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Abstract

Recent advances on the glass problem motivate reexamining classical models of
caging and transport. In particular, seemingly incompatible percolation and mean-
field caging descriptions on the localization transition call for better understanding
both. In light of this fundamental inconsistency, we study the caging and transport
of a series of simple disordered systems.

We first consider the dynamics of site percolation on hypercubic lattices. Using
theory and simulations, we obtain that both caging and subdiffusion scale logarith-
mically for dimension d > d,, the upper critical dimension of percolation. The
theoretical derivation on Bethe lattice and a random graph confirm that logarithmic
scalings should persist in the limit d — o0. The computational validation evaluates
directly the dynamical critical exponents below d, as well as their logarithmic scal-
ing above d,. Our numerical results improve various earlier estimates and are fully
consistent with our theoretical predictions.

Recent implementation of efficient simulation algorithms for high-dimensional
systems also facilitates the study of dense packing lattices beyond the conventional
hypercubic ones. Here, we consider the percolation problem on checkerboard Dy
lattices and on FEjy relatives for d = 6 to 9. Precise estimates for both site and bond
percolation thresholds obtained from invasion percolation simulations are compared
with dimensional series expansion based on lattice animal enumeration for D, lat-

tices. As expected, the bond percolation threshold rapidly approaches the Bethe
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lattice limit as d increases for these high-connectivity lattices. Corrections, however,
exhibit clear yet unexplained trends.

The random Lorentz gas (RLG) is a minimal model for transport in disordered
media. Despite the broad relevance of the model, theoretical grasp over its properties
remains weak. Here, we first extend analytical expectations for asymptotic high-d
bounds on the void percolation threshold, and then computationally evaluate both
the threshold and its criticality in various d. A simple modification of the RLG is
found to bring the mean-field-like caging down to d = 3.

The RLG also provides a toy model of particle caging, which is known to be
relevant for describing the discontinuous dynamical transition of glasses. Following
the percolation studies, we consider its exact mean-field solution in the d — oo limit
and perform simulation in d = 2...20. We find that for sufficiently high d the mean-
field caging transition precedes and prevents the percolation transition, which only
happens on timescales diverging with d. This perturbative correction is associated
with the cage heterogeneity. We further show that activated processes related to
rare cage escapes destroy the glass transition in finite dimensions, leading to a rich
interplay between glassiness and percolation physics. This advance suggests that the
RLG can be used as a toy model to develop a first-principle description of particle
hopping in structural glasses.

While the cages in the RLG are formed by non-interacting obstacles, cage struc-
ture is important for the hopping process in three-dimensional glasses. As a final
note and also a future direction, a study on the three-dimensional polydisperse hard
spheres with modification, named as the Mari-Kurchan-Krzakala (MKK) model was
proposed. This consideration provides a controllable way to interpolate between the
mean-field and the real space glasses. These insights help chart a path toward a

complete description of finite-dimensional glasses.
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1

Introduction

Glasses emerge when a supercooled liquid becomes so sluggish that it falls out of
equilibrium. The glass transition is imperfectly defined as there is no abrupt ther-
modynamical transition [1]. The onset of the glass transition also depends on the
cooling or compressing rate for the liquid glass former. On the molecular scale, the
glass structure resembles that of a liquid yet it does not flow. Dynamically, fast
diverging relaxation time characterizes the glass transition, where the molecules be-
come caged in their local environment, in contrast to that in a liquid which diffuses
in the long time.

By contrast to crystalline solids—and despite the material ubiquity of glasses—
these disordered solids lack a solid theoretical description. Formulating a first-
principle description of glasses thus remains a major challenge of condensed matter
and statistical physics. Conventional perturbative techniques fail due to the lack of
well-defined reference configurations and the strongly interacting nature of its com-
ponents. One of the most promising avenues for understanding glasses comes from
mean-field approaches, which permit a (less conventional) perturbative expansion in

(one over) the spatial dimension d. This approach solves for the mean-field theory

1



of glasses in the limit of infinite spatial dimensions, d — o0, and then introduces
systematic finite-d corrections [2-6]. For standard phase transitions this approach
captures the salient behavior of physical systems in d = 2 and 3, and the relatively
smooth dimensional evolution of the glass phenomenology suggests that the same
should apply for these richer systems as well [5].

The mean-field theory predicts the onset of the glass transition in hard spheres
as a discontinuous dynamical transition, ¢q [4, 6]. For density ¢ > g4, the mean
square displacement (MSD) of particles stays at a finite plateau, while for ¢ < ¢y,
particles diffuse at long times. In finite d, however, the dynamical transition is but a
crossover due to various non-mean-field effects, such as hopping [7], facilitation [8, 9]
and nucleation [10]. In particular, the hopping process leads to the cage dissociates
at finite time, and diffusion is still observed in simulation for ¢ > ¢q.

To build a quantitative theory for the hopping process, it is preferable to con-
sider a modified hard sphere model which highlights the hopping process while
other non-mean-field effects are suppressed. In particular, systems of hard spheres
with randomly shifted pair distances, as proposed by Mari, Kurchan and Krzakala
(MKK) [11-13], can systematically eliminate multi-body interactions, while still be-
having similarly as hard sphere glasses in the limit d — oo [13, 14]. Because, by
construction, most finite-d corrections are absent from this model—including nucle-
ation, structural correlations and facilitation—those that do persist are especially
noticeable. The Stokes-Einstein relation (SER) breakdown identified in the MKK
model hints at the importance of hopping processes in finite-dimensional structural
glasses. More specifically, it has been observed that a small fraction of particles
can diffuse even at densities at which the vast majority of particles are perfectly
localized [14].

In an abstract sense, this process is reminiscent of the dynamics of a random
Lorentz gas (RLG) [15]. The RLG consists of a infinitesimal tracer navigating within

2



randomly distributed obstacles. It is known as a simplest continuum-space perco-
lation model, namely, the void percolation problem for spheres [16-23]. The RLG
model also provides a particularly interesting schematic description of caging and
transport in structural glasses. The model and its variants have been extensively
studied by the mode-coupling theory of glasses [15, 24-30]. As we will show later,
the RLG can indeed be solved in the d — oo limit and its solution is equivalent
to that of equilibrium hard spheres in that limit [31]. Although these descriptions
are generally consistent with numerics away from the percolation threshold—both
in the diffusive [28, 29] and the localized [31] regimes—percolation criticality is not
well captured by either [15, 31]. This leads to an apparent paradox: two inconsis-
tent descriptions exist for the RLG—the continuous percolation transition and the
discontinuous dynamical glass transition. The former is known to present in finite
dimensions, and is believed to belong the simple percolation universality class; while
the later is believed to be exact in the infinite-d limit. To understand the hopping
process in the structural glasses (including the MKK model), we need to first resolve
this paradox.

To resolve this paradox, we need to understand better both the percolation and
glass-forming physics, especially in the limit of large physical dimensions. However,
even the simple RLG model remains theoretically challenging to grasp as dimension
increases [15]. Because the percolation criticality of the RLG belongs to the simple
percolation universality class, insights can thus be gained from simple models that
belong to that same universality class. We thus first consider the tracer dynamics
of site percolation on hypercubic lattices, which is also known as de Gennes’ ant in
a labyrinth model [32]. We thus first consider the caging and transport behavior
of this model in Chap 2, paying particular attention to the dimension beyond the
upper critical dimension d, = 6. In complement with the study of percolation on
hypercubic lattices, we then consider the percolation on various high-dimensional

3



dense packing lattices in Chap. 3. Next, we study the void percolation and the
mean-field caging of the RLG in Chap. 4 and Chap. 5, respectively. A preliminary

study on the MKK model is introduced in Chap. 6, before a brief closing.



2

Caging and transport on hypercubic lattices

2.1 Introduction

Transport in disordered media is anomalous compared to its counterpart in homo-
geneous space [33-35]. Diffusion in systems as diverse as porous rocks, aerogels and
biological cells is indeed much more complex than Einstein’s description of Brow-
nian motion [35, 36]. The paradigmatic minimal model for such transport is de
Gennes’ ant in a labyrinth [32], which consists of randomly displacing a tracer on
covered lattice sites, around the percolation threshold. While, far above that thresh-
old, transport is unremarkable—other than being more sluggish than an unimpeded
random walk—mnear the threshold a clear subdiffusive regime emerges, and below the
threshold transport stops altogether.

Percolation being one of the simplest critical phenomena, its models play a partic-

ularly important role in statistical physics [37]. Minimal models—lattice-based ones,

This Chapter is adapted from the publication: G. Biroli, P. Charbonneau, and Y. Hu, Dynamics
around the site percolation threshold on high-dimensional hypercubic lattices, Physical Review E
99, 022118 (2019).



in particular—have indeed long been used to test notions of universality as well
as the applicability of mean-field and renormalization group predictions to physical
systems.

On lattices, two covering fractions p can be defined: (i) the probability that a
vertex is occupied, and (ii) the probability that an edge between nearest-neighbor
vertices is occupied. As p increases, a percolating cluster forms at a threshold pgi* or
pond - depending on the covering choice [37]. These thresholds are therefore lattice
specific. Because precise threshold values are prerequisite for stringently assessing
criticality [38-41] yet lack analytical expressions [42], substantial efforts have been
directed at estimating them through numerical simulations [38, 43-46] and graph-
based polynomial methods [47-50]. The strong dependence of criticality on spatial
dimension d further motivates expanding these efforts over an extended range of
d [37, 51].

Most features of the percolation on hypercubic lattices have by now been ex-
tensively studied by theory and simulations. Scaling relations, series expansions,
and renormalization group treatments are very well developed, and most critical
exponents are known with high precision [37]. Many aspects of the process have
even been fully mathematically formalized [52-55]. Yet some of its features remain
actively pursued, thus reflecting the continued importance and elegance of the under-
lying physical model. Improved numerical estimates of the thresholds, for instance,
keep appearing [38, 44]. Careful studies of the localized regime, which has tradition-
ally been less studied than the conduction side, are also now emerging, especially
on higher-dimensional lattices. Mertens and Moore, for instance, recently improved
the high-dimensional series expansion for the threshold from a finite-cluster expan-
sion [56], and employed specialized simulation techniques to compute more precise
Fisher exponents, which describe the large cluster size distribution [38].

An interesting putative commonality between Mari-Kurchan glass formers and
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ants in labyrinths is that the power-law scaling of subdiffusion could vanish in high
spatial dimension, d, for both models. In the former, true caging is expected at
the dynamical transition in the limit d — oo, but in the latter the situation is more
ambiguous. While the power-law exponent of subdiffusion is expected to vanish upon
approaching the upper critical dimension for simple percolation, d, = 6, what then
follows is unclear. In particular, is caging taking place? Or, does subdiffusion rather
become slower than power law?

In this Chapter, we study the caging and transport on high-dimensional hypercu-
bic lattices. We also consider theoretical derivations of Bethe lattices with generalized
connectivity and a random graph model, and employ a scaling analysis to derive the
cage size scalings. Specifically, we present a direct evaluation of the critical expo-
nents associated with caging and with subdiffusion from d = 3 to d = 13. Although
caging exponents had not been previously evaluated directly, our results are fully
consistent with the relevant scaling relations. The subdiffusion exponents we obtain
are also consistent with scaling theory predictions, but are one order of magnitude
more accurate than previous numerical estimates in d = 3 and 4. We also derive
the logarithmic scaling behavior for Bethe lattices of arbitrary connectivity and for
random graphs, and observe the corresponding scaling form on hypercubic lattices
with d > d,,.

The rest of the Chapter is organized as follows. In Section 2.2, we generalize both
the scaling analysis that relate caging and dynamical exponents and the description
of caging on Bethe lattices and on random graphs. In Section 2.3, we describe the
computational scheme used to evaluate these predictions. Section 2.4 presents and

discusses the numerical results for d = 3 to 13, and we briefly conclude in Section 2.5.



2.2 Theoretical framework

In this section, we obtain relations between three dynamical exponents by scaling
analysis below the upper critical dimension, d,, and discuss the case d > d,,. We also
compute the critical behavior for caging on a Bethe lattice of arbitrary connectivity
and separately consider the same problem on a random graph, which recovers the

fully-connected limit of the Bethe lattice.
2.2.1 Scaling analysis

In order to investigate the dynamical exponents around the site percolation threshold,
pe, we consider the mean-square displacement of the tracer, A(t,p) = (r%(t)), at
covering fraction p and time ¢. On general grounds [35], we expect the following

scaling forms to be obeyed

(pc - p)7#_> P < DPc
At — 0,p) ~ 4 tlp—p)s P> pe. (2.1)
tQ/dia P = Dc

where the exponent p characterizes the decay of the diffusivity upon approaching p.
from above, p_ is the caging exponent that characterizes the growth of the infinite-
time limit of the mean-square displacement, lim; ., A(p < pc,t) = A(p), upon
approaching p. from below, and d, > 2 describes the subdiffusive scaling at p..

The subdiffusion behvaior is caused by the presence of fractal-like infinite cluster.

This set of relationships gives rise to the following (non-unique) scaling collapse for
€= (p—pc)/pe

A(t,p) = |e| ™ f(sgn(e)le

et), (2:2)
along with three relations. First, caging for p < p. corresponds to

lim f(z) = cnst.
Tr——00
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with a negative argument to f(x). Second, diffusion for p > p. is recovered if

lim f(z) =z,

Tr—00

and thus te* = tets~#-. Third, at (reasonably) short times subdiffusion is recovered
if
f( = 0) = 2%

or, equivalently,

A(t,p) ~ [e[ = (Je|=t)? . (2.3)

Because the subdiffusive scaling should be independent of €, we must have y_ = d% Ihs-

Altogether, we therefore obtain

fls = H + pio (2.4)
o
d, =2 (u + 1) . (2.5)

Based on the known critical scaling relations [35, 37|, one can also compute the
caging exponent p_ as [37]
U =2v—p4 (2.6)

T—1 7-2

=2

(2.7)

od o’

and the subdiffusion exponent as

. _ 1
d, =2 (21]_5 + 1> (2.8)

where v is the correlation length exponent, 3 is the exponent that characterizes
the fraction of infinite network sites, 7 is the Fischer exponent for the cluster size
distribution at p., and o is the exponent that characterizes the scaling of the large
cluster cutoff for p < p.. Specifically, the cluster distribution Ny(p) ~ s~ 7e~“* with

¢~ |p—p|"7 for p— p;.



Table 2.1: Reference percolation critical exponents used in this work

Dimension v [57] S [58] mi T [38] ot
3 0.8774(13) 0.405(25) 2.00(2) 2.1892(1) 0.4522(8) [59]
4 0.6852(28) 0.639(20) 2.42(2) 2.3142(5)  0.4742 [60]
5 0.5723(18)  0.835(5) 2.74(2) 2.419(1)  0.4933 [60]
>6 1/2 1 3 5/2 1/2

T Computed from the scaling relation, u = (g +v(d—2), with (g from Ref. [61]
and v from this table.

I Numerical result for d = 3 and renormalization group (RG) prediction for
d =4 and 5. Existing RG predictions for d = 3 lie outside of the numerical
error bars.

Interestingly, for d > d, = 6, which is the upper critical dimension for simple
percolation, these scaling relations suggest that y_ = 0 and d,, — 0. The subdiffu-
sive regime is then either slower than any power law or fully arrested, as would be
a glass former beyond the dynamical transition [5]. In order to settle the issue and,
especially, working out the percolation behavior in the limit d — oo, a more detailed

treatment is needed. This is the focus of the next subsections.
2.2.2  Upper critical dimension and above

Based on the standard theory of critical phenomena, the critical behavior in d >
d, = 6 is expected to be mean-field like and independent of d. As discussed above,
because 2/d., vanishes for d — d_, however, it is not clear whether the subdiffusive
regime is then slower than any power law or fully arrested. In order to clarify this
point, we briefly recall the physics behind the above scaling relations.

Consider the scaling behavior at p = p.. Percolation theory [37] indicates that
a tracer belongs to a cluster of size s with probability P(s) ~ s!=7. On the infinite
cluster—as well as on a large cluster—a tracer subdiffuses with a scaling law r(t) ~
¥4 which is distinct from d’,. Given that a cluster of linear size ¢ and fractal
dimension d contains s ~ ¢% sites, after a time t a tracer can fully explore clusters

of size s < s* ~ t%/% _ For tracers on larger clusters, only part of the available
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sites can be explored. To compute the mean-square displacement one should thus
consider two contributions: one for a tracer on a cluster with s < s*, and the other

for clusters with s > s*. The mean-square displacement then reads

s*

0¢]
dsP(s)s¥% + J dsP(s)t¥d

s*

A(t — o, pc) ~f

1

~ (S*)2—’T+2/df + (S*)2—7t2/dw (29)

df 2
t )

where in the last step we replaced s* with t%/% then we have the two contributions
grow at the same order.
Using scaling relations, one also gets

2—0/v

d
(2—7+2/df) = =

i
_— = — 2.1

7 (2.10)
Given that df — 4, d, — 6 and (2 — 3/v) — 0 upon approaching d, from below [35],

one finds that the subdiffusion exponent vanishes, which is the result quoted above.

In this case, one should compute the integral in Eq. (2.9) as

s*

0
dsP(s)s?% + J dsP(s)t¥d

s%¥

At — o) ~ |

1

oF
~ f s tds + (8*)2_Tt2/dw (211)
1

~ Ins* + cnst

~ AplInt,

where we explicitly denote the prefactor as a dimensionally-dependent constant,
Ap(d). The scaling analysis thus predicts for d > d, that A(¢,p.) grows loga-
rithmically with time. One can similarly obtain the scaling behavior of caging for
p < p.. Because the power-law scaling of P(s) is cut off at s* ~ €17 the singular

11



contribution to the long-time mean-square displacement can again be obtained from
Eq. (2.9), after replacing s* with ¢~'/2. This leads to u_ = 2v — 3, which vanishes
for d — d_. Integrating similarly gives A = —Ax In|e|, with the prefactors An and

Ap satisfying the relation

At — o0,p.) = —Aaln|e| = ApInt

= — A In [(s*)_a] = Apln [(5*)dw/df] g

and thus

d
An = 2 An. 2.12
A O'df b ( )

Inserting the critical exponents for d > d,, immediately gives Ax = 3Ap.

This derivation pinpoints the origin of the phenomenon we wish to understand.
That is, subdiffusion disappears because the exponent relating the mean-square dis-
placement to s*(¢) vanishes, whereas the time-dependence of s*(¢) remains a power
law. One indeed expects that above the upper critical dimension s*(¢) scales as
tdi/dw = 23 Analogously, the dependence of s* on € is e '/? with o = 1/2 for all
d>d,.

Mertens and Moore further suggest the Fischer exponent in d, = 6 combines
with a logarithmic correction [38], as suggested by early renormalization group treat-

ments [62, 63]. Under this correction, we would have

P(s) ~ 577 (Ins)?, (2.13)
and Eq. (2.11) then becomes
s*
At — o0, pc) ~ J s '(Ins)’ds ~ Ap(Int)'*? (2.14)
1
and similarly
A~ Ax(—In|e))**?, (2.15)
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with Ax = 3'79Ap. The logarithmic correction should then be observed in both the
scaling of the caging and of the dynamics at p..

The above analyses, however, only predict a logarithmic scaling in d > d,, not
how its prefactor evolves with d, and especially whether this prefactor remains finite
in the limit d — oo0. This question can only be resolved by computing explicitly the
full dependence on €, and hence on s*, for p < p., which we do for mean-field lattices

in the following two subsections.
2.2.8 Tracer on a Bethe lattice

(@)

FIGURE 2.1: (a) Sketch of a fragment of a Bethe lattice with z = 3 with occupied
(full circles) and unoccupied (empty circles) sites. A tracer on site 0 connects to one
of the branches through site 1. (b) A sketch of a cluster branch of size s = 8. This
branch can be further decomposed into two sub-branches of sizes s; = 4 (blue) and
sy = 3 (red) connected by site 1.

In this section, we extend the computation of Straley [64], to obtain the mean-
square displacement for p < p. on Bethe lattices of fixed general connectivity z
(Straley only considered the case z = 3). Our main aim is to establish generically
the behavior A(p) ~ Aa(2)In|p — p.| and to study Aa(z), especially its large z
behavior, which is equivalent to the d — oo limit in a hypercubic lattice. As z — oo,
the logarithmic divergence of the mean-square displacement could indeed vanish and

let weaker divergences or even proper caging emerge.
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Consider a tracer initially on site 0. By symmetry, we can examine any of the
branches connected to 0, hence, without loss of generality, we define the cluster as
all occupied sites that are accessible to the tracer from site 0 in one such branch.
Note that by convention the branch size does not include site 0. (This convention,
which differs from that of Ref. [64], simplifies the analysis for arbitrary z, whilst the
alternate convention only simplifies the case z = 3.) In addition to the branch size,
s, another key quantity is the sum of chemical distance Y = )} d;jo. On a finite-
dimensional lattice, one would normally compute the sum of Euclidean distances,
> Iri—rol?, but high-dimensional percolation clusters are effectively trees embedded
on an hypercubic lattice. Exploring the tree is thus equivalent to performing a
random walk on that lattice, and because the chemical distance is the number of steps
of the random walk, the mean-square displacement in chemical distance measurement
grows as the Euclidean distance on the hypercubic lattice: djy ~ |r; — ro|?>. (This
identity has long been assumed in physics and is now rigorously proven to a large
extent [53, 65, 66]). In summary, if the tracer belongs to a cluster of size s, the
mean-square displacement for large s is given by Y/s.

Following Ref. [64], we then compute the average of this quantity over the cluster
distribution. If site 1 on the branch is not covered, then the branch size is s = 0 and
Y = 0. But if site 1 is covered, then inserting site 0 adds an additional step to each
(r; —r;) — (r; — ro) for a tracer on site 0 instead of site 1. In other words, a branch
with a tracer at site 0 can be decomposed into (z — 1) subbranches that overlap at

site 1. The recurrence equations for s and Y thus read
5281+52+...+8271+1

Y=Y1+Yo+..+Y. 1 +s,
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and the probability of having a cluster with given s and Y is

P(s,Y) = q6(Y,0)d(s,0) + p >

81yeyS2—15Y1,000y Y1

(2.16)

z—1 z—1 z—1
8(s, 1+ Y 5)0(Y, s+ Y Vi) [ [ P(si, Vo),
i=1 =1 i=1
where 0 denotes the Kronecker delta function; ¢ = 1 — p denotes the probability that

a site not be covered. Taking the Laplace transform on s, we obtain

P(z) = Z e ™ P(s,Y) = q + pe " P(z)* (2.17)

s,Y

and

Py(x) =) e ™Y P(s,Y)

d(e=P(r)*)
dz

+ (2 — 1)pe " Py (2) P(x)*~? (2.18)

=— + (2 — 1)pe ™" Py (z) P(z)* 72,

where the summation is over all integer s and Y from 0 to infinity.
Considering the whole cluster as z independent branches joined at site 0, we can

then write the expected displacement

a=(gh)

Vi+Yo+..4+Y, £
= Pi(Yi, s 2.19
SZY<81+82+...+8Z+1H ( S>> ( )

=1

0
=z J e~ Py (z) P(x)* da.
0
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Note that from Egs. (2.17) and (2.18), we have

_P—yq
ppz—l

do \ P(x)(z—2) — gz~ 1)

A

Because P(0) = 1 and lim,_,., P(z) = ¢, we can change the integration variable from

6—213

z to P in Eq. (2.19) to obtain

>

~

A:_zr P(P —q)
¢ P(z—2)—q(z—-1)

(2.20)
_ v =2 Pz ap |
2(z —2)? p(z—2)3 p.—p
where for a Bethe lattice p. = 1/(z — 1). In the limit p — p_, we finally have
¢*(z 1)z -1
A~y lpe —p)7]
p(z—2) (2.21)

= AA(Z) ln[(pc - p)_1]7

with Aa(z) = z/(z — 2). For z = 3, this expression reduces precisely to that of
Ref. [64, Eq. (2.10)]. Because in the limit z — 00, Ax(z) — 1, we conclude that

A(p — p.) diverges logarithmically in all dimensions.
2.2.4 Random graph analysis

As a validation of the d — oo result, we separately consider confinement upon
approaching percolation on a random graph, which directly evaluates the fully-
connected limit. For convenience, we specifically consider Erdos-Rényi random
graphs [67], which are obtained by considering s — oo vertices and connecting each
pair of vertices by an edge with probability p/s, where p does not scale with s, i.e.,
prO(1). The percolation threshold is then p. = 1.
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In order to compute A, we take site 0 uniformly at random as the initial position
of the tracer, and then let that tracer diffuse for an infinite amount of time. As on

a Bethe lattice, we then have

doi
A= ;S] ?> :
where the sum is over all sites that belong to the cluster, S, to which site 0 belongs,
s = [S] is the cluster’s size, and the chemical distance dy; is here the smallest number
of edges needed to go from site 0 to site . The factor of 1/s accounts for the
equiprobability of each site in the infinite-time limit. In the notation of Sect. 2.2.3,

we have Y = > < dg;, which recovers A = (Y'/s), as above. The only distinction is

icS
that we here treat the whole cluster at once and do not identify a specific cluster
branch.

In order to compute Y, we study the probability distribution function P(s,Y)
using recurrence relations. Adding a new vertex to a graph with s vertices merges into

a single cluster all clusters that contain this vertex (recalling that all such clusters

are finite because we are considering p < p.), and hence

§=81+ -+ s+ 1,

Y =30 (dipew + 1),

=1 ’iESl

where sq, 59, ..., s, are the sizes of the clusters to which the new vertex is attached.

We can thus write that for the new site

Poi(s,Y) = pod(s, 1)8(Y,0) + Z e Y,

k=1 8140y Sk Y1yee, Yi
(2.22)
k

k k
8(s, 14+ > s)6(Y, D Yi+ 8:) [ [ Palsi, Vo),
i=1 i

i=1 i=1
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where pp = ’,’C—I;e’p is the probability that a given site has exactly k neighbors.

Introducing the generating function

Gy, z) = Z e VYT P(s,Y),

s,Y
we can rewrite Eq. (2.22) as
Gy, z) = e “exp[p(Gly,z +y) — 1], (2.23)

because in the large s limit the right- and left-hand sides of that distribution have

the same limit. We then have
o0
A=/s)= —f dz 0,G(y, 2)],—¢ (2.24)
0

where Eq. (2.23) gives

pG(0,2)0.G(0, z)
1 —pG(0, 2)

ayG(y7 Z) ‘y:O =

We finally obtain

(7 ,.pG(0,2)0.G(0, 2)
8- Ldz 1 - pG(0, ) .

1
pG 1
= dG = -1 ——-1In(1 —p),
Ll—pG p (=)

which logarithmically diverges when p — p. = 1 with prefactor Ax(o0) = 1. This
result is therefore fully consistent with the limit of infinite connectivity, z — oo, for
Bethe lattices considered in Sect. 2.2.3, and confirms that a logarithmic divergence
of A(p — o) is expected in all d > d, with a monotonically decreasing, but non-

vanishing prefactor Aa(z).
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2.3 Numerical simulations of a hypercubic lattice

In order to validate the above scaling predictions numerically, we separately con-
sider the scaling of the mean-square displacement on systems around the percolation
threshold and evaluate the dynamical exponent directly at the percolation threshold.

This section details the two computational schemes employed.
2.3.1 Generating clusters

Below the percolation threshold the mean-square displacement of a random walk
eventually approaches a finite-height plateau. Because the finite state of the tracer

decorrelates from its initial position in the infinite-time limit, we then have

ap) =N TGP S g (2.26)

S
{s} i,j€S

where S refers to a given finite cluster of size s = [S|, and P(S, p) is the probability
that a tracer falls within this cluster at covering fraction p. Note that the second
summation is over all pairs of sites within S, with s* terms in total, hence Y] R?; /s>
gives the mean square displacement at ¢ — oo for this cluster.

In order to minimize the contribution of finite-size corrections, we implement the
Leath algorithm [38, 68], which grows a cluster from the origin outward without
storing the whole hypercubic lattice that embeds it. Under this sampling scheme,
Eq. (2.26) becomes

ORI DI
S

_{S} 1,j€S
(2.27)

= [ Y 2R — (rY |

| (s}

where the inner average (. ..) is over the different cluster sites and the outer average
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[...] is over the clusters generated. Because periodic boundary conditions are not
employed by the Leath algorithm, a percolating cluster cannot be generated for any
p < pc. Finite-size effects are then of a different nature; they arise when the cluster
volume becomes larger than the available memory of the computer (In practice we
here use 60 GB). This weaker size constraint allows us to push computations by at
least one order of magnitude in |e| compared to the direct generation of a periodic
hypercubic lattice.

Note that in our implementation, the coordinates of the visited sites, which in-
clude both the cluster and the neighboring sites (the cluster perimeter), are stored
in a tree-based set. While hash tables are generally used to index sites in the context
of percolation [38, 69], an efficient hash function that would limit hashing collisions
even for large clusters is challenging to design. Because hashing collisions increase
the search complexity by the maximal size, O(n), of the associated linked lists, their
computational cost can grow quickly for large clusters. (Although rare, large clusters
contribute most to A as € — 07.) Tree-based sets, by contrast, cap the complexity
at O(log N), irrespective of the implementation, and were found to be more robustly

efficient in the size regime studied here.
2.3.2  Dynamics

In order to probe the time evolution of the tracer, one may implement a dynamical
equivalent of the Leath algorithm. Specifically, a tracer (blind ant) is first placed at
the origin and then performs a random walk, attempting to jump over an edge to one
of the neighboring sites with equal probability p, = 1/2d. (Other tracer dynamics
are possible, but the critical behavior is unaffected by this choice.) If the attempted
site has never been visited, occupancy of that site is assigned with probability p, and
the coordinates and occupancy of that site are stored as key-value pairs in a map. If

the site has been previously or deemed occupied (or vacant), then the tracer position
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is updated (or not) and time is incremented.

While straightforward to implement, this brute-force method encounters a couple
of difficulties at and around p.. First, the time required to approach the asymptotic
scaling can be long, especially near the upper critical dimension. For instance, per-
forming a random walk on a single cluster up to t = 10'° steps takes minutes, and is
barely sufficient in d = 6. Second, Eq. (2.9) suggests that while both clusters with
s < s* and s > s* contribute equally to A(t), the latter are rarely generated by the
Leath algorithm. In fact, the probability of generating clusters of size s > s* scales
as s277. Assuming that a fixed number of clusters of size s > s* is needed to obtain
reliable estimates at times ¢ ~ (s*)®™/%_ then the total number of samples, Nsample;

should grow with ¢ as

d
Neample ~ 1/(s*)277 ~ t (772, (2.28)

where the net power-law exponent is about 0.12,0.20, 0.26 and 0.33 for d = 3,4, 5 and
d — 67, respectively. In other words, in order to keep the accuracy of A(t) constant
while increasing ¢ by an order of magnitude, one has to generate 1.3, 1.5, 1.8 and 2.1
times more clusters, respectively. The scale of the numerical challenge thus increases
with d < d,. (For d > d,, the computational difficulty remains roughly constant
because the critical exponents remain unchanged.)

In order to mediate these issues, we devise a scheme to compute the dynamical
contribution of small and intermediate size clusters without explicitly simulating the
random walk. Our approach relies on approximating the mean-square displacement
of clusters of size s < s* by its infinite-time limit plus corrections (see Eq. (2.9)).
One then needs to determine an appropriate s* (not only its scaling) at a given time
t, or, equivalently, for a given cluster determine the relaxation time, t*, such that for
t > t* the mean-square displacement can be similarly approximated.

More specifically, consider a cluster S with sites ¢ = 0,1,...,s — 1, and denote
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P(i,7,t) the probability that a tracer at site i travels to site j in ¢ steps. For

instance, for ¢t = 1, we have

= j e oi,
P(i,j,t=1)= 10, Jj ¢ diand i # j, (2.29)
1= 5 i=J.

where 0i denotes sites neighboring site 7. Obviously, we have P(i, j,1) = P(j,1,1),
and for ¢t > 1

P(i,j,t) = Y P(i,k,t — 1)P(k, j, 1). (2.30)
keS

For convenience, we define the (scaled) graph Laplacian matrix of diffusion with
entries P;; = P(i,,1), and hence P(i,j,t) = P};. The mean-square displacement

on S is then

A(t) = Iy (P'R?) = éTr (A'Q'R*Q), (2.31)

S
where the entry R?;; is the square distance between sites i and j. Because P is
real and symmetric, its eigendecomposition gives orthogonal eigenvectors, such that
P = QAQ™. One can then straightforwardly obtain A(t) of a given cluster at
arbitrary ¢ by Eq. (2.31).

From this scheme, it is also possible to determine the asymptotic dynamics on
a finite cluster with arbitrary accuracy. Because A(t — o) = cnst, the leading
eigenvalue of P is Ay = 1 and the corresponding eigenvector qq has identical elements
gi = 1/s(¥i =0 to s —1). For a cluster S, we can then consider the i-th dynamical

relaxation time in relation to the i-th subleading eigenvalue, A;,

ti(S) = —1/1n£ = —1/InA,, (2.32)
Ao
and thence
s—1 s—1
Alt) = A+ g R’qe " = A= e/ (2.33)
i=1 i=1
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with prefactor ¢; = —q'R%q;. Because |c;| tends to decrease with 4, t¥ provides a
rough upper bound on the time at which the pre-asymptotic corrections due by all
c; with 7 > ¢ are significant. In other words, if one uses the first 7 leading eigenvalues
and eigenvectors to approximate A(t), the result is robust when

C; %
e « 1,

. 2.34
A (2.34)

The pre-asymptotic behavior of A(t) can thus be evaluated directly at short times,
and computed by Eq. (2.33) for ¢t > ¢}.

In particular, the mean-square displacement of a tracer on a single cluster of size
s* ~ (t¥)%/d approaches a constant for t > ¢* = —1/InA;. This relation suggests
that the distance between the second leading eigenvalue and unity, 1 — Ay ~ s~/
sets the maximal cluster size that can be treated by the graph Laplacian approach
for a finite machine precision. Here, we apply the graph Laplacian approach only
for the clusters smaller than the threshold cluster size s; = 5000. The machine error
under double precision is then of order 107!° times smaller than 1 — A;.

Our detailed implementation runs as follows. We first apply the Leath algorithm
to generate a cluster. If the algorithm stops with s < s, then the graph Laplacian
approach is used to compute the long-time dynamics and a direct evaluation of the
dynamics is run for 1 <t < t7, where ¢ < 19, i.e., up to the 20-th leading eigenvalue.
If the Leath algorithm returns a cluster with a boundary that is not closed, then we
place a tracer at the origin and simulate the random walk by brute force. Because the
tracer can then reach undetermined sites, the cluster keeps growing along the walk.
Because these brute-force simulations are only performed for clusters with s > s,
which are rare, using the graph Laplacian approach accelerates the computation by

orders of magnitude, even without carefully optimizing s; and the eigensolver.
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FIGURE 2.2: (a) Cluster size distributions, N(s, p), for different p < p. ind = 3,4, 5,
6 (as given in panel labels). The Fisher power-law scaling (dashed line) describes well
the large-cluster regime. (b) The rescaled cluster size distribution N,(3,p), shows
a very good collapse for the exponential cutoff of the cluster size distribution in
all dimensions, but more sizable pre-asymptotic effects for the Fisher tail can be
observed as d increases.
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2.4 Results and discussion

In this section, we evaluate the caging and subdiffusive behavior of tracers on hy-
percubic lattices by the simulation methods described in Sect. 2.3, and compare the

results with the theoretical predictions presented in Sect. 2.2.
2.4.1 Cluster size distribution

We first consider the distribution of cluster sizes, N;, generated by the Leath al-
gorithm near the percolation threshold. Figure 2.2(a) suggests that for e — 0, the
intermediate decay of N, can be fitted to a power law; at larger sizes, N, system-
atically deviates from this scaling, but the closer p is to p., the more extended the
power-law scaling regime. The specific scaling prediction for the cluster distribution

is that

Ni(p) = s77(fo(3) + s f2(3) + .., (2.35)

24



for the rescaled cluster size 5 = |¢|'/?s. This form suggests that the largest likely
cluster scales as Spax ~ |e|_1/ 7, before the cluster size distribution deviates from the
Fisher power law, and that results can be asymptotically collapsed by considering
the rescaled function Ns = 5" N, vs §.

Figure 2.2(b) shows that for the reference exponents 7 and o (Table 2.1), all clus-
ter size distributions asymptotically collapse onto the single master function fy(35).
Because previous numerical results for IV, either considered a finite periodic box [70]
or truncated the cluster size distribution before sy,.x could be reached [38], this mas-
ter function had not before been seen all at once. The Leath algorithm here enables
us to grow directly clusters up to 108 sites, hence the master curve clearly displays
the two regimes: a flat 7-dominated regime and a sharply decaying o-dominated
regime, with a crossover around sp.x.

In addition to validating our implementation of the Leath algorithm, this analysis
allows us to validate the reported values of the relevant critical exponents. While
the most recent estimates 7 are seemingly very accurate [38], those for o are not
all consistent [59, 60]. In d = 3, in particular, the simulation estimate for o [59]
leads to a better rescaling than the best renormalization group (RG) prediction [60],
especially in the o-dominated regime. Because increasing d closer to d, makes the RG
predictions increasingly accurate, for the rest of our analysis, we use ¢ determined

by simulations in d = 3 and by the RG treatment in d = 4 and 5.
2.4.2  Critical caging regime

Using the clusters generated by the Leath algorithm, we next compute A(p) for
a tracer using Eq. (2.27) (Fig. 2.3). Directly evaluating the critical exponent pu_
is challenging because of the growing variance of the cluster size distribution as
e — 0, and because of the sizable pre-asymptotic corrections. In order to assess

the convergence of our results and identify the pre-asymptotic regime, we use the
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FIGURE 2.3: A on (a) log-log scale for d = 3 to 6 and (b) on a lin-log scale for
d = 6 to 13. Linked data points are used for estimating g in Table 2.2. Gray points
denote conditions, under which at least 1073% of the clusters reached the maximal
memory size, and are therefore numerically suspicious. These points are provided for
context alone, they are not used in the analysis. (inset) (a) Estimates of u_ obtained
from the local slope of A by Eq. (2.40), and (b) estimates for the prefactors obtained
from the finite differentiation. Error bars denote 95% confidence intervals. Dotted
lines are (a) the scaling prediction given by Eq. (2.7) and (b) the fitting results of
the main plot. The error bar on the estimate for d = 6 is denoted by vertical strips.

estimate

dIn(A)  (p. —p) dA(p)

~ din|e| A dp ’ (2:36)

M_:

which becomes exact in the limit ¢ — 0. Clusters being grown by random addition,
the probability that a site belongs to any generated cluster ¢ € S, with cluster size s

and perimeter b, is uniformly distributed. The weight of this cluster upon changing

G- ()

and A(p') = <D2>w(p,) is the weighted average of limiting the mean-square displace-

p to p' is then [69]

ment, D?, for every cluster i sampled,

— ; (2.38)



where N is the number of clusters sampled. Because D? for one single cluster does

not depend on p, we can calculate explicitly the derivative of Eq. (2.37),

b
-2 (2.39)

, P 1-p

dwi
dp’

and combine the result with Eq. (2.38) to obtain

dA 1 s b 9 s b 9
(T D) e

(2

It is therefore possible to obtain an estimate p_ by generating a sufficiently large
number of clusters and by then calculating the local slope for a given fixed p (Fig. 2.3,
inset). As expected, the numerical results agree with those obtained by scaling
relations in d = 3 and 4 at small enough e. For these two cases, we can directly
read off the proper fitting range and the numerical estimates of p_ (Table 2.2).
In d = 5, however, small systematic deviations persist within the whole numerically
accessible regime. Such a slow convergence to the asymptotic scaling is characteristic

of approaching d,. In this case, we therefore employ a form with correction terms,
InA=—p_Inlel + C + B/In|e| (2.41)

to fit the pre-asymptotic estimates. Because the resulting estimate of pu_ is then
to some degree sensitive to the fitting range, we choose that range, such that p_ is
minimal. The resulting critical exponent is then consistent with the scaling relation
prediction for d = 5 (Table 2.2).

For d > d,, scaling relations predict that u_ = 0, and the inset in Fig. 2.3 indeed
indicates that no finite u_ value is reached over the numerically accessible regime in
d = 6. We instead consider the logarithmic scaling prediction, A ~ —Ax(d) In |e],
with a dimensional-dependent prefactor Aa(d). Figure 2.3(b) repeats the above
analysis for this new scaling form. For the critically marginal d = 6, the growth of
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Table 2.2: Caging critical exponent p_ obtained as described in the text. Scaling
predictions use reference exponents in Table 2.1.

This work Eq. (2.6) Eq. (2.7)
13377(15)  1.35(2) 1.335(2)
0.73(1)  0.73(2)  0.723
0.31(2)  0.310(6)  0.301

QU = W X

A seems to be accompanied by a fairly wide pre-asymptotic regime under the local
slope analysis. It is also likely that A actually scales with a different form, such as
that given in Eq. (2.15). We come back to this hypothesis below. For now, we treat

the d > 6 results on the same footing by using the fitting form
A=—Axln ‘€| + Ba + Cae, (2.42)

where the results of Aax(d) are displayed in Table 2.4. Unsurprisingly, these values
differ from the Bethe lattice predictions for d = 2z, which would be z/(z — 2) =

1+ 1/(d —1). Including higher order corrections, such that

1 Co C3 1
AA(d):l_Fd*l—}_(d1)2+(d*1)3+0(M) (2.43)

indeed fits Ax(d) (Fig. 2.5). Note that we obtain the fitting constants c; ~ 10
and ¢, ~ 10%, which indicates significant loop corrections to the Bethe lattice, as
the investigated dimensions are still far from the asymptotic regime. Theoretically
computing these loop corrections is left as a challenge, and thus beyond the scope
of this work. The prefactors do, however, monotonically decrease with increasing d
and remain above unity 1, which is the expected d — o prefactor for both Bethe

and hypercubic lattices.
2.4.8 Subdiffusive scaling

Thanks to the availability of very precise estimates of the percolation threshold [38],
d., can be obtained by running dynamical simulations essentially at p.. The growth
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FIGURE 2.4: A(p,t) on (a) log-log scale for d = 3 to 6, and (b) on a lin-log scale
for d = 6 to 13. Fitted results for d., are given in Table 2.3. (inset) Pre-asymptotic
corrections captured by the evolution of the local slope, i.e., (a) 2/(0InA(t)/d1nt)
and (b) (0A(t)/d1nt). Dotted lines are (a) the scaling predictions given by Eq. (2.8),
and (b) the predicted prefactor relationship, Ap(d) = Aa(d)/3, where Ax(d) is
obtained from Fig. 2.3(b). Note that quantitative agreement for the prefactors is
observed in d > 7, but that in d = 6 discrepancies are observed, despite the large
error bar (See Fig. 2.3(b))

Table 2.3: Subdiffusion exponent d!, obtained as described in the text along with
earlier numerical estimates. Scaling predictions use reference exponents in Table 2.1.

This work Eq. (2.8) Ref. [71]
104(1)  4.96(8) 5.04(D)
8.64(4)  86(2) 8371
20(3)  19.7(13) ;

U W

Table 2.4: Prefactors of logarithmic grows of A(e) and A(t, p.) for d = 6.

d  Aa 3AD

6 7.7(4)  6.4(1)
7 3.79(7)  3.69(3)
8  2.62(6) 2.57(1)
9 2.14(5) 2.24(2)
10 1.83(4) 1.88(1)
11 1.70(10) 1.73(1)
12 1.63(2) 1.63(1)
13 1.53(2) 1.55(1)
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1/(d—1)
FI1GURE 2.5: Prefactors Ax and 3Ap in the logarithmic scaling for d = 7 to 13, from
right to left. The curves are fitted with Eq. (2.43).

of the mean-square displacement with time is shown in Fig. 2.4. In order to estimate

the pre-asymptotic scaling for d < d,,, we consider the empirical form
A(t,pe) = Ct¥™ + B +o(t™). (2.44)

where B and C' are fitting constants. The constant B is chosen because we expect
the sub-leading term after a positive power law would be constant (0-th order). Note
that in practice, the fit is done on a logarithmic scale, that is

2 B /
In A(t, p.) ~ 7 Int+InC + at*Q/dW. (2.45)

w

We use t > 2% as fitting range, which appears to fall near the end of the pre-
asymptotic corrections that are not captured by this form.

In order to identify the pre-asymptotic regime, we also consider the evolution of
the local slope, 2/(01n A(t)/01nt) with In¢. Here again, for d = 3 and 4 the numerical
estimates of d., agree with the scaling predictions given by Eq. (2.8). Note that our
implementation of the graph Laplacian scheme allows us to average over many more
clusters and to run longer trajectories than was previously possible, which likely
explain the discrepancy with older numerical estimates [71]. For d = 5, however,
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FIGURE 2.6: Growth of A with Int at p. for d = 6. For comparison, results for
d = 7 and 8 as well as the fitting to Eq. (2.47) are plotted on the same scale.

the computationally accessible regime remains nonetheless somewhat distant from
the asymptotic scaling. Although no precise numerical estimate is thus available,
Eq. (2.45) plausibly gives d,, ~ 20, which is consistent with the scaling prediction.
From the scaling analysis of Sect. 2.2, we expect A(t) for d = d, to grow logarith-
mically with time. Figure 2.4(b) explicitly tests this prediction, and we implement
the fitting form
A(t,p.) = Aplnt + Bp + Cp/t (2.46)

to approximate the prefactor Ap of the logarithmic growth. The numerical results
supports the logarithm scaling, and the values of 3Ap are displayed in Table 2.4.
As expected, Ap(d) monotonically decreases with increasing dimension, and are
remarkably consistent with the expected relation An = 3Ap for d > 7, as shown
in Table. 2.4 and Fig. 2.5, although not for d = 6. The discrepancy in d = 6 may
be caused either by the large pre-asymptotic corrections, as suggested by Fig. 2.4(b,
inset)—the local slope does not reach the expected value given by the caging side—or

by the more subtle critical scaling at d,,.
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2.4.4  Logarithmic correction for d = 6

We have thus far assumed that discrepancies from logarithmic scaling in d = 6 were
due to large pre-asymptotic corrections. We shall now examine the possibility that
a logarithmic correction to the logarithmic scaling might be applied to exponent 7.

By explicitly presenting the constant term in equation (2.14) as
A(t,pe) = Ap(Int)' % + B,

and taking the logarithm on both side gives

logA(t) = (14+0)Inlnt +InAp + ln(l + (2.47)

B
Ap(nt)i+ )

Fitting this nonlinear equation, however, gives results that are sensitive to the num-
ber of short time data we discard (as observed in Ref. [38]). For instance, we get
6 = 0.58(4) by fitting the results for ¢ > 25 or 0.40(4) for ¢ = 2%, both of which are
inconsistent with Ref. [38] and the theoretical prediction # = 2/7. This inconsistency
might be the result of the large pre-asymptomatic corrections in d = 6. It is also
not possible determine whether or not # is actually 0, which would correspond to a
simple logarithmic scaling. By comparison, similar fitting gives 6(d = 7) = 0.06(10)
and 6(d = 8) = 0.003(3), both of which are consistent with the expected simple log-
arithmic scaling. Note that attempting to extract 6 from the caging side dubiously
gives 0 ~ 1, which likely reflects even more significant pre-asymptotic behaviors on
this quantity. In short, the current results show only limited evidence in support of

6 # 0.
2.4.5 Rescaled mean-square displacement

As a final test of the above critical exponents, we explicitly consider the scaling
collapse discussed in Sect. 2.2 for d < d,. Figure 2.7(a) shows that the mean-
square displacement qualitatively exhibits the trend caging-subdiffusion-diffusion, as
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FIGURE 2.7: (a) Original and (b) rescaled time and MSD for d = 3, 4, 5, and 6.
The dashed-line in (b) denotes the subdiffusive scaling of D ~ #%/%.

p traverses the critical regime. The long time dynamics is either caged or diffusive,
separated by the subdiffusion line at p.. The subdiffusion behavior is also observable
at intermediate times for p around p.. Note also that at short times the slope of all
dynamical curves tends to 1 with an intercept at A(¢ = 1) = p, which is characteristic
of the blind ant tracer dynamics.

Rescaling time and A(t) as
t = lpe —pli-t (2.48)

A() = pe — pl*-A(t) (2.49)

further reveals the quality of the expected collapse, shown in Figure 2.7(b). In the
long time, A(f) collapses onto a plateau for p < p., or a single line with slope of 1 for
p > pe. While in d = 3 and 4, a reasonably good collapse can be obtained, for d = 5
no neat collapse emerges over the accessible dynamical regime. This relatively poor
scaling reflects the large pre-asymptotic corrections to scaling in both the caging

and the subdiffusive regimes. For d > 6, the power-law scaling of A is replaced by
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a logarithmic growth and a collapse is, therefore, not expected for any ¢ < 0, as

observed.

2.5 Conclusion

We have investigated the mean-square displacement of an ant in a labyrinth on
hypercubic lattices in d = 3 to 13. For d < d, = 6, the expected power-law scalings
of p_ and d), are observed in simulations. Although pre-asymptotic corrections
partially obfuscate the measurement of d), in d = 5, in d = 3 and 4, we manage
to obtain critical exponents that are almost an order of magnitude more accurate
than previous estimates. For d > 6, we derive the logarithmic scaling of both caging
and subdiffusion, as well as the relation between their prefactors from the scaling
analysis, which we validate in simulations. By our explicit consideration of Bethe
lattices and random graphs, we confirm that this logarithmic growth persists in the
limit d — oo, because its prefactor is nonvanishing. The ant in a labyrinth thus
never undergoes a glass-like caging transition. Whether that is true for off-lattice
percolation processes, which would be more akin to the Mari-Kurchan model, will

be studied in later Chapters.
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3

Percolation on high-dimensional dense packing
lattices

3.1 Introduction

Hypercubic lattices, although geometrically straightforward, are in some ways not
natural systems to study as dimension increases. In order to better visualize this
effect, recall that lattices can be seen as discretizations of Euclidean space R?, in
which each lattice site is centered in a cell in that tessellation. As d increases,
the cubic cells that tile Z? become increasingly dominated by the spikiness of their
corners. By contrast, the cells of root lattices, Dy (for d > 3)! have smoother features.
In d = 3, for instance, this construction gives rise to the face-centered cubic lattice
(D3 = fcc), whose rhombic dodecahedron cells are much closer to spheres than cubes

are. A way to quantify this effect is to compare the maximal sphere packing fraction

This Chapter is adapted from the publication: Y. Hu and P. Charbonneau, Percolation thresholds
on high dimensional D,, and Eg-related lattices, Physical Review E 103, 062115 (2021).

! In mathematics literature the dimensionality is often denoted as n and also this family of lattices
are often referred as D,, lattices. Here we denote it as Dy lattices for consistency.
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of different lattices (with a sphere centered on every lattice site). In this measure,
Dy packings are 29271 times denser than their Z? counterparts [72]. Similarly, the
eight-dimensional Ejy lattice corresponds to a sphere packing fraction twice that of
Dg (and 16 times that of Z8); Eg-related lattices, Fg, E7 and Ag are also the densest
known sphere packings in their corresponding dimension.

This advantage has motivated the recent consideration of D, and FEg-related pe-
riodic boundary conditions for high-dimensional numerical simulations [31, 73, 74].
For a same computational cost, these periodic boxes indeed have a larger inscribed
radius than hypercubes and thus present less pronounced finite-size corrections. Be-
cause these lattices provide a more compact and symmetric tessellation of space,
they may similarly help suppress obfuscating pre-asymptotic corrections to percola-
tion criticality [38, 40], which are especially challenging to handle around the upper
critical dimension, d, = 6. Yet percolation threshold values, which are prerequisite
for any study of criticality, have not been previously reported for these lattices.

In the context of lattice percolation in high dimension, the invasion percolation
algorithm introduced by Mertens and Moore to determine lattice percolation thresh-
olds [38, 75] is particularly interesting. In short, the algorithm directly grows a
percolating cluster, and thus provides both the universal asymptotic critical behav-
ior and the lattice-specific finite-size scaling correction. Most crucially, by avoiding
the explicit construction of a lattice grid, the scheme preserves a polynomial space
complexity as d increases. Threshold values with ten significant digits of precision
have thus been obtained on hypercubic lattices (Z¢) up to d = 13 [38].

As a complement to the study of percolation on hypercubic lattices, we investigate
the two canonical lattice percolation thresholds on Dy lattice for d = 3 to 13 as well

as on Fg-related lattices in d = 6 ~ 9. We first describe the high-dimensional lattices

considered in Section 3.2. In Section 3.3, we derive the series expansion for both pgite
bond

2% on Dy lattices based on lattice animal enumeration. We then describe the

and p
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invasion percolation algorithm in Section 3.4, and analyze the numerical threshold

results in Section 3.5. We briefly conclude in Section 3.6.
3.2 Lattice construction

In this section, we review the construction of the high-dimensional D, and Eg-related
lattices following the description in Ref. [76]. Construction algorithms for these lat-
tices were developed in 1980s in the context of signal processing in information
theory [72, 76], and have recently found use in high-dimensional molecular simula-
tions [31, 73, 74].

Before describing these lattices, recall that the conventional d-dimensional hyper-
cubic lattices, Z?, are defined as a set of d-dimensional vectors of integer components.
The nearest-neighbor vectors (ay, as, ..., ag) in Z¢ are (£1,0471). Note that for nota-
tional convenience, (£1,0, ...) denotes a group of vectors with all index permutations,
and 0™ denotes m subsequent 0s as vector components. The number of nearest neigh-
bors (or kissing number) is thus 2d. D, (or checkboard) lattices can be viewed as
the subset of Z¢ for which the sum of coordinates is even. The nearest-neighbor
vectors are then (£1%,0972), thus resulting in each vertex having 2d(d — 1) nearest
neighbors in total. In d = 3, for example, the 12 nearest-neighbor vectors for the D3

(fce) lattice read

(1,1,0), (1,-1,0), (-1,1,0), (—1,—1,0),
(1,0,1), (1,0,-1), (-1,0,1), (-1,0,—1),
(0,1,1), (0,1,-1), (0,-1,1), (0,—1,—1)

D3, Dy and Dy lattices are the densest sphere packings in their respective dimen-
sions. The densest sphere packings for d = 6 to 9 are Fg, Fr, Eg and Ay lattices,

respectively. In particular, the Eg lattice consists of two Dy lattice points with offset
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(%8). The nearest-neighbor vectors of Eg can then be viewed as four groups,

i(%S), 2 vectors,
(%4, —%4), 70 vectors,
+ 12 16 56 t (31)
+(5,-3 ), vectors,
(£12,09), 112 vectors,

and thus each vertex has 240 nearest neighbors in total.

The FE-; lattice is a cross-section of Fg in d = 7. One of the choices to generate
nearest-neighbor vectors in E7 is the subset of Eq. (3.1) with zero sum, which corre-
sponds to a seven-dimensional hyperplane orthogonal to (1%). Each vertex then has

126 nearest-neighbor vectors,

(%4, —%4), 70 vectors, (3.2)
(1,—1,0%), 56 vectors. '

The Fg lattice is a cross-section of E; in d = 6 that is orthogonal to (1;0;1)

(with first and the last components fixed). The FEg nearest-neighbor vectors are

constructed by further constraining a; + ag = 0 from FE7, namely,

i(%;%?’,—%?);—%), 40 vectors,
(0;1,-1,0%0), 30 vectors, (3.3)
+(1;0%; —1), 2 vectors,

thus giving 72 such vectors.
Infinite numbers of equally dense packing exist in d = 9 [77], but one of its forms,

Ag, can be constructed similarly to Fg. This construction consists of two Dy lattices,

offset by (%, ey %, 0), which results in 272 nearest-neighbor vectors,
i-(%g; 0), 2 vectors,
(%4, —%4; 0), 70 vectors, »
i(%Q, —%6; 0), 56 vectors, (3.4)
(£12,07), 144 vectors.



Equations (3.1)-(3.4), after rescaling by a factor two, generate integer vectors that
can be easily implemented using integer arithmetics.

Because for d = 10 the (presumed) densest sphere packing is a nonlattice [77],
d =9 offers a natural end to our consideration of dense sphere packings. We should
note, however, that even for d < 9 other uniform packings that are equivalently dense
to lattice packings can be obtained. For example, in d = 3 the face-centered cubic
lattice (Ds) is intimately related to the hexagonal closed-packed (hep) structure. As
a result, the two have site percolation thresholds that are numerically close yet not
identical [78]. Similarly, in d = 5,6,7 four (and in d = 9 a continuum of) related
uniform packings can be constructed [77]. Their p. are expected to differ slightly
from those of the related simple lattices, but their construction is not considered
here. Note also that percolation on Dy and FEg-related lattices is related to that on
hypercubic lattices with extended-nearest-neighbor connectivity [41, 45, 46]. Some of

these constructions are even equivalent to the lattices considered here (see Table 3.2).
3.3 Series expansion

In this section we derive high-dimensional series expansions for both site and bond
percolation thresholds on Dy lattices by counting lattice animals embedded on these
lattices [56, 79]. Of all possible approaches for deriving such series, this one has
thus far achieved the most extended expansion for hypercubic lattices [56], which
motivates us to consider it here. The method, however, involves heuristic assumption
on lattice animal polynomials and is thus not deemed rigorous. (The first three terms
of the site percolation series for hypercubic lattices have been formally validated
through a different scheme [80].)

For site percolation a site animal of size v is a cluster of v lattice vertices con-
nected after linking all neighboring vertex pairs. Similarly, for bond percolation a

bond animal of size e consists of a connected set of e lattice edges. In both cases,
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the perimeter ¢ is the number of incident vertices (or edges) for the lattice animal.
Because for a given v (or e), lattice animals with different ¢ exist, we index them as
tyi (or t.;). We further denote the number of distinct (not related by translation)

site and bond animals of perimeter ¢ on a d-dimensional lattice as g, ;(d) (or ge;(d)).
3.8.1 Site percolation

We first consider the site percolation threshold. Following Mertens et al. [56] we

define the polynomial (with implicit d dependence)

= > Goad™, (3.5)

{tv,i}
in terms of ¢ = 1 — p. In particular, A,(1) = A, gives the total number of lattice
animals of size v in an d-dimensional lattice. At covering fraction p, the expected

site cluster size on the lattice is

00]

S = szpv 'A,(1—p Z (3.6)

where we have expanded S as a power series in p. Because A,(q) is associated with

v—1

a factor of p"~*, obtaining b, only requires Ay, ..., 411, i.e., counting ¢;; to i1,

site can be approximated by re-summing the terms

Once these terms are known, pf
using a (¢ — 1,1) Padé approximant by_1 /b, [56].

In order to obtain a series expansion, the objective is to count g,; in different
dimensions, and express ¢, ;(d) as a polynomial in d. On hypercubic lattices the com-
putational cost of this enumeration is greatly simplified by introducing proper dimen-
sion to account for the number of dimensions spanned by a lattice animal [56, 79], but
this approach is not obviously generalizable for Dy lattices. We instead implement a
more generic, brute-force algorithm [81], which traverses every possible lattice animal

via a breadth first search (BFS) of the lattice vertices. For notational convenience,
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we also define the lexicographical relation between two points. In particular, x >y
if the first nonzero coordinate elements in x — y is greater than zero.

Starting at the origin, we add every nearest-neighbor site (as described in Sec-
tion 3.2) to the perimeter set. In that set, we then choose one site x and add it to

the site animal set according to the following criteria:
1. if x is lexicographically greater than the origin, (0%);

2. if x was newly added to the perimeter set at the previous iteration, or if x is

lexicographically greater than all sites in the site animal set.

The first constraint ensures that the origin is the site with the lexicographically
smallest coordinates in the cluster. The second constraint ensures that a cluster is
generated site-by-site with definitive order. These two conditions guarantee that a
site animal—after properly accounting for translational invariance—is counted ex-
actly once.

Once a new site is added, the perimeter set is updated with the nearest neighbors
of this site. New sites are then iteratively selected until the pre-assigned size v
is reached. Therefore, by running the algorithm once with assigned v and d, a
series of integer values of (t,;(d), g,:(d)) can be obtained. For example, numerical

enumeration results for v = 3 site animals in d = 2 to 5 are reported in Table 3.1.

Table 3.1: Numerical results for site animal enumeration at v = 3

d 2 3 4 5
{ts;} | 7 8|22 23 24|48 51 52|86 91 92
g |4 2| 8 12 30[32 72 108 |80 280 260

The next step of the series construction entails obtaining the analytical polyno-
mial forms of all of the ¢t and g polynomials from their numerical values. Let’s first
consider t,;(d). Because every site of a Dy lattice has z = 2d(d — 1) neighbors, the
perimeter for a cluster of size v cannot exceed zv, and hence t,;(d) < 2d(d — 1)v.
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However, this upper bound double counts certain sites, namely, those multiply-shared
as neighbors and that are part of the cluster. For two neighboring sites, the number
of shared neighbors is of O(d), hence the doubly-counted sites are of O(d) per cluster
site. As a result, t,;(d) = 2vd(d — 1) — O(vd), which is quadratic in d. Therefore,

site animals in different dimensions can be related by a linear fit of ¢,
tos(d) = 2d(d — 1) + Pd + ¢, (3.7)

Although results from only two different dimensions are required to determine the
coefficients cgt) and cgt), fitting results for a larger number of dimensions leaves no
residual, which furthers our confidence in this heuristic scheme.

The polynomial g,;(d) can also be obtained by solving a linear system. The
(upper bound of the) order of this polynomial must, however, be determined in
advance. Because the total number of lattice animals is ~ [2d(d — 1)]*~!, the order

v=1_ And because the orientational degeneracy under

of g,i(d) is also at most d*
Dy symmetry requires that g,;(d) always has roots d(d — 1), the order is further
reduced to d?*=2. Therefore, we require the numerical g, (d) results for at most

2v — 3 different dimensions, and solve the equation to obtain the coefficients,

2(v—2)
goa(d)/[dd—1)] = > cd". (3.8)
k=0

While the validity of this fitting form has yet to be mathematically demonstrated, the
correctness of g, ; polynomials can be empirically tested by checking that the residual
vanishes when fitting the results of a (larger-than-necessary) number of dimensions.
In order to illustrate this procedure, we take v = 3 as an example. Inserting the
results for d = 3-5 from Table 3.1 into Eq. (3.7) gives three ¢ polynomials,
" =6d(d—1)—10d + 16

Y =6d(d—1)—8d+11 (3.9)
¥ = 6d(d—1)—8d + 12.
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For each t31(d) we take the associated gs1(d) and solve for Eq. (3.8). This also

generates three g polynomials,

95'(d) = dd(d—1)(d—2)
d2(d) = 2d(d—1)(d? - 5d + 7) (3.10)
dd) =d(d—1)(4d—7)

Note that {g51(2), 932(2),933(2)} = {0,4, 2}, which is consistent with the numerical
results. (In particular, in d = 2 only two distinct ¢ is are reported in Table 3.1,
which is consistent with g51(2) = 0.) In general, it is preferable to solve first for ¢
polynomials, in order to index enumeration results in different dimension, and then
solve for g polynomials, in order to obtain a functional mapping t, ;(d) — ¢,.:(d). For
example, in v = 3 we obtain three pairs of (¢, g) polynomials in Egs. (3.9) and (3.10).

Evaluating site animals up to d = 15 is then sufficient to solve Eq. (3.8) for v < 6.
(Because the total number of site animals, A, ~ d**~Y, grows exponentially with
v, results for v > 6 lie beyond current computational reach.) We thereby identify
12, 36, 83 pairs of (¢, g) polynomials for v = 4, 5, 6, respectively, and with ¢, ; and g, ;

for v < 6, we obtained the first six terms in the expansion for S [Eq. (3.6)],

bo =1,
by = 2d(d — 1),
by = 2d(d — 1)(2d* — 6d + 7),

bs = 2d(d — 1)(4d* — 24d* + 57d* — 53d + 12),

(3.11)
by = 2d(d — 1)(8d° — 72d° + 272d* — 552d* + 804d* — 1102d + 857),
8 7 6 5 4 17710 3
bs = 2d(d — 1)(16d® — 192d" + 1004d° — 3028d° + 6018d* — ——d
284
_nissia + 20, 43202).

For large ¢, the Padé approximant by_; /b, converges to p. [56]. However, it is not
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a priori known to what accuracy a finite-order approximant should agree with the
actual (unknown) expansion form. What we do know is that the leading order of
that expansion should agree with the Bethe lattice threshold for a branching tree of

degree z [37],

1
z—1

Pc,Bethe = (312)

Il
SHE=

where for Dy lattices z = 2d(d — 1). In the following we denote 1/o the Bethe lattice
limit of the percolation threshold.

We observe that the lowest-order approximant by/b; already agrees with pe Bethe
at leading order. We also observe that in general b, has a leading order of d*, and
be—1/be provides an approximation for p. with an error that vanishes asymptotically
as O(d~**2)). For comparison, b, ~ d* for a hypercubic lattice and the approximant
boe/baes1 have the same order of error O(d~“*+?) [56]. Expanding by/bs, in particular,

gives

e _ 1, 1,28 1T 999
pc _O' d3

-7
31 +ﬁ+_32d6 —l—O(d ) (313)

The numerical accuracy of this series is evaluated in Sec. 3.5.2.
3.3.2  Bond percolation

For the bond percolation, we similarly define the bond polynomial

Aclq) = )] Gead"™, (3.14)
{tE,i}

which gives the expected bond cluster size
o0
S =Y AL —p) = D by(d)p’ (3.15)

as a polynomial in p. The enumeration scheme for bond animals is essentially the
same as for site animals, with the exception that we now maintain bonds, which
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are indexed as the coordinates of the lexicographically smaller vertex on this bond,
in addition to the orientation index—from 1 to d(d — 1)—of the bond. The bond
animal enumeration is then used to obtain a series of numerical values (¢, ;(d), gi(d)).
The perimeter polynomials t.;(d) for bond animal is also quadratic with d, but the
leading prefactor is not fixed. The ¢ polynomial is thus obtained by fitting #(d) in at
least three dimensions. A bond animal of size e includes at most e + 1 sites, hence
the order of g.;(d) is at most d*¢, including roots d(d — 1). This leads to 2e — 1

different dimensions being required for solving the linear equation for g ;(d), similar

to Eq. (3.8),
2(e—1)
g d)/[dd—1)] = ) P (3.16)
k=0

Bond animals can thus be evaluated up to dimension d = 12 and Eq. (3.16) can be
solved up to e = 5. We thereby identify 2,5, 10, 19 pairs of (¢, g) polynomials for e =
2,3,4,5, respectively. Here as well, because the total number of bond animals, A, ~
d*¢, grows exponentially with e, results for e > 5 lie beyond current computational
reach.

Invoking Eq. (3.15) we obtain

bo = d(d— 1),
by = 2d(d — 1)(2d* — 2d — 1),
by = 2d(d — 1)(4d* — 84> +9),
(3.17)
bs = 2d(d — 1)(8d° — 24d° + 12d* — 8d* + 27d* + 131d — 218),
by = 2d(d — 1)(16d® — 64d" + 64d°® — 48d° + 56d* + 328d*

+ 1534d* — 7778d + 7499).

Note that we have b, ~ O(d***?) which is two orders (in d) higher than for site

percolation. Note also that unlike for site percolation, by/b; here has yet to converge
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to the Bethe lattice limit at leading order. For ¢ > 2, however, the Padé approxi-

mant p>°"! ~ b,_; /b, has an error of O(d~+%) one order smaller than for p&t*. In
particular, expanding b3/by gives
1 1 81
bond —7
=—+—+—4+0d). 3.18

The accuracy of this series is also evaluated in Sec. 3.5.2.
3.4 Invasion percolation

In this section we describe the invasion percolation algorithm by Mertens and Moore [38]
(itself derived from Ref. [82]) for an arbitrary lattice structure, and then analyze its
complexity for the considered lattices.

As stated in the introduction, the algorithm grows a single cluster without explic-
itly storing the lattice grid. This strategy requires a moderate memory usage, even in
high dimension, especially compared to the widely used Hoshen-Kopelman algorithm
which maintains a periodic lattice grid [83]. Tt is also less computational expensive
than the Leath algorithm, which grows clusters according to standard percolation
statistics, and therefore samples the whole cluster size distribution [68]. Although in-
vasion percolation and ordinary percolation differ in general, they both give the same
percolating critical cluster for the nearest-neighbor site or bond percolation [75]. The
method thus provides a direct estimate of the percolation threshold. It may also be
used to efficiently extract critical exponents associated with percolating cluster, such
as the fractal dimension df and the subdiffusion exponent dy, [37].

In our implementation, two data structures are used: (i) a set (collection of
unique elements) S to maintain all sites (or bonds) that belong to the cluster as well
as those incident to them; and (ii) a priority queue Q for the stepwise growth of the

cluster. The priority queue is a sorted data structure that maintains key-value pairs
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and keeps the keys sorted. Insertion of a pair has a logarithmic time complexity, and
extraction (pop) of the pair with the smallest key takes a constant time.

For site percolation—starting from the origin—every neighboring vertex is in-
serted (following Sec. 3.2) into S. For each of these new vertices, a random weight
w; € [0,1) is assigned and the vertex is inserted into Q with w; as the key. The
priority queue then contains references of all perimeter sites (or bonds) of the cur-
rent cluster in & and its size |Q| = t. For the next step, the vertex of minimum
weight in @ is popped, and the cluster size, IV, is incremented. The previous steps
are repeated until the pre-assigned cluster size N = N is attained. The expected set
size at a certain N, which we denote B(N) = {|S(N)|), is computed by averaging
the set size among independent realizations. For bond percolation, we start with an
arbitrary bond incident to the origin and otherwise follow the same procedure.

The cluster obtained by invasion percolation simultaneously approaches the giant

component at p. with the scaling form [38, 75]

N
B(N)

~ pe(l —eN79) (3.19)

where 0 is the convergence exponent of finite-size scaling and c is a fitting constant.

For each instance, the space complexity is
d|S| + Q| ~ dN/p. ~ O(doN)

where the factor of d accounts for the size of an d-dimensional vector. For D, lattice
the space complexity is thus O(d®*N). Although the space complexity is larger,
by a factor of d, than for Z? lattices [O(d?>N)], the memory requirement remains
moderate for contemporary computers. The time complexity depends on the number
of insertions to & which is O(N/p.) ~ O(d*N), in addition to the complexity of
the insertion to Q which is at most N x O(d + log |Q|) ~ O(Nlog N), and thus
O(Nlog N) in total. In practice, we can grow clusters up to Ng = 1.5 x 10" in d = 3
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Table 3.2: Site and bond percolation thresholds on D, and Eg-related lattices along

with available reference values

site

bond

Lattice pg De
Ds 0.199 236(4) 0.120 169(2)
0.199 235 17(20) [44] 0.120 163 5(10) [43]
Dy 0.084 200 1(11) 0.049 519 3(8)
0.084 10(23) [45] 0.049 517(1) [41]
Ds 0.043 591 3(6) 0.027 181 3(2)
0.043 1(3) [84] 0.026(2) [84]
Dg 0.026 026 74(12) 0.017 415 56(5)
0.025 2(5) [84]
Dy 0.017 167 30(5) 0.012 217 868(13)
Dy 0.012 153 92(4) 0.009 081 804(6)
Dy 0.009 058 70(2) 0.007 028 457(3)
Dyy  0.007 016 353(9) 0.005 605 579(6)
Dy; 0.005 597 592(4) 0.004 577 155(3)
Dy 0.004 571 339(4) 0.003 808 960(2)
Dy3  0.003 804 565(3) 0.003 219 701 3(14)
Eg 0.021 940 21(14) 0.014 432 05(8)
Er 0.011 623 06(4) 0.008 083 68(2)
Eg 0.005 769 91(2) 0.004 202 070(2)
Ay 0.004 808 39(2) 0.003 700 686 5(11)

and up to 2 x 10° in d = 13, within a memory usage of less than 10 GB. At least 10*
independent clusters are obtained for each lattice, with each realization is usually
taking less than a minute on an AMD Ryzen 3900x processor. Therefore each given

model and dimension costs ~ 200 h of CPU time.
3.5 Result and discussion

In this section we compare the numerical threshold values obtained from the invasion

percolation described in Sec. 3.4 with the series expansion results obtained in Sec. 3.3.
3.5.1  Numerical thresholds
Table 3.2 reports both site and bond percolation thresholds for D, as well as for

Es-related lattices obtained by fitting the numerical N/B(N) results with Eq. 3.19.
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FIGURE 3.1: Convergence of N/B(N) to site (diamonds) and bond (asterisks) per-
colation thresholds on D, lattices in d = 4 (blue), 8 (red) and 12 (yellow). Finite-size
correction scales as O(N~%) (solid lines), where § — 1 as d — o0.
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FIGURE 3.2: Convergence exponent § for site and bond percolation on Z¢, Dy and
FEg-related lattices, Eg, E7, Ex and Ag. (Results for Z4 site percolation in d = 4 to
13 are from Ref. [38].) Error bars from fitting are smaller than (comparable to) the
marker size in d < 6 (in d > 6). Lines are guides to the eye. Note that J generically
grows with d but its value is not universal.
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For comparison, the series expansion forms of Egs. (3.13) and (3.18) as well as Bethe
lattice approximation from Eq. (3.12) are also included. Results for d = 3-6 are
consistent with published values, and except for d = 3 our results are at least an
order of magnitude more accurate. For 6 < d < 13 no prior results are known.
Remarkably, as for Z2 lattices [38], p. results for Dy lattices are obtained with higher
precision—for comparable computational efforts—as d increases (Fig. 3.1). Because
the convergence exponent 0 [Eq. (3.19)] increases with d, finite-size corrections indeed
then decay faster. For the range of d considered, this advantage compensates the
decrease in Ny imposed by the growing memory cost. As a result, the method
achieves a higher absolute accuracy in higher dimensions, and a relative uncertainty
of 107% to 1077 is obtained for all investigated systems.

Because ¢ controls the convergence rate of invasion percolation, it is interesting to
compare its behavior for different lattices (Fig. 3.2). As first glance, § increases with
d for both Z¢ and Dy lattices and tends to 1 as dimension increases, as expected from
the Bethe lattice analysis [38, 75]. While for site percolation on Z?, Dy and Eg-related
lattices 0 appears similar, the exponent evolves differently for bond percolation on
different lattices as well as for either type of percolation on a same lattice. Its
evolution further appears to change around the upper critical dimension, d, = 6, with
0 for different percolation criteria separating in d > 6. Because ¢ is not universal—
depending on the type of percolation as well as on lattice geometry, it is not clear
whether this phenomenon is merely a coincidence or intimately related to the mean-
field physics. Further theoretical consideration of this quantity would be needed to
say more definitely. In any event, 6 may be a useful quantity for selecting a lattice
to study percolation criticality. A greater ¢ indeed implies a faster decay of certain

finite-size corrections.
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3.5.2  Comparison with series expansion

Our precise numerical thresholds for D, latices can be compared with the series
prediction for both site and bond percolation in Sec. 3.3. The relative error of the

expansion up to d~¢ term, defined as

l
771(36) = |Pc,simulation _pg,geries /pc,simulationa (320)

is shown in Fig. 3.3(a). As expected, the various thresholds converges gradually to
the Bethe lattice value, 1/0, in the large d limit. For site percolation, this conver-
gence rate is fairly slow—a ~ 10% deviation persists even in d = 13—but introducing
higher-order terms in the series dramatically reduces that error. In particular, in-
cluding terms of order up to d=% leads to a relative error of ~ 0.1% in d = 13. For
bond percolation, because the prefactors for both d~2 and d=* in the expansion form
are zero, the deviation is already down to ~ 0.1% in d = 13. Including two more
terms in Eq. (3.18) further divides the error by a factor ~ d*. The series expansion
in Egs. (3.13) and (3.18) is thus expected to predict percolation thresholds with very
high accuracy for d > 13.

Percolation thresholds for Z?, D, and Eg-related lattices are compared with the
Bethe lattice result in Eq. (3.12). Although a dimensional series expansion is not
available for Eg-related lattices, their large site connectivity (see Sec. 3.2) brings
them reasonably close to the Bethe lattice result already. In all three cases, the
Bethe lattice prediction indeed better matches the bond than the site percolation
threshold [Fig. 3.3(b)]. For Z¢ and Dy lattices, as discussed above, this result was
expected from the vanishing first subleading coefficients in series expansion. For
Es-related lattices, for which no such series exist, the same trend is observed. More
specifically, the deviation is < 1% for bond percolation and < 40% for site perco-

lation. This feature thus appears to be generic for lattices beyond Z¢, for which it
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FIGURE 3.3: (a) Relative error for the site (diamonds) and bond (asterisks) percola-
tion thresholds on D, lattices predicted by series expansion for various highest-order
terms. Note that for site percolation the high-order lines are truncated in small
d because the relative error then changes sign. Lines are guides to the eye. (b)
Percolation thresholds on Z4, Dy and Fg-related lattices (markers with dotted line)
compared to the Bethe lattice limit 1/0 (solid line), which matches well the bond
percolation threshold in all three lattice types.

was first reported [56, 85, 86]. Yet it lacks a physical explanation. A generic scaling
form for the percolation threshold beyond the Bethe lattice approximation might be

informative in this respect, but is still found lacking.
3.6 Conclusion

We have reported the series expansion and numerical percolation thresholds for D,
lattices as well as the numerical thresholds for Fg-related lattices from d = 6 to 9.
The excellent agreement between the two independent approaches cross-validates the
methods used and their results. More interestingly, the Bethe lattice approximation
to the percolation threshold generically presents a markedly higher precision for
bond than for site percolation for all lattices considered, as was first observed for
hypercubic lattices. This finding should motivate further theoretical studies of a

generic scaling form.

The invasion percolation scheme itself presents some interesting physical features.
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Although its convergence exponent § evolves similarly in low dimensions, bond per-
colation presents much faster decaying finite-size corrections than site percolation in
d > 6. Whether the effect is related to the upper critical dimension, however, remains
unclear. This finding nevertheless suggests that pre-asymptotic corrections might be
most efficiently suppressed for bond percolation models, and thus that these lattices
may be preferable for evaluating certain critical exponents. Our findings therefore
identify unresolved critical features of percolation theory, and set the stage for inves-
tigating percolation criticality on high-dimensional lattices beyond the conventional

hypercubic geometry.
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4

Percolation in the random Lorentz gas

4.1 Introduction

As we have shown in Chap. 2, the ant-in-the-labyrinth model suggests that the per-
colation transition remains continuous—with a non-vanishing prefactor—as d — oo,
and this model never undergoes a glass-like caging transition. Because the lattice
percolation and the RLG both belong to the simple percolation universality class,
which suggests the same percolation process will finally dominant the localization
transition in the RLG. This result thus does not help with resolving the paradox.
However, not all critical aspects of percolation are universal. Exponents associated
with conductance and transport, in particular, are not. The value of the critical
exponent for conductance and diffusion, p, is affected by the distribution of bond

strengths in a random resistor network [87], or equivalently, by the distribution

This Chapter is partially adapted from the publications, (i) G. Biroli, P. Charbonneau, E. 1.
Corwin, Y. Hu, H. Ikeda, G. Szamel, and F. Zamponi, Interplay between percolation and glassiness
in the random Lorentz gas, Physical Review E 103, L030104 (2021); (ii) B. Charbonneau, P.
Charbonneau, Y. Hu and Z. Yang, High-dimensional percolation criticality and hints of mean-field-
like caging of the random Lorentz gas, arXiv preprint (2021), arXiv:2105.04711.
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channel widths in continuous space models [88]. In general, continuous-space perco-
lation is less well understood than its lattice counterpart. While ever more accurate
critical exponents and thresholds keep being reported for lattice percolation [38, 43—
50, 89], inconsistent theoretical predictions about diffusion and subdiffusion critical
exponents for dynamical processes in continuous space persisted for decades [90, 91],
before Hofling et al. [18, 19] could validate the proposal of Machta et al. in d = 3 [90].
Similar inconsistencies for d > 3 remain unexamined.

Before going any further, let us describe thre RLG model: N spherical obstacles
of radius ops placed uniformly at random within a box of volume of V. A unitless
density can then be defined,

® = pVyol ., (4.1)

where p = N/V is the number density of spheres, and V; = 7%2/I'(1 + d/2) is the d-
dimensional volume of a ball of unit radius. The thermodynamic limit for this model
consists of having N and V both diverge, while keeping p (and thus ®) constant.
By contrast to lattice models, which offer a simple duality between occupied and
unoccupied sites, two nonequivalent types of percolation can here be identified: (i)
the direct percolation of the overlapping sphere network; (ii) the percolation of the
interstitial void (or vacant [92]) space. Despite the superficial similarities between
the two phenomena, our understanding of them differs markedly. The asymptotic,
high-dimensional scaling of the direct percolation threshold has been physically ar-
gued [93], rigorously proven [94], and numerically assessed up to d = 11 [95]. By
contrast, reports of percolation thresholds for d > 3 are limited [15], and the asymp-
totic high-dimensional scaling of that threshold remains an open question. Another
way of characterizing void percolation is to consider a point-like tracer, with radius
Ogracer = 0, traveling within that void space. (For a reason that will become obvious

below, we set 0 = 0gps + Tiracer @S the unit of length. In the rest of this Chapter, r
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denotes unitless lengths, i.e., scaled by o.)

In this Chapter, we detail and use recent numerical advances to study the caging
regime of the RLG and to evaluate its percolation threshold and criticality in high
dimension, paying particular attention to the intermediate-time dynamical regime.
The plan for this chapter is as follows. Section 4.2 briefly reviews critical scaling rela-
tions for the RLG around the void percolation threshold, then Sec. 4.3 describes our
improved (loose) d — oo asymptotic bounds for that threshold, including a conjec-
tured upper bound and a formal lower bound. Section 4.4 details the computational
schemes used to evaluate both the percolation threshold and some of its critical prop-
erties, and Sec. 4.5 presents and discusses the associated numerical results. In light
of these findings, Sec. 4.6 proposes and studies a modified RLG that enhances the
intermediate-time glass-like dynamical caging regime. We briefly conclude in Sec.

4.7.
4.2 Percolation criticality and scaling analysis

In this section we briefly review the main critical exponents that describe void per-
colation as well as scaling relations between them. Beforehand, note that although

the volume fraction of void space, n = e~ ®

, is formally equivalent to the covering
fraction in lattice percolation and thus may seem to be a natural choice to describe
the criticalities around the percolation threshold, 1, = e~®», numerical studies use

®, which is linearly related to n to the lowest order,

n—1p = —p{® — P, + O[(® — D)*]}, (4.2)

because it leads to less pronounced pre-asymptotic scaling corrections [19, 20]. We
thus here define the relative distance to the percolation threshold as e = (& —®,,)/®,,.

Upon approaching ®,,, the long-time behavior of the mean squared displacement
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(MSD) of the tracer, A(t,¢) = (r*(t)) is expected to scale as [35]

e,  e>0, (4.3a)
At — o0,€) ~ < tle]*, €e<0, (4.3b)
e =0, (4.3¢)

where 1 is the localization exponent for the cage size (A(t — o0)), p is the diffusion
exponent, and d, > 2 is the subdiffusion exponent. Combining the critical scaling

forms of the localization and of the diffusion regimes then leads to a scaling collapse
of the MSD [35],

A(t, €) = |e| 7~ f[sgn(e)|e| =+t (4.4)

For the localization and subdiffusion exponents, the critical scaling analysis fur-

ther predicts that [37]

d, =2 (ﬁ + 1) . (4.5)

j
At the percolation threshold, the cluster size distribution, here given by the distri-

bution of cavity volumes, Veavity, is thus expected to scale as

P(Veavity; € = 0) ~ V0. (4.6)

cavity

where 7 is the Fisher exponent [37].

Although geometric critical exponents, including 7, — and the correlation length
exponent v are universal within the simple percolation universality class, the con-
duction and transport exponent p may differ from one model to another and may

even depend on the specifics of the dynamics [21, 88]. The general form is [96, 97]

_Jmax|fattice, v(d — 2) + 1/(1 = )], d <d, (47)
max[3,2 + 1/(1 — a)], d=d, '
where d, = 6 is the upper critical dimension for percolation, and 0 < a < 1

is a model-dependent factor originating from the continuous distribution of bond
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strengths in the percolated cluster [87, 97]. For the RLG with ballistic dynamics, in

particular, Ref. [90] predicts that a = (d — 2)/(d — 1), and thus

Hlattice d= 27
p=<{vd-2)+d—1, 2<d<6, (4.8)
d+1, d= 6.

This prediction is supported by numerical studies in d = 2 [20] and d = 3 [18, 19],
but no numerical assessment exists for d > 4. Interestingly, we also have that
for d > d,, p_ vanishes and d!, diverges. The divergence of the cage size upon
approaching ® — & and the long time limit of the subdiffusion at ®, then both

scale logarithmically [40].
4.3 Percolation threshold bounds

In this section we review known and then give tighter asymptotic d — oo scalings
of both lower and upper bounds to the void (and thus RLG) percolation threshold.
Then we show our results with brief explanations. The detail theoretical derivations
is attached in Appendix A

Note that for this system the probability that no obstacle center lies within a
volume V (of arbitrary shape) is given by e_pv, because the randomly distributed
obstacles form a Poisson point process. It immediately follows that: (i) the volume
fraction of vacant space of obstacles is € #¥#%bs — ¢~ ®7ans and (i) the volume fraction
available to the tracer center is n = e 2(ronstruacer)’ - Note also that in the original
RLG setting, robs = 1, Tipacer = 0, Which properly recovers n = e~® from Sec. 4.2, but
other equivalent choices are possible.

While the scaling of the direct (occupied space) percolation threshold is under
analytical control, limg ., ®. ~ 279 [94, 98] (see also Refs. [93, 95]), little is formally

known about the void (vacant space) percolation threshold, ®,, other than that ®.
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provides a lower bound for it,
d, = Q(d.) = Q(27%). (4.9)

Numerical results for d = 2 to 9 [15, 31], however, suggest that this bound is very
loose, with @, growing increasingly distant from ®. as d increases.

No asymptotic upper bound is known. Asymptotic results for the volume fraction
threshold for a Poisson point process, such as limg_,o, ®,(d) = O(1) [94], do not help.
Even when all points of space are covered by an obstacle with probability one, a
tenuous pathway of voids can still percolate. The percolation universality class (in
physics) indeed suggests that at @, the percolating cluster is a giant component with
fractal dimension df = 4 for d > d, = 6, and hence the volume fraction of vacant
space at that threshold is expected to vanish in the limit of d — co. Unsurprisingly,
numerical results strongly suggest that ®,(d) = O(d) » ®,(d).

We here propose a physically motivated upper bound for ®,. First, we note
that the obstacle and tracer radii can be changed—as long as their sum remains
o—without changing the volume fraction of space available to the tracer center, ¢~.
Consider now a tracer whose center lies in this available space and, for convenience,
defines the origin. In other words, within a ball of radius 7 acer + Tobs = 1 around
the origin, no obstacle center can be found. The volume fraction of space vacant

_ d
orey

of obstacles, however, does then vary as e s. We wish to find an asymptotic
bound, ®,(d), such that a potential pathway from the origin to a far away point,
i.e., a percolating path, is infinitely suppressed in the limit d — oo. Because the
contrapositive statement, the probability that such a pathway exists vanishes is a

sufficient condition for void space then not to percolate, we have that ®,(d) must be

an upper bound for the percolation threshold.
Specifically, we propose the obstacle radius rq,s = \/% cle, 1—=7rops ~ 1/(d+1).
From Appendix A.1, we find the probability that such pathway exists on a shell of
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radius r¢4/1 — 2, vanishes as ® = ®,(d) = Q(dlogd). We thus conjecture a void
percolation upper bound ®, = O(dlogd). The conjecture involves an assumption
such that the fraction of void space at ® < &, is finite in all dimensions, which is
physically motivated by the percolation criticality.

Physically-motivated improvements can also be made to the lower bound by not-
ing that a simple sufficient condition for a d-dimensional system to percolate is that
an n-dimensional subsystem, with n < d, should also percolate. Obstacles in this
low-dimensional subsystem are cross-sections of d-dimensional balls of unit radius
with an n-dimensional hyperplane and are thus randomly distributed obstacles with
unitless radii 7o € (0,1]. (Note that this definition differs from the upper bound
derivation.) Once the number density and radius distribution of these obstacles are
known, then we can examine if the vacant space in the subsystem percolates.

From Appendix A.2, we set n = O(1) and finds that the n-dimensional system

with particle radii distributed as

Pu(#) = Fexp (—%) (4.10)

percolates at a constant density ®,, = O(1) corresponds to that the original d-
dimensional system at density ® = O(1). We thus derive a void percolation lower
bound &, = €2(1). Because this derivation is based on formal results [99, 100], we
believe this bound, though being loose, is rigorous.

In summary, we conjecture
Q1) = &, = O(dlogd). (4.11)

Although the bound is not tight, it improves prior works dramatically.
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4.4 Numerical methods

In this section we describe the various numerical methods used to study the perco-

lation threshold and the accompanying critical exponents.
4.4.1 Statics

The static algorithms include a percolation detection and a numerical cavity recon-
struction, both of which are based on the Delaunay triangulation of the space. We
have detailed these advanced algorithms in the Appendix C. Here we only provide
an brief introduction.

In systems with N Poisson-distributed obstacles in a d-dimensional box under
periodic boundary conditions, the void percolation can be mapped onto the bond
percolation of a network built on the Voronoi tessellation of obstacles [16], assigning
to each edge of that tessellation the smallest obstacle radius o that can block it, and
using a disjoint-set forest algorithm adapted from continuum-space analysis to iden-
tify the percolated cluster [101, 102]. Optimizing the periodic boundary conditions
(Appendix C.1) and the Voronoi tessellation (Appendix C.2) enables us to obtain
¢p(IN) up to d = 9. The thermodynamic ¢, is then extracted by fitting (See Fig. 4.2)

|@p(N) — @p| ~ N7V, (4.12)

where v is the percolation correlation length exponent [57].

The numerical cavity reconstruction algorithm is used to obtain the cage statis-
tics. It can be viewed as the continuum-space generalization of the Leath algo-
rithm [68]. Specifically, we define a hyperspherical shell, centered at the origin, of
inner radius ¢ and outer radius r,.., and pick a number of obstacles N from the
Poisson distribution p(N) = NNe ™ /N! with Ny = dp(rl, — o¢), which are then
placed uniformly at random within that shell. (The cutoff r,,,x must be large enough

that the results do not depend on it.) This algorithm guarantees that the probability
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of obtaining a cavity, C, containing the origin exactly tracks the distribution of cavi-
ties at that same ¢ in an infinitely large system. A set of randomly distributed points

{S;} within C can then be used to compute the second moment of the coordinates,
A(C) = {(8i = 85)*) = 2(<SP) — 8", (4.13)

and then A = E¢[A(C)]. Physically, this method provides the long-time limit of
the MSD of a tracer without explicitly running its dynamics, which is advantageous
because it eliminates putative dynamical bottlenecks. However, because its compu-
tational cost increases exponentially with d, for d > 8 the explicit long-time limit of
the tracer dynamics needs to be computed to estimate A. The agreement between
the two approaches at intermediate d nevertheless indicates that bottlenecks can be

confidently neglected in this regime.
4.4.2  Dynamics

The tracer dynamics is obtained from a high-dimensional generalization of the simu-
lation scheme described by Hofling et al. [18, 19]. Specifically, N obstacles are placed
uniformly at random within a d-dimensional periodic box, where N = 10°—10°, with
the upper system size limit only being used for ® close to ¢, (6 < ® < 7ind =4
and 8.5 < ® < 9.5in d = 5). (Unlike for the cavity reconstruction scheme, NV is here
kept fixed, because relative size fluctuations under a Poisson field scale as o( N ~%2),
and are thus negligible.) A tracer is then placed at the origin and assigned an initial
velocity » = 1 with random orientation, and event-driven molecular dynamics then
identifies the elastic collisions of the tracer with the obstacles, until the simulation
ends at time .

To accelerate simulations, obstacle neighbor lists are used. (So are cell lists when
system sizes warrant it, but this only happens in d < 4.) Because the computational

performance in high d depends sensitively on choice of cutoff radius for the neighbor
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list, 7.y and that the optimal r. depends strongly on cavity geometry, for d > 5
dynamical adjustments are made to 7.y, such that neighbor list updates occupy
20% — 50% of the overall simulation time. In order to average over thermal noise,
the MSD of a given sample at each sampled time (except tyay) is averaged over 210
initial times; the MSD is further averaged over at least 100 independent replicates

(and up to 200 for the quantitative determination of critical exponents).

(@) (©) -;'-'.,:: N
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FIGURE 4.1: (a) Square-well potential, U(r), with £ = 2, A = 2, and (b) the resulting
radial distribution function g(r) = e~V of obstacles around the origin. (c) Sample
obstacle centers for ® = 4 in d = 2; obstacles within the square-well act as an inner
shell of higher density, ® = ®ef.

We also investigate the effect of the local obstacle configuration on the tracer dy-
namics. Seen from the origin, the random Poisson field that controls the distribution
of obstacles is akin to the potential field of a hard-sphere of radius o. To increase
caging, we include an attractive square-well potential of relative thermal strength &

and range A. The local density of the obstacles then becomes

0, r <1,
'(r) =< det, 1<r <1+, (4.14)
P, r=14+ X

as illustrated in Fig. 4.1.
The tracer dynamics is then run as above, but because the system is no longer

translationally invariant, averaging over thermal disorder is no longer possible within
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FIGURE 4.2: (a-h) Finite-size scaling of ®¢ (circles), ®" (crosses) and ®) (squares)
in d =2 to 9, with error bars denoting 95% confidence intervals. All three estimates
coincide, within numerical uncertainty, in the N — oo limit. Gray markers denote
small systems excluded from the fit to Eq. (C.3). Cubic periodic boxes are used in
d = 2 and 3, Dy periodic boxes are used in d = 4 to 7, and Eg and Dy* boxes in
d = 8,9, respectively. In panel (c) results for Z* periodic boxes (blue) are reported
for comparison. As expected, the scaling form and the intercept obtained in Z*
and D, boxes are consistent, and finite-size corrections of the latter are significantly
smaller. The inset in (b) enlarges the large N regime in d = 3, in order to precisely
determine ¢, = 3.510(2).

a single trajectory. To compensate, at least 10* replicates are used to improve the

averaging.
4.5 Results and discussion

In this section, we evaluate the percolation threshold and critical properties of the
RLG and void percolation by the numerical methods described in Sec. 4.4 and com-

pare the results with theoretical predictions described in Sec. 4.2 and 4.3.
4.5.1 Percolation threshold

Our percolation threshold detection algorithm increases the upper range of accessible
system size by orders of magnitude compared to earlier works, which makes the

asymptotic power-law fitting regime to Eq. (C.3) fairly robust in all dimensions
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considered (Fig. 4.2). As further validation, we make sure that the percolation
thresholds evaluated through the three criteria described in Section C.2 all coincide
in the thermodynamic N — oo limit. However, only the extrapolation results of
@b (N), which offers the smallest variance and the widest asymptotic regime [15, 103],
are used to estimate @, (Table 4.1).

Table 4.1: Numerical estimates of the void percolation threshold

d &, (this work) Other sources

2 1.1276(9)  1.12808737(6) [102], 1.121(2) [15]

3 3.510(2) 3.506(8) [19], 3.515(6) [104],
3.500(6) [15]

4 6.248(2) 6.16(1) [15]

5 9.170(8) 8.98(4) [15]

6 12.24(2) 11.74(8) [15]

7 15.46(5) ;

8 18.64(8) ;

9 22.1(4) .

The numerical estimates for the percolation threshold are generally consistent
with previously reported results (Table 4.1). As described in Sec. 4.3, in d = 2
the percolation thresholds of the spheres and their void spaces are provably the
same, hence an algorithmic route much more efficient than the Voronoi construction
can be used [102]. Our direct result is consistent with that estimate, albeit orders
of magnitude less accurate. In d = 3 and above, the two percolation thresholds
are no longer identical. In fact, void percolation thresholds are significantly larger
than those from direct percolation, which further hampers their computation. Void
percolation thresholds can nonetheless be determined up to a few parts in a hundred
up to d = 9. In d = 3, our results, while still consistent with published results, are
the most accurate of the lot. For 4 < d < 6, our results are systematically larger
than the only reported values [15], a discrepancy likely arising from that earlier effort
having included systems with N < N, in fitting the asymptotic scaling form.

Because results smoothly evolve across dimension, and because no finite dimen-
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FIGURE 4.3: Dimensional scaling of the percolation threshold of d = 2 to 9 (squares,
from right to left) with the proposed scaling form (a) ®, ~ d and (b) ¢, ~ dlogd.
Red lines denote the cubic polynomial fitting. In (a) the prefactor of the scaling
grows smoothly and monotonically with dimension; in (b), however, the dimensional
dependence of the prefactor is non-monotonic.

sion above d,, is expected to exhibit singularly new physics, we attempt to extrapolate
our results to higher d. In the context of the mean-field theory for the RLG [31], a
natural asymptotic d — oo scaling is ®,(d) ~ d. Fitting the results (excluding d = 9
which has a relatively large uncertainty) to a cubic form of this type then nicely gives

(Fig. 4.3(a))
®, = d[3.42(8) — 10.3(9)/d + 13(3)/d* — 9(4)/d*] , (4.15)

with ®,(d — o) = d-3.40(5). Note that because ®,/d grows convexly with 1/d — 0,
this form provides a lower bound to the actual asymptotic d — oo result. An alternate
possibility would be to use a scaling that saturates the upper bound from in Sec. A.1,

¢, ~ dlogd. Fitting the results to this form with a cubic correction then gives
®, = dInd[0.98(5) + 1.8(6)/d — 5.2(21)/d* + 2(2)/d*] . (4.16)

As shown in Fig. 4.3(b), the prefactor to this second scaling decreases for d > 5,
suggesting that this proposed form is indeed an (possibly saturated) upper bound
to the actual asymptotic d — oo result. The lower and upper bounds suggested
from numerical simulation, 3.60d < ®, < dlogd thus lie between the analytical
bounds of Section 4.3. (In all cases, they grow more than exponentially faster than
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Table 4.2: Geometric critical exponents in void and lattice percolation

Dimension v [57] T (lattice) [38] vy (lattice) [37] i (lattice) [40
2 1/3[37]  2.0549(6) 187/91 ~ 2.0549 [37] 2.38(2) 43/18 ~ 2.389 2.50(3) 91/36 ~ 2.528 [37]
3 0.8774(13)  2.179(1) 2.1892(1) 1.76(4) 1.80 1.35(5) 1.3377(15)
4 0.6852(28)  2.295(2) 2.3142(5) - 1.44 - 0.73(1)
5 0.5723(18) - 2.419(1) - 1.18 - 0.31(2)
=6 1/2 - 5/2 - 1 - 0 (logarithmic)

direct sphere percolation threshold, ®. ~ 27¢ [93].) These findings motivate fully

formalizing these bounds as well as attempting to tighten them further.
4.5.2  Structural percolation exponents

The cavity reconstruction scheme described in Section C.3 is used to examine the
criticality of the percolating cluster at ®, as well as the growth of the mean cluster
size upon approaching ®,, from above. Because void percolation is part of the simple
percolation universality class, its critical exponents associated with structure are
expected to match those of lattice percolation. Dynamical results roughly support
this expectation for v and p_ in d = 3 [19] and p in d = 2,3 [19, 20], but few other
exponents have been considered, and in d > 4 none have been considered. We here
more carefully evaluate some of the geometric exponents without explicitly resorting
to dynamics.

Recall that the cavity volume distribution at ®,, is expected to scale as P(Veayity) ~
Veavity for large cavities (Eq. (4.6)), and that the cavity reconstruction scheme gener-
ates cavities with a probability proportional to Veayity P(Veavity). We can thus extract

the Fisher exponent by reconstructing cavities at ®,. Numerically, it is convenient

to evaluate the complementary cumulative cavity volume distribution
0
Q(Veavity) = J V'P(VdV, (4.17)

chavity

with open cavities taken as having an infinite volume. This function is then expected
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to scale as
Q(‘/Cavity) = va277' (1 + ‘FWV‘/iQ )7

cavity cavity

with asymptotic and leading pre-asymptotic contributions [38], and Cy, Fy, 2 as fit

parameters. The logarithmic form [38]

In Q(%avity) =

(2 = 7) In Voavity + In(1 + FyVih,) + InCy.

cavity

(4.18)

is plotted Fig. 4.4 and the fitted values of the critical exponents are given in Ta-
ble 4.2. The extracted 7 for d = 2 is fully consistent with the exact value from
lattice models, 7 = 187/91. In d = 3,4, the extracted exponents are also very close
to the most accurate exponents extracted from lattice models [38]. Although the 1%
deviation lies outside the error range, the difference likely reflects our inclusion of pre-
asymptotic points within the limited available fitting regime. In d = 5 and beyond,
however, quantitative extraction of the Fisher exponent is not possible because cav-
ities sufficiently large to even approach the critical regime lie beyond computational
reach.
Upon approaching @, from above, the mean cavity volume Veayity = Sgo V2pvhdv’

is expected to diverge as Veaity(€) ~ €7, where ~ is the mean cluster size exponent.

In addition, Eq. (4.3a) can be used to evaluate pu_ from A. We thus implement

variants of Eq. (4.18) as fitting forms
In Vcavity = —vyloge + Fye + Cy (4.19)

InA =—p_Ine+ Fae+ Ca (4.20)

where we have approximated ln(l + FEQ) ~ Fe with —Q = 1 compared to Eq. (4.18).
Eliminating the logarithmic operation and higher-order corrections in the fit stabi-

lizes the regression procedure over the ~ 10 available data points, which range over
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FI1GURE 4.4: The complementary cumulative cavity volume dlstrlbutlon Q(Veavity)

at @, exhibits the Fisher power-law scaling. Viayity is in units of o Black solid

lines are fits to Eq. 4.18 for d = 2 and 3. A simple linear regression is used for

d = 4 because the nonlinear fit is unstable for this limited a range. In d =

quantitative regression is not possible, hence the expected scaling is only given as

reference (dashed line, see text).

Table 4.3: Transport critical exponents in void and lattice percolation

Dimension  p Eq. (48)  thattice [37] di Eq. (45)  dy japice [40]
) 131 20 (= filsrie)  1310(1) [105] 3.04 [20] (= dy juges) 3036 [20, 105]
3 2.83 [19]  2.877(1) 2.0 6.25[19]  6.30(1) 4.94(1)
4 4. 28( ) 4.370(6) 2.4 12.5(8) 14(1) 8.64(4)
5 36(2)  5TIT0) 2.7 ; ~ 39 20(3)
> 6 d+1 3 - o0 (logarithmic)

one and a half decade. The resulting form is plotted in Fig. 4.5 and the extracted
v, p— are reported in Table 4.2.

For both d = 2 and 3, the extracted critical exponents are fully consistent with
their lattice percolation counterpart. For d = 4, although the regression window
available presents some numerical challenges, the results are consistent with the
expected scaling from the lattice exponent values. In short, our analysis strongly
supports the universality of the geometric critical exponent, including 7,7 and p_,

for both lattice and void percolation.
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chavity

FIGURE 4.5: Power-law divergence of (a) the mean cavity volume and (b) the cage
size upon approaching the percolation threshold. In d = 2 and 3 results for € < 0.5
are fitted with Eq. 4.18 (solid lines). In d = 4 the power-law scaling using lattice
exponents is provided as reference (dotted lines).

4.5.8  Transport percolation exponents

With accurate percolation thresholds in hand, we can also evaluate transport expo-
nents in d > 3, and compare the results with the theoretical prediction from Eq. (4.8)
and with lattice simulation results. Simulation results in d = 4 and 5 are shown in
Fig. 4.6.

We again adapt the power-law scaling form with sub-leading correction of Eq. (4.18)

to analyze the subdiffusion at @,

2
InA(t) = d—/t +In(1+ Ft™™) + InC,. (4.21)

w

Fitting the time range ¢t > 10? gives d, (d = 4) = 12.5(8), which is consistent with the
prediction in Table 4.3, and clearly distinct from the corresponding lattice exponent.
In d = 5, however, the associated subdiffusion exponent, d. (d = 5) ~ 39, leads
to a fairly flat curve, making this exponent too numerically challenging to evaluate
quantitatively.

For the diffusion criticality, we extract the diffusion constant D = lim;_,,, dA/dt
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FIGURE 4.6: MSD in (a) d = 4 and (b) d = 5 under various obstacle densities
®. For (a), fitting the subdiffusion scaling form, Eq. (4.21) (dashed line), at the
threshold gives d;, = 12.5(8). For (b), the dashed line denotes the expected long-time
subdiffusion scaling d., ~ 39 which is not yet met. (inset) The diffusion coefficients
(markers) in both (a) and (b) vanishes as a power law D ~ |e|* upon approaching
®,,. Fitting diffusion constants with |e| < 0.5 using the critical form, Eq. (4.22) gives
wu(d =4) = 4.28(8) and u(d = 5) = 5.6(2).

by linearly fitting the long-time results, and then adapting the fitting form of Eq. (4.19)
as

InD(e) = pln|e| + Fpt + C.. (4.22)

Fitting the range |¢|] < 0.5 gives p(d = 4) = 4.28(8), and u(d = 5) = 5.6(2), fully
consistent with the theoretical prediction in Table 4.3.

Knowing the expected localization and diffusion scaling, the MSD around ®,, is
expected to follow the collapse form of Eq. (4.4). Specifically, time and MSD are
rescaled with

i = ‘E’(u—w)t

)

A = |e[*A,

which for d = 4 and 5 are given in Fig. 4.7. In d = 4, collapses are observed in both
the diffusion and the localization regimes upon approaching the percolation thresh-
old. In d = 5, although the asymptotic regime is not yet fully reached, the results
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FIGURE 4.7: Rescaled time and MSD for (a) d = 4 and (b) d = 5 in various
obstacle densities ®. The dashed line denotes the subdiffusive scaling of A ~ %/
at &, = 6.248 and 9.170 in d = 4, 5, respectively (Table 4.1).

nonetheless suggest a collapse upon approaching the threshold from the diffusion
side. On the localization side, however, the asymptotic regime is not yet reached.
Such delayed onset of the asymptotic scaling regime is a signature of approaching
d, = 6, as can also be observed in lattice models [40].

Above d,, the power-law scaling of both localization and subdiffusion is expected
from percolation theory to be replaced by a logarithmic growth. As dimension in-
creases, the asymptotic regime is generally observed to widen as pre-asymptotic
corrections diminish in range also in this direction [38, 40]. In lattice systems, this
effect even partly cancels the computational challenge of studying higher-dimensional
systems, and has made possible a clear quantitative examination of the logarithmic
scaling up to d = 13 [40]. In the RLG, however, the dynamics intermediate be-
tween the short-time ballistic growth A = #? and the long-time diffusion or localiza-
tion regimes, grows more rather than less complex as dimension increases above d,
(Fig. 4.8). In particular, the expected logarithmic subdiffusion regime is not observed
at ®, over the computationally accessible time range. As dimension increases, an
intermediate dynamical slowdown clearly develops (see arrows in Fig. 4.8(e, f)). A
pre-asymptotic logarithmic growth is also clearly observed in ® > ®,, at intermediate

times. For instance, for 2.4d < ® < 2.5d, the logarithmic growth of MSD survives
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FI1GURE 4.8: Tracer dynamics above the upper critical dimension for various obstacle
densities ® for d = 6, 8, and 10 (a-c) on a log-log scale and (d-f) on a lin-log
scale. Arrows in (e, f) highlight the small-time ballistic growth and intermediate-
time dynamical slowdown. Dashed lines indicate logarithmic subdiffusion around
®,. Note that to facilitate comparison between dimensions ® is scaled by d in the
legend. Note also that @, for d = 6 and 8 are taken from Table 4.1, while for d = 10
the value is extrapolated from Eq. (4.15) to be ®, = 25.1(2). (Extrapolating using
Eq. (4.16) gives ¢, = 25.4(2).)

over four decades in d = 6 and over more than seven decades in d = 8 (and similarly
in d = 10, although at higher ® because the percolation threshold grows larger).

In Ref. [31], these features, which have no equivalent in lattice models, were
interpreted as a finite-dimensional echo of the mean-field dynamical caging transition
around ®4 = d-2.40339..., which is near ®,, in this dimensional range. As a result, the
onset of the percolation criticality is pushed beyond the computationally accessible
regime. The difference between void and lattice percolation suggests that new physics
emerges from the interplay of mean-field caging and percolation at these intermediate
times. Further discussing the details of the mean-field description of the RLG can

be found in [106]. Here, we instead consider a scheme for enhancing the interplay

73



10° 10* 108 10° 10¢ 108
10* p b 10*
@ =0 diffusive (lg o
—&=0.5 —€£=05
—£=07 / =07
1()2 =1 i S subdlttgsive 4 102
<l 75:1.2 g’ﬂ' 75:1‘2 ///// - A q
10° ~ 100
****** e——
(d) Fd—32,A=1
e e =321=2 L
.o . . 10 o
. .+<I>p,/\:2 5
- Y Q
et ° 10°
= a
_\ ]
Ll |
. J10°

FIGURE 4.9: Tracer dynamics in the inhomogeneous RLG given by Eq. (4.14) with
A = 2 and various ¢ for (a) & = 3.2 < @, (b) & = &, and (c) & = 3.6 > P,,.
Inclined dashed lines denote the long-time diffusion and subdiffusion regimes in (a)
and (b), respectively. Horizontal dashed lines denote the height of long-persisting
plateau given by the cage size in homogeneous RLG with ® = ®ef. For £ = 0
the original RLG model is recovered. (d) Both the apparent diffusion constant D
at ® = 3.2 (blue) and the subdiffusion prefactor D" at & = &, (red) shrink with
increasing ¢ faster than the exponential decay of e~®*®(&).

between caging and percolation by slightly modifying the RLG in Sec. 4.6.

4.6 Inhomogeneous RLG

Motivated by the above results, we consider the impact of the local distribution
of obstacles on the interplay between caging and percolation physics. Increasing
caging by reaching higher spatial dimensions is out of computational reach, hence
we instead consider a three-dimensional systems modified so as to enhance caging.
The inhomogeneous RLG has obstacles distributed around the initial tracer position
following the spatial probability distribution described by Eq. (4.14). The inner

shell with an excess density of obstacles around the origin is then expected to make
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caging more prominent at intermediate times. But because the obstacle density
remains unchanged beyond this inner shell, the percolation threshold, which is here
defined as the onset ® where A diverges in the long-time limit, is not expected to
change.

Figure 4.9 illustrates the impact of increasing the local obstacle density on three

different regimes of percolation physics.

(a) For ® = 3.2 < &, enhanced local caging slows the intermediate-time dynamics.
The resulting long-time diffusion constant D = lim;_,,, A/t thus decreases as £

grows.

(b) For ® = @, enhanced local caging also slows the intermediate-time dynamics,
but leaves the subdiffusion scaling unchanged. Only the prefactor to that

scaling, D’ = limy_., A/t?/ 4y decreases as £ grows.
(c) For ® = 3.6 > @, the long-time cage size shrinks as ¢ increases.

As expected, a dense inner shell affects the intermediate-time dynamics, but leaves
the percolation threshold ®, = 3.510 unchanged.

For & < &, the diffusion and subdiffusion prefactors diminish fairly abruptly.
The precise decay form is not here determined, but Fig. 4.9(d) shows that decrease
to be faster than exponential with ®e*. Consequently, cage escapes fall out of the
accessible simulation time for £ = 1. No sharp transition is however observed. A
must still diffuse (or subdiffuse) in the infinite-time limit, because the probability that
a cavity reaches beyond the inner shell is nonzero. A long-persisting “intermediate
time” plateau can thus be observed for high enough ¢, e.g., & = 1.2 in Fig. 4.9(a,b).
The height of the long-persisting plateau is given by the long-time limit of the MSD
for an homogeneous RLG where ® = ®¢¢ This large ¢ regime gives an effective

obstacle density well above the percolation threshold, where mean-field theory is
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known to give robust predictions for the scaling of the cage size [31]. Changing &
therefore provides a continuous way to tune from a mean-field-like to a percolation-
like regime, while remaining in physical d = 3.

We note that the temperature dependence of these constants on the obstacle
distribution is also encoded in &, and hence this behavior is reminiscent of the super-
Arrhenius scaling observed in fragile glasses [8]. It is remarkable that such a modest
modification in RLG can apparently capture such characteristic features of glasses.

Pursuing this analogy further is, however, left as future work.
4.7 Conclusion

We have obtained the void percolation threshold of the RLG using both an asymp-
totic scaling analysis and numerics up to d = 9. The numerically determined thresh-
olds suggest a dimensional scaling between ® ~ d and dlogd, which falls between
the conjectured bounds, 2(d) < @, < O(dlogd). We hope that these results will
inspire more formal mathematical derivations of (possibly tighter) bounds. We have
also examined the percolation criticality beyond d = 3 using advanced simulation
techniques and extensive computations. We confirm that the geometric critical ex-
ponents, including 7, v and p_ are identical with those of lattice models, which is
consistent with the physical expectation that void percolation belongs to the simple
percolation universality class. We also find that the diffusion exponent y in d = 4,5
and the subdiffusion exponent d,, in d = 4 are consistent with the theoretical pre-
diction of Machta et al. [90].

Interestingly, for d > 8 an additional intermediate-time dynamical slowdown is
found to intervene. This phenomenon is absent in lattice percolation, but is a known
characteristic of mean-field caging in structural glasses. Mean-field-like caging thus
seem to grow more significant and percolation physics to be correspondingly eclipsed
as d increases, as reported in Refs. [31, 106]. This finding motivated our consider-
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ation of a modified version of the d = 3 RLG that tunes the spatial profile of the
obstacle distribution. This model, which enhances the intermediate-time dynamical
slowdown while keeping the percolation transition unchanged, further motivates the
importance of the mean-field scenario, and offers interesting parallels with structural
glass formers. In summary, our work clarifies various aspects of the void percolation

and of the interplay between percolation and glass physics in the RLG.
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5

Mean-field caging in the random Lorentz gas

5.1 Introduction

As stated in Chap 1, a first principle theory for the glass transition remains one
of the major question in condensed matter and statistical physics. A proposal for
a constructive approach is to solve for the mean-field theory of glasses in the limit
of infinite spatial dimensions, d — oo, and to then introduce systematic finite-d
corrections [2, 3, 5]. Technically rooted in the celebrated spin glass solution [107] and
in the foundational works of Ted Kirkpatrick, Dave Thirumalai and Peter Wolynes
in the mid-1980s [2, 3, 108, 109], a mean-field d — oo theory for structural glasses
has been formulated in recent years [4, 6]. This effort, which follows the idea of
using static replica methods to find solutions of random Hamiltonians [108, 110]

(see also Refs [111, 112]), has demonstrated—in the d — oo limit—that the random

This Chapter is adapted from the publications: (i) G. Biroli, P. Charbonneau, E. I. Corwin,
Y. Hu, H. Ikeda, G. Szamel, and F. Zamponi, Interplay between percolation and glassiness in the
random Lorentz gas, Phys. Rev. E 103, L030104 (2021); and (ii) G. Biroli, P. Charbonneau, Y.
Hu, H. Ikeda, G. Szamel, and F. Zamponi, Mean-field caging in a random Lorentz gas, J Chem.
Phys. B 125, 6244 (2021).
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first-order transition description of glasses is valid [109], and that hard spheres are
natural archetypes of all simple liquids [4-6].

The finite-d physics of hard sphere liquids is, however, far from simple. Differ-
ent non-mean-field effects such as hopping [7], facilitation [8, 9] and nucleation [10]
are then observed. Their competing effects make the analysis of finite-d corrections
rather difficult. Modified models have thus been introduced in an attempt to isolate
some of these effects. In that vein, the random Lorentz gas model is advantageous
to study the hopping process. Because, by construction, most finite-d corrections
are then absent—including nucleation, structural correlations and facilitation—those
that do persist are especially noticeable. In particular, although the RLG has long
been known as a model of continuum percolation [16-23], that description and the
d — oo mean-field one fundamentally disagree about the nature of the localization
transition. It should be continuous according to the former, and discontinuous ac-
cording to the latter.

The study of the percolation physics of the RLG reveals that an intermediate dy-
namical slowdown, which is absent in lattice percolation, emerges in high dimensions
d =z 8. We thus suggest the following physical scenario to resolve the aformentioned
paradox between the percolation and the mean-field caging physics in the d — o
limit: the percolation criticality controls the long-time dynamics, whereas glassy
dynamics intervenes at intermediate time scales. This scenario motivates a more de-
tailed characterization of the intermediate-time dynamical slowdown, which although
a mere pre-asymptotic feature of percolation theory, is fundamental to understanding
finite-dimensional glass physics.

We also note that the mode-coupling theory (MCT) of the RLG predicts a con-
tinuous localization transition in finite d whereas the intimately related MCT of
glasses [15, 24, 25] predicts a discontinuous dynamical glass transition. Since both
mode-coupling theories are of mean-field flavor and do not include any contribution
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from hopping processes, one wonders whether the prediction of a continuous localiza-
tion transition is a happy artefact or whether some mean-field-like effects influence
the character of the transition.

In this Chapter, we investigate the mean-field caging behavior of the RLG as d
increases. We first formulate a mean-field theory (MFT) of the RLG, which becomes
exact in the infinite-dimensional d — oo. We find analytically that in this limit,
the RLG undergoes a dynamical arrest of the MCT type, identical to that of hard
sphere glasses in the same limit [6], which confirms the binary mixture analogy. An
apparent paradox, however, follows from this result (Fig. 5.1(a)): on the one hand, in
finite, low d, the exact mapping of the RLG to a percolation transition gives rise to a
continuous localization transition [15, 18, 35, 37]; on the other hand, MFT predicts
a discontinuous caging transition. The simplest possible resolution, namely that the
nature of the percolation transition might change in the d — oo limit, was ruled out
in Chap. 2 (See also Ref. [40]). Hence, some non-trivial corrections to MEFT must
play an important role for RLG physics.

In order to probe these effects, we investigate the problem numerically ind = 2...20
to obtain static and dynamical descriptions of caging. Three main insight follow from
this study. (i) MFT provides the exact d — o0 dynamics over finite time scales, dur-
ing which the dynamical arrest prevents the tracer from exploring the percolating
network of cages. (ii) MFT fails to capture the d — o percolation transition because
the long-time and large-dimensional limits do not commute. (MFT holds when one
first takes the large-dimensional limit, whereas the percolation transition relies on
processes taking place on a timescale that diverges with d.) (iii) The percolating
network of cages is explored through “activated” hopping events, which happen with
probability vanishing exponentially with d, and can be analytically described by in-
stantonic corrections of MFT. These events are expected to play a key role in glass

formation and yet have thus far eluded theoretical grasp. We thus conclude that
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FIGURE 5.1: (a) Two descriptions of RLG uncaging upon decreasing ¢: (top) the
MFT cage discontinuously disintegrates at ¢q; (down) cages merge continuously
and form an infinite percolating cluster at ¢,. (b) The mean-field prediction for
the dynamical transition ¢q ~ 2.40 (blue dashed line) crosses the void percolation
threshold ¢, (asterisks) between d = 8 and 9. Threshold values are taken from
Tab. 4.1 in the previous Chapter.

the RLG is a toy model of some of the key activated processes in glasses, and is
simple enough to be treated analytically and numerically, thus opening the way for

a first-principle description of such processes.
5.2 Mean-field theory derivation

The MFT of glass-forming liquids, which becomes exact in the d — oo limit [6],
predicts the existence of a dynamical (MCT-like) transition, at which the long-time
limit of the scaled mean squared displacement (MSD), A = dA, jumps from diverging
diffusively to a finite value. In the following, we treat the random Lorentz gas within
the mean-field theory of structural glasses.

The partition function of the RLG is simply the total free available volume. For
a specific realization of quenched disorder, i.e., obstacle positions, it can be written
as

z_fdxﬂeqx—m—a), (5.1)

=1

where the Heaviside step function 6 enforces volume exclusion by the obstacles, and
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the d-dimensional vectors x and R; denote the positions of the tracer and of the i-th
obstacle, respectively. Assuming that the free-energy is self-averaging and using the

replica method, we then get

_BF — lim 282" (5.2)

n—0 n

n

7 - sznne(\xa—Ri\ _ ),

i=1 a=1

where x = {x!,--- ,x"} denotes a set of n identical replicas of the original tracer,
and @ denotes averaging over obstacle positions R;.

For this system, we expect two phases:

e In the liquid phase, the (replicated) tracers are not confined close to the origin.

Each replica thus decorrelates over the whole volume and

— (V—(n+1)Vo—

N
Zn ~ V" V-V ) ~ Ve Ve, Fiiq = —logV + pV,, (5.3)

where V, is the volume of a sphere of diameter o.

e In the glass phase, with high probability the origin is contained within a cage.
Many other cages exist in the volume, but a tracer starting at the origin remains
confined within that cage. Note that the cage at the origin is metastable,
because faraway cages thermodynamically dominate the measure, hence the

choice of a cavity computation.
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In the glass phase, we can write, after introducing a fictitious coordinate xg = 0,

T n B N
7 _ [z {148 M oo (70 = BI > 0)]
J V-V,
B dw SdR _o0(za—R|>0)—1]4+V, N
= ] -
— rdf 1 + B SdRe(miHGE[O,n] ‘xa - R’ < O') + VO’ N (54)
J V — Va

_ epV(7 J‘df 6—deR9(minaE[07n] |za—R|<0)

d—n—1

_ epVoCn+1,dque 2 10gdetq+pfn+1({0,f})7

where overlap variables have been changed to rotationally invariant quantities, ¢,, =

Tq - xp as in Ref. [6, Eq.(2.96)], and

ae[1,n]

f.(@) = deé’( min |z, — R| < o), (5.5)

as in Ref. [113, Eq.(30)].
Following the approach of Refs. [4, 6] for evaluating Z" by saddle point integration

for d — o0, we obtain

— d
log Z™ = cnst + 3 logdet ¢ + dpgy,

~ ~ n—1
d A A A ya A
= cnst + 3 log <nAr — (n— 1)§> <§> +dp <fn+1(A A) + 1) ,

(5.6)
where irrelevant constants have been dropped and the rescaled squared displacement
and density, A = dA and $ = p/d are thereby defined. This expression shows that
the free volume scales in such a way that log Zocd, as conjectured at the beginning

of this section.
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By taking the replica symmetric solution, A, = A, the expression can then be
reduced to a one-dimensional integral [6], such that

Fos1(A) = F dhe(q(A/2,h)" T — 1), (5.7)

—00

where q(A, h) = [1+ erf(h+—A§)] /2. Note that in the original hard sphere derivation,

V2A

in which all particles oscillate, the large variance term has the form A = (Atmer +
Aobstade) /2. By contrast, obstacles are fixed in the RLG, and hence A = Apvacer /2.

Under the replica symmetric assumption, the free energy is then

_ d " o «
log Z™ = cnst + 771 log A + dgb(f dhe(q(A/2,R)" ™ — 1) + 1). (5.8)
-0
Solving for akg% = 0 provides the cage size that optimizes the free energy,
n [ . 2q(A/2, h)
— = dhe(n + 1)q(A/2, )" 5.9
e— e | anetn a2 n LK (5:9)

Noting that Siooo dhehof—g = 0 and taking the limit n — 0, the cage size and the

obstacle density are then related by

! :—Af dhehlogq(A/Q,h)aq(A—M.

5.10
2¢ — OA (5.10)

We thus obtained a self-consistent expression for A at the dimensionally-rescaled

packing fraction ¢ = pV;/d, where p is the number density of obstacles, V; is the

volume of d-dimensional unit sphere , and q(A, h) = {1 + erf[(h + A/Q)/M]}/Q
Equation (5.10) gives that a dynamical glass transition takes place at pq = 2.4034 . . .,
half that for d — oo hard spheres [4].

We further consider various alternative mean-field approaches for the RLG, in-

cluding a virial expansion, a limit of binary mixture, and a dynamical derivation, as
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detailed in the Appendix B. All these approaches result in the discontinuous transi-
tion at the same density as in Eq. (5.10). Interestingly, an analogy to the perceptron
model instead fails. Although apparent similarity seems to relate between percep-
tron dynamics and RLG, the mean-field solution of the perceptron does not allow to
recover the RLG in the d — oo limit.

Among these theoretical approaches, the direct cavity reconstruction scheme does
not readily provide an estimate of the prefactor for this correction (and neither does
the dynamical scheme of dynamic derivation), but a finite-d Gaussian cage ansatz
can straightforwardly be implemented in the virial treatment. Although this ansatz
was found not to hold in finite-d glasses in the vicinity of the dynamical arrest [114],
and clearly fails to account for non-perturbative hopping corrections near the mean-
field dynamical transition at ¢q [31], it is unclear whether similar problems affect
RLG caging at high obstacle densities. In this regime, hopping is indeed strongly
suppressed and the Gaussian ansatz might well predict the scale of perturbative
corrections.

Considering that A is an order parameter for both the percolation and the glass
transitions, one may expect the theory of glasses to also describe percolation critical-
ity. This is not the case. While the cage size is expected to diverge logarithmically
in mean-field percolation [40], the MFT cage size is twice that of hard spheres, i.e.,
A = QAHS(2¢), and thus also presents a square-root singularity upon approaching
@a, 1.6, A(@q) — A(P) ~ /& — Pq. Moreover, the percolation transition @, is ex-
trapolated to a higher density than the mean-field dynamical transition ¢4, as shown
in Fig. 5.1(b).

In summary, we here confirm that RLG and hard sphere fluids share a same MF'T
universality class characterized by a discontinuous glass transition, that is distinct
from that of simple percolation. In other words, while MFT is expected to be exact

in d — oo limit, it fails to capture the percolation transition in that same limit.
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FIGURE 5.2: Scaling of various cage size with density for different d. (a) mean and
(b) cage size; and (c) Gaussian-ansatz cage size (Eq. (B.12) in the Appendix). All
three quantities converge to the d — oo result from Eq. (5.10) (black dashed lines).
The insets show that in all three cases deviations from the d — oo results scale as 1/d,
albeit with maarkedly different prefactors. The mean and the mode have different
signs and are both at least an order of magnitude larger than the Gaussian-ansatz
prediction.

A densifying system in d > 8 might thus first encounter around ¢q (imperfect)
local cages that percolate on larger scales, and can be escaped via activated hopping

processes [14], before being properly localized at the percolation threshold ¢,.

5.3 Static results

In order to ascertain this scenario, the MFT description of caging needs first to
be assessed. To do so, we implement a static cavity reconstruction scheme (Ap-
pendix C.3). This algorithm guarantees that the probability of obtaining a cavity,
C, containing the origin exactly tracks the distribution of cavities at that same ¢
in an infinitely large system. The method generates a set of random point samples
within a generated cage. The mean cage size is obtained by averaging over cages

(i.e., disorder) and over initial tracer positions within a cage

. d | ,
A= Xy 2t ) (5-1)

1,7€C

where C is a cage realization.
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Two distribution naturally assess these two effects, and thus allow us to discern

the dominant contribution.

1. The long-time limit of the self part of the van Hove function

Gu(r) ~ D (s — x| = 1), (5.12)

Cig

normalized as Sgo Gs(r)dr = 1, can be expressed in terms of the squared dis-

placement A = r2d through a change of variables, Gs(A) = G4(r)/(2r). The

resulting distribution accounts for both types of averaging.

2. The cage size distribution
~ 1 o
PA)~Y 6| ——— > (r;—1;)2 = A/d |, 5.13
&~ <|{z}||{y}|§.( 2 /> (519

normalized as SSO P(A)dA = 1, accounts for the disorder distribution only.
5.3.1 Cage size

For ¢ » ¢q, the (scaled) mean cage size nicely converges to the MFT prediction
as d increases [Fig. 5.2(a)], and the dominant correction is perturbative in 1/d. In
this high-density regime, the quantitative consistency with MFT is robust down to
physical dimensions. A generalized MFT with perturbative corrections should thus
offer accurate predictions in all d, a clear opportunity for future theoretical studies.

By contrast, for ¢ ~ ¢4, a regime dominated by percolation criticality—with
A diverging at ¢,—is observed [Fig. 5.2(a)]. The static cage size either crosses (q
smoothly or is expected to diverge before reaching ¢4 from above, depending on the
relative order of ¢4 and ¢,. These strong discrepancies with respect to MFT found

around ¢q4 hint at a complex interplay between glass and percolation physics.
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In order to eliminate the rare large cage resulted from percolation criticality,
we instead seek an observable more sensitive to MFT-like caging. Recalling that
percolation criticality is dominated by rare large cages, while MFT is evaluated via
a saddle point that extracts the typical cage size, we choose to focus on the modal
cage size, i.e., Amode(t) = arg max P(A(t)) By construction, Anode eliminates the
contribution of rare large cages and cage escapes, and thus effectively plays the same
role as the generalized MSD considered in recent glass studies [14, 73]. As illustrated
in Fig. 5.2(b), the modal cage also converge to the mean-field prediction with a
leading correction in terms of 1/d. This perturbative scaling further survives in the
surroundings of ¢, albeit with a larger prefactor. The contribution of percolation

physics can thus be reasonably well isolated.
5.3.2  Gaussian ansatz and its failure

Having identified the perturbative correction we now assess the Gaussian ansatz
(Eq. (B.10)) in finite-dimensional systems [Fig. 5.2(c)]. At first glance, the cage size
predicted by the Gaussian ansatz, Ag also presents a perturbative 1/d correction.
However, its prefactor is orders of magnitude smaller (in absolute value) than the
numerical cage sizes. This mismatch reflects the pronounced anisotropy of cage
size distributions, an effect that is completely absent in the Gaussian ansatz. In
addition, as density approaches (4, the modal correction appears to diverge, while
the Gaussian ansatz remains finite. This discrepancy is not a mere quantitative
concern, but qualitatively wrong. This effect is likely related to the expectation that
the dynamical susceptibility should diverge around ¢4 in the d — oo limit. Hence,
the Gaussian ansatz not only misses out on percolation physics, but seems to omit
key features of mean-field physics as well.

The challenge of assessing the Gaussian ansatz is that it implicitly assumes that

all cages are the same size. Although this typical cage does dominate in the d — o
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FIGURE 5.3: (a) Self van Hove function and (b) cage size distribution at ¢ = 5 for
various d. The small displacement G4(A) ~ A%2=1 (colored dashed lines) and the
d — oo prediction from Eq. B.12 (vertical black dashed line) are included. Insets
in (a,b): Same results given on a lin-log scale. (c) Self van Hove function and (d)
cage size distribution in d = 3 for various ¢. At small obstacle density, close to the

percolation threshold, a shoulder emerges in G5(A) (arrow in (c)). This feature is
associated with a fat tail that makes the mean cage size A diverge for ¢ < ¢,. The
cage size distribution also broadens upon decreasing ¢.

limit, strong deviations from caging uniformity are observed in finite d. We thus
evaluate the cage heterogeneity via both the self Van Hove function (Eq. (5.12))
and the cage size distribution (Eq. (5.13)). Sample results averaged over 5 x 10* (in
d =2,3) to 300 (in d = 7) cavities are given in Fig. 5.3.

As expected, both distributions narrow as d increases, and seemingly converge to a
d distribution as d — oo (Fig. 5.3(a, b)). Conversely, upon decreasing d distributions
not only broaden but also become increasingly asymmetric. For instance, the small
A limit of the van Hove function scales as Gy(r) ~ %! and thus Gy(A) ~ Ad=1/2,
while in the large A limit, G5(A) decays quickly. The cage size distribution P(A)
is also lopsided, although slightly less. From this comparison, we conclude that
the non-Gaussian character of caging is significantly affected both by cage-to-cage
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fluctuations and by the non-Gaussian character of individual cages, even at high
densities.

Upon approaching ¢, the static cage size distribution further broadens at large
A (Fig. 5.3(c, d)), as in the MK model [14]. This deviation, which is clearly distinct
from the non-Gaussian caging correction, contributes to the dramatic growth of the
mean cage size in that regime. It also eventually leads to void percolation. The
Gaussian ansatz, which assumes that cages are local and closed, thus completely
fails in this regime.

Describing the perturbative 1/d correction then requires a theory of cage hetero-

geneity beyond the Gaussian ansatz, in which we will present in Sec. 5.5.

5.4 Dynamical results

5.4.1 Mean-field caging regime

As already suggested by Fig. 4.8 in the previous Chapter, an additional dynamical
slowdown emerges in high dimension d 2 8. To pinpoint the origin of this weak
dynamical slowdown, we investigate the modal cage size which is amenable to a
dynamical version of the static cavity reconstruction. Although this setup misses
finite-yet-large cages, it provides a sufficiently broad span of the cage-size distribution
to reliably identify Apode. It also extends the numerically accessible dimensional
range. Results up to d = 20 and averaged over at least 2 x 10% independent samples
with Amax = d(rmax — 0)? = 14 are reported in Fig. 5.4. We find that Amode
plateaus quickly after the ballistic regime, even near ¢, and that this plateau steadily
approaches the MFT caging prediction as d increases (Fig. 5.4(a)), even for ¢ <
¢p(d). Note that a small finite-size correction due to finiteness of the shell thickness
appears in the highest dimension considered, d = 20, but the convergence to the
MFT prediction remains within the statistical error range (See Appendix C.4 for
detail).
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Remarkably, the approach to the MFT prediction exhibits a perturbative 1/d
correction (Fig. 5.4(b)),

A A kmo e
A = Aypr — dd , (5.14)

even fairly close to ¢q. Fitting the modal cages with Eq. (5.14) (Fig. 5.4(b)) us-
ing the theoretical AMFT provides a correction prefactor, kn.qe, that increases as
0o = ¢ — {pq shrinks. (If Anpr is left as a fit parameter, its deviation from the the-
oretical prediction is < 5% consistently with the numerical uncertainty of the data.)
Remarkably, perturbative corrections to MFT become increasingly pronounced upon
approaching ¢4. Two processes beyond the d — oo MFT description, however, also
then appear: (i) the cage size distribution displays a large-A-tail, and (ii) a substan-
tial fraction of tracers escape the shell. As a result, within the range of system sizes
and dimensions accessible in numerical simulations, the mode no longer converges to
the MF'T prediction for ¢ < 2.45.

In order to disentangle these two different physical contributions and to resolve
how the MFT description emerges as d increases, we consider the first-passage time
of the tracer escaping from a center displacement \/E For a fixed scaled density
» > (g, the onset of cage escapes is found to be exponentially delayed in time
with increasing dimension for d > 8 (Fig. 5.4(d)). More precisely, the cumulative

probability of a tracer escaping, P.s.(f), at fixed ¢ follows a scaling form
Pesc(t100) ~ f(e”@1%:6p), (5.15)

with master function f(z;0p) and a prefactor Ceg(Aee) ~ 0.4 that depends only
weakly on the choice of cutoff for A / Avode ~ O(1). In small dimensions, however,
cage escapes deviate from this scaling form. Mean-field-like caging around ¢4 is then
so weak that higher-order corrections dominate.

We can now properly understand the logarithmic drift of the MSD that appears
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FIGURE 5.4: Cages and cage escapes in d = 4 to 20 obtained from dynamical cavity
reconstructions. (a) Modal (solid line) and mean (dashed line) squared displacements
of tracers with time at ¢ = 2.7, along with the MFT prediction (dash-dotted line).
MSD curves terminate when 2% of tracers have escaped. While the MSD drifts with
time, the mode robustly plateaus; (b) The plateau of Aode approaches the MF'T
prediction as in Eq. (5.14) for various ¢. Error bars are obtained from bootstrapping
and also marked in panel (a); (c) the scale of the perturbative correction to the
cage size grows upon approaching (@4, and empirically fits kpoqe = 0.46/4/0¢ + 0.81.
(d) Cage escape probabilities for Awe = 4in ¢ = 2.5,2.7 and 3 collapse under an
instantonic form with empirical prefactor Ces. = 0.4.

at intermediate times when ¢, > ¢q4 as being due to imperfect caging. As dimension
increases, the MFT caging prediction is recovered because the prefactor of the log-
arithm slowly vanishes. Geometrically, most cages are open for ¢4 < ¢ < ¢, thus
giving rise to void percolation, but escape paths out of open cages steadily shrink
with increasing d, giving rise to more pronounced dynamical caging. This collapse
form further suggests that near ¢4 cage escapes are so prevalent that they dominate
the dynamics in any finite d. Such hopping processes (exponentially suppressed in d
by contrast to 1/d perturbations) have long been debated in glass physics [115-117],

but this particular instantonic correction to the MFT of glasses was previously un-
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known. More than a mere correction, it is here found to be the primary reason why

the sharp mean-field dynamical glass transition becomes a crossover in finite d.
5.4.2  Diffusion regime

Dynamical slowdown can also be detected in the low obstacle density regime from the
so-called Stokes-Einstein relation breakdown. The Stokes-Einstein relation (SER)
classically relates diffusivity and viscosity, such that D ~ n~!. Even though the
relationship is derived for mesoscopic objects in suspension, the relationship holds
remarkably well down to the self-solvation limit [118, 119]. One can empirically
describe this breakdown of the SER as D ~ n~!™* with a phenomenological variable
w > 0.

The diffusion timescale is conventionally defined as the inverse of the diffusivity,
D =0°/D = tlim ot/ A(t)
—00

where o is the obstacle radius and A(t) is the time dependent mean square displace-
ment.

In dense liquids, the viscosity is roughly proportional to the structural relaxation
timescale 7,. In a glass, this quantity is conventionally obtained from the decay of
the self-intermediate function at the first peak of the structure factor, which roughly
corresponds to the typical cage size. Reference [14] suggested a generalized but

consistent definition,
Avyp(t) ~ (t/7a)" ™

where Ay, (%) is the “typical” square displacement, given by Ref. [14, Eq. S18],
Ay = lim|r(t) —r(0)[*)** (5.16)

which diffuses in the long time limit, but also gives the structural relaxation time 7.

In practice, 7p and 7, are obtained from collapsing A(t)/7p and Ay, /7, at different
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densities, which provides estimates of the characteristic time even though the overall
numerical simulation might be shorter than the diffusion time scale.

Rewriting Eq. (5.16) using the self van Hove function G4(A,t) gives

0 2/z
f A*GL(A, t)dA)

0

z—0

= lim (
z—0

exp <2f log A - GS(A,t)dA> .

0

Ayp(t) = lim (

0 2/z
J (14 zlog A + O(22))G(A, t)dA) (5.17)

In simulation,
Ayp = exp((2log [r(t) — r(0)])), (5.18)

which is the exponential of the expected log displacement. In particular, A, (t) sup-
presses the contribution of large displacement so that one have Ay, () < Apean(?),
as shown in Fig. 5.5(a, b).

Given this context, comparing the MSD and log SD can thus be used to assess

the Stokes-Einstein relation breakdown in the RLG (as in Ref. [14, Eq. S41]),
D ~ Ta Y, (5.19)

or equivalently,

Atyp/Amean ~ ALY (520)

mean*

In the regime that SER holds, w = 0 and thus A¢yp/Amean tends to a constant. When
the SER breaks down, A¢yp/Apean decreases with Apean(t) with power-law exponent
0<w<l1.

Sample results are shown in Fig. 5.5(c, d). At small obstacle densities ¢ =«
¢p (recall that ¢,(d = 3) = 1.170(7) and ¢,(d = 6) = 2.040(3)), the parametric

~

curve indeed approaches a constant ¢ < 1 at large Apean (or, equivalently, at long
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FIGURE 5.5: (a, b) Tracer MSD and log SD for (a) d = 3 and (b) d = 6 in various
obstacle densities ¢. (¢, d) The fraction of log SD to MSD for the same systems in
(a, b).

times). At intermediate times, Atyp / Amean shows a local minimum-—at this timescale
the mean value deviates most from the typical value. This local minimum may
correspond to the peak in the non-gaussian parameter as(t) defined in Ref. [120],

and further investiagated in the next section. By contrast, upon approaching ¢,

Atyp / Amean decreases monotonically, as a result of the SER breakdown.
5.5 Cage heterogeneity

We have identified in Sec. 5.3.1 that the perturbative correction to cage sizes origi-
nates from the dimensional dependence on the cage size distribution. In Sec. 5.3.1,
however, we have shown that the conventional gaussian ansatz fails to capture this
correction. As part of an ongoing collaboration with G. Folena, G. Biroli, and F. Zam-
poni, we have obtained a mean-field prediction for the RLG dynamical susceptibility

from a replica calculation of the cage fluctuations. In this section, I present prelimi-
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nary numerical results that accompany this effort.

5.5.1 Cage susceptibilities

In the simulation setup, each realization of the cage has a tracer located at the origin
at t = 0. The average of square displacement with different final position is denoted
as (---) and mean cage size over different realizations is denoted as [---].

The thermal susceptibility is evaluated for each cage and then averaged over all

cages,

Xen = [(A%) = (A)7]; (5.21)
the heterogeneous susceptibility is defined as the variance between different cages,
Xnee = [(A)*] = [{A)]; (5.22)
and finally, the total susceptibility
X4 = Xhet T Xth- (5.23)

These susceptibilities also naturally scale with dimension as ¥ = d?y.
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FIGURE 5.6: (a) xn and (b) Xnet compared with the theoretical d — oo prediction
(black lines) in various dimensions d = 4 ~ 20. Inset of (a): relative deviation of
scaled xy, to the theoretical prediction vanishes as ~ 1/d.
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Figure 5.6 shows that the finite-dimensional results for both thermal and het-
erogeneous susceptibilities agree with the mean-field predictions, especially in the
small cage (large obstacle density) limit. For xi,, numerical results further suggest a
perturbative 1/d correction to the mean-field prediction, while for e, the deviation
to the mean-field prediction is small for small A regime. In addition, both cage sus-
ceptibilities increase dramatically upon approaching ¢4 and are expected to diverge,
thus likely underlying the diverging dimensional correction prefactor to the cage size

identified in Eq. (5.14).
5.5.2 Correlation between dimensions

An interesting question is where does this diverging susceptibility come from. The
RLG being a single-particle model, it cannot result from the correlated displacement
of multiple components, as is typically invoked in this sort of situation. Recall
that the mean-field description derives the cage size in one direction D; = r? and
then simply multiplies this expression to obtain the mean squared displacement,
A =D, = d(D). For the four-point susceptibility to diverge, however, one must
therefore have that the coordinates D; and D; (i # j) are not independent.

As a simple null model for the correlation between coordinates, we first consider a
d-dimensional randomly oriented unit vector. The correlation between its coordinates

can then be expressed by the covariance,
Cov(D;, D;) = (DiDy) — (D)* = (D;D;) — (A)*/d* (5.24)
From expanding

(A*) ={(Dy + D3 + ... + Dg)*) = d{D*) + d(d — 1){D;D;)

97



we get that
A?) — d(D?)

Cov(D;,D;) = < JdD) (A2 /d? (5.25)
1 —d{r}) 2
e 1/d2. (5.26)

The projection of such a random vector on the i-th coordinate base e; has for k-th

moment

Aq-1§; df cos® §sin? 0
Aqg

(rky = (5.27)

where Ay is the surface area of unit d-dimensional sphere. For £ = 1 and 2, we have
0 and 1/d, respectively. For k = 4 the expression is a bit more involved, but can be

evaluated in any finite d:

d <7’?> COV(DZ', DJ)
2 3/8 1/8
418 “1/48

20 3/440 -1/4400

The covariance is therefore negative and vanishes as d — co. This description
makes physical sense. Having a large displacement in one coordinate suggests that
other orthogonal coordinates are small, because their overall sum is fixed.

The covariance between coordinates of the RLG can also be computed via Eq. (5.25).
Setting ¢ = 0 (not shown) confirms the results in the table above. For the RLG, we

denote the relative covariance
Covp(t|¢,d) = Cov(D;, D;)/(D)*. (5.28)

Note that using a scaled displacement over one direction D = d2D (so that it reaches
a constant as d — o0) does not change the form of Covp, because the numerator and

denominator has been canceled.
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FIGURE 5.7: Covariance between coordinate bases in the RLG dynamics. (a) Time
evolution of Cp for tracer at ¢ = 5 and d = 4, 8,12, 16, 20 from blue to red. (b) Long

time covariance Cp scaled with 1/d in various ¢ = 3.5,5,10,20 from red to blue.
Lines show the linear fitting of d = 8 to 20. (c) Prefactor of the Cp plotted with ¢.

From Fig 5.7(a), we can see the covariance reaches a plateau at long times, similar
to what is observed for y4(t). It further follows a dimensional scaling of the plateau

covariance Cp = Cp(f — o) with 1/d as
Co(d|¢) = kcov/d. (5.29)

Indeed, the linear fitting gives small intercepts thus strongly suggests this scaling
[Fig 5.7(b)]. Moreover, the prefactor to the scaling kcoy is found to be almost con-
stant in large ¢ > 15, and it increases significantly as approaching ¢4 [Fig 5.7(c)],
also similar to that in y4. The origin of this positive covariance (by contrast to a
pure random vector) might be that a large cavity tends to have large coordinate
displacements in all directions. In other words, this effect might follow from the

finite width of the cavity size distribution, even though most cavities are (roughly)
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spherical.
5.5.8 Non-gaussian parameter

Interestingly, the behavior of the non-Gaussian parameter, oy, which was proposed
long-ago as a proxy measure of dynamical heterogeneity in glass formers [120], is
related to that of the single-particle dynamical susceptibility. Recall that a general

definition of the n-th order non-Gaussian parameter in d spatial dimension reads [121,

Eq. 14]
(d —2)Nd™(r?™(t))
anall) = B ra— Gy (5.30)
Taking n = 2 then gives
ao(t) = ~ L)y (5.31)

d+22(t)*

which is related to the total four-point susceptibility we have previously studied,

xa(t) = ri(t) = r*(1))”.

Using the standard asymptotic rescaling, we have

~

A1)

2~ (G

Hence, for large ¢ and d — oo, we should have that as(t — ) ~ 1/d.

Sample results for the non-gaussian parameters are shown in Fig. 5.8. Unlike x4,
ag does not approach zero in the short time limit, but turns negative as a result of
the delta distribution displacement for ballistic dynamics with fixed initial velocity.
(In that limit, the tracer displacement is purely homogeneous.) By construction the
non-Gaussian parameter measures the deviation of a distribution from Gaussian,
but does not solely characterize this heterogeneity. It exhibits a signature of caging
heterogeneity as a result of its form (Eq. (5.31)) being very similar to x4 (Eq. (5.32)).
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F1GURE 5.8: Non-Gaussian parameter dasy evolving with time in different obstacle
densities (a) ¢ = 2.5, (b) 2.7 and (c) 3.

5.6 Summary

We have analyzed the mean-field caging in the RLG. We established that the RLG
dynamics is identical to that of hard sphere glasses in d — oo over finite time scales,
and obtained quantitative evidence of non-trivial finite-dimensional corrections to
MFT. More specifically, we have found that the static cage size at high density and
the typical dynamical cage size at all densities show a perturbative, 1/d, correction
to the MFT d — oo result, and that non-perturbative dynamical cage escapes are
suppressed exponentially with d around ¢4. In the RLG, these finite-dimensional
corrections are dominant in physical dimensions, d = 2, 3. Our work therefore reveals
in a precise and concrete way the important role played by activated processes in
avoiding the dynamical glass transition.

Our work highlights that corrections to the mean-field solution are crucial to
describe dynamics even in large but finite dimension and opens the way for their
analysis. While the cage formation and caging dynamics are well described by the
mean-field solution for d — oo and that finite-dimensional corrections can be cap-
tured perturbatively, it requires analytical treatments beyond the Gaussian-ansatz.
We then proposed a first-principle theory of cage heterogeneity. The quantitative
consistency between theoretical descriptions and high-d simulations validates the

theory and thus the perturbative correction is now mostly under control. Cage es-
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cape, which contributes to percolation, is a more subtle phenomenon which may only
be captured by large-deviation calculations (in contrast to the saddle point calcula-
tions presented in the previous sections). The non-perturbative corrections to MET
go beyond the traditional instantonic picture [10] and facilitation [8].

In conclusion, the RLG—despite its simplicity and its many differences from
standard supercooled liquid models—offers a new way to look at the problem of glass
transition and provides the long-sought framework and guidance to tackle some of
the important perturbative and non-perturbative features of glassy dynamics. Our
results also suggest a putative first-principle pathway for relating local structure and

dynamics in glass-forming liquids [122].
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6

Future directions and Conclusions

Because the RLG is a single tracer model, these corrections are still too crude to
make sense of certain features, especially those related to collective or facilitated
behaviors, of three-dimensional supercooled liquids. The Mari-Kurchan-Krzakala
(MKK) models [11], which interpolate between mean-field and real glass models
by suppressing the role of structure independently from that of dimension, is then
particularly interesting [14]. Recall that we have identified a new hopping instantonic
correction to the mean-field description as well as the quantitative functional form
for relating geometry and dynamics in the random Lorentz gas (RLG), which is
a particular limit of the MKK universality class (ch. 5). Such a correction is a
particular instance of non-mean-field and non-perturbative activated processes in
finite-d glasses.

As a natural future direction, I describe a preliminary study of the MKK model
in this last Chapter, before concluding. As noted in the Introduction, this model can
be used to smoothly interpolate between the increasingly well-controlled RLG-like
limit and less well-controlled but more realistic glass models. The current study thus

aims to bridge the theoretical gap between the single tracer models described by the
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previous Chapters and dense liquids of hard spheres.
6.1 Caging and transport in the Mari-Krzakala-Kurchan model

Simple three-dimensional hard spheres, which are a common reference model of struc-
tural glasses, crystallize with ease. In order to avoid this fate, and to benefit from
the sampling efficiency of the SWAP algorithm (up to 10 speedup) [123-125], poly-

dispersity is here introduced such that the sphere diameter follows the distribution

P(o;)ocl/o? (6.1)

between (1 — z,)0’ < 0; < (1 + x,)0’. The mean diameter o = {(0;) = (1 — z,)%0’

sets the length scale.

A common measure of polydispersity is the square-root variance and the mean

diameter,
= var(o;) _ atan(z,) 1, (6.2)
(o3) Lo
and the packing fraction
4
o= §7T020’N/V (6.3)

is accordingly derived, where V' is the simulation box volume and N is the number
of spheres in the box.

Two related setups have been proposed to interpolate between hard sphere glasses
and the limit of structureless, mean-field glasses. The first, presented in Ref. [11],
sets a pre-assigned random graph, such that only pairwise interaction between two
particles connected by an edge in this graph can interact. By tuning the degree z
of this graph, the model interpolates between standard hard spheres (z = N — 1,
full-connected graph) and the non-interacting limit (z = 0). The second, described

in [12], is more broadly implemented and is also considered here. It consists of
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applying a random shift to the pairwise displacement at initialization,

where the random vector A;; follows the Gaussian distribution of variance (Ao )?,

1 |A)?
P%) = ey (an) o

The packing fraction for the MKK model (with A > 0) is commonly defined as in
Eq. (6.3), but can no longer be interpreted as “the fraction of space occupied by the
spheres” as in hard spheres, because overlaps are now possible (as in the RLG).

The compression algorithm implemented by Skoge et al. [126] is used to prepare
densely supercooled liquid configurations. Specifically, low-density hard spheres at
an initial packing fraction @i = 0.3 are first generated through random inser-
tion, then an event-driven dynamics—accompanying with a constant growth rate
dr/dt = 1072 on spheres—is conducted until the pre-assigned packing fraction ¢ is
achieved. Then, the compression is turned off and the data is collected after the
system is relaxed. In principal, the relaxation time step should goes beyond the
structural relaxation time, 7,, conventionally defined as the time scale when the self-
intermediaate scattering function Fy(kyayx, t) remains correlated, Fs(kmax, 7o) = 1/e,
where Kpay is the first peak of the structure factor S(k).

Because the dynamical slowdowns dramatically close to the glass transition, the
system can no longer equilibrate via simple molecular dynamics. This hindrance
can be improved dramatically by the SWAP Monte Carlo, that is swapping the
particle radii between two randomly selected particles. This operation accelerates
the thermalization in polydisperse systems by orders of magnitude [123-125], and
can even explore the equilibrium phase space beyond the jamming transition. The
SWAP Monte Carlo has also been implemented in the the binary MKK model [127].
Here, we propose to implement the SWAP Monte Carlo for the polydisperse MKK
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FI1GURE 6.1: MSD of the MKK model at ¢ = 0.6, 1, = 0.2, N = 500 for various .
As ) increases, the intermediate time caging regime disintegrates and the long time
diffusivity increases.

model. It is expected to accelerate the thermalization in systems with small A\. For
larger A, the equilibrated system can be simply prepared by planting [14]. In this
way, we expect to obtain densely supercooled equilibrium configurations in the entire
parameter space, thus facilitating the investigation on hopping dynamics.

Figure 6.1 shows preliminary results for the time evolution of MSD for fixed
7, = 0.2, N = 500. At a given packing fraction ¢ = 0.6, a clear intermediate-
time caging regime is present for the hard sphere system, A\ = 0. As A increases,
the cage dissociates and the long-time diffusivity increases as well. For A = 0.8,
the system already behaves like the MKK model with uniform shifts (as studied
in Refs. [14, 128]). In other words, tuning A over a relatively small range (and
for relatively small system sizes) suffices to interpolate between the two regimes of
interest.

These preliminary results also examined the feasibility of this study and provided
guidance for the parameter choices. Future work will concentrate on the hopping

dynamics, aiming to understand the echo of the instantonic correction identified in
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Sec. 5.4 in realistic glass models. The MKK model is also amenable to various the-
oretical and numerical simplifications, such as planting, which will greatly facilitate

its computational study.
6.2 Conclusions

In this dissertation, I have investigated the caging and transport of various simple
disordered systems, including (i) the site percolation on hypercubic lattice, (ii) the
site and bond percolation on D, and FEg-related dense packing lattices, (iii) the
random Lorentz gas, and (iv) the Mari-Krzakala-Kurchan model.

From the consideration of the first three models, we uncovered an intermediate-
time dynamical slowdown that is develops as dimension increases, which is charac-
teristic of mean-field caging in structural glasses. In particular, we confirmed that
this phenomenon, which is evident in the RLG, is absent in lattice percolation. The
RLG is thus a minimal model for both percolation and the glass transition. Fur-
ther studies of the RLG will bring promising insights into extending the mean-field
description of glasses to finite-dimensional systems.

As another future direction, a study on the three-dimensional polydisperse MKK
model of hard spheres is proposed. Preliminary results confirm that the model in-
terpolates between a mean-field-like limit and the hard sphere limit. By combining
these studies, this dissertation establishes a systematic and constructive connection
between the infinite-dimensional mean-field theory and three-dimensional glass for-

mers. The path to a first-principle description of glasses has never been clearer.
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Appendix A

Theoretical void percolation bounds

In this Appendix we derive the dimensional bounds for the void percolation threshold

discussed in Sec. 4.3 in the main text.
A.1 Upper bound

Here we follow the outlien of Sec. 4.3. From percolation theory, we know that for
® — @ the fraction of vacant space belonging to the (unique) percolated cluster
scales as (1 — ®/®,)? with 8 = 1 for d > d, = 6 [37]. Hence, if a percolating cluster
exists, i.e., for ® < @, then the probability that a random uncovered point belongs
to the infinite percolated cluster of void space is finite. Because this critical scaling
is physically motivated rather than a mathematical theorem, however, the following
demonstration remains but a conjecture.

To enable the tracer to leave a spherical shell situated a distance r4 from the origin,
there must exist at least one sufficiently large hole within that shell. Denoting Ag
the expected area on this shell that lies within the vacant space, and A, the area of

the intersection between the shell surface and the tracer, the probability that a shell
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shell .-~

FiGure A.1: Illustration of the percolation upper bound setup. A tracer initially
situated at the origin O passes through a shell of radius ry = OB as its center moves
to point Q with 7..cc = QB. Because the tracer center fits at ), a spherical cap of
sufficient area (red) must be devoid of obstacles.

©
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space
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FiGure A.2: Illustration of the shell pathway setup. Point A on the spherical
shell (dashed curve) of radius 7,=0A lies within the void space if no obstacle center
appears in the shaded area. In (a) and (b), because the origin is available to the
center of the tracer, no obstacle center can lie within a radius r=OE=1 from the
origin. The shaded area is then the set minus of a sphere centered on A of radius AE
= Tobs tO the unit sphere centered at origin of radius OE = 1 (E denotes a point on
the intersection of these two spheres). In (a) the spherical caps on sphere OE and
AE are on the same side of their common base, and in (b) they are on different sides.
In both cases, these spherical caps have base radius 7., = PE. In (¢), 75 = 1 + 7ops
so that the shaded area covers the entire circle of radius rgps.
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has such a hole is then bounded by
Ph < min(l,AS/Ah). (Al)

As can be seen in Fig. A.1, Ay, depends on both rg and riacer as long as 74 > racer-
From Fig. A.2, we see that Ay also depends on r¢ and r.,s, as well as on ®. For
A > Ay, Eq. (A.1) reduces to P, < 1 and thus contains no useful information about
the tracer escaping the shell. For example, when 7,c.e; = 0 we have A, = 0. Hence
this construction fails under the standard formulation of the RLG with an infinitely
small tracer. Adjusting rops € (0,1) keep the model equivalent to the RLG, but Ay
then takes a nonzero finite value as long as ry > 7riacer = 1 —7ops. Because Ag vanishes
as ® — oo, there exists a dimensional scaling of ® ~ f,(d) for A;/Ay that vanishes in
the limit d — oo. Here, we specifically seek the largest lower bound on f,(d) among

all valid choices of (rg, Tops), namely,

O, (d) = inf fu(d), 15>1—res and 0 < rops < 1. (A.2)

(T87Tobs)

The ®,(d) that gives the smallest upper bound on &, is detailed in the following. We
should note, however, that this upper bound may not be tight because the inequality
in Eq. (A.1) may itself not be tight.

A.1.1 Area arithmetic

We first analyze the expression for Ay and Ay, for general d (Eq. (A.1)). From the
construction in Fig. A.1, the area of the smallest relevant hole on a shell of radius rg

can be described as a spherical cap with base radius 7iacer- 1ts area is [129],

1 oa, (d-11
Ah—zAde Izo( 9 ,2), (AB)
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where A; = dVj is the area of d-dimensional unit sphere, I,(a,b) is the regularized

incomplete beta function and

2 2
Ttracer ( 11— Tobs )
= = . A . 4:
=0 72 72 (A-4)

We also have that the expected total void area on the shell (Fig. A.2) is
Ay = AgrT 1 Py(ry), (A.5)

where P, is the (conditional) probability that a point at distance ry from the origin
lies in the vacant space. The probability that no obstacle center is found the shaded

area of Fig. A.2 is thus

g
E_p(VZ_V1)7 1- Tobs < Ts < \/ - Tc2>bs

(Case 1),

e P(Vargp,—Vi=Va) \/j <7re <1+ rops
Ps _ obs b (A6)

(Case 2),

—pVyrd
€ PVdTobs e = 1+ ropg

(Case 3),

\
where V; and V5 are the volumes of the spherical caps on the spheres centered at O
and at A with radii OE and AE, respectively (Fig. A.2), that share the same base
with radius (PE), such that

1
Tcap = ?\/(1 +7rs + Tobs)<1 + 75 — robs)‘ (A )
® 7

\/(1 — s+ Tobs) (—1 + 7's + Tops)-
Given the volume of d-dimensional spherical caps for a sphere of radius r and base

radius 7eap [129]

1 d+1 1
V::ap = indfrgap/ﬂ (——; 75) , (A8)
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allows us to rewrite Eq. (A.6) as
PS = €_q>rglbs,fs(TSV'obs)7 (Ag)
with the ratio of shaded volume over the whole sphere (AE) volume,

fs(rs; Tobs) =

3 [L (5 5) —ronle (5 5)], - Case 1, (A.10)
L= g [ 1 (5 3) 4ol (555, 5)] - Case 2,
1, Case 3,
where
_ T’C&p) _ L+ Tobs (Tobs — 1>2 o r_s2 A1l
“ ( r 2 472 4 (A1)
2 2 2
Tcap 1 2—r5, 2-—71; 1
=(=22) ==+ + - . A12
= <Tobs) 2 4r? 4T§bs 4TC2)bsT§ ( )
The area ratio in Eq. (A.1) can thus be written as
As Agrd=le= s
v Aari ', (55)/2
(A.13)

[t (0]

=2 €xXp [_Fs(rs; T'obs; (I)a d)] )
where the function Fj is implicitly defined. If F; diverges (with any order that grows
with d) in the limit d — o, then equivalently Ag/A; vanishes. If Fy, = O(1) then
As/ Ay, persists and P, may not vanish. (Recall that the inequality in Eq. (A.1) may

not be tight.) These two regimes are separated by a saddle point with Fy = Q(1)
under the scaling of ® ~ f,(d).

A.1.2  Asymptotic scaling analysis

A standard approach for obtaining a bound on F; = Q(1) with d — oo is to find
(s, Tobs) Which maximizes F; for a given d and ®, and identify the dimensional scal-
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ing of & ~ f,(d), where F; = (1) in the limit d — co. Here, we follow a different
approach. We first propose a choice of (rs, 7ops), and then demonstrate its optimal-
ity by showing that it gives the lowest-order growth of ®. (Through this section
and next ones, we use the asymptotic notation g(d) ~ h(d) quite loosely to mean
limg_o g(d)/h(d) is finite and non-zero. This helps us avoid carrying constants.)

In particular, motivated to achieve the optimum at the boundary of the piece-
wise function Eq. (A.6), we propose 15 = \/1—77"2105 . This choice maximizes the base
radius of spherical caps in Fig. A.2, such that re, = rops. We then evaluate how
the bound on ® evolves with d under different r,,s cases, and find the smallest f,(d)
among them.

The expression for Fj involves a couple of regularized incomplete beta functions.
We here briefly review these functions, and simplify expressions for Fj in the asymp-
totic d — oo limit. This analysis allows us to identify the maximum of F; with
respect to (7, rops) in that limit. Regularized incomplete beta functions are defined

as

B.(a,b)  B.(a,b)T'(a+b)
Llab) = By = Taro) (A.14)

where B, (a, b) is the incomplete beta function, B(a,b) = Bj(a,b) is the complete beta
function, and I'(a) is the gamma function. For fixed a,b > 0, I.(a,b) monotonically
grows over the interval z € [0,1] and in particular, Iy(a,b) = 0 and I (a,b) = 1.
In the context of Egs. (A.3) and (A.8), we seek, for b = 1/2, z € (0,1), asymptotic
scaling forms for a — o« of I,(a,1/2). From Ref. [130, Eq. (2)], we have

L(a,1/2) - Lo maln?) [(‘lnz); Lo

R L , (A.15)

where I'(b, ¢) is the incomplete gamma function.
In the derivation below, we provide different asymptotic scaling forms of I, (a, 1/2)
depending on how the function 1/(1 — z) acts with a.
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1. For a » 1/(1 — z) > 0, expanding the gamma and beta functions around +o

in Eq. (A.15) gives

L(a,1/2) = — (1 - Ola(1 — )] ). (A.16)

m(1—2)a
2. For a ~ 1/(1 — z) » 1, I, converges to a nonzero finite value. Denoting the
scaled variable ¢’ = a(1 — z) and taking a — oo (equivalently, z — 17),

F(%, a)
\/E

I, (a,1/2) = [1+O(a™)]. (A.17)

3. For 1 «a«1/(1—2),ie.,d =a(l—z2)« 1, expanding the gamma function

around 0 and the beta function around +oo in Eq. (A.15) gives

2 1 1 "
L= 1(a,1/2) =2/ [1+ O()] + O(-) + O(d'?). (A.18)
Evaluation of f
The function f; is bounded over the range f; € (0,1] and grows monotonically with

rs. At 7y = 4/1 — 72, in particular,

1 _ d+1 1
fs = 5 1— TOdeIT'ng(T7 5)—| . (A].g)

Inserting Eq. (A.16) to (A.18) gives:

2
L ford>» =5 — 1,
obs

1

— O(1); (A.21)




3. fOI'd<<$*1,

obs

£~ %{1 -1+ %(1 12,0

[1_\/2(1—r§l;:)(d+1)]} 422)

N ST

™

Evaluation of 1,

The function I, = I1_,, )22 monotonically decreases with r5. At ry = /1 — T2

specifically, zo = (1 — robs)/(1 + Tobs). Unless 1/(1 — zp) 2 (d — 1)/2, i.e., 1/rops < d,

in the large d limit we can apply Eq. (A.16) to obtain

InJ d—1 1 ] 1_Tobs % 1"‘f’qo‘bs
nl, | —— 5| ~n —
0 2 72 1+ rops 7(d — 1)Tops

d—1 d—2 .
- In(1 — rops) — 5 In(1 + rops) (A.23)

1 1
—5 In(d—1) — 5 In(77ops),

where the four terms on the right-hand size grow as Q(d), O(d), O(log d) and O(1),

respectively. Dropping the sub-leading terms as d — oo then gives

d—1 1 d—1
In [ZO <T7 5) ~ 9 hl(l - robs)~ <A24)

Before going further we shall check the resulting percolation upper bound for the
case 1/rops 2 d for a moment, for which In 7., can no longer be approximated by
Eq. (A.24). Because f; < 1 and I, < 1, we always have F, < ®r% . To make
F, = Q(1) we need ® = Q((1/rons)?) = Q(d?), which grows super-exponentially

with d. Ruling out this case, in the following we only consider 1/ro,s < d, for
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which Eq. (A.24) can always be used to approximate I,,. This consideration greatly

simplifies the discussion below.
A.1.3 Bound determination

With the asymptotic expressions of fs, we can now obtain the condition for Fy = (1)

with d — oo under different choices of rgs.

1. For d » # — 1, we have
obs
1 d-1
F,~ ®rd - 51T In(1 — 7ops)
1 O
< (I)r([)ibs . 5 — 7d (A25)

~ % (@rd, — Cid) .

where (] is a positive constant of order unity. To make Fy = (1), ® needs to

grows at least as ® = Q((1/rops)?), which is a super-exponential bound.

2. For o/ = 41(1 —r2 ) = O(1), we have that limg o, r% = ¢ is a constant,
and thus
/ d—1
Foxd e f+ (1 — 7ops)
d—1 d+1
~D.C, 1n< + ) (A.26)
2 a’

~®-Cy—dlnd/2,

with Cy = ¢ 9 f, a positive constant of order unity. To make F, = Q(1), we

need at least & = Q(dlogd).

2
1—72

obs

3. In the case a’ = o(1), we have that d «

— 1 then 7%, ~ 1, and f; also
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follows Eq. (A.22) and vanishes in the limit of d — co. Therefore,

d—1

F,~®f + In(1 — rops)

d—1 (A.27)

~df, — [In(d + 1) + In(1 + 7ops)

—21In fy — In(7/2)] .

and we need that Fy = Q(1). If f; vanishes under any polynomial order f; ~
d™™ with n > 0, then we need ® ~ d'™logd. In the limit of n — 0 the
previous scaling is recovered. If f; vanishes faster than polynomial, then ® ~
dlog f/fs(d). For example, if f; ~ €% ® ~ d?e?. Because — log f; > logd and
1/fs = Q(1), however, ® ~ dlog f/fs(d) > dlogd.

In summary, we have shown that for r, = /1 — 72, the tightest bound for

F, = Q(1) in the asymptotic d — o0 is & ~ dlogd, and that this bound is achieved

by choosing 41 (1 — 72,) = O(1), or, in other words, that rops ~ 4/%=3. Under this
choice of (75, 7obs), P vanishes in & = )(dlogd). Because this condition is sufficient
for void percolation not to occur, we have therefore obtained an upper bound for the

void percolation threshold,

P,(d) = O(dlogd). (A.28)
A.1.4 Bound validation

As a complement, we here confirm that the bound obtained by choosing ry = r¥ =
v/1 =72 is optimal. Again, denoting o’ = G1(1 —7%) = O(1) and 7y = r¥(1 + ),
we have

F,~ ®ef,+1n L. (A.29)

Because Fy depends on the scalings of both f; and In [,

20» We propose the following

strategy: (i) when InI,, = O(1), we show that fy = O(1/(dlogd)); (ii) when fs =
O(1), we show that In I, = —Q(dlogd). Then, Fy = Q(1) only when ® = Q(dlogd).
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1. When 7ipacer < 75 < ¥ (case 1 in Eq. (A.10)), i.e., =1 + 4/28 < e < 0.

For notational convenience, we write 1 + € = 0'y/z%, where 1 <V < 1/4/2% ~

V(d+1)/a'. Inserting ry = rXb'4 /25 into Eq. (A.12) gives

1 1 1)? 1)?
_ - o o b/2 1 o
= 4<1 b/2) (1 - rObb) ( robs) ]
(A.30)
1 1
=1- e T 0(3)

Assuming b’ < v/d/Ind, which satisfies b2 « d—;l, so we can apply Eq. (A.16)
and then Eq. (A.10) (Case 1),

1 d+1 1 b d+1
<=L, (—=,2) ~ —— . A31
Then,
P Pe~

Fy<®e™@ . f, < (A.32)

Ind-dmd2 = dlnd

A necessary condition for Fy = Q(1) is then & = Q(dlogd).

When ¥ > +/d/Ind, we simply use the fact that f, ~ O(1) and investigate
the scaling on In I,,. Since zy = z%/(1 + €)? = 1/b? « 1, we can again apply

Eq. (A.16) and obtain

1 1\d-1 d—1
1HIZO=—§1D[7T(1—672) 5 ]— 5 ln<b’2)

<y (ﬁ) (A.33)

— —d; Ynd s (d—1)Inlnd,

where the second term is sub-dominant, and hence In I,, = —$)(dlogd). There-
fore, for Fy = (1), ® should grow at least as & = Q(dlogd).
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2. 1y > r¥ (cases 2, 3 in Eq. (A.10)), i.e. € > 0. Because 0 < fF < f; < 1, and

I, < I, we have

F,<® ¢ +Inlg
(A.34)
~®- % —dlnd/2.

For Fy = Q(1), ® should grow at least as ® = Q(dlogd).

Combining these two cases, we conclude that the bound ® = €2(dlog d), obtained

by the choice 4 = 77, is optimal. This results in the following conjecture.

Conjecture 1. An asymptotic upper bound for the wvoid percolation threshold is

O, (d) < Byu(d) = O(dlogd) for d — .

Note, however, that this upper bound may not be tight because the inequality in
Eq. (A.1) may itself not be tight.

A.2 Lower bound

Again we follow the outline of Sec. 4.3. An improved lower bound for ®, can be

formally obtained.

Theorem 1. An asymptotic lower bound for the void percolation threshold is ®,(d) =
Q1) as d — .

Proof: A simple sufficient condition for a d-dimensional system to percolate is
that an n-dimensional subsystem, with n < d, should also percolate. Obstacles in
this low-dimensional subsystem are cross-sections of d-dimensional balls of unit radius
with an n-dimensional hyperplane and are thus randomly distributed obstacles with
radii 7ops € (0,1]. (Note that this definition of 7., differs from that in the previous
section. In the previous section, obstacles are of a fixed radius, which can be set to

anything in (0, 1], while here obstacles are cross-sections in R™ of objects of fixed
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radius in RY. The obstacle radius therefore depends on how far each object rises
away from the R". As a result, rqps is variable in (0,1].) Once the number density
and radius distribution of these obstacles are known, then we can examine if the
vacant space in the subsystem percolates.

For simplicity, we consider n constant. The number of obstacle centers on this
hyperplane is then the expected number of obstacles in the d-dimensional system
intersecting this plane. These obstacles lie in a hyper-cubinder, which is the Cartesian
product of the hyperplane and a (d—n)-dimensional unit sphere. The number density

of obstacles on this hyperplane (of area S,,) is then

Vd—n
Va

Pn = pSn‘/dfn/Sn = ,Od‘/;lfn =&

and the (dimensionless) density of obstacles in the subsystem is

_ r¢+1
B, = paVyo" = @IV _ g - (5 l
Vi N2+ D)2 +1)
(A.35)
n| 2% 1
= 0d? | s+ O(=
2 [r(1+g) @

The radius of an obstacle on the hyperplane, rgs, corresponds to the distance of this
obstacle from the hyperplane, h, with h = m- The probability density that a
random obstacle is at distance h from the hyperplane is proportional to the surface
area of a (d — n)-dimensional shell of radius h and centered at the projection of the
obstacle center on the hyperplane, i.e., P(h)ochd"~1. The radius distribution of the

obstacles on n-dimensional hyperplane is thus

dh
Pn(robs) = Pn(h) dr ;
—n— T'obs
ey = ) (A.36)
obs
9 \d=n—2



Scaling # = 7g,sV/d (hence # € (0,0)) in the large-d limit gives

d—n—1

Pa(#)ec (1_2) Lo (A.37)

For n constant and d — oo, the probability density function of 7 thus approaches

Po(F) = #exp (—g—z) : (A.38)

which is proportional to the derivative of a Gaussian function, a distribution we
denote gl.

Because the expectation Eg (") is finite, Ref. [100, Thm. 2] tells us the void
percolation threshold for obstacles with such a radius distribution, ®,, 4 (n) is finite.
(Ref. [99, Thm. 2.1] gives a similar result exists for the direct percolation.) It follows
that the n-dimensional subsystem’s void is percolated if the obstacle density, after

rescaling, is smaller than @, 4 (n), thus if

|3

O, < P, = Opp(n) - d.

Invoking Eq. (A.36), we have that the full d-dimensional system is also percolated

when

that is when

o < q>p,g1(n)2%r(g +1) = O(1).

The asymptotic lower bound immediately follows.

Note that choosing n that grows with d might result in a tighter lower bound,
but evaluating this possibility would require solving for the dimensional scaling of
®, ¢1(n), which is seemingly a more involved problem than the original one. We thus

leave this avenue for future consideration.
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Appendix B

Mean-field derivations for the random Lorentz gas

In this Appendix we present various additional mean-field treatment for the ran-

dom Lorentz gas in the limit of large spatial dimension besides the direct replica

method presented in the main text.

B.1 Virial expansion

We first consider a solution of the RLG using a liquid-state approach. As is canonical

in that context, we introduce an external field 1 (x) as [131]

75— 2ui)) = [axe @ ][00 Rl ~ o)

7 a=1

= J d§€¢(§) G(K)?

(B.1)

This Appendix is adapted from the publication: G. Biroli, P. Charbonneau, Y. Hu, H. Ikeda, G.
Szamel, and F. Zamponi, Mean-field caging in a random Lorentz gas, J Chem. Phys. B 125, 6244

(2021). The theoretical derivations are mostly contributed by collaborators.
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with auxiliary function

[Jo(x* - Ri| - 0).

a=1

G(x) =

N
i=1

The field 1 (x) is conjugate to the density distribution of the replicas,

p(x) = <H5(X—x“)> _ %&Xﬂ

and hence

log p(x) = (x) + log G(x) — log Z[¢].
From this relation, we obtain a density functional [108, 132] for p(x)

Q[p] = log Z[] — f dxp(x)1(x)
- f dxp(x) log p(x) + J dxp(x) log G(x)
A — fdgp(g) log p(x) + p f dxp(x) def(K, R),

with Mayer function

fx,R) =] [0(x" ~R|—0) — 1.

(B.2)

(B.4)

(B.5)

(B.6)

Note that this expression is equivalent to that for binary mixtures [133], thus strength-

ening the liquid-state framework analogy.

The final step entails optimizing the free-energy with respect to the density dis-

tribution, p(x). In general this operation can be quite challenging, but in the d — <«

limit the calculation greatly simplifies [6]. The central limit theorem indeed guaran-

tees that only the second moment of p(x) matters for the free energy computation.
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The density p(x) can thus be taken as a Gaussian distribution, which for a one-replica
symmetry breaking (1RSB) ansatz can be written as

n/m

o) = [ 5 [ @ [T alo = X, (B.7)

bEBk

where By = {mk+1,mk+2,--- ,m(k+1)} is the kth replica block, and 74 (r) denotes
a d-dimensional Gaussian with zero mean and variance A. Within this ansatz, the

free-energy expression becomes

BF —1im 2 = i[logv
m

n—0mn

T g(m —1)log(27A) + glogm + Cél(m — 1)] (B.8)

+ = [ drlaaam - 1),

where

0a(e) = | dx' (e = )8 '), (B.9)

For the RLG, the radial distribution function for obstacles is simply a step function,
and in that sense is equivalent to the Mari-Kurchan model. Hence, ga(r) can be

directly taken from Eq. [S19] of Ref. [14] as

qa(r) = LOO du <%>dQl T \gZuId;z (%) : (B.10)

where I,,(z) is the modified Bessel function, and the vector integration ga(r) can
be transformed into a scalar integration by using rotational invariance. The saddle
point condition for Eq. (B.8) finally gives

1 2p 0

—=———1d . B.11

A~ dm—1) aAJ rg4(r) (B-11)
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The dynamical glass transition corresponds to taking the limit m — 1, in which

case Eq. (B.11) reduces to
1 p 0

The dynamical glass transition point is then

/)id = —max %@% drqé(r) log ga (r). (B.13)

Identifying ¢ and substituting A = 2424 in Eq. (B.12) results in the exact same

expression as for the ansatz-free cavity derivation of Ref. [31], thus demonstrating
the equivalence of the two approaches in the limit d — oo.

Unlike the cavity derivation, however, this approach also naturally leads to a

model for finite-d corrections [4, 134]. Assuming that Gaussian caging holds for all

dimensions indeed allows for Eq. (B.10) to be solved in any given d. Although the

ensuing correction to ¢q is marginal [134], that for A is more substantial. Results

from this model are compared with finite-d numerics in later section.
B.2 Binary mixture derivation

In this subsection we draw a parallel between the RLG and a limit case of a binary
hard sphere mixture. Recall from Ref. [133] that the free energy of a n-replicated
binary mixture of large and small particles, u = {Large, Small}, is given in the d — «©
limit as
—BF =) de)u(z)(l —log pu(x))
o
(B.14)
1
+ 5 2. | dxdRp, (x)p0 (R) fuw(x, R),
72
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where the density distribution of the replicas is

PlLarge (X Z Héx — X7 > (B.15a)

iceLarge

PSman (X Z H(SX — X! > (B.15b)

1€Small

In order to model the RLG, we consider a limit that satisfies the following three

conditions:
1. neglect large-large and small-small interactions;
2. freeze large particle positions;
3. include N — 1 ~ N large particles and one small particle.

Under these constraints, the Mayer functions are

fLarge,Large = meaH,SmaH = O, (BlGa)

fLarge,Small = fa (B16b)

,OLarge< ) - deXHé(X _Xa), <B16C)
a=1

IOSmaH(X) - p(ﬁ), (B16d)

which upon substitution into Eq. (B.14) immediately gives

—BF =p f dxp(x) Jde(z, R)
(B.17)

- f dxp(x) 1og p(x) + cnst.

The resulting expression is the same as Eq. (B.5), except for irrelevant additive
constants. The binary mixture and the virial descriptions of the RLG are therefore

physically equivalent.
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B.3 RLG and the spherical perceptron limit

From a completely different viewpoint, the RLG can be constructed as a limit case of
a continuous satisfaction problem called the perceptron [135]. In order to understand
this relation, we first recall the definition of the spherical perceptron [136, 137] in
the following.

Consider N points represented by (d + 1)-dimensional vectors R; € R4 i =

1,..., N, satisfying the spherical constraints
RZ"RZ‘:RQ, ’lzl,,N

The problem is then to find the state vector x € R%*! that satisfies the exclusion

constraints of size

under the spherical constraint x - x = R?. The partition function of this constraint
satisfaction problem (CSP) is given by

Zosp = deé(x x—R)[[0(x-Ri — k), (B.18)

i=1

which, in the limits d — o0, R — o0, and N — oo with fixed R?/d and N /d, Gardner
and Derrida solved for x > 0 [136], and later Franz and Parisi solved for x < 0 [137].

In order to identify the connection between the perceptron and RLG, we consider
the RLG on the surface of the (d+ 1)-dimensional hypersphere of radius R, instead of
its traditional description in d-dimensional Euclidean space. The partition function

is then

ZRLG = 0(|x — Ri| — o)

— 1=

1

<.
Il

dxd(x - x — R?)
(B.19)
(

0(x-R; + R* — 0%/2).

J
deé X -x — R?)
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Interestingly, Eqgs. (B.18) and (B.19) suggest that the RLG on the hypersphere can
be mapped into the spherical version of the perceptron by setting x = 02/2 — R%.

The RLG in Euclidean space can be identified with the its hypersphere perceptron-
like formulation in the thermodynamic limit R — oo, with fixed d and with the num-
ber of obstacles N scaling such that a finite density of obstacles is maintained. (The
curvature of the hypersphere is then negligible.) A (naive) expectation might thus
be that the solution of the RLG in Euclidean space can be recovered by taking the
k — —oo limit of the solution of the perceptron derived by Franz and Parisi [137].
This expectation would be valid, provided the limit d — oo with fixed R?/d and N /d
is equivalent to the limit R — oo with fixed d and finite density of obstacles, followed
by d — oo with a proper scaling of density. This treatment, however, involves a
non-trivial exchange of limits, which sheds some doubt on its validity.

To test out the idea, we write the partition function of the RLG on the hyper-

sphere as

Znie — dea(x x — B)G(x), (B.20)

where

G(x) =] [0(x —Ri| — o).

i=1
We write the delta-function constraint using an integral representation, and evaluate

it via a saddle point method:

ZrLG ~ fdx J dre 2 () G(x) ~ 5O (B.21)

where
2

S(\) = % + logfdxe_gx'xG(x),
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with A* determined by the (saddle-point) condition

Axex _
a8 0L R § dxe A G(x)x x (B.22)
(9)\ A=)\ SdXGiEx.xG(X)

Similarly, the distribution function of x is calculated as

¥

_ xx—RH)G(x) e TNG(x)
fdxo(x-x — R)G(X)  {dxe % **G(x)

p(x) (B.23)
If \* = 0, then the distribution p(x) is the same as that of the RLG in Euclidean
space. Is this condition satisfied in the thermodynamic limit? To answer this ques-

tion, we introduce an auxiliary function f(\*) as
(x-x) =d{z}) = df(\*), (B.24)

where we denote
(o) = [[axploge = 12 T7C00e,
{dxe™ 2 **G(x)

and we note that f(A\*) is a decreasing function of A* because

df (")
s

d = —{(x-x)*) +(x- x)* < 0. (B.25)

The equality holds if and only if p(x) is a delta function. The saddle point condition

is now
o I
fA*) = R (B.26)
For finite d, the right-hand side of Eq. (B.26) diverges in the thermodynamic limit
R — oo. In this case, one concludes that A* — 0, because f(A\*) is a decreasing
function. The distribution of the RLG on the hypersphere can thus be identified
with that in Euclidean space, as expected. However, this does not mean that the

solution of the spherical perceptron (See Ref. [138]) can be directly used for the RLG
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in Euclidean space, because it is derived under the condition that the ratio R?/d is
kept finite, which leads to \* > 0. It can be explicitly checked within the exact
solution of the perceptron model that A* remains finite even in the limit Kk — —oo,
see Appendix D in Ref. [138]. We conclude that the limit x — —oo of the perceptron

solution does not coincide with the solution of the RLG in Euclidean space in d — c0.
B.4 Dynamical derivation

We now turn to the d — oo dynamics of the RLG. Using a dynamical cavity treat-
ment, we here show that the static analogy between the RLG and a hard sphere
liquid in the limit d — oo also holds for the dynamics. Note that the notation used
here follows that of Agoritsas et al. [139], which differs slightly from that of Ref. [140].
More specifically, m is the tracer’s mass, ( is the friction coefficient of an isolated
tracer, £(t) is the Gaussian white noise acting on the tracer with auto-correlation
function (&(t)&(t')) = 2¢I6(t — t'). Note also that, as discussed by Manacorda et
al. [141], a convenient way to analyze the motion of the tracer among hard obstacles
is to consider first its motion among purely repulsive yet softened obstacles, described
by a continuous dimensionless potential V' (r), and to take the hard sphere limit at
the end of the computation. This approach sidesteps technical difficulties associated
with the singular nature of the hard sphere potential, but without affecting the fi-
nal result. To simplify the notation, and without loss of generality, we also set the
inverse temperature to unity, 5 = 1.

The standard dynamical cavity approach consists of:
1. writing equations of motion for the original system:;

2. adding an additional variable to the problem, in such a way that its effect on

the original system is small;
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3. treating this addition perturbatively to derive an equation of motion for the

evolution of the new variable;

4. obtaining a self-consistent equation for a typical variable by noting that the

new variable is identical to all existing variables in the system.

More specifically, in our implementation, the second step consists of changing the
dimension of the system, d — d+ 1. This choice is inspired by Agoritsas et al.’s anal-
ysis of the perceptron, in which the dimension of the problem, i.e., the dimension
of the perceptron sphere, is similarly increased. Note that the presentation below is
intended to be physically intuitive. Careful order-of-magnitude estimates of the vari-
ous terms will be published separately, which presents a related mean-field approach
for a variety of similar problems. Note also that (as in the perceptron model) there
are three sources of randomness: the initial condition, the thermal noise, and the
quenched disorder. Averaging over the initial condition and noise is here denoted as
(-, and averaging over disorder as ~--. These averages initially pertain to the orig-
inal d-dimensional system, as indicated by the subscript to the averaging notation.
Additional averages are defined later, as needed.

Let x,(t) be the tracer coordinates, which satisfy the equation of motion,
(O (t) = =0,y D, V(Ix(1) = Ry) + &u(D) (B.27)

for p = 1,...,d, where x = (1, ..., z4) is the d-dimensional vector, R; = (R4, ..., Ra;)
is the position of the ith obstacle in d-dimensional space, and ,,(¢) is the uth compo-
nent of the d-dimensional Gaussian white noise &(t). We here explicitly discuss only
the overdamped case, which corresponds to vanishing mass, m — 0, but the deriva-
tion is completely general. It also applies to underdamped (Langevin) dynamics, and

the inertial term involving the acceleration could be restored following Ref. [139].
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The initial tracer position, z,, is chosen from the equilibrium Gibbs probability

distribution,

Pd[X]

exp
Zd N

Zv \x—R\] (B.28)

where Z; n is the partition function for a system with dimension d and N obsta-
cles specified explicitly. In the hard sphere limit distribution Eq. (B.28) becomes
a uniform distribution in the void space and the partition function corresponds to
the volume of void space left by obstacles, which are quenched independent random
variables.

Following the above scheme, we now increase the spatial dimension of the prob-
lem, which entails adding a new component to the tracer position xy(t), a new noise
component, &y(t), as well as an additional component to the vectors specifying ob-
stacle locations, Ry,;, ¢ = 1,...,N. In the presence of this additional variable the

equation of motion for the original variables (Eq. (B.27)) becomes

(O, (t) = —uy ZV ) +E), p=1,..d, (B.29)

where we use the shorthand
Vi(x(t)) = V[(|x(t) = Ril* + |wo(t) — Roal*)"*]

in the following.
To leading order in |zg — Ro4|/|x — Rs|, which we implicitly treat as an O(1/+/d)

term, the perturbed equation of motion for the original variables is then

Conlt) = =0, 2 | VIX(D) — Ra)

)

V'(1x(t) — Ril)
[x(t) — Ry

132

hm(t)] + (1), (B.30)



where V'(r) = dV(r)/dr and he;(t) = 1|zo(t) — Ro;|®. Note that hg; does not have a
simple geometric interpretation. In particular, it is not a change of the gap between
the particle and obstacle i. It nevertheless does not depend on x and R,;, which
simplifies some of the following considerations.

The initial condition for z, in Eq. (B.30) is chosen from the equilibrium Gibbs

probability distribution, in which the additional dimension acts as an external field,

Py(x|xo) ~

exp{ ZV|X—R\

~ Z [v'| )|{x RR\ ) <v'|<}y{x_—R1j|i|>>j ho@} (B.31)

Following Agoritsas et al. [139], we can write the trajectories of the original variables

as the sum of the unperturbed trajectories and of the trajectories perturbed by the

change in both the equation of motion and the initial condition. We then obtain
x,(t) = ILO) () + a:Ldyn) (t) + xSn) (1), (B.32)

where a:( ) (t) satisfies the unperturbed equation of motion with an initial condition

drawn from the unperturbed ensemble given by Eq. (B.28), x (dy n)( t)

is the trajectory
change originating from the second term in the perturbed equation of motion given
by Eq. (B.30), and x,(jn) (t) is the trajectory change originating from the perturbed
initial condition given by Eq. (B.31). Agoritsas et al. [139] formally wrote the latter

two components as

6Iu /
2 J dt’ S hol-(t), (B.33a)
. 52\ (¢t
IL (1) = Z 5205 )hOi; (B.33b)

where in Eq. (B.33b) hg; = hgi(t = 0)
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Let us now consider the equation of motion for the new coordinate of the tracer,

COrxo(t) Ouo(t ZV )+ &o(t).

Using Eqgs. (B.32)-(B.33b) we can write

(oo (t) ~ — Ougie Zv

(B.34)

where we denote again the shorthand
Vi(x () = V(X (t) = Raf* + |z0(t) — Rol*)'?].

The first term on the right-hand side (RHS) of this equation is a fluctuating potential
field at position zg(t). Its fluctuations are due to the unperturbed “gap” variables,
r©i(t) = |x(©(t) — R;|, which evolve on their own and due to the quenched random-
ness, Rp,;. The second and third terms describe a feedback process. The additional
coordinate perturbs the tracer evolution in the original d-dimensional system, which
in turn influences its evolution in the additional dimension.

In order to complete the derivation, we make two assumptions (whose justification

will be presented in future publication):

1. The influence of the presence of a specific obstacle on the distance between the
tracer and another specific obstacle is negligible. This implies that the contri-
butions to the force originating from different obstacles are uncorrelated and
therefore only the diagonal ¢ = j terms contribute to the double summations
in Eq. (B.34).
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2. The summations in the second and third terms of Eq. (B.34) concentrate
around their averages. Note that these averages include averaging over the
disorder, including the Oth coordinates of the obstacles, i.e. disorder averages

are d + 1 dimensional.

The second assumption leads to the following

d+1

5V X(O V(x( ) (¢
Z Shoi (1) Z‘WHZ %hm(ﬂ : (B.35a)
d+1
5V V'l(x(o)
Z (5h0 hOl - Z hOz ) (B35b)

)

where (...)" denotes averaging over distribution of Eq. B.31 and the functional
derivatives are evaluated at hg; = 0.

The two functional derivatives above are related through the fluctuation-dissipation
relation. To introduce this relation we first note due to Eq. (B.31) the functional
derivative in Eq. (B.35b) can be expressed in terms of an equilibrium time-dependent

correlation function. For a given obstacle i we then get (recalling that 5 = 1)

Vi (1)) (x”-B,
f L -1 (0) V/([x2 —Ri])
=~ (VO ) [
(ViR
xO—R;]| d] >d ’ <B'36>

where x(© = x©)(t = 0).

More generally, let us define the following correlation function

V' (x©#)-R,
At 1) <V (x0(t)) [w

V' ([xO(t)~Ri)
()], (B37)
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In terms of this new correlation function, the fluctuation-dissipation relation reads,

5 Vi(xO(1))), .
’ — o, {Vix© () [V0xO@)-Ri)
Shoi(t) & <VZ(X (t))[ )R]
VO -Ra)
< [x0 (#)—R;| >d]>d' (B.38)

Using the fluctuation-dissipation relation and integrating by parts we obtain

d+1

COro(t) = — Ougr Z Vi(xO(t)) = Ouor Z A;(t, 1) hoi(t)

d+1

t
V' (|x©#)-R; V' (|x©(#)-R;
—3x0(t)L dt/Z <Vi(x(0)(t)) ( |(>‘<<o>(t(')1m\ o < |)‘c(0)(t(’)zRi| |)>d)>dat/h0v(t/)

+ &o(?)
(B.39)
It follows from the original equation of motion for the additional coordinate that the
differentiation 0, () acts only on zo(t) in V;(x(t)).

Because every quantity except xo(t) is integrated out, by translational symmetry
the expression ), Ai(t,t)hOi(t)dJrl in the second term of Eq. (B.39) is a constant
and hence its contribution vanishes. The subtracted contribution in the penultimate
term vanishes as well, because it involves averaging over the tracer position, in the
presence of one specific obstacle. In the overwhelming majority of phase space, the
tracer is far from this obstacle. Even when the tracer is localized, it spends most
of its time localized away from that obstacle. The penultimate term can thus be

rewritten as

d+1

V/(x©@)-R;
=37 Gy (Vi (0) LGRS Gy (1)

d+1

'(1x© () -R;
= =2 Pt (VO TR ) (0lt) — Ros) el (B.40)
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where the average can be identified with the auto-correlation function of the force
acting along the Oth coordinate of the tracer,

o(t) — Ro,;

Foult) = =V (x(0) = Rl) o

(B.41)
~ = Oayny Vi(x (1))

The average is therefore given by

d+1

3 (FoaFo®y (B.42)
which depends on the displacement of the tracer along the additional coordinate,
xo(t) — zo(t'). We note that during the decay of the auto-correlation function in
Eq. (B.42) the tracer displacement along the Oth coordinate is vanishingly small and

therefore, to leading order in 1/d, we can average Eq. (B.42) over all possible values

of zo(t) — xo(t'), which results in

d+1
D (Foi(t)Foi(t) 4oy (B.43)

The equation of motion for the additional coordinate is then
COo(t) = Y Fou(t) (B.44)

a ZL dt <F0,i(t)FO,i(t,)>d+1d+1at/x0(t/) +&o(t).

In the d — oo limit, this coordinate is indistinguishable from any other coordinate.

We can then write the memory function as

N FoaO)Fou))gry

i

1 (B.45)
= - Z (Fi(t) Fi(t)) g1

d+1
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Next, in this limit the random force, i.e. the first term on the RHS of Eq. (B.44)
becomes a Gaussian random variable ny. Finally, recognizing once more that in the
d — oo limit all coordinates are equivalent we can write the equation of motion for

the tracer in vector notation,

contt) = o)~ [ atar(e - )ax(t) + &) (B.46)

0

m(t)n(t')) = IM(t —t'). (B.47)

The memory function in Eq. (B.45) depends on the statistics of r,;(t) = x,(t) —
R, ; only. To complete the derivation we need to repeat the above treatment for
r0.1(t) = xo(t) — Ro1 and once again recognize the equivalence of all coordinates. We

start with the equation of motion for g i,

COro(t) = = Oyt (\/r1 )2+ (roa(t))? )
N NO\4 <\/|ri(t)|2 + (To,i(t))z) (B.48)
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+ &o(t).

The second term on the RHS can be analyzed as before. Because the tracer interacts
with an average of d obstacles, in the limit d — oo excluding one specific obstacle

does not matter. The resulting equation of motion is

Caﬂ’m( F01 +ZF01

)
_ZJ dt" (Fo,i(t) Fo(t ))ddH&t/ro’l(t’) (B.49)
)
+ &o(t),
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where

Fos) = =m0V (\IEPOF + (i) (B.50)
Again, replacing Eq. (B.42) by Eq. (B.43) gives the standard expression,

Caﬂ“m F01 +ZF02
1#1
(B.51)

—ZJ At (Fo () Foa(t)yars duron(t)) + Eolt):

1#1

The central argument of the cavity method can then be invoked. In the limit

d — 0, ro1(t) is equivalent to any r,1(t), >, F¢(t) becomes a random Gaussian

1#1

: : d+1
force with autocorrelation, (Fg(t)F5(t')),,, , self-consistently determined by the
statistics of r,;(t) = x,(t) — R, ;, which are the same as for r,1(t), etc. We thus

have the self-consistent stochastic process,
¢ari(t) = F(ri(t)) +n(t)

. f dt' M (t — ') oy (¢') + £(8), (B.52)

0

where, consistently with Eq. (B.47),

(n(t)n(t')) = IM(t — 1) (B.53)

but with an explicit expression for the memory function,

M(t) = g Jdrle_v(”) (F(r.(t)) - F(r1)),, , (B.54)

where in turn the average (... ),, is over the stochastic process defined in Eq. (B.52).
Equations (B.52)-(B.54) allow one to evaluate the memory function, which can
then be used to analyze the motion of the tracer from Eqs. (B.46)-(B.47). One can
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then follow the derivation in one of the recent references on the topic [6, 139, 142], and
derive the self-consistent equation for the localization length from Egs. (B.52)-(B.54).
The condition of Eq. (B.13), which gives that a discontinuous dynamical transition
arrests the tracer dynamics in the limit d — oo, is straightforwardly recovered. In
the d — oo limit, the dynamics of the RLG is therefore completely equivalent to that

of an equilibrium hard sphere liquid, after a mere factor of two rescaling.
B.5 Remarks

We have developed several complementary approaches to analyze the RLG in the
d — oo limit. We show that the static approach based on replica theory, for which
we present two different derivations, agrees with a full dynamical treatment obtained
through the cavity method. However, we also unveil that despite the apparent sim-
ilarity between perceptron dynamics and RLG, the mean-field solution of the per-
ceptron does not allow to recover the RLG in the d — oo limit.

The dynamical solution of the RLG is also particularly interesting in the con-
text of the mode-coupling theory (MCT) of the same system. MCT has long been
understood as a mean-field theory of the glass and localization transitions. This
analogy would imply that it should fare particularly well in the d — oo limit, where
a proper mean-field theory becomes exact. In the context of the glass transition,
however, this expectation has been shown to be only partially true. MCT correctly
predicts the critical features of the infinite dimensional dynamic glass transition (i.e.
its discontinuous nature) but fails rather spectacularly at predicting the location of
this transition [140, 143-146]. For the RLG the situation is a bit more involved. The
high-dimensional limit of the full wavevector-dependent MCT predicts a discontinu-
ous localization transition [15], which qualitatively agrees with the exact dynamical
transition. As for the dynamical glass transition, MCT predicts an incorrect d — oo
scaling of the localization transition. However, in finite dimensions MCT predicts
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a continuous localization transition, which agrees with numerical simulations. In
contrast, as we have shown here, the exact infinite dimensional dynamic theory,
when generalized, perhaps too naively, to finite dimensions, predicts a discontinuous
localization transition. It would be very interesting to look for a less naive general-
ization of the infinite dimensional theory that correctly predicts the character of the
finite dimensional localization transition. Conversely, it would also be instructive to
reformulate MCT to properly capture the scaling of the localization threshold, its
mean-field criticality as well as the rich interplay between continuous and discontin-

uous caging at high yet not diverging d.
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Appendix C

Numerical algorithms for the random Lorentz gas

In this Appendix we detail the advanced numerical algorithms used in both Chaps. 4
and 5, including a fast algorithm to construct optimimal periodic boxes in high

dimensions, the percolation detection, and the static cavity reconstruction.
C.1 Optimal periodic boxes

The periodic box is introduced to simulate a finite size system without introducing
interface. The local environment of a particle can be examined by the radial dis-
tribution function. In a periodic box, the radial distribution function is valid—not
biased by the periodic boundary condition—up to the inscribed sphere radius of the
periodic box. Beyond this point, a particle may have multiple periodic images of
a same neighbor within its spherical shells, which gives rise unphysical structural
correlations. In this sense, a periodic boundary condition is optimized when the
inscribed sphere radius is maximal for a given box volume, under the periodic tiling
constraint of R. Optimizing boundary conditions is thus equivalent to optimizing

sphere packing in a given d. The conventional cubic periodic boundary condition,

142



which corresponds to a simple cubic tiling, is clearly not optimal, because this sphere
packing lattice is not the densest in d > 2.

This realization is far from novel. The efficiency of non-cubic periodic boxes
attracted interest historically when computer resources were limited [147, 148]. Yet
the resulting efficiency improvement was not found to be sufficiently significant in
d = 3 (of about ~ 40%), in the context of rapidly accelerating computer hardware,
especially given the coding apprehension such approach involves [149]. As d increases,
however, hypercubic periodic boxes become increasingly inefficient, and non-cubic
lattice packings can give rise to more sizable efficiency gains. Realizing that the
key implementation for simulating some of these boxes can be straightforwardly
adapted from quantizing algorithms in information theory [76] further motivates their
reconsideration. For a common simulation code structure [150], the only significant
algorithmic change concerns the minimal image convention, and the structure of that
change is often independent of d.

More specifically, we first contrast the periodic box scheme for Z; (cubic) and
Dy (checkerboard, such as face-centered cubic in d = 3) based lattices. First, we
denote f(x) as the closest integer to x, and likewise f(x) = (f(x1),..., f(x,)) for an
n—dimensional vector . Clearly, dx = x — f(x) is the minimum image of @ to the
origin, in (hyper-)cubic periodic boundary conditions, Z", and computing it requires

d operations. We define fy(x) as the second-nearest integer to x, and

f2<w) = (f(xl),f(l'g), --'7f2<xk), f(l'k+1), ey f(xd»,
ok = f(ap)] = |z — fla)] Vi

(C.1)

is the second-nearest integer vector to @ in Z?. The Dy minimum image of x is

chosen to be

x — fo(z), Zle f(z;) is odd. (C.2)
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This construction defines the Dy periodic box, and its calculation requires roughly
4d operations [151]. Additionally, the D, lattice has a maximum inscribed radius
R; = 1/\/5 and a circumradius of either 1 for d < 4 or \/3/2 for d > 4. Therefore,
the volume of a Dy periodic box is 2 [72], and the packing fraction of the Dy lattice
is 22" times greater than Z9, yielding an efficiency gain of that same factor.

The furthest points to lattice sites in Dy lattices (known as deep holes) are at
(%, e %) and its periodic images. The distance of the deep hole to a lattice site,
v/d/2, becomes no less than twice of the inscribed radius for d > 8. Therefore, one
can then slide a second D, lattice within these holes without changing the inscribed

radius of the Voronoi tessellation. The volume of a periodic box is then cut in

half. This construction results in D} lattices, whose symmetry is only valid in even

1
2

dimensions. The minimum image of @ in D lattice is either éx or 6(x — %) +
whichever has the smaller norm. In particular, taking d = 8 gives an Eg periodic
box and also corresponds to the densest sphere packing in that dimension. In odd

dimensions d > 9, one can also slide another copy of D,;, but now by an offset of

1

a = (57

. %, aq), where a; € R is an arbitrary real number. By convention, taking
aq = 0 gives the lattice DS*. The minimum image of & in D} lattices is either dz or
§(x — a) + a, whichever has the smaller norm. In particular, DJ" is the Ay lamellar
lattice, the densest known sphere packing structure in d = 9.

The inscribed radius of both D] and D2+ periodic boxes remain 1/4/2, and their
volume is 1—half that of Dy boxes. The implementation of D} and DS" periodic
box thus doubles the efficiency over D,;. Because it involves computing two sets of
D, minimum images and squared distances, the minimum image algorithm takes 13d
operations in total (meanwhile, for the Ejg lattice a special quantization algorithm

takes only 72 operations [151]). In practice, we observe that the minimum image

operation is roughly three times as computationally demanding as for D,;. The
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Table C.1: Summary of select periodic box properties

Symmetry  Valid in ~ Volume Inscribed radius Packing efficiency

(V) (Rp) w.r.t. Z4
Z d>1 1 12 1
Dy d=2 2 1/4/2 2%
Dy even d > 8 1 1/4/2 2%
DYt odd d =9 1 1/v/2 2%
Mgy d =24 1 1 224

efficiency gain of these lattices is thus canceled if the minimum image computation
is the most computational bottleneck. Fortunately, this step costs only marginal
time for the percolation threshold detection algorithm we will describe next. For
the tracer dynamics simulation, however, the minimum image computation indeed
costs significant amount of computation time. We thus evaluated the percolation
detection up to d = 9 (Ag) and the tracer dynamics in periodic box up to d = 10
(D1o).

Finally, we note that it may be possible to do better in certain higher dimensions,
for instance, in the remarkably dense Leech lattice, Ags. Here, Aoy is 23 x denser than
Doy, and a fast quantization algorithm for this lattice takes only 55,968 steps [151]. A
factor of roughly 10—4d x 2'3 = 786, 432—should thus be gained from this geometry,
though we have not yet considered such high dimension. The periodic box choices

discussed above are summarized in Table C.1.
C.2 Percolation threshold determination

One of the arguments for including void percolation in the simple percolation univer-
sality class also leads to an efficient algorithm for determining the void percolation
threshold [16]. The process entails mapping a configuration of obstacles onto a
network that can then be analyzed using standard percolation criteria. The com-

putational optimizations that enable us to consider systems up to d = 9 with this
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FiGURE C.1: Schematics of the percolation detection algorithm using the Delaunay
triangulation (black lines) of obstacles (gray circles). An edge is blocked (solid line)
if its length is smaller than the sphere diameter and open (dotted line) otherwise.
(In general d, the circumradius of a Delaunay facet and the obstacle radius are
compared.) As the obstacle radius shrinks, more edges open and a percolated cavity
(light red, right) eventually forms. An arrow indicates the last opened edge.

algorithm are described below.

More specifically, the network of edges of the Voronoi tessellation obtained from
the obstacle positions is used to map the void percolation determination onto a bond
percolation problem [16] (Fig. C.1). Each edge is then weighted by the circumscribed
radius of the facet in the Delaunay triangulation that is dual to that edge. This
weight thus corresponds to the minimum radius of the obstacles that can block
this edge, and can be used to determine the percolation threshold. Computational
implementations of Delaunay triangulation under periodic boundary conditions are,
however, currently only available for Z? lattices in dimensions, d = 2 and 3. For
instance, for d = 3, the periodic Delaunay triangulation can be built using CGAL’s
3D periodic triangulation package [152]. The tessellation of the largest investigated
system size (N = 107), then takes several minutes per sample for a single-threaded
implementation on a contemporary (Intel Xeon 6154) CPU architecture. For d > 3,
although a comparable algorithm has been proposed [153, 154], no implementation
is yet available. Even if one were, because for a fixed N the number of Delaunay cells

and facets grows exponentially with d, a full tessellation would rapidly fall beyond
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computational reach—limited by the available working memory—as d increases.

This memory constraint is here sidestepped using two key optimizations. First,
the tessellation is built locally, point-by-point [119, 155]. For each obstacle, p;, we
collect all nearby obstacles (and their periodic images) within a preassigned distance
that guarantees all Voronoi neighbors to be included. Then, the convex hull [156]
of the inverse coordinates of the other obstacles is obtained after translating p; to
the origin. The vertices of this convex hull construction are then the same as the
neighbors of p; in the Voronoi tessellation, but can be determined using less working
memory [157]. Second, local tessellation enables us to drop on-the-fly edges and
vertices with such small weights that in a percolating network they are guaranteed
to be blocked. Visited but dropped elements can be distinguished from non-visited
elements through careful bookkeeping. As an illustration, a d = 8 system with
N = 10° obstacles only needs 0.5% of the vertices to be explicitly stored, which
then take up at most 10 GB of memory. In total, these algorithmic improvements
reduce memory usage by more than two orders of magnitude, without significantly
increasing the overall computational burden.

Once the tessellation is obtained, the percolation threshold is determined using
an algorithm akin to that used for sphere percolation [101, 102]. The approach uses
a disjoint-set forest data structure, which efficiently organizes Voronoi vertices. For
each vertex, we maintain a parent pointer and the displacement vector to its parent
node. The structure thus traces back to a unique root node of the set, and each
disjoint-set corresponds to a single cavity. A high-level description of the algorithm

is as follows:
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Algorithm 1 Percolation detection

Input: Graph G(X, E) of the Voronoi tessellation
Output: Percolating obstacle radius o
1: Sort E in descending order by weight w;
2: for e¢; € E do
3: Get vertices (X1, X3) and w; < ¢;
if root(X;) # root(Xs) then
MERGE(root(X), root(Xs))
else if CHECKPERCOLATION(X, X5) then
Oobs <~ W;
brbeak

end if
end for

1

In other words, if two vertices, X; and X5, do not yet belong to a same cavity,
then a standard merging operation is conducted; otherwise, percolation is checked

as follows:
1. calculate the displacement vector (under periodic condition) rq = X7 — Xo;

2. calculate the displacement vectors r; and r,, from X; and X5 to the root,

respectively;
3. test r1 — 1y # 1y.

If the displacements obtained from the two methods differ (necessarily, by an inte-
ger multiple of the box side), then the cavity must form a cycle across the periodic
boundary and thus percolate. If percolation is detected, then the threshold is cal-
culated by Eq. (4.1) setting the obstacle diameter to be the weight of last merged
edge, i.e., Ogps = W;.

For a finite-size periodic system, different definitions of the percolation threshold

have been suggested [102], including
e O5(NV) — there exists a percolated cavity in any coordinate;

° CDZ(N ) — there exists a percolated cavity in a specific coordinate;
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. <I>g(N ) — there exists a percolated cavity in all d coordinates.

These definitions are expected to converge to a same threshold value in the thermo-
dynamic limit, &, = ®,(c0). From the critical analysis, they are also all expected to

asymptotically scale, albeit with different prefactors, as [37],
0,(N) = @, (o0) ~ N7V, (C.3)

where the reference values for the simple percolation universality class are taken for
v (see Table 4.1).

A periodic Delaunay triangulation (as well as its dual Voronoi tessellation) is
valid if the intersection of any two intersecting Delaunay cells is a simplex [153]. In
our system this condition is equivalent to saying that all neighbors of an obstacle
in the Voronoi tessellation are distinct, i.e. a periodic copy appears only once. The
minimum valid system size Ny, of a specific type of periodic box is then proportional
to the obstacle density under which an obstacle and its nearest image is scaled with
unit length. This constraint corresponds to the packing fraction of the lattice at
which this periodic box lies.

In order to curb the growing box shape anisotropy of standard cubic boxes (form-
ing a Z< lattice) as dimension increases—and thus minimize Ny,;,—we consider other
d-dimensional (periodic boundary) simulation boxes, such as the Wigner-Seitz cell
of the Dy checkerboard lattices (the densest packing of spheres in d = 3, 4 and 5)
as well as the Fg and D" lattices (the densest packing of spheres in d = 8 and 9,
respectively) [76]. Note that the Eg and Dy" lattices are special cases of the D\ /D%*
family of lattices which for d > 8 have twice the packing fraction of D, lattices.

Uniformly distributed random obstacles are then generated as follows. For the
unit-side Z? periodic box, random vectors X% € [—-0.5,0.5)% are simply generated in
sequence. For both Dy and D;/D%" boxes, a random vector X¢ € [—1,1)% is first
generated, and the minimum-image convention with respect to the origin is then
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applied. Because the simple cubic lattice (with nearest neighbor point distance of
2) is a sublattice of both Dy and D; /D% such cubic periodic box contains integer
numbers of these non-cubic periodic boxes. The generated points can thus be folded
back to the periodic box via the minimum image transformation, while keeping a
uniform obstacle distribution.

For a given d, the ratio of Ny, (as well the lattice packing fraction) gives the
relative performance (RP) of a box geometry P compared to the conventional cubic

box as RP(IP). In particular, we expect D, boxes to have
RP(D,) = 247272, (C.4)
and D;" /D% boxes in d > 8 to have
RP(D;/DSF) = 24/2, (C.5)

The associated methodological improvement extends the length of the computation-
ally accessible asymptotic regimes to smaller system sizes, resulting in over an order
of magnitude speed up in extracting ®, in d = 8 and 9. The computational com-
plexity of the tessellation, however, appears to be super-exponential with d. Because
evaluating a single local convex hull costs 20 s in d = 8 and 3 min in d = 9 on
a contemporary (Intel Xeon 6154) CPU architecture, higher dimensions are thus

computationally inaccessible at this time.
C.3 Cavity reconstruction

In order to assess the caging criticality, we notably consider the cavity volume dis-
tribution. While infinite systems below the percolation threshold contain both an
infinite volume cavity as well as large finite cavities, those above the percolation
threshold contain cavities that are mostly small. Sampling them is then amenable

to a cavity reconstruction scheme that is a limit case of the approach used for the
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Mari-Kurchan model [14]. (Obstacles are here hard and monodisperse in size, instead
of soft and size polydisperse.) This approach offers a marked computational advan-
tage over standard simulations boxes in that it eliminates any putative sampling bias
introduced by the use of periodic boundary conditions.

The overall procedure consists of placing obstacles within a finite spherical shell
centered around the origin, with unit inner radius—to makes sure the origin in
uncovered—and outer radius 7., > 1, and of considering only the cavity that
contains the origin. The properties of such reconstructed cavities track those of
an infinite system within the shell of thickness 7., — 1. More specifically, like the
clusters generated by the Leath algorithm for a lattice systems [68], the cavities gen-
erated by cavity reconstruction for the RLG are evenly sampled in a site base. In
other words, the probability of generating a cavity of volume Viayity is proportional
t0 Veavity P (Veavity ), Where P(Veavity) is the probability of having a cavity of volume
Veavity i the thermodynamic limit. Rare large cavities that are not closed at 7pax,
however, give rise to an undersampling bias. In order to limit this effect, 7.y is cho-
sen such that fewer than 0.2% of the cavities are not closed. The largest achievable
rmax Nonetheless limits how close the percolation threshold can be approached with
this scheme, because upon approaching ®, increasingly large cavities dominate.

To account for obstacle number fluctuations within finite volumes, the number
of obstacles N to be placed within a shell is chosen at random from the Poisson

distribution

N_—No
~ Nye

pV) = =, ()

with Ng = ®(rd__—1), the expected number of obstacles for the system size and den-
sity considered. These N obstacles are then placed uniformly at random within the

hyperspherical shell, which is achieved by sequentially generating vectors of random
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orientation and of norm

| = [a(r — 1) + 1], (C.7)

where z is a random variable uniformly distributed over [0, 1).

The span of the cavity can then be obtained using an algorithm adapted from
Sastry et al., who showed that all and only the void space that belongs to a given
cavity is obtained from this approach [158]. A Delaunay triangulation, which divides
space into d-simplicial cells, is first established using CGAL’s dD Triangulation li-
brary [159]. The cavity is then constructed by running a graph search using cells
as vertices and facets as edges. Starting from the cell that contains the origin, an
edge (facet) is connected if the circumcenter of two cells are on same side of that
facet, or if the circumcenters are on opposite sides of that facet and the facet’s cir-
cumradius is greater than o..s. All visited cells are added to the cavity. Sastry et
al. also introduced an exact algorithm for determining the cavity volume through
a recursive division of d-simplices, but this decomposition into simple primitives is
quite involved in general d. We thus instead use a random sampling algorithm. The
idea is to generate points (samples) uniformly at random within the cavity and to
use these samples to approximate the cavity volume and other physical quantities, as

illustrated in Figure C.2(a). The high-level description of the algorithm is as follows:

Algorithm 2 Sampling a cavity

1: for C; € visited cells do

2: Vi < SIMPLEXVOLUME(C;)

3: Increment Vs

4: end for

5: for j = 1 to Nsamples dO

6: Randomly select simplex Cy € {C;} with probability V}/Veens
7 Place sample S «— SAMPLESIMPLEX(CY) uniformly at random
8: if S in the void space then

9: Add S to the void sample list, Syeids

10: Increment Nygigs

11: end if

12: end for
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Basically, for each sample point we first choose one of the constitutive simplices

with probability proportional to its volume

Viimplex = %det(pl — D0, P2 = Dos -+, Pd — Do) (C.8)
and then choose a random position within the selected simplex. Obtaining uniformly
distributed samples within a d-simplex is equivalent to generating d+ 1 random spac-
ings, x, ..., g4, with unit sum [160, p. 568]. The latter step involves first generating d
independent and uniformly distributed random variables yi, ..., y4 € [0,1)? and then
sorting them in place. Taking yy = 0 and y4,1 = 1, one then has x; = y;11 —v;. The
random sample in this simplex is finally S = Z?:o x;p;. Determining whether S is
part of the void space requires a nearest-neighbor query of the obstacles. Note that
although the obstacle nearest to S is most likely one of the vertices of C;, outliers are
possible. This determination is accelerated by pre-computing the point-to-simplex
distances for obstacles other than the simplex vertices, and storing obstacles with
distance less than o, as candidate nearest neighbors.

As the obstacle density increases, the fraction and size of the voids become in-
creasingly small. Because the probability of a sample lying in a void follows the
binomial distribution, the variance for the number of voids Nyias (0ut of Nsampies
samples) is var(Nyoids) & Nyoids(1 — Nyoids/Nsamples), and the sampling error then also
grows large. For sufficiently small cavities, we consider an alternate sampling scheme
that sidesteps this difficulty. As illustrated in Figure C.2(b), the approach consists
of identifying the vertices of this cavity, building a triangulation over them, and then
running the cavity sampling algorithm for the new triangulation. The fraction of
void samples (Nyoids/Nsamples) then markedly increases, which reduces the sampling
error. Because a simplex generated this way may lie completely in occupied space or
even contain the voids of other cavities, however, a certain caution must be exercised.

Here, it is only invoked if the original sampling first failed to find fewer than 1000
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void samples out Neamples = 2 x 10°, which corresponds to a relative error of about
~ 3% per cavity in the original sampling scheme. In practice, this stringent criterion

suffices to completely prevent geometrical complications.

(b)

—

FI1GUure C.2: (a) Points in Sygs (black dots) obtained by sampling uniformly at
random a cavity closed by obstacles (red circles). (Inset) Full set of samples in a
Delaunay cell, including Syuas (black dots) and rejected points (red dots). (b) For
small cavities, the vertices of the cavity (crosses) can be used to build a second
triangulation.

Given samples inside the void space, S; (i € [1, Nyoiqs]), different observables

(with length still given in units of o) can be computed:

e the volume

Nvoi S
V;:avity = ‘/cellsm;esa (Cg)
where V. is the total volume of the cells considered;
e the infinite-time MSD of a tracer, i.e., the cage size,
Acavity = {(Si = 85)%) = 2((SF) — (85)*); (C.10)

e the long-time limit of the self van Hove function, G(r,t), which is the proba-

bility of finding a tracer having displaced by r after a time t,

Gs,cavity (r) = Gs,cavity(r7 t— OO)

~ 5015 — S5 — 1),

1#]

154

(C.11)



This last result follows from every cavity site being equally probable—independent
from the (random) initial position—in that limit. The summation over sites i # j
then eliminates the artificial discretization peak at r = 0. Note that the expected
Veavity, A and Gy(r) are obtained by taking the arithmetic mean over all randomly

generated cavities.
C.4 Dynamical sampling

Because the triangulation has a exponential complexity in dimension, the static
cavity construction becomes infeasible in dimension d > 8. In higher dimensions, we
thus explicitly run the tracer dynamics to sample the cavity. The implementation is
a high-dimensional generalization of the simulation scheme of Hofling et al. [18, 19].

For the cage escape analysis, obstacles are first generated according to the cavity
reconstruction scheme, which allows the vicinity of ¢4 in dimensions as high as
d = 20 to be reached. A tracer is then placed at the origin and ballistic dynamics is
run. The simulation terminates when t,,., is reached or when the tracer escapes the
shell, i.e., 7(t) > Tmax — 0, whichever comes first. The maximal valid tracer square
displacement Amax = d X (rmax — 0)? defines the simulation shell thickness. For a
given t, multiple time intervals are sampled and averaged to obtain the dynamical
cage size A(t) for a specific realization of disorder. The mode cage size at time ¢
is defined as the maximum likelihood value in the distribution of time dependent
cage sizes, Apode(t) = argmax P(A(t)) (Fig. C.3 (a)). The escape event time, tes
at Aege 1s calculated as the first-passage time of the tracer square displacement from
the origin being Ag.

By construction, the cavity reconstruction scheme exhibits no finite-size correc-
tion as long as the cage is closed. The obstacles are indeed then generated according
to the Poisson distribution, as in an infinite-size system. For imperfectly closed

cages, however, finite-size corrections arise because the tracer escapes that cage at
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FIGURE C.3: (a) Dynamical cage size distribution in ¢ = 2.7 at = 2! in various
dimensions. The modal cage size Auode is denoted by asterisks. (b, ¢) Amode(t) in
¢ = 2.7 and (b) d = 16 and (c¢) d = 20 obtained for systems with different shell
thickness Amax. Colored dashed lines denote the plateau value of Amode and also
plotted in insets. The black dotted line denotes the mean-field prediction.

different times, depending on the shell thickness. While the MSD is sensitive to the
rare samples that exhibit large displacement, we find that finite-size corrections to
Arnode only become larger than statistical noise for fairly small system sizes, e.g.,
Apax < 8 in @ = 2.7 and d = 16. A significant fraction of tracers can then escape
on a time comparable to reaching the plateau height, and hence Amode(t) shrinks
with time. In all other cases, the mode reaches a plateau that persists for multiple
time decades. We thus extract the plateau value of Apoqe by taking the average of
Apoae(t) from £ = 50 to 10°. The magnitude of the finite-size effect is comparable
with the statistical noise of extracting the modal cage size from different realization of
sample cages. It is worth note that, because in the highest approachable dimension,
d = 20, a smaller simulation shell size, Aoy = 14, is used than in d < 16, the differ-
ence between the plateau heights, which scales like 1/d, then becomes statistically
indistinguishable (Fig. 5.4(a) in the main text).

To assure better accuracy, we randomly choose 4000 samples out of the total,
evaluating the modal cage size and repeat multiple times. This bootstrap sampling

gives the expected Anode and the confidence interval of the approximation shown

in Fig. 5.4 in the main text. Results are then fitted with linear form with zero
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intercept. We chose this intercept in order to obtain clearer results for Fig. C.3(c). If
the intercept is fitted as well, its value deviates at most +5% from the origin, which

is well within the accuracy of the fitted data.
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