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Abstract

High-dimensional data and problems are ubiquitous in recent research in scientific

computing, machine learning, and their applications. Although many algorithms

and models have been proposed and examined as efficient in practice, mathematical

theories supporting their reliability and efficiency are relatively scarce. In this dis-

sertation, we establish theoretical foundations for three classes of high-dimensional

algorithms and models, using analytical tools.

(i) Randomized coordinate gradient descent algorithm displays some advantages

in high dimensions due to the sparse update and larger stepsize. We prove under

generic assumptions that the algorithm almost surely escapes from strict saddle points

and converges to local minima for nonconvex optimization. The proof is based on

viewing the randomized algorithm as a nonlinear random dynamical system and a

quantitative finite block analysis of its linearization around saddle points.

(ii) Neural-network-based methods have achieved great success in solving high-

dimensional partial differential equations (PDEs) numerically. We establish an ap-

proximation theory of two-layer neural networks without the curse of dimensionality

for general second-order elliptic PDEs and a regularity theory for static Schrödinger

equations, via functional analysis in Barron spaces.

(iii) Graph neural networks (GNNs) are considered as suitable for representing

mixed-integer linear programs (MILPs) due to the permutation-invariant/equivariant

property. We show that MILPs suffer from a fundamental limitation of GNNs in

separation power, while linear programs (LPs) without integer constraints enjoy the

universal approximation. Several remedies are proposed for MILPs.
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Chapter 1

Introduction

High-dimensional problems have been receiving rapidly increasing attention due to

their wide applications in science and engineering, such as describing physical sys-

tems with numerous particles and modeling real-world networks with large number

of agents. Although some conventional numerical algorithms and models display in-

efficiency in high dimensions, in the sense that the complexity may grow fast or even

exponentially in dimension, known as the curse of dimensionality (CoD), there have

been great progress in developing efficient algorithms and expressive models with

dimension-friendly scaling.

However, for many high-dimensional algorithms and models, it still remains math-

ematically unclear why they are efficient or reliable. In this dissertation, we establish

theoretical foundations using analytical tools for three classes of algorithms and mod-

els:

(i) Randomized coordinate gradient descent algorithm.

(ii) Neural-network-based methods for high-dimensional partial differential equa-

tions (PDEs).

(iii) Graph neural networks (GNNs) for mixed-integer linear programs (MILPs).

Such works can enhance our understanding about the behavior of high-dimensional

algorithms and models, identify useful mathematical approaches for high-dimensional

analysis, and also provide guidance to further improve associated algorithms and

models.
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Randomized Coordinate Gradient Descent Algorithm

Coordinate gradient descent is a popular approach in optimization (see e.g., review

articles [Wri15, STXY16]) and is efficient for large-scale problems (see e.g. [LLW19]).

Advantages of coordinate gradient methods include that compared with the full gra-

dient descent, it allows larger stepsize [Nes12] and enjoys faster convergence [ST13],

and it is also friendly for parallelization [LW15, RT16].

Chapter 2 studies the convergence property of the randomized coordinate gradient

algorithm for minx∈Rd f(x) that iterates as

xt+1 = xt − αteit∂itf(xt), t = 0, 1, 2, . . . ,

where it ∼ U({1, 2, . . . , d}) and αt ∼ U([αmin, αmax]). The main result of Chapter 2 is

that, under some generic assumptions, the algorithms will almost surely escape from

strict saddle points and converge to local minima, as long as the initial guess x0 is

not a strict saddle point.

The convergence analysis is based on viewing the algorithm as a nonlinear random

dynamical system driven by the sequence of samples w = ((i0, α0), (i1, α1), . . . ), and

a quantitative instability result around a strict saddle point whose proof is inspired

by the stability analysis of Lyapunov exponent of random dynamical systems, as in

[LY91, FGTQ15].

The idea of using tools from random dynamical systems is motivated by [LPP+19,

LSJR16] (see also [OW19, LLW19]) that apply the center-stable manifold theorem

for deterministic dynamical system [Shu87] to analyze the local behavior of some

deterministic algorithms and hence prove that they can escape from strict saddle

points.

Chapter 2 is based on [CLL21a] which is a joint work with Prof. Yingzhou Li and

Prof. Jianfeng Lu.
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Neural-Network-Based Methods for High-Dimensional PDEs

Numerical methods using neural networks for solving high-dimensional PDEs have

achieved great success recently, see e.g., [EHJ17, EY18, HJE18, EHJ21], with a key

advantage that neural networks can approximate functions in certain classes effi-

ciently, meaning that the complexity grows at most polynomially in the dimension.

By contrast, conventional methods suffer from CoD. For example, the complexity

for approximating a d-dimensional function using a piecewise constant function with

error tolerance ϵ is O(ϵ−d) that scales exponentially in d.

Barron proved in [Bar93] that even two-layer neural networks can approximate a

large class of functions efficiently or without CoD. The theory was extended in more

recent works and there have been standard function spaces for analysis of neural

networks, say Barron space [EMW21, Bac17] and spectral Barron space [LLW21,

SX22a, SX22b]. Chapter 3 studies the representational complexity and regularity

theory for elliptic PDEs in (spectral) Barron spaces and hence provides theoretical

foundations for solving high-dimensional elliptic PDEs using neural networks.

Representational Complexity. We prove that, for general second-order elliptic

PDEs,

Lu = −∇ · (A∇u) + cu = f on Rd,

if the coefficients A, c and the source term f are all Barron functions, then solution u∗

can be approximated by Barron functions (and also by two-layer neural networks) in

H1(Rd), with the complexity depending on d at most polynomially. The complexity

bounds can be further improved for the cosine activation function, and the proof is

based on tracking the Barron norm along a preconditioned functional iterative scheme

in H1(Rd) that converges exponentially to u∗.

Regularity Theory. We establish a regularity theory in spectral Barron space for

3



the static Schrödinger equation

−∆u+ V u = f, on Rd.

More specifically, we show that if the potential V ≥ 0 is a positive constant plus a

spectral Barron function and the source term f is a spectral Barron function, then the

solution u∗ also lies in spectral Barron space, with the order of regularity increased

by two. This result is an analog of the regularity theory in Sobolev spaces.

Chapter 3 is based on [CLL21b] (joint work with Prof. Jianfeng Lu and Prof.

Yulong Lu) and [CLLZ23] (joint work with Prof. Jianfeng Lu, Prof. Yulong Lu, and

Mr. Shengxuan Zhou).

GNNs for MILPs

MILP is a type of discrete optimization problem of the following form:

min
x∈Rn

c⊤x, s.t. Ax ◦ b, l ≤ x ≤ u, xj ∈ Z, ∀ j ∈ I,

where entries of ◦ are drawn from {≤,=,≥}, and the set I includes all indices j where

xj are constrained to be an integer. If I = ∅, then the problem becomes a continuous

optimization problem called linear program (LP). Large-scale MILP problems can be

extremely expensive to solve as they are in general NP-hard.

In order to guide MILP solvers using machine learning methods, [GCF+19] pro-

posed that a MILP problem can be represented by a bipartite graph with vertex

features and then one can apply GNNs on such graphs. There have been many ex-

perimental works in this direction. A key advantage of GNNs is that it is permutation-

invariant/equivariant, which fits the properties of MILPs — if we permute the vari-

ables and the constraints, then the feasibility and the optimal objective value remain

unchanged and the optimal solution is permuted accordingly.
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In Chapter 4, we investigate the theory behind those approaches and estab-

lish several universal approximation results. The theory is highly nontrivial due

to a fundamental limitation of the separation power of GNNs: [XHLJ19] (also see

[AL21, GR22]) established the equivalence between separation powers of GNNs and

Weisfeiler–Lehman (WL) test [WL68] that is a classical algorithm for the graph iso-

morphism problem. However, there exist some non-isomorphic graph pairs that WL

test fails to distinguish [Dou11].

On one hand, in the LP case without integer constraints, we prove that if two prob-

lems cannot be distinguished by GNNs or WL test, even if they are not isomorphic,

they much share some common properties, including feasibility, optimal objective

value, and optimal solution with the smallest ℓ2-norm (up to permutation). Based

on this fact, we establish the universal approximation of GNNs for LP properties.

On the other hand, the story is different for MILPs with integer constraints. We

constraint a pair of MILP instances (one is feasible and the other is infeasible) that

cannot be distinguished by GNNs or WL test. We then provide a precise mathe-

matical description of what type of MILPs makes GNNs fail and prove that GNNs

have strong enough separation and representation power when these hard instances

are removed. For general MILP dataset, it is proved that the separation power of

GNNs can be enhanced by a random-feature strategy to guarantee the universal

approximation.

Chapter 4 is based on [CLW+22a, CLW+22b] that are joint works with Dr. Jialin

Liu, Dr. Xinshang Wang, Prof. Jianfeng Lu, and Dr. Wotao Yin.

Notations Throughout this dissertation, we use ∥v∥ to denote the Euclidean norm

or ℓ2-norm of a vector v ∈ Rd. For a matrix A ∈ Rd×d, we denote its operator norm

by ∥A∥ = supv∈Rd\{0}
∥Av∥
∥v∥ . For i = 1, 2, . . . , d, let ei ∈ Rd be the vector with the i-th

entry being 1 and other entries being 0.
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Chapter 2

Convergence Analysis of Randomized

Coordinate Gradient Descent

2.1 Background and Overview

In this chapter, we analyze the global convergence of coordinate gradient descent

algorithm for smooth but non-convex optimization problem

min
x∈Rd

f(x). (2.1)

More specifically, we consider coordinate gradient descent with random coordinate

selection and random stepsizes, as Algorithm 2.1.

Algorithm 2.1 Randomized coordinate gradient descent

Initialization: x0 ∈ Rd, t = 0.
while not convergent do

Draw a coordinate it uniformly random from {1, 2, . . . , d}.
Draw a stepsize αt uniformly random in [αmin, αmax].
xt+1 ← xt − αteit∂itf(xt).
t← t+ 1.

end while

The main result of this chapter, Theorem 2.3.5, is that for any initial guess x0

that is not a strict saddle point of f , under some mild conditions, with probability 1,

Algorithm 2.1 will escape any strict saddle points; and thus under some additional

structural assumption of f , the algorithm will globally converge to a local minimum.

In order to establish the global convergence, we view the algorithm as a random

dynamical system and carry out the analysis based on the theory of random dynam-

ical systems. This might be of a separate interest, in particular, to the best of our

6



knowledge, the theory of random dynamical system has not been utilized in analyzing

randomized algorithms; while it offers a natural framework to establish long time be-

havior of such algorithms. Let us now briefly explain the random dynamical system

view of the algorithm and our analysis; more details can be found in Section 2.3.

Let (Ω,F ,P) be the probability space for all randomness used in the algorithm,

such that each ω ∈ Ω is a sequence of coordinates and stepsizes. The iterate of

Algorithm 2.1 can be described as a random dynamical system xt = φ(t, ω)x0 where

φ(t, ω) : Rd → Rd is a nonlinear map for any given t ∈ N and ω ∈ Ω.

Consider an isolated stationary point x∗ of the dynamical system, which cor-

responds to a critical point of f . Near x∗, the dynamical system can be approx-

imated by its linearization: xt = Φ(t, ω)x0, where Φ(t, ω) ∈ Rd×d. The limit-

ing behavior of the linear dynamical system can be well understood by the cele-

brated multiplicative ergodic theorem: Under some assumptions, the limit Λ(ω) =

limt→∞
(
Φ(t, ω)⊤Φ(t, ω)

)1/2t
exists almost surely. The eigenvalues of the matrix Λ(ω),

eλ1(ω) > eλ2(ω) > · · · > eλp(ω)(ω), characterize the long time behavior of the system. In

particular, if the largest Lyapunov exponent λ1(ω) is strictly positive, then if x0 has

some non-trivial component in the unstable subspace, xt = Φ(t, ω)x0 would expo-

nentially diverge from x∗. More details of preliminaries of linear random dynamical

system can be found in Section 2.2.

Intuitively, one expects that the nonlinear dynamical system can be approximated

by its linearization around a critical point x∗, and would hence escape the strict sad-

dle point, following the linearized system. However, the approximation by linear

dynamical system cannot hold for an infinite time horizon, due to error accumula-

tion. Therefore, we cannot naively conclude using the multiplicative ergodic theorem

and the linear approximation. Instead, a major part of the analysis is devoted to

establishing a quantitative finite block analysis of the behavior of the dynamical sys-

7



tem over a finite time interval. In particular, we will prove that when the iterate is

in a neighborhood of x∗, the distance ∥xt − x∗∥ will be exponentially amplified for

a duration T with high probability. This would then be used to prove that with

probability 1 the nonlinear system will escape strict saddle points.

Related work The convergence of coordinate gradient descent has been analyzed

in several settings on the property of the objective function and on the strategy

of coordinate selection. The understanding of convergence for convex problems is

quite complete: For methods with cyclic choice of coordinates, the convergence has

been established in [BT13, ST13, SH15] and the worst-case complexity is investi-

gated when the objective function is convex and quadratic in [SY19]. For meth-

ods with random choice of coordinates, it is shown in [Nes12] that Ef(xt) con-

verges to f ∗ = minx∈Rd f(x) sublinearly in the convex case and linearly in the

strongly convex case. Convergence of objective function in high probability has

also been established in [Nes12]. We also refer to [RT14, LWR+14, LW15, Wri15]

for further convergence results for random coordinate selection for convex prob-

lems. More recently, convergence of methods with random permutation of coor-

dinates (i.e., a random permutation of the d coordinates is used for every d step of

the algorithm) have been analyzed, mostly for the case of quadratic objective func-

tions [LW19, OZ17, GOVW20, WL20]. It has been an ongoing research direction to

compare various coordinate selection strategies in various settings. In addition, in

the non-convex and non-smooth setting, the convergence of coordinate/alternating

descent methods can be analyzed for tame/semi-algebraic functions with Kurdyka-

 Lojasiewicz property (see e.g. [ABS13, ABRS10, BST14, BDL20]).

For non-convex objective functions, the global convergence analysis is less devel-

oped, as the situation becomes more complicated. Escaping strict saddle points has

been a focused research topic in non-convex optimization, motivated by applications

8



in machine learning. It has been established that various first-order algorithms with

gradient noise or added randomness to iterates would escape strict saddle points, see

e.g., [GHJY15, Lev16, JGN+17, JNJ18, JNG+21, GHT20] for works in this direction.

Among previous works for escaping saddle points, perhaps the closest in spirit to

our current result are [LSJR16, OW19, LPP+19, LLW19], where algorithms without

gradient or iterate randomness are studied. It is proved in [LSJR16] that for almost

every initial guess, the trajectory of the gradient descent algorithm (without any

randomness) with constant stepsize would not converge to a strict saddle point. The

result has been extended in [LPP+19] to a broader class of deterministic first-order

algorithms, including coordinate gradient descent with cyclic choice of coordinate.

The global convergence result for cyclic coordinate gradient descent is also proved in

[LLW19] under slightly more relaxed conditions. Similar convergence result is also

obtained for the heavy-ball method in [OW19]. Let us emphasize that in the case of

coordinate algorithms, it is not merely a technical question of whether the algorithm

can escape the strict saddle points without randomly perturbing gradients or iterates.

In fact, one simply cannot employ such random perturbations, e.g., adding a random

Gaussian vector to the iterate, since doing so would destroy the coordinate nature of

the algorithm.

The analysis in works [LSJR16, LPP+19, OW19, LLW19] is based on viewing the

algorithm as a deterministic dynamical system, and applying center-stable manifold

theorem for deterministic dynamical system [Shu87], which characterizes the local

behavior near a stationary point of nonlinear dynamical systems. Such a framework

obviously does not work for randomized algorithms. To some extent, our analysis

can be understood as a natural generalization to the framework of random dynamical

systems, which allows us to analyze the long time behavior of randomized algorithms,

in particular coordinate gradient descent with random coordinate selection.

9



Let us mention that various stable, unstable, and center manifolds theorems have

been established in the literature of random dynamical systems, see e.g., [Arn98,

Rue79, Rue82, Box89, LQ06]. These sample-dependent random manifolds also char-

acterize the local behavior of random dynamical systems. However, as far as we can

tell, one cannot simply apply such “off-the-shelf results” for the analysis of Algo-

rithm 2.1. Instead, for study of the algorithm, we have to carry out a quantitative

finite block analysis for the random dynamical system near the stationary points.

Our proof technique is inspired by stability analysis of Lyapunov exponent of ran-

dom dynamical systems, as in [LY91, FGTQ15].

Organization The rest of this chapter will be organized as follows. In Section 2.2,

we review the preliminaries of random dynamical system, for the convenience of read-

ers. Our main result is stated in Section 2.3. The proofs can be found in Section 2.4.

2.2 Preliminaries of Random Dynamical Systems

In this section, we recall basic notions and results of random dynamical systems,

for more details, we refer the readers to standard references, such as [Arn98]. After

introducing the preliminaries in this section, we will define the random dynamical

system associated with Algorithm 2.1 in Section 2.3.1. Let (Ω,F ,P) be a probability

space and let T be a semigroup with B(T) being its Borel σ-algebra. T serves as

the notion of time. In the setting of Algorithm 2.1, we have T = N, corresponding

to the one-sided discrete time setting. Other possible examples of T include T = Z,

T = R≥0, and T = R, with the assumption that 0 ∈ T.

Let us first define random dynamical system. As we have mentioned in the in-

troduction, the dynamics starting from x0 can be determined once a sample ω ∈ Ω

is fixed. From the viewpoint of random dynamical system, specifying the dynamics

10



of x is equivalent to specifying the dynamics of ω: Suppose at time 0, the dynamics

correspond to ω, then to prescribe the future dynamics starting from time t, we can

specify the corresponding θ(t)ω ∈ Ω for some map θ(t) : Ω→ Ω. More precisely, we

have the following definition of dynamics on Ω.

Definition 2.2.1 (Metric dynamical system). A metric dynamical system on a prob-

ability space (Ω,F ,P) is a family of maps {θ(t) : Ω→ Ω}t∈T satisfying that

(i) The mapping T× Ω→ Ω, (t, ω) 7→ θ(t)ω is measurable;

(ii) It holds that θ(0) = IdΩ and θ(t+ s) = θ(t) ◦ θ(s), ∀ s, t ∈ T;

(iii) θ(t) is P-preserving for any t ∈ T, where we say a map θ : Ω → Ω is P-

preserving if

P(θ−1B) = P(B), ∀ B ∈ F .

The random dynamical system can then be defined as follows.

Definition 2.2.2 (Random dynamical system). Let (X,FX) be a measurable space

and let {θ(t) : Ω→ Ω}t∈T be a metric dynamical system on (Ω,F ,P). Then a random

dynamical system on (X,FX) over {θ(t)}t∈T is a measurable map

φ : T× Ω×X → X,

(t, ω, x) 7→ φ(t, ω, x),

satisfying the following cocycle property: for any ω ∈ Ω, x ∈ X, and s, t ∈ T, it holds

that

φ(0, ω, x) = x,

and that

φ(t+ s, ω, x) = φ(t, θ(s)ω, φ(s, ω, x)). (2.2)
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The cocycle property (2.2) is a key property of random dynamical system: After

time s, if we restart the system at xs, the future dynamic corresponds to the sample

θ(s)ω. Note that φ(t, ω, ·) is a map on X, with some ambiguity of notation, we also

use φ(t, ω) to denote this map on X and write φ(t, ω)x = φ(t, ω, x). Then the cocycle

property (2.2) can be written as

φ(t+ s, ω) = φ(t, θ(s)ω) ◦ φ(s, ω).

In this work, we will focus on the one-sided discrete time T = N and θ(t) = θt,

where θ is P-preserving and θt is the t-fold composition of θ. Suppose that X = Rd

and A : Ω → GL(d,R) is measurable. Consider a linear random dynamical system

defined as (we use Φ for the linear system while reserving φ for nonlinear dynamics

considered later)

Φ(t, ω) = A(θt−1ω) · · ·A(θω)A(ω),

where the right-hand side is the product of a sequence of random matrices. In this

setting, the behavior of the linear system xt = Φ(t, ω)x0 is well understood by the cel-

ebrated multiplicative ergodic theorem, also known as the Oseledets theorem, which

we recall in Theorem 2.2.3. Such type of results was first established by V.I. Os-

eledets [Ose68] and was further developed in many works such as [Rag79, Rue79,

Wal93].

Theorem 2.2.3 (Multiplicative ergodic theorem, [Arn98, Theorem 3.4.1]). Suppose

that

(log ∥A(·)∥)+ ,
(
log
∥∥A(·)−1

∥∥)
+
∈ L1(Ω,F ,P),

where we have used the short-hand a+ := max{a, 0}. Then there exists an θ-invariant

Ω̃ ∈ F with P(Ω̃) = 1, such that the followings hold for any ω ∈ Ω̃:

(i) It holds that the limit

Λ(ω) = lim
t→∞

(
Φ(t, ω)⊤Φ(t, ω)

)1/2t
, (2.3)

12



exists and is a positive definite matrix. Here Φ(t, ω)⊤ denotes the transposition

of the matrix (as Φ(t, ω) is a linear map on X).

(ii) Suppose Λ(ω) has p(ω) distinct eigenvalues, which are ordered as eλ1(ω) >

eλ2(ω) > · · · > eλp(ω)(ω). Denote Vi(ω) the corresponding eigenspace, with di-

mension di(ω), for i = 1, 2, . . . , p(ω). Then the functions p(·), λi(·), and di(·),

i = 1, 2, . . . , p(·), are all measurable and θ-invariant on Ω̃.

(iii) Set Wi(ω) =
⊕

j≥i Vj(ω), i = 1, 2, . . . , p(ω), and Wp(ω)+1(ω) = {0}. Then it

holds that

lim
t→∞

1

t
log ∥Φ(t, ω)x∥ = λi(ω), ∀ x ∈ Wi(ω)\Wi+1(ω), (2.4)

for i = 1, 2, . . . , p(ω). The maps V (·) and W (·) from Ω̃ to the Grassmannian

manifold are measurable.

(iv) It holds that

Wi(θω) = A(ω)Wi(ω).

(v) When (Ω,F ,P, θ) is ergodic, i.e., every B ∈ F with θ−1B = B satisfies P(B) =

0 or P(B) = 1, the functions p(·), λi(·), and di(·), i = 1, 2, . . . , p(·), are constant

on Ω̃.

In Theorem 2.2.3, λ1(ω) > λ2(ω) > · · · > λp(ω)(ω) are known as Lyapunov

exponents and {0} ⊆ Wp(ω)(ω) ⊆ · · · ⊆ W1(ω) ⊆ Rd is the Oseledets filtration. We

can see from the above theorem that both the Lyapunov exponents and the Oseledets

filtration are A-forward invariant.

The Lyapunov exponents describe the asymptotic growth rate of ∥Φ(t, ω)x∥ as

t→∞. More specifically, (2.4) implies that when x ∈ Wi(ω)\Wi+1(ω), for any ϵ > 0,

there exists some T > 0, such that

et(λi(ω)−ϵ) ≤ ∥Φ(t, ω)x∥ ≤ et(λi(ω)+ϵ),
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holds for any t > T . The subspaces spanned by eigenvectors of Λ(ω) corresponding to

eigenvalues smaller than, equal to, and greater than 0 are the stable subspace, center

subspace, and unstable subspace, respectively. The stable and unstable subspaces cor-

respond to exponential convergence and exponential divergence, respectively. When

starting from the center subspace, we would get some sub-exponential behavior.

The multiplicative ergodic theorem also generalizes to continuous time and two-

sided time. We refer interested readers to [Arn98, Theorem 3.4.1, Theorem 3.4.11]

for details.

The stable, unstable, and center subspaces can be generalized to stable, unstable,

and center manifolds when considering nonlinear systems, see e.g., [Arn98, Rue79,

Rue82, Box89, LL05b, LQ06, LL10, LLB13, GS16]. These manifolds play similar

roles in characterizing the local behavior of nonlinear random dynamical systems,

as the subspaces for linear random dynamical systems. In particular, the Hart-

man–Grobman theorem establishes the topological conjugacy between a nonlinear

system and its linearization [Wan95]. There are also other conjugacy results for

random dynamical systems, see e.g., [LL05b, LL05a, LL08, LL16].

2.3 Main Results

2.3.1 Setup of the Random Dynamical System

Let us first specify the random dynamical system corresponding to the Algorithm 2.1.

• Probability space. For each t ∈ N, denote (Ωt,Σt,Pt) the usual probability

space for the distribution U{1,2,...,n} × U[αmin,αmax], where U{1,2,...,n} and U[αmin,αmax] are

the uniform distributions on the set {1, 2, . . . , n} and interval [αmin, αmax] respectively.

Let (Ω,F ,P) be the product probability space of all (Ωt,Σt,Pt), t ∈ N. Denote πt as

the projection from (Ω,F ,P) onto (Ωt,Σt,Pt), t ∈ N. Thus, a sample ω ∈ Ω can be
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represented as a sequence ((i0, α0), (i1, α1), . . . ), where (it, αt) = πt(ω), t ∈ N. Let

{Ft}t∈N be the filtration defined by

Ft = σ

{
(B0 × · · · ×Bt)×

(∏
j>t

Ωj

)
: Bi ∈ Σi, i = 0, 1, . . . , t

}
.

• Metric dynamical system. The metric dynamical system on Ω is constructed by

the (left) shifting operator τ : Ω→ Ω defined as

τ(ω) = τ(π0(ω), π1(ω), · · · ) := (π1(ω), π2(ω), · · · ),

which is clearly measurable and P-preserving. The metric dynamical system is then

given by θ(t) = τ t for t ∈ N.

• Random dynamical system. For any ω ∈ Ω and t ∈ N, we define ϕ(ω) to be a

(nonlinear) map on Rd as

ϕ(ω) : Rd → Rd

x 7→ x− αeie⊤i ∇f(x),

where (i, α) = π0(ω) is the first pair/element in the sequence ω, and we define the

map φ(t, ω) via

φ(t, ω) = ϕ(τ t−1ω) ◦ · · · ◦ ϕ(τω) ◦ ϕ(ω), for t ≥ 1,

while φ(0, ω) is the identity operator. It is clear that φ(t, ω) satisfies the cocycle

property (2.2) and hence defines a random dynamical system on X = Rd over {τ t}t∈N.

The iterate of Algorithm 2.1 follows the random dynamical system as

xt = ϕ(τ t−1ω)xt−1 = · · · = ϕ(τ t−1ω) ◦ · · · ◦ ϕ(τω) ◦ ϕ(ω)x0 = φ(t, ω)x0.

It can be seen that {xt}t∈N is {Ft}-predictable, i.e., xt is Ft−1-measurable for any

t ∈ N+, since xt is determined by samples (i0, α0), (i1, α1), . . . , (it−1, αt−1).
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In our analysis, we will use linearization of the dynamical system φ(t, ω) at a

critical point x∗ of f . Without loss of generality, we assume x∗ = 0; otherwise, we

consider the system with the state being x− x∗. The resulting linear system, which

depends on H = ∇2f(x∗) = (Hij)1≤i,j≤d, is given by (here and in the sequel, we use

the superscript H to indicate dependence on the matrix)

ΦH(t, ω) = AH(τ t−1ω) · · ·AH(τω)AH(ω), (2.5)

where

AH(ω) = I − αeie⊤i H, (i, α) = π0(ω). (2.6)

Note that AH(·) is bounded in Ω. We know that
(
log
∥∥AH(·)

∥∥)
+

is integrable. When

α < 1/|Hii|, the matrix AH(ω) = I − αeie⊤i H is invertible, and the inverse is given

explicitly by applying the Sherman-Morrison formula:

AH(ω)−1 =
(
I − αeie⊤i H

)−1
= I +

αeie
⊤
i H

1− αHii

. (2.7)

In particular, we have ∥∥AH(ω)−1
∥∥ ≤ 1 +

α ∥H∥
1− α|Hii|

. (2.8)

Thus, if we take the maximal stepsize αmax such that αmax < 1/max1≤i≤d |Hii|,∥∥AH(·)−1
∥∥ is bounded in Ω, and as a result

(
log
∥∥AH(·)−1

∥∥)
+

is also integrable.

Therefore, the assumptions of Theorem 2.2.3 hold. The shifting operator τ is ergodic

on (Ω,F ,P) by Kolmogorov’s 0–1 law. Then Theorem 2.2.3 applies for θ = τ with

pH(·), λHi (·), and dHi (·) all being a.e. constant. For any ω ∈ Ω̃ that is the set in

Theorem 2.2.3 satisfying P(Ω̃) = 1, we denote

WH
+ (ω) =

⊕
λi>0

V H
i (ω), and WH

− (ω) =
⊕
λi≤0

V H
i (ω). (2.9)

Then the following invariant property holds

WH
− (τω) = AH(ω)WH

− (ω).
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Note that WH
− (ω) works as a center-stable subspace. That is, for any x ∈ WH

− (ω) and

any ϵ > 0, it holds that ∥Φ(t, ω)x∥ ≤ etϵ, for sufficiently large t, and for x /∈ WH
− (ω),

∥Φ(t, ω)x∥ grows exponentially as t → ∞ with rate greater than minλi>0 λi − ϵ for

any ϵ > 0.

2.3.2 Assumptions

In this subsection, we specify the assumptions of the objective function f in this

chapter. The first is a standard smoothness assumption of f .

Assumption 2.3.1. f ∈ C2(Rd) and the Hessian ∇2f is uniformly bounded, i.e.,

there exists M > 0 such that ∥∇2f(x)∥ ≤M for all x ∈ Rd.

An optimization algorithm is expected to converge, under some reasonable as-

sumptions, to a critical point of f where the gradient vanishes. Our aim is to further

characterize the possible limits of the algorithm iterates. For this purpose, we dis-

tinguish Crits(f), the set of all strict saddle points (including local maxima with

non-degenerate Hessian) of f :

Crits(f) := {x ∈ Rd : ∇f(x) = 0, λmin(∇2f(x)) < 0},

where we use the subscript s to emphasize that it is strict. Due to the presence of

a negative eigenvalue of Hessian, if we were considering the gradient dynamics near

the critical point, the saddle point would be an unstable equilibrium. Our first result

is that this instability also occurs in the linear random dynamical system ΦH(t, ω)

where H = ∇2f(x∗). In other words, the dimension of WH
+ (ω) defined in (2.9) is

greater than 0. While this would mainly serve as a preliminary step for our analysis

of the nonlinear dynamics, the conclusion by itself might be of interest and is stated

as follows. The proof will be deferred to Section 2.4.1.
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Proposition 2.3.2. Let H have a negative eigenvalue and 0 < αmin < αmax <

1/max1≤i≤d |Hii|, then the largest Lyapunov exponent of ΦH(t, ω) is positive.

Our goal is to generalize such results to the nonlinear dynamics near strict saddle

points of f , for which, we would require two additional assumptions, as the following.

Assumption 2.3.3. For every x∗ ∈ Crits(f), ∇2f(x∗) is non-degenerate, i.e., x∗ is

a non-degenerate critical point of f in the sense that any eigenvalue of ∇2f(x∗) is

nonzero.

Assumption 2.3.3 is also a standard assumption, which in particular guarantees

that each strict saddle point is isolated, due to the non-degenerate Hessian. For each

strict saddle point, Proposition 2.3.2 guarantees that the corresponding unstable

subspace WH
+ (ω) is non-trivial (has dimension at least 1). We would in fact require

a stronger technical assumption on its structure.

Assumption 2.3.4. For every x∗ ∈ Crits(f), it holds that PH
+ (ω)ei ̸= 0, for every

i ∈ {1, 2, . . . , d} and almost every ω ∈ Ω, where PH
+ (ω) is the orthogonal projection

onto WH
+ (ω) with H = ∇2f(x∗).

We expect that Assumption 2.3.4 holds generically. We also show in Section 2.4.4

that Assumption 2.3.4 can be verified when H has no zero off-diagonal elements (and

WH
+ (ω) is not trivial). However, there exist cases that Assumption 2.3.4 might not

hold. One example is H = ∇2f(x∗) = diag(H1, H2) where H1 ∈ Rd1×d1 only has

positive eigenvalues and H2 ∈ Rd2×d2 only has negative eigenvalues, which implies

that WH
− (ω) = span{ei : 1 ≤ i ≤ d1} and WH

+ (ω) = span{ei : d1 + 1 ≤ i ≤ d}.

We also remark that Assumption 2.3.1 is essential in our framework since the

linearized system is defined using the Hessian matrix. Analysis of randomized coor-

dinate method for non-smooth optimization problems requires new techniques and

deserves future research.
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2.3.3 Main Results

Given an initial guess x0, the behavior of the algorithm, in particular, the limit of xt,

depends on the particular sample ω ∈ Ω. For any x∗ ∈ Crits(f), we denote the set

of all ω such that the algorithm starting at x0 would converge to x∗:

Ω(x∗, x0) :=
{
ω ∈ Ω : lim

t→∞
xt = lim

t→∞
φ(t, ω)x0 = x∗

}
.

We further define the set Ω(Crits(f), x0) as the union of all Ω(x∗, x0) over x∗ ∈

Crits(f),

Ω(Crits(f), x0) :=
⋃

x∗∈Crits(f)

Ω(x∗, x0).

Thus, if ω /∈ Ω(Crits(f), x0), the limit limt→∞ xt, if exists, will not be one of the

strict saddle points. Our main result in this chapter proves that the set is of measure

zero, i.e., for any initial guess x0 that is not a strict saddle point, with probability 1,

Algorithm 2.1 will not converge to a strict saddle point.

Theorem 2.3.5. Suppose that Assumptions 2.3.1, 2.3.3, and 2.3.4 hold and that

0 < αmin < αmax < 1/M , then for any x0 ∈ Rd\Crits(f), it holds that

P(Ω(Crits(f), x0)) = 0.

The intuition behind the proof of Theorem 2.3.5 is to compare the nonlinear dy-

namics around a strict saddle point x∗ ∈ Crits(f) with its linearization, as the linear

dynamics has non-trivial unstable subspace, thanks to Proposition 2.3.2. Ideally, one

would hope that the nonlinear dynamics would closely follow the linear dynamics,

and thus leave the neighborhood of x∗ eventually; the obstacle for such argument

is however that the approximation of the linearization is only valid for a finite time

interval. Therefore, to establish the instability behavior of the nonlinear dynamics,

we would need a much more refined and quantitative argument using the instability
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of the linear system. In particular, we would need to show that over a finite interval,

with high probability, the linear system, and hence the nonlinear system, would drive

xt away from the strict saddle point with quantitative bounds; see Theorem 2.4.4 in

Section 2.4.2. Theorem 2.3.5 then follows from an argument with a similar spirit as

the law of large numbers; see Section 2.4.3.

Remark 2.3.6. The technical Assumption 2.3.4 and the randomness in stepsizes are

made so that the iterate xt = xt−1 − αt−1eit−1e
⊤
it−1
∇f(xt−1) would obtain some non-

trivial component in the unstable subspace, which would be further amplified within a

sufficiently long but finite time interval. When
∥∥PH

+ (τ tω)eit−1

∥∥ and |e⊤it−1
∇f(xt−1)|

are fixed and relatively large, a random αt−1 would keep
∥∥PH

+ (τ tω)xt
∥∥ away from 0

with high probability; see Section 2.4.2 for more details. It is an interesting open

question whether it is possible to establish similar results without such assumptions.

Our conjecture is that P(Ωs(x0)) = 0 still holds for x0 ∈ Rd\Crits(f) unless x0

is located in a set with Lebesgue measure zero, similar to the results established in

[LPP+19].

As an application of our main result Theorem 2.3.5, we can obtain the global con-

vergence to stationary points with no negative Hessian eigenvalues for Algorithm 2.1.

More specifically, denote by

Crit(f) := {x ∈ Rd : ∇f(x) = 0},

the set of all critical points of f , we have the following corollary, which will also be

proved in Section 2.4.3.

Corollary 2.3.7. Under the same assumptions as in Theorem 2.3.5 and assume

further that every x∗ ∈ Crit(f) is an isolated critical point. For any x0 ∈ Rd\Crits(f)

with bounded level set L(x0) = {x ∈ Rd : f(x) ≤ f(x0)}, with probability 1, {xt}t∈N

is convergent with limit in Crit(f)\Crits(f).
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Remark 2.3.8. In Corollary 2.3.7, if we further assume that all saddle points of f

are strict, then the algorithm iterate converges to a local minimum with probability 1.

Let us also mention that for many non-convex problems, saddle points are suboptimal

while there do not exist “bad” local minima, e.g. phase retrieval [SQW18], deep

learning [Kaw16, LK17], and low-rank matrix problems [GJZ17]. For these problems,

convergence to local minima suffices to guarantee good performance.

Remark 2.3.9. In our setting without adding noise to the gradient or iterate, we

cannot hope for good convergence rates for arbitrary initial iterate. In fact, as shown

in [DJL+17], the convergence of deterministic gradient descent algorithm to a local

minimum might take an exponentially long time; we expect similar behavior for the

randomized coordinate gradient descent Algorithm 2.1. Let us also remark that while

we need the random stepsize as discussed in Remark 2.3.6, the interval [αmin, αmax]

could be made arbitrarily small; the result holds as long as 0 < αmin < αmax < 1/M .

2.4 Proofs

This section collects all proofs for the results in Section 2.3 and the validity of As-

sumption 2.3.4.

2.4.1 Analysis of the Linearized System

We will first study the linear dynamical system, for which we assume the objective

function is given by

fH(x) =
1

2
x⊤Hx, (2.10)

where H is a symmetric matrix in Rd×d with at least one negative eigenvalue. In this

case, the coordinate descent algorithm is given by

xt+1 =
(
I − αteite

⊤
itH
)
xt,
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which corresponds to the linear dynamical system ΦH(t, ω) with single step map

AH(ω), defined in (2.5) and (2.6) respectively.

Our main goal in this subsection is to prove Proposition 2.3.2 for this linear dy-

namical system which states that at least one Lyapunov exponent of ΦH(t, ω) is

positive. It suffices to show that there exists some x0, such that ∥xt∥ grows expo-

nentially to infinity, which will follow from an energy argument, similar to the proof

of [LPP+19, Proposition 5]. Although we consider a randomized coordinate gradient

descent algorithm instead of a cyclic one, one step, i.e., Lemma 2.4.3, in the proof of

Proposition 2.4.1 follows closely the proof in [LPP+19, Appendix A]. We start from

x0 with fH(x0) < 0 and consider a finite time interval with length m ≥ d. Propo-

sition 2.4.1 establishes a quantitative decay estimate for fH(xt+m) compared with

fH(xt), which leads to our desired result Proposition 2.3.2.

Proposition 2.4.1. Let m ≥ d be fixed. For the objective function (2.10) with

λmin(H) < 0, suppose that 0 < αmin < αmax < 1/max1≤i≤d |Hii|, there exists c ∈ (0, 1)

depending on m, H, αmin, and αmax, such that

fH(xt+m)− fH(xt) ≤ c fH(xt),

holds as long as fH(xt) < 0 and {1, 2, . . . , d} = {it, it+1, . . . , it+m−1} (in the sense of

sets).

Remark 2.4.2. The condition {1, 2, . . . , d} = {it, it+1, . . . , it+m−1} above is known

as “generalized Gauss-Seidel rule” in the literature of coordinate methods [TY09,

Wri12].

Proof. Without loss of generality, we assume that t = 0. Due to the choice of αmax,
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we have the following simple non-increasing property for any t′ ∈ N:

fH(xt′+1) =
1

2
x⊤t′+1Hxt′+1

=
1

2
x⊤t′
(
I − αt′eit′e

⊤
it′
H
)⊤

H
(
I − αt′eit′e

⊤
it′
H
)
xt′

= fH(xt′)− αt′

(
e⊤it′Hxt′

)2
+

1

2
α2
t e

⊤
it′
Heit′

(
e⊤it′Hxt′

)2
≤ fH(xt′)−

αt′

2

(
e⊤it′Hxt′

)2
.

(2.11)

Write x0 = y∗ + y0 with y∗ ∈ ker(H) and y0 ∈ ran(H). Let

yt′+1 = yt′ − αt′eit′e
⊤
it′
Hyt′ , t′ = 0, 1, . . . ,m− 1. (2.12)

Then xt′ = y∗+yt′ holds for any t′ = 0, 1, . . . ,m. Using (2.11), to give an upper bound

for fH(xt+m) − fH(xt), we would like a nontrivial lower bound for αt′
(
e⊤it′Hxt′

)2
=

αt′
(
e⊤it′Hyt′

)2
for some t′ ∈ {t, t+1, . . . , t+m−1}, which is guaranteed by Lemma 2.4.3,

whose proof will be postponed.

Lemma 2.4.3. Suppose that {1, 2, . . . , d} = {i0, i1, . . . , im−1}. For any

0 < δ ≤ min

{
1

2m
,

αminσmin(H)

2
√
m(mαmaxσmax(H) + 1)

}
, (2.13)

where σmin(H) and σmax(H) are the smallest and largest positive singular values of

H respectively, if 0 ̸= y0 ∈ ran(H), then there exists T ∈ {0, 1, . . . ,m− 1} such that

αT

∣∣e⊤iTHyT ∣∣ ≥ δ ∥yT∥, where the sequence yt is given as in (2.12).

Assuming the lemma, there exists T ∈ {0, 1, . . . ,m− 1} that

αT

∣∣e⊤iTHyT ∣∣ ≥ δ ∥yT∥ ,

with a fixed δ > 0 satisfying (2.13). We can further constrain that δ2

αminσmax(H)
< 1.

Thus, we have

fH(xm) ≤ fH(xT+1) ≤ fH(xT )− αT

2

(
e⊤iTHxT

)2 ≤ fH(xT )− δ2

2αT

∥yT∥2 ,
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which combined with σmax(H) ∥yT∥2 ≥ −y⊤THyT = −x⊤THxT = −2fH(xT ), yields

that

fH(xm) ≤
(

1 +
δ2

αTσmax(H)

)
fH(xT ) ≤

(
1 +

δ2

αTσmax(H)

)
fH(x0).

Set c = δ2

αmaxσmax(H)
and we get that fH(xm)− fH(x0) ≤ cfH(x0).

We finish the proof by establishing Lemma 2.4.3 below.

Proof of Lemma 2.4.3. Suppose on the contrary that αt

∣∣e⊤itHyt∣∣ < δ ∥yt∥ for any

t ∈ {0, 1, . . . ,m− 1}. It holds that

∥y1 − y0∥ = α0

∣∣e⊤i0Hy0∣∣ < δ ∥y0∥ < 2δ ∥y0∥ .

We claim that

∥yt − y0∥ < 2tδ ∥y0∥ , (2.14)

for any t = 1, 2, . . . ,m− 1. By induction, assume that ∥yt − y0∥ < 2tδ ∥y0∥ holds for

some t ∈ {1, 2, . . . ,m− 2}, then

∥yt+1 − yt∥ = αt

∣∣e⊤itHyt∣∣ < δ ∥yt∥ < δ(2tδ + 1) ∥y0∥ < 2δ ∥y0∥ ,

where the last inequality uses 2tδ < 2mδ ≤ 1. It follows ∥yt+1 − y0∥ ≤ ∥yt − y0∥ +

∥yt+1 − yt∥ < 2(t+ 1)δ ∥y0∥.

Using (2.14) and max1≤i≤d ∥Hei∥ ≤ σmax(H), we have

αt

∣∣e⊤itHy0∣∣ ≤ αt

∣∣e⊤itH(yt − y0)
∣∣+ αt

∣∣e⊤itHyt∣∣
< αmaxσmax(H) · 2tδ ∥y0∥+ 2δ ∥y0∥

< 2δ(mαmaxσmax(H) + 1) ∥y0∥ ,

for t = 0, 1, . . . ,m − 1. Since span{eik : k = 0, 1, . . . ,m − 1} = Rd, noticing that
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y0 ∈ ranH, we have

αminσmin(H) ∥y0∥ ≤ αmin ∥Hy0∥ ≤

(
m−1∑
t=0

(
αt

∣∣e⊤itHy0∣∣)2
)1/2

< 2δ
√
m(mαmaxσmax(H) + 1) ∥y0∥ ,

which contradicts with the choice of δ in (2.13).

We are now ready to prove Proposition 2.3.2 which states the existence of a

positive Lyapunov exponent of the linear dynamical system.

Proof of Proposition 2.3.2. It suffices to show that for almost every ω ∈ Ω there exist

some x0 ∈ Rd, ϵ > 0, and T > 0, such that xt = Φ(t, ω)x0 satisfies ∥xt∥ ≥ eϵt for

any t > T . Let x0 be an eigenvector corresponding to a negative eigenvalue of H.

Then it holds that fH(x0) < 0. Consider a fixed m ≥ d. For any k ∈ N, set Ik = 1

if {1, 2, . . . , d} = {ikm, ikm+1, . . . , ikm+m−1} and Ik = 0 otherwise. We can see that

the random variables, I0, I1, I2, . . . , are independent and identically distributed with

EI0 = P(I0 = 1) ∈ (0, 1). By Proposition 2.4.1, we obtain that

fH(x(k+1)m) ≤

{
(1 + c)fH(xkm), if Ik = 1,

fH(xkm), if Ik = 0,

where c is the constant from Proposition 2.4.1. Therefore,

λmin(H)

2
∥xkm∥2 ≤ fH(xkm) ≤ (1 + c)

∑k−1
j=0 IjfH(x0),

which implies that

∥xkm∥ ≥
(

2fH(x0)

λmin(H)

)1/2

· (1 + c)
1
2

∑k−1
j=0 Ij . (2.15)
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Note that E|I0| = EI0 < ∞. The strong law of large numbers suggests that for

almost every ω ∈ Ω, there exists some K, such that for all k ≥ K

k−1∑
j=0

Ij ≥
EI0
2
k. (2.16)

Combining (2.15) and (2.16), we arrive at

∥xkm∥ ≥
(

2fH(x0)

λmin(H)

)1/2

· (1 + c)
EI0
4m

·km.

Noticing that (1 + c)
EI0
4m is greater than 1, ∥xkm∥ grows exponentially in km and we

complete the proof.

2.4.2 Finite Block Analysis

In this subsection, we study the behavior of the nonlinear dynamical system near a

strict saddle point of f , which without loss of generality can be assumed to be x∗ = 0.

As mentioned above, in a small neighborhood of x∗, while it is not possible to control

the difference between nonlinear and linear systems for infinite time, the nonlinear

system can be approximated by the linear system during a finite time horizon.

The main conclusion of this subsection is the following theorem which states that

after a finite time interval with length T , the distance of the iterate from x∗ = 0 will

be amplified exponentially with high probability.

Theorem 2.4.4. Suppose that Assumptions 2.3.1, 2.3.3, and 2.3.4 hold and that

0 < αmin < αmax < 1/M . There exists ϵ∗ ∈ (0, 1/6) such that for any ϵ ∈ (0, ϵ∗), we

have T∗ = T∗(ϵ) ∈ N+ that for any T ∈ N+ with T ≥ T∗ and any t ∈ N, conditioned

on Ft−1, with probability at least 1− 4ϵ, it holds for all xt ∈ V that

∥xt+T∥ ≥ exp

(
6ϵ

1− 6ϵ

∣∣log(1−Mαmax)
∣∣T) ∥xt∥ , (2.17)
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where V is a neighborhood of x∗ = 0, depending on ϵ, T , and f near x∗.

The lower bound (2.17) quantifies the amplification of ∥xt+T∥: While we always

have ∥xt+T∥ ≥ (1 − Mαmax)
T ∥xt∥ (see (2.29) below), the result states that with

probability at least 1− 4ϵ, the amplification factor is at least the right-hand side of

(2.17), which is exponentially large in T . Hence on average ∥xt+T∥ would be much

larger than ∥xt∥. This would lead to escaping of the iterate from the neighborhood

of x∗ = 0.

To prove Theorem 2.4.4, we would require a more quantitative characterization

of the behavior of its linearization at x∗. In particular, we need a high probability

estimate of the distance of the iterate from x∗ after some time interval. For this

purpose, conditioned on Ft−1 with the iterate xt, we will first show in Lemma 2.4.8

that, after some finite time, the orthogonal projection of the iterate xϱt onto the

unstable subspace, where t < ϱt ≤ t + L for some constant L, is significant. The

component in the unstable subspace would then be further amplified subsequently

by ΦH(S, τ ϱtω), where H = ∇2f(x∗). Here the time duration S would be chosen

sufficiently large such that the distance from xϱt+S to x∗ is exponentially amplified.

Theorem 2.4.4 follows by setting T = L + S. In the second step above, we would

need to control the closeness between the linear and nonlinear systems within a time

horizon with length S.

Such a finite block analysis approach has been used to establish the stability of

Lyapunov exponent of random dynamical systems [LY91, FGTQ15], which inspired

our proof technique for Theorem 2.4.4 and Theorem 2.3.5.

We first set the small constant ϵ in Theorem 2.4.4 which controls the failure

probability of the amplification bound. Let λ1 > λ2 > · · · > λp be the Lyapunov
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exponents of the linearized system at x∗ = 0. We set

λ+ = min
λi>0

λi and 0 < γ <
1

2
min

{
min
1≤i<p

|λi − λi+1|, λ+
}
. (2.18)

Note that γ < λ+. Let ϵ∗ ∈ (0, 1/6) be sufficiently small such that

(1− 6ϵ)(λ+ − γ) + 6ϵ · log(1−Mαmax) > 0, ∀ ϵ ∈ (0, ϵ∗). (2.19)

The reason for such choice will become clear later (see (2.32)). For the rest of the

section, we will consider a fixed ϵ ∈ (0, ϵ∗).

We now state and prove several lemmas for Theorem 2.4.4. First, in the following

Lemma 2.4.5, we construct a stopping time ϱt− 1 that is bounded almost surely and

that the component of the gradient
∣∣e⊤iϱt−1

∇f(xϱt−1)
∣∣ is comparable with ∥∇f(xϱt−1)∥

in amplitude with high probability.

Lemma 2.4.5. Let 0 < µ ≤ 1√
d
be a fixed constant. There exists some constant

L > 0, such that for any t ∈ N, there exists a measurable ϱt : Ω → N+ such that

t < ϱt ≤ t+ L and

P
(∣∣e⊤iϱt−1

∇f(xϱt−1)
∣∣ ≥ µ ∥∇f(xϱt−1)∥

∣∣∣ Ft−1

)
≥ 1− ϵ. (2.20)

Proof. For any t ∈ N, use ℓ0 to denote the smallest non-negative integer ℓ, such that

ℓ0 = arg min
ℓ

{
ℓ ∈ N+ :

∣∣e⊤it+ℓ−1
∇f(xt+ℓ−1)

∣∣ ≥ µ ∥∇f(xt+ℓ−1)∥
}
.

It is clear that P(ℓ0 > ℓ | Ft−1) ≤ (1 − 1/d)ℓ, since for each step the coordinate is

randomly chosen. Hence, there exists some L > 0, such that

P(ℓ0 ≤ L | Ft−1) ≥ 1− ϵ.

We finish the proof by setting ϱt = t+min{ℓ0, L} which has the desired property.
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We now carry out the amplification part of the finite block analysis for the lin-

earized dynamics at x∗ = 0. To simplify expressions in the following, for t1 < t2, we

introduce the short-hand notation

(i, α)t1:t2−1 =
(
(it1 , αt1), . . . , (it2−1, αt2−1)

)
∈ Ωt1 × · · · × Ωt2−1,

and the finite time transition matrix (i.e., the composition of linear maps)

ΦH
(
(i, α)t1:t2−1

)
= (I − αt2−1eit2−1e

⊤
it2−1

H) · · · (I − αt1eit1e
⊤
it1
H).

Recall that (Ωt,Σt,Pt) is the probability space for U{1,2,...,d}×U[αmin,αmax] for t ∈ N. We

also denote PH
+

(
(i, α)t1:t2−1

)
as the projection operator onto the subspace spanned

by the right singular vectors of ΦH
(
(i, α)t1:t2−1

)
corresponding to d+ largest singular

values, where d+ =
∑

λi>0 di and di is the dimension of the i-th eigenspace as in

Theorem 2.2.3 (ii) for the linearized system at x∗.

As we mentioned in the proof sketch, we want ΦH(S, τ ϱtω) = ΦH ((i, α)ϱt:ϱt+S−1)

to amplify xϱt , for which we need to establish a non-trivial lower-bound for the

unstable component
∥∥PH

+ ((i, α)ϱt:ϱt+S−1)xϱt
∥∥. This is achieved by several lemmas.

We will establish three lower bounds in the sequel:

•
∥∥PH

+ (τ ϱtω) eiϱt−1

∥∥ using Lemma 2.4.6;

•
∥∥PH

+ ((i, α)ϱt:ϱt+S−1) eiϱt−1

∥∥ in Lemma 2.4.7; and finally the desired

•
∥∥PH

+ ((i, α)ϱt:ϱt+S−1)xϱt
∥∥ in Lemma 2.4.8.

Let us first control
∥∥PH

+ (τ ϱtω) eiϱt−1

∥∥ in the following lemma, which utilizes Assump-

tion 2.3.4. For simplicity of notation, in Lemma 2.4.6 and Lemma 2.4.7, we state

the results for
∥∥PH

+ (ω)ei
∥∥ and

∥∥PH
+ ((i, α)0:S−1)ej

∥∥ instead, which is slightly more

general.
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Lemma 2.4.6. Under Assumption 2.3.4, there exist δ > 0 and measurable Ωϵ
1 ⊂ Ω̃,

where Ω̃ is from Theorem 2.2.3, such that P(Ωϵ
1) ≥ 1− ϵ and∥∥PH

+ (ω)ei
∥∥ ≥ δ, ∀ ω ∈ Ωϵ

1, i ∈ {1, 2, . . . , d}.

Proof. Assumption 2.3.4 implies that

P
(
{ω ∈ Ω̃ :

∥∥PH
+ (ω)ei

∥∥ > 0, ∀ i ∈ {1, 2, . . . , d}}
)

= 1

Notice that

{
ω ∈ Ω̃ :

∥∥PH
+ (ω)ei

∥∥ > 0, ∀ i ∈ {1, 2, . . . , d}
}

=

=
⋃

n∈N+

{
ω ∈ Ω̃ :

∥∥PH
+ (ω)ei

∥∥ ≥ 1

n
, ∀ i ∈ {1, 2, . . . , d}

}
.

The Lemma follows from continuity of measure.

We will then be able to handle
∥∥PH

+ ((i, α)0:S−1)ej
∥∥ using Lemma 2.4.6 and the

closeness between
(
ΦH(S, ω)⊤ΦH(S, ω)

)1/2S
with Λ(ω) as the former converges to the

latter as S → ∞ by Theorem 2.2.3. More precisely, denote the singular values of

X ∈ Rd×d by s1(X) ≥ s2(X) ≥ · · · ≥ sd(X). Then for S ∈ N+ sufficiently large, we

have∣∣∣∣ 1S log sj
(
ΦH(S, ω)

)
− λµ(j)

∣∣∣∣ =

∣∣∣∣ 1S log sj
(
ΦH
(
(i, α)0:S−1

))
− λµ(j)

∣∣∣∣ ≤ γ, (2.21)

for every j ∈ {1, 2, . . . , d}, where λ1 > λ2 > · · · > λp are the Lyapunov exponents

from Theorem 2.2.3, γ is given by (2.18), and the map µ : {1, 2, . . . , d} → {1, 2, . . . , p}

satisfies that µ(j) = i if and only if d1+ · · ·+di−1 < j ≤ d1+ · · ·+di, so µ corresponds

the index for the singular values with that of the Lyapunov exponents. Moreover,

the convergence also implies that

∥∥PH
+ (S, ω)− PH

+ (ω)
∥∥ ≤ δ

2
,
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for sufficiently large S, which then leads to

∥∥PH
+ (S, ω) ej

∥∥ =
∥∥PH

+ ((i, α)0:S−1) ej
∥∥ ≥ δ

2
, (2.22)

for every j ∈ {1, 2, . . . , d}, where PH
+ (S, ω) is the projection operator onto the sub-

space spanned by the right singular vectors of ΦH(S, ω) corresponding to d+ largest

singular values. Let

ΩS =
{

(i, α)0:S−1 ∈ Ω0 × · · · × ΩS−1 : (2.21) and (2.22) hold
}
. (2.23)

The following lemma states that ΩS has high probability for sufficiently large S,

where with slight abuse of notation, we write P(ΩS) = P
(
ΩS ×

(
Ś

t≥S Ωt

))
.

Lemma 2.4.7. Under the same assumptions of Lemma 2.4.6, there exists some S∗ >

0, such that for every S ∈ N+, S ≥ S∗, it holds P(ΩS) ≥ 1− 2ϵ.

Proof. For a.e. ω ∈ Ω, it follows from Theorem 2.2.3, in particular (2.3), and standard

matrix perturbation analysis (see e.g., [Bha13, Theorem VI.2.1, Theorem VII.3.1])

that

1

S
sj(Φ

H(S, ω))→ λµ(j), S →∞. (2.24)

for any j ∈ {1, 2, . . . , d}, and that

PH
+ (S, ω)→ PH

+ (ω), S →∞. (2.25)

By Egorov’s theorem, there exists Ωϵ
2 ⊂ Ωϵ

1 with P(Ωϵ
2) ≥ 1 − 2ϵ, such that

the convergences in (2.24) and (2.25) are both uniform on Ωϵ
2. Here Ωϵ

1 is as in

Lemma 2.4.6. Therefore, for some S∗ sufficiently large, we have

∣∣∣∣ 1S log sj
(
ΦH(S, ω)

)
− λµ(j)

∣∣∣∣ ≤ γ, ∀ j ∈ {1, 2, . . . , d}, S ≥ S∗, ω ∈ Ωϵ
2,
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and ∥∥PH
+ (S, ω)− PH

+ (ω)
∥∥ ≤ δ

2
, ∀ S ≥ S∗, ω ∈ Ωϵ

2. (2.26)

Combining Lemma 2.4.6 and (2.26), we obtain that

∥∥PH
+ (S, ω)ei

∥∥ ≥ δ

2
, ∀ i ∈ {1, 2, . . . , d}, ∀ S ≥ S∗, ω ∈ Ωϵ

2.

For any S ≥ S∗, by the definition of ΩS, it holds that

Ωϵ
2 ⊂ ΩS ×

(
ą

t≥S

Ωt

)
,

which implies the desired estimate

P(ΩS) = P
(

ΩS ×
(

ą

t≥S

Ωt

))
≥ P(Ωϵ

2) ≥ 1− 2ϵ.

Note that αϱt−1 ∼ U[αmin,αmax] is independent of Fϱt−2, iϱt−1, and (i, α)ϱt:ϱt+S−1.

The next lemma shows that with high probability, the choice of αϱt−1 will lead to a

nontrivial orthogonal projection of xϱt onto the unstable subspace of ΦH(S, τ ϱtω) =

ΦH
(
(i, α)ϱt:ϱt+S−1

)
.

Lemma 2.4.8. For any S ∈ N+, xϱt−1, iϱt−1, and (i, α)ϱt:ϱt+S−1 ∈ ΩS, there exists

I ⊂ [αmin, αmax] with m(I) ≥ (1−ϵ)(αmax−αmin) where m(·) is the Lebesgue measure,

such that for any αϱt−1 ∈ I, it holds that

∥∥PH
+ ((i, α)ϱt:ϱt+S−1)xϱt

∥∥ ≥ ϵδ(αmax − αmin)

4

∣∣e⊤iϱt−1
∇f(xϱt−1)

∣∣. (2.27)

Proof. We assume that
∣∣e⊤iϱt−1

∇f(xϱt−1)
∣∣ ̸= 0; otherwise the result is trivial.
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For simplicity of notation, we write

PH
+ ((i, α)ϱt:ϱt+S−1)xϱt = PH

+ ((i, α)ϱt:ϱt+S−1)xϱt−1

− αϱt−1e
⊤
iϱt−1
∇f(xϱt−1)PH

+ ((i, α)ϱt:ϱt+S−1) eiϱt−1

=: y2 − αϱt−1y1,

where the last line defines y1 and y2. Using the short-hand notation

r =
ϵδ(αmax − αmin)

4

∣∣e⊤iϱt−1
∇f(xϱt−1)

∣∣,
we observe then (2.27) holds if and only if αϱt−1y1 is not located in a ball with radius

r centered at y2.

It follows from the definition of ΩS and (2.22) that
∥∥PH

+ ((i, α)ϱt:ϱt+S−1) eiϱt−1

∥∥ ≥
δ
2
, which then leads to

∥y1∥ ≥
δ

2

∣∣e⊤iϱt−1
∇f(xϱt−1)

∣∣ =:
2r

ϵ(αmax − αmin)
.

Thus, the set of αϱt−1 such that αϱt−1y1 ∈ Br(y2) consists of an interval J in R

with ∥ sup(J) · y1 − inf(J) · y1∥ ≤ 2r as the diameter of Br(y2) is 2r, which implies

m(J) ≤ 2r/ ∥y1∥ ≤ ϵ(αmax − αmin). The lemma is proved then by setting I =

[αmax − αmin]\J .

With Lemma 2.4.5–2.4.8, we now prove Theorem 2.4.4 which relies on an approx-

imation of the nonlinear dynamics by linearization and the amplification from the

finite block analysis for the linearized system.

Proof of Theorem 2.4.4. Without loss of generality, we will assume t = 0 in the

proof to simplify notation. Since H = ∇2f(x∗) is non-degenerate, we can take a

neighborhood U of x∗ = 0 and some fixed σ > 0 such that

∥∇f(x)∥ ≥ σ ∥x∥ , ∀ x ∈ U. (2.28)
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Assumption 2.3.1 implies that

∥∇f(x)∥ = ∥∇f(x)−∇f(x∗)∥ ≤M ∥x− x∗∥ = M ∥x∥ , ∀ x ∈ Rd.

Using the above inequality and αmax < 1/M , it holds for every ω ∈ Ω and t′ ∈ N that

∥xt′+1∥ =
∥∥∥xt′ − αt′eit′e

⊤
it′
∇f(xt′)

∥∥∥
≥ ∥xt′∥ − αt′

∥∥∥eit′e⊤it′∥∥∥ · ∥∇f(xt′)∥

≥ (1−Mαmax) ∥xt′∥ ,

(2.29)

and similarly that

∥xt′+1∥ ≤ (1 +Mαmax) ∥xt′∥ .

We thus define

r− := 1−Mαmax and r+ := 1 +Mαmax,

so that

r− ∥xt′∥ ≤ ∥xt′+1∥ ≤ r+ ∥xt′∥ . (2.30)

We now choose the time duration S large enough in the finite block analysis

to guarantee significant amplification. More specifically, we choose S so large that

S ≥ S∗ (S∗ defined in Lemma 2.4.7) and that the following two inequalities hold:

exp(S(λ+ − γ)) · ϵδµσ(r−)L−1(αmax − αmin)

8
≥ (r+)L, (2.31)

and

(1− 6ϵ)

(
S(λ+ − γ) + log

ϵδµσ(r−)2(L−1)(αmax − αmin)

8

)
+ 6ϵ(L+ S) log r− > 0,

(2.32)

where L is the upper bound defined in Lemma 2.4.5, µ ≤ 1/
√
d is a fixed constant

as in Lemma 2.4.5, δ is from Lemma 2.4.6, and σ is set in (2.28). Thanks to (2.19)
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for our choice of ϵ and that γ < λ+ from (2.18), (2.31) and (2.32) are satisfied for

sufficiently large S.

Next, we show that, for any S sufficiently large as above, there exists a convex

neighborhood U1 ⊂ U of x∗ = 0, such that for any t′ ∈ N, any xt′ ∈ U1, and any

(i, α)t′:t′+S−1, it holds that

∥xt′+S∥ ≥
∥∥ΦH

(
(i, α)t′:t′+S−1

)
xt′
∥∥− ∥xt′∥ . (2.33)

We first define a convex neighborhood U0 ⊂ U of x∗ = 0 such that

∥∥(x− αeie⊤i ∇f(x)
)
−
(
I − αeie⊤i H

)
x
∥∥ =

∥∥αeie⊤i (∇f(x)−Hx)
∥∥

=

∥∥∥∥αeie⊤i ∫ 1

0

(∇2f(ηx)−Hx)dη

∥∥∥∥ ≤ 1

S(r+)S−1
∥x∥ ,

for any x ∈ U0, any i ∈ {1, 2, . . . , d}, and any α ∈ [αmin, αmax]. Applying the

inequality S times for xt′ ∈ U1 = (r+)−(S−1)U0, we have,∥∥xt′+S − ΦH
(
(i, α)t′:t′+S−1

)
xt′
∥∥

≤
∥∥∥xt′+S −

(
I − αt′+S−1eit′+S−1

e⊤it′+S−1
H
)
xt′+S−1

∥∥∥
+
∥∥∥I − αt′+S−1eit′+S−1

e⊤it′+S−1
H
∥∥∥ · ∥∥xt′+S−1 − ΦH

(
(i, α)t′:t′+S−2

)
xt′
∥∥

≤ 1

S(r+)S−1
∥xt′+S−1∥+ r+

∥∥xt′+S−1 − ΦH
(
(i, α)t′:t′+S−2

)
xt′
∥∥

≤ 1

S(r+)S−1

(
∥xt′+S−1∥+ r+ ∥xt′+S−2∥+ · · ·+ (r+)S−1 ∥xt′∥

)
≤∥xt′∥ ,

and hence, inequality (2.33).

Setting V = (r+)−(L−1)U1, we then have xϱ0−1 ∈ U for any x0 ∈ V , which implies

that ∥∇f(xϱ0−1)∥ ≥ σ ∥xϱ0−1∥ as ϱ0 ≤ L. According to Lemma 2.4.5–2.4.8, for any
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given x0 ∈ V , with probability at least 1− 4ϵ, we have (i, α)ϱ0:ϱ0+S−1 ∈ ΩS, and the

followings hold:∣∣e⊤iϱ0−1
∇f(xϱ0−1)

∣∣ ≥ µ ∥∇f(xϱ0−1)∥ , (2.34)

∥∥PH
+ ((i, α)ϱ0:ϱ0+S−1)xϱ0

∥∥ ≥ ϵδ(αmax − αmin)

4

∣∣e⊤iϱ0−1
∇f(xϱ0−1)

∣∣, (2.35)

where the probability is the marginal probability on (i, α)0:L+S−1 ∈ Ω0×· · ·×ΩL+S−1.

Recall λ+ and γ in (2.18), and d+ =
∑

λi>0 di. It follows from (2.21) of the

construction of the set ΩS that

1

S
log sj

(
ΦH ((i, α)ϱ0:ϱ0+S−1)

)
≥ λµ(j) − γ ≥ λ+ − γ, ∀ j ≤ d+.

This is to say that the d+ largest singular values of ΦH ((i, α)ϱ0:ϱ0+S−1) are all greater

than or equal to exp(S(λ+ − γ)). Therefore, it holds that∥∥ΦH ((i, α)ϱ0:ϱ0+S−1)xϱ0
∥∥ ≥ ∥∥ΦH ((i, α)ϱ0:ϱ0+S−1)PH

+ ((i, α)ϱ0:ϱ0+S−1)xϱ0
∥∥

(2.35)

≥ exp(S(λ+ − γ)) · ϵδ(αmax − αmin)

4

∣∣e⊤iϱ0−1
∇f(xϱ0−1)

∣∣
(2.34)

≥ exp(S(λ+ − γ)) · ϵδµ(αmax − αmin)

4
∥∇f(xϱ0−1)∥ ,

(2.36)

where the first inequality is because that ΦH ((i, α)ϱ0:ϱ0+S−1)PH
+ ((i, α)ϱ0:ϱ0+S−1)xϱ0

and ΦH ((i, α)ϱ0:ϱ0+S−1)
(
I − PH

+ ((i, α)ϱ0:ϱ0+S−1)
)
xϱ0 are orthogonal. Combining (2.33)

and (2.36), we obtain that

∥xϱ0+S∥ ≥ exp(S(λ+ − γ)) · ϵδµ(αmax − αmin)

4
∥∇f(xϱ0−1)∥ − ∥xϱ0∥

(2.30)

≥
(

exp(S(λ+ − γ)) · ϵδµσ(r−)L−1(αmax − αmin)

4
− (r+)L

)
· ∥x0∥

(2.31)

≥ exp(S(λ+ − γ)) · ϵδµσ(r−)L−1(αmax − αmin)

8
· ∥x0∥ .
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Therefore, it holds that

∥xL+S∥
(2.30)

≥ (r−)L−1 ∥xϱ0+S∥

≥ exp(S(λ+ − γ)) · ϵδµσ(r−)2(L−1)(αmax − αmin)

8
· ∥x0∥ .

We finally arrive at (2.17) by setting T = L + S and combining the above with

(2.32).

2.4.3 Proofs of Theorem 2.3.5 and Corollary 2.3.7

In this subsection, we first prove the following theorem, which relies on the local

amplification with high probability established in Theorem 2.4.4. The main result

Theorem 2.3.5 will follow as an immediate corollary since Crits(f) is countable and

strict saddle points are isolated.

Theorem 2.4.9. Suppose that Assumption 2.3.1, 2.3.3, and 2.3.4 hold and that

0 < αmin < αmax < 1/M . Then for every x∗ ∈ Crits(f) and every x0 ∈ Rd\{x∗}, it

holds that

P(Ω(x∗, x0)) = 0.

Proof. Without loss of generality, we assume that x∗ = 0. Conditioned on Ft−1 with

xt ∈ V , where V can be assumed to be bounded, Theorem 2.4.4 states that with

probability at least 1− 4ϵ,

∥xt+T∥ ≥ A ∥xt∥ ,

where to simplify notation we denote

A := exp

(
6ϵ

1− 6ϵ

∣∣log(1−Mαmax)
∣∣T)
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the amplification factor appearing on the right-hand side of (2.17). Notice also that,

due to (2.30), we always have

∥xt+T∥ ≥ (r−)T ∥xt∥ .

It suffices to show that for any x0 ∈ V \{x∗}, with probability 1 there exists some

t ∈ N+ such that xt /∈ V .

Let us consider the iterates every T steps: Denote yt = xTt and Gt = FTt−1 for

t ∈ N. Denote stopping time

ρ = inf{t ∈ N : yt /∈ V },

it suffices to show that P(ρ < ∞) = 1. We define a sequence of random variables It

as follows:

It(ω) =

{
1, if ∥yt+1∥ ≥ A ∥yt∥ ,
0, otherwise.

By the discussion at the beginning of the proof, we have

P(It = 1 | Gt, t < ρ) ≥ 1− 4ϵ,

and moreover, setting St(ω) =
∑

0≤s<t It(ω), we have for t < ρ(ω),

∥yt∥
∥y0∥

≥ ASt(ω) · (r−)T (t−St(ω)).

Denote R := supx∈V ∥x∥ < ∞. Since (1 − 5ϵ) logA + 5ϵT log r− > 0, there exists

t∗ ∈ N, such that (
A1−5ϵ · (r−)5ϵT

)t
>

R

∥y0∥
, ∀ t ≥ t∗.

Therefore, for any t ≥ t∗, it holds that

P(ρ > t) = P
(
ρ > t, St ≤ (1− 5ϵ)t

)
≤

∑
i≤(1−5ϵ)t

(
t

i

)
(1− 4ϵ)i(4ϵ)t−i.
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As we will show in the next lemma that the right-hand side of the above goes to 0

as t→∞, and thus limt→∞ P(ρ > t) = 0, which implies that P(ρ <∞) = 1.

Lemma 2.4.10. For any ϵ ∈ (0, 1/4), it holds that

lim
t→∞

∑
i≤(1−5ϵ)t

(
t

i

)
(1− 4ϵ)i(4ϵ)t−i = 0.

Proof. Let X0, X1, X2, . . . be a sequence of i.i.d. random variables with Xi being

a Bernoulli random variable with expectation 1 − 4ϵ. Denote the average X̄t =

1
t

∑
0≤s<tXs. The weak law of large numbers yields that

∑
i≤(1−5ϵ)t

(
t

i

)
(1− 4ϵ)i(4ϵ)t−i = P

(
X̄t ≤ 1− 5ϵ

)
≤ P

(
|X̄t − EX0| ≥ ϵ

)
→ 0,

as t→∞.

The main theorem then follows directly from Theorem 2.4.9.

Proof of Theorem 2.3.5. Assumption 2.3.3 guarantees that, in a small neighborhood

of x∗, the gradient ∇f(x) = ∇2f(x∗)(x − x∗) + o(∥x− x∗∥) is non-vanishing as

long as x ̸= x∗, which implies that x∗ is an isolated stationary point. Therefore,

Crits(f) is countable. Then Theorem 2.3.5 follows directly from Theorem 2.4.9 and

the countability of Crits(f).

We now prove the global convergence, i.e., Corollary 2.3.7, for which we will

show that Algorithm 2.1 converges to a critical point of f with some appropriate

assumptions. We first show that the limit of each convergent subsequence of {xt}t∈N

is a critical point of f .

Proposition 2.4.11. If Assumption 2.3.1 holds and 0 < αmin < αmax < 1/M , for

any x0 ∈ Rd with bounded level set L(x0) = {x ∈ Rd : f(x) ≤ f(x0)}, with probability

1, every accumulation point of {xt}t∈N is in Crit(f).
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Proof. Algorithm 2.1 is always monotone since the following holds for any t ∈ N by

Taylor’s expansion:

f(xt+1) = f
(
xt − αteite

⊤
it∇f(xt)

)
= f(xt)− αt

(
e⊤it∇f(xt)

)2
+

1

2
α2
t

(
e⊤it∇f(xt)

)2 · e⊤it∇f (xt − θtαteite
⊤
it∇f(xt)

)
eit

≤ f(xt)−
1

2
αt(e

⊤
i ∇f(xt))

2

≤ f(xt),

(2.37)

where θt ∈ (0, 1), which implies that the whole sequence {xt}t∈N is contained in the

bounded level set L(x0).

Let us consider any η > 0 and set

L(x0, η) = {x ∈ L(x0) : ∥∇f(x)∥ ≥ η},

which is either empty or compact. We claim that with probability 1, the accumulation

points of {xt}t∈N will not be located in L(x0, η). This is clear when L(x0, η) is empty,

so it suffices to consider compact L(x0, η). Set µ ∈ (0, 1/
√
d] as a fixed constant.

For any x ∈ L(x0, η), there exists an open neighborhood Ux of x and a coordinate

ix ∈ {1, 2, . . . , d}, such that∣∣e⊤ix∇f(y)
∣∣ ≥ µ ∥∇f(x)∥ ≥ µη, ∀ y ∈ Ux, (2.38)

and that

sup
y∈Ux

f(y)− inf
y∈Ux

f(y) <
αminµ

2η2

2
. (2.39)

Noticing that L(x0, η) ⊂
⋃

x∈L(x0,η)
Ux, by the compactness, there exist finitely many

points, say x1, x2, . . . , xK , such that

L(x0, η) ⊂
⋃

1≤k≤K

Uxk .
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For any k ∈ {1, 2, . . . , K}, combining (2.37), (2.38), and (2.39), we know that for

any t, conditioned on Ft−1 with xt ∈ Uxk , if it = ix (which has probability 1/d), then

f(xt+1) < infy∈U
xk
f(y) and thus xt′ ̸∈ Uxk for all t′ > t.

Therefore, the probability that there are infinitely many t ∈ N with xt ∈ Uxk

is zero, which implies that {xt}t∈N does not have accumulation points in Uxk with

probability 1. We conclude that with probability 1, L(x0, η) does not contain any

accumulation points of {xt}t∈N as K is finite. Since this holds for any η > 0, we have

for P-a.e. ω ∈ Ω, {xt}t∈N has no accumulation points in any
⋃

n≥1 L(x0, 1/n), which

then leads to the desired result.

Proposition 2.4.11 implies that any accumulation point of the algorithm iterate

is a critical point. If we further assume that each critical point of f is isolated, we

would conclude that the whole sequence {xt}t∈N converges and the limit is in Crit(f).

Proposition 2.4.12. Under the assumptions of Proposition 2.4.11. If every x∗ ∈

Crit(f) is an isolated critical point of f , then with probability 1, xt converges to some

critical point of f as t→∞.

Proof. It follows from Proposition 2.4.11 that ∥∇f(xt)∥ converges to 0 as t → ∞

for a.e. ω ∈ Ω. In fact, if there were a subsequence {xtk}k∈N and ϵ > 0 with

∥∇f(xtk)∥ ≥ ϵ, ∀ k ∈ N. Then by the boundedness of L(x0), {xtk}k∈N would

have some accumulation point which is not a stationary point of f , which leads to a

contradiction.

Moreover, Crit(f) ∩ L(x0) is a finite set, since otherwise, Crit(f) ∩ L(x0) would

have a limiting point which would be a non-isolated critical point of f , violating the

assumption.

Consider a fixed ω ∈ Ω with limt→∞ ∥∇f(xt)∥ = 0. Select a open neighborhood
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Ux∗ for every x∗ ∈ Crit(f) ∩ L(x0), such that there exists some δ > 0 with

dist(Ux∗ , Uy∗) = inf
x∈Ux∗ ,y∈Uy∗

∥x− y∥ > δ, ∀ x∗, y∗ ∈ Crit(f).

If {xt}t∈N has more than one accumulation point, there would be infinitely many

iterates located in L(x0)\
⋃

x∗∈Crit(f)∩L(x0)
Ux∗ which is compact. Therefore, {xt}t∈N

would have an accumulation point in L(x0)\
⋃

x∗∈Crit(f)∩L(x0)
Ux∗ , which contradicts

Proposition 2.4.11.

Corollary 2.3.7 is now an immediate consequence.

Proof of Corollary 2.3.7. The result follows directly from Theorem 2.3.5 and Propo-

sition 2.4.12.

2.4.4 Validity of Assumption 2.3.4

In this subsection, we provide some justification of Assumption 2.3.4, which is ex-

pected to hold generically. In particular, the following proposition validates this

assumption when the off-diagonal entries of H are all non-zero.

Proposition 2.4.13. Suppose that the largest Lyapunov exponent of ΦH(t, ω) is pos-

itive. Then Assumption 2.3.4 holds as long as 1 < αmin < αmax < 1/max1≤i≤d |Hii|

and every off-diagonal entry of H is non-zero.

Proof. For any element ω in Ω, we take the smallest ℓ such that {1, 2, . . . , d} =

{i0, i1, . . . , iℓ−1} and write

ω = ((i0, α0), . . . , (iℓ−1, αℓ−1), ω
′),

where ω′ = τ ℓω ∈ Ω. We have that ℓ is finite for a.e. ω ∈ Ω. Note that we can

view ℓ − 1 as a stopping time, in particular, given ℓ, ω′ has distribution P and is

independent with Fℓ−1.
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Let {v′1, v′2, . . . , v′m} be a set of basis vectors for WH
− (ω′) = WH

− (τ ℓω). Then a set

of basis vectors for WH
− (ω) is given by

vj =
(
I − α0ei0e

⊤
i0
H
)−1 · · ·

(
I − αℓ−1eiℓ−1

e⊤iℓ−1
H
)−1

v′j, j = 1, 2, . . . ,m.

Denote the matrices concatenated by the column vectors as V ′ =
(
v′1|v′2| · · · |v′m

)
and

V =
(
v1|v2| · · · |vm

)
. If ei ∈ WH

− (ω) = span{v1, v2, . . . , vm}, then Vı̂,: is column-rank

deficient since the existence of a positive Lyapunov exponent implies that m ≤ d−1.

Here and for the rest of the appendix, we denote by Vı̂,: the (d − 1) × m matrix

obtained via removing i-th row of V ∈ Rd×m.

Therefore, as Assumption 2.3.4 is equivalent to that ei /∈ WH
− (ω) holds for any

i ∈ {1, 2, . . . , d} and almost every ω ∈ Ω, it suffices to show that Vı̂,: has full column-

rank with probability 1. The key point is that given ℓ, α0, α1, . . . , αℓ−1 are indepen-

dent with i0, i1, . . . , iℓ−1 and ω′ = τ ℓω. Thus, it suffices to show that with fixed ℓ,

i0, i1, . . . , iℓ−1, ω
′ = τ ℓω, and v′1, v

′
2, . . . , v

′
m, the set of all α0, α1, . . . , αℓ−1 that yield

the rank-deficiency of Vı̂,: is of measure zero; and without loss of generality, we can

assume i = 1. Noticing that i0, i1, · · · , iℓ−1 cover all the coordinates and that ev-

ery off-diagonal entry of H is non-zero, the desired result follows directly from the

following Lemma 2.4.14 applied repeatedly.

Lemma 2.4.14. Suppose that X =
(
X1|X2| · · · |Xd

)⊤
and Y =

(
Y1|Y2| · · · |Yd

)⊤
are

full-column-rank d × m matrices satisfying Y = (I − αeke⊤kH)−1X (we suppress in

the notation the dependence of Y on k and α for simplicity). Then the followings

hold:

(i) If X1̂,: has full column-rank, then for any k = {1, 2, . . . , d}, Y1̂,: also has full

column-rank for a.e. α.

(ii) Suppose that X1̂,: is column-rank deficient, and let 2 ≤ j1 < j2 < · · · < jm−1 ≤ d
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be row indices such that

Xj ∈ span{Xj1 , Xj2 , . . . , Xjm−1}, ∀ j ∈ {2, 3, . . . , d}.

If k ∈ {1, j1, j2, . . . , jm−1}, then we have with probability 1, either Y1̂,: has full

column-rank or Y1̂,: is column-rank deficient with

Yj ∈ span{Yj1 , Yj2 , . . . , Yjm−1}, ∀ j ∈ {2, 3, . . . , d}.

If k /∈ {1, j1, j2, . . . , jm−1} and Hk1 ̸= 0, then Y1̂,: has full column-rank.

Proof. By (2.7), it holds that Yj = Xj for j ̸= k and that

Yk =
1

1− αHkk

(
Xk + α

∑
j ̸=k

HkjXj

)
.

For point (i), we notice that if k = 1, then Y1̂,: = X1̂,: has full column-rank. If

k > 1, then it follows from X1 ∈ span{X2, . . . , Xd} that Y1̂,: also has full column-rank

for a.e. α.

For point (ii). We have

span{X1, Xj1 , Xj2 , . . . , Xjm−1} = Rm.

If k ∈ {1, j1, j2, . . . , jm−1}, then span{Y1, Yj1 , Yj2 , . . . , Yjm−1} = Rm holds for a.e. α.

Therefore, we obtain that Yj1 , Yj2 , . . . , Yjm−1 are linearly independent, which implies

that either Y1̂,: has full column-rank or

Yj ∈ span{Yj1 , Yj2 , . . . , Yjm−1}, ∀ j ∈ {2, 3, . . . , n}.

If k /∈ {j1, j2, . . . , jm−1}, then Y1̂,: has full column-rank since Hk1 ̸= 0.
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Chapter 3

Elliptic Partial Differential Equations in

Barron Spaces

3.1 Background

Partial differential equations (PDEs) play important roles in many fields of science

and engineering. In the past few decades, many efficient numerical approaches for

low-dimensional PDE problems have been proposed. However, the computational

complexity of those conventional methods may grow exponentially in the dimension.

For example, for d-dimensional PDE problems, in order to achieve an accuracy ϵ,

finite difference methods need a grid size of O(ϵ), which leads to O(ϵ−d) grid points.

This phenomenon is known as the curse of dimensionality (CoD), and severely limits

their application in high-dimensional PDE tasks, such as many-body Schrödinger

equations in quantum mechanics and the high-dimensional Hamilton-Jacobi-Bellman

equations in control problems.

Recently, machine learning and neural networks have been widely applied in

numerical PDE approaches [DPT94, LLF98, EHJ17, EY18, RPK19, HJE18, SS18,

KLY19, ZBYZ20, CHWY20, EHJ21, GYZ21, KLY21]. Some of these approaches

even demonstrate great empirical efficiency in numerically solving high-dimensional

PDEs where the unknown function depends on hundreds or even thousands of vari-

ables (see e.g. [EHJ17, EY18, HJE18]), which surpasses conventional methods a lot.

These progresses could also potentially lead to breakthroughs in other fields, such as

many-body physics [CT17, GD17, HSN20] and multi-agent control [ROL+20, HJE18].

Given such empirical success, a natural question is whether one can establish
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theoretical foundations for these neural-network-based high-dimensional PDE solvers.

Although some analysis has been done for certain families of methods, such as the

deep Ritz method [LLW21, LL22] and the physics-informed neural networks [SDK20,

MM22, SZK20], the whole theory is far away from complete.

One theoretical advantage of these approaches is that neural networks have suf-

ficiently strong expressive power to approximate high-dimensional functions. The

efficiency can even be observed for simple network structures, e.g., the two-layer neu-

ral networks. In the seminal work of Barron [Bar93], he shows that for a function g

satisfying

Cg :=

∫
Rd

|ĝ(ξ)| · ∥ξ∥dξ <∞, (3.1)

where ĝ is the Fourier transform of g, then g can be approximated by a two-layer

neural network in L2-norm, where the number of hidden neurons depends on the

dimension d at most polynomially if Cg is viewed as a constant. Along the direction

of [Bar93], several specific types of function classes on which the neural network

approximation in various norms does not suffer from CoD have been defined and

illustrated in the literature, including particularly the spectral Barron space [LLW21,

SX22a, SX22b], where the spectral Barron norms generalizing (3.1) are defined as

some weighted L1-norm of û or its discrete version, and the Barron space [EMW21,

Bac17] that generalizes two-layer neural networks into an integral representation with

respect to an underlying probability measure on the parameter space and defines the

Barron norm as path norm of the representation.

The goal of this chapter is to establish theories for two-layer neural networks and

elliptic PDEs. More specifically, we will present an approximation theory for general

second-order elliptic PDEs in Barron spaces in Section 3.2 and a regularity theory

for static Schrödinger equations in spectral Barron spaces in Section 3.4.
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3.2 Representational Complexity of Solutions to

Elliptic PDEs in Barron Spaces

3.2.1 Overview

The focus of this section takes a functional-analytic approach to the question:

Whether the solution of a high-dimensional PDE can be efficiently approximated

by a neural network, and if so, how to quantify the complexity of the neural network

representation with respect to the increasing dimension?

Namely, we identify a function class suitable for neural network approximations

and prove that the solutions to a class of PDEs can be well approximated by functions

in this class. More specifically, the PDE we consider is a family of second-order elliptic

PDEs of the form

Lu = −∇ · (A∇u) + cu = f on Rd. (3.2)

We choose to work with the Barron class of functions defined in [EMW21] (see also

[Bac17]), which is a class of functions admitting the integral of certain parametric

ridge function against a probability measure on the parameters; see Definition 3.2.1

for a precise description. This Barron space is inspired by the pioneering work by

Barron [Bar93]. The main result of our work, stated informally, is the following; a

more precise statement can be found in Section 3.2.3.

Main Theorem (informal version) If the coefficients A, c and the source term

f of the second-order elliptic PDE (3.2) are all Barron functions, then the solution

u∗ can be approximated by another Barron function u such that ∥u − u∗∥H1 ≤ ϵ,

where the Barron norm of u is upper bounded by O((d/ϵ)C log(1/ϵ)). Moreover, if the

Barron space is defined by the cosine activation function, then the upper bound on

the Barron norm can be improved to O(dC log 1/ϵ).
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We remark that while the better rate is only obtained for the cosine activation

function, such periodic activation function has indeed been found effective in certain

PDE-related tasks, see e.g., [SMB+20].

Since the Barron functions can be approximated on a finite domain Ω w.r.t. H1

norm by two-layer neural networks with a rate O(1/
√
k) where k is the network width

(see Theorem 3.2.4), the theorem above directly implies that there exists a two-layer

neural network uk with the number of widths k = O((d/ϵ)C log(1/ϵ)), or k = O(dC log 1/ϵ)

if the activation function is cosine, such that ∥uk − u∗∥H1(Ω) ≤ ϵ. Therefore in our

setting the solution can be approximated by a two-layer neural network without

CoD, meaning that the complexity depends at most polynomially on the dimension

d for fixed ϵ. Alternatively, we can rewrite the rates as O((1/ϵ)C(log d+log 1/ϵ)) and

O((1/ϵ)C log d) to contrast with that of conventional grid-based numerical methods

for PDEs, which scales as O((1/ϵ)d). It can be observed that the dependence on d is

replaced by log d in the complexity bound for neural network approximations.

We emphasize that such approximation result does not follow directly from the

universal approximation property of neural networks for Barron functions since it

is not a priori known that the solution to the PDE is a Barron function. It will

be shown that the solution lies in some spectral Barron space for a certain class of

second-order elliptic PDEs, say the static Schrödinger equation, in Section 3.4, but

the analysis does not apply for general second-order elliptic PDEs. Hence, directly

imposing regularity or complexity assumption on the solution itself is unreasonable

since the solution is unknown and its fine properties are generally inaccessible.

Our main contribution in this section is to establish the fact that the solution can

be indeed approximated by a Barron function, under the assumption that coefficients

and the right-hand term of the PDE are Barron. From a mathematical point of view,

our main theorem is in the same spirit as the regularity estimates of PDEs, which are
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of crucial importance in the study of PDEs. While such regularity estimates are well

developed in low dimensions, the extension to results in high dimensions is highly

non-trivial and is the main focus of our work.

Related works Several theoretical works have been devoted to the above represen-

tation question. It has been established in [GHJVW18, HJKN20, GH22] that deep

neural networks can approximate solutions to certain class of parabolic equations

and Poisson equations without CoD. The major limitation of those works lies in that

the PDEs considered in those works must admit certain stochastic representation

such as the Feymann-Kac formula and it seems difficult to generalize the proof tech-

niques to broader classes of PDEs with no probabilistic interpretation. The works

[LLW21, LL22] studied two-layer networks for elliptic PDEs and the Schrödinger

eigenvalue problem on a bounded domain with Neumann boundary condition and an-

alyzed the a priori generalization error, with the assumption that the exact solutions

are in spectral Barron space, which was rigorously justified by their new regularity

theory. Similar generalization analysis was carried out in [LY20] for second-order

PDEs and in [HSX21] for general even-order elliptic PDEs, but without justifying

the Barron assumption on the solution. Compared to those works, our work focuses

on deriving complexity estimates of the solution in the integral-representation-based

Barron space, which is more flexible and arguably more suitable for high-dimensional

settings, see e.g., discussion in [EMW21]. The work [EW22] established such esti-

mates in the Barron space for certain specific PDEs that essentially admit explicit

solution, whereas we aim to prove such estimates for general elliptic PDEs for which

the analytical ansatz is not available. The work [MLR21] is closest to ours where the

authors proved that the solution of the same type of elliptic PDE with a Dirichlet

boundary condition can be approximated by a (deep) neural networks with at most

O(poly(d)N) parameters if the coefficients of the PDE are approximable by neural
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networks with at most N parameters. While our overall approach based on itera-

tive scheme borrows the idea from [MLR21], our result differs and improves theirs in

many aspects: (1) Our result shows that the solution can be well approximated with-

out CoD by a two-layer neural network with a single activation whereas the result

in [MLR21] requires a deep network which uses a mixture of at least two activation

functions; (2) Our PDE is set up on the whole space rather than a compact do-

main, so our setting covers some important PDEs in physics, such as the stationary

Schrödinger equation; (3) The result in [MLR21] relies on another key assumption

that the source term lies within the span of finitely many eigenfunctions of the elliptic

operator whereas our result completely removes such assumption. This is achieved by

utilizing a novel preconditioning technique to uniformly control the condition number

of the iterative scheme that underpins the proof of our main theorem.

Organization The rest of this section will be organized as follows. In Section 3.2.2

we introduce the definition of Barron functions and discuss their H1-approximation

by two-layer networks (see Theorem 3.2.4). Our main theorems are stated in Section

3.2.3. We present the sketch proofs of the main theorems in Section 3.2.4 and defer

the complete proof to Section 3.3.

3.2.2 Barron Spaces

Our ultimate goal in this section is to show that the solution can be approximated by

a two-layer neural network on any bounded subset of Rd with respect to the H1 norm

with a rate scaling at most polynomially in the dimension. Notice that in general

one cannot hope to obtain an approximation result on the whole space Rd because

the asymptotic behavior of a neural network function (determined by the activation)

at infinity may mismatch that of the target function u∗. On the other hand, it is

well-known that the convergence rate of neural networks for approximating func-
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tions in standard Sobolev or Hölder spaces still suffers from the CoD [Yar17, Yar18].

Therefore to obtain a rate without CoD for the neural networks approximation to

the solution u∗, we need to argue that u∗ lies in a suitable smaller function space that

has low complexity compared to Sobolev or Hölder spaces. We will work with the

Barron space and show that u∗ is arbitrarily close to a Barron function which can be

approximated by a two-layer neural network without CoD.

The definition of Barron space is strongly motivated by the two-layer neural net-

works. Recall that a two-layer neural network with k hidden neurons is a function of

the form

uk(x) =
1

k

k∑
i=1

aiσ(w⊤
i x+ bi), x ∈ Rd. (3.3)

Here σ : R→ R is some activation function and (ai, wi, bi) ∈ R×Rd×R, i = 1, 2, . . . , k

are the network parameters. If the parameters are randomly chosen accordingly to

some probability distribution, then in the infinite width limit the averaged sum in

(3.3) formally converges to the following probability integral

uρ(x) :=

∫
aσ(w⊤x+ b)ρ(da, dw, db), x ∈ Rd, (3.4)

where ρ is a probability measure on the parameter space R× Rd × R. Observe that

(3.3) is a special instance of (3.4) if we take ρ(a, w, b) = 1
k

∑k
i=1 δ(a−ai, w−wi, b−bi).

The Barron norms and Barron spaces are then defined as follows, where we require

the marginal measure in w to have compact support. This is because the (formal)

first-order and second-order partial derivatives of uρ(x) would involve with compo-

nents of w by the chain rule. By adding some uniform bounds on w, we can control

the Barron norms after taking derivatives. In the subsequent discussion, we may

also need to restrict our attention to functions defined on a bounded set. Therefore

we present below the formal definition of a Barron function defined on any domain
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Ω ⊂ Rd.

Definition 3.2.1. Fix Ω ⊂ Rd and R ∈ [0,+∞]. For a function g = uρ with some

probability measure ρ, we define the Barron norm of g on Ω with index p ∈ [1,+∞]

and support radius R by

∥g∥Bp
R(Ω) = inf

ρ

{(∫
|a|pρ(da, dw, db)

)1/p

: g =

∫
aσ(w⊤x+ b)ρ(da, dw, db) on Ω,

ρ is supported on R×Bd

R × R
}
,

where B
d

R = {x ∈ Rd : ∥x∥ ≤ R}. The corresponding Barron space is then defined as

Bp
R(Ω) =

{
g : ∥g∥Bp

R(Ω) <∞
}
.

It is worth making some comments on the definition above. Our definition of

Barron space adapts a similar definition in [EMW21] (see also [Bac17]) with several

important modifications for the purpose of PDE analysis. First, we require that the

w-marginal of the probability measure ρ has compact support in order to control the

derivatives of a Barron function defined in (3.4); in fact differentiating the integral of

(3.4) leads to an integral of the product of the ridge function with w (or its powers)

and enforcing ρ has a compact w-marginal thus controls the Barron norm of the

derivatives of uρ. In addition, our definition of Barron norm only involves the p-th

moment of ρ with respect to a parameter whereas the Barron norm in [EMW21]

takes the moments in all parameters into account. This is because [EMW21] uses

the unbounded ReLU activation function, which requires the moment condition in all

parameters to make the integral in (3.2.1) well-defined; whereas we will only consider

bounded σ (see Assumption 3.2.2) and the integral is guaranteed to be finite under

such assumption.
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Both our notion of Barron space and the one in [EMW21] are motivated by the

seminal work of Barron [Bar93] where he proved that if the Fourier transform ĝ of a

function g satisfies that ∫
Rd

|ĝ(ξ)| · ∥ξ∥dξ <∞,

then there exists a two-layer network uk with k hidden neurons such that ∥g −

uk∥L2(Ω) ≤ Ck−
1
2 . Since Barron’s original function class is defined via the Fourier

transform, we call such function class the spectral Barron space to distinguish it from

our Barron space based on the probability integral. We refer to [KB18, BN20, SX20,

SX22a, LLW21] for recent developments on the spectral Barron space.

As we investigate the solution theory of the second-order PDE in the Barron

space, we expect to differentiate the integral representation (3.4) up to the second

order. Therefore, we assume that the activation function σ as well as its first-order

and second-order derivatives are all bounded in R.

Assumption 3.2.2. σ : R → R is smooth with C0 := supy∈R |σ(y)| < ∞, C1 :=

supy∈R |σ′(y)| <∞, and supy∈R |σ′′(y)| <∞.

Thanks to the Hölder inequality, it is clear that Bp
R(Ω) ⊂ Bq

R(Ω) when p ≤ q.

The following useful proposition (see also [EMW21, Proposition 1]) shows that the

reverse is also true and that the Barron norms and the Barron spaces are in fact

independent of p.

Proposition 3.2.3. For any function g ∈ B1
R(Ω), it holds that ∥g∥B∞

R (Ω) = ∥g∥Bp
R(Ω) =

∥g∥B1
R(Ω) for any 1 ≤ p ≤ ∞. As a consequence, B∞

R (Ω) = Bp
R(Ω) = B1

R(Ω) for

1 ≤ p ≤ ∞.

The proof of Proposition 3.2.3 can be found in Section 3.3.2.

The most important property that makes Barron functions distinct from Sobolev

or Hölder functions is that they can be approximated by two-layer neural networks
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with a dimension-independent approximation rate in H1 norm as shown in Theorem

3.2.4.

Theorem 3.2.4 (Approximation in H1 norm). Suppose that Assumption 3.2.2 holds

and that g ∈ B1
R(Ω). Then for any open bounded subset Ω0 ⊂ Ω and any k ∈ N+,

there exists {(ai, wi, bi)}ki=1 satisfying

∥∥∥∥∥1

k

k∑
i=1

aiσ(w⊤
i x+ bi)− g(x)

∥∥∥∥∥
2

H1(Ω0)

≤
2(C2

0 +R2C2
1)m(Ω0) ∥g∥2B1

R(Ω)

k
, (3.5)

where C0 and C1 are the constants in Assumption 3.2.2, and m(Ω0) is the Lebesgue

measure of Ω0.

Theorem 3.2.4 provides an H1-approximation rate for Barron functions defined

by the integral representation (3.4). The proof is deferred to Section 3.3.2. Similar

approximation results in the sense of L2 for Barron functions (including formulations

based on spectrum and integral representation) have been proved in [Bar93, KB18,

BN20, SX20, EMW21]. H1-approximation results for spectral Barron functions were

previously obtained in [SX22a] and [LLW21].

3.2.3 Main Results

Recall that we consider the d-dimensional second-order elliptic PDE (3.2). To guar-

antee the existence and uniqueness of the weak solution in H1(Rd), we make the

following minimum assumptions on coefficients A, c and right-hand side f ; this as-

sumption will be strengthened in our main representation theorem.

Assumption 3.2.5. A(x) = (Aij(x))1≤i,j≤d is symmetric with ∥A(x)∥ ≤ amax < ∞

and uniformly elliptic, that is for some amin > 0, it satisfies

ξ⊤A(x)ξ ≥ amin ∥ξ∥2 , ∀ x, ξ ∈ Rd.
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We also assume that 0 < cmin ≤ c(x) ≤ cmax <∞ and f ∈ L2(Rd).

Under Assumption 3.2.5, a standard argument using the Lax-Milgram theorem

implies that there exists a unique weak solution u∗ ∈ H1(Rd), such that Lu∗ = f in

H−1(Rd) which is the dual space of H1(Rd), i.e.,

∫
Rd

A∇u∗ · ∇vdx+

∫
Rd

cu∗vdx =

∫
Rd

fvdx, ∀v ∈ H1(Rd).

To state our main theorems, we need to make some additional complexity assumptions

on the coefficients A, c and the source term f of the PDE (3.2), which is reasonable

as otherwise there is no hope that the solution would lie in a smaller function class.

Assumption 3.2.6. For some RA, Rc, Rf ∈ (0,+∞), the followings hold: ℓA :=

max1≤i,j≤d ∥Aij∥B1
RA

(Rd) <∞, ℓc := ∥c∥B1
Rc

(Rd) <∞, and ℓf := ∥f∥B1
Rf

(Rd) <∞.

We remark that Assumption 3.2.6 is compatible with our earlier Assumption 3.2.5

on the coefficients A, c and the source f . In fact, it is easy to see that constant

coefficients A, c satisfy both assumptions if im(σ) ̸= {0}, i.e., σ is not constantly

zero. As for f , we provide in Proposition 3.3.1 of Section 3.3.1 a concrete class of f

that satisfies both assumptions.

We also need two additional technical assumptions on the activation function.

Assumption 3.2.7. The function h : R2 → R, (y1, y2) 7→ σ(y1)σ(y2) satisfies that

ℓm := ∥h∥B1
Rm

(R2) <∞, for some Rm ∈ (0,+∞).

Assumption 3.2.8. It holds that ℓd,1 := ∥σ′∥B1
Rd,1

(R) <∞ and ℓd,2 := ∥σ′′∥B1
Rd,2

(R) <

∞, for some Rd,1, Rd,2 ∈ (0,+∞).

Assumption 3.2.7 and Assumption 3.2.8 guarantee that Barron spaces are closed

under multiplication and differentiations (up to the second order) respectively; see
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Lemma 3.2.13 (iii)-(iv) for a precise statement. These operations and the associated

closeness will be useful for constructing an approximation to the exact solution u∗ of

the PDE (3.2) in Barron spaces. Proposition 3.3.2 shows that Assumption 3.2.7 and

Assumption 3.2.8 hold for a relatively large class of activation functions including

cosine.

With the preparations above, we are ready to state our main theorems below.

The first main theorem concerns the complexity estimate of the exact solution u∗ in

the Barron space.

Theorem 3.2.9. Suppose that Assumption 3.2.5, 3.2.2, 3.2.6, 3.2.7, and 3.2.8 hold.

For any ϵ ∈ (0, 1/2), there exists u ∈ B1
R(Rd) with R ≤ γ1

(
1
ϵ

)γ2 and ∥u∥B1
R(Rd) ≤

β1
(
d
ϵ

)β2∥ ln ϵ∥
, such that ∥u− u∗∥H1(Rd) ≤ ϵ. Here γ1, γ2, β1, and β2 only depend on

∥f∥H−1(Rd) and constants in Assumptions 3.2.5, 3.2.6, 3.2.7, and 3.2.8.

Furthermore, if σ = cos, then ∥u− u∗∥H1(Rd) ≤ ϵ can be achieved with R ≤

γ′1∥ ln ϵ∥ and ∥u∥B1
R(Rd) ≤ β′

1d
β′
2∥ ln ϵ∥, where γ′1, β

′
1, and β

′
2 only depend on ∥f∥H−1(Rd)

and constants in Assumption 3.2.5 and 3.2.6.

Theorem 3.2.9 shows that the exact solution u∗ is ϵ-close (in the sense of H1)

to a Barron function u ∈ B1
R(Rd). In addition, the Barron norm of u grows at

most polynomially in d, indicating that the complexity of u does not suffer from the

CoD. Also, the complexity estimate gets substantially improved when the activation

function is cosine. In fact, advantages of periodic activation functions have been

empirically observed in some earlier works, see e.g., [SMB+20]. It remains an open

question whether results similar to Theorem 3.2.9 can be established for activation

functions that do not satisfy Assumption 3.2.7 and Assumption 3.2.8. This will be

investigated in future works.

Thanks to Theorem 3.2.4 and Theorem 3.2.9, it is easy to conclude that the PDE
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solution u∗ can be approximated on any bounded subset Ω ⊂ Rd using two-layer

neural networks with the number of hidden neurons k scaling at most polynomially

in d.

Theorem 3.2.10. Under the same assumptions as in Theorem 3.2.9, given any

ϵ ∈ (0, 1/2) and any open bounded subset Ω ⊂ Rd, there exists a two-layer neural

network uk(x) with k ≤ γm(Ω)
(
d
ϵ

)β∥ ln ϵ∥
such that ∥uk − u∗∥H1(Ω) ≤ ϵ, where γ and

β only depend on ∥f∥H−1(Rd) and constants in Assumptions 3.2.5, 3.2.2, 3.2.6, 3.2.7,

and 3.2.8.

Furthermore, if σ = cos, then ∥uk − u∗∥H1(Ω) ≤ ϵ can be achieved with k ≤

γ′m(Ω)dβ
′∥ ln ϵ∥, where γ′ and β′ only depend on ∥f∥H−1(Rd) and constants in Assump-

tions 3.2.5, 3.2.2, and 3.2.6.

3.2.4 Proofs

We sketch the proof ideas in this subsection and present the full details in Section 3.3.

Preconditioned Functional Iterative Scheme

The key ingredient of our proof of Theorem 3.2.9 is a functional iterative scheme

for solving the elliptic PDE, which can be viewed as an infinite dimensional analog

of the preconditioned steepest descent algorithm to solve linear algebra equations.

Recall when solving the linear equation Ax = b with A ∈ Rn×n and x, b ∈ Rn, the

preconditioned steepest descent algorithm [GVL13] runs the iteration

xt+1 = xt − αP (Axt − b),

where P is a preconditioning matrix, α is the step size, and t = 0, 1, 2, · · · indicates the

iteration index. The purpose of the preconditioned iteration is to reduce the condition
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number of the iteration κ(PA) by choosing a suitable P and hence accelerate the

convergence of the iterative algorithm.

In the case of solving the elliptic PDE (3.2), we generalize the preconditioned

steepest descent iteration to the functional setting by considering the following iter-

ation scheme in H1(Rd):

ut+1 = ut − α(I −∆)−1(Lut − f), (3.6)

where the inverse operator (I −∆)−1 plays the role of preconditioner. As a matter

of fact, we will show that the condition number of (I −∆)−1L is bounded and this

directly implies that the iterative scheme (3.6) converges exponentially to the exact

solution u∗. Indeed, we have the following contraction estimate for the iteration (3.6),

whose proof can be found in Section 3.3.3.

Proposition 3.2.11. Recall the constants amin, amax, cmin, cmax defined in Assump-

tion 3.2.5. For any α > 0 and any u ∈ H1(Rd),∥∥(I − α(I −∆)−1L)u
∥∥
H1(Rd)

≤ Λ(α)∥u∥H1(Rd), (3.7)

with the contraction factor Λ(α) = supλ∈[λmin,λmax] |1−αλ| with λmin = min{amin, cmin}

and λmax = max{amax, cmax}.

In particular, minimizing Λ(α) with respect to the step size α yields an optimal

choice of step size

α∗ :=
2

λmin + λmax

.

With α = α∗ in (3.7), we obtain that∥∥∥∥(I − 2

λmin + λmax

(I −∆)−1L
)
u

∥∥∥∥
H1(Rd)

≤ λmax − λmin

λmax + λmin

∥u∥H1(Rd). (3.8)

As a direct consequence, we obtain the following estimate for the number of iterations

required to achieve a given error tolerance.
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Corollary 3.2.12. Let u∗ be the exact solution of the PDE (3.2). Under Assump-

tion 3.2.5, consider the iteration scheme (3.6) with α = α∗ = 2
λmin+λmax

. Then for

any

T ≥
(

ln
λmax + λmin

λmax − λmin

)−1

ln
∥u0 − u∗∥H1(Rd)

ϵ
,

the iterate uT satisfies ∥uT − u∗∥H1(Rn) ≤ ϵ.

Let us remark that the idea of using iterative scheme to establish neural network

representation results of solutions to PDEs is not new, see e.g., [KLY21, MLR21],

similar ideas have been also used to construct neural network architectures inspired

by iterative schemes, see e.g., [YSLX16, GSR+17]. Closely related to our setting,

the work [MLR21] uses a steepest descent iteration with the right-hand side of the

equation assumed to be in the span of the first several eigenfunctions of the elliptic

operator, while [KLY21] considered general right-hand side, but only after discretiza-

tion which also effectively truncates the problem onto a finite-dimensional subspace.

These restrictions were made to limit the condition number of the iteration. Unlike

those works using standard steepest descent iterations, by using the precondition-

ing technique, we can deal with general right-hand side without restricting it to a

finite-dimensional subspace.

Algebra of Barron Functions and Representation of the Solution

Corollary 3.2.12 in the previous subsection shows that we can obtain an approximate

solution by running the iteration (3.6). To complete the proof of Theorem 3.2.9,

we show in this subsection that the iteration (3.6) can be carried out in the Barron

space B1
R(Rd), i.e. each iteration ut ∈ B1

R(Rd) (with the support radius R potentially

depending on t). To this end, we first need to establish the closeness of Barron space

under function operations involved in the iteration. In fact, by decomposing each of
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the iteration step in (3.6) into two steps, we can write

{
vt = Lut − f = −

∑
i,j(∂iAij∂jut + Aij∂ijut) + cut − f,

ut+1 = ut − α(I −∆)−1vt.
(3.9)

Thus, to show that the iterate ut remains in Barron space, it suffices to establish

that addition, scalar multiplication, product, differentiation, and action of (I −∆)−1

are closed in the Barron space. The closedness of Barron functions under those

operations is not only useful for proving our main results, but also of its own interest.

The next two lemmas summarize the algebras and the stability estimate of the inverse

(I −∆)−1 in the Barron space. Their proofs can be found in Section 3.3.4.

Lemma 3.2.13 (Algebras in Barron spaces). The followings hold:

(i) (Addition) Suppose that ∥gi∥B1
Ri

(Rd) <∞, i = 1, 2, . . . , k. Then

∥g1 + · · ·+ gk∥B1
R(Rd) ≤

∑
1≤i≤k

∥gi∥B1
Ri

(Rd) ,

where R = max1≤i≤k Ri.

(ii) (Scalar multiplication) Suppose that ∥g∥B1
R(Rd) <∞ and that λ ∈ R. Then

∥λg∥B1
R(Rd) = |λ| ∥g∥B1

R(Rd) .

(iii) (Product) Suppose that Assumption 3.2.2 and Assumption 3.2.7 hold and that

∥gi∥B1
Ri

(Rd) <∞ for i = 1, 2. Then

∥g1g2∥B1
R(Rd) ≤ ℓm ∥g∥B1

R1
(Rd) ∥g∥B1

R2
(Rd) ,

where R = Rm(R1 +R2) with Rm and ℓm being constants in Assumption 3.2.7.
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(iv) (Derivatives) Suppose that Assumption 3.2.2 and Assumption 3.2.8 hold and

that ∥g∥B1
R(Rd) <∞ with R <∞. Then

∥∂ig∥B1
Rd,1R

(Rd) ≤ ℓd,1R ∥g∥B1
R(Rd) ,

and

∥∂ijg∥B1
Rd,2R

(Rd) ≤ ℓd,2R
2 ∥g∥B1

R(Rd) ,

for any i, j ∈ {1, 2, . . . , d}, where Rd,1, Rd,2, ℓd,1, and ℓd,2 are constants in

Assumption 3.2.8.

Lemma 3.2.14 (Applying (I−∆)−1 on Barron functions). Suppose that ∥g∥B1
R(Rd) <

∞. Then ∥∥(I −∆)−1g
∥∥
B1
R(Rd)

≤ ∥g∥B1
R(Rd) .

we include a proof for Lemma 3.2.14 in Section 3.3.4 that uses similar arguments

from [EW22], though the analysis in [EW22] is for d ≥ 3. The lemmas above lead to

the following recursive estimate on the Barron norm of ut.

Lemma 3.2.15. Suppose that Assumption 3.2.2, Assumption 3.2.7, and Assump-

tion 3.2.8 hold. If ∥u∥B1
Ru,t

< ∞ with Ru,t < ∞, then ut+1 defined in (3.6) or (3.9)

satisfies that

∥ut+1∥B1
Ru,t+1

(Rd) ≤
(
αℓmℓA(ℓ2d,1RARu,t + ℓd,2R

2
u,t)d

2 + αℓmℓc + 1
)
∥ut∥B1

Ru,t
(Rd) + αℓf ,

(3.10)

for any

Ru,t+1 ≥ max{RmRd,1(Ru,t+RA), Rm(Rd,2Ru,t+RA), Rm(Ru,t+Rc), Ru,t, Rf}. (3.11)

The proof of Lemma 3.2.15 is deferred to Section 3.3.4. One observation is that

the amplification factor of the Barron norm in Lemma 3.2.15 increases as the support
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radius R increases. The reason is that differentiating the function would introduce

components of w and hence the amplification depends on how large ∥w∥ can be and

thus the support of the measure.

One possible direction to improve the estimate is to realize that the preconditioner

(I − ∆)−1 can counteract the action of taking derivatives. It is indeed possible to

remove the R dependence from the amplification factor, at least for some specific

activation functions, through a more careful analysis. In particular, we have the

following lemma for the cosine activation function, the proof of which can also be

found in Section 3.3.4.

Lemma 3.2.16. Suppose that Assumption 3.2.6 holds. If σ = cos and ∥u∥B1
Ru,t

(Rd) <

∞ with Ru,t <∞, then ut+1 defined in (3.6) or (3.9) satisfies

∥ut+1∥B1
Rt+1

(Rd) ≤
(
6αℓA max{R2

A, 1}d2 + αℓc + 1
)
∥ut∥B1

Ru,t
(Rd) + αℓf , (3.12)

for any

Ru,t+1 ≥ Ru,t + max{RA, Rc, Rf}. (3.13)

Lemma 3.2.15 and Lemma 3.2.16 estimate the amplification of the Barron norm

in each iteration of (3.6). Combining them with the control of number of iterations,

Corollary 3.2.12, we are ready to finish the proof of Theorem 3.2.9.

Proof of Theorem 3.2.9. Fix u0 = 0 and α = 2
λmin+λmax

. According to Corollary 3.2.12,

it holds that ∥uT − u∗∥H1(Rn) ≤ ϵ for any

T ≥
(

ln
λmax + λmin

λmax − λmin

)−1

ln
∥u∗∥H1(Rn)

ϵ
.

Moreover, thanks to the estimate

λmin ∥u∗∥2H1(Rd) ≤
∫
A∇u∗ ·∇u∗dx+

∫
c|u∗|2dx =

∫
fu∗dx ≤ ∥f∥H−1(Rd) ∥u

∗∥H1(Rd) ,
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we have ∥u∗∥H1(Rd) ≤
1

λmin
∥f∥H−1(Rd). Therefore, it suffices to take

T =

⌈(
ln
λmax + λmin

λmax − λmin

)−1

ln
1

ϵ
+

(
ln
λmax + λmin

λmax − λmin

)−1

ln
∥f∥H−1(Rd)

λmin

⌉
.

Set Ru,0 = max{RA, Rc, Rf , 1} and Ru,t+1 = max{2RmRd,1, 2RmRd,2, 2Rm, 1} ·

Ru,t ≥ Ru,t. Then (3.11) is satisfied for any t. Let us define a sequence {Xt}t≥0 via

X0 = 1 and Xt+1 =
(
αℓmℓA(ℓ2d,1 + ℓd,2) +

α(ℓmℓc+ℓf )+1

d2

)
R2

u,td
2 ·Xt. By (3.10), we have

∥ut∥B1
Ru,t

(Rd) ≤ Xt for any t. Therefore, it holds that

Ru,T = max{RA, Rc, Rf , 1} ·max{2RmRd,1, 2RmRd,2, 2Rm, 1}T ,

and that

∥uT∥B1
Ru,T

(Rd) ≤ XT

=

(
αℓmℓA(ℓ2d,1 + ℓd,2) +

α(ℓmℓc + ℓf ) + 1

d2

)T

d2T (Ru,0 · · ·Ru,T−1)
2

≤
(
αℓmℓA(ℓ2d,1 + ℓd,2) +

α(ℓmℓc + ℓf ) + 1

d2

)T

d2T

· (max{RA, Rc, Rf , 1})T ·max{2RmRd,1, 2RmRd,2, 2Rm, 1}T
2

.

The first part of Theorem 3.2.9 is established by setting u = uT and R = Ru,T .

If σ = cos, (3.13) is satisfied by setting

Ru,t = max{RA, Rc, Rf} · t.

Define Y0 = 0 and Yt+1 = (6αℓA max{R2
A, 1}d2 + αℓc + 1)Yt + αℓf . By (3.12), we

obtain that ∥ut∥B1
Ru,t

(Rd) ≤ Yt for any t, and in particular that

∥uT∥B1
Ru,T

(Rd) ≤ YT =
αℓf

(
(6αℓA max{R2

A, 1}d2 + αℓc + 1)
T − 1

)
6αℓA max{R2

A, 1}d2 + αℓc
,

which finishes the proof by setting u = uT and R = Ru,T .
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Theorem 3.2.10 is then a corollary of Theorem 3.2.9 and Theorem 3.2.4 (the

approximation theorem).

Proof of Theorem 3.2.10. Theorem 3.2.10 can be proved by applying Theorem 3.2.4

with error tolerance ϵ/2 and applying Theorem 3.2.9 with error tolerance ϵ/2.

3.3 Validity of Assumptions and Deferred Proofs

for Section 3.2

3.3.1 Validity of Assumptions

In this subsection, we show that the set of right-hand side f satisfying Assumption

3.2.5 and Assumption 3.2.6, and the set of activation functions σ satisfying Assump-

tion 3.2.7 and Assumption 3.2.8 are not empty. We first give a concrete example of

f that fulfills Assumption 3.2.5 and Assumption 3.2.6.

Proposition 3.3.1. Suppose that σ = cos. Consider a complex-valued function f0 ∈

L2(Rd)∩L1(Rd) that is compactly supported, it holds that f = Re(F−1f0) ∈ L2(Rd)∩

B1
Rf

(Rd) for some 0 < Rf < +∞, where F−1 is the inverse Fourier transform.

We first introduce some concepts and facts, which will be useful for proving Propo-

sition 3.3.1 and other results.

Push-forward measure Consider two measure spaces (X,FX) and (Y,FY ) and a

measurable map T : X → Y . Given any measure µX on (X,FX), one can define the

push-forward measure µY = T∗µX via

µY (A) = µX(T−1A), A ∈ FY .
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If µX is a probability measure, then µY = T∗µX is also a probability measure. For

any integrable function g : Y → R, it holds that

∫
Y

g(y)µY (dy) =

∫
X

g(T (x))µX(dx).

Fourier transform Let f̂ := F(f)(ξ) be the Fourier transform of f ∈ L1(Rd), i.e.

f̂(ξ) = (2π)−
d
2

∫
Rd

e−ix·ξf(x)dx.

Denote by F−1(f̂) the inverse Fourier transform of f̂ , given by

f(x) = F−1(f̂)(x) := (2π)−
d
2

∫
Rd

eix·ξf̂(ξ)dξ,

if f̂ ∈ L1(Rd). The Fourier transform and the inverse Fourier transform can be

extended to the space of tempered distributions, i.e., the dual space S ′
d of the Schwartz

space Sd. Recall the Parseval’s identity for f ∈ L2(Rd): ∥f∥2
L2(Rd)

= ∥f̂∥2
L2(Rd)

.

Proof of Proposition 3.3.1. We use techniques from [Bar93] to prove this proposition.

Let f0(ξ) = eiθ(ξ)F (ξ), where F (ξ) = |f0(ξ)|. It holds that

f(x) = Re
(
(F−1f0)(x)

)
= Re

(
(2π)−

d
2

∫
eiξ

⊤xf0(ξ)dξ

)

= Re

(
(2π)−

d
2

∫
ei(ξ

⊤x+θ(ξ))F (ξ)dξ

)

= (2π)−
d
2

∫
cos(ξ⊤x+ θ(ξ))µ(dξ)

=

∫
a0

(2π)
d
2

cos(ξ⊤x+ θ(ξ))µ′(dξ), x ∈ Rd,
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where the measure µ is defined via µ(A) =
∫
A
F (ξ)dξ, a0 = µ(Rd) =

∫
Rd F (ξ)dξ, and

µ′ = µ/a0 is a probability measure. Note that a0 <∞ because f0 ∈ L1(Rd). Set the

push-forward measure ρ = T∗µ
′ where T : Rd → R × Rd × R, ξ 7→

(
a0

(2π)
d
2
, ξ, θ(ξ)

)
.

Then we obtain that

f(x) =

∫
a cos(w⊤x+ b)ρ(da, dw, db), x ∈ Rd.

Note that f0 is compactly supported. There exists some Rf < ∞ such that f0 is

supported on B
d

Rf
. By definition, we know that µ and µ′ are both supported on B

d

Rf
,

and hence that ρ is supported on R×Bd

Rf
× R. Therefore, we obtain that

∥f∥B1
Rf

(Rd) ≤
∫
|a|ρ(da, dw, db) =

a0

(2π)
d
2

<∞,

which implies that f ∈ B1
Rf

(Rd). Moreover, one has that f ∈ L2(Rd) from ∥f∥L2(Rd) ≤

∥F−1f0∥L2(Rd) = ∥f0∥L2(Rd) <∞.

The next proposition shows that functions that are band-limited, smooth, and

periodic satisfy Assumption 3.2.7 and Assumption 3.2.8.

Proposition 3.3.2. If σ is band-limited, smooth, and periodic, then Assumption 3.2.7

and Assumption 3.2.8 are satisfied. In particular, σ = cos satisfies Assumption 3.2.7

and Assumption 3.2.8.

Proof. The smoothness and periodicity of σ imply that σ is equal to its Fourier series

(recall that the smoothness of σ leads to fast decay of the Fourier coefficients and

hence the uniform convergence of Fourier series). Since σ is band-limited, its Fourier

series only have finitely many terms as F(eiax) = δ(ξ − a). Therefore, there exists

k ∈ N+ and {(ai, wi, bi)}ki=1 ⊂ (R\{0})× R × R such that σ(y) =
∑k

i=1 ai cos(wiy +
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bi). Without loss of generality, let us assume that |w1| < |w2| < · · · < |wk|. We

also assume that σ is not a constant as otherwise, the results are trivial. Notice

that cos′(y) = cos(y + π/2), cos′′(y) = cos(y + π), and cos(y1) cos(y2) = 1
2

cos(y1 +

y2) + 1
2

cos(y1 − y2). Therefore, it suffices to show that there exists m ∈ N+ and

{(γi, ξi, ηi)}mi=1 ⊂ R× R× R, such that
∑m

i=1 γiσ(ξiy + ηi) = cos(y). This is trivial if

k = 1.

Now we consider k ≥ 2. If |w1| ≠ 0, then it holds that

σ

(
y +

2π

|wk|

)
− σ(y) =

k−1∑
i=1

(
ai cos

(
wiy +

2πwi

|wk|
+ bi

)
− ai cos(wiy + bi)

)

=
k−1∑
i=1

a′i cos(wiy + b′i),

where a′i ̸= 0 for 1 ≤ i ≤ k − 1. If w1 = 0, then let us choose y0 /∈ ∪2≤i≤k{2ℓπ/wi :

ℓ ∈ Z}, then it holds that

σ(y + y0)− σ(y) =
k∑

i=2

(ai cos(wiy + wiy0 + bi)− ai cos(wiy + bi))

=
k∑

i=2

a′i cos(wiy + b′i),

where a′i ̸= 0 for 2 ≤ i ≤ k. Both cases are reduced to k − 1. Then we can finish the

proof by induction.

3.3.2 Proofs for Section 3.2.2

In this subsection, we present proofs of some properties of Barron norms and Barron

spaces, say Proposition 3.2.3 and Theorem 3.2.4. Note that the proof techniques are

not new. They are borrowed from [EMW21] and [Bar93].

Proof of Proposition 3.2.3. This proof is modified from [EMW21], especially the proof

in [EMW21, Section 2.5.1]. If ∥g∥B1
R(Ω) = ∞, it is clear that ∥g∥Bp

R(Ω) = ∞ for any
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1 ≤ p ≤ ∞. Thus, we assume that ∥g∥B1
R(Ω) < ∞. By Hölder’s inequality, it holds

that

∥g∥B1
R(Ω) ≤ ∥g∥Bp

R(Ω) ≤ ∥g∥B∞
R (Ω) .

Therefore, it suffices to show that ∥g∥B∞
R (Ω) ≤ ∥g∥B1

R(Ω). Consider any ϵ > 0, there

exists a probability measure ρ supported on R×Bd

R × R such that

g(x) =

∫
aσ(w⊤x+ b)ρ(da, dw, db), ∀x ∈ Ω,

and that

ℓ :=

∫
|a|ρ(da, dw, db) ≤ ∥g∥B1

R(Ω) + ϵ.

Define a new probability measure µ supported on {ℓ,−ℓ} ×Bd

R × R via

µ({ℓ} × A) =
1

ℓ

∫
(0,+∞)×A

|a|ρ(da, dw, db),

and

µ({−ℓ} × A) =
1

ℓ

∫
(−∞,0)×A

|a|ρ(da, dw, db),

for any measurable A ⊂ Rd × R. Then we have

g(x) =

∫
aσ(w⊤x+ b)ρ(da, dw, db)

=

∫
(0,+∞)×Rd×R

ℓ · σ(w⊤x+ b) · |a|
ℓ
ρ(da, dw, db)

+

∫
(−∞,0)×Rd×R

(−ℓ) · σ(w⊤x+ b) · |a|
ℓ
ρ(da, dw, db)

=

∫
aσ(w⊤x+ b)µ(da, dw, db),

for any x ∈ Ω, which combined with support of µ yields that

∥g∥B∞
R (Ω) ≤ ℓ ≤ ∥g∥B1

R(Ω) + ϵ.
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Setting ϵ→ 0, we obtain that ∥g∥B∞
R (Ω) ≤ ∥g∥B1

R(Ω).

Then we prove the approximation theorem in H1 norm, i.e., Theorem 3.2.4.

Proof of Theorem 3.2.4. We use techniques from the proofs of [EMW21, Theorem 1]

and [Bar93, Theorem 1, Theorem 2] to prove this theorem. According to Proposi-

tion 3.2.3, it holds that g ∈ B2(Ω) with ∥g∥B2(Ω) = ∥g∥B1(Ω). There exists a probability

measure ρ supported on R×Bd

R × R such that

g(x) =

∫
aσ(w⊤x+ b)ρ(da, dw, db), x ∈ Ω0 ⊂ Ω,

and ∫
|a|2ρ(da, dw, db) ≤ 2 ∥g∥2B2(Ω0)

≤ 2 ∥g∥2B2(Ω) .

The derivatives of g can also be represented in integral from,

∂jg(x) =

∫
a⟨w, ej⟩σ′(w⊤x+ b)ρ(da, dw, db), x ∈ Ω0, 1 ≤ j ≤ d,

where ej is a vector in Rd with the j-th entry being 1 and other entries being 0. Note

that the derivative and the integral are exchangeable since

∫
sup
x

∣∣a⟨w, ej⟩σ′(w⊤x+ b)
∣∣ ρ(da, dw, db) ≤ RC1

∫
|a|ρ(da, dw, db) <∞,

where the last inequality holds since
∫
|a|2ρ(da, dw, db) < ∞ and ρ is a probability

measure. We sample the set of parameters Θ = {ai, wi, bi}1≤i≤k with respect to the

product measure ρ×k and denote the difference between the neural network and the

target function g as

EΘ(x) =
1

k

k∑
i=1

aiσ(w⊤
i x+ bi)− g(x).
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Then it holds that

Eρ×k ∥EΘ∥2L2(Ω0)
=

∫
(R×Rd×R)k

∫
Ω0

(
1

k

k∑
i=1

aiσ(w⊤
i x+ bi)− g(x)

)2

dxdρ×k

=
1

k2

∫
Ω0

∫
(R×Rd×R)k

(
k∑

i=1

(
aiσ(w⊤

i x+ bi)− g(x)
))2

dρ×kdx

=
1

k2

∫
Ω0

∫
(R×Rd×R)k

k∑
i=1

(
aiσ(w⊤

i x+ bi)− g(x)
)2
dρ×kdx

=
1

k

∫
Ω0

∫
R×Rd×R

(
aσ(w⊤x+ b)− g(x)

)2
ρ(da, dw, db)dx

=
1

k

∫
Ω0

Varρ
(
aσ(w⊤x+ b)

)
dx

≤1

k

∫
Ω0

Eρ

[(
aσ(w⊤x+ b)

)2]
dx

≤C
2
0m(Ω0)

k
Eρ|a|2

≤2C2
0m(Ω0)

k
∥g∥2B2

R(Ω) ,

(3.14)

and

Eρ×k ∥∂jEΘ∥2L2(Ω0)

=

∫
(R×Rd×R)k

∫
Ω0

(
∂j

(
1

k

k∑
i=1

aiσ(w⊤
i x+ bi)

)
− ∂jg(x)

)2

dxdρ×k

=

∫
(R×Rd×R)k

∫
Ω0

(
1

k

k∑
i=1

ai⟨wi, ej⟩σ′(w⊤
i x+ bi)− ∂jg(x)

)2

dxdρ×k

=
1

k2

∫
Ω0

∫
(R×Rd×R)k

(
k∑

i=1

(
ai⟨wi, ej⟩σ′(w⊤

i x+ bi)− ∂jg(x)
))2

dρ×kdx

=
1

k2

∫
Ω0

∫
(R×Rd×R)k

k∑
i=1

(
ai⟨wi, ej⟩σ′(w⊤

i x+ bi)− ∂jg(x)
)2
dρ×kdx
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=
1

k

∫
Ω0

∫
R×Rd×R

(
a⟨w, ej⟩σ′(w⊤x+ b)− g(x)

)2
ρ(da, dw, db)dx

=
1

k

∫
Ω0

Varρ
(
a⟨w, ej⟩σ′(w⊤x+ b)

)
dx

≤1

k

∫
Ω0

Eρ

[(
a⟨w, ej⟩σ′(w⊤x+ b)

)2]
dx,

which then yields that

Eρ×k

d∑
j=1

∥∂jEΘ∥2L2(Ω0)
≤1

k

∫
Ω0

Eρ

[
d∑

j=1

(
a⟨w, ej⟩σ′(w⊤x+ b)

)2]
dx

≤R
2

k

∫
Ω0

Eρ

[(
aσ′(w⊤x+ b)

)2]
dx

≤R
2C2

1m(Ω0)

k
Eρ|a|2

≤2R2C2
1m(Ω0)

k
∥g∥2B2

R(Ω) .

(3.15)

Combining (3.14) and (3.15), we obtain that

Eρ×k ∥EΘ∥2H1(Ω0)
≤

2(C2
0 +R2C2

1)m(Ω0) ∥g∥2B2
R(Ω)

k
.

Therefore, there exists some Θ = {ai, wi, bi}1≤i≤k such that (3.5) holds.

3.3.3 Proofs of Proposition 3.2.11 and Corollary 3.2.12

In this subsection, we show the convergence of the iteration (3.6). We first show

Proposition 3.2.11 that states the contraction property. Recall that the Sobolev

space Hs(Rd) is characterized by the Fourier transform as

Hs(Rd) :=
{
f ∈ S ′

d | (1 + ∥ξ∥2)
s
2 f̂(ξ) ∈ L2(Rd)

}
, s ∈ R.

Let us define the operator P : Hs(Rd)→ Hs−2(Rd) by

Pf = F−1
(
(1 + ∥ξ∥2)f̂(ξ)

)
.
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Given an index β ∈ R, we also define the fractional power P β : Hs(Rd)→ Hs−2β(Rd)

by

P βf = F−1
(
(1 + ∥ξ∥2)β f̂(ξ)

)
.

Then P−1 is identical to (I −∆)−1. It is useful to notice that

∥P
1
2u∥2L2(Rd) = ⟨Pu, u⟩H−1(Rd),H1(Rd) = ∥u∥2H1(Rd). (3.16)

We first prove some lemmas as the preparation for Proposition 3.2.11.

Lemma 3.3.3. Suppose that Assumption 3.2.5 holds. Then the linear operator

P− 1
2LP− 1

2 : L2(Rd)→ L2(Rd),

is bounded and self-adjoint.

Proof. Consider any u ∈ L2(Rd) with ∥u∥L2(Rd) = 1. Then ũ = P− 1
2u ∈ H1(Rd)

satisfies that ∥ũ∥H1(Rd) = ∥u∥L2(Rd) = 1 by (3.16). It holds that∥∥∥P− 1
2LP− 1

2u
∥∥∥
L2(Rd)

= sup
∥v∥

L2(Rd)=1

〈
P− 1

2LP− 1
2u, v

〉
L2(Rd)

ṽ=P− 1
2 v

= sup
∥ṽ∥

H1(Rd)=1

⟨Lũ, ṽ⟩H−1(Rd),H1(Rd)

= sup
∥ṽ∥

H1(Rd)=1

∫
Rd

(A∇ũ · ∇ṽ + cũṽ)dx

≤ sup
∥ṽ∥

H1(Rd)=1

max{amax, cmax} ∥ũ∥H1(Rd) ∥ṽ∥H1(Rd)

= λmax.

Therefore, P− 1
2LP− 1

2 is bounded on L2(Rd).

For any u, v ∈ L2(Rd) with ũ = P− 1
2u and ṽ = P− 1

2v, by the symmetry of A, we
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have that 〈
P− 1

2LP− 1
2u, v

〉
L2(Rd)

= ⟨Lũ, ṽ⟩H−1(Rd),H1(Rd)

=

∫
Rd

(A∇ũ · ∇ṽ + cũṽ)dx

=

∫
Rd

(∇ũ · A∇ṽ + cũṽ)dx

= ⟨Lṽ, ũ⟩H−1(Rd),H1(Rd)

=
〈
u, P− 1

2LP− 1
2v
〉
L2(Rd)

,

which implies that P− 1
2LP− 1

2 is self-adjoint on L2(Rd).

The following lemma will also be useful. Let T be a bounded linear operator

on a Hilbert space H. Denote by σ(T ) the set of spectrum of T and by r(T ) :=

sup{|λ| |λ ∈ σ(T )} the spectrum radius. Define the numerical range W(T ) of T by

W(T ) := {⟨Th, h⟩, ∥h∥ = 1}.

The numerical radius is defined as w(T ) := sup{|λ| |λ ∈ W(T )}.

Lemma 3.3.4. Let T be a bounded linear operator on a Hilbert space H. Then

r(T ) ≤ w(T ).

Proof. The proof follows directly from the fact that

σ(T ) ⊂ W(T ).

See e.g. [Ist20, Theorem 6.2.1] for the statement and proof of the above.

We then prove Proposition 3.2.11.
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Proof of Proposition 3.2.11. First it follows from (3.16) that∥∥(I − α(I −∆)−1L)u
∥∥2
H1(Rd)

=
∥∥(I − αP−1L)u

∥∥2
H1(Rd)

=
∥∥∥P 1

2 (I − αP−1L)u
∥∥∥2
L2(Rd)

=
∥∥∥P 1

2 (I − αP−1L)P− 1
2P

1
2u
∥∥∥2
L2(Rd)

≤
∥∥∥P 1

2 (I − αP−1L)P− 1
2

∥∥∥2
L2(Rd)→L2(Rd)

∥P
1
2u∥2L2(Rd)

=
∥∥∥I − αP− 1

2LP− 1
2

∥∥∥2
L2(Rd)→L2(Rd)

∥u∥2H1(Rd).

Notice that the operator I − αP− 1
2LP− 1

2 is bounded and self-adjoint on L2(Rd) by

Lemma 3.3.3. Therefore
∥∥∥I − αP− 1

2LP− 1
2

∥∥∥
L2(Rd)→L2(Rd)

= r(I − αP− 1
2LP− 1

2 ). In

addition, thanks to Lemma 3.3.4,

r(I − αP− 1
2LP− 1

2 ) ≤ w(I − αP− 1
2LP− 1

2 ).

By the definition of numerical radius and the identity (3.16), one has that

w(I − αP− 1
2LP− 1

2 ) = sup
∥u∥

L2(Rd)=1

∣∣∣∣〈(I − αP− 1
2LP− 1

2 )u, u
〉
L2(Rd)

∣∣∣∣
ũ=P− 1

2 u
= sup

∥ũ∥
H1(Rd)=1

∣∣1− α⟨Lũ, ũ⟩H−1(Rd),H1(Rd)

∣∣
= sup

∥ũ∥
H1(Rd)=1

∣∣∣∣1− α ∫
Rd

(A∇ũ · ∇ũ+ c|ũ|2)dx
∣∣∣∣ .

Moreover, thanks to the positivity and boundedness assumptions on A and c, we

have for any ũ with ∥ũ∥H1(Rd) = 1,

λmin = min{amin, cmin} ≤
∫
Rd

∇ũ · A∇ũ+ c|ũ|2dx ≤ max{amax, cmax} = λmax.
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Therefore we have obtained that

w(I − αP− 1
2LP− 1

2 ) ≤ Λ(α).

Combining the estimates above finishes the proof of the first inequality in (3.7).

Finally, the second inequality (3.8) follows by optimizing the function Λ(α) with

respect to α > 0. In fact, it is not hard to verify that

inf
α>0

Λ(α) = Λ(α∗) =
λmax − λmin

λmax + λmin

,

where α∗ = 2
λmin+λmax

.

Proof of Corollary 3.2.12. It follows from (3.6) and Proposition 3.2.11 that

∥ut+1 − u∗∥H1(Rd) =
∥∥(I − α∗(I −∆)−1L

)
(ut − u∗)

∥∥
H1(Rd)

≤ λmax − λmin

λmax + λmin

∥ut − u∗∥H1(Rd) ,

which then implies that

∥uT − u∗∥H1(Rn) ≤
(
λmax − λmin

λmax + λmin

)T

∥u0 − u∗∥H1(Rd) ≤ ϵ,

for T satisfying (3.2.12).

3.3.4 Proofs of Lemma 3.2.13, 3.2.14, 3.2.15, and 3.2.16

In this subsection, we give proofs for Lemma 3.2.13, 3.2.14, 3.2.15, and 3.2.16. These

lemmas show that the updating rule (3.6) keeps the iterates {ut}t∈N staying in the

Barron space and estimate the amplification of Barron norm after performing (3.6).

Proof of Lemma 3.2.13. (i) (Addition) Let ϵ > 0 be fixed. For any i ∈ {1, 2, . . . , k},

there exists a probability measure ρi supported on R×Bd

Ri
× R such that

gi(x) =

∫
aσ(w⊤x+ b)ρi(da, dw, db), x ∈ Rd,

75



and that ∫
|a|ρi(da, dw, db) ≤ ∥gi∥B1

Ri
(Rd) + ϵ.

We have

(g1 + · · ·+ gk)(x) =

∫
aσ(w⊤x+ b)(ρ1 + · · ·+ ρk)(da, dw, db)

=

∫
kaσ(w⊤x+ b)

ρ1 + · · ·+ ρk
k

(da, dw, db).

Consider a function F : R × Rd × R → R × Rd × R, (a, w, b) 7→ (ka, w, b) and the

corresponding push-forward measure ρ = F∗
ρ1+···+ρk

k
. Noticing that ρ is supported

on R×Bd

R × R, where R = max1≤i≤k Ri, and that

(g1 + · · ·+ gk)(x) =

∫
aσ(w⊤x+ b)ρ(da, dw, db), x ∈ Rd,

we obtain that

∥g1 + · · ·+ gk∥B1
R(Rd) ≤

∫
|a|ρ(da, dw, db)

=

∫
|ka|ρ1 + · · ·+ ρk

k
(da, dw, db)

=
k∑

i=1

∫
|a|ρi(da, dw, db)

≤
∑
1≤i≤k

∥gi∥B1
Ri

(Rd) + kϵ.

Then we can conclude that ∥g1 + · · ·+ gk∥B1
R(Rd) ≤

∑
1≤i≤k ∥gi∥B1

Ri
(Rd) by setting

ϵ→ 0.

(ii) (Scalar multiplication) The result is trivial if λ = 0. We then consider λ ̸= 0.

For any ϵ > 0, there exists a probability measure ρ supported on R × Bd

R × R such

that

g(x) =

∫
aσ(w⊤x+ b)ρ(da, dw, db), x ∈ Rd,
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and that ∫
|a|ρ(da, dw, db) ≤ ∥g∥B1

R(Rd) + ϵ.

Then it holds that

(λg)(x) =

∫
λaσ(w⊤x+ b)ρ(da, dw, db) =

∫
aσ(w⊤x+ b)ρ′(da, dw, db),

where ρ′ = F∗ρ is the push-forward measure and F : R × Rd × R → R × Rd ×

R, (a, w, b) 7→ (λa, w, b). Since ρ′ is supported on R×Bd

R × R, we get that

∥λg∥B1
R(Rd) ≤

∫
|a|ρ′(da, dw, db) =

∫
|λa|ρ(da, dw, db) ≤ |λ| ∥g∥B1

R(Rd) + |λ|ϵ,

which implies that ∥λg∥B1
R(Rd) ≤ |λ| ∥g∥B1

R(Rd) by setting ϵ → 0. Furthermore, we

have that

∥λg∥B1
R(Rd) ≤ |λ| ∥g∥B1

R(Rd) = |λ|
∥∥λ−1 · λg

∥∥
B1
R(Rd)

≤ |λ · λ−1| ∥λg∥B1
R(Rd) = ∥λg∥B1

R(Rd) .

Thus, the equalities must hold and ∥λg∥B1
R(Rd) = |λ| ∥g∥B1

R(Rd)

(iii) (Product) Fix ϵ > 0. For i ∈ {1, 2}, there exists a probability ρi supported

on R×Bd

Ri
× R such that

gi(x) =

∫
aσ(w⊤x+ b)ρi(da, dw, db), x ∈ Rd,

and that ∫
|a|ρi(da, dw, db) ≤ ∥gi∥B1

Ri
(Rd) + ϵ.

According to Assumption 3.2.7, there exists a probability measure µ supported on

R×B2

Rm
× R such that

σ(y1)σ(y2) =

∫
γσ(ξ1y1 + ξ2y2 + η)µ(dγ, dξ, dη), y1, y2 ∈ R,
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where ξ = (ξ1, ξ2)
⊤ ∈ R2, and∫

|γ|µ(dγ, dξ, dη) ≤ ℓm + ϵ.

Recall that supy∈R |σ(y)| <∞. By Fubini’s theorem, it holds for any x ∈ Rd that

g1(x)g2(x) =

∫
a1σ(w⊤

1 x+ b1)ρ1(da1, dw1, db1)

∫
a2σ(w⊤

2 x+ b2)ρ2(da2, dw2, db2)

=

∫
a1a2σ(w⊤

1 x+ b1)σ(w⊤
2 x+ b2)ρ1 × ρ2(da1, dw1, db1, da2, dw2, db2)

=

∫
a1a2

∫
γσ
(
ξ1(w

⊤
1 x+ b1) + ξ2(w

⊤
2 x+ b2) + η

)
µ(dγ, dξ, dη)

ρ1 × ρ2(da1, dw1, db1, da2, dw2, db2)

=

∫
a1a2γσ

(
(ξ1w1 + ξ2w2)

⊤x+ ξ1b1 + ξ2b2 + η
)

ρ1 × ρ2 × µ(da1, dw1, db1, da2, dw2, db2, dγ, dξ, dη).

Consider a function

F : R× Rd × R× R× Rd × R× R× R2 × R→ R× Rd × R,

(a1, w1, b1, a2, w2, b2, γ, ξ, η) 7→ (a′, w′, b′),

where 
a′ = a1a2γ,

w′ = ξ1w1 + ξ2w2,

b′ = ξ1b1 + ξ2b2 + η.

The push-forward measure ρ′ = F∗(ρ1 × ρ2 × µ) is supported on R× Bd

R × R where

R = Rm(R1 +R2) and it holds that

g1(x)g2(x) =

∫
aσ(w⊤x+ b)ρ′(da, dw, db).

Therefore, we have

∥g1g2∥B1
R(Rd) ≤

∫
|a|ρ′(da, dw, db)
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=

∫
|a1a2γ|ρ1 × ρ2 × µ(da1, dw1, db1, da2, dw2, db2, dγ, dξ, dη)

=

∫
|γ|µ(dγ, dξ, dη)

∫
|a1|ρ1(da1, dw1, db1)

∫
|a2|ρ2(da2, dw2, db2)

≤ (ℓm + ϵ)
(
∥g∥B1

R1
(Rd) + ϵ

)(
∥g∥B1

R2
(Rd) + ϵ

)
,

which then implies that ∥g1g2∥B1
R(Rd) ≤ ℓm ∥g∥B1

R1
(Rd) ∥g∥B1

R2
(Rd) as ϵ→ 0.

(iv) (Derivatives) For any ϵ > 0, there exists a probability measure ρ supported

on R×Bd

R × R such that

g(x) =

∫
aσ(w⊤x+ b)ρ(da, dw, db), x ∈ Rd,

and that ∫
|a|ρ(da, dw, db) ≤ ∥g∥B1

R(Rd) + ϵ.

According to Assumption 3.2.8, there exist probability measures µ1 and µ2, supported

on R×B1

Rd,1
× R and R×B1

Rd,2
× R respectively, such that

σ′(y) =

∫
γσ(ξy + η)µ1(dγ, dξ, dη), y ∈ R,

σ′′(y) =

∫
γσ(ξy + η)µ2(dγ, dξ, dη), y ∈ R,

and ∫
|γ|µ1(dγ, dξ, dη) ≤ ℓd,1 + ϵ,

∫
|γ|µ1(dγ, dξ, dη) ≤ ℓd,2 + ϵ.

Recall that supy∈R |σ(y)| <∞, supy∈R |σ′(y)| <∞, supy∈R |σ′′(y)| <∞, and ∥w∥ ≤ R

for ρ-a.e. (a, w, b). It holds that

∂ig(x) =

∫
a⟨w, ei⟩σ′(w⊤x+ b)ρ(da, dw, db)

79



=

∫
a⟨w, ei⟩

∫
γσ(ξ(w⊤x+ b) + η)µ1(dγ, dξ, dη)ρ(da, dw, db)

=

∫
γa⟨w, ei⟩σ((ξw)⊤x+ ξb+ η)ρ× µ1(da, dw, db, dγ, dξ, dη)

=

∫
aσ(w⊤x+ b)ρ′1(da, dw, db),

and that

∂i∂jg(x) =

∫
a⟨w, ei⟩⟨w, ej⟩σ′′(w⊤x+ b)ρ(da, dw, db)

=

∫
a⟨w, ei⟩⟨w, ej⟩

∫
γσ(ξ(w⊤x+ b) + η)µ2(dγ, dξ, dη)ρ(da, dw, db)

=

∫
γa⟨w, ei⟩⟨w, ej⟩σ((ξw)⊤x+ ξb+ η)ρ× µ2(da, dw, db, dγ, dξ, dη)

=

∫
aσ(w⊤x+ b)ρ′2(da, dw, db),

where ρ′1 = F∗(ρ×µ1) and ρ′2 = G∗(ρ×µ1) with F (a, w, b, γ, ξ, η) = (γa⟨w, ei⟩, ξw, ξb+

η) and G(a, w, b, γ, ξ, η) = (γa⟨w, ei⟩⟨w, ej⟩, ξw, ξb + η). Note that ρ′1 and ρ′2 are

supported on R×B1

Rd,1R
×R and R×B1

Rd,1R
×R respectively. Therefore, we obtain

that

∥∂ig∥B1
Rd,1R

(Rd) ≤
∫
|a|ρ′1(da, dw, db)

=

∫
|γa⟨w, ei⟩|ρ× µ1(da, dw, db, dγ, dξ, dη)

≤ R

∫
|γ|µ1(dγ, dξ, dη)

∫
|a|ρ(da, dw, db)

≤ R(ℓd,1 + ϵ)
(
∥g∥B1

R(Rd) + ϵ
)
,

and similarly,

∥∂i∂jg∥B1
Rd,1R

(Rd) ≤
∫
|a|ρ′2(da, dw, db)
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=

∫
|γa⟨w, ei⟩⟨w, ej⟩|ρ× µ2(da, dw, db, dγ, dξ, dη)

≤ R2

∫
|γ|µ2(dγ, dξ, dη)

∫
|a|ρ(da, dw, db)

= R2(ℓd,2 + ϵ)
(
∥g∥B1

R(Rd) + ϵ
)
.

Then we can obtain the desired estimates by letting ϵ→ 0.

Proof of Lemma 3.2.14. This proof is modified from [EW22]. Consider the one-

dimensional case d = 1 first. The Green’s function G(x) for the screened Poisson

equation (
I − d2

dx2

)
u = g, x ∈ R,

can be explicitly computed as

G(x) = F−1

(
1

1 + ξ2
Fδ0

)
= F−1

(
1

1 + ξ2

)
=

1

2
e−|x|,

which leads to
∫
R |G(x)|dx = 1. For any ϵ > 0, there exists a probability measure ρ

supported on R×BR × R such that

g(x) =

∫
aσ(wx+ b)ρ(da, dw, db), x ∈ R,

and that ∫
|a|ρ(da, dw, db) ≤ ∥g∥B1

R(R) + ϵ.

It holds that((
I − d2

dx2

)−1

g

)
(x) =

∫
G(y)g(x− y)dy

=

∫
G(y)

∫
aσ(w(x− y) + b)ρ(da, dw, db)dy
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=

∫
G(y)aσ(wx− wy + b)ρ(da, dw, db)dy

=

∫
aσ(wx+ b)ρ′(da, dw, db),

where ρ′ = F∗(ρ×m) with m being the Lebesgue measure and F : R×R×R×R→

R × R × R, (a, w, b, y) 7→ (G(y)a, w, b − wy). Then ρ′ is supported on R × BR × R

and by Fubini’s theorem,∥∥∥∥∥
(
I − d2

dx2

)−1

g

∥∥∥∥∥
B1
R(R)

≤
∫
|a|ρ′(da, dw, db)

=

∫
|G(y)a|ρ(da, dw, db)dy

=

∫
|G(y)|dy

∫
|a|ρ(da, dw, db)

≤ ∥g∥B1
R(R) + ϵ,

which leads to

∥∥∥∥(I − d2

dx2

)−1

g

∥∥∥∥
B1
R(R)
≤ ∥g∥B1

R(R) as ϵ → 0. For a general dimension

d ≥ 1, since the operator I − ∆ and the Barron norm are invariant under any

orthogonal transformation, for any w ∈ Bd

R and b ∈ R, by the analysis for d = 1, it

holds that

∥∥(I −∆)−1σ(w⊤ ·+b)
∥∥
B1
R(Rd)

≤
∥∥σ(w⊤ ·+b)

∥∥
B1
R(Rd)

≤ 1.

For any ϵ > 0, there exists a probability measure ρ supported on R × Bd

R × R such

that

g(x) =

∫
aσ(w⊤x+ b)ρ(da, dw, db), x ∈ Rd,

and that ∫
|a|ρ(da, dw, db) ≤ ∥g∥B1

R(Rd) + ϵ.
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Therefore, by Jensen’s inequality for expectation and the convexity of the Barron

norm, one has that∥∥(I −∆)−1g
∥∥
B1
R(Rd)

=

∥∥∥∥∫ a(I −∆)−1σ(w⊤ ·+b)ρ(da, dw, db)

∥∥∥∥
B1
R(Rd)

≤
∫
|a|
∥∥(I −∆)−1σ(w⊤ ·+b)

∥∥
B1
R(Rd)

ρ(da, dw, db)

≤
∫
|a|ρ(da, dw, db)

≤ ∥g∥B1
R(Rd) + ϵ,

which yields that ∥(I −∆)−1g∥B1
R(R) ≤ ∥g∥B1

R(R) as ϵ→ 0.

Proof of Lemma 3.2.15. According to Lemma 3.2.13 (iv), we have

∥∂iAij∥B1
Rd,1RA

(Rd) ≤ ℓd,1RA ∥Ai,j∥B1
RA

(Rd) ,

∥∂jut∥B1
Rd,1Ru,t

(Rd) ≤ ℓd,1Ru,t ∥ut∥B1
Ru,t

(Rd) ,

and

∥∂ijut∥B1
Rd,2Ru,t

(Rd) ≤ ℓd,2R
2
u,t ∥ut∥B1

Ru,t
(Rd) ,

for any 1 ≤ i, j ≤ d. Then applying Lemma 3.2.13 (iii), we obtain that

∥cut∥B1
Rm(Ru,t+Rc)

(Rd) ≤ ℓm ∥ut∥B1
Ru,t

(Rd) ∥c∥B1
Rc

(Rd) = ℓmℓc ∥ut∥B1
Ru,t

(Rd) ,

∥∂iAij∂jut∥B1
RmRd,1(Ru,t+RA)

(Rd) ≤ ℓmℓ
2
d,1RARu,t ∥Ai,j∥B1

RA
(Rd) ∥ut∥B1

Ru,t
(Rd)

≤ ℓmℓ
2
d,1ℓARARu,t ∥ut∥B1

Ru,t
(Rd) ,

and

∥Aij∂ijut∥B1
Rm(Rd,2Ru,t+RA)

(Rd) ≤ ℓmℓd,2R
2
u,t ∥Aij∥B1

RA

∥ut∥B1
Ru,t

(Rd)

≤ ℓmℓd,2ℓAR
2
u,t ∥ut∥B1

Ru,t
(Rd) ,
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for any 1 ≤ i, j ≤ d. Therefore, one can estimate the Barron norm of vt by

Lemma 3.2.13 (i):

∥vt∥B1
Rv,t

(Rd) ≤
(
ℓmℓA(ℓ2d,1RARu,t + ℓd,2R

2
u,t)d

2 + ℓmℓc
)
∥ut∥B1

Ru,t
(Rd) + ℓf ,

where

Rv,t = max{RmRd,1(Ru,t +RA), Rm(Rd,2Ru,t +RA), Rm(Ru,t +Rc), Rf}.

Then using Lemma 3.2.14, Lemma 3.2.13 (ii), and Lemma 3.2.13 (i), we can finally

conclude (3.10).

Proof of Lemma 3.2.16. Consider any ϵ > 0. There exists a probability measure ρ

supported on R×Bd

Ru,t
× R, such that

ut(x) =

∫
a cos(w⊤x+ b)ρ(da, dw, db), x ∈ Rd,

and ∫
|a|ρ(da, dw, db) ≤ ∥ut∥B1

Rt
(Rd) + ϵ.

Let us suppose that

Aij(x) =

∫
aA,ij cos(w⊤

A,ijx+ bA,ij)ρA,ij(daA,ij, dwA,ij, dbA,ij), x ∈ Rd,

c(x) =

∫
ac cos(w⊤

c x+ bc)ρc(dac, dwc, dbc), x ∈ Rd,

and

f(x) =

∫
af cos(w⊤

f x+ bf )ρf (daf , dwf , dbf ), x ∈ Rd,

where the probability measures ρA,ij, ρc, and ρf are supported on R × B
d

RA
× R,

R×Bd

Rc
× R, and R×Bd

Rf
× R, respectively, and satisfy that∫

|aA,ij|ρA,ij(daA,ij, dwA,ij, dbA,ij) ≤ ℓA + ϵ,
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∫
|ac|ρc(dac, dwc, dbc) ≤ ℓc + ϵ,

and ∫
|af |ρf (daf , dwf , dbf ) ≤ ℓf + ϵ.

Then it holds that

vt(x) =Lut − f

=−
∑
i,j

(∂iAij∂jut + Aij∂ijut) + cut − f

=−
∑
i,j

(∫
aA,ij⟨wA,ij, ei⟩ cos

(
w⊤

A,ijx+ bA,ij +
π

2

)
dρA,ij

·
∫
a⟨a, wj⟩ cos

(
w⊤x+ b+

π

2

)
dρ

+

∫
aA,ij cos(w⊤

A,ijx+ bA,ij)dρA,ij

∫
a⟨w, ei⟩⟨w, ej⟩ cos(w⊤x+ b+ π)dρ

)

+

∫
ac cos(w⊤

c x+ bc)dρc

∫
a cos(w⊤x+ b)dρ

+ f(x) =

∫
af cos(w⊤

f x+ bf )dρf

=−
∑
i,j

(
aA,ija⟨wA,ij, ei⟩⟨w, ej⟩

2
cos
(
(wA,ij + w)⊤x+ bA,ij + b+ π

)
dρA,ij × dρ

+
aA,ija⟨wA,ij, ei⟩⟨w, ej⟩

2
cos
(
(wA,ij − w)⊤x+ bA,ij − b

)
dρA,ij × dρ

+
aA,ija⟨w, ei⟩⟨w, ej⟩

2
cos
(
(wA,ij + w)⊤x+ bA,ij + b+ π

)
dρA,ij × dρ

+
aA,ija⟨w, ei⟩⟨w, ej⟩

2
cos
(
(wA,ij − w)⊤x+ bA,ij − b− π

)
dρA,ij × dρ

)
+
aca

2
cos
(
(wc + w)⊤x+ bc + b

)
dρc × dρ

+
aca

2
cos
(
(wc − w)⊤x+ bc − b

)
dρc × dρ
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− af cos(w⊤
f x+ bf )dρf .

Let us denote

ṽt(x) =−
∑
i,j

(
aA,ija⟨wA,ij, ei⟩⟨w, ej⟩
2(1 + ∥wA,ij + w∥2)

cos
(
(wA,ij + w)⊤x+ bA,ij + b+ π

)
dρA,ij × dρ

+
aA,ija⟨wA,ij, ei⟩⟨w, ej⟩
2(1 + ∥wA,ij − w∥2)

cos
(
(wA,ij − w)⊤x+ bA,ij − b

)
dρA,ij × dρ

+
aA,ija⟨w, ei⟩⟨w, ej⟩
2(1 + ∥wA,ij + w∥2)

cos
(
(wA,ij + w)⊤x+ bA,ij + b+ π

)
dρA,ij × dρ

+
aA,ija⟨w, ei⟩⟨w, ej⟩
2(1 + ∥wA,ij − w∥2)

cos
(
(wA,ij − w)⊤x+ bA,ij − b− π

)
dρA,ij × dρ

)

+
aca

2(1 + ∥wc + w∥2)
cos
(
(wc + w)⊤x+ bc + b

)
dρc × dρ

+
aca

2(1 + ∥wc − w∥2)
cos
(
(wc − w)⊤x+ bc − b

)
dρc × dρ

− af

1 + ∥wf∥2
cos(w⊤

f x+ bf )dρf .

It is straightforward to verify that vt, ṽt ∈ L∞(Rn) with (I−∆)ṽt = vt. Note that the

PDE (I −∆)u = vt has a unique solution in S ′
d, the space of tempered distributions,

since the solution u can be expressed in terms of the inverse Fourier transform of

vt, i.e. u = (I −∆)−1vt = F−1
(

1
1+∥ξ∥2Fvt

)
. Therefore the uniqueness implies that

ṽt = (I −∆)−1vt.

According to the support of ρA,ij, we only need to consider wA,ij with ∥wA,ij∥ ≤

RA. For any w, if ∥w∥ ≥ 2RA, then

∣∣∣∣∣aA,ija⟨wA,ij, ei⟩⟨w, ej⟩
2(1 + ∥wA,ij ± w∥2)

∣∣∣∣∣ ≤
∣∣∣∣∣a∂A,ija⟨wA,ij, ei⟩⟨w, ej⟩

1
2
∥w∥2

∣∣∣∣∣ ≤ |aA,ija|.
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On the contrary, if ∥w∥ < 2RA, then

∣∣∣∣∣aA,ija⟨wA,ij, ei⟩⟨w, ej⟩
2(1 + ∥wA,ij ± w∥2)

∣∣∣∣∣ ≤ 2R2
A

2
|aA,ija| = R2

A|aA,ija|.

Combining the above two cases, we obtain that

∣∣∣∣∣aA,ija⟨wA,ij, ei⟩⟨w, ej⟩
2(1 + ∥wA,ij ± w∥2)

∣∣∣∣∣ ≤ max{R2
A, 1} · |aA,ija|, ∀ w ∈ Rd, wA,ij ∈ B

d

RA
. (3.17)

Similarly, we also have that

∣∣∣∣∣ aA,ija⟨w, ei⟩⟨w, ej⟩
2(1 + ∥wA,ij ± w∥2)

∣∣∣∣∣ ≤ 2 max{R2
A, 1} · |aA,ija|, ∀ w ∈ Rd, wA,ij ∈ B

d

RA
. (3.18)

Using (3.17), (3.18), and Lemma 3.2.13 (i), we can estimate the Barron norm of

ṽt = (I −∆)−1vt as follows∥∥(I −∆)−1vt
∥∥
B1
Rṽ,t

(Rd)
≤6d2 max{R2

A, 1}
∫
|aA,ij|dρA,ij

∫
|a|dρ

+

∫
|ac|dρc

∫
|a|dρ+

∫
|af |dρf

≤6d2 max{R2
A, 1}(ℓA + ϵ)

(
∥ut∥B1

Ru,t
(Rd) + ϵ

)

+ (ℓc + ϵ)

(
∥ut∥B1

Ru,t
(Rd) + ϵ

)
+ (ℓf + ϵ),

where Rṽ,t = Ru,t + max{RA, Rc, Rf}. The estimate above directly implies that

∥∥(I −∆)−1vt
∥∥
B1
Rṽ,t

(Rd)
≤
(
6ℓA max{R2

A, 1}d2 + ℓc
)
∥ut∥B1

Ru,t
(Rd) + ℓf .

Then we can get (3.12) by applying Lemma 3.2.13 (i)-(ii).
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3.4 Regularity Theory for Static Schrödinger Equa-

tions in Spectral Barron Spaces

3.4.1 Overview

With Barron spaces and spectral Barron spaces specializing in high-dimensional prob-

lems, a natural question for the study of PDE is:

If the coefficients of a PDE lie in (spectral) Barron space, can the solution to the

PDE also be guaranteed to be in (spectral) Barron space?

In this section, we give a positive answer to the question above in the context of

solving the d-dimensional Schrödinger equation in the whole space:

−∆u+ V u = f, in Rd, (3.19)

Here V : Rd → R is the potential energy and f : Rd → R is the source term. Morally

speaking, our main result (Theorem 3.4.3) shows that if f is a spectral Barron function

and V , with a non-negative lower bound on Rd, is the sum of a positive constant

and a spectral Barron function, then the unique solution u∗ to (3.19) is also in the

spectral Barron space, with the order of spectral Barron regularity increased by 2.

We remark that a function in the spectral Barron spaces we consider has Fourier

transform in L1(Rd), which implies that the function is bounded and decays to 0

at infinity (by the Riemann-Lebesgue lemma). Therefore, Assumption 3.4.2 on V

implies that V is positive at infinity, which guarantees the uniqueness of bounded

solution and spectral Barron solution; see Proposition 3.4.13 for a precise statement.

An important consequence of Theorem 3.4.3 is that there exists a two-layer neural

network that approximates u∗ without the curse of dimensionality; see Theorem 3.4.4.

Related works Regularity results of PDEs in Barron spaces have been studied in

some recent works. In [LLW21], a solution theory for the Poisson equation and the
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Schrödinger equation on the bounded domain Ω = [0, 1]d with homogeneous Neumann

boundary condition is established in a type of spectral Barron space defined on Ω

via cosine expansions. The same regularity result is later extended to the regularity

estimate of the ground state of the Schrödinger operator in [LL22]. The work [EW22]

proved regularity results for the screened Poisson equation −∆u+λ2u = f and some

time-dependent equations in the Barron space based on integral representation.

3.4.2 Main Results

Recall that regularity estimates for elliptic PDEs in Sobolev spaces are classical:

Suppose that Vmin ≤ V (x) ≤ Vmax, ∀ x ∈ Rd, for some Vmin, Vmax ∈ (0,+∞), and that

f ∈ Hs(Rd) with s ≥ −1, thanks to Lax-Milgram theorem, the Schrödinger equation

(3.19) admits a unique solution u∗ ∈ H1(Rd). One can also obtain higher regularity

for u∗ using the standard bootstrap argument. More specifically, if u∗ ∈ Hs′(Rd) and

V is sufficiently smooth, e.g., V ∈ W s,∞(Rd), then it holds that

(I −∆)u∗ = f − u∗ − V u∗ ∈ Hmin{s′,s}(Rd),

which implies that

u∗ = (I −∆)−1(f − u∗ − V u∗) ∈ Hmin{s′,s}+2(Rd).

Therefore, one can conclude u∗ ∈ Hs+2(Rd) with

∥u∗∥Hs+2(Rd) ≤ C ∥f∥Hs(Rd) ,

where C is a constant depending on V , d, and s. Thus, u∗ has higher regularity than

the source term f . Similar regularity results have also been studied for elliptic PDEs

on bounded domains, see e.g., [HL11, Theorem 5.27].

Our focus is to establish regularity results in the spectral Barron spaces for the

Schrödinger equation (3.19). Let us first define the spectral Barron spaces as in
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Definition 3.4.1, where for g : Rd → R, we denote by ĝ its Fourier transform, given

by

ĝ(ξ) =
1

(2π)d

∫
Rd

g(x)e−ix⊤ξdx. (3.20)

This is defined for g ∈ L1(Rd) and can be extended to tempered distributions. Note

that this definition is different from that in Section 3.3.1 since we include a multi-

plicative constant (2π)−d in the definition (3.20) for the purpose of getting neater

inverse Fourier transform:

g(x) =

∫
Rd

ĝ(x)eix
⊤ξdξ. (3.21)

Definition 3.4.1. Given s ∈ R, for a function g : Rd → R, its spectral Barron norm

is defined via

∥g∥Bs(Rd) :=

∫
Rd

|ĝ(ξ)| · (1 + ∥ξ∥2)
s
2dξ.

The spectral Barron space is the collection of functions with finite spectral Barron

norm:

Bs(Rd) =
{
g : ∥g∥Bs(Rd) <∞

}
.

The spectral Barron space with index s = 1 was first defined in the seminal

work of Barron [Bar93] and it has been further developed with general index s in

recent literature, see e.g., [LLW21, SX22a, SX22b]. Spectral Barron spaces are of

particular interest for high-dimensional problems since a spectral Barron function

can be efficiently approximated by a two-layer neural network without CoD, see e.g.,

[Bar93] for approximation in L2-norm and [SX22a] for approximation in Hk-norm.

A related but different notion of Barron space building upon integral representation

was also proposed and studied in [EMW21, Bac17]; see also [PN21, PN22] for a

characterization of such space via Radon transform.
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Notice that by definition the spectral Barron space Bs(Rd) is a Banach space and

the completeness follows from the fact that the spectral Barron norm is a weighted

L1-norm. A key difference between the spectral Barron space and the Sobolev space

is that ∥g∥Bs(Rd) is the L1-norm of ĝ(ξ) · (1 + ∥ξ∥2)s/2 while ∥g∥Hs(Rd) is the L2-norm

of ĝ(ξ) ·(1+∥ξ∥2)s/2. In particular, Bs(Rd) is not a Hilbert space. The lack of Hilbert

structure complicates the analysis of the existence and uniqueness of solutions in the

spectral Barron space.

To state our regularity theory for PDEs in spectral Barron spaces, we make the

following assumption on the potential V .

Assumption 3.4.2. Assume that the potential function V satisfies the following:

(i) V (x) ≥ 0, ∀ x ∈ Rd;

(ii) V = α +W where α > 0 is a constant and W ∈ Bs(Rd).

Our main theorem can then be stated as follows:

Theorem 3.4.3. Suppose that Assumption 3.4.2 holds with s ≥ 0. Then for any

f ∈ Bs(Rd), there exists a unique solution u∗ in Bs+2(Rd) and in addition it satisfies

∥u∗∥Bs+2(Rd) ≤ C ∥f∥Bs(Rd) . (3.22)

where C is a constant depending on V , d, and s.

As a direct corollary of Theorem 3.4.3, the solution to the Schrödinger equation

(3.19) can be approximated efficiently by a two-layer neural network on any bounded

domain.

Theorem 3.4.4. Under the same assumptions of Theorem 3.4.3 and let C be the

constant in Theorem 3.4.3. Then for any f ∈ Bs(Rd), any bounded domain Ω ⊂ Rd,
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and any n ∈ N+, there is a cosine-activated two-layer neural network with n hidden

neurons,

uk(x) =
1

k

n∑
i=1

ai cos(w⊤
i x+ bi),

satisfying

∥uk − u∗∥H1(Ω) ≤
C
√
m(Ω) ∥f∥Bs(Rd)

k1/2
, (3.23)

where u∗ is the unique solution to (3.19) in Bs+2(Rd) and m(Ω) is the Lebesgue

measure of Ω.

Remark 3.4.5. The approximation in Theorem 3.4.4 is stated in H1-norm. How-

ever, stronger results could be expected. Since u∗ ∈ Bs+2(Rd), it holds that u∗ ∈

Hs+2(Ω), and approximation in Hs+2-norm could hold. We refer to [SX22a] for

details.

3.4.3 Proofs

This subsection is devoted to the proof of Theorem 3.4.3. Due to the lack of Hilbert

structure in the spectral Barron space Bs(Rd), the standard Lax-Milgram theorem

used to prove the well-posedness of elliptic equations in Sobolev spaces can not be

applied to the Barron spaces. Instead, we follow [LLW21] and rewrite (3.19) as an

integral equation of the second kind

u+ Tα,W (u) = (α−∆)−1f, (3.24)

where

Tα,W (u) = (α−∆)−1(Wu). (3.25)

Our approach is to apply the Fredholm alternative to the integral equation (3.24),

thus the existence of the solution follows from its uniqueness. To this end, the
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essential step is to prove the compactness of Tα,W . The compactness was established

in [LLW21] for PDEs on bounded domains, but it becomes more challenging for

unbounded domains, e.g. the whole space in our setting. In fact, when W = 1, it is

well-known that Tα,1 = (α−∆)−1 with α > 0 is not compact on L2(Rd) since it has

continuous spectrum. On the contrary, we shall show that Tα,W is indeed compact

on Bs(Rd) provided that Ŵ ∈ L1(Rd) that is implies by Assumption 3.4.2 (ii) with

s ≥ 0.

Preliminary Lemmas

We first present some preliminary lemmas for properties of the spectral Barron spaces

and the operator Tα,W .

Lemma 3.4.6. The following embeddings hold:

(i) B0(Rd) ↪→ L∞(Rd) with ∥g∥L∞(Rd) ≤ ∥g∥B0(Rd).

(ii) Bs′(Rd) ↪→ Bs(Rd) with ∥g∥Bs(Rd) ≤ ∥g∥Bs′ (Rd) if s ≤ s′.

Proof. They follow directly from Definition 3.4.1 and (3.21).

Lemma 3.4.7. If α > 0, then for any g ∈ Bs(Rd), it holds that

∥∥(α−∆)−1g
∥∥
Bs(Rd)

≤ 1

α
∥g∥Bs(Rd) .

and that ∥∥(α−∆)−1g
∥∥
Bs+2(Rd)

≤ 1

min{α, 1}
∥g∥Bs(Rd) .

Proof. Denote h = (α − ∆)−1g. Then ĥ(ξ) = 1
α+∥ξ∥2 ĝ(ξ). One can hence compute

that

∥h∥Bs(Rd) =

∫
Rd

|ĥ(ξ)| · (1 + ∥ξ∥2)
s
2dξ ≤ 1

α

∫
Rd

|ĝ(ξ)| · (1 + ∥ξ∥2)
s
2dξ =

1

α
∥g∥Bs(Rd) .
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and that

∥h∥Bs+2(Rd) =

∫
Rd

|ĥ(ξ)| · (1 + ∥ξ∥2)
s+2
2 dξ =

∫
Rd

|ĝ(ξ)| · 1 + ∥ξ∥2

α + ∥ξ∥2
· (1 + ∥ξ∥2)

s
2dξ

≤ 1

min{α, 1}

∫
Rd

|ĝ(ξ)| · (1 + ∥ξ∥2)
s
2dξ =

1

min{α, 1}
∥g∥Bs(Rd) .

Remark 3.4.8. Since g ∈ Bs(Rd) is a real-valued function, (α −∆)−1g with α > 0

must also be real-valued. This is because −∆u + αu = 0 only has a trivial solution

in the space of tempered distributions, which can be seen directly by taking Fourier

transform û = 0
α+∥ξ∥2 = 0.

Lemma 3.4.9. Suppose that W ∈ Bs(Rd) with s ≥ 0. Then for any u ∈ Bs(Rd), it

holds that

∥Wu∥Bs(Rd) ≤ 2
s
2 ∥W∥Bs(Rd) ∥u∥Bs(Rd) .

Proof. It follows from

Ŵu(η) = Ŵ ∗ û(η) =

∫
Rd

Ŵ (ξ)û(η − ξ)dξ,

that

∥Wu∥Bs ≤
∫
Rd×Rd

|Ŵ (ξ)| · |û(η − ξ)| · (1 + ∥η∥2)
s
2dξdη

≤
∫
Rd×Rd

|Ŵ (ξ)| · |û(η − ξ)| · (1 + 2∥ξ∥2 + 2∥η − ξ∥2)
s
2dξdη

≤ 2
s
2

∫
Rd×Rd

|Ŵ (ξ)| · |û(η − ξ)| · (1 + ∥ξ∥2)
s
2 · (1 + ∥η − ξ∥2)

s
2dξdη

= 2
s
2

∫
Rd

|Ŵ (ξ)| · (1 + ∥ξ∥2)
s
2dξ

∫
Rd

|û(ξ)| · (1 + ∥ξ∥2)
s
2dξ

= 2
s
2 ∥W∥Bs(Rd) ∥u∥Bs(Rd) .
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Compactness of Tα,W

Lemma 3.4.7 and Lemma 3.4.9 imply that the operator Tα,W defined in (3.25) is

bounded in Bs(Rd) if α > 0 and W ∈ Bs(Rd) with s ≥ 0. We now show that this

operator is compact with a more careful analysis.

Proposition 3.4.10. Suppose that α > 0 and W ∈ Bs(Rd) with s ≥ 0. Then the

operator Tα,W : Bs(Rd)→ Bs(Rd) defined in (3.25) is compact.

To prove that Tα,W : Bs(Rd) → Bs(Rd) is compact, it suffices to show that the

image of the closed unit ball in Bs(Rd),

{
Tα,W (u) : ∥u∥Bs(Rd) ≤ 1

}
, (3.26)

is relatively compact in Bs(Rd). Notice that Bs(Rd) is complete, which implies that a

subset of Bs(Rd) is relatively compact if and only if it is totally bounded. Therefore,

it suffices to prove the total boundedness of

F :=
{

̂Tα,W (u)(ξ) · (1 + ∥ξ∥2)
s
2 : ∥u∥Bs(Rd) ≤ 1

}
⊂ L1(Rd), (3.27)

where we translate the Bs-norm into the usual L1-norm. The following Kolmogorov-

Riesz theorem will be useful for establishing the total boundedness.

Theorem 3.4.11 (Kolmogorov-Riesz theorem [HOH10, Theorem 5]). For p ∈ [1,∞),

a subset F ⊂ Lp(Rd) is totally bounded if and only if the following three conditions

hold:

(i) F is bounded;

(ii) For any ϵ > 0, there exists R > 0 such that

∫
∥x∥>R

|f(x)|pdx < ϵp, ∀ f ∈ F ;
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(iii) For any ϵ > 0, there exists δ > 0, such that

∫
Rd

|f(x+ y)− f(x)|pdx < ϵp, ∀ f ∈ F , ∥y∥ < δ.

We then prove Proposition 3.4.10 using Theorem 3.4.11.

Proof of Proposition 3.4.10. As discussed above, the compactness of Tα,W follows

from the total boundedness of F defined in (3.27). Therefore, it suffices to verify

the three conditions in Theorem 3.4.11 for F . We verify them one by one.

• Verification of Condition (i) in Theorem 3.4.11: For any ∥u∥Bs(Rd) ≤ 1, since

̂Tα,W (u)(ξ) =
1

α + ∥ξ∥2
Ŵu(ξ),

we have that ∥∥∥ ̂Tα,W (u)(ξ) · (1 + ∥ξ∥2)
s
2

∥∥∥
L1(Rd)

≤
∥∥(α−∆)−1Wu

∥∥
Bs(Rd)

≤ 1

α
∥Wu∥Bs(Rd)

≤ 2
s
2

α
∥W∥Bs(Rd) ∥u∥Bs(Rd)

≤ 2
s
2

α
∥W∥Bs(Rd) ,

where we used Lemma 3.4.7 and Lemma 3.4.9. Therefore, F is bounded in L1(Rd).

• Verification of Condition (ii) in Theorem 3.4.11: For any ϵ > 0, there exists

R > 0 such that 1
α+∥ξ∥2 < ϵ for any ∥ξ∥ > R. Then for any ∥u∥Bs(Rd) ≤ 1, it holds
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that∫
∥ξ∥>R

| ̂Tα,W (u)(ξ)| · (1 + ∥ξ∥2)
s
2dξ ≤

∫
∥ξ∥>R

1

α + ∥ξ∥2
· |Ŵu(ξ)| · (1 + ∥ξ∥2)

s
2dξ

≤ ϵ

∫
∥ξ∥>R

|Ŵu(ξ)| · (1 + |ξ|2)
s
2dξ

≤ ϵ ∥Wu∥Bs(Rd)

≤ ϵ2
s
2 ∥W∥Bs(Rd) ∥u∥Bs(Rd)

≤ ϵ2
s
2 ∥W∥Bs(Rd) ,

where we also used Lemma 3.4.9.

• Verification of Condition (iii) in Theorem 3.4.11: Since Condition (ii) in The-

orem 3.4.11 holds, for any ϵ > 0, there exists R > 0 such that

∫
∥ξ∥>R

| ̂Tα,W (u)(ξ)| · (1 + ∥ξ∥2)
s
2dξ ≤ ϵ, ∀ ∥u∥Bs(Rd) ≤ 1. (3.28)

Set

L1 := max
∥ξ∥≤2R

(1 + ∥ξ∥2) s
2

α + ∥ξ∥2
and L2 :=

∫
∥ξ∥≤2R

dξ. (3.29)

It follows from W ∈ Bs(Rd) with s ≥ 0 that Ŵ ∈ L1(Rd). According to [Fol99,

Proposition 8.17], there exists φ ∈ C∞
c (Rd) satisfying

∥∥∥Ŵ − φ∥∥∥
L1(Rd)

≤ ϵ

L1

. (3.30)

Note that ξ 7→ (1+∥ξ∥2)
s
2

α+∥ξ∥2 is continuous, and is hence uniformly continuous on any

compact subsets of Rd. One also has that φ ∈ C∞
c (Rd) is uniformly continuous on

Rd. Thus, there exists some δ < R, such that

∣∣∣∣(1 + ∥ξ∥2) s
2

α + ∥ξ∥2
− (1 + ∥ξ′∥2)s/2

α + ∥ξ′∥2

∣∣∣∣ ≤ ϵ, ∀ ∥ξ∥ ≤ 3R, ∥ξ′∥ ≤ 3R, ∥ξ − ξ′∥ < δ, (3.31)
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and that

|φ(ξ)− φ(ξ′)| < ϵ

L1L2

, ∀ ξ, ξ′ ∈ Rd, ∥ξ − ξ′∥ < δ. (3.32)

Consider any ∥y∥ < δ < R and any ∥u∥Bs(Rd) ≤ 1, we have that∫
Rd

∣∣∣ ̂Tα,W (u)(ξ + y) · (1 + ∥ξ + y∥2)
s
2 − ̂Tα,W (u)(ξ) · (1 + ∥ξ∥2)

s
2

∣∣∣ dξ
≤
∫
∥ξ∥>2R

| ̂Tα,W (u)(ξ + y)| · (1 + ∥ξ + y∥2)
s
2dξ

+

∫
∥ξ∥>2R

| ̂Tα,W (u)(ξ)| · (1 + ∥ξ∥2)
s
2dξ

+

∫
∥ξ∥≤2R

∣∣∣ ̂Tα,W (u)(ξ + y) · (1 + ∥ξ + y∥2)
s
2 − ̂Tα,W (u)(ξ) · (1 + ∥ξ∥2)

s
2

∣∣∣ dξ
≤2

∫
∥ξ∥>R

| ̂Tα,W (u)(ξ)| · (1 + ∥ξ∥2)
s
2dξ

+

∫
∥ξ∥≤2R

∣∣∣ ̂Tα,W (u)(ξ + y) · (1 + ∥ξ + y∥2)
s
2 − ̂Tα,W (u)(ξ) · (1 + ∥ξ∥2)

s
2

∣∣∣ dξ
≤2ϵ+

∫
∥ξ∥≤2R

∣∣∣ ̂Tα,W (u)(ξ + y) · (1 + ∥ξ + y∥2)
s
2 − ̂Tα,W (u)(ξ) · (1 + ∥ξ∥2)

s
2

∣∣∣ dξ,
(3.33)

where the last inequality follows from (3.28). Then we estimate the second term in

the last line above. We have that∣∣∣ ̂Tα,W (u)(ξ + y) · (1 + ∥ξ + y∥2)
s
2 − ̂Tα,W (u)(ξ) · (1 + ∥ξ∥2)

s
2

∣∣∣
=

∣∣∣∣Ŵu(ξ + y) · (1 + ∥ξ + y∥2) s
2

α + ∥ξ + y∥2
− Ŵu(ξ) · (1 + ∥ξ∥2) s

2

α + ∥ξ∥2

∣∣∣∣
≤|Ŵu(ξ + y)| ·

∣∣∣∣(1 + ∥ξ + y∥2) s
2

α + ∥ξ + y∥2
− (1 + ∥ξ∥2) s

2

α + ∥ξ∥2

∣∣∣∣
+

(1 + ∥ξ∥2) s
2

α + ∥ξ∥2
· |Ŵu(ξ + y)− Ŵu(ξ)|.

(3.34)
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According to (3.31) and Lemma 3.4.9, it holds that∫
∥ξ∥≤2R

|Ŵu(ξ + y)| ·
∣∣∣∣(1 + ∥ξ + y∥2) s

2

α + ∥ξ + y∥2
− (1 + ∥ξ∥2) s

2

α + ∥ξ∥2

∣∣∣∣ dξ
≤ϵ
∫
∥ξ∥≤2R

|Ŵu(ξ + y)|dξ ≤ ϵ ∥Wu∥B0(Rd) ≤ ϵ ∥W∥B0(Rd) ∥u∥B0(Rd)

≤ϵ ∥W∥Bs(Rd) ∥u∥Bs(Rd) ≤ ϵ ∥W∥Bs(Rd) .

(3.35)

By (3.29), (3.30), and (3.32), it holds that∫
∥ξ∥≤2R

(1 + ∥ξ∥2) s
2

α + ∥ξ∥2
· |Ŵu(ξ + y)− Ŵu(ξ)|dξ

=

∫
∥ξ∥≤2R

(1 + ∥ξ∥2) s
2

α + ∥ξ∥2
·
∣∣∣∣∫

Rd

û(η)Ŵ (ξ + y − η)dη −
∫
Rd

û(η)Ŵ (ξ − η)dη

∣∣∣∣ dξ
≤L1

∫
∥ξ∥≤2R

∫
Rd

|û(η)| · |Ŵ (ξ + y − η)− Ŵ (ξ − η)|dηdξ

≤L1

∫
∥ξ∥≤2R

∫
Rd

|û(η)| · |φ(ξ + y − η)− φ(ξ − η)|dηdξ

+ L1

∫
∥ξ∥≤2R

∫
Rd

|û(η)| · |Ŵ (ξ + y − η)− φ(ξ + y − η)|dηdξ

+ L1

∫
∥ξ∥≤2R

∫
Rd

|û(η)| · |Ŵ (ξ − η)− φ(ξ − η)|dηdξ

≤ ϵ

L2

∫
∥ξ∥≤2R

dξ

∫
Rd

|û(η)|dη + 2L1

∥∥∥Ŵ − φ∥∥∥
L1(Rd)

∫
Rd

|û(η)|dη

≤3ϵ

∫
Rd

|û(η)|dη ≤ 3ϵ ∥u∥Bs(Rd) ≤ 3ϵ.

(3.36)

Combining (3.34), (3.35), and (3.36), we obtain that

∫
∥ξ∥≤2R

∣∣∣ ̂Tα,W (u)(ξ + y) · (1 + ∥ξ + y∥2)
s
2 − ̂Tα,W (u)(ξ) · (1 + ∥ξ∥2)

s
2

∣∣∣ dξ
≤ (3 + ∥W∥Bs(Rd)) · ϵ,
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which combined with (3.33) yields that

∫
Rd

∣∣∣ ̂Tα,W (u)(ξ + y) · (1 + ∥ξ + y∥2)
s
2 − ̂Tα,W (u)(ξ) · (1 + ∥ξ∥2)

s
2

∣∣∣ dξ
≤ (5 + ∥W∥Bs (Rd)) · ϵ,

for any ∥y∥ < δ and ∥u∥Bs(Rd) ≤ 1. This completes the proof.

Proofs of Theorem 3.4.3 and Theorem 3.4.4

We finish the proof of Theorem 3.4.3 in this subsection. We first need to establish

the existence of the solution to (3.24) that is equivalent to the original PDE (3.19)

in Bs(Rd).

Proposition 3.4.12. Suppose that Assumption 3.4.2 holds with s ≥ 0. Then the

operator

(I + Tα,W )−1 : Bs(Rd)→ Bs(Rd)

is bounded.

Since Tα,W : Bs(Rd)→ Bs(Rd) has been proved as compact in Proposition 3.4.10,

I + Tα,W is a Fredholm operator. Therefore, to show that I + Tα,W has bounded

inverse, it suffices to show that I + Tα,W is injective, which is established in the

following proposition.

Proposition 3.4.13. Suppose that Assumption 3.4.2 holds with s ≥ 0. Then the

operator

I + Tα,W : Bs(Rd)→ Bs(Rd)

is injective.

Proof. Suppose that there exists some u ∈ Bs(Rd) such that

u+ Tα,W (u) = 0,
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which is equivalent to

−∆u+ V u = 0,

where V = α + W . Since s ≥ 0, we have that u ∈ L∞(Rd) by Lemma 3.4.6.

Furthermore, u and V are both continuous as the Fourier transform of a function in

Bs(Rd) is in L1(Rd).

Suppose that u is not identically zero, which means that u(x0) ̸= 0 holds for

some x0 ∈ Rd. It follows from Ŵ ∈ L1(Rd) and the Riemann-Lebesgue lemma that

lim∥x∥→∞W (x) = 0, which implies that there exists some R ≥ ∥x0∥ such that

inf
∥x∥≥R

V (x) ≥ α

2
.

Note that Assumption 3.4.2 (i) states that V (x) ≥ 0, ∀ x ∈ Rd. According to the

weak maximal principle, we have for r > 0 that

sup
∥x∥≤r

|u(x)| = sup
∥x∥=r

|u(x)|. (3.37)

By (3.37), there is a sequence {xk}∞k=1 ⊂ Rd with

∥xk∥ = R + k, and |u(xk)| ≥ |u(x0)|. (3.38)

Let us set

ψk(r) =

∫
∂Bd

1 (0)

u2(rx+ xk)dS = r−(d−1)

∫
∂Bd

r (xk)

u2dS ≥ 0,

where Bd
r (x) ⊂ Rd is the open ℓ2 ball in Rd centered at x with radius r. Then it

holds that

ψ′
k(r) =

∫
∂Bd

1 (0)

∂

∂r
u2(rx+ xk)dS =

∫
∂Bd

1 (0)

〈
∇u2(rx+ xk), x

〉
dS

= r−(d−1)

∫
∂Bd

r (0)

〈
∇u2(x+ xk),

x

r

〉
dS = r−(d−1)

∫
Bd

r (xk)

∆(u2)dx
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= 2r−(d−1)

∫
Bd

r (xk)

(u∆u+ |∇u|2)dx ≥ 2r−(d−1)

∫
Bd

r (xk)

u∆udx

= 2r−(d−1)

∫
Bd

r (xk)

V u2dx.

Note that V (x) ≥ α
2

holds on Bd
k(xk). We have for any r ≤ k that

ψ′
k(r) ≥ 2r−(d−1)

∫
Bd

r (xk)

V u2dx ≥ αr−(d−1)

∫
Bd

r (xk)

u2dx

= αr−(d−1)

∫ r

0

∫
∂Bd

t (xk)

u2dSdt = α

∫ r

0

(
t

r

)d−1

ψk(t)dt ≥ 0,

which implies that ψk is monotonically increasing on [0, k]. For any n ∈ {1, 2, . . . , k−

1} and any r ∈ [n, n+ 1], we have that

ψ′
k(r) ≥ α

∫ r

0

(
t

r

)d−1

ψk(t)dt ≥ α

∫ r

n

(
t

r

)d−1

ψk(t)dt

≥ α(r − n) ·
(

n

n+ 1

)d−1

ψk(n),

and hence that

ψk(n+ 1) = ψk(n) +

∫ n+1

n

ψ′
k(r)dr

≥

(
1 + α

∫ n+1

n

(r − n)dr ·
(

n

n+ 1

)d−1
)
ψk(n)

≥
(

1 +
α

2d

)
· ψk(n).

Thus, it holds that

ψk(k) ≥
(

1 +
α

2d

)k−1

· ψk(1) ≥
(

1 +
α

2d

)k−1

· ψk(0)

=
(

1 +
α

2d

)k−1

· u(xk)2 ≥
(

1 +
α

2d

)k−1

· u(x0)
2, ∀ k ∈ N+,

(3.39)

where we used the monotone property of ψk on [0, k] and (3.38).
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Note that u ∈ L∞(Rd). So {ψ(k)}∞k=1 must be bounded, which contradicts (3.39)

as u(x0) ̸= 0. We therefore can conclude that u = 0, which proves the injectivity of

I + Tα,W .

Remark 3.4.14. We remark that the standard proof of the uniqueness of H1-solutions

to elliptic PDEs does not apply to the Barron solutions. In fact, the uniqueness in

H1(Rd) of solutions of the equation −∆u + V u = 0 follows from a standard energy

estimate. Noticing that −∆u + V u = 0 ∈ H−1(Rd) that is the dual space of H1(R),

one has that 0 =
∫
Rd(−∆u + V u)u =

∫
Rd ∥∇u∥2 + V u2, which implies u = 0. How-

ever, such energy estimate, in general, does not apply to Barron functions in Bs(Rd)

since in general Bs(Rd) ⊈ H1(Rd). To give a concrete example, let us consider the

function u whose Fourier transform is defined by

û(ξ1, . . . , ξd) =

{
∥ξ1∥−

1
2 , if ξ ∈ ([−1, 1]\{0})× [−1, 1]d−1,

0, otherwise.

Then
∫
Rd |û(ξ)| · (1 + ∥ξ∥2)s/2dξ < ∞ while

∫
Rd |û(ξ)|2 · (1 + ∥ξ∥2)dξ = ∞, i.e.,

u ∈ Bs(Rd)\H1(Rd).

Proposition 3.4.12 is then a direct corollary.

Proof of Proposition 3.4.12. The result follows directly from Proposition 3.4.10, Propo-

sition 3.4.13, and the Fredholm alternative.

We can finally prove Theorem 3.4.3.

Proof of Theorem 3.4.3. Let u∗ be the unique solution to (3.19) or (3.24). Notice

that by Proposition 3.4.12 and Lemma 3.4.7,

u∗ = (I + Tα,W )−1
(
(α−∆)−1f

)
∈ Bs(Rd),
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with

∥u∗∥Bs(Rd) =
∥∥(I + Tα,W )−1

(
(α−∆)−1f

)∥∥
Bs(Rd)

≤ 1

α

∥∥(I + Tα,W )−1
∥∥
Bs(Rd)→Bs(Rd)

∥f∥Bs(Rd) .

(3.40)

It follows from Lemma 3.4.7, Lemma 3.4.9, and (3.19) that

∥u∗∥Bs+2(Rd) ≤
1

min{α, 1}
∥(α−∆)u∗∥Bs(Rd)

=
1

min{α, 1}
∥Wu∗ − f∥Bs(Rd)

≤ 1

min{α, 1}
(∥Wu∗∥Bs(Rd) + ∥f∥Bs(Rd))

≤ 1

min{α, 1}

(
2

s
2 ∥W∥Bs(Rd) ∥u

∗∥Bs(Rd) + ∥f∥Bs(Rd)

)
.

(3.41)

Combining (3.40) and (3.41), we obtain that

∥u∗∥Bs+2(Rd) ≤
1

min{α, 1}

(
2

s
2 ∥W∥Bs(Rd)

α

∥∥(I + Tα,W )−1
∥∥
Bs(Rd)→Bs(Rd)

+ 1

)
∥f∥Bs .

Hence, (3.22) holds with

C =
1

min{α, 1}

(
2

s
2 ∥W∥Bs(Rd)

α

∥∥(I + Tα,W )−1
∥∥
Bs(Rd)→Bs(Rd)

+ 1

)
,

which completes the proof.

Theorem 3.4.4 then follows directly from Theorem 3.4.3 and some techniques for

establishing approximation without CoD in previous literature.

Proof of Theorem 3.4.4. This proof uses techniques from [Bar93, EMW21], and is

similar to the proof of Theorem 3.2.4. Note that s ≥ 0. According to Theorem 3.4.3

and Lemma 3.4.6, it holds that

∥u∗∥B0(Rd) ≤ ∥u
∗∥B2(Rd) ≤ ∥u

∗∥Bs+2(Rd) ≤ C ∥f∥Bs(Rd) .
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Denote û∗(ξ) = |û∗(ξ)|eiθ(ξ) and let ρ be a probability distribution on Rd with density

being |û∗(ξ)|/ ∥û∗∥L1(Rd) = |û∗(ξ)|/ ∥u∗∥B0(Rd). Then the real-valued function u∗ can

be represented as

u∗(x) =

∫
Rd

û∗(ξ)eiξ
T xdξ =

∫
Rd

|û∗(ξ)|ei(ξT x+θ(ξ))dξ

=

∫
Rd

|û∗(ξ)| cos(ξTx+ θ(ξ))dξ = ∥u∗∥B0(Rd) Eξ∼ρ

[
cos(ξTx+ θ(ξ))

]
.

Note that û∗ ∈ B2(Rd), which implies that ρ has finite first-order and second-order

moment. Therefore,

∂

∂xk
u∗(x) = −∥u∗∥B0(Rd) Eξ∼ρ[⟨ξ, ek⟩ sin(ξTx+ θ(ξ))].

Let ξ1, ξ2, . . . , ξn be i.i.d. samples from ρ, and let

un(x) =
1

n

n∑
j=1

aj cos(w⊤
j x+ bj),

where aj = ∥u∗∥B0(Rd), wj = ξj, and bj = θ(ξj). Then it holds that

Eρ×n ∥u∗ − un∥2H1(Ω)

=Eρ×n

[∫
Ω

|u∗(x)− un(x)|2dx+
d∑

k=1

∫
Ω

∣∣∣∣ ∂∂xku∗(x)− ∂

∂xk
un(x)

∣∣∣∣2 dx
]

= ∥u∗∥2B0(Rd)

∫
Ω

Varρ×n

[
1

n

n∑
j=1

cos(ξ⊤j x+ θ(ξj))

]
dx

+ ∥u∗∥2B0(Rd)

d∑
k=1

∫
Ω

Varρ×n

[
1

n

n∑
j=1

⟨ξj, ek⟩ sin(ξ⊤j x+ θ(ξj))

]
dx

=
∥u∗∥2B0(Rd)

n

∫
Ω

Varξ∼ρ

[
cos(ξ⊤x+ θ(ξ))

]
dx

+
∥u∗∥2B0(Rd)

n

d∑
k=1

∫
Ω

Varξ∼ρ

[
⟨ξ, ek⟩ sin(ξ⊤x+ θ(ξ))

]
dx
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≤
∥u∗∥2B0(Rd)

n

∫
Ω

Eξ∼ρ

[
1 +

d∑
k=1

⟨ξ, ek⟩d
]
dx

=
∥u∗∥B0(Rd)

n

∫
Ω

∫
Rd

|û∗(ξ)| · (1 + ∥ξ∥2)dξdx

≤
m(Ω) ∥u∗∥B0(Rd) ∥u∗∥B2(Rd)

n

≤
m(Ω) · C2 ∥f∥2Bs(Rd)

n
,

which implies (3.23).
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Chapter 4

Theory of Graph Neural Networks for

(Mixed-Integer) Linear Programs

4.1 Background and Preliminaries

Mixed-integer linear programming (MILP) is a class of optimization problems that

minimize a linear objective function subject to linear constraints, where some or all

variables must take integer values. MILP is widely applied in many fields, such as

transportation [SDMFH01], control [RH05], and scheduling [FL05], just to name a

few. MILP problems are in general NP-hard, and are hence very expensive to solve,

especially when the problems are of large scale. Recently, applying machine learning

techniques to accelerate or guide MILP solvers is a fast-growing research direction.

There have been encouraging findings in the existing literature that properly chosen

ML models can learn some useful knowledge about MILPs from the given training

data with good generalization performance on some similar but unseen instances (see

e.g. [ALW14, KLBS+16, ZJLB21, LZWZ22, HDIE14, YYS20, SYD+20]).

The graph neural network (GNN), due to its nice properties, say permutation in-

variance/equivariance, is considered as a suitable model to represent mappings that

compute useful information of MILP. More specifically, permutations on variables

or constraints of a MILP do not essentially change the problem, which suggests

that reliable ML models such as GNNs should satisfy such properties, otherwise the

models may overfit the variable/constraint orders in the training data. [GCF+19]

proposed that a MILP can be encoded into a bipartite graph on which one can use

a GNN to approximate strong branching. [DZS+20] proposed to represent MILP
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with a tripartite graph. Since then, GNNs have been adopted to represent map-

pings/strategies for MILP, for example, approximating strong branching [GGK+20,

NBG+20, SSEL21, GKC+22], approximating optimal solution [NBG+20, KML22],

parameterizing cutting strategies [PZK+22], and parameterizing branching strate-

gies [QLZ+22, SCC+22].

In this chapter, we study the expressive power of GNNs for representing MILPs or

their continuous variant without integer constraints, say linear programs (LPs). More

specifically, we establish universal approximation results that GNNs can approximate

some properties of LPs and MILPs (feasibility, optimal objective value, and optimal

solution) with arbitrarily small error. Our results for LPs and MILPs will be stated

in Section 4.2 and Section 4.4, respectively. Before heading into the approximation

theories, we state some definitions and concepts related to LPs, MILPs, and GNNs

rigorously.

Linear Programs and Mixed-Integer Linear Programs A general mixed-

integer linear programming (MILP) problem is defined in the following form:

min
x∈Rn

c⊤x, s.t. Ax ◦ b, l ≤ x ≤ u, xj ∈ Z, ∀ j ∈ I, (4.1)

where A ∈ Rm×n, c ∈ Rn, b ∈ Rm, l ∈ (R ∪ {−∞})n, u ∈ (R ∪ {+∞})n, and

◦ ∈ {≤,=,≥}m. The index set I ⊂ {1, 2, . . . , n} includes those indices j where xj

are constrained to be an integer. If I = ∅, i.e., there are no integer constraints, then

the problem is called linear programming (LP).

MILP represented as weighted bipartite graph We first define the graph that

we will adopt in this chapter. A weighted bipartite graph G = (V ∪W,E) consists

of a vertex set V ∪W that is divided into two groups V and W with V ∩W = ∅,

and a collection E of weighted edges, where each edge connects exactly one vertex in
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V and one vertex in W . Note that there is no edge connecting vertices in the same

vertex group. E can also be viewed as a function E : V ×W → R. We use Gm,n to

denote the collection of all weighted bipartite graphs G = (V ∪W,E) with |V | = m

and |W | = n. We always write V = {v1, v2, . . . , vm}, W = {w1, w2, . . . , wn}, and

Ei,j = E(vi, wj), for i ∈ {1, 2, . . . ,m}, j ∈ {1, 2, . . . , n}.

One can equip each vertex with a feature vector. Throughout this chapter, we

denote hVi ∈ HV as the feature vector of vertex vi ∈ V and denote hWj ∈ HW as

the feature vector of vertex wj ∈ W , where HV ,HW are feature spaces. Then we

define HV
m := (HV )m,HW

n := (HW )n and concatenate all the vertex features together

as H = (hV1 , h
V
2 , . . . , h

V
m, h

W
1 , h

W
2 , . . . , h

W
n ) ∈ HV

m ×HW
n . Finally, a weighted bipartite

graph with vertex features is defined as a tuple (G,H) ∈ Gm,n ×HV
m ×HW

n .

With the concepts described above, one can represent a MILP (4.1) as a bipartite

graph [GCF+19]: Each vertex in W represents a variable in LP and each vertex in

V represents a constraint. The graph topology is defined with the matrix A in the

linear constraint. More specifically, let us set

• Vertex vi represents the i-th constraint in Ax ◦ b, and vertex wj represents the

j-th variable xj.

• Information of constraints is involved in the feature of vi: h
V
i = (bi, ◦i).

• The space of constraint features is defined as HV := R× {≤,=,≥}.

• Information of variables is involved in the feature of wi: h
W
j = (cj, lj, uj, τj),

where τj = 1 if j ∈ I and τj = 0 otherwise.

• The space of variable features is defined as HW := R × (R ∪ {−∞}) × (R ∪

{+∞})× {0, 1}.

• The edge connecting vi and wj has weight Ei,j = Ai,j.
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Then a MILP is represented as a graph (G,H) ∈ Gm,n×HV
m×HW

n . In the rest of this

chapter, we call such graphs MILP-induced Graphs or MILP-Graphs for simplicity.

We provide an example of MILP-graph in Figure 4.1.

min
x∈R2

x1 + x2,

s.t. x1 + 3x2 ≥ 1, x1 + x2 ≥ 1,

x1 ≤ 3, x2 ≤ 5, x2 ∈ Z.

v1

v2

w1

w2

hV1 = (1,≥)

hV2 = (1,≥)

hW1 = (1,−∞, 3, 0)

hW2 = (1,−∞, 5, 1)

1

3
1

1

Figure 4.1: An example of MILP-graph

If I = ∅, i.e., the problem is reduced to an LP problem, then the feature τj can

be dropped and HW = R× (R∪ {−∞})× (R∪ {+∞}). The graph hence reduces to

LP-induced graph or LP-graph.

Topology and measure Throughout this chapter, we consider Gm,n×HV
m×HW

n ,

where HV = R×{≤,=,≥} and HW = R× (R∪{−∞})× (R∪{+∞}) for LP-graphs

or HW = R × (R ∪ {−∞}) × (R ∪ {+∞}) × {0, 1} for MILP-graphs, as a topology

space with product topology and a measurable space with product measure. It’s

enough to define the topology and measure of each part separately. Since each graph

in this chapter (without vertex features) can be represented with matrix A ∈ Rm×n,

the graph space Gm,n is isomorphic to the Euclidean space Rm×n: Gm,n
∼= Rm×n

and we equip Gm,n with the standard Euclidean topology and the standard Lebesgue

measure. The real spaces R in HW and HV are also equipped with the standard

Euclidean topology and Lebesgue measure. All the discrete spaces {≤,=,≥}, {−∞},

{+∞}, and {0, 1} have the discrete topology, and all unions are disjoint unions. We
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equip those spaces with a discrete measure µ(S) = |S|, where |S| is the number of

elements in a finite set S. This finishes the whole definition and we denote Meas(·)

as the measure on Gm,n ×HV
m ×HW

n .

Graph neural networks with message-passing The GNNs in this chapter al-

ways take a MILP-graph or LP-graph as input and the output has two cases:

• The output is a single real number. In this case, GNN is a function Gm,n×HV
m×

HW
n → R and is usually used to predict the properties of the whole graph.

• Each vertex in W has an output. Consequently, GNN is a function Gm,n×HV
m×

HW
n → Rn. Since W represents variables in LP, GNN is used to predict the

properties of each variable in this case.

Now we define the GNN structure precisely. First, we encode the input features into

the embedding space with learnable functions fV
in : HV → Rd0 and fW

in : HW → Rd0 :

h0,Vi = fV
in (hVi ), h0,Wj = fW

in (hWj ), i = 1, 2, . . . ,m, j = 1, 2, . . . , n, (4.2)

where h0,Vi , h0,Wj ∈ Rd0 are initial embedded vertex features and d0 is their dimension.

Then we choose learnable functions fV
l , f

W
l : Rdl−1 → Rdl and gVl , g

W
l : Rdl−1×Rdl →

Rdl and update the hidden states with1:

hl,Vi = gVl

(
hl−1,V
i ,

n∑
j=1

Ei,jf
W
l (hl−1,W

j )

)
, i = 1, 2, . . . ,m, (4.3)

hl,Wj = gWl

(
hl−1,W
j ,

m∑
i=1

Ei,jf
V
l (hl−1,V

i )

)
, j = 1, 2, . . . , n, (4.4)

1Note that the update rules in (4.3) and (4.4) follow a message-passing way, where each vertex
only collects information from its neighbors. Since Ei,j = 0 if there is no connection between
vertices vi and wj , the sum operator in (4.3) can be rewritten as

∑
j∈N (vi)

, where N (vi) denotes
the set of neighbors of vertex vi.
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where hl,Vi , hl,Wj ∈ Rdl are vertex features at layer l (1 ≤ l ≤ L) and their dimensions

are d1, · · · , dL respectively. The output layer of the single-output GNN is defined

with a learnable function fout : RdL × RdL → R:

yout = fout

( m∑
i=1

hL,Vi ,
n∑

j=1

hL,Wj

)
. (4.5)

The output of the vertex-output GNN is defined with fW
out : RdL × RdL × RdL → R:

yout(wj) = fW
out

( m∑
i=1

hL,Vi ,
n∑

j=1

hL,Wj , hL,Wj

)
, j = 1, 2, · · · , n. (4.6)

We denote collections of single-output GNNs and vertex-output GNNs with FGNN

and FW
GNN, respectively:

FGNN ={F : Gm,n ×HV
m ×HW

n → R | F yields (4.2), (4.3), (4.4), (4.5)},

FW
GNN ={F : Gm,n ×HV

m ×HW
n → Rn | F yields (4.2), (4.3), (4.4), (4.6)}.

(4.7)

In practice, all the learnable functions in GNN fV
in , f

W
in , fout, f

W
out, {fV

l , f
W
l , gVl , g

W
l }Ll=0,

are usually parameterized with multi-linear perceptrons (MLPs). In our theoretical

analysis, we assume for simplicity that those functions may take all continuous func-

tions on given domains, following the settings in [AL21, Section C.1]. Thanks to

the universal approximation properties of MLP [HSW89, Cyb89], one can extend our

theoretical results by taking those learnable functions as large enough MLPs.

Invariance and Equivariance We denote Sm, Sn as the group consisting of all

permutations on vertex groups V,W respectively. In another word, Sm involves

all permutations on the constraints of LP and Sn involves all permutations on the

variables. In this chapter, we say a function F : Gm,n ×HV
m ×HW

n → R is invariant

if it satisfies

F (G,H) = F ((σV , σW ) ∗ (G,H)) , ∀ σV ∈ Sm, σW ∈ Sn,
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and a function FW : Gm,n ×HV
m ×HW

n → Rn is equivariant if it satisfies

σW (FW (G,H)) = FW ((σV , σW ) ∗ (G,H))) , ∀ σV ∈ Sm, σW ∈ Sn,

where (σV , σW ) ∗ (G,H) is the permuted graph obtained from reordering indices in

(G,H) using (σV , σW ), which is the group action of Sm×Sn on Gm,n×HV
m×HW

n . One

can check that any F ∈ FGNN is invariant and that any FW ∈ FW
GNN is equivariant.

4.2 On Representing Linear Programs by Graph

Neural Networks

This section presents our universal approximation results that GNNs be arbitrarily

close to the following three mappings: LP → feasibility, LP → optimal objective

value (−∞ if unbounded and ∞ if infeasible), and LP → an optimal solution (if

exists). In the literature, it has been proved in [XHLJ19] that the separation power

of GNN is equal to the Weisfeiler-Leman (WL) test [WL68], a classical algorithm for

the graph isomorphism problem, and in [AL21, GR22] that GNNs can universally

approximate any continuous function whose separation power is not stronger than

that of WL test. However, there exist many pairs of LPs that cannot be distinguished

by the WL test. We show that those puzzling LP pairs share the same feasibility,

boundedness, and even an optimal solution if exists. Thus, GNN has strong enough

separation power and representation power.

Organization The rest of this section will be organized as follows. In Section 4.2.1,

we define three mappings that we aim to use GNNs to approximate. Our main results

are stated in Section 4.2.2 with the proof ideas sketched in Section 4.2.3. The detailed

proofs are contained in Section 4.3.
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4.2.1 Target Mappings

The three target mappings describe the feasibility, optimal objective value, and an

optimal solution of an LP (if exists), respectively. Before the rigorous definitions, let

us mention that any LP problems must follow one of the following three cases [BT97]:

• Infeasible. The feasible set XF := {x ∈ Rn : Ax ◦ b, l ≤ x ≤ u} is empty. In

another word, there is no point in Rn that satisfies the constraints in LP (4.1).

• Unbounded. The feasible set is non-empty, but the objective value can be

arbitrarily good, i.e., unbounded from below. For any R > 0, there exists an

x ∈ XF such that c⊤x < −R.

• Feasible and bounded. There exists x∗ ∈ XF such that c⊤x∗ ≤ c⊤x for all

x ∈ XF . Such x∗ is named as an optimal solution, and c⊤x∗ is the optimal

objective value.

Feasibility mapping The feasibility mapping is a classification function

Φfeas : Gm,n ×HV
m ×HW

n → {0, 1}, (4.8)

where Φfeas(G,H) = 1 if the LP associated with (G,H) is feasible and Φfeas(G,H) = 0

otherwise.

Optimal objective value mapping Denote

Φobj : Gm,n ×HV
m ×HW

n → R ∪ {∞,−∞}, (4.9)

as the optimal objective value mapping, i.e., for any (G,H) ∈ Gm,n × HV
m × HW

n ,

Φobj(G,H) is the optimal objective value of the LP problem associated with (G,H).
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Remark 4.2.1. The optimal objective value of an LP problem can be a real number

or ∞/ − ∞. The “∞” case corresponds to infeasible problems, while the “−∞”

case consists of LP problems whose objective function is unbounded from below in the

feasible region. The preimage of all finite real numbers under Φobj, Φ−1
obj(R), actually

describes all LPs with finite optimal objective value.

Remark 4.2.2. In the case that an LP problem has a finite optimal objective value, it

is possible that the problem admits multiple optimal solutions. However, the optimal

solution with the smallest ℓ2-norm must be unique. In fact, if x ̸= x′ are two different

solutions with ∥x∥ = ∥x′∥. Then 1
2
(x + x′) is also an optimal solution due to the

convexity of LPs, and it holds that ∥1
2
(x + x′)∥2 < 1

2
∥x∥2 + 1

2
∥x′∥2 = ∥x∥2 = ∥x′∥2,

i.e., ∥1
2
(x+ x′)∥ < ∥x∥ = ∥x′∥, where the inequality is strict since x ̸= x′. Therefore,

x and x′ cannot be optimal solutions with the smallest ℓ2-norm.

Optimal solution mapping For any (G,H) ∈ Φ−1
obj(R), we have remarked before

that the LP problem associated with (G,H) has a unique optimal solution with the

smallest ℓ2-norm. Let

Φsolu : Φ−1
obj(R)→ Rn, (4.10)

be the mapping that maps (G,H) ∈ Φ−1
obj(R) to the optimal solution with the smallest

ℓ2-norm.

It is clear that both Φfeas and Φobj are invariant, and that Φsolu is equivariant.

4.2.2 Main Results

This subsection presents our main theorems in representing LPs using GNNs. Our

first result is the following theorem that GNN has strong enough separation power

to represent LP.
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Theorem 4.2.3. Given any two LP instances (G,H), (Ĝ, Ĥ) ∈ Gm,n×HV
m×HW

n , if

F (G,H) = F (Ĝ, Ĥ) for all F ∈ FGNN, then they share some common characteristics:

(i) Both problems are feasible or both are infeasible, i.e., Φfeas(G,H) = Φfeas(Ĝ, Ĥ).

(ii) The two LP problems have the same optimal objective value, i.e., Φobj(G,H) =

Φobj(Ĝ, Ĥ).

(iii) If both problems are feasible and bounded, then they have the same optimal

solution with the smallest ℓ2-norm up to a permutation, i.e., Φsolu(G,H) =

σW (Φsolu(Ĝ, Ĥ)) for some σW ∈ Sn.

Furthermore, if FW (G,H) = FW (Ĝ, Ĥ), ∀ FW ∈ FW
GNN, then (iii) holds without

taking permutations, i.e., Φsolu(G,H) = Φsolu(Ĝ, Ĥ).

This theorem demonstrates that the function spaces FGNN and FW
GNN are rich

enough to distinguish the characteristics of LP. Given two LP instances, (G,H) and

(Ĝ, Ĥ), as long as their feasibility or boundedness are different, there must exist

F ∈ FGNN that can distinguish them: F (G,H) ̸= F (Ĝ, Ĥ). Moreover, as long

as their optimal solutions with the smallest ℓ2-norm are different, there must exist

FW ∈ FW
GNN that can distinguish them: FW (G,H) ̸= FW (Ĝ, Ĥ).

With Theorem 4.2.3 served as a foundation, we can prove that GNN can approx-

imate the three mappings Φfeas, Φobj and Φsolu to arbitrary precision.

Theorem 4.2.4. Given any measurable X ⊂ Gm,n ×HV
m ×HW

n with finite measure,

for any ϵ > 0, there exists some F ∈ FGNN, such that

Meas
({

(G,H) ∈ X : IF (G,H)>1/2 ̸= Φfeas(G,H)
})

< ϵ,

where I· is the indicator function, i.e., IF (G,H)>1/2 = 1 if F (G,H) > 1/2 and

IF (G,H)>1/2 = 0 otherwise.
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This theorem shows that GNN is a good classifier for LP instances in X as long

as X has a finite measure. If we use F (G,H) > 1/2 as the criteria to predict the

feasibility, the classification error rate is controlled by ϵ/Meas(X), where ϵ can be

arbitrarily small. Furthermore, we show that GNN can perfectly fit any dataset with

finite samples, which is presented in the following corollary.

Corollary 4.2.5. For any D ⊂ Gm,n ×HV
m ×HW

n with finite instances, there exists

F ∈ FGNN that

IF (G,H)>1/2 = Φfeas(G,H), ∀ (G,H) ∈ D.

Besides the feasibility, GNN can also approximate ϕobj and ϕsolu.

Theorem 4.2.6. Given any measurable X ⊂ Gm,n ×HV
m ×HW

n with finite measure,

for any ϵ > 0, there exists F1 ∈ FGNN such that

Meas
({

(G,H) ∈ X : IF1(G,H)>1/2 ̸= IΦobj(G,H)∈R
})

< ϵ, (4.11)

and for any ϵ, δ > 0, there exists F2 ∈ FGNN such that

Meas
({

(G,H) ∈ X ∩ Φ−1
obj(R) : |F2(G,H)− Φobj(G,H)| > δ

})
< ϵ. (4.12)

Recall the definition of Φobj in (4.9) that it can take {±∞} as its value. Thus,

Φobj(G,H) ∈ R means the LP corresponding to (G,H) is feasible and bounded with a

finite optimal objective value, and inequality (4.11) illustrates that GNN can identify

those feasible and bounded LPs among the whole set X, up to a given precision

ϵ. Inequality (4.12) shows that GNN can also approximate the optimal value. The

measure of the set of LP instances of which the optimal value cannot be approximated

with δ-precision is controlled by ϵ. The following corollary gives the results on dataset

with finite instances.
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Corollary 4.2.7. For any D ⊂ Gm,n ×HV
m ×HW

n with finite instances, there exists

F1 ∈ FGNN such that

IF1(G,H)>1/2 = IΦobj(G,H)∈R, ∀ (G,H) ∈ D,

and for any δ > 0, there exists F2 ∈ FGNN, such that

|F2(G,H)− Φobj(G,H)| < δ, ∀ (G,H) ∈ D ∩ Φ−1
obj(R).

Finally, we show that GNN is able to represent the optimal solution mapping

Φsolu.

Theorem 4.2.8. Given any measurable X ⊂ Φ−1
obj(R) ⊂ Gm,n×HV

m×HW
n with finite

measure, for any ϵ, δ > 0, there exists some FW ∈ FW
GNN, such that

Meas ({(G,H) ∈ X : ∥F (G,H)− Φsolu(G,H)∥ > δ}) < ϵ.

Corollary 4.2.9. Given any D ⊂ Φ−1
obj(R) ⊂ Gm,n ×HV

m ×HW
n with finite instances,

for any δ > 0, there exists FW ∈ FW
GNN, such that

∥F (G,H)− Φsolu(G,H)∥ < δ, ∀ (G,H) ∈ D.

4.2.3 Sketch of Proofs

In this subsection, we will present a sketch of our proof lines and provide examples

to show the intuitions. The full proof lines are presented in Section 4.3.

Separation power The separation power measures a neural network with whether

it generates different outcomes given different inputs, which serves as a foundation

of the representation power. The separation power of GNNs is closely related to the

Weisfeiler-Lehman (WL) test [WL68], a classical algorithm to identify whether two

given graphs are isomorphic. To apply the WL test on LP-graphs or MILP-graphs,
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Algorithm 4.1 The WL test for LP-graphs and MILP-graphs2

Require: A graph instance (G,H) ∈ Gm,n ×HV
m ×HW

n and iteration limit L > 0.

1: Initialize with C0,V
i = HASH0,V (hVi ), C0,W

j = HASH0,W (hWj ).
2: for l = 1, 2, · · · , L do

3: C l,V
i = HASHl,V

(
C l−1,V

i ,
∑n

j=1Ei,jHASH′
l,W

(
C l−1,W

j

))
.

4: C l,W
j = HASHl,W

(
C l−1,W

j ,
∑m

i=1Ei,jHASH′
l,V

(
C l−1,V

i

))
.

5: end for
6: return The multisets containing all colors {{CL,V

i }}mi=0, {{C
L,W
j }}nj=0.

we describe a modified WL test in Algorithm 4.1, which is slightly different from the

standard WL test.

We denote Algorithm 4.1 by WLLP(·) when it is applied on LP-graphs, and

we say that two LP-graphs, (G,H) and (Ĝ, Ĥ), can be distinguished by Algo-

rithm 4.1, if and only if there exist a positive integer L and injective hash functions

{HASHl,V ,HASHl,W}Ll=0 ∪ {HASH′
l,V ,HASH′

l,W}Ll=1 such that WLLP

(
(G,H), L

)
̸=

WLLP

(
(Ĝ, Ĥ), L

)
. Unfortunately, there exist infinitely many pairs of non-isomorphic

LP-graphs that cannot be distinguished by Algorithm 4.1. Figure 4.2 provides such

an example.

Since the separation power of GNNs is actually equal to the WL test [XHLJ19],

one would expect that the limitation of the WL test might restrict GNNs from uni-

versally representing LP. However, any two LP-graphs that cannot be distinguished

by the WL test must share some common characteristics even if they are not iso-

morphic. For example, let us consider the six LP instances in Figure 4.2. In each of

the three columns, the two non-isomorphic LP instances cannot be distinguished by

2In Algorithm 4.1 and the rest of this chapter, multisets, denoted by {{}}, are collec-
tions of elements that allow multiple appearances of the same element. Hash functions
{HASHl,V ,HASHl,W }Ll=0 injectively map vertex information to vertex colors, while the others
{HASH′

l,V ,HASH′
l,W }Ll=1 injectively map vertex colors to a linear space so that one can define

sum and scalar multiplications on their outputs. In addition, such an algorithm is usually named
as the 1-WL test in the literature since it only considers the neighborhood with distance 1 for
each vertex. In this chapter, we abbreviate Algorithm 4.1 or the 1-WL test to the WL test for
simplicity.
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v1

v2

v3

v4

w1

w2

w3

w4

min x1 + x2 + x3 + x4,

s.t. x1 + x2 = 1,

x2 + x3 = 1,

x3 + x4 = 1,

x4 + x1 = 1,

xj ≥ 1, 1 ≤ j ≤ 4.

min x1 + x2 + x3 + x4,

s.t. x1 + x2 ≤ 1,

x2 + x3 ≤ 1,

x3 + x4 ≤ 1,

x4 + x1 ≤ 1,

xj ≤ 1, 1 ≤ j ≤ 4.

min x1 + x2 + x3 + x4,

s.t. x1 + x2 = 1,

x2 + x3 = 1,

x3 + x4 = 1,

x4 + x1 = 1,

xj ≤ 1, 1 ≤ j ≤ 4.

v1

v2

v3

v4

w1

w2

w3

w4

min x1 + x2 + x3 + x4,

s.t. x1 + x2 = 1,

x2 + x1 = 1,

x3 + x4 = 1,

x4 + x3 = 1,

xj ≥ 1, 1 ≤ j ≤ 4.

min x1 + x2 + x3 + x4,

s.t. x1 + x2 ≤ 1,

x2 + x1 ≤ 1,

x3 + x4 ≤ 1,

x4 + x3 ≤ 1,

xj ≤ 1, 1 ≤ j ≤ 4.

min x1 + x2 + x3 + x4,

s.t. x1 + x2 = 1,

x2 + x1 = 1,

x3 + x4 = 1,

x4 + x3 = 1,

xj ≤ 1, 1 ≤ j ≤ 4.

Figure 4.2: Examples of LP-graphs that cannot be distinguished by the WL test
and share the same properties

the WL test. The reason is that, since the features and neighbor information of {vi}

and {wj} in the two graphs are equal, it holds for both graphs that C l,V
1 = · · ·C l,V

4

and C l,W
1 = · · ·C l,W

4 for all l ≥ 0, whatever the hash functions are chosen. However,

it can be checked that the two instances in the same column share some common

characteristics. More specifically, both instances in the first column are infeasible;

both instances in the second column are feasible but unbounded; both instances in

the third column are feasible and bounded with (1/2, 1/2, 1/2, 1/2) being the opti-

mal solution with the smallest ℓ2-norm. Actually, this phenomenon does not only

happen on the instances in Figure 4.2 but also serves as a universal principle for all

LP instances. We summarize the results in the following theorem:

Theorem 4.2.10. If (G,H), (Ĝ, Ĥ) ∈ Gm,n × HV
m × HW

n are not distinguishable by

Algorithm 4.1, then

Φfeas(G,H) = Φfeas(Ĝ, Ĥ) and Φobj(G,H) = Φobj(Ĝ, Ĥ).

120



Furthermore, if (G,H), (Ĝ, Ĥ) ∈ Φ−1
obj(R), then it holds that

Φsolu(G,H) = σW (Φsolu(Ĝ, Ĥ)),

for some σW ∈ Sn.

In other words, the above theorem guarantees the sufficient power of the WL

test for separating LP problems with different characteristics, including feasibility,

optimal objective value, and optimal solution with the smallest ℓ2-norm (up to per-

mutation). This combined with the following theorem, which states the equivalence

of the separation powers of the WL test and GNNs, yields that GNNs also have

sufficient separation power for LP-graphs in the above sense.

Theorem 4.2.11. For any (G,H), (Ĝ, Ĥ) ∈ Gm,n × HV
m × HW

n , the followings are

equivalent:

(i) (G,H) and (Ĝ, Ĥ) are not distinguishable by Algorithm 4.1.

(ii) F (G,H) = F (Ĝ, Ĥ), ∀ F ∈ FGNN.

(iii) For any FW ∈ FW
GNN, FW (G,H) = σW (FW (Ĝ, Ĥ)) holds for some σW ∈ Sn.

Theorem 4.2.11 extends the results in [XHLJ19, AL21, GR22] to the case with

the modified WL test (Algorithm 4.1) and LP-graphs.

Representation power Based on the separation power of GNNs, one is able to

investigate the representation/approximation power of GNNs. To prove Theorems

4.2.4, 4.2.6, and 4.2.8, we first determine the closure of FGNN or FW
GNN in the space

of invariant/equivariant continuous functions with respect to the sup-norm, which is

also named as the universal approximation. The result of FGNN is stated as follows,

where Ω(X,R) is the collection/algebra of all real-valued continuous functions on X.

The result of FW
GNN can be found in Section 4.3.5.
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Theorem 4.2.12. Let X ⊂ Gm,n × HV
m × HW

n be a compact set. For any Φ ∈

Ω(X,R) that satisfies Φ(G,H) = Φ(Ĝ, Ĥ) for all (G,H), (Ĝ, Ĥ) ∈ X that are not

distinguishable by Algorithm 4.1, and any ϵ > 0, there exists F ∈ FGNN such that

sup
(G,H)∈X

|Φ(G,H)− F (G,H)| < ϵ.

Theorem 4.2.12 can be viewed as an LP-graph version of results in [AL21, GR22].

Roughly speaking, graph neural networks can approximate any invariant continuous

function whose separation power is upper bounded by that of WL test on compact

domain with arbitrarily small error. Although our target mappings Φfeas,Φobj,Φsolu

are not continuous, we prove (in Section 4.3.6) that they are measurable. Applying

Lusin’s theorem [EG18, Theorem 1.14], we show that GNN can be arbitrarily close

to the target mappings except for a small domain.

4.3 Proofs for Section 4.2

4.3.1 Weisfeiler-Lehman (WL) Test and Color Refinement

The WL test can be viewed as a coloring refinement procedure if there are no collisions

of hash functions and their weighted averages. More specifically, each vertex is colored

initially according to the group it belongs to and its feature – two vertices have the

same color if and only if they are in the same vertex group and have the same

feature. The initial colors are denoted as C0,V
1 , C0,V

2 , . . . , C0,V
m , C0,W

1 , C0,W
2 , . . . , C0,W

n .

Then at iteration l, the set of vertices with the same color at iteration l − 1 are

further partitioned into several subsets according to the colors of their neighbors –

two vertices vi and vi′ are in the same subset if and only if C l−1,V
i = C l−1,V

i′ and for

any C ∈ {C l−1,W
j : 1 ≤ j ≤ n},

∑
Cl−1,W

j =C

Ei,j =
∑

Cl−1,W
j =C

Ei′,j,
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and it is similar for vertices wj and wj′ . After such partition/refinement, vertices are

associated with the same color if and only if they are in the same subset, which is

the coloring at iteration l. This procedure is terminated if the refinement is trivial,

meaning that no sets with the same color are partitioned into at least two subsets,

i.e., the coloring is stable. For more information about color refinement, we refer to

[BBG17, AKRV15, AKRV17].

We then discuss the stable coloring that Algorithm 4.1 will converge to, for which

we made the following definition, where S = {S1, S2, . . . , Ss} is called a partition of

a set S if S1 ∪ S2 ∪ · · · ∪ Ss = S and Si ∩ Si′ = ∅, ∀ 1 ≤ i < i′ ≤ s.

Definition 4.3.1 (Stable Partition Pair of Vertices). Let G = (V ∪ W,E) be a

weighted bipartite graph with V = {v1, v2, . . . , vm}, W = {w1, w2, . . . , wn}, and vertex

features H = (hV1 , h
V
2 , . . . , h

V
m, h

W
1 , h

W
2 , . . . , h

W
n ), and let I = {I1, I2, . . . , Is} and J =

{J1, J2, . . . , Jt} be partitions of {1, 2, . . . ,m} and {1, 2, . . . , n}, respectively. We say

that (I,J ) is a stable partition pair of vertices for the graph G if the followings are

satisfied:

(i) hVi = hVi′ holds if i, i′ ∈ Ip for some p ∈ {1, 2, . . . , s}.

(ii) hWj = hWj′ holds if j, j′ ∈ Jq for some q ∈ {1, 2, . . . , t}.

(iii) For any p ∈ {1, 2, . . . , s}, q ∈ {1, 2, . . . , t}, and i, i′ ∈ Ip, it holds that

∑
j∈Jq

Ei,j =
∑
j∈Jq

Ei′,j.

(iv) For any p ∈ {1, 2, . . . , s}, q ∈ {1, 2, . . . , t}, and j, j′ ∈ Jq, it holds that

∑
i∈Ip

Ei,j =
∑
i∈Ip

Ei,j′ .
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We denote (I l,J l) as the partition pair corresponding the coloring at iteration l of

Algorithm 4.1. Suppose that there are no collisions. Then it is clear that (I l+1,J l+1)

is finer than (I l,J l), denoted as (I l+1,J l+1) ⪯ (I l,J l), which means that for any

I ∈ I l+1 and any J ∈ J l+1, there exist I ′ ∈ I l and J ′ ∈ J l such that I ⊂ I ′ and

J ⊂ J ′. In addition, (I l+1,J l+1) = (I l,J l) if and only if (I l,J l) is a stable partition

pair of vertices. Note that there is at most O(|V |+ |W |) iterations leading to strictly

finer partition pair, i.e, (I l+1,J l+1) ⪯ (I l,J l) but (I l+1,J l+1) ̸= (I l,J l). We can

immediately obtain the following result:

Theorem 4.3.2. If there is no collision of hash functions and their weighted averages,

then Algorithm 4.1 terminates at a stable partition pair of vertices in O(|V | + |W |)

iterations.

Furthermore, for every (G,H) ∈ Gm,n ×HV
m ×HW

n , the coarsest stable partition

pair of vertices exists and is unique, which can be proved using techniques similar to

the proof of [BBG17, Proposition 3]. Algorithm 4.1 terminates at the unique coarsest

stable partition pair. This is because the coloring in each iteration of Algorithm 4.1 is

always coarser than the unique coarsest stable partition pair (see [BBG17, Proposition

2]).

4.3.2 Separation Power of the WL Test

This subsection gives the proof and some corollaries of Theorem 4.2.10. First, we

present some definitions and lemmas, from which the proof of Theorem 4.2.10 can be

immediately derived.

Definition 4.3.3. Given (G,H), (Ĝ, Ĥ) ∈ Gm,n × HV
m × HW

n , we say that (G,H)

and (Ĝ, Ĥ) can be distinguished by the WL test if there exists some L ∈ N and some

choices of hash functions, HASH0,V , HASH0,W , HASHl,V , HASHl,W , HASH′
l,V , and
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HASH′
l,W , for l = 1, 2, . . . , L, such that the multisets of colors at the L-th iteration

of the WL test are different for (G,H) and (Ĝ, Ĥ). Let ∼ be an equivalence relation

on Gm,n × HV
m × HW

n defined via: (G,H) ∼ (Ĝ, Ĥ) if and only if they can not be

distinguished by the WL test.

It is clear that (G,H) ∼ (Ĝ, Ĥ) if they are isometric, i.e., there exist two permuta-

tions, σV : {1, 2, . . . ,m} → {1, 2, . . . ,m} and σW : {1, 2, . . . , n} → {1, 2, . . . , n}, such

that EσV (i),σW (j) = Êi,j, h
V
σV (i) = ĥVi , and hWσW (j) = ĥWj , for any i ∈ {1, 2, . . . ,m} and

j ∈ {1, 2, . . . , n}. However, not every pair of WL-indistinguishable graphs consists of

isometric ones; see Figure 4.2 for an example. However, for LP problems that cannot

be distinguished by the WL test will share some common properties, even if their

associated graphs are not isomorphic.

Lemma 4.3.4. If two weighted bipartite graphs with vertex features corresponding to

two LP problems are indistinguishable by the WL test, then either both problems are

feasible or both are infeasible. In other words, the WL test can distinguish two LP

problems if one of them is feasible while the other one is infeasible.

Proof. Let us consider two LP problems:

min
x∈Rn

c⊤x,

s.t. Ax ◦ b, l ≤ x ≤ u,

(4.13)

and

min
x∈Rn

ĉ⊤x,

s.t. Âx ◦̂ b̂, l̂ ≤ x ≤ û.

(4.14)

Let (G,H) and (Ĝ, Ĥ), where G = (V ∪W,E) and Ĝ = (V ∪W, Ê), be the weighted

bipartite graphs with vertex features corresponding to (4.13) and (4.14), respectively.
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Since (G,H) ∼ (Ĝ, Ĥ), for some choice of hash functions with no collision during

Algorithm 4.1 for (G,H) and (Ĝ, Ĥ), Theorem 4.3.2 guarantees that Algorithm 4.1

outputs the same stable coloring for (G,H) and (Ĝ, Ĥ) up to permutation. More

specifically, after doing some permutation, there exist I = {I1, I2, . . . , Is} and J =

{J1, J2, . . . , Jt} that are partitions of {1, 2, . . . ,m} and {1, 2, . . . , n}, respectively, such

that the followings hold:

• (bi, ◦i) = (b̂i, ◦̂i) and is independent of i ∈ Ip, for any p ∈ {1, 2, . . . , s}.

• (lj, uj) = (l̂j, ûj) and is independent of j ∈ Jq for any q ∈ {1, 2, . . . , t}.

• For any p ∈ {1, 2, . . . , s} and q ∈ {1, 2, . . . , t},
∑

j∈Jq Ai,j =
∑

j∈Jq Âi,j and is

independent of i ∈ Ip.

• For any p ∈ {1, 2, . . . , s} and q ∈ {1, 2, . . . , t},
∑

i∈Ip Ai,j =
∑

i∈Ip Âi,j and is

independent of j ∈ Jq.

Suppose that the problem (4.13) is feasible with x ∈ Rn be some point in the

feasible region. Define y ∈ Rt via yq = 1
|Jq |
∑

j∈Jq xj and x̂ ∈ Rn via x̂j = yq, j ∈ Jq.

Fix any p ∈ {1, 2, . . . , s} and some i0 ∈ Ip. It holds for any i ∈ Ip that

n∑
j=1

Ai,jxj ◦i bi, i.e.,
t∑

q=1

∑
j∈Jq

Ai,jxj ◦i0 bi0 ,

which implies that

1

|Ip|
∑
i∈Ip

t∑
q=1

∑
j∈Jq

Ai,jxj =
1

|Ip|

t∑
q=1

∑
j∈Jq

∑
i∈Ip

Ai,j

xj ◦i0 bi0 .

Notice that
∑

i∈Ip Ai,j is constant for j ∈ Jq, ∀ q ∈ {1, 2, . . . , t}. Let us denote
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αq =
∑

i∈Ip Ai,j =
∑

i∈Ip Âi,j for any j ∈ Jq. Then it holds that

1

|Ip|

t∑
q=1

∑
j∈Jq

αqxj =
1

|Ip|

t∑
q=1

∑
j∈Jq

αqyq =
1

|Ip|

t∑
q=1

∑
j∈Jq

∑
i∈Ip

Âi,j

 yq ◦i0 bi0 .

Note that

1

|Ip|

t∑
q=1

∑
j∈Jq

∑
i∈Ip

Âi,j

 yq =
1

|Ip|
∑
i∈Ip

t∑
q=1

∑
j∈Jq

Âi,j

 yq,

and that
∑

j∈Jq Âi,j is constant for i ∈ Ip. So one can conclude that

n∑
j=1

Âi,jx̂j =
t∑

q=1

∑
j∈Jq

Âi,jx̂j =
t∑

q=1

∑
j∈Jq

Âi,j

 yq ◦i bi, ∀ i ∈ Ip,

which leads to Âx̂ ◦̂ b̂. It can also be seen that l̂ = l ≤ x̂ ≤ u ≤ û. Therefore, x̂ is

feasible for (4.14).

We have shown above that the feasibility of (4.13) implies the feasibility of (4.14).

The inverse is also true by the same reasoning. Hence, we complete the proof.

Lemma 4.3.5. If two weighted bipartite graphs with vertex features corresponding to

two LP problems are indistinguishable by the WL test, then these two problems share

the same optimal objective value (could be ∞ or −∞).

Proof. If both problems are infeasible, then their optimal objective values are both

∞. We then consider the case that both problems are feasible. We use the same

setting and notations as in Lemma 4.3.4, and in addition we have that cj = ĉj, which

is part of hWj = ĥWj , is independent of j ∈ Jq for any q ∈ {1, 2, . . . , t}. Suppose

that x is an feasible solution to the problem (4.13) and let x̂ ∈ Rn be defined via

x̂j = 1
|Jq |
∑

j′∈Jq xj′ , j ∈ Jq. It is guaranteed by the proof of Lemma 4.3.4 that x̂ is a

feasible solution to (4.14). One can also see that c⊤x = ĉ⊤x̂. Since this holds for any
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feasible solution x to (4.13), the optimal value of the objective function for (4.14)

is smaller than or equal to that for (4.13). The inverse is also true and the proof is

completed.

Lemma 4.3.6. Suppose that two weighted bipartite graphs with vertex features corre-

sponding to two LP problems are indistinguishable by the WL test and their optimal

objective values are both finite. Then these two problems have the same optimal so-

lution with the smallest ℓ2-norm, up to permutation.

Proof. We work with the same setting as in Lemma 4.3.5, where permutations have

already been applied. Let x and x′ be the optimal solution to (4.13) and (4.14)

with the smallest ℓ2-norm, respectively. (Recall that the optimal solution to an LP

problem with the smallest ℓ2-norm is unique, see Remark 4.2.2.) Let x̂ ∈ Rn be

defined via x̂j = 1
|Jq |
∑

j′∈Jq xj′ for j ∈ Jq, q = 1, 2, . . . , t. According to the arguments

in the proof of Lemma 4.3.4 and Lemma 4.3.5, x̂ is an optimal solution to (4.14).

The minimality of x′ yields that

∥x′∥22 ≤ ∥x̂∥22 =
t∑

q=1

|Jq|

 1

|Jq|
∑
j∈Jq

xj

2

=
t∑

q=1

1

|Jq|

∑
j∈Jq

xj

2

≤
t∑

q=1

∑
j∈Jq

x2j = ∥x∥22,

(4.15)

which implies ∥x′∥ ≤ ∥x∥. The converse ∥x∥ ≤ ∥x′∥ is also true. Therefore, we must

have ∥x∥ = ∥x′∥ and hence, the inequalities in (4.15) must hold as equalities. Then

one can conclude that xj = xj′ for any j, j′ ∈ Jq and q = 1, 2, . . . , t, which leads

to x = x̂. Furthermore, it follows from ∥x′∥ = ∥x̂∥ and the uniqueness of x′ (see

Remark 4.2.2) that x′ = x̂ = x, which completes the proof.

One corollary one can see from the proof of Lemma 4.3.6 is that the compo-

nents of the optimal solution with the smallest ℓ2-norm must be the same if the two

corresponding vertices have the same color in the WL test.
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Corollary 4.3.7. Let (G,H) be a weighted bipartite graph with vertex features, and

let x be the optimal solution to the corresponding LP problem with the smallest ℓ2-

norm. Suppose that for some j, j′ ∈ {1, 2, . . . , n}, one has C l,W
j = C l,W

j′ for any l ∈ N

and any choices of hash functions, then xj = xj′.

Let us also define another equivalence relation on Gm,n ×HV
m ×HW

n where colors

of w1, w2, . . . , wj with ordering (not just multisets) are considered:

Definition 4.3.8. Given (G,H), (Ĝ, Ĥ) ∈ Gm,n×HV
m×HW

n , (G,H) and (Ĝ, Ĥ) are

not in the same equivalence class of
W∼ if and only if there exist some L ∈ N and some

hash functions HASH0,V , HASH0,W , HASHl,V , HASHl,W , HASH′
l,V , and HASH′

l,W ,

l = 1, 2, . . . , L, such that {{CL,V
1 , CL,V

2 , . . . , CL,V
m }} ̸= {{ĈL,V

1 , ĈL,V
2 , . . . , ĈL,V

m }} or

C l,W
j ̸= Ĉ l,W

j for some j ∈ {1, 2, . . . , n}.

It is clear that (G,H)
W∼ (Ĝ, Ĥ) implies (G,H) ∼ (Ĝ, Ĥ). One can actually obtain

a stronger version of Lemma 4.3.6 given (G,H)
W∼ (Ĝ, Ĥ).

Corollary 4.3.9. Suppose that two weighted bipartite graphs with vertex features

corresponding to two LP problems, (G,H) and (Ĝ, Ĥ), satisfy that (G,H)
W∼ (Ĝ, Ĥ).

Then these two problems have the same optimal solution with the smallest ℓ2-norm.

Proof. The proof of Lemma 4.3.6 still applies with the difference that there is no

permutation on {w1, w2, . . . , wn}.

Proof of Theorem 4.2.10. The proof of Theorem 4.2.10 follows immediately from

Lemmas 4.3.4, 4.3.5 and 4.3.6.

4.3.3 Separation Power of Graph Neural Networks

This subsection aims to prove Theorem 4.2.11, i.e., the separation power of GNNs is

equivalent to that of the WL test. Similar results can be found in previous literature,
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see e.g. [XHLJ19, AL21, GR22]. We first introduce some lemmas that can directly

imply Theorem 4.2.11. The lemma below, similar to [XHLJ19, Lemma 2], states that

the separation power of GNNs is at most that of the WL test.

Lemma 4.3.10. Let (G,H), (Ĝ, Ĥ) ∈ Gm,n ×HV
m ×HW

n . If (G,H) ∼ (Ĝ, Ĥ), then

for any FW ∈ FW
GNN, there exists a permutation σW ∈ Sn such that FW (G,H) =

σW (FW (Ĝ, Ĥ)).

Proof. First, we describe the sketch of our proof. The assumption (G,H) ∼ (Ĝ, Ĥ)

implies that, if we apply the WL test on (G,H) and (Ĝ, Ĥ), the test results should

be exactly the same whatever the hash functions in the WL test we choose. In

the first step, we define a set of hash functions that are injective on all possible

inputs. Second, we show that, if we apply an arbitrarily chosen GNN: FW ∈ FW
GNN

on (G,H) and (Ĝ, Ĥ), the vertex features of the two graphs are exactly the same

up to permutation, given the fact that the WL test results are the same. Finally, it

concludes that FW (G,H) should be the same with FW (Ĝ, Ĥ) up to permutation.

Let us first define hash functions. We choose HASH0,V and HASH0,W that are

injective on the following sets (not multisets) respectively:

{hV1 , . . . , hVm, ĥV1 , . . . , ĥVm} and {hW1 , . . . , hWn , ĥW1 , . . . , ĥWn }.

Let {C l−1,V
i }mi=1, {C

l−1,W
j }nj=1 and {Ĉ l−1,V

i }mi=1, {Ĉ
l−1,W
j }nj=1 be the vertex colors in the

(l − 1)-th iteration (1 ≤ l ≤ L) in the WL test for (G,H) and (Ĝ, Ĥ) respectively.

Define two sets (not multisets) that collect different colors:

CV
l−1 = {C l−1,V

1 , . . . , C l−1,V
m , Ĉ l−1,V

1 , . . . , Ĉ l−1,V
m },

and

CW
l−1 = {C l−1,W

1 , . . . , C l−1,W
n , Ĉ l−1,W

1 , . . . , Ĉ l−1,W
n }.
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The hash function HASH′
l,V and HASH′

l,W are chosen such that the outputs are

located in some linear spaces and that {HASH′
l,V (C) : C ∈ CV

l−1} and {HASH′
l,W (C) :

C ∈ CW
l−1} are both linearly independent. Finally, we choose hash functions HASHl,V

and HASHl,W such that HASHl,V is injective on the set (not multiset)

{(
C l−1,V

i ,
n∑

j=1

Ei,jHASH′
l,W

(
C l−1,W

j

))
: 1 ≤ i ≤ m

}

∪

{(
Ĉ l−1,V

i ,

n∑
j=1

Ei,jHASH′
l,W

(
Ĉ l−1,W

j

))
: 1 ≤ i ≤ m

}
,

and that HASHl,W is injective on the set (not multiset)

{(
C l−1,W

j ,
n∑

i=1

Ei,jHASH′
l,V

(
C l−1,V

i

))
: 1 ≤ j ≤ n

}

∪

{(
Ĉ l−1,W

j ,
n∑

i=1

Ei,jHASH′
l,V

(
Ĉ l−1,V

i

))
: 1 ≤ j ≤ n

}
.

Those hash functions give the vertex colors at the next iteration, i.e., the l-th layer:

{C l,V
i }mi=1, {C

l,W
j }nj=1, {Ĉ

l,V
i }mi=1, and {Ĉ l,W

j }nj=1.

Consider any FW ∈ FW
GNN and let {hl−1,V

i }mi=1, {h
l−1,W
j }nj=1, {ĥ

l−1,V
i }mi=1, and

{ĥl−1,W
j }nj=1 be the vertex features in the l-th layer (0 ≤ l ≤ L) of the graph neural

network FW . (Update rule refers to equations (4.2),(4.3),(4.4),(4.6)) We aim to prove

by induction that for any l ∈ {0, 1, . . . , L}, the followings hold:

(i) C l,V
i = C l,V

i′ implies hl,Vi = hl,Vi′ , for 1 ≤ i, i′ ≤ m;

(ii) Ĉ l,V
i = Ĉ l,V

i′ implies ĥl,Vi = ĥl,Vi′ , for 1 ≤ i, i′ ≤ m;

(iii) C l,V
i = Ĉ l,V

i′ implies hl,Vi = ĥl,Vi′ , for 1 ≤ i, i′ ≤ m;

(iv) C l,W
j = C l,W

j′ implies hl,Wj = hl,Wj′ , for 1 ≤ j, j′ ≤ n;
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(v) Ĉ l,W
j = Ĉ l,W

j′ implies ĥl,Wj = ĥl,Wj′ , for 1 ≤ j, j′ ≤ n;

(vi) C l,W
j = Ĉ l,W

j′ implies hl,Wj = ĥl,Wj′ , for 1 ≤ j, j′ ≤ n.

The above claims (i)-(vi) are clearly true for l = 0 due to the injectivity of HASH0,V

and HASH0,W . Now we assume that (i)-(vi) are true for some l−1 ∈ {0, 1, . . . , L−1}.

Suppose that C l,V
i = C l,V

i′ , i.e.,

HASHl,V

(
C l−1,V

i ,

n∑
j=1

Ei,jHASH′
l,W

(
C l−1,W

j

))

= HASHl,V

(
C l−1,V

i′ ,
n∑

j=1

Ei′,jHASH′
l,W

(
C l−1,W

j

))
,

for some 1 ≤ i, i′ ≤ m. It follows from the injectivity of HASHl,V that

C l−1,V
i = C l−1,V

i′ , (4.16)

and
n∑

j=1

Ei,jHASH′
l,W

(
C l−1,W

j

)
=

n∑
j=1

Ei′,jHASH′
l,W

(
C l−1,W

j

)
.

According to the linearly independent property of HASH′
l,W , the above equation

implies that ∑
Cl−1,W

j =C

Ei,j =
∑

Cl−1,W
j =C

Ei′,j, ∀ C ∈ CW
l−1. (4.17)

Note that the induction assumption guarantees that hl−1,W
j = hl−1,W

j′ as long as

C l−1,W
j = C l−1,W

j′ . So one can assign for each C ∈ CW
l−1 some h(C) ∈ Rdl−1 such that

hl−1,W
j = h(C) as long as C l−1,W

j = C for any 1 ≤ j ≤ n. Therefore, it follows from

(4.17) that

n∑
j=1

Ei,jf
W
l (hl−1,W

j ) =
∑

C∈CW
l−1

∑
Cl−1,W

j =C

Ei,jf
W
l (h(C))
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=
∑

C∈CW
l−1

∑
Cl−1,W

j =C

Ei′,jf
W
l (h(C)) =

n∑
j=1

Ei′,jf
W
l (hl−1,W

j ).

Note also that (4.16) and the induction assumption lead to hl−1,V
i = hl−1,V

i′ . Then

one can conclude that

hl,Vi = gVl

(
hl−1,V
i ,

n∑
j=1

Ei,jf
W
l (hl−1,W

j )

)
= gVl

(
hl−1,V
i′ ,

n∑
j=1

Ei′,jf
W
l (hl−1,W

j )

)
= hl,Vi′ .

This proves claim (i) for l. The other five claims can be proved using similar argu-

ments.

Therefore, we obtain from (G,H) ∼ (Ĝ, Ĥ) that

{{
hL,V1 , hL,V2 , . . . , hL,Vm

}}
=
{{

ĥL,V1 , ĥL,V2 , . . . , ĥL,Vm

}}
,

and that {{
hL,W1 , hL,W2 , . . . , hL,Wn

}}
=
{{

ĥL,W1 , ĥL,W2 , . . . , ĥL,Wn

}}
.

By the definition of the output layer, the above conclusion guarantees FW (G,H) =

σW (FW (Ĝ, Ĥ)) for some σW ∈ Sn.

Lemma 4.3.11. Let (G,H), (Ĝ, Ĥ) ∈ Gm,n×HV
m×HW

n . Suppose that for any FW ∈

FW
GNN, there exists a permutation σW ∈ Sn such that FW (G,H) = σW (FW (Ĝ, Ĥ)).

Then F (G,H) = F (Ĝ, Ĥ) holds for any F ∈ FGNN.

Proof. Pick an arbitrary F ∈ FGNN. We choose FW ∈ FW
GNN such that

FW (G′, H ′) = (F (G′, H ′), . . . , F (G′, H ′))
⊤ ∈ Rn, ∀ (G′, H ′) ∈ Gm,n ×HV

m ×HW
n .

Note that every entry in the output of FW is equal to the output of F . Thus, it

follows from FW (G,H) = σW (FW (Ĝ, Ĥ)) that F (G,H) = F (Ĝ, Ĥ).
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The next lemma is similar to [XHLJ19, Theorem 3] and states that the separation

power of GNNs is at least that of the WL test.

Lemma 4.3.12. Let (G,H), (Ĝ, Ĥ) ∈ Gm,n × HV
m × HW

n . If F (G,H) = F (Ĝ, Ĥ)

holds for any F ∈ FGNN, then (G,H) ∼ (Ĝ, Ĥ).

Proof. It suffices to prove that, if (G,H) can be distinguished from (Ĝ, Ĥ) by the WL

test, then there exists F ∈ FGNN, such that F (G,H) ̸= F (Ĝ, Ĥ). The distinguish-

ability of the WL test implies that there exists L ∈ N and hash functions, HASH0,V ,

HASH0,W , HASHl,V , HASHl,W , HASH′
l,V , and HASH′

l,W , for l = 1, 2, . . . , L, such that

{{
CL,V

1 , CL,V
2 , . . . , CL,V

m

}}
̸=
{{

ĈL,V
1 , ĈL,V

2 , . . . , ĈL,V
m

}}
, (4.18)

or {{
CL,W

1 , CL,W
2 , . . . , CL,W

n

}}
̸=
{{

ĈL,W
1 , ĈL,W

2 , . . . , ĈL,W
n

}}
, (4.19)

We aim to construct some GNNs such that the followings hold for any l = 0, 1, . . . , L:

(i) hl,Vi = hl,Vi′ implies C l,V
i = C l,V

i′ , for 1 ≤ i, i′ ≤ m;

(ii) ĥl,Vi = ĥl,Vi′ implies Ĉ l,V
i = Ĉ l,V

i′ , for 1 ≤ i, i′ ≤ m;

(iii) hl,Vi = ĥl,Vi′ implies C l,V
i = Ĉ l,V

i′ , for 1 ≤ i, i′ ≤ m;

(iv) hl,Wj = hl,Wj′ implies C l,W
j = C l,W

j′ , for 1 ≤ j, j′ ≤ n;

(v) ĥl,Wj = ĥl,Wj′ implies Ĉ l,W
j = Ĉ l,W

j′ , for 1 ≤ j, j′ ≤ n;

(vi) hl,Wj = ĥl,Wj′ implies C l,W
j = Ĉ l,W

j′ , for 1 ≤ j, j′ ≤ n.

It is clear that the above conditions (i)-(vi) hold for l = 0 as long as we choose fV
in

and fW
in that are injective on the following two sets (not multisets) respectively:

{hV1 , . . . , hVm, ĥV1 , . . . , ĥVm} and {hW1 , . . . , hWn , ĥW1 , . . . , ĥWn }.
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We then assume that (i)-(vi) hold for some 0 ≤ l − 1 < L, and show that these

conditions are also satisfied for l if we choose fV
l , f

W
l , gVi , g

W
l properly. Let us consider

the set (not multiset):

{α1, α2, . . . , αs} ⊂ Rdl−1

that collects all different values in hl−1,W
j , ĥl−1,W

j , j = 1, 2, . . . , n. Let dl ≥ s and let

edlp = (0, . . . , 0, 1, 0, . . . , 0) be the vector in Rdl with the p-th entry being 1 and all

other entries being 0, for 1 ≤ p ≤ s. Choose fW
l : Rdl−1 → Rdl as a continuous

function satisfying fW
l (αp) = edlp , p = 1, 2, . . . , s, and choose gVl : Rdl−1 × Rdl → Rdl

that is continuous and is injective when restricted on the set (not multiset)

{(
hl−1,V
i ,

n∑
j=1

Ei,jf
W
l (hl−1,W

j )

)
: 1 ≤ i ≤ m

}

∪

{(
ĥl−1,V
i ,

n∑
j=1

Êi,jf
W
l (ĥl−1,W

j )

)
: 1 ≤ i ≤ m

}
.

Noticing that

n∑
j=1

Ei,jf
W
l (hl−1,W

j ) =
s∑

p=1

 ∑
hl−1,W
j =αp

Ei,j

 edlp ,

and that {edl1 , e
dl
2 , . . . , e

dl
s } is linearly independent, one can conclude that hl,Vi = hl,Vi′ if

and only if hl−1,V
i = hl−1,V

i′ and
∑n

j=1Ei,jf
W
l (hl−1,W

j ) =
∑n

j=1Ei′,jf
W
l (hl−1,W

j ), where

the second condition is equivalent to

∑
hl−1,W
j =αp

Ei,j =
∑

hl−1,W
j =αp

Ei′,j, ∀ p ∈ {1, 2, . . . , s}.

This, as well as the condition (iv) for l − 1, implies that

n∑
j=1

Ei,jHASH′
l,W

(
C l−1,W

j

)
=

n∑
j=1

Ei′,jHASH′
l,W

(
C l−1,W

j

)
,
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and hence that C l,V
i = C l,V

i′ by using hl−1,V
i = hl−1,V

i and condition (i) for l − 1.

Therefore, we know that (i) is satisfied for l, and one can show (ii) and (iii) for l

using similar arguments by taking dl large enough. In addition, fV
l and gWl can also

be chosen in a similar way such that (iv)-(vi) are satisfied for l.

Combining (4.18), (4.19), and condition (i)-(iv) for L, we obtain that{{
hL,V1 , hL,V2 , . . . , hL,Vm

}}
̸=
{{

ĥL,V1 , ĥL,V2 , . . . , ĥL,Vm

}}
, (4.20)

or {{
hL,W1 , hL,W2 , . . . , hL,Wn

}}
̸=
{{

ĥL,W1 , ĥL,W2 , . . . , ĥL,Wn

}}
.

Without loss of generality, we can assume that (4.20) holds.

Consider the set (not multiset)

{β1, β2, . . . , βt} ⊂ RdL ,

that collects all different values in hL,V1 , hL,V2 , . . . , hL,Vm , ĥL,V1 , ĥL,V2 , . . . , ĥL,Vm . Let k > 1

be a positive integer that is greater than the maximal multiplicity of an element in

the multisets {{hL,V1 , hL,V2 , . . . , hL,Vm }} and {{ĥL,V1 , ĥL,V2 , . . . , ĥL,Vm }}. There exists a

continuous function φ : RdL → R such that φ(βq) = kq for q = 1, 2, . . . , t, and due to

(4.20) and the fact that the way of writing an integer as k-ary expression is unique,

it hence holds that
m∑
i=1

φ(hL,Vi ) ̸=
m∑
i=1

φ(ĥL,Vi ).

Set the dimension of (L+1)-th layer as 1: dL+1 = 1, and set fL+1,V = 0, fL+1,W =

0, gL+1,V (h, 0) = φ(h), and gL+1,W = 0. Then we have hL+1,V
i = φ(hL,Vi ), ĥL+1,V

i =

φ(ĥL,Vi ), and hL+1,W
j = ĥL+1,W

j for i = 1, 2, . . . ,m and j = 1, 2, · · · , n. Define fout :

R× R→ R via fout(h, h
′) = h. Then it follows that

fout

(
m∑
i=1

hL+1,V
i ,

n∑
j=1

hL+1,W
j

)
=

m∑
i=1

φ(hL,Vi )
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̸=
m∑
i=1

φ(ĥL,Vi ) = fout

(
m∑
i=1

ĥL+1,V
i ,

n∑
j=1

ĥL+1,W
j

)
,

which guarantees the existence of F ∈ FGNN that has L + 1 layers and satisfies

F (G,H) ̸= F (Ĝ, Ĥ).

Proof of Theorem 4.2.11. The equivalence of the three conditions follow immediately

from Lemma 4.3.10, 4.3.11, and 4.3.12.

Corollary 4.3.13. For (G,H), (Ĝ, Ĥ) ∈ Gm,n×HV
m×HW

n , the followings are equiv-

alent:

(i) (G,H)
W∼ (Ĝ, Ĥ).

(ii) For any FW ∈ FW
GNN, it holds that FW (G,H) = FW (Ĝ, Ĥ).

Proof. The proof follows similar lines as in the proof of Theorem 4.2.11 with the

difference that there is no permutation on {w1, w2, . . . , wn}.

In addition to the separation power of GNNs for two weighted bipartite graphs

with vertex features, one can also obtain results on separating different vertices in

one weighted bipartite graph with vertex features.

Corollary 4.3.14. For any weighted bipartite graph with vertex features (G,H) and

any j, j′ ∈ {1, 2, . . . , n}, the followings are equivalent:

(i) C l,W
j = C l,W

j′ holds for any l ∈ N and any choice of hash functions.

(ii) FW (G,H)j = FW (G,H)j′, ∀ FW ∈ FW
GNN.

Proof. “(i) =⇒ (ii)” and “(ii) =⇒ (i)” can be proved using similar arguments in the

proof of Lemma 4.3.10 and Lemma 4.3.12, respectively.
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4.3.4 Universal Approximation of FGNN

This subsection provides the proof of Theorem 4.2.12. The main mathematical tool

used in the proof is the Stone–Weierstrass theorem:

Theorem 4.3.15 (Stone–Weierstrass theorem [Rud91, Section 5.7]). Let X be a

compact Hausdorff space and let F ⊂ Ω(X,R) be a subalgebra. If F separates points

on X, i.e., for any x, x′ ∈ X with x ̸= x′, there exists F ∈ F such that F (x) ̸= F (x′),

and 1 ∈ F , then F is dense in Ω(X,R) with the topology of uniform convergence.

Proof of Theorem 4.2.12. Let π : X → X/ ∼ be the quotient map, where π(X) =

X/ ∼ is equipped with the quotient topology. For any F ∈ FGNN, since F : X → R

is continuous and by Theorem 4.2.11, F (G,H) = F (Ĝ, Ĥ), ∀ (G,H) ∼ (Ĝ, Ĥ), there

exists a unique continuous F̃ : π(X)→ R such that F = F̃ ◦ π. Set

F̃GNN =
{
F̃ : F ∈ FGNN

}
⊂ Ω(π(X),R).

In addition, the assumption on Φ, i.e,

Φ(G,H) = Φ(Ĝ, Ĥ), ∀ (G,H) ∼ (Ĝ, Ĥ),

leads to the existence of a unique Φ̃ ∈ Ω(π(X),R) with Φ = Φ̃ ◦ π.

Since X is compact, then π(X) is also compact due to the continuity of π. Ac-

cording to Lemma 4.3.16 below, F̃GNN is a subalgebra of Ω(π(X),R). By Theo-

rem 4.2.11, F̃GNN separates points on π(X). This can further imply that π(X) is

Hausdorff. In fact, for any x, x′ ∈ π(X), there exists F̃ ∈ F̃GNN with F̃ (x) ̸= F̃ (x′).

Without loss of generality, we assume that F̃ (x) < F̃ (x′) and choose some c ∈ R

with F̃ (x) < c < F̃ (x′). By continuity of F̃ , we know that F̃−1((−∞, c))∩ π(X) and

F̃−1((c,+∞))∩π(X) are disjoint open subsets of π(X) with x ∈ F̃−1((−∞, c))∩π(X)

and x′ ∈ F̃−1((c,+∞))∩π(X), which leads to the Hausdorff property of π(X). Note
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also that 1 ∈ F̃GNN. Using Theorem 4.3.15, we can conclude the denseness of F̃GNN

in Ω(π(X),R). Therefore, for any ϵ > 0, there exists F ∈ FGNN, such that

sup
(G,H)∈X

|Φ(G,H)− F (G,H)| = sup
x∈π(X)

|Φ̃(x)− F̃ (x)| < ϵ,

which completes the proof.

Lemma 4.3.16. FGNN is a subalgebra of Ω(Gm,n×HV
m×HW

n ,R), and as a corollary,

F̃GNN is a subalgebra of Ω(Gm,n ×HV
m ×HW

n / ∼,R).

Proof. It suffices to show that FGNN is closed under addition and multiplication.

Consider any F, F̂ ∈ FGNN. Thanks to Lemma 4.3.17, we can assume that both F

and F̂ have L layers. Suppose that F is constructed by

fV
in : HV → Rd0 , fW

in : HW → Rd0 ,

fV
l , f

W
l : Rdl−1 → Rdl , gVl , g

W
l : Rdl−1 × Rdl → Rdl , 1 ≤ l ≤ L,

fout : RdL × RdL → R,

and that F̂ is constructed by

f̂V
in : HV → Rd̂0 , f̂W

in : HW → Rd̂0 ,

f̂V
l , f̂

W
l : Rd̂l−1 → Rd̂l , ĝVl , ĝ

W
l : Rd̂l−1 × Rd̂l → Rd̂l , 1 ≤ l ≤ L,

f̂out : Rd̂L × Rd̂L → R.

One can then construct two new GNNs computing F + F̂ and F · F̂ as follows:

The input layer The update rule of the input layer is defined by

fVin : HV → Rd0 × Rd̂0 ,

h 7→
(
fV
in (h), f̂V

in (h)
)
,
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fWin : HW → Rd0 × Rd̂0 ,

h 7→
(
fW
in (h), f̂W

in (h)
)
.

Then the vertex features after the computation of the input layer h0,V
i and h0,W

j are

given by:

h0,V
i = fVin (hVi ) =

(
fV
in (hVi ), f̂V

in (hVi )
)

= (h0,Vi , ĥ0,Vi ) ∈ Rd0 × Rd̂0 ,

h0,W
j = fWin (hWj ) =

(
fW
in (hWj ), f̂W

in (hWj )
)

= (h0,Wj , ĥ0,Wj ) ∈ Rd0 × Rd̂0 ,

for i = 1, 2 . . . ,m, and j = 1, 2, . . . , n.

The l-th layer (1 ≤ l ≤ L) . We set

fVl : Rdl−1 × Rd̂l−1 → Rdl × Rd̂l ,

(h, ĥ) 7→
(
fV
l (h), f̂V

l (ĥ)
)
,

fWl : Rdl−1 × Rd̂l−1 → Rdl × Rd̂l ,

(h, ĥ) 7→
(
fW
l (h), f̂W

l (ĥ)
)
,

gV
l : Rdl−1 × Rd̂l−1 × Rdl × Rd̂l → Rdl × Rd̂l ,

(h, ĥ, h′, ĥ′) 7→
(
gWl (h, h′), ĝWl (ĥ, ĥ′)

)
,

and

gW
l : Rdl−1 × Rd̂l−1 × Rdl × Rd̂l → Rdl × Rd̂l ,

(h, ĥ, h′, ĥ′) 7→
(
gVl (h, h′), ĝVl (ĥ, ĥ′)

)
.

Then the vertex features after the computation of the l-th layer hl,V
i and hl,W

j are

given by:

hl,V
i = gV

l

(
hl−1,V
i ,

n∑
j=1

Ei,jf
W
l (hl−1,W

j )

)
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=

(
gVl

(
hl−1,V
i ,

n∑
j=1

Ei,jf
W
l (hl−1,W

j )

)
, ĝVl

(
ĥl−1,V
i ,

n∑
j=1

Ei,j f̂
W
l (ĥl−1,W

j )

))

= (hl,Vi , ĥl,Vi ) ∈ Rdl × Rd̂l ,

and

hl,W
j = gW

l

(
hl−1,W
j ,

m∑
i=1

Ei,jf
V
l (hl−1,V

i )

)

=

(
gWl

(
hl−1,W
j ,

m∑
i=1

Ei,jf
V
l (hl−1,V

i )

)
, ĝWl

(
ĥl−1,W
j ,

m∑
i=1

Ei,j f̂
V
l (ĥl−1,V

i )

))

= (hl,Wj , ĥl,Wj ) ∈ Rdl × Rd̂l ,

for i = 1, 2 . . . ,m, and j = 1, 2, . . . , n.

The output layer To obtain F + F̂ , we set

faddout : RdL × Rd̂L × RdL × Rd̂L → R,

((h, ĥ), (h′, ĥ′)) 7→ fout(h, h
′) + f̂out(ĥ, ĥ

′).

Then it holds that

faddout

(
m∑
i=1

hL,V
i ,

n∑
j=1

hL,W
1

)
=fout

(
m∑
i=1

hL,Vi ,
n∑

j=1

hL,Wj

)
+ f̂out

(
m∑
i=1

ĥL,Vi ,
n∑

j=1

ĥL,Wj

)

=F (G,H) + F̂ (G,H).

To obtain F · F̂ , we set

fmultiply
out : RdL × Rd̂L × RdL × Rd̂L → R,

((h, ĥ), (h′, ĥ′)) 7→ fout(h, h
′) · f̂out(ĥ, ĥ′).

Then it holds that

fmultiply
out

(
m∑
i=1

hL,V
i ,

n∑
j=1

hL,W
1

)
=fout

(
m∑
i=1

hL,Vi ,
n∑

j=1

hL,Wj

)
· f̂out

(
m∑
i=1

ĥL,Vi ,
n∑

j=1

ĥL,Wj

)
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=F (G,H) · F̂ (G,H).

The constructed GNNs satisfy F (G,H) + F̂ (G,H) ∈ FGNN and F (G,H) · F̂ (G,H) ∈

FGNN, which finishes the proof.

Lemma 4.3.17. If F ∈ FGNN has L layers, then there exists F̂ ∈ FGNN with L + 1

layers such that F = F̂ .

Proof. Suppose that F ∈ FGNN is constructed by fV
in , fW

in , fout, {fV
l , f

W
l , gVl , g

W
l }Ll=0.

We choose fV
L+1 ≡ 0, fW

L+1 ≡ 0, gVL+1(h, h
′) = h, gWL+1(h, h

′) = h. Let F̂ be constructed

by fV
in , f

W
in , fout, {fV

l , f
W
l , gVl , g

W
l }L+1

l=0 . Then F̂ has L+ 1 layers with F̂ = F .

4.3.5 Universal Approximation of FW
GNN

This subsection provides a universal approximation result of FW
GNN.

Theorem 4.3.18. Let X ⊂ Gm,n×HV
m×HW

n be a compact subset that is closed under

the action of Sm × Sn. Suppose that Φ ∈ Ω(X,Rn) satisfies the followings:

(i) For any σV ∈ Sm, σW ∈ Sn, and (G,H) ∈ X, it holds that

Φ ((σV , σW ) ∗ (G,H)) = σW (Φ(G,H)). (4.21)

(ii) Φ(G,H) = Φ(Ĝ, Ĥ) holds for all (G,H), (Ĝ, Ĥ) ∈ X with (G,H)
W∼ (Ĝ, Ĥ).

(iii) Given any (G,H) ∈ X and any j, j′ ∈ {1, 2, . . . , n}, if C l,W
j = C l,W

j′ (the vertex

colors obtained in the l-th iteration in WL test) holds for any l ∈ N and any

choices of hash functions, then Φ(G,H)j = Φ(G,H)j′.

Then for any ϵ > 0, there exists F ∈ FW
GNN such that

sup
(G,H)∈X

∥Φ(G,H)− F (G,H)∥ < ϵ.
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Theorem 4.3.18 is an LP-graph version of results on the closure of equivariant

GNN class in [AL21, GR22]. The main tool in the proof of Theorem 4.3.18 is the

following generalized Stone-Weierstrass theorem for equivariant functions established

in [AL21].

Theorem 4.3.19 (Generalized Stone-Weierstrass theorem [AL21, Theorem 22]). Let

X be a compact topology space and let G be a finite group that acts continuously on

X and Rn. Define the collection of all equivariant continuous functions from X to

Rn as follows:

ΩE(X,Rn) = {F ∈ Ω(X,Rn) : F (g ∗ x) = g ∗ F (x), ∀ x ∈ X, g ∈ G}.

Consider any F ⊂ ΩE(X,Rn) and any Φ ∈ ΩE(X,Rn). Suppose the following condi-

tions hold:

(i) F is a subalgebra of Ω(X,Rn) and 1 ∈ F .

(ii) For any x, x′ ∈ X, if f(x) = f(x′) holds for any f ∈ Ω(X,R) with f1 ∈ F ,

then for any F ∈ F , there exists g ∈ G such that F (x) = g ∗ F (x′).

(iii) For any x, x′ ∈ X, if F (x) = F (x′) holds for any F ∈ F , then Φ(x) = Φ(x′).

(iv) For any x ∈ X, it holds that Φ(x)j = Φ(x)j′ , ∀ (j, j′) ∈ J(x), where J(x) =

{{1, 2, . . . , n}n : F (x)j = F (x)j′ , ∀ F ∈ F}.

Then for any ϵ > 0, there exists F ∈ F such that

sup
x∈X
∥Φ(x)− F (x)∥ < ϵ.

We refer to [Tim05] for different versions of the Stone-Weierstrass theorem, that

is also used in [AL21]. In the proof of Theorem 4.3.18, we also need the following

lemma whose proof is almost the same as the proof of Lemma 4.3.16 and is hence

omitted.
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Lemma 4.3.20. FW
GNN is a subalgebra of Ω(Gm,n ×HV

m ×HW
n ,Rn).

Proof of Theorem 4.3.18. Let Sm × Sn act on Rn via

(σV , σW ) ∗ y = σW (y), ∀ σV ∈ Sm, σW ∈ Sn, y ∈ Rn.

Then it follows from (4.21) that Φ is equivariant. In addition, the definition of

graph neural networks directly guarantees the equivariance of functions in FW
GNN.

Therefore, one only needs to verify the conditions with F as FW
GNN and G as Sn in

Theorem 4.3.19:

• Condition (i) in Theorem 4.3.19 follows from Lemma 4.3.20 and the definition

of FW
GNN.

• Condition (ii) in Theorem 4.3.19 follows from Theorem 4.2.11 and FGNN1 ⊂

FW
GNN.

• Condition (iii) in Theorem 4.3.19 follows from Corollary 4.3.13 and Condition

(ii) in Theorem 4.3.18.

• Condition (iv) in Theorem 4.3.19 follows from Corollary 4.3.14 and Condition

(iii) in Theorem 4.3.18.

It finishes the proof.

4.3.6 Proofs for Section 4.2.2

We collect the proofs of main theorems stated in Section 4.2.2 in this subsection.

Proof of Theorem 4.2.3. If F (G,H) = F (Ĝ, Ĥ) holds for any F ∈ FGNN, then The-

orem 4.2.11 guarantees that (G,H) ∼ (Ĝ, Ĥ). Thus, Condition (i), (ii), and (iii)

follow directly from Lemmas 4.3.4, 4.3.5, and 4.3.6, respectively.
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Furthermore, if FW (G,H) = FW (Ĝ, Ĥ), ∀ FW ∈ FW
GNN, then it follows from

Corollary 4.3.13 and Corollary 4.3.9 that the two LP problems associated to (G,H)

and (Ĝ, Ĥ) share the same optimal solution with the smallest ℓ2-norm.

Then we head into the proof of three main approximation theorems, say The-

orem 4.2.4, 4.2.6, and 4.2.8, that state that GNNs can approximate the feasibility

mapping Φfeas, the optimal objective value mapping Φobj, and the optimal solution

mapping Φsolu with arbitrarily small error, respectively. We have established in Sec-

tions 4.3.4 and 4.3.5 several theorems for graph neural networks to approximate con-

tinuous mappings. Therefore, the proof of Theorem 4.2.4, 4.2.6, and 4.2.8 basically

consists of two steps:

(i) Show that the mappings Φfeas, Φobj, and Φsolu are measurable.

(ii) Use continuous mappings to approximate the target measurable mappings, and

then apply the universal approximation results established in Sections 4.3.4 and

4.3.5.

Let us first prove the feasibility of Φfeas, Φobj, and Φsolu in the following three lemmas.

Lemma 4.3.21. The feasibility mapping Φfeas defined in (4.8) is measurable, i.e.,

the preimages Φ−1
feas(0) and Φ−1

feas(1) are both measurable subsets of Gm,n ×HV
m ×HW

n .

Proof. It suffices to prove that for any ◦ ∈ {≤,=≥}m and any Nl, Nu ⊂ {1, 2, . . . , n},

the set

Xfeas := {(A, b, l, u) ∈ Rm×n × Rm × R|Nl| × R|Nu| :

∃ x ∈ Rn, s.t. Ax ◦ b, xj ≥ lj, ∀ j ∈ Nl, xj ≤ uj, ∀ j ∈ Nu},

is a measurable subset in Rm×n × Rm × R|Nl| × R|Nu|. Without loss of generality, we

assume that ◦ = (≤, . . . ,≤,=, . . . ,=,≥, . . . ,≥) where “≤”, “=”, and “≥” appear for

k1, k2 − k1, and m− k1 − k2 times, respectively, 0 ≤ k1 ≤ k2 ≤ m.
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Let us define a function Vfeas : Rm×n × Rm × R|Nl| × R|Nu| × Rn → R≥0 that

measures to what extend a point in Rn violates the constraints:

Vfeas(A, b, l, u, x) = max

 max
1≤i≤k1

(
n∑

j=1

Ai,jxj − bi

)
+

, max
k1<i≤k2

∣∣∣∣∣
n∑

j=1

Ai,jxj − bi

∣∣∣∣∣ ,

max
k2<i≤m

(
bi −

n∑
j=1

Ai,jxj

)
+

, max
j∈Nl

(lj − xj)+, max
j∈Nu

(xj − uj)+

 ,

where y+ = max{y, 0}. It can be seen that Vfeas is continuous and Vfeas(A, b, l, u, x) =

0 if and only if Ax ◦ b, xj ≥ lj, ∀ j ∈ Nl, and xj ≤ uj, ∀ j ∈ Nu. Therefore, for any

(A, b, l, u) ∈ Rm×n × Rm × R|Nl| × R|Nu|, the followings are equivalent:

• (A, b, l, u) ∈ Xfeas.

• There exists R ∈ N+ and x ∈ BR := {x′ ∈ Rn : ∥x′∥ ≤ R}, such that

Vfeas(A, b, l, u, x) = 0.

• There exists R ∈ N+ such that for any r ∈ N+, Vfeas(A, b, l, u, x) ≤ 1/r holds

for some x ∈ BR ∩Qn.

This implies that Xfeas can be described via

⋃
R∈N+

⋂
r∈N+

⋃
x∈BR∩Qn{

(A, b, l, u) ∈ Rm×n × Rm × R|Nl| × R|Nu| : Vfeas(A, b, l, u, x) ≤ 1

r

}
.

Since Qn is countable and V is continuous, we immediately obtain from the above

expression that Xfeas is measurable.

Lemma 4.3.22. The optimal objective value mapping Φobj defined in (4.9) is mea-

surable.
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Proof. It suffices to prove that for any ◦ ∈ {≤,=≥}m, any Nl, Nu ⊂ {1, 2, . . . , n},

and any ϕ ∈ R, the set

Xobj := {(A, b, c, l, u) ∈ Rm×n × Rm × Rn × R|Nl| × R|Nu| :

∃ x ∈ Rn, s.t. c⊤x ≤ ϕ, Ax ◦ b, xj ≥ lj, ∀ j ∈ Nl, xj ≤ uj, ∀ j ∈ Nu},

is a measurable subset in Rm×n × Rm × Rn × R|Nl| × R|Nu|. Then the proof follows

the same lines as in the proof of Lemma 4.3.21, with a different violation function

Vobj(A, b, c, l, u, x) = max
{

(c⊤x− ϕ)+, Vfeas(A, b, l, u, x)
}
.

Lemma 4.3.23. The optimal solution mapping Φsolu defined in (4.10) is measurable.

Proof. It suffices to show that for every j0 ∈ {1, 2, . . . , n}, the mapping

πj0 ◦ Φsolu : Φ−1
obj(R)→ R,

is measurable, where πj0 : Rn → R maps a vector x ∈ Rn to its j0-th component.

Similar as before, one can consider any ◦ ∈ {≤,=≥}m, any Nl, Nu ⊂ {1, 2, . . . , n},

and any ϕ ∈ R, and prove that the set

Xsolu := {(A, b, c, l, u) ∈ Rm×n × Rm × Rn × R|Nl| × R|Nu| :

The LP problem, min
x∈Rd

c⊤x, s.t. Ax ◦ b, xj ≥ lj, ∀ j ∈ Nl, xj ≤ uj, ∀ j ∈ Nu,

has a finite optimal objective value, and its optimal solution

with the smallest ℓ2-norm, xopt, satisfies (xopt)j0 < ϕ},

is measurable.

Note that we have fixed ◦ ∈ {≤,=≥}m and Nl, Nu ⊂ {1, 2, . . . , n}. Let

ι : Rm×n × Rm × Rn × R|Nl| × R|Nu| → Gm,n ×HV
m ×HW

n ,
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be the embedding map. Define another violation function

Vsolu : (Φobj ◦ ι)−1(R)× Rn → R,

via

Vsolu(A, b, c, l, u, x) = max
{(
c⊤x− Φobj(ι(A, b, c, l, u))

)
+
, Vfeas(A, b, c, l, u, x)

}
,

which is measurable with respect to (A, b, c, l, u) for any fixed x ∈ Rn, due to the

measurability of Φobj and the continuity of Vfeas. Moreover, Vsolu is continuous with

respect to x. Therefore, the followings are equivalent for (A, b, c, l, u) ∈ (Φobj◦ι)−1(R):

• (A, b, c, l, u) ∈ Xsolu.

• There exists x ∈ Rn with xj0 < ϕ, such that Vsolu(A, b, c, l, u, x) = 0 and

Vsolu(A, b, c, l, u, x′) > 0, ∀ x′ ∈ B∥x∥, x
′
j0
≥ ϕ.

• There exists R ∈ Q+, r ∈ N+, and x ∈ BR with xj0 ≤ ϕ − 1/r, such that

Vsolu(A, b, c, l, u, x) = 0 and Vsolu(A, b, c, l, u, x′) > 0, ∀ x′ ∈ BR, x
′
j0
≥ ϕ.

• There exists R ∈ Q+ and r ∈ N+, such that for all r′ ∈ N+, ∃ x ∈ BR ∩

Qn, xj0 ≤ ϕ − 1/r, s.t. Vsolu(A, b, c, l, u, x) < 1/r′ and that ∃ r′′ ∈ N+, s.t.,

Vsolu(A, b, c, l, u, x′) ≥ 1/r′′, ∀ x′ ∈ BR ∩Qn, x′j0 ≥ ϕ.

Therefore, one has that

Xsolu =
⋃

R∈Q+

⋃
r∈N+

(( ⋂
r′∈N+

⋃
x∈BR∩Qn, xj0

≤ϕ− 1
r{

(A, b, c, l, u) ∈ (Φobj ◦ ι)−1(R) : Vsolu(A, b, c, l, u, x) <
1

r′

})

∩

( ⋃
r′′∈N+

⋂
x′∈BR∩Qn, x′

j0
≥ϕ
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{
(A, b, c, l, u) ∈ (Φobj ◦ ι)−1(R) : Vsolu(A, b, c, l, u, x′) ≥ 1

r′′

}))
,

which is measurable.

With the measurability of Φfeas, Φobj, and Φsolu established, the next step is to

approximate Φfeas, Φobj, and Φsolu using continuous mappings, and hence graph neural

networks. Before proceeding, let us mention that Gm,n × HV
m × HW

n is essentially

the disjoint union of finitely many product spaces of Euclidean spaces and discrete

spaces that have finitely many points and are equipped with discrete measures. More

specifically,

Gm,n ×HV
m ×HW

n

∼=Rm×n × (R× {≤,=,≥})m × (R× (R ∪ {−∞})× (R ∪ {+∞}))n

∼=
n⋃

k,k′=0

(n
k)⋃

s=1

(n
k′)⋃

s′=1

Rm×n × Rm × Rn × Rn−k × Rn−k′

× {≤,=,≥}m × {−∞}k × {+∞}k′ .

Therefore, many results in real analysis for Euclidean spaces still apply for Gm,n ×

HV
m ×HW

n and Meas(·), including the following Lusin’s theorem.

Theorem 4.3.24 (Lusin’s theorem [EG18, Theorem 1.14]). Let µ be a Borel regular

measure on Rn and let f : Rn → Rm be µ-measurable. Then for any µ-measurable

X ⊂ Rn with µ(X) < ∞ and any ϵ > 0, there exists a compact set E ⊂ X with

µ(X\E) < ϵ, such that f |E is continuous.

Proof of Theorem 4.2.4. Since X ⊂ Gm,n×HV
m×HW

n is measurable with finite mea-

sure, according to Lusin’s theorem, there is a compact set E ⊂ X such that Φfeas|E is

continuous with Meas(X\E) < ϵ. By Lemma 4.3.4 and Theorem 4.2.12, there exists
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F ∈ FGNN such that

sup
(G,H)∈E

|F (G,H)− Φfeas(G,H)| < 1

2
,

which implies that

IF (G,H)>1/2 = Φfeas(G,H), ∀ (G,H) ∈ E.

Therefore, one obtains

Meas
({

(G,H) ∈ X : IF (G,H)>1/2 ̸= Φfeas(G,H)
})
≤ Meas(X\E) < ϵ,

and the proof is completed.

Proof of Corollary 4.2.5. As a finite set, D is compact and Φfeas|D is continuous.

The rest of the proof is similar to that of Theorem 4.2.4, using Lemma 4.3.4 and

Theorem 4.2.12.

Proof of Theorem 4.2.6. (i) The proof follows the same lines as in the proof of The-

orem 4.2.4, with the difference that we approximate

Φ(G,H) =

{
1, if Φobj(G,H) ∈ R,
0, otherwise,

instead of Φfeas and we use Lemma 4.3.5 instead of Lemma 4.3.4.

(ii) The proof is still similar to that of Theorem 4.2.4. By Lusin’s theorem, there

is a compact set E ⊂ X ∩ Φ−1
obj(R) such that Φobj|E is continuous with

Meas
(
(X ∩ Φ−1

obj(R))\E
)
< ϵ.

Using Lemma 4.3.5 and Theorem 4.2.12, there exists F2 ∈ FGNN with

sup
(G,H)∈E

|F2(G,H)− Φobj(G,H)| < δ,
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which implies that

Meas ({(G,H) ∈ X : |F2(G,H)− Φobj(G,H)| > δ}) ≤ Meas
(
(X ∩ Φ−1

obj(R))\E
)
< ϵ.

Proof of Corollary 4.2.7. The results can be proved using similar techniques as in

Theorem 4.2.4 and Theorem 4.2.6 by noticing that any finite dataset is compact on

which any real-valued function is continuous.

Proof of Theorem 4.2.8. Without loss of generality, we assume that X ⊂ Φ−1
obj(R) ⊂

Gm,n×HV
m×HW

n is closed under the action of Sm× Sn; otherwise, we can replace X

by
⋃

(σV ,σW )∈Sm×Sn
(σV , σW ) ∗X. By Lusin’s theorem, there exists a compact subset

E ′ ⊂ X such that Meas(A\X) < ϵ/|Sm × Sn| and that Φsolu|E′ is continuous. Define

another compact set:

E =
⋂

(σV ,σW )∈Sm×Sn

(σV , σW ) ∗ E ′ ⊂ X,

which is closed under the action of Sm × Sn and satisfies

Meas(X\E) ≤
∑

(σV ,σW )∈Sm×Sn

Meas(X\(σV , σW ) ∗ E ′)

=
∑

(σV ,σW )∈Sm×Sn

Meas((σV , σW ) ∗X\(σV , σW ) ∗ E ′)

=
∑

(σV ,σW )∈Sm×Sn

µ((σV , σW ) ∗ (X\E ′))

=
∑

(σV ,σW )∈Sm×Sn

µ(X\E ′)

<
∑

(σV ,σW )∈Sm×Sn

ϵ

|Sm × Sn|

= ϵ.
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Note that the three conditions in Theorem 4.3.18 are satisfied by the definition of

Φsolu, Corollary 4.3.9, and Corollary 4.3.8, respectively. Using Theorem 4.3.18, there

exists FW ∈ FW
GNN such that

sup
(G,H)∈E

∥FW (G,H)− Φsolu(G,H)∥ < δ.

Therefore, it holds that

Meas ({(G,H) ∈ X : ∥FW (G,H)− Φsolu(G,H)∥ > δ}) ≤ Meas(X\E) < ϵ,

which completes the proof.

Proof of Corollary 4.2.9. One can assume that D is closed under the action of Sm ×

Sn; otherwise, a larger but still finite dataset,
⋃

(σV ,σW )∈Sm×Sn
(σV , σW ) ∗ D, can be

considered instead of D. The rest of the proof is similar to that of Theorem 4.2.8

since D is compact and Φsolu|D is continuous.

4.4 On Representing Mixed-Integer Linear Pro-

grams by Graph Neural Networks

This section presents the results of representing MILPs by GNNs. Unlike the LP

case, two MILP problems that cannot be distinguished by WL test may have totally

different properties. Therefore, several remedies need to be proposed to have universal

approximation of GNNs for properties MILPs.

Organization The rest of this section will be organized as follows. Section 4.4.1 in-

troduces the mappings that are what we aim to approximate by GNNs. Section 4.4.2

contains a counterexample that MILPs suffer from the fundamental limitation that

GNNs or WL text cannot distinguish every pair of non-isomorphic graphs. We
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then discuss two remedies, say restricting the dataset to unfoldable MILPs (see Sec-

tion 4.4.3) and adding random features (see Section 4.4.4). The deferred proofs and

further details can be found in Section 4.5.

4.4.1 Target Mappings

Feasibility mapping We first define the following mapping that indicates the

feasibility of MILP:

Φfeas : Gm,n ×HV
m ×HW

n → {0, 1},

where Φfeas(G,H) = 1 if (G,H) corresponds to a feasible MILP and Φfeas(G,H) = 0

otherwise.

Optimal objective value mapping We then define the following mapping that

maps a MILP to its optimal objective value:

Φobj : Gm,n ×HV
m ×HW

n → R ∪ {∞,−∞},

where Φobj(G,H) =∞ implies infeasibility and Φobj(G,H) = −∞ implies unbound-

edness. Note that the optimal objective value for MILP may be an infimum that

can never be achieved. An example would be minx∈Z2 x1 + πx2, s.t. x1 + πx2 ≥
√

2.

The optimal objective value is
√

2, since for any ϵ > 0, there exists a feasible x with

x1 + πx2 <
√

2 + ϵ. However, there is no x ∈ Z2 such that x1 + πx2 =
√

2. Thus,

the preimage Φ−1
obj(R) cannot precisely describe all MILP instances with an optimal

solution, it describes MILP problems with a finite optimal objective.

Optimal solution mapping To give a well-defined optimal solution mapping is

much more complicated 3 since the optimal objective value, as we discussed before,

3If we remove the integer constraints I = ∅ and let MILP reduces to LP, the solution mapping
is easier to define. Recall that as long as the optimal objective value is finite, there must exist
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may never be achieved in some cases. To handle this issue, we only consider the case

that any component in l or u must be finite, which implies that an optimal solution

exists as long as the MILP problem is feasible. More specifically, the vertex feature

space is limited to H̃W
n = (R×R×R×{0, 1})n ⊂ HW

n and we consider MILP problems

taken from Dsolu =
(
Gm,n×HV

m×H̃W
n

)
∩Φ−1

feas(1). Note that Φ−1
feas(1) describes the set

of all feasible MILPs. Consequently, any MILP instance in Dsolu admits at least one

optimal solution. We can further define the following mapping which maps a MILP

to exactly one of its optimal solutions:

Φsolu : Dsolu\Dfoldable → Rn,

where Dfoldable is a subset of Gm,n×HV
m×HW

n that will be introduced in Section 4.4.3.

The full definition of Φsolu is placed in Section 4.5.3 due to its tediousness.

It is clear that both Φfeas and Φobj are permutation invariant in the following

sense:

Φfeas((σV , σW ) ∗ (G,H)) = Φfeas(G,H), Φobj((σV , σW ) ∗ (G,H)) = Φobj(G,H),

for all σV ∈ Sm, σW ∈ Sn, and (G,H) ∈ Gm,n × HV
m × HW

n . In addition, Φsolu is

permutation equivariant:

Φsolu((σV , σW ) ∗ (G,H)) = σW (Φsolu(G,H)),

for all σV ∈ Sm, σW ∈ Sn, and (G,H) ∈ Dsolu\Dfoldable. This will be discussed in

Section 4.5.3.

4.4.2 Directly Applying GNNsMay Fail on General Datasets

In this subsection, we show a limitation of GNNs to represent MILPs. Recall

that the separation powers of GNNs and the Weisfeiler-Lehman (WL) test (Algo-

an optimal solution, and the optimal solution with the smallest ℓ2-norm is unique. Therefore,
a mapping Φsolu, which maps an LP to its optimal solution with the smallest ℓ2-norm, is well
defined on Φ−1

obj(R) (see Section 4.2.1).
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rithm 4.1 [WL68]) are equivalent (see Theorem 4.2.11 and [XHLJ19, AL21, GR22]),

and that there exist some non-isomorphic graph pairs that WL test fails to dis-

tinguish [Dou11]. Let us also remark that although Theorem 4.2.11 is stated and

proved for LP-graphs, it actually also applies for MILP-graphs. Similar to the LP

case, we use WLMILP(·) to denote Algorithm 4.1 applied on MILP-graphs and use

(G,H) ∼ (Ĝ, Ĥ) to denote that (G,H) and (Ĝ, Ĥ) cannot be distinguished by the

WL test, i.e., WLMILP((G,H), L) = WLMILP((Ĝ, Ĥ), L) holds for any L ∈ N and any

hash functions.

The following lemma reveals that the separation power of WL test is weaker

than Φfeas, and, consequently, GNN has weaker separation power than Φfeas, on some

specific MILP datasets.

Lemma 4.4.1. There exist two MILP problems (G,H) and (Ĝ, Ĥ) with one being

feasible and the other one being infeasible, such that (G,H) ∼ (Ĝ, Ĥ).

Proof. Consider two MILP problems and their induced graphs:

min
x∈R6

x1 + x2 + x3 + x4 + x5 + x6,

s.t. x1 + x2 = 1, x2 + x3 = 1, x3 + x4 = 1,

x4 + x5 = 1, x5 + x6 = 1, x6 + x1 = 1,

0 ≤ xj ≤ 1, xj ∈ Z, ∀ j ∈ {1, 2, . . . , 6}.

min
x∈R6

x1 + x2 + x3 + x4 + x5 + x6,

s.t. x1 + x2 = 1, x2 + x3 = 1, x3 + x1 = 1,

x4 + x5 = 1, x5 + x6 = 1, x6 + x4 = 1,

0 ≤ xj ≤ 1, xj ∈ Z, ∀ j ∈ {1, 2, . . . , 6}.

v1

v2

v3

v4

v5

v6

w1

w2

w3

w4

w5

w6

v1

v2

v3

v4
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w3

w4

w5

w6

Figure 4.3: Two non-isomorphic MILP graphs that cannot be distinguished by WL
test

The two MILP-graphs in Fugure 4.3 can not be distinguished by WL test, which

can be proved by induction. First, we consider the initial step in Algorithm 4.1. We
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can explicitly write down the vertex features for each vertex here: hVi = (1,=), 1 ≤

i ≤ 6 and hWj = (1, 0, 1, 1), 1 ≤ j ≤ 6. Since all the vertices in V share the same

information, they are labeled with a uniform color C0,V
1 = C0,V

2 · · · = C0,V
6 (We use

blue in Figure 4.3), whatever the hash functions we choose. With the same argument,

one would obtain C0,W
1 = C0,W

2 · · · = C0,W
6 and label all vertices in W with red. Both

of the two graphs will be initialized in such an approach. Assuming {C l,V
i }6i=1 are all

blue and {C l,W
j }6j=1 are all red, one will obtain for both of the graphs in Figure 4.3

that C l+1,V
1 = C l+1,V

2 · · · = C l+1,V
6 and C l+1,W

1 = C l+1,W
2 · · · = C l+1,W

6 based on the

update rule in Algorithm 4.1, because each blue vertex has two red neighbors and

each red vertex has two blue neighbors, and each edge connecting a blue vertex with

a red one has weight 1. This concludes that one cannot distinguish the two graphs

by checking the outputs of the WL test.

However, the first MILP problem is feasible, since x = (0, 1, 0, 1, 0, 1) is a feasible

solution, while the second MILP problem is infeasible since the constraints imply

3 = 2(x1 + x2 + x3) ∈ 2Z, which is a contradiction.

4.4.3 Unfoldable MILP Problems

We prove with example in Section 4.4.2 that one may not expect a good performance

of GNN to approximate Φfeas on a general dataset of MILP problems. It’s worth

asking: is it possible to describe the common characteristics of those hard examples?

If so, one may restrict the dataset by removing such instances, and establish a strong

separation/representation power of GNN on that restricted dataset. The following

definition provides a rigorous description of such MILP instances.

Definition 4.4.2 (Foldable MILP). Given any MILP instance, one would obtain

vertex colors {C l,V
i , C l,W

j }l,i,j by running Algorithm 4.1. We say that a MILP instance
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can be folded, or is foldable, if there exist 1 ≤ i, i′ ≤ m or 1 ≤ j, j′ ≤ n such that

C l,V
i = C l,V

i′ , i ̸= i′, or C l,W
j = C l,W

j′ , j ̸= j′,

for any l ∈ N and any hash functions. In another word, at least one color in the mul-

tisets generated by the WL test always has a multiplicity greater than 1. Furthermore,

we denote Dfoldable ⊂ Gm,n×HV
m×HW

n as the collection of all (G,H) ∈ Gm,n×HV
m×HW

n

that can be folded.

For example, the MILP in Figure 4.1 is not foldable, while the two MILP instances

in Figure 4.3 are both foldable. The foldable examples in Figure 4.3 have been

analyzed in the proof of Lemma 4.4.1, and now we provide some analysis of the

example in Figure 4.1 here. Since the vertex features are distinct hW1 ̸= hW2 , one would

obtain C0,W
1 ̸= C0,W

2 as long as the hash function HASH0,W is injective. Although

hV1 = hV2 and hence C0,V
1 = C0,V

2 , the neighborhood information of v1 and v2 are

different due to the difference of the edge weights. One could obtain C1,V
1 ̸= C1,V

2 by

properly choosing HASH0,W ,HASH′
1,W ,HASH1,V , which concludes the unfoldability.

We prove that, as long as those foldable MILPs are removed, GNN is able to

accurately predict the feasibility of all MILP instances in a dataset with finite sam-

ples. We use (F (G,H) > 1/2) as the criteria, and the indicator IF (G,H)>1/2 = 1 if

F (G,H) > 1/2; IF (G,H)>1/2 = 0 otherwise.

Theorem 4.4.3. For any finite dataset D ⊂ Gm,n ×HV
m ×HW

n \Dfoldable, there exists

F ∈ FGNN such that

IF (G,H)>1/2 = Φfeas(G,H), ∀ (G,H) ∈ D.

Similar results also hold for the optimal objective value mapping Φobj and the

optimal solution mapping Φsolu and we list the results below.

157



Theorem 4.4.4. Let D ⊂ Gm,n × HV
m × HW

n \Dfoldable be a finite dataset. For any

δ > 0, there exists F1 ∈ FGNN such that

IF1(G,H)>1/2 = IΦobj(G,H)∈R, ∀ (G,H) ∈ D,

and there exists some F2 ∈ FGNN such that

|F2(G,H)− Φobj(G,H)| < δ, ∀ (G,H) ∈ D ∩ Φ−1
obj(R).

Theorem 4.4.5. Let D ⊂ Dsolu\Dfoldable ⊂ Gm,n × HV
m × HW

n \Dfoldable be a finite

dataset. For any δ > 0, there exists FW ∈ FW
GNN such that

∥FW (G,H)− Φsolu(G,H)∥ < δ, ∀ (G,H) ∈ D.

Theorem 4.4.3, 4.4.4, 4.4.5, and their strengthened versions will be proved in

Section 4.5.1. Let us also mention that the foldability of a MILP instance may depend

on the feature spaces HV and HW . If more features are appended (see [GCF+19]),

i.e., hVi and hWj have more entries, and then a foldable MILP problem may become

unfoldable. In addition, all the analysis here works for any topological linear spaces

HV and HW , as long as Φfeas, Φobj, and Φsolu can be verified as measurable and

permutation-invariant/equivariant mappings.

4.4.4 Symmetry Breaking Techniques via Random Features

Although we prove that GNN is able to approximate Φfeas,Φobj,Φsolu to any given

precision for those unfoldable MILP instances, practitioners cannot benefit from that

if there are foldable MILPs in their set of interest. For example, for around 1/4 of

the problems in MIPLIB 2017 [GHG+21], the number of colors generated by WL

test is smaller than one half of the number of vertices, with respect to the HV and

HW used in this chapter. To resolve this issue, we introduce a technique inspired
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by [ACGL20, SYK21]. More specifically, we append the vertex features with an

additional random feature ω and define a type of random GNNs as follows.

Let Ω = [0, 1]m× [0, 1]n and let (Ω,FΩ,P) be the probability space corresponding

to the uniform distribution U(Ω). The class of random graph neural network FR
GNN

with scalar output is the collection of functions

FR : Gm,n ×HV
m ×HW

n × Ω→ R,

(G,H, ω) 7→ FR(G,H, ω),

which is defined in the same way as FGNN with input space being Gm,n×HV
m×HW

n ×

Ω ∼= Gm,n × (HV × [0, 1])m × (HW × [0, 1])n and ω being sampled from U(Ω). The

class of random graph neural network FW,R
GNN with vector output is the collection of

functions

FW,R : Gm,n ×HV
m ×HW

n × Ω→ Rn,

(G,H, ω) 7→ FW,R(G,H, ω),

which is defined in the same way as FW
GNN with input space being Gm,n×HV

m×HW
n ×

Ω ∼= Gm,n × (HV × [0, 1])m × (HW × [0, 1])n and ω being sampled from U(Ω).

By the definition of graph neural networks, FR is permutation invariant and FW,R

is permutation equivariant, where the permutations σV and σW act on (HV × [0, 1])m

and (HW × [0, 1])n. We also write FR(G,H) = FR(G,H, ω) and FW,R(G,H) =

FW,R(G,H, ω) as random variables. The theorem below states that, by adding ran-

dom features, GNNs have sufficient power to represent MILP feasibility, even in-

cluding those foldable MILPs. The intuition is that by appending additional random

features, with probability one, each vertex will have distinct features and the resulting

MILP-graph is hence unfoldable, even if it is foldable originally.

Theorem 4.4.6. Let D ⊂ Gm,n×HV
m×HW

n be a finite dataset. For any ϵ > 0, there

exists FR ∈ FR
GNN, such that

P
(
IFR(G,H)>1/2 ̸= Φfeas(G,H)

)
< ϵ, ∀ (G,H) ∈ D.
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Similar results also hold for the optimal objective value and the optimal solution.

Theorem 4.4.7. Let D ⊂ Gm,n × HV
m × HW

n be a finite dataset. For any ϵ, δ > 0,

there exists FR,1 ∈ FR
GNN, such that

P
(
IFR,1(G,H)>1/2 ̸= IΦobj(G,H)∈R

)
< ϵ, ∀ (G,H) ∈ D,

and there exists FR,2 ∈ FR
GNN, such that

P (|FR,2(G,H)− Φobj(G,H)| > δ) < ϵ, ∀ (G,H) ∈ D ∩ Φ−1
obj(R).

Theorem 4.4.8. Let D ⊂ Φ−1
obj(R) ⊂ Gm,n ×HV

m ×HW
n be a finite dataset. For any

ϵ, δ > 0, there exists FW,R ∈ FW,R
GNN, such that

P (∥FW,R(G,H)− Φsolu(G,H)∥ > δ) < ϵ, ∀ (G,H) ∈ D.

4.5 Proofs for Section 4.4 and Construction of Φsolu

4.5.1 Proofs for Section 4.4.3

In this subsection, we prove the results in Section 4.4.3, i.e., graph neural networks

can approximate Φfeas, Φobj, and Φsolu, on finite datasets of unfoldable MILPs with

arbitrarily small error. We would consider more general results on finite-measure

subset of Gm,n ×HV
m ×HW

n which may involve infinite elements.

In our settings, foldability is actually a concept only depending on the MILP

instance. In the Definition 4.4.2, we utilize the tool of the WL test to define foldability

here for readability. Here we present a more complex but equivalent definition merely

with the language of MILP.

Definition 4.5.1 (Foldable MILP). We say that the MILP problem (4.1) can be

folded, or is foldable, if there exist I = {I1, I2, . . . , Is} and J = {J1, J2, . . . , Jt} that
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are partitions of {1, 2, . . . ,m} and {1, 2, . . . , n}, respectively, such that at least one

of I and J is nontrivial, i.e., s < m or t < n, and that the followings hold for any

p ∈ {1, 2, . . . , s} and q ∈ {1, 2, . . . , t}: vertices in {vi : i ∈ Ip} share the same feature

in HV , vertices in {wj : j ∈ Jq} share the same feature in HW , and all column sums

(and row sums) of the submatrix (Ai,j)i∈Ip,j∈Jq are the same.

According to Section 4.3.1, the color refinement procedure of the WL test con-

verges to the coarsest partitions I and J satisfying the conditions in Definition 4.5.1,

assuming no collision happens. Therefore, one can see that Definition 4.4.2 and Def-

inition 4.5.1 are equivalent.

We then state the following three theorems that can be viewed as generalized

versions of Theorem 4.4.3, 4.4.4, and 4.4.5.

Theorem 4.5.2. Let X ⊂ Gm,n ×HV
m ×HW

n \Dfoldable be measurable with finite mea-

sure. For any ϵ > 0, there exists some F ∈ FGNN, such that

Meas
({

(G,H) ∈ X : IF (G,H)>1/2 ̸= Φfeas(G,H)
})

< ϵ,

where I· is the indicator function, i.e., IF (G,H)>1/2 = 1 if F (G,H) > 1/2 and

IF (G,H)>1/2 = 0 otherwise.

Theorem 4.5.3. Let X ⊂ Gm,n ×HV
m ×HW

n \Dfoldable be measurable with finite mea-

sure. For any ϵ, δ > 0, the followings hold:

(i) There exists some F1 ∈ FGNN such that

Meas
({

(G,H) ∈ X : IF1(G,H)>1/2 ̸= IΦobj(G,H)∈R
})

< ϵ.

(ii) There exists some F2 ∈ FGNN such that

Meas
({

(G,H) ∈ X ∩ Φ−1
obj(R) : |F2(G,H)− Φobj(G,H)| > δ

})
< ϵ.
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Theorem 4.5.4. Let X ⊂ Dsolu\Dfoldable ⊂ Gm,n ×HV
m ×HW

n \Dfoldable be measurable

with finite measure. For any ϵ, δ > 0, there exists FW ∈ FW
GNN such that

Meas ({(G,H) ∈ X : ∥FW (G,H)− Φsolu(G,H)∥ > δ}) < ϵ.

The proof framework is similar to those in Section 4.3, and consists of two steps:

(i) Show the measurability of the target mapping and apply Lusin’s theorem to

obtain a continuous mapping on a compact domain.

(ii) Use the Stone-Weierstrass-type theorem to show the uniform approximation

result of graph neural networks.

We first prove that Φfeas and Φobj are both measurable in the following two lem-

mas. The optimal solution mapping Φsolu will be defined rigorously and proved as

measurable in Section 4.5.3.

Lemma 4.5.5. The feasibility mapping Φfeas : Gm,n×HV
m×HW

n → {0, 1} is measur-

able.

Proof. It suffices to prove that Φ−1
feas(1) is measurable, and the proof is almost the

same as that of Lemma 4.3.21. The difference is that we should consider any fixed

τ ∈ {0, 1}n. Assuming τ = (0, . . . , 0, 1, . . . , 1) where 0 and 1 appear for k and n− k

times respectively without loss of generality, we can replace Rn and Qn in the proof of

Lemma 4.3.21 by Rk×Zn−k and Qk×Zn−k to get the proof in the MILP setting.

Lemma 4.5.6. The optimal objective value mapping Φobj : Gm,n × HV
m × HW

n →

R ∪ {∞,−∞} is measurable.

Proof. Consider any ϕ ∈ R, Φobj(G,H) < ϕ if and only if for the MILP problem

associated to (G,H), there exists a feasible solution x and some r ∈ N+ such that

c⊤x ≤ ϕ−1/r. The rest of the proof can be done using the same techniques as in the
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proofs of Lemma 4.3.21 and Lemma 4.3.22, with the difference pointed in the proof

of Lemma 4.5.5.

We will need to use Theorem 4.2.12 and let us remark that its proof does not

depend on the specific choice of the feature spaces HV and HW , which only requires

thatHV andHW are both topological linear spaces. Therefore, Theorem 4.2.12 works

for MILP-graphs with additional vertices features.

For applying Theorem 4.2.12, one need to verify that the separation power of Φfeas

and Φobj are bounded by that of WL test for unfoldable MILP instances. For any

(G,H), (Ĝ, Ĥ) ∈ Gm,n×HV
m×HW

n \Dfoldable, since they are unfoldable, WL test should

generate discrete coloring for them if there is no collision. If we further assume that

they cannot be distinguished by WL test, then their stable discrete coloring must

be identical (up to some permutation probably), which implies that they must be

isomorphic. Therefore, we have the following lemma:

Lemma 4.5.7. For any (G,H), (Ĝ, Ĥ) ∈ Gm,n × HV
m × HW

n \Dfoldable, it holds that

(G,H) ∼ (Ĝ, Ĥ) if and only if (G,H) and (Ĝ, Ĥ) are isomorphic, i.e., (σV , σW ) ∗

(G,H) = (Ĝ, Ĥ) for some σV ∈ Sm and σW ∈ Sn.

Let us remark that Lemma 4.5.7 is true for any vertex feature spaces because the

following proof does not assume the structure of the feature spaces.

Proof. It’s trivial that the isomorphism of (G,H) and (Ĝ, Ĥ) implies (G,H) ∼

(Ĝ, Ĥ), and it suffices to show (G,H) ∼ (Ĝ, Ĥ) implies the isomorphism.

Applying Algorithm 4.1 on (G,H) and (Ĝ, Ĥ) with a common set of hash func-

tions, we define the outcomes respectively:

{{CL,V
i }}mi=0, {{C

L,W
j }}nj=0 :=WLMILP((G,H), L),

{{ĈL,V
i }}mi=0, {{Ĉ

L,W
j }}nj=0 :=WLMILP((Ĝ, Ĥ), L).
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Then (G,H) ∼ (Ĝ, Ĥ) can be written as

{{CL,V
i }}mi=0 = {{ĈL,V

i }}mi=0, and {{CL,W
j }}nj=0 = {{ĈL,W

j }}nj=0 (4.22)

for all L ∈ N and all hash functions. We define hash functions used in this proof.

• We take hash functions HASH0,V ,HASH0,W such that they are injective on the

following domain:

{hVi , hWj , ĥVi , ĥWj : 1 ≤ i ≤ m, 1 ≤ j ≤ n}.

Note that {·} means a set, but not a multiset. The above set collects all possible

values of the vertex features in the given two graphs (G,H) and (Ĝ, Ĥ). Such

hash functions exist because the number of vertices in the two graphs must be

finite.

• For l ∈ {1, 2, · · · , L}, we define a set that collects all possible vertex colors at

the l − 1-th iteration,

Cl−1 := {C l−1,V
i , C l−1,W

j , Ĉ l−1,V
i , Ĉ l−1,W

j : 1 ≤ i ≤ m, 1 ≤ j ≤ n}.

Note that |Cl−1| is finite. The two sets {HASH′
l,V (C) : C ∈ Cl−1} and

{HASH′
l,W (C) : C ∈ Cl−1} can be linearly independent for some hash func-

tions HASH′
l,V ,HASH′

l,W . This is because that one can take the output spaces

of HASH′
l,V ,HASH′

l,W as linear spaces of dimension greater than |Cl−1|. Given

such functions HASH′
l,V ,HASH′

l,W , we consider the following set{(
C l−1,V

i ,
n∑

j=1

Ei,jHASH′
l,W

(
C l−1,W

j

))
: 1 ≤ i ≤ m

}

∪

{(
Ĉ l−1,V

i ,

n∑
j=1

Êi,jHASH′
l,W

(
Ĉ l−1,W

j

))
: 1 ≤ i ≤ m

}
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∪

{(
C l−1,W

j ,
n∑

i=1

Ei,jHASH′
l,V

(
C l−1,V

i

))
: 1 ≤ j ≤ n

}

∪

{(
Ĉ l−1,W

j ,
n∑

i=1

Êi,jHASH′
l,V

(
Ĉ l−1,V

i

))
: 1 ≤ j ≤ n

}
,

which is a finite set given any two graphs (G,H) and (Ĝ, Ĥ). Thus, one can

pick hash functions HASHl,V ,HASHl,W that are injective on the above set.

Due to the stated assumption that (G,H) and (Ĝ, Ĥ) are both unfoldable and the

definition of the above hash functions, one can obtain that

CL,V
i ̸= CL,V

i′ , ∀ i ̸= i′, CL,W
j ̸= CL,W

j′ , ∀ j ̸= j′,

ĈL,V
i ̸= ĈL,V

i′ , ∀ i ̸= i′, ĈL,W
j ̸= ĈL,W

j′ , ∀ j ̸= j′,
(4.23)

for some L ∈ N. In another word, in either (G,H) or (Ĝ, Ĥ), each vertex has a unique

color. Combining (4.22) and (4.23), we have that there exists unique σV ∈ Sm and

σW ∈ Sn such that

ĈL,V
i = CL,V

σV (i), ĈL,W
j = CL,W

σW (j), ∀ i = 1, 2, . . . ,m, j = 1, 2, . . . , n.

In addition, the vertices with the same colors have the same neighbor information,

including the colors of the neighbors and weights of the associated edges. Rigorously,

since HASHL,V ,HASHL,W are both injective, one will obtain that

ĈL−1,V
i = CL−1,V

σV (i) , ĈL−1,W
j = CL−1,W

σW (j) ,

n∑
j=1

Êi,jHASH′
L,W

(
ĈL−1,W

j

)
=

n∑
j=1

EσV (i),jHASH′
L,W

(
CL−1,W

j

)
,

n∑
i=1

Êi,jHASH′
L,V

(
ĈL−1,V

i

)
=

n∑
i=1

Ei,σW (j)HASH′
L,V

(
CL−1,V

i

)
.
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The first line above implies that ĥVi = hVσV (i) and ĥWj = hWσW (j). Now let us consider

the second line of the above equations,

n∑
j=1

Êi,jHASH′
L,W

(
ĈL−1,W

j

)
=

n∑
j=1

EσV (i),jHASH′
L,W

(
CL−1,W

j

)

=
n∑

j=1

EσV (i),σW (j)HASH′
L,W

(
CL−1,W

σW (j)

)

=
n∑

j=1

EσV (i),σW (j)HASH′
L,W

(
ĈL−1,W

j

)
.

Therefore, it holds that

n∑
j=1

(
Êi,j − EσV (i),σW (j)

)
HASH′

L,W

(
ĈL−1,W

j

)
= 0.

This implies that Êi,j = EσV (i),σW (j) because {HASH′
L,W (C) : C ∈ CL−1} are linearly

independent. Then one can conclude that (σV , σW ) ∗ (G,H) = (Ĝ, Ĥ).

Now we can proceed to present the proof of Theorem 4.5.2.

Proof of Theorem 4.5.2. According to Lemma 4.5.5, the mapping Φfeas : Gm,n×HV
m×

HW
n → {0, 1} is measurable. By Lusin’s theorem, there exists a compact E ⊂ X ⊂

Gm,n × HV
m × HW

n \Dfoldable such that Φfeas|E is continuous and that Meas(X\E) <

ϵ. For any (G,H), (Ĝ, Ĥ) ∈ E, if (G,H) ∼ (Ĝ, Ĥ), Lemma 4.5.7 guarantees that

Φfeas(G,H) = Φfeas(Ĝ, Ĥ). Then using Theorem 4.2.12, one can conclude that there

exists F ∈ FGNN with

sup
(G,H)∈E

|F (G,H)− Φfeas(G,H)| < 1

2
.

This implies that

Meas
({

(G,H) ∈ X : IF (G,H)>1/2 ̸= Φfeas(G,H)
})
≤ Meas(X\E) < ϵ.
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Similar techniques can be used to prove a sequence of results:

Proof of Theorem 4.4.3. D is finite and compact and Φfeas|D is continuous. The rest

of the proof follows the same argument as in the proof of Theorem 4.5.2, using

Lemma 4.5.7 and Theorem 4.2.12.

Proof of Theorem 4.5.3. Φobj is measurable by Lemma 4.5.6, which implies that

IΦobj(·,·)∈R : Gm,n ×HV
m ×HW

n → {0, 1},

is also measurable. Then (i) and (ii) can be proved using the same argument as in

the proof of Theorem 4.5.2 for X and IΦobj(·,·)∈R, as well as X ∩ Φ−1
obj(R) and Φobj,

respectively.

Proof of Theorem 4.4.4. D is compact and IΦobj(·,·)∈R restricted on D is continuous.

In addition, as long as D∩Φ−1
obj(R) is nonempty, it is compact and Φobj restricted on

D ∩ Φ−1
obj(R) is continuous. Then one can use Lemma 4.5.7 and Theorem 4.2.12 to

obtain the desired results.

Then we consider the optimal solution mapping Φsolu and Theorem 4.5.4. One

needs a universal approximation result of FW
GNN for equivariant functions, i.e., The-

orem 4.3.18, where similar to the LP setting, we define another equivalence rela-

tion on Gm,n × HV
m × HW

n : (G,H)
W∼ (Ĝ, Ĥ) if (G,H) ∼ (Ĝ, Ĥ) and in addition,

CL,W
j = ĈL,W

j , ∀ j ∈ {1, 2, . . . , n}, for any L ∈ N and any hash functions. Let us also

remark that similar to Theorem 4.2.12, Theorem 4.3.18 is also true for all topological

linear spaces HV and HW . Now we can prove Theorem 4.5.4 and Corollary 4.4.5.

Proof of Theorem 4.5.4. We can assume that X ⊂ Dsolu\Dfoldable ⊂ Gm,n × HV
m ×

HW
n \Dfoldable is close under the action of Sm × Sn, since otherwise one can replace
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X with
⋃

(σV ,σW )∈Sm×Sn
(σV , σW ) ∗X. The solution mapping Φsolu : Dsolu\Dfoldable is

measurable by Lemma 4.5.13. According to Lusin’s theorem, there exists a compact

E ′ ⊂ X ⊂ Dsolu\Dfoldable with Meas(X\E ′) < ϵ/|Sm × Sn| such that Φsolu|E′ is

continuous. Let us set

E =
⋂

(σV ,σW )∈Sm×Sn

(σV , σW ) ∗ E ′ ⊂ X,

which is compact and is closed under the action of Sm × Sn. Furthermore, it holds

that

Meas(X\E) = Meas

X\ ⋂
(σV ,σW )∈Sm×Sn

(σV , σW ) ∗ E ′


≤

∑
(σV ,σW )∈Sm×Sn

Meas(X\(σV , σW ) ∗ E ′)

= |Sm × Sn| ·Meas(X\E ′)

< ϵ.

For any (G,H), (Ĝ, Ĥ) ∈ E, if (G,H)
W∼ (Ĝ, Ĥ), similar to Lemma 4.5.7, we know

that there exists σV ∈ Sm such that (σV , Id)∗(G,H) = (Ĝ, Ĥ). Then by the construc-

tion of Φsolu in Section 4.5.3, one has that Φsolu(G,H) = Φsolu(Ĝ, Ĥ) ∈ Rn. Condition

(i) in Theorem 4.3.18 is satisfied by the definition of Φsolu (see Section 4.5.3) and

Condition (iii) in Theorem 4.3.18 follows from the fact that WL test yields discrete

coloring for any graph in Gm,n×HV
m×HW

n \Dfoldable. Then applying Theorem 4.3.18,

one can conclude that for any δ > 0, there exists FW ∈ FW
GNN with

sup
(G,H)∈E

∥FW (G,H)− Φsolu(G,H)∥ < δ.

Therefore, it holds that

Meas ({(G,H) ∈ X : ∥FW (G,H)− Φsolu(G,H)∥ > δ}) ≤ Meas(X\E) < ϵ,
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which completes the proof.

Proof of Theorem 4.4.5. Without loss of generality, we can assume that the finite

dataset D ⊂ Dsolu\Dfoldable is closed under the action of Sm × Sn. Otherwise, we can

replace D by
⋃

(σV ,σW )∈Sm×Sn
(σV , σW ) ∗ D.

Note that D is compact and Φsolu|D is continuous. The rest of the proof can

be done by using similar techniques as in the proof of Theorem 4.5.4, with Theo-

rem 4.3.18.

4.5.2 Proofs for Section 4.4.4

We collect the proof of Theorem 4.4.6, Theorem 4.4.7, and Theorem 4.4.8 in this

subsection. Before we proceed, we remark that the following concepts are modified

as follows in this subsection due to the random feature technique:

• The space of MILP-graph. Each vertex in the MILP-graph is equipped with an

additional feature and the entire random vector ω is sampled from ω ∈ Ω :=

[0, 1]m × [0, 1]n. More specifically, we write:

ω := (ωV , ωW ) := (ωV
1 , · · · , ωV

m, ω
W
1 , · · · , ωW

n ).

Equipped with a random feature, the new vertex features are defined with:

hV,Ri := (hVi , ω
V
i ), hW,R

j := (hWj , ω
W
j ), ∀ 1 ≤ i ≤ m, 1 ≤ j ≤ n.

The corresponding vertex feature spaces are defined with:

HV,R
m := HV

m × [0, 1]m = (HV × [0, 1])m,

HW,R
n := HW

n × [0, 1]n = (HW × [0, 1])n.

The corresponding graph space is Gm,n ×HV,R
m ×HW,R

n , and it is isomorphic to

the space defined in Section 4.4.4:

Gm,n ×HV
m ×HW

n × Ω ∼= Gm,n ×HV,R
m ×HW,R

n . (4.24)
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Note that the two spaces are actually the same, merely defined in different

ways. In Section 4.4.4, we adopt the former due to its simplicity. In the proof,

we may either use the former or the latter according to the context.

• Topology and measure. We equip Ω with the standard topology and the

Lebesgue measure. Then the overall space Gm,n×HV
m×HW

n ×Ω can be naturally

equipped with the product topology and the product measure.

• Key mappings. On the space (with random features) Gm,n × HV
m × HW

n × Ω,

the three key mappings can be defined with

Φfeas(G,H, ω) :=Φfeas(G,H),

Φobj(G,H, ω) :=Φobj(G,H),

Φsolu(G,H, ω) :=Φsolu(G,H),

for all ω ∈ Ω. This is due to the fact that the feasibility, objective and optimal

solution only depend on the MILP instance and they are independent of the

random features appended.

• Invariance and equivariance. For any permutations σV ∈ Sm and σW ∈ Sn,

(σV , σW )∗(G,H, ω) denotes the reordered MILP-graph (equipped with random

features). We say a function FR is permutation invariant if

FR((σV , σW ) ∗ (G,H, ω)) = FR(G,H, ω),

for all σV ∈ Sm, σW ∈ Sn, and (G,H, ω) ∈ Gm,n ×HV,R
m ×HW,R

n . And we say a

function FW,R is permutation equivariant if

FW,R((σV , σW ) ∗ (G,H, ω)) = σW (FW,R(G,H, ω)),

for all σV ∈ Sm, σW ∈ Sn, and (G,H, ω) ∈ Gm,n ×HV,R
m ×HW,R

n . It’s clear that

Φfeas and Φobj are permutation invariant, and Φsolu is permutation equivariant.
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Furthermore, it holds that any FR ∈ FR
GNN is invariant and any FW,R ∈ FW,R

GNN

is equivariant.

• The WL test. In the WL test, vertex features hVi , h
W
j are replaced with

hV,Ri , hW,R
j , respectively, and the corresponding vertex colors are denoted by

C l,V,R
i , C0,W,R

j in the l-th iteration.

Initialization:

C0,V,R
i = HASH0,V (hV,Ri ), C0,W,R

j = HASH0,W (hW,R
j ).

For l = 1, 2, · · · , L,

C l,V,R
i = HASHl,V

(
C l−1,V,R

i ,
n∑

j=1

Ei,jHASH′
l,W

(
C l−1,W,R

j

))
,

C l,W,R
j = HASHl,W

(
C l−1,W,R

j ,
m∑
i=1

Ei,jHASH′
l,V

(
C l−1,V,R

i

))
.

Note that the above update form is equal to that of Algorithm 4.1, and the

only difference is the initial vertex features.

• The equivalence relation. Now let us define the equivalence relations∼ and
W∼ on

the space equipped with random features Gm,n×HV
m×HW

n ×Ω. Given two MILP-

graphs with random features (G,H, ω) and (Ĝ, Ĥ, ω̂), let the outcomes of the

WL test be {{CL,V,R
i }}mi=0, {{C

L,W,R
j }}nj=0 and {{ĈL,V,R

i }}mi=0, {{Ĉ
L,W,R
j }}nj=0,

respectively. We say (G,H, ω) ∼ (Ĝ, Ĥ, ω̂) if

{{CL,V,R
i }}mi=0 = {{ĈL,V,R

i }}mi=0 and {{CL,W,R
j }}nj=0 = {{ĈL,W,R

j }}nj=0,

for all for any L ∈ N and any hash functions. We say (G,H, ω)
W∼ (Ĝ, Ĥ, ω̂) if

(G,H, ω) ∼ (Ĝ, Ĥ, ω̂) and in addition, CL,W,R
j = ĈL,W,R

j , ∀ j ∈ {1, 2, . . . , n},

for any L ∈ N and any hash functions.
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• Foldability. Suppose the vertex colors corresponding to (G,H, ω) are C l,V,R
i ,

1 ≤ i ≤ m, C l,W,R
j , 1 ≤ j ≤ n. Then we say (G,H, ω) is foldable if there exist

1 ≤ i, i′ ≤ m or 1 ≤ j, j′ ≤ n such that

C l,V,R
i = C l,V,R

i′ , i ̸= i′, or C l,W,R
j = C l,W,R

j′ , j ̸= j′,

for all l ∈ N and any hash functions.

By merely replacing hVi , h
W
j with hV,Ri , hW,R

j , we define all the required prelimi-

naries. Note that Theorem 4.2.12, Lemma 4.5.7, and Theorem 4.3.18 can be directly

applied on the space Gm,n ×HV,R
m ×HW,R

n , where HV,R
m corresponds to HV

m and HW,R
n

corresponds to HW
n , as their proofs do not rely on the specific structures of HV and

HW .

Proof of Theorem 4.4.6. Define

ΩF =
{
ω ∈ Ω :∃ i ̸= i′ ∈ {1, 2, . . . ,m}, s.t. ωV

i = ωV
i′ ,

or ∃ j ̸= j′ ∈ {1, 2, . . . , n}, s.t. ωW
j = ωW

j′

}
.

(4.25)

Given any (G,H) ∈ Gm,n ×HV
m ×HW

n , as long as ω ̸∈ ΩF , different vertices in V or

W are equipped with different vertex features:

hV,Ri ̸= hV,Ri′ , ∀ i ̸= i′, hW,R
j ̸= hW,R

j′ , ∀ j ̸= j′,

and consequently, each of the vertices possesses a unique initial color:

C0,V,R
i ̸= C0,V,R

i′ , ∀ i ̸= i′, C0,W,R
j ̸= C0,W,R

j′ , ∀ j ̸= j′,

for some HASH0,V and HASH0,W . In another word, although (G,H) may be foldable,

(G,H, ω) must be unfoldable as long as ω ̸∈ ΩF .

Therefore, for any (G,H, ω), (Ĝ, Ĥ, ω̂) ∈ Gm,n × HV
m × HW

n × (Ω\ΩF ), it holds

that both (G,H, ω) and (Ĝ, Ĥ, ω̂) are unfoldable. Applying Lemma 4.5.7, we have
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(G,H, ω) ∼ (Ĝ, Ĥ, ω̂) if and only if (σV , σW )∗(G,H, ω) = (Ĝ, Ĥ, ω̂) for some σV ∈ Sm

and σW ∈ Sn. The invariance property of Φfeas implies that

Φfeas(G,H, ω) = Φfeas(Ĝ, Ĥ, ω̂),

∀ (G,H, ω) ∼ (Ĝ, Ĥ, ω̂) ∈ Gm,n ×HV
m ×HW

n × (Ω\ΩF ).

In addition, the probability of ω ∈ ΩF is zero due to the uniform distribution of

ω : P(ΩF ) = 0. For any ϵ > 0, there exists a compact subset Ωϵ ⊂ Ω\ΩF such that

P(Ω\Ωϵ) = P ((Ω\ΩF )\Ωϵ) < ϵ.

Note that D × Ωϵ is also compact and that Φfeas is continuous on D × Ωϵ. The

continuity of Φfeas|D×Ωϵ follows from the condition that D is a finite dataset and that

the fact that any mapping with a discrete finite domain is continuous (note that

Φfeas(G,H, ω) is independent of ω ∈ Ωϵ). Applying Theorem 4.2.12 for Φfeas and

D × Ωϵ ⊂ Gm,n ×HV,R
m ×HW,R

n , one can conclude the existence of FR ∈ FR
GNN with

sup
(G,H,ω)∈D×Ωϵ

|FR(G,H, ω)− Φfeas(G,H, ω)| < 1

2
.

Since Φfeas is independent of the random features ω, the above equation can be

rewritten as

sup
(G,H,ω)∈D×Ωϵ

|FR(G,H, ω)− Φfeas(G,H)| < 1

2
.

It thus holds for any (G,H) ∈ D that

P
(
IFR(G,H)>1/2 ̸= Φfeas(G,H)

)
≤ P(Ω\Ωϵ) < ϵ.

Proof of Theorem 4.4.7. The results can be obtained by applying similar techniques

as in the proof of Theorem 4.4.6 for IΦobj(·,·)∈R and Φobj.
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Proof of Theorem 4.4.8. Without loss of generality, we can assume that D is closed

under the action of Sm × Sn; otherwise, we can use {(σV , σW ) ∗ (G,H) : (G,H) ∈

D, σV ∈ Sm, σW ∈ Sn} instead of D. Let ΩF ⊂ Ω be the set defined in (4.25) which

is clearly closed under the action of Sm × Sn. There exists a compact Ω′
ϵ ⊂ Ω\ΩF

with P(Ω\Ω′
ϵ) = P((Ω\ΩF )\Ω′

ϵ) < ϵ/|Sm × Sn|. Define

Ωϵ =
⋂

(σV ,σW )∈Sm×Sn

(σV , σW ) ∗ Ω′
ϵ ⊂ Ω\ΩF ,

which is compact and closed under the action of Sm × Sn. One has that

P(Ω\Ωϵ) ≤ P

Ω\
⋂

(σV ,σW )∈Sm×Sn

(σV , σW ) ∗ Ω′
ϵ


≤

∑
(σV ,σW )∈Sm×Sn

P(Ω\(σV , σW ) ∗ Ω′
ϵ)

= |Sm × Sn| · P(Ω\Ω′
ϵ)

< ϵ.

In addition, D×Ωϵ is compact in Gm,n× (HV × [0, 1])m× (HW × [0, 1])n and is closed

under the action of Sm × Sn.

We then verify the three conditions in Theorem 4.3.18 for Φsolu and D × Ωϵ.

Condition (i) holds automatically by the definition of the optimal solution mapping.

For Condition (ii), given any (G,H, ω) and (Ĝ, Ĥ, ω̂) in D × Ωϵ with (G,H, ω)
W∼

(Ĝ, Ĥ, ω̂), since graphs with vertex features in D×Ωϵ ⊂ Gm,n×HV
n ×HW

n × (Ω\ΩF )

cannot be folded, similar to Lemma 4.5.7, one can conclude that (Ĝ, Ĥ, ω̂) = (σV , Id)∗

(G,H, ω) for some σV ∈ Sn, which leads to Φsolu(G,H) = Φsolu(Ĝ, Ĥ). Condition (iii)

also follows from the fact that any graph inD×Ωϵ cannot be folded and WL test yields

discrete coloring. Therefore, Theorem 4.3.18 applies and there exists FW,R ∈ FW,R
GNN
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such that

sup
(G,H,ω)∈D×Ωϵ

∥FW,R(G,H, ω)− Φsolu(G,H)∥ < δ,

which implies that

P (∥FW,R(G,H)− Φsolu(G,H)∥ > δ) ≤ R(Ω\Ωϵ) < ϵ, ∀ (G,H) ∈ D.

Remark 4.5.8. A deeper observation is that, Theorem 4.4.6, Theorem 4.4.7, and

Theorem 4.5.3 are actually true even if we only allow one message-passing layer in

the GNN structure. This is because the separation power of GNNs with one message-

passing layer is the same as the WL test with one iteration (see Section 4.3.3), and

that one iteration in WL test suffices to yield a discrete coloring for MILP-graphs in

Gm,n ×HV
n ×HW

n × (Ω\ΩF ).

4.5.3 Construction of the Optimal Solution Mapping Φsolu

In this subsection, we define the equivariant optimal solution mapping Φsolu, and

prove the measurability. The definition consists of several steps.

The Sorting Mapping

We first define a sorting mapping:

Φsort : Gm,n ×HV
m ×HW

n \Dfoldable → Sn,

that returns a permutation on {w1, w2, . . . , wn}, Dfoldable is the collection of all foldable

MILP problem as in Definition 4.4.2. This can be done via an order refinement

procedure, similar to the WL test. The initial order as well as the order refinement

are defined in the following several definitions.
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Definition 4.5.9. We define total order on HV and HW using lexicographic order:

(i) For any (bi, ◦i), (bi′ , ◦i′) ∈ HV = R×{≤,=,≥}, we say (bi, ◦i) < (bi′ , ◦i′) if one

of the followings holds:

– bi < bi′.

– bi = bi′ and ι(◦i) < ι(◦i′), where ι(≤) = −1, ι(=) = 0, and ι(≥) = 1.

(ii) For any (cj, lj, uj, τj), (cj′ , lj′ , uj′ , τj′) ∈ HW = R× (R∪{−∞})× (R∪{+∞})×

{0, 1}, we say (cj, lj, uj, τj) < (cj′ , lj′ , uj′ , τj′) if one of the followings holds:

– cj < cj′.

– cj = cj′ and lj < lj′.

– cj = cj′, lj = lj′, and uj < uj′.

– cj = cj′, lj = lj′, uj = uj′, and τj < τj′.

Definition 4.5.10. Let X = {{x1, x2, . . . , xk}} and X ′ = {{x′1, x′2, . . . , x′k′}} be two

multisets whose elements are taken from the same totally-ordered set. Then we say

X ≤ X ′ if xσ(1)xσ(2) · · ·xσ(k) ≤ x′σ′(1)x
′
σ′(2) · · ·x′σ′(k′) in the sense of lexicographical

order, where σ ∈ Sk and σ′ ∈ Sk′ are permutations such that xσ(1) ≤ xσ(2) ≤ · · · ≤

xσ(k) and x
′
σ′(1) ≤ x′σ′(2) ≤ · · · ≤ x′σ′(k′).

Definition 4.5.11. Suppose that V = {v1, v2, . . . , vn} and W = {w1, w2, . . . , wn} are

already ordered, and that E ∈ Rm×n. The order refinement is defined lexicographi-

cally:

(i) For any i, i′ ∈ {1, 2, . . . ,m}, we say that

(vi, {{(Ei,j, wj) : Ei,j ̸= 0}}) < (vi′ , {{(Ei′,j, wj) : Ei′,j ̸= 0}}) ,

if one of the followings holds:
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– vi < vi′.

– vi = vi′ and {(Ei,j, wj) : Ei,j ̸= 0} < {(Ei′,j, wj) : Ei′,j ̸= 0} in the sense of

Definition 4.5.10 where (Ei,j, wj) < (Ei′,j′ , wj′) if and only if Ei,j < Ei′,j′

or Ei,j = Ei′,j′ , wj < wj′.

(ii) For any j, j′ ∈ {1, 2, . . . , n}, we say that

(wj, {{(Ei,j, vi) : Ei,j ̸= 0}}) < (wj′ , {{(Ei,j′ , vi) : Ei,j′ ̸= 0}}) ,

if one of the followings holds:

– wj < wj′.

– wj = wj′ and {(Ei,j, vi) : Ei,j ̸= 0} < {(Ei,j′ , vi) : Ei,j′ ̸= 0} in the sense

of Definition 4.5.10 where (Ei,j, vi) < (Ei′,j′ , vi′) if and only if Ei,j < Ei′,j′

or Ei,j = Ei′,j′ , vi < vi′.

With the preparations above, we can now define Φsort in Algorithm 4.2.

Algorithm 4.2 The sorting mapping Φsort

Require: A weighted bipartite graph G = (V ∪W,E) ∈ Gm,n, with vertex features
H = (hV1 , h

V
2 , . . . , h

V
m, h

W
1 , h

W
2 , . . . , h

W
n ) ∈ HV

m ×HW
n such that (G,H) /∈ Dfoldable.

1: Order V and W according to Definition 4.5.9.
2: for l = 1 : m+ n do
3: Refine the ordering on V and W according to Definition 4.5.11.
4: end for
5: Return σW ∈ Sn such that wσW (1) < wσW (2) < · · · < wσW (n).

Remark 4.5.12. The output of Algorithm 4.2 is well-defined and unique. This is

because we use unfoldable (G,H) as input. Note that the order refinement in Defi-

nition 4.5.11 is more strict than the color refinement in WL test. Therefore, after

m + n iterations, there is no j ̸= j′ ∈ {1, 2, . . . , n} with wj = wj′, since the WL test

returns discrete coloring if no collisions for (G,H) /∈ Dfoldable.
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The sorting mapping Φsort has some straightforward properties:

• Φsort is equivariant:

Φsort((σV , σW ) ∗ (G,H)) = (σV , σW ) ∗ Φsort(G,H) = σW ◦ Φsort(G,H),

for any σV ∈ Sm, σW ∈ Sn, and (G,H) ∈ Gm,n × HV
m × HW

n \Dfoldable. This is

due to the fact that Definition 4.5.11 defines the total order and its refinement

solely depending on the vertex features that are independent of the input order.

• Φsort is measurable, where the range Sn is equipped with the discrete measure.

This is because that Φsort is defined via finitely many comparisons.

The Optimal Solution Mapping

We then define the optimal solution mapping

Φsolu : Dsolu\Dfoldable → Rn,

based on Φsort, where

Dsolu =
(
Gm,n ×HV

m × H̃W
n

)
∩ Φ−1

feas(1),

with H̃W
n = (R × R × R × {0, 1})n ⊂ HW

n , is the collection of all feasible MILP

problems in which every component in l and u is finite.

We have mentioned before that any MILP problem in Dsolu admits at least one

optimal solution. For any (G,H) ∈ Dsolu\Dfoldable, we denote Xsolu(G,H) ∈ Rn as

the set of optimal solutions to the MILP problem associated to (G,H). One can see

that Xsolu(G,H) is compact since for every (G,H) ∈ Dsolu\Dfoldable, both l and u are

finite, which leads to the boundedness (and hence the compactness) of Xsolu(G,H).

Given any permutation σ ∈ Sn, let us define a total order on Rd: x
σ
≺ x′ if and

only if xσ(1)xσ(2) · · ·xσ(n) < x′σ(1)x
′
σ(2) · · ·x′σ(n) in the sense of lexicographic order. For
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any (G,H) ∈ Dsolu\Dfoldable ⊂ Gm,n×HV
m×HW

n \Dfoldable, as in Section 4.5.3, the per-

mutation Φsort(G,H) ∈ Sn is well-defined. Then we define Φsolu(G,H) is the smallest

element in Xsolu(G,H) with respect to the order
σ
≺, where σ = Φsort(G,H). The

existence and the uniqueness are true since Xsolu(G,H) is compact. More explicitly,

the components of Φsolu(G,H) can be determined recursively:

Φsolu(G,H)σ(1) = inf
{
xσ(1) : x ∈ Xsolu(G,H)

}
,

and

Φsolu(G,H)σ(j)

= inf
{
xσ(j) : x ∈ Xsolu(G,H), xσ(j′) = Φsolu(G,H)σ(j), j

′ = 1, 2, . . . , j
}
,

for j = 2, 3, . . . , n. It follows from the equivariance of Φsort(G,H) and Xsolu(G,H)

that Φsolu(G,H) is also equivariant, i.e.,

Φsolu((σV , σW ) ∗ (G,H)) = σW (Φsolu(G,H)),

∀ σV ∈ Sm, σW ∈ Sn, (G,H) ∈ Dsolu\Dfoldable.

We then show the measurability of Φsolu.

Lemma 4.5.13. The optimal solution mapping Φsolu : Dsolu\Dfoldable → Rn is mea-

surable.

Proof. It suffices to show that for any fixed ◦ ∈ {≤,=,≥}m, τ ∈ {0, 1}n, and σ ∈ Sn,

the mapping

Φj : ι−1(Dsolu\Dfoldable) ∩ (Φsort ◦ ι)−1(σ)→ R,

(A, b, c, l, u) 7→ Φsolu(ι(A, b, c, l, u))σ(j),

is measurable for all j ∈ {1, 2, . . . , n}, where

ι : Rm×n × Rm × Rn × Rn × Rn → Gm,n ×HV
m ×HW

n ,
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is the embedding map when ◦ and τ are fixed. Without loss of generality, we assume

that ◦ = {≤, . . . ,≤,=, . . . ,=,≥, . . . ,≥} where≤, =, and≥ appear for k1, k2−k1, and

m− k2 times, respectively, and that τ = (0, . . . , 0, 1, . . . , 1) where 0 and 1 appear for

k and n−k times, respectively. Note that the domain of Φj, i.e., ι−1(Dsolu\Dfoldable)∩

(Φsort ◦ ι)−1(σ) is measurable due to the measurability of Φsort.

Define

Vfeas(A, b, c, l, u, x) = max

 max
1≤i≤k1

(
n∑

j′=1

Ai,j′xj′ − bi

)
+

, max
k1<i≤k2

∣∣∣∣∣
n∑

j′=1

Ai,j′xj′ − bi

∣∣∣∣∣ ,

max
k2<i≤m

(
bi −

n∑
j′=1

Ai,j′xj′

)
+

, max
1≤j′≤n

(lj′ − xj′)+, max
1≤j′≤n

(xj′ − uj′)+

 ,

and

Vsolu(A, b, c, l, u, x) = max
{(
c⊤x− Φobj(ι(A, b, c, l, u))

)
+
, Vfeas(A, b, c, l, u, x)

}
,

for (A, b, c, l, u) ∈ Rm×n × Rm × Rn × Rn × Rn and x ∈ Rk × Zn−k. It is clear that

Vfeas is continuous and that x ∈ Rk × Zn−k is an optimal solution to the problem

ι(A, b, c, l, u) if and only if Vsolu(A, b, c, l, u, x) = 0. In addition, Vsolu is measurable

with respect to (A, b, c, l, u) for any x, by the measurability of Φobj (see Lemma 4.5.6)

and continuity of Vfeas, and is continuous with respect to x.

Then we proceed to prove that Φj is measurable by induction. We first consider

the case that j = 1. For any (A, b, c, l, u) ∈ ι−1(Dsolu\Dfoldable) ∩ (Φsort ◦ ι)−1(σ) and

any ϕ ∈ R, the followings are equivalent:

• Φsolu(ι(A, b, c, l, u))σ(1) < ϕ.

• inf
{
xσ(1) : x ∈ Xsolu(ι(A, b, c, l, u))

}
< ϕ.

• There exist r ∈ N+ and x ∈ Xsolu(ι(A, b, c, l, u)), such that xσ(1) ≤ ϕ− 1/r.
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• There exists r ∈ N+, for any r′ ∈ N+, xσ(1) ≤ ϕ − 1/r holds for some x ∈

Qk × Zn−k satisfying Vsolu(A, b, c, l, u, x) < 1/r′.

Therefore, it holds that

Φ−1
1 (−∞, ϕ) = ι−1(Dsolu\Dfoldable)∩ (Φsort ◦ ι)−1(σ)∩

⋃
r∈N+

⋂
r′∈N+

⋃
x∈Qk×Zn−k, xσ(1)≤ϕ−1/r{

(A, b, c, l, u) ∈ Rm×n × Rm × Rn × Rn × Rn : Vsolu(A, b, c, l, u, x) <
1

r′

}
,

is measurable, which implies the measurability of Φ1

Then we assume that Φ1, . . . ,Φj−1 (j ≥ 2) are all measurable and show that Φj

is also measurable. Define

V j
solu(A, b, c, l, u, x) = max

{
Vsolu(A, b, c, l, u, x), max

1≤j′<j

∣∣xσ(j′) − Φj′(A, b, c, l, u)
∣∣} ,

for (A, b, c, l, u) ∈ ι−1(Dsolu\Dfoldable) ∩ (Φsort ◦ ι)−1(σ) and x ∈ Rk × Zn−k. Similar

to Vsolu, V j
solu is also measurable respect to (A, b, c, l, u) for any x and is continuous

with respect to x. For any (A, b, c, l, u) ∈ ι−1(Dsolu\Dfoldable) ∩ (Φsort ◦ ι)−1(σ), the

followings are equivalent:

• Φsolu(ι(A, b, c, l, u))σ(j) < ϕ.

• inf
{
xσ(j) : x ∈ Xsolu(ι(A, b, c, l, u)), xσ(j′) = Φj′(A, b, c, l, u), 1 ≤ j′ ≤ j − 1

}
<

ϕ.

• There exist r ∈ N+ and x ∈ Rk × Zn−k, such that V j
solu(A, b, c, l, u, x) = 0 and

that xσ(j) ≤ ϕ− 1/r.

• There exists r ∈ N+, for any r′ ∈ N+, xσ(j) ≤ ϕ − 1/r holds for some x ∈

Qk × Zn−k satisfying V j
solu(A, b, c, l, u, x) < 1/r′.
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Therefore, Φ−1
j (−∞, ϕ) can be expressed in similar format as Φ−1

1 (−∞, ϕ), and is

hence measurable.
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Chapter 5

Conclusion

In this dissertation, we establish the theoretical foundations for three classes of high-

dimensional algorithms and models. More specifically:

• In Chapter 2, we use tools and techniques from random dynamical system to

analyze the global convergence of the randomized coordinate gradient descent

algorithm. We prove that it can escape from strict saddle points almost surely

under generic assumptions.

• In Chapter 3, we establish representational complexity without CoD for general

second-order elliptic PDEs in Barron spaces and a regularity theory for static

Schrödinger equations in spectral Barron spaces. Therefore, the PDE solutions

can be approximated by two-layer neural networks efficiently.

• In Chapter 4, we show that LPs do not suffer from a fundamental limitation

of the separation power of GNNs and enjoy the universal approximation. For

MILPs, the universal approximation can still be obtained with some remedies,

even given the fundamental limitation.

Our works contribute to the theoretical understanding of these high-dimensional al-

gorithms and models whose practical efficiency has already been examined in the

existing literature. Moreover, our works can also provide useful guidance on how to

further improve these algorithms and models. However, there are still many open

questions that deserve future research.
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Random Dynamical System for Optimization

It should be a very natural idea to view a randomized optimization algorithm as a

random dynamical system. Chapter 2 analyzes the behavior of randomized coordinate

gradient descent with this idea and we hope that this idea can be applied to more

types of randomized algorithms.

In order to make tools from random dynamical system more useful for the opti-

mization community, one may probably try establishing results without the generic

assumption, say Assumption 2.3.4. This assumption can be validated when the Hes-

sian matrix is dense, as in Section 2.4.4. However, this dense setting may not hold

true in practice. The randomness in the stepsize in Algorithm 2.1 is probably also

not necessary if the theory can be built without Assumption 2.3.4.

PDEs in Function Spaces Related to Neural Networks

One future direction is to identify suitable function spaces and neural network struc-

tures to approximate functions or PDE solutions with specific properties. For ex-

ample, in the static Schrödinger equations, if both the potential function and the

source term are symmetric, i.e., invariant under permutations of input entries, then

the solution should also be symmetric. In this case, two-layer neural network is not a

suitable structure and one may try other structures or spaces with natural symmetric

property. We have some preliminary work on the symmetric representation [CCL22]

and it may also be a good idea to try the flow-induced spaces [LLS22b, LLS22a].

Another future direction is to extend the theory in (spectral) Barron spaces to

other types of PDEs such as nonlinear elliptic PDEs, parabolic equations, and PDEs

with singularities. More research should be conducted before the (spectral) Barron

regularity theory becomes competitive with the Sobolev regularity theory.
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GNNs for LPs and MILPs

Even if we have established the universal approximation results of GNNs for LPs

and MILPs, it remains unclear how the complexity of the GNNs scales with the size

of the problems and the approximation accuracy. In fact, the complexity analysis

might be of more interest if we want the theoretical work to have a more practical

impact. In addition, the random-feature techniques proposed in Section 4.4.4 might

not be sufficiently practical. I conjecture that there might exist other neural network

structures that can handle the MILP symmetry in a more natural and practical way.
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[FGTQ15] Gary Froyland, Cecilia González-Tokman, and Anthony Quas. Stochas-
tic stability of lyapunov exponents and oseledets splittings for semi-
invertible matrix cocycles. Communications on Pure and Applied Math-
ematics, 68(11):2052–2081, 2015.

[FL05] Christodoulos A Floudas and Xiaoxia Lin. Mixed integer linear pro-
gramming in process scheduling: Modeling, algorithms, and applica-
tions. Annals of Operations Research, 139(1):131–162, 2005.

[Fol99] Gerald B Folland. Real Analysis: Modern Techniques and Their Appli-
cations. John Wiley & Sons, Inc., 2nd edition, 1999.

[GCF+19] Maxime Gasse, Didier Chételat, Nicola Ferroni, Laurent Charlin, and
Andrea Lodi. Exact combinatorial optimization with graph convolu-
tional neural networks. Advances in Neural Information Processing
Systems, 32, 2019.

[GD17] Xun Gao and Lu-Ming Duan. Efficient representation of quantum
many-body states with deep neural networks. Nature Communications,
8(1):1–6, 2017.

[GGK+20] Prateek Gupta, Maxime Gasse, Elias Khalil, Pawan Mudigonda, An-
drea Lodi, and Yoshua Bengio. Hybrid models for learning to branch.
Advances in neural information processing systems, 33:18087–18097,
2020.

[GH22] Philipp Grohs and Lukas Herrmann. Deep neural network approxima-
tion for high-dimensional elliptic PDEs with boundary conditions. IMA
Journal of Numerical Analysis, 42(3):2055–2082, 2022.

[GHG+21] Ambros Gleixner, Gregor Hendel, Gerald Gamrath, Tobias Achterberg,
Michael Bastubbe, Timo Berthold, Philipp M. Christophel, Kati Jarck,
Thorsten Koch, Jeff Linderoth, Marco Lübbecke, Hans D. Mittelmann,
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