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Abstract

In this thesis, a spherical, rolling magnet generator for passive energy harvesting

is investigated. It was designed for gathering energy from human motion. This

thesis focuses on the analysis of the dynamics of this device and gives its governing

equations. Then under two expected applications, this thesis finds the parameters

that greatly influence its efficiency and provide optimal parameter combinations.
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Chapter 1

Introduction

Electricity is essential in our lives and almost everything from mobile phones to

medical devices needs constant power to keep them running. Keeping such devices

plugged in or replacing batteries is inefficient, and used batteries can cause pollution.

Therefore, it is desirable to have a compact generator that can provide electricity

by excitation at low frequencies and low amplitudes, such as human motions. In

this thesis, a spherical, rolling magnet generator for passive energy harvesting is

investigated. It was designed for gathering energy from human motion.

While previous works mostly focus on generators driven by single dimension exci-

tation. Bowers’s paper investigated a similar device but focused entirely experiments

on how the device performed under various input conditions. However, his work lacks

the dynamic analysis of that device.[1] [2] [3] [4]

This thesis focuses on the dynamic analysis of this device and gives its govern-

ing equations. Under two expected applications, this thesis uses different numerical

simulation parameters, finds the parameters that greatly influence its efficiency, and

provides optimal parameter combinations.

The rest of the thesis is organized as follows: Chapter 2 describes a rolling sphere

system’s physical model and derives the equations of motion using Lagrange’s equa-

1



tion. Chapter 3 investigates the numerical analysis of the rolling sphere under hori-

zontal harmonic excitation and vertical harmonic excitation.

2



Chapter 2

Equation of Motion Derivation

R

r

Vc

θ

ω

i
j

I
JVs_x

Vs_y

ω_s

g

θ_s

Figure 2.1: Schematic of sphere

Fig 2.1 shows a picture of the whole device, which is a big hollow sphere with

a coil around it. A sphere magnet rolls inside the sphere without slip and does not

lose contact with the sphere. We assume that the device only moves in 2D. We use

Lagrange’s equations to derive the equations of motion:

d

dt

(
∂L
∂q̇i

)
− ∂L
∂qi

= Qqi (2.1)
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2.1 Mechanical equations

The hollow sphere was presumed to be moving in both the x-direction and y-direction

and rotating in the x-y plane.

Xs = Xs(t) (2.2)

Ys = Ys(t) (2.3)

θs = θs(t) (2.4)

~vs = ~̇rs = Ẋs(t)Î + Ẏs(t)Ĵ (2.5)

~ωs = θ̇s(t)K̂ (2.6)

2.1.1 Lagrange equation in non-inertial system

We choose the hollow sphere as the reference frame, and it is a non-inertial system

with acceleration as and angular velocity ωs :

as = Ẍs(t)Î + Ÿs(t)Ĵ (2.7)

~ωs = θ̇s(t)K̂ (2.8)

In this non-inertial system, Lagrange equation has form [5]:

d

dt

(
∂L
∂q̇i

)
− ∂L
∂qi

= Qqi +Qqir (2.9)

4



Qqir = Σ( ~Fei + ~Fci) ·
∂~ri
∂qi

(2.10)

Where Qqir is non-inertial generalized force that appears in the ith equation, ~Fei is

the force of transport and ~Fci is the Coriolis force.

~Fei = −m[~as +
d ~ωs
dt
× ~ri + ~ωs × ( ~ωs × ~ri)] (2.11)

~Fci = 2m( ~ωs × ~̇ri) (2.12)

2.1.2 Motion of the sphere magnet

The sphere magnet is a solid sphere of constant density. So the moments of inertia

about an axis through its center of mass is:

Ic =
2

5
mr2 (2.13)

The sphere magnet has velocity:

~̇rc = ẋî+ ẏĵ = vccos(θ)̂i+ vcsin(θ)ĵ (2.14)

vc = θ̇(R− r) (2.15)

5



The sphere magnet roll without slip:

vc = ωr (2.16)

Now, we can calculate the kinetic energy T and potential energy U of the system.

The kinetic energy T has two parts, mechanical kinetic energy Tm and electrical

kinetic energy Te which is discussed in section 2.2.

U = mgy = −mg(R− r)cos(θ + θs) (2.17)

Tm =
1

2
m~vc · ~vc +

1

2
Icω

2 =
7

10
mθ̇2(R− r)2 (2.18)

Qθ is determined by inertial force ~F

~F = ~Fei + ~Fci = −m[~as +
d ~ωs
dt
× ~ri + ~ωs × ( ~ωs × ~ri)− 2 ~ωs × ~̇ri] (2.19)

Qθ = ~F · ∂~r
∂θ

(2.20)

2.2 Electrical equations

Fig 2.2 shows the electrical system circuit configuration diagram. RL is the resistance

of an external load, Ri is the internal resistance of the coil, L is the inductance of the

coil, and V is the voltage across the coil.

6
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R_i
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Figure 2.2: Electrical system circuit configuration diagram

2.2.1 Generalized Lagrange equation

In order to derive governing equations in this mechanical and electrical system, we

need to use generalized Lagrange equation [6]:

d

dt

(
∂T
∂q̇i

)
− ∂T
∂qi

+
∂D
∂q̇i

+
∂U
∂qi

= Qqi +Qqir (2.21)

T = Tm + Te (2.22)

Te =
1

2
Lq̇2 + Tc (2.23)

Where L is the coil inductance, q is the charge coordinate and Tc is the electro-

magnetic coupling energy term caused by magnet-coil interactions. D is the non-

7



conservative term and is defined as:

D =
1

2
(RL +Ri)q̇

2 (2.24)

2.2.2 Magnet–coil interactions

In this subsection, we need to find electromagnetic coupling energy term Tc. First,

the magnetic fields ~B of the sphere magnet will be modeled by a magnetic dipole.

A magnetic dipole is a mathematical simplification of a magnet with a magnetic

moment contained in an infinitesimal volume. The magnetic field ~B generated by a

dipole can be given by [3]:

~B = −µ0

4π
∇ ~ms · ~rm
|~rm|3

= −µ0

4π

(
~ms

|~rm|3
− (~ms · ~rm)

3~rm
|~rm|5

)
(2.25)

Where µ0 = 4π × 10−7H/m is the permeability of free space, or magnetic constant,

∇ represents a vector gradient operation, ~ms is the magnetic moment of the dipole

magnet, Br is surface field and vs is the volume of magnet. ~rm = ~rp − ~rs is a vector

from the magnetic dipole to a given point.[9] The coordinate frame shows in Fig 2.3.

~ms =
Brvs
µ0

(sinα, 0, cosα) (2.26)

~rp = (ri cos(φ), ri sin(φ), h) (2.27)

8



~rs = ((R− r) sinθ, 0,−(R− r)cosθ) (2.28)

~rm = ~rp − ~rs (2.29)

Bz = ~B · ~z (2.30)

We assume the sphere magnet’s initial position is the bottom of the hollow sphere,

rp rs

ms

φ

coil 

θ

x

y

z

α

h

Figure 2.3: Schematic of magnet–coil interactions

and the dipole point to the hollow sphere’s center. As shown in Fig 2.4, when the

sphere magnet is rolling, the angle between the initial dipole direction and current

dipole direction α is given by

Rθ = rα (2.31)

In order to get the voltage resulting from electromagnetic interactions, we need to

find the expression for the magnetic flux. Fig 2.3 shows the schematic to calculate

the magnetic flux of a single-coil at height h from the center of the hollow sphere.

9
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R

r
Figure 2.4: Dipole Direction

Fig 2.5 shows the whole coil. While in this situation, D minus d is quite small, so we

consider D ≈ d = 2 rcoil. Φ is the magnetic flux of a single-coil, and Φt is the total

magnetic flux.

Φ =

∫ 2π

0

∫ rcoil

0

Bz · (ri dri dφ) (2.32)

Φt =

∫ 1
2
Hc

− 1
2
Hc

Φ
Nc

Hc

dh (2.33)

With the expression of the total magnet flux, Faraday’s law is used to get the voltage

across the coil. [10] When evaluating the time derivative, we find that only θ will vary

in time for this system. Therefore, with substitution, the voltage can be represented

by:

ε = −dΦt

dt
= f(θ)θ̇ (2.34)

f(θ) == −Nc

Hc

∫ 1
2
Hc

− 1
2
Hc

∫ 2π

0

∫ rcoil

0

∂Bz

∂θ
· (ri dri dφ dh) (2.35)

10
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H_c

Figure 2.5: Coil size

In order to get the coupling energy term Tc, we assume that the coil interactions

result in very small energy losses from eddy currents and other effects, so the electrical

and mechanical coupling energy are equal. Eddy current losses can not be ignored

only for higher frequency cases or larger wire diameters than those used in this

thesis.[7] [8]

Tc =

∫ t

0

εq̇ dt =

∫ t

0

f(θ) θ̇ q̇ dt = q̇

∫ θ

0

f(θ)dθ (2.36)

11



2.3 Governing equations

Applying T D and U into the generalized Lagrange equation.

d

dt

(
∂T
∂q̇i

)
− ∂T
∂qi

+
∂D
∂q̇i

+
∂U
∂qi

= Qqi +Qqir (2.37)

T = Tm + Te (2.38)

Tm =
7

10
mθ̇2(R− r)2 (2.39)

Te =
1

2
Lq̇2 + Tc (2.40)

D =
1

2
(RL +Ri)q̇

2 (2.41)

Tc = q̇

∫ θ

0

f(θ)dθ (2.42)

Using θ as the generalized coordinate to get the mechanical equation.

7

5
mθ̈(R− r)2 +mg(R− r)sin(θ + θs)− f(θ)q̇

= −m(R− r)[Ẍs(t)cos(θ + θs) + Ÿs(t)sin(θ + θs) + ω̇s(R− r)]
(2.43)

Then, choose q as generalized coordinate to get the electrical differential equation.

Lq̈ + q̇(RL +Ri) + f(θ)θ̇ = 0 (2.44)

12
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Figure 2.6: Data points in the coil plane

2.3.1 Simplification of f(θ)

In this subsection, we need to find f(θ) which is defined by:

f(θ) == −Nc

Hc

∫ 1
2
Hc

− 1
2
Hc

∫ 2π

0

∫ rcoil

0

∂Bz

∂θ
· (ri dri dφ dh) (2.45)

It is inefficient to calculate the exact expression of f(θ), so we solve for an approxi-

mation of f(θ). For the magnet flux of a single-coil, choose 5 points (shown in Fig

2.6) in the coil plane and calculate ∂Bz

∂θ
in these points. Then take the average of

them and times the coil area, then integrate over height to get the total flux.

f(θ) == −Nc

Hc

∫ 1
2
Hc

− 1
2
Hc

∂B̄z

∂θ
πr2coil dh (2.46)

~rpj = (rj cos(φ), rj sin(φ), h) (j = 1 5) (2.47)

~rs = ((R− r) cos(θ − π

2
), 0, (R− r)sin(θ − π

2
)) (2.48)

~rmj = ~rpj − ~rs (2.49)

13



B̄z = − µ0

20π

5∑
j=1

∇ ~ms · ~rmj
|~rmj|3

(2.50)

14



Chapter 3

Numerical Simulation

This Chapter investigates applying harmonic excitation on the hollow sphere and uses

command ode45 in Matlab to find the numerical solutions to the governing equations.

Then we change parameters to observe the change in efficiency, compare the data ob-

tained, and give comments on the performance of the device under different sphere

magnets and wires of the coil. At the end of each section, optimal parameter combi-

nations for each expected application are provided. Table 3.1 shows initial electrical

and mechanical system parameters. Fig 3.1 shows value of f(θ) from 0 to 2π under

initial system parameters.

3.1 Horizontal harmonic excitation

In this section, horizontal harmonic excitation is applying on the hollow sphere.

Xs = Xs(t) = A sin(ω0t) (3.1)

Ys = 0 (3.2)

θs = 0 (3.3)

15



Table 3.1: Initial electrical and mechanical system parameters

Parameter Value Units
AWG of coil 34 -

Type of sphere magnet s7 -
Coil inductance, L 357 mH

Number of coil turns, Nc 2329 -
Coil inner circle diameter, d 6.0 cm
Coil outer circle diameter, D 6.5 cm

Height of coil, Hc 3.0 cm
Hollow sphere radius, R 2.5 cm
Sphere magnet radius, r 0.5 cm
Sphere magnet mass, m 5.4 g

External load resistance, RL 300 Ω
Sphere magnet surface field, Br 0.8815 T

Excitation amplitude, A 0.5 m
Excitation frequency, ω 4π rad/s

~vs = ~̇rs = Ẋs(t)Î = Aω0 cos(ω0t)Î (3.4)

Where A is the amplitude and ω0 is the angular frequency of the harmonic excitation.

From chapter 2, we have governing equations:

7

5
mθ̈(R− r)2 +mg(R− r)sin(θ)− f(θ)q̇ = mAω0

2(R− r)sin(ω0t)cos(θ) (3.5)

Lq̈ + q̇(RL +Ri) + f(θ)θ̇ = 0 (3.6)

3.1.1 Different sphere magnet

This subsection focus on different sphere magnets. Note that different types of sphere

magnets mean different sizes, mass and magnetic moment. When the radius is large,

the volume is also large, cause the magnetic moment becomes large, which is good

16



Figure 3.1: f(θ) under initial parameters

for generating larger voltage. On the other hand, a large radius causes a large mass,

which means the sphere magnet is harder to drive by the excitation. Besides, the

radius of the magnet has a huge influence on f(θ), which is the key function of

governing equations. So, it is difficult to judge which magnet is better. Table 3.2

shows the mass m, radius r, and surface field Br of each magnet used in this section.

[11] Fig 3.3 shows instantaneous power of each sphere magnet. Fig 3.4 shows the

mean power and RMS voltage of each magnet. From fig 3.4, we find that when the

radius is small, the mean power and RMS voltage increases with the radius. They

reach a peak at sA. The max mean power is 0.0341W, and the max RMS voltage is

3.1992V.

17



Figure 3.2: Instantaneous power under initial parameters

Table 3.2: Parameters of sphere magnets

Type r(cm) m(g) Br(T)
s5 0.40 2.0 0.8815
s6 0.45 3.4 0.8815
s7 0.50 5.4 0.8815
sA 0.80 15.7 0.8815
sC 0.95 27.2 0.8815

3.1.2 Different AWG

This subsection focus on the wire and coil. The inductance and resistance will change

if the number of turns or AWG, a standardized wire gauge system called American

Wire Gauge, of coil changes. [13] This section shows a comparison of different AWG

with the same coil size. When the coil’s size is determined, a large AWG, which means

small wire diameter, will cause large inductance and number of turns, which is good

18



(a) s5 (b) s6

(c) s7 (d) sA

(e) sC

Figure 3.3: Instantaneous power of each sphere magnet

19



Figure 3.4: Mean Power and RMS Voltage of each magnet

Table 3.3: Coil parameters of different AWG

AWG L(mH) Ri(Ω) N d(cm) D(cm) Hc(cm)
29 38 39 763 6.0 6.5 3.0
30 62 64 973 6.0 6.5 3.0
31 95 101 1204 6.0 6.5 3.0
32 143 153 1477 6.0 6.5 3.0
33 211 236 1794 6.0 6.5 3.0
34 357 391 2329 6.0 6.5 3.0
35 519 596 2812 6.0 6.5 3.0
36 816 938 3522 6.0 6.5 3.0

for generating larger voltage. On the contrary, large AWG will cause large resistance

since the length of the wire increases, and the diameter of the wire is decreases. Table

3.3 shows parameters of each AWG. [12] Fig 3.5 and 3.6 shows instantaneous power

of AWG 29 to 36. Fig 3.7 shows the mean power and RMS voltage of each AWG.

From fig 3.7 shows that when the AWG is small, the mean power and RMS voltage

increases with the AWG. They reach a peak at AWG 31, it slowly decreases. The

max mean power is 0.0380W, and the max RMS voltage is 3.377V.

20



(a) AWG 29 (b) AWG 30

(c) AWG 31 (d) AWG 32

Figure 3.5: Instantaneous power from AWG 29 to 32
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(a) AWG 33 (b) AWG 34

(c) AWG 35 (d) AWG 36

Figure 3.6: Instantaneous power from AWG 33 to 36

3.1.3 Optimal parameter combination

From subsection 3.1.1 and 3.1.2, we find that the best sphere magnet is sA and the

best AWG is 31. Fig 3.8 shows instantaneous power and fig 3.9 shows instantaneous

voltage under this parameters. The mean power is 0.0678W, and the RMS voltage

is 4.5116V

22



Figure 3.7: Mean Power and RMS Voltage of each AWG

3.2 Vertical harmonic excitation

In this section, vertical harmonic excitation is applying on the hollow sphere, and the

rest is the same as in section 3.1.

Xs = 0 (3.7)

Ys = Ys(t) = A sin(ω0t) (3.8)

θs = 0 (3.9)

~vs = ~̇rs = Ẏs(t)Ĵ = Aω0 cos(ω0t)Ĵ (3.10)

23



Figure 3.8: Instantaneous power

Where A is the amplitude and ω0 is the angular frequency of the harmonic excitation.

From chapter 2, we have governing equations:

7

5
mθ̈(R− r)2 +mg(R− r)sin(θ)− f(θ)q̇ = mAω0

2(R− r)sin(ω0t)sin(θ) (3.11)

Lq̈ + q̇(RL +Ri) + f(θ)θ̇ = 0 (3.12)

3.2.1 Different sphere magnet

Same as subsection 3.1.1, table 3.2 shows the mass m, radius r, and surface field Br of

each magnet used in this section. Fig 3.10 shows instantaneous power of each sphere

magnet. Fig 3.11 shows the mean power and RMS voltage of each magnet. From

24



Figure 3.9: Instantaneous voltage

fig 3.11, we find that when the radius is small, the mean power and RMS voltage

increases with the radius. They reach a peak at s7. Unlike horizontal excitation,

mean power and RMS voltage decrease rapidly after the peak, and they are all small

than data under horizontal excitation. The max mean power is 0.0098W, and the

max RMS voltage is 1.7144V.

3.2.2 Different AWG

Same as subsection 3.1.2, table 3.3 shows parameters of each AWG. Fig 3.12 and

3.13 shows instantaneous power of AWG 29 to 36. Fig 3.14 shows the mean power

and RMS voltage of each AWG. From fig 3.14, unlike the horizontal case, the mean

power and RMS voltage are not monotonically increasing with the AWG before the

25



(a) s5 (b) s6

(c) s7 (d) sA

(e) sC

Figure 3.10: Instantaneous power of each sphere magnet
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Figure 3.11: Mean Power and RMS Voltage of each magnet

peak. It is fluctuating around AWG 31. Same with the horizontal case, the mean

power and RMS voltage slowly decrease after they reach the peak. The max mean

power is 0.0186W, and the max RMS voltage is 2.3609V.

3.2.3 Optimal parameter combination

From subsection 3.2.1 and 3.2.2, we find that the best sphere magnet is s7 and the

best AWG is 32. Fig 3.15 shows instantaneous power and fig 3.16 shows instantaneous

voltage under this parameters. The mean power is 0.0186W, and the RMS voltage

is 2.3609V

27



(a) AWG 29 (b) AWG 30

(c) AWG 31 (d) AWG 32

Figure 3.12: Instantaneous power from AWG 29 to 32
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(a) AWG 33 (b) AWG 34

(c) AWG 35 (d) AWG 36

Figure 3.13: Instantaneous power from AWG 33 to 36

Figure 3.14: Mean Power and RMS Voltage of each AWG
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Figure 3.15: Instantaneous power

Figure 3.16: Instantaneous voltage
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Chapter 4

Conclusions

In this thesis, a spherical, rolling magnet generator for passive energy harvesting was

investigated. In the first part of this thesis, the governing equations were obtained

using the generalized Lagrange equation in the non-inertial system. The second part

used Matlab for numerical simulation to investigate the influence of different sphere

magnets and AWG of coils on efficiency under two expected applications, horizontal

harmonic excitation, and vertical harmonic excitation.

For the horizontal harmonic excitation case, the simulation was divided into two

parts. In the first part, with five different sphere magnets and the same AWG of the

coil, AWG 34, the mean power and RMS voltage were compared, and the data of

sA has a maximum. In the second part, with the same sphere magnet, type s7, and

different AWG of the coil, from AWG 29 to 36, the mean power and RMS voltage

were compared, and the data of AWG 31 has a maximum.

For the vertical harmonic excitation case, the simulation is also divided into two

parts. In the first part, with five different sphere magnets and the same AWG of the

coil, AWG 34, the mean power and RMS voltage were compared, and the data of

s7 has a maximum. In the second part, with the same sphere magnet, type s7, and

different AWG of the coil, from AWG 29 to 36, the mean power and RMS voltage
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were compared, and the data of AWG 32 has a maximum.

Also, with the same sphere magnet and AWG of the coil, horizontal case data

were always bigger than vertical case data. So, we try to avoid using this device

under vertical excitation.

4.1 Future work

This thesis focus on a 2D case in which the whole system moves only in two dimen-

sions. While in the real world, the sphere magnet will move in all three dimensions.

Besides, in this thesis, we assume the sphere magnet always contacts the hollow

sphere. While in the real world, the sphere magnet may lose contact with the hollow

sphere when its velocity is too small and strike the hollow sphere. When this hap-

pens, it will cause energy loss, and we cannot simply use Lagrange’s equation as this

thesis did. The next step is to build a 3D model and remove the assumption that

the sphere magnet always contacts the hollow sphere.
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