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Abstract

The problem of material failure is of considerable importance in several applications.

We will analyze a discrete atom chain model as a means of studying a material failure

problem in a random medium. For different assumptions on the atomistic interaction

potential, we determine the conditions necessary for material failure, and conclude

failure may only occur in the event of a large deviation in the random model parame-

ters. This observation is then used to derive asymptotic bounds on the probability of

failure. Furthermore, we use our theoretical results to motivate the development of

an importance sampling algorithm to calculate rare failure probabilities with greater

efficiency than standard Monte Carlo methods.
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1

Introduction

Rare event simulation is an area of particular interest in many disciplines. Sev-

eral applications can be found in the fields of Materials Science, Biology, Finance

and Chemistry, among others (See [2, 16, 17, 26] for a few examples). As their name

implies, rare events are those which are observed very infrequently. This may be due

to an inherently low probability of the event occurring, or because it occurs on a

much longer time scale than what can be achieved during simulation. Despite their

rarity, these events are often of considerable significance as they result in major (and

sometimes catastrophic) changes to the system. In order to be able to predict these

events and prevent any detrimental influences they may have, gaining a thorough

understanding of rare events is vital. Unfortunately, this presents a considerable

challenge for two main reasons. First, it is often computationally infeasible to simu-

late rare events through conventional simulation methods. Because the probability

of the event is extremely low, a large number of realizations of the system would be

necessary to observe even one occurrence of the event in question. Considering that

each realization might be expensive to generate, this can quickly become a prohibitive
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barrier to direct simulation techniques. Secondly, the problem is further exacerbated

by the random nature of the system. It may be extremely time consuming to observe

a single occurrence of the rare event, but observation of multiple such occurrences

will be necessary to estimate the probability of the event reliably. These challenges

necessitate the use of better procedures to calculate probabilities of rare events.

The primary application of these ideas studied in this work is to the failure prob-

lem in a random material. Failure is defined as a large deformation in the material’s

structure, causing it to change shape or break apart. Needless to say, such a fail-

ure event could have dire consequences, preventing the material from performing as

intended. As such, quantifying the probability of failure based on relevant material

properties is important to ensure that failure events are sufficiently rare to lie within

acceptable error tolerances. This problem has been studied in the context of a con-

tinuum PDE model in [17, 18]. However, it is precisely during the event of interest,

when the material breaks, that a continuum model ceases to provide an accurate

description. The goal of this thesis is to generalize the results and analyses of the

continuum model to an atomistic model of the material.

In this context, there are two primary objectives we aim to address. The first is

to provide asymptotic upper bounds on the failure probabilities of the material, in

the case of a large failure threshold. The second objective is to develop more efficient

algorithms for calculating these failure probabilities, based on importance sampling

techniques. These algorithms are informed by a theoretical analysis of the failure

problem and designed to yield more occurrences of failure events during simulations.

In the remainder of this chapter, we shall give a brief overview of material failure

problems and introduce the model we will study. Next, basic preliminaries necessary

for the remainder of the thesis will be laid out. Much of the material covered in

this section is well known, and is only reproduced here for the sake of completeness
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and to establish notations. Chapter 2 will focus on a theoretical analysis of failure

probabilities for an atom chain model with nearest neighbor interactions. In chapter

3, this analysis is utilized to develop an efficient importance sampling algorithm, and

its performance is discussed. Chapters 4 and 5 are analogous to 2 and 3, but will

instead focus on a more complicated model including next nearest neighbor atomistic

interactions. Lastly, we conclude with a summary of our results and a discussion of

future work.

1.1 Material Failure Problems

Failure problems have an immense importance in a variety of contexts, and have

been extensively studied (see for example [1, 3]). A general framework has been de-

veloped in the Engineering literature for determining the reliability of a system in the

presence of uncertainty, by determining a quantity known as the failure probability

([9, 13, 22]). The key object in this theory is the limit-state function g(x, v), which

represents the state of the system in terms of known design variables x and uncertain

quantities v. It is said the system is in a state of failure if, for a given realization of

v, g(x, v) > 0. One is thus interested in the failure probability,

p = P (g(x, v) > 0)

There are many possible criteria for material failure which may be incorporated

into this framework, but we shall focus on a maximum strain criterion. This states

a failure occurs when the largest strain in the material exceeds a specified critical

value b, so that if du(x, v) is the maximum strain in the system, then g = du − b.

We shall discuss how this can be specialized to specific formulations for the model

of a material below.
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1.1.1 Continuum Descriptions

Material failure problems in random media have previously been studied in the

context of an elastic continuum model in [17, 18]. In these works, the displacement

field u of a material under external forcing f(x) is assumed to satisfy an elliptic PDE

over some domain D:


−∇(a(x)∇u(x)) = f(x) for x ∈ D

u(x) = 0 for x ∈ ∂D
(1.1)

a(x) encodes the material’s stiffness and is assumed to be a log-normal random field,

a(x) = e−σν(x),

where ν(x) is a Gaussian random field and σ > 0. With this set-up, the maximum

strain criterion becomes:

sup
x∈D
|∇u| > b,

for some specified threshold value b. When this condition is satisfied, the material is

assumed to have failed. The key quantity of interest is the failure probability,

P

(
sup
x∈D
|∇u| > b

)

There are two interesting regimes in which tail probabilities of this type may be

studied. The first is the small noise limit, i.e. σ → 0. Even when the noise level

is small, the randomness can lead to significant deviations from the deterministic

limit. Asymptotic estimates of tail probabilities relating to the solutions of (1.1)
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were considered in the recent work [14]. The second regime of interest is when the

failure threshold is large, i.e. b→∞, and we shall focus on this case in what follows.

In [18] the failure probability is examined for large b in the one dimensional case,

with a delta function external force. It was shown in Theorem 2.1 of that paper the

failure probability satisfies, to leading order,

P

(
sup
x∈D
|∇u| > b

)
∼
(

Dσ

ln(b)− κ
exp

(
−(ln(b)− κ)2

2σ2

))
, (1.2)

for known constants D, κ. The argument is based on knowledge of the exact solu-

tion to the PDE (1.1) in the 1-D case. The numerical computation of the failure

probability was addressed in [17]. In that paper, an efficient importance sampling

algorithm was developed, where the change of measure is based on the intuition that

failure at a location x ∈ D is associated with a large deviation of the underlying field

a(x), specifically that − ln(a(x)) ∼ ln(b).

Based on the above works, we have a good understanding of the overall behav-

ior of the failure problem in a continuum setting. However, the continuum model

assumes we are in the regime of relatively small deformations u in the absence of

fractures/defects in the material. Hence, it is precisely when the failure event of

interest occurs that the underlying assumptions of the continuum model break down

(mathematically speaking, solutions u satisfying the maximum strain criterion will

fail to be C1 in the limit b → ∞). In order to properly capture details of the fail-

ure event, it is better to use an atomistic model for the material. Thus, one of our

primary objectives is to extend the findings from the continuum models to atomistic

ones.

The main advantage of the atomistic approach is the ability to model material

behavior in greater detail, including variations in material properties at the micro-
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scopic level. The downside, however, is that the atomistic problem generally is more

complex both analytically and computationally. Perhaps the ideal approach in prac-

tice is to make use of hybrid methods based on atomistic to continuum coupling

schemes such as the QNL or QCF (see [5, 15, 20] for more on such methods). In this

case, we could use the fully atomistic model in the vicinity of the break location for

its greater accuracy and use the continuum model away from this for its efficiency.

Even when using such a method, however, a thorough understanding of the fully

atomistic model is critical, and that shall be the focus of this work.

1.1.2 Atom Chain Models

A material will be modeled as single chain of N atoms, indexed by the integers

1, 2, · · · , N . Furthermore, for convenience in handling boundary conditions, we add

four additional “ghost atoms” with indices −1, 0, N + 1, and N + 2. We assume

that atom i can interact with its nearest neighbors in the chain (atoms i − 1 and

i + 1) according to a potential V1, and with its next nearest neighbors (atoms i− 2

and i + 2) according to V2. Typical choices for these potentials are (appropriately

scaled versions of) the harmonic potential V (x) = x2 and Lennard-Jones potential

V (x) = 1
x12
− 2

x6
. These potentials are depicted in Figure 1.1. In this thesis, we

will use the harmonic potential as a simplified model, however the Lennard-Jones

potential provides a more realistic model of atomistic interactions.

The strength of the interaction between atoms i and i− 1 is given by a random

coefficient ξ1
i drawn from a distribution Ξ1. Similarly, the interaction between atoms

i and i − 2 has a strength given by ξ2
i , which is obtained from the distribution Ξ2.

The stochasticity in these coefficients takes into account the uncertainty and spatial

inhomogeneity in the material’s strength at the atomistic scale. We will assume

in subsequent analysis Ξj are log-normal distributions: this assumption is used in
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[17, 18] and justification for using such a model for material properties is given in

[24]. Under the log-normal assumption, if νj = (νj1, ν
j
2, . . . , ν

j
n) is a N (0,Σ) random

variable, then ξji = e−ν
j
i . Σ is a specified covariance matrix with entries σij. To

generate the ξj we set

ξji = exp((ARi + µ)j), (1.3)

where Ri, i = 1, 2 are independently generated vectors of i.i.d. N (0, I) random

variables, and Σ = AAT is the Cholesky decomposition of the covariance matrix.

We have assumed here that ξ1, ξ2 are independent, but this is not necessary for the

subsequent analysis. This restriction is mainly made for the ease of presentation

of certain results. In practice we will typically choose Σ to be determined by the

Gaussian kernel, so

σij = exp
(
−γ(i− j)2

)
, (1.4)

for some constant γ. Other choices for the covariance are of course possible, but

the entries should decay as we move further away from the main diagonal. This

assumption is physically reasonable, as we expect atoms that are very far apart from

each other should not have much direct influence on each other. In particular, for

R < 1 we impose the following decay criterion:

|σij| ≤ R|i−j|σii (1.5)

If no external force is applied to the material, then each atom will settle into an

equilibrium position xi. The equilibrium spacing between atoms will be defined by

ε =
1

N
(1.6)
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Figure 1.1: Examples of atomistic interaction potentials. The left plot shows the
harmonic potential, while the right one displays the Lennard-Jones potential.

Figure 1.2: A stencil for nearest neighbor and next nearest neighbor interactions
in an atom chain. “Ghost atoms” are added at the boundaries of the chain, so that
each interior atom will exhibit the full interaction with its two closest neighbors on
either side.

When performing numerical simulations to validate our results, we choose N = 10

and so ε = .1. In more practical systems, of course, N shall be quite large, so we

can safely assume ε is a small parameter. The atom chain model described above is

illustrated in Figure 1.2, and has been well studied in the literature (For example,

see [15, 20]).

For a given atom configuration y ∈ RN+4, we can write yi = xi + ui, where ui

is the displacement of atom i from its equilibrium position. The energy associated

with this configuration can then be expressed as:
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ENNN(y) = ε
N+1∑
k=1

ξ1
kV1

(
yk − yk−1

ε

)
+ ε

N+2∑
k=1

ξ2
kV2

(
yk − yk−2

ε

)
(1.7)

Equivalently, by noting that

yi − yi−n = (ui − ui−n) + (xi − xi−n) = (ui − ui−n) + (nε),

for n = 1, 2, we can rewrite the energy as a function of the displacement u:

ENNN(u) = ε
N+1∑
k=1

ξ1
kV1

(
δui + ε

ε

)
+ ε

N+2∑
k=1

ξ2
kV2

(
δui + δui−1 + 2ε

ε

)
(1.8)

The finite difference operator δu used above is defined component-wise by

δuk = uk − uk−1 (1.9)

We assume Dirichlet boundary conditions on the displacement field, so u−1 = u0 =

uN+1 = uN+2 = 0. This would correspond to holding the ends of the material fixed.

If we wish to restrict attention to a model with nearest neighbor interactions only,

we can take V2 = 0 to arrive at:

ENN(u) = ε

N+1∑
k=1

ξ1
kV1

(
δui + ε

ε

)
(1.10)

If we apply a force f ∈ RN to each atom in the chain, it will be perturbed to

a new atom configuration y∗ = x + u∗. It is well known this new configuration will
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satisfy the energy minimization problem

u∗ ∈ argmin(M(u)), (1.11)

where the objective function M is defined by:

M(u) = E(u)− ε
N∑
i=1

uifi (1.12)

As we shall see in what follows, it is often more convenient to calculate only δu∗.

However, as the following proposition shows, this is sufficient to characterize the

displacement field u∗.

Proposition 1.1.1. If u ∈ Rn, then for any k ∈ {1, · · · , n},

uk = −
N+1∑
i=k+1

δui (1.13)

Proof. By the boundary conditions on u, we have

δuN+1 = uN+1 − uN = −uN (1.14)

Using the fact and that the sum in the proposition telescopes, we can then conclude

that:

−
N+1∑
i=k+1

δui = uN −
N∑

i=k+1

δui = uN − (uN − uk) = uk (1.15)

For a given threshold value b > 0, we will say a failure has occurred, or that the
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material has broken, if the solution satisfies the maximum strain criterion:

sup
i∈{1,2,··· ,N+1}

∣∣∣∣δu∗iε
∣∣∣∣ > b (1.16)

Our objective is then to understand the failure probability:

p(b) = P

(
sup
i
|δu∗i | > εb

)
(1.17)

For the purposes of the analysis, it will also be convenient to define the localized

failure probability,

pk(b) = P (|δu∗k| > εb) (1.18)

We will focus on the regime where the failure threshold b is large, so that material

failure is indeed a rare event. Our goal is then to gain a theoretical understanding

of the solutions to (1.11) under the condition that the material breaks, and develop

theoretical bounds as well as efficient importance sampling algorithms to estimate

(1.17).

1.2 Preliminaries

1.2.1 `p Spaces

We think of atom chain configurations as elements of RN , so it will be helpful to

establish an appropriate structure on this space. We define the `p norm for a vector

u in Rn by:

||u||`p =

(
n∑
i=1

upi

) 1
p

(1.19)
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For p =∞, we have:

||u||∞ = sup
i∈{1,2,··· ,n}

|ui| (1.20)

When working with discrete atom chain models, the weighted norm

||u||`pε =

(
ε

n∑
i=1

upi

) 1
p

(1.21)

is often more convenient to work with. We will typically be most interested in the

case p = 2, as then we may also define an inner product:

〈u, v〉ε = ε
∑
i

uivi (1.22)

A useful result in the subsequent analysis is the following discrete analogue of

the Poincare inequality.

Proposition 1.2.1.

n∑
k=1

|uk|2 ≤ n2

n+1∑
k=1

|δuk| (1.23)

Proof. Using the boundary condition u0 = 0 followed by the Cauchy-Schwarz in-

equality,

|uk| =

∣∣∣∣∣
k∑
i=1

δui

∣∣∣∣∣ ≤
k∑
i=1

|δui| ≤
n∑
i=1

|δui| · 1 ≤

(
n∑
i=1

|δui|2
) 1

2 √
n

12



Now, making use of the above inequality, we obtain:

n∑
k=1

|uk|2 ≤
n∑
k=1

n∑
i=1

|δui|2n = n2

n∑
i=1

|δui|2 ≤ n2

n+1∑
i=1

|δui|2

1.2.2 Properties of Normal Distributions

We will denote a normal (or Gaussian) distribution with mean µ and covariance

matrix Σ by N (µ,Σ). The following are standard but useful results about normal

distributions which we shall utilize throughout our analysis.

Proposition 1.2.2. Suppose X is a N (µ,Σ) random variable on Rn. Decompose

X as X = (x1, x2), and correspondingly decompose the mean and covariance as

µ = (µ1, µ2) and Σ =
[

Σ11 Σ12
Σ21 Σ22

]
. Then for i = 1, 2, the marginal distribution of xi is:

N (µi,Σii) (1.24)

Furthermore, the conditional distribution of xi given xj is

N (µi + ΣijΣ
−1
jj (xj − µj),Σii − ΣijΣ

−1
jj Σji) (1.25)

Proposition 1.2.3. Suppose X is a N (µ, σ2) random variable. Then for any x > µ:

1√
2π

(
σ

x− µ
− σ3

(x− µ)3

)
e−

(x−µ)2

2σ2 ≤ P (X ≥ x) ≤ σe−
(x−µ)2

2σ2

√
2π(x− µ)

(1.26)

We will also have use for the truncated normal distribution, i.e. a normal random

variable which is bounded above and/or below. Information on such distributions
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can be found, for example, in [12]. For our purposes, we shall only consider the

case in which the components of the random variable are bounded from below. If

X ∼ N (µ,Σ) satisfies Xi ≥ ci for i = 1, . . . , n, then the the density function for X

is given by:

f(x) =


φ(x,µ,Σ)

1−Φ(c,µ,Σ)
x > c

0 otherwise

(1.27)

Here φ(x, µ,Σ) and Φ(x, µ,Σ) denote the pdf and cdf, respectively, of a normal ran-

dom variable with mean µ and covariance Σ.

Before moving on, we prove a simple result concerning truncated normal distri-

butions which will turn out to be quite useful:

Proposition 1.2.4. Assume ν is a N (µ,Σ) random variable on Rn, and c ∈ Rn

have all positive entries. Let T > n sup
j
cj, Yj be the event {νi > ci, i 6= j}, and set

G(µ,Σ, c) =
supj P

(
Yj | νj > T

n

)∫
y>c

φ(y, µ,Σ)dy
. Then:

P (||ν||`2 ≥ T | ν > c) ≤ G
∑
j

P

(
νj >

T

n

)
(1.28)

Proof. In order for ||ν||`2 to exceed T , we must have νj ≥ T
n

for at least one index j.

Then by sub-additivity we have:

P (||ν||`2 ≥ T | ν > c) ≤ P

(
ν1 ≥

T

n
∪ ν2 ≥

T

n
∪ · · · ∪ νn ≥

T

n
| ν > c

)

≤
∑
j

P

(
νj ≥

T

n
| ν > c

)
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≤
∑
j

∫
Yj

∫ ∞
T
n

φ(x, µ,Σ)∫
y>c

φ(y, µ,Σ)dy
dxjdx̂j

=
1∫

y>c
φ(y, µ,Σ)dy

∑
j

∫
Yj

∫ ∞
T
n

φ(x, µ,Σ)dxjdx̂j

=
1∫

y>c
φ(y, µ,Σ)dy

∑
j

P

(
νj >

T

n
, Yj

)

=
1∫

y>c
φ(y, µ,Σ)dy

∑
j

P

(
νj >

T

N

)
P

(
Yj | νj >

T

N

)

≤ G
∑
j

P

(
νj >

T

N

)

Lastly, we state a useful lemma which will be needed for a few results later.

Lemma 1.2.5. Let ν ∼ N (0,Σ) be a Gaussian random variable on Rn, and suppose

σM = sup
i
σii. Let j ∈ N≤n and I ⊂ N≤n with |I| = d ≥ 1 and j > max(I). Choose

1 < α <
√

2 and pick R small enough that g(R, d) > 0 and β∗QIj(R, d) > αd, where

β∗ =
1−

√
2d−2Q2

Ij − 1

1− d−2Q2
Ij

Assume Σ satisfies (1.5) with constant R. Then for any positive constant c1 ∈ R,

c2 ∈ Rd with all positive entries and c2,i ≤ c1, there exists a constant C > 0 such

that:

P (νj > c1 | νI > c2)

≤ C inf
i

(√
σii
c2,i

−
√
σ3
ii

c3
2,i

)−1 √
σM

c1

exp

(
(1− α2)c2

1

2σM

) (1.29)
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The proof is somewhat involved, so it as well as the precise definitions of QIj(R, d)

and g(r, d) are deferred to the appendix. Here, we merely note this lemma allows us

to quantify how unlikely it is to see multiple large entries in ν based on how strong

the correlation between its components is. In particular, if we take α→
√

2 we can

recover nearly the same exponential decay as we’d expect if the components of ν were

independent, but this is only possible by taking R→ 0, placing stronger restrictions

on the covariance matrix.

1.2.3 Optimization Algorithms

As we have seen, to determine atom configurations of a chain under a given exter-

nal force we must solve optimization problems of the form min
u
M(u). For numerical

simulations when an explicit solution to the optimization problem is not available,

this will be done using the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm.

This is a quasi-Newton algorithm which can attain superlinear convergence, and has

the advantage that the Hessian of the objective function does not need to be calcu-

lated exactly. Details of the algorithm can be found, for example, in [21]. For the

sake of completeness, the steps are listed here:

Algorithm 1: BFGS

1. Choose a starting point u0, error tolerance ε > 0, and Hessian approximation

H0 = cI, for some constant c.

2. Choose a search direction pk = −Hk∇Mk
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3. Determine a step size αk satisfying the Wolfe conditions,

M(uk+1) ≤M(uk) + c1αk∇MT
k pk

∇M(uk+1)Tpk ≥ c2∇MT
k pk

Typical values of c1, c2 are c1 = .0001, c2 = .9.

4. Update uk by uk+1 = uk + αkpk.

5. Set

Hk+1 = (I − ρkskyTk )Hk(I − ρkyksTk ) + ρksks
T
k

where yk = ∇Mk+1 −∇Mk, sk = uk+1 − uk, and ρk = 1
yTk sk

.

6. If ||∇Mk+1|| < ε, terminate the algorithm. Otherwise, set k to k+1 and repeat

steps 2 through 6.

1.2.4 Importance Sampling

Since failure events are extremely rare in the large b regime, our problem can

be interpreted as one of estimating a probability P (A) � 1 with a high degree of

accuracy. The most direct approach to doing this would be through Monte Carlo

simulation. In our context, this entails simulating the system T times, and observing

the number of times eventA occurs, TA. If we let χk denote the characteristic function

of A occurring on trial k, then we can then estimate P (A) ≈ p as

p =
1

T

n∑
k=1

χk =
TA
T

(1.30)
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The variance of this estimator can be calculated as follows:

σ2 =
1

T 2

T∑
k=1

(χk − p)2 =
1

T 2
(TA(1− p)2 + (T − TA)p2)

=
1

T 2

(
TA −

T 2
A

T

)
=

1

T
(p− p2)

In particular, we notice that the variance of the estimator is small simply by virtue

of p being small. Since we want our computation to be accurate relative to the

magnitude of P (A), a better measure of the quality of our estimate is the relative

error,

Rel. Err. =
σ2

p2
=

1− p
Tp

(1.31)

From this, we can see that when p� 1, we must have T at least on the order of 1
p

to

achieve a small relative error. This means direct Monte Carlo simulation will require

a huge number of trials, making the method inefficient. If the event A is particularly

rare, we may not observe even a single occurrence of A during simulation, making a

meaningful estimate of P (A) impossible. As such, it is extremely desirable to have

methods for making rare events easier to simulate and reducing variance/relative

error when performing Monte Carlo estimates.

The problems with using direct Monte Carlo methods to estimate small probabili-

ties are well known, and many different approaches have been proposed to circumvent

these issues ([9],[23],[25]). In general, there is no fixed rule about what approach is

best to take, and insight into the specific problem under consideration is often crucial

to designing more efficient simulation methods. However, one particularly useful and

common method for variance reduction is importance sampling. Instead of trying to

draw samples directly from P , we will introduce a new measure Q (with P absolutely

18



continuous with respect to Q), such that Q(A) > P (A), and hence we can estimate

Q(A) using fewer trials. The probability under the original distribution can then be

calculated by

P (A) =

∫
Ω

χ(A)dP =

∫
Ω

χ(A)
dP

dQ
dQ, (1.32)

where dP
dQ

is the Radon-Nikodym derivative. If the proposal measure Q is chosen

wisely, the importance sampling estimator will exhibit a reduced variance when com-

pared to direct Monte Carlo methods.

Clearly, the key challenge in developing an effective importance sampling algo-

rithm is in choosing the distribution Q. As is well known, the ideal choice would

be

Q(B) =
P (B ∩ A)

P (A)

With this choice it is evident Q(A) = 1, so that A occurs essentially every trial

under Q and the importance sampling estimator will have zero variance. Of course,

this is worthless in practice since P (A) is precisely the quantity we are trying to

compute: if we had enough information to calculate Q, there would be no need for

the importance sampling in the first place. Instead, we will require other methods

to choose Q in order to increase Q(A). For our problem, we shall see it is possible

to make use of additional knowledge about the behavior of the system to inform our

construction of Q.
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2

Failure Probabilities for Nearest Neighbor

Harmonic Model

In this chapter, we shall focus on a nearest neighbor model for atomistic interac-

tions with the harmonic potential,

V (u) =
1

2
(u− 1)2 (2.1)

With these choices, the model (1.10) simplifies to:

ENN
H (u) =

ε

2

N+1∑
k=1

ξ1
k

(
δui
ε

)2

(2.2)

While perhaps the least realistic model we shall consider, this is also the simplest and

hence most amenable to mathematical analysis. In section 2.1, we shall argue directly

from the minimization of the energy (2.2) to show that failure events are associated

with large deviations in the coefficient field ξ1. In addition, this observation will
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be used to obtain preliminary estimates on the failure probability. In section 2.2,

we derive Euler-Lagrange equations which allow us to solve (1.11) exactly, and we

utilize this result to derive sharper estimates on p(b) for a class of localized forces in

section 2.3.

2.1 Variational Estimates

To understand failure probabilities for this model, we shall first show an intuitive

result which states the material can only break if there is some location where the

bond between atoms is weak.

Lemma 2.1.1. Suppose u is a solution to (1.11) with E(u) = ENN
H such that

sup
i
|δui| ≥ εb. Then

min
k
ξ1
k ≤

2||f ||`2ε
b
√
ε

(2.3)

Proof. We first observe that sinceM(0) = 0, the minimizer u of (1.11) must satisfy

M(u) ≤ 0. From (1.12), this implies

ε

2

N+1∑
k=1

ξ1
k

(
δui
ε

)2

≤ ε
N∑
i=1

fiui

Now by applying the Cauchy-Schwarz inequality to the right hand side followed by

(1.23), we obtain:

ε

2

N+1∑
k=1

ξ1
k

(
δui
ε

)2

≤ N ||f ||`2ε ||δu||`2ε (2.4)
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Rearranging terms and utilizing (1.6) implies

N+1∑
k=1

ξ1
k (δui)

2 ≤ 2||f ||`2ε ||δu||`2ε

The left hand side can be bounded from below by
1

ε
min
k
ξ1
k||δu||2`2ε , allowing this to

be simplified to:

min
k
ξ1
k ≤

2ε||f ||`2ε
||δu||`2ε

The failure condition (1.16) implies ||δu||`2ε ≥ ε
3
2 b. Plugging this into the previous

inequality yields the result.

In fact, we can build upon Lemma 2.1.1 to reach the stronger conclusion the

material must break at the same location where the coefficient field ξ1 is weakest.

Before doing so, we shall first need a few technical lemmas to show we can restrict

our attention to the case when there is only a single break in the atom chain which

does not have ||δu||∞ exceed εb by too much. To justify neglecting other events,

we demonstrate they have a negligible probability when compared to a single break

event.

Lemma 2.1.2. Suppose that for some j, k, the solution u has |δuk| > εb, and |δuj| >

rεb, for a given r < 1 and j 6= k. Further assume sup
i
|δui| < Rεb, for some R > 1.

Then for at least two distinct indices a, b and s ∈ {a, b}:

ξ1
s ≤

(
1 +

R2

r2

)
2||f ||`2ε

b
√

1 + r2
√
ε

(2.5)

Proof. Suppose the smallest ξ1 value is ξ1
a, the second smallest is ξ1

b . The left hand
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side of (2.4) can be rewritten as:

ε

2

(∑
i 6=a

ξ1
i

δu2
i

ε2
+ ξ1

a

δu2
a

ε2

)
≥ ε

2

N+1∑
i=1

ξ1
b

δu2
i

ε2
+ (ξ1

a − ξ1
b )
δu2

a

2ε

Then manipulating the inequality (2.4) gives:

ε

2

N+1∑
i=1

ξ1
b

δu2
i

ε2
≤ N ||f ||`2ε ||δu||`2ε +

1

2ε
(ξ1
b − ξ1

a)δu
2
a

Upon further simplification, this becomes:

1

2ε2
ξ1
b ||δu||2`2ε ≤ N ||f ||`2ε ||δu||`2ε +

1

2ε
(ξ1
b − ξ1

a)δu
2
a

Dividing by ||δu||`2ε and using the lower bounds on δuj, δuk yields:

ξ1
b ≤

2||f ||`2ε
b
√

1 + r2
√
ε

+
δu2

aξ
1
b∑N+1

i=1 δu2
i

Solving for ξ1
b results in:

ξ1
b ≤

(
1− δu2

a∑N+1
i=1 δu2

i

)−1
2||f ||`2ε

b
√

1 + r2
√
ε

≤
(

1− R2ε2b2

R2ε2b2 + r2ε2b2

)−1 2||f ||`2ε
b
√

1 + r2
√
ε

From here, the proof is completed by simple algebraic calculations, since ξ1
a < ξ1

b by

assumption.
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Now for a specified r, R, we can describe two events we will want to exclude from

future calculations:

E1 =

{
sup
i
|δui| > Rεb

}

E2 =

{
sup
i
|δui| > εb and sup

i 6=k
|δui| > rεb

}

The first set accounts for deviation in δu which is significantly larger than what we

expect is required for the material to break, while the second encompasses events in

which the material fails at more than one location.

Next, define a “rare” failure set R which includes these events as well as a “nor-

mal” failure set F , which focuses attention on the material breaking in a single

location with sup
i
|δui| only just exceeding b:

R = E1 ∪ E2

F =

{
sup
i
|δui| > εb

}
∩RC

(2.6)

The next lemma justifies the view of R as the “rare” set by showing it has negligible

probability, even when compared other rare events under consideration.

Lemma 2.1.3. Choose 1 < α <
√

2 and assume Σ satisfies (1.5) with constant

R̃ small enough that the conditions of Lemma 1.2.5 are satisfied. Then there exist
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positive constants C̄, k1 >
√
ε

2||f ||
`2ε

, k2 =
√
ε

2||f ||
`2ε

, and k3 > 0 with

P (R) ≤ C̄

(
1√

2π ln(k1b)
exp

(
−(ln(k1b))

2

2σM

)

+ inf
i

( √
σii

ln(k3b)
−

√
σ3
ii

ln(k3b)3

)−1
1

ln(k2b)2

exp

(
−(ln(k2b))

2

2σii

)
exp

(
(1− α2) ln(k2b)

2

2σM

))
(2.7)

Proof. Our first observation is that by additivity of the probability measure,

P (R) = P (E1) + P (E2 ∩ EC
1 ) (2.8)

We estimate these two probabilities separately. First, consider P (E1). By using the

result of Lemma 2.1.1, we obtain:

P (E1) ≤ P

(
min
i
ξ1
i <

2||f ||`2ε
Rb
√
ε

)

This can be rewritten in terms of normal random variables:

P (E1) ≤ P

(
max
i
ν1
i ≥ ln

(
Rb
√
ε

2||f ||`2ε

))

= P

(⋃
i

(
ν1
i ≥ ln

(
Rb
√
ε

2||f ||`2ε

)))

≤
N+1∑
i=1

P

(
ν1
i ≥ ln

(
Rb
√
ε

2||f ||`2ε

))
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For convenience, let k1 = R
√
ε

2||f ||
`2ε

. To estimate the terms in the sum, we make use of

(1.26):

P (E1) ≤
N+1∑
i=1

√
σii√

2π ln(k1b)
exp

(
−(ln(k1b))

2

2σii

)

≤ (N + 1) sup
i

√
σii√

2π ln(k1b)
exp

(
−(ln(k1b))

2

2σii

) (2.9)

Now we move on to P (E2 ∩EC
1 ). Observe that on this set, the conditions of Lemma

2.1.2 are satisfied, and consequently we have ξ1
s ≤ (1 + R2

r2
)

2||f ||
`2ε

b
√

(1+r2)ε
for the second

smallest ξ1 coefficient. Let A1
i be the event

{
ξ1
i ≤

2||f ||
`2ε

b
√
ε

}
and A2

i be the event{
ξ1
i ≤ (1 + R2

r2
)

2||f ||
`2ε

b
√

(1+r2)ε

}
. Then a simple calculation yields:

P (E2 ∩ EC
1 ) ≤

N+1∑
i=1

∑
j>i

P
(
A1
i ∩ A2

j

)
=

N+1∑
i=1

∑
j>i

P
(
A1
i

)
P (A2

j | A1
i ) (2.10)

Using a similar procedure to that used when estimating P (E1), we can find

P

(
ξi ≤

2||f ||`2ε√
εb

)
≤

√
σii√

2π ln(k2b)
exp

(
−(ln(k2b))

2

2σii

)
(2.11)

For P (A2
j | A1

i ), we use Lemma (1.2.5) to obtain the estimate:

P (A2
j | A1

i ) ≤ C inf
i

( √
σii

ln(k3b)
−

√
σ3
ii

ln(k3b)3

)−1 √
σM

ln(k2b)
exp

(
(1− α2) ln(k2b)

2

2σM

)
(2.12)
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Continuing from (2.10), if we substitute in (2.11) and (2.12) we get the inequality:

P (E2 ∩ EC
1 ) ≤ inf

i

( √
σii

ln(k3b)
−

√
σ3
ii

ln(k3b)3

)−1
CσM√

2π ln(k2b)2

exp

(
−(ln(k2b))

2

2σii

)
exp

(
(1− α2) ln(k2b)

2

2σM

) (2.13)

Returning to (2.8), the estimates (2.9) and (2.13) imply:

P (R) ≤

(
(N + 1)

√
σM√

2π ln(k1b)
exp

(
−(ln(k1b))

2

2σM

)

+N(N + 1) inf
i

( √
σii

ln(k3b)
−

√
σ3
ii

ln(k3b)3

)−1
CσM√

2π ln(k2b)2

exp

(
−(ln(k2b))

2

2σii

)
exp

(
(1− α2) ln(k2b)

2

2σM

))

The lemma follows immediately from this, by setting

C̄ =
N(N + 1) max(CσM ,

√
σM)√

2π

.

Based on these results, we now understand that “typical” failure events are those

coming from the set F . As such, it is sufficient restrict our attention to F when

strengthening the result of Lemma 2.1.1.

Theorem 2.1.4. Suppose u is a solution to (1.11) with E(u) = ENN
H such that

u ∈ F . Further assume that the break occurs at location k, sup
i
|δui| = |δuk|. Then,
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provided the failure threshold b is sufficiently large,

ξ1
k ≤

2||f ||`2ε
b
√
ε

(2.14)

Proof. Suppose the minimizing atom configuration has components u = (u1, . . . , uN).

For any j 6= k, define a new atom configuration û by :

ûi =


ui if i < min(j, k) or i ≥ max(j, k)

ui + δuj − δuk if j > k and k ≤ i < j

ui + δuk − δuj if k > j and j ≤ i < k

It is not difficult to see that the effect of this rearrangement is that δûk = δuj, and

δûj = δuk, while otherwise δûi = δui if i 6= j, k. Since u is the minimizer of M, we

must have M(u)−M(û) ≤ 0. Consequently, we have the inequality:

ε

2

(
ξ1
k

δu2
k

ε2
+ ξ1

j

δu2
j

ε2
− ξ1

k

δu2
j

ε2
− ξ1

j

δu2
k

ε2

)
≤ ε

N∑
i=1

fi(ui − ûi)

=⇒ ε

2

(
δu2

k

ε2
−
δu2

j

ε2

)
(ξ1
k − ξ1

j ) ≤ ε
N∑
i=1

fi(ui − ûi)

≤ ε


(δuk − δuj)

∑j−1
i=k |fi| if k < j

(δuj − δuk)
∑k−1

i=j |fi| if j < k

(2.15)

Our objective is to show that ξ1
k − ξ1

j ≤ 0, provided b is large enough. We consider

two possible cases: j > k and j < k. If j > k, but δuk− δuj ≤ 0, the right hand side

of (2.15) is negative. Because of the assumption sup
i
|δui| = |δuk|, δu2

k ≥ δu2
j , and
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hence the inequality can only hold if ξ1
k ≤ ξ1

j . On the other hand, if δuk − δuj > 0

we can rearrange (2.15) to obtain:

ε

2

(
δuk
ε2

+
δuj
ε2

)
(ξ1
k − ξ1

j ) ≤ ε

j−1∑
i=k

|fi| (2.16)

Since δuk > b in this case and u ∈ F , (δuk + δuj) ≥ (1− r)εb, and thus the left hand

side of (2.16) tends to ∞ as b → ∞, while the right hand side remains constant.

Therefore, the only way (2.16) can hold for b sufficiently large is if ξ1
k ≤ ξ1

j .

Next, consider the case where k > j. In this case, when δuj− δuk < 0 the right hand

side in (2.15) is negative, so we must have ξ1
k ≤ ξ1

j . If instead δuj − δuk > 0, we can

obtain:

− ε

2

(
δuk
ε2

+
δuj
ε2

)
(ξ1
k − ξ1

j ) ≤ ε

j−1∑
i=k

|fi| (2.17)

In this case δuk must be negative, and thus δuk+δuj < −(1−r)εb. Hence as b→∞,

− ε
2

(
δuk
ε2

+
δuj
ε2

)
→∞, and (2.17) can only hold provided ξk ≤ ξj if b is large enough.

Since j is arbitrary we have shown ξ1
k ≤ ξ1

j in all possible cases, we can conclude

min
j
ξ1
j = ξ1

k. With this, the proof is completed by referring back to (2.3).

This result was validated numerically by performing 1, 000, 000 Monte Carlo trials

and averaging ξ1
k at the break location for each solution exhibiting a break. This

average was then compared to 1
b

for various threshold sizes. The results are shown in

Figure 2.1. The linear relationship suggests that the estimate provided in Theorem

(2.1.4) captures the correct asymptotic behavior. Now by combining the results of

this section, we can finally obtain a preliminary estimate on the failure probability

p(b).
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Figure 2.1: Comparison of ξk at the break location with 1
b
. We take ε = .1,

f = 2.5 ·1, and average the ξ values over all solutions exhibiting breaks in 1, 000, 000
trials.

Theorem 2.1.5. Under the same assumptions as Lemmas 2.1.1 and 2.1.3, if b
√
ε

2||f ||
`2ε

>

1, we have the estimate

p(b) ≤
N+1∑
i=1

√
σii

√
2π ln

(
√
ε

2||f ||
`2ε

b

) exp


−
(

ln

(
√
ε

2||f ||
`2ε

b

))2

2σii

 (1 + o(1)) (2.18)

as b→∞.

Proof. We begin by observing p(b) = P (F) + P (R). Based on Lemma 2.1.1,

P (F) ≤ P

(
sup
i
|δui| > εb)

)
≤
∑
i

P (|δui| > εb) ≤
∑
i

P

(
ν1
i > ln

(
b
√
ε

2||f ||`2ε

))
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As long as b is large enough to satisfy the conditions of the theorem, we can apply

(1.26) and combine this with Lemma 2.1.3, to arrive at:

p(b) ≤
∑
i

√
σii

√
2π ln

(
√
ε

2||f ||
`2ε

b

) exp


−
(

ln

(
√
ε

2||f ||
`2ε

b

))2

2σii


+C̄

(
1√

2π ln(k1b)
exp

(
−(ln(k1b))

2

2σM

)

+ inf
i

( √
σii

ln(k3b)
−

√
σ3
ii

ln(k3b)3

)−1
1

ln(k2b)2

exp

(
−(ln(k2b))

2

2σii

)
exp

(
(1− α2) ln(k2b)

2

2σM

))

(2.19)

Since k1 >
√
ε

2||f ||
`2ε

, k2 =
√
ε

2||f ||
`2ε

, and α > 1, the P (R) term is negligible compared to

the first term as b→∞, and the result follows.

2.2 Explicit Solution

To obtain more accurate estimates on the failure probabilities, we require addi-

tional knowledge of the solution u to (1.11). In the case of the harmonic potential

with nearest neighbor interactions, the model is simple enough that we can in fact

calculate the solution to the minimization problem exactly. The first key observation

is that the minimization problem can in this case be rewritten as a linear system of

equations.

Lemma 2.2.1. Suppose u is a solution to (1.11). Then for k = 1, . . . , N , uk satisfies

the equation:
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ξ1
kδuk − ξ1

k+1δuk+1 = ε2fk := fk,ε (2.20)

Furthermore, we have the boundary conditions δu1 = u1 and δuN+1 = −δuN .

Proof. Suppose u = (u1, . . . , uN) is the solution to (1.11). We construct a perturbed

atom configuration uα = (u1, . . . , uk−1, uk + αδuk+1, uk+1, . . . , uN). Observe δuαj =

δuj for j 6= k, k + 1, while δuαk = δuk + αδuk+1 and δuαk+1 = (1− α)δuk+1. Next, for

a given k define a function g(α) by:

g(α) =M(uα) =
1

2ε

( ∑
j 6=k,k+1

ξ1
j δu

2
j + ξ1

k(δuk + αδuk+1)2 + ξ1
k+1(1− α)2δu2

k+1

)

− ε

(∑
j 6=k

fjuj + fk(uk + αδuk+1)

)

We can then calculate:

g′(α) =
1

ε

(
ξ1
k(δuk + αδuk+1)δuk+1 − ξ1

k+1(1− α)δu2
k+1

)
− εfkδuk+1

By assumption g has a minimum at α = 0, so we should have g′(0) = 0. From this

requirement, we obtain:

1

ε

(
ξ1
kδukδuk+1 − ξ1

k+1δu
2
k+1

)
− εfkδuk+1 = 0

If we move the fk term to the right hand side and divide by δuk+1, we obtain (2.20).

The boundary conditions on δu follow immediately from the Dirichlet boundary

conditions for u.

In matrix form, this can be written as the system:
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

1 −1

. . . . . .

. . . −1

1





ξ1
1δu1

...

...

ξ1
NδuN


−



0

...

0

ξ1
N+1δuN+1


=



f1,ε

...

...

fN,ε


(2.21)

It is now straightforward to calculate an explicit formula for u. Note that in this

expression, we interpret the sums as being 0 if the lower index exceeds the upper

one.

Theorem 2.2.2. The solution to the problem (2.21) is given by

δuk =
1

ξ1
k

 N∑
i=k

fi,ε −

(
N+1∑
i=1

1

ξ1
i

)−1 N∑
j=1

N∑
i=j

fi,ε
ξ1
j

 (2.22)

for k = 1, ..N + 1.

Proof. We solve the system via back-substitution. The last equation in the system

(2.21) implies:

δuN =
1

ξ1
N

(fN,ε + ξ1
N+1δuN+1) (2.23)

Via an elementary induction argument, one can then show the general formula:

δuk =
1

ξ1
k

(
N∑
i=k

fi,ε + ξ1
N+1δuN+1

)
(2.24)

By using the right boundary condition, we have δuN+1 = −uN . On the other hand,

the left boundary condition implies u1 = δu1, so by equating (1.13) and (2.24) with
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k = 1, we obtain:

uN −
N∑
k=2

1

ξ1
k

(
N∑
i=k

fi,ε − ξ1
N+1uN

)
=

1

ξ1
1

(
N∑
i=1

fi,ε − ξ1
N+1uN

)
(2.25)

Solving for uN yields the solution

uN =
1

ξ1
N+1

(
N+1∑
k=1

ξ1
N+1

ξ1
k

)−1 N∑
k=1

N∑
i=k

fi,ε
ξ1
k

(2.26)

By substituting (2.26) back into (2.24) and using δuN+1 = −uN , we obtain the

desired result.

Some sample realizations of the solution u under the condition that a break occurs

are shown in Figure 2.2. As we expect from the results of the previous section, the

break location depends on where the nearest neighbor bond strength ξ1 is weak. As

a corollary of Theorem 2.2.2, we also obtain the following uniqueness result:

Corollary 2.2.3. The solution to (1.11) with Dirichlet boundary conditions for the

nearest neighbor harmonic model is unique.

Proof. Any solution to (1.11) must satisfy (2.21). However, by Theorem. 2.2.2 for

a given coefficient field ξ, there is only one atom configuration which solves (2.21),

implying uniqueness.

2.3 Failure Probabilities Under a Delta Forcing

Before continuing our analysis of the failure probability p(b), we will restrict our

attention to the case f = eα, where eα are the standard basis vectors on RN and
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Figure 2.2: Solutions to (1.11) exhibiting a break with b = 20, ε = .1. From top
to bottom, we take f = e3, f = e5, f = e8, and f = 2.5 · 1. The left column shows
the solutions u, while the right column displays the values ln(ξ1) of the random
coefficient field for the given solution. Notice that in each case, the minimal ξ1 value
occurs at the location where the solution exhibits a break.
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1 ≤ α ≤ N . Suppose u(α) solves (2.20) for f = eα. Then for a general force

f = (f1, . . . , fN), the configuration u =
∑N

i=1 fiu
(i) satisfies:

ξ1
kδuk − ξ1

k+1δuk+1 =
N∑
i=1

fi(ξ
1
kδu

(i)
k − ξ

1
k+1δu

(i)
k+1)

= fk(ξ
1
kδu

(k)
k − ξ

1
k+1δu

(k)
k+1) = fk,ε

In other words, by taking a superposition of the u(α), we can obtain the solution for

an arbitrary load vector f . As such, understanding the case of f = eα can be used

as a starting point for understanding more general problems (although we will not

pursue that direction here). In the following we will scale the load vector as f = 1
ε
eα,

so that it forms a discrete analogue of a delta function.

With this simplification in mind, we shall wish to study the case of a localized

external force in more detail. To this end, the following corollary to Theorem 2.2.2

is useful:

Corollary 2.3.1. The solution to (1.11) with f = 1
ε
eα is given by

δuk =


ε
ξ1k

(∑N+1
j=1

1
ξ1j

)−1∑N+1
j=α+1

1
ξ1j

k ≤ α

− ε
ξ1k

((∑N+1
j=1

1
ξ1j

)−1∑α
j=1

1
ξ1j

)
k > α

:=
ε

ξ1
k

Fk

(2.27)

Proof. Let χ be the characteristic function, χ(k ≤ α) =


1 k ≤ α

0 k > α

. Then substi-
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tuting f = 1
ε
eα into (2.22), we get:

δuk =
ε

ξ1
k

χ(k ≤ α)−

(
N+1∑
j=1

1

ξ1
j

)−1 α∑
j=1

1

ξ1
j



=
ε

ξ1
k


∑N+1
j=1

1

ξ1
j∑N+1

j=1
1

ξ1
j

−
(∑N+1

j=1
1
ξ1j

)−1∑α
j=1

1
ξ1j

k ≤ α

−
(∑N+1

j=1
1
ξ1j

)−1∑α
j=1

1
ξ1j

k > α

Simplification yields (2.27)

Recall that ξ1 can be written as ξ1 = [e−ν
1
1 , · · · , e−ν1N+1 ]T , where ν1 is an N (0,Σ)

random variable. With the explicit solution of (1.11) at our disposal, we can now

easily observe that in order for
∣∣ δuk
ε

∣∣ to exceed b, we must have the corresponding ν1
k

be sufficiently large.

Proposition 2.3.2. If u is the solution to (1.11) with f = 1
ε
eα, and |δuk| > εb for

some k ∈ {1, 2, . . . , N + 1}, then ν1
k > ln(b).

Proof. The key observation from (2.27) is that |Fk| ≤ 1, so:

εeν
1
k ≥ |δuk| > εb =⇒ ν1

k > ln (b)

This is a similar type of result to Theorem 2.1.4, so it is worth comparing the

two. In the case of f = 1
ε
eα for some α, Theorem 2.1.4 will give

ν1
k > ln

(
εb

2

)
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In other words, we obtain the same asymptotic dependence on b, but the estimate

obtained in Proposition 2.3.2 is sharper for small ε. However, Proposition 2.3.2

is more restricted in its use than Theorem 2.1.4 since we have made additional

assumptions on f . In either case, we note that this observation of the relationship

between large deviations of δu and large deviations of ν is similar to known results

in the context of the continuum model (1.1), and is critical to our understanding of

the system.

The converse of Proposition 2.3.2 is not true, |δuk| > εb is not sufficient to

guarantee a break will occur in the material at index k due to the Fk factor. Hence,

in order to understand pk(b), we must first better understand the behavior of Fk.

The next lemma is a technical result which will be useful in our subsequent analysis.

Lemma 2.3.3. Suppose 1
ξ1k

= M > b. Let w =
∑

j 6=k
e
ν1j

M
and define Sb = {w < 1}.

Then provided
∣∣∣ σjkσkk

∣∣∣ < 1 for all j, k ∈ {1, 2, . . . , N + 1} with j 6= k and ln(b) >(
1− σjk

σkk

)
ln(N), we have the estimate:

P (SCb | ν1
k = ln(M)) ≤

∑
j 6=k

1

tj,k
√

2π
e−

t2j,k
2 , (2.28)

where tj,k =

(
1− σjk

σkk

)
ln(M)− ln(N)√
σ̃j,k

and σ̃j,k = σjj −
σ2
jk

σkk

Proof. We first observe that in order for w to exceed 1, we must have eν
1
j > M

N
for at

least one j, since there are a total of N terms in the sum. Consequently, using the
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inclusion-exclusion principle,

P (SCb | ν1
k = ln(M)) ≤ P (ν1

j > ln(M)− ln(N) for some j 6= k | ν1
k = ln(M))

≤
∑
j 6=k

P (ν1
j > ln(M)− ln(N) | ν1

k = ln(M))

For a given index j 6= k , (ν1
j | ν1

k = ln(M)) is normal with mean
σjk
σkk

ln(M) :=

µ̃j,k ln(M) and variance σ̃j,k given by (1.25). Because ln(M) − ln(N) > µ̃j,k ln(M)

by assumption, the probabilities in the sum can each be calculated using the tail

distribution for a normal random variable, given in (1.26) and we obtain:

P (SCb
∣∣ν1
k = ln(M)) ≤

∑
j 6=k

1

tj,k
√

2π
e−

t2j,k
2 (2.29)

Note this lemma immediately implies that as long as
σjk
σkk

< 1, we may conclude

P (SCb | ν1
k = ln(M)) → 0 as b → ∞, so it will be sufficient to focus on the “nice”

set Sb, provided the threshold for failure is sufficiently large. Let EA(X) denote the

expectation of X over the set A. Our next result will help us to better understand

the behavior of Fk on the set Sb.

Lemma 2.3.4. With the same notations/assumptions as in Lemma 2.3.3, further

define Ak =

{
sup
j

1

ξ1
j

=
1

ξk
= M

}
, for M > b. Then there exists a B such that for
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all b > B, we have:

ESb (|Fk| | Ak) ≤ (1 +O(w))


1
M

∑α
j=1 exp

(
µ̄j,k +

σ̃j,k
2

)
for k > α

1
M

∑N+1
j=α+1 exp

(
µ̄j,k +

σ̃j,k
2

)
for k ≤ α

, (2.30)

where we have set µ̄j,k =
σjk
σkk

ln(M).

Proof. We start with the case k > α. In this case, we have the expression

Fk =

(
N+1∑
j=1

1

ξ1
j

)−1 α∑
j=1

1

ξ1
j

=
α∑
j=1

eν
1
j

M +
∑

j 6=k e
ν1j

=
α∑
j=1

1

M
eν

1
j (1 + w)−1

On the set Sb, we can expand (1 + w)−1 via a Taylor series to obtain:

Fk =
α∑
j=1

1

M
eν

1
j (1 +O(w))

Consequently, we have:

ESb(Fk | Ak) =
1

M

α∑
j=1

ESb(e
ν1j | ν1

k = ln(M))(1 +O(w)) (2.31)

By a conditional Gaussian calculation, we observe for each j, (ν1
j | ν1

k = ln(M)) is a

N (µ̄j,k, σ̃j,k) random variable. Hence by the properties of the log-normal distribution,

ESb(Fk | Ak) =
1

M

α∑
j=1

(E(eν
1
j |ν1

k = ln(M)))− (ESCb (eν
1
j |ν1

k = ln(M)))(1 +O(w))

(2.32)
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≤ 1

M

α∑
j=1

exp

(
µ̄j,k +

σ̃j,k
2

)
(1 +O(w))

We now consider the case k ≤ α, and proceed in a similar manner as above. Provided

we restrict ourselves to the set Sb, we can once again expand Fk in terms of w:

Fk = −

(
N+1∑
j=1

1

ξ1
j

)−1 N+1∑
j=α+1

1

ξ1
j

= −
N+1∑
j=α+1

eν
1
j

M +
∑

j 6=k e
ν1j

= −
N+1∑
j=α+1

1

M
eν

1
j (1 + w)−1 = −

N+1∑
j=α+1

1

M
eν

1
j (1 +O(w))

Notice we have arrived at almost the same expression as before, but the sum is over

different indices. Thus by an essentially identical argument to the one given above,

we can obtain:

ESb(|Fk| | Ak) ≤
1

M

N+1∑
j=α+1

exp

(
µ̄j,k +

σ̃j,k
2

)
(1 +O(w)) (2.33)

Combining our results for k > α and k ≤ α yields the result stated above.

We next consider pk(b) for a fixed k. From the exact solution (2.27), we know

δuk = 1
ξ1k
FK , and so for |δuk| to exceed b, we must have |Fk| >

ξ1kb

ε
. Using the previous

results, we can estimate the probability this occurs.

Lemma 2.3.5. Suppose for all k, j ∈ {1, 2, . . . , N + 1}, we have
∣∣∣ σjkσkk

∣∣∣ < 1. Then for
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any h > 0, R > 1, there exists a B such that for all b > B,

pk(b) ≤h+
(1 +O(w))

√
σkk

εb ln(b)
√

2π
exp

(
− ln(b)2

σkk

)
∑α

j=1 exp
(
µ̃j,k +

σ̃j
2

)
k > α∑N+1

j=α+1 exp
(
µ̃j,k +

σ̃j
2

)
k ≤ α

,

(2.34)

with µ̃j,k =
σjk
σkk

ln(Rb).

Proof. By Proposition 2.3.2, we know that a break occurring at location k implies

ν1
k > ln(b), so if Dk is the event {ν1

k > ln(b)}, we can conclude

P (|δuk| > εb) = P (|δuk| > εb ∩Dk) = P (|δuk| > εb | Dk)P (Dk)

= P (|Fk| > εbe−ν
1
k | Dk)P (Dk)

=

∫
Dk

P (|Fk| > εbe−ν
1
k | ν1

k = ln(M))φc(M)dMP (Dk),

(2.35)

where φc(M) is the conditional distribution of ν1
k given Dk. Now by applying the

conditional form of Markov’s inequality, we obtain:

P (|δuk| > εb) ≤
∫
Dk

M

εb
E
(
|Fk| | ν1

k = ln(M)
)
φc(M)dMP (Dk)

≤
∫
Dk

M

εb

(
ESb
(
|Fk| | ν1

k = ln(M)
)
φc(M)P (Dk)

+ ESCb
(
|Fk| | ν1

k = ln(M)
)
φc(M)P (Dk)

)
dM

(2.36)

Note P (Dk) can be easily estimated using the tail distribution for a Gaussian random
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variable:

P (Dk) ≤
√
σkk

ln(b)
√

2π
exp

(
− ln(b)2

2σkk

)

The expectation over SCb can be bounded as follows. We recall from the proof of the

previous lemma that |Fk| ≤
∑N+1

j=1
1
M
eν

1
j (1 + O(w)). Also, we know by assumption

that eν
1
j ≤ eν

1
k = M so using (2.28) we have:

ESCb (eν
1
j | ν1

k = ln(M)) ≤MP (SCb | ν1
k = ln(M)) ≤M

∑
j 6=k

1

tj,k
√

2π
e−

t2j,k
2 (2.37)

Because we’ve stipulated
∣∣∣ σjkσkk

∣∣∣ < 1, we can conclude M 1
tj,k
√

2π
e−

t2j,k
2 → 0 as b → ∞.

Consequently, for b sufficiently large, we can guarantee for any h > 0,

M

εb
P (Dk)φc(M)ESCb (|Fk| | ν1

k = ln(M)) ≤ h

2

So, provided b is large enough, we can return to (2.36) and ensure that

M

εb
P (Dk)E

(
|Fk| | ν1

k = ln(M)
)
≤ M

εb
P (Dk)ESb

(
|Fk| | ν1

k = ln(M)
)

+
h

2
(2.38)

Next, applying (2.30) gives us:

pk(b) ≤
∫
Dk

(
(1 +O(w))

√
σkk

εb ln(b)
√

2π
exp

(
− ln(b)2

2σk,k

)
∑α

j=1 exp
(
µ̄j,k +

σ̃j,k
2

)
k > α∑N+1

j=α+1 exp
(
µ̄j,k +

σ̃j,k
2

)
k ≤ α

+
h

2

)
φc(M)dM (2.39)

43



Now let SM = {M < Rb}, R > 1, and divide the integral into two pieces: one

over SM and one over SCM . Note the integrand in (2.39) is bounded thanks to the

assumption
∣∣∣ σjkσkk

∣∣∣ and the φC(M) factor. Let us call this bound Y . It is clear that

P (SCM)→ 0 as b→∞, so by taking b larger if necessary, we can ensure P (SCM) ≤ h
2Y

.

Hence by continuing from (2.39),

pk(b) ≤
∫
SM

(
(1 +O(w))

√
σkk

εb ln(b)
√

2π
exp

(
− ln(b)2

2σk,k

)
∑α

j=1 exp
(
µ̄j,k +

σ̃j,k
2

)
k > α∑N+1

j=α+1 exp
(
µ̄j,k +

σ̃j,k
2

)
k ≤ α

+
h

2

)
φc(M)dM +

h

2

≤

(
(1 +O(w))

√
σkk

εb ln(b)
√

2π
exp

(
− ln(b)2

2σk,k

)
∑α

j=1 exp
(
µ̃j,k +

σ̃j,k
2

)
k > α∑N+1

j=α+1 exp
(
µ̃j,k +

σ̃j,k
2

)
k ≤ α

+
h

2

)∫
SM

φc(M)dM +
h

2

Since the integral of a pdf cannot exceed 1, this concludes the proof.

With the above preparations, we are now able to easily prove the main result

regarding the failure probability p(b) for the nearest neighbor model with a harmonic

potential.

Theorem 2.3.6. With the same setup as in Lemma 2.3.5, for the problem (2.20)
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with f = 1
ε
eα,

p(b) ≤

(
α∑
k=1

√
σkk

εb ln(b)
√

2π
exp

(
− ln(b)2

2σkk

) N+1∑
j=α+1

exp

(
µ̃j,k +

σ̃j,k
2

)

+
N+1∑
k=α+1

√
σkk

εb ln(b)
√

2π
exp

(
− ln(b)2

2σkk

) α∑
j=1

exp

(
µ̃j,k +

σ̃j,k
2

))
(1 +O(w))

+ h(N + 1)

(2.40)

Proof. We first observe that, using sub-additivity,

p

(
sup
k
|δuk| > εb) = p(∪k{|δuk| > εb}

)
≤

N+1∑
k=1

p(|δuk| > εb)

By applying Lemma 2.3.5 to bound the terms in this sum, we arrive at the result

through straightforward algebraic manipulations.

Very roughly speaking, the theorem suggests an asymptotic upper bound for the

break probability behaves like
1

b ln(b)
sup
j,k

exp(µ̃j,k − ln(b)2) ≈ 1

ln(b)
exp(− ln(b)2). It

is worth pointing out the similarity of this result to the estimate (1.2) obtained in [18]

for a delta external force. Furthermore, this will in general give a sharper estimate

of the failure probability than Theorem 2.1.5. However, we do note the usefulness of

this result is somewhat limited by the restriction on the load vector f .
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3

Importance Sampling Algorithm for Nearest

Neighbor Harmonic Model

As seen in Theorem 2.1.5, the failure probabilities p(b) decay with b at a rapid

rate, and hence the probability of observing a failure event is quite small for large

b values. This means that if we use a direct Monte Carlo method, i.e. simulate

the system for a large number of randomly generated ξ1 values and see how many

exhibit a break, we will require millions of trials to obtain highly accurate results.

For especially large values of the threshold b, it may not be possible to observe any

failure events in practice in a feasible amount of time. This suggests we need better

methods for simulating these rare events. In this chapter, we will use the intuition

from our previous analysis, that a large value of |δu| can only occur if we observe a

correspondingly large value in the coefficient field ν1, to develop a more efficient im-

portance sampling algorithm for computing failure probabilities. Not only will this

method yield estimates of the failure probability for larger values of b than Monte

Carlo simulation, using the importance sampling estimator will also result in signif-
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icantly reduced variance in our calculation of p(b).

In section 3.1 we provide an overview of our algorithm and its theoretical foun-

dation, with supporting numerical experiments provided in section 3.2. Lastly, we

shall briefly discuss the performance of our algorithm, as well as potential methods

of improving it, in section 3.3.

3.1 Algorithm Overview

To begin we choose a threshold value τ which we expect sup
i
ν1
i should exceed in

order for a break to occur. The choice of τ is informed by our analysis in chapter

2: for example, τu = ln

(
b
√
ε

2||f ||
`2ε

)
is a good choice for a general forcing, while in

the special case of a localized f , we might try simply τδ = ln(b). The idea of our

importance sampling algorithm is that we can switch to a probability measure under

which we are more likely to see a failure event occur by making large values in ν1

more likely to occur.

Let P be the original probability distribution for ν1, and Q the modified distribu-

tion we draw our samples from. The rare event |δui| > εb will far more likely under Q

than under P , so pQ(b) can be estimated using far fewer realizations than are required

by a direct Monte Carlo method. Once we obtain an estimate for Q

(
sup
i
|δui| > εb

)
,

we can obtain p(b) from

P

(
sup
i
|δui| > εb

)
=

∫
Ω

χ

(
sup
i
|δui| > εb

)
dP =

∫
Ω

χ

(
sup
i
|δui| > εb

)
dP

dQ
dQ,

(3.1)
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where dP
dQ

is the Radon-Nikodym derivative. If P and Q are probability distributions

with densities fP and fQ, respectively, then a straight-forward calculation shows:

P (A) =

∫
Ω

χA(ω)dP =

∫
RN+1

χA(x)fp(x)dx

=

∫
RN+1

χA(x)
fP (x)

fQ(x)
fQ(x)dx =

∫
Ω

χA
fP
fQ
dQ

From this we can see directly from the definition of the Radon-Nikodym derivative

that dP
dQ

= fP
fQ

.

We shall now address how to choose the proposal distribution Q. To generate

a sample from Q, we begin by choosing a random index j uniformly from the set

{1, 2, 3, . . . , N + 1}. j shall be the location where we expect the chain to break, so

we shift the distribution of ν1
j to be N (τ, σPjj). Let fQj be the probability density

function for this distribution. Next, we generate the remaining ν1
i , i 6= j, according

to their original distribution conditioned on the realized value of ν1
j (using (1.25)).

The resulting density for distribution of the ν1
i shall be denoted as f̃Qj , and its mean

and covariance by µ̃j, Σ̃j.

From this procedure, for the chosen value of j we obtain a normal random vector

ν1, with mean µjQ = (µ̃j1, . . . , µ̃
j
j−1, τ, µ̃

j
j+1, . . . µ̃

j
N+1) and covariance matrix:

Σj
Q =


Σ̃j

11 0 Σ̃j
12

0 σjjP 0

Σ̃j
21 0 Σ̃j

22

 (3.2)

Note the 0’s are row/column vectors as appropriate. Σ̃j
11 is the collection of entries

of Σ̃j with both row and column indices less than j, Σ̃j
12 is the collection of entries
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with row index less than j, column index greater than j (Σ̃j
21 is the reverse of this),

and Σ̃j
22 the collection of entries with both indices greater than j.

Now that we have described how to generate samples of Q, we must calculate the

density fQ so we can determine the Radon-Nikodym derivative. For a set A ⊆ RN+1,

Q(ν ∈ A) =
N+1∑
i=1

Q(ν ∈ A|j = i)P (j = i)

=
1

N + 1

N+1∑
i=1

∫
R
Q(ν ∈ A|j = i, νi = xi)f

Q
i dxi

=
1

N + 1

N+1∑
i=1

∫
Aj

∫
Âj

fQi f̃
Q
i dx̂idxi =

1

N + 1

∫
A

N+1∑
i=1

fQi f̃
Q
i dx

From the calculation, we conclude fQ = 1
N+1

∑N+1
i=1 fQi f̃

Q
i . Since the product fQi f̃

Q
i

can be seen to be just the pdf for the N (µiQ,Σ
i
Q) distribution, this sum can easily

be calculated for each sample we generate from Q.

For the new probability measure Q to give more efficient estimates, it should

produce more failure events than sampling from the original distribution in the same

number of trials. This is verified in Figures 3.1 and 3.2. This disparity in the num-

ber of failure events between the two methods is particularly pronounced in Figure

3.2, since in that case we have a sharper value of τ due to the analysis of the exact

solution.

Compiling our calculations thus far leads us to the following importance sampling

algorithm:

Algorithm 2: NN Importance Sampling

1. Choose an index j ∈ {1, 2, 3, . . . , N + 1} with uniform probability.
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Figure 3.1: Comparison of the number of failure events observed from Monte
Carlo and our importance sampling algorithm for a single run of 2 million trials and
a uniform force f = 1.

Figure 3.2: Comparison of the number of failure events observed from Monte
Carlo and our importance sampling algorithm for 100,000 trials and a localized force
f = 1

ε
e6.
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2. Generate ν1
j according to the distribution N (τ, σPjj)

3. Conditional on the realized ν1
j , generate the remaining νi.

4. Solve for δu given the generated ν1 and check if

∣∣∣∣sup
i
δui

∣∣∣∣ > εb.

5. Repeat steps 1-4 TIS times.

6. Our estimate for P

(
sup
i
|δui| > εb

)
is 1

TIS

TIS∑
k=1

dP

dQ
((ν1)(k))χ

(
sup
i
|δu(i)

k | > εb

)
.

3.2 Numerical Experiments

To illustrate the effectiveness of our algorithm, we shall consider two test prob-

lems: one with a uniform force f = 1, and one with f = 1
ε
e6. For numerical

simulations, we take N = 10 and generate a baseline estimate of p(b) by performing

5 · 107 Monte Carlo trials. For the uniform forcing, we use the general estimate for

the importance sampling shift τu and perform 2 · 106 trials using both direct Monte

Carlo and importance sampling, while for the localized force we shall use the more

aggressive shift τδ and perform 105 trials for both methods.

The results of the simulations for a uniform force are listed in Table 3.1. We

observe from the data that the IS method provides better estimates of the failure

probability than direct Monte Carlo, and also reduces the relative error of the esti-

mator. The comparison between the three methods of calculating p(b) is displayed

graphically on a log scale in Figure 3.3.

Similar data for f = 1
ε
e6 is presented in Table 3.2 and Figure 3.4. One thing

we observe is that the advantage of the IS algorithm is even more pronounced in

this case. Even for a fairly small number of trials, it produces an estimate of p(b)
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Table 3.1: Numerical results for a uniform force. For MC(2e6) and IS, we use 2e6
trials. The MC(5e7) gives a baseline estimate for comparison, and is generated using
a MC simulation with 5e7 trials. A - indicates no estimate was obtained because no
failure events were observed during the simulation.

b - 12 14 16 18 20

p(b)
MC(2e6) 2.8e-5 1.0e-5 2.0e-6 - -

IS 2.09e-5 7.47e-6 2.58e-6 1.05e-6 4.58e-7
MC(5e7) 2.49e-5 8.5e-6 3.16e-6 1.2e-6 4.2e-7

Std. Dev.
MC(2e6) 3.74e-6 2.24e-6 1.00e-6 - -

IS 2.10e-6 1.03e-6 4.90e-7 2.62e-7 1.42e-7
MC(5e7) 7.05e-7 4.12e-7 2.51e-7 1.54e-7 9.12e-8

Rel. Err.
MC(2e6) .134 .224 .500 - -

IS .100 .137 .190 .248 .309
MC(5e7) .028 .049 .080 .129 .218

Figure 3.3: A comparison of the two MC estimates, and the IS estimate of p(b) for
various b values in the case of a uniform f . The IS algorithm is more accurate than
MC across all threshold values and is able to generate estimates for a larger range
of threshold values as well.

which has low relative error and agrees well with the longer Monte Carlo simulation

across all b values. The reason for this improvement is due to the fact we have a
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more precise estimate of the threshold ν1
j must exceed for a failure event to occur,

based on our analysis of the solution to (1.11) in chapter 2. This allowed us to select

a better value for τ in constructing the probability measure Q. If a similar analysis

could be performed in the uniform f case, it is likely we could improve the efficiency

of the algorithm in that scenario as well.

While it is difficult to generate accurate estimates of p(b) in a reasonable amount

Table 3.2: Numerical results for a force f = 1
ε
e6. For MC(1e5) and IS, we use 1e5

trials. The MC(5e7) gives a baseline estimate for comparison, and is generated using
a MC simulation with 5e7 trials.

b - 12 14 16 18 20

p(b)
MC(1e5) 2.8e-4 1.2e-4 7.0e-5 3.0e-5 2.0e-5

IS 2.72e-4 1.04e-4 4.23e-5 1.94e-5 8.92e-6
MC(5e7) 2.83e-4 1.09e-4 4.73e-5 2.16e-5 1.06e-5

Std. Dev.
MC(1e5) 5.29e-5 3.46e-5 2.65e-5 1.73e-5 1.41e-5

IS 8.97e-6 4.35e-6 2.16e-6 1.19e-6 6.50e-7
MC(5e7) 2.38e-6 1.48e-6 9.72e-7 6.58e-7 4.61e-7

Rel. Err.
MC(1e5) .189 .289 .378 .577 .707

IS .033 .042 .051 .061 .073
MC(5e7) .008 .014 .021 .030 .043

of time using MC when b is large, this is less of a restriction for the IS algorithm.

Therefore, we may now use the IS algorithm to verify the asymptotic behavior of

p(b) derived in Theorem 2.3.6. The results are shown in Figure 3.5. The constant

gap between the two curves suggests the theorem provides the correct b dependence

for p(b) but does not have the best possible prefactor.

3.3 Efficiency

While the results of the previous section support the superior performance of the

IS algorithm compared to MC simulations, we must also consider that each trial of

the IS simulation will be more costly than a trial of MC: generating samples from Q
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Figure 3.4: A comparison of the two MC estimates, and the IS estimate of p(b) for
various b values in the case of f = 1

ε
e6.

Figure 3.5: Comparison of the upper bound in (2.3.6) and numerical calculation
of p(b) for b values ranging from 10 to 100.
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is more expensive than generating samples of P , and the IS method requires addi-

tional calculations to recover p(b) using the Radon-Nikodym derivative. This creates

a trade-off between the reduced number of trials to achieve a low relative error and

the increased computation time per trial. To ensure IS is indeed saving time over

MC, we compared the relative error of the two estimators based on the length of

the simulation for several numbers of trials. Figures 3.6 and 3.7 illustrate that for

a given threshold value, the IS estimator provides a much smaller error than MC in

the same amount of time dedicated to the simulation.

These results, however, can be somewhat misleading because they only consider

Figure 3.6: Comparison of computation time (in seconds) and the resulting error
for MC and IS, in the case of f = 1 and b = 15.

the calculation for a single value of the failure threshold. A major computational

disadvantage of the importance sampling method is that the choice of τ depends on

b, so if we are interested in considering a wide range of b values (as in Figures 3.3 and

3.4) then we must recompute the coefficients ν1 and the solution u for each thresh-
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Figure 3.7: Comparison of computation time (in seconds) and the resulting error
for MC and IS, in the case of f = 1

ε
e6 and b = 15.

old, effectively multiplying the number of trials being performed by the number of

threshold values under consideration. On the other hand, in the MC method we

can easily test for failure events at all threshold levels after generating only a single

realization of u. As a result, MC with a large number of trials may be more useful if

we wish to calculate p(b) for a large number of relatively small b values. On the other

hand, the advantages of the IS method are more pronounced if we are interested in

a smaller number of threshold values or large values of b.

One possible remedy for this problem would be to fix τ for all threshold values

under consideration (say, choose the τ given by the smallest b value), and use that

as the shift in the distribution Q. We shall not pursue this direction here, but one

would expect this would significantly reduce computation time for IS at the cost

of some accuracy for higher threshold values due to the choice of a sub-optimal τ .

Another approach to further increase efficiency of the importance sampling method
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would be to try and improve the proposal distribution Q so that samples drawn from

Q are more tightly focused on the most significant events contributing to the failure

probability. For example, in step 2 of Algorithm 2, we might consider drawing ν1
j

from a truncated normal distribution with lower bound c = τ . This will ensure all

samples drawn from Q will at least satisfy the minimal criteria for a break event,

namely sup
j
ν1
j > τ . Using our previous calculations, it is not difficult in this case to

see that the new density for Q still has the form:

1

N + 1

N+1∑
i=1

fQi f̃
Q
i

However, now fQi will be the density for a truncated normal distribution, given by

(1.27).

If the truncation value τ is well chosen, this can further improve the accuracy of

the IS method, as is illustrated in Figure 3.8 for a localized external force. However,

if τ is chosen too small or too large, this method may actually perform worse than

using a simple shifted Gaussian, as it focuses the samples of Q on the wrong area.

Thus we will not pursue this approach for more general problems where our choice

of τ is more conservative.
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Figure 3.8: Comparison of different choices for the importance sampling measure
Q for the case f = 1

ε
e6 and 100,000 trials for each IS method. We can see that

using a truncated normal distribution provides greater agreement with the “true”
probability value obtained from a long MC simulation.
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4

Failure Probabilities for Next Nearest Neighbor

Harmonic Model

In this chapter, we shall consider a more complicated model which allows for

atoms to interact with their second nearest neighbors as well. We again focus on a

harmonic potential (2.1) for V1, and the potential V2 is chosen to be:

V2(u) =
1

2
(u− 2)2 (4.1)

Under these conditions, (1.8) becomes:

ENNN
H (u) =

ε

2

N+1∑
k=1

ξ1
k

(
δuk
ε

)2

+
ε

2

N+2∑
k=1

ξ2
k

(
δuk + δuk−1

ε

)2

(4.2)

We shall proceed using ideas analogous to those developed in chapter 2. First,

in section 4.1, we will obtain probability estimates by using variational arguments

similar to those in chapter 2.1. We will also calculate the exact solution to the
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energy minimization problem (1.11) using Euler-Lagrange equations in section 4.2:

however, unlike in the nearest neighbor case, the solution is quite complicated and

not amenable to further analysis.

4.1 Variational Estimates

Based on the intuition gained from our earlier study of the nearest neighbor

model, we expect that a failure event will only occur if the ξ coefficients near the

location where |δu| exceeds εb are particularly small. However, unlike in the nearest

neighbor case, terms involving δuk are directly influenced by three ξ coefficients: ξ1
k,

ξ2
k, and ξ2

k+1. Our first goal is to make precise the notion that, with high probability,

these particular ξ coefficients must be small for a break in the atom chain to occur

at location k. To this end, it shall be useful to introduce a couple new notations.

First, we let ξ = (ξ1, ξ2) ∈ R2N+3, and define a set BW (ξ) to keep track of the

number of small coefficients in ξ:

BW (ξ) =

{
k ∈ Z2N+3 | ξk <

W√
εb

}
(4.3)

Although it is a trivial observation, it is useful to note that BW (ξ) ⊆ BV (ξ) if V > W .

Since we will want to show that the most probable failure events involve only three

ξ coefficients being small, it is useful to establish P (|BW (ξ)| ≥ 4) is extremely small,

so that failure events requiring more than three large deviations of the ξ field are

negligible. That is the goal of the next lemma.

Lemma 4.1.1. Choose 1 < α <
√

2 and assume Σ satisfies the decay criteria (1.5)

with R small enough to satisfy the conditions of Lemma 1.2.5 for all d ≤ 3. Then
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for some positive constant C̄,

P (|BW (ξ)| ≥ 4) ≤ C̄ inf
i

(
ln(bW )5

(
√
σii(ln(bW )2 − σii))3

)
exp

(
(3(1− α2)− 1) ln(bW )2

2σM

)
(4.4)

where:

bW =

√
εb

W

Proof. Before beginning the proof, we make a definition for ease of notation.

AI = {νi > ln(bW ),∀i ∈ I}

Our first observation is that for a coefficient field ξ to satisfy |BW (ξ)| ≥ 4, it is

necessary that ξ has at least four small coordinates, so that:

P (|BW (ξ)| ≥ 4) ≤
∑

i≤j≤k≤`

P

(
ξa <

1

bW

)

=
∑

i≤j≤k≤`

P (νa > ln(bW ) for a ∈ {i, j, k, `})

=
∑

i≤j≤k≤`

P (νi > ln (bW ))P (νj > ln (bW ) | Ai)

P (νk > ln (bW ) | Aij)P (ν` > ln (bW ) | Aijk)

(4.5)

We must estimate each of the four probabilities in the product. The first term is
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straightforward to bound using (1.26):

P (νi > ln(bW )) ≤
√
σii exp

(
− ln(bW )2

2σii

)
√

2π ln(bW )

The remaining three terms all have a similar structure and are handled via Lemma

1.2.5. Provided R is small enough the conditions of the lemma are satisfied for each

of the three factors, we can obtain the estimates:

P (νs > ln (bW ) | AIs)

≤ Cs inf
i

( √
σii

ln(bW )
−

√
σ3
ii

ln(bW )3

)−1 √
σM

ln(bW )
exp

(
(1− α2) ln(bW )2

2σM

)

for s ∈ {j, k, `}, Ij = {i}, Ik = {i, j}, I` = {i, j, k}, and constants Cs as specified by

the lemma. Substituting our results back into (4.5) implies:

P (|BW (ξ)| ≥ 4) ≤ N4 inf
i

( √
σii

ln(bW )
−

√
σ3
ii

ln(bW )3

)−3
CjCkC`(σ

M)2

√
2π ln(bW )4

exp

(
(3(1− α2)− 1) ln(bW )2

2σM

)
,

This completes the proof once we set C̄ =
N4CjCkC`(σ

M )2√
2π

and simplify.

We now define a set of “rare” and “normal” failure events, denoted by RW and
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FW , respectively, by:

RW = {ξ | |BW (ξ)| ≥ 4 and sup
i
|δui| > εb}

FW = {ξ | |BW (ξ)| ≤ 3 and sup
i
|δui| > εb}

(4.6)

Our next result allows to obtain an upper bound on how large ||δu||`2ε can be on the

set F1.

Lemma 4.1.2. Suppose ξ ∈ F1. Then for any K > max(
√

6, 4||f ||`2ε ) we have the

estimate

||δu||`2ε ≤ Kε
3
2M, (4.7)

where M = sup
i
|δui|.

Proof. Assume to the contrary ||δu||`2ε > Kε
3
2M . Because ξ ∈ F1, we observe ξ1

i ≥
1√
εb
≥ 1√

εM
for all but at most three indices i. We note by considering u = 0 that

the solution of 1.11 will satisfy E(u) ≤ 0, and thus for the minimizing u we have:

ε

2

N+1∑
k=1

ξ1
k

(
δuk
ε

)2

+
ε

2

N+2∑
k=1

ξ2
k

(
δuk + δuk−1

ε

)2

≤ ε
N∑
i=1

uifi

Applying the Cauchy-Schwarz and Poincare inequalities on the right hand side, we

arrive at:

ε

2

N+1∑
k=1

ξ1
k

(
δuk
ε

)2

+
ε

2

N+2∑
k=1

ξ2
k

(
δuk + δuk−1

ε

)2

≤ N ||f ||`2ε ||δu||`2ε (4.8)

By dropping the next nearest neighbor terms and performing some rearrangements,
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this reduces to:

∑
B1

ξ1
i δu

2
i +

∑
BC1

ξ1
i δu

2
i ≤ 2||f ||`2ε

√
ε

√∑
B1

δu2
i +

∑
BC1

δu2
i (4.9)

Since ||δu||`2ε > Kε
3
2M , we know that either

∑
B1
δu2

i >
K2

2
ε2M2 or

∑
BC1

δu2
i >

K2

2
ε2M2. Suppose for the sake of contradiction the latter is true. Then since |B1| < 4

on F1 and εM is the supremum of |δu|,

∑
B1

δu2
i ≤ 3ε2M2 ≤

∑
BC1

δu2
i

In the second inequality, we’ve made use of the fact that K2 > 6.

Next, by dropping the sum over B1 on the left hand side (it is a strictly positive

term) in (4.9), we obtain :

∑
BC1

ξ1
i δu

2
i ≤ 2

√
2||f ||`2ε

√
ε

√∑
BC1

δu2
i (4.10)

Recall that for i 6∈ B1, we can bound ξ1
i below:

1√
εM

∑
BC1

δu2
i ≤ 2

√
2||f ||`2ε

√
ε

√∑
BC1

δu2
i (4.11)

Rearranging the inequality, we finally arrive at:

1 ≤ 2
√

2||f ||`2ε
√
ε

√
εM√∑
BC1

δu2
i

≤ 4

K
||f ||`2ε (4.12)
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However, by the definition of K, the right hand side of this inequality is smaller than

1, which provides a contradiction.

Therefore, we conclude
∑

B1
δu2

i > K2

2
ε2M2 > 3ε2M2. Since the left hand side

contains at most three terms each of which is bounded by ε2M2, this is a contradiction

as well. Consequently, we must have ||δu||`2 ≤ Kε
3
2M .

Having completed the above preparations, we are now prepared to prove the

analogue of Theorem 2.1.4 for the next nearest neighbor interaction model.

Theorem 4.1.3. Choose positive constants λ1, λ2, ρ1, ρ2 < 1, K > max(
√

6, 4||f ||`2ε )

and suppose ξ ∈ FW , where we define W as:

W = max

(
1,

2K||f ||`2ε
ρ2

1(1− ρ2)2
,
2K||f ||`2ε
ρ2

1ρ
2
2

,
2K||f ||`2ε
λ2

1(1− λ2)2
,
2K||f ||`2ε
λ2

1λ
2
2

)

Further assume sup
i
|δui| = |δuk| = εM > εb. Then we have the following bounds on

the ξ coefficients:

ξ1
k ≤

2K||f ||`2ε√
εb

(4.13)

ξ2
k ≤

2K||f ||`2ε
(1− λ1)2

√
εb

(4.14)

ξ2
k+1 ≤

2K||f ||`2ε
(1− ρ1)2

√
εb

(4.15)

Proof. From (4.8) we have the inequality:

N+1∑
k=1

ξ1
k (δuk)

2 +
N+2∑
k=1

ξ2
k (δuk + δuk−1)2 ≤ 2||f ||`2ε ||δu||`2ε
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Since ξ ∈ F1, we can use (4.7) to obtain:

N+1∑
i=1

ξ1
i (δui)

2 +
N+2∑
i=1

ξ2
i (δui + δui−1)2 ≤ 2Kε

3
2 ||f ||`2εM (4.16)

By dropping all terms on the LHS of (4.16) except the nearest neighbor term at the

break location, we can conclude:

ξ1
kδu

2
k ≤ 2Kε

3
2 ||f ||`2εM

By rearranging and using the fact |δuk|2 > ε2M2, we reach (4.13):

ξ1
k ≤

2K||f ||`2ε√
εM

≤
2K||f ||`2ε√

εb

Now that we have the desired bound on the nearest neighbor coefficient, we turn our

attention to the next nearest neighbor terms. By dropping all of these terms except

the one with i = k in (4.16), we arrive at:

ξ2
k(δuk + δuk−1)2 ≤ 2Kε

3
2 ||f ||`2εM

We consider two possible cases, which we shall denote as case L1 and case L2. In

the L1 case, we assume sgn(δuk)δuk−1 ≥ −λ1εM , for some λ1 < 1 of our choosing.

Then we can bound the (δuk + δuk−1) term below, yielding:

ξ2
k(1− λ1)2ε2M2 ≤ 2Kε

3
2 ||f ||`2εM
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Therefore, by a simple rearrangement, we get:

ξ2
k ≤

2K||f ||`2ε
(1− λ1)2

√
εM
≤

2K||f ||`2ε
(1− λ1)2

√
εb

In case L2, we observe sgn(δuk)δuk−1 < −λ1εM so the solution u nearly exhibits a

break in a second location, |δuk−1| > λ1εM . By repeating the analysis of the proof

at index k − 1, we thus obtain:

ξ1
k−1 ≤

2K||f ||`2ε
λ2

1

√
εb

In addition, we can further divide case L2 into cases L2a and L2b depending on

whether sgn(δuk−1)δuk−2 ≥ λ2λ1εM or sgn(δuk−1)δuk−2 < λ2λ1εM . Analogously to

the above arguments, we can then conclude that at least one of the following must

hold:

ξ2
k−1 ≤

2K||f ||`2ε
λ2

1(1− λ2)2
√
εb

ξ1
k−2 ≤

2K||f ||`2ε
λ2

1λ
2
2

√
εb

The important thing to notice here is that case L1 requires only one additional small

ξ coefficient, while case L2 requires at least 2. We can then return to (4.16) and

carry out a similar analysis for the k+ 1 next nearest neighbor coefficient (The only

changes required will be to replace indices k − 1, k − 2 with indices k + 1, k + 2, λ

with ρ, and cases L1, L2 with R1, R2). From this, we obtain in case R1 the bound:

ξ2
k+1 ≤

2K||f ||`2ε
(1− ρ1)2

√
εb
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In case R2, we get both

ξ1
k+1 ≤

2K||f ||`2ε
ρ2

1

√
εb

and at least one of the two inequalities:

ξ2
k+2 ≤

2K||f ||`2ε
ρ2

1(1− ρ2)2
√
εb

ξ1
k+2 ≤

2K||f ||`2ε
ρ2

1ρ
2
2

√
εb

Combining results, there are four possible case combinations to consider. With W

defined as in the statement of the theorem, we observe that if we have L2+R1,

L1+R2, or L2+R2, then |BW (ξ)| ≥ 4, which contradicts our assumption that ξ ∈

FW . Consequently, we must be in the cases L1 and R1, and so the proof is complete.

Some solutions to the energy minimization problem which exhibit a break in the

atom chain, along with the corresponding ξ fields, are shown in Figures 4.1 and

4.2. Figure 4.1 is for an external force concentrated on atom 6, while 4.2 uses a

uniform external force. Notice that in each case, the ξ1 and ξ2 coefficients achieve

their smallest values near the break location, in accordance with Theorem 4.1.3.

To see the bounds in Theorem 4.1.3 capture the correct dependence on b, we

plotted the relationship between 1
b

and ξ1
k, ξ

2
k, ξ

2
k+1 at the break location across several

threshold values. The results are shown in Figure 4.3. The linear relationships

suggest the asymptotic dependence on b is correct, but as we shall discuss later when

we pursue importance sampling, the prefactors are not optimal for obtaining sharp

bounds.

The results proven above allow us to achieve our goal of deriving an asymptotic
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Figure 4.1: Solutions to (1.11) exhibiting a break with b = 20, ε = .1, and f = 5
ε
e6.

The top row depicts the displacement field, while the bottom row shows the log of
the ξ coefficients.

estimate for the failure probability when the threshold b is large.

Theorem 4.1.4. Choose λ1, λ2, ρ1, ρ2, K, W as in Theorem 4.1.3, and choose√
3
2
< α <

√
2. Assume Σ satisfies the decay condition with R small enough to

satisfy the conditions of Lemma 1.2.5. Then:

p(b) ≤
N+1∑
k=1

C inf
i

(σM)
3
2

2π
√
σii(ln(bW )2 − σii)

exp

((
−1− α2

2σM

)
ln(bW )2

)
(1+o(1)) (4.17)

as b→∞.

Proof. By the law of total probability,

p(b) = P (FW ) + P (RW ) (4.18)
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Figure 4.2: Solutions to (1.11) exhibiting a break with b = 20, ε = .1, and f = 10·1.
The top row depicts the displacement field, while the bottom row shows the log of
the ξ coefficients. In this example, the break occurs at the right edge of the atom
chain, between atom 10 and the “ghost atom” at index 11.

On the set FW , Theorem 4.1.3 applies, and hence by using subadditivity to consider

all possible break locations,

P (FW ) ≤
N+1∑
k=1

P

(
ξ1
k ≤

W√
εb
∩ ξ2

k ≤
W√
εb
∩ ξ2

k+1 ≤
W√
εb

)

≤
∑
k

P
(
ν1
k ≥ ln(bW ) ∩ ν2

k ≥ ln(bW ) ∩ ν2
k+1 ≥ ln(bW )

)
=
∑
k

P (ν1
k ≥ ln(bW ))P (ν2

k ≥ ln(bW ))P (ν2
k+1 ≥ ln(bW ) | ν2

k ≥ ln(bW ))

In the last line, we used the independence of ν1 and ν2 (If one wished to remove

the independence assumption, it would simply leave us with more conditional prob-
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Figure 4.3: Comparison of specified ξ coefficients at the break location with 1
b

for
f = 10 · 1.

abilities to compute, but would not significantly alter the argument). We have dealt

with probabilities of this form several times previously, and by again using (1.26)

and (1.29) we obtain:

P (FW ) ≤
N+1∑
k=1

C inf
i

( √
σii

ln(bW )
−

√
σ3
ii

ln(bW )3

)−1
(σM)

3
2

2π ln(bW )3
exp

((
−1− α2

2σM

)
ln(bW )2

)

≤
N+1∑
k=1

C inf
i

(σM)
3
2

2π
√
σii(ln(bW )2 − σii)

exp

((
−1− α2

2σM

)
ln(bW )2

)
(4.19)
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On the other hand, by Lemma 4.1.1 and the assumption on α,

P (RW ) ≤ P (|Bw| ≥ 4) = o

(
inf
i

1

(ln(bW )2 − σii)
exp

((
−1− α2

2σM

)
ln(bW )2

))
(4.20)

Substitution into (4.18) completes the proof.

It is worth noting we need the assumption on R since in RW , the four elements of

BW could all correspond to ξ1 coefficients, so there is no guarantee we can exploit the

independence with ξ2 the way we do in the calculation over F . Hence the strength

of the estimate in Lemma 4.1.1 is dependent on the strength of the correlation of

the ξ coefficients, which necessitates the additional assumption that α >
√

3
2
. The

Gaussian correlation matrix we use, (1.4), will still be able to satisfy (1.5) with a

small enough R provided γ is large enough.

An important point to draw from this analysis is that when compared to the

nearest neighbor model, failure events are significantly more rare when next nearest

neighbor interactions are included. The extra atomistic interactions make the chain

more cohesive, requiring more large deviations in the ξ field before a failure event

can occur. This makes the need for efficient methods of sampling failure events even

more pronounced, and this shall be addressed in the next chapter.

4.2 Explicit Solution

As was the case with the nearest neighbor model, the first step towards solving

the energy minimization problem in the next nearest neighbor case is to convert

the optimization problem (1.11) into a system of equations. This is accomplished

through the following lemma, which is analogous to Lemma 2.2.1.

Lemma 4.2.1. Suppose u is a solution to (1.11). Then for k = 1, . . . , N , uk satisfies
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the equation:

ξ1
kδuk − ξ1

k+1δuk+1 + ξ2
k(δuk + δuk−1)− ξ2

k+2(δuk+1 + δuk+2) = fk,ε (4.21)

Furthermore, we have the boundary conditions δu1 = u1 and δuN+1 = −uN .

Proof. We define a perturbed atom configuration

uα = (u1, . . . , uk−1, uk + αδuk+1, uk+1, . . . , uN)

Further define a function g(α) by:

g(α) =M(uα) =
1

2ε

( ∑
j 6=k,k+1

ξjδu
2
j + ξk(δuk + αδuk+1)2 + ξk+1(1− α)2δu2

k+1

+
∑

j 6=k,k+1,k+2

ξ2
j (δuj + δuj−1)2 + ξ2

k(δuk + δuk−1 + αδuk+1)2

+ ξ2
k+1(δuk+1 + δuk)

2 + ξ2
k+2(δuk+2 + (1− α)δuk+1)2

)

− ε

(∑
j 6=k

fjuj + fk(uk + αδuk+1)

)

From this, we calculate:

g′(α) =
1

ε

(
ξ1
k(δuk + αδuk+1)δuk+1 − ξ1

k+1(1− α)δu2
k+1

+ ξ2
kδuk+1(δuk−1 + δuk + αδuk+1)− ξ2

k+2δuk+1(δuk+2 + (1− α)δuk+1)
)

− εfkδuk+1
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By assumption g has a minimum at α = 0, so we should have g′(0) = 0. From this

requirement, we obtain:

1

ε

(
ξ1
kδukδuk+1 − ξ1

k+1δu
2
k+1 + ξ2

kδuk+1(δuk + δuk−1)− ξ2
k+2δuk+1(δuk+1 + δuk+2)

)
= εfkδuk+1

If we divide both sides by δuk+1, we obtain (4.21). The boundary conditions on δu

follow immediately from the Dirichlet boundary conditions for u.

Written in matrix form, the system we must solve is:

A



δu1

...

...

...

δuN


−



0

...

0

ξ2
N+1δuN+1

(ξ1
N+1 + ξ2

N+2)δuN+1


=



f1,ε

...

...

...

fN,ε


, (4.22)

where the matrix A is defined by:

A =



(ξ1
1 + ξ2

1) −(ξ1
2 + ξ2

3) −ξ2
3 0 · · · · · · 0

ξ2
2 (ξ1

2 + ξ2
2) −(ξ1

3 + ξ2
4) −ξ2

4
. . .

...

0 ξ2
3 (ξ1

3 + ξ2
3) −(ξ1

4 + ξ2
5) −ξ2

5
. . .

...

...
. . . . . . . . . . . . . . .

...

...
. . . . . . . . . . . . . . . ξ2

N

...
. . . . . . . . . . . . . . . −(ξ1

N + ξ2
N+1)

0 . . . . . . . . . . . . ξ2
N (ξ1

N + ξ2
N)


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Due the band structure of the matrix, we can write down the solution to this system

of equations.

Theorem 4.2.2. The solution to the problem (4.22) is given by

δuk = αk + βkδuN+1 for k = 1, ..N

δuN+1 =
−
∑N+1

j=1 αj∑N+1
j=1 βj

,

(4.23)

where the coefficients αk, βk, and γ are defined by

αk = ak +
bk
γ

(
f1,ε − (ξ1

1 + ξ2
1)a1 + (ξ1

2 + ξ2
3)a2 + ξ2

3a3

)
βk =

bk
γ

(
−(ξ1

1 + ξ2
1)c1 + (ξ1

2 + ξ2
3)c2 + ξ2

3c3 +
γ

bk
ck

)

γ = b1(ξ1
1 + ξ2

1)− b2(ξ1
2 + ξ2

3)− b3ξ
2
3

(4.24)

with αN+1 = 0, βN+1 = 1. The constants ak, bk, ck are chosen to satisfy the recurrence

relations

ak−1 =
1

ξ2
k

(fk,ε − (ξ1
k + ξ2

k)ak + (ξ1
k+1 + ξ2

k+2)ak+1 + ξ2
k+2ak+2)

bk−1 =
1

ξ2
k

(−(ξ1
k + ξ2

k)bk + (ξ1
k+1 + ξ2

k+2)bk+1 + ξ2
k+2bk+2)

ck−1 =
1

ξ2
k

(−(ξ1
k + ξ2

k)ck + (ξ1
k+1 + ξ2

k+2)ck+1 + ξ2
k+2ck+2),

(4.25)

with initial conditions aN+1 = bN+1 = 0, cN+1 = 1, aN = cN = 0, bN = 1, aN−1 =

1
ξ2N
fN,ε, bN−1 = − 1

ξ2N
(ξ1
N + ξ2

N), and cN−1 = 1
ξ2N

(ξ1
N+1 + ξ2

N+2).
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Proof. Suppose for some k and all j ≥ k, we can express δuj in the form

δuj = aj + bjδuN + cjδuN+1 (4.26)

It is clear that aN+1 = bN+1 = 0, cN+1 = 1, and aN = cN = 0, bN = 1. Now consider

the k = N equation in (4.21). Rearranging this equation yields:

δuN−1 =
1

ξ2
N

(fN,ε − (ξ1
N + ξ2

N)δuN + (ξ1
N+1 + ξ2

N+2)δuN+1) (4.27)

Hence we can determine aN−1 = 1
ξ2N
fN,ε, bN−1 = − 1

ξ2N
(ξ1
N+ξ2

N), and cN−1 = 1
ξ2N

(ξ1
N+1+

ξ2
N+2). Now that we have this information, we can set up a set of recurrence relations

for the coefficients ak, bk, and ck. By substituting (4.26) into (4.21) and solving for

δuk−1, we obtain the equation:

δuk−1 =
1

ξ2
k

(
(fk,ε − (ξ1

k + ξ2
k)ak + (ξ1

k+1 + ξ2
k+2)ak+1 + ξ2

k+2ak+2)

(−(ξ1
k + ξ2

k)bk + (ξ1
k+1 + ξ2

k+2)bk+1 + ξ2
k+2bk+2)

(−(ξ1
k + ξ2

k)ck + (ξ1
k+1 + ξ2

k+2)ck+1 + ξ2
k+2ck+2)

)

This implies the recurrence relations (4.25) for the coefficients ak, bk, and ck.

Next, we must make use of (4.21) in the case of k = 1. Substituting (4.26) into this

equation allows us to express δuN in terms of δuN+1:

δuN =
1

γ

(
f1,ε − (ξ1

1 + ξ2
1)a1 + (ξ1

2 + ξ2
3)a2

+ ξ2
3a3 − ((ξ1

1 + ξ2
1)c1 − (ξ1

2 + ξ2
3)c2 − ξ2

3c3)δuN+1

) (4.28)
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By plugging (4.28) into (4.26), we can then solve for all δuk in terms of only δuN+1,

δuk =

(
ak +

bk
γ

(f1,ε − (ξ1
1 + ξ2

1)a1 + (ξ1
2 + ξ2

3)a2 + ξ2
3a3)

)

+
bk
γ

(
−(ξ1

1 + ξ2
1)c1 + (ξ1

2 + ξ2
3)c2 + ξ2

3c3 +
γ

bk
ck

)
δuN+1

:=αk + βkδuN+1

(4.29)

With the convention αN+1 = 0, βN+1 = 1, this equation trivially holds for δuN+1 as

well. Also note αk and βk are all known provided we have solved (4.25). Next by

(1.13), we see that δuN+1 = −
∑N

i=1 δui. Substituting (4.29) into this equation, we

obtain:

δuN+1 =
−
∑N+1

i=j αj∑N+1
j=1 βj

(4.30)

Once δuN+1 is known explicitly, we obtain all δuk from (4.29).

While it is not easy to solve the relations (4.25) explicitly, the coefficients can be

computed algorithmically on a computer with minimal effort, since the initial condi-

tions for each of these recurrence relations are all known. As before, we immediately

obtain a uniqueness result as a corollary.

Corollary 4.2.3. The solution to (1.11) with Dirichlet boundary conditions for the

next nearest neighbor harmonic model is unique.

Proof. Any solution to (1.11) must satisfy (4.22). As the coefficients in (4.25) are all

well defined given their initial conditions, we see that for a given pair of coefficient

fields ξ1, ξ2, there is exactly one atom configuration which solves (4.22).
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In principle, one might hope to extract useful information regarding failure prob-

abilities from the solution provided by Theorem 4.2.2. However, we find this path

is not especially fruitful due to the complexity of the result, and in particular the

difficulty in finding a closed form for the a, b, c coefficients. Hence, we use the the-

orem primarily as a computational tool for solving (1.11) during Monte Carlo or

importance sampling simulations in the next chapter.

78



5

Importance Sampling Algorithm for Next Nearest

Neighbor Harmonic Model

As we have previously observed, the rapid rate of decay of p(b) as b→∞ means

that failure events for the next nearest neighbor model are exceedingly rare, even

more so than for the model with nearest neighbor interactions. As such, the dif-

ficulties associated with simulating failure events are amplified in this model. In

particular, while we were able to generate an essentially “exact” estimate of p(b) (i.e.

an estimate with very small relative error) by running a long Monte Carlo simulation

with many trials in the nearest neighbor case, that shall no longer be possible here.

While we still attempt to use such a long simulation as a baseline for comparison of

our importance sampling method, we shall see that for larger threshold values this

is simply not a feasible approach. In fact, the importance sampling procedure can

yield better results than Monte Carlo even with a few orders of magnitude fewer

trials. This makes the practical importance of the algorithm presented here even

more considerable than in the context of chapter 3. However, we shall also see there
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are some additional difficulties associated with the algorithm that were not present

in the simpler case.

In section 5.1 we will explain the details of the algorithm, with its performance

on a few sample problems presented in section 5.2. In section 5.3 we shall very

briefly discuss the performance of the importance sampling algorithm and possible

improvements.

5.1 Algorithm Overview

As was the case in the nearest neighbor model, the foundation of our importance

sampling method is the intuition that sup
i
|δui| exceeding b is associated with large

deviations in the coefficient fields ξ1 and ξ2. More specifically, Theorem 4.1.3 tells

us that we must have ν1
k > ln(c1b) := τ1, ν2

k , ν
2
k+1 > ln(c2b) := τ2 for some constants

c1, c2 > 0. Choosing c1 and c2 for good algorithm performance is more difficult than

it was in the nearest neighbor case, and we shall discuss this in more detail later.

For now, we merely note that in practice it is often easiest to set c1 = c2, as this

means we only have one parameter to choose and experimentally the algorithm still

performs quite well even with this reduction.

The form of the algorithm is quite similar to what we have previously presented

in chapter 3. If P is our original probability distribution and we wish to sample

from a proposal distribution Q, we may still use (3.1) to relate the two probability

measures. Thus, the only new question we must address is how to choose Q and

what is the corresponding density fQ.

Under P , we assume ξ = (ξ1, ξ2) ∈ R2N+3 has distribution N (0,Σf ), where

Σf =
[

Σ1 0
0 Σ2

]
. Σ1,Σ2 are matrices of size N + 1 and N + 2, respectively, with entries

σ1
ij and σ2

ij given by (1.4). To generate a sample from Q, we begin by choosing an

80



index j ∈ {1, 2, . . . , N + 1} uniformly at random. We first generate ν1 by shifting

νj by τ and generating the remaining νi conditional on the realized νj, identically

to what was done in chapter 3. We suppose the resulting distribution for ν has

distribution fQ1,j. Once this is done, we generate (ν2
j , ν

2
j+1) according to aN ((τ, τ),Σ2

j)

distribution, where Σ2
j is the principal submatrix of Σ2 obtained from deleting all

rows and columns except the j and j + 1st. We then generate ν2
i for i 6= j, j + 1 by

following their original distribution conditioned on the realized ν2
j , ν

2
j+1. If fQ2,j is the

distribution for the resulting ν2, then by a calculation analogous to the one done for

nearest neighbor interactions we may conclude that:

fQ =
1

N + 1

N+1∑
i=1

fQ1,if
Q
2,i (5.1)

Our goal in choosing Q is to ensure that break events are more frequent under this

probability measure than under P . To test this, we ran 5·105 simulations, generating

ξ according to both P and Q and comparing the number of breaks which occurred.

The results are displayed in Figures 5.1 and 5.2. From the figures, we can verify that

sampling from Q allows us to observe a greater number of failure events.

In summary, with the choices above we have the following importance sampling

algorithm:

Algorithm 3: NNN Importance Sampling

1. Choose an index j ∈ {1, 2, 3, . . . , N + 1} with uniform probability.

2. Generate ν1
j according to the distribution N (τ, σ1

jj)

3. Conditional on the realized νj, generate the remaining ν1
i .
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Figure 5.1: Comparison of the number of break events for Monte Carlo and im-
portance sampling methods in 500,000 trials, for f = 10 · 1. In the IS algorithm, we
use c = 1.

Figure 5.2: Comparison of the number of break events for Monte Carlo and im-
portance sampling methods in 500,000 trials, for f = 5

ε
e6. In the IS algorithm, we

use c = 1
5
.
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4. Generate ν2
j , ν2

j+1 according to the distribution N ((τ, τ),Σ2
j).

5. Conditional on the realized ν2
j , ν2

j+1, generate the remaining ν2
i .

6. Solve for δu given the generated ν and check if sup
i
|δui| > εb.

7. Repeat steps 1-4 TIS times.

8. Our estimate for P

(
sup
i
|δui| > εb

)
is

1

TIS

TIS∑
k=1

dP

dQ
(ν(k))χ

(
sup
i
|δu(i)

k | > εb

)
.

5.2 Numerical Experiments

We once again consider two test problems for the method, one with f = 5
ε
·e6 and

one with f = 10 · 1. In each case, we choose N = 10 and consider b values ranging

from 10 to 20. The constants 5 and 10 serve to strengthen the force and consequently

raise the break probability. This is done to allow us to make comparisons to direct

Monte Carlo techniques; MC simulations for weaker forces generally do not produce

any break events even when a large number of trials is used. As a baseline estimate

of the probability, we generate a value for p(b) using 5 · 107 MC trials. However, it

is important to notice that the relative error in this estimate grows quite large for

the higher b values. We compare this estimate to 5 · 105 trials of both the MC and

IS methods. For the uniform force IS method, we choose the constant c = 1, while

for the example with concentrated force we choose c = 1
5
.

The results of our simulations for a uniform force are shown in Table 5.1. The IS

method outperforms even MC with 100 times as many trials, yielding estimates with

lower variance and reaching higher values of b. Figure 5.3 displays the values of p(b)

for the three methods. Similarly, the results for the example f = 5
ε
e6 are displayed
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in Table 5.2 and Figure 5.4.

Lastly, using our importance sampling algorithm we can test the decay rate of

Table 5.1: Numerical results for a force f = 10 · 1. For MC(5e5) and IS, we use 5e5
trials. The MC(5e7) gives a baseline estimate for comparison, and is generated using
a MC simulation with 5e7 trials. A - indicates no estimate was obtained because no
failure events were observed during the simulation.

b - 12 14 16 18 20

p(b)
MC(5e5) 6.0e-6 2.0e-6 - - -

IS 7.02e-6 1.20e-6 2.57e-7 5.82e-8 3.76e-9
MC(5e7) 7.18e-6 1.28e-6 2.4e-7 4.0e-8 -

Std. Dev.
MC(5e5) 3.46e-6 2.0e-6 - - -

IS 3.48e-7 9.00e-8 3.48e-8 1.33e-8 6.50e-7
MC(5e7) 3.79e-7 1.6e-7 6.93e-8 2.82e-8 -

Rel. Err.
MC(5e5) .58 1.0 - - -

IS .05 .07 .14 .23 .27
MC(5e7) .05 .125 .29 .70 -

Figure 5.3: A comparison of the two MC estimates, and the IS estimate of p(b) for
various b values, in the case f = 10 · 1.
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Table 5.2: Numerical results for a force f = 5
ε
e6. For MC(5e5) and IS, we use 5e5

trials. The MC(5e7) gives a baseline estimate for comparison, and is generated using
a MC simulation with 5e7 trials. A - indicates no estimate was obtained because no
failure events were observed during the simulation.

b - 12 14 16 18 20

p(b)
MC(5e5) 4.0e-6 2.0e-6 - - -

IS 4.33e-6 1.07e-6 2.35e-7 7.09e-8 1.86e-8
MC(5e7) 4.8e-6 1.14e-6 4.0e-7 8.0e-8 4.0e-8

Std. Dev.
MC(5e5) 2.83e-6 2.0e-6 - - -

IS 7.98e-7 2.82e-7 9.02e-8 3.18e-8 1.47e-8
MC(5e7) 3.10e-7 1.51e-7 8.94e-8 4.0e-8 2.83e-8

Rel. Err.
MC(5e5) .71 1.0 - - -

IS .18 .26 .38 .45 .79
MC(5e7) .09 .13 .22 .50 .71

Figure 5.4: A comparison of the two MC estimates, and the IS estimate of p(b) for
various b values, in the case f = 5

ε
e6.

p(b) for large b values. While we have an estimate of this rate from Theorem 4.1.4,

the constant prefactor in bW obtained from the variational argument is not sharp.
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A similar phenomenon occurred in the nearest neighbor model as well, but there we

were able to strengthen the bound using the exact solution, at least in certain cases.

While it is not so easy to do so here, we conjecture that Theorem 4.1.4 could be

improved to replace bW by simply b. Under this assumption, the upper bound in

Theorem 4.1.4 is compared to the numerical estimation of p(b) for a uniform force

in Figure 5.5. We can see that this conjecture appears to capture the correct decay

rate.

Figure 5.5: A comparison of the IS estimate of p(b) to the upper bound of Theorem
4.1.4 with bW = b.

5.3 Efficiency

As we’ve seen in the previous section, using importance sampling techniques can

improve our estimation of p(b) when compared to direct Monte Carlo. However, sev-

eral of the considerations which were concerns for the importance sampling algorithm
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in the case of nearest neighbor interactions, namely that each trial is more expensive

than MC and must be run independently for each threshold value, are still relevant

in the next nearest neighbor case. To provide another measure of how effective the

proposed algorithm is when compared to more standard methods, we compare the

relative error achieved by each estimator to the computation time for the simulation

in Figures 5.6 and 5.7. The results support the improved efficiency of our algorithm

when compared with direct Monte Carlo.

Another important consideration which was not as much of a concern in chapter

Figure 5.6: Amount of accuracy achieved for various computation times (in sec-
onds) using both MC and IS algorithms. Here we take f = 10 · 1, b = 10.

3 is the need to wisely choose the value of τ = ln(cb). While we found the theoretical

estimates provided by our analysis of the nearest neighbor model were sufficient for

the importance sampling shift in chapter 3, here the constants suggested by Theorem

4.1.3 are too conservative. For example, we compare the results of using the con-

stants in the theorem to the more aggressive choice τ = ln(b) in Figure 5.8. Clearly,

the more aggressive choice of τ yields considerably better results, even with fewer
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Figure 5.7: Amount of accuracy achieved for various computation times (in sec-
onds) using both MC and IS algorithms. Here we take f = 5

ε
e6, b = 10.

trials.

It is evident that choosing an ideal value of τ is critical. Given that failure

events are associated with large deviations of ν, choosing an extremely large τ guar-

antees that we will see a large number of breaks occurring. However, if τ is chosen

too large, we may only sample extremely rare failure events while the more common

ones lie in the left tail of Q. This can affect the accuracy of the algorithm, as the

most important failure events are simply not observed during the simulation due to

a finite number of trials. For example, in the case of the localized force, qualitative

experiments suggest τ = ln(b) produces larger errors than τ = ln
(
b
5

)
.

Unfortunately, there is no fixed rule for how best to choose τ for a given f . One

possible approach is to run several simulations with comparatively few trials (say

104) while gradually increasing τ . Once τ is large enough that it is possible to ob-

serve failure events, this value could be used in a longer simulation to obtain higher

accuracy results. One could also try raising τ further to improve efficiency, but in
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Figure 5.8: Comparison of IS methods for a uniform force. For the “aggressive”
method, we choose a shift τ = ln(b) and perform 5 · 105, while the “conservative”
method uses a smaller shift in accordance with the constants in Theorem 4.1.3 and
3 · 106 trials.

general it is better to make a somewhat conservative choice to ensure accuracy of

the method.

Lastly, we shall briefly discuss the possibility of improving efficiency by modify-

ing the proposal distribution, Q. Specifically, in step 2 we choose ν1
j according to a

N (0, σ1
jj) distribution truncated to (τ,∞) and in step 4 we generate (ν2

j , ν
2
j+1) using

a N (0,Σ2
j) distribution truncated to [τ2,∞]× [τ2,∞]. The only adjustment required

to the algorithm is in the computation of the Radon-Nikodym derivative; we shall

now find the density under Q is

dP

dQ
=

1

N + 1

N+1∑
i=1

fQ1,if̃
Q
1,if

Q
2,if̃

Q
2,i
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where fQ1,i is the truncated normal pdf for ν1
i , f̃Q1,i is the distribution for the remaining

ν1
j conditioned on ν1

i , and fQ2,i, f̃
Q
2,i play analogous roles for the NNN coefficients.

Figure 5.9 compares the results of the two choices for Q. We can see that using

the truncated Gaussian does as well as the shifted one for the smaller b values, but

fails for larger values of b. This is again due to difficulty in choosing the cut-off τ used

in the truncation. With the shifted Gaussian, we can still potentially observe events

in the left tail of Q, so that even if we choose τ slightly too large the method may still

perform well. By contrast, the truncated distribution cannot observe events where

the coefficients at the break location are less than τ . As a result, these events will

be overlooked and accuracy lost if we choose τ too aggressively. This necessitates

a more cautious choice of τ than was needed for the shifted Gaussian, leading to

the decreased effectiveness of the method for larger b. However, if we had a sharp

estimate on the ideal τ to choose, we expect the use of the truncated Gaussian

distribution would outperform the shifted one.
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Figure 5.9: Comparison of IS methods using shifted and truncated Gaussian dis-
tributions for Q.
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6

Conclusion

In this thesis we have studied a material failure problem using a discrete, one

dimensional atom chain model. We have considered two models of this form, using a

harmonic interaction potential and either nearest neighbor or next nearest neighbor

interaction ranges. In both cases, we have established a connection between failure

events and large deviations in the coefficient field ξ near the break location. Using

this connection, we have derived asymptotic upper bounds on the probability of

failure and developed more efficient numerical algorithms for calculating p(b), based

on importance sampling techniques.

There are many possible extensions and interesting directions for future work

on this problem. Firstly, we may wish to improve the bounds on p(b) in the next

nearest neighbor case. For example, as per the discussion of Figure 5.5, we expect

it is possible to improve the prefactors in bW . Next, while we have only considered

harmonic potentials for atomistic interactions, this is not particularly realistic. A

better model would use the Lennard-Jones potential. As can be seen from Figure

1.1, one distinctive feature of this model which contrasts with the harmonic one is
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the existence of a concave down region in which the strength of the interaction levels

off. This means that the distance between atoms can be increased significantly while

paying only a minimal energy penalty. As a result of this feature, we can no longer

expect as simple a correlation between large deviations in ξ and large δu values. This

presents new challenges in determining how to efficiently sample failure events for

such a model.

Another possibility for future work is the extension of our techniques to higher

dimensions. In this case, a failure event could be defined as a large gap between atoms

along a d−1 dimensional separating subspace of the atom lattice. It is expected that

importance sampling techniques could again provide a framework for more efficient

computation of failure probabilities in this context.

93



Appendix A

Proof of Lemma 1.2.5

We shall now present the proof of Lemma 1.2.5. First, we introduce some nota-

tions. For 0 < R < 1, d ∈ N, let

g(R, d) =

1−
2R
(

1−Rb
d
2c
)

1−R



Next, for a subset I of N and an index j ∈ N, define

QIj(R, d) =
g(R, d) infi∈I σii

Rσjj
√

1 +R2 +R4 + · · ·+R2(d−1)

Lemma 1.2.5. Let ν ∼ N (0,Σ) be a Gaussian random variable on Rn, and suppose

σM = sup
i
σii. Let j ∈ N≤n and I ⊂ N≤n with |I| = d ≥ 1 and j > max(I). Choose
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1 < α <
√

2 and pick R small enough that g(R, d) > 0 and β∗QIj > αd, where

β∗ =
1−

√
2d−2Q2

Ij − 1

1− d−2Q2
Ij

Assume Σ satisfies (1.5) with constant R. Then for any positive constant c1 ∈ R,

c2 ∈ Rd with all positive entries and c2,i ≤ c1, there exists a constant C > 0 such

that:

P (νj > c1 | νI > c2)

≤ C inf
i

(√
σii
c2,i

−
√
σ3
ii

c3
2,i

)−1 √
σM

c1

exp

(
(1− α2)c2

1

2σM

)

Proof. Let νI = (νi1νi2 , . . . , νid) with i1 < i2 < · · · < id. By the law of total

probability,

P (νj > c1 | νI > c2) =

∫
y>c2

P (νj > c1 | νI = y)φc(y)dy, (A.1)

where φc(y) denotes the pdf of νI conditioned on νI > c2 (i.e., a truncated normal

pdf). Let µ̃ = σTjIS
−1
I y and σ̃ = σjj − σTjIS

−1
I σjI be the conditional mean and

variance of νj given νI = y, where

σjI =


σji1

...

σjid



and S is the principle submatrix of Σ obtained by retaining only the row and columns
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corresponding to indices in I,

SI =



σi1i1 σi1i2 · · · σi1id

σi2i1 σi2i2 · · · σi2id
...

...
. . .

...

σidi1 σidi2 · · · σidid



Choose β∗ ∈ (0, 1) as specified and define c3 = ||σjI ||−1
`2 ||S

−1
I ||

−1
`2 β

∗c1. We must obtain

an estimate on the size of c3 before proceeding. If λm is the smallest eigenvalue of

SI , then by the Gershgorin Circle theorem and the decay hypothesis on Σ,

|λm − σii| ≤
∑
k 6=i

|σik| ≤ 2σii

b d2c∑
k=1

Rk ≤ 2σiiR
1−Rb

d
2c

1−R
,

for some i ∈ I. Consequently, we arrive at the inequality

λm ≥ inf
i∈I

σii

1−
2R
(

1−Rb
d
2c
)

1−R

 = inf
i∈I

σiig(R, d)

We note that as long as R is sufficiently small, this gives a positive lower bound for

λm
(
For the purposes of this thesis, we’ll have d ≤ 3 and so R < 1

2
suffices here

)
.

Using this bound, we estimate the norm of SI by:

||S−1
I ||`2 =

1

λm
≤ 1

g(R, d) infi∈I σii
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In addition, since i1 < i2 < · · · < j, the decay hypothesis implies:

||σjI ||`2 =
√
σ2
ji1

+ · · ·+ σjid ≤ Rσjj
√

1 +R2 +R4 + · · ·+R2(d−1)

Combining our results, we may conclude:

c3 ≥
g(R, d) infi∈I σii

Rσjj
√

1 +R2 +R4 + · · ·+R2(d−1)
β∗c1 = QIj(R, d)β∗c1 (A.2)

Take R small enough so that β∗QIj > αd (It is easy to check this is possible as

β∗QIj →
√

2d as R→ 0). This ensures c3
d
> αc1 > α sup

i
c2,i.

Now we split the integral (A.1) into two pieces, based on whether µ̃ exceeds β∗c1 or

not.

P (νj > c1 | νI > c2) ≤
∫
||y||`2>c3

P (νj > c1, νI = y)φc(y)dy

+

∫
||y||`2≤c3,y>c2

P (νj > c1, νI = y)φc(y)dy

(A.3)

We focus our attention on the first integral in (A.3). Clearly,

∫
||y||`2>c3

P (νj > c1, νI = y)φc(y)dy ≤
∫
||y||`2>c3

φc(y)dy

= P (||νI ||`2 > c3 | νI > c2)

By making use of (1.28) followed by (1.26), this probability can be estimated as:

∫
||y||`2>c3

P (νj > c1, νI = y) ≤ G(0,Σ, c2)
∑
u∈I

P
(
νi >

c3

d

)
(A.4)
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≤ G
∑
i∈I

d
√
σii√

2πc3

exp

(
−c2

3

2d2σii

)

In the definition of G, for any index k we can write:

∫
y>c2

φ(y, 0,Σ)dy = P (νk > c2,k)P (ν` > c`, ` 6= k | νk > c2,k)

Therefore, by choosing k as the index which maximizes the numerator of G and

recalling c3
d
> sup

i
c2,i, G can be bounded by using the lower bound in (1.26):

G ≤ 1

P (νk > c2,k)
≤
√

2π inf
i

(√
σii
c2,i

−
√
σ3
ii

c3
2,i

)−1

exp

(
c2

2,i

2σii

)

Therefore, we can obtain:

∫
||y||`2>c3

P (νj > c1, νI = y) ≤ inf
i

(√
σii
c2,i

−
√
σ3
ii

c3
2,i

)−1

exp

(
c2

2,i

2σii

)
∑
i∈I

d
√
σii
c3

exp

(
−c2

3

2d2σii

)

≤ inf
i

(√
σii
c2,i

−
√
σ3
ii

c3
2,i

)−1

∑
i∈I

d
√
σii
c3

exp

(
(d2 −Q2

Ij(β
∗)2)c2

1

2d2σii

)
(A.5)

We now turn our attention to the second integral in (A.3). Focusing on the first part
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of the integrand, by (1.26) we conclude:

P (νj > c1 | νi = y) ≤
√
σ̃√

2π(c1 − µ̃)
exp

(
−(c1 − µ̃)2

2σ̃

)

However, recall µ̃ < β∗c1 in this integral, so we can get the inequality:

P (νj > c1 | νi = y) ≤
√
σ̃√

2π(1− β∗)c1

exp

(
−((1− β∗)c1)2

2σ̃

)

Note this is a uniform bound independent of the value of y, so the full integral can

be calculated to be:

∫
||y||`2≤c3,y>c2

P (νj > c1, νI = y)φc(y)dy

≤
√
σ̃√

2π(1− β∗)c1

exp

(
−((1− β∗)c1)2

2σ̃

)∫
||y||`2≤c3,y>c2

φc(y)dy

≤
√
σ̃√

2π(1− β∗)c1

exp

(
−((1− β∗)c1)2

2σ̃

)
,

(A.6)

where we have used that the integral of the pdf φc cannot exceed 1.

Substituting (A.5) and (A.6) into (A.3) now yields

P (νj > c1 | νI > c2)

≤ inf
i

(√
σii
c2,i

−
√
σ3
ii

c3
2,i

)−1∑
i∈I

d
√
σii
c3

exp

(
(d2 −Q2

Ij(β
∗)2)c2

1

2d2σM

)

+

√
σ̃√

2π(1− β∗)c1

exp

(
−((1− β∗)c1)2

2σM

)
,
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where σM = sup
i≤n

σii. β∗ was chosen so that the two exponential factors are now

equal, and we obtain:

P (νj > c1 | νI > c2)

≤ C inf
i

(√
σii
c2,i

−
√
σ3
ii

c3
2,i

)−1 √
σM

c1

exp

(
(d2 −Q2

Ij(β
∗)2)c2

1

2d2σM

)

≤ C inf
i

(√
σii
c2,i

−
√
σ3
ii

c3
2,i

)−1 √
σM

c1

exp

(
(1− α2)c2

1

2σM

)
,

with C = max
(

1
α
, 1√

2π(1−β∗)

)
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Appendix B

List of Notations

δ – Finite difference operator, defined page 10.

N (µ,Σ) – Normal distribution with mean µ, covariance Σ.

φ – Probability density function for the normal distribution.

Φ – Cumulative density function for the normal distribution.

G – Defined page 14.

P – Probability measure.

Q – Importance sampling measure.

dx̂i – Denotes integration over all components of x except xi.

N – Number of atoms.

ε – Default spacing between atoms.

V – Atomisitc interaction potential.

ξ1 – Vector of nearest neighbor interaction coefficients, defined page 7.

ξ2 – Vector of next nearest neighbor interaction coefficients, defined page 7.

νi – When ξi is log-normal, this is the corresponding normal random variable.

σij – (i, j)th entry of the covariance matrix Σ.
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u – Vector of atom displacements.

E – Potential energy from atom interactions, defined page 9.

f – External force applied to atom chain.

M – Total energy in atom chain, defined page 10.

b – Threshold for material failure.

M – Maximum value attained by |δuk|.

p(b) – Failure probability for threshold level b, defined page 11.

pk(b) – Localized failure probability for threshold level b, defined page 11.

F – Set of common failure events, defined pages 24 and 63.

R – Set of rare failure events, defined pages 24 and 63.

˜ – Used to denote conditional quantities (mean, variance, etc.).

fk,ε – Rescaled force, defined page 32.

1 – A vector of ones.

ei – The ith standard basis vector on Rn.

χ(A) – Characteristic function of the set A.

Fk – Defined page 36.

Sb – Defined page 38.

BW – Defined page 60.

bW – Rescaled threshold value. Defined page 61.

T – Number of trials for Monte Carlo or importance sampling algorithms.
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