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Abstract

The High Intensity Gamma-ray Source (HIγS) at Duke University is a world class

Compton light source facility. At the HIγS, a Free-Electron Laser (FEL) beam is

Compton scattered with an electron beam in the Duke storage ring to produce an

intense, highly polarized, and nearly monoenergetic gamma-ray beam with a tunable

energy from about 1 MeV to 100 MeV. This unique gamma-ray beam has been

used in a wide range of basic and application research fields from nuclear physics to

astrophysics, from medical research to homeland security and industrial applications.

The capability of accurately predicting the spatial, spectral and temporal char-

acteristics of a Compton gamma-ray beam is crucial for the optimization of the

operation of a Compton light source as well as for the applications utilizing the

Compton beam. In this dissertation, we have successfully developed two approaches,

an analytical calculation method and a Monte Carlo simulation technique, to study

the Compton scattering process. Using these two approaches, we have characterized

the HIγS beams with varying electron beam parameters as well as different collima-

tion conditions. Based upon the Monte Carlo simulation, an end-to-end spectrum

reconstruction method has been developed to analyze the measured energy spectrum

of a HIγS beam. With this end-to-end method, the underlying energy distribution of

the HIγS beam can be uncovered with a high degree of accuracy using its measured

spectrum. To measure the transverse profile of the HIγS beam, we have developed a

CCD based gamma-ray beam imaging system with a sub-mm spatial resolution and
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a high contrast sensitivity. This imaging system has been routinely used to align

experimental apparatus with the HIγS beam for nuclear physics research.

To determine the energy distribution of the HIγS beam, it is important to know

the energy distribution of the electron beam used in the collision. The electron beam

energy and energy spread can be measured using the Compton scattering technique.

In order to use this technique, we have developed a new fitting model directly based

upon the Compton scattering cross section while taking into account the electron-

beam emittance and gamma-beam collimation effects. With this model, we have

successfully carried out a precise energy measurement of the electron beam in the

Duke storage ring.

Alternatively, the electron beam energy can be measured using the Resonant Spin

Depolarization technique, which requires a polarized electron beam. The radiative

polarization of an electron beam in the Duke storage ring has been studied as part of

this dissertation program. From electron-beam lifetime measurements, the equilib-

rium degree of polarization of the electron beam has been successfully determined.

With the polarized electron beam, we will be able to apply the Resonant Spin Depo-

larization technique to accurately determine the electron beam energy. This on-going

research is of great importance to our continued development of the HIγS facility.
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Introduction

1.1 Motivation

1.1.1 Synchrotron light sources

Synchrotron radiation is a form of radiation emitted by a relativistic charged particle

accelerating in the electromagnetic field of an accelerator. It was first observed on

a General Electric (GE) synchrotron accelerator in 1947 [1], and was first used as a

scientific tool in 1960s. To date, there are more than 50 dedicated synchrotron light

sources in operation around the world. These light sources provide a powerful tool

for unraveling the structure of materials, crystals and molecules from the microscopic

to the atomic scales, and have had a revolutionary impact on many fields of science.

Since 1947, three generations of synchrotron light sources have been developed [2,

3]. Prior to 1970s, the first generation light sources were existing accelerators pri-

marily designed for high energy physics research. The immediate success of these

first generation light sources, even in a parasitic mode of operation, stimulated a

vast amount of scientific research interest. In the mid-1970’s, the demand for syn-

chrotron radiation led scientists and engineers to build dedicated storage-ring based

light sources, the second generation light sources. At that time, storage rings were
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designed with many bending magnets, and the wavelength of radiation was mainly

in the range from visible, through ultraviolet (UV) to vacuum ultraviolet (VUV).

Given the great success of the second generation light sources, researchers in-

creased their demand for both higher brightness beams and shorter wavelengths. In

the mid-1980’s, accelerator physicists began to design and construct next generation

storage rings as the third generation light sources. These storage rings have many

designated straight sections for insertion devices such as wigglers and undulators.

Although both wiggler and undulator have the same structure of periodic magnetic

fields, they can produce different radiation spectra: the undulator, with a weaker

magnetic field and shorter period, produces radiation with a narrow spectrum, while

the wiggler, with a stronger field and longer period, produces a broader spectral

bandwidth. The wavelength of undulator radiation can be tuned by manipulating the

magnetic field strength in the device, and at a higher magnetic field higher harmonic

radiation can be produced with substantial brightness. In the early 1990’s, the first

third-generation light source, Advanced Light Source (ALS), was brought to opera-

tion at Lawrence Berkeley National Laboratory (LBNL) [4]. Today, third-generation

synchrotron light sources cover a wide range of wavelength from UV to “hard” x-ray,

and reach the brightness as high as 1020–21 photons/(s·mm2·mrad2 ·0.1%bandwidth).

To obtain a high-energy x-ray beam, two design strategies are applied to storage

rings, either a medium-energy storage ring (3 – 3.5 GeV) with high harmonics of un-

dulator radiation, or a high energy storage ring (5 – 8 GeV) at a substantially higher

cost. In either case, the maximum photon energy of useful radiation is limited to

about 100 keV, above which the brightness of the radiation diminishes rapidly [5].

At present, fourth generation light sources are under development at several fa-

cilities to push the limits of brightness and pulse duration. The main direction of

these developments is based upon a short wavelength Free-Electron Laser (FEL) us-

ing either a storage ring or linac as a driver. However, there is no cost-effective way
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to obtain a high brightness photon beam with an energy above 1 MeV, following the

traditional pathway of developing synchrotron light sources.

However, a high-energy x-ray or gamma-ray beam can be produced from Bremsstr-

ahlung radiation, which is emitted by slowing or stopping a high-energy charged

particle beam through matter. Several Bremsstrahlung photon beam facilities have

been brought to operation since 1980s [6–8]. Due to the broad energy spectrum

of Bremsstrahlung radiation, in these facilities a tagging technique is usually ap-

plied to determine the gamma-ray photon energy. Overall, the performance of a

Bremsstrahlung photon beam has some limitations: its spectral flux is relatively

low, and it is typically unpolarized or it has a relatively low degree of polarization

at high flux.

1.1.2 Compton light sources

Alternatively, a high-energy x-ray or gamma-ray beam can be produced by Compton

scattering of a laser beam and an electron beam in an accelerator. After scattering,

the laser photon energy is Doppler up-shifted by a factor of approximately 4γ2,

where γ is the Lorentz factor of the electron beam. To produce radiation at a given

photon energy, the required energy of the electron beam for a Compton light source

is significantly lower than that of a synchrotron light source. Compared with a

Bremsstrahlung beam with a broad band spectrum, a Compton x-ray or gamma-ray

beam is narrowly peaked around the desired energy. In addition, the energy of the

Compton beam is completely tunable and can be extended to cover a wide energy

range from soft x-ray to very high energy gamma-ray. Furthermore, a Compton

photon beam is highly polarized, and its polarization is controlled by the polarization

of the incident photon beam.

The idea of using Compton scattering to generate a high-energy x-ray or gamma-

ray beam was first proposed in 1963 [9, 10]. After that time, several Compton light
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source facilities were brought to operation [11–16]. Among these facilities, the High

Intensity Gamma-ray Source (HIγS) at Duke University is the first dedicated Comp-

ton gamma-ray source facility using a Free-Electron Laser (FEL) as the photon

driver. As a result, the HIγS is an intense, highly polarized and nearly monoener-

getic gamma-ray source with a tunable energy from 1 MeV to about 100 MeV. In

fact, in this energy range, the HIγS is the leading Compton light source facility in

the world. The HIγS beams have been used in a wide range of research including

nuclear physics, homeland security, medical physics and industrial applications [17].

In recent years, with the advent of high-power laser beams and ultra-low emit-

tance electron beams, the development of Compton light source has attracted in-

creased interest because of its unique properties, such as the tunable quasi-monoenerg-

etic spectrum, changeable polarization, and high spectral flux above 100 keV. For a

Compton x-ray source, the storage ring could be designed to be extremely compact

and fit into a conventional lab space [18]. The development of such a miniature x-ray

source will bring scientific research programs which are only possible at a large-scale

synchrotron light source in a national laboratory today to a University-scale labora-

tory in the future. At the DFELL, the development of high-flux Compton gamma-ray

source has opened a new frontier for scientific research [17].

Compton scattering of electrons and laser photons can also be used as a probe

for the electron beam properties, because the scattered gamma-ray beam carries the

information about the electron beam. Due to a small scattering cross section, this

diagnostic technique is non-destructive. This technique has been widely used to

measure electron beam energy and energy spread [19–25], electron beam polariza-

tion [26–33], and electron beam profile [34–38] at many accelerator facilities.

In this dissertation, the physics of Compton scattering process and the properties

of Compton light source are studied using both theoretical and simulation methods.

The characteristics of Compton light source are also experimentally studied at the
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High Intensity Gamma-ray Source (HIγS) facility. Using the Compton scattering

process as a diagnostic tool, the accurate measurement of electron beam energy and

energy spread are carried out in the Duke storage ring. The electron self-polarized

process is also investigated. This work will lead to the determination of the Compton

gamma-ray beam energy in a region where its direct and accurate measurement is

difficult.

1.2 History of Compton scattering

1.2.1 Thomson scattering

When an electromagnetic wave is incident on a free (non-relativistic) charged parti-

cle, the electric and magnetic components of the wave exert a Lorentz force on the

particle. Thus, the particle is accelerated to emit radiation. This radiation will be

emitted in all directions, and has the same frequency as the incident wave. This

process, describing the scattering of the electromagnetic wave by a charged parti-

cle, is called Thomson scattering, named after the English physicist J. J. Thomson

(1856-1940).

For an unpolarized electromagnetic wave scattering with an electron, the differ-

ential scattering cross section is given by [39]

dσ

dΩ
=
r2
e

2
(1 + cos2 θ), (1.1)

where re = 2.82 × 10−15m2 is the classical electron radius, θ is the scattering angle

between the directions of the scattered and incident waves, and dΩ = sin θdθdφ is

the solid angle. It is clear that the differential scattering cross section is independent

of the frequency of the incident wave, and also is symmetric with respect to the

forward and backward directions of the incident wave.

The total scattering cross section is obtained by integrating the solid angle dΩ,
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i.e.,

σT
tot =

∫
dσ

dΩ
dΩ =

8πr2
e

3
= 6.65× 10−29m2. (1.2)

σT
tot is called the Thomson cross section [39].

1.2.2 Compton scattering

The Thomson scattering theory is valid only when the recoil of the electron can be

ignored. In the electron rest frame, when the energy of the incident photon becomes

comparable to the rest energy of the electron, the quantum effect must be taken into

account.

In 1920, Arthur H. Compton first observed that when an x-ray with a wavelength

of λ0 is incident on a carbon target, the x-ray is deflected from the target and the

scattered x-ray has a longer wavelength λθ, compared with that of the incident x-

ray [40]. The shift of the wavelength increased with the scattering angle θ according

to the formula

λθ − λ0 =
h

mc
(1− cos θ), (1.3)

where h is the Planck constant, m is the rest mass of an electron and c is the speed

of light. The wavelength shift shows a significant deviation from the prediction by

the Thomson scattering theory.

Compton explained it by assuming a particle nature for light and applying energy

and momentum conservation to the collision between the photon and electron. After

the collision, the incident photon transfers part of its energy to the electron, resulting

in a recoil of the electron as well as a reduction of the photon energy (i.e., decrease

in wavelength) .

This was an important scientific discovery in early 1920’s when the particle nature

of light suggested by the photoelectric effect was still under debate. The discovery

provided clear and independent evidence of the particle-like behavior of light. Arthur
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H. Compton was awarded the Nobel Prize in 1927 for the discovery of the Compton

scattering effect named after him.

1.2.3 Inverse Compton scattering

Compton scattering of a laser photon and a relativistic electron, sometimes called

“inverse” Compton scattering, is another important effect. Instead of losing energy to

the electron, the photon gains energy after scattering. In 1963, this feature was first

recognized as a useful mechanism to generate a high energy x-ray or gamma-ray beam

using electron accelerators [9, 10]. In the following years, high energy gamma-ray

beam production was experimentally demonstrated by several groups [41–43]. While

successful, the gamma-ray photon flux was not high enough for research applications.

In 1978, the first gamma-ray Compton light source facilities, the Ladon project,

was brought to operation in Frascati [44–46]. Following the success of the Ladon

facility, several new Compton gamma-ray light source facilities were also brought into

operation [11–16], including the High Intensity Gamma-ray Source facility (HIγS) at

Duke University in 1996.

1.3 Overview of the dissertation

1.3.1 Characterizations of a Compton gamma-ray beam

The capability of accurately predicting the spectral, spatial and temporal charac-

teristics of a Compton scattered gamma-ray beam is crucial for the optimization

of the operation of a Compton light source, as well as for performing scientific re-

search utilizing the Compton beam. While the theory of Compton scattering of an

electron and a photon was well documented in literature [39, 47, 48], it is limited to

the scattering of individual electrons and photons, i.e., particle-particle scattering

of monoenergetic electron and photon beams with zero beam sizes in the transverse

direction. However, in reality, the electron and photon beams have finite spatial and
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energy distributions. Therefore, there remains a need to fully understand the char-

acteristics of the gamma-ray beam produced by Compton scattering of an electron

beam and a photon beam with realistic distributions, i.e., the effect of beam-beam

scattering.

Beam-beam scattering has been recently studied by several groups [5, 49]. How-

ever, the algorithms used in these works are based upon the Thomson scattering

theory. While other effort [50, 51] have used Compton scattering theory, the effects

of incoming beam parameters, and the effects of gamma-beam collimation are not

fully taken into account.

In Chapter 2, we first calculate the energy of a Compton scattered photon for an

arbitrary collision geometry, and then derive the Compton scattering cross section

in a Lorentz invariant form. Based upon this cross section, we study the spatial

and spectral characteristics of a photon beam produced by Compton scattering of

monoenergetic electron and photon beams with zero transverse beam sizes. The

polarization of the scattered photons is also studied.

In Chapter 3, we discuss beam-beam Compton scattering by considering all effects

of the incoming beam parameters as well as the effect of gamma-ray beam collima-

tion. To study these effects, two methods, one analytical and the other Monte Carlo

simulation, are developed. Based upon these methods, two computing codes, a nu-

merical integration code and a Monte Carlo simulation code have been developed.

These codes were benchmarked using gamma-ray beams produced at High Intensity

Gamma-ray Source (HIγS) facility at Duke University.

1.3.2 An end-to-end spectrum reconstruction method

The energy distribution of the HIγS beam is usually measured by a large volume

Germanium detector. However, the detector response is not ideal, and the mea-

sured spectrum usually has the structure of a full energy peak, two escape peaks, a
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Compton edge and a Compton plateau. Mathematically, the measured gamma-ray

beam spectrum is the convolution of the true energy distribution of the gamma beam

and the response function of the detector. Therefore, the energy distribution of the

gamma-ray beam can be extracted from the measured spectrum using a spectrum un-

folding (deconvolution) technique [52–56] if the detector response function is known.

To obtain the detector response, the detection process is typically modelled using

a radiation transport simulation code. In the past, due to lack of knowledge about

the angular and energy distributions of the Compton gamma-ray beam, an isotropic

gamma-ray event generator was used in the simulation. However, this simulation

could lead to inaccurate results.

In Chapter 4, we present a novel end-to-end gamma-ray spectrum reconstruc-

tion method by completely modeling the process of the Compton gamma-ray beam

production, transport, collimation and detection. Using this method, we have suc-

cessfully reconstructed the energy distributions of HIγS beams for nuclear physics

research with a high degree of accuracy.

1.3.3 A CCD based gamma-ray imaging system

At the HIγS facility, the capability of measuring the spatial distribution of the

gamma-ray beam is important for optimizing the gamma-ray beam production as

well as for aligning the collimator and experiment apparatus. Due to the high in-

tensity and high energy of the HIγS beam, imaging this beam has been a challenge.

In the past, several techniques have been explored with only limited success. Our

recent development of a CCD based gamma-ray beam imaging system has been a

success. This imaging system has a sub-mm spatial resolution (better than 0.5 mm)

and a high contrast sensitivity (better than 5%).

In Chapter 5, we will discuss the design, testing and applications of the CCD

based gamma-ray imaging system. During the design process, a radiation transport
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toolkit Geant4 [57] and an optical software OLSO [58] were used to optimize the

system. Since 2008, three imaging systems have been developed and deployed along

the gamma-ray beam line for different diagnostic purposes at the HIγS facility.

1.3.4 Accurate energy and energy spread measurements of an electron beam using
the Compton scattering technique

The HIγS beam has been used for nuclear physics research. To accurately determine

the energy distribution of the gamma-ray beam for experiments, it is important to

know the parameters of the electron beam used in the gamma-beam production.

The electron beam energy and energy spread can be accurately determined using

Compton scattering technique [19–25]. This technique is based upon the energy spec-

trum measurement of the Compton gamma-ray beam. In several published works,

a simple model was applied to fit the measured gamma-beam spectrum without

considering the gamma-beam collimation and electron-beam emittance effects.

In Chapter 6, we reproduce this simple fitting model, and discuss the underlying

assumptions and resultant limitations. To overcome these limitations, a new fitting

model is developed, which takes into account the collimation and emittance effects.

Using the new model and HIγS beams, we have successfully determined the electron

beam energy with a relative uncertainty of about 3× 10−5 around 460 MeV as well

as the electron beam energy spread. We also experimentally demonstrated for the

first time that a small relative energy change (about 4× 10−5) of the electron beam

by varying the storage ring dipole field could be directly detected using the Compton

scattering technique.

1.3.5 Polarization measurement of an electron beam using Touschek lifetime

With the completion of recent major hardware upgrades, the HIγS is now capable of

producing an unprecedented level of gamma flux in a wide range of energy. However,

an accurate and direct measurement of gamma-ray beam energy in tens to about
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100 MeV region remains a challenge. One alternative method to determine the

gamma-beam energy is to measure the energy of the electron beam used in the

collision. In the storage ring, the electron beam energy can be measured using the

Resonant Spin Depolarization (RSD) technique [59, 60], which requires a polarized

electron beam. It is well known that an electron beam in a storage ring can become

self-polarized due to the Sokolov-Ternov effect [61]. Therefore, the study of the

electron beam polarization in the Duke storage ring is of great importance for our

continued development of the HIγS.

In Chapter 7, we first review the radiative polarization of a stored electron beam,

and carry out the feasibility study of polarization measurement using a Compton

polarimeter [26–33] in the Duke storage ring. We then report on the experimental

study of the electron beam polarization using the Touschek lifetime technique [62,

63]. From the Touschek lifetime difference between the polarized and unpolarized

electron beams, we successfully determined the equilibrium degree of polarization of

the electron beam in the Duke storage ring.

11



2

Compton scattering of an electron and a photon

Compton scattering of an electron and a photon was studied and documented in [39,

47, 48]. However, in these works calculations were carried out in the electron rest

frame, and the polarization effects of the incident and scattered electrons and photons

were not completely taken into account. In some other works [64–68], the Compton

scattering cross section was calculated in the Lorentz invariant form with all the

polarization effects, however, application of this form of the cross section was not

studied in detail in the laboratory frame.

In this Chapter, we review the Compton scattering theory, and apply it to study

the Compton scattering process in the laboratory frame. First, the scattered pho-

ton energy is calculated for an arbitrary scattering geometry. Then, the Compton

scattering cross section in the Lorentz invariant form is introduced with all the po-

larization effects. To use this cross section, the polarization quantities of the incident

and scattered particles are transformed to the laboratory frame. Finally, the spatial

and energy distributions as well as the polarization effect of scattered photons are

investigated.

12
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Figure 2.1: Geometry of Compton scattering of an electron and a photon in a
lab frame coordinate system (xe, ye, ze) in which the electron with a momentum ~p

is incident along the ze-axis direction. The laser photon with a momentum ~~k is
propagated along the direction given by the polar angle θi and azimuthal angle φi.
The collision occurs at the origin of the coordinate system. After the scattering, the
photon with a momentum ~~k′ is scattered into direction given by the polar angle θf

and azimuthal angle φf . θp represents the angle between ~k and ~k′. The electron after
scattering is not shown in the plot.

2.1 Scattered photon energy

Figure 2.1 shows the geometry of Compton scattering of an electron and a photon in

a laboratory frame coordinate system (xe, ye, ze) in which the incident electron with

a momentum ~p is moving along the ze-axis direction, i.e., ~p = |~p|ẑe. The incident

photon with a momentum ~~k (~ is the Planck constant) is propagated along the

direction given by the polar angle θi and azimuthal angle φi, i.e.,

~k = |~k|(sin θi cosφix̂e + sin θi sinφiŷe + cos θiẑe). (2.1)

The collision occurs at the origin of the coordinate system. After the collision, the

photon with a momentum ~~k′ is scattered into the direction given by the polar angle

θf and azimuthal angle φf , i.e.,

~k′ = |~k′|(sin θf cosφf x̂e + sin θf sinφf ŷe + cos θf ẑe). (2.2)

According to the conservation of the 4-momenta before and after scattering, we

13



can have

p+ k = p′ + k′, (2.3)

where p = (Ee/c, ~p) and k = (Ep/c, ~~k) are the 4-momenta of the electron and

photon before scattering, respectively; p′ = (E ′
e/c, ~p

′) and k′ = (Eg/c, ~~k′) are their

4-momenta after scattering; Ee and Ep are the energies of the electron and photon

before scattering; E ′
e and Eg are their energies after scattering; and c is the speed

of light. Squaring both sides of Eq. (2.3) and following a simple calculation, we can

calculate the scattered photon energy as follows

Eg =
(1− β cos θi)Ep

1− β cos θf + (1− cos θp)Ep/Ee

, (2.4)

where β = v/c is the speed of the incident electron relative to the speed of light; θp

is the angle between the momenta of the incident and scattered photons, i.e.,

cos θp =
~k · ~k′
|~k||~k′|

= cos θi cos θf + sin θi sin θf cos(φi − φf ). (2.5)

For a head-on collision, θi = π and θp = π − θf , Eq. (2.4) can be simplified to

Eg =
Ep(1 + β)

1 + Ep/Ee − (β − Ep/Ee) cos θf

. (2.6)

Clearly, given the energies of the incident electron and photon, Ee and Ep, the

scattered photon energy Eg only depends on the scattering angle θf , independent

of the azimuth angle φf . The relation between the scattered photon energy Eg and

scattering angle θf is demonstrated in Fig. 2.2. In this figure, the scattered photon

energies are indicated by the quantities associated with the concentric circles in the

observation plane, and the scattering angles are represented by the radii R of the

circles, i.e, θf = R/L, where L = 60 meters is the distance between the collision

point and the observation plane. We can see that the scattered photons with high
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Figure 2.2: The relation between the scattered photon energy and scattering angle
in an observation plane, which is 60 meters downstream from the collision point.
The scattered photons are produced by 800 nm photons scattering with 500 MeV
electrons. Each concentric circle is a equi-energy contour curve of the scattered
photon energy distribution.

energies are concentrated around the center (θf = 0), while low energy photons are

distributed away from the center. Such a relation, in principle, allows the formation

of a scattered photon beam with a small energy-spread by a simple geometrical

collimation technique.

For an ultra-relativistic electron (γ À 1, β ≈ 1) scattering with a photon, the

photon is most likely scattered into a cone with a half-opening angle of 1/γ along

the direction of the incident electron, where γ = Ee/(mc
2) is the Lorentz factor of

the electron and mc2 is its rest energy.

For a small scattering angle, θf ¿ 1, Eq. (2.6) can be simplified to

Eg ≈ 4γ2Ep

1 + γ2θ2
f + 4γ2Ep/Ee

. (2.7)

When the photon is scattered into the backward direction of the incident photon (i.e.,
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θf = 0, sometimes called backscattering), the scattered photon energy will reach the

maximum value given by

Emax
g =

4γ2Ep

1 + 4γ2Ep/Ee

. (2.8)

Neglecting the recoil effect, i.e., 4γ2Ep/Ee ¿ 1, Eq. (2.8) can be reduced to the

result given by the relativistic Thomson scattering theory [49]

Emax
g ≈ 4γ2Ep. (2.9)

We can see that the incident photon energy Ep is boosted by a factor of approximately

4γ2 after the backscattering. Therefore, the Compton scattering of a photon with a

relativistic electron can be used to produce a high energy photon, i.e., a gamma-ray

photon.

The uncertainty of the scattered photon energy Eg due to the uncertainties of

the variables in Eq. (2.4), Ee, Ep, θf , θi and θp, can be estimated under a set of

special conditions: θf ≈ 0, θi ≈ π and θp ≈ π. For example, the relative uncertainty

of the scattered photon energy ∆Eg/Eg due to the uncertainty of the electron beam

energy ∆Ee/Ee is given by taking the derivative of Eq. (2.4) with respect to Ee, i.e.,

∆Eg

Eg

≈ 2(1− 2γ2Ep/Ee

1 + 4γ2Ep/Ee

)
∆Ee

Ee

≈ 2
∆Ee

Ee

. (2.10)

Contributions to ∆Eg/Eg associated with other variables are summarized in Ta-

ble 2.1.

2.2 Scattering cross section

2.2.1 Invariant cross section

The general problem concerning the collision is to find the probability of final states

for a given initial state of the system, i.e., the scattering cross section. The Lorentz

invariant form of Compton scattering cross section with the consideration of all the
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Table 2.1: Relative uncertainty of the scattered photon energy ∆Eg/Eg due to the
uncertainties of various variables in Eq. (2.4) under assumptions of θf ≈ 0, θi ≈ π
and θp ≈ π.

Variables Contributions Approximated contributions

Ee 2(1− 2γ2Ep/Ee

1+4γ2Ep/Ee
)∆Ee

Ee
2∆Ee

Ee

Ep
1

1+4γ2Ep/Ee

∆Ep

Ep

∆Ep

Ep

θf − γ2

1+4γ2Ep/Ee
∆θ2

f −γ2∆θ2
f

θi −β
4
∆θ2

i −1
4
∆θ2

i

θp − 1
1+4γ2Ep/Ee

γ2Ep

Ee
∆θ2

p −γ2Ep

Ee
∆θ2

p

polarization effects has been calculated using the Quantum Electrodynamics (QED)

theory in [64,65] and the result is quoted here

dσ

dY dφf

=
1

4

r2
e

X4Y 2

∑

ii′jj′
F i′j′

ij ζiξjζ
′
i′ξ
′
j′ , (2.11)

where re = 2.817940299 × 10−15 m is the classical electron radius given by 1
4πε0

e2

mc2

and ε0 is the permittivity of free space; the indexes i, i′, j, j′ go form 0 to 3; ξ
(′)
j(′)

(j(′) = 1, 2, 3) are Stokes parameters describing the incident and scattered photon

polarizations and ξ
(′)
0(′) = 1 are introduced for convenience; ζ

(′)
i(′) (i(′) = 1, 2, 3) are

components of the polarization vectors of incident and scattered electrons and ζ
(′)
0(′) =

1 are introduced for convenience; φf is the azimuthal angle of the scattered photon

momentum ~~k′ relative to the incident photon momentum ~~k; and F i′j′
ij are Lorentz

invariant quantities given by
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F 00
00 =F 33

33 =X3Y − 4X2Y + 4X2 + XY 3 + 4XY 2 − 8XY + 4Y 2,
F 03

00 =F 00
03 =F 33

30 =F 30
33 =−4V 2W 2,

F 12
00 =F 00

12 =F 33
21 =F 21

33 =(XY − 2X + 2Y )(X + Y )V 2,
F 22

00 =F 31
02 =F 33

11 =−F 00
22 =−F 02

31 =−F 11
33 =−2V 3WY,

F 01
01 =F 32

32 =2XY (XY − 2X + 2Y ),
F 32

01 =F 22
03 =F 30

11 =−F 03
22 =−F 22

30 =−F 01
33 =2V 3WX,

F 02
02 =F 31

31 =(X2 + Y 2)(XY − 2X + 2Y ),
F 10

02 =F 02
10 =−F 31

23 =−F 23
31=V 2(X3Y +X2Y 2−4X2Y +4X2+4XY 2−8XY +4Y 2)/X,

F 13
02 =F 02

13 =−F 31
20 =−F 20

31 =−4V 4W 2/X,
F 20

02 =F 23
02 =−F 31

10 =−F 31
13 =−F 02

20 =−F 02
23 =F 10

31 =F 13
31 =2V 3W(−XY +2X−2Y)/X,

F 03
03 =F 30

30 =2(X2Y 2 − 2X2Y + 2X2 + 2XY 2 − 4XY + 2Y 2),
F 10

10 =F 23
23 =(X4 + X2Y 2 − 4X2Y + 4X2 + 4XY 2 − 8XY + 4Y 2)(XY − 2X + 2Y )/X2,

F 13
10 =F 10

13 =F 23
20 =F 20

23 =4V 2W 2(−XY + 2X − 2Y )/X2,
F 20

10 =F 23
13 =−F 10

20 =−F 13
23 =2V W (−X3Y −X2Y 2+4X2Y −4X2−4XY 2+8XY −4Y 2)/X2,

F 23
10 =−F 10

23 =2V 3W (X2Y + 4XY − 4X + 4Y )/X2,
F 11

11 =F 22
22 =2(X3Y 2 − 2X3Y + 2X3 − 2X3Y + 2XY 3 − 2XY 3 + 2Y 3)/X,

F 21
11 =F 22

12 =−F 11
21 =−F 12

22 =−2(XY − 2X + 2Y )(X + Y )V W/X,
F 12

12 =F 21
21 =(X4Y − 4X3Y + 4X3 + Y 2X3 − 4X2Y + 4XY 3 − 4XY 2 + 4Y 3)/X,

F 13
13 =F 20

20 =2(X3Y − 2X2Y + 2X2 + 2XY 2 − 4XY + 2Y 2)(XY − 2X + 2Y )/X2,
F 20

13 =−F 13
20 =2V 3W (X3 + 4XY − 4X + 4Y )/X2.

(2.12)

Here, X,Y, V and W are Lorentz invariant quantities defined as follows

X =
s− (mc)2

(mc)2
, Y =

(mc)2 − u

(mc)2
,

V =
√
X − Y , W =

√
XY −X + Y , (2.13)

and s and u are the Mandelstam variables [47] given by

s = (p+ k)2, u = (p− k′)2. (2.14)

X and Y satisfy the inequalities [47]

X

X + 1
≤ Y ≤ X. (2.15)

The scattering cross section of Eq. (2.11) is expressed in the covariant form using

Lorentz invariants. It can easily be expressed in terms of the collision parameters

defined in any specific frame of reference.

18



2.2.2 Polarization description in a laboratory frame

In a laboratory frame, the Stokes parameters ξ
(′)
j(′) (j(′) = 1, 2, 3) of photons and

polarization vector components ζ
(′)
i(′) (i(′) = 1, 2, 3) of electrons in Eq. (2.11) are defined

in coordinate systems which are attached to the scattering plane formed by the

momenta of the incident and scattered photons, ~~k and ~~k′ (Fig. 2.3). Because the

scattering planes are different for scattered photons with different azimuthal angles

φf , it is not practical to use these parameters to describe the polarizations of the

electrons and photons. Therefore, we need to transform the parameters ξ
(′)
j(′) and ζ

(′)
i(′)

to those defined in a fixed coordinate system in the laboratory frame, such as the

coordinate system (xe, ye, ze).

Incident photon

For a head-on collision in the laboratory frame, the Stokes parameters ξj (j=1,2,3)

of the incident photon in Eq. (2.11) are defined with respect to a coordinate system

(x̃, ỹ, z̃) which is fixed to the scattering plane (Fig. 2.3). The parameter ξ3 describes

the linear polarization of the photon along the x̃- or ỹ-axis; the probability that

the incident photon is linearly polarized along these axes is 1
2
(1 + ξ3) and 1

2
(1− ξ3),

respectively. The parameter ξ1 describes the linear polarization along the direction

at ±45◦ angles to the x̃-axis; the probability that the photon is linearly polarized

along these directions is 1
2
(1 + ξ1) and 1

2
(1 − ξ1), respectively. The parameter ξ2

represents the degree of circular polarization of the incident photon.

The axes of x̃, ỹ and z̃ form a right hand coordinate system (Fig. 2.3). The x̃-axis

is perpendicular to the scattering plane, i.e., x̃||~k×~k′, and its unit vector ê1 is given

by

ê1 =
~k × ~k′
| ~k × ~k′ |

. (2.16)

The ỹ- and z̃-axes are in the scattering plane. The z̃-axis is along the direction of ~k,
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Figure 2.3: Coordinate systems of Compton scattering of an electron and a photon
in a laboratory frame. (xe, ye, ze) is the coordinate system in which the incident
electron represented by the momentum vector ~p is moving along the ze-axis direction,
the incident photon represented by the momentum vector ~~k is moving along negative
ze-axis, and the scattered photon represented by the momentum vector ~~k′ is moving
along the direction given by the polar angle θf and azimuthal angle φf . Vectors ~k and
~k′ form the scattering plane. (x̃, ỹ, z̃) is a right-hand coordinate system attached to

the scattering plane. The z̃-axis is along the direction of ~k; x̃-axis is perpendicular to
the scatter plane, i.e., x̃||~k×~k′; and ỹ-axis is in the scattering plane, i.e., ỹ||~k× (~k×
~k′). (x̃′, ỹ′, z̃′) is another right-hand coordinate system attached to the scattering

plane. The z̃′-axis is along the direction of ~k′; x̃′-axis is the same to the x̃-axis
perpendicular to the scatter plane, i.e., x̃′||~k × ~k′; and ỹ′-axis is in the scattering

plane, i.e., ỹ′||~k′ × (~k × ~k′).
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Figure 2.4: Coordinate systems in the transverse xe-ye plane shown in Fig. 2.3.
The incident electron is moving out of the plane, incident photon is moving into the
plane, and scattered photon is moving out of the plane.

i.e., z̃||~k. The ỹ-axis is along the direction given by ~k × (~k × ~k′), and its unit vector

ê2 is given by

ê2 =
~k × ê1

| ~k × ê1 |
. (2.17)

For a linearly polarized incident photon, its polarization vector ε̂ in the coordinate

system (xe, ye, ze) can be expressed as

ε̂ = cos τ x̂e + sin τ ŷe, (2.18)

where τ is the azimuthal angle of the polarization vector shown in Fig. 2.4.(a). In the

coordinate system (x̃, ỹ, z̃) attached to the scattering plane, the polarization vector

can be expressed as

ε̂ = ε1ê1 + ε2ê2, (2.19)

where

ε1 = ε̂ · ê1, ε2 = ε̂ · ê2 (2.20)

are the projections of the polarization vector along x̃- and ỹ-axes. Combining

Eqs. (2.1), (2.2), (2.16), (2.17), (2.18) and (2.20), we can obtain

ε1 = − sin(τ − φf ), ε2 = − cos(τ − φf ). (2.21)
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The same results can also be obtained from Fig. 2.4.(a) by directly projecting the

polarization vector ε̂ along the x̃- and ỹ-axes.

In the coordinate system (x̃, ỹ, z̃), the Stokes parameters (ξ1, ξ2, ξ3) related to the

polarization density matrix of the photon is given by [47]

ρ=

(
ε2
1 ε1ε

∗
2

ε1ε
∗
2 ε2

2

)
=

1

2

(
1 + ξ3 ξ1 − iξ2
ξ1 + iξ2 1− ξ3

)
(2.22)

Therefore,

ξ1 = ε1ε
∗
2 + ε1ε

∗
2, ξ2 = i(ε1ε

∗
2 − ε1ε

∗
2), ξ3 = ε2

1 − ε2
2. (2.23)

Substituting Eq. (2.21) into Eq. (2.23), we can express the Stoke parameter ξ1, ξ2, ξ3

of the incident photon using the parameters defined in the coordinate system (xe, ye, ze)

as follows

ξ1 = Pt sin(2τ − 2φf ), ξ2 = Pc, ξ3 = −Pt cos(2τ − 2φf ), (2.24)

where Pt and Pc are the degree of linear and circular polarizations of the incident

photons in the laboratory frame.

Scattered photon

For the scattered photon, the Stokes parameters ξ′j′ in Eq. (2.11) are defined with

respect to another right-hand coordinate system (x̃′, ỹ′, z̃′) which is also attached to

the scattering plane (Fig. 2.3). The x̃′-axis is perpendicular to the scattering plane,

i.e., x̃′||~k × ~k′, and it is the same as the x̃-axis for the incident photon. The z̃′-axis

is along the momentum direction of the scattered photon, i.e., z̃′||~k′. The ỹ′-axis is

along the direction given by ~k′ × (~k × ~k′).
For Compton scattering of an ultra-relativistic electron, most scattered photons

are found in a small scattering angle (θf ∼ 1/γ). These scattered photons move

almost along the ze-axis direction. Therefore, the coordinate system (x̃′, ỹ′, z̃′) is

related to the laboratory frame coordinate system (xe, ye, ze) only with an azimuthal

angle −(π/2 − φf ), neglecting the polar angle θf . The relation between coordinate
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systems (x̃′, ỹ′, z̃′) and (xe, ye, ze) is shown in Fig. 2.4.(b). Thus, the transformation

between the Stokes parameters defined in these two coordinate systems is given by

ξ′1 = −ξ̄′1 cos 2φf + ξ̄′3 sin 2φf , ξ
′
2 = ξ̄′2, ξ

′
3 = −ξ̄′1 sin 2φf − ξ̄′3 cos 2φf , (2.25)

where ξ̄′i are the Stokes parameters of the scattered photons defined in the coordinate

system (xe, ye, ze).

Incident electron

For the incident electron, the polarization vector (ζ1, ζ2, ζ3) in Eq. (2.11) is defined

with respect to the coordinate system (n1, n2, n3) which is attached to the scattering

plane [64–66]. The n1-axis is along the momentum direction of the electron, i.e., n1||~p;
n2-axis is in the scattering plane, i.e, n2||(~k × ~k′)× ~p); and n3-axis is perpendicular

to the scattering plane, i.e., n3||~k×~k′. The relation between the coordinate systems

(n1, n2, n3) and (xe, ye, ze) is shown in Fig. 2.4.(c).

We can easily calculate the transformation between ζ1,2,3 and the polarization

parameters defined in the coordinate system (xe, ye, ze) as follows

ζ1 = 2λc, ζ2 = −ζ⊥ cos(φf − κ), ζ3 = ζ⊥ sin(φf − κ), (2.26)

where λc is the helicity of the electron in the laboratory frame, ζ⊥ is the degree of

transverse polarization of the electron in the laboratory frame, and κ the azimuthal

angle of the transverse polarization vector.

For the scattered electron, the expression of the polarization vector ζ ′i′ in the

laboratory frame is more complicated [66], and will not be discussed in this study.

2.3 Spatial and energy distributions of scattered photons

Using the Compton scattering cross section of Eq. (2.11) with the polarization quan-

tities given by Eqs. (2.24)−(2.26), we can study the spatial and energy distributions

of a gamma-ray beam produced by Compton scattering of monoenergetic electron

and photon beams with zero transverse sizes.

23



Let us consider the Compton scattering of an unpolarized electron beam and a

polarized photon beam without regard to their polarizations after the scattering.

The differential cross section is obtained by setting ξ′j′ , ζi, ζ
′
i′ (j′, i, i′ = 1, 2, 3) to

zero in Eq. (2.11) and multiplying the result by a factor of 2 × 2 = 4 because of

the summation over all polarizations of scattered electrons and photons. Thus, the

differential cross section is given by

dσ

dY dφf

=
r2
e

X4Y 2

∑
j

F 00
0j ξj

=
4r2

e

X2

{
(1− ξ3)

[(
1

X
− 1

Y

)2

+
1

X
− 1

Y

]
+

1

4

(
X

Y
+
Y

X

)}
. (2.27)

The total cross section can be obtained by integrating Eq. (2.27) with respect to

Y and φf ,

σtot = 2πr2
e

1

X

{(
1− 4

X
− 8

X2

)
log(1 +X) +

1

2
+

8

X
− 1

2(1 +X)2

}
. (2.28)

Note that the Stokes parameter ξ3 depends on φf ; however, after integrating over

φf the dependence vanishes. Neglecting the recoil effect (X ¿ 1), we can simplify

Eq. (2.28) to

σtot ≈ 8πr2
e

3
(1−X) ≈ 8πr2

e

3
= σT

tot = 6.65× 10−29 m2, (2.29)

which is the classical Thomson cross section (Eq. (1.2)).

2.3.1 Spatial distribution

For a head-on collision (θi = π) in the laboratory frame, according to Eq. (2.13) the

Lorentz invariant quantities X and Y are given by

X =
2γEp(1 + β)

mc2
, Y =

2γEg(1− β cos θf )

mc2
, (2.30)
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and

dY = 2

(
Eg

mc2

)2

sin θfdθf . (2.31)

Substituting dY in Eq. (2.27), the angular differential cross section is given by

dσ

dΩ
=

8r2
e

X2

{
[1+Pt cos(2τ − 2φf )]

[(
1

X
− 1

Y

)2

+
1

X
− 1

Y

]
+

1

4

(
X

Y
+
Y

X

)} (
Eg

mc2

)2

.

(2.32)

where dΩ = sin θfdθfdφf and ξ3 has been replaced with the polarization parameters

given by Eq. (2.24).

From Eq. (2.32), we can see that the differential cross section depends on the

azimuthal angle φf of the scattered photon through the linear polarization degree Pt

of the incident photon beam. For circularly polarized or unpolarized incident photon

beam (Pt = 0), this dependency vanishes. Therefore, the distribution of scattered

photons is azimuthally symmetric. However, for a linearly polarized incident photon

beam (Pt 6= 0), the differential cross section is azimuthally modulated. Therefore,

the gamma photon distributions is azimuthally asymmetric, being “pinched” along

the polarization direction of the incident photon beam. Figs. 2.5 and 2.6 illustrate

the gamma-ray photon distributions at a location 60 meters downstream from the

collision point for both circularly and linearly polarized incident photon beams. From

the figures we can also see that the distribution of scattered photons has a sharp

peak along the direction of the incident electron beam. This demonstrates that the

gamma-ray photons produced by Compton scattering of a relativistic electron beam

and a laser beam are mostly scattered into the electron beam direction within a

narrow cone.

2.3.2 Energy distribution

For a head-on collision in the laboratory frame, it can be shown that

Y = X
βEe − Eg

βEe − Ep

, (2.33)
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Figure 2.5: The spatial distribution of Compton gamma-ray photons produced by
a head-on collision of a circularly polarized 800 nm laser beam with an unpolarized
500 MeV electron beam. The distribution is calculated for a location 60 meters down-
stream from the collision point. The left plot is a 3-dimensional intensity distribution,
and the right plot is the contour plot of the gamma-beam intensity distribution.
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Figure 2.6: The spatial distribution of Compton gamma-ray photons produced by
a head-on collision of a linearly polarized 800 nm laser beam with an unpolarized
500 MeV electron beam. The polarization of the incident photon beam is along the
horizontal direction. The distribution is calculated for a location 60 meters down-
stream from the collision point. The left plot is a 3-dimensional intensity distribution,
and the right plot is the contour plot of the gamma-beam intensity distribution.
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Thus,

dY = −X dEg

βEe − Ep

. (2.34)

Substituting dY in Eq. (2.27) and integrating the result with respect to the azimuth

angle φf , we can obtain the energy distribution of scattered photons as follows

dσ

dEg

=
8πr2

e

X(βEe − Ep)

[(
1

X
− 1

Y

)2

+
1

X
− 1

Y
+

1

4

(
X

Y
+
Y

X

)]
. (2.35)

The energy spectrum calculated using Eq. (2.35) is shown in Fig. 2.7. The spec-

trum has a high energy cutoff edge which is determined by the incident electron and

photon energies according to Eq. (2.8). From Fig. 2.7, we can see the spectral flux

has a maximum value at the scattering angle θf = 0, and a minimum value around

the scattering angle θf = 1/γ. The ratio between them is about 2 with a negligible

recoil effect. This will be proved in the next section.

Note that the energy spectrum shown in Fig. 2.7 is for a Compton gamma-

ray beam without collimation. However, if the gamma-ray beam is collimated by a

round aperture with a radius of R and distance L from the collision point, the energy

spectrum will have a low energy cutoff edge, and its value can be calculated using

Eq. (2.7) with θf = R/L.

2.3.3 Observations for a small recoil effect

For a small recoil effect (X ¿ 1), we can approximate Eqs. (2.32) and (2.35) to draw

several useful conclusions.

For convenience, we first define

f(Y ) =

(
1

X
− 1

Y

)2

+
1

X
− 1

Y
+

1

4

(
X

Y
+
Y

X

)
. (2.36)

Using the inequality Eq. (2.15), it can be found that

1

4(1 +X)
≤ f(Y ) ≤ 2 +X

4
, (2.37)
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Figure 2.7: The energy distribution of Compton gamma-ray photons produced by a
head-on collision of a 800 nm laser beam with a 500 MeV electron beam. The scaled
scattering angle γθf by the electron Lorentz factor versus the gamma-ray photon
energy is also shown in the plot. The solid line represents the energy distribution of
the gamma-ray photons, and the dash line represents the relation between the scaled
scattering angle and photon energy.

approximately (with a negligible recoil effect, X ¿ 1),

1

4
≤ f(Y ) ≤ 1

2
. (2.38)

Thus, the maximum and minimum spectral flux of the Compton gamma-ray beam

are given by

(
dσ

dEg

)max =
8πr2

e

X(βEe − Ep)

2 +X

4
, (2.39)

and

(
dσ

dEg

)min =
8πr2

e

X(βEe − Ep)

1

4(1 +X)
. (2.40)

The ratio between them is

(dσ/dEg)max

(dσ/dEg)min

= (2 +X)(1 +X) ≈ 2, (2.41)
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which is shown in Fig. 2.7.

When θf = 0, we can have

Eg ≈ 4γ2Ep, Y ≈ X(1−X). (2.42)

Substituting Y in Eq. (2.36), we have f(Y ) ≈ 1/2. Thus, the spectral flux has a

maximum value around the scattering angle θf = 0. When θf = 1/γ, we can have

Eg ≈ 2γ2Ep, Y ≈ X(1− X

2
). (2.43)

Substituting Y in Eq. (2.36), we have f(Y ) ≈ 1/4. Therefore, the spectral flux has

a minimum value around the scattering angle θf = 1/γ. These results are shown in

Fig. 2.7.

In terms of the total scattering cross section of Eq. (2.29), the maximum spectral

flux of Eq. (2.39) can be approximated by

∆σmax

σtot

≈ 3(2 +X)

4(1−X)

∆Emax
g

Emax
g

≈ 1.5
∆Emax

g

Emax
g

. (2.44)

This is a simple formula which can be used to estimate the portion of the total

gamma-ray flux with a desirable energy spread ∆Emax
g after collimation.

According to Eq. (2.32), it can also be calculated that the angular intensity at

the scattering angle θf = 1/γ is about 1/8 of the maximum angular intensity at the

scattering angle θf = 0.

In addition, integrating Eq. (2.27) over the entire solid angle of the cone of half-

opening angle 1/γ, i.e., integrating Y over the range of X(1−X/2) 6 Y 6 X(1−X)

and φf over the range from 0 to 2π, we can have

σ|θf=0∼1/γ ≈ 4πr2
e

3
. (2.45)

Comparing Eq. (2.45) to the total cross section of Eq. (2.29), we can conclude that

about half of the total gamma-ray photons are scattered into the 1/γ cone. This can
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be explained by considering the Compton scattering in the electron rest frame. In

this frame, Compton scattering process is just like “dipole” radiation: the gamma-

ray photons are scattered in all the directions, one half of the gamma photons are

scattered into the forward direction, and the other half into the backward direction.

When transformed to the laboratory frame, the gamma-ray photon scattered into

the forward direction in the rest frame will be concentrated in the 1/γ cone in the

laboratory frame.

2.4 Polarization of scattered photons

To study the polarization of the photon after scattering, the Stokes parameters ξ′j′

in Eq. (2.11) need to be considered. For polarized photons scattering with unpo-

larized electrons without regard to the scattered electron polarization, the Compton

scattering cross section as a function of the Stokes parameters ξ′j′ is given by setting

ζi, ζ
′
i′(i

(′) = 1, 2, 3) equal to zero in Eq. (2.11) and doubling the result, i.e.,

dσ

dY dφf

=
2r2

e

X2
(F0 +

3∑
i=1

Fiξ
′
i), (2.46)

where

F0 =

(
1

X
− 1

Y

)2

+
1

X
− 1

Y
+

1

4

(
X

Y
+
Y

X

)
−

[(
1

X
− 1

Y

)2

+

(
1

X
− 1

Y

)]
ξ3,

F1 =

(
1

X
− 1

Y
+

1

2

)
ξ1,

F2 =
1

4

(
X

Y
+
Y

X

)(
1 +

2

X
− 2

Y

)
ξ2,

F3 =

[(
1

X
− 1

Y

)2

+
1

X
− 1

Y
+

1

2

]
ξ3 −

(
1

X
− 1

Y

)2

−
(

1

X
− 1

Y

)
. (2.47)
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In the laboratory frame, substituting ξj and ξ′j using Eqs. (2.24) and (2.25), and

assuming the incident photon is horizontally polarized (τ = 0), we can have

dσ

dY dφf

=
2r2

e

X2

(
Φ0 +

3∑
i=1

Φiξ̄
′
i

)
, (2.48)

where

Φ0 =

(
1

X
− 1

Y

)2

+
1

X
− 1

Y
+

1

4

(
X

Y
+
Y

X

)
+

[(
1

X
− 1

Y

)2

+
1

X
− 1

Y

]
Pt cos 2φf ,

Φ1 =
1

2

(
1

X
− 1

Y
+ 1

)2

Pt sin 4φf +

[(
1

X
− 1

Y

)2

+
1

X
− 1

Y

]
sin 2φf ,

Φ2 =
1

4

(
X

Y
+
Y

X

)(
2

X
− 2

Y
+ 1

)
Pc,

Φ3 =−
(

1

X
− 1

Y
+

1

2

)
Pt sin2 2φf +

[(
1

X
− 1

Y

)2

+
1

X
− 1

Y
+

1

2

]
Pt cos2 2φf

+

[(
1

X
− dir0o

1

Y

)2

+
1

X
− 1

Y

]
cos 2φf . (2.49)

It should be noted that the Stokes parameters ξ̄′i describe the polarization of the

scattered photon selected by a detector, not the polarization of the photon itself.

In order to distinguish them from the detected Stokes parameters ξ̄′i, we denote

the Stokes parameters of the scattered photon itself by ξf
i . According to the rules

presented in section 65 of [47], ξf
i are given by

ξf
i =

Φi

Φ0

. (2.50)

Integrating Eq. (2.48) over the azimuthal angle φf gives

dσ

dY
=

2r2
e

X2

{
〈Φ0〉+

3∑
i=1

〈Φi〉〈ξ̄′i〉
}
, (2.51)
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where

〈Φ0〉 = 2π

[(
1

Y
− 1

Y

)2

+
1

X
− 1

Y
+

1

4

(
X

Y
+
Y

X

)]
,

〈Φ1〉 = 0,

〈Φ2〉 =
π

2

(
X

Y
+
Y

X

)(
2

X
− 2

Y
+ 1

)
Pc,

〈Φ3〉 = π

(
1

X
− 1

Y

)2

Pt. (2.52)

Therefore, the averaged Stokes parameters of the scattered photons over the angle

φf are given by 〈ξf
i 〉 = 〈Φi〉

〈Φ0〉 , which depend on the incident photon polarization and

variables X and Y .

For 100% horizontally polarized incident photons (Pt = 1, Pc = 0, τ = 0), the

average Stokes parameters of the scattered photons are given by,

〈ξf
1 〉 =

〈Φ1〉
〈Φ0〉 = 0,

〈ξf
2 〉 =

〈Φ2〉
〈Φ0〉 = 0,

〈ξf
3 〉 =

〈Φ3〉
〈Φ0〉 =

2( 1
X
− 1

Y
)2

4( 1
X
− 1

Y
)2 + 4

X
− 4

Y
+ X

Y
+ Y

X

. (2.53)

Clearly, the scattered photons retain the polarization of the incident photons. 〈ξf
3 〉

as a function of the scattered photon energy is shown in Fig. 2.8. The scattered

photons are produced by a head-on collision of a 100% horizontally polarized (Pt =

1, Pc = 0, τ = 0) 800 nm laser beam with an unpolarized 500 MeV electron beam. It

can be seen that the average Stokes parameter 〈ξf
3 〉 of scattered gamma-ray photons

is almost equal to 1 around the maximum scattered photon energy with a negligi-

ble recoil effect, which means the scattered gamma-ray photons are almost 100%

horizontally polarized around the maximum scattered photon energy.
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Figure 2.8: The average Stokes parameter 〈ξf
3 〉 of Compton gamma-ray photons

produced by a 100% horizontally polarized (Pt = 1, Pc = 0, τ = 0) 800 nm laser
beam head-on colliding with an unpolarized 500 MeV electron beam.

For 100% circularly polarized incident photons (Pc = 1, Pt = 0), the average

Stokes parameters of scattered photons are given by

〈ξf
1 〉 =

〈Φ1〉
〈Φ0〉 = 0,

〈ξf
2 〉 =

〈Φ2〉
〈Φ0〉 =

(X
Y

+ Y
X

)( 2
X
− 2

Y
+ 1)

4( 1
X
− 1

Y
)2 + 4

X
− 4

Y
+ X

Y
+ Y

X

,

〈ξf
3 〉 =

〈Φ3〉
〈Φ0〉 = 0. (2.54)

〈ξf
2 〉 as a function of the scattered photon energy is shown in Fig. 2.9. The scattered

photons are produced by a head-on collision of a 100% circularly polarized 800 nm

laser beam with an unpolarized 500 MeV electron beam. We can see that at the

maximum scattered photon energy, the average Stokes parameter 〈ξf
2 〉 is equal to

−1, which means the scattered gamma-ray photons are 100% circularly polarized but

with a reversed helicity of the incident laser beam. Therefore, the Compton scattered

gamma-ray beam retains the polarization of the incident laser beam. However, the

helicity of the beam is flipped at the maximum scattered photon energy, i.e., the
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Figure 2.9: The average stokes parameter 〈ξf
2 〉 of Compton gamma-ray photons

produced by a 100% circularly polarized (Pt = 0, Pc = 1, τ = 0) 800 nm laser beam
head-on colliding with an unpolarized 500 MeV electron beam.

left-circularly polarized laser beam is scattered into the right-circularly polarized

gamma-ray beam after scattering.
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3

Compton scattering of an electron beam and a
photon beam

In the previous Chapter we have studied the spatial and energy distributions of a

Compton gamma-ray beam using the “particle-particle” scattering theory. In this

theory, we assume monoenergetic electron and laser beams with zero transverse beam

sizes. However, in the reality, electron and laser beams have finite spatial and energy

distributions, which could alter the gamma-ray beam distribution. Therefore, there

remains a need to study the characteristics of the gamma-ray beam produced by

Compton scattering of a laser beam and an electron beam with varying spatial and

energy distributions, i.e., the “beam-beam” scattering.

In this Chapter, we discuss the beam-beam scattering theory. First, we derive a

formula to estimate the total flux of a Compton gamma-ray beam. Then, we develop

two approaches, an analytical method and a Monte Carlo simulation method, to

study the spatial and energy distributions of a Compton gamma-ray beam. Based

upon these methods, two computing codes, a numerical integration code and a Monte

Carlo simulation code, are developed. These two codes have been applied to study
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Figure 3.1: Compton scattering of a pulsed electron beam and a pulsed laser beam
in the laboratory frame. Two coordinate systems are defined to describe electron
and laser beams: the first coordinate system (x, y, z) is the electron-beam coordinate
system in which the electron beam is moving along the z-axis direction; the (xl, yl, zl)
system is the laser-beam coordinate system in which the laser beam is propagated in
the negative zl-axis direction. The coordinate systems (x, y, z) and (xl, yl, zl) share
the same origin.

the spatial and energy distributions of a Compton gamma-ray beam, after being

benchmarked against the experimental results at the High Intensity Gamma-ray

Source (HIγS) facility at Duke University.

3.1 Geometry of beam-beam scattering

Figure 3.1 shows Compton scattering of a pulsed electron beam and a pulsed laser

beam in the laboratory frame. To describe the electron and laser beams in this

frame, two coordinate systems are defined: the first coordinate system (x, y, z) is

the electron-beam coordinate system in which the electron beam is moving along the

z-axis direction; the (xl, yl, zl) system is the laser-beam coordinate system in which

the laser beam is propagated in the negative zl-axis direction. These two coordinate

systems share a common origin. The time t = 0 is chosen for the instant when the

centers of the electron and laser pulses arrive at the origin. The definition of these

two coordinate systems allows the study of the Compton scattering process with an

arbitrary collision angle, i.e, the angle between z-axis and negative zl-axis. For a

head-on collision, the collision angle equals π. In this case, the electron and laser

coordinate systems become identical.
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In these coordinate systems, the electron and laser beams with Gaussian distri-

butions in their phase spaces can be described by their respective intensity functions

as follows

fe(x, y, z, x
′, y′, p, t) =

1

(2π)3εxεyσpσl

exp

[
−γxx

2 + 2αxxx
′ + βxx

′2

2εx

−γyy
2 + 2αyyy

′ + βyy
′2

2εy

− (p− p0)
2

2σ2
p

− (z − ct)2

2σ2
z

]
,

fp(xl, yl, zl, k, t) =
1

4π2σzσkσ2
w

exp

[
−x

2
l + y2

l

2σ2
w

− (zl + ct)2

2σ2
l

− (k − k0)
2

2σ2
k

]
,

(3.1)

where

σw =

√
λβ0

4π

(
1 +

z2
l

β2
0

)
; (3.2)

c is the speed of light; p is the momentum of an electron, and p0 is the centroid

momentum of the electron beam; x′ and y′ are the angular divergences of the electron

in the x and y directions, respectively; αx,y, βx,y and γx,y are Twiss parameters of

the electron beam; σp, σz and εx,y are the electron beam momentum spread, RMS

bunch length, and emittance, respectively; k is the wavenumber of the laser photon,

and k0 is the centroid wavenumber of the laser beam. β0, σk and σl are the Rayleigh

range, energy spread and bunch length of the laser beam. Note that the waist of the

laser beam is assumed to be at the origin.
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3.2 Total flux of a Compton gamma-ray beam

The number of collisions occurring during a time dt and inside a phase space volume

d3p d3k dV of the incident laser and electron beams is given by [48]

dN(r,p,k, t) = σtot(p,k)
√

(~ve − ~vp)2−(~ve × ~vp)2ne(r,p, t)np(r,k, t)d
3p d3k dV dt

= σtot(p,k)c(1− ~β · ~k/|~k|)ne(r,p, t)np(r,k, t)d
3p d3k dV dt, (3.3)

where σtot(p,k) is the total Compton scattering cross section which is determined by

the momenta of the incident electron and laser photon, p and ~k (~ is the reduced

Planck constant); ~ve and ~vp are the velocities of the electron and photon, and ~β =

~ve/c; ne(r,p, t) = Nefe(r,p, t) and np(r,k, t) = Npfp(r,k, t), where fe(r,p, t) and

fp(r,k, t) are the phase space intensity functions of electron and laser pulses, and

Ne and Np are the total numbers of electrons and laser photons in their respective

pulses.

To calculate the total number of scattered gamma-ray photons produced by each

collision, Eq. (3.3) needs to be integrated for the entire phase space and the collision

time, i.e.,

Ntot =

∫
dN(r,p,k, t)

=NeNp

∫
σtot(p,k)c(1−β cos θi)fe(r,p, t)fp(r,k, t)d

3p d3k dV dt. (3.4)

where θi is the collision angle between the incident electron and laser photon. As-

suming collisions occur at the waists of both beams (αx = αy = 0, σw =
√
λβ0/(4π)),

the spatial and momentum phase space can be separated in the density functions,

i.e, fe(r,p, t) = fe(r, t)fe(p) and fp(r,k, t) = fp(r, t)fp(k). Since the cross section

σtot(p,k) only depends on p and k, we can have

Ntot = NeNp

∫
Lscσtot(p,k)fe(p)fp(k)d3p d3k, (3.5)
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where

Lsc = c(1− β cos θi)

∫
fe(r, t)fp(r, t)dV dt (3.6)

is the single-collision luminosity defined as the number of scattering events produced

per unit scattering cross section, which has dimensions of 1/area. For a head-on

collision (θi = π) of a relativistic electron (β ≈ 1) and a photon, the single-collision

luminosity can be obtained by integrating Eq. (3.6) and the result is given by

Lsc =
1

2π
√

λβ0

4π
+ βxεx

√
λβ0

4π
+ βyεy

. (3.7)

In this case, the luminosity Lsc is independent of the momenta of the incident elec-

trons and photons. Thus, Eq. (3.5) can be rewritten in a simple form

Ntot = NeNpLscσtot, (3.8)

where σtot is the total Compton scattering cross section averaged over the momenta of

the incident electrons and photons. Neglecting the energy spread of the electrons and

photons, σtot can be approximated by σtot(p,k) of Eq. (2.29), which can be further

simplified to the Thomson scattering cross section σT
tot of Eq. (1.2) if neglecting the

recoil effect.

If the beam-beam collision rate is f0, the gamma-ray flux is given by

dNtot

dt
= NeNpLscσtotf0. (3.9)

In practical units,

dNtot

dt
[s−1] = 3.14× 1043 I[A]P [W]λ[m]Lsc[m

−2]σtot[m
2]

f0[Hz]
, (3.10)

where I is the average current of the electron beam, P is the average power of the

laser beam, and λ is the laser wavelength. I = ∆Q · f0 and P = ∆E · f0, where ∆Q

and ∆E are the charge and energy of the electron and laser pulses, respectively.
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Figure 3.2: Geometric constraint for a scattered gamma-ray photon. The diagram
only shows the projection of the constraint in the x-z plane.

3.3 Spatial and energy distributions: analytical calculation

To obtain the spatial and energy distributions of a Compton gamma-ray beam,

the differential cross section should be used instead of the total cross section in

Eq. (3.4). In addition, two constraints need to be imposed during the integration of

Eq. (3.4) [50, 51].

First is the geometric constraint, which assures the gamma-ray photon generated

at the location ~r can reach the location ~rd shown in Fig. 3.2. In terms of the position

vector, this constraint is given by

~k′

|~k′|
=

~rd − ~r
|~rd − ~r| , (3.11)

where ~k′ represents the momentum of the gamma-ray photon; ~r = (x, y, z) denotes

the collision point; and ~rd = (xd, yd, zd) denotes the detection point. Due to the

finite spatial distribution and angular divergence of the electron beam, a gamma-

ray photon reaching the location ~rd can be scattered from an electron at different

collision points with different angular divergences.
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The constraint of Eq. (3.11) projected in the x-z and y-z planes is given by

θx + x′ =
xd − x

L
, θy + y′ =

yd − y

L
. (3.12)

Here, θx and θy are the projections of the scattering angle θf in the x-z and y-z planes,

i.e., θx = θf cosφf , θy = θf sinφf and θ2
f = θ2

x + θ2
y, where θf and φf are the angles

defined in the electron coordinate system (xe, ye, ze) in which the electron is incident

along the ze-axis direction (Fig. 3.2). x′ and y′ are the angular divergences of the

incident electron, i.e., the angles between the electron momentum and z-axis. L is

the distance between the collision plane and the detection plane (or the collimation

plane). Note that a far field detection (or collimation) has been assumed, i.e., LÀ |~r|
and L ≈ |~rd|.

The second constraint is the energy conservation. Due to the finite energy spread

of the electron beam, the gamma-ray photon with an energy of Eg can be scattered

from the electron with an energy of γ̄mc2 and scattering angle of θf . Mathematically,

this constraint is given by

δ(Ēg − Eg), (3.13)

where

Ēg =
4γ̄2Ep

1 + γ̄2θ2
f + 4γ̄Ep/mc2

. (3.14)

Imposing the geometric and energy constraints in Eq. (3.4), the spatial and energy

distributions of a Compton gamma-ray beam can be obtained by integrating all the

individual scattering events, i.e.,

dN(Eg, xd, yd)

dΩddEg

≈ NeNp

∫
dσ

dΩ
δ(Ēg − Eg)c(1− β cos θi)fe(x, y, z, x

′, y′, p, t)

×fp(x, y, z, k, t)dx
′ dy′ dp dk dV dt, (3.15)

where dΩd = dxddyd/L
2, and dσ/dΩ is the differential Compton scattering cross
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section. Note that a head-on collision between electron and laser beams has been as-

sumed, and the density function fe(r,p, t) has been replaced with fe(x, y, z, x
′, y′, p, t)

of Eq. (3.1) under the approximation pz ≈ p for a relativistic electron beam. In addi-

tion, the integration
∫ · · · fp(r,k, t)d

3k is replaced with
∫ · · · fp(x, y, z, k, t)dk, where

fp(x, y, z, k, t) is defined in Eq. (3.1). Integrations over dkx and dky have been carried

out since the differential cross section has a very weak dependency on kx and ky for

a relativistic electron beam.

Assuming head-on collisions for each individual scattering event (θi = π and

dσ/dΩ is given by Eq. (2.32)), neglecting the angular divergences of the laser beam

and replacing x′ and y′ with θx and θy, we can integrate Eq. (3.15) over dV, dt and

dp and obtain (see Appendix A)

dN(Eg, xd, yd)

dEgdxddyd

=
r2
eL

2NeNp

4π3~cβ0σγσk

∫ ∞

0

∫ √
4Ep/Eg

−
√

4Ep/Eg

∫ θxmax

−θxmax

1√
ζxζyσθxσθy

γ

1 + 2γEp/mc2

×
{

1

4

[
4γ2Ep

Eg(1 + γ2θ2
f )

+
Eg(1 + γ2θ2

f )

4γ2Ep

]
− 2 cos2(τ − φf )

γ2θ2
f

(1 + γ2θ2
f )

2

}

×exp

[
−(θx − xd/L)2

2σ2
θx

− (θy − yd/L)2

2σ2
θy

− (γ − γ0)
2

2σ2
γ

− (k − k0)
2

2σ2
k

]
dθxdθydk,

(3.16)
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where

ξx = 1 + (αx − βx

L
)2 +

2kβxεx

β0

, ζx = 1 +
2kβxεx

β0

, σθx =

√
εxξx
βxζx

,

ξy = 1 + (αy − βy

L
)2 +

2kβyεy

β0

, ζy = 1 +
2kβyεy

β0

, σθy =

√
εyξy
βyζy

,

θf =
√
θ2

x + θ2
y, θxmax =

√
4Ep/Eg − θ2

y, σγ =
σEe

mc2
,

γ =
2EgEp/mc

2

4Ep − Egθ2
f

(
1 +

√
1 +

4Ep − Egθ2
f

4E2
pEg/(mc2)2

)
, (3.17)

and τ is the azimuthal angle of the polarization vector of incoming laser beam and

σEe is the RMS energy spread of the electron beam.

In a storage ring, the vertical emittance of the electron beam is typically much

smaller than the horizontal emittance. For a Compton scattering occurring at a

location with the similar horizontal and vertical beta functions (βx ∼ βy), the vertical

divergence of the electron beam can be neglected. In addition, the photon energy

spread of a laser beam is small, and its impact can also be neglected. Under these

circumstances, the cross section term in Eq. (3.16) has a weak dependence on θy

(≈ yd/L) and k (≈ k0). With the assumption of an unpolarized or circularly polarized

laser beam, Eq. (3.16) can be simplified further after integrating θy and k:

dN(Eg, xd, yd)

dEgdxddyd

≈ r2
eL

2NeNp

2π2~cβ0

√
ζxσγσθx

∫ θxmax

−θxmax

γ

1 + 2γEp/mc2

×
{

1

4

[
4γ2Ep

Eg(1 + γ2θ2
f )

+
Eg(1 + γ2θ2

f )

4γ2Ep

]
− γ2θ2

f

(1 + γ2θ2
f )

2

}

× exp

[
−(θx − xd/L)2

2σ2
θx

− (γ − γ0)
2

2σ2
γ

]
dθx, (3.18)

where θxmax =
√

4Ep/Eg − (yd/L)2.
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The integrations with respect to k, θy and θx in Eq. (3.16) or θx in Eq. (3.18)

must be carried out numerically. For this purpose, a numerical integration Compton

scattering code in the C++ computing language (CCSC) has been developed to

evaluate the integrals of Eqs. (3.16) and (3.18).

With the detailed spatial and energy distributions of the Compton gamma-ray

beam dN(Eg, xd, yd)/(dEgdxddyd), the energy spectrum of the gamma-ray beam col-

limated by a round aperture with a radius of R can be easily obtained by integrating

dN(Eg, xd, yd)/(dEgdxddyd) over the variables xd and yd for the entire opening aper-

ture, i.e.,
√
x2

d + y2
d 6 R2.

The transverse misalignment effect of the collimator on the gamma-ray beam

distributions can be introduced by replacing xd and yd with xd + xe and yd + ye

in Eq. (3.16) or Eq. (3.18), where xe and ye are the collimator offset errors in the

horizontal and vertical directions, respectively.

3.4 Spatial and energy distributions: Monte Carlo simulation

In the previous section, we have analytically calculated the spatial and energy distri-

butions of a Compton gamma-ray beam. However, to simplify the calculation several

approximations have been made: head-on collisions for each individual scattering

event, a negligible angular divergence of the laser beam, and far field collimation.

A completely different approach to study Compton scattering process is to use

a Monte Carlo simulation. In this way, effects that cannot be easily accessed ana-

lytically can be accounted for. For example, using a Monte Carlo simulation we can

study the scattering process for an arbitrary collision angle.

With this motivation, we developed a Monte Carlo Compton scattering code. In

following sections, the algorithm of this code is discussed.

3.4.1 Simulation setup

At the beginning of the collision, both the electron and laser pulses are placed away

from the origin shown in Fig. 3.1, and the pulse centers arrive at the origin at the
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same time (t = 0). The collision duration is divided into a number of time steps,

and the time step number represents the time in the simulation. For example, the

collision duration is divided into 200 time steps, and at the time step 100, centers of

the electron and laser pulses both arrive at the origin.

Due to a large number of electrons in the bunch, it is not practical to track each

electron in the simulation. Therefore, the electron bunch is divided into a number of

macro particles (for example, 106), and macro particles are tracked in the simulation.

The phase space coordinates of each macro particle are sampled at time t = 0.

For an electron beam with Gaussian distributions in phase space, the coordinates

are sampled according to the electron beam Twiss parameters as follows [69,70]

x(0) =
√

2u1εxβx cosφ1,

x′(0) = −
√

2u1εx/βx(αx cosφ1 + sinφ1),

y(0) =
√

2u2εyβy cosφ2,

y′(0) = −
√

2u2εy/βy(αy cosφ2 + sinφ2),

z(0) = σzr1,

Ee = E0(1 + σEer2), (3.19)

where u1,2 are random numbers generated as random variables with probability dis-

tribution functions of e−u1,2 , r1,2 are random numbers generated according to a Gaus-

sian distribution with a zero mean and unit standard deviation, and φ1,2 are uniform

random numbers between 0 and 2π. The coordinates of macro particles at any other

time t can then be obtained by transforming the coordinates given by Eq. (3.19).

The Compton scattering is simulated according to the local intensity and mo-

mentum of the laser beam at the collision point. The intensity of laser beam at

the collision point (x, y, z) in the electron-beam coordinate system can be calculated

according to Eq. (3.1) using the laser-beam coordinates (xl, yl, zl) transformed from

(x, y, z). The momentum direction k̂ of the photon at the collision point (x, y, z)

can be calculated in the view of electromagnetic wave of the photon beam. For a
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Gaussian laser beam, its propagation phase ψ(xl, yl, zl) in the laser-beam coordinate

system is given by [69,71]

ψ(xl, yl, zl) = −iklzl − iklzl
x2

l + y2
l

2(β2
0 + z2

l )
; (3.20)

the wavevector (the momentum of photon ~kl) is given by ~kl = 5ψ(xl, yl, zl). Thus,

k̂l ≈ − 1√
1 + c21 + c22

(c1x̂l + c2ŷl + ẑl), (3.21)

where

c1 =
xlzl

β2
0 + z2

l

, c2 =
ylzl

β2
0 + z2

l

. (3.22)

The unit vector k̂l expressed in the electron-beam coordinate system givs the mo-

mentum direction of the laser photon in this coordinate system.

3.4.2 Simulation procedure

At each time step, the Compton scattering process is simulated for each macro

particle. The simulation proceeds in two stages. In the first stage, the scattering

probability is calculated using the local intensity and momentum of the laser beam.

According to this probability, the scattering event is sampled. If the scattering

happens, a gamma-ray photon will be generated, and the simulation proceeds to

the next stage. In the second stage, the energy and momentum direction of the

gamma-ray photon are sampled according to the differential Compton scattering

cross section. The detailed simulation procedures for these two stages are presented

as follows.

First stage: scattering event

Since the energy and momentum direction of the gamma-ray photon are not the

concern at this stage, the total scattering cross section is used to calculate the scat-

tering probability. According to Eq. (3.3), the scattering probability P (r,p,k, t) in
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the time step ∆t for the macro particle at the collision point (x, y, z) is given by

P (r,p,k, t) = σtot(p,k)c(1− ~β · ~k/|~k|)np(x, y, z, k, t)∆t (3.23)

where np(x, y, z, k, t) and ~k are the local density and wavevector of the photon beam,

respectively; σtot(p,k) is the total scattering cross section given by Eq. (2.28).

According to the probability P (r,p,k, t), the scattering event is sampled using

the rejection method as follows [72, 73]: first, a random number r3 is uniformly

generated in the range of [0, 1]; if r3 ≤ P (r,p,k, t), Compton scattering happens;

otherwise the scattering does not happen, and the above sampling process is repeated

for the next macro particle.

Second stage: gamma-ray energy and direction

When a Compton scattering event happens, a gamma-ray photon is generated. The

simulation proceeds to the next stage to determine the energy and momentum di-

rection of the gamma-ray photon. For convenience, the sampling probability for

generating gamma-ray photon parameters is calculated in the electron-rest frame

coordinate system (x′e, y
′
e, z

′
e) in which the electron is at rest and the laser photon is

propagated along the z′e-axis direction.

Since the momenta of macro particles and laser photons have been expressed in

the electron-beam coordinate system (x, y, z) in the lab frame, we need to transform

the momenta to those defined in the electron-rest frame coordinate system (x′e, y
′
e, z

′
e).

The transformations between them are illustrated in Fig. 3.3. After transformations,

the sampling probability for generating the scattered gamma-ray photon energy and

direction can be easily calculated in the electron rest frame as follows.

In the electron-rest frame coordinate system (x′e, y
′
e, z

′
e), according to Eq. (2.4)

the scattered photon energy is given by

1

E ′
g

=
1

E ′
p

+
1

mc2
(1− cos θ′), (3.24)

where θ′ is the scattering angle between the momenta of the scattered and incident
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Figure 3.3: Transformations between the lab-frame electron-beam coordinate sys-
tem (x, y, z) and the electron-rest-frame coordinate system (x′e, y

′
e, z

′
e). First, in the

lab frame, a rotation is performed to transform the coordinate system (x, y, z) to the
system (xe, ye, ze) in which the electron moves along the ze-axis. Then, a Lorentz
transformation is performed between the lab frame (xe, ye, ze) and the electron rest
frame (x′, y′, z′). Finally, in the electron rest frame, the coordinate system (x′, y′, z′)
is rotated to the coordinate system (x′e, y

′
e, z

′
e) in which the photon is propagated

along the z′e-axis.

photons (Fig. 3.3.(d)); E ′
g and E ′

p are the energies of the scattered and incident

photons, and E ′
g is in the range of

E ′
p

1 + 2E ′
p/mc

2
≤ E ′

g ≤ E ′
p. (3.25)

In the electron-rest frame coordinate system, we can simplify the Lorentz invari-

ant quantities X and Y in Eq. (2.27) to obtain X = 2E ′
p/mc

2 and Y = 2E ′
g/mc

2.
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As a result, the differential cross section is given by

d2σ

dE ′
gdφ

′ =
r2
e

2

mc2

E ′2
p

{
2 cos2(τ ′ − φ′)

[(
mc2

E ′
p

−mc
2

E ′
g

)2

+2

(
mc2

E ′
p

−mc
2

E ′
g

)]
+
E ′

p

E ′
g

+
E ′

g

E ′
p

}
.

(3.26)

where τ ′ is the azimuthal angle of the polarization vector of the incident photon, and

φ′ is the azimuthal angle of the scattered photon (Fig. 3.3.(d)).

The scattered photon energy E ′
g and the azimuthal angle φ′ are sampled according

to the differential cross section of Eq. (3.26). Since Eq. (3.26) depends on both E ′
g and

φ′, the composition and rejection sampling method [72, 73] is used to sample these

two variables. To sample the scattered gamma-ray photon energy E ′
g, Eq. (3.26)

needs to be summed over the azimuthal angle φ′ and written as

dσ

dE ′
g

= πr2
e

mc2

E ′2
p

(2 +
2E ′

p

mc2
)f(E ′

g), (3.27)

where

f(E ′
g) =

1

2 + 2E ′
p/mc

2

[(
mc2

E ′
p

− mc2

E ′
g

)2

+ 2

(
mc2

E ′
p

− mc2

E ′
g

)
+
E ′

p

E ′
g

+
E ′

g

E ′
p

]
, (3.28)

and 0 ≤ f(E ′
g) ≤ 1 for any E ′

g. Now, the scattered gamma-ray photon energy

E ′
g can be sampled according to f(E ′

g) as follows: first, a uniform random number

E ′
g is generated in the range given by Eq. (3.25), and r4 in the range of [0, 1]; if

r4 ≤ f(E ′
g), E

′
g is accepted, otherwise the above sampling process is repreated until

E ′
g is accepted. If E ′

g is accepted, the scattering angle θ′ can be calculated using

Eq. (3.24).

After the scattered gamma-ray photon energy E ′
g is determined, the azimuthal

φ′ angle is sampled according to

g(φ′) =
d2σ

dE ′
gdφ

′/
dσ

dE ′
g

. (3.29)
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In this sampling process, a uniform random number φ′ is first generated between

0 and 2π. Then a uniform random number r5 is produced between 0 and 1; if

r5 ≤ g(φ′), the angle φ′ is accepted; otherwise repeat the above sampling process

until φ′ is accepted.

After obtaining the gamma-ray photon energy E ′
g, and the angles θ′ and φ′ in

the electron-rest frame coordinate system, we need to transform these parameters to

the lab-frame coordinate system. In the meantime, the momentum of the scattered

electron is also computed. This electron can still interact with the laser photon in

following time steps.

The algorithm discussed above is summarized in Fig. 3.4. Based upon this al-

gorithm, a Monte Carlo Compton scattering code (MCCMPT) has been developed

using the C++ language.
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3.5 Benchmark and applications of Compton scattering codes

We have developed two computer codes: the numerical integration Compton scat-

tering code (CCSC) based upon the analytical expression given by Eq. (3.16), and

the Monte Carlo Compton scattering code (MCCMPT) based upon the algorithm

shown in Fig. 3.4. These two codes have been applied to study characteristics of a

Compton gamma-ray, after being benchmarked against the experimental results at

the HIγS facility.

The calculated energy spectra of the gamma-ray beams using these two codes

are shown in Fig. 3.5. Two conditions of the collimator alignment are studied:

the collimator is perfectly aligned with the gamma-ray beam (Fig. 3.5.(a)) and the

collimator is misaligned with the gamma-ray beam (Fig. 3.5.(b)). The solid curve

represents the spectra calculated using the numerical integration code CCSC, and

the circles represent the spectra simulated using the Monte Carlo simulation code

MCCMPT. We can see that these two codes can produce very close results for either

conditions of the collimator alignment.

These codes were benchmarked against the measured energy spectra of gamma-

ray beams produced at the HIγS facility. Fig. 3.6 shows comparisons between the

measured and calculated spectra of two typical HIγS beams with different sizes of

the collimation apertures. For the beam with a small collimation aperture, the

energy spectrum is more like a Gaussian distribution (Fig. 3.6.(a)). However, for a

large collimation aperture, the gamma-ray beam energy spectrum is not Gaussian

(Fig. 3.6.(b)). In both cases, the measured and calculated spectra agree very well.

The gamma-ray beam energy spread is mainly determined by the collimation

aperture, electron beam energy spread and electron beam emittance. The contri-

bution of these parameters to the gamma-ray beam energy spread are shown in

Table 2.1. In some literature [24,74], a simple quadratic sum of individual contribu-

tions was used to estimate the energy spread (FWHM) of the Compton scattering
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Figure 3.5: Gamma-ray beam energy spectra calculated using two different meth-
ods under two conditions of the collimator alignment. (a) The collimator is aligned;
(b) the collimator has a 4 mm offset in the horizontal direction. The solid curves rep-
resent the spectra calculated using the numerical integration code CCSC. The circles
represent the spectra simulated using the Monte Carlo simulation code MCCMPT.
The electron beam energy and energy spread are 400 MeV and 0.2%, respectively.
The electron beam horizontal emittance is 10 nm-rad, and the vertical emittance is
neglected. The laser wavelength is 600 nm without the consideration of the energy
spread. The collimator with an aperture radius of 12 mm is placed 60 m downstream
from the collision point.
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Figure 3.6: Comparisons between the calculated and measured energy spectra
of HIγS beams. The CCSC code is used to calculate the spectra. (a) A 422 MeV
electron beam scattering with a 545 nm laser beam with a collimation aperture radius
of 6 mm; (b) A 466 MeV electron beam scattering with a 789 nm laser beam with a
collimation aperture radius of 12.7 mm.
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gamma-ray beam as follows

∆Eg

Eg

≈
√(

2
∆Ee

Ee

)2

+ (γ2∆θ2)2. (3.30)

Here, ∆θ =
√

∆θ2
e + ∆θ2

c is the effective angular spread due to the electron beam

divergence and collimation aperture, where ∆θe = 2
√

2 ln 2
√
ε/β and ∆θc = R/L.

Since the electron beam divergence and the gamma-beam collimation have non-

Gaussian broadening effects on the gamma-beam spectrum (Chapter 6), i.e., cause

the spectrum to have a long energy tail as shown in Fig 3.6.(b), the energy spread

of the gamma-ray beam cannot be given simply by the quadrature sum of differ-

ent broadening mechanisms. The realistic gamma-ray beam energy spread must be

calculated using either a integration method or a simulation method.

For a small collimation aperture (γ2∆θ2 ¿ 2∆Ee/Ee), the contribution due to

the electron beam energy spread dominates the gamma-ray beam energy spread.

Therefore, the gamma-ray beam energy spectrum is a Gaussian-like (Fig. 3.6.(a)) if

the electron beam has a Gaussian energy distribution. In this case, the gamma-ray

beam energy spread (FWHM) is estimated to be 2∆Ee/Ee. For a large collimation

aperture (γ2∆θ2 À 2∆Ee/Ee), the contribution due to the collimation aperture

dominates the gamma-ray beam energy spread. In this case, the FWHM gamma-

beam energy spread can be estimated by γ2∆θ2. When γ2∆θ2 is comparable to

2∆Ee/Ee, the gamma-beam energy spectrum deviates from a Gaussian shape with

a low energy tail, and its energy spread cannot be estimated by the quadrature sum

of different broadening mechanisms.

Figure 3.7 shows the spatial distribution of the gamma-ray beam simulated by

the MCCMPT code for circularly and linear polarized incoming laser beams. For

comparison, the measured spatial distributions of gamma-ray beams using the re-

cently developed gamma-ray imaging system (Chapter 5) are also shown in the figure.

It can be seen that for a circularly polarized incoming laser beam, the distribution

is symmetric; for a linearly polarized incoming laser beam, the gamma-ray beam
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Figure 3.7: Spatial distributions of Compton gamma-ray beams for different po-
larizations of the incoming laser beams. The gamma-ray beams were produced by
Compton scattering of a 680 MeV electron beam and a 378 nm FEL laser beam.
The observation plane is about 27 meters downstream from the collision point. The
upper plots are the simulated images using the MCCMPT code. The lower ones are
the measured images. The left images are for the circularly polarized OK-5 FEL
laser. The right images are for the linearly polarized OK-4 FEL laser.

distribution is asymmetric, and is “pinched” along the direction of the laser beam

polarization.

The MCCMPT code can also be used to study the temporal pulse profile of

a Compton scattering gamma-ray beam. Fig. 3.8 shows the pulse profiles of the

gamma-ray beams produced by electron beams with different pulse lengths. It can

be seen that for a head-on collision the pulse length of the gamma-ray beam is

dominated by that of the incident ultra-relativistic electron beam not the laser pulse.

This has been explained in [5].

More examples using CCSC and MCCMPT codes to study Compton gamma-ray

beams will be discussed in Chapters 4 and 6.
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Figure 3.8: Temporal pulse profiles of Compton scattering gamma-ray beams
produced by electron beams with different pulse lengths. The electron beam energy
is 400 MeV, and the laser wavelength is 600 nm. The RMS pulse lengths of laser
beams are fixed to 12.7 ps, and the RMS pulse length of electron beams is varied
from 3 ps to 36 ps.
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4

An end-to-end spectrum reconstruction method

Compton scattering of a relativistic electron beam and a laser beam has been used

to generate a gamma-ray beam at the High Intensity Gamma-ray Source (HIγS)

facility at Duke University. This gamma-ray beam, so-called the HIγS beam, has

been used for a wide range of research including nuclear physics, material science,

homeland security, medical physics and industrial applications. The success of many

experiments using the HIγS beams critically depends on the accurate knowledge of

the beam energy.

Typically, the energy spectrum of a HIγS beam is measured using a large-volume

high-purity Germanium (HPGe) detector. However, the detector response is not

ideal, and the measured spectrum has a structure of a full energy peak, two escape

peaks, a Compton edge and a Compton plateau. Especially for a beam with a large

energy spread, the full energy and escape peaks of the measured spectrum are com-

pletely mixed (folded) together, which makes them difficult to identify. As a result,

the directly measured spectrum of the HIγS beam cannot represent the true energy

distribution of the beam. Mathematically, the measured gamma-ray beam spectrum

is the convolution of the true energy distribution of the gamma beam and the re-
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sponse function of the detector. Therefore, the energy distribution of the gamma-ray

beam can be extracted from the measured spectrum using a spectrum unfolding (de-

convolution) technique [52–56] if the detector response function is known. A method

for obtaining the detector response function uses a Monte Carlo simulation code to

model the detection process. In the past, due to lack of knowledge about the spatial

and energy distributions of the Compton gamma-ray beam, an isotropic gamma-ray

event generator was used in the simulation. However, this simulation (namely, the

source independent simulation) could lead to inaccurate results.

In this Chapter, we present a novel end-to-end spectrum reconstruction method

of a Compton gamma-ray beam by completely modeling the process of the gamma-

ray beam production, transport, collimation and detection. Using this method, the

energy distribution of the gamma-ray beam can be reconstructed with a high degree

of accuracy. First, we briefly describe the HIγS facility in Section 4.1, and discuss

characteristics of the HIγS beam in Section 4.2. We then review the basic theory

of the spectrum unfolding technique in Section 4.3. The end-to-end spectrum re-

construction method is discussed in Section 4.4. Finally, we conclude by applying

this method to reconstruct the energy distribution of HIγS beams recently used for

nuclear physics research.

4.1 HIγS facility

Compton scattering of a relativistic electron beam and a laser beam has been used

to produce an x-ray or gamma-ray beam at many facilities [15, 17, 75, 76]. Among

these facilities, the High Intensity Gamma-ray Source (HIγS) at Duke University is

the first dedicated Compton gamma-ray source facility using a Free-Electron Laser

(FEL) as the photon driver. As a result, the HIγS is an intense, highly polarized and

nearly monoenergetic gamma-ray source with a tunable energy from about 1 MeV

to 100 MeV. In fact, in this energy range, the HIγS is a leading Compton light
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source facility in the world. HIγS beams have been used in a wide range of basic

and application research fields from nuclear physics to astrophysics, from medical

research to homeland security and industrial applications. [17].

The schematic of the HIγS facility is shown in Fig. 4.1. The gamma-ray beam is

produced by colliding a Free-Electron Laser (FEL) beam inside the laser resonator

with an electron beam in the storage ring. The electron beam is first generated and

accelerated to 180 MeV in a linear accelerator (linac). The electron beam energy

is then ramped up to a desired value in a booster synchrotron before injecting into

the storage ring. The energy of the electron beam in the storage ring can also be

adjusted by changing the field of the dipole magnets. The electron beam, consisting

of two bunches separated by a half of the storage ring circumference, is used to

drive the FEL. The FEL photons from the first (second) electron bunch collide with

electrons in the second (first) bunch. The resultant gamma-ray beam is transported

in vacuum to a target room after passing through a lead collimator placed 60 meters

downstream from the collision point and in front of the target room. The FEL on

the Duke storage ring can be switched between OK-4 FEL and OK-5 FEL, i.e., the

polarization of the FEL can be either linearly (OK-4) or circularly (OK-5) polarized.

Therefore, the HIγS beam can also be linearly or circularly polarized because the

Compton gamma-ray beam preserves the polarization of the incident laser beam.

4.2 Characteristics of the HIγS beam

Unlike radioactive gamma-ray sources, the HIγS beam produced by Compton scat-

tering of a laser beam and a relativistic electron beam has a coupled spatial and

energy distribution. The gamma-ray photons are mostly scattered into the electron

beam direction within a cone of half-opening angle on the order of 1/γ, where γ is

the Lorentz factor of the electron beam. In this cone beam, the gamma-ray photons

with a higher energy are mainly concentrated around the cone axis (i.e., the electron
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Figure 4.1: Schematic of the HIγS facility at Duke University.

beam direction), while the photons with a lower energy are distributed away from

the axis.

The spatial and energy distributions of the gamma-ray beams can be altered by

the parameters of electron and laser beams, such as the transverse size, angular di-

vergence and energy spread. The energy distribution of a collimated HIγS beam is

determined by the degree of collimation as well as electron and laser beam parame-

ters. For many practical cases, the most important beam parameters are the energy

and the energy spread of the electron beam. Given the detailed knowledge of these

parameters, the energy distribution of the gamma-ray beam can be computed using

either the Monte Carlo simulation code (MCCMPT) or the numerical integration

code (CCSC) which are developed in Chapter 3.

4.3 Basic theory of spectrum deconvolution technique

4.3.1 Detector response function

In practice, the energy distribution of a gamma-ray beam is measured by a gamma-

ray detector. Mathematically, the measured spectrum m(E) can be described as

m(E) =

∫ ∞

0

∫ ∞

−∞

∫ ∞

−∞
H ′(x, y, E,Einc)F (x, y, Einc)dxdydEinc, (4.1)
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where H ′(x, y, E,Einc) represents the probability density that the detector records

a total deposited energy E as the result of a gamma-ray photon with energy Einc

striking on the detector at the location (x, y); F (x, y, Einc) represents the intensity of

the incident gamma-rays on the detector, i.e., the spatial and energy distributions of

the gamma-ray beam. In terms of the gamma-ray energy, Eq. (4.1) can be rewritten

in a commonly used form

m(E) =

∫ ∞

0

H(E,Einc)f(Einc)dEinc, (4.2)

where H(E,Einc) is the detector response function given by

H(E,Einc) =
1

f(Einc)

∫ ∞

−∞

∫ ∞

−∞
H ′(x, y, E,Einc)F (x, y, Einc)dxdy, (4.3)

and f(Einc) is the energy distribution of the incident gamma-ray beam given by

f(Einc) =

∫ ∞

−∞

∫ ∞

−∞
F (x, y, Einc)dxdy. (4.4)

In principle, the detector response function H(E,Einc) depends on the detailed

spatial and energy distributions of the incident gamma-ray beam. However, for a

beam with a uniform distribution or a detector with a large acceptance, the de-

tector response function H(E,Einc) will not depend on the incident beam distribu-

tion. Mathematically, this can be proved by factoring out either H ′(x, y, E,Einc)

or F (x, y, Einc) from the integration in Eq. (4.3). For a uniform gamma-ray beam

which is usually obtained by collimating an isotropic radiation source at a far field,

F (x, y, Einc) is independent of the spatial coordinates x and y, and thus Eq. (4.3)

can be simplified to the form

H(E,Einc) =
1

A

∫ ∞

−∞

∫ ∞

−∞
H ′(x, y, E,Einc)dxdy, (4.5)
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where A =
∫ ∫

dxdy is the acceptance area of the detector. Therefore, the detector

response function H(E,Einc) has no dependency on the incident gamma-ray beam

distribution. In addition, for a detector with a large acceptance compared to the

spot size of the incident beam, H ′(x, y, E,Einc) has a weak dependence on the spatial

distribution of the incident beam, and thus can be factored out from the integration

in Eq. (4.3). As as result, H(E,Einc) also becomes independent of the incident beam

distribution.

However, for a collimated Compton gamma-ray beam which has a coupled spatial

and energy distribution and whose beam size is comparable to the detector accep-

tance, either H ′(x, y, E,Einc) or F (x, y, Einc) cannot be factored out in Eq. (4.3).

In this case, the detector response function will depend on the detailed spatial and

energy distributions of the gamma-ray beam.

4.3.2 Gaussian energy broadening

According to the detection process of a gamma-ray photon, the detector response

function H(E,Einc) can be separated into two parts and expressed as

H(E,Einc) =

∫ ∞

0

G(E,E ′)R(E ′, Einc)dE
′, (4.6)

where R(E ′, Einc) represents the detector response due to the interaction of gamma-

ray photons with the detector crystal, and can be estimated using Monte Carlo simu-

lations; G(E,E ′) represents the energy broadening due to the statistical noise effects

which arise from scintillation photon production in the crystal, photon-electron pro-

duction at the cathode of the photomultiplier tube (PMT), electronics noise of the

preamplifier and amplifier. Collectively, these noise effects can be described by a

Gaussian function

G(E,E ′) =
1√

2πσresp

exp

[
−(E − E ′)2

2σ2
resp

]
, (4.7)
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where σresp is the standard deviation. Suggested by both Sükösd and Beach [54,55], a

Gaussian broadening with the standard deviation σresp smaller than the experimental

detector resolution σexp (for example, σresp = 0.5σexp) would produce better results

in the unfolding of a high energy gamma-ray beam spectrum. This suggestion has

also been confirmed by us and used in our spectrum reconstruction procedure.

4.3.3 Matrix notation

Since the measured energy spectrum is already digitized, it is convenient to rewrite

Eq. (4.2) in a matrix form

~m = H~f, (4.8)

where the vector ~f represents the energy distribution of the gamma-ray beam inci-

dent on the detector; the vector ~m represents the spectrum measured by the detector;

H represents the detector response matrix whose row index corresponds to the mea-

sured gamma-ray energy E and column index corresponds to the incident gamma-ray

energy Einc.

According to Eq. (4.6), H can also be expressed as the multiplication of two

matrices

H = G ·R, (4.9)

where G represents the matrix of Gaussian energy broadening, and R represents the

matrix of the detector crystal response.

4.3.4 Revisit of deconvolution algorithms

Knowing the detector response matrix H, the energy distribution ~f of the incident

gamma-ray beam can be extracted from the measured spectrum ~m using a spectrum

unfolding (deconvolution) technique. Several methods are available to implement

this technique.
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The stripping method [56] is a fast method, but it relies on the assumption that

the detector resolution is only one channel wide and that there are no signals recorded

at energies above the incident gamma-ray energy.

The inverse matrix method [77] is a straightforward method, but sometimes it

can give unstable results.

The Gold algorithm iteration method [52,78] is based upon the successive folding

and updating of a trial spectrum, and proved to be a reliable method. In this work,

the Gold algorithm iteration method is used, and the detailed derivation of this is

found in papers [52, 78]. In order to apply this method, the system matrix must

be positive definite so that it has real and positive eigenvalues. Starting from the

response matrix H (Eq. (4.9)), the matrix (HTH) is a symmetrical matrix with real

eigenvalues, where HT is the transpose of H. To ensure positive eigenvalues, a new

response matrix, (HTH)(HTH), can be used. Therefore, we can modify Eq. (4.8) by

multiplying both sides with (HTH)HT , i.e.,

(HTH)HT ~m = (HTH)(HTH)~f, (4.10)

or

~m′ = H′ ~f, (4.11)

where ~m′ = (HTH)HT ~m and H′ = (HTH)(HTH). Now, the modified response ma-

trix H′ becomes positive definite. According to the Gold Algorithm, the i th element

of vector ~fk+1 after k+1 iterations can be calculated using

fk+1
i = fk

i +
fk

i∑N−1
j=0 H ′

ijf
k
j

(m′
i −

N−1∑
j=0

H ′
ijf

k
j ). (4.12)

The first trial spectrum f 0
i can be the measured spectrum mi. After K iterations,

the spectrum fK
i will be convergent toward the incident beam energy distribution

fi. Unlike other deconvolution methods, this iteration method can always produce
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a positive solution if the initial trial spectrum is positive. Therefore, the Gold Al-

gorithm is a reliable method well suited for unfolding a measured gamma-ray beam

spectrum.

4.4 Simulation and reconstruction of a Compton gamma-ray beam

4.4.1 Monte Carlo simulation code

So far, we have discussed how to reconstruct the incident gamma-ray beam energy

distribution by unfolding the measured spectrum using the detector response matrix

H. The accuracy of this method is determined by the accuracy of the detector

response matrix; a more accurate response matrix will produce a more accurate

unfolded spectrum. In Eq. (4.6), the detector response matrix has been separated

into two parts, the Gaussian energy broadening and detector crystal response. The

Gaussian broadening matrix G can be calculated using Eq. (4.7). For a high energy

gamma-ray beam, one method for obtaining the detector crystal response matrix R

is to apply Monte Carlo simulations to model the interaction of gamma-rays with

the detector crystal.

It has been shown using Eq. (4.3) that for a Compton gamma-ray beam with a

large beam size compared to the detector acceptance, the detector response func-

tion depends on the detailed distribution of the incident beam. Therefore, in order

to accurately simulate the detector response, a Compton scattering event genera-

tor should be used in the simulation instead of the isotropic event generator which

uses isotropically emitted gamma-rays. For this purpose, a Monte Carlo Compton

scattering code (MCCMPT) has been developed in Chapter 3. The coupled spatial

and energy distributions of a Compton gamma-ray beam simulated using this code

is shown in Fig. 4.2. We can see that higher energy gamma-ray photons concentrate

around the beam axis, while lower energy gamma-ray photons are distributed away

from the beam axis.
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Figure 4.2: Coupled transverse-spatial and energy distributions of a Compton
gamma-ray beam simulated by the code MCCMPT. The gamma-ray beam is pro-
duced by an unpolarized 500 MeV electron beam scattering with an unpolarized
800 nm laser beam, and collimated by an aperture with radius of 50 mm which is
placed 60 m downstream from the collision point. The energy spread and horizontal
emittance of the electron beam are 0.1% and 10 nm-rad, respectively. The value
associated with each contour level represents the gamma-ray energy in MeV.

The gamma-ray photons generated by the MCCMPT code are used as the primary

particles in the Geant4 simulation [57] which models the gamma-ray photon transport

in a beam line, collimation by a round aperture collimator, and detection by a HPGe

detector. In the Geant4 code, the geometry and layout of the beam transport line,

collimator, and detector are constructed as realistic as possible.

To facilitate the simulations, the MCCMPT code is integrated into Geant4 code

and a new end-to-end simulation code G4CMPT is formed. To speed up the simula-

tions, this code also applies a parallel computing technique which involves 32 central

processing units (CPUs) of the Duke Shared Cluster Resource (DSCR) [79].
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Figure 4.3: Illustration for the end-to-end spectrum reconstruction method to
recover the energy distribution of a Compton gamma-ray beam. A few iterations are
typically adequate to find a convergent energy distribution

4.4.2 Reconstruction procedure

In order to use the Compton scattering event generator in the G4CMPT code, the

incoming beam parameters, such as the laser beam wavelength, the electron beam

energy, energy spread and emittance, must be accurately known. The laser wave-

length and electron beam emittance can be directly measured by a spectrometer and

a synchrotron radiation monitor, respectively. While the electron beam energy can

be determined from the dipole field measurement of the storage ring, the relative

accuracy of this measurement is only about 10−3, which does not satisfy the require-

ments of nuclear physics research. However, more accurate values of the electron

beam energy and energy spread can be extracted from the energy distribution of the

Compton gamma-ray beam which carries the information about the electron beam.

Assuming a Gaussian energy distribution of the electron beam, the energy and en-

ergy spread of the electron beam can be fitted from the high energy edge of the

gamma-ray beam spectrum. The fitting model used in this method will be discussed

in Chapter 6.
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The procedures to reconstruct the energy distribution of the Compton gamma-ray

beam are illustrated in Fig. 4.3 and explained as follows:

1. To make an estimate of the electron beam energy and energy spread by fitting

the high energy edge of the measured gamma-ray beam spectrum;

2. To simulate the Compton scattering of an electron beam with a laser beam

and produce a Compton gamma-ray beam;

3. To transport and collimate the Compton gamma-ray beam. After collima-

tion, the spectrum of the gamma-ray beam prior to the detection (namely, the

incident spectrum) is obtained;

4. To transport the collimated gamma-ray beam to the detector and simulate

the interaction of the beam with the detector. After the detection, a detector

response matrix and a detected spectrum are obtained;

5. To use the Gold algorithm iteration method to unfold the measured gamma-ray

beam spectrum.

Note that in step 1 the high energy edge of the measured gamma-ray beam spec-

trum has been used to fit the electron beam energy and the energy spread. This is

valid if the full energy peak is well separated from the escape peaks of the measured

spectrum. However, for a gamma-ray beam with a high energy and large energy

spread, the full energy and escape peaks of the measured spectrum are completely

folded together. As a result, the electron beam energy and the energy spread cannot

be accurately determined in one iteration. To overcome this problem, we need to it-

erate the above procedures. After the first iteration, the unfolded spectrum obtained

in step 5 is used to determine the electron beam energy and energy spread. Typi-

cally, a few iterations are adequate to find a convergent energy distribution of the
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Figure 4.4: The measured energy spectrum compared with the simulated spec-
trum for a 5 MeV HIγS beam. This beam is produced by Compton scattering of a
789 nm laser beam with a 466 MeV electron beam, and with a lead collimator placed
60 m downstream from the collision point. The radius of the collimation aperture is
12.7 mm.

gamma-ray beam as well as a convergent energy and energy spread of the electron

beam.

4.5 Applications and results

Compared to the source independent simulation method, the end-to-end spectrum

reconstruction method has several advantages. First, this method can generate a

more accurate detector response function. Using this function, the energy distribu-

tion of the incident gamma-ray beam can be extracted from the measured spectrum

with a higher degree of accuracy. Moreover, this method can also generate a smooth

gamma-ray beam energy distribution which is essential as an input to simulate nu-

clear physics experiments. Finally, this method also allows accurate determination

of the electron beam parameters, which can be used to optimize the operation of the

Compton gamma-ray source. All these advantages are demonstrated in the following

applications.
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Figure 4.5: The unfolded energy spectrum compared with the simulated incident
spectrum for a 5 MeV HIγS beam. Two methods, the end-to-end and source in-
dependent simulation methods, are used to estimate the detector response function.
The circle represents the unfolded spectrum using the end-to-end simulation method,
and the triangle represents the unfolded spectrum using the source independent sim-
ulation method. The solid line represents the incident spectrum simulated by the
end-to-end simulation code.

The first application of the end-to-end method is to reconstruct the energy dis-

tribution of a 5 MeV HIγS beam. This beam is first collimated by a lead collimator

with an aperture radius of 12.7 mm which is placed 60 m downstream from the

collision point, and then measured by a large volume 123% efficiency HPGe coaxial

detector. The HPGe detector has been accurately energy-calibrated with radiation

sources before being used to measure the HIγS beam. The measured HIγS beam

spectrum is shown in Fig. 4.4. We can see that the full energy peak of the measured

spectrum is clearly separated from the escape peaks. Thus, the electron beam en-

ergy of 466.49(±0.11) MeV and the RMS energy spread of 0.10%(±0.01%) can be

accurately determined from the high energy edge of the measured spectrum. Using

these electron beam parameters, the gamma-ray beam energy spectrum (Fig. 4.4)

is then simulated by the G4CMPT code. Clearly, a good agreement between the

measured and simulated spectra is achieved. The unfolded spectrum compared to
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Figure 4.6: The measured energy spectrum compared with the simulated spectrum
for a 15 MeV gamma beam. This beam is produced by Compton scattering of a
611 nm laser beam with a 463 MeV electron beam, and with a lead collimator placed
60 m downstream from the collision point. The radius of the collimation aperture is
5 mm.

the simulated incident spectrum is also shown in Fig. 4.5. Again, a good agreement

between them is found. Compared to the spectrum unfolded from the measured

spectrum, the simulated incident spectrum is a smoother distribution which can be

used as an input spectrum for simulating nuclear physics experiments.

For comparison, the unfolded spectrum using the detector response function es-

timated by the source independent simulation method is also shown in Fig. 4.5. We

can see that the energy spectrum is underestimated by this method on its low en-

ergy side. This is because the low-energy gamma-ray photons, which are mainly

distributed off-axis, see a smaller volume of the detector crystal compared to high-

energy photons which are concentrated around beam axis. Thus, the detector has

a lower detection efficiency for the low-energy photons. However, the source in-

dependent simulation method cannot include this effect. As a result, this method

overestimates the detector response function for the low-energy gamma-ray photons,

which leads to an underestimate of the unfolded spectrum on the low-energy side.
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Figure 4.7: The unfolded energy spectrum compared with the simulated incident
spectrum for a 15 MeV HIγS beam. The circle represents the unfolded spectrum in
the second iteration. The solid line represents the simulated incident spectrum in
the second iteration. The dash line represents the simulated incident spectrum in
the first iteration.

Many nuclear physics experiments also use higher energy gamma-ray beams. The

end-to-end spectrum reconstruction method is also successfully applied to this case.

Fig. 4.6 shows a typical measured energy spectrum of a 15 MeV gamma-ray beam.

We can see that for this higher energy gamma-ray beam the full energy peak of the

measured spectrum are overwhelmed by the escape peaks, making the full energy

peak difficult to identify. In this case, a few iterations are needed in order to ac-

curately reconstruct the energy distribution of the gamma-ray beam as well as the

electron beam parameters. After two iterations, the determined electron beam en-

ergy and RMS energy spread are converging toward values of 611.46(±0.15) MeV

and 0.37%(±0.03%) respectively, and a good agreement between the measured and

simulated spectra (Fig. 4.6) as well as between the unfolded and simulated incident

spectra (Fig. 4.7) are also observed. For comparison, the simulated incident spectrum

from the first iteration is also shown in Fig. 4.7. Due to the use of the inaccurate

electron beam energy and energy spread, the simulated spectrum in the first iteration
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has a significant discrepancy from the one in the second iteration.

4.6 Conclusion

Compared to the source independent simulation method, the end-to-end spectrum

reconstruction method not only allows us to reconstruct the energy distribution of

the gamma-ray beam with a high degree of accuracy, but also provides us a way to

generate a smooth energy distribution of the gamma-ray beam which is useful for

simulating nuclear physics experiments. This method has been successfully applied

for nuclear physics research at the HIγS facility.
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5

A CCD based gamma-ray imaging system

Compton scattering of a Free-Electron Laser (FEL) beam and an electron beam

in the Duke storage ring has been used to generate a gamma-ray beam at the High

Intensity Gamma-ray Source facility (HIγS) at Duke university. The schematic of the

HIγS facility is shown in Fig. 4.1. The gamma-ray beam is produced at the collision

point inside the storage ring, and collimated about 60 meters downstream from the

collision point by a round lead collimator with a small open aperture (typically less

than 1.5 inches in diameter). The collimated HIγS beam has been used for nuclear

physics research with a target or sample usually situated in the target room about

10 meters downstream from the collimator.

Aligning the collimator to the gamma-ray beam as well as aligning the experimen-

tal apparatus to the collimated gamma beam have been a challenging task. But this

alignment is a critical step for carrying out nuclear experiments utilizing the gamma-

ray beams. Good alignment can maximize the gamma-ray beam flux at the target,

reduce the energy spread, and minimize the background noise caused by gamma-ray

scattering on the target holder. In the past, a pre-aligned laser beam was used to
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align the collimator and target, and additional adjustments of the gamma-ray beam

were made empirically by scanning the electron beam angle while monitoring the

gamma-beam energy spectra. This is a time-consuming, semi-blind process which

could not guarantee a good alignment even after an extensive scan.

In order to rapidly align the collimator as well as experimental apparatuses with a

high degree of accuracy, a gamma-ray imaging system which would allow us to “see”

the gamma-ray beam is needed. Due to a high gamma-ray flux (> 108 counts/s) and

a high gamma-ray energy (up to 100 MeV) at the HIγS, the conventional gamma-ray

imaging system based upon a photomultiplier tube (PMT), which is widely used in

radiography, is not suitable for the HIγS beam. In the past several years, several

other techniques have been explored to image the gamma-ray beam with only limited

success.

However, a recent gamma-beam imager development based upon a CCD camera

and scintillation converter has been rather successful. This imaging system has a

sub-mm spatial resolution (about 0.5 mm) and a high contrast sensitivity (better

than 6%). Since 2008, this imaging system has been routinely operated to align the

collimator and experimental apparatuses for nuclear physics research.

In this Chapter, we discuss the design, testing and applications of the CCD

camera based gamma-ray imaging system.

5.1 Design of the gamma-ray imaging system

5.1.1 Overall design

The schematic of the gamma-ray beam imaging system is shown in Fig. 5.1. The

system consists of a scintillator plate to convert gamma-ray to visible light (scintil-

lation light), an optics system to collect the scintillation light, and a charge-coupled

device (CCD) camera to capture the gamma-ray image. In order to avoid any direct

exposure of the CCD camera to gamma-ray radiation, a front-surface flat mirror is
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Figure 5.1: Schematic of the gamma-ray beam imaging system.

placed on the gamma-ray path at a 45 degree angle to deflect the scintillation light.

All these components are placed in a light tight box in order to eliminate background

light. The CCD camera is operated and controlled by a computer.

5.1.2 Scintillator

An ideal scintillator for the gamma-ray imaging system would have the following

properties: a high density and a large atomic number, a high yield of scintillation

light, and a low refractive index and a high clarity. A high density and large atomic

number could help to localize and maximize the energy deposited in the scintillator.

A high scintillation yield, or a high scintillation light conversion rate, increases the

number of scintillation photons available for detection, thus improving the sensitiv-

ity of the imaging system. The low refractive index and high clarity allow good

transmission and collection of the scintillation light.

The properties of some common inorganic scintillation crystals are shown in the

Table 5.1. The best choice would be LSO (Lutetium Oxyorthosilicate, Lu2SiO5(Ce)).

However, the high cost of this scintillator makes BGO (Bismuth Germanium Oxide,

Bi4Ge3O12) a good alternative choice.
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Table 5.1: Properties of some common inorganic scintillator crystals.

Scintillator Density Light Yield Refractive Emission Peak
Crystal (g/cm3) (Photons/MeV) Index (nm)

Bi4Ge3O12 (BGO) 7.13 9, 000 2.15 480
Lu2SiO5(Ce) (LSO) 7.4 27, 000 1.82 420
Gd2SiO5(Ce) (GSO) 6.7 8, 000 1.85 430

CsI(Tl) 4.51 54, 000 1.78 535
NaI(Tl) 3.67 45, 000 1.85 410

Figure 5.2: Optics system designed using the software OSLO-edu.

5.1.3 CCD camera

There is a wide variety of CCD cameras available in the market. Among these cam-

eras, the astronomical CCD camera, which has a high sensitivity, low dark current

and readout noise at a low cost, is the best choice for our application. Many compa-

nies, such as Santa Barbara Instrument Group, Apogee and Starlight Express, supply

this kind of astronomical cameras. However, the SXVF-M9 CCD camera manufac-

tured by Starlight Express is a desirable choice when comparing its performance and

cost to other cameras.

The resolution of the SXVF-M9 camera is 700×580 pixels (Horizontal×Vertical)

and the CCD sensor size is 8.6 mm×6.5 mm. The spectrum response (the peak

response) of the camera matches well with the BGO emission spectrum.
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5.1.4 Optics system

The HIγS beam size after collimation is usually less than 2 inches in diameter. In

order to form an image of this gamma beam on the CCD camera chip with a size

of 8.6 mm×6.5 mm, a lens system with the magnification of about 0.12 is needed to

focus the scintillation light. To effectively collect the scintillation light, a lens system

with a small f-number is favorable. To make the system compact, the total length

of the optics system should be less than 800 mm. To aid the design of the optics

system, an optics software OSLO-edu [58] was used during the design process.

The optics system shown in Fig. 5.2 was developed based upon the Petzval lens

design [80] which is optimized for a large aperture. It consists of two achromatic

doublets with an aperture stop in between. The front doublet, the one close to

the mirror, is corrected for spherical aberrations but introduces coma. The second

doublet corrects for this coma and the aperture stop corrects most of the astigmatism.

The front doublet has a focal length of 100 mm and a diameter of 50 mm, and the

second doublet has a focal length of 75 mm and diameter of 50 mm. The effective

focal length of the optics system is about 50 mm, but can be fine tuned by adjusting

the spacing between the doublets. The working f-number of this system is about

1.28. The total track length (i.e., the path length from the BGO plate to the CCD

camera) is about 500 mm.

5.1.5 Light tight box

In order to eliminate background light, all components of the imaging system, in-

cluding the BGO converter plate, mirror, lens and CCD camera are placed in a light

tight box. To reduce reflections of the scintillation light on the interior walls of the

box, the box is anodized with a black coating. To minimize attenuation and scatter-

ing of the gamma-ray beam, the entrance and exit walls of the box are thinner than

other parts of the box.
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5.2 Geant4 simulation

5.2.1 Modulation transfer function

One of most important merits for evaluating the quality of an imaging system is

the spatial resolution. The spatial resolution can be characterized by a Modula-

tion Transfer Function (MTF) which is widely accepted as the best indicator of the

imaging system resolution [81]. It describes the system response to an object in the

spatial frequency domain. For an ideal imaging system, the MTF function should

be equal to 1 for all spatial frequencies, i.e., all the frequency components of the

object are perfectly recorded by the system with their original amplitudes. Two

dimensional MTF(µ, ν) is just the Fourier transform of the Point Spread Function

PSF(x, y) which describes the system response of a point object in the space domain,

and the one-dimensional MTF(µ) is the Fourier transform of the Line Spread Func-

tion LSF(x) which describes the system response to a line object. Mathematically,

the Line Spread Function LSF(x) can be calculated by integrating the Point Spread

Function PSF(x, y) over the y-coordinate

LSF (x) =

∫ ∞

−∞
PSF (x, y)dy, (5.1)

and the one-dimensional MTF(µ) is expressed as the form [82]

MTF (µ) =

∫∞
−∞ LSF (x) cos(2πµx)dx∫∞

−∞ LSF (x)dx
. (5.2)

Given the MTF(µ) function of an imaging system, the most common way to

express the system resolution is to quote the frequency where the MTF amplitude is

reduced to about 3%. At this level, the spatial features associated with this frequency

component remain recognizable in the image.
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Figure 5.3: Geant4 simulation of 5 MeV gamma-ray photons impinging on an
idealized BGO converter plate. A photon detector situated 3 cm behind the BGO
plate records all the photons coming out of the converter.

5.2.2 Simulation

Besides the spatial resolution, the sensitivity is another important merit to evaluate

the quality of an imaging system. For the CCD based gamma-ray beam imaging

system shown in Fig. 5.1, both the spatial resolution and the sensitivity are mainly

determined by the thickness of the BGO converter plate. A thick BGO plate will

improve the sensitivity of the system because more scintillation light can be produced

for the same flux of the incident gamma-ray beam; however, a thick BGO plate will

degrade the system resolution due to increased scattering of the scintillation photons

inside the BGO plate. Therefore, in order to achieve a good sensitivity and a high

resolution, the thickness of the BGO converter plate needs to be carefully optimized.

Geant4 simulation toolkit [57] was applied to study the influence of the thick-

ness of the BGO plate on the resolution and sensitivity of the imaging system. A

simple simulation setup is shown in Fig. 5.3: a gamma-ray beam is impinging on an

idealized BGO plate from the left side, and a scintillation photon detector situated
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3 cm behind the BGO plate records photons coming out of the plate. When the

gamma-ray photon interacts with the BGO scintillator, its energy is not directly lost

to the scintillator, but to secondary electrons through photoelectric, pair produc-

tion, or Compton scattering processes. The secondary electrons deposit energy in

the scintillator by ionization or Bremsstrahlung process. Consequently, the energy

deposited in the scintillator is spread out spatially, and excites the BGO scintillator

to emit the visible light, the scintillation photons. These photons can be traced back

to the center plane of the BGO plate in order to determine the effective size of the

scintillation emission due to a single incident gamma photon. The distribution of

the effective “origins” of the scintillation photons represents the Point Spread Func-

tion PSF(x,y) of the BGO converter plate, and the one dimensional MTF(µ) can be

obtained using Eqs. (5.1) and (5.2).

The simulated MTFs(µ) for BGO converter plates with different thicknesses are

shown in Fig. 5.4. Clearly, we can see that the thinner the BGO plate is, the better

resolution the system will have. To achieve a sub-mm spatial resolution (around 2

line pair/mm or 0.5 mm), the BGO plate should be no thicker than 2 mm. However,

a thinner BGO plate produces fewer scintillation photons, as shown in Fig. 5.5, and

this results in a lower sensitivity of the imaging system. To achieve a sub-mm spatial

resolution as well as a good sensitivity, BGO converters with a thickness of 2 mm

are used in our imaging systems.

The preparation and conditioning of the BGO converter plate is critical to the

imaging system. We carried out extensive studies to optimize the performance of

the BGO converter using both the Geant4 simulation and experimental techniques.

This part of the study is not presented in this dissertation.1

1 The novel techniques of preparing the BGO converter plate will be part of a patent application.
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Figure 5.5: The dependency of the number of scintillation photons as a function
of the thickness of the BGO converter plate.
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Figure 5.6: The rectangular grid mesh used in the distortion and magnification
test of the lens system. The smallest grid size is 3.175 mm.

5.3 Test of the gamma-ray imaging system

5.3.1 Optical test of the imaging system

The imaging system was initially tested using visible light to measure magnification,

resolution and distortion. These properties are critical for the evaluation of the

Figure 5.7: A measured image of the grid mesh.
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Figure 5.8: A measured relative distortion curve of the optics system.

imaging system design.

A rectangular grid mesh target (Fig. 5.6) is used to measure the distortion of the

imaging system. The target was placed at the location of the scintillation converter

(the BGO plate) shown in Fig. 5.1, and was illuminated by a uniform visible light.

The image of the grid mesh taken using the CCD camera is shown in Fig. 5.7. The

distortion can be measured as the relative change of the imaged grid compared to an

ideal grid. In our test, the distances from the image center to diagonal points on the

grid mesh were measured, using h for the distance on the ideal mesh, and h′ for the

distorted mesh. Thus, the relative distortion D can be computed as (h′−h)/h. The

distortions at different distances are shown in Fig. 5.8. We can see that the relative

distortion is about 1.6% at 25 mm, which meets the design requirement.

To measure the magnification of the imaging system, the grid mesh and its image

are employed once again. The magnification is calculated as the ratio of the image

size to the object size. The measured magnification is about 0.13 which meets the

design specification.

A slit method [83] is used to study the spatial resolution of the imaging system.

A slit with a width of 15 µm was placed at the location of the BGO plate, and
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Figure 5.10: The measured MTF of the imaging system.

a uniform visible light beam was used to illuminate the slit. The measured image

of the slit is shown in Fig. 5.9.(a). The Line Spread Function (LSF) of the slit is

shown in Fig. 5.9.(b). According to Eq. (5.2), the MTF of the imaging system can

be calculated and the result is shown in Fig. 5.10. We can see that the resolution

of the imaging system is about 0.23 mm (about 4.3 line pair/mm) which meets the

sub-mm resolution requirement.
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Figure 5.11: Resolution test of the imaging system. (a) A bar phantom; (b) the
measured image of the bar phantom with a 2.75 MeV HIγS beam.

5.3.2 Resolution test with a HIγS beam

The spatial resolution of the imaging system is tested using a lead bar phantom

(Fig. 5.11.(a)) which consists of four groups of bars with different spacing. The

maximum spacing of the bars is 2.5 mm and the minimum spacing is 1 mm. The

transmission image of this bar phantom is shown in Fig. 5.11.(b). The four groups of

bars can be clearly resolved, demonstrating that the spatial resolution of this imaging

system is better than 1 mm.

The spatial resolution of the imaging system can be more accurately determined

using a sharp edge method [83]. From the image of the sharp edge, the Line Spread

Function of the imaging system can be determined by taking the derivative of the

edge response. A thick lead block with a well machined sharp edge is used in this

measurement. The image response of this sharp edge is shown in Fig. 5.12.(a). The

Line Spread Function is shown in Fig. 5.12.(b). From the Line Spread Function, we

can see that the FWHM spatial resolution of the imaging system is about 7 pixels

or about 0.5 mm.

86



X (pixel)

Y
 (

pi
xe

l)

20 40 60 80 100 120 140

50

100

150

200
0 20 40 60 80 100 120 140

0

500

1000

1500

2000

2500

3000

X (pixel)

In
te

ns
ity

 (
ar

b.
 u

ni
t)

(a) (b)
Figure 5.12: Resolution estimate of the imaging system using the sharp edge
method. (a)The sharp edge response with a 2.75 MeV HIγS beam; (b) the Line
Spread Function.

5.3.3 Sensitivity test with a HIγS beam

The contrast sensitivity of the imaging system is studied by imaging a target with

different gamma-ray attenuation contrast. A letter target shown in Fig. 5.13.(a) is

used for this study. The target is 4 mm thick and made of lead. There are three

groups of letters on the target. The letters of “HIGS” are through the target (4 mm

deep), and “DFELL” and “TUNL” are 2 mm deep. Thus, for a 2.75 MeV gamma-ray

beam, the attenuation contrast for letters “HIGS” is about 13% , and that for letters

“DFELL” and “TUNL” is about 6%. The measured image of this letter target with

a 2.75 MeV HIγS beam is shown in Fig. 5.13.(b). We can see that all letters can be

clearly resolved even for the letters of “DFELL” and “TUNL.” This demonstrates

that the contrast sensitivity of this imaging system is better than 6%.

5.4 Applications of the gamma-ray imaging system

Since 2008, three CCD based gamma-ray imaging systems have been developed and

deployed at three different locations (the southeast optics station, upstream target

room (UTR) and gamma vault) along the gamma-ray beam line at the HIγS fa-
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Figure 5.13: Sensitivity test of the imaging system. (a) The photo image of the
letter target. It is 4 mm thick and made of lead. There are three groups of letters on
the target: the letters of “HIGS” are through the lead (4 mm deep), and “DFELL”
and “TUNL” are 2 mm deep. (b)The measured image of the target with a 2.75 MeV
HIγS beam.

cility. These three imaging systems are operated for different purposes, including

collimator alignment in the UTR room, apparatus alignment in the gamma vault,

and monitoring of gamma-ray flux and polarization in the optics station.

5.4.1 Collimator and experimental apparatus alignment

The HIγS beam used for nuclear physics research is produced about 60 meters up-

stream from the collimator, which has a small opening aperture with a diameter

of typically less than 1.5 inches. The alignment of a gamma-ray beam with the

collimator and the alignment of a collimated gamma-ray beam with the experimen-

tal apparatus are critical steps for carrying out a successful experiment using the

gamma-ray beam. Good alignment will maximize the gamma-ray flux, reduce the

energy spread, and minimize the background noise due to gamma-ray scattering

on the sample holder. Before this imager was developed, a pre-aligned laser beam

was used to align the collimator and apparatuses, and additional adjustments of the

gamma-ray beam center were made empirically by scanning the electron beam an-
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gle while monitoring the gamma-beam energy spectra. This is a time-consuming,

semi-blind process which did not produce a good alignment even after an extensive

scan. By providing a visual image of the gamma-ray beam, the alignment process

can be carried out rapidly with much improved accuracy. An alignment procedure

has been developed to take advantage of the gamma-ray imager; this procedure was

used successfully for a number of recent experiments including the oxygen formation

in stellar helium burning experiment (M. Gai, et al.) with the Optical Readout Time

Projection Chamber (O-TPC) and the 3He GDH sum rule experiment with long gas

cells as sample targets (H. Gao, et al.).

Alignment of the collimator

To align the collimator, the gamma-ray beam imager is placed directly downstream

from the collimator without any object in between. By moving the collimator or

scanning the electron beam angles, the gamma-ray beam can be brought to alignment

with the center of the collimator.

Fig. 5.14 illustrates the alignment of a collimated HIγS beam. In the images,

the big round circle represents the opening aperture of the collimator, and the hot

spot represents the center of the gamma-ray beam. To obtain enough contrast in the

gamma-ray beam image, the typical exposure times are from less than one minute

to about eight minutes, depending on the gamma-ray flux and energy. Using this

imaging system allows rapid alignment of the collimator with the gamma-ray beam.

Alignment of the experimental apparatus

After aligning the collimator, the experimental apparatus also needs to be aligned

with respect to the collimated gamma-ray beam. This is done by attaching two

different size lead absorbers to both sides of the apparatus shown in Fig. 5.15, one

upstream and the other downstream. This arrangement allows us to find both the
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Figure 5.14: Illustration of collimator alignment. The HIγS beam energy is
9.8 MeV, and the diameter of the collimator is 1 inch. (a) The image of the HIγS
beam before being aligned to the collimator; (b) The image of the HIγS beam after
being aligned to the collimator.

displacements and angles of the apparatus with respect to the gamma-ray beam.

For example, to align a long gas chamber in the O-TPC experiment, a smaller

cylindrical lead absorber (4 mm in diameter and 8 mm in length) is attached to the

front side of the chamber, and a bigger cylindrical lead absorber (8 mm in diameter

and 8 mm in length) is attached to the back side of the chamber. In Fig. 5.15, both

absorbers are clearly seen as yellow and green circular shadows. Thus, the centers of

the absorbers and the experimental chamber, can be determined and aligned to the

collimated HIγS beam.

5.4.2 Other applications

Flux Monitor

Beyond its usefulness as a transverse profile monitor for the gamma-ray beam, this

gamma-ray beam imaging system is also capable of measuring the gamma-ray flux.
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Figure 5.15: Illustration of the alignment of an experimental apparatus. (a) The
image before aligning the apparatus to the gamma-ray beam, (b) the image after
aligning the apparatus to the gamma-ray beam.

As a flux monitor, the imaging system has a very wide dynamic range which is

selectable by changing the exposure time. A dedicated gamma-ray beam imager was

developed as a device for monitoring both the gamma-ray beam pointing and flux.

This new device was integrated with the ultra-high vacuum system of the gamma-ray

beamline at the southeast optics station. Effort is also being made to develop the

computer interface for this system so that it can be fully integrated with routine

operation of the HIγS facility.

The preliminary test results of the imaging system used as a flux monitor are

shown in Fig. 5.16. At the beginning of the measurement, a certain amount of beam

current was injected to the storage ring. Because of various beam loss mechanisms,

the electron beam current decayed with time after injection. Therefore, the gamma-

ray flux decreased correspondingly, which was monitored by an existing flux monitor

device, the “paddle.” The paddle rate as a function of time is shown in Fig. 5.16.(a).

As the current decayed, the gamma-ray beam was also monitored using the gamma
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Figure 5.16: Test results of the gamma-beam imager system as a gamma-ray flux
monitor. (a) The paddle rate versus the time; (b) the integrated image intensity
versus the paddle rate.

imager. The relation between the paddle rate and the integrated intensity of the

gamma-ray beam images is shown in the Fig. 5.16.(b). A linear fit is applied to

data, and the relative difference between the fit and data is less than 3%. This

clearly demonstrates that the imaging system has a very good linear response to the

gamma-ray flux and can be used as an integrated gamma-ray flux monitor.

Polarization Monitor

We have discussed in Chapter 3 that the spatial distribution of a Compton gamma-

ray beam depends on the polarization of the incoming laser beam. For a circularly

polarized laser beam, the spatial distribution of the gamma-ray beam is symmetric;

however, for a linearly polarized incoming laser beam, the distribution is asymmetric.

This can be observed using the gamma-ray imaging system. The measured gamma-

ray beam distributions are compared to the simulated ones as shown in Fig. 3.7.

Industrial radiography

A high energy gamma-ray beam can be used for industrial gamma-ray radiography.

Since the CCD based gamma-ray imaging system developed at the HIγS has a high
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resolution (about 0.5 mm), high contrast sensitivity (about 6% or better) and a wide

dynamic range, it could be used as a camera for radiography with a gamma-ray

beam. This basic capability has been demonstrated in Figs. 5.11 and 5.13.
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6

Accurate energy and energy spread measurements
of an electron beam

A Compton gamma-ray beam produced at the High Intensity Gamma-ray Source

(HIγS) facility at Duke University has been used for nuclear physics research. To

accurately determine the energy distribution of the gamma-ray beam for experiments

using the beam, it is important to know the energy distribution of the electron beam

used in the gamma-beam production. The electron beam energy in a storage ring can

be measured from the integrated dipole field around the ring. However, the relative

accuracy of this measurement is only about few 10−3.

A more accurate value of the electron beam energy can be determined using

another two methods, the Resonant Spin Depolarization (RSD) [59,60,84] technique

and the Compton scattering [19–25] technique. The RSD method is based upon

the measurement of the spin procession frequency of electrons in a guiding magnetic

field. This method requires the ability to produce a polarized beam and the means to

depolarize the beam. Using this method, the electron beam energy can be determined

with a relative uncertainty on the order of 10−5. The application of this method is

limited to high energy storage rings (typically above 1 GeV) in which the polarization
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of the electron beam can be built up within a reasonable amount of time. Compared

to the RSD method, the Compton scattering method does not require a polarized

beam, and is based upon the energy measurement of the Compton gamma beam.

This method can be used for storage rings with a wide range of energies from a few

hundred MeV to a few GeV. The relative uncertainty of this method is usually on

the order of 10−4.

In this Chapter, we focus on the Compton scattering method. The critical step

is to find an accurate fitting model to describe the high energy edge of the measured

gamma beam spectrum. In several published works [19, 20, 23], the spectrum high

energy edge was simply expressed as a convolution between a modified step function

and a Gaussian function. The influences of the gamma beam collimation as well

as the electron beam emittance on the gamma beam spectrum were not taken into

account. However, under many circumstances, for example, the gamma-ray beam is

tightly collimated, the gamma beam collimation and electron beam emittance could

have significant impacts on the accuracy of the electron beam energy measurement.

To overcome this problem, we have developed a new fitting model which can de-

scribe the gamma beam spectrum in detail, taking into account the collimation and

emittance effects. Using this model, we have accurately measured the energy of the

electron beam in the Duke storage ring.

Several published works [20,23] also reported that the relative uncertainties of a

few 10−5 had been achieved for the electron beam energy measurements using the

Compton scattering technique. However, all these measurements were carried out

for a high energy storage ring above 1 GeV. We experimentally demonstrated that

this level of accuracy of a few 10−5 can also be achieved for a low energy storage ring

around a few hundred MeV using well-calibrated detectors.
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6.1 Fitting models of spectrum high energy edge

In Chapter 2, we have calculated the energy of a Compton scattered photon produced

by a head-on collision of an electron and a photon

Eg ≈ 4γ2Ep

1 + γ2θ2
f + 4γ2Ep/Ee

. (6.1)

When θf = 0 (backscattering), the scattered photon will reach the maximum energy

Emax
g = EH

g (Ee, Ep) =
4γ2Ep

1 + 4γ2Ep/Ee

, (6.2)

where EH
g (Ee, Ep) is a notation to be used in the next section to represent the highest

possible scattered photon energy by colliding an electron of energy Ee and a laser

photon of energy Ep. The RMS relative uncertainty of Emax
g is determined by the

uncertainties of the parameters entering Eq. (6.2) (see Table 2.1), i.e.,

σEmax
g

Emax
g

≈
√(

2
σEe

Ee

)2

+

(
σEp

Ep

)2

, (6.3)

where σEe and σEp represent the RMS uncertainties of the electron and laser photon

energy, respectively.

Eq. (6.2) is the basic formula which allows the determination of the electron beam

energy Ee if the laser photon energy Ep and the highest gamma photon energy EH
g are

known. Usually, the laser wavelength can be accurately measured by a spectrometer.

Therefore, the critical step using Compton scattering to measure the electron beam

energy is to accurately determine EH
g from the measured energy spectrum of the

gamma-ray beam.

According to Eq. (2.35), the energy spectrum of a gamma-ray beam produced by

a head-on collision of a monoenergetic electron and laser beams with zero transverse
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Figure 6.1: The energy spectrum of a Compton gamma-ray beam produced by
the head-on collision of a 466 MeV electron beam with a 789 nm laser beam. A
collimation aperture with radius of 50 mm is placed 60 m downstream from the
collision point. The low energy edge EL

g is determined by the collimation acceptance,
while the high energy edge EH

g is determined by the electron and laser photon energy.
The slope of the spectrum at the high energy edge is denoted as a4.

sizes can be approximated by [24,47,85]

dσ

dEg

=
πr2

e

2γ2Ep

[
E2

e

4γ4E2
p

(
Eg

Ee − Eg

)2

− Ee

γ2Ep

Eg

Ee − Eg

+
Ee

Ee − Eg

+
Ee − Eg

Ee

]
for Eg ≤ EH

g , (6.4)

Neglecting the recoil effect, this formula can be further simplified to

dσ

dEg

≈ 4πr2
e

EH
g

[
1− 2

Eg

EH
g

+ 2

(
Eg

EH
g

)2
]

for Eg ≤ EH
g . (6.5)

An example spectrum calculated using this formula is shown in Fig. 6.1. Clearly,

the high energy edge of the spectrum is a step function from which EH
g can be

determined.
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6.1.1 A simple fitting model

In practice, the electron and laser beams have a finite energy and angular distri-

butions. As a result, the gamma beam spectrum cannot be directly described by

Eq. (6.5). However, it can be calculated by a weighted integral of a series of spectra

described by Eq. (6.5), where the weighting function is given by the actual energy

and angular distributions of the electron and laser beams. In the following derivation,

we consider a head-on collision of an electron and laser beams with zero transverse

sizes, and with a fixed laser photon energy Ep. Further, we assume that the energy

distribution of the electron beam is a Gaussian function with a centroid energy of

Ee0. Thus, the weighting function for the spectrum (Eq. (6.5)) which has the highest

possible energy EH
g can be expressed as

g(EH
g ) =

1√
2πa2

exp

[
−(EH

g − a1)
2

2a2
2

]
, (6.6)

where a1 = EH
g (Ee0, Ep), representing the highest possible gamma photon energy

associated with the electron energy Ee0 according to Eq. (6.2); and a2 represents the

RMS energy spread of the gamma beam caused by the RMS energy spread of the

electron beam, i.e., a2/a1 ≈ 2σEe/Ee0 (see Eq. (6.3) with σEp = 0).

To focus on the high energy edge region [EH
g −∆, EH

g ] of the spectrum shown in

Fig. 6.1, and assuming ∆/EH
g ¿ 1, the energy spectrum described by Eq. (6.5) can

be simplified to

dσ

dEg

≈ 4πr2
e

EH
g

[
1 +

2

EH
g

(Eg − EH
g )

]
for EH

g −∆ ≤ Eg ≤ EH
g . (6.7)

For simplicity, we can rewrite the above equation to a modified step function

h(Eg, E
H
g ) = a3[1 + a4(Eg − EH

g )] for EH
g −∆ ≤ Eg ≤ EH

g , (6.8)
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where the parameters, a3 = 4πr2
e/E

H
g and a4 = 2/EH

g , represent the intensity and

slope of the spectrum, respectively.

Integrating the modified step function h(Eg, E
H
g ) weighted by the function g(EH

g ),

and using the complementary error function

erfc(x) =
2√
π

∫ ∞

x

exp(−t2)dt, (6.9)

we can obtain an approximate description of the collective gamma beam spectrum

at the high energy edge, which reproduces the result presented in paper [19],

f(Eg, a1, · · · , a5) =

∫ ∞

0

h(Eg, E
H
g )g(EH

g )dEH
g + a5

≈ a3√
2πa2

∫ ∞

Eg

[
1+a4(Eg − EH

g )
]×exp

[
−(EH

g − a1)
2

2a2
2

]
dEH

g +a5

= a3

{
1

2
[1 + a4(Eg − a1)]× erfc

(
Eg − a1√

2a2

)

− a2a4√
2π

exp

[
−(Eg − a1)

2

2a2
2

]}
+ a5, (6.10)

where the parameter a5 represents the spectrum offset. This equation can be used

to fit the high energy edge of the Compton gamma-ray beam spectrum to determine

the electron beam energy and energy spread using a1, . . . , a5 as fitting parameters.

Note that in principle, a3 and a4 in Eq. (6.10) depend on the integration variable

EH
g . However, they are assumed to be constant during the integration in order to

derive the exact form of Eq. (6.10). This frees up a3 and a4 as two independent

fitting parameters. While this improves the fitting, the fitting result of a4 could be

non-physical in some circumstances. When the fit value of a4 is significantly different

from its physical value of 2/EH
g , Eq. (6.10) is found to be inaccurate in describing the

high energy edge of the gamma beam spectrum. As shown in the following section,
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this limits use of Eq. (6.10) for the accurate determination of the electron beam

energy and energy spread.

6.1.2 Gamma-beam collimation and electron-beam emittance effects

In practice, the Compton gamma-ray beam is first collimated by a round aperture

(a lead collimator) and then measured by a gamma-ray detector. Thus, the gamma

beam divergence after the collimation is given by

∆θc =
R

L
, (6.11)

where R is the radius of the collimation aperture, and L is the distance between

the collision point and the collimator. In addition to the contribution caused by the

electron beam energy spread, the opening angle ∆θc of the collimator also leads to

a contribution to the energy spread of the gamma-ray beam.

For a head-on collision of a monoenergetic electron and laser beams with zero

transverse sizes, according to Eq. (6.1) the relative full-width energy spread ∆Eg/Eg

of the gamma beam after the collimation is given by

∆Eg

EH
g

≡ EH
g − EL

g

EH
g

≈ γ2∆θ2
c , (6.12)

where EL
g represents the minimum energy of the gamma photons accepted by the

collimator, i.e., the low energy edge of the spectrum shown in Fig. 6.1. EH
g represents

the high energy edge of the spectrum, and is only determined by electron and laser

photon energies according to Eq. (6.2).

However, if the electron beam has a finite energy spread, the high energy edge of

the gamma beam spectrum could be influenced by the collimation aperture. Espe-

cially, when the gamma beam energy spread due to the collimation is smaller than or

comparable to that due to the electron beam energy spread, i.e., γ2∆θc
2 ≤ 2σEe/Ee,
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the collimation effect will start to alter the high energy edge of the spectrum, re-

sulting in a shift of the spectrum peak toward the higher energy. In this case, the

electron beam emittance will also play a role in shaping the gamma beam spectrum.

Since Eq. (6.10) does not take into account the gamma beam collimation and elec-

tron beam emittance effects, its application to determine the electron beam energy

becomes less accurate when these effects are significant.

6.1.3 A comprehensive fitting model

To describe the gamma beam energy distribution with the consideration of the

gamma-beam collimation and electron-beam emittance effects, we have derived a

comprehensive formula in Chapter 3 as follows

dN

dEg

≈ r2
eL

2NeNp

2π2~cβ0

√
ζxσγσθx

∫ yo

−yo

∫ xo

−xo

∫ θxmax

−θxmax

(
γ

1 + 2γEp/mc2

)

×
{

1

4

[
4γ2Ep

Eg(1 + γ2θ2
f )

+
Eg(1 + γ2θ2

f )

4γ2Ep

]
− γ2θ2

f

(1 + γ2θ2
f )

2

}

× exp

[
−(θx − xd/L)2

2σ2
θx

− (γ − γ0)
2

2σ2
γ

]
dθx dxd dyd, (6.13)

where xo and yo are half widths of horizontal and vertical apertures, and for a circular

aperture, the radius of the aperture is given by R =
√
x2

o + y2
o . Other symbols are

the same as those defined in Eq. (3.18).

Eq. (6.13) has been derived under assumptions of an unpolarized Gaussian laser

beam with a zero energy spread scattering with an unpolarized Gaussian electron

beam. In order to simplify the integrations, the vertical emittance of the electron

beam has also been neglected in Eq. (6.13). For many storage rings, this is a good

approximation because the vertical emittance is much smaller than the horizontal

one.
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6.1.4 Energy spectrum of collimated Compton gamma-ray beam

To evaluate the integrations of Eq. (6.13) with respect to dxd, dyd and dθx, the

numerical integration code (CCSC) has been developed (Chapter 3). The spectra

calculated using this code are shown in Figs. 6.2 and 6.3.

Fig. 6.2 illustrates the influence of the collimation aperture on the energy spec-

trum of the gamma beam. The spectra are calculated for collimators with varying

aperture radius R. To minimize the emittance effect, a small electron beam emit-

tance of 0.05 nm-rad is used for the calculation. In order to compare the collimation

effect to the electron beam energy spread effect, a relative collimation factor α can

be defined as

α =
γ2∆θc

2

2
√

2 ln 2× (2σEe/Ee)
, (6.14)

where 2
√

2 ln 2 is the conversion factor between the FWHM width and the RMS

width. Fig. 6.2(a) shows that the collimation cuts down the lower energy gamma

beam intensity, and determines the low energy edge of the spectrum. For a large

collimation aperture (α > 3), the low and high energy edges of the spectrum are well

separated, thus the high energy edge is not influenced by the collimation aperture.

However, for a tight collimation (α < 2), the low and high energy edges begin to join

together, and the peak of the spectrum shifts toward the higher energy end as α is

decreased. This is more clearly demonstrated in Fig. 6.2(b) in which gamma beam

spectra are scaled to their peak values.

Fig. 6.3(a) illustrates the influence of the electron beam emittance on the shape

of the gamma beam spectrum. To minimize the collimation effect on the high energy

edge of the gamma beam spectrum, a large collimation aperture (α ≈ 7.2) is used

in the calculation. The spectra shown in Fig. 6.3(a), scaled to their respective peak

values, are calculated for electron beams with varying horizontal emittance εx. The
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Figure 6.2: Calculated energy spectra of gamma beams produced by Compton
scattering of a 800 nm laser beam with a 500 MeV electron beam for different radii of
the collimation aperture. The aperture is placed 60 m downstream from the collision
point, and its radius R is varied from 14 mm to 4 mm. α is defined in Eq. (6.14). The
horizontal emittance and energy spread of the electron beam are fixed at 0.05 nm-rad
and 2 × 10−3, respectively. (a) Spectra are normalized to the intensities of incident
electron and laser beams; (b) Spectra are scaled to their respective peak values.
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Figure 6.3: Calculated energy spectra of gamma beams produced by Compton
scattering of a 800 nm laser beam with a 500 MeV electron beam for different hori-
zontal emittances εx and energy spread σEe of the electron beam. The gamma beam
is collimated by an aperture with radius of 16 mm which is placed 60 m downstream
from the collision point. The spectra are scaled to their respective peak values.
(a) The horizontal emittance εx of the electron beam is varied from 0.5 nm-rad to
500 nm-rad, while the relative energy spread is fixed at 2×10−3; (b) The relative en-
ergy spread σEe/Ee is varied from 5×10−4 to 8×10−3, while the horizontal emittance
εx is fixed at 0.05 nm-rad.
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figure shows that for a large collimation aperture an increased electron beam emit-

tance spreads the low energy edge of the gamma spectrum, while leaving the higher

energy side of the spectrum practically unchanged. For a tightly collimated gamma

beam (not shown in the figure), the low and high energy edges of the spectrum join

together. In this case, the electron beam emittance will begin to have an impact on

the spectrum high energy edge.

Fig. 6.3(b) illustrates the influence of the electron beam energy spread on the

shape of gamma beam spectrum. To minimize the collimation and emittance effects

on the gamma beam spectrum, a small electron beam emittance and large collimation

aperture are used in the calculation. The spectra shown in Fig. 6.3(b), scaled to their

respective peak values, are calculated for electron beams with varying energy spread

σEe . Clearly, unlike the electron beam emittance effect, a non-monoenergetic electron

beam spreads the Compton gamma-rays in a wider energy range, smearing both the

low and high energy edges of the gamma spectrum.

The gamma beam spectra can also be influenced by the alignment offset of the

collimation aperture with respect to the gamma beam, which is illustrated in Fig. 6.4.

When the misalignment offset is small compared to the collimation aperture size, it

will not have a significant impact on the high energy edge of the gamma spectrum.

In this case, the effect of a misaligned aperture on the gamma beam spectrum is

similar to that of electron beam emittance.

In general, the high energy edge of a collimated Compton gamma beam spectrum

is influenced by the energy spread and emittance of the electron beam as well as the

aperture size and alignment of the collimation aperture. However, Eq. (6.10) only

includes the effect of the electron beam energy spread, therefore is not adequate for

the cases when other effects are important. In particular, when the gamma-ray beam

is tightly collimated (a small α), the accurate determination of the electron beam

energy will require a new fitting model such as Eq. (6.13).
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Figure 6.4: Calculated energy spectra of gamma beams produced by Compton
scattering of a 800 nm laser beam with a 500 MeV electron beam for different align-
ment offsets of the collimator. The collimator with an aperture radius of 16 mm is
placed 60 m downstream from the collision point. The electron beam energy spread
and horizontal emittance are fixed to 2 × 10−3 and 10 nm-rad, respectively. The
spectra are scaled to their respective peak values.

6.1.5 Validating fitting formulas

A direct test of Eq. (6.13) and Eq. (6.10) is to use them to fit electron beam energy for

a few test spectra generated by a Monte Carlo simulation code such as MCCMPT

developed at Duke (Chapter 3) or CAIN2.35 developed at KEK [69]. The same

beam parameters as described in Fig. 6.2(a) were used in the simulations, but with

an electron beam emittance of 10 nm-rad and a varied radius of the collimation

aperture from 2.0 mm to 18 mm. As a result, the relative collimation factor α is

varied from 0.10 to 9.1. The fitting results using both Eq. (6.13) and Eq. (6.10) are

summarized in Fig. 6.5.

It shows that regardless of the collimation aperture size Eq. (6.13) can always de-

termine the electron beam energy correctly with a high accuracy of 2×10−5 or better.

However, to obtain the similar accuracy using Eq. (6.10) requires a relatively large
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Figure 6.5: The fit electron beam energy as a function of the relative collimation
factor α. Both Eq. (6.13) and Eq. (6.10) are used for the determination of the
electron beam energy. The error bars represent fitting errors. The horizontal line
represents the actual energy value of the electron beam used in producing simulated
gamma beam spectra.

collimation aperture (α > 4). With a smaller aperture, the accuracy of Eq. (6.10)

is significantly lower. For example when α < 1, the accuracy is reduced to about

10−3. In this case, the Compton method of determining the electron beam energy

using Eq. (6.10) has no significant advantage over the simpler method of using the

integrated dipole magnetic field.

In the region of 1 < α < 4, Eq. (6.10) can still determine the electron beam

energy with an accuracy of 10−4, a better result compared with the case of α <

1. This improvement is result of using the coefficient a4 in Eq. (6.10) as a fitting

parameter to take on different values for different collimation apertures. In this case,

the fit value of a4 ranges from 0.40 MeV−1 to 10 MeV−1 as the collimation aperture

radius is decreased from 12 mm to 6.0 mm or α from 4.0 to 1.0. However, the

physics value of a4, which is given by 2/EH
g , should be independent of the collimation
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aperture size, and is approximately equal to 0.40 MeV−1. This artificial increase of a4

compensates the decrease of the intensity at the lower energy side of the spectrum as

the collimation aperture size decreases. Although this is non-physical, it can produce

a better fit.

When α > 4, the high energy edge of the spectrum is only weekly affected by

the collimation aperture. Thus, the fit values of a4 have a week dependence on the

collimation aperture size, and become close to its physics value of about 0.40 MeV−1.

In this case, Eq. (6.10) can determine the electron beam energy with an accuracy

similar to Eq. (6.13).

6.2 Measurements of electron beam energy and energy spread

The High Intensity Gamma-ray Source (HIγS) facility at Duke University has been

recently upgraded to improve its performance [86, 87]. The schematic layout of this

facility is shown in Fig. 4.1. The energy spectrum of a HIγS beam is measured by a

large volume 123% efficiency HPGe detector installed at the end of the target room

10 meters downstream from the collimator. The gamma-ray radiation sources of

226Ra and 60Co as well as the nature background from 40K are used for the detector

energy calibration. The FEL lasing spectrum is measured by a spectrometer, and the

electron beam emittance is monitored by a synchrotron radiation profile monitor.

6.2.1 Measurements with a large collimation aperture

In the first experiments, a HIγS beam collimated by a lead aperture with a radius of

12.7 mm (α ≈ 9) was used to determine the energy and energy spread of the electron

beam in Duke storage ring.

To demonstrate the capability and limitation of the Compton scattering tech-

nique, the Duke storage ring dipole field was slightly adjusted with an increment of

0.02 MeV in the sequence of 461.06 MeV→ 461.08 MeV→ 461.10 MeV→ 461.12 MeV
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→ 461.14 MeV in terms of the set-energy of the storage ring. Note that the actual

electron beam energy was different from that of the set-energy at few 10−3 level.

However, without substantial hysteresis effect, the beam energy could be changed in

a small range with a relative accuracy of 10−5 as determined by the controllability of

the set-energy of the storage ring. Therefore, the actual energy of the electron beam

was precisely adjusted by an increment of about 0.02 MeV with an uncertainty of

about 0.004 MeV.

At each set-energy of the storage ring, the FEL wiggler setting was also slightly

adjusted in order to keep the lasing wavelength constant. The FEL spectrum param-

eters (peak λph and linewidth σλph
) measured by the spectrometer after adjustments

are summarized in Table 6.1. The electron beam emittances were measured by the

synchrotron radiation profile monitor. The measured horizontal emittance is about

10 nm-rad. The measurement of the vertical emittance is limited by diffraction ef-

fects, and the estimated vertical emittance is less than 1 nm-rad. This assures that

the influence of the vertical emittance on the gamma beam spectrum (Eq. (6.13))

can be neglected.

For each set-energy of the storage ring, the energy spectrum of the HIγS beam was

collected for about 20 min. A typical measured spectrum with the simultaneously

recorded gamma-ray calibration source peaks are shown in Fig. 6.6. The energy

calibration curve of the HPGe detector is shown in Fig. 6.7 to illustrate the energy

linearity of the detector.

The high energy edges of the measured spectra for different storage ring set-

energies are shown in Fig. 6.8. We can see the gamma beam spectrum edge shifts to

a higher energy accordingly as the storage ring set-energy is increased from 461.06

to 461.14 MeV with increments of 0.02 MeV per step. The electron beam energy

and energy spread fitted from these edges are summarized in Table 6.1. The least

squares fitting method has been used to fit Eq. (6.13), and a typical fitting result is
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Figure 6.6: A typical HIγS beam spectrum measured by a large volume 123% effi-
ciency HPGe detector. The radiation sources of 226Ra and 60Co as well as the nature
background from 40K are used in the real time for the detector energy calibration.
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illustrated in Fig. 6.9.

110



4.96 4.98 5 5.02 5.04
0

500

1000

1500

2000

Gamma−ray energy (MeV)

C
ou

nt
s/

0.
3 

ke
V

5.004 5.006

800

900

1000

1100

461.06 MeV
461.08 MeV
461.10 MeV
461.12 MeV
461.14 MeV

Figure 6.8: High energy edges of the measured HIγS beam spectra for different
storage ring set-energy which is increased from 461.06 to 461.14 MeV with increments
of 0.02 MeV per step. The inset is the magnified plot around the gamma-ray energy
of 5.005 MeV.
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The accuracy of the electron beam energy measurement is mainly affected by

the uncertainties in the determinations of the gamma beam spectrum edge as well

as the FEL peak wavelength. These uncertainties can be further divided into two

types: systematic errors and statistical errors. The systematic errors arise from the

calibration of the HPGe detector and the spectrometer, while the statistical errors

arise from the intensity fluctuations in the measured gamma beam spectrum and the

measured FEL spectrum. For example, the contributions of these individual errors

to the uncertainty of the electron beam energy measurement are summarized in Ta-

ble 6.2 for the measurement at the storage ring set-energy of 461.06 MeV. The overall

uncertainty δEe (68% confidence level) of the electron beam energy measurement is

given by the square root of the quadratic sum of the individual uncertainty contribu-

tion δEi
e, i.e., δEe =

√
Σi(δEi

e)
2 = 0.013 MeV. Clearly, the systematic errors which

arise from the calibrations of the HPGe detector and the spectrometer dominate the

uncertainty of the electron beam energy measurement. For the measurement at the

storage ring set-energy 461.06 MeV, the overall relative uncertainty of 3× 10−5 was

achieved, including both systematic and statistical errors. Similar accuracy is also

achieved for all measured electron beam energies as summarized in Table 6.1.

The accuracy of the electron beam energy measurement can also be affected

by the alignment of the collimator to the gamma beam as well as the alignment

of the FEL beam to the electron beam. Before the measurements, the collimator

has been well aligned using a gamma-ray beam imaging system recently developed

at Duke, which has a sub-mm resolution. This assures that the influence of the

collimator misalignment on the accuracy of electron beam energy measurement can

be neglected. At HIγS, the Compton gamma-ray beam is produced inside a 54 meter

long FEL resonator cavity. In order to achieve the FEL lasing, the electron beam

and the photon beam must be well aligned, and the misalignment angle θ is less

than 4× 10−4 mrad, which produces a close-to-ideal head-on collision configuration
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for Compton scattering. According to Table 2.1, the relative uncertainty of the

electron beam energy due to the misalignment angle θi can be approximated by

θ2
i /4, which gives the relative uncertainty of about 10−7 to the electron beam energy

measurement.

The determined electron beam energy versus the set-energy of the storage ring

is plotted in Fig. 6.10. Note that all the spectra shown in Fig. 6.8 are calibrated

using the same calibration data. To improve the calibration error, the average of

the calibration peaks of all five radiation source spectra is used to determine the

calibration energy. Thus, the electron beam energies fitted from the high energy

edges of the gamma beam spectra are sharing the same calibration errors, i.e., the

systematic errors. Therefore, only the statistical errors of the electron beam energy

measurements are shown in Fig. 6.10, excluding the systematic errors. We can see

that the small change of 0.02 MeV (i.e., the relative change of 4 × 10−5) of the

electron beam energy can be clearly detected by the Compton scattering technique.

This experiment demonstrates that the relative uncertainty of the electron beam

energy measurement due to the statistical errors must be smaller than 4 × 10−5,

otherwise the small change (0.02 MeV) of the electron beam energy would not have

been detected.

Due to the finite resolution of the HPGe detector (approximately 5 keV in RMS

value for 5 MeV gamma-ray photons) and the finite linewidth of the FEL spectrum,

the energy spectrum of the gamma-ray beam has been broadened by both the de-

tector response and the lasing spectrum. However, for simplicity, these broadening

effects are not taken into account in the fitting model of Eq. (6.13). Thus, the fitting

of this model to the high energy edge of measured gamma beam spectrum only yields

the effective electron beam energy spread which includes both the detector resolu-

tion and FEL linewidth effects. Therefore, in order to correctly estimate the actual

electron beam energy spread, these broadening effects must be removed if they are
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Figure 6.10: Electron beam energy determined by Eq. (6.13) as a function of
the set-energy of the storage ring. The set-energy has been corrected according to
the digital-to-analog converter (DAC) value which controls a power supply of dipole
magnets. The vertical error bars only represent the statistical errors of the electron
beam energy measurement, excluding the systematic errors. The straight line is the
linear fit of the determined electron beam energies. The slope of the fit line as well
as the fitting error associated with it are also shown in the plot.

significant. This can be carried out using a simple formula

σEe

Ee

≈
√√√√

(
σ′Ee

Ee

)2

− 1

4

[(
σdet

Eg

)2

+

(
σλph

λph

)2
]
, (6.15)

where σ′Ee
is the effective electron beam energy spread which is directly fit from the

measured gamma beam spectrum using Eq. (6.13), σdet is the energy resolution of

the detector, and σλph
is the line-width of the FEL spectrum. The electron beam

energy spread σEe/Ee shown in Table 6.1 has been corrected using this formula.

The uncertainty of the energy spread measurement is estimated using the gamma

spectrum fitting error and the errors of the detector resolution and lasing line width.

The electron beam energy and energy spread determined by Eq. (6.10) are also

shown in Table 6.1. Due to a large relative collimation factor (α ≈ 9), Eq. (6.10) pro-

duces similar results to the ones produced by Eq. (6.13). The discrepancies between

them are within the overall uncertainty of the measurement.
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Table 6.3: Comparison of the electron beam energy determined by both Eq. (6.13)
and Eq. (6.10) for a collimation aperture with a radius of 6.35 mm.

Set-energy E-beam energy Ee (MeV) Discrepancy1(MeV)
(MeV) Eq. (6.13) Eq. (6.10) E6.10

e − E6.13
e

463.00 460.95± 0.12 461.67± 0.12 0.72
462.00 460.19± 0.13 460.78± 0.12 0.59
461.00 459.28± 0.12 459.79± 0.12 0.51

6.2.2 Measurements with a small collimation aperture

Many nuclear physics experiments require a more tightly collimated HIγS beam.

Such a beam can be used to study the limitation of Eq. (6.10). With a collimation

aperture of 6.35 mm radius, three energy measurements were conducted. The elec-

tron beam energy determined by both Eq. (6.13) and Eq. (6.10) are summarized in

Table 6.3. Due to a small relative collimation factor (α ≈ 0.5), the electron beam en-

ergies determined by Eq. (6.10) are consistently higher than the results of Eq. (6.13)

by as much as 0.7 MeV or a relative difference of 1.5 × 10−3. This agrees with the

predication shown in Fig. 6.5 that for a tightly collimated gamma beam the electron

beam energy could be over-determined using Eq. (6.10). In this case, Eq. (6.10)

cannot be applied to accurately determine the electron beam energy.

6.3 Discussions and conclusions

In this work, the energy spectra of HIγS beams, measured with a large volume

HPGe detector, have been used to determine the electron beam energy and energy

spread. This is acceptable when the full energy peak of the measured spectrum is

clearly separated from the Compton background and single or double escape peaks.

However, under certain circumstances, the full energy peak can be buried in the

measured spectrum as shown in Fig. 4.6. This happens when the span of the higher

energy edge of the gamma beam is comparable to or wider than the energy separation

between the full energy peak and single escape peak. In this case, before being used
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for the determination of the electron beam energy and energy spread, the measured

gamma beam spectrum needs to be unfolded first using the end-to-end spectrum

reconstruction method presented in Chapter 4.

Eq. (6.10) has been used to determine the electron beam energy in several pub-

lished works [19, 20, 22, 23]. However, this equation only takes into account the

influence of the electron beam energy spread on the gamma beam spectrum. By

ignoring other factors, this formula has substantial limitation in its applications.

We have demonstrated that it can produce inaccurate results for a well collimated

gamma-ray beam with a relative collimation factor α ≤ 4.

According to Eq. (6.14), a small α can be the result of a low electron beam

energy, a large electron beam energy spread, and a small angular divergence of a

collimated gamma beam. Therefore, under certain beam conditions, for example,

with a low energy storage ring, we need to open up the collimation aperture in

order to apply Eq. (6.10). The advantage of opening up the collimation aperture for

energy measurement of a low energy electron beam was also recognized in a recent

publication [25]. However, this may not always be possible because the angular

divergence of the gamma-ray beam can be limited by the angular acceptance of

the gamma-ray beam transport line and the gamma-ray detector. For example, the

maximum angular divergence of the gamma-ray beam at the HIγS facility is only

about 0.5 mrad which is limited by the angular acceptance of the vacuum chamber

in a dipole magnet (vertical limit) and by the transport line (horizontal limits).

To overcome the limitations of Eq. (6.10), we have derived a new equation

Eq. (6.13) to include the emittance and collimation effects. Using this equation,

we have accurately determined the energy of an electron beam in the Duke storage

ring with a relative uncertainty of 3×10−5, including both systematic and statistical

errors.

This level of energy measurement accuracy of a few 10−5 is comparable to that
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using the Resonant Spin Depolarization (RSD) technique. It has also been achieved

using the Compton scattering technique in previous measurements [20, 23] carried

out for high energy storage rings above 1 GeV. This work reports the electron beam

energy measurement with a similar accuracy of a few 10−5 for a low energy storage

ring at a few hundred MeV. In addition, we showed for the first time that a small

energy change about 0.02 MeV of a 460 MeV electron beam (i.e., a relative change

of 4 × 10−5) by varying storage ring dipole field can be directly detected using the

Compton scattering technique.
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7

Polarization measurement of an electron beam

With the completion of recent major hardware upgrades, the HIγS has produced an

unprecedented level of gamma flux in a wide range of energy. However, an accurate

and direct measurement of the gamma-ray beam energy in tens to about 100 MeV

region remains a challenge. One alternative method to determine the gamma-beam

energy is to measure the energy of the electron beam used in the collision. In a storage

ring, the electron beam energy can be measured using the Resonant Spin Depolar-

ization (RSD) technique [59, 60]. This technique measures the energy-dependent

precessing frequency of the electron spin. Consequently, it requires a polarized elec-

tron beam. It is well known that an electron beam in a storage ring can become

self-polarized due to the Sokolov-Ternov effect [61]. Therefore, the study of the self-

polarized process of the electron beam in the Duke storage ring is of great importance

for our continued development of HIγS.

The electron beam polarization can be measured using a Compton polarime-

ter [26–33]; however, the experiment setup is typically complicated and costly. Al-

ternatively, the electron beam polarization in a storage ring can be determined us-

ing the electron-beam Touschek lifetime which depends on the beam polarization
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through the intrabeam scattering effect [62, 63]. While this method does not need a

complicated setup, the measurement is challenging for several reasons, including the

requirements of a highly stable beam, a reproducible storage ring operation, and an

accurate measurement of beam lifetime.

In this Chapter, we first review the radiative polarization of an electron beam in a

storage ring, and then carry out the feasibility study of the electron beam polarization

measurement using the Compton polarimeter technique in the Duke storage ring.

Finally, we report on the experimental study of the electron beam polarization using

the Touschek lifetime technique. From the Touschek lifetime difference between the

polarized and unpolarized beams, we successfully determined the equilibrium degree

of polarization as well as the time constant for the polarization build-up process of

an electron beam in the Duke storage ring.

7.1 Radiative polarization of an stored electron beam

Electrons orbiting in a storage ring emit electromagnetic waves known as synchrotron

radiation. From the quantum mechanics point of view, i.e., considering the electron

spin, the impact of synchrotron radiation on the electron spin after emitting a photon

can be categorized into two cases: the electron spin stays in its initial state, or the

electron spin flips over. It has been shown that only a small fraction (∼ 10−11) [88]

of emission events cause the spin flip, while the majority of the emission events have

no influence on the electron spin. Nevertheless, the spin-flip synchrotron radiation

does have an important and measurable effect on the polarization of the electron

beam. This effect, known as the Sokolov-Ternov effect [61], causes the electron beam

to gradually build up its polarization in the direction opposite to the guiding field of

the storage ring.

Let us assume that the guiding field of the storage ring is constant and in the

vertical direction. The spin of a vertically polarized electron can be either along
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the field (the up state ↑) or opposite to the field (the down state ↓). The spin-flip

transition rates in the Gaussian units are given by [61,88]

W↑↓ =
5
√

3

16

e2γ5~
m2c2ρ3

(
1 +

8

5
√

3

)
,

W↓↑ =
5
√

3

16

e2γ5~
m2c2ρ3

(
1− 8

5
√

3

)
, (7.1)

where e is the electron charge, ~ is the Plank constant, c is the speed of light,

γ = Ee/mc
2 is the Lorentz factor of the electron with energy Ee scaled by the rest

mass energy mc2, and ρ is the bending radius of the guiding field. Clearly, the

transition rate from the up state to the down state W↑↓ is larger than that from the

down state to the up state W↓↑.

If an unpolarized electron beam is injected into the storage ring, the disparity

between the two transition rates would cause the beam to gradually build up its

polarization in the direction opposite to the guiding field. Eventually, the degree of

polarization of the electron beam will reach the maximum level given by [61,88,89]

PST =
W↑↓ −W↓↑
W↑↓ +W↓↑

=
8

5
√

3
≈ 92.38%. (7.2)

The polarization build-up process can be described by an exponential function

P (t) = PST

[
1− exp

(
− t

TST

)]
, (7.3)

and the time constant TST is

TST = (W↑↓ +W↓↑)
−1 =

(
5
√

3

8

e2γ5~
m2c2ρ3

)−1

. (7.4)

In practice, however, some corrections must be made to Eqs. (7.2)−(7.4) if the

electron beam passes through a non-constant magnetic field. Firstly, the bending
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radius ρ needs to be replaced by the effective bending radius ρeff of the storage

ring. For a ring consisting of straight sections and arcs with a set of identical dipole

magnets, we have ρ−3
eff = 1/(ρ2r) [90], where ρ is the bending radius of the dipoles

and r = C/(2π) is the mean radius of the storage ring with a circumference of C. In

practical units, the time constant TST is given by [90]

TST [s] = 98.66× ρ2[m]r[m]

E5
e [GeV]

. (7.5)

For example, for the Duke storage ring (ρ = 2.10 m and r = 17.10 m) operated at

1.15 GeV, the time constant for polarization build-up process is roughly 62 minutes.

The other correction is the depolarization effect. In reality, the polarized electron

beam can be depolarized due to many causes, either resonant or stochastic [88, 89].

Without getting into the details of these processes, the depolarization effects can

be described using a depolarization time Td. The effective time constant for the

polarization build-up process of an electron beam is given by [89]

1

T
=

1

TST

+
1

Td

or T =
Td

TST + Td

TST , (7.6)

and the degree of polarization of the electron beam in the equilibrium state is given

by [89]

P0 =
Td

TST + Td

PST . (7.7)

Clearly, the equilibrium degree of beam polarization P0 is reduced from the ideal

level PST by a factor of Td/(TST + Td). At the same time, the polarization time

constant T is shorter than the ideal time constant TST by the same factor. Now,

Eq. (7.3) can be written as

P (t) = P0

[
1− exp

(
− t

T

)]
. (7.8)
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7.2 Polarization measurement using Compton scattering technique

Polarization of an electron beam can be measured using Compton scattering tech-

nique. This technique, so-called Compton polarimeter, utilizes the dependency of

Compton scattering cross section on the electron beam polarization. Compton po-

larimeters are widely used to measure electron beam polarization in many facili-

ties [26–31].

For a polarized electron beam scattering with a polarized laser beam without re-

gard to their polarizations after the scattering, the Compton scattering cross section

is given by setting ξ′j′ and ζ ′i′ to zero in Eq. (2.11) and multiplying the result by 2×2,

i.e.,

dσ

dY dφf

=
r2
e

X4Y 2

∑
i0j0

F 00
ij ζiξj

=
4r2

e

X2

{(
1

X
− 1

Y

)2

+
1

X
− 1

Y
+

1

4

(
X

Y
+
Y

X

)

−
[(

1

X
− 1

Y

)2

+
1

X
− 1

Y

]
ξ3

+
1

2

(
1

X
− 1

Y
+

1

2

)(
X

Y
+
Y

X

)
ξ2ζ1

−1

2
Y

(
1

X
− 1

Y

) √
−

(
1

X
− 1

Y

)(
1

X
− 1

Y
+ 1

)
ξ2ζ2

}
(7.9)

For a head-on collision in the lab frame, dY , ξi and ζi in Eq. (7.9) can be replaced

with quantities defined in the lab frame (Eqs. (2.31), (2.24) and (2.26)). Thus, we

can have

dσ

dΩ
(P, S) = Σ0 + PtΣ1 + Pc[SzΣ2z + SxΣ2x + SyΣ2y], (7.10)
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where

Σ0 = a

[(
1

X
− 1

Y

)2

+
1

X
− 1

Y
+

1

4

(
X

Y
+
Y

X

)]
,

Σ1 = a

[(
1

X
− 1

Y

)2

+
1

X
− 1

Y

]
cos 2φf ,

Σ2z =
a

2

(
1

X
− 1

Y
+

1

2

)(
X

Y
+
Y

X

)
,

Σ2x = −a
2
Y

(
1

X
− 1

Y

) √
−

(
1

X
− 1

Y

)(
1

X
− 1

Y
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Σ2y = −a
2
Y

(
1

X
− 1

Y

) √
−

(
1

X
− 1

Y

)(
1

X
− 1

Y
+ 1

)
sinφf ,

a =
2r2

e

[γ(1 + β)]2

(
Eg

Ep

)2

. (7.11)

It can be seen that the term Σ0 is polarization independent, while the terms Σ1

and Σ2x,2y,2z are polarization dependent: Σ1 is related to the linear polarization Pt

of the laser beam; Σ2z is related to the longitudinal polarization Sz of the electron

beam and circular polarization Pc of the laser beam; Σ2x,2y are related to the trans-

verse polarization Sx,y of the electron beam and circular polarization Pc of the laser

beam. Therefore, the polarization of the electron beam can be determined from the

Compton scattering cross section.

7.2.1 Transverse polarization measurement

For a circularly polarized laser beam (Pc = ±1) scattering with an electron beam,

the measurement of the φ-dependent distribution of Compton scattered photons can

give us the transverse polarizations Sx and Sy of the electron beam. For example, the

vertical polarization Sy of the electron beam is obtained from the asymmetric distri-

bution of the scattered photons in the vertical direction (φf = π
2
, 3π

2
). In this case,
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in Eq. (7.10), Σ1 term disappears because Pt = 0, Σ2x term equals to zero because

of the cosφ-dependence, and Σ2z terms can be neglected because the longitudinal

polarization of the electron beam Sz are expected to be small. Thus, there are only

two remaining terms contributing to the vertical distribution of scattered photons,

i.e.,

N(yd, 0) ∝ dσ = (Σ0 + PcSyΣ2y)
dxddyd

L2
. (7.12)

The solid angle dΩ has been replaced with dxddyd/L
2, where xd and yd are the

coordinates in the measurement plane, L is the distance between the collision point

and this plane, and LÀ xd, yd. Since we are only considering the distribution in the

vertical direction (φf = π
2

and 3π
2

), N(yd, 0) is the number of scattered photons in

the region [yd, yd + dyd] and [−dxd/2, dxd/2].

For a left circularly polarized laser beam (Pc = 1) scattering with the electron

beam, the asymmetry of the vertical distribution of scattered photons is defined as

A(yd) =
NL(yd, 0)−NL(−yd, 0)

NL(yd, 0) +NL(−yd, 0)

= Sy
Σ2y

Σ0

= SyQ2y, (7.13)

where Q2y = Σ2y/Σ0 is the analyzing power which determines the magnitude of the

asymmetry. The analyzing power as a function of the vertical position calculated

using Eq. (7.13) is shown in Fig. 7.1. The result is also compared to that simulated

using a Monte Carlo simulation code CAIN2.35 [69].

In order to determine the vertical asymmetry from the measured distribution of

scattered photons according to Eq. (7.13), the center (yd = 0) of the distribution

must be located precisely, which could be difficult. To overcome this problem, we

can collide the electron beam and the laser beams with opposite helicities (Pc = ±1);
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Figure 7.1: Analyzing power for Compton scattering of a 190 nm laser beam
and a 1.1 GeV electron beam. The analyzing power is evaluated in a measurement
plane 30 meters downstream from the collision point. The stair plot represents the
simulated result using CAIN2.35, and the dash curve represents the calculated result
using Eq. (7.13).

thus, the asymmetry is given by

A(yd) =
NL(yd, 0)−NR(yd, 0)

NL(yd, 0) +NR(yd, 0)

= Sy
Σ2y

Σ0

= SyQ2y, (7.14)

where NL(yd, 0) represents the vertical distribution of the scattered photons for the

laser beam with a left helicity (Pc = 1), and NR(yd, 0) represents the vertical distri-

bution of the scattered photons for the laser beam with a right helicity (Pc = −1).

The vertical distributions of Compton scattered photons are illustrated in Fig. 7.2.

We can see that the distributions are asymmetric in the vertical direction. The ver-

tical polarization Sy of the electron beam is obtained by fitting Eq. (7.14) to the

measured asymmetry with Sy as a free parameter.

In addition, from Fig. 7.2 we can see that the centroids of the two vertical profiles

are different, which can be used to determine the electron beam polarization. The
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Figure 7.2: Vertical profiles of Compton scattered photons produced by a 190 nm
circularly polarized laser beam scattering with a 1.1 GeV vertically polarized electron
beam. The solid curve represents the profile for the laser beam with a left helicity
(Pc = 1), and the dash curve for the laser beam with a right helicity (Pc = −1).

centroid shift ∆ between the two vertical profiles is given by

∆ =
< NL(yd, 0) >c − < NR(yd, 0) >c

2
= Sy < Σ2y >c= SyΠ, (7.15)

where Π =< Σ2y >c=
∫∞
−∞ Σ2yyddyd. Thus, the electron beam polarization can also

be determined from the measured centroid shift according to Sy = ∆/Π.

7.2.2 Statistical error

According to Eq. (7.15), the statistical error of the polarization measurement can be

estimated by

δSy

Sy

=
σy

SyΠ
√
N
, (7.16)

where σy is the RMS width of the vertical profile andN is the total number of photons

defining the profile. For a 190 nm laser beam scattering with a 1.1 GeV electron

beam, it can be calculated that Π = 239 µm and σy = 7.29 mm at the measurement

plane 30 meters downstream from the collision point. In order to measure the vertical
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Figure 7.3: The maximum analyzing power as a function of the laser wavelength for
the electron beams with different energies. For the Large Electron-Positron storage
ring (LEP) of CERN, the Hadron Electron Ring Accelerator (HERA) of DESY, the
Hall A Compton Polarimeter of JLAB, and the Duke storage ring, the electron beam
energy is 46, 26.6, 4.6 and 1.1 GeV, respectively.

polarization Sy of the electron beam as small as 0.1, with a statistical error δSy

Sy
of

1%, it requires 9.5 × 108 Compton scattered photons. However, we know that only

the scattered photons in the region of [−dxd/2, dxd/2] are used to define the vertical

profile. For dxd = 2 mm, the scattered photons in this region are about 10% of total

scattered photons. Therefore, a total of 9.5× 109 scattered photons are needed. At

the HIγS facility, assuming a HIγS beam with a flux of 2 × 108 photons/sec, the

measuring time will be about 47 seconds if the detector efficiency is 100%.

7.2.3 Maximum analyzing power

The magnitude of the asymmetry is determined by the analyzing power Q2y. As

shown in Fig. 7.1, the analyzing power has a maximum and minimum values, which

depend on the electron beam energy and laser wavelength. The maximum analyzing

power Qmax
2y as a function of the laser wavelength for different electron beam energies

are shown Fig. 7.3. It can be seen that for a laser beam with a wavelength above
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400 nm the higher the electron beam energy, the larger the analyzing power is. For

the Hadron Electron Ring Accelerator (HERA) of DESY (a 513 nm laser beam

scattering with a 26.6 GeV electron beam) [29], the maximum analyzing power is

about 0.33. However for the Duke storage ring (the electron beam energy is 1.1 GeV

and the laser wavelength is above 190 nm), the maximum analyzing power is less

than 0.05. This make it difficult for us to measure the electron polarization with a

good accuracy using the Compton polarimeter technique.

Alternatively, the polarization of an electron beam in a storage ring can be de-

termined using the Touschek lifetime technique. In the next section, we use this

technique to study the polarization of an electron beam in the Duke storage ring.

7.3 Polarization measurement using Touschek lifetime technique

7.3.1 Lifetime of stored electron beam

Electrons orbiting in a storage ring can get lost due to a variety of causes. Other

than hardware malfunctions, the rapid beam loss is mainly due to beam instability,

while the gradual beam loss is due to quantum diffusion, residual gas scattering and

intrabeam scattering (Touschek effect).

The relative beam loss rate at time t is given by

α(N, p) = − 1

N

dN

dt
, (7.17)

where N is the number of electrons in the beam, and p denotes the loss rate depen-

dency on other beam and storage ring parameters. However, a commonly used term

to describe the beam loss is the beam lifetime τ , which is defined as [91]

τ(N, p) ≡ 1

α(N, p)
. (7.18)

Typically, the beam lifetime is used to characterize gradual beam loss, thus can be

meaningful only if other rapid beam losses are fully suppressed.
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According to beam loss mechanisms, the gradual beam loss rate α(N, p) can be

separated into three different components as follows [91]

α(N, p) = αq(N, p) + αg(N, p) + αt(N, p), (7.19)

where αq(N, p) represents the beam loss due to quantum diffusion, αg(N, p) repre-

sents the beam loss due to residual gas scattering, and αt(N, p) represents the beam

loss due to Touschek scattering. In terms of lifetime, Eq. (7.19) now can be written

as

1

τ
=

1

τq
+

1

τg
+

1

τt
, (7.20)

where τq = 1
αq

represents the quantum lifetime, τg = 1
αg

represents the vacuum

lifetime, and τt = 1
αt

represents the Touschek lifetime.

Usually, the quantum lifetime τq is independent of the beam current and is much

longer than other lifetimes. Thus, the quantum diffusion effect can be neglected

from the total beam loss rate. The vacuum lifetime τg depends on the beam current,

vacuum pressure, and other machine parameters. For a modern light source storage

ring operating at a relatively low energy (≤ 1 GeV), the vacuum loss rate is typically

much smaller compared to Touschek loss. In this paper, we will focus on the Touschek

lifetime.

7.3.2 Polarization related Touschek lifetime

Electrons inside a bunched beam undergo transverse betatron oscillations around the

closed orbit as well as synchrotron oscillation with respect to a synchronous particle.

In a reference frame moving with the electron bunch, the electron motion becomes

purely transverse, neglecting the slow synchrotron motion. Thus, two electrons ap-

proach each other only in the transverse direction, which can result in a collision.

After the collision, they have a certain probability to gain longitudinal momenta.
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Transformed to the laboratory frame, the longitudinal momentum is enhanced by

the Lorentz factor γ. Thus, a strong variation of the electron energy is induced due

to the collision. If the induced energy deviation exceeds the energy acceptance of the

storage ring, the electron can get lost. This effect was first observed by B. Touschek

on the AdA storage ring in Frascati [92].

The scattering cross section between two electrons in their center-of-mass frame

is given by the Møller formula (non-relativistic case) [47,62]

dσ

dΩ
=

4r2
e

(v/c)4

[
4

sin4 θ
− 3 + P 2

sin2 θ

]
, (7.21)

where re is the classical electron radius; v/c is the relative velocity of the electron; P is

the degree of polarization of the electron beam; and θ is the scattering angle between

the directions of scattered and incident electrons. Clearly, the scattering cross section

depends on the electron beam polarization, so does the Touschek lifetime.

For a flat beam with a non-relativistic transverse momentum, the beam loss rate

due to the Touschek effect can be expressed as (see Appendix B)

1

τt
= a ·D(ξ), (7.22)

where

D(ξ) = ξ3/2

∫ ∞

ξ

1

u2

[
u

ξ
− 1− 1 + P 2

2
ln
u

ξ

]
exp(−u)du;

a = −N
γ2

r2
ec

8πσxσyσs

1

(∆p/p)3
; ξ = (

∆p/p

γ

βx

σx

)2; (7.23)

σx,y,s are the transverse and longitudinal bunch sizes; βx is the horizontal beta-

function at the collision point of two electrons; and ∆p/p is the RMS momentum

acceptance. The coefficient a is inversely proportional to the electron bunch volume
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V = σxσyσs, and the function D(ξ) varies slowly with ξ and needs to be evaluated

numerically [91,93].

Equation (7.22) shows that the Touschek loss rate depends on the machine pa-

rameters which vary around the storage ring. Therefore, the actual (global) Touschek

loss rate should be averaged over the entire storage ring, i.e.,

1

τt
=

1

2πR

∮
1

τt(s)
ds = 〈 1

τt(s)
〉, (7.24)

where R denotes the mean radius of the storage ring, and the brackets “〈 〉” represent

an average over the storage ring.

To explicitly show the dependency of the Touschek lifetime on the electron beam

polarization, Eq. (7.22) can be rewritten as [62]

1

τt(P )
= 〈aC(ξ)〉+ 〈aF (ξ)〉P 2, (7.25)

where

C(ξ) = ξ3/2

∫ ∞

ξ

1

u2

[
u

ξ
− 1− 1

2
ln
u

ξ

]
exp(−u)du,

F (ξ) = −ξ
3/2

2

∫ ∞

ξ

1

u2
ln
u

ξ
exp(−u)du. (7.26)

Here, the Touschek lifetime τt(P ) has been expressed as a function of the electron

beam polarization P . The term 〈aC(ξ)〉 represents the polarization independent

contribution to the Touschek lifetime, while 〈aF (ξ)〉 represents the polarization-

dependent contribution.

Since 〈aF (ξ)〉 is a negative quantity, the Touschek lifetime increases with the

polarization of the electron beam. It can be easily shown that the relative increase

of τt(P ) due to the electron beam polarization is given by

τt(P )− τt(0)

τt(P )
= −〈aF (ξ)〉

〈aC(ξ)〉P
2, (7.27)
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where τt(0) and τt(P ) represent the Touschek lifetimes for the electron beam with

and without polarization, respectively.

For example, for the Duke storage ring operated at 1.15 GeV with the momentum

acceptance of 2.5%, the estimated value of 〈aF (ξ)〉/〈aC(ξ)〉 is about 0.2. Thus, the

relative increase of the Touschek lifetime is about 17% when the degree of polarization

of the electron beam reaches its maximum level of 92%. Compared to the accuracy

of lifetime measurement of about 2−5%, this amount of lifetime increase is expected

to be measurable.

Equation (7.27) is the basic formula which can be used to determine the elec-

tron beam polarization through the Touschek lifetime measurement. In practice,

to use this formula, we first need to establish an unpolarized beam which has the

same beam conditions (except for the degree of polarization) as the polarized beam.

Second, the increase of beam lifetime due to electron beam polarization must be sub-

stantially higher than the accuracy of the lifetime measurement. Based upon these

requirements, a series of studies were carried out, and the results showed that using

Touschek lifetime to determine the polarization of the electron beam in the Duke

storage ring was feasible [94].

7.3.3 Polarization measurement

RF voltage scan

The relationship between the beam lifetime and momentum acceptance is very dif-

ferent for the residual gas scattering and the Touschek effect [91]. This allows us to

distinguish the gas scattering effect from the Touschek effect by varying the momen-

tum acceptance.

The momentum acceptance of a storage ring is related to the RF accelerating
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voltage as follows [95]

∆p/p =

√
2eV0

πβ2Eeh|η| | cosφs + (φs − π/2) sinφs|, (7.28)

where V0 is the amplitude of the RF accelerating voltage seen by the electron passing

through the RF cavity, η is the phase slip factor, φs is the synchronous phase, h is

the harmonic number, and β = v/c is the relative speed of the electron.

In practice, the RF accelerating voltage V0 is controlled by varying the RF gap

voltage U0. For an RF cavity with a non-unity transit time factor, V0 can be deter-

mined from the measured synchrotron tune νs according to [95]

νs =

√
− heV0η

2πβ2Ee

cosφs. (7.29)

Using V0, the momentum acceptance ∆p/p of the storage ring is then calculated

using Eq. (7.28).

For the Duke storage ring operated at 1.15 GeV with a 10 mA single-bunch beam,

the measured beam lifetimes as a function of the RF gap voltage U0 are shown in

Fig. 7.4. The predicted Touschek lifetime using Eq. (7.25) and vacuum lifetime using

a model presented in [91] are also shown in the plot. From Fig. 7.4 we can clearly

see that the trend of the measured lifetime agrees well with the situation when the

Touschek effect is the dominant factor for beam losses. At the RF gap voltage of

800 kV, the predicted Touschek loss rate is about one order of magnitude or more

higher than the predicted residual gas scattering loss rate. Therefore, it is a good

approximation to use the measured lifetime as the Touschek lifetime in the following

analysis.

Figure 7.4 also shows that the momentum acceptance of the storage ring is deter-

mined by the RF voltage, not by the dynamic momentum aperture, as the maximum
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Figure 7.4: Beam lifetimes as a function of the RF gap voltage. The storage
ring is operated at 1.15 GeV with a 10 mA single-bunch beam. The lifetimes are
normalized to those at the RF gap voltage of 800 kV. The circles represent the
measured beam lifetime; the solid lines represent the predicted Touschek lifetime
1/αt(U0) and vacuum lifetime 1/αg(U0). The dash lines represent the total lifetime
τ(U0) predicted for different mixtures of Touschek and gas loss rates with a weighting
factor w, i.e., τ(U0) = 1/[αt(U0) + w · αg(U0)]. The value of the weighting factor is
shown in the plot for each dashed line.

RF voltage yields the maximum lifetime. If the dynamic momentum aperture were

the limiting factor, the lifetime would not continue to increase after a certain RF

voltage. The momentum acceptance at the RF gap voltage of 800 kV is about 2.5%

according to Eqs. (7.28) and (7.29).

Experiment Method

According to Eq. (7.27), in order to extract the electron beam polarization from

the measured Touschek lifetime, we need to use an unpolarized electron beam as a

reference. This unpolarized beam must have the same beam conditions (except for

the degree of polarization) as the polarized one. At the Duke storage ring, with a

recently developed booster injector [96] and a longitudinal feedback system [97], an

unpolarized electron beam can be established by filling the storage ring with a fresh
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beam.

The reproducibility of the beam condition is critical. This has been tested by

injecting electron beams with the same amount of current at different times and

monitoring the beam parameters, such as the transverse beam sizes, longitudinal

bunch length, vacuum pressure and beam orbits. The results have shown that highly

reproducible unpolarized reference beams can be established by filling the Duke stor-

age ring with a fresh beam [94].

Three subsequent runs were carried out to study the polarization build-up process

of an electron beam in the Duke storage ring, which was operated in an equally filled

8-bunch mode. The beam current as a function of the time for these three runs are

illustrated in Fig. 7.5. For the first run, the electron beam was increased to 120 mA

by incremental injection of 10 mA per step. After each 10 mA injection, the beam

current was monitored with a DC current transformer (DCCT) for about 5 min,

followed by the next injection. After the first run, the second run was immediately

carried out with the stored beam current starting at 120 mA. In this run, the injection

was stopped, and the electron beam current was monitored for about 300 minutes

as it decayed to 30 mA. Then, the electron beam was dumped, and the third run

was carried out using the same procedure as the first one. Thus, the electron beams

obtained in the first and third runs can be considered as mostly unpolarized beams,

while the beam obtained in the second run a partially polarized one.

During each run, the beam parameters, such as transverse beam sizes, longitudi-

nal bunch length, vacuum pressure and beam orbits, were monitored to assure stable

and repeatable beam conditions. A synchrotron radiation profile monitor and a dis-

sector system [98] were used to monitor the transverse beam sizes and bunch length,

respectively. The results are shown in Fig. 7.6. We can see that the run-to-run vari-

ations of the vertical beam size σy and longitudinal bunch length σs are consistent

with the measurement uncertainty. While the average variation of the horizontal
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Figure 7.5: Measured electron beam currents as a function of time for polariza-
tion measurements. Three subsequent runs were carried out. For the first run, the
electron beam was increased to 120 mA by incremental injection of 10 mA per step.
For each 10 mA injection, the beam current was monitored for about 5 min. For the
second run, the beam current was monitored for about 300 minutes as the current
decayed from 120 mA to 30 mA. The third run was a repeat measurement of the
first run.

beam size σx is about 7 times of the measurement uncertainty, the relative variation

is only about 0.86 %. The total variation of the electron bunch volume, V = σxσyσs,

among these three runs is less than 4%. This would contribute a total run-to-run

variation of less than 4% to the Touschek lifetime according to Eq. (7.22).

The beam horizontal and vertical orbits were monitored by 33 Beam Position

Monitors (BPMs) distributed along the Duke storage ring. The experiment results

show that the orbits are consistent and stable for each run. Other machine parame-

ters such as the vacuum pressures and RF voltage were also checked for these runs

and showed a good run-to-run consistency.

7.3.4 Data analysis

The beam lifetime is determined by fitting the beam current decay in a time window.

To estimate the lifetime measurement error, several consecutive time windows are
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Figure 7.6: Measured transverse beam sizes σx,y and longitudinal bunch length
σs of the electron beam as a function of the beam current for three different runs.
The triangles (4) represent the first run, circles (©) represent the second run and
squares (¤) represent the third run. Top: the horizontal beam size σx measured using
a synchrotron radiation profile monitor; Middle: the measured vertical beam size σy;
Bottom: the longitudinal bunch length σs measured using a dissector system. The
relative peak-to-peak beam size variations among these three runs, (max(σx,y,s) −
min(σx,y,s))/σx,y,s, are computed. The beam size variations are also compared with
the measurement uncertainty, RMS(σx,y,s). Their averaged values over beam currents
are shown in the plots.

used, and the error is estimated using the standard deviation of the fit lifetimes in

these time windows. For example, the determination of the beam lifetime around the

beam current of 31 mA for the first run is illustrated in Fig. 7.7. Five consecutive

time windows are used, and in each time window the beam lifetime is determined by
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Figure 7.7: Illustration of beam lifetime determination around the current of 31 mA
of the first run.

fitting the current decay. Thus, the beam lifetime (τ = 5.26 hr) around this beam

current is given by averaging fit lifetimes (τ1,··· ,5), and the statistical error (στ = 0.1)

is computed using this set of life time data. To optimize the error as well as to reveal

the detailed information of the beam loss rate, the duration and number of time

windows are varied for different beam currents. The measured lifetime as a function

of the beam current for three runs are shown in Fig. 7.8.

It is needed to point out that due to the duration of the injection and beam

current measurement in the first and third runs, the electron beam could potentially

accumulate some polarization. Thus, the lifetime of the beam obtained in these two

runs does not represent that of a completely unpolarized beam. To correct for this,

a simple model of the beam injection and polarization accumulation was developed

to estimate the electron beam polarization at each step. The lifetime results for

the first and third run shown in Fig. 7.8 have been corrected using this model. For

example, for the third run it took about 100 minutes to complete the refill and

beam monitoring process. As a result, the electron beam was partially polarized

when the beam current reached 120 mA. The model predicts that the degree of the
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Figure 7.8: The beam lifetime at different electron beam currents for three different
runs shown in Fig. 7.5.

beam polarization is about 35%. Thus, the lifetime of the unpolarized beam can be

corrected from the measured lifetime using Eq. (7.27).

Using the differences between the lifetime of the polarized beam (the second run)

and that of the unpolarized beam after the polarization correction (the average of

the first and third run), the electron beam polarization can be estimated according

to Eq. (7.27). The results of electron beam polarization as a function of time t

are shown in Fig. 7.9. An exponential fit of the data gives P0 = 0.85 ± 0.03, and

T = 60 ± 9 min. To include the accumulated polarization of the electron beam at

the beginning of the second run (t = 0), an initial time t0 has been introduced in the

fitting model shown in Fig. 7.9.

Comparing the fit value of the electron beam polarization (P0 = 0.85) to that of

an ideal electron beam (PST = 0.92), the relative electron beam polarization is 0.92,

i.e., P0/PST = 0.92. Thus, the effective time constant T for the polarization build-up

process should be 0.92 times of the ideal time constant TST according to Eq. (7.6).

As calculated previously TST = 62 min for the Duke storage ring at 1.15 GeV, the

effective time constant T is expected to be 57 min which agrees with the fit value of
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60 min within the fitting error.

7.4 Conclusions

The radiative polarization of an electron beam in the Duke storage ring has been

observed using a set of systematic experimental procedures based upon the Touschek

effect. The polarization time constant as well as the equilibrium degree of polariza-

tion have been successfully determined. Although not as accurate as the Compton

polarimeter technique, this simple method based upon the Touschek effect can be a

powerful tool to obtain useful information about the self-polarization process of the

electron beam in a storage ring. Accurate determination of loss contributions, the

Touschek loss vs the gas scattering loss, can improve this technique. In particular,

it will increase the measurement accuracy (i.e., reduce the systematic error) of the

equilibrium degree of electron beam polarization.

The polarized electron beam is critical for the future development of the HIγS

gamma-ray source at Duke University. It allows us to accurately determine the
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gamma-ray beam energy via the measurement of the electron beam energy [99] using

the Resonant Spin Depolarization technique [59,60].
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8

Summary and conclusion

8.1 Characterizations of a Compton gamma-ray source

In this dissertation, Compton scattering of an electron beam and a laser beam has

been studied in detail in a laboratory frame. The scattered photon energy for an

arbitrary scattering geometry was first calculated, and the Lorentz invariant scat-

tering cross section with all polarization effects was then derived. Using this cross

section, the polarization of a Compton gamma-ray beam was investigated. To study

the characteristics of the Compton gamma-ray beam produced by the electron and

laser beams with varying spatial and energy distributions, two methods were de-

veloped, one based upon analytical calculations and the other using Monte Carlo

simulations. Using these methods, we developed two computer codes, a numeri-

cal integration code (CCSC) and a Monte Carlo simulation code (MCCMPT), which

were extensively benchmarked against the measurement results at the High Intensity

Gamma-ray Source (HIγS) facility at Duke University. Using these two computer

codes, we characterized the HIγS gamma-ray beam with varying electron and laser

beam parameters as well as different collimation conditions.
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8.2 An end-to-end spectrum reconstruction method and a CCD based
gamma-ray imaging system

To analyze the measured energy spectrum of a HIγS beam, a novel end-to-end spec-

trum reconstruction method was developed by considering the entire process of the

gamma-ray beam production, transport, collimation and detection. Compared to

the commonly used source independent simulation method, the new method allowed

us to reconstruct the energy distribution of the gamma-ray beam with a high degree

of accuracy. Successfully used for routine HIγS operations, the end-to-end spec-

trum reconstruction method became a critical instrument to many nuclear physics

experiments being carried out at the HIγS facility.

To measure the transverse profile of the HIγS beam, which is crucial for the rapid

beam-based alignment of the experimental apparatus, a gamma-ray beam imaging

system based upon a BGO scintillator and a CCD camera was developed. This

imaging system has a sub-mm spatial resolution (about 0.5 mm) and a high contrast

sensitivity (better than 6%). Since 2008, this imaging system has been routinely

operated as part of the HIγS diagnostics system for nuclear physics research.

8.3 Electron-beam energy and polarization measurements

The energy of an electron beam in a storage ring can be accurately measured using

the Compton scattering technique. To use this technique, we developed a new fitting

model by taking into account the gamma-beam collimation and electron-beam emit-

tance effects. Using this model, we successfully determined the energy of an electron

beam in the Duke storage ring with a relative uncertainty of about 3× 10−5 around

460 MeV.

Alternatively, if a polarized electron beam is available, the electron beam energy

can be measured using the Resonant Spin Depolarization technique. An electron
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beam in a storage ring can become self-polarized due to the Sokolov-Ternov effect.

Using the electron-beam lifetime measurement technique, we successfully studied

the radiative polarization process of an electron beam in the Duke storage ring, and

determined its equilibrium degree of polarization.

8.4 Future research

The radiative polarization of the electron beam has been observed in the Duke stor-

age ring. With this polarized electron beam, we plan to carry out accurate energy

measurements of the electron beam using the Resonant Spin Depolarization tech-

nique. This research is of great importance to our continued development of the

HIγS facility at Duke University.
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Appendix A

Spatial and energy distributions of a Compton
gamma-ray beam

The spatial and energy distributions of a Compton gamma-ray beam produced by a

head-on collision of an electron beam and a photon beam is given by

dN(Eg, xd, yd)

dΩddEg

≈
∫

dσ

dΩ
δ(Ēg − Eg)c(1 + β)ne(x, y, z, x

′, y′, p, t)

×np(x, y, z, k, t)dx
′ dy′ dp dk dV dt, (A.1)

where dΩd = dxddyd/L
2; ne(x, y, z, x

′, y′, p, t) and np(x, y, z, k, t) are the density func-

tions of the electron and photon beams given by Eq. (3.1); dσ/dΩ is the differential

cross section given by Eq. (2.32). For head-on collisions, we can simplify the differ-

ential cross section to

dσ

dΩ
=8r2

e

{
1

4

[
4γ̄2Ep

Ēg(1 + γ̄2θ2
f )

+
Ēg(1 + γ̄2θ2

f )

4γ̄2Ep

]
−2 cos2(τ − φf )

γ̄2θ2
f

(1 + γ̄2θ2
f )

2

}(
Ēg

4γ̄Ep

)2

.

(A.2)

Replacing x′ and y′ by θx and θy according to the geometric constraints of

Eq. (3.12), and neglecting the divergence of the laser beam at the collision point, we
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can integrate Eq. (A.1) over dV and dt and obtain

dN(Eg, xd, yd)

dEgdxddyd

=
L2NeNp

(2π)3β0σpσk

∫
k√
ζxζy

1

σθxσθy

dσ

dΩ
δ(Ēg − Eg)(1 + β)

× exp

[
−(θx − xd/L)2

2σ2
θx

− (θy − yd/L)2

2σ2
θy

− (p− p0)
2

2σ2
p

− (k − k0)
2

2σ2
k

]

×dθx dθy dp dk, (A.3)

where

ξx = 1 + (αx − βx

L
)2 +

2kβxεx

β0

, ζx = 1 +
2kβxεx

β0

, σθx =

√
εxξx
βxζx

,

ξy = 1 + (αy − βy

L
)2 +

2kβyεy

β0

, ζy = 1 +
2kβyεy

β0

, σθy =

√
εyξy
βyζy

,

θf =
√
θ2

x + θ2
y, θx = θf cosφf , θy = θf sinφf . (A.4)

Next, we need to integrate the electron beam momentum dp. It is convenient to

change the momentum p to the scaled electron beam energy variable γ̄ = Ee/(mc
2),

and rewrite the delta-function δ(Ēg − Eg) as

δ(Ēg − Eg) = δ(
4γ̄2Ep

1 + γ̄2θ2
f + 4γ̄Ep/mc2

− Eg) = −δ(γ̄ − γ)
(1 + γ2θ2

f + 4γEp/mc
2)2

8γEp(1 + 2γEp/mc2)
,

(A.5)

where

γ =
2EgEp/mc

2

4Ep − Egθ2
f

(
1 +

√
1 +

4Ep − Egθ2
f

4E2
pEg/(mc2)2

)
(A.6)

is the root of

Eg =
4γ2Ep

1 + γ2θ2
f + 4γEp/mc2

(A.7)

with the condition of 0 ≤ θf ≤
√

4Ep

Eg
.
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Substituting Eqs. (A.2), (A.5) into Eq. (A.3) and integrating dγ̄, we can get

dN(Eg, xd, yd)

dEgdxddyd

=
r2
eL

2NeNp

4π3~cβ0σγσk

∫ ∞

0

∫ √
4Ep/Eg

−
√

4Ep/Eg

∫ θxmax

−θxmax

1√
ζxζyσθxσθy

γ

1 + 2γEp/mc2

×
{

1

4

[
4γ2Ep

Eg(1 + γ2θ2
f )

+
Eg(1 + γ2θ2

f )

4γ2Ep

]
− 2 cos2(τ − φf )

γ2θ2
f

(1 + γ2θ2
f )

2

}

×exp

[
−(θx − xd/L)2

2σ2
θx

− (θy − yd/L)2

2σ2
θy

− (γ − γ0)
2

2σ2
γ

− (k − k0)
2

2σ2
k

]
dθxdθydk,

(A.8)

where

θxmax =
√

4Ep/Eg − θ2
y. (A.9)
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Appendix B

Touscheck lifetime

B.1 Touschek effect

Electrons inside a bunched beam undergo transverse betatron oscillations around the

closed orbit as well as synchrotron oscillation with respect to a synchronous particle.

In a reference frame moving with the electron bunch, the electron motion becomes

purely transverse, neglecting the slow synchrotron motion. Thus, two electrons ap-

proach each other only in transverse direction and can result in a collision. After the

collision, they have a certain probability to gain longitudinal momenta. Transformed

to the laboratory frame, the longitudinal momentum is enhanced by the Lorentz fac-

tor γ. Thus, a strong variation of the electron energy is induced due to the collision.

If the induced energy deviation exceeds the energy acceptance of the storage ring,

the electron can get lost. This effect was first observed by B. Touschek on the AdA

storage ring in Frascati [92].

Usually, for low and medium energy electron storage rings, only the horizontal

betatron motion produces sufficiently high energy deviations which could lead to elec-

tron loss. Thus, to simplify the study of Touschek effect, the following assumptions
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Figure B.1: Geometry of Touscheck scattering in the center-of-mass frame. θ is
the scattering angle with respect to the incident electron direction (i.e., the x-axis);
χ is the angle between the direction of the scattered electron and the s-axis; and φ
is the azimuthal angle with respect to the x-axis.

are made:

1. The vertical and the longitudinal velocities are negligible in the center-of-mass

system;

2. The velocity of the horizontal betatron motion is low enough to permit a non-

relativistic treatment;

3. The momentum acceptance ∆p/p is a fixed value, either given by the RF

acceptance or by the limiting transverse aperture.

B.1.1 Cross section for the electron loss

It is convenient to consider the scattering of two electrons in their center-of-mass

(COM) frame in which the two electrons have equal and opposite momenta. In this

frame, the differential cross section of two electrons scattering is given by Møller

formula (non-relativistic case) [47, 62]

dσ

dΩ
=

4r2
e

(v/c)4

[
4

sin4 θ
− 3 + P 2

sin2 θ

]
, (B.1)
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where re is the classical electron radius ; c is the speed of light; and v is the relative

velocity of the two electrons in the COM frame; θ is the angle between the direc-

tions of the scattered and incident electron shown in Fig. B.1; P is the degree of

polarization of electrons.

The total scattering cross section for the loss of electrons is given by integration

over all scattering angles that lead to a longitudinal momentum component ∆p′s/p
′

in the laboratory system exceeding the momentum acceptance ∆p/p, i.e., ∆p′s/p
′ >

∆p/p.

In the COM frame, the longitudinal momentum gained by electrons due to the

scattering is given by

∆ps = p cosχ, (B.2)

where p = mv/2 is the momentum of the electron in the COM frame. Transferring

this momentum into the lab frame, we will have

∆p′s ≈ γp cosχ = γ
mv

2
cosχ. (B.3)

Using p′ ≈ γmc, the relative change of the electron momentum due to the scattering

is given by

∆p′s
p′

=
γmv

2
cosχ

γmc
≈ v

2c
cosχ. (B.4)

Thus, the electron loss condition (∆p′s/p
′ > ∆p/p) implies that

cosχ ≥ 2
∆p/p

v/c
≡ µ (µ ≤ 1). (B.5)

Fig. B.1 illustrates that

dΩ = sinχdχdφ, cos θ = sinχ cosφ. (B.6)
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Thus, the total cross-section for the electron loss in the COM frame is given by

σt(v) =
4r2

e

(v/c)4

∫ cos−1 µ

0

sinχdχ

∫ −π

π

dφ

[
4

(1− sin2 χ cos2 φ)2
− 3 + P 2

1− sin2 χ cos2 φ

]
.

(B.7)

After integration, we can obtain

σt(v) =
8πr2

e

(v/c)4

[
1

µ2
− 1− 1 + P 2

2
ln

1

µ2

]
(µ ≤ 1). (B.8)

B.1.2 Touschek lifetime

In general, the scattering rate of two electrons in a volume dV is given by

dN

dt
= Nσvn = σvn2dV, (B.9)

where N = ndV is the number of the electrons in the volume dV , n is the electron

density, v is the relative velocity of the two electrons and σ is the scattering cross

section.

Therefore, in the lab frame the beam loss rate in the electron bunch due to

Touscheck scattering is given by

dN

dt
=

2

γ2

∫

V

σt(v)vn
2dV, (B.10)

where dV is integrated for the whole bunch volume V of the electrons, and γ2 is

introduced to take into account the Lorentz transformation of σt(v)v from the center-

of-momentum frame to the laboratory frame, and the factor 2 accounts for the fact

that two electrons are lost per scattering. Thus, the Touschek lifetime is given by

1

τt
= − 1

N

dN

dt
= − 2

N

∫

V

σt(v)v

γ2
n2dV. (B.11)

Since we are only considering effects which take place in the horizontal plane, the

integration is automatically performed in the vertical and longitudinal phase spaces
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and becomes

1

τt
= − 2

Nγ2

N2

4πσyσs

∫
σt(v)vρ(x1, x

′
1)ρ(x2, x

′
2)δ(x1 − x2)dx1dx

′
1dx2dx

′
2, (B.12)

where σy and σs are the RMS bunch height and bunch length, δ(x1 − x2) indicates

that the scattering process takes place at x = x1 = x2, and ρ is the phase space

function given by

ρ(x, x′) =
βx

2πσ2
x

exp

[
−x

2 + (βxx
′ − 1/2β′xx)

2

2σ2
x

]
, (B.13)

where βx is the horizontal beta-function which depends on the azimuthal coordinate

s of the storage ring.

Thus,

1

τt
= − 2

Nγ2

N2β2
x

16π3σyσsσ4
x

∫ +∞

−∞
σt(v)v exp

[
−Ax

2
1 +Bx1 + C

2σ2
x

]
dx1dx

′
1dx

′
2, (B.14)

where

A = 2 +
1

2
β′2x , B = −βxβ

′
x(x

′
1 + x′2), and C = β2

x(x
′2
1 + x′22 ). (B.15)

Since σt(v) and v do not depend on the position x1, we can integrate x1 to yield

1

τt
=− 2

Nγ2

N2β2
x

√
2π

16π3σyσsσ3
x

√
A

∫ +∞

−∞
σt(v)v exp

[
β2

xβ
′2
x

8Aσ2
x

(x′1 + x′2)
2− β2

x

2σ2
x

(x′21 + x′22 )

]
dx′1dx

′
2.

(B.16)

Defining new variables

u1 = x′2, u2 = x′2 − x′1, (B.17)

and substituting x′1 and x′2, we can have

1

τt
=− 2

Nγ2

N2β2
x

√
2π

16π3σyσsσ3
x

√
A

∫ +∞

−∞
σt(v)vexp

[
− 2β2

x

Aσ2
x

u2
1+

2β2
x

Aσ2
x

u2u1+
β2

x(β
′2
x −4A)u2

2

8Aσ2
x

]
du1du2.

(B.18)
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Here, u2 represents the relative velocity in the laboratory frame and

u2 =
v/c

γ
, (B.19)

where v is the relative velocity in the COM frame. Thus, σt(v)v only depends on u2,

and the integration on u1 can be carried out to yield

1

τt
= − 2

Nγ2

N2βx

16π2σyσsσ2
x

∫ ∞

2∆p/p

σt(v)v exp

[
− β2

xv
2

4σ2
xγ

2c2

]
1

γ
d(
v

c
), (B.20)

where the integration range of v/c > 2∆p/p is given by Eq. (B.5).

Using the definition

(
βxv

2σxγc
)2 ≡ u, and (

∆p/p

γ

βx

σx

)2 ≡ ξ, (B.21)

we will have

1

τt
= −N

γ2

r2
ec

8πσyσsσx

1

(∆p/p)3
ξ3/2

∫ ∞

ξ

1

u2

[
u

ξ
− 1− 1 + P 2

2
ln
u

ξ

]
exp(−u)du. (B.22)

We can see that the Touschek lifetime depends on the machine parameter βx

which is the function of the azimuthal coordinate s. Therefore, the actual (global)

Touschek lifetime should be averaged over the entire ring, i.e.,

1

< τt >
=

1

2πR

∮
1

τt(s)
ds, (B.23)

where R is the mean radius of the ring.
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