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Abstract

The Witt group is classically an abelian group whose elements are represented by
isometry classes of anisotropic symmetric bilinear forms over a field. It can be gen-
eralized to Witt group of a ring or a scheme X, hence to the Witt sheaf of X.

The Gersten-Witt complex of a scheme X is a cochain complex of Witt groups of
residue class fields at all points of X, where the p-th term is the direct sum of Witt
groups of residue class field at all codimension p points in X.

Pardon constructed the Gersten-Witt complex of a Gorenstein scheme X, and
showed that it is exact when X is the spectrum of a regular local ring which is es-
sentially of finite type over a field of characteristic different from 2. Using this, he
defined a flasque resolution of a Witt sheaf. Although the Witt group of a complex
surface is a birational invariant, we show that higher cohomologies of the Witt sheaf
can distinguish different birational schemes. Specifically, we show that the coho-
mologies of the Hirzebruch surface H,, are different depending on whether n is even
or odd.

Computing cohomologies of the Gersten-Witt complex of a scheme is difficult in
practice, because it involves Witt groups of residue fields at all (possibly infinitely
many) points of the scheme. However, if the scheme is a complex toric variety, we
show that one can construct a quasi-isomorphic cochain complex which has only a
finite number of Witt groups of tori, which are orbits of the torus action. Moreover,

the Witt group of a complex torus is a vector space of finite dimension. Hence, the

v



new cochain complex is much simpler than the original Gersten-Witt complex, and
its cohomologies can be more easily computed.

Using this quasi-isomorphism, we compute cohomologies of the Witt sheaf on
the Hirzebruch surfaces H,,. The Hirzebruch surfaces H,, are projective line bundles
over a projective line, one for each integer n. We show that the first and second

cohomologies depend on the parity of n.
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Introduction

We will first review some basic definitions of symmetric bilinear forms, and define
Witt groups of fields, rings, and schemes. In Section 1.3, we introduce the notion of
the Gersten-Witt complex of a scheme. We will see that for certain class of schemes
with nice geometric properties, the Gersten-Witt complex is the global section of a
flasque resolution of a Witt sheaf on the scheme. We will see how its cohomologies

can be computed easily if the scheme is a complex toric variety.
1.1 Symmetric bilinear forms over a field

Let k be a field with chark # 2. A symmetric bilinear form over k is a map of the
form

GV xV >k

where V' is a finite-dimensional k-vector space, such that

¢(U’ w) = gb(w’ U>7
¢<U + Ul, w) = gb(”? ’LU) + ¢(U/7 ’LU),
dlav,w) = ap(v,w),
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for every a € k and v,v’,w € V. We will denote the form by (V, ¢). It is nonsingular
if the induced map
ad ¢ : V — Hom(V, k)
is bijective, and anisotropic if ¢p(v,v) = 0 implies v = 0.
Two bilinear forms (V, ¢) and (W, ) are isometric if there is an isomorphism of

vector spaces f : V' — W such that the diagram

VxV2 ok
fxfll g
W x W

commutes.

If W < V is a subspace, we define its orthogonal complement
Whi={veV|oww) YweW}.

If W < W+, then W is totally isotropic, and if W = W+, then W is orthogonal.

There is a dimension equation [7, 1.3],
dim W + dim W+ = dim V. (1.1)

A nonsingular form (V, ¢) is hyperbolic if V' has an orthogonal subspace, or equiva-
lently, a totally isotropic subspace of half the dimension (by (1.1)).

Every symmetric bilinear form over k can be represented by a symmetric matrix
M, and it is nonsingular if and only if det M # 0. The forms represented by matrices
M and M’ are isometric if and only if there is a nonsingular matrix ) such that
M' = QMQT. Every symmetric bilinear form over k can be diagonalized by such a
transformation.

The hyperbolic form of dimension 2 is called the hyperbolic plane. 1t is represented

(V)

2

by a matrix



which diagonalizes to (recall our assumption that 2 € A is a unit)

(0 5) -0 3R) () Gl e )

It can be shown that every hyperbolic space decomposes into a direct sum of hyper-

bolic planes [7, 3.4(1)].

1.2 Witt groups

1.2.1  Witt group of a field

Let k be as defined above, and let Q(k) be the set of isometry classes of nonsingular
symmetric bilinear forms over k. Q(k) is a semigroup, where the addition is defined

by the orthogonal sum,
Vo]l + [W. o] = [VeW ¢av].

The Grothendieck group of Q(k) modulo the subgroup generated by hyperbolic forms
is called the Witt group of k, denoted by W (k). By the diagonalizability, every

element of W (k) can be represented by a finite sum of unary forms

(ar) +{ag) + - +{a,),

where ay,...,a, € k*. Quotienting by hyperbolic forms allows one to write

(—ay = —(a)y e W(k).

Furthermore, it is a consequence of Witt decomposition theorem [7, 4.1] that every
element of W (k) can be represented by an anisotropic form.

Note that the isometry relation implies (a?) = (1).

Let us look at some examples. The signature map and the dimension map re-

spectivly induce isomorphisms [7, p. 41-42]

W(R) > Z, W(C) > Z/2.



If p € Z is an odd prime, the Witt group of the finite field F,, is given by [7, p. 45]

_(z)2z)? if p=1(mod4),
Wik,) = {2/42 if p=3(mod4).

The Witt group of the rationals is given by [7, p. 175]

WQ) ~Z®Z/2@ | [W(Z/pZ). (1.2)

p#2

We will see that this is derived from the Gersten-Witt complex of SpecZ (1.4).
We will come back to this later, but for now it suffices to say that the Gersten-
Witt complex is largely an attemp to generalize this isomorphism to schemes.

For future reference, we state a theorem by Springer and Knebusch [8, p. 85]:

Theorem 1.1. Let A be a discrete valuation ring with mazximal ideal m and quotient
field F', where char(A/m) # 2. If m € A is a generator of m and i = 1 or 2, there is
a unique homomorphism

o7 W(F) — W(A/m)

K
such that

0 if j=1i (mod 2).

Note that 0 depends on the choice of the generator m, while 0] doesn’t. J] and

0F are called the first and second residue homomorphism, respectively.
1.2.2  Witt group of a ring

The Witt group can be similarly defined for a ring A in which 2 is a unit. The
finite-dimensional k-vector spaces are replaced by finitely generated projective A-

modules, the rank of projective modules replacing the dimension of vector spaces.

L W (k) admits a ring structure induced by tensor product, but we won’t need this in this paper.
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The definition of nonsingularity remains the same (i.e., bijectivity of the adjoint).
Instead of quotienting the Grothendieck group associated with the semigroup of
nonsingular symmetric bilinear forms by hyperbolic forms, we quotient by a larger
class of forms called lagrangians?: if M is a finitely generated projective A-module,

a nonsingular symmetric bilinear form
op:MxM— A

is called a lagrangian if there is a direct summand N < M such that ¢|y.y = 0 and
the induced pairing

N x (M/N) — A

is nonsingular (i.e., both adjoints are bijective?). The submodule N is called a
sublagrangian. As in the case of hyperbolic spaces, (M, ¢) is a lagrangian if and only
if M has an orthogonal direct summand, or equivalently, a totally isotropic direct
summand with half the rank of M [6, Corollary 2, ii].

The hyperbolic form still plays a role, mainly due to its useful properties (e.g.,
(1.2) below). Let us first generalize hyperbolic forms in the context of finitely gen-
erated projective modules. If M is a finitely generated projective A-module and
M* := Hom(M, A), the hyperbolic form associated with M is defined to be a sym-
metric bilinear form

o (M@®M)* x (MadM*) — A

induced by the canonical pairing M x M* — A, and requiring that

¢‘M><M = O, Qb‘M*xM* = 0.

2 Knebusch[6] uses the term “metabolic space” for our lagrangian, “split metabolic space” for our
hyperbolic form, “lagrangian” for our sublagrangian, and “sublagrangian” for our totally isotropic
space.

3 In fact, the reflexivity of finitely generated projective modules implies that one adjoint is bijective
if and only if the other is.



The reflexivity of finitely generated projective modules ensures its nonsingularity.

Note that if py; : M — M** is the canonical map, (M, ¢) can be represented by the

(p?w idé”* > (1.3)

pur is an isomorphism because M is finitely generated projective. Hence, if M is free,

“matrix”

then (1.3) is isometric to a direct sum of the hyperbolic planes,

01

10/
Thus our definition of hyperbolic form agrees with the previous one over fields. Note
that the submodule M < M @ M* is a sublagrangian, since the canonical pairing

Mx M* -V

is nonsingular by the reflexivity of finitely generated projective modules. Hence,
every hyperbolic form is a lagrangian.

We note a useful lemma that we will be needed later:

Lemma 1.2. If (M, ) is a nonsingular symmetric bilinear form, then the form

(M@ M,p®(—9¢)) is isometric to the hyperbolic form associated with M.

Proof. Let
A:={(mm)e M®M | me M}, N :={(m/2,—m/2)e M® M | me M}.
Clearly A;N ~ M, A n N = {0}, and the isomorphism

M@&M > A+ N, (m,m’) — (m+m/2,m" —m’/2)

establishes an isometry between (M @ M, ¢ ® (—¢)) ~ (AD N,¢p ® (—¢)) and the

hyperbolic form associated with M. O



Let us look at some examples. The signature map induces an isomorphism
W(Z) = Z [8, p. 23], and there is a split short exact sequence [7, p. 175]

0—W(Z) - W(Q) - (z/2)@] [W(Z/pZ) -0, (1.4)
p#2

which gives rise to the isomorphism (1.2). The split exactness of (1.4) is a conse-
quence of the Hasse-Minkowski principle applied to the global field Q. More gener-
ally, if we use a Gorenstein ring A of dimension n instead of Z, we can construct a
complex of the form

0—W(A) - [] W) —-— [] W) -0, (1.5)

ht p=0 htp=n

where k(p) is the residue class field at p € Spec A. However, (1.5) is not exact in
general. As we shall see, (1.5) is the Gersten-Witt complex of Spec A, and Pardon
[12, 5.1] proved that it is exact if A is a regular local ring and is of essentially finite

type over a field of characteristic different from 2.
1.2.3  Witt group of a scheme

Knebusch[6] defined the Witt group of a scheme (X, Ox), whose elements are repre-

sented by symmetric bilinear forms
¢ T MxM—-0O X,

where M is a locally free sheaf of Ox-modules. The definition of nonsingularity
remains the same as in the affine case (i.e., both adjoints are bijective), but the
sublagrangian is no longer required to be a split submodule. In fact, sublagrangians
always split for affine schemes [6, p. 134], so this definition agrees with the earlier one.
The criteria for a sublagrangian is thus an orthogonal submodule, or equivalently, a
totally isotropic submodule with half the rank [6, Corollary 2ii]. Moreover, the rank

of a totally isotropic submodule cannot exceed half the rank [6, Corollary 2i].
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1.3 Gersten-Witt complex

The Gersten- Witt complez of a scheme X of dimension n is a complex of the form

0 [ W) S [ Wik@) S = [] wix@) So,
zeX (0) zeX @) zeX(n)

where #(z) is the residue class field at 2 € X, and X < X is the subset of codi-
mension p points. A main challenge in constructing such a complex is to define
canonical boundary maps d?. The second residue homomorphism (Theorem 1.1) de-
pends on the choice of the uniformizer, so it cannot be used directly. Several authors
constructed the complex using different methods, such as spectral sequences [1], the
module of differentials [4, 14], and the canonical sheaf [12]. In the latter, using the
analogues of Quillen’s localization sequence of K-groups [15, 8.4], Pardon constructed
the Gersten-Witt complex of a Gorenstein scheme, and showed that it is acyclic if
the scheme is the spectrum of a regular local ring essentially of finite type over a
field with characteristic different from 2. This implies the existence of a flasque res-
olution W*(X) of a Witt sheaf of a regular scheme X of finite type over k, whose
cohomologies furnish us with a new set of invariants for the scheme X.

Computing cohomologies of the Gersten-Witt complex is difficult in practice,
because it involves Witt groups of residue class fields at all (possibly infinitely many)
points of the scheme. On the other hand, if X is a complex n-dimensional toric

variety, then X is filtered as
X=X’oX'o...o X" > X" = &

where X? — XP*1 is a disjoint union of (n—p)-tori, Spec Clzy, 1/z1,. .., Tn_p, 1/20_p].
Takeda [16] showed the Gersten-Witt complex of K-groups is quasi-isomorphic to a

complex of K-groups of coherent sheaves of tori. We will show that the same result



holds for Witt groups. The Witt group of the n-torus is known; for example [5, 13|,

W(Clz,/z]) = (Z/2), (1.6)

W(Clz,y,1/z,1/y]) = (Z/2)" (1.7)

Hence, the quasi-isomorphic complex would consist of a finite number of Witt groups

which are finite-dimensional vector spaces, and its cohomologies are much easier to

compute. Using this method, we will compute cohomologies of the Gersten-Witt

complex of the toric variety Hirzebruch surface H,. Specifically, the Gersten-Witt
complex of H,, is given by

0— [] W) S [] wn@) S [T wike) 5o, (1.8)

a:eHﬁbo) .Z’EHT(LD g;eHﬁLQ)

and we will show that it is quasi-isomorphic to a complex of the form

& d
0—W(H,—H) & W(H! - H2) 5 W(H2) — 0, (1.9)
where HP is the closure of codimension p orbits of the torus action,
anHSDH}LDHstg:@,

and H? — HP*! is a finite union of (n — p)-tori.

The rest of this paper is organized as follows:

In Chapter 2, we will review Pardon’s construction of the Gersten-Witt complex
of Gorenstein schemes.

In Chapter 3, we will introduce the Hirzebruch surface H,,, and construct a toric
complex which is quasi-isomorphic to the Gersten-Witt complex of H,.

In Chapter 4, we will prove the quasi-isomorphism.

In Chapter 5, we will compute the boundary maps of the toric complex.

In Chapter 6, we will compute cohomologies of the toric complex, and find that

H°(W*(H,)) = H°OV*(H,)) =Z/2  VneZ,

9



but

H'(W*(Heyen)) # H'(W*(Hoaa))

10



2

Witt groups with coefficients

To construct a canonical Gersten-Witt complex of a Gorenstein scheme X, Pardon[10]
extended the notion of Witt group so that the bilinear forms take values in certain
sheaves of Ox-modules. In this section, we will review his construction.

Let X be a scheme of dimension n, and C a coherent sheaf of Ox-modules with

an injective resolution
0 1 m
0-CoeLeber, . Lend,

where & = [ [ v @ E(k(2)), E(k(z)) is the injective hull of the residue class field
at x viewed as a constant sheaf on z, and ¢ : ¥ — X is the inclusion. Such C is
called a canonical sheaf for X [2, Chapter 3]. It is unique up to tensor product with
a locally free sheaf of rank 1. Not every scheme admits a canonical sheaf, but every
regular scheme does, and Ox is a canonical sheaf in such case. Henceforth, unless

otherwise stated, we will assume that X is a regular scheme. Set VP := ker dP.

Definition 2.1. CMP(X) is the category of CM Ox-modules of codimension p.

Q(CMP(X);C) is the category of isometry classes of nonsingular symmetric bi-

11



linear forms

p:MxM—VP,
where M € CMP(X). (M, ¢) € QICMP(X);C) is called a lagrangian if there is a
submodule N = M such that N, M/N € CMP(X), ¢|yxn = 0, and the induced
PAITING

N x (M/N)— VP
18 nonsingular.

Q(CMP(X);C) is a semigroup, where the addition defined by the orthogonal
sum. The corresponding Grothendieck group modulo the subgroup generated by
lagrangians is denoted by W(CMP(X);C).

CM™(X) is the category of sheaves of Ox-modules of finite length, and CM°(X)
is the category of coherent sheaves of locally free O x-modules. Hence, W (CM°(X); Ox)
is the Witt group W (X) defined by Knebusch [6]. Based on this observation, we will
use the notation

W(X;C) := W(CM’(X);C),

and if Ox is used as the canonical module, we will suppress it:
W({CMP(X)) := W(CMP(X);Ox)
Now we will construct the so-called lattice map,

Lr: [ WEeMP(X,):C,) --> W(ECMPT(X);0).

xeX (P)

Definition 2.2. If x € X, let i, : ¥ — X be the inclusion map. Suppose that for
each v € XV we are given [M,, ¢] € W(X,;C,). Let

¢:: ]_[ Zx*¢xa N:: H Zx*Mara
)

zeX (P zeX (P)

12



where the Ox ,-module M, is viewed as a constant sheaf on . An Ox-submodule
M c N s called a lattice if M € CMP(X) and M, = M, Vx e XWP). The lattice is
integral with respect to ¢ if p(M x M) < VP. If M is an integral lattice for (N, ¢),

its dual lattice is an Ox-module M’ defined for each affine open subset U < X by
M(U) ={ne N({U) | (U)(n, M(U)) = V"(U)}.

If M is an integral lattice for (N, 7) and M’ is its dual lattice, there is a well-

defined bilinear form

<

!/ MI
X

MM

__y pptl

o

given by ¢(m}, m}) = dP(¢(m), m})) for each affine open subset U = X. Pardon[12]
proved that there is a well-defined map

e [ WEMP(X,)iC,) - WEMP(X)C), [N, 6] — [M//M., 4],

zeX (P)

Unfortunately, the integral lattice does not exist in general. To get around this prob-
lem, Pardon relaxed the condition M € CMP(X) to a weaker condition M € S§(X),
where S7(X) is the category of coherent sheaves of Ox-modules M of codimension
p such that

depthy M, > min {i,dimo, , M, } Vo e X.

He then proved the existence of an Sy-lattice. There is an inclusion CMP(X) <
SP(X), which is an equality if dim X < p +¢. Hence, if dim X = 2, then CM?(X) =
SP(X), so CM lattice always exists in this case.

Pardon’s original proof [12, 3.12] contains an error, which prevents its application
to non-affine schemes. Here we include a proof which works for any Gorenstein

schemes, provided that p =0 :

Proposition 2.3. Let X be a Gorenstein scheme, v € X®), and [N, ] € W(CMP?(X,);C,).
If X is affine or p =0, then there exists an integral lattice for [N, ).

13



Proof. Let i : T — X be the inclusion, and M < i, N an Ox-submodule such that
M, = N. Then M e S7(X) by [12, 1.19], so the canonical map p : M — M**
is injective. On the other hand, since M, is an Ox ,-module of finite length, p, :

M, — MZ* is bijective. Thus, we have a map
oyt
M S M, = N.

Since taking stalks at x is a left adjoint to ., we obtain an injective map M** — ¢, N.
By [12, 1.13], M** € CMP(X), so M** is a lattice for [NV, ].
Now consider the composition
0: Mx M i,Nxi,N25iereerbeml s @) g 60
yeX (+1)

where i, : y — X is the inclusion. If X = SpecA, we can always “clear out
denominators” by multiplying M by some nonzero element a € A, so that #(aM x
aM) =0, ie., iyp(aM x aM) < VP. Then aM < i, N is an integral lattice.

This is not always possible, however, if X is not affine: for example, if X =
P, the only regular functions on X are constant functions, so one can’t clear out
denominators by multiplying by a regular function. We will show that if p = 0, one
can construct a subsheaf D < M using a Weil divisor that cancels out the poles
appearing in the image of i,1, thus giving (D x D) = 0.

So assume that p = 0. Then we may assume that N = K(X), viewed as a
constant sheaf on X, and that 1 is given by multiplication by some f e K(X). We

may take M = Ox as our (non-integral) lattice. Our aim is to find a submodule

D < Ox such that D e CMY(X) and (D x D) = 0. Let

(f) =2, ny(f)y e Div(X),

yeXx (@)

14



and

where

vopy o Jmw(f) i () =0, o]0 if n,(f) >0,
g (f) = {0 it ny(f) <0, y (f) = { |

Define an Ox-module D for each affine open subset U < X by
D(U) :={ge K(X) | ny(9) +n, (f) =0 VyeUn X}

Since

Ox(U) ={ge K(X) | ny(9) =0 ¥yeUnXxW},

D is a subsheaf of Ox. Moreover, if y € XM and 7y © Ox, is the maximal ideal,
then

p ) Oxw if y ¢ Supp(f)~,
! m\/ny (f)le,y if y € Supp(f)~.

Hence, if n € X is the generic point, then D, = Ox, = K(X), and by construction,
0,(Dy xD,) =0e&  VyeXxW.
Hence, (D x D) = 0. Finally, since D is locally free, D € CM°(X). O

Given [M, ¢] € W(CMP(X);C), we may localize at z € X® to obtain [M,, ¢,] €
W(CMP(X,);C,). Hence, there is a map

K- W(CMP(X):C) - [ [ WEMP(X,):Cy).

zeX (P)

Pardon[12, 3.9, 3.23] showed that the sequence

0= WEMP(X);:0) = [ WEMP(X,);C) = WEMPTH (X)) (21)

zeX (P)

15



is exact. Setting dP := KP*! o £P, we thus obtain a complex

0— [[ wem i) &= [ wem nye) S0 (22

2eX (0) xeX (1)

Moreover, he showed [12, 5.1] that if X is the spectrum of a regular local ring which
is essentially of finite type over a field of characteristic different from 2, then L? is
surjective and therefore (2.2) is acyclic, with ker d® = W(SY(A);C). To recover the

Gersten-Witt complex from (2.2), he makes use of the dévissage [11, 2.2]

[] W) AN (m,) @0, C) > [ [ WEMP(X,);C), (2:3)

zeX (P) zeX (®)
where N(m,) := Homg, (m,/m?2, k(x)). One may always choose an isomorphism
APN(m,) ®o, Cp ~ k(z),
giving rise to a non-canonical isomorphism
W (k(x); AN (m2) ®o, C2) ~ W(k(z)).

Thus we obtain the classical Gersten-Witt complex

0 H)Wo«x»d—i [] W) S = T] W) o

2eX (0 zeX (@) zeX ()

The local acyclicity of (2.2) implies that we can sheafify it to obtain a flasque reso-

lution. Define a Witt sheaf for each affine open subset U < X by

W(X;C)(U) = ker (Wue(m;cn) 5] W(Wl(xx);cx)) ,

xeUnX 1)

where n € X is the generic point. (2.2) then sheafifies to a flasque resolution of

16



W(X;C) :

0 — iy W (5(n); Cy) 4 H i W (K(2); N(my) ®oy., Ca) @
zeX @)

zeX (n)

where W (x(z); N(m,) o, , C;) is viewed as a constant sheaf on 7, and i, : T — X
is the inclusion [12, 0.11]. By the Purity Theorem[9], the stalk of W(X;C) at x € X
is W(X,;C,), so W(X;C)(U) =W (U).
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3

Hirzebruch surfaces

This chapter is organized as follows:

In Section 3.1, we introduce the Hirzebruch surface H,,, and discuss its geometry.

In Section 3.2, we define a new complex of Witt groups on 2-dimensional surfaces
supported on codimension p tori. We define these Witt groups in Sections 3.3. In
Section 3.4, we define the boundary maps of this complex.

In Section 3.5, we show that the Witt group supported on codimension p tori
is isomorphic to the Witt group of the the tori, thus obtaining a complex of Witt
groups of tori. Our claim is that this complex is quasi-isomorphic to the Gersten-Witt

complex of H,. We prove the quasi-isomorphism in the next chapter.
3.1 Geometry of Hirzebruch surfaces

The Hirzebruch surface H, is a P{ bundle 7 : H,, — P} obtained by projectivizing

the line bundle Op. @ Opé(—n). It can be constructed as a toric variety by a fan

18



depicted below [? , p. 7]:

03
02

(_ 17 0)
To each cone o; corresponds an affine open subset U,, :

U,, = SpecClz,y]<—SpecClz,w] = U,, (3.1)

| > |

U,, = SpecC|z,y]<—SpecClz,w] = U,,

where z 1= 1/z, w := 1/2"y, w := 1/w, § := 1/y. The axes of U,, constitute four
projective lines in H,,, denoted by X,Y, Z W:

(3.2)
Ozg 7 0zw
Y w
X
Ozy Ozu7

X and Z are sections of 7 : H, — P&. Y and W are fibres over P{, hence have

trivial normal bundles, while the normal bundles of X and Z are “twisted” by the

integer parameter n. When n = 0, there is no twist, and Hy ~ P¢ x Pg.
Ferndndez-Carmena [3, 3.4] showed that the Witt group of a smooth complex

surface is a birational invariant. Hence,
W(H,) =W(P%) =272 VYnelZ. (3.3)
We will adopt the following notations:

H =XuYuZuW, H? = {04y, 0., 05, 0} -

n
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TX =X — {OxyaonTJ}a TY =Y — {Oxy70$g}’

TZ = Z - {Ozwyomj}a TW = W - {Ozwyozm}u
L:=XuvuZ, N =Y ul,
TL = TX U Tz, TN = Ty ) TW

Note that Ty, = H: — N, Ty = H: — L, and H> = L A N.
3.2 A complex of Witt groups supported on tori

Let H = H,, for some n € Z, and n € H the generic point. The Gersten-Witt complex

of H is given by

0—Wkm) S [ wem (H) S [] WEeMA(H,) — 0. (3.4)

zeHM) zeH(2)
In Pardon’s construction [12],

& W) S wem ) S 1] wem'(H),

xeH)
' [ wemi ) S wemim)'S [ wemd(r,)).
xeHM) zeH((2)

We claim (Proposition 4.3, Corollary 3.8) that there is a quasi-isomorphic complex

0 — W(H—H") B WM, (H-N) | [W(CM, (H-L) ™ W(CM () -0,
(3.5)

where dY; is the compositioin

1

W(H — 1Y) 8 W(CML () 8 W(eMp_y(H — N) ] [W(CML_ (1 L)),
(3.6)
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where K1, := Ky [ K7,

KL WMLy (H) — W(CM_y(H — N)), (3.7)

KL W(eMLy (H)) — WMy (H - L)), (3.8)

and dy; := L7, [[ L7, where

Ly, :W(CMzp, (H=N)) — W(CM?I y(H)), (3.9)
Ly W(CML (H-L) — WM y(H)). (3.10)

Recall that L n N = H?. K}, is an excision map induced by restriction, and it is
injective because K! is injective [12, 3.9].
In the next couple of sections, we define the Witt groups with support and the

lattice maps LY, L, , LT, -
3.3 Witt groups with support

If YV is a closed subscheme of X, CMY (X) will denote the category of coherent
sheaves of CM Ox-modules of codimension p supported on Y. Also, if V is a sheaf
of Ox-modules, then Vy will denote the sheaf of Ox-modules defined for each affine

open subset U < X by
Vy(U) =0 2 ()(0) v,
i=1
where Z(Y') c Oy is the ideal sheaf of Y.
8.8.1 W(CMij.(H))

Let Q3. (H) be the semigroup of isometry classes of nonsingular symmetric bilinear
forms

¢:M><M—>V(19H,
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where M € CMi (H). (M, ¢) € Q'(H) is called a lagrangian if there is a submodule
N < M such that V', M/N € CMj (H), ¢|axar = 0, and the induced pairing

N x (M/N) -V,

is nonsingular. W(CMj.(H)) is the Grothendieck group of Qi (H) modulo the
subgroup generated by lagrangians. Note that the images of the above bilinear maps

lie in V(IQH’HI.
3.3.2 W(CMy, (H — N))

Let QlTL (H — N) be the semigroup of isometry classes of nonsingular symmetric

bilinear forms

¢ M XM—>V(19H_N,
where M € CMy, (H — N). (M, ¢) € Q}, (H — N) is called a lagrangian if there is
a submodule N' < M such that N, M/N € CM%FL(H — N), ¢|yxn = 0, and the

induced pairing

N x (M/N) -V,

is nonsingular. W (CMz, (H—N)) is the Grothendieck group of Q}, (H — N') modulo
the subgroup generated by lagrangians. Note that the images of the above bilinear

maps lie in V7 .
3.8.3 W(CMy, (H — L))

Let QITN(H — L) be the semigroup of isometry classes of nonsingular symmetric

bilinear forms

P Mx M=V,

where M € CMY, (H — L). (M, ) € Q}, (H — L) is called a lagrangian if there is
a submodule N' ¢ M such that N, M/N € CMy, (H — L), ¢|xxn = 0, and the
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induced pairing

N x (M/N) = Vo, ,

is nonsingular. W(CMy, (H — L)) is the Grothendieck group of Q. (H — L) modulo
the subgroup generated by lagrangians. Note that the images of the above bilinear

maps lie in VéH7L7TN.
8.3.4 CMi:(H)

Let Q%,(H) be the semigroup of isometry classes of nonsingular symmetric bilinear

forms

¢:M><M—>V(29H,

where M € CM3a(H). (M, ) € Q%.(H) is called a lagrangian if there is a sub-
module N' = M such that N, M/N € CM?3:(H), ¢|yxn = 0, and the induced
pairing

N < (M/N) =V,

is nonsingular. W(CM7.2(H)) is the Grothendieck group of Q%.(H) modulo the
subgroup generated by lagrangians. Note that the images of the above bilinear maps

lie in Vém 2
3.4 Lattice maps with support

We will use Op for our canonical sheaf for H. The construction is essentially the
same as Pardon’s [12]. All we are doing here is to show that his construction works

even with the additional support condition.
8.4.1 L% :W(H — H'Y) > W(CMiju(H))
Let [N,¢] e W(H — H'), so that

7/)3N><N—’OH—H1,
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where N € CM°(H — H"). Let i : H— H" < H be the inclusion. An Oy-submodule
M c i N is a lattice if M € CM°(H) and M|y_i;n = N. The lattice is integral
with respect to ¢ if (i,¥)(M x M) < Opy.
MxM < i N xi,N

|

I li*iﬁ

¥

Ou c ,.0p_m

If M is an integral lattice for [N, 4], its dual lattice is an Oy-submodule M’ < i, N

defined for each affine open subset U < H by
M(U) = {neiN(U) | (ix)(U)(n, M(U)) = Ou(U)} -

Then there is an induced symmetric bilinear form

- M M 1:Op_m
Y X —
MM Ou

given by ¥ (m}, m}) = d°((i41))(m), m})) on affine open subsets.
M’/ M is supported on H! because M’ locally coincides with M at every point
of H— H' by the nonsingularity of ¢». Moreover, M'/M € CM*'(H) by [11, 1.2].
Before we prove our main propositions (Proposition 3.4, Proposition 3.5), we need

some lemmas:

Lemma 3.1. In the notation as above,

150y _m /Oy = V(IQH.

Proof. V4, = %?, where the function field K(H) of H is viewed as a constant

sheaf on H, and for every affine open subset U < H, V(IQH7H1(U) c (K(H)/Og)(U)

is the subset of sections with poles along H' n U:

i*OH_Hl

Vo,m(U) = JO: Z(HY (U)) urmnyjomw) = O—H(U) =
j=1
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O

Lemma 3.2. Let [M,¢] € W(CMEEN(X);C), and N = M a totally isotropic sub-

Hl

module such that N, N+ /N € CMPTH(X). If the induced bilinear maps
a: N x M/N*t — prt B NN x NYIN — prtt
are nonsingular and [N*/N', 3] is a lagrangian, then [M, ¢] is a lagrangian.

Proof. Let K/N = N*/N be a sublagrangian, where N' = K = N*. We will
show that K < M is a sublagrangian. Since N, KC/N € CMP™(X), we have K €
CMPH(X) [11, 1.2]. Being a sublagrangian, X/N < N+ /A is totally isotropic, so

K < M is totally isotropic, as well. Let
¢: K x M/K — VPt
be the induced pairing. We will show that the induced map
ad ¢ : M/K — Aom(KC, VPHY)

is bijective. This would imply M/K € CMP™(X) [11, 1.6a], and that K = M is a
sublagrangian, finishing the proof.
To this end, note that there is a short exact sequence

NYN 5 M M

L A T A

Taking (—)* = #om(—,VPT!), we obtain a commutative diagram

0 KN K~—> N 0

inc.
ad Bl ad@\ ]ada

(VLN /(N <2 (MUK ~— (MUNL ) <——0

where the rows are exact. Since ad f and ad « are isomorphisms, j* is surjective,
hence ad ¢ is bijective. Reflexivity of CM modules [11, 1.6a] then implies that ad’ ¢
is also bijective, as desired. O
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Lemma 3.3. Let [M,¢] € W(CMEL (X);C), and N = M a totally isotropic sub-
module such that N, N+ /N € CMPTH(X). If the induced bilinear maps

a: N x M/N*t - prtl B NYIN x NYIN — prit
are nonsingular, then [M,¢] = [N*/N, 8] in W(CMELH(X);C).

Proof. We will show that [M,¢] — [N*/N,B] = (M@ N+/N), ¢ @ (-p)] is a
lagrangian. Let N1 =N ©0 < M ® (N*/N). Then N; e CMEE(X), and

M@ NN

NI =N* @ (NHN) = M@ (NN, e
1

~ M/N™.

Since N' = N, we have N} = Nt and
NNy~ (NHN) @ (NH/N) € CMEH(X).
The induced bilinear maps

M@ (NN

le NlL

—>Vp+1, NIL/Nl XNlL/Nl —>Vp+1,

are isomorphic to
a: N x (M/N+) - prfl
B&(=B): WT/N) @ WNT/N) x N/N)& NT/N) — VP,
respectively. Note that the latter is a hyperbolic form, hence a lagrangian. Thus,

applying Lemma 3.2 with [M @ (N*/N), ¢ @ (—8)] in place of [M, ¢], and N; in
place of NV, it follows that [M @& (N*/N), ¢ @ (—3)] is a lagrangian. O

We are now ready to prove one of our main propositions in this chapter:
Proposition 3.4. There is a well-defined map
L9 W(H — H") —» W(CMj (H)), [N, ] > MM, 4],

where M is an integral lattice for [N, ].
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Proof. We have seen above that M’/M € CMj,(H). We must show that 1) 1 is
nonsingular, 2) [M’/M, ] is independent of the choice of M, and 3) if [N, 9] is a
lagrangian, so is [M'/M, ).

1) For the nonsingularity of ¢, we need to show that the induced map
ady : M'/M — Hom(M'JM,i.Oy_1/Ox)

is bijective. Injectivity is clear from the definition of dual lattice. For surjectivity,

let 8 € Hom(M'JM,i,Og_g1/Og). The short exact sequence
0o-M->M->M/M-0
induces an exact sequence [11, 1.6b]
0 (M/M) &M~ M <0

where (=) := Hom(—,Of), (=) := Hom(—,V'(H)). If B = §(«), there is a

commutative diagram

0 M M M /M —=0
04‘ oc" Lﬁ
0 OH i*OH_Hl —>V(19H’H1 —0

where the rows are exact (Lemma 3.1). o is given on an affine open subset U < H

by /(U) = (i4¢)(U)(m, —) for some m € M(U). Hence,

BU) = d(U) (', —) = ady(U) ()

for some m’ € (M'/M)(U), i.e., ad ¥ is surjective.
2) Now suppose that M, My < i, N are two integral lattices. Then M; N M,

is also an integral lattice, so we may assume M; c My. Then there are inclusions

M, c My c My € M i N.
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Hence, My/M; = M/ /M is a totally isotropic subspace, and
(Ma/ M)t = Mo/ My < M/ M.
Hence, there are isomorphisms
(Ma/ M)/ ( Mo/ My) =~ My /Mo, (M M) /(M) My)- = My /M,
and the induced bilinear maps
a: Ma/My x (Mi/My)/(Mo/ My)" — VI(H),
B (Ma/ M) [(Ma/ My) x (Ma/ M) [(Ma/ M) — VH(H),
are isomorphic to the bilinear forms
o Mo/ My x MM, — VI(H),

B My My x M/ My — VHH),

respectively. We have shown the nonsingularity of 5" in the first part of the proof.
Similar proof shows that ad o/ is surjective. The reflexivity of CM modules [11, 1.6]
implies that M7 = M, which in turn implies injectivity of ad o/. Hence, o/ and '’
are nonsingular, and therefore a and 8 are nonsingular. Since My/ My, M,/ M, €
CM'(H) [11, 1.2], the result then follows from applying Lemma 3.3 to [M/ /M, ¢] €
W(CM} (H)) and My/ My € M)/ M;.

3) Let [NV,v] € W(H — H') be a lagrangian. We will show that [M’'/M, )] =
0e W(CMj,(H)). Since the localization map

WMy (H)) - [ W(CM'(H,))

xeH®)

is injective [12, 3.9], it suffices to show that

M./ My, 1] =0e WM (H,))  VezeHW.
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Let Z < N be a sublagrangian, and define
G :=ker(M — i, N — i, (N/I)).
Since M is an integral lattice, there is an induced bilinear map
ist) : M x M — Op.

Since G < i,Z, the submodule G € M is totally isotropic with respect to 7., and
there is an induced pairing

a:GxM/G— Oy.

Let (—)* := om(—,0Op). Since M’ ~ M* [12, 3.16], there is a commutative

diagram

0 G— - M—" MG 0
ad o ad i1 adl a

0— (M/G)* "> M* ——— G

0——>cokada—"= = M'/M - 7, cokad a

0 0 0

where the rows and columns are exact. Since M € CM®(H) and M/G — i, (N/T) e
CM°(H), we have G, M/G € S(H) [12, 1.19]. Hence, G,, M,/G, € CM°(H,) Yz €
H®. By [11, 1.6¢], the second and third rows are locally exact at every point of
H®W, Let S := im 7*. It follows from the commutative diagram that 1|s.s = 0, and
the local exactness of the third row implies that S ¢ M’/M is a sublagrangian at

those points (in H1). O
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Since £9, is defined in the same way as Pardon’s lattice map L°, there is a

commutative diagram

W (5 (1)) & [Loeror W(CM(H,))

o !

W(H — H') —W(CMy, (H— N)) [ [W(CMy, (H — L))

where d° = K'o L?, d%, = IC}{1 o E[}Il, and the vertical maps are induced by inclusion.
Note that the bottom right has only two Witt components supported on 77, and T,

because the image of the lattice map £, is supported on H'.
3.4.2 L 11LL : W(CMy (H— N)[[W(CMy, (H — L) — W(CMjp(H))
Let [NV, ¢] € W(CMy, (H — N)), so that

w :N X N i V(loH—NyTL7

where N € CMy, (H — N). Let i : H— N < H be the inclusion. An Oy-submodule
M c i, N is a lattice if M e CM}(H) and M|y_n = N. The lattice is integral with
respect to 1 if (i,9)(M x M) c V.
MxM < i NxiN
A
v

1 : 1
VOH < Z*VOH—MTL

Since M < i, , the image of the left vertical map necessarily lies in V¢, ;.
If M is an integral lattice for [N, ], its dual lattice is an Oy-submodule M’ <
i+ defined for each affine open subset U < H by

M(U) = {neiN(U) | (ix)(U)(n, M(U)) = Vo, (U)}.
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Applying Bass’s theorem [? | 2.5] which states that minimal injective resolution is

preserved under taking annihilator of a regular element, we obtain an exact sequence
0V , =& ,5ed -0
On,L Omu,L O, L )

which is a minimal injective resolution of V¢, | as a sheaf of Of;-modules, where O

is the L-adic completion of Op. Thus, there is an induced map

g <
MM

- V5,

M’ locally coincides with M at every point of H — N. Also, being submodules of
i+, M" and M are supported on L. Hence, M'/M is supported on N n L = H?,
and the image of ¢ lies in V2(H ). Moreover, M’'/M e CM?*(H) by [11, 1.2].

Our next main proposition of this chapter can be proved in the same way as

Proposition 3.4:

Proposition 3.5. There are well-defined maps

Ly, : WMz, (H—=N)) --» W(CMi:(H), [N, ¢]—[M/M, ],
Ly, WMy (H—L)) = W(ECMip(H)), [N ] — [M/M,9].

Let dy := L7, [ L}, so that
dyy : W(CMy, (H — N)) [ [W(CMy, (H — L)) > W(CMip(H)).

Since L, and L}, are defined in the same way as Pardon’s lattice map £', there

is a commutative diagram

[ Loerror W(CM(H,)) - [ Locre W(CMP(H,))

! o

W(CMY, (H — N) [ TW(CMY, (H — L)) — " W (C M2 (H))
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where d' = K2 o £!. Note that the Witt group on the bottom right is supported on

four points 0y, 0.4, 07, 0.5 € H®.
3.5 Dévissage

Let X be a scheme, and € X® a point of codimension p. In its original form,

dévissage [11, 2.2] states that there is an isomorphism (see (2.3) for canonical version)
W(r(x)) = W(CM"(X,)).

In order to identify the complex (3.5) with a complex of Witt groups of tori, we need

isomorphisms of the form
W(Tx) > W(CMy (H, — N)). (3.11)

There is certainly such a map induced by inclusion. However, unlike CM*(X,), the
sheaves in CM;}X(HR — N) are not of finite length, so dévissage cannot be applied
in its original form. In this section, we show that the map is still an isomorphism.

First we need a lemma:

Lemma 3.6. Let

(N R N Ry |

be a minimal injective resolution of Clx,y]. Then

e C@)ly, 1/y]
£ = i_Ul(o e ~ —Cwn

Proof. Let VP < EP denote the p-th cosyzygy. We have £° = C(z,y), V! = S&v)

and

o= J0osym = St



Hence, there is an inclusion V; < %. We will show that this is an an essential

injective extension over Clz][[y]]. This is an equivalent way of saying that it is
an injective hull over Clz][[y]] [? , 2.21]. Since V,; < &, is an injective hull over

Clz][[y]] by Bass [? , 2.5], the result follows.

C()[y,1/y]
C(z)[y]

turn implies that it is injective over C[z][[y]].

is an injective C(z)[[y]]-module, since it is divisible over PID. This in

For essentiality, note that every non-zero element of % can be represented

by a finite sum of the form 3. _, - where f;, g; € C[z] < C[z][[y]]. By multiplying

izl giy®’

this by | [,> gi, one obtains a non-zero element in V; = %. This implies that

Yl o, C@lyl/y]

y Ty 1S an essential extension. 0

Proposition 3.7. There are isomorphisms

W(Tx) = W(CMz, (H, — N)), W(Tz) = W(CMy, (H, — N))
W(Ty) = W(CMy, (H, — L)), W (Tw) = W(CMz,, (H, — L))

induced by inclusion.

Proof. We will only prove the first isomorphism. The proofs for the other isomor-
phisms are similar.

Tx can be covered by two affine open subsets, U = SpecC[z,1/x] and V =
Spec C[z,1/z], glued together via z < 1/z. If [M, ¢] € W(Tx), then

$(U) : M(U) x M(U) — Vo, (U) =Cl[z,1/z]
(V) : M(V) x M(V) — Vg, (V) =Clz,1/7]
where M(U) is a free C[z, 1/x]-module, and M(V) is a free C[z, 1/z]-module.
On the other hand, viewed as a subset of H,, — N, T'x can also be covered by two

affine open subsets U; = Spec C[z,y,1/x] and Uy = Spec C|z, w, 1/z], glued together
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via z <> 1/z and y < 2"w. If [N, ¢] € W(CMy, (H, — N)), then

() . Clz,y,1/z,1/y]
_)l 1 _ . 7 oy _ ) 9 )
N(U) x N'(0)) Vo, s (U1) izul(o ) e = Ty 1]

$(Us) OO Clz,w,1/z,1/w]
_,4 1 — l I s o _ ) )
N () > N{U) VOHWN’TX(UZL) ,-:1(0 - )C[wa’,l}z] Clz,w,1/z]

where N (U;) is a CM C[z,y, 1/x]-module of codimension 1 killed by some power of
y, and N (U,) is a CM CJ[z,w, 1/z]-module of codimension 1 killed by some power of

w.

Let ¢ : T'x — H, — N be the inclusion. There is an injection
J 2 5Vor = Vou, Ty
which is given on the affine charts U; and Uy by

Clz,y,1/z,1/y]
Cl,y,1/x]

J(Uy) : Clz,1/z] zé‘;’ C[é’[j’;’/i’/i]/y]

J(O) : Cla,1/] &

Thus there is an induced map of Witt groups
W(Tx) --» W(CMy, (H, — N)), [M,¢] — [ixM, joid].

We will show that this map is an isomorphism. It suffices to show that this is an

isomorphism on one of the affine charts, Uj.
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There is a commutative diagram of value groups

0 0
0 _ —11c Wy Cleyl/z 1yl _ 1
V(C[x,l/z] B C[ZE, x ]( Clz,y,1/z] a V(C[:p,y,l/x],y
0 _ 1/y C@)yl/y]l  _ 1
Ewam = Cl@) Coly] ECa)lulw
Yl - _Cw) M C(a)[v.1/] _ 2
C[x,1/x] Cle,1/z] Clz.y1/z,1/y]+C(@)[y] Clz,y,1/z]y
0 0

where the columns are exact. Note that we can make the identification

ol
C2)[yly C(2)[y]

by Lemma 3.6. Thus we have an induced commutative diagram of Witt groups

0 0

W(CMO(Clz, 1/2]) ~ W(CM!(Clz, y, 1/2]))

KO Kl
W (CMO(C(2))) —2— W (CM(C(2)[y]))
0 L,

W (CM!(Clz,1/x])) 2 W(CME(CLz,y, 1/5]))

0 0

Pardon[12] showed that the first column is exact. His proof easily extends to the
second column (shown below), so the second column is also exact. We will show that
the second and third horizontal maps are isomorphisms, which implies that the first
horizontal map is also an isomorphism.
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To this end, note that the modules in CM, (C(x)[y]) and CM:(C[z, y, 1/x]) are
of finite length. Hence, we may apply dévissage [11, 2.2] to reduce the powers of
y which annihilate the modules down to 1, thereby representing the forms by the
images of the horizontal maps. This proves surjectivity. Injectivity follows from the
fact that dévissage preserves lagrangians.

To prove exactness of the second column, first note that surjectivity of C; follows
from surjectivity of £° and bijectivity of the bottom horizontal map. Secondly,
injectivity of IC; follows from injectivity of &' [12, 3.9]. E; o IC; = 0 is clear, and the

only non-trivial part is to show that ker £, < im k). Let [N,¢] € ker L], so that

[M'/M, ] + [Ly, ¢1] = [La, ¢2], (3.12)

where M is an integral lattice for [N, ], M’ is its dual lattice, and [Lq, ¢1], [ L2, ¢2]
are lagrangians.

First suppose that [Li,¢1] = 0, so that [M'/M,] is a lagrangian. Let K <
M'/M be a sublagrangian, and K < M’ its pullback under the quotient map M’ —»
M'/M. Since K is a sublagrangian, K = K= [6, p. 134], therefore K = K’. The
isomorphism

K/ i HOIH(K, V(lj[%y’l/ﬂ)
then implies that K € CM,(Clz,y,1/z]) [12, 1.13], and that
77/}|K><K KX K — V(é[ay,l/:c]

is nonsingular. Hence, [K,¥|kxx] € W(CM,(Clz,y,1/z])), and clearly

/C;([K, 7vDKxK]) = [N7 w],

proving ker £} < im K.
Next, we show that [Li,¢1] € im K}, justifying our assumption. By adding
[L1, —¢1] to both sides of (3.12), we may assume that [L1, ¢1] is a hyperbolic form
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(1.2), so that

L =TT,

where T € CMZ((C[m, y,1/z]) and T := Hom(T, Vé[x,y,ym])' By [11, 1.6Db], there exists
an exact sequence

0>T—J—>T—0, (3.13)

where J € CM, (C[z,y,1/x]), and a dual exact sequence
0—J" - I* T -0, (3.14)

where J* := Hom(J, Vg, ), I* := Hom(I,V¢(,, 1/,7)- Combining (3.13) and

z,y,1/x]

(3.14) gives an exact sequence
0—-I®J" " —->J®I"— L, —0.

Let S:=1® J* and

g . S X S — V((lz[%y’l/x]

the induced pairing with o177 = ojyxxs+ = 0. Then [S,0] € W(CM,(C[z,y,1/z]))
[11, 1.6a], and K}([S,0]) = [L1, ¢1], as desired. O

Corollary 3.8. There are canonical isomorphisms
W(Tx) [ [W(Tz) > WM, (H, - N))
W(T) [ [W(Tw) = W(CMy, (H, — L))
induced by inclusion.

Proof. 1t is easy to see that if M € C/\/llTL(Hn — N), then M = My @ My, where
Mx = 02,0 Z( X)), Mz =02 ,(0: F(Z2))m, and F(X), I (Z) < O, are
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the ideal sheaves of X and Z, respectively. Hence, there is an isomorphism

W(CMz, (H, — N))

le

W(CMp, (H, = N)) [ [W(CME, (H, — N)),
[Ma(b] — ([MX7¢’MX]7[MZ7¢‘MZ])
[M, o] + [N 9]« ([M, 9], [N, ¢])

and the result follows from Proposition 3.7.
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4

Quasi-isomorphism via toric decomposition

In this chapter, we will prove that the toric complex

d9 dl
0—W(H,—H) 3 W(H - H?) 5 W(H?) -0 (4.1)

n

is quasi-isomorphic to the Gersten-Witt complex of H,,

0— [] Ww@) S [] wike) S 1] Wik) S o. (4.2)

a:eHﬁLO) wEH,(Ll) a:er)

By Corollary 3.8, this implies that the complex

0 — W(H—HY) % wemy, (H-N) [ [W(CM, (H-L)) S W(CMp(H)) -0

(4.3)
that we constructed in Chapter 3 is quasi-isomorphic to (4.2).
More generally, let X be a toric variety of dimension n, where
X=X"oX!'s...o0 X" X" =
is a chain of closures of orbits of the torus action, and Y? := X? — XP*! is a finite
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disjoint union of (n — p)-tori. Let

R(X) = @ W(k(z))

e X (P)

be the p-th term of the Gersten-Witt complex of X.
In order to prove the quasi-isomorphism, we need the following proposition, due

to Pardon:

Proposition 4.1. Let k be a field with char k # 2. Then the Gersten- Witt complex
of AT is acyclic, and H°(A}) = W(AD).

Proof. We will prove by induction on n. It is trivially true if n = 0, so assume that
n = 1, and that it is true for n — 1.

If p € Spec k[z1], denote its fibre under the projection
Speck|xy,...,x,] = Speck|z]

by F,. If p € Speck[x1] is not the generic point, then p = (f), where f € k[z1] is an

irreducible polynomial. Hence,

FP = Spec(k[xl, cee ,l‘n]/(f)) = SpeC((kI[!El]/(f))[[BQ, cee ,InD,

and k[z1]/(f) is an algebraic field extension over k. If € Spec k[x;] is the generic
point, then F, = Speck(x;)[za,...,x,]. Note that Speck[z,...,z,]| and F, have
the same function field, k(z1, ..., x,).

Let A := Speck[zy,...,x,] and Ay := Speck[z;]. There is a commutative dia-

gram

0 ——=W(k[1]) —= W (k(21)) —= [,c a0 W(k[21]/p) —=0

T

0——W(A) W(F,) [Teaw W(E)
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where the vertical maps are induced by inclusion. By Karoubi [5], the vertical maps
are isomorphisms, and by Pardon [11], the first row is exact. Hence, the second row

is also exact.

Now, there is a short exact sequence of Gersten-Witt complexes

0— [[ R (F)[-1] - R*(A) - R*(F,) — 0,

0 W (A) e WK (A)) 2 [ [ W (i ()) —— ...

0 W(Fy) — e WK () " T,y W () ——
[Tcam W(E) 0
0

where columns are exact, and K(—) denotes the function field. Diagram chasing

shows that there is an induced map

H W(F) --» H W(K(Fp)).

peAil) peAgl)

By the induction hypothesis, this map is injective, and the first and third rows in

the above diagram are exact. Hence, the second row also is exact. O

The same proof works with Laurent polynomials:
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Proposition 4.2. Let k be a field with char k # 2, and T' a torus (of any dimension)
over k. Then the Gersten-Witt complex of T is acyclic, and H°(T) = W(T).

We now prove the main proposition of this chapter (see Takeda [16] for K-

theoretic analogue):
Proposition 4.3. The complex W(Y*) is quasi-isomorphic to R*(X).
Proof. The inclusion XP*! «<» X? induces a short exact sequence
0 — R*(XP™Y)[~1] - R*(X?) - R*(Y?) — 0, (4.4)

where [—1] indicates a degree shift by -1. Since Y? = [[, T}, R*(Y?) is acyclic by

Proposition 4.2. Hence, the short exact sequence (4.4) induces an exact sequence
0 — HOR'(X?)) & HO(R*(v?)) Zs HO(R* (X)) &5 HY (R (XP)) -0, (4.5)
and isomorphisms
HY(R*(XPY)) 5 HY(R*(X?))  Vk=2.
The latter gives rise to a chain of isomorphisms
HY(R*(XP7H) = HA(R*(XP7%)) = -+ = HP(RY(X?)),

which are induced by the inclusion R*(X?~")[—1] — R*(XP~""1).
Let 0P := KP*1 0 §?. The exactness of the sequence (4.5) implies that there is a

complex
s HAR(YP) S HOR(YP) DO HOR(YPT) - (46)
By Proposition 4.1,
HO(R(Y?) = W(Y?) = [ [W(T?).
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Hence, (4.6) gives a complex W (Y*).

There is a commutative diagram

HO(R*(YP1)) 0

0—— H°(R*(X?)) LHO(R'(YP)) LHO(R‘ XPHLY)

gp-1 X llcp+1

Hl(Ro(Xp—l)) H0<Ro Yp-i—l))

where the rows and columns are exact. Hence, there is a commutative diagram

HO(R*(X?)) > ker 0¥
U U

im P! — = im or~!
which gives rise to isomorphisms

gr-1 HO(R'<XP)) Kcp ker 0P

~ im op—1 ~ im P!

HP(R*(X?)) < H'(R*(X"™))

= H'(W(Y*)),

where the first two isomorphisms are induced by inclusion.

Now we will show that this isomorphism is induced by a chain map

R*(XY) «—- W(Y™).
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By the short exact sequence (4.4), there is a commutative diagram

0 0
0 T THRNXP) - - - HORY(Y?))
e ! €(XP) e(Y?)
R R R(y?)
((XPHY) 40(XP) dO(v?)
0 RO(X7+1) RY(XP) RY(Y?) 0
do(xP+l) d' (XP) d(yP)
0 RY(X7+) R2(X7) R2(Y?) 0
dt(xp+1) d?(XP) d?(Y'P)
0 R2(XPH) R3(X?) R3(Y?) 0

where the rows and columns are exact. By the isomorphism R°(X?) = RY(Y?),

there is a map A : HO(R*(Y?)) --» R%(XP?), and a commutative diagram

HO(R*(YP)) X RO(X7Y)

R
- (X1
1o t 5

yp));> RO(XP (_>R1(XP 1

NP Nip 1

/\p+ p+1 (_>R1 XP QRQ XP- 1

Ro (Yerl))
Hence, there are inclusions of chains
W(Y*) & R(XP)[p +

1] = R*(XP)[-p+2] = - = R(X?),

which induces the isomorphism H?(W (Y*)) = HP(R*(X?)).
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5

Computations

In this chapter, we will compute the boundary maps of the toric complex (3.5). For
the sake of simplicity (and without loss of generality), we will assume that n = 0.

From our choice of affine coordinates (3.1), we have H,—H} = Spec C[z,y, 1/z,1/y].
Then W(H,,—H}) is a Z/2-vector space of dimension 4, generated by the unary forms
(1), {x),{yy,{xy) [, 3.11]. On the other hand, by Corollary 3.8,

W(CMy, (H, = N)) [ [W(CM, (H, — L)) (5.1)
is generated by 8 basis elements corresponding to the basis elements of
W(Tx), W(Ty), W(Tz), W(Tw),

each of which is generated by two basis elements [5, 3.9]. Hence, d%n can be repre-
sented by an 8-by-4 matrix. On the other hand, H? consists of four points (refer to the
picture (3.2)), and since the Witt group of a point is W(C) = Z/2, W(CM%,%(HH))

is a Z/2-vector space of dimension 4, so d}{n can be represented by a 4-by-8 matrix.
Proposition 5.1. With above choice of basis, the matrixz representation for d%n 18
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given by

1) (z) () Czy) 1y () &y C{zy)

d,y 70 0 1 0 d,y 70 0 1 0
o o o 1 @ [o o o 1
aylo 1 0 o aylo 1 0 o0

L - wlo o 0o 1 L o~ wlo o 0o 1
fleeen =350 0o 1 0o |7 Myl o o0 0 1
ylo o o0 1 ylo o 1 0

aH o 1 0 o0 aslo 1 0 o0

wy \o 0 0 1 wy\o 0 1 0

Proof. Let us first determine the entries in the first column. To do this, we need
to see where the form (Op,_p1,(1)) is sent to by the composition IC}I}L o C[}I}L. To
apply the lattice map £(}{}l, we need to find an integral lattice for (Op, _p1,(1)). We
claim that Op, is an integral lattice for (Op,_p1,(1)). To see this, we check that

the image of the bilinear form

O, (Uy) % O, (Us) B (1.0 —11) (U)

lies in Vg, (Us,) for every i, where j : H, — H, <> H, is the inclusion (see (3.1) for

the definition of Us,.) For example, on U,,, the form (Oy,_p1,(1)) is given by

Cla,y, 1/, 1/y] x Cla,y,1/z,1/y] = Cla,y,1/z, 1/y],
and the image of the bilinear form
OHn(UO'1) X OHn(Ual) = C[l’,y] X (C[Z',y] _1) C[:Uaya 1/3:5 1/y]

lies in V%Hn(Ugl) = Oy, (U,,) = Clz,y].

To find its dual lattice, note that

O, (Us,) := {f € Clz,y,1/x,1/y] | f - Clz,y] = Clz,y]} = Clz,y] = On,(Us,).
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We can similarly check that Of (Us,) = Op, (Us,) for every i, so Oy, is self-dual,
resulting in £9,, ((1)) = 0. Hence, d}; ((1)) = K};; 0 LY, ({1)) = 0, and the entries in
the first column are all 0.

Now let us determine the entries in the second column.

The form (O, —p1,{x)) is given on the affine charts by

Us, : Clz,y,1/z,1/y] x Clz,y,1/z,1/y] > Clz,y,1/z,1/y]
Uy, : Clz,y,1/2,1/y] x Clz,y,1/z,1/y] > Clx,y,1/z,1/y]
U,, : Clz,w,1/2,1/w] % Clz,w,,1/2,1/w] 5 Clz,w,1/21/w]
U,, : Clz,w,1/2,1/0] x Clz,@,1/2, /@] 5 Clz,@,1/2,1/@]

This time, Oy, is not an integral lattice because the image of the bilinear form
O, (Usy) X O, (Usy) = Clz,w] x Clz,w] 5 C[2,w,1/2,1/w]
does not lie in Vg, (Us,) = On(Us,) = C[z,w]. On the other hand,
Op, (W) (Uyy) = z - Cl2z,w],
and the image of the bilinear form
z-Clz,w] x z- C|z,w] kK Clz,w,1/z,1/w]

does lie in C[z,w]. We can similarly check that the image of the bilinar form

O, (~W)(Us) % O, (~W)(Us,) = (12O, 1) (Us,)
liesin V) (U,,) for every i. Hence, Op, (—W) is an integral lattice for (O, 1, {(x)).
OHn K3 n n

To find its dual lattice, note that

On, (W) (Us,) = {feClz,y,1/z, 1)yl | f-z-Clz,y] = Clz,y]}

1

= OHn (Y>(U01)7
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/

We can similarly check on the other affine open subsets to conclude that Oy, (—W)" =
Op, (Y). Hence, LY, ((x)) is given by

Oy (W)~ On. (W) Oy,

n

(5.2)

Now we apply the map
Khyy + W(CMpy (H,)) — WMy (Hy — N) | [W(CMYy,_, (H, — L))

by restricting the domain from H, to H, — N and H, — L. (Recall L := X U Z,
N :=Y uW.) Restricting (5.2) to H,, — N gives zero because

On,(Y)

. OHn—N
On, (=W)

= 0.

H,—N OHn—N

By Corollary 3.8, this implies that K},, o £9,, ((z)) has no component in the subspace
generated by (1,),{z),{1,),{z), hence the corresponding rows in the second column
are 0.

On the other hand, restricting (5.2) to H,, — L gives

OHn,L(Ty) OanL(TY) @ 'L.*OHn—H}L

X 5.3
O il Tw)  Omn(-Tw) ~ Oms 5:3)
On (H, — L) nU,, = SpecC|z,y,1/y], (5.3) gives a commutative diagram
LClay 1yl  L-Clayl/yl = Clay,l/z,1/y]
Clew 1yl * Cley,1/y] Clz,y,1/y] (5-4)
1/x><1/x[2 1z

Cly, 1/y] x Cly, 1/y] —— C[y, 1/y]

while on (H,, — L) n U,, = SpecC|z,w, 1/w], it gives a commutative diagram

Clz,w,1/w] Clz,w,1/w] 1/z Clz,w,1/z,1/w]
z-Clz,w,1/w] z-Clz,w,1/w] Clz,w,1/w]
1x1Tz 1/z

Clw, 1/w] x Clw, 1/w] —— C[w, 1/w]
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We therefore conclude that Kj o £Y ((z)) = (1,) + (1,). Hence, in the second
column, the rows corresponding to (1,) and (1,,) are 1, and the rows corresponding
to {y) nad (w) are 0.

So far our results didn’t depend on n. Now we will see that the third and fourth
columns do depend on n.

To determine the third column, consider the form (O, _p1,{y)), given on the

affine charts by

Uy, : Clo,y1/x,1/y] x Clz,y,1/z,1/y] > Clz,y,1/z,1/y]
U, : Clz,5,1/2,1/7] x Cla,5.1/z,1/5] B Clz,7.1/z,1/7]
U, : Clz,w,1/2,1/w] x Clz,w,,1/2,1/w] "5 Clz,w,1/2 1/w]
U, : Clz,w,1/2,1/0] x Clz,w,1/z,1)w] = Clz,w,1/z 1/w]

We use the same argument as above to conclude that Og, (—Z2) is an integral lattice
for (O, —m1,<{y)). For example, Oy, (—Z)(Us,) = w - C[z,w], and the image of the
bilinear map

w-Clz,w] x w-C|z,w] iy Clz,w,1/z,1/w]

lies in V3, (Usy) = C[z,w]. To find its dual lattice, note that
Ou,(-2)(Un) = {feCluwtfz1ful | £+5 v Clsul = Clavul|

— L.l

z

= Oy (X + W) (U,,).

We can similarly check on the other affine open subsets to conclude that Oy, (—Z2)" =

O, (X +nW). Hence, L ({y)) is given by

OHn(X + TLW) y OHn(X +TlW) &y Z*OHn*H}L
On,(—Z) On, (—Z) On,
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Now we apply the map

Kl : W(CMp (Hy,)) = W(CMi y(H, = N) [ [W(CMp 1 (H, — L))

by restricting the domains to H,, — N and H,, — L. Restricting (5.5) to H, — L gives

On,—1(nTw) y On,—1(0Tw) @) 4O,
Omu,—1 Omu,—r1 Ow,-1

while restricting it to H, — N gives

On,-n(Tx) y On,-~n(Tx) @i*OHn—H}L
Oun,-n(=Tz)  On,-n(—T7) Ou,-n

On (H, — L) nU,, = SpecC|z,y,1/y], (5.6) is zero because

O, _1(nTw) _ Ow,—1)nU,, _ 0
OanL (Hn—L)"Us, (Q(Hn—L)mUU1 )

while on (H,, — L) n U,, = Spec C[z,w, 1/w], it becomes

& Clz,w,1/w] = - Clz,w, 1/w] 20w Clz,w,1/2, 1/w]

Clz,w, 1/w] 8 Clz,w, 1/w] Clz,w, 1/w]

If n is even, then

—7 - Clz,w, 1/w] _ L. Clz,w, 1/w]
z-Clz,w, 1/w] z-Clz,w, 1/w]

(5.6)

(5.7)

is a totally isotropic subspace of (5.8) of half the rank, i.e., a sublagrangian. Hence,

the Witt class of (5.8) is zero, i.e., K} oL}, ({y)) = 0. This implies that d

»)

has no component in the subspace spanned by (1,),{y),{1,),(w), and the corre-

sponding rows in the third column are zero.

On the other hand, if n is odd, then

o o e Claw Vu] _ & -Clzw,1/u]
’ (C[Z,w, ]_/UJ] (C[Z,U),]./w]
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is a totally isotropic subspace of (5.8), and

z<"++)/2 ’ (C[Z, w, ]_/IU]
Clz,w,1/w]

M+ =

so M+/M ~ Clw,1/w], and there is a commutative diagram

W-C[z,w,l/w] y WC[z,w,l/w] 2" Clzw,1/z,1/w]
W'C[Z’,w’l/w] W-C[z,w,l/w] Clz,w,1/w]

(5.9)

1/Z(n+1)/2xl/z(n+1)/2T2 Jl/z
Clw, 1/w] x Clw, 1/w] —L*~ Clw, 1/w]

By Lemma A.7(2) and Lemma 3.3, M +— M*/M does not change the Witt class, so

we conclude that K} o £, ((y)) = (1/w) = (w). Hence, in the third column, the
odd

row corresponding to (w) is 1, while the rows corresponding to (1,),{y), (1, are 0.
Now on (H, — N) nU,, = SpecC|z,y,1/x], (5.7) gives a commutative diagram

+-Clay,1/z] L Cleyl/z]  y Clz,y,1/z,1/y]
Tewinl ¥ “Chwi/a Cley.1/a] (5.10)

l/yxl/yTZ 1/y
Clx,1/z] x Clz,1/2] —— C[z, 1/z]

while on (H,, — N) n U,, = SpecC[z,w, 1/z], it gives a commutative diagram

Clz,w,1/z] Clz,w,1/z] 2" fw Clz,w,1/2z,1/w]
w-Clz,w,1/z] X w-Clz,w,1/z] Clz,w,1/z] (511)

lxsz 1/w
C[z,1/2] x C[z,1/2] ——C[z,1/7]

Hence, we conclude that K}, 0 £, ((y)) = (1,) + (z™). This implies that on the third

column, the rows corresponding to (1, ) and (z™) are 1, while the rows corresponding

to (x) and (") are 0.
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Finally, let us determine the entries in the fourth column. The form (Og, — g1, {zy))

is given on the affine charts by

Uy, : Clx,y,1/2,1/y] x Clz,y, 1/z,1/y] B Cla,y,1/z,1/y]
U, : Cle,3.1/2,1/7] x Cle,3,1/2,1/5] 4 Clz,5,1/2,1/7]
U,, : Clzw,1/z1/w] x Clz,w,,1/2,1/w] * =" Clz,w,1/z1/w]
U, : Clz,@,1/21/0] x Clz,@,1/2,1/@] *—" C[z,,1/z,1/d]

Using the same argument as above, we conclude that Oy, (—Z — W) is an integral
lattice. For example, Op, (—Z—W)(U,,) = zw-C[z,w], and the image of the bilinear

form

z

zw - Clz,w] x zw - Cz, w] e Clz,w,1/z,1/w]

lies in C[z,w]. To find its dual lattice, note that

znfl

2w - Clz,w] © C[z,w]}

Ou, (=2 —W)(U,,) = {fe Clz,w,1/z,1/w] | f- "
= Zin‘(C[z,w]

= Op, (X +Y +nW)(Us,).

We can similarly check on the other affine open subsets to conclude that Op, (—Z —

W) = O, (X +Y +nW). Hence, L3, ({zy)) is given by

Ou, (X +Y +nlW) y Ou, (X +Y +nW) @y 1O, — i (5.12)

n

Now we apply the map
Kl « W(CMjy (H,)) — W(CMyyy y(H, — N) [ [W(CMyyy (H, — L))

by restricting the domains to H, — N and H, — L.
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Restricting (5.12) to H, — N gives

On,-n(Tx)  On,-n(Tx) ay Om,-m

, 5.13
Omn(—T2) ~ Omon(-T7) ~ O (5.13)
while restricting to H,, — L gives
oy xOm, —m
OHn_L(Ty + TLTw) o OHn—L(TY + nTw) zy 1.Ug, Hn. (5'14>

On,—(~=Tw) Ou,—(=Tw) On,-1

On (H, — N) nU,, = SpecClz,y,1/x], (5.13) gives a commutative diagram

Clzy,l/z] 2y Clay,1/z,1/y]
Clz,y,1/x] Cla,y,1/z] Clz,y,1/z]

1/yxl/yT2 1y
Clz,1/z] x Clz,1/z] ——CJx, 1/x]

while on (H,, — N) n U,, = SpecC[z,w, 1/z], it gives a commutative diagram

Clz,w,1/z] % Clz,w,1/z] 2w Clz,w,1/z,1/w]
w-Clz,w,1/z] w-C[z,w,1/z] Clz,w,1/z]

lxl]z 1/w
Clz,1/z] x C|z,1/z] o Clz,1/z]

Hence, we conclude that Ky o L9 (Czy)) = () + (z"~'). This implies that in
the fourth column, the rows corresponding to (z) and (z"~') are 1, while the rows
corresponding to (1, and (z") are 0.

On the other hand, on (H,, — L) nU,, = SpecC[z,y,1/y], (5.14) gives a commu-

tative diagram

LClayl/yl  2Cleyl/yl 2y Clay,l/x,1/y]
Tewd/s] < “Clewi/y] Clew.1/u] (5.15)
l/mxl/wTZ 1/z

Cly, 1/y] x Cly, 1/y] ——=C[y, 1/y]
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while on (H,, — L) n U,, = Spec C[z,w, 1/w], it becomes

= Clz,w, 1/w] y = Clz,w, 1/w] 210 Clz,w,1/z,1/w]
z-Clz,w, 1/w] z-Clz,w, 1/w] Clz,w, 1/w]

(5.16)

If n is odd, then

Z(n—+)/2 ' (C[Z,'U),l/w:l - Zln : (C[Z,'LU, 1/11)]
z- Clz,w, 1/x] z-Clz,w, 1/x]

is a totally isotropic subspace of (5.16) of half the rank, i.e., a sublagrangian. Hence,

the Witt class of (5.16) is zero, and together with (5.15), we conclude that
Kl o Ly (o)) = ).

This implies that in the fourth column, the row corresponding to (y) is 1, while the
rows corresponding to (1,), (1), {w) are 0.

On the other hand, if n is even, then

Zn/% : C[Zawv ]-/w] - Zln : (C[Z,w, 1/11}]
Z-

M =
z-Clz,w, 1/w] Clz,w, 1/w]
is a totally isotropic subspace of (5.16), and
ML = z,}/Q -Clz,w, 1/w]
z-Clz,w,1/w] ’

so M+/M ~ Clw,1/w], and there is a commutative diagram

oz Clew,1/u] 5 Clzw,1/w] 2w ¢
2"/2 /2 [z,w,1/z,1/w]
zn/12—1 (C[z,w,l/w] z"/12*1 (C[Z,’LU,I/’U]] C[Z,’w,l/w] (517)
1/2"/2><1/z”/2T2 1/z
1/w

Clw, 1/w] x Clw, 1/w] Clw, 1/w]

As we noted earlier, M — M*/M does not change the Witt class. Hence, together

with (5.15), we conclude that

K1 o Ly, aw) =y + Ljw) = () + {w).
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This implies that on the fourth column, the rows corresponding to (y) and (w) are 1,

while the rows corresponding to (1,) and (1,,) are 0. This completes the proof. [

Proposition 5.2. With the same choice of basis as in Proposition 5.1, the map d}{n

15 represented by the matrix

Aoy 2y Ay @ L) (& (dw) (W)
(0gy) 0 1 0 1 0 0 0 0

d}lq — <0zﬁ)>
even <Omg>
Oz

=

1 0 0 0 0 0
0 0 1 0 1 0
0 0 0 0 1 0

o O O

Aoy () Ay ) L) () du) (w)
Op>,0 1 0 1 0 0 0 0

A _ O] T 0 0 0 0 0 0
Hodd Ol 0 0 0 1 1 0 0
O.>\0 0 0 0 0 1 0

—_ O =

Proof. Recall that dj; := Ly, [ L}, , where

W(CMy, (H, — N)) is generated by (1,),{(x),{1.),{z), and W(CMy, (H, — L)) is
generated by (1,),(y),{1,),{w) (Corollary 3.8). There is a commutative diagram

W (CMj, (H, — N)) i W (CM32(H,))

R

W(CMz, (Usy —Y)) —=W(CMg,, (Us,))

where the vertical maps are induced by inclusion. Hence, we can compute ElTL

in terms of the affine lattice maps L7, ,, L5, .. L}, Ly, 5 and L7, in terms of

%)



El

04,2°

El

03,27

£1

1
£ 02,7

o2 The integral lattice and dual lattice for E}Ihy are computed

using the value group

1 _ (C[*Ia:% 1/y] ~ C[I’,y, 1/y] + (C[l’,y, 1/£L‘] - (C[l’,y, 1/$, 1/y]
YT Tyl T Clrya] Cley1e] -~ O

We saw in the computation of £Y, ((y)) that on (H,, — N) nU,, = SpecClz,y,1/z],

(1,) is given by (5.10)

i'C[ﬁIf?y,l/:C] ;j'(C[l',y, 1/3:] y (C[x,y, 1/:L', l/y]

(C[x,y, 1/1}] x (C[xhy?l/x] - C[x,y, 1/1,] (519)

-(C[:v,y]+(C[:v,y,1/ac] %C[%yvl/l"

PRI < ‘el /w]]. Since the image of the bilinear form

-Clz,y] + Clz, y,1/2] y 5 Clz,y] + Cla,y, 1/x] v Clz,y, 1/, 1/y]
Clz,y,1/z] Clz,y,1/z] Clz,y,1/z]

lies in V4, (5.18), M is an integral lattice for (5.19). Moreover,

Y

. y Clesy Vol 1 Cloyl + Clay, 1/a]
. _{f oy il Y Clz,y,1/2] }

so M is self-dual. Hence, £} ((1,)) = 0. This implies that L}, ({(1.)) has no (0,

component, so the corresponding row in the first column is 0.

On (H, — N) nU,, = Spec|z,w, 1/z], (1,) is represented by (see 5.19)

1.Clz,w,1/z] +-Clz,w,1/2] ;ng C[z,w,1/2,1/w]

Chowi/:] ~ Clw 1/7] Clzw, 1/2] (5:20)
Using the the value group
1 Clz,w,1/w] Clz,w,1/w]+ C|z,w,1/z] Clz,w,1/z, 1/w]
Vo, o= —— = - c - . (5.21)
Uoy Clz, w] Clz,w,1/z] Clz,w, 1/z]

26



L.Clz,w z,w,1/z]| . . .
one finds that M := = C[C’[j;(cl[/z’] LA s an integral lattice, and M’ =

—=-Clz,0]+C[2,1,1/2]
Clz,w,1/z]

is its dual lattice. Since the rank homomorphism induces
W(CM(Q)ly(UO'1)) = W(C) = Z/27

dime(M'/M) = nimplies that £}, ;({1.)) is zero if and only if n is even. This implies
that L7, ((1,)) has no (0.4, component if and only if n is even, so the corresponding
row in the first column is zero if and only if n is even.

Since (1, ) is supported on Tx (Corollary 3.8), the rest of the entries in the first
column are zero.

The entries in the second column are obtained in the same way. On (H,, — N) n

U,, = SpecC|z,y,1/x], (x) is represented by (see 5.19)

%C[.’L’,y,l/l’] « %'(C[:U7y7 1/.17] 2y C[l’,y, 1/LL’, 1/y]
Clz,y,1/x] Clz,y,1/z] Clz,y,1/x]

(5.22)

Clz,y]+Clz,y,1/z] .

1
One finds that M = % Sewi/l is an integral lattice, but and that its dual lattice

i' X xT X
is M7 = = ADEARB T Sy o dime MY/M = 1, so that £

SERRYE o1.5((7)) is non-zero. This

implies that £, ((x)) has a non-zero (0,,) component, so the corresponding row in

the second column is 1.

On (H, — N) nU,, = Spec|z,w, 1/z], {(x) is represented by (see 5.22)

+.Clz,w,1/2]  +-Clz,w,1/z] ;14 C[2,w,1/2,1/10]

C[Z,lf),l/z] . C[Z,w,l/Z] C[Z,ﬁ},l/z] (523)

£.Clz,w]+C|z,w,1/z]

Using the value group V<19U o (5.21), one finds that M := = ETRYE is an
o4 z,w,l/z

—a=-Clz,w]+C[z,w,1/2]
Clz.w,1/7]

integral lattice, and M’ = is its dual lattice. Then dim¢ M'/M =

n+1,s0 L}, ;((x)) is zero if and only if n is odd. This implies that L7, ((x)) has
no (0,5 component if and only if n is odd, so the corresponding row in the second
column is 0 if and only if n is odd.
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Since (z) is supported on T, the rest of the entries in the second column are
Z€ero.

We move on to the third column.

We saw in the computation of L%,}l ((x)) that on (H,—L)nU,, = SpecClz,y,1/y],

(1,) is given by (5.4)

y 5.24
Clz,y, 1/y] Clz,y, 1/y] Clz,y, 1/y] 524
Using the value group
yo_Clewlje] | Cley Yal+ Clayy, 1yl _ Cley Yz Lyl o0
Ovgy s C[l'?y] (C[a:,y, 1/3/] C[(ﬂ,y, 1/y] 7

1. x x . . . .
one finds that = (C[C"i[’iz(cl[/ﬁ 9 s a self-dual integral lattice, so £, ,((1,)) = 0. This

implies that L, ((1,)) has no (0,,) component, so the corresponding row in the third

column is 0.

On (H, — L) nU,, = SpecC|z, y,1/7], {1,) is given by (see (5.24))

X 5.26
v ] Clewifsl  Cley 1) (526)
Using the value group
Vl _ C[l’,g, 1/.’13'] ~ (C[.T,g, 1/1‘]4‘@[%,@, 1/@] c (C[.’L',g, 1/1’,1/@] (5 27)
Cvoz® — Clz, 7] Clz,,1/7] Clz,y,1/y]

L.Cla,g]+C[z,7,1/7]
Clz,5,1/9]

is a self-dual integral lattice, so £} ,((1,)) = 0. This

02,T

one finds that
implies that £, ((1,)) has no (0,5 component, so the corresponding row in the third
column is 0.
Since (1, is supported on Ty, the rest of the entries in the third column are zero.
We move on to the fourth column.
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On (H, — L) nU,,, {y) is represented by (see (5.24))

Cley 1yl Clo.y, 1] Cle,y, /4] (5.28)

L.Clz,y]+Clz,y,1/y]
Clz,y,1/y]

Using the value group V§, , (5.25), one finds that M := is an inte-
o1’

L. X X
gral lattice, and that M’ = 22 C[C’[Z’jzgyiy’l/ " s its dual lattice. Since dime M’ /M =

1, we conclude that L, ,

((yy) # 0. This implies that £7, ((y)) has a nonzero {0y,
component, so the corresponding row in the fourth column is 1.

On (H, — L) nU,,, {y) is represented by (see 5.26)

2 Clz.9.1/9) 3 -Cle,9,1/9] o/ Clz,5,1/2,1/7]

C[l’, Y, 1/y] X (C[I, 7, 1/@] (C[ZE, 7, 1/@] (529)

8.Cla,5)+Clx,5,1/7]
C[(E,g,l/g]

Using the value group VéU » (5.27), one finds that M := is an inte-
o9 >

L.Clz,g xz,y,1l/y|l . . . .
gral lattice, and that M’ := = C[(C’lfigcl[/g’?’l/y] is its dual lattice. Then dim¢ M'/M =1,

so L}, .((y)) # 0. This implies that L, ((y)) has a nonzero {0,5) component, so the
corresponding row in the fourth column is 1.
Since (y) is supported on Ty, the rest of the entries in the fourth column are zero.
We move on to the fifth column.

We saw in the computation of £, ((y)) that on (H,, — N) n U,, = C[z,w,1/z],

(1,) is represented by (5.11)

Clz,w,1/z] y Clz,w,1/2] 1w Clz,w,1/2,1/w] (5.30)
w-Clzy,w,1/z]  w-Clz,w,1/z] Clz,w,1/z] '
Using the value group
b Clwfe] | Clwlul + Cun/s] | Clawt/ntj] o
Ovog® — Clz,w] Clz,w,1/z] Clz,w,1/z] = 7
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one finds that C[z’z”u].gfz'g[f}:]’l/x] is a self-dual integral lattice, so £}, ,,({(1)) = 0. This

implies that £}, ((1.)) has no (0.,,) component, so the corresponding row in the fifth
column is 0.

On (H, — N) nU,, = Clx,y,1/x], (1,) is represented by (see 5.30)

C[(E,g, 1/;3] v C[Qf,g, 1/LU] 1127 C[.’L’,g, 1/:671/@]
gC[l’,g, 1/1’] QC['T>§7 1/37] C[l’,g, 1/1‘] ’

(5.32)

and using the value group V§, . (5.27), one finds that M := £l
o9’
gj(C[z,gj,l/m]

dime M'/M = n, so L. .({1,)) = 0 if and only if n is even. This implies that

02,1

is its dual lattice. Hence,

an integral lattice, and that M’ :=

L, ({(1.)) has no (0,5) component if and only if n is even, so the corresponding row
in the fifth column is 0 if and only if n is even.
Since (1) is supported on T, the rest of the entries in the fifth column are zero.
We move on to the sixth column.
On (H, — N) nU,, = C[z,w,1/z], (z) is represented by (see 5.30)

Clz,w,1/z] y Clz,w, 1/z] ,zﬁ;@[z,w,l/z,l/w]
w-Clz,w,1/z]  w-Clz,w,1/z] Clz,w,1/z]

(5.33)

Using the value group V4, (5.31), one finds that M := C[z’w].aw 'C[f}w]’l/ 2l is an inte-
o3’ w-Clz,w,l/z

1. zZ, W w- zZ,w zZ|l . . . .
gral lattice, and that M’ := = el 1’1).(];[; w(cl[/;] 1A s its dual lattice. Hence, dim¢ M'/M =

1, s0 L}

o3,Ww

((z)) # 0. This implies that £7, ((z)) has a non-zero {0.,,) component, so
the corresponding row in the sixth column is 1.

On (H, — N) nU,, = Clz,y,1/z], {(z) is represented by (see 5.32)

C[ZL‘,Z], 1/$] C[{L‘,gj, 1/$] "y C[l’,g, 1/$, 1/@]

X — 5.34
7-Clo,5,1/2] * §-Cla, g, 1/a] Cle, 5. 1/2] (531
Using the value group
yo o Clew Vsl Cleng, Vgl + Cle.g, el - Clasg, Ve 15l 5 g0
Ovy, ¥ — = - — — ) .
72 Clz, ] Clz,y,1/x] Clz,y,1/x]
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- y-Clz,y,1/z]

one finds that M = C[x’g.]g[g'g[f/’g]’l/ *l is an integral lattice, and that M’

is its dual lattice. Then dimg M'/M =n — 1, so L], .((z)) # 0 if and only if n is
even. This implies that £7, ((z)) has a non-zero (0,5) component if and only if n is
even, so the corresponding row in the sixth column is 1 if and only if n is even.
Since (z) is supported on T, the rest of the entries in the sixth column are zero.
For the seventh and eight columns, we consider different parities of n separately
at the outset:

(1) When n is even : We saw in the computation of LY, ((zy)) that on (H, —

L) nU,, = SpecC[z,w, 1/w], (1,,) is given by (see (5.16) and (5.17))

= Clzyw, w] o -Clzw, 1/w] oz Clz, w, 12, 1/w] (5.36)
z-Clz,w,1jw] 2z Clz,w,1/w] Clz,w,1/w] |
Using the value group
yyo JClew e Cley Vel + Cloy Yw]  Clevw, Uz Lw] g o
Uog,z C[Z, "LU] (C[Z> w, 1/111] C[Z’ w, 1/21]]

Clz,w]+2-C[z,w,1/w] 1

one finds that <22 P BTV is a self-dual integral lattice, so £;, _((w)) = 0.

This implies that £} ((w)) does not have (0.,,) component, so the corresponding

row in the seventh column is 0.

On (H, — L) nU,, = SpecC|z,w, 1/w], {1, is given by (see 5.36)

ﬁ Clz,w,1/w] % Clz,w,1/®] sn-142 Clz,w,1/2,1/w]

- Cleo1ja] = Clz o, 1] Clz o, 1] (5.38)
Using the value group
yyo oGl Ve] Clew e+ Clev i, Vo] Clzw, Uz Vi) g,
Ovos® — Clz,w] Clz,w, 1/w] Clz,w,1/w] '

-Clz,w]+2-C|z,w,1/D]

1
Zn/Z’LT)
one finds that P BT Y

is a self-dual integral lattice, so L1 _((1,)) = 0.

04,2

This implies that L}, ({1,)) has no {(0.5) component, so the corresponding row in
the seventh column is 0.
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Since (1,,) is supported on Ty, the rest of the entries in the seventh column are
ZEro.
We move on to the eighth column.

On (H, — L) nU,, = Clz,w, 1/w], (w) is represented by (see 5.36)

= Cleyw Yuw] - Clzyw, 1/w] oy Clz, w, 1/, 1/w)] (5.40)
z-Clz,w,1/w] 2z -Clz,w,1/w] Clz,w, 1/w] '

Clz,w]+2-Clz,w,1/w] .
z-Clz,w,1/w] 18

Using the value group VéU (5.37), one finds that M := 12
0357

Clz,w]+2-Clz,w,1/w]
z-Clz,w,1/w]

1.
/2

an integral lattice, and that M’ := is its dual lattice. Then

dime M'/M = 1, so L, ,((w)) # 0. This implies that L7, ((w)) has a non-zero

04,2

{0, component, so the corresponding row in the eighth column is 1.

On (H, — L) nU,, = SpecC|z,w, 1/w], {w) is represented by (see 5.38)

z

z-Clz,w,1/w] 8 2 Clz, w,1/w0] Clz, @, 1] (5.41)

& Clz,w,1/w] % -Clz,@,1/©] o145 C[z,w,1/z,1/0]

[z,0]+2C[z,w,1/w]
= Clz,w,1/@] 18

_1_.c
Using the value group V. (5.39), one finds that M := /2
o4

L .C[z,@]+2-C[z,@,1/]

an integral lattice, and that M’ := 2= T/l

is its dual lattice. Hence,

dime M'/M = 1,50 L], .((w)) # 0. This implies that £}, ((w)) has a non-zero (0.)
component, so the corresponding row in the eigth column is 1.

Since (w) is supported on Ty, the rest of the entries in the eighth column are
zZero.

. . . . 0
. ) -
(2) When n is odd : We saw in the computation of £}, ((y)) that on (H, — L) n

Uy, = Clz,w, 1/w], (1) is represented by (see (5.8) and (5.9))

= Clz,w, 1/w] % Clz,w,1/w] snp2 Clz,w,1/z,1/w]

Clz,w,1/w] . Clz,w, 1/w] Clz,w,1/w] (542)
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is a self-

. v C[z)w]'i_c[szvl/w]
1 (n+1)/2
Using the value group VOUGS . (5.37), one finds that === ERTRYT]

dual integral lattice, so L, ,((w)) = 0. This implies that L} ((w)) has no (0.

03,2

component, so the corresponding row in the seventh column is 0.

On (H, — L) nU,, = SpecC|z,w, 1/w], (1, is given by (see (5.42))

& Clz,w,1/w] % -Clz,@,1/0] g2 Clz,w,1/2,1/10]

5.43

Clz,w, /0] . Clz @, 1] Clz, w, 1/a] (543)

Using the value group W} (5.39), one finds that stz el Cle /) is a self-
g g p Ou,, % . ) Clz,w,1/w]

dual integral lattice, so £}, .((1,)) = 0. This implies that £}, ({(1,)) has no (0.g)
component, so the corresponding row in the seventh column is 0.

On (H, — L) nU,, = SpecC|z,w, 1/w], {w) is given by (see (5.42))

& Clz,w, 1/w] y = Clz,w,1/w] 2w Clz,w,1/z,1/w]
Clz,w, 1/w] Clz,w, 1/w] Clz,w, 1/w]

(5.44)

—wtn Clew]+Clzw,l/w]
Clzw,1/w] 15

Using the value group Vj,, . (5.37), one finds that M :=
o3

W-C[z,w]JrC[z,w,l/w]
Clz,w,1/w]

is its dual lattice. Hence,

an integral lattice, and that M’ :=

dime M'/M = 1,50 L}, .((w)) # 0. This implies that £} ((w)) has a non-zero (0.,

04,2

component, so the corresponding row in the eighth column is 1.

On (H, — L) nU,, = SpecC|z,w, 1/w], (w) is given by (see (5.43))

+ - Clz,w,1/w] % Clz,w,1/w] ,ny Clz,w,1/z,1/w]

Clz,w, 1] . Clzw,1/a] C[z, w, 1/a]

(5.45)

1 Clz,w]+C[z,w,1/®]

Using the value group V} 5.39), one finds that M := D2 2 is
Ouy,, » Clz,w,1/w]

L — C[z,@]+C[z,w,1/®
an integral lattice, and that M’ := Z("“)/Q@C[z[w 1]/;][ "% is its dual lattice. Then
dime M'/M = 1,50 L], .((w)) # 0. This implies that £}, ((w)) has a non-zero (0.,

component, so the corresponding row in the eighth column is 1.
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Since (w) is supported on Ty, the rest of the entries in the eighth column are

Zero. O

Remark 5.3. The matriz representation for dj,, can also be deduced from Schmid’s

result [14] that the canonical map

WP 0p(n) — [[ W)

zeP1(1)

is given by the second residue homomorphism (Theorem 1.1) at x # o, and by the

first (resp. second) residue homomorphism at x = o if n is odd (resp. even).
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6

Cohomologies

Now that we have seen the quasi-isomorphism between the toric complex (4.3) and
the Gersten-Witt complex (4.2) of H,,, we compute cohomologies using the former.
We will see that they are cohomologies of the Witt sheaf U — W(U) on H,.

We first verify that d}{" o d%,n = 0. Next, to compute the cohomologies, we put

the matrices into Smith normal forms® :

Ay Lzy {yy <zy) Ay (z) <y C(zy)

a1,y /1 0 0 0 dA,y /1 0 0 0

@ o 1 0 0 @ [o 1 0 0
aylo o 1 0 aylo o 1 o0

L o~ w0 0 0 0 Lo~ wlo o 0o 0
feven = 1510 0 0 0 [ 7 Md™ ayfo o 0 0
ylo 0o 0 0 ylo o 0 0
asfo o o o0 asfo o o o0
wy\o 0 0 0 @wy\o 0 0 0

! They are computed using a Mathematica package IntegerSmithNormalForm from http://
library.wolfram.com/infocenter/MathSource/682.
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Ay <2 Ay @ L) (& dw) W)
Oy /1 0 0O 0 0 0 0 0

g . O[O0 1 0 0 0 0 0 0
Heven Ozl 0 0 1 0 0 0 0 0]’
0>\ 0 0 0 0 0 0 0 0

ALy (z) Ay @ (L) (& (dw) W)
QOh>/7/1 0 0 0 0 0 0 0

i o~ Qw0 1 0 0 0 0 0 0
Hoda Ogpl 0 0 10 0 0 0 0
OuW>b\0 0O 0 1 0 0 0 0
Therefore we have
dimc ker d%,n =1, dimc im d?{n =3,
dim¢ ker dllqeven =5, dim¢ ker dllqodd =4,
dimcimdj, = 3, dimcimdy =4,

from which we conclude that
HO(W.(Heven)> =7/2, HI(W.(Heven)) = (Z/2>27 H2<W.<Heven)) =7/2,

H°W*(Hoaa)) = Z/2,  H'W*(Hoaa)) = Z/2,  H*(W*(Hoaa)) = 0.

Note that
kerd), = H'OW*(H,)) =Z/2 VnelL. (6.1)

Ferndndez-Carmena [3, 3.4] showed that the Witt group of a complex surface is a

birational invariant, so that
W(H,) =W(P)=2Z/2 VYnelZ.
On the other hand, since the rank is a local invariant, the localization map

W(H,) — W<Hn,n) = F(Hn’WO(Hn))>
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where n € H,, is the generic point, is an injection. By (6.1), we have
W(H,) = H°OW*(H,)).

By the Purity Theorem [9], W* is a resolution of the sheaf U — W(U) on H,,.
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Appendix A

Technical lemmas

We first note a useful lemma, which is easy to prove:

Lemma A.1. Let M, N,V be A-modules, and

¢:MxN-—->V

an A-bilinear pairing. If

ad ¢ : M — Hom(N, V), ad' ¢ : N — Homy (M, V)
are the adjoints, then

ad ¢ = Hom(ad' ¢, V) o pys, ad’ ¢ = Hom(ad ¢, V) o py, (A1)

where

Hom(ad ¢, V') : Homy(M,V) <« Homyu(Homyu (N, V), V),

Hom(ad" ¢, V) : Homu(N,V) «— Homy(Homyu(M,V),V),
and

PM - M — HomA(HOHIA(M, V)7V)7
pny N — Homy(Homy(N, V), V)
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are the canonical maps.

Note that if pp; and py are isomorphisms, then ad ¢ is bijective if and only if
ad' ¢ is bijective.

Now let A := Clz,y], V| := %, and denote (—)* := Homyu(—,V,}). Pardon

proved the following :
1. If M € CM;(A), then M* € CM,(A) [12, 1.13].
2. M e CM;/(A), then the canonical map
pm s M — M*
is bijective [12, 1.17].

3. If
0> M —M-—M —0

is an exact sequence in CM;(A), then the induced sequence
0— (M) —M*— (M")* <0
is exact [11, 1.6¢].
4. If M € CM,(A) and N © M is a submodule, then N € CM;(A) [12, 1.19].
Lemma A.2. Let M, N € CM,(A), and
¢:Mx N>V,
a bilinear pairing. Then the following are equivalent:

1. ¢ is nonsingular.

2. ad ¢ is bijective.
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3. ad' ¢ is bijective.
4. ad¢ and ad® ¢ are injective.
T00]. =(2)e ollows from bijectivity of pps : — . = 1s obvious.

P 1 2)<=(3) foll f bijectivity of M — M**. (1)=(4) is obvi

(1)<(4) : Suppose that ad ¢ and ad' ¢ are injective. Applying Hom 4 (—, Vyl) to
the short exact sequence

0— M N* - N*/M —0
gives an injection
CM,(A) 5 N = N* — (N*/M)*.

Hence, (N*/M)* € CM,(A). Then N*/M = (N*/M)** € CM,(A), so there is an
exact sequence

(ad &)

0« M* N* — (N*/M)* < 0,

so (ad ¢)* is surjective. Since ad'¢ = (ad¢)* o py and py is bijective, adl ¢ is

surjective. A similar argument shows that ad ¢ is surjecive. O

Lemma A.3. Let M € CM(A), N © M a submodule such that M/N € CM,(A),
and

¢:MxM—V)

a nonsingular symmetric A-bilinear form. Then M/N* e CM,(A), and N = N**.

Moreover, the induced pairings

a:NxM/N-— V] B:N*x M/N — V)
are nonsingular.
Proof. Let

ad 8 : N* — Homs(M/N,V,), ad’8: M/N — Homu(N*, V})
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be the adjoints of 8. There is a commutative diagram

ad ¢

~

M

Hom (M, V)

N =22 Hom, (M/N, V})
Bijectivity of ad ¢ implies that ad g is bijective, so
Hom(ad 8, V) : (N)* « (M/N)**

is bijective. By (A.1), ad' 3 is then bijective. In particular, injectivity of ad" 2 implies
that Nt < N. Since N ¢ N+, we have N = N+
Now

ad"a : M/N* — Homyu(N, Vyl)

is clearly injective, so M /N* e CM;(A). Hence, we can apply the same argument

as above with IV replaced by N+ to conclude that ad o is bijective. O

The modules in CM;(A) do not necessarily have finite length. However, if
M e CM,(A) is C[x]-torsion-free, then one can define a notion similar to length;
y* "M /y*M is a free module of finite rank over C[z], so there is a finite chain of
submodules

M=M'>M>M>.-..o>M"=0,

where M*/M*~' ~ C[z]. We then define ¢,(M) := n. Note the following:
e (, is an additive function on C[xz]-torsion-free modules in CM, (A).
o M'/M~'eCM,(A), and it is C[x]-torsion-free.

o If M € CM,(A) is C[x]-torsion-free, then so is M*.
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Lemma A.4. Let M € CM,(A) be Clz]-torsion-free. If N < M is a submodule,
then M /N € CM,(A).

Proof. 1t is clear that M /N is C[x]-torsion-free. Hence, depth,(M/N) > 1, so
M/N ¢ CM;(A) implies that M /N has dimension 2, i.e., it is of finite length. Then
it is killed by a product of maximal ideals of the form (z — a,y — b) < Clz,y],

contradicting the C[z]-torsion-freeness. O

Lemma A.5. If M € CM,(A) is C[z]-torsion-free, then {,(M) = £,(M*).

Proof. Let £,(M) = n, so that there is a chain of submodules
M=M>M>M>..-5M"=0

such that M‘/M*~! ~ C[z]. We prove by induction on n. There is a short exact

sequence of modules in CM, (A) :
0« M/M"— M «— M" 0.
Taking Hom 4 (—, Vyl) gives an exact sequence [11, 1.6¢|
0— (M/M"Y)* — M* - (M")* - 0.

Note that as a C[z,y]-module, M/M' = C[x] is killed by y. Hence, the image

of any homomorphism M/M' — V' lies in (0 : y)yy = * 7 = Clz]. Hence,
(M/MY)* ~ Clz], so €,((M/M"')*) = 1. Then by the additivity of ¢, and the

induction hypothesis,

(M%) =1+ 6,(MY*) =1+ (n—1) =n = £,(M).
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Lemma A.6. Let M € CM,(A) be Clx]-torsion-free, and
¢:MxM—V)
a nonsingular symmetric bilinear form. If N < M is a subspace, then

Ky(N) + gy(NL) = gy(M)-

Proof. By Lemma A.3, the induced pairing
N x M/N* =V,
is nonsingular, so N ~ (M/N*1)*. Hence, by Lemma A.5,

ly(N) = 6,((M/N)*) = £,(M/N) = ,(M) = £,(N*).

Lemma A.7. Let M € CM,(A) be Clx]-torsion-free,
¢:MxM—V)
a nonsingular symmetric bilinear form, and N < M 1is a totally isotropic subspace.

1. 2-4,(N) < £,(M), and equality holds if and only if N is orthogonal, i.e.,
N =N+t

2. The induced bilinear form

_ Nt Nt .
A el S’

is nonsingular. Moreover, if M has an orthogonal submodule, so does N*/N.
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Proof. (1) : Since N = N+, £,(N) < ¢,(N*). Hence, by Lemma A.6,
240, (N) < £,(N) + £,(N4) = £,(M),

So 2 4,(N) = £,(M) if and only if £,(N) = £,(N*1), i.e., if N = N*.

(2) : Since N1t/N e CM;(A) by Lemma A.4, to prove nonsingularity of ¢, it
suffices to prove injectivity of ad ¢. But this is clear from N++ = N.

Now suppose that K < M is an orthogonal submodule. Let A be the set of
totally isotropic submodules containing N, and S € A a maximal element. We will
show that S = M is an orthogonal submodule. This implies that S/N < N+/N is
an orthogonal submodule, completing the proof.

First assume that S n K = 0. Since S is totally isotropic, 2-£,(5) < €,(M) by the
first part of the proof. We will show that this is in fact an equality. Suppose, by way
of contradiction, that 2 - £,(S) < £,(M). Since K is orthogonal, ¢, (MWittclass) =
2-(,(K) by the first part of the proof. Hence, ¢,(5) < ¢,(K), and by Lemma A.6,

0y(S7) = 6,(M) = £,(S) > £,(M) — £,(K).

Hence, £,(M) < £,(S*) +¢,(K), and this implies that St n K # 0, so there exists a
non-zero element m € S+ K. Since S n K = 0 by assumption, m ¢ S. Since m € K
and K = K+, ¢(m,m) = 0. Hence, S + (m) = M is a totally isotropic submodule
strictly containing S, contradicting the maximality of S. Hence, 2 - ¢, (S) = £,(M),
so S < M is an orthogonal submodule by the first part of the proof.

Now for the general case, let J := S n K. Then J < M is a totally isotropic

submodule, so there is an induced bilinear form
U JH T x T - V)
We have shown that this is nonsingular. Note that

JcScStcJt, Jc K=K< J.
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S/J < J*/J is maximal among totally isotropic submodules of J*/.J. Moreover,
(S/J)n (K/)J)=0c J*"/J,

so by the previous case, S/J < J*/J is an orthogonal submodule. Hence, by Lemma
A.3, the induced pairings

a:JxM/Ji—ﬂ/;}, 6:S/Jx%—>vyl

are nonsingular. We will show that the pairing
v:8xM/S—V)

is nonsingular, which implies that S = S*.

There is an exact sequence
O—»JL/JH%a M — 0.
S/J S J+
Taking Hom 4(—, V;}) gives a commutative diagram
0 S/J S J 0

adﬂlz ad'yt Ztada

0<—((J*/D)/(S)])* =— (M/S)* <— (M/J")* <—0
where the rows are exact. Hence, ad «y is bijective, which implies that
ad~ : M/S — Hom(S, V)

is bijective. In particular, injectivity of ad’~ implies that S = S*. O

Remark A.8. From the proof of Proposition 3.7, we know that there is an isomor-
phism

1/y : W(C[z]) > W(CM.(A)). (A.2)
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Hence, every element of W (CM_(A)) can be represented by a C[z]-torsion-free mod-
ule. Lemma A.7(2) and Lemma 3.3 then suggests a way to obtain an inverse map
of (A.2); let [N,y] € W(CM;(A)), where N is C[x]-torsion-free, and y*N = 0 for
somek = 1. Ifk =1, then N is a C[x]-module, and the image of ¥ lies in the image
of the embedding

0 1/y C[Z)’J,y, 1/y] 1
Ve = Clz] = Ty Velzwly

Hence, [N,y -] € W(C[z]). If k = 2, then 2k —2 >k, so y*"'N < N is a totally

1sotropic submodule, and there is an induced form

- WIN)E C(IN)E !
YN X 1IN = Veley)w

By Lemma A.7(2) and Lemma 3.3, [N, ] = [(y:,:lj\]]f,@/;]. Note that now we have

k=1, WFIN)E : : : : _
Y SN = 0. Hence, by repeating this procedure, we will end up with the k =1

case above.
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