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a b s t r a c t

Bidders’ values in discriminatory and uniform-price auctions are not necessarily point-identified under

the assumptions of equilibrium bidding and independent private values, but meaningful policy analysis

can proceed from bounds on bidder values. This paper provides upper and lower bounds on the set of

values that can rationalize a given distribution of bids, under the additional (and standard) assumption

of non-increasing marginal values. Novel testable implications of the best response hypothesis are also

provided, again under the assumption of non-increasing marginal values.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction

In a multi-unit auction, multiple identical objects are bought,
sold, or traded. Applications are wide-ranging and well-studied,
e.g. sales auctions of Treasury bonds, quota rights, and IPOs;
procurement auctions of electricity; and double auction trading in
stock markets and emission permit markets.

Unfortunately, the theory of multi-unit auctions still lags far
behind the theory of single-object auctions, with implications for
empirical research. The theory of single-object auctions shows
that the distribution of bidder values is point-identified from
the distribution of bids given independent private values (IPV).
Consequently, an econometrician who can confidently estimate
the distribution of bids in a given auction can confidently infer
the distribution of bidder values in that auction, under the joint
hypothesis of equilibrium bidding and IPV. On the other hand,
in multi-unit auctions, such as discriminatory and uniform-price
auctions, theory provides very little guidance on how to interpret
data generated in equilibrium given IPV.

This paper seeks to fill this hole in the literature. First, I show
that the distribution of bidder values is not necessarily point-
identified from the distribution of bids under the assumptions of
equilibrium bidding, and asymmetric independent private values.
However, if one is willing to impose the additional assumption
that bidders havenon-increasingmarginal values (NIMV), I provide
upper and lower bounds on the distribution of bidder values that
can be inferred from the distribution of bids in both discriminatory
and uniform-price auctions. NIMV is a very natural assumption in
some settings. For instance, Chapman et al. (2006) (CMP) argue
that bankswho bid in the Bank of Canada’s short-term cash reserve
auctions exhibit NIMV, since any cash acquired through the auction
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will be put to its highest-value use, and since there are no fixed

costs associatedwith deploying cash acquired through the auction.

The secondmain contribution of the paper is to provide testable

implications of the hypothesis that bidder i’s strategy is a best

response to the distribution of others’ bids, under the assumptions

that bidders have IPV, and bidder i has NIMV. (Each bidder’s

strategy can be tested separately, regardless of whether other

players’ strategies are best responses.) These testable implications

leverage the fact that more than one unit is sold and have no

analogue in single-object auction theory.

The introduction continues with a discussion of some related

literature. The bulk of the paper then focuses on the discriminatory

auction: Section 2 presents a model of the discriminatory auction;

Section 3 develops partial identification results; and Section 4

provides a novel set of testable restrictions of the best response

hypothesis. Section 5 then extends these results to the uniform-

price auction. Section 6 provides an example in which this paper’s

identification results are used to conduct a hypothetical policy

counter-factual in the uniform-price auction. (For a policy counter-

factual analysis in the discriminatory auction using this paper’s

results, see Hortacsu and McAdams (2008).) Section 7 concludes.

Proofs of more technical results are in the Appendix.

Related literature. This paper builds upon the extensive literature

on non-parametric identification in single-object auctions, espe-

cially Guerre et al. (2000) (GPV). (See Athey and Haile (in press)

for a comprehensive survey.) GPV pioneered the non-parametric

approach of using the first-order conditions of optimal bidding to

identify the distribution of bidder values from the distribution of

equilibrium bids. In this paper, I exploit such first-order condi-

tions to bound bidders’ values, and to generate testable restric-

tions. However, the problem of identification is more difficult in

multi-unit auctions than in single-object auctions, since a ‘‘bid’’ in

an auction of S identical units is an S-dimensional demand sched-

ule, while a ‘‘value’’ is an S-dimensional marginal value schedule.
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a
ll
S
u
n
its,

i.e
.
w

i,q (b
i,q )

>
0

fo
r
a
ll
q
. 5

S
e
co

n
d
,
b
id
d
e
r
i
fa
ce

s
n
o
‘‘g

a
p
s’’

in
th
e
d
istrib

u
tio

n
o
f

co
m
p
e
tin

g
b
id
s
fo
r
a
n
y

u
n
it,

i.e
.
w

′i,q (b
i,q )

>
0

fo
r
a
ll

q
.
T
h
is

a
ssu

m
p
tio

n
e
n
ta
ils

so
m
e
sig

n
ifica

n
t
lo
ss

o
f
g
e
n
e
ra
lity

,a
s
g
a
p
s
ca
n

a
n
d

d
o
o
ccu

r
in

p
ra
ctice

.
S
e
e
th
e
lo
n
g
e
r
w
o
rk
in
g
-p

a
p
e
r
v
e
rsio

n

o
f
th
is

p
a
p
e
r,

M
cA

d
a
m
s
(2
0
0
7
),

fo
r
a
n

e
x
te
n
sio

n
o
f
th
e
p
re
se
n
t

a
n
a
ly
sis

to
se
ttin

g
s
w
ith

g
a
p
s.
F
o
r
p
re
se
n
t
p
u
rp

o
se
s,
I
w
ill

b
rie

fly

d
iscu

ss
th
e
p
o
ssib

ility
o
f
g
a
p
s,

a
n
d
p
re
se
n
t
a
n
e
x
a
m
p
le

sh
o
w
in
g

w
h
y
g
a
p
s
ca
n
a
rise

w
h
e
n
a
b
id
d
e
r
p
la
y
s
a
b
e
st

re
sp

o
n
se
.

Gaps.F
o
rm

a
lly

,sa
y
th
a
t
b
id
d
e
r
ifa

ce
s
a
‘‘g

a
p
’’a

t
p
rice

p
fo
r
q
u
a
n
tity

q
if

w
′i,q (p

)
=

0
a
n
d

w
i,q (p

)
>

0
.
B
id
d
in
g
in

a
g
a
p

is
n
e
v
e
r

a
b
e
st

re
sp

o
n
se

in
th
e
first-p

rice
a
u
ctio

n
(i.e

.
th
e
d
iscrim

in
a
to
ry

a
u
ctio

n
w
h
e
n
S=

1
)
sin

ce
a
b
id
d
e
r
ca
n
,
o
n
th
e
m
a
rg
in
,
lo
w
e
r
h
is

p
a
y
m
e
n
ts

w
ith

o
u
t
lo
w
e
rin

g
h
is

p
ro
b
a
b
ility

o
f
w
in
n
in
g
b
y
b
id
d
in
g

slig
h
tly

le
ss.

H
o
w
e
v
e
r,
in

d
iscrim

in
a
to
ry

a
u
ctio

n
s
o
f
tw

o
o
r
m
o
re

u
n
its,a

b
id
d
e
r’s

b
e
st

re
sp

o
n
se

m
a
y
w
e
ll
b
e
to

b
id

in
a
g
a
p
fo
r
so

m
e

q
u
a
n
titie

s.(B
id
d
in
g
in

g
a
p
s
a
rise

s
e
v
e
n
m
o
re

n
a
tu
ra
lly

in
u
n
ifo

rm
-

p
rice

a
u
ctio

n
s,sin

ce
so

m
e
w
in
n
in
g
b
id
s
n
e
v
e
r
se
t
th
e
p
rice

.)

4
T
h
e
a
n
a
ly
sis

ca
n
b
e
e
a
sily

a
d
a
p
te
d
to

se
ttin

g
s
in

w
h
ich

tie
s
o
ccu

r
w
ith

p
o
sitiv

e

p
ro
b
a
b
ility

,a
s
w
h
e
n
th
e
re

is
a
fin

ite
g
rid

o
f
p
rice

s.
5
T
h
is

a
ssu

m
p
tio

n
is

in
n
o
cu

o
u
s.

If
b
id
d
e
r
i
w
in
s
u
p

to
q
u
a
n
tity

Q
u
n
its

w
ith

p
o
sitiv

e
p
ro
b
a
b
ility

,b
u
t
n
e
v
e
r
w
in
s
Q+

1
u
n
its,th

e
n
th
e
id
e
n
tify

in
g
a
n
d
b
o
u
n
d
in
g

in
e
q
u
a
litie

s
d
e
v
e
lo
p
e
d
h
e
re

a
p
p
ly

to
a
ll
m
a
rg
in
a
l
v
a
lu
e
s
o
n
q
u
a
n
titie

s
1
,
...,

Q
.F
o
r

q
u
a
n
titie

s
g
re
a
te
r
th
a
n
Q
,it

is
re
la
tiv

e
ly

stra
ig
h
tfo

rw
a
rd

to
d
e
riv

e
a
n
u
p
p
e
r
b
o
u
n
d

o
n
m
a
rg
in
a
l
v
a
lu
e
s,b

a
se
d
o
n
th
e
o
b
se
rv
a
tio

n
th
a
t
b
id
d
e
r
i
m
u
st

n
o
t
h
a
v
e
p
re
fe
rre

d

to
ra
ise

h
is
b
id

e
n
o
u
g
h
to

w
in

su
ch

q
u
a
n
titie

s
w
ith

p
o
sitiv

e
p
ro
b
a
b
ility

.



7
6

D
.M

cA
d
a
m
s
/
Jo
u
rn
a
l
o
f
E
co
n
o
m
etrics

1
4
6
(2
0
0
8
)
7
4
–
8
5

Exam
ple

1.
T
w
o
b
id
d
e
rs

p
a
rticip

a
te

in
a
d
iscrim

in
a
to
ry

a
u
ctio

n

o
f
tw

o
u
n
its.

B
id
d
e
r
2
’s

b
id

ta
k
e
s
th
e
fo
rm

b̃
2

=
(2

x,
x),

w
h
e
re

x ∼
U[0

,
1].T

h
u
s,b

id
d
e
r
1
’s
re
sid

u
a
l
su

p
p
ly

h
a
s
th
e
p
ro
p
e
rty

th
a
t

s̃
1
,1 ∼

U[0
,
1]

w
h
ile

s̃
1
,2 ∼

U[0
,
2].

T
o
w
in

a
first

u
n
it
fo
r
ce

rta
in
,

b
id
d
e
r
1
o
n
ly

n
e
e
d
s
to

b
id

o
n
e
o
n
th
a
t
u
n
it.T

o
h
a
v
e
m
o
re

th
a
n
a
5
0
%

ch
a
n
ce

o
f
w
in
n
in
g
a
se
co

n
d
u
n
it,h

o
w
e
v
e
r,b

id
d
e
r
1
m
u
st

b
id

m
o
re

th
a
n
o
n
e
o
n
b
o
th

u
n
its.

C
o
n
se
q
u
e
n
tly

,
w
h
e
n
b
id
d
e
r
1
’s

m
a
rg
in
a
l

v
a
lu
e
fo
r
th
e
se
co

n
d
u
n
it
is

h
ig
h
e
n
o
u
g
h
,h

is
b
e
st

re
sp

o
n
se

w
ill

b
e

to
b
id

m
o
re

th
a
n
o
n
e
o
n
th
e
first

u
n
it.F

o
r
e
x
a
m
p
le
,w

h
e
n
b
id
d
e
r
1

h
a
s
v
a
lu
ev

1 =
(5

,
5
),h

is
(u
n
iq
u
e
)
b
e
st
re
sp

o
n
se

is
to

b
id

(1
.5

,
1
.5

),
in

w
h
ich

ca
se

h
is
first

u
n
it-b

id
is
in

a
g
a
p
.

�

3.
Partialidentification

in
discrim

inatory
auctions

H
o
w

m
u
ch

ca
n
b
e
in
fe
rre

d
a
b
o
u
t
th
e
u
n
o
b
se
rv
e
d
d
istrib

u
tio

n
o
f
b
id
d
e
r
v
a
lu
e
sṽ=

(ṽ
1 ,

...,ṽ
N
)
fro

m
a
g
iv
e
n
d
istrib

u
tio

n
o
f
b
id
s

b̃
=

(b̃
1 ,

...,b̃
N
)
in

th
e
d
iscrim

in
a
to
ry

a
u
ctio

n
,
g
iv
e
n
th
a
t
th
o
se

b
id
s
a
rise

in
e
q
u
ilib

riu
m
?
T
o
fo
cu

s
o
n
th
is

id
e
n
tifica

tio
n
q
u
e
stio

n
,

th
is

se
ctio

n
a
b
stra

cts
fro

m
issu

e
s
a
sso

cia
te
d
w
ith

e
stim

a
tin

g
th
e

d
istrib

u
tio

n
o
fb̃

.

Definition
2.

T
h
e

d
istrib

u
tio

n
o
f
v
a
lu
e
s

ṽ
ra
tio

n
a
lizes

a
g
iv
e
n

d
istrib

u
tio

n
o
f
b
id
s
b̃
if,

w
h
e
n
v
a
lu
e
s
a
re

d
istrib

u
te
d
a
s
ṽ
,
th
e
re

e
x
ists

a
B
a
y
e
sia

n
N
a
sh

e
q
u
ilib

riu
m

p
ro
file

o
f
(p
o
ssib

ly
m
ix
e
d
)

stra
te
g
ie
s
σ

=
(σ

1 ,
...,

σ
N
)
su

ch
th
a
t
σ
(ṽ

)
is
d
istrib

u
te
d
a
sb̃

.

F
o
r
e
a
ch

b
id
d
e
r
i
a
n
d
p
e
rm

issib
le

b
id

b
i ∈

B
,d

e
fin

e

V
B
R

i
(b

i )= {v
i :

Π
i (b

i ,v
i )≥

Π
i (b̂

i ,v
i )
fo
r
a
llb̂

i ∈
B }

.
(4
)

V
B
R

i
(b

i )
is

th
e
se
t
o
f
v
a
lu
e
s
g
iv
e
n
w
h
ich

b
id

b
i
is

a
b
e
st

re
sp

o
n
se
.

A
g
iv
e
n

d
istrib

u
tio

n
o
f
b
id
s

b̃
ca
n

b
e

ra
tio

n
a
lize

d
b
y

so
m
e

d
istrib

u
tio

n
o
f
v
a
lu
e
s
iff

V
B
R

i
(b

i )
	=

∅
fo
r
a
ll

i
a
n
d

a
ll

b
i

∈
su

p
p
(b̃

i ).
In
d
e
e
d
,
w
h
e
n

th
is

is
th
e
ca
se
,
le
t

ψ
=

(ψ
1 ,

...,
ψ

N
)

b
e
a
n
y
fu
n
ctio

n
m
a
p
p
in
g
b
id
s
in
to

th
e
se
t
o
f
v
a
lu
e
s
g
iv
e
n
w
h
ich

th
o
se

b
id
s
a
re

a
b
e
st

re
sp

o
n
se
,
i.e

.
ψ

i (b
i )

∈
V

B
R

i
(b

i ).
T
h
e
n
ṽ

=
(ψ

1 (b̃
1 ),

...,
ψ

N
(b̃

N
))

ra
tio

n
a
lize

s
th
e

o
b
se
rv
e
d

d
istrib

u
tio

n
o
f

b
id
sb̃

. 6
F
in
a
lly

,if
th
e
re

is
m
o
re

th
a
n
o
n
e
d
istrib

u
tio

n
o
f
v
a
lu
e
s
th
a
t

ra
tio

n
a
lize

s
a
g
iv
e
n
d
istrib

u
tio

n
o
f
b
id
s,a

n
y
co

n
v
e
x
co

m
b
in
a
tio

n
o
f

th
o
se

d
istrib

u
tio

n
s
a
lso

ra
tio

n
a
lize

s
it.(F

a
ct

1
fo
llo

w
s
im

m
e
d
ia
te
ly

fro
m

th
e
d
e
fin

itio
n
o
f
th
e
se
ts

V
B
R

i
(b

i ).)

Fact1.
T
h
e
d
istrib

u
tio

n
o
f
v
a
lu
e
s
ṽ
ra
tio

n
a
lize

s
th
e
d
istrib

u
tio

n
o
f
b
id
s
b̃
iffṽ

∈
C
o
({ψ

(b̃
)

:
ψ

i (b
)

∈
V

B
R

i
(b

i )
fo
r
a
ll
i
a
n
d
b
i ∈

su
p
p
(b̃

i )}),w
h
e
re

C
o
(X

)
d
e
n
o
te
s
th
e
co

n
v
e
x
h
u
ll
o
f
X
.

C
h
a
ra
cte

rizin
g

e
a
ch

se
t
V

B
R

i
(b

i )
ca
n

b
e

d
ifficu

lt
in

p
ra
ctice

.

F
o
r
e
a
ch

p
o
ssib

le
v
i ∈

R
S,

o
n
e
m
u
st

so
lv
e
a
ch

a
lle

n
g
in
g
m
u
lti-

d
im

e
n
sio

n
a
l
co

n
stra

in
e
d

o
p
tim

iza
tio

n
p
ro
b
le
m
,
to

d
e
te
rm

in
e

w
h
e
th
e
r
b
i
is

a
b
e
st

re
sp

o
n
se

g
iv
e
n

v
a
lu
e

v
i .
T
o

m
a
k
e

fu
rth

e
r

p
ro
g
re
ss,

co
n
sid

e
r
th
e
la
rg
er

se
t
o
f
v
a
lu
e
s
th
a
t
sa
tisfy

a
ll

‘‘first-
o
rd

e
r
co

n
d
itio

n
s’’a

sso
cia

te
d
w
ith

b
id

b
i :

V
F
O
C

i
(b

i )= {
v
i :

lim
su

p
α→

0

Π
i (αb̂

i +
(1−

α
)b

i ,v
i )−

Π
i (b

i ,v
i )

α|b̂
i −

b
i |

≤
0

fo
r
a
ll

b̂
i ∈

B }
.

(5
)

6
If

e
a
ch

ψ
i
is

o
n
e
-to

-o
n
e
,
th
e
n

th
e

e
q
u
ilib

riu
m

stra
te
g
ie
s

th
a
t
m
a
p

th
is

d
istrib

u
tio

n
o
f
v
a
lu
e
s
in
to

b̃
a
re

p
u
re

stra
te
g
ie
s
ta
k
in
g
th
e
fo
rm

σ
i (v

i )=
ψ

−
1

i
(v

i )

fo
r
e
a
ch

i.
M
o
re

g
e
n
e
ra
lly

,
w
h
e
n

ψ
−
1

i
is

a
co

rre
sp

o
n
d
e
n
ce

,
e
a
ch

b
id
d
e
r
i
w
ill

m
ix

a
m
o
n
g
th
e
e
le
m
e
n
ts

o
f
ψ

−
1

i
(v

i )
g
iv
e
n
v
a
lu
e
sv

i .

T
h
e
se

first-o
rd

e
r
co

n
d
itio

n
s
im

p
o
se

a
se
t
o
f
n
ecessa

ry
co
n
d
itio

n
s

th
a
t
a
n
y
d
istrib

u
tio

n
o
f
v
a
lu
e
s
m
u
st

sa
tisfy

,
to

ra
tio

n
a
lize

a
g
iv
e
n

d
istrib

u
tio

n
o
f
b
id
s.

Fact2.
T
h
e
d
istrib

u
tio

n
o
f
v
a
lu
e
s ṽ

ra
tio

n
a
lize

s
th
e
d
istrib

u
tio

n
o
f

b
id
s
b̃
o
n
ly

ifṽ
∈

C
o{ψ

(b̃
):

ψ
i (b

)∈
V

F
O
C

i
(b

i )
fo
r
a
ll
i
a
n
d
b
i ∈

su
p
p
(b̃

i )}.

3
.1
.
First-o

rd
er

co
n
d
itio

n
s
o
f
o
p
tim

a
l
b
id
d
in
g

F
ix

a
b
id
d
e
r
i
a
n
d
fix

a
b
id

b
i
in

th
e
su

p
p
o
rt

o
f
h
is

e
q
u
ilib

riu
m

d
istrib

u
tio

n
o
f
b
id
s
b̃
i .
T
h
is

se
ctio

n
ch

a
ra
cte

rize
s
V

F
O
C

i
(b

i ).
F
irst,

a

u
se
fu
l
d
e
fin

itio
n
.

Definition
3

(In
d
ifferen

ce
Lev

els).
F
o
r
e
v
e
ry

X
⊂

{1
,
...,

S},
le
t

v ∗i,X
(b

i )
b
e
th
e
‘‘in

d
iffe

re
n
ce

le
v
e
l
o
f
m
a
rg
in
a
l
v
a
lu
e
s’’

su
ch

th
a
t

b
id
d
e
r
i
is

in
d
iffe

re
n
t
o
n
th
e
m
a
rg
in

b
e
tw

e
e
n
ra
isin

g
o
r
lo
w
e
rin

g

h
is
u
n
it-b

id
s
o
n
a
ll
q
u
a
n
titie

s
in

X
w
h
e
n
h
is
m
a
rg
in
a
l
v
a
lu
e
e
q
u
a
ls

v ∗i,X
(b

i )
o
n
a
ll
q
u
a
n
titie

s
in

X
,im

p
licitly

d
e
fin

e
d
b
y

∑q∈
X

d
Π

i,q (b
i,q ,

v ∗i,X
(b

i ))

d
b
i,q

=
0
.

(6
)

N
o
te

fro
m

(2
)
th
a
t

v ∗i,q (b
i )=

b
i,q +

w
i,q

(b
i,q

)

w ′i,q
(b

i,q
)

(7
)

fo
r
a
ll
in
d
iv
id
u
a
l
q
u
a
n
titie

s
q =

1
,
...,

S
.

Lem
m
a
1.

Fo
r
ev
ery

b
id

(v ∗i,1 (b
i ),

...,
v ∗i,S (b

i ))∈
V

F
O
C

i
(b

i ).

Proof.
W

h
e
n

v
i,q =

v ∗i,q (b
i ),

b
id
d
e
r
i
is

in
d
iffe

re
n
t
o
n
th
e
m
a
rg
in

b
e
tw

e
e
n
ra
isin

g
o
r
lo
w
e
rin

g
h
is

q
th

u
n
it-b

id
.C

o
n
se
q
u
e
n
tly

,w
h
e
n

v
i,q =

v ∗i,q (b
i )
fo
r
a
ll
q
,
b
id
d
e
r
i
is

in
d
iffe

re
n
t
o
n
th
e
m
a
rg
in

to
a
ll

lo
ca
l
d
e
v
ia
tio

n
s,so

th
a
t
a
ll
o
f
th
e
first-o

rd
e
r
co

n
d
itio

n
s
o
f
o
p
tim

a
l

b
id
d
in
g
a
re

triv
ia
lly

sa
tisfie

d
.

�

W
h
e
n

ju
st

o
n
e
u
n
it

is
so

ld
in

th
e
first-p

rice
a
u
ctio

n
,
v ∗i,1 (b

i )
is

th
e
o
n
ly

m
a
rg
in
a
l
v
a
lu
e
g
iv
e
n
w
h
ich

b
id
d
e
r
i
d
o
e
s
n
o
t
strictly

p
re
fe
r
o
n
th
e
m
a
rg
in

to
ra
ise

o
r
lo
w
e
r
h
is

b
id
.T

h
u
s,th

e
first-p

rice

a
u
ctio

n
w
ith

in
d
e
p
e
n
d
e
n
t
p
riv

a
te

v
a
lu
e
s
is

p
o
in
t-id

e
n
tifie

d
b
y

th
e
first-o

rd
e
r
co

n
d
itio

n
s
o
f
o
p
tim

a
l
b
id
d
in
g
(G

u
e
rre

e
t
a
l.,

2
0
0
0
).

S
im

ila
rly

,
in

th
e
d
iscrim

in
a
to
ry

a
u
ctio

n
,
(v ∗i,1 (b

i ),
...,

v ∗i,S (b
i ))

is

th
e
o
n
ly

m
a
rg
in
a
l
v
a
lu
e
sch

e
d
u
le

th
a
t
ca
n
ra
tio

n
a
lize

b
id
d
e
r
i’s

b
id

sch
e
d
u
le

b
i
if
th
a
t
b
id

sch
e
d
u
le

is
strictly

d
e
cre

a
sin

g
in

q
u
a
n
tity

.

O
n
th
e
o
th
e
r
h
a
n
d
,
if
b
id
d
e
r
i
h
a
s
b
id

th
e
sa
m
e
p
rice

fo
r
se
v
e
ra
l

u
n
its,

m
a
n
y

d
iffe

re
n
t
m
a
rg
in
a
l
v
a
lu
e

sch
e
d
u
le
s
ca
n

p
o
te
n
tia

lly

ra
tio

n
a
lize

h
is
b
id

a
s
a
b
e
st

re
sp

o
n
se
.

Theorem
1.

C
o
n
sid

er
a
n
y

b
id

b
i

∈
su

p
p
(b̃

i ).
M
a
rg
in
a
l
v
a
lu
e

sch
ed

u
le

v
i

∈
V

F
O
C

i
(b

i )
iff

th
ere

exists
n
o
n
-n
eg
a
tiv

e
co
n
sta

n
ts

c
1 ,

...,
c
S−

1 ≥
0
su
ch

th
a
t

v
i,1 =

v ∗i,1 (b
i )−

c
1 w

′i,2 (b
i,2 )

(8
)

v
i,q =

v ∗i,q (b
i )−

c
q w

′i,q+
1 (b

i,q+
1 )+

c
q−

1 w
′i,q−

1 (b
i,q−

1 )

fo
r
q=

2
,
...,

S−
1

(9
)

v
i,S =

v ∗i,S (b
i )+

c
S−

1 w
′i,S−

1 (b
i,S−

1 )
(1
0
)

a
n
d
su
ch

th
a
t
c
q =

0
fo
r
a
ll
q
sa
tisfy

in
g
b
i,q

>
b
i,q+

1 .

Exam
ple

2.
T
w
o
b
id
d
e
rs

w
ith

in
d
e
p
e
n
d
e
n
t
p
riv

a
te

v
a
lu
e
s
su

b
m
it

e
q
u
ilib

riu
m

b
id
s
in

a
d
iscrim

in
a
to
ry

a
u
ctio

n
o
f
tw

o
u
n
its.

B
id
d
e
r

2
’s
b
id

ta
k
e
s
th
e
fo
rm

b̃
2 =

(x,
x),w

h
e
re

x∼
U[0

,
1].T

h
u
s,b

id
d
e
r

1
’s
re
sid

u
a
l
in
v
e
rse

su
p
p
ly

fo
r
e
a
ch

q
u
a
n
tity

h
a
s
th
e
p
ro
p
e
rty

th
a
t

s̃
1
,1 =

s̃
1
,2 ∼

U[0
,
1].

S
in
ce

w
1
,q (b

1
,q )=

b
1
,q
fo
r
a
ll
b
1
,q ∈

[0
,
1],



D
.M

cA
d
a
m
s
/
Jo
u
rn
a
l
o
f
E
co
n
o
m
etrics

1
4
6
(2
0
0
8
)
7
4
–
8
5

7
7

h
is
e
x
p
e
cte

d
p
a
y
o
ff
ta
k
e
s
th
e
fo
rm

Π
1 (b

1 ,v
1 )=

b
1
,1 (v

1
,1 −

b
1
,1 )+

b
1
,2 (v

1
,2 −

b
1
,2 ).

S
u
p
p
o
se

th
a
t
b
id
d
e
r
1
is
o
b
se
rv
e
d
su

b
m
ittin

g
th
e
b
id

(1
/
2
,
1
/
2
).

W
h
a
t
m
a
rg
in
a
l
v
a
lu
e
sch

e
d
u
le
s
co

u
ld

ra
tio

n
a
lize

th
is

b
id

a
s
a
b
e
st

re
sp

o
n
se
?
N
o
te

fro
m

(7
)
th
a
t
v ∗1

,1 (b
1 )=

2
b
1
,1
a
n
d
v ∗1

,2 (b
1 )=

2
b
1
,2 .

T
h
u
s,
b
y
T
h
e
o
re
m

1
,
V

F
O
C

1
((1

/
2
,
1
/
2
))=

{v
1 :

v
1
,1 =

1−
c
1
a
n
d

v
1
,2 =

1+
c
1
fo
r
so

m
e
c
1 ≥

0}.In
p
a
rticu

la
r,w

h
e
n
b
id
d
e
r
1
su

b
m
its

th
e
b
id

(1
/
2
,
1
/
2
),
th
e
re

is
n
o
w
a
y
to

ru
le

o
u
t
th
e
p
o
ssib

ility
th
a
t

(i)
h
e
h
a
s
co

n
sta

n
t
m
a
rg
in
a
l
v
a
lu
e
s
(v

1
,1 =

v
1
,2 =

1
),(ii)

h
e
h
a
s
n
o

v
a
lu
e
fo
r
o
n
e
u
n
it
w
ith

o
u
t
a
se
co

n
d
u
n
it
(v

1
,1 =

0
a
n
d

v
1
,2 =

2
),o

r
(iii)

h
e
fa
ce

s
a
fix

e
d
co

st
o
f
co

n
su

m
p
tio

n
th
a
t
e
x
ce

e
d
s
th
e
m
a
rg
in
a
l

co
n
su

m
p
tio

n
v
a
lu
e
o
f
th
e
first

u
n
it
(v

1
,1

<
0
a
n
d

v
1
,2 =

2−
v
1
,1 ).

�

3
.2
.
T
ig
h
t
b
o
u
n
d
s
u
n
d
er

n
o
n
-in

crea
sin

g
m
a
rg
in
a
l
v
a
lu
es

T
h
is
se
ctio

n
p
ro
v
id
e
s
tig

h
t
u
p
p
e
r
a
n
d
lo
w
e
r
b
o
u
n
d
s
o
n
m
a
rg
in
a
l

v
a
lu
e
s
in

V
F
O
C

i
(b

i ),
if

o
n
e

is
w
illin

g
to

a
ssu

m
e

th
a
t
b
id
d
e
r
i’s

m
a
rg
in
a
l
v
a
lu
e
s
a
re

n
o
n
-in

cre
a
sin

g
in

q
u
a
n
tity

.

Definition
4

(N
IM

V
).
B
id
d
e
r
i
h
a
s
n
o
n
-in

cre
a
sin

g
m
a
rg
in
a
l
v
a
lu
e
s

(N
IM

V
)
if

v
i,q ≥

v
i,q ′

fo
r
a
ll
q

<
q ′.

Le
t
V

N
IM

V⊂
R
S
b
e
th
e
se
t
o
f

n
o
n
-in

cre
a
sin

g
m
a
rg
in
a
l
v
a
lu
e
sch

e
d
u
le
s.

Definition
5

(Step
s).

F
o
r
e
a
ch

b
id
-le

v
e
l
b
,
le
t
Q

(b
)

=
{q

∈
{ 1

,
...,

S}:
b
i,q =

b}
b
e
th
e
‘‘ste

p
’’o

f
q
u
a
n
titie

s
th
a
t
h
a
v
e
b
e
e
n
b
id

a
t
th
a
t
p
rice

in
b
id

b
i .(N

o
ta
tio

n
fo
rb

i is
su

p
p
re
sse

d
sin

ce
th
e
b
id

is
fix

e
d
th
ro
u
g
h
o
u
t
th
e
a
n
a
ly
sis.)

N
o
te

th
a
t
(i)

q∈
Q

(b
i,q )

fo
r
a
llq

,(ii)
q

<
m
a
x
Q

(b
i,q )

iff
b
i,q =

b
i,q+

1 ,a
n
d
(iii)

q
>

m
in

Q
(b

i,q )
iff

b
i,q =

b
i,q−

1 .
Le

t
Q

(b
i )
b
e
th
e
se
t
o
f
(n
o
n
-e
m
p
ty
)
ste

p
s
co

rre
sp

o
n
d
in
g
to

b
id

b
i .

Theorem
2.

C
o
n
sid

er
a
n
y
b
id

b
i

∈
su

p
p
(b̃

i ).
Fo

r
ea

ch
q
u
a
n
tity

q
,
th
ere

exists
b
o
u
n
d
s
v
i,q (b

i ),
v
i,q (b

i )
h
a
v
in
g
th
e
fo
llo

w
in
g
p
ro
p
er-

ties.(a
)v

i ∈
V

F
O
C

i
(b

i )∩
V

N
IM

V
im

p
lies

v
i,q ∈[v

i,q (b
i ),

v
i,q (b

i )].(b
)
A
s

lo
n
g
a
s
V

F
O
C

i
(b

i )∩
V

N
IM

V	=
∅
,th

ere
existsv ′i ,v ′′i ∈

V
F
O
C

i
(b

i )∩
V

N
IM

V
,

su
ch

th
a
t
v ′i,q =

v
i,q

a
n
d

v ′′i,q =
v
i,q .In

p
a
rticu

la
r,th

ese
b
o
u
n
d
s
a
re

v
i,q (b

i )=
m
in

x=
1
,...,q {v ∗i,[m

in
Q

(b
i,x ),x] (b

i ),
v̂
i,x (b

i )}
(1
1
)

v
i,q (b

i )=
m
a
x

x=
q
,...,S {v ∗i,[x,m

a
x
Q

(b
i,x )] (b

i ),
v̌
i,x (b

i )}
(1
2
)

w
h
ere

v̂
i,x (b

i )
a
n
d

v̌
i,x (b

i )
a
re

d
efin

ed
im

p
licitly

b
y
th
e
eq

u
a
tio

n
s
in

B
o
x
I.

D
iscu

ssio
n
o
f
T
h
e
o
re
m

2
(a
).
C
o
n
sid

e
r
w
h
e
th
e
r
b
id
d
e
r
i
h
a
s
a
n

in
ce

n
tiv

e
o
n

th
e
m
a
rg
in

to
d
e
v
ia
te

b
y
slig

h
tly

ra
isin

g
h
is

p
rice

o
n
a
ll
q
u
a
n
titie

s
in

th
e
ra
n
g
e[m

in
Q

(b
i,q ),

q]
(‘‘u

p
w
a
rd

d
e
v
ia
tio

n
a
t
q
’’).

S
in
ce

b
id
d
e
r
i
h
a
s
n
o
n
-in

cre
a
sin

g
m
a
rg
in
a
l
v
a
lu
e
s,

h
is

m
a
rg
in
a
l
v
a
lu
e
o
n
a
ll
q
u
a
n
titie

s
in

th
is

ra
n
g
e
is

b
o
u
n
d
e
d
b
e
lo
w

b
y

h
is

m
a
rg
in
a
l
v
a
lu
e

o
n

q
u
a
n
tity

q
.
In

p
a
rticu

la
r,

if
v
i,q

>
v ∗i,[m

in
Q

(b
i,q

),q] (b
i )
fo
r
a
n
y
q
u
a
n
tity

q
,
th
e
n

v
i,x

>
v ∗i,[m

in
Q

(b
i,q

),q] (b
i )

fo
r
a
ll

x
∈

[m
in

Q
(b

i,q ),
q].

C
o
n
se
q
u
e
n
tly

,
b
y
d
e
fin

itio
n

o
f
th
e

‘‘in
d
iffe

re
n
ce

le
v
e
l’’ v ∗i,[m

in
Q

(b
i,q

),q] (b
i ),

b
id
d
e
r
i
m
u
st

strictly
p
re
fe
r

th
e
u
p
w
a
rd

d
e
v
ia
tio

n
a
t
q
,
a
co

n
tra

d
ictio

n
o
f
th
e
h
y
p
o
th
e
sis

th
a
t

b
id

b
i
is

a
b
e
st

re
sp

o
n
se
.T

h
is

e
x
p
la
in
s
w
h
y
,fo

r
a
llv

i ∈
V

F
O
C

i
(b

i )∩
V

N
IM

V
,
v
i,q

is
b
o
u
n
d
e
d

a
b
o
v
e
b
y

v ∗i,[m
in

Q
(b

i,q
),q] (b

i )
fo
r
a
ll

q
.
B
y
a

sim
ila

r
lo
g
ic,

if
v
i,q ′

<
v ∗i,[q ′,m

in
Q

(b
i,q ′ )] (b

i ),
th
e
n

b
id
d
e
r
i
m
u
st

strictly
p
re
fe
r
to

d
e
v
ia
te

b
y

slig
h
tly

lo
w
e
rin

g
h
is

p
rice

o
n

a
ll

q
u
a
n
titie

s
in

th
e
ra
n
g
e [q ′,

m
a
x
Q

(b
i,q ′)]

(‘‘d
o
w
n
w
a
rd

d
e
v
ia
tio

n
a
t

q ′’’).S
e
e
F
ig
.1

fo
r
a
sty

lize
d
illu

stra
tio

n
o
f
th
e
u
p
w
a
rd

d
e
v
ia
tio

n
a
t

q
a
n
d
d
o
w
n
w
a
rd

d
e
v
ia
tio

n
a
t
q ′.

(In
th
e
fig

u
re
,
q
,
q ′

b
e
lo
n
g
to

th
e

sa
m
e
ste

p
,so

th
a
t
b
i,q =

b
i,q ′.)

N
e
x
t,

o
b
se
rv
e

th
a
t

N
IM

V
im

p
lie

s
th
a
t

v
i,q

≤
v
i,x

≤
v ∗i,[m

in
Q

(b
i,x ),x] (b

i )
fo
r
a
ll

x
∈

[m
in

Q
(b

i,x ),
q
).

T
h
is

e
x
p
la
in
s
w
h
y

Fig.1.
U
p
w
a
rd

d
e
v
ia
tio

n
a
t
q
u
a
n
tity

q
a
n
d
d
o
w
n
w
a
rd

d
e
v
ia
tio

n
a
t
q
u
a
n
tity

q ′.

v
i,q

is
b
o
u
n
d
e
d

a
b
o
v
e
b
y

m
in

x≤
q
v ∗i,[m

in
Q

(b
i,x ),x] (b

i )
fo
r
a
ll

q
a
n
d
,

sim
ila

rly
,
w
h
y

v
i,q

is
b
o
u
n
d
e
d
b
e
lo
w

b
y
m
a
x
x≥

q
v ∗i,[x,m

a
x
Q

(b
i,x )] (b

i )

fo
r
a
ll
q
.

Le
ss

e
a
sy

to
e
x
p
la
in

in
w
o
rd

s
is

th
e
fa
ct

th
a
t
v
i,q

is
b
o
u
n
d
e
d

a
b
o
v
e
b
y
m
in

x≤
q
v̂
i,x (b

i )
a
n
d
b
o
u
n
d
e
d
b
e
lo
w

b
y
m
a
x
x≥

q
v̌
i,x (b

i )
fo
r

a
llq

.In
tu
itiv

e
ly
,th

e
se

co
n
d
itio

n
s
re
fle

ct
a
re
la
tio

n
sh

ip
b
e
tw

e
e
n
th
e

le
a
st

u
p
p
e
r
b
o
u
n
d
o
n
b
id
d
e
r
i’s

m
a
rg
in
a
l
v
a
lu
e
o
n
q
u
a
n
tity

q
a
n
d

th
e
g
re
a
te
st

lo
w
e
r
b
o
u
n
d
o
n
h
is
m
a
rg
in
a
l
v
a
lu
e
o
n
q
u
a
n
tity

q+
1
.

N
a
m
e
ly
,th

e
se

m
a
rg
in
a
l
v
a
lu
e
s
a
re

m
u
tu
a
lly

co
n
stra

in
in
g
,b

e
ca
u
se

b
id
d
e
r
i
m
u
st

n
o
t
h
a
v
e
a
n
y
in
ce

n
tiv

e
to

ra
ise

o
r
lo
w
e
r
h
is

p
rice

o
n

a
ll
q
u
a
n
titie

s
in

th
e
ra
n
g
e
Q

(b
i,q )∪

Q
(b

i,q+
1 ).Le

m
m
a
2
h
ig
h
lig

h
ts

o
n
e
co

n
se
q
u
e
n
ce

o
f
th
is

co
n
n
e
ctio

n
b
e
tw

e
e
n
th
e
u
p
p
e
r
a
n
d
lo
w
e
r

b
o
u
n
d
s
o
n
b
id
d
e
r
i’s

m
a
rg
in
a
lv

a
lu
e
s.N

a
m
e
ly
,Le

m
m
a
2
a
llo

w
s
o
n
e

to
co

m
p
u
te

th
e
lo
w
e
r
b
o
u
n
d
s
d
ire

ctly
fro

m
th
e
u
p
p
e
r
b
o
u
n
d
s,a

n
d

v
ice

v
e
rsa

.

Lem
m
a
2.

Su
p
p
o
se

th
a
t
V

F
O
C

i
(b

i )∩
V

N
IM

V	=
∅
.T
h
en

,fo
r
a
ll
q
,

∑x∈[m
in

Q
(b

i,q
),q]

d
Π

i,x (b
i,x ,

v
i,q (b

i ))

d
b
i,x

+
∑

x∈[q+
1
,m

a
x
Q

(b
i,q+

1
)]

d
Π

i,x (b
i,x ,

v
i,q+

1 (b
i ))

d
b
i,x

=
0
.

(1
3
)

F
ig
.
2
illu

stra
te
s
so

m
e
o
f
th
e
g
e
n
e
ra
l
fe
a
tu
re
s
o
f
th
e
m
a
rg
in
a
l

v
a
lu
e
in
te
rv
a
ls[v

i,q (b
i ),

v
i,q (b

i )].(T
h
e
b
id

b
i is

tra
ce

d
b
y
fille

d
d
o
ts;

it
h
a
s
tw

o
ste

p
s,Q

($
2
)=

{1
,
2
,
3}

a
n
d
Q
($
1
)=

{4
,
5}.)

N
a
m
e
ly
,(i)

th
e
u
p
p
e
r
a
n
d
lo
w
e
r
b
o
u
n
d
s
a
re

w
e
a
k
ly

d
e
cre

a
sin

g
in

q
u
a
n
tity

a
n
d

(ii)
th
e
lo
w
e
r
b
o
u
n
d
o
n
th
e
sm

a
lle

st
q
u
a
n
tity

in
e
a
ch

ste
p
e
q
u
a
ls

th
e
u
p
p
e
r
b
o
u
n
d
o
n
th
e
la
rg
e
st

q
u
a
n
tity

o
f
th
a
t
ste

p
.

D
iscu

ssio
n

o
f
T
h
e
o
re
m

2
(b
).

T
h
e
o
re
m

2
’s

b
o
u
n
d
s
o
n

b
id
d
e
r

i’s
m
a
rg
in
a
l
v
a
lu
e
s
a
re

tig
h
t,

in
th
e

fo
llo

w
in
g

se
n
se
.
S
u
p
p
o
se

th
a
t
th
e
re

e
x
ists

so
m
e
n
o
n
-in

cre
a
sin

g
m
a
rg
in
a
l
v
a
lu
e
sch

e
d
u
le

in

V
F
O
C

i
(b

i ).
T
h
e
n
,
fo
r
a
ll

q
,
th
e
re

e
x
ists

su
ch

a
sch

e
d
u
le

in
w
h
ich

b
id
d
e
r
i’s

m
a
rg
in
a
l
v
a
lu
e
fo
r
th
e
q
th

u
n
it
e
q
u
a
ls

th
e
lo
w
e
r
b
o
u
n
d

v
i,q (b

i )
a
n
d
a
n
o
th
e
r
su

ch
sch

e
d
u
le

in
w
h
ich

th
is

m
a
rg
in
a
l
v
a
lu
e

e
q
u
a
ls
th
e
u
p
p
e
r
b
o
u
n
d

v
i,q (b

i ).(H
o
w
e
v
e
r,th

e
m
a
rg
in
a
l
sch

e
d
u
le
s

(v
i,1 (b

i ),
...,

v
i,S (b

i ))
a
n
d

(v
i,1 (b

i ),
...,

v
i,S (b

i ))
ty
p
ica

lly
d
o
n
o
t

b
e
lo
n
g
to

V
F
O
C

i
(b

i ).)

4.
Testable

restrictionsin
discrim

inatory
auctions

In
S
e
ctio

n
3
,Id

e
riv

e
d
n
e
ce

ssa
ry

co
n
d
itio

n
s
o
n
b
id
d
er

v
a
lu
es

fo
r
a

g
iv
e
n
b
id

to
b
e
a
b
e
st

re
sp

o
n
se

w
ith

re
sp

e
ct

to
a
g
iv
e
n
d
istrib

u
tio

n

o
f
o
th
e
rs’

b
id
s,
a
ssu

m
in
g
n
o
n
-in

cre
a
sin

g
m
a
rg
in
a
l
v
a
lu
e
s
(N

IM
V
).

H
e
re
,
I
d
e
riv

e
n
e
ce

ssa
ry

co
n
d
itio

n
s
o
n

th
e
d
istrib

u
tio

n
o
f
o
th
ers’

b
id
s
fo
r
a
g
iv
e
n
b
id

to
b
e
a
b
e
st

re
sp

o
n
se

fo
r
a
n
y
n
o
n
-in

cre
a
sin

g
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D
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d
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m
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1
4
6
(2
0
0
8
)
7
4
–
8
5

0=
∑y∈[m
in

Q
(b

i,x ),x]

d
Π

i,y (b
i,y ,

v̂
i,x (b

i ))

d
b
i,y

+
∑

y∈[x+
1
,m

a
x
Q

(b
i,x+

1
)]

d
Π

i,y (
b
i,y ,

m
a
x

z=
x+

1
,...,m

a
x
Q

(b
i,x+

1
) {

v ∗i,[z,m
a
x
Q

(b
i,x+

1
)] (b

i ) } )
d
b
i,y

0=
∑y∈[x,m
a
x
Q

(b
i,x )]

d
Π

i,y (b
i,y ,

v̌
i,x (b

i ))

d
b
i,y

+
∑

y∈[m
in

Q
(b

i,x−
1
),x−

1]

d
Π

i,y (
b
i,y ,

m
a
x

z=
m
in

Q
(b

i,y
),...,x−

1 {
v ∗i,[m

in
Q

(b
i,x−

1
),z] (b

i ) } )
d
b
i,y

Box
I.

Fig.2.
B
o
u
n
d
s
o
n
b
id
d
e
r
v
a
lu
e
s
g
iv
e
n
N
IM

V
(T
h
e
o
re
m

2
).

m
a
rg
in
a
l
v
a
lu
e
sch

e
d
u
le
.
In

p
a
rticu

la
r,
fo
r
e
a
ch

b
id
d
e
r
i
a
n
d
e
a
ch

b
id

b
i ∈

su
p
p
(b̃

i ),
I
p
ro
v
id
e
a
se
t
o
f
n
o
v
e
l
te
sta

b
le

re
strictio

n
s

im
p
o
se
d

b
y

th
e

jo
in
t
h
y
p
o
th
e
sis

th
a
t
(a
)
th
is

b
id

w
a
s
a

b
e
st

re
sp

o
n
se

a
n
d
(b
)
b
id
d
e
r
i
h
a
d
N
IM

V
w
h
e
n
h
e
m
a
d
e
th
is

b
id
. 7

If

o
n
e
is

w
illin

g
to

a
ssu

m
e
N
IM

V
,
th
e
se

re
strictio

n
s
ca
n
b
e
u
se
d
to

te
st

th
e
b
e
st

re
sp

o
n
se

h
y
p
o
th
e
sis

o
n
a
b
id
d
e
r-b

y
-b
id
d
e
r
(a
n
d
b
id
-

b
y
-b
id
)
b
a
sis;

fo
r
a
n
e
x
a
m
p
le
,
se
e
C
h
a
p
m
a
n
e
t
a
l.
(2
0
0
6
).
O
n
th
e

o
th
e
r
h
a
n
d
,
if
o
n
e
is

w
illin

g
to

a
ssu

m
e
e
q
u
ilib

riu
m

b
id
d
in
g
,
th
e
se

re
strictio

n
s
ca
n
b
e
u
se
d
to

te
st

th
e
n
o
n
-in

cre
a
sin

g
m
a
rg
in
a
l
v
a
lu
e
s

h
y
p
o
th
e
sis;

fo
r
a
n
e
x
a
m
p
le
,se

e
S
e
ctio

n
6
.

T
h
ro
u
g
h
o
u
t
th
is
se
ctio

n
,co

n
sid

e
r
a
fix

e
d
b
id
d
e
r
ia
n
d
a
fix

e
d
b
id

b
i ∈

su
p
p
(b̃

i ).B
e
fo
re

I
p
ro
ce

e
d
,so

m
e
d
e
fin

itio
n
s
a
re

n
e
e
d
e
d
.

Definition
6

(U
p
w
a
rd

D
ev
ia
tio

n
s).

F
o
r
e
v
e
ry

q
a
n
d

Δ
>

0
,
d
e
fin

e

th
e
‘‘u

p
w
a
rd

d
e
v
ia
tio

n
a
t
q
b
y

Δ
’’,b ↑

Δ
,q

i
,
a
s
fo
llo

w
s:

b ↑
Δ

,q

i ,x
=

b
i,x

fo
r
a
ll

x
<

m
in

Q
(b

i,q )
a
n
d

a
ll

x
>

q
;
b ↑

Δ
,q

i,x
=

b
i,q +

Δ
fo
r

a
ll
x ∈

[m
in

Q
(b

i,q ),
q].

T
h
is

d
e
v
ia
tio

n
is

fe
a
sib

le
a
s
lo
n
g
a
s

Δ
≤

b
i,m

in
Q

(b
i,q

)−
1 −

b
i,q .

Definition
7

(D
o
w
n
w
a
rd

D
ev
ia
tio

n
s).

F
o
r
e
v
e
ry

q
a
n
d

Δ
>

0
,

d
e
fin

e
th
e
‘‘d

o
w
n
w
a
rd

d
e
v
ia
tio

n
a
t
q
b
y

Δ
’’,b ↓

Δ
,q

i
,
a
s
fo
llo

w
s:

b ↓
Δ

,q

i ,x
=

b
i,x

fo
r
a
ll
x

<
q
a
n
d
a
ll
x

>
m
a
x
Q

(b
i,q );

b ↓
Δ

,q

i ,x
=

b
i,q −

Δ

fo
r
a
ll
x

∈
[q

,
m
a
x
Q

(b
i,q )].

T
h
is

d
e
v
ia
tio

n
is

fe
a
sib

le
a
s
lo
n
g
a
s

Δ
≤

b
i,q −

b
i,m

a
x
Q

(b
i,q

)+
1 .

7
T
e
sta

b
le

re
strictio

n
s
d
e
riv

e
d
in

th
e
co

n
te
x
t
o
f
sin

g
le
-o
b
je
ct

a
u
ctio

n
s
g
e
n
e
ra
lize

to
m
u
lti-u

n
it
a
u
ctio

n
s.
F
o
r
e
x
a
m
p
le
,
C
h
a
p
m
a
n
e
t
a
l.
(2
0
0
6
)
sh

o
w

h
o
w

th
e
h
a
za

rd
-

ra
te

m
o
n
o
to
n
icity

re
strictio

n
d
e
riv

e
d
in

G
u
e
rre

e
t
a
l.(2

0
0
0
)
fo
r
first-p

rice
a
u
ctio

n
s

e
x
te
n
d
s
to

d
iscrim

in
a
to
ry

a
u
ctio

n
s.
T
h
is

p
a
p
e
r
fo
cu

se
s
o
n
a
n
e
w

se
t
o
f
re
strictio

n
s

th
a
t
h
a
v
e
n
o
a
n
a
lo
g
u
e
in

sin
g
le
-o
b
je
ct

a
u
ctio

n
s.

F
o
r
th
e
b
id

b
i to

b
e
a
b
e
st

re
sp

o
n
se
,a
ll
fe
a
sib

le
d
e
v
ia
tio

n
s
m
u
st

b
e
u
n
p
ro
fita

b
le
.
In

p
a
rticu

la
r,
fo
r
e
v
e
ry

p
a
ir

o
f
q
u
a
n
titie

s
q
1 ≤

q
2

a
n
d
e
v
e
ry

sm
a
ll
e
n
o
u
g
h

Δ
,
th
e
u
p
w
a
rd

d
e
v
ia
tio

n
a
t
q
1
b
y

Δ
a
n
d

th
e
d
o
w
n
w
a
rd

d
e
v
ia
tio

n
a
t
q
2
b
y

Δ
m
u
st

b
o
th

b
e
u
n
p
ro
fita

b
le
.

B
y
(1
),
th
e
in
cre

m
e
n
ta
l
p
ro
fit

fro
m

th
e
se

d
e
v
ia
tio

n
s
ta
k
e
s
th
e

fo
rm

Π
i (b ↑

Δ
,q

1
i

,v
i )−

Π
i (b

i ,v
i )

=
∑

x∈[m
in

Q
(b

i,q
1
),q

1 ] ((v
i,x −

b
i,x −

Δ
)(w

i,x (b
i,x +

Δ
)

−
w

i,x (b
i,x ))−

Δ
w

i,x (b
i,x ) )

(1
4
)

Π
i (b ↓

Δ
,q

2
i

,v
i )−

Π
i (b

i ,v
i )

=
∑

x∈[q
2
,m

a
x
Q

(b
i,q

2
)] (Δ

w
i,x (b

i,x −
Δ

)−
(v

i,x −
b
i,x )

×
(w

i,x (b
i,x )−

w
i,x (b

i,x −
Δ

)) )
.

(1
5
)

T
a
k
in
g

Δ
→

0
y
ie
ld
s
n
e
ce

ssa
ry

co
n
d
itio

n
s
fo
r
b
i
to

b
e
a
b
e
st

re
sp

o
n
se
:

∑
x∈[m

in
Q

(b
i,q

1
),q

1 ] (v
i,x −

b
i,x )w

′i,x (b
i,x )≤

∑
x∈[m

in
Q

(b
i,q

1
),q

1 ] w
i,x (b

i,x )
(1
6
)

∑
x∈[q

2
,m

a
x
Q

(b
i,q

2
)] (v

i,x −
b
i,x )w

′i,x (b
i,x )≥

∑
x∈[q

2
,m

a
x
Q

(b
i,q

2
)] w

i,x (b
i,x ).(1

7
)

N
o
te

th
a
t,

sin
ce

b
id
d
e
r

i
h
a
s

n
o
n
-in

cre
a
sin

g
m
a
rg
in
a
l
v
a
lu
e
s

(N
IM

V
),v

i,x
1 ≥

v
i,q

1 ≥
v
i,q

2 ≥
v
i,x

2
fo
r
a
llx

1 ≤
q
1
a
n
d
x
2 ≥

q
2 .A

lso

n
o
te

th
a
t,b

y
d
e
fin

itio
n
o
f
th
e
ste

p
s
Q

(b
i,q

1 )
a
n
d
Q

(b
i,q

2 ),b
i,x =

b
i,q

1

fo
r
a
ll
x∈

Q
(b

i,q
1 )

a
n
d
b
i,x =

b
i,q

2
fo
r
a
ll
x∈

Q
(b

i,q
2 ).

T
h
u
s,
a
fte

r

re
-a
rra

n
g
in
g
,
(1
6
)
a
n
d
(1
7
)
im

p
ly

a
n
in
e
q
u
a
lity

co
n
d
itio

n
o
n
th
e

d
istrib

u
tio

n
o
f
b
id
s
th
a
t
d
o
e
s
n
o
t
d
e
p
e
n
d
o
n
b
id
d
e
r
v
a
lu
e
s.

b
i,q

1 +

∑
x∈[m

in
Q

(b
i,q

1
),q

1 ] w
i,x (b

i,q
1 )

∑
x∈[m

in
Q

(b
i,q

1
),q

1 ] w
′i,x (b

i,q
1 ) ≥

v
i,q

1

≥
v
i,q

2 ≥
b
i,q

2 +

∑
x∈[q

2
,m

a
x
Q

(b
i,q

2
)] w

i,x (b
i,q

2 )

∑
x∈[q

2
,m

a
x
Q

(b
i,q

2
)] w

′i,x (b
i,q

2 )
.

(1
8
)

T
h
e
o
re
m

3
a
n
d
its

co
ro
lla

ry
a
re

im
m
e
d
ia
te

co
n
se
q
u
e
n
ce

s
o
f
(1
8
).

Theorem
3.

B
id

b
i
ca
n
o
n
ly

b
e
a
b
est

resp
o
n
se

fo
r
b
id
d
er

i
if

th
e

d
istrib

u
tio

n
o
f
o
th
ers’

b
id
s
is

su
ch

th
a
t,
fo
r
ev
ery

p
a
ir

o
f
q
u
a
n
tities

q
1 ≤

q
2 ,

b
i,q

1 +

∑
x∈[m

in
Q

(b
i,q

1
),q

1 ] w
i,x (b

i,q
1 )

∑
x∈[m

in
Q

(b
i,q

1
),q

1 ] w
′i,x (b

i,q
1 )
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m
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1
4
6
(2
0
0
8
)
7
4
–
8
5

7
9

≥
b
i,q

2 +

∑
x∈[q

2
,m

a
x
Q

(b
i,q

2
)] w

i,x (b
i,q

2 )

∑
x∈[q

2
,m

a
x
Q

(b
i,q

2
)] w

′i,x (b
i,q

2 )
.

(1
9
)

Corollary
1.

B
id

b
i
ca
n
o
n
ly

b
e
a
b
est

resp
o
n
se

fo
r
b
id
d
er

i
if
th
e

d
istrib

u
tio

n
o
f
o
th
ers’

b
id
s
is

su
ch

th
a
t,
fo
r
ev
ery

p
a
ir

o
f
q
u
a
n
tities

q
1 ≤

q
2
su
ch

th
a
t
b
i,q

1 −
1

>
b
i,q

1 =
b=

b
i,q

2
>

b
i,q

2 +
1 ,

w
i,q

1 (b
)

w
′i,q

1 (b
) ≥

w
i,q

2 (b
)

w
′i,q

2 (b
)
.

(2
0
)

Discussion:Adapting
T
h
e
o
re
m

3
to

settings
w
ith

‘‘com
plexity

cost’’.
H
o
w

sh
o
u
ld

w
e
in
te
rp

re
t
th
e
fa
ilu

re
o
f
o
n
e
o
r
m
o
re

o
f
th
e

co
n
d
itio

n
s
(1
9
)?

O
n
e
id
e
a
,
d
u
e
to

K
a
stl

(2
0
0
5
),
is

to
co

n
sid

e
r
a
n

a
lte

rn
a
tiv

e
m
o
d
e
l
in

w
h
ich

b
id
d
e
rs

in
cu

r
so

m
e
a
d
d
itio

n
a
l
co

st
w
h
e
n
su

b
m
ittin

g
a
b
id

h
a
v
in
g
m
o
re

ste
p
s.W

e
ca
n
te
st
su

ch
a
m
o
d
e
l

u
sin

g
th
is

p
a
p
e
r’s

a
p
p
ro
a
ch

,
b
y
re
strictin

g
a
tte

n
tio

n
to

fe
a
sib

le
d
e
v
ia
tio

n
s
th
a
t
d
o
n
o
t
in
cre

a
se

th
e
n
u
m
b
e
r
o
f
ste

p
s.
In

p
a
rticu

la
r,

co
n
sid

e
r
a
n
y
q
1 ≤

q
2
su

ch
th
a
t
1

	∈
Q

(b
i,q

1 )
a
n
d
S

	∈
Q

(b
i,q

2 ). 8

T
h
e
u
p
w
a
rd

d
e
v
ia
tio

n
a
t
q
1
b
y

Δ
1

=
b
i,m

in
Q

(b
i,q

1
)−

1 −
b
i,q

1
is

su
ch

a
d
e
v
ia
tio

n
,
sin

ce
it

tra
n
sfe

rs
q
u
a
n
titie

s[m
in

Q
(b

i,q
1 ),

q
1 ]

fro
m

o
n
e
ste

p
to

a
n
o
th
e
r
w
ith

o
u
t
cre

a
tin

g
a
n
e
w

ste
p
.
S
im

ila
rly

,
th
e
d
o
w
n
w
a
rd

d
e
v
ia
tio

n
a
t
q
2
b
y

Δ
2

=
b
i,q

2 −
b
i,m

a
x
Q

(b
i,q

2
)+

1

d
o
e
s
n
o
t
cre

a
te

a
n
e
w

ste
p
.
A
s
in

th
e
d
e
riv

a
tio

n
o
f
(1
8
),
th
e
fa
ct

th
a
t
th
e
se

tw
o
d
e
v
ia
tio

n
s
m
u
st

b
e
u
n
p
ro
fita

b
le
,
co

m
b
in
e
d

w
ith

th
e
a
ssu

m
p
tio

n
th
a
t
b
id
d
e
rs

h
a
v
e
n
o
n
-in

cre
a
sin

g
m
a
rg
in
a
l
v
a
lu
e
s,

im
p
lie

s
th
e
fo
llo

w
in
g
in
e
q
u
a
lity

re
strictio

n
o
n
th
e
d
istrib

u
tio

n
o
f

b
id
s:

b
i,q

1 +
Δ

1 +

∑
x∈[m

in
Q

(b
i,q

1
),q

1 ] w
i,x (b

i,q
1 )

∑
x∈[m

in
Q

(b
i,q

1
),q

1 ]
w
i,x (b

i,q
1 +

Δ
1
)−

w
i,x (b

i,q
1
)

Δ
1

≥
b
i,q

2 +

∑
x∈[q

2
,m

a
x
Q

(b
i,q

2
)] w

i,x (b
i,q

2 −
Δ

2 )

∑
x∈[q

2
,m

a
x
Q

(b
i,q

2
)]

w
i,x (b

i,q
2
)−

w
i,x (b

i,q
2 −

Δ
2
)

Δ
2

.
(2
1
)

Discussion:Im
plem

enting
a
testbased

on
a
single

restriction
of

the
form

(2
0
).S

u
p
p
o
se

th
a
t
a
n
e
co

n
o
m
e
tricia

n
d
o
e
s
n
o
t
k
n
o
w

th
e

tru
e
d
istrib

u
tio

n
o
f
b
id
s
b
u
t
o
b
se
rv
e
s
a
sa
m
p
le

o
f
M

d
iscrim

in
a
to
ry

a
u
ctio

n
s,

in
w
h
ich

th
e
sa
m
e
b
id
d
e
rs

h
a
v
e
in
d
e
p
e
n
d
e
n
t
p
riv

a
te

v
a
lu
e
s

d
ra
w
n

fro
m

th
e

sa
m
e

d
istrib

u
tio

n
a
n
d

p
la
y

th
e

sa
m
e

e
q
u
ilib

riu
m

stra
te
g
ie
s

in
e
a
ch

a
u
ctio

n
. 9

(T
h
e

e
co

n
o
m
e
tricia

n
o
b
se
rv
e
s
a
ll
b
id
s
in

e
a
ch

a
u
ctio

n
,w

ith
b
id
d
e
r
id
e
n
titie

s.)
T
h
e
h
a
za

rd
ra
te
s
in

(2
0
)
ca
n
b
e
d
ifficu

lt
to

e
stim

a
te

in
p
ra
ctice

,
so

co
n
sid

e
r
th
e
d
iscre

tize
d
v
e
rsio

n
o
f
th
is

re
strictio

n
(d
e
riv

e
d
in

th
e
sa
m
e
w
a
y
a
s
(1
8
)):

Δ
+

w
i,q

1 (b
)

w
i,q

1
(b+

Δ
)−

w
i,q

1
(b

)

Δ

≥
w

i,q
2 (b−

Δ
)

w
i,q

2
(b

)−
w
i,q

2
(b−

Δ
)

Δ

.
(2
2
)

8
T
h
e
co

n
d
itio

n
1

	∈
Q

(b
i,q

1 )
m
e
a
n
s
th
a
t
q
u
a
n
tity

q
1
is

n
o
t
in

th
e
first

ste
p
in

b
id

b
i ,
w
h
ile

S	∈
Q

(b
i,q

2 )
m
e
a
n
s
th
a
t
q
2
is

n
o
t
in

th
e
la
st

ste
p
.
In

p
a
rticu

la
r,
sin

ce

q
1 ≤

q
2 ,

su
ch

a
p
a
ir

o
f
q
u
a
n
titie

s
ca
n
o
n
ly

e
x
ist

if
b
id

b
i
h
a
s
a
t
le
a
st

th
re
e
ste

p
s.

I
su

sp
e
ct

th
a
t
a
n
y
b
id

h
a
v
in
g
le
ss

th
a
n
th
re
e
ste

p
s
ca
n
b
e
ra
tio

n
a
lize

d
a
s
a
b
e
st

re
sp

o
n
se

g
iv
e
n
so

m
e
n
o
n
-in

cre
a
sin

g
m
a
rg
in
a
l
v
a
lu
e
s
a
n
d
la
rg
e
e
n
o
u
g
h
co

m
p
le
x
ity

co
sts.
9
T
h
e
la
st

o
f
th
e
se

a
ssu

m
p
tio

n
s
ca
n

b
e
e
sp

e
cia

lly
tro

u
b
lin

g
in

p
ra
ctice

,
sin

ce

m
u
lti-u

n
it
a
u
ctio

n
s
m
a
y
h
a
v
e
m
u
ltip

le
e
q
u
ilib

ria
.T
o
a
d
d
re
ss

th
is
p
ro
b
le
m
,H

o
rta

csu

(2
0
0
1
)
a
n
d

H
o
rta

csu
a
n
d

M
cA

d
a
m
s
(2
0
0
8
)
d
e
v
e
lo
p

te
ch

n
iq
u
e
s
to

e
stim

a
te

th
e

d
istrib

u
tio

n
o
f
b
id
s
b
y
re
-sa

m
p
lin

g
fro

m
th
e
p
ro
file

o
f
b
id
s
o
b
se
rv
e
d
in

a
sin

g
le

a
u
ctio

n
.
S
u
ch

te
ch

n
iq
u
e
s

re
q
u
ire

o
n
e

to
a
ssu

m
e

a
ce

rta
in

d
e
g
re
e

o
f
b
id
d
e
r

sy
m
m
e
try

.

Fig.3.
F
iv
e
re
le
v
a
n
t
p
o
ssib

ilitie
s
fo
r
b
id
d
e
r
i’s

re
sid

u
a
l
su

p
p
ly
.

T
e
stin

g
th
is

in
e
q
u
a
lity

re
q
u
ire

s
th
a
t
o
n
e
e
stim

a
te
s
th
e
p
ro
b
a
-

b
ilitie

s
o
f
fo
u
r
e
v
e
n
ts,

co
rre

sp
o
n
d
in
g
to

w
h
e
th
e
r
b
id
d
e
r
i’s

re
sid

-

u
a
l
in
v
e
rse

su
p
p
ly

fo
r
q
u
a
n
tity

q
1
is

le
ss

th
a
n
b
o
r
in

(b
,
b+

Δ
)

a
n
d
w
h
e
th
e
r
h
is
re
sid

u
a
l
in
v
e
rse

su
p
p
ly

fo
r
q
u
a
n
tity

q
2
is
le
ss

th
a
n

b −
Δ

o
r
in

(b−
Δ

,
b
).C

o
m
p
lica

tin
g
m
a
tte

rs
is
th
a
t
th
e
se

e
v
e
n
ts

a
re

n
o
t
d
isjo

in
t,e

.g
.s

i,q
2

<
b−

Δ
im

p
lie

s
th
a
t
s
i,q

1
<

b
,sin

ce
re
sid

u
a
l

in
v
e
rse

su
p
p
ly

is
n
o
n
-d

e
cre

a
sin

g
.

C
o
n
sid

e
r
th
e
fo
llo

w
in
g

p
a
rtitio

n
o
f
th
e
sp

a
ce

o
f
a
ll

p
o
ssib

le

re
a
lize

d
re
sid

u
a
l
in
v
e
rse

su
p
p
ly

cu
rv
e
s
s
i
in
to

fiv
e
d
isjo

in
t
se
ts:

(i)
s
i ∈

‘‘H
H
’’
if
s
i,q

1
>

b+
Δ

a
n
d
s
i,q

2
>

b
,
(ii)

s
i ∈

‘‘M
H
’’
if

s
i,q

1 ∈
(b

,
b+

Δ
)
a
n
d
s
i,q

2
>

b
,
(iii)s

i ∈
‘‘LH

’’
if
s
i,q

1
<

b
a
n
d

s
i,q

2
>

b
,
(iv

)s
i ∈

‘‘LM
’’
if
s
i,q

1
<

b
a
n
d
s
i,q

2 ∈
(b−

Δ
,
b
),

(v
)

s
i ∈

‘‘LL’’
if
s
i,q

1
<

b
a
n
d
s
i,q

2
<

b−
Δ
.
(‘‘H

’’,
‘‘M

’’,
a
n
d
‘‘L’’

a
re

m
n
e
m
o
n
ic
fo
r
‘‘h

ig
h
’’,‘‘m

id
d
le
’’,a

n
d
‘‘lo

w
’’.)

E
v
e
ry

re
a
lize

d
re
sid

u
a
l

su
p
p
ly

cu
rv
e
(u
p

to
a
ze

ro
-m

e
a
su

re
se
t)

m
u
st

b
e
lo
n
g
to

o
n
e
o
f

th
e
se

fiv
e
se
ts,

sin
ce

it
m
u
st

b
e
n
o
n
-d

e
cre

a
sin

g
in

q
u
a
n
tity

.
F
ig
.
3

illu
stra

te
s
a
n
id
e
a
lize

d
cu

rv
e
b
e
lo
n
g
in
g
to

e
a
ch

o
f
th
e
fiv

e
se
ts.

Le
t
r
H
H
,
...,

r
LL

d
e
n
o
te

th
e
tru

e
p
ro
b
a
b
ilitie

s
o
f
th
e
se

e
v
e
n
ts.

N
o
te

th
a
t
w

i,q
1 (b+

Δ
)=

1−
r
H
H
,
w

i,q
1 (b

)=
1−

r
H
H −

r
M
H
,

w
i,q

2 (b
)=

r
LM +

r
LL ,a

n
d

w
i,q

2 (b−
Δ

)=
r
LL .T

h
u
s,re

strictio
n
(2
2
)

tra
n
sla

te
s
a
s
Δ

+
1−

rH
H −

rM
H

rM
H

/
Δ

≥
rLL

rLM
/
Δ

o
r,a

fte
r
re
-a
rra

n
g
in
g
,

X
(q

1 ,
q
2 )=

(1−
r
H
H
)r

LM −
r
M
H
r
LL ≥

0
.

(D
IS
C
R
IM

–
(q

1 ,
q
2 ))

E
v
a
lu
a
tin

g
D
IS
C
R
IM

–
(q

1 ,
q
2 )

g
iv
e
n

a
sa
m
p
le

o
f
M

id
e
n
tica

l

a
u
ctio

n
s

is
e
q
u
iv
a
le
n
t

to
a

sta
n
d
a
rd

p
ro
b
le
m

o
f

te
stin

g
a

m
o
m
e
n
t
in
e
q
u
a
lity

in
v
o
lv
in
g
m
u
ltin

o
m
ia
l
p
ro
b
a
b
ilitie

s
g
iv
e
n

M

iid
d
ra
w
s
fro

m
th
e

re
le
v
a
n
t
m
u
ltin

o
m
ia
l
d
istrib

u
tio

n
.
N
a
m
e
ly
,

le
t
r̂
MH
H
,
...,

r̂
MLL

b
e
th
e
e
m
p
irica

l
p
ro
b
a
b
ility

o
f
e
a
ch

o
f
th
e
fiv

e

e
v
e
n
ts,

a
n
d

X̂
M
(q

1 ,
q
2 )

=
(1

−
r̂
H
H
)r̂

LM
−

r̂
M
H
r̂
LL .

T
h
e
n
,
a
s

M
→

∞
, √

M
(̂X

M
(q

1 ,
q
2 )−

X
(q

1 ,
q
2 ))

is
a
sy
m
p
to
tica

lly
n
o
rm

a
l

w
ith

v
a
ria

n
ce

th
a
t
ca
n
a
lso

b
e
co

n
siste

n
tly

e
stim

a
te
d
b
y
sta

n
d
a
rd

m
e
th
o
d
s.(S

e
e
Le

h
m
a
n
n
a
n
d
C
a
se
lla

(1
9
9
8
),p

p
.1

0
6
,1

9
3
–
1
9
4
.)

Discussion:Im
plem

enting
a
testbased

on
m
ultiple

restrictions
ofthe

form
(1
9
).
A
n
y
su

b
se
t
o
f
th
e
S
(S−

1
)/
2
in
e
q
u
a
lity

re
stric-

tio
n
s
(1
9
)
ca
n
(w

h
e
n
d
iscre

tize
d
a
s
in

(2
2
))

b
e
tra

n
sla

te
d
in
to

a
n

e
q
u
iv
a
le
n
t
se
t
o
f
m
o
m
e
n
t
in
e
q
u
a
litie

s
sim

ila
r
to

D
IS
C
R
IM

–
(q

1 ,
q
2 ),

b
u
t
a
jo
in
t
te
st

o
f
su

ch
co

n
d
itio

n
s
is
co

m
p
lica

te
d
b
y
th
e
fa
ct

th
a
t
th
e

m
o
m
e
n
ts

a
re

co
rre

la
te
d
.
A
n
y
jo
in
t
te
st

m
u
st

th
e
re
fo
re

co
rre

ct
fo
r

th
e
p
o
ssib

ility
th
a
t
o
n
e
o
r
m
o
re

o
f
th
e
se

in
e
q
u
a
litie

s
m
a
y
a
p
p
e
a
r
to

b
e
v
io
la
te
d
b
e
ca
u
se

o
f
sa
m
p
lin

g
e
rro

r,e
v
e
n
w
h
e
n
a
ll
su

ch
re
stric-

tio
n
s
a
re

tru
ly

sa
tisfie

d
.

T
h
e

sim
p
le
st

a
n
d

m
o
st

co
n
se
rv
a
tiv

e
a
p
p
ro
a
ch

w
o
u
ld

b
e

to

e
m
p
lo
y
th
e
B
o
n
fe
rro

n
i
co

rre
ctio

n
,
in

w
h
ich

th
e
jo
in
t
h
y
p
o
th
e
sis

is
re
je
cte

d
iff

a
n
y
o
f
th
e
in
d
iv
id
u
a
l
h
y
p
o
th
e
se
s
ca
n

b
e
re
je
cte

d



8
0

D
.M

cA
d
a
m
s
/
Jo
u
rn
a
l
o
f
E
co
n
o
m
etrics

1
4
6
(2
0
0
8
)
7
4
–
8
5

w
ith

su
fficie

n
t
co

n
fid

e
n
ce

. 1
0
(S
e
e

e
.g
.
M
ille

r
(1
9
8
1
).)

S
in
ce

th
e

co
n
fid

e
n
ce

th
re
sh

o
ld

fo
r
a
n
y
in
d
iv
id
u
a
l
te
st

u
n
d
e
r
th
is

co
rre

ctio
n

b
e
co

m
e
s
m
o
re

strin
g
e
n
t
a
s
th
e
n
u
m
b
e
r
o
f
te
sts

in
cre

a
se
s,

it
m
a
y

b
e
se
n
sib

le
to

ch
o
o
se

a
p
rio

ri
a
su

b
se
t
o
f
a
ll

p
a
irs

o
f
q
u
a
n
titie

s
(q

1 ,
q
2 )

a
n
d
te
st

th
e
m
o
m
e
n
t
in
e
q
u
a
litie

s
ju
st

fo
r
th
o
se

p
a
irs.

F
o
r

e
x
a
m
p
le
,
C
h
a
p
m
a
n
e
t
a
l.
(2
0
0
6
)
o
n
ly

co
n
sid

e
r
p
a
irs

(q
1 ,

q
2 )

su
ch

th
a
t
q
1 =

q
2 .

5.
Extension:U

niform
-price

auctions

O
u
r
a
n
a
ly
sis

o
f
th
e

d
iscrim

in
a
to
ry

a
u
ctio

n
in

S
e
ctio

n
s
2
–
4

a
p
p
lie

s
w
ith

v
e
ry

little
m
o
d
ifica

tio
n
to

th
e
u
n
ifo

rm
-p

rice
a
u
ctio

n
.

H
e
re

I
h
ig
h
lig

h
t
th
e
fe
w

d
e
ta
ils

th
a
t
d
iffe

r.

M
odel.

F
o
r
co

n
cre

te
n
e
ss,

co
n
sid

e
r
th
e
u
n
ifo

rm
(S+

1
)-st

p
rice

a
u
ctio

n
(o
r

sim
p
ly

‘‘u
n
ifo

rm
p
rice

a
u
ctio

n
’’). 1

1
T
h
e

m
o
d
e
l
is

id
e
n
tica

l
to

th
a
t
o
f
S
e
ctio

n
2
,e
x
ce

p
t
th
a
t
b
id
d
e
r
i
p
a
y
s
th
e
(S+

1
)-

st
h
ig
h
e
st

u
n
it-b

id
b̃
S+

1
ra
th
e
r
th
a
n
h
is

o
w
n
u
n
it-b

id
b
i,q

fo
r
e
a
ch

q
u
a
n
tity

q
w
h
e
n
h
e
w
in
s
th
a
t
u
n
it.C

o
n
se
q
u
e
n
tly

,p
a
y
o
ffs

ta
k
e
th
e

fo
rm

Π
Ui
(b

i ,v
i ;s̃

i )≡
S

∑q=
1

w
i,q (b

i,q ) (
v
i,q −

E[b̃
S+

1|b
i,q

>
s̃
i,q ] )

.
(2
3
)

S
u
ch

p
a
y
o
ffs

d
e
co

m
p
o
se

a
s

Π
Ui
(b

i ,v
i ;s̃

i )
= ∑

q=
1
,...,S

Π
Ui ,q (b

i,q ,

v
i,q ;

s̃
i,q−

1 ,
s̃
i,q ),w

h
e
re

Π
Ui ,q (b

i,q ,
v
i,q ;s̃

i )=
w

i,q (b
i,q ) (v

i,q −
E[s̃

i,q |b
i,q

>
s̃
i,q ]

−
(q−

1
)E[s̃

i,q −
s̃
i,q−

1 |b
i,q

>
s̃
i,q ] )

−
P
r(s̃

i,q
>

b
i,q

>
s̃
i,q−

1 )(q−
1
)

×
E[b

i,q −
s̃
i,q−

1 |s̃
i,q

>
b
i,q ≥

s̃
i,q−

1 ].
(2
4
)

T
h
is
d
e
co

m
p
o
sitio

n
is
n
o
t
o
b
v
io
u
s
fro

m
(2
3
),b

u
t
it
a
cco

u
n
ts

fo
r

th
e
fa
ct

th
a
t
ra
isin

g
o
n
e
’s
b
id

o
n
u
n
it
q
m
a
y
ra
ise

th
e
p
rice

p
a
id

o
n

th
e
first

q −
1
u
n
its;

se
e
th
e
w
o
rk
in
g
-p

a
p
e
r
v
e
rsio

n
fo
r
a
d
e
riv

a
tio

n
.

N
o
te

th
a
t,u

n
lik

e
in

th
e
d
iscrim

in
a
to
ry

a
u
ctio

n
,th

e
m
a
rg
in
a
l
e
ffe

ct
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b
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b
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b
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b
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b
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p
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b
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ra
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a
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b
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⊂
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b
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b
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b
y
re
p
e
a
tin

g
th
e

a
rg
u
m
e
n
t
in

S
e
ctio

n
4
th
a
t
a
p
p
lie

d
to

th
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ro
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re
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a
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a
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e
e
ffe

ct
o
f
e
a
ch

d
e
v
ia
tio

n
o
n
e
x
p
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(1
4
)
a
n
d

Δ
w

i,x (b
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p
le
m
e
n
tin

g
th
e

te
sts

a
sso

cia
te
d

w
ith

th
e
se

re
strictio

n
s.

T
h
e

re
a
so

n
is

th
a
t,

to
e
v
a
lu
a
te

th
e
p
rice

e
ffe

ct
o
f
ra
isin

g
b
id
d
e
r
i’s

b
id

o
n
q
u
a
n
tity

q
,th

e
e
co

n
o
m
e
tricia

n
m
u
st

e
stim

a
te

p
ro
b
a
b
ilitie

s
a
sso

cia
te
d
w
ith

th
e
jo
in
t
d
istrib

u
tio

n
o
f
(s̃

i,q−
1 ,

s̃
i,q ).B

y
co

n
tra

st,in
th
e
d
iscrim

in
a
to
ry

a
u
ctio

n
,th

e
e
co

n
o
m
e
tricia

n
m
u
st

o
n
ly

e
stim

a
te

p
ro
b
a
b
ilitie

s
a
sso

cia
te
d
w
ith

th
e
m
a
rg
in
a
l
d
istrib

u
tio

n
o
f
s̃
i,q .

F
o
r

e
x
a
m
p
le
,
to

im
p
le
m
e
n
t
a

te
st

o
f
th
e

sin
g
le

re
strictio

n
in

th
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n
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b
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d
to

th
e
fiv

e
re
le
v
a
n
t

e
v
e
n
ts

in
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p
p
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b
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p
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p
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b
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b
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b
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b
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b
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ra
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b
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.
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2 ∈
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ra
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p
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ra
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b
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d
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b
id
d
in
g
fu
rth

e
r
lim

it
th
e
se
t
o
f
v
a
lu
e
s

g
iv
e
n

w
h
ich

b
id

(b
2 ,

b
2 )

m
ig
h
t
b
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b
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b
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b
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b
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∈
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b
id

o
n
th
e
first

u
n
it.(G

iv
e
n
in
cre

a
sin

g
m
a
rg
in
a
l
v
a
lu
e
s,

b
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b
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u
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b
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b
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u
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d
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p
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p
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b
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u
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b̃
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p
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p
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b
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b
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b
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u
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n
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ra
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b
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p
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Appendix.
Proofs
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.1
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o
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o
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T
h
e
o
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i ∈
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ra
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rize
d
e
v
e
n
m
o
re

sim
p
ly

in
te
rm

s
o
f
a
se
t
o
f
in
e
q
u
a
litie

s
a
n
d
e
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e
fo
llo

w
in
g

Le
m
m
a
.

1
2
S
p
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b
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D
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d
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s
/
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u
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a
l
o
f
E
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m
etrics

1
4
6
(2
0
0
8
)
7
4
–
8
5

Lem
m
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3.
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i ∈

V
F
O
C

i
(b
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if
a
n
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n
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∑y≤
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Π

i,y (b
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b
i,y

≤
0

fo
r
a
ll
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b
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Q
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b
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5
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e
text.)

T
h
ro
u
g
h
o
u
t
th
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b
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⊂
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=
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=

b
i,y −

ε
fo
r
a
ll
y∈

Q
(3
0
)

b̂ +
,Q

i ,y
=
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b
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=
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b
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t
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∈
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v
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c
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c
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b
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ro
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b
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p
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b
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b
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i,y )

fo
r
a
ll
y
b
y
(3
).

T
o

sh
o
w

th
a
t
c
q

≥
0

fo
r
a
ll

q
=

1
,
...,

S−
1
,
co

n
sid

e
r

th
e
fe
a
sib

le
d
e
v
ia
tio

n
b̂ +

,[1
,q]

i
.
B
y
(2
7
),v

i ∈
V

F
O
C

i
(b

i )
im

p
lie

s
th
a
t

∑
qy=

1

d
Π

i,y
(b

i,y
,v

i,y
)

d
b
i,y

≤
0
;
h
e
n
ce

c
q ≥

0
b
y
(3
6
).
N
e
x
t,
co

n
sid

e
r
a
n
y

q
u
a
n
tity

q
∈

{1
,
...,

S−
1}

su
ch

th
a
t
b
i,q

>
b
i,q+

1 .
F
o
r
th
e
se

q
u
a
n
titie

s,th
e
d
e
v
ia
tio

n
b̂ −

,[1
,q]

i
is
a
lso

fe
a
sib

le
.S
in
cev

i ∈
V

F
O
C

i
(b

i ),
∑

qy =
1

d
Π

i,y
(b

i,y
,v

i,y
)

d
b
i,y

≥
0
a
n
d
h
e
n
ce

c
q ≤

0
.W

e
co

n
clu

d
e
th
a
t
c
q =

0

fo
r
a
ll
su

ch
q
u
a
n
titie

s.
F
in
a
lly

,
w
e
n
e
e
d
to

v
e
rify

co
n
d
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b
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c
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c
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b
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p
ro
v
e
n
.
N
o
te

th
a
t

(3
4
)

ca
n

b
e

re
-w

ritte
n

a
s

v
i,S −

v ∗i,S (b
i )

=
( ∑

S−
1

y =
1 (v ∗i,y (b

i )−
v
i,y )w

′i,y (b
i,y ))/

w
′i,S (b

i,S )
o
r,

e
q
u
iv
a
le
n
tly

,

0=
S

∑y=
1

(v ∗i,y (b
i )−

v
i,y )w

′i,y (b
i,y )=

S
∑q=

1

d
Π

i,q (b
i,q ,

v
i,q )

d
b
i,q

.

B
y
(2
7
),v

i ∈
V

F
O
C

i
(b

i )
im

p
lie

s ∑
Sq =

1

d
Π

i,q
(b

i,q
,v

i,q
)

d
b
i,q

=
0
,
sin

ce
b
o
th

d
e
v
ia
tio

n
s b̂ +

,{1
,...,S}

i
a
n
d
b̂ −

,{1
,...,S}

i
a
re

fe
a
sib

le
.T

h
is

co
m
p
le
te
s
th
e

‘‘o
n
ly

if’’p
a
rt

o
f
th
e
p
ro
o
f
o
f
T
h
e
o
re
m

1
.

PartII:‘‘ ⇐
’’.S

u
p
p
o
se

th
a
t,fo

r
so

m
e
g
iv
e
n
m
a
rg
in
a
l
v
a
lu
e
sch

e
d
u
le

v
i ,
th
e
re

e
x
ist

co
n
sta

n
ts

c
1 ,

...,
c
S−

1 ≥
0
sa
tisfy

in
g
(3
2
)–
(3
4
)
a
n
d

su
ch

th
a
t
b
i,q

>
b
i,q+

1
im

p
lie

s
c
q =

0
.
T
o
co

m
p
le
te

th
e
p
ro
o
f,
I

n
e
e
d
to

sh
o
w

th
a
tv

i ∈
V

F
O
C

i
(b

i ).
B
y
Le

m
m
a
3
,
it
su

ffice
s
to

v
e
rify

(2
8
)
a
n
d
(2
9
).

O
b
se
rv
e
th
a
t

∑y≤
q

d
Π

i,y (b
i,y ,

v
i,y )

d
b
i,y

= ∑y≤
q

(v
i,y −

v ∗i,y (b
i ))w

′i,y (b
i,y )

(3
7
)

=
−
c
q w

′q (b
i,q )w

′q+
1 (b

i,q+
1 )≤

0
fo
r
a
ll
q=

1
,
...,

S−
1

(3
8
)

=
0

fo
r
q=

S
.

(3
9
)

(3
7
)
w
a
s
e
sta

b
lish

e
d

in
P
a
rt

I.
(3
8
)
a
n
d

(3
9
)
fo
llo

w
fro

m
th
e

p
re
su

m
p
tio

n
th
a
t
co

n
d
itio

n
s
(3
2
)–
(3
4
)
a
re

sa
tisfie

d
,
a
s
fo
llo

w
s.

B
y

(3
2
),

(v
i,1 −

v ∗i,1 (b
i ))w

′i,1 (b
i,1 )

=
−
c
1 w

′1 (b
i,1 )w

′2 (b
i,2 ),

so

(3
8
)
h
o
ld
s
fo
r
q

=
1
.
B
y

(3
3
),

(v
i,q −

v ∗i,q (b
i ))w

′i,q (b
i,q )

=
−
c
q w

′q (b
i,q )w

′q+
1 (b

i,q+
1 )+

c
q−

1 w
′q (b

i,q )w
′q−

1 (b
i,q−

1 )
fo
r
a
ll

q
=

2
,
...,

S−
1
.
T
h
is

e
sta

b
lish

e
s
(3
8
)
fo
r
a
ll
q

=
2
,
...,

S−
1
b
y

in
d
u
ctio

n
o
n
q
.
S
im

ila
rly

,
(3
9
)
h
o
ld
s
sin

ce ∑
y≤

S−
1

d
Π

i,y
(b

i,y
,v

i,y
)

d
b
i,y

=
−
c
S−

1 w
′S−

1 (b
i,S−

1 )w
′S (b

i,S )
b
y
(3
8
)
w
h
ile

(v
i,S −

v ∗i,S (b
i ))w

′i,S (b
i,S )=

c
S−

1 w
′i,S−

1 (b
i,S−

1 )w
′S (b

i,S )
b
y
(3
4
).

(2
8
)
fo
llo

w
s
im

m
e
d
ia
te
ly

fro
m

(3
8
)
sin

ce
c
q ≥

0
.

F
in
a
lly

,
co

n
sid

e
r
a
n
y
ste

p
Q

(b
)

∈
Q

(b
i ).

If
m
a
x
Q

(b
)

=
S
,

th
e
n
(2
9
)
fo
llo

w
s
im

m
e
d
ia
te
ly

fro
m

(3
9
).O

th
e
rw

ise
,su

p
p
o
se

th
a
t

m
a
x
Q

(b
)

<
S
.
S
in
ce

m
a
x
Q

(b
)
is

th
e
la
rg
e
st

q
u
a
n
tity

in
its

ste
p
,

b
i,m

a
x
Q

(b
)

>
b
i,m

a
x
Q

(b
)+

1 .
B
y
p
re
su

m
p
tio

n
,
th
e
n
,
c
m
a
x
Q

(b
)

=
0
.

(2
9
)
th
e
n
fo
llo

w
s
fro

m
(3
8
).
In

e
ith

e
r
ca
se
,
w
e
h
a
v
e
v
e
rifie

d
th
e

co
n
d
itio

n
s
o
f
Le

m
m
a
3
,co

m
p
le
tin

g
th
e
p
ro
o
f.

�

A
.2
.
P
ro
o
f
o
f
T
h
e
o
re
m

2
.

T
h
ro
u
g
h
o
u
t
th
e
p
ro
o
f,le

tv
i
b
e
a
n
e
le
m
e
n
t
o
f
V

F
O
C

i
(b

i )∩
V

N
IM

V
,

i.e
.a

n
o
n
-in

cre
a
sin

g
m
a
rg
in
a
l
v
a
lu
e
sch

e
d
u
le

g
iv
e
n
w
h
ich

a
ll
first-

o
rd

e
r
co

n
d
itio

n
s
a
re

sa
tisfie

d
.
P
a
rts

I,II
e
sta

b
lish

T
h
e
o
re
m

2
(a
)

w
h
ile

P
a
rt

III
e
sta

b
lish

e
s
T
h
e
o
re
m

2
(b
).

Part
I:

v
i,q ≤

m
in

x=
1
,...,q

v ∗i,[m
in

Q
(b

i,x ),x] (b
i )

a
n
d

v
i,q ≥

m
a
x
x=

q
,...,S

v ∗i,[x,m
a
x
Q

(b
i,x )] (b

i ).S
u
p
p
o
se

fo
r
th
e
sa
k
e
o
f
co

n
tra

d
ictio

n
th
a
t
v
i,x

>

v ∗i,[m
in

Q
(b

i,x ),x] (b
i )

fo
r
so

m
e

x
≤

q
.
S
in
ce

b
id
d
e
r
i
h
a
s
N
IM

V
,

v
i,y

>
v ∗i,[m

in
Q

(b
i,x ),x] (b

i )
fo
r
a
ll

y
∈

[m
in

Q
(b

i,x ),
x].

Y
e
t
th
e
n
,

b
y
d
e
fin

itio
n

o
f
th
e
in
d
iffe

re
n
ce

le
v
e
l
v ∗i,[m

in
Q

(b
i,x ),x] (b

i ),
b
id
d
e
r
i

m
u
st

strictly
p
re
fe
r
to

d
e
v
ia
te

b
y
slig

h
tly

ra
isin

g
h
is

p
rice

o
n
a
ll

u
n
its

in[m
in

Q
(b

i,x ),
x],

a
co

n
tra

d
ictio

n
.
W

e
co

n
clu

d
e
th
a
t
v
i,x ≤

v ∗i,[m
in

Q
(b

i,x ),x] (b
i )
fo
r
a
ll
x=

1
,
...,

q
.
S
in
ce

v
i,q ≤

v
i,x

fo
r
a
ll
x=

1
,
...,

q
b
y
N
IM

V
,v

i,q ≤
m
in

x=
1
,...,q

v ∗i,[m
in

Q
(b

i,x ),x] (b
i ).A

sy
m
m
e
tric

a
rg
u
m
e
n
t
e
sta

b
lish

e
s
th
a
t
v
i,q ≥

m
a
x
x=

q
,...,S

v ∗i,[x,m
a
x
Q

(b
i,x )] (b

i ).

PartII:
v
i,q ≤

m
in

x=
1
,...,q

v̂
i,x (b

i )
a
n
d

v
i,q ≥

m
a
x
x=

q
,...,S

v̌
i,x (b

i ).
A
s

in
P
a
rt

I,
to

p
ro
v
e

v
i,q ≤

m
in

x=
1
,...,q

v̂
i,x (b

i ),
it
su

ffice
s
b
y
N
IM

V
to

sh
o
w

th
a
t
v
i,x ≤

v̂
i,x (b

i )
fo
r
a
ll
x≤

q
.



D
.M

cA
d
a
m
s
/
Jo
u
rn
a
l
o
f
E
co
n
o
m
etrics

1
4
6
(2
0
0
8
)
7
4
–
8
5

8
3

S
u
p
p
o
se

fo
r
th
e
sa
k
e
o
f
co

n
tra

d
ictio

n
th
a
t
v
i,x

>
v̂
i,x (b

i )
fo
r

so
m
e
x ≤

q
.
B
y
N
IM

V
a
n
d
th
e
fa
ct

th
a
t

d
Π

i,y
(b

i,y
,v

i,y
)

d
b
i,y

is
in
cre

a
sin

g

in
v
i,y

fo
r
a
ll
y
,

∑y∈[m
in

Q
(b

i,x ),x]

d
Π

i,y (b
i,y ,

v
i,y )

d
b
i,y

>
∑y∈[m
in

Q
(b

i,x ),x]

d
Π

i,y (b
i,y ,

v̂
i,x (b

i ))

d
b
i,y

.
(4
0
)

N
e
x
t,
le
t
z (x)=

a
rg

m
a
x
z=

x+
1
,...,m

a
x
Q

(b
i,x+

1
) {

v ∗i,[z,m
a
x
Q

(b
i,x+

1
)] (b

i ) }
.

B
y
d
e
fin

itio
n
o
f
th
e
in
d
iffe

re
n
ce

le
v
e
l
v ∗i,[z(x),m

a
x
Q

(b
i,x+

1
)] (b

i ),

∑
y∈[z(x),m

a
x
Q

(b
i,x+

1
)]

d
Π

i,y (b
i,y ,

v ∗i,[z(x),m
a
x
Q

(b
i,x+

1
)] (b

i ))

d
b
i,y

=
0
.

(4
1
)

A
t
th
e
sa
m
e
tim

e
,v

i ∈
V

F
O
C

i
(b

i )
im

p
lie

s

∑
y∈[z(x),m

a
x
Q

(b
i,x+

1
)]

d
Π

i,y (b
i,y ,

v
i,y )

d
b
i,y

≥
0

(4
2
)

sin
ce

o
th
e
rw

ise
b
id
d
e
r
i
w
o
u
ld

strictly
p
re
fe
r
to

d
e
v
ia
te

b
y
lo
w
e
r-

in
g
h
is
p
rice

o
n
a
ll
q
u
a
n
titie

s
in

th
e
ra
n
g
e[z(x),

m
a
x
Q

(b
i,x+

1 )].
N
e
x
t,S

te
p
I
im

p
lie

s
v
i,y ≥

v ∗i,[z(x),m
a
x
Q

(b
i,x+

1
)] (b

i )
fo
r
a
ll
y≤

z(x).

In
p
a
rticu

la
r,

∑y∈[x+
1
,z(x)−

1]

d
Π

i,y (b
i,y ,

v
i,y )

d
b
i,y

≥
∑y∈[x+
1
,z(x)−

1]

d
Π

i,y (
b
i,y ,

v ∗i,[z(x),m
a
x
Q

(b
i,x+

1
)] (b

i ) )
d
b
i,y

.
(4
3
)

C
o
m
b
in
in
g
th
e
first

e
q
u
a
tio

n
in

B
o
x
I,
a
n
d
(4
0
)–
(4
3
),
w
e
co

n
clu

d
e

th
a
t

∑
y∈[m

in
Q

(b
i,x ),m

a
x
Q

(b
i,x+

1
)]

d
Π

i,y (b
i,y ,

v
i,y )

d
b
i,y

>
0
.

T
h
is

co
n
tra

d
icts

th
e
a
ssu

m
p
tio

n
th
a
tv

i ∈
V

F
O
C

i
(b

i ),
sin

ce
b
id
d
e
r
i

strictly
p
re
fe
rs

to
d
e
v
ia
te

b
y
ra
isin

g
h
is

p
rice

o
n
a
ll
q
u
a
n
titie

s
in

th
e
ra
n
g
e[m

in
Q

(b
i,x ),

m
a
x
Q

(b
i,x+

1 )].
W

e
co

n
clu

d
e
th
a
t

v
i,q

≤
m
in

x=
1
,...,q

v̂
i,x (b

i ).
A

sy
m
m
e
tric

a
rg
u
m
e
n
t
e
sta

b
lish

e
s

v
i,q

≥
m
a
x
x=

q
,...,S

v̌
i,x (b

i ).T
h
is
co

m
p
le
te
s
th
e
p
ro
o
f
o
f
T
h
e
o
re
m

2
(a
).

PartIII:Tightnessofbounds.
D
e
fin

e
v ′i

o
f
T
h
e
o
re
m

2
(b
)
a
s
fo
llo

w
s:

v ′i,x =
v
i,q (b

i )
fo
r
a
ll
x∈

[ m
in

Q
(b

i,q ),
q],v ′i,x =

v
i,q+

1 (b
i )
fo
r
a
ll
x∈[q+

1
,
m
a
x
Q

(b
i,q+

1 )],
a
n
d

v ′i,x =
v ∗i,Q

(b
i,x ) (b

i )
fo
r
a
ll
x	∈

Q
(b

i,q )∪
Q

(b
i,q+

1 ).
I
m
u
st

sh
o
w

th
a
tv ′i ∈

V
N
IM

V
a
n
d
th
a
tv ′i ∈

V
F
O
C

i
(b

i ).

P
a
rt

III-a
:
n
o
n
-in

crea
sin

g
m
a
rg
in
a
l
v
a
lu
es.

Le
t
Q

(b
)
b
e
a
n
y
(n
o
n
-

e
m
p
ty
)
ste

p
o
f
q
u
a
n
titie

s
a
ll
b
id

a
t
p
rice

b
.B

y
(1
2
),v

i,m
in

Q
(b

) (b
i )≥

v ∗i,Q
(b

) (b
i ).

S
im

ila
rly

,
b
y

(1
1
),

v
i,m

a
x
Q

(b
) (b

i )
≤

v ∗i,Q
(b

) (b
i ).

N
e
x
t,

n
o
te

th
a
t
v
i,q (b

i )
a
n
d

v
i,q (b

i )
a
re

n
o
n
-in

cre
a
sin

g
in

q
b
y
d
e
fin

itio
n
.

F
in
a
lly

,
sin

ce
V

F
O
C

i
(b

i )∩
V

N
IM

V
	=

∅
,
T
h
e
o
re
m

2
(a
)
im

p
lie

s
th
a
t

v
i,q (b

i )≥
v
i,q (b

i )
fo
r
a
ll
q
.A

ll
to
g
e
th
e
r,w

e
co

n
clu

d
e
th
a
t

v ∗i,Q
(b

) (b
i )≥

v
i,q

fo
r
a
ll
q

>
m
a
x
Q

(b
)

(4
4
)

≤
v
i,q

fo
r
a
ll
q

<
m
in

Q
(b

)
(4
5
)

∈
[v

i,q ,
v
i,q ]

fo
r
a
ll
q∈

Q
(b

).
(4
6
)

A
s

ca
n

b
e

e
a
sily

ch
e
ck

e
d
,
(4
4
)–
(4
6
)
to
g
e
th
e
r

im
p
ly

th
a
t
th
e

m
a
rg
in
a
l
v
a
lu
e

sch
e
d
u
le

v ′i
is

n
o
n
-in

cre
a
sin

g
.
(T
h
e

d
e
ta
ils

a
re

stra
ig
h
tfo

rw
a
rd

a
n
d
o
m
itte

d
.)

P
a
rt

III-b
:
first-o

rd
er

co
n
d
itio

n
s
a
llsa

tisfied
.R

e
p
e
a
tin

g
a
n
a
rg
u
m
e
n
t

p
ro
v
id
e
d
in

th
e
p
ro
o
f
o
f
T
h
e
o
re
m

1
,it

su
ffice

s
to

ch
e
ck

th
a
t

∑y∈[m
in

Q
(b

i,x ),x]

d
Π

i,y (b
i,y ,

v ′i,y )

d
b
i,y

≤
0

fo
r
a
ll
q
u
a
n
titie

s
q

(4
7
)

∑y∈
Q

(b
i,x )

d
Π

i,y (b
i,y ,

v ′i,y )

d
b
i,y

=
0

fo
r
a
ll
ste

p
s
Q

(b
).

(4
8
)

T
h
e
re

a
re

tw
o
ca
se
s
to

co
n
sid

e
r.

First
ca
se:

x 	∈
Q

(b
i,q )∪

Q
(b

i,q+
1 ).

In
th
is

ca
se
,
v ′i,y =

v ∗i,Q
(b

i,x ) (b
i )

fo
r
a
ll
y∈

Q
(b

i,x ).R
e
ca
ll
th
a
t,b

y
d
e
fin

itio
n
o
f
v ∗i,Q

(b
i,x ) (b

i )

∑y∈
Q

(b
i,x )

d
Π

i,y (b
i,y ,

v ∗i,Q
(b

i,x ) (b
i ))

d
b
i,y

=
0
.

(4
9
)

T
h
u
s,

it
su

ffice
s
to

sh
o
w ∑

y∈[m
in

Q
(b

i,x ),x]
d
Π

i,y
(b

i,y
,v ∗i,Q

(b
i,x

) (b
i ))

d
b
i,y

≤
0

fo
r
x

=
m
in

Q
(b

),
...,

m
a
x
Q

(b
)−

1
.
S
u
p
p
o
se

fo
r
th
e
sa
k
e
o
f

co
n
tra

d
ictio

n
th
a
t

∑y∈[m
in

Q
(b

i,x ),x]

d
Π

i,y (b
i,y ,

v ∗i,Q
(b

i,x ) (b
i ))

d
b
i,y

>
0
.

(5
0
)

B
y
(3
)
a
n
d
th
e
D
e
fin

itio
n
3
o
f
th
e
in
d
iffe

re
n
ce

le
v
e
ls

v ∗i,[m
in

Q
(b

i,x ),x]
(b

i ),
v ∗i,[m

in
Q

(b
i,x ),x] (b

i )
<

v ∗i,Q
(b

i,x ) (b
i ).

A
lso

,
b
y

th
e

d
e
fin

itio
n

o
f

th
e

u
p
p
e
r

b
o
u
n
d

v
i,x (b

i ),
v
i,x (b

i )
≤

v ∗i,[m
in

Q
(b

i,x ),x] (b
i ).

W
e

co
n
clu

d
e

th
a
t

v
i,x (b

i )
<

v ∗i,Q
(b

i,x ) (b
i ).

N
e
x
t,

n
o
te

th
a
t

x
=

m
in

Q
(b

),
...,

m
a
x
Q

(b
)−

1
a
n
d

(4
9
)
a
n
d

(5
0
)
im

p
ly

∑
y∈[x+

1
,m

a
x
Q

(b
i,x )]

d
Π

i,y
(b

i,y
,v ∗i,Q

(b
i,x

) (b
i ))

d
b
i,y

<
0
.
B
y

a
sy
m
m
e
tric

a
rg
u
m
e
n
t,w

e
co

n
clu

d
e
th
a
t
v
i,x+

1 (b
i )

>
v ∗i,Q

(b
i,x ) (b

i ).A
ll
to
g
e
th
e
r,

w
e
co

n
clu

d
e
th
a
t

v
i,x+

1 (b
i )

>
v
i,x (b

i ).
Y
e
t
th
is

co
n
tra

d
icts

th
e

p
re
su

m
p
tio

n
th
a
t
V

F
O
C

i
(b

i )∩
V

N
IM

V	=
∅
sin

ce
,fo

r
a
n
y
e
le
m
e
n
tv

i o
f

th
is

se
t, v

i,x ≤
v
i,x (b

i ),v
i,x+

1 ≥
v
i,x+

1 (b
i ),a

n
d

v
i,x ≥

v
i,x+

1
is

o
n
ly

p
o
ssib

le
if

v
i,x+

1 (b
i )≤

v
i,x (b

i ).

Seco
n
d
ca
se:

x ∈
Q

(b
i,q )∪

Q
(b

i,q+
1 ).

W
ith

o
u
t
lo
ss,

su
p
p
o
se

th
a
t

x
∈

Q
(b

i,q ).
(T
h
e
a
rg
u
m
e
n
t
fo
r
x

∈
Q

(b
i,q+

1 )
is

sy
m
m
e
tric.)

B
y

d
e
fin

itio
n
o
f
th
e
u
p
p
e
r
b
o
u
n
d
,
v
i,x (b

i )≤
v ∗i,[m

in
Q

(b
i,q

),x] (b
i ).

S
in
ce

v ′i,q =
v
i,x (b

i )
fo
r
a
ll
q∈[m

in
Q

(b
i,x ),

x],
∑y∈[m
in

Q
(b

i,x ),x]

d
Π

i,y (b
i,y ,

v ′i,q )

d
b
i,y

≤
0

(5
1
)

a
n
d

it
su

ffice
s

to
sh

o
w ∑

y∈
Q

(b
i,x )

d
Π

i,y
(b

i,y
,v ′i,y

)

d
b
i,y

=
0
.
If

x
	=

m
a
x
Q

(b
i,x ),th

e
d
e
sire

d
re
su

lt
fo
llo

w
s
im

m
e
d
ia
te
ly

fro
m

Le
m
m
a
2
,

sin
ce

Q
(b

i,x )=
Q

(b
i,x+

1 ).
S
o
su

p
p
o
se

th
a
t
x=

m
a
x
Q

(b
i,x ).

T
h
e

d
e
sire

d
re
su

lt
n
o
w

fo
llo

w
s
fro

m
(5
1
)
u
n
less

∑y∈
Q

(b
i,x )

d
Π

i,y (b
i,y ,

v ′i,q )

d
b
i,y

<
0
.

(5
2
)

Y
e
t
th
is

co
n
tra

d
icts

th
e
p
re
su

m
p
tio

n
th
a
t
V

F
O
C

i
(b

i )∩
V

N
IM

V	=
∅

sin
ce

,
fo
r
a
n
y
e
le
m
e
n
t
v
i
o
f
th
is

se
t,

v
i,y

≤
v
i,y (b

i )
fo
r
a
ll

y
∈

Q
(b

i,x )
a
n
d

v
i
n
o
n
-in

cre
a
sin

g
im

p
lie

s
v
i,y

≤
v
i,m

a
x
Q

(b
i,x ) (b

i )
=

v ′i,y
fo
r

a
ll

y
∈

Q
(b

i,x ).
B
y

(3
)
a
n
d

(5
2
),

th
is

im
p
lie

s
th
a
t

∑
y∈

Q
(b

i,x )

d
Π

i,y
(b

i,y
,v

i,q
)

d
b
i,y

<
0
,
so

th
a
t
b
id
d
e
r
i
strictly

p
re
fe
rs

to

d
e
v
ia
te

g
iv
e
n
v
a
lu
e
s
v
i
b
y
lo
w
e
rin

g
h
is

p
rice

o
n
a
ll
q
u
a
n
titie

s
in

th
e
ste

p
Q

(b
i,x ).T

h
is
co

m
p
le
te
s
th
e
p
ro
o
f.

�



8
4

D
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cA
d
a
m
s
/
Jo
u
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a
l
o
f
E
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n
o
m
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1
4
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0
0
8
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7
4
–
8
5

A
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.
P
ro
o
f
o
f
Le

m
m
a
2
.

Step
1:Sim

plifying
the

definition
of

v
i,q (b

i )
and

v
i,q+

1 (b
i ).

Le
t

Q
(b

)
b
e
a
n
y
(n
o
n
-e
m
p
ty
)
ste

p
.
v
i,m

in
Q

(b
)

≤
v ∗i,Q

(b
) (b

i )
b
y
(1
1
).

S
u
p
p
o
se

fo
r
th
e
m
o
m
e
n
t
th
a
t
v
i,m

in
Q

(b
)

<
v ∗i,Q

(b
) (b

i ).
T
h
e
n

v
i,x

<

v
i,m

a
x
Q

(b
)
fo
r
a
ll
x∈

Q
(b

),
in

w
h
ich

ca
se

b
id
d
e
r
i
strictly

p
re
fe
rs

to
d
e
v
ia
te

b
y

lo
w
e
rin

g
h
is

p
rice

o
n

a
ll

q
u
a
n
titie

s
in

Q
(b

),
a

co
n
tra

d
ictio

n
o
f
th
e
p
re
su

m
p
tio

n
th
a
t
V

F
O
C

i
(b

i )∩
V

N
IM

V	=
∅
.
W

e

co
n
clu

d
e
th
a
t
v
i,m

in
Q

(b
) =

v ∗i,Q
(b

) (b
i ),w

h
ile

a
sy
m
m
e
tric

a
rg
u
m
e
n
t

e
sta

b
lish

e
s
v
i,m

in
Q

(b
) =

v ∗i,Q
(b

) (b
i ).B

y
(1
1
)
a
n
d
(1
2
),it

m
u
st

b
e
th
a
t

m
in

x=
1
,...,m

in
Q

(b
)−

1 {
v ∗i,[m

in
Q

(b
i,x ),x] (b

i ),
v̂
i,x (b

i ) }
≥

v ∗i,Q
(b

) (b
i )

≥
m
a
x

x=
m
a
x
Q

(b
)+

1
,S {

v ∗i,[x,m
a
x
Q

(b
i,x )] (b

i ),
v̌
i,x (b

i ) }
.

In
p
a
rticu

la
r,(1

1
)
a
n
d
(1
2
)
a
s
a
p
p
lie

d
to

q
u
a
n
titie

s
q
,
q+

1
re
d
u
ce

tov
i,q (b

i )=
m
in

x=
m
in

Q
(b

i,q
),...,q {v ∗i,[m

in
Q

(b
i,q

),x] (b
i ),

v̂
i,x (b

i )}
(5
3
)

v
i,q+

1 (b
i )=

m
a
x

x=
q+

1
,...,m

a
x
Q

(b
i,q+

1
) {v ∗i,[x,m

a
x
Q

(b
i,q+

1
)] (b

i ),
v̌
i,x (b

i )}.
(5
4
)

Step
2:Com

plete
the

proof.D
e
fin

e
te
rm

s

X
1=

m
in

x=
m
in

Q
(b

i,q
),...,q ⎧⎨⎩

q
∑y=

m
in

Q
(b

i,q
)

d
Π

i,y (b
i,y ,

v ∗i,[m
in

Q
(b

i,q
),x] (b

i ))

d
b
i,y

⎫⎬⎭
X

2=
m
a
x

x=
q+

1
,...,m

a
x
Q

(b
i,q+

1
)

× {
m
a
x
Q

(b
i,q+

1
)

∑y=
q+

1

d
Π

i,y (b
i,y ,

v ∗i,[x,m
a
x
Q

(b
i,q+

1
)] (b

i ))

d
b
i,y

}
.

B
y
B
o
x
I,(5

3
)
a
n
d
(5
4
),

q
∑y=

m
in

Q
(b

i,q
)

d
Π

i,y (b
i,y ,

v
i,q (b

i ))

d
b
i,y

=
m
in{X

1,−
X

2}

m
a
x
Q

(b
i,q+

1
)

∑y=
q+

1

d
Π

i,y (b
i,y ,

v
i,q+

1 (b
i ))

d
b
i,y

=
m
a
x{−

X
1,

X
2}.

C
o
n
se
q
u
e
n
tly

,

q
∑y=

m
in

Q
(b

i,q
)

d
Π

i,y (b
i,y ,

v
i,q (b

i ))

d
b
i,y

+
m
a
x
Q

(b
i,q+

1
)

∑y=
q+

1

d
Π

i,y (b
i,y ,

v
i,q+

1 (b
i ))

d
b
i,y

=
0
.

T
h
is
co

m
p
le
te
s
th
e
p
ro
o
f.

�

A
.4
.
P
ro
o
f
o
f
Le

m
m
a
3
.

T
h
e
p
ro
o
f
th
a
t
v
i ∈

V
F
O
C

i
(b

i )
im

p
lie

s
(2
8
)
a
n
d
(2
9
)
is

n
e
a
rly

im
m
e
d
ia
te
:
(2
8
)
fo
llo

w
s
fro

m
(2
7
)
w
h
e
n
w
e
co

n
sid

e
r
th
e
fe
a
sib

le

d
e
v
ia
tio

n
b̂ +

,[1
,q]

i
w
h
ile

(2
9
)
fo
llo

w
s
fro

m
(2
7
)
w
h
e
n
w
e
co

n
sid

e
r

th
e
tw

o
fe
a
sib

le
d
e
v
ia
tio

n
s
b̂ +

,[1
,m

a
x
Q

(b
)]

i
a
n
d

b̂ −
,[1

,m
a
x
Q

(b
)]

i
.
(S
e
e

(3
0
)
a
n
d
(3
1
)
fo
r
d
e
fin

itio
n
s
a
n
d
th
e
su

rro
u
n
d
in
g
te
x
t
fo
r
w
h
y
th
e
se

d
e
v
ia
tio

n
s
a
re

fe
a
sib

le
.)
S
o
m
e
w
h
a
t
le
ss

o
b
v
io
u
s
is
th
e
fa
ct

th
a
t
(2
8
)

a
n
d
(2
9
)
a
re

su
fficien

t
co

n
d
itio

n
s
fo
rv

i ∈
V

F
O
C

i
.

S
u
p
p
o
se

th
a
t
v
i

	∈
V

F
O
C

i
(b

i ),
i.e

.
th
e
re

e
x
ists

so
m
e

fe
a
sib

le

d
e
v
ia
tio

n
b̂
i
su

ch
th
a
t ∑

Sq=
1 (b̂

i,q −
b
i,q )

d
Π

i,q
(b

i,q
,v

i,q
)

d
b
i,q

>
0
.
T
o

co
m
p
le
te

th
e
p
ro
o
f,I

w
ill

sh
o
w

th
a
t
e
ith

e
r
(2
8
)
m
u
st

fa
il
fo
r
so

m
e

q
u
a
n
tity

q=
1
,
...,

S−
1
o
r
(2
9
)
m
u
st

fa
il
fo
r
so

m
e
ste

p
Q

(b
)∈

Q
(b

i ).
F
irst,

th
e
re

m
u
st

e
x
ist

so
m
e

ste
p

Q
(b

)
∈

Q
(b

i )
su

ch
th
a
t

∑
q∈

Q
(b

) (b̂
i,q −

b
)
d
Π

i,q
(b

,v
i,q

)

d
b
i,q

>
0
.
(R
e
ca
ll
th
a
t,
w
h
e
n
re
fe
rrin

g
to

ste
p
s,

I
u
se

b
to

d
e
n
o
te

th
e
p
rice

b
id

o
n

a
ll

u
n
its

in
ste

p
Q

(b
),

i.e
.
b
i,q

=
b

fo
r
a
ll

q
∈

Q
(b

).)
S
in
ce

b̂
i
is

fe
a
sib

le
,
it

m
u
st

b
e
n
o
n
-d

e
cre

a
sin

g
,
h
e
n
ce

th
e
v
e
cto

r
o
f
d
iffe

re
n
ce

s
(b̂

i,m
in

Q
(b

) −
b
,
...,

b̂
i,m

a
x
Q

(b
) −

b
)
is
n
o
n
-d

e
cre

a
sin

g
.C

o
n
se
q
u
e
n
tly

,th
is
v
e
cto

r

o
f
d
iffe

re
n
ce

s
h
a
s
a
d
e
co

m
p
o
sitio

n
o
f
th
e
fo
rm

(b̂
i,m

a
x
Q

(b
) −

b
)∗

( 1
,
...,

1
)+

(b̂
i,m

a
x
Q

(b
)−

1 −
b̂
i,m

a
x
Q

(b
) )∗

(1
,
...,

1
,
0
)+

···+
( b̂

i,m
in

Q
(b

) −
b̂
i,m

in
Q

(b
)+

1 )∗
(1

,
0
,
...,

0
).W

e
m
a
y
th
e
re
fo
re

re
-w

rite

∑q∈
Q

(b
) (b̂

i,q −
b
)
d
Π

i,q (b
,
v
i,q )

d
b
i,q

=
(b̂

i,m
a
x
Q

(b
) −

b
) ∑q∈

Q
(b

)

d
Π

i,q (b
,
v
i,q )

d
b
i,q

+
m
a
x
Q

(b
)−

1
∑q=
m
in

Q
(b

) (b̂
i,q −

b̂
i,q+

1 )

q
∑y=
m
in

Q
(b

)

d
Π

i,y (b
,
v
i,y )

d
b
i,y

.
(5
5
)

S
in
ce

th
e
le
ft-h

a
n
d
-sid

e
o
f
(5
5
)
is
p
o
sitiv

e
,it

m
u
st

b
e
th
a
t
e
ith

e
r
(i)

∑
q∈

Q
(b

)

d
Π

i,q
(b

,v
i,q

)

d
b
i,q

>
0
o
r
(ii) ∑

qy =
m
in

Q
(b

)

d
Π

i,y
(b

,v
i,y

)

d
b
i,y

>
0
fo
r
so

m
e

q ∈[m
in

Q
(b

),
m
a
x
Q

(b
)−

1].
B
y

p
re
su

m
p
tio

n
,
(2
9
)
is

sa
tisfie

d
fo
r
a
ll

ste
p
s
h
a
v
in
g

p
rice

s

h
ig
h
er

th
a
n
b
,so

th
a
t ∑

m
in

Q
(b

)−
1

q=
1

d
Π

i,q
(b

i,q
,v

i,q
)

d
b
i,q

=
0
.T
h
u
s,(i)

im
p
lie

s
∑

q≤
m
a
x
Q

(b
)

d
Π

i,q
(b

i,q
,v

i,q
)

d
b
i,q

>
0
,
a
v
io
la
tio

n
o
f
(2
9
)
fo
r
ste

p
Q

(b
).

S
im

ila
rly

,(ii)
im

p
lie

s ∑
y≤

q

d
Π

i,y
(b

i,q
,v

i,y
)

d
b
i,q

>
0
fo
r
so

m
e
q
u
a
n
tity

q
,a

v
io
la
tio

n
o
f
(2
8
).T

h
is
co

m
p
le
te
s
th
e
co

n
tra

d
ictio

n
.

�

A
.5
.
P
ro
o
f
o
f
P
ro
p
o
sitio

n
1
.

Proof.
F
o
r
a
ll

b
2

∈
[0

,
1],

o
b
se
rv
e
th
a
t:

w
2
,1 (b

2 )
=

P
r(b

2
>

b
1
,2 )=

b
2 (2−

b
2 )

a
n
d

w
′2
,1 (b

2 )=
2−

2
b
2 ;

w
2
,2 (b

2 )=
P
r(b

2
>

b
1
,1 )

=
b
22
a
n
d

w
′2
,2 (b

2 )
=

2
b
2 ;

a
n
d

p
2
,2 (b

2 )
=

P
r(b

1
,1

>

b
2

>
b
1
,2 )=

2
b
2 (1−

b
2 ).

B
y
(2
6
),v ∗

,U
2

(b
2 ,

b
2 )=

(b
2 ,

1
)
fo
r
a
ll

b
2 ∈[0

,
1].T

h
u
s,

V
F
O
C

i
(b

2 ,
b
2 )=

{(b
2 ,

1
)+

c
1 (−

2
b
2 ,

2−
2
b
2 )

fo
r
c
1 ≥

0}.
W

e
m
u
st

a
lso

ch
e
ck

w
h
e
th
e
r
b
id
d
e
r
2
h
a
s
a
n
y
p
ro
fita

b
le

g
lo
b
a
l

d
e
v
ia
tio

n
s.

Seco
n
d
-o
rd
er

co
n
d
itio

n
s.F

irst
o
fa

ll,it
m
u
st
b
e
th
a
t
Π

2
,1 (b

2
,1 ,

v
2
,1 )+

Π
2
,2 (b

2
,2 ,

v
2
,2 )

is
w
e
a
k
ly

co
n
ca
v
e
,o

th
e
rw

ise
b
id
d
e
r
2
m
u
st

p
re
fe
r

to
e
ith

e
r
ra
ise

o
r
lo
w
e
r
b
o
th

u
n
it-b

id
s
fro

m
b
2 .
F
o
r
a
ll
b
2 ∈

[0
,
1]

ro
u
tin

e
ca
lcu

la
tio

n
s
sh

o
w

E[b
1
,1 |b

2
>

b
1
,1 ]=

2
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