arXiv:0808.1361v2 [math.PR] 24 Jan 2011

A Theory of Hypoellipticity and Unique Ergodicity
for Semilinear Stochastic PDEs

Martin Hairer ¥ Jonathan C. Mattingly?f

!Mathematics Institute, The University of Warwick, CV4 7ALK

Email: M.Hairer@Warwick.ac.uk

2Mathematics Department, Center of Theoretical and MathieaieScience,
and Center of Nonlinear and Complex Systems, Duke Uniyeitrham NC,
USA

Email: jonm@math.duke.edu

Abstract

We present a theory of hypoellipticity and unique ergoglifitr semilinear parabolic
stochastic PDEs with “polynomial” nonlinearities and aiy&i noise, considered as
abstract evolution equations in some Hilbert space. It vshthat if Hormander's
bracket condition holds at every point of this Hilbert spaiten a lower bound on
the Malliavin covariance operatovl, can be obtained. Informally, this bound can be
read as “Fix any finite-dimensional projectibhon a subspace of sufficiently regular
functions. Then the eigenfunctions #ff; with small eigenvalues have only a very
small component in the image of.”

We also show how to use a priori bounds on the solutions todhat®n to obtain
good control on the dependency of the bounds on the Malliaatrix on the initial
condition. These bounds are sufficient in many cases torotiai asymptotic strong
Feller property introduced i [HMO6].

One of the main novel technical tools is an almost sure borord below on the size
of “Wiener polynomials,” where the coefficients are possibbn-adapted stochastic
processes satisfying a Lipschitz condition. By exploitihg polynomial structure of
the equations, this result can be used to replace Norrishiemvhich is unavailable in
the present context.

We conclude by showing that the two-dimensional stochd$sigier-Stokes equa-
tions and a large class of reaction-diffusion equationfiétftamework of our theory.
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1 Introduction

The overarching goal of this article is to prove the unigqugodicity of a class of non-
linear stochastic partial differential equations (SPD&syen by a finite number of
Wiener processes. The present greatly extends the aiffi¢fé86,[HMO6, BMO7] al-
lowing one to consider general polynomial nonlinearitiasl aore general forcing.
To the best of our knowledge, this is the first infinite-dimenal generalization of
Hormander’s “sum of squares” hypoellipticity theorem &ogeneral class of parabolic
SPDEs. Our goal is not to present any particularly compgléramples from the
applied perspective, but rather give a sufficiently geneaahework which can be ap-
plied in many settings. At the end, we do give some examplagitee as roadmaps
for the application of the results in this article. In thi<ten, we give an overview
of the setting and the results to come later without desognidto all of the technical
assumptions required to make everything precise. Thiseoigion will be rectified
starting with Sectiohl3 where the setting and basic assomptvill be detailed.
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In this article we will investigate non-linear equationgloé form

d
Oru(z, t) + Lu(z, t) = N(u)(z,t) + Z gr(x)Wi(t) . (1.1)
k=1

Here L will be some positive selfadjoint operator. Typical exaegpérising in applica-
tions areL = —A or L = A?. N will be assumed to be a “polynomial” nonlinearity in
the sense thaV(u) = >";"; Nx(u), whereN, is k-multilinear. Examples of admissi-
ble nonlinearities are the Navier-Stokes nonlinearity\ )« or a reaction term such as
u—u?. Theg, are a collection of smooth, time independent functions tvdictate the
“directions” in which the randomness is injected. TH&}, : k = 1,...,d} are a col-
lection of mutually independent one-dimensional whitesesiwhich are understood as
the formal derivatives of independent Wiener processesitir the Itd calculus. We
assume that the possible loss of regularity due to the nesdlity is controlled by the
smoothing properties of the semigroup generatedl b§ee Assumption Al1 below for
a precise meaning.

On one hand, our concentration on a finite number of drivingn®f processes
avoids technical difficulties generated by spatially rosgkutions sincéV(x,t) =
> gr(x)Wi(t) has the same regularity in as theg;, which we take to be relatively
smooth. On the other hand, the fact thttcontains only a finite number of Wiener
processes means that our dynamic is very far from being umifcelliptic in any sense
since for fixedt, u( -, t) is an infinite-dimensional random variable and the noids ac
only onto a finite number of degrees of freedom. To prove aodicgheorem, we must
understand how the randomness injectedibyn the directions{gy : k = 1,...,d}
spreads through the infinite dimensional phase space. Thisiowe prove the non-
degeneracy of the Malliavin covariance matrix under anragsion that the linear span
of the successive Lie bracl@tﬂf vector fields associated t§ and theg, is dense in
the ambient (Hilbert) space at each point. This is very réunént of the condition
in the “weak” version of Hormander’s “sum of squares” trerar It ensures that the
randomness spreads to a dense set of direction despite ibgotgd in only a finite
number of directions. This is possible since although timeloanness is injected in a
finite number of directions it is injected over the entiresivial of time from zero to the
current time. The conditions which ensure the spread ofaamess is closely related
to Chow’s theorem and controllability, open or solid. AsIs®ectior{ b is related to
recent work on controllability of projections of PDEs stediin [AS05,AS08] and
results proving the existence of densities for projectionfAKSS07] which build on
these ideas. However, these results do not seem to be suifficiprove an ergodic
result which is the principal aim of this work. One seems techquantitative control
of the spectrum of the Malliavin matrix (or the Gramian nmwaini control theory terms).

In finite dimensions, bounds on the norm of the inverse of tladli&/in matrix are
the critical ingredient in proving ergodic theorems forfasions which are only hy-
poelliptic rather than uniformly elliptic. This then showmt the system has a smooth
density with respect to Lebesgue measure. In infinite dimessthere is no mea-
sure which plays the “universal” role of Lebesgue measunee @ust therefore pass
through a different set of ideas. Furthermore, it is not sd@is how to generalise the
notion of the ‘inverse’ of the Malliavin matrix. In finite diemsion, a linear map has
dense range if and only if it admits a bounded inverse. Initeftimensions, these two

IRecall that, when it is defined, the Lie brackét,[H](u) = (DH)(u)G(u) — (DG)(w)H (u) for two
functionsG, H from the ambient Hilbert spacK to itself. Here D is the Fréchet derivative.
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notions are very far from equivalent and, while it is possiblsome cases to show that
the Malliavin matrix has dense range, it is hardly ever gussn a hypoelliptic setting
to show that it is invertible, or at least to characteriseatsge in a satisfactory manner
(See [MSVEQY] for a linear example in which it is possible).

The important fact which must be established is that neadigtg act similarly
from a “measure theoretic perspective.” One classical wayake this precise is to
prove that the Markov process in question has the strongiHalbperty. For a contin-
uous time Markov process this is equivalent to proving thatttansition probabilities
are continuous in the total variation norm. While this cgotds useful in finite dimen-
sions, it is much less useful in infinite dimensions. In fartr, there are many natural
infinite dimensional Markov processes whose transitiorbahbdlities donot converge
in total variation to the system’s unique invariant measu®ee examples 3.14 and
3.15 from [HMO6] for more discussion of this point.) In thessttings, this fact also
precludes the use of “minorization” conditions such asdpfP,(z, -) > cv(-) for
some fixed probability measureand “small setC. (see[[MT93|_GMO0B] for more and
examples were this can be used.)

1.1 Ergodicity in infinite dimensions and main result

In [HMQ#], the authors introduced the concept offsymptotic Strong Fellediffusion.
Loosely speaking, it ensures that transition probalslitiee uniformly continuous in a
sequence of 1-Wasserstein distances which converge tottlesariation distance as
time progresses. For the precise definitions, we refer thdereto [HMO06]. For our
present purpose, it is sufficient to recall the followingposition:

Proposition 1.1 (Proposition 3.12 from[HMO08]) Let ¢,, and d,, be two positive se-
quences witH¢,,} non-decreasing anld,,} converging to zero. A semigrodf) on a
Hilbert spaceH is asymptotically strong Feller if, for alp : H — R with ||¢||- and
ID¢|| finite one has

IDP:, ()] < Cllul)([[¢llso + 0nlDepllo0) (1.2)
for all n andu € ‘H, whereC' : R, — R is a fixed non-decreasing function.

The importance of the asymptotic strong Feller propertynsmyby the following
result which states that in this case, any two distinct eigimdariant measures must
have disjoint topological supports. Recalling thdtelongs to the support of a measure
1 (denoted supp() if u(Bs(w)) > 0 for everyd > 4, we have:

Theorem 1.2 (Theorem 3.16 from[[HMO6]) Let P, be a Markov semigroup on a Pol-
ish spaceX admitting two distinct ergodic invariant measuresandv. If P; has the
asymptotic strong Feller property, thesappf:) N suppg) is empty.

To better understand how the asymptotic strong Feller ptppan be used to connect
topological properties and ergodic properties?f we introduce the following form
of topological irreducibility.

Definition 1.3 We say that a Markov semigrod is weakly topologically irreducible
if for all uq1,us € H there exists a € #H so that for any4 open set containing there
existsty, to > 0 with Py, (u;, A) > 0.

’HereBs(u) = {v : |ju —v|| < &}
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Also recall thatP; is said to beeller if ;¢ is continuous whenever is bounded and
continuous. We then have the following corollary to Theoflefhwhose proof is given
in Sectior{2.

Corollary 1.4 Any Markov semigrouf; on Polish space which is Feller, weakly topo-
logically irreducible and asymptotically strong Feller mits at most one invariant
probability measure.

The discussion of this section shows that unique ergodieity be obtained for a
Markov semigroup by showing that:

1. It satisfies the asymptotic strong Feller property.

2. There exists an “accessible point” which must belong¢adpological support
of every invariant probability measure.

It turns out that if one furthermore has some control on theedpat which solution
return to bounded regions of phase space, one can proveigteree of spectral gaps
in weighted Wasserstein-1 metrics [HM08, HM$10, HM10].

The present article will mainly concentrate on the first poifhis is because, by
analogy with the finite-dimensional case, one can hope todficidan and easy way to
verify condition along the lines of Hormander’s brackehdiion that ensures a reg-
ularisation property like the asymptotic strong Fellerpedy. Concerning the acces-
sibility of points however, although one can usually useSheock-Varadhan support
theorem to translate this into a deterministic questiorpgfiraximate controllability, it
can be a very hard problem even in finite dimensions. Whilergeadc control theory
can give qualitative information about the set of reachgloliats [Jur97[_AS(04], the
verification of the existence of accessible points seemslioin general orad hoc
considerations, even in apparently simple finite-dimemasiproblems. We will how-
ever verify in Sectiof 8]4 below that for the stochastic ®ing-Landau equation there
exist accessible points under very weak conditions on therg.

With this in mind, the aim of this article is to prove the fallmg type of ‘meta-
theorem’:

Meta-Theorem 1.5 Consider the setting of (1.1) on some Hilbert spatand define
a sequence of subsetsfrecursively byAg = {g; : j=1,...,d} and

Ak+1 =AU {Nm(hla---ahm) : hj EAk} :

Under additional stability and regularity assumptionsfile linear span ofA,, =
U,>0An is dense inH, then the Markov semigroup; associated to[{I]1) has the
asymptotic strong Feller property.

The precise formulation of Meta-Theoréml1.5 will be giveiT reoreni 811 below,
which in turn will be a consequence of the more general regiven in Theoren{s 5.5
and6.T7. Note that our general results are slightly strotizgm what is suggested in
Meta-Theorerf 115 since it also allows to consider arbitfaon-constant” Lie brack-
ets between the driving noises and the drift, §ed (1.4) befsfurther discussed in
Sectiol Lb of 311N, (h1, - . ., h.y) is proportional to R, - - - Dy, N(u) where D, is
the Fréchet derivative in the directidn In turn, this is equal to the successive Lie-
brackets ofV with the constant vector fields in the directidnsto h,,.

Under the same structural assumtpions as Meta-Theorérhé.8xistence of den-
sities for the finite dimensional projections Bf(x, -) was proven in[[BMQFF]. The
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smoothness of these densities was also discusséd in [BMOZ{nfortunately there
were two errors in the proof of that article. While the argutsepresented in the
present article are close in sprit to thosein [BMO07], thexedije at the technical level.
Our results on the smoothness of densities will be given ati&es® andlr.

The remainder of this section is devoted to a short discngdithe main techniques
used in the proof of such a result and in particular on how taiola bound of the type
[I.2 for a parabolic stochastic PDE.

1.2 Aroadmap for the impatient

Readers eager to get to the heart of this article but undelabdy reluctant to dig
into too many technicalities may want finish reading Sectiorihen jump directly
to Sectior b and read up to the end of Secfion 5.3 to get a gaddtl how [T.P)
is obtained from bounds on the Malliavin matrix. Then theyymaant to go to the
beginning of Sectiofnl6 and read to the end of Sedfioh 6.4 thheeehese bounds can
be obtained.

1.3 How to obtain a smoothing estimate

A more technical overview of the technigues will be given econ[5.2 below. In a
nutshell, our aim is to generalise the arguments from [HM®&] the type of Malli-
avin calculus estimates developed[in [MP06] to a large atéisemilinear parabolic
SPDEs with polynomial nonlinearities. Both previous workied on the particular
structure of the Navier-Stokes equations. The techniquearif can be interpreted as
an “infinitesimal” version of techniques developed(in [EMERS00] and extended in
[BKLO1] IMY02] [Mat0z,[Hai02[ BMO5] combined with detailedier bounds on the
Malliavin covariance matrix of the solution.

In [EMS01] the idea was the following: take two distinct ialtconditionsu, and
uyp, for (I.3) and a realisatioW for the driving noise. Try then to find a shiftbelong-
ing to the Cameron-Martin space of the driving process ant that||u(t) — v/(¢)|| —

0 ast — oo, whereu' is the solution to[(1]1) driven by the shifted nol$& = W + v.
Girsanov's theorem then ensures that the two initial céoktinduce equivalent mea-
sures on the infinite future. This in turn implies the uniqugoelicity of the system.
(See also[Mat08] for more details.)

The idea advocated ih [HMO06] is to consider an infinitesimesion of this con-
struction. Fix again an initial conditiom, and Wiener trajectory’ but consider now
aninfinitesimalperturbatior¢ to the initial condition instead of considering a second
initial condition at distanc&(1). This produces an infinitesimal variation in the so-
lution u; given by its Fréchet derivative &, with respect touy. Similarly to before,
one can then consider the “control problem” of findingifimitesimalvariation of the
Wiener process in a directionfrom the Cameron-Martin space which, for large times
t, compensates the effect of the variatonSince the effect om; of an infinitesimal
variation in the Wiener process is given by the Malliavinidative of . in the direction
h, denoted byD,u, the problem in this setting is to find &f¢, W) € L2([0, ], RY)
with

E||Deus — Druy|| — 0 ast — oo, (1.3)
and such that the expected “cost”fof is finite. Here, the Malliavin derivativ®;, v,
is given by the derivative ik ate = 0 of u,(W + ev), with v(t) = fot h(s) ds.
If h is adapted to the filtration generated By, then the expected cost is simply

Jo~ Ellhs||?ds. If it is not adapted, one must estimate directly lim EJl\pf(f hsdW||
where the integral is a Skorokhod integral. As will be expéai in detail in Section 5.2,
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once one establishds (IL.3) with a finite expected apshe crucial estimate given in
(1.2) (used to prove the asymptotic strong Feller propdatjows by a fairly general
procedure.

As this discussion makes clear, one of our main tasks wilbbmtstruct a shift
having the property(113). We will distinguish three casiiscreasing generality (and
technical difficulty). In the first case, which will be refed to asstrongly contracting
(see Sectiofi 5.11.1), the linearised dynamics contractsaped without modification
(all Lyapunov exponents are negative). Helhcean be taken to be identically zero.
The next level of complication comes when the system possessiumber of direc-
tions which are unstable on average. The simplest way towdigalthis assumption
is to assume that the complement of the span of the forcedtidins (theg,'s) is
contracting on average. This was the casé in [EMS01, KSOQLBKMY02, Mat02,
[Hai0Z,[BMO5]. We refer to this as the “essentially ellipt&gtting since the directions
essential to determine the system’s long time behaviontistable directions, are di-
rectly forced. This is a reflection of the maxim in dynamicgétems that the long
time behavior is determined by the behavior in the unstaiéetons. Since the noise
affects all of these directions, it is not surprising that #ystem is uniquely ergodic,
see Section 4.5 of [HM06] for more details.

The last case (i.e. when the set of forced directions doesomiain all of the
unstable directions) is the main concern of the presentrpapéhis setting, we study
the interaction between the drift and the forced directionsnderstand precisely how
randomness spreads to the system. The condition ensudhgrih can gain sufficient
control over the unstable directions, requires thatghéogether with a collection of
Lie brackets (or commutators) of the form

[Fagk]v [[Fvgk]agj]v [[Fagk]aF]a [[[Fvgk]agj]vgl]a o (14)

span all of the unstable direction. This condition will besci#bed more precisely in
Sectiorf 6.2 below. In finite dimensions, when this collettid Lie brackets spans the
entire tangent space at every point, the system is saidighystite “weak Hormander”
condition. When this assumption holds for the unstablectivas (along with some
additional technical assumptions), we can ensure thatdlee ispreads sufficiently to
the unstable directions to findhacapable of counteracting the expansion in the unstable
directions and allowing one to proMe(IL.3) with a cost whogeeetation is finite.

We will see however that the contralused will not be adapted to the filtration
generated by the increments of the driving Wiener procéss, tausing a number of
technical difficulties. This stems from the seemingly fumeatal fact that because we
need some of the “bracketed directiorfs”{1.4) in order tai@dithe dynamic, we need
to work on a time scale longer than the instantaneous onéeltessentially elliptic”
setting, on the other hand, we were able to work instantssigamd hence obtain an
adapted contral and avoid this technicality.

1.4 The role of the Malliavin matrix

Since the Malliavin calculus was developed in the 1970’s B88D’s mainly to give a
probabilistic proof of Hormander’s “sum of squares” themrunder the type of bracket
conditions we consider, it is not surprising that the Maillematrix M; = Du,Du;
plays a major role in the construction of the variatiom the “weak Hormander” set-
ting. A rapid introduction to Malliavin calculus in our sty is given in Sectiofl4. In
finite dimensions, the key to the proof of existence and shmaests of densities is the
finiteness of moments of the inverse of the Malliavin matithis estimate encapsu-
lates the fact the noise effects all of the directions witloatwllable cost. In infinite
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dimensions while it is possible to prove that the Malliaviatnix is almost surely non-
degenerate it seems very difficult to characterise its ra(\¢f@h the exception of the
linear case[[DPZ96]. See also [DPEZ95, FM95, CEr99, EHO3itoations where the
Malliavin matrix can be shown to be invertible on the rangthefJacobian.) However,
in light of the preceding section, it is not surprising tha assentially only need the
invertibility of the Malliavin matrix on the space spanneglthe unstable directions,
which is finite dimensional in all of our examples. More pesty, we need information
about the likelihood of eigenvectors with sizable projecsi in the unstable directions
to have small eigenvalues. Given a projectidrwhose range includes the unstable
directions we will show that the Malliavin matri¥1, satisfies an estimate of the form

P inf  (Mie.g) > llol?) = ofe”) (15)

. 1
ITel>3 el

for all p > 1. Heuristically, this means we have control of the probabdicost to cre-
ate motion in all of the directions in the rangeldfvithout causing a too large effect in
the complementary directions. We will pair such an estimatke the assumption that
the remaining directions are stable in that the Jacobianliftearization of the SPDE
about the trajectory,) satisfies a contractive estimate for the directions peticeitar
to the range ofl. Together, these assumptions will let us build an infinitediWiener
shift A which approximately compensates for the component of tfieitiesimal shift
caused by the variation in the initial condition in the ub#adirections. Once the vari-
ation in the unstable directions have been decreased, sienasl contraction in the
stable directions will ensure that the variation in the ktalirections will also decrease
until it is commiserate in size with the remaining variatiarthe unstable directions.
Iterating this argument we can drive the variation to zero.

Note that one feature of the bourld {1.5) is that all the nomusszalar products
appearing there are the same. This is a strengthening oéslét from [MPO6] which
fixes an error in[HMOB], see Sectibh 6 for more details.

The basic structure of the sections on Malliavin calcullis¥es the presentation in
which built on the ideas and techniques fram [MP
of these works, as well as the present article, the time sedesidjoint linearization is
used to develop an alternative representation of the Maili@ovariance matrix. In
[Gco88], only the case of linear drift and linear multipliva noise was considered.
In [MPO06], a nonlinear equation with a quadratic nonlingaeaind additive noise was
considered. In[[BMQ7], the structure was abstracted an@gdimed so that it was
amenable to general polynomial nonlinearities. We follbattstructure and basic
line of argument here while strengthening the estimatesamécting some important
errors.

Most existing bounds on the inverse of the Malliavin matriaihypoelliptic situa-
tion make use of some version of Norris’ lemrna [K884, KS85a86¢, MPO6, BHO7].
In its form taken from[[Nor86], it states that if a semimagte Z(¢) is small and
one has some control on the roughness of both its boundeatiearpartA(t) and its
qguadratic variation procegg(t), then bothA and @ taken separately must be small.
While the versions of Norris’ lemma given in [MP06, BM(07, BF|Gare not precisely
of this form (in both cases, one cannot reduce the problererdreartingales, either
because of the infinite-dimensionality of the problem oraaese one considers SDEs
driven by processes that are not Wiener processes), theythexsame flavour in that
they state that if a process is composed of a “regular” padtam “irregular” part,
then these two parts cannot cancel each other. This harleeksd the more explicit
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estimates based on estimates of modulus of continuity foufiS850,[Str83]. The
replacement for Norris’ lemma used in the present work cotlee case where one
is given a finite collection of Wiener proce$B; and a collection of not necessarily
adapted Lipschitz continuous procesgegt) (for o a multi-index) and considers the
process

M
Z(t) = A(b(ﬁ) + Z Z Aa(ﬁ)qu (t) t Wae(t) .

=1 |a|=¢

It then states that i is small, this implies that all of thd,’s with |a| < M are small.
For a precise formulation, see Sectldn 7 below. It is in otdeoe able to use this
result that we are restricted to equations with polynomaadlimearities. This result on
Wiener polynomials is a descendant of the result proven iRQE] for polynomials of
degree one. I1[BMQ7], a result for general Wiener polyndsnieas also proven. Is
was show there that if(t) = 0 for ¢ € [0,T] then thenA,(t) = 0 for ¢ € [0,T].
This was used to prove the existence of a density for the filiiteensional projections
of the transition semigroup. In the same article, the sanamtipative version of this
result as proven in the present article was claimed. Unfattly, there was a error in
the proof. Nonetheless the techniques used here are batidrefine those developed

in [BMO7].
1.5 Satisfying the Hirmander-like assumption

At first glance the condition that the collection of functiogiven in [T.%) are dense
in our state space may seem hopelessly strong. However, lveesithat it is of-
ten not difficult to ensure. Recall that the nonlinearfyis a polynomial of order
m, and hence, it has a leading order part whichrilhomogeneous. We can view
this leading order part as a symmetriclinear map which we will denote byv,,.
Then, at least formally, the Lie bracket &f with m constant vector fields is pro-
portional to N,,, evaluated at the constant vector fields, thaVjs(h1, -, hm) o
[---[[F,h1l,- - -1, hn], Which is again a constant vector field. While the collectio
of vector fields generated by brackets of this form are onlylasst of the possible
brackets, it is often sufficient to obtain a set of dense vefigtds. For example, if
N(u) = u—u?® thenN3(vy, ve, v3) = v1v9vs and if the forced direction§gy, - - - , g4}
areC> thenNs(hy, ha, hg) € C*> for h; € {g1,--- ,ga}. As observed in[BMO07], to
obtain a simple sufficient criteria for the brackets to bes#ersuppose that ¢ C>*

is a finite set of functions that generates, as a multiplieagilgebra, a dense subset
of the phase space. Then, if the forced modgs-A {¢1, -, g4} contain the set
{h,hh : h,h € A}, the set A, constructed as in Meta-Theorém]1.5 will span a dense
subset of phase space.

1.6 Probabilistic and dynamical view of smoothing

Implicit in (L.3) is the “transfer of variation” from the itial condition to the Wiener
path. This is the heart of “probabilistic smoothing” and sleeirce of ergodicity when it
is fundamentally probabilistic in nature. The unique eigibg of a dynamical system
is equivalent to the fact that it “forgets its initial condit” with time. The two terms
appearing on the right-hand side bf {1.2) represent twedifft sources of this loss of
memory. The first is due to the randomness entering the systéis causes nearby
points to end up at the same point at a later time because tadglbbwing different
noise realisations. The fact that different stochastiettaries can arrive at the same
point and hence lead to a loss of information is the hallmédifeusions and unique



ABSTRACT ERGODIC RESULTS 10

ergodicity due to randomness. From the coupling point ofiyg&nce different realiza-
tions lead to the same point yet start at different initiahditions, one can couple in
finite time.

The second term i (1.2) is due to “dynamical smoothing” anmhie of the sources
of unique ergodicity in deterministic contractive dynaalisystems. If two trajectories
converge towards each other over time then the level of gimthneeded to determine
which initial condition corresponds to which trajectorg@increases with time. This
is another type of information loss and equally leads to uaigrgodicity. However,
unlike “probabilistic smoothing”, the information lossngver complete at any finite
time. Another manifestation of this fact is that the systemger couples in finite time,
only at infinity. In Sectiof 5.1]1 about the strongly dissipasetting, the case of pure
dynamical smoothing is considered. In this case one[hal \{@tR only the second
term present. When both terms exist, one has a mixture ofitiktic and dynamical
smoothing leading to a loss of information about the initi@hdition. In Section 2.2
of it is shown how[(1.R) can be used to construct a cimgpin which nearby
initial conditions converge to each other at time infinityheTcurrent article takes a
“forward in time” perspective, whild [EMSO0L, BM05] pull thiaitial condition back
to minus infinity. The two points of view are essentially aglént. One advantage to
moving forward in time is that it makes proving a spectral f@mpthe dynamic more
natural. We provide such an estimate in Sedfich 8.4 for thehststic Ginzburg-Landau
equation.

1.7 Structure of the article

The structure of this article is as follows. In Sectldn 2, vieeca few abstract er-
godic results both proving the results in the introductiod axpanding upon them. In
Sectior 8, we introduce the functional analytic setup inohidur problem will be for-
mulated. This setup is based on Assumpfion A.1 which enshegsll the operations
that will be made later (differentiation with respect tatiiai condition, representation
for the Malliavin derivative, etc) are well-behaved. Seof# is a follow-up section
where we define the Malliavin matrix and obtain some simpleeufpounds on it. We
then introduce some additional assumptions in Se€fidn Githwensure that we have
suitable control on the size of the solutions and on the droate of its Jacobian.

In Sectiorih, we obtain the asymptotic strong Feller propantler a partial invert-
ibility assumption on the Malliavin matrix and some additib partial contractivity
assumptions on the Jacobian. Secfioi 6.3 then containsdbéthat assumptions on
the Malliavin matrix made in Sectidn 5 are justified and candréied for a large class
of equations under a Hormander-type condition. The maineidient of this proof, a
lower bound on Wiener polynomials, is proved in Secfibn haHly, we conclude in
Section 8 with two examples for which our conditions can befieel. We consider
the Navier-Stokes equations on the two-dimensional sphaedea general reaction-
diffusion equation in three or less dimensions.

Acknowledgements
We are indebted to Hakima Bessaih who pushed us to give a fdeanlation of Theorerh 8]1.
2 Abstract ergodic results

We now expand upon the abstract ergodic theorems mentionéukiintroduction
which build on the asymptotic strong Feller property. Weibdgy giving the proof
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of Corollary{1.4 from the introduction and then give a sligfdifferent result (but with
the same flavour) which will be useful in the investigationtieé Ginzburg-Landau
equation in Section 8l4. Throughout this sectiBpwill be a Markov semigroup on a
Hilbert spaceX with norm|| - ||.

Proof of Corollary[1.4. SinceP; is Feller, we know that for any € H and open setl
with P, (u, A) > 0 there exists an open sBtcontainingu so that

inf P, (u, A) > 0.
ueB

Combining this fact with the weak topological irreducibyjiwe deduce that for all
uy,us € H there exists € H so that for any > 0 there exists a, ¢1,t2 > 0 with
inf P, (2, B(v)) >0 (2.1)
2€ B (u;)
fori=1,2.

Now assume by contradiction that we can find two distinct et probability
measureg; andus for P;. Since any invariant probability measure can be written as a
convex combination of ergodic measures, we can take thera ésdndic without loss
of generality. Picking:; € supp{;), by assumption there existsvaso that for any
e > 0 there existgy, to andd > 0 so that[[Z11) holds. Since; € suppf;) we know
thatu;(Bs(u;)) > 0 and hence

1i(Be(v)) = /H Pr (2, Boo)pidz) > / Pr (2. B())ua(dz)

By (u;)

> us(Bo(w))__inf P, B(v) > 0.

Sincee was arbitrary, this shows thate supp{:;1) N suppfz), which by Theoreri 112
gives the required contradiction. O

We now give a more quantitative version of Theofem 1.2. Itshthat if one has
access to the quantitative information embodiein (1 2p@posed to only the asymp-
totic strong Feller property, then not only are the suppoiremy two ergodic invariant
measures disjoint but they are actually separated by andistahich is directly related
to the functionC' from (1.2).

Theorem 2.1 Let {P;} be a Markov semigroup on a separable Hilbert spatsuch
that (T.2) holds for some non-decreasing functi@n Let ;1 and us be two dis-
tinct ergodic invariant probability measures f@;. Then, the boundu; — uq|| >

1/C(J|u1]| V |Juz||) holds for any pair of point§uy, u2) with u; € suppu;.

Proof. The proof is a variation on the proof of Theorem 3.16[in [HMOBYe begin
by defining foru,v € H the distancel,,(u,v) = 1 A (v/3,, ||u — v||) whered,, is the
sequence of positive numbers from {1.2). As shown in thefpgbdheorem 3.12 in

[HMO#€], one has
dn (Pt 0uy s Prou,) < [lur — ug||C([Jur || V [Juzl)(1 + v/6,) (2.2)

whered,, is the 1-Wasserstein distafiaen probability measures induced by the metric
dy,. Observe that for alk, v € H, d,,(u,v) < 1 and limd,,(u, v) = 1;,,(v). Hence by

3dn(v1,v2) = sup pdvi — [ @dvo where the supremum runs over functigns H — R which have
Lipschitz constant one with respect to the mettic
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in Lemma 3.4 of[[HMOB], for any probability measuresandv, lim,, . dy, (11, v) =
drv(u, v) wheredry (i, v) is the total variation distanfe

Let ;1 andpus be two ergodic invariant measures wijth # . By Birkhoff’s
ergodic theorem, we know that they are mutually singulartaad dry (11, p12) = 1.
We now proceed by contradiction. We assume that there exjs# of points ¢, us)
with u; € suppf;) such thatl|u; — us|| < C(JJu1]| V |luz|]). We will conclude by
showing that this implies thairy (11, 12) < 1 and hences; andus are not singular
which will be a contradiction.

Our assumption om; andus implies that there exists a sdt containingu; and
ug such thaty = min(u; (A), p2(A4)) > 0 ands = sup{||lu — v|| : u,v € AYC(||lus|| v
[luz|]) < 1. As shown in the proof of Theorem 3.16 in [HMO6], for anyne has

dn(ﬂlyﬂ&) <1- Oé(l - SUB dn(P:(S’IJNP:(SUz))
Vi€

<1—a(l-B(1+/6,)

where the last inequality used the bound in equation (2.2kinGn — oo pro-
ducesdry (i1, p2) < 1 — a(l — B). Sincea € (0,1) and$ < 1 we concluded that
drv(u1, p2) < 1. This implies a contradiction singe; and i, are mutually singular
measures. |

Paired with this stronger version of TheorEml1.2, we havedhewing version
of Corollary[1.4 which uses an even weaker form of irredditjbi This is a general
principle. If one has a stronger from of the asymptotic giré&eller property, one
can prove unique ergodicity under a weaker form of topolalgiceducibility. The
form of irreducibility used in Corollar{_2]2 allows the poiwhere two trajectories
approach to move about, depending on the degree of closesmsised. To prove
unigque ergodicity, the trade-off is that one needs somerabaftthe “smoothing rate”
implied by asymptotic strong Feller at different points image space.

Corollary 2.2 Let {P;} be as in Theore 2.1. Suppose that, for evégy> 0, it is
possible to findz > 0 andT" > 0 such that, for every > 0, there exists a point with
[lv]] < R such thatPr(u, B-(v)) > 0 for every||u|| < Ry. Then,P; can have at most
one invariant probability measure.

Proof. Assume by contradiction that there exist two ergodic irarprobability mea-
suresu, andus for P;. Then, choosing?, large enough so that the open ball of radius
Ry intersects the supports of bath and ., it follows form the assumption, by sim-
ilar reasoning as in the proof of Corollary 1.4, that spppntersectsB.(v). Since
lv]] is bounded uniformly ire, makinge sufficiently small yields a contradiction with
Theoreni 21 above. O

3 Functional analytic setup

In this section, we introduce the basic function analytteigefor the rest of the paper.
We will develop the needed existence and regularity thempldce the remainder of
the paper of a firm foundation. We consider semilinear stetbhavolution equations

4Different communities normalize the total variation dista differently. Ourdry is half of the total
variation distance as defined typically in analysis. Thenitégdn we use is common in probability as it is
normalised in such a way thdy (i1, ) = 1 for mutually singular probability measures.
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with additive noise in a Hilbert spadé (with norm|| - || and innerproduct-, -) ) of
the form .
du=—Ludt+ N(u)dt + > gu dWi(t), uo€H . (3.1)
k=1

Here, thelV,, are independent real-valued standard Wiener processesawe prob-
ability space , P, F). Our main standing assumption throughout this articlads £
generates an analytic semigroup and that the nonlinearitgsults in a loss of regu-
larity of a powers ofL for somea < 1. More precisely, we have:

Assumption A.1 There exists: € [0,1) and 4, 8« > —a (either of them possibly
infinite) with~, + 8, > —1 such that:

1. The operatorl.: D(L) — H is selfadjoint and satisfie&:, Lu) > |lul|?>. We
denote by, o € R the associated interpolation spaces (i, witha > 0 is
the domain of.® endowed with the graph norm arl_, is its dual with respect
to the pairing inH). Furthermore,} ., is the Féchet spacé{.. = (), Ha
and#H _, isits dual.

2. There exista > 1 such that the nonlinearity belongs tdPoly" (H+q, H) for
everyy € [—a, v,) (see the definition dfolyin Sectiof 3.1l below). In particular,
from the definition oPoly(H, .4, H,), it follows that it is continuous frorf
10 Hoo-

3. Foreveryg € [—a, ) there existsy € [0, v, + 1) such that the adjoint (i)
DN*(u) of the derivativeD N of N atu (see again the definition in Section13.1
below) can be extended to a continuous map ffémo L(H ra, Hp).

4. One hagy;, € H, 1 for everyk.

Remark 3.1 If v, > 0, then the range& € [—a, (] for Assumption A ILB follows
directly from Assumptio’All12, sin¢e’A[1.3 simply statkattforu € H., DN (u) is
a continuous linear map frofl_g to H_g_,.

Remark 3.2 The assumptiorfu, Lu) > |lu||? is made only for convenience so that
L7 is well-defined as a positive selfadjoint operator for every R. It can always be
realized by subtracting a suitable constani.tand adding it taV.

Similarly, non-selfadjoint linear operators are allowé&dhie antisymmetric part
is sufficiently “dominated” by the symmetric part, since aran then consider the
antisymmetric part as part of the nonlinearity

Remark 3.3 It follows directly from the Calderon-Lions interpolatitheorem[[RS80,
Appendix to IX.4] that if NV € Poly(Ho, H—_.) NPOly(H~, +a, H~,) fOr somey, > —a,
thenN € Poly(H+., H-) for everyy € [—a,~,]. This can be seen by interpreting

as a sum ofinear maps fron#5}", to #., for suitable values of..

It will be convenient in the sequel to defideby

F(u) = —Lu+ N(u) . 3.2)
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Note thatF is in Poly" (.11, ) for everyy € [—1,4,). We also define a linear
operatorG: R — H., by

d
Gv = kagk ,
=1

forv = (v1,...,vq) € R% With these notations, we will sometimes rewrlfle(3.1) as
du=F(u)dt+ GdW(t), up€™H, (3.3)
for W = (W, ..., Wy) a standard-dimensional Wiener process.

3.1 Polynomials

We now describe in what sense we mean tkids a “polynomial” vector field. Given
a Fréchet spac&’, we denote by (X) the space of continuous symmetridinear
maps fromX to itself. We also denote bg(X, Y) the space of continuous linear maps
from X to Y. For the sake of brevity, we will make use of the two equivafertations
P(u) and P(u®™) for P € L™(X).

GivenQ) € L, its derivativeis given by the following: — 1-linear map fromx to
L(X, X):

DQu)v = kQ(u®* Y @) .

We will also use the notatioPQ*: X — L(X', X’) for the dual map given by
(w, DQ*(u)v) = (v, DQu)w) = k(v, Qu*D © w)) .

GivenP € L£F andQ € £¢, we define the derivativEQ P of @ in the directionP
as a continuous map frotd x X to X by

DQ(u) P(v) = (Q(u®“" @ P(v)) .

Note that by polarisation; +— DQ(u)P(x) uniquely defines an element af ¢!,
This allows us to define a “Lie bracketP[ Q] € £F+~1 betweenP andQ by

[P, QI(u) = DQ(u) P(u) — DP(u) Q(u) -
We also define Poly(X) as the set of continuous maps X — X of the form

n

P(u) =Y P¥(u),

k=0

with P® ¢ £F(X) (here£?(X) is the space of constant maps and can be identified
with X). We also set PolyX) = |J,,~,Poly"(X). The Lie bracket defined above
extends to a map from Pol() x Poly(X) — Poly(X) by linearity.

3.1.1 Polynomials overH

We now specialize to polynomials ovét. We begin by choosind( equal to the
Fréchet spacé!.., the intersection of{, over alla > 0. Next we define the space
Poly(H., Hs) C Poly(H..) as the set of polynomial® € Poly(H.,) such that there
exists a continuous map: H, — Hp with P(u) = P(u) for all w € H... Note

that in general (unlike Polf{~.)), P,Q € Poly(H,,H) does not necessarily imply
[P, Q] € Poly(H.,Hs). We will make an abuse of notation and use the same symbol
for both P and P in the sequel.
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3.1.2 Taylor expansions and Lie brackets

We now consider the Taylor expansion of a polynomjah a directiong belonging to
spaf g1, , 94} C Hy,+1. FiXQ € Poly"(H.,, Hp) for somey < ~, + 1 and any
B eR. ForveH, andw = (wy,...,wq) € RY, observe that there exist polynomials
Q. such that

d
Q(U + ngwk) = Z Qa(v)wa y Wo = Way » - Wey (34)

k=1 o
where the summation runs over all multi-indices= (a1,...,ap), £ > 0 with

values in the index sefl,...,d}. It can be checked that the polynomidls, €
PoIW"“'(HV, ) are given by the formula

Qu®) = [l 1@ 90.] - 10 = 2 DIRG9 - (39)

Here, a! is defined bya! = «a(1)!---a(d)!, wherea(j) counts the number of oc-
curences of the indekin a. (By convention, we sép, = Q andQ, = 0if |a| > m.)

We emphasize that multi-indices an@orderedcollections of{1,...,d} where
repeated elements are allowed. As such, the union of twoi-ndites is a well-
defined operation, as is the partial ordering given by iroh(3

3.2 Apriori bounds on the solution

This section is devoted to the proof that Assumpfiiod A.1 ficiant to obtain not only
unique solutions td(311) (possibly up to some explosiorejinbut to obtain further
regularity properties for both the solution and its derfixatvith respect to the initial
condition. We do not claim that the material presented ig $leiction is new, but while
similar frameworks can be found ih_ [DPZ92, Fla95], the framek presented here
does not seem to appear in this form in the literature. Siheeptoofs are rather
straightforward, we choose to present them for the sakeropteteness, although in a
rather condensed form.

We first start with a local existence and uniqueness resuthfosolutions ta(311):

Proposition 3.4 For every initial conditionu, € H, there exists a stopping time> 0
such that[(3.11) has a unique mild solutiarup to timer, that is to say: almost surely
satisfies

t t
ug = e Flug + / e LI N (u,) ds + / e =G aw (s), (3.6)
0 0

for all stopping timeg with ¢ < 7. Furthermoreu is adapted to the filtration generated
by W and is inC([0, 7), H) with probability one.

Remark 3.5 Since we assume thaf is locally Lipschitz continuous frorfi{ to H_,
for somea < 1 and since the bounitt=%¢||3, ., < Ct~“ holds fort < T, the first
integral appearing if.(3.6) does convergeHn Therefore the right hand side ¢f(B.6)
makes sense for every continudidsvalued process.

5To be precise, one could identify a multi-index with its cting functiona: {1,...,d} — N. With
this identification, the union of two multi-indices corresyls to the sums of their counting functions, while
a C 8 means thatu(k) < B(k) for everyk.
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For notational convenience, we denote By,(s,t) = [! e “¢="G dW (r) the
“stochastic convolution.” Since we assumed thate #,, 11, it is possible to obtain
bounds on all exponential moments of gup., |W.(s, t)|| for everyT" > 0 and
everyy < v, + 1.

Proof. Given a function{: R — #H and a timel" > 0, define a mapbr¢: H x
C([0,T1],H) — C([0,T7, H) (endowed with the supremum norm) by
t
(®r,e(uo, u)), = e Hug + &(t) + / e HEIN (ug) ds (3.7)
0

SinceN € Poly(H,H_,) by settingy = —a in Assumptior AJLR, and suppressing
the dependence an, there exists a positive constaritsuch that

t
[®7.6(u) = Pre(@)]| < sup C/ (t = )"l — s || (1 + [Jus ]| + || ])" " ds
te[0,T1] 0
~ ~yn—1 —a
< Cllu—all(1 + [ful| + [|lal)™ ™ T

Recall that: is the degree of the polynomial nonlineari. It follows that, for every

&, there existsI” > 0 and R > 0 such that®r ¢(uo, -) is a contraction in the ball
of radius R arounde="ug + £(t). Settingé(t) = W(0,t), this yields existence and
uniqueness of the solution 10 (B.6) for almost every noigh P& (0, t) by the Banach
fixed point theorem. The largest su¢hs a stopping time since it only depends on the
norm of up and on¢ up to timeT'. Itis clear that®7 ¢(uo, u); only depends on the
noisellz, up to timet, so that the solution is adapted to the filtration generayeld’h
thus concluding the proof of the proposition. 0O

The remainder of this section is devoted to obtaining furtkegularity properties
of the solutions.

Proposition 3.6 Fix 7' > 0. For everyy € [0, v. + 1) there exist exponenjs, > 1
andg, > 0 and a constan€’ such that

luelly < Ct79 (14 sup flugll+ sup [[Wi(s,)])"™ (3.8)

s€[£,t] L<s<r<t

forall t € (0,7 A 7], wherer = supf{t > 0 : |lw] < oo}. In particular, if v =
Z?:o §; for somek € N andd; € (0,1 — a) theng, < Z;‘f:l §;ni—t.

Proof. The proof follows a standard “bootstrapping argument™oim the following
way. The statement is obviously true fpr= 0 with p, = 1 andg, = 0. Assume that,
for somea = g € [1/2, 1) and for somey = v, € [0, v« + a), we have the bound

luelly < Ct7 (1 + sup fusl+  sup [[Wi(s, )l5)" 3.9

s€lat,t] at<s<r<t

forall t € (0,77.

We will then argue that, for any arbitratye (0,1 — a), the statemenf(3.9) also
holds fory =~ + 4 (and therefore also for all intermediate valuespanda = of.
Since it is possible to go from = 0 to any value ofy < v, + 1 in a finite number of
steps (making sure that< 1 + « in every intermediate step) and since we are allowed
to choosex as close td as we wish, the claim follows at once.
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Using the mild formulatior((316), we have

t

up = e =ty 4 / e_L(t_S)N(us) ds + Wi (at,t) .
at

Sincey € [0, 7, + a), one hasV € Poly(H.,, H—,) by Assumptiof AILR. Hence, for

t € (0,7,

t
uellrs < O fluadlly + Welat, )]l + C/ (t = )"+ [lus,)" ds
at

SO+ 7079 sup (L+ flus|y) + [Welat, 0)]l,

at<s<t
< Ct™° sup (1+ Jlusll}) + [Welat, )|, -
at<s<t
Here, the constart’ depends on everything btindug. Using the induction hypoth-
esis, this yields the bound

[uellyis < CEOT" (14 sUp lug|+  sup  [|Wi(s,7)l|,)"™ +[[Welat, )|
s€la?t,t] a?<s<r<t

thus showing thaf(319) holds for = 7o + § anda = o with p,4+s = np, and
¢v+s = 0 + ng,. This concludes the proof of Proposition]3.6. O

3.3 Linearization and its adjoint

In this section, we study how the solutions[fo{3.1) depentheir initial conditions.
Since the map fron(3.7) used to construct the solutions) (8 Fréchet differen-
tiable (it is actually infinitely differentiable) and sindes a contraction for sufficiently
small values of, we can apply the implicit functions theorem (see for exaniRR04]
for a Banach space version) to deduce that for every realisaf the driving noise,
the mapus — u; is Fréchet differentiable, provided thiat> s is sufficiently close to
S.

Iterating this argument, one sees that, for any ¢ < 7, the mapu, — u,; given
by the solutions to[(3]1) is Fréchet differentiable}in Inspecting the expression for
the derivative given by the implicit functions theorem, vamclude that the derivative
Js 1 in the directiony € #H satisfies the following random linear equation in its mild
formulation:

OrJspp = —LJs o+ DN(up)Js o, Jssp=¢. (3.10)
Note that, by the properties of monomials, it follows fromsmptior AL that
IDN@)vll < CQ A+ [ully+a)" " [0l

for everyy € [—a, ). A fixed point argument similar to the one in Proposition 3.4
shows that the solution t§ (3110) is unique, but note thabésdnot allow us to obtain
bounds on its moments. We only have that for &hgmaller than the explosion time
to the solutions of{(3]1), there exists a (random) constasiich that

sup  sup [[Js.pl < C. (3.11)
0<s<t<T ||||<1

The constantC' depends exponentially on the size of the solutiom the interval
[0, T]. However, if we obtain better control oi, ; by some means, we can then use
the following bootstrapping argument:
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Proposition 3.7 For everyy € (0,7, + 1), there exists an exponeg{ > 0, and
constants” > 0 and~y, <  such that we have the bound

| Jereselly < O™ SUp (1t fuegr o)™ [ esirell . (312)

rels,s

for everyp € H and everyt,s > 0. If v < 1 — a, then one can choosg = 0 and
gy =mn-—1.

Since an almost identical argument will be used in the prddProposition3.p
below, we refer the reader there for details. We chose tceptabkat proof instead of
this one because the presence of an adjoint causes sligtibadbcomplications.

Fors <, let us define operatofs; ; via the solution to the (random) PDE

asI(s,t(P = LKs,t(P - DN*(US)Ks,t(P ’ Kt,t‘P =¢, Y& H. (313)

Note that this equation rurtsackwardsin time and is random through the solution
uy of 3J). Here,DN*(u) denotes the adjoint i of the operatotD N (u) defined
earlier. Fixing the terminal timé and settingp; = K;_5 ¢, we obtain a more usual
representation fop,:

85908 = —Lyps + DN*(ut—s)SDs : (314)

The remainder of this subsection will be devoted to obtgjmegularity bounds on the
solutions to[(3.113) and to the proof thAt, ; is actually the adjoint of/, ;. We start
by showing that, fory sufficiently close to (but less than) + 1, (3.13) has a unique
solution for every pathy € C(R, H) andy € H.

Proposition 3.8 There existsy < v, + 1 such that, for every € H, equation[(3.113)
has a unique continuouX-valued solution for every < t and everyu € C(R, H).

Furthermore K ; ; depends only on, for r € [s, t] and the mapp — K ;¢ is linear

and bounded.

Proof. As in Propositioi 314, we define améyg-,,: H x C([0,T1], H) — C([0,T],H)
by
t
(®7,u(p0, %)), = e 0 +/ e MmN (DN (us))ps ds -
0
It follows from Assumptioi ALB withB = —a that there exists < +, + 1 such that
DN*(u): H — H_, is a bounded linear operator for every= #.,. Proceeding as in

the proof of Proposition 314, we see tliats a contraction for sufficiently small.
O

Similarly to before, we can use a bootstrapping argumertidvshatk’; . actu-
ally has more regularity than stated in Proposifion 3.8.

Proposition 3.9 For everys € (0, 5, + 1), there existsy < v, + 1, an exponent
gsg > 0, and a constanf’ such that

1Ki—arplls < Cs™0 sup (L flums )% | Kiorrgll . (3.15)

re[$,s]

for everyp € H, everyt, s > 0, and everyu € C(R, H,).
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Proof. Fix 8 < 8, +a andd € (0,1 — a) and assume that the boufid (3.15) holds for
||Ks.¢0]| 3. Since we runs “backwards in time” froms = ¢, we consider again as
fixed and use the notatian, = K;_; :¢. We then have, for arbitrary € (0, 1),

loslig+s < Cs™°llwaslls + O/ (s = )T DN (ur—r)prllg—a dr

provided thaty is sufficiently close toy, + 1 such thatDN*: H., — L(Hg, Hz—o) by
Assumptio AJLB. Furthermore, the operator norniaf *(v) is bounded byC(1 +
[o]l,)"~, yielding

lsllg+s < Cs°llpaslls + Cs @+ sup (1+||ur|\w)" Herlls

refas,s]

<Cs% sup (1+||ur|| ) Mierlls -

relas,s]

Iterating these bounds as in Proposifiod 3.6 concludesrthe.p 0O

The following lemma appears also [N [MP06, BMOQ7]. It playsemtal role in estab-
lishing the representation of the Malliavin matrix givenf@Il) on which this article
as well as[[MP0OE, BMQ7] rely heavily.

Proposition 3.10 For every0 < s < t, K, is the adjoint of/, ; in #, thatis K, ; =
JE .

Proof. Fixing 0 < s < ¢t andyp, ) € H, we claim that the expression

< sr(;pv T tw> (316)

is independent of € [s,¢]. Evaluating [3.Ib) at both = s andr = ¢ then concludes
the proof.

We now prove that{3:16) is independentroés claimed. It follows from[{3.13)
and Propositioh 316 that, with probability one, the map> K., is continuous with
values inH 31 and differentiable with values iH g, provided thap < 3,. Similarly,
the mapr — J, .4 is continuous with values i, and differentiable with values
in ., provided thaty < ,. Sincey, + 3, > —1 by assumption, it thus follows that
(3.186) is differentiable im for r € (s, t) with

ar< s Tsﬁy T t"/)> <(L + DN(U‘T)) S r@v T,tw>
— (Jsro, (L+ DN*(u,)) K, 30) =0

Since furthermore both — K, ;¢ andr — J; ¢ are continuous im on the closed
interval, the proof is complete. See for example [DL92, p/]4@r more details. O

3.4 Higher order variations

We conclude this section with a formula for the higher-onderations of the solution.
This will mostly be useful in Sectidd 8 in order to obtain tmeathness of the density
for finite-dimensional projections of the transition probiies.

For integem > 2, letp = (¢1,- -+ ,¢,) € H®" ands = (s1,-- - , sn) € [0, 00)"
and definevs = s; V --- V s,,. We will now define then-th variation of the equation
Jﬁﬁ)cp which intuitively is the cumulative effect om; of varying the value ofi,, in the
directionypy,.
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If I = {n1 < ... < ny}is an ordered subset dfl,...,n} (here|/| means
the number of elements i), we introduce the notation; = (sn,,.. .,snm) and
©1 = (Pnys-- -+ ¥ny, ). Now then-th variation of the equatiod"? solves

0 I = —LJMp + DN(u(®) I + G0 (ult), ), t > Vs, (3.17)

JNe=0, t<vs,

where

mAn

=3 32 DING (e o) (318)

and the second sum runs over all partitiong df. .., n} into disjoint, ordered non-
empty setdy,...,1,.
The variations of constants formula then implies that

t
Je = / Trt G0Ny, @)dr (3.19)
0
see also[BMQ7]. We obtain the following bound on the higbeter variations:

Proposition 3.11 If 5, > a— 1 then there exists < ~, 41 such that, for every. > 0,
there exist exponenfs,, and M,, such that

|7l < C© sup @+ [Jupl])V sup (14 [[ o)
re[0,t 0<u<v<t

uniformly over alln-uplesy with ||¢ || < 1 for everyk.
Proof. We proceed by induction. As a shorthand, we set
EM,N) = sup (1 +|lusl|-)¥ sup (1+]Juol)™ .
re[0,t] 0<u<v<t

The result is trivially true forn = 1 with A, = 1 andN; = 0. Forn > 1, we combine
(3.19) and[(3.118), and we use AssumpfionlA.1, part 2., toiebta

t
1952012 € [ 1nall-amn (14 larl” + 3 1ol ar
0 T

t
< CEMy1, 1N +1) [ [Erilocsadr
0

To go from the first to the second line, we used the inductiquoliyesis, the fact that
K, = J;;, and the duality betweeH,, andH .
It remains to apply Propositidn_3.9 with= « to obtain the required bound. [

4 Malliavin calculus

In this section, we show that the solution to the SPDE (3.%)anialliavin derivative
and we give an expression for it. Actually, since we are degakith additive noise, we
show the stronger result that the solution is Fréchet iiffeéable with respect to the
driving noise. In this section, we will make the standinguasption that the explosion
time 7 from Propositiol 3 4 is infinite.
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4.1 Malliavin derivative

In light of Propositio 3.4, for fixed initial condition, € H there exists an “I[td map
o - C([0,1],RY) — H with u; = ®(W). We have:

”

Proposition 4.1 For everyt > 0 and everyu € H, the map®} is Fréchet differen-
tiable and its Féchet derivativeD®%v in the directionv € C(R,,RY) satisfies the
equation

dD®}v = —LD®}v dt + DN (u;)DP}v dt + Gdu(t) (4.1)

in the mild sense.

Remark 4.2 Note that[[4.1l) has a unigd¢-valued mild solution for every continuous
functionv because it follows from our assumptions tidai € C(Ry,#) for some

~v>0and thereforqg e =G du(s) = Gv(t)fethGv(O)—fot Le=Lt=9)Gu(s) ds
is a continuous${-valued process.

Proof of Propositiof . 4]1.The proof works in exactly the same way as the arguments
presented in Sectidn 3.3: it follows from Remérkl4.2 thatdoy givenuy € H and
t > 0, the map

t t
(W, u) — e Llug + / e PO N (u(s)) ds + / e HE=DG AW (s)
0 0

is Fréchet differentiable id([0, ], RY) x C([0,t],H). Furthermore, fot sufficiently
small (depending om and W), it satisfies the assumptions of the implicit functions
theorem, so that the claim follows in this case. The claimdidnitrary values of
follows by iterating the statement. O

As a consequence, it follows from Duhamel’s formula and #et thatJ; , is the
unique solution td(3.10) that

Corollary 4.3 If v is absolutely continuous and of bounded variation, then
t
Dojv = / Js1Gdu(s) , (4.2)
0

where the integral is to be understood as a Riemann-Stetijegral and the Jacobian

Js ¢ is asin [3ID).

In particular, [4.R) holds for everyin the Cameron-Martin space
CM = {v: 9w € L*([0,),R?Y), v(0) =0},

which is a Hilbert space endowed with the nofmi2,, = [, [0sv(t)|2. dt = || O]
Obviously,CM is isometric taCM’ = L2([0, o), R%), so we will in the sequel use the
notation

t t
D d" DDy = /0 Jo+Gdo(s) = /0 Jo1Gh(s)ds, if dv=nh. (4.3)

The representation (4.2) is still valid for arbitrary stastic processées such that: €
CM' almost surely.
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SinceG : RY — H~.+1 is a bounded operator whose norm we derj@t4, we
obtain the bound

t
D@ < IIGI/0 [ Js.ell 1P(s)[ ds < CI[ .t 20,20 1P

valid for everyh € CM’. In particular, by Riesz’s representation theorem, thsagh
that there exists a (random) elemémnb’ of CM’ ® H such that

D — (DB, h)epnr = / D, &% h(s) ds | (4.4)
0

for everyh € CM'. This abuse of notation is partially justified by the facttifzd least
formally, D;®} = D;, @} with h(r) = (s — r). In our particular case, it follows from
(4.2) that one has

DY =J,,GER'QH, t>s,

andD;®¥ = 0 for s > t. With this notation, the identity_(4l2) can be rewritten
asDpu; = fot Dsuy h(s)ds. It follows from the theory of Malliavin calculus, see for
example[[Mal9¥7, Nua95] that, for any Hilbert spaethere exists a closed unbounded
linear operato@: L*(2,R) @ H — L2, F:,CM’) @ H such thatD®; coincides
with the object described above whenewgris the solution map td (3.1). Heré; is
thec-algebra generated by the increment$iofip to timet and L2, denotes the space
of L? functions adapted to the filtratiofi-, }.

The operatoD simply acts as the identity on the facfr so that we really interpret
it as an operator from?($2, R) to L%(2, CM’). The operatoP is called the “Malliavin
derivative.”

We define a family of random linear operatots: CM’ — H (depending also on
the initial conditionuy € H for B)) byh — (D®¥, h). It follows from (4.3) that
their adjointsA; : H — CM’ are given fo € H by

G*J:,tf =G"Ks 4§ fors <t,

4.5
0 fors >t. (4.5)

(A7(s) = {

Similarly, we defined,;: CM’ — H by Ay h £ A(hlyg) = (Dug, hlpg) =
f; Jr+Ghrdr. Observe thatd; ,: H — CM' is given for§ € H by (A; () =
G*J & = G* K, & for r € [s,t] and zero otherwise. '

Recall that the Skorokhod integral— f(f h(s) - dW(s) = D*h is definedas the
adjoint of the Malliavin derivative operator (or rather bétpart acting od.?(Q2, 7, R)
and not oriH). In other words, one has the following identity betweemedats ofH:

def

ED, " = E(D®Y, h) = E(q)g / t h(s) - dW(s)) , (4.6)
0

for everyh € L%(Q2,CM’) belonging to the domain dp*.
Itis well-established [Nua95, Ch. 1.3] that the Skorokhudgral has the following
two important properties:
1. Every adapted proceaswith E[|A[|?> < co belongs to the domain @* and the
Skorokhod integral then coincides with the usual Ito in&kg
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2. For non-adapted processesif h(s) belongs to the domain @b for almost
everys and is such that

t t t
E/ / |Dsh(r)|3ads = E/ IDsh|? ds < oo,
0 JO 0

then one has the following modification of the Itd isometry:

E(/Ot h(s) - dW(s))2 - E/Ot |(s)[34 ds
+ E/Ot /Ot tr Dyh(r)D,h(s)dsdr . (4.7)

Note here that sinck(s) € R?, we interpretD, h(s) as ad x d matrix.

4.2 Malliavin derivative of the Jacobian

By iterating the implicit functions theorem, we can see thatmap that associates a
given realisation of the Wiener proceBs to the Jacobiaw ;¢ is also Fréchet (and
therefore Malliavin) differentiable. Its Malliavin deative Dy, J; ;¢ in the direction

h € CM’ is given by the unique solution to

O DhJssp = —LDpJs 10 + DN (us)DpJs 10 + D N(ug)(Drus, Js i)

endowed with the initial conditio®;, Js s> = 0. Just as the Malliavin derivative of the
solution was related to its derivative with respect to thigahcondition, the Malliavin
derivative of.J ; can be related to the second derivative of the flow with retSpetbe
initial condition in the following way. Denoting by)(, ) the second derivative of
u; With respect taug in the directionsp and), we see that as irﬂB]l?Jgt)(gp, ) Is
the solution to

8: (@, ) = —LIp, 1) + DN (u) I, ) + D2N (ug) (Js 40, T ,00)

endowed with the initial conditiod %) (¢, 1) = 0.

Assuming thath vanishes outside of the intervad, ] and using the identities
Jrtdsr = Jor andDyuy = fst Jr+Gh(r)dr, we can check by differentiating both
sides and identifying terms that one has the identity

t
DpJorp = / JENGh(r), Jsrp) dr (4.8)
which we can rewrite as
Dsz,t(p = J£2t)(G7 JS,T'(P) (49)
This identity is going to be used in Sectidn 5.

4.3 Malliavin covariance matrix

We now define and explore the properties of the Malliavin cevece matrix, whose
non-degeneracy is central to our constructions.
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Definition 4.4 Assume that the explosion time= oo for every initial condition ir.
Then, for anyt > 0, the Malliavin matrixM;: H — H is the linear operator defined

by
d t
Mp = Z/ <Jsvtgk’ 50>Js,tgk ds . (4.10)
k=170

Observe that this is equivalent to
t t
Mt = .At.A: = / JS,tGG*J;_’t ds = / JS7tGG*KS7t ds y
0 0

thus motivating the definition1, , = A .A; , for arbitrary time interval® < s < t.
From this it is clear that\{, ; is a symmetric positive operator with

d t d t
Mio) =Y [(usgods =3 [ lon Konel ds (4.11)
k=170 k=170

forall o € H.

The meaning of the Malliavin covariance matrix definedid (%} is rather intuitive,
especially for the diagonal element$1;p, p). If (M, p, ) > 0 then there exists
some variation in the Wiener process on the time intefidl which creates a variation
of u, in the directionp.

Itis also useful to understand on what spaces the operator ofoM, is bounded.
As a simple consequence of Proposifiod 3.7, we have:

Proposition 4.5 For everyT’ > 0 andy € [0, (1 — a) A 1), M7 can be extended to a
bounded (random) linear operator frofid_., to £, with probability one. In particular,
M is almost surely a positive, self-adjoint linear operator®d such that the bound

sup (Mr, ) <TC  sup  sup(l + [lul)*" 2| Jo.cgnll®
PUEH 0<s<t<T k
llell—y=llvll-~=1

holds with some deterministic constart

Remark 4.6 If the linear operatol. happens to have compact resolvent, which will be
the case in most of the examples to which our theory applies) the operataM

is automatically compact, since the embeddiag — H is then compact for every
v > 0.

Proof. From [4.10) we have that

d  nt
Sup <MtS0)1/J> S Z/ HJS,tng,QYdS .
P YpEH_, —~Jo
el —v=llwll—v=1

Since they;, belong toH by assumption, the required bound now follows from Propo-
sition[3.7, noting that the singularity at= ¢ is integrable by the assumption< %
O



SMOOTHING IN INFINITE DIMENSIONS 25

5 Smoothing in infinite dimensions

We now turn our study of(313) to one of the principal goalshi$ tarticle. As in the
preceding section, we shall assume that all solutions agag)in time and that the
standing assumptions from Assumption]A.1 continue to hdlte aim of this section
is to prove “smoothing” estimates for the correspondingkdarsemigrou?; whose

action on bounded test functiops: H — R is defined by

Pro(v) = Epp(uy) -

Here, the subscript in the expectation refers to the indtiaddition for the solutionu,
to (3.3). We begin with a brief discussion of the type of esties we will prove and the
ideas used in their proof. A long discussion on this can baddao [HMOE] in which
a number of the tools of this paper were developed or [Matd8@kkvhas a longer
motivating discussion.

Recall also that the Malliavin covariance mati,: H — H for the solution
to (3.3) was defined if{410) asl; = A;A; and that it is a random, self-adjoint
operator onH{. SinceH is assumed to be infinite-dimensional{; will in general
not be invertible. However as discussed in the introductierwill only need it to be
“approximately invertible” on some subspace paired witssuanption that the dynam-
ics is counteractive off this subspace. The assumption pbraximate invertibility”
on some subspace is formulated in Assumpfiod B.1 below amddntractivity as-
sumption is formulated in Assumptibn B.4. These are the twalémental structural
assumptions needed for this theory. In between the statesh#rese two assumption
two other assumptions are given. They are more technicalture and ensure that we
can control various quantities.

Assumption B.1 (Malliavin matrix) There exists a functioti : H — [1, c0) and an
orthogonal projection operatall: # — 7 such that, for every > 0, the bound

(¢, M1¢p)

P in <e) < Cla,p) UP(up) €7, 51
(nnwuzanwn lel? )— (e, p) UP (uo) (5.1)

holds for every < 1, p > 1 andug € H. Furthermore for somg > 2, there exist a
constantCy; so that for every initial conditiom, € H, the bound

EU(u,) < CLUY(u) ,
holds uniformly inn > 0.

We are also going to assume in this section that the solutmi(8.3) have the
following Lyapunov-type structure, which is stronger thessumptiod C.JL used in the
previous section:

Assumption B.2 (Lyapunov structure) Equation [3.B) has global solutions for every
initial condition. Furthermore, there exists a functiéh: # — R such that there
exist constant§’;, > 0 and»’ € [0, 1) such that

Eexp(V(u1)) < exp(n’'V(ug) +CL) . (5.2)

Assumption B.3 (Jacobian) The Jacobian/; ; and the second variatiodgg satisfy
the bounds

El Jo.l|? < exp(pnV (uo) + pCy) ,
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E[JAP < exp(pnV (uo) + 5CP)

forall 0 < s <t < 1 and for some constanfs> 10 andrn > 0 with pp < 1 — ' and
2/q+10/p < 1, wherer is the constant from AssumptionB.2 anthe constant from
Assumptiof Bl1.

Remark 5.1 When we write||. /| we mean the operator norm frobh @ H — H,
namely sup ¢4, [|/® (2. V) /(]| [])-

We finally assume that the Jacobian of the solution has somedthing prop-
erties” in the sense that if we apply it to a function that bgl® to the image of the
orthogonal complemeri+ = 1 — II of the projection operatdd then, at least for
short times, its norm will on average be reduced:

Assumption B.4 (Smoothing) One has the bound
EllJo TP < exp@nV (ug) — pCr) (5.3)

for some constartty; such thaCn —C; > 2kCr, wherex = n/(1—17'). The constants
n andp appearing in this bound are the same as the ones appearingsarption B13,
the constanty is the same as the one appearing in Assumiich B.2, and tiection
IT is the same as the one appearing in Assumjafioh B.1.

Remark 5.2 The conditionC; — C; > 2xC, may seem particularly unmotivated. In
the next section, we try to give some insight into its meaning

Remark 5.3 We will see in the proof of Theoren 8.1 below that if we assuinae the
linear operato. has compact resolvent, then Assumpfion B.4 can always sfisdt
by taking forII the projection onto a sufficiently large number of eigenvesof L.

Remark 5.4 Notice that if Rangd{) C sparfgi,-.., g4}, then in light of the last
representation i (4.11) it is reasonable to exdect (5.hptd as long as one has some
control over moments the modulus of continuity of— K, ;. (This is made more
precise in Lemm@a6.18.) We refer to such an assumption omatigeras the “essentially
elliptic” setting since all of the directions whose (patbe)idynamics are not controlled
by Assumptiofi B¥ are directly forced.

Under these assumptions we have the following result whidhe fundamental
“smoothing” estimate of this paper. Itis the linchpin on aall of the ergodic results
rest.

Theorem 5.5 Let Assumptions A.1 and B.1-B.4 hold. Then for ang [0, (C —
Cy)/2—rC1) there a exist positive constarssuch that for all. € N and measurable
p:H—=R

ID(P2p) @) < V) (CU (1) v (Pane®) () + 72"/ (Pan [DLIP))) - (5.4)

wherey = exp(—().

Remark 5.6 By (P;||Dy||?)(w), we simply meark, (sup¢, |(Do)(ur)é|”).
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Remark 5.7 If ||¢]le OF ||[Dyl||o are bounded by one then the corresponding terms
under the square root are bounded by one. Furthermore hindfgAssumptiof B.R, if

o(u)? < exp(V(u)), then

VP2ne?(u) < [[@lloc v/ EeXp(V (uzn)) < [[olloc €X'V (u0)/2 + CL/(2 = 207)) -

Of course, the same bound for holds #gI(P,, | Dy ||?)(u), provided that one has an
estimate of the typ@D||%(u) < exp(V (u)).

5.1 Motivating discussion

We now discuss in what senge (5.4) implies smoothing. Wheteitm “smoothing” is
used in the mathematics literature to describe a linearabper’, it usually means that
T belongs to a smoother function space thamhis usually means thaty is “more
differentiable” theny. A convenient way to express this fact analytically wouldane
estimate of the form

IDT )W) < CW)¢lloo - (5.5)

(Of course the “smoothing” property may improve the smoe#isrby less than a whole
derivative, or one may consider functiopghat are not bounded, but let us consider
(5.3) just for the sake of the argument.) This shows in a qtadive way thatT'y is
differentiable whiley need not be. In light of Remalk™.7, this is in line with thetfirs
term on the right hand side df (5.4).

The second term on the right hand side[ofl(5.4) embodies srimapof a different
type. Suppose th&t satisfies the estimate

ID(T¢)loc < Cll@lloc +7IIDelloo (5.6)

for some positiveC’ and somey € (0,1). (Note that this is a variation of what is
usually referred to as the Lasota-Yorke inequallity [LY[7®03] or the lonescu-Tulcea-
Marinescu inequality [ITM50].) Though (3.6) does not impghat 7' belongs to a
smoother function space then it does imply that the gradients @fp are smaller
then those ofy, at least as long as the gradientsgoére sufficiently steep. This is in
line with a more colloquial idea of smoothing, though notimelwith the traditional
mathematical definition used.

5.1.1 Strongly dissipative setting

Where does the assumptioiy > C; + 2kC, come from? This is easy to understand
if we consider the “trivial” casél = 0. In this case, Assumptidn B.1 is empty and the
projectionII* is the identity. Therefore, the left hand sides from Assuans{B.3 and
[B4 coincide, so that one has; = —Cp and our restriction becomés; + <Cr, < 0.

This turns out to be precisely the right condition to impdsenie wishes to show
thatE||Jo .|| — 0 at an exponential rate:

Proposition 5.8 Let Assumptions B.2 aind B.3 hold. Then, for ang [0, 5/2], one
has the bound
EllJonl|” < exp(paV (uo) + pCrn)

with x = 77/(1 —n)YandCr = C; + kCp.
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Proof. Using the fact thall Jo .|| < ||Jn—1.nl/llJon—1], we have the following recur-
sion relation:

E(eX[XpK;V(un))HJQ,an) < E(E(exmp"ﬁv(“n))||Jn—1,n||p | ]:n—l)HJO,n—al)

< (B sl Fa-0))” (E (oo V) | Fumt)) 7 oslP)

< PO E(expprY (1)) o1 [7) |

where we made use of Assumptidns]B.2 B.3 in the secondafigg It now
suffices to apply this: times and to use the fact thily o|| = 1. The assumptions
pr < 1 andp < p/2 ensure thapp < p — p so that the bound{3.2) can be used.™

We now use this estimate to prove a version of Thedrem 5.5 whesystem is
strongly dissipative:

Proposition 5.9 Let Assumptions B.2 aid B.3 hold and €8t = C; + xCp, with
k =n/(1 —n') as before. Then, forany : H — R andn € N one has

IDPap)(@)l| < 7"V )/ Pl D] (u) -

with v = e©T. In particular, the semigrouf®; has the asymptotic strong Feller prop-
erty wheneve€r < 0.

Proof. Fixing any¢ € #H with ||¢]| = 1, observe that

D(Prp)(w)§ = Eu(Dp)(ur)Jo.t& < 1/ EllJo.tl|* v E[Dpl|?(us) -

Applying Propositioli 518 completes the proof. 0

Comparing this result to the bound (b.4) stated in Thedrésnshows that, the
combination of the smoothing Assumption B.4 with Assumpi&1 on the Malliavin
matrix allows us to consider the system as if its Jacobianogatracting at an average
rate Cn — C)/2 instead of expanding at a raf¢;. This is precisely the rate that
one would obtain by projecting the Jacobian with at every second step. The addi-
tional term containing,,,? appearing in the right hand side 6f (5.4) should then be
interpreted as the probabilistic “cost” of performing tipabjection. Since this “pro-
jection” will be performed by using an approximate invergehe Malliavin matrix,
it makes sense that the larger the lower bound\anis, the lower the corresponding
probabilistic cost.

Remark 5.10 It is worth mentioning, that nothing in this section reqdirthat the
number of Wiener process be finite. Hence one is free todakex, as long as all of
the solutions and linearization are well defined (which etaconditions on thgy,).

5.2 Transfer of variation

Having analyzed the strongly dissipative setting, we nowma to the general setting.
We would like to mimic the calculation used in Propositiof],3out we do not want
to require the system to be “contractive” in the sense of dastnongly dissipative.
However, in settings where one can prdvel(5.5) there is lysuatequirement of strong
dissipativity but rather an assumption of hypoellipticifyhis is because the variation
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in the initial condition is transferred to a variation in thA@ener space. Mirroring the
discussion in[[Mat0&, HM06] (where more details can be fgune begin sketching

a proof of [5.5) and then show how to modify it to obtdin {5.6he central idea is

to compensate as much as possible the effect of an infiniégerturbation in the

initial condition to an infinitesimal variation in the drivgg Wiener process. In short, to
transfer one type of variation to another.

Denoting byS = {¢ € H : ||&]| = 1} the set of possible directions i, let
there be given a map frod x C([0, ), R?) — CM’ denoted by g, W) — hé(W),
mapping variations in the initial conditiom to variations in the Wiener pattV’. We
will worry about constructing a suitable map in the next mets; for the moment we
just explore which properties @f might be useful. Fixing, let us begin by assuming
that the following identity holds:

De@y (W) = (DR (W), &) = (DY (W), h*(W)) = Dy @} (W) . (5.7)

(The first and last equalities are just changes in notatibteje, D denotes deriva-
tive with respect to the initial condition in the directigne #, while D denotes the
(Malliavin) derivative with respect to the noise. In wordlse middle equality states
that the variation inu;(1/') caused by an infinitesimal shift in the initial conditiortire
direction¢ is equal to the variation in; caused by an infinitesimal shift of the Wiener
processV in the directionh (). This is the basic reasoning behind smoothness es-
timates proved by Malliavin calculus. We begin as in the pafd’ropositior 5.B. For
any¢ € S, one has that

De(p(®1)) = (De)(®/)De®) = (Dp)(P))Dpe @) = D (9(Py)) - (5.8)

Taking expectations and using the Malliavin integratiomphyts formulal{4J6) to obtain
the last equality yields

t
DePrp(u) = EDe(p(@1)) = EDpe (9(21)) = E.p(@}) /0 B - AW (s)

Applying the Cauchy-Schwartz inequality to the last terradurces a term of the form
of the first term on the right-hand side &f(5.4) providébfg hS - dW(s)]? < oo.
Taken alone, provided one can find a mappifigX) — h¢(W) satisfying [5.Y) with
E| fot hS - dW (s)| < oo, we have proven an inequality of the forim {(5.5).

In the infinite-dimensional SPDE setting of this paper, firgda map {, W) —
hé(W) satisfying [5.Y) seems hopeless, unless the noise istaifinensional itself
and acts in a very non-degenerate way on the equation, sesSfMBPEZ95, EHO01]
or the monograph [DPZ96] for some results in this directitmstead, we only “ap-
proximately compensate” for the variation due to differatirig in the initial direction
¢ with a shift in the Wiener process. As such, given an mapging/) — h*(W), we
replace the requirement in(5.7) with the definition

pr(W) = De®}'(W) — Dye 0} (1) (5.9)

and hope that we can chook&in such a way thap, — 0 ast — oco. As before, we
postpone choosing a mapping ) — h(W) until the next section. For the moment
we are content to explore the implications of finding such ppiray with desirable
properties.



SMOOTHING IN INFINITE DIMENSIONS 30

Returning to[(5.8) but usin§ (3.9), we now have
De(0(2))) = (D)(P;)De @ = (Dp)(P/)Dpe @) + (Dp)(P)p
= Dpe(0(®)) + (De)(®1)pr -

Taking expectations of both sides and applying the Maltiamtegration by parts the
first term on the right-hand side produces

(5.10)

t
DePiip(u) = EDe(p(®1)) = Ep(DY) /0 hs - AW (s) + E(Dg)(@7)p:
which in turn, after application of the Cauchy-Schwartzjnality twice, yields

[DPro(u)|| < C(1)V (Pep?)(w) + L(0) v/ (Pe[Deo|[?)(w) (5.11)

with C(t) = \/E| fot s ~dW(s)|2 andI'(t) = v/E|p:|?. Observe that provided that

limsupC(n) < oo and limsud'(n)y™" < oo (5.12)
neN neN

for somey € (0, 1) we will have proved Theorem3.5. Choosing a mappfigi() —
h&(W) so that these two conditions hold is the topic of the next &&ctions.

5.3 Choosing a variationhf

As discussed il [HM0O6] and at length [n [Mai08], if one looks the variatiorh¢ such
that [5.T) holds angfot |h§|?ds is minimized, then the answerk§ = (A; M; 1 J;€)(s)
which by the observation ifi.(4.5) is simphf = G*KS,tM;ljtg. While this is not
quite the correct optimisation problem to solve since itsitsan A¢ is not adapted to
W and hencé| fot RS - dW (s)|? # f(f E|us|?ds, itis in general a good enough choice.

A bigger problem is that the space on whiti, can be inverted is far from evident.
If the range ofG was dense i (which requires infinitely many driving Wiener pro-
cesses), then there is some chance that Rapge(Range{\M,) and the above formula
for h, could be used. This is in fact the case where the Bismut-Ehydri formula is
often used and which might be refereed to as “truly ellipticthis case the systeris
in fact strong Feller. We are precisely interested in the e@sen only a finite number
of directions are forced (or the variance decays so fasttiis effectively true). One
of the fundamental ideas used in this article is that we negdaifective control of the
system on a finite dimensional subspace since the dynantiwsa control embodied
in Assumptio . B:# can control the remaining degrees of foeed

While Theorenf6]7 of the next section gives conditions threuee thatM; is
almost surely non-degenerate, it does not give much ingigbtthe structure of the
range since it only deals with finite dimensional projecsioHowever, Assumptidn B.1
ensures that it is unlikely the eigenvectors with sizablggution inIIH have small
eigenvalues. As long as this is true, the “regularised swetM; + 3)~!, which
always exists sincé\1; is positive definite, will be a “good inverse” fo¥1,, at least
onIIH. This suggests that we make the choi¢e= G* K (M + 8)~1J;¢ for some
very smallg > 0. Observe that

Deus — Dpeur = Ji& — My(My + B) 1 J€ = BM, + B) 1€, (5.13)

which will be expected to be small as long.A% has small projection (relative to the
size of 3) in II-#. But in any case, the norm of the right hand sidd1n (b.13) néiler
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exceed the norm of,¢, so that for small values &, ||Deu; — Dpeuyl| is expected to
behave likd|TT+ J;£]|.

Assumptio B:# precisely states that if one projects theldian ontolI-7#, then
the system behaves as if it was “strongly dissipative” assictiSn5.1.1.. All together,
this motivates alternating between choosifig= A 1t Mo g1 + Bn) "t nt1Pn
for evenn andhé = 0 on [n, n + 1] for oddn.

Since we will split time into intervals of length one, we indiuce the following
notations:

Jn = Jn,n+1 » »An - An,nJrl ’ Mn - Mn,nJrl .

We then define the mag (W) — h&(W) recursively by

hé =

¢ {(Azn(ﬂzn + Man) ipan)(s) fors € [2n2n+ Dandn €N, g

0 fors € [2n —1,2n)andn € N .

Here, as beforeyy = &, pr = Jo.:£ — Ao,thg = D¢uy — Dpeuq, andp, is a sequence
of positive random numbers measurable with respegt tavhich will be chosen later.
Observe that these definitions are not circular since thetoaction ofhS for s €

[n,n + 1) only requires the knowledge @f,, which in turn depends only ohé for

s € [0,n). The remainder of this section is devoted to showing thist plarticular
choice ofh¢ is “good” in the sense that it allows to satisfy (3.12). We geéng to
assume throughout this section that Assumption$ A. TaBRBlhold, so that we are
in the setting of Theorem 3.5, and tHgtis defined as in(5.14).

5.4 Preliminary bounds and definitions
We start by a stating a few straightforward consequencesstidptiol B.R:

Proposition 5.11 For anya < 1, one has the bound
EexplaV (u1)) < explan'V(ug) + aCL) .
Furthermore, forp > 0 andp > 0 such that)p < 1, one has
EexplpV (un)) < expn(n)"V (uo) + prCL) .
Finally, settingx = n/(1 — ') as before, one has the bound

Eexp(np Y V(ur)) < exprV (uo) + prCin) |
k=0

provided thatsp < 1.

Proof. The first bound follows immediately from Jensen’s ineqyalithe second and
third inequalities are shown by rewriting the estimate frassumptiod B.R as

E(exp@pV (un))| Fn1) < exp(npn'V (un—1) +npCL) ,
and iterating it. 0O

Similarly, we obtain a bound on the Jacobian and on the Métliderivative A,,
of the solution flow between timesandn + 1:
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Proposition 5.12 For anyp € [0, p], one has
sup  E[[Js4l|” < exp(p(n’)"nV (uo) + pCy + prCl) (5.15)
n<s<t<n+1
E[l A7 < (|G| expln(n')"V (uo) + prCr +pCy) . (5.16)
Furthermore, [[5.15) also holds foft”} with C; replaced byC*?.

Proof. We only need to show the bound fer= p, since lower values follow again from
Jensen’s inequality. The bourid(5.15) is an immediate cpresece of Assumptidn B.2
and Proposition’5.11. The second bound follows by writing

p

n+1
LALB|P = \/ Tyns1 Ghodr

<t ([ Wemliar) ([ o)
<Gl ( / s lPdr ) IR,

and then applying the first bound. O

P
2

n+1

In addition to these first Malliavin derivatives, we will ribthe control of the deriva-
tive of various objects involving the Malliavin derivativ&he following lemma gives
control over two objects related to the second Malliavinddive:

Lemma 5.13 For all p € [0, 5/2], one has the bounds
sup | E|[ D} i1 |P < exp@pn(y)"V (uo) + 2paCy, + pC.s + pCP)
s, re[n,n+1

sup EIDLAL|P < [|G]P exp@pn(i)"V (uo) + 2pkCr, + pCy + pC) .
se[n,n+

Proof. For this, we note that by (4.9) one has the identities

I 1 (Uns& i) forr <s,

DiJT,n+1§ -
{ I ((Jargi, &) fors <,

. n+1 .
DA v = / D Jrnt1Gur dr .

Hence ifp € [0, /2] (which by the way also ensures thgix < 1) it follows from
Propositio 512 that

. 1
El| DTy nallP < (ENTE, 1[I EIl T l|*7)? < Eexp@pyV(un) + pCy + pCF)

n

< exp@pn(1')"V (uo) + 2pCl, + pC.y + pC'P)
for r < s and similarly fors < r. Since, forp > 1, we can write
n+1

EIDLAN < IGI7 [ EIDid, il

n

the second estimate then follows from the first one. O
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5.5 Controlling the error term p;

The purpose of this section is to show that the “error tepp*= D¢u, — Dpeuy gOES
the zero a$ — oo, provided that the “control¢ is chosen as explained in Section]5.3.
We begin by observing that for even integer timgsjs given recursively by

Pan+2 = Jont1pont1 = J2n+1R2672f' Jonp2n (5-17)

whereR), is the operator
Ry 21— Mi(B + My) ™ = 55+ M) ™"

Observe thaR} measures the error betweg,, (3 + M,,)~" and the identity, which
we will see is small fos very small. This recursion is of the form,, 2 = Za,, 12021,
with the (random) operatdEs,,+2: H — H defined by=s, 42 = J2n+172§§" Jon.
Notice that=,,, is Fs,-measurable and thai; is defined only for even integers
Define then-fold product of the=y;, by

n
—~(2n —_
=6 = H =2k
k=1

so thatpy,, = Z?™¢,

Itis our aim to show that it is possible under the assumptidiSectiori b to choose
the sequencg,, in an adapted way such that for a sufficiently small constaand
p € [0,p/2] one has

Ellp2nll” < E(IE®?I7)llpoll” < exp(pV (uo) — pni)llpol” - (5.18)

for somer > 0. This will give the needed control over the last term{in ($.11
By Assumptior. B.]L, we have a bound on the Malliavin covargamatrix of the
form

P inf M) <elloll® | Fi) < Cla,p) UP(ug) €? . 5.19
(ot (o Mio) < ellol?| Fe) <l p) U7 () (5.19)
Here, by the Markov property, the quantitieand « do not necessarily need to be

constant, but are allowed to b6,-measurable random variables.
In order to obtain[(5.18), the idea is to decomp@sg. > as

Zonta = Jont 1R Jon = (Jan 1 TR Joy + Jops 1 (ITRE2™) Ty,

def
= Ippni21 +1Iong22 .

(5.20)

The crux of the matter is controlling the ter]ﬁRgfl" sinceJy,, 4111+ is controlled by
Assumptio B and we know thAR5>" || < 1. To understand and control tig, , 5 »
term, we explore the properties of a general operator ofdha begn.

Lemma 5.14 LetII be an orthogonal projection o and M be a self-adjoint, posi-
tive linear operator oriH satisfying for some > 0 andé € (0, 1]

L (M)
& e 2 620

whereAs = {£ : ||TIE]| > 6||€]|}. Then, definind? = 1—M(3+ M)~ = B(3+M)~!
for somes > 0, one hag|IIR| < 6 V \/B/7.
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Proof. Since||R|| < 1, for R € A§ one has

[LLRE]|] _ [TLRE|

<94.
el = [lrgll —
Now for R¢ € A, we have by assumption (5121)
ITIRE|®> _ |RE|® _ (MRE RE) _ (M + B)RE RE) (€, RE)
<7 < < =p <g.
1€1]2 1€1]2 1€1]2 €1 €1
Combining both estimates gives the required bound. O

This result can be applied almost directly to our settindifollowing way:

Corollary 5.15 Let M(w) be a random operator satisfying the conditions of Lemma
almost surely for some random variable If we choose3 such that, for some
(deterministic)y € (0,1),p > 1 andC > 0, one has the boung(3 > §2) < Cé?,
thenE||TIR||? < (1 + C)oP.

In particular, for anyé € (0, 1), setting

53

S 5.22
o ance 622

whereC is the constant fron{{5.19), produces the boBE{{IIRS>" ||P| Fa,) < 207,
valid for everyp < p.

Proof. To see the first part defif@, = {w : Bw) < 6*y(w)}. It the follows from
Lemmd®5.IH, the fact thdfIR|| < 1 and the assumptidR(Q25) < C'§7, that

E|IR|? < E<(5 v \/g)plgo + 193) <P HPQY)<(1+C)P, (5.23)

as required.

To obtain the second statement, it is sufficient to consildd) withe = 3, /2,
so that one can take forthe random variable equal toon the set for which the bound
(5.19) holds and on its complement. It then follows from the choi€e(5.22) fay,
that the assumption for the first part are satisfied with= 1 andp = p, so that the
statement follows. |

We now introduce a “compensator”
Xont2 = €Xp(nV (uz2n+1) + 1V (u2x))

and, in analogy to before, we se€™ = [}._, x2x. Propositiod 5.1 implies that for
anyp € [0, 7]

E(®*")” < expprV (uo) + prCr2n) , (5.24)

wherex = /(1 — ). Note that Assumption Bl 3 made sure thas sufficiently small
so thatkp < 1. With these preliminaries complete, we now return to thdyesis of

E.20).
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Lemma 5.16 For anye > 0 andp € [0, p/2], there exists & > 0 sufficiently small so
that if one chooses,, as in Corollary{5.1b and such that<p < 1, one has

E(IZ2n+2/"Xam 1 2| F2n) < exppCy — pCr + €p) .

Proof. Since for every > 0 there exists a consta@t such thatz+y|? < eP*/?|z[P 4
CP|y?, recalling the definition of,, 42 1 andls, 42 > from (5.20) we have that
E(|Z2n 42l Xar 2l Fan) < ePPE(|[ L2n 12,1 [P Xarm s 2/ F2n)

+ CPE([[12n+2.211" Xom 2| Fan) -

We begin with the first term since it is the most straightfaidvane. Using the fact
that ||R52"|| < 1 and thatpy < 1 — 7 by the assumption on, we obtain from
Assumption§ B2 arld B.3 that

E( | n 2,117 X312l Fan) < XPEpnY (u2n)E(E(I a1 I14 7| Fony1)
x eXppV (uzn 1) |fan 7] Fon )

<exppCy — pCr) .

Turning to the second term, we obtain for ang (0, 1) the bound

E(Ton 22117 X5 s 5| Fan) < eXPEpnV (uaa)y (IR 27| Far)

(01271 P 1) X021V (1)l
< expp2C.)6PV2

provided that we choos®, as in Corollary 5.75. Choosing nawsufficiently small (it

suffices to choose it such thét < Q%C;Pe*PCJ*PCH for everyp < p/2) we obtain

the desired bound. O

Combining Lemm&5.16 witH (5.24), we obtain the needed tesghich ensures
that the “error term’p, from (5.11) goes to zero.

Lemma 5.17 Foranyp € [0,p/4] and& € [0, Cy — C; — 2kC) there exists a choice
of the3,, of the form[5.2R) so that

E|[E®" 2|7 < exp(prV (uo) — phn) ,
forall ug € H.

Proof. Since
1 1
E||E(2n+2)Hp < (E||E(2n+2)||2p(X(2n+2))—2p) 2 (E(X(2n+2))2p) 2 ,

the result follows by combining Lemnma’]16 wifh (5.24). O
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5.6 Controlling the size of the variationh§
We now turn to controlling the size of

| o

uniformly asn — co. We assume throughout this section th%nwas constructed as
in Sectiof 5.B with3,, as in [5.2D).

Since our choice oS is not adapted to thd/,, this doesot follow from a simple
application of Itd’s isometry. However, the situation stias bad as it could be, since
the control is “block adapted.” By this we mean ttigt is adapted toF,, for every
integer value of.. For non-integer valuese (n,n + 1], h; has no reason to hg;-
measurable in general, but it is neverthel&gs ;-measurable. The stochastic integral
in (5.28) is accordingly not an Itd integral, but a Skoro#liategral. Hence to estimate
(5.258) we must use its generalization givenin{4.7) whiabdpices

2n
E‘/ (e,

where|| f[|7 = [; |f(s)|* ds and||M ||us denotes the Hilbert-Schmidt norm on linear
operators fronR? to R%. We see the importance of the “block adapted” structure of
hs. If not for this structure, the integrand appearing in theosel term above would
need to decay both inandt to be finite.

The main result of this section is

, (5.25)

2k+1  p2k+1
<Elllhflll[ozn1+2/ / E|Dshellfisds dt  (5.26)

Proposition 5.18 Let AssumptioriS B.I=B.4 hold. Then, if one chogseas in [5.22),
there exists a constant > 0 such that

lim E‘/
n— o0

Proof of Propositiof 5.7181n the interest of brevity we will seﬂn =M, + S, and
I, = [n,n+ 1]. We will also write||[|; for the norm onL?(1, R?%) viewed as a subset
of CM’ and we will usdg| - || and]| - || ; to denote respectively the induced operator norm
on linear maps fron¥ to # andCM’ to H. Hopefully without too much confusion,
we will also use| - ||; to denote the induced operator norm on linear maps ftbto
CM’. In all cases, we will further abbreviajé||;, to |||

Observe now that the definitions @f(,, and.4,, imply the following almost sure
bounds:

e exp((8n + 2)V (o)) U (uo)||€]1* .

IM 2 Al <10 BARMG Pl <1, MR < B2 (5.27)

We start by bounding the first term on the right hand-sidé &dp Observe that
17070,200 = Y W5 - (5.28)
k=0

Using the bound opd; M * from (5.27), we obtain

Iz = 13 Moy Towpailla < By | T2kl o2l -
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By our assumption that0/p + 2/q < 1we can findl /¢ + 1/r +1/p = 1 with ¢ < g,
2r < pand2p < p. By the Holder inequality we thus have

ElAl3, < (EB)" 1 (EllJor )" (Ell oo | )P .

From Proposition’5.12, Assumptibn B.1 and Lenimals.17, weinhhe existence of a
positive constant’ (depending only on the choice made foand on the bounds given
by our standing assumptions) such that one has the bounds
(EllJar ") < exp(2n(y' )V (uo) + 2C5 + 26C1) |
(BB < CU(uo) , (5.29)
(Ellpzel®)"/" < exp@rV (uo) — 26k €I
combining these bounds and summing ovgields

Elllfo.2n) < CU(uo) exp@(n + )V (uo))lI€]1* , (5.30)

uniformly inn > 0.

We now turn to bound the second term on the right hand side.28)5Since the
columns of the matrix representation of the integrand a€){j, theith component of
the Malliavin derivative, we have

2k+1 2k+1 m 2k+1 )
/ / IDahlBsdsdt =3 / IDIRZds.  (5.31)
2k 2k = J2k

From the definition ofi;, LemmaB5.1B, the relation s, = Aap A5y + Bor, and the
fact that bothpo;, and s, are Fop-measurable, we have that for fixeds Iy, Dih is
an element of.2(I5;, R) ¢ CM’ with:
= (DA )M Torpar + A M3 (DL Jar) pai (5.32)
— Ay Mg (DL As) Ay, + Ask(DEAS) My ok po

For brevity we suppress the subscripten the operators and norms for a moment. It
then follows from[[5.2]7) that one has the almost sure bounds

IMTAL < M2 M2 A < 5712
A MY < AT MM < g2
IDLAM LT < IDLATJIM 1] < B IDLANII

A MDD < A MT|IDLT| < B2 DL

In particular, this yields the bounds

A MDA A" M| < JAMTPIDLANTI < 8~ IDLAL)
A M ADLAYM | < A" M M2 IDLA M ]I
< BTHDLANNTI-

Applying all of these estimates o (5]32) we obtain the bound

7 7 —1/2 7
ID: hllar < 3B 1% Asklla | Jax Il p2rell + B3 * 1 D2 o[l pakl -
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The assumption thatd/p + 2/q < 1 ensures that we can find< ¢/2, r < p/2 and
p < p/dwith 1/r +2/p+ 1/q = 1. Applying Holder’s inequality to the preceding
products yields:

) — 1 i 1 r\1/7
EIDLA)3, <18(EBy’) " (EIDL Aok | 22E | pal|?P) /P (E| o |*)
+ 2(EBy?) 9 (E|| DL Jor | E | par | )7 .

We now use previous estimates to control each term. From Lalfi® and Proposi-
tion[5.12, we have the bounds

(ElI D2 ok |27 < expln(y )"V (uo) + 4kCr, +2C; + 209,
(E[I DL A |I22) 7 < (|G| expln(i)?*V (uo) + 4xCr + 2C; + 2CP) .

Recall furthermore the bounds ¢@r, and.J,;, already mentioned if{5.29). Lastly,
from Assumptiof Bl we have that, similarly as before, thedists a positive constant
C such that

(EB;) YT < (B2 < CU(ug) .

Combining all of these estimates produces
m 2k+1 )
> [ DA ds < Cexp(n + 20V )V,
i=1"2

for some different constardt depending only o', Cf), CL,n, k, k and the choice
of § in (&222). Combining this estimate with(5130) afid (5.26)dades the proof.
0

6 Spectral properties of the Malliavin matrix

The results in this section build on the ideas and techniffoes[MP0€] and [BMOT].
In the first, the specific case of the 2D-Navier Stokes eqnatias studied using sim-
ilar ideas. The time reversed representation of the Matliavatrix used there is also
the basis of our analysis here (see also [Ot088]). In theegoffior the 2D-Navier
Stokes equations, a result analogous to The@rem 6.7 wasmrés here, one of the
key results needed is a connection between the typical $iaenon-adapted Wiener
polynomial and the typical size of its coefficients. [n [MPO§ince the non-linearity
was quadratic, only Wiener polynomials of degree one wensidered and the cal-
culations and formulation were made a coordinate deperdshion. In[BMQO7], the
calculations were reformulated in a basis free fashion whigth made possible the
extension to more complicated non-linearities and theusioh of forcing which was
not diagonal in the chosen basis. Furthermorgin [BMO7]saltelose to Theorem@.7
was claimed. Unfortunately, the auxiliary Lemma 9.12 int udicle contains a mis-
take, which left the proof of this result incomplete.

That being said, the techniques and presentation usedsimtia the next section
build on and refine those frorh [BMD7]. One technical, but imaot, distinction be-
tween Theorer 617 and the preceding versions is that Thd@réallows for rougher
test functions. This is accomplished by allowiig,r to have a singularity in a certain
interpolation norm as — T'. See equatio (6.Ba) for the precise form. This extension
is important in correcting an error ih [HMO06] which requiresntrol of the Malliavin
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matrix of a type given by Theorem ®.7, that is with test fumies rougher than those
allowed in [MPQ®]. Indeed, the second inequality in equati$.25) of [HMO6] is not
justified, since the operatdi, is only selfadjoint inZ? and not inH*. Theoreni 6.7
rectifies the situation by dropping the requirement to woitk i ' completely.

6.1 Bounds on the dynamic

As the previous sections have shown, it is sufficient to hawrgrol on the moments
of w andJ in H to control their moments in many stronger norms. This mttivahe
next assumption. For the entirety of this section we fi%a> 0.

Assumption C.1 There exists a continuous functidny: 2 — [1, c0) such that, for
everyT' € (0,7,] and everyp > 1 there exists a constait such that

E sup Jlul|? < CU{(uo) ,
T<t<2T

E sup |[|Jsull” < CF(uo),
T<s<t<2T

for everyug € #H. Here,||.J|| denotes the operator norm dffrom # to .

Under this assumption, we immediately obtain control okieradjoint/’; ;.

Proposition 6.1 Under Assumption Cl.1 for evefly € (0, Ty] and everyp > 1 there
exists a constan® such that

E sup [|K " < CUG(uo) ,
T<s<t<2T

for everyug € H.

Proof. By Propositio 3.10 we know thdt’ ; is the adjoint ofJ, ; in . Combined
with Assumption[C1L this implies the result. O

In the remainder of this section, we will study the solutiof3.1) away front = 0 and
up to some terminal tim& which we fix from now on. We also introduce the interval
Iy = [£,T — 5] for somes € (0, %] to be determined later. Givem, a solution to
(3.1), we also define a processby v; = u; — GW(t), which is more regular in time.
Using Assumptiof C]1 and the a priori estimates from theiptessections, we obtain:

Proposition 6.2 Let Assumptiof Cl1 hold andl, be the function introduced there.
For any fixedy < v, and < S, there exists a positive so that if& = ¥{ then the
solutions to[(311) satisfy the following bounds for eveitiaghconditionug € H:

E Sulpl\utl\’f;ﬂ < Cp¥P(up) (€1a)
tels

E sup |2 < C, WP (uo) &)
tels

Furthermore, its linearizatiow, ; is bounded by

Esup sup [ Jo,pll5 41 < CpPP(uo), (62a)
tels [lpll<1
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E sup sup (|0 Jo.cp2 < CpWP(uo) - (6.2b)
tels [Jell<1

Finally, the adjointX’; 7 to the linearization satisfies the bounds

Cp WP (uo)
Esup sup [|[Kerolb, | < 2", 6.3a)
2P o e ellon = g5
Cp WP (uo)
Esup sup [0, K rellf < == 6.3b)

tels [pll<1

wherepg is as in Propositiofi3]9. In all these bounds, is a constant depending only
on p and on the details of the equatidn(3.1).

Remark 6.3 One can assume without loss of generality, and we will do smfnow
on, that the exponentdefiningWV is greater or equal te, the degree of the nonlinearity.
This will be useful in the proof of Lemnia 616 below.

Proof. It follows immediately from Assumptidn Q.1 that

E sup |ju” < CUH(up) .
te[T/4,T)

Combining this with Propositidn 3.6 yields the first of thesiled bounds witly = p.,.
Here, ¥, is as in Assumption Cl1 and, is as in Proposition 316.
Turning to the bound of,v;, observe that satisfies the random PDE

Opvr = Fve + GW(t)) = Fu), vo = ug -

It follows at once from Proposition 3.6 and Assumption]Al that the quoted esti-
mate holds withy = p,1;. More precisely, it follows from Propositidn_3.6 that
us € M, for everya < v, + 1. Therefore,Lu; € H., for v < ~,.. Furthermore,
N € Poly(H+1, M) by Assumptio AILR, so tha¥(u;) € H, as well. The claim
then follows from thea priori bounds obtained in Propositibn B.6.

Concerning the bound{8J2a) on the linearizatitn, Propositio-3]7 combined
with Assumptior ClL proves the result with= ¢, + 1. The line of reasoning used
to bound||d,v, ||, also controls||0,J, (||, for s < t ands,t € Is, sinced,Js; =
_LJs,t + DN(ut)Js,t-

Since Proposition €l 1 give an completely analogous bounffq in # as for.J, ;
the results ork follow from thea priori bounds in Proposition_3.9. 0O

6.2 A Hormander-like theorem in infinite dimensions

In this section, we are going to formulate a lower bound onMiadliavin covariance
matrix M, under a condition that is very strongly reminiscent of thecket condition
in Hormanders celebrated “sums of squares” theofem [Bjd®r67]. The proof of
the result presented in this section will be postponed @dtior{ 6.8 and constitutes
the main technical result of this work.

Throughout all of this section and Sectibnl6.3, we are goingiéke use of the
bounds outlined in Propositién 6.2. We therefore now fix omee for all some choice
of constants

v€[—a,v) and B €[—a,ps) satisfying v+ 5> —1. (6.4)
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From now on, we will only ever use Propositionl6.2 with thigfixchoice fory and.
This is purely a convenience for expositional clarity simeewill need these bounds
only finitely many times. As a side remark, note that one sihthihk of these constants
as being arbitrarily close t@, andg, respectively.

With v and 3 fixed as in[[6.4), we introduce the set

Poly(y, 8) = Poly(H., H—p—1) N POly(H.+1,H—5) (6.5)

for notational convenience. (For integer, Poly™ (v, 8) is defined analogously.) A
polynomial@ € Poly(y, 5) is said to beadmissibldf

[Qu, F,] € Poly(y, ) ,

for everypair of multi-indicesn, 0. Here,Q,, andF,, are defined as if (3.4) anfd is
the drift term of the SPDH(3].1) defined [0(B.2).

This definition allows us to define a family of increasing stbs, C Poly(y, 3)
by the following recursion:

Ay ={gr, k=1,...,d} CH, 41 ~Poly(H, 1) C Poly(y,B),
A1 = A U{Qa, [Fr,Qnl : Q€ A;, Qadmissible anda, o multi-indices .

Remark 6.4 Recall from [3.5) tha®),, is proportional to the iterated “Lie bracket” of
Q with g, , g, and so forth. Similarly, f.,, Q] is the Lie bracket between two differ-
ent iterated Lie brackets. As such, except for the issuemisgibility, the set of brack-
ets considered here is exactly the same as in the traditstai@ment of Hormander’s
theorem, only the order in which they appear is slightlyetiint.

To each Ay we associate a positive symmetric quadratic form-valuedtian Q 5 by

(@, Qn(u)p) = Y (9, Qu)*.

QEAN
Lastly fora € (0, 1), and for a given orthogonal projectidh: H — H, we define
Sa C H by
Sa ={p e H\ {0} : [Ilp| > allell} . (6.6)

With this notation, we make the following non-degeneraspagption:
Assumption C.2 For everya > 0, there existsV > 0 and a functionA,: H —

[0, 00) such that
ine (9 Qv (We)
S

for everyu € H,. Furthermore, for every > 1,¢t > 0 and everyx € (0, 1), there
existsC' such thate A_P(u;) < C'¥P(ug) for every initial conditionug € H.

> A2(u),

Remark 6.5 Assumptio . C.P is in some sense weaker than the usual namdeary
condition of Hormander’s theorem, since it only requies to be sufficiently non-
degenerate on the rangeldf In particular, ifII = 0, then Assumption Cl2 is void and
always holds withA,, = 1, say. This is the reason why, by choosing fba projector
onto some finite-dimensional subspacetyfone can expect Assumptibn €.2 to hold
for a finite value of N, even in our situation where A only contains finitely many
elements.
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Remark 6.6 As will be seen in Sectiofl 8, it is often possible to chodseto be a
constant, so that the second part of Assumgfioh C.2 is adicaig satisfied.

When Assumptiof C]2 holds, we have the following result vehm®of is given in
Sectior[6.B.

Theorem 6.7 Consider an SPDE of the typge (B.1) such that AssumpfionsmlCal
hold. Let furthermore the Malliavin matrid1; be defined as if{4.10) an#}, as in
(6.8). LetlI be a finite rank orthogonal projection satisfying Assumpi@2. Then,
there exist®) > 0 such that, for everw € (0, 1), everyp > 1 and everyt > 0 there
exists a constant’ such that the bound

. <g0,Mt<,0> 0
Aot Prl« < p P
P(wlenéa T2 s) CUP(ug)e? ,

holds for everyy € 1 and every < 1.

Remark 6.8 If ITis a finite rank orthogonal projection satisfying Assumpi&2 then
Theoreni 6.7 provides the critically ingredient to prove sheoothness of the density
of (P;d,)II~1 with respect to Lebesgue measure. Though [BM07] contairsna f
unfortunate errors, it still provides the framework neededleduce smoothness of
these densities from Theor€ml6.7. In particular, one negg®ie thallu, is infinitely
Malliavin differentiable. Section 5.1 of [BM07] shows how accomplish this in a
setting close to ours, see also [MPO6].

6.3 Proof of Theoren( 6.7

While the aim of this section is to prove Theoreml 6.7, we b&gih some preliminary
definitions which will simplify its presentation. Many ofétarguments used will rely
on the construction of “exceptional sets” of small probi&pibutside of which certain
intuitive implications hold. This justifies the introduati of the following notational
shortcut:

Definition 6.9 Given a collectiond = { H¢}.<; of subsets of the ambient probability
space), we will say that ‘H is a family of negligible events” if, for every > 1 there
exists a constart, such thaP(H°) < CpeP for everye < 1.

Given such a family? and a statemerk. depending on a parameter> 0, we
will say that “®. holds moduloH™ if, for every ¢ < 1, the statemend. holds on the
complement off{¢.

We will say that the familyH is “universal” if it does not depend on the problem
at hand. Otherwise, we will indicate which parameters itathe}s on.

Given two familiesH; and H, of negligible sets, we writdl = H; U H, as a
shortcut for the sentencéf® = Hf U Hs5 for everye < 1.” Let us state the following
useful fact, the proof of which is immediate:

Lemma 6.10 Let H: be a collection of events with € {1,...,C=""} for some
arbitrary but fixed constant§’ and ~ and assume tha®(H;) = P(H7) for any pair
(k, £). Then, if the family{ H7 } is negligible, the family /7 } defined byti® = | J,, H;,

is also negligible.
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Remark 6.11 The same statement also holds of course if the equality leetwmba-
bilities of events is replaced by two-sided bounds with iplittative constants that do
not depend o, ¢, ande.

An important particular case is when the famiydepends on the initial condition
ug to (31). We will then say thalt is “¥-controlled” if the constant’, can be bounded
by C, W?(uo), whereC,, is independent ofi.

In this language, the conclusion of Theolen 6.7 can be exbtet saying that there
existsf > 0 such that, for every > 0, the event

inf (o, Mry) < ellg|?

nt (o, Mro) < efl¢]

is a ¥?-controlled family of negligible events. Recall that thenténal time T was
fixed once and for all and that the functidnwas defined in Propositidn 6.2. We
further restate this as an implication in the following theso which is easily seen to
be equivalent to Theoreln 6.7:

Theorem 6.12 LetII be a finite rank orthogonal projection satisfying Assumpifia.
Then, there exist$ > 0 such that for every € (0, 1), the implication

pESa = (o, Mrp) >elol?
holds modulo al?-controlled family of negligible events.

6.4 Basic structure and idea of proof of Theoreni 6.12

We begin with an overly simplified version of the argumentatihmneglects some tech-
nical difficulties. The basic idea of the proof is to arguettifid My, ) is small
then (Qy(ur)p, ) must also be small (with high probability) for eveky> 0. This
is proved inductively, beginning with the directions whigte directly forced, namely
those belonging to A Assumptior _CP then guarantees in turn thHto| must be
small with high probability. On the other hand, singec S,,, we know for a fact that
[ITIp|| > «|l¢|| which is not small. Hence one of the highly improbable evemist
have occurred.

This sketch of proof is essentially the same as that of Hodeds theorem in finite
dimensions, seé [Mal7B, KSg4, KS85a, Ndii86, Nua95]. Tryingdapt this argument
to the infinite-dimensional case, one is rapidly faced witlo tmajor hurdles. First,
processes of the form— (J; rg, ) appearing in the definition o¥1, are not adapted
to the filtration generated by the driving noise. In finite dimsions, this difficulty is
overcome by noting that

t
My = Jo M TS, Mt:/ JosGG*(Jg ) Hds,
0

and then working with\M; instead ofM,. (Mt is often called the reduced Malliavin
covariance matrix.) The processes (J; !9, ) appearing there are now perfectly
nice semimartingales and one can use Norris’ lemima [Nom88]ch is a quantita-
tive version of the Doob-Meyer decomposition theorem, towstinductively that if
(p, M1 ) is small, thent — (J;}Q(us), ) must be small for every vector field
Q € Ay. Inour setting, unlike in some previous results for infirdienensional sys-

tems [BTO5], the Jacobias, ; is not invertible. This is a basic feature of dissipative
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PDEs with a smoothing linear term which is the dominatingntem the right hand
side. Such dynamical systems only generate semi-flows amsegdo invertible flows.

Even worse, there appears to be no good theory charactgaisange enough sub-
set belonging to its range. The only other situations to emavwKkedge where this has
been overcome previously are the linear case [Oco88], dsawéte particular case of
the two-dimensional Navier-Stokes equations on the tdiB06] and in [BMOT] for
a setting close to ours. As in those settings, we do not attemgefine something like
the operatoWlt mentioned above but instead we work directly with,, so that we
do not have Norris’ lemma at our disposal. It will be replabgdhe result from Sec-
tion[7 on “Wiener polynomials.” This result states that ifeoconsiders a polynomial
where the variables are independent Wiener processeseandéfficients are arbitrary
(possibly non-adapted) Lipschitz continuous stochasticgsses, then the polynomial
being small implies that with high probability each indived monomial is small. It
will be shown in this section how it is possible to exploit th@&ynomial structure of
our nonlinearity in order to replace Norris’ lemma by sucheaesment.

Another slightly less serious drawback of working in an inérdimensional setting
is that we encounter singularitiestat= 0 and att = 1" (for the operatot/; ). Recall
the definition of the time intervals = %,T — 4] from SectiorB. We will work on
this interval which is strictly included ir0f 7'] to avoid these singularities. There will
be a trade-off between larger valuessahat make it easy to avoid the singularity and
smaller values of that make it easier to infer bounds f@ (ur)e, ©).

When dealing with non-adapted processes, it is typical ptace certain standard
arguments which hinge on adaptivity by arguments which osalltime-regularity
properties instead. This was also the approach uséd in [NB67]. To this end we
introduce the following Holder norms. Fére (0, 1], we define the Holder norm for
functionsf: Iy — H by

I/lle = sup

s,t€ls |t - 5|9

and similarly if f is real-valued. (Note that even though we use the same ootgifor
the norm in the Cameron-Martin space in the previous sedti@se have nothing to do
with each other. Since on the other hand the Cameron-Mautim s never used in the
present section, we hope that this does not cause too mutisgam) We furthermore

set
Iflo, = sup 1£&) = /Bl

s,t€ls |t - 5|0

where|| - ||, denotes thesith interpolation norm defined in Assumptibn A.1. Finally,
we are from now on going to assume thas a function ofc through a scaling relation

of the type

T
6= ¢ (6.8)

for some (very small) value of to be determined later.

6.5 Some preliminary calculations

We begin with two preliminary calculations. The first traatsk a given growth of the
moments of a family of random variables into a statementgpifiat the variables are
“small,” modulo a negligible family of events. As such, itgssentially a translation of
Chebyshev’s inequality into our language. The second ist@ngolation result which
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controls the supremum of a function’s derivative by the suprm of the function and
the size of some Holder coefficient.

Lemma 6.13 Leté be as in[(6.B) withr > 0, let¥: H — [1, co) be an arbitrary func-
tion, and letX s be ad-dependent family of random variables such that there kist
R (b is allowed to be negative) such that, for every 1, E|X;s|P < C,WP(ug)d 7.

Then, for any; > br and anyc > 0, the family of events

—4q
{xl > =
C

is 75 -dominated negligible.

Proof. It follows from Chebychev’s inequality that
—q ) 1
P(|X§| > € ) < Cpcpq;p(;fbpsqp — Ce(qu)ésl '
c

whereCy is equal toC),c? with £ = p(q — br). Provided tha — br > 0, this holds for
every/ > 0 and the claim follows. 0O

Lemma6.14 Let f: [0,7] — R be continuously differentiable and let € (0, 1].
Then, the bound

1 ~iia Tta
10 1o = Uf 0y < 41 f 1|z maxd = 171 L5 0127 §
holds, wherd| f|| denotes the best-Holder constant forf.

Proof. Denote byx, a point such thatd; f(zo)| = ||0:f]|L=. It follows from the
definition of thea-Holder constant|d, f||c that|d, f(z)| > 1[0, f||L~ for everyx

such thafz — | < (|\8tf||Loo/2H8tf|\ca)Ua. The claim then follows from the fact
that if f is continuously differentiable and, f(x)| > A over an interval, then there
exists a pointz; in the interval such thdtf (x1)| > A|I|/2. O

6.6 Transferring properties of o back from the terminal time

We now prove a result which shows that4df e S, then with high probability both
IIIKr_s57¢| and the ratio|IIK—s re||/||[Kr—s 7|l can not change dramatically
for small enoughd. This allows us to step back from the terminal tiffi¢o the right
end point of the time intervdls. As mentioned at the start of this section, this is needed
to allow the rougher test functions used in Theofem 6.7.

Lemma 6.15 Let (6.98) hold and fix any orthogonal projectiod of  onto a finite
dimensional subspace &f spanned by elements&f;. Recall furthermore the relation
(6-8) betweem ande. There exists a constaate (0, 1) such that, for every > 0 and
everya > 0, the implication

«
peSys = Kr_srp€Sea and |IKr_sro| > §||sa|| .

holds modulo aV''/"-controlled family of negligible events.

To prove this Lemma, we will need the following axillary lerarwhose proof is
given at the end of the section.
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Lemma 6.16 For anyé € (0,7/2], one has the bound

E sup ||[Kr—s1¢ — 675L(,0Hp < C’p\I/"p(uo)(S(lfa)p , 6.9a)
llell<1
E sup |[Kr—s ¢ —¢l”y < CpUm™(ug)s 7, (©.3b)
llell<1

for everyp > 1 and everyuy € H. Here,n is the degree of the nonlinearify.

Proof of Lemm&6.15We begin by showing that, modulo sor#é/”-dominated fam-
ily of negligible events,

(0%
el 2 aflell = [MEr-srell = el -

By the assumption ofi, we can find a collectiofvy }1_, in #; with [jv,| = 1 such
thatIly = >, v (vk, ¢). Therefore, there exists a constant = sup, ||vx|[; so that
[ITIp]| < Ch|l¢l|—1. Combining Lemm&®€.13 with Lemnia6]16, we see that

(0%
sup  ||Kr—s7¢ — ll-1 < 54 (6.10)
pEH :lpll=1 1

modulo a¥ -« -dominated family of negligible events. Hence, modulo theme
family of events,

K570l > M| — C1l|Kr—s57¢ — ¢l -1
> ollell — =[lell = =l
« - = == .
= 2 9 ¥ 9 4

Combining now Lemmga6.13 with {@19a), we see that

IEr—s7¢ll < ol +lle~ el < Cllell

modulo a¥ =47 -dominated family of negligible events, thus showing that_; 7o
belongs taS,., with ¢ = 1/(2C) and concluding the proof. 0O

We now give the proof of the auxiliary lemma used in the prddfemma6.15.

Proof of Lemm&®&.16lt follows from (3.I3) and the variation of constants formul
that

T
Kr_srp—e lp= / e T DN*(ug) K o ds .
T—6

It now follows from Assumptiof All, point 3 that there exists € [0, . + 1) such
that DN*(u) is a bounded linear map fro to ‘H_, for everyu € 7, and that its
norm is bounded by’||u||Z,~! for some constan®’. The first bound then follows by
combining Proposition 612 with the fact that“* is bounded byt ¢ as an operator
fromH_, to H as a consequence of standard analytic semigroup tHeor8(Kat

In order to obtain the second bound, we write

IKr—s1¢ — @ll-1 < | Kr—sre — e Xl —1 + e %0 — ¢ 1
<||K7r_srp —e | +C6,

where the last inequality is again a consequence of statadalgitic semigroup theory.
The claim then follows fron{{6[%a). O
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6.7 The smallness of\ 1 implies the smallness o y (ur_s)

In this section, we show that {M 7y, ¢) is small therX O n (u) K¢ 7, Kt 7o) must
also be small with high probability for evetye I5. The precise statement is given by
the following result:

Lemma 6.17 Let the Malliavin matrixMr be defined as if{4.10) and assume that
Assumptions’Al1 arld C.1 are satisfied. Then, for edéry 0, there existry > 0,
pn > 0 andgy > 0 such that, provided that < ry, the implication

(o, Mrop) <ellp> = sup sup|(Kire,Qud)| < el
QGAN tels

holds modulo som& %~ -dominated negligible family of events.

Proof. The proof proceeds by induction a¥i and the steps of this induction are the
content of the next two subsections. Since A {¢1,...,94}, the caseN = 1is
implied by Lemm&®6.18 below, with; = 1/4, ¢; = 8, andry = 1/(8pg).

The inductive step is then given by combining Leminasle.21GAd below. At
each step, the values pf, andr,, decrease whilg,, increases, but all remain strictly
positive and finite after finitely many steps. 0O

6.8 The first step in the iteration

The “priming step” in the inductive proof of Lemnia 6]17 falle from the fact that
the directions which are directly forced by the Wiener peses are not too small with
high probability.

Lemma 6.18 Let the Malliavin matrixM be defined as if{4.10) and assume that As-
sumption§A]1 and Q.1 are satisfied. Then, providedithatl /(8ps), the implication

(o. Mrg) <ellel® = sup supl(Kire,gi)l <l
=1... cls

holds modulo somé&®-dominated negligible family of events. Hepg, is as in [6.3b)
and 3 was fixed in[(&4).

Proof. For notational compactness, we scaléo have norm one by replacingwith
©/|l¢ll. We will still refer to this new unit vector as. Now assume thatp, Mrp) <
e. It then follows from[[4.1D) that

sup (gr, Kerp)? dt < e .
k=1...dJ I,

Applying Lemmd 6.4 withf (t) = f;/Q [{gr, KsT9)|ds anda = 1, it follows that
there exists a consta6t > 0 such that, for every = 1...d, either

sup|(gx, Kire)| < e'/4,
tels

or
gk, K. 7o) |ls > Ce™ /4. (6.11)
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Therefore, to complete the proof, we need only to show thelttier events form d&*-
dominated negligible family for every. Since||(gx, K. 7)1 < ||kl -sll K. .7¢l1.5,
the bound[(6.111) implies that

—1/4

sup K¢ rellie > : (6.12)

*
per: [lpll=1

whereg* = max; ||gx||—s (which is finite since we have by assumption that <
v+ 1 < 7.+ 1 and sinceg, € H., 41 for everyk) . This event depends only
on the initial conditionuy and on the model under consideration. In particular, it is
independent op.
; i i 1
d'zl;he claim now follows from tha priori bound [6.Bb) and Lemnia 6]13 wigh= ;
ando = pg. O

6.9 The iteration step
Recall that we consider evolution equations of the type

d
duy = F(ug)dt + > grdWi(t) , (6.13)
k=1

whereF' is a “polynomial” of degree:. The aim of this section is to implement the
following recursion: if, for any given polynomia), the expressionQ (u:), K+ r¢)
is “small” in the supremum norm, then both the expressiaen F(u.), K¢ r¢) and
([Q, gr](ue), Kt 1) must be small in the supremum norm as well.

The main technical tool used in this section will be the eatas on “Wiener poly-
nomials” from Sectiofi]7. Using the notation

def

Wa(t) = Wal (t) Waz (t) o 'Waz (t) ’

for a multi-indexa = (aq, . . ., ay), this estimate states that if an expression of the type
Z|a\gm An(t)W,(t) is small, then, provided that the processgs are sufficiently
regular in time, each of thd,, must be small. In other words, two distinct monomials
in a Wiener polynomial cannot cancel each other out. Hereptbcessed,, do not
have to be adapted to the filtration generated byithe so this gives us some kind of
anticipative replacement of Norris’ lemma. The main trickttwe use in order to take
advantage of such a result is to switch back and forth betwensidering the process
u; solution to [6.1B) and the processdefined by

d
vy =y — ngWk(t) ,
k=1

which has more time-regularity than. Recall furthermore that given a polynomél
and a multi-indexy, we denote byQ,, the corresponding termi (3.5) appearing in the
(finite) Taylor expansion of).

Recall the definition Pol§j(v, 8) = Poly™(H.,, H_p—1) N Poly™(H+1, H_p).
We first show that i) € Poly™ (v, 5) and(Q(u.), K¢ r¢) is small, then the expression
(Qu(vy), K1) (Note the appearance of rather tharu,) must be small as well for
every multi-indexa:
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Lemma6.19 Let Q € Poly™ (v, 8) for somem > 0 and for~ and 8 as chosen in
(6.4). Let furthermorg > 0 an sety = ¢3~™. Then, the implication

squ|<Q(ut),Kt,T<p>| <elle| = supsulp|<Qa(vt),Kt,Tso>| <o,
tels a tels

holds modulo som&®(m+1)/d_-dominated negligible family of events, provided that
r < q/(6pp)-

Proof. Note first that both inner products appearing in the impidcaare well-defined
by Propositiod 612 and the assumptions@n By homogeneity, we can assume that
lo]] = 1. SinceQ is a polynomial [[3}4) implies that

(Qur), K1r@) = > (Qa(vr), Ky m o) Walt) -

[e3

Applying Theoreni 7]1, we see that, modulo some negligibieilfaof events Osf;,
supcs, [(Q(ue), Ki. )| < 7 implies that either

supsup|(Qa(ve), Ki. )| < &7, (6.14)

a tels

or there exists some such that

Qa(we), K. rp)lls > &% (6.15)

We begin by arguing that the second event is negligible.&Sints of degreen, there
exists a constan® such that

{Qa(ve). K. 7)1 < tSUIpIIKt.,wHﬁH|||Qa(v-)|||1.,7571 + tSLjpHQa(Ut)HfB|||K-.,T80|||1-ﬂ
€ls €ls

< C sup||Ke,r¢llg+1 suplloelly ol + C suplloe|l 1K rellis -
tels tels tels

Here, we used the fact th@, € Poly™(#.,,H_1-p) to bound the first term and the

factthatQ. € Poly™ (1, H_3) to bound the second term. The fact ttyat belongs

to these spaces is a consequencg,of H., 1 and of the definition{314) of)...
Therefore,[(6.115) implies that either

. _ 1 .
Xs = sup  sup||Kirollp+ supllu T vl > 3¢ /3 (6.16)
pEH : ||p||=1tEls tels
or
G sup suplullK el > pee 0 (67)
s p Pllvelly 1 ll£s. relin,g = 206 . .
peM :lpll=1tels

Combining the Cauchy-Schwarz inequality with {8.3b) of garsition[6.2, we see that
X5 andY; satisfy the assumptions of Lemia8.13 with= ¥™*! andb = js, thus
showing that the families of even{s (6116) ahd (6.17) aré ¥+ 1/d-dominated
negligible, provided that < ¢/(6pp). O

In the sequel, we will need the follow simple result whichilfssome way, a con-
verse to Theorein 7.1.
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Lemma 6.20 Given any integeV > 0 and any two exponents< g < ¢, there exists
a universal family of negligible events §lisuch that the implication

supsup|A.(t)] < &? = sup
o tels tels

> AOWa(t)| < &

a:la|<N

holds modulo Sup for any collection of processédsi,(t) : |a| < N}.

Proof. Observe that

sup\ > Aa(t)Wa(t)} < (supsuplAa(t)l)( > SuplWal)
tels atlal<N o tels (Jz:|()z\§NteI‘s
Since for any > 0,
> sup|Wu|>er
a:|a\§Nt€I‘5

is a negligible family of events, the claim follows at once. 0O

As a corollary to Lemmag_6.119 afd 6120, we now obtain the kéiynage for
Lemmal6.1F in the particular case where the commutator isntakith one of the
constant vector fields:

Lemma 6.21 Let@Q € Poly™ (v, 8) be a polynomial of degre and letq > 0. Then,
for § = ¢3-(™*+1, the implication

sup|(Q(us), Ki.ro)| < ¢l = supsup|(Qa(us), Kir9)| < 7ll¢||
tels a tels

holds for all o € H modulo somel(™+1)/2-dominated negligible family of events,
provided thatr < q/(2p3).

Proof. Since it follows from[[3#) that®,)s = Q.us, We have the identity

Qalud) =D (Qu)swdWs =Y Qaus®)Ws .
B B

Combining Lemm&6.319 and Lemima®.20 with= m proves the claim. O

In the next step, we show a similar result for the commutdtetsieen) and F'.
We are going to use the fact that if a functipis differentiable with Holder continuous
derivative, thenf being small implies thad; f is small as well, as made precise by
Lemma&.I#. As previously, we start by showing a result theolives the process
instead ofu;:

Lemma 6.22 Let Q be as in Lemm&6.19 and such thiét,, F,] € Poly(y, 8) for
any two multi-indicesy, o. Let furthermoreg > 0 and set; = ¢372™/8. Then the
implication

sup[(Q(ur), Kerp)| < efllgll = supsup|([Qa, Fol(ve), Kir)| < €l
tels a,o tels

holds modulo som&®(m+1)/d-dominated negligible family of events, provided that
r < q/(6pg). (As before the empty multi-indices are included in the soqum.)
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Proof. By homogeneity, we can assume tljaf| = 1. Combining Lemm&6.19 with
Lemma6.T# and defining = ¢3~", we obtain that sup; [(Q(us), K¢ 7¢)| < €

def

implies for f, ,(t) = 0¢(Qa(vt), K¢ 1) the bound

SUP| fa (0] < C max(e, <l oI5} (6.18)
€ls

modulo some¥6(m+1)/i_dominated negligible family of events, provided that<
G/(6pg). Note that this family is in particular independent of batlandy. Here and
in the sequel, we use the lett€rto denote a generic constant depending on the details
of the problem that may change from one expression to the next

One can see thatl.(v:), K¢ r¢) is differentiable int by combining Proposi-
tion[6:2 with the fact thaf),, € Poly(H.,, H_1_3) N Poly(H,+1,H_3) as in the proof
of Lemmd6.IP. Seé [DLY2] for a more detailed proof of a sinslatement.

Computing the derivative explicitly, we obtain

def

Jao(t) = (DQa(ve) F(us) — DF(u)Qolve), Ki. 70) = (Balt), Ki1p)

The functionB,, can be further expanded to

Ba(t) = Z(DQQ(Ut)Fo(Ut) - DFU('Ut)Qa('Ut)) Wo(t) = Z[Qa; Fo](vt)Wa(t) .

g

Notice that, by the assumption th&}], F,,] € Poly(y, 3), one has
11Qas FoJeIWo )l 15 < CCL+ sup o)+~ 1=1 oy, sup |17, (1)
tels tely
+ CIW, |1 (1 + sup|vy]|,)m+m=t=lel=lel,
tels

I[Qa Fol(w)Wo |- < CL+ [[ogla4)™ "1, (1)

(Here it is understood that if one of the exponents of the nofmy is negative, the
term in question actually vanishes.) It therefore followsi Proposition 612 that

E[ Ba |||2717ﬁ < CUFm=D(y,) | EtsquHBa(t)Hfﬂ < Gt (y0) |
€ls

for everyp > 1 and some constan{s,.
Since the Holder norm of,, , is bounded by

I{Ba(), K. x0)lls < |1 Bally,—1-5 SUPI K¢ rllg+1 + 1K 7l 1 5 sUp| Ba()] -5
tels tels

we can use the bounds @, just obtained, the Cauchy-Schwarz inequality, Proposi-
tion[6.2, and Lemm@®6.13, to obtain

sup sup |l faulli)s <e ¥, (6.19)
lell<1

o |

modulo somel2(*+m)/i_dominated negligible family of events, provided that
min{q/12, 4/(6ps)}. As a consequence, modulo this family, we obtain from (6tA8)

bound sup sup, |fa,.(t)| < Ce¥ which can be rewritten as

supsup| Y ([Qa. Fo1(v1), K r o) Wo ()| < Ce . (6.20)

a tels =
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Since R., F,] € Poly(y, 3) the same reasoning as in Lemma .19 combined with
Theoren{ZlL on Wiener polynomials implies that modulo somgligible family of
events Osfy, the estimatd (6.20) implies that either

supsup|([Qa., Fo1(ve), K. rp)| < €7, (6.21)

a,0 tels

or there exists some ando such that

I([Qa Fol(ve), Ko rp)lls = e/ (6.22)
Again following the same logic as Lemrha 619, we see that dn@ly of events in
(6.22) is®¢(m+1/d-dominated negligible provided that< G/(6p5). 0

In order to turn this result into a result involving the prese;, we need the fol-
lowing expansion:

Lemma 6.23 Given any two multi-indices ando (including the empty indices), there
exist an integerN and a collection of multi-indice$«;,0;,¢(; : ¢ = 1...N} and
constantg¢; : ¢ =1... N} sothat

N

[Qa; FU](ut) = Z Ci[Qaia Foi](vt)WCi (t)

i=1

Proof. First observe that

[Qou Fo](ut) = Z[Qaa FG]C('Ut)WC(t) .
¢

The Jacobi identity for Lie bracket states that

ng [Qaa FU] = [gka [ch Fo]] = [[gka Qa]a FU] + [Qaa [gk7 Fo]]
= (|a| + 1)[Qau(k)a FU] + (|U| + 1)[@01; FUU(k)] .
By iterating this calculation, we see that for any multiénd, [()., F]¢ is equal to

some linear combination of a finite number of terms of the g€, , £,,,] for some
multi-indiceso; ando;. O

In very much the same way as before, it then follows that:

Corollary 6.24 Let@ be as in Lemma6.19 and such thét,, F,] € Poly(y, 3) for
any two multi-indicesy, o. Let furthermore; > 0 and set7 = ¢3-2™+1 /8. Then the
implication

tSUij(Q(ut),Kt,T@I <ellell = SUptSUIp|<[Qa,Fa](Ut),Kt,T<P>| <ellell,
cls o,0 tels

holds modulo som@&2("+1)/62)_dominated negligible family of events, provided that
r < 3q/(2ps)-
Proof. It follows from Lemmd6.283 that
N
([Qa Fol(ue), Kr00) = Y cil[Qas For J(v), Kr,60) Wi, (1) -
=1

Combining the control of th€[Q..,, F,,1(vt), K1.+) obtained in Lemm&6.22 with
Lemmd®6.2D gives the quoted result. O
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6.10 Putting it all together: proof of Theorem[6.12

We now finally combine all of the results we have just accunteddo give the proof
of the main theorem of these sections.

Proof of Theorerf 6.12We are going to prove the statement by showing that there ex-
istsd > 0 and, for everyy > 0, a U-dominated family of negligible events such that,
modulo this family, the assumption infs, (p, M) < el|¢||* leads to a contradic-
tion for all e sufficiently small.

From now on, fixV as in Assumption C|2. By Lemmas 6115 dnd 6.17, we see
that there exist constartisq, 7o > 0 such that, modulo som&’-dominated family of
negligible events, one has the implication

© € Sa K1 579 € Seo @and|[TIKr s 7|l > 5|0l
(o, Mrp) < g|lo|? (Kr—s,1¢, ON(ur—s)K1_570) < €9|0|*

provided that we choose< ry in the definition[[6.B) of. By Assumptio C.R, this in
turn implies (modulo the same family of negligible events)

« _ g
= Slel < [HEr-s7el < Azl o)t gl -

On the other hand, it follows from Lemnia 6113 and the asswmptin the inverse
moments ofA ., that, modulo some¥ < -dominated family of negligible events, one
has the bound

A (ug) < e % .
Possibly making smaller, it follows that, modulo somg?-dominated family of neg-
ligible events, one has the implication

SD S SOL — (0] < aq
— < 5‘4 y
(o, M1p) < ell¢l? 2

which cannot hold foe small enough, thus concluding the proof of TheofemI6.12

7 Bounds on Wiener polynomials

We will use the terminology of “negligible sets” introduciedDefinition[6.9. We will
always work on the time intervaD[1], but all the results are independent (modulo
change of constants) of the time interval, provided thateitgyth is bounded from
above and from below by two positive constants independent ®his is seen easily
from the scaling properties of the Wiener process.

The results of this section are descendents of similar tesbitained in[[MPO6,
[BMQ7] by related techniques. 10 [BM07] it was proven that ¥\aener polynomial,
with continuous, bounded variation coefficients, is idesity zero on an interval then
so are its coefficients. This is enough to prove the almos swertibility of projec-
tions of the Malliavin matrix, which in turn implies the etésnce of a density for the
projections of the transition probabilities. To prove siiess of the densities or the
ergodic results of this paper, more quantitative controldsded. InN[[BMOF7], a result
close to[(Z1) is claimed. However an error in Lemma 9.12 ef #uticle leaves the
proof incomplete. Arguing along similar, though slightlijferent lines, we prove the
needed result below. We build upon the presentation in [B\NQ7 simplify it signif-
icantly. (The presentation in [BM07] was already a significsimplification over that

in [MP06].)



BOUNDS ONWIENER POLYNOMIALS 54

Theorem 7.1 Let {W;}{_, be a family of i.i.d. standard Wiener processes and, for
every multi-indexx = (a1, ..., ap), defineW, = W,, ... W,, with the convention
thatW, = 1if « = ¢. Let furthermored,, be a family of (not necessarily adapted)
stochastic processes with the property that there exists> 0 such thatA, = 0
whenevefa| > mand setZ4(t) = Y, Aa(t)Wa(t).

Then, there exists a universal family of negligible ev&gs;, depending only on
m such that the implication

1Zallpw <o = Sher suR dalle < 00 gy
- or sup, ||[Aallip >3

holds moduldsgj;. (The supremum norms are taken on the intefval].)

Remark 7.2 Informally, we can read the statement of Theofenh 7.1 ag jifis small,
then either all of the coefficientd,, are small, or at least one of them oscillates very
fast.” The exponents appearing in the statement of Thelor@iar@ somewhat arbitrary.
By going through the proof more carefully, we can see thaafyr< > 2, it is possible

to find a constant’,, > 0 such that the exponents in_(7.1) can be replaced %
and —Ck~™ respectively. Here, the coefficient, tends to0 asx — 2. While
the precise values of the exponents[in(7.1) arising frompoaof are unlikely to be
sharp, they are not far from it, as can be seen by looking atgsses of the form
Z(t) = el=32 (Wo(t)—W (t)), wherely is the linear interpolation of the Wiener process
W over intervals of size?.

Remark 7.3 The reason why the family of negligible sets appearing ia shatement
is called Os§; is that it relies on the fact that the Wiener processes tylpifiactuate
sufficiently fast on every small time interval so that thdfeets can be distinguished
from those of the multiplicatord, which fluctuate over much longer timescales. It is
important to note that O§t depends on the processés only through the value af.

Before we start with the proof, we show the following resulhich is essentially
the particular case of Theordml7.1 whete= 1 and where the coefficients,, do not
depend on time. Heré;, -) denotes the scalar productR{.

Lemma 7.4 Let {W},,}¢_, be a collection of i.i.d. standard Wiener processes. Then,
for any exponent > 0, there exists a universal famiysay- of negligible events such
that the bound

sup (A, W ()| > <"|4], (7.2)
te[0,1]

holds moduldsa, for any choice of coefficient$ € R%.

Remark 7.5 We would like to stress again the fact that the family of egeds$gy is
independenof the choice of coefficientd and depends only on the realisation of the
Wy's.

Proof. Fix x > 0 and define a family of event8 by B = {sup¢o ) W ()| >

e~ "}, It follows immediately from the fact that the supremum of &Wér process has
Gaussian tails that the famil is negligible. Consider now the unit sphef&in R,
For everyA € S9, the proces$Va(t) = (A, W(t)) is a standard Wiener process and
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SO P(suge[m] [Wat)| < 2eF) < Cy exp(~Cqe™2%) for some constant§’; andCs
that are independent of. Denote this event b/ .

Choose now a collectiofid,, } of points inS? such that SURc ga INfj |A — Ay | <
2 and defineH* = J, H5, . Since this can be achieved with(e ~2~(~1) points,
the family H is negligible by Lemm&®6.10. We now define @se= H U B and we
note that, modulo Osg, one has for everyi ¢ R the bound

sup [(A, W ()| > [A] inf sup [(A, W(1))|
te[0,1] AeSeief0,1]

> |A|(inf sup (4, W) — &) > A",
kE telo,1]

as required. 0O

We now turn to the

Proof of Theorerh 7]1The proof proceeds by induction on the parametefForm =
0, the statement is trivial since in this case one Ha§) = A4(t), so that one can take

OsGy = ¢.

Fix now a valuen > 1 and assume that, for somgboth inequalities

[ZallL~ <e, (Z3a)
_g—(m+1)
sup [|Ag|lp <e7? (7.3b)

lo|<m

hold. Our aim is to find a (universal) family of negligible s&@sg;, such that, modulo
Osd},, these two bounds imply the bound gupd, ||~ < ¢ . Before we proceed,
we localise our argument to Wiener processes that do nowbeba “wildly.” Using
the fact that the Holder norm of a Wiener process has Gaussaiia for every Holder
exponent smaller thaty2, we see that the bounds

Wa(t) — We _
sup sup |Wa(ﬁ)| < 5—1/10 ., sup sup % <e 1/30 ,
— S

te[0,1] |o|<m s#t |a|<m

(7.4)

both hold modulo some universal family Wien of negligibleerts. The reason for
these particular choices of exponents will become cleater bn, but any two negative
exponents would have been admissible.

Choose an exponentto be determined later and define a sequence of ttimes
e for = 0,...,e ", so that the intervald], 1] gets divided inta=~" subintervals of
the form [y, t,41]. We defineA?, = A, (t,) and similarly fori!. We also define the
Wiener incrementsV/ () = W;(t) — Wi(t¢) and their productsV = IT e, W/. With
these notations, one has fioe [t,,t,11] the equality

Za(t) = Zalte) + Y AL(Walt) = Wo) + > (Aalt) = AWal)  (7.5)

aFod a
= Za(t) + D > AWE W) + Y (Aalt) — AL Wal?)
a#d 7S o
= Za(t)+ YD Coo AL WIWS(8) + D (Aalt) — AL)Wa (D)
vV o#¢ @

d
= Za(te) + Z Z Co () ALy WEW () + Eo(t)

v =1
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for some “error term”E, that will be analysed later. Here, the combinatorial factor
Ca,0 counts the number of ways in which the multi-indexan appear in the multi-
indexa U o (for exampleCy; j) ;) is equal to2 if 7 # j and3 if ¢ = j). Using the
Brownian scaling and the fact that the supremum of a Wienecgss has Gaussian
tails, we see that for evewy < «, the bound

sup sup  sup || <2, (7.6)
(<e—r te[0,e”] je{1,...,d}

holds modulo some universal family Wign,, of negligible events.
Note now that all the terms appearingfia are (up to combinatorial factors) either
of the form A%, | WEW,(t) with |o| > 2, or of the form(A,(t) — AL)W.(t). To-

gether with [Z.6) and the first bound [0{(7.4), this shows thate exists a consta6t
depending only omn such that[{ZBb) implies

sup sup |Eg(t)| < C(Eﬁ/—1/27—1/10 + 5”_1/9_1/10) , (7.7)

(<e—r t€[ty,try1]

modulo Wien. ,,,. Here we used the fact tha&t(13b) implies in particular thatound

| AsllL= < e~'/27 holds for everyn with |a| > 2 (note that these terms are non-zero
only if m > 2) and that]| A, [|Lip < e~'/?, since we assumea > 1. At this point,

we fix k = % andx’ = g so that in particular both exponents appearindinl (7.7) are
greater thari. We then define Wi€n= WienuWien, ,,, so that, modulo Wieh (7.3)

and [Z.5) imply

d
chay(j)Aﬁu(j)WC{Wj(t) <24 sup sup |E.(t)| <Ce.

L<e—r telts,toqq]

sup
te[te,toy1]

a =1

(7.8)
The left hand side of this expression motivates the intridnof operators\/; acting
on the set of families of stochastic processes by

(M;A),, = Ca i Aauy) -

Note that)/; lowers the “degree” o by one in the sense thatif, = 0 for every
|| > m, then(M;A)_ = 0forevery|a| > m — 1.
With this notation, we can rewrite (1.8) as

sup
te[te,toq1]

d
> Z,alt)W;(t)| < Ce . (7.9)

j=1

Using the Brownian scaling and applying Lemmal 7.4, combiwiéd Lemmal6.1D,
shows the existence of a family Qgof negligible events such that (¥.9) implies

|Za;ate) < 7720, Ve < e/t

Here, we used the fact that our choicexoimplies thatl — /2 > 7/20. This shows
that the statements (7.3) imply

1Z31, all e < €72 + O sUBe™|| A lipl|Wall o + 2% || Aa| Lo [Wallc2/s)

< 57/20 + Cm(&_nfl/Qfl/O +€1/271/971/30) < Cm57/20 , (710)
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modulo Wiert U Osgy-. Here, the constardt,, > 1 depends only om.

We now finally arrived at the stage where we are able to applyraluction hy-
pothesis to each of the processég, 4. Note that sincg/20 > 1/3, (Z3B) implies
that

supl|(M; A)allip < (Cre™9) 72,
«@,]

for all sufficiently smalls. Therefore, outside of the event (Q&tl)cmgmo, one has
the implication

{Sup"Z]LIjAllLOO S Cm57/20} & {SupHAa”Lip S E_3f(m+1)}
j a (7.11)

T g3—(m=1)

= {SUDII(MjA)allLoo < (™ } ,
a,j

for some different constartt’, depending also only om. Since7/20 > 1/3 and
since|(M;A)a L~ > || Aaug)l L=, this implies in particular that A, ||~ < 3"
for everya # ¢.
In order to conclude the proof of the theorem, it thereforly demains to obtain
a similar bound on| A, || . We define a family of negligible events Wigrso that
Wien C Wien(!, and such that the bound
sup sup [Wa()| <e 73 ", (7.12)

t€[0,1] |a|<m
holds modulo Wief),. We claim that if we define recursively

(0sé}). = (0sE ) cersz0 U (Wierl)).

the family Osg¢), has the requested properties. It follows indeed floni (7 @a}2) and
the definition ofZ 4 that, modulo Osg, (Z.3) imply the bound

HAplze e+ Y [ Aall o[ Wallze < e+ Ol eT/20-1/1037070 0 (7.13)
aFé

Since we choose the bourild(74.12) in such a wayfia® — 1/70 > 1/3, we obtain
Ayl < /3 for sufficiently smalls. Together with the remark following(7.111),
this concludes the proof of Theorém17.1. O

8 Examples

In this section, we apply the abstract framework developetiis article to two con-
crete examples: the stochastic Navier-Stokes equatiors gphere and a class of
stochastic reaction-diffusion equations. The exampleshosen in order to highlight
the techniques that can be used to verify the assumptiong oésults and to get some
idea of their scope of applicability. In particular, the NavStokes equations provide
an example where bounds on the Jacobian are not very unigorthat an initial condi-
tion dependent control is required in Assumpfion|C.1. Thetsstic reaction-diffusion
system on the other hand satisfies very strong a priori bqundsssumptiofi A1l is
not verified with the usual choicl = L2, so that one has to work a bit more to fit
the equations into the framework presented here. Our girégeas follows: in a first
section, we provide a simplified version of our results. Viedtto find a formulation
that strikes a balance between powerful results and easilffable assumptions. This
general formulation will then be used by both of the examplestioned above.
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8.1 A general formulation

The ‘general purpose’ theorem formulated in this sectidowa to obtain the asymp-
totic strong Feller property for a large class of semilinBRDESs under a Hormander-
type bracket condition. Our first assumption ensures th#talktability conditions of
the previous sections can be verified.

Assumption D.1 The operatorl. has compact resolvent. Furthermore, there exists a
measurable functio: 2 — R, such that there exist constants> 0 anda > 0
such that the bound

V(u) = cfful|*,

holds for allu € H and such that the following bounds hold:
There exists a constant > 0 andn’ € [0, 1) such that

Eexp(V(u1)) < Cexp(n'V(uo)) - (8.1)

We also require the following bounds on the Jacobian, as agthe second variation
on the dynamic. For eveny > 0 and every > 0, there exists a constaft such that
the bounds

sup Efju|” < Cexp(dV (uo)) (6.2a)
t€[0,1]
E sup [[Js]l” < Cexp(dV (uo)) (B.2b)
s,t€[0,1]
sup E[J|P < Cexp(dV (ug)) , B2c)
s,t€[0,1]

hold for everyug € H.

Our next assumption is simply a restatement of the Horm@bideket condition
(considering only constant ‘vector fields’), with the adufial condition that the, be-
long toH .. This ensures that all the relevant brackets afé inand hence admissible
in the sense of Secti¢n 6.2.

Assumption D.2 The forcing directiong; belong toH.,. Furthermore, define a se-
quence of subsets &f recursively byA, = {g; : j=1,...,d} and

Apit AL U{NL by ha) = hy € A}

def

Then, the linear span &, = |J, ., A, is dense irH.

n>0

With these assumptions in hand, a simplified, yet sufficgeptwerful for many
uses, formulation of our main results is as follows:

Theorem 8.1 Consider the setting of equatidn (IL.1) and assume that Assoms A1,
O, andD:2 hold. Then, there exist constafits: > 0 and~y € (0, 1) such that the
Markov semigroufP; generated by (1]1) satisfies the bound

ID(P2p) @) < CeV ) (VPru?) ) + 7"V (PealDAP@) . (8:3)

for every integen > 0. In particular, it satisfies the asymptotic strong Fellepperty.

Furthermore, if3, > a — 1, then for everyn > 0, everyu € H, and every linear
map7: H — R™, the projections of the tim2-transition probabilities7T* Pz (u, -)
haveC> densities with respect to Lebesgue measurR®6n
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Remark 8.2 The final timesl and2 appearing in the statement are somewhat arbitrary
since it suffices to rescale the equation in time, which dasschange any of our
assumptions. We chose to keep them in this way in order t@awkward notations

in the proof.

In this result, the Hormander-type assumption, Assurmfid is verified by using
constant vector fields only. Before we turn to the proof of dieen[8.1, we therefore
present the following useful little lemma:

Lemma 8.3 Let H be a separable Hilbert space add;}°, C # a collection of
elements such that its span is densé&{inDefine a family of symmetric bilinear forms
Q, onH by (h, Q,h) = > {(g:, h)?. LetIl: H — H be any orthogonal projection
on a finite-dimensional subspace?f Then, there existy > 0 and, for everyx > 0
there exists:, > 0 such that(h, Q,h) > c,||I1h||? for everyh € H with ||TIR|| >
allk|| and everyn > N.

Proof. Assume by contradiction that the statement does not holén;Tthere exists

a > 0 and a sequenck, in H such that|IIh,| = 1, ||h.]| < a1, and such that
lim,,0(hn, Qnhn) — 0. Since||h, || < o~ is bounded, we can assume (modulo ex-
tracting a subsequence) that there exists# such that,, — & in the weak topology.
Sincell has finite rank, one hddIx|| = 1. Furthermore, since the maps— (h, @, h)

are continuous in the weak topology and simces (h, Q,,h) is increasing for every
n, one has

so that(h, g;) = 0 for everyi > 0. This contradicts the fact that the span of thes
dense irnH. 0

We are now in a position to turn to the proof of our generalltesu

Proof of Theorerf 8]1We show first that the supremum [0_(B.2a) can easily be pulled
under the expectation. Indeed, it follows from the variatid constants formula that
we have the bound

[Juel| < 1S @)uoll + C/O (t =) "IN (us)l—ads + WL ,

whereW7p, is the stochastic convolution ¢f W with the semigrou generated by..
It follows immediately from Holder’s inequality that theeexists a constardt and an
exponenp > 0 such that

L 1/p
sup|usl| < [luoll + € / (1+ ") ds) " + sup| W ()]
t<1 0 t<1

Combining this with[[8Pa), we conclude immediately thatdgeryp > 0 and every
0 > 0 there exist&' > 0 such that

E sup [ju|” < Cexp(dV (up)) - (8.4)
te[0,1]
We now verify that Assumptiorls G.1 ahd C.2 are satisfied forgyoblem. It
follows from (8.4) and[{812b) that for evedy > 0, Assumptior_Cll holds with the
choice¥(u) = exp(dV (u)).
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Furthermore, Assumption_G.2 holds for every finite-rankhogonal projection
I1: H — H by Assumptiod DR and Lemnia8.3. Note that the functignis then
constant, so that the condition on its moments is triviadliistied. We can therefore
apply Theorerfi 6]7 which states that for everg (0, 1), everys > 0, every finite-rank
projectionIl, and every > 1 there exists a constat such that the bound

; <507 M1<P> p
P(ﬂa S 5) < Cexp(dV (ug))e? (8.5)
holds for everyug € H and every < 1.

Combining this statement with (8.1), we see that Assumjlfidhis satisfied with
q = 8 (for example) and/(u) = exp(6V (u)) with everys < 1.

The bound[(8]1) is nothing but a restatement of Assumpii@h 8ince we assume
that [8.2b) and(812c) hold for evedy> 0, we infer that Assumption BL.3 holds with
p = 20 andn sufficiently small. It remains to verify that, for eve6; > 0 there exists
a finite-rank projectiorI such that[(513) is satisfied. This ensures that the required
relationCy; > C; + 2nC, /(1 — 1) can be satisfied by a suitable choicd bf

Becausd. has compact resolvent by assumption, it has a completensysteigen-
vectors with the corresponding eigenvaldes } satisfying lim, .., A, = oco. There-
fore, if we denote byl the projection onto the subspacefdfspanned by the firsy
eigenfunctions, we have the identity

e T = et

This allows us to get a bound ofy ;I1* as follows. It follows from [3.10) and the
variation of constants formula that

t
1o T < fle=HIrt | + / 5| DN (us)]| —a ds
0

< et Ot supfu ||
s<

so that, for every > 0, we have by[(8]4) the bound
El|Jo. JIH [P < Cop(e™ 10+ 177) expl(dV (uo))

for some family of constant§’s , independent of € [0, 1]. Sincea < 1, it follows
that for everye, 5 > 0 andp > 0, we can findN sufficently large and sufficiently
small such that

E||Jo. TP < e exp(6V (uo))) -

Combining this with[[8.Pb) and the fact thiafy 1 1+ || < || J;.1 ||| Jo..IT* ||, we obtain

EllJo T4 7 < (EllJo.|PE|lJia 7)< C=expl20V (uo))

provided thatV is sufficiently large. By choosing sufficiently small, it follows that
Assumptio B} (with arbitrary values fprandCyy) can always be satisfied by choos-
ing for IT the projection onto the firsV eigenvectors of. for some large enough value
of N. The bound[{8]3) now follows from a simple application of drem5.5.

It remains to prove the statement about the smoothne®s Bt (u, -), which will
be a consequence ¢f (8.5) hy [Nuags, Cor. 2.1.2]. The reasgnwe consider the
process at time is that, in order to avoid the singularity at the origin, wasiaer the
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solutionuy, as an element of the probability space with Gaussian streigfiven by
the increments ofV over the interval{, 2]. The increments ofV’ over [0, 1] are then
considered as some “redundant” randomness, which isvaetéy [Nua95, Ch. 1].
With this slightly tweaked Gaussian structure, the Malliamatrix of ITuy is given
almost surely byiTM (uq)II, where M, is defined as before, but over the interval
[1,2]. The claim now follows from[(8]5) and(8.1), provided thiaétrandom variable
TTuy belongs to the spac@>° of random variables whose Malliavin derivatives of all
orders have moments of all orders.

Recall now (see for example [BMD7, Section 5.1]) that for anguple of ele-
mentshy, ..., h, € L?([1,2],R?%), thenth Malliavin derivative ofu, in the directions
hi,...,hy, is given by

D" us(h) = / JNGh, ds . (8.6)
1<51 < <5, <2

Applying (6.13) in Proposition 612 we see that, for evegyc H, everyy < v, + 1,
and every > 0, one has the bound

E sup [Jwl/f < oc.
tel1,2]

We conclude from Propositidn 3111 that

k
E  sup sup |78 (1, on)]P < o0,
1<s1 < <sn L2 ;|| <1

so that, by[(816)i2 does indeed have Malliavin derivatives of all orders withihded
moments of all orders. This concludes the proof. 0O

8.2 The 2D Navier-Stokes equations on a sphere

Consider the stochastically forced two-dimensional Na@imkes equations on the
two-dimensional spherg?:

du = vAudt + v Ricu dt — Vyudt — Vpdt + Q dW (i) , divu=0. (8.7)

Here, the velocity fieldu is an element of(S?,7.S?), V,u denotes the covari-
ant differentiation ofu along itself with respect to the Levi-Civita connection 8,
A = —V*V is the (negative of the) Bochner Laplacian 6f, and Ric denotes the
Ricci operator froni"S? into itself. In the case of the sphere, the latter is just thm
tiplication with the scalail. See also[Tay92, TW93, Nag97] for more details on the
Navier-Stokes equations on manifolds.

As in the flat case, it is possible to representniquely by a scalar “vorticity” field
w given by

w = curly £ —div(n Au) , (8.8)

wheren denotes the unit vector iR? normal to the surface of the sphere (so thatu
defines again a vector field on the sphere). With this notatina can rewritd (817) as
dw = vAw dt — div(w Kw) dt + G dW (t) . (8.9)

Here, we denoted bl the operator that reconstructs a velocity field from its ieitst
field, that is
uw=Kw=—culA 'w € n AVA~ w,
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and A denotes the Laplace-Beltrami operator on the sphere.[SE83] for a more
detailed derivation of these equations. In order to fit tlaenework developed in this
article, we assume that the operafois of finite rank and that its image consists of
smooth functions, so that the noise term can be written as

GdW(t) = igi dWl(ﬁ) ) g; € HOO(SQ, R) .

i=1

We choose to work in the spad¢ = L2(S2%,R) for the equation[{8]9) in vorticity
formulation, so that the interpolation spadés coincide with the fractional Sobolev
spacedi?*(S2,R), seel[Tri86]. In particular, elements € #,, are characterised by
the fact that the functions — o(z)w(x(z)) belong to H>*(R?) for any compactly
supported smooth functiop and any function): R*> — S2 which is smooth on an
open set containing the supportf Since the sphere is compact, this implies that the
usual Sobolev embeddings for the torus also hold true incégs.

Definenow A = {g; : i =1,...,n} and set recursively

Api1 =A, U{B,w) : v,weA,},
where we made use of the symmetrised nonlinearity
B(v,w) = (div(w Kv) + div(v Kw)) .
We then have the following result:

Theorem 8.4 If the closure of the linear span &, = Unzo A, is equal to all of
L?(S?,R), then the equationE(8.7) have a unique invariant measure.

Remark 8.5 Sufficient conditions for density of & and for approximate controlla-
bility are given in [AS08]. In particular, the authors thegive an example of 4
containing five spherical harmonics that satisfies our dandi Note however that
controllability is not required for our result to hold, seeve only use the fact that
the origin belongs to the topological support of every ifaar measure. On the other
hand, as shown i [MP06], controllability allows to obtaiositivity of the projected
densities of transition probabilities.

Proof. The main step in the proof is to check that we can apply The@&i&no con-
clude that the Markov semigroup generated by the solutio (&%) has the asymptotic
strong Feller property. Let us first check that the Naviertk8$ nonlinearity on the
sphere does indeed satisfy AssumpfionlA.1 for same [0,1). It is clear that the
nonlinearity N, defined byN (w) = B(w, w), is continuous fromH ., to H., (which
coincides with the space of infinitely differentiable fuiocts on the sphere), so in order
to show point 2, it remains to show that maps?, into #-_, for a range of values
~ > 0 and some: € [0, 1).

Setting B(w, w’) = div(w Kw') so thatN(w) = B(w,w) = B(w,w), one can
show exactly as if [CE88] that, for any triplet( sz, s3) with s; > 0, >, s; > 1, one
has bounds of the type

|[w]| g+ w/”HSS*l )

[, 60 B w)a) de < Clol

wlze |w' | gea-r

/52 v(z) B(w, w')(@) dz < C||v|| grsa
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for some constant’ depending on the choice of the. In particular,3 can be in-
terpreted as a continuous linear map fréfnz H into H_ 3 s (for example) and from
Hi @ Hy into # (using the usual identification of bilinear maps with lineaaps
between tensor products). It thus follows from the Calder@ns interpolation theo-
rem as in Remar-3 that is a continuous linear map frofi,, ® #, into H s for
B =322 —3anda € [0, 1]. Fora > 1, we use the fact tha,, is an algebra[Tri92]
to deduce thaB is continuous fron, ® H, into ”Ha_, This shows that point 2 of

Assumptio ALl is satisfied with = % (any exponent strictly larger tha@would do,
actually) andy, = +oc.

Turning to point 3 of Assumptiof Al1, it suffices to show thfat; v sufficiently
smooth, the map — B(v, w) is bounded fromH_g into H_g_,. Itis well-known
on the other hand thatif € C* then the multiplication operatas — vw is continuous
in H* for all |s| < k. It follows immediately thatD N*(v) is continuous frorrH 8
into H —B—1 provided thawv € C* for k > 23. Point 3 then follows with3, =

For any fixedn > 0, it follows exactly as in[[HMOB, Lemma 4.10] that Assump-
tion[D.1 is verified withV (w) = n||w||? for n sufficiently small. This concludes the
verification of the assumptions of TheorEm|8.1 and the claifows. 0O

Remark 8.6 Just as in[[HMOB], this result is optimal in the following sen The
closureA ,, of the linear span of A in L? is always an invariant subspace for {8.9)
and the invariant measure for the Markov process restrtotéd,, is unique. However,

if A, # L?, then one expects in general the presence of more than oagaini/
probability measure itf.? at low values of the viscosity.

8.3 Stochastic reaction-diffusion equations

In this section, we consider a general class of reactidingldn equations on a “nice”
domainD. The dimensionn of the ambient space is chosen smaller or equalftar
technical reasons. However, the numbeaf components in the reaction is arbitrary.
The domainD is assumed to be either of

e A compact smoothn-dimensional Riemannian manifold.
e A bounded open domain & with smooth boundary.
e A hypercube irR™.

We furthermore denote b\ the Laplace (resp. Laplace-Beltrami) operatorion
endowed with either Neumann or Dirichlet boundary condgiowith these notations
in place, the equations that we consider are

d
du=Audt+ foudt+Y g; dWi(t), (8.10)

i=1

with u(t): D — RYandf: R — R’ a polynomial of arbitrary degree with n > 3

an odd integer. (We exclude the case= 1 since this gives rise to a linear equation
and is trivial to analyse.) The functiogs describing the stochastic component of the
equations are assumed to belongHq,, the intersection of the domains & in
L?(D) for all « > 0. It is a straightforward exercise to check tHat (8.10) hagum
local solutions in€ = C(D, RY) for every initial condition inC(D, R) (replaceC by

Cop in the case of Dirichlet boundary conditions). In order tdai global solutions,
we make the following assumption on the nonlinearity:
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Assumption RD.1 Writing f = >_}'_, fx for f with f;, beingk-linear maps fronR*
to itself, we assume thatis odd and that

<fn(’LL,...,’lL,’U),U> < 0!
for everyu,v € R®\ {0}.

Remark 8.7 Provided that Assumption RD.1 holds, one can check thaetegist
positive constantg andC' such that the inequality

(fu+v),u) < CA+ o) = clluf"*, (8.11)
holds for everyu, v € R’.

Essentially, Assumption RD.1 makes sure that the funciions |u|? is a Lya-
punov function for the “reaction” part = f(u) of (8.10). In the interest of brevity,
we define Sup_ (v) = 1+ sup,, [|v(s)|[e for any functionv € L*([0,],&) and
Sup . (v) = 1+ sup,, [[v(s)]|a- for v € L>=([0,t], H"(D)), As a consequence of
Assumptioi RDJL, we obtain the followirsgpriori bound on the solutions tb (8110):

Proposition 8.8 Under Assumption RD..1, there exist constandsd C' such that the
bound

ol
[u®ll < (e SuR=(7a))

holds almost surely for eveny, € &£, wheref is eitherC(D, RY) or Cy(D, RY), de-
pending on the boundary conditionsAf In particular, for everyt, > 0 there exists a
constaniC' such that one has the almost sure bound

[u(®)llz~ < CSup (Wa), (8.12)
independently of the initial condition, provided that .

Proof. The proof is straightforward and detailed calculationsfaariant of it can be
found for example in[[Hai08]. Setting = u — Wa(t) whereW, is the “stochastic
convolution” solving the linearised equatidn (8.10) wjth= 0, and defining/ (v) =
||v]|? ~, we obtain from[(8111) the almost sure bound

SV < CSUFIa) — eV 20(0).
In particular, there exist possibly different constantshsthat
DV () < e )

for all v such that/(v(t)) > CSupf,OO(WA)). Since we assumed that> 3, a simple
comparison theorem for ODEs then implies that

[ uol”

V) < O uooraye

ASURE o (Wa) ,

where we setv = 2/n. The requested bound then follows at once. The second bound
is an immediate consequence of the first one. 0O
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Remark 8.9 The functiont — V' (v(t)) is of course not differentiable in time in gen-
eral. The left hand side ifiL{8.112) should therefore be imttgal as the right upper Dini
derivative lim sup_, o+ A~ (V(v(t + h)) — V(v(t))).

In order to fit the framework developed in this article, we maintakeZ? as our
base space, since the nonlinearity will not in general tajnto any Sobolev space
of negative order. However, provided that- m/2, the Sobolev spaceg” form an
algebra, so that the nonlinearity— N(u) < f o u is continuous fromH* to H* in
this case. It is therefore natural to chodge= H* for somek > m/2. In this case,
for a > 0, the interpolation space,, coincide with the Sobolev spacés®+2<, so
that one hasV € Poly(H.,,H.) for everya > 0. This shows that Assumptién A.1
is satisfied witha = 0, v, = oo andf, = oo. It turns out that it is relatively easy to
obtain bounds in the Sobolev spaldé. From now on, we do therefore assume that the
following holds:

Assumption RD.2 The space dimension is smaller or equal t3.

This will allow us to work inH = H?2. Before we state the main theorem of this
section, we obtain a number afpriori bounds that will allow us to verify that the
assumptions from the previous parts of this article do iddsgply to the problem at
hand.

By using a bootstrapping argument similar to Proposifid @:.e can obtain the
following a priori estimate:

Proposition 8.10 Assume that Assumptiodns RD.1 and RD.2 hold. if the solution
to (B.I0) with initial conditionuy € H? then there exists a consta@t such that the
bounds

lu@®ll 2 < CSUR (W) ([[uoll = + Sup ,(Wa)) |
Ju(®) = < CSUF () ol = + Sup 2 (Wa))
hold for all ¢ < 1 almost surely.
Proof. From Duhamel’s formula, we obtain the bound

@l < ol + [ 2
< JJugl| 2 + CVESUR o (u) + Sup ; (Wa) .

[[f o u(s)]|z> ds + Sup ;(Wa)

At this stage, we use that singds a polynomial of degree, there exists a constaat
such that
Ifoullm < CO+ llulfe + lulz=lullm) - (8.13)

Using Duhamel’s formula again, this yields

t
c
ol < ol + | =1 o uelr ds +Sup ,(07)
t
c _
< ol + | =0+ [+ ) s

+Sup ,(Wa)
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e
< ||UOHH2 +/O \/ﬁ(SuQ’m(u)+Sudf;1(u)(|\uo||Hz

+ V/5SUR. . (u) + SUR, (W) ) ds + SR ,(Wa) -

Integrating the last term yields the first bound. The secamehd can be obtained in
exactly the same way, using the smoothing properties oféh@ggoup generated by
the Laplacian. 0O

As a consequence, we obtain the following bound on the exgi@enoments in
H? of the solution starting from any initial condition:

Proposition 8.11 For everyl' > 0, there exists a constant > 0 such that
Eexp(|[u(T)[|}12") < C,
for every initial conditionuy € H?2.

Proof. Without loss of generality, we s&t = 1. Combining Proposition 8.10 and the
Markov property, we see that there exists a constant 0 such that

luli= < ¢( sup fu(@i ) (lu)llzz + Sup o(Wa))

1<t
<C( sup ()~ )Sup o(Wa)
1<s<1
The requested bound then follows frdm (8.12) and the fa¢tSba ,(Wa) has Gaus-
sian tails by Fernique’s theorem. 0O

We now turn to bounds on the Jacobiafor (810). Recall from[(3-70) that, given
any “tangent vector¢, the Jacobiaw ;£ satisfies the random PDE

% i€ = Ao+ (Df o u)(t) st

where D f denotes the derivative of the mgp Our main tool is the fact that, from
Assumptiof RD.]L, we obtain the existence of a constant 0 such that

(Df(u)v,v) < Clof*,

for everyu, v € RY. In particular, we obtain tha priori L? estimate:

d
T €llTe = =201V o€l 7e + 207506, (Df 0 u)(B)5,18) < 2C Joi€l72 » (8.14)

so that]| J ;£]| 12 < e“t9)||¢|| > almost surely. We now us similar reasoning to obtain
a sequence of similar estimates in smoother spaces.

Proposition 8.12 For anyu, € H?, the Jacobian satisfies the operator bounds

| Js,ellL2sz2 < C
el < 02— + Suf ()
) = \/m ,00

[ sl < CSUg’ o (u)
[ ol mr2— 2 < CSUB (u)([[uol| 2 + Sup o(Wa))

mismz < CSug (u)(||uoll g2 + Sup ,(Wa)) +

175,41

t—

»
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for0 < s <t < 1with Sup __, defined just before Propositign 8110.

Proof. The first estimate is just a rewriting of the calculation lrefihe Proposition. As

in the proof of thea priori bounds for the solution, we are going to use a bootstrapping
argument, starting from the bourid (8.14). Applying Duhdsfelrmula and using the
notation Sup,, as before, we obtain

e
9eaéllae < Vel + [ = IDF 0 0)0) .8l dr

—1 ' c C(r—s)
< 1€l an (1 + Sug' (u)/s = dr)
< 1€l (1 + CSupﬁ;}(u)eCIt—slm)
< €]l CSUg 2 (@)1=

(And similarly for the second bound.) Regarding ffié norm of the Jacobian, we use
the fact that there is a constaritsuch that the bound

IDf@ollzrs < Clullz= ol + el <2V ull 2allvll )

< Cllulz=llull = l[v] e

holds. Hence we get similarly to before

t
s, el 2 < (1€l 2 +/ ml\(Dfou)(r)Js,rfl\Hl dr

! c¢ n—1
<lele + | = el
< OSu (ol + Sup 2 (WA) el e

which is the requested bound. To obtain the last bound, aepds identically except
that one usedle““=9¢| 2 < C||€|| g1 /VE — 5. O

We now turn to the second variation.

Proposition 8.13 For anyug € H?, the second variatiod® of the solution ta8.10)
satisfies

17N 222 < CSURER (@) (luoll 12 + SUR ,(Wa))'
for0 < s <t < 1withSup _, defined just before Propositign 8110.

Proof. Again using Duhamel’s formula, we have

t
T, y) = / Tt D*F(u,)(Js v, Jo p0))dr . (8.15)
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To control theH ? norm we will need the following estimate:

IV2D?F(u)(e, )2 < CA+ [ull i )IVu)eeol 2 + (V) o] 2
+ (V222 + [o(V2P) 2 + [(VOV )| 2
+ I(Vu)(V)el 2 + [[(Vu) (V)| 12)
< OO+ llulla®)lullzz el zoe 9l oo + NullZe el ool Lo
+ el a2 llPllzee + lllpellPll e + 11l a2l e
+llullazlloll e 19l a2 + lulla el a2 9]l L-)
< CA+ulls® A + lullz2) ol M1l e -

In this estimate, we have used repeatedly the factjthigt: < C||v|| g1 and||v]jp~ <
C||v|| g2 . Using this estimate il (8.15), we obtain

t
112G 02 < CSUR 2 (u) / (U 3 el 2 121l 22 | T s | =
< osug e ()(luoll = + Sup o (Wa)) (14 a2l a2
which completes the proof. 0O

We now set the stage to prove the analogue of Theprem 5.5 tiatieq [8.10). We
begin by collecting a number for relevant results impliedHsypreceding calculations.
We will work in H?2 since this will be the base space for what follows.

Proposition 8.14 DefineV (u) = HUH;{?- Then, for every > 0 there exists a constant
C, and, for everyy > 0 andp > 0 there exists a constant, ,, so that the bounds

E sup [[u@®)lp: < Cp
1/2<t<1

E sup HJs,t||11)q2_>H2 < CP
1/2<s<t<1

sup E”JS,tHI])pHHz < exp@pV (u) +pcn.,p)
0<s<t<1

sup  EJ 2o proy e < €XPOPV (W) + pCy )
0<s<t<1

hold for all uy € H?2.

Proof. The first two bounds are a consequence of Proposifions[8.12 a8d 8.8.
In order to get the second two bounds, note that

sup El T 0o me < Coll =+ [[uol| )T HP
0<s<t<1

= exp((l?n + 5)plog(l + ||uo|lm2) + log Cp) ,
as a consequence of Propositions B[13,18.11[afd 8.8. A sihuland holds forJ.

Since, for any positive, r, n, K there exists &', ., k S0 thatg log(1 + x) + log(K) <
na” + Cqrn,x forallz > 0, the quoted bound holds. O

We assume from now on that thg used in the definition of the forcing all belong
to H*. We now construct a particular subset of thg defined in Sectiof 612 using on
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the highest degree nonlinear term. By doing so we obtain coigtant vector fields,
thus trivializing Assumptioi'CI2 in light of Lemnha8.3. SettA; = {g1,- - ,ga}, We
define recursivelp 1 = AgU{Fy(h1,--- ,hy) : h; € A} andAL, = [JAy. Notice
that sinceg, € H*, we know that all of theA,, ¢ H* since H* is a multiplicative
algebra in our setting.

Proposition 8.15 If span{A..) is dense inf/2 then given anyH 2-orthogonal projec-
tion IT onto a finite dimensional subspace, there exists 0 such that AssumptidnB.1
holds withU (u) = W0.

Proof. Propositior{ 8.T¥ guarantees that all of the assumptionshebiien{&.l7 hold
except Assumption_Cl2. However since by construction athefvector fields im,,
are constant Assumptidn C.2 clearly holds witha constant ifll is an orthogonal
projection onto a subspace of spanj. Lemmd38.B furthermore shows that it actually
holds for any finite rank orthogonal projection. 0O

Let Iy, be the projection on the eigenfunctions of the Laplaciah wigenvalues
smaller thanM2. We will now restrict ourselves to such a projection sincallibws
for easy verification of the pathwise smoothing/contragpnoperties needed for As-
sumptior B.4. We have indeed the following bound:

Proposition 8.16 Given any positive,  andp, there exists &, ,. , so that the bound

EllJo1 Mgl o < €XP@n|uol| 52 — plog(M) + pCh,r. )
holds for alluy € H?, and allM € N.

Proof. First observe that
I JoaMag 2 rre < ol o w2 Mg | a2 m e < Mol oo
< eM'sug” (ol m2 + Sup 5(Wa))

< CM'sup, o(Wa)*" " (|luoll 2 + 1)

Raising both sides to the powgrtaking expectations, and using the fact that the law
of Sup »,(Wa) has Gaussian tails, we obtain

EllJo Mz |52, 52 < €Xpl(dn + 1)log(l + [[uo||) — plog(M) + pC,) .

The claim now follows from the fact that, for amy> 0 andr > 0, there exist &, ,
with (4n + 1) log(1 + 2) < nz" + Cy, forall 2 > 0. |

Theorem 8.17 Let P; be the Markov semigroup o * generated by8.10) If the
linear span ofA, is dense infH? then, for every orthogonal finite rank projection
II: H? — H?, foreveryp > 0, and for everyx > 0, there exists a constast(a, p, IT)
such that the boun@{3.1) on the Malliavin matrix holds with= 1.

Proof. The result follows from Theorefn 8.7. One can check that Aggiom[A]
holds withH = H?,a = 0, 7. = 3. = oo sinceH’ is a multiplicative algebra for
every/ > 2 (this is true because we restricted ourselves to dimensich 3). Since
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the most involved part is the assumption on the adjoint,[Bante give the details for
that one. One can verify that the adjointiofV (u) in H acts on elementsin H> as

DN*(u)v = A2 f'(u) A% .

(This is becausé{ is the Sobolev spac&? and not the spac&?.) The claim then
follows from the fact that the multiplication by a smooth egb function is a bounded
operator in every Sobolev spa¥ with ¢ € R.

Since Assumptiofi Cl2 (withh, a constant depending dm) can be verified by
using Lemma&8]3, it remains to verify AssumptfonIC.1 with = 1. Thisin turn is an
immediate consequence of Proposifion 8.14. 0

Combining all of these results, we finally obtain the follagiresult on the asymp-
totic strong Feller property of a general reaction-diftusequation:

Theorem 8.18 Let P; be the Markov semigroup oH? generated by{8.10)and let
AssumptionsRDI.1 aldRD.2 hold. If the linear spaA gfis dense inf7? then, for any
¢ > 0, there exists a positive constafitso that for everyy € H?, andy : H?> — R

on has

IDPrp(w)]| 12 r < Cl@l Lo + e sup IDp(v) | 12-r) - (8.16)
vEH?2

In particular, P; has the asymptotic strong Feller propertyif?.

Remark 8.19 It is easy to infer from the priori bounds given in Propositiofs 8110,
[B.11,[8:12 an@8.13 that the assumptions of our ‘all purpdbeoreni 811 hold with
V(u) = ||ul|* for a sufficiently small exponent. However, the bound(8.3) is slightly
weaker than the bounf{8116). This shows that it may be wartteusome circum-
stances to make the effort to apply the more general Thelof@m 5

Remark 8.20 As a corollary, we see that for the semigroup&rone has
IDPre()]l < Cllellz= + e "Dyl =) ,

where all the derivatives a Fréchet derivatives of fumtitomé& to R.
In particular, in space dimension = 1, the same bound is obtained in the space
H'! since onethenhal! c €£.

Proof. The result follows from Theorefi 8.5. FiX = II,,, the projection onto the
eigenfunctions ofA with eigenvalues of modulus less than?. The constanf\/ is

going to be determined later on. AssumptionlB.2 wiittu) = HuH;{/" andn’ =0
follows immediately from Propositidn 8.11. Fix apy> 10 and any positive) < 1/p.
Assumptior B.B then follows from Proposition 8.14. It thedldws from Proposi-
tion[8.16 that we can choose the valueldfin the definition oflI sufficiently large so
that Assumptioi B}4 holds and such thét(— C;)/2 — nC, > ¢. Since, in view of
Theoreni8.1]7, Assumptidn B.1 holds with= 1, we thus obtain from Theorem%.5
the bound

" 1/n _
IDPo()|| r2r < Ce™I7 (||| oo + e7¢ sup Do) #25r) - (8.17)
vEH?
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In order to obtain[(8.16), we note that one has

EllJo2llZz e < ElJoalliesrelJ12llie e < CElli2l7e,pe <C, (8.18)

whereC'is a universal constantindependent of the initial conditidere, we combined
the bounds of Propositidn 812 with Proposition 8.8 in otdenbtain the last bound.
We thus have
[DPep(u)]| 2R = [[DP2Pr—2¢p(u)|| 2 12
< E[|IDP—2¢(u2)l 2 R Jo,2 | L2 12
_ u 1/n
< C(llpllze + e sup|| D)l rr2r)E(* 21" | Jo 2 2 1r2)

where we made use df(8]17) to obtain the last inequality. rEqeested bound now
follows from (8.18) and Propositidn 8111. O

8.4 Unique ergodicity of the stochastic Ginzburg-Landau egation

In this section, we show under very weak conditions on theimlyi noise that the
stochastic real Ginzburg-Landau equation has a uniqueiamtaneasure. Recall that
this equation is given by

d
du(z, t) = vO?u(z, t) dt + nu(x,t) dt — u(x,t) dt + Z g;(@)dW;(t), (8.19)

j=1

where the spatial variable takes values on the circle € S* and the driving func-

tionsg; belong toC>(S*, R). The two positive parametersandn are assumed to be
fixed throughout this section. This is a particularly simgdese of the type of equation
considered above, so that Theorem B.18 applies. The aimisoééletion is to show
one possible technique for obtaining the uniqueness ofnveriant measure for such
a parabolic SPDE. It relies on CorolldryP.2 and yields:

Theorem 8.21 Consider[(8.19) and suppose that

1. there exists a linear combinatignof theg; that has only finitely many simple
zeroes,

2. the smallest vector space containing all fieand closed under the operation
(f,g,h) — fghis dense in(Sh).
Then [BIP) has exactly one invariant probability measure.

Remark 8.22 The second assumption is satisfied for examplelif 3 andg; (z) = 1,
go(x) = sinz andgs(z) = cosz.

Remark 8.23 We believe that the first condition in Theorém 8.21 is not eegdince
in finite dimensions such a Lie bracket condition impliesagliocontrollability for poly-
nomial systems of odd degree. See for exaniple [Jur97].

Remark 8.24 Actually, we could have relaxed the regularity assumptioritee g;’s.

If we chooseH = H', v, = 2¢ —1,a = 1 — ¢, andj, = 1, we can check that
Assumptior[All is satisfied as soon @s € H'*4. Furthermore, in this case, all
the relevant Lie brackets for assumption 2 in Theofeml8.2ladmissible, so that its
conclusion still holds.
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Looking at Corollary Z.R, the two main ingredients needegrtave Theorerh 8.21
are the establishment of the estimatdinl(1.2) and the ndededf irreducibility. The
first will follows almost instantly from the second assuroptof Theoreni 8.21 which
ensures that spafi(,) is dense inff'. The irreducibility is given by the following
proposition whose proof is postponed to the end of thissecti

Proposition 8.25 Consider(8.19)under the second condition in TheorEm 8.21. Then
there exists a positiv& so that for anye > 0 there is av with ||v]|;: < K and a

T > 0 so thatPy(ug, B(v)) > 0 for all ug € H'. HereB.(v) is thee ball in the
H'-norm.

Proof of Theore 8.21The existence of an invariant probability measure For (.19
is standard, see for example [Cer99]. Furthermore, sincerweanorking in space
dimensionl, H'! is already a multiplicative algebra and one can retrace theff
Theoreni8.18 fol{ = H*'. This shows that assumption 2. implies that the semigroup
generated by[(8.19) satisfids {1.2) on the Hilbert spdce- H'(S!). It therefore
remains to show that assumption 1. implies the assumpti@oodllary[2.2. 0O

In fact we have established much more than just uniquenets® afivariant mea-
sure. We now use the results from [HMO08] to establish a spkegap. For any Fréchet
differentiable functions fronp : H' — R define the norm|y||p = sup, (|¢(u)] +
ID@(u)|| ;71R). In turn we define a metric on probability measures on H' by
d(p,v) = sup{ [ wdp— [ @dv : ||¢||Lip < 1}. Combining[[8.16), Propositidn 8.25 and
Theorem 2.5] yields the following corollary to Theon[8.21.

Corollary 8.26 Under the assumption of Theorém 8.21, there exist positimstants
C and~ so thatd(P; i, P;v) < Ce"'d(u, v) for any two probability measurgsand
vonH! andt > 1.

Proof of Propositiol 8.25Fix an arbitrary initial condition:, and some > 0. Our
aim is to find a target, bounded control¥)(¢), and a terminal timé&" > 0, so that the
solution to the controlled problem

d
du(x, t) = vd2ulx, t) + nu(x, t) — ud(x, t) + f(x,t), flz,t) = Zgj(x) Vi(t) ,

7j=1
(8.20)
satisfies|u(T) — v||g: < e. Furthermore, we want to be able to choessuch that
lv]lg1 < K for some constank independent ot. The claim on the topological
supports of transition probabilities then follows immedig from the fact that the 1td
map (o, W) — uy is continuous in the second argument in our case.
The idea is to choosg of the form

_f e77g(x) forl1 <t <2,
) = { 0 otherwise,

and to sefl” = 3. We furthermore seit to be the solution at timé for the uncontrolled
equation (that id(8.20) witli = 0) with an initial conditionv, satisfying

vo2uo(a) + muo(a) — (@) + e Tg() = 0, (8.21)
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for some exponent > 0 to be determined. Suchg always exists since the coercive
“energy functional”

E(v) = [5 (Ljosvte)? — Lot + %|v(;p)|4 — e g)(n) ) d

has at least one critical point. Even thoughis in general very large (see however
Lemma 8.2 below), it follows froni(8.12) that the targetonstructed in this way is
bounded independently ef

The remaining ingredient of the proof are LemrhasB8.28[and Befow. To show
that this is sufficient, note first thdf (8]12) implies thestethce of a constaidt such
that||u(1)| .2 < C independently ofy. It then follows from Lemmak 8.28 and 827
that (choosing for examplé = ~/14) there exists a constaat such that one has the
bound

|u(2) — vol|r2 < CeT .

Since the uncontrolled equation expands at rate at mo#tis immediately yields
|u(T) — v|| 2 < Ce?. On the other hand, we know from Proposition 8.10 that there
exists a constan® such that|u(T") — v|| g2 < C, so that

(@) = ol < (D) = vl| 2 (T = v]|2)"> < C27/12,
and the claim follows by choosing > 12. |

Lemma 8.27 There exists a constaidt, independent of < 1 such that the bound
[vo(x)|| L < Cype™7/3 holds.

Proof. It follows immediately from[(8.21), using the fact thafvy < 0 at the maxi-
mum andd?v, > 0 at the minimum. 0

Lemma 8.28 For every exponent € [0, /4] there exists a constaxt such that the
bound

y—138

/(ufvo)(ug—vg’)dxzcgc:*w/ (u —vo)*dax — Ce™ 3
St St

holds for every: < 1 and everyu € L?(S%).

Proof. The proofis based on the fact that sincleas only isolated zeroes, the function
vo necessarily has the property that it is large at most poitse precisely, consider
some exponent € [0,7/3] and define the sett = {z € S : |v(z)| > 77}
We claim that there then exists a constéahsuch that the Lebesgue measuredof
is bounded byA| < Ce™ for a = min{~ — 3, %B}. Indeed, consider the sdt of
points such thay(z)| < 22“. Sinceg is assumed to be smooth and have simple zeroes,
|A| < Ce™ and the complement o consists of finitely many intervals on whigh
has a definite sign.

Consider one such intervdl on which g(z) > 9¢¢, so that the definition ofg

yields the estimate]] < —9=*~7 — vy +vj. It follows that, for every: € I, one either
hasvf/(z) < —“~7, or one hasy(z) > 2¢“5° > 2¢7 (since we setv < v — 30).
We conclude thaf N A consists of at most two intervals and thgtz) > 5 for
everyz € I N A, sothat]l N A] < Ce"~5" and the bound follows. (The same
reasoning but with opposite signs applies to those intemmalwhichg(z) < —9¢“.)
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This yields the sequence of bounds

2/51(u_U0)(u3 —vd)dx > /Sl(u—vo)Q(u2 + v3) dx

> 2 / (u — vo)? da + (u — vo)?(u? 4 v3) dx
A Ac
1
> 2 / (w —vo)* da + ~ / (u — vo)* dx
A 4 AC
> / (u — vo)? dx + L (/ (u — vp)? dx)2
- A A[ AT\ 4e
> 2 / (u — vo)? dx + < (5‘1725 / (u — vp)* da — 520"45)
A Ea Ac

> 05725/ (u — vg)? dx — Ce®=4P
Sl

which is the required estimate. 0O
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