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Abstract

The High Intensity Gamma-ray Source (HIyS) at Duke University is a world class
Compton light source facility. At the HIyS, a Free-Electron Laser (FEL) beam is
Compton scattered with an electron beam in the Duke storage ring to produce an
intense, highly polarized, and nearly monoenergetic gamma-ray beam with a tunable
energy from about 1 MeV to 100 MeV. This unique gamma-ray beam has been
used in a wide range of basic and application research fields from nuclear physics to
astrophysics, from medical research to homeland security and industrial applications.

The capability of accurately predicting the spatial, spectral and temporal char-
acteristics of a Compton gamma-ray beam is crucial for the optimization of the
operation of a Compton light source as well as for the applications utilizing the
Compton beam. In this dissertation, we have successfully developed two approaches,
an analytical calculation method and a Monte Carlo simulation technique, to study
the Compton scattering process. Using these two approaches, we have characterized
the HIyS beams with varying electron beam parameters as well as different collima-
tion conditions. Based upon the Monte Carlo simulation, an end-to-end spectrum
reconstruction method has been developed to analyze the measured energy spectrum
of a HIyS beam. With this end-to-end method, the underlying energy distribution of
the HIyS beam can be uncovered with a high degree of accuracy using its measured
spectrum. To measure the transverse profile of the HIyS beam, we have developed a

CCD based gamma-ray beam imaging system with a sub-mm spatial resolution and
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a high contrast sensitivity. This imaging system has been routinely used to align
experimental apparatus with the HIvS beam for nuclear physics research.

To determine the energy distribution of the HIyS beam, it is important to know
the energy distribution of the electron beam used in the collision. The electron beam
energy and energy spread can be measured using the Compton scattering technique.
In order to use this technique, we have developed a new fitting model directly based
upon the Compton scattering cross section while taking into account the electron-
beam emittance and gamma-beam collimation effects. With this model, we have
successfully carried out a precise energy measurement of the electron beam in the
Duke storage ring.

Alternatively, the electron beam energy can be measured using the Resonant Spin
Depolarization technique, which requires a polarized electron beam. The radiative
polarization of an electron beam in the Duke storage ring has been studied as part of
this dissertation program. From electron-beam lifetime measurements, the equilib-
rium degree of polarization of the electron beam has been successfully determined.
With the polarized electron beam, we will be able to apply the Resonant Spin Depo-
larization technique to accurately determine the electron beam energy. This on-going

research is of great importance to our continued development of the HIvS facility.



To the memory of my mother, Lihua Shen
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shown in the plot for each dashed line. . . . . .. ... ... ... ..

Measured electron beam currents as a function of time for polariza-
tion measurements. Three subsequent runs were carried out. For the
first run, the electron beam was increased to 120 mA by incremental
injection of 10 mA per step. For each 10 mA injection, the beam cur-
rent was monitored for about 5 min. For the second run, the beam
current was monitored for about 300 minutes as the current decayed
from 120 mA to 30 mA. The third run was a repeat measurement of
the first run. . . . . . .
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7.6 Measured transverse beam sizes o,, and longitudinal bunch length
o, of the electron beam as a function of the beam current for three
different runs. The triangles (A) represent the first run, circles (Q))
represent the second run and squares () represent the third run.
Top: the horizontal beam size o, measured using a synchrotron ra-
diation profile monitor; Middle: the measured vertical beam size oy;
Bottom: the longitudinal bunch length o, measured using a dissector
system. The relative peak-to-peak beam size variations among these
three runs, (max(o,, ;) —min(o,,s))/04..s, are computed. The beam
size variations are also compared with the measurement uncertainty,
RMS(0,,5). Their averaged values over beam currents are shown in
the plots. . . . . . .
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of the first run.. . . . . . . . .,

7.8 The beam lifetime at different electron beam currents for three differ-
ent runs shown in Fig. 7.o. . . .. ..o o000 0oL

7.9 The build-up process of the electron beam polarization P(t). The
solid line is the exponential fit of the data. The fitting model as well
as the fit results are also shown in the plot. . . . . . . ... ... ...

B.1 Geometry of Touscheck scattering in the center-of-mass frame. @ is
the scattering angle with respect to the incident electron direction
(i.e., the x-axis); x is the angle between the direction of the scattered
electron and the s-axis; and ¢ is the azimuthal angle with respect to
the z-axis. . . . . . ...

xx1



List of Symbols and Acronyms

Physical constants

C

Symbols

E97 Ee‘, Ep

fmes
kA

Op, o5

X, Y, V, W
&is i

Gir Gi

Speed of light in vacuum, 2.99792458 x 10® m/s.
Elementary charge, 1.602176487(40) x 1071 C.
Planck constant, 6.62606896 x 10734 J-s.

Reduced Plank constant, 1.054571628 x 1073 J-s.
Electron mass, 9.10938215 x 107! kg.

Rest energy of electron, 0.510998910 MeV.

2

Classical electron radius, 2.817940299 x 10 m. r, = ﬁ%,
where €, is the permittivity of free space.

Energies of scattered photon, incident electron and incident pho-
ton.

Lorentz factor of the electron energy, v = E./(mc?).

Speed of the electron relative to the speed of light, 8 = v/c.
Maximum energy of the scattered photon.

Wavenumber and wavelength of a photon.

Polar and azimuthal angles of the scattered photon.
Lorentz invariant quantities.

Stokes parameters of the incident and scattered photons.

Polarization vector components of the incident and scattered
photons.

xxil



P, P. Degrees of linear and circular polarization of the laser beam.
gy Boys Yoy Twiss parameters of the electron beam.

Op, Oz, Exy RMS momentum spread, bunch length, and emittance of the
electron beam.

op, RMS energy spread of the electron beam.

Bo, o) 0y Rayleigh range, RMS energy spread and bunch length of the

laser beam.
N, N, Total numbers of electrons and photons in their pulses.
ol Total Thomson scattering cross section.
Otot Total Compton scattering cross section.
R, L Radius of the collimation aperture, and distance between the
collision point and a collimator (or an observation plane).
Td, Yd Coordinates at the observation plane.

Acronyms
FEL Free-Electron Laser.
DFELL Duke Free Electron Laser Laboratory.
HI~S High Intensity Gamma-ray Source.
FWHM Full-Width Half Maximum.
RMS Root Mean Square.
RSD Resonance Spin Depolarization.
CCSC Numerical Integration Compton Scattering Code.
MCCMPT Monte Carlo Compton Scattering Code
CcCD Charge-Coupled Device.
BGO Bismuth Germanium Oxide, BiyGe3Oq,.
MTF Modulation Transfer Function.

LSF Line Spread Function.

xxiii



PSF Point Spread Function.

HPGe High-Purity Germanium.

XXiv



Acknowledgments

First of all I would like to express my sincere gratitude to my supervisor, Prof.
Ying K. Wu, who gave me the opportunity to study within his group. I would like to
thank him for his encouragement, guidance and support throughout this dissertation
research. Without his help, this thesis would not have been possible. I also owe
my deep gratitude to Dr. Jingyi Li for teaching me the many aspects of the Duke
storage ring and helping me carry out my experiments.

I want to acknowledge Dr. Gencho Rusev and Dr. Anoton P. Tonchev for their
help with the measurements of the gamma-ray beam energy spectra. Collaborating
with them has been beneficial to my dissertation. I also want to thank Prof. Alex
W. Chao at SLAC National Accelerator Laboratory for teaching me spin dynamics
and helping me use his computer code SLIM.

I would like to thank Mark Emamian for the hardware design of the imaging
system, Dr. Stepan Mikhailov for the accelerator setup, and Dr. Victor Popov for
helping me set up the beam loss monitor.

I am grateful for all of the staff at the Duke Free Electron Laser Laboratory
(DFELL) who have encouraged and supported me. In particular, I want to thank Dr.
Patrick Wallace who is in charge of radiation safety and proofread my manuscripts
and dissertation, Ping Wang for helping me use oscilloscopes and RF' instruments,
Gary Swift for developing and installing the vacuum components of the gamma-ray

imaging system. I also would like to thank Maurice Pentico and Vernon Rathbone

XXV



for their effort on the machine operation.

I wish to thank all the scientific staff of the Radiative Capture Group at Tri-
angle Universities Nuclear Laboratory (TUNL). Especially, I want to thank Dr.
Sean Stave for sharing the measured gamma-ray beam spectra, Brent Perdue for
sharing his design and control software of the gamma-ray imaging system, Dr. Mo-
hammad W. Ahmed and Prof. Henry Weller for their support and encouragement
on the HIyS diagnostics. I also wish to thank Prof. Moshe Gai at University of
Connecticut and Yale University for his encouragement on the HIyS diagnostics.

In my daily work I have been blessed with a friendly and cheerful group of fellow
students, Wenzhong Wu, Botao Jia, Senlin Huang, Hao Hao, and Jianfeng Zhang. I
enjoyed and appreciated all the useful discussions and help. I wish them all the best.

Finally, I would like to thank my wife Lin, whom I deeply love and adore, for her
unconditional support, encouragement and tolerance. I would also like to thank my
parents, sister and brother for their love throughout the years of my education and

research.

XXV1



1

Introduction

1.1 Motivation

1.1.1  Synchrotron light sources

Synchrotron radiation is a form of radiation emitted by a relativistic charged particle
accelerating in the electromagnetic field of an accelerator. It was first observed on
a General Electric (GE) synchrotron accelerator in 1947 [1], and was first used as a
scientific tool in 1960s. To date, there are more than 50 dedicated synchrotron light
sources in operation around the world. These light sources provide a powerful tool
for unraveling the structure of materials, crystals and molecules from the microscopic
to the atomic scales, and have had a revolutionary impact on many fields of science.

Since 1947, three generations of synchrotron light sources have been developed [2,
3]. Prior to 1970s, the first generation light sources were existing accelerators pri-
marily designed for high energy physics research. The immediate success of these
first generation light sources, even in a parasitic mode of operation, stimulated a
vast amount of scientific research interest. In the mid-1970’s, the demand for syn-
chrotron radiation led scientists and engineers to build dedicated storage-ring based

light sources, the second generation light sources. At that time, storage rings were
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designed with many bending magnets, and the wavelength of radiation was mainly
in the range from visible, through ultraviolet (UV) to vacuum ultraviolet (VUV).
Given the great success of the second generation light sources, researchers in-
creased their demand for both higher brightness beams and shorter wavelengths. In
the mid-1980’s, accelerator physicists began to design and construct next generation
storage rings as the third generation light sources. These storage rings have many
designated straight sections for insertion devices such as wigglers and undulators.
Although both wiggler and undulator have the same structure of periodic magnetic
fields, they can produce different radiation spectra: the undulator, with a weaker
magnetic field and shorter period, produces radiation with a narrow spectrum, while
the wiggler, with a stronger field and longer period, produces a broader spectral
bandwidth. The wavelength of undulator radiation can be tuned by manipulating the
magnetic field strength in the device, and at a higher magnetic field higher harmonic
radiation can be produced with substantial brightness. In the early 1990’s, the first
third-generation light source, Advanced Light Source (ALS), was brought to opera-
tion at Lawrence Berkeley National Laboratory (LBNL) [4]. Today, third-generation
synchrotron light sources cover a wide range of wavelength from UV to “hard” x-ray,
and reach the brightness as high as 10?** 2! photons/(s-mm?-mrad?-0.1%bandwidth).
To obtain a high-energy x-ray beam, two design strategies are applied to storage
rings, either a medium-energy storage ring (3 — 3.5 GeV) with high harmonics of un-
dulator radiation, or a high energy storage ring (5 — 8 GeV) at a substantially higher
cost. In either case, the maximum photon energy of useful radiation is limited to
about 100 keV, above which the brightness of the radiation diminishes rapidly [5].
At present, fourth generation light sources are under development at several fa-
cilities to push the limits of brightness and pulse duration. The main direction of
these developments is based upon a short wavelength Free-Electron Laser (FEL) us-
ing either a storage ring or linac as a driver. However, there is no cost-effective way
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to obtain a high brightness photon beam with an energy above 1 MeV, following the
traditional pathway of developing synchrotron light sources.

However, a high-energy x-ray or gamma-ray beam can be produced from Bremsstr-
ahlung radiation, which is emitted by slowing or stopping a high-energy charged
particle beam through matter. Several Bremsstrahlung photon beam facilities have
been brought to operation since 1980s [6-8]. Due to the broad energy spectrum
of Bremsstrahlung radiation, in these facilities a tagging technique is usually ap-
plied to determine the gamma-ray photon energy. Overall, the performance of a
Bremsstrahlung photon beam has some limitations: its spectral flux is relatively
low, and it is typically unpolarized or it has a relatively low degree of polarization

at high flux.
1.1.2  Compton light sources

Alternatively, a high-energy x-ray or gamma-ray beam can be produced by Compton
scattering of a laser beam and an electron beam in an accelerator. After scattering,
the laser photon energy is Doppler up-shifted by a factor of approximately 4+2,
where 7 is the Lorentz factor of the electron beam. To produce radiation at a given
photon energy, the required energy of the electron beam for a Compton light source
is significantly lower than that of a synchrotron light source. Compared with a
Bremsstrahlung beam with a broad band spectrum, a Compton x-ray or gamma-ray
beam is narrowly peaked around the desired energy. In addition, the energy of the
Compton beam is completely tunable and can be extended to cover a wide energy
range from soft x-ray to very high energy gamma-ray. Furthermore, a Compton
photon beam is highly polarized, and its polarization is controlled by the polarization
of the incident photon beam.

The idea of using Compton scattering to generate a high-energy x-ray or gamma-

ray beam was first proposed in 1963 [9,10]. After that time, several Compton light



source facilities were brought to operation [11-16]. Among these facilities, the High
Intensity Gamma-ray Source (HIyS) at Duke University is the first dedicated Comp-
ton gamma-ray source facility using a Free-Electron Laser (FEL) as the photon
driver. As a result, the HIyS is an intense, highly polarized and nearly monoener-
getic gamma-ray source with a tunable energy from 1 MeV to about 100 MeV. In
fact, in this energy range, the HIvS is the leading Compton light source facility in
the world. The HIyS beams have been used in a wide range of research including
nuclear physics, homeland security, medical physics and industrial applications [17].

In recent years, with the advent of high-power laser beams and ultra-low emit-
tance electron beams, the development of Compton light source has attracted in-
creased interest because of its unique properties, such as the tunable quasi-monoenerg-
etic spectrum, changeable polarization, and high spectral flux above 100 keV. For a
Compton x-ray source, the storage ring could be designed to be extremely compact
and fit into a conventional lab space [18]. The development of such a miniature x-ray
source will bring scientific research programs which are only possible at a large-scale
synchrotron light source in a national laboratory today to a University-scale labora-
tory in the future. At the DFELL, the development of high-flux Compton gamma-ray
source has opened a new frontier for scientific research [17].

Compton scattering of electrons and laser photons can also be used as a probe
for the electron beam properties, because the scattered gamma-ray beam carries the
information about the electron beam. Due to a small scattering cross section, this
diagnostic technique is non-destructive. This technique has been widely used to
measure electron beam energy and energy spread [19-25], electron beam polariza-
tion [26-33], and electron beam profile [34-38] at many accelerator facilities.

In this dissertation, the physics of Compton scattering process and the properties
of Compton light source are studied using both theoretical and simulation methods.
The characteristics of Compton light source are also experimentally studied at the
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High Intensity Gamma-ray Source (HIvS) facility. Using the Compton scattering
process as a diagnostic tool, the accurate measurement of electron beam energy and
energy spread are carried out in the Duke storage ring. The electron self-polarized
process is also investigated. This work will lead to the determination of the Compton
gamma-ray beam energy in a region where its direct and accurate measurement is

difficult.

1.2 History of Compton scattering

1.2.1 Thomson scattering

When an electromagnetic wave is incident on a free (non-relativistic) charged parti-
cle, the electric and magnetic components of the wave exert a Lorentz force on the
particle. Thus, the particle is accelerated to emit radiation. This radiation will be
emitted in all directions, and has the same frequency as the incident wave. This
process, describing the scattering of the electromagnetic wave by a charged parti-
cle, is called Thomson scattering, named after the English physicist J. J. Thomson
(1856-1940).

For an unpolarized electromagnetic wave scattering with an electron, the differ-

ential scattering cross section is given by [39]

— = (1 +cos?6), (1.1)

where r. = 2.82 x 107%m? is the classical electron radius, 6 is the scattering angle
between the directions of the scattered and incident waves, and d§2 = sin8dfd¢ is
the solid angle. It is clear that the differential scattering cross section is independent
of the frequency of the incident wave, and also is symmetric with respect to the
forward and backward directions of the incident wave.

The total scattering cross section is obtained by integrating the solid angle df2,



ie.,

d 2
ol = /ﬁd@ - 87;“ — 6.65 x 107 Pm?, (1.2)

ol is called the Thomson cross section [39)].
1.2.2  Compton scaltering

The Thomson scattering theory is valid only when the recoil of the electron can be
ignored. In the electron rest frame, when the energy of the incident photon becomes
comparable to the rest energy of the electron, the quantum effect must be taken into
account.

In 1920, Arthur H. Compton first observed that when an x-ray with a wavelength
of \g is incident on a carbon target, the x-ray is deflected from the target and the
scattered x-ray has a longer wavelength Ay, compared with that of the incident x-
ray [40]. The shift of the wavelength increased with the scattering angle 6 according

to the formula

Ao — Ao = i(1—0039), (1.3)

mc
where h is the Planck constant, m is the rest mass of an electron and c is the speed
of light. The wavelength shift shows a significant deviation from the prediction by
the Thomson scattering theory.

Compton explained it by assuming a particle nature for light and applying energy
and momentum conservation to the collision between the photon and electron. After
the collision, the incident photon transfers part of its energy to the electron, resulting
in a recoil of the electron as well as a reduction of the photon energy (i.e., decrease
in wavelength) .

This was an important scientific discovery in early 1920’s when the particle nature
of light suggested by the photoelectric effect was still under debate. The discovery
provided clear and independent evidence of the particle-like behavior of light. Arthur
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H. Compton was awarded the Nobel Prize in 1927 for the discovery of the Compton

scattering effect named after him.
1.2.8  Inverse Compton scattering

Compton scattering of a laser photon and a relativistic electron, sometimes called
“inverse” Compton scattering, is another important effect. Instead of losing energy to
the electron, the photon gains energy after scattering. In 1963, this feature was first
recognized as a useful mechanism to generate a high energy x-ray or gamma-ray beam
using electron accelerators [9,10]. In the following years, high energy gamma-ray
beam production was experimentally demonstrated by several groups [41-43]. While
successful, the gamma-ray photon flux was not high enough for research applications.
In 1978, the first gamma-ray Compton light source facilities, the Ladon project,
was brought to operation in Frascati [44-46]. Following the success of the Ladon
facility, several new Compton gamma-ray light source facilities were also brought into
operation [11-16], including the High Intensity Gamma-ray Source facility (HIyS) at

Duke University in 1996.

1.3 Overview of the dissertation

1.3.1 Characterizations of a Compton gamma-ray beam

The capability of accurately predicting the spectral, spatial and temporal charac-
teristics of a Compton scattered gamma-ray beam is crucial for the optimization
of the operation of a Compton light source, as well as for performing scientific re-
search utilizing the Compton beam. While the theory of Compton scattering of an
electron and a photon was well documented in literature [39,47,48], it is limited to
the scattering of individual electrons and photons, i.e., particle-particle scattering
of monoenergetic electron and photon beams with zero beam sizes in the transverse

direction. However, in reality, the electron and photon beams have finite spatial and



energy distributions. Therefore, there remains a need to fully understand the char-
acteristics of the gamma-ray beam produced by Compton scattering of an electron
beam and a photon beam with realistic distributions, i.e., the effect of beam-beam
scattering.

Beam-beam scattering has been recently studied by several groups [5,49]. How-
ever, the algorithms used in these works are based upon the Thomson scattering
theory. While other effort [50,51] have used Compton scattering theory, the effects
of incoming beam parameters, and the effects of gamma-beam collimation are not
fully taken into account.

In Chapter 2, we first calculate the energy of a Compton scattered photon for an
arbitrary collision geometry, and then derive the Compton scattering cross section
in a Lorentz invariant form. Based upon this cross section, we study the spatial
and spectral characteristics of a photon beam produced by Compton scattering of
monoenergetic electron and photon beams with zero transverse beam sizes. The
polarization of the scattered photons is also studied.

In Chapter (3, we discuss beam-beam Compton scattering by considering all effects
of the incoming beam parameters as well as the effect of gamma-ray beam collima-
tion. To study these effects, two methods, one analytical and the other Monte Carlo
simulation, are developed. Based upon these methods, two computing codes, a nu-
merical integration code and a Monte Carlo simulation code have been developed.
These codes were benchmarked using gamma-ray beams produced at High Intensity

Gamma-ray Source (HIyS) facility at Duke University.
1.3.2  An end-to-end spectrum reconstruction method

The energy distribution of the HIyS beam is usually measured by a large volume
Germanium detector. However, the detector response is not ideal, and the mea-

sured spectrum usually has the structure of a full energy peak, two escape peaks, a



Compton edge and a Compton plateau. Mathematically, the measured gamma-ray
beam spectrum is the convolution of the true energy distribution of the gamma beam
and the response function of the detector. Therefore, the energy distribution of the
gamma-ray beam can be extracted from the measured spectrum using a spectrum un-
folding (deconvolution) technique [52-56] if the detector response function is known.
To obtain the detector response, the detection process is typically modelled using
a radiation transport simulation code. In the past, due to lack of knowledge about
the angular and energy distributions of the Compton gamma-ray beam, an isotropic
gamma-ray event generator was used in the simulation. However, this simulation
could lead to inaccurate results.

In Chapter 4, we present a novel end-to-end gamma-ray spectrum reconstruc-
tion method by completely modeling the process of the Compton gamma-ray beam
production, transport, collimation and detection. Using this method, we have suc-
cessfully reconstructed the energy distributions of HIyS beams for nuclear physics

research with a high degree of accuracy.
1.3.3 A CCD based gamma-ray imaging system

At the HIyS facility, the capability of measuring the spatial distribution of the
gamma-ray beam is important for optimizing the gamma-ray beam production as
well as for aligning the collimator and experiment apparatus. Due to the high in-
tensity and high energy of the HIyS beam, imaging this beam has been a challenge.
In the past, several techniques have been explored with only limited success. Our
recent development of a CCD based gamma-ray beam imaging system has been a
success. This imaging system has a sub-mm spatial resolution (better than 0.5 mm)
and a high contrast sensitivity (better than 5%).

In Chapter 5, we will discuss the design, testing and applications of the CCD

based gamma-ray imaging system. During the design process, a radiation transport



toolkit Geant4 [57] and an optical software OLSO [58] were used to optimize the
system. Since 2008, three imaging systems have been developed and deployed along
the gamma-ray beam line for different diagnostic purposes at the HIyS facility.

1.8.4 Accurate energy and energy spread measurements of an electron beam using
the Compton scattering technique

The HIyS beam has been used for nuclear physics research. To accurately determine
the energy distribution of the gamma-ray beam for experiments, it is important to
know the parameters of the electron beam used in the gamma-beam production.

The electron beam energy and energy spread can be accurately determined using
Compton scattering technique [19-25]. This technique is based upon the energy spec-
trum measurement of the Compton gamma-ray beam. In several published works,
a simple model was applied to fit the measured gamma-beam spectrum without
considering the gamma-beam collimation and electron-beam emittance effects.

In Chapter 6, we reproduce this simple fitting model, and discuss the underlying
assumptions and resultant limitations. To overcome these limitations, a new fitting
model is developed, which takes into account the collimation and emittance effects.
Using the new model and HIvS beams, we have successfully determined the electron
beam energy with a relative uncertainty of about 3 x 1075 around 460 MeV as well
as the electron beam energy spread. We also experimentally demonstrated for the
first time that a small relative energy change (about 4 x 1075) of the electron beam
by varying the storage ring dipole field could be directly detected using the Compton

scattering technique.
1.3.5 Polarization measurement of an electron beam using Touschek lifetime

With the completion of recent major hardware upgrades, the HI¥S is now capable of
producing an unprecedented level of gamma flux in a wide range of energy. However,

an accurate and direct measurement of gamma-ray beam energy in tens to about
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100 MeV region remains a challenge. One alternative method to determine the
gamma-beam energy is to measure the energy of the electron beam used in the
collision. In the storage ring, the electron beam energy can be measured using the
Resonant Spin Depolarization (RSD) technique [59,60], which requires a polarized
electron beam. It is well known that an electron beam in a storage ring can become
self-polarized due to the Sokolov-Ternov effect [61]. Therefore, the study of the
electron beam polarization in the Duke storage ring is of great importance for our
continued development of the HIvS.

In Chapter [7, we first review the radiative polarization of a stored electron beam,
and carry out the feasibility study of polarization measurement using a Compton
polarimeter [26-33] in the Duke storage ring. We then report on the experimental
study of the electron beam polarization using the Touschek lifetime technique [62,
63]. From the Touschek lifetime difference between the polarized and unpolarized
electron beams, we successfully determined the equilibrium degree of polarization of

the electron beam in the Duke storage ring.

11



2

Compton scattering of an electron and a photon

Compton scattering of an electron and a photon was studied and documented in [39,
47,48]. However, in these works calculations were carried out in the electron rest
frame, and the polarization effects of the incident and scattered electrons and photons
were not completely taken into account. In some other works [64—68], the Compton
scattering cross section was calculated in the Lorentz invariant form with all the
polarization effects, however, application of this form of the cross section was not
studied in detail in the laboratory frame.

In this Chapter, we review the Compton scattering theory, and apply it to study
the Compton scattering process in the laboratory frame. First, the scattered pho-
ton energy is calculated for an arbitrary scattering geometry. Then, the Compton
scattering cross section in the Lorentz invariant form is introduced with all the po-
larization effects. To use this cross section, the polarization quantities of the incident
and scattered particles are transformed to the laboratory frame. Finally, the spatial
and energy distributions as well as the polarization effect of scattered photons are

investigated.
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FIGURE 2.1: Geometry of Compton scattering of an electron and a photon in a
lab frame coordinate system (e, ¥e, z.) in which the electron with a momentum p’
is incident along the z.-axis direction. The laser photon with a momentum hk is
propagated along the direction given by the polar angle #; and azimuthal angle ¢;.
The collision occurs at the origin of the coordinate system. After the scattering, the
photon with a momentum k' is scattered into direction given by the polar angle 0;

and azimuthal angle ¢¢. 0, represents the angle between k and k. The electron after
scattering is not shown in the plot.

2.1 Scattered photon energy

Figure 2.1/ shows the geometry of Compton scattering of an electron and a photon in
a laboratory frame coordinate system (z., ye, z.) in which the incident electron with
a momentum p is moving along the z.-axis direction, i.e., p = |p]Z.. The incident
photon with a momentum hk (h is the Planck constant) is propagated along the

direction given by the polar angle #; and azimuthal angle ¢;, i.e.,
k= |E\(sin 0; cos ¢; T, + sin b, sin ¢; 7. + cos 0;2.). (2.1)

The collision occurs at the origin of the coordinate system. After the collision, the
photon with a momentum hk! is scattered into the direction given by the polar angle

0 and azimuthal angle ¢y, i.e.,
K = |K'|(sin 05 cos ¢ e + sin O sin ¢ sfie + cos 052,). (2.2)

According to the conservation of the 4-momenta before and after scattering, we
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can have

p+k=p +F, (2.3)

where p = (E./c,p) and k = (E,/c, hk) are the 4-momenta of the electron and
photon before scattering, respectively; p’ = (E!/c,p’) and k' = (E,/c, hE’) are their
4-momenta after scattering; E. and E, are the energies of the electron and photon
before scattering; E! and E, are their energies after scattering; and c is the speed
of light. Squaring both sides of Eq. (2.3) and following a simple calculation, we can
calculate the scattered photon energy as follows

B — (1—Bcosb;)E,
91— Bcosl;+ (1 —cosb,)E,/E.’

(2.4)

where 8 = v/c is the speed of the incident electron relative to the speed of light; 6,

is the angle between the momenta of the incident and scattered photons, i.e.,

ol
el

cos b, = = cosf; cos 6 + sin 6; sin O cos(p; — ¢y). (2.5)

||

T
N

For a head-on collision, #; = 7 and 6, = m — 6, Eq. (2.4) can be simplified to

7 E,(1+p3)
g 1+ E,/E.— (8—E,/E.)cos0;

(2.6)

Clearly, given the energies of the incident electron and photon, E, and E,, the
scattered photon energy £, only depends on the scattering angle 8¢, independent
of the azimuth angle ¢. The relation between the scattered photon energy £, and
scattering angle 0 is demonstrated in Fig. 2.2l In this figure, the scattered photon
energies are indicated by the quantities associated with the concentric circles in the
observation plane, and the scattering angles are represented by the radii R of the
circles, i.e, §y = R/L, where L = 60 meters is the distance between the collision
point and the observation plane. We can see that the scattered photons with high
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FIGURE 2.2: The relation between the scattered photon energy and scattering angle
in an observation plane, which is 60 meters downstream from the collision point.
The scattered photons are produced by 800 nm photons scattering with 500 MeV
electrons. Each concentric circle is a equi-energy contour curve of the scattered
photon energy distribution.

energies are concentrated around the center (§y = 0), while low energy photons are
distributed away from the center. Such a relation, in principle, allows the formation
of a scattered photon beam with a small energy-spread by a simple geometrical
collimation technique.

For an ultra-relativistic electron (v > 1,3 & 1) scattering with a photon, the
photon is most likely scattered into a cone with a half-opening angle of 1/ along
the direction of the incident electron, where v = E,/(mc?) is the Lorentz factor of
the electron and mc? is its rest energy.

For a small scattering angle, §y < 1, Eq. (2.6) can be simplified to

7o~ 44*E,
! T 149202 + 4°E, /E.

(2.7)

When the photon is scattered into the backward direction of the incident photon (i.e.,
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0; = 0, sometimes called backscattering), the scattered photon energy will reach the

maximum value given by

maxr __ 472 Ep

= 2.
g 1+ 442E,/E. (28)

Neglecting the recoil effect, i.e., 4y*F,/E. < 1, Eq. (2.8) can be reduced to the

result given by the relativistic Thomson scattering theory [49]
B =~ 4v°E,. (2.9)

We can see that the incident photon energy F), is boosted by a factor of approximately
4~? after the backscattering. Therefore, the Compton scattering of a photon with a
relativistic electron can be used to produce a high energy photon, i.e., a gamma-ray
photon.

The uncertainty of the scattered photon energy £, due to the uncertainties of
the variables in Eq. (2.4), E., E,, 0, 6; and 6,, can be estimated under a set of
special conditions: 0y ~ 0, 0; = m and 0, ~ 7. For example, the relative uncertainty
of the scattered photon energy AE,/E, due to the uncertainty of the electron beam

energy AFE,/E, is given by taking the derivative of Eq. (2.4) with respect to E., i.e.,

AE, _AE.
~ 2 C 2.10
) 7 (2.10)

29°Ey/E.
1+49%E,/E.

~2(1

Ly

Contributions to AE,/FE, associated with other variables are summarized in Ta-

ble 2.1.

2.2 Scattering cross section

2.2.1 Invariant cross section

The general problem concerning the collision is to find the probability of final states
for a given initial state of the system, i.e., the scattering cross section. The Lorentz

invariant form of Compton scattering cross section with the consideration of all the
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Table 2.1: Relative uncertainty of the scattered photon energy AE,/E, due to the
uncertainties of various variables in Eq. (2.4) under assumptions of §; ~ 0, 6, =~ 7
and 0, ~ 7.

Variables Contributions Approximated contributions
2'72E /Ee AFE. AFE.
Ee 2(1 - 1+4’722‘P/£€E‘) Ee ZE
1
E, B E: By E,
2 2 A 92
0 —TeEyE A0 —Ab;
; Y Lag
1 V’E 2 V’E 2
919 "~ 1+442E,/E. Eep A91) B Eep A910

polarization effects has been calculated using the Quantum Electrodynamics (QED)

theory in [64,65] and the result is quoted here

do 1 7"3 i’ 5! ! et
dYdg,  4X1Y? > Fi GG (2.10)

i jj'

2

where r, = 2.817940299 x 10~ m is the classical electron radius given by ﬁ <

mc2

and €y is the permittivity of free space; the indexes 4,7, j, 7' go form 0 to 3; 5](.2>

() = 1,2,3) are Stokes parameters describing the incident and scattered photon

polarizations and f(()'(),) = 1 are introduced for convenience; CZ((/?) (i) = 1,2,3) are

components of the polarization vectors of incident and scattered electrons and Céz) =
1 are introduced for convenience; ¢y is the azimuthal angle of the scattered photon

momentum Ak’ relative to the incident photon momentum h/;; and FZ]/] " are Lorentz

invariant quantities given by
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FW=FF=X3Y —4X?Y +4X? + XY3 +4XY? - 8XY +4Y?2,

Fify= R = Fjj = Pl =—av2w?,

FR=FY=F$=F2=(XY - 2X +2Y)(X +Y)V2,
FR=FRl=F}=—FY=—F?=_Fll=—2V3WY,

FOl=F3=2XY (XY — 2X +2Y),

Ff = Fji = F}) = —F =—F =— Fj =2V3W X,

F%=F}l=(X?+Y?)(XY —2X +2Y),

FR=F3=-F}l=—FF=VAX3Y +X?Y2—4X?Y +4X2+4XY?-8XY +4Y?) /X,
Fiy=Fi=—Fjj =~ Fid =—AVIW?/X,

F) =Fi5 =—IFjy = —Fi5 =—F3 = —F35 = F3 = F =2V°W(- XY +2X - 2Y) / X,
FR=F=2(X?Y? - 2X%Y +2X% 4+ 2XY? — 4XY +2V?),

FRO=FF=(X*+ X?Y2 —4X?Y +4X? +4XY? - 8XY +4Y?)(XY —2X +2Y)/X?,
FR=FR=FZ=FR=4V2W?(-XY +2X — 2Y)/X?,

FA=FB=—F0=—F3 =2VIW(-X3Y - X2Y244X?%Y —4X? - 4XY?+8XY —4Y? /X2,
FB=—FN=2V3W(X?Y +4XY —4X +4Y)/X?,

Pl =F2=2(X3Y? - 2X3Y +2X3 - 2X3Y + 2XVY3 - 2XV3 4+ 2Y3) /X,
Fl=FZ=-Fjl=-F2=-2(XY - 2X +2Y)(X + Y)VW/X,

Fl2=F =(X'Y —4X3Y +4X3 + Y2X3 —4X?Y + 4XY3 —4XY? + 4Y3)/ X,
FE=F=2(X3Y —2X?Y +2X? 4+ 2XY? —4XY +2Y?)(XY — 2X +2Y)/X?,
FR=—F3=2V3W (X3 +4XY — 4X +4Y)/X>.

(2.12)
Here, XY,V and W are Lorentz invariant quantities defined as follows
yo s mdt oy (me)f—u
(me)? (me)?
V=vX-Y, W=vXY-X+Y, (2.13)
and s and u are the Mandelstam variables [47] given by
s=(p+k)? u=(p—k) (2.14)
X and Y satisfy the inequalities [47]
X
— <Y < X. 2.15
X+1— = (2.15)

The scattering cross section of Eq. (2.11)) is expressed in the covariant form using
Lorentz invariants. It can easily be expressed in terms of the collision parameters

defined in any specific frame of reference.
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2.2.2  Polarization description in a laboratory frame

In a laboratory frame, the Stokes parameters 5](.2) () = 1,2,3) of photons and

polarization vector components Cl((,)) (i") = 1,2, 3) of electrons in Eq. (2.11) are defined
in coordinate systems which are attached to the scattering plane formed by the
momenta of the incident and scattered photons, hk and 1k’ (Fig. 2.3). Because the
scattering planes are different for scattered photons with different azimuthal angles
¢y, it is not practical to use these parameters to describe the polarizations of the

electrons and photons. Therefore, we need to transform the parameters {J(.g) and Ci((l,))

to those defined in a fixed coordinate system in the laboratory frame, such as the

coordinate system (Ze, Ye, ze)-

Incident photon

For a head-on collision in the laboratory frame, the Stokes parameters &; (j=1,2,3)
of the incident photon in Eq. (2.11) are defined with respect to a coordinate system
(Z, 79, 2) which is fixed to the scattering plane (Fig. 2.3). The parameter 3 describes
the linear polarization of the photon along the z- or g-axis; the probability that
the incident photon is linearly polarized along these axes is 3(1+ &;) and (1 — &),
respectively. The parameter &; describes the linear polarization along the direction
at +£45° angles to the Z-axis; the probability that the photon is linearly polarized
along these directions is %(1 + &) and %(1 — &), respectively. The parameter &,
represents the degree of circular polarization of the incident photon.

The axes of Z, g and Z form a right hand coordinate system (Fig. 2.3). The Z-axis

is perpendicular to the scattering plane, i.e., i‘Hl; X /;’, and its unit vector é; is given

by
kx K
| k< K|

The y- and z-axes are in the scattering plane. The Z-axis is along the direction of E,
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F1GURE 2.3: Coordinate systems of Compton scattering of an electron and a photon
in a laboratory frame. (ze,9e,2.) is the coordinate system in which the incident
electron represented by the momentum vector p'is moving along the z.-axis direction,
the incident photon represented by the momentum vector hk is moving along negative
z.~axis, and the scattered photon represented by the momentum vector k' is moving
along the direction given by the polar angle 6 and azimuthal angle ¢;. Vectors k and
k' form the scattering plane. (Z,7, 2) is a right-hand coordinate system attached to
the scattering plane. The Z-axis is along the direction of E; Z-axis is perpendicular to
the scatter plane, i.e., iHl; x k': and fj-axis is in the scattering plane, i.e., QHE X (l; X
K ). (&',9,2') is another right-hand coordinate system attached to the scattering
plane. The Z’-axis is along the direction of K ; 7'-axis is the same to the Z-axis
perpendicular to the scatter plane, i.e., T’ ||l§ x k'; and 7/-axis is in the scattering
plane, i.e., g}’H/;’ X (l; X l;’)
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(a) Incident photon (b) Scattered photon (c) Incident electron
FiGUrE 2.4: Coordinate systems in the transverse z.-y. plane shown in Fig. 2.3l
The incident electron is moving out of the plane, incident photon is moving into the
plane, and scattered photon is moving out of the plane.

ie., éHE The §-axis is along the direction given by k x (lg x k' ), and its unit vector
¢ is given by
]g X él

|]€Xé1’ ( )

€2
For a linearly polarized incident photon, its polarization vector € in the coordinate

system (., Ye, ze) can be expressed as

(2.18)

€ = COSTTe + sin 7Y,,

where 7 is the azimuthal angle of the polarization vector shown in Fig.2.4.(a). In the
coordinate system (Z,7, Z) attached to the scattering plane, the polarization vector

can be expressed as

£ = €1é1 -+ €2é2, (219)
where
81:é'é1, 82:é'é2 (220)
are the projections of the polarization vector along 2- and gy-axes. Combining
Egs. (2.1), (2.2), (2.16), (2.17), (2.18) and (2.20), we can obtain
g1 = —sin(7 — ¢y), €3 = —cos(T — ¢Py). (2.21)
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The same results can also be obtained from Fig. 2.4.(a) by directly projecting the
polarization vector € along the z- and y-axes.
In the coordinate system (Z, 7, Z), the Stokes parameters ({1, &2, &3) related to the

polarization density matrix of the photon is given by [47]

2 * -
€1 €18 L 1+& & —ib
_ = - ) 2.22
p_(€15§ &3 ) 2(§1+Z§2 1—¢& (2.22)
Therefore,

£1 =165 +e16h, & =i(e16) —e168), &3 = €] — 5. (2.23)

Substituting Eq. (2.21) into Eq. (2.23), we can express the Stoke parameter £, &, &3
of the incident photon using the parameters defined in the coordinate system (., ye, 2e)

as follows
& = Ppsin(21 — 2¢y), & = P., & = —P,cos(21 — 2¢y), (2.24)

where P, and P, are the degree of linear and circular polarizations of the incident

photons in the laboratory frame.

Scattered photon

For the scattered photon, the Stokes parameters &, in Eq. (2.11) are defined with

respect to another right-hand coordinate system (Z’,¢’, Z’) which is also attached to
the scattering plane (Fig. 2.3). The 7’-axis is perpendicular to the scattering plane,
ie., :Z"HIZ X /g’, and it is the same as the Z-axis for the incident photon. The Z’-axis
is along the momentum direction of the scattered photon, i.e., z’ HE’ . The ¢-axis is
along the direction given by & x (lg x K ).

For Compton scattering of an ultra-relativistic electron, most scattered photons
are found in a small scattering angle (6; ~ 1/7). These scattered photons move
almost along the z.-axis direction. Therefore, the coordinate system (Z’,¢',Z) is
related to the laboratory frame coordinate system (., ye, z.) only with an azimuthal

angle —(m/2 — ¢y), neglecting the polar angle 6;. The relation between coordinate
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systems (',9', Z’) and (ze, Ye, ze) is shown in Fig. 2.4.(b). Thus, the transformation

between the Stokes parameters defined in these two coordinate systems is given by
£ = =& cos 20 + & sin 26y, & = &), & = —& sin2¢; — & cos 2¢y, (2.25)

where & are the Stokes parameters of the scattered photons defined in the coordinate

system (Ze, Ye, Ze)-

Incident electron

For the incident electron, the polarization vector ((i,(2,(3) in Eq. (2.11) is defined
with respect to the coordinate system (n1, ns, n3) which is attached to the scattering

plane [64-66]. The ni-axis is along the momentum direction of the electron, i.e., nq||p;
no-axis is in the scattering plane, i.e, ns||(k x k') x 7); and nz-axis is perpendicular
to the scattering plane, i.e., ngHIZ x k'. The relation between the coordinate systems
(n1,n9,m3) and (e, Ye, 2¢) is shown in Fig. 2.4.(c).

We can easily calculate the transformation between (23 and the polarization

parameters defined in the coordinate system (., ye, z.) as follows

Cl = 2)\0, CQ = _CJ_ COS(¢f — Ii), <3 = CJ_ Sin(d)f — li), (226)

where A, is the helicity of the electron in the laboratory frame, {, is the degree of
transverse polarization of the electron in the laboratory frame, and x the azimuthal
angle of the transverse polarization vector.

For the scattered electron, the expression of the polarization vector (), in the

laboratory frame is more complicated [66], and will not be discussed in this study.

2.3 Spatial and energy distributions of scattered photons

Using the Compton scattering cross section of Eq. (2.11) with the polarization quan-
tities given by Eqs. (2.24)—(2.26), we can study the spatial and energy distributions
of a gamma-ray beam produced by Compton scattering of monoenergetic electron

and photon beams with zero transverse sizes.
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Let us consider the Compton scattering of an unpolarized electron beam and a
polarized photon beam without regard to their polarizations after the scattering.
The differential cross section is obtained by setting &, (;, ¢ (554,49 = 1,2,3) to
zero in Eq. (2.11) and multiplying the result by a factor of 2 x 2 = 4 because of
the summation over all polarizations of scattered electrons and photons. Thus, the

differential cross section is given by

do r? 00
deﬁbf - X4y2 Z FOj fj
J

= f‘;;";f{m—gg) [(%—%)Z%—% +}l(£+§>}. (2.27)

The total cross section can be obtained by integrating Eq. (2.27) with respect to
Y and ¢ fo

1 48 18 1
w=2m?— (1= — |logl+ X))+ —— —— . 2.28
Tt WeX{( X X2> sl +X) 3+ % 2(1+X)2} (2.28)

Note that the Stokes parameter {3 depends on ¢¢; however, after integrating over
¢ the dependence vanishes. Neglecting the recoil effect (X < 1), we can simplify
Eq. (2.28) to

87rrz 87r7“§

=0, =6.65 x 1072 m? (2.29)

(1-X)~

Otot =~

which is the classical Thomson cross section (Eq. (1.2)).

2.3.1 Spatial distribution

For a head-on collision (¢; = 7) in the laboratory frame, according to Eq. (2.13) the

Lorentz invariant quantities X and Y are given by

_ 29E,(1+ ) v — 2vE,(1 — Bcosby)

mc? ’ mc2

X , (2.30)
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and

E 2

Substituting dY in Eq. (2.27), the angular differential cross section is given by

S0} )

(2.32)

do 82 1 1\ 1 1
e )4Pcos(2r — 2 S S
0 X2 {[ + P, cos(27 qbf)][(X Y) t=—y

where dQ = sin0;df¢d¢; and &3 has been replaced with the polarization parameters
given by Eq. (2.24)).

From Eq. (2.32)), we can see that the differential cross section depends on the
azimuthal angle ¢ of the scattered photon through the linear polarization degree P,
of the incident photon beam. For circularly polarized or unpolarized incident photon
beam (P; = 0), this dependency vanishes. Therefore, the distribution of scattered
photons is azimuthally symmetric. However, for a linearly polarized incident photon
beam (P, # 0), the differential cross section is azimuthally modulated. Therefore,
the gamma photon distributions is azimuthally asymmetric, being “pinched” along
the polarization direction of the incident photon beam. Figs. 2.5 and 2.6/ illustrate
the gamma-ray photon distributions at a location 60 meters downstream from the
collision point for both circularly and linearly polarized incident photon beams. From
the figures we can also see that the distribution of scattered photons has a sharp
peak along the direction of the incident electron beam. This demonstrates that the
gamma-ray photons produced by Compton scattering of a relativistic electron beam

and a laser beam are mostly scattered into the electron beam direction within a

narrow cone.

2.3.2  Energy distribution

For a head-on collision in the laboratory frame, it can be shown that

E.—-FE
Y—Xﬁe g

—_— m’ (2.33)
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FIGURE 2.5: The spatial distribution of Compton gamma-ray photons produced by
a head-on collision of a circularly polarized 800 nm laser beam with an unpolarized
500 MeV electron beam. The distribution is calculated for a location 60 meters down-
stream from the collision point. The left plot is a 3-dimensional intensity distribution,
and the right plot is the contour plot of the gamma-beam intensity distribution.
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FI1GURE 2.6: The spatial distribution of Compton gamma-ray photons produced by
a head-on collision of a linearly polarized 800 nm laser beam with an unpolarized
500 MeV electron beam. The polarization of the incident photon beam is along the
horizontal direction. The distribution is calculated for a location 60 meters down-
stream from the collision point. The left plot is a 3-dimensional intensity distribution,
and the right plot is the contour plot of the gamma-beam intensity distribution.
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Thus,

dy = -—Xx—729 (2.34)

Substituting dY in Eq. (2.27) and integrating the result with respect to the azimuth

angle ¢, we can obtain the energy distribution of scattered photons as follows

L1V 111X Y
X Y X Y 4\Y X

The energy spectrum calculated using Eq. (2.35) is shown in Fig. 2.7. The spec-

do 8mr?

dE,  X(BE.- E,)

. (2.35)

trum has a high energy cutoff edge which is determined by the incident electron and
photon energies according to Eq. (2.8). From Fig. 2.7, we can see the spectral flux
has a maximum value at the scattering angle ¢ = 0, and a minimum value around
the scattering angle §; = 1/. The ratio between them is about 2 with a negligible
recoil effect. This will be proved in the next section.

Note that the energy spectrum shown in Fig. 2.7 is for a Compton gamma-
ray beam without collimation. However, if the gamma-ray beam is collimated by a
round aperture with a radius of R and distance L from the collision point, the energy

spectrum will have a low energy cutoff edge, and its value can be calculated using

Eq. (2.7) with 6; = R/L.
2.3.83 Observations for a small recoil effect

For a small recoil effect (X < 1), we can approximate Eqgs. (2.32) and (2.35) to draw

several useful conclusions.

For convenience, we first define

1 1\ 1 1 1/X Y
f(Y):(}—?) —i—y—?‘l—z(?—l—}). (2.36)
Using the inequality Eq. (2.15), it can be found that
1 24+ X
<fv)y< T2 (2.37)

41+ X) 4
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FI1GURE 2.7: The energy distribution of Compton gamma-ray photons produced by a
head-on collision of a 800 nm laser beam with a 500 MeV electron beam. The scaled
scattering angle vy by the electron Lorentz factor versus the gamma-ray photon
energy is also shown in the plot. The solid line represents the energy distribution of
the gamma-ray photons, and the dash line represents the relation between the scaled
scattering angle and photon energy.

approximately (with a negligible recoil effect, X < 1),

<fY) <. (2.38)

A~ =
N | —

Thus, the maximum and minimum spectral flux of the Compton gamma-ray beam

are given by

do 872 2+ X
max — < 5 2.39
(dEg) X(BE.— E,) 4 ( )
and
do 8712 1
i = e . 2.40
(dEg) X(BE. — Ep) 4(1+ X) ( )
The ratio between them is
(do/dE,)mas
-— L 2 =24+ X)(1+X)~2 2.41
(@0 /0B, Join 2+X)1+X) =2, (2.41)
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which is shown in Fig. 2.7.
When 0¢ = 0, we can have

E, ~4v’E,, Y ~ X(1 — X). (2.42)

Substituting Y in Eq. (2.36), we have f(Y) &~ 1/2. Thus, the spectral flux has a

maximum value around the scattering angle #y = 0. When §; = 1/, we can have
9 X
E,~2y°E,, Y ~ X(1 - 5) (2.43)

Substituting Y in Eq. (2.36), we have f(Y) & 1/4. Therefore, the spectral flux has
a minimum value around the scattering angle #; = 1/7. These results are shown in
Fig. 2.7.

In terms of the total scattering cross section of Eq. (2.29), the maximum spectral

flux of Eq. (2.39) can be approximated by

A . 3(2 X A pmax A pmax
Omaz (2+X) AL, ~15—2—. (2.44)
Otot 4(1 — X ) Eglax E;nax

This is a simple formula which can be used to estimate the portion of the total
gamma-ray flux with a desirable energy spread AE™® after collimation.

According to Eq. (2.32), it can also be calculated that the angular intensity at
the scattering angle 6y = 1/ is about 1/8 of the maximum angular intensity at the
scattering angle 6y = 0.

In addition, integrating Eq. (2.27) over the entire solid angle of the cone of half-
opening angle 1/7, i.e., integrating ¥ over the range of X(1—-X/2) <Y < X(1-X)
and ¢ over the range from 0 to 27, we can have

4rr
U|9f:0~1/7 ~ 9

3

o N

(2.45)

Comparing Eq. (2.45) to the total cross section of Eq. (2.29), we can conclude that

about half of the total gamma-ray photons are scattered into the 1/ cone. This can
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be explained by considering the Compton scattering in the electron rest frame. In
this frame, Compton scattering process is just like “dipole” radiation: the gamma-
ray photons are scattered in all the directions, one half of the gamma photons are
scattered into the forward direction, and the other half into the backward direction.
When transformed to the laboratory frame, the gamma-ray photon scattered into
the forward direction in the rest frame will be concentrated in the 1/ cone in the

laboratory frame.

2.4 Polarization of scattered photons

To study the polarization of the photon after scattering, the Stokes parameters 55-,

in Eq. (2.11) need to be considered. For polarized photons scattering with unpo-
larized electrons without regard to the scattered electron polarization, the Compton

scattering cross section as a function of the Stokes parameters f;, is given by setting

Gi, ¢4 (3" =1,2,3) equal to zero in Eq. (2.11) and doubling the result, i.e.,

do 2r2
dvde; X2

3

(Fo+ Y Fig), (2.46)
=1

where

1 1 {%1 1+1 X+Y 1 12+ 1 1 :
X Y X Y 4\y " Xx X Y X Y /)|

a (1) (3-1) e
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In the laboratory frame, substituting §; and & using Eqgs. (2.24) and (2.25), and

assuming the incident photon is horizontally polarized (7 = 0), we can have

do 2r?
dYde; X2

3
(‘bo + Z q%f;) ) (2.48)
i=1

where
o 11 2+1 1+1 X Y N 1 1\* 1 P cos 2
S I (i E — - — — — = cos
T\X Y X v 4a\y "X X v X Y| P
1/1 1 2 1\* 1 .
D, 5(}—?—1—1> P, sin4gy + (}—?> X v sin2¢y,
1/X Y\N/2 2
‘1)2—1(?*})(}—?“)3’
1 1 1 , 1 1\ 1 1 1
va== (g rp) Pt | () x| et
+ L dir0ol 2+1 L 26 (2.49)
~ — dirboy; Xy | o829 :

It should be noted that the Stokes parameters £/ describe the polarization of the
scattered photon selected by a detector, not the polarization of the photon itself.

In order to distinguish them from the detected Stokes parameters £/, we denote
the Stokes parameters of the scattered photon itself by £Z.f . According to the rules

presented in section 65 of [47], & are given by

D;
¢ = - (2.50)
Integrating Eq. (2.48) over the azimuthal angle ¢ gives
do  2r? 2 _
v X2 {@0) + Z(¢z>< D} ; (2.51)
i=1
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where

o = (33 e h 3R]
(1) = 0,
oo - +(L-2)'n. s

Therefore, the averaged Stokes parameters of the scattered photons over the angle

¢y are given by <£zf ) = %, which depend on the incident photon polarization and

variables X and Y.
For 100% horizontally polarized incident photons (P, = 1, P. = 0,7 = 0), the

average Stokes parameters of the scattered photons are given by,

€)= g =0
€ = -0
ey = 22 _ 2Ax =5 )" . (2.53)

Clearly, the scattered photons retain the polarization of the incident photons. (53{ )
as a function of the scattered photon energy is shown in Fig. 2.8. The scattered
photons are produced by a head-on collision of a 100% horizontally polarized (P, =
1, P. = 0,7 = 0) 800 nm laser beam with an unpolarized 500 MeV electron beam. It
can be seen that the average Stokes parameter (§§: ) of scattered gamma-ray photons
is almost equal to 1 around the maximum scattered photon energy with a negligi-
ble recoil effect, which means the scattered gamma-ray photons are almost 100%

horizontally polarized around the maximum scattered photon energy.
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FIGURE 2.8: The average Stokes parameter (fg ) of Compton gamma-ray photons
produced by a 100% horizontally polarized (P, = 1,P. = 0,7 = 0) 800 nm laser
beam head-on colliding with an unpolarized 500 MeV electron beam.

For 100% circularly polarized incident photons (P. = 1, P, = 0), the average

Stokes parameters of scattered photons are given by

€)= gy =0

fo_ (@) GHRE-F+D
R )

o= (%) _

(&) = @) 0. (2.54)

<§§ ) as a function of the scattered photon energy is shown in Fig. 2.9, The scattered
photons are produced by a head-on collision of a 100% circularly polarized 800 nm
laser beam with an unpolarized 500 MeV electron beam. We can see that at the
maximum scattered photon energy, the average Stokes parameter <§§ ) is equal to
—1, which means the scattered gamma-ray photons are 100% circularly polarized but
with a reversed helicity of the incident laser beam. Therefore, the Compton scattered
gamma-ray beam retains the polarization of the incident laser beam. However, the

helicity of the beam is flipped at the maximum scattered photon energy, i.e., the

33



0.5¢

-0.5¢

I 1 2 3 4 5 6
Gamma-ray energy (MeV)

FIGURE 2.9: The average stokes parameter <§{ ) of Compton gamma-ray photons
produced by a 100% circularly polarized (P, = 0, P. = 1,7 = 0) 800 nm laser beam
head-on colliding with an unpolarized 500 MeV electron beam.

left-circularly polarized laser beam is scattered into the right-circularly polarized

gamma-ray beam after scattering.
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3

Compton scattering of an electron beam and a
photon beam

In the previous Chapter we have studied the spatial and energy distributions of a
Compton gamma-ray beam using the “particle-particle” scattering theory. In this
theory, we assume monoenergetic electron and laser beams with zero transverse beam
sizes. However, in the reality, electron and laser beams have finite spatial and energy
distributions, which could alter the gamma-ray beam distribution. Therefore, there
remains a need to study the characteristics of the gamma-ray beam produced by
Compton scattering of a laser beam and an electron beam with varying spatial and
energy distributions, i.e., the “beam-beam” scattering.

In this Chapter, we discuss the beam-beam scattering theory. First, we derive a
formula to estimate the total flux of a Compton gamma-ray beam. Then, we develop
two approaches, an analytical method and a Monte Carlo simulation method, to
study the spatial and energy distributions of a Compton gamma-ray beam. Based
upon these methods, two computing codes, a numerical integration code and a Monte

Carlo simulation code, are developed. These two codes have been applied to study
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F1GURE 3.1: Compton scattering of a pulsed electron beam and a pulsed laser beam
in the laboratory frame. Two coordinate systems are defined to describe electron
and laser beams: the first coordinate system (x,y, z) is the electron-beam coordinate
system in which the electron beam is moving along the z-axis direction; the (z, y;, 2;)
system is the laser-beam coordinate system in which the laser beam is propagated in
the negative zj-axis direction. The coordinate systems (z,y, z) and (x;,y;, ;) share
the same origin.

the spatial and energy distributions of a Compton gamma-ray beam, after being
benchmarked against the experimental results at the High Intensity Gamma-ray

Source (HIvS) facility at Duke University.
3.1 Geometry of beam-beam scattering

Figure 3.1 shows Compton scattering of a pulsed electron beam and a pulsed laser
beam in the laboratory frame. To describe the electron and laser beams in this
frame, two coordinate systems are defined: the first coordinate system (x,y,z) is
the electron-beam coordinate system in which the electron beam is moving along the
z-axis direction; the (zy, 1, z;) system is the laser-beam coordinate system in which
the laser beam is propagated in the negative zi-axis direction. These two coordinate
systems share a common origin. The time ¢t = 0 is chosen for the instant when the
centers of the electron and laser pulses arrive at the origin. The definition of these
two coordinate systems allows the study of the Compton scattering process with an
arbitrary collision angle, i.e, the angle between z-axis and negative z-axis. For a
head-on collision, the collision angle equals 7. In this case, the electron and laser

coordinate systems become identical.
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In these coordinate systems, the electron and laser beams with Gaussian distri-
butions in their phase spaces can be described by their respective intensity functions

as follows

1 Vo? + 20,20 + Bya?
fe(@,y, 2,2y, p, t) = exp |—

(27)3e,e40,0; 2¢e,

w20y + By (p—po)® (2 —ct)?
2e, 207 202 ’

—_— e pa—
2 2 2 2 2
Amso,010%, [ 20, 20; 207,

24y (m+at)? (k—ky)?
Tolze, i, 21, k1) = ity (atet)” 0)]’

(3.1)

0w = \/Aﬁo (H%) (3.2)

c is the speed of light; p is the momentum of an electron, and p, is the centroid

where

momentum of the electron beam; ' and vy’ are the angular divergences of the electron
in the x and y directions, respectively; oy, 3;, and 7., are Twiss parameters of
the electron beam; o0, o, and €., are the electron beam momentum spread, RMS
bunch length, and emittance, respectively; k is the wavenumber of the laser photon,
and kg is the centroid wavenumber of the laser beam. (3, o, and o; are the Rayleigh
range, energy spread and bunch length of the laser beam. Note that the waist of the

laser beam is assumed to be at the origin.
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3.2 Total flux of a Compton gamma-ray beam

The number of collisions occurring during a time dt¢ and inside a phase space volume

d3p d3k dV of the incident laser and electron beams is given by [48]

AN (r, p.k, 1) = 010r(p, K)\/ (7 — )2 = (3 % )20 (x, p, D)y (1, K, ) Ak AV dt
— 01ot(D, K)e(1 = 3 - k/|E])ne(r, p, t)ny(x, k, £)d®p Ak AV dt,  (3.3)

where g, (p, k) is the total Compton scattering cross section which is determined by
the momenta of the incident electron and laser photon, p and kk (A is the reduced
Planck constant); ¢, and @), are the velocities of the electron and photon, and 5 =
Ue/c; ne(r,p,t) = Nefe(r,p,t) and ny(r,k,t) = N,f,(r,k,t), where f.(r,p,t) and
fp(r,k,t) are the phase space intensity functions of electron and laser pulses, and
N, and N, are the total numbers of electrons and laser photons in their respective
pulses.

To calculate the total number of scattered gamma-ray photons produced by each
collision, Eq. (3.3) needs to be integrated for the entire phase space and the collision

time, i.e.,
Ntot = / dN(I', b, k7 t)

~ NN, / (D, K)e(1— 3 08 0) o (r, p, 1) fo (1, K, £)dPp dF AV . (3.4)

where 6; is the collision angle between the incident electron and laser photon. As-
suming collisions occur at the waists of both beams (o, = ay = 0,0, = \/ABo/(47)),

the spatial and momentum phase space can be separated in the density functions,

ie, fe(r,p,t) = fe(r,t)fe(p) and f,(r,k,t) = f,(r,t)f,(k). Since the cross section

010t (P, k) only depends on p and k, we can have

Ntot - NeNp/‘Cchtot(pa k)fe(p)fp(k>d3p dgka (35)
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where
Ls. = c(1 — [cosb;) / fe(r,t) fp(r, t)dVdt (3.6)

is the single-collision luminosity defined as the number of scattering events produced
per unit scattering cross section, which has dimensions of 1/area. For a head-on
collision (#; = m) of a relativistic electron (5 ~ 1) and a photon, the single-collision

luminosity can be obtained by integrating Eq. (3.6) and the result is given by

1
27r\/% + ﬁmax\/% + Byey

‘Csc = (37)

In this case, the luminosity L. is independent of the momenta of the incident elec-

trons and photons. Thus, Eq. (3.5) can be rewritten in a simple form
Ntot = NeNpﬁscma (38)

where T, is the total Compton scattering cross section averaged over the momenta of
the incident electrons and photons. Neglecting the energy spread of the electrons and
photons, @, can be approximated by 0., (p, k) of Eq. (2.29), which can be further
simplified to the Thomson scattering cross section ol, of Eq. (1.2) if neglecting the
recoil effect.

If the beam-beam collision rate is fy, the gamma-ray flux is given by

dNy,
d; t — NeNp‘Cscme' (39)
In practical units,
ANt . 4 13 [[A]P[W]A[m] L. [m 2|75, [m?]
=3.14 x 10 3.10
ar & 1= 31X o1z / 510

where [ is the average current of the electron beam, P is the average power of the
laser beam, and A is the laser wavelength. I = AQ - fo and P = AFE - fy, where AQ

and AFE are the charge and energy of the electron and laser pulses, respectively.
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X A coIIimatIion plane
_} detection

FIGURE 3.2: Geometric constraint for a scattered gamma-ray photon. The diagram
only shows the projection of the constraint in the z-z plane.

3.3 Spatial and energy distributions: analytical calculation

To obtain the spatial and energy distributions of a Compton gamma-ray beam,
the differential cross section should be used instead of the total cross section in
Eq. (3.4). In addition, two constraints need to be imposed during the integration of
Eq. (3.4) [50,51].

First is the geometric constraint, which assures the gamma-ray photon generated
at the location 7 can reach the location 7 shown in Fig. 3.2, In terms of the position

vector, this constraint is given by

k' Tg—T

ro_TaTmr 11
k| |Ta—T] (3.1

where &’ represents the momentum of the gamma-ray photon; 7 = (z,y, z) denotes
the collision point; and 7; = (%4, ya, 2¢) denotes the detection point. Due to the
finite spatial distribution and angular divergence of the electron beam, a gamma-
ray photon reaching the location 7; can be scattered from an electron at different

collision points with different angular divergences.
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The constraint of Eq. (3.11) projected in the x-z and y-z planes is given by

LTqg— X
9:64—.1'/: dL 79y+y/:

Ya — Y

- (3.12)

Here, 0, and 0, are the projections of the scattering angle ¢ in the x-z and y-z planes,
ie., 0, =0pcosdy, 0, = 0;sing; and 63 = 62 + 95, where 0; and ¢ are the angles
defined in the electron coordinate system (., ye, z.) in which the electron is incident
along the z.-axis direction (Fig.3.2). 2’ and 3/ are the angular divergences of the
incident electron, i.e., the angles between the electron momentum and z-axis. L is
the distance between the collision plane and the detection plane (or the collimation
plane). Note that a far field detection (or collimation) has been assumed, i.e., L > |7
and L =~ |7].

The second constraint is the energy conservation. Due to the finite energy spread
of the electron beam, the gamma-ray photon with an energy of £, can be scattered
from the electron with an energy of ymc? and scattering angle of ;. Mathematically,
this constraint is given by

NE, — Ey), (3.13)
where

P 49°E,
! 14+75%0% + 45E, /mc?

(3.14)

Imposing the geometric and energy constraints in Eq. (3.4), the spatial and energy
distributions of a Compton gamma-ray beam can be obtained by integrating all the
individual scattering events, i.e.,

dN(Eg7 Td, Yd
dQ,dE,

do . -
) ~ NeNp/d—Q(S(Eg — Ey)e(1 = Beost;) fe(z,y, 2, 2",y p, t)
X fo(z,y, 2, k, t)da" dy' dp dk dV dt, (3.15)

where dQy = dxgdys/L?, and do/dS) is the differential Compton scattering cross
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section. Note that a head-on collision between electron and laser beams has been as-
sumed, and the density function f.(r, p,t) has been replaced with f.(z,y, z,2', v/, p, t)
of Eq. (3.1) under the approximation p, ~ p for a relativistic electron beam. In addi-
tion, the integration [ --- f,(r,k, t)d®k is replaced with [ --- f,(z,y, 2, k, t)dk, where
fp(x,y, 2, k, t) is defined in Eq. (3.1). Integrations over dk, and dk, have been carried
out since the differential cross section has a very weak dependency on k, and k, for
a relativistic electron beam.

Assuming head-on collisions for each individual scattering event (6; = 7 and
do /dS) is given by Eq. (2.32)), neglecting the angular divergences of the laser beam
and replacing 2’ and y' with 6, and 6, we can integrate Eq. (3.15) over dV,dt and

dp and obtain (see Appendix [A)

dN(Ey, v4,vq) r2L*N.N, / / VAE,/Eg  (Ozmax 1 .
dE,dzsdy, 4m3heByo o VA By ) 0umas \/ CeCyO6200y 1+ 27E, /e

{ 1
>< p—
4
xexp | — (0, — 96‘2d/L)2 . (0, — de/L)Z . (v —)? (k ko)?
205, 209y 203 2<7k

4’)’2Ep Eg(l + 729]20)
(1,2 a7,

202
Y ef
— 9¢cos(T —
COSs (T ¢f)(1+’720}2¢)2}

]d& dé,dk,

(3.16)
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where

_  Bovo , 2kBoe. 21%596 s
G=1+(w—7)+ B S CG=1+4 \/7

Byva | 2kByey Qkﬂyé‘y £,
€ =1+ (o — 2224 200w e S |
OE,
b: + 032” Omar = 4L,/ Ey = ‘93: Oy = mc?’
2F ., FE 2 4FE. — F 62
4By = Bofy ABZE, [ (m)?

and 7 is the azimuthal angle of the polarization vector of incoming laser beam and
og, is the RMS energy spread of the electron beam.

In a storage ring, the vertical emittance of the electron beam is typically much
smaller than the horizontal emittance. For a Compton scattering occurring at a
location with the similar horizontal and vertical beta functions (3, ~ f,), the vertical
divergence of the electron beam can be neglected. In addition, the photon energy
spread of a laser beam is small, and its impact can also be neglected. Under these
circumstances, the cross section term in Eq. (3.16) has a weak dependence on 6,
(~ yq/L) and k (= ko). With the assumption of an unpolarized or circularly polarized
laser beam, Eq. (3.16) can be simplified further after integrating 6, and k:

dN(Eg’ L, yd) ~ TSLzNeNp /ezmaz ’7
dE,dzdyq - 2m2hcBov/ G0y 00n J g, 1+ 27E,/mc?
X 1 1 E, Ey(1++%0%) B 7207
4| By(1+7707) 172E, (1+262)2
(0 = xa/L)* (v = )*
N - 1
X exp 207 202 dé,., (3.18)
where meax = \/4 yd/L)
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The integrations with respect to k, 6, and 6, in Eq. (3.16) or 6, in Eq. (3.18)
must be carried out numerically. For this purpose, a numerical integration Compton
scattering code in the C++ computing language (CCSC) has been developed to
evaluate the integrals of Egs. (3.16) and (3.18)).

With the detailed spatial and energy distributions of the Compton gamma-ray
beam AN (E,, x4, ya4)/(dE,dzedy,s), the energy spectrum of the gamma-ray beam col-
limated by a round aperture with a radius of R can be easily obtained by integrating

AN (Ey, x4, ya)/(dEydzedy,) over the variables x4 and y, for the entire opening aper-

ture, i.e., /22 +y2 < R2.

The transverse misalignment effect of the collimator on the gamma-ray beam
distributions can be introduced by replacing x4 and yg with x4 + x. and yg + .
in Eq. (3.16) or Eq. (3.18), where x. and y. are the collimator offset errors in the

horizontal and vertical directions, respectively.

3.4 Spatial and energy distributions: Monte Carlo simulation

In the previous section, we have analytically calculated the spatial and energy distri-
butions of a Compton gamma-ray beam. However, to simplify the calculation several
approximations have been made: head-on collisions for each individual scattering
event, a negligible angular divergence of the laser beam, and far field collimation.

A completely different approach to study Compton scattering process is to use
a Monte Carlo simulation. In this way, effects that cannot be easily accessed ana-
lytically can be accounted for. For example, using a Monte Carlo simulation we can
study the scattering process for an arbitrary collision angle.

With this motivation, we developed a Monte Carlo Compton scattering code. In

following sections, the algorithm of this code is discussed.

3.4.1 Simulation setup

At the beginning of the collision, both the electron and laser pulses are placed away

from the origin shown in Fig. 3.1, and the pulse centers arrive at the origin at the
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same time (¢t = 0). The collision duration is divided into a number of time steps,
and the time step number represents the time in the simulation. For example, the
collision duration is divided into 200 time steps, and at the time step 100, centers of
the electron and laser pulses both arrive at the origin.

Due to a large number of electrons in the bunch, it is not practical to track each
electron in the simulation. Therefore, the electron bunch is divided into a number of
macro particles (for example, 10%), and macro particles are tracked in the simulation.

The phase space coordinates of each macro particle are sampled at time ¢ = 0.
For an electron beam with Gaussian distributions in phase space, the coordinates

are sampled according to the electron beam Twiss parameters as follows [69, 70]

z(0) = +/2u1e,0; cos ¢y,
IL‘/(O) = vV 2u15x/6x<05a: COSs le + sin ¢1)a
Z/(O) = vV 2U2€y5y COS (2,

y'(0) = —1/2use,/By(v, cos o + sin ¢y),

2(0) = o,
Ee = Eo(l—i—O'EeT’Q), (319)

where u; 9 are random numbers generated as random variables with probability dis-
tribution functions of e™"*2, r; 5 are random numbers generated according to a Gaus-
sian distribution with a zero mean and unit standard deviation, and ¢, » are uniform
random numbers between 0 and 27w. The coordinates of macro particles at any other
time ¢ can then be obtained by transforming the coordinates given by Eq. (3.19).
The Compton scattering is simulated according to the local intensity and mo-
mentum of the laser beam at the collision point. The intensity of laser beam at
the collision point (z,y, z) in the electron-beam coordinate system can be calculated

according to Eq. (3.1) using the laser-beam coordinates (x;,y;, ;) transformed from

(,y,z). The momentum direction k of the photon at the collision point (x,y, 2)

can be calculated in the view of electromagnetic wave of the photon beam. For a
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Gaussian laser beam, its propagation phase v (z;, 1, z;) in the laser-beam coordinate

system is given by [69,71]

x? +y2
= ik — ik —t L. 3.20
U(x,y, ) Rz — 1 1212(5(2)‘1‘212)7 ( )

the wavevector (the momentum of photon l;l) is given by &, = U (z1, Y1, z1). Thus,

R 1 . . .
k; ~ —ﬁ(cm + U + Z1), (3.21)
V1t +o
where
T2 Yz
1= ——>, Cog = . 3.22
Bra PR (3.22)

The unit vector k; expressed in the electron-beam coordinate system givs the mo-

mentum direction of the laser photon in this coordinate system.

3.4.2  Simulation procedure

At each time step, the Compton scattering process is simulated for each macro
particle. The simulation proceeds in two stages. In the first stage, the scattering
probability is calculated using the local intensity and momentum of the laser beam.
According to this probability, the scattering event is sampled. If the scattering
happens, a gamma-ray photon will be generated, and the simulation proceeds to
the next stage. In the second stage, the energy and momentum direction of the
gamma-ray photon are sampled according to the differential Compton scattering
cross section. The detailed simulation procedures for these two stages are presented

as follows.

First stage: scattering event

Since the energy and momentum direction of the gamma-ray photon are not the
concern at this stage, the total scattering cross section is used to calculate the scat-

tering probability. According to Eq. (3.3), the scattering probability P(r,p,k,t) in
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the time step At for the macro particle at the collision point (z,y, z) is given by
P(r,p,k,t) = 0rr(p, K)e(1 — 3+ k/|E|)ny(x, y, 2, k, t) At (3.23)

where n,(z,y, 2, k,t) and k are the local density and wavevector of the photon beam,
respectively; o, (p, k) is the total scattering cross section given by Eq. (2.28)).
According to the probability P(r,p,k,t), the scattering event is sampled using
the rejection method as follows [72, 73]: first, a random number r3 is uniformly
generated in the range of [0,1]; if r3 < P(r,p,k,t), Compton scattering happens;
otherwise the scattering does not happen, and the above sampling process is repeated

for the next macro particle.

Second stage: gamma-ray energy and direction

When a Compton scattering event happens, a gamma-ray photon is generated. The
simulation proceeds to the next stage to determine the energy and momentum di-
rection of the gammarray photon. For convenience, the sampling probability for

generating gamma-ray photon parameters is calculated in the electron-rest frame

/

’) in which the electron is at rest and the laser photon is

coordinate system (z,y., z
propagated along the z.-axis direction.

Since the momenta of macro particles and laser photons have been expressed in
the electron-beam coordinate system (z,y, z) in the lab frame, we need to transform
the momenta to those defined in the electron-rest frame coordinate system (2, y., z.).
The transformations between them are illustrated in Fig. 3.3 After transformations,
the sampling probability for generating the scattered gamma-ray photon energy and
direction can be easily calculated in the electron rest frame as follows.

In the electron-rest frame coordinate system (z,v.,z.), according to Eq. (2.4)

the scattered photon energy is given by

1 1 1
== E+@(1 — cosf'), (3.24)
9 P

where 0’ is the scattering angle between the momenta of the scattered and incident
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FIGURE 3.3: Transformations between the lab-frame electron-beam coordinate sys-
tem (z,y, z) and the electron-rest-frame coordinate system (x.,y., z.). First, in the
lab frame, a rotation is performed to transform the coordinate system (zx,y, z) to the
system (2, Ye, 2¢) in which the electron moves along the z.-axis. Then, a Lorentz
transformation is performed between the lab frame (x., ye, z.) and the electron rest
frame (2/, 4y, 2'). Finally, in the electron rest frame, the coordinate system (z’,1/, 2’)
is rotated to the coordinate system (x.,v.,z.) in which the photon is propagated
along the z/-axis.

photons (Fig. 3.3.(d)); Ej and E; are the energies of the scattered and incident

photons, and Ej is in the range of

!
P ___ < F <E. 3.25
1+2E;,/mc2 — 8P ( )

In the electron-rest frame coordinate system, we can simplify the Lorentz invari-

ant quantities X and Y in Eq. (2.27) to obtain X = 2E)/mc* and Y = 2E] /mc*.
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As a result, the differential cross section is given by

d? 2 2 2 2\ 2 2 2 B B

o= acwir - )| (BB (e Y | B T

Eg 0] 2 Ep Ep Eg Ep Eg Eg Ep
(3.26)

where 7’ is the azimuthal angle of the polarization vector of the incident photon, and
¢’ is the azimuthal angle of the scattered photon (Fig. 3.3.(d)).

The scattered photon energy E and the azimuthal angle ¢ are sampled according
to the differential cross section of Eq. (3.26). Since Eq. (3.26) depends on both £}, and
¢, the composition and rejection sampling method [72,73] is used to sample these
two variables. To sample the scattered gamma-ray photon energy FE;, Eq. (3.26)

needs to be summed over the azimuthal angle ¢’ and written as

do 2m02 QE;)
dE; =TT, EI’? (2 + @)f(E;% (327)
where
1 me2 me?\? me2 mc? E' FE!
f(E,) 2+ 28] /mc? (E{o E;) + (E;, E{,})+E;+E; , (3.28)

and 0 < f (E;) < 1 for any E,. Now, the scattered gamma-ray photon energy
E; can be sampled according to f(E) as follows: first, a uniform random number
B is generated in the range given by Eq. (3.25), and 74 in the range of [0,1]; if
ry < f (E;), E is accepted, otherwise the above sampling process is repreated until
E; is accepted. If E| is accepted, the scattering angle ' can be calculated using
Eq. (3.24).

After the scattered gamma-ray photon energy E is determined, the azimuthal
¢' angle is sampled according to

d*o do

g(¢") = dE;d¢,/dE;.

(3.29)
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In this sampling process, a uniform random number ¢’ is first generated between
0 and 27. Then a uniform random number r5 is produced between 0 and 1; if
rs < g(¢'), the angle ¢ is accepted; otherwise repeat the above sampling process
until ¢’ is accepted.

After obtaining the gamma-ray photon energy £y, and the angles ' and ¢ in
the electron-rest frame coordinate system, we need to transform these parameters to
the lab-frame coordinate system. In the meantime, the momentum of the scattered
electron is also computed. This electron can still interact with the laser photon in
following time steps.

The algorithm discussed above is summarized in Fig. 3.4. Based upon this al-
gorithm, a Monte Carlo Compton scattering code (MCCMPT) has been developed
using the C++ language.
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3.5 Benchmark and applications of Compton scattering codes

We have developed two computer codes: the numerical integration Compton scat-
tering code (CCSC) based upon the analytical expression given by Eq. (3.16), and
the Monte Carlo Compton scattering code (MCCMPT) based upon the algorithm
shown in Fig. 3.4 These two codes have been applied to study characteristics of a
Compton gamma-ray, after being benchmarked against the experimental results at
the HI~S facility.

The calculated energy spectra of the gamma-ray beams using these two codes
are shown in Fig. 3.5, Two conditions of the collimator alignment are studied:
the collimator is perfectly aligned with the gamma-ray beam (Fig. 3.5.(a)) and the
collimator is misaligned with the gamma-ray beam (Fig. 3.5.(b)). The solid curve
represents the spectra calculated using the numerical integration code CCSC, and
the circles represent the spectra simulated using the Monte Carlo simulation code
MCCMPT. We can see that these two codes can produce very close results for either
conditions of the collimator alignment.

These codes were benchmarked against the measured energy spectra of gamma-
ray beams produced at the HIyS facility. Fig. 3.6 shows comparisons between the
measured and calculated spectra of two typical HIyS beams with different sizes of
the collimation apertures. For the beam with a small collimation aperture, the
energy spectrum is more like a Gaussian distribution (Fig. 3.6.(a)). However, for a
large collimation aperture, the gamma-ray beam energy spectrum is not Gaussian
(Fig. 3.6L(b)). In both cases, the measured and calculated spectra agree very well.

The gamma-ray beam energy spread is mainly determined by the collimation
aperture, electron beam energy spread and electron beam emittance. The contri-
bution of these parameters to the gamma-ray beam energy spread are shown in
Table 2.1, In some literature [24,74], a simple quadratic sum of individual contribu-

tions was used to estimate the energy spread (FWHM) of the Compton scattering
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FIGURE 3.5: Gamma-ray beam energy spectra calculated using two different meth-
ods under two conditions of the collimator alignment. (a) The collimator is aligned;
(b) the collimator has a 4 mm offset in the horizontal direction. The solid curves rep-
resent the spectra calculated using the numerical integration code CCSC. The circles
represent the spectra simulated using the Monte Carlo simulation code MCCMPT.
The electron beam energy and energy spread are 400 MeV and 0.2%, respectively.
The electron beam horizontal emittance is 10 nm-rad, and the vertical emittance is
neglected. The laser wavelength is 600 nm without the consideration of the energy
spread. The collimator with an aperture radius of 12 mm is placed 60 m downstream
from the collision point.
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FIGURE 3.6: Comparisons between the calculated and me(asured energy spectra
of HIyS beams. The CCSC code is used to calculate the spectra. (a) A 422 MeV
electron beam scattering with a 545 nm laser beam with a collimation aperture radius
of 6 mm; (b) A 466 MeV electron beam scattering with a 789 nm laser beam with a
collimation aperture radius of 12.7 mm.
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gamma-ray beam as follows

AE, AEN?
TN\/(? Ee) +(7A0) (330)

g

Here, A0 = /AO% + AH? is the effective angular spread due to the electron beam
divergence and collimation aperture, where Af, = 2v/2In2+/¢/3 and A, = R/L.

Since the electron beam divergence and the gamma-beam collimation have non-
Gaussian broadening effects on the gamma-beam spectrum (Chapter (6), i.e., cause
the spectrum to have a long energy tail as shown in Fig 3.6.(b), the energy spread
of the gamma-ray beam cannot be given simply by the quadrature sum of differ-
ent broadening mechanisms. The realistic gamma-ray beam energy spread must be
calculated using either a integration method or a simulation method.

For a small collimation aperture (72A6? < 2AE,/E.), the contribution due to
the electron beam energy spread dominates the gamma-ray beam energy spread.
Therefore, the gamma-ray beam energy spectrum is a Gaussian-like (Fig. [3.6.(a)) if
the electron beam has a Gaussian energy distribution. In this case, the gamma-ray
beam energy spread (FWHM) is estimated to be 2AFE,/E,. For a large collimation
aperture (v2A60? > 2AFE./E,), the contribution due to the collimation aperture
dominates the gamma-ray beam energy spread. In this case, the FWHM gamma-
beam energy spread can be estimated by v2A#2. When v2A#? is comparable to
2AFE,./E,, the gamma-beam energy spectrum deviates from a Gaussian shape with
a low energy tail, and its energy spread cannot be estimated by the quadrature sum
of different broadening mechanisms.

Figure 3.7/ shows the spatial distribution of the gamma-ray beam simulated by
the MCCMPT code for circularly and linear polarized incoming laser beams. For
comparison, the measured spatial distributions of gamma-ray beams using the re-
cently developed gamma-ray imaging system (Chapter [5) are also shown in the figure.
It can be seen that for a circularly polarized incoming laser beam, the distribution

is symmetric; for a linearly polarized incoming laser beam, the gamma-ray beam
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Ficure 3.7: Spatial distributions of Compton gamma-ray beams for different po-
larizations of the incoming laser beams. The gamma-ray beams were produced by
Compton scattering of a 680 MeV electron beam and a 378 nm FEL laser beam.
The observation plane is about 27 meters downstream from the collision point. The
upper plots are the simulated images using the MCCMPT code. The lower ones are
the measured images. The left images are for the circularly polarized OK-5 FEL
laser. The right images are for the linearly polarized OK-4 FEL laser.

distribution is asymmetric, and is “pinched” along the direction of the laser beam
polarization.

The MCCMPT code can also be used to study the temporal pulse profile of
a Compton scattering gamma-ray beam. Fig. 3.8 shows the pulse profiles of the
gamma-ray beams produced by electron beams with different pulse lengths. It can
be seen that for a head-on collision the pulse length of the gamma-ray beam is
dominated by that of the incident ultra-relativistic electron beam not the laser pulse.
This has been explained in [5].

More examples using CCSC and MCCMPT codes to study Compton gamma-ray

beams will be discussed in Chapters 4 and 6.
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FIGURE 3.8: Temporal pulse profiles of Compton scattering gamma-ray beams
produced by electron beams with different pulse lengths. The electron beam energy
is 400 MeV, and the laser wavelength is 600 nm. The RMS pulse lengths of laser
beams are fixed to 12.7 ps, and the RMS pulse length of electron beams is varied
from 3 ps to 36 ps.
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4

An end-to-end spectrum reconstruction method

Compton scattering of a relativistic electron beam and a laser beam has been used
to generate a gamma-ray beam at the High Intensity Gamma-ray Source (HIvS)
facility at Duke University. This gamma-ray beam, so-called the HIyS beam, has
been used for a wide range of research including nuclear physics, material science,
homeland security, medical physics and industrial applications. The success of many
experiments using the HIyS beams critically depends on the accurate knowledge of
the beam energy.

Typically, the energy spectrum of a HIyS beam is measured using a large-volume
high-purity Germanium (HPGe) detector. However, the detector response is not
ideal, and the measured spectrum has a structure of a full energy peak, two escape
peaks, a Compton edge and a Compton plateau. Especially for a beam with a large
energy spread, the full energy and escape peaks of the measured spectrum are com-
pletely mixed (folded) together, which makes them difficult to identify. As a result,
the directly measured spectrum of the HIyS beam cannot represent the true energy
distribution of the beam. Mathematically, the measured gamma-ray beam spectrum

is the convolution of the true energy distribution of the gamma beam and the re-
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sponse function of the detector. Therefore, the energy distribution of the gamma-ray
beam can be extracted from the measured spectrum using a spectrum unfolding (de-
convolution) technique [52-56] if the detector response function is known. A method
for obtaining the detector response function uses a Monte Carlo simulation code to
model the detection process. In the past, due to lack of knowledge about the spatial
and energy distributions of the Compton gamma-ray beam, an isotropic gamma-ray
event generator was used in the simulation. However, this simulation (namely, the
source independent simulation) could lead to inaccurate results.

In this Chapter, we present a novel end-to-end spectrum reconstruction method
of a Compton gamma-ray beam by completely modeling the process of the gamma-
ray beam production, transport, collimation and detection. Using this method, the
energy distribution of the gamma-ray beam can be reconstructed with a high degree
of accuracy. First, we briefly describe the HI~S facility in Section 4.1, and discuss
characteristics of the HIvS beam in Section 4.2. We then review the basic theory
of the spectrum unfolding technique in Section 4.3. The end-to-end spectrum re-
construction method is discussed in Section 4.4. Finally, we conclude by applying
this method to reconstruct the energy distribution of HIyS beams recently used for

nuclear physics research.
4.1 HI~S facility

Compton scattering of a relativistic electron beam and a laser beam has been used
to produce an x-ray or gamma-ray beam at many facilities [15,17,75,76]. Among
these facilities, the High Intensity Gamma-ray Source (HIvS) at Duke University is
the first dedicated Compton gamma-ray source facility using a Free-Electron Laser
(FEL) as the photon driver. As a result, the HIyS is an intense, highly polarized and
nearly monoenergetic gamma-ray source with a tunable energy from about 1 MeV
to 100 MeV. In fact, in this energy range, the HIvS is a leading Compton light
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source facility in the world. HIyS beams have been used in a wide range of basic
and application research fields from nuclear physics to astrophysics, from medical
research to homeland security and industrial applications. [17].

The schematic of the HIS facility is shown in Fig. 4.1. The gamma-ray beam is
produced by colliding a Free-Electron Laser (FEL) beam inside the laser resonator
with an electron beam in the storage ring. The electron beam is first generated and
accelerated to 180 MeV in a linear accelerator (linac). The electron beam energy
is then ramped up to a desired value in a booster synchrotron before injecting into
the storage ring. The energy of the electron beam in the storage ring can also be
adjusted by changing the field of the dipole magnets. The electron beam, consisting
of two bunches separated by a half of the storage ring circumference, is used to
drive the FEL. The FEL photons from the first (second) electron bunch collide with
electrons in the second (first) bunch. The resultant gamma-ray beam is transported
in vacuum to a target room after passing through a lead collimator placed 60 meters
downstream from the collision point and in front of the target room. The FEL on
the Duke storage ring can be switched between OK-4 FEL and OK-5 FEL, i.e., the
polarization of the FEL can be either linearly (OK-4) or circularly (OK-5) polarized.
Therefore, the HIyS beam can also be linearly or circularly polarized because the

Compton gamma-ray beam preserves the polarization of the incident laser beam.
4.2 Characteristics of the HIyS beam

Unlike radioactive gamma-ray sources, the HIyS beam produced by Compton scat-
tering of a laser beam and a relativistic electron beam has a coupled spatial and
energy distribution. The gamma-ray photons are mostly scattered into the electron
beam direction within a cone of half-opening angle on the order of 1/v, where = is
the Lorentz factor of the electron beam. In this cone beam, the gamma-ray photons

with a higher energy are mainly concentrated around the cone axis (i.e., the electron
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FIGURE 4.1: Schematic of the HI~S facility at Duke University.

beam direction), while the photons with a lower energy are distributed away from
the axis.

The spatial and energy distributions of the gamma-ray beams can be altered by
the parameters of electron and laser beams, such as the transverse size, angular di-
vergence and energy spread. The energy distribution of a collimated HIyS beam is
determined by the degree of collimation as well as electron and laser beam parame-
ters. For many practical cases, the most important beam parameters are the energy
and the energy spread of the electron beam. Given the detailed knowledge of these
parameters, the energy distribution of the gamma-ray beam can be computed using
either the Monte Carlo simulation code (MCCMPT) or the numerical integration
code (CCSC) which are developed in Chapter 3.

4.3 Basic theory of spectrum deconvolution technique
4.8.1 Detector response function

In practice, the energy distribution of a gamma-ray beam is measured by a gamma-

ray detector. Mathematically, the measured spectrum m(E) can be described as

m(E) = / / / Hl(xv Y, Ea Emc)F(xu Y, Eznc)dxdydEzncv (41)
0 —00 J —0o0
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where H'(x,y, E, Ei,.) represents the probability density that the detector records
a total deposited energy E as the result of a gamma-rray photon with energy FEj,.
striking on the detector at the location (x,y); F(z,y, Ein.) represents the intensity of
the incident gamma-rays on the detector, i.e., the spatial and energy distributions of
the gamma-ray beam. In terms of the gamma-ray energy, Eq. (4.1) can be rewritten

in a commonly used form
m(E) = / H(E, Eve) f (Eine)dEome. (4.2)
0
where H(E, E;,.) is the detector response function given by

1 o) 00
H<E7 Eznc) = ) / / Hl(xa Y, Ea Eznc)F(xa Y, Eznc)d-rdya (43)

f(Eznc

and f(FEin.) is the energy distribution of the incident gamma-ray beam given by

f(Eine) = /Z /: F(z,y, Eipne)dzdy. (4.4)

In principle, the detector response function H(E, E;,.) depends on the detailed
spatial and energy distributions of the incident gamma-ray beam. However, for a
beam with a uniform distribution or a detector with a large acceptance, the de-
tector response function H(E, Ey,.) will not depend on the incident beam distribu-
tion. Mathematically, this can be proved by factoring out either H'(z,y, E, Ein.)
or F(z,y, Ei,.) from the integration in Eq. (4.3). For a uniform gamma-ray beam
which is usually obtained by collimating an isotropic radiation source at a far field,
F(z,y, Eine) is independent of the spatial coordinates x and y, and thus Eq. (4.3)

can be simplified to the form

1 o (@)
H(E,Ein.) = Z/ / H'(z,y, E, Ein.)dzdy, (4.5)
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where A = [ [ dxdy is the acceptance area of the detector. Therefore, the detector
response function H(FE, E;,.) has no dependency on the incident gamma-ray beam
distribution. In addition, for a detector with a large acceptance compared to the
spot size of the incident beam, H'(z,y, E, E;,.) has a weak dependence on the spatial
distribution of the incident beam, and thus can be factored out from the integration
in Eq. (4.3). As as result, H(FE, E;,.) also becomes independent of the incident beam
distribution.

However, for a collimated Compton gamma-ray beam which has a coupled spatial
and energy distribution and whose beam size is comparable to the detector accep-
tance, either H'(x,y, E, Ey,.) or F(x,y, E;y.) cannot be factored out in Eq. (4.3).
In this case, the detector response function will depend on the detailed spatial and

energy distributions of the gamma-ray beam.
4.3.2  Gaussian energy broadening

According to the detection process of a gamma-ray photon, the detector response

function H(F, E;,.) can be separated into two parts and expressed as
H(E, Ey.) = / G(E,E)R(F', E;y.)dE', (4.6)
0

where R(FE’, Ey,.) represents the detector response due to the interaction of gamma-
ray photons with the detector crystal, and can be estimated using Monte Carlo simu-
lations; G(F, E') represents the energy broadening due to the statistical noise effects
which arise from scintillation photon production in the crystal, photon-electron pro-
duction at the cathode of the photomultiplier tube (PMT), electronics noise of the
preamplifier and amplifier. Collectively, these noise effects can be described by a

Gaussian function

G(E,E') i Elq 7

|
27T0resp 20resp
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where 0,5, is the standard deviation. Suggested by both Siikésd and Beach [54,55], a
Gaussian broadening with the standard deviation o,.s, smaller than the experimental
detector resolution o, (for example, 0,5, = 0.50.,,) would produce better results
in the unfolding of a high energy gamma-ray beam spectrum. This suggestion has

also been confirmed by us and used in our spectrum reconstruction procedure.
4.3.8  Matriz notation

Since the measured energy spectrum is already digitized, it is convenient to rewrite
Eq. (4.2) in a matrix form

m = HF, (4.8)

—

where the vector f represents the energy distribution of the gamma-ray beam inci-
dent on the detector; the vector m represents the spectrum measured by the detector;
H represents the detector response matrix whose row index corresponds to the mea-
sured gamma-ray energy F and column index corresponds to the incident gamma-ray
energy Fine.

According to Eq. (4.6), H can also be expressed as the multiplication of two
matrices

H=G: R, (4.9)
where G represents the matrix of Gaussian energy broadening, and R represents the
matrix of the detector crystal response.

4.3.4  Reuisit of deconvolution algorithms

Knowing the detector response matrix H, the energy distribution f of the incident
gamma-ray beam can be extracted from the measured spectrum m using a spectrum
unfolding (deconvolution) technique. Several methods are available to implement

this technique.
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The stripping method [56] is a fast method, but it relies on the assumption that
the detector resolution is only one channel wide and that there are no signals recorded
at energies above the incident gamma-ray energy.

The inverse matriz method [77] is a straightforward method, but sometimes it
can give unstable results.

The Gold algorithm iteration method [52,78] is based upon the successive folding
and updating of a trial spectrum, and proved to be a reliable method. In this work,
the Gold algorithm iteration method is used, and the detailed derivation of this is
found in papers [52,78]. In order to apply this method, the system matrix must
be positive definite so that it has real and positive eigenvalues. Starting from the
response matrix H (Eq. (4.9)), the matrix (H”H) is a symmetrical matrix with real
eigenvalues, where H” is the transpose of H. To ensure positive eigenvalues, a new
response matrix, (H” H)(H"H), can be used. Therefore, we can modify Eq. (4.8) by
multiplying both sides with (H' H)H’, i.e

H"H)H"% = (H'H)(H H) [, (4.10)
or
7 =H'f, (4.11)

where 7/ = (H'H)H"m and H' = (H"H)(H"H). Now, the modified response ma-
trix H' becomes positive definite. According to the Gold Algorithm, the i*" element

of vector ]‘“_7“rl after k+1 iterations can be calculated using

k N-1
k k: S k
Y R = L S (112
j:

The first trial spectrum f? can be the measured spectrum m;. After K iterations,
the spectrum f& will be convergent toward the incident beam energy distribution
fi. Unlike other deconvolution methods, this iteration method can always produce
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a positive solution if the initial trial spectrum is positive. Therefore, the Gold Al-
gorithm is a reliable method well suited for unfolding a measured gamma-ray beam

spectrum.

4.4  Simulation and reconstruction of a Compton gamma-ray beam

4.4.1 Monte Carlo simulation code

So far, we have discussed how to reconstruct the incident gamma-ray beam energy
distribution by unfolding the measured spectrum using the detector response matrix
H. The accuracy of this method is determined by the accuracy of the detector
response matrix; a more accurate response matrix will produce a more accurate
unfolded spectrum. In Eq. (4.6), the detector response matrix has been separated
into two parts, the Gaussian energy broadening and detector crystal response. The
Gaussian broadening matrix G can be calculated using Eq. (4.7). For a high energy
gamma-ray beam, one method for obtaining the detector crystal response matrix R
is to apply Monte Carlo simulations to model the interaction of gamma-rays with
the detector crystal.

It has been shown using Eq. (4.3) that for a Compton gamma-ray beam with a
large beam size compared to the detector acceptance, the detector response func-
tion depends on the detailed distribution of the incident beam. Therefore, in order
to accurately simulate the detector response, a Compton scattering event genera-
tor should be used in the simulation instead of the isotropic event generator which
uses isotropically emitted gamma-rays. For this purpose, a Monte Carlo Compton
scattering code (MCCMPT) has been developed in Chapter 3. The coupled spatial
and energy distributions of a Compton gamma-ray beam simulated using this code
is shown in Fig. 4.2. We can see that higher energy gamma-ray photons concentrate
around the beam axis, while lower energy gamma-ray photons are distributed away

from the beam axis.
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FiGURE 4.2: Coupled transverse-spatial and energy distributions of a Compton
gamma-ray beam simulated by the code MCCMPT. The gamma-ray beam is pro-
duced by an unpolarized 500 MeV electron beam scattering with an unpolarized
800 nm laser beam, and collimated by an aperture with radius of 50 mm which is
placed 60 m downstream from the collision point. The energy spread and horizontal
emittance of the electron beam are 0.1% and 10 nm-rad, respectively. The value
associated with each contour level represents the gamma-ray energy in MeV.

The gamma-ray photons generated by the MCCMPT code are used as the primary
particles in the Geant4 simulation [57] which models the gamma-ray photon transport
in a beam line, collimation by a round aperture collimator, and detection by a HPGe
detector. In the Geant4 code, the geometry and layout of the beam transport line,
collimator, and detector are constructed as realistic as possible.

To facilitate the simulations, the MCCMPT code is integrated into Geant4 code
and a new end-to-end simulation code G4ACMPT is formed. To speed up the simula-
tions, this code also applies a parallel computing technique which involves 32 central

processing units (CPUs) of the Duke Shared Cluster Resource (DSCR) [79].
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FIGURE 4.3: Illustration for the end-to-end spectrum reconstruction method to
recover the energy distribution of a Compton gamma-ray beam. A few iterations are
typically adequate to find a convergent energy distribution

(2) Model CTmpton scattering

4.4.2  Reconstruction procedure

In order to use the Compton scattering event generator in the G4CMPT code, the
incoming beam parameters, such as the laser beam wavelength, the electron beam
energy, energy spread and emittance, must be accurately known. The laser wave-
length and electron beam emittance can be directly measured by a spectrometer and
a synchrotron radiation monitor, respectively. While the electron beam energy can
be determined from the dipole field measurement of the storage ring, the relative
accuracy of this measurement is only about 1073, which does not satisfy the require-
ments of nuclear physics research. However, more accurate values of the electron
beam energy and energy spread can be extracted from the energy distribution of the
Compton gamma-ray beam which carries the information about the electron beam.
Assuming a Gaussian energy distribution of the electron beam, the energy and en-
ergy spread of the electron beam can be fitted from the high energy edge of the
gamma-ray beam spectrum. The fitting model used in this method will be discussed
in Chapter 6.
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The procedures to reconstruct the energy distribution of the Compton gamma-ray

beam are illustrated in Fig. 4.3/ and explained as follows:

1. To make an estimate of the electron beam energy and energy spread by fitting

the high energy edge of the measured gamma-ray beam spectrum,;

2. To simulate the Compton scattering of an electron beam with a laser beam

and produce a Compton gamma-ray beam,;

3. To transport and collimate the Compton gamma-ray beam. After collima-
tion, the spectrum of the gamma-ray beam prior to the detection (namely, the

incident spectrum) is obtained;

4. To transport the collimated gamma-ray beam to the detector and simulate
the interaction of the beam with the detector. After the detection, a detector

response matrix and a detected spectrum are obtained;

5. To use the Gold algorithm iteration method to unfold the measured gamma-ray

beam spectrum.

Note that in step 1 the high energy edge of the measured gamma-ray beam spec-
trum has been used to fit the electron beam energy and the energy spread. This is
valid if the full energy peak is well separated from the escape peaks of the measured
spectrum. However, for a gamma-ray beam with a high energy and large energy
spread, the full energy and escape peaks of the measured spectrum are completely
folded together. As a result, the electron beam energy and the energy spread cannot
be accurately determined in one iteration. To overcome this problem, we need to it-
erate the above procedures. After the first iteration, the unfolded spectrum obtained
in step 5 is used to determine the electron beam energy and energy spread. Typi-

cally, a few iterations are adequate to find a convergent energy distribution of the
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FIGURE 4.4: The measured energy spectrum compared with the simulated spec-
trum for a 5 MeV HIyS beam. This beam is produced by Compton scattering of a
789 nm laser beam with a 466 MeV electron beam, and with a lead collimator placed
60 m downstream from the collision point. The radius of the collimation aperture is
12.7 mm.

gamma-ray beam as well as a convergent energy and energy spread of the electron

beam.
4.5 Applications and results

Compared to the source independent simulation method, the end-to-end spectrum
reconstruction method has several advantages. First, this method can generate a
more accurate detector response function. Using this function, the energy distribu-
tion of the incident gamma-ray beam can be extracted from the measured spectrum
with a higher degree of accuracy. Moreover, this method can also generate a smooth
gamma-ray beam energy distribution which is essential as an input to simulate nu-
clear physics experiments. Finally, this method also allows accurate determination
of the electron beam parameters, which can be used to optimize the operation of the
Compton gamma-ray source. All these advantages are demonstrated in the following

applications.
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F1GURE 4.5: The unfolded energy spectrum compared with the simulated incident
spectrum for a 5 MeV HIyS beam. Two methods, the end-to-end and source in-
dependent simulation methods, are used to estimate the detector response function.
The circle represents the unfolded spectrum using the end-to-end simulation method,
and the triangle represents the unfolded spectrum using the source independent sim-
ulation method. The solid line represents the incident spectrum simulated by the
end-to-end simulation code.

The first application of the end-to-end method is to reconstruct the energy dis-
tribution of a 5 MeV HIvyS beam. This beam is first collimated by a lead collimator
with an aperture radius of 12.7 mm which is placed 60 m downstream from the
collision point, and then measured by a large volume 123% efficiency HPGe coaxial
detector. The HPGe detector has been accurately energy-calibrated with radiation
sources before being used to measure the HIyS beam. The measured HIyS beam
spectrum is shown in Fig. 4.4. We can see that the full energy peak of the measured
spectrum is clearly separated from the escape peaks. Thus, the electron beam en-
ergy of 466.49(£0.11) MeV and the RMS energy spread of 0.10%(£0.01%) can be
accurately determined from the high energy edge of the measured spectrum. Using
these electron beam parameters, the gamma-ray beam energy spectrum (Fig. [4.4)
is then simulated by the G4CMPT code. Clearly, a good agreement between the

measured and simulated spectra is achieved. The unfolded spectrum compared to
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FIGURE 4.6: The measured energy spectrum compared with the simulated spectrum
for a 15 MeV gamma beam. This beam is produced by Compton scattering of a
611 nm laser beam with a 463 MeV electron beam, and with a lead collimator placed
60 m downstream from the collision point. The radius of the collimation aperture is
5 mm.

the simulated incident spectrum is also shown in Fig. 4.5, Again, a good agreement
between them is found. Compared to the spectrum unfolded from the measured
spectrum, the simulated incident spectrum is a smoother distribution which can be
used as an input spectrum for simulating nuclear physics experiments.

For comparison, the unfolded spectrum using the detector response function es-
timated by the source independent simulation method is also shown in Fig. 4.5. We
can see that the energy spectrum is underestimated by this method on its low en-
ergy side. This is because the low-energy gamma-ray photons, which are mainly
distributed off-axis, see a smaller volume of the detector crystal compared to high-
energy photons which are concentrated around beam axis. Thus, the detector has
a lower detection efficiency for the low-energy photons. However, the source in-
dependent simulation method cannot include this effect. As a result, this method
overestimates the detector response function for the low-energy gamma-ray photons,

which leads to an underestimate of the unfolded spectrum on the low-energy side.
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FIGURE 4.7: The unfolded energy spectrum compared with the simulated incident
spectrum for a 15 MeV HIyS beam. The circle represents the unfolded spectrum in
the second iteration. The solid line represents the simulated incident spectrum in
the second iteration. The dash line represents the simulated incident spectrum in
the first iteration.

Many nuclear physics experiments also use higher energy gamma-ray beams. The
end-to-end spectrum reconstruction method is also successfully applied to this case.
Fig. 4.6 shows a typical measured energy spectrum of a 15 MeV gamma-ray beam.
We can see that for this higher energy gamma-ray beam the full energy peak of the
measured spectrum are overwhelmed by the escape peaks, making the full energy
peak difficult to identify. In this case, a few iterations are needed in order to ac-
curately reconstruct the energy distribution of the gamma-ray beam as well as the
electron beam parameters. After two iterations, the determined electron beam en-
ergy and RMS energy spread are converging toward values of 611.46(%0.15) MeV
and 0.37%(£0.03%) respectively, and a good agreement between the measured and
simulated spectra (Fig. [4.6) as well as between the unfolded and simulated incident
spectra (Fig.4.7) are also observed. For comparison, the simulated incident spectrum
from the first iteration is also shown in Fig. 4.7. Due to the use of the inaccurate

electron beam energy and energy spread, the simulated spectrum in the first iteration
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has a significant discrepancy from the one in the second iteration.
4.6 Conclusion

Compared to the source independent simulation method, the end-to-end spectrum
reconstruction method not only allows us to reconstruct the energy distribution of
the gamma-ray beam with a high degree of accuracy, but also provides us a way to
generate a smooth energy distribution of the gamma-ray beam which is useful for
simulating nuclear physics experiments. This method has been successfully applied

for nuclear physics research at the HIvS facility.
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5

A CCD based gamma-ray imaging system

Compton scattering of a Free-Electron Laser (FEL) beam and an electron beam
in the Duke storage ring has been used to generate a gamma-ray beam at the High
Intensity Gamma-ray Source facility (HIyS) at Duke university. The schematic of the
HI~S facility is shown in Fig.4.1. The gamma-ray beam is produced at the collision
point inside the storage ring, and collimated about 60 meters downstream from the
collision point by a round lead collimator with a small open aperture (typically less
than 1.5 inches in diameter). The collimated HIyS beam has been used for nuclear
physics research with a target or sample usually situated in the target room about
10 meters downstream from the collimator.

Aligning the collimator to the gamma-ray beam as well as aligning the experimen-
tal apparatus to the collimated gamma beam have been a challenging task. But this
alignment is a critical step for carrying out nuclear experiments utilizing the gamma-
ray beams. Good alignment can maximize the gamma-ray beam flux at the target,
reduce the energy spread, and minimize the background noise caused by gamma-ray

scattering on the target holder. In the past, a pre-aligned laser beam was used to
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align the collimator and target, and additional adjustments of the gamma-ray beam
were made empirically by scanning the electron beam angle while monitoring the
gamma-beam energy spectra. This is a time-consuming, semi-blind process which
could not guarantee a good alignment even after an extensive scan.

In order to rapidly align the collimator as well as experimental apparatuses with a
high degree of accuracy, a gamma-ray imaging system which would allow us to “see”
the gamma-ray beam is needed. Due to a high gamma-ray flux (> 10% counts/s) and
a high gamma-ray energy (up to 100 MeV) at the HIyS, the conventional gamma-ray
imaging system based upon a photomultiplier tube (PMT), which is widely used in
radiography, is not suitable for the HIyS beam. In the past several years, several
other techniques have been explored to image the gamma-ray beam with only limited
success.

However, a recent gamma-beam imager development based upon a CCD camera
and scintillation converter has been rather successful. This imaging system has a
sub-mm spatial resolution (about 0.5 mm) and a high contrast sensitivity (better
than 6%). Since 2008, this imaging system has been routinely operated to align the
collimator and experimental apparatuses for nuclear physics research.

In this Chapter, we discuss the design, testing and applications of the CCD

camera based gamma-ray imaging system.

5.1 Design of the gamma-ray imaging system

5.1.1 Owerall design

The schematic of the gamma-ray beam imaging system is shown in Fig. 5.1, The
system consists of a scintillator plate to convert gamma-ray to visible light (scintil-
lation light), an optics system to collect the scintillation light, and a charge-coupled
device (CCD) camera to capture the gamma-ray image. In order to avoid any direct

exposure of the CCD camera to gamma-ray radiation, a front-surface flat mirror is
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FIGURE 5.1: Schematic of the gamma-ray beam imaging system.

placed on the gamma-ray path at a 45 degree angle to deflect the scintillation light.
All these components are placed in a light tight box in order to eliminate background

light. The CCD camera is operated and controlled by a computer.
5.1.2  Scintillator

An ideal scintillator for the gamma-ray imaging system would have the following
properties: a high density and a large atomic number, a high yield of scintillation
light, and a low refractive index and a high clarity. A high density and large atomic
number could help to localize and maximize the energy deposited in the scintillator.
A high scintillation yield, or a high scintillation light conversion rate, increases the
number of scintillation photons available for detection, thus improving the sensitiv-
ity of the imaging system. The low refractive index and high clarity allow good
transmission and collection of the scintillation light.

The properties of some common inorganic scintillation crystals are shown in the
Table 5.1l The best choice would be LSO (Lutetium Oxyorthosilicate, LuySiO5(Ce)).
However, the high cost of this scintillator makes BGO (Bismuth Germanium Oxide,

BiyGe3015) a good alternative choice.
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Table 5.1: Properties of some common inorganic scintillator crystals.

Scintillator Density Light Yield Refractive Emission Peak
Crystal (g/cm?®) (Photons/MeV)  Index (nm)
BiyGez0q2 (BGO) 7.13 9,000 2.15 480
Lu,SiO5(Ce) (LSO) 7.4 27,000 1.82 420
GdySiO5(Ce) (GSO) 6.7 8,000 1.85 430
CsI(T1) 4.51 54,000 1.78 535
Nal(TT) 3.67 45,000 1.85 410
BGO

Aperture

Mirrar

FI1GURE 5.2: Optics system designed using the software OSLO-edu.

5.1.8 CCD camera

There is a wide variety of CCD cameras available in the market. Among these cam-
eras, the astronomical CCD camera, which has a high sensitivity, low dark current
and readout noise at a low cost, is the best choice for our application. Many compa-
nies, such as Santa Barbara Instrument Group, Apogee and Starlight Express, supply
this kind of astronomical cameras. However, the SXVF-M9 CCD camera manufac-
tured by Starlight Express is a desirable choice when comparing its performance and
cost to other cameras.

The resolution of the SXVEF-M9 camera is 700 x 580 pixels (Horizontal x Vertical)
and the CCD sensor size is 8.6 mmx6.5 mm. The spectrum response (the peak

response) of the camera matches well with the BGO emission spectrum.
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5.1.4  Optics system

The HIyS beam size after collimation is usually less than 2 inches in diameter. In
order to form an image of this gamma beam on the CCD camera chip with a size
of 8.6 mmx6.5 mm, a lens system with the magnification of about 0.12 is needed to
focus the scintillation light. To effectively collect the scintillation light, a lens system
with a small f-number is favorable. To make the system compact, the total length
of the optics system should be less than 800 mm. To aid the design of the optics
system, an optics software OSLO-edu [58] was used during the design process.

The optics system shown in Fig. [5.2 was developed based upon the Petzval lens
design [80] which is optimized for a large aperture. It consists of two achromatic
doublets with an aperture stop in between. The front doublet, the one close to
the mirror, is corrected for spherical aberrations but introduces coma. The second
doublet corrects for this coma and the aperture stop corrects most of the astigmatism.
The front doublet has a focal length of 100 mm and a diameter of 50 mm, and the
second doublet has a focal length of 75 mm and diameter of 50 mm. The effective
focal length of the optics system is about 50 mm, but can be fine tuned by adjusting
the spacing between the doublets. The working f-number of this system is about
1.28. The total track length (i.e., the path length from the BGO plate to the CCD

camera) is about 500 mm.
5.1.5  Light tight box

In order to eliminate background light, all components of the imaging system, in-
cluding the BGO converter plate, mirror, lens and CCD camera are placed in a light
tight box. To reduce reflections of the scintillation light on the interior walls of the
box, the box is anodized with a black coating. To minimize attenuation and scatter-
ing of the gamma-ray beam, the entrance and exit walls of the box are thinner than

other parts of the box.
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5.2 Geantd simulation

5.2.1 Modulation transfer function

One of most important merits for evaluating the quality of an imaging system is
the spatial resolution. The spatial resolution can be characterized by a Modula-
tion Transfer Function (MTF) which is widely accepted as the best indicator of the
imaging system resolution [81]. It describes the system response to an object in the
spatial frequency domain. For an ideal imaging system, the MTF function should
be equal to 1 for all spatial frequencies, i.e., all the frequency components of the
object are perfectly recorded by the system with their original amplitudes. Two
dimensional MTF (y, v) is just the Fourier transform of the Point Spread Function
PSF(z, y) which describes the system response of a point object in the space domain,
and the one-dimensional MTF (1) is the Fourier transform of the Line Spread Func-
tion LSF(z) which describes the system response to a line object. Mathematically,
the Line Spread Function LSF(z) can be calculated by integrating the Point Spread

Function PSF(x,y) over the y-coordinate

LSF(x) = / " PSP, y)dy. (5.1)

o0

and the one-dimensional MTF(p) is expressed as the form [82]

[Z LSF(x)cos(2mpx)dx
MTE () = [Z LSF(z)dx

(5.2)

Given the MTF(u) function of an imaging system, the most common way to
express the system resolution is to quote the frequency where the MTF amplitude is
reduced to about 3%. At this level, the spatial features associated with this frequency

component remain recognizable in the image.
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FiGURrRE 5.3: Geant4 simulation of 5 MeV gamma-ray photons impinging on an
idealized BGO converter plate. A photon detector situated 3 cm behind the BGO
plate records all the photons coming out of the converter.

5.2.2  Simulation

Besides the spatial resolution, the sensitivity is another important merit to evaluate
the quality of an imaging system. For the CCD based gamma-ray beam imaging
system shown in Fig. 5.1, both the spatial resolution and the sensitivity are mainly
determined by the thickness of the BGO converter plate. A thick BGO plate will
improve the sensitivity of the system because more scintillation light can be produced
for the same flux of the incident gamma-ray beam; however, a thick BGO plate will
degrade the system resolution due to increased scattering of the scintillation photons
inside the BGO plate. Therefore, in order to achieve a good sensitivity and a high
resolution, the thickness of the BGO converter plate needs to be carefully optimized.

Geant4 simulation toolkit [57] was applied to study the influence of the thick-
ness of the BGO plate on the resolution and sensitivity of the imaging system. A
simple simulation setup is shown in Fig. 5.3: a gamma-ray beam is impinging on an

idealized BGO plate from the left side, and a scintillation photon detector situated
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3 cm behind the BGO plate records photons coming out of the plate. When the
gamma-ray photon interacts with the BGO scintillator, its energy is not directly lost
to the scintillator, but to secondary electrons through photoelectric, pair produc-
tion, or Compton scattering processes. The secondary electrons deposit energy in
the scintillator by ionization or Bremsstrahlung process. Consequently, the energy
deposited in the scintillator is spread out spatially, and excites the BGO scintillator
to emit the visible light, the scintillation photons. These photons can be traced back
to the center plane of the BGO plate in order to determine the effective size of the
scintillation emission due to a single incident gamma photon. The distribution of
the effective “origins” of the scintillation photons represents the Point Spread Func-
tion PSF(z,y) of the BGO converter plate, and the one dimensional MTF(u) can be
obtained using Eqgs. (5.1) and (5.2).

The simulated MTFs(u) for BGO converter plates with different thicknesses are
shown in Fig. [5.4. Clearly, we can see that the thinner the BGO plate is, the better
resolution the system will have. To achieve a sub-mm spatial resolution (around 2
line pair/mm or 0.5 mm), the BGO plate should be no thicker than 2 mm. However,
a thinner BGO plate produces fewer scintillation photons, as shown in Fig. 5.5, and
this results in a lower sensitivity of the imaging system. To achieve a sub-mm spatial
resolution as well as a good sensitivity, BGO converters with a thickness of 2 mm
are used in our imaging systems.

The preparation and conditioning of the BGO converter plate is critical to the
imaging system. We carried out extensive studies to optimize the performance of
the BGO converter using both the Geant4 simulation and experimental techniques.

This part of the study is not presented in this dissertation.*

! The novel techniques of preparing the BGO converter plate will be part of a patent application.
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FIGURE 5.6: The rectangular grid mesh used in the distortion and magnification
test of the lens system. The smallest grid size is 3.175 mm.

5.3 Test of the gamma-ray imaging system

5.3.1 Optical test of the imaging system

The imaging system was initially tested using visible light to measure magnification,

resolution and distortion. These properties are critical for the evaluation of the

(12x1d)
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FIGURE 5.7: A measured image of the grid mesh.
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FIGURE 5.8: A measured relative distortion curve of the optics system.

imaging system design.

A rectangular grid mesh target (Fig. 5.0) is used to measure the distortion of the
imaging system. The target was placed at the location of the scintillation converter
(the BGO plate) shown in Fig. 5.1, and was illuminated by a uniform visible light.
The image of the grid mesh taken using the CCD camera is shown in Fig. 5.7. The
distortion can be measured as the relative change of the imaged grid compared to an
ideal grid. In our test, the distances from the image center to diagonal points on the
grid mesh were measured, using h for the distance on the ideal mesh, and A’ for the
distorted mesh. Thus, the relative distortion D can be computed as (A’ — h)/h. The
distortions at different distances are shown in Fig. 5.8 We can see that the relative
distortion is about 1.6% at 25 mm, which meets the design requirement.

To measure the magnification of the imaging system, the grid mesh and its image
are employed once again. The magnification is calculated as the ratio of the image
size to the object size. The measured magnification is about 0.13 which meets the
design specification.

A slit method [83] is used to study the spatial resolution of the imaging system.

A slit with a width of 15 pum was placed at the location of the BGO plate, and
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FIGURE 5.9: (a)The measured image of a 15 pm slit used to test the spatial resolution
of the imaging system; (b) the Line Spread Function (LSF) of the slit.
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F1GURE 5.10: The measured MTF of the imaging system.

a uniform visible light beam was used to illuminate the slit. The measured image

of the slit is shown in Fig. 5.9.(a). The Line Spread Function (LSF) of the slit is

shown in Fig. 5.9.(b). According to Eq. (5.2), the MTF of the imaging system can

be calculated and the result is shown in Fig. 5.10. We can see that the resolution

of the imaging system is about 0.23 mm (about 4.3 line pair/mm) which meets the

sub-mm resolution requirement.
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FIGURE 5.11: Resolution test of the imaging system. (a) A bar phantom; (b) the
measured image of the bar phantom with a 2.75 MeV HIvS beam.

5.3.2  Resolution test with a HIvS beam

The spatial resolution of the imaging system is tested using a lead bar phantom
(Fig. 5.11.(a)) which consists of four groups of bars with different spacing. The
maximum spacing of the bars is 2.5 mm and the minimum spacing is 1 mm. The
transmission image of this bar phantom is shown in Fig. [5.11.(b). The four groups of
bars can be clearly resolved, demonstrating that the spatial resolution of this imaging
system is better than 1 mm.

The spatial resolution of the imaging system can be more accurately determined
using a sharp edge method [83]. From the image of the sharp edge, the Line Spread
Function of the imaging system can be determined by taking the derivative of the
edge response. A thick lead block with a well machined sharp edge is used in this
measurement. The image response of this sharp edge is shown in Fig. 5.12.(a). The
Line Spread Function is shown in Fig. [5.12.(b). From the Line Spread Function, we
can see that the FWHM spatial resolution of the imaging system is about 7 pixels

or about 0.5 mm.
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FiGURE 5.12: Resolution estimate of the imaging system using the sharp edge
method. (a)The sharp edge response with a 2.75 MeV HIyS beam; (b) the Line
Spread Function.
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5.8.8  Sensitivity test with a HIvS beam

The contrast sensitivity of the imaging system is studied by imaging a target with
different gamma-ray attenuation contrast. A letter target shown in Fig. 5.13.(a) is
used for this study. The target is 4 mm thick and made of lead. There are three
groups of letters on the target. The letters of “HIGS” are through the target (4 mm
deep), and “DFELL” and “TUNL” are 2 mm deep. Thus, for a 2.75 MeV gamma-ray
beam, the attenuation contrast for letters “HIGS” is about 13% , and that for letters
“DFELL” and “TUNL” is about 6%. The measured image of this letter target with
a 2.75 MeV HI~S beam is shown in Fig. 5.13.(b). We can see that all letters can be
clearly resolved even for the letters of “DFELL” and “TUNL.” This demonstrates

that the contrast sensitivity of this imaging system is better than 6%.
5.4 Applications of the gamma-ray imaging system

Since 2008, three CCD based gamma-ray imaging systems have been developed and
deployed at three different locations (the southeast optics station, upstream target

room (UTR) and gamma vault) along the gamma-ray beam line at the HIyS fa-
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FIGURE 5.13: Sensitivity test of the imaging system. (a) The photo image of the
letter target. It is 4 mm thick and made of lead. There are three groups of letters on
the target: the letters of “HIGS” are through the lead (4 mm deep), and “DFELL”
and “TUNL” are 2 mm deep. (b)The measured image of the target with a 2.75 MeV
HIyS beam.

cility. These three imaging systems are operated for different purposes, including
collimator alignment in the UTR room, apparatus alignment in the gamma vault,

and monitoring of gamma-ray flux and polarization in the optics station.
5.4.1 Collimator and experimental apparatus alignment

The HIyS beam used for nuclear physics research is produced about 60 meters up-
stream from the collimator, which has a small opening aperture with a diameter
of typically less than 1.5 inches. The alignment of a gamma-rray beam with the
collimator and the alignment of a collimated gamma-ray beam with the experimen-
tal apparatus are critical steps for carrying out a successful experiment using the
gamma-ray beam. Good alignment will maximize the gamma-ray flux, reduce the
energy spread, and minimize the background noise due to gamma-ray scattering
on the sample holder. Before this imager was developed, a pre-aligned laser beam
was used to align the collimator and apparatuses, and additional adjustments of the

gamma-ray beam center were made empirically by scanning the electron beam an-
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gle while monitoring the gamma-beam energy spectra. This is a time-consuming,
semi-blind process which did not produce a good alignment even after an extensive
scan. By providing a visual image of the gamma-ray beam, the alignment process
can be carried out rapidly with much improved accuracy. An alignment procedure
has been developed to take advantage of the gamma-ray imager; this procedure was
used successfully for a number of recent experiments including the oxygen formation
in stellar helium burning experiment (M. Gai, et al.) with the Optical Readout Time
Projection Chamber (O-TPC) and the *He GDH sum rule experiment with long gas

cells as sample targets (H. Gao, et al.).
Alignment of the collimator

To align the collimator, the gamma-ray beam imager is placed directly downstream
from the collimator without any object in between. By moving the collimator or
scanning the electron beam angles, the gamma-ray beam can be brought to alignment
with the center of the collimator.

Fig. 5.14/ illustrates the alignment of a collimated HIyS beam. In the images,
the big round circle represents the opening aperture of the collimator, and the hot
spot represents the center of the gamma-ray beam. To obtain enough contrast in the
gamma-ray beam image, the typical exposure times are from less than one minute
to about eight minutes, depending on the gamma-ray flux and energy. Using this

imaging system allows rapid alignment of the collimator with the gamma-ray beam.
Alignment of the experimental apparatus

After aligning the collimator, the experimental apparatus also needs to be aligned
with respect to the collimated gamma-ray beam. This is done by attaching two
different size lead absorbers to both sides of the apparatus shown in Fig. 5.15, one

upstream and the other downstream. This arrangement allows us to find both the
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FIGURE 5.14: IllEls)tration of collimator alignment. The (H%WS beam energy is
9.8 MeV, and the diameter of the collimator is 1 inch. (a) The image of the HIyS
beam before being aligned to the collimator; (b) The image of the HIyS beam after
being aligned to the collimator.

displacements and angles of the apparatus with respect to the gamma-ray beam.
For example, to align a long gas chamber in the O-TPC experiment, a smaller
cylindrical lead absorber (4 mm in diameter and 8 mm in length) is attached to the
front side of the chamber, and a bigger cylindrical lead absorber (8 mm in diameter
and 8 mm in length) is attached to the back side of the chamber. In Fig. [5.15, both
absorbers are clearly seen as yellow and green circular shadows. Thus, the centers of
the absorbers and the experimental chamber, can be determined and aligned to the

collimated HIyS beam.

5.4.2  Other applications
Fluz Monator

Beyond its usefulness as a transverse profile monitor for the gamma-ray beam, this

gamma-ray beam imaging system is also capable of measuring the gamma-ray flux.
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lead absorber

Apparatus I

FIGURE 5.15: Illustration of the alignment of an experimental apparatus. (a) The
image before aligning the apparatus to the gamma-ray beam, (b) the image after
aligning the apparatus to the gamma-ray beam.

As a flux monitor, the imaging system has a very wide dynamic range which is
selectable by changing the exposure time. A dedicated gamma-ray beam imager was
developed as a device for monitoring both the gamma-ray beam pointing and flux.
This new device was integrated with the ultra-high vacuum system of the gamma-ray
beamline at the southeast optics station. Effort is also being made to develop the
computer interface for this system so that it can be fully integrated with routine
operation of the HIvS facility.

The preliminary test results of the imaging system used as a flux monitor are
shown in Fig.5.16. At the beginning of the measurement, a certain amount of beam
current was injected to the storage ring. Because of various beam loss mechanisms,
the electron beam current decayed with time after injection. Therefore, the gamma-
ray flux decreased correspondingly, which was monitored by an existing flux monitor
device, the “paddle.” The paddle rate as a function of time is shown in Fig. 5.16.(a).

As the current decayed, the gamma-ray beam was also monitored using the gamma
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FIGURE 5.16: Test results of the gamma-beam imager system as a gamma-ray flux
monitor. (a) The paddle rate versus the time; (b) the integrated image intensity
versus the paddle rate.

imager. The relation between the paddle rate and the integrated intensity of the
gamma-ray beam images is shown in the Fig. 5.16.(b). A linear fit is applied to
data, and the relative difference between the fit and data is less than 3%. This
clearly demonstrates that the imaging system has a very good linear response to the

gamma-ray flux and can be used as an integrated gamma-ray flux monitor.
Polarization Monitor

We have discussed in Chapter [3/ that the spatial distribution of a Compton gamma-
ray beam depends on the polarization of the incoming laser beam. For a circularly
polarized laser beam, the spatial distribution of the gamma-ray beam is symmetric;
however, for a linearly polarized incoming laser beam, the distribution is asymmetric.
This can be observed using the gamma-ray imaging system. The measured gamma-

ray beam distributions are compared to the simulated ones as shown in Fig. 3.7.
Industrial radiography

A high energy gamma-ray beam can be used for industrial gamma-ray radiography.

Since the CCD based gamma-ray imaging system developed at the HIvS has a high
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resolution (about 0.5 mm), high contrast sensitivity (about 6% or better) and a wide
dynamic range, it could be used as a camera for radiography with a gamma-ray

beam. This basic capability has been demonstrated in Figs. 5.11/ and 5.13.
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6

Accurate energy and energy spread measurements
of an electron beam

A Compton gamma-ray beam produced at the High Intensity Gamma-ray Source
(HIyS) facility at Duke University has been used for nuclear physics research. To
accurately determine the energy distribution of the gamma-ray beam for experiments
using the beam, it is important to know the energy distribution of the electron beam
used in the gamma-beam production. The electron beam energy in a storage ring can
be measured from the integrated dipole field around the ring. However, the relative
accuracy of this measurement is only about few 1073,

A more accurate value of the electron beam energy can be determined using
another two methods, the Resonant Spin Depolarization (RSD) [59,60,84] technique
and the Compton scattering [19-25] technique. The RSD method is based upon
the measurement of the spin procession frequency of electrons in a guiding magnetic
field. This method requires the ability to produce a polarized beam and the means to
depolarize the beam. Using this method, the electron beam energy can be determined
with a relative uncertainty on the order of 107°. The application of this method is

limited to high energy storage rings (typically above 1 GeV) in which the polarization
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of the electron beam can be built up within a reasonable amount of time. Compared
to the RSD method, the Compton scattering method does not require a polarized
beam, and is based upon the energy measurement of the Compton gamma beam.
This method can be used for storage rings with a wide range of energies from a few
hundred MeV to a few GeV. The relative uncertainty of this method is usually on
the order of 1074

In this Chapter, we focus on the Compton scattering method. The critical step
is to find an accurate fitting model to describe the high energy edge of the measured
gamma beam spectrum. In several published works [19, 20, 23], the spectrum high
energy edge was simply expressed as a convolution between a modified step function
and a Gaussian function. The influences of the gamma beam collimation as well
as the electron beam emittance on the gamma beam spectrum were not taken into
account. However, under many circumstances, for example, the gamma-ray beam is
tightly collimated, the gamma beam collimation and electron beam emittance could
have significant impacts on the accuracy of the electron beam energy measurement.
To overcome this problem, we have developed a new fitting model which can de-
scribe the gamma beam spectrum in detail, taking into account the collimation and
emittance effects. Using this model, we have accurately measured the energy of the
electron beam in the Duke storage ring.

Several published works [20, 23] also reported that the relative uncertainties of a
few 107° had been achieved for the electron beam energy measurements using the
Compton scattering technique. However, all these measurements were carried out
for a high energy storage ring above 1 GeV. We experimentally demonstrated that
this level of accuracy of a few 107° can also be achieved for a low energy storage ring

around a few hundred MeV using well-calibrated detectors.
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6.1 Fitting models of spectrum high energy edge

In Chapter 2, we have calculated the energy of a Compton scattered photon produced
by a head-on collision of an electron and a photon

4v*E,

E, =~ . 6.1
! 1479203 + 442E, /E. (6.1)

When 6; = 0 (backscattering), the scattered photon will reach the maximum energy

4v*E,

Ert = BB, Bp) = ———5———
g g( ) p) 1+472EP/E€7

(6.2)

where Ef(E,, E,) is a notation to be used in the next section to represent the highest
possible scattered photon energy by colliding an electron of energy F, and a laser
photon of energy Ej,. The RMS relative uncertainty of EJ"** is determined by the

uncertainties of the parameters entering Eq. (6.2) (see Table 2.1), i.e.,

I (22 2+ 75’ (6.3)
Emar ™ E, E, )’ '

where op, and og, represent the RMS uncertainties of the electron and laser photon

energy, respectively.

Eq. (6.2) is the basic formula which allows the determination of the electron beam
energy E, if the laser photon energy F, and the highest gamma photon energy £ ;{ are
known. Usually, the laser wavelength can be accurately measured by a spectrometer.
Therefore, the critical step using Compton scattering to measure the electron beam
energy is to accurately determine EgH from the measured energy spectrum of the
gamma-ray beam.

According to Eq. (2.35), the energy spectrum of a gamma-ray beam produced by

a head-on collision of a monoenergetic electron and laser beams with zero transverse
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FIGURE 6.1: The energy spectrum of a Compton gamma-ray beam produced by
the head-on collision of a 466 MeV electron beam with a 789 nm laser beam. A
collimation aperture with radius of 50 mm is placed 60 m downstream from the
collision point. The low energy edge EgL is determined by the collimation acceptance,
while the high energy edge Ef is determined by the electron and laser photon energy.
The slope of the spectrum at the high energy edge is denoted as ay.

sizes can be approximated by [24,47, 85|

do  wr? { E? ( E, )2 E. E,
dE, 292E, |474E2 \ E. - E, \2E, E. — E,
E, E.—E, "
‘5B B } for £, < EX, (6.4)

Neglecting the recoil effect, this formula can be further simplified to

do 4l
dE, ~ EH

g

for B, < EH, (6.5)

An example spectrum calculated using this formula is shown in Fig. 6.1. Clearly,
the high energy edge of the spectrum is a step function from which Ef can be

determined.
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6.1.1 A simple fitting model

In practice, the electron and laser beams have a finite energy and angular distri-
butions. As a result, the gamma beam spectrum cannot be directly described by
Eq. (6.5). However, it can be calculated by a weighted integral of a series of spectra
described by Eq. (6.5), where the weighting function is given by the actual energy
and angular distributions of the electron and laser beams. In the following derivation,
we consider a head-on collision of an electron and laser beams with zero transverse
sizes, and with a fixed laser photon energy E,. Further, we assume that the energy
distribution of the electron beam is a Gaussian function with a centroid energy of
E.o. Thus, the weighting function for the spectrum (Eq. (6.5)) which has the highest

possible energy Ef can be expressed as

1

9(E)) = N

g

(6.6)

exp 202

(E;I — a1)2]

where a; = Ef (Eeo, E,), representing the highest possible gamma photon energy
associated with the electron energy F.y according to Eq. (6.2); and ay represents the
RMS energy spread of the gamma beam caused by the RMS energy spread of the
electron beam, i.e., as/a; ~ 20g, /E (see Eq. (6.3) with og, = 0).

To focus on the high energy edge region [Ef — A, Ef | of the spectrum shown in
Fig. 6.1, and assuming A/EgH < 1, the energy spectrum described by Eq. (6.5) can

be simplified to

do  4mr? 2
d_Egz =7 1—|—ﬁ(Eg—Ef) for Ef =A< E, < EI'. (6.7)
g

g

For simplicity, we can rewrite the above equation to a modified step function
WMEg, EI) = as[1 + ay(E, — EI)] for Ef — A< E, < EF, (6.8)
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where the parameters, a3 = 47r?/ E;{ and a4 = 2/ E;{ , represent the intensity and
slope of the spectrum, respectively.
Integrating the modified step function h(E,, Ef ) weighted by the function g(Ef ),

and using the complementary error function

erfe(z) = % /00 exp(—t?)dt, (6.9)

we can obtain an approximate description of the collective gamma beam spectrum

at the high energy edge, which reproduces the result presented in paper [19],

f(Byal, - as) = / h(Eg,Ef)g(EgH)dEgH + ag
0

~ 2 /oo[l—l—a (E, — EN)] xexp M dET +q
V2mas JE, He g 2a3 g T8
1 Ey—aq
= as {5 1+ as(Ey — a1)] x erfe ( j/§a2 )
a0y (E, — a1)2} }
A I B VIS [} QIO 6.10
\/% p |: 2@3 5 ( )

where the parameter as represents the spectrum offset. This equation can be used
to fit the high energy edge of the Compton gamma-ray beam spectrum to determine
the electron beam energy and energy spread using aq, ..., as as fitting parameters.
Note that in principle, a3 and a4 in Eq. (6.10) depend on the integration variable
EgH . However, they are assumed to be constant during the integration in order to
derive the exact form of Eq. (6.10). This frees up a3 and a4 as two independent
fitting parameters. While this improves the fitting, the fitting result of a4 could be
non-physical in some circumstances. When the fit value of a4 is significantly different
from its physical value of 2/Ef, Eq. (6.10) is found to be inaccurate in describing the

high energy edge of the gamma beam spectrum. As shown in the following section,
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this limits use of Eq. (6.10) for the accurate determination of the electron beam

energy and energy spread.
6.1.2  Gamma-beam collimation and electron-beam emittance effects

In practice, the Compton gamma-ray beam is first collimated by a round aperture
(a lead collimator) and then measured by a gamma-ray detector. Thus, the gamma

beam divergence after the collimation is given by

A, = =, (6.11)

] =

where R is the radius of the collimation aperture, and L is the distance between
the collision point and the collimator. In addition to the contribution caused by the
electron beam energy spread, the opening angle A#,. of the collimator also leads to
a contribution to the energy spread of the gamma-ray beam.

For a head-on collision of a monoenergetic electron and laser beams with zero
transverse sizes, according to Eq. (6.1) the relative full-width energy spread AE,/E,
of the gamma beam after the collimation is given by

AL, _ By — By VNG, (6.12)

Ey Ey

where EgL represents the minimum energy of the gamma photons accepted by the
collimator, i.e., the low energy edge of the spectrum shown in Fig. 6.1l Ef represents
the high energy edge of the spectrum, and is only determined by electron and laser
photon energies according to Eq. (6.2).

However, if the electron beam has a finite energy spread, the high energy edge of
the gamma beam spectrum could be influenced by the collimation aperture. Espe-
cially, when the gamma beam energy spread due to the collimation is smaller than or

comparable to that due to the electron beam energy spread, i.e., Y2Af0.> < 205, /E.,
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the collimation effect will start to alter the high energy edge of the spectrum, re-
sulting in a shift of the spectrum peak toward the higher energy. In this case, the
electron beam emittance will also play a role in shaping the gamma beam spectrum.

Since Eq. (6.10)) does not take into account the gamma beam collimation and elec-
tron beam emittance effects, its application to determine the electron beam energy

becomes less accurate when these effects are significant.
6.1.3 A comprehensive fitting model

To describe the gamma beam energy distribution with the consideration of the
gamma-beam collimation and electron-beam emittance effects, we have derived a

comprehensive formula in Chapter 3 as follows

dN N rg L2 NeNp /yo /\xo /Ozmaz ,7
dE, ~ 212hcBon/Coor0s )y )y )0, \1+ 27E,/mc?

" 1 49*E, Ey(1+~%67) B V0%
4| Ey(1+7%67) 4v2E, (14 ~207)
r Hx _ L 2 _ 2
X exp —< x;/ ) — (7 = %) } db, dzg dyg, (6.13)
i 205, 202

where x, and y, are half widths of horizontal and vertical apertures, and for a circular
aperture, the radius of the aperture is given by R = \/m Other symbols are
the same as those defined in Eq. (3.18).

Eq. (6.13) has been derived under assumptions of an unpolarized Gaussian laser
beam with a zero energy spread scattering with an unpolarized Gaussian electron
beam. In order to simplify the integrations, the vertical emittance of the electron
beam has also been neglected in Eq. (6.13). For many storage rings, this is a good
approximation because the vertical emittance is much smaller than the horizontal

one.
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6.1.4 Energy spectrum of collimated Compton gamma-ray beam

To evaluate the integrations of Eq. (6.13) with respect to dxg, dyg and df,, the
numerical integration code (CCSC) has been developed (Chapter [3). The spectra
calculated using this code are shown in Figs. 6.2/ and 6.3.

Fig. 6.2 illustrates the influence of the collimation aperture on the energy spec-
trum of the gamma beam. The spectra are calculated for collimators with varying
aperture radius R. To minimize the emittance effect, a small electron beam emit-
tance of 0.05 nm-rad is used for the calculation. In order to compare the collimation
effect to the electron beam energy spread effect, a relative collimation factor a can

be defined as
o 72A‘9c2
2v/2In2 x (205, /E.)’

(6.14)

where 2v/21n2 is the conversion factor between the FWHM width and the RMS
width. Fig. [6.2(a) shows that the collimation cuts down the lower energy gamma
beam intensity, and determines the low energy edge of the spectrum. For a large
collimation aperture (a > 3), the low and high energy edges of the spectrum are well
separated, thus the high energy edge is not influenced by the collimation aperture.
However, for a tight collimation (o < 2), the low and high energy edges begin to join
together, and the peak of the spectrum shifts toward the higher energy end as « is
decreased. This is more clearly demonstrated in Fig. [6.2(b) in which gamma beam
spectra are scaled to their peak values.

Fig. 6.3(a) illustrates the influence of the electron beam emittance on the shape
of the gamma beam spectrum. To minimize the collimation effect on the high energy
edge of the gamma beam spectrum, a large collimation aperture (o & 7.2) is used
in the calculation. The spectra shown in Fig. 6.3(a), scaled to their respective peak

values, are calculated for electron beams with varying horizontal emittance ¢,. The
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FIGURE 6.2: Calculated energy spectra of gamma beams produced by Compton
scattering of a 800 nm laser beam with a 500 MeV electron beam for different radii of
the collimation aperture. The aperture is placed 60 m downstream from the collision
point, and its radius R is varied from 14 mm to 4 mm. « is defined in Eq. (6.14). The
horizontal emittance and energy spread of the electron beam are fixed at 0.05 nm-rad
and 2 x 1073, respectively. (a) Spectra are normalized to the intensities of incident
electron and laser beams; (b) Spectra are scaled to their respective peak values.
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FIGURE 6.3: Calculated energy spectra of gamma beams produced by Compton
scattering of a 800 nm laser beam with a 500 MeV electron beam for different hori-
zontal emittances €, and energy spread op, of the electron beam. The gamma beam
is collimated by an aperture with radius of 16 mm which is placed 60 m downstream
from the collision point. The spectra are scaled to their respective peak values.
(a) The horizontal emittance e, of the electron beam is varied from 0.5 nm-rad to
500 nm-rad, while the relative energy spread is fixed at 2 x 1073; (b) The relative en-
ergy spread o, / E, is varied from 5x 107 to 8 x 1073, while the horizontal emittance
g, is fixed at 0.05 nm-rad.
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figure shows that for a large collimation aperture an increased electron beam emit-
tance spreads the low energy edge of the gamma spectrum, while leaving the higher
energy side of the spectrum practically unchanged. For a tightly collimated gamma
beam (not shown in the figure), the low and high energy edges of the spectrum join
together. In this case, the electron beam emittance will begin to have an impact on
the spectrum high energy edge.

Fig. [6.3(b) illustrates the influence of the electron beam energy spread on the
shape of gamma beam spectrum. To minimize the collimation and emittance effects
on the gamma beam spectrum, a small electron beam emittance and large collimation
aperture are used in the calculation. The spectra shown in Fig. 6.3(b), scaled to their
respective peak values, are calculated for electron beams with varying energy spread
og,. Clearly, unlike the electron beam emittance effect, a non-monoenergetic electron
beam spreads the Compton gamma-rays in a wider energy range, smearing both the
low and high energy edges of the gamma spectrum.

The gamma beam spectra can also be influenced by the alignment offset of the
collimation aperture with respect to the gamma beam, which is illustrated in Fig. 6.4\
When the misalignment offset is small compared to the collimation aperture size, it
will not have a significant impact on the high energy edge of the gamma spectrum.
In this case, the effect of a misaligned aperture on the gamma beam spectrum is
similar to that of electron beam emittance.

In general, the high energy edge of a collimated Compton gamma beam spectrum
is influenced by the energy spread and emittance of the electron beam as well as the
aperture size and alignment of the collimation aperture. However, Eq. (6.10) only
includes the effect of the electron beam energy spread, therefore is not adequate for
the cases when other effects are important. In particular, when the gamma-ray beam
is tightly collimated (a small «), the accurate determination of the electron beam
energy will require a new fitting model such as Eq. (6.13).
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FIGURE 6.4: Calculated energy spectra of gamma beams produced by Compton
scattering of a 800 nm laser beam with a 500 MeV electron beam for different align-
ment offsets of the collimator. The collimator with an aperture radius of 16 mm is
placed 60 m downstream from the collision point. The electron beam energy spread
and horizontal emittance are fixed to 2 x 1073 and 10 nm-rad, respectively. The
spectra are scaled to their respective peak values.

6.1.5 Validating fitting formulas

A direct test of Eq. (6.13) and Eq. (6.10)) is to use them to fit electron beam energy for
a few test spectra generated by a Monte Carlo simulation code such as MCCMPT
developed at Duke (Chapter [3) or CAIN2.35 developed at KEK [69]. The same
beam parameters as described in Fig. [6.2(a) were used in the simulations, but with
an electron beam emittance of 10 nm-rad and a varied radius of the collimation
aperture from 2.0 mm to 18 mm. As a result, the relative collimation factor « is
varied from 0.10 to 9.1. The fitting results using both Eq. (6.13) and Eq. (6.10) are
summarized in Fig. 6.5.

It shows that regardless of the collimation aperture size Eq. (6.13) can always de-
termine the electron beam energy correctly with a high accuracy of 2x 1075 or better.
However, to obtain the similar accuracy using Eq. (6.10) requires a relatively large
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FIGURE 6.5: The fit electron beam energy as a function of the relative collimation
factor av. Both Eq. (6.13) and Eq. (6.10) are used for the determination of the
electron beam energy. The error bars represent fitting errors. The horizontal line
represents the actual energy value of the electron beam used in producing simulated
gamma beam spectra.

collimation aperture (o > 4). With a smaller aperture, the accuracy of Eq. (6.10)
is significantly lower. For example when o < 1, the accuracy is reduced to about
1073, In this case, the Compton method of determining the electron beam energy
using Eq. (6.10) has no significant advantage over the simpler method of using the
integrated dipole magnetic field.

In the region of 1 < o < 4, Eq. (6.10) can still determine the electron beam
energy with an accuracy of 107%, a better result compared with the case of o <
1. This improvement is result of using the coefficient a4 in Eq. (6.10) as a fitting
parameter to take on different values for different collimation apertures. In this case,
the fit value of ay ranges from 0.40 MeV ™' to 10 MeV " as the collimation aperture
radius is decreased from 12 mm to 6.0 mm or « from 4.0 to 1.0. However, the

physics value of a4, which is given by 2/ Ef , should be independent of the collimation
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aperture size, and is approximately equal to 0.40 MeV ™. This artificial increase of ay
compensates the decrease of the intensity at the lower energy side of the spectrum as
the collimation aperture size decreases. Although this is non-physical, it can produce
a better fit.

When a > 4, the high energy edge of the spectrum is only weekly affected by
the collimation aperture. Thus, the fit values of a4 have a week dependence on the
collimation aperture size, and become close to its physics value of about 0.40 MeV .
In this case, Eq. (6.10) can determine the electron beam energy with an accuracy

similar to Eq. (6.13).
6.2 Measurements of electron beam energy and energy spread

The High Intensity Gamma-ray Source (HIvS) facility at Duke University has been
recently upgraded to improve its performance [86,87]. The schematic layout of this
facility is shown in Fig. 4.1. The energy spectrum of a HIyS beam is measured by a
large volume 123% efficiency HPGe detector installed at the end of the target room
10 meters downstream from the collimator. The gamma-ray radiation sources of
226Ra and %°Co as well as the nature background from “°K are used for the detector
energy calibration. The FEL lasing spectrum is measured by a spectrometer, and the

electron beam emittance is monitored by a synchrotron radiation profile monitor.
6.2.1 Measurements with a large collimation aperture

In the first experiments, a HIyS beam collimated by a lead aperture with a radius of
12.7 mm (« =~ 9) was used to determine the energy and energy spread of the electron
beam in Duke storage ring.

To demonstrate the capability and limitation of the Compton scattering tech-
nique, the Duke storage ring dipole field was slightly adjusted with an increment of
0.02 MeV in the sequence of 461.06 MeV— 461.08 MeV— 461.10 MeV— 461.12 MeV
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— 461.14 MeV in terms of the set-energy of the storage ring. Note that the actual
electron beam energy was different from that of the set-energy at few 1073 level.
However, without substantial hysteresis effect, the beam energy could be changed in
a small range with a relative accuracy of 107> as determined by the controllability of
the set-energy of the storage ring. Therefore, the actual energy of the electron beam
was precisely adjusted by an increment of about 0.02 MeV with an uncertainty of
about 0.004 MeV.

At each set-energy of the storage ring, the FEL wiggler setting was also slightly
adjusted in order to keep the lasing wavelength constant. The FEL spectrum param-
eters (peak Ay, and linewidth o , ) measured by the spectrometer after adjustments
are summarized in Table 6.1. The electron beam emittances were measured by the
synchrotron radiation profile monitor. The measured horizontal emittance is about
10 nm-rad. The measurement of the vertical emittance is limited by diffraction ef-
fects, and the estimated vertical emittance is less than 1 nm-rad. This assures that
the influence of the vertical emittance on the gamma beam spectrum (Eq. (6.13))
can be neglected.

For each set-energy of the storage ring, the energy spectrum of the HIyS beam was
collected for about 20 min. A typical measured spectrum with the simultaneously
recorded gamma-ray calibration source peaks are shown in Fig. 6.6l The energy
calibration curve of the HPGe detector is shown in Fig. 6.7 to illustrate the energy
linearity of the detector.

The high energy edges of the measured spectra for different storage ring set-
energies are shown in Fig. 6.8. We can see the gamma beam spectrum edge shifts to
a higher energy accordingly as the storage ring set-energy is increased from 461.06
to 461.14 MeV with increments of 0.02 MeV per step. The electron beam energy
and energy spread fitted from these edges are summarized in Table [6.1. The least
squares fitting method has been used to fit Eq. (6.13), and a typical fitting result is
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FIGURE 6.6: A typical HIyS beam spectrum measured by a large volume 123% effi-
ciency HPGe detector. The radiation sources of ??°Ra and %°Co as well as the nature
background from °K are used in the real time for the detector energy calibration.
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FIGURE 6.7: The calibration curve of the HPGe detector. The straight line is a
linear fit of the peak energies of the calibration sources.

illustrated in Fig. 6.9.
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of 0.02 MeV per step. The inset is the magnified plot around the gamma-ray energy
of 5.005 MeV.
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FIGURE 6.9: An illustration of the fitting on the high energy edge of the measured
gamma beam spectrum. The least squares method is used to fit Eq. (6.13). The
goodness-of-fit is given by the reduced x2. The fit electron beam energy E. and

relative energy spread o}, /E. as well as the fitting errors associated with them are
also shown in the plot.
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The accuracy of the electron beam energy measurement is mainly affected by
the uncertainties in the determinations of the gamma beam spectrum edge as well
as the FEL peak wavelength. These uncertainties can be further divided into two
types: systematic errors and statistical errors. The systematic errors arise from the
calibration of the HPGe detector and the spectrometer, while the statistical errors
arise from the intensity fluctuations in the measured gamma beam spectrum and the
measured FEL spectrum. For example, the contributions of these individual errors
to the uncertainty of the electron beam energy measurement are summarized in Ta-
ble 6.2/ for the measurement at the storage ring set-energy of 461.06 MeV. The overall
uncertainty 0 F, (68% confidence level) of the electron beam energy measurement is
given by the square root of the quadratic sum of the individual uncertainty contribu-
tion E', i.e., 0E, = \/WE;)Q = 0.013 MeV. Clearly, the systematic errors which
arise from the calibrations of the HPGe detector and the spectrometer dominate the
uncertainty of the electron beam energy measurement. For the measurement at the
storage ring set-energy 461.06 MeV, the overall relative uncertainty of 3 x 107> was
achieved, including both systematic and statistical errors. Similar accuracy is also
achieved for all measured electron beam energies as summarized in Table [6.1.

The accuracy of the electron beam energy measurement can also be affected
by the alignment of the collimator to the gamma beam as well as the alignment
of the FEL beam to the electron beam. Before the measurements, the collimator
has been well aligned using a gamma-ray beam imaging system recently developed
at Duke, which has a sub-mm resolution. This assures that the influence of the
collimator misalignment on the accuracy of electron beam energy measurement can
be neglected. At HIvS, the Compton gamma-ray beam is produced inside a 54 meter
long FEL resonator cavity. In order to achieve the FEL lasing, the electron beam
and the photon beam must be well aligned, and the misalignment angle 6 is less

than 4 x 10~ mrad, which produces a close-to-ideal head-on collision configuration
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for Compton scattering. According to Table 2.1, the relative uncertainty of the
electron beam energy due to the misalignment angle #; can be approximated by
6? /4, which gives the relative uncertainty of about 1077 to the electron beam energy
measurement.

The determined electron beam energy versus the set-energy of the storage ring
is plotted in Fig. 6.10. Note that all the spectra shown in Fig. 6.8 are calibrated
using the same calibration data. To improve the calibration error, the average of
the calibration peaks of all five radiation source spectra is used to determine the
calibration energy. Thus, the electron beam energies fitted from the high energy
edges of the gamma beam spectra are sharing the same calibration errors, i.e., the
systematic errors. Therefore, only the statistical errors of the electron beam energy
measurements are shown in Fig. 6.10, excluding the systematic errors. We can see
that the small change of 0.02 MeV (i.e., the relative change of 4 x 107°) of the
electron beam energy can be clearly detected by the Compton scattering technique.
This experiment demonstrates that the relative uncertainty of the electron beam
energy measurement due to the statistical errors must be smaller than 4 x 1075,
otherwise the small change (0.02 MeV) of the electron beam energy would not have
been detected.

Due to the finite resolution of the HPGe detector (approximately 5 keV in RMS
value for 5 MeV gamma-ray photons) and the finite linewidth of the FEL spectrum,
the energy spectrum of the gamma-ray beam has been broadened by both the de-
tector response and the lasing spectrum. However, for simplicity, these broadening
effects are not taken into account in the fitting model of Eq. (6.13)). Thus, the fitting
of this model to the high energy edge of measured gamma beam spectrum only yields
the effective electron beam energy spread which includes both the detector resolu-
tion and FEL linewidth effects. Therefore, in order to correctly estimate the actual
electron beam energy spread, these broadening effects must be removed if they are
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FIGURE 6.10: Electron beam energy determined by Eq. (6.13) as a function of
the set-energy of the storage ring. The set-energy has been corrected according to
the digital-to-analog converter (DAC) value which controls a power supply of dipole
magnets. The vertical error bars only represent the statistical errors of the electron
beam energy measurement, excluding the systematic errors. The straight line is the
linear fit of the determined electron beam energies. The slope of the fit line as well
as the fitting error associated with it are also shown in the plot.

significant. This can be carried out using a simple formula

7L %5\ Tdet 2+ AN (6.15)
E. \|\E. E, Ao )| ‘

where o7, is the effective electron beam energy spread which is directly fit from the

1
4

measured gamma beam spectrum using Eq. (6.13), o4 is the energy resolution of
the detector, and oy, is the line-width of the FEL spectrum. The electron beam
energy spread op, /FE. shown in Table 6.1 has been corrected using this formula.
The uncertainty of the energy spread measurement is estimated using the gamma
spectrum fitting error and the errors of the detector resolution and lasing line width.

The electron beam energy and energy spread determined by Eq. (6.10) are also
shown in Table6.1. Due to a large relative collimation factor (« = 9), Eq. (6.10) pro-
duces similar results to the ones produced by Eq. (6.13). The discrepancies between

them are within the overall uncertainty of the measurement.
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Table 6.3: Comparison of the electron beam energy determined by both Eq. (6.13)
and Eq. (6.10) for a collimation aperture with a radius of 6.35 mm.

Set-energy  E-beam energy E, (MeV)  Discrepancy!(MeV)

(MeV) Eq. (6.13) Eq. (6.10) ES10 _ 613
463.00  460.95+0.12 461.67 +0.12 0.72
462.00  460.19 £0.13  460.78 + 0.12 0.59
461.00  459.28 +£0.12 459.79 + 0.12 0.51

6.2.2  Measurements with a small collimation aperture

Many nuclear physics experiments require a more tightly collimated HIyS beam.
Such a beam can be used to study the limitation of Eq. (6.10). With a collimation
aperture of 6.35 mm radius, three energy measurements were conducted. The elec-
tron beam energy determined by both Eq. (6.13) and Eq. (6.10) are summarized in
Table 6.3. Due to a small relative collimation factor (a =~ 0.5), the electron beam en-
ergies determined by Eq. (6.10) are consistently higher than the results of Eq. (6.13)
by as much as 0.7 MeV or a relative difference of 1.5 x 1072, This agrees with the
predication shown in Fig. 6.5/ that for a tightly collimated gamma beam the electron
beam energy could be over-determined using Eq. (6.10). In this case, Eq. (6.10)

cannot be applied to accurately determine the electron beam energy.
6.3 Discussions and conclusions

In this work, the energy spectra of HIyS beams, measured with a large volume
HPGe detector, have been used to determine the electron beam energy and energy
spread. This is acceptable when the full energy peak of the measured spectrum is
clearly separated from the Compton background and single or double escape peaks.
However, under certain circumstances, the full energy peak can be buried in the
measured spectrum as shown in Fig. 4.6l This happens when the span of the higher
energy edge of the gamma beam is comparable to or wider than the energy separation

between the full energy peak and single escape peak. In this case, before being used
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for the determination of the electron beam energy and energy spread, the measured
gamma beam spectrum needs to be unfolded first using the end-to-end spectrum
reconstruction method presented in Chapter 4.

Eq. (6.10) has been used to determine the electron beam energy in several pub-
lished works [19, 20, 22, 23]. However, this equation only takes into account the
influence of the electron beam energy spread on the gamma beam spectrum. By
ignoring other factors, this formula has substantial limitation in its applications.
We have demonstrated that it can produce inaccurate results for a well collimated
gamma-ray beam with a relative collimation factor o < 4.

According to Eq. (6.14), a small « can be the result of a low electron beam
energy, a large electron beam energy spread, and a small angular divergence of a
collimated gamma beam. Therefore, under certain beam conditions, for example,
with a low energy storage ring, we need to open up the collimation aperture in
order to apply Eq. (6.10). The advantage of opening up the collimation aperture for
energy measurement of a low energy electron beam was also recognized in a recent
publication [25]. However, this may not always be possible because the angular
divergence of the gamma-ray beam can be limited by the angular acceptance of
the gamma-ray beam transport line and the gamma-ray detector. For example, the
maximum angular divergence of the gamma-ray beam at the HIvS facility is only
about 0.5 mrad which is limited by the angular acceptance of the vacuum chamber
in a dipole magnet (vertical limit) and by the transport line (horizontal limits).

To overcome the limitations of Eq. (6.10), we have derived a new equation
Eq. (6.13) to include the emittance and collimation effects. Using this equation,
we have accurately determined the energy of an electron beam in the Duke storage
ring with a relative uncertainty of 3 x 107°, including both systematic and statistical
errors.

This level of energy measurement accuracy of a few 10~ is comparable to that
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using the Resonant Spin Depolarization (RSD) technique. It has also been achieved
using the Compton scattering technique in previous measurements [20, 23] carried
out for high energy storage rings above 1 GeV. This work reports the electron beam
energy measurement with a similar accuracy of a few 107 for a low energy storage
ring at a few hundred MeV. In addition, we showed for the first time that a small
energy change about 0.02 MeV of a 460 MeV electron beam (i.e., a relative change
of 4 x 107°) by varying storage ring dipole field can be directly detected using the

Compton scattering technique.
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7

Polarization measurement of an electron beam

With the completion of recent major hardware upgrades, the HIyS has produced an
unprecedented level of gamma flux in a wide range of energy. However, an accurate
and direct measurement of the gamma-ray beam energy in tens to about 100 MeV
region remains a challenge. One alternative method to determine the gamma-beam
energy is to measure the energy of the electron beam used in the collision. In a storage
ring, the electron beam energy can be measured using the Resonant Spin Depolar-
ization (RSD) technique [59,60]. This technique measures the energy-dependent
precessing frequency of the electron spin. Consequently, it requires a polarized elec-
tron beam. It is well known that an electron beam in a storage ring can become
self-polarized due to the Sokolov-Ternov effect [61]. Therefore, the study of the self-
polarized process of the electron beam in the Duke storage ring is of great importance
for our continued development of HI~S.

The electron beam polarization can be measured using a Compton polarime-
ter [26-33]; however, the experiment setup is typically complicated and costly. Al-
ternatively, the electron beam polarization in a storage ring can be determined us-

ing the electron-beam Touschek lifetime which depends on the beam polarization
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through the intrabeam scattering effect [62,63]. While this method does not need a
complicated setup, the measurement is challenging for several reasons, including the
requirements of a highly stable beam, a reproducible storage ring operation, and an
accurate measurement of beam lifetime.

In this Chapter, we first review the radiative polarization of an electron beam in a
storage ring, and then carry out the feasibility study of the electron beam polarization
measurement using the Compton polarimeter technique in the Duke storage ring.
Finally, we report on the experimental study of the electron beam polarization using
the Touschek lifetime technique. From the Touschek lifetime difference between the
polarized and unpolarized beams, we successfully determined the equilibrium degree
of polarization as well as the time constant for the polarization build-up process of

an electron beam in the Duke storage ring.
7.1 Radiative polarization of an stored electron beam

Electrons orbiting in a storage ring emit electromagnetic waves known as synchrotron
radiation. From the quantum mechanics point of view, i.e., considering the electron
spin, the impact of synchrotron radiation on the electron spin after emitting a photon
can be categorized into two cases: the electron spin stays in its initial state, or the
electron spin flips over. It has been shown that only a small fraction (~ 107!1) [8§]
of emission events cause the spin flip, while the majority of the emission events have
no influence on the electron spin. Nevertheless, the spin-flip synchrotron radiation
does have an important and measurable effect on the polarization of the electron
beam. This effect, known as the Sokolov-Ternov effect [61], causes the electron beam
to gradually build up its polarization in the direction opposite to the guiding field of
the storage ring.

Let us assume that the guiding field of the storage ring is constant and in the

vertical direction. The spin of a vertically polarized electron can be either along
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the field (the up state 1) or opposite to the field (the down state |). The spin-flip

transition rates in the Gaussian units are given by [61,88]

5vV/3 e*~y5h 8
16 m2c2p 5v/3

5vV3 e*~5h 8
Wy, = V3 Eh (1— ) (7.1)
16 m2c2p 5v/3

where e is the electron charge, h is the Plank constant, ¢ is the speed of light,
v = E./mc? is the Lorentz factor of the electron with energy F, scaled by the rest
mass energy mc?, and p is the bending radius of the guiding field. Clearly, the
transition rate from the up state to the down state W is larger than that from the
down state to the up state W ;.

If an unpolarized electron beam is injected into the storage ring, the disparity
between the two transition rates would cause the beam to gradually build up its
polarization in the direction opposite to the guiding field. Eventually, the degree of

polarization of the electron beam will reach the maximum level given by [61,88,89]

Wiy —Wy 8
Psr = = ~ 92.38%. 7.2
WL AW 53 ) (72)

The polarization build-up process can be described by an exponential function

P(t) = Pgr {1 —exp (-ﬁﬂ , (7.3)

and the time constant Tqr is

1 5v3 e*y°h B
Tsyp =Wy + W) = (Tm (7.4)

In practice, however, some corrections must be made to Eqs. (7.2)—(7.4) if the

electron beam passes through a non-constant magnetic field. Firstly, the bending

121



radius p needs to be replaced by the effective bending radius p.ss of the storage
ring. For a ring consisting of straight sections and arcs with a set of identical dipole
magnets, we have pe_fo = 1/(p?r) [90], where p is the bending radius of the dipoles
and r = C'/(2) is the mean radius of the storage ring with a circumference of C. In
practical units, the time constant Tsr is given by [90]

p?[m]r[m]

Tsr[s] = 98.66 x TGeV]

(7.5)

For example, for the Duke storage ring (p = 2.10 m and r = 17.10 m) operated at
1.15 GeV, the time constant for polarization build-up process is roughly 62 minutes.

The other correction is the depolarization effect. In reality, the polarized electron
beam can be depolarized due to many causes, either resonant or stochastic [88,89].
Without getting into the details of these processes, the depolarization effects can
be described using a depolarization time T,. The effective time constant for the

polarization build-up process of an electron beam is given by [89]
—=—+—orT=——"Tsr, (7.6)

and the degree of polarization of the electron beam in the equilibrium state is given
by [89]

Ty

= —— Por. 7.7
Tor + 1Ty 5T ( )

P

Clearly, the equilibrium degree of beam polarization F, is reduced from the ideal
level Psr by a factor of T;/(Tsr + Ty). At the same time, the polarization time
constant T' is shorter than the ideal time constant Tsy by the same factor. Now,

Eq. (7.3) can be written as

P(t) = Py {1 —exp (—%)} . (7.8)
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7.2 Polarization measurement using Compton scattering technique

Polarization of an electron beam can be measured using Compton scattering tech-
nique. This technique, so-called Compton polarimeter, utilizes the dependency of
Compton scattering cross section on the electron beam polarization. Compton po-
larimeters are widely used to measure electron beam polarization in many facili-
ties [26-31].

For a polarized electron beam scattering with a polarized laser beam without re-
gard to their polarizations after the scattering, the Compton scattering cross section
is given by setting &, and (j, to zero in Eq. (2.11) and multiplying the result by 2 x 2,

ie.,

do 7“3 0
sy = e TGS

1 /1 1 1 X Y
*5(}‘?*5) (?W)%

GG e er)ee) oo

For a head-on collision in the lab frame, dY’, & and ¢; in Eq. (7.9) can be replaced

with quantities defined in the lab frame (Egs. (2.31), (2.24) and (2.26)). Thus, we

can have

d
é(P, S) = So + P51 + P[S. 50, + Sy Yau + 5,5y, (7.10)
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where

Y

2+1 1+1 X+Y
X Y 4\y "X

cos 20y,

v _ afl 1+1 X+Y

2~ 9\x v "2)\y "x )

a 1 1 1 1 1 1
Yo = _§Y(Y_?) \/— (}‘?) (}‘?“)C‘Wf’

5=

=)
VR

a = ﬁ(%f (7.11)

It can be seen that the term ¥ is polarization independent, while the terms 3
and Yo, 0,0, are polarization dependent: J; is related to the linear polarization P
of the laser beam; X5, is related to the longitudinal polarization S, of the electron
beam and circular polarization P, of the laser beam; ¥y, 9, are related to the trans-
verse polarization S, , of the electron beam and circular polarization P, of the laser
beam. Therefore, the polarization of the electron beam can be determined from the

Compton scattering cross section.
7.2.1 Transverse polarization measurement

For a circularly polarized laser beam (P. = +1) scattering with an electron beam,
the measurement of the ¢-dependent distribution of Compton scattered photons can
give us the transverse polarizations S, and .S, of the electron beam. For example, the
vertical polarization S, of the electron beam is obtained from the asymmetric distri-
bution of the scattered photons in the vertical direction (¢; = 7, 37”) In this case,
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in Eq. (7.10), 3, term disappears because P, = 0, X9, term equals to zero because
of the cos ¢-dependence, and ¥, terms can be neglected because the longitudinal
polarization of the electron beam S, are expected to be small. Thus, there are only
two remaining terms contributing to the vertical distribution of scattered photons,
ie.,

dzgdyq

N(yq,0) x do = (¢ + P.5,2a,) 72

(7.12)

The solid angle d2 has been replaced with dzgdys/L?, where x4 and y4 are the
coordinates in the measurement plane, L is the distance between the collision point

and this plane, and L > x4, y4. Since we are only considering the distribution in the

vertical direction (¢; = % and 2), N(ya,0) is the number of scattered photons in
the region [yg, ya + dyq| and [—dz4/2, dzg/2].
For a left circularly polarized laser beam (P. = 1) scattering with the electron

beam, the asymmetry of the vertical distribution of scattered photons is defined as

Np(ya,0) — Np(—ya,0)

A =
= Nefa 0+ Nolya0)
= Sy% = 5,Qay, (7.13)
0

where (03, = X9,/% is the analyzing power which determines the magnitude of the
asymmetry. The analyzing power as a function of the vertical position calculated
using Eq. (7.13)) is shown in Fig. [7.1. The result is also compared to that simulated
using a Monte Carlo simulation code CAIN2.35 [69].

In order to determine the vertical asymmetry from the measured distribution of
scattered photons according to Eq. (7.13)), the center (y4 = 0) of the distribution
must be located precisely, which could be difficult. To overcome this problem, we

can collide the electron beam and the laser beams with opposite helicities (P. = +1);
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FiGure 7.1: Analyzing power for Compton scattering of a 190 nm laser beam
and a 1.1 GeV electron beam. The analyzing power is evaluated in a measurement
plane 30 meters downstream from the collision point. The stair plot represents the
simulated result using CAIN2.35, and the dash curve represents the calculated result
using Eq. (7.13).

thus, the asymmetry is given by

Nr(y4,0) — Nr(ya,0)

A —
1) = N 0) + Nalya,0)
>
— Sy% = 5,Qay, (7.14)
0

where Np(yq4,0) represents the vertical distribution of the scattered photons for the
laser beam with a left helicity (P. = 1), and Ng(ya4, 0) represents the vertical distri-
bution of the scattered photons for the laser beam with a right helicity (P. = —1).
The vertical distributions of Compton scattered photons are illustrated in Fig. [7.2.
We can see that the distributions are asymmetric in the vertical direction. The ver-
tical polarization S, of the electron beam is obtained by fitting Eq. (7.14) to the
measured asymmetry with Sy as a free parameter.

In addition, from Fig.[7.2 we can see that the centroids of the two vertical profiles

are different, which can be used to determine the electron beam polarization. The
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FiGURE 7.2: Vertical profiles of Compton scattered photons produced by a 190 nm
circularly polarized laser beam scattering with a 1.1 GeV vertically polarized electron
beam. The solid curve represents the profile for the laser beam with a left helicity

(P. = 1), and the dash curve for the laser beam with a right helicity (P. = —1).

centroid shift A between the two vertical profiles is given by

<N 0) > — <N 0) >e
A _ L(ydv ) 5 R(:Ud ) = Sy < Egy >.= SyH7 (715)

where II =< Yy, >.= ffooo YoyYadyq. Thus, the electron beam polarization can also

be determined from the measured centroid shift according to S, = A/IL.
7.2.2  Statistical error

According to Eq. (7.15), the statistical error of the polarization measurement can be
estimated by

65, oy
Sy S,IVN’

(7.16)

where o0, is the RMS width of the vertical profile and N is the total number of photons
defining the profile. For a 190 nm laser beam scattering with a 1.1 GeV electron
beam, it can be calculated that IT = 239 pm and o, = 7.29 mm at the measurement

plane 30 meters downstream from the collision point. In order to measure the vertical
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FIGURE 7.3: The maximum analyzing power as a function of the laser wavelength for
the electron beams with different energies. For the Large Electron-Positron storage
ring (LEP) of CERN, the Hadron Electron Ring Accelerator (HERA) of DESY, the
Hall A Compton Polarimeter of JLAB, and the Duke storage ring, the electron beam
energy is 46, 26.6, 4.6 and 1.1 GeV, respectively.

polarization S, of the electron beam as small as 0.1, with a statistical error % of
1%, it requires 9.5 x 10® Compton scattered photons. However, we know that only
the scattered photons in the region of [—dz;/2, dx,/2] are used to define the vertical
profile. For dzy = 2 mm, the scattered photons in this region are about 10% of total
scattered photons. Therefore, a total of 9.5 x 10° scattered photons are needed. At
the HIYS facility, assuming a HIyS beam with a flux of 2 x 10® photons/sec, the

measuring time will be about 47 seconds if the detector efficiency is 100%.
7.2.3  Mazimum analyzing power

The magnitude of the asymmetry is determined by the analyzing power (Js,. As

shown in Fig. [7.1, the analyzing power has a maximum and minimum values, which

depend on the electron beam energy and laser wavelength. The maximum analyzing
max

power (3, as a function of the laser wavelength for different electron beam energies

are shown Fig. [7.3. It can be seen that for a laser beam with a wavelength above
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400 nm the higher the electron beam energy, the larger the analyzing power is. For
the Hadron Electron Ring Accelerator (HERA) of DESY (a 513 nm laser beam
scattering with a 26.6 GeV electron beam) [29], the maximum analyzing power is
about 0.33. However for the Duke storage ring (the electron beam energy is 1.1 GeV
and the laser wavelength is above 190 nm), the maximum analyzing power is less
than 0.05. This make it difficult for us to measure the electron polarization with a
good accuracy using the Compton polarimeter technique.

Alternatively, the polarization of an electron beam in a storage ring can be de-
termined using the Touschek lifetime technique. In the next section, we use this

technique to study the polarization of an electron beam in the Duke storage ring.

7.3 Polarization measurement using Touschek lifetime technique

7.8.1 Lifetime of stored electron beam

Electrons orbiting in a storage ring can get lost due to a variety of causes. Other
than hardware malfunctions, the rapid beam loss is mainly due to beam instability,
while the gradual beam loss is due to quantum diffusion, residual gas scattering and
intrabeam scattering (Touschek effect).

The relative beam loss rate at time ¢ is given by

1 dN

aN,p) = —%— (7.17)

where N is the number of electrons in the beam, and p denotes the loss rate depen-
dency on other beam and storage ring parameters. However, a commonly used term

to describe the beam loss is the beam lifetime 7, which is defined as [91]

1

T(N,p) = N

(7.18)

Typically, the beam lifetime is used to characterize gradual beam loss, thus can be

meaningful only if other rapid beam losses are fully suppressed.
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According to beam loss mechanisms, the gradual beam loss rate a(N, p) can be

separated into three different components as follows [91]
a(N,p) = ag(N,p) + ag(N,p) + ar(N, p), (7.19)

where a, (N, p) represents the beam loss due to quantum diffusion, a,(N,p) repre-
sents the beam loss due to residual gas scattering, and «a; (N, p) represents the beam

loss due to Touschek scattering. In terms of lifetime, Eq. (7.19) now can be written

as
1 1 1 1
=4 (7.20)
T Ty Ty T
where 7, = C% represents the quantum lifetime, 7, = O% represents the vacuum
q g

lifetime, and 7, = ait represents the Touschek lifetime.

Usually, the quantum lifetime 7, is independent of the beam current and is much
longer than other lifetimes. Thus, the quantum diffusion effect can be neglected
from the total beam loss rate. The vacuum lifetime 7, depends on the beam current,
vacuum pressure, and other machine parameters. For a modern light source storage
ring operating at a relatively low energy (< 1 GeV), the vacuum loss rate is typically
much smaller compared to Touschek loss. In this paper, we will focus on the Touschek

lifetime.
7.8.2  Polarization related Touschek lifetime

Electrons inside a bunched beam undergo transverse betatron oscillations around the
closed orbit as well as synchrotron oscillation with respect to a synchronous particle.
In a reference frame moving with the electron bunch, the electron motion becomes
purely transverse, neglecting the slow synchrotron motion. Thus, two electrons ap-
proach each other only in the transverse direction, which can result in a collision.

After the collision, they have a certain probability to gain longitudinal momenta.
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Transformed to the laboratory frame, the longitudinal momentum is enhanced by
the Lorentz factor . Thus, a strong variation of the electron energy is induced due
to the collision. If the induced energy deviation exceeds the energy acceptance of the
storage ring, the electron can get lost. This effect was first observed by B. Touschek
on the AdA storage ring in Frascati [92].

The scattering cross section between two electrons in their center-of-mass frame

is given by the Mgller formula (non-relativistic case) [47,62]

_ e

dQ  (v/c)?

2 2
do 4r { 4 3+ P } | (7.21)

sin'f  sin6
where 7, is the classical electron radius; v/c is the relative velocity of the electron; P is
the degree of polarization of the electron beam; and € is the scattering angle between
the directions of scattered and incident electrons. Clearly, the scattering cross section
depends on the electron beam polarization, so does the Touschek lifetime.

For a flat beam with a non-relativistic transverse momentum, the beam loss rate

due to the Touschek effect can be expressed as (see Appendix B)

Tlt =a- D(), (7.22)
where
b = e [ 5 [f-1- T wE e
@ = N _re ! 3 5:(AL/29&)2; (7.23)

72 8mo,0,05 (Ap/p)

Oy, are the transverse and longitudinal bunch sizes; 3, is the horizontal beta-
function at the collision point of two electrons; and Ap/p is the RMS momentum

acceptance. The coefficient a is inversely proportional to the electron bunch volume
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V = 0,0,0,, and the function D(§) varies slowly with £ and needs to be evaluated
numerically [91,93].

Equation (7.22) shows that the Touschek loss rate depends on the machine pa-
rameters which vary around the storage ring. Therefore, the actual (global) Touschek

loss rate should be averaged over the entire storage ring, i.e.,

1 1 1 1
=R d = (2

where R denotes the mean radius of the storage ring, and the brackets “()” represent
an average over the storage ring.
To explicitly show the dependency of the Touschek lifetime on the electron beam

polarization, Eq. (7.22) can be rewritten as [62]

Py~ (eCQ) + (aF @) P, (7.25)

where

F(§) = —im/:o ullngexp(—u)du. (7.26)

Here, the Touschek lifetime 7;(P) has been expressed as a function of the electron
beam polarization P. The term (aC(§)) represents the polarization independent
contribution to the Touschek lifetime, while (aF'(§)) represents the polarization-
dependent contribution.

Since (aF'(§)) is a negative quantity, the Touschek lifetime increases with the
polarization of the electron beam. It can be easily shown that the relative increase

of 7(P) due to the electron beam polarization is given by

W(P) = 7(0) __(aF(€)

n(P)  (aC(§)
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where 7,(0) and 7;(P) represent the Touschek lifetimes for the electron beam with
and without polarization, respectively.

For example, for the Duke storage ring operated at 1.15 GeV with the momentum
acceptance of 2.5%, the estimated value of (aF'(§))/{aC(§)) is about 0.2. Thus, the
relative increase of the Touschek lifetime is about 17% when the degree of polarization
of the electron beam reaches its maximum level of 92%. Compared to the accuracy
of lifetime measurement of about 2 — 5%, this amount of lifetime increase is expected
to be measurable.

Equation (7.27) is the basic formula which can be used to determine the elec-
tron beam polarization through the Touschek lifetime measurement. In practice,
to use this formula, we first need to establish an unpolarized beam which has the
same beam conditions (except for the degree of polarization) as the polarized beam.
Second, the increase of beam lifetime due to electron beam polarization must be sub-
stantially higher than the accuracy of the lifetime measurement. Based upon these
requirements, a series of studies were carried out, and the results showed that using
Touschek lifetime to determine the polarization of the electron beam in the Duke

storage ring was feasible [94].

7.8.8 Polarization measurement

RF wvoltage scan

The relationship between the beam lifetime and momentum acceptance is very dif-
ferent for the residual gas scattering and the Touschek effect [91]. This allows us to
distinguish the gas scattering effect from the Touschek effect by varying the momen-
tum acceptance.

The momentum acceptance of a storage ring is related to the RF accelerating
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voltage as follows [95]

Ap/p = \/ﬂﬁf;—ﬁw cos by + (s — 7/2) sin b, (7.28)

where V} is the amplitude of the RF accelerating voltage seen by the electron passing
through the RF cavity, n is the phase slip factor, ¢, is the synchronous phase, h is
the harmonic number, and § = v/c is the relative speed of the electron.

In practice, the RF accelerating voltage V{ is controlled by varying the RF gap
voltage Uy. For an RF cavity with a non-unity transit time factor, V) can be deter-

mined from the measured synchrotron tune v, according to [95]

B heVon
Ve = \/— onP2E, COS . (7.29)

Using Vp, the momentum acceptance Ap/p of the storage ring is then calculated
using Eq. (7.28).

For the Duke storage ring operated at 1.15 GeV with a 10 mA single-bunch beam,
the measured beam lifetimes as a function of the RF gap voltage U, are shown in
Fig.[7.4. The predicted Touschek lifetime using Eq. (7.25) and vacuum lifetime using
a model presented in [91] are also shown in the plot. From Fig. [7.4 we can clearly
see that the trend of the measured lifetime agrees well with the situation when the
Touschek effect is the dominant factor for beam losses. At the RF gap voltage of
800 kV, the predicted Touschek loss rate is about one order of magnitude or more
higher than the predicted residual gas scattering loss rate. Therefore, it is a good
approximation to use the measured lifetime as the Touschek lifetime in the following
analysis.

Figure [7.4 also shows that the momentum acceptance of the storage ring is deter-

mined by the RF voltage, not by the dynamic momentum aperture, as the maximum
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FiGURE 7.4: Beam lifetimes as a function of the RF gap voltage. The storage
ring is operated at 1.15 GeV with a 10 mA single-bunch beam. The lifetimes are
normalized to those at the RF gap voltage of 800 kV. The circles represent the
measured beam lifetime; the solid lines represent the predicted Touschek lifetime
1/a4(Up) and vacuum lifetime 1/a,(Uy). The dash lines represent the total lifetime
7(Up) predicted for different mixtures of Touschek and gas loss rates with a weighting
factor w, i.e., 7(Up) = 1/[ow(Up) + w - ay(Up)]. The value of the weighting factor is
shown in the plot for each dashed line.

RF voltage yields the maximum lifetime. If the dynamic momentum aperture were
the limiting factor, the lifetime would not continue to increase after a certain RF
voltage. The momentum acceptance at the RF gap voltage of 800 kV is about 2.5%
according to Egs. (7.28) and (7.29).

Ezxperiment Method

According to Eq. (7.27), in order to extract the electron beam polarization from
the measured Touschek lifetime, we need to use an unpolarized electron beam as a
reference. This unpolarized beam must have the same beam conditions (except for
the degree of polarization) as the polarized one. At the Duke storage ring, with a
recently developed booster injector [96] and a longitudinal feedback system [97], an

unpolarized electron beam can be established by filling the storage ring with a fresh
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beam.

The reproducibility of the beam condition is critical. This has been tested by
injecting electron beams with the same amount of current at different times and
monitoring the beam parameters, such as the transverse beam sizes, longitudinal
bunch length, vacuum pressure and beam orbits. The results have shown that highly
reproducible unpolarized reference beams can be established by filling the Duke stor-
age ring with a fresh beam [94].

Three subsequent runs were carried out to study the polarization build-up process
of an electron beam in the Duke storage ring, which was operated in an equally filled
8-bunch mode. The beam current as a function of the time for these three runs are
illustrated in Fig. [7.5. For the first run, the electron beam was increased to 120 mA
by incremental injection of 10 mA per step. After each 10 mA injection, the beam
current was monitored with a DC current transformer (DCCT) for about 5 min,
followed by the next injection. After the first run, the second run was immediately
carried out with the stored beam current starting at 120 mA. In this run, the injection
was stopped, and the electron beam current was monitored for about 300 minutes
as it decayed to 30 mA. Then, the electron beam was dumped, and the third run
was carried out using the same procedure as the first one. Thus, the electron beams
obtained in the first and third runs can be considered as mostly unpolarized beams,
while the beam obtained in the second run a partially polarized one.

During each run, the beam parameters, such as transverse beam sizes, longitudi-
nal bunch length, vacuum pressure and beam orbits, were monitored to assure stable
and repeatable beam conditions. A synchrotron radiation profile monitor and a dis-
sector system [98] were used to monitor the transverse beam sizes and bunch length,
respectively. The results are shown in Fig. [7.6. We can see that the run-to-run vari-
ations of the vertical beam size o, and longitudinal bunch length o are consistent
with the measurement uncertainty. While the average variation of the horizontal
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FIGURE 7.5: Measured electron beam currents as a function of time for polariza-
tion measurements. Three subsequent runs were carried out. For the first run, the
electron beam was increased to 120 mA by incremental injection of 10 mA per step.
For each 10 mA injection, the beam current was monitored for about 5 min. For the
second run, the beam current was monitored for about 300 minutes as the current
decayed from 120 mA to 30 mA. The third run was a repeat measurement of the
first run.

beam size o, is about 7 times of the measurement uncertainty, the relative variation
is only about 0.86 %. The total variation of the electron bunch volume, V' = ¢,0,05,
among these three runs is less than 4%. This would contribute a total run-to-run
variation of less than 4% to the Touschek lifetime according to Eq. (7.22).

The beam horizontal and vertical orbits were monitored by 33 Beam Position
Monitors (BPMs) distributed along the Duke storage ring. The experiment results
show that the orbits are consistent and stable for each run. Other machine parame-
ters such as the vacuum pressures and RF voltage were also checked for these runs

and showed a good run-to-run consistency.
7.3.4 Data analysis

The beam lifetime is determined by fitting the beam current decay in a time window.

To estimate the lifetime measurement error, several consecutive time windows are
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FIGURE 7.6: Measured transverse beam sizes o0,, and longitudinal bunch length
o, of the electron beam as a function of the beam current for three different runs.
The triangles (A) represent the first run, circles () represent the second run and
squares ([J) represent the third run. Top: the horizontal beam size o, measured using
a synchrotron radiation profile monitor; Middle: the measured vertical beam size o,;
Bottom: the longitudinal bunch length o, measured using a dissector system. The
relative peak-to-peak beam size variations among these three runs, (max(o,,s) —
min (o, ,.s))/0s,y.s, are computed. The beam size variations are also compared with
the measurement uncertainty, RMS(c, , ;). Their averaged values over beam currents
are shown in the plots.

used, and the error is estimated using the standard deviation of the fit lifetimes in
these time windows. For example, the determination of the beam lifetime around the
beam current of 31 mA for the first run is illustrated in Fig. [7.7. Five consecutive

time windows are used, and in each time window the beam lifetime is determined by
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FIGURE 7.7: Hlustration of beam lifetime determination around the current of 31 mA
of the first run.

fitting the current decay. Thus, the beam lifetime (7 = 5.26 hr) around this beam
current is given by averaging fit lifetimes (7. 5), and the statistical error (o, = 0.1)
is computed using this set of life time data. To optimize the error as well as to reveal
the detailed information of the beam loss rate, the duration and number of time
windows are varied for different beam currents. The measured lifetime as a function
of the beam current for three runs are shown in Fig. [7.8.

It is needed to point out that due to the duration of the injection and beam
current measurement in the first and third runs, the electron beam could potentially
accumulate some polarization. Thus, the lifetime of the beam obtained in these two
runs does not represent that of a completely unpolarized beam. To correct for this,
a simple model of the beam injection and polarization accumulation was developed
to estimate the electron beam polarization at each step. The lifetime results for
the first and third run shown in Fig. [7.8 have been corrected using this model. For
example, for the third run it took about 100 minutes to complete the refill and

beam monitoring process. As a result, the electron beam was partially polarized

when the beam current reached 120 mA. The model predicts that the degree of the
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FIGURE 7.8: The beam lifetime at different electron beam currents for three different
runs shown in Fig. [7.5.

beam polarization is about 35%. Thus, the lifetime of the unpolarized beam can be
corrected from the measured lifetime using Eq. (7.27).

Using the differences between the lifetime of the polarized beam (the second run)
and that of the unpolarized beam after the polarization correction (the average of
the first and third run), the electron beam polarization can be estimated according
to Eq. (7.27). The results of electron beam polarization as a function of time ¢
are shown in Fig. 7.9, An exponential fit of the data gives Fy, = 0.85 £ 0.03, and
T = 60 £ 9 min. To include the accumulated polarization of the electron beam at
the beginning of the second run (¢ = 0), an initial time ¢, has been introduced in the
fitting model shown in Fig. [7.9.

Comparing the fit value of the electron beam polarization (P, = 0.85) to that of
an ideal electron beam (Psy = 0.92), the relative electron beam polarization is 0.92,
i.e., Py/Psr = 0.92. Thus, the effective time constant 7" for the polarization build-up
process should be 0.92 times of the ideal time constant Tsr according to Eq. (7.6).
As calculated previously Tsr = 62 min for the Duke storage ring at 1.15 GeV, the

effective time constant 7" is expected to be 57 min which agrees with the fit value of
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FIGURE 7.9: The build-up process of the electron beam polarization P(t). The solid
line is the exponential fit of the data. The fitting model as well as the fit results are
also shown in the plot.

60 min within the fitting error.
7.4 Conclusions

The radiative polarization of an electron beam in the Duke storage ring has been
observed using a set of systematic experimental procedures based upon the Touschek
effect. The polarization time constant as well as the equilibrium degree of polariza-
tion have been successfully determined. Although not as accurate as the Compton
polarimeter technique, this simple method based upon the Touschek effect can be a
powerful tool to obtain useful information about the self-polarization process of the
electron beam in a storage ring. Accurate determination of loss contributions, the
Touschek loss vs the gas scattering loss, can improve this technique. In particular,
it will increase the measurement accuracy (i.e., reduce the systematic error) of the
equilibrium degree of electron beam polarization.

The polarized electron beam is critical for the future development of the HI~S

gamma-ray source at Duke University. It allows us to accurately determine the
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gamma-ray beam energy via the measurement of the electron beam energy [99] using

the Resonant Spin Depolarization technique [59,60].
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8

Summary and conclusion

8.1 Characterizations of a Compton gamma-ray source

In this dissertation, Compton scattering of an electron beam and a laser beam has
been studied in detail in a laboratory frame. The scattered photon energy for an
arbitrary scattering geometry was first calculated, and the Lorentz invariant scat-
tering cross section with all polarization effects was then derived. Using this cross
section, the polarization of a Compton gamma-ray beam was investigated. To study
the characteristics of the Compton gamma-ray beam produced by the electron and
laser beams with varying spatial and energy distributions, two methods were de-
veloped, one based upon analytical calculations and the other using Monte Carlo
simulations. Using these methods, we developed two computer codes, a numeri-
cal integration code (CCSC) and a Monte Carlo simulation code (MCCMPT), which
were extensively benchmarked against the measurement results at the High Intensity
Gamma-ray Source (HIvS) facility at Duke University. Using these two computer
codes, we characterized the HIvS gamma-ray beam with varying electron and laser

beam parameters as well as different collimation conditions.
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8.2 An end-to-end spectrum reconstruction method and a CCD based
gamma-ray imaging system

To analyze the measured energy spectrum of a HIyS beam, a novel end-to-end spec-
trum reconstruction method was developed by considering the entire process of the
gamma-ray beam production, transport, collimation and detection. Compared to
the commonly used source independent simulation method, the new method allowed
us to reconstruct the energy distribution of the gamma-ray beam with a high degree
of accuracy. Successfully used for routine HIyS operations, the end-to-end spec-
trum reconstruction method became a critical instrument to many nuclear physics
experiments being carried out at the HIyS facility.

To measure the transverse profile of the HIyS beam, which is crucial for the rapid
beam-based alignment of the experimental apparatus, a gamma-ray beam imaging
system based upon a BGO scintillator and a CCD camera was developed. This
imaging system has a sub-mm spatial resolution (about 0.5 mm) and a high contrast
sensitivity (better than 6%). Since 2008, this imaging system has been routinely

operated as part of the HIyS diagnostics system for nuclear physics research.
8.3 Electron-beam energy and polarization measurements

The energy of an electron beam in a storage ring can be accurately measured using
the Compton scattering technique. To use this technique, we developed a new fitting
model by taking into account the gamma-beam collimation and electron-beam emit-
tance effects. Using this model, we successfully determined the energy of an electron
beam in the Duke storage ring with a relative uncertainty of about 3 x 107 around
460 MeV.

Alternatively, if a polarized electron beam is available, the electron beam energy

can be measured using the Resonant Spin Depolarization technique. An electron
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beam in a storage ring can become self-polarized due to the Sokolov-Ternov effect.
Using the electron-beam lifetime measurement technique, we successfully studied
the radiative polarization process of an electron beam in the Duke storage ring, and

determined its equilibrium degree of polarization.

8.4 Future research

The radiative polarization of the electron beam has been observed in the Duke stor-
age ring. With this polarized electron beam, we plan to carry out accurate energy
measurements of the electron beam using the Resonant Spin Depolarization tech-
nique. This research is of great importance to our continued development of the

HIyS facility at Duke University.
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Appendix A

Spatial and energy distributions of a Compton
gamma-ray beam

The spatial and energy distributions of a Compton gamma-ray beam produced by a

head-on collision of an electron beam and a photon beam is given by

(Eg - Eg)C(l + ﬁ)ne<x> yv Z» xlv ylvpa t)

dN(Egubeyd) ~ /d_o-é‘
ddE, =) a9

xny,(z,y, z, k, t)da" dy' dp dk dV dt, (A1)

where dQq = dzqdya/L?; ne(z,y, z, 2",y p, t) and n,(z, y, z, k, t) are the density func-
tions of the electron and photon beams given by Eq. (3.1); do/dS is the differential
cross section given by Eq. (2.32). For head-on collisions, we can simplify the differ-

ential cross section to

d 1| 4%°E E, (1 + 526 7262 E, N\’
d—;:&“z{Z Bl et Y o(1+7707) —2cos* (T — ¢5) i (4 g).

Ey(1+7207) 47°E, (14 7%07) YE,

(A.2)
Replacing 2’ and vy’ by 6, and 6, according to the geometric constraints of
Eq. (3.12), and neglecting the divergence of the laser beam at the collision point, we
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can integrate Eq. (A.1) over dV and dt and obtain

dN(E,, T4, Ya) L*N.N, do
— — — FE ) (1
dE,dxqdyq (2m)3Boo,0k J /Csz 09,09, dS) ( o) (1+0)
_ )2 _ )2 . 2 . 2
B I /7 SO Y7 i g LY
a5 209y 20p 207,
xdf, db, dp dk, (A.3)
where
Brvo  2kBree 2k, €28z
=14+ (a, — —)"+ =1+ —= —, Ogp = ,
S=lt(a =T =5 G G T\ B
By\a | 2kByey 2kﬁygy ey&y
= 1 —Iv— _—— s g, = s
fy ( Yy L ) /8 Cy /60 Hy ﬁycy

Qf: \/932:4‘9?3, szngOSgZSf, Qyzgfsingbf. (A4)

Next, we need to integrate the electron beam momentum dp. It is convenient to
change the momentum p to the scaled electron beam energy variable ¥ = E./(mc?),

and rewrite the delta-function §(E, — E,) as

_ 47°E ~ (1 +~20% + 4vE,/mc?)?
6(E9 - Eg) = 5(1 + 4262 4fE 2 Eg) = _5(7 - E d - 5
YO+ 4y p/MC 8vVEy(1 + 2vE,/mc?)
(A.5)
where
2 4E, — E,0%
_ 2Eng/m02 1o 1 210 9 ;2 (A.6)
4E, — E407 4E2E,/(mc?)
is the root of
4v°E
) = L (A7)

1+ 7207 + 4y Ep /mc?

with the condition of 0 < 8 < W%-
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Substituting Egs. (A.2), (A.5) into Eq. (A.3) and integrating d7, we can get

dN(E97 Td, yd) o TngNeNp / / 4E;D/Eg Ozmax 1 7
dE,dxqdy, 4m3heByo, oy, VA By =smas \/ CaCyT0200y 1+ 2vE,/mc?
1 472 E E,(1+ ~2%02 22
N1 . pYT o 27 ) —2c052(7-—¢f)%
4 Eg(1+’7 ef) 4”)/ Ep (14_,7 ef)
_ L 2 o L 2 .
X eXp _ 552‘1/ ) _ ?{j/ (=) (k= k) 08,6,
209 209y 20’% ng
(A.8)

where

exmaz - 4Ep/Eg — 95 (A9)
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Appendix B

Touscheck lifetime

B.1 Touschek effect

Electrons inside a bunched beam undergo transverse betatron oscillations around the
closed orbit as well as synchrotron oscillation with respect to a synchronous particle.
In a reference frame moving with the electron bunch, the electron motion becomes
purely transverse, neglecting the slow synchrotron motion. Thus, two electrons ap-
proach each other only in transverse direction and can result in a collision. After the
collision, they have a certain probability to gain longitudinal momenta. Transformed
to the laboratory frame, the longitudinal momentum is enhanced by the Lorentz fac-
tor . Thus, a strong variation of the electron energy is induced due to the collision.
If the induced energy deviation exceeds the energy acceptance of the storage ring,
the electron can get lost. This effect was first observed by B. Touschek on the AdA
storage ring in Frascati [92].

Usually, for low and medium energy electron storage rings, only the horizontal
betatron motion produces sufficiently high energy deviations which could lead to elec-

tron loss. Thus, to simplify the study of Touschek effect, the following assumptions
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FIcURE B.1: Geometry of Touscheck scattering in the center-of-mass frame. 6 is
the scattering angle with respect to the incident electron direction (i.e., the z-axis);
x is the angle between the direction of the scattered electron and the s-axis; and ¢
is the azimuthal angle with respect to the z-axis.

are made:

1. The vertical and the longitudinal velocities are negligible in the center-of-mass

system;

2. The velocity of the horizontal betatron motion is low enough to permit a non-

relativistic treatment;

3. The momentum acceptance Ap/p is a fixed value, either given by the RF

acceptance or by the limiting transverse aperture.
B.1.1  Cross section for the electron loss

It is convenient to consider the scattering of two electrons in their center-of-mass
(COM) frame in which the two electrons have equal and opposite momenta. In this
frame, the differential cross section of two electrons scattering is given by Mgller

formula (non-relativistic case) [47,62]

(B.1)

do 4l 4 3+ P?
sin* @ sin? 6

dQ ~ (v/e)
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where 1, is the classical electron radius; c is the speed of light; and v is the relative
velocity of the two electrons in the COM frame; 6 is the angle between the direc-
tions of the scattered and incident electron shown in Fig. B.1; P is the degree of
polarization of electrons.

The total scattering cross section for the loss of electrons is given by integration
over all scattering angles that lead to a longitudinal momentum component Ap/, /p/
in the laboratory system exceeding the momentum acceptance Ap/p, i.e., Ap./p/ >
Ap/p.

In the COM frame, the longitudinal momentum gained by electrons due to the
scattering is given by

Aps = pcos, (B.2)

where p = mwv/2 is the momentum of the electron in the COM frame. Transferring

this momentum into the lab frame, we will have

Apl, = ypcosy = 7% COS X. (B.3)

Using p’ & ymec, the relative change of the electron momentum due to the scattering
is given by

Ap! ¥ cos
175 12 X v Y cos X- (B.4)
P yme 2c

Thus, the electron loss condition (Ap.,/p’ > Ap/p) implies that

Ap/p =un (p<1). (B.5)

cosx22v/c <

Fig. B.1 illustrates that

dQ) = sin ydxd¢, cosf = sin x cos . (B.6)
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Thus, the total cross-section for the electron loss in the COM frame is given by

1

(v) Ar? /“ g /”dd) A 3+ P
o¢(v) = sin —
! (v/e)* Jo XX . (1 —sin? ycos2¢)2 1 —sin®y cos? ¢
(B.7)
After integration, we can obtain
(v) 8rr [1 1—|—P21 1 (h<1) (B.9)
o(v)=—=—|——-1——In—
T /ot e 2 el M

B.1.2  Touschek lifetime

In general, the scattering rate of two electrons in a volume dV is given by

% = Nown = ovn?dV, (B.9)
where N = ndV is the number of the electrons in the volume dV', n is the electron
density, v is the relative velocity of the two electrons and o is the scattering cross
section.

Therefore, in the lab frame the beam loss rate in the electron bunch due to

Touscheck scattering is given by

% = %/‘/at(v)vngd‘/, (B.10)
where dV is integrated for the whole bunch volume V of the electrons, and ~? is
introduced to take into account the Lorentz transformation of o,(v)v from the center-
of-momentum frame to the laboratory frame, and the factor 2 accounts for the fact
that two electrons are lost per scattering. Thus, the Touschek lifetime is given by

1 1 dN 2 a(v)v
- = — ndV. B.11
n_  Ndi N/V v (B.11)

Since we are only considering effects which take place in the horizontal plane, the

integration is automatically performed in the vertical and longitudinal phase spaces
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and becomes

1 2 N?
— = — /Jt(v)vp(:vl,xi)p(m,xé)é(ml — T9)dridrdrodry,  (B.12)

N 2 dmoy,o,

where o, and o, are the RMS bunch height and bunch length, 6(z; — ) indicates
that the scattering process takes place at © = xy = x5, and p is the phase space
function given by

B oo [a 4 (Ber’ — 1/280)°

——ex
2 2 )
2moz 202

pla,a’) = (B.13)

where (3, is the horizontal beta-function which depends on the azimuthal coordinate

s of the storage ring.

Thus,
1 2 N232 oo Az? + Bz, + C
e\ 790,001 /oo oi(v)vexp [— 2072 dridxydry, (B.14)
where
1
A=2+ 55;2, B=—3,0.(z, +2b), and C = B2z} + 25). (B.15)

Since o,(v) and v do not depend on the position x;, we can integrate 1 to yield

2 32 00 2312 2
(B.16)
Defining new variables
U =Ty, Uug = Ty — T, (B.17)

and substituting x} and x5, we can have

1 2 N232/2m Foo 23 9 232 52(5/2—4A)u%
I xT _ xT X X X d d .
P 167T3Uy050§\/ﬁ got(v)vexp[ Aa§u1+Aa§u2ul+ S 02 uidus

(B.18)
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Here, us represents the relative velocity in the laboratory frame and

uy = UL (B.19)
f)/

where v is the relative velocity in the COM frame. Thus, oy(v)v only depends on us,

and the integration on w; can be carried out to yield

1 2 N?3, o B2 11 v
— = S - B.20
T N~2 1672040502 /mp/p oi(v)v exp [ 4o2742c% | v (c)’ ( )
where the integration range of v/c > 2Ap/p is given by Eq. (B.5).
Using the definition
xT A x
(ﬂ)2 =u, and (L/pﬁ—)2 =¢, (B.21)
20,c ¥ Oy
we will have
1 N ri T a0 (1 [u 1+P? w
— = 2l - —-1- In — —u)du. (B.22
T 7 8m0y050, (Ap/p)?’5 /5 u? L 2 ¢ op(~ujdu. (B.22)

We can see that the Touschek lifetime depends on the machine parameter [,
which is the function of the azimuthal coordinate s. Therefore, the actual (global)
Touschek lifetime should be averaged over the entire ring, i.e.,

! ! 7{ g, (B.23)

<7 > " %R 7(8)

where R is the mean radius of the ring.
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