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Abstract

The problem of material failure is of considerable importance in several applications.
We will analyze a discrete atom chain model as a means of studying a material failure
problem in a random medium. For different assumptions on the atomistic interaction
potential, we determine the conditions necessary for material failure, and conclude
failure may only occur in the event of a large deviation in the random model parame-
ters. This observation is then used to derive asymptotic bounds on the probability of
failure. Furthermore, we use our theoretical results to motivate the development of
an importance sampling algorithm to calculate rare failure probabilities with greater

efficiency than standard Monte Carlo methods.
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1

Introduction

Rare event simulation is an area of particular interest in many disciplines. Sev-
eral applications can be found in the fields of Materials Science, Biology, Finance
and Chemistry, among others (See [2, 16, 17, 26| for a few examples). As their name
implies, rare events are those which are observed very infrequently. This may be due
to an inherently low probability of the event occurring, or because it occurs on a
much longer time scale than what can be achieved during simulation. Despite their
rarity, these events are often of considerable significance as they result in major (and
sometimes catastrophic) changes to the system. In order to be able to predict these
events and prevent any detrimental influences they may have, gaining a thorough
understanding of rare events is vital. Unfortunately, this presents a considerable
challenge for two main reasons. First, it is often computationally infeasible to simu-
late rare events through conventional simulation methods. Because the probability
of the event is extremely low, a large number of realizations of the system would be
necessary to observe even one occurrence of the event in question. Considering that

each realization might be expensive to generate, this can quickly become a prohibitive



barrier to direct simulation techniques. Secondly, the problem is further exacerbated
by the random nature of the system. It may be extremely time consuming to observe
a single occurrence of the rare event, but observation of multiple such occurrences
will be necessary to estimate the probability of the event reliably. These challenges
necessitate the use of better procedures to calculate probabilities of rare events.

The primary application of these ideas studied in this work is to the failure prob-
lem in a random material. Failure is defined as a large deformation in the material’s
structure, causing it to change shape or break apart. Needless to say, such a fail-
ure event could have dire consequences, preventing the material from performing as
intended. As such, quantifying the probability of failure based on relevant material
properties is important to ensure that failure events are sufficiently rare to lie within
acceptable error tolerances. This problem has been studied in the context of a con-
tinuum PDE model in [17, 18]. However, it is precisely during the event of interest,
when the material breaks, that a continuum model ceases to provide an accurate
description. The goal of this thesis is to generalize the results and analyses of the
continuum model to an atomistic model of the material.

In this context, there are two primary objectives we aim to address. The first is
to provide asymptotic upper bounds on the failure probabilities of the material, in
the case of a large failure threshold. The second objective is to develop more efficient
algorithms for calculating these failure probabilities, based on importance sampling
techniques. These algorithms are informed by a theoretical analysis of the failure
problem and designed to yield more occurrences of failure events during simulations.

In the remainder of this chapter, we shall give a brief overview of material failure
problems and introduce the model we will study. Next, basic preliminaries necessary
for the remainder of the thesis will be laid out. Much of the material covered in

this section is well known, and is only reproduced here for the sake of completeness



and to establish notations. Chapter 2 will focus on a theoretical analysis of failure
probabilities for an atom chain model with nearest neighbor interactions. In chapter
3, this analysis is utilized to develop an efficient importance sampling algorithm, and
its performance is discussed. Chapters 4 and 5 are analogous to 2 and 3, but will
instead focus on a more complicated model including next nearest neighbor atomistic
interactions. Lastly, we conclude with a summary of our results and a discussion of

future work.

1.1 Material Failure Problems

Failure problems have an immense importance in a variety of contexts, and have
been extensively studied (see for example [1, 3]). A general framework has been de-
veloped in the Engineering literature for determining the reliability of a system in the
presence of uncertainty, by determining a quantity known as the failure probability
([9, 13, 22]). The key object in this theory is the limit-state function g(z,v), which
represents the state of the system in terms of known design variables = and uncertain
quantities v. It is said the system is in a state of failure if, for a given realization of

v, g(z,v) > 0. One is thus interested in the failure probability,

p = P(g(z,v) > 0)

There are many possible criteria for material failure which may be incorporated
into this framework, but we shall focus on a maximum strain criterion. This states
a failure occurs when the largest strain in the material exceeds a specified critical
value b, so that if du(z,v) is the maximum strain in the system, then g = du — b.
We shall discuss how this can be specialized to specific formulations for the model

of a material below.



1.1.1  Continuum Descriptions

Material failure problems in random media have previously been studied in the
context of an elastic continuum model in [17, 18]. In these works, the displacement
field u of a material under external forcing f(x) is assumed to satisfy an elliptic PDE

over some domain D:

—V(a(x)Vu(x)) = f(x) forxze D

u(z) =0 for x € 0D

a(x) encodes the material’s stiffness and is assumed to be a log-normal random field,

a(z) = e,
where v(x) is a Gaussian random field and ¢ > 0. With this set-up, the maximum
strain criterion becomes:

sup |Vu| > b,
zeD

for some specified threshold value b. When this condition is satisfied, the material is

assumed to have failed. The key quantity of interest is the failure probability,

P (sup |Vu| > b)
zeD

There are two interesting regimes in which tail probabilities of this type may be

studied. The first is the small noise limit, i.e. ¢ — 0. Even when the noise level

is small, the randomness can lead to significant deviations from the deterministic

limit. Asymptotic estimates of tail probabilities relating to the solutions of (1.1)



were considered in the recent work [14]. The second regime of interest is when the
failure threshold is large, i.e. b — oo, and we shall focus on this case in what follows.

In [18] the failure probability is examined for large b in the one dimensional case,
with a delta function external force. It was shown in Theorem 2.1 of that paper the

failure probability satisfies, to leading order,

P (i‘éﬁ V| > b> N (ln(g—a—m exp (_W» , (12)

for known constants D, k. The argument is based on knowledge of the exact solu-
tion to the PDE (1.1) in the 1-D case. The numerical computation of the failure
probability was addressed in [17]. In that paper, an efficient importance sampling
algorithm was developed, where the change of measure is based on the intuition that
failure at a location x € D is associated with a large deviation of the underlying field
a(x), specifically that —In(a(x)) ~ In(b).

Based on the above works, we have a good understanding of the overall behav-
ior of the failure problem in a continuum setting. However, the continuum model
assumes we are in the regime of relatively small deformations u in the absence of
fractures/defects in the material. Hence, it is precisely when the failure event of
interest occurs that the underlying assumptions of the continuum model break down
(mathematically speaking, solutions u satisfying the maximum strain criterion will
fail to be C! in the limit b — oc). In order to properly capture details of the fail-
ure event, it is better to use an atomistic model for the material. Thus, one of our
primary objectives is to extend the findings from the continuum models to atomistic
ones.

The main advantage of the atomistic approach is the ability to model material

behavior in greater detail, including variations in material properties at the micro-



scopic level. The downside, however, is that the atomistic problem generally is more
complex both analytically and computationally. Perhaps the ideal approach in prac-
tice is to make use of hybrid methods based on atomistic to continuum coupling
schemes such as the QNL or QCF (see [5, 15, 20] for more on such methods). In this
case, we could use the fully atomistic model in the vicinity of the break location for
its greater accuracy and use the continuum model away from this for its efficiency.
Even when using such a method, however, a thorough understanding of the fully

atomistic model is critical, and that shall be the focus of this work.

1.1.2 Atom Chain Models

A material will be modeled as single chain of N atoms, indexed by the integers
1,2,---, N. Furthermore, for convenience in handling boundary conditions, we add
four additional “ghost atoms” with indices —1,0, N + 1, and N + 2. We assume
that atom ¢ can interact with its nearest neighbors in the chain (atoms ¢ — 1 and
i + 1) according to a potential V, and with its next nearest neighbors (atoms i — 2
and i 4+ 2) according to V5. Typical choices for these potentials are (appropriately
scaled versions of) the harmonic potential V(x) = 2 and Lennard-Jones potential
V(z) = I% — % These potentials are depicted in Figure 1.1. In this thesis, we
will use the harmonic potential as a simplified model, however the Lennard-Jones
potential provides a more realistic model of atomistic interactions.

The strength of the interaction between atoms ¢ and ¢ — 1 is given by a random
coefficient ¢! drawn from a distribution Z'. Similarly, the interaction between atoms
i and ¢ — 2 has a strength given by &2, which is obtained from the distribution =2.
The stochasticity in these coefficients takes into account the uncertainty and spatial

inhomogeneity in the material’s strength at the atomistic scale. We will assume

in subsequent analysis =/ are log-normal distributions: this assumption is used in



[17, 18] and justification for using such a model for material properties is given in

[24]. Under the log-normal assumption, if v/ = (v],v3,... 1) is a N'(0,3) random

. ; i . . : . .
variable, then § = e . X is a specified covariance matrix with entries o;;. To

generate the &/ we set

& = exp((AR' + p);), (1.3)

where R', 1 = 1,2 are independently generated vectors of i.i.d. A(0,I) random
variables, and ¥ = AAT is the Cholesky decomposition of the covariance matrix.
We have assumed here that ¢!, €2 are independent, but this is not necessary for the
subsequent analysis. This restriction is mainly made for the ease of presentation
of certain results. In practice we will typically choose ¥ to be determined by the

Gaussian kernel, so

oy = exp (—(i = 7)?), (1.4)

for some constant . Other choices for the covariance are of course possible, but
the entries should decay as we move further away from the main diagonal. This
assumption is physically reasonable, as we expect atoms that are very far apart from
each other should not have much direct influence on each other. In particular, for

R < 1 we impose the following decay criterion:
|Jij| S R‘i*ﬂaii (15)

If no external force is applied to the material, then each atom will settle into an

equilibrium position x;. The equilibrium spacing between atoms will be defined by

€= — (1.6)
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F1GURE 1.1: Examples of atomistic interaction potentials. The left plot shows the
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F1GURE 1.2: A stencil for nearest neighbor and next nearest neighbor interactions
in an atom chain. “Ghost atoms” are added at the boundaries of the chain, so that
each interior atom will exhibit the full interaction with its two closest neighbors on
either side.

When performing numerical simulations to validate our results, we choose N = 10
and so € = .1. In more practical systems, of course, N shall be quite large, so we
can safely assume € is a small parameter. The atom chain model described above is
illustrated in Figure 1.2, and has been well studied in the literature (For example,
see [15, 20]).

For a given atom configuration y € RY** we can write y; = x; + u;, where wu;
is the displacement of atom ¢ from its equilibrium position. The energy associated

with this configuration can then be expressed as:



ENNN _ pas 1 Yk — Yk—1 o 2 Yk — Yk—2
(y> = €Z§kv1 —6 +€Z£kv2 f (1.7)
k=1 k=1

Equivalently, by noting that

Yi = Yi—n = (Uz - ui—n) + (901 - iUi—n) = (Uz - ui—n) + (nﬁ),

for n = 1,2, we can rewrite the energy as a function of the displacement wu:

N+1 N+2
ou; + ou; + du;—1 + 2
ENNN<u>:e§j§;v1(“ €)+e§jgiv2(“ s ) (18)
k=1 k=1

€

The finite difference operator du used above is defined component-wise by
5uk = U — Ukg—1 (19)

We assume Dirichlet boundary conditions on the displacement field, so u_; = ug =
uny1 = unyye = 0. This would correspond to holding the ends of the material fixed.
If we wish to restrict attention to a model with nearest neighbor interactions only,

we can take V5 = 0 to arrive at:

NN = 1 ou; + €
E (U)ZEZ@M( . ) (1.10)

k=1

If we apply a force f € RY to each atom in the chain, it will be perturbed to

a new atom configuration y* = x + u*. It is well known this new configuration will



satisfy the energy minimization problem
u* € argmin(M (u)), (1.11)

where the objective function M is defined by:

M(u) :E(U)—quifi (1.12)

As we shall see in what follows, it is often more convenient to calculate only du*.
However, as the following proposition shows, this is sufficient to characterize the

displacement field u*.

Proposition 1.1.1. Ifu € R", then for any k € {1,--- ,n},

N+1

up = — Z du; (1.13)

i=k+1
Proof. By the boundary conditions on u, we have
5UN+1 =UN4+1 —UN = —UN (114)

Using the fact and that the sum in the proposition telescopes, we can then conclude

that:
N1 N
— Z ou; = un — Z ou; = uy — (uy — ug) = uy (1.15)
i=k+1 i=k+1

]

For a given threshold value b > 0, we will say a failure has occurred, or that the

10



material has broken, if the solution satisfies the maximum strain criterion:

sup

> b (1.16)

Our objective is then to understand the failure probability:

p(b) =P (sgp 6u?] > eb) (1.17)

For the purposes of the analysis, it will also be convenient to define the localized
failure probability,
pr(b) = P(|ouy| > €b) (1.18)

We will focus on the regime where the failure threshold b is large, so that material
failure is indeed a rare event. Our goal is then to gain a theoretical understanding
of the solutions to (1.11) under the condition that the material breaks, and develop

theoretical bounds as well as efficient importance sampling algorithms to estimate

(1.17).

1.2 Preliminaries

1.2.1 (P Spaces

We think of atom chain configurations as elements of RY, so it will be helpful to
establish an appropriate structure on this space. We define the /? norm for a vector

u in R™ by:

[Juller = <Z uﬁ’) p (1.19)

11



For p = oo, we have:

llu|loo =  sup  |u] (1.20)
i€{1,2, .}

When working with discrete atom chain models, the weighted norm

[l

= <ezu§’> (1.21)
=1

is often more convenient to work with. We will typically be most interested in the

case p = 2, as then we may also define an inner product:
(u,v) = EZuivi (1.22)

A useful result in the subsequent analysis is the following discrete analogue of

the Poincare inequality.

Proposition 1.2.1.

n+1

D el <n? ) dun (1.23)
k=1 k=1

Proof. Using the boundary condition uy = 0 followed by the Cauchy-Schwarz in-

equality,

ug| =

k n n %
<> Jou] < Jou] -1 < (Z |6uz»|2> Vn
=1 =1 i=1

k
i=1

12



Now, making use of the above inequality, we obtain:

n n n n n+1
POITIED 9) SILTCES SILHIE Sk
k=1 k=1 =1 =1 i=1

1.2.2  Properties of Normal Distributions

We will denote a normal (or Gaussian) distribution with mean p and covariance
matrix ¥ by N (u,X). The following are standard but useful results about normal

distributions which we shall utilize throughout our analysis.

Proposition 1.2.2. Suppose X is a N (u,¥) random variable on R™. Decompose

X as X = (x1,x2), and correspondingly decompose the mean and covariance as

= (u1, p2) and X = [%; g;j } Then for i = 1,2, the marginal distribution of x; is:

Furthermore, the conditional distribution of x; given x; is

N (i + 24355 (25 = 1), Ba — 2y 255 55) (1.25)

Proposition 1.2.3. Suppose X is a N (1, 0?) random variable. Then for any x > yu:

)2
3 _(z—p)

1 g g (z—p)? oe 202
- e <PX>az)<—0— (1.26)
\/ﬁ(x—u (ﬂf—ﬂ)?’) V2r(z — p)

We will also have use for the truncated normal distribution, i.e. a normal random
variable which is bounded above and/or below. Information on such distributions

13



can be found, for example, in [12]. For our purposes, we shall only consider the
case in which the components of the random variable are bounded from below. If
X ~ N(u,X) satisfies X; > ¢; for i = 1,...,n, then the the density function for X

is given by:

(1.27)

0 otherwise

Here ¢(z, p, X)) and ®(x, p, 3) denote the pdf and cdf, respectively, of a normal ran-
dom variable with mean p and covariance 3.
Before moving on, we prove a simple result concerning truncated normal distri-

butions which will turn out to be quite useful:

Proposition 1.2.4. Assume v is a N(u,X) random variable on R™, and ¢ € R"

have all positive entries. Let T > nsupc;, Y; be the event {v; > ¢;, i # j}, and set
J

sup, P (Y; | v; > L)
G(p, 2, c) = —= n2 . Then:
( ) Jyse @, 1, 2)dy

P(||[Vle > T | v > ¢) SGZP(Vj >%) (1.28)

J

Proof. In order for ||v||e2 to exceed T, we must have v; > L for at least one index j.

Then by sub-additivity we have:

v

P(lv|le >T |v>c) <P (1/

14



< Z/ / . xy’“"j duydi,
= fy>c qﬁ(y S Z/ / o(x, p, X)dx;di;
N fy>c¢<y 1, ) dy ZP (Vj n’ )

:fy>c¢(y [, % dyzp(yj )P(Yj‘yp%)
SGZP<Vj > %)

Lastly, we state a useful lemma which will be needed for a few results later.

Lemma 1.2.5. Let v ~ N(0,%) be a Gaussian random variable on R™, and suppose

oM =supoy. Let j € Nep and T C Ne, with |Z| =d > 1 and j > max(Z). Choose

1 < a < /2 and pick R small enough that g(R,d) > 0 and 3*Qz;(R,d) > ad, where

1—,/2d2Q%, — 1
B 7

- d_2Q%j

Assume ¥ satisfies (1.5) with constant R. Then for any positive constant ¢; € R,
co € R® with all positive entries and c2; < c1, there exists a constant C' > 0 such

that:

P(Vj>Cl|VI>CQ)

oo P o 2) 2
< C'inf ( “) exp <%)
( Coi 02 C1 20

N3

(1.29)




The proof is somewhat involved, so it as well as the precise definitions of Qz;(R, d)
and g(r,d) are deferred to the appendix. Here, we merely note this lemma allows us
to quantify how unlikely it is to see multiple large entries in v based on how strong
the correlation between its components is. In particular, if we take a — /2 we can
recover nearly the same exponential decay as we’d expect if the components of v were
independent, but this is only possible by taking R — 0, placing stronger restrictions

on the covariance matrix.

1.2.3  Optimization Algorithms

As we have seen, to determine atom configurations of a chain under a given exter-

nal force we must solve optimization problems of the form min M(u). For numerical
u

simulations when an explicit solution to the optimization problem is not available,
this will be done using the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm.
This is a quasi-Newton algorithm which can attain superlinear convergence, and has
the advantage that the Hessian of the objective function does not need to be calcu-
lated exactly. Details of the algorithm can be found, for example, in [21]. For the

sake of completeness, the steps are listed here:

Algorithm 1: BFGS

1. Choose a starting point ug, error tolerance € > 0, and Hessian approximation

Hy = cl, for some constant c.

2. Choose a search direction p, = —H, V.M,

16



3. Determine a step size oy satisfying the Wolfe conditions,

M(upi1) < M(ug) + 10, VM py

V/\/l(uk+1)Tpk > CQVMZpk‘

Typical values of ¢q, ¢y are ¢; = .0001, ¢5 = .9.
4. Update up by ugi1 = ug + appi.

5. Set
Hiv1 = (I = pesiy ) Hi(I — prysi ) + prsisy,

where y, = VM1 — V My, Sp = Upy1 — Ug, and pp = ——

.
Yi Sk

6. If [V My41|| < €, terminate the algorithm. Otherwise, set k to k+1 and repeat

steps 2 through 6.

1.2.4  Importance Sampling

Since failure events are extremely rare in the large b regime, our problem can
be interpreted as one of estimating a probability P(A) < 1 with a high degree of
accuracy. The most direct approach to doing this would be through Monte Carlo
simulation. In our context, this entails simulating the system 7' times, and observing
the number of times event A occurs, T)4. If we let y; denote the characteristic function

of A occurring on trial k, then we can then estimate P(A) = p as

1
p:TZX’“:? (130)

17



The variance of this estimator can be calculated as follows:

In particular, we notice that the variance of the estimator is small simply by virtue
of p being small. Since we want our computation to be accurate relative to the
magnitude of P(A), a better measure of the quality of our estimate is the relative

error,

2
1—
Rel. Err. = % = T—pp (1.31)

From this, we can see that when p < 1, we must have T" at least on the order of % to
achieve a small relative error. This means direct Monte Carlo simulation will require
a huge number of trials, making the method inefficient. If the event A is particularly
rare, we may not observe even a single occurrence of A during simulation, making a
meaningful estimate of P(A) impossible. As such, it is extremely desirable to have
methods for making rare events easier to simulate and reducing variance/relative
error when performing Monte Carlo estimates.

The problems with using direct Monte Carlo methods to estimate small probabili-
ties are well known, and many different approaches have been proposed to circumvent
these issues ([9],[23],[25]). In general, there is no fixed rule about what approach is
best to take, and insight into the specific problem under consideration is often crucial
to designing more efficient simulation methods. However, one particularly useful and
common method for variance reduction is importance sampling. Instead of trying to

draw samples directly from P, we will introduce a new measure ) (with P absolutely
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continuous with respect to @), such that Q(A) > P(A), and hence we can estimate
Q(A) using fewer trials. The probability under the original distribution can then be

calculated by

dpP
PA) = [ x()ip = [ x()5da (132
Q Q Q@
where % is the Radon-Nikodym derivative. If the proposal measure () is chosen

wisely, the importance sampling estimator will exhibit a reduced variance when com-
pared to direct Monte Carlo methods.

Clearly, the key challenge in developing an effective importance sampling algo-
rithm is in choosing the distribution ). As is well known, the ideal choice would

be
P(BNA)

With this choice it is evident Q(A) = 1, so that A occurs essentially every trial
under ) and the importance sampling estimator will have zero variance. Of course,
this is worthless in practice since P(A) is precisely the quantity we are trying to
compute: if we had enough information to calculate ), there would be no need for
the importance sampling in the first place. Instead, we will require other methods
to choose ) in order to increase Q(A). For our problem, we shall see it is possible
to make use of additional knowledge about the behavior of the system to inform our

construction of Q).
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2

Failure Probabilities for Nearest Neighbor

Harmonic Model

In this chapter, we shall focus on a nearest neighbor model for atomistic interac-

tions with the harmonic potential,
1 2
V(u) = E(u - 1) (2.1)

With these choices, the model (1.10) simplifies to:

By (u) = %Nil&i (5%)2 (2.2)

While perhaps the least realistic model we shall consider, this is also the simplest and
hence most amenable to mathematical analysis. In section 2.1, we shall argue directly
from the minimization of the energy (2.2) to show that failure events are associated

with large deviations in the coefficient field ¢!. In addition, this observation will
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be used to obtain preliminary estimates on the failure probability. In section 2.2,
we derive Euler-Lagrange equations which allow us to solve (1.11) exactly, and we
utilize this result to derive sharper estimates on p(b) for a class of localized forces in

section 2.3.

2.1 Variational Estimates

To understand failure probabilities for this model, we shall first show an intuitive
result which states the material can only break if there is some location where the

bond between atoms is weak.

Lemma 2.1.1. Suppose u is a solution to (1.11) with E(u) = ENN such that

sup [0u,| > eb. Then

1~ QHf 2

S b—\/g (2.3)

min
U §

Proof. We first observe that since M(0) = 0, the minimizer u of (1.11) must satisfy

M(u) < 0. From (1.12), this implies

6N+1 Su 2 N
1 7
§Z€k<e) SG;fiUi

Now by applying the Cauchy-Schwarz inequality to the right hand side followed by

(1.23), we obtain:

ou

2 12 (2.4)

€ (5ul 2
sa (™) <
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Rearranging terms and utilizing (1.6) implies

N+1

> & (0u)® < 2| fllezllow

k=1

e

1
The left hand side can be bounded from below by — mkin & ||0u||%, allowing this to
E €

be simplified to:

26||f 2
[[0ul]e

ming, <

The failure condition (1.16) implies ||0u|[2 > e2b. Plugging this into the previous

inequality yields the result. O]

In fact, we can build upon Lemma 2.1.1 to reach the stronger conclusion the
material must break at the same location where the coefficient field ¢! is weakest.
Before doing so, we shall first need a few technical lemmas to show we can restrict
our attention to the case when there is only a single break in the atom chain which
does not have ||0u||s exceed eb by too much. To justify neglecting other events,
we demonstrate they have a negligible probability when compared to a single break

event.

Lemma 2.1.2. Suppose that for some j, k, the solution u has |0ug| > €b, and |du;| >
reb, for a given r < 1 and j # k. Further assume sup |0u;| < Reb, for some R > 1.
Then for at least two distinct indices a,b and s € {a,b}:

< (1 ) 2l
< (1+%); e (25)

Proof. Suppose the smallest ¢! value is £}, the second smallest is &. The left hand
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side of (2.4) can be rewritten as:

€ L ou? g1 u2 pasy du? 1
S8+ _2Zsb > s—@)

i#a

Then manipulating the inequality (2.4) gives:

c N+1 5 2
526 o6 — )
i=1
Upon further simplification, this becomes:
gb (gb fa) Ug

Dividing by [|du||z and using the lower bounds on du;, duy yields:

L oua
S VI e Y 2

& <

Solving for &} results in:

dug 2|[flez
I}S - =3h 3
S Su? bv1+12\/e

IN

L e " 2lflle
R2e2b2 + r2¢2h2 bm\/g

From here, the proof is completed by simple algebraic calculations, since & < &} by

assumption. O
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Now for a specified r, R, we can describe two events we will want to exclude from

future calculations:

E, = {Sup |0u;| > Reb}

E, = {sup |0u;| > eb and sup |du;| > rsb}
i itk
The first set accounts for deviation in du which is significantly larger than what we
expect is required for the material to break, while the second encompasses events in
which the material fails at more than one location.
Next, define a “rare” failure set R which includes these events as well as a “nor-
mal” failure set F, which focuses attention on the material breaking in a single

location with sup |du,| only just exceeding b:

R == E1 U E2
(2.6)
F= {sup|5ui\ > eb} NRY

The next lemma justifies the view of R as the “rare” set by showing it has negligible

probability, even when compared other rare events under consideration.

Lemma 2.1.3. Choose 1 < a < /2 and assume % satisfies (1.5) with constant

R small enough that the conditions of Lemma 1.2.5 are satisfied. Then there exist
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positive constants C, ky > ko and ks > 0 with

_VeE — Ve
Mill” Ml

_ 1 —(In(kyb))?
P(R) < C<—\/ﬂln(k1b) eXp ( 2o M )

+ inf

)

( Vi \/0_33>_ 1 (1 (2.7)

In(ksb)  In(ksb) kab)?
exp (—_(h;(fjbw) exp ((1 — a;;};%by) )

Proof. Our first observation is that by additivity of the probability measure,

P(R) = P(E)) + P(E,N EY) (2.8)

We estimate these two probabilities separately. First, consider P(FE;). By using the

result of Lemma 2.1.1, we obtain:

1< 2||f 02
Rby/e

%

P(E,)) <P <m1n£

This can be rewritten in terms of normal random variables:

P(E,)) <P (max vi > In ( fibye ))
‘ 2[|f]lez

b (u (2 (zﬁ?@))

)

N+1 1 Rb/e
: ZP( Zln(2l|f||ez>)
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For convenience, let ky = Qﬁf\ﬁ To estimate the terms in the sum, we make use of
Z

(1.26):
S VT (kb))
1) < ZZ:: ) p ( )

< /21 In(kyb 205
(2.9)

< (N + )sup

i ()

Now we move on to P(E, N EY). Observe that on this set, the conditions of Lemma

. 1 R_2 2||f“g?
2.1.2 are satisfied, and consequently we have £; < (1 + 75 )—b T for the second

Hfluz

smallest ¢! coefficient. Let A! be the event {51 } and A? be the event

{fil <(1+ f—Q)w} Then a simple calculation yields:

2 b/ (14+72)e

N+1 N+1
P(E;NEC) <> Y P(AINAY) =) "> P(A})P(A3| A}) (2.10)
=1 j>i =1 5>

Using a similar procedure to that used when estimating P(E;), we can find

i (& = ﬁb@) < T ™ (W) (21D

For P(A? | A}), we use Lemma (1.2.5) to obtain the estimate:

o T 3\ Ve (1 — a2) In(kyb)?
P4, lA)<Cmf<1n(k:3b) _ln(k:gb)3> I (kab) eXp( 20 M ) (2.12)
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Continuing from (2.10), if we substitute in (2.11) and (2.12) we get the inequality:

/o /53 -1 M
P(Ey N EY) <inf o6 _ VT 5 Co
t ln(k‘gb) ln(k’gb) 2T ln(kzb)2

(2.13)
—(In(kqb))? (1 — a?)In(kqb)?
exp ( 20, exp 501
Returning to (2.8), the estimates (2.9) and (2.13) imply:
VoM —(In(k1b))?
PR)<|(N+1)————exp | ——
(R) < <( >\/%1n(k1b) p< 20M )
-1
/o /53 M
+ N(N +1)inf iV Co
i \ In(ksb)  In(ksb)3 V21 In(kyb)?
—(In(kqb))? (1 — a?) In(kqb)?
exp (—20“ exp 50T
The lemma follows immediately from this, by setting
_ N(N +1)max(CoM aM)
C =
V2
[

Based on these results, we now understand that “typical” failure events are those
coming from the set F. As such, it is sufficient restrict our attention to F when

strengthening the result of Lemma 2.1.1.

Theorem 2.1.4. Suppose u is a solution to (1.11) with E(u) = ENN such that

u € F. Further assume that the break occurs at location k, sup |ou;| = |0ug|. Then,
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provided the failure threshold b is sufficiently large,

1 V4
< < 2.14
Proof. Suppose the minimizing atom configuration has components u = (uy, ..., uy).

For any j # k, define a new atom configuration @ by :

(

U; if i < min(y, k) or ¢ > max(j, k)

Ui = Yu;+ou; —ou, ifj>kandk <i<jy

w; +0up, —ou; ifk>jand g <i<k
\

It is not difficult to see that the effect of this rearrangement is that iy = du;, and

du; = duy, while otherwise du, = du; if ¢ # j, k. Since u is the minimizer of M, we

must have M(u) — M(@) < 0. Consequently, we have the inequality:

€ du? du? du? o

(a2 5;6—;—5;6—;—j—’“) Zfz
e (oui  Ouj

= 5(___> <€Zfz z_uz

(ur — duz) Y12

<e€

’L

(2.15)

Ifil  ifk<j

Al i<k

Our objective is to show that & — 5}- < 0, provided b is large enough. We consider

two possible cases: 7 > k and j < k. If j > k, but du;, — du; <0, the right hand side

of (2.15) is negative. Because of the assumption sup [du;| = |dug|, duj > duj, and

(2
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hence the inequality can only hold if & < 5]1 On the other hand, if du, — du; > 0

we can rearrange (2.15) to obtain:

j—1
5(51+5i) €< I (2.16)
i=k
Since duy, > b in this case and u € F, (duy + 0u;) > (1 —1)eb, and thus the left hand
side of (2.16) tends to oo as b — oo, while the right hand side remains constant.

Therefore, the only way (2.16) can hold for b sufficiently large is if £ < ;.
Next, consider the case where k > j. In this case, when du; — du;, < 0 the right hand
side in (2.15) is negative, so we must have & < &;. If instead du; — duy > 0, we can

obtain:

e T P T (2.17)
2\ €2 €2 koS _Ei:k ‘ '

In this case duy, must be negative, and thus duy +du; < —(1—r)eb. Hence as b — oo,

—£ (‘55_2/9 + ‘%) — 00, and (2.17) can only hold provided &, < ¢; if b is large enough.
Since j is arbitrary we have shown & < 5}- in all possible cases, we can conclude

mjin f; = ¢, With this, the proof is completed by referring back to (2.3). O

This result was validated numerically by performing 1,000, 000 Monte Carlo trials
and averaging & at the break location for each solution exhibiting a break. This
average was then compared to % for various threshold sizes. The results are shown in
Figure 2.1. The linear relationship suggests that the estimate provided in Theorem
(2.1.4) captures the correct asymptotic behavior. Now by combining the results of

this section, we can finally obtain a preliminary estimate on the failure probability

p(b).
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FiGURE 2.1: Comparison of & at the break location with % We take € = .1,
f =2.5-1, and average the ¢ values over all solutions exhibiting breaks in 1,000, 000
trials.

Theorem 2.1.5. Under the same assumptions as Lemmas 2.1.1 and 2.1.3, if 52— 2||f|| . >
L

1, we have the estimate

=,
=
IN
P
£
|
/_‘\
=
VRS
N
: S%
)
<
~_
~~
(V)
—
+
=2
—_
=
o
[S—y
*

T
@
3
E

=
S
N———

as b — oo.

Proof. We begin by observing p(b) = P(F) + P(R). Based on Lemma 2.1.1,

30



As long as b is large enough to satisfy the conditions of the theorem, we can apply

(1.26) and combine this with Lemma 2.1.3, to arrive at:

~ 1 —(ln(k’lb))z)
+C ex
(\/27r In(k1b) P 20M (2.19)
[y 3 -1 1
+ inf i _ Tii
% h’l(kgb) hl(kgb)g 1H<k2b)2
—(In(kqb))? (1 — a?) In(kqeb)?
exp <—20ii exp 50
Since ky; > 2H\f/lg\ —, ko = ﬁ, and a > 1, the P(R) term is negligible compared to
ZE eG
the first term as b — oo, and the result follows. n

2.2 Explicit Solution

To obtain more accurate estimates on the failure probabilities, we require addi-
tional knowledge of the solution u to (1.11). In the case of the harmonic potential
with nearest neighbor interactions, the model is simple enough that we can in fact
calculate the solution to the minimization problem exactly. The first key observation
is that the minimization problem can in this case be rewritten as a linear system of

equations.

Lemma 2.2.1. Suppose u is a solution to (1.11). Then fork =1,..., N, uy satisfies

the equation:
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Er0uk — EpqOUiyr = € i = fre (2.20)

Furthermore, we have the boundary conditions du; = uy and duy, = —duy.

Proof. Suppose v = (uq,...,uy) is the solution to (1.11). We construct a perturbed
atom configuration u® = (uq, ..., Ug_1, Up + @OURL1, Ugy1,-- -, Uy). Observe ouy =
duj for j # k,k + 1, while dug = duy, + aduyyy and duj,; = (1 — o)dugqr. Next, for

a given k define a function g(«) by:

1
g(a) = M(u®) :i ( Z 5}57@ + 511(57«% + 045Uk+1)2 + 511+1(1 - a)zéuiﬂ>

JFkk+1

—¢ (Z fiw; + filu, + a(SUk_l'_l))

i#k

We can then calculate:

g'(e) = (fli((suk + adug 1) 0upyr — &y (1 - O‘)aui—i-l) — € [0ty

a |

By assumption g has a minimum at a = 0, so we should have ¢’(0) = 0. From this

requirement, we obtain:

A=

(§é5uk5uk+1 — f,iﬂéuzﬂ) — €fpdupi1 =0

If we move the f; term to the right hand side and divide by duy 1, we obtain (2.20).
The boundary conditions on du follow immediately from the Dirichlet boundary

conditions for u. O]

In matrix form, this can be written as the system:
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1 -1 511(5u1 O f176

— 3 = E (2.21)
—1 : 0 :

1 _S}V(SUN_ _f}v+15uN+1_ e

It is now straightforward to calculate an explicit formula for u. Note that in this
expression, we interpret the sums as being 0 if the lower index exceeds the upper

one.

Theorem 2.2.2. The solution to the problem (2.21) is given by

1 N N+1 1N N £
Sur = g1 D e (Z ?) Y o (2.22)
o\ i=k i=1 >t J

i=1 i=j

fork=1,.N +1.

Proof. We solve the system via back-substitution. The last equation in the system

(2.21) implies:

1
duy = éT(fN,e + &y 0un1) (2.23)
N

Via an elementary induction argument, one can then show the general formula:

N
1
S = = [ D fie + &0 16uns (2.24)
Sk i=k
By using the right boundary condition, we have duyi; = —uxn. On the other hand,

the left boundary condition implies u; = duy, so by equating (1.13) and (2.24) with
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k =1, we obtain:

N N N
Un — Z é'_ll (Z fi,e - gjl\/'JrluN) = é (Z fi,e - é-]l\[+1uN) (225)
k=2 >k 1 \i—1

i=k

Solving for uy yields the solution

1 N+1 ¢! 1IN N P
Uy = —— (Z gl> >N f,i (2.26)

— ¢l
S k=1 k=1 i=k

By substituting (2.26) back into (2.24) and using duyy1 = —uy, we obtain the

desired result. O

Some sample realizations of the solution v under the condition that a break occurs
are shown in Figure 2.2. As we expect from the results of the previous section, the
break location depends on where the nearest neighbor bond strength ¢! is weak. As

a corollary of Theorem 2.2.2, we also obtain the following uniqueness result:

Corollary 2.2.3. The solution to (1.11) with Dirichlet boundary conditions for the

nearest neighbor harmonic model is unique.

Proof. Any solution to (1.11) must satisfy (2.21). However, by Theorem. 2.2.2 for
a given coefficient field &, there is only one atom configuration which solves (2.21),

implying uniqueness. [

2.3 Failure Probabilities Under a Delta Forcing

Before continuing our analysis of the failure probability p(b), we will restrict our

attention to the case f = e,, where e, are the standard basis vectors on RY and
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FIGURE 2.2: Solutions to (1.11) exhibiting a break with b = 20, ¢ = .1. From top
to bottom, we take f =e3, f =e5, f = eg, and f = 2.5-1. The left column shows
the solutions wu, while the right column displays the values In(¢') of the random
coefficient field for the given solution. Notice that in each case, the minimal £! value
occurs at the location where the solution exhibits a break.
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1 < a < N. Suppose u® solves (2.20) for f = e,. Then for a general force

= (f1,..., fn), the configuration u = 3"V . f;u satisfies:
=1

N
51151% - f}i+15uk+1 = Z fi(g,idu,(j) - 611+15“1(;J)r1)
=1
= ful&ou — b oul)) = fi

In other words, by taking a superposition of the u(*), we can obtain the solution for
an arbitrary load vector f. As such, understanding the case of f = e, can be used
as a starting point for understanding more general problems (although we will not
pursue that direction here). In the following we will scale the load vector as f = %ea,
so that it forms a discrete analogue of a delta function.

With this simplification in mind, we shall wish to study the case of a localized
external force in more detail. To this end, the following corollary to Theorem 2.2.2

is useful:
Corollary 2.3.1. The solution to (1.11) with f = Le, is given by

-1
N+1 1 N+1 1
gi <Zj:1 g) Zj:aJrl I3 k<a

J

-1
€ N+1 1 « 1
—g<(zj_1 &) z;) k>a (2.27)

(o5
£
I
I
el

1 k<«

Proof. Let x be the characteristic function, y(k < a) = . Then substi-
0 k>«
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tuting f = %ea into (2.22), we get:
N+1 -1 a
€ 1 1
k ]:1 J j:l J
( N+1 1
Dy N+1 1 o 1
oo () Thg k<a
gl}; _ ZNJrl 1 Za 1 k’ >
J=1 & J=1 ¢} a
Simplification yields (2.27) O
Recall that €' can be written as £ = [e™1, -+ , e “¥1]T, where v! is an N(0, )

random variable. With the explicit solution of (1.11) at our disposal, we can now
easily observe that in order for }5%‘ to exceed b, we must have the corresponding v}

be sufficiently large.

Proposition 2.3.2. If u is the solution to (1.11) with f = le,, and |duy| > €b for

some k € {1,2,...,N + 1}, then v} > In(b).

Proof. The key observation from (2.27) is that |Fy| < 1, so:
e’ > |0uy| > eb = v} > In(b)

]

This is a similar type of result to Theorem 2.1.4, so it is worth comparing the

two. In the case of f = %ea for some «, Theorem 2.1.4 will give

b
v >In (%)
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In other words, we obtain the same asymptotic dependence on b, but the estimate
obtained in Proposition 2.3.2 is sharper for small e. However, Proposition 2.3.2
is more restricted in its use than Theorem 2.1.4 since we have made additional
assumptions on f. In either case, we note that this observation of the relationship
between large deviations of du and large deviations of v is similar to known results
in the context of the continuum model (1.1), and is critical to our understanding of
the system.

The converse of Proposition 2.3.2 is not true, |dug| > €b is not sufficient to
guarantee a break will occur in the material at index k due to the F} factor. Hence,
in order to understand py(b), we must first better understand the behavior of Fy.

The next lemma is a technical result which will be useful in our subsequent analysis.

V1
Lemma 2.3.3. Suppose & = M > b. Let w = > iz 57 and define Sy = {w < 1}.

g:

Then provided < 1 for all j,k € {1,2,...,N + 1} with j # k and In(b) >

ik
Okk

<1 — M) In(N), we have the estimate:

Okk

P(S§ v =m(M) <D — e 5 (2.28)

where t;, =

V Ok
Proof. We first observe that in order for w to exceed 1, we must have e’ > % for at

least one 7, since there are a total of N terms in the sum. Consequently, using the
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inclusion-exclusion principle,

P(SY | vl =In(M)) < P(v; > In(M) — In(N) for some j # k | v, = In(M))

For a given index j # &, (vj | vy = In(M)) is normal with mean > 1In(M) :=
fijr In(M) and variance G, given by (1.25). Because In(M) — In(N) > fi,x In(M)
by assumption, the probabilities in the sum can each be calculated using the tail

distribution for a normal random variable, given in (1.26) and we obtain:

P(S§ v, = In(M <Z k\/ﬂ 5 (2.29)
J

O

Note this lemma immediately implies that as long as ZJTZ < 1, we may conclude

P(SE | v} = In(M)) — 0 as b — oo, so it will be sufficient to focus on the “nice”
set Sy, provided the threshold for failure is sufficiently large. Let E4(X) denote the
expectation of X over the set A. Our next result will help us to better understand

the behavior of F}, on the set Sj,.

Lemma 2.3.4. With the same notations/assumptions as in Lemma 2.3.3, further

1

define Ay, = {sup 51 = 5— = M}, for M > b. Then there exists a B such that for
k
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all b > B, we have:

LS exp (jigp + 25 for k>«
Es, (|Fil | 4x) < (1+0(w)) { 77 <j 2> , (2:30)

= Zﬁvzlﬂ exp <u] p -+ ZLE ) fork <a

where we have set [ijj = ln(M)

Proof. We start with the case £ > «. In this case, we have the expression

F_<NZ+€> Zg:Z R o TS

j ]1M+Z¢kej j=1

-1

On the set Sp, we can expand (1 + w) ™" via a Taylor series to obtain:

Fe=)_ %6%1(1 + O(w))

Jj=1

Consequently, we have:
Es, (Fy | Ax) = ZESb (e | v} = In(M))(1+ O(w)) (2.31)

By a conditional Gaussian calculation, we observe for each j, (v | vy = In(M)) is a

N (fijk, 0j1) random variable. Hence by the properties of the log-normal distribution,

Es, (Fk | Ax) = 77 Z (M) = (Ege (¢ v = In(M)))(1 + O(w))

(2.32)
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. %jf;exp (M]H%) (1+O(w))

We now consider the case & < «a, and proceed in a similar manner as above. Provided

we restrict ourselves to the set Sj, we can once again expand Fj in terms of w:

N+1 -1 N4 N+1 oV
Ae-(LE) TE--%

!
j=a+1 j:a+1M+Zj¢ke”
N+1 N+1
= Z —e% 1+w)™ =— Z —e] 1+ O(w))
Jj= a+1 j= a+1

Notice we have arrived at almost the same expression as before, but the sum is over
different indices. Thus by an essentially identical argument to the one given above,

we can obtain:

N+1 .
1 _ Ojk
a1 40 S 57 3 o (ot ZE)arow) 2
Jj=a
Combining our results for £ > a and k£ < « yields the result stated above. O]

We next consider pi(b) for a fixed k. From the exact solution (2.27), we know
duy, = FK, and so for |dug| to exceed b, we must have |Fy,| > %2, Using the previous

results, we can estimate the probability this occurs.

Ojk

Lemma 2.3.5. Suppose for allk,j € {1,2,..., N+ 1}, we have S| < 1. Then for
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any h >0, R > 1, there exists a B such that for all b > B,

Y

(1+0(w)y/aw ( 1n(b)2) D -1 €XP (ﬁj,k + %) k>a
xp | ———
ebIn(b)v 27 - 5
( ) ij:(;l_i_l exp (Mj,k + ?]> k<«

(2.34)

Okk

with fijx = 22 In(Rb).

Proof. By Proposition 2.3.2, we know that a break occurring at location k implies

vi > 1In(b), so if Dy, is the event {v{ > In(b)}, we can conclude

P(lug] > eb) = P(|oug] > eb N Dy) = P(|dux| > eb | D) P(Dy)
= P(|F;| > ebe ™ | Dy,)P(Dy) (2.35)
_ / P(\F| > ebe="t | v} = In(M))éo(M)dM P(Dy),
Dy

where ¢.(M) is the conditional distribution of v} given Dy. Now by applying the

conditional form of Markov’s inequality, we obtain:

P(Susl > ) < [ GE(R | vi = (D)) 0.(M)dMP(Dy)

Dy,

</ %(Esb(w vk =W(0)e0DPDY  (236)

+ Esg (IRl | v = (M) qﬁc(M)P(Dk)) dM
Note P(Dy) can be easily estimated using the tail distribution for a Gaussian random
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variable:

P(Dy) < In(b)v/ar GXP( o )

The expectation over S¢ can be bounded as follows. We recall from the proof of the

previous lemma that |Fy| < Zj\gl e’ 5 (1 + O(w)). Also, we know by assumption

that % < e% = M so using (2.28) we have:

2
1 tk

e~ 2 (2.37)
; tj,k\/ 27

Ege(e” | vp =In(M)) < MP(S§ | v} =In(M)) < M

+2
7,k

5 s 0asb— oo.

< 1, we can conclude M " \ﬁ

Consequently, for b sufficiently large, we can guarantee for any h > 0,

2 P(DR)6M)Esg (1Fil | v = (M) <

| S

So, provided b is large enough, we can return to (2.36) and ensure that

Y PDIE(IR | v = () < S P(DEs, (1] | = (M) + 7 (239)

Next, applying (2.30) gives us:

N

( (b)2> Z?zl exp (ﬂj,k + %) k> o

2Ukk _ 5.
ZjVJ;H exp (,uj’k + U]Tk> E<a

(1+O(w))y/o%
pu(b) < /Dk ( ebn(b)v/2m

i g) do(M)dM (2.39)
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Now let Sy = {M < Rb}, R > 1, and divide the integral into two pieces: one
over Sy and one over S§;. Note the integrand in (2.39) is bounded thanks to the

J

assumption Zk’; and the ¢o(M) factor. Let us call this bound Y. It is clear that

P(S5§;) — 0 as b — oo, so by taking b larger if necessary, we can ensure P(S{)) < 2.

Hence by continuing from (2.39),

(1 + O(UJ)) Okk 1n(b)2 Z?:l exp <ﬂj’k + %) k >
Pilb) < bln(b)ver P\ 2004 :
- S e (s 2E) k<a

h h
+ 5) Ge(M)dM + 5

<((1+0(w)),rykk ( 1n(b)2) D51 €XPp (ﬂjﬁ%’“) k>a
< exp | ————

bIn(b)v/2r 20 s
ebIn(b)V/2r O e (s B) k<a

h h
+ = Ge(M)dM + —
2 Sas 2
Since the integral of a pdf cannot exceed 1, this concludes the proof. O

With the above preparations, we are now able to easily prove the main result
regarding the failure probability p(b) for the nearest neighbor model with a harmonic

potential.

Theorem 2.3.6. With the same setup as in Lemma 2.3.5, for the problem (2.20)
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- Nf % exp (_1;1((722) zz:exp (ﬁm + %) >(1 +O(w))

k=a+1

+h(N +1)

(2.40)

Proof. We first observe that, using sub-additivity,

N+1

. (s%p Sun] > €b) = p(Un{|ous] > eb}) <3 p(lFus] > o)

k=1

By applying Lemma 2.3.5 to bound the terms in this sum, we arrive at the result

through straightforward algebraic manipulations. O

Very roughly speaking, the theorem suggests an asymptotic upper bound for the

1
break probability behaves like sup exp(fi;x — In(b)?) = (o) exp(—In(b)?). Tt
n

1
bin(b) ;i
is worth pointing out the similarity of this result to the estimate (1.2) obtained in [18]
for a delta external force. Furthermore, this will in general give a sharper estimate
of the failure probability than Theorem 2.1.5. However, we do note the usefulness of

this result is somewhat limited by the restriction on the load vector f.
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3

Importance Sampling Algorithm for Nearest

Neighbor Harmonic Model

As seen in Theorem 2.1.5, the failure probabilities p(b) decay with b at a rapid
rate, and hence the probability of observing a failure event is quite small for large
b values. This means that if we use a direct Monte Carlo method, i.e. simulate
the system for a large number of randomly generated &' values and see how many
exhibit a break, we will require millions of trials to obtain highly accurate results.
For especially large values of the threshold b, it may not be possible to observe any
failure events in practice in a feasible amount of time. This suggests we need better
methods for simulating these rare events. In this chapter, we will use the intuition
from our previous analysis, that a large value of |du| can only occur if we observe a
correspondingly large value in the coefficient field !, to develop a more efficient im-
portance sampling algorithm for computing failure probabilities. Not only will this
method yield estimates of the failure probability for larger values of b than Monte

Carlo simulation, using the importance sampling estimator will also result in signif-
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icantly reduced variance in our calculation of p(b).

In section 3.1 we provide an overview of our algorithm and its theoretical foun-
dation, with supporting numerical experiments provided in section 3.2. Lastly, we
shall briefly discuss the performance of our algorithm, as well as potential methods

of improving it, in section 3.3.

3.1 Algorithm Overview

To begin we choose a threshold value 7 which we expect sup ;- should exceed in
i
order for a break to occur. The choice of 7 is informed by our analysis in chapter

2?}/1‘) is a good choice for a general forcing, while in
ZE

2: for example, 7, = ln(
the special case of a localized f, we might try simply 75 = In(b). The idea of our
importance sampling algorithm is that we can switch to a probability measure under
which we are more likely to see a failure event occur by making large values in v?
more likely to occur.

Let P be the original probability distribution for v, and @ the modified distribu-

tion we draw our samples from. The rare event |du;| > eb will far more likely under @

than under P, so pg(b) can be estimated using far fewer realizations than are required
by a direct Monte Carlo method. Once we obtain an estimate for () (sup |du;| > eb> ,

we can obtain p(b) from

dP
P ( sup|du;| > €b | = / X | sup |ow;| > €b ) dP = / X | sup [0w;| > €b ) —dQ,
i Q i Q i dQ

(3.1)
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where f% is the Radon-Nikodym derivative. If P and @) are probability distributions

with densities fp and fq, respectively, then a straight-forward calculation shows:

PU) = [ xa)iP = [ @

_ fr(x) _ fr
= f e e = v

From this we can see directly from the definition of the Radon-Nikodym derivative
that 5 = {£.

We shall now address how to choose the proposal distribution ). To generate
a sample from @), we begin by choosing a random index j uniformly from the set
{1,2,3,...,N + 1}. j shall be the location where we expect the chain to break, so
we shift the distribution of 1/]1 to be N (T, Jﬁ-). Let ij be the probability density

function for this distribution. Next, we generate the remaining v}, i # j, according

to their original distribution conditioned on the realized value of v (using (1.25)).
The resulting density for distribution of the ;' shall be denoted as ij, and its mean

and covariance by i/, %7,

From this procedure, for the chosen value of j we obtain a normal random vector

v', with mean NZQ = (/1{7 . ,,&g_l, T, ﬂ§+1, . .ﬂg\,ﬂ) and covariance matrix:
X 00 Xy
Sh=10 o 0 (3.2)
X 0 Xy

Note the 0’s are row/column vectors as appropriate. 7, is the collection of entries

of 37 with both row and column indices less than j, %7, is the collection of entries
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with row index less than j, column index greater than j (3, is the reverse of this),
and Y2, the collection of entries with both indices greater than j.
Now that we have described how to generate samples of (), we must calculate the

density fq so we can determine the Radon-Nikodym derivative. For a set A C RV*1,

N+1

QreA) = ZQVEAU—Z) (7 =1)

N+1

N+1Z/QV€A|]—Z vi = x;) f2du;

N+1 N+1

NHZ/ / JEfRdider; = —— /Zfode

From the calculation, we conclude fo = +1 ZNH fQ fQ Since the product fQ fQ
can be seen to be just the pdf for the /\/’(,ub, EZQ) distribution, this sum can easily
be calculated for each sample we generate from Q.

For the new probability measure ) to give more efficient estimates, it should
produce more failure events than sampling from the original distribution in the same
number of trials. This is verified in Figures 3.1 and 3.2. This disparity in the num-
ber of failure events between the two methods is particularly pronounced in Figure
3.2, since in that case we have a sharper value of 7 due to the analysis of the exact
solution.

Compiling our calculations thus far leads us to the following importance sampling

algorithm:

Algorithm 2: NN Importance Sampling

1. Choose an index j € {1,2,3,..., N 4+ 1} with uniform probability.
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FiGURE 3.1: Comparison of the number of failure events observed from Monte
Carlo and our importance sampling algorithm for a single run of 2 million trials and
a uniform force f = 1.

— MC (T=1e5)
IS (T=1e5)

log(Break Count)
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Threshold

FIGURE 3.2: Comparison of the number of failure events observed from Monte
Carlo and our importance sampling algorithm for 100,000 trials and a localized force

f = %66.
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2. Generate V]l according to the distribution N (7, 05»)

3. Conditional on the realized 1/]1, generate the remaining v;.

4. Solve for du given the generated ' and check if sup ou;| > €b.
5. Repeat steps 1-4 T;g times.
<5 dP -
6. Our estimate for P (sgp = eb) is %S ; @((Vl)(k)))( (sgp ‘5%(;)’ > eb>.

3.2 Numerical Experiments

To illustrate the effectiveness of our algorithm, we shall consider two test prob-
lems: one with a uniform force f = 1, and one with f = %66. For numerical
simulations, we take N = 10 and generate a baseline estimate of p(b) by performing
5 - 107 Monte Carlo trials. For the uniform forcing, we use the general estimate for
the importance sampling shift 7, and perform 2 - 10° trials using both direct Monte
Carlo and importance sampling, while for the localized force we shall use the more
aggressive shift 75 and perform 10° trials for both methods.

The results of the simulations for a uniform force are listed in Table 3.1. We
observe from the data that the IS method provides better estimates of the failure
probability than direct Monte Carlo, and also reduces the relative error of the esti-
mator. The comparison between the three methods of calculating p(b) is displayed
graphically on a log scale in Figure 3.3.

Similar data for f = %66 is presented in Table 3.2 and Figure 3.4. One thing
we observe is that the advantage of the IS algorithm is even more pronounced in

this case. Even for a fairly small number of trials, it produces an estimate of p(b)
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Table 3.1: Numerical results for a uniform force. For MC(2e6) and IS, we use 2e6
trials. The MC(5e7) gives a baseline estimate for comparison, and is generated using
a MC simulation with 5e7 trials. A - indicates no estimate was obtained because no
failure events were observed during the simulation.

b - 12 14 16 18 20
MC(2¢6) | 2.8¢-5 | 1.0e-5 | 2.0e-6 - -
p(b) IS | 2.09-5 | 7.47e-6 | 2.58¢-6 | 1.056-6 | 4.58¢-7

MC(5e7) | 2.49e-5 | 8.5e-6 | 3.16e-6 | 1.2e-6 | 4.2e-7
MC(2e6) | 3.74e-6 | 2.24e-6 | 1.00e-6 - -
Std. Dev. IS 2.10e-6 | 1.03e-6 | 4.90e-7 | 2.62e-7 | 1.42e-7
MC(5e7) | 7.05e-7 | 4.12e-7 | 2.51e-7 | 1.54e-7 | 9.12¢-8
MC(2¢6) | 134 | 224 | 500 - -
Rel. Err. IS .100 137 .190 .248 .309
MC(5e7) | .028 | .049 | .080 | .120 | .218

iy —J- MC (T=2e6)
—10 7 IS I IS (T=2e6)
= MC (T=5e7)
N
—11 ~ L5 S
3 :I:.\I
= - o\
E -12 j:\—[
=) BEN LY
N IF
1]
::-J‘: —13 - \. T
£ N\ TT
[=] ¥
S \, T
~14 4 \ L7+
I
~15 - L
T T T T T
12 14 16 18 20

Threshold

FIGURE 3.3: A comparison of the two MC estimates, and the IS estimate of p(b) for
various b values in the case of a uniform f. The IS algorithm is more accurate than
MC across all threshold values and is able to generate estimates for a larger range
of threshold values as well.

which has low relative error and agrees well with the longer Monte Carlo simulation

across all b values. The reason for this improvement is due to the fact we have a
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more precise estimate of the threshold V} must exceed for a failure event to occur,
based on our analysis of the solution to (1.11) in chapter 2. This allowed us to select
a better value for 7 in constructing the probability measure ). If a similar analysis
could be performed in the uniform f case, it is likely we could improve the efficiency
of the algorithm in that scenario as well.

While it is difficult to generate accurate estimates of p(b) in a reasonable amount

Table 3.2: Numerical results for a force f = teg. For MC(1eb) and IS, we use leb
trials. The MC(5e7) gives a baseline estimate for comparison, and is generated using
a MC simulation with 5e7 trials.

b - 12 14 16 18 20
MC(1eb) | 2.8¢-4 | 1.2e-4 | 7.0e-5 | 3.0e-5 | 2.0e-5
p(b) IS 2.72e-4 | 1.04e-4 | 4.23e-5 | 1.94e-5 | 8.92e-6

MC(5e7) | 2.83e-4 | 1.09e-4 | 4.73e-5 | 2.16e-5 | 1.06e-5
MC(1e5) | 5.29¢e-5 | 3.46e-5 | 2.65e-5 | 1.73e-5 | 1.41e-5
Std. Dev. IS 8.97e-6 | 4.35e-6 | 2.16e-6 | 1.19e-6 | 6.50e-7
MC(5e7) | 2.38e-6 | 1.48e-6 | 9.72e-7 | 6.58¢-7 | 4.61e-7
MC(1eb) | .189 .289 378 D717 707
Rel. Err. IS .033 .042 .051 061 073
MC(5e7) | .008 014 021 .030 .043

of time using MC when b is large, this is less of a restriction for the IS algorithm.
Therefore, we may now use the IS algorithm to verify the asymptotic behavior of
p(b) derived in Theorem 2.3.6. The results are shown in Figure 3.5. The constant
gap between the two curves suggests the theorem provides the correct b dependence

for p(b) but does not have the best possible prefactor.

3.3 Efficiency

While the results of the previous section support the superior performance of the
IS algorithm compared to MC simulations, we must also consider that each trial of

the IS simulation will be more costly than a trial of MC: generating samples from @)
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FIGURE 3.4: A comparison of the two MC estimates, and the IS estimate of p(b) for
various b values in the case of f = %eﬁ.
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FIGURE 3.5: Comparison of the upper bound in (2.3.6) and numerical calculation
of p(b) for b values ranging from 10 to 100.
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is more expensive than generating samples of P, and the IS method requires addi-
tional calculations to recover p(b) using the Radon-Nikodym derivative. This creates
a trade-off between the reduced number of trials to achieve a low relative error and
the increased computation time per trial. To ensure IS is indeed saving time over
MC, we compared the relative error of the two estimators based on the length of
the simulation for several numbers of trials. Figures 3.6 and 3.7 illustrate that for
a given threshold value, the IS estimator provides a much smaller error than MC in
the same amount of time dedicated to the simulation.

These results, however, can be somewhat misleading because they only consider

0.6

— MC
..... IS
0.5 1 .
e :
g 0.47 E H“““‘%h\h\_—
©
= ",
g .
0.3 1
0.2 1
T T T T T T T
25 50 75 100 125 150 175

Time

FIGURE 3.6: Comparison of computation time (in seconds) and the resulting error
for MC and IS, in the case of f =1 and b = 15.

the calculation for a single value of the failure threshold. A major computational
disadvantage of the importance sampling method is that the choice of 7 depends on
b, so if we are interested in considering a wide range of b values (as in Figures 3.3 and

1

3.4) then we must recompute the coefficients v* and the solution u for each thresh-
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FIGURE 3.7: Comparison of computation time (in seconds) and the resulting error
for MC and IS, in the case of f = e and b = 15.

old, effectively multiplying the number of trials being performed by the number of
threshold values under consideration. On the other hand, in the MC method we
can easily test for failure events at all threshold levels after generating only a single
realization of u. As a result, MC with a large number of trials may be more useful if
we wish to calculate p(b) for a large number of relatively small b values. On the other
hand, the advantages of the IS method are more pronounced if we are interested in
a smaller number of threshold values or large values of b.

One possible remedy for this problem would be to fix 7 for all threshold values
under consideration (say, choose the 7 given by the smallest b value), and use that
as the shift in the distribution ). We shall not pursue this direction here, but one
would expect this would significantly reduce computation time for IS at the cost
of some accuracy for higher threshold values due to the choice of a sub-optimal 7.

Another approach to further increase efficiency of the importance sampling method
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would be to try and improve the proposal distribution @) so that samples drawn from
(@ are more tightly focused on the most significant events contributing to the failure
probability. For example, in step 2 of Algorithm 2, we might consider drawing 1/]1
from a truncated normal distribution with lower bound ¢ = 7. This will ensure all
samples drawn from ) will at least satisfy the minimal criteria for a break event,

namely sup 1/]1 > 7. Using our previous calculations, it is not difficult in this case to
J

see that the new density for @) still has the form:

N+1

: s
1

N+14

However, now fiQ will be the density for a truncated normal distribution, given by
(1.27).

If the truncation value 7 is well chosen, this can further improve the accuracy of
the IS method, as is illustrated in Figure 3.8 for a localized external force. However,
if 7 is chosen too small or too large, this method may actually perform worse than
using a simple shifted Gaussian, as it focuses the samples of () on the wrong area.
Thus we will not pursue this approach for more general problems where our choice

of 7 is more conservative.
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FiGure 3.8: Comparison of different choices for the importance sampling measure
@ for the case f = %66 and 100,000 trials for each IS method. We can see that
using a truncated normal distribution provides greater agreement with the “true”
probability value obtained from a long MC simulation.
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4

Failure Probabilities for Next Nearest Neighbor

Harmonic Model

In this chapter, we shall consider a more complicated model which allows for
atoms to interact with their second nearest neighbors as well. We again focus on a

harmonic potential (2.1) for V4, and the potential V5 is chosen to be:

Va(u) = 5 (u—2)* (4.1)

e T Sup\ 2 e N2 du + ou 2
k k k—1
Eg"(u) = 5 Z & <T> + B Z & (f) (4.2)

We shall proceed using ideas analogous to those developed in chapter 2. First,
in section 4.1, we will obtain probability estimates by using variational arguments

similar to those in chapter 2.1. We will also calculate the exact solution to the
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energy minimization problem (1.11) using Euler-Lagrange equations in section 4.2:
however, unlike in the nearest neighbor case, the solution is quite complicated and

not amenable to further analysis.

4.1 Variational Estimates

Based on the intuition gained from our earlier study of the nearest neighbor
model, we expect that a failure event will only occur if the £ coefficients near the
location where |0u| exceeds eb are particularly small. However, unlike in the nearest
neighbor case, terms involving duy, are directly influenced by three ¢ coefficients: &},
&, and & +1- Our first goal is to make precise the notion that, with high probability,
these particular ¢ coefficients must be small for a break in the atom chain to occur
at location k. To this end, it shall be useful to introduce a couple new notations.

First, we let &€ = (£1,€2) € R?2V+3) and define a set By (€) to keep track of the
number of small coefficients in &:

Bw(§) = {k € Zon+s | & < K} (4.3)

\eb

Although it is a trivial observation, it is useful to note that By (§) C By (§) if V> W.
Since we will want to show that the most probable failure events involve only three
¢ coefficients being small, it is useful to establish P(| By (§)| > 4) is extremely small,
so that failure events requiring more than three large deviations of the ¢ field are

negligible. That is the goal of the next lemma.

Lemma 4.1.1. Choose 1 < a < /2 and assume ¥ satisfies the decay criteria (1.5)

with R small enough to satisfy the conditions of Lemma 1.2.5 for all d < 3. Then
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for some positive constant C,

PUB©) 2 4 < Ot (s o (=S )

(4.4)

where:

_ Vb

by T

Proof. Before beginning the proof, we make a definition for ease of notation.
Ar = {v; > In(bw),Vi € T}

Our first observation is that for a coefficient field £ to satisfy |Bw (§)| > 4, it is

necessary that £ has at least four small coordinates, so that:

P(Bw() >4 < > P<fa<i)

b
i<j<k<t w

= Z P (vy > In(by) for a € {i,j,k,(})

i<j<k<t

= Y Pi>In(w) Py >h(bw) | A)

i<j<k<t

P (Vk > In (bw) ‘ A’U) P (V@ > In (bw> ’ A”k)

We must estimate each of the four probabilities in the product. The first term is
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straightforward to bound using (1.26):

\/0'_iieXp (*ll;gl)i‘:/f)
V 2 ln(bw)

P (v; > In(by)) <

The remaining three terms all have a similar structure and are handled via Lemma

1.2.5. Provided R is small enough the conditions of the lemma are satisfied for each

of the three factors, we can obtain the estimates:

P (vs > 1n (bw) | Az.)

n(by) In(bw)? ) In(by) 20M

7

SCSinf< VEL_ 7 ) Ty (Ut

for s € {j, k, 0}, Z; = {i}, T = {1, 7}, Zr = {i, j, k}, and constants C as specified by

the lemma. Substituting our results back into (4.5) implies:

NN >_3 C,CLCo(oM )2

P(|Bw (&) = 4) < N'inf <ln(bw) ~ In(bw)3 V2m In(by)*

1

exp <(3(1 —a?)—1) 1n(bW)2> |

20M
NAC;CCy(aM)?

This completes the proof once we set C' = T) and simplify. O]

We now define a set of “rare” and “normal” failure events, denoted by Ry and
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Fw, respectively, by:

Rw = {& | [Bw(§)| > 4 and sup |du;| > eb}
Z (4.6)
Fw =1 | |Bw(§)| <3 and sup |[du,| > eb}

Our next result allows to obtain an upper bound on how large |[du||,2 can be on the

set JFi.

Lemma 4.1.2. Suppose £ € Fy. Then for any K > max(v/6,4||f||;2) we have the
estimate

[dulles < Ke2 M, (4.7)

where M = sup [0,

Proof. Assume to the contrary ||du||,z > Ke> M. Because ¢ € Fy, we observe & >
ﬁ > \[M for all but at most three indices i. We note by considering v = 0 that

the solution of 1.11 will satisfy E(u) < 0, and thus for the minimizing u we have:

N+1 2 N+2
o () e (e < S

Applying the Cauchy-Schwarz and Poincare inequalities on the right hand side, we

arrive at:

eNl ou 2 €N2 dug + ou 2

2: 1 k Z 2 k k—1
_ v _ v v - 4
2k:1§’“(e) 2k:1§’“( € ) - (8)

By dropping the next nearest neighbor terms and performing some rearrangements,
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this reduces to:

g+ &loul <2|flleve D> oui+> ou? (4.9)
B BY B Bf

Since [|dullz > Ke>M, we know that either 3", du? > £2e2M? or > po ouf >

KTQGQM 2. Suppose for the sake of contradiction the latter is true. Then since |B;| < 4

on F; and €M is the supremum of |dul,
Zéu? <3M? < 25%2
B BY¢

In the second inequality, we've made use of the fact that K? > 6.
Next, by dropping the sum over B; on the left hand side (it is a strictly positive

term) in (4.9), we obtain :

> slou; < 2V2|flleve [ ou? (4.10)
BY BY

Recall that for i € By, we can bound & below:

1
WZM? < 2V2|flleve [Dou? (4.11)
BY BY

Rearranging the inequality, we finally arrive at:

p (4.12)
B¢ ug

1< 23| fllevet_ < L)
>
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However, by the definition of K, the right hand side of this inequality is smaller than
1, which provides a contradiction.

Therefore, we conclude Y., duf > £2e2M? > 3e2M2. Since the left hand side
contains at most three terms each of which is bounded by €2M?, this is a contradiction

as well. Consequently, we must have ||u|z < Ke2 M. O

Having completed the above preparations, we are now prepared to prove the

analogue of Theorem 2.1.4 for the next nearest neighbor interaction model.

Theorem 4.1.3. Choose positive constants Ay, Xo, p1,p2 < 1, K > max(\/é,éleHgg)

and suppose £ € Fy, where we define W as:

Wzmax(1 2K||fllee 2K||fllee 2K||flle 2K]||f f%)
i1 =p2)? pipy TAI(L = A)2 AIAS

Further assume sup |6u;| = [oug| = €M > eb. Then we have the following bounds on

the & coefficients:

1 2K S le
& < BV (4.13)

2 2K]Iflle
£ < = A2/ (4.14)
i < 2B\l (4.15)

(L= p1)2/eb

Proof. From (4.8) we have the inequality:

N+1 N—+2
DG (w)? + )& (Sup + dur—y)® < 2| f]2]|6ul] e
k=1 k=1
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Since £ € Fy, we can use (4.7) to obtain:

N+1 N+2
S & (0u) + Y € (Bus + Suir)? < 2K || f|e M (4.16)
=1 =1

By dropping all terms on the LHS of (4.16) except the nearest neighbor term at the

break location, we can conclude:
§eoui < 2Kes|fleM
By rearranging and using the fact [duy|*> > ¢2M?, we reach (4.13):

2K]|flle _ 2K]|f
JM = Jeb

e

&, <

Now that we have the desired bound on the nearest neighbor coefficient, we turn our
attention to the next nearest neighbor terms. By dropping all of these terms except

the one with i = k in (4.16), we arrive at:
&2 (Sup + dup_1)? < 2K e[| f| 2 M

We consider two possible cases, which we shall denote as case L1 and case L2. In
the L1 case, we assume sgn(duy)dug_y > —AjeM, for some A\; < 1 of our choosing.

Then we can bound the (duy + duy_1) term below, yielding:

(1 — \1)?EM? < 2Ke3||f]|e M
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Therefore, by a simple rearrangement, we get:

2K|[flle 2K || flle
(1= M)?VeM = (1 —Ai)*/eb

2
&k <

In case L2, we observe sgn(duy)dui_1 < —A1eM so the solution u nearly exhibits a
break in a second location, |duy_1| > A\jeM. By repeating the analysis of the proof

at index k — 1, we thus obtain:

2K || f]]e2
22\ /eb

1
gkfl <

In addition, we can further divide case L2 into cases L2a and L2b depending on
whether sgn(dug_1)dug—o > AoA1eM or sgn(dug_1)0ug_o < AoA1eM. Analogously to

the above arguments, we can then conclude that at least one of the following must

hold:
2K || f]le2
2 < €
S < A2(1 — \y)2\/eb
2K || f|le2
1 < €
Se2 S A2)2,/eb

The important thing to notice here is that case L1 requires only one additional small
¢ coefficient, while case L2 requires at least 2. We can then return to (4.16) and
carry out a similar analysis for the k + 1 next nearest neighbor coefficient (The only
changes required will be to replace indices £ — 1, kK — 2 with indices kK + 1,k + 2, A

with p, and cases L1, L2 with R1, R2). From this, we obtain in case R1 the bound:

2K||f]lez

2
£k+l S 1 N2 /I

(L= p1)?v/eb
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In case R2, we get both
2K]|f1]ex
piv/eb

1
£k+1 <

and at least one of the two inequalities:

2K||fle
pi(1l — p2):\/eb

2
Ehya <

2K || fle

51 S €

VNG,
Combining results, there are four possible case combinations to consider. With W
defined as in the statement of the theorem, we observe that if we have L2+4Rl1,
L1+R2, or L24+R2, then |Bw ()| > 4, which contradicts our assumption that & €

Fw. Consequently, we must be in the cases L1 and R1, and so the proof is complete.

[]

Some solutions to the energy minimization problem which exhibit a break in the
atom chain, along with the corresponding ¢ fields, are shown in Figures 4.1 and
4.2. Figure 4.1 is for an external force concentrated on atom 6, while 4.2 uses a
uniform external force. Notice that in each case, the &' and &2 coefficients achieve
their smallest values near the break location, in accordance with Theorem 4.1.3.

To see the bounds in Theorem 4.1.3 capture the correct dependence on b, we
plotted the relationship between % and &}, &2, &7 41 at the break location across several
threshold values. The results are shown in Figure 4.3. The linear relationships
suggest the asymptotic dependence on b is correct, but as we shall discuss later when
we pursue importance sampling, the prefactors are not optimal for obtaining sharp
bounds.

The results proven above allow us to achieve our goal of deriving an asymptotic
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0.5

0.0

In(gh)
13

FIGURE 4.1: Solutions to (1.11) exhibiting a break with b = 20, ¢ = .1, and f = 2eg.
The top row depicts the displacement field, while the bottom row shows the log of
the & coefficients.

estimate for the failure probability when the threshold b is large.

Theorem 4.1.4. Choose A1, s, p1, p2, K, W as in Theorem 4.1.3, and choose

\/g < a < V2. Assume ¥ satisfies the decay condition with R small enough to

satisfy the conditions of Lemma 1.2.5. Then:

— . (oM)3 —1—a? )
e exp (g ) mlow)?) (1o(1) (417

as b — o0o.

Proof. By the law of total probability,

p(b) = P(Fw) + P(Rw) (4.18)
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In(£Y)
n(€?)
b
5

FIGURE 4.2: Solutions to (1.11) exhibiting a break with b = 20, ¢ = .1, and f = 10-1.
The top row depicts the displacement field, while the bottom row shows the log of
the & coefficients. In this example, the break occurs at the right edge of the atom
chain, between atom 10 and the “ghost atom” at index 11.

On the set Fy, Theorem 4.1.3 applies, and hence by using subadditivity to consider

all possible break locations,

N+1

W W w
P(}—W)Sgp(fkﬁﬁﬂfkﬁﬁﬂfkﬂgﬁ)

<> P (vp = In(bw) N1 > In(bw) N vy, > In(bw))
k

Y P = n(bw)) P = In(bw)) P(v 1 = In(bw) | v > In(bw))

In the last line, we used the independence of v! and v? (If one wished to remove

the independence assumption, it would simply leave us with more conditional prob-
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0.045

0.040 4
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0.050 0.055 0.060 0065 0.070 0.075 0.080 0.085 0.090

b
0.050 4 0.055
0.050 1
0.045 1
0.045 4
0.040 4
jnd
U7 0.040 4
0.035 4
0.035 1
0.030 1
0.030 1
0.025 4 0.025
0.050 0055 0.060 0.065 0070 0075 0080 0085 0.090 0050 0055 0.060 0.065 0.070 0075 0080 0.085 0090
Ub b

FI1GURE 4.3: Comparison of specified £ coefficients at the break location with % for
f=10-1.

abilities to compute, but would not significantly alter the argument). We have dealt
with probabilities of this form several times previously, and by again using (1.26)

and (1.29) we obtain:

- Z Cint %\/U_”(gi‘lé‘z:) et ((%_Ma?) ln(bw)Q)

(4.19)
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On the other hand, by Lemma 4.1.1 and the assumption on «,

P(Ryw) < P(|Bu| > 4) = o (i?f (m(bw)l? —o) P ((%_Maz) 1n(bW)2))
(4.20)

Substitution into (4.18) completes the proof. O

It is worth noting we need the assumption on R since in Ry, the four elements of
By could all correspond to &! coefficients, so there is no guarantee we can exploit the
independence with £2 the way we do in the calculation over F. Hence the strength

of the estimate in Lemma 4.1.1 is dependent on the strength of the correlation of
the & coefficients, which necessitates the additional assumption that o > \/g . The

Gaussian correlation matrix we use, (1.4), will still be able to satisfy (1.5) with a
small enough R provided - is large enough.

An important point to draw from this analysis is that when compared to the
nearest neighbor model, failure events are significantly more rare when next nearest
neighbor interactions are included. The extra atomistic interactions make the chain
more cohesive, requiring more large deviations in the £ field before a failure event
can occur. This makes the need for efficient methods of sampling failure events even

more pronounced, and this shall be addressed in the next chapter.

4.2 Explicit Solution

As was the case with the nearest neighbor model, the first step towards solving
the energy minimization problem in the next nearest neighbor case is to convert
the optimization problem (1.11) into a system of equations. This is accomplished

through the following lemma, which is analogous to Lemma 2.2.1.

Lemma 4.2.1. Suppose u is a solution to (1.11). Then fork =1,... N, uy satisfies
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the equation:

f,iéuk - f]i+15uk+1 + fl%(duk + 5uk71) - 513+2(5Uk+1 + 5uk+2) = fk,e (4-21)
Furthermore, we have the boundary conditions duy = uy and duny1 = —uy-.

Proof. We define a perturbed atom configuration
(6%
u® = (U, ..o, Up—1, U + OOUp 41, Upg1, - - -, UN)

Further define a function g(«) by:

gla) = M(u®) =— ( Z &0u5 + & (dug + adugi1)? + & (1 — @)?0ujy,

J#kk+1

+ Z 532(51]“] + 6uj—1)2 + glz(éuk + 5Uk_1 + aéukH)Q
jF#Ekk+1,k+2

+ 513+1(5Uk+1 + dug)? + £l%+2(5uk+2 + (1 — O‘>5uk+1)2>

—€ (Z fiug + fr(ue + a5uk+1))

i#k

From this, we calculate:

1
(&h(duy, + abupyr)dupsr — &1 (1 — @)duy 4

g'(a) T

+ EpOtpr (Ot + Oug, + abtpyr) — &y o0tpir (Stipsn + (1 — a)dugyr))

— €fr0U+1
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By assumption g has a minimum at a = 0, so we should have ¢’(0) = 0. From this

requirement, we obtain:

a |

(&rourdup sy — &y 0uf y + EF0up g (Fup, + Sup—1) — E o0up 1 (Fupgr + dupys))

= efkéukH

If we divide both sides by duy,1, we obtain (4.21). The boundary conditions on du

follow immediately from the Dirichlet boundary conditions for u.

O
Written in matrix form, the system we must solve is:
duy 0 f 1,e
A — 0 = : (4.22)
ERrr10un+
dun| | (g &) 0unsn | [ e

where the matrix A is defined by:

G+e) —(g+e) g 0 0]
& (& +&) —(&+&D) —£3 :
0 g (@48 -8 -&
i ) | . |
13
—(&x + EX41)
|0 o & (Nt &)
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Due the band structure of the matrix, we can write down the solution to this system

of equations.

Theorem 4.2.2. The solution to the problem (4.22) is given by

oup = ap + Brounyy fork=1,..N

B ZN—H (4.23)
OUNy1 = TN+l .
S B
where the coefficients oy, By, and v are defined by
b

=+ = (fre = (6 + Ear + (& + Eaz + o)
Ok i 4.24
B =— 5 —(G +E&)a + (& +§3)C2+5303+b—0k (4.24)

=bi(&] + &) — bal&) + €3) — b2

with ay11 =0, Byi1 = 1. The constants ay, by, ¢, are chosen to satisfy the recurrence

relations

Ap—1 = 2 (fk c— (& + fi)ak + (6[14—1 + €2+2)ak+1 + 51%+2@k+2)
k

b1 = & ( (& +&bi + (5k+1 + §k+2)bk+1 + & pobit2) (4.25)
i

Ch—1 = & ( (& + &)k + (€k+1 + §k+2)ck+1 + fk+2ck+2)
i

with initial conditions ayy1 = byy1 =0, ey =1, ay =cey =0, by =1, ay_1 =
%fN,e; by—1 = —é(f}v + 512\;); and cy_1 = é(@l\/ﬂ + 512v+2)-
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Proof. Suppose for some k£ and all j > k, we can express du; in the form
5Uj = Gy + bj5uN + Cj(SUN_H (426)

It is clear that ay+1 = byy1 =0, cyr1 = 1, and ay = ¢y =0, by = 1. Now consider

the kK = N equation in (4.21). Rearranging this equation yields:

1

dun_1 = 512\7

(frve = (En + EX)un + (Exgr + EXp2)duna) (4.27)
Hence we can determine ay_; = %fN,E, by_1 = —%(5}\,—1—&2\,), and cy_1 = %(g}wﬁ
§x42)- Now that we have this information, we can set up a set of recurrence relations
for the coefficients ay, by, and ¢;. By substituting (4.26) into (4.21) and solving for
duy_1, we obtain the equation:

1

513 ((fk,e - (511‘ + &3)% + <§é+1 + §2+2)ak+1 + §Z+2ak+2)

U1 =

(_(fli + Ei)bk + (fliJrl + §13+2)bk+1 + €£+2bk+2)
(—(& + ED)en + (Ehar + € s)rn + € yacnr2))
This implies the recurrence relations (4.25) for the coefficients ay, by, and c.

Next, we must make use of (4.21) in the case of k = 1. Substituting (4.26) into this

equation allows us to express duy in terms of dun,1:

ux = = (o= (€ + Dr + (& + Do
(4.28)

+ 5??“3 - ((5% + 5%)01 - (f% + 53)02 - 5?%03)5UN+1>
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By plugging (4.28) into (4.26), we can then solve for all duy in terms of only duy 1,

duy, = <ak + %(fl,e — (G + a4+ (& +&)as + §§a3))

+ by <—(€% +&)a+ (& + &)+ Ees + blck> OUN 11
7 k (4.29)

=y, + Brouni

With the convention ay.1 = 0, Syi1 = 1, this equation trivially holds for duy; as

well. Also note ay and fj, are all known provided we have solved (4.25). Next by

(1.13), we see that duyyy = — S », du;. Substituting (4.29) into this equation, we
obtain:
-S>y
(SUN+1 = NZ—_:{ (430)
Zj:l ﬂj
Once duy 41 is known explicitly, we obtain all duy, from (4.29). O

While it is not easy to solve the relations (4.25) explicitly, the coefficients can be
computed algorithmically on a computer with minimal effort, since the initial condi-
tions for each of these recurrence relations are all known. As before, we immediately

obtain a uniqueness result as a corollary.

Corollary 4.2.3. The solution to (1.11) with Dirichlet boundary conditions for the

next nearest neighbor harmonic model is unique.

Proof. Any solution to (1.11) must satisfy (4.22). As the coefficients in (4.25) are all
well defined given their initial conditions, we see that for a given pair of coefficient

fields €1, €2, there is exactly one atom configuration which solves (4.22). O
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In principle, one might hope to extract useful information regarding failure prob-
abilities from the solution provided by Theorem 4.2.2. However, we find this path
is not especially fruitful due to the complexity of the result, and in particular the
difficulty in finding a closed form for the a, b, ¢ coefficients. Hence, we use the the-
orem primarily as a computational tool for solving (1.11) during Monte Carlo or

importance sampling simulations in the next chapter.
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5

Importance Sampling Algorithm for Next Nearest

Neighbor Harmonic Model

As we have previously observed, the rapid rate of decay of p(b) as b — oo means
that failure events for the next nearest neighbor model are exceedingly rare, even
more so than for the model with nearest neighbor interactions. As such, the dif-
ficulties associated with simulating failure events are amplified in this model. In
particular, while we were able to generate an essentially “exact” estimate of p(b) (i.e.
an estimate with very small relative error) by running a long Monte Carlo simulation
with many trials in the nearest neighbor case, that shall no longer be possible here.
While we still attempt to use such a long simulation as a baseline for comparison of
our importance sampling method, we shall see that for larger threshold values this
is simply not a feasible approach. In fact, the importance sampling procedure can
yield better results than Monte Carlo even with a few orders of magnitude fewer
trials. This makes the practical importance of the algorithm presented here even

more considerable than in the context of chapter 3. However, we shall also see there
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are some additional difficulties associated with the algorithm that were not present
in the simpler case.

In section 5.1 we will explain the details of the algorithm, with its performance
on a few sample problems presented in section 5.2. In section 5.3 we shall very
briefly discuss the performance of the importance sampling algorithm and possible

improvements.

5.1 Algorithm Overview

As was the case in the nearest neighbor model, the foundation of our importance

sampling method is the intuition that sup |du;| exceeding b is associated with large
i

deviations in the coefficient fields ¢! and £2. More specifically, Theorem 4.1.3 tells
us that we must have v, > In(c1b) := 7, V2, Vi, > In(csb) := 7 for some constants
c1,co > 0. Choosing ¢; and ¢y for good algorithm performance is more difficult than
it was in the nearest neighbor case, and we shall discuss this in more detail later.
For now, we merely note that in practice it is often easiest to set ¢; = co, as this
means we only have one parameter to choose and experimentally the algorithm still
performs quite well even with this reduction.

The form of the algorithm is quite similar to what we have previously presented
in chapter 3. If P is our original probability distribution and we wish to sample
from a proposal distribution @), we may still use (3.1) to relate the two probability
measures. Thus, the only new question we must address is how to choose ) and
what is the corresponding density fq.

Under P, we assume ¢ = (&', &%) € R?*M*3 has distribution A (0,%;), where
Y= [21 0,]. X', %% are matrices of size N +1 and N + 2, respectively, with entries

0 %2

1 2 . . .
o;; and o;; given by (1.4). To generate a sample from @), we begin by choosing an
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index j € {1,2,..., N + 1} uniformly at random. We first generate v' by shifting
v; by 7 and generating the remaining v; conditional on the realized v;, identically
to what was done in chapter 3. We suppose the resulting distribution for v has
distribution f1 Once this is done, we generate (v, v7,,) according to a N'((7,7), ¥7)
distribution, where X3 is the principal submatrix of ¥* obtained from deleting all
rows and columns except the j and j + 15'. We then generate v/? for i # j,j + 1 by
following their original distribution conditioned on the realized v j % 2 It f2 ; 1s the

distribution for the resulting 1, then by a calculation analogous to the one done for

nearest neighbor interactions we may conclude that:

N+1

Q N+1Zflzf27, (5-1)

Our goal in choosing () is to ensure that break events are more frequent under this
probability measure than under P. To test this, we ran 5-10° simulations, generating
¢ according to both P and () and comparing the number of breaks which occurred.
The results are displayed in Figures 5.1 and 5.2. From the figures, we can verify that
sampling from ) allows us to observe a greater number of failure events.

In summary, with the choices above we have the following importance sampling

algorithm:

Algorithm 3: NNN Importance Sampling
1. Choose an index j € {1,2,3,..., N + 1} with uniform probability.
2. Generate y according to the distribution N (7

7,055)

3. Conditional on the realized v;, generate the remaining v; .
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F1GURE 5.1: Comparison of the number of break events for Monte Carlo and im-
portance sampling methods in 500,000 trials, for f = 10- 1. In the IS algorithm, we
use ¢ = 1.
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FI1GURE 5.2: Comparison of the number of break events for Monte Carlo and im-

portance sampling methods in 500,000 trials, for f = %eﬁ. In the IS algorithm, we
1
use ¢ = 5
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4. Generate v, v7,, according to the distribution N'((7,7), X3).
5. Conditional on the realized v}, v7,,, generate the remaining v/7.

6. Solve for du given the generated v and check if sup [du;| > €b.

7. Repeat steps 1-4 Tt times.

8. Our estimate for P (Sup |ow;| > eb) is 1 % g(u(k’))x (sup |5u(i)| > eb).
i Trs = dQ i )

5.2 Numerical Experiments

We once again consider two test problems for the method, one with f = % -eg and
one with f = 10- 1. In each case, we choose N = 10 and consider b values ranging
from 10 to 20. The constants 5 and 10 serve to strengthen the force and consequently
raise the break probability. This is done to allow us to make comparisons to direct
Monte Carlo techniques; MC simulations for weaker forces generally do not produce
any break events even when a large number of trials is used. As a baseline estimate
of the probability, we generate a value for p(b) using 5 - 107 MC trials. However, it
is important to notice that the relative error in this estimate grows quite large for
the higher b values. We compare this estimate to 5 - 10° trials of both the MC and
IS methods. For the uniform force IS method, we choose the constant ¢ = 1, while
for the example with concentrated force we choose ¢ = %

The results of our simulations for a uniform force are shown in Table 5.1. The IS

method outperforms even MC with 100 times as many trials, yielding estimates with

lower variance and reaching higher values of b. Figure 5.3 displays the values of p(b)

5

for the three methods. Similarly, the results for the example f = “eq are displayed
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in Table 5.2 and Figure 5.4.
Lastly, using our importance sampling algorithm we can test the decay rate of

Table 5.1: Numerical results for a force f = 10- 1. For MC(5e5) and IS, we use 5e5
trials. The MC(5e7) gives a baseline estimate for comparison, and is generated using
a MC simulation with 5e7 trials. A - indicates no estimate was obtained because no
failure events were observed during the simulation.

b - 12 14 16 18 20
MC(5¢5) | 6.0e-6 | 2.0e-6 - - .
p(b) IS 7.02e-6 | 1.20e-6 | 2.57e-7 | 5.82¢-8 | 3.76e-9

MC(5e7) | 7.18e-6 | 1.28e¢-6 | 2.4e-7 | 4.0e-8 -
MC(5¢5) | 3.466-6 | 2.0e6 | - - -

Std. Dev. IS 3.48e-7 | 9.00e-8 | 3.48e-8 | 1.33e-8 | 6.50e-7
MC(5e7) | 3.79e-7 | 1.6e-7 | 6.93e-8 | 2.82¢-8 -
MC(5e5) | .58 1.0 - - -
Rel. Err. IS .05 .07 14 23 27
MC(5¢7) | .05 125 29 70 -
—101 —I- MC (T=5e5)
]:\_ ~T- 15 (T=5e5)
:-\\‘-l MC (T=5e7)
—~12 -
= I\‘\_l T
S +~
£ -14+ 1™
L I
E T
g B
& -16 1 Lo,
-18 I

T
12 14 16 18 20
Threshold

FIGURE 5.3: A comparison of the two MC estimates, and the IS estimate of p(b) for
various b values, in the case f = 10- 1.
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Table 5.2: Numerical results for a force f = 2eg. For MC(5e5) and IS, we use 5e5
trials. The MC(5e7) gives a baseline estimate for comparison, and is generated using
a MC simulation with 5e7 trials. A - indicates no estimate was obtained because no
failure events were observed during the simulation.

b - 12 14 16 18 20
MC(5e5) | 4.0e-6 | 2.0e-6 - _ _
p(b) IS 4.33e-6 | 1.07e-6 | 2.35e-7 | 7.09e-8 | 1.86e-8

MC(5e7) 4.8¢-6 | 1.14e-6 | 4.0e-7 8.0e-8 4.0e-8
MC(5e5) | 2.83¢-6 | 2.00.6 | - - -
Std. Dev. IS 7.98e-7 | 2.82¢-7 | 9.02¢-8 | 3.18¢-8 | 1.47¢-8

MC(5e7) | 3.10e-7 | 1.51e-7 | 8.94e-8 | 4.0e-8 | 2.83e-8
MC(5e5) | .71 1.0 - - -
Rel. Err. IS A8 .26 .38 45 .79
MC(5¢7) | .09 13 22 50 71
—11 - —-- MC (T=5e5)
L ~F- 15 (T=5e5)
1o - {"x,\]: MC (T=5e7)
Fed I
3 -13 1 b ——
3 —144 T LT
o .
v 15 L P F
& NG F
=, —16 7 1
S e
-17 4 L]
-18 - l l
_19 L T T T T T
12 14 16 18 20
Threshold

FIGURE 5.4: A comparison of the two MC estimates, and the IS estimate of p(b) for
various b values, in the case f = %eﬁ.

p(b) for large b values. While we have an estimate of this rate from Theorem 4.1.4,

the constant prefactor in by, obtained from the variational argument is not sharp.
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A similar phenomenon occurred in the nearest neighbor model as well, but there we
were able to strengthen the bound using the exact solution, at least in certain cases.
While it is not so easy to do so here, we conjecture that Theorem 4.1.4 could be
improved to replace by, by simply 0. Under this assumption, the upper bound in
Theorem 4.1.4 is compared to the numerical estimation of p(b) for a uniform force

in Figure 5.5. We can see that this conjecture appears to capture the correct decay

rate.
— Upper
T+ 15 (T=1e5)
_5 -
>
-% =10 ~
L3
g
[«
o
=
L
o
]
_20 -

T
20 40 60 80 100
Threshold

FIGURE 5.5: A comparison of the IS estimate of p(b) to the upper bound of Theorem
4.1.4 with by = b.

5.3 Efficiency

As we’ve seen in the previous section, using importance sampling techniques can
improve our estimation of p(b) when compared to direct Monte Carlo. However, sev-
eral of the considerations which were concerns for the importance sampling algorithm
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in the case of nearest neighbor interactions, namely that each trial is more expensive
than MC and must be run independently for each threshold value, are still relevant
in the next nearest neighbor case. To provide another measure of how effective the
proposed algorithm is when compared to more standard methods, we compare the
relative error achieved by each estimator to the computation time for the simulation
in Figures 5.6 and 5.7. The results support the improved efficiency of our algorithm
when compared with direct Monte Carlo.

Another important consideration which was not as much of a concern in chapter

Relative Error
L
1

FIGURE 5.6: Amount of accuracy achieved for various computation times (in sec-
onds) using both MC and IS algorithms. Here we take f = 10-1, b = 10.

3 is the need to wisely choose the value of 7 = In(cb). While we found the theoretical
estimates provided by our analysis of the nearest neighbor model were sufficient for
the importance sampling shift in chapter 3, here the constants suggested by Theorem
4.1.3 are too conservative. For example, we compare the results of using the con-
stants in the theorem to the more aggressive choice 7 = In(b) in Figure 5.8. Clearly,

the more aggressive choice of 7 yields considerably better results, even with fewer
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FIGURE 5.7: Amount of accuracy achieved for various computation times (in sec-
onds) using both MC and IS algorithms. Here we take f = 2eq, b = 10.

trials.

It is evident that choosing an ideal value of 7 is critical. Given that failure
events are associated with large deviations of v, choosing an extremely large 7 guar-
antees that we will see a large number of breaks occurring. However, if 7 is chosen
too large, we may only sample extremely rare failure events while the more common
ones lie in the left tail of ). This can affect the accuracy of the algorithm, as the
most important failure events are simply not observed during the simulation due to
a finite number of trials. For example, in the case of the localized force, qualitative
experiments suggest 7 = In(b) produces larger errors than 7 = In (g)

Unfortunately, there is no fixed rule for how best to choose 7 for a given f. One
possible approach is to run several simulations with comparatively few trials (say
10*) while gradually increasing 7. Once 7 is large enough that it is possible to ob-

serve failure events, this value could be used in a longer simulation to obtain higher

accuracy results. One could also try raising 7 further to improve efficiency, but in
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FiGURE 5.8: Comparison of IS methods for a uniform force. For the “aggressive”
method, we choose a shift 7 = In(b) and perform 5 - 10°, while the “conservative”
method uses a smaller shift in accordance with the constants in Theorem 4.1.3 and
3 - 106 trials.

general it is better to make a somewhat conservative choice to ensure accuracy of
the method.

Lastly, we shall briefly discuss the possibility of improving efficiency by modify-
ing the proposal distribution, ). Specifically, in step 2 we choose 1/]1 according to a
N (0, 0};) distribution truncated to (7,00) and in step 4 we generate (v7,v7, ) using
a N(0,%2) distribution truncated to [r2, 00] X [72, 00]. The only adjustment required

to the algorithm is in the computation of the Radon-Nikodym derivative; we shall

now find the density under @ is

N+1

Q 7Q rQ FQ
D AR

i=1

P 1
dQ N +1
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where lel is the truncated normal pdf for 1}, lel is the distribution for the remaining

1/]1 conditioned on v}, and ffi, fQQl play analogous roles for the NNN coefficients.
Figure 5.9 compares the results of the two choices for (). We can see that using
the truncated Gaussian does as well as the shifted one for the smaller b values, but
fails for larger values of b. This is again due to difficulty in choosing the cut-off 7 used
in the truncation. With the shifted Gaussian, we can still potentially observe events
in the left tail of @), so that even if we choose 7 slightly too large the method may still
perform well. By contrast, the truncated distribution cannot observe events where
the coefficients at the break location are less than 7. As a result, these events will
be overlooked and accuracy lost if we choose 7 too aggressively. This necessitates
a more cautious choice of 7 than was needed for the shifted Gaussian, leading to
the decreased effectiveness of the method for larger b. However, if we had a sharp
estimate on the ideal 7 to choose, we expect the use of the truncated Gaussian

distribution would outperform the shifted one.
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FIGURE 5.9: Comparison of IS methods using shifted and truncated Gaussian dis-
tributions for Q).
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6

Conclusion

In this thesis we have studied a material failure problem using a discrete, one
dimensional atom chain model. We have considered two models of this form, using a
harmonic interaction potential and either nearest neighbor or next nearest neighbor
interaction ranges. In both cases, we have established a connection between failure
events and large deviations in the coefficient field £ near the break location. Using
this connection, we have derived asymptotic upper bounds on the probability of
failure and developed more efficient numerical algorithms for calculating p(b), based
on importance sampling techniques.

There are many possible extensions and interesting directions for future work
on this problem. Firstly, we may wish to improve the bounds on p(b) in the next
nearest neighbor case. For example, as per the discussion of Figure 5.5, we expect
it is possible to improve the prefactors in by,. Next, while we have only considered
harmonic potentials for atomistic interactions, this is not particularly realistic. A
better model would use the Lennard-Jones potential. As can be seen from Figure

1.1, one distinctive feature of this model which contrasts with the harmonic one is
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the existence of a concave down region in which the strength of the interaction levels
off. This means that the distance between atoms can be increased significantly while
paying only a minimal energy penalty. As a result of this feature, we can no longer
expect as simple a correlation between large deviations in £ and large du values. This
presents new challenges in determining how to efficiently sample failure events for
such a model.

Another possibility for future work is the extension of our techniques to higher
dimensions. In this case, a failure event could be defined as a large gap between atoms
along a d—1 dimensional separating subspace of the atom lattice. It is expected that
importance sampling techniques could again provide a framework for more efficient

computation of failure probabilities in this context.
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Appendix A

Proof of Lemma 1.2.5

We shall now present the proof of Lemma 1.2.5. First, we introduce some nota-

tions. For 0 < R < 1,d € N, let

Next, for a subset Z of N and an index j € N, define

Q(R; d) infiez 0y

(R,d) =
Ozl ) Rajj\/l T+ R24+ RY 4 ...+ R2d-D)

Lemma 1.2.5. Let v ~ N(0,%) be a Gaussian random variable on R™, and suppose

oM = supoy;. Let j € Ne, and T C Ne,, with |Z| = d > 1 and j > max(Z). Choose
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1 < a < /2 and pick R small enough that g(R,d) > 0 and B*Qz; > ad, where

1—,/2d2Q%, — 1
/B*

B 1 - d72Q%j

Assume Y satisfies (1.5) with constant R. Then for any positive constant ¢; € R,

co € R with all positive entries and c2; < ¢y, there exists a constant C' > 0 such

that:

P(Vj>Cl|VI>CQ)

-1
o /o3 N 1 — a2)2
< C'inf < i _ 30”> 7 exp (#)
{ Co Cy C1 20
Proof. Let vz = (v Vi,,...,V;,) With 43 < iy < --- < ig. By the law of total
probability,
Py >alve>a) = [ Ply>elv=yéd. (A1)
Yy>ca

where ¢.(y) denotes the pdf of vz conditioned on vz > ¢ (i.e., a truncated normal
pdf). Let i = 0;S7'y and ¢ = o0;; — 01757 07 be the conditional mean and

variance of v; given vz = y, where

Ojiy
0,1 =

Ojig
and S is the principle submatrix of ¥ obtained by retaining only the row and columns
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corresponding to indices in Z,

Oivin Oivia """ Oiqig

Oigin Oigia " Oigig
St =

Oigiv  Oigia " Oigig

Choose 3* € (0, 1) as specified and define c3 = ||o;z]|,2'|[S7 || 5" B*c1. We must obtain
an estimate on the size of c3 before proceeding. If ), is the smallest eigenvalue of

Sz, then by the Gershgorin Circle theorem and the decay hypothesis on ¥,

15]
|Am, — 0i] < Z loik| < 20iiZRk < 20;iR
ki k=1

1— Rls]
1-R '’

for some 7 € Z. Consequently, we arrive at the inequality

2R (1 —RL%J>
1—R

> g _ — g
Am 2 infoy | 1 inf 79 (R, d)

We note that as long as R is sufficiently small, this gives a positive lower bound for
Am (For the purposes of this thesis, we’ll have d < 3 and so R < % suffices here).

Using this bound, we estimate the norm of Sz by:

Q(Ra d) inf;cz 0y
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In addition, since i1 < iy < --- < 7, the decay hypothesis implies:

Jji

lojzllee = \/‘72 ++ 405, < RojV/1+ R2+ R4+ -+ R4
Combining our results, we may conclude:

g(Ra d) infigz Oii
c3 > *o, = ) R,d *e A2
e Ro-jj\/l+R2+R4—|—...+R2(d—1)5 1= Qzi(R,d)B (A.2)

Take R small enough so that $*Qz; > ad (It is easy to check this is possible as

B8*Qz; — V2d as R — 0). This ensures % > ac; > Qsup Ca;.

)

Now we split the integral (A.1) into two pieces, based on whether fi exceeds 3*c; or

not.

Py > 1| vz > e) < / P(v; > 1,01 = 9)6e(y)dy

[lyllp2>c3

(A.3)
+/ P(v; > c1,vr = y)oc(y)dy
[yl 2 <cs,y>c2

We focus our attention on the first integral in (A.3). Clearly,

/| H P(vj > c1,vr = y)de(y)dy < / Pe(y)dy

[yll2>c3

= P(|lvzlle > e3 | vz > )

By making use of (1.28) followed by (1.26), this probability can be estimated as:

/ P(v; > c,vr =y) <G(0,%, ) ZP <Vi > 6—3) (A.4)
l[yllp2>c3 d

uel
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d./Uu —c
<@ 3
Z AV 27T03 (2d20'”)

€T

In the definition of GG, for any index k we can write:

o(y,0,X)dy = P(vg > cop)P(ve > co, 0 # k| vg > o)

y>co

Therefore, by choosing k£ as the index which maximizes the numerator of G and

recalling % > sup cy;, G can be bounded by using the lower bound in (1.26):

Therefore, we can obtain:

3 2
. ,/0'~~ D, Cs5
/ P(v; > c1,vz =y) <inf i Vi exp (i>
1ylle2>es P\ e Gy 20ii

d+/0i
Z\/_

ex _Cg
- C3 P 2d%0;;
€L

. / o3
<inf Tii
i\ e i 3,

ST (<d2 - @%jw*)?)c%)

C3 2d? Oii

(A.5)

€L

We now turn our attention to the second integral in (A.3). Focusing on the first part
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of the integrand, by (1.26) we conclude:

P(Vj>Cl|Vi:y)< _<Cl_#)

However, recall i < $*c; in this integral, so we can get the inequality:

Pl >c v =y) <

m(l\/_gﬂ*)q exp (—((1 _265*)01)2>

Note this is a uniform bound independent of the value of y, so the full integral can

be calculated to be:

/ P(vj > c1,vz = y)oc(y)dy
[[yll,2<c3,y>ca

Vo ex —((1 = B)er)?
: Var(l—B)er ( 25 ) Ayn@%ym ¢e(y)dy  (A.6)

<mrome ()

where we have used that the integral of the pdf ¢. cannot exceed 1.

Substituting (A.5) and (A.6) into (A.3) now yields

P(Vj>61|l/1'>02)

~1
N S os
< inf ( i _ —U”>

3

ST ((dQ - %(5*)%)

1€T

e ().
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where o™ = supoy;. 3* was chosen so that the two exponential factors are now

i<n

equal, and we obtain:

P(Vj>Cl‘VI>CQ)

~1
< Cin <\/0_” B 302;) \/O_Mexp <(d2 _Q%](ﬁ )2)0%)

¢ C2,i 2

1
- 3 i 9\ 2
< Cinf (Mon an> Vo exp <(1 a )cl) |

3
E C2,i €

. o 1 1
with C' = max (a, —\/ﬂ(l—ﬁ*)) O
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Appendix B

List of Notations

0 — Finite difference operator, defined page 10.

N (i, X)) — Normal distribution with mean p, covariance X.

¢ — Probability density function for the normal distribution.

® — Cumulative density function for the normal distribution.

G — Defined page 14.

P — Probability measure.

@ — Importance sampling measure.

dz; — Denotes integration over all components of x except z;.

N — Number of atoms.

€ — Default spacing between atoms.

V' — Atomisitc interaction potential.

&' — Vector of nearest neighbor interaction coefficients, defined page 7.

&% — Vector of next nearest neighbor interaction coefficients, defined page 7.
v* — When £ is log-normal, this is the corresponding normal random variable.
)th

oij — (i,7)" entry of the covariance matrix X.
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u — Vector of atom displacements.

E — Potential energy from atom interactions, defined page 9.

f — External force applied to atom chain.

M — Total energy in atom chain, defined page 10.

b — Threshold for material failure.

M — Maximum value attained by |duy|.

p(b) — Failure probability for threshold level b, defined page 11.
pr(b) — Localized failure probability for threshold level b, defined page 11.
F — Set of common failure events, defined pages 24 and 63.

R — Set of rare failure events, defined pages 24 and 63.

~ — Used to denote conditional quantities (mean, variance, etc.).
fr,e — Rescaled force, defined page 32.

1 — A vector of ones.

e; — The i** standard basis vector on R™.

X(A) — Characteristic function of the set A.

F}, — Defined page 36.

Sy — Defined page 38.

By — Defined page 60.

by — Rescaled threshold value. Defined page 61.

T — Number of trials for Monte Carlo or importance sampling algorithms.
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