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Abstract

This dissertation studies the optimal design and performance evaluation of large-
scale supply chain systems with graphical structures such as assemble-to-order (ATO)

systems and e-commerce fulfillment networks. It consists of three essays.

The first essay studies the design of effective operational policies in the assemble-
to-order (ATO) systems. We consider continuous-review ATO systems with general
bills of materials (BOM) and general leadtimes. First, we characterize the asymp-
totically optimal policy for the M-system. The policy consists of a periodic review
priority (PRP) allocation rule and a coordinated base-stock (CBS) replenishment
policy. We then construct heuristic policies using insights from the asymptotically
optimal policy. In particular, we adopt the PRP allocation rule and develop a decom-
position approach for inventory replenishment. This approach decomposes a general
system into a set of assembly subsystems and constructs a linear program to compute
the optimal policy parameters. However, both the CBS and the assembly decompo-
sition approach are limited to simple systems. We then consider a second approach,
which decomposes a system into a set of distribution subsystems and each subsystem
has a straightforward optimal solution, which is similar to the newsvendor problem.
Finally, in a numeral test, we find that the assembly decomposition is very effective
but computationally expensive and thus only good for small-scale systems; the dis-
tribution decomposition performs as effective as the optimal independent base-stock
(IBS) policy, but is highly scalable than finding the optimal IBS policy for large-scale

systems.

The second essay focuses on optimizing the operational decision at one layer of the
supply chain network when some operational decisions at another layer are unknown

to the decision-maker. More specifically, we consider the transportation network
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design problem for the e-commerce marketplace. A salient feature in this problem is
decentralized decision-making. While the middle-mile manager decides the network
configuration on a weekly or bi-weekly basis, the real-time flows of millions of packages
on any given network configuration (which we call the flow response) are controlled by
a fulfillment policy employed by a different decision entity. Thus, we face a fixed-cost
network design problem with unknown flow response. To meet this challenge, we first
develop a predictive model for the unknown response leveraging observed shipment
data and machine learning techniques. Apart from the most natural network-level
predictive model, we find that the more parsimonious destination-level and arc-level
predictive models are more effective. We then embed the predictive model to the
original network design problem and characterize this transformed problem as a c-
supermodular minimization problem. We develop a linear-time algorithm with an
approximation guarantee that depends on c¢. We demonstrate that this algorithm is

scalable and effective in a numerical study.

The third essay investigates how to use the Graph Neural Network (GNN) model
to predict the operational performances of supply chain networks. GNN is a newly de-
veloped machine learning tool to leverage the graphical structure information. It has
demonstrated good prediction accuracy in various contexts, including social, bioin-
formatics and citation networks. Surprisingly, GNNs have not received much atten-
tion in supply chain systems despite the fact that many systems exhibit a graphical
structure, such as assemble-to-order systems and process flexibility networks. To the
best of our knowledge, we are the first to explore the application of GNN to supply
chain problems. As operational performances of the entire network can often be de-
composed into node-level or edge-level performances, we study the decompose-then
prediction approach. We find that while the existing GNN model can generate rea-

sonable node-level predictions, special tailoring is needed for edge-level predictions



of supply chain networks. A key contribution of our research is to develop a novel
graph transformation approach, which allows an edge to learn from its neighborhood
edges. Tested on different synthetic datasets from two different supply chain sys-
tems, we implement the GNN model with our proposed graph transformation and
several benchmark methods, including an existing GNN model and the traditional
machine learning methods, such as the convolutional neural network and random for-
est. The results indicate that our approach significantly outperforms the benchmarks
in edge-level prediction. We also observe the importance of utilizing the graphical
structure and edge directions. Our comparison reveals that it is beneficial to follow
the decompose-then prediction approach, instead of the direct graph-level prediction

commonly used in other applications.
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Chapter 1

Introduction

In today’s fast-developing digital economy, new and complex supply chain problems
are constantly emerging. Manufacturers and service providers now interact with users
repeatedly and need to make operational decisions frequently based on data collected
at a rapid pace. While many of these supply chain networks have graphical structures
and can be formulated as large-scale and multi-stage stochastic optimization models
when the model parameters are readily obtainable, finding the solutions to these
models is computationally impossible due to the dimensionality of the problem. Even
when such problems can be solved, practitioners often find the resulting optimal
strategies hard to implement due to their complex structure. Therefore, there is a
growing need for scalable approximation methods that operate efficiently while still
being simple to implement and interpret. Thanks to today’s data-rich world, one
can also take an alternative data-driven approach which can predict the performance
of the supply chain networks of a given operational mechanism without knowing all
details of the mechanisms and the demand characteristics. The questions to answer
are how to make the prediction, especially how to utilize the graphical structure to
improve the prediction accuracy, and how to use the predictive model in optimizing
the operational decision. Motivated by these challenges, this dissertation studies the
design and prediction of the operational performance for supply chain systems with

graphical structures.

The studies in this dissertation can be classified into three categories. First, we



study the design of the optimal operational decisions for assemble-to-order systems.
Following the standard assumption that product demands follow independent, sta-
tionary Poisson processes, We focus on the theoretical analysis of the system and
algorithm development. Second, we study the optimal design of e-commerce trans-
portation networks. A crucial deviation from the classic transportation network
design problems is that the network flow decision for any given network is exogenous
and difficult to model. In this case, we consider a data-driven approach for predicting
the unknown flow using machine learning (ML) models. We then study optimization
techniques which are built on the predictive model. Third, we study predicting the
operational performance of supply chain systems using advanced ML models that
leverage the systems’ graphical structures. Different from the analytical performance
evaluation tools such as simulation, this new approach is data-driven, i.e., the pre-
diction model relies on observed data to learn and train, without the full knowledge
of all the details of the operational mechanisms, such as the component allocation

policy in an ATO system, or the analytical properties of the demand process.

In the second chapter, “Optimizing Assemble-to-Order Systems: Decomposition
Heuristics and Scalable Algorithms”, we study the design of the inventory policy for
assemble-to-order (ATO) systems. ATO is a manufacturing strategy to achieve mass
customization. Under this strategy, the firm keeps inventory only at the component
level, all products are assembled from component inventories only after customer
orders with the customer-specified bill of materials are realized. The graphical struc-
ture in ATO is the component-product network specified by the bill of materials.
The ATO system has the promise to make customized products cheap by avoiding
unwanted final product inventory and sharing common components across different
products at the same time. However, whether these savings can be fully realized

depends heavily on whether component inventories are managed efficiently.



Despite decades of research, our understanding of the structure of optimal in-
ventory policy of ATO systems remains limited. This is because the ATO system
combines both the assembly structure (from a product point of view for each product)
and the distribution structure (from a component point of view, for each component.)
The assembly structure implies a coordinated replenishment policy across different
components. The distribution structure implies a state-dependent allocation policy
among different products. More recently, there has been some advancement in the
form of optimal policy for simple ATO systems, such as the W-system in which there
are two products sharing one common component and the M-system in which there
are three products sharing two common components. In this chapter, we first join
this effort by analyzing a continuous-review M-system with non-identical lead times.

(Previous research focuses on the M-system with identical lead times.)

We show that an asymptotically optimal policy consists of a periodic review prior-
ity (PRP) allocation rule and a coordinated base-stock (CBS) replenishment policy.
The PRP rule fulfills customer orders to myopically minimize the instantaneous to-
tal product backorder cost at discrete time points. The CBS policy coordinates the
replenishment of the components by integrating the observed demand information.
Unfortunately, the policy is very difficult to compute and implement. To overcome
this shortcoming, we construct a heuristic replenishment policy by decomposing the
system into a set of assembly subsystems, one for each product. Each assembly
system follows a reserved base-stock (RBS) policy that takes both the simplicity of
implementation and the previous demand information into consideration. A linear

programming program is then constructed to compute the RBS policy parameters.

For general systems, it is difficult to coordinate the replenishment among compo-
nents because each component has a set of components to coordinate. As a result, we

study how to design the independent base-stock (IBS) policy where each component
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is independently replenished, and we use PRP rule from Paper 2 as the allocation
rule. We develop an approximation algorithm which decomposes the ATO system
into a set of distribution subsystems, one for each component. It turns out each
such subsystem is similar to the newsvendor problem with a straightforward solu-
tion. Each subsystem then follows an IBS policy with the base-stock level equal to
this straightforward newsvendor solution. Thus, this approximation is scalable to
compute IBS policy parameters and can handle large-scale inventory. We also use a
primal-dual analysis to show that the limit of the (scaled) expected system cost under
the optimal independent base-stock policy in the general system can be bounded by
two newsvendor systems with properly set parameters. Finally, our numerical results
show that the RBS policy is very effective, the distribution decomposition performs
similarly effectively as the optimal IBS policy. Numerical tests also provide some in-
teresting insights into the impact of system parameters on the value of past demand

information.

In the third chapter, “Data-Driven Scalable E-commerce Transportation Network
Design with Unknown Flow Response”, we study the prediction of the shipment cost
in an e-commerce network and the approximation of the optimal network. This
work was motivated by my internship experience with an online marketplace. The
objective of our study is to develop data-driven, scalable optimization tools for e-
marketplaces to best utilize their in-house outbound transportation networks. The
outbound transportation network of the online marketplace we consider consists of
regional warehouses, called fulfillment centers (FCs) and the smaller delivery stations
(DSs) closer to the end customers. Based on the customer order, the company first
decides how and from which FC to ship the package to which DS, a process called
middle-mile transportation. After packages reach their destination DSs, they are

shipped to customers’ doors. This process is called last-mile transportation. The
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middle-mile network is less known than the last-mile network because it is invisible
to the customers, but its importance cannot be overlooked as it can be the most
expensive part of the whole supply chain, and its market can reach 1 trillion. In this

chapter, we focus on optimizing the middle-mile transportation network.

At first glance, the optimization problem appears to resemble some elements of
the fixed-charge capacitated multicommodity network design (CMND) problem, but
it departs from the classical problem with significant nuances and challenges. The
first novel feature is decentralized decision-making. While the middle-mile manager
decides the network configuration on a weekly or monthly basis, the real-time flows of
millions of packages on any given network configuration are controlled by a fulfillment
policy employed by a different decision entity. Due to the complexity of the real
fulfillment policy, we face a fixed-cost network design problem with unknown flow
response. The second novelty is due to the very feature of the granular customer
order and delivery in online shopping — the so-called long-tail phenomenon, which
makes it impossible to analytically characterize the demand process.

To meet these challenges, we take a predict-then-optimize approach. First, we de-
velop a predictive model for the unknown flow response for any given network design,
using the historical shipment data and ML techniques. Apart from the most natu-
ral network-level predictive model, we find that the more parsimonious origin-level
and edge-level flow response predictive models are more effective in addressing the
curse of dimensionality. We then embed the predictive model to the original network
design model to obtain a data-driven network design problem. We characterize this
new problem as a c-supermodular minimization problem and develop a linear-time
approximation algorithm with a performance guarantee. We demonstrate that this

algorithm is scalable and effective in a numerical study.
In the fourth chapter, “A Graph Neural Network Approach for Predicting Network
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Performance”, we study the prediction of the operational performance in supply chain
networks with graphical structures. In particular, we focus on a new ML model,
Graph Neural Network (GNN). Different from previous ML models, the GNN model
leverages the graphical structure in making predictions. It has demonstrated good
prediction accuracy in various contexts, including social, bioinformatics and citation
networks, but it has not received much attention in supply chain systems despite the

fact that many systems exhibit a graphical structure.

One of our main contributions is to adapt GNNs to evaluate the performances
of various supply chain systems. We find that even though the ultimate goal of the
prediction is for graph-level operational performance, one should start by building
a GNN model to predict node-level or edge-level operational performances and then
aggregating predictions together. For edge-level prediction, we propose an edge-node
graph transformation approach which improves the prediction accuracy. We also
highlight the importance of utilizing the graphical structure in making predictions

and considering the direction of the edges in the transformed graph.



Chapter 2

Optimizing Assemble-to-Order Systems:
Decomposition Heuristics and Scalable
Algorithms

2.1 Introduction

This chapter considers effective control of continuous-time multiproduct Assemble-
to-order (ATO) systems with non-identical component replenishment leadtimes and
full backlogging. In an ATO system, the manufacturer begins to assemble a final
product only after customer demand arrives. This approach allows customization
of products by only stocking various standardized components, many of which are
common components shared across different products, thus exploiting the benefit
of risk pooling to reduce inventory cost. Figure illustrates three simple ATO
systems — the N-, the W-, and the M-system, in which the top nodes represent
components and the bottom nodes represent products labeled by their component
compositions. For example, in the M-system, product-{1} (product-{2}) requires
one unit of component-1 (component-2) only, while product-{1, 2} requires one unit
of component-1 and one unit of component-2. Component i is replenished from an
outside supplier with leadtime L;. Random customer demand occurs at the product
level. In both the N- and the W-systems, there is one common component shared
by the two end products, while the other component(s) are product specific. In the

M-system, there are three products sharing two common components.

With advanced information and production technologies, more and more man-

7



(a) N-system (b) W-system (c) M-system
Figure 2.1: Illustration of ATO systems

ufacturing companies, such as Dell (Kapuscinski et al.|2004)), Lenovo (Xiao et al.
2010) and BMW (Muller| 2010), and e-commerce platforms, such as Amazon (Xu
et al.[[2009), have adopted this strategy. For example, 35% of the customer orders
in an off-peak-season day and 44% in a peak-season day in 2004 consist of multiple
items for a large online retailer (see |Xu et al.| 2009, Zhao et al|[2020)). In this con-
text, the items can be viewed as components and customer orders can be viewed as
products. As the e-commerce platform starts to prepare for the delivery only after
receiving the order, the process to pick and ship the ordered items can be viewed as
an assembly process. These practical ATO systems are also large-scale systems with
many different components and products. Xu et al.| (2009) note that an e-commerce

platform can involve more than 400 thousand unique items in five random days.
Despite the popularity of ATO systems, the structure of the optimal inventory
policy of these systems remains largely unknown, and scholars are actively search-
ing for efficient and effective approximate control policies. As stated in Song and
Zipkin| (2003), inventory control of an ATO system consists of two decisions: compo-
nent inventory replenishment and common-component inventory allocation. An ATO

system combines both the assembly structure (from each product’s view) and the dis-
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tribution structure (from each common component’s view). The assembly structure
implies that a good component replenishment policy should be a coordinated pol-
icy across different components. Heterogeneous replenishment leadtimes complicate
such coordination. The distribution structure implies that a good component allo-
cation policy should be state-dependent. The more the common components, the
more complex the policy is. Even for a pure distribution system alone, the optimal
policy is unknown. For this reason, the majority of the literature focuses on perfor-
mance evaluation/optimization of commonly used simple policies (see Section for
a literature review.). Nonetheless, there has been recent progress in the literature
beginning to characterize the optimal policies for simple ATO systems, such as the
N- and the W-system, which offer some new insights into more sophisticated policies.
The purpose of this chapter is to push this line of research further by analyzing the
optimal policy for the more complex M-system, and then using the insights to develop
scalable and near-optimal control policies for the general ATO system. Section [2.3

introduces the model basics and some preliminaries.

In Section [2.4] we focus on the M-system and examine whether the optimal pol-
icy structure for the N- and the W-system discovered in the literature still holds for
this system with two common components. We show that while the exact results
in the previous work break down, the structure of the asymptotically optimal policy
remains the same, which constitutes a periodic review priority (PRP) allocation rule
and a coordinated base-stock (CBS) replenishment policy. Under the PRP rule, the
allocation decision is made at discrete time points to myopically minimize the sys-
tem cost. Under the CBS policy, the component with the longest leadtime follows a
constant base-stock policy, and the base-stock level of the other component follows
a state-dependent base-stock policy, with the base-stock level depending on the pre-

vious demand information of the product requiring this component. Unfortunately,
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(a) Assembly Decomposition (b) Distribution Decomposition
Figure 2.1: Illustration of Decomposition Approaches for the M-system
due to two common components, the CBS policy has a complex structure and is
computationally inefficient. This motivates us to develop a computationally more

efficient heuristic replenishment policy.

To construct a heuristic policy, we first take an assembly decomposition approach
that decomposes the M-system into three assembly subsystems, each of which is an
assembly system with one product and all its components, as shown in Figure [2.1(a)|
Specifically, the M-system is decomposed into three subsystems: subsystems-{1},
-{2}, and -{1, 2}, each of which contains exactly one product with all required com-
ponents. The heuristic policy, which we call the reserved base-stock or “RBS” policy,
is similar to the CBS policy in that it also coordinates the component inventory re-
plenishment in each assembly subsystem by using a constant base-stock policy for
the component with the longest leadtime and state-dependent base-stock policies for
the other components. The structure of the state-dependent base-stock policy in the
RBS policy is much simpler: the base-stock level of a component does not exceed
the available inventory that is virtually reserved for this component at a previous

time stamp. This structure is similar to the echelon balanced base-stock policy in
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the assembly system studied by Rosling| (1989)), under which the replenishment of a
component does not exceed the available inventory of each component with a longer
leadtime. (In the V-system in which there is only one product with two components,
the CBS, RBS and the echelon balanced base-stock policies are equivalent.) Applying
the sample path characterization and the sample average approrimation or “SAA”
method, the RBS policy can be computed through a linear program and is thus easy

to compute.

In Section [2.5] we study the general ATO system, i.e., a system with a general
bill of materials (BOM) and general leadtimes. For the allocation policy, we adopt
the PRP policy that is asymptotically optimal for the M-system. For the replenish-
ment policy, it is natural to consider the extension of the CBS and RBS policies as
well as the assembly decomposition. Unfortunately, these extensions turn out to be
computationally challenging. For a larger system, the CBS policy requires solving a
multistage stochastic program problem. The RBS policy has a large number of policy
parameters, and there are many non-convex terms to be transformed into the linear
program. For this reason, we focus on developing scalable and effective heuristic
replenishment policies. We consider a structurally simpler replenishment policy, the
independent base-stock or “IBS” policy, under which each component is replenished
according to an independent base-stock policy with a constant base-stock level. Be-
cause once the policy parameters (the constant base-stock levels) are determined, the
implementation of the policy is very simple, which does not need coordination across
components, IBS is commonly used in practice. But what should be the base-stock
level for each component is not trivial; it should take into account the interrelation-
ships of the components.

To devise effective IBS policy parameters, we take another decomposition ap-

proach — the distribution decomposition. That is, the ATO system is decomposed
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into several distribution subsystems, each of which consists of only one component
and all products that require this component, as illustrated in Figure for the
M-system, where the system is decomposed into subsystems-1 and -2, corresponding
to each component and all the products requiring the component. We show that a
distribution subsystem can be explicitly solved in a manner similar to a newsvendor
solution by exploiting the optimal sample-path property in each distribution system,
and the corresponding optimal newsvendor order quantity is used as the base-stock
level in the IBS policy. For this reason, we also call the distribution decomposition
approach the newsvendor decomposition for short. We further apply a primal-dual
analysis to show that the expected cost in a scaled general system under the optimal
IBS policy is bounded by the expected cost under a series of newsvendor problems

with properly selected parameters.

In Section [2.6] we conduct extensive numerical simulations to examine the perfor-
mance of the RBS policy with the assembly decomposition and IBS policy with the
distribution decomposition. We first show they are both effective compared to the
expected lower bound of the total system cost under the optimal CBS policy. We then
compare the two decomposition approaches to two IBS policy heuristics proposed in
the literature: the constant markup newsvendor decomposition heuristic and the lin-
ear programming rounding heuristic proposed by DeValve et al. (2020), and use the
latter as the benchmark. For simple systems, while the IBS policy with distribution
decomposition is much more efficient, the RBS policy with assembly decomposition
is more effective with an average cost savings of 1.23% and 3.64% maximum savings
compared to the benchmark in the W-system. We find that the RBS policy is more
effective when there is a higher chance of products being stock-out. This is consistent
with the numerical observations by several other authors, including |Benjaatar and

ElHafsi (2006) and [Nadar et al. (2016). Among the IBS policies, the distribution
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decomposition approach performs comparably to the benchmark but is much more
efficient as it takes only less than 0.01 seconds to compute, while the benchmark
takes 0.38 and 0.36 seconds in the M- and the W-system correspondingly. The dis-
tribution decomposition also results in a much lower average system cost compared
to the constant markup newsvendor decomposition heuristic, which is computation-
ally comparable. For general systems, we only test IBS policies. We show that the
distribution decomposition is highly scalable and very efficient using two real-world
examples. Its computational time can be about 107% of a benchmark with simi-
lar effectiveness. The effectiveness of the distribution decomposition is close to the
benchmark (slightly worse with 1.46% average extra cost and slightly better with
0.76% to 2.14%, varying according to the size of samples, average cost saving in the
two examples), and much better than the constant markup newsvendor decomposi-
tion heuristic with similar efficiency. Based on these observations, we recommend
RBS policy with assembly decomposition for small systems, and IBS policy with

distribution decomposition for large-scale systems.

2.2 Literature Review

Most of the existing studies in the literature of the continues-review ATO system focus
on a particular class of policies, see survey papers by Song and Zipkin (2003) and
Atan et al.| (2017). Early works are restricted to the first-come-first-served (FCFS)
allocation rule and IBS replenishment policy, with an objective to evaluate or optimize
the IBS policy, e.g., Song (1998), |Song et al.| (1999), |Song (2002)), |Lu et al.| (2003),
Zhao and Simchi-Levi| (2006)), Huang and de Kok (2015) and van Jaarsveld and
Scheller-Wolf| (2015)).

More recently, various scholars start to identify the form of the optimal policy.
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Lu et al. (2010) show that under IBS policy, the no-holdback (NHB) allocation rule
is optimal among all allocation policies in the W-System and its generalizations with
non-identical leadtimes when the costs are symmetric. The NHB rule was first de-
scribed by [Song and Zhao (2009): the component is assigned to a product demand
if and only if all the required components are available. Dogru et al.| (2010) show
that NHB rule with IBS policy can achieve the sample-path lower bound in the W-
System only when the costs are symmetric and leadtimes are identical. |Lu et al.
(2015) further show that NHB rule with CBS policy can achieve the sample-path
lower bound in the N- and W-System when the costs are symmetric and leadtimes
are non-identical. Different from the above works, we study the optimal policy for
the M-system, which is structurally more challenging than the N- and the W-system

with one extra common component, with general leadtimes and cost parameters.

For systems with general cost parameters, scholars also identify the form of the
asymptotically optimal policy. |Plambeck and Ward (2006) consider a general ATO
system that has in-house component production with finite capacity and random
production times. They develop an asymptotically optimal policy (in high demand
volume) for dynamic product pricing, component production capacity setting, and
sequencing orders for assembly. They show that the PRP rule is the asymptotically
optimal assembly policy. Under this rule, no product is assembled between review
time points. At each time point, this rule myopically minimizes the instantaneous
system cost, i.e., priority is assigned to products with higher unit inventory cost. |Lu
et al. (2015) show that the combination of the PRP allocation rule and a CBS inven-
tory replenishment policy is asymptotically optimal for the N-and the W-system with
general leadtimes when demand volume is large. In the current chapter, we extend
their result to the M-system. Due to the existence of the extra common component,

the replenishment policy in the M-system has a more complex structure. |[Reiman
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and Wang| (2015) propose a variant of the PRP rule, which serves demand continu-
ously. They develop an asymptotically optimal IBS policy parameters in the general
system with long, identical leadtimes. |Dogru et al.| (2017) consider specially struc-
tured ATO systems with “chained BOM”, and show the problem is L? convex and
the IBS policy parameters can be solved efficiently. Reiman et al.|(2020) consider the
general system with general leadtimes and develop an asymptotically optimal policy
for long leadtimes. Their replenishment policy first uses the demand information of
all products to compute the targeted inventory position of one component, and then
uses the maximum value between the current net inventory level of this component
and the targeted inventory position as the final inventory position. Our policy only
considers the demand information of the product assembled by this component. This
simpler structure helps the development of the heuristic RBS replenishment policy.

All of the above works assume that the unfulfilled demands are backordered as
in our setting. Several scholars have studied systems with lost sales systems. |Ben-
jaafar and ElHafsi (2006) consider a system with a single product (i.e., no common
components) demanded by different customer classes, and show that the optimal
policy consists of a state-dependent base-stock and a state-dependent rationing pol-
icy. [Nadar et al| (2014) extend this work to consider a general M-system where the
individual product can require different units of components and components are
produced in batches. They show the optimal policy is a lattice-dependent base-stock
and lattice-dependent rationing, which generalizes the state-dependent base-stock
and state-dependent rationing policy. Both policies share similar features of the CBS
policy and the PRP allocation rule: the policy parameters are coordinated based on
the current system state, which depends on the previous demand information.

To the best of our knowledge, there is no prior work developing a heuristic re-

plenishment policy which integrates the previous demand information as in the CBS
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policy. In other words, our RBS policy with assembly decomposition is new to the
literature. |Albrecht| (2014) also uses assembly decomposition, but the author focuses
on IBS policies in Make-to-Stock systems. To compute the base-stock levels, the
author solves each subsystem separately and then aggregates the solutions. [ElHafsi
et al.| (2020) study a ATO system with a general BOM and random leadtimes. They
propose a two-step decomposition approach: the first step decomposes the system
into assembly subsystems and the second step decomposes the assembly subsystem
into M-systems where each M-system includes one of the products from the assembly
subsystem, one of the components required by that product, and another compo-
nent consisting of all the other components required by that product. Different from
these computational approaches, we formulate a linear program to simultaneously

determine RBS policy parameters in the entire system.

For systems using IBS replenishment policies, several authors use a newsvendor
decomposition approach to develop heuristic base-stock levels. |Lu and Song] (2005)
study the optimal IBS policy in a general dynamic ATO system with non-identical
leadtimes under the FCFS allocation rule. For a heuristic policy, they propose a
newsvendor decomposition in which the component shortage cost is set to be the
demand-rate weighted average of product backorder costs. DeValve et al.| (2020))
consider a single-period ATO system with a general BOM and identical leadtimes.
In their newsvendor decomposition, the component shortage cost is set conserva-
tively based on the constant markup heuristic. They study the performance bound
of this newsvendor decomposition heuristic. They also propose a linear programming
rounding heuristic which is asymptotically optimal in both the single-period and the
continuous-review system with identical leadtimes if the leadtimes are large. Differ-
ent from these works, we develop a newsvendor decomposition heuristic where the

component shortage cost is set based on the optimal sample-path properties in the
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subsystem.

2.3 Model and Preliminaries

We consider a continuous-review ATO system with multiple components and multiple
products. Each product uses several components. Components are indexed by i €
Z ={1,2,...,m}, and products are indexed by K, a subset of Z, if it requires one
unit of each component in K and none in Z \ K. Let K be the set of all products.
We use subscripts ¢ to index the quantities related to component-z, and superscripts
K to index the quantities related to product-K. For each component-i, let K; be
the set of the products that require component-i. For instance, the following are the

generalize M- (with m + 1 products) and W-system (with m — 1 products):

General M-system : K = {{1},{2},...,{m},Z},K; = {{i},Z},i € T,

General W-system : K ={{i,m},i € Z,i # m},K,, = K, K; = {{i,m}},Vi # m.

In the general M-system, product Z is a super product assembled by all compo-
nents, and the rest products only require one component. This can be seen as a case
where the seller sells a series of products (e.g., novels). The customer is likely to
either buy one of the series or the entire series together. In the general W-system,
component-m is a super component which is required by all products. We can think
the system as a seller selling a core item (e.g., a video game console), which is always

bundled with other items (e.g., different video games) in cross-selling.
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For i € 7, K € K, and any time ¢ > 0, denote

DX(t) = cumulative demand of product K in (0, ],

Di(t) = Z DX (t) = cumulative demand for component i in (0, ],
KeK,;

DE(t —a,t] = DX(t) —D¥(t —a), 0<a <,

We assume that the demand process {(DX(t), K € K),t > 0} is stationary and has
independent increments with mean demand rate A = E[D¥(1)]. This implies that
the component-i demand process {D;(t),t > 0} is also stationary and has indepen-
dent increments with mean demand rate A; = Y, A = E[D;(1)]. We assume
continuous demand. A similar analysis can be carried through to the discrete de-
mand case with the derivative operation replaced by the difference operation. For
each component 7, let L; be the replenishment leadtime for component-z, a nonneg-
ative constant. Denote L = min{L, : i € Z}.

We now describe the state of the system and the control policies. Let 7;(0) and
BX(0) be the initial on-hand inventory for component-i and initial backorders for

product-K, respectively. For any t > 0, define

O;(t) = cumulative replenishment orders for component-i in [0,¢] with O;(0) = 0,
AX(t) = total product-K demands satisfied in [0, ], with A%(0) =0,

Fi = the o-field generated by {(D*(s), K € K),0 < s < t}.

Definition 1. (Admissible Policy) A policy ™ = {(O;(t), AX(t),i € T, K € K),t > 0}
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is called admissible if it satisfies, for anyt > 0,

(1) Oi(t) and A®(t) are jointly determined by the system’s available information
until time t, Fy;

(i) Z AR(t) < L(0) + Oi(t — L), i € T,
KekK;
(iii)  AX(t) < B¥(0) + DX (t),K € K.

The set of all admissible policies is denoted as A. We call {(O;(t),i € Z),t > 0}
a replenishment policy or process, and {(AK(t), Kek),t> 0} an allocation rule or

process. For any 7 = {(0;(t), AX(t),i € I,K € K),t > 0} € A, let

I;(t,7) = on-hand inventory of component-i at time ¢,
BX(t,m) = backorders for product-K at time ¢,
IP(t,m) = inventory position of component-i, after ordering at time ¢,
N;(t,7) = IP(t— L;,w) — D;(t — L;,t] = net inventory of component-i at time t.

The system dynamics are:

Li(t,m) = 1;(0) + Oi(t — L) — Z AR (1), (2.1)
Kek;
BX(t,7) = Bf(0)+DX(t)— AX(1), (2.2)

where [ P;(0) is the initial inventory position. Without loss of generality, we assume
IP,(0) = I;(0) and BX(0) = 0.

Let h; be the unit holding cost rate of component-i and b¥ be the unit backorder
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cost rate of product-K, the total inventory cost at time ¢ is

7)) =Y hi-Li(t,m)+ > b5 BNt ), (2.4)

1€T Kek

The net inventory of component-i can be calculated from the state variables as

follows:

— Y B¥(t,m) = Ni(t,7), i € T. (2.5)

Kex;

Then the system cost in (2.4 can be reformulated as

Zh i(t,m) +Zc - BX(t,7) with ¢ —bK+Zh (2.6)

i€ Kek €K

cX can be interpreted as the unit inventory cost, which reflects the marginal cost

saved from the system by fulfilling one unit of product-K. Our objective is to find

an admissible 7 € A to minimize the long-run average expected total system cost:

s [ [ ctuma] o

T—o0

Our analysis is based on the sample-path approach, which considers the system
cost from the system dynamics given by — and without taking the
expectation in . As our policy (see Definition has two parts: replenish-
ment and allocation. The replenishment decision {(O;(t),i € Z),t > 0} determines
{(N;(t,7),i € Z),t > 0} while the allocation decision {(AX(t), K € K),t > 0} de-
termines {(BX(t,7), K € K),t > 0}. For a given replenishment decision {(O;(t),i €

7),t > 0}, we look at how to make allocation decision so as to minimize the system
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cost given by ([2.6). In view of (2.3) and (2.5, and the definition of N;(¢, ), we have

Ct,m) = > hi-Ni(t,m)+ > - B(t,7)

i€l KeK
— Zh ( )+ Oi(t — L;) — ) Zc - BX(t,7), (2.8)
1€l KeK
st. Y BN(tm) = [Ni(tm)]” = [Ii(()) Ot — L) — Dy(t)]
KeK;
1€ 1; (2.9)
BX(t,m) >0, K€ K. (2.10)

Now consider the following linear program corresponding to ([2.8))-(12.10):

- - A
Ty, Ty) = y}gl}l{ré’c{Zh xz—i—KzE;C } (2.11)
s.t. Yy zar el (2.12)
Ker;
y* >0, K ek. (2.13)

By (2.9)-([2.10), we know that C(t, ) > p(Ni(t,7),..., Ny(t, 7)) for any t > 0.
Hence, if an allocation policy {(AX(t), K € K),t > 0} can attain the expected
lower bound E[p(Ni(t,7),..., Ny(t,7))], then this policy must be optimal among
the whole feasible allocation decisions for the given replenishment policy which de-
termines {(N;(t,7),7 € Z),t > 0}. Certainly, if an allocation policy can attain the
sample-path lower bound @(Ny(t,7),..., Ny(t, 7)), then it can attain the expected

lower bound.
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2.4 The M-system: Asymptotically Optimal Policy

We first look at the sample-path lower bound for the M-system, which then facilitates
us to develop the periodic review priority allocation rule and the optimal replacement
policy. For notational simplicity, we write product-{i} as product-i, i € {1,2}, and

product-{1, 2} as product-12. Therefore, we have K = {1,2,12}.

2.4.1 Properties of Sample-path Lower Bound

At any given time ¢ > 0, conditioning on the net component inventory (Ni(t, ),
No(t, 7)), in view of the linear program (22.11])-(2.13), the sample-path lower bound

1S

Ny(t.7), No(t, 7)) = [ hi - Nt K K} 2.14
PN ), Mot ) = min SRS IR NCRTY
i=1,2 K=12,12
st. Yy > Nt )], i =1,2
vty >0

The solution to (2.14]) will show us what the backorders for different products
can attain the lower bound ¢(N; (¢, 7), No(t, 7)) for the given net inventory of each
component. Except for the dependence on the net inventory at time ¢, the solution

1

also depends on the relationship between ¢!, ¢? and ¢'2, and is given by the following

proposition.

Proposition 1. (Properties of the Sample-path Lower Bound) The solution of (2.14])

denoted by (yl,y2,y!?) is given by
(i) If et + =, theny, +y.2 = [Ni(t,7)]7, v + 3" = [No(t, 7)] 7

(i) If ' 4 ¢* < 2, then y* = 0,y = [Ni(t, 7)) 7,42 = [No(t, )]
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(iii) Ifctve? < c'? <+, then yt? = [Ny (t,7)]” A [No(t, 7)) 7, yl = [[Nao(t, 7)]” —

[N1(t, 7)]7]7, g2 = [[Na (8, )] = [Va(t, 7)) 7] 75

(iv) If & < ¢ < ', then g2 = [Ni(t,7)]7, 0. (6, %) = 0,92 = [[M(t,7)]” —

[No(t, 7)) 7]
() I < < @, then yi? = [No(t, D) = [[No(t, D) — [V, 2)] 137 = 0
(vi) If ¢'2 <t A, then y!? = [Ni(t, 7)) V [No(t, 7)), yt = 0,52 = 0.

Moreover, if there exists an admissible policy . € A such that the sample-path lower

bound (2.14) can be achieved, it must have

Bl<t777*) = yi? BQ(taﬂ'*) = yf? Bu(t:ﬂ'*) = ?/i2-

Proposition [1| raises the question of whether there are any allocation rules achiev-
ing the sample-path lower bound. One possible rule is the NHB rule, that is formally

defined as follows.

Definition 2. (NHB Rule) We say that an admissible policy m = {(O;(t), AX(t),i €
IZ,K € K),t >0} € A is no-holdback (NHB) if the following conditions are satisfied
forallt>0 and K € I,

BX(t, ) x min{I;(t,7),i € K} = 0. (2.15)

For the N- and the W-system, Lu et al| (2015) show that an NHB rule can
achieve the sample-path lower bound under certain symmetric conditions on the cost
parameters. However, this result cannot be extended to the M-system. It is obvious
that no allocation rule is optimal in case (ii), (iv), (v) and (vi): it is impossible for a
product to always have zero backorder because the demand is not controllable and it
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is always to encounter a demand larger than the current inventory. The following is a
counterexample to show no allocation rule, including NHB, can achieve the sample-

path lower bound in case (i) and (iii).

Consider the following case which satisfies the sample-path properties before time

L(t=)=1, I(t-) =0, B'(t-) =0, B*(t—) =0, B?({t—) =0,

Ni(t=) =1, No(t—) =0, (2.16)

where we use t— to denote an instant right before time ¢. Suppose there is a demand of
product-12 at time ¢, then this demand cannot be fulfilled regardless of the allocation

rule. As a result, we have

L(t)=1, L(t)=0, B'(t) =0, B*t) =0, B*(t) =1,

Ni(t) = 0, Na(t) = —1. (2.17)

In particular, BY(t)+ B'(t) = 1 # [Ny(t)]” = 0 (case (i)) and B'2(t) # [Ny(t)]" A
[No(t)]~ = 0 (case (iii)). Thus, it is impossible to maintain the sample-path property.

The counterexample shows that the NHB allocation rule is not optimal for the
M-system even if we assume a symmetric cost condition as in case (i). This is because
the sample-path properties in case (i) imply that one unit increase in backorder of
product-12, B?(t,#) requires one unit increase in the shortage of all the required
components, [Ni(t,7)]” and [No(t,7)]~. Obviously, this condition is not always true
as an increase in backorder of product-12 can be caused by the shortage of only one of
the required components. In contrast, in the N- and the W-system, the sample-path

properties imply that one unit increase in the common product backorders requires
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one unit increase in the shortage of at least one of its required components, which

can be achieved by the NHB rule.

2.4.2 PRP Allocation Rule

As no policy can exactly attain the sample-path lower bound, we conduct an asymp-
totic analysis with high-volume demand on the diffusion scale and show there exists
an allocation rule which can achieve the limit of the (scaled) expected sample-path
lower bound cost. Similar to Lu et al.| (2015)), we consider a sequence of M-systems,
indexed by n, in which all problem parameters remain the same as before, but the
product demand rates are linear in n. All processes in the nth system are super-

scripted by n. In particular, the product-K demand rate in the nth system is

EDE"(1) = nA\E, K =1,2,12, (2.18)

where superscript n refers to the nth system.

We first equally partition time interval [0,00) into subintervals such that in
each subinterval there is only one component allocation decision. For any 7" =
{(O7(t), AB(t),i = 1,2, K = 1,2,12),t > 0} € A", we modify the allocation pro-
cess {(AK"(t), K = 1,2,12),t > 0} into a discrete-review policy {(AX"(t), K =
1,2,12),¢t > 0} such that 77 = {(O*{¢), AE"(t) ;i = 1,2,K = 1,2,12),t >
0} € A". The modified policy allocates components for products at review points

57,26, 36", ... with

671 ( 1 )2/3
/DT (2
and does not allocate any component at all other times.
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Consider any K € {1,2,12}. Initially, set AX"(0) = 0 and BX"(0) = 0. Then,

the process is defined recursively by
Alngsmy = DEms™) — BE(06™),
where BE"(£5™) solve

min {blBl —|—blzBl2 +bQB2—|—h1[1 +h2[2} (219)
BE>0
st. I = I7(0) + OF(£6™ — Ly) — DY™(46™) — D'*"(46™) 4+ B + B"
> 0; (2.20)
I, = I3(0) + O3 (65" — Ly) — D*™(¢6™) — D" (¢5™) + B* + B2
> 0; (2.21)

ABR (0= 1)6") + BX < DE™(15™), K =1,2,12. (2.22)

For t € [(6™, ({4 1)d™), define AX™(t) = AKn(46™). We now formally define the PRP

rule.

Definition 3. (PRP Allocation Rule) We say that an admissible policy 7 = {(O(t),
ABn(t) i =1,2, K = 1,2,12),t > 0} € A" is PRP (periodic-review priority alloca-

tion) policy in the nth system if for allt >0 and K = 1,2,12, AK"(t) = AFn(¢).

We also introduce an algorithm to implement the PRP rule for ¢ = ¢6™ in prac-
tice. We sort the products in {1,2,12} in descending order based on . Instead
of computing BX"(t), we consider BX"(t), the solution to without constraint
([2-22), to ease the computation burden. As a result, B*K"(t) is not always reachable.

We use AX"(t) to denote the allocation of product-K at time t.
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Algorithm 1: PRP Algorithm
1: Input I™(t—),i = 1,2, B (t—), BEn(t), K = 1,2,12

2: Initialize AKX (¢) « 0, K = 1,2,12

3: for K =1,2,12 do

4 AKn(t) = min(BX (t—) — BE (1), minge {17 (t-)})
5. IM(t—) = IMt—) — AK"(1),Vie K

6: end for
The difference between PRP and NHB is that PRP only makes allocation decisions

at discrete time points. The delayed decision gives the system more flexibility to
achieve the (scaled) expected sample-path lower bound cost of , which is shown

in the following proposition.

Proposition 2. (Lower Bound's Attainability under PRP Rule) For each 7" = {(O(t),
ARn(t), i =1,2, K =1,2,12),t > 0} € A", there exists a PRP policy 77 = {(Ot),
ABn@t) i = 1,2, K = 1,2,12),t > 0} € A" with AE(t) = AE»(05™) for t €
[00™, (¢ + 1)) and £ > 0 such that the limit of the (scaled) expected sample-path

lower bound cost can be achieved. That is, for any T > 0,

hmsup——E/ <Zh It —i—ZbK BK"tW))dt

: 1 1 4 n n n n
= limsup %TE/O <,0<Ol (t — Ly) — DY(t), 08 (t — Ly) — D= (t))dt(.2.23)

2.4.3 Asymptotically Optimal Policy

Using the PRP rule as the allocation policy, we now focus on identifying the structure
of the replenishment policy (in terms of I P]*(t, -) and I Py (¢, -)) to minimize (2.23)), the
limit of the (scaled) expected lower bound of the system cost, and hence complete the
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characterization of the asymptotically optimal policy 7. We only present analysis
for L1 < Ly with L = L; and A = Ly — Ly (Ly > Ly can be analyzed in the same
way). For ease exposition, we assume that the variances and covariance of DX (l)

n

5
are independent of n, and (in this subsection) E (DK’" (%)) < o0, K =1,2,12.

Denote
K 1 KK 1 vl ,
oK — Var[DKm(—ﬂ, oK — Cov[DKv”<—>,DK n(-)} KK =1,212
n n n
and K # K'.
For notation convenience, we denote o5 = o¥.

Before analyzing ([2.23)), we first consider a scaled system where the demand during
[t — L,t] and the inventory positions are centered and then scaled down by a factor

/1, that is, recalling \; = A" + 12,

DEn(t — Lt] — n\EL
vn

IRt = Lo ) =mAis o (2.25)
vn

LK =1,2,12; (2.24)

We know that with probability one, for ¢t > L,

(Dlvn(t — L,t] —n\'L D*"(t — L,t] — n\>L D¥™"(t — L, t] — n)\12L)
v ’ vn ’ v

converge to a multivariate normal variable (©'(t), ©2(t), ©'%(¢)) with zero mean and
covariance matrix I' = (I'"K") 5, 3 with VTEE = o5K'\/[ K K’ = 1,2,12. For any

t>L+A,

<D2’”(t —L—Ajt— L] —n\NA D27t - L—-At—L]— nA12A)
NG ’ vn
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converge to a bivariate normal variable (A©?%(t— L), A®'2(¢t— L)) with zero mean and
covariance matrix = = (ZXK"),, 5, with VEEE = oK' /A K K’ = 2,12. Suppose

that with probability one, for ¢t > L;,

IP*(t — L;,-) — n\L
i L7 )—n

=300 NG =IP®(t—Li,-), i=12 (2.26)

Define ©,(t) = ©i(t) + ©2(t), AO;(t) = AO(t) + AO¥2(t),i = 1,2. Then by

Propositions [1| and [2, the expected sample-path lower bound in the scaled system is
Egp(]PfO(t L) —Oy(t), TPt — L — A, ") — Oy(t) — AOy(t — L)) (2.27)

Note that (2.27)) is a multistage stochastic program, which is notoriously difficult
to solve in general. But utilizing the fact F°, _, C F7°, and applying the tower

property of the conditional expectations, we have

E [go <IP1°°(t L) = 0,(t), IPX(t — L — A) — O,(t) — AO,(t — L))} (2.28)

— E{E(E[@(IP{’o(t L) —04(1), [PX(t — L — A) — Os(t) — AO,(t — L)) ]fij}

7))

To find the (asymptotically) optimal replenishment policy I P (¢, ) and I Pj(t,-),
we first determine the optimal IP>(t — L,-) and IPs°(t — L,-) in (2.27). To this
end, let (0!, 02, ©'?) to be a multivariate normal random vector with zero-mean and
covariance matrix I'; and (A©?% AO'?) to be a bivariate normal variable with zero-

mean and covariance matrix Z. Define ©; = 0" + 0'2, i = 1,2, and define the limit
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cost functions and their minimizers:

H(y1,y2) = Eo(y1 — 01,52 — 6s), (2.29)
Hi(yi,y2) = EH(y1,yo — AO?), (2.30)
m(y2) = argminHi(yr,ys), (2.31)
Hs(yo) = EHi (m(y2 — AO™),y0 — ABY) | (2.32)
2 = argn;inHz(m). (2.33)

The following theorem fully characterizes the asymptotically optimal policy.

Theorem 1. (Asymptotically Optimal Policy) The PRP allocation rule and the CBS-

type replenishment policy with

D2n(t — A t] — nAPA
[Pfl(t) = \/5‘771<772— ( \/ﬁ]

IP}(t) = Vn-ma+nh(L+A) (2.35)

)+l (2.34)

together denoted by w belongs to A™ and is asymptotically optimal in A™, that is,

for any ™ € A" and T > 0,

hmsup——E/ <Zh It +ZbK BK"tﬂ)>dt

N0 i€l Kek

<hmsup——E/ <Zh It ") +ZbK BK"tﬂ))d

n—oo i€l Kek

Theorem [1| establishes the asymptotically optimal inventory policy. We briefly
explain the main ideas in the proof of Theorem [} The first step is to show that
the (scaled) cost functions, i.e., H(y1,y2) is convex, thus, n;(y) and 7, the (scaled)

inventory positions, are well-defined. Next, we show that the inventory replenishment
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policy given by the theorem is coordinated, meaning that it is implementable and
feasible. Obviously, the base-stock level of component-2 is feasible. We show the
feasibility of the component-1’s base-stock level by establishing that the function
m (y) is increasing and drn;(y)/dy < 1. Finally, we need to show that series of the
(scaled) inventory positions (\/LE(IPf(t) —n\ L), \/LE(IPQ”(t — A) —nh(L + A)))
converge to (n;(ny — AO™2(t)),ne). This shows that the expected cost in the scaled
system is equivalent to the limit of the (scaled) expected lower bound of the

system cost in (2.23]).

A CBS policy requires recording the realized demand for product-12 in the last
interval (t— A, t]. If the realized demand is large, the chance of component-2 shortage
is higher, correspondingly, we need to reduce component-1 order quantity to avoid
excess component-1 inventory. When the leadtimes are identical, the CBS policy
reduces to the IBS policy, i.e., IP*(t) and [P} (t) are kept at two constants for any
t > 0 for the nth system, which requires no replenishment coordination.

Observe that we need to consider six different regions (discussed in Proposition
of the cost parameters and leadtime relations in the M-system. In some scenarios,
compared with the N- and the W-system studied in |Lu et al.| (2015)), the optimal CBS
policy in the M-system is more complex due to the fact that each of two components

is a common component and hence needs to coordinate between two products.

2.4.4 RBS Policy: Assembly Decomposition

Computing the optimal CBS policy requires solving a multistage stochastic program,
which is notoriously difficult. Therefore, we consider a simple heuristic replenish-
ment policy, RBS policy, which mimics the CBS policy. We take an assembly-

decomposition approach illustrated in Figure [2.1(a)l We assume that the inventory
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replenishment of a component is managed separately in each assembly subsystem.
Within each subsystem, the replenishment policy is similar to the balanced echelon
base-stock policy (Rosling||1989, Chen and Zheng|[1994). At time ¢ > 0, the base-
stock level of component-1 consists of two parts: a constant base-stock level r} in
subsystem-1 and a dynamic base-stock level ri? A (ri2 — A©'?) in subsystem-12. The
dynamic base-stock level in subsystem-12 assumes that the subsystem virtually re-
serves 712 units of inventories by A time units earlier, and naturally, the base-stock
level of component-1 should not exceed 712 —AO'2(t) currently. Meanwhile, to smooth
the fluctuation incurred by the demand during the time window with the width A
given by AO' over time, we cap the dynamic base-stock level in subsystem-12 by
r1%; The base-stock level of component-2 consists of two constant base-stock levels r3

in subsystem-2 and ri? in subsystem-12.

As we analyze the scaled version of the nth system, we have I P'(t) = \/n(ri+riZA
(r2— AD27(1)))+nA L and TP} (t) = /n(r2+ri2)+nds(L+A) at any time ¢ > 0 in
the RBS policy for the nth system. Here AD'27(t) = (D27 (¢t — A, t] — A'2An) /\/n.

The inventory replenishment policy characterized in the RBS policy is well coor-

dinated. This coordination feasibility is given by the following inequality:

VnrE A <\/ﬁrﬁ +nA25 — Dt — 6, t]) — D2"(t, t + €]
<Vnrif A (\/ﬁrﬁ +nA26 — D"t + e — 6, + 8]) for ¢ > 0.

Note that when 712

1lu

= 00, the above RBS policy is an IBS policy. Also, when
all the leadtimes are identical, the RBS policy uses only constant base-stock levels
rK i€ K, K =1,2,12, hence the RBS policy becomes the IBS policy. Thus, we have

the following theorem.

Theorem 2. (Properties of the RBS Policy) (i) The inventory replenishment policy
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characterized in the RBS policy is well coordinated; (i) The cost under the optimal
RBS policy is less than the one under the optimal IBS policy if the same allocation
rule is used; (iii) The system is fully coordinated when we use the RBS policy and
PRP rule; (iv) When the leadtimes are identical, the RBS policy degenerates to the
IBS policy.

The RBS policy has a similar but simpler structure than the CBS policy. The
similarity means that we still keep using the demand information among the leadtime
differences. The simpler structure means that the replenishment policy characterized
by the minimizer of a convex cost function in for the shorter leadtime is
simplified as a parameterized piecewise linear function. Consider the N-system with
component-1 having the shorter leadtime and let y, denote the on-hand inventory
of component-2 at time ¢t + L, |[Lu et al| (2015) show that the base-stock level of
component-1 at time ¢ has the following structure under symmetric cost at time t.
(i) If yo is large, then the base-stock level of component-1 has a constant upper bound.
(ii) If yo decreases, then the base-stock level of component-1 also decreases but at a
slower rate. (iii) When y, further decreases, the inventory position of component-1
decreases at the same rate as y,. We can see RBS policy exactly captures all the
scenarios of the CBS policy in this case.

We now discuss how to compute the policy parameters of the RBS policy. One
simple-minded approach would solve the assembly subsystems separately and aggre-
gate their solutions, but this would forgo the pooling effect of the common compo-
nents. Instead, we develop a linear programming heuristic to jointly determine the
value of all parameters r in the entire system.

First, let 7 denote (scaled) parameters under the RBS policy r = (r},ri? ri2 r2,
r3?). Let IIgps be the set of inventory policies which consists of the PRP rule and

RBS policy. Our goal is to find the optimal RBS policy 7jpg € Ilgps that minimizes
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the expected cost in the scaled system (2.27]). This is equivalent to solve the following
problem

min E[gp(r% + r%f A (7"%3 — A@lz(t — L)) —04(t), r% + 7”%2 — Oy(t) — ABy(t — L))].

5
reRY

Because the demand is stationary, this problem becomes

12 A@12) - @1,7”5 -+ 7’%2 — @2 - A@Q)]

1lu

Pgps: min  E[p(r; + {7 A (r
reRi

Unfortunately, Prps is not jointly convex in 7 due to the fact that {7 A (r{2 —
A©O') is jointly concave in (ri7,r12) for any A©'2. For this reason, we transform the

problem into a convex program. Specifically, for any 5 € [0, 1], we have
hElry + 7 A (riy — AOP)] < MiEfry + Brif + (1= B)(riz — AGF)],

where the inequality follows from facts that z Ay < fz 4 (1 — §)y for any 5 € [0, 1].

Then the following problem, Prps_g is an upper bound of Pggs.

PRBS—6: min E[QO(T} + 7“%12 VAN (7“%2 A@lg) — @1,7‘% + T%Q — A@Q — @2)

5 u
rERY

—ha(ri + i A (ry — AGT))

u

+h(ry + Brii + (1= B) (1 — AO™))]
which is convex in . We then choose the value of S which leads to the lowest cost.

in Pgrps— 2.36
sy s 20

A natural way to solve Pgrpg_pg is to take derivatives and solve the first-order
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conditions (FOC). Unfortunately, it appears to be difficult to derive the FOC, let
alone solving it. Using the Monte Carlo method to solve the FOC would also be time-
consuming because it requires calculating the sample mean for each parameter r. To
overcome this challenge, we use a Monte Carlo simulation-based solution approach,
the SAA (Sample Average Approximation) method, to solve Pgrps_g. Under the
SAA method, the expected value function is approximated by the corresponding
sample average function. We generate a total number of () samples for each random
variable (See Theorem 5.18 in [Shapiro et al.| (2014]) for the choice of @ to find an
g-optimal solution with portability 1 — a. In practice, we decide the value of @)
to achieve the balance between accuracy and computational complexity.). For each
w = 1,2,...,0Q, denote 6% (w) and d¥(w) to be the wth realization of AKX and
OF and 2X(w) and z;(w) product-K backorders and component-i shortages under
the wth realization of the demand, respectively, K = 1,2,12 and ¢ = 1,2. Let 2z
denote {z(w),i = 1,2,28(w),K = 1,2,12,w = 1,...,Q}. We relax the integer
constraint here and consider rounding down the optimal base-stock levels to the
nearest integers. The following is the linear programming formulation for the cost

parameters c'? < ¢ A ¢! below; the details can be found in Appendix The
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formulations under other cost parameters can be similarly constructed.

LPuss i min, s 5T, [mlrt+ 508 + (1 5)0%2 ()
+ho(r: +ri?) + 012212(w)}
st a(w) 2 dYw) + d2w) - -l
fw) > d' () + %) — 1l — (12— 52(w)), (237
2(w) > 6%(w) + 0% (w) + (W) + d?(w) — 13 — 1y,
22(0) > 7(w),
22(0) > 2w,

rERi,zERiQ,wzl,Q,...,Q.

Then we consider a series of the values of 3, and solve the corresponding Prps_g.
Finally, we choose the $* which minimizes Pgrps_s, and report the corresponding

value of r.

Note that the formulation for the IBS policy can be seen as a special case by setting
£ =1, thus, also provides a linear programming formulation to approximate
the optimal base-stock level under an IBS policy.

When the leadtimes are identical, this linear programming formulation also gen-
eralizes the linear programming rounding heuristic in [DeValve et al.| (2020)). DeValve
et al.| (2020) show that the inventory policy, which consists of an IBS replenishment
policy derived by the linear programming rounding heuristic and an allocation prin-
ciple algorithm that was initially proposed by [Reiman and Wang] (2015)), is asymp-
totically optimal for the system with identical leadtimes when the identical leadtime
is very long. We expect similar asymptotic optimality of the policy which consists
of the IBS policy derived by LPgrps_1 and PRP allocation principle for the system

with identical leadtimes when the demand rates are very large.

36



2.5 General System: Heuristic Policy

In this section, we study the general system. Similar to Subsection [2.4.2] we construct
a sequence of scaled general systems, indexed by n, in which all problem parameters
remain the same as the original system, but the product demand rates are linear in n.
All processes in the nth system are superscripted by n, and the product-K demand
rate in the nth system has the same form as in . Our analysis focuses on the

nth system with any given n. Similarly, we have

(% Z (DK’"(t—Ll,t]—n)\KL1>,... Z <DKn (t — L, ]—n)\KLm>>

Keky KEICm

converge to a stationary zero-mean multivariate normal vector ® = (©4,...,0,,)

with the m x m covariance matrix I' = (I';), ., with /T;; = \/ZKeKi,Ke;cj (oFK)2.
\/LZ-TL]- . We adopt the PRP rule as the allocation policy, which is very similar to
that in the M-system in Section [2.4.2) so we omit the details here for brevity. The
focus then is on the replenishment policy. In particular, we decide the levels of
component inventory positions IP"(t,7) = (IP(t,7),...,IP"(t,7)) at any given
time ¢ > 0 to minimize the expected cost in the scaled system, Eo(IP'(t,m) —
©1,..., 1P} (t,7) — ©,,). Similar to [2.14), o(IP"(t,7) — ©) is defined as

IP(t,7) — ©) = mi [ hi - (IP"(t, ) + ] (2.38
P(IP"(t,m) —©) = min Z ) KZEKC )
s.t. Sy =[IPrtm) -0, i€l
KeK;
yK >0, K e K.

The extension of the asymptotic optimality of the CBS turns out to be very

difficult; see the online Appendix [A.4] for detail. Hence, we do not consider this
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policy for a general system. In Subsection 2.5.1] we extend the RBS policy and
demonstrate that it is too complex to be of practical value for large systems. For this
reason, in Subsection we introduce the IBS policy for large-scale systems and

develop newsvendor-type closed-form solutions for effective policy parameters.

2.5.1 Extension of the RBS Policy

We generalize the RBS-policy to the general system using the assembly decomposi-
tion. The base-stock level of component-i is the sum of the component base-stock
levels in each subsystem at time t > 0. Specifically, for subsystem-K determined
by product-K, the leadtimes of the components in K are denoted by {LX i € K}
with LE < LK < ... < LIII(<I; Component-i with L; = Lffﬂ is controlled by a con-

K

stant base-stock level v, while component-i with L; < L‘ K| 18 controlled by dy-

namic base-stock level 7ff A (1, — AOF (L} — L;)) where AOF(Lf — L;) is a
zero-mean normal with variance (0)*(L{, — L;). Noting that AZA?K’”(L‘II{(‘ — L) =
(DX (t — (L|II((| —L;),t] — /\K(Lfl(ﬂ — L;)n)/+/n converges to A@K(Lf;{| — L;), similar
to the M-system, for the nth system, component-i with L; = Lﬁq is controlled by
a constant base-stock level /nrX + nAK Llll(ﬂ’ and component-t with L; < Lﬁq is
controlled by a dynamic base-stock level \/n(rff A (rfy — AD™" (L — L;))) +nA* L.
To summarize, the following is a formal definition of the RBS Policy for the general

system:

Definition 4. (RBS Policy) We say that an admissible policy 7™ = {(O7(t), A%"(t),

i€ Z,K € K),t > 0} € A" is an RBS policy in the nth system if the following
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conditions are satisfied for allt >0 and i € T,

Ip(t,m) = Y. [\/ﬁ(rlf A (rfy = AD™ (L = L)) - Lo, )
KeK;

+7"ZK'I{LZ-:L{§(‘}> +”)\KL¢]7

KoK K i eI K e K} are the policy parameters and I,y s an indicator

il aur e o

where {r

function.

It is intuitive that Theorem [2| also holds for RBS policy in the general system.
To facilitate the understanding of the practicality of the RBS policy, we consider
the general M-system introduced in Section 3. According to Definition {4 we have
m + 2(m — 1) + 1 parameters for an arbitrary RBS policy. For the first step in the
linear program given by —, we can find the objective value function (see
Appendix . When moving to the second step to optimize these m+2(m—1)+1
parameters, the objective value function is not convex, which makes it difficult to
solve the optimal RBS policy parameters. In the next subsection, we take a different
approach to develop a much simpler but highly scalable replenishment policy for

general systems.

2.5.2 1IBS Policy: Distribution Decomposition

As observed in the above, the complexity of determining the optimal CBS and RBS
policies mainly comes from the multistage stochastic program. To overcome this dif-
ficulty from the sequential conditional expectations, we use the average demand from
the leadtime differences to approximate the random demand. This approximation

gives us a simpler replenishment policy, an IBS policy.

Under the IBS policy with base-stock levels si, ..., s,, in the scaled system, the

39



component inventory position in the nth system is kept at the constant base-stock

level

IPMt,7) = v/ns; +n\iLi, i€ (2.39)

The expected cost in the scaled system is

srgﬂl{% Ep(s1 —O1, ..., 8m — Om). (2.40)

Observe that the objective function in is convex. Thus the solution to the

multistage stochastic program exists but may be difficult to solve when the system

size gets large or the structure of the system becomes complicated. Now we use

a distribution decomposition approach (illustrated in Figure to construct a
simpler IBS policy.

We focus on subsystem-: instead of the entire system. The following linear pro-

gram solves the conditional sample-path lower bound in the subsystem-i

i bE + h;) - y® 2.41
dmin K;( )y (2.41)
s.t. Z y* > [si — 04,
KeK;
Yy >0,K € K;. (2.42)

Clearly, the solution to the above linear program ([2.41)) takes a simple form: let
b = min{b* K € K;}, i €. (2.43)

If product—K has a backorder cost equal to b;, then the solution to (2.41)) is given
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by yf =[si—©,]" and yX =0 for K # K and K € K;. ([2.40) in this subsystem is
changed into

Thus, deriving the optimal base-stock level in the nth distribution subsystem-¢ is
equivalent to solving a newsvendor problem with holding cost h; and shortage cost

b;. Let ®;(-) be the cdf of ©;, then the corresponding optimal base-stock level in the

nth subsystem-: can be computed as

b

This shows that the distribution decomposition effectively reduces the original sys-
tem into multiple serial systems, each with one component and the cheapest product
that requires it, which is equivalent to the newsvendor problem. Note that we only
need to solve m independent newsvendor problems. Thus, this approach is the most
efficient and highly scalable heuristic to a large-scale system. We transform the no-
toriously challenging multistage stochastic program into a computationally efficient
and scalable linear program. We expect that the distribution decomposition becomes
more effective when the importance of coordinating the component replenishment is
not high. For example, if the product backorder costs are much higher than the
component holding costs, then the component is less likely to be out-of-stock, which

makes the distribution decomposition more favorable.

The IBS policy developed via the distribution decomposition approach can also
be regarded as a special case of a CBS policy. The IBS policy implies that we do not

consider the inventory status of other components. Thus, when we analyze the inven-
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tory position of component-i, we assume other components have a sufficiently large
inventory. We use the M-system as an example: the base-stock level of complement-1
is limy, 00 /11 (y2) +nA1 L. To see this, for instance, consider ¢? V¢! < ¢ < ¢t +¢2,

and we have

m(y2) = max{y; : hy —c' - Pr(y; <O, y1 <y + O — Oy — AO?)
—(? =) Pr(y = o + ©1 — 0, — AO* y; < Oy) < 0},

lim 7y (y2) = max{y; : hy —c' -Pr(y1 < ©;) <0} =s; (in view of (2.45)).

Y2 —00

The same results can be verified for other cost parameters. These results are
intuitive because when we analyze one single component and assume that other com-
ponents have inventory close to infinity, then this system collapsed to a distribution
system: the shortage can only occur on this single component and the backorder can

only occur on the products assembled by this component.

At the same time, the IBS policy given by with s; determined by
through the distribution decomposition approach becomes the policy determined by
the constant makeup newsvendor heuristic from DeValve et al.| (2020) when the lead-
times and the ratio between b; and h; cross different components are identical. Hence
it directly follows from their Propositions 6 and 8 in DeValve et al| (2020) that the
system cost incurred by the IBS policy given by with s; defined by pro-
vides the asymptotically approximation factor performance guarantee for the optimal

system cost.

Next, we develop useful properties of the optimal IBS policy. We first show
that (2.40)), the expected cost in the scaled system under the optimal IBS policy, is
bounded from both above and below through the primal-dual analysis. We introduce

a shadow price v = {vy,...,v,} for the first constraint of the linear program (2.11)-
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(2.13) and formulate the dual problem to the linear program (2.11))-(2.13)) as

max Y ;- [Ni(t,m)]” (2.46)
ieT
s.t. v; >0, 1€
Zvi <& Kek.
ieK
By selecting two sets of values of {v; : i € T}, we construct two newsvendor-

type bounding systems which both consist of m independent newsvendor problems.

Namely, let vf = 2h;, v* = min{c® : K € K;}, i €L, s = {51,...,5n}, and

Cls) = E Z hi - (s; —©)% + Z(vf —hi) - (s —0;)7 |, (2.47)
st = arg:;in{cl(s)}, = Ole(sl), (2.48)
C'(s) = E ze; hi - (si — 0" + ;(vg — i) (si —©:)7 |, (2.49)
st = arg;,min{C’“(s)}, C" = C(sY), (2.50)

where v — h; and vf — h; reflect the shortage cost of component-i. The following
theorem establishes the upper and lower bounds for the expected cost in the scaled

system under the optimal IBS policy in ([2.40)).

Theorem 3. (Upper and Lower Bounds for the Optimal IBS policy) Assume that
b > 3. i hi holds, then the expected cost in the scaled system (2.40), under the

optimal IBS policy, is bounded below by C* and above by C .

Theorem |3 shows that the expected system cost in the scaled system under the

optimal IBS policy are bounded by two simple systems. The bounds could be easily
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computed by solving multiple independent newsvendor-type problems, in particular,

E_ . u_p
sl.:qfl(% ) su:cp,—l(vz ) ieT. (2.51)

The condition b% > > icx hi says that the backorder cost of a product is no less
than inventory holding cost for its components, which naturally holds in practice.
Establishing easy-to-compute bounds provide a benchmark for evaluating the effec-
tiveness of the IBS type of heuristics for the general system, where the CBS and RBS
policies are extremely challenging to compute. Also, the values of s' and s* provide
good starting points to compute the base-stock levels.

The optimal solution {v}, i € Z} in linear program can also be approximated
by ©; = h;+0b;. The resulting newsvendor solutions are then equivalent to the one from
the distribution decomposition approach. This helps us estimate the expected cost
in the scaled system under our distribution decomposition approach by the following

function:
minZE(hi (i — ©3) + ;- (s — @i)*). (2.52)

Denoting this estimation as CNV, the following theorem shows that CNV is also

bounded between C* and C .

Theorem 4. (Bounds for Distribution Decomposition) Assume that b > >~ hi, K €
KC holds, the estimated expected cost in the scaled system under distribution decom-

position are bounded, specifically, CNV € [Q*,ﬁ*]
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2.6 Numerical Studies

In this section, we conduct extensive numerical tests on the effectiveness and efficiency
of the proposed heuristics in both simple and general systems, and also to gain insights
into the impact of the system parameters on the performance of the RBS-policy. Re-
call that the PRP rule is adopted as the allocation rule, so our focus is on evaluating
various heuristics for computing the heuristic replenishment policy. In particular, we
evaluate the IBS policy with parameters determined by 1) the newsvendor decompo-
sition given in as “NV”; 2) the constant markup newsvendor decomposition
heuristic as “CM” from DeValve et al.| (2020); 3) the linear programming rounding
heuristic as “RD” from |DeValve et al| (2020)). For simple systems, we also assess
the RBS policy determined by the assembly decomposition and the linear program-
ming (LP) heuristic , denoted as “RBS”. For the computation of the policy
parameters in NV and RBS, we select n = 25.

We use MATLAB 2017a as the platform and the YALMIP R20160930 and MOSEK
8.0 as the solvers. For the computation of heuristic policy parameters which uses the
SAA approach (e.g., RBS and LR), we set Q = 1,000. For the evaluation of each
heuristic policy H € {NV,CM,RD,RBS}, we carry out 100 simulation runs, each with
a period of 10 years and components are allocated following the PRP rule daily, to
evaluate the system cost under a parameter set and compute the corresponding aver-
age simulated cost Cy among the 100 runs. The first 60 days are used for warm-up.
We test the robustness of the sample size () and simulation run with different values
and find the standard error of the system cost is less than 0.1, indicating that the
results are robust. We also assume the Poisson demand processes of all products
in this section and the demand process of each product is independent of the other

products.
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2.6.1 Performance of the Heuristic Policy Relative to the Expected Lower
Bound
We first measure the performance of each heuristic by the optimality loss relative to

the expected lower bound of the system cost under the optimal CBS policy Ccpg+:

An = G Coms 100%, H e {NV,CM,RD,RBS}. (2.53)
Cops

Each heuristic replenishment policy and the benchmark is evaluated by the av-
erage simulated system cost under the heuristic H. To have an unbiased estimator
of Ccrs+, we compute the average sample-path lower bound cost under the optimal
CBS policy for 10,000 samples of the set of random variables.

We consider an M-system which consists of three types of computers: high-end,
mid-end, and low-end computers. The components are two graphic cards. The
holding costs are h; = 0.48,hy = 0.34 ($/day), which are estimated by 25% of
components’ sale price annually. The leadtimes are L; = 4, Ly = 10 (days). The
demand rates are A\! = A\? = 3 A2 = 24 (unit/day) and the backorder costs are
b' =1,0* = 3.8,b'* = 1.2 ($/day). Table [2.1| shows optimality loss in each heuristic.
We find that the optimality loss of the RBS policy is 5.06%, which implies a good
performance of our policy even when demand rates are not large. We also find RBS

has a better performance than all the other IBS heuristics in this example.

Table 2.1: Computational Results for IBS- and RBS-Policies

Policy | Heuristic Heuristic Policy Parameters Performance Optimality Loss
1P, IP, Ch CP(gez;me A%
IBS NV 113 283 13.38 0.00 8.38
CM 110 274 14.52 0.00 17.67
RD 111 282 13.34 0.55 8.07
I.Pl . IP2
ritrp ridrin 43
RBS LP 111 264 280 12.97 6.62 5.06
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Computing Ccpg+ is difficult, especially when the system is large. To have a
thorough test of the proposed decomposition approaches, we then evaluate their

performances using a different performance metric.

2.6.2 Performance of the Heuristic Policy Relative to the Benchmark
Algorithm

In this subsection, we evaluate the performance of each heuristic relative to the RD
heuristic, which approximates the optimal IBS policy well.

Each heuristic is evaluated by cost savings relative to the RD heuristic, which is

defined as

An% = % x 100%, H e {NV,CM,RBS}. (2.54)
RD

We then do the comparison in two specially structured system and two general

systems.

2.6.2.1 Specially Structured Systems

For the RBS heuristic, we run simulations for various weight 5 in the set of {0,0.1,
..., 1} and select the weight that has the lowest system cost in the report.

The first simple system we consider is an M-system with the same holding cost
and leadtimes parameters as in Table 2.1 To cover various situations of demand
asymmetry and cost parameters, we examine the performance of various heuristics

under 30 sets of demand rates A', A2, \'? and backorder costs b', b%, b'2.

The second simple system is a W-system which consists of two types of computers:

high-end and low-end computers. The components are two graphic cards and one
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processor. We examine the performance of various heuristics under 12 sets of demand

rates A3, A\23 and leadtimes L1, Lo, Ls.

Performance perspective. We summarize the performance of the heuristics
in Table 2.2 The detailed performance of different heuristics as well as the system
parameters are shown in Appendix [A.5.1] First, we find that the NV has a similar
average performance to the benchmark in both the M- and the W-system. In par-
ticular, compared to the benchmark RD, the NV results in average Ay (std) 0.40%
(1.06%) in the M-system and 0.50% (0.23%) in the W-system. The CM on average
has a much higher cost compared to the benchmark. Second, while the RBS has a
better performance than the benchmark in the W-system (on average saves 1.23%
with std 1.11% and maximum 3.64%), they perform similarly in the M-system: On

average, the RBS saves 0.15% with std 1.38% relative to the benchmark.

We also investigate the condition when the RBS policy is more effective than
the IBS policy. We do so by examining the complete numerical results in Appendix
m (Recall Table only reports the summary statistics). In the M-system, the
RBS policy becomes more effective when the backorder cost for the common product
(product-12) is small and demand volatility for this product is big. This is consistent
with the results in Proposition [I] as the component-2 that has a shorter leadtime is
more likely to be out-of-stock and synchronization becomes more valuable when the
demand of product-12 during the leadtime difference is larger and more variable; In
both the M- and the W-system, the RBS policy is more effective when the average
product service level coefficient is smaller due to the higher chance for the component

to be out-of-stock.

Computation perspective. We also compare the efficiency of each heuristic in
Table for both the M- and the W-system. The computational time of the RD

is short (0.38 seconds for the M-system and 0.36 seconds for the W-system). The
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Table 2.2: Heuristic Performance

Heuristic M-system W-system
Average Ap% | Best Ay% | Time (sec) | Average Ay% | Best Ay% | Time (sec)
NV 0.40 -1.15 0.00 0.50 0.2 0.00
CM 8.83 1.44 0.00 8.60 4.58 0.00
RD - - 0.38 - - 0.36
RBS -0.15 -4.9 2.74 -1.23 -3.64 10.17

NV and CM are the most efficient in computation (0.00 for both the M- and the
W-system), and the RBS is the slowest (2.74 seconds for the M-system and 10.17
second for the W-system).

To conclude this subsection, we recommend the RBS heuristic together with a

PRP allocation rule in small-scale simple systems.

2.6.2.2 General Systems

We examine the effectiveness and efficiency of the above proposed heuristics to a
general system in a PC assembly system example with 15 components and 6 products
in |Cheng et al.| (2002). We adopt the recent price of the latest computer components,
which are illustrated in Table in Appendix together with the BOM of the
system and the component leadtimes.

We set the backorder cost based on a constant product service level coefficient 6 in
the newsvendor problem: b% =37, .- h;-(1 —6)/0, and vary 6 € {0.01,0.05,0.1,0.15,

0.2}. We also consider three different product demands

(A5 A2 03 A% A% 0% € {(10, 10,10, 10, 10, 10), (7,7,9,9, 14, 14), (14, 14,9,9,7,7)}.

The performance and computational time are reported in Table 2.3 Compared
to the RD heuristic, the CM heuristic is efficient, but with a much higher cost; the
NV heuristic is similarly efficient as the CM heuristic, with only a 2.29% higher cost
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Table 2.3: Performance of Selected Algorithms on Small and Large Networks

Heuristic NV \ CM | NV \ CM \ RD
Q Ax% Time (sec)
PC Assembly |y 150 1 999 | 2472 | 0.00| 0.00 | 071
System

1,000 |-2.14 | 340.88 | 0.02 | 0.01 | 7.82

Maintenance 5,000 |-0.94 | 346.28 | 0.01 | 0.01 | 41.37
Organization 10,000 | -0.77 | 347.05 | 0.01 | 0.01 | 85.41
20,000 | -0.76 | 347.11 | 0.01 | 0.01 | 172.28

50,000 | -0.77 | 347.07 | 0.02 | 0.01 | 485.21

than the RD heuristic on average.

We further examine these heuristics in a maintenance organization problem with
110 components and 3 products studied in van Jaarsveld and Scheller-Wolf| (2015]).
There are 3 repair types a, b, c. Each component has usage probabilities p,, p, and p.
in each of the repair types. For every arriving repair of a given type, it uses each spare
part with the probability prescribed in Table in Appendix [A.5.2] independent
of the usage of other spare parts. We keep the original holding cost and leadtimes
as in their settings, which is also summarized in Table [A.4] The backorder cost is
set using the same rule as the PC assembly example with identical product service
level coefficient & = 0.2. The demand rates of the three repair types are 13,10, 35,
respectively. Using ) = 1,000 becomes insufficient due to the scale of the system.
We select various @ as shown in Table 2.3

The RD heuristic requires a large sample size () greater than 5,000 to have a
comparable performance compared to the NV heuristic. Increasing () also increases
the computation time at a similar rate. The CM is computational scalable, but it
is very ineffective. This is expected because the maximum number of components
required by any product in the system, m, may be an obstacle for the newsvendor

decomposition approach (DeValve et al.|[2020)).
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We also observe that this maintenance organization problem has a similar struc-
ture to the application of e-commerce. As mentioned in the introduction, an online
seller offering the subscription box service is one such example. The seller needs to
send all items in one box, and different customer types will select different items
randomly based on their preference. This system can be extremely large due to the
various choices offered online: the number of items can be several million. Our NV
heuristic would be even more attractive to deal with this kind of large-scale system

In e-comimerce.

Based on our extensive numerical tests, we recommend the adoption of the NV

together with the PRP rule for general large-scale systems.

2.7 Conclusion

In this chapter, we study inventory policies for continuous-time review ATO systems
with general leadtimes. First, we characterize an asymptotically optimal inventory
policy for the M-system, which has three products sharing two common components.
The policy consists of a periodic review priority (PRP) allocation rule and a coor-
dinated based-stock policy (CBS) replenishment policy. This result is a non-trivial
extension of the results in the literature on the N- and the W-system which contain
only one single common component. Due to the difficulty of computing the asymp-
totically optimal inventory policy, we first develop an approach to decompose the
system into a set of single-product assembly subsystems, one for each product. Then
we develop a reserved-base stock (RBS) policy, which reserves component inventory
similar to the CBS policy with a simple structure, and a linear programming heuris-
tic to solve the policy parameters. To our knowledge, both the RBS policy and the

assembly decomposition approach is new to the literature.
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However, it is difficult to extend either the CBS or the RBS policy to a general
system with a large size of components and products. We next develop another novel
decomposition approach that is highly scalable to a large-scale system, which decom-
poses the system into a set of single-component distribution subsystems, one for each
component. We show that each distribution subsystem is equivalent to a newsvendor
problem with a closed-form solution. We then solve a series of newsvendor problems
to derive the corresponding IBS policy. When restricted to IBS policy, our policy is
comparable or outperforms the benchmarks proposed in the literature. In addition
to the computational advantage, it provides insight into key determining factors of
the inventor policy.

Our research can be extended in several ways. For example, our RBS policy is
too complex to implement on a large-scale system. However, one can simplify the
RBS policy which only coordinates the replenishment of several key components. It
is interesting to investigate which components to synchronize and their impact on
the system cost. Other possible extensions include showing the exact performance
guarantee for IBS policy heuristics for both identical and non-identical leadtimes

scenarios; developing similar heuristics for ATO system with random leadtimes.
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Chapter 3

Data-Driven Scalable E-commerce
Transportation Network Design with
Unknown Flow Response

3.1 Introduction

3.1.1 Background and Objective

This chapter studies the optimization of transportation cost for e-commerce market-
places. With digital development exploding, such as ubiquitous smartphones, social
media, shopping apps, digital payment systems, and cloud-based computing, online
shopping has experienced rapid growth globally. In 2019, it reached a new high,
overtaking a major part of retail for the first time. It accounted for $4.2 billion in
sales on Thanksgiving in the United States, a 14.5% increase from 2018 (Mitra2019).
In China, Alibaba’s Single’s Day recorded $38.3 billion online sales, 25% higher than
sales in 2018 (Yu 2019). It is expected that e-commerce’s share of retail sales in the
United States will rise from 8.9% in 2017 to over 15% in 2022, reaching $892 billion
(CBRE [2019)). Worldwide, e-commerce’s share is expected to reach 22 percent in

2023 (Statistal[2019)).

Consumers favor online shopping because online marketplaces offer almost unlim-
ited product choices and, at the same time, fast and cheap (sometimes free) delivery
services, bringing them instant gratification. For example, Amazon in the United

States offered over 562 million different products in January 2018 (ScrapeHero|2018)).

93



To win orders and create an entry barrier, Amazon is famous for the free two-day
shipping service provided to its prime members and now it begins to offer free one-day
shipping (Schoolov|2019). JD.com, Amazon’s Chinese equivalent, differentiates itself
by introducing the 211 program: orders placed by 11 am will be delivered on the
same day, and orders placed by 11 pm will be delivered on the next day. Obviously,
the growing online shopping trend will not lower customers’ expectations on both
fronts. In fact, the growth of online sales has further raised customers’ demand for
quick delivery speed. For instance, in 2018, Amazon’s prime members ordered more

than 2 billion products for one-day or faster delivery (Corbett| 2018]).

In the early days, most e-commerce marketplaces relied on third-party logistic
providers (3PLs) for package delivery, which saved the investment in logistic infras-
tructure at the expense of losing full control of the delivery system. For example,
after Christmas in 2013, Amazon was forced to cancel orders and refund customers for
many of its packages that UPS failed to deliver on time (Levs 2013). Drawing lessons
from such experiences, some online marketplaces, including Amazon and JD.com,
have developed an in-house transportation network to gain direct control of packages
delivery. The associated transportation network cost, however, is considerable: it
accounts for 14.2% of total operating expenses for Amazon in 2017 (Amazon.com,
Inc| 2018)) and 7.1% (JD.com, Inc|2018) for JD.com. To stay competitive, online
marketplaces need to operate their transportation networks in the most cost-efficient
way. With a plethora of customer order and delivery data available from the online
shopping platform, it is also important to know how the information can be exploited

to optimize the transportation network.

Motivated by our experience with an e-commerce marketplace, the objective of
our study is to develop data-driven, scalable optimization tools for such companies

to best utilize their in-house outbound transportation networks. We focus on reduc-
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Fulfillment center Delivery station Customer

Figure 3.1: Outbound Transportation Network for E-commerce Marketplace.

ing the middle-mile outbound transportation costs, explained in Section 1.2 below.
At first glance, the optimization problem appears to resemble some elements of the
fixed-charge capacitated multicommodity network design (CMND) problem, but it
departs from the classic problem with significant nuances and challenges. The nov-
elty here is due to the very feature of the granular customer order and delivery in
online shopping (see Section 1.3 for more detail)— the so-called long-tail phenomenon,
which necessitates machine learning techniques to predict the flow response for any
given network design. These challenges can also appear in omni-channel retailing, in
particular the buy-online ship-to-store (BOSS) used by many omni-channel retailers,
such as Walmart, Target, etc. The omni-channel retailers first ship BOSS products
from warehouses to e-fulfillment centers (middle-mile) and then distributed to local
brick-and-mortar stores for customers to pick up (last mile). In general, our methods
are helpful for retailers with online channels and direct control of the middle-mile

transportation network.

3.1.2 Middle-mile Transportation Network

The outbound transportation network of the online marketplace we consider is il-

lustrated in Figure |3.1] Its inventories are stored in regional warehouses, called
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fulfillment centers (FCs), usually located in rural areas for inexpensive real estate
costs. The next tier in the network consists of the smaller delivery stations (DSs) in
urban areas, closer to the end customers. Based on the customer order, the company
first decides the first leg of the transportation network in Figure i.e., how and
from which FC to ship the package to which DS, a process called the middle-mile
transportation. After packages reaching their destination DSs, they are then shipped
to customers’ doors. This process is called the last-mile transportation (the second
leg in Figure . The middle-mile network is less known than the last-mile network
because it is invisible to the customers, but its importance cannot be overlooked.
According to |[Naughton and Boyle (2019), the middle-mile network can be the most
expensive part of the whole supply chain, and its market can reach $1 trillion. In
this chapter, we focus on optimizing the middle-mile transportation network.

The majority of the middle-mile network cost comes from two main shipping
options: (1) the fixed per truck line-haul cost for the shipment using the company’s
own truck fleet or its partner truck carriers. To achieve timely delivery, the truck
travels from the origin to the destination every day regardless of the actual volume
being loaded as long as it is within the truck capacity. Thus, we assume the line-haul
cost is independent of the number of packages loaded in the trailer. (2) the shortfall
cost: each product that is not shipped by the in-house truck due to unavailable
truck capacity is shipped by 3PLs, which incurs a unit cost. Because of the limited
availability of truck routes, the truck capacity constraint, the inventory constraint
at the FCs, the fulfillment resources constraint and unpredictable demand volume,
the shortfall cost is non-trivial. For example, around 50% of Amazon US volumes
are covered by 3PLs (Herrera/2019). These two costs are influenced by two decisions

made in separate stages.

At the first stage, a network configuration decision is made, specifying whether
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to assign a truck working between any given pair of FCs and DSs in the middle-mile
network. For example, Amazon has a “middle-mile providers” program, where truck
carriers are hired to haul Amazon freight. Such a decision is made once every week
or every other week, partly due to contract arrangements, and partly due to the
time needed to reposition trucks and drivers. The network configuration decision
determines the line-haul cost.

At the second stage, given the first-stage network configuration decision, a fulfill-
ment policy is formed to deploy the network. This policy specifies how an individual
customer order is fulfilled in real time: from which FC to pick up the item, using
which shipment method, and at what time to be loaded into the trailer, etc. The
resulting network flow is the total number of products shipped by the in-house truck
shipment under this network configuration, before the next network decision. Simi-
larly, the resulting network shortfall is the total number of products shipped by the
3PLs under this configuration. Both the network flow and shortfall are thus in effect
the second-stage flow response to the first-stage network decision. The flow response

determines the shortfall cost.

3.1.3 Unknown Flow Response

In classic transportation problems that model the bricks-and-mortar operations, both
the network configuration and the fulfillment policy are typically made jointly by a
single decision-maker in the same time period, given the forecasted demand and
supply for the entire period. The reality faced by the middle-mile manager in an
online marketplace, however, is very different from the traditional setting. In this new
context, at the time when the middle-mile manager decides the network configuration,
the flow response to the configuration is unknown to him/her. This presents a unique
challenge to our research.
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Unknown flow response happens because the company has a decentralized decision-
making structure. The middle-mile manager only decides the network configuration,
while the network flow and shortfall are decided by the fulfillment policy developed
by another decision entity, which acts as a black-box in the middle-mile manager’s

view.

This practice makes sense because the decisions are made on different time scales
and likely with different objectives. The network configuration is changed once every
week or every other week with the objective of cost minimization, using information
such as demand distribution of each product at each DS, inventory level of each
product at each FC at the time of the decision, etc. By contrast, the fulfillment
policy makes real-time decisions in response to each incoming customer order, based
on information such as delivery deadline, departure time of the truck, remaining
inventory at each FC, etc., which may prioritize a faster delivery service. As the
fulfillment process deals with a large number of SKUs (in hundreds of millions),
operational decisions, and constraints, it is difficult to achieve integration of the
fulfillment policy and network configuration in the foreseeable future. Omni-channel
retailers also share the same type of decentralized decision-making structure as they
need to ship BOSS products by trucks in their middle-mile network in high frequency

(e.g., daily), but the truck assignments are updated at a lower frequency.

In theory, the middle-mile manager can take the fulfillment policy into account
while designing the network configuration. However, due to a large amount of SKUs,
fulfillment decisions, operational constraints and potential human errors, it is very
time-consuming to simulate the actual fulfillment policy to determine the expected
flow response. In our experience with a large online marketplace, simulation of the
fulfillment policy on a single network configuration usually takes several days. Hence,

it is impossible to optimize the network configuration over simulation. In practice,
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the middle-mile manager may create ad-hoc rules to adjust the network configuration,
which often leads to highly sub-optimal networks. The purpose of our research is to
develop a new, systematic, and data-driven approach for designing the middle-mile

network.

3.1.4 Our Approach and Contributions

We summarize our approach to the middle-mile network design problem and its
implications.

A new network design problem with unknown flow response. Deviating
from the classic network design problem that captures the brick-and-mortar opera-
tions, we present a network design problem with unknown flow response in Section
to reflect the unique operational features of the online marketplace and omni-channel
retailing. To the best of our knowledge, this formulation is new to the literature.

Data-driven predictive models for unknown flow response. To solve this
new problem, in Section [3.4] we introduce a data-driven framework to build a predic-
tive model for the unknown flow response. The framework applies machine learning
methods using historical shipment data. One advantage of using the data-driven ap-
proach is that we can directly predict the flow response aggregated at different levels
instead of computing the flow response for millions of the products separately.

A novel network-decomposition prediction approach. The construction of
the predictive model is a challenging task due to the sparsity of the data: the size
of the input features is often much larger than the size of the historical shipment
data. To cope with this issue, we decompose the network-level prediction problem
into multiple prediction problems with much fewer input features. Our numerical

study shows that this innovative approach outperforms that of the more natural and
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direct approach, and its prediction accuracy is high even when the sample size is

small.

A scalable algorithm with performance guarantee. In Section (3.5, we em-
bed the predictive model into the original optimization problem, which results in a
transformed network design problem with predicted flow response. However, find-
ing a good network configuration is still difficult because the predictive model does
not have a simple functional form and there is an exponential number of network
configurations to predict. We first show that the problem can be reformulated as a
mixed-integer linear program (MILP), which solves small problems, but is not viable
for solving the large-scale problem faced by online marketplaces. To address this
issue, we next identify this transformed problem as a c-supermodular minimization
problem, which is equivalent to c-submodular maximization (See Baardman et al.
(2020))). Then, we develop a scalable algorithm which is linear in network size. The
scalability of the algorithm is especially important to the online marketplace with a
large-scale network. We also prove that this algorithm has a theoretical approxima-

tion guarantee, and demonstrate that it is effective and efficient in a numerical study
in Section 3.6l

Insights. Our research reveals several insights. First, we demonstrate the valid-
ity of the approach of using a data-driven predictive model to optimize the network
configuration, in the setting where the exact fulfillment decision is unknown or com-
putationally challenging. In a numerical study, we show that our approach is more
appropriate than using the incumbent network configuration policy used by an on-
line marketplace or the classic deterministic network design problem. Second, our
approach generalizes to other business settings in which the problem has a decentral-
ized decision-making structure and can be modeled as a multi-step stochastic prob-

lem, where the former step decisions are controlled by other decision entities. The
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decision-maker of the latter step can focus on a single decision at a time by predicting
the responses to his/her decision from the former steps. Third, when predicting the
performance of a network, we find it is effective to use the network-decomposition

approach to address the problem of the limited number of samples.

3.2 Related Literature

Our work is related to the literature in e-commerce fulfillment, combining predictive

model with optimization, and submodular maximization.

E-commerce Fulfillment. Most existing works on e-fulfillment assume the net-
work design is given and the packages are fulfilled only by 3PLs. Xu et al. (2009))
consider the fact that physical pick-up of the product is usually delayed for hours
after virtual assignment, so they have developed two swapping heuristics, resulting
in fewer orders being split into multiple warehouses to ship. |Acimovic and Graves
(2014) consider a forward-looking fulfillment policy to minimize the shipment cost.
They develop a linear program (LP) based heuristic, and use the dual value from the
LP to guide warehouse selection in real time. |Jasin and Sinha| (2015) study a gen-
eral fulfillment problem and propose two deterministic LP based heuristic fulfillment
policies. They show the asymptotic competitive ratio for both heuristics compared
to the expected cost under optimal control when the number of periods increases to
infinity. DeValve et al| (2021)) propose a class of spillover limit policies, which they
use to evaluate the benefits of additional fulfillment flexibility to e-commerce under
the local no-holdback constraint. [Lei et al.| (2018) consider a similar problem as
Jasin and Sinha/ (2015) but study jointly optimizing pricing and fulfillment decisions.
Acimovic and Graves| (2017) study a periodic joint fulfillment and inventory replen-

ishment policy by considering the possible spillover during the fulfillment process.
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Different from all these works, we study network design for online marketplaces. Our

methodology is also different as we use a data-driven approach.

Combining Predictive Model with Optimization. There is a growing lit-
erature on combining the optimization problem with a predictive model. |Ferreira
et al.| (2015)) optimize the pricing decision for an e-commerce retailer to maximize
revenue. They use decision tree regression to predict the sales of an item given its
own price and the relative price of competing styles. |(Cohen et al.| (2017a) and Cohen
et al.| (2017) study promotion planning. They propose general classes of demand
functions, which can be estimated from sales data. Baardman et al.| (2018)) study the
schedule of promotion vehicles. Based on empirical data, they estimate the effects
of assigning promotion vehicles. [Baardman et al.| (2020) also study a dynamic pro-
motion targeting optimization problem and develop a novel customer trend demand
model. [Liu et al| (2021) study an order assignment problem faced by food service
providers to minimize total delay. Their approach is to approximate the travel time
of a deliveryman using LASSO. Chen et al. (2015) consider personalization in revenue
management, which includes two applications of customized pricing and personalized
assortment optimization. They estimate the parameters by regularized maximum
likelihood estimation and then construct the decision policy based on this estima-
tion. |Chan et al. (2019) use neural network to develop a predictive model for the

expected maximum flow in a network.

Our work combines the predictive model with optimization in a new application
context with its own distinctive challenges. We propose a network-decomposition
approach which significantly differs from the neural network approach of |[Chan et al.
(2019)), because the latter requires hundreds of thousands of sample data for model
training even for a small network, which is infeasible in our application.

Submodular Maximization. The c-submodular maximization problem we
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study is closely related to submodular maximization with non-monotone objective
function under a cardinality constraint. Submodular maximization is known to be
NP-hard. The scholars study different algorithms for different variations of sub-
modular maximization problems. We use Random Greedy developed by |Buchbinder
et al.| (2014), together with Deterministic Greedy from [Nemhauser et al.| (1978)) and
Stochastic Greedy from Mirzasoleiman et al. (2015) as benchmarks for comparison.
Our focus is to design a scalable algorithm with a theoretical performance guaran-
tee, which incorporates Double Greedy by |Buchbinder et al.| (2015) for unconstrained

submodular maximization.

3.3 Network Design with Unknown Flow Response

In this section, we formulate the middle-mile network design problem. We use origins,
indexed by ¢, to denote the FCs and destinations, indexed by j, to denote the DSs
. The sets of origins and destinations are denoted by Z, [J, with cardinality I, J,
respectively. Arc (i,7) denotes the travel route between origin ¢ and destination j,
and G denotes the ground set of all potential edges with network size G = I.J. The
set of products sold by the online marketplace is denoted by P with cardinality P.
A network configuration Y C G is a set of activated edges, where activating an edge
means assigning one truck traveling on the route every weekday. We also generalize
the problem in Appendix to include the scenario where multiple trucks can be
assigned to an activated arc.

The middle-mile manager decides the network configuration ) in cycles. A deci-
sion cycle is usually one or two weeks. After the network configuration Y is decided
at the beginning of the cycle, it remains the same throughout the entire cycle. During

each cycle, customer arrives sequentially, and the demand of each arriving customer
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is described by vector d = {d;, : j € J,p € P}, where d;, is the probability of a
customer order being product p from destination j. We assume that the inventory at
each origin is replenished only at the beginning of each cycle. Let the inventory levels
at the beginning of the cycle be s = {s;, : i € Z,p € P}, where s;, is the quantity of
product p stocked at origin 7. Both the demand distribution and the inventory levels
are assumed to be known parameters to the middle-mile manager. For example, the
demand forecasting team can provide an estimation of d. Similar to|Jasin and Sinha
(2015), we divide each day by an equal number of small periods, indexed by ¢; within
each period, there is a constant probability that a customer order arrives. Each cycle,

which consists of several days, has a total of T" such periods.

Given a network configuration )/, we use the term expected network flow to denote
the expected number of each product shipped on each activated edge by the in-house
truck shipment in one cycle. The network flow is determined by the fulfillment
policy designed by another decision entity in the company. For an order arriving
at destination j in period t, this policy decides from which origin i to fulfill the
customer order using real-time information. Because the fulfillment policy is not
controlled by the middle-mile manager and it is very difficult to compute the value
of the network flow under the existing fulfillment policy, the middle-mile manager
regards the expected network flow as an unknown response to the decision of network

configuration ).

For each cycle, let x;; be the fixed charge of activating a truck route from origin
¢ to destination j throughout the cycle. Given a network configuration ), the total
line-haul cost in the cycle, i.e., the cost of creating a network ) of in-house truck

routes, is then

(1,9)€y
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The current truck routes may not be sufficient to ship all the ordered products,
so online marketplaces would use 3PLs to cover the network shortfall. The expected
network shortfall is denoted by w(Y, s, d) = {w;;,(V,s,d) : i € I,j € J,p € P},
where w5, denotes the expected number of product p shipped from origin ¢ to desti-
nation j by 3PLs in one cycle. Similar to the expected network flow, the expected
network shortfall is also unknown.

For simplicity, to compute the shortfall cost given the expected network shortfall,
we assume that each package contains exactly one product. Let ¢;; be per unit charge
by 3PLs for shipping one package from origin ¢ to destination j. The expected shortfall
cost for not being able to ship the products using truck capacity on activated edges

is thus

Cy(Y,s,d) = Z Cijijp(V, 8, d). (3.2)

(4,5)€G,pEP

Our objective is to choose a network configuration ) to minimize the expected net-
work cost C'(Y, s, d) in the current cycle, which is the sum of C}()) and Cy(Y, s, d).

Formally, the problem is:

P: g}ngirglC(y,s,d) = C1(Y)+ Cy(Y, s,d)

= > kgt D (Vs d) (3.3)
(1,9)€Y (4,9)€G,pEP
s.t. V| < K,

where the cardinality constraint on the size of network configuration ) reflects the
limited budget. However, because the expected network shortfall, and therefore
C5(Y, s,d), is unknown, we cannot directly solve this problem. In the next sec-

tion, we discuss how to predict Cy(), s,d). With a slight abuse of the terminology,
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we refer to Cy(), s, d) as the unknown flow response in the rest of the chapter.

3.4 Predictive Models

In this section, we apply machine learning methods to predict the unknown flow
response. We first introduce a general framework for constructing a data-driven
predictive model. We then explain how we build a simulation model to generate a

synthetic dataset, and use this dataset to illustrate and validate this framework.

3.4.1 Data-Driven Prediction Framework

Our prediction framework consists of three steps; the details are discussed below.

(i) Data requirement. In the first step of our framework, data is collected.
We assume online marketplaces has collected a shipment dataset Sy = {(J", a”,
u"(Y", ™)) :n=1,..., N} from the last N cycles, where Y™ is the implemented net-
work configuration, a™ are the network environment features that may affect the flow
response, and u"(Y", &™) is the recorded network shortfall (and hence C3 ()", a™)).

Given the large number of SKUs for online marketplaces, we assume the covariates

a in our framework only contain the product aggregated inventory levels and demand

distributions: {8" = {s!":i € T}, d = {J"f :j € J}} where

5 = Z sip = the aggregated inventory level over all products at origin i(3.4)
peEP

cij = Z d;p = the aggregate demand distribution over all products
peEP
at destination j. (3.5)

a” can include additional features such as the cost parameters {(k;;,¢;j) : @ €
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7,5 € J}, travel distance, truck routes schedule, holidays, weather forecasts, etc, as

long as their values can be obtained.

(ii) Developing Predictive Models: In the second step, we consider different
ways to construct C*Q(y, «), the estimator of the flow response for any given network
configuration ) and covariates a. The first model is the most direct and natural

approach:

e Model 1: Network-level prediction. We construct (52(32, ), an esti-
mator of Cy(Y, ), by using all available information from (Y, a). We de-
note 2(Y (), ) = Co(Y, a), where network configuration feature Y () =
{i; Yie1...; and network environment features o = {{5;,7 € Z},{d;,j € J}}.
Here, y;; is a binary indicator variable that is set to 1 if edge (¢, j) is activated.
To train z(Y()), a) for any network, we use all possible sets of (Y"()), a™)

from the data set.

A key challenge to Model 1 is that, in order to create an accurate estimator, the
sample size N needs to be much larger than the input feature size I.J + I + J to
prevent overfitting. However, this requirement can hardly be met by the large online
marketplace such as Amazon, where I.J + I + J can be greater than 10 thousand,
which is usually much larger than the N, the number of cycles in the shipment
dataset. This problem is known as the curse of dimensionality in machine learning.

To overcome this shortcoming, we construct two prediction models, Models 2 and
3, in the same spirit as the principle of decomposition in data mining. The idea of
decomposition is “to break down a complex Data Mining task into several smaller,
less complex and more manageable, sub-tasks that are solvable by using existing
tools, then joining their solutions together in order to solve the original problem.”
(Maimon and Rokach [2005)). In Models 2 and 3, we decompose the flow response
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into destination-level and arc-level flow responses, respectively, which require only
partial information of ) to predict. As a result, the dimension of the input features

is decreased and the effective sample size is increased.

e Model 2: Destination-level prediction. For Model 2, we decomposes the
prediction of flow response to each destination in the network. For this purpose,

for any ¢ € Z and 5 € J, we define

m;(Y)

Z y;; = the out-degree at origin 1, (3.6)

J

ni(Y) Zyij = the in-degree at destination j. (3.7)

Then, for any destination j € J, we construct an estimator of Cy(), a|j), the
total expected shortfall for all edges incident to j, as follows. The estimator is
denoted by #(Y;()), o), which takes the destination-level network configura-
tion feature Y;(Y) = {{vi; tiz1...0, (), {mi(}) - vi; }iz1...1} and destination-
level network environment features a; = {d;}. Then, Yicr 2(Y;(Y), ) is
used as the estimator of the total flow response. Note that due to decompo-
sition, each destination in each cycle can be viewed as a sample for training

(Y;(Y), o), and our effective sample size is thus JN.

e Model 3: Arc-level prediction. Similar to Model 2, Model 3 decomposes the
prediction of flow response to each edge in the network. For any possible edge
(1,7) € G, we construct an estimator of Co(), a|(4, 7)), the total expected short-
fall at edge (7, j), as follows. The estimator is denoted by #(Y;;()), a;), which
takes the arc-level network configuration feature Y;;()) = {m;(Y),n;(¥),vi;}
and arc-level network environment features ev;; = {5, d;, ¢;;}. Then, dicrjes ¥
(Yi;()), auj) is used as the estimator of the total flow response. Note that due
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Table 3.1: Input Feature Size and Effective Sample Size in Different Predictive
Models.

Model 1 | Model 2 | Model 3
Input Feature Size O(1J) O(I) O(1)
Effective Sample Size N JN I1JN

to decomposition, each possible edge (7,j) € G in each cycle can be viewed as

a sample for training z(Y;;()), a;;), and our effective sample size is thus IJN.
Table first summarizes the input feature size in each predictive model. It is
observed that we achieve the dimensionality reduction in Model 2 and 3, where
we project the network information to the lower-dimensional space by using the
information of the degree of connectivity, which partially captures the connection
status of the nodes. In addition, Table [3.1| describes the effective sample size in each
model: Model 2 and 3 increase the effective sample size by a factor of J and I.J

compared to Model 1.

Remark 1. It is possible to further decompose the flow response prediction at the
product level, i.e. to construct C’Q(y,a|(i,j,p)), an estimator of C(Y, (i, j,p)) =
cijuiip(Y, ) for every single product on every arc. However, this is computationally

impractical for online marketplaces with millions of products.

(iii) Determining the Predictive Model. In the last step, we select the best
predictive model from Model 1, 2 and 3.

First, we consider several common machine learning methods for each predictive
model. The first two, ridge regression and LASSO, assume a linear relationship be-
tween the features and outcome. Both methods introduce a regularization term to
shrink the coefficients of the parameters so that the resulting model can generalize
better. The difference is that ridge regression uses the ¢; norm regularization term,
while LASSO uses the /5 norm regularization term. The remaining three, decision

69



tree regression, random forest regression, and support vector regression (SVR) with
radial basis function (RBF), can handle non-linear relationships. The decision tree
regression follows a tree structure to make the prediction: each non-leaf node rep-
resents a test on one of the features, each branch denotes the outcome of the test,
and each leaf node represents the predictive value. The random forest regression con-
structs multiple decision trees at the same time and uses the average outcome as the
predicted result. The idea of SVR is to make the prediction that has at most € devia-
tion from the actual observed response, and it uses RBF kernel to map data to higher
dimensional space to help model non-linear relationship. It also has a regularization
term to prevent over-fitting.

Each machine learning method has its own advantages: ridge regression, LASSO
and SVR performs well if the sample size is smaller than the feature size due to
the use of the regularization; decision tree regression is easy to interpret; random
forest generalizes better to testing data than decision tree regression. There is no
rule-of-thumb for deciding which machine learning method is more appropriate to
construct the predictive model. For example, we can speculate that SVR with RBF
kernel performs well for Model 1 since the dimensionality of its feature space is large.
However, it may perform poorly if the inputs and the response actually have a linear
relationship. It is also possible that random forest performs better than SVR with
RBF kernel when the feature size is relatively small compared to the sample size.
Thus, the selection of the machine learning method depends on the dataset.

Second, the values of the hyper-parameters also need to be optimized for each
machine learning method. For a machine learning method, the model parameters are
optimized via training, and the hyper-parameters are set prior to the training.

To compare predictive models with different machine learning methods and tuned

hyper-parameters, we use nested cross-validation, which combines hyper-parameters
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tuning and model selection at the same time. Then we identify the most accurate
predictive model. The details of the machine learning methods and nested cross-
validation are described in detail in Appendix Throughout, we use the mean ab-
solute percentage error (MAPE) to evaluate the performance of an estimator. MAPE

on a dataset with size IV is defined as

N A
50" — GV, o)
- 100 3.8
TN " 59

where a lower value in MAPE implies a more accurate prediction.

Lastly, we derive the final model. We use another cross-validation with the identi-
fied predictive model and machine learning method with the lowest MAPE to tune the
hyper-parameter on the entire dataset, and then train this model with the optimized

hyper-parameter on the entire dataset.

3.4.2 Illustration of the Framework

In this subsection, we illustrate the above framework using a concrete example. For
the data collection step, we use a synthetic dataset Sy generated via simulation
to protect the confidentiality of online marketplaces we work with. The simulation

model used in our work is only to illustrate and validate our approach.

3.4.2.1 Simulation Setup

We explain the details of the simulation setup here. For the origin-destination net-
work, the locations of origins are the places which have been found to provide the
lowest possible transit lead-time by a recent study in |Chicago Consulting| (2019).
The locations of destinations are cities with the highest population. Because online
marketplaces cannot stock all products in every origin, we set 50% of the products
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as popular products, which are stocked in all origins and the rest of the products are
stocked in each origin with uniform probability psec = 50%. We focus on a network
with I = 3,J = 20, P = 30, while also applying the same procedure to generate
networks with different values of I, J, and P. In the simulation, each cycle has
T = 12500J periods. All inventories arrive before period 1. In each period, there is
exactly one customer order arrival. We assume that there are 5 days over each cycle,
and therefore, there are 2500J periods in each day. On each day, for each activated
truck route, there is an assigned truck which departs from the origin at the end of the
day. We set the truck capacity to be v = 1500, because each truck can load around

30 pallets and each pallet has around 50 boxes in reality.

In the simulation, we implement two fulfillment policies. The first is a myopic
fulfillment policy. For every customer order of product p in destination j, it first
searches for the origins that have the inventory of product p and have a truck assigned
between there and the destination j that has not reached its capacity. Then it selects
one such origin ¢ with the shortest distance [;; and uses the corresponding truck to
deliver the order. If no such origin exists, then the policy selects the origin i such
that it has the inventory and the lowest 3PL unit price ¢;;, and uses the 3PL to
deliver the order. We note that a similar myopic fulfillment policy is implemented
by a large American-based retailer (e.g., |Acimovic and Graves 2014). Even though
the myopic policy is pretty simple, we still need to rely on the simulation model
to evaluate its performance as this policy needs to repetitively decide the fulfillment
decision for every incoming customer order based on the current status of the network.
The second is a probabilistic fulfillment policy developed by |Jasin and Sinha (2015)),
where the solution to a deterministic linear program is used to decide the probability

distribution of origins to fulfill the demand of each product p in each destination j.

While it is natural to create a dataset by randomly generate origin-destination
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network configurations and then simulate them using fulfillment policies, the real-
world dataset for networks configurations are not generated randomly. To verify the
effectiveness of our approach more faithfully, we follow a data generation procedure
that closely resembles the incumbent policy for changing network configurations from
the online marketplace we worked with. This procedure generates network configu-
rations by making incremental changes to the network: we first solve a deterministic
network design problem with the random demand being replaced by its mean value.
In cycle 0, we simulate the solution of the deterministic network design problem. In
cycle n where 1 < n < N, we perform the following process: for each edge (7,j) (in
the network) from the previous cycle, we compute X%_l, the truck shipment cost per
package from the simulation of cycle n — 1. To construct the network in the cycle n,
we initially set it to be the network from cycle n — 1 minus any edge (i, j) where X%’l
is higher than ¢;;, i.e., removing edges where the truck shipment is more expensive
than third-party shipment in terms of per-unit cost from the previous cycle. We rank
the destinations by their percentages of third-party shipment from the previous cycle,
defined as > ;.7 cp u?j;l(y, @)/ ep djpT, from the largest to smallest. For each of
the highest ranked destinations, we activate a potential edge incident to each of those
destinations with the lowest fixed cost, until either the size of the current network
is K, or every destination has activated a new arc, or the remaining destinations’
percentages of third-party shipment are too small such that adding another route
would be significantly underutilized.

Throughout the chapter, we refer to the procedure described above as the incum-
bent network configuration policy, and use it as the data generation procedure. Next,

we explain how components of the dataset Sy are recorded.

e a": We assume that the demand from destination j in cycle n of product p,

dj,, are identical across all products. Recall dj = ZpG’P d},, then we have
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dies ci? =l and d}, = ci?/|P| For destination j, we let d; be the proportion
of the total population of cities in J. To incorporate randomness, we set
ci;‘ = dj wi,j=1,...,J—1 where w} is independent and normally distributed
with mean 1 and standard deviation 0.4, and d?} = 1 — D et g CZ’; (We
discard any random instance with any negative d;). For simplicity, we assume
that the online marketplace has the same inventory levels in every cycle, i.e.,

1 N+1

s =...=8 = s, where NV 4 1 is the current cycle we need to predict. For

every product p, its inventory level in origin 7 is set to s;, = 1) 0551 ch /| P|
where 6;;, is a binary variable to indicate if origin ¢ is the closest origin with
an inventory of product p to destination j. We assume the cost parameters
{(Kij,cij) + i € I,j € J} are static. The fixed charge of an in-house truck
shipment is estimated by using the National average flatbed rate of $2.14 per
mile, and the assumption that each truck travels 5 times in one cycle. We also
assume there is only one 3PL courier, UPS, and each package contains only 1
product with weight 2 pounds. We let ¢;; be 8.759 + 0.846 + 0.001082[;; dollar
per package, which is used to approximate the UPS rate by |Jasin and Sinha

(2015).

u"(Y", a™): The flow response is recorded after simulation completes for one

cycle.

3.4.2.2 Constructing and Selecting the Predictive Model

Next, we numerically illustrate the data-driven prediction framework with the syn-

thetic dataset. First, we use a 5-fold nested cross-valuation to determine the machine

learning method and its hyper-parameters for each predictive model on a dataset

with N = 50 cycles. Table[3.2]shows the average and standard error of MAPE in the
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Table 3.2: Average and Standard Error of MAPE on Flow Response in Nested
Cross-validation.

Myopic Fulfillment Policy

. . Average of MAPE Standard Error of MAPE
Machine Learning Method e q 7 3 fodel 2 [ Model 3 | Model 1 | Model 2 | Model 3
Lasso 12.08 8.48 8.96 0.31 1.77 1.32
Ridge Regression 10.87 8.68 8.96 0.74 1.91 1.32
Decision Tree Regression 10.81 6.97 8.15 1.32 1.06 1.18
Random Forest Regression 8.27 6.16 5.05 1.93 0.93 1.25
SVR with RBF kernel 8.53 6.17 7.66 0.93 1.88 1.68

Probabilistic Fulfillment Policy

. . Average of MAPE Standard Error of MAPE
Machine Learning Method | r a1 4075 T Model 3 | Model 1 | Model 2 | Model 3
Lasso 11.42 8.71 8.42 3.78 1.50 0.93
Ridge Regression 9.64 8.69 8.42 2.81 1.46 0.93
Decision Tree Regression 10.28 6.79 7.64 1.53 0.94 0.35
Random Forest Regression 7.56 5.28 4.11 1.11 0.40 0.51
SVR with RBF kernel 7.55 5.97 6.45 1.79 1.16 1.03

nested cross-validation on the flow response prediction from various machine learning
methods with tuned hyper-parameters for Models 1 through 3. We choose Model 3
with random forest regression because it has the lowest mean of MAPE and a low

standard error of MAPE.

Our study suggests that Model 1 is outperformed by the two proposed predic-
tion models, Model 2 and 3. This verifies our intuition that the new prediction
models improve the prediction accuracy. Notice that our observations of the three
models are consistent regardless of the selected fulfillment policy, which implies the
robustness of the new prediction model. We also tested the robustness of using
network-decomposition when the networks in the dataset are randomly generated.
We observe a similar result in Appendix [B.5]

In addition, we tested the robustness of these observations by varying the sample
size N, and the results are shown in Figure . We find that Model 2 and 3 are

already more accurate when N is small, and increasing sample size N makes all three
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Figure 3.1: Plots of Predictive Models

models more accurate, with Model 1 improving the fastest. Thus, Model 2 and 3 are
more suitable when data is limited.

We can also have a pre-processing stage for Model 3: we first predict the edge-
level flow response for all possible inputs of (m;()), n;(}), yi;) on each edge, and
then store the results in computer memory. Such pre-processing is infeasible for
Models 1 and 2 as their input domains are much larger, requiring a large computer
memory space to store the predicted results, leaving fewer computing resources for
optimization.

Finally, we select Model 3 with random forest regression as the predictive model,
and train it again on the entire dataset to get the final predictive model of our
framework. Figure plots an example of an estimator trained from Model 3.
The plot illustrates the estimated flow response for some activated edge (7, j) with
different possible in-degrees n;(Y) and out-degrees m;()), while fixing all other input
features. The figure shows that, in general, the edge-level predicted flow response is
decreasing in (m;(Y),n;(Y)). This is because higher in-degrees of ¢ or out-degrees of
7 should result in more product allocation to in-house truck shipment, leaving less

volume for the 3PL carrier. Also, we note that the predicted shortfall cost lacks
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general structural properties such as discrete convexity, which is consistent with our

observations of the flow response generated via simulation.

3.5 Network Design with Predicted Flow Response

We next focus on the modified version of the network design problem P in ,
which replaces the unknown flow response by the predicted flow response via Model
3 with random forest regression.

To emphasize the dependence of the prediction on its input features, the predicted
flow response associated with edge (i, 7) given edge-level network configuration feature
Y;;(Y) and edge-level network environment feature oy;; in the current cycle is denoted
by Zij(mi(Y), 1Y), vij) = 2(Yi;(V), o).

The transformed optimization problem is then to minimize the predicted network

cost C()) as follows:

pP: g}nclrgl ) = Z Kij + Z Ti5(mi(V),n;(V), vij) (3.9)
B (4.5)€Y (4,5)€G
s.t. V| < K.

It is in general computationally intractable to solve P exactly. Although the un-
known flow response can be predicted, the prediction function itself usually does not
have a simple functional form. Instead, most of the common machine learning meth-
ods are either black-box models (e.g., neural network), or have a complex functional

form (e.g., decision tree and random forest).

Remark 2. It is worth noting that if Model 1 constructed from ridge regression
or LASSO were chosen as the flow response predictor, then the above optimization
problem would be easy to solve, because the objective function is linear with respect
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to each edge and we can choose the K edges with the lowest objective coefficients.
However, we find the resulting network configurations usually incur a higher cost
i a numerical study because the linear type prediction fails to capture the complex

interrelationships among the activated edges.

We can reformulate Problem P in 1} as a MILP. The details of this formu-
lation is described in Appendix [B.4] For companies with a small-size network, the
problem can be solved in tolerable computational time. However, for major online
marketplaces with more than 100 origins and 100 destinations, such as Amazon, the
MILP would involve more than 100 million binary variables and constraints, which
cannot be solved using off-the-shelf solvers. In this case, a more scalable approach is

necessary.

3.5.1 c-Supermodularity

To develop a scalable optimization algorithm, we consider another approach, lever-
aging on the algorithms in submodular maximization. Assume the objective function
in Problem P is c-supermodular, a notion that generalizes and relaxes supermod-
ularity, we can identify algorithms with theoretical approximation guarantees (see
Section [3.6).

For any element ¢ and set X, let X +¢ = X U{¢}, and X — ¢ = X\{¢}. Denote
by fo(X) = f(X 4+ ¢) — f(X) the marginal changes of adding an element ¢ to X.
Then

Definition 1. A function f :29 — R is called c-supermodular (or c-submodular), if
for every set X,Y with X C'Y C G, element ¢ ¢ Y, and ¢ > 0, we have f4(X) <
fo(Y)+c (or fs(X)+c> fs(Y)). If c=0, then f is supermodular (or submodular).
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Definition 2. Similarly, a function f is called c-monotone on set G if for every set

S C G, element ¢ € G\S, and ¢ > 0, we have fy(S) > —c. If c =0, f is monotone.

We make the following assumption in the remainder of the chapter and show there

exists an upper bound of c.

Assumption 1. The objective function in Problem Pin 15 c-supermodular.

Assumption [I] implies that the marginal reduction in network cost by activating
one more edge decreases when the number of activated edges increases, up to an

additive error term of c.

Corollary 1. There exists an upper bound on ¢ such that Assumption |1 holds. The
expression of the upper bound is provided in Appendiz[B.1.1].

The theoretical performance guarantee (in the next section) can be loose if the
value of cis large. Nevertheless, we find that the theoretical analysis for c-supermodular
minimization problems enables us to design an algorithm that is effective in the nu-
merical test. To provide some motivation for why Assumption [I] and c-supermodular
optimization analysis is helpful, in the next Corollary [2 we introduce a stylized

example where ¢ = 0.

Corollary 2. Assume the network has only 1 destination, unlimited truck capacity
for all edges. If orders can be fulfilled after all demands are realized, then the objective
function in Problem P in 18 supermodular.

Corollary [2l makes two restrictive assumptions, that there is only one destination
and orders are fulfilled after the demand is known (i.e., offline optimization). For the
offline assumption, we note that some effective online fulfillment policies proposed in

the literature have performances close to the offline optimal solutions when the length
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of cycle T is large, see, e.g., |Jasin and Sinhal (2015), Acimovic and Graves (2014).
This intuitively suggests that the network cost under effective fulfillment policies
exhibit similar (approximate) supermodularies. In general, a deeper understanding
of the supermodularities of the network costs in more general settings is an important

future research direction.

3.6 A Hybrid and Scalable Algorithm

In this section, we aim to develop an efficient algorithm to solve Problem P in
, a c-supermodular minimization problem. We first transform the problem into
a non-negative c-submodular maximization problem by replacing the original objec-
tive function by the difference between a constant that upper-bounds the predicted
network cost and the actual predicted network cost. Unfortunately, the new objec-
tive function is not monotone, so we cannot apply existing algorithms that require
monotonicity. Instead, we find it more convenient to study the following general set
maximization problem, which includes our problem as a special case:

€ 1. < .
P Iglgé{f(S) s.t. |S] < K, (3.10)

where f(S) is non-negative, c-submodular, and non-monotone. That is, we aim to
find a subset S of the ground set G, with size no larger than K, that maximizes f.
We use S* to denote the optimal set. Correspondingly, throughout this section, we
use the terms of elements and sets instead of edges and networks.

In Section [3.6.1], we adapt several existing algorithms from the submodular maxi-
mization literature as benchmarks. All these algorithms are “bottom-up” algorithms

in the following sense: Starting from an empty set, we sequentially add an element in
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each iteration to bring some improvement of the objective value in expectation, until
K elements have been added so that the cardinality constraint is binding. In Section
[3.6.2] we develop a scalable algorithm. This algorithm is a “top-down” algorithm in
the following sense: First, we use an unconstrained algorithm to generate a solution
(a set) that has a high objective value but may not be feasible, i.e., may contain
more than K elements. Then, we search for a subset of this initial set until a feasible

subset is reached.

Each of these algorithms will be analyzed for its performance guarantee and com-
plexity. Similar to the submodular maximization literature, we define complexity as
the number of the objective function (oracle) evaluations. In our context, a function
evaluation means using Model 3 to compute the predicted network cost for a given

network configuration. We say an algorithm is linear time if it has complexity O(G).

3.6.1 Benchmarks: Bottom-Up Algorithms

We adapt three algorithms from the submodular maximization literature to our c-
submodular maximization problem as benchmarks. The first is Deterministic Greedy,
which is the classic algorithm and is most intuitive. It starts at the empty set and
adds elements greedily until K elements are added. In each iteration, approximately
G elements are evaluated for the marginal changes brought on the objective value.
Thus, the complexity of this algorithm is O(GK). For a monotone submodular
function, the objective of Deterministic Greedy is known to be at least (1—1/¢e) f(S*)
(Nemhauser et al.[1978), but there is no known theoretical guarantee in the literature
for Deterministic Greedy with a non-monotone objective function.

The second benchmark is Random Greedy, which follows a similar bottom-up

approach as Deterministic Greedy. The difference is that in each iteration, it ran-
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Algorithm 2: Deterministic Greedy.

Initialize: Sy < (. for k =1 to K do

‘ ¢k <— arg maxyeg\ s, fd)(Sk—l)- Sk Sp_1+ gbk
end
return Sk.

Algorithm 3: Random Greedy.

Initialize: Sy < 0. for k=1 to K do
Let My = argmax{} ;¢ f6(Sk-1)[S € G\Sk-1,|S| = K}. Let ¢y, be
uniformly chosen from M. Sy < Si_1 + ¢s.

end

return Sk.

domly adds one element from the K best elements. Its complexity is still O(GK).
It is guaranteed to achieve an objective value of at least f(S*)/e for non-monotone
submodular maximization. This theoretical guarantee can be extended to our c-

submodular maximization problem, as in Theorem [I}

Theorem 1. (adapted from Theorem 1.3 from Buchbinder et al.| (2014)) Let f be a
non-negative non-monotone c-submodular function. Random Greedy has the following

performance guarantee:
/(5] > S F(87) ~ (G + K)e

with O(GK) function evaluations.

While the above two algorithms are intuitive, they are slow from the perspective
of our application as they both need to evaluate the impact of approximately G
elements in each iteration, and G can be large. For this reason, we also consider
a faster benchmark: Stochastic Greedy from Mirzasoleiman et al. (2015). It works
similarly as Deterministic Greedy. The difference is that instead of choosing the best
element among all that are remaining, it first randomly samples s elements from the
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Algorithm 4: Stochastic Greedy.
Initialize: Sy < 0. for k=1 to K do
M, + a subset obtained by randomly selecting s elements from G\Sy_.
Gr < argmaxye s fo(Sk—1). Sk ¢ Sk—1 + Pr.
end
return Sk.

remaining, then chooses the best element from this sample in each iteration. If we
set s = (G/K)log(1/e), then this algorithm has the complexity of O(Glog(1/¢)) and
achieves an objective value at least (1 — 1/e — €)f(S*) for monotone submodular
maximization. However, like Deterministic Greedy, there is no known theoretical

performance guarantee if the objective function is non-monotone.

3.6.2 A Scalable, Top-Down Algorithm

Because our focus is on large-scale e-commerce transportation networks, we are inter-
ested in developing a fast algorithm which is scalable in network size. The re-design
of the network configuration is not a trivial task. Once the network configuration
is decided, it needs to be evaluated by different interested parties, and there will
be feedback on how the proposed network configuration needs to be adjusted. Then
the middle-mile manager needs to rerun the algorithm by incorporating the feedback.
Fast algorithm can thus help speed up this cycle of refining the network configuration.

We present a top-down algorithm, which builds on Double Greedy introduced by
Buchbinder et al.| (2015). Double Greedy earns its name because it works with two
sets in each iteration. In the initial step, it sets Xq = () and Yy = G = {¢1, ¢o, ..., ¢ }-
In iteration k, it determines whether to add ¢, to X;_; while maintaining Yj_; as
is or to remove ¢, from Y,_; while maintaining X;_; as is. As a result, Xg = Yg
after the last iteration GG as both sets agree on every element of G. The objective
of the algorithm then becomes maximizing f(X¢) + f(Ya) = 2f(X¢g). This is done
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by smartly making the adding or removing decision in each iteration to maximize
J(Xk) = f(Xooa) + f(Ve) = f(Yier) = [F(Xe) + F(Ve)] = [f (Xe—1) + f(Yir)]. This
algorithm is scalable with complexity O(G): there are G iterations, and each iteration

k requires two function evaluations.

Algorithm 5: Hybrid.
Step 1: Double Greedy
Initialize: Xy < 0,Yy < G, ¢ < k-th element of G. for k =1 to G do
ap — f(Xpo1 + o) = f(Xp1). bk = f(Vio1 — O) — f(Yion). if ap <0
and b, < 0 then
‘ Pr 1/2.
else if a;, = b, = 0 then
else
| pr = max{ay, 0}/(max{ag,0) + max{bg,0)).
end
with probability p, do: X < X1 + ¢, Y < Yi_1. else (with the
complement probability 1 — pg) do: Xy <— Xy, Vi < Y1 — ¢y

end

Step 2: Set Reduction

if | X¢| < K then

| Let X, = X and skip step 3.
else

Initialize: Sy < Xg, ¢ < k-th element of Sy. for k =1 to |Sy| do
if f(Sk_1) — f(Sk—1 — ¢x) < 0 then
| Sk ¢ Sk—1 — D&
end
end
Let X' = S\So|-
end

Step 3: Stochastic Greedy
if | X'| < K then
| Let X, = X'.

else
We apply Stochastic Greedy on the ground set X’ with the input S} < ()
and output Sy. Let X, = 5.

end

return X,.

Our scalable algorithm, Hybrid, has three steps, including Double Greedy, a set
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reduction process, and Stochastic Greedy. Step 1 applies Double Greedy to find a
good starting set X with a known performance guarantee. Here, different from
Buchbinder et al.| (2015)), we need to consider a new scenario where neither action
will lead to improvement because our objective function is not strictly submodular.
In this scenario, we randomly choose an action from adding and removing (See details
in Lemma . After step 1, X may not satisfy the cardinality constraint. In that
case, the algorithm proceeds to step 2, where we introduce a novel process to remove
some “bad” elements from X, meaning that removing elements that can improve
the objective function. This step can guarantee function f to be sufficiently close to
a monotone function on the remaining set (see details in Lemma (3)). It transforms a
difficult optimization problem with non-monotone objective function into an easier
problem with the almost monotone objective function. The second step has complex-
ity O(G) because it considers the removal of at most G elements. In step 3, we treat
X" as the ground set and apply Stochastic Greedy to find a feasible set with a good
performance guarantee (See details in Lemma [3]).

By setting s = (G/K)log(1/e), step 3 has O(Glog(1/e€)) function evaluations
because it has K iterations and each iteration involves (G/K)log(1/¢) function eval-
uations. As the complexities of step 2 and 3 are linear in GG, Hybrid is also scalable,
with complexity O(Glog(1/e)).

The following theorem summarizes the theoretical results for this algorithm.

Theorem 2. Let f be a non-negative non-monotone c-submodular function. Set

s = (G/K)log(1/e). Hybrid has the following performance guarantee:

K 1 . 3GK 1
E[f(Xr)]Zm<1—g—€>f(S)—m(l—g—€>c—(2—€)K07

with O(Glog(1/€)) function evaluations for any fized e.
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Table 3.3: Approximation Guarantee and Complexity of Algorithms Assuming K =

A J.

Algorithm

Approximation Guarantee

Complexity

Deterministic Greedy

O(GK) = O(IJ2\)

Random Greedy

1f(S*) = (G+ K)c

O(GK) = O(I2J2))

Stochastic Greedy

O(Glog %) = O(IJlog %)

-

—%(1—%—6)6—(2—6)}(6

Hybrid O(G log %) = O(IJlog %)

Remark 3. Random Greedy, Stochastic Greedy and Hybrid are all randomized algo-
rithms. As a result, the output from such algorithms is also random. In practice, one
can first run the randomized algorithm for few times to get several candidate network
configurations, then evaluate their predicted network costs using the predictive model
(or to simulate the network costs using the simulation model if possible). The network

configuration with the lowest cost is used as the final result.

3.6.3 Algorithm Comparison

We now compare the theoretical guarantees and complexities of algorithms consid-
ered in Section and Table provides a summary. To have a better
understanding of the complexity in the context of network design for online market-
places, we assume K = A\I.J where )\ is the proportion of all potential edges that can

be connected.

In terms of the complexity, Hybrid and Stochastic Greedy are on the same order,
while the complexity of Deterministic Greedy and Random Greedy are on a much
higher order. In terms of the theoretical performance guarantee, we assume c is

small and the negative constant term in performance guarantee is negligible. Ran-
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dom Greedy has a better performance guarantee than Hybrid. There is no known
performance guarantee for both Deterministic Greedy and Stochastic Greedy when
the objective function is non-monotone. Notice here we use worst-case analysis to
derive the performance guarantee. An algorithm with a worse performance guarantee

does not necessarily imply it works badly in a numerical study.

Remark 4. Notice that the fastest algorithm above still takes O(G) function eval-
uations, which may still be intolerable for a large network. In practice, however,
the demand of a delivery station is usually served by fulfillment centers in the same
region. Therefore, we can partition the network into subnetworks based on regions
{(Zk, Ti)}, where Y, Ty =1, >, T = J and || = Iy, and |Tx| = Ji. for all k. The
complexity of solving all sub-problems is O()_, IyJy), which is much smaller than

0(G).

3.7 Numerical Study

In this section, we compare the effectiveness of the different algorithms presented in
the previous section in both small and large networks and demonstrate that Hybrid
is scalable.

The numerical study is tested in Python 3.7 on a 4.00 GHz Intel i7 CPU. We set
I = 3 for all networks in this section but vary J in different tests. Model 3 with
random forest regression is used as our predictive model. We also numerically tested
Model 1 and 2 and find they lead to network configurations with higher costs. For
each J, the synthetic dataset is generated using the procedure described in Section
under the myopic fulfillment policy. While not presented in the chapter, we
also tested the probabilistic fulfillment policy and the results are similar.

We use the incumbent network configuration policy for both generating a dataset

87



and benchmarking against our algorithm. More specifically, we use the first 80 cy-
cles (N = 80) to construct the predictive model. For the last 20 cycles, we use all
algorithms introduced in Section together with our predictive model, to generate
network configurations for each cycle. We then compare the cost of the network con-
figurations generated with our algorithm with the network cost under the incumbent

network configuration policy for the last 20 cycles.

Small Systems: We consider a small network with [ = 3,J = 4, K = 6 here.
The purpose of selecting a small network is that we can find the optimal network
configuration via enumeration. We introduce the two performance measures to com-
pare the different algorithms in small systems. Let )¢ denote the derived network
configuration by a specific algorithm a in cycle n, its predicted network cost C (V)
is computed using the predictive model. For the same configuration, we compute the
actual network cost, denoted by C’(y;j), using the average flow response generated
via ten simulation runs, and each run adopts a different realization of the demand
sequence. The first is how good the algorithm is in solving a supermodular mini-
mization problem, measured by the average relative gap Gap, between the predicted
network cost C (V%) and the minimum predicted network cost C" obtained by solving
Problem Pypp in . The second is how good the derived network configuration
is if it is implemented in reality, measured by the average relative gap Gap, between
the actual network cost C'()%) and the minimum actual network cost C™ obtained by
enumerating all possible network configurations and simulating their flow responses.

In other words, we use the following two measures

100 100

Cf a) __ C«n CY a\ __ Cvn
Gap,% = Z %, Gap,% = Z Ln*, (3.11)
n=81 * n=81 *

and a lower value implies better performance.
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Table 3.4: Performance of Selected Algorithms on Small and Large Networks

(a) Small Network with I = 3,.J = 4.

Performance Measure Gap,% | Gap,%
Deterministic Greedy 2.60 3.30
Random Greedy, s = 2 2.89 2.91
Stochastic Greedy | s =3 | 10.95 11.29
s=41| 581 6.19
s=5| 3.29 3.58
Hybrid s=31| 0.23 0.58
s=4| 1.58 0.51
s=5| 1.21 1.13
Incumbent Policy 13.73 12.74
FCTP 6.93 3.94

(b) Large Network with I = 10, J = 10.

Performance Measure Gap3®% | Gap®%
Deterministic Greedy 2.60 -3.33
Random Greedy, s = 10 0.29 5.86
Stochastic Greedy | s = 20 -2.93 -1.01
s=30| -6.79 -1.83
s=40| -8.25 -7.83
Hybrid s =20 -5.12 -1.42
s=30| -6.71 -2.55
s=40| -8.97 -4.62
FCTP 7.31 0.61

For Stochastic Greedy and Hybrid, we consider sample size s € {2,4,6,8,10}. For
randomized algorithms including Random Greedy, Stochastic Greedy, and Hybrid,

we run each algorithm 100 times and use its average performance for comparison.

Table shows the result. Before going through the details, we verify that the
predictions are accurate: the average MAPE of flow response among all developed
network configurations is around 8.90%. Due to the accurate prediction, we first
observe that a lower Gap, usually leads to a lower Gap,. This is intuitive as a

low predicted network cost implies a low actual network cost, given an accurate

estimator. As a result, we can compare Gap, and Gap, of each algorithm at the
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Figure 3.3: Computational Times of Selected Algorithms with I = 3.

same time. Deterministic Greedy generally has the best performance, and Random
Greedy has the worst performance in the majority of the instances. Between Hybrid
and Stochastic Greedy with identical s, Hybrid is slightly better. We also observe
that increasing s improves the performance of both Stochastic Greedy and Hybrid as
these two algorithms are likely to include better elements from random samples with
a larger size. Deterministic Greedy, Stochastic Greedy (s > 8) and Hybrid (s > 6)
are better than the incumbent network configuration policy.

Large System: We consider a larger sized problem with I = 10, J = 10, K = 25.
Due to the scale of the system, it is difficult to obtain the value of the minimum
predicted network cost C’f and the minimum actual network cost C?. Thus, for the

larger system, we use the following two different performance measures:

100 A A 100 ~
C(V5) - C9) C(V5) - C9)
Gapi®% = > - . Gapi®% = > . (3.12)
P T A o & )

where C(Y59) and C*(Y359) are the predicted cost and actual cost of the network
derived by the incumbent network configuration policy.
Table summarizes the results, which is generally consistent with our obser-
vations in Table |3.4(a)|
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Computation Time: Another important performance metric of the algorithm
is computation complexity. For Stochastic Greedy and Hybrid, we set s to be 6. We
fix I = 3, consider J € {4,8,16, 32,64}, and let K = 0.81.J.

In Figure 3.3, we first observe that the time of the linear-time algorithms are not
strictly linear in G. The reason is that Model 3 requires the prediction to be made at
every arc. As a result, the time of making a single prediction increases for increasing
network size. Among all algorithms considered, Hybrid is the fastest for large J,
while Stochastic Greedy is slower than Hybrid. Deterministic Greedy and Random
Greedy are the slowest. This shows that scalable algorithms can significantly reduce

the computation time.

The Performance of Deterministic Approximation: A natural question
is whether the classic deterministic network models can be leveraged to provide a
good heuristic network configuration, instead of using the predictive model. To test
this idea, we optimize the network where the flow response is approximated by the
optimal fulfillment policy when the demand is replaced by its mean value. This
lead to a fixed-charge capacitated multicommodity network design (CMND) problem
with a cardinality constraint. However, this problem is still not tractable in reality
for two reasons: first, the scale of the problem is extremely large due to the scale of
products offered by the online retailer. For example, a typical Walmart supercenter
offers 150,000 SKUs, and Amazon even sold more than 500 million SKUs in 2018
(ScrapeHero| 2018); second, the CMND problem requires the demand prediction of
every product, but the prediction can be inaccurate for most long-tail products.

We can address these two issues by ignoring the product label, then the problem
becomes a fixed-charge transportation problem (FCTP) with a cardinality constraint.
This new problem is an NP-hard problem, but it has a much smaller size than the

CMND problem, and it is much easier to predict the aggregated demand over all
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Table 3.5: Performance of Selected Algorithms with Different SKU-FC Inventory

Assignments.

SKU-FC Inventory Assignment High Low
Performance Measure Gap,% | Gap,% | Gap,% | Gap,%
Deterministic Greedy 2.26 24.11 0.10 2.74
Random Greedy 34.76 61.05 29.68 29.76
Stochastic Greedy, s = 8 7.32 33.39 1.95 4.93
Hybrid, s = 8 5.86 29.10 1.26 3.85
Incumbent Policy 9.14 36.69 17.14 19.65
FCTP 13.42 2.46 12.35 10.69

the products. The derived optimal network configuration can be used as a heuristic

solution, denoted by FCTP.

To test the performance of this heuristic, we consider the same setting as in Table
Recall the setting considers a high SKU-FC inventory assignment: half of the
products are stocked in every FC, and the rest of the products are stocked in 50%
of the FCs. In this setting, the SKU-FC inventory assignment is high, as each FC
holds roughly 75% of the SKUs. We also introduce a new scenario of low SKU-FC
inventory assignment: each product is stocked in only one of the FCs. We continue to
use Gap, and Gap, as the performance measures, and the results are summarized in
Table[3.5f FCTP is the best when the SKU-FC inventory assignment is high; Hybrid
and Deterministic Greedy are the best when the SKU-FC inventory assignment is
low. In reality, the SKU-FC inventory assignment is typically low, as most of the
long-tail products are stocked in a few FCs|Anderson| (2006). This partially explains
why the online retailer we worked with relies on the incumbent policy to modify their
network configuration and also demonstrates the potential value of our approach of

using Hybrid or Deterministic Greedy policies.
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3.8 Conclusion and Discussion

To stay competitive and sustain growth, online marketplaces constantly seek solu-
tions to optimize their transportation networks. However, computing the exact flow
response from the existing fulfillment policy can be very difficult. One of our main
contributions is to identify a class of real-world network design problems where the
network flow and shortfall, determined by a different decision entity within the organi-
zation, are unknown. We develop a data-driven approach to predict the flow response
using network-decomposition, as firms often only have a very small number of sam-
ples on the performances of networks. The network design problem with unknown
flow response can then be approximated as a network design problem with predicted
flow response. One common challenge in data-driven optimization is the computation
complexity. To address this issue, we identify our problem as a c-supermodular min-
imization problem and develop a scalable algorithm which is linear in network size.
This is especially important to an online marketplace with a large-scale network.
We next discuss some potential directions to extend our study. In our predictive
model, we considered a simple set of features to predict the shortfall cost. Given
the data collected by some online marketplaces, the size of a can be larger than
what we considered in this chapter. For a dataset with a large number of features,
an efficient and effective machine learning method needs to be developed. Some
promising methods include representation learning (e.g., Bengio et al.|2013) and

deep learning (e.g., LeCun et al.|2015).
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Chapter 4

A Graph Neural Network Approach for
Supply Chain Systems with Graphical
Structures

4.1 Introduction

In modern times, large operational networks are ubiquitous in supply chains. For

instance, most retailers manage a distribution network connecting factories, ware-

houses, and stores, such as Walmart, Amazon, Target, or any supermarket chains.

Manufacturers also manage complex materials and production networks within and

cross their factories. Examples include:

e Assemble-to-order (ATO) systems. Many computer manufacturers, such

as Lenovo and Dell Computers, assemble computers from component inventories

according to realized customer orders. Each product requires a different set

of components, called the bill of material; and several products may share

one or a few common component(s). Thus, the assembly process comprises

a network structure defined by the bill of material of the final products, as

shown in Figure [4.1(a))). This manufacturing strategy is known as ATO. It

eliminates unwanted final products and exploits the risk-pooling benefit through

component commonality, thus enabling mass customization.

e Process flexibility networks. Many manufacturers, including large automo-

bile manufacturers such as Ford and General Motors, produce multiple products
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Plant Product
Component Product

(a) ATO System (b) Process Flexibility Network
Figure 4.1: Illustration of Materials and Production Networks
from multiple plants (or production lines). A plant that can produce multiple
products is called a flexible plant, whereas a plant that only produces one prod-
uct is called a dedicated plant. A more flexible plant is more expensive but has
the ability to help the company respond to demand fluctuations. Given a set
of products with random demands and a set of plants with fixed capacities,
process flexibility is defined as the product-plant links indicating each plant’s

capability to produce the products. We call such a network a process flexibility

network (see Figure [4.1(b))).

As companies are constantly looking for ideas to improve the design and planning
of their operations, they need to evaluate the operational performances of many
alternative networks, such as the supplier base, number of warehouses and stores,
shipping schedule between warehouses and stores, the number of components and
products, and the degree of commonality. Given any operational policies such as a
transportation plan, a product mix, an inventory policy, a network is evaluated by its
operational performance, like the long-run average inventory cost in the ATO system,
the average profit in the process flexibility system, and the average transportation

cost in the distribution network.
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The performance evaluation of any given network and operational policy first
requires representing the network by a graph, where one typically uses nodes to rep-
resent entities such as customers, facilities, and suppliers, and uses edges to represent
the exchange relationship between those entities, as in Figure To avoid ambigu-
ity, in this chapter, we use the terminology network to denote the real-world supply
chain network and graph to denote the abstract data structure. Also, we define the
operational performance of the supply chain network as the graph-level operational
performance. Our objective is to develop an efficient and effective ML model to

predict the graph-level operational performance.

4.1.1 ML on the Graph

Traditionally, classic operations research tools (e.g., stochastic processes and simula-
tion) have been used for exact or approximate evaluations of graph-level operational
performances. These models can often become computationally expensive or in-
tractable because they involve the evaluation of high-dimensional joint probabilities.
In addition, for analytical tractability, these models usually have to leverage the spe-
cial structure of the network and rely on restrictive assumptions and simplifications.
For example, many studies of ATO systems assume a stationary Poisson process
of customer demand and a simple allocation policy (e.g., the first-come-first-served
rule), while these assumptions may deviate significantly from the practice.

The recent developments in machine learning (ML) have provided some promis-
ing tools for overcoming some limitations mentioned above. The ML approach is
fundamentally different from the classic operation research tools, as it predicts the
operational permanence based on the observed data from the complex system dy-
namics instead of a simplified mathematical model of the system dynamics. As such,
it is assumption-free. Thanks to the availability of massive volumes of data and the
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advancement in CPU and GPU processing, the ML model can generate significantly
more accurate and faster predictions compared to twenty years ago, and has already
achieved success in several operational management applications. For example, |[Liu
et al| (2021)) apply an ML model to predict the expected delay of the drivers in
the order assignment because the drivers’ behaviors are difficult to simulate. Ban
and Rudin (2018)) use an ML model to directly predict the optimal decision in the
newsvendor problem, which does not assume any distributional knowledge of the
demand.

When the learning target is the graph-level operational performance, the standard
approach in the literature is to define graph-level features as inputs and then apply
an ML model, such as multi-layer perceptron (MLP), to construct a graph-level
predictive model. The simplest way of defining the graph-level features is to flatten
the adjacency matrix as a vector, concatenate it with other graph-level attributes.
Another way is to use the adjacency matrix itself and then apply the convolutional
neural network method (Chan et al.[2022]).

However, this approach is not permutation invariant, which means the predic-
tion result is dependent on the arbitrary ordering of the nodes. Thus, the resulting
predictive model is not robust as an arbitrary change in the ordering of the nodes
can lead to a completely different prediction. It also requires careful and hand-
engineered statistics and measures to design the graph-level features. Designing the
graph-level features is ad-hoc and time-consuming, and the designed features are

inflexible (Hamilton![2020)).
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Note: figure copied from Lippe P (2022) UvA Deep Learning Tutorials.
https://uvadlc-notebooks.readthedocs.io/.

Figure 4.2: Illustration of Message Passing Scheme in GNN

4.1.2 Graph Neural Network

Fortunately, there is a new ML model, Graph Neural Network (GNN), which has the
potential to address the above limitations. The idea of the GNN model is to generate
node embeddings, which are vectors to represent the information of a node and its
neighborhood nodes in a low dimensional space. GNNs follow a message passing
scheme to update the node embedding. This scheme is shown in Figure 4.2 where
each node has a vector to represent the current node embedding. The initial value
of the node embedding is the node-level features, such as the demand information
of each product and the supply information of each component in ATOs. Through
message passing, each node updates its embedding by aggregating (such as summing)
the embeddings from its topological neighborhood nodes. The final node embedding
is then transformed into the prediction of the GNN model. GNNs directly use the
graphical structure to compute the node embeddings and capture the dependency
between nodes in the graphical structure. GNNs are also permutation invariant as
the aggregation of the neighborhood node information is not affected by the ordering
of the nodes. Also, the initial node-level features are often easier to define compared

to the graph-level features.

GNN has achieved great success in applications such as social networks, citation

98



networks, biochemical networks, etc. For example, Uber Eats uses GNN on a graph
with users, restaurants and foods and predicts the rank of restaurants and foods
for every user. They observe a performance improvement of over 20% in different
performance metrics in an experiment of implementing GNN (Jain et al.[2019).

Surprisingly, GNN has not been applied to supply chain networks. This may
be because the GNN model is a new tool, and customization is necessary. Another
reason may be that early applications of GNN focus on a learning setting which is
transductive, meaning that the predictive model has access to a single and fixed graph,
and it only needs to predict certain unknown nodes. While the learning setting for
operational performances is mostly inductive, meaning that the predictive model has
access to several graphs with known outputs (i.e., operational performances), and
needs to learn a rule which generalizes to graphs with unknown outputs.

In this paper, we seek to understand the effectiveness of the GNN model as a pre-
diction tool for supply chain systems with graphical structures, Below we summarize

our main approaches and contributions.

4.1.3 Main Contributions

Introducing GNN to supply chain systems. To the best of our knowledge,
our work is the first in the operations management literature to discuss the application
of GNN in supply chains. We show how to formalize the supply chain dataset in the
form of graph-structured data, using ATO systems and process flexibility networks
as an illustration. We also provide detailed implementation of the GNN algorithms
which tailors to these two systems and demonstrate their effectiveness.

Customization of the GNN Model. For applications of the GNN model to

supply chain systems, we discover that two customized approaches are more effective.
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One is the decompose-then-aggregate prediction approach. Another is the edge-node

graph transformation method. We specify them below.

e Decompose-then-aggregate prediction approach. When using GNN to predict
graph-level performances, the standard approach in the GNN literature is to
use graph-level inputs. Deviate from this common practice, our research takes
two decompose-then-aggregate prediction approaches — the node-level and edge-
level approaches, even though the ultimate output of the GNN model is the
prediction of the graph-level performance. This is motivated by our observation
that the performance of a large operational network can often be measured by

aggregating the node-level or edge-level operational performances.

Specifically, the node-level approach takes node-level features as inputs to make
predictions of node-level performances, and then aggregates these predictions
together to derive the prediction of the graph-level performance. Here, the way
of aggregating node-level predictions needs to be consistent with the way of
aggregating node-level performances for the graph-level performance. For in-
stance, in an ATO system, this approach first predicts node-level performances,
which are the long-run average inventory holding costs at every component and
back-ordering costs at every product. Because the graph-level performance is
the long-run average total inventory cost, which is the sum of the node-level
performances, we obtain the prediction of the graph-level performance by sum-

ming the node-level predictions.

We adopt the GraphSAGE models proposed by Hamilton et al.| (2017) as the
base GNN model, as GraphSAGE is particularly simple and effective for graphs
that have rich node attribute information.

Similarly, the edge-level approach takes edge-level features as inputs to make
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prediction of edge-level performances, and then aggregate these predictions to-
gether to derive the prediction of the graph-level performance. For instance,
in a process flexibility network, this approach first predicts the edge-level per-
formances, which are the average profits at every plant-product edge. Because
the graph-level performance is the average total profits, which is the sum of
the edge-level performances, we obtain the prediction of the graph-level perfor-

mance by summing the edge-level predictions.

FEdge-node graph transformation method. For edge-level prediction, we intro-
duce a graph transformation approach so that the GraphSAGE model on the
transformed graph is designed for directly making edge-level predictions. This
is different from the common approach of transforming the node-level outputs
from GNNs into edge-level predictions. The GraphSAGE model only utilizes
the information of the neighborhood nodes, while the GraphSAGE model on

the transformed graph can utilize the information of the neighborhood edges.

Numerical Experiments and Insights. We design a numerical experiment to

compare our tailored GNN model with the edge-node graph transformation against

several benchmarks, including the base GNN model and other traditional ML ap-

proaches, such as the bag of nodes and edges, convolutional neural network and

random forest. In particular, we use ATO systems to illustrate the scenario where

the evaluation of the operational performance can be node-level, and use process

flexibility systems to illustrate the scenario where the evaluation of the operational

performance can be edge-level.

We find the base GNN model to be accurate for node-level prediction, while our

GNN model with the proposed edge-node graph transformation to be beneficial for

edge-level prediction. Through comparison of different ML models, we also find that
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ignoring the graphical structure results in a substantial loss in prediction accuracy.

We also compare the performance of the graph-level prediction. Although some
ML applications, including GNNs, can directly predict the graph-level performance,
our study reveals that for several supply chain applications, it is more accurate to

adopt the decompose-then-aggregate prediction approach.

4.2 Literature Review

Our work is related to the literature on the GNN and applying the ML model to the

supply chain system.

GNN. The concept of the GNN was first proposed in Gori et al,| (2005) and
Scarselli et al.| (2008)). The GNN model learns the embedding of individual nodes via
aggregating information from its topological neighborhood nodes. In this process,
both the structural information about the graph and the features of the neighborhood
nodes are explicitly captured. The advantage of the GNNs is that it can leverage node
features compared to other embedding methods such as matrix factorization (Shen
et al./|2018] Yang et al.|2018) and random walks (Perozzi et al.[[2014)). There are many
popular GNN variants, such as GCN (Kipf and Welling/2016), GAN (Velickovi¢ et al.
2018) and GraphSAGE (Hamilton et al.|2017)). We refer the reader to|Wu et al.| (2020)
and [Zhou et al.| (2020) for a detailed review of GNNs.

While there is a rich literature on the GNN model, the edge-level predictions
are less studied. The standard approach to derive the embedding of an edge is to
concatenate the embeddings of two adjacent nodes. However, it ignores the essential
edge features from the neighborhood edges. |Gong and Cheng| (2019) introduce an
attention mechanism to explore edge features, but it is designed for node-level pre-

diction, i.e., the edge information is used to improve the prediction accuracy of the
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nodes embeddings. We proposed an edge-node graph transformation approach where
each edge uses the information from the neighboring edges to improve the prediction

of its edge embedding.

ML application in supply chain systems. The application of ML in the
evaluation of supply chain systems has seen rapid development. |Ang et al. (2016)
propose a Q-Lasso method to predict the wait time in the emergency department.
Shang et al.| (2017) use Bayesian statistics to predict the transport risk, defined as the
deviation of the actual arrival time from the planned arrival time, in cargo logistics.
Cui et al.| (2018) use different ML models with social media information to predict
daily sales for an online retailer. |Guo et al.| (2021)) use the regression tree to predict
passengers’ connection times at an airport. Salari et al. (2022)) use the regression
tree to predict order delivery time in online retailing. |Chan et al.| (2022) study the
prediction of the expected maximum network flow in the process flexibility network.
They follow the traditional approach where graph features are first defined and then
a standard ML model is applied. They use the adjacency matrix as the graph-
level features for a convolutional neural network since the adjacency matrix can be
considered as grid-like inputs, but they do not consider other attributes of the graph.
Chen et al. (2020)) study the prediction of the expected third-party shipment cost
in the e-commerce fulfillment network. They define edge features include the node
degree at the origin and destination of the edge, then use the random forest model
to predict the shipment cost at each edge. Recently, there have been works which
directly learn the optimal decision in the supply chain systems. Ban and Rudin
(2018) study the feature-based newsvendor problem and demonstrate the benefits
of using the empirical risk minimization approach to solve the newsvendor problem
with feature data. Bertsimas and Kallus| (2020)) study the learning of the optimal

decision of a conditional stochastic optimization problem with imperfect observations.
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Bravo and Shaposhnik| (2020)) propose a framework for mining the optimal policies in
several operational problems. |Wei et al.| (2021)) use reinforcement learning to identify
the optimal solution to the flexibility design problems. Alternatively, [Elmachtoub
and Grigas (2017)) and |[Elmachtoub et al.| (2020)) consider a ”predict, then optimize”
framework to construct loss functions which minimize the decision error instead of
the prediction error.

However, these works do not explicitly utilize the graphical structure in learning.
Our work fills this gap by focusing on the GNN method which considers the node at-
tributes and uses the structure of the graph to improve learning. We show that GNN
has a better performance compared to the traditional ML approaches in predicting

the operational performances of the supply chain systems.

4.3 Model Setting and Preliminaries

In this section, we first define the notation of graphs and provide several examples.

Then we introduce the idea of the GNN model.

4.3.1 Graph Data Structure

For the supply chain networks considered in this paper, we assume that their graphical
representations are bipartite. Specifically, each graph representation contains nodes
belong to two categories: supply nodes which offer inventory, suppliers, service, etc.,
and demand nodes represent customer orders. The graph is denoted by G(V;, Vy, E)
with a set of supply nodes V,, demand nodes V,, and edges E. We also define set of
nodes V' = V, U V,. The size of the supply nodes and demand nodes are m and n,
respectively.

For a given supply chain network with graphical representation G, we denote its
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operational performance by o(G), which we also refer to as the graph-level perfor-
mance. For example, the operational performance can be the average cost over time
in an ATO system. In many supply chain systems, the graph-level performance o(G)
can be easily decomposed into operational performances of individual nodes o(v) or
edges o(i, 7). For example, the operational performance of an ATO system is the sum
of the average inventory holding cost on components and the average backorder cost
on products.

The nodes in the graph have their own characteristics, which are summarized in
node features x,. We also assume nodes have homogeneous node features. Even if
the nodes may have different attributes categories, we can let node features contain
all attributes categories and we set the attribute to 0 if the corresponding category

does not apply to the node.

Next, we describe the graph data structure for the two supply chain systems we
study.

ATO system. V; is the set of components and Vj is the set of products. F is
the bill of the materials, which specifies the configuration of the components for each
product. The product j follows a Poisson process with rate A;. The unfulfilled order
of product j has a backorder cost rate b; and the holding inventory of component ¢
has a holding cost rate h;. The component ¢ has a lead time L;. We consider a system
following a first-come-first-served allocation rule and a constant base-stock policy for
inventory replenishment. Vector s = {sy,...,s,,} is the vector of the base-stock
levels. During the period of the observation, I; is the average number of on-hand

inventory of component i, and B7 is the average number of backorder of product j.

The graph-level operational performance, o(G), is the long-run average total in-
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ventory cost

D hili+ Yy bB. (4.1)
i€V JeEV,
Note that the long-run average inventory holding cost h;I; on component i and
backorder cost b; B’ on product j are the observed node-level operational performance
o(v). In this case, o(G) = > cry v,y 0(V)-

The node features x; at supply node ¢ contain attributes such as L;, s;, h;, Z( Aj.

1,j)€S
The node features z; at demand node j contain attributes such as b;, A;, Z(m)es S;.

Process flexibility network. V; is the set of supply plants and V is the set of
product demands. FE is the network design. While the plant has fixed capacity C,
demand of product have () scenarios. The profit margin fulfilling product demand j

from plant 4 is p;;. The production starts after the demand is realized.

The graph-level performance, o(G), is the average total profit among all @) sce-

narios. To compute their values, we first solve the following problem

1
PR D "
ffj,(l,])esaqzlv"WQ Q (4,7)€S8,¢=1,...,Q

s.t. ijgd?,je%,qzl,...,Q

i€Vs

Z G <sin,ieVioqg=1,...,Q

JEVY
<y fh >0, ) € Brg=1,...,Q
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Note that we can split the profits among plants and products

o(i) = aZfz'j,iE Vs

JEVY

o(j) = (1 _a>Zfij7j € Va

i€Vs

where a is the split factor. In this case, o(G) = 3_,c(v.ov, 0(V)-

However, the value of the node-level performance is dependent on our approach to
split the profits between plants and products. It is more intuitive to focus on the edge-
level performance o(i, j), which is the average profit on each arc, éz 4=1...0 fiipij-
This edge-level performance is clearly defined and we have o(G) = >_; cp 0(i, j).
d?. The

The node features z; at supply plant ¢ contain attributes such as ¢;, > (i.)esq &5

node features z; at demand node j contain attributes such as > dj, >, ;s ci-

4.3.2 GNN model

GNN utilizes a message passing scheme to exploit the graphical structure. We first
introduce the message passing scheme by assuming that the model has already been

trained and that the parameters are fixed.

Algorithm [6] introduces how the node embeddings are generated in the message
passing scheme. The vector message of node v, h¥, is initialized as x, at the beginning
of iteration 0, and then the messages are exchanged between nodes and updated.
During iteration k, each node v aggregates the embeddings from its neighborhood
N(v) to generate h?v(v). Then both hf\,(v) and the previous embedding h*~! are used
to update the new embedding h*. After K iterations, hX is the final embedding for

the node.

Here, the number of iterations K is the number of times that the messages are
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Algorithm 6: Message Passing Scheme

Inputs: Graph G(V, E); input features {x,,v € V'}; the number of iterations
K, aggregate function AGG, activation function o, neighborhood function
N :v — 2V, weight matrix W

Output: h v eV

hY + x,,0 €V

for k=1 to K do

for v € V do

hzv(v) — AGG(hE1 u € i\f(lv))k

hy < o(W - CONCAT (hy~ ,hN(U)))
end

end

passed. The aggregate function AGG decides how the node embeddings are aggre-
gated. The activation function o is useful for learning non-linear relationships. Some
common activation functions are relu, sigmoid, tanh; and some common aggregate
functions are mean, pool, gen and Istm. The neighborhood function N(-) returns
the nodes connected to a given node. We assume the choices of these parameters are
fixed. The weight matrix W is assumed to be trained and thus are also known values.

We provide more details about how to decide these values in the next subsection.

Note that the activation function does not require the ordering of the nodes in
the neighborhood, so GNNs are permutation invariant.

The quantity X is the embedding of node v. Recall the operational performances
can be edge-level in the process flexibility network. This is inconsistent with the
node-level embedding. A common approach to address this issue is to define the edge
embedding by concatenating the node embeddings and edge features w(; ;) if they
exists

hiy = (A 26.5) (4.3)

R )
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Node level Edge level

Figure 4.3: Illustration of the Node-level and Edge-level Prediction

Note that the embedding is still a vector and we need to further transform it to the
final prediction. The transformation is dependent on the prediction task. Figure
shows node-level and edge-level predictions. We next explain the design of another
layer for transforming the embedding to final predictions at different levels.

Node-level predictions. We use a multi-layer perceptron (MLP) to construct
the final predictions. We consider such an MLP in Figure f.4 Inside the MLP, the
first layer is the input layer, which corresponds to h(v) = hX. Each node, hy(v),d =
1,..., D, represents one feature of h(v). The second layer is a hidden layer with a
prescribed size L. The third layer is the output layer with a single node. Between
the input and the hidden layer, there is a weight matrix U. Between the hidden
and output layer, there is a weight matrix U’. There are 2 activation functions ¢ (-)
and ¢o(-). We assume the activation functions are known and the weight matrices

U and U’ are already trained. For v € V', we define the transformation of the final
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embedding as

(4.4)

(4.5)

Figure 4.4: Illustration of MLP for Node-level Prediction.

Edge-level predictions. We construct a similar MLP for the final prediction,
which is shown in Figure . The first layer in the MLP corresponds to h(i, j) = h{f i)
Each node, h4(i,j),d =1,..., D, represents one feature of h(i, ). For (i,j) € E, we

define the transformation of the final embedding as

w(i,j) = gbl(éUdlhd(i,j)),l: 1,...,L, (4.6)
plij) = cb(ZU(J)) (47)

The final output from the GNN model is p(i, j) on each edge (i,7) € E.

Graph-level predictions. We first apply a sum pooling layer to get a graph-
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Figure 4.5: Illustration of MLP for Edge-level Prediction.

level embedding,

hes = hE. (4.8)

veV

The use of the sum pooling layer is because the graph-level performance in sup-
ply chain systems can usually be calculated as the sum of the performances from
individual edge and node. It is not necessary to consider more complex approach to
compute the graph embedding.

We then construct a similar MLP for the final prediction, which is shown in
Figure The first layer in the MLP corresponds to h(G) = h&. Each node,
hq(G),d =1,..., D, represents one feature of h(G). We define the transformation of

the final embedding as

D

w(G) = ¢1(2Udlhd(a)),z =1,...,L, (4.9)
d=1

L

p(G) = gbg(;Ul'ul(G)). (4.10)
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The final output from the GNN model is p(G) on graph G.

Figure 4.6: Illustration of MLP for Graph-level Prediction.

Next, we illustrate the prediction process in the GNN model using different ex-
amples. For simplification, we consider the update of the node embedding being
simply the mean value of the previous node embedding and the mean embeddings
from the neighborhood. Furthermore, we consider only 1 iteration in the message
passing scheme. For the node-level prediction, we directly use the results of the
message passing, the node embedding, as the prediction output. For the edge-level
prediction, we directly use the mean value of the edge embedding as the prediction
output.

We first introduce two examples commonly used by the ML community. We note
that the training setting for the first two examples is transductive, meaning that the
learning algorithm is performed within a single and fixed graph.

Transductive, citation network, node-level. We consider a simplified cita-
tion network (see Figure . Each node represents an academic paper and each
edge represents the paper-paper citation relationship. We assume the green nodes

are papers published in an ML journal and orange nodes are papers published in all
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Figure 4.7: Example of GNN: Node-level Prediction in Citation Network

other journals. Everything is known except the categories of papers 4, 5, 6, which
are the predicted targets. The initial embedding can be a binary value to indicate

whether “machine learning” appears in the keywords. Here, h® = [1,1,0,1,1,0].

In message passing, we update the final embeddings of node 4, 5, 6 and have

hy = 0.5-hi+05-h) =1, (4.11)

hY + hY + R

hi = 0.5-h2+0.5- = 0.83, (4.12)

h = 0.5-hg+0.5-h3 =0, (4.13)

which is h' =[1,1,0,1,0.83,0].

We set a classification rule: for each node, if the value of the final node embedding
is above 0.5, then the paper is an ML paper; otherwise, it is not an ML paper. Then
nodes 4 and 5 are classified as papers published in ML journals, while node 6 is a

paper published in some other journal.

Transductive, citation network, edge-level. The next example is based on
the same context as the previous example. Here, the goal is to predict whether one
paper has any citation relationship with another paper. Everything is known except
the citation between paper 2 and paper 5, which is the predicted target. Here,
h' =[1,1,0,1,1,0], and similarly we have h! =[1,1,0,1,0.75,0].
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Figure 4.8: Example of GNN: Edge-level Prediction in Citation Network

We set a classification rule: for each edge, if the mean value of the final node
embeddings of the adjacent nodes is above 0.5, then we predict there is a citation
relationship; otherwise, there is no citation relationship. Thus, we predict paper 2

has a citation relationship with paper 5.

Next, we identify two examples of applying GNN in supply chain systems. We
note that in our examples, the training setting is inductive, meaning that the learning
algorithm is performed to deal with multiple graphs.

Inductive, ATO system, node-level. For example, Figure use new
graph (also for the next graph) can be seen as an ATO system where the task is
to predict the average inventory cost at each node. Different from the classification
tasks considered in the GNN literature, the prediction of the node-level operational
performances is often a regression problem.

Inductive, process flexibility system, edge-level. Figure 4.9(b)| can be seen
as a process flexibility network where the task is to predict the average profit at each
edge. Different from the link prediction tasks considered in the GNN literature, the

prediction of the edge-level operational performances is often a regression problem.
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Figure 4.9: Examples of GNN: ATO and Process Flexibility System
4.3.3 Learning the parameters of GNIN

In the previous subsection, we assume all parameters in GNN are known. Here, we
discuss how to learn these parameters.

For machine learning models, there are two types of parameters: model param-
eters and hyperparameters. Model parameters are part of the model. They are the
parameters which can be learned by solving an optimization problem to minimize the
loss function, which measures the gap between the observed data and predictions.
They include the weight matrix ¥ in message passing and weight matrix U and
U’ in MLP. Hyperparameters are external to the model, They include the number
of iterations K, choice of the aggregate function AGG and activation function o in
message passing, the size of the hidden layer L in MLP. They are manually set before
the model starts training.

To optimize the model parameters, we first construct a loss function as the ob-
jective function of the learning problem. We then apply a standard optimization
method, such as gradient descent, to minimize the loss function.

For example, consider learning model parameters for the predictive model of node-
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level predictions, the loss function on a single graph is defined as

> (o(v) = p(v))?, (4.14)

veV

where o(v) is the observed operational performance on node v. We then apply gra-
dient descent to solve the following problem.
min (o(v) — p(v))2. (4.15)

w,U,U’
veV

We first initialize the model parameters by default values, then repeat the following
process: (i) We follow the steps described in the previous subsection to derive the
final predictions p(v) on each node, and this step is denoted as forward propagation.
Then we are able to evaluate the loss function and its value implies how to adjust
the model parameters. (ii) We compute the current gradient of the loss function and
use it to update the model parameters. This step is known as back propagation. The
forward and backward propagation are repeated until the termination condition is

met, and we then get the optimized model parameters.

Similarity, we can define the loss function for other levels of predictions. For
edge-level predictions, recall the observed operational performance on edge (,j) is

0(i,7). Then the loss function is defined as

S™ (0li,5) — pli ) (4.16)

(3,7)EE

For graph-level prediction, recall the observed operational performance on graph G

is o(G), then the loss function is defined as

(o(G) — p(G))*. (4.17)



For hyperparameters, they are usually tuned via cross-validation. We manually
compare the model performance under different choices of the hyperparameters. We

have introduced a detailed nested cross-validation framework in Appendix

4.4 Customization of GNN Model for Supply Chain Net-
works

For the standard GNN model, we find that the loss function used for the graph-level
prediction only utilizes the observation of graph-level performance. However, we
can observe node-level or edge-level operational performances in many supply chain
systems. Therefore, it is interesting to incorporate these observations to improve
the prediction accuracy of the GNN model. Another finding is that the common
approach to obtain the final edge embeddings in the GNN model is to aggregate
the final embeddings of adjacent nodes and the edge features. This approach only
utilizes the features of the predicted edge. In reality, the neighborhood edges also
contain rich information. In fact, the edge features are usually more informative
than the node features because it is straightforward to define the edge features by
combining the features of the adjacent nodes. The question to ask is how to utilize
the neighborhood edges information to update the edge embeddings. We propose an

edge-node graph transformation approach to address this issue.

4.4.1 Decompose-then-aggregate Prediction Approach

Recall that for graph-level prediction, the standard approach is to create a predic-
tion p(G) for the graph-level performance o(G) and then minimize the squared loss
between these two values. We can also observe o(v) on each node for supply chain

systems such as ATOs, and o(i, j) on each edge for systems such as process flexibility
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networks.

We propose to use GNN for the node-level prediction and adopt the node-level

loss function if we have node-level observations,

> (o(v) = p(v))?, (4.18)

veV

and use GNN for the edge-level prediction and adopt the edge-level loss function if

we have edge-level observations,

> (o(i, 5) = p(i, 5))*. (4.19)

(i,9)EF

4.4.2 Edge-Node Graph Transformation

Motivated by message-passing algorithms proposed for weighted matching and min-
cost flow problems (see e.g., Bayati et al. [2008, Gamarnik et al. 2012), we propose
an edge-node graph transformation which converts the edges in the original graph
as nodes in the transformed graph. When applying GNN on the transformed graph,
learning the information from the neighborhood node in the transformed graph is
equivalent to learning the information from the neighborhood edges in the original
graph. Therefore, this transformation allows us to exploit the information on the
neighborhood edges and get the embeddings of the edges in the original graph.

We next introduce the transformation approach defined in Algorithm [7] For each
edge (7, 7), we convert it into two nodes 7 — i and ¢ — j in the transformed graph.

The edges in the transformed graph is defined by the following rule
j — 1 connects to i — j'if i =i
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Note that edges in the transformed graph is directed. This is to reflect the dif-
ference between neighborhood edges. Some edges are neighbors because they share
a common supply node, while others share a common demand node.

The idea of transformation is illustrated using a 2 by 3 network in Figure [£.10]
For example, edge (1,3) in the original graph has two neighboring edges (1,4) and
(2,3). Its corresponding node in the transformed graph are 3 -+ 1land 1 — 3. 3 — 1
has neighborhood node 2 —+ 3 and 1 — 4; 1 — 3 has neighborhood node 3 — 2 and
4 —1.

We denote GNN on this transformed graph as GNN-TD. We also consider ad-
justing Algorithm [7] by considering edges as undirected. Note that if we restrict the
predictions at (7, j) and (j,¢) as identical, then it is equivalent to the line graph trans-
formation shown in Appendix We denote GNN on the undirected transformed
graph as GNN-TU.

Algorithm 7: Transformation Approach
Inputs: Graph G(V, E)
Output: Graph G(V', E’)
= {j—ii—j.(i,j) €E}E =
for (i,j) € E do
for (7/,j') € E do
1f( j)# (',5") & i =i’ then
| A d(j—>zz—>j)1ntoE’

end
end

end

4.4.3 Customized Loss Function

The transformed graph raises a new issue in constructing the loss function. The loss
function we consider for GNNs is the mean square error of the node-level predictions
for all nodes in a graph.
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Original graph Transformed graph

Figure 4.10: Illustration of the Edge-node Graph Transformation.

However, the predictions in the transformed graph are not unique. For example,
edge (i,7) in the original graph has two corresponding nodes j — ¢ and ¢ — j in
the transformed node set V' and we denote them as v; and v,. In some sense, the
model is overparameterized as there are many sets of values of p(v;) and p(ve) that
minimizes the overall loss. Thus, we add a regularization to penalize the difference
between p(v1) and p(vy). We define the terms related to (7, 5) in the loss function as

(p(v1) = p)* + (p(v2) — P)*
2

(o(i,5) —p)* + 0 (4.20)

where

2
For example, for the observed edge-level statistic o(1,3) in the original graph

from Figure [£.10, node 3 — 1 and node 1 — 3 in the transformed graph generate

predictions p(3 — 1) and p(1 — 3). Then in the loss function, the terms related to
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the observation o(1,3) is

(3= 1) —p)* + (p(1 = 3) - p)*

2

(o(1,3) — p)* + 60

The second term is a regularization term and @ is a hyperparameter which controls
the amount of penalty associated with the discrepancy between p(v;) and p(vs). The
purpose of this regularization is to reduce the gap between p(v;) and p(vy) as a larger

gap increases the value of the loss function.

4.5 Numerical Tests

In this section, we compare the effectiveness of our proposed GNN-TD, GNN-TU,
GNN-N and GNN-E against different benchmark ML models, including the bag of
nodes or bag of edges (denoted by BAG), convolutional neural network (denoted by
CNN) and random forest with node-level and edge-level predictions (denoted by RF).
We also consider the base GNN model which directly makes graph-level prediction
(denoted by GNN-G). The benchmark models are introduced in details in Appendix
[C.2] The comparison is conducted on synthetic datasets generated from ATO systems
and process flexibility networks. We report the node-level predictions in ATO systems
and edge-level predictions in process flexibility networks. The graph-level predictions
are reported in both ATO and process flexibility systems.

The above ML models are different in the level of the prediction (Table [4.1).
GNN-G, CNN and BAG only work for the graph-level prediction and both their
input features are graph-level. The rest of the ML models can first predict both
the node-level or edge-level performances, and the aggregate the predictions for the

corresponding graph-level prediction. In particular, GNN-TD, GNN-TU, GNN-E can
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Table 4.1: ML Method and its Input and Output

Method Explanation Decompose-then-aggregate | Transformed Graph
GNN-TD | GNN on directed transformed graph Yes Yes
Our GNN-TU | GNN on undirected transformed graph | Yes Yes
Approach | GNN-N | Node-level GraphSage Yes No
GNN-E Edge-level GraphSage Yes No
GNN-G Graph-level GraphSage No No
Benchmark RF Random Forest Yes No
BAG Bag of nodes or bag of edges No No
CNN Convolutional neural network No No

Table 4.2: Datasets for Supply Chain Systems

Supply Chain Systems Datasets
ATO system 10x10 8x16 12x12

1 Obermeyer | JG Rand10x10
Process flexibility network - 45 I8 T Rand17x17 | Randi2x21

work for edge-level prediction. GNN-N can work for node-level prediction. RF can

work for both node-level and edge-level prediction.

4.5.1 Experiment Setting

We use a 5-fold nested cross-validation approach to conduct the comparison. The
nested cross-validation follows a version proposed by |[Errica et al.| (2019)) and is ex-
plained in details in Appendix We consider an inductive learning setting that
each dataset contains 100 graphs. All these numerical studies are tested in Python
3.7 on a 4.00 GHz Intel i7 CPU.

Data. We consider two different applications: ATO system and process flexibility
network. The objective of the test on the ATO system is to compare ML models for
node-level prediction. The objective of the test on the process flexibility network is
to compare ML models for edge-level prediction. For each application, we consider
several datasets in Table [4.2] The detailed generation of the dataset is introduced in
Appendix

Hyperparameters. For hyperparameter tuning, we have a large hyperparameter
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space. To avoid the exhaustive search over the entire space, we perform a randomized

search cross-validation by evaluating 40 uniformly random points in the space.

We introduce the hyperparameters and its selection range below. These ranges

are common values for GNN.

e Related to message passing: The number of iteration in message passing is se-
lected from {0,1,2}. We select the size of the hidden layer in MLP, L, from
{32,64,128}. For aggregate function, we select from {mean, pool, gen}. Acti-

vation function is selected from {relu, sigmoid}.

e Related to optimization: To apply standard gradient descent, we use the learn-
ing rate to control how quickly the model is adapted to the problem. We apply
a learning decay rate strategy which is time-based decay with an initial learning
rate of le-2 | reduce factor 0.8, and patience value 40 for all GNN type models.
The batch size is the number of graphs we use in one epoch to train the GNN
model, which is selected from {1,2,4,8}. The number of epochs is the number

of times our model go through the entire dataset, which is set as 300.

e Related to regularization: To reduce overfitting and improving the general-
ization, we use dropout regularization and the dropout rate is selected from
{0,0.1,0.2}, and consider L2 regularization where the coefficient is selected
from {0, le-1,1e-2}. For the regularization to reduce overfitting on our trans-

formed graph, 6 is selected from {,0,1,2}.

Performance measure. The performance measure is the average weighted mean
absolute percentage error (WMAPE) for graph-level, node-level and edge-level pre-
dictions across graphs in the test folds. To reduce the fluctuations in our reporting,

we use the average prediction over the last 20 epochs as the final prediction.
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Table 4.3: Node-level Prediction Performance Comparison (WMAPE, %) for ATO

System
Our Approach | Benchmark
Datasets ONNN R
10x10 6.53 7.63
8x16 9.51 11.24
12x12 6.77 8.23
Average | 7.60 9.03

4.5.2 Results

We discuss the comparison results for the two applications separately.

ATO system. The node-level comparison results are shown in Table |4.3[and the
graph-level comparison results are shown in Table

From Table 4.3|, we observe the performance of different ML models for node-level
predictions for ATO systems. GNN-N has a consistently lower average WMAPE
(7.60%) than RF (9.03%). This is consistent with its superior performance in other
contexts of node-level predictions from the ML literature.

Table reveals the differences among ML models for the graph-level prediction.
We find that models following the decompose-then-aggregate prediction approach
(GNN-N with 2.36% and RF with 3.33%) have a consistently lower average WMAPE
than predicting the graph-level performance (GNN-G with 3.52%, CNN with 6.32%
and BAG with 6.05%). This implies the benefits of starting with node-level predic-
tions.

Process flexibility network. From Table [4.5] we compare the ML models for
edge-level predictions in process flexibility systems. GNN-TD has the lowest average
WMAPE (28.00%). It is more accurate than GNN-TU for 4 out of 6 datasets,
which shows that the transformed graph improves the prediction accuracy of its

undirected counterpart. Note that GNN-E (41.90%) is not doing well here. This

124



Table 4.4: Graph-level Prediction Performance Comparison (WMAPE, %) for ATO

System
Our Approach Benchmarks
Datasets -axyoy GNN-G [RF | CNN | BAG
10x10 2.21 3.01 298 | 7.14 | 5.54
8x16 2.75 5.35 3.75 1649 | 7.75
12x12 2.13 2.20 3.27 | 5.34 | 4.86
Average | 2.36 3.52 3.33 1632 | 6.05

may be because it requires an extra step to transform the node-level embeddings
to edge-level embeddings, which adds more complexity to the training of the GNN

model.

Table [4.6| shows the corresponding comparison for the graph-level prediction. We
find that models following the decompose-then-aggregate prediction approach (GNN-
TD, GNN-TU, GNN-E and RF) is more accurate than directly predicting the graph-
level performance (GNN-G, CNN and BAG), except the average WMAPE for GNN-
E (16.79%) is between CNN (17.68%) and BAG (14.90%) and larger than GNN-G
(11.34%). The improvement in the average WMAPE from GNN-G to GNN-TD
(5.10%) and GNN-TU (5.88%) also highlights the benefits of the consideration of the
information of the neighborhood edges. The reason for GNN-E being less accurate
than GNN-G may be still because the extra transformation in GNN-E. We also
observe that GNN-TD has better performance than GNN-TU for 5 out of 6 datasets,
which again shows the importance of considering the direction in the transformed
graph.

In summary, we observe that it is better to follow the decompose-then-aggregate
prediction approach, compared to directly predicting the graph-level performance.
The base GNN model is the most accurate for node-level predictions. For edge-level
predictions, the base GNN model does not perform well, but our proposed GNN-TD
and GNN-TU are consistently more accurate than other MLL models. These results
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Table 4.5: Edge-level Prediction Performance Comparison (WMAPE) for Process
Flexibility Network

Datasets Our Approaches Benchmark
GNN-TD | GNN-TU | GNN-E | RF

Obermeyer | 44.19 40.80 53.97 52.51

JG 24.69 25.19 39.47 47.64
Rand10x10 | 21.80 22.23 30.88 25.56
Rand6x43 | 28.96 31.31 45.23 25.65
Rand17x17 | 21.64 21.12 43.31 29.76
Rand12x21 | 26.70 28.02 30.37 38.56
Average 28.00 28.11 35.25 41.90

Table 4.6: Graph-level Prediction Performance Comparison (WMAPE, %) for Pro-
cess Flexibility Network

Datasots Our Appraoches Benchmarks
GNN-TD | GNN-TU | GNN-E | GNN-G | RF | CNN | BAG
Obermeyer | 8.43 7.83 19.74 9.62 7.87 | 14.34 | 13.73
JG 4.04 4.94 17.81 4.88 5.24 | 16.62 | 6.85
Rand10x10 | 4.88 4.95 8.72 14.94 6.86 | 27.50 | 19.63
Rand6x43 | 4.89 6.56 19.63 10.75 4.16 | 12.26 | 14.96
Rand17x17 | 4.32 4.55 24.19 14.12 5.93 | 17.35 | 16.35
Rand12x21 | 4.05 6.46 10.66 13.75 5.62 | 18.01 | 17.87
Average 5.10 5.88 16.79 11.34 5.95 | 17.68 | 14.90
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highlight the importance of utilizing the graphical structure and the neighborhood
edge information in learning and avoid the extra transformation from node embed-

dings to edge embeddings.

4.6 Discussion and Conclusion

The evaluation of the graphical structure in supply chain systems is important for
designing and planning the system. However, the research on how to use the GNN
model in operational performance prediction is limited. We investigate how to adjust
the GNN model in predicting operational performances in supply chain systems with
an underlying graphical structure. We show the power of GNN is great in predicting
node-level prediction, but further customization is needed for edge-level prediction.
Therefore, we propose an edge-node graph transformation approach to utilize the
edge features from the neighborhood edges and directly predicting the edge-level
performance. We show these changes greatly improve the accuracy of the GNN
model in edge-level prediction.

We next discuss some potential directions to extend our study. In this paper, we
only consider ATO systems and process flexibility networks. We hope to steer some
of the GNN research towards other supply chain systems. In our application of the
GNN model, we assume every node and edge has equal weight, which may not be
true in reality. For example, some warehouse nodes are large and they should have
more influence in their neighborhoods. It is interesting to consider how to apply the

GAN model to deal with the weights.
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Chapter 5

Conclusion

This dissertation develops theory and data-driven tools for the design and perfor-
mance prediction of supply chain systems with graphical structures. It consists of
three essays. The first essay discusses the design of effective inventory policies for
continuous-time Assemble-to-Order (ATO) systems with non-identical replenishment
lead times. For a simple ATO system, we establish an asymptotically optimal policy
when demand volume is high. Building on the insights from this analysis, we fur-
ther develop simple and effective policies to implement. In particular, we propose
an assembly decomposition for simple systems and a distribution decomposition for
general systems to construct two different heuristic policies and numerically show
that they outperform several benchmarks in the literature. The second essay devel-
ops a predict-then-optimize approach for e-commerce transportation network design
in which the decision-maker for the network design does not know the network flow
decision for any given network, because the latter is made by a separate entity and
difficult to model. We first develop a network flow predictor for any given network
decision. We find that first predicting edge-level shipment flow and then aggregat-
ing the predictions together is more effective than predicting the total shipment flow
on the entire network. We then develop a linear-time approximation algorithm to
compute the optimal network design with a performance guarantee. The third essay
adopts a more advanced machine learning model, the GNN model, to predict opera-
tional performance in supply chain systems by leveraging their graphical structures.

Even though GNN can make a direct prediction of the graph-level (i.e., the supply
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chain system) performance, we find it is more accurate to use the decompose-then-
aggregate prediction approach for predicting the system performance. For edge-level
prediction, we also propose a novel graph transformation approach which significantly

improves the prediction accuracy.
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Appendix A

Appendix for Chapter 2

A.1 Appendix: Proofs of the Lemmas and Theorems

A.1.1 Proof of Proposition

To prove Proposition [2| (and Theorem , we need the following lemma related to the

linear program properties. Consider a linear program problem:

0(z1,20) = %121[1%0 {bly1 + 02y' + b%% + hyxy + h2:c2} (A.1)
s.t. =24y +y?>0; (A.2)

Ty =2z +yt+yt? > 0; (A.3)

vyt Yyt > 0. (A.4)

Lemma 1. 0(z1,2) given by (A.1)-(A.4) is Lipschitz continuous and convez in
(21,22). Moreover, the Lipschitz continuity coefficient depends only on b',b* b2, hy

and hs.
Proof. First note that (A.1)-(A.4) are equivalent to

0(21, 22) = yl’}’(llg%] {(hl + bl)yl —+ (hl + hQ + b12)y12 + (hQ 4 b2>y2 + hlZl + h2£A5)

s.t. y'+ytt > (A.6)
y2 + y12 Z 25’ (A?)
vyt y' > 0. (A.8)
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The Lipschitz continuity of 6(z1, 22) directly follows from Proposition[l] For the Lips-
chitz continuity of the solutions of the more general linear program, see [Mangasarian

and Shiaul (1987).

Now consider the convexity. Its proof may be hidden in some book or paper, for

completeness, we provide a proof here. For «, 5 € [0,1] with a + § = 1, to prove

9(0&21 + 621, azy + ﬁég) S 049(21, ZQ) -+ ﬁ&(él, 2?2), (Ag)

let (yl,92,9!2) and (91,92, 91%) be the solutions of (A.5)-(A.§) corresponding to

(21, 29) and (21, 25), respectively. Then from

1 12 — 2 12 —
Ve T U 2 21, Y T YT 2 295

A1 12 s— A2 | 12 s—
U U =20, Uit US> 2,

we have that

oy, + BYs 4+ ayl® + By > azp + B2 > (az + B2) 7

oy’ + BY + ayl® + U > azy + B2 > (x4 B2)

Thus we know that (ay! + B9}, ay? + 92, ayl? + Byl?) is a feasible solution for

(azy + P21, azg + B22). This, by noticing

ab(z1, 20) = (hy + b )ay! + (hy + hy + b'Hayl? + (he + bz)ayf + hiazy + hoauzo;

BO(21, %) = (ha +b") B9, + (ha + ho + b'?)B9L° + (ha + bz)ﬁﬁf + hi1B21 + hefB2,

implies that (A.9) holds. Hence, we have the convexity. ]
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Proof of Proposition|[4 Consider a relaxed linear program of ([2.19)-(2.22) by dropping

the constrain (2.22)):

min {blBl b12Bl2 + b232 + hljl -+ hQIQ} (AlO)
BK>0

st. I, = I7(0) + O(£6™ — Ly) — DM"(46™) — D27 (¢5™) + B + B2 >(\.11)

Iy = I(0) + ON(£5™ — Ly) — D2"(£5™) — D'2"((5™) + B2 + B >(.12)

Let {(I7(£6™), B (¢5™),i € T,K € K) : 0 < £ < | L] + 1} be the above solution.

Then from (A.1)-(A.4), for ¢ =0, ..., |.§an +1,

0(I7(0) + O (16" = Ly) = DM"(E5") = D' (16"), 13(0) + O3 (16" ~ Lz) (A.13)

~D(U5") - D' (16"))

- gp([”( ) 4+ OM(£5™ — Ly) — DI(£5™) — D21 (¢57), I2(0) + O (£6™ —(Ks)4)
~D(U5") - D12 (16"))
Ly) -

- @(I”( ) + On(L5™ — DR (L™, I5(0) + OL (L™ — Ly) — Dg(ﬁ&"@,.w)

For t € [¢6™, (¢ + 1)d™), by Lemmal [l] there exists a C' > 0 such that

o (I(0) + O1(t = L) = D(8), 13 (0) + O3t — Lz) = D (1))
o (17(0) + OF (66" = Ly) = D (66"), 13(0) + O3 (16" — L) — D3 (16")) |

). (A.16)

— DI (L")

<C. Z (\0” (t— L) — O (65" —

By the stationarity and independent increments of {(D*"(t), K € K),t > 0} and
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E [DFn (%)}5 < oo for K € K, we know that

1
oky/n

(DK’”(t) - )\Knt) — NE(t) on D0, 00).

Here {N5(t),t > 0} is a standard Brownian motion. With the help of the Skorokhod

theorem, further we have that with probability one,

lim

nro0 O—K\/— <DK’n(t) - AKW) = N (). (A.17)

This and the continuity of the sample path of {(B¥(t), K € K),t > 0} imply that
for t € [€6™, (€ + 1)d™),

1 m n n _ L n N ny _ . _psn ) _psn
=[P - i) = ’Di (t) — D(E"™) — Nin(t — £6™) + Ain(t — £6™)
1
< o n ny _\. n
< ] \/‘( Y nt) \/ﬁ(u (66™) — Ao )
+Aiv/nd"
— 0 with probability one. (A.18)

Hence, it follows from (A.16) that for t € [¢6™, (£ + 1)d™),

e (10 + 010 = 1) = D). 13(0) + O30 1) - D31)
—(17(0) + O} (08" — Ly) = DY(657), I3 (0) + O3 (66" — Ly) — Dy (¢6"))|

— 0 with probability one. (A.19)
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If define

I"(t) = IMes™) fori € T and t € [067, (£ 4 1)6™);

)

BE™(t) = BE™(06") for K € K and t € [(5", (€ + 1)5™),

then by (A.15) and (A.19),

hmsup——E/ (Zh I(t) + ZbK.BK’”(t)>dt

n—oo Kek

F

. 1 (£+1)6
:hmsupﬁfEZ/ o(I1(0) + O} (65" — L)~ DY (157), I (0)
n—00 —o V¢t

FOU(L6™ — Ly) — Dg(w"))dt

n

2

11 (£+1)3
— 1 i (1"0 O™t — Ly) — D™M#). I™(0
sy = Z/ o(17(0) + O3 (¢ — Ly) — DI(t), I3(0)

+O5(t — Ly) - D3(1) )dt

n

:limsup——E/ [" 0) + O (t — L) — DY(t), I3(0) + O3 (t — Lo)

n—o0

—DQ(t))dt.

To get the proposition proved, it suffices to show that

n—oo

— lim su ——E ( hi- L) + 0 B )de (A20
/ > > (A20
By again the stationarity and independent increments of {(DX"(t), K € K),t >

0} and E [DK’” (%)]5 < oo for K € K, we know that, by |Ata and Kumar| (2005)), for
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any finite constant a > 0, there exists a constant § > 0 such that

Pr(_ max max|[DE((£+1)") = DE(0") = Nno”
0<e<|T/6n ) +1 Kek

< oml/3> >1—Bn /8,

By the Lipschitz continuity of I7(t) and BX"(t) given by (A.10)-(A.12) from Lemma
[1] following the proof of Proposition 4.1 in [Plambeck and Ward| (2006), we can show

that there exists a constant 8 > 0 such that

Pr (BK’”(&S") = BEn (45" 1) 0 =1, L%D >1-pn M5 (A21)

Then (A.20]) directly follows from (A.21)). O

A.1.2 Proof of Theorem [l

We first establish the following lemma:

Lemma 2. The function n,(-) defined by (2.31)) is increasing and dn,(y)/dy < 1.

Proof. Let ¢ (u,v) represent the density function of bivariate normal (01, ©5). Then
from Proposition , we can obtain the closed-form expression for ¢(y; — 01,y — O2).
Here we present the proof for case ¢ V ¢! < ¢'2 < ¢! + ¢% and other cases can be

analogously analyzed. Note that

(Y1 —O1,92 = O2) = hi-(y1 —O1) + ha - (y2 — O2)
e (1 =€) A (12— ©)7)
:
e (=07 = (12— 02)")

(- 02— (- ©1)7)
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A straightforward calculation yields that

0? 0 -
% = cl2</y2 W(y1,v)dv — /y1 o(u,u — (1 —yz))du>

+Cl(/y2 P(yr,v)dv + /°° ¢(u,u — (y1 — y2))du)
/ Yy, v dv+/ O+ (y — ), 0)dv);  (A22)

O*H (y1, y2) o
S Opdy. / (u,u— (41 = 12) du—c/ (u,u — (y1 — y2))du

_02/ d(v+ (1 — y2),v)dv.

By
/ v+ (g1 = o) v)dv = / d(u,u— (31 — y2))du,

we have

azH(ylaQQ) 12 > L [T

THl = / Ot — (31 — o))du — ¢ / ot — (g1 — 3o

/ d(u,u— (y1 — y2))du
— (C —C —C / ¢uu—(y1—y2))du<0 (A23)

Using (A.22),

2

%z%’yﬂ —(012_0—0 / QZ)UU—(yl—yQ du+c/ ¢y1’

/ by, (A.24)
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It follows from (|A.23))-({A.24) and the positivity of

ct /yz Y(yp, v)dv + (' — ¢?) /oow(yl,v)dv

that
dm(y) _ _32H(y1,yz)/52H(y1,y2) .
dy 0y10y2 Iyi ’
which gives the lemma. O]

Proof of Theorem/[l]: First we prove that the PRP allocation rule and the CBS-type
replenishment policy (I P*(t), I Py (t)) defined by (2.34)-(2.35]) belongs to A™. To that

end, it suffices to show that for small ¢ > 0 if

D2 (t — ALt D2t +e—At+e
Mo + VN A — (\/ﬁ ]>n2+\/ﬁ)\2A— <\/ﬁ ],
then
D2t — At
\/ﬁ-nl<n2+\/ﬁ>\2A— (\/ﬁ ]>—<D12’"(t+5—A,t+g]

D"t — A, t]>

D2 (t 4 ¢ — A,t—l—e])

< (VA - v

(A.25)

This directly follows from Lemma
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Now we establish that for any 7™ € A™ and T > 0,

hmsup——E/ (Zh I (t +ZbK BK"tW))dt

<hmsup——E/ <Zh It T —I—ZbK B (t, 7" )>dt.(A.26)

In view of Proposition 2|, for t > L + A,

JLIEOTE<Zhi-Ig‘(t, + 305 BE (1w ))

1€L Kek
, D2t — L — At — L] —nX AN Dt — L,t] —n\ L
= lim Ep (771 (nz - NG ) - NG ;
Up N NG
— Hy (). (A.27)

On the other hand, for any 7" € A", define

IP*(t — L) = lim inf TPt — Ly, ") — MinLy

n—0o0 \/ﬁ 5
Ipoo(t—Lz)—hmmf]P( Ly, ") — >\2an;
n—0o0 \/ﬁ
ﬁﬁt — Ly, t] = Dyt — L, t] — AlnLl;
NZD
ﬁ?(t—Lht]:DQ(t_Ll’t]_Aan1;
NZD
D Dy(t — Lo, t — Ly] — AanA
Bt — Lyt — I,] = 224 27ﬁ1] oy
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Then for t > L + A,

liminfiE(Zhi Mt ) + Z pi . BK,TL(tjﬂ_n))

n=oo /i ieT Kek
o IPMt — Ly, 7") — A\nLy =
lemlnngzD( L — DY (t — Ly, t],
n—oo \/ﬁ
[P}t — Ly, @) — AonLy =, -
: 2ﬁ 2 2—DQ(t—Lg,t—Ll]—D2(t—L1,t]>
. IPn(t—Ll 71'”) —>\17’LL1 ~
=1 E{E(E ! ! — DMt — Ly, t
im sup { ( [90( NG 1 (t = L, 1],
IP}(t — Lo, m™) — XanLy =, ~
2 Qﬁ 2 2—Dz(t—LQ,t—Ll]—Dz(t—Ll,tD ]-T_L”
fia))
> E{E(E[@(IPfo(t L) =0 t) — (1), IPX(t — L — A)
~O%(1) - ©2() ~ AO(t — L) — A0t — 1) )| F2, | | Fa) |
> Hy(n). (A.28)
O

Hence, ((A.26) directly follows from (A.27))-(A.28]).

A.1.3 Proof of Theorem [3

We first look at the sample-path lower bound (2.14) conditional on {N;(t,7),i € L},

(A.29)

min E Ky

yK Kek Kek
st. y>0, Kek;

Yoyt =N, e,
KeK;
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and its dual problem

max > i [Ni(t,m)] (A.30)
i€T
s.t. v; >0, 1€l
Zvi < Kek.

11316

Denote the optimal solution to (A.29)) and (A.30)) as {y**, K € K} and {v},i € I},
respectively. We first establish the lower bounds. Since b% > Y.  hy, > povf =

Siew 2hi <3k hi+bE =K K € K, and vf > 0,1 € Z, i.e., v} is a feasible solution
to the dual problem. By the weak duality, Y pcpcc® - y™* > > 08 - [Ni(¢, 7))

Therefore, we establish a lower bound of inventory cost

Zhi - Ni(t, ) + Z Ky

i€T Kek
> th’ - N;(t, ) + va CINi(t, )]
= Z hi - [Ni(t, m)]" + Z(Uf — hi) - [Ni(t, )], (A.31)

where the equation is from the fact that N;(t,7) = [N;(¢, m)|T — [N;(¢t, 7)]".

Next, we establish the upper bounds. We have

th . Nz(t,ﬂ') + Z CK 'yK*

i€l Kek
_ Z hi - Ni(t,m) + Z v - [N (t, )]~
< Z hi - Ni(t,m) + Zv? [Nyt ™))™
= Z hi - [Ni(t, ™))" + Z(Uf — hy) - [Ni(t, )], (A.32)

where the first equation follows from strong duality and the inequality follows from
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vi <min{c®, K € Ky} = Cf for any i € 7.

*

Under the optimal IBS policy 7jzg with base-stock levels (s7, ..., sk ), we have

Clt,mips) = Y hi-Elsi — O] + ZE[UZ‘ ~(si = ©i)7]

IN IN
s
m m
N
| I
L 2
+ o+
LU
< 4
-~ Q -~
— —
@Cn @m
| I
CEENS

= minC"(s) (A.33)

The first inequality is because {s¥,7 € Z} is not the optimal IBS base-stock levels.
The second inequality follows the limit version of inequality (A.32)) in the nth system.

We also have

Clt,mips) = Y hi-Elsi — O]+ Y E[] - (s] = ©,)7]

1€L €L
> Y hi-Elsi =0+ ) Elf - (s7~ ©,)7]
i€l €L
> > hi-E[si— 6]+ ) E[vf - (s} —©:)7]
€L €L
= minC'(s) (A.34)

The first inequality follows the limit version of inequality (A.31]) in the nth sys-
tem. The second inequality is because {st,i € Z} is the optimal newsvendor order

quantities when we replace v} by v} for every component-i.

Thus, by (A.33)) and (A.34]), one has C* = ming C'(s) < E[C(t, mjps)] < ming C%(s) =

c". O
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A.1.4 Proof of Theorem [

Obviously, oMV € [vf,vY],i € Z, thus, s8NV € [s},s¥],i € Z and CNV € [C*,C"). O

1) 7

A.2 Sample-path Analysis of the General M- and W-system

Similar to the M-system, the sample-path analysis of the general M- and W-system
depends on the cost structure, we present these analysis in following. To simplify
the notation, we use m + 1 to index the super product in the general M-system, and
1,...,m — 1 to index the products in the general W-system. We also label product-
(m—1) be the product with the lowest value of the unit inventory cost in the general

1

W-system, i.e., ™' =min{c’:i=1,2,...,m — 1}.

Proposition 1. (Sample-path Lower Bound for the General M-system) If there exists

an admissible policy T such that the conditional sample-path lower bound given by
the linear program ([2.11)-(2.13)) can be achieved for the general M-system, it has the

following sample-path properties.

(1) If Yk, =cmt then

BE(t,#) + B™(t,%) = [N (t, 7)), K=1,2,....m, (A1)

(ii) If D%, c® <™t then

B™t(t, %) =0, (A.2)

BE(t,#) = [Ng(t,7)]”, K=1,2,..,m, (A.3)

142



(iii) If min{c® K =1,2,..,m} <™t <32 &, then

m—+1 AN : ~ANT—
B™ (¢, ) = max{min[ N (t, )]},

BX(t,#) = [B™"!(t,#) — [Ng(t,7)]7]", K=1,2,...,m,

(iv) If ™ <min{c® K = 1,2,...,m}, then

Bt #) = max{[Ng(t, 7)), K = 1,2, ..., m},

BE(t,7) =0, K=1,2,..,m.

Here J denotes the set of all subset of products such that )., K > emtl

Proposition 2. (Sample-path Lower Bound for the General W-system) If there exists

an admissible policy ™ such that the conditional sample-path lower bound given by

the linear program (2.11))-(2.13)) can be achieved for the general W-system, it has the

following sample-path properties.

BE(t,#%) = [Ng(t, %) K=1,2,..m—2,
2

Bt 7) = |[Nw(t, )] = Y [Nkt )] |V [N (t,7)]7

A.3 Linear Programming Formulation for the M-system and

the W-system

Here we present the linear programming formulation for the M-system under RBS

policy with ¢'2 < ¢2 A ¢! as an example, the M-system with other cost parameters

and the W-system could be analyzed analogously.
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Proof of (2.37). Replacing the expected value by sample average, one has

Q
min {é Z[hl(r} B2 4 (1= B)(r2 — §2(w)) — d (w) — d2(w))

RS
reRy w1

+ho(ry +1ri? — 6% (w) — 6 (w) — d*(w) — d**(w))
+c2((r3 4+ 132 — % (w) — 0% (w) — d*(w) — d™(w))” V [r] +rif A

(2 = 9) = ') - ()]
We make the following transformations, let

2(w) = (r1 + i Ay = 0%(w)) — d'(w) — d*(w))7,
2w) = (13 +ry" — 0% (w) = 07 (w) — d*(w) — d™(w))",

22 (W) = 21 (W) V 2 (w).

Ignoring the constant terms, the above minimization problem is equivalent to

Pras: mine, 3 £, [l + 6rlf + (1= 5)012 - 970)

+ho(r3 + r3?) + 012212(w)]
st z(w) > dY(w) + d¥(w) —r] —ri?,

z1(w) > di(w) + d?(w) — 1 = (r]; — 6% (w)),
220) 2 () + 030 + ) + d%(w) i
2P (w) > 21 (w),
7 (w) = za(w),
reR%,
z € RiQ,

w=12,...,0Q.
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Thus, we have proved (2.37)). O

A.4 Difficulty in Extending the CBS Policy to the General
System

We have characterized the asymptotically optimal CBS policy for the M-system.
However, it is difficult to apply the same approach on general systems. To see this,
we consider two specially structured systems: the general M-system and the general

W-system, introduced in Section 3.

We first solve the linear program ([2.11))-(2.13)). The resulting sample-path prop-

erties are summarized in Appendix [A.2] (2.11))-(2.13) are not difficult to solve for the

general M- and W-system due to the special structure of the system. The challenge is,
when we move to minimize the expected sample-path lower bound, we need to solve
a multistage stochastic program similar to (2.28]). This is to find the closed-form ex-
pressions for the minimizers like 7;(-) and 7 in the M-system given by (2.29)-(2.33),
that are used to characterize the asymptotically optimal policy. Moreover, without a
closed-form expression for the minimizers, it would be almost impossible to verify the
policy characterized by the minimizers is well coordinated, like what we do for the
M-system by showing the derivative to be positive and less than one. We use the W-
system with ¢!® = ¢ and Ls > L, > L; as an example to intuitively illustrate why it
is difficult, where component-1 and component-2 do not share any common product.
Consider the inventory position for component-1 at time ¢: it needs to coordinate
with the available inventory of component-2 and -3 at time ¢+ L;. Suppose there is an
extreme case where there is no demand of product-13 during (¢ — (L3 — Ly), t], while
the demand for product-23 is extremely large during (¢t — (Ls — L1),t] and there will

be no available inventory of the common component at time ¢t+ L;. Then it is plausi-
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ble to reduce the inventory position of component-1 to 0 as there is no component-3
available at time ¢t + L; to assemble product-13. This is not always possible, so we
cannot construct the CBS policy in this scenario. For the same reason, |Lu et al.
(2015) also mention that they cannot characterize the CBS policy in the W-system

when the common component has the longest or intermediate leadtime.

A.5 Configuration of Numerical Examples

A.5.1 Detailed Numerical Result in Small System

The complete numerical setup and computation results for the M-system are illus-
trated in Table [A.I] for the W-system are illustrated in Table [A.2] The unit for
holding cost and backorder cost is $/day, for demand rate is unit/day, for lead-
time is day. We fix hy = 048,hy = 034,14 = 4,Ls = 10 in the M-system,
hy = 0.34, hy = 0.48, hs = 0.68,b'® = 1.5 in the W-system.

A.5.2 Examples in the General System

The PC assembly system example is adopted from (Cheng et al| (2002). We leave
out 2 obsolete components of CD-ROM in the original example. The BOM of this
system is illustrated in Table [A.3] The yearly holding costs of the components are

assumed to be 25% of the retailing price.

The maintenance organization problem is adopted from|van Jaarsveld and Scheller,
Woll| (2015)). The spare parts used probability is displayed in Table[A.4] A dash (-)
means that the repair type never use that particular spare part.
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Table A.1: Heuristic Performance in the M-system (with h; = 0.48, hy = 0.34, L =
4, LQ - 10)

bl o [ o2 [ AL [ A2 [ A2 ] NV CM | RBS
1.5]116|32] 3 3 | 24 | 1.54 | 5.56 | 1.00
24122132 3 3 | 24 | -048 | 2.25 | -0.83
38113122 3 3 1 24 | 000 | 262 | -0.32
1 (38|12 3 3|24 ] 029 | 889 | -2.78
221241 1 | 24| 3 3 ]-0.05| 13.13 | 0.29
1511632 24| 3 3 |-091 | 1.63 | -0.09
2412213224 | 3 3 |-0.15| 237 | -0.59
381322 |24| 3 3 0.00 | 9.38 | 1.13
1 (38 |12]24] 3 3 0.88 | 10.36 | 3.24
221241 1 3 124 3 2.45 | 28.71 | -0.06
1511632 3 |24 3 0.16 | 2.59 | -0.93
24122132 3 (24| 3 |-08 | 144 | -1.21
38113122 3 [24] 3 0.29 | 2.61 | 0.76
1 (38 |12] 3 |24 3 3.16 | 36.11 | -0.21
221241 1 3 3124 ] 039 | 929 | -4.90
3 13264 3 31 24 | 092 | 425 | 0.92
48 (44164 3 3|24 |-014| 273 | -0.19
76|26 |44 | 3 3 | 24 | -042 | 232 | 1.02
2 | 76|24 3 3 | 24 | 0.00 | 694 | -0.54
44 48| 2 | 24| 3 3 0.08 | 13.36 | 0.71
3 1326424 3 3 0.18 | 2.70 | 0.18
48 44164 | 24| 3 3 0.00 | 2.54 | 0.13
76|26 |44 24| 3 3 | -1.15 | 8.65 | -0.19
2 | 762424 3 3 0.00 | 10.41 | 0.50
44 | 48| 2 3 124 3 2.16 | 26.36 | 0.06
3 132164 3 (24| 3 0.59 | 2.17 | 0.59
48 (44164 | 3 | 24| 3 0.00 | 2.47 | 0.55
76|26 |44 3 |24 3 0.11 | 2.46 | 0.32
2 |76 (24 3 24| 3 3.12 | 33.47 | -1.00
44148 | 2 3 3| 24 |-011 | 724 | -2.04
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Table A.2: Algorithm Performance in the W-system (with hy = 0.34, hy = 0.48, hy =
0.68,0'3 = 1.5)

b 1 o | L3 [ A ] AZ [NV [ CM RBS
8 15 |5 0.53 | 16.57 | -3.64
4 15 | 5 0.20 | 10.95 | -1.95
12 |15 |5 0.22 | 15.90 | -1.75
8 15 | 5 0.27 | 11.03 | -1.24

4 15 | b5 0.44 | 4.58 | -1.16
15 | 0.52 | 5.21 | -1.28
15 | 0.65 | 496 | -0.70
15 | 049 | 585 | -0.56
15 | 0.34 | 6.60 | 0.72
15 | 0.80 | 8.65 | -1.34
15 | 0.55 | 6.48 | -2.22
5 |5 1.00 | 6.36 | 0.41

DO W | [ DO DO DO | | | DN DN
CO| OO H~| CO| CO| H~| OO | CO| H~| CO| OO| | I~
| | OO | | OO | | OO W~ | | CO| t~
—
[N}

—_
[\
= Ot Ot O Ot O Ot

Table A.3: The BOM of A Desktop Computers Assembly System

Components T3 PISO duits TG Retailing Price ($) | L
1 Shell 111|111 55 5
2 Shell (Common Parts 1) 1111 ]1]|1 114 8
3 Shell (Common Parts 2) 11111 ]1]1 114 8
4 Processor 1 110({0]0]0]0O0 339 12
5 Processor 2 0Oj1/0]0]|0]0O 409 12
6 Processor 3 0Oj0|1]1]1]0 699 12
7 Processor 4 0j]0|O0O]|0O]|O0{|1 999 12
8 Memory 11|11 ]1]1 120 15
9 Hard drive 1 1{1]010]|0]|1 129 18
10 Hard drive 2 0Ojofj1j1]11]0 229 18
11 | Hard drive (Common Parts) | 1 | 1|1 | 1|11 108 8
12 Software Pre-load 1 111,110 1]0 114 4
13 Software Pre-load 2 0(0]0O|1|0]O 114 4
14 Video Graphics Card 111|110 699 6
15 Ethernet Card 0(0]1]0|0]O 30 10
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Table A.4: Spare Parts Used Probability in A Maintenance Organization

h L Pa Db De h L Da Db De h L Pa Db Pe
341 55 2.3% - - 5 21 47 % 57% 18% |12 5 23% - -
270 55  2.3%  2.9% 0% |52 7 % 8.6% 6.4% | 11 6 - - 0.9%
270 55 - - 83% | 50 19 - - 92% |11 5 - 2.9%  4.6%
249 41  47%  2.9%  4.6% | 50 21 23% 2.9% 09% |10 5 23% - 0.9%
240 41 23% 57% 2.8% | 50 6 - - 33% |10 6 4.7% - -
213 55 16.3% 5.7% - 50 13 - - 3.7% 9 5 23% - 3.7%
175 34 23%  29% 09% |50 17 2.3% - - 8 5 - - 1.8%
162 55 - 5.7% - 50 19 18.6% 31.4% 20.22% | 8 6 - 2.9% -
156 45 7% - 4.6% | 46 21 - 2.9% - 7 6 - 2.9% -
156 31 - - 0.9% | 46 17 4.7% - 4.6% 6 5 23% 29% 28%
128 28 - - 09% | 44 12 - - 0.9% 6 7 - - 0.9%
123 16 2.3%  29% 1.8% |43 12 4.7% - 0.9% 6 5 - 2.9% -
123 13 4.7% - 28% | 41 50 23% 8.6% - 5 5 - - 2.8%
105 37 - - 1.8% | 41 23 23%  8.6% - 5 6  23%  2.9% -
105 37 - - 14.7% | 41 3 47% 2.9% 5.5% 4 10 233% 2.9% 0.9%
105 17 - - 09% |39 13 - - 0.9% 4 6 4.7% - 1.8%
101 3 ™% 2.9% - 39 12 - 2.9% 0.9% 4 5 - - 2.8%
97 28 4.7% 5.7% 3.7% |39 7 11.6% 57% 101% | 4 5 - 57%  4.6%
94 28 2.3% - 55% |39 19 11.6% 57% 10.1% | 4 10 4.7% - 0.9%
90 26 2.3% - 09% |39 12 20.9% 25.7% 183% | 4 5 11.6% 171% -
86 50 - 2.9% - 39 3 - - 1.8% 4 6 442% 45.7% 33%
83 23 - - 1.8% | 39 28 326% 429% 294% | 3 6 23% 2.9% -
83 23 - - 37% |38 12 4.7%  8.6% 6.4% 3 6 - 2.9% -
80 37 4.7% 11.4% 7.3% | 36 13 - 2.9% - 3 5 47% 86% 2.8%
712 - - 09% | 35 19 - 2.9% - 3 17 4.7% - 1.8%
77 50 - 29% 55% |35 6 23% - - 3 5 23% - -
T 26 - - 09% | 35 17 14% - - 3 6 - 2.9% 0.9%
74 16 - - 1.8% |32 6 - 42.9% - 3 6 4.7% - %0
M7 - 29% 0.9% |32 3 - - 1.8% 3 7 - 2.9% 0.9%
71 13 23% 8.6% - 32 21 512% 629% 431% | 3 7  23% 29% 0.9%
68 3 488% 57.1% 532% |31 19 11.6% 171% 8.3% 3 7 4% - 0.9%
66 6 2.3% - - 31 12 11.6% 17.1%  8.3% 2 5 4.7% - 1.8%
66 13 - 2.9% - 31 6 14% - - 2 5 - - 2.8%
63 26 48.8% 57.1% 486% |31 23 2.3% - 0.9% 1 6 7% 8.6% -
61 23 - - 09% | 31 16 - 2.9% - 1 6 14%  22.9% 2.8%
58 12 2.3% - - 30 11 4.7% - - 1 5 7% 2.9% 3.7%
58 21 39.5% - - 27 10 - - 0.9%
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Appendix B

Appendix for Chapter 3

B.1 Appendix: Proofs of the Lemmas and Theorems

B.1.1 Proof of Corollary

We want show that there exists a constant ¢ such that the following inequality holds:

(G + @ - c) - (Cw+ i -cm) <c (B.1)

for any two network configurations X', ) such that X C ) C G and any edge (7', j') ¢
Y. We introduce x;;, a binary indicator, where z;; = 1 if and only if (i, j) € X.

First, we expand C(X + (i, '), the first term on LHS of (B.1)).

C(x) D kit Y Ei(ma(X),ni(X), zi)
(

(1,j)eEX i,j)€G
CX+(.5) = Y. kgt Y Biy(miX+(,5)),n (X + (7)), zi5)
(4,5)€X+(i,5") (i,j)€G
The effects of adding edge (7, j') into network configuration X on each edge of G
is different. For edge (7', 7’), both the in-degree at destination 7' and the out-degree
at origin ¢ increases from 0 to 1. For edges in (i,5) € G\(7,j'), we can further
divide them into 3 categories: (a) edges (i,j'), Vi € Z: the in-degree at destination

j" increases by 1; (b) edges (7', 7), Vj € J: the out-degree at origin i’ increases by 1;
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(c) edges (i,7), Vi € I\i',Vj € J\j': neither the in-degree at destination j nor the
out-degree at origin ¢ changes.

C(X + (,7) — C(X) can then expressed as

Rijr + (ﬂfu (mi(X) +1,n;(X) +1,1) — :%i/j/(mi(X),nj(X),O)>
—l—(Z@ij/(mi(X (X)) + 1, 25) Zl’z] mi(X (X),xij/))

i £
—l—(Zii/j(mi/(X) +1,n,;(X), zy5) Zx” mi(X),n;(X), xi/j)). (B.2)

J#J’ J#J’

It is upper bounded by:
ki + AT + (I — DAYz + (J — 1)AT % (B.3)
because

(@) Biryr (mae(X) + 1,0 (X) + 1, 1) = Zirje (mar (X), nje (X), 0) < Al

(i) Y g (ma(X),ny (X) + Lagg) = Y iy (ma(X),nye(X), 2yy) < (I — 1)AF" &
i i#i!

(@) > &wi(ma(X) + 1,0y (X),205) = > & (ma(X),ni(X), 2;) < (J = DA™ 2.
75’ J#3

Similarly, we can find the lower bound for C'(Y + (7, j')) — C()), the second term

on LHS of (B.1)), is

Ky + AT+ (I — DA™ + (J — 1A (B.4)
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In conclusion, we can have

c — A?i)’éal’i, _ A'Ii)’élni, _"_ ( )(Amam o Am'LT’L A) (J )(Amam 2, Am'LT’L A) (B[B)

B.1.2 Proof of Corollary

There is only one destination (J = {1}) in this setting. Recall that the expected
shortfall is w(Y, s,d) = {un,(V,s,d) : i € Z,p € P}. The expected network cost

given network configuration ) is

C(Y,s,d) = Z Kil + Z catiy(Y, s, d) (B.6)

(4,1)eY 1€L,pEP
Since the fulfillment decisions are made after the demands are realized, for each
realized demand instance d’, we use vy, and uj;, to denote the optimal network flow
and the optimal network shortfall of product p from origin ¢ to destination 1. We
can find the network flow and shortfall given a network configuration ) by solving

the following network flow problem:

CY(s,d) = min Z Cill,, (B.7)
" 4EZ,peEP
s.t. Z(uglp + U;1p> = d,1p7 \le € P;
€L

Uiy, + Vi, < Sip, Vi€ L,Vp € P,
v

L, =0, V(i,1) ¢ Y, ¥p e P,

!/
(A 0,v;

>0Veel,VpeP.

ilp

Next, note the above problem can be decomposed into P subproblems where each

subproblem corresponds to the network flow problem for product p. Second, each
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subproblem can be formulated as a network flow problem, which can be equivalent
formulated as a maximum weight circulation problem by consider maximizing the

ciu;

negative of the objective 1y

€L

/

Therefore, applying the result of Gale and Politof (1981), the flow variables u;,,,

on edges {(i,1) }iez are in parallel with each other, i.e., heads or tails of the edges lie
on a common node, implying that the edges are submodular with each other in each
of the maximum weight circulation problems correspond to product p. This implies
that the network flow problem CY(s,d’) is supermodular in ). Finally, note that
C(Y, s,d) is simply Z(M)ey ks plus the expected value of C¥(s, d') over all instances

of d'. Thus, C(Y, s,d) is also supermodular, or c-supermodular with ¢ =0. [

B.1.3 Proof of Theorem 1

We need to prove Lemma [I] first before proving Theorem [1]

Lemma 1. (adapted from Lemma 2.2 from |Buchbinder et al| (2014)). Let f be a
non-negative non-monotone c-submodular function. Denote by G(p) a random subset

of G, where each element appears with probability at most p, then we have

E[f(G(p))] = (1 =p)f(0) — Ge. (B.8)

Proof. This proof is similar to Lemma 2.2 from Buchbinder et al. (2014)) except that
we use the property of c-submodularity instead of submodularity in the first inequality
of (B.9).

Sort the elements of G in a non-decreasing order of probability to be in G(p) :
aj,as,...,ag. In other words, for every pair 1 < ky < ky < G, Priay, € G(p)] >
Prlag, € G(p)]. For k = 1,...,G, we introduce an indicator function I, where
I, = 1 if the event a; € G(p) happens and I,, = 0 if not, define probability p; of
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event a € G(p) where p, = E[I,,,| and define set G, = {ay,...,ax}. We have

EFGW) = E|70) +Zfakfak<gkmg<p>>]

|
|

> Bl10)+ kf;zakfaggk_l)} ~Ge

= f(0)+ é Ella,] far (Geo1) — Ge

= f(0)+ ;ipkfak(gkl) — Ge

= (I—p)f(0)+ GZ_I[pk — prr1) f(Gr) + e f(G) — Ge

> (1 i) - Ge. (B.9)

The first inequality follows from c-submodularity and Gy N G(p) is a subset of
Gr_1. The second follows from the way elements ordered, p;1 > py > ... > pp_q1 >
Pk > ... > pg and f is non-negative. [

Proof of Theorem [1]: This proof is similar to Theorem 1.3 from Buchbinder et al.

(2014)) except that we need to consider c-submodularity instead of submodularity in

the last inequality of both (B.10) and (B.12)).

Consider a set M} containing the elements of S*\S;_; plus enough dummy ele-

ments to make the size of Mj exactly K. In every iteration, implicitly conditioned
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on Si_1, we have

Efs,(Sk-1)] = %Z fo(Sk-1)

PEMj,
1
> 74 Z fo(Sk-1)
beM]
1
= % > fo(Si)
$ES*\Sk—1
> /(5" USin) ~ F(Si) — K¢) (B.10)

The first inequality follows from definition of M} and M. The second inequal-
ity is from c-submodularity of f. Define a group of elements b, ...,bxs such that
{b1,ba, ..., b} = S*\Sk for some K' < K, and set Ny = {0}, Ny = {b1}, Ny =

{b1,b2},..., Ngr = {by,...,bg'}. By c-submodularity we have

FSTUSK) = f(Sk) = fu(SkUNo) + fo, (S UN) + .o+ fo, (S U Ngr—1)

N

< fo(Sk) + foo(Sk) + oo+ S, (Sk) + Ke

= > fo(SK) + Ke (B.11)

$ES*\ Sk

Taking expectation of the last inequality in (B.10) over all S_1, we have

Elfou (S5 )] > o (ELF(S" U Si)] — Elf(Si )] — K
%((1 — %)’“f(s*) — E[f(Sk_1)] — Kc— Gc). (B.12)

v

The second inequality is because Lemma [} We observe that function g(S) =
f(SUS*) is still e-submodular, and each element of G\ Si_; stays outside of Sy with

probability at least 1 — 1/K, implying each element belongs to Sy with probability
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at most 1 — (1 — 1/K)* in iteration k.
Then we prove by induction that E[f(S;)] > k/K(1 — 1/K)*!f(S*) — Kc — Ge.

For k = 0, it is true. Assume it holds for every &’ < k, let us prove it for £ > 0.

E[f(Sk)] = E[f(Sk—1)] + E[fo; (Sk-1)]

> ELf(Si)] + %((1 = L5 Bl ()] — Fe - Gc)

K
= (1 B + (= ) () e e
> (1= ) 1 25 + (- ) (ST - Ke - Ge
k Lk %
= ?(1— ?)k f(S8*) — Ke — Ge. (B.13)
In conclusion,
ELF(SK)] > (= /(S ~ (G + K)e
> é F(S) = (G + K)e. (B.14)

There are K iterations, and every iteration requires GG function evaluations, so

the complexity of Random Greedy is O(GK). O

B.1.4 Proof of Theorem [2l

Before proceeding to the formal proof, we first give an outline. We consider X, = S¢
as S} has the worst performance guarantee among all possible outputs of Hybrid.
First, we will show through Lemma [2| that the output of the Double Greedy step

(Step 1), X, has the following performance guarantee:

E[f(Xo)] > 5/(5%) — 5Ge (B.15)

N | —
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We then show through Lemma [3] that function f is c-monotone on the output
of the set reduction process (Step 2), X’. Then we consider a reduced problem of

Problem P€ in (3.10)):

P¢: max f(S) st |S| <K, (B.16)

SCX/

and we use 5™ to denote the optimal solution to this reduced problem. We can show
through Lemma [5| that the output of the Stochastic Greedy step (Step 3), S, has

the following performance guarantee:

el = (11 =€) (57 - (2 - ke (B.17)

(&

We link S** to X’ through Lemma [6}

f(57) =

c. (B.18)

Also, step 2 ensures f(X') > f(X¢), and by Lemmal2, E[f(Xg)] > 1/2f(S*)—(1/

2)Gc, then we combine the above results and have:

, K 1 ) 3GK 1
E[f(SK)] > m(l—g—e)f(s )—m<1—g—e)c—(2—e)[{c.

Lemma 2. (adapted from Theorem 1.2 from|Buchbinder et al.| (2015)) Double Greedy

in step 1 of Hybrid returns a set Xq, which has the following performance guarantee:

E[f(Xo)] > 5/(5%) - 5Ge (B.19)

N | —

Proof. This proof is similar to Theorem 1.2 from Buchbinder et al.| (2015) except
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that we need to consider c-submodularity instead of submodularity in showing the
inequality (B.20]) and consider an extra scenario where a; < 0,b; < 0 (case (iv)).
Define a hybrid solution Hy = (S* U X;) NY}, and always note that ¢p € Yi_1,

or ¢ Xi—1 and Xy C Yi. We want to show the below inequality always holds:

E[f(Hr—1) — f(Hy)] < SE[f(Xk) = f(Xp—1) + f(V) = f(Yeo1)] + e (B.20)

N | —

Because hybrid solution Hy = S* and Hg = Xg = Yg, finding the inequality
between the decreases in Hy, and increases in X and Y}, in each iteration helps derive

the performance guarantee:

Summing up (B.20]) for every 1 < k < G, we have

ELf(H) — f(Ha)] < SELf(Xe) — F(Xo) + F(¥a) — F(Y0)] + Ge
< EL(Xa) + F(Ye)] + Ge (B.21)

As Hy = S* and Hg = Xg = Yg, we have

E[/(Xo)] > 5/(8%) — 5Ge (B.22)

N —

To prove the inequality always holds, we check four different cases. The
proof of Theorem 1.2 from Buchbinder et al| (2015) only considers the first three
cases because its function is submodular instead of c-submodular. Notice that it
suffices to prove inequality conditioned on {¢1,...,¢r_1}. The rest of the
proof implicitly assumes everything is conditioned on this event.

(i) ax > 0,b, < 0: In this case, Yy = Vi1, Xy = Xp_1 + .
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We first analyze LHS of inequality :
E[f(Hi-1) — f(Hy)] = E[f(Hi—1) — f(Hi—1 + é1)]. (B.23)

If op € Hip_1, then Hy 1 = Hx_1 + ¢ and E[f(Hy_1) — f(H})] is 0; otherwise, by

c-submodularity and Hy_; = (S* U Xj_1) N Yy is subset of Y1 — ¢, we have
E[f(Hr1) = f(Hr1 + 01)] < f(Yeer — ) — f(Yi1) +e=bp +c<c. (B.24)

We then analyze RHS of inequality (B.20): 2E[f(Xy)—f(Xp1)+F (Vi) —f(Yie1)]+
¢ = 3aj, + ¢ > ¢. This implies that inequality (B.20)) holds.
(ii) ax < 0,br > 0: similar to (a), Yy = Yi—1 — ¢r, Xx = Xj_1 in this case.

We first analyze LHS of inequality :
E[f(Hk—1) — f(Hy)| = E[f(Hi—1) — f(Hp—1 — &1)]- (B.25)

If ¢ € Hy_1, then by c-submodularity and X i is a subset of Hy_ 1 — ¢p =
(S*U Xp—1) N Yir — o,

Bf (Hy—1) — f(Hr—1 — &%)] S E[f( X1 + 1) — f(Xp1)] =ap +c < c. (B.26)

Otherwise, Hy, 1 = Hx_1 — ¢y and E[f(Hy_1) — f(H})] is 0.

We then analyze RHS of inequality 3 E[f(Xk) — f(Xeor) + f(V2) —
fYio1)]+c= %bk + ¢ > c. This implies that inequality (B.20)) holds.
(iii) ax > 0,b, > 0: With probability ax/(ax + bx), Xp = X1 + ¢, Y = Yi_1; with
probability by /(ax + br), Xk = Xp—1, Yr = Y1 — O
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We first analyze LHS of inequality (B.20)):

Qg

Elf(Hy—1) — f(Hy)] = a + br [f(Hg-1) = f(Hg-1 + ¢%)]
by
a, + by, f (Hi—1) = f(Hy-1 = 0]
akbk

The inequality holds by considering two cases. In the first case, ¢ ¢ Hy_1, then
Hy_1 = Hj_1 — ¢, and the second term of the LHS of the inequality in (B.27)) equals

zero. Moreover, Hy_ 1 = (S* U Xj_1) N Yj_1 is subset of Y;_1 — ¢, and therefore, by

c-submodularity,
f(He1) = f(He1 + 0%) < f(Vier — o) — f(Yer) +c=br +c. (B.28)

In the second case, if ¢, € Hj_1, then H,_1 = Hp_1 + ¢, and the first term
of the LHS of the inequality in (B.27) equals zero. Moreover, X _; is a subset of

Hyp 1 — ¢ = (S*UXi_1) N Y1 — ¢, and therefore, by c-submodularity,
f(Hp1) = f(Hey — é%) < f( X1+ ) — (X)) +e=ap +c. (B.29)
We then analyze RHS of the inequality (B.20)):

%E[f(Xk) — f( X)) + f(V2) = f(Yaa)] + ¢

- mafo{k—l + o) — [(Xe1) + f(Ye) — f(Yie1)]
b
+2(ak—j‘bk)E[f(Xk) - f(Xk—l) + f(Yk—l - Qbk) - f(Yk—l)] +c
la; + b}
" SanC (B.30)
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(12 2
Finally, the inequality (B.20) holds because %ﬁ +c> % +c.

(iv) ar < 0,b; < 0: With probability 1/2, Xy = Xyx_1 + ¢x, Yr = Yi_1; with proba-
bility 1/2, X = Xi—1, Y = Y1 — &5

We first analyze LHS of the inequality (B.20)):

ELF () =SR] = 51f(Hi) = F(Hia + 60)] + 51 (Has) = f(Her — 6]

(B.31)

N —

We consider two cases. In the first case, ¢ ¢ Hy_1, then Hy_y = Hp_1 — ¢
and the second term of the LHS of the inequality in (B.31) equals zero. Moreover,

Hyp_1=(S"UXj_1)NYy_q is subset of Y;_; — ¢ and therefore, by c-submodularity,
f(Hi1) = f(Her +0r) < f(YVeer — o) — f(Vi1) +e=bp +c (B.32)

In the second case, if ¢, € Hj_1, then H,_1 = Hp_1 + ¢ and the first term
of the LHS of the inequality in (B.31]) equals zero. Moreover, Xj_; is a subset of

Hi 1 — ¢r = (S*U Xj_1) NYy_1 — ¢ and therefore, by c-submodularity,
J(Hi—1) — f(Hi—1 — 0n) < f(Xpm1 + o) — f(Xpm1) +e=ar +c. (B.33)
Combine the result above:

E[f(He ) — f(HY] < %max{ak—i—c,bk—l—c} (B.34)
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Then we analyze RHS of the inequality (B.20):

SELF(Xe) = F(Xes) + F05) = F(Vir)] + ¢

1

= ZE[f(inl -+ ¢k) - f(kal) + f(Yk) - f(kal)]

+3E[f(Xk) — [(Xpm1) + f(Yimr — &) — f(Yaor)] +c

1
= Z(ak +br) +c. (B.35)

Also by c-submodularity and Xj_; is subset of Y, 1 — ¢, and the definition of

ag, by, we have
ag + by = f(Xp—1 + &%) — F(Xom1) + f(Yar — &%) — f(Vi1) > —c. (B.36)

We find that RHS of the inequality (B.20)) is 1/4(ax + bx) + ¢ > ¢/2, and LHS of
the inequality is 1/2 max{ay + ¢, by + ¢} < ¢/2. This implies that inequality (B.20))
holds. O

Lemma 3. The set reduction process in step 2 of Hybrid returns a set X' such that

the objective function f is c-monotone.

Proof. For any set S C Sy, element ¢ in X'\ S, we are going to show f4s(S) > —c.
First, we observe that ¢ must also be an element of Sy since X’ C Sy. Suppose ¢ is
k-th element of Sy, i.e., ¢ = ¢, then we can use the property of c-submodularity to

show
fOS+dn) — f(S)+c> f(Sk-1) = f(Sk—1— ) = 0. (B.37)

This is because S C Sx_1 — ¢, and removing ¢y in iteration k£ does not improve

the objective value. [J
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We next state a lemma, which will be used to prove Lemma

Lemma 4. (adapted from Lemma 2 from|Mirzasoleiman et al.| (2015)) Let s = (| X'|/
K)log(1/e). Given a solution S}, then E[f(S,,1) — f(S})], the expected gain from

iteration k + 1 in step 3 of Hybrid, is at least

1—c¢

. (oS +0) - (B.38)

$eS*\S),
where S** is the optimal solution to Problem P€ in .

Proof. This proof is similar to Lemma 2 from Mirzasoleiman et al.| (2015) except that

we use the property of c-monotonicity instead of monotonicity in showing the second

inequality of (B.41]).
First estimate the probability of M N (S**\S,) # 0. As M, is a set containing s

random samples from X'\ S}, we have

k3% / ‘S**\S]/C| ’ 77}‘(S|S**\S/| 1’
N — _—— < e X kL .

Then we have

PriMy 0 (S™\Sp) # 0] > 1—e =15
—e i\ [S\SE
> _ X7 LA . 1
> (1 e ) %
_ [S\S;
= (1—¢ = (B.40)

The second inequality is due to the concavity of function g(z) = 1 —e~2)/IX'l: we
have the property g(z)/x > g(K)/K for x < K and then substitute x = |S*\S}| <

K. The last equality is because we set s = (| X'|/K) log(1/e).
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As a result, we have

E[f(Sksr) = F(S)] = PrMen (S™\S;) # 0] x

> (S0

ok /
S \S peS**\S},
1

AT 2y

PEX\(S**\S},)

+Pr[M, N (S*™\S;,) = 0] x

*ok / 1 /
= Pr[M; N (S™\S5) # 0] x M%;%(R(Sk) +¢)
sk o 1

BEX\(57\8})
(fo(Sk) +¢) —¢

1
> Pr(My 0 (S™\Sp) £ 0] X == >
k

(fo(S) +¢) —c

L—¢ (fu(SL) + ) —c. (B.A1)

>
- K
$ES*\S!

The first inequality is because we greedily select the added element, and M} is
equally likely to contain every element of X’. Thus, a uniformly random element of
M N (S*\S},) is actually a uniformly random element of S**\ S}, if My N (S*\S},) #
(). Similarly, a uniformly random element of Mj is a uniformly random element
of X'\(S5*™\S}) if My N (S**\S;) = 0. Also notice f is c-monotone, which implies
fs(Sy) + ¢ > 0 for every ¢ € X’'. Then the second inequality is because we drop a
non-negative term, and the third inequality holds due to . O]

Lemma 5. Stochastic Greedy in step 3 of Hybrid returns a set Sy, which has the

following performance guarantee:

EL/(5%0)] > (1 1 e)f(S**) (2 oK. (B.42)

164



where S** is the optimal solution to Problem P€ in .

Proof. This proof follow similar steps of the proof of Theorem 1.3 from Buchbinder
et al. (2014) except that in where all three inequalities are different. In par-
ticular, we need to consider c-monotonicity instead of monotonicity in showing the
first inequality, c-submodularity instead of submodularity in showing the second in-
equality, elements are added using Stochastic Greedy instead of Random Greedy in
showing the last inequality.

In iteration k, we define elements vy, ..., v such that {vy,va, ..., v } = S*\S5,
for some K’ < K, and sets Ng = {0}, Ny = {v1}, Ny = {v1, 02}, ..., N = {v1,..., 0 }.

Implicitly conditioned on S;_;, we have

f(8™) < f(S™US,,)+ Kc
= f(Sk_1) + [ (Sie1 UNo) + fu,(Shy UNL) + oo+ fo, (Sioy UNg—1) + Kc

< fS0+ D (fs(Si) + o) + Ke

$ES*\S)_,

K K
< f(Shor) + TELA(S) — F(Sip)] + Ko+ -

— €

c. (B.43)

The first inequality follows from Lemma (3| and |S;_,| is upper bounded by K.
The second inequality follows from c-submodularity. The third inequality follows
from Lemma [l

We take expectation of the last inequality in over all S;_,, multiply both
sides of by (1 —€)/K, and rearrange this inequality, then we have:

1—e¢

7o ((57) = Elf (Si-0)]) < E[f(S) = f(Spoa)] + (2 = €)e (B.44)
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Let &' fr, = f(S*) — E[f(S},)] and becomes

1}_( 66/fk_1 S (6/fk_1 — (5,fk) + (2 — G)C.

Rearrange (B.45)), we have

5 < <1—1[_(€)(5’fk_1)+(2—e)c

Hence,

ke < <(1—1_€)5/fK1+(2—6)c

VAN
N\
—
|

—_
|
™M
~
no
2
=
o
+
VR
—
+
—
|
|
@)
~_
o
|
(@)
S~—
o

IA
VRN
—_
|
—_
=
™
N——
=

>

Se

+
(. N
M7
VR

—_

|
—_
=
[}
N——
o

~—~

[\

|
o

(@)

Finally, we have

ELF(5%)] > (1 L e)f(S**) (2 oKe.

(&

This is because for € € [0, 1]

1—e\ " 1
1—<1— KG) >l Izl

and
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In order to have a meaningful performance guarantee, we restrict ¢ € (0,1 —1/¢].

]

Lemma 6. Step 2 of Hybrid returns a set X' such that

f(57) =

¢, (B.51)

where S** is the optimal solution to Problem P€ in .

Proof. This inequality obviously holds when |X’| < K. Thus, we only consider
. . . . . L. X/

|X’| > K in this proof. First, we split X’ into L disjoint subsets (L = (%1)

{Ay,..., AL} where Ay, ..., A are sets with size equal to K and Ay, is a set with

size equal to |X'| mod K. We have

fX) = A+ XN\A4)

IN

FAD) + F(X\A) + Ke

< f(AD) + f(A2) + FIX\ (A1 + Ap)) + 2Ke

IN

f(A) + ...+ f(A) + (L - 1)Kec (B.52)

We explain only the first inequality in (B.52)) as the rest of the inequalities can be
shown similarly. Suppose A; = {vy,...,vk}. Using c-submodularity and ) C X"\ 4,

we have

fm(X/\Al) < fv1(®)+cv (B53>
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Similarly:

fo (XN\AD) +v1) < fiop(vr) ¢, (B.54)

for XN\vg) < fo(A\vg) + ¢, (B.55)

Aggregate all these inequalities together, we have

FX) = F(XNAY) < F(A) — F(0) + Ke. (B.56)

As f(() is non-negative, we have shown the first inequality in (B.52)).
Next, we analyze the link between elements Aq,..., Ay to S™. As S* is the

optimal solution to Problem P€ in (B.16)), then we have

F(A) < F(S™), k=1,...,L. (B.57)

Combining these inequalities with the last inequality in (B.52)), we have

FXT) < Lf(S™) + (L - 1)Ke

X ey (X
= 2+ (2 ke (8.5
As | X'| < G, we have
1y < SR g v e (B.59)
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or equivalently

c. O (B.60)

Proof of Theorem[2: We have proved Lemmal[2] [3|and 5] then the performance guaran-
tee of Hybrid is at least (K/2(G + K))(1—1/e—¢€) f(S*)—((3GK)/(2(K + G)))(1-1/
e —€)Kc — (2 — €) K¢, which is shown in the outline of the proof. For complexity,
Double Greedy in step 1 requires 2G function evaluations. The set reduction process
in step 2 requires at most G function evaluations. If Stochastic Greedy is executed

in step 3, it requires at most G log(1/¢€) function evaluations. Thus, the complexity

of Hybrid is O(Glog(1/¢)). O

B.2 Generalization to More than One Truck per Lane

We can generalize our problem to the scenario where there are multiple trucks in
one arc. Suppose each edge can have at most U trucks. We change our decision set
to G = {G1,Gs,...,Gu} where Gy = {(i1,j1) : i1 € Z,j1 € T},G2 = {(i2,Ja) : iz €
Z,joe T}, ....Gu =A{liv,jv) v €L, ju € T}.

Then the general problem of network design with unknown flow response is

min cY,s,d) = Kii + Ciitly s, d
VCG={Goo.GersGus} (V. s.d) Z it Z Uijp(Y, 8, d)
(3,5)€Y (i,5)€G,pEP
s.t. V| < K.
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Similarly, the general problem of network design with predicted flow response is

min ) = Z Kij + Z Lij(mi(Y), ni(V), vis)

YCG={G,G¢c,....0u} ())EY (i.))€G
s.t. V| < K.

We can still use the same algorithm to solve this problem. For this problem the

size of the ground set is linear in U.

B.3 Machine Learning Methods and Nested Cross-Validation

B.3.1 Common Machine Learning Methods

First, we describe the machine learning methods we used to build each predictive
model. The first two, ridge regression and LASSO, assume a linear relationship be-
tween the features and outcome. The remaining three, decision tree regression, ran-
dom forest regression, and support vector regression (SVR) with radial basis function
(RBF), can handle non-linear relationships. Each of these methods has the model
parameters, which are optimized via a training algorithm, and the hyper-parameters,
which are set prior to the training. We use a training dataset of size N and Model 1

to illustrate how each machine learning method works.

e Ridge regression. This prediction has the form of C*Q(y Qo) = ﬁo—l-zl-j Bj+(i-1)7Yij

+Zi Bri+isi + ZZ 5[J+I+j(zja where B8 = (5o, .., Brs+1+s) are the model pa-

rameters. To derive the model parameters using the training dataset, for any
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given hyper-parameter \, we solve

N
mﬁin { Z (C’” (") — Z Bi+i-1)s Vi — Z Brytisy Z Brotit; g)

n=1

1J+I14+J
A Y 53}. (B.61)
=0

Here, the /5—norm regularization makes the value of B smaller and helps pre-
vent overfitting. This method reduces the model complexity from that under
ordinary least squares. Ridge regression performs well if the response Cj is

impacted by the majority of the features.

e LASSO. This prediction has the same form and procedure as ridge regression.
The only difference is that, the /o—norm term ZIJ+I+J $% in 1) is replaced

by the £,—norm term 37|,

which shrinks the less important features’ coefficients to 0. As a result, LASSO
performs well if there are only a small number of features that impact the final

respoinse.

e Decision tree regression. This prediction has the form of a tree structure, as
illustrated in Figure [B.1] Each internal node (excluding the terminal nodes)
represents a test on one splitting feature f’ with threshold s, where f’ and s’
are the model parameters. The branch following the internal node represents
the outcome of the test. The tree is equivalent to a series of such tests and
the input feature space is recursively partitioned into a number of rectangular
subspaces. Each terminal node (or leaf) represents a subspace. For an obser-
vation falling into a specific terminal node, the predicted flow response equals

the mean response value of the observations at that node from the training
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set. In Figure for example, d; is the splitting feature f’ and threshold
1 is the value of & in the first internal node; an observation (Y, ) with d,
larger than (less or equal to) threshold 1 is assigned to the left (right) branch
following the first internal node; the first terminal node represents a subspace
R ={Y, a): d, > threshold 1,55 > threshold 2, y;2 > threshold 3}, and the

predicted flow response equals [~ yn gnyep, C3 (V" a")]/{n: (V" ") € Ri}|.

Some common hyper-parameters in decision tree regression include the maxi-
mum depth of the decision tree D and the minimum number of samples required
to split an internal node S. Given any D and S, this method searches for a
splitting feature f; and a threshold s} to divide the feature space, and then
split it further on each branch. We stop splitting an internal node when either
it reaches the maximum depth D or the number of observations in this node is
smaller than S. In this constructed tree, let O be the number of terminal nodes,
R, the subspace corresponding to the o-th terminal node, and C, the predicted
flow response assigned to R,. The decisions of the splitting features fi, f3, ...
and thresholds s/, s}, ... are chosen to minimize the sum of the squares of the

errors in each terminal node using the training dataset:

ZO: 3 <C’§(y”,a”)—éo)2.
o=1 (Yram)eR,

Constructing the optimal decision tree is NP-hard. Consequently, a heuristic

decision tree is often constructed using a greedy algorithm.

The interpretation of the final result from this tree structure is simple if the tree
is short. However, this method is not robust: a slight change in the training
dataset can result in a different tree structure. Moreover, it fails to deal with

linear relationships as it creates a step function, which lacks smoothness.
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Figure B.1: Illustration of Decision Tree Regression.

e Random forest regression. To overcome the shortcomings of decision tree re-
gression, this method uses the mean prediction of a collection of decision trees.
The common hyper-parameters include the number of trees in the forest Ny,
the number of samples to draw from dataset to train each decision tree ng, the
max number of features considered for splitting a node my, and the maximum
depth of the decision tree D, and minimum number of samples required to split
an internal node S. To train an individual decision tree, this method draws
a random sample of size ng with replacement from the training dataset, and
repeats the same splitting process as in the decision tree regression using this
sample. Different from decision tree regression, the splitting feature is chosen
from a random subset of features with size m; instead of all possible features.
Using this method, the variance of the generalization error decreases as the
number of trees increases, but at the expense of increased computational time
and resources and less interpretability due to the infeasibility of examining each

individual tree.

e SVR with RBF kernel. Tt has the form of Cy(Y, ) = SN (5% — Ba)K (Y, ),
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(Y", ™)) + b where B = (B1,...,8x), B* = (B;,...,By) and b are the model

parameters, and K(-,-) is radial basis function (RBF) kernel:

KE((Y,a), (Y, )

= exp {—% <Z(yij — i)’ + Z(Si — )2+ (dj— d})Q) } :

J

Given the hyper-parameters ¢, 3, the model parameters are derived by maxi-

mizing
N N N

>N (Ba = BB = B)E (" a™), (V" a™)) —e ) (B + B)
n= n=1

r—1

1
2

1n

N
+D 0" @) (B~ B7)
n=1
subject to ij:l(ﬁn — B¥) =0 for 0 < B,, 3 < B. Here, the computation of
b is done by exploiting the Karush-KuhnTucker (KKT') conditions (Smola and

Scholkopf][2004), and 3 is the regularization parameter.

The idea of SVR is to find a prediction function such that the observed C3 ()",
a™) deviates from the predicted result by a value no greater than ¢ for each
(Y™, a™). The use of Kernel function transforms the dataset into a higher
dimensional space so that the non-linear problem with the original input fea-
tures becomes a linear or approximately linear problem in the higher dimension.
The Kernel function defines the inner product in the transformed feature space,
which reduces the complexity of finding the mapping function of features and
computing the coordinates in the transformed space. The drawbacks of this

method include long computational time and lack of interpretability.
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B.3.2 Nested Cross-validation

Nested cross-valuation tunes the hyper-parameters and provides an unbiased gener-
alization performance of different machine learning methods. We illustrate the steps
in an M-fold (typically, M = 5) nested cross-validation, using Model 1 and LASSO
as the example. In nested cross-validation, we have an inner M-fold cross-validation
loop to select the best hyper-parameters, and an outer M-fold cross-validation loop

to compare different machine learning methods with the best hyper-parameters.

We divide the entire dataset into M outer folds where one outer fold is chosen as
the test set, and each of the remaining M — 1 outer folds is further split into M inner
folds. In the inner loop, M — 1 of the inner folds are selected as the training set, and
the last fold is the validation set. For LASSO, we can choose a A from {\y,..., A},
say A;. We first solve the model parameters 3 with A\; on the training dataset. Then
we evaluate the performance of the LASSO prediction with the derived 8 and A; on
the validation set and record its MAPE. We repeat this process for all potential As.
After we complete this process with the current selection of the validation set, we
rotate the validation set among the M inner folds. Now for LASSO and each hyper-
parameter, we have recorded M MAPEs over the M validation sets. We choose the
hyper-parameter \* with the lowest average MAPE as the best hyper-parameter. In
the outer loop, the best hyper-parameter \* is used to train the model on the entire
dataset, excluding the test set. Then we evaluate its MAPE on the test set. We also
rotate the selection of the test set among the M outer folds and report MAPE on
each outer fold. Eventually, we record the average MAPE over the M test sets for

LASSO. This value reflects how good LASSO is after tuning its hyper-parameters.

For each predictive model, we repeat the same procedure and record this value for

every machine learning method, and then select the predictive model and machine
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learning method with the lowest average MAPE.

We also introduce cross-validation used in step (iii): it is similar to the nested
cross-validation above except that it does not has the inner loop: it splits the dataset
into M folds, where one fold is the test set, and the remaining M — 1 folds are the
training set. Each group of the hyper-parameters is selected to train the model on
the training set and is then tested on the test set. For example, suppose Model 1 and
LASSO is selected in the previous step. Then we first optimize 3 on the training set
using LASSO with each hyper-parameter in {\,...,Ar}. Each optimized model is
then evaluated on the test set. The selection of the test set is rotated M times, and

we choose the hyper-parameters with the lowest average MAPE over the M test sets.

B.4 Mixed-Integer Linear Program (MILP) Formulation

The decision variables are y = {y;; € {0,1} : ¢ € Z,j € J}. To linearize the
predicted flow response Z;;(3_; vij, >, Yij, ¥ij) on edge (i,j), we introduce several

/
il

auxiliary binary variables: vy, wjy, zjy and 2z, where v; = 1 if and only if [
edges (I € {0,1,...,J}) are assigned to origin i; w;y = 1 if and only if I’ edges (I’ €
{0,1,...,1}) are assigned to destination j; z;;;y = 1 if and only if v;; = 1, wjy = 1 and
i = 0, i.e., zijuw = vqwjr (1 —yi5); 21y = 1if and only if vy =1, wyr = 1 and y;; = 1,
ie., zgj”, = vyw;py;;. Using these auxiliary variables, the predicted flow response on
edge (i,7) can be reformulated as Z{:o Sy (24(L, 1, 0)zijwr + 251,10, 1)2],). In
the MILP formulation below, we also linearize the equations z;r = vyw;y(1 — vi5)

and z;.j”, = vyw;py;; as they are products of three binary variables. We use the bold

symbols v, w, z and z’ to represent the sets of the auxiliary binary variables.
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Pyp:

min

’
Y,v,w,z,z

s.t.

J I
Zyz]’fz] +ZZZ l'l] l l 0 ZU”"‘IZ](Z l 1) 2.7”')

iy 1=0 1'=0

Zvil =1, Zl"vil = Zyija Vi,
=0 =0 J

I I
ijl’ =1, Zl, Cwir = Zyija VJ,
1'=0 I'=0 i

. . /
Zigw < Vi, Zigw < Wi, Zgw < 1=y, Vi, 5,01,

Zigw > 0, zgw > vg +wir + (1 —yi;) — 2, Vi, 5,11,

/ / / . . /
Zigir < ity Zgw < Wiy Zigw < Yijy V71T

Z;jll’ Z 07 Zzl'jll’ 2 (e wyy + Yij — 27 Vimja l7 ll?

Zym <

/ . . 1
Yij, Vil, Wilr 5 Zigll! zijll/ S {O, 1}7 VZ,], l? I

Problem Pynrp has O(G?) binary variables and constraints.

work Generation

[ =3,J=20and [ =10, = 20.

(B.62)

B.5 Network-decomposition Prediction with Random Net-

We have reported the prediction accuracy of 3 different predictive models using the
data generated via the incumbent network configuration policy in Table[3.2] Here, we
study a different setting where the networks are randomly generated with each edge
has a 50% chance of being activated. We consider two different sizes of the networks:
We only show the result when the fulfillment

policy is the myopic policy. The rest of the setting is the same as in Section [3.4.2.1}]

In Table B.I] we first find that Model 2 and 3 are more accurate than Model 1
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Table B.1: Average and Standard Error of MAPE on Flow Response in Nested
Cross-validation.

1=3,J=20
. . Average of MAPE Standard Error of MAPE
Machine Learning Method e q 7 3 fodel 2 [ Model 3 | Model 1 | Model 2 | Model 3
Lasso 13.47 8.07 9.09 3.25 1.09 1.32
Ridge Regression 9.03 7.93 9.12 1.08 1.05 1.34
Decision Tree Regression 16.96 5.52 7.29 2.20 0.51 0.84
Random Forest Regression 10.51 4.63 4.69 1.71 1.21 0.28
SVR with RBF kernel 9.06 3.24 6.66 1.16 0.42 0.73
1=10,J =20
. . Average of MAPE Standard Error of MAPE
Machine Learning Method | —trqe =y o qer 2 [ Model 3 | Model 1| Model 2 | Model 3
Lasso 12.25 10.17 12.25 2.91 1.19 2.91
Ridge Regression 16.50 9.82 12.26 2.10 1.01 2.92
Decision Tree Regression 12.69 10.66 9.70 2.27 1.29 0.94
Random Forest Regression 9.41 8.44 6.99 0.59 1.57 1.14
SVR with RBF kernel 11.72 8.97 11.81 0.78 3.09 2.86

when [ = 3,J = 20. It shows that our network-decomposition prediction approach
can improve the prediction accuracy if the networks are randomly generated.

We also note that Model 2 is more accurate than Model 3. We speculate the
reason is that the sizes of the input features are very close between Model 2 and 3
when [ is small. For the other network with I = 10, J = 20, we find Model 3 becomes

the most accurate when [ is large.
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Appendix C

Appendix for Chapter 4

C.1 Line Graph

We use (i,7), (i,j) € E to denote nodes in the new graph. We consider edges are
undirected here.

New nodes (,7),(i',j") € E are connected if either S; ;) = Sy jny or D jy =
Doy

For the node features on node (4, j), we use x ;).

Algorithm 8: Transformation into Line Graph
Inputs: Graph G(V, F)
Output: Graph G(V', E’)
VI=E,E =10
for (i, ) € E do
for (i',7') € £ do
if (i,7) # (7', 5") & (Sty) = S n | Diiyy = Diirjry) then
| Add ((4,7), (¢, 7)) into E’

end

end
end

The idea of line graph is illustrated using a 2x3 network in Figure [C.1]

C.2 Explanation of the Benchmark Learning Algorithms

We explain the idea of the bag of nodes and bag of edges, convolutional neural network

and random forest.
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Figure C.1: Mlustration of Line Graph.

Bag of nodes (edges): First, we define graph-level features by aggregating
node-level (edge-level) statistics. The node features can be the summary statistics,
such as degrees, centralities, and clustering coefficients of the nodes in the graph, and
any other attributes to describe the node. This aggregated information is then used
as the graph-level features.

Convolutional neural network: For prediction problems that have image- or
grid-like inputs, convolutional neural networks have been shown to be particularly
effective. We consider a specific neural network architecture. The input layer of the
neural network is an man grid, and the output layer is a single unit that outputs a
continuous value corresponding to the graph-level operational performance. Between
the input and output layers are two hidden layers with 1024 and 128 hidden units,
respectively.

Random forest: For each graph, we have m + n (m - n) observations of nodes
(edges). We apply random forest in node-level (edge-level) predictions, and then

aggregate the predictions over all nodes (edges) to get the graph-level prediction.

180



C.3 Evaluation Framework

The following algorithms describe the evaluation framework for our numerical test,
which combines model assessment (Algorithm and an internal model selection

procedure (Algorithm [9J).

Algorithm 9: Select (Model Selection)
Inputs: train;,©
Split train; into train and valid
po =10
for 6 € © do
model +— Train(train;, 6)
po < po U Eval(model, valid)

end
ebcst

< arg maxg, py
return @Pest

In Algorithm [} the split of train, is based on a 75%/25% split.

Eval is the function which evaluates the input model on the input dataset.

Train is the function which trains the model with input hyperparameter set on the
input dataset. In model selection, we have Train(train;, ) = Train(train, valid, 0),
which means we use train to train the model with hyperparameter set 6, and valid
for early stopping (note that the criterion for early stopping is part of ). The reason
why we can directly use wvalid for early stopping is because validation performance
itself is a biased estimate of the true generalization capabilities as it is used for tuning
the hyperparameter. The real generalization performance will be evaluated via model
assessment instead.

In Algorithm [I0} Select is the function which does the model selection as in
Algorithm [9} it selects the best hyperparameter set based on the given dataset and
full set of hyperparameters.

For Train(train;, 07°"), we will split train, into two datasets subtrain; and subvalid;
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Algorithm 10: Model Assessment
Inputs: Dataset D, set of configurations ©
Split D into k folds Fi, ..., F}
fori=1to k do

traing, test; <— U Fy, F;

OPest «+— Select(train;, ©)

for r=1to R do

model, < Train(train;, °)
pr < Eval(model,, test;)
end

perf; « Zle pr/R

end

return Zle perf, /k

based on a 75%/25% split, and Train(train,, 0°°) = Train(subtrain,, subvalid;, 0P,
which means we use subtrain; to train the model with hyperparameter set 6>t and
subvalid; for early stopping.

We have R = 3 separate runs to smooth the effect of unfavorable random weight

initialization on test performance.

C.4 Data Generation

We explain the details of the data generation setup for the two supply chain systems
here.

Assemble-to-order system. In each dataset, a set of system parameters are
randomly generated. The holding costs are uniformly selected from {1,...,10}. The
leadtimes are uniformly selected from {1,...,10}. The demand rates are uniformly
selected from {1,2, 3} and the backorder cost rates are b; = 3,y hi- (1 —0.7)/0.7.
The inventory levels s are set to achieve 70% service level. The inventory cost are
the average cost over the time until any product see the 10,000 orders. The inventory

follows the constant base-stock policy and the component allocation follows a first-

182



come-first-served rule. 100 bill of materials are randomly generated. In each bill of
materials, the first 30% of components are required by 80% of products while the

rest 20% of components are required by 20% of products.

Process flexibility network. Rand10x10, Rand6x43, Rand17x17, Rand12x21
are based on four fixed charge transportation problem (FCTP) instances from Mittel-
mann and Spellucci| (2005)). In an FCTP, products are shipped from origins with fixed
capacities to destinations with fixed demands, and the goal is to minimize the total
transportation cost plus the fixed cost of transporting on an origin-destination trans-
portation network. An FCTP can be similar to a process flexibility design problem
with deterministic demand, with the origins viewed as supply nodes and destinations
viewed as demand nodes. To create our process flexibility network datasets, we set

the unit profit from resource i to demand j, p;;, to be

Dij = tmax — Lij,

where ¢;; is the unit transportation cost from the FCTP instance from origin 7 to
destination j, and t.,., is the largest unit transportation cost among all arcs in the
given transportation network. We set the capacity vector as the capacity of the
origins and the mean for demand nodes, u, as the demand of the destinations from
the FCTP problem. We further set that the distributions of demands as independent
and normal with mean g and standard deviation o = 0.8, and we then generate
scenarios of the demands based on these distributions. JG is based on the test scenario
“Automotive Manufacturing”, and Obermeyer is based on the test scenario “Fashion
Manufacturing” from Wei et al. (2021). 100 networks are randomly generated and
an edge is connected with probability (0.5 — 1.5 - max{m,n}/(m - n)) - 100% in each

graph.
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