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Abstract

Conjectures of Braverman-Kazhdan, L. Lafforgue, Ngo and Sakellaridis imply that
all affine spherical varieties admit generalized Poisson summation formula. In this
dissertation we establish a generalized Poisson summation formula for certain spaces
of test functions on the zero locus of a quadratic form. The functions are built from
the Whittaker coefficients of automorphic representations on GL,. We also give an

expression of the local factors where all the data is unramified.
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Chapter 1

Introduction

1.1 The Poisson Summation Conjecture

Let F' be a number field and A be its Adele ring. In 1972, generalizing Tate’s
thesis, Godement and Jacquet [GJ72] build global theory for standard automorphic
L-functions for GL,. The key geometric background is that there is an affine spherical
GL,, x GL,-equivariant embedding GL, — M, of generalizing G,, — G, in Tate’s
thesis, where M,, denotes the affine space of n x n matrices. The main ingredients of

the theory are a Schwartz space
S(Mn(Ap)) = S(My(Fi)) ® CZ(My(AF)),

a Fourier transform Fy;, : S(M,,(Ar)) = S(M,(Ar)), equipped with an action R :
S(M,(Ar)) x GL,(Ar) X GL,(Ar) = S(M,(AFr)), a twisted equivariance property

_ | det go
|detgl|

Fu, © R(g1, 92) R(g97",95") © Fu,

for g1, g0 € GL,(Ap), and a Poisson Summation formula

Yo=Y FH()

YEMn (F) YEMn(F)

for f € S(M,,(Ar)). They formed a zeta integral using the above ingredients and

proved the analytic properties of the standard L-functions for GL,, using the Poisson

1



summation formula.

Braverman and Kazhdan in 2000 [BK00] proposed a generalization of Godement-
Jacquet theory that conjecturally should give more general Langlands L-Functions
L(s,m, p) for m a cuspidal automorphic representation of reductive groups G and
p:G— GL,(C). They generalized the embedding GL,, < M, to a G x G-equivariant
embedding G — X,, where X, is a normal reductive monoid with unit group G. They
conjectured that there should exists a Schwartz space S, a Fourier transform F, and
a Poisson summation formula associated to G and p. This program was later refined
by L. Lafforgue [Laf14] and Ngo6 [Ngo614|, where L. Lafforgue defined S using the
Plancherel formula of GG, and Ngo gave a geometric description for test functions.

Reductive moniods with G' x G action can be viewed as a special case of spherical
varieties, which are normal scheme of finite type over F' with an action G x X —
X and X admits an open dense Borel orbit. Conjectures of Sakellaridis [Sak12]
suggest that the conjectures for reductive monoids should be generalized to affine
spherical varieties. We refer to this conjecture as the Poisson summation conjecture.
Specifically, there should exists a conjectural Schwartz space S(X) which related to
the geometric structure of X and a Poisson summation formula for X.

The Poisson summation conjecture implies the meromorphic continuation and
functional equations of fairly general Langlands L-functions. By the converse theo-
rem, this implies the existence of many functorial transfers from reductive groups to

GL,. This is a key open problem in the field.

1.2 Poisson Summation Formula for quadratic
spaces

In [GL19], such a generalized Poisson summation formula is proved where the

underlying scheme is built out of a triple of quadratic spaces. This setting is of par-
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ticular interest because it is the first case in which the Poisson summation conjecture
is known where the underlying affine spherical variety is not a torus bundle over a
flag variety. Their method of proof involves replacing the cuspidal representation of
SL3(Ar) appearing in Garrett’s integral representation of the Rankin triple product
L-function [Gar87, PSR87] with a #-function.

This suggests that new summation formulae can be obtained by replacing cusp
forms on symplectic groups appearing in known integral representations with 6-
functions. In this dissertation, we take another step towards this general program.
In more detail, we use the exceptional isogeny SLs x SLy — SOy to substitute two
f-functions into the Rankin-Selberg integral for SOy, x GL,, constructed in [Kap12]
in the special case ¢ = 2. In the next subsection, we state our formula precisely and
then give a representation-theoretic interpretation.

Remark. More generally, one may consider substituting restrictions of minimal rep-

resentations (in the sense of [GS05]) into integral representations of L-functions.

The Rankin-Selberg integral in [Kap12] represents a Langlands-Shahidi L-function,
and it is illuminating to consider our procedure from the point of view of the Langlands-
Shahidi method. It is well-known that Langlands-Shahidi L-functions can be roughly
enumerated by root systems together with a simple root. The Dynkin diagram that
remains after deleting the simple root is the Dynkin diagram of a Levi subgroup. Our
construction corresponds to the Dynkin diagram D,,, with the unique simple root
such that the complement of the root is the Dynkin diagram for SLy x SLy x SL,,.

The summation formula we prove in this dissertation enlarges the collection of
cases in which we know the Poisson summation conjecture. At present the set of cases
is very small ([BK02, GL19, GH20]). This provides crucial test cases to examine for
insight into the general picture. Moreover, since the ultimate goal is to study higher
rank automorphic L-functions that are currently not understood, incorporating a

3



cusp form of arbitrarily high rank from the outset is a step in the right direction. We
also point out that there are methods of building up new summation formulae from
old ones modeled on the manner that the summation formula for the basic affine
space of [BK99] is built up out of a family of Poisson summation formulae for a two-
dimensional symplectic vector space. Thus it is of interest to have various families of

summation formulae to serve as building blocks.

1.3 Outline of the Thesis

The structure of this dissertation is as follows. We give an overview of the main

results of this dissertation in Chapter 2.

We set up the notation for the various algebraic groups in Chapter 3. We establish
and prove our summation formula in Chapter 4. Specifically, in Section 4.1, we
establish our summation formula assuming various quantities converge. The main
theorem is made rigorous by showing the absolute convergence of the sum of the
global integrals in Section 4.2, Section 4.3, and Section 4.4.

In Section 5.1, we give the computation of the local integral when all the data are
unramified. We justify in Section 5.2 the absolute convergence of various integrals

and the final result in Section 5.1.

We review the results of this thesis and discuss potential future work in Chapter 6.



Chapter 2

Overview of the Results

2.1 Main Results

We give a precise statement of the main results of this dissertation in the section.
Let F' be a number field and Ag be its Adele ring. Let dy,dy be two even positive
integers, and V; = G%,V, = G% be a pair of affine spaces over F equipped with
non-degenerate quadratic forms Q and Q' respectively. Let V := V] & V5.

Let Y C V be the closed subscheme whose points in an F-algebra R are
Y(R) :={y = (yi, 1) € V(R) : Q(y1) = 2Q'(12)}. (2.1.1)

Below we will use R to denote a “test” F-algebra, sometimes without further com-

ment.

Let

V'ii={y=(m,7%) € V(R) : v # 0}.

We let PY’ C PV be the corresponding quasi-projective scheme. This is the scheme
attached to the pair of quadratic spaces mentioned above.

Our summation formula will involve functions on Y twisted by Whittaker func-
tions attached to a higher rank cuspidal automorphic representation. Let n be a

positive integer. Let 7 be a cuspidal automorphic representation of GL, (Ar). Let H



be the split orthogonal group SOsg, 1. Let
G(R) :=={g = (g1,92) € GLy(R) : det g1 = det g5 '},
and let & be a smooth holomorphic section from the space

H(A a1
Inin(;)(T ® | det [*72).

Here @, < H is a parabolic subgroup with Levi GL,. In Section 4.1, following
[Sou93, Kapl2], we construct a family of inductions of Whittaker functions (lying in

Indgn(l/\/ﬂs)7 where W, ; =W, ® |det|s’% and W, is the Whittaker model for 7)

(h,s) —> We,(h,1).

Here W is an indication that this is a Whittaker function on GL,(Ar) for 7 when
restricted to an appropriate Levi subgroup of H.
Remark. The spaces V, Vi, V5 have no relationship with the groups G, H and the

split 2n + 1-dimensional space H is acting on. We merely require that n > ¢ = 2.

We extend the Weil representation of SL3(Ar) on S(V(Ap)) = S(Vi(Ap) x
Va(Ar)) to a representation p of G(Ar) on S(Vi(Ap) x Va(Ap) x Ay) in Section 4.1
via a standard procedure.

We then define for y € Y/'(Ap) the global integral

(£, We)(y) = /

p)f0 1) [ Wewunlg),a,)s(u)dudg. (2.12)
Uz2(Ar)\G(AF)



Here

Uy, CG (2.1.3)

is a maximal unipotent subgroup, N° is a certain unipotent subgroup of H (see

(3.1.3)), and ¢ is a embedding map from G to H (see (3.2.2)). Also,

ay = <74Q/(y2) In—l) € GL,(Ap) (2.1.4)

encodes the value of the quadratic form. We point out that the integral I(f, W¢)(y) is
only well-defined for y € Y/ (Ap), not for y € V(Ap), due to the invariance properties

of the Weil representation.

Thus we have a map

S(V(Ap) x A%) @ Indy G (Wr) — C=(Y'(AF)). (2.1.5)

We define S(Y (Ar), 7, s) to be the image of (2.1.5). We view this as a Schwartz space
of functions on Y/(Ap) twisted by 7 ® | det ]S’%. One has a restricted direct product
decomposition

S(V(Ap)) @ IndgF) (Wr) = @, S(V(F,)) @ Indg (7 Ws,0). (2.1.6)

Here the restricted direct product is with respect to the basic vectors 1y (o)xox @W,

7,87
where O denotes the ring of integers of F', and W, __ is the unique normalized spherical

F,)

vector in Indgi(;v)(wms) at unramified places. Thus one has a restricted direct

product decomposition

SY'(Ar),7,5) = SY'(F,), T, S)

7



with respect to the vectors I(Ly(oyxox,W,,,) at unramified places. We refer to
I(1yoyxox, W,.,) as the basic function. We give an expression of it in Theorem 2.1.2
below.

The space S(Y'(Ar), 7, s) comes equipped with a correspondence on the last hor-

izontal line of the following diagram:

S(V(Ap)) @ Indj (Wr.s) Mms) S(V(Ap)) @ Indf Wrvi—s)

L g

S(Y'(Ap),Ty5) oo » SY'(AF), 7,1~ 5)

Here M (7, s) is the usual intertwining operator from Indgn (Wr.s) to Indgn Wrvi—s).

Let

VA(R) :={(71,72) € V(R) : Q(n) = Q(72) = 0}. (2.1.7)

Our summation formula follows:

Theorem 2.1.1. For g € O(V1)(Ar) x O(Va)(Ar), the sum 3 cpyr(py L(f, We,)(9y)
admits a meromorphic continuation to the whole s-plane. It satisfies a functional

equation,

SOOI We)gy) = Y I, M7, )W, ) (gy)-
yePY' (F) yePY’ (F)
Here f(y,1) € S(V(Ap) x Ay) is a Schwartz-Bruhat function such that p(g) f(v,u) =
0 for all (g,7,u) € G(F) x V"(F) x F*.

The integral I(f, W, )(y) mixes the arithmetic of the quadratic forms Q and Q'
and the cuspidal automorphic representation 7. It is Eulerian for each y (see the
discussion around (4.1.8)). Ideally, one would like an expression for the unramified
local factors in terms of a suitable local model for 7 and the point y. We achieve this in

8



Theorem 2.1.2 below. This is far more difficult than the corresponding calculation in
[GL19]. To execute it, we adapt an argument appearing in [Kap12], which ultimately
relates the integral to the Bessel model of Indgn(WT,s) attached to a character on a

unipotent subgroup of H and a character on SO,.

Theorem 2.1.2. For all the data unramified, R(s) large, and dy > dy, we have

[e.e]

_R(s)+i_n n—o4 %2
I(Lyoyxor: Wo, )(¥) = alyr, 1) [4Q (y)| T35 3 g =24Dkay (o).
k=val(4Q'(y2))

Here a(y1,y2) is as defined in Eq. (5.1.3), and

Chny) = / / (1= ¢ + (g — 1)g W), (=52 — F +2)(—s52)*(log q)°
k,s -
ilp+or Jilp+oo Am2y(s — 514 S2, X' @ T)

% q(_51+52)k3¢/

1,51

—4Q/ (y2)w"
Iop—1 dSldSQ,

(—4Q/ (y2)w*) !

which is the product of the —k-th coefficient in ¢°* and the k-th coefficient in q°?
of a product of Laurent series in ¢°* and q*2, where v represents gamma factor for

GL; X GL,,, and By s, is the normalized unramified Bessel function defined in 5.1.11.

Remarks.

elet by be the basic function at unramified places in the conjectural Schwartz
space S(Z(Ar)). Then the quantity computed in Theorem 2.1.2 should corre-

spond to

/ bz(z,9')¢(1, g')dyg.
QL (F)

eAs mentioned before, the key difference between the results in this paper with
the work of Kaplan and Soudry is that we substitute the theta functions on

9



G(A) for cusp forms in their work. In the unramified setting, we must relate
p(9)f(y,1) to functions lying in an appropriate Whittaker model in order to

apply Kaplan and Soudry’s methods.

Let us indicate how our constructions are related to the #-correspondence and
Rankin-Selberg L-functions. Let m; be a cuspidal automorphic representation of
OV;)(F)\O(V;)(AF) for i = 1,2. Assume that m; is the #-lift of a cuspidal auto-
morphic representation o; of SLy(Ar). Assume moreover that the central character
of 01 ® o5 is trivial when restricted to the diagonal copy of +15. Then using the
isomorphism

i([z,]g)\SLg X SLQ — SO4

the representation o; ® oo defines a cuspidal automorphic representation o of SOy.
Let
r:%(SO4 x GL,) — G

be the tensor product of the two standard representations. Finally, ¢; is a cusp form

in the space of ;.

Then it follows from [Kapl2] that the integral

(g, h)f(h_ly, 1)¢1(h1)p2(hs)

/O(V)(F)\O(V)(AF) /UQ(AF)\G(AF) yePY'(F)

X / We, (wue(g), ay) 1 (w)dudgdh
Ne(AF)

is Eulerian, with unramified local factors equal to

L(s,0 X 1,71)
L(2s,7,Sym?)’

10



2.2 Representation theoretic interpretation

We provide an interpretation of our summation formula from a representation-theoretic

perspective.

In (3.1.3) and (4.1.2) we define a unipotent subgroup N° C SOs,1 and a character
Yy N°(F)\N°(Ap) — C. In particular, N°(Ar) acts on

H(AF)
Indg 4y (Wrs)
via 9; (where W denotes the Whittaker model) and we can consider the coinvariants
H(A
Inin(/i;) (WTvs)NO(AF)7¢1 .

There is an embedding ¢ : G — SOsg, 1. The image normalizes N° and stabilizes 1y,

and we can consider the coinvariants

H(A
(Indg %) Wr) veotarn @ S(V(AF))awn.
The integral I(f,&s, s) may be viewed as a functional

(Ind ) Wr s neaman ® S(V(AR)) g — C(Y'(Ap)). (2.2.1)

The functional equation in the main theorem (Theorem 2.1.1) ultimately is a
consequence of the existence of the intertwining operator on Indgn(WﬂS) associated
with the longest Weyl element and the functional equation of the corresponding

Eisenstein series defined in Eq. (4.1.1) with respect to the intertwining operator.

11



Chapter 3

Preliminaries

3.1 Groups

For this section we let F' be a field of characteristic zero. Let O be the ring of
integers of F' and w be the uniformizer of O. To define points of F-schemes we let R
denote an F-algebra. All algebraic groups we define below are affine algebraic groups

over F'.

Let

Jy 1= € GLk(F)

for k a positive integer. Let SO, be the special orthogonal group with respect to Jx.

We say that a parabolic subgroup of SOy is standard if it contains the Borel

subgroup of upper triangular matrices. Let

G(R) :={(g1,92) € GL3(R) : detg; = detg,'} and H :=SOg,41.  (3.1.1)

Let

G = S0, (3.1.2)

We denote by T and Ty the corresponding maximal split tori consisting of

diagonal matrices.

12



3.1.1 Subgroups of H

Let Qg be the standard parabolic subgroup with Levi subgroup whose points in an

F-algebra R are

{(x,c)/\ = (z c x*) € H: (r,¢) € GL, 2(R) x SO5(R), " = Jn_g(th'_l)Jn_g} :

Let Ny be the unipotent subgroup whose points in an F-algebra R are

2 ox oy
NH(R) = I x| xe M(n_g)x5(R),y c Mn_Q(R),Z S ZH(R>
Z*
Here z* = J, o(*27Y)J, 0, @’ = —J5('x)J,_22*, and Zy is the unipotent radical of

the Borel subgroup of upper triangular matrices of GL,,_».

We let Yy be the subgroup of Ny whose points in an F-algebra R are

( )

1 0 0]:2€Zu(R), 2" = Jus(tz ) duog, 2 = —Jo('2)Jpoz" 3,

13



and we denote N° the subgroup of Ny whose points in an F-algebra R are

4 )\
I, o = y 0 z
Irb 0 0 0
N°(R) = 1 0 ¢ ca' = —Jo("r) Ju2, Y = —J1("y) Sz
IQ x’
\ Ins Y,
(3.1.3)
such that N° is isomorphic to Yy \Ng.
For z € GL,(R) let
(z) = ( | Jn(%_w) € GLan 1 (R). (3.1.4)

Let @,, be the standard parabolic subgroup with Levi subgroup M, whose points

in an F-algebra R are

M,(R) :={v(z) :z € GL,(R)}. (3.1.5)

z oz vy
No(R) = 1 2| :2€ 2,2 =T, (2,2’ = =T ("e) ], 2" 3, (3.1.6)
Z*

where Z,, is the unipotent radical of the Borel subgroup of upper triangular matrices

of GL,,.

14



Accordingly, we denote @, C H as the opposite parabolic subgroup with Levi

subgroup M, and we let N,, be the corresponding unipotent radical of @,,.

Let

w = (—1)n2 (3.1.7)

21,

be a Weyl group element in H.

Let Q¢ be a subgroup of H whose points in an F-algebra R are

Qr(R) =

( )

a b ¢ =20 d

10 0 =2V
_4b/2 /2
1 0 ¢ |:aeR,ce RV =-ba"',¢d =—ca',d= te
201
1 b
ol

3.2 Embedding of the groups

For the construction of the global integral, we use two embeddings of groups. Here

we give the explicit maps we use in our integral.

We have a sporadic isogeny between the algebraic groups SLy X SLy and G' = SO,.

15



It induces a surjection G — G’ given on points in an F-algebra by

11 : G(R) — G'(R)

aa’  —ab  bd bt
a b a v —ac  ad —=bcd —bd
) }H
c d d d ca’ —cb da’ db

cd  —cd dd dd

(3.2.1)

In the construction in [Kap12, Section 2.1], the embedding of G’ in H is given by

diag(l,—2,G", I,,_2), where we denote G” C SOj as the image of the embedding of G

in SO5 € H. The map 15 : G' — SOy3 is

ap az by by

as as by by

—
c1 cp dy dy
cg Cy d3 dy
ay %az - %bl %(lz +b *éaz +by
as — %Cl i(l4 - %bg + % - éCQ + idl %a4 - b‘; - iCQ - %dl —%a4 - b3 + 1%02 - %dl
as + %Cl %LL4 — %bg -+ %CQ — %d] %(14 -+ b3 —+ i(;g + %dl 7%(14 — b3 — %CQ —+ %dl
—%ag + %Cl —§a4 — %bd + % + %CQ - édl —%CL4 — %bg + éCQ + idl %CL4 — %bg + % - éCQ + %dl

1 1 1 1
C3 104 — §d53 5(24 + dg —504 + d3

We define the composite map

t:=1301 : G—> SOs.

16

by
by — 1dy

by + 3ds

—Lbs+ L,

dy

(3.2.2)



3.3 Image of the maps

Using the map from G to G’ = SO4 and G’ in SO5 (which naturally embeds in H),
we make the image of subgroups of G in SOj precise.
Let M; be the subgroup of the maximal torus of G whose points in an F-algebra

R are
My(R):={((3,2%),(%9) :me R*}. (3.3.1)
Lemma 3.3.1. Let M| = «(M;) C SO5. Then

M{(R):{<mfs Wl) :meRX}. (3.3.2)

Let GG; be a subgroup of the maximal torus of G whose points in an F-algebra R

are

Gi(R) = {((p,%).(§9)) :be R*}. (3.3.3)

Lemma 3.3.2. Let G| = 1«(G1) < SO5. Then

1
2
Gi(R) = (b— b1 Lo+bY)  —ib—b) . b€ R

17



Let A; be a subgroup of T whose points in F-algebra R are

aq 0 10
A (R) = ) tap € R* 5. (3.3.4)

0 (11_1 0 1

Lemma 3.3.3. Let A} = 1(Ay). Then

%"‘% a%'*“h 2) %(a%_‘h 2) 2(“%‘“;2)
—2 2 —2
All(R) — (af—a;?) %(a%+a1 ) _%(a%_al ) tap € R
3(3—j(ai+ar?) —f(ai—a;?) s+i(af+ar?)

1 0 a9 0
Cay € R* ). (3.3.5)

Lemma 3.3.4. Let Ay = 1(As). Then

az
_2 2 2
%+i(a%+a2 ) %(*angaQ ) 2(—a3+a;”?)

—2 Z2 ~2
Aé(R) = . 1(*“%*“2 )2 %(a%+a2 )2 1*%(‘1%*‘12 2) Tag € RX
3(3—1(a3+a3?) —j(—a3+ay?) 3+5(a3+ay?)

a*l
2
Note that we have Tg = A; A2G.
Let Us be the maximal unipotent radical of the Borel subgroup of upper triangular

matrices of G. Let Ny be a subgroup of the U; whose points in an F-algebra R are

N0

Ni(R) := : ceR (3.3.6)

=)

—_

=)
—_
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Lemma 3.3.5. Let N{ = ¢(Ny) < SO5. Then

10 c¢ 0 —5
100 0
Ni(R) = 10 —c |[:ceR
10
1

NQ(R) = y :beR

1 60 =20 0
10 0 2
Ny(R) = 1 0 o0/|:beRry.
1 —b
1

MSL%(R) = s :mGRX

19
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Lemma 3.3.7. Let Qg = Mgz NiNa. Then o(Qg)(R) is

a?bec—-2b d
2, 2
10 0 —2v _ B —4b"”? + ¢
10 ¢ |:a€eRceRV =-ba'd=—-catd= -
1 2a~

3.4 Summary

We have given a Levi decomposition
A1A2G1N1N2 = AlGlMlNlNQ

of the Borel of upper triangular matrices in G(R) := {(g1,92) € GL3(R) : detg; =

detg,'}. We let G’ := SO,. Moreover, we have a commutative diagram:

A1A2G1N1N2 >

\G l

! = SO4

|-

SO5

L

Our main theorems are stated without the use of G', but we require it in the

proofs.

3.5 Notations for local fields

Let F' be a global field and v a place of F'. We denote by O the ring of integers
of F' and O, the ring of integers of F, for nonarchimedean v. We denote by w, a
uniformizer for O, and ¢, := |O,/w,| the residual characteristic. The idelic norm is

20



denoted by |- | and the local norm on F, (normalized in the usual manner) is denoted

by"’v-

3.6 Measures

We fix a nontrivial character ¢ : F\Ar — C* and then choose Haar measures on F,

for all places v that are self-dual with respect to ;. This yields a measure on Ap.

We let
dx,

|zl

Az, = (1)

This is a Haar measure on F°.

For every split reductive group G we fix a maximal compact subgroup K < G(Ap)
that is hyperspecial at all finite places and we normalize the Haar measure on G(F,)
so that K, has measure 1. For the F,-points of unipotent subgroups we normalize the
Haar measure by transporting measures from F;, to the root subgroups in the usual

manner.
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Chapter 4

Automorphic-Twisted Summation

Formula

4.1 The Summation Formula

In this section, we use the Rankin-Selberg integral for SO,, x GL,, developed in
[Kap12] to deduce the expression of our global integral when we take ¢ = 2. We
state and prove our main theorem of this dissertation in Theorem 4.1.2 assuming the
absolute convergence statement.

The main theorem will be made rigorous by showing the absolute convergence of
the sum of the global integrals in Section 4.4.

Let F' be a number field. We first briefly recall the construction of the Rankin-
Selberg integral in [Kap12, Section 3]. Let 7 be an irreducible automorphic represen-
tation for GL,(AF).

Let & be a smooth holomorphic section from the (normalized induction) space

H(A s—1
Indg, (o) (7 @ | det |*72).

We have the Eisenstein series

Ee(h):= Y &b, (4.1.1)

yEQn(F)\H (F)

where the first variable of & is on H, and the second variable of & is on GL,,.
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Let ¢ be a non-trivial additive character of F\Ag. For u € Ny(Ap), let

n—3
1
di(u) =9 (Z Uiia1 + Un—n + §un2,n+2> (4.1.2)

i=1
be a character of Ny (Ap), trivial on Ny (F).

Then the v-coefficient of E with respect to Ny(Ap) is

B (h) = Ee. (uh)ir (u)du.

/NH(F)\NH(AF)

Let ¢ be a cusp form on G(Ag). The Rankin-Selberg integral in this case is
I(p,&,5) = / p(9)EL (9)dg.
G'(F)\G'(AF)

This global integral converges absolutely in the whole s-plane except at the poles
of the Eisenstein series E¢ (h), and the absolute convergence follows from the rapid
decay of the cusp form ¢ and the moderate growth of the Eisenstein series E¢, (h).

Let dy, dy be two even positive integers, and V; = G4V, = G% be a pair of affine
spaces over F' equipped with non-degenerate quadratic forms Q and Q' respectively.

Let V.=V, @& V,. Let
Y(R):={y= (y1,92) € V(R): Q(y1) = 2Q' (1)}, (4.1.3)

and let

V'ii={y=(y,7%) € V(R) : v # 0}.
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We let PY’ C PV be the corresponding quasi-projective scheme. This is the scheme
attached to the pair of quadratic spaces mentioned above.

For a fixed u € F*, let p, be the usual Weil representation on SL3(Ar) with
quadratic forms uQ(y). Let f € S(V(Ar) x A%).

We construct the Weil representation p for G(Ap) following [YZZ13|, which ex-

tends the usual Weil representation of SL3(A) as follows:

p(9)f(v:u) = pul9)f(v.u), g€ SLi(Ap)

dimVy

p(((a) ()N f(rw) = flysa™ w)la ™77, a € Af.

Here S(V(Ap) x A%) is the usual Schwartz space for vector spaces.

Let f € S(V(AFr) x A}) be a Schwartz-Bruhat function such that

p(9)f(v,u) =0 for all g € G(Afr) and (v,u) € V'(F) x F*, (4.1.4)

where V"(R) = {(71,72) € V(R) : Q(m1) = Q'(72) = 0}
We let
Org)= >, plof(ru)

(7,u)EV (F)x FX

be the theta function on G(Ap).

Using the formula ofr I(p, &, s), we define a global integral as

1(6,¢,5) = / 0(9)E (9)dg.
G(F)\G(AFr)

Since we take p(g)f(0) =0 for all g € G(Ap), 0¢(g) is cuspidal. Thus I(Oy,&, s)
converges absolutely in the whole s-plane except at the poles of the Eisenstein series
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Ezl(h) similar as the Rankin-Selberg integral I(p, &, s).

By the action of Weil representation, we have

1(0,,6,5) = / S p(0)f(v. DEL (g)dg.

SL3(F)\G(AF) NEV(F)

We first unfold the Eisenstein series E, for R(s) large.
Lemma 4.1.1. For R(s) large, we have

I(9f>€,8)=/

Qa(F)\G(AF) ~EV(F)

> sofeny [ E(wour(g), 1)r (u)dudg.

Vi (F)\Nu (A)

(4.1.5)

Here

I
wy = (—1)"2 € H.

Proof. By the embedding map ¢; from G to G’ (see Eq. (3.2.1)), we have a long exact

sequence

1 — {£L} = SLAF) 5 G/(F) = HY(F,+£1,) 2 F*/(F*)* = 1,

where the map sn denotes the spinor norm.
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It follows that

L@ E)= < )L<SL§><F>,
x)2 In_s

eeEF*/(F

Qe(F) = | ( n - )L(QG)(F)-
x)2 In_o

c€F* J(F

Then
Qa(F)\SL3(F) = 1(Qa)(F)\t(SL3)(F) = Qe (F)\ta(G'(F)).

By [Kap12, Proof of Proposition 3.1, Page 151-154], after unfolding the Eisenstein

series, the only non-vanishing contribution of Eg "in I(©y,¢&, s) for R(s) large is

§(woyue(g), 1)1 (u)du,

D

YyEQqr (F)\t2 (G (F)) /YH (F)\Nu(AFr)

which is equivalent to

2.

YEQa (F)\SL3(F)

/ E(woyur(g), 1) (w)du.
Yu(F)\Nu(Ar)
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Then we have

I, / p(9)f(1.1)
T Jsumnear) 2

YEQG (F)\SL3(F) Wi (Ar)
-/ > rron [ £(wour(g), 1) (w)dudg.
Qc(FNG(AF) y ey () Yu (F)\Nu (Ar)
O
The main theorem of this dissertation is:
Theorem 4.1.2. Let
I We)w) = | p)f01) [ Welwunl).a)n(wduds
U2(Arp)\G(AF) N°(AFr)
Let
We (wur(g).1) = [ & (wug), 265 (2)dz, (4.16)
Zn(F)\Zn(A)

where w is defined in Eq. (3.1.7) and f satisfies Eq. (4.1.4). For g € O(Vy)(Ap) x
O(Va)(Ar), the sum - cpy: ey L(f, We,)(gy) admils a meromorphic continuation to

the whole s-plane which satisfies a functional equation

SOOI We)gy) = Y I(f, M(r,9)We,) ().

yEPY'(F) yePY' (F)

Here M(7,s) is the intertwining operator from Indgn(WT,s) to Indgn(WTv, 1—5s).

27



Proof. We use the defining property of the action of the Weil representation on f,

and Lemma 3.3.1 through Lemma 3.3.6 to unfold the integral.

Firstly, using Lemma 3.3.1, Lemma 3.3.5, Lemma 3.3.6, and the action of N; on

f we have

106,65 S o)1) / €. (wotie(g), 1)epr (u)dudg

/QG (FNG(AF) ey (F) Vi (F)\Nn (Ar)

> o9 f(n 1)

/Nl(AF )Na(F)M:1(F)\G(Ar) /Nl(F)\Nl(AF) V()

X

/ s(wour’t(g), 1)ty (u)dudr'dg
Yo (F)\Np (Ar)

E 1) —C ! 2 ,1
/N PR / D AR — QNI ()

YEV(F)

X

/ Es(woucee(g), 1)1 (u)dudedg

Yu(F)\Nu(Ar)

> plg)f(r D)

yeV'(F)
Q(M)=2Q’ (72)

<([ o luts) 1os () ) d

/Nl(AF No(F)M1(F)\G(AF)

Here the last line holds since by [Kap12, Proof of Propostion 3.1], the function

g+ Es(wout(g), 1) (u)du

Y (F)\Nu(Ar)

is invariant on the left for " € Ny (Ap).
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Using the action of Ny on f our integral becomes

> e f(n 1)

yeV'(F)
Q(m1)=2Q’(72)

/Nl(AF)Nz(AF)Ml(F)\G(AF) /Nz(F)\N2(AF)

<[ €, (wouzt(g), 1)) (u)dudzdg
Y (F)\Nu(Ar)

/ / p(9)
N1(Ap)N2(Ap)M1(F)\G(AF) J No(F)\N2(AF) VEV'(F)

Q(M1)=2Q'(72)

% (BQ(n) + 26Q' (12)) f(, 1) / €. (wouze(g), 1) () dudbdg

Yu(F)\Nu(Ar)

p(9)f(7,1)

/Nl(A)Ng(AF)Ml(F)\G(AF) ~eV! (F)

Q(m1)=2Q’(72)

x / / €, (wouz(g), L) (A5Q (12))4b1 (u)dud=dy.
No(F)\N2(Ap) JYu (F)\Nu(A)
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Using the action of M; on f this is

p(9)f (v, 1)

/Nl(AF)NQ(AF)\G(AF) ~EPV'(F)

Q(71)=2Q'(72)

x/ / Es(wouze(g), 1) (w)p(4bQ' (72))dudzdg
No(F)\N2(Ar) J Y (F)\Ng(AF)

p(9)f(y,1)

/Nl (AF)N2 (AF)\G(AF) yElP’Y’(F)

></ / / Es(woyuzi(g), 1)
No(F)\N2(Ar) JYu(AF)\Nu(AF) JYa (F)\YHu(AF)

X 1 (nu)(40Q' (y2))dndudzdg.

As in [Kapl13, Page 42], for fixed u and g, the function on No(Ap)

Z Es(wonuzg, 1)y (nu)(40Q (yo))dn

Yu (F)\Yh (Ar)

is well-defined since the elements of Ny(Ap) and Yy (Ap) commute. Also, since z

normalizes Yy (Ap) and stabilizes ¥ (y) and &(woz,1) = &(wp, 1), the function is

left-invariant on Ny(F"). The mapping on Ny (Ap)

w s & (wonuzg, 1)1 (yu) o (46Q) (y) dnd:

No(F)\N2(AF) /YH(F)\YH(AF)

is left-invariant by Yy (Ag). Also, z in the integral normalizes Ny (Ap) and stabilizes
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¥y. Thus we can interchange vz to zu in the integral. Then we have

1(6.6,5) = / S w0 1)

Na(Ap)Ny(AR)\G(AF) yepy ()

<[ / / & ((wonzwy yuwur(g), 1)
Ya(Ap)\Nu(Ap) J Ny(F)\N3(Ar) JYa (F)\Yu (AF)

X 1 (yu)(40Q' (yo))dndudzdg.

Let

As in [Kap13, Page 43|, the double integral fN,(F) ) can be written
2

\N3(Ar) fYH(F)\YH(AF
aS on(F)\Zn(AF)7 Where w/an/_l — Zn

We note that now the character on the group 7, is

n—1

1
Vy(2) = ¢(_4Q/(y2)21,2 + 522,3 + Z; Zii41)
for z € Z,(AF).
We use a conjugation by
1, 0
0 [n72

to replace the character ¢} to a character 1, o/, where v, o is the generic character
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of Z,, such that

wy,Q’(Z) = w(_‘lQ/(Z/Z)Zl,z + 203+ + anLn). (4.1.7)
Then we have
1669 = | S w0 1)
N2(AF)N5 (AF)\G(AF) ye]P?Yl(F)
by o
x W (wu(g), 1 (u)dudg
Y (Ar)\Nu(Ar)
-y | plo) (0.1
yEPY' (F) U2(Ap)\G(AF)

. / W (wu(g), 1) (u)dudg,
Yu(Ar)\Nu(Ap)

where

Yy o _
W (wug, 1) = / . (wurlg), 2Ly ()dz.
Zn(F)\Zn(A)

We recall that ng »¢" may be factored into a product of local Whittaker functions if

s 1s a pure tensor, and hence the integral

¥y, of
/ p(9)f(y, 1)/ We "% (wui(g), 1)1 (u)dudg (4.1.8)
U2(Ap)\G(AF) Yu (AF)\Nu (Ar)

is Eulerian. Thus 1(O¢,&, s) is a sum of Eulerian integrals.

Lemma 4.1.3. We have

Py o
Wgs N (971) = Wﬁs(gvay)7
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where
Welga) = [ clwulg)ay)iy ()
Zn(F)\Zn(4)
Here g is the standard character on Z,(A).

Proof. We have
1/10(ayza;1) = wy,Q’(Z)

for z € Z,.
Thus we have the function

g = Wés (g7 ay)

lies in Indf) Wr.s.0, o) since

We, (g, ayzl) = Wk, (9, (ayz/agl)ay) = wo(ayz/agl)Wgs (9,ay) = wa’(Z/)W&s (9, ay)

for 2" € Z,(A). O

Thus we have

[(©5,69)= ) /UQ(AF)\G(AF) p(9)f(y, 1)

yePY(F)

X / We, (wue(g), ay) v (uw)dudg.
Y (Ar)\Nu(AF)

The manipulations of the integral will be justified in Section 4.4 by showing the

sum converges absolutely for R(s) large. Then for R(s) large, we have

[©5,&5)= Y I(f,We)) (4.1.9)

yePY' (F)
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Thus we have that > pyp) I(f, We,)(y) admits a meromorphic continuation to

all s-plane.

By the functional equation of the Eisenstein series E¢ , we obtain the desired
functional equation for the sum of the global integral. Also, the poles of our sum of

integrals come from the poles of E¢, [GPSR87, BG92]. O

4.2 Bounds of the local integrals in the

non-Archimedean case

Let F' be a non-Archimedean local field of characteristic zero. Let Kg = G(O),
and let Ky = SOs,41(0O). In this section we give bounds for the local factors of the

global integral I(f, We,) in the non-Archimedean case.

In Lemma 4.2.1 and Lemma 4.2.2 we first bound the inner integral of our local
integral using some techniques from the proof of convergence of non-Archimedean

Rankin-Selberg integral for SO X GL,, in [Sou93, Section 4].

We give a bound for our local integral in the general case in Lemma 4.2.3, and

then in the unramified case in Lemma 4.2.5.

The local integral is
I(y) = I(f, ans)(y) = / r(9)f(y,1) / Wo.. (wug, a, )i (u)dudg.
Usx(F)\G(F) °(F)

For t = diag(ti,...,t,) € GL,(F), let

. (t . woflwo) € Ty(F), (4.2.1)
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where wy € GL,,(F') is the antidiagonal matrix.
For a quasi-character n : F’* — C* there is a unique real number R(7n) such that
n| - |7®™ is unitary. We say 7 is positive if R(n) > 0.

Lemma 4.2.1. Let (n,t' k) € N,(F) x Ty(F) x Ky, we have

l
W, (nt'k,a,)] < | det 773 ¢ i (ayt).

J=1

Here ¢ € C and n; are positive quasi-characters of Ty (F') which depend on .

Proof. We use an argument analogous to [Sou93, Lemma 4.4]. Since W, is Ky-

finite, we have

W, (k1) = Z Yis(k)Wi(ayt)

7

where y; s(k) are matrix coefficients of Ky and W; € W(r, Y, 1Q,) Since each W; can

be majorized by a gauge, there are positive quasicharacters n; of T}, such that

I
[Wilayt)| < Zci,jm'(ayt)v
j=1

and \t_tjl fori=1,...,n — 1 are bounded (independent of k). We have
W, (na'k, a,)| = | det t{*=23 W, (k, ayt)].
then the assertion is clear. ]
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The points of the group wN°w~! in an F-algebra R are

wN°(R)w™! =

In—Q
00 o5 1 . n—2 /1 __ t,,
R B D01, 09,03 € R"5up = —"v 0, T € M,,_o(R)
00 v, O 1
00 o 0 1

Let v € H(F') be a unipotent element of H of the form

v = . e (4.2.2)

for some ¢ € F'.

Lemma 4.2.2. For R(s) large, the integral

/ Wy, . (v, 1)]du
wNe(F)w—1 1

CONVETGES.

Proof. For u € wN°(F)w™!, we have

1 c —%02
In—2
wo=| 00 v 1 = . (4.2.3)
v1 vo T woctws In_o —%U202—7J36
0 0 9 0 1
0 0 v 0 1

We denote the Iwasawa decomposition of uv as uv = nt'k where (n,t',k) €
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N, (F) x Ty(F) x Ky, and we denote the i-th line of uv as (uv);.

By Lemma 4.2.1, the integral is majorized by

Z Cj.s / [D(w)] 2O+ B (w)du, (4.2.4)

where

We use techniques following [Sou93, Lemma 1, Section 11.15]. Let {e1,..., 0,41}
be the standard basis of F?"*1. We take the sup-norm on APEF?*"! according to the

basis {e;;, Aey, A= Aei, |1 <y <--- <i, <n}. Ky preserves this norm. We have

lor Ava A Al < Jlonl - [loall < [lvpll, 05 € F#4
Let €n4145 = €—nyj1 for j =1,...,n, we have
41 ta] = [[(e—genyuv) A= - (e—yuv)||

= [[(e—+1) + (Wv)ans1—5) A -+ (e—1 + (uv)2n41) |

< Hmax{l, I(w0)an1-51} = [ [l(w0)2001-5].

=0

Here uv is a matrix, e_;quv is a vector, [(uv)an41—;] = max{l, ||(uv)2nt1—;||} and
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|||l denotes the sup-norm. For

h1
h = : € H(F),
h27;+1

we let

be the bottom n rows of h.

Since the coordinates of L(uv) appear in the coefficients of

tj+1 tee tl == e_(j+1)£(uv) VAN 6_1£<U’U),

we have
|tj+1 e tl‘_l > maX{l? HE,Qn—i-l—jH? R ”5/2714-1“}
We denote
[L£(uv)] = max{1, | L(uv)][},
where ||-|| is the sup-norm.

Then we have

L) < || < (L), =1,....n— 1,
tit1
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and

[L(uv)]™" < D(u'v) < [L(uw)] ™" (4.2.8)

Since [L(uv)] < [u][v], we have

Ej(uv) < [L(uv)] < [u]“[v] (4.2.9)

for some positive constant C' which depends only on 7.

By the structure of L(uv), we have

_ 1 _
(L))t = max{L, [[vr ], [z, los[l, 1Tl [|=5v2c®|I, [Jvacll, losell}
2
< max{L, [[or], vzl [losll, 171}
= [u] ™"

Here the middle line holds since if max{1, ||—3v2c?||, [lvac]|, [|vsc||} = 1, we have equal-

ity, and we have
Loy
max{L, [furl], [[ozll, l[os[l, 1T, | =G vaclls [lvaell, lloscll}

> max{1, [[vs [[val, lfosll, 1T}

otherwise.

Thus we have

D(uv) < [L(uwv)]™" < [u] ™. (4.2.10)



By Eq. (4.2.9) and Eq. (4.2.10), for R(s) + %5+ — C > 0, Eq. (4.2.4) is bounded
by

Z cj75[v]c/ [u] RO gy (4.2.11)

which converges absolutely.

Now we proceed to bound our local integral in the general case.

Lemma 4.2.3. For R(s) large enough, we have

dj—n—1 do—

[s(y)<</ f’(alyl,azyz)!all%(s” 2 |a2|§R(s)Jr 2n71dxa1dxa2.
Fx JFpx

Here f" € S(V(F)) and < is synonymous with the big O notation.

Proof. We apply the Iwasawa decomposition of Us(F)\G(F') with respect to the usual

Borel subgroup of G(F). Since W,_, is smooth, it suffices to bound

[ ] eabsw sk [ W ek, o) dudads.
Ta(F) Y Kg Ne(F)
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By the defining property of the Weil representation, the above integral is

L[] tetwaeak) s 165 era)

G1 JAI(F) JA2(F) JK¢g

X/ |Wp‘rs
d d

/ / / / ) F(ary, azye, Bl ar| % |as) % araa] 2

F*X JEFX JFX JKg

X / (W60 | (wue ((al a;l,,q) , <a2 aglb)> u(k), ay)dud™ bd™ ayd™ aydk.
No(F)

wut(raiask), a,)dudadasdk
(wue( v

Here ¢ ((al al—lb—1> , (az a2_1b>) is

%—i—i(b’lala;l—i—ba;laz) %(bilalagl—baflag) 2(b~ 1a1a2 —ba1 az)
(O 5(

b~ 'ara, —bay "a2) b~ a1a2 +ba1 az) ——(b 1a1a —ba1 az)
%(%—i(b’lalagl—i—baflag)) —i(b lajay —ba1 lag) 5+ (b la —|—ba1 Lag)
(ara2)~"
I’nfl
Apply the Iwasawa decomposition to SO3(F') we have for b € F'*,
%+i(b+b’1) %(b*b’l) 2(b-b"") le—_1e2 b] 0 0
(b—b"1) L+b7Y)  —L(b—b1) = <01 2. ) ( 01 0 )k’
11+ 1) —1-b1) Lelpro ) 00 1 0 067!
Here k' € SO3(0) C Ky, and
bif [b] <1
[b] = : (4.2.12)
bLif b > 1
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We also notice that

1e—1Le? [b2] 0 0 bjo o Le[b]™! —5¢?[b] 72
Ze 01 0 = o1 o Zelbl-1 .
00 1 0 0! oo )\ o W

Thus our local integral is majorized by

d d
/ / / / ‘P(k)f(alylaazy2a5)1‘01’711612’72\@1612!72
Fx Jrx Jrx JKg

X / (W, (wu diag(lp—2, aras, I, (ara2) ™, Lia)tn'K"u(k), ay)]
°(F)

x dud”bd™ ayd* aydk.

Here
In—l
lb~ara; )
t= ,
Lbaflazj
In—l
Infl
, 1 c|bay az) —%02 lba; taz)?
n = 1 —c|bay taz) )

1
Infl

k' = o K .
I’nfl
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We have

lbay az]

(a1a2)™?

Then by the property of W, | Eq. (4.2.13) is

dy do s _ntl _ _ s _n=3
/ / / / \p(k) f(a1y1, azys2, b)||a: | 21|a2| 22|a1a2|%() > ||b 10102 1J|%() 2
FxX JFX JF*X JKg

X / (W, . (wun'k"u(k), aydiag(aias, [b~ ' aray "], I—2))|dud*bd™ a1 d™ asdk.
°(F)

This is
4 da g)—ntl |, _ s)—n=3
L L] oo ase b ol osasf =2 15 a5
< Jrx Jrx JKg
X / (W, . (wuw™") (wn'w™ ) wk"u(k), a,diag(araz, b aray "], I—2))]
°(F)

x dud*bd™ ayd* asdk.

Since

1 —%c\_baflagjfl —icQLbaflaQP

wnw - = 1 %c\_bal_lazj )

In—2
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we have

[wn'w™'] < [[b7 aray |72

Then the above integral is majorized by

4 d2 s)—ntl — - g)—n=3
L] o a bl % a2 57t e
< Jrx Jrx JKg
x/ " 1|me(u(wn’w_l)wk”b(k),aydiag(alag, b tarayt |, Ia_s))|
wNO(F)w—

x dud*bd* a1d* aydk.

Since wk"k € Ky, we apply Lemma 4.2.1 and Lemma 4.2.2. Then the local

integral is majorized by

- 4 da s)_ntl
E :Cj,s/ / / / \p(k) f(aiyr, azya, b)||a1] 2 |as| 3 |a1a2|§R( )%
= Fx Jrx Jrx JKq

x|1b anag RO 20 (ding(—4Q (ya)anaz, [0 g, n-2)) (4.2.17)

x ( / [u]—%)—’?lwdu) d*bd” ayd” asdk.
wNe(F)w—1

Here n; are positive quasi-characters that depend only on 7.

Also, for u € wN°(F)w™, if we denote the Iwasawa decomposition of u(wn'w™!)

by u(wn'w™') = nt'k (using notations as in Lemma 4.2.1), then
a,diag(arag, [b aray |, I, —o)t

lies in the support of a gauge on GL,(F'). Also, there are constants ¢; that depends
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only on 7 such that

4@ Yo )a1a2 2%
(b taray ] t

Thus by Lemma 4.2.2 we have
| —4Q' (y2)aras| < cr[u]|[b  aray ]2 (4.2.18)
Therefore,
[njl(aydiag(araz, [b~ aray "], I—z)) < ei[u]|[b7 aray ™ J| 7227

for some positive integers co, c3 that depend only on 7 for j =1,... v.

Thus the integral is majorized by

- 4 da s)—ntl
ch,s/ / / / |p(k) f(aiys, azys, b)||a]| 2 |as]| ) |a1a2|§R( )%
= Fx JFx JFx JKq

% | Lb_lalag_lJ |§R(s)—"T_3—20—402—03 (/ [u]—é}i(s)—";l—I—C—&-chdU>
wNe(F)w—1

X d*bd”* a1d” aydk.

Then by definition of the symbol |-] (see Eq. (4.2.12)) and [-] (as in Eq. (4.2.6)),

for R(s) large, the above sum of integrals is majorized by a constant times

+
/ / / alyl,a2y2)||a1| 2 |CL2| 2 |a1a2|§R 2 d aldxagdk:
X JFX JKg

where f € S(V(F)).
Let f = [k, p(k)f(v) for v € V(F), we have jg € S(V(F)). The integral is
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equal to
7 dy do s)—ntl
/ / |f(aryr, azys)l|aa] * [as| 7 ayaol ™)~ d* ayd* as,
Fx JFx
which converges for $(s) large enough. O

Now we give a bound for the local integral in the unramified case. Suppose the
data are unramified as in Section 5.1. Suppose F'is such that ¢ > n, and |Q'(y2)| = 1.
Let f = 1y o)xox-

In the unramified case, p(g)f(y,1) and W,_, are right invariant by K¢ and Ky,

so after applying the Iwasawa decomposition, we have that

L= [ [ pma) fw)skme) [ W, (wulme). a,)()dudms.
M, (F) JG1(F) N°(F)

Lemma 4.2.4. Let a = (ay, ..., a,) € GL,(F) be such that
|a1‘ == q_kyl 2 |a/2’ fry q_ky2 Z “ e 2 |an‘ — q—k‘n’

where k, < 0 (i.e. the positive cone). Let W, be the unramified Whittaker function

for 7. There exists a positive integer ¢y which depends on T such that

W (a)] < 63, (a)g*""|detal =,

BgL,

Proof. The result follows from arguments in [JPSS79, Section 2.4] for k, = 0 by
twisting the corresponding rational representation of GL,(C) in the explicit formula

of Wi(a) (see [CS80a]). O
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Lemma 4.2.5. For R(s) large enough, we have

[L:(y)] < Go(R(s) +¢7)

dy—n—1

X/ / |1V(OF)(G1917@2?J2)||a1|%(8)+ 2 0| gy MY
X JFX

dg—n—1

—cp JX X
od ald asg,

where ¢y > 0, ¢, are integers depend only on T.

Proof. As in Lemma 4.2.3, and since in the unramified case |2| = 1, p(k) f(y) = f(y)

for k € K¢, we have

[ L(y)| <

dy dg g)—ntl _ _ s)—n=3
/ / / | f(aryr, asyz, b)|Jai|  |az| T |aras| =% |07 aray ! || H9 7
X JFX JFX

X / |WPT,S
wNe(F)w—1

(u(wn'w™), a,diag(araz, [b  aray |, I,_2))dud*bd™ ayd* as.

Using the notation as in Lemma 4.2.1 and Lemma 4.2.2, we write u(wn'w™!) =

nt'k, by Eq. (4.2.7) and Eq. (4.2.8) we have

[t < [Bu(wn'w™ )" < ([u]|[b~ aray " || 7).

Also, by the property of W, _, we have

T,

|WpT,S

(u(wn/wil)v a’ydiag(ala27 LbilalaglJ ) [n72))

—| D(u(wn/w ™)) [FO T W, (a,diag(araz, (5 ara5"], To-o)t).
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Thus by Lemma 4.2.4 and Eq. (4.2.8), for £(s) large we have

’Wpr,s

(u(wn/wil)a aydiag(ala% LbilalaglJ ) [an))

] O ([u] [ arag 70 det (aydiag (aras, (b arag ], L2)t) 7

IN

=[u] MO (][ aray |70 | det(diag (aras, [ aray ), o))

By Eq. (4.2.8) again, we have

[dett| = < ([u]|[b7 aray " || 7%)*".

Thus, we obtain

W, (u(wn'w™"), diag(araz, [b " aray "], I—2))

S |a1a2|—co [u]—%(s)_N—%+Con2—con| Lb_lalag_lj |_CO(2n2—2n+1) .

Therefore,

d d. n—1
Lol < [ [ [ 1o o ool a0

% | LbflalazflJ |§R(s)7"T*37c0(2n272n+1) / [u]7§}|‘:(s)fn—%+con2fcondud><aldxaz'
wNO(F)w—1
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Then, for (s) large, we have

Flao| R(s)
Ii(y)| < 11y (00 <oy (a1y1, azyz, b)|lar] = az| 7 aias|
FxX JF*x JFX

% / [u]—%(s)—n—%—&-conQ—condudx bdxaldx as
wNe(F)w—1

: ! _n—1_
/ / Iﬂv(op)(awl,a2y2)||a1|71|a2|72|a1a2|§ﬁ(3) noi_g,
X Fx

% / [u]—%(s)—n—%—&—conQ—condudxaldxa}
wNe(F)w—1

We have

Z / q—(ﬁ?(s)—l—n—l—%—QCon(n—Q)—‘rco)kdu

/ [u] Ry t2e0n(n=2)—cogy < 1 4
(Fw? e

k=1

—R(s)+(co+1)n?—(co+2)n—co— g

q
<
i+ 1— q—éﬁ(s)ﬂco+1)n2—(c0+2)n_co_g

— CU<§R<3) — (Co + 1)n2 —+ (Co -+ 2)n +co + g)
Therefore, we obtain
1Ls(y)| <Co(R(s) — (co + 1)n® + (co + 2)n + ¢ + 2)

/ / ’]]'V(OF a1y17a2y2)||a1| 2 ‘(Igl 2 |CL16L2|§R COan dX(IQ

Fx JFx
=G (R(s) + ¢;)

/ / |]]'V(OF (alylaa2y2)||al| > |a2| 2 |CL16L2|§R 7_00d><a1d as,

Fx JFx

where ¢, is some integer depends only on 7.
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4.3 Bounds of the local integrals in the

Archimedean case

In this section we give bounds for the local integrals in the Archimedean case.
Let F be an Archimedean local field. Let K be the maximal compact subgroup of

G(F), and let Ky be the maximal compact subgroup of H(F).

The local integral in the Archimedean case is

ewwzmﬁwyg=/‘ o) [ W (wuelg), ay)i: (u)dudg.

U2(FN\G(F) Ne(F)

As in the non-Archimedean case, in Lemma 4.3.1 and Lemma 4.3.2 we first use
techniques similar to those employed in the proof of absolute convergence of the
Archimedean local integral for the Rankin-Selberg integral for SOy x GL,, in [Sou93,

Section 5] to bound our inner integral.

For t € GL,,(F) let

! t
t = ( 1w0t71w0), (4.3.1)

where wg € GL,,(F) is the antidiagonal matrix.
Lemma 4.3.1. Let (n,t' k) € N,(F) x Ty(F) x Ky, there is a positive integer N

and c; € Ry depending on W,__ such that

T,8

W, (nt'k, 1)] < ¢| det ¢[*72 |||V
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for t = diag(ty,ta, ..., ty_1,1), where
n—1 n—1
[P = 14> [P+ J6l
i=1 i=1

Proof. We argue analogously as in [Sou93, Lemma 5.2]. One has
W, .(nt'k, 1) = |det |5 W, (k,1).

By the property of W, _, there is a continuous seminorm p on the space 7 and a

7,87

positive integer N such that
(W, (k)] < ItIY (W, . (K, 1)).

Since p(W,, ,(k,1)) is bounded on K, we deduce the lemma. O

Lemma 4.3.2. Forv € H(F) as defined in Eq. (4.2.2) and Re(s) large,

/ W, (uv, 1)|du
wNO(F)w—1 ,

CONVETGES.

Proof. As in Lemma 4.2.2, for v € wN°(F)w™" and v a unipotent element of the
form Eq. (4.2.2), we denote the Iwasawa decomposition of uv as uv = nt'k where
(n,t' k) € No,(F) x Tg(F) x Ky, and we denote the i-th line of uv as (uv);.

By Lemma 4.3.1, there is a positive integer N such that for &, there is ¢, € C

o1



for &, s such that
(Wi, . (nt'k, 1)] < ] det t 7w ()] |1 (4.3.2)

Here t = diag(tita-. ..ty ta e tpy .oy tn_1tn, tn), |[t]] = ||t ]|, and w, is the central

character of 7. We assume N is even, then ||a|" is a sum of positive quasicharacters.

(uv)nt2
As in the non-Archimedean case, we denote L(uv) = ( : ) :

(uv)2n+1

Using the technique as in [Sou93, Section 7.3, Lemma 3] we get

(14 [[£(u0)[*) 7% < det(t) < (1+ || £uv)[?) 2.
Here [|£(uv)|| denotes the standard norm on M,y (2,11)(F'), and

max{ - i1

P Y < (L L))" =1, n = L. (43.3)
Similar to the non-Archimedean case, we have

1 1 1
(1 + [1L(uv) )72 = (1 + sup{|[va ], [[vall, [[us ]|, [IT']], H—§UzCQH7 [vsel}) 2

_1
< (1 +sup{|lod]; [[vall; [Jusl, 1T }) 2

_1
= (L4 [lul)~2,

where ||-|| denotes the standard matrix norms.

By Eq. (4.3.2) we have

_R(s)_n-—2
W, (w0, 1) <D (L4 Jlull) ™2 =55 x; (1)1 (4.3.4)
i

52



Here the sum is finite and the ; are positive quasi-characters which depend on 7.

By Eq. (4.3.3), we have

PG OF < A+ L)) < 1+ [ul?)E (1 + (o]

for some positive constant C' which depends on 7.

Thus we have

/N (ot ’Wpf,s(uv, 1)|du < ch(l + HU||4)C/ (1+ HUH)JR? nzziog

j wN°(F)w

The sum over j is finite. Since by definition ||-|| is positive, the integral converges for

R(s) large.

We now proceed to bound our local integral I(y).

Lemma 4.3.3. Fory = (y1,y2) € PY'(F), we have that

dq dg—n—1

Is(y)<</ f'(alyl,a2y2)|a1|%(5)+ _zn_l—co|a2|§R(s)+ T 0 a d™ay
Fx JFX

for R(s) large enough where f" € S(V(F)) is nonnegative and ¢y € R>q depends only

on T as i Lemma 4.2.5.

Proof. Applying the Iwasawa decomposition of G(F') with respect to the standard

Borel subgroup, we have

I(y) :/ / p(ak:)f(y,l)égé(a)/ W, (wui(ak), ay ) (u)dud™ a;d” azdk.
Tg(F) JKg Ne(F)
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By the action of Weil representation it suffices to bound

d d.
/ / / / |p(/€)f(a1y1,a2y2,b)||a1|71\a2|72]a1a2|*2
P Jrx Jrx Jkg
X/ |WpT,S
°(F)

(wue <<a1 a1—1b71> , <a2 aglb)> L(k), ay)dud™bd™ a1d™ aydk.

(b’lalagl—baflag) 2(b*1a1a;1—baflaz)

(O

%(%—i(b’lalagl—i—bal—lag)) —i(lflala;l—bal_lag) %+%(b’1a1a2_1+ba1_1a2)

(ara2)~

1
2
1 -1 -1 1n— -1 -1

5 aiay +baj “a2) —5(b 1a1a2 —baj “a2)

1

In—

As in the non-Archimedean case, applying the Iwasawa decomposition of SO3(F)

we have for b € F'*

Lid+o ) L-bl) 20— Le_le2
(b—b"1) Lo~ —0-bY) | = (o 1 2. ) (
00 1

53— (+b71) =5 (b=b71) S+5(b+b71)

where k' € Kgo, C Kp.
For F = R, let K’ = diag(SO(2,R),1) and S be such that *SJ'S = J3, where
J' = diag(—1I3,1). We have Kgo, = '‘SK'S. Let ||| denote the Euclidean vector

norm. Using the above decomposition, we have
1G(5 = 3(0+071)), =5(b=b7"), 5 + 30+ 7)) = [[(0,0,a™ "k,

(=071, 5(b+67"), —5(b = b)) = [1(0,1, —ca™ K[|
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Since the action of Kgo, preserve the Euclidean norm, we get

@™ [ =10,0,a ) = IG5 = 3(b+b71)), —3(b=b7"). 5+ 3(b+ b))

For F = C, Kgo, = SO(3,R). Similar as in the real case, the action of Kgo,

preserve ||-||. We have
o™ =11(0,0,a™ ) = (5(5 = 30+ 7)), =3 (b —=b71), 5 + 3(b+ b)),

lea™ [ < [I((b—b7"),5(b+b7"), —5(b—= b))

Therefore in both cases, we have
la| < max([b, [67'])™" = min([p], [v7"]),

lca™ | < max(|p], [b7]).

We denote |b] =bif [b] <1 and |b] = b~! otherwise. Since

a0 0 ) (aO 0 )(1ca1 —§c2a2>
01 O = 01 O -1
0 1 —ca )
-1 -1
00a 00a 0 0 1
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the local integral is majorized by

4 da _ g)—ntl
/ / / / \p(k) f(a1y1, asy, b)||aq| 2 2|GZ‘ 3 2|a1a2|§R() 2
< Jrx Jrx JKkg

x |[b~ ayay ]| MO W, |(wunk"u(k), a,diag(aiaz, [b~ ara3 "], I, -2))
No(F)

x dud”bd* a1d* aydk.

This is

Ao da
\p(k) f(aryr, asya, b)||ar| 2 ~*|aq| 2
x Jrx Jrx JKg

X |ara[®O =2 | b agay || RO

X / ’WPT s
wN° (F)w—1 ’

X dud*bd” a1d™ asdk,

(u(wnw ™ wk"u(k), a,diag(aiag, |b  aray |, I,—2))

where
Infl
1ca? —%C2a’2 " In—1 )
n= 1 ea-t , k= k )
1 I’nfl
In—l
Since
! 1 1
—1 2 -2
1 —35ca —z¢a
-1 In—2
wnw ™ = L Lt ,

|

In—2
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by Eq. (4.3.4) and Eq. (4.3.5) in Lemma 4.3.2, the local integral is majorized by

g d n+1
Z CS/ / / / |p<k)f(a1y1,azyg,b)"al‘7172’a2’72*2|a1a2|%(3)7%
J P JFx JF* JKq

_ _ §)_n=3 ) _ _ 1
X ||b 1a1a2 1J|§R() 7 |xjl(a,diag(aras, |b 1a1a21J,[n_2))(1 + H—§ca 1H4)C

x (/ (1+ Hu||)%§3)n42+cdu> d*bd* ayd* asdk.
wNO(F)w—1

Since |ca™| < ||b]|7!, the above sum is majorized by

- L_ g)—ntl
CS/ / / / |p(k) f (@191, azys, b)||ar] 7 || 7 2 |aras| M~
J Fx JPx JF* JKg

-3

b aray P97 N (—4Q (y2) araz) XS (b aray )|

X (/ (1+ Huu)—%?)—%?wdu) d*bd* a;d* azdk.
wN°(F)w—1

Here x7, X3 are positive quasi-characters, and C’ is some positive integer depends

only on 7.

Thus for R(s) large, our sum is majorized by

dy da
S [ [ st a2
2 Fx Jrx JFx JKg

n+1

x|aras|M T2 | = 4Q (y2)|¥ | araz| ¥ d*bd* ayd* asdk,
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where ¢; is some integer depends on 7. This is majorized by

F p a a 4 d
CS/ / / / | (k)f( 1y1’ 2y27b)|| 1|71 2|a2|72 9
J *JE* JEX JKag a

X ‘a1a2|%(s)—n7+1 |a1y1|cf |a2y2|cjdX bdxaldxagdk.

Then for R(s) large, the local integral is majorized by a constant times a finite

sum of integrals of the form

r 4 dg _ _n+41
/ / / 0(k) f(ary, asyo)||ar| 2 2[az| T ~2|aras ™) ~"2 d* ayd* asdk
< Jrx JKg

do—

= s dy—n—1 ?R(S)-ﬁ- n—1 % «
:/ / | flaryr, azyo)||ar B2 |ag] > d*a1d*as,
Fx Jpx

where f € S(V(F)) and f(v) = Jx, P(k)f(v) for v € V(F). Then we deduce the

lemma. O

4.4 Absolute Convergence

In this section we handle the absolute convergence of the sum of the global integral
in the main theorem (Theorem 4.1.2), which will make the proof of Theorem 4.1.2
rigorous. The proof follows from the absolute convergence of the local integrals in

the Archimedean case and the non-Archimedean case.
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Lemma 4.4.1. The sum of the global integral

> I We))

yEPY (F)
- Z / P(Q)f(%l)/ We, (wue(g), 1)y (u)dudg
yePy'(F) Y U2(AF\G(AF) N°o(Ap)

converges absolutely for R(s) large enough.

Proof. Let y = (y1,y2) € PY'(F). Let S be a finite set of places of F' which includes

the infinite places and all the finite places such that ¢, < n, f° = lv(@s)xn 050 To

unramified, |Q'(y2)|, = 1 and p, (k) f, = f, for k € G(O,) for v & S.

Using the results and notations of Lemma 4.2.3, Lemma 4.2.5 and Lemma 4.3.3,

29



for R(s) large we have

I(f, We,)(y)

:H]v(fvaWPT,s)(y) H ]v(fvawpr,s)(y)HIv(mepr,s)(y)

v|oo vES—00 veES
+1_7"_1_CO %(5)+d2_n_1_co % %
< H/ / a1y1,a2yz)llallu 2 |az]w 2 d*a1d™as
v|oo

1
—co
dxalanQ

d17n717 R +d2,,
< |1 / / e T e

vES—o00
R( -1
XHQJ( +CT/ / ’]LV(OF (a1y1, azya)||az v Sis “
VgS Fx JFEx
—n—1
|Clg|g?(S 2 7C°dxa1dxa2

dlfnfl —co
)+ ¢;) alyh a2y2)||a1| 2
AX

« |a2|§R(s)+ 2

-1
_codxaldxag.

Here f" € S(V(Ar)), and ¢y > 0 is a constant depends only on 7.

Thus the sum of the global integral is majorized by a finite sum of a sum of

integrals of the form

d
> G +CT>/ / | (@191, agys)|laa| "
Af JAL

yePY' (F)

dzfnfl_
X |ag RO T2 0 d* 4y d” ay,
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which, when R(s) large, is majorized by

—1
—co

—n—1
> (R +e / / I (@, anya)|Jag RO+ 557 00 gy RO+
AX

yePV (F)

X dxalanQ

di—mn—1
= Y GR(s) +er) / / |/ (aryr, asys)||ag [H+ 72— 0
FX\AR JFX\AY

yeV(F)

—1
X |a2\§R(S) ~Od*a1d” as.

This is a product of mirabolic Eisenstein series which converge absolutely for R(s)

large enough (see [JS81al). O
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Chapter 5

Unramified Computation

In this chapter we give the computation for the unramified local factor of the global
integral I(f,W,, .). The results of this section shed light on the nature of the local

integrals I(f, W, ).

5.1 Unramified computation

We assume all data are unramified, i.e. the local field F' is absolutely unramified,
and the character ¢ is unramified. Let 7 be an irreducible unramified generic rep-
resentation of GL,(F). We denote K¢ = G(O). We assume that the matrices of Q
and @’ are invertible and that the residual characteristic is not 2. We also assume
that dy > d;.

Let f € S(V(F) x F*) be f(v,u) = Lyoyxox(v,u) for v € V(F),u € F*. Let p
denote the local Weil representation of G(F'). Then p(k)f = f for k € K.

Let
W, = Ind) "), (W det |3 5.1.1
prs € Prs = Indg oy V(7 ¢00) @ [ det [T2) (5.1.1)
be the unique spherical vector satisfying W, (1,1) = 1. Here, as the notation

indicates, we are viewing the induced representation as a space of smooth functions
taking values in the Whittaker model.

The Satake parameter for p,; is defined (up to a permutation) by

tp,, = diag(x1,s(@), .. ., Xn,s(@), Xn,s(w)’l, e ,Xl’s(w)’l) € Sp,, (C).
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Here each x; : F* — C* is an unramified character and

We set

Xs = X1s @+ ® Xns : (F*)" — C*.

For an unramified character p of split SOy (F), the Satake parameter is
t, = diag(p(w), p(w)™') € SO,(C).

We then have the local integral

L(y) = 1(£, W, )(y) = / o) [ W (wuilg), ay)i: (u)dudg,
U2 (F)\G(F) No(F)

(5.1.2)

as the unramified local component of the global integral I(f, W, ,)(y) by construc-
tion. We assume y is integral. In order to compute the local integral I, we will adapt
a procedure in [Kapl2]. This requires us to write the function p(g)f(y,1) in terms

of functions lying in an appropriate Whittaker model.

Let
2 val(y;) val(y;) .
alyiye) = [[@+ Y- d"(1-(g—1) Y ¢ZF2%) " (5.1.3)
i=1 k'=1 k=1
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Let Hy,, Hyy € C*(T(F)) be such that

d d
Hyy ((al a;1> : <a2 a;1>> = |as| = ~Jas| ¥ 2,

Hy ((1 d) ) (1 d*l)) = a(y1,¥2),

where a;,d € F*.

Using the Iwasawa decomposition with respect to the Borel subgroup of G(F)
consisting of lower triangular matrices in G(F), we define functions ®,,, P, €
C=(Uy(F)\G(F)/K¢g) (where Us(F) is the unipotent radical of the lower Borel sub-
group of G(F)) by

D1,(9) : G(F) > C

and

Py,(9) : G(F) = C

(D (LD (% atyr ) w2) = Hay (") (8 a1 ))

Here a,da’,d € F*, t; € F, and (K1, ke) € Kg.
We let &, = & ,P,,, and H, = H,,H,,. We first show that an appropriate

integral of ®, is p(¢g)f(y, 1) in the following lemma:

Lemma 5.1.1. We have

o(0)f(4,1) = / B gl (5.1.4)

where Yy, g(n) = Y(n1Q(y1) +n2Q'(y2)) forn = ((51)), (")) € Ua(F).
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Proof. As a function of g, both sides of the equality are invariant under K on the
right and both transform via the same character under Us(F') on the left. Thus it

suffices to verify the equality Eq. (5.1.4) for

ay az dy da
p (( a;1> ) ( a;1)> f(y, 1) = |a1| 2 |ag| 2 ILV(O)(%ybaQyz)

4 dy
= |a1| 7 |az| 2 Lp—vawno(a1)1 5w o(az2),

p((1a)s (M) F5:1) = Lox (d) Lo (d )l
- ]]_OX (d)

On the other hand, the right hand side of Eq. (5.1.4) in the two cases are
/F2 o, (( ! ) (al a;1> , (1 ) <a1 ar? )) Y(n1Q(y1) + n2Q (y2))dnidns,
L2000 (1)) 6 QL) + 1@ (),

Let (g1, 92) = ®,(91)®,(g2) where (g1,92) € G(F'), and

@), @) € C=(Us(F)\SLa(F) /SLo(Or)).

By symmetry, it suffices to verify the equalities

65



Lo @lal* = [ #,((11) (")) winQ)ar

Loy (d) = / B ((11) (1) d(nQu))de

for a,d € F'*.

Applying the Iwasawa decompostion with respect to the lower Borel subgroup of

SLy(F) to (1 7)(* 1) and (1 7)(!,), we have

(¢ ,1) (da7m for Ja™%n| <1
(P9 ("am) = ( ) :

(L) (e ) (@1 8) for JaTn| > 1

(o) (6) for |dn| <1

Gl () (997 8) for fdn] > 1

Then it suffices to verify the equalities

Lo, @l F = [ H((* )6 Qw))

o : (5.1.5)
H ((a'n . nQ(y; “Ldn
* /| w0 )0 Q))
ILO?(d) :/ H;((ld))l/’(ng(%))_ldn
In|<[d|~*
(5.1.6)

H ((& _, n )" tdn
e )R
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We first verify Eq. (5.1.5).

For |a| > ¢V, H,(a) = 0 and H,(a"'n) = 0 when |a|? < n, thus the right hand
side of Eq. (5.1.5) is 0, while the left hand side is also 0. In particular, we have the
equality for |a| > ¢,

For |a| = ¢, H,(a"'n) = 0 when |a|? < n, thus we have that the right hand

side of Eq. (5.1.5) is

[ H@emQu) =@ [ Q) e
In|<[al? In|<q2val(v1)

:q2val(y1)Hy(a) ; w<nw*2val(y1)g(yl))*1dn
F

— q2val(y1 ) Hy ((Z)

2val(y1

d
S, o)

q%vm(yl),
so Eq. (5.1.5) is valid in this case.
For |a| < ¢"*®) | we have that the left hand side of Eq. (5.1.5) is

Hy(a nQ(y1)) tdn H, a 'n)Y(nO(y;)) tdn
@ [ vl s [y )

al?<|n]

— 2O (a) + / H, (n)(mnQ(y1)) ¢~ @ dn
g~ ¥a1(0) < fn|<gailn)

val(y1)+val(a)—1
_ q72val(a)Hy(a) + Z q72val(a)+k<q . 1>Hy(wval(a)fl+k).
k=0

On the other hand the right hand side is q_%l"al(“). One can show by induction on
val(a), for val(a) > val(y; ), that these are equal.
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For Eq. (5.1.6), the right hand side is

/ <l Hzl/((l a))0(nQ(y1))  dn + / H;((d” 1 ))w(ng(yﬁ)*ldn

[dI=1<n]

:Hz//((l d))(/| < P(nQ(y1))'dn +/ H@I/((dn (dn)~* ))W“Q(yl))fldn)-

ld|~*<|n|

When d € O*, the above expression is

I+ f|dn|>1 Hg//((dn (dn)~1 NY(nQ(y1)) 'dn) -
vaiy / val(yi di
2+ Zk’lz(ll/ : ¢ (1—-(¢g—1) Zk:l(ly )q 2 ~2k)

This is equal to the left hand side of Eq. (5.1.6).

Finally, when d ¢ O*, both the left hand side and right hand side of Eq. (5.1.6)

are 0. This exhausts the cases and proves the lemma. O

Inserting the result of Lemma 5.1.1 to the local integral I, we obtain
Lo = [ [ e e [ W, (wurlg), a0 (u)dud.
Uz(P)\G(F) JUs(F) Ne(F)

Then by collapsing the integrals we get

L= [0 [ W oo aitidudg. (517)

We justify this step by showing the above integral converges absolutely for R(s) large

in Lemma 5.2.2 below.

Since ®, € C®(Uy(F)\G(F)/Kg), applying the Iwasawa decomposition with
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respect to the lower Borel subgroup Bg(F) of G(F) we get

I(y

o
o
J

B,(9)5 / W, (wuye(g), ay)in (u)dudydg
Uz (F) JN°(F)

S(wuye(amez), ay)ipy (v)dudydadmdz

)

(amz)6=" (amx)
Au(F /Ml /G1 Be
Us °

:/FX /F / () 5 (™)) aml?

X / W, . (wuybg < @ (ab)~1 ) ,ay> Uy (u)dudyd™ ad*md™b
U (F) JNo(F) (am)~1

[ (" Pl [ FXHW ) (") Hay () (™)) P

/ W, | wuyes alb(alb)f s ay | 1 (u)dudyd™ ayd*md™b.
Us(F) JN°(F) (alm)*l

omi 2mi
Let Ip = [—107grq, @], 01,09 € R, and

_ (logqy, (5.1.8)

C -
7 21

Let

Xs1,52 (( ! a1 ) (az (araz)™! )) = |ay|* |ag|*

for a; € F*, and

D = [ Hay (00 (% o )X () (7 ) e
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By Mellin inversion, for ((' mp-1) - (™)) € My(F)Gy(F), we have

HZ,y (( ' (mb)*l) ) (m b)) = Cq /I . /] . Hy782(1)X81782 (( ! mflb) ) (m b1 )) dsydss.

Let

(g™, y2) = 1= ¢ + (g — 1)g ), (5.1.9)

= / Hyy ((May) s (7 (aran) 1)) laa| = |ao] *2d” ayd” a
F

ad d
- / Tox (1) (T gt op (a2) = Y 47 Mg = D1 i 0, (a2))|az|~2d*az
X2 1

i d
— [ Lo, (@loal e (g = 1) Y g%
B k=1

X / Ilwifvauyz)OF(ag)|a2|_52dxa2
F

X

= > a1 q*)

i=—val(y2) k=1 i=k—val(y2)

(e 9] (e 9] o0

= c(q", y2)Cu(—52)".
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We denote xj, ., = X81,82H1,y5%;‘ Let

d
Looes0)i= [ [ mlosess o
FXx JFX%

X / W”<wuybg( - ),ay) U (w)dudyd* md*b.
Ta(F) J No(F) ’ m-1

a _ 1 m
:cq/ Hy (" ) ] 2/ / / / Hy s (DX (M1 )5 (™ 0))
Fx Fx JFx Jilptoy Jilptos
aim
a1b
x/ W, . | wuyes (a1b)~! , Gy
72(F) Ne(F) (alm)_l

X 1 (u)dudyd™ a;d”* md™ bdsydss
_cqa(yl,yg)/ / Hy,sz(l)/ H;(al afl) lar|*2d" a4y
ilp+o1 Jilp+oo Fx
<[ e [ W (e () 0yt
Fx JFx U (F) J No(F) ’ m1
X dudyd”md™bdsids,

= cqa(yhyQ)/ / Hy782(1)/ H, <a1 a;1> la1|~2d™ a1 15 5, 5, (y)ds1dss.
ilp+o, Jilp+oa Fx

We show in Lemma 5.2.3 that I, s, converges when R(s1),R(—s2) large and s in

some vertical strip in the right-half plane depends on R(s;), R(—s2).

We have now written I4(y) in terms of Whittaker functions as mentioned below

Eq. (5.1.2). We now make use of the local functional equation for the local Rankin-
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Selberg integral on GL; x GL, to simplify Is(y). This requires the introdution of

certain dual local integrals. Let

We construct the dual integral
I(y) =

| owwsio [ [ W, (wuyi(9), r(a)a, ) (u)dadudydg.
Ta(F) Ua(F) JNO(F) J Myy (n—2y(F)

Applying the same process as for I, we have that
I(y)

= quz(yl,yg)/ / / H; (al a1_1> |a1|82d><a1/ / ‘m|*81+32+d72’b|*s1
ilp+o1 Jilp+oa J FX Fx JFX
X / / / W, . <wuyL2 ( b ) ,r(a)ay)
UQ(F) O(F) M1><(7L72)(F) m1

X 1 (u)dadudyd™ md™ bds,ds,.

We denote

_ da o
O e

oo o))
Ua(F) O(F) J My (n—2y(F) m~!

X 1 (u)dadudyd™md™b.
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Remark. We show in Lemma 5.2.4 that I{ _ . converges when

R(s1) +R(—s2) > 1 and A(sy,82) > R(s) > B(sy, $2) (5.1.10)
for some A(si,s2) > B(si,s2). The convergence region of I, intersects the con-

vergence region of I, 4 ¢, when R(—s2) in some vertical strip.

We now relate I’l

o1.s, b0 our integral I, .

Lemma 5.1.2. In the region of convergence of Iy, s, (see Lemma 5.2.3), we have

dy +1

18,51782 (y) = ’7(3 — 851+ Sy + ’7—)_1];,81,82 (y)’

where y(s — s1 + so + 2L 1) is the GLy x GL,, gamma factor defined in [JPSS83)].

Proof. We let x1, x2 be characters on F* such that y; = |- |_51+52+d72, X =]

Let p be a character of SOy(F), and let 7, = Ind%léi;)()(@u). Let ¢c(g,m, 1) €

VWC. Let

A z/ / / ©c(g,m, I)
GLU(F\G/(F) J e () JaLy (P)
-1

x W, (wuta(g), diag(m, I,_1))|detm|* =~ "2 ¢ (u)dmdudyg,

and

I :/ / / wc(g,m, 1)
GL1(F)\G'(F) JN°(F) J GL1(F)
X / WpTys(wung(g),r(a))|detm|s_<_nT_lw1(u)dadmdudg.
Mlx(n—Q)(F)
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By [Kap12, Claim 4.1], one has
L=9(s=(x197)1.

Let

I = / vc(g, I, I2) W, (wuye(g), 1) (u)dudydyg,
G'(F) No(F)

and
1= / oelg 11, Iy) / / W, (wuyi(g), r(a)) (u)dadudydy.
G'(F) O(F) J Myy (rn—2y(F)

By [Kap12, Proof of Lemma 4.1}, one has
[1 - [{,[Q - [é

By the definition of ¢, as element of an induced representation and since we are

in the unramified case, we have

J;:/
T,

lel

[ [ ot | W, (wuy( )1)
Fx JFX% Uz(F) J N°(F) m~!

X 1 (u)dudyd™ md™b

x(9) / W, (wuye(g), 1)1 (v)dudydg
() Uz (F) JNo(F)
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and

= o[ W) r@))dadudyis
[ el
: /Um / °(F) /]VIM(n—?)(F) e (wuw2 (m ks m1> ’T(a)) i

X dadudyd™ md™b.

Here

() =l

where Y1, x2 are characters on F'*.

Then we have

Ii = 7(3 - CaXl ® T)Ié

Inserting the result to our local integral I, we get

L) =canw) [ [ ) [ (") el
ilp+oy, Jilp+oa FXx

X (s — 51+ 80, X @7) 1.5, 051052

52 o(—82 — 5 + 2)2H,, .
a(yr, ¥ / / Aa?, 92)C (=5 ) Hyn (1 )I;SI 5, ds1dss.
Ip+o1 Jilp+o2

8—81+S2,X ®T)
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Remark. Since ¢(q*2,y2)¢,(—s2 — 4 + 2)2H, , (1) converges when

d
R(—s5) > 31 +3,

d
C(q827 yQ)CU<_52 - 31 + 2>2Hy,82<1>7(8 — 51+ 52, XI ® 7)7112,31,32

converges when

d d d
max(51+3,—n+32+8+c1)<9%(—32)<n+32+2+c1+c2,

R(s1) + R(—s2) large, and R(s) bounded in some vertical strip depends on $(s;) +

R(—s2) as in Lemma 5.2.3. Since we set dy > d; the region for $(—s2) is non-empty.

To compute our final result, we remain to compute I; ., . (y). By the properties

of W, ., we have

I s W)

n d
Q)M [ e gy
X JFX

—4Q/(y2)m
X / / / W, . | r(a)wuyey b .1
Uz (F) JN°(F) J Myy (—2) (F) (—4Q' (y2)m)~!

x 1 (u)dadudyd*md*b.

Since U,(F) normalizes N°(F) and v, we can interchange uy to yu in the integral.

76



Denoting @)™ (yu) = (r(a)wo)(yu)(r(a)wy) ", we have that

I o0 (¥)

40 () RO / / | o o / /
Fx JFx Ua(F) JN°(

» —49'(y2)
8 / WPT,S (r(a)wO) (yu)r(a)wbz ’ b1 ) 1
My (n—2)(F) (—4Q' (y2)m)~!

X 1 (u)dadudydmd™b.

I,
Let wy = (—1)™ and let V' be the subgroup
I

¢ \
Int 0 y2 yz s
1 0 0 s

V(R) = 1 0 € H(R)

1 0

I, 4 )
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By [Kap12, Claim 4.2], denoting “°V = (1) 'V, we have

I W)

Q) [ ey
FX FX
—4Q/(y2)m
x/ / W, . | vu(a)wey b .1
My (n—2)(F) J 0V (F) (—4Q'(y2)m) ™!

X 1 (u)dvdad*md™b

= [4Q/(3o)| RO Y |kt E

keZ

—40Q/ (y2)w"*
X / / / W, . | vu(a)wzi, b 1
M (n—2)(F) /SO2(F) J “0V(F) (—4Q/ (y2)w*) !

X ps, ()1 (u)dvdxda.

Here g, (x) = |[b|~°* is a character for x € «(G1(F')) = SOy(F) (see Lemma 3.3.2).

—1

As in [Kap12, Page 161], by the structure of € +(G1(F)), we have (W@)w0)™ g —

w0 where w' = diag(I,, —1, I,,). Thus we have

Iy )

= [4Q/ ()| ROHEE N k|t E

kEZ

—4Q' (y2)w"
X / / / W | vau(a)weg . 1
My (n—2)(F) J "70805(F) J W0V (F) (—4Q' (y2)=") 7!

X ps, () (u)dvdxda.
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We regard the dvdz integral over "0V (F) x “"0S0,y(F) as a function on H(F):

OV (F)

By, . (h) :== / / W, (vzh, 1)1 (u)ps, (x)dadudmdz. — (5.1.11)
’ w'g 04 (F) ’

Let

n—1
Y=y (Z i1+ %) (v € ™Zu(F) x "V (F))
=1

be a character.

Similar to the Bessel function in [Kapl2, Page 162], our function By, , is an
unramified Bessel function which corresponds to the Bessel functional defined for the
subgroup

(Y0 Z,(F) x DV(F)) x ©0S0y(F) = “R°(F)

(for WS04 (F) split) and representations p,s, ¥} and ps, .

For § = (01,...,0,) € Z", we denote
wd = diag(w®™, ..., @™, 1,w ", ..., w ) € Ty(F).

Substituting the function to our local integral we get

d .
[;,51,32 (y) _ Z ‘wk‘fs1+sz+72 / BWpT,S (w0u<a)ww;+val(4g(y2)))da’
keZ My (n—2)(F)

where 0y = (0,,_, k,0) € Z".
We have the following equality using the same argument as that proving [Kap12,

Claim 4.3]:
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Lemma 5.1.3.

/ By, (tpu(a)ywm’)da = By, (w'5*)[@"?,
My (n—2)(F) 7

where O = (k,0,_1) € Z"™.

Thus we get

8 v
Iy 5 (W) = 14Q (12) Zq sl“?*”*”%’@gwpm (coyy ¥ 2y
keZ

Since By, __ is an unramified Bessel function, by the vanishing condition of unramified

Bessel function, By, (wfjkﬂal“g/(”)) = 0 unless k < —val(4Q'(y2)). We have

J /
T (y) — |4Ql(y2)|—§ﬁ(s)+% Z q—( s1+s2+n—2+ 2)kB PTS(wH—k—val(z;Q (y2)))‘

5,581,852
k<—val(4Q'(y2))

We proceed to state the main theorem of this section. Consider

c(q°, Y2)Go( =52 — G +2)Co(—s52)?

) ’
B o ka4’ (1)) 51.12
v(s—sl+82,x ®7) i | ( |

as a product of Laurent series in ¢°! and ¢°2, where ¢(¢*?, y») is as defined in Eq. (5.1.9).
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Let

Ck,s (y) =

cq/ / g sk (g, y2)Co(—52 — B + 2)%Cu(—s2)?
ilptor Jilptos Y(s— 81+ 82, X ®@T)

Ok—val(4Q/ (y2))
WPT,S (wH >7

(5.1.13)
where ¢, is as defined in Eq. (5.1.8). This is nothing but the product of the —k-th
coefficient in ¢** and the k-th coefficient in ¢*2 of (5.1.12).

Theorem 5.1.4. For all the data unramified and R(s) large, we have

e}

—R(s)Li_n n—o+ %2
L(y) = a(y, 1) [4Q (1) "% N~ g2 (y),
k=val(4Q’(y2))

where a(y1,ya) is as defined in Eq. (5.1.3).
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Proof. Combining all the above results we get

I(y)

q”w@(@——+wﬂsm
91,92 / / ki I; 51, 82d81d82
Ip+o1 Jilp+og 5 — 51+ $2, X ® T)

= c,a(y1, y / / (g%, y2)Co(—s2 — G 4 2)2Cy(—s2)?
- 1, 92
! Ip+o1 Jilp+o2 (S — 51+ 82, X, ® T>

2 1 —va, /
X E q( s1+s2+n—2+=5 )kBWpT,S (whl; 1(4Q (w)))dSlng
k=val(4Q’(y2))

oo

9442
= cqa(Y1,Y2) Z gt )k

k=val(49Q’(y2))
/ / q )y Y2 Cv(_SQ - d2_1 + Z)QCU(_32)2
Ip+o1 Jilp+o2 (8 — 51+ 82, X, ® T)

— 6 —va /
x gt lerSQ)kBWpT’S (wy 1tQ “2)dsdss.

We will make the above manipulations rigorous in Lemma 5.2.5 by showing that

the infinite sum

C(qSQ’ y2)C’U( 82 -5 + 2) C’U( ) Z (—51+52+n—2+d72)kBWpT . (w(skfval(élgl(yQ)))

q
Y(s — 814 S2, X' ®T) k=val(4Q’ (y2) ’

converges absolutely for $(s1), R(—s3) large and R(s) lies in some region in the right

plane that depends on R(s7), R(—ss). O

We give an explicit expression for the unramified Bessel function By, _ following
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[Kap12] below. Let

B° (5.1.14)

be the unique Bessel function corresponding to the data p. g, 1] and p,, such that
By, 5, (1) = 1. Let us recall the formula for B° from [BFF97, Theorem 1.6]. We first

define three functions depending on the characters y; s and the character p,:

:Hxi,s(fD)’l”’"(l—xi,s(w)Q) [I Cxs@ns(@)A—xis(@)xss(@) ™),

1<i<j<n

n

_1 1 1
Xs;,usl HX’LS ~(n+1—d H Xzs ,us1( )q 2)(1_Xi,s(w),us1(w) 1q 2)7

=1

and for t € Ty (F),

1/2
(1 _5[;(3&%) > sen(w)D(xs, ftsy) X (1) (5.1.15)

we

Bo(t) =

The function A(x) is (up to a sign) the denominator in the Weyl character for-
mula for the symplectic group Sp,,,. The equality (5.1.15) is the analogue for unram-
ified Bessel functions of the Casselman-Shalika formula for Whittaker functions (see

[BEF97, Theorem 1.6]).

Lemma 5.1.5. Let W be the Weyl group of H. Let t. be the Satake parameter for

7. We denote the local L-function for ps, X T and symmetric square L-function for T
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as

L(S,[le X 7_) = det(l - (tu ® tT)q_S)_l

Fort = wi{_k_vamgl(”) € Ty(F) such that k < —val(4Q'(y2)), we have

L(s, ps, X T)
By (t) = Be(t).
”T’S( ) L(2s,T, Symz) ®)

Proof. Let fy € prs be such that fo(K) = 1. Let By, be the unramified Bessel
function associated with fo. Since we normalize W, by W, (1,1) = 1, we have

Bw,., = W, (1)7' By, (1) B°, where

Wr()= Y (1= xs(@)xis(@) ¢

1<i<j<n

(see [CS80al), and by [Kapl2, Theorem 1],

By, (1) = ngz‘gjgn(l - Xi,s(w)Xj,s(w)q_l)(l - Xi’s(w)xj,s(w)_lq_l) H?:1(1 - Xi,s(w)q_l)
" Ty (1 = X1y ()0 3) (1 — X (@) i () 1q~ ) |

Using the explicit formula for the unramified Bessel functional (see [BFF97],
[Kap12, Section 2.5]), we deduce the result using similar notations as in [Kapl2,

Section 2.5]. O
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5.2 Convergence of the local integrals in the un-

ramified case

Let F' be a non-Archimedean local field. In this section we prove absolute con-
vergence for various local integrals that appear in the unramified computations in

Section 5.1. We point out that the bounds we prove in this section are not used in

our global considerations.

The points of the group wNOVg/w*1 in an F-algebra R are

wN°Ty (R)w™" =

c1 1
In—2
—acs 0 o 1 . n—2
o vs T s Lo 1 C1,C € R, U1, V2, V3 € R ,T S M(n_g)(R)
—acy 0 v, 0 1
ac%—%c% acy V] oce —c1 1

Here U, = 1(Us) and o = :.

Lemma 5.2.1. For R(s) large, the integral

/ W, (uwv,1)du (5.2.1)
wNe(FYU3 (F)w—! ’

converges, where v is a unipotent element of H(F') defined as in Eq. (4.2.2).

Remark. We remark that this is different from Lemma 4.2.1. The integral is over the

group wN°(F)U3 (F)w™ whereas the integral in Lemma 4.2.1 is over wN°(F)w™".
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Proof. For u € wN°(F)U3 (F)w™, we have

c1 1 c —1c2
In72
uv = —aco 0 v 1 —c ’
V1 vg T voctvy Ip_o 7%112027'030
—acy 0 v 0 1
ac%—%cg acy V] acictacs —c1 1

where c € F.

Considering the Iwasawa decomposition of v € wN°(F)U3 (F)w™ in H (using

the notation as in Lemma 4.2.1), we have
uv = na'k.

Here (n,da’, k) € N,(F) x Ty(F) x Kg and o = diag(a, 1, woa1wy) for a € GL,(F).
We denote the i-th line of uv as (uv);. By a similar argument as in Lemma 4.2.2, we
have

£ (uv)] 7% < |—| < [L(uv)]¥.

Here j =1,...,n and [B(uv)] = max{1, ||[B(uv)|} and ||| is the sup-norm, and

[£(uw)] ™™ < D(uv) = |det(a)] < [L(uv)] .

Note that by arguing as in Lemma 4.2.1 and Lemma 4.2.2, the integral Eq. (5.2.1)

is majorized by

ZCLS[U]C/ - [u] RO +Cqy, (5.2.2)

where C' is a positive constant which depends only on 7. ]
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Lemma 5.2.2. The integral

uw:/ a,00) [ W, (wui(g), ay)n (u)dudg (5.2.3)
G(F) N°(F)

converges absolutely for R(s) large enough.

Proof. By the Iwasawa decomposition with respect to the lower Borel subgroup of

G(F'), we have
— / / CIDy(vg)ég;(g) W, (wuvi(g), ay): (u)dudvdyg.
Uz Ta(F Ne(F)

Since @, is invariant under Uy (F), we have

uw:/ @,(9)55 thJM)meWw>%wxmwwg

/ / / y(zajas 5B (xajas)
Gl Al A2

></ W, (wuvi(zaias), ay)1 (u)dudvdrda, das.
Uz(F) J N°(F)
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Using the Iwasawa decomposition of SO3(F') as in Lemma 4.2.3, we have

[£s(y)]
< / / / |q>y| <<CL1 baf1> ’ <a2 blas! )) |a1a2|§R(s)—n+5| Lbalag_lJ |§R(5)_n+3
Fx JFx JFX
/ / p‘rs
U2 F) 0

x dudvd”*bd* a;d™ ay

— [l (") () ) sl s s
Fx JFX JFX*

<[ (e ('), ding(~4Q )z, 11 05 ), 1,-2)
Uy(F) J N°(F)

(wuvn', diag(—4Q' (y2)aras, b aray" |, L-s))

x dudvd”*bd* a;d* as

= /F>< /FX /Fx |q)y| ((al ba1_1> , <a2 b_1a2_1>) |a1a2‘8‘|‘:(s)7n+5uba a; 1H% Cn43

X / |WPT,5
wNeTy (F)w—!

X dud”bd™ a1d” as,

(u(wn'w‘l), diag(_4gl(y2)a1a27 Lb_lalaglj ) In—Q))

where n’ is as defined in Eq. (4.2.15).

By Eq. (5.2.2) in Lemma 5.2.1 and a similar argument as in Lemma 4.2.3, the

above integral is majorized by a finite sum of integrals of the form

/ / / |CI) | bal ) <a2 b*1a2_1>) |a1a2‘§R(S)*n+5|Lba ay JFR —n+3—cy
Fx JEFX JFX

X < / B [u]—WS)—deu) d*bd” ayd” as,
wNeTy (F)w=!
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where ¢, co > 0 are constants depend only on 7.

Substituting the above result into our local integral while using the exiplicit for-

mula for @, we have that for R(s) large the above integral is majorized by

[ Ll ()t ) ()

X |ayag B bd* ard” ay

:/ / |ay ’m(s)+7d1—2n+3 |a2|§R(s)+7d2_2"+3
FX F><

231

X (ﬂw—kyloF (al) — q(7_2)k(q — 1)]lwk—kyloF (al))

d

02 5 (q = 1)1 iy, (a2))day da;

M 1M

X (ﬂw—kyQ Op (ag) —

>
Il

1

which converges absolutely for R(s) large by a similar computation as for H, 4, s, (1)

in Section 5.1. ]

Lemma 5.2.3. There exists positive integers C; < Cy,C3,Cy which depend on
(7,dy,ds,n) such that

s ,51, 52 / / X81 52 (mb)~ / /
Fx Us(F) JNo(F)
X Wy, . (wuym <( Py )) , y> 1 (u)dudyd™ md™ b
m—1

converges absolutely for
§R<81) + %(—82) +Ch < éR(S) < §R<81> + 2%(—82) + Oy,
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03 < %(81) + %(—82), 04 < 3%(—82).

Proof. Asin Lemma 5.2.2, I ,, ,, is majorized by a finite sum of integrals of the form

[ et s o e
Fx JFX

X / [u] RO T+ dud " md*b,
wNeTy (F)w=!

where ¢y, co > 0 are constants depend only on 7.

Also, as in Lemma 4.2.3, we have
m| < clu]|[b) 7%

Here ¢ is a conatant depends only on 7.

Thus the integral is majorized by a finite sum of integrals of the form

/ |b|51|LbH§R(S)"+301de/ / |m‘*51+52+d72+%(5)*n+5
Fx wNeUy (Fyw=1 J |m|<c/[u]| [b]|~2

X [u] 7RE)- " e X mdu.

The integral

_ do _
/ ‘m’ s1t+s2+ +R(s) n+5d><m
[m|<c’[u]][b]| 2

converges absolutely when

d
—R(s1) + R(s2) + 52 +R(s) —n—+5>0.

Thus when R(s) > R(s1) — R(s2) — 2 +n — 5, the integral I is majorized by

5,51,52

90



a finite sum of integrals of the form

/ |b|—51 |_b2J —R(s)+2s1—2s2+da+n—T—c1 dxb/ [u]—sl—l—sz—i—w
X

wNeTy (F)w=!

+c2 du

This integral converges absolutely when

d2—3n+11

— R(s1) + RN(s2) + 5

+ca < —C,
—R(s) + 2R(s1) —2R(s2) +do +n — 7 —c; — R(s1) > 0,
§R(S) — 2?)%(51) + 2?)%(52) —dy —n+T4+c — %(81) < 0.

Here C' is a positive integers which depends on 7.

Summarizing, the convergence region is equivalent to
dy
%(81) + %(—82) — 5 +n—-5< %(S)

< min(R(s1),3R(s1)) + 2R(—s2) +do +n — 7 — ¢y,

dy —3n+ 11
>—

R(s1) + RN(—s2) 5

+CQ—|—O.

This is non-empty when
da :
R(s1) + R(—s2) — 5 tn- 5 < min(R(s1),3R(s1)) + 2R(—s2) +da+n — 7 — ¢4,

which is equvalent to

3d
%(—52) > —72 +24c.

Thus we get the non-empty region in the statement of the lemma.
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Let X; C H be the unipotent subgroup of H whose points in an F-algebra R are

0 vé —acz 1 1 C1,C2 € F17 V1, U2, Us c an2’T c Mn,Q(F) ,

where a = %

Lemma 5.2.4. There are constants Cy,C" co > 0, ¢; which depend on (7,dy,da,n)

such that

1;751,52(2/) = /FX /FX X;l,SQ ((1 (mb)—l) ) (m b))

X / / / W, (wuyi(g), r(e)ay)1(u)dedudyd™ md™b
Uz(F) O(F) J Myy (n—2y(F)

converges absolutely for

R(s1) + R(—s2) — % —5—c; > R(s)

d —1-C"
>maX(OO_?_1(§R(51)+3?(—82)—?2—5—01)—nCO+1 ,
20, ds n—34co
R+ 55 7R =5 =5 —a) - 5=~

2C, do n—3+cy
Rl + 55, =Rl =5 =5 —a) =55 —7)
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d d
—n+§+8+cl<§R(—s2)<n+§+2+c1+c2,

co(—n+3—ca) + C" < R(s1) + N(—s2).

Proof. We use the approach outlined in the proof of [Sou93, Proposition 11.16].

As in Lemma 5.2.3, we have

11} 51 0]

</ / |m|—81+sz+d72+§}é(s)+5|b|—sl|LbJ|8%(s)—n+3

~ JEx JEx

[ e g~ (. 18] 1-2)
Uz(F) O(F) J Myy (n—2y(F)

x dedudyd”*md™b,

where
01 0
re)=10 0 I,
1 0 e
Since
01 0 m |b] 01 0
00 Infl U)J = Infg 0 0 Infg )
1 0 e I, 5 m 1 0 mle
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we have

51,5 (W)

< | . 4Q/<y2)‘s1szd§§fé(8)5/ / ‘m|fsl+sg+d72+§R(s)+5‘b|fsl|LbJ |§R(s)fn+3
Fx JFX

X / / / ‘Wp‘r,s
Ua(F) O(F) J My (n—2)(F)

x dedudyd”md™b.

(v(r(m~2e))wuyn’, diag(|b], In—a, m))

Here the symbol v(r(m=2e)) € M, (F) is as defined in Eq. (3.1.4).

By a change of variable e — m?e, we have that

50, (W)

< | o 4Ql(y2)|s1—52—d22—9?(5)—5/ / |m‘—31+52+d72+9?(s)+5|b|—51|LbJ‘?]‘é(s)—n+3‘m|n
FX FX
X / / / (W, N(v(r(e))wuyn', diag((b], I,,—2, m))dedudyd™ md™b
Ua(F) O(F) J My (n—2y(F)
_ | . 49/(y2)|51—52—d22—%(s)—5/ / |m|—s1+82+d72+%(s)+5|b|—51|LbJ|§R(s)—n+3
Fx JFX

X / / |WPT,S
O(F) J My (n—2)(F)

x dedudyd*md™b.

(v(r(e))(wuw ™) (wyw ™) (wn'w™), diag (], I—2,m))

Since for u € N°(F),

In72
-1 v 1
3
wuw € vive T w3 Ih_2o
0 0 9 1
00 v 1



and

1 1
1 In—Q
In—2 1
vl 0 vl 01
U(?”(@)) v1 U2 7§ v13 In—o - 0 U? 0 01 ’1)(7“(6)),
0 0 1 vy THe'vi—evy v1 v3  In_2
0 0 v 1 0 vl 00 1
we have
(W, .| (v(r(e))(wuw™") (wyw™") (wn'w™), diag([b], I,—s,m))
=W, |(@v(r(e))(wyw™") (wn'w™"), diag([b], In—2, m)).
Here
1
In72
/ 0 vl é 1
=1y ol 001
vy THe'vi—evy v1 v3  In_2
0 vl 00 1
We observe that
01 0 1 0 0 1 —cie ¢ 01 0
0 0 In_g c 1 0 =10 In_Q 0 0 0 In_g
10 e 0 0 I, 0 0 1 10 e
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Also, for y € Uy(F),

1
c1 1
1 In72
w w_ — —aca 0 0 1
Yy 0 0 0 0 1
—acy 0 0 0 1
acf—%c% aci 0 aco —cy In—2
1
1

where c¢1, ¢y € F, a = <. This implies that

N |+

W, . J(u'v(r(e)) (wyw™") (wn'w™), diag([b], [n—2,m))

T,8

=W, .| <u'v ((é ;n[c)j; 0 )) Y (wn'w v (r(e)), diag([bj,]n_g,m)> :

1

Here
1 —cire c1
In—2
1
/I 0 —aecge  ac 1
Y act %cge —%cg —acy 1 —c1 ’
—acye’ e’%cge %cge’ —acoe!  In_9 cre’
0 acie acy 0 1
where ¢/ = —J,,_s te.
Since
1
In72
/ ! 1 —ciecy

0 ’Ul 0 01 0 0 1

vy THe'v|—evy v v3  In—2

0 " 00 1
1

In72
1 —ciec ’ !
=v (|02 0 0 L o1 ,
0 0 1 0 v1701v2 0 01

vy THe/v|—evi—cireva vi+cive v3  In_2
0 v 0 0 1
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we have

|vv;ﬂs

(u'v <<é ;"(;; C(l)1 )) Y (wn'w v (r(e)), diag(LbJ,In_g,m)>

Pr,s

(v (((1) 0 >) u"y (wn'w v (r(e)), diag(|b], I_o, m))

0 0 1

=Wy, J(u"y (wn'w™ v (r(e)), diag([b], In-2, m)).

Here
1
In72
1
! 4 0 1

ul — 0 ) V3 )
0 V] —C1V5 0 01
vy T+e'v|—evi—crevs vi+cive v3  In_2
0 vh 0 0 1

Thus, using the following change of variables

1 2
V1 — V1 — C1Ug — 5026
Vg = Vg — (xC1€

V3 > U3 — el

1
T T — v+ evy — écge’e,
we obtain the integral I, s, is bounded by

FX FX

X / / (W, | (z1(wnw™Yu(r(e)), diag(|b], In—a, m))dedz1d*md*b.
X1(F) J Myy (n—2)(F)

Now we proceed to decompose v(r(e)).
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We have

01 O 1 0 0 01 O
00 Ino|=10 I,—2 O 00 I,
1 0 e 0 e 1 1 0 0

Then we apply the Iwasawa decomposition with respect to the standard Borel sub-

group of GL,(F)

Here n, = diag(ls,n.) where n lies in the unipotent radical of the standard Borel
subgroup of GL,,_o(F), t. = (t1,...,t,), where t; = t, =1, k. € GL,(O).

By the structure of this decomposition, we have
[e] < [tal = Itz tua] ™"

since det(t.) = 1.

The integral I, s, is majorized by

/FX /F e A TR

X / / |WPT,5
X1(F) J Myy (n—2)(F)

(z1(wnw v (n,), diag(|b], I,_o, m)t.)dedw,d* md*b.
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By change of variables x; — v(n.)(z1(wnw='))v(n.) ! the above integral is

[ ey gy s
FX X

X / / (W, | (z1(wnw™), diag([b° |, I,—o, m*)t.)dedz d*md*b.
X1(F) J My (n—2)(F)

Thus by similar arguments as in Lemma 5.2.1 the integral is majorized by a finite

sum of integrals of the form

/ / |m‘—51+52+d72+§)%(s)+5|b‘—51 ‘ LbJ |§R(s)—n+3—20
Fx JFX

X / / (2] RO "+ (diag([b2], In—z, m*)te)dedudyd md*b.
X1(F) J My (n—2)(F)

Here 7); is some positive quasi-character depends on 7 and C' is some positive integer
which depends on 7.

Using the notation as in Lemma 5.2.1, we denote the Iwasawa decomposition of
x1 € X1(F) as 1 = na’k. Then we have that diag(|b], I,,_2, m)at, lies in the support
of a gauge on GL,(F), we have

a2

agts

a;t;

—_ )

@i1tiv

where i =3,...,n — 2.

Thus, by similar arguments as in Lemma 5.2.1 we have

[e] < [t - tua |7 < ] I10)] 7,
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where C” is some positive integer. By [Sou93, Proposition 11.15, Lemma 2] we have

max {

t;

i1

tit1
ty

Y

}SH%SMﬁwMM4W7

Thus we have

[l > [a1] [ [b] [,

where () is a positive integer depends on 7.

Then, the integral I} _ is majorized by a finite sum of integrals of the form

;52

e
FX
> / / |m|781+32+d72+¥i(s)+5+01 [xl]f%(s)f%+03 dxldxmdx b,
X1(F) J|m|=[z1]~ o[ [b][>“0

where co, c3 > 0, ¢ are constants depend on 7.

Similar as in Lemma 5.2.3, the above integral converges absolutely when

d
— R(sy) +§R(52)+§2 +R(s)+5+¢ <0,

n—1

— Co(—R(s1) + R(s2) + s +R(s)+5+c1) — R(s) —

< _C/l
9 + C3 s

d
2Co(—R(s1) + R(s2) + 52 +R(s)+5+c1)+R(S)—n+3—cy—R(s1) >0,

d
=200 (= R(s1) + R(sa) + 5 +R(s) +5+ 1) + R(s) —n+3— 2= Rs1) <0,

(5.2.4)

where C" is a positive integer which depends on 7. Thus we deduce the lemma.
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Then above region (5.2.4) is simplified to

%(8) <§R(81) + %(—82) — ﬁ —5—0c

2
R(s) > max( 2 (Rsi) + R(—s) — % 5y — ”‘C;—;f
(5.2.5)
Rs1) + g (R(—s2) = 5 =5 =) = 202
Rsi) + gor g (R(—s2) = F =5 ) = B2 02)
For this to be non-empty we need
R(s1) — R(ss) — % _5—g
> max( . (R(st) + R(-s2) - L5 _y-n ;01;10",
Rs) + 26%06:0r 7 (R(=s2) - % —h-a) nzgji?
Rs1) + QC?OCE (R(—s2) ~ 2 5 cy) ”2;(?_*1%.

For the above to be valid we need
d2 d2
—7’L+3+8+Cl <§R(—82) <n+3+2+01+62,

co(—n+3—c2) + C" < R(s1) + R(—s2).

Sincen > 3, —n + %2 +84c <n+ %2 + 2+ ¢ + co, then the above inequalities are

valid. Thus region (5.2.5) is non-empty. O
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Lemma 5.2.5. The infinite sum

o0 S9 —s1+s2+n— 4
Z C(q ayz)CU(_SQ - % + 2)2Cv(_32)2q( Foetn—24+ 3k Bw/ (wzﬁvamg/(”))
— / 1,52
vl T ) V(s —s1+52,X ®7)
converges absolutely when
dl dl
R(s1) — R(s9) — 2 — 5 <R(s) <R(s1) — R(s2) +n+1-— 5 (5.2.6)
%(81) > Cl,%(—SQ) > CQ, (527)

where Cy,Cy are constants depends on (n,dy,ds).

Proof. By the formula of ¢, and By, , s,, it suffices to show
e}

d d
Yo AT (s = 4 2P (—s) (s — s s ) @ 7)
k=—val(49Q/(y2)

% Z wxs(wék)—l

converges absolutely in the region given by 5.2.6 and 5.2.7.

Note that ¢,(—ss — 2 + 2)2¢,(—s2)* converges when

R(—s2) > 0, R(—s2 — % +2)>0,
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and (s — 51 + 82, X' @ 7)7! converges when

dy +5
2

1
%(8—81+52+ )25

which lies in the given region. It remains to show the sum

Zq—(s1—52+n+l—%)k Z wXS(w(Sk.)—l

[ee)
k=0 weW

converges absolutely in the region.
We have

_ _1 _
IXs(@) 7 = qE 2| (w7F)).

By [JS81c, Corollary 2.5] we have

M

|“x1(@ )| < ¢

for any w € W and k > 0. Then it suffices to observe that
Z q—(51—52+n+1—d71)kq5k
k=0

and

> d
Z q7(51752+n+1771)kq7(371)k
k=0

converges in the given region because they are convergent geometric series.

convergence region is obviously non-empty since n is positive.
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Chapter 6

Conclusion

6.1 Review of the results

We give a brief summary of the results of this dissertation. Conjectures of
Braverman-Kazhdan [BK00], L. Lafforgue [Laf14], Ngo [Ng614, Ng620] and Sakellar-
idis [Sak12] suggest that every affine spherical variety admits a generalized Poisson
summation formula. See Chapter 1 for details of the Poisson Summation Conjecture.

In this dissertation we proved a generalized Poisson Summation Formula for pairs
of quadratic spaces with an automorphic twist on GL,. Specifically, we define the
global Schwartz space S(Y'(Ap), 7, s) as the image of the integral I(f, We,) (see
Eq. (2.1.2)). We prove a summation formula for the spherical variety Y’ using the
intertwinning operator M(7,s) (see the formalization in Theorem 2.1.1. This result
both enlarges the collection of the proven cases (which is currently very small) and
provides perspectives towards proving the analytic properties of higher rank triple
product L-functions.

We also compute the local factors of the integrals I(f, We,) at the unramified
places, which can be considered as the basic function in the local Schwartz space

S(Y'(F,),7,,s) for any unramified places v.
6.2 Future work

Theorem 2.1.1 has a different form than predicted by the papers mentioned at the
beginning of Chapter 1. It seems reasonable to expect that there exists a spherical

variety Z for O(V}) x O(V4) x GL,, equipped with a Schwartz space S(Z(Ap)) with
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Fourier transform F and Poisson summation formula

Yo =) F(hH),
)

z€Z(F 2€Z(F)

such that

/[GL]£S<179/) > fGlg.gdg = > (£, We)(gy)

2€Z(F) yePY’(F)

and

/ &(Lg) Y FHg.g)dg = > I(f, M(r,s)We,)(gy)
[GLn] 2€Z(F) yePY'(F)
for g € O(V1)(Ap) x O(Va)(AF), ¢ € GL,(AF), and & be a smooth holomorphic
section from the (normalized induction) space Indgi?gz)(r ® |det [*72).
In the future we plan to construct the spherical variety Z and prove a refined

Poisson summation formula for Z.
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