
An Experimental Study of the Jamming Phase
Diagram for Two-dimensional Granular Materials

by

Yiqiu Zhao

Department of Physics
Duke University

Date:
Approved:

Joshua E. S. Socolar, Advisor

Patrick Charbonneau

Gleb Finkelstein

Sara Haravifard

Lawrence N. Virgin

Dissertation submitted in partial fulfillment of the requirements for the degree of
Doctor of Philosophy in the Department of Physics

in the Graduate School of Duke University
2020



Abstract

An Experimental Study of the Jamming Phase Diagram for

Two-dimensional Granular Materials

by

Yiqiu Zhao

Department of Physics
Duke University

Date:
Approved:

Joshua E. S. Socolar, Advisor

Patrick Charbonneau

Gleb Finkelstein

Sara Haravifard

Lawrence N. Virgin

An abstract of a dissertation submitted in partial fulfillment of the requirements for
the degree of Doctor of Philosophy in the Department of Physics

in the Graduate School of Duke University
2020



Copyright c
 2020 by Yiqiu Zhao
All rights reserved



Abstract

What affects the transition of a collection of grains from flowing to a rigid packing?

Previous efforts towards answering this important question have led to various ver-

sions of “jamming” phase diagrams, which specify conditions under which a granular

material behaves like solid, i.e., in a jammed phase. In this dissertation, we report

two sets of experiments to study the influence of particle shape and of the form of

the applied shear strain on the jamming phase diagram of slowly deformed frictional

granular materials. We use 2d photoelastic particles to measure the overall pressure

of the system and various physical quantities that characterize the contact network

such as the averaged number of contacts per particle and the number fraction of

particles that are part of the contact network.

In the first set of experiments, we systematically compare the mechanical and

geometrical properties of uniaxially compressed granular materials consisting of pen-

tagonal or circular particles. The compression is applied quasi-statically and induces

a density-driven jamming transition. We find that pentagons and disks jam at simi-

lar packing fraction. At the onset of jamming, disks have contact numbers consistent

with predictions from an ideal constraint counting argument. However, this argu-

ment fails to predict the right contact number for pentagons. We also find that

both jammed pentagons and disks show the Gamma distribution of the Voronoi cell

area with the same parameters. Moreover, jammed pentagons have similar trans-

lational order for particle centers but slightly less orientational order for contacting
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pairs compared to jammed disks. Finally, we report observations that for jammed

pentagons, the angle between edges at a face-to-vertex contact point shows a uni-

form distribution and the size of a cluster connected by face-to-face contacts shows

a power-law distribution.

In the second set of experiments, we use a novel multi-ring Couette shear appa-

ratus that we developed to eliminate shear banding which unavoidably appears in

conventional Couette shear experiments. A shear band is a narrow region where a

lot of rearrangements of particles occur. The shear band usually has a much smaller

packing fraction than the rest of the system. We map out a jamming phase diagram

experimentally, and for the first time perform a systematic direct test of the mechan-

ical responses of the jammed states created by shearing under reverse shear. We find

a clear distinction between fragile states and shear-jammed states: the latter do not

collapse under reverse shear. The yield stress curve is also mapped out, which marks

the stress needed for the shear-jammed states to enter a steady-state regime where

many plastic rearrangements of particles happen and the overall stress fluctuates

around a constant. Interestingly, for large packing fraction, a shear band still devel-

ops when the system remains strongly jammed in the steady-state regime. We find

that the cooperative motion of particles in this regime is highly heterogeneous and

can be quantified by a dynamical susceptibility, which keeps growing as the packing

fraction increases.

Our observations not only serve as important data to construct theories to explain

the origin of rigidity in density-driven jamming and shear-induced jamming but also

are relevant to many other key problems in the physics of granular matter from the

stability of a jammed packing to the complex dynamics of dense granular flows.
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1

Introduction

Granular matter, broadly de�ned as a collection of macroscopic particles, is ubiqui-

tous in nature, industrial applications and our daily life. Sand, pebbles, breakfast

cereal, bearing balls and pharmaceutical pills are all examples of granular matter.

Granular matter as simple as a pile of sand is intriguing enough to draw attention

from natural philosophers throughout history. Early investigations to understand

the physics of grains contain e�orts from many notable names such as Kepler, who

conjectured the densest packing of spheres, Coulomb, who investigated the failure of

granular heaps, Faraday, who studied the instability of a vibrated powder system,

and Reynolds, who described the phenomenon of shear dilatancy: a dense packing of

grains tends to expand under shear. Over the past three decades, advances in compu-

tational and experimental techniques have uncover a number of novel properties and

behaviors of granular matter, many of which are closely related to other condensed

matter systems. This dissertation provides an experimental study on one of the most

famous problems in granular physics: the jamming transition. This transition takes

place when a collection of grains changes from 
owing to a rigid packing. Our work

contributes to understanding the formation and stability of a jammed packing of

1



grains, and will be relevant to a variety of condensed matter systems.

1.1 Overview

1.1.1 Granular matter

Granular matter is a broadly de�ned term. Any collection of particles with size

much larger than 1�m can be regarded as granular matter. The threshold, 1�m ,

corresponds to the diameter of a glass bead for which the potential energy cost to lift

it by its own diameter is of the same order of thermal energy at room temperature

(Andreotti et al., 2013). In this work we consider only grains much larger than 1�m ,

for which thermal 
uctuations can be completely ignored.

Granular matter in nature and our daily life contains grains with very di�erent

sizes and interactions. For example, sand grains interact mainly through repulsive

and frictional contact forces, while electrostatic forces are common and important

for powders. Some examples of granular matter are shown in Fig. 1.1. In this

dissertation we only focus on grains interacting through repulsive contact forces and

friction. Such systems are very common in nature and industries.

Granular matter \matters". Storing, transporting and manipulating grains are

essential processes for many industries. Example sectors are the food industry, where

many products like cereal and nuts are handled, the construction industry, where

gravel and sand are used to make concrete, and the pharmaceutical industry, where

powders are involved in the manufacture of various medicines. A number of natural

hazards are also closely related to granular matter, including dust storms, landslides

and earthquakes (Fig. 1.2).

Despite the ubiquity of granular matter, the techniques used to handle it in in-

dustries and reduce damages caused by natural hazards involving granular matter

are largely empirical. In fact, how the rather simple grain-scale interactions lead to

complex collective behaviors remains puzzling. Attempts to model granular matter

2



Figure 1.1 : Examples of granular matter and the length scale,d, of their grains.
(a) Powdered sugar in a cup (www.biggerbolderbaking.com). (b) Di�erent kinds of
rice in a market (en.wikipedia.org). (c) Logs on a river (commons.wikimedia.org).
(d) Ice 
oes on the Antarctic ocean (www.nzi�.co.nz). (e) Sand dunes in Inner
Mongolia Autonomous Region, China (www.britannica.com). (f) Pills and tablets
(www.mercurynews.com). (g) Gravel on a beach in Thirasia, Santorini, Greece
(en.wikipedia.org). (h) Coal (qz.com).

face several di�culties. For example, due to the friction between the grains, granu-

lar matter is dissipative and thus usually history-dependent. Nevertheless, theories

based on generalizations of equilibrium statistical ensembles have proven to be use-

ful in certain cases. One famous example is the Edwards statistical mechanics for

jammed granular matter (Edwards and Oakeshott, 1989; Baule et al., 2018), which

leads to theoretical predictions of the allowed contact number and packing fraction

for stable granular packings (Song et al., 2008). Moreover, there is usually no obvi-

ous scale separation between the length scale of the grains and the length scale of

the 
ow, posing challenges on conventional continuum mechanics approaches where

a well-de�ned coarse graining length scale is traditionally assumed. Recent contin-

uum models address this problem by introducing a variable length scale with unit of

grain size through di�usion-like equations of some scalar order parameters indicat-
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