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Abstract

The settling of inertial particles in turbulence boundary layers plays an essential
role in many meteorological, industrial and environmental processes, and is governed
by multifarious mechanisms. First, turbulence alters the settling velocity of inertial
particles through different effects, like preferential sweeping mechanism, loitering effect
and vortex trapping. Second, the existence of a wall introduces extra effects that can
influence particle settling, such as turbophoresis. The Rouse model was the most famous
model in predicting particle settling in vertical wall-bounded settling. Nevertheless, it is
only valid for inertia-less particles in the logarithmic region. A theory by Bragg et al.,
based on phase-space probability density theory, incorporates particle inertia into the
Rouse model, and quantifies the contributions from the aforementioned mechanisms to
the particle vertical velocity. The theory is valid for all particle Stokes numbers, yet it
still lacks a closed form.

In this work, one way to close the equations presented by Bragg et al. (the
extended Rouse model) was examined. Using a central differencing scheme combined
with an iterative method, the nonlinear second-order differential equation of the
variance of vertical particle velocity was solved. The predictions of the variance of
vertical particle velocity and the particle concentration PDF by the model were
studied and compared to DNS. The comparison indicates that the extended Rouse

model is able to predict many features of and , like the accumulation of particles close

iv



to the wall and turbophoretic drift. However, the quantitative agreement between the
predictions by the model and DNS is poor.

There are two probable reasons for the discrepancies between the predictions
and DNS. First, the closure of the term in the equation may be a source of errors. Second,
the lower boundary condition, whose validity is suspicious for particles with weak
inertia, can be a reason for the discrepancies. In order to investigate the cause for the
disagreement, three different boundary conditions (zero-gradient condition, asymptotic
matching, iterative condition) were examined. The results indicate that the boundary
conditions have a very limited influence on the predictions. As a result, the closure of

the terms is more likely to be responsible for the discrepancies.
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1. Introduction

The settling of inertial particles in turbulent flows plays a key role in many
common biological, industrial and meteorological processes, like snowfall [1],
transportation of biogenic substances [2], sediment transport [3] and fuel combustion [4].
However, compared to settling of inertialess particles in still water, turbulence and
particle inertia have complex influences on the settling procedure. Elucidation of these
effects has remained a challenging issue and requires close investigations into the nature

of turbulent flows as well as how they interact with inertial particles.

1.1 Turbulence and gravitational settling of inertial particles

In the settling of inertial particles, effects introduced by turbulence were once
controversial. In Reek’s work published in 1977 [5], it is argued that homogeneous
turbulent flows should have no net effect on the average settling velocity of particles.
This argument was accepted by many researchers, until Maxey and Corrsin’s pioneering
work was published in 1986 [6]. Their results indicated that for inertial particles, instead
of having a zero net influence, turbulence enhances particle settling in a random cellular
flow field. They explained this is due to gathering of these particles in specific regions in
turbulent flows.

Later, a similar effect was observed for settling inertial particles suspended in
both an artificial random Gaussian flow field [7] and homogeneous isotropic turbulence

[8]. Maxey attributed this settling enhancement to the preferential sampling of high-



strain rate, low-vorticity regions of the flow by the inertial particles as they settle [7].
Wang and Maxey showed that this effect, i.e., preferential sweeping mechanism or fast-
tracking, can lead to an increase as high as 50% in settling velocity of inertial particles,
when the particle response time and still-water terminal velocity are on the order of
Kolmogorov scales [8].

The preferential sweeping mechanism has subsequently been confirmed by
many DNS and experimental studies [9-13]. However, some of these later works also
revealed that turbulence could hinder the particle settling rather than enhancing it, an
phenomenon referred to as “loitering”. In 1993, using a grid-generated turbulent flow,
Nielson found that while strong turbulence can enhance the settling of inertial particles,
weak turbulence hinders their settling [13]. Nielson therefore hypothesized that there
must exist another mechanism causing the settling velocity to decrease, in contrast to the
preferential sweeping mechanism that leads to an enhancement of their settling. This
mechanism which reduces the particle settling velocity is referred as the “loitering
mechanism”. Usually, loitering is much weaker than the preferential sweeping effect in
turbulence. However, Nielson pointed out when the particle settling velocity became
comparable to the root mean squared (r.m.s.) velocity of the turbulent flow, the effect of
loitering became significant.

Loitering has also been observed in subsequent research [14-17]. Through both

experiments and DNS of homogeneous isotropic turbulence, Good et al. argued that



unless one considers an artificial flow in which the horizontal motions of the particles
are suppressed, loitering can only be reproduced in DNS by introducing a nonlinear
drag force on the particles [17]. This seems to be somewhat consistent with Wang and
Maxey’s work since they also mentioned that introducing a nonlinear drag force causes
a reduction in the net increase of the particle settling velocity.

As summarized above, turbulence can be an essential factor influencing the
settling velocities of inertial particles. Besides the preferential sweeping and loitering
mechanisms, turbulence can also influence the settling velocity of inertial particles
through other effects, such as vortex trapping events and particle-particle hydrodynamic
interactions. How and when these effects play significant roles in governing the inertial
particle settling velocities depends on a number of factors including the range of
turbulent scales, the Froude number, particle inertia and turbulence intensity. There is
much work to be done to quantitatively understand how the particle settling depends on

the factors.

1.2 Settling regimes of inertial particles

Dimensionless numbers describe the competition between different forces acting

on the particles. For settling inertial particles there are three key dimensionless numbers

governing the particle motion: (1) the Stokes number = —, where is the particle
0

response time and g is a specific turbulence time scale; (2) the Froude number =

1
(152

, where is the fluid acceleration and is the gravitational acceleration; (3) the



settling parameter =~ =-—where ' is a relevant fluid velocity scale (e.g. the r.m.s.

velocity).

Good et al. mapped out the settling regimes of these dimensionless numbers,
based on both the Kolmogorov ( and )and integral scales( and ) [17]. Their
DNS and experiments of homogeneous isotropic turbulence indicated that with
increasing settling parameter, the increase in settling velocity relative to the Stokes
settling velocity grows at first and then eventually reduces. This is because although
stronger particle gravity favors enhanced settling, when the gravitational force is too
large, the time for the particles to interact with turbulent structures becomes smaller.
Their results also revealed very interesting particle behaviors associated with different
settling regimes. When the Kolmogorov Stokes number () and settling parameter ()
are small, namely, for particles with weak inertia and weak settling, the increase in
particle settling velocity is proportional to . They mentioned that this conclusion
agreed with Bec, Homann and Ray’s finding in 2014 [18]. When the particle settling
parameter and Stokes number are larger, the increase in settling velocity grew
proportional to 2 where and  are the integral scale Stokes number and
settling parameter. This suggests that the relevant turbulent scales determining the
particle settling change as the particle parameters are increased. Meanwhile, according

to their results, in the regime of strong particle inertia and weak settling, the settling



velocity increase grows linearly with , indicating that the settling velocity increase is
independent of particle response time in this regime.
Later, Rosa et al. further investigated the sensitivity of the particle settling

velocity to the turbulence intensity (equivalently, turbulence dissipation rate), and the
Taylor Reynolds number = —, where is the transverse Taylor microscale and is

the fluid kinematic viscosity [19]. Their results indicated an approximately linear
dependence of the settling velocity increase on the square root of the dissipation rate, or
equivalently, turbulence intensity, when is fixed. On the other hand, in general, the
particle settling velocity also grows with increasing  at fixed , but for particles with
weak inertia, the net increase in settling velocity starts to saturate after ~ reaches a
certain threshold. Rosa et al. developed a parameterization that relates the settling
velocityto , and .Incertainregimesof ,the predictions by this
parameterization agree quantitively with the DNS results, while in other regimes the
agreement is more qualitative.

In 2016, Ireland et al. showed that even in the regime of and  where the
preferential sampling of the small-scale turbulence is absent, the settling velocity of the
inertial particles is still larger than the Stokes settling velocity, which appeared
inconsistent with the preferential sweeping mechanism [20]. Another issue to be
resolved was which turbulence scales govern the inertial particle settling velocity. In

Yang and Lei’s paper published in 1998, they argued that it was the large scale that had



a key influence on inertial particle settling [9]. Rosa et al. also believed the turbulence
root-mean-square velocity ‘', which is associated with the large scales of the turbulence,
determined the settling velocity [19]. However, there is also evidence suggesting that the
settling enhancement depends on the small-scale Kolmogorov Stokes number
instead of the large-scale integral Stokes number  [17,21]. The scales responsible for
the enhanced settling of the inertial particles by turbulence was therefore unclear.

In 2019, Tom and Bragg proposed that the findings above are due to the
multiscale nature of the mechanism generating enhanced particle settling in turbulence
[21]. In the theoretical framework they presented, all scales in the turbulence that are
smaller than a certain threshold (that depends on ), will contribute to the
preferential sweeping of inertial particles. This framework is valid for arbitrary Stokes
numbers, and also provided an explanation for the saturation of the settling velocity
dependence on  that was observed in Rosa et al. [19]. When issmalland islarge,
the largest flow scales will exceed . As aresult, even though a further increase in
leads to the growth of larger scales in the turbulent flow, these larger scales will not
contribute to the settling enhancement because they are larger than , and this causes
the dependence of the settling velocity on  to saturate at sufficiently large

In Ref. [21], Tom and Bragg also mentioned that this framework explained the
DNS results of Ireland et al. who observed enhanced settling even when the particles

uniformly sampled the velocity gradient field of the turbulent flow [20]. By applying a



filter to the fluid velocity field, Tom and Bragg showed that although in the regime
considered by Ireland et al. the particles do not preferentially sample the unfiltered fluid
velocity gradient field (corresponding to the smallest scales in the flow), they do
preferentially sample the filtered fluid velocity gradient field (corresponding to larger
scales in the flow), so that the preferential sweeping mechanism operates at larger scales

in the flow, even though it may not operate at the smallest scales .

1.3 Wall-bounded turbulent flows and the Rouse model

The settling of inertial particles in wall-bounded turbulent flows is a most
significant process for the settling and emission of aerosols, snow and rain drops [22-25].
Compared to homogeneous isotropic turbulence, the scenario of wall-bounded turbulent
flows is more complicated, due to extra effects introduced by the wall.

So far, many attempts have been made to reveal the major influential effects
introduced by the wall, but no study had explored at a fundamental level how the wall
influenced the settling velocity of inertial particles, and how the mechanisms differ from
those in homogeneous turbulence (e.g., the preferential sweeping mechanism). In Bragg,
Richter and Wang's paper published in 2021, they developed a theory based on a phase-
space probability density function equation that reveals the key mechansisms governing
the particle transport near a wall [26].

First, turbophoresis, resulting from a gradient of turbulence intensity in the wall-

normal direction, will influence settling. Caporaloni et al. reported the effect of



turbophoresis in a model of dry deposition [27]. Reeks” work in 1990 provided further
proof of the existence of this effect in inhomogeneous turbulent flows [28]. In 2002,
Marchioli and Soldati showed using DNS that turbophoresis explains the particle
accumulation in the near-wall region by altering the probability of the particles being
found in sweep and ejection events of the boundary layer turbulence [29].

Second, in wall-bounded turbulent flows, the Stokes number will vary along the
wall-normal direction [26]. This is because the Kolmogorov timescales will vary due to
the existence of the wall. As a result, in the near-wall region, the Stokes number is
dependent on the distance from the wall as well as the Reynolds number, which is a
phenomenon absent in homogeneous turbulence.

Finally, rigorous phase-space probability density function theories have
suggested the existence of an extra drift caused by inhomogeneity [26,30-32]. However,
it is challenging to develop a closed expression for this effect [32].

Most of these research works focus on settling parallel to the walls. Particles
settling in the wall-normal direction can behave quite differently compared to those
settling in the wall-parallel direction. For instance, Marchioli and Soldati’s observed that
in two-way coupled wall-bounded turbulent flows, when gravity is parallel to the wall-
normal direction, particles favor low-speed streaks in the near-wall region [29]. This
preference sampling further contributes to an imbalance of the sweeping and ejection

events, and thus leads to a net flux towards the wall. In contrast, Lee and Lee found that



in wall-normal settling in a two-way coupled flow, when = (1) or 1, the DNS
results indicate no particle accumulation in the low-speed streaks [34].

In 1937, Rouse presented the well-known power law model for wall-normal
settling of inertia-less particles in turbulent flows [35]. This model is valid in the
logarithmic region of the turbulent boundary layers and is based on the following
assumption: the downward settling flux is exactly counterbalanced by the turbulence
flux in the upward direction, namely, the net flux vanishes at any heights from the wall.
This relationship between particle concentration and the flux, i.e., flux-profile
relationship, provides the basis for geophysical measurements [22-25] and the set-up of
boundary conditions in numerical models [36].

There have been many research works focusing on extending the Rouse model so
that it can apply to more general situations, such as the incorporation of a net imbalance
between the particle settling and the flux [37] or stable and unstable stratification [38].
How to incorporate particle inertia in the Rouse model is another issue of concern.
According to the experiments by Berk and Coletti [39] as well as Baker and Coletti [40],
the concentration profile gradient of inertial particles becomes weaker than predicted by
the Rouse theory. Richter and Chamecki [41] observed that when particles have finite
Stokes numbers, even though the overall balance is maintained, the mass flux of
particles and the turbulent flux decrease simultaneously, resulting in reduced particle

concentration at a specific height. They argued that this occurs since the inertial particles



cannot react immediately to the local fluid motion. As a result, their findings suggest
that the Rouse model will overpredict the concentrations of settling inertial particles.

Richter and Chamecki presented an extended Rouse model based on the first-
order perturbation method [41]. For particles that have small , the modified model can
give predictions in good agreement with DNS. However, it is reported that the
corrections fail to capture the behaviors of particles at higher Stoke numbers.

In Bragg et al., they developed an exact theory describing different mechanisms
and their contributions to the particle transport in turbulent boundary layers [26]. The
mechanisms captured by their theory were then analyzed using the DNS data to
compute the various terms in the theory and understand their behavior. Based on these
results, they developed an extended Rouse model that incorporates drift effects,

diffusion and turbophoresis without limitations on the Stokes number.

1.4 This work

The diffusion-drift equation (extended Rouse model) for the particle
concentration suggested in Bragg et al. [26] is not closed. This work considers the
predictions from such a diffusion-drift equation when a closure approximation is
introduced. In section 3, we examine one way to close the extended Rouse model in Ref.
[26] and compare the predictions of particle vertical velocity variance and particle
concentration PDF with the DNS results. The probable causes of the discrepancies in

predictions and DNS are discussed. In section 4, according to the comparison, we
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investigate into the role played by boundary conditions in the model, by comparing the

results based on three boundary conditions that rely on different assumptions.
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2. Theory and methods

2.1 Theory
2.1.1 The Rouse model

In this work, inertial particles with the equation of motion given below will be

considered:

W
_ O % - (y- 45

where () is the particle velocity, ()= [ (), ]is the fluid velocity at the particle
position, W = 1 is the linear drag coefficient, and is the gravitational acceleration.

In his theory, Rouse assumed that the particles have very small Stokes number
( =/ 0) and finite settling parameter ( = / 0), where  denotes
turbulent integral timescale. Normalizing the variables in equation (1) using the wall
friction variables, rearranging, and considering the limit of small Stokes numbers leads

to

O= O- —C- = O- #@)

Using this simplified expression for the particle velocity, the Rouse model then
assumes that the particle concentration ( ) is governed by a drift-diffusion equation
o=— ()= ()=0#@3)
where s a diffusion coefficient, and @ is the constant mass flux. In the logarithmic

layer, Rouse assumed that varies linearly with .
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2.1.2 Vertical transport of inertial particles in turbulent boundary
layers

2.1.2.1 Phase-space probability density function

For inertial particles in a phase-space with coordinates , , the particle
probability density function is:
C, ,)=@[ O— 18[ O—- D#1)
where 0 is the Dirac distribution, and (-) denotes the ensemble average over all possible
() ()and 3, (., ) = 1 for the whole domain of the flow Q 3,
Bragg et al. used the following equation of particle motion [26]:
O= O +V2  0O#0?)

The term () in equation (5) is a normalized Wiener term which is used to
enable the particles to be resuspended from the wall, and this allows for a zero vertical
particle mass flux in the steady state system. The coefficient of the Wiener term was
chosen so that the Wiener term is only significant in a region very close to the wall (less
than 1 wall-unit).

For particles obeying equation (1), the PDE for ( , , ) can be obtained [42]:

Co)+ - ()= 20,02 Ky (o

N I TN G Y G| PR QR 1)

where ( ()) , isthe ensemble average of the fluctuating component of the fluid field

conditionedon ()=, ()= ,and 2=

13



The spatial particle distribution density function ( , ) is then derived:

()= () #(4)

3

The evolution equations for the zeroth and first moment of the PDF are [26]:

—= (. )+C ) )
()= —C ) +—2( () ——

+( () +( )+ #(6)
where (, )=( ()—C (I O)—C ()) ] isthe particle fluctuating velocity

covariance tensor.

2.1.2.2 Inertial particle transport in the wall-normal direction

Bragg et al. investigate a statistically stationary, horizontal turbulent channel flow
with constant mean particle mass flux in the vertical direction [26]. From equation (8)
and equation (9), the corresponding equations for ( , ) = (, ) and the vertical

component of the mean particle velocity { ()) are:

o+
=y "W
C == (OP=— - (O
1 2 3 4
2 ().#0Q)

5
6
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where (), (), are the vertical components of the fluid velocity at the particle
position, the particle velocity and gravitational acceleration, respectively, and when is
the unit vector in the vertical direction, with = :( ).

In equation (11), the term R1 reflects the mean particle acceleration due to the
velocity gradients arising from the presence of the wall. R2 is from the inertially based
diffusive flux caused by decoupling of fluid particles and inertial particles. R3 is the
velocity from turbophoretic drift. R4 is the velocity due to preferential sampling of the
flow by the inertial particles. R5 is the Stokes settling velocity. R6 is the velocity

introduced by the Wiener term in equation (5) [26].

2.1.2.3 Drift and diffusion effects introduced by the wall

In equation (11), the term R4 (( ()) ) describes how preferential sampling of
fluid velocity contributes to the particle settling velocity. When the Stokes number is
finite, the preferential sweeping mechanism can significantly impact particle settling in
turbulent flows, as was discussed by Maxey [8]. Based on analytical theories, the term

( ()) canbe reduced to the following form [26, 27]:
Oy = - W %)
where is a drift coefficient, and ! is a diffusion coefficient. Equation (12) is derived
by truncating an infinite expansion of higher order diffusion term to include only the
tirst term. However, when is assumed to have Gaussian statistics or when considering

heights close enough to the wall, equation (12) is considered accurate.
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Equation (12) suggests that even when the turbulence is homogeneous, the drift
effect is still finite through finite . The term includes the preferential sweeping
mechanism, as well as an additional contribution due to and turbulence inhomogeneity

when in a boundary layer [26].

2.1.2.4 An extended Rouse model

According to DNS results in Ref. [26], in equation (11), the influence of R6 on the
particle settling velocity is negligible. Meanwhile, in the zero-flux configuration, R1
vanishes. When R4 is replaced with equation (12), the equation (11) reduces to [26]:

0o=( +Mr) - ( -+ )H)
Compared to the Rouse model in the form bellow [26]:
o=—( +) - #(2)
the diffusion coefficient in equation (13) is valid for arbitrary particle Stokes numbers.
Equation (13) incorporates the effects introduced by the wall and particle inertia
including preferential sweeping, the turbophoresis effect, and the additional diffusion
due to decoupling of the fluid and the inertial particles, while other effects are revealed
to be negligible by DNS [26].

2.1.3 Concentration probability density function

After normalization with the viscous wall unit, equation (13) becomes:

o= (++=) - =+ )#Q
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The normalized height is referred as . The transport equation for the variance

of vertical particle velocity is:

0=— - +2 ( ——),#(2)
where is the third-order moment of the vertical particle velocity. is a velocity-space

diffusion coefficient that is obtained using the following equations:

= #(3)

(1+-)
=— #(4)

where s the fluid Lagrangian timescale at height ,and  is the vertical Reynolds
stress. According to Ref. [43], in the near wall region ( * < 200), and canbe

represented by the expressions bellow:

:< 0.005 *? )2’#(5)

1+ 0.002923 *+*1%8

{ 10, *<5
7.122 + 05731 * —0.00129 +2, 5< *=<200

#(6)

To close the equation for , is approximated using a classical quasi-Normal

closure approximation [44]:

=— ( + +—) #(7)
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Equation (15), (16) and (21) form a set of closed transport equations for ( ) and
( ). These equations can also be combined to obtain a single second-order ordinary

differential equation for the variance of the vertical particle velocity :

(+ o)t e(0) 2 om0

and the solution for () can be obtained using the solution for ( ) via the integral

expression
+ () )
= — H#(9
O exp( (O+ )+ ©)
where is a coefficient that is chosen to satisfy () =1
2.2 Methods

2.2.1 Zero-flux configuration

Equation (22) is valid when the net particle mass flux is zero at any height in the

flow. As in Ref. [26], the zero-flux configuration is used that is illustrated in Figure 1.
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Figure 1: Zero-flux (ZF) configuration with a net flux of zero at all heights [26]

In this zero-flux configuration, when reaching the upper boundary ( = ), the

particles rebound elastically. A reservoir with constant particle concentration is located
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at the lower boundary. Through the Wiener term in equation (5), the overall mass flux is

maintained at zero at any heights in the whole domain.

2.2.2 Boundary conditions

The domain of the boundary layer considered when solving the transport
equationsis * [0.1,200]. For the upper boundary * = = 200, the boundary
condition (BC) is derived from equation (22) based on the local homogeneous
approximation:

C )= )#1)

For the lower boundary * = = 0.1, the validity of three different boundary
conditions is explored. In section 3 and 4.1, a zero-gradient boundary condition for is
considered:

( )=0#(2)

According to Zaichik et al., this boundary condition is more likely to be valid for
particles with strong inertia or at = 0 [45]. Otherwise, this boundary condition is to
be considered ad-hoc, and there is no reason to think that it is valid in general. In
Sikovsky [46-47], another way to obtain () was discussed. Sikovsky et al. showed
that in the viscous sublayer, () ~ [47], so in this method, the lower boundary
condition can be obtained using this asymptotic result provided that 5 (namely,

in the viscous sublayer) and > 0. Introducing ( ) ~ into equation (15) yields:
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( )=(C )Y+ ( )N——-——#(73)

10

where =2 . =25x107°and = .
* (1+3)

The third boundary condition is obtained using an iterative method which is

introduced in section 4.3.

2.2.3 Central differencing scheme

The transport equations are solved on the domain * [ ] using the
central differencing scheme. By combining equation (15), (16), and (21), a single second-
order differential equation for (equation (22)) is derived. Since equation (22) is not
linear, the solution is obtained in the following way:

(1) An initial guess of ,namely, ()= (), is made based on local
homogeneous approximation;

(2) in equation (22), where appears in the coefficients of 2 and replace it
with  , so that the equation becomes linear;

(3) use the central differencing method on the linear second-order differential
equation obtained in (2), and obtain ;

(4) use asthenextguess, +1();

(5) repeat (2)-(4) and iterate until = and converge.
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For computational efficiency, a non-uniform mesh is used, with a coarse grid
(grid interval = 1) employed for © [20,200] and a finer grid ( = 0.01) employed

for * [0.1,20].

2.2.4 Settling regimes

In section 3, six simulations are performed. and are correspondent to those
of DNS in Ref. [26] and given below in Table 1.

Table 1: Dimensionless numbers of inertial particles in section 3

Case

Index * *
0 0.003 0.025
1 0.93 0.025
2 2.79 0.025
3 4.65 0.025
4 9.30 0.025
5 46.5 0.025

In section 4, in order to rule out the influence of gravity and the Wiener term, the

same Stokes numbers are used, while the settling numbers are set to be zero.
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3. The extended Rouse model of inertial particle settling
in wall-bounded turbulence

In this section, the performance of the extended Rouse model (equation (15)) will
be examined and discussed for the zero-flux configuration shown in Figure 1.

Based on Stokes numbers and settling numbers in Table 1, six simulations were
performed, where the vertical particle velocity variance and the particle concentration
PDF were predicted. By adjusting the gravitational acceleration in each simulation, the
settling numbers are fixed at 0.025, while the Stokes numbers vary from 0.003 to 46.5.

The predictions were then compared with the DNS results.

3.1 The variance of vertical particle velocity

In section 3, a zero-gradient condition is applied for the lower boundary
condition ( ( ) = 0). This is an approximation based on the assumption that as the
turbulence fluctuation decays in the near-wall region, becomes small. It is also
justified for very inertial particles who fly through the viscous sublayer ballistically. In
general, however, the validity of this commonly used boundary condition is not well
known. The predictions for the vertical particle velocity variance given by the
extended Rouse model are given in Figure 2.

Like the Reynolds stress ({ )), the variance of the vertical particle velocity
reflects the intensity of the particle velocity fluctuations. Meanwhile, according to the R3

term in equation (11), is proportional to the contribution from the turbophoretic drift
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velocity to particle vertical velocity { ( )) . Figure 2 shows that in all cases, when
particles are far away from the wall ( * > 20), is a few orders greater than that in the
vicinity of wall. However, is approximately zero, indicating weak contribution from
the turbophoretic drift to the settling velocity. This behavior arises simply because the
turbulence inhomogeneity is not that strong in this region. In contrast, in the near-wall
region ( * < 10), issmaller because the wall suppresses fluctuations in the turbulent
flow. In thisregion ~ becomes positive, which means that turbophoresis starts to play

a role in enhancing the particle settling velocity in this region.
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Figure 2: Vertical particle velocity variance in the zero-flux configuration
predicted by the extended Rouse model

According to Ref. [26], turbophoretic drift vanishes when lor 1.In
case 0 (= 0.003), becomes small due to small , so R3 is small as well. For
particles with strong inertia, the vanishing of turbophoretic drift suggests ~ is small, as

particles move ballistically across the boundary layer and have very short time to
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interact with the fluid field. This is consistent with the results of case 5 in Figure 2. In
other cases where < (10), isnot sensitive to the Stokes number.

In case 0, the curve exhibits a sudden change in its behavior in the vicinity of the
lower boundary. This is due to the limitation of the mesh resolution (= 0.01 in this
region), and possibly also points to an issue with the use of this boundary condition, at

least for case 0.

3.2 The particle concentration probability density function

The particle concentration probability density function (PDF) is calculated from

equation (23). The predictions by the model are presented in Figure 3.
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Figure 3: Particle concentration probability density function predicted by the
extended Rouse model

In general, at all studied Stokes numbers, the particles accumulate in the near-

wall region, both due to the settling and due to turbophoresis. When sufficiently far
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from the wall ( ™ > 20), the particle concentration PDFs have an approximately constant
distribution.

Figure 3 indicates that when ™

10, the particle concentration PDF grows with

almost a power-law behavior, qualitatively similar to the Rouse theory [35]. For * <
(1), the concentration approaches a constant value. This could be due to the Wiener

term, but could also be due to the fact that the lower boundary condition () =0

causes the turbophoretic drift to vanish near the wall, which could also lead to a

constant concentration profile.

3.3 Direct numerical simulation (DNS) of particle settling in wall-
bounded turbulence

3.3.1 The extended Rouse model and DNS

The results in section 3.1 and 3.2 are now compared with the DNS results from
Ref. [26] (Figure 4 & 5).
According to the comparison, the predictions by the extended Rouse model are

seen to be in some qualitative agreement with the DNS, but with significant quantitative

discrepancies.
Figure 4 shows that in terms of , the model is quite accurate for * (10), but
is in considerable error closer to the wall. In particular, for * (1), the extended

Rouse model underestimates in cases 0 to 4. In case 5, is overestimated by the model.
As a result, close to the wall the model tends to underestimate the fluctuation intensity

and overestimate the turbophoretic drift velocity.
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In Figure 5, the agreement between the model predictions and DNS results for
is poor. At small or moderate (e.g., (1)), the model tends to overestimate the
accumulation of particles near the wall, while at large , the accumulation is

underpredicted.

3.3.2 Response of particles settling to inertia

How the model predicts that and depend on the Stokes number is now
examined more closely and compared with the DNS. The results are presented in Figure

6&7.
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Figure 6: Variance of vertical particle velocity, = . : (a) the extended
Rouse model; (b) DNS
The DNS shows that for * (1), increases with increasing particle inertia,

while further away from the wall, decreases with increasing . This is because as the
particle inertia becomes stronger, particles fly through the boundary layer ballistically,

so the influence from the fluctuations of the fluid field is weak. Similar trends to these
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are also seen in the model predictions, especially for the behavior further away from the
wall. The biggest discrepancy between the model and DNS is for case 5, where the
model predicts that is almost constant in the near-wall region, with values two orders

of magnitude larger than the DNS results show.
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Figure 7: Particle concentration probability function,
extended Rouse model; (b) DNS

Figure 7 shows that for case 0-4, the model qualitatively predicts how responds
to changes in the Stokes number. As particle inertia increases, the particles show a
stronger tendency to accumulate near the wall. In case 0-4, the model predicts more
intense accumulations in this near wall region compared to the DNS. However, in case 5,
where the particles have strong inertia, the model significantly underestimates the near
wall accumulation. In the model predictions for case 5, the accumulation close to the
wall is weaker compared to other cases, while in DNS, the accumulation is the strongest.

This is connected to its associated error in predicting for case 5, and suggests that
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when the particles have strong inertia, the model underestimates the influence of fluid
field when particles pass through the near-wall region.

From the comparison above, it is shown that while the model reproduces several
of the qualitative features of and observed in the DNS, the model exhibits significant
quantitative errors. The extended Rouse model is based on equation (11) and is derived
from phase-space probability density theory. Since equation (11) is exact, the
discrepancies between the extended Rouse model and DNS could be due to errors
introduced during the closure of the third order term  in the transport equation for
Another possibility is that the errors arise from issues with the boundary conditions
employed when solving the model, i.e., using () = 0. Errors in the specification of
this lower boundary condition could explain some of the issues in the predictions in the
near wall region. In view of this, in section 4, the influence of the lower boundary

condition on the model predictions are explored.
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4. Boundary conditions of the extended Rouse model

As discussed above, the lower boundary condition employed is one possible
reason for the discrepancies between the predictions and DNS results in the near-wal
region. In section 4, three lower boundary conditions and their influence on the
predictions will be explored.

Since issues with the solutions to these kinds of extended Rouse models are
known to exist even in the absence of gravitational settling and molecular diffusion (e.g.
see [46]), the influence of different boundary conditions will be explored here in the
absence of these effects. Once progress has been made on improving the boundary
conditions, then the boundary conditions can be extended to incorporate these
additional effects. Therefore, in this section, the diffusion coefficient in equation (22)
and the particle settling number  are fixed at zero. In this case, the vertical particle
velocity ( (1)) in the fluid field is only governed by the inertially based diffusion (R2),

turbophoretic drift (R3), and preferential sweeping (R4) effects.

4.1 Zero-gradient boundary condition

Figure 8 and Figure 9 show the predictions based on the zero-gradient boundary
condition (BC) at the lower boundary with (red dash-dotted lines) and without (blue
solid lines) gravity and the Wiener term.

The influence of gravity and the molecular diffusion term on is not significant,

as revealed in Figure 8. Figure 9 indicates that for particles with  =0.003and =0,
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the concentration PDF is essentially a constant (blue solid line). This is because in this

regime, the major contributor to the downward vertical particle velocity is gravity [26].
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Figure 8: Vertical particle velocity variance (Blue solid line: = , = ;red
dashed line: = . ;o= 0)

For particles with stronger inertia, the downward vertical particle velocity is
determined by both gravity and the turbophoretic drift [26], and so when gravitational
settling is absent, the turbophoretic drift becomes the sole cause for the particle
accumulation near the wall. As a result, the near-wall concentration is larger with
gravitational settling, than without, but the difference becomes small as  is held
constant and  is increased, because in this limit the turbophoretic drift becomes large

compared to the Stokes settling velocity.
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Figure 8 and Figure 9 are obtained using the zero-gradient BC and show how
and will behave in the absence of gravity and the Wiener term that were used in
section 3. These results are compared with other boundary conditions in the following

sections.

4.2 Asymptotic matching

The predictions from the extended Rouse model, when the boundary condition
based on asymptotic matching is used (introduced in section 2.2.2) are presented in
Figure 10 & 11.

Figure 10 and Figure 11 show that when asymptotic matching is used, the results

are almost identical to those from zero-gradient condition. For cases 0-4, the curves are
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basically on top of each other in each case, and for case 5, there is only a very slight

difference when * < 5.
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Figure 10: Variance of vertical particle velocity (Black dash-dotted line:
asymptotic matching; blue solid line: zero-gradient BC)

These results indicate that the use of a boundary condition based on asymptotic
analysis at the lower boundary does not improve the predictions, and therefore is not
able to reduce the discrepancies between the predictions by the model and DNS. This
result is surprising because in [46] where this boundary condition idea was introduced,
the author showed results that indicated that the use of such asymptotic boundary
conditions leads to appreciable improvement in the predictions (especially for the
particle concentrations) compared with those based on the zero gradient boundary
condition. An important point in future work is to investigate why the present results

differ from those in [46].
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Figure 11: Particle concentration PDF (Black dash-dotted line: asymptotic
matching; blue solid line: zero-gradient BC)

4.3 Iterative boundary condition

As introduced in section 2.2.3, due to the nonlinearity of the equation (22), is
obtained using an iterative method. In section 4.3, an approach is explored where the

lower boundary condition for () isalsobased on an iterative approach.

The algorithm is written in the following way: (1) use the initial guess ()

(), from this obtain (), setlower boundary conditiontobe  ;( ) =—

() and solve the equation to obtain ;( ); (2) update the guess
solutionto ()= ;( ),obtain 3;( )using 31( ), setlower boundary

+
*aC ) N

condition to be o( ) =— ( ) ) and solve the equation to obtain
1

2; (3) in the i step of the iteration, the solution obtained is labelled as (), and the
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boundary conditionisbasedon _;( )and _;( )as ( )=-

L r ) —1(); (4) iterate solution until it converges.
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Figure 12: Variance of vertical particle velocity (Black dash line: single
iterative BC; red solid line: zero-gradient BC)
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Figure 13: Particle concentration PDF (Black dash line: single iterative BC; red
solid line: zero-gradient BC)
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The results from this method are presented in Figure 12 & 13.

Although a different iterative method and initial guess are used, the results still
converge to those using ( ) = 0 as the lower boundary condition. Indeed, in the
final iterative step, ( ) 0(10_14~10_19) in wall units. Hence, just as for the
asymptotic boundary conditions, the iterative boundary condition is not able to improve

the discrepancies between the predictions by the model and DNS.

4.4 Discussion

In section 4, the role of boundary condition was investigated, and three kinds of
boundary conditions based on different approximations were compared. The results
indicate that the boundary conditions have limited influence on the model predictions,
and is not likely the cause of the discrepancies between the DNS and modeling results
observed earlier. Having probably ruled out the lower boundary condition issue as the
cause for the discrepancies, the disagreement between DNS and the extended Rouse
model must be due primarily to the approximations introduced when closing the

transport equations.
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5. Conclusions

5.1 Performance of the extended Rouse model

In section 3, the performance of the extended Rouse model was examined. In
general, the model is able to capture qualitatively many features of variance of vertical
particle velocity and particle concentration PDF . For instance, it predicts the particle
accumulation in the near wall region of the boundary layer as well as the ways and
depend on the Stokes number (to some extent). Nevertheless, the quantitative agreement
with the DNS results is far from satisfactory in the near wall region. Two possible
reasons for this disagreement are the closure of the third order moment of vertical
particle velocity , and issues in the specification of the lower boundary conditions.

In section 4, the role of the lower boundary condition was examined. Ignoring
gravitational settling and molecular diffusion for simplicity, three boundary conditions
(zero-gradient boundary condition, asymptotic boundary condition and iterative
boundary conditions) were used, and the results were compared and discussed. The
comparison indicates that the zero-gradient boundary condition, which is used as the
lower boundary condition used in section 3, is less likely to be the reason for the
discrepancy because the three different methods gave very similar results. Most
interesting is that the converged solution from the equations has a gradient at the lower
boundary that is very close to zero, even for the iterative scheme where the boundary

condition effectively emerges from the system. This indicates that in some sense the zero
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gradient boundary condition corresponds to the solution that the equations want to
converge towards (when solved iteratively). The disagreement between the predictions
by the model and DNS are most likely the result of errors introduced in closing the

transport equations.

5.2 Future work

In future research, the following should be explored:

(1) As discussed in section 4, the most probable cause for the disagreement
between the model and DNS is the errors introduced when closing the transport
equations. New ways to close these terms should be explored and examined. One
possibility is to build closure approximations that are consistent with the known
asymptotic behavior for the particles in the viscous sublayer [47]. The quasi-Normal
approximation is known to lead to behavior that is inconsistent with these asymptotic
results solutions [46-47], which could explain why the model predictions fail most
significantly in the viscous sublayer.

(2) In this work, the settling numbers are fixed at 0.025 by adjusting the
gravitational acceleration. For future works, it is also important to investigate into the
roles played by the settling number.

(3) Like the Rouse model, the model in this work is also based on a net balance of
mass flux, namely, on the zero-flux configuration. In the future, the model should also

be extended to incorporate other configurations, for example, constant mass flux.
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