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Abstract

Boundary quantum phase transitions are abrupt ground state transitions triggered

by the change of the boundary conditions at single or multiple (but finite) points.

When boundary effects dominate, understanding boundary quantum phase transi-

tions requires a deeper knowledge of strongly correlated electron systems that is

beyond the widely applied mean field treatment. Meanwhile, with strong boundary

effect, most systems with boundary quantum phase transition can generally be con-

sidered as effectively zero-dimensional, with reservoir details ignored. Consequently,

the critical features of boundary quantum phase transitions only involve long-time

correlations instead of long-range ones.

On the other hand, different from the geometrical confinement of boundaries,

dissipation or quantum noise widely exists along the entire system. In bulk quantum

phase transitions, dissipation decreases system coherence by reducing the long-range

correlations. This fact makes it plausible that dissipation destroys the critical be-

havior of the quantum critical points. The effect of dissipation, however, remains

unclear in boundary quantum phase transition systems due to their lack of long-range

correlations.

In this thesis I thus focus on the effect of dissipation in boundary quantum phase

transitions. These studies are motivated and encouraged by recent experimental tri-

umphs where dissipation is realized and precisely measured in mesoscopic systems,

which provide experimental evidences to check theoretical researches. This thesis
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involves multiple dissipative mesoscopic systems, including the dissipative two im-

purity Kondo, two channel Kondo, resonant level, and Anderson models.

To begin with, the effect of dissipation in two impurity Kondo model has been

explored and we find that the presence of dissipation restores the quantum phase

transition by reducing the unwanted charge tunneling process. We further provide

the phase diagram for the system that has an exotic double-quantum-critical-point

feature.

After that, the non-equilibrium I-V feature of a dissipative resonant level model

is studied. This model has been experimentally proven to host a boundary quantum

phase transition. With different tuning parameters, we calculate the I-V feature

at both the quantum critical point and in the crossover regime analytically. The

theoretical calculation agrees remarkably with the experimental data.

As the spinful version of the resonant level model, the dissipative Anderson model

has multiple unique features, including the experimentally observed peak position

shifting and dissipation dependent saturated peak conductance. Through renormal-

ization group studies and mapping the model to the quantum Brownian motion

model, we understand these features qualitatively.

As an example of the application of above research achievements, we study the

stabilization of a Majorana zero mode with the quantum frustration in a dissipative

resonant level model. The Majorana zero mode is known to be unstable against

the coupling to its partner at the other end of the Majorana hosted nanowire. We

prove that the Majorana zero mode can be stabilized by coupling its partner to

the quantum dot of a frustrated dissipative resonant level model, where an isolated

impurity Majorana fermion is produced.

Finally, we study the relation between boundary quantum phase transitions and

geometric phases. The calculation is carried out at the Toulouse point of a dis-

sipative resonant level model. Although it satisfies the criteria of bulk quantum
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phase transitions to host a non-trivial geometric phase, the dissipative resonant level

model has zero geometric phase due to the identical zero geometric curvature. This

phenomenon is generally explained by studying the geometric tensor of boundary

quantum phase transition-hosted systems.
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1

Introduction

1.1 Introduction

Typically physical systems contain at least one bulk part and one boundary part,

which may comprise the surface of a three dimensional material, the edge of a two

dimensional plane, or a point of a one dimensional line. Although it has negligible

”size” compared with the bulk part, the system boundary sometimes decides the

features of the entire material. The strong boundary effect, for instance, is key when

we think about the thermal radiation of a black body and the electron tunneling

feature of a surface-oxidized metal.

The strength of the boundary effect is even stronger in quantum physics. One ex-

ample consists of the famous quantum Hall (QH) states [185]. In QH states, electrons

propagate only along the edge of a two dimensional material. The system’s electrical

and thermal features thus mainly depend on the edge characteristics, irrelevant of

the bulk details. Another example is the one dimensional tunneling models. In these

models it is assumed that the systems are uniform everywhere except at one or a

finite number of points, known as impurities. Although the bulk part is infinitely
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larger than the boundary points, the tunneling feature of these models mostly relies

on the details of the impurities, or boundary conditions next to the impurities.

The importance of boundaries in systems further enables scientists to define a

special type of quantum phase transitions —- the boundary quantum phase transi-

tions or impurity quantum phase transitions [177]. As hinted by the name, boundary

quantum phase transitions are defined with respect to abrupt changes of boundary

parameters or boundary conditions, while keeping bulk parameters invariant. The

Kondo model is one of the most famous examples. In a Kondo model, the Kondo ex-

change coupling strength determines the system ground state, where a KT quantum

phase transition is realized between the ferromagnetic and anti-ferromagnetic Kondo

fixed points [83]. Compared with their bulk counterparts, boundary quantum phase

transitions are often more easily accessible since the critical point only relies on the

local parameter at the boundaries. However, it is normally difficult to define order

parameters in boundary quantum phase transitions [177] so that the observation of

a boundary quantum phase transition relies on some indirect measurements, which

may require a better understanding of the transition.

Quantum noise is another important ingredient in quantum dynamics. It nor-

mally originates from quantum fluctuations of the system. Because quantum noise

generally dissipates system energy into the environment, it is also called quantum

dissipation. Intuitively, the presence of quantum noise will suppress the quantum

effect since it decreases quantum coherence of the system, and this has been proved

in multiple systems, both in [119; 180; 105; 116; 33; 37; 86; 152; 23] and out of equi-

librium [45; 64; 39; 100; 173]. One of the famous examples is a quantum noise-Ising

chain [86]. In that model, the dissipative modes that couples to the Ising chain smear

out the transition between the ordered and disordered states.

However, the suppression of the quantum phase transition mentioned above does

not always occur. Generally speaking, quantum states will not be destroyed if dis-
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sipation couples to some irrelevant operators. We can understand this by thinking

about the quantum Hall states. In these states, material impurities won’t increase

system noise due to the topological protection of the quantum Hall filling factors.

Based on this fact, we can simply ignore quantum noise once it decouples with phys-

ically interesting operators.

As a brief summary, we have noticed that quantum noise is usually coherence de-

structive but sometimes irrelevant. With this knowledge in mind, one natural ques-

tion to ask is: can we further make use of quantum noise to decrease the unwanted

physical processes, while keeping the operators that are relevant to the quantum

phase transitions invariant? The answer is yes. More specifically, in some systems

[103; 191], the quantum phase transition is replaced by a crossover due to the com-

petition between two equally important operators. If we can utilize the quantum

noise to kill one of them while leaving the other one invariant, the quantum phase

transition will be restored. This noise induced quantum phase transition has been

experimentally observed in a dissipative spinless resonant level model. In this model,

with the competing level broadening suppressed by quantum noise, an asymmetry

induced boundary quantum phase transition has been observed. Consequently, quan-

tum noise will not trivially destroy quantum phase transitions. The conditions for

this phenomenon deserve further investigation.

1.2 Outline of the thesis

In this thesis, I will mostly focus on the theoretical understanding of the effect of

quantum noise in mesoscopic systems where boundary effects are critical. I will study

the following problems in particular:

1. Two impurity Kondo model with the presence of dissipation: How is the

quantum phase transition destroyed by the initially weak charge transport? How

can we restore the quantum phase transition with dissipation? And how can we

3



experimentally prove our theoretical predictions?

2. The conductance feature of a dissipative resonant level model: How does the

weak coupling model flow to the strong coupling regime? What is system’s non-

equilibrium differential conductance both at the critical point and that when system

flows towards the crossover regime? Moreover, what will the system look like if the

system becomes spinfull instead of spinless?

3. The Majorana fermion in a dissipative resonant level model: How does this

Majorana fermion form in a dissipative resonant level model? What is its difference

from that in a two channel Kondo model? Is it just a mathematically effective

”concept” or a real operator that can decide system features? Finally, what will

happen when it couples to the quantum dot of a resonant level model?

4. Geometric phase in boundary quantum phase transitions. In boundary quan-

tum phase transitions, the connection between the singularity at the quantum critical

point and a possibly non-trivial geometric phase is still unknown. Here we analyti-

cally calculate the geometric phase of a dissipative resonant level model and use the

result to study the geometric phase in a system that hosts boundary quantum phase

transition.

The thesis is organized as follows. Background reviews of relevant material will

be provided in Chapters 2, 3 and 4. In Chapter 2, I review the one-dimensional

problems that host most of the known boundary quantum phase transitions. I re-

view bosonization, which is among the most powerful techniques in dealing with one

dimensional interacting systems. In Chapter 3, I review quantum phase transitions,

including their categories and scaling behaviors. I also introduce the renormalization

group method to physically understand the quantum phase transitions. After that I

introduce boundary quantum phase transitions in Chapter 4, where the dissipative

spinless resonant level model, Kondo model and two channel Kondo models are used

as three examples.
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I begin to introduce my own work beginning with Chapter 5. In this chapter

I introduce the rescue of the quantum phase transition in the two impurity Kondo

model by quantum noise. After that I introduce the non-equilibrium I-V feature at

the quantum critical point of the dissipative spinless resonant level model in Chapter

6, and continue with the calculation of non-equilibrium conductance in the crossover

regime in Chapter 7. Both Chapters 6 and 7 provide analytical results in excellent

agreement with the experimental data. In Chapter 9 I move beyond the spinless

case by introducing our study of the Anderson model, where our theoretical work

qualitatively agrees with the experimental data. However, due to the complexity

of this problem, we have not got quantitative results. In Chapter 8 I introduce my

work where quantum frustration is used to stabilize a Majorana zero mode. My most

recently work is introduced in Chapter 10 about the geometric phase in a boundary

quantum phase transition. Finally I will summarize my thesis in Chapter 11.
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2

Background: One-dimensional Systems,
Bosonization and Quantum Noise

This chapter provides a review of multiple one dimensional structures, mainly focus-

ing on their electronic tunneling features. For later convenience, This chapter also

briefly introduces Bosonization in one dimensional systems, which is especially useful

in one-dimensional problems. This chapter contains only review material and not

my original work.

I begin with the introduction to multiple simplest one dimensional systems and

the experimental way to realise them in Section 2.1. I also review their tunneling be-

havior and the physical picture behind the experimental data. After that, I introduce

the bosonization method, which is powerful in solving one dimensional problems in

Section 2.2. Finally, since quantum noise is one of the most important ingredients

of this thesis, I briefly introduce the method to model quantum noise in 1d systems

in Section 2.3.2.
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W

L

µL µR

Figure 2.1: Illustration of a perfect one dimensional nanowire with length L and
diameter W with scale W ! L. When the diameter is small enough, discrete energy
levels form in the wire as represented by the two red modes that propagate towards
either direction. The wire is connected to two reservoirs with chemical potential µL
and µR, respectively.

2.1 Tunneling Feature of non-interacting One-dimensional Nanostruc-
tures

As will be introduced in more detail in Section 2.2, due to the special geometry of

1d materials, excitation modes in interacting 1d systems are distinct compared with

those in higher-dimensional ones. Actually, even non-interacting 1d materials have

some special features. In this section I will briefly introduce two non-interacting 1d

systems (free 1d quantum wire and resonant level model) with interesting transport

phenomenon.

2.1.1 Tunneling Feature of an Ideal Quantum Wire

We begin with an ideal quantum wire as shown in Fig. 2.1. The system consists of

two reservoirs with different chemical potential µL and µR, respectively. Between

two reservoirs is a perfect nanowire with length L and diameter W . Here we assume

that L " W such that the system is approximately one-dimensional.

For later convenience, we model the wire length along the x direction and its

width in the y and z directions. With this modelling, system wave function is

spacially separable, with free propagating modes along the translationally invariant

7



x axis, and a standing wave solution along the y and z axes [91]

ψnkp~rq “ χnpy, zq
1
?
L
eikx, (2.1)

with the energy

Enpkq “ εn `
~2k2

2m
, (2.2)

where εn is the energy of the nth transverse mode χnpy, zq along the x direction and

m is the electron mass. In Eq. (2.1), the transmission mode is normalized with the

factor 1{
?
L, and k is the momentum along the x direction.

In an ideal nanowire, electrons with wave function in Eq. (2.1) travel in the wire

without inter-mode backscattering or forward scattering. In this sense, the current

through the wire consists of contributions from different modes that transmit inde-

pendently, each contributing to the current density

jn,kp~rq “ ´
e~

2im
rψ˚nkp~rq5 ψnkp~rq ´ ψnkp~rq5 ψ˚nkp~rqs

“ ´
e

L
|χnpy, zq|

2 ~k
m˚

~ex,

(2.3)

where ex is the unit vector that labels the transmission direction of the current. Total

current density involves the summation over all modes n and k in Eq. (2.3). Finally,

the current involves the spacial integral of the current density, which can be simply

done if the transverse wave function χnpy, zq has been correctly normalized. The

calculations are then straightforward, with the final expression

I “
ÿ

In “ ´gs
e

h

ÿ

n

ż 8

εn

dErfLpEq ´ fRpEqs, (2.4)

where gs is the spin degeneracy and

fipEq “
1

exppE´µi
kBT

q ` 1
(2.5)
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is the Fermi distribution function in the reservoir i with chemical potential µi. At

zero temperature, fipEq simply becomes a step function Θpµi ´ Eq. With this sim-

plification, the integral in Eq. (2.4) is only nonzero when the energy E is between

two chemical potentials so that
ş8

εn
dErfLpEq ´ fRpEqs “ ´fLpεnqVbias, where Vbias

is the applied bias between left and right reservoirs. We have thus arrived at the

conductance expression

G “ gs
e2

h

ÿ

n

fLpεnq. (2.6)

Eq. (2.6) involves the contribution from all possible transverse modes. In the ideal

quantum wire model, the excitation of these modes requires external sources (tem-

perature or applied bias, for instance). Based on the strength of the source, two

regimes develop. To better illustrate this, we define ∆ε ” ε2´ ε1 as the energy spac-

ing between two neighboring standing wave modes. If the temperature is significantly

larger than the energy spacing kBT " ∆ε, the wire spectrum can be approximately

considered as continuous so that the G-Vg curve is linear. However, with small tem-

perature kBT ! ∆ε, the conductance becomes stepwise, where the appearance of

each plateau indicates the opening of one transverse mode (represented by the red

curves in Fig. 2.1) by the applied bias. Finally, since ∆E91{W 2, the narrower the

nanowire is, it will be easier to observe the quantized conductance plateau shown in

Fig. 2.2 [91].

2.1.2 Quantum Dot and Coulomb Diamond

In Section 2.1.1, the general physical picture behind the calculated conductance is the

existence of multiple transverse modes and two independently counter propagating

channels, which highly requires the uniformity of the nanowire. Consequently, the

physical picture changes with the presence of impurities such as quantum dots.

Generally speaking, a quantum dot can be considered as a middle-sized region or
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Figure 2.2: The conductance of the perfect 1d quantum wire in Fig. 2.1 as a func-
tion of the applied bias Vg. The conductance is plotted as a function of 2e2{h, where
”2” is the spin degeneracy. With different temperature, the conductance shows two
distinct patterns. With high temperature kBT " ∆ε, G-Vg has the linear feature
as shown by the dashed red line. On the contrary, when kBT ! ∆ε, the G-Vg plot
has plateaus (indicated by the solid dark line) that correspond to the excitation of
transverse modes.

artificial atom [159; 76; 91] that contains multiple electrons with different energies.

We called a quantum dot ”middle-sized” in the sense that it should be small enough

such that the its level spacing must be large enough to observe; Meanwhile, it should

be large enough to contain enough electron levels. Finally, to guarantee the confine-

ment of electrons in a quantum dot, the quantum dot-reservoir coupling is required

to be small enough.

These requirements lead to peculiar phenomena of quantum dot coupled systems.

Intuitively, due to the strong interaction within the quantum dot, the transport

feature of a quantum dot system relies heavily on the status of the quantum dot

although the size of a quantum dot is normally negligible compared with the entire

system. The locally strong interacting feature of the quantum dot is thus essential

in the realization of a variety of boundary quantum phase transitions. Here I briefly
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review the tunneling feature of a spinless quantum dot model.

The system we are considering consists of a quantum dot that sits between two

semi-infinite wires. In this model, both leads are considered as infinitesimal such

that they contain free fermionic modes with the Hamiltonian

Hleads “
ÿ

k

pεk ´ µSqc
:

S,kcS,k `
ÿ

k

pεk ´ µDqc
:

D,kcD,k, (2.7)

where S (D) labels the source (drain) lead with chemical potential µS (µD). Exper-

imentally, the quantum dot can be realized by a short length carbon nanotube [134]

or by a confined area in a two dimensional electron gas (2DEG) [97]. The energy

of the quantum dot can be experimentally adjusted through a plunger gate with

backgate voltage Vg.

To model the Hamiltonian of the quantum dots we first need to understand two

most relevant energy scales in the dot, the charging energy and the confinement

energy. The charging energy origins from the Coulomb interaction so that is related

to the Coulomb energy. It is normally evaluated by considering the quantum dot as

a capacitor with self-capacitance C91{L, where L is the dot diameter. If we assume

N electrons in the dot already, the energy required to add the N ` 1th electron

becomes [91]

∆EpN ` 1q “ ECoulombpN ` 1q ´ ECoulombpNq “
e2pN ` 1q2

2C
´
e2N2

2C

“
e2

C
pN `

1

2
q.

(2.8)

The charging energy is then defined as the difference between the energy required to

add the Nth and the N ` 1th dot electrons

Ec “ ∆EpN ` 1q ´∆EpNq “
e2

C
, (2.9)
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which is a constant. The definition convention in Eq. (2.9) is related to the experi-

mental tuning of the quantum dot, where the backgate voltage Vg changes the dot

electron energies simultaneously. Alternatively, since the charging energy is constant

in Eq. (2.9), experimentally the adding of another dot electron requires the tuning

of backgate voltage by a constant value.

Another important energy scale is the confinement energy. A simple model is to

treat the confined area as a confined 2DEG. In this case, the energy required to add

N free electrons into a quantum dot with diameter L becomes

Econf “
~2

2mL2
N2. (2.10)

So that the energy difference between neighboring states is

∆ “
~2

mL2
, (2.11)

which is also a constant. The comparison between Eqs. (2.9) and (2.11) shows that

when L decreases, the charging energy diverges more slowly compared with the

confinement energy. The different divergence pattern thus indicates a transition

between the region where charging energy dominates to the region where confinement

energy dominates. In this thesis, we always take the region where Ec " ∆ so that

we can compare our result with the experimental data [134; 135].

Based on the discussion above, a spinless quantum dot can be modeled with the

Hamiltonian

Hdots “
ÿ

n

εnd
:
ndn ` EcpN̂ ´N0q

2, (2.12)

where n labels the energy level of the dot electrons and Ec is the charging energy.

N̂ “
ř

n d
:
ndn is the number operator for the total number of electrons in the dot

and N09Vg is the number of dot electrons that minimizes the charging energy.

12



Finally, we model the connection between the quantum dot and two leads with

the tunneling Hamiltonian

HT “
ÿ

n,k

rtn,S,kc
:

S,kdn ` tn,D,kc
:

D,kdn ` h.c.s, (2.13)

where tn,α,k is the lead-dot tunneling strength that can be tuned by side gates.

Normally, with small temperature T ! Ec, only one dot level n0 is relevant and we

set tn,α,k “ 0 if n ‰ n0. Meanwhile, the tunneling strength is normally assumed to

be momentum independent tn,α,k Ñ tα and only contains the lead labeling.

The conductance feature of the quantum dot system, known as the Coulomb

diamond is shown in Fig. 2.3 as a function of the source drain applied bias Vbias and

the backgate voltage Vg. The high conductance region is highlighted by the shaded

area. Here we emphasize multiple features in Fig. 2.3 [91]. To begin with, with zero

bias (Vbias “ 0) high conductance feature is observed at discrete points. Those points

correspond to the Vg values where εN ` EcrN ´ N0pVgqs
2 “ EcrN ´ 1 ´ N0pVgqs

2.

These points are called the on-resonance points where the adding or removal of

electrons at the Nth level costs zero energy. Between two high-conductance point

we see the regime with weak conductance. In these regimes, the tunneling of one

electron through the quantum dot leads to a temporary electric field that counters

the tunneling of the next electron, thus leading to the weak-conductance phenomenon

called the Coulomb blockade.

Now we look at the non-equilibrium regime where Vbias ‰ 0. There we see a

strong conductance region between the lines |∆Vg|αbg “ |Vbias|, where αpg is the lever

arm of the backgate. A cartoon to illustrate the tunneling in this regime is given in

Fig. 2.4, where the finite applied bias opens a window through which electrons are

capable to tunnel between two leads.

13



Vbias

Vg

Figure 2.3: The conductance of a resonant level model as a function of the applied
bias Vbias and the gate voltage Vg. The shaded area represents the high-conductance
areas. These areas are bounded by the black lines where the dot level is aligned with
one of the lead chemical potentials.

|µL � µR|

Figure 2.4: Non-equilibrium tunneling in a resonant level model that corresponds
to the high conductance area in Fig. 2.3. The finite bias opens a window |µL ´ µR|
that enables tunneling through the detuned quantum dot.

2.2 Bosonization

In Section 2.1 I have briefly reviewed two non-interacting one-dimensional systems

where the quasiparticles in the leads are free fermions. In this section I will briefly

introduce a powerful technique for handing interactions in 1d systems.

In higher dimensional systems, interactions will not greatly modify the physics

of the system: according to the Fermi liquid theory, interaction can be easily in-

corporated by replacing the electron mass with an effective one. The situation is,

however, much more complicated in 1d systems. More specifically, due to the geo-

metric restriction, electrons in one dimensional materials can not move across each

other without pushing all other electrons. This formalism leads to the failure of the

Fermi liquid theory (will be discussed in detail in Section 2.2.1) in interacting 1d
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models.

To sufficiently describe the one-dimensional excitations, bosonization has thus

been introduced. In contrast to the Fermi liquid theory where quasiparticles are

approximately dressed free electrons, bosonization method models system excitations

with bosonic modes that represent the collective motions of interacting electrons [71].

With bosonization formalism, an interacting 1d system has a similar Hamiltonian as

that of a non-interacting one: the only difference is a dressed Fermi velocity and a

Luttinger liquid interaction parameter.

2.2.1 Failure of Fermi Liquid Theory in One-dimensional Models

Most condensed matter systems contain quasiparticles with well defined energy and

momentum. In non-interacting systems, those quasiparticles are exact electron states

with infinitely long life time since they are eigenstates of the Hamiltonian. Near the

Fermi surface, the dispersion relation of those electron states is approximately

Epkq “ µ`
kF
m
pk ´ kF q. (2.14)

At zero temperature, electrons will occupy lower energy states until the Fermi sea

is filled, thus leading to a discontinuity at the Fermi level, where the occupation

number abruptly drops from one to zero.

The non-interacting theory depicted above is normally considered as trivial since

most realistic physical materials contain disorders or interactions. As a remarkable

theory, Fermi liquid theory states that the adding of interaction in higher-dimensional

systems will not greatly modify the quasiparticles [22]: they are still approximately

considered as free fermions with different dispersion relation

Epkq “ µ`
kF
m˚
pk ´ kF q, (2.15)

where m˚ ‰ m is the effective electron mass after the incorporation of interac-
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Figure 2.5: The spectral function of free electrons (b) and quasiparticles in Fermi
liquid (a). In contrast to the delta spectral function of free electrons, Fermi liquid
quasiparticles have Lorentzian spectral functions with finite half-width 1{τn. Here
τn is the life time of the nth quasiparticle state.

tions. Meanwhile, the occupation discontinuity at the Fermi surface change from

one to Z ă 1 and the magnitude of Z represents the fraction of electrons in the

quasiparicle states. Meanwhile, in contrast to eigenstates in free electron systems,

quasiparticles in Fermi liquid theory have finite life time τ [22; 71]. This finite

life time grants the peak of the spectral function a Lorentzian shape with half

width τ , instead of the delta function in free systems. The comparison between the

spectral function of free electrons and that of quasiparticles is provided in Fig. 2.5.

Meanwhile, it has been proved that this half width diverges near the Fermi surface

limkÑkF |τpkq{rEpkq ´ EF pkqs| Ñ 8 [71]. The divergence of half width guarantees

that quasiparticles are well defined near the Fermi surface. One remarkable success

of the Fermi liquid theory is that it avoids the necessity of perturbative expansions in

treating interactions since those quasiparticles are extremely robust and even remain

valid in systems with strong interactions.

Despite its great success in higher dimensional systems, Fermi liquid theory fails

in the description of one dimensional interacting systems, or the Luttinger liquid

systems [71]. The difficulty of Fermi liquid theory in Luttinger liquid can be seen

by checking the susceptibility that describes the response of the density correlation
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function to the applied potential

Hext “

ż

ddxV px, tqρpxq, (2.16)

where d is the system dimension and ρpxq is the position dependent density. This

susceptibility has been calculated [71]

χpq, ωq “
1

Ω

ÿ

k

fF pεkq ´ fF pεk`qq

ω ` εk ´ εk`q ` iδ
, (2.17)

where fF pεq is the Fermi-Dirac distribution function, Ω is the system volume and

δ Ñ 0` is an infinitesimal positive number.

The susceptibility of Eq. (2.17) is known to diverge when the nesting property

εQ`k “ ´εk (2.18)

is satisfied for a given Q and a range of momentum k. To better illustrate this point,

we assume that in a wide range of k the nesting property Eq. (2.18) is satisfied with

a certain Q. We thus substitute the nesting property into Eq. (2.17) and calculate

the static susceptibility at ω “ 0

ReχpQ,ω “ 0q “ ´
1

Ω

ÿ

k

tanhpβεk{2q

2εk

“ ´

ż

dεNpεq
tanhpβε{2q

2ε

„ ´Np0q logpD{T q,

(2.19)

where the summation is over the momentum that satisfies the nesting property and

Npεq is the energy density of states per unit volume, T is the temperature and D

is the high energy cutoff. It is also assumed that Npεq is almost a constant in the

energy regime with nesting property.
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(a) (b)

2D material 1D material

Figure 2.6: The illustration of the difference between higher dimensional materials
(a) and one dimensional materials (b). In higher dimensional materials, particles
can be considered as effectively free during the life time τ . However, electrons can
not pass through each other in one dimensional models. System excitations are thus
bosonic modes instead.

Eq. (2.19) shows a diverging susceptibility at zero temperature. Physically, the

singularity in Eq. (2.19) indicates that the adding of any interaction of Eq. (2.16)

greatly modifies the system ground state.

In higher dimensional systems, the nesting property only happens at several

points so that the singularity can be smoothed by the average in momentum space.

This is why in Fermi liquid theory the interacting electrons are effectively the same

as free ones. However, in one dimensional systems, if we consider the linearised dis-

persion near the Fermi surface, the nesting property is satisfied at Q “ 2kF for a

wide range of k. Consequently, in one dimensional materials, the systems always

have a strong response to any interaction, which indicates a distinct ground state

from the Fermi liquid theory.

The difference between Fermi liquid and Luttinger liquid can also be more intu-

itively understood from Fig. 2.6. In higher dimensional systems, an electron detours

when encountering other electrons. Consequently, during two collision events, inter-

acting electrons can be considered as effectively free particles with life time τ . How-

ever, electrons encountered in one-dimensional materials always got backscattered

or forwardscattered. Consequently, no free electron quasiparicle exists in Luttinger

liquid: it only allows collective motion of bosonic quasiparticles excitations.
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Figure 2.7: The spectrum of particle-hole excitations in higher dimensional ma-
terials (a) and one dimensional materials (b). In one dimensional materials, the
low-energy excitation is gapped at zero energy except at k “ 0 and k “ 2kF . This
gap leads to well defined particle-hole quasiparticle states that can be effectively
described by bosonization.

Before the end of this section, we further illustrate why the bosonic modes can

efficiently model the Luttinger liquid excitations by checking a particle-hole excita-

tion operator c:k`qck where |k ` q| ą kF ą k. This operator promotes an electron

below the Fermi surface to a state above it, with energy cost Ekpqq ” εk`q ´ εk ą 0.

In higher-dimensional systems, the particle-hole excitation energy has no low energy

gap, as shown in Fig. 2.7(a). As a contrary, Fig. 2.7(b) shows a low energy dome

in Luttinger liquid – only when q “ 0 or 2kF the particle-hole excitation energy

can vanish. This dome structure grants the bosonic excitation modes in Luttinger

liquid the feature of quasiparticles. More specifically, considering the momentum

k P C “ rkF ´ q, kF s so that c:k`qck corresponds to a particle-hole excitation. We de-

fine Epqq as the average energy of k P C and δEpqq as the energy difference between

the highest and the lowest energy excitations. It is straightforward to get that

Epqq “ vF q, δEpqq “
Epqq2

mv2
F

. (2.20)

Two major features can be seen from Eq. (2.20). To begin with, if we define the

19



excitations with momentum shift q in a Luttinger liquid, it corresponds to a realistic

particle with energy vF q —- the particle-hole excitation thus behaves as a relativistic

particle. Meanwhile, since δEpqq vanishes as Epqq2, the fluctuation of this quasipar-

ticle near the Fermi level vanishes. The vanishing of energy fluctuation, which also

happens in higher-dimensional Fermi liquid theory, guarantees that the electron-hole

excitation modes are well defined near the Fermi surface.

2.2.2 Bosonization Method

As explained in previous section, in Luttinger liquid systems excitations are bosonic

collective modes. Bosonization, which transforms fermionic operators into bosonic

ones, thus becomes efficient in the description of Luttinger liquid systems. In this

subsection I will briefly introduce the technique of bosonization.

We start with a one dimensional Hamiltonian

H “ ´t
ÿ

i

c:ici`1 ` h.c.`
V

2

ÿ

i

c:icic
:

i`1ci`1, (2.21)

where t is the hopping strength and V is the interaction. If V “ 0, system can be

exactly solved where the eigenstates correspond to freely traveling fermions in the

momentum space with energy ´t cospkq. When V ‰ 0, as introduced above, free

fermion picture breaks and we need to consider bosonic modes instead. Bosonization

can be introduced in multiple ways [58; 178; 71]. Here I follow the review paper by

M. A. Fisher and L. Glazman [58]. The first step is to transform fermion operators

into bosonic ones through Jordan-Wigner transformation

bj “ e´iπ
ř

jăi nicj, (2.22)

where ni “ c:jcj is the occupation number operator at site j. After this transforma-

tion, it is straightforward to check that bj operators now have the bosonic commu-

tation relation, where the change of the commutation relation originates from the
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Jordan-Wigner string.

Next step is to define bosonic field

bj “
?
nje

iφj , (2.23)

where φj is the bosonic phase at site j. Notice that both exp p´iπ
ř

jăi niq and
?
nj

commute with nj. The task to change the occupation number nj (by cj) must be

accomplished by the bosonic field exppiφjq. Consequently, the occupation number

operator nj and the bosinc field φj must be canonical conjugate operators. Following

this, if we extend both operators to be continuous φj Ñ φpxq and nj Ñ ρpxq, they

have the commutation relation

rφpxq, ρpx1qs “ iδpx´ x1q. (2.24)

For later convenience, we decompose density into two parts ρpxq “ ρ0 ` ρ̃pxq, where

ρ0 “ kF {π is the mean value of the density. We further define another phonon-like

operator θpxq

Bxθpxq “ πρ̃pxq. (2.25)

Together with Eq. (2.24), we have the commutation relation between those two

bosonic fields

rφpxq, θpx1qs “
iπ

2
sgnpx´ x1q, (2.26)

where sgnpx ´ x1q is the sign function. At this moment, we are ready to write the

bosonization equation for a fermionic operator. To distinguish it from the discrete

form cj, we write the continuous fermionic operator as ψpxq, with the bosonization

equation [58]

ψpxq “ e˘irkF x`θpxqseiφpxq, (2.27)

where˘ indicates the propagating direction of electrons. More generally, the bosoniza-
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tion can be written as 1

ψpxq “
ÿ

modd

eimrkF x`θpxqseiφpxq, (2.28)

where m takes odd values to satisfy the anti-commutators between fermions. Nor-

mally, we take m “ ˘1 only since other options normally correspond to less relevant

processes. Eqs. (2.27) and (2.28) are called the canonical form of bosonization since

they contain a pair of canonically conjugate fields φpxq and θpxq. Finally, since Bxθ

is proportional to the density as defined in Eq. (2.25), it is easy to check that the

other field Bxφ is proportional to the current density such that

Bxθpxq “ πρ̃pxq “ πrρLpxq ` ρRpxqs

Bxφpxq “ πjpxq “ πr´ρLpxq ` ρRpxqs,
(2.29)

where jpxq is the current density, while ρL and ρR represent the density of electrons

that propagate leftward and rightward, respectively.

With the conical fields, a non-interacting one-dimensional Hamiltonian becomes

H “
v

2π
rpBxφq

2
` pBxθq

2
s, (2.30)

where v is the Fermi velocity. Now we are ready to consider the density-density

interaction in Eq. (2.21). Intuitively, since fermionic density can be rewritten as the

derivative of bosonic fields, the finally Hamiltonian should still be quadratic. The

detailed derivation is also straightforward. For simplicity, here I only address the

final result for the Hamiltonian of the Luttinger liquid

H “
v

2π
rgpBxφq

2
`

1

g
pBxθq

2
s, (2.31)

1 Notice that here we do not have the Klein factor used in Chapter 6. In that chapter the
Klein factor is used to create the correct anticommutation relation between fermions. Here the
anticommutation relation

 

ψ:pxq, ψpx1q
(

“ δpx´x1q is guaranteed by the commutator between two
fields θpxq and φpxq.
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where g is the Luttinger liquid interaction parameter

g “ p
1` V1{2πvF ´ V2{2πvF
1` V1{2πvF ` V2{2πvF

q
1{2, (2.32)

and V1 and V2 correspond to the density-density interaction between electrons with

the same and different propagating directions, respectively. The comparison between

Eqs. (2.30) and (2.31) presents the strong power of bosonization in treating Luttinger

liquid problems —- electron interactions can be naturally absorbed into the interac-

tion parameter g, while keeping the general form unchanged. In this sense, lots of

Luttinger liquid problems can be dealt with by resorting to techniques developed in

non-interacting models.

Before the end of this section, I introduce another bosonization form and the

effective electron fractionalization in Luttinger liquid. In Eq. (2.27), fermions in the

Luttinger liquid are divided into two counter-propagating channels with propagating

direction labeled by the sign in front of the θ field. Another way is to consider the left

and right propagating modes as two chiral channels. The chiral bosonic operators

are defined through the rotation [58]

φR “ gφ` θ, and φL “ gφ´ θ, (2.33)

with the commutators rφαpxq, φα1px
1qs “ iπgδαα1sgnpx ´ x1q. Compared with the

canonical fields, chiral fields are two independent fields that are self conjugate to

themselves. With the chiral fields defined in Eq. (2.33), we can define the effective

density operators 2

nR “
1

2π
BxφR, and nL “ ´

1

2π
BxφL, (2.34)

2 In the canonical bosonization Eq. (2.27), fermionic anticommutators are guaranteed by the com-
mutators between canonical fields θ and φ. In the chiral bosonization, since rφLpxq, φRpx

1qs “ 0, it
is conventional to add a Klein factor FL,R to the bosonization formula.
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with the commutation relation

rφαpxq, nα1px
1
qs “ igδαα1δpx´ x

1
q. (2.35)

With those effective number operators defined above, Luttinger liquid Hamiltonian

now becomes

H “
v

4πg
rpBxφRq

2
` pBxφLq

2
s. (2.36)

Now consider an infinite Luttinger liquid wire that is uniform everywhere except at

x “ 0, where an impurity triggers the backscattering between two chiral modes

Himp “ uψ:Rp0qψLp0q ` h.c.. (2.37)

We further assume that the effect of this impurity is weak such that the backscat-

tering u is infinitesimal. In this case, we can take the bosonization as Eq. (2.27) such

that the backscattering becomes

Himp9 2 cosr2θp0qs “ eiφRp0qe´iφLp0q ` h.c.. (2.38)

Based on the commutator Eq. (2.35) between the chiral fields and the density, we

know that the exponential factor in Eq. (2.38) transfers an fractionalized effective

charge ge between two effectively independent channels. This is to some extend

similar to the quasiparticles in fractional quantum Hall effect.

2.3 Dissipative EM Quantum Noise in One Dimensional Systems

As introduced in Chapter 1, this thesis mainly focuses on the effect of dissipation,

or quantum noise in mesoscopic systems. For later convenience, here we thus briefly

review the method to model dissipative modes in 1d systems.

2.3.1 Dissipation in a One Dimensional Single Barrier Model

We begin with the simplest dissipation relevant mesoscopic system as shown in

Fig. 2.8 (dissipative single barrier 1d wire model). The system consists of two leads
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Figure 2.8: The dissipative single barrier problem. Relaxation of tunneling electron
excites bosonic modes in the leads, leading to the dynamical Coulomb blockade effect.

(source and drain) and the inter-lead tunnelings. Dissipation is labeled by the curling

arrows in Fig. 2.8. Effectively, the structure in Fig. 2.8 can be considered as a perfect

nanowire with a capacitor C at the junction that is followed by an impedance Zpωq

[92]. If the environment is Ohmic, then Z “ R with R the resistance in the leads.

Experimentally, Ohmic dissipation has been realized through a disordered metallic

lead [134; 135], a thin chromium wire and an extra quantum point contact [98].

Physically, dissipation influences the tunneling events by coupling to the fluctua-

tion in the system induced by the shot noise [122]. To better illustrate this, consider

an event where an electron tunnels from the source to the drain. Since the tunneling

junction can be physically viewed as a capacitor, the tunneled electron will produce

a counter-propagating barrier that prevents the next tunneling event. Consequently,

before the second tunneling event, the first electron must relax through the entire

circuit. This relaxation process encounters inelastic backscattering events and dis-

sipates energy. At low temperature and low bias, the system lacks the source to

pay this energy, thus leading to a weak conductance, similar as the weak tunnel-

ing Coulomb blockade regime in Fig. 2.3. However, unlike the Coulomb blockade

effect, tunneling events are now prevented by the dynamical bosonic modes so that

the dissipation induced weak conductance phenomenon is also called the dynamical

Coulomb blockade effect.
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2.3.2 Mathematically Model the Dissipation

In this section I review the way to mathematically model dissipation in a one di-

mensional single barrier model. Without loss of generality, this method also applies

to other one dimensional models including the Anderson and Kondo models where

inter-lead electron tunneling happens.

To begin with, we introduce the phase related to the bias across the junction

ϕptq “
e

~

ż t

´8

dt1Upt1q, (2.39)

where Uptq “ Qptq{C is the dynamical voltage across the junction, as a function of

the charge Qptq on the capacitor. Notice that the voltage bias Uptq contains two parts

Uptq “ V ptq ` δV ptq, where V ptq is the externally applied voltage and δV ptq is the

voltage fluctuation induced by the quantized electrons tunnelings. Meanwhile, δV ptq

is also the part that couples to the dissipation. To focus on the discussion of the

effect of the dissipative modes, it is thus convenient to define the fluctuation-related

phase [92]

ϕ̃ptq “ ϕptq ´
e

~
V t. (2.40)

and the fluctuation-related charge

Q̃ptq “ Qptq ´ CV. (2.41)

With those two operators defined, if the system is free from dissipation, the single

barrier can be viewed as an LC´circuit with the Hamiltonian

H “
Q̃2

2C
`

1

2L
p
~
e
ϕ̃q2. (2.42)

From Heisenberg equation, it is easy to check that two operators Q̃ and ϕ̃ in Eq, (2.42)

are canonical operators with the commutator

rϕ̃, Q̃s “ ie. (2.43)
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As illustrated in the previous section, tunneling process couples to dissipation

by exciting dissipative modes in the leads. Those dissipative modes are normally

considered as the modes of simple harmonic oscillators [26; 92]. The coupling between

the phase ϕn of those bosonic modes and ϕ̃ of the barrier voltage fluctuation thus

enables the description of the tunneling-dissipation interactions. More specifically,

this interaction can be modelled by the Hamiltonian [92]

Henv “
Q̃2

2C
`
ÿ

n

r
q2
n

2Cn
` p

~
e
q
2 1

2Ln
pϕ̃´ ϕnq

2
s, (2.44)

where Ln and Cn are the ”inductance” and ”capacitance” of the nth bosonic mode

with frequency ωn “ 1{
?
LnCn. The summation over n in Eq. (2.44) is limited by

the upper bound with the energy cutoff ωR. We understand Eq. (2.44) by check-

ing its effect after one tunneling process. Before the tunneling process, we assume

that the system is at the ground state such that the wave function of each bosonic

modes is Ψ0pϕn ´ ϕ̃q, which is the ground state of a harmonic oscillator centered at

the ”position” ϕ̃. When tunneling happens, ϕ̃ fluctuates so that Ψ0pϕn ´ ϕ̃q is no

longer the ground state of the nth oscillator, but a linear combination of all excita-

tion states. Consequently, through the junction-environment coupling in Eq. (2.44),

electron tunneling processes excite bosonic modes of the environment and dissipate

system energy. This is how dissipation works.

2.3.3 Dissipation and the Tunneling Amplitude

In Section 2.3.2 we have introduce the way to model dissipation in mesoscopic sys-

tems by coupling the dissipative phases ϕn to the junction voltage fluctuation phase

ϕ̃. However, in real calculations, it will be too complicated to work with an infinite

number of bosonic modes. In this section, we thus further simplify the Hamilto-

nian by studying the dynamics of the field ϕ̃ after incorporating the effect of these

dissipative modes.
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Without loss of generality, in this section we continue to use the single barrier

model as an example. We further take the strongly spin-polarized limit such that

the system is effectively spinless. Without the presence of dissipation, the tunneling

Hamiltonian can be writtern as

HT “
ÿ

k,q

tk,qc
:

k,Scq,D ` h.c., (2.45)

where S and D refer to the source and drain, respectively. When the leads are

dissipative, as illustrated in the previous section, tunneling process couples to dis-

sipation by exciting bosonic modes through the relaxation of a tunneling electron.

This process can be modeled by adding a dynamical phase operator expp´iϕq 3 to

the tunneling Hamiltonian

HT “ tk,q
ÿ

k,q

c:k,Scq,De
´iϕ
` h.c., (2.46)

In Eq. (2.46), ϕ is the canonical phase introduced in Section 2.3.2 4. Since ϕ and

Q are canonical variables, physically exppiϕq refers to the a single charge tunneling

between the source and drain.

Here we use the fluctuation-dissipation theorem to derive the dynamics of the

phase ϕ. To begin with, electron tunneling produces a current pulse through the

junction. The phase ϕ responds to the current as

ϕpωq “ χpωqIpωq, (2.47)

where Ipωq is the quantum current fluctuation and χpωq is the susceptibility. The

fluctuation-dissipation theorem states that in such a system, the expectation value

3 The physical significance of this factor can be understood once we notice that ϕ is canonical to
the lead charge operator.

4 In Eq. (2.46), the effect of dissipation has been incorporated into the dynamics of phase ϕ,
represented by the correlator xϕptqϕp0qy. Details will be discussed later.
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of ϕ satisfies the expression [180]

ż 8

´8

dteiωtrxϕptqϕp0qy ´ xϕp0q2ys “
2~

e´β~ω ´ 1
Imrχpωqs, (2.48)

where β “ 1{kBT is the temperature inverse.

The susceptibility can be calculated by considering the barrier as a capacitor C,

with the result

χpωq “ p
e

~
q
2Ztpωq

iω
, (2.49)

where

Ztpωq “
1

iωC ` 1{Zpωq
(2.50)

is the effective impedance of the circuit. Combining Eqs. (2.47) and (2.48), the

dynamics of the phase ϕ becomes [92]

xϕptqϕp0qy ´ xϕp0q2y “ 2

ż 8

´8

dω

ω

ReZtpωq

RQ

e´iωt

1´ eβ~ω
, (2.51)

where RQ “ h{e2 is the dissipation quanta. Eq. (2.51) shows that the correlation

function of the dissipative phase relies on the details of the dissipation. As a simple

example, when the dissipation is Ohmic, Zpωq “ R is frequency independent. In this

case, the long-time phase-phase correlation function becomes

xϕptqϕp0qy ´ xϕp0q2y „ ´2r lnpωRtq, (2.52)

where ωR is the energy cutoff of the bosonic modes and r “ R{RQ is the dimensionless

dissipation strength. Eq. (2.52) shows that exppiϕq has the correlator of a primary

field in the conformal field theory. Consequently, as will be discussed later (Section

3.2), it is easy to incorporate the effect of an Ohmic dissipation into the RG equations.
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2.3.4 Dynamical Coulomb Blockade Method

With the knowledge of the dynamics of the dissipation, the conductance through the

dissipative single barrier model can be effectively calculated through the dynamical

Coulomb blockade method. The essence of this method is the Fermi’s golden rule so

that it is a second order perturbation theory with respect to the tunneling strength

tk,q. Consequently, it produces reasonable results only when the tunneling strength

is weak enough. Meanwhile, although seems generalizable to other perturbative

systems, dynamical Coulomb blockade method is only valid when the operator with

small coefficient is RG irrelevant (to be specified in Section 3.2).

The Fermi’s golden rule states that the transmission rate between the initial state

|iy and final state |fy can be approximately calculated as

ΓiÑf “
2π

~
|xf |HT |y|

2δpEi ´ Ef q, (2.53)

where the delta function in Eq. (2.53) guarantees the conservation of energy, while Ei

and Ef are the energies of the initial and final states, respectively. Experimentally,

the observed tunneling rate involves all possible initial and final states

Γ “
ÿ

i,f

2π

~
|xf |HT |iy|

2ppEiqr1´ ppEf qsδpEi ´ Ef q, (2.54)

where ppEq is the possibility that the state with energy E is filled.

In contrast to the dissipation free situation where the initial and final states

are purely fermionic states, dissipative systems contain an extra bosonic part with

respect to the dissipative modes. The dissipative modes are independent from the

fermionic reservoir and are thus simply added to fermionic tunneling processes. Con-

sequently, the initial and final states can be described as direct products of two com-

ponents |iy “ |Eiy|Riy and |fy “ |Efy|Rfy, where |Ey and |Ry represent the fermionic

and bosonic reservoirs, respectively. With both parts taken into consideration, the
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energy conservation requirement now becomes Ee
i `E

r
i ` eVbias “ Ee

f `E
r
f , with Ee

and Er representing the energy of fermionic and bosonic states, respectively. Here

Vbias is the applied source-drain bias. With those ingredients, the total source-drain

tunneling rate becomes

ΓSÑDpV q “
2π|VT |

2

~

ż 8

´8

dEdE 1fpEqr1´ fpE 1 ` eVbiasqsP pE ´ E
1
q (2.55)

where we have assumed that VT “ tkq as a constant tunneling strength in the tun-

neling Hamiltonian. In Eq. (2.55) the occupation of fermionic states is described by

the Fermi-Dirac distribution fpEq and the bosonic distribution has been represented

by the function P pEq

P pEq “
1

2π~

ż 8

´8

dt expp
i

~
Etqrxϕptqϕp0qy ´ xϕp0q2ys, (2.56)

where the conservation of energy has already be included. From Eq. (2.54) the current

through the weak single tunneling junction can thus be calculated as

I “ erΓSÑDpVbias{2q ´ ΓDÑSp´Vbias{2qs. (2.57)

With an Ohmic dissipation, we can then combine the correlator Eq. (2.50) and

Eqs. (2.55), (2.56) and (2.57) to calculate the observed current.

One thing to emphasize is that the bias Vbias in Eq. (2.57) does not need to be

small: in general, the dynamical Coulomb blockade method also applies to non-

equilibrium conditions. One natural question to ask is the connection between dy-

namical Coulomb blockade and the famous Keldysh formalism. Physically, Coulomb

blockade method origins from the time-dependent perturbation theory to the second

order of the weak tunneling strength. Keldysh formalism, on the other hand, in-

volves all possible diagrams and is thus strictly correct. A practical way to apply the

Keldysh formalism to the single barrier junction model is through the full counting
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statistics method [121; 73]. This method calculates the generating function

χpλq “
ÿ

q

eiqλPq, (2.58)

where Pq is the possibility that charge q transfers through the junction during the

measuring time τ and λ is the measuring field. Since current is defined as the charge

transferred per unit time, it can be easily calculated once we know the expression of

the generating function

I “
exqy

τ
“ ´i

e

τ

B

Bλ
lnχpλq

ˇ

ˇ

ˇ

λ“0
. (2.59)

In a single barrier model, the generating function has the general form following the

Levitov-Lesovik formula [121; 73]

lnχ0pλ;V ; tT pωquq “ τ

ż

dω

2π
ln
 

1` T pωqrnSp1´ nDqpe
iλ
´ 1q ` nDp1´ nSqpe

´iλ
´ 1qs

(

,

(2.60)

where T pωq is the dressed tunneling amplitude that has included all possible inter-

actions. For the non-interacting and dissipation free case, the tunneling amplitude

can be easily calculated as

T pωq “
4Γ

p1` Γq2
, (2.61)

where Γ “ pπρ0tq
2 is the level broadening and ρ0 is the constant density of states

near the Fermi surface. From Eqs. (2.59) and (2.60) we get the general expression of

the current

I “ e

ż

dω

2π
T pωq tnSpω, V {2qr1´ nDpω,´V {2qs ´ nDpω,´V {2qr1´ nSpω, V {2qsu .

(2.62)

In general T pωq is frequency dependent and has no analytical solution. However, if

the tunneling strength is weak, we can approximate T pωq to the second order of the

32



tunneling strength, which becomes proportional to the expression P pωq in Eq. (2.56).

In this sense, the result of the dynamical Coulomb blockade method Eqs. (2.55) and

(2.57) is equivalent to the Keldysh formalism result Eq. (2.62) to the second order of

the tunneling strength. Meanwhile, while approximately treating tunneling strength

to the second order, the dynamical Coulomb blockade method strictly incorporates

the applied bias and dissipation. Consequently, dynamical Coulomb blockade is

highly efficient (and much easier compared with the Keldysh formalism) in dealing

with non-equilibirum and dissipative tunneling problems once the tunneling strength

is weak and RG irrelevant (to be specified later).
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3

Background: Quantum Phase Transitions and
Renormalization Group method

This chapter provides an overview of quantum phase transitions and the renormal-

ization group (RG) method. This chapter only contains review material and not my

original work.

I begin with the introduction of quantum phase transitions, including the defi-

nition, physical significance as well as their scaling features. After that, I introduce

the general steps and physical significance of the RG method. Finally, I take the

single barrier Luttinger liquid model as an example to illustrate the application of

the RG method into the study of QPTs. I also provide an alternative understanding

of dissipation with the RG method.

34



3.1 Quantum Phase Transitions

Phase transition is defined as the phenomenon where the state of the system abruptly

changes between two ground states. To distinguish between different phases, order

parameters are introduced: order parameters are distinct on two sides of the transi-

tion point, indicating the change of system’s ground state.

To better study their physical significance, phase transitions are categorized

into two classes – thermal phase transitions and quantum phase transitions (QPT)

[161; 176]. Those transitions are categorized based on the source of fluctuation

that triggers the transition. Been discovered before the establishment of quantum

mechanics, thermal phase transitions are transitions that are triggered by thermal

fluctuations such as the transition between vapor and liquid. In contrast to thermal

phase transitions, QPTs are triggered by the quantum fluctuation. In quantum me-

chanical systems, this quantum fluctuation ∆ is the typical energy scale of long-range

order parameter fluctuations at zero temperature [161; 176]. When both thermal and

quantum fluctuations exist, a phase transition is categorized based on the leading

source of fluctuations. More specifically, to realize quantum phase transition, quan-

tum fluctuation must dominate against the thermal fluctuation such that ∆ " T .

However, in quantum mechanical systems, since typically ∆ “ 0 at the transition

point, strictly QPT only occurs at zero temperature.

Theoretically, QPT can be understood from the change of system spectrum [161].

As a simple example we consider an infinite system with Hamiltonian H “ H0`gH1,

where rH0, H1s “ 0 so that they (H0 and H1) share the same group of eigenstates.

The energy of those eigenstates thus changes as a function of the parameter g. By

tuning g, we may be able to find a point g “ gc where the system ground state

has a level crossing or an avoided level crossing. If it is the case, the ground state

singularity at this point then indicates a QPT between the state with g ą gc to the
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Figure 3.1: Finite temperature phase diagrams of three different QPTs with the
critical points at g “ gc. First order QPT (a) consists of an area where different
ground states A and B coexist. The coexistence is guaranteed by the first-order
derivative discontinuity of the free energy. On the contrary, second order QPT (b) has
an unstable fixed point that is physically different from both A and B. Meanwhile,
it has a quantum critical regime bounded by the critical temperature T ˚9|g ´ gc|

νz,
where ν is the correlation length critical exponent and z is the dynamical critical
exponent. KT transition (c), on the other hand, does not host an unstable fixed point.
Instead, the system state transforms from A to B below the critical temperature T ˚.

state with g ă gc. QPT can thus be defined as the phenomenon where the ground

state non-analyticity happens at the transition point g “ gc.

In condensed matter physics, QPTs are of fundamental importance in a wide

variety of condensed matter many-body systems ranging from quantum materials to

quantum magnets and nanostructures. To better study QPTs, they are divided into

three main categories: first order, second order and KT transitions. These QPTs are

differently categorized based on the continuity feature of their free energies at the

transition point, similar like that of thermal phase transitions. Meanwhile, they can

also be distinguished based on the finite temperature behavior near the transition

point as shown in Fig. 3.1.

A first order QPT is defined as the transition where the first derivative of its free

energy is discontinuous. Alternatively, this kind of QPT is characterized by a level

crossing at the transition point. Similar like that of a thermal first order transition,

the free energy of a first order QPT has two local minimums at its transition point.

The phase diagram of the first order QPTs is shown in Fig. 3.1(a), where two ground
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states coexist over a wide range in the parameter space at finite temperatures.

In contrast to that of the first order QPT, the first-order derivative of the free

energy of a second order QPT is continuous and this transition is thus also called a

continuous QPT. Another important feature of a second order QPT is the existence of

a quantum critical regime. As shown in Fig. 3.1(b), two competing ground states can

not coexist at finite temperatures. Instead, a quantum critical regime forms where

the system’s ground state is different from both competing phases. This quantum

critical regime is bounded by the critical temperature T ˚9|g ´ gc|
νz, where g “ gc

determines the transition point, ν is the correlation length critical exponent and z

is the dynamical critical exponent. Due to the existence of the finite temperature

critical regime, the transition point of a second order QPT is also called a quantum

critical point. I will explain the second order QPT later in better detail in Section

3.1.1.

The last class of quantum phase transitions is the KT transition. The KT tran-

sition is known after the name Kosterlitz and Thouless and is first realized in a

classical two-dimensional XY model. In this model, a thermal KT transition occurs

between the state with free vortices and that with only vortex-antivortex bound 1. It

is later realized that the KT transition also describes the QPT between the ferromag-

netic and anti-ferromagnetic Kondo models as well as that of the spin boson model.

The connection between the classical two dimensional XY model and those two one-

dimensional quantum models can be understood through the quantum-classical map-

ping [176]. The phase diagram of a KT transition is present in Fig. 3.1(c). Different

from that of a second order QPT, RG equations (will be introduced in Section 3.2)

of a KT transition indicate the missing of an unstable intermediate fixed point: for

instance, in the Kondo model, the magnetic impurity becomes either ferromagnetic

1 The introduction of vortex topology also leads to the foundation of topological materials in
condensed matter physics. This is, however, irrelevant to the topic of this thesis.
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or anti-ferromagnetic. The missing of the quantum critical regime also leads to the

missing of the scaling invariance of systems around the critical point. Instead, in KT

transitions, quantum fluctuation drops exponentially ∆ „ expp´α{|g ´ gc|q. Due to

this feature, the free energy of a KT transition does not possess singularity under any

order of differentiation and KT transitions are thus called infinite order transitions.

As a further illustration, an RG study of the KT-transition-hosted Kondo model will

be provided in Section 4.3.1.

3.1.1 Continuous Quantum Phase Transition and Scaling Behaviors

As introduced above, a continuous QPT has a quantum critical regime that is differ-

ent from either competing ground states. When approaching zero temperature, this

quantum critical regime shrinks to the transition point so that the transition point

of a continuous QPT is also called the quantum critical point (QCP). One of the

features of the QCP is the scaling invariance that leads to the divergence of multiple

quantities. For instance, the correlation length diverges in the way

ξ „ |t|´ν , (3.1)

where |t| “ |g ´ gc| is the distance to the critical point and ν ą 0 is the correlation

length critical exponent. Equivalently, the scaling invariance can be understood by

the divergence of the correlation time

τc „ ξz „ |t|´νz, (3.2)

where z is the dynamic critical exponent. With a finite temperature T , the quantum

criticality extends from just the critical point to a range |∆| „ 1{τc „ T , such that

the critical temperature becomes

T ˚ „ |t|νz. (3.3)

38



Due to the divergences of both the correlation length and the correlation time, near

the critical point, only the correlation length ξ and the correlation time τc are relevant

spatial and time scales. Alternatively, the divergence of those quantities indicates

the system scaling invariance right at the critical point.

Another interesting feature of the continuous phase transition is the universality

class. Universality guarantees that most of the local features of the system Hamil-

tonian is unimportant in getting the critical exponents in Eqs. (3.1) and (3.2). The

universality class is also beneficial in the study of different systems that share the

same set of dynamical exponents.

3.2 The Renormalization Group Method

In theoretical physics, interaction plays two contradictory roles. On one hand, the

presence of interaction leads to a huge amount of interesting physical phenomena.

Superconductivity is among the most known examples. In a superconductor, the

pair interaction couples electrons into Cooper pairs, opening a superconducting gap,

and thus leading to the exotic low temperature ground state where backscattering

are prevented by the lack of free quasiparticle excitations [174]. Another famous

example is the Mott insulator, where interaction leads to a second order quantum

phase transition [141].

However, interaction may also greatly increase the difficulty in solving those prob-

lems. For instance, in quantum field theories, a non-interacting system with only lin-

ear or quadratic terms in the Lagrangian density can be easily solved. The problem

becomes greatly more complicated with an extra φ4 term introduced in the Hamil-

tonian. Normally this term comes from density-density interactions or two-particle

scatterings that are closely related to the interacting phenomenon [13]. One way to

treat this φ4 term is through perturbative expansion. However, the perturbative ex-

pansion does not apply to strong interacting systems. Meanwhile, the perturbation
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theory also fails in understanding the quantum fluctuation near the critical point,

no matter how small |g ´ gc| is 2.

Renormalization group (RG) method provides a way to treat interaction prob-

lems. Ideally, RG method simplifies problems by integrating out less relevant degrees

of freedom —- either the energy levels above the high energy cutoff or the spatial

details below the spatial cutoff. Since the integrating out of less relevant degrees of

freedom is normally accompanied by the decreasing of temperature, the RG method

is powerful in the study of low temperature behaviors, including QPTs. Meanwhile,

as introduced in Section 3.1.1, QCPs of continuous QPTs have the feature of scaling

invariance. In RG language, scaling invariance is equivalent to the invariance of the

critical point under RG equations. Finally, the scaling law given by RG equations

also reflects the critical exponents in Eqs. (3.1) and (3.2). Based on those reasons,

theoretically the RG method is powerful in the study of interacting QPT-hosted sys-

tems, the searching of their critical points, as well as the study of universality around

the critical points.

3.2.1 General Steps of the RG Method

As described above, the general idea of the RG method is to simplify the system

through the integration out of unimportant degrees of freedoms. However, those

high-energy levels will not just disappear. Instead, their effect will be incorporated

into the redefinition of the system parameters, leading to the so called RG flow

equations. Meanwhile, since the energy cutoff physically represents the upper bound

of the relevant system energy, the RG method can also be understood as the method

to get the effective system Hamiltonian with decreasing system temperature (if the

system is in equilibrium). In this sense, RG equations describe the trend of the

2 From the RG point of view, the operator with coefficient g ´ gc is always RG relevant. Conse-
quently, |g´ gc| effectively increases under lower temperature, thus invalidate any low temperature
perturbation theory with respect to |g ´ gc|.
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system towards different regimes with a decreasing temperature.

There are multiple ways to get the RG equations [182; 18; 13; 15], ranging from

the so called Wilsonian RG, functional RG, Coulomb gas RG, numerical RG, etc.

However, all those RG methods are developed based on the central idea that the

sytem before and after a RG step should be effectively the same. This central idea

is satisfied by requiring the invariance of Lagrangian, action, partition function, or

even correlators. Without loss of generality, in this section we introduce the RG

method by considering a system with the action

Srφs “
N
ÿ

a“1

gaÔarφs, (3.4)

where φ is a field operator, a labels N different kinds of operators that correspond

to different physical processes and ga is the coefficient of the ath operator.

In an RG method, the system starts with an initial cutoff Λ above which the

states are considered as unimportant. To simplify the system, we decrease the cutoff

Λ Ñ Λ{b, where b “ 1 ` l (with 0 ă l ! 1) is a real number that is infinitesimally

larger than one. By doing so, we divide the phase φ into two parts: slow modes φs

and fast modes φf , where the fast modes φf have energies Λ{b ď Ef ă Λ between

the original and new cutoffs and the slow modes φs have energies Es ď Λ{b smaller

than the new cutoff. Based on this division, system action can be divided into three

parts

Srφs “ Srφss ` Srφf s ` SIrφs, φf s, (3.5)

where SIrφs, φf s represents the interaction between the slow and the fast modes,

while Srφss and Srφf s are the actions that only contain the slow and fast modes,

respectively.

Next step is the central part of the RG method, that is to integrate out the

fast modes in both the fast and interacting actions of Eq. (3.5). This can be done,
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for instance, in field theory. To make the system physically invariant, after the

integration, the form of the action or partition function should be unchanged. The

effect of the energy levels above the new cutoff Λ{b has been incorporated into the

new action

S 1rφss “
ÿ

a

g1aÔ
1
arφss, (3.6)

with new coupling constants g1a.

Several things need to be pointed out concerning the effective action Eq. (3.6).

One thing is that in contrast to the original action Eq. (3.4), the effective action

may contain extra operators that are produced during the RG process. If a newly

produced operator Ô1a is RG relevant (to be specified later), this operator is important

at low temperature so that it should be included into the RG flow at the beginning

with the initial strength g1a “ 0.

Meanwhile, we notice that in contrast to the initial action, Eq. (3.6) only con-

tains the slow modes, which is also the reason we relabel the operators by Ô1a. Con-

sequently, to compare Eq. (3.6) with Eq. (3.4), we need to take the transformation

Es Ñ bEs that restores the energy space. This is called rescaling in the RG theo-

ries. After this step, we get the effective action after integrating out the fast modes

between Λ{b and Λ

Srφs “
ÿ

a

g1aÔarφs. (3.7)

Now, the comparison between Eq. (3.4) and Eq. (3.7) shows that through the integra-

tion out the fast modes, the action restores its starting form, except for the changing

of the coupling constants

~g1 “ R̃p~gq, (3.8)

where the vectors ~g and ~g1 are the operator coefficient vectors before and after the

RG process, respectively and R̃p~gq is the function that determines the RG equations.
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Notice that although the form of the action keeps invariant, the high energy levels do

not simply disappear: instead, their effect has been incorporated into the redefinition

of the coupling constants.

3.2.2 Physical Significance of the RG Equations

If the system size is large enough, we can effectively consider the system spectrum

to be continuous so that the cutoff variation l “ b ´ 1 ą 0 becomes infinitesimal in

each step. With this simplification, the change of the coupling constants after each

step is infinitesimal so that we can write g1a “ ga` dga with dga ! ga. Consequently,

the change of effective coefficients in Eq. (3.8) can be rewritten into the differential

equations known as the RG flow equations

d~g

dl
“ Rp~gq, (3.9)

where Rp~gq “ limlÑ0rR̃p~gq´~gs{l. To predict system behavior at low temperature, it

is thus essential to calculate the function Rp~gq.

Now we try to understand the physical significance of the RG equations by con-

sidering different situations. To begin with, if Rap~gq ą 0, |ga| increases when we

integrate out the high energy states and is called relevant. Physically, when ga is rel-

evant, it becomes more and more important under RG flows, until it approaches its

critical value or the infinity. On the contrary, if Rap~gq ă 0, |ga| is irrelevant and will

decrease along RG flows until it reaches the critical value or becomes infinitesimal.

Finally, if Rap~gq “ 0, |ga| stays invariant during RG flows and is called marginal.

Based on the RG equations, sometimes we can make multiple approximations

onto the original Hamiltonian to simplify the system. One common choice is to take

the value of irrelevant operators to be zero in the original Hamiltonian. Notice that

this approximation is not always reasonable. For instance, if we take the coupling

strength of an irrelevant operator to be identically zero, we will lose the details
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about how the system arrives at the critical point. However, this approximation is

reasonable if we are interested in studying a system that is weakly detuned from

the critical point and when the combination of this irrelevant operator and other

operators will not produce any relevant operator.

Another simplification is to fix the coupling strength of an operator to the value

at the stable fixed point. Once again, this approximation is reasonable if we are only

interested in the detuning of the system out of this point. However, it may wash out

some important information when the system flows towards this fixed point. Notice

that this is different from fixing the value of a marginal operator to its initial point.

The former is an approximation while the latter is exact.

Finally, if an operator is relevant and will keep growing to infinity, it means

that this operator will enter the strong coupling regime so that before it arrives

infinity the RG method may have already failed. Due to its growing importance

at lower temperatures, any perturbation theory, including the Coulomb dynamical

method introduced in Section 2.3.4 fails when dealing with relevant operators at zero

temperature. One way to deal with this situation is to consider the dual point of the

system. This idea is briefly talked about in Section 3.2.3.

Before the end of this subsection, we provide a RG flow diagram to illustrate

some of the ideas of the RG method. Fig. (3.2) is an example of the RG flows in

a virtual system, with five fixed points represented by the red dots. For simplicity,

we define the operator between two fixed points as Ôij, where i, j “ tA,B,C,D,Eu

labeling the starting and the final fixed points, respectively.

To begin with, point A is stable along the ÔAE direction and unstable along

the ÔAC direction. Fixed points like point A are thus conventionally called saddle

points. Point B, instead, is called an unstable fixed point since all operators near it

are relevant. This feature is also shared by point E. The most interesting points are

points C and D. Those two points are stable along the γ̃1 direction and marginal

44



A
B

C

D
E

�̃1

�̃2

�̃1c

Figure 3.2: RG flow of a certain system in the parameter space pγ̃1, γ̃2q. Red dots
represent five fixed points and arrows shows the RG flow between them. Dashed
lines connecting points C and D represent marginal operators.

along the other one. Being marginal means that if we consider the leading relevant

operator ÔCD along CD line, it has the RG equation

dÔCD

dl
“ 0, (3.10)

and thus becomes RG invariant. Finally, if we consider the A´ E ´D line, we can

interpret the point E as an unstable intermediate fixed point between the point A

and D. This is the feature of the QCP of a QPT.

3.2.3 Renormalization Group Method in the Study of Luttinger Liquid Models

In Section 2.1 we have introduced some tunneling features of several non-interacting

one-dimensional models. In those cases, the absence of interaction greatly simplifies

the picture where quasiparticles are simply free fermions.

In Luttinger liquid, however, things are more complicated as explained in Section
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2.2. Here I briefly review the application of the RG method in the solution of the

single barrier Luttinger liquid problem.

We begin with the simplest model where there is a single defect in the bulk of

a Luttinger liquid. Without loss of generality, in this subsection we always assume

that the impurity sits at the position x “ 0. To model this problem, we begin with

the bosonization of the Luttinger liquid. Here we take the canonical bosonization

formula Eq. (2.28)

ψpxq “
ÿ

modd

eimrkF x`θpxqseiφpxq, (3.11)

to write the Hamiltonian of the uniform Luttinger liquid as

H “ vr
g

2
p5φq2 ` 1

2g
p5θq2s, (3.12)

where v is the Fermi velocity and g is the Luttinger liquid interaction. During

RG calculations, we keep the action invariant. The Luttinger liquid actions can be

written as

S “

ż

dxdτ
v

2g
rp5θq2 ` 1

v2
pBτθq

2
s, or S “

ż

dxdτ
vg

2
rp5φq2 ` 1

v2
pBτφq

2
s, (3.13)

which is expressed with either θ or φ. Notice that two expressions in Eq. (3.13)

are equivalent and one should choose the form that better suits certain problems or

regimes.

We begin with the weak barrier regime. In this regime, we assume that the barrier

produces a potential kink at x “ 0. We further assume that the kink is so small

such that the uniform Luttinger liquid model is a good approximation in this regime.

With this assumption, the function of the single barrier is to produce backscatterings

at x “ 0 that transform electrons between the left and right moving channels that
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contribute to an extra term

δS “
n“8
ÿ

n“´8

1

2
vn

ż

dτei2n
?
πθpx“0,τq (3.14)

in the action after the bosonization. Here vn is the Fourier transformation of the

potential kink at momentum 2nkF . Since Eq. (3.14) only contains the field θ, it is

then natural to choose the free action as the first form in Eq. (3.13). Meanwhile,

since backscattering only occurs at the impurity x “ 0, it is convenient to integrate

out all x ‰ 0 fields and substitute them with their values along the classical path

θpx, ωnq “ θpωnq expr´|ωnx|{vs, where ωn is the bosonic Matsubara frequency. After

integrating out the x ‰ 0 freedoms, the action Eq. (3.13) becomes effectively zero-

dimensional

Seff “
1

βg

ÿ

n

|ωn||θpωnq|
2. (3.15)

To take an RG study of the system, we rewrite the summation in Eq. (3.15) over ωn

into an integral and add a cutoff Λ. The effective action then becomes

Srθs “
1

βg

ÿ

n

|ωn||θpωnq|
2
`

ÿ

ně1

ż

dτvn cosr2n
?
πθp0qs

“
1

g

ż

|ω|ăΛ

dω

2π
|ω||θpωq|2 `

ÿ

ně1

ż

dτvn cosr2n
?
πθp0qs.

(3.16)

Following the steps in Section 3.2.1, now we set a new cutoff Λ ´ dΛ where

dΛ{Λ ! 1 is an infinitesimal positive number. Next, we divide θpωq into the fast

modes θf pωq (with Λ ´ dΛ ă ω ă Λ) and the slow modes θspωq (with ω ă Λ ´ dΛ)

and integrate out the fast modes in the partition function

Z “

ĳ

DθsDθfe
´Sf´Ss´SI

“

ż

Dθse
´Ssxe´SIySf ,

(3.17)
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where Sf and Ss correspond to the fast and slow mode actions, respectively, and SI

is the action of the backscattering processes. The expectation value xSIySf is defined

with respect to all fast modes, which can be calculated with the formula [92]

xeiαϕptqe´iαϕp0qy “ exp
 

α2
xrϕptq ´ ϕp0qs

(

ϕp0qy, (3.18)

and that xrθptq ´ θp0qsθp0qy “ ´2g ln |t| with the action Eq. (3.15)

xSIySf “
ÿ

ně1

vne
´n2g dΛ

Λ

ż

dτ cosr2n
?
πθpτqs. (3.19)

The final step is the rescaling ω “ ω1Λ{pΛ` dΛq such that the cutoff of ω returns to

Λ. After all those steps, we see that now the backscattering strength changes from

vn to veff
n

veff
n “ vn ` dvn “ vne

dΛ
Λ
´n2g dΛ

Λ « vnr1` p1´ n
2gq

dΛ

Λ
s, (3.20)

thus leading to the final RG equation for the single barrier Luttinger liquid model

with a weak barrier

dvn
dl
“ p1´ n2gqvn, (3.21)

where dl “ dΛ{Λ as introduced in Section 3.2.2. The RG equation Eq. (3.21) shows

that the leading terms (n “ ˘1) has scaling dimension g. Based on the content in

Section 3.2.2, we know that when g ą 1, all backscattering processes are irrelevant

so that the impurity at x “ 0 will be ”healed” at zero temperature where the system

becomes an effectively uniform Luttinger liquid. On the contrary, when g ă 1,

the leading 2kF backscattering becomes relevant so that the impurity grows under

lowering temperatures.

However, Eq. (3.21) is only valid at the weak barrier regime so that it is unable

to predict the system’s zero temperature behavior when the backscattering grows

(g ă 1) to a value that is beyond approximate expansion. Consequently, to predict
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the system status at g ă 1, we need to study the dual system of the weak barrier

regime, where two Luttinger liquid leads are separated by a huge barrier.

With a huge barrier at x “ 0, the Luttinger liquid can be viewed as two semi-

infinite Luttinger liquid leads that are connected at x “ 0 with a weak tunneling

strength t

δH “ ´trψ:Sp0
´
qψDp0

`
q ` h.c.s, (3.22)

where ψSp0q and ψDp0q refer to fermionic operators in different leads. Once again,

we bosonize Eqs. (3.13) and (3.22) and integrate out x “ 0 parts to arrive at the

effective 0d action

Seff “
g

β

ÿ

n

|ωn||φpωnq|
2

δS “ ´t

ż

dτ cosr2
?
πφpτqs,

(3.23)

where φ ” rφRp0
`q ´ φLp0

´qs{2 is the phase difference. Notice that Eq. (3.23) is ex-

pressed with the φ field instead of the θ field. To understand the change of variables,

we first notice that the Luttinger liquid is viewed as approximately disconnected at

x “ 0, thus leading to the vanishing of electron density at the barrier. This means

θp0q “ 0 with the density expression Eq. (2.29). Consequently, at the strong barrier

regime, θp0q is fixed to be zero and loses its dynamics so that only φ appears in

the tunneling action. We can also understand the change of the action as resulted

from the change of boundary conditions (between the Dirichlet and the Neumann

boundary conditions).

Before calculating the RG equations for the action Eq. (3.23), we also want to

emphasize the connection between the weak and strong barrier regimes. The com-

parison between actions in different regimes shows that Eqs. (3.16) becomes (3.23)

under the transformation φ Ñ θ and g Ñ 1{g. This means that the single barrier

Luttinger liquid model is self-dual.
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Now, we are ready to calculate the RG equations of the strong barrier regime.

Just following the calculation in the weak barrier regime, it is straightforward to get

the RG equation for the weak tunneling t

dtn
dl
“ p1´ n2

{gqtn, (3.24)

which indicates that the strong barrier regime is stable with g ă 1, where all tunnel-

ing operators are irrelevant. On the contrary, the n “ 1 leading tunneling parameter

grows with g ą 1. The strong barrier regime thus has the transition point at g “ 1,

which is the same as that of the weak barrier regime! Now, we can get the full picture

of the single barrier Luttinger liquid model with the RG equations (3.21) and (3.24).

When g ą 1, the system is unstable at the strong barrier regime and flows to the

stable weak barrier regime. At zero temperature, the Luttinger liquid with a single

barrier will thus be completely healed into a uniform wire with perfect conductance.

On the contrary, when g ă 1, the unstable weak barrier regime flows to the stable

strong barrier regime with a decreasing temperature. In this regime, the system

conductance drops to zero at zero temperature when the system is in equilibrium.

The phase diagram is shown in Fig. 3.3 [103; 58].

3.2.4 Understanding the effect of dissipation with renormalization group (RG) the-
ory

In Section 2.3 I have introduced the effect and the physical understanding of dissi-

pation in 1d systems: basically, tunneling processes are prevented when the system

fails to pay for the dissipated energy. In this section I will present another way to

view the effect of dissipation using the RG method.

As has been introduced, the derivation of RG equations involves the integration

out of all high energy states or freedoms. Since physically dissipation consists of

various bosonic modes, it also contains high-energy freedoms that will modify the
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Figure 3.3: The phase diagram of the single barrier luttinger liquid model. Red
arrows represent the RG flows of the system at both the weak barrier (with small v1)
and strong barrier (with small t1) regimes. Notice that the dashed lines that connect
RG flows in those two regimes come from speculations.

dissipation-free RG equations. To be consistent with the picture where dissipation

prevents tunneling events, it is expected that the dissipation-involved RG equations

for tunneling processes will have higher scaling dimension.

Once again we use the single barrier model as an example. The weak tunnel-

ing Hamiltonian of a single barrier model is given by Eq. (2.46) with c:k,Scq,D Ñ

c:k,Scq,De
´iϕ [92]. In RG equations, the tree level scaling dimension αO of an operator

Ô is related with its long time correlation function

xÔptqÔp0qy9
1

|t|2αO
. (3.25)

When the system is dissipation free, tunneling Hamiltonian contains two independent

free fermionic operators with the long time correlator 9|t|´2. Consequently, in the

dissipation free systems, the tunneling Hamiltonian has scaling dimension one and

is invariant during the RG flow.

However, with dissipation involved, Eq. (2.46) contains an extra phase factor

that associates with the fermionic tunneling process. As shown by Eq. (2.52), this
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dissipative phase introduces an extra long time power |t|´2r in the correlator so that

the scaling dimension of the tunneling Hamiltonian changes from 1 to 1` r.

Several comments can be made about the dissipation dependent scaling dimen-

sion. To begin with, dissipation involved tunneling operators now have higher scaling

dimensions and become less relevant. As has been mentioned above, this agrees with

the physical expectation since at lower temperatures, the presence of dissipation

makes the system harder to afford the energy that dissipates during the tunneling

processes. Meanwhile, since 1 ` r ą 1, the tunneling Hamiltonian now becomes

irrelevant. Physically, this predicts a decaying conductance at lower temperatures.

At zero temperature, the system becomes two effectively independent semi-infinite

wires with zero conductance. This is totally different from the dissipation free tun-

neling, whose zero temperature conductance is known to be finite. Finally, since the

dissipative tunneling is RG irrelevant, the dynamical Coulomb blockade, which is

only valid to the second order of the tunneling strength, becomes applicable to the

dissipative single barrier model.
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4

Background: Boundary Quantum Phase
Transitions

This chapter provides an overview of the boundary quantum phase transition. To

better illustrate the ideas, several boundary QPT-hosted systems are also introduced.

This chapter only contains review material and not my original work.

I begin with the general definition of boundary QPTs. It is then followed by

the introduction to three boundary QPT hosted systems, including the dissipative

spinless resonant level, Kondo, and two channel Kondo models.
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4.1 Boundary Quantum Phase Transitions

Boundary quantum phase transitions (or impurity quantum phase transitions) are

special kinds of QPTs. Typically, a boundary QPT Hamiltonian contains the impu-

rity, the bath and the interaction between them [177]. They have multiple features

that are distinct from bulk QPTs.

To begin with, normally a boundary QPT reaches its critical point simply though

the tuning of boundary parameters, such as the bath-impurity coupling strength

and the boundary condition next to the impurity. This feature can be seen, for

instance, in the Kondo and spin-boson models. This feature of boundary QPTs is

surprising and highly non-trivial since it requires that the tuning of N´1 dimensional

parameters greatly changes the expectation value of an operator in an N dimensional

system, which is intuitively impossible. This is the reason that boundary QPTs are

most commonly seen in one dimensional structures where excitations rely mostly on

collectively motions of the entire system.

Another feature of boundary QPTs is the missing of order parameter [177]. As

introduced in Section 3.1.1, order parameter is a strong signature of a continuous

QPT: generally, bulk continuous QPT happens at the critical point where the ex-

pectation value of the order parameter abruptly changes between a non-zero value

(ordered state) and a zero value (disordered state). However, the definition of both

the ordered and disordered states requires the changing of the entire bulk. In a

boundary QPT, normally the transition is between two states with different bound-

ary conditions near impurities or boundaries. Consequently, in boundary QPTs it is

hard to define any order parameter.

Below I provide the dissipative resonant level model and the Kondo models as

examples to introduce the boundary quantum phase transition.
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Figure 4.1: The experimental realization of the dissipative resonant level model.
This picture comes from Professor Gleb Finkelstein’s group. In the experimental
setup, a carbon nanotube that is confined by two metallic leads hosts discrete levels
and can be considered as an effective quantum dot. Two resistive leads (labeled
source and drain) contain dissipative bosonic modes that couple to the electron
tunneling processes. The dot lead tunnelings can be tuned by two side gates SG1
and SG2.

4.2 Dissipative Resonant Level Model

In this section I will provide an overview of the boundary quantum phase transition

in a dissipative spinless resonant level model. The material introduced here is closely

related to Chapters 6 and 7, which study the nonequilibrium I-V curve at and away

from the quantum critical point, respectively. We begin with the introduction to the

dissipative spinless resonant level model. The experimental realization of this model

has been shown in Fig. 4.1. The model consists of a nanowire attached to two metallic

leads. Those metallic leads creates two large potential barrier between nanowire

segments, thus preventing the electron in the central nanowire from transporting

outside. Due to the confinement effect, if the nanowire is short enough, it can be

effectively considered as a quantum dot with discrete energy levels. This nanowire,

together with the backgate on top of it, can thus be considered as the impurity part

of the system.

As mentioned above, a boundary QPT also requires a bath part. In our model,
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Figure 4.2: The theoretical sketch of the dissipative resonant level model with
applied bias V . Here tS and tD are the dot-lead tunneling strengths that can be tuned
by two side gates in Fig. 4.1. Vg is the backgate voltage that tunes the quantum dot
energy εd. The dissipative environment is represented by the Ohmic impedance R.

this bath is provided by two metallic leads. Dissipation has been put into the system

through diffusive metallic leads and will be modeled as bosonic modes as introduced

in Section 2.3. The impurity-bath interaction is modeled by the tunneling between

the nanowire and the metallic leads, which can be tuned through two side gates

in Fig, 4.1. Meanwhile, the theoretical sketch of this model has been provided in

Fig. 4.2.

System Hamiltonian can thus be written as [124]

H “ Hdot `Hlead `HT `Henv, (4.1)

where Hdot “ εdd
:d describes the quantum dot with a single relevant energy level.

Here εd is the energy with respect to the chemical potential of the leads and it can

be tuned though the backgate.

The bath part of the system is

Hleads “
ÿ

α“S,D

εkc
:

α,kcα,k, (4.2)

where S and D label the source and drain leads, respectively.
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The impurity and bath parts are connected through the tunnling Hamiltonian

HT “ tS
ÿ

k

pc:S,ke
´iϕSd` h.c.q ` tD

ÿ

k

pc:D,ke
iϕDd` h.c.q, (4.3)

with the dissipative phases ϕS,D included. In the dissipative resonant level model,

the common phase φS ` φD couples to the backgate so that decouples with the lead

dissipation. It is thus conventional [124] to replace φS (φD) by ϕ{2 (´ϕ{2), with the

dynamics of ϕ modeled by the correlator [following Eq. (2.52)]

xeiϕpτqe´iϕp0qy9
1

|τ |2r
, (4.4)

where r “ R{RQ is the dissipation strength as define in Section 2.3. Without dis-

sipation, the system is non-interacting and can thus be exactly solved through, e.g,

equation of motion method [22]. The zero temperature zero bias differential conduc-

tance is a Lorentzian function

G “
e2

h

4ΓSΓD
pΓS ` ΓDq2 ` ε2d

, (4.5)

where ΓS,D “ 2πt2S,Dρ0 is the level broadening of the impurity levels due to their

coupling to the leads. The system is on resonant with both particle-hole symmetry

(εd “ 0) and left-right symmetry (ΓS “ ΓD), with perfect conductance e2{h. Due to

the finite level broadening, both the left-right asymmetry tS ´ tD and the particle-

hole asymmetry εd are marginal. The phase diagram is shown in Fig, 4.3(a), where

the points on the dashed lines represent Fermi liquid fixed points that are connected

by marginal operators.
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Figure 4.3: The RG flow diagram of the dissipative resonant level model with
different initial coupling strength tS and tD. (a) The RG flow of the dissipation free
case. In this case the source-drain asymmetry is marginal, leading to the dashed
line that consists of Fermi liquid fixed points. (b) The RG flow of the dissipative
case. Here the source-drain asymmetry is relevant, and system will flow to one of
the stable fixed points where the dot is totally hybridized by the stronger lead.

However, the zero temperature conductance feature is greatly modified under the

presence of dissipation. When the system is on resonant, the zero temperature system

is uniform where dissipation will not be excited. In this sense, the conductance at the

resonant point will remain the prefect value e2{h 1. However, the system uniformity is

destroyed by the presence of any asymmetry (either source-drain asymmetry tS ‰ tD

or particle-hole asymmetry εd ‰ 0), thus leading to the dissipation of energy during

the tunneling processes. The dissipated energy cost can not be afforded by the system

at zero temperature, thus leading to the vanish of conductance, in strong contrast to

the dissipation free conductance Eq. (4.5). Boundary QPT is thus induced by system

asymmetry, with the quantum critical point sitting at the perfect symmetric point.

As a comparison to the dissipation free case, the RG flow diagram as a function of

left-right asymmetry (with particle-hole symmetry εd “ 0) is shown in Fig. 4.3(b)

1 With perfect symmetry, it can be studied that the Luttinger liquid resonant level model is
perfect healed (into a perfect 1d wire) at zero temperature [103]. This argument also applies to
the dissipative resonant level model [124]. Since the system is now uniform, it will be free from
dissipative modes.
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[124]. There we can see the stable fixed point p1, 0q [p0, 1q], corresponding to the

state where the impurity is totally hybridized by the source (drain), and decouples

with the drain (source). Between them is the unstable fixed point p1, 1q with perfect

symmetry where the impurity is hybridized by both leads, leading the the healing of

the impurity. The presence of this unstable fixed point signifies the boundary QPT

in the dissipative spinless resonant level model. Finally, the QPT also predicts the

zero width of the resonant level peak at zero temperature.

The QPT in Fig. 4.3(b) can be understood by considering the non-uniformity in

the impurity system. To begin with, system asymmetry can not be healed, thus

generating non-uniformity at the impurity. This non-uniformity, which produces

bosonic modes excitations, dissipates energy into the environment and thus totally

prevents any dot-lead tunneling events at zero temperature. On the contrary, at the

QCP, system symmetry protects the system against dissipations and thus leading

to the healing of the system at zero temperature with a perfect conductance e2{h.

The asymmetry sensitive conductance thus provides a strong signature for the ex-

perimental observation of this boundary QPT, which has been reported six years ago

[134; 135].

The dissipative spinless resonant level model has several advantages in studying

the boundary QPT. To begin with, it is a simple model that can be fully understood

through multiple methods [175; 54; 85], including the RG method, boundary Sine-

Gordon model, as well as the boundary conformal field theory. For instance, its near-

equilibrium off-resonant current-bias curve has been predicted to be I9V 2r based on

some simple RG argument [104; 92]. These known results provide clear physics

picture of this model that can be borrowed for our study. Meanwhile, although

a simple model, the dissipative resonant level model is closely related to multiple

physically interesting models, such as the two channel Kondo, Luttinger liquid and

the quantum Brownian motion models. Finally, the dissipative spinless resonant
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level model has been experimentally realized by Professor Gleb Finkelstein’s group

at Duke University [134; 135] so that any theoretically predictions may be checked or

supported by the experimental data. Consequently, it is among the simplistic models

that contain a boundary QPT and rich physics that worth further investigations.

4.3 Kondo Models and boundary QPTs

The Kondo model is named after the Kondo effect that was first explained by Jun

Kondo [110]. In his famous paper, Jun Kondo provides a second order perturbation

calculation to understand the anomalous low temperature resistance of a magnetic-

atom-contained metal. Although his calculation leads to a diverging resistance at

zero temperature, his pioneering work encourages other talented studies of the Kondo

model, including the the fermi-liquid description of the Kondo model by P. Nozieres

[147] and the poor man’s scaling by P. Anderson [17]. In the latter work, Anderson

shows that the integration out of the higher energy levels will lead to an increas-

ing value of the Kondo interactions. With the RG equations derived by Anderson,

one can calculate an characteristic Kondo temperature TK , below which the Kondo

model obeys P. Nozieres’ Fermi liquid explanation, where the impurity can be con-

sidered as totally screened by the lead. After that, the Kondo model continues to

attract wide interests from the academia community since it is among the simplest

and most experimentally friendly strong correlated models that contain rich phys-

ical significance. To begin with, the RG equations of the Kondo model have the

same structure of that of the XY model, which is known to possess a thermal KT

transition. Consequently, the Kondo model provides a great platform in the study

of the quantum KT transitions. Meanwhile, since the Kondo model Hamiltonian

is relatively simple, lots of extensions have been done on it. Those extensions lead

to famous structures including the multichannel Kondo models and multi-impurity

Kondo models, where second order quantum phase transitions are predicted [67; 43]
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(and even observed [154; 89]). In this section, I will provide a brief overview of these

Kondo models and their boundary quantum phase transitions.

4.3.1 Anderson Model

Strictly speaking, the Kondo model is an effective low temperature Anderson model

when the impurity is tuned into the Kondo valley (where the dot is singly occupied).

To better understand the Kondo model, we will begin this section with the intro-

duction to the Anderson model [155]. The Anderson model simply consists of a lead

and a dot that couples to it. Electrons in the lead are assumed to be interaction free

with linearized dispersion relation. We also assume perfect SUp2q spin symmetry

such that the lead Hamiltonian becomes

Hlead “
ÿ

k,σ

εkc
:

kσckσ, (4.6)

where ckσ is the annihilation operator of the lead electron with momentum k and

spin σ, and εk is its energy.

In contrast to those in the lead, dot electrons are confined in a mesoscopic scale

so that they will feel both the Coulomb and confinement energies as introduced in

Section 2.1.2. The general dot Hamiltonian is given by Eq. (2.12). However, here we

assume that the energy difference between neighboring levels is large enough so that

only one level is relevant. The dot Hamiltonian then becomes

Hdot “
ÿ

σ

εdd
:
σdσ ` UnÒnÓ, (4.7)

where εd is the dot level that is tunable by the backgate and nσ “ d:σdσ is the number

operator with spin σ. Charging energy is represented by the onsite interaction U ,

that is only nonzero when the dot is doubly occupied. To match the experiment,

here we assume that U " kBT is the positive leading energy scale.
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The final part is the dot-lead connection, which is modeled by the tunneling

Hamiltonian

HT “ t
ÿ

k,σ

pc:kσdσ ` h.c.q, (4.8)

where t is the momentum and spin-independent tunneling strength.

As other boundary models, features of the Anderson model heavily rely on the

boundary parameters: the dot energy level and the dot-lead tunneling decide the

observed features of the system. More specifically, when εd “ 0, impurity-lead elec-

tron tunnelings are greatly enhanced by the energy degeneracy between the empty

and the singly-occupied dot configuration. In this section we are more interested in

the particle hole symmetric point εd “ ´U{2 ă 0. This point is at the center of

the Kondo valley, where system only allows singly occupied quantum dot as the real

state. In the resonant level model, this point has the minimum conductance due to

the energy punishment. However, in the Anderson model, the SUp2q spin symmetry

grants the quantum dot an extra degeneracy, which leads to a perfect conductance at

the Kondo valley. This conductance is completely distinct compared with that of the

resonant level model. To better understand this, it is more convenient to introduce

the Kondo model Hamiltonian, which is the low energy effective Hamiltonian of the

Anderson model in the Kondo valley.

4.3.2 Effective Hamiltonian of Kondo Model

As introduced in the previous section, when εd “ ´U{2, the system is deep in the

Kondo valley and it is more convenient to use the effective Hamiltonian where the

quantum dot can only be singly occupied. This can be realized through the Schrieffer-

Wolff transformation [83], where high-energy dot states are treated as virtual ones.

In this section I will introduce how to arrive at the effective low temperature Kondo

Hamiltonian through the Schrieffer-Wolff transformation.
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We start by dividing the Hilbert space of the Anderson model into three parts

G “ G0 b G1 b G2, where Gi is the subspace where the quantum dot contains i

electrons. Those subspaces are connected by the tunneling Hamiltonian Eq. (4.8).

For later convenience, we define operators Hij that transform the states in Hilbert

space j to the states in space i if i ‰ j.

H10 “ t
ÿ

k,σ

d:σp1´ nσ̄qckσ

H21 “ t
ÿ

k,σ

d:σnσ̄ckσ,

(4.9)

where σ̄ refers to the opposite spin of σ. Meanwhile, the Hamiltonian that models the

states in subspace i is defined as Hii. With those operators defined, the Schrodinger

equation of the Anderson model can be written in the matrix form

»

–

H00, H01, H02

H10, H11, H12

H20, H21, H22

fi

fl

»

–

ψ0

ψ1

ψ2

fi

fl “ E

»

–

ψ0

ψ1

ψ2

fi

fl , (4.10)

where H20 “ H02 “ 0 and ψj is the wavefunction in the subspace with j electrons in

the quantum dot. The goal of the Schrieffer-Wolff transformation is to express the

Schrodinger equation with wave functions only in the singly occupied subspace [83]

rH11 `H12pE ´H22q
´1H21 `H10pE ´H00q

´1H01sψ1 “ Eψ1, (4.11)

with the energy E. Left side of Eq. (4.11) contains three contributions. The first part

is the subspace Hamiltonian where the dot is strictly singly occupied. The second

and the third parts, on the other hand, come from the second-order perturbation

theory that effectively include the effect of the higher-energy subspace states (zero

and doubly occupied dot). For instance, H12pE´H22q
´1H21 describes a process where

an quantum becomes doubly occupied (H21), pays for the energy penalty (E ´H22)
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and returns to the ground state subspace (H12)

H12pE ´H22q
´1H21 “

ÿ

k,k1,σ,σ1

t2

pE ´ U ´ 2εd ´Hlead ` ε1kq
c:kσck1σ1dσd

:

σ1nσ̄1 , (4.12)

where ε1k is the energy of the electron that enters the quantum dot and Hlead is

the pure lead Hamiltonian Eq. (4.6). The energy E Ñ εd ` Hlead is the ground

state energy of ψ1. Similarly, contribution from the third term of Eq. (4.11) can

be calculated with the same technique. Physically, due to the forbidden of single

electron tunnelings by the energy requirement, Eq. (4.12) contains the lowest order

lead-dot tunneling processes of the Kondo model in the Kondo valley. We thus keep

only the lowest order tunnelings and write the effective Hamiltonian of the Anderson

model in the Kondo valley as

HKondo “ J ~S ¨ ~s`Hlead, (4.13)

where ~S is the dot spin operator and ~s “
ř

k,k1 c
:

kσ~τσσ1ck1σ1 is the lead spin density

operator. A simple comparison between Eqs. (4.12) and (4.13) gives us the expression

of the Kondo exchange coupling strength in terms of the Anderson model parameters

Jk,k1 “ t2r
1

U ` εd ´ εk1
`

1

εk ´ εd
s. (4.14)

Notice that in deriving Eq, (4.13), particle-hole symmetry εd “ ´U{2 is required:

only then the potential scattering vanishes [83]. We can further simplify the Kondo

exchange expression by noticing εk ! U so that Kondo interaction becomes J “

4t2{U ! t. We thus have arrived at the effective Kondo Hamiltonian that is valid at

the particle-hole symmetric point of the Kondo valley when the temperature is low

enough.
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4.3.3 Poor Man’s Scaling

Intuitively, J is so small such that the Kondo exchange coupling seems to be negligi-

ble. However, with the famous ”poor man’s scaling” paper, P. Anderson [17] shows

that the Kondo exchange is marginally relevant in RG point of view. This is why

Kondo model has a full conductance at zero temperature. In this section, I provide

a review of the poor man’s scaling and derive the Kondo temperature based on the

one loop RG equations. The connection between Kondo model and KT transition

will also be touched.

To begin with, in this section we rewrite the isotropic Kondo model Eq. (4.13)

into the more general form

HKondo “ Hlead `
ÿ

k,k1

rJ`S`c:kÓck1Ò ` J
´S´c:kÒck1Ó ` J

zSzpc:kÒck1Ò ´ c
:

kÓck1Óqs. (4.15)

As introduced in Section 2.2, RG method simplifies the system by integrating out

higher energy freedoms. This is also the central idea of the poor man’s scaling. Here

we start the Kondo model with an initial bandwidth D in the lead, which gradually

decreases during the scaling processes. More specifically, in each RG step we take

an infinitesimal bandwidth change 0 ă δD ! D. The change of the bandwidth

decouples lead electron states within the range D ´ δD ă ε ă D and hole states

within ´D ă ε ă δD´D. The effect of those decoupled states are then incorporated

into the effective Kondo strength JpDq through the poor man’s scaling.

Without loss of generality, in this section we provide detailed derivation of the

poor man’s scaling RG equations only for the coefficients of the S` processes. The

renormalization of the S` terms includes higher order terms that changes the quan-

tum dot spin from down to up, while leaving the spin of the middle state to be either

up or down. To incorporate the effect of high energy levels integrated out during

the bandwidth change, lead electrons are lifted into the levels D´ δD ă |εk| ă D as
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Figure 4.4: The diagrams of the two poor man scaling processes that correspond to
Eqs. (4.16) and (4.17). Here arrows below the dark solid line represent dot spin state
and the blue arrows represent the change of the lead electron state during the scaling.
The virtual lead electrons in the reduced band D ´ δD ă |εq| ă D is represented by
the dashed arrows.

virtual processes, and moves back into the decreased band |εk| ă D ´ δD after each

RG step. To begin with, we consider the processes shown in Fig. 4.4.

If the virtual state has a lead electron in the band D ´ δD ă εk ă D and an

impurity with spin up [Fig. 4.4(a)], we get a higher-order operator

p´JzqSz
ÿ

q1

c:k1Ócq1Ó
1

εk ´ εq
J`S`

ÿ

q

c:qÓckÒ

« ´JzJ`
ρ0|δD|

2pεk ´Dq
S`c:k1ÓckÒ,

(4.16)

where we have used the fact that
ř

q,q1 cq1Òc
:

qÒ “ δD, SzS` “ S`{2 and have taken

the approximation that εq « D. Similarly, if the virtual state contains a hole with

its energy ´D ă εk ă ´D ` δD and an impurity spin down [Fig. 4.4(b)], we get

another contribution

J`S`
ÿ

q1

c:q1ÓckÒ
1

εk ´ εq
JzSz

ÿ

q

c:kÒcqÒ

« ´JzJ`
ρ0|δD|

2pεk ´Dq
S`c:k1ÓckÒ,

(4.17)

which is the same as Eq. (4.16).
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Due to the electron-hole and spin symmetry, we know that there are two more

terms that contribute to the RG scaling of the S` operator. They can be similarly

calculated, leading to the same result

J`Jz
ρ0|δD|

2p´D ´ εkq
S`ck1Òc

:

kÓ. (4.18)

Combining those four processes we have the poor man’s scaling RG equations

δJ` “ ´J`Jzρ0|δD|r
1

´D ` εk
`

1

´D ´ εk
s. (4.19)

Due to the spin symmetry, the RG equation for the S´ terms is the same as Eq. (4.19),

simply with the substitution J` Ñ J´.

Now we consider the RG equations of the Sz terms. The calculation is basically

the same as those above. More specifically, since S`S´ “ 1{2`Sz, the renormaliza-

tion of Sz involves double spin flip processes.

δJz “ ´J`J´ρ0|δD|r
1

´D ` εk
`

1

´D ´ εk
s. (4.20)

Finally, we further simplify Eqs. (4.19) and (4.20) with εk ! D and the spin degen-

erate assumption J` “ J´ “ JK. We have thus arrived at the poor man’s scaling

RG equations

dJ˘

d lnD
“ ´2ρ0J

zJ˘

dJz

d lnD
“ ´2ρ0pJ

˘
q
2.

(4.21)

Notice that D is decreasing during the RG processes. Consequently, Eq. (4.21) in-

dicates that the Kondo interactions increase with a decreasing bandwidth, and the

quantum dot will thus be completely screened by the lead at zero temperature.

Meanwhile, physically ~J Ñ 8 means that the dot spin combines into spin singlet
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with the electron next to it. This result indicates that the strong coupling regime of

the Kondo model is similar as that of the weak coupling regime. The difference is

the ”missing” of the electron on the site next to the quantum dot and the change of

the phase shift [114] based on the Friedel sum rule 2.

Now we are ready to solve Eq. (4.21) for the Kondo temperature. The solution is

simple once we have realized that drpJzq2 ´ pJKq2s “ 0 such that

pJzq2 ´ pJKq2 “ constant. (4.22)

We begin with the isotropic Kondo model where the constant is zero. At this point

we set Jz “ JK “ J , with the RG equation

dJ

d lnD
“ ´2ρ0J

2. (4.23)

When the width D decreases to the value of the Kondo temperature TK , Kondo

coupling diverges and we get the Kondo temperature

TK “ De
´ 1

2ρ0J . (4.24)

A more precise calculation of TK involves higher-order loops. However, higher-order

terms only changes the prefactor of Eq. (4.7) to be D
a

|2Jρ0|, while leaving the

exponential behavior unchanged [83].

It is more interesting to consider the more general case where Jz does not nec-

essarily equal to JK. The RG flow diagram of the general case is shown in Fig. 4.5.

This RG diagram signifies the close connection between the Kondo model and the

classical 2d XY model, which is known to host a KT transition. More specifically,

when Jz ă ´|JK|, the Kondo model flows to a line of fixed points that represent for

the ferromagnetic fixed points, where the impurity spin is aligned with the electron

2 Strictly speaking, the poor man’s scaling only applies to high temperature Kondo models. It
will be more precise to understand the Kondo model below the Kondo temperature Tk with the
Fermi liquid explanation [147].
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Figure 4.5: The RG flow diagram of the anisotropic Kondo model. When Jz ă
´JK, the system flows to the ferromagnetic Kondo fixed points where the impurity
spin aligns up with the spin next to the impurity. On the contrary, when Jz ě ´JK,
the system flows to the anti-ferromagnetic fixed point that is asymptotically isotropic.
The transition line is colored red in the figure.

spin next to the dot. On the contrary, when Jz ě ´|JK|, the Kondo model flows to

the anti-ferromagnetic point, where the dot spin forms a singlet with the spin next

to it. This point is also asymptotically isotropic where Jz{JK Ñ 1 when approaching

the strong coupling regime. Finally, as illustrated in Section. 3.1, the KT transition

of the Kondo model has no unstable intermediate fixed point, which is in strong

contrast to the continuous quantum phase transitions.

4.4 Two Channel Kondo Model

In the previous section, we have seen that at the strong Kondo fixed point, dot spin

combines with the spin next to it into a singlet, thus forming into a Fermi liquid

ground state at zero temperature. This Fermi liquid feature guarantees the stability

of the strong coupling fixed point of the Kondo model. However, this fixed point

is replaced by a non-Fermi liquid fixed point with non-zero impurity entropy in the

multi-channel Kondo models. In this section, I will review the simplest multi-channel

Kondo model: the spin 1{2 two channel Kondo model. I will represent multiple ways

to understand the quantum-frustration induced non-Fermi liquid fixed point in the
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two channel Kondo model. The symmetry-breaking induced continuous quantum

phase transition in the two channel Kondo model will also be discussed.

4.4.1 Two Channel Kondo Model and System Hamiltonian

As its name signifies, the two channel Kondo (2CK) model consists of two indepen-

dent channels that are equally screening a single dot simultaneously. In this model,

the equal Kondo exchange coupling strength leads to the competition between two

channels, resulting to the so called quantum frustration. Physically, the quantum

frustration is the source of these interesting quantum phenomena in the 2CK model.

However, to better understand the physics and the contained QPT of the 2CK model,

here we start with the most general Hamiltonian [166]

H2CK “Hleads `HKondo

“ivF
ÿ

α“L,R

ÿ

σ“Ò,Ó

ż 8

´8

ψ:ασpxq
B

Bx
ψασpxqdx

` Jαα
1

λ ψ:ασp0qpτ
λ
q
σσ1ψα1σ1S

λ,

(4.25)

where vF is the Fermi velocity, S is the impurity spin operator, τλ is the Pauli matrix

of the λth direction and α “ L,R labels the two channels of the two channel Kondo

model, with the Kondo coupling strength Jαα
1

λ that transfers electrons between lead

α and α1. Einstein summation is assumed in Eq. (4.25). Also notice that the lead

Hamiltonian in Eq. (4.25) contains two chiral channels. This can always been done

through the extension of a semi-infinite lead (with electrons propagating along both

directions) into a full-infinite chiral channel [124].

Notice that Eq. (4.25) is the most general 2CK Hamiltonian. Without the loss

of physical significance, we take the simplification that JLRx,y “ JRLx,y “ JLRK , pJLLx,y `

JRRx,y q{2 “ J1, pJLLx,y ´ JRRx,y q{2 “ J2, and Jαα
1

z “ Jz. Notice that the simplifications

are experimentally reasonable and accessible with the presence of the SUp2q spin
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symmetry.

4.4.2 Bosonization of Two Channel Kondo Model and Further Simplifications

Since the lead Hamiltonian contains two chiral channels, we use the chiral bosoniza-

tion formalism as introduced in Section 2.2 3

ψασpxq “
Fασ
?

2πa
e´iφασpxq, (4.26)

where Fασ is known as the Klein factor with the anti-commutators tFασ, Fα1σ1u “

2δαα1δσσ1 , and a is the lattice constant. The dynamics of the fermion ψασpxq is

now granted by the bosonic field φασpxq with the commutator rφασpxq, φα1σ1px
1qs “

iπδαα1δσσ1Signpx´x1q{2. For later convenience, we rotate the original fields into four

new ones

φc “ pφLÒ ` φLÓ ` φRÒ ` φRÓq{2, φs “ pφLÒ ´ φLÓ ` φRÒ ´ φRÓq{2,

φcf “ pφLÒ ` φLÓ ´ φRÒ ´ φRÓq{2, φsf “ pφL,Ò ´ φLÓ ´ φRÒ ` φRÓq{2,
(4.27)

where φc (φs) represents the charge (spin) that transfers into or out of the quantum

dot, and φcf (φsf ) represents the charge (spin) that transfers between two channels.

We further simplify the expression through the rotation H 1
2CK “ UH2CKU

:, where

U “ expriφsS
zs. We then have arrived at the effective Hamiltonian

H 1
2CK “

vF
4π

ÿ

ν“c,s,cf,sf

ż 8

´8

dxpBxφνq
2
`
J1

πa
Sy cosrφsf p0qs

´
J2

πa
Sx sinrφsf p0qs ´

JLRK
πa

Sx sinrφcf p0qs ` p
Jz
2π
´ vF qBxφsp0qS

z,

(4.28)

which contains the free bosonic part, the tunneling part, and the last part (extra

anisotropy) that comes from the unitary transformation introduced above. Notice

3 As introduced in Section 2.2, we should add a Klein factor in the chiral bosonization formalism
to guarantee the correct anticommutation relations.
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that the charge degrees of freedom φc has decoupled from the impurity (due to

the invariance of the impurity charge state) so that can be ignored from further

considerations.

4.4.3 Refermionization and Analysis

From simple scaling analysis, the tunneling terms all have scaling dimension 1{2 so

that can be refermionized

Ψν “
eiπd

:d

?
2πa

e´iφν , (4.29)

where ν “ s, cf, sf and d “ iS` is the fermionic representation of the impurity. In

doing so, we have treated the spin state of the quantum dot as a two level system.

To guarantee the anticommutation relation between d and Ψν , a Jordan-Wignar-like

string operator exppiπd:dq has been added in the refermionization formula. With the

definition of the two level system and the refermionization, we finally have arrived

at the effective Hamiltonian of the two channel Kondo model [166]

H 1
2CK “ ivF

ÿ

ν“c,cf,sf

ż 8

´8

Ψ:
νpxq

B

Bx
Ψνpxqdx`

J1

2
?

2πa
rΨ:

sf p0q `Ψsf p0qspd
:
´ dq

`
JLRK

2
?

2πa
rΨ:

f p0q ´Ψf p0qspd
:
` dq `

J2

2
?

2πa
rΨ:

sf p0q ´Ψsf p0qspd
:
` dq

´ pJz ´ 2πvF q : Ψ:
sp0qΨsp0q : pd:d´

1

2
q,

(4.30)

where the charge sector Ψc has been ignored since it decouples from the dot free-

doms. Meanwhile, the spin fermions Ψs only appears at the effective density-density

interaction term. We begin to analyse Eq. (4.30) at the critical point where two

channels are symmetric (J2 “ 0) and independent (JLRK “ 0). At this point, the

J1 term has scaling dimension 1{2 and is thus much more relevant compared with

the density-density interaction, which has the marginal scaling dimension. Conse-
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quently, J1 increase with RG flow and finally arrives at the strong coupling fixed

point, where the impurity operator pd:´dq has been absorbed by the lead Majorana

channel Ψ:pxqsf `Ψsf pxq. The absorption of pd: ´ dq simultaneously alters the scal-

ing dimension of the density-density interaction to be 3{2 ą 1 [52]. Consequently,

during the RG flow, the density-density interaction must be irrelevant and will de-

cay to zero at the two channel Kondo fixed point 4. Physically, the vanishing of

the density-density interaction indicates the decoupling of d` d: at the two channel

Kondo fixed point, leading to the non-Fermi liquid behavior with impurity entropy

ln
?

2.

Now we add back symmetry breaking J2 ‰ 0 but still keep JLRK “ 0. Since
 

Ψ:pxqsf `Ψsf pxq,Ψ
:pxqsf ´Ψsf pxq

(

“ 0 and
 

d` d:, d´ d:
(

“ 0, the screening of

the channel asymmetry is independent from the symmetric Kondo screening part (J1)

and thus has scaling dimension 1{2 at the two channel Kondo fixed point. This RG

relevant asymmetry operator will thus screen the decoupled dot Majorana fermion,

leading to a Fermi-liquid ground state as that of a single channel Kondo model.

Depending on the sign of J2, at this Fermi-liquid ground state, the quantum dot is

either totally screened by the left channel (J2 ą 0) or the right channel (J2 ă 0)

[6; 166].

Finally we consider the case where JLRK ‰ 0 and J2 “ 0. Similar as the L-

R asymmetric situation, the decoupled dot Majorana fermion is screened by the

left-right Kondo operator (9JLR) that is independent from the symmetric Kondo

screening and has scaling dimension 1{2. This relevant operator also destroys the

two channel Kondo fixed point, leading the system to another Fermi-liquid ground

state where the quantum dot is totally screened by the even channel [166]. However,

4 Strictly speaking, this density-density interaction is important, for instance, when we are inter-
ested in the finite temperature conductance of the two channel Kondo model. However, since it is
RG irrelevant compared with both J1 and J2, it will not participate in the screening of the impurity
and is thus not important when we discuss about the impurity entropy at the 2CK QCP.
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there is no quantum phase transition in this situation.

Based on the analysis above, we see that the 2CK model hosts a continuous

boundary quantum phase transition between two distinct one channel Kondo models,

with the two channel Kondo point as the critical point.

Before the end of this section, I want to introduce the g-theorem [5] in the un-

derstanding of the quantum phase transition in the 2CK model. g-theorem is the

counterpart of the famous c-theorem [189] in boundary systems. It states that when

two fixed points in a boundary system are connected by an boundary operator that

does not involve the change of bulk parameters, the system will flow towards the

fixed point with smaller impurity entropy. The decoupling of an impurity Majorana

fermion (leading to the impurity entropy ln
?

2) at the two channel Kondo fixed

point has thus become the signature and necessity of the existence of the unstable

intermediate fixed point, which indicates the existence of a boundary QPT in the

2CK model.
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5

Rescue Quantum Phase Transition with Quantum
Noise

We show that placing a quantum system in contact with an environment can enhance

non-Fermi-liquid correlations, rather than destroy quantum effects as is typical. The

system consists of two quantum dots in series with two leads; the highly resistive leads

couple charge flow through the dots to the electromagnetic environment, the source

of quantum noise. While the charge transport inhibits a quantum phase transition,

the quantum noise reduces charge transport and restores the transition. We find a

non-Fermi-liquid intermediate fixed point for all strengths of the noise. For strong

noise, it is similar to the intermediate fixed point of the two-impurity Kondo model

1.

1 Part of the text of this chapter has been adapted from the following previously published article:
Gu Zhang, Eduardo Novais and Harold U. Baranger, ”Rescuing a Quantum Phase Transition with
Quantum Noise”, Physical Review Letters, 118, 050402 (2017)
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5.1 Introduction

Quantum fluctuations and coherence are key distinguishing ingredients in quan-

tum matter. Two phenomena to which they give rise, for instance, are QPTs

and quantum noise [119; 180; 92], the effect on the system of quantum fluctua-

tions in its environment, for no system is truly isolated. Understanding the inter-

section of these two topics—the effects of quantum noise on QPTs—is important

for understanding quantum matter. It is natural to suppose that decoherence pro-

duced by the noise will suppress quantum effects, and in particular inhibit or de-

stroy a quantum critical state. Indeed, a variety of calculations demonstrate this in

both equilibrium [119; 180; 105; 116; 33; 37; 86; 152; 23; 24] and non-equilibrium

[46; 45; 64; 39; 100; 173] contexts. There are also a few known cases that do not

follow this rule [181; 143; 130]. Here, we present a striking counter-example to the no-

tion that environmental noise necessarily harms quantum many-body effects: in the

system we study, the addition of (equilibrium) quantum noise stabilizes a non-Fermi

liquid quantum critical state.

We discuss the phase diagram of two quantum dots connected to two leads in the

presence of environmental quantum noise. The noiseless model has a quantum phase

transition that is transformed into a crossover by charge transport across the double

dot. We show that quantum fluctuations of the field associated with the source and

drain voltage counteract this charge transport. The competition between these two

processes restores the delicate balance of the quantum critical state. The result is

that the quantum phase transition is rescued from the undesired crossover for any

strength of the noise.

This chapter is organized as follows. Two better convey the idea contained in this

chapter, I will start with the background introduction of the two impurity Kondo

model in Section 5.2. This is followed by the introduction to the system of this
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chapter: the dissipative two impurity Kondo model in Section 5.3. After the in-

troduction of the system, in Sections 5.4 and 5.5 I will first talk about the result

concerning the low temperature behavior of a two impurity Kondo model with or

without the noise, respectively. I also provide the final RG diagram of the dissipa-

tive two impurity Kondo model in Section 5.5. To understand the results presented

in these two sections, we study the effective Hamiltonian in Section 5.6. With the

effective Hamiltonian, the low temperature feature around two intermediate fixed

points is discussed in Section 5.7, which provide a potential connection to possible

experiments. Finally, we draw the conclusion in Section 5.8.

5.2 Two Impurity Kondo Model

For later convenience, in this section I briefly introduce the boundary QPT and its

disappearance in the two impurity Kondo model.

JL JRK
Figure 5.1: Schematic of the two impurity Kondo model: two quantum dots cou-
pled to left and right leads. JL,R and K refer to the Kondo and inter-impurity
exchange coupling strengths, receptively.

The set-up of the two impurity Kondo model consists of two spinful quantum dots

and two spinful leads, as shown in Fig. 5.1. For simplicity, it is assumed that both dots

have particle hole symmetry εd “ ´U{2, thus forbidding first order lead-impurity

communications. Higher order hopping, however, is possible through virtual states,

thus enabling the dot-lead Kondo coupling and the inter-dot exchange coupling. The

second-order processes are shown in Fig. 5.1 with strength from the Schrieffer-Wolff

transformation (details of the Schrieffer-Wolff transformation have been provided in
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Section 4.3.2)

JL,R “ 2
t2L,R
U

, K “ 2
V 2

U
, (5.1)

where tL,R is the first order impurity-lead hybridization, while V is the direct inter-

dot hopping strength. With those assumptions, the system Hamiltonian becomes

H “ H0 `Hdots, where H0 is the non-interacting Hamiltonian of two leads and

Hdots “ JL~sLp0q ¨ ~SL ` JR~sRp0q ¨ ~SR `K~SL ¨ ~SR (5.2)

contains the Kondo screening from the leads and the inter-dot exchange coupling.

Here ~sL,R and ~SL,R correspond to the lead spin density and impurity spin, respec-

tively. For simplicity, it is also assumed that JL “ JR “ J . 2

In this model, a quantum phase transition is expected to occur when the ex-

change coupling K is tuned while keeping J unchanged (or the other way around).

Intuitively, when K " J , two impurities bound together into a singlet. This is called

the local singlet fixed point (denoted LSPF) where the singlet formed by two impu-

rities decouples from two leads. On the contrary, if K ! J , both quantum dots are

screened by the corresponding leads, thus destroying the exchange coupling between

two quantum dots. This point has a ground state equivalent to two independent

Kondo models, and is thus called the Kondo fixed point (KFP). The quantum phase

transition is shown in Fig. 5.2. Since the ground states at both fixed points are fermi

liquid 3, intuitively, this quantum phase transition can be understood by looking at

the phase shift of those two fixed points. At the KFP, each lead screens its corre-

sponding impurity independently, leading the phase shift π{2, which equals that of

an antiferromagnetic Kondo model. On the contrary, at the LSFP, both dots decou-

2 Unlike that of the 2CK model, L-R asymmetry in the two impurity Kondo model is not important:
it only shifts the position of the critical point and thus can be ignored.

3 The KFP contains two independent Kondo models, which are known to host fermi liquid ground
states [147]. At the LSFP, since quantum dots form into a singlet and decouple from the leads, the
ground state is also a fermi liquid.
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ple from the leads, so that the phase shift of the leads vanishes. Due to the missing

of any other fixed point, a point must exist where the phase shift abruptly changes

between π{2 and zero, indicating a boundary QPT in the two impurity Kondo model.

Figure 5.2: Two phases of the two impurity Kondo model. The blue box represents
a strong coupling between two parts of the system. Left panel: the Kondo fixed point
where two impurities are totally screened by the corresponding leads. The system at
this point can thus be considered as two independent single channel Kondo models.
Right panel: the local singlet fixed point where two impurities are bound into a
singlet. At this point, two leads totally decouple from the quantum dots.

However, the two impurity Kondo Hamiltonian Eq. (5.2) is incomplete or exper-

imentally inaccessible. More specifically, Eq. (5.2) only contains operators from the

second order Schrieffer-Wolff transformation. This treatment is valid in single im-

purity Kondo models where higher order terms are irrelevant. However, the two

impurity Kondo model consists of a relevant higher order term that leads to the

direct charge tunneling between the source and drain. As will be discussed later in

Section 5.6, although with a comparatively small initial coefficient, this term has

scaling dimension 1{2 near the two impurity Kondo QCP, and will thus destroy the

QPT.

5.3 Model for Dots and Leads

The dissipative two impurity Kondo model has three parts: leads, dots, and elec-

tromagnetic environment. Following standard procedures, we linearize the spectrum

of each lead, notice that a one-dimensional subset of electrons couples to each dot,

and represent it using chiral fermions by analytic continuation with open bound-

ary conditions [74]. The resulting lead Hamiltonian is the sum of four free Dirac
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JL JRK

VLR

Figure 5.3: Schematic of the system: two quantum dots coupled to left and right
leads. JL,R and K refer to the Kondo and exchange coupling strengths, respectively.
VLR is the strength of direct charge transport between the leads. Dissipative modes
in the leads are represented by wiggly arrows.

fermions,

H0
leads “

ÿ

α,σ

ż 8

´8

dxψ:α,σpxqiBxψα,σpxq, (5.3)

where α and σ are the lead and spin labels and both the Fermi velocity and ~ are

set to unity.

For the dots, we consider the Coulomb blockade regime in which charge fluctua-

tions are suppressed and the electron number is odd [187]. The single-level Anderson

model is suitable for each dot, as the spacing between levels in the carbon nanotube

dots is large [134; 135]. Each dot, then, has a low energy spin-1
2

degree of freedom,

~Sα. Projecting onto this low-energy subspace via a second-order Schrieffer-Wolff

transformation produces two Kondo-like terms with couplings JL,R and a spin-spin

anti-ferromagnetic interaction. The Hamiltonian is already given in Eq. (5.2). With

the lead definition Eq. (5.3), here we write the lead spin density operator next to

the impurity as ~sα“ψ
:
αp0q~σ ψαp0q. Though none of our results depend on left-right

symmetry, we take JL“JR for simplicity.

Charge transfer between the two leads is key to the physics of this system [99;

70; 191; 170; 128; 96]. The effective hopping between the leads that arises from the

third-order Schrieffer-Wolff transformation of the original Anderson model must be
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added [96]:

HLR “ VLR

”

`

ψ:LÒψRÒ ` ψ
:

RÓψLÓ
˘

S´LS
`
R

`
`

ψ:LÒψRÒ ` ψ
:

LÓψRÓ
˘

SzLS
z
R (5.4)

`
`

ψ:LÒψRÓ ´ ψ
:

RÒψLÓ
˘ `

SzLS
´
R ´ S

´
LS

z
R

˘

ı

` h.c.,

where x“0 for the lead operators. This form is obtained because moving an electron

across the dots necessarily involves the dot spins. Much of the physics added by (5.4)

is obtained from a simpler direct hopping, ĤLR “ V̂LRψ
:

Lσp0qψRσp0q ` h.c. [96; 129].

We therefore simplify the discussion by using ĤLR rather than HLR when possible.

The final ingredient in our system is the “quantum noise.” Quantum fluctuations

of the source and drain voltage require a quantum description of the tunneling junc-

tion [92; 187]. The standard procedure is to introduce junction charge and phase

fluctuation operators that are conjugate to each other and (bilinearly) coupled to

modes of the ohmic environment with resistance R. Treating the latter as a collec-

tion of harmonic oscillators with the desired impedance, we write the environment

as a free bosonic field, H0
ϕ“

ş

dx
4π
pBxϕq

2, which is excited in a tunneling event through

the charge-shift operator ei
?

2rϕp0q [92]. As introduced in Section 2.3.3, such a shift

operator is added to every term in HLR according to

ψ:LσψRσ Ñ ei
?

2rϕp0qψ:LσψRσ, (5.5)

where r“Re2{h is the dimensionless resistance. The environment does not modify

the second-order exchange couplings Eq. (5.2) because those virtual processes occur

on the very short time scale of the inverse charging energy [63], typically smaller

than the time scale of the environment. The decoupling of the Kondo exchange

from the environment, for instance, has been detailed introduced for a quantum dot

in the Kondo regime [63]. In summary, the starting point of our discussion is the
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Hamiltonian

H “ H0
leads `H

0
ϕ `Hdots `HLR prq . (5.6)

5.4 Quantum Phase Transition or Crossover?

In this chapter, we introduce system features when the two impurity Kondo model

is free from dissipation. Further physical illustration will be provided in Section 5.6.

First, following the bosonization formula with chiral fields in Section 2.2.2 we

bosonize the chiral fermions describing the leads, Eq. (5.3), thereby introducing chiral

bosonic fields φα,σ. One can then see that the ultraviolet fixed point, described by

H0
leads ` H0

ϕ, is unstable. There are two important energy scales connected to this

instability: the Kondo temperature, TK , associated with the screening of each dot

by its own lead, and the “crossover temperature,” T ˚ăTK [128; 129].

The Kondo temperature TK is defined by ignoring the inter-lead tunneling VLR.

As introduced in Section 5.1, with VLR “ 0, the system flows to either the LSPF

or the KFP. TK is then defined as the characteristic temperature below which the

system can be described by either of those two fermi liquid ground states. Those

two ground states have distinct phase shifts, indicating the exist of an intermediate

(unstable) fixed point [127; 7], which we call IFP1 (see Fig. 5.4).

Inter-lead tunneling, VLR‰0, changes the behavior dramatically. In the absence

of dissipation, r“0, it is known that HLR destabilizes IFP1 [169; 191; 170; 128; 96],

becoming effective below a scale T ˚. The low-energy physics is described by Fermi-

liquid Hamiltonians with scattering phase shift varying from δ“0 to π{2 depending

on the initial values of the couplings [70; 170; 128; 129]. The finite temperature

conductance is G “ G0 sinp2δqr1́ κpT {T ˚q2s, where G0“2e2{h and κ is non-universal.

Therefore, for T ă T ˚, the quantum phase transition of the two-impurity Kondo

model is transformed into a crossover between the Kondo and local-singlet regimes.
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5.5 Quantum Noise Effects

Close to the KFP and LSFP, the tunneling Hamiltonian in the absence of noise,

HLR, is a marginal operator [170; 128; 129]: without noise, any bilinear operator

that transfers charge between the leads is marginal at these two fixed points. A key

effect of the noise, as has been introduced in Section 3.2.4, is that the scaling dimen-

sion of such an operator increases, making it irrelevant. In the tunneling operator

HLR, the increase is caused by the exponential charge-shift operator introduced in

Eq. (5.5). The line of Fermi-liquid fixed points existing at r “ 0 is then destroyed.

The conductance around the KFP and LSFP follows from perturbation theory in the

tunneling, leading to GpT q „ T 2r [92; 104; 103].

The new found stability of the Kondo and local-singlet fixed points with respect

to tunneling demands once again the existence of an intermediate fixed point. We

denote this “dissipative intermediate fixed point” by IFP2, as shown in Fig. 5.4.

IFP2 occurs for the same value of K as IFP1, namely K“Kc, as we now show. It

is known that the effect of a resistive environment on a bilinear tunneling operator

is connected to the partition noise produced by the tunneling [122; 163]: when there

is no partition noise, the environment is not excited by the current and so has no

effect. This is the case at K“Kc: the phase shift is δ“π{4, so the zero temperature

conductance is G“ 2e2{h and the transmission is unity. Thus, there is no partition

noise: from the line of r “ 0 Fermi-liquid fixed points, this fixed point survives at

non-zero r and is, in fact, IFP2. We now turn to characterizing both IFP’s in detail.

5.6 Effective Hamiltonian at the Intermediate Fixed Points

Previous two sections present main features of the two impurity Kondo model without

and with dissipation, respectively. The understanding of those features involves the

calculation of the effective Hamiltonian near the critical point. We begin with the
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IFP1 

KFP 

IFP2 

LSFP 
r >

1

2
0 < r <

1

2

G / T 2r�1

G / T 2r

1 � G / T 2 1�2r
1+2r

G / T 2r

Figure 5.4: Stability diagram for different noise strengths r, and the temperature
dependence of the conductance at each fixed point. The KFP and LSFP are stable
for any non-zero r, while the nature of the IFP changes as a function of r. For
r ă 1{2, the intermediate state is controlled by IFP2—the fixed point that evolves
from one of the r“0 Fermi-liquid fixed points. In contrast, for rą1{2, IFP1—which
evolves from the two-impurity-Kondo IFP—is relevant. For r “ 1{2 a line of fixed
points connects IFP1 to IFP2.

bosonization

ψβσ “
Fβσ
?

2πα
eiφβσ , (5.7)

where β and σ are lead and spin indices, respectively, and Fβ,σ are Klein factors that

preserve the fermionic anti-commutation relation for different fermionic flavors. The

constant α is of order the inverse of the bare cut-off of the fermionic theory.

It will be convenient to make spin-charge separation explicit by rotating the

bosonic fields [this is the same as Eq. (4.27) in Section 4.4.2],

φc “ pφLÒ ` φLÓ ` φRÒ ` φRÓq{2, φs “ pφLÒ ´ φLÓ ` φRÒ ´ φRÓq{2,

φcf “ pφLÒ ` φLÓ ´ φRÒ ´ φRÓq{2, φsf “ pφL,Ò ´ φLÓ ´ φRÒ ` φRÓq{2.
(5.8)

The charge field φc would couple to the fluctuation of the total charge on the two

dots; since we consider the singly occupied regime of the quantum dots in which

there can be no charge fluctuations, this field decouples from the problem. The
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charge flavor field, φcf , encodes charge transfer between the two leads, and thus is

the bosonic field that couples to the environmental noise in our model. Similarly, φs

and φsf correspond, respectively, to total spin and spin transfer between the leads.

With those bosonized fields, the effective Hamiltonian becomes

H1 “
ÿ

β“c,s,sf,cf

H0
β `

J

2π

 

Bxφsp0qS
z
` ` Bxφsf p0qS

z
´

(

`K ~SL ¨ ~SR

`
J

πα

 

cosφsf p0qrcosφsp0qS
x
` ´ sinφsp0qS

y
`s ´ sinφsf p0qrsinφsp0qS

x
´ ` cosφsp0qS

y
´s
(

(5.9)

where
ř

βH
0
β refers to the free bosonic lead Hamiltonian.

To further simplify the system, it is convenient to rotate the system with the

unitary Û“e´iS
z
`φsp0q, a transformation that is well known in the Kondo literatures.

This transformation has several effects. First, its action on Sx˘ and Sy˘ leads to a

decoupling of these operators from φs. Second, its action on Bxφsp0q leads to two

additional terms, ´Bxφsp0qS
z
` and ´J´π

πα
pSz`q

2, that change the coupling with SzL,R.

The resulting form of the Hamiltonian,

H1 “
ÿ

β

H0
β `

J

πα

 

cosφsf p0qS
x
` ´ sinφsf p0qS

y
´

(

`
J ´ 2π

2π
Bxφsp0qS

z
`

`
J

2π
Bxφsf p0qS

z
´ `K

ÿ

λ“x,y

SλLS
λ
R `

”

K ´
2

πα
pJ ´ πq

ı

SzLS
z
R,

(5.10)

is clearly highly anisotropic in the dot’s spin degrees of freedom.

We now switch back to fermionic representations through the refermionization

equations

ψsf pxq “
1

?
2πα

eiφsf pxq, ψ:spxqψspxq “
1

2π
Bxφspxq,

ψcf pxq “
1

?
2πα

eiφcf pxqe´iπ
ş8

´8
dxψ:sf pxqψsf pxq,

(5.11)
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which are not, of course, the original fermions because of the several rotations during

the bosonic description. In terms of these new fermions, H1 becomes

H1 “
ÿ

λ

KλSλLS
λ
R ` pJ ´ 2πqψ:sp0qψsp0qS

z
` ` Jψ

:

sf p0qψsf p0qS
z
´

`
J

2
?

2πα

!

rψsf p0q ` ψ
:

sf p0qsS
x
` ` iJrψsf p0q ´ ψ

:

sf p0qsS
y
´

)

,

(5.12)

where Kx“Ky “K and Kz “K ´ 2
πα
pJ ´ πq. Ref. [69] points out that the second

term in Eq. (5.12) only renormalizes the Kz part of the original Hamiltonian, thus

perhaps shifting the value of Kc but not affecting the physics at K“Kc. We therefore

drop this term from the Hamiltonian in later paragraphs.

The main consequence of Û is now evident [69]. In this representation, the

symmetry in the exchange couplings is explicitly broken. These new local degrees of

freedom (dressed by Û) have a different energy level structure than the original ones.

There are four local states (see Fig. 5.6) to consider: (i) The state p|ÒÒy ´ |ÓÓyq{
?

2

decouples from the fermionic leads and therefore its energy is not changed by the

transformation. (ii) The triplet state p| ÓÒy ` | ÒÓyq{
?

2 has its energy raised by

exchange anisotropy. (iii) Finally, the states p|ÒÒy ` |ÓÓyq{
?

2 and p|ÒÓy ´ |ÓÒyq{
?

2

have their energy reduced. They are exactly degenerate at the critical coupling

K“Kc; the value of Kc for which this occurs depends, of course, on the value of J .

At the critical K “KcpJq Eq. (5.12) can be projected onto the Hilbert space of

these two lowest energy states through a Schrieffer-Wolff transformation. First, a

new set of local fermionic operators is defined,

d:d|Ωy “ 0 Ñ |Ωy “ p| ÒÒy ` | ÓÓyq{
?

2,

d:d|Ω1y “ |Ω1y Ñ |Ω1y “ p| ÒÓy ´ | ÓÒyq{
?

2.
(5.13)

A key aspect of the physics at the IFP’s is the degeneracy in the dots between the

two dressed spin states |0y ” p|ÒÒy`|ÓÓyq{
?

2 and |1y ” p|ÒÓy´|ÓÒyq{
?

2 that leads
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to an effective Kondo problem with Kondo temperature T̃K [69]. We also rotate the

refermionize operator ψ̃βpxq“ψβpxqe
´iπd:d to ensure the anti-commutation relations.

Projecting onto this low-energy two-dimensional subspace yields

H1 “
ÿ

β“tc,s,sf,cf,ϕu

H0
β ` J̃rψ̃sf p0q ´ ψ̃

:

sf p0qspd` d
:
q ´ pK ´Kcqd

:d, (5.14)

where

J̃ “
J

?
2πα

„

1`
J

4παpKc ` T̃Kq



. (5.15)

To validate the Schrieffer-Wolff transformation above, K ´Kc ! J̃ must be satisfied

such that those two ground states are approximately degenerate. T̃K here is the

Kondo temperature that results from the leads screening the doublet described by

T̃K

Triplet 

Singlet 

Anisotropy 

| "#i + | #"i

| "#i � | #"i

| ""i � | ##i

| ""i + | ##i
Figure 5.5: Low energy states of the
system. One of the four states, | ÒÓ
y ` | ÒÓy, is lifted due to the anisotropy
of Kz and another state, | ÒÒy ´ | ÓÓy,
has higher energy due to its decoupling in
Eq. (5.12). The remaining doublet forms
a two-dimensional low-energy space onto
which we project via a Schrieffer-Wolff
transformation.
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d and d:. The d:d term of Eq. (5.14) is a relevant perturbation (since it breaks the

degeneracy between the two states of Fig. 5.6). Hence, for K ‰ Kc the system is

driven away from the two-impurity Kondo fixed point.

Here we assume that J " K´Kc such that the system flows to a fixed point with

strong Kondo coupling J first. At that point, the Majorana branch irψ̃sf p0q´ψ̃
:

sf p0qs

absorbs the impurity Majorana fermion d ` d: and changes its boundary condition.

If K “ Kc, the other impurity Majorana fermion ipd´d:q becomes totally decoupled

so that the impurity entropy of the intermediate fixed point is ln
?

2, larger than

that of either the Kondo or local singlet fixed point (with zero entropy since they

are Fermi liquid). From g-theorem, the intermediate fixed point is thus an unstable

critical point.

On the other hand, if K´Kc ‰ 0, after the absorption of the impurity Majorana

fermion, the detuning part becomes pK ´ Kcqrψ̃sf p0q ´ ψ̃:sf p0qspd ´ d:q, which is

a relevant operator with scaling dimension 1{2. Consequently, the detuning will

increase near the critical point and result into a quantum phase transition.

However, in an experimentally accessible two impurity Kondo model, the Hamil-

tonian contains another part that transports electrons between left and right leads.

Here we begin with the dissipation free situation with the charge transport Hamil-

tonian

HLR “ VLR

!

rψ:cf p0q ` ψcf p0qsp´S
´
LS

z
R ` S

z
LS

´
R ´ S

`
LS

z
R ` S

z
LS

`
R q (5.16a)

` rψ:cf p0qψ
:

sf p0q ´ ψ
:

sf p0qψcf p0qsS
´
LS

`
R ` h.c. (5.16b)

` rψsf p0q ´ ψ
:

sf p0qsrψcf p0q ` ψ
:

cf p0qsS
z
LS

z
R

)

, (5.16c)

where VLR „ tLtRV {U
2 is the tunneling strength that is much smaller compared

with the Kondo and exchange couplings. Following the same steps we take onto the
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other part of the Hamiltonian, near the critical point the charge transport becomes

HLR “ 2ṼLR
Fcf
?

2πα
cosrφcf p0qspd´ d

:
q, (5.17)

where

ṼLR “ VLR

„

1`
J2

8pKc ` T̃kq2p2παq5{2



(5.18)

is the dressed tunneling strength. Compared with Eq. (5.14), we see that effectively

charge transport couples to the decoupled impurity Majorana fermion at the critical

point and has scaling dimension 1{2. Consequently it grows with RG flow and finally

hybridizes the critical impurity Majorana fermion so that the final intermediate fixed

point has zero impurity entropy, the same as that of the Kondo and the local singlet

fixed points. The quantum phase transition then transforms into a crossover instead.

Finally, we are ready to study the dissipation involved effective Hamiltonian.

The dissipative bosonic fields can be further untangled by performing a rotation

that combines the field representing charge transfer between the leads, φcf , with the

environmental noise, ϕ: φ̃cf”pφcf `
?

2r ϕq{
?

1` 2r and ϕ̃”p
?

2r φcf ´ϕq{
?

1` 2r.

At high temperature, Kondo couplings are weak where system symmetries are ex-

plicitly shown by defining six Majorana fermionic fields [170; 128; 127] with Ra-

mond boundary conditions, χ1,2
β p0

`q “ χ1,2
β p0

´q: χ
p1q
β“tc,s,sfupxq “

Fβ?
πα

sin rφβpxqs

and χ
p2q
β“tc,s,sfupxq “

Fβ?
πα

cos rφβpxqs. Because the boundary interaction 2iJ̃χ
p1q
sf p0qa

has scaling dimension 1{2 (a is an impurity operator), J̃ flows to strong coupling

[170; 128]. χ
p1q
sf then incorporates a and can be expressed as a simple change of

boundary condition from Ramond to Neveu-Schwarz: χ
p1q
sf p0

`q“´χ
p1q
sf p0

´q [127].

The effective IFP Hamiltonian can, thus, be written in terms of six free Majorana

fields—five with Ramond and one with Neveu-Schwarz boundary condition—one free
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bosonic field (ϕ̃), and a boundary sine-Gordon model for φ̃cf :

HIFP “

5
ÿ

j“1

ż

dx

2
χjpxqiBxχjpxq `

ż

dx

2
χ
p1q
sf pxqiBxχ

p1q
sf pxq

`

ż

dx

4π
rBxϕ̃pxqs

2
`

ż

dx

4π
rBxφ̃cf pxqs

2

` 2i ṼLR
Fcf
?
πα

cos
”?

1` 2r φ̃cf p0q
ı

b. (5.19)

This Hamiltonian has an inherent SOp5qˆUp1q symmetry from the five Majorana

fields and the dressed dissipation field ϕ̃. With regard to the dot degrees of freedom,

while Majorana mode a is effectively incorporated into the leads, mode b is coupled

to the charge transport. For the two-impurity Kondo model, ṼLR “ 0 and b is a

decoupled Majorana zero mode.

5.7 Dependence of IFP on Dissipation

The boundary sine-Gordon model, which is the last element in Eq. (5.19), is well

known to have a quantum phase transition [77; 3; 74] as the parameter in the bound-

ary term varies, in our case r. The simplest description of this transition is via the

scaling equation, dṼLR
d`

“

´

1
2
´ r

¯

ṼLR, which results from noticing that the scaling

dimension of the operator cosr
?

1` 2r φ̃cf p0qs is p1 ` 2rq{2 [74]. There are three

distinct scaling behaviors depending on the value of r.

For weak dissipation, r ă 1{2, ṼLR grows. As in the r “ 0 case [170; 128], the

cosine gets pinned at a particular value. The fixed point Hamiltonian is obtained by

changing the boundary condition on φ̃cf at x“0 from Dirichlet [for open boundary

conditions on the fermionic fields in Eq. (5.3)] to Neumann [3]. IFP2 is the corre-

sponding fixed point; it develops from the δ“ π{4 Fermi-liquid fixed point [170] of

the dissipationless case.
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The leading irrelevant operator at IFP2 is, because of the change in boundary

condition, simply the dual of the relevant operator at IFP1 that causes ṼLR to grow

[74; 180]. Its scaling dimension is 2{p1`2rq—the inverse of that of the cosine operator

above. The temperature dependence of the conductance is therefore expected to be

G „ G0

“

1´ γT 2p1´2rq{p1`2rq
‰

pat IFP2q (5.20)

with γ a non-universal constant. We see that modification of the boundary inter-

action by dissipation introduces a Luttinger-liquid-like character. In addition to

the conductance, the non-Fermi liquid nature of this fixed point is also manifest

in its residual boundary entropy, which can be shown to be ln gIFP2 “
1
4

ln p1` 2rq

[183; 149].

The break down of scaling (i.e. when ṼLR becomes of order one) defines the

crossover temperature, TLRnoise « TK
`

Ṽ 0
LR

˘2{p1´2rq
, in terms of the initial value of

tunneling from left to right, Ṽ 0
LR . For higher temperatures, TLRnoise ă T ă TK , the

physics is controlled by the ṼLR“ 0 fixed point, IFP1, as ṼLR is initially small. For

lower temperatures, T ăTLRnoise, the physics is controlled by IFP2.

To study the effect of deviations of the antiferromagnetic coupling K from Kc,

we follow the discussion in Refs. [128; 129] and define the crossover temperature

TδK “ apK ´Kcq
2{TK , where a is a dimensionless constant. If TLRnoiseăTδK , the low

energy physics will be governed by the KFP or LSFP. However, for TδK ă T
LR
noise an

experiment would initially observe a rise in the conductance due to proximity to IFP2

before the crossover to the Kondo or local-singlet physics took over (for which GÑ0).

Using the remarkable tunability of quantum dots, access to the regime TδK ! TLRnoise

is possible, in which case the power law approach of the conductance to the quantum

limit G0, given above, should be observable. As has been introduced a lot in previous

sections, this parameter sensitive conductance becomes a signature in the detecting

of boundary QPTs, which has recently been realized in a single dissipative quantum
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dot [134; 135].

In sharp contrast, for strong dissipation, rą1{2, ṼLR shrinks, and the properties

of the system are controlled by IFP1. The boundary condition on the field φ̃cf remains

the Dirichlet condition. The scaling dimension of the boundary sine-Gordon term

implies that the conductance decreases at low temperature according to [103; 149]

G „ T 2r´1
pat IFP1q. (5.21)

The non-Fermi liquid nature of this fixed point is further shown by the residual

boundary entropy, ln gIFP1“
1
4

lnr4{p1` 2rqs [183; 149], and by the decoupling of the

b Majorana in the dots as the last term in Eq. (5.19) flows to zero.

IFP1 evolves from the intermediate fixed point of the two-impurity Kondo model

(r “ 0). Formally, however, IFP1 is a distinct fixed point—the residual boundary

entropy, for instance, depends on r. Nevertheless, for reasonable values of r„ 1{2,

this system can emulate the physics of the two-impurity Kondo model: the SOp7q

symmetry manifest in the Majorana fields [127; 128], for instance, is restored asymp-

totically. Any observable not directly related to charge transfer between the leads,

such as the magnetic susceptibility, will have the same behavior in the two models.

The crossover temperature to the KFP or LSFP, TδK , is given by the same expres-

sion as in the weak noise case. Thus, for TδKăT ăTK the physics of IFP1, bearing

strong resemblance to that of the two-impurity Kondo model, will be experimentally

accessible.

Finally, the borderline r “ 1{2 case is particularly interesting. The cosine in

Eq. (5.19) is exactly marginal [27], corresponding to an SUp2q chiral symmetry.

Hence, we can replace the cosine by the Abelian chiral current Bxφ̃cf [3]. The model

becomes quadratic and the conductance can be calculated exactly [104; 74]—G de-

pends on the initial value Ṽ 0
LR and so is not universal. The exactly marginal operator

creates a line of fixed points connecting IFP1 to IFP2, all with residual boundary
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entropy 1
4

ln 2. The line is unstable to deviations from the critical coupling Kc; as

in the previous cases, T ăTδK leads to flow toward the KFP or LSFP. Even at Kc,

corrections to the effective Hamiltonian (5.19) will presumably cause flow away from

this line at the lowest temperatures (which we have not analyzed); however, because

their initial strength is very small, the cross-over temperature T ˚ to see these effects

will be very low. Thus, in a wide range of temperatures, T ˚ăT ăTK , the properties

of the line of fixed points could be seen experimentally, varying V 0
LR to move among

them.

5.8 Conclusion

We have presented an example in which the introduction of a quantum environment

reveals a quantum phase transition previously hidden under a crossover: the quantum

noise has rescued the quantum phase transition. There are two quantum critical

points (Fig. 5.4): one dominant for weak dissipation (IFP2, r ă 1{2) and the other

at strong dissipation (IFP1, rą1{2)—this latter fixed point is similar to that of the

two-impurity Kondo model.

A broader view is obtained by connecting to the idea of “quantum frustration of

decoherence” of a qubit [32; 146]: a quantum system acted upon by two processes

that are at cross purposes may retain more coherence than if acted upon by just

one. The quantum system to be protected here is the non-Fermi-liquid quantum

critical state delicately balanced between the KFP and LSFP, a striking signature

of which is the decoupled, and so completely coherent, Majorana mode. Charge

transfer between the electron reservoirs associated with the leads is the first process

acting on the system, one that completely destroys the delicate quantum state and

the coherence of the Majorana mode. Adding the quantum noise produced by the

resistive EM environment impedes the deleterious effect of the first process, rendering

the coherent Majorana zero mode again manifest at IFP1.
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This quantum critical state is highly non-trivial and clearly unstable toward the

KFP and LSFP, but it has experimental consequences in a wide temperature range.

We emphasize that measurements of the conductance near IFP1 and IFP2 are experi-

mentally feasible at this time—similar amounts of tuning have been used successfully,

for instance, in recent experiments [134; 135]. An experimental study along these

lines would directly contradict the general notion that more noise leads inevitably to

less quantum many-body behavior.
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6

Universal Nonequilibirum I-V Curve at an
Interacting Impurity Quantum Critical Point

Nonequilibrium properties of correlated quantum matter are being intensively in-

vestigated because of the rich interplay between the nonequilibrium drive and the

many-body correlations. Of particular interest is the behavior at a quantum critical

point (QCP) when a system is delicately balanced between different possible ground

states; accessing such a point, however, is typically out of reach theoretically. Here,

we provide an analytical calculation of the I-V curve at a QCP under nonequilib-

rium conditions and, furthermore, present experimental results to which the theory

is compared. The system is a quantum dot coupled to resistive leads: a spinless res-

onant level interacting with an ohmic electromagnetic environment. A two channel

Kondo QCP occurs when the level is on resonance and symmetrically coupled to the

leads. Using a bosonized representation, we calculate the nonlinear I-V curve at this

QCP. We then show that it has a physically intuitive interpretation in terms of weak

backscattering of non-interacting fermions coupled to a modified environment, thus

arriving at the same I-V through dynamical Coulomb blockade theory. The quan-
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titative agreement between our theoretical and experimental results, with no fitting

parameter, is remarkable. As our system is fully accessible to both theory and ex-

periment, it provides an ideal setting for addressing non-equilibrium phenomena in

correlated quantum matter1.

1 Part of the text of this chapter has been adapted from the following arXiv article: Gu Zhang,
Chung-Hou Chung, Chung-Ting Ke, Chao-Yun Lin, Henok Mebrahtu, Alex I. Smirnov, Gleb Finkel-
stein and Harold U. Baranger, ”Universal Nonequilibrium I-V Curve at an Interacting Impurity
Quantum Critical Point”, arXiv: 1609.04765v2
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6.1 Introduction

As introduced in Section 4.2, a boundary QPT exists in a dissipative spinless resonant

level model. This QPT is second order in the sense that it hosts a quantum critical

regime as in Fig. 6.1. The presence of the quantum critical regime distinguishes two

physically distinct paths when the system approaches zero temperature: by tuning to

the QCP, the system stays in the critical region down to zero temperature (path 1 in

Fig. 6.1). In contrast, detuning results in a crossover from quantum critical behavior

to one of the trivial phases (path 2). Along path 1 (i.e., at the QCP), it is well

established that thermodynamic observables at finite temperature show universal

scaling.

Although interplay between nonequilibrium and many-body effects has been stud-

ied in a variety of nanosystems through nonlinear I-V characteristics, both experi-

mentally [34; 76; 35; 138; 131; 157; 111; 133; 98; 56] and theoretically [137; 55; 166;

125; 160; 81; 38; 39; 162; 108; 151; 41; 79; 51; 11; 169; 168; 139], to our knowledge,

the nonequilibrium I-V curve of a system tuned to its QCP (path 1) has not been

theoretically calculated beyond the powerlaw scalings. The lack of the theoretical re-

sult is partially related to the difficulty in the experimental realization of the current

measurement along path 1 —- to date, except for the spectroscopy measurements,

we are only aware of the work done in Professor Gleb Finkelstein’s group that fully

measures the nonequilibrium I-V curve in at the QCP of the spinless resonant level

model [134; 135]. As discussed in Section 4.2, the spinless resonant level model thus

provides us a great chance to study the QCP of a boundary QPT whose critical

features are experimentally accessible.

In this chapter, we thus present an analytical calculation of the nonequilibrium

I-V curve in the quantum critical region of a QCP (path 1 in Fig. 6.1) and compare

our results with the experimental data in detail. The system is a spin-polarized
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carbon nanotube quantum dot connected to resistive leads via tunable tunnel barriers

(Fig. 6.1). The resistive leads create an ohmic electromagnetic (EM) environment

[21; 134; 135], and the quantum dot serves as the quantum impurity. The theoretical

study of the crossover regime (path 2 in Fig. 6.1) will be presented in Chapter 7.

As introduced in Section 4.2, in spinless resonant level model, QCP occurs at the

perfect symmetric point where (i) a level in the dot is resonant with the leads and

(ii) the dot is symmetrically coupled to them. At the QCP, the conductance through

the dot at zero temperature becomes perfect (e2{h when T Ñ 0), while otherwise

it tends to zero. The QCP is experimentally shown to be two-channel Kondo type

[134], which will also be theoretically further investigated in Chapter 7.

The plan and main results of the paper are as follows. We start by defining

our model for the dissipative resonant-level problem (Sec. 6.2) and then immediately

bosonize it (Sec. 6.3). In Sec. 6.4 we carry out the key step of obtaining the effective

�QCP

1 2

T ⇤

Quantum CriticalT VS 

VD 

ሺͳǡͲሻ 

ሺͲǡͳሻ ሺͳǡͳሻ 
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R
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500nm

(b)(a) (c)

Figure 6.1: (a) Schematic of the system overlaid on a SEM image of the sample
measured. A quantum dot is formed in the carbon nanotube (CNT) segment between
the source and drain leads. These resistive leads create a dissipative EM environment
for electrons tunneling through the dot. The tunneling barriers can be tuned with
the side gates SG1 and SG2. Applying a bias between the source and drain produces
a nonequilibrium steady state. (b) Diagram of the quantum critical region. When
tuned to the QCP, the quantum critical region extends down to zero temperature
(path 1), otherwise a crossover to one of the trivial ground states occurs (path 2). In
this work, we study path 1. (c) The RG flow of source and drain coupling (tS, tD)
when the system is on resonance. For symmetric coupling, the flow is into the strong
coupling fixed point (1,1) (path 1) corresponding to the QCP. A slight detuning leads
to a crossover to a trivial fixed point (path 2).
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Hamiltonian at strong tunneling, Eq. (6.21). This then is the model of the QCP.

Resonant tunneling in a Luttinger liquid (LL) provides considerable theoretical

guidance in Secs. 6.3 and 6.4 because tunneling in an EM environment is an emulation

of that system [132; 60; 164; 163; 117; 134; 135; 98]. In equilibrium, resonant peaks of

perfect conductance in a LL have been studied extensively [103; 102; 52; 68; 66; 188;

153; 109; 136; 75], and this system has a similar two-channel Kondo QCP, separating

single-barrier (left or right) dominated weak-tunneling regimes [52; 109]. However,

there are significant differences in the strong-coupling model, and nonequilibrium

properties at the LL resonant tunneling QCP have been studied only in the scaling

regime (see e.g. [103; 52]).

In Sec. 6.5, we find the I-V characteristics in the quantum critical regime beyond

simple scaling. We start from a Keldysh approach which immediately reduces to

finding backscattering rates from the golden rule. As introduced in Section 2.3.4,

this simplification is possible because we work to second order in the backscattering

amplitude (but to all orders in the coupling to the environment). The main theo-

retical result of the paper is the analytical expression for the nonlinear I-V curve at

finite temperature, Eq. (6.27).

Experimental results are presented in Sec. 6.6 and compared with the theory. In

particular, Fig. 6.2 shows excellent agreement between theory and experiment.

Before concluding, we then show in Sec. 6.7 that this result has a simple physical

interpretation, one that is not available in the corresponding LL problem. Here,

modes that initially do not couple to the environment map to non-interacting left-

moving and right-moving fermions. Indeed, at the QCP the natural degrees of free-

dom are right-moving and left-moving fermionic channels between which there is

weak tunneling in a modified environment. In this form, dynamical Coulomb block-

ade theory [92; 187; 50] yields the same expression for the I-V curve.

Finally, we end this chapter with the conclusion in Section 6.8.
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6.2 Model and Hamiltonian

Our system is shown in Fig. 6.1: a spinless resonant level between two resistive leads.

As introduced in Section 4.2, Hamiltonian in the weak-tunneling regime consists of

several parts,

H “ HDot `HLeads `Hµ `HT `HEnv. (6.1)

HDot“ εdd
:d models the dot with single energy level εd, which may be tuned by the

backgate voltage Vgate.

HLeads “
ÿ

α“S,D

ÿ

k

εkc
:

kαckα (6.2)

represents the electrons in the source (S) and drain (D) leads, and

Hµ “
ÿ

α“S,D

ÿ

k

µαc
:

kαckα (6.3)

is the chemical potential term driving the system out of equilibrium through the

applied bias V , µS{D “ ˘V {2.

As introduced by Eq. (4.3), the dissipation-involved tunneling Hamiltonian con-

tains extra dynamical phases ϕS,D to model the dissipative modes

HT “
ÿ

k

´

tSc
:

kSe
´i
?

π
2
ϕd` tDc

:

kDe
i
?

π
2
ϕd` h.c.

¯

, (6.4)

where ϕ “ ϕS ´ ϕD. Because of the sum over momentum, only the fields at x“ 0

couple to the dot and environment.

As introduced in Section 4.2, dissipative phase dynamics is modeled by the long

time correlator Eq. (4.4). In this chapter, for later convenience, we further extend

the 0d dissipative phase into a 1d effective Luttinger liquid model, with bosonic fields

ϕpxq and its conjugate ϑpxq. More specifically, the dissipative phase is now depicted
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by the Hamiltonian

HEnv “
1

2

ż 8

0

dx

„

1

2r
pBxϕq

2
` 2rpBxϑq

2



, (6.5)

which is coupled to the junction by identifying ϕpx “ 0q as the phase ϕ in Eq. (6.4).

The interaction parameter r should yield the correct correlation functions for ϕ, thus

r ” Re2{h.

6.3 Bosonization at weak coupling

Our strategy is to develop a bosonized form of the weak-coupling Hamiltonian.

Bosonization is possible because an impurity couples to only an effectively one-

dimensional (1D) subset of lead states. We label these semi-infinite 1D leads x P

p´8, 0q for S and p0,`8q for D (and set their Fermi velocities equal to one).

We bosonize in the standard way [71; 103], choosing the conventions of Ref. [103]

2:

c:α,L{Rpx, tq “ e˘ikF x
Fα

?
2πa0

ei
?
πrφαpx,tq˘θαpx,tqs (6.6)

where α “ S{D and L{R indicates left- or right-moving particles. φα and θα are

conjugate bosonic fields that describe electronic states in the semi-infinite leads,

a0 is a short time cutoff, and Fα are Klein factors. In bosonic form ρL{Rpxq “

r˘Bxφpxq ` Bxθpxq ` kF {
?
πs{p2

?
πq is the electron density. It is convenient to form

the the charge and flavor fields [55],

φf{cpxq ”
1
2
rφSp´xq ¯ φDpxq ˘ θSp´xq ´ θDpxqs

θc{f pxq ”
1
2
r˘φSp´xq ` φDpxq ` θSp´xq ˘ θDpxqs .

(6.7)

2 Notice that here we are using the canonical bosonization formula instead of the chiral ones in
Eq. 4.26 (and will be used in Chapter 7). The reason is that in this chapter we want to derive
the leading irrelevant operator at the strong coupling fixed point by checking the leading relevant
operator at the weak coupling fixed point. Those two fixed points are connected through the dual
transformation φ Ñ θ between two canonical fields. Using the canonical bosonization thus grants
us an alternative option in the understanding of the physics.
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Note that φf pxq is conjugate to θcpxq and likewise φcpxq to θf pxq.

The voltage bias in Hµ is handled using a time-dependent gauge transformation

[92; 103] that moves the bias to the tunneling term—physically, when an electron

hops from a lead to the dot it acquires a phase factor corresponding to the drop

in bias (change in energy) across that barrier. Since the QCP occurs at symmetric

coupling, we take identical coupling to the source and drain leads, tS “ tD ” t. With

symmetric tunneling and capacitance, the bias voltage drops symmetrically as well.

The tunneling term is, then,

HT+µ “
t

?
2πa0

”

FSde
i
?
πφceip

?
πφf´

?
π
2
ϕ`eV t{2q

` FDde
i
?
πφce´ip

?
πφf´

?
π
2
ϕ`eV t{2q ` h.c.

ı

.

(6.8)

All fields in Eq. (6.8) are taken at x“0, and we have used θS{Dp0q“0 [103; 85] due

to the Dirichlet boundary condition.

Notice that the fields φf px“0q and ϕ enter in the same way in Eq. (6.8), so it is

natural to combine them via

φ1f pxq “ φf pxq ´
1
?

2
ϕpxq

ϕ1pxq “
?
rφf pxq `

1
?

2r
ϕpxq.

(6.9)

Since the field ϕ1 completely decouples from the problem, we drop it from further

consideration. The final expression for the Hamiltonian at weak coupling is

Heff
Leads+Env `HDot “

1

2

ż 8

0

dx
”

pBxθf q
2
` pBxφcq

2
` p1` rqpBxθ

1
cq

2
`

1

1` r
pBxφ

1
f q

2
ı

` εdd
:d

HT+µ “
t

?
2πa0

!

FSde
i
?
πφceip

?
πφ1f`eV t{2q ` FDde

i
?
πφce´ip

?
πφ1f`eV t{2q ` h.c.

)

.

(6.10)
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Thus we see that the coupling of each tunneling electron to the environment generates

an effective interaction between them. Here, one of the sets of lead fields, pφ1f , θ
1
cq,

becomes interacting; in contrast, in a Luttinger liquid, both sets of lead fields would

be interacting, an important distinction when we come to interpreting our results

(see Sec. 6.7).

As introduced in Section 4.2, the dissipative resonant level model is symmetry-

sensitive: the zero conductance is e2{h when the system is perfect symmetric and

vanishes to zero with any asymmetry present. In this chapter we only consider the

perfect symmetric case so that the system flows towards the strong coupling fixed.

6.4 The strong tunneling limit: Link to a weak double barrier

As the system scales to strong coupling, it approaches a fixed point at which the

system is translationally invariant and so fully transparent. The properties of this

fixed point are heavily constrained by its being one of the two possible boundary fixed

points in the corresponding conformal field theory (the “periodic” fixed point) [183].

Because of this constraint, the strong coupling fixed point in our dissipative resonant

level model is the same as in the Luttinger liquid case [103; 102; 52; 68]; indeed, the

effect of the total charge field pφc, θf q (which are interacting in a Luttinger liquid but

non-interacting here) scales to zero at the fixed point. Furthermore, any model that

scales to the strong coupling point can be used to deduce the properties near that

point. In particular, a wire with two weak potential barriers is a good model for the

residual effect of the quantum dot [103; 102; 153].

For an explicit description of the strong tunneling limit that allows calculation

of the I-V curve, we therefore start with two symmetric δ-function barriers spaced

by ` in a 1D wire of fermions denoted ψRpxq and ψLpxq for left and right movers.

The fermions are then described via bosonization by the canonical bosonic fields θ

and φ [103]. For the moment the fields are non-interacting; we add the effect of the
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environment and the bias in a second stage. The Hamiltonian is H0 `HT where

H0 “

ż 8

´8

dxrpBxθq
2
` pBxφq

2
s, (6.11a)

HT “ A
ÿ

˘

cosr2
?
πθp˘`{2q ˘ kF `s. (6.11b)

The form cosr2
?
πθs appears because it corresponds to 2kF backscattering of the

underlying fermions [103], ψ:RψL ` h.c., as can be checked by using the bosonization

relation Eq. (6.6) for ψL,R to refermionize this term. This is, of course, the expected

effect of scattering from a potential barrier.

As in the weak barrier case, it is convenient to form the sum and difference fields

θc ” rθp`{2q ` θp´`{2qs{2 and θf ” rθp`{2q ´ θp´`{2qs{2. (6.12)

(In contrast to the weak-tunneling case, the φ fields now have Dirichlet boundary

conditions, becoming discretized constants at strong coupling [103; 85], and so do

not appear in the expressions for θc and θf here.) When on resonance for a single

level, one has kF ` “ π{2 at strong coupling [71], so that the barrier terms become

HT “ A cosp2
?
πθcq sinp2

?
πθf q. (6.13)

We now incorporate the external bias potential V and the fluctuating potential

caused by the environmental field ϕ. The environmental potential fluctuations are

given by
?

2π 9ϕ which in a Hamiltonian formulation corresponds to ir2
?

2πBxϑp0q,

where Bxϑp0q appears naturally as the charge fluctuation operator conjugate to ϕ [see

Eq. (6.5)]. Though at weak coupling this potential difference is applied between the

source and drain contacts, Eq. (6.3), at strong coupling, in contrast, the potential is

applied between the right-moving fermions (those coming from the source) and left-

moving fermions (from the drain). Applying the potential in this way is commonly

done, for instance, in discussing the quantum Hall effect [91]. Thus, in terms of the
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strong coupling fermions ψRpxq and ψLpxq the bias and environmental coupling are

Hµ`Env “
eV ` ir2

?
2πBxϑp0q

2

”

ż ´`{2

´8

dxψ:RpxqψRpxq ´

ż 8

`{2

dxψ:LpxqψLpxq
ı

“
eV ` ir2

?
2πBxϑp0q

4

1
?
π

”

ż ´`{2

´8

dxrBxθpxq ´ Bxφpxqs

´

ż 8

`{2

dxrBxθpxq ` Bxφpxqs
ı

“ ´

„

eV

4
?
π
` i2

?
2rBxϑp0q


ż 8

0

dx Bxθcpxq.

(6.14)

The dependence on bias, the first term in (6.14), is handled by performing a time-

dependent gauge transformation that moves the bias into the barrier term HT , as

at weak coupling. Thus, in Eq. (6.13) cosp2
?
πθcq Ñ cosp2

?
πθc ` eV tq. Since the

right-moving particles (from the source) have chemical potential eV higher than that

of the left-moving particles (from the drain), it is natural that the bias appears as a

phase eV t in the backscattering operator.

We now integrate out the environmental degrees of freedom ϑpxq and ϕpxq. The

bilinear coupling to the lead fermions, the second term in the last line of (6.14), then

generates an effective coupling that causes θcpxq and φf pxq to be interacting fields.

This integration process can be more easily done in the action form so we begin by

rewriting the free lead and environment Hamiltonian in the form of an action,

S0 “ SLeads ` SEnv

“
1

2

ĳ

dτdxrpBxθcq
2
` pBτθcq

2
` pBxθf q

2
` pBτθf q

2
s

`
1

2

ĳ

dτdx 2r rpBxϑq
2
` pBτϑq

2
s.

(6.15)

(We write the action in terms of the θ fields rather than the φ because of the boundary

conditions connected to the very weak barrier.) Since the action is quadratic except
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for the backscattering occurring at the origin, the x ‰ 0 degrees of freedom can be

integrated out. If the backscattering is not too strong, the free action is minimized

when θpx, ωnq “ θpx“ 0, ωnq expp´|ωnx|q and ϑpx, ωnq “ ϑpx“ 0, ωnq expp´|ωnx|q,

where ωn is the Matsubara frequency [103]. We can thus integrate out the x ‰ 0

part of the system so that the free action becomes zero-dimensional,

S0 “
1

β

ÿ

ωn

|ωn|rθf pωnq
2
` θcpωnq

2
` 2rϑpωnq

2
s, (6.16)

where all the fields are evaluated at x “ 0.

The coupling between the leads and the environment is given by the second term

in Eq. (6.14), which in action form is

Scoup. “ ´i2
?

2

ż

dτ r rBxϑp0qs θcp0q

“ i
2
?

2 r

β

ÿ

ωn

|ωn|ϑpωnqθcp´ωnq,

(6.17)

rewritten in Matsubara summation form. Since this term is a quadratic product of ϑ

and θc, we can easily integrate out the environment ϑ with a Gaussian path integral.

The integral is done with the partition function,

Z “

¡

DrθcsDrθf sDrϑse
´S0rθc,θf ,ϑs´Scoup.rθc,ϑs´STrθc,θf s, (6.18)

after which the effective partition function becomes

Zeff
“

ĳ

DrθcsDrθf se
´S1Leads´ST , (6.19)

where

S 1Leads “
1

2

ĳ

dτdx
“

pBxθf q
2
` pBτθf q

2

`p1` rqpBxθcq
2
` p1` rqpBτθcq

2
‰

.

(6.20)
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Here we have extended the fields back to their original semi-infinite domains. No-

tice that the interaction between dissipative environment and the θc field has been

effectively incorporated into the free action of θc so that it becomes effectively in-

teracting with strength 1{p1 ` rq. Finally, we convert to the Hamiltonian form

and, to be consistent with the notation of the main text, relabel pθc, φf q as pθ1c, φ
1
f q.

The relabeling should also be carried out, of course, in the backscattering term,

HT Ñ A cosp2
?
πθ1c ` eV tq sinp2

?
πθf q.

We thus arrive at our strong coupling effective Hamiltonian

Heff
“

1

2

ż 8

0

dx
”

pBxθf q
2
` pBxφcq

2 (6.21a)

` p1` rqpBxθ
1
cq

2
`

1

1` r
pBxφ

1
f q

2
ı

(6.21b)

` A cos
“

2
?
πθ1cp0q ` eV t

‰

sin
“

2
?
πθf p0q

‰

. (6.21c)

We emphasize that the modes represented by fields θf and φc are free while those

represented by θ1c and φ1f are interacting 3. The coupling between these two sets of

modes is given by the barrier term, (6.21c), that describes the deviation from the

uniform state characterizing the QCP. Recalling that a bosonic operator of the form

cosp2
?
πθq corresponds to backscattering of the underlying fermions, we see that this

coupling involves the simultaneous backscattering of both sets of modes. Note that

the bias enters the backscattering of the interacting modes.

The strength of the barrier term, A, is not known microscopically as it is the

result of the flow from weak to strong coupling. It is helpful to recall at this point the

equilibrium flow to the strong coupling point. The equilibrium RG scaling equation

3 The effect of the region |x| ă `{2 of the original wire on the charge transport (backscattering and
leads) is included here; typically, there are boundary degrees of freedom that become decoupled at
the fixed point [52; 183].
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for A coming from Eq. (6.21c) is

dA

d lnD
“

1

1` r
A, (6.22)

where the energy cutoff D runs from D0 “ 1 down to 0. The scaling dimension of

the backscattering operator is then Ω ” 1 ` 1{p1 ` rq, showing that the operator is

irrelevant and AÑ 0 at the QCP.

The linear response conductance at zero temperature is thus that of the sys-

tem defined by Eqs. (6.21a)-(6.21b). By combining the charge and flavor fields, one

clearly obtains a translationally invariant system 4, in which one therefore has per-

fect transmission and thus G “ e2{h [134]. This is the same result as for resonant

tunneling in a Luttinger liquid [103; 52]. To better illustrate their connection, con-

sider the backscattering operator in resonant tunneling through a LL at zero bias

[52], namely cosr2
?
πθ1p0qsBxθ

1p0q, where θ1pxq is the interacting field describing the

LL. Note in this regard that both the c and f modes are interacting in a LL and

related to θ1pxq. To arrive at this form from Eq. (6.21c), expand about the midpoint

of the two barriers and call this point x“ 0. Then from Eq. (6.12), θ1c « θ1p0q and

θ1f « Bxθ
1p0q`{2. Since Bxθ

1p0q`{2 is small and fluctuating, the sin r2
?
πθf p0qs factor

is simply expanded to yield π3{2Bxθ
1p0q{2kF , where we have used kF `“ π{2 on res-

onance. Combining this with cos θ1c « cos θ1p0q, we arrive at the expression above

for backscattering from two barriers in a LL. We have thus proved the connection

between the dissipative spinless resonant level model and the Luttinger liquid model

at the strong coupling fixed point. From general considerations (see, e.g., [52]) one

thus expects the low temperature or bias deviation from perfect transmission to be

4 To explicitly obtain a translationally invariant system, first rescale θ1c and φ1f in Eq. (6.21b) so

as to absorb the factors of p1 ` rq˘1. Since there is no interaction, this can be done without any
compensating change in other terms. Then combine the flavor and charge fields into fields defined
for all x, e.g. θ1px ą 0q “ θ1cpxq ` θf pxq, θ

1px ă 0q “ θ1cp´xq ´ θf p´xq, and similarly for φpxq. The
Hamiltonian now becomes

ş8

´8
dxrpBxθ

1q2 ` pBxφ
1q2s, which is manifestly translationally invariant.
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a power law related to this scaling dimension, namely |dI{dV ´ e2{h| 9T 2{p1`rq or

9V 2{p1`rq.

6.5 The I-V curve

We now turn to an explicit calculation of the I-V curve: we find the correction to

perfect transmission caused by the joint backscattering term Eq. (6.21c). We work

to leading order in this term but keep all orders in the bosonic fields, and use a

Keldysh approach to find the nonequilibrium current [80]. The fact that we work

to only second order in A leads to a considerable simplification [121; 73]: a Keldysh

calculation for scattering by a local operator to second order shows that the current

is related to the backscattering rate ΓpV, T q, which in turn is given simply by a

golden rule expression [121; 73]. The current is given by the difference between

the forward and backward rates; consequently, the backscattering-related current is

∆IpV, T q “ erΓpV, T q ´ Γp´V, T qs.

The backscattering matrix element needed is [164]

xf |HT|iy “A xR
f
1 | cosr2

?
πθ1cp0qs|R

i
1y ˆ xR

f
2 | sinr2

?
πθf p0qs|R

i
2y, (6.23)

where |R1y and |R2y represent the states of θ1c and θf , respectively, and i and f label

the initial and final states. Recall that in time-dependent perturbation theory, an

explicit oscillatory time dependence such as eV t in Eq. (6.21c) factors out and enters

the energy conservation constraint. The rate is, then, given by

ΓpV, T q “ A2 2π

~
ÿ

Ri1R
f
1

ÿ

Ri2R
f
2

ˆ|xRf
1 | cos

“

2
?
πθ1cp0q

‰

|Ri
1y|

2PβpR
i
1q

ˆ |xRf
2 | sin

“

2
?
πθf p0q

‰

|Ri
2y|

2PβpR
i
2q ˆ δpERi1 ` ERi2 ` eV ´ ERf1

´ ERf2
q,

(6.24)

where PβpR
i
1,2q “ xR

i
1,2|ρβ|R

i
1,2y refers to the density matrices of the fields and the

subscript β is a reminder of the effect of temperature.
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To evaluate the rate, first rewrite the δ-function as an integral over time of an

exponential. Then, notice that the factors exppiEi,f t{~q can be produced by acting

on the initial or final state with exppiHt{~q. Thus, changing to the Heisenberg

picture for the fields and dropping the argument x “ 0 for clarity, we find

ΓpV, T q “
A2

~2

ż 8

´8

dt
ÿ

Ri1R
f
1

xRi
1| cos

“

2
?
πθ1cptq

‰

|Rf
1yxR

f
1 | cos

“

2
?
πθ1cpt “ 0q

‰

|Ri
1yPβpR

i
1q

ˆ
ÿ

Ri2R
f
2

xRi
2| sin

“

2
?
πθf ptq

‰

|Rf
2yxR

f
2 | sin

“

2
?
πθf pt “ 0q

‰

|Ri
2yPβpR

i
2qe

ieV t{~

“
A2

~2

ż 8

´8

dteieV t{~
@

cos
“

2
?
πθ1cptq

‰

cos
“

2
?
πθ1cp0q

‰D @

sin
“

2
?
πθf ptq

‰

sin
“

2
?
πθf p0q

‰D

.

(6.25)

Evaluation of the bosonic correlation function is standard, see for example Refs. [71;

92]. In terms of the scaling dimension Ω“1`1{p1`rq of the backscattering operator,

the result for the rate is

ΓpV, T q

“
A2

4~2

ż 8

´8

dteieV t{~ exp

„

´2Ω ln sinh

ˆ

πkBT |t|

~

˙

` 2Ω ln
πkBT

~ωR
´ ΩiπSignptq ´ 2Ωγ



“
A2

4~2

π

Γp2Ωq

ˆ

2πkBT

~ωR

˙2Ω´1
1

ωR
exp

ˆ

eV

2kBT

˙ ˇ

ˇ

ˇ

ˇ

Γ

ˆ

Ω` i
eV

2πkBT

˙ˇ

ˇ

ˇ

ˇ

2

,

(6.26)

where ωR is the energy cutoff of the bosonic bath and γ is Euler’s constant. Physi-

cally, as this rate involves gain of energy, it corresponds to backscattering from the

right-moving to left-moving channel [using the convention of Eqs. (6.3) and (6.14)].

The net current is related to the difference of this rate and that in the opposite sense,

namely Γp´V, T q. Since the energy associated with the bias in each backscattering

event is eV , we conclude that the charge carried by each quasi-particle is e. Con-

sequently, the backscattering-related current is ∆IpV, T q “ erΓpV, T q ´ Γp´V, T qs.
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Adding this to the perfect transmission when A “ 0, we arrive at our final result for

the I-V curve

IpV, T q “
e2

h
V

$

’

’

’

&

’

’

’

%

1´
A2π2

~2ω2
R

1

Γp 2
1`r

` 2q

ˆ

2πkBT

~ωR

˙
2

1`r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Γ

ˆ

1

1` r
` 1` i

eV

2πkBT

˙

Γ

ˆ

1` i
eV

2πkBT

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2
,

/

/

/

.

/

/

/

-

.

(6.27)

This is the main theoretical result of this paper: the nonlinear I-V curve to leading

order in the backscattering amplitude A as the system flows into the strong-coupling

QCP (path 1 in Fig. 6.1). Flow to this QCP occurs by tuning the system (described

by the original microscopic Hamiltonian in Sec. 6.2) to be on resonance and to have

symmetric source and drain barriers. At large bias, a power-law dependence is found,

|dI{dV ´ e2{h| 9V 2{p1`rq, as expected from the equilibrium RG analysis at the end

of Sec. 6.4. A plot of the full result is shown in Fig. 6.2.

6.6 Comparison to experiment

Experiments were performed on quantum dots fabricated from carbon nanotubes

contacted by Cr/Au electrodes in the group of Prof. Gleb Finkelstein. The electrodes

were further connected to the bonding pads by Cr resistors that provided dissipation.

For further information on the fabrication and characteristics of the samples, see

Refs. [134; 135]. In Fig. 6.2 we show data from a sample with r “ 0.5 and 0.75.

The conductance G is measured in units of e2{h and rescaled such that at a given

temperature 1´GpV q is divided by 1´GpV “0q.

Fig. 6.2 shows that the full non-linear result (6.27) captures the experimental

behavior remarkably well. Note that there are no free parameters in the theory—this

is not a fit. The value of r is determined in an independent equilibrium measurement

of GpT q off resonance [134], and the value of A is eliminated by plotting the ratio.
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Figure 6.2: Deviation from perfect conductance 1´GpV, T q, scaled by 1´GpV “
0, T q, as a function of eV {kBT for r“0.5 and r “ 0.75. HereGpV, T q is the differential
conductance G “ ph{e2q dI{dV . The symbols are the experimental results at the
color-coded temperatures. The red line is the result of the full non-linear theory
[Eq. (6.27)], in which there are no free parameters. Note the excellent agreement
between the theory and data in both the crossover and power-law regimes. At larger
V {T , non-universal effects begin to set in due to 1´GpV, T q becoming non-negligible
compared to 1.

For this value of r, 1 ´ G on resonance is shown to scale as T 2{p1`rq as expected in

equilibrium [135].

Comparing closely the experimental and theoretical results, we see two striking

features of the theory: first, it captures the crossover regime eV„kT very accurately,

and, second, it yields the correct prefactor of the universal 9V 2{p1`rq dependence at

high bias. The excellent agreement between the theory and experiment in a wide
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range of eV {kBT is a striking confirmation of our far-from-equilibrium calculation.

It is important to realize that, unlike measurements that use a weakly coupled

contact to probe the equilibrium density of states at finite bias (for example [120;

126; 154; 106]), here the two biased contacts remain equally coupled to the quantum

dot, creating genuinely nonequilibrium conditions [137; 156].

At high enough eV {kBT , the experimental curves deviate from the theoretical

prediction (Fig. 6.2). There are several possible contributions to this deviation. Be-

cause 1 ´ G is no longer small, irrelevant operators not included in our effective

strong-coupling model [Eq. (6.21)] may become significant. An additional possible

contribution is that the second order analysis of the present model is inadequate at

high bias. The range of applicability of our analytical results is pushed to higher and

higher eV {kBT as the temperature is lowered.

6.7 Interpretation as Dynamical Coulomb Blockade

To enhance the physical understanding of our main results, Eq. (6.27) and Fig. 6.2,

we rewrite our strong coupling effective system as a fermionic problem and thereby

make a direct connection to dynamical Coulomb blockade (DCB) theory. In order to

use non-interacting fermions, we choose to refermionize the non-interacting bosonic

fields pθf , φcq in Eq. (6.21), using the bosonization relation Eq. (6.6) where α now

denotes this pair. It is also convenient to move the bias out of the barrier term by

undoing the time-dependent gauge transformation. The coupling term Eq. (6.21c)

is, then, replaced by the two terms

HT “ πa0A cos
“

2
?
πθ1cp0q

‰

”

ψ:Lp0qψRp0q ` h.c.
ı

Hµ “ ´eV θ
1
cp0q{

?
4π.

(6.28)

The fact that the bias couples to the interacting field θ1c is a serious compli-

cation. However, note that we will calculate the I-V curve only to leading order
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in A, as in Sec. 6.5. In the expression for the rate, the bias appears only in the

energy-conservation δ-function as the particle gains (or loses) energy eV when it

backscatters. Note that the excitations of θ1c and θf are tightly linked in the sin-

gle term in Eq. (6.21c), leading to a single connection between a given |iy and its

|fy. Thus, whether the energy eV comes from coupling to the interacting or non-

interacting field cannot be distinguished at this order. We can, then, calculate the

I-V curve using the bias term

H 1
µ “ ´eV θf p0q{

?
4π. (6.29)

Refermionizing this term using relations analogous to those in Eq. (6.6), we arrive at

the auxiliary model

H 1
“

1

2

ż 8

´8

dx
”

ψ:RpxqBxψRpxq ´ ψ
:

LpxqBxψLpxq
ı

`
1

2

ż 8

0

dx
”

p1` rqpBxθ
1
cq

2
`

1

1` r
pBxφ

1
f q

2
ı

` πa0A cos
“

2
?
πθ1cp0q

‰  

ψ:Lp0qψRp0q ` h.c.
(

`
eV

2

„
ż 0

´8

dxψ:RpxqψRpxq ´

ż 8

0

dxψ:LpxqψLpxq



.

(6.30)

Each line of (6.30) can be interpreted physically: the first line is right- and left-

moving non-interacting fermions, second line is an interacting bosonic environment,

third line shows that backscattering of the fermions excites the environment, and

fourth line accounts for the voltage bias between the right- and left- moving fermions.

We thus recognize the form for tunneling of non-interacting particles through a

barrier in the presence of an environment [92; 187; 50], albeit with a strange barrier

and strange environment. Tunneling through the barrier consists of backscattering

between two chiral fermion modes, and the environment θ1c involves a nonlinear com-

bination of the original electrons and environment [the rotation Eq. (6.9) applies to
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quantities in the exponent]. Nevertheless, the standard techniques of DCB theory

[92; 187; 50] can be applied to obtain the nonlinear I-V curve to second order in A.

The result [164; 196] is the same as in the last section, Eq. (6.27), with the coeffi-

cient of the correction pAπ{~ωRq2 replaced by ph{e2q{RT , where RT is the tunneling

resistance of the effective barrier in the absence of dissipation.

The equivalence of these two coefficients is shown by considering the standard

single-barrier tunneling Hamiltonian. Denote the backscattering amplitude of the

fermions by tk,q, where k and q label the initial and final fermionic particle states,

HT “
ř

k,q tk,qc
:

L,kcR,q ` h.c.. The standard result for the conductance of a tunneling

barrier when the amplitude is momentum independent is 1{RT “ pe
2{hq|t|2rΞNp0qs2,

where ΞNp0q is the number of states per unit energy and t is the average matrix

element. In our case, the number of states is the size of the system L divided by

the bosonization cutoff a0, and the maximum energy for a particle excitation is ~ωR,

the cutoff for the bosonic modes (´~ωR for a hole excitation). The amplitude t

follows from Eq. (6.30) noting that a factor of 1{L is introduced in the conversion

from continuous x to discrete k. Putting these elements together one finds

1

RT

“
e2

h

ˆ

πa0A

L

˙2 ˆ
L{a0

~ωR

˙2

“
e2

h

ˆ

πA

~ωR

˙2

. (6.31)

Thus the I-V curve that results from a DCB theory treatment of the auxiliary strong-

coupling model (6.30) and that found from the true effective bosonic description

(6.21) are identical.

This allows then the physically intuitive interpretation of the I-V curve Eq. (6.27)

as tunneling of non-interacting fermions (between left-movers and right-movers) in

the presence of an environment.
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6.8 Conclusions

We have carried out an analytic calculation of a far-from-equilibrium I-V curve at

a strong-coupling QCP, and then presented experimental results enabling a detailed

theory-experiment comparison. The calculation is made possible through an effective

bosonic description at strong-coupling. The agreement with the experimental results

throughout the crossover and asymptotic regimes, as shown in Fig. 6.2, is excellent.

A simple physical interpretation is possible because only one of the charge modes

in the system couples to the EM environment, leaving the mode corresponding to

fluctuations of the total charge in the dot free. This feature is not present, for

instance, in the related problem of resonant tunneling in a Luttinger liquid. It allows

us to find the I-V curve, alternatively, from the problem of tunneling between left-

and right-moving non-interacting fermions in the presence of a modified environment.

The solution to that problem from dynamical Coulomb blockade theory yields an

explicit expression for the nonlinear I-V curve. Comparing the results of the bosonic

and fermionic calculations, one finds that they are identical.

To our knowledge, this is the first calculation or measurement of the nonequi-

librium nonlinear I-V curve at a QCP (path 1 in Fig. 6.1). As mentioned in the

introduction, unlike measurements that use a weakly coupled contact to probe the

equilibrium density of states at finite bias (for example [120; 126; 154; 106]), here the

two biased contacts remain equally coupled to the quantum dot, creating genuinely

nonequilibrium conditions [137; 156].

A remarkable aspect of this system is that it is fully accessible to both theory and

experiment, allowing for a detailed comparison between the two. This accessibility is

characteristic of other nanoscale systems exhibiting boundary QPT as well, see e.g.

[106; 89; 90], one of the reasons for increasing interest in this topic. As nonequilibrium

results at a QCP are exceedingly rare, our results provide a valuable bench mark and
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test case for future studies of nonequilibrium steady states.
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7

Equilibrium Crossover near a Non-Fermi-Liquid
Quantum Critical Point: Conductance of a

Dissipative Quantum Dot

We study the non-equilibrium conductance of a dissipative resonant level model sys-

tem as it crosses over from the strong coupling critical point to the weak cotunneling

ground state. The system consists of a spin-polarized quantum dot connected to

two dissipative leads whose resistance is R. At the Toulouse point with R “ RQ

(the quantized dissipation), the strong tunneling critical point of this system is the

same as that of the two-channel Kondo model; it is unstable under hybridization

asymmetry or detuning of the level in the dot, both of which cause flow to a Fermi

liquid ground state. Meanwhile, through Keldysh formalism, system’s conductance

can be analytically calculated at this Toulouse point. For other cases with general

dissipation strength, we find that the crossover regime of our system is equivalent

to that of a single barrier Luttinger liquid (LL), whose conductance has been calcu-

lated through Boltzmann equation. Comparison between numerical calculation and

experimental data shows great agreement.
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7.1 Introduction

The Kondo model has inspired a myriad of different physical problems and funda-

mental advances in theoretical physics. Among these related problems a very con-

temporary one is the dissipative spinless resonant level model, where a quantum dot

is embedded between two dissipative leads [134; 135; 124] or a Luttinger liquid (LL)

resonant model [103; 68; 67]. As has been introduced in Chapter 4, the dissipative

resonant level model shares similarities with the 2CK model in the sense that they

both host QCPs that are unstable against system asymmetry. More specifically, in

the dissipative resonant level model, universal conductance has been predicted as a

function of ∆Vgate{maxpV, T qr{p1`rq, where ∆Vgate, V and T represents the detuning,

bias and temperature, respectively, and r “ R{RQ is the dimensionless dissipation

strength. As introduced in Chapter 4, the dissipative resonant level model has been

experimentally realized [134; 135]. One important features of the observed conduc-

tance curve is that the temperature and bias, which are both regarded as energy

cutoffs in the renormalization group (RG) near the fixed points, become distinguish-

able at the crossover regime [135]. Thus, in order to understand the crossover it is

necessary to investigate beyond the usual scaling analyses.

A simpler problem is the charge transport of a dissipative single barrier model.

In this case, an interesting approach to go beyond the usual scaling was been put

forward by Fendley et al. They discussed the non-equilibrium I-V curve using a

particular quasi-particle basis and the Boltzmann equation for those quasi-particles

[54; 55]. However, as far as we know, the application of such method directly to

the resonant model is still absent. In this chapter we establish a connection between

these models, thus proving that the resonant tunneling model I-V curve can be found

using the Boltzmann equation method [190; 55].

In this chapter, we analytically calculate both the equilibrium and non-equilibrium
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I-V curve of the dissipative resonant level model. For the particular case of r “ 1,

we evaluate the non-equilibrium conductance [166; 168] that successfully captures

the feature of the crossover regime. We also prove that the r “ 1 situation can

be mapped to the two channel Kondo (2CK) model [53; 139]. For the general case

of r ‰ 1, we argue that the system can effectively be described as a point contact

tunneling barrier model, that can be numerically evaluated using the Boltzmann

equation method developed by Fendley et al [54; 55]. The comparison between our

r “ 0.75 theoretical result and the experimental data shows great agreement.

The manuscript is organized as follows. In section 7.2, we briefly introduce the

model and the bosonization of the system. We derive the connection between the

dissipative model and the point contact tunneling in section 7.3 and compare our

theoretical result with the known experimental data. In section 7.4 we discuss the

mapping of the resonant level model onto the 2CK model and use this to derive

the conductance. Finally we discussed the physical understanding of the difference

between temperature and bias in the crossover regime in section 7.5.

7.2 The Model and Bosonization with Chiral Fields

The system we consider in this chapter has the general form of the dissipative res-

onant level model. More specifically, system Hamiltonian can be depicted by the

equations from Eq. (4.1) to Eq. (4.4). However, in contrast to the model in Chapter

6 where the system is perfectly symmetric, in this chapter we consider the effect of

both the particle-hole (εd) and source-drain (tS ´ tD) asymmetries.

Same as Chapter 2, the standard approach to study the dissipative resonant level

model is to use the Abelian bosonization and to combine the bosonic fields with the

dissipative phase. In this chapter, it is more convenient to unfold the semi-infinite
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source and drain leads into two full infinite chiral channels

cS,Dpxq “
1

?
2πa0

FS,D expriφS,Dpxqs, (7.1)

where a0 is the lattice constant and FS,D is the Klein factor that guarantees the

fermionic anti-commutator. The chiral bosonic fields obey the standard commutation

relation,

rBxφαpxq, φα1px
1
qs “ iδα,α1πδpx´ x

1
q. (7.2)

The relation between the chiral bosonic fields and the canonical ones has been pro-

vided in Chapter 2. Here we choose the chiral bosonization form since then it is

easier to map the model onto the single barrier Luttinger liquid model, which has

been exactly solved through the Boltzmann equation method.

To combine the dissipative phase with the lead bosons, we rotate the source and

drain fields

φc,f pxq “
φSpxq ˘ φDpxq

?
2

, (7.3)

where φcpxq and φf pxq can be understood as the total charge in the leads and the

charge difference between two leads, respectively. The Ohmic environmental field

can be analytically extended to be effectively one-dimensional ϕptq Ñ ϕpt, xq such

that the extended field satisfies the commutation relation

rBxϕpxq, ϕpx
1
qs “ i2rπδpx´ x1q. (7.4)

Finally, we define two new fields through the rotation

φ1f pxq ”

c

1

1` r
rφf pxq `

1
?

2
ϕpxqs,

ϕ1pxq ”

c

1

1` r
r
?
rφf pxq ´

1
?

2r
ϕpxqs,

(7.5)
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that allows us to re-write the Hamiltonian as

H 1
dot “ Hdot

H 1
leads “

vF
4π

ż 8

8

dx
 

rBxφcpxqs
2
` rBxφ

1
f pxqs

2
(

H 1
T “ tS

FS
?

2πa0

e
´i
?

1`r
2
φ1f p0q´i

1?
2
φcp0qd

` tD
FD

?
2πa0

e
i
?

1`r
2
φ1f p0q´i

1?
2
φcp0qd` h.c.,

(7.6)

where we have already ignored the decoupled phase ϕ1.

7.3 I-V curve for general dissipation strength

7.3.1 Non-equilibrium I-V Curve of the System with a Detuned Quantum Dot

In this section, we study the system where the quantum dot is detuned εd ‰ 0.

For simplicity, we take a symmetric lead-dot coupling tD “ tS with the tunneling

Hamiltonian

H 1
T “

tS
?

2πa0

cos

«

c

1` r

2
φ1f p0q

ff

e´i
?

K
2
φcp0qσ´ ` h.c., (7.7)

where K is proportional to the RG-variant scaling dimension of the φc operator with

initial value one. σ´ is the effective Pauli matrix constructed by the combination of

impurity operator d and the Klein factor. This Hamiltonian shows a strong resem-

blance to the Abelian bosonization of the two channel anisotropic Kondo model (see

section 7.4 for details) and the double barrier tunneling in a LL that is studied by

Kane and Fisher [103]. The weak coupling renormalization group equations can be

derived by writing the system partition function into the Coulomb gas form. This

method has been applied, for instance, to the quantum Brownian motion [59] and

Luttinger liquid models [103]. As introduced in Chapter 6, the dissipative resonant
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level model can be considered as an effective Luttinger liquid model with φf inter-

acting. We can thus follow the Coulomb gas RG method to get the RG equations

dtS
d ln τc

“ tS

´

1´
1` r

4
´
K

4

¯

dK

d ln τc
“ ´8τ 2

c t
2
SK,

(7.8)

where τc is the RG cutoff.

The first equation of Eq. (7.8) shows that the hybridization increases with r ă 2,

while the second one shows that the scaling dimension of the φc field decreases as the

renormalization group flow develops. This fact physically means that the resonant

level is screened by the lead fermions so that the particle number between two barriers

are fixed to be a half integer. As a consequence we can consider a two step RG and

after this initial RG flow, the remaining dynamics of the tunneling Hamiltonian can

be expressed as the effective model1

H̃ 1
T “

t̃S
?

2πa0

cosr

c

1` r

2
φ1f p0qsσ

x, (7.9)

with t̃S as the renormalized hybridization strength. If we consider εd ! t̃S initially,

the tunneling strength t̃S increases and the system approaches the strong coupling

regime with r ă 3. The tunneling Hamiltonian Eq. (7.9) mimics that in a Luttinger

liquid resonant level model: near the strong coupling fixed point of a Luttinger

liquid resonant level model, the quantum dot detuning prevents the healing of the

system, leaving a weak backscattering barrier at the quantum dot site [103]. Since the

effectively Hamiltonian Eq. (7.9) with φc decoupled is the same as that of a Luttinger

liquid with effective Luttinger interaction
a

p1` rq{2, this argument applies to our

1 Here we are simplifying the system with known RG equations Eq. (7.8). This technique has been
introduced in Section 3.2.2. Notice that with this simplification, details of the system when flowing
into the critical point (this is the content of Chapter 6) are lost.
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case, with the effective Hamiltonian near the strong coupling regime

∆Ṽgate sinr

c

2

1` r
φ1f p0qsσ

y, (7.10)

where ∆Ṽgate9∆Vgate is the renormalized detuning strength. Another way to under-

stand the connection between Eqs. (7.9) and (7.10) is through the boundary condition

variation of the φ1f field after the fusion with the dot operator σx. This method can

also be applied to understand the effect of a weak source-drain asymmetry, which

will be provided in detail in Section 7.3.2. Notice that operator in Eq. (7.10) has

scaling dimension 1{p1 ` rq and is relevant with r ą 0, thus becoming the leading

operator in the second RG process.

The Sine-Gordon form of Eq. (7.10) allows us to note that the near-resonant

transport in the noise environment can be effectively described as a point contact

tunneling between two LL leads (which can also be described by an effective boundary

Sine-Gordon operator). It is therefore expected that the system will flow towards

a co-tunneling regime through a crossover with a 2kF -backscattering-like operator

(generated by the detuning operator). The transport properties of this model have

been studied before using the Boltzmann equation method, where kink and anti-kink

are quasi-particles.

In order to verify our mapping, we calculate the conductance of the equilibrium

case and the zero temperature case with r “ 0.75 based on the Boltzmann equation

method and compare the result with the experimental data (that comes from Profes-

sor Gleb Finkelstein’s group). The result is given in Fig. 7.1, where the blue and red

curves are the theoretical results for equilibrium and zero temperature case, respec-

tively. The experimental data is represented by the black dots. Here we can see that

the equilibrium result perfect agrees with the experimental data. Compared with the

exact and perfect equilibrium result, the zero temperature (non-equilibrium) curve
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Figure 7.1: The comparison between experimental data and theoretical results.
The dissipation strength is r “ 0.75 for both cases. The solid lines are the theo-
retical result and the black dots are experimental data provided by Professor Gleb
Finkelstein’s group. Fig. 7.1(a) is the equilibrium result under finite temperature and
Fig. 7.1(b) is the zero temperature result calculated by the summation of polynomial
series. In the crossover regime, both the weak cotunneling and weak backscattering
treatment fails and we can see the transition between those two regimes. Fig, 7.1(c)
shows two experimental data in a single plot.

is perturbative and is constructed through the summation of polynomials in two dif-

ferent regimes. More specifically, near the strong coupling regime, the G-V curve is

calculated by summing over all ∆Vgate{V
r{p1`rq polynomials. On the contrary, near

the fermi liquid ground state, V r{p1`rq{∆Vgate becomes small so that the conduc-

tance is calculated by summing over all orders of V r{p1`rq{∆Vgate. That is why the

deviation between experimental data and the theoretical calculation develops when

∆V „ Vgate. Except for that regime, the theoretical result agrees quite well with the
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experimental data.

7.3.2 Effect of Source-Drain Asymmetry

In Section 7.3.1, we have shown that the dissipative resonant level model with a

detuned quantum dot maps to a single barrier Luttinger liquid model that can be

solved through the Boltzmann equation method. It also shows a great agreement

between our theoretical calculation and the experimental data. In this section, we

instead consider the other case where the quantum dot is fine tuned (εd “ 0), while

the source-drain symmetry is broken tS ‰ tD with a simple argument based on

the conformal field theory (CFT). As proved by J. Cardy [30], in CFT, the fusion

between primary fields corresponds to the change of boundary conditions. Below we

show that through the fusion process, the source-drain asymmetry effectively shares

the form of Eq. (7.10), with ∆Ṽgate replaced by t̃S´ t̃D (the renormalized source-drain

asymmetry) and sin replaced by cos.

We begin with the free action and the Hamiltonian after the absorption of dissi-

pation

S0 “
1

β

ÿ

ωn

|ωn|p|φc|
2
` |φ1f |

2
q

HT “ tSFSe
´ir 1?

2
φcp0q`

?
1`r

2
φ1f p0qsd

` tDFDe
´ir 1?

2
φcp0q´

?
1`r

2
φ1f p0qsd` h.c.,

(7.11)

where the decoupled effective dissipation ϕ1 has been neglected.

Next is the transformation U “ expriγpd:d ´ 1{2qφcp0qs. Here we take γ “

1{
?

2´ 1 so that the tunneling Hamiltonian becomes

HT “ tSFSe
´irφcp0q`

?
1`r

2
φ1f p0qsd

` tDFDe
´irφcp0q´

?
1`r

2
φ1f p0qsd` h.c.

(7.12)
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Now if we rename the fields c Ñ s, cf Ñ sf and define spin operators as the

combination of impurity operators and Klein factors, we get an effective 2CK Hamil-

tonian where the spin flavor field φsf is interacting 2. In this sense, the effect of

the source-drain asymmetry in a dissipative resonant level model mimics that of the

channel asymmetry in a two channel Kondo model.

Having noticed this fact, we detour a little bit and discuss about the source-drain

(S-D) asymmetry operator in a spin 2CK model. In a spin 2CK model, the S-D

asymmetry can be written as [65]

1

2
pJL ´ JRqr ~JL ´ ~JRs ¨ ~S „ r~φˆ εs ¨ S, (7.13)

where ~φ represents the j “ 1 field in the SU(2) level two Kac-Moody algebra and ε

is the ”energy operator” in the Ising sector. In the SU(2) 2CK model, the flowing

towards the 2CK critical point corresponds to the absorption of a spin 1{2 in the

SU(2) level two sector, which is realized through the double fusion with gα (the

j “ 1{2 spin field) fields. Since gα ˆ ~φ Ñ gα and gα ˆ gα Ñ 1 ` ~φ [72], the S-D

asymmetry operator around the critical point „ ε, which has scaling dimension 1{2

(~φˆ ε has a higher scaling dimension and is thus ignored).

Now we go back to our case. From Eq. (7.12) we see that the c field is not

interacting. Because of that, if with c Ñ s and d Ñ S´ we see that in our effective

interacting 2CK model the spin sector is not interacting so that the total spin can

once again be described by the SU(2) level two KM algebra. Consequently, we can

write the asymmetry as

~φˆ sinr

c

1` r

2
φ1sf s, (7.14)

where the impurity operator has been ignored since it is irrelevant in the Boltzmann

2 A more strict mapping between the two channel Kondo model and the R “ RQ dissipative
resonant level model is provided in Section 7.4.1.
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equation calculations. Similar as the spin 2CK case, the S-D asymmetry Hamiltonian

corresponds to the double fusion of Eq. (7.14) with field gα, which takes ~φÑ 1.

In contrast to the spin 2CK model, in this case we also need to take into con-

sideration the change of boundary condition in the spin flavor sector by taking

sinr
b

1`r
2
φ1sf s Ñ cosr

b

2
1`r

φ1sf s [183]. Now rename φ1sf as φ1f , we get the same form

as Eq. (7.10) with sin replaced by cos. Since this relevant operator originates from

the source-drain asymmetry, it will be proportional to t̃S ´ t̃D. Consequently, we

have proved that the source-drain asymmetry generates an effective operator that

has the same dynamics of that of the dot detuning: thus the crossover I-V curve of

the S-D asymmetric case should also be the same as that of the dot detuned case.

7.4 Toulouse Point with Critical Dissipation Strength

In Chapter 4 we have introduced the 2CK model and its hosted second order bound-

ary QPT. We have also mentioned the similarity between the dissipative resonant

level model and the 2CK model. Actually, connection between the dissipative reso-

nant level model and the 2CK has already been pointed out [134; 135; 124]. Phys-

ically, in a resonant level model, one can define the isospin [7] with respect to the

charge number in each lead, which mimics the SUp2q symmetric real spin in the

2CK model. Meanwhile, the competition between two leads’ hybridization to the

dot mimics the Kondo screening between two channels in the 2CK model [166]. In

this section we analytically prove that when r “ 1, the resonant level model can be

exactly mapped to the 2CK model. We also calculate the I-V curve at this Toulouse

point in the crossover regime.

7.4.1 Mapping towards the 2CK Model

We start with the effective Hamiltonian Eq. (7.6) and prove its equivalency to that of

the 2CK model. For simplicity, bias voltage will only be considered in next subsection
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when we are ready to calculate the conductance.

To proceed, we introduce the unitary transformation

U “ expriγpd:d´
1

2
qφcp0qs, (7.15)

where γ is some undetermined constant. It is easy to check its effect on impurity

operators

U :dU “ expriγφcp0qsd

U :d:U “ expr´iγφcp0qsd
:,

(7.16)

such that this transformation will change the exponential coefficient of the field

φc. The side effect is that it also introduces a potential interaction from the lead

Hamiltonian

U :H 1
leadsU “ H 1

leads ´ vFγpd
:d´ 1{2qBxφcp0q. (7.17)

When r “ 1 we take γ “ 1{
?

2´ 1 and the tunneling Hamiltonian becomes

H 1
T “ tS

FS
?

2πa0

e´i
?

2φ̃Sd` tD
FD

?
2πa0

e´i
?

2φ̃Dd` h.c.

` vF

?
2´ 1

2
pd:d´

1

2
qBxrφ̃S ` φ̃Dsp0q,

(7.18)

where φ̃S,Dpxq ” rφcpxq˘φf pxqs{
?

2 is the effective lead field after the incorporation

of dissipation. We have put the generated potential interaction into HT so that Hleads

is still free. Physically, the unitary transformation effectively changes the interaction

between the field φc and the impurity. And the quartic potential interaction is thus

introduced to compensate for this change.

One important feature of the transformed Hamiltonian Eq. (7.18) is that the

hybridization terms have scaling dimension one such that they share the RG feature

of operators in a Kondo problem. This feature signifies the connection between the

r “ 1 resonant level model and the 2CK model, and enables the mapping between
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them. However, since the spin 2CK model has four independent fields (instead of

two in the resonant level model), we need to introduce another two auxiliary fields

φ̄L,R in our model to complete this mapping. Luckily, we are also free to choose φ̄L,R

as non-interacting since they are actually fictitious. Then we can rotate over those

fields

ΦL{R,Òpxq “
1
?

2
rφ̃L.Rpxq ` φ̄L{Rpxqs

ΦL{R,Ópxq “
1
?

2
r´φ̃L.Rpxq ` φ̄L{Rpxqs,

(7.19)

to produce the virtual spin. Next, we substitute the spinless impurity operators into

the SU(2) spinful ones FSdÑ FS,ÒFS,ÓS
´, FDdÑ FD,ÒFD,ÓS

´ and d:d´1{2 Ñ Sz so

that the resonant level now behaves as a localized spin where the detuning ∆Vgate “

εd ´ µ mimics the magnetic field that lifts the spin SU(2) symmetry in the 2CK

model. Now, we refermionize the new fields defined in Eq. (7.19)

Fα,σe
´iΦα,σpxq “ ψ:α,σpxq, (7.20)

and arrive at the effective 2CK Hamiltonian

Hleads “ ivF

ż 8

´8

dx
ÿ

α,σ

ψ:α,σpxq
d

dx
ψα,σpxq

HKondo “ JzS
z
rψ:S,ÒψS,Ò ´ ψ

:

S,ÓψS,Ó ` ψ
:

D,ÒψD,Ò ´ ψ
:

D,ÓψD,Ós

` JSψ
:

S,ÒψS,ÓS
´
` JDψ

:

D,ÒψD,ÓS
´
` h.c.,

(7.21)

where σ “Ò, Ó labels the pseudo-spin and x “ 0 is assumed for the lead operators in

HKondo. The anisotropic Kondo parameters are defined as

Jz “
?

2πvF p
?

2´ 1q

JS “
?

2πa0tS

JD “
?

2πa0tD.

(7.22)
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Some comments can be made about the effective 2CK Hamiltonian in Eq. (7.21).

We begin with the explanation of the physical meaning of those two auxiliary fields.

From Eq. (7.21), we see that the inter-lead Kondo coupling is missing, which freezes

the charge flavor field in the 2CK model. Meanwhile, the Kondo feature freezes the

total charge number in the leads. Consequently, the effective Kondo Hamiltonian

in Eq. (7.21) only contains two independent fields, the same as that of the resonant

level model. Actually, the frozen of these two freedoms also originates from the fact

that the fields φ̄L{R are only virtual. This explains why a resonant level model can

effectively describe the 2CK model.

Due to the missing of the inter-lead Kondo tunneling, the 2CK fixed point of

the effective model Eq. (7.21) becomes easier accessed compared with the spin 2CK

model. Such behavior is also present in the charge 2CK model, where the inter-lead

tunneling is missing due to the decoherence at two sides of the ”large dot”. Con-

sequently, the I-V curve of our resonant level model is similar to that predicted in

a charge 2CK model [139], where the source-drain asymmetry and impurity level

detuning are relevant operators near the charge 2CK fixed point (with perfect con-

ductance). Finally, due to the equivalence to the 2CK model, the R “ RQ dissipative

resonant level model also hosts a decoupled Majorana fermion at the quantum dot.

This Majorana fermion, which consists of real impurity electron creation and anni-

hilation operators, is different from the effective Majorana fermion in a spin 2CK

model (that is created by spin operators). An application of this feature will be

introduced in Section 8.

7.4.2 I-V Curve of the Toulouse point

In Section 7.4.1, we have showed that the resonant level model with r “ 1 maps to

a 2CK model and we have predicted a similar crossover I ´ V feature as that of the

charge 2CK model. Here we provide a detailed calculation of the nonequilibrium
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conductance.

In this section we also take the r “ 1 dissipation. This time we take the coefficient

of the unitary transformation to be γ “ 1{
?

2 and refermionize the φ1f and φc fields.

The tunneling Hamiltonian becomes

H̃T “ ptS ´ tDq
ψ:f p0q ´ ψf p0q

?
2

a

` iptS ` tDq
ψ:f p0q ` ψf p0q

?
2

b

` irεd ´ πvF {
?

2 : ψ:cψcp0q :sab,

(7.23)

where a “ pd` d:q{
?

2 and b “ pd´ d:q{
?

2i are the two impurity majorana fermion

operators. These two lead fermions ψf and ψc are refermionized from φ1f and φc,

respectively.

One can quickly see that the Hamiltonian (7.23) can be exactly solved if we can

drop the quartic ψc-impurity interaction. Normally this interaction is important since

it is marginal and has a large initial value. However, when we are only interested

in the crossover regime, we can take several arguments to rule out the effect of this

quartic term. In the arguments below we assume that the detuning is small such

that the system flows to the strong coupling regime first and then got driven away

by the (initially) small detuning into the crossover regime.

The first one is about the screening out of the φc field from the RG point of view.

The RG equations of the dissipative resonant level model are given in Eq. (7.8).

Based on these equations, when the system flows towards the strong coupling fixed

point, the scaling dimension of the factor eiφc decreases from 1{2 to zero [103; 167].

Physically, this can be understood as the screening of the φc field by the dot-lead

hybridization. Practically, due to its zero scaling dimension near the strong coupling

regime, φc lost its dynamics in the ensued crossover regime so that the quartic term
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is not important here.

The second argument comes from the known effect of this quartic interaction:

it is important when the system flows towards the strong coupling fixed point but

trivial in the crossover regime [195]. Consequently, when we are only interested in

the crossover regime we are free to drop this quartic term.

Now, we assume that the system is at the crossover regime with small detuning

and asymmetry such that ∆Vgate, |VS´VD| ! Tc, where Tc is the critical temperature

at which the system reaches the strong coupling regime.

For later convenience, we define two lead Majorana fermions χf1 “ pψ
:

f ` ψf q{
?

2

and χf2 “ pψ
:

f ´ ψf q{
?

2i such that the tunneling Hamiltonian becomes

HT “ iteχ
f
1b` itoχ

f
2a` i∆Vgateab, (7.24)

where te,o “ tS ˘ tD is the even (odd) combination of the hybridization strengths.

Based on our assumption we have te " to,∆Vgate. Notice that the leading relevant

operators in Eq. (7.24) have scaling dimension 1{2 in the crossover regime, further

supporting the leading relevant operator Eq. (7.10) in section 7.3: with r “ 1, the

operator of Eq. (7.10) also has scaling dimension 1{p1 ` rq “ 1{2. We also notice

that the Hamiltonian above has a similar form of the two impurity Kondo model [7].

Before further calculation, we derive the current operator and bias Hamiltonian

written with those new fields. Our strategy is to calculate these operators in the

original model first and transform them with the same transformations on the equi-

librium Hamiltonian. It is easy to see that the bias voltage Hamiltonian and the

current operator can be written as

Hbias “ ´i
V

2

ż 8

´8

dxχf1pxqχ
f
2pxq

Î “ ´
i

2
toχ

f
1a`

i

2
teχ

f
2b,

(7.25)
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where V is the applied bias as defined in earlier sections. Now we are ready to

calculate the current with the standard Keldysh formalism. The result is

I “ V ´
λ2

2
Imψp

1

2
`
λ2{2` iV {2

2πT
q (7.26)

in unit of e2{h, where λ2 ” t2o{vF`4∆V 2
gatevF {t

2
e signifies the total system asymmetry.

The function ψpxq is the digamma function [168; 166]. Eq. (7.26) is one of the

essential results of this paper.

As analyzed in section 7.4.1, the I-V curve Eq. (7.26) is similar to that of the

charge 2CK model: they both have a perfect conductance that is destroyed by de-

tuning operators. The only difference is that in the charge 2CK model, the strong

coupling conductance is e2{2h due to the decoherence between two barriers. To more

intuitively understand Eq. (7.26), system conductance and current based on it have

been provided in Fig. (7.2).
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Figure 7.2: The differential conductance of the r “ 1 case as a function of
λ2{maxpT, V q. λ2 is the strength of detuning and asymmetry. The red curve is
the result with low bias and zero temperature and the blue curve is the result of the
low temperature equilibrium case.

We verify the result of Eq. (7.26) by checking the conductance scaling at the

weak and strong coupling regimes. In the strong coupling regime, the leading relevant

operator is the backscattering triggered by λ, which has scaling dimension 1{p1`rq “
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1{2 so that the current follows the behavior 1 ´ Ih{e2V91{maxpT, V q. On the

other hand, around the weak coupling regime, the leading irrelevant operator is the

cotunneling process with scaling dimension 1 ` r “ 2 so that the powerlaw should

be G9maxpT 2, V 2q. Our result in Fig. (7.2) agrees well with those RG expectations.

We also see that at the crossover regime, bias and temperature behave quite

different. More precisely, the low bias curve has a much sharper transition between

the weak and strong coupling regimes compared with that of the low temperature

case, which agrees with the experimental data observed with r “ 0.75 (Fig. 7.1). We

will illustrate the physical significance behind this phenomenon in Section 7.5.

7.5 Physical Understanding of the Crossover regime

In previous sections we have provided analytical calculations of the I-V curvature

of the Toulouse point (with r “ 1) and numerical results of that with general dissi-

pation. We further make the r “ 0.75 G-V plots to compare with the experimen-

tal data. One important features of both the analytic and numerical results [from

Figs. 7.1 and 7.2] is that temperature and bias lead to different conductance behav-

iors in the crossover regime, which does not agrees with the intuitive RG expectation.

In this section we provide a physical understanding of this result.

�Vgate T �Vgate
V

(b)(a)

Figure 7.3: Illustration of the different behaviors of temperature and bias depen-
dent conductance in the crossover regime. The red bold line represents the energy
level of the dot and ∆Vgate is the quantum dot detuning. Here we consider either the
equilibrium (a) case with temperature T or the zero temperature (b) case with bias
V .

The illustration of the resonant level model in the crossover regime is depicted
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in Fig. 7.3. Here the red bold line represents the impurity energy level and ∆Vgate

refers to the quantum dot detuning. Fig. 7.3(a) represents the equilibrium case with

temperature T slightly smaller than the detuning such that 0 ă ∆Vgate ´ T ! T ,

while Fig. 7.3(b) represents the zero temperature case with 0 ă ∆Vgate ´ V ! V .

Without loss of generality, these two cases can describe the physics at the crossover

regime.

In the equilibrium case [Fig. 7.3(a)], the lead-dot hybridization is exponentially

suppressed by an increasing detuning. However, the lead-dot hopping is always

possible (although with an exponentially decaying amplitude) even with T ă ∆Vgate.

The analysis above, however, does not apply to the zero temperature case [Fig. 7.3(b)].

In this case, a weak impurity detuning ∆Vgate ă V will not significantly change the

lead-dot hybridization. This hybridization, however, suddenly vanishes once the de-

tuning ∆Vgate exceeds the bias V (since dissipation suppresses the impurity level

broadening).

With the above analysis, we have the physical picture of the system. When

detuning is weak, it behaves as a 2kF backscattering where both the temperature and

bias serve as the RG cutoff such that they have the same behavior. When the system

enters the crossover regime [with ∆Vgate ă maxpV, T q], the lead-dot hybridization

of the equilibrium case is exponentially suppressed by the detuning while that of

the zero temperature case is not significantly affected. This explains why the zero

temperature curve has a higher conductance in this regime. Then, when ∆Vgate

becomes slightly larger than V in the zero temperature case, the hybridization is

suddenly turned off compared with the exponential suppression of the equilibrium

case, which explains the sharper transition between the weak cotunneling and the

weak backscattering regimes in the zero temperature case. Finally, when the system

enters the weak cotunneling regime, once again both the temperature and bias work

as the RG cutoff so that they have the same behavior.

136



7.6 Summary

In this chapter we investigate the crossover regime nonequilibrium conductance as a

function of either temperature or bias voltage in a dissipative resonant level model.

We consider a situation where the weak detuning and source-drain asymmetry desta-

bilize the reachable strong coupling regime and drive the system towards the weak

cotunneling regime through the crossover regime. To begin with, we combine the

bosonic environmental modes with the bosonized lead fields to redefine their dynam-

ics. For the r “ 1 special case, we map the system to the 2CK model, where the

system can be exactly solved through the Keldysh formalism. For the cases with

general r, we map our system to a single barrier LL model, where the system can

be numerically solved through the Boltzmann equation method with kinks as quasi-

particles. To verify our mapping, we compare the r “ 0.75 numerical curves with

the experimental data, which shows great agreement. We also provide a physical

picture to illustrate the difference between temperature and bias in the crossover

regime beyond the perturbative RG understanding.
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8

Stabilizing a Majorana Zero Mode with Quantum
Frustration

We show that a Majorana zero mode can be stabilized by hybridizing its partner with

an effective two channel Kondo (2CK) state. Frustration inherent in the effective

2CK state leads to a decoupled Majorana degree of freedom which can naturally hy-

bridize with one of a pair of Majorana modes in a topological superconducting wire,

thereby leaving an unpaired Majorana zero mode at the other end of the wire. Con-

cretely, the system that we study consists of two (left and right) on-resonance quan-

tum dots that couple to two interacting Majorana fermions on the same grounded

topological superconducting wire. The right dot is connected to two dissipative leads

with R “ RQ, thus creating an effective 2CK state with an isolated Majorana zero

mode on the dot. The left dot is connected to two regular leads and the transmission

through it is monitored. We find that the coupling between the isolated dot Majorana

and the Majorana in the superconducting wire stabilizes the non-trivial Majorana

transmission signature of the left system. This also provides a clear signature of the

presence of the 2CK Majorana.

138



8.1 Introduction

Majorana zero modes (MZMs) are exotic self-conjugate edge states that are predicted

to exist in non-trivial condensed matter structures [9]. They have attracted wide

range of interests due to their non-Abelian statistical feature [158; 93; 10] that is

widely believed to be an option in the realization of the quantum computation [144].

To construct and observe the MZMs, researchers have proposed multiple structures

[9] to effectively realize the celebrated theoretical model invented by Kitaev [107].

Besides multiple pioneering Majorana fermion evidence [142; 47; 48; 57; 40; 49; 84;

8; 193], most recently experimentalists finally observed the 2e2{h conductance [194]

through a superconductor-proximatized nanowire system under the influence of a

magnetic field and the spin-orbit coupling. This conductance has been considered as

one of the signatures of the MZM [172; 115; 61].

Once the existence of the MZMs is established, it will be interesting to investigate

the effect of the MZMs in classical problems. For instance, the community has studied

multiple MZM-coupled quantum impurity systems [62; 123; 118; 4; 36; 179; 94].

Generally, a MZM will greatly modify the property of a quantum dot that couples to

it due to its exotic irrational degeneracy. The simplest MZM-induced modification

happens in a MZM coupled resonant level model, whose on-resonance conductance

changes from e2{h to e2{2h, referring to the decoupling of a ”half chain” of this

resonant level model [123]. This modification of the impurity property can thus be

used to detect the presence of the MZMs. A more interesting example happens when

a MZM couples to a Kondo model [118; 36] —- in this case, the Kondo interaction

is interrupted by the MZM-dot coupling, thus generating an interesting Andreev b

Normal boundary condition [36; 4].

In contrast to the free elementary particle predicted by Majorana, in condensed

matter community the effective MZMs always appear in pairs in finite size systems
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[9]. Unfortunately, the hybridization between a MZM and its partner will destabilize

its coupling to a quantum dot [123; 36; 112], both in the spinless and the more

complicated Kondo models. In the resonant level model, the non-trivial Majorana

featured conductance e2{2h will be buried by the relevant hybridization between

the MZM and its partner [123]. In the Kondo model, the MZM hybridization will

destabilize the coupling between the MZM and the quantum dot, thus leading to

a regime where the Kondo system decouples from the MZM [36]. In reality, the

inter-MZMs coupling decays as 9 expp´L{ξq [123], with L the distance and ξ the

superconducting correlation length in the nanowire. Experimentally, L „ 1 µm [194],

ξ „ 300 nm so that the hybridization can not be generally ignored. Consequently,

we need to stabilize the MZM against the inter-MZM coupling before coupling it to

the quantum impurity models.

In this Chapter, we try to stabilize a MZM against the hybridization with its

partner by coupling its partner to an unpaired Majorana fermion of a frustrated

resonant level model. Actually, long before the recent experimental triumph of the

paired MZM, unpaired Majorana fermion has been predicted to exist in several mod-

els, including the 2CK [148; 192; 53; 154; 89], two impurity Kondo [95; 7] as well as

the dissipative (with dissipation R “ RQ “ h{e2) resonant level model [135; 195].

In these models, the frustration between two channels induces a degeneracy
?

2

at the impurity, which indicates the existence of an unpaired impurity Majorana

fermion. Compared with the paired MZMs experiments, the unpaired Majorana

fermion hosted systems are easier to realize experimentally [154; 135; 89] since gener-

ically they only require perfect symmetry between different channels. However, this

Majorana fermion has been considered as barely effective and is not yet known how

to manipulate in nonlocal quantum operations and is thus widely ignored by the

community. In this chapter, however, we show that the frustration induced Majo-

rana fermion of the R “ RQ dissipative resonant level model can be experimentally
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detected and is helpful in the stabilization of a MZM.

tL tR �R�L

✏M
dR

TS 

�1 �2

dL

Figure 8.1: The structure of the system. Two MZMs γ1 and γ2 are realized at two
ends of a nanowire on top of a grounded topological superconductor. We calculate
the conductance through the left resonant level model to detect the existence of the
MZM γ1. The right resonant level model couples to γ2 to stabilize γ1.

The system we consider is shown in Fig. 8.1. Here we place a nanowire on top

of a topological superconductor such that two MZMs γ1 and γ2 form at two ends of

the nanowire. The left resonant level model couples to γ1 to detect its existence. To

stabilize γ1, we couple a right resonant level model to its partner (γ2). We calculate

the conductance through the left resonant level model to indicate the stability of γ1

and use the renormalization group (RG) method to physically interpret the result.

Based on our calculation, when the right resonant level model is dissipation-free,

the MZM γ1 is partially stabilized, where the inter-MZM coupling is RG marginal.

This stabilization of γ1 is complete if the right resonant level model has dissipation

R “ RQ, where the zero temperature on-resonance conductance through the left

resonant level model always has the Majorana nontrivial value e2{2h.

This chapter is organized as follows. In section 8.2 we provide a review about the

realization of Majorana fermions in condensed matter structures. After that, in 8.3

we couple the partner MZM to a resonant level model and show that the coupling

between two MZMs becomes marginal. We also use renormalization group and g-
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theorem to physically interpret the result. In section 8.4 we show that when a MZM

is coupled to the isolated Majorana fermion provided by the dissipative resonant level

model, its partner is stabilized in the sense that the probing resonant level model

always has the e2{2h non-trivial zero temperature conductance. In section 8.5 we

further verify our result with the full counting statistical technique and show that in

the near equilibrium regime quasiparticles tunnel with the effective charge e˚ “ e{2

if the MZM is stabilized. Finally, we summarize this chapter in section 8.6.

8.2 Review of Majorana Fermion in Condensed Matter Physics

For later convenience, here I briefly review the way to realize Majorana fermions in

condensed matter structures. This section contains only review material and not my

original work.

Majorana fermions have been predicted by E. Majorana as a category of exotic

fermions. Unlike ordinary Dirac fermions, Majorana fermions are fermions that

coincide with their own anti-particles. Despite the possibility that some particles

may be Majorana fermions (for instance, neutrinos), to date there is no indisputable

experimental evidence about the existence of Majorana fermions as fundamental

particles.

However, without the restriction of being fundamental particles, Majorana fermions

naturally exist in condensed matter theories. More specifically, we can always define

two operators γ1 and γ2 with the Dirac fermionic operators d: and d

γ1 “
d` d:
?

2
, γ2 “

d´ d:

i
?

2
. (8.1)

It is straightforward to show that γ1 and γ2 obey the anticommutators of Majorana

fermions tγi, γju “ δi,j{2. Consequently, any Dirac fermionic operator can produce

two independent Majorana operators. However, despite of the wide existence of effec-
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tive Majorana fermions in condensed matter systems, Majorana fermion signatures

are hard to detect.

To begin with, free Majorana fermi ”liquid” are extremely difficult to realize due

to the instability of Majorana fermions against the inter-Majorana interactions —-

interaction between two Majorana fermions leads to the condensation of them into

a fermionic singlet [9]. It is thus more practical to realise the delocalized Majorana

fermions rather than the Majorana liquids: the interaction between two delocalized

Majorana fermions decays exponentially with the increasing distance.

Meanwhile, since Majorana fermions consist of both creation and annihilation op-

erators just as those superconducting quasiparticles, it is natural to expect delocal-

ized Majorana fermions in materials with superconducting pairing interactions. This

construction, however, can easily be sabotaged by the fermionic doubling problem:

in spin 1{2 systems, spin degeneracy guarantees that the existence of two Majorana

fermions at the same place! Once again, these two Majorana fermions are unstable

against the hybridization and tend to combine into a Dirac fermion.

Consequently, the detection of Majorana signature requires superconducting ef-

fect in spinless fermions, or the p-wave superconductors. Based on those considera-

tions, Kiteav proposed his famous model as presented in Fig. 8.2. This model consists

of a finite-size (with 2N sites) one-dimensional nanowire placed on top of a p-wave

superconductor, with the Hamiltonian

H “ ´µ
N
ÿ

j“´N

c:jcj ´
1

2

ÿ

j

ptc:jcj`1 `∆eiφcjcj`1 ` h.c.q, (8.2)

where µ is the chemical potential, t is the neighboring-site tunneling strength, and

∆eiφ is the superconducting pairing parameter. We can understand the physics of

terms in Eq. (8.2) by considering the Dirac fermionic operator at each site as two

independent Majorana operators as in Eq. (8.1): γ1,j “ pc:j ` cjq{
?

2 and γ2,j “
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Figure 8.2: The famous Kitaev model. (a) The structure of the Kitaev model
that consists of a one dimensional spinless wire on top of a p-wave superconductor.
(b) (c) Two topologically distinct configurations of the Kitaev model. Here black
circles indicate Dirac fermions that contain two Majorana fermions (represented by
the black dots). Red lines represent the interaction between Majorana fermions.
Majorana fermions from different fermionic sites combine into singlets in (b), leaving
two decoupled Majorana zero modes sitting at two ends of the wire (indicated by
the dot in the black dashed boxes). Topological doublet degeneracy hence forms due
to the decoupled Majorana fermions. On the contrary, in (b) Majorana fermions
from the same Dirac fermion recombines into singlets. The ground state is trivially
non-degenerate.

pc:j ´ cjq{i
?

2. With those Majorana fermions, it is easy to see that the chemical

potential µ in Eq. (8.2) couples Majorana fermions at the same site, while t and ∆

combine Majorana fermions at neighboring sites. More specifically, Eq. (8.2) can be

rewritten with these Majorana fermions

H “ ´
µ

2

N
ÿ

j“´N

p1` iγ1,jγ2,jq ´
i

4

N´1
ÿ

j“´N

rp∆` tqγ2,jγ1,j`1 ` p∆´ tqγ1,jγ2,j`1s. (8.3)

Consequently, if the system is fine tuned µ “ 0 and ∆ “ t, two Majorana fermions

γ1,´N and γ2,N at two ends of the wire decouple from the system, thus forming two

isolated Majorana fermions.

Multiple structures are proposed to realize the Kiteav model [9]. One of the

simplest structures consists of a one-dimensional nanowire on top of an s-wave su-

perconductor, as shown in Fig. 8.3(a).

In this structure, the fermion doubling problem is solved through the combination
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Figure 8.3: One of the proposals to experimentally realize the Majorana zero
modes. (a) The proposed structure that possibly hosts Majorana zero modes. It
consists of a one dimensional nanowire that is proximitized by an s-wave supercon-
ductor. The nanowire contains spin-orbit couplings and is under the influence of a
magnetic field B applied perpendicular to the wire direction. (b) The energy band of
the nanowire when exposed to multiple interactions. The spin orbit coupling breaks
the spin degeneracy in the nanowire, leading to two effectively ”spinless” channels
(represented by red and blue curves). These two independent channels, while in-
fluenced by the applied magnetic field, form into two bands separated by a gap.
When the chemical potential is tuned within this gap, the lower band corresponds to
an effective spinless channel. Thus the proximitized s-wave superconducting pairing
becomes effective p-wave pairing in the wire.

of the spin orbit interaction and an applied magnetic field. Those two ingredients

opens a gap in the energy spectrum as shown in Fig. 8.3(b). When the chemical

potential of the system is tuned to be within the gap, electrons can be effectively

considered as spinless. The Cooper pair coupling in the nanowire, on the other

hand, is provided by the contact with the superconductor. Superconductor exchanges

electrons with the nanowire, leading to the proximitized effective Cooper pairing in

the nanowire. The structure in Fig. 8.3 is thus considered as effectively equivalent to

the Kitaev model that possibly hosts Majorana at two ends of the nanowire.

To detect the Majorana fermion, two metallic leads are attached at two ends of the

nanowire, forming the so called topological Kondo model. In this model, two isolated

Majorana fermions form into a topologically protected doublet that corresponds to

the spin degeneracy in a real Kondo model [20]. Meanwhile, similar as the Kondo

model, with low enough temperature, the topological Kondo model has a 2e2{h zero
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bias anomalous conductance peak. This conductance peak is thus considered as the

Majorana signature, in contrast to the Andreev reflection induced conductance that

varies between zero and 4e2{h1. First Majorana feature based on this model has been

observed by L. Kouwenhoven’s group at TU Delft. However, it is not until recently

that they have observed the quantized conductance signature [194].

Another way to detect the Majorana fermion is to couple the Majorana-hosted

nanowire to the quantum dot of a mesoscopic system [62; 123]. As introduced in

Section 8.1, when coupled to a Majorana fermion, the feature of the quantum dot is

greatly modified, leading to some peculiar tunneling features in both the Anderson

and the Kondo models. However, to our knowledge, those Majorana non-trivial

features in all these models are unstable against the coupling between two edge

Majorana zero modes, thus leading to the experimental complexity in the observation

of Majorana signatures. One of our goals of this chapter, is to demonstrate that

quantum frustration can stabilize the non-trivial signature of a resonant level model

whose quantum dot has coupled to an edge Majorana zero mode.

8.3 Stabilization of a MZM with a Dissipation-free Resonant Level
Model

In this section we study the stabilization of a MZM when its partner couples to a

dissipation-free resonant level model. Meanwhile, a large spin polarization is assumed

through this paper so that the system is spinless.

8.3.1 the Model and Hamiltonian

The system we consider is shown in Fig. 8.1, where two MZMs at two ends of a topo-

logical superconductor proximatized nanowire couple to two resonant level models.

The topological superconductor is represented by the rectangle in Fig. 8.1, with the

1 Since Andreev reflection process is marginal from the RG point of view, its zero temperature
conductance varies depending on the junction details.
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red small dots representing two Majorana fermions γ1 and γ2. Meanwhile, the topo-

logical superconducting island is grounded to be free from the charging energy.

To probe the state of γ1, we place a spinless resonant level model (that is marked

as ”L”, the left resonant level model) and couple one of its impurity Majorana

fermions pdL ` d:Lq{
?

2 to γ1. The conductance of this MZM-coupled resonant level

model has been studied already, where it is proved that the coupling between two

MZMs is relevant and will drive the resonant level model away from the non-trivial

fixed point (with conductance e2{2h) to the trivial fixed point (with conductance

e2{h) [123]. To stabilize the MZM γ1, in this section we couple another resonant

level model (labeled as ”R”) to the partner Majorana fermion γ2.

System Hamiltonian based on the construction of Fig. (8.1) becomesH “ HImpurities`

HLeads`HT where HImpurities involves two quantum dots, two MZMs and their inter-

actions

HImpurities “ εLd
:

LdL ` εRd
:

RdR ` iεMγ1γ2

` itLpd
:

L ` dLqγ1 ` itRpd
:

R ` dRqγ2,
(8.4)

where εL,R is the dot energy level, tL,R is the coupling strength between a quantum

dot and its corresponding MZM, and εM is the coupling between two MZMs. For

simplicity, we have assumed that both quantum dots are well-tuned such that εL “

εR “ 0. Notice that in Eq. (8.4) we have assumed that both γ1 and γ2 couple to the

same type of impurity Majorana fermion pd: ` dq{
?

2. In real experiments, γ1 and

γ2 couple to random self-conjugate impurity Majorana fermions 2. However, since

these impurity Majorana forms are equivalent when the impurities are well-tuned,

we are free to choose the MZM-impurity coupling form in Eq. (8.4) without loss of

generality.

2 In real experiments, the MZM could couple to the impurity Majorana fermion ηd` η˚d:, with
any η that satisfies |η| “ 1{2. Based on my knowledge, this parameter η is not yet experimentally
controllable.
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Next we introduce the lead Hamiltonian and the lead-dot hybridizations

HLeads “
ÿ

k,α

εkpc
:

kLαckLα ` c
:

kRαckRαq

HT “ VL
ÿ

kα

c:kLαdL ` VR
ÿ

kα

c:kRαdR ` h.c.,

(8.5)

where L, R labels the left and right resonant level models and α “ t, b labels the

top and bottom leads in each model. For simplicity here we have assumed that

the quantum dot symmetrically couples to top and bottom leads so that actually

the Hamiltonian of Eq. (8.5) describes two independent on-resonance resonant level

models.

8.3.2 Equilibrium Conductance

With the model defined in section 8.3.1, we are ready to calculate the zero temper-

ature conductance of the left resonant level model that probes the γ1 MZM. With

symmetric coupling, its equilibrium conductance relates to the impurity spectrum as

GL “ ´ΓL
e2

h

ż

dω

2π
ImrGR

pdL, d
:

Lqpωqs, (8.6)

whereGRpdL, d
:

Lqpωq is the Fourier transformed retarded Green’s functionGRpdL, d
:

Lqptq “

´iΘptqx
!

dLp0q, d
:

Lptq
)

y of the left resonant model and ΓL “ πρ0V
2
L is its level broad-

ening.

Since system Hamiltonian Eq. (8.5) is quadratic, we can easily calculate the re-

tarded impurity Green’s function of the left resonant level model through the equa-

tion of motion method [22]

GR
pdL, d

:

Lqpωq “
1

ω ` iΓL ´ εL ´ Σpωq
, (8.7)
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with Σpωq the self energy

Σpωq´1
“
ω

t2L
´

1

ω ` εL ` iΓL

´
ε2M
t2L

´

ω ´
t2R

ω ` εR ` iΓR
´

t2R
ω ´ εR ` iΓR

¯´1

,

(8.8)

where the first two terms indicate the interaction between the impurity dL and γ1,

and the last term represents higher order interactions between dL, γ2 and the right

resonant level model.

With Eqs. (8.6), (8.7) and (8.8), the conductance of the left resonant level model

becomes

GL “
e2

h

2t2Lt
2
R ` ε

2
MΓLΓR

4t2Lt
2
R ` ε

2
MΓLΓR

. (8.9)

Eq. (8.9) indicates a crossover between the trivial (with conductance e2{h) and non-

trivial (with conductance e2{2h) fixed points. It shows that the presence of the right

resonant level model partially stabilizes γ1 against its coupling to γ2.

8.3.3 Physical Interpretation of the Conductance

We interpret Eq. (8.9) at different fixed points . We begin with the fixed point where

εM “ 0. We call it the non-trivial fixed point since at this point the MZM γ1 fully

captures the impurity Majorana fermion pdL ` d:Lq{
?

2, producing the non-trivial

conductance e2{2h. This conductance has been explained by considering the left

resonant level model as two parallel Majorana chains [123]. As shown by Fig. (8.4),

if we define lead Majorana fermions as αj ” pcj`c
:

jq{
?

2 and βj ” ip´cj`c
:

jq{
?

2, the

kinetic term of the lead c:jcj`1`h.c. becomes ip´βjαj`1`αjβj`1q, equivalent to the

hopping along two independent Majorana chains. Consequently, if εM “ 0, Majorana

fermion pdL ` d
:

Lq{
?

2 combines with γ1 into a singlet, blocking the Majorana chain

”2” in Fig. (8.4) and decreasing the on resonant conductance by half. Since this
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non-trivial conductance origins from the coupling of the impurity to the MZM γ1, it

has been considered as the signal of the MZM.

↵L,�1 ↵L,1�L,�2 �L,2i(�dL + d†
L)/

p
2

↵L,�2 �L,�1 �L,1 ↵L,2

(dL + d†
L)/

p
2

1

2

�1

Figure 8.4: Two decoupled Majorana chains of the resonant level model. With a
fine tuned quantum dot, the resonant level model can be considered as two impurity
Majorana fermion chains. Without loss of generality, here we couple the MZM γ1 to
the Majorana channel ”2”.

The second fixed point resides where εM ‰ 0 and tR “ 0. This point has the

quantized conductance e2{h and we thus call it the trivial fixed point. This fixed point

corresponds to the ground state of Fig. (8.1) when the left and right parts decouple.

Earlier investigation [123] of this fixed point proves that at zero temperature γ1 and

γ2 form into a singlet, thus breaking the coupling between pdL ` d:Lq{
?

2 and γ1.

Consequently, the MZM γ1 fails to capture the Majorana impurity pdL ` d:Lq{
?

2,

leading to a fixed point with trivial conductance e2{h where the leads completely

hybridize the quantum dot. It is also worth noticing that both the trivial and non-

trivial fixed points are non-degenerate ground states.

Finally, with tR ‰ 0 and εM ‰ 0, the conductance is between e2{2h and e2{h. In

this regime, γ1 partially combines with γ2 and pdL ` d:Lq{
?

2. The MZM-decoupled

impurity degrees of freedom hybridizes with the leads so that the final ground state is

also non-degenerate. This non-degeneracy feature at every point indicates a crossover

between the non-trivial and trivial fixed points. Meanwhile, the comparison between

Eq. (8.9) and the conductance of the trivial fixed point (tR “ 0) shows that the

coupling between γ2 and the right resonant level model partially stabilizes the MZM

γ1 against the hybridization with its partner.

To understand the physics, notice that there are two competing processes. First
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one is the εM term which tends to combine γ1 and γ2. This process is accompanied

by the impurity-lead hybridization ΓL,R that tends to smooth out the quantum im-

purities so that εM is dressed by
?

ΓLΓR. As its competitor, γ1 and γ2 choose to

combine with pdL`d
:

Lq{
?

2 and pdR`d
:

Rq{
?

2, respectively, breaking half of the tun-

neling channels. The combination of those two processes forms a crossover between

the trivial and non-trivial fixed points, leading to the conductance Eq. (8.9).

We can also understand Eq. (8.9) from the view point of renormalization group.

We begin with the case with an unstable MZM where tR “ 0. When εM “ 0 and

tL ‰ 0, γ1 and pdL ` d:Lq{
?

2 form into a singlet at zero temperature. This singlet,

however, will be weakly destabilized if we turn on a small εM and thus enabling

the hopping between αL,˘1 and pdL ` d:Lq{
?

2 in Fig. 8.4. This hopping process has

scaling dimension 1{2 so that it increases and finally cuts the coupling between γ1

and pdL ` d:Lq{
?

2. The relevance of εM indicates the RG flow from the non-trivial

to the trivial fixed point without the presence of tR.

The RG flow above changes when tR ‰ 0. To better understand it, we start with

the situation where εM ! tL, tR. In this case, γ1,2 combines with pdL,R ` d:L,Rq{
?

2

into a singlet. If we call this ground state as |0yL b |0yR [here |0yL,R is the ground

state formed by two Majorana fermions pdL,R` d
:

L,Rq{
?

2 and γ1,2, whose exact form

depends on the sign of tL,R], then a finite εM changes this ground state to be a linear

combination of |0yL b |0yR and |1yL b |1yR
3, with |1y the excited state formed by

two Majorana fermions. Consequently, only higher order hybridization operators are

possible where tunnelings at both resonant level models happen simultaneously. This

coherent tunneling formalism has twice the scaling dimension of that of the single

tunneling process (1{2 as given before) so that the hybridization becomes marginal.

As a summary, with the presence of the right resonant level model, εM becomes

3 The missing of states |0yLb|1yR and |1yLb|0yR originates from the fact that the operator γ1γ2
flips the fermion parity at each side simultaneously.
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marginal, with the effective value εM
?

ΓLΓR{tR. Due to this feature, experimentally

we can decrease the effect of εM by decreasing the level broadening ΓL and ΓR, thus

approaching the non-trivial e2{2h conductance. However, by doing so, one needs a

lower temperature for the system to arrive at the resonant regime. An alternative

option is to increase the competing process of εM by increasing tL and tR.

8.4 Stabilize the MZM with Quantum Frustration

In last section we have shown that the presence of the right resonant level model

stabilizes γ1 by coupling one of its impurity Majorana fermions to γ2. However,

since this impurity Majorana fermion also couples to a hybridization channel, its

coupling to γ2 is only marginal so that a crossover forms between two fixed points

with conductance e2{2h and e2{h, respectively.

To further stabilize γ1, one natural idea is to couple γ2 to an isolated Majorana

fermion instead of a lead-hybridized quantum dot —- this can be seen by taking

ΓR “ 0 in Eq. (8.9), where εM becomes irrelevant.

This isolated Majorana fermion, as has been introduced in the introduction, is

known to exist in a 2CK model. More specifically, the frustration between two

channels leaves an effective Majorana fermion pd ` d:q{
?

2 untouched, where d ”

iSx ´ Sy [165] is the effective fermionic operator and Sσ is the Pauli matrix of the

impurity spin. However, due to its spin operator nature, this effective Majorana

fermion will not naturally couple with γ2 into a singlet. To solve this problem,

here we generate the isolated Majorana fermion with a dissipative quantum dot

model with R “ RQ. This model has been proved in Chapter 7 to be equivalent to

the 2CK model and the Luttinger liquid resonant level model with Luttinger liquid

interaction g “ 1{2, and it thus hosts a real decoupled impurity Majorana fermion.

Since this Majorana fermion is ”real”, its coupling to γ2 can be naturally treated

as the standard Majorana coupling. For clarification, by calling it ”real”, we are
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emphasizing that this Majorana fermion is different from that in a spin 2CK model,

whose Majorana fermion consists of spin operators (for details see Section 4.4). It is

thus more complicated to couple the MZM to the effective Majorana fermion in the

spin 2CK model.

Consequently, here we choose to further stabilize γ1 by coupling γ2 to a dissipative

R “ RQ resonant level model. For later convenience we define the frustration-induced

Majorana fermion that decouples with the leads as χ1 “ pdR` d
:

Rq{
?

2 and the lead-

hybridized one as χ2 “ ip´dR`d
:

Rq{
?

2. Notice that unlike that of the dissipation-free

case, χ1 and χ2 are now inequivalent.

To proceed, it is known that at zero temperature, the on resonant R “ RQ

dissipative resonant level model flows to a point where only the charge flavor field

couples to the quantum dot, leaving the charge field decoupled [171; 103; 195]. We

thus introduce the refermionization of the charge flavor field

ψ:f pxq ”
F

?
2πa0

e´iφf pxq, (8.10)

with a0 the lattice constant and φf pxq “ rφR,tpxq ´ φR,bpxqs{
?

2 is the charge fla-

vor boson after the bosonization of the right resonant level model [195]. With the

definition of the charge flavor operator, the effective Hamiltonian becomes

HLeads “
ÿ

k,α

εkc
:

kLαckLα `
ÿ

k

εkψ
:

k,fψk,f

HT “ VL
ÿ

k,α

pc:kLαdL ` h.c.q

` i
?

2VR
ÿ

k

pψ:k,f ` ψk,f qχ2

Himpurities “ εLd
:

LdL ` iεRχ1χ2 ` iεMγ1γ2

` itLpd
:

L ` dLqγ1 ` itR1χ1γ2 ` itR2χ2γ2.

(8.11)
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Notice that in Eq. (8.11) the MZM γ2 couples to both χ1 and χ2 with strengths

tR1 and tR2, respectively —- since χ1 and χ2 are inequivalent, we must use the most

general form. In this model we only need particle-hole symmetry at the right resonant

level model εR “ 0. We do not need a well-tuned εL since the left dot detuning is

RG irrelevant with εM ‰ 0.

The Hamiltonian Eq. (8.11) is again quadratic and can be easily solved with

equation of motion method [22]. The conductance through the left resonant level

model becomes

GL “ e2
{2h, (8.12)

which is independent of the value of tR2 or εM . Conductance of Eq. (8.12) is the main

result of this chapter, which indicates that the introduction of the R “ RQ resonant

level model stabilizes γ1. Meanwhile, the independence from tR2 of Eq. (8.12) shows

that tR2 is less relevant compared with tR1 so that experimentally one does not need

to fine tune the coupling between γ2 and the right dot. Also notice that Eq. (8.12) is

only valid with εM ! ∆,ΓR, where ∆ is the superconducting gap in the proximitized

nanowire and ΓR is the level broadening of the right resonant level model — this

is the prerequisite to arrive at the regime where Eq. (8.11) faithfully describes the

system.

Now we try to understand this result by considering the RG flow in several limits.

To begin with, we consider the regime tR1 " tR2 where γ2 and χ1 forms into a singlet

that is disturbed by tR2. At this point, the low temperature conductance through the

left resonant level model is e2{2h since εM is irrelevant with finite tR1. To determine

its stability, we notice that at this fixed point, the right part of the system (that

consists of γ2 and the right resonant level model) is effectively the same as the left

part in Fig. (8.1) with tR “ 0 through the substitution tR1 Ñ εM and tR2 Ñ tL.

More specifically, tR1 now behaves effectively as the inter-MZM hybridization and
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tR2 behaves as the dot-MZM hybridization. Consequently, with similar explanation

as in Section 8.3, we know that tR2 is irrelevant so that this fixed point is stable.

As the opposite extreme limit, when tR1 ! tR2 we can approximately ignore the

effect of tR1 in high-temperature RG flows so that χ2 is partially screened by the lead

and partially coupled to γ2. Similar as the physics in Section 8.3, these two processes

have the same scaling dimension so that their competition leads the system to some

non-degenerate ground state with the conductance through the probing resonant

level model between e2{2h and e2{h. To study the stability of these fixed points

against the coupling tR1, we further assume tR2 " εM . In this case, the coupling tR1

between γ2 and χ1 once again mimics the effect of εM in Fig. 8.1 with tR “ 0 so that

it is relevant. At the opposite limit, if tR2 ! εM , we can basically drop γ2 and the ψf

chain that screens it. In this case, the model reduces to the system of Fig. 8.1 with

ΓR “ 0 where tR1 is known to be relevant.

Consequently, tR1 is always more relevant than tR2 so that we can drop the

itR2γ2χ2 term in Hamiltonian Eq. (8.11) if we are only interested in the low temper-

ature physics. We can also understand the analysis above from the g-theorem [5]:

only when γ2 and χ1 form into a singlet can the system arrive at a non-degenerate

ground state.

The analysis above guarantees that experimentally we do not need to fine tune

tR1 or tR2.

8.5 Full Counting Statistics

To further support the analysis in previous sections, here we calculate the current

and shot noise of the model at different fixed points with full counting statistics

[121; 73; 101].

In this section, we drop tR2 from system Hamiltonian for simplicity since tR2 is

irrelevant with finite tR1. Strictly speaking, tR2 only appears in higher order terms
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and will not change the physics of the fixed point so that it is reasonable to drop

it unless the leading term vanishes. Meanwhile, since we are calculating Green’s

functions of the left resonant level model, we simplify the notation by taking dL Ñ d,

γ1 Ñ γ and ΓL Ñ Γ .

8.5.1 Full Counting Statistic in the Majorana Fermion-Coupled Resonant Level
Model

We begin with some preliminaries of the full counting statistics method. In full

counting statistics, one calculates the current and noise through the generating func-

tion χpλq “
ř

q e
iqλPq where Pq is the probability that charge qe transfers during the

measuring time τ and λ is the measuring field. Through this generating function,

we can calculate current and shot noise with

I “
exδqy

τ
, and S “

2e2xδ2qy

τ
, (8.13)

where

xδnqy “ p´iqn
Bn

Bλn
lnχpλq |λ“0 . (8.14)

Here we calculate the generating function with the expression lnχpλq “ ´iτUpλ,´λq,

where Upλ,´λq is the adiabatic potential. In our case, the adiabatic potential of the

left resonant level model becomes

B

Bλ´
Upλ´, λ`q “

γ2
L

2

ż

dωre´ipλ´´λ`q{2G´`g`´L

´ eipλ´´λ`q{2g´`L G`´s,

(8.15)

where G`´ (G´`) is the full greater (lesser) impurity Green’s function and gL is the

bare lead Green’s function with the expressions [73; 101]

g´´α pωq “ g``α pωq “ i2πρ0pnα ´ 1{2q,

g´`α pωq “ i2πρ0nα,

g`´α pωq “ ´i2πρ0p1´ nαq,

(8.16)
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where nt,b “ nF pε ˘ V {2q is the distribution function of the leads and V ą 0 is the

bias between the top and bottom leads. Here we take ρ0 as the constant density

of states. At zero temperature, we take nt “ Θp´ε ´ V {2q and nb “ Θp´ε ` V {2q

for simplification. With the lead Green’s function in Eq. (8.16), we only need to

calculate the lesser and greater Green’s functions.

To calculate the complete lesser Green’s function, we first divide the system

Hamiltonian into H “ H0 ` δH, where H0 is the spinless Anderson model Hamil-

tonian of the left resonant level model and δH is its coupling to the rest parts of

the system. With this choice, the ”interacting” Hamiltonian δH becomes purely

equilibrium.

The system H0 has been solved with its Green’s functions already known [73]

G0pωq “
1

ω2 ` Γ2eiλ

´

ω ´ iΓ ieiλΓ
´iΓ ´ω ´ iΓ,

¯

, (8.17)

with the four entries referring to the retarded, lesser, greater and advanced Green’s

functions of the impurity of the left resonant level model.

With interaction δH, the complete lesser Green’s function relates to other Green’s

functions through [168]

Gă “ GRΣăGA

` p1`GRΣR
qGă0 p1` ΣAGA

q.
(8.18)

In our case, Σă “ 0 [101; 73] so that based on Eq. (8.18), our targeted Green’s

function becomes

Găpd, d:qpωq “ Gă0 pd, d
:
qpωq `GR

pd, γqΣγ,dG
ă
0 pd, d

:
qΣd:,γG

A
pγ, d:qpωq

`GR
pd, γqΣγ,d:G

ă
0 pd

:, dqΣd,γG
A
pγ, d:qpωq

`GR
pd, γqpωqΣγ,dG

ă
0 pd, d

:
q `Gă0 pd, d

:
qΣd:,γG

A
pγ, d:qpωq

(8.19)
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where we have dropped all zero terms. Now, with the interactions Σd:,γ “ Σγ,d “

´Σγ,d: “ ´Σd,γ “ tL and impurity Green’s function

Gă0 pd
:, dqpωq “

´iΓe´iλ

ω2 ` Γ2e´iλ
(8.20)

known, we can calculate the adiabatic potential from Eq. (8.19) after acquiring the

expression of GRpd, γqpωq and GApγ, d:qpωq.

These two Green’s functions can be calculated with Dyson equation GRpωq “

GR
0 pωq `G

R
0 pωqΣ

RGRpωq [101]

GR
pd, γqpωq “ 0`GR

0 pd, d
:
qpωqΣd:,γG

R
pγ, γqpωq

GR
pγ, γqpωq “ GR

0 pγ, γqpωq

`GR
0 pγ, γqpωqΣγ,dG

R
pd, γqpωq

`GR
0 pγ, γqpωqΣγ,d:G

R
pd:, γqpωq

GR
pd:, γqpωq “ 0`GR

0 pd
:, dqpωqΣd,γG

R
pγ, γqpωq.

(8.21)

Now, we substitute the Green’s functions solved from linear equations Eq. (8.21)

into Eqs. (8.15) and (8.19), we get the adiabatic potential and from which we know

the current and the shot noise.

In the rest part of this section, we expand the the expressions of current and

shot noise to the third order of the bias since the complete expressions are quite

complicated. To validate the expansion, here we also assume that the bias V is

much less than any other relevant energy scales.

8.5.2 Non-interacting MZMs (εM “ 0)

We begin with the simple case εM “ 0. In this case, γ1 is free from its partner γ2 so

that the left resonant level model has the non-trivial e2{2h equilibrium conductance

at zero temperature.
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The current calculated from the adiabatic potential in this case becomes

IpV q “
e2

h
r
V

2
´ p

1

Γ2
´

Γ2

4t4L
q

1

24
V 3
`OpV 4

qs, (8.22)

where OpV 4q indicates ignored higher order terms with respect to bias.

We can see several features from Eq. (8.22). To begin with, the equilibrium

conductance calculated from Eq. (8.22) is e2{2h, which agrees with the result in

Eq. (8.9) with εM “ 0. A more interesting feature happens at the OpV 3q term,

where we can see the competition between the backscattering in the healed chain

and the trial of the broken chain to hybridize pdL` d
:

Lq{
?

2. More specifically, when

Γ2 ą 2t2L the screening processes is stronger so that the OpV 3q current increases with

an increasing bias and vice versa. Meanwhile, the singularity of Eq. (8.22) at tL “ 0

indicates that tL is relevant in the εM “ 0 situation.

And at this point, the shot noise becomes

S “ 2
e3

h
r
V

4
` p´

1

Γ2
´

Γ2

4t4L
`

1

t2L
q
V 3

48
`OpV 4

qs, (8.23)

with the leading term proportional to bias. This linear term indicates a non-perfect

transmission process at zero temperature. We also see the competing feature as in

the current —- when Γ2 ą 2t2L, the screening of the impurity is more important so

that the 9V 3 noise term decreases with increasing bias and vice versa. This result

is consistent with the current calculated in Eq. (8.22).

We also notice that near equilibrium, the Fano factor is 1{2, implying the trans-

mission with quasi-particle e˚ “ e{2 at zero temperature. Similar as the charge 2CK

case [113], here the e˚ “ e{2 fractional charge feature origins from the fact that one

lead Majorana chain (chain ”1” in Fig. 8.4 in our case) decouples with the impurity.

However, in contrast to their case, here the Fano factor is defined with respect to

the tunneling current instead of the ”backscattering current” [113].
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8.5.3 Interacting MZMs (εM ‰ 0) and Decoupled right resonant level model (tR “ 0)

Now we add back the interaction between two MZMs.

The current calculated with the full counting statistics method now becomes

IpV q “
e2

h
rV ´

1` 2t2L{ε
2
M ` 2t4L{ε

4
M

12Γ2
V 3
`OpV 4

qs, (8.24)

which has the equilibrium conductance e2{h that is different from Eq. (8.22) and

agrees with the expectation in previous sections.

Meanwhile, in contrast to Eq. (8.22), the term proportional to V 3 is always larger

than the backscattering-induced current. This extra decreasing of current originates

from the coupling between γ1 and ipdL ` d
:

Lq{
?

2 with the presence of bias. Finally,

the singularity with a vanishing εM indicates the RG relevance of the inter-MZM

coupling, as has been predicted.

Next is the shot noise

S “ 2
e3

h
rp
t4L
ε4M
` 1q

V 3

12Γ2
`OpV 4

qs. (8.25)

Compared with Eq. (8.23), the most significant feature of Eq. (8.25) is the missing

of the term proportional to V , which indicates a perfect equilibrium tunneling at zero

temperature. Meanwhile, the shot noise in Eq. (8.25) contains both backscattering-

induced noise and that generated by the coupling between γ1 and ip´dL`d
:

Lq. Those

two features are consistent with the current expression Eq. (8.24).

Since the linear term in the shot noise vanishes, here the quasiparticle charge can

be defined as the ratio between shot noise and twice the value of the ”backscattering

current” as in the charge 2CK model [113]. From Eqs. (8.24) and (8.25), we can

see that the quasiparticle charge is a function that depends on the ration tL{εM ,

varying between e˚ “ e{2 and e˚ “ e: in contrast to the resonant level model where

electron backscattering is the leading irrelevant process, here the leading irrelevant
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term consists of a combination of electron backscattering and the Majorana coupling

between γ1 and ip´dL ` d
:

Lq.

Notice that since the leading term (term 9V ) of the shot noise vanishes at this

point, strictly speaking one needs to include the coupling tR2 and the term with

scaling dimension 3{2 in the effective 2CK model into the calculation of the Fano

factor. This correction, however, is irrelevant to the topic of this chapter and is thus

ignored.

8.5.4 Interacting MZMs (εM ‰ 0) stabilized by frustration (tR ‰ 0)

Comparison between the results from sections 8.5.2 and 8.5.3 further verifies our

analysis that the coupling between two pairing MZMs is relevant and will destroy

the Majorana signature when one MZM is detected by a resonant level model. In

this section we add the frustration-induced Majorana fermion χ1 and show that it

can stabilize the probed MZM.

In this case, current becomes

IpV q “
e2

h
r
V

2
` p

ε4MΓ2

t4Lt
4
R

`
2ε2MΓ2

t4Lt
2
R

`
Γ2

t4L
´

4

Γ2
q
V 3

96

`OpV 4
qs.

(8.26)

As can be seen, Eq. (8.26) reduces to Eq. (8.22) simply by taking εM “ 0. This

results verifies our analysis that the presence of χ1 stabilizes the γ1 MZM against the

inter-MZM coupling so that the zero temperature conductance has the non-trivial

Majorana feature.

Now shot noise becomes

S “ 2
e2

h
r
V

4
` p´

1

4Γ2
´

Γ2

16t4L
`

1

4t2L

´
ε4MΓ2

16t4Lt
4
R

´
ε2MΓ2

8t4Lt
2
R

`
ε2M

4t2Lt
2
R

q
V 3

12
`OpV 4

qs,

(8.27)
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which also reduces to Eq. (8.23) by simply taking εM “ 0. And we have also repro-

duced the e˚ “ e{2 fractional charge feature as that in the εM “ 0 case.

Based on the results above, we have verified our argument in previous sections

that the isolated Majorana fermion χ1 stabilizes the MZM γ1 against its coupling to

γ2 and experimentally one can use the left resonant level model to detect γ1.

8.6 summary

We analyze a model where the quantum dot of a resonant level model couples to a

MZM to probe the state of this MZM. It is known that the non-trivial signature of

this MZM —- the e2{2h zero temperature conductance of the resonant level model

is unstable against the hybridization between the MZM and its partner. We showed

that this unstable signature becomes marginal by coupling the partner MZM to the

impurity of another resonant level model. We further demonstrate that if this reso-

nant level model is dissipative with R “ RQ, it can be effectively considered as the

isolated Majorana fermion generated by the frustration between two screening chan-

nels. When coupled to the partner MZM, this frustration induced Majorana fermion

will further stabilize the probed MZM, thus stabilizing the Majorana-featured e2{2h

conductance.

To verify our demonstration, we calculate both the near equilibrium conductance

and shot noise. We also use the RG method and g-theorem to interpret the physics of

our result —- briefly, this stabilization origins from the effort of the system to arrive

at a non-degenerate ground state by coupling the partner MZM and the isolated

Majorana fermion into a singlet.

Based on those results, we have shown that the long-ignored frustration generated

Majorana fermion in a dissipative resonant level model is detectable. This isolated

Majorana fermion is also useful in the stabilization of a MZM against the coupling

to its partner.
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9

Conductance Behavior of a Dissipative Anderson
Model

We study the on-resonance conductance of a dissipative Anderson model. Unlike

that of the resonant level model, the on-resonance conductance peak of an Ander-

son model happens far away from the particle-hole symmetric point. The lack of

the particle-hole symmetry protection thus leads to the shifting of the on-resonance

peak position as a function of the applied bias. Meanwhile, the on-resonance peak

conductance varies as a function of the dissipation strength, in strong contrast to

the invariant e2{h peak conductance of the resonant level model. We provide an

understanding of the shifting of the on-resonance point of the dissipative Anderson

model with RG equations. Meanwhile, we explain the dissipation-dependent peak

value by mapping the model to a two-dimensional quantum Brownian motion (QBM)

model, where a stable intermediate fixed point is predicted to exist. Our theoretical

result qualitatively agrees with the experimental data provided by Professor Gleb

Finkelstein’s group1.

1 All experimental data comes from experiments by Chung-Ting Ke et al from Professor Gleb
Finkelstein’s group. This chapter only provides theoretical explanation.

163



9.1 Introduction

As has been introduced in Section 4.3.1, the Anderson model [16] is a simple meso-

scopic model that consists of free leads, a quantum dot, and the lead-dot hybridiza-

tion. Despite its simple appearance, the Anderson model involves two interesting

physical phenomena, including the localizing influence from Coulomb interactions

and the formation of an electronic resonance [42]. Originally, the Anderson model is

introduced to study the interaction between electrons in a Fermi sea and an immersed

ion [42].

More recently, the Anderson model has also been applied to describe the system

where a quantum dot is embedded between two leads or reservoirs. The model has

been introduced in Section 4.3.1, with system Hamiltonian Eqs. (4.6), (4.7) and (4.8).

Instead of the magnetic impurity, a quantum dot contains more energy levels. How-

ever, with low enough temperature and high enough onsite interaction, a quantum

dot can be considered as having only one relevant level with impurity operators d

and d:. In the Anderson model, the dot-lead interaction t [of Eq. (4.8)] is normally

considered as a momentum independent constant.

As introduced in Section 4.3.1, by tuning the quantum dot energy εd the system

enters different regimes, including the famous Kondo regime where charge tunnel-

ing occurs through second-order Kondo exchange processes. This regime has been

thoroughly studied with [63] or without dissipation present [19].

Another interesting point is the resonant tunneling point εd “ 0. Compared with

the Kondo regime, this resonant tunneling regime, especially under the influence

of dissipation, has not been well studied, either theoretically or experimentally. In

this chapter, I thus provide an analytical study of the on-resonance regime of the

dissipative Anderson model. The experimental data contained in this section is

provided by Prof. Gleb Finkelstein’s group.

164



9.1.1 Introduction to the Quantum Brownian Motion Model and Its Connection to
the Mesoscopic Models

For later convenience, we postpone a little bit to introduce the QBM model that is

relevant in the understanding of the dissipative resonant level model and dissipative

Anderson model.

The Brownian motion was observed in 1827 and named after R. Brown who no-

ticed the random motion of pollen suspended in water. Since its discovery, the Brow-

nian motion has been widely studied with various methods, including the Boltzmann

equation and the Langevin equation. For instance, the Langevin equation models

the Brownian motion as [59]

M :q ` η 9q `
BV

Bq
“ ξptq, (9.1)

where q is the position of the ”pollen particle”, V pqq is the external potential and

the ”randomness” is incorporated by the fluctuating force that obeys xξptqy “ 0 and

xξptqξpt1qy “ 2ηTδpt ´ t1q. Unlike the classical Brownian motion model whose ran-

domness disappears at zero temperature T “ 0, the QBM model studies the behavior

of a single particle under the influence of dissipative forces. The Hamiltonian of the

most general QBM model consists of three parts: the single particle Hamiltonian

under the potential V pqq, the reservoir Hamiltonian (dissipation) and the Hamilto-

nian that models their interactions. In principle, given the details of the particle

potential, reservoir parameters and the interaction details, the QBM model can be

solved through the Feynman-Vernon theory, which incorporates the influence of the

reservoir modes onto the particle through a partial trace [25].

However, in reality the interactions are generally too complicated to be solved

analytically. To overcome this complexity, one choice is to assume a weak particle-

reservoir coupling. With this assumption, the reservoir can be considered as a collec-

tion of simple harmonic bosonic modes that are weakly coupled to the particle [25].
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More specifically, the 1d QBM model that describes the motion of a particle that is

weakly affected by the dissipative environment has the Hamiltonian

HQBM “
P 2

2M
` V pQq `

ÿ

α

p2
α

2mα

`
1

2

ÿ

α

mαω
2
α

´

xα `
λα

mαω2
α

Q
¯2

, (9.2)

where V pQq is the potential of a free particle at position Q, and P is the particle

momentum operator. As described above, the reservoir is modeled by a collection

of bosonic modes with mass mα and frequency ωα. They couple to the particle

position with strength λα as shown in the last term of Eq. (9.2). With the simplified

Eq. (9.2), both the reservoir and the particle-reservoir interactions are quadratic so

that the environment can be exactly integrated out. In this chapter we use the

periodic potential V pqq “ cosr2πqpτq{q0s, with q0 the lattice constant. With those

assumptions, at zero temperature, the effective action of the QBM model becomes

[59]

S “

ż 8

0

dτ
M

2
9q2
pτq ´ V

ż 8

0

dτ cos
´2πqpτq

q0

¯

`
η

4π

ż 8

0

dτ

ż 8

´8

dτ 1
”qpτq ´ qpτ 1q

τ ´ τ 1

ı2

,

(9.3)

where we have taken β “ 1{T Ñ 8 and ~ “ 1 for simplicity. In Eq. (9.3), the first

and second terms are the free particle Hamiltonian, and the third term 9 η is the

interaction from the dissipative environment. To see the connection between the

QBM model and the Luttinger liquid model, it is convenient to define the bosonic

field factor φpτq “ 2πqpτq{q0 and the effective dissipation strength ηe “ eηq2
0{2π:

after that, the effective QBM model in the bosonic form becomes

S “
1

2

ż

ηe
dω

4π2
|ω||φpωq|2 ´ V

ż

dτ cosrφpτqs, (9.4)

where the first part has been written with frequency instead of time variables.

Eq. (9.4) has the basic form of a boundary Sine-Gordon model and the effective
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0d action of a single barrier Luttinger liquid model [Eq. (3.16)]. Consequently, we

have built up the connection between the QBM model and the mesoscopic systems.

More specifically, with small V , Eq. (9.4) describes a particle that is approximately

free in the k space and has a small chance 9V to change its momentum by 2π{q0.

The RG relevance of this tunneling term is determined by the dissipation strength

ηe. This is mathematically equivalent to the single barrier Luttinger liquid model

with a small tunneling strength [186; 87]. The close connection between the QBM

model and mesoscopic models thus enables us to better understand the I-V feature

of the dissipative Anderson model.

9.1.2 Organization of this Chapter

This chapter is organized as follows. We begin with the introduction of the Hamilto-

nian of the dissipative Anderson model in Section 9.2. We will also briefly introduce

the experimentally observed I-V curve of this model at the end of this section. This

is followed by the RG study of the system in Section 9.3, which qualitatively explains

the position shifting of the on-resonance peak. After that, in Section 9.4 we provide

a physical picture to interpret the dissipation dependent on-resonance conductance.

In this chapter we show that the dissipative Anderson model maps to a two dimen-

sional QBM model, where a stable intermediate fixed point exists. With different

dissipation, this stable intermediate fixed point changes and has a different mobility,

thus leading to the change of the conductance in the dissipative Anderson model.

Finally we conclude this chapter in Section 9.5.

9.2 System Hamiltonian

To begin with, the system Hamiltonian of the dissipative Anderson model simply

consists of five parts H “ Hlead ` Hdot ` HT ` HKondo ` Henv. The last part is

the dissipative environment. As has been introduced multiple times, Henv grants
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dynamics to the dissipative phase and it is thus more convenient to work with its

action form [the dynamics of the dissipative phase has been discussed in Section

2.3.3]

Senv “
1

2r

1

β

ÿ

n

|ωn||ϕpωnq|
2. (9.5)

The free lead is described by the Hamiltonian Hlead

Hlead “ ivF

ż 8

´8

dx
ÿ

ασ

ψ:ασpxq
d

dx
ψασpxq, (9.6)

where vF represents the Fermi velocity. α “ R{L and σ “Ò { Ó label the (left/right)

lead and the (up/down) spin of lead fermions, respectively. Notice that in writing

the Hamiltonian Eq. 9.6 we have made the equilibrium assumption. Meanwhile, to

validate the linear dispersion relation we have assumed that the chemical potential

is in the middle of an energy band and the relevant energy cutoff is much less than

the bandwidth.

Similar as that of the dissipative resonant level model, the effective interaction is

represented by the dissipative phase ϕ in the tunneling Hamiltonian HT

HT “
ÿ

ασ

tαe
iϕαd:σψασp0q ` h.c., (9.7)

where ϕL “ ´ϕR “ ϕ{2. Meanwhile, we assume that the impurity symmetrically

couples to both leads such that tL “ tR “ t.
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The final ingredients are the dot Hamiltonian and the Kondo processes 2

Hdot “
ÿ

σ

εσnσ ` UnÒnÓ

HKondo “ JZB
ÿ

α

ÿ

σσ1

σσ1d:σ1dσ1ψ
:
ασp0qψασp0q ` JKB

ÿ

α

”

d:ÒdÓψ
:

αÓp0qψαÒp0q ` h.c.
ı

` JZF
ÿ

α

ÿ

σσ1

σσ1d:σ1dσ1ψ
:
ασp0qψ´ασp0qe

ipϕ´α´ϕαq

` JKF
ÿ

α

”

d:ÒdÓψ
:

αÓp0qψ´αÒp0qe
ipϕ´α´ϕαq ` h.c.

ı

,

(9.8)

where σ “Ò, Ó labels particle spin, εσ “ ε0 is the SUp2q symmetric impurity energy

and U is the impurity onsite interaction. Impurity number operator is defined as
ř

σ nσ “
ř

σ d
:
σdσ. To simplify the calculation, once again we have assumed that U

is much larger than any other relevant energy scale such that double occupancy is

excluded from further considerations.

The Kondo Hamiltonian in Eq. (9.8) describes the second order lead-dot trans-

port. Its z component and transverse component are labeled by the Z and K sub-

scripts, respectively. Meanwhile, the ”back-scattering” (electron stays in the same

lead) and ”forward-scattering” (electron is transferred to the other lead) Kondo pro-

cesses are labeled by the B and F subscripts. In writing Eq. (9.8), we have also taken

the notation that ´L “ R to simplify the expression.

The introduction of the on-site interaction changes the feature of the on-resonance

peak. Without the on-site interaction U “ 0, the on-resonance point is protected

by both the particle-hole and left-right symmetries [103; 124; 134]. However, this is

not true with U ‰ 0 since it destroys the particle-hole symmetry at the on-resonance

point (the p-h symmetric point now moves towards the Kondo valley).

2 Notice that the ”bare” values (before RG flows) of those Kondo parameters are related to the
Anderson parameters through the Schrieffer-Wolff transformation, as has been introduced in Section
4.3.2.
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Before the end of this section, here we briefly introduce the observed I-V curve

of the dissipative Anderson model. To begin with, Fig. 9.1 shows the conductance

of the model as a functions of the applied bias and the backgate voltage. Here we

emphasize that peaks in Figs. 9.1(c), (d) and (e) all bend towards the Kondo valley

under low bias. This is in strong contrast to the invariant peak position of the

resonant level model. Another important feature of the dissipative Anderson model

is shown in Fig. 9.2, which presents the temperature dependent zero-bias conductance

as a function of temperature and backgate voltage. In consistence with the result in

Fig. 9.1, here the conductance peak positions also shift into the Kondo valley with

decreasing temperature. Finally, through the comparison between the peak values in

those three plots of Fig. 9.2, we see another important feature that the on-resonance

peak value decreases with an increasing dissipation. 3

3 In contrast to the r “ 0.3 and 0.5 cases, it is possible that the on-resonance peak of the r “ 0.75
sample has not reached the saturating temperature. This fact, however, does not violate the general
argument in this chapter.
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Figure 9.1: (a) The Coulomb blockade peaks measured at low temperatures from
31 mK to 120 mK for the r “ 0.5 sample. The pairs of peaks can be observed. (b)
Applying the side gate allows us to fine tune the barrier symmetry. At the maxi-
mum symmetric point, we can observed the conductance maximum for the Coulomb
blockade peak. (c) and (d) are Coulomb blockade peaks with different dissipation
strengths r “ 0.3, 0.5 and 0.75, respectively. One common feature can be observed:
symmetrically coupled peaks bend towards the single-electron valley under decreas-
ing bias.

9.3 Renormalization Group Study of the Dissipative Anderson Model

To begin with, we introduce the study where we understand the shifting of the on-

resonance peak position through the Coulomb gas renormalization group technique

[18; 29; 103]. Similar as other RG methods, Coulomb gas RG calculates the flow

equations of parameters by integrating out the ultraviolet modes. More specifically,

in the Coulomb gas RG, we integrate out kink pairs with distance (in imaginary
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time) larger than the cutoff and compare the partition function before and after the

integral. The RG equations are then derived with the partition function invariant

requirement.

Before the RG study, we need to first bosonize the Hamiltonian

ψ:ασ “
Fασ
?

2πa0

e´iφασ , (9.9)

where Fασ is the Klein factor and a0 is the lattice constant and φασ is the chiral

bosonic field for fermions in lead α with spin σ. For later convenience we once again

rotate the bosonic operators

φc{s “ pφLÒ ˘ φLÓ ` φRÒ ˘ φRÓq{2

φcf{sf “ pφLÒ ˘ φLÓ ´ φRÒ ¯ φRÓq{2.
(9.10)

Through straightforward comparison between Eqs. (9.7), (9.8) and (9.10), we see

that the dissipative phase ϕ always has the same sign of φcf . One can thus combine

those two fields

φ1cf ”

c

1

1` r
pφcf `

1
?

2
ϕq

ϕ1 ”

c

1

1` r
p
?
rφcf ´

1
?

2r
ϕq,

(9.11)

where ϕ1 is totally decoupled and can thus be ignored in later paragraphs. Meanwhile,

after ignoring ϕ1, we can safely rewrite φ1cf as φcf for simplicity. Through the rotation

Eq. (9.11), the dynamics of the dissipative field ϕ has been absorbed by the φcf field,

which now becomes effectively interacting.
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Figure 9.2: The temperature dependence of the Coulomb blockade peaks (with zero
bias) for r “ 0.3, 0.5 and 0.75. We can see that all three resonant peak positions shift
towards the Kondo valley with a decreasing temperature. Meanwhile, the change of
the on-resonance peak position is more subtle in the r “ 0.3 case. This can be
explained by its peak saturation at a higher temperature.

Basically, the Coulomb gas RG deals with the partition function of the system

Z “ Trpe
´
şβ
0 dτH0τ`H1τ q

“

8
ÿ

n“0

p´1qn
ż τ2

0

dτ1

ż τ3

0

dτ2 ¨ ¨ ¨

ż β

0

dτnTre
´βH0Tτ rH1pτ1qH1pτ2q ¨ ¨ ¨H1pτnqs

“ Z0

8
ÿ

n“0

p´1qn
ż τ2

0

dτ1

ż τ3

0

dτ2 ¨ ¨ ¨

ż β

0

dτnxTτ rH1pτ1qH1pτ2q ¨ ¨ ¨H1pτnqy0

(9.12)

where H0 “ Hleads ` Hdot describes the isolated impurity and the free leads, while

H1 “ HT `HKondo represents their interactions. The imaginary time τ runs from 0

to β (β is defined as the temperature inverse). Meanwhile, the expectation in the

third line of Eq. 9.12 is calculated with respect to H0. Physically, each term summed

in Eq. 9.12 represents a circular historic chain with n ”kinks” that change the system

state at positions τ1, τ2... τn along the time axis. Three (out of four) bosonic fields
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defined in Eq. 9.10 are non-interacting and share the same correlator

xφpτqφp0qy “ ´ lnpiωRtq, (9.13)

where ωR is the frequency cutoff and φ can be φc, φs or φsf defined in Eq. (9.10).

Since φcf is now interacting, it has a different correlator

xφcf pτqφcf p0qy “ ´p1` 2rq lnpiωRtq. (9.14)

At the beginning of the RG derivation, we assume an initial critical time τc with

the assumption that any two kinks can not occur within the time interval τc. This

critical time increases by δτc during each RG step, where 0 ă δτc ! τc. With the

new cutoff, we integrate out kink pairs with distance between τc and τc ` δτc and

include their effect into the bare value of parameters (such as tunneling strengths and

the impurity energy level). With an infinitesimal δτc, parameter variations become

continuous and can thus be modeled by differential equations (RG equations).

Based on the idea above, the RG study has already been carried in a Luttinger

liquid Anderson model [167]. Similarly, we get the RG equations for the dissipative

Anderson model

y1tplq “

„

1´
K1plq

8
´

1

8gcf
´
K2plq

8
´

1

8



ytplq ` ytplqypf plqe
´ 1

2
εplq

` ytplq ryzbplq ` ypbplqs e
´ 1

2
ε

(9.15a)

y1pf plq “

„

1´
K2plq

2
´

1

2



ypf plq ` y
2
t plqe

εplq
` 4ypbplqyzbplq (9.15b)

y1pbplq “

„

1´
1

2gcf
´
K2plq

2



ypbplq ` y
2
t plqe

εplq
` 2ypf plqyzbplq ` 2ypf plqyzbplq (9.15c)

y1zb “

„

1´
1

2gcf
´

1

2



yzbplq `
1

2
y2
t plqe

εplq
` 2ypf plqypbplq (9.15d)

K 1
1plq “ ´4

“

2e´εplq ` eεplq
‰

y2
t plqK1plq (9.15e)
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K 1
2plq “ ´4

“

2y2
pbplq ` 2y2

pf plq ` y
2
t e
εplq

‰

K2plq (9.15f)

ε1plq “ εplq ´ 4y2
zbplq ´ 2y2

pf plq ´ 2y2
pbplq ` 2y2

t plq
“

´eεplq ` 2e´εplq
‰

, (9.15g)

where parameters above are defined as

yt Ñ
tτc

?
2πa0

ypf Ñ
JKF τc
2πa0

ypb Ñ
JKBτc
2πa0

yzb Ñ
JZBτc
2πa0

y1v Ñ
V1Bτc
2πa0

y0v Ñ
V0Bτc
2πa0

εÑ ε0τc gcf “
1

1` 2r
,

(9.16)

and K1p0q “ K2p0q “ 1 are the initial ’interacting strengths’ 4 of φc and φs fields. RG

equations of Eq. (9.15) shows several similarities when compared with the Luttinger

liquid resonant level model [103]. To begin with, the ’interacting strengths’ of the

fields that involve the dot (φc and φs) are decreasing to zero while that of the others

(φcf and φsf ) are invariant under the RG flow and are thus fixed to be one. Another

similarity is the possible host of KT transition. Initially, K1p0q “ K2p0q “ 1 so that

tunneling processes are relevant under the critical dissipation r ă rcp0q “ 2. This

critical dissipation, however, changes with an increasing l. More specifically, when

K1plq “ K2plq “ 0, the critical dissipation changes to be rcplq “ 3. Consequently,

similar as the resonant level model [124], a KT transition is expected when 2 ă r ă 3.

Despite these similarities, the spinful RG equations have several unique features.

One of the most important features is the existence of higher-order tunneling pro-

cesses such as the Kondo tunnelings. More importantly, in contrast to the resonant

4 Here the ’interacting strength’ models the coefficients of fields in the partition function Eq. (9.12)
that change during the RG flow. It is thus effective and different from the real interactions such as
the Luttinger liquid interaction.
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level model RG equations where the on-resonance point is protected by the particle-

hole symmetry, the ε “ 0 point is unstable in the dissipative Anderson model. This

feature can be physically understood as the lack of particle-hole symmetry protection

at the on-resonance peak of the dissipative Anderson model.

Fig. 9.3 shows the solution of the RG equations. Fig. 9.3(a) describes the energy

flow of the impurity as a function of the RG ”depth” l (as introduced in Section 3.2.1,

it is proportional to the exponential of the temperature change) with dissipation

strength r “ 0.5. We choose such dissipation strength to exclude possible distraction

from the Kondo effect [63]. When compared with the experiment, lower temperature

corresponds to lower cutoff, or larger l. One can see that when the bare impurity

energy is slightly below zero, it gradually increases. One can more directly see the

effect of the RG flow from Fig. 9.3(b), where the on-resonance impurity energy of

the dissipative Anderson model is plotted as a function of maxpT, Vbiasq. Apparently,

with a decreasing temperature or bias, the on-resonance bare impurity energy flows

into the Kondo valley, which agrees with the experimental data Fig. 9.1, where weak

bias serves as the RG cutoff.

If we compare Fig. 9.3(b) with the experimental data Figs. 9.1 and 9.2, we see

that RG equations successfully predict the shift of the on-resonance peak position

of the dissipative Anderson model, which is significantly different from the invariant

peak position of the resonant level model.

More strictly, the Coulomb gas RG equations are only reliable at the weak cou-

pling regime. To compensate for this weakness, we provide an argument about the

weak bias and low temperature features of the dissipative Anderson model. Basically,

there are two possible energy flow patterns. To begin with, we expect the energy

flows as shown in Fig. 9.4(a), where the energy RG flows do not change the relative

sequence of energy levels 5. Meanwhile, we expect the on-resonance energy becomes

5 Alternatively, if ε1p0q ą ε2p0q, then ε1plq ą ε2plq for any l.
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Figure 9.3: Main results from the RG equations Eq. (9.15). (a) The RG flow
of the impurity energy with different initial energies. The dissipation strength is
r “ 0.5, smaller than the critical value rc “ 2. The bare level broadening is Γ “ 0.1.
The energy increases with increasing l or decreasing temperature/bias.(b) The on-
resonance bare impurity energy as a function of the temperature. This plot contains
RG flow result with dissipation strengths r “ 0.3 (red), 0.5 (blue) and 0.75 (yellow).
We can see that when the temperature decreases, the ”on-resonance” bare energy
flows towards the Kondo valley.
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Figure 9.4: Two possible flows of the energy. (a) The expected flow of the quantum
dot energy. In this case the quantum dot energy becomes invariant at low enough
temperature/bias. This agrees with the experimental observation where the on-
resonance peak postion becomes invariant after its saturation. (b) Another possibility
that may not be physical. In this case, RG flows cross at multiple points.

invariant with low enough temperature/bias. As a comparison, another possibility is

shown in Fig. 9.4(b). In this case, it is possible that the energy will flow back under

some cutoff. However, if such case is true, then if one decreases the chemical potential

to the regime highlighted by the blue box, then we would expect that the resonant

energy moves back and forth, which is unlikely to be physical. Meanwhile, in the

latter case, RG flow arrows intersect so that at some points the RG flow is ill-defined.

Consequently, we would predict the energy flow like that given in Fig. 9.4(a). Notice

that this RG flow diagram predicts a stable fixed point as the on-resonance peak. In

Section 9.4 we will further discuss about the stability of this fixed point.

9.4 Understanding the Unquantized Saturated Conductance

In this section we convey the idea to understand the physics related to Fig. 9.2. As

described in previous sections, for r “ 0.3 and r “ 0.5, we can see the saturation of

the on-resonance peaks. Meanwhile, we believe the existence of the saturation peak
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even for the r “ 0.75 case. We understand the missing of its peak saturation as a

lower saturation temperature under stronger dissipation.

Meanwhile, we have also noticed that the saturated peak height of the r “ 0.3

case is larger than that of the r “ 0.5 case.

9.4.1 Brief Introduction of the Quantum Brownian Motion Model

As introduced in Section 9.1.1, the QBM model describes the motion of a particle in

a periodic lattice under the influence of dissipative modes. There we have also intro-

duced the connection between the 1d QBM model and the single barrier Luttinger

liquid model. A more systematic study about the connection between mesoscopic

systems and the QBM models has been done by H. Yi and C. L. Kane [186]. In

that paper, the connection is constructed by visiting the QBM model in two extreme

regimes that are dual to each other. First one is the high-mobility regime. In this

regime the QBM effective action can be written as

S “ S0r~rpτqs ´

ż

dτ

τc

ÿ

~G

v ~G expri2π ~G ¨ ~rpτqs, (9.17)

where ~rpτq is the trajectory in the QBM lattice and v ~G refers to the periodic potential

with the reciprocal-lattice vector ~G. Physically, the action Eq. (9.17) refers to the

regime where the periodic potential is weak such that the motion is almost free (with

the mobility µÑ 1).

As its dual form, we also have the action for the weak-mobility regime

S “ S0r
~kpτqs ´

ż

dτ

τc

ÿ

~R

t~R expri2π ~R ¨ ~kpτqs. (9.18)

In this regime, the system has a strong potential so that particles are almost confined

at the minimums of the periodic potential and tR refers to the weak tunneling between
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potential minimums connected by a lattice vector ~R. With system actions given by

Eq. 9.17 and 9.18, we can simply read off their scaling dimension as

dv ~G
dl

“ p1´ |~G|2qv ~G

dt~R
dl
“ p1´ |~R|2qt~R.

(9.19)

For later convenience, we further define ~G0 and ~R0 as the vectors that connect

the nearest neighbor sites in two dual lattices. In one-dimensional QBM models,

the physics is simple since |G0||R0| “ 1. Alternatively, if one of the fixed points is

stable, the other one must be unstable and vice versa. However, in higher dimen-

sional systems, |G0||R0| may be different from unity so that there may exist another

intermediate fixed point. More specifically, if |G0||R0| ą 1, it can be possible that

both |G0| ą 1 and |R0| ą 1 so that there will be an unstable intermediate fixed

point that flows to either strong or weak mobility fixed point; on the contrary, if

|G0||R0| ă 1, there will be a stable intermediate fixed point if |G0| ă 1 and |R0| ă 1

are simultaneously satisfied. In this case, the stability of this intermediate fixed point

can be understood to be protected by the subtle symmetry of the QBM lattice. For

instance, the intermediate fixed point of the r “ 1 2d QBM model on a Kagome

lattice has been believed to be protected by a SUp3q symmetry [186].

9.4.2 Mapping our system to the Quantum Brownian Motion Model

For simplicity, we begin with the dissipation free case r “ 0. We also only include

the hybridization processes HT. The action then becomes

S “ S0 ` ST

“ S0 `

ż

dτ

τc

t
?

2πa
rd:Òe

iφLÒ ` d:Òe
iφRÒ ` h.c.s,

(9.20)
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where the dot action has been included into S0. The comparison between Eqs. (9.20)

and the QBM action Eq. (9.17) shows several differences. One is the impurity energy.

As discussed in previous sections, due to the lack of protection from the particle-hole

symmetry, energy will keep flowing towards the Kondo valley so that the there will

be some energy related terms εpτi´τi`1q in the action, where τi is the time of the ith

kink. This problem is answered by Fig. 9.3(a). Based on the speculation, we expect

that there will be a bare energy such that with l ą lc the system approximately

remains on resonance. So we can ignore the impurity energy and do the mapping

after that cutoff.

Another difference is that the lead-impurity hybridization of the dissipative An-

derson model contains impurity operators. Their presence forbids several operator

configurations (for instance, exppiφLÒ ` iφRÒq is forbidden since the dot can not be

doubly occupied). Our strategy is to forbid those non-physical processes manually

by limiting the freedom of the lead fields. With those enforced restrictions, the num-

ber of freedom of the Anderson model do not simply equal that of the QBM model.

Naively, the system with the action of Eq. (9.10) consists of four independent lead

fields so we may want to map our model to a four dimensional QBM lattice. How-

ever, if we consider the restriction given by the impurity, the final lattice can only

be two-dimensional. To better illustrate this point, we once again take the rotation

as given by Eq. (9.10). Based on the Bosonization technique, we relate the common

field φc with the electron number as

φcp0q “ ´

ż 8

0

dxBxφcpxq “ 2π

ż 8

0

dxρcpxq9N, (9.21)

where N is the total electron number in the leads which only has two possible values.

Consequently, to remove impurity operators from the action Eq. (9.20), φc becomes

bi-valued and can not be considered as free. The same argument also applies to the

spin field φs. Consequently, the Anderson model maps to a 2d QBM lattice instead,
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Figure 9.5: The lattice structure of the QBM model that is equivalent to the
dissipative Anderson model. The dashed red parallelogram indicates the unit cell
of the lattice. The angle between different axis θ is determined by the dissipation
strength. Sublattices are defined based on the three different values of pφc, φsq.

with φcf and φsf representing the lattice ”axes”. The different values of the vector

pφc, φsq instead defines the sublattices. With those considerations, it is ready for us

to map Eq. (9.20) to a two-dimensional QBM lattice as shown in Fig. 9.5.

We can see that the QBM lattice is in principle a Lieb lattice with three inequiv-

alent sites labeling different impurity states. The angel θ is calculated by comparing

the scaling dimension of the dot-lead tunneling and the Kondo tunneling processes.

More specifically, with dissipation strength r, first order hybridization has scaling

dimension p1 ` rq{4, corresponding to a distance
?

1` r{2 in the Lieb lattice (be-

tween the empty and filled sites). The leading Kondo process, on the other hand,

has scaling dimension 1{2, corresponding to the distance 1{
?

2 between the nearest

spin up and spin down sites in the lattice. Consequently, we can calculate the angle

θ in Fig. 9.5. With this angle known, we can further calculate its reciprocal lattice

constants. Through detailed calculation, we have the central result of this section

that

|R0| “

?
1` r

2
, |G0| “

c

1` r

1` 2r
and |R0||G0| “

1` r

2
?

1` 2r
. (9.22)
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Figure 9.6: Flow of the QBM model and µ˚ with dissipation strength r. When dis-
sipation increases, the intermediate mobility µ˚prq decreases monotonically, leading
to a decreasing on-resonance conductance of the dissipative Anderson model.

One can first check that when r ą 3, |R0| ą 1 such that the weak mobility regime is

stable, which agrees with the RG calculation. Secondly, with any finite dissipation

0 ă r ă 3, |R0| ă 1 and |G0| ă 1 such that there will be an intermediate fixed point

with an intermediate mobility. If we call the mobility for the intermediate regime as

µ˚, then µ˚ decreases with an increasing r and reaches zero at r “ 3, as shown by

Fig. 9.6.

After knowing the mobility of the corresponding QBM lattice, we can calculate

the conductance of the original carbon nanotube system. The basic idea is to in-

clude both the intermediate mobility as well as the effect of the barrier between the

dissipative lead and the dissipation-free reservoir [87]. The result is

G “
2e2

h

µ˚

1` 2r ` 2rµ˚
e2

h

“
2e2

h

1

p1` 2rq{µ˚ ` 2r
.

(9.23)

As argued before, µ˚ decreases with an increasing dissipation so that the conductance

of the original dissipative Anderson model decreases under an increasing dissipation,

which explains the decreasing of the saturated on-resonance peaks shown in Fig. 9.2.

Finally, before the end of this section, we discuss a little bit about the protection of

the intermediate fixed point. In dissipative resonant level model, the stability of its
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on-resonance fixed point is protected by the particle-hole symmetry. In the QBM

model, the intermediate fixed point is protected by the subtle symmetry between

lattice QBM lattice constants. For instance, Y. Hu and C. L. Kane [87] proposed an

analytical calculation for the SUp3q symmetric Luttinger liquid Anderson model. In

that model, the SUp3q symmetry origins from the symmetry between the L-dot, R-

dot hybridizations and the Kondo exchange. This Anderson model maps to a QBM

model on a Kagome lattice with its intermediate fixed point protected by the SUp3q

symmetry. In the dissipative Anderson model, the intermediate fixed point can also

be considered as protected by the subtle ”geometric” symmetry of its equivalent

QBM model.

9.5 Conclusion

We have analyzed the I-V feature of the dissipative Anderson model with dissipation

r “ 0.3, 0.5 and 0.75. Experimental observation of those models exhibits two main

exotic features: (i) the shifting of the on-resonance peak position as a function of

the applied temperature/bias and (ii) the decreasing of the saturated on-resonance

conductance with an increasing dissipation strength. 6

To explain the experimental results, we have studied the RG flows of the dissipa-

tive Anderson model. Based on those RG equations, impurity energy changes towards

the Kondo valley, which qualitatively explains the experimental data. Physically, the

energy shifting originates from the lack of protection from the particle-hole symmetry

in the dissipative Anderson model. The understanding of the dissipation-dependent

saturated peak conductance is provided through the mapping of the system to a 2d

QBM model. More specifically, a dissipative Anderson model is equivalent to a QBM

model in a Lieb lattice, where a stable intermediate fixed point with intermediate

6 Actually, the fact that the saturated conductance value is not e2{h is another significant result
which worth further investigation.
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mobility is protected by the subtle symmetry of the QBM lattice. By relating the

mobility of the QBM model to the conductance of the dissipative Anderson model,

we qualitatively explain the decreasing of the peak conductance as a function of the

increasing dissipation.
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10

Geometric Singularity and Geometric Phase in
R “ RQ dissipative resonant level model

The singularity at the QCP of a QPT-hosted system induces the possibility of a

non-trivial geometric phase around the QCP. Been studied in detail around ten years

ago, the prerequisite of a non-trivial geometric phase in bulk QPT-hosted systems

has been worked out. This criteria, which claims that a non-trivial geometric phase

requires a superextensive critical point, is however only proved in bulk QPTs. In this

chapter we thus study the geometric phase-boundary QPT relation by analytically

calculating the geometric phase in the R “ RQ resonant level model. Here we

show that although the dissipative resonant level model has an QCP that satisfies

the superextensive criteria, its geometric phase remains zero since the geometric

curvature vanishes everywhere. We further provide a general argument for the trivial

geometric phase in systems without long range interactions.

186



10.1 Introduction

The Berry phase is a quantity defined within the adiabatic approximation, where

time dependent Hamiltonian Hptq is assumed to change slow enough such that the

system stays at the ground state |ψ0ptqy of the varying Hptq [184]. Based on this

assumption, if the Hamiltonian returns to the starting value after time T0 such that

HpT0q “ Hp0q, the state also returns to the starting wave function, except for an

extra phase factor

|ψ0pT0qy “ eiγ`iθdyn |ψ0p0qy, (10.1)

where

θdyn “ ´
1

~

ż T0

0

E0ptqdt, (10.2)

is defined as the dynamical phase and E0 is the ground state energy. The phase

in Eq. (10.2) represents the phase accumulated from the dynamical wave function

evolution. The extra phase γ, which does not have any corresponding definition in

time independent quantum mechanics, is called the Berry phase, named after the

pioneering work by M. Berry in 1984 [1]. Due to its reflection of the geometry of

system Hamiltonian in the parameter space, it is also called the geometric phase.

To better understand the geometric phase, we assume a general expression of the

time dependent Hamiltonian Hr~Rptqs, where ~Rptq is the vector defined in the time

dependent parameter space of the system. In such a system, it is easy to derive the

Berry phase with the expression [184]

γ “

ż

c

d~R ¨ ~Ap~Rq, (10.3)

where ~Ap~Rq “ ixψ0p~Rq|B~R|ψ0p~Rqy is the Berry connection that reflects the change of

ground state wave function when the Hamiltonian evolves in the parameter space.

The integral in Eq. (10.3) is along a closed loop c. As the loop integral of the Berry
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connection, Berry phase thus indicates the collective change of the geometry in the

parameter space after the system returns to its starting point.

As the feature of quantum mechanics, phases of imaginary wave functions preserve

the possibility of interesting interference phenomena. However, the geometric phase

has been long time considered as unimportant since the gauge transformation

|ψ0p~Rqy Ñ eiχp
~Rq
|ψ0p~Rqy (10.4)

changes the Berry connection in the way ~Ap~Rq Ñ ~Ap~Rq´B~Rχp
~Rq, giving Berry phase

an extra term χr~Rp0qs´χr~RpT qs. The gauge dependence of the Berry connection once

makes persons to believe that a proper gauge will cancel out the geometric phase.

However, since the integral in Eq. (10.3) is taken around a closed loop, χr~Rp0qs ´

χr~RpT qs equals 2nπ with n an integer to guarantee the equivalence of the starting

and final wave functions. Consequently, the geometric phase defined in Eq. (10.3) is

actually well defined (since an extra phase 2nπ is irrelevant) and gauge independent.

Another way to calculate the geometric phase is through the geometric curvature

~Ωp~Rq “ ~5~R ˆ
~Ap~Rq, (10.5)

which is the curl of the geometric connection. With the Stokes theorem, we can thus

rewrite the geometric phase defined in Eq. (10.3) into a surface integral

γ “

ż

s

d~S ¨ ~Ωp~Rq, (10.6)

in a closed surface s bounded by the loop c. From Eq. (10.6), we can better under-

stand the efficiency of the geometric phase in the detecting of Hamiltonian singu-

larities in the parameter space: normally, with infinitesimal area s Ñ 0, geometric

phase from Eq. (10.6) vanishes. However, due to the singularity and the failure of

the adiabatic theorem at the QCPs, it is natural to expect a possibly finite geometric

phase when the infinitesimal closed surface contains a QCP.
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Multiple researches have thus been carried out concerning the possible connection

between bulk QPTs and a non-trivial geometric phase [31; 150; 197; 78; 28; 44; 145],

including the 1d anisotropic spin XY and the 1d dissipative Ising models. Those pa-

pers involve more than studies of specific systems, but also include arguments about

the general prerequisites of a non-trivial geometric phase in QPT-hosted systems

[78; 28]: they argue that non-trivial geometric phase only occurs in QPT-hosted sys-

tems that have superextensive singularities at the critical point. Mathematically, if

a QPT system has a superextensive QCP, it means that [28]

∆µν ” ∆µ `∆ν ´ 2Z ´D ă 0, (10.7)

where µ and ν correspond to two independent operators in the parameter space

that trigger the quantum phase transition and ∆µ (∆ν) is the corresponding scaling

dimension. Both µ and ν should be relevant so that ∆µ,∆ν ă 2 in bulk QPTs. Z is

the scaling coefficient of the time variable and Z “ 1 for linear dispersion relation.

Finally D is the spacial dimension of the system. Consequently, bulk QPTs in higher

dimensional models and with more relevant QPT-triggering operators have higher

possibility to host a non-trivial geometric phase.

Naively, if Eq. (10.7) is applicable to boundary QPTs, the superextensive criteria

in a relativistic system is always satisfied since ∆µ ` ∆ν ă 2 in boundary QPTs.

However, despite the study about the bulk QPTs-geometric phase connection, to

date no research has been carried out concerning the geometric phase in the bound-

ary QPTs and the applicability of Eq. (10.7) in the boundary QPTs still remains

unknown.

In this chapter, we thus provide the study of the connection between the boundary

QPT and the geometric phase by calculating the geometric phase in the R “ RQ dis-

sipative resonant level model. Since the effective Hamiltonian of this model contains

a decoupled impurity Majorana fermion (see Section 7.4 for details), it is also called
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the Majorana resonant level model. As illustrated in Chapter 7, the dissipative res-

onant level model maps to the two channel Kondo model which has been thoroughly

studied and can be analytically solved. Consequently, the dissipative resonant level

model provides as the simplest model in the study of the boundary QPT-geometric

phase connection. After multiple ways of calculation, we find that the dissipative

resonant level model has a singular geometric connection at the critical point with

the powerlaw as predicted by Eq. (10.7). However, since the geometric connection

has zero curl, this singularity will not lead to a non-trivial geometric phase as pre-

dicted in bulk systems. Based on the study of the QCP of the dissipative resonant

level model, we further provide a general argument to understand the missing of the

geometric phase in boundary QPT-hosted systems 1.

This chapter is organized as follows. In Section 10.2 we briefly review the effective

Hamiltonian of the Majorana resonant level model around the critical point. This

is followed by the calculation of the geometric connection in Section 10.3. To un-

derstand this result, we calculate the geometric curvature with the geometric tensor

using Green’s function technique in Section 10.4. After that, we provide an un-

derstanding of the geometric phase in dissipative resonant level model and general

boundary QPT hosted systems in Section 10.5. Finally we conclude this chapter in

Section 10.6.

10.2 The System and the Effective Hamiltonian

As have been introduced in Chapter 7, the r “ 1 dissipative resonant level model

can be exactly mapped to the two channel Kondo model. More specifically, after

bosonization and refermionization, the tunneling Hamiltonian effectively becomes

1 In principle, this argument only applies to systems with local interactions.
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(with Hdot included)

H̃T “ ptS ´ tDq
ψ:f p0q ´ ψf p0q

?
2

a

` iptS ` tDq
ψ:f p0q ` ψf p0q

?
2

b

` irεd ´ πvF {
?

2 : ψ:cψcp0q :sab,

(10.8)

where a and b are the two impurity Majorana fermions and ψf is the operator that

comes from the refermionization of the phase difference between source and drain

fermions. The corresponding lead part now contains free fermions ψf and ψc. Mean-

while, the environmental part Henv has been dropped since its effect has already been

included into the definition of ψf . The second term of the last line is the effective

density-density interaction between dot and the effective common fermion ψc. It has

been proved that this term has scaling dimension 3{2 near the critical point [52; 2]

and can thus be ignored if we are only interested in the zero temperature geometric

phase. After dropping the last term, ψc becomes decoupled so that can be safely

ignored in the lead Hamiltonian. For later convenience, we also ignore the f labeling

of ψf and rewrite the Hamiltonian with operators ψk in the momentum space. With

those simplification, the effective Hamiltonian becomes 2

H̃ “ Hcritical` δH “
ÿ

k

εkψ
:

kψk` iεdab` iV1

ÿ

k

pψ:k`ψkqb`V2

ÿ

k

pψ:k´ψkqa, (10.9)

where V1 “ ptS` tDq{2
?
πa0 and V2 “ ptS´ tDq{2

?
πa0 are the symmetric and asym-

metric coupling strengths, defined for later convenience and the lattice constant is

a0. The critical Hamiltonian Hcritical contains the first and third terms of Eq. (10.9).

2 In deriving Eq. (10.9), the system is implicitly assumed to be infinite so that strictly speaking the
momentum k should be considered as continuous here. However, since the effective Hamiltonian
Eq. (10.9) has the same length of the original model, we can still use the discretized version of
Eq. (10.9) to study the scaling behavior of the original model when the system size approaches
infinity.
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When δH “ 0, V2 “ εd “ 0, zero temperature system is then described by the two

channel Kondo quantum critical fixed point. At this point, the quantum frustration

between the source and drain in the hybridization of the quantum dot leaves a Ma-

jorana fermion decoupled [74; 195]. However, with any asymmetry present, system

flows to a Fermi liquid ground state. The phase diagram of the dissipative resonant

level model is shown in Fig, 10.1. For later convenience, here we define ~λ “ pV2, εdq

as the vector in the parameter space that represents the deviation from the critical

point.

Figure 10.1: Phase diagram of the r “ 1 resonant level model. The red dot is the
two channel Kondo-like critical point and the red dashed line represents the Fermi
liquid fixed points. The blue arrows represent the RG flow. Since all Fermi liquid
fixed points have zero impurity entropy, they are related by marginal operators.

10.3 Geometric Connection of the Dissipative Resonant Level Model

There are multiple ways to calculate the geometric phase of the dissipative resonant

level model. The most straightforward one is to calculate the geometric connection,

which requires us to know about the ground state wave function of the effective

Hamiltonian in Eq. (10.9).
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Similar as that of the single barrier model, the eigenstates of Eq. (10.9) contain

scattering states represented by operators that commute with the Hamiltonian. The

derivation of the scattering state operators is finished in the 1990s with the ”L

operator” method [166], with the result

c:k “ ψ:k ` V2rGaapεk ` iηqα̂k `Gbapεk ` iηqβ̂ks ´ iV1rGabpεk ` iηqα̂k `Gbbpεk ` iηqβ̂ks

α̂k “ a` V2

ÿ

k1

p
ψ:k1

εk ´ εk1 ` iη
´

ψk1

εk ` εk1 ` iη
q

β̂k “ b` iV1

ÿ

k1

p
ψ:k1

εk ´ εk1 ` iη
`

ψk1

εk ` εk1 ` iη
q,

(10.10)

where η Ñ 0` is an infinitesimal positive number and

Ĝpωq “
´

Gaapωq Gabpωq
Gbapωq Gbbpωq

¯

(10.11)

is the Fourier transformed expression of the retarded Green’s function. With the

scattering state operators defined in Eq. (10.10), the Hamiltonian becomes simply

H̃ 1 “
ř

k εkc
:

kck. It is also straightforward to check that rc:k, H̃
1s “ ´εkc

:

k`iηpψ
:

k´c
:

kq,

which satisfies the requirement of the scattering state operators.

Before we calculate the geometric phase, we have to make several comments about

the scattering state operators in Eq. (10.10) and the diagonalized Hamiltonian H̃ 1. To

begin with, in deriving Eq. (10.10), we have made both the large band and continuous

spectrum assumption. This means that these scattering wave operators are only

valid for infinitely large systems with small enough lattice constant. Since QPTs

only occur in infinite systems, this assumption is valid in the study of the criticality

of the two channel Kondo fixed point. However, those scattering states are not valid

if we want to study the powerlaw singularity of the critical point as a function of

the system size. The second comment is that the spectrum of the scattering states
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is the same as that of the free leads. This also requires an infinite system: at this

limit, the impurity freedom will not alter the scattering states’ spectrum. Finally,

the effective Hamiltonian H̃ 1 only contains the scattering states and the decoupled

impurity Majorana fermion (a) at the critical point (εd “ V2 “ 0) has been ignored.

With the scattering wave operators at hand, we thus write the ground state wave

function as

|Ψ0y “ CNpΠk,εką0ckqpΠk1,εk1ă0c
:

k1q|0y, (10.12)

where |0y is the empty state in terms of original fermions where ψk|0y “ 0 for any k.

The normalization factor is CN . With this definition, it is straightforward to check

that Eq. (10.12) satisfies the requirement of the ground state: c:k|Ψ0y “ 0 for εk ă 0

and ck|Ψ0y “ 0 for εk ą 0. Meanwhile, for simplicity here we assume CN P R is a

real number. In general CN may be complex. But as we have discussed in Section

10.1, we have the freedom to define the phase since it will not enter the geometric

phase.

To calculate the geometric connection with the ground state wave function Eq. (10.12),

we need to express the differentiation 5~λckp
~λq in terms of the scattering state opera-

tors. Instead of direct calculation, we use the fact that tcku spans the entire Hilbert

space such that 3

5~λ ck “
ÿ

k1

~αkk1ck1 `
ÿ

k1

~βkk1c
:

k1 , (10.13)

where ~αkk1 and ~βkk1 are two momentum dependent constant vectors: two components

of those vectors label the differentiation along two directions [~λ “ pV2, εdq]. With

coefficients defined in Eq. (10.13), when εk ą 0

C2
Nx0|pΠk1,εk1ă0ck1qpΠk1,εk1ą0c

:

k1qpΠk1,εk1ąεk
ck1q5~λckpΠk1,0ăεk1ăεk

ck1qpΠk1,εk1ă0c
:

k1q|0y “ ~αkk.

(10.14)

3 Strictly speaking, this is not true at the QCP. However, this assumption is valid if we are
calculating the geometric connection around the QCP.
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Similarly, when εk ă 0, the expectation value produces ~α˚kk instead. For later conve-

nience, if we define ~γεk “ Θpεkq~αkk `Θp´εkq~α
˚
kk with Θpεq the step function, we get

the expectation function

xΨ0|5~λ |Ψ0y “
ÿ

k

~γεk ` p5~λCNq{CN , (10.15)

Notice that here the normalization factor CN is ~λ dependent so that we are

supposed to calculate its gradient in the ~λ parameter space. To avoid this complexity,

we use the fact that 5~λpxΨ0|Ψ0yq “ 0 “ p5~λxΨ0|q|Ψ0y ` xΨ0|5~λ |Ψ0y, such that

xΨ0|5~λ |Ψ0y “
1

2
pxΨ0|5~λ |Ψ0y ´ p5~λxΨ0|q|Ψ0yq

“ i
ÿ

k

Imp~γεkq,
(10.16)

where we have used the fact that CN is a real number. Consequently, to calculate ~γεk ,

we just need to calculate xΨ0|p5~λckqc
:

k|Ψ0y “ ~αkk for εk ą 0 and xΨ0|p5~λc
:

kqck|Ψ0y “

~α˚kk for εk ă 0. Both expectation values can be calculated through the Green’s

function method. More specifically, we start with the retarded Green’s function

G
p5~λ

ckqc
:

k
pωq in the frequency regime. Then take the analytic continuation ω ` iη Ñ

iωn to get the Matsubara Green’s function. After that, we do the summation of the

Matsubara Green’s function and take the τ Ñ 0` limit so that we get the expectation

value of xp5~λckc
:

ky, which is ~γεk . Finally, we integrate over ~γεk in the continuous

energy space and take the line integral of the Berry connection in the parameter

space to get the geometric phase. The calculation is tedious but straightforward,

with the Berry connection expressions

xΨ0|Bεd |Ψ0y “ ´
i

π

εd
ε2d ` v

2
2

xΨ0|Bv2 |Ψ0y “ ´
i

π

v2

ε2d ` v
2
2

,

(10.17)
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where ρ is the density of states and v2 “ 2πρV1V2 is the dressed source drain asym-

metry. It is defined so that the two expressions in Eq. (10.17) are symmetric with

respect to the differentiation along two directions.

✏d

v2

h 0| 5~� | 0i

Figure 10.2: The plot of the geometric connection based on the expression
Eq. (10.17). The red dot represents the critical point and the blue arrows are the
geometric connection vectors. Since all vectors are pointing outward, the system has
zero curvature everywhere.

The geometric connection given by Eq. (10.17) is plotted in Fig, 10.2. To be-

gin with, the geometric connection is smooth everywhere except at the critical

point: there geometric connection diverges as 1{|~λ| when ~λ Ñ 0. This agrees

with physical expectations where singularity occurs at the critical point. However,

since all geometric connection vectors point outward, the corresponding geomet-

ric curvature will be zero everywhere. This can be easily realized when noticing

Bv2xΨ0|Bεd |Ψ0y “ BεdxΨ0|Bv2 |Ψ0y. Consequently, although singularity appears at the

critical point, geometric phase will always be zero whatever loop c we choose. This

radial form of the geometric connection is highly unusual and we are still trying to

understand it.
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10.4 Geometric Tensor and the Understanding of the Trivial Geomet-
ric Phase

As discussed before, the calculation of the geometric connection in Section 10.3 is

only valid in infinite systems. This limits our understanding of the critical behavior

of the system when the system size approaches infinity. The study of this critical

behavior, however, leads to the superextensive criteria Eq. (10.7) in bulk QPT sys-

tems. Consequently, we should instead choose a method that is applicable to finite

systems to better understand the vanishing of the geometric phase in the dissipative

resonant level model.

To begin with, we introduce the geometric tensor [28]

Qµν “ xBµΨ0|BνΨ0y ´ xBµΨ0|Ψ0yxΨ0|BνΨ0y, (10.18)

where µ, ν “ εd or v2 are the coefficient of the two QPT induced operators. It is

straightforward to show that ImQµν “ BµAν ´ BνAµ such that the imaginary part

of the geometric tensor coincides with the geometric curvature. To calculate the

geometric tensor, we assume the wave function of the nth excited state as |Ψny,

with its eigen-energy En. With those wavefunctions, we insert an identity 1 “

ř

ně0 |ΨnyxΨn| into Eq. (10.18)

Qµνp
~λq “

ÿ

ně1

xΨ0p
~λq|BµHp~λq|Ψnp

~λqyxΨnp
~λq|BνHp~λq|Ψ0p

~λqy

rEnp~λq ´ E0p
~λqs2

. (10.19)

With the expression in Eq. (10.19), it is straightforward to relate the geometric tensor

to the Green’s function

Gµνpτq “ ΘpτqrxBµHpτqBνHp0qy ´ xBµHp0qyxBνHp0qys (10.20)

in the way

Qµν “ ´i
d

dω
G̃µν

ˇ

ˇ

ˇ

ω“0
“

ż 8

´8

dττGµνpτq. (10.21)
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Eq. (10.21) can be derived by noticing that

G̃µνpωq “

ż 8

´8

dτe´iωτGµνpτq “
ÿ

ně1

xΨ0|BµH|ΨnyxΨn|BνH|Ψ0y

iω ` En
. (10.22)

Notice that in the derivations above, we have assumed the uniqueness of the

ground state wave function |Ψ0y. Strictly speaking, those equations are thus only

valid in systems with smooth ground state variations in the parameter space. More

specifically, near the QCP, when system size L becomes large, the energy difference

pE0 ´ E1q9L
´ζ Ñ 0, where ζ ą 0 is a dynamical constant. The vanishing of the

energy difference, which signifies the QPT, makes the ground state |Ψ0y ill-defined,

thus invalidating the derivations between Eq. (10.18) and Eq. (10.22). However, al-

though those equations are not applicable to the direct studies of the physics at the

QCP of infinite systems, they are powerful in studying the critical behavior of finite

systems. Alternatively, they can present how the geometric curvature at the QCP

diverges with an increasing system size.

With the effective system Hamiltonian Eq. (10.9), in the dissipative resonant level

model, BV2H “
ř

kpψ
:

k´ψkqa and BεdH “ iab. With those expressions and the Wick’s

theorem, the Green’s function Eq. (10.20) simply becomes

Θpτqrx
ÿ

k

pψ:k ´ ψkqpτqbp0qyxapτqap0qy ´ x
ÿ

k

pψ:k ´ ψkqpτqap0qyxapτqbp0qys. (10.23)

Explicit calculation shows that Eq. (10.23) is identically zero in finite-size systems,

leading to the vanishing of the geometric curvature everywhere. To understand the

vanishing of this Green’s function, we notice that one of the free lead Majorana

fermion channels ψ:k ´ ψk couples only to the impurity Majorana fermion a in the

effective Hamiltonian Eq. (10.9). The diagram is shown in Fig. (10.3). From those

diagrams, we can see that the lead-impurity correlators in both terms of Eq. (10.23)

produce the same free Majorana fermion propagator that couples to the same im-
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purity Majorana a through the same vertex interaction V2. They thus coincide with

each other, which leads to the vanishing of the geometric curvature.

i( †
k �  k) V2 a b

i( †
k �  k) V2 a a

h( †
k �  k)(⌧)b(0)i =

h( †
k �  k)(⌧)a(0)i =

(a)

(b)

Figure 10.3: The diagram for the calculation of the Green’s functions in Eq. (10.20).
The straight arrow lines represent the free ipψ:k ´ ψkq Majorana fermions. The cross
labels the impurity-lead Majorana interaction and the dashed line represents the
Green’s function between two impurity Majorana fermions. Notice that since ipψ:k´
ψkq only interacts with a in Eq. (10.9), the interaction vertex only has one category.

Physically, the vanishing of the Berry curvature origins from the independence

between two lead Majorana fermions
ř

k ipψ
:

k ´ ψkq and
ř

kpψ
:

k ` ψkq. This can be

simply verified through the calculation of the correlator between these two lead Ma-

jorana fermions. To reach this independence, it is only required that the system has

a spectrum that is particle-hole symmetric. This requirement is generally considered

as satisfied in systems with linearized dispersion relation. Consequently, in the dis-

sipative resonant level model, the geometric tensor Qv2,εd is identically zero even in

finite size systems. This is in great contrast to that in bulk QPTs: in those systems,

the geometric curvature of finite size systems at the critical point is finite. And the

divergence of the system size thus leads to the singularity of the geometric curvature.

10.5 Interactions and Possible Geometric Phase in Boundary QPTs?

Based on the previous section, we see that the vanishing of the geometric phase

in the dissipative resonant level model comes from the fact that these two QPT

inducing operators iεdab and V2

ř

kpψ
:

k ´ψkqa are always diagonal to each other and
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create identically zero geometric curvature. To remedy this, one natural choice is to

change the dissipation strength R ‰ RQ such that the effective Hamiltonian becomes

interacting. In this case, the effective deviation Hamiltonian becomes (see Chapter

7 for details)

δH “ ∆̃ cosr
?
gφ̃f sa` Ṽ2 sinr

?
gφ̃f sa, (10.24)

where g “
a

2{p1` rq is the effective interaction and φ̃f is the bosonized phase de-

scribing the inter-lead charge tunneling. Notice that it is different from the original

phase φf due to the the absorption of the Majorana b by the lead. With the inter-

acting effective Hamiltonian Eq. (10.24), the calculation of the geometric tensor now

involves the correlator xcosr
?
gφ̃f pτqs sinr

?
gφ̃f p0qsy. Naively, in contrast to the two

Majorana fermionic channels, those two operators cosr
?
gφ̃f pτqs and sinr

?
gφ̃f p0qs

are not independent. However, straightforward calculation shows that

xcosr
?
gφptqs sinr

?
gφpt1qsy

“ ´
1

4i
rxei

?
gφptqe´i

?
gφpt1q

y ´ xe´i
?
gφptqei

?
gφpt1q

ys

“ ´
1

4i
rxei

?
gφptqe´i

?
gφpt1q

y ´ eigπΘpt1´tq
xei

?
gφpt1qe´i

?
gφptq

ys

9 ´
1

|t´ t1|g
eigπΘpt1´tq{2

` eigπΘpt1´tq 1

|t1 ´ t|g
e´igπΘpt1´tq{2

“ 0,

(10.25)

where we have used

xei
?
gφptqe´i

?
gφpt1q

y “ e´gxrφptq´φpt
1qsφpt1qy

9e´g lnriωRpt´t
1qs

“ e´g ln |ωRpt´t
1q|´igπΘpt´t1q{2

(10.26)

and ωR is the environment ultraviolet cutoff. As mentioned in Chapter 6, changing

dissipation corresponds to changing Luttinger liquid interaction in the two chan-
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nel Kondo model. In this point, adding local Luttinger liquid interactions will not

remedy the vanishing of the geometric curvature.

At this point, one natural question is that whether or not there exists a boundary

QPT-hosted system whose geometric phase is non-trivial. To date we can only claim

that such system does not exist if long-range interaction does not exist. To better

illustrate this, we assume a system with boundary quantum phase transition with

the Hamiltonian

H “ Hcritical ` λ1Ô
1
leadp0qÔ

1
impurity ` λ2Ô

2
leadp0qÔ

2
impurity, (10.27)

where Hcritical is the critical Hamiltonian and the latter two terms in Eq. (10.27) are

assumed to lead to some boundary quantum phase transitions with Ô1,2
leadp0q a lead

operator that couples to an impurity operator Ô1,2
impurity

4. Since those two operators

can induce a boundary quantum phase transition, both Ô1
impurity and Ô2

impurity must

be isolated from the lead freedoms at the point λ1 “ λ2 “ 0 5. Consequently, if we

calculate the expectation value of xBλ1HpτqBλ2Hp0qy at the QCP, it becomes

xÔ1
leadpτqÔ

1
impuritypτqÔ

2
leadp0qÔ

2
impurityp0qy

ˇ

ˇ

ˇ

λ1“λ2“0

“ xÔ1
leadpτqÔ

2
leadp0qyxÔ

1
impuritypτqÔ

1
impurityp0qy

ˇ

ˇ

ˇ

λ1“λ2“0
.

(10.28)

In Eq. (10.28), the later part is irrelevant of the system size so that will not diverge

with an increasing system size. Our question then becomes that whether or not the

first part (lead part) of Eq. (10.28) can be zero when L Ñ 8 but finite otherwise?

In the two channel Kondo and two impurity Kondo models, this seems impossible

4 Here we have not assumed any limitation on those operators. They can be linear, quadratic,
quartic or whatever...

5 In boundary QPTs, the RG flowing from the unstable intermediate fixed point (for instance, the
QCP) to the stable ground state must be accompanied by the decreasing of the impurity entropy as
introduced in Chapter 4 (the g theorem). The decreasing of impurity entropy, on the other hand,
indicates the hybridization of the decoupled impurity degrees of freedom (at the QCP) by the lead
operators.
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since we can integrate out the x ‰ 0 parts in both models [103]. Consequently,

the correlator of the lead part should also be independent of the system size. As a

summary, in systems where long-range interaction is absent, the geometric curvature

is supposed to vanish everywhere, leading to a trivial geometric phase.

10.6 Conclusion

In this chapter we have calculated the geometric phase of the R “ RQ resonant level

model. The calculation is carried out in two ways: either calculating the geometric

connection with scattering state operators or calculating the geometric curvature

with the geometric tensor. The first method is only valid in an infinite system where

the QPT is hosted. In contrast to that, the geometric curvature calculation is more

general and applies to finite-size systems so that can be used in the study of the

scaling law of the criticality of the R “ RQ resonant level model. Based on both

calculations, although the quantum critical point of the model hosts a singularity of

geometric connection at the quantum critical point, the geometric curvature vanishes

everywhere in the parameter space, leading to a trivial geometric phase. Based on

the geometric tensor calculation, it can be seen that this trivial geometric phase

origins from the vanishing of the correlator between two QPT inducing operators even

when the system is finite. This correlator remains zero when the system has local

interactions (for instance, Luttinger liquid density interactions). We further argue

that in a general boundary QPT-hosted system, the geometric curvature remains

zero once its lead (or reservoir) can be legally integrated out: in this case the scaling

law studied in the bulk QPT-hosted systems becomes invalid.
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11

Conclusions

In the final chapter, I summarize the main results and findings contained in this

thesis. Based on those results, I will further suggest future directions.

11.1 Conclusions

In this thesis, we have investigated the effect of dissipation or quantum noise in sev-

eral systems where boundary QPTs are hosted. In those studies, we have shown that

in contrast to the naive expectation that dissipation destroys QPTs by reducing sys-

tem coherence, dissipation in boundary systems leads to non-trivial system behaviors

and may even restore the boundary QPTs. Meanwhile, since the boundary systems

are generally simpler and more experimental friendly, they provide great platforms

in the study of general features of QPTs. This thesis begins with the introduction of

the background information in the first four chapters —- including the introduction

to the phenomenon and useful techniques in 1d systems, QPTs as well as boundary

QPTs.

In Chapter 5, we begin with the two impurity Kondo model where a continuous

QPT between the Kondo fixed point and the local singlet fixed point is sabotaged
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by the charge tunneling process. It is shown that when the lead of the two impurity

Kondo model becomes dissipative, the dissipative modes only couple to the charge

tunneling process and will not touch the Kondo or exchange process. Consequently,

in the two impurity Kondo model, dissipation plays a highly non-trivial role that

restores the boundary QPT by reducing the relevance of charge tunneling. This

result can also be experimentally verified by checking the conductance-temperature

powerlaws at different fixed points.

In Chapter 6, we provide a study concerning the non-equilibrium I-V curve of

a dissipative resonant level model at the QCP. In this model, the leading tunneling

processes at weak coupling regime are relevant so that perturbative expansion with

respect to the weak tunneling does not apply. To overcome this difficulty, we study

the RG flow of the system and find out the leading irrelevant operator at the critical

point in the strong coupling regime. With this operator, we calculate the non-

equilibrium I-V curve of the system with the dynamical Coulomb blockade method,

which strictly deals with the dissipation and bias. The comparison between our

theoretical result and the experimental data shows significant agreement. After the

study of the non-equilibrium I-V at the QCP, in Chapter 7 we study the non-

equilibrium tunneling feature when the system crosses over from the QCP to a Fermi-

liquid ground state. This crossover is induced by the asymmetry present in the

system. In this chapter, we find out the effective system Hamiltonian near the

QCP, and use the known Boltzmann equation results to analytically calculate the

non-equilibrium I-V feature in the crossover regime. We further provide a direct

connection between the R “ RQ resonant level model and the famous two channel

Kondo model. Our theoretical result shows a great agreement with the experimental

data.

Studies on Majorana fermion in condensed matter physics have become popular

for years due to its possible connection to quantum computation. One interesting
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Majorana-related topic is the interaction between a Majorana zero mode and a quan-

tum dot system. Although those systems have highly non-trivial features due to the

presence of the MZM, it is known that most of the Majorana signatures are unstable

against the inter-MZM coupling. In Chapter 8 we provide an option to overcome

this problem by coupling one of the MZM to the Majorana fermion generated in a

dissipative resonant level model. Through the calculation of the zero temperature

conductance of a MZM-coupled resonant level model, we show that the Majorana

fermion of a disspative resonant level model successfully restores the non-trivial MZM

feature.

Although the main features of the Anderson model have been thoroughly studied

for years, the combination between the Anderson model and dissipation remains

vague. In recent years Professor Gleb Finkelstein’s group has acquired plenty of

data that describes the I-V feature of a dissipative Anderson model with different

dissipation strengths. Several observed features are highly non-trivial compared with

that of the dissipative resonant level model, including of the shifting of peak positions

and the dissipation-dependent saturation value of the on-resonant peak. In this

chapter we provide a theoretical understanding of the experimental result through

both the RG calculations and the mapping of the model towards a QBM model. Our

results qualitatively agree with the main feature of the experimental data.

Finally, in Chapter 10 we study an important difference between boundary QPTs

and bulk QPTs. In a bulk QPT it has been proved that a non-trivial geometric

phase appears if the QCP is superextensive. This criteria, however, remains vague

in boundary QPTs. In this chapter we thus study the connection between geometric

phase and boundary QPTs by investigating the R “ RQ resonant level model. We

showed that although the QCP of the dissipative resonant level model satisfies the

superextensive criteria, its geometric phase is identically zero no matter how we

choose the integral contour. We further argue that the missing of the geometric
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phase is related to the fact that in boundary QPTs the leads (or higher dimensional

baths) can normally be integrated out so that the scaling law in bulk systems does

not apply.

11.2 Perspectives

The Majorana community is greatly encouraged by multiple experimental triumphs

in the experimental searching of the MZM, including the most recently discovered

2e2{h Majorana featured conductance across a nanowire-topological superconductor

structure [194]. Further studies concerning the application of Majorana fermions or

the discovery of other anyons are thus highly interesting to the condensed matter

physical society. Particularly, considering the trend of the study on Majorana-related

physics as well as my personal experience, I propose to study on the following topics.

Recently, there are multiple researches on the study of the multichannel topolog-

ical Kondo problem [20; 12; 82] where multiple MZMs in the Majorana island couple

to different independent electronic reservoirs. In this problem, the spin doublet de-

generacy of the original Kondo model is replaced by a topologically protected doublet

degeneracy formed by two isolated MZM in the Majorana island. Although has been

widely researched recently, the multichannel topological Kondo model deserves fur-

ther investigation. One of the options is to add dissipation into the reservoirs. In the

resonant level model, lead dissipation normally behaves equivalently to the Luttinger

liquid interaction. This is not the case in the Majorana island model: the modeling

of the strucutre will decide the strength of dissipation that couples to different fields.

In this sense, dissipative reservoir may result to exotic features that are different

compared with that of Luttinger liquid interactions.

Another possible research topic is the Majorana-superconductor interaction. Based

on a recent paper [112], the Josephson coupling between a bulk superconductor and

the Majorana island will introduce asymmetry that breaks the higher SOpMq2 sym-
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metry in the topological Kondo model. Further investigation includes two possible

directions: the effect of interaction in the Josephson coupling and the supercurrent

through the superconductor-Majorana island-superconductor Josephson junction as

a function of reservoir number and interactions.

Instead of the MZM created in the 1d nanowire system introduced in Chap-

ter 8, one could also try to build MZMs, or even anyons along a superconducting

proximitized quantum Hall edge state. The coexistence of quantum Hall edge state

and superconducting pairing effect has been experimentally proved to coexist in a

graphene Josephson junction [14]. An advantage of the quantum Hall edge state is

the manipulation of a space dependent boundary condition. As proposed [140], the

periodically varying boundary condition potentially supports the existence of Ma-

jorana fermions and other more complicated anyons. Most recently, another work

[88] also points out the possible realization of Fibonacci anyon along the Hall edge

state. Although this theoretical work seems far from any experimental realization in

a short period of time, it is encouraging for us to search for interesting anyons along

the quantum Hall-superconducting edge states.

Finally, multiple mesoscopic problems also deserve further investigation. For in-

stance, to date we have not got a deep understanding of the stable intermediate fixed

point of the dissipative Anderson model. In Chapter 9, we have claimed that this

intermediate fixed point is protected by the subtle symmetry of the equivalent QBM

lattice. However, to date we have not known the method to calculate the intermedi-

ate conductance, nor can we write down the leading irrelevant operator around this

fixed point. It will be rather interesting to learn about the intermediate conductance

value and the scaling laws around this point. Through further investigation into

this intermediate fixed point, we can even acquire better understanding about the

connection between symmetries and quantum noise. As another interesting topic, I

may continue to study the connection between geometric phase and boundary QPTs.
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In Chapter 10 we have argued that the geometric phase vanishes in the 2CK and

some other more general systems. However, this argument only applies to effective

0+1d systems where the bath can be integrated out. It is thus interesting to study

models where long-range interaction dominates and invalidates the 0+1d effective

model. The physics behind the peculiar geometric connection pattern in Fig. 10.2

also deserves further investigation.
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