Ni| L(AF=0),
=1

where nf].* denotes the amount of resources allocated at time t to treatment j under T* and L

indicates that at least one of these conditions is binding.

Proposition 2.4 follows from standard duality results in constrained stochastic dynamic
programming (e.g., Adelman and Mersereau, 2008; Altman, 2021), where Lagrange multi-
pliers are optimal if and only if the associated constraints satisfy complementary slackness
under an optimal policy. The result indicates that if the optimal Lagrange multiplier A} is
positive for period ¢, then the expected amount of resources allocated in period t across all

treatments under the optimal policy 7m* corresponding to A} is exactly Ni.
2.2 Performance Analysis for the Two-Period Uniform Prior Model

In this section, we develop and analyze a feasible policy based on the Lagrangian dual
problem under three assumptions: (1) the number of resources available per period is
constant over time (denoted by N); (2) the time horizon is T = 2 periods; and (3) the prior
distribution for all treatments is uniform, i.e., (txl,j, ﬁl,j) = (1,1). The assumption of an
initial B(1,1) distribution reflects a situation where the DM has no prior knowledge about

any particular treatment and assumes an expected success rate of 0.5 for all treatments. We
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then establish a bound on the relative performance gap between this feasible policy and the
optimal policy of the original DP (2.2) to show that this feasible policy is asymptotically

optimal.
2.2.1 Optimal Policy of the Lagrangian Dual Problem

In this section, we characterize the optimal policy of the Lagrangian relaxed problem
(2.4), which we refer to as the “optimal relaxed policy” below. Our goal is to determine
the optimal Lagrange multipliers for the relaxed, decomposed problem and identify the
corresponding optimal actions and resource allocation probabilities.

Given the initial symmetry across treatments, to solve the Lagrangian relaxation prob-
lem for a given set of multipliers (A1, Ap), it is sufficient to solve the treatment-specific DP
for a single treatment j. With the above assumptions, the decomposed value function (2.3)

becomes

v i Bri) = m e B} =) N,
2j(02j: P2, Y (ocz,j + Baj 2) " < 2+ m, ’

and

X1,
Vij(aj pry) = max <<] - M) i+ B, | V2025, B2)) D

my,€{0,....N} 0y, + ‘Bl,]'
1 1+ k(nl,j) +
nl,/g(fi(,N} ((2 B Al) it Ek(”l/]‘) (24—7’11,] - AZ) N . (2.5)

To characterize the optimal actions ”T,j that maximize Vf}-(“l,]‘/ﬂl,]‘) for a given A, we

define the continuation value Qf‘j(”l,]’) as the expected value of treatment j starting from

the ' period given n1,;. The continuation values Qf‘,j(m,j) and Qg‘,].(nl,j) are given by:

1
Qi‘,j(”l,j) = (2 — M) ny;+ Qﬁ‘,j(nl,j) , and

1+ k(ny, +
Qg\,j(nl,j) = Eg(ny ) <+(nl]> - /\2> N] : (2.6)

24+ ny

By characterizing the geometric properties of the continuation value functions with

respect to ny;, we can show that for any given Az € (0.5,1), there always exists a A1 such

12



that n1; = 0 is one of the multiple optimal actions under the corresponding Lagrangian
relaxed problem. This serves as a key result that enables us to identify the remaining
optimal actions and the corresponding probability distribution across these actions in an

optimal randomized policy. The following proposition formally establishes this claim.

Proposition 2.5. For any Ay € (0.5,1), there exists a Ay > 0.5 such that ny; = 0 and some

ny,j > 0 are optimal actions for problem (2.5).

Overview of the Proof of Proposition 2.5. The proof of Proposition 2.5 relies on analyzing
the geometric properties of Q%‘/j(”l,j) by characterizing its derivatives. We first show that
for all A, = 0, the continuation value Qg‘j(nu) is non-decreasing with respect to n1,; when
ni; € Zy. For any Ay € (0.5,1), the graph of Q;"j(nw) consists of continuous segments
which are piecewise concave. The first segment is a straight line with value 0, followed
by strictly concave curves for the subsequent segments (see Figure 2.1a). Each segment
determines a range of 1y ; values for which the same number of success counts k(1) can
lead the posterior mean to exceed Ay. For instance, in the first curved segment, only the
all-success outcome k(n11,j) = n;; meets this condition; in the second curved segment, both
k(ni,;) = ny; and k(ny,;) = n1,;—1 do. We then show that for any A € (0.5,1), there exists
a line from the origin that is always on or above Qﬁ\j(nl,j) and is tangent to Qg‘j(m,j), as
illustrated by the red line in Figure 2.1a. The point of tangency always lies on the first
curved segment of Qg‘,j(nllj). Let Ay be 0.5 plus the gradient of this line, then n;; = 0 and
the ny ; value at the point of tangency maximize DP (2.5). O

Figure 2.1 illustrates the geometric properties of the continuation value functions using
a given value of multiplier A, and its corresponding Aq as described in Proposition 2.5. The

resulting plot of Qf‘j(nl,j) against ny; confirms that the optimal actions are 0 and those

at which the line from the origin is tangent to Qﬁ\,]-(nl,j)- For instance, in Figure 2.1b,
the optimal values of ny; are 0, 9, and 10, which match the points of tangency in Figure
2.1a. These are the only first-period allocation actions selected under the optimal policy

corresponding to this choice of multipliers.
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FIGURE 2.1: Continuation value functions with N = 100.

To obtain the optimal allocation policy, we jointly determine the Lagrange multipliers,
the corresponding set of optimal actions, and the associated randomized allocation proba-
bilities. These quantities are computed such that the resulting randomized policy allocates
exactly N resources in expectation in each period. By Proposition 2.4, this condition
ensures the optimality of the resulting policy and multipliers. The following proposition es-
tablishes that this policy and the associated multipliers solve the Lagrangian dual problem

(2.4) optimally.

Proposition 2.6 (Optimal Relaxed Policy). When | > /N + 0.5, an optimal policy for the

optimal Lagrangian dual problem (2.4) is:

1. In the first period, for each treatment j, assign /N — 1 resources ' with probability \é—]ﬁ,

assign \/N resources with probability ‘/g]* L, and assign 0 resources otherwise; and

2. In the second period, assign N resources to any treatment whose outcomes in the first period

are all successful.

This policy assigns N resources in expectation in both periods.

! Here, we assume that v/N is an integer. If not, the optimal positive ny,; values should be [v/N +0.25 — 0.5

and [v/N +0.25 — 0.5]. This assumption simplifies the notation, and the policy under this assumption is
proven to be asymptotically optimal.
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Overview of the Proof of Proposition 2.6. To characterize the optimal relaxed policy, we
construct a system of four equations in four unknowns: the Lagrange multipliers A and
Az, the expected value of the positive first-period allocations 7y j, and the probability of
allocating this positive amount to a treatment. This system is derived under the tangency
condition established in Proposition 2.5, which ensures that 7;; = 0 is an optimal action.
Under this condition, we derive that the expected value of a positive optimal action is
f1; = A/N+ % — % By Proposition 2.3, there are at most two positive optimal actions,
and we show they differ by at most 1, allowing us to identify feasible values for the optimal
actions n’f,j. In the second period, the optimal action n;‘/j is either 0 or N, as implied by the
value function (2.5). The optimal allocation probability is determined using Proposition 2.4,
which requires that the expected resource allocation per period equals N. See Appendix
A.3 for the full proof. O

To complete the characterization of the optimal dual solution, we derive the correspond-

ing Lagrange multipliers.

Proposition 2.7 (Optimal Multipliers). The optimal Lagrange multipliers are

AF =24 _
172" UN+2 JVN+1

(1-vVN)(WVN+1) +x/N
2(VN+2) 2

7

1 N N +<N_ N > (1—\/N)(x/ﬁ+1)+x/ﬁ
VN VN+1 2(vVN+2) 2

A3 =

2.2.2 Feasible Policy and Relative Performance Gap

The optimal relaxed policy as described in Proposition 2.6 may assign more than N
resources in a given period and violate constraints (2.1). To address this problem, we
propose an alternative policy, referred to as the “feasible relaxed policy” that resembles
the optimal relaxed policy while strictly satisfying the resource constraints. We further
demonstrate that the relative performance gap between these two policies converges to
zero as the per-period resource budget N increases, indicating that the feasible policy is

asymptotically optimal.
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Definition 2.2.1 (Feasible Relaxed Policy). Given | > v/N + 0.5, the feasible relaxed policy
is as follows:

. . 1 . o
1. In the first period, randomly choose N 5N treatments and assign v N — 1 resources
) 1 1 :
to each treatment; randomly choose another N (m + W) treatments and assign

v/ N resources to each treatment; and
2. In the second period, assign all N resources to a treatment with the highest updated

success rate.

The feasible relaxed policy allocates a fixed number of treatments in the first period,
which guarantees that the total number of resources allocated in any period is not greater
than N. Therefore, it is a feasible policy and its value serves as a lower bound on the value
of the original problem (2.2). The next result shows that the feasible relaxed policy achieves

near-optimal performance in the original problem as N grows large.

Theorem 2.8 (Asymptotic Optimality of the Feasible Relaxed Policy). Denote the value of
the optimal policy as described in Proposition 2.6 as L", the value of the optimal policy of the
original unrelaxed problem (2.2) as V}*, and the value of the feasible relaxed policy as described in

Definition 2.2.1 as V|*. We have that

Vl*—V1”<L{‘*—V1”<<1 1 >\/N+1
h 4 e—1 '

Vi V[ i N

Overview of the Proof of Theorem 2.8. We introduce a feasible policy 7t/ whose value

V{T/ is a lower bound on V/*: in the first period, assign v/N — 1 resources to Nﬁ +

N (ﬁ + ﬁ) = /N + % treatments, which rounds down to v/N 2. In the first period,

the expected value of 71’ is % — @ — 1 and the expected value of the optimal relaxed

policy is % The difference between the two values is @ + %. In the second period, Lg‘* is

2 Without the assumption of VN being an integer, the number of treatments allocated +/N — 1 treatments is

[VN].
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FIGURE 2.2: Relative performance gap with benchmark function.

bounded from above by N VN+1 , which is the reward if the best treatment was allocated VN

VN+2
treatments and achieved all successes in the first period. By bounding the order statistics,
we show that the value V¥ is bounded from below by N VN- O
2 y VN+1

Theorem 2.8 shows that the relative performance gap between the optimal relaxed policy

and the feasible relaxed policy converges to zero as N — oo with the convergence rate of
@) (N_%> (see Figure 2.2). The shape of the plots is independent of the total number of

treatments |, as both the optimal action and the expected number of treatments receiving
allocation depend only on N. Therefore, we have demonstrated a tight bound on Vj* and
shown that the feasible relaxed policy is asymptotically optimal and performs well in the

original model, especially when N is large.
2.3 Generalization to Heterogeneous Treatment Types

In this section, we relax one of the assumptions made in Section 2.2 that all treatments
have the same initial success rate distribution. Before the sequential decision-making pro-
cess begins, the DM may have prior knowledge of the treatments in terms of their mean
and variance in success rates. Intuitively, more resources should be allocated to treatments

more likely to yield a higher success rate. However, it is also important to allocate resources
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to under-tested treatments, as some may have high success rates. Our goal in this section
is to study how an optimal allocation policy functions given heterogeneous beliefs about
success rates.

We consider multiple types of treatments, with each type characterized by a distinct
prior belief about its success rate. Let the total number of types be I and the initial
parameters for each type be (a1 B1,) for type i where i = 1,..,I. The initial success
rate distribution for all types is then B(ag,B1), where a3 = (aq71,...,417) and 31 =
(B11, .-, B1,1). We also assume that the fraction of treatments of type i among all treatments,
denoted by f;, is given in the vector f = (fi, ..., f) whose entries sum up to 1. For example,
a1 = (1,10), 81 = (1,5) and f = (0.1,0.9) indicate that 10% of the total treatments have
a success rate following the prior distribution B(1,1), while the remaining 90% follow
B(10,5). The other two assumptions in Section 2.2 remain unchanged: the total time
horizon is T = 2 and the number of resources available for each period is N.

In this new model, the Lagrangian relaxed problem can be decomposed into subproblems

specific to each type of treatment. The decomposition (2.3) can be rewritten as
T I
LM a1, Br) = NE Ar+ ]Zfivl),\i (a1,i, Bri) (2.7)
t=1 i=1

where Vf; (ati, Bt;) is the value function for the type-specific DP

tXt,‘
Vt?;(at,,‘,,gt,i) = ”r,ié?)?-)iN} (<m - /\t> ny; + IEk(nt,,-) [‘4)4‘-1,1‘ (“t+1,i/,3t+1,z’) }) ’

with terminal value VTA+1,1'(D‘T+1,1'15T+1,1‘) = 0 for all states and treatment types.
2.3.1 Empirical Results of Optimal Actions

In this section, we present empirical results on the optimal policy for the decomposed
problem (2.7), focusing on the optimal allocation of resources across different treatment
types. Our optimization experiments varied along three dimensions: the choice of beta

priors, the fractions of treatment types, and the ratio of the number of treatments to
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available resources. Our findings indicate that the optimal actions are influenced by all of

the above factors.

Optimal Actions with One Outperforming Treatment Type. We first examine the case
where one type of treatment clearly outperforms the others, either due to a higher mean
or variance in success rate, or both. Intuitively, it is beneficial to concentrate resources on
this superior treatment type, as it offers the highest potential to yield successful outcomes.
The following are three cases where one type of treatment clearly outperforms the others:
1. Higher Mean: One treatment type has a significantly higher mean of success rate and
all treatment types have similar variance of success rate.

2. Higher Variance: One treatment type has a significantly higher variance of success
rate and all treatment types have similar mean of success rate.

3. Higher Mean and Higher Variance: One treatment type has both a higher mean and
a higher variance of success rate than all other treatment types.

In Table 2.1, we present numerical examples of mixtures of treatment types for each of
the three cases, with which we calculate the optimal actions. In all examples, the first type
has the highest mean and/or variance in success rate among all, hence outperforming the
rest. We use the notation (a, B) : x% to represent the distribution and fraction of treatment
types. The parameters («, B) represent the prior distribution of success rate, and x% means
the treatment type accounts for x% of the total treatments. We assume that N = | = 100

for all examples.

Table 2.1: Treatment type mixtures with one clearly outperforming type.

Higher Mean Higher Variance Higher Mean and

(Similar Variance) (Similar Mean) Higher Variance
Two types (10,1): 50%, (1,1): 50%, (1,1): 50%,
(1,10): 50% (10,10): 50% (5,10): 50%
Multiple types (15,10): 33%, (90,90): 33%, (9,1): 33%,
(10,15): 33%, (95,95): 33%, (1,10): 33%,
(5,14): 33% (100,100): 33% (90,10): 33%
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Running the optimization algorithm on these examples to minimize problem (2.7), we
observe that the optimal action in the first period can be positive only for the first type
(i.e., the outperforming type) of each treatment type mixture. The optimal actions of the
outperforming type are the same as if it were the only type available. Hence, it is optimal to
assign resources exclusively to this outperforming type. This aligns with the intuition that
when one treatment type is clearly superior, the problem effectively reduces to a single-type

setting.

Optimal Allocation with Comparable Treatment Types. We consider the case where no
treatment clearly stands out as superior at the beginning. In other words, any treatment
with a higher mean success rate must exhibit lower variance, and vice versa, so no treatment
dominates in terms of both expected performance and learning potential. Since the initial
beliefs about these treatments are similar, all types have the potential to outperform the
rest as the test progresses and more data become available, making careful allocation of
resources across treatments necessary.

Table 2.2 shows some examples of the prior states and the corresponding optimal actions
in the first period for multiple treatment types with comparable mean and variance and
equal fractions. These examples illustrate how the resources are allocated across treatment

types when no clear outperformer exists.

Table 2.2: Optimal actions in the first period under different prior state combinations
with equal fractions.

Prior States (a1, B1) Fractions f; Optimal Actions n7
(1,1), (10,5) 50%, 50% (0,5), (0,34)

(1,1), (10,5), (20,9) 33%, 33%, 33% (0,5),0, (0,63)
(1,1), (10,5), (14,6), (20,9) 25%, 25%, 25%, 25% (0,5), 0, (0,26), 0
(1,1), (10,5), (14,6), (20,9), (24,10)  20%, 20%, 20%, 20%,20%  (0,5), 0, (0,26), 0, 0
(1,1), (10,5), (14,6), (20,9), (25,10)  20%,20%,20%, 20%,20%  (0,5), 0,0, 0, (0,49)

It is worth noting that Proposition 2.3 still holds and there are at most T ties of optimal

actions, which implies that there are at most T types of treatments with multiple optimal

20



actions. This is reflected in Table 2.2 in all five examples. Moreover, the empirical results

show that n1; = 0 is optimal for all treatment types.

Impact of Treatment Fraction and Number of Treatments. The previously observed opti-
mal actions may change when there is a significant imbalance in the fraction or number of
treatments of different types. If the number of treatments of a type is very small, the opti-
mal policy can change and 7n;; = 0 may no longer be optimal for the type. In the following,
we present two examples illustrating how different values of the fraction of treatment types
f and the total number of treatments | affect the optimal actions in the first period.
Table 2.3 shows the optimal actions for two treatment types of priors B(1,1) and
B(10,10) under different fractions f and total number of treatments J, with fixed N = 100.

The first type has a higher variance in success rate and clearly outperforms the second.

Table 2.3: Optimal actions for treatment types 3(1,1) and B(10,10) under different f
and J, with fixed N = 100.

£ =(0.1,09) £ = (0.5,0.5) f=(09,0.1)
] B(1,1)  B(10,10)  B(1,1)  B(10,10)  B(1,1)  B(10,10)
10 21 0,15, 18 19, 24 0 9,14,15 0
100 9,10,15 0 0,9,10 0 0,9,10 0
1000 0,910 0 0,9,10 0 0,9,10 0

The first row of | = 10 shows that when the number of treatments is small, the DM
may assign resources to the B(10,10)-type, even though it is inferior to the B(1,1)-type.
This occurs when the continuation values of the treatments are small and contribute only
a small fraction to the Lagrangian relaxed value function, leading to a small optimal A\*.

To understand this, recall that the optimal A* minimizes

T
LN(1,10),(1,10)) = N Y A+ JAVA(1,1) + 1f2V25(10,10).
t=1

As X increases, the term N Zthl At increases, while the treatment-specific continuation

values VY (1,1) and V{%(10,10) decrease until they reach a minimum of 0. The reverse
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happens when A decreases. The optimal A* thus balances the trade-off between minimizing
the immediate cost of resource allocation and minimizing the continuation values. When
Jfi is large compared to N, such as when f; = 0.9 and | = 1000, the continuation value
Vf,‘j(txi, Bi) contribute significantly to Lf‘. In such cases, A* needs to be large enough to
reduce the continuation values to 0. However, when Jf; is small relative to N, for example,
if fi =0.1 and | = 10, a smaller A* is optimal which ensures that the cost term N Zthl At
remains low, even if it results in non-zero continuation values and positive allocations to
inferior types. This explains why the B(10,10)-type may receive resources despite appearing
dominated: when the number of treatments is small relative to N, the optimal multipliers
prioritize minimizing cost over fully eliminating inferior allocations. O

Next, we examine the impact of f and | in settings where treatment types are com-
parable. For example, consider the first row of Table 2.2, which includes two treatment
types: B(1,1) and B(10,5). In this case, neither type clearly outperforms the other. With

N fixed at 100, the optimal actions for different f and | values are shown in Table 2.4:

Table 2.4: Optimal actions for treatment types B(1,1) and B(10,5) under different f and
J, with fixed N = 100.

£ =(0.1,09) £ = (0.5,0.5) £ =1(09,0.1)
] B(1,1)  B(10,5)  B(1,1)  B(10,5)  B(1,1)  B(10,5)
10 4 0,16,17 5 0,33, 34 0,5 70,75
100 0,5 0,34 0,5 0,34 0,5 0,34
1000 0,5 0,34 0,5 0,34 0,5 0,34

Similar to the observation in Table 2.3, the optimal policy changes when | = 10. This
again is a result of optimizing A* to balance the overall cost and continuation values when
the total number of treatments and their associated probabilities are small compared to N.
Note that Proposition 2.3, which limits the number of ties of optimal actions to at most 2,

still holds in all examples.
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2.3.2 Optimal Allocation Probabilities

After determining the optimal actions, we compute the optimal allocation probabilities
over the set of optimal actions for each treatment type, specifying how resources are split
across different types and their corresponding actions to fully characterize the optimal
policy. The problem simplifies when one treatment type clearly outperforms the others
and receives all the allocated resources, effectively reducing the problem to a single-type
scenario. However, when multiple treatment types perform comparably, we must examine
the values of the optimal allocation probabilities more closely to understand the structure
of the optimal policy.

We introduce the probability vector g where qt,j(oct,j, Bt s nt/j) denotes the probability of
visiting state (at,j, 5t,j) and taking action 7;; in the Lagrangian relaxed problem, as defined
in LP (C.2) in Appendix C.1. For a treatment j of type i, the probability of being allocated
ny,j resources in the first period is g1 (a1,i, B1is ”1,]‘)7 which may be positive only when 1y
is an optimal action for state («q;, B1;) and is 0 otherwise.

While the solution of LP (C.2) provides us the optimal probability of taking each ac-
tion g*, the complexity of computing g¢* increases with the number of available resources,
because the state space scales quadratically with N. However, leveraging the results of
the optimal actions of each state in Section 2.3.1, we can significantly reduce the size of
q and accelerate the computation of optimal g* by only including those values of 1y
that correspond to optimal actions for states (a1 B1;). Additionally, since the value of
the optimal AJ can be obtained from the same computation that gives the optimal ac-

tions, the second-period resource allocation decision is determined as follows: if the up-

DLZ,]‘
@ j+P2

dated success rate is less than the optimal A3, then only zero allocation is used, so

2”2,/' 02, (&2,j, B2,j, M2,j) = q2,j(@2,j, B2,j,0). Otherwise, it equals q5;(«2,j, B2,j, N). By equation
(C.2d), we can use a function of g1 to express an/;‘ qZ,J’(“Z,jf B2, 112,j), reducing the problem
to an optimization over g1 alone.

Using the last two rows of Table 2.4 as an example, Table 2.5 reports the computed
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optimal allocation probability of different optimal actions for the two treatment types, with

varying values of f and J.

Table 2.5: Optimal allocation probabilities for treatments of type 1: 3(1,1) and type 2:
B(10,5) under different f and J, with fixed N = 100.

] Typeand Action  f = (0.1,09) f=(05,05) £ =1(09,0.1)

15 gype1 = 0 0.4884 0.8977 0.9432
100 Migpe1 =5 0.5116 0.1023 0.0568

7 per =0 0.9757 0.9562 0.7811

1 e s = 34 0.0243 0.0438 0.2189

15 gyper = 0 0.9488 0.9898 0.9943
1000 Mityper =5 0.0512 0.0102 0.0057

7 ez =0 0.9976 0.9956 0.9781

1Y e s = 34 0.0024 0.0044 0.0219

Table 2.5 indicates that when the treatment types and optimal actions remain un-
changed, the quantity ] fig} (a1,i, B1,i, n};)n]; remains constant for a positive optimal action
nii of a treatment of type i. This implies that the expected number of resources allocated
to each treatment type remains unchanged regardless of the fractions of treatment types or
the total number of treatments. Furthermore, the optimal Lagrange multipliers A} and A3
remain the same across different values of f and | as long as the optimal actions do not

change.

2.3.3 Feasible Policy and Relative Performance Gap

The optimal policy of the relaxed model works as follows:

L. In the first period, for each treatment j of type i, allocate 1, resources with proba-
bility QT,j(“l,i, B1,i,11,7); and

2. In the second period, allocate N resources to all treatments with an updated success
rate greater than A3.

Under this optimal policy, with sufficiently large J, n1; = 0 is an optimal action for all

treatments, meaning the optimal value Vl)‘]-* (0(1,]', ,BL]') is 0 for all treatments. As a result,
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FIGURE 2.3: Relative performance gap with heterogeneous treatment types and
benchmark function.

the value of the relaxed DP Lf‘* (a1,B1) is N Zthl Af. This value of L{‘* serves as an upper
bound on the optimal policy of the original, unrelaxed problem.

A feasible version of the policy that satisfies the resource constraints (2.1) is as follows:

1. In the first period, for each prior type i, assign ny; resources to []fiq’l“,]-(oqri, B, ”l,j)J

treatments of type i; and

2. In the second period, allocate all N resources to a treatment with the highest updated

success rate.

The value of this feasible policy serves as a lower bound on the optimal feasible policy
of the original problem. By plotting the relative performance gap between the two policies
against N, we observe that the gap converges to 0 as N — o0, indicating that the feasible
policy is asymptotically optimal. For example, Figure 2.3 illustrates the relative perfor-
mance gap and a benchmark function for the same setting presented in Table 2.5, which
involves two comparable prior types: B(1,1) and B(10,5). In this example, the values
of | and f do not affect the shape of the plotted curve, since the expected allocation to
each treatment type depends only on the prior parameters and N (as shown in Table 2.5),
provided that [f; is not so small for any type i that allocating zero resources in the first

period becomes optimal.
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3. Beta-Binomial Model with Constrained Total
Resources

In this section, we introduce a second model with a fixed total resource budget. The
number of resources available to allocate across all periods is N. The set of feasible resource
allocations is given by

T ]
U=neZ: > N n;<N}. (3.1)
t=1j=1

Unlike in the model of Section 2 where resources are replenished at the beginning of
each period, in this model, the resources available for allocation vary for each period. To
represent the remaining amount of resources available for allocation in period ¢, we introduce

a new state variable m;, where
mqp = N, and

]
Mpy1 = My — Z ny,j.

j=1
Denote the value function in a given state of beliefs and resources available (o, B¢, m;)
as Vi(au, B, my). Taking the terminal value Vi1 (ars1, Br+1, mr+1) = 0 for all terminal

states and resources available, the value function for period ¢ is given by

nelu

]
Vi(as, By, my) = max | > E[k(ny)] + Epn,) [Vir1 (@eta, By, i) ]
pa

/

(Xt,]‘
=max | > —— i+ Eyny) | Verr | @era, Beyr,me — Yy ,
neld P apj+ ,Bt,j pst

where ’C(nt) = (k(ﬂtll),...,k(nt,])), k(ﬂt,]') ~ BB(Y[IL,]‘, Dét,]', ,Bt,j)-
Similar to our approach in Section 2.1, we apply Lagrangian relaxation to the problem
by relaxing the resource constraint (3.1). Denoting the Lagrange multiplier associated with

the resource constraint (3.1) by A > 0, we add a Lagrange term that penalizes violations of
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the constraint to the objective function. Analogous to the DP (3.2), we have the Lagrangian

relaxed problem as:

J
~ Ky i
L?(at,ﬁt, mt) = max —d )\Z Tlt,]
nte{O,,..,mt}] ] lxt] + IBt]
J
FA
+ Ek(n,) | Liy1 | @t+1, Begr, me — Z 1y ,
=1

with the terminal value E%H (ar+1, Br+1, mr41) = 0 for all terminal states and remaining

resources, and

L} (a1,B1,N) = AN + L} (a3, 81, N).

Compared to the original DP (3.2), there are two key changes. First, the resource con-
straint has been relaxed, allowing the DM to allocate up to m; resources to any treatment at
time t. Second, the objective function includes a Lagrange term that penalizes policies that
violate the resource constraint. For any A > 0, it holds that V; (a1, 81, N) < L{‘(al,ﬁl, N)
for all states. Thus, for any A > 0, Lf(al, B1, N) can be used as a performance upper bound
to assess the quality of a feasible policy.

Moreover, the Lagrangian DP decomposes into a sum of treatment-specific subproblems,

each of which can be solved independently.

Proposition 3.1 (Decomposition of the Lagrangian DP). For all states and A > 0, we have

that

J
Ly (a1, 81, N) = AN + > V(w1 j, B1, N),
j=1

where th‘j(uct,j, Bt,j, my ;) is the value function for the treatment-specific DP

Kt i
VA (ay;, Brj,mei) =  max <’]—/\>n‘
t, t,jr Pt,jr 11t t,
] ] / ] 11j€{0,...my;} \ Kt j + ,Bt,j !
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+ Ex(u,) |:V18/}H,j (arj k(e j), Brj+ 1y —k(nep), myj—nyj) } , (33)

. . A _ . . .
with the terminal case VT+1,]'(0‘T+1,]'/ Bri1,j,mry1,) = 0 forall wryyj, Bry1,; and mryq).

Although any non-negative A provides an upper bound on Vj (a1, 81, N), our goal is to
optimize A to find the lowest upper bound. The corresponding Lagrangian dual problem
is:

min Lt (a1, B1,N). (3.4)

The complementary slackness condition for A* implies the existence of an optimal random-
ized Lagrangian policy that uses at most N resources in total in expectation. Moreover, if
the optimal A* is positive, then the optimal randomized Lagrangian policy uses exactly N

resources in expectation. The following result formalizes this.

Proposition 3.2 (Optimality Condition). Lagrange multiplier A* is optimal if and only if there
exists an optimal randomized allocation policy rt* at A* such that
T

J
E | > nf | <N| LA
t=1j=1

\%

0),

where nf;‘ denotes the amount of resources allocated at time t to treatment j under policy 7* and

1 indicates that at least one of these conditions is binding.

At the optimal Lagrange multiplier A*, it can be derived from the dual of LP (3.4) that
there is at most one tie of optimal actions across all periods and states. Here, a tie refers to
an additional optimal action beyond the first, as defined in Section 2.1. This implies that
only one treatment type can exhibit a tie, and such a tie can occur in at most one state;

all other types have a unique optimal action at every state.
3.1 Performance Analysis for the Two-Period Uniform Prior Model

Similar to Section 2.2, we develop and analyze a feasible policy based on the Lagrangian

dual problem with three assumptions: (1) the total number of resources across all periods
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is constant (denoted by N); (2) the time horizon is T = 2 periods; and (3) the prior
distribution for all treatments is uniform, i.e., (0(1,]',/31,]') = (1,1).

Given the initial symmetry across treatments, to solve the Lagrangian relaxation for a
given A, it is sufficient to solve the treatment-specific DP for a single treatment j. With

the above assumptions, the decomposed value function (3.3) simplifies to

lX .
Vz)\‘(l)ézj,ﬁzj,N—l’llj): max <<2’]—)\> 1’12]')
AN ’ 12,/€{0,...,N—1 } aj+ Boj ’
1+ k(n1 ]‘) +
= (L —A) (N-my),
< 2+ ny,j > ( nl'])

and

061,]'

A . . = P
VL]'((XL]/ ,Bl,]/ N) - max ( <061,]' + ,Bl,j

_ . A . . P

1 +k(ﬂ1,]') *
(el 2) (N‘””)] ) '
(3.5

1
n1,/¢£1{10a,.)f,N} ( <2 > nl’] + k(”LJ)

We use continuation values similar to those introduced in Section 2.2, though the func-
tional forms differ due to the change in the resource constraint. The continuation values
Q;\J’(nl,j> representing the expected value of treatment j starting from the tth period given

nllj are:

1
Q{l,]‘(nl,j) = <2 - /\> nyj+ Qé\,j(nlrj), and

Q3,(11,7) = Ex(ny )

) +
—A)(N—nuﬂ. (3.6)

To find the optimal actions that maximize the continuation value functions, we analyze the
properties of these functions with respect to ny,; and show that the geometric properties
of the continuation function Qé\/j(nl,j) are similar to those of QQ\,]-(m,j) in Section 2.2. This

key result allows us to identify the remaining optimal actions and the optimal Lagrange

29



multiplier, with which we characterize the optimal policy for the relaxed decomposed prob-
lem which we refer to as the “optimal relaxed policy” below. The following proposition
formalizes the optimal relaxed policy:
1
{N3 1
Proposition 3.3 (Optimal Relaxed Policy). When | > WN/ an optimal policy for the
N3 | +N
Lagrangian dual problem (3.4) is:
1. In the first period, for each treatment j, assign
1 e
[N§J resources w.p. -7 —
{N 3 J +N

0 resources otherwise;

Z

and

2. In the second period, assign N — lN %J resources to all treatments that have lN %J successes

in the first period.

Overview of the Proof of Proposition 3.3. The proof begins by deriving the values of the
optimal actions in both periods. Leveraging the geometric properties of the continuation
functions, we claim that there exists a Lagrange multiplier A* > 0 such that n;; = 0 and
some n1; > 0 maximize Qi\j (n1,7) and hence are the optimal actions in the first period.
Analyzing the derivatives of the continuation value functions with this A*, we establish
that ni“,j = [N %J is the positive optimal action. For the second period, the structure of the

value function (3.5) implies that the optimal action for any treatment j is either n;j =0or
”ik,j =N — nf]..

With these values of the optimal actions, we then calculate the optimal probabilities
of splitting resources between these actions. These probabilities are derived from the opti-
mality condition as described in Proposition 3.2, which requires the expected total number
of resources allocated to be N. These probabilities define the randomized optimal relaxed

policy, ensuring both feasibility and optimality for the Lagrangian dual problem. O
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With the stated optimal relaxed policy, we can further derive the optimal Lagrange

multiplier value A*.

Proposition 3.4 (Optimal Lagrange Multiplier). The optimal Lagrange multiplier is

*
N My 1%
. 2+nfj 2+nf]. + 27’11’]‘ % 1
A* = * ,wherenlj:[N3J.
w4 N T ’
Li Uonf o il

See the proof of Propositions 3.3 and 3.4 in Appendix A.5.

The optimal relaxed policy may assign more than N resources in total and violate the
resource constraint (3.1). To address this issue, we propose a feasible policy, which we
refer to as the “feasible relaxed policy” below, that closely resembles the optimal relaxed
policy while respecting the resource constraint. The key modification is to allocate resources
based on predetermined fractions rather than randomly based on probabilities. We then
show that the relative performance gap between the two policies converges to 0 as the
number of resources available increases.

{N%JH
Definition 3.1.1 (Feasible Relaxed Policy). When | > ~———N, a feasible relaxed policy
{NSJ +N
is as follows:
1. In the first period, randomly choose

WUE

N J2+N

treatments and assign lN %J resources to each treatment; and

W=

2. In the second period, pick a treatment with the highest updated success rate and

assign all the remaining
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FIGURE 3.1: Relative performance gap with benchmark function.

resources to it.

The feasible relaxed policy allocates no more than N resources in total. Its value serves
as a lower bound on the value of the original problem (3.2).
Finally, we derive a bound on the performance gap between the optimal relaxed policy

and the feasible relaxed policy.

Theorem 3.5 (Asymptotic Optimality of the Feasible Relaxed Policy). Denote the value of
the optimal relaxed policy as described in Proposition 3.3 as L)", the value of the optimal policy of
the original unrelaxed problem (3.2) as V;*, and the value of the feasible relaxed policy as described
in Definition 3.1.1 as V{*. We have that

(eSS
-
i

N2 2\ N3 -5

VA L 7 Ve f‘(N—I\“) T

L <25 NS 4N 7 N N7 whichisoforderO(N_%).
V1 Ll 2 —|—§N5

N3+N

Overview of the Proof of Theorem 3.5. The proof begins by deriving an upper bound on
the performance gap of L{‘* and V] as the numerator: in the first period, the two policies

have the same value in expectation; in the second period, their difference in value can be
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bounded from above. We then find an upper bound on L{‘* as the denominator. The ratio
gives us an upper bound on the relative performance gap, which converges to 0 at the rate
of O(N*%), since ny; is on the order of O(N%). O

Theorem 3.5 demonstrates a tight bound on V;* and shows that the feasible relaxed
policy is asymptotically optimal with a convergence rate of O(N _%), as shown in Figure
3.1. The shape of the plots is independent of the total number of treatments |, as both the
optimal action and the expected number of treatments receiving allocation depend only on
N. This demonstrates that the feasible relaxed policy performs well in the original model,

especially when N is large.
3.2 Empirical Results with Heterogeneous Treatment Types

This section extends the analysis in Section 3.1 by considering multiple types of treat-
ments, each type with a different prior distribution of the success rate. Similar to Section
2.3, we represent the prior parameters using vectors a1 and 31, and denote the fraction of
each treatment type among all treatments by vector f.

Since we assume that the treatments have limited types of prior distribution, we can
simplify the original DP (3.3) to

L} (a1, B1,N) = AN + ZZ Vl),‘]- (“Ljrﬁl,jr N), where i represents a type of treatments.
i jei
Due to the symmetry across treatments of the same type, the sum of treatment values

for type i is Jf; times the value of each subproblem. Therefore, the relaxed DP can be

rewritten as

Ly (a1, 81, N) = AN +] > fiVi (a1, B1i, N) .
i

Our goal is to find the optimal Lagrange multiplier A* that minimizes Li\(al, B1,N) and

the corresponding optimal values of n;"j that maximize each treatment-specific subproblem.

Empirical Results of Optimal Actions and Allocation Policy. Focusing on the optimal al-

location action of resources across different treatment types, we conducted optimization ex-
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periments under varying beta distribution priors, treatment type fractions, and treatment-
to-resource ratios. Unlike in Section 2.3.1 where the resources are allocated to different
types of treatments under the optimal relaxed policy, we did not observe any case of re-
source splitting across different types of treatments in the examples we tried with. In other
words, there always seems to be a “best” treatment type among all types (typically charac-
terized by both a higher mean and greater variance in success rate), and all resources are
allocated to that treatment type only. For this best type, there is a tie of optimal actions
in the first period: ni‘,]. =0 and |[N *%J. The optimal action for all other under-performing
types for all periods is 0. This observation aligns with our claim that regardless of the
number of periods and types of treatment, at most one type of treatment can have multiple
optimal actions.
Below are some examples of the optimization experiments conducted:
e With two types of treatments with priors (1,1) and (10,5) and mixture fraction
f =1(05,05), N = ] = 100, the optimal actions for type (1,1) are nj = 0 and 4,
and the optimal action for type (10,5) is nj = 0.

e With three types of treatments with priors (4,2), (1,1), and (10,5) and mixture
fraction f = (0.3,0.3,0.4), N = |J = 100, the optimal actions for type (4,2) are
nj = 0 and 6, and the optimal action for the remaining two types is nj = 0.

As all resources are allocated to a single treatment type, the problem reduces to the
single-type setting described in Section 3.1. Hence, the optimal allocation policy is identical
to that in Proposition 3.3. In addition, the optimal value of the Lagrange multiplier A*
stays unchanged as long as the optimal actions are unchanged.

The optimal policy of the relaxed model works as follows:

L. In the first period, for each treatment j of type i, allocate ny; = nii resources to it

with probability CIT,]'((XLZ'/ B1i,n7;), where g* is the solution of the dual LP (C.3); and

2. In the second period, allocate N — 11 ; resources to treatment j if its updated success

rate exceeds A*.

Under the optimal policy, the optimal value Vf‘f is 0 for all treatments, as ny; = 0 is

34



0.25 : 1 _
—Relative Gap _ Relative Gap
_N-} -1
0.2 N3 | osh N
0.15 I o6l

0.05 g 1 o2l

0 L L L L O L L L L
0 1 2 3 4 5 0 1 2 3 4 5
N <10 N x10%

(a) Relative performance gap and benchmark (b) Ratio of relative performance gap divided
function. by benchmark function.

FIGURE 3.2: Relative performance gap with heterogeneous treatment types and
benchmark function.

an optimal action for all treatments. As a result, the optimal value of the relaxed DP
Li\* (a1,B81,N) is A*N, which is an upper bound on the optimal policy of the original

problem.

Feasible Policy and Converging Relative Performance Gap. A feasible policy that closely
resembles the actions of the optimal relaxed policy works as follows:

1. In the first period, for each treatment type i and each of its optimal actions n’l“,].,

allocate ”T,j resources to []fiqik,]’(“l,i/ﬁl,ir ni].)J treatments of type i; and
2. In the second period, allocate all remaining resources to a treatment with the highest
updated success rate.
The value of this feasible policy proposed is a lower bound on the optimal feasible
policy of the original problem. By plotting the relative performance gap of the two policies
against N, we observe that the relative gap decreases as N increases and converges to 0. For

example, Figure 3.2 shows the relative performance gap alongside a benchmark function

with two types of priors: (a1,81) = (1,1) and (a3, B1) = (10,5), with f = (0.5,0.5),] = N.
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4. Normal-Normal Model with Constrained Resources
per Period

This chapter studies the optimal allocation of a predetermined amount of resources in
each period under a Bayesian adaptive model where both the prior distribution and the
likelihood of observed outcomes are normally distributed. The key distinction from the
beta-binomial models in the previous chapters lies in the nature of the observed outcomes:
instead of binary realizations (e.g., success or failure), the normal-normal model allows
for continuous rewards that can take any real value. This generalization enables us to
capture a wider range of allocation problems where the outcome is continuously valued and
informative, rather than limited to discrete categories.

Consider a discrete-time, finite-horizon model over T periods. The total number of
treatments available for testing is J. In each period t = 1,..,T, the DM allocates n;
resources to each treatment j. The maximum number of resources available to allocate at
time t is N;. A resource allocation policy is feasible if the allocation satisfies the constraints
that no more than N; resources are allocated in each period for all possible belief states
and time periods:

J
Up={neeZly: D nj<Niy. (4.1)
j=1

Before allocating resources in the t*-period, the DM has belief 0;; about the underlying

reward of treatment j, which we assume follows a normal distribution

0rj ~ N (P‘t,j/‘ftz,j) /

and the initial belief about the underlying reward, 6y j, has a known mean p1; and a known
variance (712,]».

For each resource the DM allocates to a treatment, the DM observes and collects a re-
ward. We assume that these observations are independent and identically distributed across

resources for a given treatment and independent across treatments. When n;; resources

are allocated to treatment j at time f, the observed rewards are normally distributed with
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a known variance ¢2:

xpj~ N(6,j,0%),Vie (L, n), (4.2)

and independent across i.
With the observations in each period, the DM updates the beliefs about each treatment’s
underlying reward. Since both the observed rewards and the prior belief follow normal

distribution, the posterior belief 6,1 ; also follows a normal distribution with updated

parameters
1 M 2
9t+l ‘ xt,j""’ xt,]. ~ N (]/[tJrl,j/ Ut+1,j) ’
where
f’lt,]‘
2 . 2 i
O Htj+ 0 2 Xt
i=1
Hi41,) = (4.3)
/ nt,jatzj + 02
and
2 2
) 03i0

O = ——=——.
t+1j 02 2
N0} ; + 0

The objective is to maximize the expected total reward across all treatments and periods.
Following the standard results in dynamic programming (DP), we can solve the problem
using value iteration. Denote the value function in a given state of beliefs (ut, 02) as V;.
Taking the terminal value Vpq (,u,T_|_1,a'%+1) = 0 for all terminal states ;J,T_|_1,0'%+1, we

can write the optimal value function as

J M
Vi(pi, 07) = max Zlﬁ le;,j + Ea, [Vie1 (e41,0214) ]
=1 Li=
! 2
= max j;#t,jnt,j +Eg, [Vit1 (pe41,0844) ] | - (4.4)

The DP (4.4) is difficult to solve, as there are linking constraints on resources across

treatments, and the high-dimensionality of the decision variable leads to complexity of the
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solution. To simplify the problem, we introduce Lagrange multipliers A = (A1, Ay, ..., A7) =
0 associated with the T resource constraints (4.1). Analogous to DP (4.4), we can solve the

Lagrangian relaxation recursively as:

J J

L} (pe, 07) = necaX > e+ Ea, [Lt)\—H (Bev1,0741) } A Ne= D m | |
= =

where L%‘H (,uT+1,0'%+1) =0 for all p741 and U%—H'
After relaxation, we can decompose the problem into treatment-specific subproblems

whose feasible region grows linearly with the amount of treatments.

Proposition 4.1 (Lagrangian Decomposition). For any A = 0, and for all states and times, we

have that

T J

L;\ ([l,t, O't2) = Z /\TNT + Z th} (,ut,j,a't%]') ’
T=t j=1

where Vf} <],tt,j, atzj) is the value function for the treatment-specific DP:

Vf> (”frf’ Ufz,]') = nt/jg(‘)?fth} ((P‘f,j — At) npj+ Eqg, {Vt)il,j (P‘t+1,jr 0}2+1,j> D , (4.5)

with terminal value V7', ; (VTH,]‘, 0'%+1/j> = 0 for all states.

The proof of Proposition 4.1 follows the same logic as in the beta-binomial case and is
based on Adelman and Mersereau, 2008, where Lagrangian relaxation is used to decompose
a weakly coupled stochastic dynamic program into independent subproblems.

Although any non-negative A provides an upper bound, our goal is to optimize A to
find the best (i.e., lowest) such upper bound. The corresponding Lagrangian dual problem
is:

r){gg L} p1,02). (4.6)

The complementary slackness conditions for the Lagrangian dual (4.6) imply the ex-
istence of an optimal randomized Lagrangian policy that uses at most N; resources per

period in expectation. The following result formalizes this:

38



Proposition 4.2 (Optimality Conditions). Lagrange multipliers X* are optimal if and only if

there exists an optimal randomized allocation policy 7t* at X\* such that for every period t, we have
] *
E|[Ynl | <N | L(Af=0),
j=1

where nf]-* denotes the amount of resources allocated at time t to treatment j under 7* and L

indicates that at least one of these conditions is binding.

Proposition 4.2 follows from the standard duality results in constrained stochastic dy-

namic programming, same as in Section 2.1.
4.1 Simplified Model with Homogeneous Priors

In this section, we propose and analyze the performance of a feasible resource allocation
policy based on the Lagrangian relaxed problem with three assumptions: (1) the number
of resources available per period is constant over time (denoted simply by N), (2) the time
horizon is T = 2 periods, and (3) the prior distributions of the underlying reward for all

treatments are identical with a known mean of y1; = p1 and a known variance of 0'12 i= 012.

The assumption of an initial N'(p1,0?) distribution reflects a situation where the DM has
no initial preference or knowledge about the treatments and hence has the same prior belief
about the underlying reward for all treatments.

Given the initial symmetry across all treatments, to find the optimal pair of (A1, A7)
that minimizes the Lagrangian relaxation problem, it is sufficient to solve the treatment-
specific DP for a single treatment j. With the above assumptions, the decomposed value

function (4.5) becomes
A 2\ _ _ +
V3i(ha, 03) = nz’jg{l(f}ff/N} (Hoj—A2) npj= (2 —A2) "N,
and
Vl]/]‘E{O,...,N}

Vf}(#l,]‘/ 0’12/]-) = max ((Vl,j — M) 1+ Ea, [Vz)‘,j(ﬂz,j/ Uzzlj)} )
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_ B | .
_nl,jg‘(ffﬁm(m Al)nl,]+N1Eml,,.[(y2,] Az) } (4.7)

Substituting distribution (4.2) into distribution (4.3), the distribution of py; prior to ob-

serving @1, can be written as

I’lZ,j ~ N (‘1,11,0'2(1’11,]')) s

oim,

2
where 0“(n1,) denotes e

for simplicity. See details in Appendix D.1.

For any given X, pp; — Az follows a normal distribution A (11— Az, (72(711,]')). Using

the expected value of a rectified normal distribution, we have

Eq; [ (H2j—A2) "] = (41— A2)® (Vl — A2> +o(n1;) ¢ <M> ,

o(ny,;) o(ny,;)

where ¢ (-) is the probability density function of the standard normal distribution, and
® (-) is its cumulative distribution function. See Appendix D.2 for the derivation.

To characterize the optimal action n’l“,]» that maximizes Vf,‘].(yl,]-, (712,].) for a given vector
of Lagrange multipliers A, we define the continuation value Qi‘j(”l,]‘) as the expected value
of treatment j starting from the ' period given ny;. The continuation values Qf‘,j(nl,j)
and Qﬁ‘,j(nl,j) are given by:

Qi‘,](”l,j) = (]/ll — 7\1)”1,]' + Q%,](n],]) , and

Q3(m,j) = NEq,, [(;1/12,]‘ —/\2)+} =N [(yl —A2)P (?‘1_)‘2> +o(n,j) ¢ (}41 —Azﬂ .

o(nyj) o(nyj)
(4.8)
By characterizing the properties of the continuation value functions in equations (4.8),
we can show that for any Ay > pi, there exists a Ay > pq such that ny; = 0 is one of
the optimal actions under the relaxation problem corresponding to this pair of Lagrange
multipliers. This serves as a key result that enables us to determine the values of the other
optimal actions and the corresponding probability distribution across these actions in an

optimal randomized policy. The following proposition formally establishes this claim.
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Proposition 4.3. For any A, > py, there exists a Ay > py such that ny; = 0 and some ny; > 0

are optimal actions for problem 4.7.

Overview of the Proof of Proposition 4.3. The proof of Proposition 4.3 is based on ana-
lyzing the geometric properties of Qﬁ\,j(nll]-) by characterizing its derivatives. First, for all
A2 > pp, we show that Qg‘,j(nl,j) increases with respect to n1; when n; € Z,. Moreover,
the graph of Q%/j(”l,j) is first strictly convex and then strictly concave in 71 ; as 1y ; increases
(see Figure 4.1). Second, for any Ay > pq, we show that if Qg‘,].(nl,j) is plotted against 1y j,
there exists a line from the origin that is always on or above Q;‘,j(nllj) and is tangent to

Qg‘j(nll]-), as illustrated by the red line in Figure 4.1. Let Ay — yq denotes the gradient of
this tangent line. Then n7; = 0 and the ny; value at the point of tangency maximize DP

(4.7). See Appendix B.1 for the full proof. O
14

127 /, N

—Qg),‘j (n1;)
! ! ! ! ! ! ! - <X{ _\ Hl)nl,j

0 10 20 30 40 50 60 70 80 90 100
TLLJ‘
FIGURE 4.1: Continuation value function and its tangent line,
1 =1,00 =0.5,0 =1, N = 10000.

With the multipliers A, and a corresponding Ay as described in Proposition 4.3, if we
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plot Qf‘j(”l,]‘) against 1y, we can see that the optimal values of ny; are 0 and those at
which the line from the origin is tangent to Q%‘J(nl,]-). These are the only allocation actions
the DM can take in the first period under an optimal policy. We can calculate all optimal
values of 711 ; and the multipliers using the optimality conditions as described in Proposition

4.2.

Proposition 4.4 (Optimal Values). The optimal Lagrange multipliers are given by

A =0 (nf]-) z(ni;) +p1, 4.9)
and
N
T:a@a)[*¢@m;n—mﬂw s (4.10)
Lj
where
*
4@0:¢*<l ;)
The positive optimal action in the first period satisfies
N _ =) (4.11)
i 2(o2 + ‘712”;]') p(z(n3;)) '

Overview of the Proof of Proposition 4.4. The values of optimal Lagrange multipliers and
the optimal action are calculated using the continuation value function, its first derivative
with respect to 11, and the optimality condition for both periods. Given that an optimal
policy for the relaxed problem must allocate N resources per period in expectation (as
described in Proposition 4.2) and Proposition 4.3 shows there always exists a A; that
makes n7; = 0 optimal for any given A; > p1, we construct and solve an equation set
of 4 equations and 4 variables: A¥, ’zk,ni“,j and the optimal probability p* to allocate nfj
resources to a treatment. See Appendix B.3 for the full proof. O

Regardless of the value of o7 and ¢, we empirically observe that nf j grows faster than

O(log N) and slower than O(log N%) (see Figures 4.2a and 4.2b). However, there is no exact
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analytical solution of nj j because equation (4.11) contains the inverse cumulative density
function of a standard normal distribution, which does not have an analytical expression.

Nevertheless, we can still derive some properties of nf I

1. nj j is strictly less than % Furthermore, for equation (4.11) to hold asymptotically,

*.
it is required that % «1as N — oo; that is, n j must grow strictly slower than any
linear function of N.
2. ni"’]- is independent of y1. This can be easily seen from equation (4.11).

3. When oy = 0, ni‘,]- only depends on N. This can be easily seen from equation (4.11).

60— ‘ ‘ ‘ w 2.5 w w \ ‘
_nl,j(N ) *
—log N - ny
50 3 - J
—(log N)? 2/’—/ log N
a0/ : SRLE A
(log V)2
30, 1 15}
20 1
l .
10— 1
0 ‘ ‘ ‘ ‘ 0.5 ‘ ‘ ‘ ‘
0 2 4 6 8 10 0 2 4 6 8 10
N x10° N x10°
(a) Optimal 1} ; and benchmarks, (b) Ratios of optimal 17 ; divided by
g =05,0=1. benchmarks, o4y = 0.5,0 = 1.

FIGURE 4.2: Optimal actions with benchmark functions.

With the optimal action nj j and Lagrange multipliers A* derived from Proposition 4.4,

we can state the optimal policy for the Lagrangian dual problem (4.6).

N

Proposition 4.5 (Optimal Relaxed Policy). When | > -5, an optimal resource allocation policy
1,j

for the optimal Lagrangian dual problem at X* as described in Proposition 4.4 is:

1. In the first period, for each treatment j, assign ny ; resources where ny ; is the solution for
equation (4.11) with probability ]nl*, and assign 0 resources otherwise; and
1j
2. In the second period, assign N resources to any treatment whose updated mean of underlying

reward iy ; is higher than A3 .
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Proof of Proposition 4.5. The Lagrange multipliers A* and their corresponding optimal ac-
tion in the first period 17 ; presented in Proposition 4.4 are calculated in a way that ensures
the policy allocating N resources in expectation in both periods, which by Proposition 4.2
means that this policy is optimal in solving DP (4.6). The optimal action in the second
period 13 ; can only be 0 or N as seen from the continuation value function (4.7). The
optimal probability p* to assign 77 ; resources to a treatment j in the first period is also
obtained from the optimality conditions as described in Appendix B.2. The lower bound

on | ensures that p* < 1. O

Due to relaxing the constraint on the amount of resources available per period, the
optimal relaxed policy may not be feasible. Therefore, we propose a feasible version of the
optimal relaxed policy, which we refer to as the “feasible relaxed policy” below. Intuitively,
the feasible relaxed policy resembles the relaxed policy in its optimal actions while obeying

the constraints on resources allocated per period.

Definition 4.1.1 (Feasible Relaxed Policy). A feasible relaxed policy that resembles the

optimal relaxed policy in Proposition 4.5 is:

N
E3
n

L. In the first period, assign 17 ; resources each to {
- i

J treatments and give the other

treatments 0 resources, and;
2. In the second period, pick one treatment with the highest updated i ; from the
treatments that received nj j resources in the first period. Assign all N resources to

this treatment.

The value of the optimal relaxed policy serves as an upper bound on the value of the
original DP (4.4). The value of the feasible relaxed policy, on the other hand, serves as a
lower bound. We can show that the performance gap between the optimal relaxed policy
and the feasible relaxed policy converges to 0 as more resources become available, which
means that the feasible relaxed policy is asymptotically optimal. This result is formalized

by the following theorem:
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Theorem 4.6 (Asymptotic Optimality of the Feasible Relaxed Policy). Denote the value of
the relaxed optimal policy as described in Proposition 4.5 as L}, the value of the optimal policy
of the original unrelaxed DP (4.4) as V}* and the value of the feasible relaxed policy in Definition

4.1.1 as V{*. We have that

N
1 0 {”*J pang;
LA AL P v T R §_ o @(x) L dx + No(n)
< 1< , 4.12)
vy Ly z(n} ;)

which converges to 0 as N — 0.

See Appendix B.4 for the full proof.
To determine the rate of convergence of the relative gap, we analyze the asymptotics of
z(nj ;) and integral
N

f_ooo CD(x){"fdex

for large N. By Equation 26.2.23 of Abramowitz and Stegun, 1965, for small positive €,

1
®~1(1 - €) is approximately 4 /2log o e~ 0.

* *
When N — o0, we have % — 0 (see the discussion in Appendix B.3). Substituting € = %,

we can approximate

Among the three terms in the numerator of inequality (4.12), the first term is dominant:

the power of the integrand of the second term is so high that the second term is negligible

*,
asymptotically, and the last term scales as O(%), meaning it converges to 0 faster than

_1
Z(”;k,j)

does as nj j grows sublinearly in N. Therefore, the relative gap converges to 0 at the
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rate of

1

ol ——
log%

4

which is O (@) as nik,j « N, aligning with the observed empirical behavior in Figures

4.3a and 4.3b.
0.5 w : ‘ ‘ —
—Relative Gap _Relative Gap
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(a) Relative performance gap and benchmark (b) Ratio of relative performance gap divided
function, 1 =1,09 = 05,0 = 1. by benchmark function, 1 = 1,09 = 05,0 = 1.

FIGURE 4.3: Relative performance gap with benchmark function.

4.2 Simplified Model with Heterogeneous Priors

In this section, we relax the assumption in Section 4.1 that all treatments have the
same prior distribution of reward N (p1,0?). Instead, we assume that the treatments are
heterogeneous and there are I types of prior distributions. The prior belief parameters are
denoted as pr1 = (p1,1, ..., pi1,1) and 63 = (07,07 ;). The fraction of treatments of type

i within all treatments is denoted as f;, where f is a vector of length I.

The decomposed relaxed value function (4.5) then becomes

T 1
L} p1,03) = N Y A4+ D TV (i 0ny),
t=1 i=1

where Vt); <Vt,irat2i) is the value function for the treatments of type i:

Vf} (1t (thi) = max ((,ut,i —At)nyi+ Eg,; [Vﬁ}u (Hes1,is Ut2+1,z-) ]) ,
! nt ;€{0,...,N}
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with terminal value V2, :(ptr41,i, 07, ;) = 0 for all states.

The empirical results of optimal A* and their corresponding optimal actions ”T,z"”;,i
for each treatment type can be calculated from the minimization min L (p1,0%) over
non-negative A. In experiments with different combinations of initial beliefs and number
of types, we observe that ny; = 0 is always optimal for all beliefs (p1 ;, (712,1.) and any all
values of N. If there exists a treatment type that clearly outperforms the others (with
higher mean or higher variance of reward), then it is the only type with positive optimal
actions, i.e. all resources will be exclusively allocated to this type. If all treatment types
have comparable mean and variance of reward, there can be multiple treatment types with
positive optimal actions, meaning that the DM will split resources among those treatments
under the optimal policy.

We will illustrate the numerical calculation of the optimal values using the following

example:

Example 4.2.1. All treatments share a common observation standard deviation of o = 1.
For any given N, there are | = N treatments, distributed across three comparable types:
1. i1 = 1,0'1’1 = 0.5 with f1 = %,

2. pp=11,01 = 038 with f, =

QI
~

3. p3 =12,015 = 035 with f5 =

QI

By solving the decomposed relaxed optimization problem, we can obtain the optimal
A* and its corresponding optimal actions for the 3 types of treatments in Example 4.2.1.
We observe that 171, = 0 is the only optimal action for type 2, while type 1 and type 3
both have a positive optimal 711 ; in addition to 0. See Figures 4.4a and 4.4b for the optimal
actions of type 1 and type 3 in the first period plotted with benchmark functions with
respect to N.

With the calculated results of optimal actions for each treatment in each period under

the optimal A*, we can solve for the optimal ¢* of LP (D.1), which gives the optimal
probability of allocating n; ; resources to treatment j at state (;tt,]-, (73]-). For a treatment j
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FIGURE 4.4: Optimal actions with benchmark functions for mixed types of treatments in
Example 4.2.1.

of type i, the probability of being allocated 1 resources at time t is gy j(ps,i, oz, 1y ;), which

may be positive only when 7 is an optimal action for state (‘ut,i, Ugi) and is 0 otherwise.

Hence, we can significantly reduce the size of g and accelerate the computation of optimal

g* by only including those values of ny; that correspond to optimal actions for states
(,ut,i/ (thi). See Table 4.1 for the optimal actions of type 1 and 3 and their corresponding

q* values in Example 4.2.1. For type 2, 47 (1,2, 07,,0) =1 for all N.
With the calculated optimal Lagrange multipliers, optimal actions and optimal alloca-
tion probabilities, an optimal policy of the relaxed model works as follows:
1. In the first period, for each treatment j of type i, allocate ni“’i resources with probability
ﬂ,j(ﬂl,ir Ul,i/”ii)é and
2. In the second period, allocate N resources to all treatments whose updated mean of
reward pip ; exceeds AJ.

Under this optimal policy, with sufficiently large J, 1; = 0 is an optimal action for all
treatments, meaning the optimal value of the decomposed value function Vf‘].* (ptL]-, (712 j) is

0 for all treatments. As a result, the value of the relaxed DP Lf‘* (p1,02) is N Zthl Af.
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Table 4.1: Optimal first-period actions and probabilities under varying N for selected

treatment types in Example 4.2.1.

N Type 1 Type 3
ES
1000 ni’i . 0,17 0,46
q1;(ni, 01, my;)  0.851,0.149  0.937,0.063
%
2000 ni’i . 0,12 0,30
qi;(pi,op;my;)  0.859,0.141  0.956,0.044
*
3000 ni’i . 0,13 0,34
qi;(m1i,07;n7;)  0.865,0.135 0.963,0.037
*
4000 ni’i . 0,14 0,37
a1 (ni 01, my;)  0.872,0.128 0.967,0.033
*
5000 ni’i . 0,15 0,39
qi;(mi 01, my;)  0.879,0.121  0.970,0.030
*
6000 ni’i . 0,15 0,41
qi;(p1i, 01, my;)  0.880,0.120 0.971,0.029
*
7000 ni’i . 0,16 0,43
qi;(p1i,07;,m7;)  0.886,0.114  0.973,0.027
*
8000 ni’i . 0,16 0,44
qi;(ni,01;m3y;) 0.886,0.114  0.973,0.027
%
9000 ni’i . 0,16 0,45
qi;(mi, 01 my;) 0.886,0.114 0.974,0.026
ny; 0,17 0,46
10000 M ’ ’
a1 (i, 0%, ni;) 0.892,0.108 0.975,0.025

This value of Lf‘* serves as an upper bound on the optimal policy of the original unrelaxed

problem.

A feasible version of the optimal relaxed policy that satisfies the resource constraints

(4.1) is as follows:

1. In the first period, assign nj . resources to []fiqi‘j(ylli, (lei,n’l"i)J treatments of type i;

and

2. In the second period, allocate all N resources to a treatment with the highest updated

H2,j-

The policy above is guaranteed to be feasible in the first period as q

satisfy constraint (D.1b)
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FIGURE 4.5: Relative performance gap with benchmark function for mixed types of
treatments in Example 4.2.1.

I
Z Z Jfig,j(pa s ‘712,1'/ nini; <N,

*
1,

i n
and is trivially feasible in the second period. The value of this feasible policy serves as
a lower bound on the optimal feasible policy of the original problem. By plotting the
relative performance gap between the two policies against N, we observe that the relative

gap converges to 0 as N — 00, meaning the feasible policy is asymptotically optimal. See

Figure 4.5 for the relative performance gap and a benchmark function for Example 4.2.1.

50



5. Normal-Normal Model with Constrained Total
Resources

Building on the normal-normal framework introduced in Chapter 4, we now consider a
setting in which the resource constraint applies to the total number of resources available
across all periods, rather than per period. The maximum number of resources available to
allocate across all periods is N. Similar to the previous model, we still have a Bayesian
adaptive model where both the likelihood function and its conjugate prior follow normal
distribution, and we have a discrete-time, finite-horizon model over T periods. In each
period t =1,...,, T, the DM determines the allocation of resources to each treatment j of the
] treatments, and the number of resources allocated to treatment j at time f is 7y ;.

A resource allocation policy is feasible if the allocation satisfies the constraint that no

more than N resources are allocated in total for all possible belief states and time periods:

T ]
U=3neZ: > S n;<N}. (5.1)

t=1j=1
With limited total resources available, we need a parameter in the value function to
describe the amount of resources remaining at the beginning of period ¢, which we denote

as my. From the definition it follows that m; = N, myy 1 = m; — Z]]':1 ngj. Taking the

terminal value Vryq (uT+1,J%+1,mT+1) = 0 for all terminal states pr41, U%+1,mT+1, we
can write the value function recursively as
J
2 2
Vi(pe, of,m) = max Z E [0;n ] + Ez, [ Vigr (Be41, 0811, M141) |

Z}:l nyj<my j=1

] J

2
= ]max E Plt,jnt,j+IEa:t Vs | Be41, 0541, me — E My,
i s\ j—q j=1

(5.2)
As this problem has a state space that grows exponentially with |, we use Lagrangian
relaxation and decomposition to break it into treatment-specific subproblems. Denote the

Lagrange multiplier associated with the resource constraint (5.1) as A where A > 0. The
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Lagrangian relaxed problem is given as:

] T
L (p1,03,N) = max (Y pymj+ Ea, [LQ (12, 02, m7) } AN ],

where L%H (;LT+1,0'12~+1,1’HT+1) =0 for all pr41, 0'%_1_1 and mp,q.

For any A > 0, we have that

]
L (1,03, m) = AN + Y, Vil (e, 03, m )
=1

where Vt)‘j(yt,]-, ‘thj' my ;) is the value function for the treatment-specific DP:
A 2 A 2
Vt,j(]lt,j/ Tiir m;) = : EI{IOlaX _ ((Ht,j - /\) nyj+ Eg, |:Vt+1,]' (Vt+1,j/ Oi41,jr Mj — nt,j) }) ,
tj ,...,mt/]}

(5.3)
with terminal value Vf\+1,j(VT+1,j/ 0-%+],j’mT+],j) = 0 for all states. The proof follows simi-
larly to the case in Section 4.1.

Although any non-negative A provides an upper bound, our goal is to optimize A to find

the best (i.e., lowest) such upper bound. The corresponding Lagrangian dual problem is:

min L (py, 0%, m;y). (5.4)

A=0

=

The optimality condition can be formally stated as follows. Lagrange multiplier A* is
optimal if an only if there exists an optimal randomized allocation policy 7m* at A* such
that

T ]
E|>>nf | <N| L(A*=0),
t=1j=1
where nf]-* denotes the amount of resources allocated at time t to treatment j under 7t* and

1 indicates that at least one of these conditions is binding. The proof follows similarly to

the case in Section 4.1.
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5.1 Simplified Model with Homogeneous Priors

We present below a simplified model with the following assumptions: (1) the time

horizon is T = 2 periods, and (2) the initial beliefs about the underlying reward for all

treatments are identical, with a known mean and known variance, i.e., p1; = ;41,(712 i = (712
for all j.
With the above assumptions, the decomposed value function (5.3) becomes
A 2 — , _ , * i1 ;
V3 i(Haj, 03 5,2 5) = nzjef{%?i‘mj} (2j—A)maj = (poj—A) " may,
and
A 2 A 2
Vi (g, 07, m ) = ycmax <(H1,j —A)nyj+Eqg, [Vz,j(VZ,j/ 05, M1,j — nl,j)} )
1,jSWYreeer 1,j
+
~  max = A) it (N =By, | (po— )" | 5.5
e e {0mN} (P‘l,] ) 1+ ( 1) @1, (‘“2,] ) (5.5)

- _ 2 _ g2
With p1,; = p1 and 07 ; = 07, we have

V2,j —A~ N (]/l1 — )\,(72(1’11,]')) ,

where

) N (7{17’11,]'
o (nl,]) ) 2
-+ ny,;07

as shown in Appendix D.1.
Using the expected value of the positive component of a normal distribution derived in

Appendix D.2, we have

Eayy [y~ 1) ] = (= 1)@ (B0 s atmo (B0,

0’(1’11,]') 0’(1’11,]')

where ¢ (-) is the probability density function of the standard normal distribution, and
® (-) is its cumulative distribution function.
Our goal is to find the maximizer(s) ni"’j of equations (5.5). Hence, we define the objective
functions of equations (5.5) as the continuation value functions:
Q{‘,j(nl,]-) = (1 —A)ny;+ Qélj(nllj) , and
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Q3(m,j) = (N =) Eay, | (12~ A)" | (5.6)

In order to derive the optimal actions and multipliers for the simplified relaxed problem,
we analyze the properties of the continuation value functions (see Appendix B.1). We notice

that the geometric properties of the continuation function Q%, ]-(”1,]‘) are similar to those of
Q;‘,j(nl,j) in Section 4.1: although Q%("l,j) is not increasing in n;; (unlike in the model of
Section 4.1), it is also first convex then concave in ny,j. This implies the existence of a A*
that makes the line (A* — pq)ny; tangent to (N —nyj)Eq, { (paj — A*)+ } The point of
tangency is our positive optimal action in the first period n’l“,]- given A = A*, and the other
optimal action is 71, ; = 0. The optimal multiplier A* and the positive optimal action in the

first period nj i > 0 have to satisfy the following to equations derived from the tangency

condition and the optimality of ny; = 0:

(i = A*)ig;+ (N = nf ) Eay, [ (2~ A%) "] = 0,amd

a,f;]_ ((M — A+ (N = nf ) Eag,, [ (42— A*) " D _ 0. (5.7)

Using equations (5.7), we can solve exactly the optimal values of the multiplier and
action in the first period given specific N,yl,alz and ¢? values. Moreover, using the A*
and n’l“,]- solved and a given | value, we can compute the optimal probability of giving
n’l“,j resources to a treatment under the optimal relaxed policy (denoted as p*) using the

optimality condition:
A
Jp*ni; + Jp*P(po; > A*)(N —nj;) = N, where P(pp; > A*) = ® (‘?) . (5.8)

Deriving the exact analytical solution of those optimal values is challenging because
both equations (5.7) and (5.8) contain the standard normal probability density function or
cumulative distribution function. The following are some empirical observations of the scale
of optimal actions:

1. The optimal action nj; scales faster than O(log N) and slower than O ((log N)%)

(See Figures 5.1a and 5.1b.)
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FIGURE 5.1: Scale of optimal action with benchmark functions.

2. If (712 = 02, then for all values of 012, the value of ni“,]. depends only on N, which is the
same as what we observe in the model of Section 4.1.
3. The expected number of treatments receiving resources in the first period Jp* is
independent of J, i.e. p* is inversely proportional to J.
With the values of the optimal actions and the optimal Lagrange multiplier, we characterize
the optimal policy for the relaxed decomposed problem which we refer to as the “optimal

relaxed policy” below. The following proposition formalizes the optimal relaxed policy:

Proposition 5.1 (Optimal Relaxed Policy). An optimal policy for the Lagrangian dual problem
(5.4) is:
1. In the first period, for each treatment j, assign ny ; resources with probability p* and assign
0 resources otherwise, where ny ; is obtained from equations (5.7) and p* is obtained from
equation (5.8); and
2. In the second period, assign N — nj ; resources to treatment j if its updated mean of reward

Ja,j exceeds A* calculated from equations (5.7).

As the optimal relaxed policy may violate the resource constraint (5.1), we propose
a feasible policy, which we refer to as the “feasible relaxed policy” below, that resembles

the action choices of the optimal relaxed policy for the relaxed model while respecting the
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resource constraint.

Definition 5.1.1 (Feasible Relaxed Policy). A feasible relaxed policy that resembles the
optimal relaxed policy as described in Proposition 5.1 is as follows:
1. In the first period, randomly choose |Jp*| treatments and assign nj j resources each,
where p* and n7 ; are obtained from equations (5.8) and (5.7); and
2. In the second period, assign all the remaining N — []p*| nj ; resources to a treatment

with the highest updated mean of reward p ;.

The relative performance gap between the relaxed optimal policy and its feasible version

(simulated with the numerical results of A*, nj j and p*) decreases with N and converges

to 0. The empirical convergence rate is about O (@) See Figure 5.2 for an example of

the simulated relative performance gap with y; =1,01 = 0.5,0 = 1.
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(a) Relative performance gap and benchmark  (b) Ratio of relative performance gap divided
functions. by benchmark functions.

FIGURE 5.2: Relative performance gap with benchmark functions, 1 = 1,090 =0.5,0 = 1.

While the numerical results provide empirical evidence that the relative performance gap
converges to 0 as N increases, we do not have a closed-form expression for the convergence
rate as a function of N. This is mainly due to the lack of analytical expressions for the values
of A* or ni‘/j. For future research, it is worth exploring approximations or asymptotic bounds

for the optimal values, even under assumptions that simplify the solution of equations (5.7)
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and (5.8). These results could offer theoretical insights into the convergence rate and guide

the design of efficient approximations for large-scale problems.
5.2 Simplified Model with Heterogeneous Priors

We relax the assumption in the simplified model 2 that all treatments have the same
prior distribution of reward N (yl,alz). Instead, we assume that the treatments are het-
erogeneous and there are I types of prior distributions. The prior belief parameters are
denoted as p1 = (p1,1,..., p1,1) and o3 = (074, ...,01;). The fraction of treatments of type

i within all treatments is denoted as f;, where f is a vector of length I.

The decomposed relaxed value function becomes

I
Ly (pa, 03, m1) = AN + Y JfiVi(pa,i, 075, m1,5).
i=1

where an/,\]‘(]’[t/j’ ‘Tt2,jr my,;) is the value function for the treatment-specific DP:

A 2 _ A 2
Vt,j(iit,jz Ot jr myj) = max ((Vt,j —A) nij+ Eg,; [Vt+1,j (.”t+1,jr Oi41,jr Mj — ”t,j) D ’

nt,jE{O,...,mt/j}

with terminal value Vf\+1,j(yT+1,j, 0'%+1’j,mT+1,j) = 0 for all states.

The empirical results on the optimal Lagrange multiplier A* and the corresponding op-
timal actions indicate that, under A*, setting n;; = 0 is optimal for all treatment types,
and for exactly one treatment type, a positive allocation is also optimal. In other words, all
resources are allocated to a single treatment type, even when the initial beliefs across types
are similar and suggest comparable expected performances. This outcome effectively re-
duces the heterogeneous treatment types setting to the single-type case analyzed in Section
5.1. See Table 5.1 for an example of how small changes in initial states can lead to a shift
in the treatment type that gets resources, where N = 10000,] = N,c =1, f = (%, %, %)

With the optimal actions calculated, we can compute the optimal probability of allo-

cating n7; resources to treatment type i. By solving LP (D.2), which is the dual LP of LP

(5.4), we have the optimal probability g* of visiting a particular state and taking specific
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Table 5.1: Sensitivity of optimal action to initial state perturbations.

Type ‘ Initial State (p17,01) ‘ Optimal Action(s) nj ‘ Optimal Lagrange Multiplier A*

Experiment 1

Type 1 (1,0.5) 0,12)
Type 2 (1.1, 0.46025) 0 2.031871345
Type 3 (1.2, 0.4125) 0

Experiment 2
Type 1 (1,0.5) 0
Type 2 (1.1, 0.461) (0, 14) 2.032311959
Type 3 (1.2,0.4125) 0

Experiment 3
Type 1 (1,0.5) 0
Type 2 (1.1, 0.461) 0 2.041819806
Type 3 (1.2, 0.425) (0, 16)

actions under the Lagrangian relaxation. Since there is only one type of treatment with
positive optimal action, LP (D.2) collapses into an optimization over one probability, and
we can simplify the problem using the optimality condition that N resources are allocated
across all periods in expectation.
With the calculated optimal Lagrange multiplier, optimal actions and optimal allocation
probabilities, an optimal policy of the relaxed model works as follows:
1. In the first period, for each treatment j of type i, allocate ”T,i resources with probability
qi",]-(ylli, 01,i, 113 ;), where g* is computed from LP (D.2); and
2. In the second period, allocate N — nj; resources to all treatments j of type i whose
updated mean of reward py ; exceeds A*.
A feasible version of the optimal relaxed policy that satisfies the resource constraints
(5.1) is as follows:
1. In the first period, assign nj; resources to []ﬁqij(mli, ‘712,1" nii)J treatments of type i;
and
2. In the second period, allocate all remaining resources to a treatment with the highest
updated pp ;.

The value of the relaxed DP L}"(p1,0%) is A*N. This value of L}" serves as an
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upper bound on the optimal policy of the original unrelaxed problem. The value of the
feasible relaxed policy serves as a lower bound on the optimal feasible policy of the original
problem. By plotting the relative performance gap between the two policies against N, we
observe that the relative gap converges to 0 as N — o0, meaning that the feasible policy
is asymptotically optimal. See Figure 5.3 for the simulated relative performance gap using

the treatment types and fractions of Table 5.1 Experiment 1 as an example.

0.04 ‘ ‘ ‘ —Relative Gap| 2 ‘ ‘ ‘ Relative Gap
—O0 21— o /71 )
0.035| <V1°g“") 15f ( =
0 ( 1 ) . Relative Gap
g N - O( L )
log N
0.03; i ——
0.025r 0.5r
0.02 : : : ; 0 : ‘ : ‘
0 2 4 6 8 10 0 2 4 6 8 10
N «10° N x10°

(a) Relative performance gap and benchmark  (b) Ratios of relative performance gap divided
functions. by benchmark functions.

FIGURE 5.3: Relative performance gap with benchmark functions for mixed types of
treatments in Table 5.1 Experiment 1.
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6. Conclusion and Future Directions

In this paper, we develop and analyze different forms of generalized MAB problem with
shared limited resources across many different treatments. We first focus on a problem with
limited resources per period and then shift to a problem with limited total resources across
all periods, both for discrete binary rewards and continuous rewards. The response-adaptive
resource allocation models are formulated as weakly coupled stochastic DPs, for which
we develop feasible policies based on Lagrangian relaxations and decompositions under
assumptions about the time frame and initial beliefs about the treatment performance. We
show that given our assumptions, these feasible policies are asymptotically optimal and
perform well when a large amount of resources is available. We also conduct empirical
analysis of some generalized versions of our models, such as heterogeneous prior beliefs
about treatment types.

As the next step, it is natural to explore generalizations of the simplified model assump-
tions considered in this work. For instance, one may study settings in which the available
resources grow over time, reflecting realistic applications such as clinical trials and market-
ing campaigns. Another direction is to extend the analysis to longer time horizons beyond
the two-period case considered here. Additionally, deriving analytical bounds on the rel-
ative performance gap for the normal-normal model with constrained total resources, as
well as for models with heterogeneous priors, remains an open and promising direction.
These extensions would further enhance the applicability and robustness of the proposed

framework.
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Alppendix A. Proof of Key Results of Beta-Binomial Mod-
els

A.1 Geometric Properties of the Continuation Value Functions

We prove some geometric properties of the continuation value functions in the second
period for both models in Sections 2.2 and 3.1. In Section 2.2, the continuation value

L+k(n,))
2+nl,j

+
function in the second period Q%‘J(”l,j) is NEj(n, [ < - )\z) ] by equation (2.6).

In Section 3.1, the continuation value function in the second period Q3 j(”l,j) is (N —

, +
”1,j)IEk(n1/]-) {(Hﬁ(nnll]’) — /\) } by equation (3.6). Those two functions are highly similar

and thus share many common properties.

Continuation Value Functions of Section 2.2. We focus on its shape properties, such as

monotonicity and concavity, which help explain the existence of ties in optimal actions.

Proposition A.1 (Monotonicity of Qg‘,j(nll]-)). Suppose we have two non-negative integers

n1jq < Nyjp, it holds that
Qg\,]'(nl,ja) < Qg\,j(nl,jb)-

Proof of Proposition A.1. To prove this proposition, we leverage properties of the mean-
preserving spread. A random variable y is a mean-preserving spread of another random

variable z if we can write y as « + € where E[e | x| = 0.

Define
N 14k(i) , .
X(i) = i where k(i) ~ BB(i,1,1).
We have
X(i+1) L X (i) +e(i, X(i)),
where
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As E[e(i, X(i))] = 0,Vi, X(i + 1) is a mean-preserving spread of X(i). By induction, for
integer a < b, X(b) is a mean-preserving spread of X(a).
By Theorem 2 of Rothschild and Stiglitz, 1978, if we have y as a mean-preserving

spread of x, then for every concave function u we have

Since function x — A and maximization function = max } 1,jx are both convex func-
?Zz,]'E{O,l,...,N

tions, by the property of mean-preserving spread,

<1 -+ k(l’ll,ja) )
max —_— — )\2 7’[2,]‘
nzlje{O,l,...,N}

E
2+ 11,jg

<E

(1 +k(ny ) )
max ————— —Aa | m|,
n2,€{0,1,..,N} \ 2+ 119, jp

where

k(n1a) ~ BB(n14,1,1), k(ny,j) ~ BB(ny,3,1,1),

which is equivalent to Q%‘j(nllja) < Q%j(nlrjb) by the definition of the continuation value

functions. This means Qg‘j(nl,]-) is non-decreasing with respect to non-negative integer

1‘11,]‘. O]

To further characterize the structure of the continuation value function, we examine its
derivatives with respect to 11 ;. For this analysis, we assume that 111 ; can take on non-integer
values, allowing Qg‘,j(nll]-) to be treated as a continuous and differentiable function. We also
consider the range of A, that could yield a policy satisfying the optimality conditions as
described in Proposition 2.4. In the two-period model, the optimal action in the second
period is to assign N treatments to a treatment if its updated success rate exceeds Ay, and to
assign 0 resources otherwise. If A < 0.5, more than N treatments would be allocated in the

second period since, on average, at least half of the treatments would receive N treatments.
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If Ay = 1, no treatment would exceed this threshold, resulting in zero treatments being
allocated. Therefore, for an optimal policy to be feasible, it is necessary that A; lies within
the range (0.5,1). We thus assume A; € (0.5,1) for the analysis below.

By examining the second derivative of Qg‘j(nl,j) with respect to ny;, we show that
Q;‘,j(nllj) has a piecewise concave structure composed of connected concave segments, as

formalized in the following proposition:

Proposition A.2 (Concave Segments of Qé‘/j(”l,j))- Forall A € (0.5,1), the graph of Qi‘,j (n1,7)

consists of continuous segments that are piecewise concave.

Proof of Proposition A.2. For a given A, € (0.5,1), we can rewrite Qg"j(nl,j) in different

forms depending on the value of n :

+k(ny,;)
2+111,j

_ . . . 1
When n;; < %, there is no possible scenario for the updated success rate

to be greater than or equal to A,. Even if we have all n ; resources allocated to treatment
j turn successful in the first period, i.e., k(n1,;) at its maximum possible value of 1y ;, we

1+k(”1,j)

still have Ry

< A2. In this range of 1y j values,

Q;‘,]'(Tll,j) = ]Ek(”l,j)

(MW_A2>+N] =0.

2+ ny;

When zlA_ZX; < nmyj < %, there is one scenario for the updated success rate to be

greater than or equal to Ay: k(n1,j) = ny;. In this range of n; ; values,

14 nq;
DY 2
(ny;) =Plk(ny;) =ny; — A | N
Qz,](”l,]) ( (”1,]) ”1,]) (2_*_”1,], 2)
1 1+mnq;
— < Y Az) N.
nl,]' +1\2+ 1’11,]'

When % < myj < %, there are two scenarios for the updated success rate to be
greater than or equal to Aa: k(n1,j) = nyjand k(ny,;) = ny; — 1. In this range of n j values,

1+ nyj
2+ ny

n .
- /\2> N+ P(k(ny;) = myj—1) ( L /\2> N

Q3 (m,) = Plk(m;) = m,) ——
/]
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: 1+n1j > : < o >:|
= Z— A |+ = — A N.
|:1’11,]‘ +1 <2 + ny 2 ny,; +1\2+ ny,j 2

Following this pattern, we see that when 2/\12_+j;2 < nyj < 2)‘12_+j;1, there are s sce-

narios in which the updated success rate is greater than or equal to A;. We call ny; €

2Ap+s—2 2A;+4s—1 ) . . )
o, T, ) the ny; values corresponding to s. In this range of n ; values,

(1 +k(m) Az) " N]

2+ ni,

Q3(11,) = Ex(, )

1’11,]‘

= ) P(k(nl,j):j)<1+j /\2>N

j=m,j+1-=s 2+ M
1 < 14
:1+n ; 2 <2+n -_A2>N
Lj j=nyj+1-—s Lj

_( s As s(s—1) >N
N 111,]'—{-2 n1,j+1 2(1’11,]'—|-1)(1’11,]‘—|-2) '

(A.1)

We define the segments of Qg‘,j(nllj) corresponding to different values of s (which are

determined by n, ;) as follows:

Definition A.1.1 (Segment s). Segment s of the plot of continuation value Q%‘,j(”l,j) with

respect to 71 ; is the part where 1y ; € ufjf\f, ZAfjiz_l ) Within this segment, there are s

scenarios in which the updated success rate is greater than or equal to A, and Qi‘j(”l,j)

can be written as

( s As s(s—1) >N
ny,j +2 ny,j +1 2(1’11/]‘ + 1) (1’11,]‘ + 2) )

Since both s and 7 ; are restricted to non-negative integers, the ranges of 11 ; associated
with consecutive values of s are contiguous: the maximum 7, for s = s’ is exactly one
less than the minimum 7;; for s = s’ 4+ 1. Consequently, the segments together form a

continuous piecewise function.
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For a fixed s, the second derivative of Qg‘j(”l,]‘) in the form of equation (A.1) with
respect to 11y ; is
a2
i _Qz,j(”l,j)
/]

(9 —16A2 —75) + (15 — 2442 — 9s)ny,j + (9 — 1242 = 3s)nf ; + (2 — 2A2)n3

=Ns
(n1,; +1)3(ny,j +2)3

With a positive s, the sign of the second derivative is the same as the sign of the cubic
polynomial (9 — 1642 —7s) + (15 — 24A, — 9s)n1, + (9 — 1245 = 3s)n7 ; + (2 — 2A2)n3 .. For
s = 1and Ay € (0.5,1), the leading coefficient of this polynomial is the only positive
coefficient, meaning this cubic polynomial has two inflection points: it first increases,
then decreases, and increases again as 7, increases. By taking derivatives, we obtain

the ny; values of the two inflection points: one is negative and the other one is positive.

, the cubic polynomial is either

Therefore, within the range from n;; = 0 to 1y ; = %

decreasing or decreasing and increasing, and the maximum value can occur only at either

end of the range. At n;; = 0, the cubic polynomial is negative; at ny; = 2)‘1235\2_1, the

cubic polynomial is also negative, as it monotonically decreases with respect to s and is

; _ : o 2M+s5-2 s - o 2Ax+s—1
negative when s = 1. Since ny; = o, lies between ny; = 0 and ny; = B e

the cubic polynomial is always negative for 1 ; € [2)‘12:7;2, 2)‘1235\;1 ) This confirms that

%Qé‘j(”u) < 0 within the range of n,; corresponding to s, meaning all segments of
1, g

Q%‘, ].(nL]-) corresponding to positive s are strictly concave. O

Continuation Value Function of Section 3.1. Due to the structural similarity between the

continuation value functions in Sections 2.2 and 3.1, many of their geometric properties

also carry over. In particular, the following result establishes that the function Qé\ j(”l,j)

retains the piecewise concavity observed in the earlier model.

Proposition A.3 (Concave Segments of Qé‘,j(nu)). For all A > 0, the graph of Qé‘,j(”l,j)
consists of continuous segments that are piecewise concave.

65



Proof of Proposition A.3. For a given A, we can express the continuation value function as

M1, +
A /]
(nqj) = —-A N —mnq;),
Qa(m;) Z: nyi+1 ( 2+ny, ( 1)
k(”l,]) 0

where k(n1;) ~ BB(nyj, 017 = 1,81, =1).
Following the same structure as Definition A.1.1, we define segment s of Qé‘,j(nllj)

l+k(f’l1/j)

T, > A. The

as the range of 1, ; values for which exactly s values of k(n;) satisfy

corresponding range of 1y j for segment s is

2A+s—2<n '<2A+s—1
-2 =Y 1-A

Define

}’l]/j

1 1+k +
A(nlr]) o ];) nl,j +1 (2—}-1’11,]' _/\)

so that Qé‘,j(”l,j) = A(n,j)(N —ny,). A(ny,;) can be rewritten as

s As s(s—1)
ny, +2 ny,j +1 2(1’11/]‘ + 1) (1’11/]‘ + 2) )

A(nl,j) =

Previously in Proposition A.2, we showed that for any given s > 1, segment s of

Qg‘j(nl,]-) is concave, where

s As s(s—1) >N.

A
ANnq:) = — —
Qz’]( 1']) (nl,j +2 nyj +1 2(711,]' + 1)(711,]' + 2)

Comparing this expression to the formula for A(n;,), we see that A(n, ) is a constant

multiple of Qi‘ j(”l,]')- Therefore, for all s > 1, it follows that %A(nu) < 0as well.
, s

In addition, in Proposition A.1, we showed that for any given s, Qﬁ‘j(nu) is non-
decreasing over the positive integers. Consequently, %A(Tlu) > 0 for any positive
/]
integer 1y ;.
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Taking the derivatives of Q) ;(n1,7) with respect to 11 j, we have that

dQé\,](nl,]) o dA(?lL]')

(N —ny,;) — A(ny;)

dnl,j - d”l,j
dA(Tlll]') dA(”l,j)
S dmj N= dny j mj = Alm,),

and

2Q)i(m,) N EAm) <d2A(n1’j) . dA(nL]-)> dA(m)

= nq
2 2 2 J .
dnl,j dnl,j dn dnL]

1 d”l,j

dA?A(nyj)  _dA(ny)

= (N —Mn ) -2 .
2 2 .
dn ; dny
Since N — ny; is non-negative, we have
20)
d Qz,j(nl,j)
—Q2. S0
dn ;

In other words, Q2 j(”l,j) is concave with respect to 11 ; within each segment.

A.2 Proof of Proposition 2.5

Using the properties in Appendix A.1, we show that for any Lagrange multiplier A, €

(0.5,1), there exists a corresponding Lagrange multiplier A; > 0.5 that makes ny,; =0 and

some 11,; > 0 optimal.

We first define a line through the origin as tangent to a segment of Q%j(”l,j) if the line

and the segment of Qﬁj(m,j) share a point of intersection and the line lies on or above the

entire concave segment:

Definition A.2.1 (Tangent Line to Segment s). A line /(1 j,s) passing through the origin

is tangent to segment s of Q2 ;(m,) if it satisfies the following conditions:

e It passes through a point (c, Q%}(c)) where ¢ lies within the range of 7, corre-

: : 2A+s5—2 2A+4s—1
sponding to segment s, i.e., c € [ﬁ, f) .

67



e For all ny ; in the range of segment s, I(1yj,5) > Q;‘]-(nl,j)-

See Figure A.1 for two illustrations of I(ny,,s): 1(n,,1) is tangent to segment s = 1 at

ny; =5, and I(ny,3) is tangent to segment s = 3 at ny; = 13.

4 I
—Qz),‘j(nl,j)
—l(nLj, 1)
—l(nLj, 3)

3.5

o
(03]
1

O | | | | |
0 2 4 6 8 10 12 14 16 18 20

ny;j
FIGURE A.1: Illustrations of [(n1,5) ats = 1and s = 3.

Using the definition of a tangent line stated above, we now explore a geometric condition
under which allocating zero resources and some positive amount of resources in the first

period are optimal. This condition is formalized in the following proposition:

Proposition A.4 (Existence of Line from the Origin Tangent to Q%"j(nllj)). For any A €
(0.5,1), there exists a line passing through the origin that is tangent to segment s = 1 of Qg‘,j (11,7)

and lies on or above Qg‘j(”l,j) for all positive ny .

Proof of Proposition A.4. We prove Proposition A.4 in the following steps: First, we intro-

duce a function f(n, j,s) and the line passing through the origin that is tangent to f (11 ;,s)

68



(denoted as lmn(nllj,s)). We then demonstrate that the gradient of ltan(nllj,s) strictly de-
creases as s increases. Next, we show that for any s, the gradient of l(nllj, s) is less than
or equal to that of I4,(n1,j,s). Finally, we show that I(1;,1) = Iltsu(11,,1). These claims
together lead to the conclusion that the gradient of /(1 j, 1) is greater than the gradient of

I(nyj,s) for all s > 1, hence [(n,, 1) lies on or above Qﬁ‘,j(nllj) for all positive 7y ;.

Gradient of [;,,(1n1,,5) Decreases as s Increases. As we want to study the properties of
Q%‘ j (nl,]-) across its segments, we need to take s as a random variable. Therefore, assuming

A is fixed, we introduce a function f (”1,]‘/ s) modified from equation (A.1) as a function of

both 1 j and s:

Definition A.2.2 (Function f(ny,,s)). Function f(ny;,s) is defined as follows:

s As s(s—1) >
8) = _ — N. A2
f(nl'] S) <1/l1,]' +2 nyj +1 2(1’11,]‘ -+ 1)(1’11,]‘ + 2) ( )

The key difference between f(#y,,5) and Qg‘,j(nllj) is that Qg‘,].(nl,]-) imposes a struc-
tural relationship between s and 7, ;, where each value of s corresponds to a specific inter-
val of ny ; values. In contrast, f(n1y,s) treats s and 7, ; as independent variables, without
restricting 77 ; to lie within the range associated with a given s; instead, 1 ; can take any
value in R*. As illustrated in Figure A.2, the plot of f (1, j,s) is smooth for any s, whereas
the plot of Qg‘,j (11,7) in Figure A.1 consists of connected concave segments.

Similar to our definition of /(1 ;, s) as a line tangent to Qg‘/ j(”l,j)r we now define a line

from the origin that is tangent to f(ny,s):

Definition A.2.3 (Line from the Origin Tangent to f(1ny,5)). A line ly,(n1j,5) passing

through the origin is tangent to f (1 ;,s) if there exists a value 4, (s) such that

lttm(nt/m(s)/s) = f(ntan(s)/s)/

lian(nj,s) = f(myj,s) Vnyje R,
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15 \

—f(n1;,1)
—f(m,,2)
—f(n1,,3)
_ltan(nl,ja 1)
ltan(nl,ja 3)
X ntan(l)

X nt(m(S)

0.5

x: x | |

0
0 5 10 15 20 25 30
Ny
FIGURE A.2: llustration of f(nyj,s), ltan(11,,5) and nan(s).
and
d d ltan (ntan (5); 5)
—f(nyj,s = —lyn(m,j,s) = ———~—. (A.3)
dnl’jf( & ) nl/j:ntan(s) dnl/j e ntan(s>

By Definition A.2.3, 144, (s) is the value of 11 ; corresponding to the point of tangency.
At ny; = Ny (s), the line 4, (11 j,5) intersects the function f(ny,,s), and their gradients
are equal.

The gradient of lt,m(nl,j,s) strictly decreases as s increases. By equation (A.3), the
. . . d
gradient of Iy, (111, ) is equivalent to Wuf(nl,]-, s) when 1y j = 144, (s). We can show that
its first derivative with respect to s, %ﬁu f(nyj,8) with nyj = nan (s), is less than 0 using
the implicit function theorem:

By the chain rule, we have:

d d d d?
%Wuf(nlfjrs) = %”mn (s)- dT%jf(”l,ij)

11, j=Man (s) 11, =Mtan (s)
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d d
+ % %f(nllj,s)

nu:n“m (S)

Let

d
G(n,s) = f(n,s) —mjz —f(ns). (A.4)
Tll,]
By the implicit function theorem,

%f(”tfm(S)rs) - ”tun(s)%%ﬂ”ljrs)

d %G(ﬂmn(s), S) n],j:ntan(s)
%ntan (s) = - - , ’
%UG(”L]V s) Nan () #f(nl,j/ s)
’ 11, j=Ntan (s) Lj 11, ="1an (5)

SO

d d

————f(m,,s)

ds d”l]’]‘ iy j=Ttan (s)

d%f(”tun(s)rs) — Ntan (5)%%]((”1,]'/5)

1y j=Ttan (s) d d

= + - (”1,'15)
ntﬂﬂ (S) dS dnlljf / nl/]»:ntan (S)
d
L £ (pan(s), s d d d d
_ #of (Man(s),s) T f(n) + g —f(ms)
Nign (5) s 7/ll,] nllj:nt(m(s) 5 nlr] ”1,j:”tan(5)
ntan(s)
We claim that the point of tangency 4, (s) is less than 2)\2;:75):215 To see this, observe
that
Al )~ Fn1,5)
dnljf 1’11,],5 1’11,] f 1’11,],5 " _2Mp+s—15
’ 1= 1-Ay

=(40 —4)n3 + (35 + 18N — 15)n + (65 + 2400 — 18)myj + 25 +8A0 —6|
nl,j:%\_z-

which simplifies to a fraction of two polynomials with a positive denominator. With a

fixed s, the numerator is a sixth degree polynomial of A, that decreases monotonously
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as s increases. With a fixed A, the numerator is a cubic polynomial of s, which de-
creases monotonously as A, increases. The largest possible value of the numerator neg-

ative, realized at s = 1,A; = 0.5. Therefore, the numerator is always negative, mean-

ing %uf(nu,s)nu — f(ny,s) < 0atny; = W Following the proof of Propo-

sition A.2, f(ny,s) is strictly concave with ny; € [O, ijjf), and by Definition A.2.3

%f(nu, s) Ntan(s) — f(Mean(s),s) = 0. Hence, the point of tangency 7144, (s) must
! Vll,j:ﬂmn(s)
2M+s—15

be less than =*5— »

. 2A9+s—1.5
With Nitan (S) < T1=x,

d 2 onpan(s) — 4Ap + 2n4an(s) — 2k +3

a5t (an () 8) = = S F D) £2) N =0

Therefore, we have 4 Q2 i(11tan(s),s) < 0, meaning the gradient of 14, (11,7, s) with respect

to n1,; decreases as s increases.

Comparison of Gradients of (n,j,s) and I, (n1,j,5). The gradient of the line I(ny,5)
with respect to 71y ; is less than or equal to that of the line lm(nllj,s) for all s. This claim
can be proven by analyzing the gradients based on the value of 1144, (s). Since g, (s) <
2/\2;:75);1.5’ we can divide the proof into two cases and demonstrate the validity of this claim
in both cases:
e Casel. % < Npan(s) < % In this case, 7144, (s) lies within the range of 1y ;
corresponding to s. This means that the point of tangency between line /14, (111,(s), s)
and f(ny,j,s) is in the segment corresponding to s. By Definitions A.2.1 and A.2.3,
lian(n1,j,8) is the same as [(n11j,s). Thus, their gradients are identical.

e Case 2. nyy(s) < % In this case, 744, (s) lies to the left of the range corre-

sponding to s. By Definition A.2.3, ligy (111,5) > f (n1,s) for all ny; < 2)\123;2’

meaning that the line ly;,(n11,j,5) lies above the entire segment s. Therefore, a line

from the origin tangent to segment s must have a gradient smaller than the gradient
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of lnm(nl,j, s).

Point of Tangency at Segment s = 1. We can demonstrate that I(1y;,5) = lian(11;,5)
when s = 1, and hence conclude that the gradient of (1, 1) is higher than that of all
other (1 j,s) where s > 1.

— - Cie [200=1 24 i
At s = 1, the range of corresponding 1y is [ o T Az)‘ Assume for contradiction

that n4,,(1) < 21/\_2;21, then f(n44,(1),1) = 0, and tangent line Iy, (11,7, 1) will be a hor-

izontal line with value 0, which means l;5,(11,,1) < f(n1,1) for some n;; values in

[21{2;21 ) 12:\)%2 ) , violating the definition of 14, (11,j, ) in Definition A.2.3. Therefore, 144, (1)

has to be within the range specified by s = 1, and hence l(nllj, 1) = lt,m(nl,]-, 1). As the
gradient of /4, (11,j, s) decreases as s increases, and the gradient of /(111 j, s) is no more than
that of 4, (n1j,s) for all 5, the gradient of I(n;,1) is greater than that of all other /(1 js)
where s > 1. This means /(11 ;,1) is not only tangent to Qg‘,j(nu) at segment s = 1, but
also greater than or equal to Q%‘,]-(”Lj) for all ny ;.

Moreover, l(nl,j, 1) is the only line tangent to Qg‘,j(nllj), and whose value is always
greater than or equal to Qg‘/j(nl,]-) for all 1. Assume for contradiction that there exists
another line satisfying the description. If the gradient of this line is smaller than that of
I(ny,,1), then it is below Qﬁ‘, ; (n1,/) at ny,j = n4e, (1), violating the condition that it is always
on or above Qg‘,j(nllj) for all ny;. As shown in Figure A.3, the green line, which has a
smaller gradient than that of /(1 ;,1) lies below Q%‘/j(nllj) for some 77 ; in the segment
s = 1. If the gradient of this line is larger than that of [(n11,j, 1), then it is also larger than
the gradient of all I(1y;,5) where s > 1. This means the line would lie entirely above

Q%‘j(nu), violating the condition that it is tangent to Qg‘j(nl,]-). O
Using the geometric properties of Qg‘,j(m,j) listed above, we can prove Proposition 2.5:

Proof of Proposition 2.5. For any given A, € (0.5,1), by Proposition A .4, there exists a line

from the origin tangent to Q2 ;(1m1,j) at segment s = 1 and is always on or above Qg‘,]-(nl,j)
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FIGURE A.3: Line [(n,j,1) and a line with smaller gradient.

forall ny; > 0. Let Ay be 0.5 plus the gradient of this line, and the value of n,; at the point

of tangency as 17 ;, we then have

= Qg\,]'(nl,j)/ When nl,j e 0 or nl,j — nflk’j

(/\1 — 05) 1’11,]' {

> Q;‘,]-(nu), otherwise,
which means

=0, whenny;=0orn;;=nj;

QP i(m) = (0.5 — A1) my,j + Q3(n1,)) {

<0, otherwise.

For this pair of (A1, A), we have 0 and 17 ; > 0 as the optimal values of 7, ; that maximize
Qf‘, ]-(nllj). The optimal policy corresponding to this pair of Lagrange multipliers is there-
fore a randomized policy that assigns either 0 or n7 ; resources to a treatment in the first

period. O
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Intuition Behind the Optimality of 1;; = 0. When allocating limited resources across
multiple treatments over T periods with the goal of maximizing the total number of suc-
cesses, an initial even distribution of resources among all treatments might seem intuitive
but is suboptimal. Distributing resources equally, especially when the number of treatments
is large, can result in insufficient allocation to each treatment, leading to poor information
gathering and inefficient use of resources. For example, in a clinical trial, if resources are
evenly distributed among a large number of treatments, the small sample size for each
treatment yields inconclusive data, making it difficult to identify the most effective treat-
ment. Instead, focusing resources on a selected subset of treatments and giving 0 resources
to treatments outside of the subset can yield more meaningful insights and better overall
outcomes. This strategy balances exploration with efficiency, allowing the DM to achieve

near-optimal results without spreading resources too thinly across too many options.
A.3 Proof of Proposition 2.6 and Proposition 2.7

With the result of Proposition 2.5, we can calculate the other optimal value(s) and

hence derive the optimal policy stated in Proposition 2.6.

Proof of Proposition 2.6. By Proposition 2.3, there are at most 2 ties of optimal actions across
all periods when T = 2. This means that there are at most 2 other optimal actions besides

n1,; = 0 in the first period. We now characterize the optimal value(s) of 1 ; in each case.

Case 1: Only One Positive Optimal Action. In this case, there is only one positive point
of tangency between (A; —0.5)n,; and Qé\,j(nll]-), and the n;; value of this point of tan-
gency, denoted as 7 ;, is an integer.

By Proposition A.4, we know that 77 ; has to lie in the range corresponding to s = 1.
According to Definition A.1.1, out of the n’l“,]- + 1 scenarios of outcomes, there is only one
scenario (all outcomes are successful) in which the updated success rate is greater than or

equal to A, and receives N resources from the DM in the second period under the optimal
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policy. With the uniform prior assumption, the probability of this scenario happening is

1
nj‘,j+1'

Denote p* as the probability of allocating 7 ; resources to a treatment at t = 1. Be-
cause n1,; = 0 and n; = ny; are the only two optimal actions at t = 1, the probability of
allocating 0 resources to a treatment in the first period is then 1 — p*. By the optimality
conditions as described in Proposition 2.4, under the optimal A > 0, the optimal random-
ized policy allocate N resources per period, i.e.

IE(no. of resources allocated in the first period) = Jp*ni; + J(1 - p*)-0 =N,

1

n’l",]. +1

N=N.

E(no. of resources allocated in the second period) = Jp*

Solving the equations, we have nj; = /N + 1 — 3. Forn} j to be an integer, N need to be

in the form of i(i + 1), where i is a positive integer.

Case 2: Two Positive Optimal Actions. In this case, there are two positive points of tan-
gency between (A; —0.5)n;; and segment s = 1 of Qg‘,j(nllj). Since segment s = 1 of
Qg‘/j(nl,]-) is concave, the two points tangency have to adjacent to each other, otherwise
there exists a third point between them, at which Qg‘,j(nllj) is above (A —0.5)n1,;. We
denote the 11 ; value of these two points of tangency as 17 ; and n7 ; + 1. Denote p7 as the
probability of allocating 1y ; resources to a treatment at ¢ = 1 and pj as that of allocating
nj; + 1. Following a similar argument to that of case 1, we have

[E(no. of resources allocated in the first period) = Jpiny; + Jp;(ni;+1) = N,

1
N y————N=N.
+]p2n’l"/j—|—2

E(no. of resources allocated in the second period) = Jp7 P
L

Solving the equation set, we have n7 ; = lq /IN+ 11— %J
If we assume for simplicity that v/N is an integer (which would not affect the asymp-

totic optimality of the policy, as shown in Appendix C.3), the smaller positive optimal
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action is v'N — 1 and the larger one is v/N. The corresponding p} and pj values are \é—jﬁ

and @f“l, respectively. As pi + p; < 1, the number of treatments | must be at least

VN +0.5. O

With the optimal actions and optimal allocation probabilities stated, we can derive the

corresponding optimal Lagrange multipliers A* that makes them optimal.

Proof of Proposition 2.7. According to Proposition 2.4, a non-negative Lagrange multiplier
vector is optimal if and only if an optimal randomized allocation policy under its relaxed
problem assigns N resources per period in expectation. Essentially, we need to find the
values of A* that correspond to the optimal policy stated in Proposition 2.6.

Under the optimal policy, Qf‘;k (n1) =0atny; = 0and m,; = nj;, and (A} — 0.5)n,;
is tangent to Qg‘]* (n1,;) atny; = ni ;. This means at n1,; = nj ; we have two equations that
hold:

(A —05)mf; = Q7 (nf)),
(A1 —05) = djugg;‘ (1)

—
m,j=Ny;

As the point of tangency is at segment s = 1,

1 1+n7,

A* _ Zi

Q; (1) = w1 <2+n;. — A | N.
i /]

Substituting the values of positive nj ; as v'N and V/N — 1, the optimal Lagrange multipli-

. N N N N (1-vN)(WN+1) +/N
M =0t N \/N+1+<\/N \/N+1> ( 2(VN +2) i )
and

(1—\/N)(x/ﬁ+1)+x/ﬁ_

M= 2(VN+2) 2
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A.4 Proof of Theorem 2.8

The value of the feasible relaxed policy as described in Definition 2.2.1, V7, is challenging
to evaluate because it involves picking the best-performing treatment over two groups of
treatments with different resources allocations in the first period (i.e., ny; = VN —1 and
ny,; = VN ), whose updated success rate follow different distributions. To simplify this
analysis, we introduce a feasible policy 71" whose value Vln/ serves as a lower bound for V™.
Under policy 7/, we take v/N — 1 is the only positive optimal action. In the first period, the
DM assigns +/N — 1 resources to each of the Nﬁ + N (ﬁ + ﬁ) treatments (which
rounds down to /N assuming /N is an integer !), and no resources are allocated to the
remaining treatments. In the second period, a treatment with the highest updated success

rate is identified and all N resources are allocated to it.

The difference between the feasible relaxed policy as described in Definition 2.2.1 and

policy 7’ is that there are N (ﬁ + %) treatments that receive one less unit of resources

under policy 77’. For these N (ﬁ + ﬁ) treatments, their updated success rate under the

feasible relaxed policy is

1+ ky

m, where kﬂ.’ ~ BB(\/N, 1, 1),

whereas their updated success rate under 71’ is

1+ Ky

m, where k,-[/ ~ BB(\/N— 1, 1,1)

For the remaining N ﬁ resources, under both policies, their updated success rate is

1+k
1++/N’

1 Without the assumption that +/N is an integer, the number of treatments allocated v/N — 1 resources is

[VN].

where k ~ BB(VN —1,1,1).
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We have introduced the concept of mean-preserving spread earlier in the proof of Propo-

+k . _ . 1+k7‘[’ . . .
sition A.1. By definition, 31V 1S amean-preserving spread of TN As the maximization

function is a convex function, by the property of mean-preserving spread,

14 kn 14k
Bl G 7 GER),

o~ ) Wil )

In both periods, the expected value of the feasible relaxed policy is greater than or equal

to the expected value of policy 7t’. In the first period, the expected value is the number of

resources allocated multiplied by % As fewer resources are allocated under 71/, the expected

value for 7t’ is smaller. In the second period, the expected value for the feasible relaxed
policy satisfies

. . <1+k> . <1+k>
T e | N VNS NG| N2+ VN

N(ox+

> Enax max < 1+k ) max <1+k”l)
=1, |N 30 | 1+VN/i"vo. JANGE+A)| 1+vVN /4y

B | max (H’@r”
" ic, VN \1+ VN /;
v
= | max
[ <1+W

which is the expected value of 77’ in the second period.

As a result, we have an upper bound on the relative performance gap between the

feasible relaxed policy and the optimal relaxed policy:

!

* *
Ly -V _ Ly -V
7 v

Next, we provide an analytical upper bound on the relative performance gap. In the

first period, the expected value of the optimal policy of relaxed problem is %, because

the expected number of resources treated is N and the expected success rate is % The
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expected value of policy 71’ is % — @ — %7 because the expected number of resources

treated is (\/N — 1) (\/N + %) and the expected success rate is % Therefore, in the first

period, their difference in value is @ + %. In the second period, Lg‘* is bounded from
above by
VN +1
N ,
VN +2

which is the reward if the best treatment was allocated /N resources and achieved all
successes in the first period. We now bound from below the expected value of policy 77’ in

the second period, E(VJ"). We have

E(VJ) = NE| max

1+kn/] E [1+k;‘;,]’
i-1..JVN1++/N

N 1++/N

where k¥, is the number of success achieved by the best-performing treatment in the first

period. We then note that
vN-1
Elky] = Y kuP(ky = x)
x=0
= P(k:, =1)
+ P(k7 = 3) + P(k7 = 3) + Pk = 3)

+ Pk, = VN 1)+ ..+ P(ki, = VN - 1)
= P(k%, > 0) + P(kX, > 1) +... + P(k%, > VN —2)

= [1 - P(Kyy < 0)] + [1 = Pkl < 1)) + ..+ [1- P(Ks < VN -2)]

vN VN VN
= 1Ttk <O | + [1=[ [k < 1)| + e+ |1 = [k < VN -2)
=1 i=1 i=1
VN-2 VN
= 1 — H(kn-/ < x)
x=0 i=1
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y=2 VN
VN-1
=(WN-1)- Z eV
y=1
2(@—1)—ie_y
y=1
—VN-1--1
e—1

Based on this lower bound on E[k%,], we can obtain a lower bound on the expected
value of 71’ in the second period:

1+k;;,]>Nl+\/N—1—e_11 N VvN-L4
1+vN| ~ 1++v/N B 1++vN |’

E(VJ) = NE [

Combining the upper and lower bounds together, the relative performance gap satisfies

N N+l | N N 1 =
B P R

LY - VT VN+2 +VN
Vln./ ~ N \/N ) \/ﬁiﬁ
71 1t N



VN+2 1+v/N
CON_YN_1 VN—gy

2 4 4+N 1+\/ﬁ>

1 1\ VN+1

- =
<<4+e—1> N for N > 10

A.5 Proof of Proposition 3.3 and Proposition 3.4

We use the properties of the continuation value function shown in Appendix A.1 to de-
rive the optimal actions as described in Proposition 3.3 and the optimal Lagrange multiplier

A* as described in Proposition 3.4.

Proposition A.5 (Line from the Origin Tangent to Qé"j(nl,j)). For any A € (0.5,1), there
exists a line passing through the origin that is tangent to segment s = 1 of QQ/ ].(nl,j) and lies on

or above Qé‘j(nllj)for all positive ny .

L o ees N—ny; .

Proof of Proposition A.5. By definition, Q3 () = %Qg‘,j(nl,j), where Qg‘,j(nllj) is de-
fined in Section 2.2. In Proposition A.4, we showed that there exists a line /(1 ;, 1) orig-
inating from the origin, tangent to Qg‘, j(”l,j)/ and lying on or above it for all ny;. This
line has the highest gradient compared to any other line [(1 ,5) for s > 1. When s (and
hence 1y j) increases, the value of segment s of Qé"j(nl,j) becomes progressively smaller
relative to its counterpart segment in Qﬁ‘,j(nl,j). Consequently, for segments correspond-
ing to s > 1, the gradient of the line from the origin tangent to these segments of Q2 j (1)
is also lower compared to the gradient of the tangent line to the segment at s = 1.

Thus, the line /(117 j,5) achieves its maximum gradient when s = 1 for Q3 j(”l,j)- If a
line from the origin is tangent to Qé" ]'(nl,j) and remains on or above it for all 1 j, the point

of tangency must occur at the segment where s = 1. O

With the results of Proposition A.3 and Proposition A.5, we can prove Proposition 3.3

and Proposition 3.4:
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Proof of Proposition 3.3 and Proposition 3.4. When A increases, the values of Qé‘,j(nl,j) de-
crease continuously, as does the slope of the line from the origin tangent to it. In con-
trast, the gradient of the line (A — }) 1y ; increases with A. Given N, there always exists
a corresponding value of A = A* at which the two gradients match, i.e., (A* — %) ny,j is
tangent to Qé‘j (n1,/) at segment s = 1, as described in Proposition A.5. At this value of
A*, we will have n7; = 0 as one of the maximizers of the continuation value Q; ]-(711,]')-
The other optimal action lies at the point of tangency between (A —0.5)n; ; and Q%/j(nu),
which occurs in segment s = 1, and at which the gradients of the two curves are equal.

With this information, we can derive the value of both n} j and A*.

. +
When s = 1, only k(n1,/) = ny,/ gives (1;5;11]’,’ ) _ )\) > 0, so we have the simplified
expression:
1 1 + nq
A J
(1) = “A) (N =n)).
Q(m) nyj+1 (2 + 111, > ( ™)

The first derivative of Q3 (111,) with respect to ny; ats = 1is

(N+DA  N+2
(n;+1)2  (ny;+2)%

d
%Qz,j(nl,j) =

At nj; which is the n,; value of the point of tangency, we have two equations that

* * .
hold: (A* —1) ny; = Qé,j (n,) and ﬁu‘ (A* = 1) ny; = %WQQJ (nj ;), which means

2/ ""1,j ni",jJrl 2+nfj 1j/7
A* — % _ (N+DA* N42

(”fﬂrl)z (”;k,ﬁrz)z '

There are two unknowns and two equations, so for any given N, we can find unique

solutions of nj j and A* using N, which are



*
N My 1%
2enf,  2af, T2

A =
1, Hik’j-i-l nf]--&-l

Under the optimal relaxed policy as described in Proposition 3.3, denote the probabil-
ity of allocating nj; = [N %J resources to a treatment at t = 1 as p*. The probability of
allocating no resource to a treatment at t = 1 is then 1 — p*. According to the optimal re-
laxed policy, only treatment that receives n7 ; resources in the first period and observes all

successes can be allocated N — n ; resources in the second period. Because the probability

1
n;",]-Jrl

of having n7 ; successes out of 7 ; resources allocated is when ay; = B1; = 1, the

probability for a treatment to be allocated N — n7 ; resources in the second period is n%ﬂ
, ¥

The expected number of resources allocated per treatment is then

1
p*ni;+ P*W(N —nj;).
i

With | treatments and the optimality condition that N resources are allocated in total in

expectation under the optimal policy, we have

*

1 N
prnii+pt——=(N—nj;) =—

ni;i+1 J’
SO
. N Wlk,j +1
P= ]nﬁ—i—N'
O
A.6 Proof of Theorem 3.5

We prove that if nj ; scales at the rate of O(N*) where a < %, then the relative per-
formance gap between the optimal relaxed policy as described in Proposition 3.3 and the
feasible version of the optimal relaxed policy as described in Definition 3.1.1 converges to

0 at the rate of at least O(N™%).
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The optimal relaxed policy and its feasible version only differ in the allocation of the
second period in expectation. To calculate the performance gap, we only need to find the
difference in the expected return of the second period Lé* - V.

First, we derive an upper bound on Lé\*. Express ni",j as N%, then

. N Nt 41
T N2+ N

Denote Y as the number of treatments allocated N resources in total under the optimal

relaxed policy. We have

_ L1\ L N
Y ~ Bin <],P nfrj—i-l) = Bin (I'](NZ"‘—i—N))'

Under the optimal relaxed policy, N — N* resources are given to Y treatments in the

second period, whose updated belief about the success rate is %Z—E as ay; = Pr; = L.

Therefore, the expected return of the second period Lé‘* is
N*+1

E[YI(N - N) 3.

As the expected value of Y ~ Bin (], ](NZI;I+N)>is N2£\]+N and (N — NW)%ZE < N, an

upper bound on Lé‘* is

NZ

m . (A-5)

Next, we derive a lower bound on VJ*. Under the feasible version of optimal relaxed
policy as described in Proposition 3.1.1, only one best-performing treatment out of Jp*
treatments is allocated N — ]p*nf]- resources in the second period, and the expected updated

success rate of this best-performing treatment is

1+ k;
E max ,
i=1,..Jp* 2+ ”T,j
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where k; ~ BB(n’l"’]- = N* a1; = 1,1, = 1). Therefore, the expected value of V' is

1+k; N*+1 1+k
( Ip™ni)) (z’rlrft}(p*Z-F”ij) ( N2+ N > (z'l HEL’““ 2+ N®

7T NN

Denote

as kjax. We then have
NU(

IE[kmax] = 2 xp(kmax = x)
x=0

= P(kpax = 1)

+ P(kmax = 2) + P(kmax = 2)

+ P(kmax - 3) + P(kmax - 3) “I_ P(kmax - 3)

4 P(kyax = N) + oo + P(kpnax = N%)

= P(kmax > 0) + P(kpax > 1) + ... + P(kpax > N* —1)

— [1 = P(Kkyax < 0)] + [1 = P(kmar < 1)] + oo+ [1 = Plkmax < N* —1)]

N*+1 NND‘+1 N%41
N2& 4N N2& LN N2& 4N
=|1- [ <0)|+[1— ] k<) +ut|1- [ i<N*—1)
i=1 i=1 i=1
B N%+1
Ne-1 NZA4N
= Z 1-— H (ki<x)
x=0 i=1
& x4+ 1\ Vs
-3 (W
x=0 L
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N# NN

v $ ()

x=1
When a < % and N > 1, we have
NY+1
N——— > N“
N2+ N
Since 3z <1 for x € {1,..., N*}, we have
N* N%41 N* «
X \Nymn x \N
-2 () T e - L ()
x=1 x=1
= N*— S (le‘i'l_y)NLY
NG
y=1
N* N*
_ y—1
-n-3 - ()]
y=1

Note that for all x and m, (14 )" < e* holds, so
N g1\ Yo
(44 o —(y—
N—ZP—<W>]>N—2ey
y:

y=1

N*—1
= N*— Z eV
y=0

Ne—1
=N"—1- > e

y=1

o0
>N*—1- Z eV

y=1

1
=N*—-1-—- —.
e—1

By combining the inequalities, which hold under the condition that a < %, we obtain



which means

E 1+kmux >N{X_ﬁ
24N« /7 24 No

o 2 .
When o <1,N — Nl\ll\g“ill\lN“ > N — N3, so a lower bound on VJ* is

(N-N%) I\;t;]il : (A.6)

Using equations (A.5) and (A.6), the performance gap between the relaxed optimal

policy and the feasible optimal policy is smaller than

N (N )N—il
N2+ N 2+ N«

The expected value of the relaxed optimal policy equals the sum of Lé* and % times the

number of resources allocated in the first period, ]p*ni"’]-, so an upper bound on Li\* is

NZ 1 N*+1 . NZ 1 NZD&+1 + NDtJrl

NerN P i T N TV NN T R EN T2 NREN
The relative gap between the value of the feasible relaxed policy, V", and the value of
the optimal policy of problem 3.2, V¥, thus satisfies
N2 2\ Ny
Vi VE LYV NN (N—N3> R

V* S Ak N2 l N2a+1 +Na+l 4
1 L] N2IN + 2 N224N

provided that a < %, as one of the intermediate inequalities in the proof holds only under
this condition.

The relative gap converges to 0 at the rate of O(N~—*). Given that ni‘j = [N%J as stated

in Proposition 3.4 scales at the rate of O(N%)7 we have o = %, and hence

g\,z B (N—N%> N%—ﬁ

Vii-VI' _ N3N 24N3 1
e < 73—, which is of order O(N73).
Vl 7 +§N§
N3+N
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Appendix B. Proof of Key Results of Normal-Normal Mod-
els

B.1 Geometric Properties of the Continuation Value Functions

We prove some geometric properties of the continuation value functions in the second pe-

riod for both models in Sections 4.1 and 5.1. In Section 4.1, the continuation value function

in the second period Q;"j(nw) is NEg, { (VZ,j —A2) + } by equation (4.8). In Section 5.1, the

continuation value function in the second period Qé\j(nl,j) is (N — nl,]-)IEij [ (P‘Z,j _ A)*}
by equation (5.6). Those two functions are highly similar and thus share many common
properties.

Continuation Value Function of Section 4.1. Given N, the geometric properties of Qg‘j(nllj)

with respect to ny; are the same as those of Eg, ; { (Vz,j — )\2)+ ], which we will study by

taking its derivatives with respect to 1y ;, assuming 7y ; is continuous.

Using pioj — A2 ~ N (1 — A2, 0*(n1,j)) and the result of Appendix D.2, we have

Ez,, [(M,j—/\z)w = (41— A2)® (yl _A2> + 0 () ¢ (;11 _M) :

0'(1’[1,]') 0'(1”[1,]')

Proposition B.1 (Geometric Properties of Expected Value of Rectified Normal Distribu-

tion). The expected value E,, ; [ (2 — A2) - } is strictly increasing and first strictly convex then

strictly concave in ny j. Moreover, if Ay > py, then Eq, | [ (paj — )\2)+ } — 0 when ny; — 0F.

Proof of Proposition B.1. The first derivative of the expected value is

d’fu]E‘”w [ (h2j=22)" | 5 {(”1 —)? <P:71(1;1/]\)2> totmpe <V1 : /\ZH

= iy o(ny,;)
=y — Az)di’jcb <P;1(;15‘)2> +0' (/)¢ <P;1(;1]A)2> T ‘7(”1'f)d:1,]-¢ (Pclrl(r:l?)2>
e (555) (i) o = v (55)

o ¢ (G )7
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o(n
: P — A2
=0'(ny;)¢p <> .

7\ o (ny)
. otn

Since 0%(n1,;) = — J:nl ,] > as derived in Appendix D.1,

otn
2 17j
, d 0';11’[1,]' 4 0’12111,1‘4-(72
o' () = 2 =

dny;\ 02 +myjof  207n]+20%n ;]

which is positive with o, 01,11 > 0. Therefore, the first derivative of the expected value
is also positive, meaning the expected value is increasing in 7y ;.
The second derivative of the expected value is

d’ +1_ 4 Hi— A
dTijIE:cl,,- [(VZ,]‘ —A2) } = %U (n1,7)¢ ( )

o(ny)

) ooy 4 H— A
. ) ‘|‘0’<7’l1,])dn1,j§b( ] >

( o(n1,) o (1)
(lfrl(nl,]) )+ S o () (o

—p <m —/\2> [a” (m,) + <m(—A]z))2 (o’(nl,j))z} /

0'(1’11,]‘)

"

=0 (”L])‘P

which has the same sign as
o> (n1,j)0” (n1j) + (g1 — A2)? ((T’(nllj))Z , asboth ¢(-) and 0 (n1 ;) are positive.

Denote o (n1,;) = UBC) where D(n;) = 0 + 0fny ;. We have

(TM/W )

2
,(nl ) / 3 )
/] 1,1



5 \° o63/2
el I R
, 3/2 7
D(mj))  Plmj)¥
and
1/2
(712 0’{1 3(71 ny)j

o (1 ; +
(m,) = 4n1/2D(n1 )1/ Zn%ZD(nu)yz 4D(ny,j)>

Combining all terms together, we obtain:
(n1,)0" (m) + (11 = A2)? (0 (m,))
_ oty < ot ot o )

= +
D(1,)>2 \  4ni?2D(m ;)12 2n%,/].2D(n1/j)3/2 4D(ny j)5/2

+(;41—/\2)20f‘ 1 B 202 N oiny
4 nlljD(nLj) D(l’llrj)z D(Yll,j)?’

_(m—Ao)op (o (n = Ao)ey L (L, (=M m,
o 4711’]'D(Tl1’]') 4 2 D(Tlll]')z 2 4 D(”l,j)3

|
4D(1’11,]')4

1

T CE ((Ml — A2)20tD(m1)° — (03 +2(p1 — A2)%09)ny ;D (ny )
P,

+ (=207 + (g — Az)zaf)nijD(m]) + 307 ”1])
which has the same sign as
(41 = A2)?01D(n1,)° = (07 + 2(p1 = A2)?07 )y ;D (1 5)?
+(=207° + (uq — Az)zaf)n%jD(nl,j) + 3(711271?,]- )
Substitute D = 02 4 0fn;,; back to the expression, we have a quadratic polynomial of
nyj:
—4(710(72711] ((yl Ap)?obot — (7?(74> nij+ (p — Az)?ofo®.
The determinant is positive, so equation
(p1 — Ao)%oto® + ((yl — Ap)?0b0t — 0?04) nyj— 4(710(72711] 0
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(H1—A2)*cfc®

has two real roots. The product of the two roots equals 1102
—ar o

which is negative,
meaning there is only one positive real root. In addition, since the leading coefficient is
negative, the plot of this quadratic polynomial is a downward-opening parabola, which
is positive at n1; = 0, crossing 0 from above the horizontal axis to below as 1, ; increases
past the positive root, and stays negative when n, ; is larger than the positive root. Hence,
we have shown that the second derivative of Eg, { (2, — /\2)+} is first positive then
negative.

As B, [ (paj — A2)+} has a positive first derivative and a first positive then nega-
tive second derivative, it is increasing and first strictly convex then strictly concave with

respect to 1y ;.

Finally, we show that if A, >y, then Eg, [ (paj — A2)+ } passes through the origin

when plotted against 71 ;. When A, > py, ”E;f‘; — —ooasny; — 0%, so both (m—M)
/]

e a(nl,j)

and ¢ (” 1_)‘2) converge to 0, making Eq, | [ (paj — A2)+] equal to 0. This result would

o(ny;)

not hold if Ay < p: Eg,; [ (‘uz,j — )\2) * ] will be strictly positive at ny,; = 0. O

The continuation value function Q%‘j(”l,j) = NEg,, [ (2, — /\2)+} has derivatives of

the same sign as those of Eg, ; |:(]/l2/]‘ — /\2)+} with respect to nyj, so it is also strictly
increasing and first strictly convex then strictly concave with respect to 1, and it passes
through the origin when Ay > ;.

Continuation Value Function of Section 5.1. In Section 5.1, the continuation value func-
L : . : +
tion in the second period Qé\,j(nu) is equivalent to (N — 1y ;) Egz, ; { (p2j—A) } . Note that

. +7. +7 .

the expression of Eg, ; [ (P‘Z,j —A) } is exactly the same as that of Eg, ; [ (VZ,]' — A7) ] in
Section 4.1 except that A, is replaced by A, so all the geometric properties claimed in
Proposition B.1 still hold here, i.e. IE;,;L]. [(Vz,j — /\)+] is increasing, and is first convex

then concave in ny;. The key difference is that Qé‘ j(”Lj) no longer shares all properties of
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Ez,, [ (],12,]- — )\)Jr } in this model due to the multiplication of the additional term N —ny ;.
Denote Eg, ; [ (paj — )L)Jr} as A(ny;), we prove that Qé\,]-(nllj) starts convex and then

becomes (and remains) concave with respect to 1 ; by studying the derivatives of A(nllj):

dQé\,]‘(nl,j) . dA(TlL]')
dnl,j o dnL]-

(N — I’ll,j) — A(Yll,j)

dA(Tlllj) dA(T’lllj)
= N —
di’lllj di’ll,j

1’11,]' — A(nl,j)/

and

dZQé\,j(i’ll,j) _ NdzA(nllj) _ <d2A(Tl1,]') ' dA(Tlllj)) _ dA(I’lL]')

2 2 2 Lj .
dnl,j dnl,j dnl,]. dnL]

d?>A(ny; dA(ny
_ (N—n’l’]‘) (nl,]) _2 (nl,]).

2 .
dn ; dny
. d?A(m dA(nq; ..
When ny is close to 0", both # and % are positive, but the first term
1) J

szé\,j(nl,j)

) is positive, meaning the continuation value
Lj

is dominant as N —ny; is large, so

2A(nyf)
dn%,j

. . d . . . .
function is convex. As 1n1,j grows larger, turns negative, so the second derivative is

negative, meaning Q3 j(nl,j) is concave. Moreover, the second derivative of Q) j(nl,j) can

2A(m,;)

2
d”l,j

. d . dA(nyj) . . .
only change sign once as only changes sign once, and —2# is strictly negative,
J

which means Qé‘ j(”l,j) starts strictly convex and then stays strictly concave beyond a

threshold value of ny;. Moreover, the value of ny; where Q) ].(nllj) turns from convex to

concave is smaller than that of A(ny;), and Q) ]-(nL]-) also passes through the origin when

A > Hi.
B.2 Proof of Proposition 4.3

As proven in Appendix B.1, for any given Ay > py, Qg‘,]-(nlrj) passes through the origin

and is increasing, strictly convex, and then strictly concave in nj i As nyj increases from
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A

0, in the convex part of Qﬁj(m,j), the slope of the secant line Qz’il(ln_l’j ) is increasing since
v 7

convexity implies that the function is increasing at an increasing rate; in the concave part,

sz(nl,j)

the slope of the secant line T
/]

is decreasing since concavity implies that the function

is increasing at a decreasing rate. Given that Qg‘j(nl,j) is initially strictly convex and then

A (11
strictly concave, there is a smooth transition in the gradient of the secant line % from
J
. . . Qéj(”l/j) . . .
increasing to decreasing, and the graph of T inherits a unimodal structure: there
J
Q3 ()

exists a unique value nj i > 0 at which — % reaches its maximum value.
, g

. .. d Q%j(”fj)
At this critical value where T aF 0, we have
Jj 1

d A A
d Q(ny;) i -Qp(n ) — Qg;(ni))
= %2 :0’
7’11/]'

. *
dny,j ny;

A (¥
which mean the gradient danQg‘,j(”ik,j) equals the secant slope Qz,; (;,;1” )

Let

d A (%
M= dTLjQZ,j(”l,j) + M1
the line (A1 — p1)ny; is then from the origin and is tangent to Q;‘l]-(nllj):

= QA'(nl,‘) Only When Tl]" = 0 or nl,' — n* .
(A1 = p)m,j { 2 d j = M,

> Qg‘j(nl,j) for all other ny,; > 0.
Therefore, for any given A, > pq, there exists a corresponding A; > pp so that the
continuation value Qf‘j(”l,j) = (1 —M)ny; + Q%j(”l,j) is maximized at ny; = 0 and

niy; = n’l",]., and the maximum value of Qf‘,]-(nllj) given this pair of Lagrange multipliers is

0.
B.3 Proof of Proposition 4.4
According to the optimality conditions as described in Proposition 4.2, a pair of La-

grange multipliers is optimal if and only if the resulting allocation policy satisfies the re-
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source constraint in expectation, i.e., if exactly N resources are allocated on average under
the induced randomized allocation policy. As shown in Appendix B.2, for any given Ay > pq,
there exists a unique line from the origin tangent to Qi\,j(”l,j) with only one positive point
of tangency which we denote as n’l",].. With A1 — p;1 equal to the slope of this tangent line, 0
and ni]- are the only two values that maximize the continuation value Qf‘ ]-(711,]‘)7 so they are
the only two optimal actions corresponding to A. Together, these insights yield a system of
equations that can be used to solve for the optimal multipliers, the corresponding optimal
allocation actions, and the probability distribution over those actions.

Denote the probability that a treatment j receives ”T,j resources in the first period as p*.
By Proposition 4.2, at t = 1, an optimal policy would allocate N resources in expectation,

so with | treatments we have

Jp*ni;=N.

At t = 2, N resources are allocated to all treatments with an updated mean of reward
larger than Ap, and the expected total number of resources allocated is also N; therefore,
we have

Jp*P(paj > Az | my,; = ni;)N = N.

Based on our notation in Section 4.1, we have pip ; — Ay ~ N (1 — )LQ,(TZ(nLj))7 S

P(.MZ,j > /\2 | nl,]' = I’lik,j) :P(]izl]' — )\2 >0 ‘ TZL]' = Tlik,j)

0— (1 —A2)
o (ni])
A2 —

*
o (n;)

Using the two equations derived from Proposition 4.2, we can solve the optimal A} as

=1-P|Z<

=1-®

ny.
=0 (”ii) 2(nfj) +p, where z(nf ;) = @~ (1 - ;/) ’
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as stated in equation (4.9), and p* = N

]nllj

* -

With ny; = 0 being optimal under A*, the maximum value of Q{‘* (nl,j) is 0, which

by equation (4.8) means Q{‘;k (ni‘,].) = (1

action nj i Therefore, we have

QZ] (7’11])

N [(V —A3)® <H1(n1);)> + (7(111])4’ <H1(n£§;>}

/\*)n]] + Qz; (”1]) = 0 at the other optimal

M= T =
7’11,]

+ Hi.
7’11,]-

Substituting the formula of A3 in equation (4.9), we have

M= nlj [(”1 (o (1)) 208 + ) ) @

/]

i (o (n3) 2(n1) + )

o(ny)

+o(nyp) ¢ ne <U <nj'éi)1;()nij) ! Vl) +m
J

— *’, ( *,.)
_ nI;"]] [— o (nT,j) z(ng;)® - (Zzi]i?sz) =
+otm)g [ — (a() ) o

j
= n?‘].a (n{‘ ) _—z(nlj)cb (—z(n’l",j)> +¢ (—Z( )) + 1
j i

as stated in equation (4.10).
With the results for A*, we can derive the value of the positive optimal action. By

Appendix B.2, the slope %Qg‘; (n1,7) is equivalent to A} —py at ny; = ny ;. Therefore, we
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o 2(nt) ¢ (~2(n7))
+o(ni)) () + ( - )
[ N¢(=(n5)) ¢ (=(n5))
| ni ny,
=No'(ni)) |—z(nf)) L +9 (2003))) | + (i) :
| Ng (z(n7)
N
o (1)) [M (z(n1))) —Z(ni‘])] :
Lj
as Af =0 (nj‘,].) [rf}’]cp (z(nfj)) — z(n’l’"]-)} + 1.
After simplification, we have that n’l“,j must satisfy
o2 —z(n};) ni; n
_ J° 11, wh Y= l(1- 24| . B.1
2((72—1—(712111"’].) ¢(z(nf;)) N +1, where z(n ) N ®B.D)

The exact value of the positive ni“,]. can, in principle, be obtained analytically from
this equation; however, the absence of a closed-form expression for the inverse CDF of the
standard normal distribution complicates the analysis. Nevertheless, we can still derive
some properties of ”T,]‘ from equation (B.1). First, we can show that ni"’j < %: the left-hand

side of equation (B.1) is strictly less than 1, which means z(ni‘j) >0, s0 nj; < Y for all

*

nr.
N. Second, we can prove by contradiction that nj j scales sublinearly in N, i.e., # — 0 as

N — oo:
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*.
Proof. Assume for contradiction that 17 ; grows linearly with N and % = cwherecis a

positive constant. Equation (B.1) can then be rewritten as

o2 A G 41
2002 +02N) (@1 (1-c)

whose left-hand side decreases with N, while the right-hand side is independent of N.
This contradiction implies that the equation cannot hold true, and 77 ; must grow sublin-

early with N. ]

To complement the sublinear growth result, we next provide an approximation-based

*.
argument showing that % not only vanishes asymptotically, but also is numerically small

for large N. We can rewrite equation (B.1) as
N o2+ 2(712nf]- z(n3)

—_— = ,which is the same as equation (4.11).
ny ;202 + 2(712111“’]. ¢(z(nf))) q (4-11)

The left-hand side converges to nﬂ* as N (and hence nij) increases. The right-hand side

1

matches the left-hand side only if the approximation by Mill’s ratio

’,

n¥.
% d1(1-H
z(ny;) ( N) 1 N

TECH <¢_1 <1 _ N)) T e (¢_1 (1 . N)) g

holds. The relative error of this approximation is less than 15% only when
*

n¥.
ol (1--4)>2
ny;

which means ¢ < 0.025. The computational results of nj ] align with our claim that

ny ;< N with different combinations of ¢ and (712 values, as shown in Figure 4.2.
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B.4 Proof of Theorem 4.6

The relative performance gap between the optimal relaxed policy as described in Propo-
sition 4.5 and the feasible relaxed policy as presented in Definition 4.1.1 serves as an upper
bound on the relative performance gap of the feasible relaxed policy and the true optimal
policy of problem 4.4. To bound the relative performance gap between these two policies,
we first propose an upper bound on the value of the optimal relaxed policy, and then derive

both a closed-form value of the feasible relaxed policy and its lower bound.

Upper Bound on the Optimal Relaxed Policy Value. The formula for the optimal relaxed

policy value by equations (4.9) and (4.10) is

T 2
N

LY (p,07) = Y AN = (A + AN =0 (”fj) el <Z(”>1k,j)> +2N.
t=1 L

Lemma 1 of Peri¢ et al., 2019 implies that ‘Zgi}f <1—®(x) when x > 0. Substitute x

with z(ni“/j) (which is proven to be greater than 0 in Appendix B.3 as ”T,j < 0.5N), we get

¢ (z(n3))) z(n};) nr "
( 1’{2+11] <1_q><z(7lflj)>:1_q><q)1 (1_1\}]>>:I\,{]’

which means

g (an1)) <=3 +

i, 2(nf))’

Therefore, we have an upper bound on the value of the relaxed feasible policy:

1
A* 2 * *
LY (py,0f) <0 (”1,]') N (Z(”l,j) + Z(”T,j)> +2u1N. (B.2)

Lower Bound on the Feasible Relaxed Policy Value. The expected value of the feasible
relaxed policy as described in Definition 4.1.1 is the sum of its expected value in the first

period and in the second period. In the first period, nf j resources are allocated to V}F’J

1,j
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treatments each, and the mean of underlying reward of all treatments is ;. Therefore, the

expected reward of the feasible relaxed policy in the first period is
s |
Myl |
] nflk,j

N — panyg ).

which is bounded from below by

In the second period, the expected reward of the feasible relaxed policy is

where
Haj ~ N (i, o (n35)).

Using the distribution of iy ;, the value of the feasible relaxed policy becomes

=E max (,”2,]' —u1) | N+ mN

Q0
:NJ xP max (“lel]' — ]/[1) =x|dx+ ;41N



:Na(n’f,j) [l — L] +mN,

where

N

I = foc 1 —d)(x)bff

N

0 *
J dx and I = f ® (x){"l'fJ dx.
-0

N
71;“/

In the first integral I;, the integrand 1 — q)(x){ JJ represents the probability that at

least one of the {”I;ZJ samples of a standard normal variable exceeds x. This probability

1)

decays exponentially with x from 1 to 0 as x increases from 0 to positive infinity. It can be

verified numerically that the value of the integral Iy is greater than z(nf;): I > z(nj ) for

nﬂ* = 2 which is lower than any actual ratio attainable as nj i < 0.5N, and the equation
1,j ~

Iy = z(n7;) does not have any finite solution, so I; > z(nj;) for all values of % In the

second integral I,
{ ; J
il*-
P(x)L Y

represents the probability that all lZ\iJ samples are less than or equal to x. Since ®(x) is
1,

n

]

small for negative x,
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*

decays exponentially as x — —o0, and is asymptotically 0 in the limit where LN J is infinity:.
Lj

Therefore, unlike Iy, I, contributes far less to the value of the feasible relaxed policy.
With our analysis of [; and I, the value of the feasible relaxed policy is bounded from
below by

No(n3;)(z(n7;) — 1) + 21N — pani;. (B.3)

Finally, we establish a bound on the performance gap between the two policies using

equations (B.2) and (B.3):

1
Li\* _ V{T NU(TlT,j) <z(n*~) + Iz) + ,’I/lli’l}lk,j

L -
1 No(nf;) <z(ni“’]-) + z(nl;k])> +2mN

ViV _ LY -V
< * 7
Vi Ly

the feasible relaxed policy is asymptotically optimal in solving problem 4.4, with conver-
gence rate at least

pny;
Na(ni"j)

1
Z(}’l;k’]-) + 12 +

Z(”T,]‘)
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Appendix C. Proof of Auxiliary Results of Beta-Binomial
Models

C.1 LPs Equivalent to the Decomposed Lagrangian Relaxed Prob-
lems

Following Adelman and Mersereau, 2008, the optimal value L{‘* (a1,B1) of the La-

grangian dual (2.4) equals the optimal value of the LP

minimize Z A¢Ni + Z V1] w1, B1,7) (C.1a)
V()/ A = j=1
. A ] A “t,j _ ‘ A ‘ ‘
subject to  V; (zxt,],[ﬁt,]) = (IXt,j B )\t) nej+ B, ) [Vt+1,] (at+1,];5t+1,]) } ,
v (t,j, Dét,]', ,Bt,j/ nt,]' € {O, veey Nt}) (Clb)
Ay =0,Vt, (C.10)

where the terminal value VT-H] (“T+1,j/,BT+1,j) = 0 for all states (“T+1,j/ﬁT+1,j)~ Con-
straints (C.1b) impose Bellman optimality for the Lagrangian relaxed value function, rep-
resented through the LP variables V (Dct],ﬁt])

The solution of the dual LP of LP (C.1) gives the optimal probability of visiting a

particular state and taking specific actions under the Lagrangian relaxation. The dual LP

is
ap
maximize Z 2 2 qt,j oct],,Bt],nt])lx + (C.2a)
q t=1j=1 a Bt M iz ﬁt]
J
subject to Z Z (& j, Brj, e j)ngj < Ni, VE, (C.2b)
jil “[,j/ﬁf,j/nt,j
D (e, Brjmi) = 1,97, (C.2¢)

n],]'

Z Pt,j (“t+1,j,ﬁt+1,j | “t,j/ﬁt,j,”t,j) Qt,j(“t,j,,gt,j,”t,j)

“t,jrﬁt,j/”t,j

- Z qt+1,j([xt+l,jlﬁf+1,j/nt+1,j) =0,vt<T, (j/“t+1,j/ﬁt+1,j) ’ (C.2d)

Mi1,j
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L]t,j(“t,j: ﬁt,j/ nt,j) =0 ’ v(tl j/ at,]'/ ,Bt,j/ nt,j) . (Cze)

The optimal values of the LP (C.1) with A* and the dual LP (C.2) with ¢* are the
same. The objective of LP (C.2) is to maximize the total expected reward. The vari-
able q;(yj, Brj,ntj) can be interpreted as the probability that subproblem j in period
t occupies state (lxt,]',ﬁt,]') and selects action n;;. Constraints (C.2b) represent a relaxed
version of the resource constraints, requiring that the resource constraints are satisfied in
expectation, where the expectation is taken over the possible states (au,3t) of the sub-
problems. Constraints (C.2¢) ensure that these probabilities sum to one in the initial state,
while constraints (C.2d) serve as the “flow balance” constraints that describe the evolution
of these probabilities over time.

Similarly, we have the dual LP of the Lagrangian relaxation LP (3.4) as

)
maximize Z Z Z (e, Brj ) —7— (C.3a)
q t=1 j=1 0y, B j K&t, +:Btz]
T
subject to Z Z Z qrj (& j, Brj,nej)ng; < N, (C.3b)
t=1j=1 a1
Z q1,j(ej, Brj,mj) = 1,7, (C.3¢)
711,,'

Xtj, ﬁt,jr ”t,j) Qt,j(lxt,j, ,Bt,j/ nt,j)

Z Pt,j (“t+1,j,ﬁt+1,j

“t,jr,Bt,j/”t,j

- Z Qt+1,j(“t+1,jf5t+1,jznt+1,j) =0,vt<T, (j/“t+1,j/ﬁt+1,j) , (C.3d)

Mi1,j
Qt,j(“t,j/ ,Bt,j/ nt,j) = 0 ’ v(tl j/ [Xt,j/ ,Bt,j/ nt,j) . (C3e)
C.2 Proof of Proposition 2.3

By counting the number of decision variables and constraints of problem (C.2), we can
prove Proposition 2.3 which describes the maximum possible number of ties in optimal

actions.
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The number of ties in optimal actions for a given state and treatment, as defined in
Section 2.1, is the number of optimal actions beyond the first. It can be calculated as
the difference between the number of non-binding inequality constraints and the number
of reachable states. To establish the claim in Proposition 2.3 that the number of ties is
no more than T, we need to count the following factors: the number of reachable states,
decision variables, equality constraints, inequality constraints, and non-binding inequality
constraints.

Notably, we count states by treatment types, not by individual treatments. For example,
if there are | treatments that all share the same initial prior, they occupy the same state in
the first period. This reduction is justified because treatments with the same prior behave
identically and follow the same state transitions under identical actions and observations.
As a result, the corresponding optimal allocation policy for treatments of the same type is
also identical.

The state of a treatment type at period t depends on its initial state, the sequence of
actions taken by the DM during the first f — 1 periods and the outcomes. Let S; denote
the total number of states reachable in period ¢ by all treatment types under any feasible
actions in the relaxation. The total number of reachable states by all treatment types across
all periods is then Zthl St.

The total number of decision variables q;;(ay, Bt 11 j) is Zthl(Nf +1)S;: there are
S; states and N; 4+ 1 possible actions from 0 to N; for each state at each period t. In a
nondegenerate optimal solution, the number of binding constraints equals the number of
decision variables.

The equality constraints arise from equations (C.2c) and (C.2d). Since each equality
constraint corresponds to a unique combination of time, treatment type and state, the
total number of equality constraints equals the total number of states: Zthl S;.

The number of inequality constraints, as described in equations (C.2b) and (C.2e), is
22;1(1\@ +1)S;+ T. Here, T inequalities are from equation (C.2b), and Zthl(Nt +1)S; are

from equation (C.2e).
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The number of binding inequality constraints equals the difference between the number
of binding constraints (which equals the number of decision variables, 3'/_, (N; +1)S;) and
the number of binding equality constraints (which is no more than the number of equality
constraints Zthl St). Therefore, there are at least Zthl N:S; binding inequality constraints.
As a result, there are at most [ (N; +1)S; + T — [ NiS; = [, S; + T non-binding
inequality constraints.

Since each of the Zthl St states must have at least one optimal action, there are at least
Zthl St positive decision variables. The number of ties in optimal actions is the number
of non-binding inequality constraints minus the number of states, which is at most T. For
instance, in a two-period model, at most two ties can occur, either as two states with two
optimal actions each or one state with three optimal actions. This result holds regardless of
the initial distribution or the number of treatment types, and is confirmed by our empirical

findings in models with heterogeneous prior states and T > 2. O

At Most One Tie Under a Total Resource Constraint. Similarly, by counting the number
of decision variables and constraints, we can show that there is at most one tie in the
optimal actions for the models described in Section 3, where a single constraint is imposed
on the total resources available across all periods. We analyze the same set of factors: the
number of reachable states, decision variables, equality constraints, inequality constraints,
and non-binding inequality constraints.

Let S;; denote the number of states reachable in period ¢ by treatment type 7 under any
feasible action in the relaxation. The total number of reachable states across all treatment
types and all periods is then Zthl 25:1 Sti.

The total number of decision variables is Zthl 21-121 (my; +1)S;;, reflecting the m;; + 1
possible actions for treatment type i at period ¢ from 0 to m;.

The equality constraints arise from equations (C.3c) and (C.3d). Since each equality
constraint corresponds to a unique combination of time, treatment type, and state, the total

number of equality constraints equals the total number of reachable states: Zthl Zle Sti
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The number of inequality constraints, as described in equations (C.3b) and (C.3e), is
1+ Zthl 25:1 (m; +1)St;: one from equation (C.3b) and Zthl Zi[:l (my; +1)S;; from
equation (C.3e).

The number of binding inequality constraints equals the difference between the number
of binding constraints (which equals the number of decision variables, Zthl Zgzl (my; +
1)S;;) and the number of binding equality constraints (which is no more than the num-
ber of equality constraints Zthl Zle Sti). Therefore, there are at least Zthl Zle my ;S i
binding inequality constraints. As a result, there are at most 1+ Zthl 25:1 (mp; +1)S;; —
23;1 25:1 m;;Syi = Zthl 25:1 St; + 1 non-binding inequality constraints.

Since each of the Zthl Zle St states must have at least one optimal action, there are
at least ZtT:1 Zle St; positive decision variables. The number of ties in optimal actions
corresponds to the non-binding inequality constraints minus Zthl Zle Sti, which is at most
1. This means that regardless of the number of periods and types of treatments, at most

one type of treatment can have multiple optimal actions.
C.3 Assumption about \/ N Being Integer in Proposition 2.6
As shown in Appendix A.3, if N can be written in the form of i(i 4+ 1) where i € Z*, there

is only one positive n’l“,]-: A/N+ % — % Otherwise, there are two positive n’l",]-: lq /N + % — %J

and [4 /N + % — %] With these ”T,j values, we do not have a closed-form solution for the

optimal allocation probability p* in the optimal policy and the optimal Lagrange multipliers
A*. For the ease of notation and expression, we assume that +/N is an integer, so that
the positive optimal actions will simply be v/ N —1 and +/N. It can be shown that the

asymptotic optimality of the feasible policy still holds with this assumption.

Proposition C.1 (Asymptotic Optimality of the Assumption). With the assumption that /N

is an integer, the optimal policy 2.6 is asymptotically optimal to the relaxed problem (2.5).
Proof of Proposition C.1. With the positive optimal action(s) being allocating /N + § — %
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resources when it is an integer (or b /N +1— %J and [4 /N +1-— %] otherwise), an upper

bound on the expected value of the optimal policy is

VN+1-141 [N +]
N (or 0.5N +

VN+1-142 [N +]

This is because the expected success rate of all N treatments allocated in the first pe-

riod is 0.5, and the highest possible success rate in the second period is /N +1 — 1

([4 /IN+ 31— %]) With the assumption that v/N is an integer and, as a result, the posi-

tive optimal actions being allocating v/N — 1 and /N resources, an upper bound on the

expected value of the optimal policy is

VN +1

0.5N +
VN +2

N.

The difference between these two upper bounds is much smaller than O(v/N), therefore
the optimal policy with the assumption is asymptotically optimal to the original problem.

O]
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Appendix D. Proof of Auxiliary Results of Normal-Normal
Models

D.1 Distribution of the Updated Mean of Reward in the Second
Period

By equation (4.3) we have

I’lt’j

2 2 i
T ptj+ 0 Z Xt j
i=1

Hiv1j = 2 2
nt/jat,j + 0"

As xi’j ~ N (6,,0?), the sum of all observations follow

ﬂt,]'

2 x;',]' ~ N(nt/jet/]’, Tlt,]‘(Tz) ,
i=1

and by the law of total variance we have

nt/]'

i 2, .2 2
Z xpj ~ N (g jpej, ny o™ +ngioy ;) -
i=1

First we find the mean of py ;:

i’lt/]‘

2 UEJ'ZXQJ‘
N O M i=1
E(prir) =B | —5 "5 | +E| —5——

.2 2 .2 2

2 0'2.

o t,j
=——F ti) + ————FE Ny il i
ny,joz; + o (1) n,joz; + o (i)

= E(Vt,j)-

At = 1, ,ut,j = ]/11,]‘ 1S known7 SO IE(]/IZ,]) is ]’ll,j-

Next, we find the variance of ;. Since py; is known and has a variance of 0, the
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variance of yp ; comes solely from the observed data. We have

1’11,1'

2 i
(e X7
L]Z Lj 2 .

2
J 2 2 2 j
) (nllj(r +”1,j‘71,j)> —

Var(uy ;) = Var = .

72 2 72 2
1,09 + 0 n1,j0% + 0o

Hence,

‘Ti},jnl,j )

2,. 1,. 0—1, o ”1, ""N 1’.
L e U s

D.2 Expected Value of Rectified Normal Distribution

The positive component of a normal distribution x, max(0, x), is called a rectified normal
distribution. For a normally distributed random variable x ~ N (i, 02), the expected value
E[max(0, x)] is derived as follows:

Since max(0,x) = x when x > 0 and max(0,x) = 0 when x < 0, we can write

E[max(0, x)] = LOO x f(x)dx,

where

) = s e (-2,

Therefore, our expectation becomes

E[max(0, x)] = Loox 2;(72 exp <—(x2;§l)2) dx.

To simplify, we make a change of variables. Let

X—H
z=—="=x=0z+}H,
o

then dx = 0 dz, and we have

E[max(0,x)] = fj (0z+ ) \/%Texp <—222> dz.

o
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Expanding and separating terms, we have

IE[max(0, x)] = \ﬁ izexp( z > dz—l—fyexp< )

o

The first integral involving z exp(—z%/2) can be evaluated using properties of the stan-

dard normal probability density function (PDF):

0

\/% L <222> dz =o0¢ (g)

o

The second integral is the cumulative distribution function (CDF) of the standard normal

distribution:

n 0 2
\/ZTTVexp< >d2—y®<

o

=

)

Combining these results, we obtain

QI=

E[max(0, x)] = u® (

)+ (G).

where @ (£) is the CDF of the standard normal distribution evaluated at £, and ¢ (£) is

the PDF of the standard normal distribution evaluated at g

D.3 LPs Equivalent to the Decomposed Lagrangian Relaxed Prob-
lems

The solution of the dual LP of LP (4.6) gives the optimal probability of visiting a
particular state and taking specific actions under the Lagrangian relaxation. The dual LP

is

N
max1m1ze ZZ[[ Z q,j (yt,j, Uzj,nt,j> Ny j ‘ut,jd‘ut,jdaflj (D.1a)
t=1j=1 1,;=0
subject to fo Z qtj ,ut]/Ut]/”t]> nyj d‘ut]dat] N, Vt, (D.1b)
7’1”—0
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t
Z 1, (B, 0’12,]', nyj) =1,vj, (D.1¢)

711,]':0
Jf 2 Py Vt+1,]/‘7t+1,] ]’[t,J’Ut,]’nf’]> Jt,j (ﬁt,]r‘ft]r”t,]> dﬂt,]dat]

nt]—O

N;
2 _ : 2

= D0 el Ot i) = 0V < T, (i, pes1 j, 07y ), (D)

41,j=0

) . g2 N >0 V(ti . g2 . D.1
Qt,] ,ut,]lo-t,]'/nt,] = Yy, (/Z/,ut,]lo-t,]'/nt,])/ ( . e)

where Py (,Ht+1,j, ‘Tt2+1 j | Yt jis (thj,nt,]) stands for the probability of treatment j transiting

into state <l4t+1,j/ ‘Tt2+1,j> from state (yt,j, Ut%j) after receiving n;; resources.
The optimal values of the LP (4.6) with A* and the dual LP (D.1) with ¢* are the same.

The variable gy (yt,]-, (th]-,nt,j> can be interpreted as the probability that the subproblem

j in period t occupies state <Vt,j/ Ut2,j> and selects action n; ;. Constraints (D.1b) represent

a relaxed version of the resource constraints, requiring that the resource constraints are
satisfied in expectation, where the expectation is taken over the possible states (¢, 02)
of the subproblems. Constraints (D.1c) ensure that these probabilities sum to one in the
initial state, while constraints (D.1d) serve as the “flow balance” constraints that describe
the evolution of these probabilities over time.

Similarly, the dual LP of LP (5.4) is

mt,]-
max1m1ze Z Z ff Z q,j (yt,j, (sz,nt,j> nyj ‘ut,jd‘ut,jdat%j (D.2a)
t=1j=1 nt,j:O ]
o -
subject to Z Z Jf Z qtj (yt,]-, Ut%j,nt,j> iy dptt,jd(ft%j <N, (D.2b)
t= 1] 1 nt,j:() |
2 _ .
Z q1,j(l’ll,jr 0'1,]', 1’11,]') =1 P V] , (DZC)

nl,j:()
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mt/

JJ Z Pt,] P’t+1,]r‘7t+1,]

nt]—O

Vt,]r‘ft,]r”t,]> 4t (.”t,]/‘ft]r”t,]> dP‘t,]d‘Tt]

Mit1,j
Z ‘7t+1,j(,”t+1,j/ 0-1}24_1,]'/ nt—l—l,j) = OIVt < T/ (]/ ,ut—‘rl,jl Uj}2+1,j) ’ (D2d)

p41,;=0

Qt,j (l/lt,j/ UE]/ nt,j) = 0 ’ V(t, j/ ]”lt,j/ U-t2,]r nt,j) . (Dze)
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