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Abstract

This dissertation shows hot use Constructal theory in order to desigscular
structures with high cooling performance and mechanical strengiie vascular
structues consist of grid, tree and hybrid (grid + tree) desighs. fourchaptes show
how thecooling performance and mechanical strength can be incrégsearying the
vascular structure embedded in a plate different models and boundary conditions.
Chaper 2 showsthat the fastest spreading or collectitayv (i.e. the steepest S curve) is
discovered by allowing the tree architecture to morph freely. The angles between the
lines of the invading tree architecture cannberphed (changed, selectesl)ch thathe
overall flow proceedsalong the fastestroute covering the greatest territory at any
moment. Chapter3 showsdevelopmentof vascular designthat provide cooling and
mechanical strengtht the same timeThis conceptis illustratedwith a circular pate
vascularized with embedded channélBapter4 shows how vascular design controls the
cooling and mechanical performance of a solid slab heated uniformly and loaded with
uniform pressureChapter5 shows that a plate heated byrandomlymoving beam an
be cooled effectively by fluid that flows through a vasculature of channels embedded in
the plate.In sum, constructal design governs the evolution of flow structures that offer

flow access and mechanical strength at the same time.



To mywife, Oden Cetkin
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1. Introduction

Advanced technologies require capabilities such ashseling and sel€ooling
in addition to the requirements of being light, durable and rofi&.literatureshows
that embedding vascular flow structures into a system makes them capabléhetibet
and seklfcooling [1-5]. This dissertation focuses on how the vascular design should be
made so that in addition to cooling the structure also has strengti,faeilitates the
flow of stressesThe results othe searchfor better design under the guidancetioé
constructal lanshowhow a system with advanced capabilities can be made lighter, more
durable and more robust.

Constructal law is a law of physiesid it uncovers the evolution ahy systenin
time. The constructal law i$[7] A F o r  asizefflonnsystem to persist in time (to
live), its configuration must evolve in such a way that provides greater and greater access
to the currents that flow h r o u ghlis law bf physics has created new research areas
in different fields of science such as engineering, geophysics, biology, economics and
social dynamics 71-15. The broad application of the constructal law shows how it
governghe evolution 6design inboth animate and inanimaggstems

Throughout this dissertatiprihe vascular structuremre designed by using the
constructal law. The systems were morphed freely (i.e., without any design restrictions or
generic algorithms) to find the fraes of the evolution movief the designConstructal
law emphasize the importance of the evolution of the design, whichrastinely

overlooked in thermal sciences.



2. The steepest S curve: discovering the invading tree, not
assuming it

Many natural an@ngineered flow systems are of the spreading or collecting kind.
Examples of spreading flows are the river deltas, air during inhaling, and the spreading of
technology. Collecting flows are river basins, air during exhaling, mining and oil
extraction (theHubbert peak).

Spreading and collecting flows are united by two features. The first feature is their
treeshaped structure. It was shown based on the constructral law that the tree flow
architecture is necessary and predictable as the design that &xcilibat access between
a point and an area or volumg 15].

The second feature is equally prevalent but less obvious. It isshafgd curve
of the history of how the spreading or collecting flow fills or empties its area or volume.
This feature hasden noted in many fields where it has been studied as local (isolated)
phenomena, for example, the spreading of populatib®sl[/], chemical reactionslg],
technologies19-20], TVs and radios41], and the collecting of oil, metals and minerals
from the ground 22-23]. We showed recentl\2f] that just like the tree architecture, the
S-curve is necessary and predictable as a feature that facilitates the access to flow
between discrete points and finite areas and volumes. Five examplesufeS
phenomea are shown in Fi@.1[16, 22, 27, 28].

In Ref. 13, we used a convectioonduction model to demonstrate how the S
curve can be predicted analytically. This model is shown in Z®y.Lines of constant

temperature invade at constant speed an isothe@wonaucting mediumAfter this first



phase of fAinvasiono, the heating of the m
perpendicular to the invading lines.

Unlike in Ref.26, where the invading line pattern was rigid (one straight line, or a
rigid tree with T-shaped bifurcations and no more than three levels of bifurcations) in the
present article the invading pattern is free to change. We use this freedom in order to
discover the tree design features that underpin the steepmsWves i.e. the fastes
spreading from point to area, and the fastest collecting from area to pbattree

architecture discovered in this manner is efficient, robust, and nédokahg.

200
£ Growth of Lo+
% 600 | brewers® Yeast '0.
% *
E s00 | ¥
= +
E *> — 150
= 200 | -
—% -
L, »>
g,_ 0 _’:..| 1 1
0 5 10 15

g Hours

— 100

TVs per
10,000 people
Radios per
1000 people — 50
Citations
of Ref. [27]
Citations
of Ref. [28]
I T T T 0
1970 1980 1990 2000 2010

Year

Figure 2.1: Examples of Scurve phenomena: the growth of brewers yeast (Re16),
the spreading of radios and TVs (Ref22), and the growth of the readership of
scientific publications (Refs.27 and 28).



2.1 Conduction model with a tree invading at constant speed

The two phases of the S curve phenomenon (invasion, followedrsplidaion)
are visualized by the thermal diffusion model presented inZ22g.The square (24l 2
(2 Ly) is a two dimensional conducting domain with uniform initial temperatugg (T
conductivity (k) and thermal diffusivityg). The square boundary is insulated.
Beginning with the time t = 0, lines of uniform temperature) (ifvade the

conducting domain. Their tips advance with the constant speed V. Heat is transferred by

X
=, .
_—=V
\%
vhl L T
—V
L, .
L;
L, L,/2 L,/2
h=5 th=hH+ =t
—= | | | |T
’rv | | | M
| | | |
| I | |
Ls | | | Lo

T | | | |
| | | |
| | | I

L, /4 L, /4 L,/3

ty=t3+ t; =t,+ \ tg=1ts+—

Figure 2.2 Tree-shaped line invasion ol conducting domain, with assumed T
shaped bifurcations



thermal diffusion from the invading lines to the conducting material of temperature T(X,

y, ). In time, the temperature averaged over the squareﬁa:eaLZ,

Tav Tdx dy (21)

_1
9~ KQ
rises from pto T,. Of interest is the shape of the curugI), and how the design of the
invading tree influences this shape.

In the model of Fig2.2 it was assumed that the tree is dichotomous with T
shaped bifurcations. The tree lindave zero thickness. Their lengths decrease in the
sequence |, L, =L,/2, L3 =L,, Ly =L3/2, etc. The times when the invading lines

reach the sequential bifurcation levels are indicated gstt, ...
The dimensionless formulation of the tirdependent heat conduction problem

consists of the energy conservation equation

2 2
b _wd, wd 2.2)
N

the boundary conditions

W_y at  X=0,2 (2.3)
X
W_g at  y=°1 (2.4)
Wy

and the initial conditiold=0 at t =0. The dimensionless variables are

T- T,
Tl - TO

% 9) = (%,Y)/Ly t=at/L] q= (2.5)



The dimensionless timdependent heat conduction problem was solved by using a finite
element software2]. The mesh was refined after each solution, and thblgmmowas

solved again to see whether the solution is mesh dependent. This was repeated by
increasing the number of mesh elements in steps of 50% until the solution changed by
less than 1%.

The lone dimensionless group that characterizes this phenometienretio of
the time of thermal diffusion perpendicular to the invading (Li/a) divided by the
time of line invasior(L,/V). This ratio is the Peclet number

Pe= % (2.6)

where (unlike in convection3p]) the thermal diffusivitya belongs to the nonmoving
conducting medium. Trees with larger Pe values invade the conducting body faster. This
effect is illustrated in Fig2.3, which shows the teperature field in the square domain at

the same momentt =0.2) for two speeds, Pe = 10 and 50. The tit =0.2

corresponds t t; when Pe = 10, and it is five times @B thar t; when Pe = 50.

Pe=10 Pe =50

=02

Figure 2.3: The effect of the line invasion speed (Pe) on the temperature field at the
time t =0.2 (note that t =0.2 is equal to t, when Pe =10).
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The dimensionless average temperathavg:(Tan-TO)/(Tl-TO) is a

function of time (t) and invasion speed (Pe). This function is displayed in Eiz,b.
The qavg(f)curves are Shaped and become steeper as Pe increases. This effect is

understandable, because the approach to the final uniform tempefateie should

faster when the tree invasion is faster. The question is whether the approach to final
uniform tenperature can be accelerated further even when the invasion speed (Pe) is

fixed.

2.2 Free bifurcation angles

In accord with earlier design applications of the constructal B8v31-33], the
path to greater flow access consists of endowing the flow coafign with greater
freedom to morph. Here we explore the benefits of allowing the bifurcation angles to
vary freely. In the first model (Fi@.2), the two branches were colinear, i.e. the branches
formed 180° angles, which were fixed.

In Fig. 2.5 the branching anglé, is free to vary. We consider the full
development of the first bifurcation, which lasts until the timeefined in Fig.2.2, i.e.

until the first branches grow to their final lengthXLThe angleb, is the only feature

that varies because the tir(fz) and the invasion speed (Pe = 10) are fixed. We find that
the average temperature of the heated domain exhibits a maximyre 80", as shown

in Fig. 2.5. This maximum is significant because g,,qVvalue atb, =90" is greater by

4.5 % than thiq,,y value found forb; =180". The optimal bifurcaon from Ly to Ly is

7



S Pe =100

0 0.1 0.2 0.3 0.4 0.5

Figure 2.4a The Sshaped history of the average temperature of the square domain
in Fig. 2.2.

avg

0.01 0.1 ~ 1
t

Figure 2.4b: The Sshaped history of the average temperature of the square domain
in Fig. 2.2 (logarithmic scale)
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drawn in Fig.1.5 for Pe = 10.

At the next bifurcation timi(t3) , the Ls branches have grown to their full lengths,

Fig. 2.6. The angleb, between the 4 branches is free to vary, while the first bifurcation
angle is set ats value optimized at the timg hamelyb, =90". In Fig. 2.6 we found
that qavg(fg) has a maximum with respect tm,, which is located ab, =90". The

value ofqavg(9OA) exceeds by 13.4 % its corresponding valu fgah the rigid design of

Fig. 2.2.
0.240
Hn\'g
0:235
0.230
2L
0.225 '
50 100 150 200

P

Figure 2.5: Freely varying angle of bifurcation b, at t= ?2, when Pe and the
conducting space are fixed
The tree with freely changing angles invades the square domain as shown in Fig.

2.6. The tree cannot grow freely beyond itsbtanches, because thg liranches would

9



interfere with the square boundary. The S curve that corresportissttree design is
plotted in Fig.2.7 next to the corresponding curve of the rigid tree design @2).
Figure2.7 shows that the average temperature of the conducting domain is greater when
the bifurcation angles are free to vary and are chosemder to heat the domain the

fastest possible

2.3 Freely morphing tree in a large domain

In order to postpone the interference between the invading tree and the boundaries
of the domain, we enlarged by a factor of 5 the side of the conducting squaréhé&low
area of the domain 50 L, 3 10 Ly, while the length of the trunk of the tree t = 11)

continues to bd;, Fig. 2.8. Unlike in section®.1 and 2.2, where the lengths of the

invading lines decreasea the sequence demanded by thehBped bifurcations in Fig.

043

0.42

0.41
50 100 150 B, 200

Figure 2.6: Freely varying angleb, at t= T3, when Pe and the conducting space are
fixed.
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2.2 (namely, L, L, =L;/2, L3 =L,/2, etc.), on the 1013 10 L, domain we are free

to vary not only the bifurcation angles but also the lengths of all the branches. For

simplicity, we adopt the rule

Livt _ -12
=2 2.7
L (2.7)

because it correspds to the average value of the,; /L; ratios in the designs of in Fig.

2.2.

0.5

7 Pe=10

eﬂ\'l’
04
03 F
02 | Free angles Fixed angles
B Fig. 2.2
0.1 F

0
0 0.05 0.1 0.15 0.2

Figure 2.7: The S curve of tree invasion with free angles is steeper (faster) than the S
curve of tree invasion with fixed branching angles (Fig2.2).
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Figure 2.8 shows that the branching andie for maximum dq is by =100"

This angle is larger than the one found in 2§, and indicates that the value lo§ /L
has an effecbn the emerging optimal tree shape. To investigateLthd , effect more
closely, we repeated the work of F&§8 for the2 L; ¢ 2 L; conducting domain used to

construct Fig2.5. The results are shown in F&9, which can be compared directly with

Fig. 2.5. In Fig.2.9 the besth, is 100" and the maximundaq is 0.3, while in Fig2.5

the corresponding values wede” and 024.

We continued with the freely morphing tree on #el; 3 10 Ly domainuntil the

full development of the second brancht = t;), as shown in FiglL.10. Theb, angle

0.0125

0.0115

E([s] 10L,

10 L,

0.0110

50 100 150 200
Py

Figure 2.8: The optimization of the bifurcation angle b, when the conducting
domain size is10L; 3 10 L;.
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was fixed at the value obtained at the tit = 1, in Fig. 2.8 (namely,b; =100%). We
found that the be, in this case i90".

Finally, we repeated the work of Fig.10 (that is, ait = t3) by adopting the
valueb,=90", and wor kidmg ofnb a chkeWavfaunduhat the best

is 100°. The results found in this backward procedure agree with the results 2fg-ig.

2.4 The effect of the number of branching levels
The tee architectures discussed until now had no more than two levels of

bifurcation. We examined the effect of the number of levels of bifurcation all the way to

0.310

Pe =10
? - Tz
ei]\""
0.300 |
0.290
2L,
0.280 '
50 100 150 200

Pi

Figure 2.9 The optimization of the bifurcation angle b; when the conductng
domain size i2L; * 2L;.
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n = 4, which corresponds to the tir?s in Fig. 2.2. We analyzed trees with-§haped

bifurcations, and their resulting@irves are summarized in FRy11.

The steepest poon of the Scurve lasts longer as n increases, and the curve
reaches its plateau region faster. Each new level of bifurcation of the invasion phase adds
a segment to the steepest portion of the curve as n incréasesdded segments become
shorter as nincreases, however, their effect on the slope of the curve #odpg
representation is minimal (Fig@.11b). The slope of the S curve changes from1:1to1:

2, as in Fig2.4b. This change holds for all the n values.

0.0215 ——
0 =t

0.0210 |

0.0205 |

0.0200 |

10 L,
0.0195 ' '
50 100 150 200

B2

Figure 2.1Q The optimization of b, when b, =100" on the large domain10L; 3 10
L.
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08

0.6

04

Figure 2.11a The effect of the number of bifurcation levels on the shape of the S
curve.

avg

0.01

0.01 0.1 ~ 1
L

Figure 2.11b: The effect of the number of bifurcaton levels on the shape of the-S
curve (logarithmic scale).
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The main conclusion from Fi@.11 is that greater coverage of the available space
is achieved when the complexity of the structure of invading lines increases. Once the
invasion phase runs its wse, the consolidation phase proceeds in the same fashion (by

diffusion) across interstices that are smaller and swept faster as n increases.

2.5 Analytical invasion-consolidation curve
In the theoretical scenari@], the area of the square of the R was covered
by conduction in two phases, cf. F@12. During the invasion phase, the covered area

increases as

o ~3/2
at o
A ~Ap @B (2.8)
| Inéﬁin g
where
o 2
t, ~3.4% Ap ~ 3089 L3 (2.9)
g -

The 34 factor appearing in tht,, expression accounts for the fact that the total
length traveled at speed V by the tip of one of the invading lines iRRig@pproaches
3.4L; when the number of bnahing levels is large. The factor 30 in 1A, formula
emerges after summing up all the areas covered by diffusion in the intermediate vicinity
of the invading lines, as shown analytically in R2§.

During the consolidabin phase, the area covered by conduction is

at g2
A~ 4L§£—8 (2.10)
C'co~

where 4L% is the total area, and
16



t. ~—1 211
"oy (2.11)

According to Fig.2.12, the continuous-8urve for At) emerges after matching
the two portions (Aand A) in value and slope at t .tAs shown in the lower part of
Fig. 2.12, the matching analysis requires that we shift the cu(® éf Eq. €.10) by a

time interval §, which is of order;t; therefoe Eq. 2.10) is replaced by

12
~ 4L§at to 0 2.12)
Matching A(t) and A(t) in value at t ~;t yields the first condition
o A2
Ain _gin-fog (2.13)
4|_ (; t(:o -
Alul
C
Ain [~ T
) |
Y[
0 !

0 t(] tin t

Figure 2.12 The analytical form of the S curve: invasion folbwed by consolidation

Matching the slopes of &) and A(t) at t ~ t, yields the second condition

17



A, t;
3—1n0 ~ n (2.14)
4'—% [tco(tin - to)]]/2
Combining the two conditions we find that
2

to -~ §tin (215)
A—ig ~2.38Pe¥? (2.16)
aLq

Noteworthy is that, as expectegjg of order #, and that Eq.4,16) agrees with

Eq. 29) for Ay, within a factor of order 1, because EQ9) can be rewritten as
A /(4L§)~ 75Pe¥2. The analysis continudsy using Eq. 2.16) in place of Eq.29)
for Ain.

The analytical Surve expression consists of(h of Eq. .8) for 0<t <t;,, and
Ac(t) of Egq. R.12) for > t,. The resulting A(t) curve can be expressecqavg(f) as

follows. First, if we assign to the area covered by conductipor(Ac) the dimensionless

temperature 1, and to the remaining e[4L2l - (A, orAC)] the temperature O, then the

dimensionless average temperature oi4L% square is

AjorA;
Qavg ~ 4—L% (217)
The dimensionless time is
-2t (2.18)
L] Steo

Using Eqgs. 2.17) and 2.18), the A(t) and A(t) expressions become

18



Gavgi ~ 0.38Pet¥? (2.19)

- 2
Gavge ~5"° (t - 2.27 Pe'l)” (2.20)
It can be verified that the curved Egs.(2.12) and 2.13) have the same value

and slope at t ~,t which in the current notation meanst ~3.4Pe .

2.6 Discusson

In this chaptewe showed that the steepest S curve for spreading by diffusion in a
solid corresponds to a tree design that morphs freely. When the tree configuration is
fixed, the S curve becomes steeper as the Peclet number increases. By varying the
branching angles we found that the tree designs wiihdped branching have steeper S
curves than the tree designs wittsflaped branching.

The lengths of the invading lines were selected in two ways, as ir2.Ejgand
based on the rulL;,, /L, =2 ¥2. The optimal bifurcation angles decrease as the number

of the bifurcation level increases, however, when the conducting domain is much larger
than the tree structure the optimum bifurcation angles become less sensitive to increases
in the number of bifurcation levels.

We also found that increasing the number of branching levels makes the steepest
section of the S curve longer, and the curve reaches its plateau faster. However,
increasing the number of the bifurcation levels does notifeigntly change the
performance of the design because the steep segment added by each new level of

bifurcation becomes shorter as the number of bifurcation levels increases] Eegb

19



3. Vascularization for cooling and mechanical strength

Cooling aml mechanical strength requirements place limits on the improvement of
many advanced technologies, from electronic packages to structures for future air
vehicles. Although the strength of the structure can be increased by adding more and
stronger materiatthe challenge is to reduce the volume and weight of the structure. At
the same time, the structure must be able to resist the effect of sudden heating,
volumetrically or on its envelope. The design challenge is to increase structural strength
while decreasg the maximum temperature in the volume, and reducing the volume.

Even though these objectives seem to be
of constructal theory shows how to achieve mechanical strength by morphing the design
to meet these twobjectives and using less materid#l]. The approach is to allow the
structure to change freely by placing the material in places where stresses flow with
fewer strangulations. This concept is the same as in the constructal design of thermofluid
architetures: the design is free to change such that more flow volume is placed where it
is needed. The current literature focuses mostly on thermofluid de&2g8540] and
smart features such as setfoling and sethealing B1-43], and in a few instances
mechanical strength was used as a design objectdelh].

In the present study the flow volume houses three types of flows at the same time:
stresses, fluid, and heat. We seek architectures that facilitate these three flows at the same
time. The emerginglesigns are "designed porous structures” that consist of radial and

treeshaped cooling channels.

20



3.1 HessMurray's law: Temperature dependence

Dendritic flow structures offer less resistance when bifurcations are accompanied
by optimal stepchangesn diameters, in accord with the Hedsirray rule (e.g. Ref.
[34]). This design rule applies to isothermal systems, and to fluids with temperature
independent properties. Here we review concept by assuming the more general case of
temperature dependent pespes. Additional generality is provided by the assumption
that the mother tube is continued by n identical daughter tubes, and by the fact that the
flow regime can be laminar or turbulent. The fluid volume is fixed, and it is used as

constraint in the sech for the optima mother/daughter diameter ratios. The pressure

drop formula for laminar flow is

pP= C3; "—'4 (3.1)
D

i
wher e C = 4 2s8the kinematis driscosity corresponding to the mean

temperatur¢T,,,. = ﬁTdV/ﬁjV. If one tube branches into n identical tubes, the total flow

volume and pressure drop are

2 2
v='D71|_l+n'%|_2 32)
Ly Lo
mpP= C31f#|1—4 +C3 ZmZ " (3.3)
Dy D>

where #, =, /n. The diameter ratio for minimurgpF is

o ~1/6
Dl _ 1/3 31 Q
—==n % (3.4)
D, ¢ 2§
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The case of fully developed turbulent flow is azaly similarly. The pressure

drop formula for turbulent flow is

2
o CTH L

— 35
}i D? (35)

where G= 3 % fig tHe friction factor which is constant in the fully rough regime, and

}; is the density of the fluid corresponding T,,. The total fluid volume and pressure

drop are
, D? ., D3
V= 71L1+n TZL2 (3.6)

2 2
Criti Ly, Critz Lo
11 Df 12 Dg

pP= (3.7)

where i, =, /n. The optimal diameter ratio is

o ,..]/7
Dy =n$7%¥§ (3.8)
D> cli~

In summary, the effect of variable properties is felt through the r(31/32)]/6

and (,12/41)1/7for laminar flow and turbulent flow, respectively. In the following work,

the temperature variations are assumed to be small enough so that at every branching

point the ratios (31/32)]/6 and (; o/} 1)]/7 are sufficiently close to.1

3.2 Model

We relied on a numerical model of the thermofluid and mechanical behavior of
the circular plate. The diameter and thickness of the plate are D and Heandahtib is

22



fixed D/H = 10. The total volume is fixed, and so is the volume of the channels. The plate
is subjected to uniformly distributed force and uniform heat flux, both acting from below,
Fig. 3.1. Because the plate is thin, the heating from belswalso an adequate
approximation of situations where the heating is distributed volumetrically. The fluid
flow is governed by the mass conservation and momentum equations, which for

incompressible and steady flow are:

L A L (3.9)
X Wy ez
&2 2 2,8
u&+vw+w&:_lﬁ+na‘“s+ug+u38 (310)
oo g Ex®oy? el
a2 2 24,
UE+VE+W&:_E£+[]'&‘“Z+“\2’+H\2’8 (311)
oo &’y el
2,2 2 20 6
UM+VM+WM:_EH_P+néIW+uW+uWO (312)

oo e Bx? o oy? pe? 9
Here x, y and z are the coordinates, u, v and w are the velocity components

corresponding to these coordinatey®&nand |} are the pressur e,

and fluid density. The temperature distribution is found by solving the energy equation

5 82T 2T 21O
ur “_T+Wﬂgzk%z+“1+“18 (3.13)
¢ KX Hy N Y\ V7 A

where ¢ is the specific heat at constant pressiires the temperature, and k is the fluid

thermal conductivity.
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The solid plate is isotropic, and its deformation is elastic and small when
compared with the dimensions D and H. In tensor notation, the momentum equation and
generalized Hooke's law are

Clij,i +fl =0 (314)

G = Cipa Ug (3.15)

P

0 O 4 0 11;
— |
LR A A N N A A
g B
il
N ol
= . e,

— 4‘—:1

s X

i

Figure 3.1: Radial cooling duct configuration.
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where 0, Cy , fand (), are the stress tensor, elasti¢insor, volume forces and strain

tensor, respectively. Volume forces are assumed to be negligible when compared with

the surface forces. Equatia®14) becomes

“LO'IXX +IJL{/X+“(JZX =0

(3.16)

HX My Mz

Wy | By By (3.17)

HX % Kz

I"ll"l(z + “L{/Z + “&ZZ =0 (318)

pX 2% Mz
where G and U are the nor mal and shear str
the elasticity tensor has both minor and major symmetries, i.e.

Cik =Cyij and Cjq =Cijiq - Because of these symmetries in the fourth order tensor

we can simplifyte gener ali zed Hooke's |l aw in the f

vectors, K is a second order tensgr,is the Poisson ratio, and E is the elasticity

modulus.

S o d-9g g g 0 0 0 U, o

o U é g U
guyyu e9 1-g g 0 0 0 Ué':{/yu
él,,u E é g g 1l-g 0 0 0 l}'éuzzg
e~ u= é ue. u
éL{/zU 1+9)(1- 29) é 0 0 0 1- 29 0 0 o yzu
é(,, u éo 0 0 0 1-2 o §,u
Xy é g N
6 1 é 0 0 0 0 0 1-29% wyi

(3.19)

The strain displacemenrglations are
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Oo =E2, G, =", 0,="z (3.20)

™ Wy Wz
. . K . ) W . .
/xy:/yx:ur—uyx"‘ay’ /zy:/yz:%"‘é’ /zx:/ﬂ:%"'w—u;(azj-)

where , ry and ¢ are the displacements in the directions of the coordinates indicated by

the subscript.
Equations 3.9)1 (3.12) can be nondimensional@&éy using D as the length scale
and constructing dimensionless velocities in the form of Reynolds numbers
X,¥,Z=(x,Y,2)/D, u=@uD)/3, Vv=(\D)/3, w=(WwD)/3 (3.22)

The dimensionless excess pressure is defined as

~  (P- Py )D?
p= (P Frer)D° (3.23)
e U
where P, Rbe and U are the |l ocal pressur e, t he

the dynamic viscosity, and the thermal diffusivity. The dimensionless temperature is

defined as

7= T (3.24)
q'D
where Tt is the fluid inlet tempexture. The continuity of the heat flux and dimensionless

conductivity and heat flux are expressed by

q'=-k,HL = BT k=X

Ns
i N k

o
I
2

(3.25)

Q—

where k and k are the thermal conductivities of the solid and the fluid.
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Equations 8.16) 1 (3.19) can alsabe nondimensionalized by using D as the
reference for displacements and coordinates, andsPthe reference for the stresses,

elasticity and mechanical load.

(5 Ty 20 X V. D) =y T2, %, ¥, 2) /D (3.26)
4 = g -t G, =M (3.27)

X vy 2wz
=7 :&-}-i = :“'_?Z_{_ﬂ Fad o :l.l_?;_l_ﬂ 308
Iy = yx u"‘ P&’ Jzy=/yz u’y- UE’ J2x =/ x w—z M—z( )
(E’ a’"E,‘l—\‘St):(E'l('] Ljpst)/Pst (3.29)

Pst is the mechanical load applied uniformly from the bottom of the plate. The

dimensionless equations are

MV Wy (3.30)
X Wy Wz
W0 _pd i 1P &y*U pfa pfud
UV —+ W =- = +8& 4+t ~28 (3.32)
Wy Wz Prix &y pz? 2
LW W W 1P AV pV g
U +V W == — o+ &+ =+ =0 (332)
oW Wz Pry gt pz? 2
~ ~ ~ 5 220 2% 1125 6
T i ik (3.33)
KW pz Priy @x* Wyt pz? o
= T T 25 25 25
gL gHl gl T, “~T + H~T (3.34)

where Pr is Prandtl number. The energy equation for the domain occupied byidhe sol

structure is
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25 2T 25
ul N u; + ul
XS Wz

=0 (3.35)

The dimensionless momentum equation and Hooke's law for the solid domain are

e ufgx LV 336
X Wy oz
ﬁ -t
“Uf/ My By (3.37)
Xy pz
u@ oMl (3.38)
HX uz
il & g-9 g g 0 0 0 &le
u e uep, U
gﬁyyu N e9 1-g g 0 0 0 ué_‘;}yu
:ﬁzzl:'I E e g g 1-g 0 0 0 uéng
u= é 20 (3.39)
U,y (1+9)1-290g0 0 0 1-29 0 0 &y
2. u é ] s
A ¢o 0 0 0 1-29 0 Wt
sUy 0 e 0 0 0 0 0 1- 298 w1y

3.3 Radial cooling ducts
We begin with the simpler structure, which consists of radial cooling ducts, Fig.
3.1. The heat flux and mechanical load are fixed. The pressure difference between inle

and outlet is nondimensinalized d%$,[47).

~ P, - Pe)D?
B = " Fret)O° Sfetfj) (3.40)

The value ofPR,,,, represents the dimensionless overall pressure difference. We

used 5maxvalues of order 10and 18, which correspondot Reynolds numbers smaller

than 2000 in every channel, i.e. laminar flow everywhere. The fluid volume is fixed at
28



5% of the total volume. In addition, we assumed 20, g=0.33 and E=2310°. The

dimensionles heat flux and mechanical load applied from the bottomcgrel and

~

Pst =1. The diameter of the duct placed in the center of the plate is d = 0.05 D. The

diameter of the radial ducts varies with the number of the ducts

The computations were performed in dimensionless form by using a finite
element package2f]. In order to confirm whether or not the solution is independent
from the size of mesh, the solution was performed with a coarse mesh and then was
performed aga using finer meshes until the changes in peak temperature, maximum

velocity and maximum stress become of order 1%.

Figures3.2a, b show how the maximum temperatfl:q;,gX varies with the number

of the cooling ducts (n) WhGE?maX is 10’ and 16. The maximum temperature occurs in

the middle of the space formed between the two closest cooling ducts of diagnEtgr d

3.3a. The red and blue regions in Fi§3a represent the maximum and minimum
temperatures on the mid pka of the circular disc. The configuration with 8 ducts and
outlet in the center has a region of low temperature in the center. When the number of
cooling ducts is greater than 24, the hottest spot is in the center of the plate if the flow
leaves from theenter and on the rim if the flow enters through the center.

The distribution of the von Mises stress is similar in the all cases, and it is illustrated for
16 cooling ducts of diameter th Fig. 3.3b. Red and blue colors indicate the maximum
and minimumstresses. The maximum stress occurs in the center of the plate. The

minimum is half way between the center and the edge of the plate, on acicéntric
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with the plate center. This stress distribution suggests moving the duct of diameter d from

the ceater of the plate to the blue region.

400 — -
TmnxXI(); PZlO |
# Inletin the center
300 M Qutlet in the center )
200 F
100 F
0 10 20 30 n 40
(a)
= 3 P=10°
Tmnx X 10 -
50 | ¢ Inletin the center
B Qutlet in the center
40 f
30 Iy b 'y
0 10 20 30 40

(b)

Figure 3.2: Peak temperature relative to the number of cooling ducts: (a)
Prax =107, (0) Py =10°.

30



The purpose of morphing the shape is to decrease the peak temperature and stress.

Figures 3.4a, b summarize the relation between the temperature, stress and number of

ducts whenF’maX is 10’ and 18, respectively. When the number of the cooling ducts

Inlet in the center Outlet in the center
0
«1073
20
8 ducts
10
~ 8 0
P, =10 48
x 107
40
30
32 ducts ~ .
N

(b)

Figure 3.3: (a) The temperature distribution in the mid plane of the ciraular disc,
red and blue represent the maximum and minimum temperature, respectively,

ﬁmax =10°; (b) The von Mises stress of the circular disc, red and blue represent
maximum and minimum stresses, respectively
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increases, the maximum stresem@@ses from n = 6 to n = 8 and then increases. This is
due to the fact that the maximum stress increases in the vicinity of the junctions of the
cooling ducts. In the radial configuration, every cooling duct is connected to the center,
and the material Ib&een two cooling ducts is thinner close to the center and thicker close
to the rim. The material thickness between cooling ducts becomes smaller close to the
center. When n increases from 24 to 32, the stresses in this region increase rapidly. Even

thoughn = 8 is the design for minimurd, 5, Neighboring designs (n = 6 and n = 12)
offer minimum peak temperatures fﬁ,r,m: 10’ and 18, respectively.

In summary, Wherﬁmax is specified, it is possibleo identify one design (or a
group of similar designs) that provides low peak stresses and peak temperatures. Note

that Fig.3.4a is identical to the n > 12 part of Fi§4b, therefore ifﬁmaxis increased

above 16, we can expect the sign with minimum'~|'rrax to be a design with n > 12

3.4 Trees with one pairing level

Consider next a tree shaped construction with one pairing level3.bay. Flow
enters through the center of the circular plate and flows in three out#agth r and
diameter d2. Later, the flow is distributed to six ducts of diameter d3. The outlet locations
of the d3 ducts are equidistant on the disc perimktehis section we determine how the
tree pattern affects the mechanical strength of thee @nd the temperature distribution.

We examined eight r/R ratios: 0, 0.1, ..., 0.8. The flow volume is fixed, and the flow
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volume fraction is 0.05. At every pairing junction, the duct diameter increases by the

factor 2]/3, which is tle optimal factor for laminar flow (Sectid@?2).

400
i11ax X 1()3 » -
24 n =32
300 -
- 32
16 m
I 8 ¢ Inlet in the center
0f 8 _
6 B Qutlet in the center
20 25 30 35 40
811103\'
(a)
T,.x10° n =32
50 F =
40 |
D _ 8
B 6 P=10
8 ¢ Inlet in the center
30 F 12- J.
g > M Qutlet in the center
20 25 30 35 40

Al

max

(b)

Figure 3.4: The effectof the number of cooling ducts on the maximum temperature
and stress (a) Pyg, =10; (b) P, =10°.
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Figure3.5b shows how the temperature distributioardes on the mid plane of

the circular disc when we change the radial position of the pairings (r/R ratio) and inlet

16

direction of the coolantP

max —

Figures3.6a, b show how the maximum stress and temperature of the structure
charge relative to the r/R ratio. Wheﬁﬂaxis 10" the maximum temperature occurs on

the edge of the circular plate, half way between the ducts of the diametiérrdR

increases from r/R = 0 to 0.2 the maximum temperature decreaseseartiticreases.
When 5max = 10% and the coolant fluid enters from the center, the maximum temperature
decreases as r/R increases and becomes minimum at r/R = 0.1, and then it increases. If

the coolant fluid enters from the rir'ffmax increases from r/R = 0 to 0.1, then it decreases

from r/R = 0.1 to 0.2, and when r/R > Of?mx increases if /R increases.

The maximum stress increases as /R increases, and then it decreases when r/R >
0.4. The maximunstress exhibits a second minimum after r/R = 0 at r/R = 0.6, and after
r/R = 0.6, it increases again, Fi@®a, b. The reason why the maximum stress decreases
when r/R increases from 0.4 to 0.6 is that the location of the pairing junction is in the

minimum stress region, Fig.3b.

3.5 Trees with two pairing levels

The nextgroup of configurations that we explored wese shapedesignswith
two pairing levels, Fig3.7a The coolant fluidenters through the center of the circular
plate and flows throgh three ducts of length and diameter 4 It is thendistributed to

six ducts of diametersgdand finallyflows throughl2 ducts of diametersdThe flowrates
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Inlet in the center

Outlet in the center

(b)

Figure 3.5: (a) Tree-shaped design with one pairing level; (bThe temperature
distributi on in the mid plane of the circular dis¢ P, =10°.
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Figure 3.6: The effectof r/R ratio on the maximum temperature and stress(a)
Prax =107; (b) P, =10°.
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and theoutlet locations of the gdducts are fixed We determined the changes in
mechanical strength and temperature distributtbenthe r/R and §/R ratios change.
Figure 3.7b shows how the temperature distribution changes on the mid plane of

the circular disc depending on th¢R and §/R ratiosandinlet direction of the coolant

P

o = 10 Figures3.8ad show how the maximum stress and temperature of the
structure change according tgR and /R when P,is 10 and 18. The maximum

stress increases whefR and /R ratios increase, and aftdre maximum it tends to

decrease to a minimurthe maximum temperature occurs on time, half way between

the ducts of the diameteg.dVhen /R is fixed and #R increasesfmax decreases until
r/R = 0.3 or 0.4 depending on/R, and then‘T’maX increases. Similarly, when/R is

fixed and /R increases,'T’ decreases untili/R = 0.3 or 0.4 and then it increases.

max
When Emax: 10° and coolant flid enters from the rim of the plate, we see tﬁggx
increases when/R or i/R increase.

Figure 3.9 shows howT. changes when/R and §/R vary if the coolant fluid

max
enters from the center. This inlet positiorsa®s a Iower‘T‘maX than the outlet in the

center. Figure 3.10 shows how thecoolant flow rate varies with tB geometric
configuration;radial, dendrites with one pairing level, and dendrites with two pairing

levels. The flow ratem is the volumetric flow rate for the dimenslessvelocity,

i = fVdS (3.4
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Figure 3.7: (a) Dendritic design with two level of pairing; (b) The temperature
distribution in the mid plane of the circular disc, P, =10°.
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Figure 3.8 a, b: The effectof r1/R and ro/R ratios on the maximum temperature and

stressin the configuration of Fig. 2.7, ﬁmax =10".
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Figure 3.8 ¢, d: The effectof ri/R and ro/R ratios on the maximum temperature and
stressin the configuration of Fig. 2.7, P, =10®.
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where W is the normal nondimensional velocity of the fluiand dSis the surface

element of the inlet or outlet boundafhe surface integrabf W over the boundary
gives the volumetric flow rate for the incompressible flow case, i.e. gases under Mach
number 0.3 48] and liquids. The radial configuration with the six cooling ducts can be
seen as onéimiting case of the one pairing level configuraticSimilarly, theradial
configuration with 12 cooling ducts can be seen as one extreme of the configuration with
the two pairing levels.

Figure 3.10 showsthat when the mmber of the cooling ducts is e radial
configuration ensures higher flow ratéhan the tree shaped structure. However, the
comparison between the radial configuration (n = 12) anddéséggn withtwo pairing
levels shows that tree shaped architectures sffaller pressure drops than the radial
configurations when the number of tb@oling ductds sufficientlyhigh. If the number of
the ductsincreasesa lower pressure drop can be achieved by changing from the radial
configuration to the tree shaped configuratidtoteworthy is that in tree shaped
configurations with maximum flowate the angle between the two branches has values in

the range 681 86, which confirms the 76legreeangle found in Ref.15].

3.6 Discussion

In this chapterwe showedhatthe mechanical strength awedoling performance
of acircular platecan be improvegimultaneouslyy changing the flovarchitecture and

the flowdirection of the coolant. We explored three configurations: radigldriteswvith
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Figure 3.9: Peak temperatureversusri/R and ro/R when the coolant fluid enters

from the center of the plate(a) F’max =10"; (b) P =10%.
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one pairing level andendriteswith two pairing levels. We foundptimal configurations

for eachgiven set of design variabléa/hen the size of the system inases, decreases in

the pumping power are achieved by changing from radial to dendritic configurations.
Similarly, dendritic structures ensure greater mechanical strength when the number of the
cooling ducts and the size of the system increase.

The chief onclusion is that the cooling performance and mechanical strength can
be increased with embedded vascular chanfeisadded benefibf using embedded
channels is the more uniform temperature field, which increases the yield strength of the
structure. Thevasculature inhibits the formation of temperature peaks in the material,

reduces the differential thermal expansion, and lowers the thermal stresses
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4. Hybrid grid & tree structures for cooling and mechanical
strength

Advanced technologies require matdsj structures and components that offer
multiple functionalities at the same time, for example, volumetric cooling, volumetric
selfhealing, minimum weight, and mechanical strendth.[Cooling and sethealing
can be achieved by embedding vascular odt& of channels in the solid. This feature
decreases the mechanical strength of the vascularized body when solid material is
removed in order to make room for flow channels. On the other hand, when the volume
of solid is fixed, embedding the channels ggiigalent to placing the finite solid around
the finite flow space. The design opportunity is to allocate the solid where it is needed the
most, such that the entire vascular body is as strong as possible.

Vascular design is a growing area in the curléetature. Most of this activity is
dedicated to the thermal and fluid flow merits of vascularizat8#33P, 49-60]. The
same design philosophy is now being extended to the design of solid structures to
facilitate the flow of stressedl$, 34, 44-45, 61]. In this paper we combine the two
methods and consider simultaneously the flow of fluid, heat and stresses.

We explore the merits of a novel "hybrid" architecture consisting of an internal
grid connected by radial channels to the perimeter of the vagealdyody. Each radial
channel serves as the trunk of the tree for which the canopy is the grid. The grid can be
viewed as the superposition of the canopies of the trees rooted in the perimeter of the

body, Fig.4.1. The key question in this design is tetefrmine the most advantageous
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balance between the volume occupied by the grid and the volume occupied by the radial

channels

4.1 Model

Consider a square plate with length L, thickness H = 0.1L, and embedded cooling
channels (Fig4.2). The plate is sulected toa uniformly distributed forceacting from
below, and it is heated uniformlyhe volume of the structure and the flow volume are
fixed. The flow volume is 5% of the total volumey Is the side of the square area in
which the grid coolingchannelsare embedded.HE grid channels are connected to the
periphery with radial channels. Coolant enters or exits from the center of the grid, and it

is driven by the pressure difference maintained between the inlet and outlet. The fluid

Figure 4.1 Internal grid structure connected to the perimeter with radial channels,
hybrid structure of a circular plate.
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flow is governed by the mass conservation and momentum equations, which for

incompressible and steady flow are

Lo L LS 4.1)
X e
T %Y (4.2)
TR T AT AT
TR %Y (4.3)
T TR 2T
M+VM+WM=-EH—P+3DZW (4.4)
oWy iz

Here B2 =p?/ux? +p2/py? +p?/pz?; furthermore x, y and z are the spatial
coordinates, u, v and w are the velocity comptsmenrresponding to these coordinates,
andP,3and J} are the pressur e, ki nematic Vvisc

phase with constant properties.

The temperature distribution is found by solving the energy equiatithre fluid

space and the solid space,

- VLUNRVLLNLLEEPN-E 4.5
¢ KX 2V Hz =
q =kD’T (4.6)

where ¢ is the specific heat at constant presfréhe fluid T is the temperaturey” is

the volumetricheating rate, anél; and k arethe fluid and solid thermal conductivities.

The continuity of heat flux between the solid and fluid interfaces requires
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kB =, BT @)

un o pn

where n is the vector normal to the fltgdlid interface

The solid plate is isotropiavith elastic deformatiors that aresmall when

compared with the dimensiohsand H. Voluméric forces are assumed to be negligible

when compared with the surface forcedlith these simplifications in mind,hé

momentum equatins and generalized Hooke's ldvecome
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Figure 4.2 Internal grid structure connected to the perimeter with radial channels,
hybrid structure of a circular plate.
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HU + HL{/X + HUZX =0 (48)

ooz
Wy | My Wy (4.9)
oWz
W, WYz iz, _ (4.10)
Xz
. d-9g g9 g 0 0 0 o
S €9 1-g g 0 0 0 o2
gl;'yyg 2 g g 1l-g 0] 0 0 L:Jéo yg
VUl E g0 o o &2 0wty
p Y A 2 NZf s
&0, 0 o 0o o o T 0 KU
e 0 ° & U
eY% e o 0 o0 0 o (1-20)%
& 2
(4.12)

where g is the Poisson ratio, and E is the elastiecnodulus.The strain displacement

relations are

o = Hix 9 =Ky o =Mz (4.12)

O =" e Gy =" 0. =5

/'Xy:p'_rx+£’ ij:u_rZ+ﬁ, /'ZX:“_I’Z-}-H_I‘X (4_13)
by X Wy oz Xz

where g, ry and ¢ are the displacements.
Equations 4.1) i (4.4) are nondimensionalized by using L as the length scale, and
constructing dimensionless velocities in the form of Reynolds numbers

uL vL wL

7R =Xyzn) g =" -

L n

(%, (4.14)

<!
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The dimensionless pressure difference is defined@gl7]

_ _ 2
p= P Foul” P°“£)L (4.15)
e U
where P, B, ¢ and U are the | ocal pressur e, t he

and the thermal diffusivity othe fluid. The dimensionless temperatumed continuity of

the heat fluxareindicated by

T= (TqT—fLe;)kf (4.16)
KT BT (4.17)
un S un f

where Tt is the fluid inlet temperature a k= ke/K;s .

Equations 4.8) 1 (4.11) arenondimensionalized by usirigas thelength scaldor

displacements and coordinates, apd.fas thepressure scale for the stresses, elasticity

andmechanical load,

(Cr 4, 5. X Y, 2) = (1, Ty, T2, X Y, 2) /L (4.18
o _UT, o _HT o U,
= Hh Sahl o 4.19
=g =5 0. =" 2 (419
~ [ ~ T KT ~ T, UT,
WX Wz Xz
(E’ G”[jﬁmech) :(E’Cl meecr)/Pmech (4.21)

where Prech IS the pressureapplied uniformly from the bottom of the platd@he

dimensionless mass conservation and momentumiegsatre
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“—E+“_Y+M~:o (4.22)
P Jy  pz

gHU gl U TP, oo (4.23)
W W Prix
VLA V7 SV A (4.24)
W Wz Pry
GHY LR G LR ey (4.25)
X W W2 Priz

where Pr is Prandtl numberh& dimensionless energy equation the fluid and solid

domains are
0
g=D°T (4.26)

kD?T =1 (4.27)

The dimensionless momentum equation and Hooke'$diathe solid domain are

Uﬁxx + I"lq/X + I“I'QX =0

X LIS (4.29)
X W Wz
“Uf/ Py “%y =0 (4.29)
X W Wz
L L (4.30)
ux Woouz
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4.2. Trees with loops: one degree of freedom

Consider the geometry of Fig.2, which has cooling channels of one sizg.(d

The pessure difference between the inlet and outlet is definptbas7].

G

max c U (4.32)

The outlet pressure @ is 0, while P, s of order 10 i 106%. This Phax range
corresponds to laminar flgw.e. Reynolds numbers less than 2000 in all configurations.
We also sek =20, Pr = 6,g=0.33 and E = 23 10°.

The dimensionless mass, momentum and energy equations were solved by using a
finite element sdfvare R9]. The mesh was refined after each solution, and the problem
was solved again to see whether the solution is mesh dependent. This was repeated by
increasing in steps of 50% the number of mesh elements until the solution changed by
less than 1%.

Figure4.3 shows how the flow resistance changes when the relative grid,fize L

varies (P, =10%). Six hybrid configurations were simulated, wit/LL values in the
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range Oi 0.75. Because of the incompressible flow model, the volumetne fféde is

equivalent to the mass flow rate,

= fVdS (4.33)
S

where S is the the cross section of the opening in the center of the grid through which the

fluid enters to the vascular network or leaves from it, avid is the normal
nondimensional velocitgf the fluid. Figure4.3 shows that the flow resistance increases
as Lg/L increases. In conclusion, if the sole objective is to decrease the pressure drop or
the pumping power requirement, the radial configuratigdhasbetter design for the given
design parameters. Figude3 also shows that changing the flow direction has an effect
on the overall flow resistance: the lower resistance is when the inlet in the center. This
effect becomes less pronounced gé increases.

Figures4.4ab show theevolution of thepeak temperature of the square skdien

L/L varies(P,., = 10 and 16). The radial configuration (/L = 0) with the inlet in the

centeroffers the smallestpeak temperaturdn both figues, the effect of the fluid flow

direction decreases &%,,, increases.

Figure 45 is a crossplot of Figs. 4.3b and 4.4b, whicshows how the peak
temperature changesdthe flow resistanceespond to changes in the relative size ef th

grid, L¢/L. Both T,eak and P,/ decrease toward the radial design in the leleftr

corner.
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Figure4.6 shows the temperature distribution in the mid plane of the square slab
red and blue represent the maximum and minimum tempera8iredifferent casesire
shown Lg/L = 0, 0.25and 0.5with inlet and outlet in the center. When tthaéid enters
throughthe center of the slab, the hot spate locatedat the corners of the square slab.

When thecoolant enters from the edge, the hmitss in the center of the square slab.
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Figure 4.3 Flow resistance of the hybrid structure relative to Ly/L, P, =10°.
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Figure 4.4: Peak temperature relative to Ly/L: (@) Py,a, =107, (b) P =10°.
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The evolution of stresses is shown ind-iJ.7ab, alongsidethe evolution otthe
peak temperatuse The peak stresses are the lowest when the configuration is a hybrid

grid & tree structure.

4.3. Trees with loops:two degree of freedom

Consider next th impact of a new degree of freedom: the ratio of the fluid
volume occupied by the radial part divided by the grid part of the fluid volumi€y.V
The dimensionless mass, momentum, and energy equations were solved for sé¥gral V

values. The fluid volum (V; + V) is 5% of the total volume.
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Figure 4.5 Peak temperature relative to the flow resistancep,,,, =10°.
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Figure 4.6. The temperature distribution in the mid plane of thesquare plate red
and blue represent the maximum and minimuntemperature, respectively,

P, =10°: (b) Ly/L = 0.25, 0.5 and 0.75
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Figures4.8a, b show how the peak temperatwaries relative to theg/L and
V/Vq4 ratios. The flow inlet is in the centeWhen \i/Vy > 1, the peak temperature
increases aky/L increases. However, when/Vgy < 1, the peak temperature exhibits a
minimum asL¢/L increases. In conclusion, there isybrid configuration I(¢/L, V./Vy)
that offers the smallest,daxWhen Vi/Vgy < 1. In Figs.4.8a,b, the smallestydacoccurs at

Ly/L = 0.25 when WV4=0.7/0.3.

Pmax = 107
Tpeal( Vr/vg <1 Vr/Vg >1]
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Figure 4.8a Peak temperatures of the family of V/Vq curves relative to Ly/L:
Poax =10".
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Figure4.9 shows the minimum peak temperatures of the &8l plotted against
the peak stresses in the same configurations. The effect of the flow direction is weak. The

smaller Teacand 0 ., values occur wher /L < 0.25 Optimizing the VV, value
decreases pkakand U, Cf. Figs.4.7b and4.9. The changes in X affect the peak

stress significantly.
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Figure 4.8b: Peak temperatures of the family of V/Vq curves relative to Ly/L:
Proax =10
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Figure 4.10 is a montageof six different casesshowing the temperature
distribution in the mid plane of the square sMthen theflow entersthroughthe center
of the slab, the hot spobccur in the corners of the slalyhen theflow enters fron the
edge, the hot spad in the center of the slalFrigure4.10 shows that the design withy/L
= 0.25 has a more uniform temperature field with a smaller peak temperature Mi¥gn V
=0.8/0.2. The ratib¢/L = 0.75 is the best whenA/4 = 0.2/0.8.

In Fig. 3.11a, the minimum peak temperatures of Fig. 3.8b are combined with Fig.
3.4b in order to determine how the solution is affected by the second degree of freedom,
Vi/V4. We see that by exploiting thegree of freedom we can decrease the peak
tempeature whileLy/L is fixed. The effect of the YWy on the peak temperature

increases alsy/L increases. The peak temperature is smaller when the flow inlet is in the

i B Outlet in the center
peak ) lex o IOQ

0012 k ¢ Inlet in the center .0,75

0.625
0.010 f
0.375
0.008 F
0.006 F ER
L
34 36 38 40
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Figure 4.9 Minimum peak temperatures of Fig. 3.8b relative to their peak stresses,
Proax =10%.
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center.

Figure4.11b is a combination of Fig4.7b and4.9. It shows that trees with loops
have the effect of increasing the strength of the structure. Even though introducing a
second degree of freedom(Vy) does not affect thpeak temperature significantly, it

affects the peak stresses.

4.4. Concentrated heat generation

An important aspect to consider is ttegreeof concentration of deposition of
heat in the vascularized solid. Until now the heat generation effect was dstuine
uniform. Here we document the effect of concentrating the heat generation in a small area
that moves over the solid surfadde area of the heated spot is 1/16 ofdtpearearea of

length Ly. The heating rate of the concentrated heat generatiored.

L/L =025 L/L=0.5 L/L =075

V/V,=0.8/0.2

Inlet in the center &
Ppx = 10° ‘

V/V,=02/0.8

Figure 4.10 The temperature distribution in the mid plane of thesquare plate when
V,/V4=0.8/0.2 and 0.2/0.8P,., =10° and L /L = 0.25, 0.5 and 0.75
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In Fig. 412 we show the temperature distribution when the heat generation is
concentrated in the center of the slab. Tvesigns are illustrated,¢/L = 0.25 and 0.5.
The flow direction changes from inlet in the center to outlet in the center. The flow
direction with inlet in the center offers a more uniform temperature distribution and a
smaller peak temperature than theediion with outlet in the center. In addition, lagL
increases, the peak temperature decreases and the temperature distribution becomes more

uniform.

Inlet in the center Outlet in the center

L0058

- g m

Figure 4.12 The temperature distribution in the mid plane of thesquare slab when
the heat generatim is concentrated in the center andP,,, =10°.
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Figure4.13 shows what happens when the heat generation rate is concentrated in
the lower right corner of the square grid that occupies the center of the design. In Fig.
4.13, the peak temperats are greater than in Fi§12. The temperature distribution is
less uniform in Fig4.13 than in Fig4.12. These effects are due to the fact that the cold
solid volume around the concentrated heated area decreasfs iasreases.

Figure4.14 showshe evolution of the peak temperatureLgd. increasesWhen

the concentrated heating is located in the center of the glakdécreases ag/iL

Inlet in the center QOutlet in the center

L/L=0.25

L/L=05

A N

Figure 4.13 The temperature distribution in the mid plane of thesquare slab when
the heat generation $ concentrated in the lower right corner of the square grid and

P =10°.
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increases. However, increasing/lL has almost no effect onpda when Ly/L > 0.375.

When the concentrated heating is located in the corner of the grigin€reass as lg/L
increases. Theplavalue is the lowest withdl = 0.25 when the concentrated heating is

in the corner, and withdl. = 0.625 when the concentrated heating is in the center. In
addition, when K/L = 0.375 the peak temperature becomes almokivass the lowest

peak temperature obtained when the concentrated heating is located in the center or in the

corner, Fig4.14.
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Figure 4.14: Peak temperature relative to Ly/L when the flow direction and the
concentrated heat generation location change?,,,, =10°.
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4.5, Discussion

In this chapterwe showed that a square slab can be cooled to an allowable peak
temperature and can be strengthen by embedding in it a vascular cooling structure. The
peak temperature and flow resistance are smallghe radial configuration than in
hybrid structures when other design parameters are fixed fsessure difference that
drives the flow, the flow direction of the coolant). In addition, the peak stress is smaller
in hybrid structures than in radiaksttures. The value Of,eakis smaller when the flow
inlet is in the centerThereis oneL /L ratio for each WV4 (when \{/V4 < 1) that offers
the lowest values of peak temperature and stress.

We also documented the performance of the hybrid design wWieeheating is
concentrated in a small area. When the concentrated heating is located in th&ggnter
decreases dsy/L increases. On the other hand, when the concentrated heating is located
in the cornefM peakdecreases dsy/L decreases. The peadntperaturés smaller when the
concentrated heating is closer to the center of the slalenwhe concentrated heating is
located in the center the applied heat flux decreaseglamcreasesFurthermore, when
the concentrated heating is located in teater, the trade off between the decrease in
heat flux and the decrease in the heat transfer arealwtiemcreases yields the results
shown in Fig4.14.

We also found that by using a hybrid structure we can make the cooling process
inside the grid pad more robust. If one channel of the grid is damaged, the volume filled
by the grid continues to be cooled because of the presence of loops. On the other hand,
when a radial channel is damaged, the coolant does not flow through the damaged radial
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channels In sum, the grid & tree structures are more robust than purely dendritic

structures.
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5. Vascularization for cooling a plate heated by a randomly
moving source

New technologies for compact high density functionalities require effective
cooling capabilitts. The cooling requirements are of two kinds: deterministic and
random. The deterministic are due to heat sources that are known; for example, the
heating caused by installed electronics in a package. Random cooling requirements are
unsteady and highly derse.

In this chapter we focus on random cooling requirements, and document the
heating of a plate by a randomly moving beam of energy. The plate is cooled by a
vascular design of channels. The cooling structure is robust, yet the material performance
could be endangered by the fact that the heat source is moving unpredictably.
Maintaining the plateool is the design challenge. We show that vascular structures are
capable of bathing the entire volume, which is why they are being used for novel
functionalties such as volumetric cooling and volumetric $wéling B8, 41-42, 56, 62-

68]. Here we rely on vascular designs to control the heating effect of randomly varying

and moving energy beams.

5.1 Model

Consider a square plate of width and length L, anld thickness of H = 0.1L. A
structure of cooling channels is embedded in this plate to keep it under its maximum
allowable temperature while the plate is heated with a concentrated and moving heat flux
spot generated by an energy beam that interceptsldtes Fig.5.1. The length scale of

the square footprint of the heating spot is 0.1L. The volume of the solid structure is fixed,
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and so is the volume of the coolant fluid. The volume fraction of the fluid volume relative
to the total volume ij =0.05. Coolant enters or exits from the center of the square slab
while the pressure difference between the entrance and exit boundaries is fixed. The flow
is incompressible with constant properties and it is time dependent. The ggvernin

equations for fluid flow are

L A L (5.1)

Xy ez
E+UE+VE+WE:_E“_P+3DZU (5.2)
T T O T T T
E+UE+VE+WEZ_EH_P+3DZV (53)
T T ST AT STV
M+UM+VM+WM:_}H—P+3DZW (54)
T T ST VAT T

where B2 = p?/ux? + p2/py? + p2/pz? ; x, y and z are th spatial coordinates; u, v and
w are the velocity components corresponding to the coordinates of x, y and z,
respectively; P3, t and } are the pressure, Ki nema

The fluid is single phase with constant properties.

The temperature distribution is found by solving the energy equiatithre fluid

and solid domains,

LI LIS LISV LI S (5.5)
M X Wy Pz )G
ME_ Ks pop (5.6)
Ht JsCPs
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where ¢ is the specific heat at constant pressafr¢he fluid T is the temperatuyehe
subscript s indicates the solid, andnd k arethe fluid and solid thermal conductivities.

The contimity of heat flux requires

k L=, BT (5.7)
i

where n is the vector normal to the flgdlid interface. The preceding equations are

nondimensionalized by using L as length scale, and constructing dimensionless velocities

l =
= L >

ST
B
el

P s
0.1 e _4\_
e e
oo Riood
k& M i

e
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isle

2500

(c) (d)

=025

Figure 5.1 The paths of the moving beam and the temperature distribution on the
bottom surface whent =0.25.
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as Reynolds numbers

(X,y.2,7)= (. y.2.n)

L

n)

uL

. ==
n

V=

vL

A
n

wL

el (5.8)
n

The dimensionless time and the dimensionless pressure differenceiaed dsf

T :n_t’ E): (P- F)ou‘t’)L2
L2 e U
where P, B,e¢ and U are the | ocal

(5.9)

pressur e,

and the thermal diffusivity of the fluid’he dimensionless temperatumed continuity of

the heat fluxareindicated by

where Te and q" are the fluid inlet temperature and the heat flux applied on the

-'F: (T' Tref)kf
q'L
KAL) - HT
Hn s I"lnf

(5.10)

(5.11)

t

boundary, an k =k,/k; . The dimensionless mass conservation and momentum

eguations are

—E+“—~+M~:O

X Wy pz
W g, g gl LI g
Mt X oy pz Prx
L o
ut X Wz Pryy
WY G G W LIP 5o
Mt WXy oz Prpz

(5.12)

(5.13)

(5.14)

(5.15)
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where B? = HZ/LD?Z +u2/u372 +u2/u22 and Pr is Prandtl numberh& dimensionless

energyequationfor the fluid and solid domains are

P I+a“_~+v“_~+w_1§=52f (5.16)
CHt MX My Mz =
PrE:f-ﬁzf (5.17)
S -~ = .
ut

where Pr is the fluid Prandtl number, and iBrdefined as the kinematic viscosity of the
fluid divided by the thermadiffusivity of the solid material. Boundary and initial

conditions will be specified later case by case.

5.2 Radial channels
Consider the radial cooling channels of Bg, where the diameters arg The
channels are connected to a main distributioanoel of diameter d, which has a length

Lq much smaller than L, namelyy= 0.06 L. The relation between the d andsd15]
d=n%d, (5.18)
where n; is the number of the channels of diametercdnnected to thehannel of

diameter dThe pressure difference between the inlet and outlet is nondimensionalized as

[46, 47].

NG

max — c U (5.19

The outlet pressuris P =0, while P, .= 10°, which corresponds to lamar

flow, i.e. the range Re < 2000he surfaces between solid and fluid are impermeable
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with no slip.The initial temperature of the plate and the fluid inside the cooling channels
are T, . We setk = 20, T, =0, g"=1, Pr = 6andPrs = 100 The heat flux spot caused

by the moving beam enters from one edge and leaves from another edge as shown in Fig.

5.1. The swept length is 1.1 L when the length scdl¢he spot is 0.1 L. The beam
sweeps the plate during the tinte=1.1 while its speed is V. The paths of the moving

beam are shown in Fig.1; (a) horizontal on the edge, (b) horizontal by3, (c)
horizontal onL/2, and (d) diagonal. Figurel also shows the temperature distribution

of the bottom surfaces at=0.25.

A

<
\.

L o e H |e

L1
) O (n

T

Figure 5.2 Radial cooling design on a square plate.
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The dimensionless equations of secttah were solved by ursg a finite element
software R9]. The mesh of the domain was refined by increasing the number of mesh
elements by 50% until the velocity field and the peak temperature solutions change by
less than 1%, i.e. until the solution is mesh independent. The $iep was also
decreased in steps of 50% to discover whether the solution is affected by the selected
time step:Dt =0.01 was chosen because it does not affect the solution, and because it
yields a data set accurate enough to see the #lighs of the maximum allowable
temperature.

Figure5.3 shows how the maximum temperature varies in time. The inlet of the
coolant was switched from the center (F@a) to the edge (Fid.3b) to uncover how

the fluid direction affects the maximum teempture in the square plate. The flow with

inlet in the center provides a smal T, than the flow with the outlet in the center. For

max

both flow directions, the moving path of Figla has the greate'~l' value.

max
The peak temperature is also affected by the size and the speed of the moving

beam. Until now, the length scale of the square beam was setdt.1 L, and the beam

speed (V) was such that the beam sweeps the plate durrigl. Figures 4.4a show

how the peak temperature changes as the length scale varies from 0.05 L to 0.2 L and

beam speed varies from 0.5 V to 2 V while the path of the beam as in Fig. 4.1a. The peak

temperature increases as the beam speed decrieasthe sweeping time increases.
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Figure 5.3a: The effect of flow direction on the peak temperatures, inlet in the

center.
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Figure 5.3b: The effect of flow direction on the peak temperatures, outlet in the
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Figure 5.4a,b The effect of beam size and speed on the peak temperatures. The inlet
is in the center, and beam path is as in Figp.1a. The speed of the beam is fixed and
its length scale varies.
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Figure 5.4c,d The effect of beam size and speed on the peak tempenags. The inlet
is in the center, and beam path is as in Fig. 4.1a. (c) The speed of the beam is fixed
and its length scale varies and (d) The length scale of the beam is fixed and its speed

1

(d)

887

varies.
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Figure 5.4 also shows that increasing the size of the beameases the peak
temperature. However, the difference between the peak temperatures with the beam
length scale of 0.05 and 0.1 is smaller than the difference between the peak temperatures
with the beam length of 0.1 and 0.2 because the total heatein@aksfs proportional to

the area of the beam, which i§’L

5.3 One channel diameter versus one flow resistance

The d channels presented in Fi§2 do not have the same length because the
outlet (or inlet) ports on the edge of the plate are equidistaet flow resistances of two
neighboring channels are not the same even though their diameters are the same. For this
reason, instead of using the one diameter constraint we also studied radial designs where
the flow resistance was the same in every chhrn the latter, the channel diameters

where sized in proportion with their lengths raised to the pdief15).

Figure5.5 shows the evolution (T.. versust for the constraint®f uniform

max
diameter (¢) and uniform flow resistance when the inlet is in the center and the beam

path is as in Fig.1a. The diameter of the main distribution duct (d) is the same in both

~

designs. Uniform flow resistance provides a smeT,,.., than uniform diameter, Fig.

max
5.5. The difference between these two designs is small. Therefore, in the following

results we used one diameter size for all the channels.

5.4 Grid versus radial channels
An alternative flow design is theid of cooling channels shown in Fig. 4.6a. The
grid design has 12 outlet ports and the length scale of one of the grids is L/4. The
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volumes of the solid structure and the cooling fluid are fixed. The heating beam moves

horizontally or diagonally as showin Figs.5.1a, d. The length scale of the moving

square beam is 0.1 L and it sweeps the plate during thettire 1. The coolant enters
from the center. The grid design is compared with the radial configuration5.6y.
The additionabenefit that the grid design brings is its robustn&dk Because the grid

designs have loops, even when one cooling channel is damaged the entire volume

T -~ Uniform flow resistance
max — Uniform diameter
0.002
0.001
0
5 0.5 1

Figure 5.5 Peak temperatures when the flow direction is inlet in the center and
beam path is asn Fig. 5.1a for uniform channel diameter and uniform flow
resistance.
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continues to be bathed by coolant. Grid designs are robust but their flow resistances are
greater than in radial designs.

Figures5.7a,b show how the peak temperature varies in tie @nd radial

designs of Fig5.6. The grid design provides a sma T, than the radial design when

max

the beam moves horizontally. However, the radial design provides the s'T'maXar
when the Bam moves diagonally.

The weakness of the designs of Figs. 5.6a,b is that there is no cooling channel
along the diagonals of the plate. This weakness can be eliminated by adding four
additional outlet ports near the corners of the plate while the flligmeis constant.

This is the hybrid design proposed in Fig. 5.8a.

Figure 5.9 shows the relation between the peak temperature and the dimensionless

time when the cooling channel configurations are as in Figs. 5.8a, b and the beam path is

as in Fig. 5.1arad 5.1d. The hybrid configuration performs almost the same as the radial

configuration when the path is as in Fig. 5.1a, d. Furthermore, increasing the number of

(a) (b)

Figure 5.6. Grid and radial designs with 12 ports on the perimeter.
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Figure 5.7a Peak tenperatures when the flow enters from the center in the
configurations of Figs.5.6a, b. The path of the beam is as in Fi¢.1a.
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— Fig. 6b —I

0 L— — '
0 0.5 1

Figure 5.7b: Peak temperatures when the flow enters from the center in the
configurations of Figs.5.6a, b. The path of the bam is as in Fig.5.1d.

82



the cooling channels from 12 to 16 does not change the order of magnitude of the peak
temperature, cf. Fig&.7a, b and Fig5.9a, b.
Figure 5.10 shows how the imposed pressure difference affects the peak

temperature in the desigon$§ Figs. 4.8a, b and the beam path of Fig. 5.1a. Increasing the
pressure difference froml0’ to 10° does not change significantly the cooling

performance of the radial design. However, increadig, from 10’ to 10° decreases
the peak temperature when the design is hybrid, as in Fig. 5.8a. IncrBggjrfoom 108

to 10° does not change the order bitpeak temperature with the design of Fig. 5.8b.

These results mean that whey,, is smaller tharlQ® for the hybrid design, the rate of

the coolant. WhenP, exceeds1(® the conduction mechanism in the solid domain

max

becomes the dominant heat transfer mechanism. Therefore incrédsipgloes not

affect the order of the peak temperature.

T T T \ T 7
N | | | s N \ I / s
N s N \ ’
N \ | I s ~ \ I / s
N | | | s hY | / /
N P = A / /s
N | | - \\ \ | 4 //
L T il ~ e b I & 4 i
| N | 77 ~. NNy -
I N\ | /s | Soe Ny L L e
| Mo b [ S b,
N Vs Ba Nyair e
o Yo o
,,,,, R e e o Lo e s P
-, o~
} R | ’,////I\\\\\\
s ~ I - e N %
| 7 I M| - AHO N Ny g
s I N i A9 TR e
s N o 7z ; < N Big
R S T 7 / I \ M\ ]
s | | | Y 7/ / I \ N
| I L% P / I \ My
. I | | N s / I \ “
/ I | | \ / / | \ N
1 1 L 1
(a) (b)

Figure 5.8 Designs with 16 ports on the perimeter: (a) hybrid; (b) radal.
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Figure 5.9a Peak temperatures relative when the flow enters from the center in the
configurations of Figs.5.8a, b. The path of the beam is as in Fig.1a.
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Figure 5.9b: Peak temperatures relative when the flow enters from the center in the
configurations of Figs.5.8a, b. The path of the beam is as in Fi¢.1d.
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Figure 5.10a Peak temperatures when the flow enters from the center in the
configurations of Figs.4.8a,b, and the path of the beam is as in Figd.1a,

P =10".

0.002

=107~ Fig. 8a
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Figure 5.10b: Peak temperatures when the flow enters from the center in the
configurations of Figs.5.8a,b, and the path of the beam is as in Fi§.1a,

P =10°.
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5.5 Multiscale grid channels

Next, we considered a multiscale grid design of. Big@la, where there is an
additional degree of freedom: the channel diameterd, /d, . Varying this ratio shows
that the order of magnitude of the peak temperature does not change for the beam paths
of Figs.5.1 a, d. Howeve at a specified time, everd,/d, ratio provides a peak
temperature smaller than the otld,/d, ratios. The reason is that for a givd,/d, ,
some channels have snaliflow resistances than the other channels. Vard,/d,

changes the flow resistance of all the channels, in such a way that the small flow
resistance increases and the large resistances decrease. The objective is na only th
design with the lowest overall resistance (greatest flow rate) but also the uniform
distribution of flow resistance in all the channels. This second objective is especially
important because the beam path is unknown, and the structure must be rolmsst agai
this uncertainty.

Figure 5.12 shows a multiscale grid design with four channel diameters:

d,,d,,d; andd,. In this design, there are three degrees of freeid,/d,, d,/d; ard

d;/d, . We varied each degree of freedom by fixing the other two, and as shown in Fig.
5.12 the grid design witd,/d, =18, d,/d; =1 and d;/d, =1.1 provides the greatest
flow rate, Q. Figure 5.12c shows thd,/d, = 0.9 is slightly better thard,/d, =1.1;
however, whend,;/d, =0.9 the channel flow ratesre not as uniform as when

d;/d, =1.1, and this make:d;/d, =1.1 more advantageous because it meets two

objective at the same time.
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Figure 5.11a Peak temperatures when the flow enters from the center fahe
multiscale grid design of Fig.5.6a. The path of the beam is as in Fidh.1a.

Figure 5.11b: Peak temperatures when the flow enters from the center for the
multiscale grid design of Fig.5.6a. The path of the beam is as in Fid.1d.
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