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SEMIPARAMETRIC ESTIMATION OF
A PARTIALLY LINEAR CENSORED
REGRESSION MODEL

SONGNIAN CHEN
Hong Kong University of Science and Technology

SHAKEEB KHAN
University of Rochester

In this paper we propose an estimation procedure for a censored regression model
where the latent regression function has a partially linear form. Based on a con-
ditional quantile restriction, we estimate the model by a two stage procedure. The
first stage nonparametrically estimates the conditional quantile function at in-
sample and appropriate out-of-sample points, and the second stage involves a sim-
ple weighted least squares procedure. The proposed procedure is shown to have
desirable asymptotic properties under regularity conditions that are standard in
the literature. A small scale simulation study indicates that the estimator performs
well in moderately sized samples.

1. INTRODUCTION AND MOTIVATION

The partially linear regression model' in its simplest form can be expressed as
yi = x{Bo+ ¢(z;) + €, (1.1

where y; is an observed scalar dependent variable, (x;,z;) is a d-dimensional
vector of observed covariates, and ¢; is an unobserved random variable reflect-
ing unaccountable heterogeneity. The d,-dimensional vector B is the unknown
structural parameter of interest, and the function ¢(-) is also unknown, repre-
senting the nonparametric component of the model.

This model has received a great deal of attention in both the applied and
theoretical statistics and econometrics literature. Its popularity stems from its
flexible specification, which allows for some variables to be linearly related to
the response variable without imposing stringent restrictions on variables whose
relationship to the response variable may be difficult to parameterize. This al-
lows for a more general specification than the standard linear regression model,
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yet it is easier to interpret and less prone to the “dimensionality” problem that
arises from adopting a fully nonparametric approach.

In the economics literature the nonparametric component ¢(-) has two inter-
pretations. One is that this function represents a complicated relationship be-
tween the explanatory and response variables.? Alternatively, the function ¢(-)
may be the result of sample selection (see, e.g., Powell, 1989).

In the econometrics and statistics literature there are several papers that an-
alyze the asymptotic properties of various estimators for B, and/or ¢(-). Of
particular interest is the effect of the presence of the nonparametric component
on the rate of convergence of estimators for the parameters ;. Various estima-
tion procedures and their asymptotic properties have been established. Exam-
ples include Wahba (1984), Rice (1986), Robinson (1988), Speckman (1988),
Chen (1988), and He and Shi (1996).

The purpose of this paper is to estimate the partially linear regression model
when the data are censored. In many microeconometric applications, data are
censored as a result of nonnegativity constraints or top coding. Unfortunately,
none of the estimation procedures referred to will yield consistent estimates in
these situations.

To model censored data, we consider the following partially linear latent re-
gression framework:

yi* = xi’BO + ¢(Zi) + Ei,
y; = max(y;,0),

where y; represents an unobserved latent response variable, which is only equal
to the observed response variable when it exceeds the censoring value 0. Re-
strictions on €; need to be imposed for this model to be identified. For the linear
censored regression model, Powell (1984, 1986) showed that a conditional quan-
tile restriction on ¢, is sufficient for identification.

In this paper we identify and estimate the parametric component of the model
under the same type of restriction. The quantile restriction we impose exhibits
advantages over existing procedures introduced in the literature. For example,
an estimator for a similar model proposed by Honoré and Powell (1997) is based
on the assumption of independence between ¢; and (x;, z;) and thus is inconsis-
tent in the presence of conditional heteroskedasticity. Ai and McFadden (1997)
consider estimation of a wide class of latent partially linear models that in-
cludes the censored regression model, but they impose a parametric form on
the distribution of €;, which results in inconsistent estimates if the distribution
is misspecified.

The paper is organized as follows. The next section describes the two stage
estimation procedure we adopt for the parametric component of the model. Sec-
tion 3 lists sufficient regularity conditions and details the asymptotic properties
of the estimator. Section 4 explores the finite sample properties of the estima-
tor through a small scale simulation study. Section 5 provides some concluding
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remarks and discusses extensions of some of the ideas developed in the paper.
An Appendix provides a detailed proof of the main theorem.

2. MODEL IDENTIFICATION AND DESCRIPTION
OF THE PROPOSED ESTIMATOR

The model we wish to estimate can be characterized by the three equations

yi=xiBo+ &(z;) +e, 2.1)
Yi = max(y;k’o)v (2.2)
P(e; = 0[x;, ;) = a. 2.3)

The first equation describes the partially linear relationship between an unob-
served latent response variable and the observed regressors. The parametric com-
ponent of the model specifies a linear relationship between the latent response
and a subset of the regressors. The slope coefficients® B, a vector of dimen-
sion d,, is the parameter of interest.

The second equation characterizes the type of censoring in the data we allow
for. This equation describes a constant (known) censoring value assumed with-
out loss of generality to be 0 and left censoring, but we can easily allow for
right censoring and/or a censoring value that may vary across observations.
We only require that the censoring values are known for observations that are
not censored.

The third equation reflects the assumption that e; satisfies the conditional
quantile restriction that its ath quantile is equal to O for all values of the regres-
sors, for some fixed, known* a € (0,1). Further restrictions on the distribution
of €; discussed in the next section ensure that this conditional quantile is unique.

The equivariance property of conditional quantiles(see Powell, 1986) is the
basis of our estimation procedure. It implies that the ath conditional quantile
of the observed response variable y;, which we denote by g*(-), is

q°(x;,z;) = max(x; By + ¢(z,),0). 24

Equation (2.4) is the basis for the estimation procedure we introduce in this
paper. The procedure involves two stages, and the following sections detail each
of the steps involved.

2.1. First Stage: Local Partially Linear Polynomial Estimation

In the first stage we estimate the value of the conditional quantile function at
various points. The next section discusses the in-sample and out-of-sample points
at which to estimate the function to estimate 3. Here, we describe the nonpara-
metric procedure employed.
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Nonparametric estimation of quantile functions has recently received a great
deal of attention in the statistics and econometrics literature. New estimators
and their asymptotic properties have been developed in Stute (1986), Bhatta-
charya and Gangopadhyay (1990), Chaudhuri (1991a, 1991b), Koenker, Port-
noy, and Ng (1992), and Koenker, Ng, and Portnoy (1994), among others. Our
approach in this paper is to extend the local polynomial estimator of the con-
ditional quantile function introduced in Chaudhuri (1991a, 1991b) in a way that
exploits the partially linear form of the model.

A description of the implementation of this stage is facilitated by introduc-
ing new notation, and the notation adopted here has been chosen deliberately
to be as close as possible to that used in Chaudhuri (1991a, 1991b).

Assuming that the regressor vector has components that are either continu-
ously or discretely distributed, we partition it as (x\*, x!”, z!*, z\”)), where
the superscripts (ds), (c) denote discrete and continuous components, respec-
tively. We let d, ,d, ,d,, ,d, denote the respective dimensions of the compo-
nents in the partition and set dds d,, t+d, andd.=d, +d,.Tocharacterize
the distribution of the regressors we let fg(t)z(cwx(ds) Zus)(x(c) 7| x(ds) 7 (ds)y
and fywn za(x@), 2(4) denote the conditional density function of (x\”,z)
given (x(ds), 2\®) = (x99, z(4)) and the mass function of (x\*”, z\**)), respec-
tively. Joint and marginal distributions are denoted by fy »(x, z) and fx(x), fz(z),
respectively.

We let C,(x,z) denote the “bin” of the point x, z at which the quantile func-
tion is to be estimated and let 4, denote the sequence of “bandwidths” that
governs the size of the bin. For some observation j we interpret X2, € C, (x,2)
to mean that x** = x(‘“) @) = 2@ and x), 2 lies in the d.-dimensional
cube centered at x(<), 7 9 with side length 2h

Next, we let k denote the order of differentiability of ¢(z) with respect to
z©), and we let A denote the set of all d, -dimensional vectors of non-negative
integers {b,} where the sum of the components of b;, which we denote by [b,],
is less than or equal to k. We “naturally” order this set so its first element cor-
responds to [b;] = 0 and let s(A) denote the number of elements in this set. For
any s(A)-dimensional vector 6, we denote its /th component by 6;), and we let
B. denote a d, -dimensional vector.

Our first stage estimator estimates the d,_ + s(A)-dimensional vector of pa-
rameters at any point by minimizing the following objective function:®

s(A)

3 = ; (¢) () .

B0 =argming , X po (yj = (" = xOYB. = X 02 - Z(‘))b’>,
x5, 2;€Cy(x, 2) =1

2.5)

where p,(-) = a|-| + 2a — 1)(-)I[- < 0] is the loss function associated with
a quantile restriction (see Koenker and Bassett, 1978), and for the two
d, -dimensional vectors (z}c) — z9Y and b,, the value (ngc) — 7)) ig short-
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hand notation for the product of each component of (z) — z(*)) raised to the
corresponding component of b,.

As discussed in Buchinsky and Hahn (1998), the minimizer of this type of
objective function is a solution to a linear programming problem. Efficient al-
gorithms, such as that proposed by Barrodale and Roberts (1973), converge to
a global minimizer in a finite number of simplex iterations. The value 6, esti-
mates ¢*(x, z). The other parameters estimated are simply “nuisance” param-
eters in this context and are estimated only to improve the performance of the
estimators of the parameters of interest.

Remark 1. This local polynomial estimator is different from that adopted in
Chaudhuri (1991a, 1991b) and Chaudhuri, Doksum, and Samarov (1997). Spe-
cifically, we exploit the partially linear form of the model. This is reflected in
the fact that we only adopt a linear expansion with respect to x; and do not
include interaction terms between x; and z; in the objective function. This will
have the computational advantage of reducing the dimensionality of the mini-
mization problem.

2.2. Second Stage: Weighted Least Squares

The previous stage estimation procedure provided estimates of the quantile func-
tion at any point. In this section, we illustrate how estimators at both in-sample
and out-of-sample points can be used to construct an estimator for the param-
eter of interest 3,. We note that for an in-sample observation (x;, z;) such that
q%(x;,z;) is positive, we have

q%(x;,2;) = x{ By + &(z;). (2.6)

We also note that if for some x; # x;, it is also the case that the quantile func-
tion evaluated at the out-of-sample point (x;, z;) is positive, then

qa(xj» ;) = x; Bo + #(z;). (2.7)

Equations (2.6) and (2.7) imply that the nonparametric component of the quan-
tile function could be “differenced out”:

qa(xjvzi) —q%(x;,z;) = (xj = x;)'Bo- (2.8)

This suggests a least squares type estimator of By, using differenced values of
q“(-) (as long as both are positive) estimated in the first stage as dependent
variables and differenced values of x; as independent variables.

One practical issue concerning the implementation of this estimation proce-
dure is the selection of the out-of-sample points (x;, z;). We propose letting the
values of z; in the sample govern the selection of the out-of-sample values. Spe-
cifically, we let €(z;, z;) denote a “selection function,” and for the in-sample ob-



572 SONGNIAN CHEN AND SHAKEEB KHAN

servation (x;,z;) we select all out-of-sample observations (x;,z;) such that the
in-sample observation (x;, z;) satisfies the condition that €(z;, z;) is positive.

One example of a selection function would be €(z;,z;) =1, in which case
the quantile function would be estimated at all n(n — 1) pairs x;, z;. Another
example of the selection function would be €(z;,z;) = I[|z; — z;| = 6] where
| -] denotes the Euclidean norm and & is a small positive constant. In this case,
only observations where z; is close to z; would be selected, so the quantile func-
tion would have to be estimated at far fewer out-of-sample points. As we dis-
cuss later on, one motivation for this out-of-sample selection procedure is that
particular choices of the selection function correspond to versions of “partial
mean” and “kernel weighted” estimators previously proposed in the literature.
For now, we simply note that computational issues motivate selection functions
resembling the second example and asymptotic efficiency may motivate the
selection function of the first example.

Before defining our estimator, one other implementation issue is selecting
which observations to keep based on their estimated quantile function value.
Instead of the one-zero rule I[§*(x;,z;) > 0], where I[-] denotes the usual
indicator function and §*(x;, z;) denotes the first stage estimator, we propose a
smooth (i.e., continuously differentiable with bounded derivative) weighting
function w(-), giving greater weight to observations that have a larger quantile
function value. For technical reasons, we bound the support of w away from 0,
giving positive weight only to observations where the estimated quantile func-
tion value exceeds a small positive constant ¢. This type of weighting function
was considered in Buchinsky and Hahn (1998).

We formally define our estimator as the minimizer of the following weighted
least squares type objective function:

B = argming ——— (n — >, 67 €(25,2,) (AGE — Ax B)?, (2.9

i#j

where

‘bii‘bjt’ = w(éa(xi7zi))w(qa(xj’ 2i));

77 = 7(x;,2;)7(x;,2;) is the product of a “trimming function” evaluated at the in-
sample and selected out-of-sample points. The support of 7(-) is denoted by W =
X X Z, where X, Z are compact subsets of the supports of x;, z;, respectively;

Aq\ﬁ denotes qa(xj7 Zi) - éa(xiv zi);

Ax;j; denotes x; — x;.

Remark 2.

(i) This stage of the estimation procedure is as simple to compute as weighted least
squares and involves no optimization routines to carry out.

(if) The “trimming” functions incorporated in the objective function serve to bound
the density of the regressors away from 0. This is to alleviate the “denominator”
problem that arises when a preliminary nonparametric estimator is used in a sec-
ond stage estimator.
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(iii) It is worth pointing out how different selection functions relate to different esti-
mators of the (uncensored) partially linear model. If €(z;,z;) = 1, so all pairs
are considered, the estimator appears similar to the partial mean approach adopted
in Newey (1994). In the context of our estimator, selecting all pairs has two
disadvantages. The first is that the nonparametric estimator of the quantile func-
tion at the out-of-sample point may be imprecise if z; and z; are far apart. The
second is that the procedure could be quite computationally expensive as it would
involve O(n?) minimizations in the first stage.

At the other extreme, if we view €(z;,z;) as depending on the distance be-
tween z; and z; and the sample size, the estimator can resemble the kernel
weighted least squares estimator in Powell (1989) if the distance goes to 0 as the
sample size increases. We point out that in contrast to his approach, the “selec-
tion distance” need not change with the sample size for consistency.

The next section discusses the asymptotic properties of this estimation
procedure.

3. ASYMPTOTIC PROPERTIES OF THE ESTIMATOR

Regularity conditions will first be outlined before proceeding to the main theo-
rem; specific assumptions are imposed on the parameter space, the distribu-
tions of €; and the regressors, the order of smoothness of the function ¢(-), and
the bandwidth sequence #,,.

Assumption (3.1) (Full Rank Condition). Denoting w;w; = w(g*(x;,2;)) X
w(q*(x;,z;)), the d, X d, matrix V, defined as
E[wiiwji Tii 7'ji€(zj, Zi)iji ij'i],
is full rank.

Assumption (3.2) (Random Sampling). The sequence of d + 1-dimensional
vectors (€;, x;,z;) is independent and identically distributed.

Assumption (3.3) (Regressor Distribution).

(3.32) fy, g0 gt g (x(), 2 | x4, 24} js bounded away from 0 and oo on W.
(3.3b) fyo) zan(x¥),2(4)) has a finite number of mass points on W.

Assumption (3.4) (Residual Distribution). For all x;, z; € W, the conditional

distribution of €; given x;, z; has a density function denoted by f; x z(e|x;, z;),
which is positive at 0 and continuous at all values in a neighborhood of 0.

Assumption (3.5) (Order of Smoothness). For some g € (0,1], and any func-
tion f, and set D, we adopt the notation f € C?(D) to mean there exists a pos-
itive constant K such that

IF(R) —f(R) =K[ R, — R,[°

for all X |, X, € D. Letting W'© = xX(©) X Z( denote the subset of W corre-
sponding to the continuous components, we impose the following smoothness
conditions.
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(3.52) fx. 2(x1, 20)s fo x.2(0, X1, 20), (X1, 20) € COOW) ¥ x4 [

€(z;,2)) EC(ZO X 29y Vg™ @

(3.5b) ¢(z;) is continuously differentiable in z,m of order k, with kth order deriva-

tives € C2(Z'?)). We let p = k + o denote the order of smoothness of this
function.

Assumption (3.6) (Bandwidth Conditions). The bandwidth sequence used in
the first stage is of the form

— Nk TK
h,=c"n""%

where ¢* is some constant and k € ((1/2p),(1/3dc)).

Remark 3. These assumptions are quite standard when compared to existing
conditions in the semiparametric literature. We only comment on some impor-
tant features.

(i) The full rank condition in Assumption 3.1 reflects the necessary conditions for
identification in both the partially linear and censored quantile regression mod-
els. To illustrate this point, we consider the case when the trimming and selec-
tion functions are set to 1. By the law of iterated expectations, the matrix V can
be expressed as E[E[w;w;(x; — x;)(x; — x;)'|z; = z;]]. Now it becomes clear
that the full rank condition fails if z; determines x;. This is to be expected be-
cause the full rank condition for the uncensored partially linear model fails also
in this case, as discussed in Robinson (1988). Furthermore, the condition also
fails if w; = 0 with high probability. This is analogous to the full rank condition
discussed for the linear censored regression model. As discussed in Powell (1984,
1986), information for B is only available from observations for which the con-
ditional quantile function exceeds the censoring point. Thus the full rank condi-
tion is satisfied when there is sufficient variability in x; conditional on z; for the
observations where the quantile function is positive.

(ii) Assumption 3.3 allows for both discretely and continuously distributed regres-
sors. This is an important condition for most data sets in economics, where the
effects of categorical variables, such as race and gender, are often of interest.

(iii) Assumption 3.4, which requires a positive conditional residual density function
in a neighborhood of 0, is also necessary for identification, as it ensures unique-
ness of the conditional quantile function.

(iv) Assumption 3.6, which allows for a wide range of bandwidth sequences, ex-
cludes the optimal bandwidth sequence derived in Chaudhuri (1991b). As is of-
ten the case for semiparametric estimators, “undersmoothing” is necessary to
attain convergence at the parametric rate. It should also be mentioned that the
lower bound on the bandwidth exponent, 1/2p, is only due to the presence of
nonparametric function ¢(-). Thus in principle, one could use different band-
widths for x; and z;, though this will only have a second order effect on the
asymptotics.

These conditions enable us to characterize the asymptotic properties of the
estimator. The main theorem of this paper, whose proof is left to the Appendix,
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establishes that B converges at the parametric rate and has an asymptotically
normal distribution. Before stating the theorem, we define the following func-
tions that characterize the influence function in the linear representation of 3.

O(x,z) = E[€(z;,2)|x; = x], 3.1
Vi(z) = Elw; ;%12 = 2], 3.2)
V,(z) = Elw; 7]z = 2], (3.3)

Ei(z;,2) = E[w(q®(x;, 2)7(x;, 2)x;12; 1€ (24, 2), (3.4
Ey(z;,2) = Elo(q*(x;,2))7(x;, 2)[2,1€(2;, 2), (3.5)
E,(2) = E[E/(z;,2)], (3.6)
Ey(2) = E[Ey(z;,2)]. 3.7)

We can now state the main theorem of this paper. Its proof is left to the
Appendix.

THEOREM 1. Let A, denote the d, X 1 vector
@i T fot, 200, xp 2) (W (xi, 20) + o (xi z)) (@ — Iy = % (%, 2)]),
where
(i, 20) = () f2(2) (i 2)) (5, V5(2:) = Vi(2))),
Yo (xi,20) = frz(xi 20) (3 B (z;) — Ei(2:)).
Then under Assumptions 3.1-3.6
Vn(B=Bo) = NO,V'QV), 3.8)
where O = E[A; A}].

We conclude this section with a brief discussion on how this estimator can
be used to construct an estimator of the nonparametric component ¢(-). For
estimation of the function at an arbitrary point z, we let S,(z) denote the index
set

{i:1=i=nlz-z| =4}
where 7 is a fixed small positive constant. Given that the relationship
#(2) = q*(x;,2) = x/ By

holds when g“(x;, z) > 0, we propose a weighted average estimator of ¢(z) by
replacing the quantile function with its nonparametric estimate, replacing g
with B, and averaging over observations in S,(z):
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2( )w(c?“(xi,z))(é“(xi,z) - x/B)
a i€8,(z

P(2) =

> 0(@*(x;,2)

i€S,(z)

Asymptotically, this estimator will be equivalent to the infeasible estimator that
subtracts the index x; B, from the quantile function and will converge at a non-
parametric rate. The rate will be slower than the optimal rate established in
Chaudhuri (1991b) because of the undersmoothing required in the bandwidth
conditions.

4. FINITE SAMPLE PROPERTIES

In this section, the finite sample properties of the proposed estimation proce-
dure are examined by a simulation study. We simulated from designs for which
the latent equation followed designs considered in Robinson (1988). These were
of the form

yi={¢+xBo+ ¢(z;) + e,

where the covariates x;,z; were drawn from a bivariate standard normal dis-
tribution, with correlation 0.5, and €; was drawn from a standard normal dis-
tribution. The simulation study considered four designs, corresponding to the
following specifications of ¢(-):

L ¢(z) =z
2. $(z;) = Zi2
3. ¢(z;) = sin(mz;)
4. ¢(z;) = sinh(z;)

The latent dependent variable was censored from below at 0; the value of the
parameter of interest, By, was set to 1; and the parameter { was varied across
designs to keep the degree of censoring constant at 30%.

To implement the estimation procedure, we fixed « at 0.5 and set the order
of the polynomial in z to 2. To select the bandwidth, we treated the nonpara-
metric procedure as a one-dimensional problem. This is consistent with the theory
because the asymptotic arguments were mainly governed by the rate at which
the bandwidth of z; converges, as alluded to in Remark 3(iv). Selecting the
bandwidth in two step estimators is a difficult problem, but there are proce-
dures that incorporate the undersmoothing prescribed by the theory. Examples
include the procedures used in Horowitz (1992) and Buchinsky and Hahn (1998),
which both perform well in the simulation studies they consider. For our study,
we considered bandwidths that decreased to O at the rate n~2/7, as this rate is
consistent with the guidelines in Assumption 3.6 when p = 2 and d = 1. To
select the constant of the bandwidth, we first considered a modified version of
the “rule of thumb” bandwidth discussed on page 202 of Fan and Gijbels (1996).
This was of the form
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a(l — a)p,(0) 2 \*7

| A o ’

ni; ‘M (x;,2;)

where ¢.(-) denotes the probability density function (p.d.f.) of the standard nor-

mal distribution and qg,”’ denotes an estimator of the third derivative of the

quantile function obtained from a global cubic fit. For these designs, prelimi-

nary simulations yielded average rule of thumb constants ranging from 2.4 to

2.75. Based on this result, we considered bandwidth constants from 1.75 to

3.50 with interval lengths of 0.25 to explore sensitivity to bandwidth choice.
For the weighting function w(-), we used the same function adopted in Buchin-

sky and Hahn (1998):

@) = ed" 72 e ¢ 2+ e +e € I[e < ¢° < 3¢]
wlg®) = | + 4" 2 l+e € e —e ¢ ] ¢

+1[g* > 3c]

and set ¢ = (.1. Preliminary studies showed results to be insensitive to the choice
of weighting function and c. This is consistent with the results found in Buchin-
sky and Hahn (1998).

As a final implementation procedure, we set £(z;,z;) = I[|z; — z;| = 8]. In
light of Remark 2(iii), a reasonable choice in practice would be to set § = ¢57-,
where c; is a small constant, say, 5%, and ¢-. is the sample standard deviation
of z;. We first considered constants cs ranging from 0.005 to 2. Because pre-
liminary results were insensitive to the choice of this constant, to save on com-
putation time we reported results for & = 0.005¢- for the complete study.

Each Monte Carlo experiment involved 801 replications for sample sizes of
100, 200, 400, and 800. Tables 1-4 report four statistics for the estimation of
B, (mean, median, root mean square error [RMSE] and mean absolute devia-
tion [MAD]) for the eight bandwidth constants. The simulation study was per-
formed mostly in Gauss, with the first stage values tabulated using Fortran 77.
For the four sample sizes considered, average times per replication for the first
design and smallest bandwidth constant were 0.137, 0.389, 1.317, and 5.845
seconds on a Pentium II 400 MHz PC.

Qualitatively, the results are similar for all the designs considered. Except
for the case when the bandwidth constant is set to 1.75, the behavior of the
estimator seems to be in accordance with the asymptotic theory. The values of
the bias and the RMSE consistently shrink at a rate of the square root of the
sample size. When the constant is set to 1.75, it appears larger sample sizes
than those considered in the study are necessary for the asymptotic theory to be
reflected. Other than that, results are quite insensitive to values of the constant
in the neighborhood of the rule of thumb choice, with the best performance
corresponding to constants of 2.25 or 2.50 for designs I, III, and IV. For design
I a bandwidth constant of 3.00 achieved the best results, which was consistent
with its rule of thumb value being larger than that for the other designs.
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582 SONGNIAN CHEN AND SHAKEEB KHAN

Though the rates of convergence of the bias and RMSE agreed with the as-
ymptotic theory, the estimator exhibited significant mean and median biases
for all designs in sample sizes of 100 and 200. This is not unusual for two step
estimators with preliminary nonparametric estimators for such sample sizes. It
should also be pointed out that the finite sample performance would be ex-
pected to deteriorate for a given sample size if the number of regressors in-
creased, as a result of a second order “curse of dimensionality.” In the context
of our estimator, it is the dimension of z; that should be of the biggest concern.

Overall, the simulation results indicate that our estimation procedure per-
forms well enough in moderately sized samples to be used in practice. We
advise caution in its use if the sample size is less than 100 or when the di-
mensionality of z; is high.

5. SUMMARY AND CONCLUDING REMARKS

This paper introduces an estimation procedure for estimating the partially lin-
ear regression model in the presence of censored data. The estimator is shown
to have favorable asymptotic properties. The results of a small scale simulation
study indicate that the procedure performs reasonably well in finite samples.
The main advantages of this procedure are that the resulting estimator is simple
to compute and that it is “robust” to very general forms of conditional hetero-
skedasticity. This is in contrast to the estimation procedure proposed in Honoré
and Powell (1997). However it should be noted that their procedure covers a
wide range of nonlinear models, whereas ours is designed specifically for the
censored regression model.

The results of this paper suggest areas for further research. Specifically, it
would be interesting to compare the results of this paper, which adopted a
local approach to estimating the model, to one that adopted a global approach.
He and Shi (1996) propose a global (B-spline) quantile estimator of the un-
censored partially linear regression model. Their results are not directly com-
parable to ours because they do not allow for censoring and consider only
homoskedastic models, but it may be possible to extend their results to allow
for censoring and conditional heteroskedasticity in a fashion analogous to ap-
proaches taken in Powell (1986) or Buchinsky and Hahn (1998) for the linear
censored model.

NOTES

I. The model is also referred to as the semilinear regression and semiparametric regression
model in the literature.

2. See Engle et al. (1986) and Stock (1989) for important empirical examples.

3. Note that an intercept term is not identified for this model because of its nonparametric
component.

4. In practice, the median function, which corresponds to a = 0.5, is usually considered as a
result of its “central location” interpretation.

5. For technical reasons, we actually require the assumption that this minimization occur over a
compact subset of R 5(A)
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APPENDIX

To keep expressions notationally simple, in this section we let ¢7,q;; denote ¢*(x;, ;)
and g“(x;, z;), respectively. We denote estimated values by 4,457 also, we let C,; de-
note C,(x;,z;) and let N, (x;,z;) = 22, I[(x;,2;) € Cyi].

The proof involves establishing a linear representation for the estimator 3. We work
with the relationship

B - BO = S S\\? (A'l)
where
Sev = 75 €(2;,2,)A A2
xx n—l) 1¢,w” ji Tii T (j :) Xji ( )
and
SAxv' E 0),, Ji Tii Tjie(zj? Zi)iji(qAﬁ - ‘?IC: - AX;IBO) (A°3)
l#j

Our strategy in proving the theorem is to evaluate the probability limit of S, and a
linear representation for SA',,Q,. We begin by establishing the following two lemmas, which
correspond to two uniform convergence results for the nonparametric estimator of the
conditional quantile function. The lemmas are proven for the in-sample observations
only, as we note that identical arguments can be used for the out-of-sample points. The
first lemma establishes a rate uniform over points where the quantile function is bounded
away from the censoring point. The result follows directly from the uniform rates de-
rived in Chaudhuri (1991b) and Chaudhuri et al. (1997). (These uniform rates were based
on the assumption that the regressors were continuously distributed. As mentioned on
page 252 of Chaudhuri (1991b), this was only assumed to ensure that N,(x;,z;) in-
creases at the appropriate rate. This rate will be satisfied under Assumption 3.3.)

LEMMA 1. (From Chaudhuri et al. Lemma 4.3a). Under Assumptions 3.2-3.6,

max |47 —qi| = 0,(n” ).

I=i=n,qff=c/2

The second uniform result involves an exponential bound for points in a neighbor-
hood of the censoring point.

LEMMA 2. Under Assumptions 3.2-3.6, let W,. denote the set
{(x;,2)) EWg*(x;,2) = ¢/2}
and let A, denote the event
{G*(x;,z;) = ¢ forall (x;,z;) €W}
Then there exist constants Cy,C, such that

P(A,) < C e C2nhi,
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Proof. We first derive a similar result for the nonparametric estimator that fits a poly-
nomial of degree 0 and denote this by . We consider attaining an exponential bound
for the probability of the event

A, ={g2 =3c/4forall (x;,z;) € W,}.

For a pair of positive constants ¢; < ¢, we define the event E,, as

{c,nh% = N,(x;,2;) = c,nh% for all (x;,z,) € W,}.

By Theorem 3.1(i) in Chaudhuri (1991b), we can choose ¢y, ¢, such that

P(ES) < cyecnhit, (A9

where c3, ¢4 are positive constants and E denotes the complement of the event E,,. Thus
it will suffice to derive an exponential rate for the probability of the event A, N E,. We
note that A, implies the event

1
—_— I[y;=3¢/4]=(1 —a) forall (x;,z;,) € W.. (A.5)
N, (x;,2;) (XJ,ZJE)GCM !

Now, by the continuity of ¢;} and the compactness of W, we have for n larger than some
No, qff < 2¢/3if (x;,2;) € C; for all (x;,z;) € W,. Thus by Assumption 3.4 there is a
positive constant A; such that for (x;,z,) € Cy

P(y; = 3c/4|xj,2;)) = P(e; = ¢/12]x;,z;)) = (1 —a) — Ay,
and the probability of the event A,, N E, is bounded above by

P( > Iy, =3c¢/41 - E[I[y; = 3¢/4]|x;,2;]1 = ¢, nh%x, N E,,) < ¢ 2Aicinhil,

Xj, 2;€Cy;
(A.6)

where the exponential bound follows by Hoeffding’s inequality. Thus the exponential
bound follows for g7 by picking C; and C, such that the bounds in (A.4) and (A.6) are
satisfied. Finally, the conclusion of the lemma follows for §7 by showing that

1% — g5| < c/4 forall (x;,2;) € W. (A7)

This result becomes apparent by expressing the local polynomial estimator g as an
estimator with polynomial of degree O and dependent variable equal to

s(A)
( ) a (c) (
y;k = yj - (xj(C) - xiC))’Bc - 2 0([)(ch - ZiC))b’7
1=2

where [:Ic and é(,), I # 1 (which are constrained to lie in a compact set by construction)
are the local polynomial estimators of the coefficient on x,-(”) and the derivatives of ¢(-),
respectively. Thus |y} — y;| < ¢/4 for all (x;,z;) € W for all n larger than some N,
as the local polynomial estimators are restricted to lie in a bounded set. This estab-

lishes (A.7). u

We now proceed to the expression in (A.1). The following lemma establishes the
probability limit of S,,.



586 SONGNIAN CHEN AND SHAKEEB KHAN

LEMMA 3.

So DV (A.8)

xx

Proof. A mean value expansion of the function @(-) around the true value of the
quantile function yields

A 1
Sxx = Wi wjl Tii jle(z_/’z )A ijli + Rln + RZn’ (A‘9)
n( 1) i#j
where
Rl 2 (L)“ Tii _]I €(Zj7 Z; )(qu qi(il)iji ij/i’
(n Hé]
R2 2 (1)” jl Tii Tji€(zj’ Zi)(éﬁ( - qﬁ)iji ij’i’
1#/

where * denotes intermediate values. We establish that R}, = 0,(1). We note that it can
be decomposed as the sum of

2 (1)“ iiTjie(zj’ Zi)(éu qdii )A Ax I[qz‘t1 = C/2]

( r#/

i i T €2, 2G5 — qf) Ax; AxjiI[qff < c/2].

n( ])’*j i Yjilii jl

The first term is 0,(1) by Lemma 1. For the second term, we note that if w//w}; is pos-
itive, then 47 = ¢, so this second term is bounded above in absolute value by

— > Cl(Gs — glgs < ¢/2,48 =],
(n 1) i#j

where C is some constant. This term is 0,(1) by Lemma 2.

The same argument can be used to show that R,, is 0,(1). Thus we have established
that

2(0“ jl Tii j!€(zj’z )AX ‘ij/i + Op(l),

= ( t#j

and the conclusion of the lemma thus follows from the law of large numbers for
U-statistics (see, e.g., Serfling, 1980, p. 190). ]

We next establish a linear representation for S‘Xy. We note that it can be decomposed
as

a(1) &(2)
Sxy - Sxy + Rn’
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where
S)E»]') zwu jl IiTjie(Zj» Zi)(é]t - qjl)Ax
H&j
(2 _ —
Sxy 0),, Ji Tii jle(zj’z )(qu q,,)Ax
1) i#j
1
Rn = wu wjl Tii jle(zj’z )A (qﬁ - qt‘f - Ax]’tﬂO)
n( 1) i#j

We first show that the remainder term R,, is asymptotically negligible.
LEMMA 4.

R, =o0,(n""?).
Proof. We note that

2 w;; W Ji u'Tji€(Zj1 Zi)iji(qjc; - th: - ij/iBO) =0

(I’l t#j

so we need only show that
n _ 1) ;(wu j! Wj; j!)T“ Ji (ij Zi)iji(qﬁ - ‘15 - ij’iBO) = Op(n_]/z)-
i#j

(A.10)
A mean value expansion of @;®;; around w;; w;; yields the sum of the terms

1

-1 wu jl Tii ]le(zj7z )(qu - qicil)iji(qﬁ‘( - qrc: - ijIiBO)
I’l( ) i#j

( 1) ot (1)” /: Tii Tji e(ZpZ )(qjl —4qji )A (‘Iﬁ —qi— ij,iﬂo)'
We only show that the first of the preceding terms is asymptotically negligible, as the
same arguments can be applied to the second term. Note we can multiply each term in
the summation by I[gF = 0,q7 > 0] + I[g7 > 0,g;; = 0] because terms in the summa-
tion are 0 if both values of the quantile function are positive. Also, w}; }I[¢;f = 0] and

w};I[g; = 0] are bounded above by a constant times /[gf = 0,47 = c] and a con-
stant tlmes I[g% = 0,35 = c], respectively. So by Lemma 2, (A.10) holds. u

The following lemma establishes the linear representation for §,§:)
LEMMA 5. Under Assumptions 3.2-3.6,

S)EVI) - n 2 quufe X, Z(O XisZi )‘/ll(xwz )(CZ - I[yx = er’]) +o (n—l/Z) (A'll)
Proof. A mean value expansion of @;@;; around w;; w;; yields

§W =

1) g wW;; Wj; ,iTj,'e(Zj, Z{)(é,? - qjciy)iji + Rln + R2n7
i#]
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where now
1n E wu jl Tii Tji e(zj, Zi)(‘?ﬁ‘ - qﬁ)ziji,
( 1#]
R2 Ewu iiTjie(zj, zi)(éjl qjl)(qu - qg)iji'

t#j

We only show that R, = 0,(n~"/?), as the same argument can be applied to R,,. We
decompose R, as the sum of the two components

Ewu _/l u jle(z_/’z )(qji - qﬁ)zijiI[q;; = C/2]7

(n 1#/

2 wu _11 Tii Tjie(zj’ zi)(éjcil - qﬁ)zijil[qg < 0/2]‘

1#/

By Lemma 1 the first of the preceding terms is 0,(n~'/2), and by the same argument
used in the proof of Lemma 3, using Lemma 2, the second term is also o,(n~1/2). We
can therefore work with the expression

Ew., w71 (25, 2) (4 — q2) Ax;. (A.12)

n(n 1#_;

Our next step is to insert a linear representation for (g5 — ¢;7). This type of representa-
tion has been well established in Chaudhuri (1991a) and Chaudhuri et al. (1997). Its
introduction requires some additional notation, and we deliberately adopt the notation
used in Chaudhuri et al. (1997). For estimation of ¢ using observations j # i, we let
b(h,, x; — x;,z; — z;) denote the d,_+ s(A)-dimensional vector

blhyy = xi 2= 2) = (L0 =) 1 = )1 < [u] = &), (A1)

Denote the (d,, + s(A4)) X (d,, + s(A)) matrix G,(x;, z;) as the density weighted condi-
tional expectation of the outer product of b(h,, x; — x;,z; — z;) given that x;,z; € C,;.
Let e(;) denote a d,_+ s(A)-dimensional vector whose first component is 1 and remain-
ing components are 0 and denote its transpose by e(;). From Lemma 4.1 in Chaudhuri
et al. (1997), the linear representation can be expressed as

as —qf = Nn(xi!Zi)_le(ll)Gn(xi’Zi)il

X 2 b(h,,,x Z)(a_l[y/<q/j])1[xj7zjeCni]

J=1j#i

+ R, (x;,2;), (A.14)

where R,(x;,z;) is 0,(n""/2) uniformly in (x;,z;) € W. We insert the nonnegligible
component of this representation into (A.12). Following identical arguments as used in
Chaudhuri et al. (1997), this yields a third order U-statistic plus a remainder term that is
0,(n1/?). The U-statistic is of the form
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1
_ cw T (25, 2;)el 271G, (x5, 2,) !
n(n _ 1)(" _ 2) i*j#kwu wjl Tii Tjt (Z_] Zl)e(l)fn(xj 2 ) (xj Z )

X b(h,, x, = x5,z — 2, (e — Iy = qg 1 [x, € CylI[z, € C5]Ax;;, (A.15)

where here f,(x;,z;) = (1/n) E[N,(x;, z;)| x;, z;] and superscripts on C,; denote bins with
respect to the specified regressors. The preceding U-statistic has a kernel function that
depends on the sample size. Projection theorems for such cases have been developed in
Powell, Stock, and Stoker (1989), for example. Writing the U-statistic as

> Fulén €€, (A.16)

n(n—1)(n—2) i#j#k
where &; = (y;,x/,z})’, the condition sufficient for the projection theorem is
E[IF.(-,-, )21 = o(n).

Noting that the smallest eigenvalue of G,(x;,z;) is bounded away from O for all n, and
that b(h,, x; — x;, zx — 2;)I[xx € C;;]I[z, € C%] is bounded above by 1, the only term
in F,(-,-,-) that becomes unbounded as the sample size increases is f, ' (x;, z;). Noting
that f,(x;, z;) can be expressed as

hff“f f fx,z(xj(d”,xfc) +h, t,zfds),zfc) + h,u)dudt,
[= 1,174 J[~1,1]%

it follows that
E[|F.(&:.€, €011 = O(h;*) = o(n),

where the second equality follows from Assumption 3.6.
We can therefore work with the projection of the U-statistic. Noting that
E[F.(&:,€,€0)|€] = E[F(€:,€;,€01€] = 0, the projection theorem yields

1 | n )
n(n—1)(n-2) %kﬂfné’fk) = ;EE[ﬁ(-,-,a)} +0,(n"172),

where E[F,(-,-,&;)] denotes the conditional expectation of F,(-,-,-) given its third ar-
gument. Therefore, it remains only to establish that

S |-

2 E[‘7:rz(57§1)] — Wy Tiife,_)},z(O,mei)‘lll(xnZ.’)(a’ - I[)’i = ‘Iﬁ])
i=1
=op(n‘”2). (A.17)

To evaluate the limit of the projection, we first note that by Lemma 4.2b of Chaudhuri
et al. (1997), we have

hzce(,l)(fn(xi’zi)Gn(xi? Zi))~l =fe.—)}.2(05 Xis Z,')e(,]) + rn(xhzi)v
where

lim h,2E[|r,(x;,z)]*] = 0.
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Next, by partitioning the regressor vector into its discrete and continuous components,
we note that by a change of variables we can express E[F,(-,-, £;)] as

Uy =q3)—a)

X J J f f w(q (x(”) x(") Zf s Z(C) + hnl‘))
) ) 2 & )
[—1,1]% J[=1,1]% Jxd z

w(qa(x,.(d“,x,.(” + h,u, 2 294 ht))

X 7 (x (@) x @) @) ) 4 h, f)T(X,‘d‘Y),x,.(C) n hnu,zfds),zfd )
X (29,20, 2( (7 + hyt)

X £ 20,6 x4 iy, 2, 2+ ) f (2, 2+ by

X fe (™ x\ + hyu)

X dFy (x4, x )20, 28 + h, 1) dF (2%, 2O |2, x{” + h,u)dudt

+ R, (x;,2:), (A.18)

where F|z, Fz x denote conditional distribution functions and (A.18) represents the con-
ditional expectation by a Stieltjes integral. The remainder term R,(x;, z;) satisfies

E[IR,(x;,z)?]1= O(h?). (A.19)

By the dominated convergence theorem, it follows that for all (x;, z;) € W, the integral
in (A.18) converges to

Wy Tiifs,‘)},Z(O’ x5 20 (x4, 2;).

Therefore, another application of the dominated convergence theorem and (A.19) imply
that the variance of

E[]'-,,(,,f,)] ‘fe,_)l(,z((),xnZz‘)l//l(xi,zi)(a - I[Yi = q,‘f])

converges to 0. Thus equation (A.17) holds by Chebyshev’s inequality. This establishes
the proof of the lemma. |

By an identical argument, we can establish a linear representation for SA')S) .

LEMMA 6. Under Assumptions 3.2-3.6,

N R
S;g) = r_l 2 Wi Tiife,’)\l’,z(oa X 20 (x, 2) (@ — Iy, < ¢f]) + Op(”ﬁ]/z ). (A.20)
i=1
Combining the three previous lemmas yields a linear representation for Sxy. Along
with Lemma 3, the theorem follows by an application of Slutsky’s theorem, using As-

sumption 3.1.
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