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Abstract

High-dimensional data and problems are ubiquitous in recent research in scientific
computing, machine learning, and their applications. Although many algorithms
and models have been proposed and examined as efficient in practice, mathematical
theories supporting their reliability and efficiency are relatively scarce. In this dis-
sertation, we establish theoretical foundations for three classes of high-dimensional
algorithms and models, using analytical tools.

(i) Randomized coordinate gradient descent algorithm displays some advantages
in high dimensions due to the sparse update and larger stepsize. We prove under
generic assumptions that the algorithm almost surely escapes from strict saddle points
and converges to local minima for nonconvex optimization. The proof is based on
viewing the randomized algorithm as a nonlinear random dynamical system and a
quantitative finite block analysis of its linearization around saddle points.

(ii) Neural-network-based methods have achieved great success in solving high-
dimensional partial differential equations (PDEs) numerically. We establish an ap-
proximation theory of two-layer neural networks without the curse of dimensionality
for general second-order elliptic PDEs and a regularity theory for static Schrodinger
equations, via functional analysis in Barron spaces.

(iii) Graph neural networks (GNNs) are considered as suitable for representing
mixed-integer linear programs (MILPs) due to the permutation-invariant /equivariant
property. We show that MILPs suffer from a fundamental limitation of GNNs in
separation power, while linear programs (LPs) without integer constraints enjoy the

universal approximation. Several remedies are proposed for MILPs.
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Chapter 1

Introduction

High-dimensional problems have been receiving rapidly increasing attention due to
their wide applications in science and engineering, such as describing physical sys-
tems with numerous particles and modeling real-world networks with large number
of agents. Although some conventional numerical algorithms and models display in-
efficiency in high dimensions, in the sense that the complexity may grow fast or even
exponentially in dimension, known as the curse of dimensionality (CoD), there have
been great progress in developing efficient algorithms and expressive models with
dimension-friendly scaling.

However, for many high-dimensional algorithms and models, it still remains math-
ematically unclear why they are efficient or reliable. In this dissertation, we establish
theoretical foundations using analytical tools for three classes of algorithms and mod-

els:

(i) Randomized coordinate gradient descent algorithm.

(ii) Neural-network-based methods for high-dimensional partial differential equa-

tions (PDEs).
(iii) Graph neural networks (GNNs) for mixed-integer linear programs (MILPs).

Such works can enhance our understanding about the behavior of high-dimensional
algorithms and models, identify useful mathematical approaches for high-dimensional
analysis, and also provide guidance to further improve associated algorithms and

models.



Randomized Coordinate Gradient Descent Algorithm

Coordinate gradient descent is a popular approach in optimization (see e.g., review
articles [Wril5, STXY16]) and is efficient for large-scale problems (see e.g. [LLW19]).
Advantages of coordinate gradient methods include that compared with the full gra-
dient descent, it allows larger stepsize [Nes12] and enjoys faster convergence [ST13],
and it is also friendly for parallelization [LW15, RT16].

Chapter 2 studies the convergence property of the randomized coordinate gradient

algorithm for min,cgas f(z) that iterates as
Tpp1 = oy — oue;, 0;, f(xy), t=0,1,2,...,

where iy ~U({1,2,...,d}) and oy ~ U([Omin, @max)). The main result of Chapter 2 is
that, under some generic assumptions, the algorithms will almost surely escape from
strict saddle points and converge to local minima, as long as the initial guess xzq is
not a strict saddle point.

The convergence analysis is based on viewing the algorithm as a nonlinear random
dynamical system driven by the sequence of samples w = ((ig, ), (i1, 1), ... ), and
a quantitative instability result around a strict saddle point whose proof is inspired
by the stability analysis of Lyapunov exponent of random dynamical systems, as in
[LY91, FGTQ15].

The idea of using tools from random dynamical systems is motivated by [LPP*19,
LSJR16] (see also [OW19, LLW19]) that apply the center-stable manifold theorem
for deterministic dynamical system [Shu87] to analyze the local behavior of some
deterministic algorithms and hence prove that they can escape from strict saddle
points.

Chapter 2 is based on [CLL21a] which is a joint work with Prof. Yingzhou Li and

Prof. Jianfeng Lu.



Neural-Network-Based Methods for High-Dimensional PDEs

Numerical methods using neural networks for solving high-dimensional PDEs have
achieved great success recently, see e.g., [EHJ17, EY18, HJE18, EHJ21], with a key
advantage that neural networks can approximate functions in certain classes effi-
ciently, meaning that the complexity grows at most polynomially in the dimension.
By contrast, conventional methods suffer from CoD. For example, the complexity
for approximating a d-dimensional function using a piecewise constant function with

error tolerance € is O(e~?) that scales exponentially in d.

Barron proved in [Bar93] that even two-layer neural networks can approximate a
large class of functions efficiently or without CoD. The theory was extended in more
recent works and there have been standard function spaces for analysis of neural
networks, say Barron space [EMW21, Bacl7] and spectral Barron space [LLW21,
SX22a, SX22b|. Chapter 3 studies the representational complexity and regularity
theory for elliptic PDEs in (spectral) Barron spaces and hence provides theoretical
foundations for solving high-dimensional elliptic PDEs using neural networks.

Representational Complexity. We prove that, for general second-order elliptic
PDEs,

Lu=—V-(AVu)+cu=f onR%

if the coefficients A, ¢ and the source term f are all Barron functions, then solution u*
can be approximated by Barron functions (and also by two-layer neural networks) in
H(RY), with the complexity depending on d at most polynomially. The complexity
bounds can be further improved for the cosine activation function, and the proof is
based on tracking the Barron norm along a preconditioned functional iterative scheme

in H'(R?) that converges exponentially to u*.

Regularity Theory. We establish a regularity theory in spectral Barron space for



the static Schrédinger equation
—Au+Vu=f, onR<

More specifically, we show that if the potential V' > 0 is a positive constant plus a
spectral Barron function and the source term f is a spectral Barron function, then the
solution u* also lies in spectral Barron space, with the order of regularity increased
by two. This result is an analog of the regularity theory in Sobolev spaces.

Chapter 3 is based on [CLL21b] (joint work with Prof. Jianfeng Lu and Prof.
Yulong Lu) and [CLLZ23] (joint work with Prof. Jianfeng Lu, Prof. Yulong Lu, and
Mr. Shengxuan Zhou).

GNNs for MILPs

MILP is a type of discrete optimization problem of the following form:

m%j\]n 'z, st Axob, 1 <z<u, r; €L, VjeI,
zeR™

where entries of o are drawn from {<, =, >}, and the set I includes all indices j where
x; are constrained to be an integer. If I = (), then the problem becomes a continuous
optimization problem called linear program (LP). Large-scale MILP problems can be
extremely expensive to solve as they are in general NP-hard.

In order to guide MILP solvers using machine learning methods, [GCF*19] pro-
posed that a MILP problem can be represented by a bipartite graph with vertex
features and then one can apply GNNs on such graphs. There have been many ex-
perimental works in this direction. A key advantage of GNNs is that it is permutation-
invariant /equivariant, which fits the properties of MILPs — if we permute the vari-
ables and the constraints, then the feasibility and the optimal objective value remain

unchanged and the optimal solution is permuted accordingly.



In Chapter 4, we investigate the theory behind those approaches and estab-
lish several universal approximation results. The theory is highly nontrivial due
to a fundamental limitation of the separation power of GNNs: [XHLJ19] (also see
[AL21, GR22]) established the equivalence between separation powers of GNNs and
Weisfeiler-Lehman (WL) test [WL68] that is a classical algorithm for the graph iso-
morphism problem. However, there exist some non-isomorphic graph pairs that WL
test fails to distinguish [Doull].

On one hand, in the LP case without integer constraints, we prove that if two prob-
lems cannot be distinguished by GNNs or WL test, even if they are not isomorphic,
they much share some common properties, including feasibility, optimal objective
value, and optimal solution with the smallest /o-norm (up to permutation). Based
on this fact, we establish the universal approximation of GNNs for LP properties.

On the other hand, the story is different for MILPs with integer constraints. We
constraint a pair of MILP instances (one is feasible and the other is infeasible) that
cannot be distinguished by GNNs or WL test. We then provide a precise mathe-
matical description of what type of MILPs makes GNNs fail and prove that GNNs
have strong enough separation and representation power when these hard instances
are removed. For general MILP dataset, it is proved that the separation power of
GNNs can be enhanced by a random-feature strategy to guarantee the universal
approximation.

Chapter 4 is based on [CLW'22a, CLW'22b] that are joint works with Dr. Jialin
Liu, Dr. Xinshang Wang, Prof. Jianfeng LLu, and Dr. Wotao Yin.

Notations Throughout this dissertation, we use ||v|| to denote the Euclidean norm
or fy-norm of a vector v € R%. For a matrix A € R™? we denote its operator norm
by [|All = sup,era (o} %. Fori=1,2,...,d, let e; € R? be the vector with the i-th

entry being 1 and other entries being 0.



Chapter 2

Convergence Analysis of Randomized
Coordinate Gradient Descent

2.1 Background and Overview

In this chapter, we analyze the global convergence of coordinate gradient descent

algorithm for smooth but non-convex optimization problem

min f(z). (2.1)

zCRd

More specifically, we consider coordinate gradient descent with random coordinate

selection and random stepsizes, as Algorithm 2.1.

Algorithm 2.1 Randomized coordinate gradient descent

Initialization: zo € RY, t = 0.
while not convergent do
Draw a coordinate i; uniformly random from {1,2,...,d}.
Draw a stepsize o; uniformly random in [aumin, Qmax)-
Tyy1 < Ty — oue;, 05, f ().
t+—t+1.
end while

The main result of this chapter, Theorem 2.3.5, is that for any initial guess xg
that is not a strict saddle point of f, under some mild conditions, with probability 1,
Algorithm 2.1 will escape any strict saddle points; and thus under some additional
structural assumption of f, the algorithm will globally converge to a local minimum.

In order to establish the global convergence, we view the algorithm as a random
dynamical system and carry out the analysis based on the theory of random dynam-
ical systems. This might be of a separate interest, in particular, to the best of our

6



knowledge, the theory of random dynamical system has not been utilized in analyzing
randomized algorithms; while it offers a natural framework to establish long time be-
havior of such algorithms. Let us now briefly explain the random dynamical system

view of the algorithm and our analysis; more details can be found in Section 2.3.

Let (€2, F,P) be the probability space for all randomness used in the algorithm,
such that each w € 2 is a sequence of coordinates and stepsizes. The iterate of
Algorithm 2.1 can be described as a random dynamical system z; = (¢, w)xy where

o(t,w) : RY — R? is a nonlinear map for any given t € N and w € €.

Consider an isolated stationary point x* of the dynamical system, which cor-
responds to a critical point of f. Near z*, the dynamical system can be approx-
imated by its linearization: z; = ®(t,w)xy, where ®(t,w) € R The limit-
ing behavior of the linear dynamical system can be well understood by the cele-
brated multiplicative ergodic theorem: Under some assumptions, the limit A(w) =
limy oo (P(2, w) " P(t,w)) 2 exists almost surely. The eigenvalues of the matrix A(w),
M) > eh(W) 5 s M@ @) characterize the long time behavior of the system. In
particular, if the largest Lyapunov exponent \;(w) is strictly positive, then if xy has
some non-trivial component in the unstable subspace, x; = ®(t,w)zy would expo-
nentially diverge from x*. More details of preliminaries of linear random dynamical

system can be found in Section 2.2.

Intuitively, one expects that the nonlinear dynamical system can be approximated
by its linearization around a critical point x*, and would hence escape the strict sad-
dle point, following the linearized system. However, the approximation by linear
dynamical system cannot hold for an infinite time horizon, due to error accumula-
tion. Therefore, we cannot naively conclude using the multiplicative ergodic theorem
and the linear approximation. Instead, a major part of the analysis is devoted to

establishing a quantitative finite block analysis of the behavior of the dynamical sys-



tem over a finite time interval. In particular, we will prove that when the iterate is
in a neighborhood of z*, the distance ||x; — 2*|| will be exponentially amplified for
a duration 7" with high probability. This would then be used to prove that with

probability 1 the nonlinear system will escape strict saddle points.

Related work The convergence of coordinate gradient descent has been analyzed
in several settings on the property of the objective function and on the strategy
of coordinate selection. The understanding of convergence for convex problems is
quite complete: For methods with cyclic choice of coordinates, the convergence has
been established in [BT13, ST13, SH15] and the worst-case complexity is investi-
gated when the objective function is convex and quadratic in [SY19]. For meth-
ods with random choice of coordinates, it is shown in [Nesl2] that Ef(z;) con-
verges to f* = min,cga f(x) sublinearly in the convex case and linearly in the
strongly convex case. Convergence of objective function in high probability has
also been established in [Nes12]. We also refer to [RT14, LWR*14, LW15, Wril5]
for further convergence results for random coordinate selection for convex prob-
lems. More recently, convergence of methods with random permutation of coor-
dinates (i.e., a random permutation of the d coordinates is used for every d step of
the algorithm) have been analyzed, mostly for the case of quadratic objective func-
tions [LW19, OZ17, GOVW20, WL20]. It has been an ongoing research direction to
compare various coordinate selection strategies in various settings. In addition, in
the non-convex and non-smooth setting, the convergence of coordinate/alternating
descent methods can be analyzed for tame/semi-algebraic functions with Kurdyka-
Lojasiewicz property (see e.g. [ABS13, ABRS10, BST14, BDL20]).

For non-convex objective functions, the global convergence analysis is less devel-
oped, as the situation becomes more complicated. Escaping strict saddle points has
been a focused research topic in non-convex optimization, motivated by applications

8



in machine learning. It has been established that various first-order algorithms with
gradient noise or added randomness to iterates would escape strict saddle points, see

e.g., [GHIY15, Levl6, JGNT17, JNJ18, ING*21, GHT20] for works in this direction.

Among previous works for escaping saddle points, perhaps the closest in spirit to
our current result are [LSJR16, OW19, LPP*19, LLW19], where algorithms without
gradient or iterate randomness are studied. It is proved in [LSJR16] that for almost
every initial guess, the trajectory of the gradient descent algorithm (without any
randomness) with constant stepsize would not converge to a strict saddle point. The
result has been extended in [LPPT19] to a broader class of deterministic first-order
algorithms, including coordinate gradient descent with cyclic choice of coordinate.
The global convergence result for cyclic coordinate gradient descent is also proved in
[LLW19] under slightly more relaxed conditions. Similar convergence result is also
obtained for the heavy-ball method in [OW19]. Let us emphasize that in the case of
coordinate algorithms, it is not merely a technical question of whether the algorithm
can escape the strict saddle points without randomly perturbing gradients or iterates.
In fact, one simply cannot employ such random perturbations, e.g., adding a random
Gaussian vector to the iterate, since doing so would destroy the coordinate nature of

the algorithm.

The analysis in works [LSJR16, LPPT19, OW19, LLW19] is based on viewing the
algorithm as a deterministic dynamical system, and applying center-stable manifold
theorem for deterministic dynamical system [Shu87], which characterizes the local
behavior near a stationary point of nonlinear dynamical systems. Such a framework
obviously does not work for randomized algorithms. To some extent, our analysis
can be understood as a natural generalization to the framework of random dynamical
systems, which allows us to analyze the long time behavior of randomized algorithms,

in particular coordinate gradient descent with random coordinate selection.



Let us mention that various stable, unstable, and center manifolds theorems have
been established in the literature of random dynamical systems, see e.g., [Arn98,
Rue79, Rue82, Box89, LQO6]. These sample-dependent random manifolds also char-
acterize the local behavior of random dynamical systems. However, as far as we can
tell, one cannot simply apply such “off-the-shelf results” for the analysis of Algo-
rithm 2.1. Instead, for study of the algorithm, we have to carry out a quantitative
finite block analysis for the random dynamical system near the stationary points.
Our proof technique is inspired by stability analysis of Lyapunov exponent of ran-

dom dynamical systems, as in [LY91, FGTQ15].

Organization The rest of this chapter will be organized as follows. In Section 2.2,
we review the preliminaries of random dynamical system, for the convenience of read-

ers. Our main result is stated in Section 2.3. The proofs can be found in Section 2.4.

2.2 Preliminaries of Random Dynamical Systems

In this section, we recall basic notions and results of random dynamical systems,
for more details, we refer the readers to standard references, such as [Arn98|. After
introducing the preliminaries in this section, we will define the random dynamical
system associated with Algorithm 2.1 in Section 2.3.1. Let (2, F,P) be a probability
space and let T be a semigroup with B(T) being its Borel o-algebra. T serves as
the notion of time. In the setting of Algorithm 2.1, we have T = N, corresponding
to the one-sided discrete time setting. Other possible examples of T include T = Z,

T = R>p, and T = R, with the assumption that 0 € T.

Let us first define random dynamical system. As we have mentioned in the in-
troduction, the dynamics starting from xy can be determined once a sample w € §2

is fixed. From the viewpoint of random dynamical system, specifying the dynamics

10



of = is equivalent to specifying the dynamics of w: Suppose at time 0, the dynamics
correspond to w, then to prescribe the future dynamics starting from time ¢, we can
specify the corresponding (t)w € €2 for some map 0(t) : Q@ — Q. More precisely, we

have the following definition of dynamics on ().

Definition 2.2.1 (Metric dynamical system). A metric dynamical system on a prob-

ability space (2, F,P) is a family of maps {0(t) : Q — Qler satisfying that
(1) The mapping T x Q — Q, (t,w) — O(t)w is measurable;
(i1) It holds that 0(0) = Idg and 0(t +s) = 6(t) 0 6(s), V s,t € T;

(111) O(t) is P-preserving for any t € T, where we say a map 6 : Q@ — Q is P-
preserving if

P(0~'B)=P(B), VYV BcF.
The random dynamical system can then be defined as follows.

Definition 2.2.2 (Random dynamical system). Let (X, Fx) be a measurable space
and let {6(t) : Q@ — Q}ier be a metric dynamical system on (2, F,P). Then a random

dynamical system on (X, Fx) over {6(t)}ier is a measurable map
w:TxOQxX— X,
(t7w7 I) H (p(t7w7'r)7
satisfying the following cocycle property: for anyw € Q, v € X, and s,t € T, it holds

that

g0(07 w? :'U) = I‘?

and that

o(t+ s,w,x) = p(t,0(s)w, p(s,w, )). (2.2)

11



The cocycle property (2.2) is a key property of random dynamical system: After
time s, if we restart the system at z,, the future dynamic corresponds to the sample
0(s)w. Note that ¢(t,w,-) is a map on X, with some ambiguity of notation, we also
use ¢(t,w) to denote this map on X and write ¢(t,w)x = ¢(t,w, z). Then the cocycle

property (2.2) can be written as
ot + 5,0) = plt, 6(s)w) 0 p(s,).

In this work, we will focus on the one-sided discrete time T = N and 6(t) = 6,
where  is P-preserving and ' is the t-fold composition of §. Suppose that X = R¢
and A : Q2 — GL(d,R) is measurable. Consider a linear random dynamical system
defined as (we use ® for the linear system while reserving ¢ for nonlinear dynamics
considered later)

O(t,w) = A0 W) - A(Bw) A(w),
where the right-hand side is the product of a sequence of random matrices. In this
setting, the behavior of the linear system z; = ®(t, w)x, is well understood by the cel-
ebrated multiplicative ergodic theorem, also known as the Oseledets theorem, which
we recall in Theorem 2.2.3. Such type of results was first established by V.I. Os-
eledets [Ose68] and was further developed in many works such as [Rag79, Rue79,
Wal93].

Theorem 2.2.3 (Multiplicative ergodic theorem, [Arn98, Theorem 3.4.1]). Suppose
that

(log [AC)), (log [AC)TH), € L (. F,P),
where we have used the short-hand ay := max{a,0}. Then there exists an 0-invariant

Q € F with P(Q) = 1, such that the followings hold for any w € Q:

(1) It holds that the limit

A(w) = Tim (D(t,w) "Bt w)) ", (2.3)

t—o00

12



ezists and is a positive definite matriz. Here ®(t,w)" denotes the transposition

of the matriz (as ®(t,w) is a linear map on X ).

(ii) Suppose A(w) has p(w) distinct eigenvalues, which are ordered as e >
M@ > o> @@ Denote Vi(w) the corresponding eigenspace, with di-
mension d;(w), for i = 1,2,...,p(w). Then the functions p(-), \i(+), and d;(-),

i=1,2,...,p(-), are all measurable and O-invariant on Q.

(iti) Set Wi(w) = @;5; Vj(w), i = 1,2,...,p(w), and Wyy1(w) = {0}. Then it
holds that

1
tlim glog |O(t,w)z|| = Ni(w), Ve Wi(w)\Witi(w), (2.4)
—00

Jori=1,2,... p(w). The maps V(-) and W(-) from Q to the Grassmannian

manifold are measurable.

(iv) It holds that
W;(w) = A(w)W;(w).

(v) When (2, F,P,0) is ergodic, i.e., every B € F with 0~ B = B satisfies P(B) =
0 orP(B) = 1, the functions p(+), \i(+), and d;(+), i = 1,2,...,p(+), are constant

on ).

In Theorem 2.2.3, A\j(w) > Ao(w) > -+ > Apw)(w) are known as Lyapunov
exponents and {0} C Wy, (w) C --+ C Wi(w) € R? is the Oseledets filtration. We
can see from the above theorem that both the Lyapunov exponents and the Oseledets
filtration are A-forward invariant.

The Lyapunov exponents describe the asymptotic growth rate of || ®(¢,w)z|| as
t — oo. More specifically, (2.4) implies that when € W;(w)\W;11(w), for any € > 0,

there exists some T > 0, such that

ot i(@) =) < @t w)z|| < eti(w)+e)

)
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holds for any ¢t > T'. The subspaces spanned by eigenvectors of A(w) corresponding to
eigenvalues smaller than, equal to, and greater than 0 are the stable subspace, center
subspace, and unstable subspace, respectively. The stable and unstable subspaces cor-
respond to exponential convergence and exponential divergence, respectively. When

starting from the center subspace, we would get some sub-exponential behavior.

The multiplicative ergodic theorem also generalizes to continuous time and two-
sided time. We refer interested readers to [Arn98, Theorem 3.4.1, Theorem 3.4.11]

for details.

The stable, unstable, and center subspaces can be generalized to stable, unstable,
and center manifolds when considering nonlinear systems, see e.g., [Arn98, RueT79,
Rue82, Box89, LLO5b, LQO6, LL10, LLB13, GS16]. These manifolds play similar
roles in characterizing the local behavior of nonlinear random dynamical systems,
as the subspaces for linear random dynamical systems. In particular, the Hart-
man—Grobman theorem establishes the topological conjugacy between a nonlinear
system and its linearization [Wan95]. There are also other conjugacy results for

random dynamical systems, see e.g., [LL05b, LL05a, LL0O8, LL16].

2.3 Main Results
2.3.1 Setup of the Random Dynamical System

Let us first specify the random dynamical system corresponding to the Algorithm 2.1.

e Probability space. For each t € N, denote (€, %, P;) the usual probability

space for the distribution U o, ny X U] , where Uy o,y and Uy, are

amin:amax} amax}

the uniform distributions on the set {1,2,...,n} and interval [ pin, Qumax] TESpPectively.
Let (€2, F,P) be the product probability space of all (€, 3, P;), t € N. Denote m; as

the projection from (2, F,P) onto (€, %, P;), t € N. Thus, a sample w € ) can be

14



represented as a sequence ((ig, o), (i1, 1), ... ), where (i, ay) = m(w), t € N. Let

{Fi}en be the filtration defined by
.Ft:O'{<BQX "'XBt) X (HQJ) SBZ'GEi, ZZO,l,,t}

>t

o Metric dynamical system. The metric dynamical system on 2 is constructed by

the (left) shifting operator 7 : @ — € defined as

T(w) = 7(mo(w), m(w), ) := (m(w), m2(w), - -),

which is clearly measurable and P-preserving. The metric dynamical system is then

given by 0(t) = 7' for t € N.

e Random dynamical system. For any w € Q and t € N, we define ¢(w) to be a

(nonlinear) map on R? as
p(w) : R — R4
T =1 — aee] Vf(z),

where (i,«) = m(w) is the first pair/element in the sequence w, and we define the

map ¢(t,w) via

o(t,w) = o(t"" w) o+ 0 ¢(Tw) 0 P(w), for t > 1,

while ¢(0,w) is the identity operator. It is clear that ¢(¢,w) satisfies the cocycle
property (2.2) and hence defines a random dynamical system on X = R over {7t},cn.

The iterate of Algorithm 2.1 follows the random dynamical system as

Ty = G W) = = ¢ W) 00 P(TW) 0 (W) T = P(t, W),

It can be seen that {x;}en is {F;}-predictable, i.e., x; is F;_j-measurable for any
t € Ny, since z; is determined by samples (ig, ), (i1, 1), - - -, (G4—1, —1).
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In our analysis, we will use linearization of the dynamical system ¢(¢,w) at a
critical point z* of f. Without loss of generality, we assume x* = 0; otherwise, we
consider the system with the state being x — z*. The resulting linear system, which
depends on H = V2 f(z*) = (H;;)1<ij<d, 18 given by (here and in the sequel, we use

the superscript H to indicate dependence on the matrix)

O (t,w) = AT (17 w) - AP (Tw) AT (W), (2.5)
where

AT(W) =T — aeie] H, (i,a) = mo(w). (2.6)
Note that A" (-) is bounded in . We know that (log || A" (-) H)+ is integrable. When

a < 1/|Hy|, the matrix A7 (w) = I — ae;e] H is invertible, and the inverse is given

explicitly by applying the Sherman-Morrison formula:

-
_ el H
A (W)™t = ([ - aeie:H) - I+ %. (2.7)
In particular, we have
- H|
A ()| <14+ L 2.8
47 < 1+ 2L 29

Thus, if we take the maximal stepsize amay such that am.x < 1/maxi<i<q|Hiil,
|A#(-)7"]] is bounded in Q, and as a result (log||A¥(-)~"||), is also integrable.
Therefore, the assumptions of Theorem 2.2.3 hold. The shifting operator 7 is ergodic
on (Q, F,P) by Kolmogorov’s 0-1 law. Then Theorem 2.2.3 applies for § = 7 with
p(-), MA(.), and df(-) all being a.e. constant. For any w € Q that is the set in

Theorem 2.2.3 satisfying P(§2) = 1, we denote

Wi(w) = P Vi (w), and WH(w) = P Vi (w). (2.9)

Xi>0 A <0
Then the following invariant property holds

WH(rw) = A" (W)WH (w).
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Note that W# (w) works as a center-stable subspace. That is, for any z € W#(w) and
any € > 0, it holds that | ®(t,w)z| < e, for sufficiently large ¢, and for x ¢ W4 (w),
|®(t,w)x| grows exponentially as t — oo with rate greater than miny,~o\; — € for

any € > 0.

2.3.2 Assumptions

In this subsection, we specify the assumptions of the objective function f in this

chapter. The first is a standard smoothness assumption of f.

Assumption 2.3.1. f € C*(R?) and the Hessian V2f is uniformly bounded, i.e.,
there exists M > 0 such that ||V2f(z)|| < M for all x € R

An optimization algorithm is expected to converge, under some reasonable as-
sumptions, to a critical point of f where the gradient vanishes. Our aim is to further
characterize the possible limits of the algorithm iterates. For this purpose, we dis-
tinguish Crits(f), the set of all strict saddle points (including local maxima with

non-degenerate Hessian) of f:
Crity(f) := {x € RY: Vf(z) = 0, A\uin(V2f(2)) < 0},

where we use the subscript s to emphasize that it is strict. Due to the presence of
a negative eigenvalue of Hessian, if we were considering the gradient dynamics near
the critical point, the saddle point would be an unstable equilibrium. Our first result
is that this instability also occurs in the linear random dynamical system ®% (¢, w)
where H = V2f(z*). In other words, the dimension of W#(w) defined in (2.9) is
greater than 0. While this would mainly serve as a preliminary step for our analysis
of the nonlinear dynamics, the conclusion by itself might be of interest and is stated

as follows. The proof will be deferred to Section 2.4.1.
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Proposition 2.3.2. Let H have a negative eigenvalue and 0 < opin < OQmax <

1/ max<;<q|Hyl|, then the largest Lyapunov exponent of ®H(t,w) is positive.

Our goal is to generalize such results to the nonlinear dynamics near strict saddle

points of f, for which, we would require two additional assumptions, as the following.

Assumption 2.3.3. For every z* € Crit,(f), V2f(x*) is non-degenerate, i.e., x* is
a non-degenerate critical point of f in the sense that any eigenvalue of V2 f(x*) is

nonzero.

Assumption 2.3.3 is also a standard assumption, which in particular guarantees
that each strict saddle point is isolated, due to the non-degenerate Hessian. For each
strict saddle point, Proposition 2.3.2 guarantees that the corresponding unstable
subspace W (w) is non-trivial (has dimension at least 1). We would in fact require

a stronger technical assumption on its structure.

Assumption 2.3.4. For every z* € Crits(f), it holds that P (w)e; # 0, for every
i € {1,2,...,d} and almost every w € 2, where P (w) is the orthogonal projection
onto W (w) with H = V?* f(z*).

We expect that Assumption 2.3.4 holds generically. We also show in Section 2.4.4
that Assumption 2.3.4 can be verified when H has no zero off-diagonal elements (and
WH(w) is not trivial). However, there exist cases that Assumption 2.3.4 might not
hold. One example is H = V2f(z*) = diag(H;, Hy) where H; € R#*% only has
positive eigenvalues and Hy € R%*% only has negative eigenvalues, which implies
that W (w) = span{e; : 1 <i < d;} and WH(w) = span{e; : dy +1 <i < d}.

We also remark that Assumption 2.3.1 is essential in our framework since the
linearized system is defined using the Hessian matrix. Analysis of randomized coor-
dinate method for non-smooth optimization problems requires new techniques and

deserves future research.
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2.3.3 Main Results

Given an initial guess xg, the behavior of the algorithm, in particular, the limit of x;,
depends on the particular sample w € Q. For any z* € Critg(f), we denote the set

of all w such that the algorithm starting at xq would converge to x*:
Q(z*, xg) == {w € Q: lim x; = lim p(t,w)zo = x*} :
t—o00 t—o0

We further define the set Q(Critg(f),zo) as the union of all Q(z*, xo) over z* €
Crits(f),
Q(Crit(f),20) = | Q" 20).

x*eCrits (f)

Thus, if w ¢ Q(Crits(f), xo), the limit lim; o 24, if exists, will not be one of the
strict saddle points. Our main result in this chapter proves that the set is of measure
zero, i.e., for any initial guess x( that is not a strict saddle point, with probability 1,

Algorithm 2.1 will not converge to a strict saddle point.

Theorem 2.3.5. Suppose that Assumptions 2.3.1, 2.3.3, and 2.3.4 hold and that
0 < Qmin < Qmax < 1/M, then for any xy € R¥\Crit,(f), it holds that

P(Q(Crlts(f)a 1’0)) = 0.

The intuition behind the proof of Theorem 2.3.5 is to compare the nonlinear dy-
namics around a strict saddle point 2* € Crits(f) with its linearization, as the linear
dynamics has non-trivial unstable subspace, thanks to Proposition 2.3.2. Ideally, one
would hope that the nonlinear dynamics would closely follow the linear dynamics,
and thus leave the neighborhood of x* eventually; the obstacle for such argument
is however that the approximation of the linearization is only valid for a finite time
interval. Therefore, to establish the instability behavior of the nonlinear dynamics,
we would need a much more refined and quantitative argument using the instability
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of the linear system. In particular, we would need to show that over a finite interval,
with high probability, the linear system, and hence the nonlinear system, would drive
x; away from the strict saddle point with quantitative bounds; see Theorem 2.4.4 in
Section 2.4.2. Theorem 2.3.5 then follows from an argument with a similar spirit as

the law of large numbers; see Section 2.4.3.

Remark 2.3.6. The technical Assumption 2.3.4 and the randomness in stepsizes are
made so that the iterate x; = ri_1 — at,leit_leiTt_IVf(:Ut,l) would obtain some non-
trivial component in the unstable subspace, which would be further amplified within a
sufficiently long but finite time interval. When [P (t'w)e;,_, || and eV f(zi-1)]
are fived and relatively large, a random o;_1 would keep ||77f(7'tw)xtH away from 0
with high probability; see Section 2.4.2 for more details. It is an interesting open
question whether it is possible to establish similar results without such assumptions.
Our conjecture is that P(Qs(x¢)) = 0 still holds for xo € RI\Crit,(f) unless xg

15 located in a set with Lebesque measure zero, similar to the results established in

[LPP*19].

As an application of our main result Theorem 2.3.5, we can obtain the global con-
vergence to stationary points with no negative Hessian eigenvalues for Algorithm 2.1.

More specifically, denote by
Crit(f) := {z € R : Vf(z) = 0},

the set of all critical points of f, we have the following corollary, which will also be

proved in Section 2.4.3.

Corollary 2.3.7. Under the same assumptions as in Theorem 2.3.5 and assume
further that every x* € Crit(f) is an isolated critical point. For any zo € R\ Crity(f)
with bounded level set L(xg) = {xz € RY: f(x) < f(wo)}, with probability 1, {x;}ien
is convergent with limit in Crit(f)\Crits(f).
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Remark 2.3.8. In Corollary 2.3.7, if we further assume that all saddle points of f
are strict, then the algorithm iterate converges to a local minimum with probability 1.
Let us also mention that for many non-convex problems, saddle points are suboptimal
while there do not exist “bad” local minima, e.g. phase retrieval [SQW18], deep
learning [Kaw16, LK17], and low-rank matriz problems [GJZ17]. For these problems,

convergence to local minima suffices to guarantee good performance.

Remark 2.3.9. In our setting without adding noise to the gradient or iterate, we
cannot hope for good convergence rates for arbitrary initial iterate. In fact, as shown
in [DJLT17], the convergence of deterministic gradient descent algorithm to a local
mainimum might take an exponentially long time; we expect similar behavior for the
randomized coordinate gradient descent Algorithm 2.1. Let us also remark that while
we need the random stepsize as discussed in Remark 2.3.6, the interval [min, Cmax]

could be made arbitrarily small; the result holds as long as 0 < auin < Qmax < 1/M.

2.4 Proofs

This section collects all proofs for the results in Section 2.3 and the validity of As-

sumption 2.3.4.

2.4.1 Analysis of the Linearized System

We will first study the linear dynamical system, for which we assume the objective

function is given by

f(z) = %I‘TH:L‘, (2.10)

where H is a symmetric matrix in R?*? with at least one negative eigenvalue. In this

case, the coordinate descent algorithm is given by

-
Tip1 = (I — e, 6, H) Xy,
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which corresponds to the linear dynamical system ®(¢,w) with single step map
AH(w), defined in (2.5) and (2.6) respectively.

Our main goal in this subsection is to prove Proposition 2.3.2 for this linear dy-
namical system which states that at least one Lyapunov exponent of ®(t w) is
positive. It suffices to show that there exists some z(, such that ||z;|| grows expo-
nentially to infinity, which will follow from an energy argument, similar to the proof
of [LPP*19, Proposition 5]. Although we consider a randomized coordinate gradient
descent algorithm instead of a cyclic one, one step, i.e., Lemma 2.4.3, in the proof of
Proposition 2.4.1 follows closely the proof in [LPPT19, Appendix A]. We start from
xo with f#(zy) < 0 and consider a finite time interval with length m > d. Propo-
sition 2.4.1 establishes a quantitative decay estimate for f(z,,,) compared with

fH(z;), which leads to our desired result Proposition 2.3.2.

Proposition 2.4.1. Let m > d be fized. For the objective function (2.10) with
Amin(H) < 0, suppose that 0 < aumin < Omax < 1/ maxi<i<q|Hil|, there exists ¢ € (0, 1)

depending on m, H, i, and Qupay, such that

T (@em) = [ () < e fH(m),

holds as long as fH(x;) <0 and {1,2,...,d} = {is, 441, -, itrm_1} (in the sense of

sets).

Remark 2.4.2. The condition {1,2,...,d} = {is, 9441, .., 0+m_1} above is known
as “generalized Gauss-Seidel rule” in the literature of coordinate methods [TY09,

Wri12].

Proof. Without loss of generality, we assume that ¢ = 0. Due to the choice of aax,
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we have the following simple non-increasing property for any ¢’ € N:

1
fH(-fCt’H) = éx;-i-let”rl

1 T
_ LT T T
= -y <I —Que;, e, H ) H (I —ape;,e;, )xt/

2
(2.11)
H T 2 1yt T 2
= [ (xy) —ap <eit, thf) + %€, He;, (eit/ H:@)
H Qy (T 2
< f(ay) — o (eit,th/> .
Write zg = y* + yo with y* € ker(H) and yo € ran(H). Let

Yy i1 = Yy —at/eit,eZ/Hyt/, t'=0,1,....,m—1. (2.12)

Then zy = y*+yp holds for any ¢/ = 0,1, ..., m. Using (2.11), to give an upper bound
for fH(xi1m) — f¥(x:), we would like a nontrivial lower bound for at/(e;; H xt/)z =
ay (egl Hyt/)2 for somet’ € {t,t+1,...,t+m—1}, which is guaranteed by Lemma 2.4.3,

whose proof will be postponed.

Lemma 2.4.3. Suppose that {1,2,...,d} = {ig,i1,--.,im_1}. For any

0 <4 < min {L Cinininin () } ; (2.13)

2m’ 2\/m(m04max0'max(H) + 1)

where omin(H) and owax(H) are the smallest and largest positive singular values of
H respectively, if 0 # yo € ran(H), then there exists T € {0,1,...,m — 1} such that

QT |eiTTHyT’ > 0 ||lyrl|l, where the sequence y; is given as in (2.12).
Assuming the lemma, there exists T' € {0,1,...,m — 1} that
ar el Hyr| > 6 |lyrll,

with a fixed 0 > 0 satisfying (2.13). We can further constrain that #;(H) < 1.

Thus, we have

2
£ ) < fM i) < For) = 5 (o] Har)” < £1Gar) = 5 Lol
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which combined with owax(H) ||yr||> > —yrHyr = —wqHaep = —2f7 (x7), yields

that
fH(a: ) < 1—}-5—2 fH(xT) < 14—5—2 fH(xo).
"= aTUmax(H) o aTo-max(H)
Set ¢ = ﬁja}((l{) and we get that fH(z,,) — fH(x) < cff(z0). O

We finish the proof by establishing Lemma 2.4.3 below.

Proof of Lemma 2.4.3. Suppose on the contrary that oy ‘eiTtHyt| < 6 ||y:|| for any
t€{0,1,...,m—1}. It holds that

ly1 — yoll = o |ef Hyo| < 0 lyoll < 28 [|yo] -

We claim that

19 = woll < 2t6 |[yoll, (2.14)

for any ¢t = 1,2,...,m — 1. By induction, assume that ||y, — yo|| < 2t ||yo|| holds for

some t € {1,2,...,m — 2}, then
Y1 = ell = au Jei, Hye| < 8 llyell < 6(2t6 + 1) [|yoll < 26 [yl ,

where the last inequality uses 2td < 2md < 1. It follows |lysr1 — voll < |lyv: — wol| +
ye1 — yell < 2(t+ 1) [[yol|-

Using (2.14) and max;<;<q ||He;|| < omax(H), we have
el Hyol < aulel H(y. — o) + aulel Hy
< maxOmax(H) - 260 [[yol| + 26 [|yoll

< 25(mamax0-max(H> + 1) ||y0” )

for t = 0,1,...,m — 1. Since span{e;, : k = 0,1,...,m — 1} = R?, noticing that
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Yo € ran H, we have

m—1 1/2
amino-min(H> “yOH S Qmin ||Hy0H S (Z O‘t‘e Hyo )

t=0

< 25m<mamaxamax(H) + 1) HyOH )
which contradicts with the choice of § in (2.13). O

We are now ready to prove Proposition 2.3.2 which states the existence of a

positive Lyapunov exponent of the linear dynamical system.

Proof of Proposition 2.3.2. It suffices to show that for almost every w € () there exist
some 79 € RY ¢ > 0, and T > 0, such that z; = ®(t,w)x, satisfies |z;| > e for
any t > T. Let xy be an eigenvector corresponding to a negative eigenvalue of H.
Then it holds that f#(z) < 0. Consider a fixed m > d. For any k € N, set [}, = 1
if {1,2,...,d} = {igm, lkm+1,-- - tkmim—1} and Iy = 0 otherwise. We can see that
the random variables, Iy, I1, Io, . .., are independent and identically distributed with

Ely =P(ly =1) € (0,1). By Proposition 2.4.1, we obtain that

1+ o) f (xpm), if I =1,

H
. {fH(ka), if Iy =0,

where ¢ is the constant from Proposition 2.4.1. Therefore,

>\min
Ao L) < 7 () < (1 5580 ),
which implies that
H 1/2 -
|k | > (ijc—((:;;;) (L+4c)2 5=, (2.15)
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Note that E|ly] = Ely < oco. The strong law of large numbers suggests that for

almost every w € (2, there exists some K, such that for all £ > K

T
L

El
I > 7% (2.16)

<.
I
o

Combining (2.15) and (2.16), we arrive at

H 1/2 o
e

Noticing that (1 + c)% is greater than 1, ||zxm,|| grows exponentially in km and we

complete the proof. O

2.4.2 Finite Block Analysis

In this subsection, we study the behavior of the nonlinear dynamical system near a
strict saddle point of f, which without loss of generality can be assumed to be x* = 0.
As mentioned above, in a small neighborhood of z*, while it is not possible to control
the difference between nonlinear and linear systems for infinite time, the nonlinear
system can be approximated by the linear system during a finite time horizon.

The main conclusion of this subsection is the following theorem which states that
after a finite time interval with length 7', the distance of the iterate from z* = 0 will

be amplified exponentially with high probability.

Theorem 2.4.4. Suppose that Assumptions 2.3.1, 2.3.3, and 2.3.4 hold and that
0 < Omin < Omax < 1/M. There exists e, € (0,1/6) such that for any e € (0,¢,), we
have T, = T,(€¢) € Ny that for any T € Ny with T > T, and any t € N, conditioned
on Fi_1, with probability at least 1 — 4e, it holds for all x; € V that

6¢
1 — 6e

vl 2 exp( 125 1ow(1 ~ Mam)|T) el (217
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where V' is a neighborhood of x* = 0, depending on ¢, T, and f near x*.

The lower bound (2.17) quantifies the amplification of ||z, 7||: While we always
have ||ziir] > (1 — Mamax)? ||2e]| (see (2.29) below), the result states that with
probability at least 1 — 4¢, the amplification factor is at least the right-hand side of
(2.17), which is exponentially large in 7. Hence on average ||z, 7| would be much
larger than ||z;||. This would lead to escaping of the iterate from the neighborhood
of z* = 0.

To prove Theorem 2.4.4, we would require a more quantitative characterization
of the behavior of its linearization at z*. In particular, we need a high probability
estimate of the distance of the iterate from x* after some time interval. For this
purpose, conditioned on F;_; with the iterate x;, we will first show in Lemma 2.4.8
that, after some finite time, the orthogonal projection of the iterate z,, onto the
unstable subspace, where t < ¢, < t 4+ L for some constant L, is significant. The
component in the unstable subspace would then be further amplified subsequently
by ®H(S,7¢w), where H = V2f(z*). Here the time duration S would be chosen
sufficiently large such that the distance from z,,.g to * is exponentially amplified.
Theorem 2.4.4 follows by setting 7' = L + S. In the second step above, we would
need to control the closeness between the linear and nonlinear systems within a time

horizon with length S.

Such a finite block analysis approach has been used to establish the stability of
Lyapunov exponent of random dynamical systems [LY91, FGTQ15], which inspired

our proof technique for Theorem 2.4.4 and Theorem 2.3.5.

We first set the small constant € in Theorem 2.4.4 which controls the failure

probability of the amplification bound. Let A\; > Ay > --- > A, be the Lyapunov
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exponents of the linearized system at z* = 0. We set

1
Ay =min); and 0<7y< §min { min |\; — )\i+1|,)\+} : (2.18)

Ai>0 1<i<p
Note that v < A;. Let €, € (0,1/6) be sufficiently small such that
(1 —6€)(Ay — ) +6e-log(l — Mamay) >0, Vee(0,€). (2.19)

The reason for such choice will become clear later (see (2.32)). For the rest of the

section, we will consider a fixed € € (0, €,).

We now state and prove several lemmas for Theorem 2.4.4. First, in the following
Lemma 2.4.5, we construct a stopping time g, — 1 that is bounded almost surely and
that the component of the gradient ‘eZ)erf(:th_lﬂ is comparable with ||V f(z,,—1)]|

in amplitude with high probability.

Lemma 2.4.5. Let 0 < pu < \/Lg be a fixed constant. There exists some constant

L > 0, such that for any t € N, there exists a measurable o; : £ — Ny such that

t<o <t+L and

P(le], VI (@am1)| 2 p IV o0l | Fior) 21 e (2:20)

tot—1

Proof. For any t € N, use {y to denote the smallest non-negative integer ¢, such that
to=argmin{e € Ny : |e] Y f(weern)] = plIV S (eIl

It is clear that P({y > £ | F;_1) < (1 — 1/d)*, since for each step the coordinate is

randomly chosen. Hence, there exists some L > 0, such that
P(£0§L|ft,1) 21—6

We finish the proof by setting o; = t+min{¢y, L} which has the desired property. [
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We now carry out the amplification part of the finite block analysis for the lin-
earized dynamics at * = 0. To simplify expressions in the following, for t; < t5, we

introduce the short-hand notation
(i, @)pytg—1 = ((iys y)y -y (Grg1, ty1)) € Ly X v v X Q1
and the finite time transition matrix (i.e., the composition of linear maps)
O ((i,a)pyit51) = (I — at2_16it2—16;|;2,1H) e (I = atleitle; H).

Recall that (€2, X, IP;) is the probability space for Ui o, .. a3 XUja,i ame] fOr t € N We

also denote Pf ((z, a)tl;trl) as the projection operator onto the subspace spanned
by the right singular vectors of ® ((z, oz)tl:tz_l) corresponding to d, largest singular
values, where d, = pro d; and d; is the dimension of the i-th eigenspace as in
Theorem 2.2.3 (ii) for the linearized system at z*.

As we mentioned in the proof sketch, we want (S, 7%w) = O ((i, @) y,.0,15-1)
to amplify z,,, for which we need to establish a non-trivial lower-bound for the

unstable component ||P4 ((i, &)gs0,+5-1) To,||- This is achieved by several lemmas.

We will establish three lower bounds in the sequel:
. HPf (Tew) eigrlH using Lemma 2.4.6;
. pr (7, @) gprort5-1) €igy H in Lemma 2.4.7; and finally the desired

o ||PY((i,@) g0 r5-1) o || in Lemma 2.4.8.

Let us first control HPf (T%w) e ’ in the following lemma, which utilizes Assump-

tion 2.3.4. For simplicity of notation, in Lemma 2.4.6 and Lemma 2.4.7, we state
the results for [P (w)e;| and |PH((i,@)o:s-1)e;|| instead, which is slightly more

general.
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Lemma 2.4.6. Under Assumption 2.3.4, there exist 6 > 0 and measurable Q0§ C §~2,

where Q is from Theorem 2.2.8, such that P(Q) > 1 — ¢ and
|PE(w)ei|| >0, YweQq, ie{l,2,...,d}.
Proof. Assumption 2.3.4 implies that
P({we Q: [PH(w)e]| >0, Vie{1,2,...,d}}) =1

Notice that
{we Q: [P (w)ei|| >0, Vie{l,2,....d}}=

— U {wefz: | P (w)e:|| = % Vieg {1,2,...,d}}.

neNL

The Lemma follows from continuity of measure. O

We will then be able to handle ||P¥((i, a)p.s-1)e;|| using Lemma 2.4.6 and the

closeness between (CIDH(S, w)TOH (S, W)) 125

with A(w) as the former converges to the
latter as S — oo by Theorem 2.2.3. More precisely, denote the singular values of
X € R by 51(X) > s9(X) > -+ > 54(X). Then for S € N, sufficiently large, we
have

1
S log s; (@H(S,w)) )

= ‘% log S; (@H((Z, 04>0:571)) - >\,u(j) < e (221)

for every j € {1,2,...,d}, where A\; > Ay > --- > )\, are the Lyapunov exponents
from Theorem 2.2.3, v is given by (2.18), and the map p : {1,2,...,d} — {1,2,...,p}
satisfies that p(j) = ¢ if and only if dy +- - -+d;—1 < j < d;+---+d;, so u corresponds
the index for the singular values with that of the Lyapunov exponents. Moreover,

the convergence also implies that

IPE(S,w) = P (w)]|

IA

?

0
2
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for sufficiently large S, which then leads to

N S

[PL(S,w) ]| = [P (i, a)os—1) ]| > (2.22)

for every j € {1,2,...,d}, where Pf(S,w) is the projection operator onto the sub-
space spanned by the right singular vectors of ®(S,w) corresponding to d largest

singular values. Let
Q% = {(i,a)0.5-1 € Qo X -+ X Qg1 : (2.21) and (2.22) hold}. (2.23)

The following lemma states that ° has high probability for sufficiently large S,

where with slight abuse of notation, we write P(Q%) = P (Q¥ x (ths Q)).

Lemma 2.4.7. Under the same assumptions of Lemma 2.4.0, there exists some S, >

0, such that for every S € N, S > S,, it holds P(2°) > 1 — 2e.

Proof. For a.e. w € €, it follows from Theorem 2.2.3, in particular (2.3), and standard
matrix perturbation analysis (see e.g., [Bhal3, Theorem VI.2.1, Theorem VIIL.3.1])

that

1
gsj(@H(S,w)) — Au@), S — oo0. (2.24)

for any j € {1,2,...,d}, and that

PI(S,w) = P (w), S — oo. (2.25)

By Egorov’s theorem, there exists Q5 C Qf with P(25) > 1 — 2¢, such that
the convergences in (2.24) and (2.25) are both uniform on 5. Here f is as in

Lemma 2.4.6. Therefore, for some S, sufficiently large, we have

1
glogsj (@7(S,w)) = Aupy| <. Vie{l,2,...,d}, S> 8., weQs,
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and

|PE(S,w) — P (w)]| < g VS >S,, we s, (2.26)

Combining Lemma 2.4.6 and (2.26), we obtain that

|PH(S,w)es]| > =, Vie{l,2,....d}, VS>S5,, we Qs

N

For any S > S,, by the definition of Q7. it holds that

Q5 Q5 x <>< Qt>,

t>S

which implies the desired estimate

P(QOS) = P(QS X (>< Qt>) > P(Q5) > 1 — 2.

t>8
]

Note that a,,—1 ~ Ula,ama 18 independent of F,, o, ip,—1, and (7, a),,.0,+5-1-
The next lemma shows that with high probability, the choice of «,,_; will lead to a

nontrivial orthogonal projection of x,, onto the unstable subspace of ®# (S, 7% w) =

(I)H(<ia a>gt:gt+5—1)-

Lemma 2.4.8. For any S € Ny, x,, 1, ip_1, and (i,Q)p.0+5-1 € Q°, there exists
I C [Omin, Qmax] with m(1) > (1—€)(max — Qumin) where m(-) is the Lebesgue measure,
such that for any a,,_1 € I, it holds that

6(S(Ofrnax - amin) ‘ T

||Pf ((i7a)gt5gt+5—1)x9t|| > 4 ez‘gt,lvf(z@t—l)l- (2.27)

Proof. We assume that {eiTgFlVf(xgt_l)‘ # 0; otherwise the result is trivial.
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For simplicity of notation, we write
H/; H//-
Py (4, @) gproi+5-1) Top = Py (4 @) gy00+5-1) Toy—1
T H((;
— 1€,V f(@o-1)P{ (1, @) prigrrs-1) €y, s
=Yz — Wy, 1Y1,
where the last line defines y; and y,. Using the short-hand notation

6(5<amax - amin) T
4 ei@t—l

r= Vf($gt_1)

Y

we observe then (2.27) holds if and only if a,,—1y; is not located in a ball with radius

r centered at ys.

It follows from the definition of Q% and (2.22) that ||PH ((i,)g:g45-1) €1, || =

g, which then leads to

2r

E(amax - amin) ‘

)
Il > Slel, \Vf(zo-1)| =

Thus, the set of a,,_1 such that a,,_1y1 € B.(y2) consists of an interval J in R
with || sup(J) - y1 — inf(J) - y1]| < 2r as the diameter of B,(y,) is 2r, which implies
m(J) < 2r/||lyill < €(@max — @min). The lemma is proved then by setting I =
[Omax — Qmin) \J- O

With Lemma 2.4.5-2.4.8, we now prove Theorem 2.4.4 which relies on an approx-
imation of the nonlinear dynamics by linearization and the amplification from the

finite block analysis for the linearized system.

Proof of Theorem 2.4.4. Without loss of generality, we will assume ¢ = 0 in the
proof to simplify notation. Since H = V?2f(z*) is non-degenerate, we can take a

neighborhood U of z* = 0 and some fixed o > 0 such that

Vi@ = o], VzeU (2.28)
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Assumption 2.3.1 implies that
IVf (@)l = IVf(x) = V)| < Mllz — 2| = M ||z]|, VazeR%

Using the above inequality and o, < 1/M, it holds for every w € Q and t' € N that

vl = |fo = aver, e, (av)

> |lzw|| — aw ||es el || - [V ()] (2.29)

> (1 = Mamax) [lze ]l
and similarly that
[y 4a]] < (1+ Mamax) [z ] -

We thus define
r_:=1-— Mamax and ryi= 1+ Mamaxv
so that

rfwell <zl < vl (2.30)

We now choose the time duration S large enough in the finite block analysis
to guarantee significant amplification. More specifically, we choose S so large that

S > S, (S defined in Lemma 2.4.7) and that the following two inequalities hold:

edpo(r_ ) (amax — Omin)

exp(SOhs — 7)) > (r,)", (2.31)

and

0o (r-)*EY (max — Qmin)
8

(1 — 6¢) (S()\+—’y)+log ) + 6¢(L + S)logr_ > 0,
(2.32)

where L is the upper bound defined in Lemma 2.4.5, u < 1/ Vd is a fixed constant

as in Lemma 2.4.5, ¢ is from Lemma 2.4.6, and o is set in (2.28). Thanks to (2.19)
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for our choice of € and that v < A} from (2.18), (2.31) and (2.32) are satisfied for
sufficiently large S.

Next, we show that, for any S sufficiently large as above, there exists a convex
neighborhood U; C U of z* = 0, such that for any ¢ € N, any zy € U;, and any

(Z, Ol)t/:tl+s_17 lt hOldS that

lzors| > || @7 ((i, @)ppss1)xe || = llav]l . (2.33)

We first define a convex neighborhood Uy C U of * = 0 such that

|(z — aeie] Vf(z)) — (I — aee] H) z|| = ||aeie] (Vf(z) — Ha)||

1
1
el 2 — Hz)dn|| € =——=—
046162 A (V f(nx> ZE) nH — S(T’+)S_1 HxHu

for any = € Uy, any i € {1,2,...,d}, and any @ € [@min, ¥max]- Applying the

inequality S times for zy € Uy = (r,)~~DU,, we have,

thl-‘rs — " ((Z, Oé)t':t’+S—1>$t'

<

.
Tyys — (I — Quys-1€i, 5 €, o M ) Tyys-1

+ H[ — at/+S_16it’+S71GZUrSleH : th’-FS—l - (I)H(<Z7 a)t’:t’—&-S—Q)l‘t’”

1

<o lwvrsall + 74 ||zess—1 — 7 (0, @)pwis_2) e
S(ry)

—1 —
= 51 (Izessall + 7 lzvss—all + -+ (r)° 7 lae )
S(r+)

< th'H )

and hence, inequality (2.33).
Setting V = (r, )~ 5=VU}, we then have x,,_; € U for any x, € V, which implies

that ||V f(2g-1)| > 0 ||®g-1]] @s 0o < L. According to Lemma 2.4.5-2.4.8, for any
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given xy € V, with probability at least 1 — 4e, we have (i, @) y.0015-1 € 2°, and the

followings hold:

‘eTO_lvf(xgo—l)’ S ||Vf($90_1)’| ) (234>

Lo

5<amax - amin) ‘ T

4 eigo,lvf(xgo—l)

[P (6, @) gyroot5-1) Tao || = , (2.35)

where the probability is the marginal probability on (i, @)o.r+5-1 € Qo X+ XQp15-1.

Recall Ay and v in (2.18), and dy = ), od;. It follows from (2.21) of the

construction of the set Q° that

1 , .
g logs; (@7 (1, W)pronrs-1)) = Aui) =7 = Ap =, ¥V j<dy.

This is to say that the d, largest singular values of ®# ((i, @) .00+5-1) are all greater

than or equal to exp(S(Ay — 7)). Therefore, it holds that

HCI)H ((Z‘va).90190+571)$90H > HQ)H ((iﬂoé)QoIQoJrSfl)Pf ((Z"a)QO:QOJFS*l)xQDH

(2.35) €0 (Omax — Qmin) | T

> exp(S(Ay —7))- 1 €igo,1vf(%o—1)|
(2.34) 6(5 Omax — Omin
2 exp(S(1. 7)) - Wl = Cmin) gy,

(2.36)

where the first inequality is because that & (7, @) g:00+5-1) PE (7, @) go:00+5-1) T
and O ((i, @) gy:go+-5-1) (I — P (i, ) goigp+5-1)) g, are orthogonal. Combining (2.33)

and (2.36), we obtain that

65/1 (amax - amin)

[zg0+sll = exp(S(Ar — 7)) - IV (@01l = |0

4
(2.30) edpo(r_ )Lt Omax — Omin
> (exp(s(n, — ) - LA = (r2)") ol
(2.31) edpo(r_)L1 Omax — Omin
> exp(8(n. ) - LTI ) ol
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Therefore, it holds that

(2 -
lozesl > (r2)" " l2gpes

0o (r_)2E Y (pax — Qmin)
8

> exp(S(A+ = 7))

ol -

We finally arrive at (2.17) by setting T = L + S and combining the above with
(2.32). O

2.4.3 Proofs of Theorem 2.3.5 and Corollary 2.3.7

In this subsection, we first prove the following theorem, which relies on the local
amplification with high probability established in Theorem 2.4.4. The main result
Theorem 2.3.5 will follow as an immediate corollary since Crits(f) is countable and

strict saddle points are isolated.

Theorem 2.4.9. Suppose that Assumption 2.3.1, 2.3.3, and 2.3./ hold and that
0 < Qmin < Qmax < 1/M. Then for every x* € Crit,(f) and every xy € R\{z*}, it
holds that

P(Q(z*, xg)) = 0.

Proof. Without loss of generality, we assume that 2* = 0. Conditioned on F;_; with
xy € V, where V' can be assumed to be bounded, Theorem 2.4.4 states that with
probability at least 1 — 4e,

zerrl] > Azl

where to simplify notation we denote

be
1 — 6¢

A= exp< ‘log(l — Mozmax)‘ T)

37



the amplification factor appearing on the right-hand side of (2.17). Notice also that,

due to (2.30), we always have

lzeerll = (ro)" [l
It suffices to show that for any xy € V\{z*}, with probability 1 there exists some

t € N such that z;, ¢ V.

Let us consider the iterates every T steps: Denote y; = xpy and G; = Fpyq for

t € N. Denote stopping time
p=inf{t e N:y, ¢ V},

it suffices to show that P(p < oo) = 1. We define a sequence of random variables I,

as follows:

1, if > A
mw):{’ i [lyetll > Ay

0, otherwise.

By the discussion at the beginning of the proof, we have
P(I; = 1[Gt < p)>1—4de

and moreover, setting Si(w) = Do, [t(w), we have for ¢ < p(w),

HytH > ASt(W) . (T.i)T(t_St(W))'
190l

Denote R := sup,.y ||| < oo. Since (1 — 5¢)log A + 5eT'logr_ > 0, there exists

t, € N, such that

(A ) s B sy
ol

Therefore, for any t > t,, it holds that

Plp>t)=P(p>tS < (1-5e)t) < Y (:) (1 — 4e)(4e)'".

i<(1—5€)t
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As we will show in the next lemma that the right-hand side of the above goes to 0

as t — oo, and thus lim;_,., P(p > t) = 0, which implies that P(p < oco) = 1. O

Lemma 2.4.10. For any € € (0,1/4), it holds that
: t i g\t
lim (1 —4e)'(4e)" = 0.
i
)t

Proof. Let Xy, X1, Xs5,... be a sequence of i.i.d. random variables with X; being
a Bernoulli random variable with expectation 1 — 4e. Denote the average X; =

%Zo <5<t Xs- The weak law of large numbers yields that

Z (z) (1 —4e)'(4e) " =P (X, <1-5¢) <P (| X, —EXo| > ¢€) = 0,

i<(1—5e)t

as t — oo. [
The main theorem then follows directly from Theorem 2.4.9.

Proof of Theorem 2.3.5. Assumption 2.3.3 guarantees that, in a small neighborhood
of z*, the gradient Vf(z) = V2f(z*)(z — 2*) + o(]|z — 2*||) is non-vanishing as
long as © # z*, which implies that z* is an isolated stationary point. Therefore,
Crits(f) is countable. Then Theorem 2.3.5 follows directly from Theorem 2.4.9 and
the countability of Crits(f). O

We now prove the global convergence, i.e., Corollary 2.3.7, for which we will
show that Algorithm 2.1 converges to a critical point of f with some appropriate
assumptions. We first show that the limit of each convergent subsequence of {x;}en
is a critical point of f.

Proposition 2.4.11. If Assumption 2.8.1 holds and 0 < qpin < Qmax < 1/M, for
any xo € R with bounded level set L(xg) = {x € R4 : f(z) < f(xo)}, with probability
1, every accumulation point of {xt}ien is in Crit(f).
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Proof. Algorithm 2.1 is always monotone since the following holds for any ¢ € N by

Taylor’s expansion:

f(@er) = f (ze — cawese, V f ()
= f(w) = au (eg VI (w)*

1
+ 5043 (eZVf(xt))Q e, VI (2 — e el Vf(x)) e, (2.37)

1
< flae) — iat(eIVf(xt))Z
S f(xt)7
where 6, € (0,1), which implies that the whole sequence {z;}cn is contained in the

bounded level set L(zg).

Let us consider any n > 0 and set

L(xo,n) = {x € L(xo) : [V (z)] = n},

which is either empty or compact. We claim that with probability 1, the accumulation
points of {x; };eny will not be located in L(xq,n). This is clear when L(zg,7n) is empty,
so it suffices to consider compact L(zg,7). Set u € (0,1/1/d] as a fixed constant.
For any x € L(xg,7n), there exists an open neighborhood U, of x and a coordinate

ir €4{1,2,...,d}, such that

el VFW)| = ulIVF@)| > pn, Yy €U, (2.38)
and that
. aminu2772
sup f(y) — inf f(y) < ———. (2.39)
yeU, yeU, 2

Noticing that L(xo,n) C U, c L(zo,n) Uz DY the compactness, there exist finitely many

points, say z', 22, ..., 2, such that

L(zg,n) C U Uy

1<k<K
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For any k € {1,2,..., K}, combining (2.37), (2.38), and (2.39), we know that for
any t, conditioned on F;_ with z; € U, if 7, = i, (which has probability 1/d), then
f(x41) <infyey , f(y) and thus zy & Uy for all ¢/ > ¢.

Therefore, the probability that there are infinitely many ¢t € N with x;, € Uy
is zero, which implies that {z;},cn does not have accumulation points in U,. with
probability 1. We conclude that with probability 1, L(xg,n) does not contain any
accumulation points of {z;};en as K is finite. Since this holds for any n > 0, we have
for P-a.e. w € Q, {x}sen has no accumulation points in any |J,,5, L(zo, 1/n), which

then leads to the desired result. O

Proposition 2.4.11 implies that any accumulation point of the algorithm iterate
is a critical point. If we further assume that each critical point of f is isolated, we

would conclude that the whole sequence {x; }1en converges and the limit is in Crit(f).

Proposition 2.4.12. Under the assumptions of Proposition 2.4.11. If every x* €
Crit(f) is an isolated critical point of f, then with probability 1, x; converges to some

critical point of f ast — oo.

Proof. 1t follows from Proposition 2.4.11 that |V f(z;)|| converges to 0 as t — oo
for a.e. w € Q. In fact, if there were a subsequence {zy, }reny and € > 0 with
|V f(xy,)|| > €, V k € N. Then by the boundedness of L(zg), {z¢, }ren would
have some accumulation point which is not a stationary point of f, which leads to a
contradiction.

Moreover, Crit(f) N L(xq) is a finite set, since otherwise, Crit(f) N L(zo) would
have a limiting point which would be a non-isolated critical point of f, violating the

assumption.

Consider a fixed w € Q with lim;_, [|[V f(z¢)]| = 0. Select a open neighborhood
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Uy~ for every x* € Crit(f) N L(zo), such that there exists some § > 0 with

dist(Up«,Uy) = inf |z —y| >4, V", y" e Crit(f).

€U, ,yGUy*

If {x;}en has more than one accumulation point, there would be infinitely many
iterates located in L(20)\ U+ ccrit(f)nr(zy) Us+ Which is compact. Therefore, {;}sen

would have an accumulation point in L(zg)\ Ux*ecrit(f)m( U+, which contradicts

z0)

Proposition 2.4.11. O
Corollary 2.3.7 is now an immediate consequence.

Proof of Corollary 2.5.7. The result follows directly from Theorem 2.3.5 and Propo-
sition 2.4.12. O

2.4.4 Validity of Assumption 2.3.4

In this subsection, we provide some justification of Assumption 2.3.4, which is ex-
pected to hold generically. In particular, the following proposition validates this

assumption when the off-diagonal entries of H are all non-zero.

Proposition 2.4.13. Suppose that the largest Lyapunov exponent of ®H(t,w) is pos-
itive. Then Assumption 2.3.4 holds as long as 1 < qpin < Omax < 1/ maxy<i<q |Hiil

and every off-diagonal entry of H is non-zero.

Proof. For any element w in 0, we take the smallest ¢ such that {1,2,...,d} =

{ig,i1,...,%¢_1} and write

W = ((Z.Ov Oé()), ey (if—la af—l)a w/)v

where ' = 7w € Q. We have that ¢ is finite for a.e. w € Q. Note that we can
view ¢ — 1 as a stopping time, in particular, given ¢, w’ has distribution P and is
independent with F,_;.
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Let {v],v5,...,v..} be a set of basis vectors for WH (w') = W (r'w). Then a set

of basis vectors for W (w) is given by

_1/

-1 4

v; = (I — ozoez-oeiTO ) (I — ag_leil_le;l]i) vy, J=12,...,m.
Denote the matrices concatenated by the column vectors as V' = (v}|v] - |v],) and
V = (’01|U2| e |vm) If e; € WH(w) = span{vy, vy, ..., vy}, then V;, is column-rank

deficient since the existence of a positive Lyapunov exponent implies that m < d —1.
Here and for the rest of the appendix, we denote by V;. the (d — 1) x m matrix

obtained via removing i-th row of V' € R,

Therefore, as Assumption 2.3.4 is equivalent to that e; ¢ W (w) holds for any
i€{l,2,...,d} and almost every w € €, it suffices to show that V; . has full column-
rank with probability 1. The key point is that given ¢, ag, aq, ..., s are indepen-

dent with ig, 41, ...,4—1 and o' = 7%w. Thus, it suffices to show that with fixed ¢,

l !

w, and vy, vy, ..., v . the set of all ag,ay,...,a,—1 that yield

) m?

10,01, .o ylp_1, W =T
the rank-deficiency of V;. is of measure zero; and without loss of generality, we can
assume ¢ = 1. Noticing that 29,71, -+ ,2,_1 cover all the coordinates and that ev-
ery off-diagonal entry of H is non-zero, the desired result follows directly from the

following Lemma 2.4.14 applied repeatedly. n

Lemma 2.4.14. Suppose that X = (X1]|Xo] - |Xd)T and Y = (Y1|Ys]- - |Yd)T are
full-column-rank d x m matrices satisfying Y = (I — aepel H)"1X (we suppress in
the notation the dependence of Y on k and « for simplicity). Then the followings
hold:

(i) If Xi. has full column-rank, then for any k = {1,2,...,d}, Yj, also has full

column-rank for a.e. a.

(i1) Suppose that X; . is column-rank deficient, and let2 < j; < jo < -+ < jm1 < d

43



be row indices such that
XjEspan{le,ij,...,ijfl}, ‘V’]E{Q,?),,d}

If k € {1, 41,72, jm-1}, then we have with probability 1, either Y, has full

column-rank or Yj . is column-rank deficient with
Y; e span{Y;,.Y,,,....Y; .} Vje{23,...,d}.
Ifk ¢ {1,j1,J2,- -, Jm—1} and Hyy # 0, then Y; . has full column-rank.

Proof. By (2.7), it holds that Y; = X for j # k and that

1
Y, =——| X H.. X |.
k 1—aHkk< k+a; & ]>

For point (i), we notice that if & = 1, then Y = Xj_ has full column-rank. If
k > 1, then it follows from X; € span{Xy, ..., Xq} that Yj . also has full column-rank

for a.e. a.

For point (ii). We have
span{Xl, le, ij, e 7ij—1} =R™.

If k € {1,51,72,---,Jm-1}, then span{¥;,Y; Y, ,...)Y; } = R™ holds for a.e. a.

Therefore, we obtain that Y} ,Y},,...,Y} _, are linearly independent, which implies

that either Y; = has full column-rank or
Y; € span{Y},.Y,,, ..., Y, .}, Vijie{2,3,...,n}.

If k& {j1,J2,- - Jm-1}, then Yj  has full column-rank since Hy; # 0. O
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Chapter 3

Elliptic Partial Differential Equations in
Barron Spaces

3.1 Background

Partial differential equations (PDEs) play important roles in many fields of science
and engineering. In the past few decades, many efficient numerical approaches for
low-dimensional PDE problems have been proposed. However, the computational
complexity of those conventional methods may grow exponentially in the dimension.
For example, for d-dimensional PDE problems, in order to achieve an accuracy e,
finite difference methods need a grid size of O(e), which leads to O(e~?) grid points.
This phenomenon is known as the curse of dimensionality (CoD), and severely limits
their application in high-dimensional PDE tasks, such as many-body Schrédinger
equations in quantum mechanics and the high-dimensional Hamilton-Jacobi-Bellman
equations in control problems.

Recently, machine learning and neural networks have been widely applied in
numerical PDE approaches [DPT94, LLF98, EHJ17, EY18, RPK19, HJE18, SS18,
KLY19, ZBYZ20, CHWY20, EHJ21, GYZ21, KLY21]. Some of these approaches
even demonstrate great empirical efficiency in numerically solving high-dimensional
PDEs where the unknown function depends on hundreds or even thousands of vari-
ables (see e.g. [EHJ17, EY18, HJE18]), which surpasses conventional methods a lot.
These progresses could also potentially lead to breakthroughs in other fields, such as

many-body physics [CT17, GD17, HSN20] and multi-agent control [ROL*20, HJE18].

Given such empirical success, a natural question is whether one can establish
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theoretical foundations for these neural-network-based high-dimensional PDE solvers.
Although some analysis has been done for certain families of methods, such as the
deep Ritz method [LLW21, L122] and the physics-informed neural networks [SDK20,

MM22, SZK20], the whole theory is far away from complete.

One theoretical advantage of these approaches is that neural networks have suf-
ficiently strong expressive power to approximate high-dimensional functions. The
efficiency can even be observed for simple network structures, e.g., the two-layer neu-
ral networks. In the seminal work of Barron [Bar93|, he shows that for a function g¢

satisfying
€y = [ 1) -ll€lde < o (3.1)

where ¢ is the Fourier transform of g, then g can be approximated by a two-layer
neural network in L?-norm, where the number of hidden neurons depends on the
dimension d at most polynomially if Cj, is viewed as a constant. Along the direction
of [Bar93], several specific types of function classes on which the neural network
approximation in various norms does not suffer from CoD have been defined and
illustrated in the literature, including particularly the spectral Barron space [LLW21,
SX22a, SX22b], where the spectral Barron norms generalizing (3.1) are defined as
some weighted L!'-norm of @ or its discrete version, and the Barron space [EMW21,
Bacl7] that generalizes two-layer neural networks into an integral representation with
respect to an underlying probability measure on the parameter space and defines the
Barron norm as path norm of the representation.

The goal of this chapter is to establish theories for two-layer neural networks and
elliptic PDEs. More specifically, we will present an approximation theory for general
second-order elliptic PDEs in Barron spaces in Section 3.2 and a regularity theory

for static Schrodinger equations in spectral Barron spaces in Section 3.4.
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3.2 Representational Complexity of Solutions to

Elliptic PDEs in Barron Spaces

3.2.1 Overview

The focus of this section takes a functional-analytic approach to the question:

Whether the solution of a high-dimensional PDE can be efficiently approximated
by a neural network, and if so, how to quantify the complexity of the neural network
representation with respect to the increasing dimension?

Namely, we identify a function class suitable for neural network approximations
and prove that the solutions to a class of PDEs can be well approximated by functions
in this class. More specifically, the PDE we consider is a family of second-order elliptic
PDEs of the form

Lu=—V-(AVu)+cu=f onR% (3.2)

We choose to work with the Barron class of functions defined in [EMW21] (see also
[Bacl7]), which is a class of functions admitting the integral of certain parametric
ridge function against a probability measure on the parameters; see Definition 3.2.1
for a precise description. This Barron space is inspired by the pioneering work by
Barron [Bar93|. The main result of our work, stated informally, is the following; a

more precise statement can be found in Section 3.2.3.

Main Theorem (informal version) If the coefficients A, ¢ and the source term
f of the second-order elliptic PDE (3.2) are all Barron functions, then the solution
u* can be approximated by another Barron function w such that ||u — u*||g1 < €,
where the Barron norm of u is upper bounded by O((d/e)¢'°&(1/9)). Moreover, if the
Barron space is defined by the cosine activation function, then the upper bound on

the Barron norm can be improved to O(d“°&1/¢).
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We remark that while the better rate is only obtained for the cosine activation
function, such periodic activation function has indeed been found effective in certain

PDE-related tasks, see e.g., [SMB*20].

Since the Barron functions can be approximated on a finite domain Q w.r.t. H!
norm by two-layer neural networks with a rate O(1/v/k) where k is the network width
(see Theorem 3.2.4), the theorem above directly implies that there exists a two-layer
neural network u;, with the number of widths k = O((d/e)¢18(/9)) or k = O(d®'°81/°)
if the activation function is cosine, such that ||uy — u*||g1(o) < €. Therefore in our
setting the solution can be approximated by a two-layer neural network without
CoD, meaning that the complexity depends at most polynomially on the dimension
d for fixed e. Alternatively, we can rewrite the rates as O((1/¢)Cegdtlogl/e)y and
O((1/€)“e?) to contrast with that of conventional grid-based numerical methods
for PDEs, which scales as O((1/€)?). It can be observed that the dependence on d is

replaced by log d in the complexity bound for neural network approximations.

We emphasize that such approximation result does not follow directly from the
universal approximation property of neural networks for Barron functions since it
is not a priori known that the solution to the PDE is a Barron function. It will
be shown that the solution lies in some spectral Barron space for a certain class of
second-order elliptic PDEs, say the static Schrodinger equation, in Section 3.4, but
the analysis does not apply for general second-order elliptic PDEs. Hence, directly
imposing regularity or complexity assumption on the solution itself is unreasonable
since the solution is unknown and its fine properties are generally inaccessible.

Our main contribution in this section is to establish the fact that the solution can
be indeed approximated by a Barron function, under the assumption that coefficients
and the right-hand term of the PDE are Barron. From a mathematical point of view,

our main theorem is in the same spirit as the regularity estimates of PDEs, which are
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of crucial importance in the study of PDEs. While such regularity estimates are well
developed in low dimensions, the extension to results in high dimensions is highly

non-trivial and is the main focus of our work.

Related works Several theoretical works have been devoted to the above represen-
tation question. It has been established in [GHJVW18, HJKN20, GH22| that deep
neural networks can approximate solutions to certain class of parabolic equations
and Poisson equations without CoD. The major limitation of those works lies in that
the PDEs considered in those works must admit certain stochastic representation
such as the Feymann-Kac formula and it seems difficult to generalize the proof tech-
niques to broader classes of PDEs with no probabilistic interpretation. The works
[LLW21, LL22] studied two-layer networks for elliptic PDEs and the Schrédinger
eigenvalue problem on a bounded domain with Neumann boundary condition and an-
alyzed the a priori generalization error, with the assumption that the exact solutions
are in spectral Barron space, which was rigorously justified by their new regularity
theory. Similar generalization analysis was carried out in [LY20] for second-order
PDEs and in [HSX21] for general even-order elliptic PDEs, but without justifying
the Barron assumption on the solution. Compared to those works, our work focuses
on deriving complexity estimates of the solution in the integral-representation-based
Barron space, which is more flexible and arguably more suitable for high-dimensional
settings, see e.g., discussion in [EMW21]. The work [EW22] established such esti-
mates in the Barron space for certain specific PDEs that essentially admit explicit
solution, whereas we aim to prove such estimates for general elliptic PDEs for which
the analytical ansatz is not available. The work [MLR21] is closest to ours where the
authors proved that the solution of the same type of elliptic PDE with a Dirichlet
boundary condition can be approximated by a (deep) neural networks with at most

O(poly(d)N) parameters if the coefficients of the PDE are approximable by neural
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networks with at most N parameters. While our overall approach based on itera-
tive scheme borrows the idea from [MLR21], our result differs and improves theirs in
many aspects: (1) Our result shows that the solution can be well approximated with-
out CoD by a two-layer neural network with a single activation whereas the result
in [MLR21] requires a deep network which uses a mixture of at least two activation
functions; (2) Our PDE is set up on the whole space rather than a compact do-
main, so our setting covers some important PDEs in physics, such as the stationary
Schrodinger equation; (3) The result in [MLR21] relies on another key assumption
that the source term lies within the span of finitely many eigenfunctions of the elliptic
operator whereas our result completely removes such assumption. This is achieved by
utilizing a novel preconditioning technique to uniformly control the condition number

of the iterative scheme that underpins the proof of our main theorem.

Organization The rest of this section will be organized as follows. In Section 3.2.2
we introduce the definition of Barron functions and discuss their H!-approximation
by two-layer networks (see Theorem 3.2.4). Our main theorems are stated in Section
3.2.3. We present the sketch proofs of the main theorems in Section 3.2.4 and defer

the complete proof to Section 3.3.

3.2.2 Barron Spaces

Our ultimate goal in this section is to show that the solution can be approximated by
a two-layer neural network on any bounded subset of R? with respect to the H' norm
with a rate scaling at most polynomially in the dimension. Notice that in general
one cannot hope to obtain an approximation result on the whole space R? because
the asymptotic behavior of a neural network function (determined by the activation)
at infinity may mismatch that of the target function u*. On the other hand, it is

well-known that the convergence rate of neural networks for approximating func-
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tions in standard Sobolev or Holder spaces still suffers from the CoD [Yarl7, Yarl§|.
Therefore to obtain a rate without CoD for the neural networks approximation to
the solution u*, we need to argue that u* lies in a suitable smaller function space that
has low complexity compared to Sobolev or Holder spaces. We will work with the
Barron space and show that u* is arbitrarily close to a Barron function which can be

approximated by a two-layer neural network without CoD.

The definition of Barron space is strongly motivated by the two-layer neural net-

works. Recall that a two-layer neural network with k& hidden neurons is a function of

the form
L&
ug(z) = Z ; aio(w; x +b;), x€R% (3.3)
Here o : R — R is some activation function and (a;, w;, b;) € RxRIxR, i =1,2,... .k

are the network parameters. If the parameters are randomly chosen accordingly to
some probability distribution, then in the infinite width limit the averaged sum in

(3.3) formally converges to the following probability integral
u,(x) = /aa(wa + b)p(da, dw,db), =€ R?, (3.4)

where p is a probability measure on the parameter space R x R x R. Observe that
(3.3) is a special instance of (3.4) if we take p(a, w,b) = 7 S 8(a—ag, w—w;, b—b;).

The Barron norms and Barron spaces are then defined as follows, where we require
the marginal measure in w to have compact support. This is because the (formal)
first-order and second-order partial derivatives of u,(x) would involve with compo-
nents of w by the chain rule. By adding some uniform bounds on w, we can control
the Barron norms after taking derivatives. In the subsequent discussion, we may

also need to restrict our attention to functions defined on a bounded set. Therefore

we present below the formal definition of a Barron function defined on any domain
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Q c R

Definition 3.2.1. Fiz Q C R? and R € [0,+00]. For a function g = u, with some
probability measure p, we define the Barron norm of g on Q with index p € [1, 4+00]

and support radius R by

l/p
ol = e { ([ 1ot w0 o= [ aotuTa-+ 0ty on
P

p 18 supported on R X Ej@ X R},

where E}é = {z € R?: ||z|| < R}. The corresponding Barron space is then defined as

B() = {9 lgllgyey < 0}

It is worth making some comments on the definition above. Our definition of
Barron space adapts a similar definition in [EMW21]| (see also [Bac17]) with several
important modifications for the purpose of PDE analysis. First, we require that the
w-marginal of the probability measure p has compact support in order to control the
derivatives of a Barron function defined in (3.4); in fact differentiating the integral of
(3.4) leads to an integral of the product of the ridge function with w (or its powers)
and enforcing p has a compact w-marginal thus controls the Barron norm of the
derivatives of u,. In addition, our definition of Barron norm only involves the p-th
moment of p with respect to a parameter whereas the Barron norm in [EMW21]
takes the moments in all parameters into account. This is because [EMW21] uses
the unbounded ReLLU activation function, which requires the moment condition in all
parameters to make the integral in (3.2.1) well-defined; whereas we will only consider
bounded o (see Assumption 3.2.2) and the integral is guaranteed to be finite under

such assumption.
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Both our notion of Barron space and the one in [EMW21] are motivated by the
seminal work of Barron [Bar93] where he proved that if the Fourier transform § of a

function g satisfies that
[ tate)- lelde < o
R4

then there exists a two-layer network w, with k& hidden neurons such that |g —
gl L2y < Ck~z. Since Barron’s original function class is defined via the Fourier
transform, we call such function class the spectral Barron space to distinguish it from
our Barron space based on the probability integral. We refer to [KB18, BN20, SX20,
SX22a, LLW21] for recent developments on the spectral Barron space.

As we investigate the solution theory of the second-order PDE in the Barron
space, we expect to differentiate the integral representation (3.4) up to the second
order. Therefore, we assume that the activation function o as well as its first-order

and second-order derivatives are all bounded in R.

Assumption 3.2.2. 0 : R — R is smooth with Cy := sup,cg|o(y)| < oo, Oy :=

SUp,eg |07 (y)| < 00, and sup,cg |0”(y)] < oc.

Thanks to the Holder inequality, it is clear that Bh(2) € B%(Q) when p < q.
The following useful proposition (see also [EMW21, Proposition 1]) shows that the
reverse is also true and that the Barron norms and the Barron spaces are in fact

independent of p.

Proposition 3.2.3. For any function g € BL(Q), it holds that HgHB%O(Q) = HgHB%(Q) =
”9”311%(9) for any 1 < p < co. As a consequence, BY () = BL(Q) = BL(Q) for
1 <p<oo.

The proof of Proposition 3.2.3 can be found in Section 3.3.2.

The most important property that makes Barron functions distinct from Sobolev

or Holder functions is that they can be approximated by two-layer neural networks
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with a dimension-independent approximation rate in H' norm as shown in Theorem

3.2.4.

Theorem 3.2.4 (Approximation in H! norm). Suppose that Assumption 3.2.2 holds
and that g € BL(Q). Then for any open bounded subset Qy C Q and any k € Ny,

there exists {(a;, w;, b;) Yo, satisfying
2
2(C5 + R*CP)m(S) Hgﬂé}z(ﬂ)

<
- k

H*(Q0)

(3.5)

| =

k
> aio(wz+b) - g(w)
i=1

where Cy and Cy are the constants in Assumption 3.2.2, and m(€)y) is the Lebesgue

measure of €.

Theorem 3.2.4 provides an H!'-approximation rate for Barron functions defined
by the integral representation (3.4). The proof is deferred to Section 3.3.2. Similar
approximation results in the sense of L? for Barron functions (including formulations
based on spectrum and integral representation) have been proved in [Bar93, KB18,
BN20, SX20, EMW21]. H'-approximation results for spectral Barron functions were
previously obtained in [SX22a] and [LLW21].

3.2.3 Main Results

Recall that we consider the d-dimensional second-order elliptic PDE (3.2). To guar-
antee the existence and uniqueness of the weak solution in H'(RY), we make the
following minimum assumptions on coefficients A, ¢ and right-hand side f; this as-

sumption will be strengthened in our main representation theorem.

Assumption 3.2.5. A(z) = (A;;(x))1<ij<da 15 symmetric with |A(x)] < amax < 00

and uniformly elliptic, that is for some amy, > 0, it satisfies

ETA)E > amn |IE]I°, V2,6 €RY
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We also assume that 0 < cpin < ¢(7) < Cpax < 00 and f € L*(RY).

Under Assumption 3.2.5, a standard argument using the Lax-Milgram theorem
implies that there exists a unique weak solution u* € H*(R%), such that Lu* = f in

H~1(R?) which is the dual space of H'(R?), i.e.,

/ AVu* - Vodx +/ cutvdr = | fvdx, Yve H'(RY).
R4

Rd Rd

To state our main theorems, we need to make some additional complexity assumptions
on the coeflicients A, ¢ and the source term f of the PDE (3.2), which is reasonable

as otherwise there is no hope that the solution would lie in a smaller function class.

Assumption 3.2.6. For some Ra, R., Ry € (0,400), the followings hold: (4 :=

maxi<; j<d ”AUHB};{A(Rd) <00, b, = HCHBEC(W) < oo, and Uy := ||f“l3}12f(Rd) < 00.

We remark that Assumption 3.2.6 is compatible with our earlier Assumption 3.2.5
on the coefficients A, c and the source f. In fact, it is easy to see that constant
coefficients A, ¢ satisfy both assumptions if im(c) # {0}, i.e., o is not constantly
zero. As for f, we provide in Proposition 3.3.1 of Section 3.3.1 a concrete class of f

that satisfies both assumptions.

We also need two additional technical assumptions on the activation function.

Assumption 3.2.7. The function h : R? — R, (y1,y2) — o(y1)o(y2) satisfies that

Uy = HhHB}% g2y < 00, for some Ry, € (0,+00).

Assumption 3.2.8. [t holds that £y1 := ||0']| 51 (&) <00 and laz = [[0"|lp (@) <
Ry 1 Rq,2

00, for some Rq1, Rga € (0, +00).

Assumption 3.2.7 and Assumption 3.2.8 guarantee that Barron spaces are closed

under multiplication and differentiations (up to the second order) respectively; see
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Lemma 3.2.13 (iii)-(iv) for a precise statement. These operations and the associated
closeness will be useful for constructing an approximation to the exact solution u* of
the PDE (3.2) in Barron spaces. Proposition 3.3.2 shows that Assumption 3.2.7 and
Assumption 3.2.8 hold for a relatively large class of activation functions including
cosine.

With the preparations above, we are ready to state our main theorems below.
The first main theorem concerns the complexity estimate of the exact solution u* in

the Barron space.

Theorem 3.2.9. Suppose that Assumption 3.2.5, 3.2.2, 3.2.6, 3.2.7, and 3.2.8 hold.

For any € € (0,1/2), there exists u € BR(R?) with R < 7 (%)72 and HUHB}%(Rd) <

B (d)@”m”, such that ||u — U*HHI(Rd) < €. Here vy, v, B1, and By only depend on

€

_1may and constants in Assumptions 3.2.5, 3.2.6, 3.2.7, and 3.2.8.
(Al (R9) D

Furthermore, if o = cos, then ||u—u*||H1(Rd) < € can be achieved with R <
71” lIlEH and ||u||Bll%(Rd) < ﬂidﬁé”lnd‘; where 717 /317 and ﬁé OTLly depend on ||f||H*1(]R‘i)

and constants in Assumption 3.2.5 and 3.2.6.

Theorem 3.2.9 shows that the exact solution u* is e-close (in the sense of H')
to a Barron function u € Bk(R?). In addition, the Barron norm of u grows at
most polynomially in d, indicating that the complexity of u does not suffer from the
CoD. Also, the complexity estimate gets substantially improved when the activation
function is cosine. In fact, advantages of periodic activation functions have been
empirically observed in some earlier works, see e.g., [SMB*20]. It remains an open
question whether results similar to Theorem 3.2.9 can be established for activation
functions that do not satisfy Assumption 3.2.7 and Assumption 3.2.8. This will be

investigated in future works.

Thanks to Theorem 3.2.4 and Theorem 3.2.9, it is easy to conclude that the PDE
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solution u* can be approximated on any bounded subset 2 C R? using two-layer
neural networks with the number of hidden neurons k scaling at most polynomially

in d.

Theorem 3.2.10. Under the same assumptions as in Theorem 3.2.9, given any

e € (0,1/2) and any open bounded subset Q C RY, there exists a two-layer neural

network ug(z) with k < ym(Q) (g)m“nEH such that |[ux — u*|| g1 (qy < €, where v and
B only depend on || f| -1 (ga) and constants in Assumptions 5.2.5, 3.2.2, 5.2.6, 3.2.7,
and 3.2.8.

Furthermore, if o = cos, then |lur — u*||1q) < € can be achieved with k <

A'm(Q)d? el where v and B only depend on [ £l zr-1(ray and constants in Assump-
tions 3.2.5, 8.2.2, and 3.2.6.

3.2.4 Proofs

We sketch the proof ideas in this subsection and present the full details in Section 3.3.

Preconditioned Functional Iterative Scheme

The key ingredient of our proof of Theorem 3.2.9 is a functional iterative scheme
for solving the elliptic PDE, which can be viewed as an infinite dimensional analog
of the preconditioned steepest descent algorithm to solve linear algebra equations.
Recall when solving the linear equation Ax = b with A € R"™" and x,b € R", the

preconditioned steepest descent algorithm [GVL13] runs the iteration
Ty = @y — aP(Ax, — 1),

where P is a preconditioning matrix, « is the step size, and t = 0, 1, 2, - - - indicates the

iteration index. The purpose of the preconditioned iteration is to reduce the condition

o7



number of the iteration x(PA) by choosing a suitable P and hence accelerate the
convergence of the iterative algorithm.

In the case of solving the elliptic PDE (3.2), we generalize the preconditioned
steepest descent iteration to the functional setting by considering the following iter-

ation scheme in H'(RY):
Uy = up — (I — A" Lu — f), (3.6)

where the inverse operator (I — A)™! plays the role of preconditioner. As a matter
of fact, we will show that the condition number of (I — A)~'L is bounded and this
directly implies that the iterative scheme (3.6) converges exponentially to the exact
solution u*. Indeed, we have the following contraction estimate for the iteration (3.6),

whose proof can be found in Section 3.3.3.

Proposition 3.2.11. Recall the constants amin, Gmax, Cmin, Cmax  defined in Assump-

tion 3.2.5. For any o > 0 and any u € H*(R?),
1= alf = ) L)u gy < Al@) s ey (3.7)

with the contraction factor A(a) = SUD A€ [Amin Arma] |1—a| with Apin = min{amin, Cmin

and )\max = maX{amam Cmax}'

In particular, minimizing A(«) with respect to the step size « yields an optimal

choice of step size

With oo = v, in (3.7), we obtain that

max >\min
< lullare. (3.8)

2 A
I ——————(I-AN)"'L)u
H < A ( ) ) HL(R4) )\max + )\min

min )\max

As a direct consequence, we obtain the following estimate for the number of iterations

required to achieve a given error tolerance.

o8



Corollary 3.2.12. Let u* be the exact solution of the PDE (3.2). Under Assump-

tion 3.2.5, consider the iteration scheme (3.6) with o = a,, = ﬁ Then for

any

Y

)\max - )\min €

)\max /\min - Uy — u”
T <ln + ) In [|uo | i1 me)

the iterate ur satisfies ||up — u*||H1(Rn) <e.

Let us remark that the idea of using iterative scheme to establish neural network
representation results of solutions to PDEs is not new, see e.g., [KLY21, MLR21],
similar ideas have been also used to construct neural network architectures inspired
by iterative schemes, see e.g., [YSLX16, GSRT17]. Closely related to our setting,
the work [MLR21] uses a steepest descent iteration with the right-hand side of the
equation assumed to be in the span of the first several eigenfunctions of the elliptic
operator, while [KLY21] considered general right-hand side, but only after discretiza-
tion which also effectively truncates the problem onto a finite-dimensional subspace.
These restrictions were made to limit the condition number of the iteration. Unlike
those works using standard steepest descent iterations, by using the precondition-
ing technique, we can deal with general right-hand side without restricting it to a

finite-dimensional subspace.

Algebra of Barron Functions and Representation of the Solution

Corollary 3.2.12 in the previous subsection shows that we can obtain an approximate
solution by running the iteration (3.6). To complete the proof of Theorem 3.2.9,
we show in this subsection that the iteration (3.6) can be carried out in the Barron
space BL(RY), i.e. each iteration u; € BL(R?) (with the support radius R potentially
depending on t). To this end, we first need to establish the closeness of Barron space

under function operations involved in the iteration. In fact, by decomposing each of
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the iteration step in (3.6) into two steps, we can write

{vt = Luy — [ = =32, ;(0:A;05u + AyOijus) + cuy — f, (3.9)

U1 = ug — ol — A) Loy,

Thus, to show that the iterate u; remains in Barron space, it suffices to establish
that addition, scalar multiplication, product, differentiation, and action of (I —A)~!
are closed in the Barron space. The closedness of Barron functions under those
operations is not only useful for proving our main results, but also of its own interest.
The next two lemmas summarize the algebras and the stability estimate of the inverse

(I — A)~! in the Barron space. Their proofs can be found in Section 3.3.4.

Lemma 3.2.13 (Algebras in Barron spaces). The followings hold:

(1) (Addition) Suppose that ||gi||311?i([[§d) <oo, t=1,2,...,k. Then

g+ -+ gk”B}%(Rd) < Z ng‘HB}%i(Rd) ;
1<i<k

where R = maxi<;<j I%;.

(ii) (Scalar multiplication) Suppose that ||g||B}?(Rd) < oo and that A € R. Then
H>‘g||8}{(Rd) = [A] HgHB}l%(Rd)'

(111) (Product) Suppose that Assumption 3.2.2 and Assumption 3.2.7 hold and that

||gi||311{_(Rd) < oo fori=1,2. Then

191921l g1, (may < Lm Hg“B}zl(Rd) |’9|’B§2(Rd) )

where R = R, (Ry + Ry) with R, and {,, being constants in Assumption 3.2.7.
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(iv) (Derivatives) Suppose that Assumption 3.2.2 and Assumption 3.2.8 hold and

that HgHB}%(Rd) < 0o with R < 0o. Then
||8i9||3}%d71R(Rd) < a1 R ||9||311%(Rd) )

and

1059llms, @) < Cas R N9l oy

oR

for any i,j € {1,2,...,d}, where Ryy, Ra2, La1, and lyo are constants in

Assumption 3.2.8.

Lemma 3.2.14 (Applying (I —A)~! on Barron functions). Suppose that ||9||B}3(Rd) <

oo. Then

I = 2) gl ey < N llip ey -

we include a proof for Lemma 3.2.14 in Section 3.3.4 that uses similar arguments
from [EW22], though the analysis in [EW22] is for d > 3. The lemmas above lead to

the following recursive estimate on the Barron norm of w;.

Lemma 3.2.15. Suppose that Assumption 3.2.2, Assumption 3.2.7, and Assump-
tion 3.2.8 hold. If HuHB}2 < 0o with R, < oo, then uiyy defined in (3.6) or (3.9)

satisfies that

(3.10)

for any
Ru,t-ﬁ-l Z maX{Rde,l (Ru,t+RA)7 Rm(Rd,2Ru,t+RA)a Rm(Ru,t+Rc)7 Ru,t7 Rf} (311>

The proof of Lemma 3.2.15 is deferred to Section 3.3.4. One observation is that

the amplification factor of the Barron norm in Lemma 3.2.15 increases as the support
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radius R increases. The reason is that differentiating the function would introduce
components of w and hence the amplification depends on how large ||w|| can be and
thus the support of the measure.

One possible direction to improve the estimate is to realize that the preconditioner
(I — A)™! can counteract the action of taking derivatives. It is indeed possible to
remove the R dependence from the amplification factor, at least for some specific
activation functions, through a more careful analysis. In particular, we have the
following lemma for the cosine activation function, the proof of which can also be

found in Section 3.3.4.

Lemma 3.2.16. Suppose that Assumption 3.2.6 holds. If o = cos and HuHB}l% ®Y) <

St

oo with R,; < 0o, then w1 defined in (3.6) or (3.9) satisfies

HutHHB}ml(Rd) < (604 max{R%, 1}d* + ol + 1) HutHB}:c ®ay + ol (3.12)

,t

for any

Ru,t+1 2 Ru,t + maX{RA, Rc, Rf} (313)

Lemma 3.2.15 and Lemma 3.2.16 estimate the amplification of the Barron norm
in each iteration of (3.6). Combining them with the control of number of iterations,

Corollary 3.2.12, we are ready to finish the proof of Theorem 3.2.9.

Proof of Theorem 3.2.9. Fixuy =0and a = %/\max According to Corollary 3.2.12,

it holds that [|ur — u*[| g1 (gay < € for any

)\max )\min - u* "
T > (ln ;) In ”Hﬂ_

)\max - >\min €
Moreover, thanks to the estimate

A [[4" |1 ey < /AW*‘Vu*dchr/CIU*Ide = /f@f‘dw < Ny 107 1 gy
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1

Amin

- 1 . B
T = KmM) ln—+(1nM) meHH—l(Rd)]

>\max - >\min € )\max - )\min >\min

we have [|u” || ;1 gy < | f1l -1 (gay- Therefore, it suffices to take

Set R, = max{Ra, R.,Rs,1} and R, ;1 = max{2R,,R41,2RnRa2,2R,,, 1} -

Ry,: > Ry Then (3.11) is satisfied for any ¢. Let us define a sequence {X;};>o via

Xo=1and Xy, = <Oz€m€A(€371 +Lag2) + w> R ,d*-X;. By (3.10), we have

||| Bl (RY) < X, for any t. Therefore, it holds that

Ryr =max{Ra, R., Ry, 1} - max{2R,, Ra 1, 2RmRa2, 2Ry, 1}7,

and that

HUTHB}2 (R < Xr

a(ﬁmﬁc + Ef) +1
d2

T
= (aﬁm&;(ﬁil +Lg2) + ) d®"(Ryo- -+ Rur_1)?

(bl + )+ 1\
S (OégméA(éil +€d,2) + ( d2 f) > d2T
- (max{R4, R, Rf,1})" - max{2R,, R41, 2R Ra2, 2Rm, 17

The first part of Theorem 3.2.9 is established by setting © = up and R = R, r.

If o = cos, (3.13) is satisfied by setting
Ru7t = maX{RA, Rc, Rf} - L.
Define Yy = 0 and Yy = (6aly max{R3,1}d* + al.+1)Y; + al;. By (3.12), we

obtain that ||ut||B}% (ray < Yy for any ¢, and in particular that
u,t

aly ((6aly max{R%, 1}d? + al, + 1) — 1
f A
6l 4 max{R%, 1}d? + al, ’

||UT||B}% L (RY) <Yr=

which finishes the proof by setting u = uy and R = R, 7. O
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Theorem 3.2.10 is then a corollary of Theorem 3.2.9 and Theorem 3.2.4 (the

approximation theorem).

Proof of Theorem 3.2.10. Theorem 3.2.10 can be proved by applying Theorem 3.2.4

with error tolerance €/2 and applying Theorem 3.2.9 with error tolerance €/2. O]

3.3 Validity of Assumptions and Deferred Proofs
for Section 3.2

3.3.1 Validity of Assumptions

In this subsection, we show that the set of right-hand side f satisfying Assumption
3.2.5 and Assumption 3.2.6, and the set of activation functions o satisfying Assump-
tion 3.2.7 and Assumption 3.2.8 are not empty. We first give a concrete example of

f that fulfills Assumption 3.2.5 and Assumption 3.2.6.

Proposition 3.3.1. Suppose that o = cos. Consider a complex-valued function fo €
L*(RY) N LY(RY) that is compactly supported, it holds that f = Re(F~'fy) € L*(R%)N

B}%f (RY) for some 0 < Ry < +00, where F~' is the inverse Fourier transform.

We first introduce some concepts and facts, which will be useful for proving Propo-

sition 3.3.1 and other results.

Push-forward measure Consider two measure spaces (X, Fx) and (Y, Fy) and a
measurable map 7" : X — Y. Given any measure pux on (X, Fx), one can define the

push-forward measure py = T,ux via

,lLy(A) :ux(T_lA)7 A e Fy.

64



If pux is a probability measure, then puy = T,ux is also a probability measure. For

any integrable function g : Y — R, it holds that

/Y o(y) v (dy) = /X o(T(2))px (dz).

Fourier transform Let f := F(f)(€) be the Fourier transform of f € L}(R%), i.e
for =ent [ e
R
Denote by F1( f ) the inverse Fourier transform of f, given by
fla) = F(Pla) = 2m ¢ [ e feras

if f € L'(R?). The Fourier transform and the inverse Fourier transform can be
extended to the space of tempered distributions, i.e., the dual space S} of the Schwartz

space Sg. Recall the Parseval’s identity for f € L*(R%): | f||3. (R4) HfHL2 Ra)-

Proof of Proposition 3.3.1. We use techniques from [Bar93] to prove this proposition.
Let fo(¢) = @ F(¢), where F (&) = |fo(€)|. It holds that

F~ fo)(2))

((
( % ¢ fo(€) s)
- e (e

5 i€z +0(6) )F(f)df)

= Re

— (2m) "4 / cos(€ T + 0(€)ulde)

— [ ol 4 0O S), e R

(2m)?
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where the measure 1 is defined via p(A) = [, F(£)dE, ap = p(RY) = [, F(£)d¢, and

(' = p1/ag is a probability measure. Note that ag < oo because f; € L'(R?). Set the
push-forward measure p = T,/ where T : R — R x R? x R, £ (ﬁ,f, 9(5)).
) 2

Then we obtain that
flx) = /CLCOS(U)T:L‘ + b)p(da, dw,db), xR

Note that f, is compactly supported. There exists some Ry < oo such that fy is

supported on Ede. By definition, we know that p and p’ are both supported on Eéf,

and hence that p is supported on R X Eif x R. Therefore, we obtain that

(2m)

< 00,

vl

17y ey < / lalp(da, duw, db) —

which implies that f € Bj (R?). Moreover, one has that f € L*(R?) from || f|| 2 (gay <

||f_1f0HL2(Rd) - ||f0HL2(Rd) < 0. n

The next proposition shows that functions that are band-limited, smooth, and

periodic satisfy Assumption 3.2.7 and Assumption 3.2.8.

Proposition 3.3.2. If o is band-limited, smooth, and periodic, then Assumption 3.2.7
and Assumption 3.2.8 are satisfied. In particular, o = cos satisfies Assumption 3.2.7

and Assumption 3.2.8.

Proof. The smoothness and periodicity of o imply that ¢ is equal to its Fourier series
(recall that the smoothness of o leads to fast decay of the Fourier coefficients and
hence the uniform convergence of Fourier series). Since o is band-limited, its Fourier
series only have finitely many terms as F(e'*) = §(¢ — a). Therefore, there exists

ke Ny and {(a;,w;, b)Y, € (R\{0}) x R x R such that o(y) = 3¢, a; cos(w;y +

66



b;). Without loss of generality, let us assume that |wy| < |we| < -+ < |wg|. We
also assume that ¢ is not a constant as otherwise, the results are trivial. Notice
that cos'(y) = cos(y + 7/2), cos”(y) = cos(y + m), and cos(y;) cos(y2) = 2 cos(y1 +
y2) + %Cos(yl — y2). Therefore, it suffices to show that there exists m € N, and
{(vi, & mi) Yy C R x R x R, such that Y"1 v,0(&y +n;) = cos(y). This is trivial if
kE=1.

Now we consider k& > 2. If |wy| # 0, then it holds that

k—1
P 2w
o <y + |w_7;:|> —o(y) = E (ai cos (wiy + % + bz) — a; cos(w;y + b2)>

where a; # 0 for 1 <i <k —1. If w; = 0, then let us choose yo ¢ Us<;<x{207/w; :
¢ € Z}, then it holds that
k
o(y+yo) —o(y) = Z(ai cos(w;y + wiyo + b;) — a; cos(w;y + b;))
i=2
k
= Z a; cos(w;y + by),
=2
where a # 0 for 2 < i < k. Both cases are reduced to &k — 1. Then we can finish the

proof by induction. O

3.3.2 Proofs for Section 3.2.2

In this subsection, we present proofs of some properties of Barron norms and Barron
spaces, say Proposition 3.2.3 and Theorem 3.2.4. Note that the proof techniques are
not new. They are borrowed from [EMW21] and [Bar93].

Proof of Proposition 3.2.3. This proof is modified from [EMW21], especially the proof
in [EMW21, Section 2.5.1]. If HgHB}{(Q) = 00, it is clear that HgHB%(Q) = oo for any
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1 < p < co. Thus, we assume that ||gHB}%(Q) < oo. By Holder’s inequality, it holds

that
1911510y < N9l sz () < l9ll 3 (0 -
Therefore, it suffices to show that ||g|| Br(@) < llgll Bl ()- Consider any € > 0, there

exists a probability measure p supported on R x ECII{ X R such that
g(x) = /aa(wa + b)p(da, dw,db), Vz €,

and that

0 / Jalplda. dw, db) < |1gllsy o + €.

Define a new probability measure p supported on {¢, —¢} x Ejl% x R via

LMGXM=1/ lalplda, duw, db).
¢ (0,400)x A

and

;me&xmzlf lalp(da, duw, db).
4 (—0,0)x A

for any measurable A C R? x R. Then we have
g(x) :/aa(wa + b)p(da, dw, db)

:/ (-o(w'z+0b)- M,o(da, dw, db)
(0,+00)xRIXR ¢

+ / (=€) -o(w'z +b)- Mp(da, dw, db)
(—00,0) xRIxR 4

:/aa(wTw + b)u(da, dw, db),
for any x € §2, which combined with support of u yields that

190l gos () < € < Nlgllgr () + €
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Setting € — 0, we obtain that [|glze(q) < l9lls1 ()- O

Then we prove the approximation theorem in H' norm, i.e., Theorem 3.2.4.

Proof of Theorem 3.2.4. We use techniques from the proofs of [EMW21, Theorem 1]
and [Bar93, Theorem 1, Theorem 2] to prove this theorem. According to Proposi-

tion 3.2.3, it holds that g € B*(Q) with [|g| g2y = 19| (). There exists a probability

measure p supported on R x EdR x R such that
g(x) = /aa(wT:c +b)p(da, dw,db), x € Qy C 1,

and

/ a2 p(da, dw, db) < 2 [lg]Zse) < 2 1920

The derivatives of g can also be represented in integral from,
Oy9e) = [ alw.e)o/ (W + Dypdadudh), v 1<5<d

where e; is a vector in R? with the j-th entry being 1 and other entries being 0. Note

that the derivative and the integral are exchangeable since
/Sup |a(w, ej)o’ (w'a + b)| p(da, dw,db) < RCy / la|p(da, dw, db) < oo

where the last inequality holds since [ |a|*p(da, dw,db) < oo and p is a probability
measure. We sample the set of parameters © = {a;, w;, b; }1<;<; with respect to the
product measure p** and denote the difference between the neural network and the

target function g as

1 F
—Zazaw x+b)—g(x).
i=1

N
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Then it holds that

X 2
1

E . ||Eol? :/ / - aio(w, © +b;) — g(x dxdp**

plollay = [ [ w0 —gte)

k 2
1 / / T xk
S a;o(w; x4+ b;) — gz dp™"dx
2 o Sy (Z( ( )= g >>>

k

1 / / T 2 k
=— a;o(w; ©+b;) — g(x)) dp*"dx
k2 Qo J (RxRIxR)* ZZ1 ( ( ) ( ))

/ / o(w'z +b) — gz ))2 p(da, dw,db)dx
Qo RdexR
=— / Var, (aa(w x+ b)) dx

kE Ja,

<

> =

/Q E, [(aa(wa + b))Q} dx
< Com()
- k

2037’)1(90) 2
< l9llz@

IEp’a|2

and

k
1=

2
1
= o. 1= a;o wiTq:—t—bi —0:g(x dxdpxk
/(RdexR)k /Qo ( ! <k: 21: ( )> i9( )>
:/(RXWXR)]“ /Qo ( -

. 2
=— ai{w;, e;) o’ (w] © + b;) — 0;g(x dp*"dx
k2 Qo J (RxRIxXR)* (Z ’ ) ’ ( ))>

=1

X 2
Z ai(wi, e;)o’ (w;' x +b;) — @-g(x)) dxdp**
i=1

?’vlH

k

1// re, T 2 k
=— a;{w;, e;)o’ (w, x +b;) — 0;9(x))” dp™"dx
= A e ) G ) = 9())

* =1
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1

:_ / / (alw, e;)0" (wz +b) — g(x))2 p(da, dw, db)dx
k Qo JRxRIxR
1

:E/ Var, (a{w, e;)o'(w'z + b)) dz
Qo

g%/ E, [(a(w,ej)a/(wTac + b))ﬂ dz,

Qo

which then yields that

d d
1 2
E & Z ||(?j5@||iz(90) SE/Q E, Z (a{w, e;)0’(w'z +b))"| da
Jj=1 0 Jj=1
R2 ’ T 2
g? E, [(aa (w'z+b)) } dx
Qo (3.15)
2,2 Q
SR ClZ/L( O)Ep| |2
2R2C2m(Qp) 9
sasuLLIPTE
Combining (3.14) and (3.15), we obtain that
. 2AC+ BCHm(Q0) 9l o)
B €0 200 < g -
Therefore, there exists some © = {a;, w;, b; }1<i<x such that (3.5) holds. O

3.3.3 Proofs of Proposition 3.2.11 and Corollary 3.2.12

In this subsection, we show the convergence of the iteration (3.6). We first show
Proposition 3.2.11 that states the contraction property. Recall that the Sobolev

space H*(RY) is characterized by the Fourier transform as
H'RY) = {f e Sil(1+ €IP)Ef(e) € *RY}, seR.
Let us define the operator P : H*(R?) — H*"2(R?) by

Pf=F 1+ 1))
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Given an index 3 € R, we also define the fractional power P? : H*(R?) — H* 25(R?)
by

PPf=F (1 +1IEl*)7F(€)).
Then P~ is identical to (I — A)~!. It is useful to notice that

1
HPQUH%%W) = (Pu, U>H—1(Rd),H1(Rd) = HUHzl(Rd)- (3.16)

We first prove some lemmas as the preparation for Proposition 3.2.11.
Lemma 3.3.3. Suppose that Assumption 3.2.5 holds. Then the linear operator

P iLP 7z [2(RY) — LA(RY),
is bounded and self-adjoint.

Proof. Consider any u € L*(R?) with |jul|j2gs) = 1. Then @ = P~2u € H'(R?)
satisfies that ||| g gey = [lull 2y = 1 by (3.16). It holds that

|Picpil

= sup <P_%£P_%u,v>

L2RY) o]l 2 gay=1 L2(RY)

1

=P Zv I

= sup (L1, D) gr-1(ra), 1 (R
||U||H1(Rd):1

= sup / (AVa - VO + cuv)dx
R4

”’i}”Hl(Rd)zl

< sSup maX{amaxa CmaX} ”aHHl(Rd) HﬁHHl(Rd)
Hﬁ”Hl(Rd):l

= )\max .

Therefore, P~2£LP~2 is bounded on L2(R%).

For any u,v € L*(R?) with @ = P2y and § = P~ 2v, by the symmetry of A, we
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have that

- <£71, 6>H71(Rd),H1(Rd)
_ / (AVii - Vi + cii)du
R4

= / (Vi - AV + cud)dx
Rd

= (L0, U) g1 (ray, 11 (RY)
= <u, P’%LP’%U> ,
L2(Rd)

which implies that P~2£P~2 is self-adjoint on L2(R?). O

The following lemma will also be useful. Let 7" be a bounded linear operator
on a Hilbert space H. Denote by o(T') the set of spectrum of 7" and by r(T') :=

sup{|A| | A € o(T')} the spectrum radius. Define the numerical range W(T') of T' by
W(T) = {(Th,h), [In]| = 1}.

The numerical radius is defined as w(T) := sup{|\| | A € W(T)}.

Lemma 3.3.4. Let T be a bounded linear operator on a Hilbert space H. Then
r(T) < w(T).

Proof. The proof follows directly from the fact that
o(T) Cc W(T).

See e.g. [Ist20, Theorem 6.2.1] for the statement and proof of the above. O

We then prove Proposition 3.2.11.
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Proof of Proposition 3.2.11. First it follows from (3.16) that

17 =t = 2)7 L)ulls oy = [T = aP L)l

2
—|lp3r - aP—lc)u(

L2(R4)

1 1 1 2
— | i —aPo)pipi
L2(RY)

<|prr—ar )P 3 |1Phull?
- L2(R4)—L2(R%) L2(R?)
7= apr-tcp| 2
= |« 2R L2 (RY) [ull 1 (ray-

Notice that the operator I — aP~2£P~2 is bounded and self-adjoint on L?(R?) by

Lemma 3.3.3. Therefore HI —aP :ifP2 =r(l — osz%ﬁP*%). In

L2(R4)—L2(RY)

addition, thanks to Lemma 3.3.4,
r(I —aP iLP7 %) < w(l — aP 3LP77).
By the definition of numerical radius and the identity (3.16), one has that

w(l — aP’%LP’%) = sup

”u”LQ(Rd):l

(I — aP 2LP: )u, u>

L2 (R4)

1
=P~ 2u L
= sup |1 — a({La, u)Hfl(Rd)’Hl(Rd)’
||uHH1(]Rd):1

= sup
”a”Hl(Rd):l

1—a/ (AVi - Vii + o) da
]Rd

Moreover, thanks to the positivity and boundedness assumptions on A and ¢, we

have for any @ with [|i| g1 gaey = 1,

Amin = Min{ amin, Cmin } < /d Vi AVa + c\&]de < max{@max, Cmax} = Amax-
R
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Therefore we have obtained that
w(l —aP 2LP73) < A(a).

Combining the estimates above finishes the proof of the first inequality in (3.7).
Finally, the second inequality (3.8) follows by optimizing the function A(a) with

respect to a > 0. In fact, it is not hard to verify that

. )\max - )\min
A W .

=2
Where a* - )\min"!‘)\max. D

Proof of Corollary 3.2.12. 1t follows from (3.6) and Proposition 3.2.11 that
Hut+1 - U*HHl(Rd) = H(I - O‘*(I - A)flﬁ) (Ut - u*>HH1(Rd)

/\max - Amin

*
> W Jue —u HHl(Rd) )

which then implies that

)\max - >\min

T
ug — u* <e€
)\max+)\min) || ’ ||H1(Rd) -

|ur — U*“Hl(Rn) < (

for T satisfying (3.2.12). O

3.3.4 Proofs of Lemma 3.2.13, 3.2.14, 3.2.15, and 3.2.16

In this subsection, we give proofs for Lemma 3.2.13, 3.2.14, 3.2.15, and 3.2.16. These
lemmas show that the updating rule (3.6) keeps the iterates {u;}:en staying in the

Barron space and estimate the amplification of Barron norm after performing (3.6).
Proof of Lemma 3.2.13. (i) (Addition) Let € > 0 be fixed. For any i € {1,2,... k},
there exists a probability measure p; supported on R x Ezi x R such that

gi(z) = /aa(wT:c + b)pi(da, dw, db), = € R?,
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and that
[ laloi(daduw. ) < gy e +

We have

(14 -+ g)(z) = /aa(wTa: +0)(p1 + -+ + pi)(da, dw, db)

= /kaa(wa + b)wwa, dw, db).

Consider a function F': R x RTx R — R x R x R, (a,w,b) — (ka,w,b) and the

corresponding push-forward measure p = F*W. Noticing that p is supported

on R x E‘; x R, where R = max;<;<; ?;, and that
(14 +g)(z) = /aa(wa + b)p(da, dw,db), =z € R?,

we obtain that

_ / |ka|wma,dw,db)

k
:Z/|a\pi(da,dw,db)
i=1

Z ||gi||8}2i(Rd) + ke.

1<i<k

IN

Then we can conclude that |lg1 + - + gellg ey < Dicich [9illgy @ay by setting
e — 0.

(ii) (Scalar multiplication) The result is trivial if A = 0. We then consider A # 0.

For any € > 0, there exists a probability measure p supported on R x Ei X R such

that
g(x) = /aa(wT:c + b)p(da, dw,db), =z € R?,
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and that
/|a|p(da,dw,db) < ||g||B}%(Rd) +e.

Then it holds that

(Ag)(x) = /)\aa(wa + b)p(da, dw, db) = /aa(wa +b)p' (da, dw, db),

where p/ = F,p is the push-forward measure and F : R x R x R — R x R? x

R, (a,w,b) — (Aa,w,b). Since p’ is supported on R x Ef{ x R, we get that

19y < | lale (., ab) = [ |Aalp(da, dw, db) < N glayee) + N

which implies that ||Ag||z1 pay < |A| ||| 51 ray Dy setting € — 0. Furthermore, we
P IliBy(re) Bh(R)

have that
HA9|‘B§(W) < Al HgHB}%(Rd) = [A] ||>\71 : )\QHBHRQ <A AT H)‘gHB}%(Rd) = H)‘g“B}%(Rd) ’

Thus, the equalities must hold and ||)\g||B}%(Rd) = |} ||g||5}{(Rd)
(iii) (Product) Fix e > 0. For ¢ € {1,2}, there exists a probability p; supported

on R x in x R such that
gi(z) = /ao(wa + b)pi(da, dw, db), = € R,

and that

[ lalo(da,du. ) < il ey +

According to Assumption 3.2.7, there exists a probability measure p supported on

R x E;m x R such that

o ()0 (y2) = / o (Exn + Eayo + mu(dy, dE, dn), yye € R,
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where £ = (&,&)" € R?, and

/ Y| p(dry, d€, dn) < £y, + €.

Recall that sup,cg |0(y)| < co. By Fubini’s theorem, it holds for any = € R? that

g1(2)g2(z) = / ala(wlTx + b1)p1(day, dwy, dby) /aga(w;a: + by) pa(dag, dws, dbs)

= / alaQU(wlTx + bl)a(w;x + by)p1 X pa(day, dwy, dby, day, dws, dbs)

= / 1G9 /fya (51(w1T:c + b)) + & (wy x + by) + 77) w(dry, d€, dn)

p1 X pQ(da17 dw17 dbl; da‘27 dw27 de)

= / ara970 ((Grwr + Ews) '@ + E1by + &by + 1)
p1 X p2 X u(dal,dwl,dbl,dag,dwg,dbg,d’y,df, d77)-

Counsider a function

FRxRIXRXxRxRIxRXxRxR2xR—RxR? xR,
(ahwhb17a27w27b2777§)n) — (a',w/,b'),

where

a = ajayy,
w' = &y + Ews,
b = &by + &by + 1.

The push-forward measure p' = F.(p; X ps X p) is supported on R x E;l% x R where

R = R,,(R1 + Ry) and it holds that

g1(2)g2(z) = /CLO'(U)T:L‘ +b)p' (da, dw, db).

Therefore, we have
1919211 51, (Ray < /Ialp’(da,dw,db)
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_ / lavasylpr X po % p(day, dwy, dby, das, dws, dby, dv, d€, dn)
:/\’Y\M(d’% df,dn)/!al\m(dabdwladbl)/\a2|ﬂz(da27dw2,db2)
< (b + ) (lllsy, @+ ) (I9llsg, o+ )

which then implies that ||g192/|p1 ma) < lm ||9||B}%1(Rd) HgHB}%Q(Rd) as € — 0.

(iv) (Derivatives) For any e > 0, there exists a probability measure p supported

on R x BY, x R such that
g(x) = /CLO‘(U}TI + b)p(da, dw,db), =z € R?,

and that

[ lalotda.dw. ) < gy a0, +

According to Assumption 3.2.8, there exist probability measures j; and ps, supported

on R x E;d . X R and R x F;d , X R respectively, such that
o'(y) = /w(é‘y +n)u(dy, d€, dn), y€R,

o"(y) = /va(iy + n)pe(dy, dE,dn), yeR,

and

/ Y| (dy, d€, dn) < Laq + e, / Y| (dy, d€, dn) < Ly + €.

Recall that sup,cg |0(y)| < 00, sup,cg |0’ (y)| < 00, sup,cg [0”(y)| < 0o, and ||w|| < R

for p-a.e. (a,w,b). It holds that

0ig(x) = /a(w,ei)a’(wTw + b)p(da, dw, db)
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= / afw, €;) / o (w4 b) +n)p (dy, d€, dn)p(da, dw, db)

/7a<w, e)o((w) x4+ &b +n)p x pi(da, dw,db, dvy, dE, dn)
= /aa(wa + b)py(da, dw, db),

and that

00,9(0) = [ atw.e)(w,6;)0" (" + b)plda, du, db)
— [ atw.edtune) [ otew e+ b) + nypaln. . do)plda, dw )
_ /w(w, e (w, e;)o((Ew) Tz + b+ 1)p X pa(da, dw, db, dv, d€, di)
= / ac(w' z + b)ph(da, dw, db),

where p} = Fi(px ) and ph = G.(pX 1) with F(a, w,b,7,&,n) = (va{w, €;), {w, {b+
n) and Gla,w,b,7,€,1m) = (va{w, eipw, e;), Ew, &b + n). Note that p| and pj are
supported on R X F;d g X Rand R X E;d r X R respectively. Therefore, we obtain

that

10391y, a0y < | Il (o
:/\’ya<w,ei>\p X pi(da, dw,db, dvy, d€, dn)
< R [ Pt d.do) [ lalptda, dw, )
< Rltas +€) (l9lsye +¢)

and similarly,

003011, o < [ lalobida. dw. )
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—/|7a(w,e,;><w,ej>|p X po(da, dw,db, dvy, d€, dn)
< 12 [ Py, de. dn) [ Jolo(d . v
= Btz + ©) (119l gy +€)
Then we can obtain the desired estimates by letting e — 0. [

Proof of Lemma 3.2.14. This proof is modified from [EW22]. Consider the one-
dimensional case d = 1 first. The Green’s function G(x) for the screened Poisson

equation

dx?

d2
(I——)u:g, r € R,

can be explicitly computed as

1 1 1
G(z) =F! (ngmg) =F! <1+§2> = 56—‘96',

which leads to [, |G(z)|dz = 1. For any e > 0, there exists a probability measure p

supported on R x By x R such that
g(x) = /aa(w:c +b)p(da,dw,db), x€R,

and that

[ lalotda, dw ) < gl 5 + <.

It holds that

— /G(y)/aa(w(x —y) + b)p(da, dw, db)dy
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= /G(y)aa(wx — wy + b)p(da, dw, db)dy
= /aa(wx +b)p'(da, dw, db),

where p' = F,(p x m) with m being the Lebesgue measure and F': RxR xR xR —
R xR xR, (a,w,b,y) — (G(y)a,w,b—wy). Then p’ is supported on R x Br x R

and by Fubini’s theorem,

|(-5)

< / la|p’ (da, dw, db)
BL(R)

- / IG(y)alp(da, dw, db)dy

~ [16@)dy [ lalptda. du,do

< llgllg, @) +€

which leads to

-1
2
(1-#) o

d > 1, since the operator I — A and the Barron norm are invariant under any

< [lgll () @s € = 0. For a general dimension
B (R) .

orthogonal transformation, for any w € E(]iz and b € R, by the analysis for d = 1, it
holds that

I = 2) 0w’ +0)] gy gy < llow” - 0[5y gy < 1

For any € > 0, there exists a probability measure p supported on R x Ei X R such

that

g(x) = /aa(wT:v + b)p(da, dw,db), = € RY,

and that
[ lalotda. dw.av) < gl e+ ¢
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Therefore, by Jensen’s inequality for expectation and the convexity of the Barron

norm, one has that

H(I - A)_IQHB}%(Rd) - H/a(] - A>_10(w—r ’ —i—b)p(da,dw,db)

B (R4)
< [1al 1 = 2) 0w - +9)] g o p(da v, )

< / lalp(da, duw, db)

< “g”B}z(Rd) +6
which yields that [|( — A)™gllz @) < llglls1 ) as € = 0. O
Proof of Lemma 3.2.15. According to Lemma 3.2.13 (iv), we have

10: Ay, ety < LanBallAislgy, (g

Hajut”sll% i1 Fug B < LlagRuy HUtH31 LB

and

|“%jutH3h a2Fus B SZéd?]%utHutHBl LR

for any 1 <1,j < d. Then applying Lemma 3.2.13 (iii), we obtain that

lewllsy o < b llunllsy, e lellsg oy = fnle ey, oy

10: A0 |

Rde,l(RqL,t+RA)(

e S B PaPus | Aisls, oy Nl e

S gmg gARARut ”ut”BI Rd

and

||Azyawut”31 (R4) < EmédﬁRi,t ||Aij||3}%A ||Ut||811%u’t(Rd)

m(Rq 2 Ru,t+RA)
< Uy QEARut HutHBl Rd) ’
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for any 1 < 4,5 < d. Therefore, one can estimate the Barron norm of v; by

Lemma 3.2.13 (i):

HUtHB}% (R4) < (émeA(E?l,lRARu,t + 6d,2Ri,t>d2 + Emfc) ||Ut||3}% ,(RY) + &,

where
Rv,t - maX{Rde,l(Ru,t + RA); Rm(Rd,2Ru,t + RA)7 Rm(Ru,t + Rc)y Rf}

Then using Lemma 3.2.14, Lemma 3.2.13 (ii), and Lemma 3.2.13 (i), we can finally
conclude (3.10). O

Proof of Lemma 3.2.16. Consider any ¢ > 0. There exists a probability measure p

supported on R x E‘éu’t x R, such that
w(z) = /acos(wa +b)p(da, dw,db), z € R,

and
[ lalotda. du,db) <l ey +

Let us suppose that

Azj(l’) = /aA,ij COS(UJ;UZE + bA,ij)pAJj(daA,ij, deJj, dbAﬂ'j), x € Rd,

(z) = / aecos(wz + bo)po(dag, dwe, dby), = € R,

and

f(z) = /af cos(wy x + by)pg(dag, dwy, dbs), =€ R,

where the probability measures pa;;, p., and ps are supported on R x EC];A X R,

R x Ef{c x R, and R x Fj%f x R, respectively, and satisfy that

/ laaijlpaij(daa;j, dwa;j, dba;) < ly +e,
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/ (el pel(dag, duwg, db) < 6+,

and

/ laglos(day, dwy, dby) < £y + €.

Then it holds that

v (z) =Luy — f

= — Z(&Awajut —f- Aij(()ijut) —|— Cuy — f

i,J
T s
=— Z aa,ij(Waj, €;) cos (wA,iﬁ +bai; + 5) dpaij
1,3
T T

- | ala,w;) cos <w r+b+ 5) dp

+ / aaij cos(wl7ijx +baij)dpa; /a(w, ei)(w, e;) cos(wa +b+ 7r)dp>
+ /ac cos(w, x + b.)dp, / acos(w'z + b)dp
+ f(z) = /af cos(wy @ + by)dpy

cos ((wa; +w) @ +bagy+b+m)dpas; x dp

-y (aA,ija<wA,ij, e;){w, €;)
— 2
2y
4,0 (Waij, €) (W, €)
2

+ cos ((wa; — w) w4 baj — b) dpa,i; % dp

aajalw, e;)(w,e;)
2

cos ((wa; +w) @ +bagj+b+m)dpas; x dp

aA,ija<wa ei)(w, @j>

2

cos ((wAﬂ-j —w)'z+ bai; —b— 7r) dpaj % d,o)

a.Q

2

+ cos ((wC +w) "z + b + b) dp. X dp

a.a

M

coS ((wC — w)Ta: + b, — b) dp. x dp
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— aycos(wjx + by)dpy.

Let us denote

- QA jA WA, €)W, €
vt(x):—z< AU WA, i) j>cos (waz; +w) x+bag;+b+m)dpag; x dp

7\ 201+ [[wag; +wll)

a4i;0{Wwa i, €)W, €;)
2(1 + [lwaz; — wl*)

coS ((wA,ij — w)Tx +baij — b) dpa,ij x dp

aaialw,e;)(w,e;)

cos ((waj +w) '@+ baij+b+7)dpay; x dp
20+ lay + ) < (245 F0) ’ ) doas

aA,z'ja<w7 ei)(w, €j>
2
2(1 + Jlwazg — w7

cos ((wA,ij —w) 'z + baij —b— 7r) dpaj X dp>

acQ

+ cos (we +w) ' + b. +b) dp. x d

a.a

+ cos ((we —w) 'z + b, —b dp. X dp
20+ e~y ) )

af T
— ———— cos(w; x + by)dpy.
1 [y

It is straightforward to verify that v, oy € L>(R™) with (I —A)?; = v;. Note that the
PDE (I — A)u = v, has a unique solution in S}, the space of tempered distributions,

since the solution u can be expressed in terms of the inverse Fourier transform of

v, ie. u= (I —A)ty, = F! (HHZ”Q}"%). Therefore the uniqueness implies that

ﬁt = ([ - A)flvt.
According to the support of py4,;, we only need to consider w,;; with [|wa ;|| <
R,4. For any w, if [jw|| > 2R, then

aaA,ija<wA,ij, 61‘) (w, €j>
I

aai;a(wa g, ei)(w, e;)

< laaj;al.
20+ [wag £ @) @501

3 llw
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On the contrary, if ||w|| < 2R4, then

aai;0{Wwa i , €:) (W, €;)
2(1 + [|lwa; £ wl?)

2 R2
2A|GA,ija! = R%|aa;al.

Combining the above two cases, we obtain that

aA,ija<wA,ija ei)(w, €j>
2(1 + [Jwazy + w|®)

<max{R%,1} - laagal, YVweERY wa, € EdRA. (3.17)

Similarly, we also have that

aqijalw,e;)(w,e;)
2(1 + [lwa; £ wl*)

< 2max{R%, 1} - |aazal, Y wERY way; € By, (3.18)

Using (3.17), (3.18), and Lemma 3.2.13 (i), we can estimate the Barron norm of

0y = (I — A) 1o as follows

(= 2) ol gy gy <67 maX{Ri,1}/|GA,z‘j|dPA7ij/|a|d,0

T / acldp. / laldp + / lagldp;

<ttt mox(4 1+ ) (o, e+ )

ot
b ) (Il oo +) + 05+ 0
where R;; = R,y +max{Ry, R., Ry}. The estimate above directly implies that

(= 2) el (gay < (6Lamax{RE, 132 + ) llwallgy, roy + 1

,t

Then we can get (3.12) by applying Lemma 3.2.13 (i)-(ii). O
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3.4 Regularity Theory for Static Schrodinger Equa-

tions in Spectral Barron Spaces

3.4.1 Overview

With Barron spaces and spectral Barron spaces specializing in high-dimensional prob-
lems, a natural question for the study of PDE is:

If the coefficients of a PDE lie in (spectral) Barron space, can the solution to the
PDE also be guaranteed to be in (spectral) Barron space?

In this section, we give a positive answer to the question above in the context of

solving the d-dimensional Schrodinger equation in the whole space:
—Au+Vu=f, inR% (3.19)

Here V : RY — R is the potential energy and f : R? — R is the source term. Morally
speaking, our main result (Theorem 3.4.3) shows that if f is a spectral Barron function
and V, with a non-negative lower bound on R¢, is the sum of a positive constant
and a spectral Barron function, then the unique solution u* to (3.19) is also in the
spectral Barron space, with the order of spectral Barron regularity increased by 2.
We remark that a function in the spectral Barron spaces we consider has Fourier
transform in L'(RY), which implies that the function is bounded and decays to 0
at infinity (by the Riemann-Lebesgue lemma). Therefore, Assumption 3.4.2 on V
implies that V' is positive at infinity, which guarantees the uniqueness of bounded
solution and spectral Barron solution; see Proposition 3.4.13 for a precise statement.
An important consequence of Theorem 3.4.3 is that there exists a two-layer neural

network that approximates u* without the curse of dimensionality; see Theorem 3.4.4.

Related works Regularity results of PDEs in Barron spaces have been studied in

some recent works. In [LLW21], a solution theory for the Poisson equation and the
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Schrédinger equation on the bounded domain © = [0, 1]¢ with homogeneous Neumann
boundary condition is established in a type of spectral Barron space defined on €2
via cosine expansions. The same regularity result is later extended to the regularity
estimate of the ground state of the Schrédinger operator in [LL22]. The work [EW22]
proved regularity results for the screened Poisson equation —Awu+ \?u = f and some

time-dependent equations in the Barron space based on integral representation.

3.4.2 Main Results

Recall that regularity estimates for elliptic PDEs in Sobolev spaces are classical:
Suppose that Viyin < V(2) < Vigax, V2 € RE, for some Vi, Vinax € (0, +00), and that
f € H*(R%) with s > —1, thanks to Lax-Milgram theorem, the Schrédinger equation
(3.19) admits a unique solution u* € H'(R?). One can also obtain higher regularity
for u* using the standard bootstrap argument. More specifically, if u* € H* (R%) and
V is sufficiently smooth, e.g., V € W**(R%), then it holds that

(I . A)U* _ f —u = Vu e ]_Imin{s',s}(JRd)7
which implies that
ut = (I _ A)—1<f —ut = Vu*) e Hmin{s/’s}JrQ(Rd).

Therefore, one can conclude u* € H*"?(R?) with

I Her2(RY) S Clf] Hs(R4) >

where C'is a constant depending on V', d, and s. Thus, u* has higher regularity than
the source term f. Similar regularity results have also been studied for elliptic PDEs

on bounded domains, see e.g., [HL11, Theorem 5.27].

Our focus is to establish regularity results in the spectral Barron spaces for the

Schrodinger equation (3.19). Let us first define the spectral Barron spaces as in
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Definition 3.4.1, where for g : R? — R, we denote by ¢ its Fourier transform, given

by

R 1 T

(&) = 2y /Rd g(x)e ™ tdx. (3.20)
This is defined for g € L*(RY) and can be extended to tempered distributions. Note
that this definition is different from that in Section 3.3.1 since we include a multi-
plicative constant (2)~¢ in the definition (3.20) for the purpose of getting neater

inverse Fourier transform:

o(z) = / e . (3.21)

Definition 3.4.1. Given s € R, for a function g : R? — R, its spectral Barron norm

s defined via

190y = [ 19O (1+ eI

The spectral Barron space is the collection of functions with finite spectral Barron

norm:.

BRY) = {g: llgls.zs) < o0}

The spectral Barron space with index s = 1 was first defined in the seminal
work of Barron [Bar93] and it has been further developed with general index s in
recent literature, see e.g., [LLW21, SX22a, SX22b]. Spectral Barron spaces are of
particular interest for high-dimensional problems since a spectral Barron function
can be efficiently approximated by a two-layer neural network without CoD, see e.g.,
[Bar93] for approximation in L*norm and [SX22a] for approximation in H"*-norm.
A related but different notion of Barron space building upon integral representation
was also proposed and studied in [EMW21, Bacl7]; see also [PN21, PN22] for a

characterization of such space via Radon transform.
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Notice that by definition the spectral Barron space B*(R%) is a Banach space and
the completeness follows from the fact that the spectral Barron norm is a weighted
L'-norm. A key difference between the spectral Barron space and the Sobolev space
is that ||g| s (ga) is the L!-norm of §(&) - (1 + 1€]12)/% while 19| 7+ (gay is the L2-norm
of (€)-(1+|€*)*/2. In particular, B*(R?) is not a Hilbert space. The lack of Hilbert
structure complicates the analysis of the existence and uniqueness of solutions in the

spectral Barron space.

To state our regularity theory for PDEs in spectral Barron spaces, we make the

following assumption on the potential V.
Assumption 3.4.2. Assume that the potential function V' satisfies the following:
(i) V(z) >0, VzeRY;
(i1) V = a+ W where a > 0 is a constant and W € B*(R?).
Our main theorem can then be stated as follows:

Theorem 3.4.3. Suppose that Assumption 3.4.2 holds with s > 0. Then for any

f € B¥(R?), there exists a unique solution u* in BSt2(RY) and in addition it satisfies

[ "]

B2 (Rd) = | f]

Bo(R) - (3.22)
where C' is a constant depending on V', d, and s.

As a direct corollary of Theorem 3.4.3, the solution to the Schrodinger equation
(3.19) can be approximated efficiently by a two-layer neural network on any bounded

domain.

Theorem 3.4.4. Under the same assumptions of Theorem 3.4.3 and let C' be the

constant in Theorem 8.4.3. Then for any f € B*(R%), any bounded domain ) C R?,
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and any n € N, there is a cosine-activated two-layer neural network with n hidden

neurons,

1 n
up(x) = Z Z a; cos(w; x + b;),

=1

satisfying

Cv/m(Q) || £l g gy

where u* is the unique solution to (3.19) in B*T2(RY) and m(Q) is the Lebesgue

measure of €.

Remark 3.4.5. The approzimation in Theorem 3.4.4 is stated in H'-norm. How-
ever, stronger results could be expected. Since u* € Bt?(RY), it holds that u* €
H*%(Q), and approzimation in H*"*-norm could hold. We refer to [SX22a] for

details.

3.4.3 Proofs

This subsection is devoted to the proof of Theorem 3.4.3. Due to the lack of Hilbert
structure in the spectral Barron space B*(R%), the standard Lax-Milgram theorem
used to prove the well-posedness of elliptic equations in Sobolev spaces can not be
applied to the Barron spaces. Instead, we follow [LLW21] and rewrite (3.19) as an

integral equation of the second kind
u+ Tow(u) = (a—A)7f, (3.24)

where

Tow(u) = (a — A) ' (Wu). (3.25)

Our approach is to apply the Fredholm alternative to the integral equation (3.24),

thus the existence of the solution follows from its uniqueness. To this end, the
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essential step is to prove the compactness of 7, . The compactness was established
in [LLW21] for PDEs on bounded domains, but it becomes more challenging for
unbounded domains, e.g. the whole space in our setting. In fact, when W =1, it is
well-known that 7,1 = (o — A)~™ with a > 0 is not compact on L*(R?) since it has
continuous spectrum. On the contrary, we shall show that 7, is indeed compact
on B*(R?) provided that W e L'(R?) that is implies by Assumption 3.4.2 (i) with

s> 0.

Preliminary Lemmas

We first present some preliminary lemmas for properties of the spectral Barron spaces

and the operator 7T, .

Lemma 3.4.6. The following embeddings hold:
(i) BY(R?) — L®(R?) with ||g]l oo ey < 1191l goray-
(i) BY (RY) — B(RY) with gl 50y < 19y i <
Proof. They follow directly from Definition 3.4.1 and (3.21). O

Lemma 3.4.7. If a > 0, then for any g € B*(R?), it holds that

_ 1
||(04 —A) 19} Bs(Rd) < o HQHBS (R4) -
and that
_ 1
H(Q - A) 1g| Bs+2(Rd) < B3 (R4) -
Proof. Denote h = (o — A)~1g. Then h(£) = a+ﬁ£\\2g(£)' One can hence compute
that

3d 1
Il = [ I L+ 1E125de < - [ 19O1- (14 [€I)Ed = 2 gl
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and that

2
e = [ IO (L ) Fds = [ lac@l- - (o feyias

17

1
smm{al}/m 1+ 1) = o

l\)\m

B (R4) *
O

Remark 3.4.8. Since g € B*(R?) is a real-valued function, (o — A)~tg with a > 0
must also be real-valued. This is because —Au + au = 0 only has a trivial solution

in the space of tempered distributions, which can be seen directly by taking Fourier

=0.

. 0
transform u =
f P

Lemma 3.4.9. Suppose that W € B*(R?) with s > 0. Then for any u € B*(RY), it
holds that

||WUHBS(]Rd) <23 HWHBS(Rd) HUHBS(RCI)-

Proof. Tt follows from

that
Wl < / W(E)| - iy — )] - (1 + [nll?)Ededn
Rd xR

IN

Lo W@l = 1 - 1+ 20 + 2 — €17) b

LG

_ §/|W 4 e dg/ a(e)| - (1 + llgl)3d

N|w

IN

2

a(n—&)|- (L+[€1%)2 - (L+ [In — £]1*) 2dédn

— 95 iz

meee) [Ullserey -
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Compactness of 7, w

Lemma 3.4.7 and Lemma 3.4.9 imply that the operator 7, defined in (3.25) is
bounded in B*(R?) if a > 0 and W € B*(R?) with s > 0. We now show that this

operator is compact with a more careful analysis.

Proposition 3.4.10. Suppose that o > 0 and W € B*(R%) with s > 0. Then the
operator Tow : B¥(R?) — B*(RY) defined in (3.25) is compact.

To prove that Tow : B5(R?Y) — B*(RY) is compact, it suffices to show that the

image of the closed unit ball in B*(R?),

{Tawr (@) : gy < 1} (3.26)

is relatively compact in B*(R?). Notice that B*(R?) is complete, which implies that a
subset of B*(R?) is relatively compact if and only if it is totally bounded. Therefore,

it suffices to prove the total boundedness of

F=ATow@(© - 1+ [€P)E « ull ey < 1} CLHRY,  (3:27)

where we translate the B*-norm into the usual L'-norm. The following Kolmogorov-

Riesz theorem will be useful for establishing the total boundedness.

Theorem 3.4.11 (Kolmogorov-Riesz theorem [HOH10, Theorem 5]). Forp € [1,00),
a subset F C LP(RY) is totally bounded if and only if the following three conditions
hold:

(i) F is bounded;
(i) For any € > 0, there ezists R > 0 such that

/ |f(z)]Pde < €, V feF;
lz)|>R
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(i11) For any € > 0, there ezists 6 > 0, such that
[ 1+ - fapde<e, v e ) <o
R

We then prove Proposition 3.4.10 using Theorem 3.4.11.

Proof of Proposition 3.4.10. As discussed above, the compactness of 7, follows
from the total boundedness of F defined in (3.27). Therefore, it suffices to verify

the three conditions in Theorem 3.4.11 for F. We verify them one by one.

e Verification of Condition (i) in Theorem 3.4.11: For any |ju

B3 (Rd) < 1, since

Taw (w)(§) = rwwu(f)y
we have that
[T tm@ - g3, |, < = 2) 7 Wallg. g

< 1 w

=, | UHBs(Rd)
23

< — Wllse ray l1ull - ey
23

<= Wy

where we used Lemma 3.4.7 and Lemma 3.4.9. Therefore, F is bounded in L*(R?).

e Verification of Condition (ii) in Theorem 3.4.11: For any € > 0, there exists

R > 0 such that w < € for any [[{]| > R. Then for any [|u|/ggs < 1, it holds
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that

1

on e TR N (L el hde

/ Tomr(@)(©)] - (1 + |EIP)3de <
l€lI>R

<. / Wa(€)] - (1+ |¢[2)de
lEII>R
< e [Wallgoqu

< €23 |W

Bs () ||l 5o ()

< €22 ||W

Bs(Rd) >

where we also used Lemma 3.4.9.
o Verification of Condition (iii) in Theorem 3.4.11: Since Condition (ii) in The-

orem 3.4.11 holds, for any € > 0, there exists R > 0 such that

/ Tew (@) (@) - L+ [EI*)2dE <&,V [|ullgogay < 1. (3.28)
lel>R
Set
(1 + [iel)3 /
Li:= max —————— and Ly := d€. 3.29
' Hfl|§§(R a+ [[€)? ’ €]|<2R ; ( )

It follows from W € B*(R?) with s > 0 that W € L'(R%). According to [Fol99,

Proposition 8.17], there exists ¢ € C®°(R?) satisfying

(3.30)

W - gl

<
LYRY) — Ly

2 s
Note that & +— (lﬂﬁg”f is continuous, and is hence uniformly continuous on any

compact subsets of R%. One also has that ¢ € C>°(R?) is uniformly continuous on
R?. Thus, there exists some § < R, such that
A+ €1z @+l

- <e V < 3R, ||€|| < 3R, ||€=¢'|| <4, (3.31
a+[|€]? a+ €2 |~ €] 1<) € =& (3.31)
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and that
€

/ d !
T YEEER e-¢l<s (3.32)

0(§) — @(&)] <

Consider any [|y[| < ¢ < R and any [Ju||gs) < 1, we have that

/.

< / Tomr (@) (€ +9)] - (L+ 1€+ y]?)3de
lEII>2R

Tow(@(E+y) - 1+ €+ y2)? = Tow (W(©) - (1 + [1€]2)? | de

" / Tom(@)(©)] - (1 + [€]?)3de
l€[[>2R

+ / Tow @) (E+y) - L+ 1€+ 9?5 — Taw @)(©) - (1 + [1€]%)3] de
l€lI<2R
<2 / T @(E)] - (1+ €] 3de
l€II>R
+ / Tow@(E+y) - L+ 1€+ 9?5 — Taw @)(©) - (1 + [1€]%)3] de
l€lI<2R
<2+ / Tow (WE+ 1) - (L+ 1€+ )7 — Taw (W)(©) - (1+ [1€]%)3] de,
IEI<2R (3 33)

where the last inequality follows from (3.28). Then we estimate the second term in

the last line above. We have that

Tow@(E+9) - (L4 € +yl2)? = Taw(@)(©) - (1+ €7

[ I I L LR ICE
“W“(“y) P E O 2

__ A+ IE+ul*)z — A+1ElP)? o
Wit + )| |CEIE A2 OIS

| Gl
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According to (3.31) and Lemma 3.4.9, it holds that

A+ lE+ul®)z — A+1ElP)

Wu : d
/MR' Wl | ey T et e | ©
_ (3.35)
< Wu(E 4+ y)|dE < e||W ordy < €| Wl go(ra 0(Rd
c /MSQR! W€+ Y)IAE < € Wl gogga) < €W o 1o
< W gy el gty < €1V oy -
By (3.29), (3.30), and (3.32), it holds that
A+ ED); — _
~ > - . |\W — W d
[ e e )~ (e
A lEDE [ [ . .
— A 1|0 W —n)dn — W (€ —n)dn|d
/”“QR PRI /RdU(n) (E+y—mn)dn /Rd“(”) (& —n)dn| d¢
<L, / [a(n)] - [W(E + 3 — 1) — W(E —n)ldnde
lI€]|<2R JRE
<L, / )] - 19(€ +y — ) — (€ — )ldnde
lléll<2R /R4 (3.36)

+L1/ / ()] - W+ — 1) — o€ +y — m)|dndé
l€]|<2R J R4
L / ()| - [W(E = 1) — (€ — n)|dnde

l€]|<2R J R4

€ N > ~
<o [ de [ aianor |- [ it

"Ly Jygj<er 7 Jre

<se [ alnldn < 3¢l < 3¢
R

Combining (3.34), (3.35), and (3.36), we obtain that

/HSISQR

Tarw@(E+) - (14 [€+yl2)? = Taw@)(©) - (1+ [€]2)?] de

< B+ Wllgs(ray) - €
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which combined with (3.33) yields that

I

Tow(@(E+y) - (14 €+ 927 = Taw (W)(€) - (1 + [€]2)? | de

<(G+[W

Bs (Rd)) €

for any |y|| < ¢ and [|u||sga) < 1. This completes the proof. O

Proofs of Theorem 3.4.3 and Theorem 3.4.4

We finish the proof of Theorem 3.4.3 in this subsection. We first need to establish
the existence of the solution to (3.24) that is equivalent to the original PDE (3.19)

in B*(RY).
Proposition 3.4.12. Suppose that Assumption 3.4.2 holds with s > 0. Then the
operator

(I + Tow) " : B (RY) — B*(RY)

1s bounded.

Since Tow : B*(R?) — B*(R?) has been proved as compact in Proposition 3.4.10,
I + Tow is a Fredholm operator. Therefore, to show that I + 7, has bounded
inverse, it suffices to show that I + 7, w is injective, which is established in the

following proposition.

Proposition 3.4.13. Suppose that Assumption 3.4.2 holds with s > 0. Then the
operator
I+ Tow : BS(RY) — B¥(RY)
1S injective.
Proof. Suppose that there exists some u € B*(R?) such that

U+ E,W(U) = 0,
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which is equivalent to

—Au+Vu=0,

where V' = a + W. Since s > 0, we have that v € L*®(R?) by Lemma 3.4.6.
Furthermore, u and V' are both continuous as the Fourier transform of a function in
B*(RY) is in L'(RY).

Suppose that w is not identically zero, which means that u(zg) # 0 holds for
some z, € R%. It follows from W € L'(R?%) and the Riemann-Lebesgue lemma that

limyjz 00 W (x) = 0, which implies that there exists some R > ||z such that

«
inf V(iz) > —.
lzll>R (z) 2 2

Note that Assumption 3.4.2 (i) states that V(x) > 0, V 2 € R% According to the

weak maximal principle, we have for » > 0 that

sup |u(z)| = sup |u(z)|. (3.37)

ll=l|<r [[||=r
By (3.37), there is a sequence {z;}2°, C R? with
lekl| = R+ k, and |u(xg)| > |u(zo)l| (3.38)

Let us set

Yi(r) = / u?(re + x1)dS = r_(d_l)/ u*dS > 0,
0B{(0)

OB (xy)

where Bl(z) C R? is the open ¢y ball in R? centered at x with radius 7. Then it

holds that

Up(r) = / QUQ(TI + x)dS = / (Vu*(ra + ), ) dS
oB{(0) Or

0B{(0)

=@ [ (Guan, Dyas =0 [ A
9B (0) r B (zs)
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= 2r_(d_1)/ (uAu + |Vul*)dz > QT_(d_l)/ uAudz
B (w) B

zy)
— 9p—(d-1) / Vuldx.
Bi(xy)

Note that V(x) > § holds on Bf(xx). We have for any r < k that

vt =2z |

Bé(x)

Vuldr > ar~ @ / u’dx

Bé(z,)

. . d—1
t

e [ asa—a [ (1) w0z o
0 JoBd(y) o \”

which implies that ¢ is monotonically increasing on [0, k]. For any n € {1,2,...

1} and any r € [n,n + 1], we have that

sz [ (O woaza [ (1) woa

zw(r—n)-( " )d_lwkm),

n+1

and hence that

Ye(n+1) = Yp(n) + /”+ Wi (r)dr

> <1+a/nn+1(r—n)dr- (nf:l)d_l) i(n)

> (1 + %) - Pr(n).

Thus, it holds that

)2 (16 2) 0 2 (1 5) (o)

a\ k-1 ) o k-1 )
:<L+@) u(zy) 2<L+ﬁ> u(z)?, VkeN,,

where we used the monotone property of ¥ on [0, k] and (3.38).
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Note that u € L®(RY). So {w(k)}$2, must be bounded, which contradicts (3.39)
as u(xg) # 0. We therefore can conclude that v = 0, which proves the injectivity of

I+ Tow. 0

Remark 3.4.14. We remark that the standard proof of the uniqueness of H*-solutions
to elliptic PDEs does not apply to the Barron solutions. In fact, the uniqueness in
HY(R?) of solutions of the equation —Au + Vu = 0 follows from a standard energy
estimate. Noticing that —Au+ Vu =0 € H Y (R?) that is the dual space of H'(R),
one has that 0 = [p.(=Au+ Vu)u = [p. |[|[Vul|®* + Vu?, which implies u = 0. How-
ever, such energy estimate, in general, does not apply to Barron functions in B*(R?)
since in general B*(R?) ¢ H'(R?). To give a concrete example, let us consider the

function u whose Fourier transform is defined by

0, otherwise.

a6y, 6a) = {”&H_Q’ if € € (1, 1\{0}) > [=1, 1),

Then [pala(€)] - (1 + [[€]7)2d¢ < oo while [pa|a(€)] - (1 + [[€]*)dE = oo, ie.,
u € B3 (RY)\ H'(RY).

Proposition 3.4.12 is then a direct corollary.

Proof of Proposition 3.4.12. The result follows directly from Proposition 3.4.10, Propo-

sition 3.4.13, and the Fredholm alternative. ]
We can finally prove Theorem 3.4.3.

Proof of Theorem 3.4.53. Let u* be the unique solution to (3.19) or (3.24). Notice

that by Proposition 3.4.12 and Lemma 3.4.7,

=T+ Tow) " ((a=A)"f) € BA(RY,
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with

K

Bs(Rd) = H(I + Taw) ™ ((a — A)_lf)|

Bs(R4)
) (3.40)
-1
< a H(I + 7;,W) ‘ B (R4)— B3 (R4) Hf Bs(R4) *
It follows from Lemma 3.4.7, Lemma 3.4.9, and (3.19) that
* 1 *
||w \BSH(W) < m [(or = A)u Bs(R4)
P
~ min{a, 1} N B (R
(3.41)
1 *
< m(ku s (ray + 1 fll 5o may)
< L 2 *
S nfa. 1} (22 W gs way 10"l gs may + 1.f BS(Rd)> -

Combining (3.40) and (3.41), we obtain that

. 1 28 [Wlls @) i
H'LL HBS‘FQ(Rd) < min{a, 1} < o H(I + 7:1,W) ’ B3 (R4)—Bs (R4) +1 Hf’ Bs *
Hence, (3.22) holds with
1 23 [|W]| 3o sy 1
¢= min{a, 1} ( o ”(I + Tow) | Be(Re) 55 (RY) T LK
which completes the proof. O]

Theorem 3.4.4 then follows directly from Theorem 3.4.3 and some techniques for

establishing approximation without CoD in previous literature.

Proof of Theorem 3.4.4. This proof uses techniques from [Bar93, EMW21], and is
similar to the proof of Theorem 3.2.4. Note that s > 0. According to Theorem 3.4.3

and Lemma 3.4.6, it holds that

HU*HBO(Rd) < Hu*HB?(Rd) < HU*HBS+2(Rd) <C ||f||Bs(Rd)-
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Denote @*(€) = |0*(€)]e?®) and let p be a probability distribution on R? with density
being |@*(E)[/ (|4 1 gay = @ (€)]/ |w* || go(ra)- Then the real-valued function u* can

be represented as

u'(z) = /R e rds = / [ ()] €D

= | @ (©)]cos(§"x + 0(€))dE = [[u* | pogay Benp [cos(€w +0(€))] -

R4
Note that @* € B?(R?), which implies that p has finite first-order and second-order

moment. Therefore,

0

a—xku*(x) = — ||U*||BO(Rd) E§~0[<§7 61€> Sin(ng + 9(5))]

Let &1,&s,...,&, be iid. samples from p, and let

up(z) = — Z a; cos(ijm +b;),
j=1

where a; = ||[u*|| gogay, wj = &, and b; = 6(&;). Then it holds that

2
prn ”u* _ unHHl(Q)

/Ju*(m)—uﬁx)ﬁdm%—é/{z a

—E, .
p 8xk 8£Ck
* 1 -
= |ju ||ZO(Rd) /Q\/arpm [EZcos(ijx+0(§j))] dx
j=1

d 1 n
+ Hu*H?SO(Rd) Z /Q Varpm [E Z<£j’ €k> 31n(§jTa: + ‘9(51))] dz
k=1

j=1

2
- HU*HBO(Rd)
B n

/QVarng [cos(§Tx + 6(€))] da

Il < [ Ve, (€ ey sin(€Te -+ 0(6))
n k=19 e
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[Ju* ||§30(Rd)
Q

1+ Z(f, ek)d] dx

k=1

- HU*HBO(Rd) s 2
——2 [ a1 (4 lelPdede

<m(Q) ||U*||30(Rd) ||U*||32(Rd)

n

L2
_m(®@)- |

2
Bs(R4)
5

n

which implies (3.23).
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Chapter 4

Theory of Graph Neural Networks for

(Mixed-Integer) Linear Programs

4.1 Background and Preliminaries

Mixed-integer linear programming (MILP) is a class of optimization problems that
minimize a linear objective function subject to linear constraints, where some or all
variables must take integer values. MILP is widely applied in many fields, such as
transportation [SDMFHO1], control [RHO05], and scheduling [FL05], just to name a
few. MILP problems are in general NP-hard, and are hence very expensive to solve,
especially when the problems are of large scale. Recently, applying machine learning
techniques to accelerate or guide MILP solvers is a fast-growing research direction.
There have been encouraging findings in the existing literature that properly chosen
ML models can learn some useful knowledge about MILPs from the given training

data with good generalization performance on some similar but unseen instances (see
e.g. [ALWI14, KLBS*16, ZJLB21, LZWZ22, HDIE14, YYS20, SYD"20]).

The graph neural network (GNN), due to its nice properties, say permutation in-
variance/equivariance, is considered as a suitable model to represent mappings that
compute useful information of MILP. More specifically, permutations on variables
or constraints of a MILP do not essentially change the problem, which suggests
that reliable ML models such as GNNs should satisfy such properties, otherwise the
models may overfit the variable/constraint orders in the training data. [GCFT19]
proposed that a MILP can be encoded into a bipartite graph on which one can use

a GNN to approximate strong branching. [DZS*20] proposed to represent MILP
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with a tripartite graph. Since then, GNNs have been adopted to represent map-
pings/strategies for MILP, for example, approximating strong branching [GGK™20,
NBG™20, SSEL21, GKC*22], approximating optimal solution [NBG*20, KML22],
parameterizing cutting strategies [PZK*22], and parameterizing branching strate-
gies [QLZ122, SCC*22].

In this chapter, we study the expressive power of GNNs for representing MILPs or
their continuous variant without integer constraints, say linear programs (LPs). More
specifically, we establish universal approximation results that GNNs can approximate
some properties of LPs and MILPs (feasibility, optimal objective value, and optimal
solution) with arbitrarily small error. Our results for LPs and MILPs will be stated
in Section 4.2 and Section 4.4, respectively. Before heading into the approximation
theories, we state some definitions and concepts related to LPs, MILPs, and GNNs

rigorously.

Linear Programs and Mixed-Integer Linear Programs A general mixed-

integer linear programming (MILP) problem is defined in the following form:

m%gn 'z, st Axob, l<z<u, xj €L, Vjel, (4.1)
zeR™

where A € R™" ¢ € R", b€ R", | € (RU{-o0})", u € (RU {+00})", and
o € {<,=,>}" The index set I C {1,2,...,n} includes those indices j where z;
are constrained to be an integer. If I = (), i.e., there are no integer constraints, then

the problem is called linear programming (LP).

MILP represented as weighted bipartite graph We first define the graph that
we will adopt in this chapter. A weighted bipartite graph G = (V U W, E) consists
of a vertex set V' U W that is divided into two groups V and W with V. NW = 0,
and a collection E of weighted edges, where each edge connects exactly one vertex in
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V' and one vertex in W. Note that there is no edge connecting vertices in the same
vertex group. £ can also be viewed as a function £ : V x W — R. We use G, ,, to
denote the collection of all weighted bipartite graphs G = (V U W, E) with |V| =m
and |[W| = n. We always write V' = {vy,vg,..., 0}, W = {wy,ws,...,w,}, and
E;; = E(v;,w;), fori e {1,2,...,m}, j€{1,2,...,n}.

One can equip each vertex with a feature vector. Throughout this chapter, we
denote h)" € H" as the feature vector of vertex v; € V and denote b} € H" as
the feature vector of vertex w; € W, where H",H" are feature spaces. Then we
define HY = (HV)™, HY := (H")" and concatenate all the vertex features together
as H = (hY,hY,...;hY BV RY ... hYV) € HY x HYW. Finally, a weighted bipartite
graph with vertex features is defined as a tuple (G, H) € G X Hy X H)Y.

With the concepts described above, one can represent a MILP (4.1) as a bipartite
graph [GCF*19]: Each vertex in W represents a variable in LP and each vertex in
V represents a constraint. The graph topology is defined with the matrix A in the

linear constraint. More specifically, let us set

e Vertex v; represents the i-th constraint in Az o b, and vertex w; represents the

J-th variable z;.

Information of constraints is involved in the feature of v;: hY = (b;, 0;).

The space of constraint features is defined as H" := R x {<,=,>}.

Information of variables is involved in the feature of w;: h}" = (¢, 1, u;,75),

where 7; = 1 if j € I and 7; = 0 otherwise.

The space of variable features is defined as H" := R x (RU {—o0}) x (R U

{+00}) x {0,1}.

The edge connecting v; and w; has weight E; ; = A, ;.
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Then a MILP is represented as a graph (G, H) € G, X HY, x HY. In the rest of this
chapter, we call such graphs MILP-induced Graphs or MILP-Graphs for simplicity.
We provide an example of MILP-graph in Figure 4.1.

min x; + 9,
rER2

st. r14+3x2 2> 1, 1 +29 > 1,
x1§37 .’L'QSE)’ xQEZ

W= (1,2) @A@ W = (1,-00,5,1)

Figure 4.1: An example of MILP-graph

If I =0, i.e., the problem is reduced to an LP problem, then the feature 7; can
be dropped and H" = R x (RU{—00}) x (RU{+0c0}). The graph hence reduces to

LP-induced graph or LP-graph.

Topology and measure Throughout this chapter, we consider G, ,, x HY x HW
where HV = Rx {<,=,>} and HV = R x (RU{—o00}) x (RU{+00}) for LP-graphs
or HY =R x (RU{—o00}) x (RU {+0oc}) x {0,1} for MILP-graphs, as a topology
space with product topology and a measurable space with product measure. It’s
enough to define the topology and measure of each part separately. Since each graph
in this chapter (without vertex features) can be represented with matrix A € R™*",
the graph space G,,, is isomorphic to the Euclidean space R™*™: G, , = R"™*"
and we equip G, , with the standard Euclidean topology and the standard Lebesgue
measure. The real spaces R in H" and HY are also equipped with the standard
Euclidean topology and Lebesgue measure. All the discrete spaces {<, =, >}, {—o0},

{+0o0}, and {0, 1} have the discrete topology, and all unions are disjoint unions. We
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equip those spaces with a discrete measure p(S) = |S|, where |S| is the number of
elements in a finite set S. This finishes the whole definition and we denote Meas(+)

as the measure on G,,,, X HY x HW.

Graph neural networks with message-passing The GNNs in this chapter al-

ways take a MILP-graph or LP-graph as input and the output has two cases:

e The output is a single real number. In this case, GNN is a function G, , x 1Y x

H" — R and is usually used to predict the properties of the whole graph.

e Each vertex in W has an output. Consequently, GNN is a function G,,,, x H" x
HY — R™. Since W represents variables in LP, GNN is used to predict the

properties of each variable in this case.

Now we define the GNN structure precisely. First, we encode the input features into

the embedding space with learnable functions f : HY — R% and fY : HW — R

W= fu (b)), BV = fV (R, i=1,2,..m, j=1,2,...,n, (4.2)

in J

where h?’v, h(;,w € R% are initial embedded vertex features and dj is their dimension.
Then we choose learnable functions f, fV : R4-1 — R% and g/, g/V : R%-1 x R" —

R% and update the hidden states with':

WbV = gV (hﬁ—w, > Ei,jle(hg—l’W)) i=1,2,...,m, (4.3)
j=1
" =gl (h;‘l’w, > Ei,jfmi‘ly)), j=12....n, (4.4)
=1

!Note that the update rules in (4.3) and (4.4) follow a message-passing way, where each vertex

only collects information from its neighbors. Since F;; = 0 if there is no connection between
vertices v; and wy, the sum operator in (4.3) can be rewritten as » - (,,), Where N'(v;) denotes
the set of neighbors of vertex v;.
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where hé’v, hé-’W € R% are vertex features at layer [ (1 <1 < L) and their dimensions
are di,--- ,dy, respectively. The output layer of the single-output GNN is defined

with a learnable function f.u : R% x R — R:

Yout = fout ( Z hf’v, Z hf’w> . (45)
i=1 7=1

The output of the vertex-output GNN is defined with f : R% x R x R — R:

out

poue 1) Out<ZhLVZhLWhLW) J=l2 o (46)

We denote collections of single-output GNNs and vertex-output GNNs with Fonn

and F¥\y, respectively:

Fonn ={F : Gun x HY x HY — R | F yields (4.2), (4.3), (4.4), (4.5)},
F o ={F : Gon x HY. x 1Y 5 R | F yields (4.2), (4.3), (4.4), (4.6)}. o
In practice, all the learnable functions in GNN fV fW ¢ W LV ivVoal gV HE,,
are usually parameterized with multi-linear perceptrons (MLPs). In our theoretical
analysis, we assume for simplicity that those functions may take all continuous func-
tions on given domains, following the settings in [AL21, Section C.1]. Thanks to
the universal approximation properties of MLP [HSW89, Cyb89], one can extend our

theoretical results by taking those learnable functions as large enough MLPs.

Invariance and Equivariance We denote S,,,.S, as the group consisting of all
permutations on vertex groups V,W respectively. In another word, S, involves
all permutations on the constraints of LP and S, involves all permutations on the
variables. In this chapter, we say a function F' : G,,,, X HY x H?¥ — R is invariant

if it satisfies

F(G,H) =F ((oy,ow) * (G, H)), ¥ oy € Sm,ow € Sa,
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and a function Fyy : Gy, X HY x HYW — R" is equivariant if it satisfies
Uw(Fw(G, H)) = FW ((Uv,Uw) * (G,H))), v oy € Sm,O'W S Sn,

where (oy,ow) * (G, H) is the permuted graph obtained from reordering indices in
(G, H) using (oy, ow ), which is the group action of Sy, X S, on Gy X HY, x HYW. One

can check that any F' € Fgny is invariant and that any Fy, € Féyy is equivariant.

4.2 On Representing Linear Programs by Graph

Neural Networks

This section presents our universal approximation results that GNNs be arbitrarily
close to the following three mappings: LP — feasibility, LP — optimal objective
value (—oo if unbounded and oo if infeasible), and LP — an optimal solution (if
exists). In the literature, it has been proved in [XHLJ19] that the separation power
of GNN is equal to the Weisfeiler-Leman (WL) test [WL68], a classical algorithm for
the graph isomorphism problem, and in [AL21, GR22| that GNNs can universally
approximate any continuous function whose separation power is not stronger than
that of WL test. However, there exist many pairs of LPs that cannot be distinguished
by the WL test. We show that those puzzling LP pairs share the same feasibility,
boundedness, and even an optimal solution if exists. Thus, GNN has strong enough

separation power and representation power.

Organization The rest of this section will be organized as follows. In Section 4.2.1,
we define three mappings that we aim to use GNNs to approximate. Our main results
are stated in Section 4.2.2 with the proof ideas sketched in Section 4.2.3. The detailed

proofs are contained in Section 4.3.
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4.2.1 Target Mappings

The three target mappings describe the feasibility, optimal objective value, and an
optimal solution of an LP (if exists), respectively. Before the rigorous definitions, let

us mention that any LP problems must follow one of the following three cases [BT97]:

o [nfeasible. The feasible set Xr := {x € R" : Az ob, | <z < u} is empty. In

another word, there is no point in R™ that satisfies the constraints in LP (4.1).

e Unbounded. The feasible set is non-empty, but the objective value can be
arbitrarily good, i.e., unbounded from below. For any R > 0, there exists an

x € Xp such that ¢'z < —R.

o Feasible and bounded. There exists x* € Xp such that ¢'2* < ¢'x for all
r € Xp. Such z* is named as an optimal solution, and c¢'z* is the optimal

objective value.

Feasibility mapping The feasibility mapping is a classification function
Cteas : G X Hp X Hy — {0, 1}, (4.8)

where .5 (G, H) = 1 if the LP associated with (G, H) is feasible and ®e.s(G, H) = 0

otherwise.

Optimal objective value mapping Denote
DPobj : G X HY x HY — RU {00, —00}, (4.9)

as the optimal objective value mapping, i.e., for any (G, H) € Gpn X HY x HW,

®,1;(G, H) is the optimal objective value of the LP problem associated with (G, H).
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Remark 4.2.1. The optimal objective value of an LP problem can be a real number
or oo/ — o0o. The “c0” case corresponds to infeasible problems, while the “—o0”
case consists of LP problems whose objective function is unbounded from below in the

feasible region. The preimage of all finite real numbers under @, Q);blj(R), actually

describes all LPs with finite optimal objective value.

Remark 4.2.2. In the case that an LP problem has a finite optimal objective value, it
15 possible that the problem admits multiple optimal solutions. However, the optimal

solution with the smallest {a-norm must be unique. In fact, if x # x’' are two different

solutions with ||z|| = ||2'||. Then 3(z + 2') is also an optimal solution due to the
convezity of LPs, and it holds that ||3(z + 2')||* < &||z]|® + 3[|2/[|* = [|=]|* = ||2/||%,
ie., ||3(z+a")|| < ||z| = |||, where the inequality is strict since x # «’. Therefore,

x and x' cannot be optimal solutions with the smallest {5-norm.

-1

obj(R), we have remarked before

Optimal solution mapping For any (G, H) € ®
that the LP problem associated with (G, H) has a unique optimal solution with the
smallest ¢5-norm. Let

(I)solu : (I)il

obj

(R) — R", (4.10)
be the mapping that maps (G, H) € (ID(;}J- (R) to the optimal solution with the smallest

f5-norm.

It is clear that both @, and ®,,; are invariant, and that @, is equivariant.

4.2.2 Main Results

This subsection presents our main theorems in representing LPs using GNNs. Our
first result is the following theorem that GNN has strong enough separation power

to represent LP.
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Theorem 4.2.3. Given any two LP instances (G, H), (G, H) € G X HY, x HW , if

F(G,H) = F(é, ﬁ) for all F' € Fgann, then they share some common characteristics:
(i) Both problems are feasible or both are infeasible, i.e., ®foas(Gy H) = ®oqs (G, H).

(it) The two LP problems have the same optimal objective value, i.e., @, (G, H) =
Oo(G, H).

(i1i) If both problems are feasible and bounded, then they have the same optimal
solution with the smallest ly-norm up to a permutation, i.e., Py (G, H) =

Gw(@solu(é, ﬁ)) for some oy € S,,.

Furthermore, if Fyw(G,H) = Fyw (G, H), ¥ Fyw € Fluy, then (iii) holds without

taking permutations, i.e., Pn (G, H) = @Solu(é, f])

This theorem demonstrates that the function spaces Fony and Flyy are rich
enough to distinguish the characteristics of LP. Given two LP instances, (G, H) and
(G’, H ), as long as their feasibility or boundedness are different, there must exist
F € Fonn that can distinguish them: F(G,H) # F(G,H). Moreover, as long
as their optimal solutions with the smallest />-norm are different, there must exist
Fy € F¥y that can distinguish them: Fy (G, H) # Fy (G, H).

With Theorem 4.2.3 served as a foundation, we can prove that GNN can approx-

imate the three mappings ®@feas, Pob; and Py, to arbitrary precision.

Theorem 4.2.4. Given any measurable X C G, X HY x HW with finite measure,

for any e > 0, there exists some F € Fayn, such that
Meas ({(G, H) € X : Ipc,m>1/2 # Preas(G, H) }) <,

where 1. is the indicator function, i.c., Ipmys12 = 1 if F(G,H) > 1/2 and
Irc my>1/2 = 0 otherwise.
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This theorem shows that GNN is a good classifier for LP instances in X as long
as X has a finite measure. If we use F(G, H) > 1/2 as the criteria to predict the
feasibility, the classification error rate is controlled by e/Meas(X), where € can be
arbitrarily small. Furthermore, we show that GNN can perfectly fit any dataset with

finite samples, which is presented in the following corollary.

Corollary 4.2.5. For any D C Gy X HY x HYW with finite instances, there exists
F e Fony that
]IF(G,H)>1/2 = cI)feas<G7 H)7 v (Ga H) €D.

Besides the feasibility, GNN can also approximate ¢op; and ¢soly.

Theorem 4.2.6. Given any measurable X C G, X HY x HY with finite measure,

for any € > 0, there exists Fy € Fann such that
Meas ({(G, H) e X :1pG.m)y>1/2 7 ]LIDOZ,](G,H)GR}) <€, (4.11)
and for any €,6 > 0, there exists Fy € Fayn such that
Meas ({(G,H) € X NP, (R) : |F5(G, H) — ®oy(G, H)| > 0}) <. (4.12)

Recall the definition of ®,p,; in (4.9) that it can take {£oo} as its value. Thus,
®o1i(G, H) € R means the LP corresponding to (G, H) is feasible and bounded with a
finite optimal objective value, and inequality (4.11) illustrates that GNN can identify
those feasible and bounded LPs among the whole set X, up to a given precision
e. Inequality (4.12) shows that GNN can also approximate the optimal value. The
measure of the set of LP instances of which the optimal value cannot be approximated
with d-precision is controlled by €. The following corollary gives the results on dataset

with finite instances.
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Corollary 4.2.7. For any D C Gy, X HY x HW with finite instances, there exists

Fi € Fany such that
Ik c,m>172 = Lo, c.mer, V (G, H) €D,
and for any 6 > 0, there exists Fy € Fann, such that

|Fy(G H) — ®@,4(G,H)| <6, V(G,H)eDN,}

obj

(R).

Finally, we show that GNN is able to represent the optimal solution mapping
(I)solu-

Theorem 4.2.8. Given any measurable X C @;blj.(R) C G X HY X HW with finite

measure, for any €,8 > 0, there exists some Fyy € Fiyy, such that
Meas({(G,H) € X : |[F(G, H) — Q5ou(G, H)|| > 6}) <.

Corollary 4.2.9. Given any D C Cnglj(R) C G X HY < H) with finite instances,

for any § > 0, there exists Fyy € Fony, such that

”F(GaH)_q)solu(GaH)” <5a v (G7H) eD.

4.2.3 Sketch of Proofs

In this subsection, we will present a sketch of our proof lines and provide examples

to show the intuitions. The full proof lines are presented in Section 4.3.

Separation power The separation power measures a neural network with whether
it generates different outcomes given different inputs, which serves as a foundation
of the representation power. The separation power of GNNs is closely related to the
Weisfeiler-Lehman (WL) test [WL68], a classical algorithm to identify whether two
given graphs are isomorphic. To apply the WL test on LP-graphs or MILP-graphs,
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Algorithm 4.1 The WL test for LP-graphs and MILP-graphs?

Require: A graph instance (G, H) € Gy X Hy, x M,V and iteration limit L > 0.
1: Initialize with C{*" = HASHoy (h)), C" = HASHqw (hYY).

2: for(=1,2,---,L do

3. CMV = HASH,y, (cf—w, S B HASH] (cj—LW)).
£ CPY = HASH (O, S0 BGHASH, ().
5: end for

@

return The multisets containing all colors {{C""}}7,, {{C’J-L’W}}?ZO.

we describe a modified WL test in Algorithm 4.1, which is slightly different from the
standard WL test.

We denote Algorithm 4.1 by WLpp(-) when it is applied on LP-graphs, and
we say that two LP-graphs, (G,H) and (G, ]:I), can be distinguished by Algo-
rithm 4.1, if and only if there exist a positive integer L and injective hash functions
{HASH, v, HASH, w }/-, U {HASH, ,,, HASH] ;;, }/2, such that WLy p((G, H),L) #
WL p ((G O ), L). Unfortunately, there exist infinitely many pairs of non-isomorphic
LP-graphs that cannot be distinguished by Algorithm 4.1. Figure 4.2 provides such
an example.

Since the separation power of GNNs is actually equal to the WL test [XHLJ19],
one would expect that the limitation of the WL test might restrict GNNs from uni-
versally representing LP. However, any two LP-graphs that cannot be distinguished
by the WL test must share some common characteristics even if they are not iso-
morphic. For example, let us consider the six LP instances in Figure 4.2. In each of

the three columns, the two non-isomorphic LP instances cannot be distinguished by

2In Algorithm 4.1 and the rest of this chapter, multisets, denoted by {{}}, are collec-
tions of elements that allow multiple appearances of the same element. Hash functions
{HASHLV,HASHZ,W}lLZO injectively map vertex information to vertex colors, while the others
{HASH; 1, HASH; y, }/-, injectively map vertex colors to a linear space so that one can define
sum and scalar multiplications on their outputs. In addition, such an algorithm is usually named
as the 1-WL test in the literature since it only considers the neighborhood with distance 1 for
each vertex. In this chapter, we abbreviate Algorithm 4.1 or the 1-WL test to the WL test for
simplicity.
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1+ T2 + 23 + x4, Min T + 22 + 3 + T4, Min x1 + T2 + T3 + 24,
.1t xe =1, st.x1+x2 < 1, st.xy+x2 =1,
xo + 23 =1, 9 + w3 < 1, xo + 23 =1,
x3 + x4 = 1, 3+ x4 <1, x3 + x4 = 1,
x4+ a1 =1, T4+ 21 <1, x4+ a1 =1,
;>1,1<5<4. z;<1,1<j<4 <1, 1<5<4.

1+ T2 + 23 + x4, Min T + 22 + 3 + T4, Min 1 + T2 + T3 + 24,
.x1txe =1, st.x1+x2 < 1, st.xy+x2 =1,
xo + 71 =1, 9 + 11 <1, xo + 21 =1,
3+ x4 =1, 3+ x4 <1, 3+ x4 =1,
T4+ a3 =1, T4+ 23 <1, T4+ a3 =1,
xj>1,1<j<4. z; <1, 1<j<4. r; <1, 1<j<4.

Figure 4.2: Examples of LP-graphs that cannot be distinguished by the WL test
and share the same properties

the WL test. The reason is that, since the features and neighbor information of {v;}
and {w;} in the two graphs are equal, it holds for both graphs that Ci’v = ---C’i’v
and C’i’w = C’fl’W for all [ > 0, whatever the hash functions are chosen. However,
it can be checked that the two instances in the same column share some common
characteristics. More specifically, both instances in the first column are infeasible;
both instances in the second column are feasible but unbounded; both instances in
the third column are feasible and bounded with (1/2,1/2,1/2,1/2) being the opti-
mal solution with the smallest /5-norm. Actually, this phenomenon does not only
happen on the instances in Figure 4.2 but also serves as a universal principle for all

LP instances. We summarize the results in the following theorem:

Theorem 4.2.10. If (G, H), (G, H) € G x HY, x HW are not distinguishable by
Algorithm 4.1, then

Dpos(Gy H) = Opoos(GL H)  and @ o (G, H) = ®,5(G, H).
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Furthermore, if (G, H), (G, H) € @;blj.(R), then it holds that

(I)salu(Ga H) = UW<¢solu(é, ﬁ)))
for some oy € 5,,.

In other words, the above theorem guarantees the sufficient power of the WL
test for separating LP problems with different characteristics, including feasibility,
optimal objective value, and optimal solution with the smallest fo-norm (up to per-
mutation). This combined with the following theorem, which states the equivalence
of the separation powers of the WL test and GNNs, yields that GNNs also have

sufficient separation power for LP-graphs in the above sense.

Theorem 4.2.11. For any (G, H), (G, H) € G, x HY, x HW, the followings are

equivalent:
(1) (G,H) and (G, ﬁ) are not distinguishable by Algorithm 4.1.
(ii) F(G,H) = F(G,H), ¥ F € Fann.
(iii) For any Fy € Fivn. Fw (G, H) = ow(Fw (G, H)) holds for some oy € S,.

Theorem 4.2.11 extends the results in [XHLJ19, AL21, GR22] to the case with
the modified WL test (Algorithm 4.1) and LP-graphs.

Representation power Based on the separation power of GNNs, one is able to
investigate the representation/approximation power of GNNs. To prove Theorems
4.2.4, 4.2.6, and 4.2.8, we first determine the closure of Fony or Fiyy in the space
of invariant /equivariant continuous functions with respect to the sup-norm, which is
also named as the universal approximation. The result of Fgnn is stated as follows,
where (X, R) is the collection/algebra of all real-valued continuous functions on X.
The result of Fliyy can be found in Section 4.3.5.
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Theorem 4.2.12. Let X C Gy X HY x HY be a compact set. For any ® €
Q(X,R) that satisfies (G, H) = @(G,[:I) for all (G, H), (é, ﬁ) € X that are not

distinguishable by Algorithm 4.1, and any € > 0, there exists F € Fany such that

sup |®(G,H)—-F(G,H)| <e.
(G,H)eX

Theorem 4.2.12 can be viewed as an LP-graph version of results in [AL21, GR22].
Roughly speaking, graph neural networks can approximate any invariant continuous
function whose separation power is upper bounded by that of WL test on compact
domain with arbitrarily small error. Although our target mappings ®feas, Pobj, Psolu
are not continuous, we prove (in Section 4.3.6) that they are measurable. Applying
Lusin’s theorem [EG18, Theorem 1.14], we show that GNN can be arbitrarily close

to the target mappings except for a small domain.

4.3 Proofs for Section 4.2
4.3.1 Weisfeiler-Lehman (WL) Test and Color Refinement

The WL test can be viewed as a coloring refinement procedure if there are no collisions
of hash functions and their weighted averages. More specifically, each vertex is colored
initially according to the group it belongs to and its feature — two vertices have the
same color if and only if they are in the same vertex group and have the same
feature. The initial colors are denoted as CYY,CYY, ..., Cc%V ¥V coW ... .CoW.
Then at iteration [, the set of vertices with the same color at iteration [ — 1 are
further partitioned into several subsets according to the colors of their neighbors —
two vertices v; and vy are in the same subset if and only if C’f_l’v = C’f,_l’v and for
any C' € {C']l-*l’w :1<j<n}

Z Ei,j = Z Ei’,j7

le-_l’W:C CJI_—I,W:C
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and it is similar for vertices w; and wj. After such partition/refinement, vertices are
associated with the same color if and only if they are in the same subset, which is
the coloring at iteration [. This procedure is terminated if the refinement is trivial,
meaning that no sets with the same color are partitioned into at least two subsets,
i.e., the coloring is stable. For more information about color refinement, we refer to
[BBG17, AKRV15, AKRV17].

We then discuss the stable coloring that Algorithm 4.1 will converge to, for which
we made the following definition, where S = {S1, S, ..., S} is called a partition of

aset Sif SUS,U---US;=Sand S;NSy =0, V1<i<i <s.

Definition 4.3.1 (Stable Partition Pair of Vertices). Let G = (V U W, E) be a
weighted bipartite graph with V = {vy,va, ..., vy}, W = {wy, ws, ..., w,}, and vertex
features H = (hy,hY ... hY WV B ... W), and let T = {I,, I5,...,I,} and J =

{1, J2, ..., Ji} be partitions of {1,2,...,m} and {1,2,...,n}, respectively. We say
that (Z,J) is a stable partition pair of vertices for the graph G if the followings are
satisfied:

(i) hY = h} holds if i, € I, for some p € {1,2,...,s}.
(i1) h}’v = h}/y holds if j,j' € J, for some q € {1,2,...,t}.

(iii) For any p € {1,2,...,s}, ¢ € {1,2,...,t}, and i,i' € I,, it holds that

Z Ei,j - Z Ei/,j-

= =

(tv) For anyp € {1,2,...,s}, g €{1,2,...,t}, and j,j' € J,, it holds that

Z E@j == Z E@j/.

il icl,
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We denote (Z', J') as the partition pair corresponding the coloring at iteration [ of
Algorithm 4.1. Suppose that there are no collisions. Then it is clear that (Z!1, J'+1)
is finer than (Z', J'), denoted as (Z'*1, 7)) < (Z', J'), which means that for any
I € T and any J € J'*!, there exist I’ € Z! and J' € J! such that I C I’ and
J C J'. In addition, (Z', 7)) = (Z', J') if and only if (Z!, J') is a stable partition
pair of vertices. Note that there is at most O(|V |+ |W|) iterations leading to strictly
finer partition pair, i.e, (Z'%, 7)) < (ZV, J) but (ZH, JHY) #£ (28, F'). We can

immediately obtain the following result:

Theorem 4.3.2. If there is no collision of hash functions and their weighted averages,
then Algorithm 4.1 terminates at a stable partition pair of vertices in O(|V| + |W1)

iterations.

Furthermore, for every (G, H) € G x HY x HW | the coarsest stable partition
pair of vertices exists and is unique, which can be proved using techniques similar to
the proof of [BBG17, Proposition 3]. Algorithm 4.1 terminates at the unique coarsest
stable partition pair. This is because the coloring in each iteration of Algorithm 4.1 is

always coarser than the unique coarsest stable partition pair (see [BBG17, Proposition

2]).

4.3.2 Separation Power of the WL Test

This subsection gives the proof and some corollaries of Theorem 4.2.10. First, we
present some definitions and lemmas, from which the proof of Theorem 4.2.10 can be

immediately derived.

Definition 4.3.3. Given (G, H),(G,H) € Gpn x HY x HW

n ’

we say that (G, H)
and (G’, ﬁ) can be distinguished by the WL test if there exists some L € N and some
choices of hash functions, HASHyy, HASHyw, HASH,y, HASH, w, HASHE’V, and
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HASH;’W, forl=1,2,..., L, such that the multisets of colors at the L-th iteration

of the WL test are different for (G, H) and (G, ﬁ) Let ~ be an equivalence relation
on G X HY x HY defined via: (G,H) ~ (G, H) if and only if they can not be
distinguished by the WL test.

It is clear that (G, H) ~ (@, f[) if they are isometric, i.e., there exist two permuta-
tions, oy : {1,2,...,m} = {1,2,...,m} and ow : {1,2,...,n} = {1,2,...,n}, such

~

that Eo (i).0w ) = Ly, hy,

ov (i

)= hY, and hzv(j) = ﬁ}’v, for any 7 € {1,2,...,m} and
j €{1,2,...,n}. However, not every pair of WL-indistinguishable graphs consists of
isometric ones; see Figure 4.2 for an example. However, for LP problems that cannot

be distinguished by the WL test will share some common properties, even if their

associated graphs are not isomorphic.

Lemma 4.3.4. If two weighted bipartite graphs with vertex features corresponding to
two LP problems are indistinguishable by the WL test, then either both problems are
feasible or both are infeasible. In other words, the WL test can distinguish two LP

problems if one of them is feasible while the other one is infeasible.

Proof. Let us consider two LP problems:

m]%n c'z,
e (4.13)
st. Ar o b, | <z <u,
and
min &'z,
zeR”
(4.14)

s.t. Axéf), ngga.

Let (G, H) and (G, H), where G = (VUW, E) and G = (VUW, E), be the weighted

bipartite graphs with vertex features corresponding to (4.13) and (4.14), respectively.
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Since (G, H) ~ (G, H), for some choice of hash functions with no collision during
Algorithm 4.1 for (G, H) and (G, H), Theorem 4.3.2 guarantees that Algorithm 4.1
outputs the same stable coloring for (G, H) and (G’?}AI ) up to permutation. More
specifically, after doing some permutation, there exist Z = {I, l5,..., s} and J =
{J1, Ja, ..., J;} that are partitions of {1,2,...,m} and {1,2,..., n}, respectively, such

that the followings hold:

~

(b;, 0;) = (b;,6;) and is independent of ¢ € I,,, for any p € {1,2,...,s}.

(1, u;) = (I;,4;) and is independent of j € J, for any q € {1,2,...,t}.

For any p € {1,2,...,s} and ¢ € {1,2,...,t}, Zjejq A= Zje,q fl” and is

independent of i € I,,.

For any p € {1,2,...,s} and q € {1,2,...,t}, Eidp A= Zidp 121” and is

independent of j € J,.

Suppose that the problem (4.13) is feasible with z € R™ be some point in the
feasible region. Define y € R* via y, = \J_lql Zjejq z;and T € R" via 2; = y,, J € J,.

Fix any p € {1,2,...,s} and some ig € I,,. It holds for any ¢ € I, that
n t
Z AZ‘J’.TJ‘ O; bi, i.e., Z Z Ai,jxj Oig bZ‘O,
Jj=1 q=1 jeJ,
which implies that
t

1
|I’ZZZA2]:E]:I_ZZJ ZA@]' xjoiobio'

i€lp q=1 jeJ, i€lp

Notice that > . ; A;; is constant for j € J,, V ¢ € {1,2,...,t}. Let us denote

1€lp
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~

Qg =Y ier, Aij = Dier, Aij for any j € J;. Then it holds that

1< 1 J 1 & .
mzzaq%:mzzaqu:mzz ZAW Ya i Dig-

q=1 jeJ, q=1 jeJq q=1 jeJ, \i€lp

Note that

~
~

A

A, j is constant for ¢ € I,. So one can conclude that

and that

JEJq

n t t
E Ai,jxj = E E Ai,jxj = E E A@j yq O; bz‘, V 1€ ]pa
j=1 =1 jel, g=1 \jeJ,

which leads to A% 6 b. It can also be seen that [ = I < 2 < u < 4. Therefore,  is

feasible for (4.14).

We have shown above that the feasibility of (4.13) implies the feasibility of (4.14).

The inverse is also true by the same reasoning. Hence, we complete the proof. O

Lemma 4.3.5. If two weighted bipartite graphs with vertex features corresponding to
two LP problems are indistinguishable by the WL test, then these two problems share

the same optimal objective value (could be oo or —o0).

Proof. 1f both problems are infeasible, then their optimal objective values are both

oo. We then consider the case that both problems are feasible. We use the same

setting and notations as in Lemma 4.3.4, and in addition we have that ¢; = ¢;, which
_ BW

is part of h}’v = h;", is independent of j € J, for any ¢ € {1,2,...,t}. Suppose

that x is an feasible solution to the problem (4.13) and let & € R"™ be defined via

A

;= ﬁ Zj,e]q xjr, j € Jg. It is guaranteed by the proof of Lemma 4.3.4 that £ is a

feasible solution to (4.14). One can also see that ¢'x = ¢ 2. Since this holds for any
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feasible solution x to (4.13), the optimal value of the objective function for (4.14)
is smaller than or equal to that for (4.13). The inverse is also true and the proof is

completed. O

Lemma 4.3.6. Suppose that two weighted bipartite graphs with vertex features corre-
sponding to two LP problems are indistinguishable by the WL test and their optimal
objective values are both finite. Then these two problems have the same optimal so-

lution with the smallest {5-norm, up to permutation.

Proof. We work with the same setting as in Lemma 4.3.5, where permutations have
already been applied. Let x and 2’ be the optimal solution to (4.13) and (4.14)
with the smallest ¢5-norm, respectively. (Recall that the optimal solution to an LP
problem with the smallest ¢;-norm is unique, see Remark 4.2.2.) Let & € R"™ be
defined via &; = |J—1q| Zj,eJq xj for j € Jy, g =1,2,...,t. According to the arguments
in the proof of Lemma 4.3.4 and Lemma 4.3.5, & is an optimal solution to (4.14).

The minimality of 2’ yields that

2 2

t t
. 1 1
l2'[13 < 2113 =Y 14 7 doai| = (2w <22 A=l
p— . 4

(4.15)
which implies ||z/|| < ||z||. The converse ||z| < ||2'|| is also true. Therefore, we must
have ||z|| = ||2'|| and hence, the inequalities in (4.15) must hold as equalities. Then
one can conclude that x; = z; for any j,7" € J, and ¢ = 1,2,...,¢, which leads
to x = Z. Furthermore, it follows from ||z’|| = ||Z|| and the uniqueness of =’ (see

Remark 4.2.2) that 2’ = & = x, which completes the proof. ]

One corollary one can see from the proof of Lemma 4.3.6 is that the compo-
nents of the optimal solution with the smallest /o-norm must be the same if the two

corresponding vertices have the same color in the WL test.
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Corollary 4.3.7. Let (G, H) be a weighted bipartite graph with vertex features, and
let x© be the optimal solution to the corresponding LP problem with the smallest {5-
norm. Suppose that for some j,j" € {1,2,... ,n}, one has C’;’W = C'Jl-’,W foranyl e N

and any choices of hash functions, then x; = x;.

Let us also define another equivalence relation on G, ,, X HY x HY where colors

of wy,ws, ..., w; with ordering (not just multisets) are considered:

Definition 4.3.8. Given (G, H),(G, H) € Gu x HY, x HW, (G, H) and (G, H) are
not in the same equivalence class of% if and only if there exist some L € N and some
hash functions HASHyy, HASHyw, HASH,y, HASH,yw, HASH)\,, and HASH,y;,

I =1,2,...,L, such that {{C}Y,CPY ... ,CLVY}y # {{CFYV,CyY,...,.CLVY} or
LW LW .
Cy" #Cy7 for some j € {1,2,...,n}.

It is clear that (G, H) X (G, H) implies (G, H) ~ (G, H). One can actually obtain
a stronger version of Lemma 4.3.6 given (G, H) X (G, H).
Corollary 4.3.9. Suppose that two weighted bipartite graphs with vertex features

corresponding to two LP problems, (G, H) and (G, H), satisfy that (G, H) X (G, H).

Then these two problems have the same optimal solution with the smallest {5-norm.

Proof. The proof of Lemma 4.3.6 still applies with the difference that there is no

permutation on {wy, ws, ..., wy,}. ]
Proof of Theorem 4.2.10. The proof of Theorem 4.2.10 follows immediately from
Lemmas 4.3.4, 4.3.5 and 4.3.6. 0
4.3.3 Separation Power of Graph Neural Networks

This subsection aims to prove Theorem 4.2.11, i.e., the separation power of GNNs is

equivalent to that of the WL test. Similar results can be found in previous literature,
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see e.g. [XHLJ19, AL21, GR22]. We first introduce some lemmas that can directly
imply Theorem 4.2.11. The lemma below, similar to [XHLJ19, Lemma 2], states that

the separation power of GNNs is at most that of the WL test.

Lemma 4.3.10. Let (G, H), (G, H) € Gy x HY x HY. If (G, H) ~ (G, H), then
for any Fy € Flyy, there exists a permutation ow € S, such that Fy (G, H) =
w(Fw (G, H)).

Proof. First, we describe the sketch of our proof. The assumption (G, H) ~ (G, H)
implies that, if we apply the WL test on (G, H) and (G, I:I), the test results should
be exactly the same whatever the hash functions in the WL test we choose. In
the first step, we define a set of hash functions that are injective on all possible
inputs. Second, we show that, if we apply an arbitrarily chosen GNN: Fy € Flux
n (G, H) and (G, H), the vertex features of the two graphs are exactly the same
up to permutation, given the fact that the WL test results are the same. Finally, it
concludes that Fyy (G, H) should be the same with Fyy (G, H) up to permutation.
Let us first define hash functions. We choose HASH,; and HASH, y that are

injective on the following sets (not multisets) respectively:

(hY, .. RV RY RV Y and (R, W RV, RYY

» ¥ my ’ ' )

Let {C/7"Vym 1,{Cl LWan_and {CFYm 1,{Cl LWn_ e the vertex colors in the
(I — 1)-th iteration (1 < [ < L) in the WL test for (G, H) and (G, H) respectively.

Define two sets (not multisets) that collect different colors:
=1V -1,V Al-LV Al-1,V
C/,=1{C; AN N G N O/

and

w —-1,W I-1,W Al-1,W AN—-1,W
Cl—lz{ol a"'7Cn 701 7"'7On }
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The hash function HASH],, and HASH,y, are chosen such that the outputs are
located in some linear spaces and that {HASH; ,(C) : C' € C/;} and {HASH; y;,(C) :
C € C}Y,} are both linearly independent. Finally, we choose hash functions HASH;

and HASH, y such that HASH, , is injective on the set (not multiset)

{ (Cf‘l’v, Zn: E; HASH, ,, (cj.—lvw)> 1<i< m}

j=1

U { (C*fl’v, > E; HASH, (C*;LW)> 1<i< m} :

Jj=1

and that HASH, - is injective on the set (not multiset)

{ (Cé—l,w7 iEi,jHASHg,V <C£—1,v>> 1< < n}
=1

i=1

U { (é;—l,W’ Xn:Ei,jHASH;7V <CA’Z<Z_17V>) 01 S] S n} .

Those hash functions give the vertex colors at the next iteration, i.e., the [-th layer:
(O AT Yy G iy, and {CF YL

Consider any Fy € F¥x and let {n"V1m | {hé-_l’W [y {R"MVym and
{ﬁgﬁl’w _; be the vertex features in the [-th layer (0 < [ < L) of the graph neural
network Fy . (Update rule refers to equations (4.2),(4.3),(4.4),(4.6)) We aim to prove

by induction that for any [ € {0,1,..., L}, the followings hold:
(i) ¢ = %Y implies AYY = nbY, for 1 <i,i' < m;
(ii) CY = C5Y implies AP = hLY | for 1 <i,i' < m;
(iii) O = CLY implies Y = hbY, for 1 <4,i' < m;

(iv) C;’W = C’]l.’,W implies hg’w = hé.’,W, for 1 < 7,5 <m;
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(v) é’;w = C’;}W implies izéw = iz;’,W, for 1 <j,7 <m;
(vi) C’Jl-’W = C’;}W implies hé’w = izé.’,w, for 1 < 74,5 <n.

The above claims (i)-(vi) are clearly true for [ = 0 due to the injectivity of HASH
and HASHg 1. Now we assume that (i)-(vi) are true for some [—1 € {0,1,...,L—1}.

Suppose that C’f’v = CZ.Z;V, ie.,

HASHLV (Cz‘llya Zn: Ei,jHASHiW (C]l.l’w>>

j=1
_HASHlV( chY ZEZ JHASH,, (¢ 1W>>,
7=1

for some 1 < 4,7 < m. It follows from the injectivity of HASH; y, that

ot =i, (4.16)

3 K3

and

S s () = s (7).
Jj=1 =

According to the linearly independent property of HASHlW, the above equation

implies that

S o By= Y Ey, vCeCl. (4.17)
le.fl,W:C le.fl,W:C
Note that the induction assumption guarantees that R — gLV g long as

C'Jl-_l’W = C]l»,_l’W. So one can assign for each C' € C}V, some h(C) € R%-1 such that

héfl’W = h(C) as long as C’;fl’w = (C for any 1 < j < n. Therefore, it follows from

(4.17) that
ZE”fz ("M)=" > Euf(h(©)
Jj=1 CeClVKIC; LW _o
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= > D En N (0) =D BN ().

cecll, ¢y tW=c J=1

Note also that (4.16) and the induction assumption lead to ki " = kL, ™"". Then

one can conclude that

W =gl (h > Ei,jlemz-l’W)) =g (h ) Ez-f,jlewé"W)) = hi'
j=1

j=1

This proves claim (i) for [. The other five claims can be proved using similar argu-

ments.

Therefore, we obtain from (G, H) ~ (G, H) that

{{hf7v7 hé"/? AR | h'rl'/)’ljv}} = {{}\L{J’V’ 7’\1/5"/’ R l/:L?l’—)l’L’V}} ’
and that

{{hf7W7 hg,Wa s >h£7w}} = {{ﬁf,W7 ﬁg,W7 s 7}357‘/‘/}} :

By the definition of the output layer, the above conclusion guarantees Fy (G, H) =
ow (Fw (G, H)) for some oy € S,,. O

Lemma 4.3.11. Let (G, H), (G, H) € Gy x HY, x HY . Suppose that for any Fy €
Fon. there exists a permutation oy € S, such that Fy (G, H) = ow(Fw (G, H)).
Then F(G,H) = F(G, H) holds for any F € Feany.

Proof. Pick an arbitrary F' € Fann. We choose Fyy € Fiyy such that
Fw(G H) = (F(G H),...,F(G H)) €eR", V(G H)EGnnxH xH

Note that every entry in the output of Fy is equal to the output of F'. Thus, it
follows from Fy (G, H) = ow (Fw (G, H)) that F(G, H) = F(G, H). O
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The next lemma is similar to [XHLJ19, Theorem 3| and states that the separation

power of GNNs is at least that of the WL test.

Lemma 4.3.12. Let (G, H),(G,H) € G, x HY x HY. If F(G,H) = F(G, H)
holds for any F € Fanw, then (G, H) ~ (G, H).

Proof. Tt suffices to prove that, if (G, H) can be distinguished from (&, H) by the WL
test, then there exists F' € Fanw, such that F(G, H) # F(G, H). The distinguish-
ability of the WL test implies that there exists L € N and hash functions, HASH v,
HASHo,w, HASH; v, HASH, w, HASH; ,,, and HASH] y;,, for Il = 1,2, ..., L, such that

{{etv ey, ok # {{erv e, Chv LY (4.18)
or
{{ctv.apv, okt 2 Hetw ey, ey, @)

We aim to construct some GNNs such that the followings hold for any [ = 0,1, ..., L:
(i) hﬁ’v = hi}v implies Cf’v = C’il,’v, for 1 <i,7 <m;
(ii) ﬁiv = ili}v implies éfv = C’f;v, for 1 <, <m;
(i) ALY = ALY implies Y = CLY for 1 < 4,1’ < m;
(iv) hé-’W = hé.’,W implies le-’W = C;.}W, for 1 < 7,5 <n;
(v) ﬁiw = fL?,W implies ijzw = CA’JI»’,W, for 1 < 7,5 <n;
(vi) hé-’W = lAzé.’,W implies C'Jl"W = C’;}W, for 1 <j,5' <n.

\%

It is clear that the above conditions (i)-(vi) hold for [ = 0 as long as we choose f;/

and f that are injective on the following two sets (not multisets) respectively:

(AY, . RY BY . AV and {RV, .. AV RY . RWY.

7Y m ’ ' )
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We then assume that (i)-(vi) hold for some 0 < [ — 1 < L, and show that these
conditions are also satisfied for [ if we choose fV, f/V, gV, g/ properly. Let us consider
the set (not multiset):
{ay,q0,...,a,} C R4

that collects all different values in héfl’w, }3251,14/7]. =1,2,...,n. Let d, > s and let
egl = (0,...,0,1,0,...,0) be the vector in R% with the p-th entry being 1 and all
other entries being 0, for 1 < p < s. Choose f/' : R4t — R% as a continuous
function satisfying £V (o) = eft, p =1,2,...,s, and choose g : R4- x R4 — R

that is continuous and is injective when restricted on the set (not multiset)
n
-1,V 1wy | . -
{ (hi > Y (8 )) 1< < m}

j=1

n

2I-1V - 2-1W | .
U { (hi D E £ (b )) 1<i < m} :
=1

Noticing that

n S
W pl-1,W d
Seretn - ¥ 6|
j=1 p=1 héfl W_q,
and that {e{!, e ... e} is linearly independent, one can conclude that hb" = hi}v if

and only if A, " = nL " and > Emflw(hé-_l’w) = Eilvjflw(hé_l’w), where
the second condition is equivalent to

Z Ei,j = Z Ei’,j7 Vpe {1,2,...,8}.

pl-LW

J P J =%p

This, as well as the condition (iv) for [ — 1, implies that

- sty (e ) = 3 st ().

j=1 j=1
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and hence that CVV = C5" by using h™"" = A""Y and condition (i) for [ — 1.
Therefore, we know that (i) is satisfied for [, and one can show (ii) and (iii) for I
using similar arguments by taking d; large enough. In addition, f' and g}" can also
be chosen in a similar way such that (iv)-(vi) are satisfied for .

Combining (4.18), (4.19), and condition (i)-(iv) for L, we obtain that

({7, onk Y (4.20)
or

{{hfvw,hng, . .,hng}} ”; {{ﬁfvw,ﬁng, . .,E,L,W}}.

Without loss of generality, we can assume that (4.20) holds.

Consider the set (not multiset)

{517627 s 7675} - RdLa

that collects all different values in Y b2V ... ALY BEY REY . RLYV Let k> 1

Y m )

be a positive integer that is greater than the maximal multiplicity of an element in
the multisets {{p"Y ALY .. ALYV and {{h1Y,hEY, ... hLVY}. There exists a
continuous function ¢ : R% — R such that ¢(3,) = k% for ¢ = 1,2,...,t, and due to
(4.20) and the fact that the way of writing an integer as k-ary expression is unique,

it hence holds that

m m

> by £ ).

i=1 i=1

Set the dimension of (L+1)-th layer as 1: d+1 = 1, and set fri1v =0, froiw =
0, gr41.v(h,0) = @(h), and gr 11w = 0. Then we have hXtHY = p(h2Y), hEFHY =
w(ﬁf’v), and hf“’w = ﬁf“’w fori =1,2,...,mand j =1,2,--- ,n. Define f,y :
R x R — R via fou(h,h’) = h. Then it follows that

Fout (i pLrLY. i hj;+1,w> _ i o(hY)
i=1

i=1 j=1
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£ i 90(;%“/) — fo (i fLiL—H,V’ zn: ;ZJLH,W) ’

i=1 i=1 7=1

which guarantees the existence of F' € Fgnn that has L + 1 layers and satisfies
F(G,H) # F(G, H). O

Proof of Theorem 4.2.11. The equivalence of the three conditions follow immediately

from Lemma 4.3.10, 4.3.11, and 4.3.12. O]

Corollary 4.3.13. For (G, H), (G, ﬁ) € Guun X HY x HW, the followings are equiv-

alent:
(i) (G, H) ~ (G, H).
(ii) For any Fy € Fyy, it holds that Fy (G, H) = Fy (G, H).

Proof. The proof follows similar lines as in the proof of Theorem 4.2.11 with the

difference that there is no permutation on {wy, ws, ..., w,}. O

In addition to the separation power of GNNs for two weighted bipartite graphs
with vertex features, one can also obtain results on separating different vertices in

one weighted bipartite graph with vertex features.

Corollary 4.3.14. For any weighted bipartite graph with vertex features (G, H) and

any 7,7 € {1,2,...,n}, the followings are equivalent:
(i) C]l-’W = C]l.’,W holds for any | € N and any choice of hash functions.
(ii) Fw(G,H); = Fw(G,H);, ¥V Fyw € Flun-
Proof. “(i) = (ii)” and “(ii) == (i)” can be proved using similar arguments in the

proof of Lemma 4.3.10 and Lemma 4.3.12, respectively. m
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4.3.4 Universal Approximation of Fgnn

This subsection provides the proof of Theorem 4.2.12. The main mathematical tool

used in the proof is the Stone-Weierstrass theorem:

Theorem 4.3.15 (Stone-Weierstrass theorem [Rud91, Section 5.7]). Let X be a
compact Hausdorff space and let F C Q(X,R) be a subalgebra. If F separates points
on X, i.e., for any x,2’ € X with x # 2, there exists F' € F such that F(x) # F(2'),

and 1 € F, then F is dense in Q(X,R) with the topology of uniform convergence.

Proof of Theorem 4.2.12. Let m : X — X/ ~ be the quotient map, where 7(X) =
X/ ~ is equipped with the quotient topology. For any F' € Fgnn, since F': X — R
is continuous and by Theorem 4.2.11, F(G, H) = F(G, H), ¥ (G, H) ~ (G, H), there

exists a unique continuous F : (X)) — R such that F' = F o 7. Set
Fonn = {F . F e ]:GNN} C Q(r(X),R).

In addition, the assumption on P, i.e,
(G, H)=2(G,H), Y (GH)~ (G H),

leads to the existence of a unique ® € Q(x(X),R) with & = d o 7.

Since X is compact, then 7(X) is also compact due to the continuity of 7. Ac-
cording to Lemma 4.3.16 below, Feny is a subalgebra of Q(7(X),R). By Theo-
rem 4.2.11, Fgnn separates points on 7(X). This can further imply that m(X) is
Hausdorff. In fact, for any z,2’ € m(X), there exists F € Fgny with F(x) # F(z').
Without loss of generality, we assume that F(z) < F(z') and choose some ¢ € R
with F(z) < ¢ < F(z'). By continuity of F', we know that F~'((—o0, ¢)) N7 (X) and
F~((¢, +00))N7(X) are disjoint open subsets of 7(X) with z € F~((—o0, ¢))N7(X)

and 2’ € F~'((¢, +00)) Nm(X), which leads to the Hausdorff property of 7(X). Note
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also that 1 € .7:'GNN. Using Theorem 4.3.15, we can conclude the denseness of .7:'GNN

in Q(7(X),R). Therefore, for any € > 0, there exists F' € Fgnn, such that

sup |®(G,H) — F(G,H)| = sup |®(x)— F(z)| <e,

(G,H)eX zen(X)
which completes the proof. n

Lemma 4.3.16. Fgyy is a subalgebra of Q(Gn X HY x HW R), and as a corollary,
Fann is a subalgebra of QUG x HY, x HW / ~,R).

Proof. 1t suffices to show that Fgnn is closed under addition and multiplication.
Consider any F, F € Fonn. Thanks to Lemma 4.3.17, we can assume that both F

and F have L layers. Suppose that F'is constructed by

V.V d W oW d
o HY — R o T HT = R,

U R S RE gV gV RT X RT RY, 1<I<L,

fout : R x R 5 R,
and that F' is constructed by

VY S Rb, Wy R,

VRV RE S RE gV W R RE S RE 1<I< L,

four  RIE X RE 5 R,
One can then construct two new GNNs computing F' + F and F - F as follows:
The input layer The update rule of the input layer is defined by

£ .1 » R x RD

B (FR0, fEm)).,
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£/ 1Y - R xR,

B (£, Y )

Then the vertex features after the computation of the input layer h?’v and h?’w a

given by:

B = £(hY) = (A (), i (RY)) = (WY RY) € R% xR,
WOV = Y () = (A (), S O)) = (0 RO € R < R,

fori=1,2...,m,and j=1,2,... n.

The [-th layer (1 <1< L) . We set
£ R4-1 x Ré-1 5 R4 x R,
(hh) = (S () A ()
£V Ré-1 x RE-1 5 R x R%,
(h ) = (7). A ().
g/ iR RA1 x RY x RY 5 R x R
(h W R s (ng(h, 1), g% (h, i/)) ,
and
gl Rt x R x R x RT —  R% x R,

(hh SR> (gl (), g1 ()

Then the vertex features after the computation of the [-th layer ht

)

given by:

o (3 )

j=1

140

l
Voand hj’W a

e

re



= (!sz <h§_1’vaZEi,jle(hz_l’W)) La) (ﬁﬁ_LV,ZELj]EZW(;L;—LW)))

Jj=1 J=1

= (htV,hyY) e R x R%,
and

h;,w — ng (hz—l,w’ Z Ei,jflv(hli_l’v)>

=1

= (ng (hé.—l,w’ ZEi,jflV(hﬁ_l’V)) GV <ﬁ;—1,W’ ZEi,jflV(ilﬁ_l’V)>)
1=1

i=1

= (5 Ry e RM X R,

fort=1,2...,m,and j=1,2,...,n.

The output layer To obtain F' + F', we set

fodd . RIL x R x R x R — R,

((h7 il), (h/7 il/)) = fout<h= hl) + foutUAZ’ ]AZ/)

Then it holds that
g (z hfvv,zhva) o (z hf*v,zhfW) o (z ﬁfy,ZW)
=1 7=1 =1 7=1 =1 7=1
—F(G,H)+ F(G, H).

To obtain F - F , we set

ch’)r:;tltlply : RdL % ]RdL % RdL % RdL N ]R’

(R, B), (W 1)) = Fout(hy B') - four(R, ).

Then it holds that

m n m n m n
ultiply § : L)V z : LW\ § : L)V LW R 7LV 7 LW
ff)r:lt hz ) hl _fout h’z ) hj : fout hz ) hj
i=1 j=1 i=1 j=1 i=1 j=1
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—F(G,H) - F(G, H).

The constructed GNNs satisfy F(G, H)+ F(G, H) € Foxy and F(G,H)-F(G, H) €
Fann, which finishes the proof. 0

Lemma 4.3.17. If F' € Fgnn has L layers, then there exists F e Fony with L + 1
layers such that F' = F.

Proof. Suppose that F' € Fony is constructed by f¥, fW, fou, {7, V507, 9" Hoo.
We choose fY,, =0, f., =0, g, (h, 1) = h, g}V, 1 (h, h') = h. Let F be constructed

by VWY founs LFYS 1Y 00 9] ML Then F has L + 1 layers with F' = F. O

in»Jin »

4.3.5 Universal Approximation of Fiinn
This subsection provides a universal approximation result of F@i\y-

Theorem 4.3.18. Let X C Gy x Hy, x HY be a compact subset that is closed under

the action of Sy, X S,. Suppose that ® € Q(X,R™) satisfies the followings:
(1) For any oy € S,,, ow € Sy, and (G, H) € X, it holds that

O (o, ow) * (G, H)) = ow (9(G, H)). (4.21)

(i) ®(G, H) = ®(G, H) holds for all (G, H), (G, H) € X with (G, H) % (G, H).

(111) Given any (G, H) € X and any j,j' € {1,2,...,n}, if C;’W = C’;;W (the vertex
colors obtained in the l-th iteration in WL test) holds for any | € N and any
choices of hash functions, then ®(G,H); = ®(G, H);.

Then for any € > 0, there exists F' € Flyy such that
sup ||®(G,H)— F(G,H)| <e.

(G,H)eEX
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Theorem 4.3.18 is an LP-graph version of results on the closure of equivariant
GNN class in [AL21, GR22]. The main tool in the proof of Theorem 4.3.18 is the
following generalized Stone-Weierstrass theorem for equivariant functions established

in [AL21].

Theorem 4.3.19 (Generalized Stone-Weierstrass theorem [AL21, Theorem 22]). Let
X be a compact topology space and let G be a finite group that acts continuously on

X and R™. Define the collection of all equivariant continuous functions from X to

R™ as follows:
Qp(X,R")={F e QX,R"): F(gxx)=gx* F(z), Vre X,g € G}.

Consider any F C Qp(X,R") and any ® € Qg(X,R"). Suppose the following condi-

tions hold:
(1) F is a subalgebra of Q(X,R") and 1 € F.

(i1) For any z,x' € X, if f(x) = f(a') holds for any f € Q(X,R) with f1 € F,
then for any F € F, there exists g € G such that F(x) = g F(2').

(11i) For any x,x’ € X, if F(x) = F(2') holds for any F € F, then ®(z) = ®(z').

(iv) For any x € X, it holds that ®(z); = ®(z);, V (4,5) € J(x), where J(x) =
{{1,2,...,n}": F(x); = F(x)y, VF € F}.

Then for any € > 0, there exists F' € F such that

sup ||P(x) — F(z)|| < e.
reX

We refer to [Tim05] for different versions of the Stone-Weierstrass theorem, that
is also used in [AL21]. In the proof of Theorem 4.3.18, we also need the following
lemma whose proof is almost the same as the proof of Lemma 4.3.16 and is hence
omitted.
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Lemma 4.3.20. Flyy is a subalgebra of Q(Gpmn x HY x HYV R™).
Proof of Theorem 4.3.18. Let S, x S, act on R" via
(O-V>0_W)*y:0—W(y)7 vO—V S S’mao—W € Sn7y € R".

Then it follows from (4.21) that ® is equivariant. In addition, the definition of
graph neural networks directly guarantees the equivariance of functions in Fiyy-

Therefore, one only needs to verify the conditions with F as Fiyy and G as S, in

Theorem 4.3.19:

Condition (i) in Theorem 4.3.19 follows from Lemma 4.3.20 and the definition

of f%N.

Condition (ii) in Theorem 4.3.19 follows from Theorem 4.2.11 and Fgnn1l C

w
FGNN'

Condition (iii) in Theorem 4.3.19 follows from Corollary 4.3.13 and Condition

(ii) in Theorem 4.3.18.

Condition (iv) in Theorem 4.3.19 follows from Corollary 4.3.14 and Condition

(iii) in Theorem 4.3.18.

It finishes the proof. m

4.3.6 Proofs for Section 4.2.2

We collect the proofs of main theorems stated in Section 4.2.2 in this subsection.

Proof of Theorem 4.2.53. If F(G,H) = F(G’, f[) holds for any F' € Fann, then The-
orem 4.2.11 guarantees that (G, H) ~ (G, H). Thus, Condition (i), (ii), and (iii)

follow directly from Lemmas 4.3.4, 4.3.5, and 4.3.6, respectively.
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Furthermore, if Fyy (G, H) = Fy (G, H), ¥V Fyy € Fi, then it follows from
Corollary 4.3.13 and Corollary 4.3.9 that the two LP problems associated to (G, H)

and (G, H) share the same optimal solution with the smallest f,-norm. O

Then we head into the proof of three main approximation theorems, say The-
orem 4.2.4, 4.2.6, and 4.2.8, that state that GNNs can approximate the feasibility
mapping Pre,s, the optimal objective value mapping ®.p;, and the optimal solution
mapping Py, with arbitrarily small error, respectively. We have established in Sec-
tions 4.3.4 and 4.3.5 several theorems for graph neural networks to approximate con-
tinuous mappings. Therefore, the proof of Theorem 4.2.4, 4.2.6, and 4.2.8 basically

consists of two steps:

(i) Show that the mappings Peas, Pobj, and Py, are measurable.

(ii) Use continuous mappings to approximate the target measurable mappings, and
then apply the universal approximation results established in Sections 4.3.4 and

4.3.5.
Let us first prove the feasibility of ®as, Pobj, and Py in the following three lemmas.

Lemma 4.3.21. The feasibility mapping Pe.s defined in (4.8) is measurable, i.e.,

the preimages ®;! (0) and @%és(l) are both measurable subsets of Gy X HY x HW.

feas

Proof. Tt suffices to prove that for any o € {<,=>}" and any N;, N, C {1,2,...,n},

the set

Xfeas = {(A, b, l,U) e R™"™ x R™ x R‘Nl‘ X R'N“‘ .

Jz eR" st. Arob, JJjle, VjeN, IjSUJj, V]ENU},

is a measurable subset in R”*™ x R™ x RIMI x RN« Without loss of generality, we
assume that o = (<, ..., < =, ..., =,>,...,>) where “<” “=" and “>” appear for
ki, ko — k1, and m — ky — ko times, respectively, 0 < k; < ky < m.
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Let us define a function Vi, : R™™ x R™ x RNVl x RV« x R" — Ry, that

measures to what extend a point in R™ violates the constraints:

n

Z Ai,jmj — bz

Jj=1

?

Vieas(A, b, [, u, x) = max { max <Z A jxj— bi> , max
j=1

1<i<ky k1 <i<ks
_l’_

n
max (bi — ZAZ-J-J:]) , max(l; — )4, ?elfavx(xj —Uj)t
=1

ko<i<m JEN; w
+

where y; = max{y,0}. It can be seen that Vi,s is continuous and Vieas(A, b, [, u, ) =
0 if and only if Az ob, z; > 1;, V j € N;, and z; < wuj, V j € N,. Therefore, for any

(A,b,1,u) € R™™ x R™ x RNl x RINul the followings are equivalent:
o (Abl,u) € Xieas-

e There exists R € Ny and # € Bg := {2/ € R" : ||2/|| < R}, such that

‘/feas(A; b7 l, u, .T) =0.

e There exists R € N such that for any 7 € Ny, Vieas(A, b, [, u,x) < 1/r holds

for some x € Br N Q".

This implies that X, can be described via

un U

ReNy reNy ze BRNQ™»

r

1
{(A,b,l,u) e R™™ x R™ x RV 5 RIVel - Vi (A, b, 1w, z) < —} .

Since Q™ is countable and V' is continuous, we immediately obtain from the above

expression that Xp..s is measurable. O

Lemma 4.3.22. The optimal objective value mapping ®,p; defined in (4.9) is mea-
surable.
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Proof. Tt suffices to prove that for any o € {<,=>}" any N;,,N, C {1,2,...,n},

and any ¢ € R, the set

Xon = {(A,b,c,l,u) € R™" x R™ x R™ x RINI x RIN
JzeR", st. c'a< ¢, Avob, x;>1;, Vi€ N, x; <uj, VjeEN,D},

is a measurable subset in R™*™ x R™ x R™ x RNl x RNl Then the proof follows

the same lines as in the proof of Lemma 4.3.21, with a different violation function
Vobi(A,b, ¢, u, ) = max { (' — ¢)4, Vieas(A, b, L, u, z) } .
m

Lemma 4.3.23. The optimal solution mapping P, defined in (4.10) is measurable.
Proof. 1t suffices to show that for every jyo € {1,2,...,n}, the mapping

. Hm—1
Tjo © qi)solu . (I)obj

(R) = R,

is measurable, where 7;, : R" — R maps a vector x € R" to its jo-th component.
Similar as before, one can consider any o € {<,=>}" any N, N, C {1,2,...,n},
and any ¢ € R, and prove that the set

Koot := {(A,b, ¢, 1,u) € R™™ x R™ x R" x RMI » RNl

The LP problem, mind c'z, st. Az ob, x; >1;, VieN, v; <uj, VjeN,,
zeR

has a finite optimal objective value, and its optimal solution

with the smallest fo-norm, zop, satisfies (Zopt)jo < ¢},

is measurable.

Note that we have fixed o € {<,=>}" and N;, N, C {1,2,...,n}. Let

. X N, Ny \% w
L R™M X R™ x R x RV RV 5 G HY o HY
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be the embedding map. Define another violation function
Violu  (@opj 0 1) T (R) x R" = R,
via
Violn(A, b, ¢, 1, u, z) = max { (CTZL‘ — Dopi(L(A, b, e, u)))+ s Vieas(A, b, ¢, 1, u, x)} ,

which is measurable with respect to (A,b,c,l,u) for any fixed z € R", due to the
measurability of ®.; and the continuity of Vie.s. Moreover, Vi, is continuous with

respect to x. Therefore, the followings are equivalent for (A, b, ¢,l,u) € (Popior) H(R):
o (Ab,c,lu) € Xoon.

e There exists z € R" with z;, < ¢, such that Vi, (A4,b,¢,l,u,x) = 0 and

‘/;Olu(Aa b7 C, lv ’LL,ZE/) > 07 \V/ J’J € B”x”’ .']);-0 2 ¢

e There exists R € Q4, r € Ny, and € By with z;, < ¢ — 1/r, such that

Veola(A, 0, ¢, [,u,2) = 0 and Vi (4, b, ¢,1,u,2') > 0, V2’ € Bg, ), > ¢.

e There exists R € Q; and r € Ny, such that for all ' € N., 3 x € BgN
Q" zjy < ¢ —1/r, s.t. V(A b,¢,l,u,z) < 1/r" and that 3 " € N4, s.t.,
‘/solu(A;ba C,l,U,.T,) Z 1/Tﬂ7 v LU, S BR ﬂ@n’ .Z';O Z ('b

Therefore, one has that

Xauw={J U (( M U

ReQq reNy €Nt zeBRNQT, xj,<¢—1

{(A, b,c,l,u) € (Popj 0 t) H(R) : Vi (A, b, ¢, L u, ) < l/})
”

(U n

r”eNy z’e BRNQ~, 190 >¢
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{(A, b,c,l,u) € (Pop 0 L)_l(R)  Viow(A, by e, Lu, ') > i} )),

/r//
which is measurable. O

With the measurability of ®feas, Pobj, and Pgop, established, the next step is to
approximate ®feas, Popj, and Py, using continuous mappings, and hence graph neural
networks. Before proceeding, let us mention that G,,, x HY x HY is essentially
the disjoint union of finitely many product spaces of Euclidean spaces and discrete
spaces that have finitely many points and are equipped with discrete measures. More

specifically,
G X HXL X ”HE/

SR™M (R x (<, =, 2})™ x (R x (RU {~00}) x (RU {+oc}))"

a0 ()
o U U R™*" 5 R™ x R" x R"* x R

kk'=0s=1s'=1

x {<,=, >} x {—oco}* x {+00}¥.

Therefore, many results in real analysis for Euclidean spaces still apply for G, ,, X

HY x HW and Meas(+), including the following Lusin’s theorem.

Theorem 4.3.24 (Lusin’s theorem [EG18, Theorem 1.14]). Let p1 be a Borel reqular
measure on R™ and let f : R — R™ be u-measurable. Then for any p-measurable
X C R™ with u(X) < oo and any € > 0, there exists a compact set E C X with

w(X\E) < ¢, such that f|g is continuous.

Proof of Theorem 4.2.4. Since X C Gy, x HY x H)W is measurable with finite mea-
sure, according to Lusin’s theorem, there is a compact set E C X such that ®pe.s|p is

continuous with Meas(X\E) < e. By Lemma 4.3.4 and Theorem 4.2.12, there exists
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F € Fonn such that

1
sup |F(G,H) _(I)feas(GvH)| <3
(G,H)eE 2

which implies that
Ire,m>12 = Preas(G, H), YV (G, H) € E.
Therefore, one obtains
Meas ({(G, H) € X : Ipc,my>1/2 # Preas(G, H)}) < Meas(X\E) < e,
and the proof is completed. O]

Proof of Corollary 4.2.5. As a finite set, D is compact and Pg,s|p is continuous.
The rest of the proof is similar to that of Theorem 4.2.4, using Lemma 4.3.4 and
Theorem 4.2.12. O]

Proof of Theorem 4.2.6. (i) The proof follows the same lines as in the proof of The-

orem 4.2.4, with the difference that we approximate

1, if ®oi(G, H) € R,
0, otherwise,

oG, H) = {

instead of ®g,, and we use Lemma 4.3.5 instead of Lemma 4.3.4.

(ii) The proof is still similar to that of Theorem 4.2.4. By Lusin’s theorem, there

-1

is a compact set £ C X Ndg.

(R) such that ®.;|g is continuous with

Meas ((X N @gblj

(R)\E) < e.
Using Lemma 4.3.5 and Theorem 4.2.12, there exists Fy € Fgnn With
sup |Fa(G,H) — @ori(G, H)| < 6,

(G,H)eFE
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which implies that

Meas ({(G, H) € X : |F3(G,H) — o3 (G, H)| > §}) < Meas ((X N ®,;

obj

(R)\E) <e.
O

Proof of Corollary 4.2.7. The results can be proved using similar techniques as in
Theorem 4.2.4 and Theorem 4.2.6 by noticing that any finite dataset is compact on

which any real-valued function is continuous. O]

Proof of Theorem 4.2.8. Without loss of generality, we assume that X C (P;blj (R) C
Gmn X HY x HW is closed under the action of S,, x S,; otherwise, we can replace X
by U(av,aw)e . x5, (0v,ow) * X. By Lusin’s theorem, there exists a compact subset
E’ C X such that Meas(A\X) < €/]S,, x S,,| and that @y, g is continuous. Define
another compact set:

E = ﬂ (ov,ow)* E' C X,

(ov,0w )ESm X Sn

which is closed under the action of S,, x .5,, and satisfies

Meas(X\F) < Z Meas(X\ (o, ow) * E')

(ov,0w )ESm X Sn

— Z Meas((ov, ow) * X \(oy,ow) * E')

(ov,ow )ESm X Sn

(]

p(ov, ow) * (X\E'))

(ov,ow )ESm X Sn

- Y )

(ov,ow )ESm X Sn
< 2 g
S X S
(ov,ow )ESm X Sn | m n‘
= €.
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Note that the three conditions in Theorem 4.3.18 are satisfied by the definition of
Do, Corollary 4.3.9, and Corollary 4.3.8, respectively. Using Theorem 4.3.18, there

exists Fyy € Féyx such that

sup ||Fw (G, H) — P (G, H)|| < 0.
(G,H)eFE

Therefore, it holds that
Meas ({(G, H) € X : ||Fw(G, H) — Peonu(G, H)|| > 0}) < Meas(X\E) <,
which completes the proof. O

Proof of Corollary 4.2.9. One can assume that D is closed under the action of S,, X
Sp; otherwise, a larger but still finite dataset, U(av,aw)esmxsn(UW ow) * D, can be
considered instead of D. The rest of the proof is similar to that of Theorem 4.2.8

since D is compact and Py, |p is continuous. ]

4.4 On Representing Mixed-Integer Linear Pro-
grams by Graph Neural Networks

This section presents the results of representing MILPs by GNNs. Unlike the LP
case, two MILP problems that cannot be distinguished by WL test may have totally
different properties. Therefore, several remedies need to be proposed to have universal

approximation of GNNs for properties MILPs.

Organization The rest of this section will be organized as follows. Section 4.4.1 in-
troduces the mappings that are what we aim to approximate by GNNs. Section 4.4.2
contains a counterexample that MILPs suffer from the fundamental limitation that

GNNs or WL text cannot distinguish every pair of non-isomorphic graphs. We
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then discuss two remedies, say restricting the dataset to unfoldable MILPs (see Sec-
tion 4.4.3) and adding random features (see Section 4.4.4). The deferred proofs and

further details can be found in Section 4.5.

4.4.1 Target Mappings

Feasibility mapping We first define the following mapping that indicates the
feasibility of MILP:
q)feas : gm,n X ,H;/q X HZV — {07 1}’

where ®g.s(G, H) = 1 if (G, H) corresponds to a feasible MILP and ®e.s(G, H) =0

otherwise.

Optimal objective value mapping We then define the following mapping that

maps a MILP to its optimal objective value:
Do 2 G X HY x HY — R U {oo, —o0},

where ®op;(G, H) = oo implies infeasibility and ®op;(G, H) = —oo implies unbound-
edness. Note that the optimal objective value for MILP may be an infimum that
can never be achieved. An example would be mingcz2 x1 + mxs, s.t. 1 + mry > V2.
The optimal objective value is v/2, since for any € > 0, there exists a feasible z with
T+ 7Ty < V2 + e However, there is no x € Z? such that z; + 7z, = V2. Thus,
the preimage <I>gb1j (R) cannot precisely describe all MILP instances with an optimal

solution, it describes MILP problems with a finite optimal objective.

Optimal solution mapping To give a well-defined optimal solution mapping is

much more complicated ? since the optimal objective value, as we discussed before,

3If we remove the integer constraints I = @) and let MILP reduces to LP, the solution mapping
is easier to define. Recall that as long as the optimal objective value is finite, there must exist
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may never be achieved in some cases. To handle this issue, we only consider the case
that any component in [ or « must be finite, which implies that an optimal solution
exists as long as the MILP problem is feasible. More specifically, the vertex feature
space is limited to HY = (RxRxRx{0,1})" ¢ H" and we consider MILP problems

taken from Dy, = (gm X HY x 7-[nw) N®.! (1). Note that &}

feas feas

(1) describes the set
of all feasible MILPs. Consequently, any MILP instance in D), admits at least one
optimal solution. We can further define the following mapping which maps a MILP

to exactly one of its optimal solutions:
(Psolu : Dsolu\Dfoldable — Rn)

where Diglqable is a subset of G, ,, X HXL X HKV that will be introduced in Section 4.4.3.

The full definition of ®, is placed in Section 4.5.3 due to its tediousness.

It is clear that both ®g,s and ®.,; are permutation invariant in the following

sense:

Preas((ov, ow) * (G, H)) = Preas(G, H), Popj((ov,ow) * (G, H)) = Popj(G, H),

for all oy € Sy, ow € Sy, and (G, H) € Gy x HY x HY. In addition, Py, is

permutation equivariant:

cI)solu((o'Va UW) * (G7 H)) = UW((I)solu(Gy H));

for all oy € S, ow € Sy, and (G, H) € Dgou\Droldable: This will be discussed in
Section 4.5.3.

4.4.2 Directly Applying GNNs May Fail on General Datasets

In this subsection, we show a limitation of GNNs to represent MILPs. Recall

that the separation powers of GNNs and the Weisfeiler-Lehman (WL) test (Algo-

an optimal solution, and the optimal solution with the smallest ¢5-norm is unique. Therefore,
a mapping Pgou, which maps an LP to its optimal solution with the smallest fo-norm, is well
defined on @;blj (R) (see Section 4.2.1).
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rithm 4.1 [WL68]) are equivalent (see Theorem 4.2.11 and [XHLJ19, AL21, GR22]),
and that there exist some non-isomorphic graph pairs that WL test fails to dis-
tinguish [Doull]. Let us also remark that although Theorem 4.2.11 is stated and
proved for LP-graphs, it actually also applies for MILP-graphs. Similar to the LP

case, we use WLy p(-) to denote Algorithm 4.1 applied on MILP-graphs and use

~

(G, H) ~ (G, H) to denote that (G, H) and (G, H) cannot be distinguished by the

~

WL test, i.e., WLyrp((G, H), L) = WLyp((G, H), L) holds for any L € N and any

hash functions.

The following lemma reveals that the separation power of WL test is weaker
than ®y.,s, and, consequently, GNN has weaker separation power than ®.,s, on some

specific MILP datasets.

~

Lemma 4.4.1. There exist two MILP problems (G, H) and (G, H) with one being
feasible and the other one being infeasible, such that (G, H) ~ (G’, ﬁ)

Proof. Consider two MILP problems and their induced graphs:

min 1 + x2 + 3 + T4 + x5 + T,
TERS

st. xi4+ax0=1, xo4+z23=1, 23 +24 =1,
rs+x5=1 25 +26 =1, 26 + 1 = 1,
ngjgl, ijZ,VjG{l,Q,...,ﬁ}.

fé%i 1+ x2 + x3 + x4 + T5 + X6,

st. zi4+ax0=1, xo4+z23=1, 235+ 21 =1,
T+ x5=1 5+26 =1, 26 + 14 = 1,
ngjgl, l’jGZ,VjG{l,Q,...,ﬁ}.

Figure 4.3: Two non-isomorphic MILP graphs that cannot be distinguished by WL
test

The two MILP-graphs in Fugure 4.3 can not be distinguished by WL test, which

can be proved by induction. First, we consider the initial step in Algorithm 4.1. We
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can explicitly write down the vertex features for each vertex here: hY = (1,=),1 <
1 < 6 and h}y = (1,0,1,1),1 < j < 6. Since all the vertices in V' share the same
information, they are labeled with a uniform color Cf V= CS’V cee = (JQ’V (We use
blue in Figure 4.3), whatever the hash functions we choose. With the same argument,
one would obtain C’?’W = CS’W o= C’g’w and label all vertices in W with red. Both
of the two graphs will be initialized in such an approach. Assuming {C""}0_, are all
blue and {C’;’W}?:l are all red, one will obtain for both of the graphs in Figure 4.3
that CITHY = ¢tV = OB and oYY = ol Lo = CEFW hased on the
update rule in Algorithm 4.1, because each blue vertex has two red neighbors and
each red vertex has two blue neighbors, and each edge connecting a blue vertex with
a red one has weight 1. This concludes that one cannot distinguish the two graphs
by checking the outputs of the WL test.

However, the first MILP problem is feasible, since x = (0, 1,0, 1,0, 1) is a feasible
solution, while the second MILP problem is infeasible since the constraints imply

3 =2(xy + xy + x3) € 27, which is a contradiction. O

4.4.3 Unfoldable MILP Problems

We prove with example in Section 4.4.2 that one may not expect a good performance
of GNN to approximate ®g,s on a general dataset of MILP problems. It’s worth
asking: is it possible to describe the common characteristics of those hard examples?
If so, one may restrict the dataset by removing such instances, and establish a strong
separation/representation power of GNN on that restricted dataset. The following

definition provides a rigorous description of such MILP instances.

Definition 4.4.2 (Foldable MILP). Given any MILP instance, one would obtain

vertex colors {Cf’v, CJZ-’W}MJ by running Algorithm 4.1. We say that a MILP instance
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can be folded, or is foldable, if there exist 1 < i,7' < m or 1< j,j <n such that
l, I . . 1, 1, . .
Ci v = Ci’vv t 7£ Zla or CJW = Cj/W7 J 7£ jla

for any l € N and any hash functions. In another word, at least one color in the mul-
tisets generated by the WL test always has a multiplicity greater than 1. Furthermore,
we denote Diorgapie C G X Huy X H)Y as the collection of all (G, H) € G X HY X HW

that can be folded.

For example, the MILP in Figure 4.1 is not foldable, while the two MILP instances
in Figure 4.3 are both foldable. The foldable examples in Figure 4.3 have been
analyzed in the proof of Lemma 4.4.1, and now we provide some analysis of the
example in Figure 4.1 here. Since the vertex features are distinct b}V # hY, one would
obtain C? W CS’W as long as the hash function HASHg y is injective. Although
hY = hY and hence C¥V = €9V, the neighborhood information of v; and v, are
different due to the difference of the edge weights. One could obtain 011 WV #* 021 WV by
properly choosing HASH, v, HASH’LW7 HASH,; v, which concludes the unfoldability.

We prove that, as long as those foldable MILPs are removed, GNN is able to
accurately predict the feasibility of all MILP instances in a dataset with finite sam-
ples. We use (F(G,H) > 1/2) as the criteria, and the indicator Ipg my>1/2 = 1 if
F(G,H) > 1/2; Ip,m)y>1/2 = 0 otherwise.

Theorem 4.4.3. For any finite dataset D C G, X sz X H?\Dfoldable, there exists

F e fGNN such that
]IF(G’,H)>1/2 = beeas(Gv H)v v (G7 H) €D.

Similar results also hold for the optimal objective value mapping ®.p; and the

optimal solution mapping ®.., and we list the results below.
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Theorem 4.4.4. Let D C G, X HY x HYVLV\Dfoldable be a finite dataset. For any

0 > 0, there exists Fy € Fann such that
Ik cm>172 = Lo, @.mer, VYV (G, H) €D,
and there exists some Iy € Fonn such that
|Fo(G,H) — Q,(G,H)| <6, Y (G,H)eDn q);blj(R).

Theorem 4.4.5. Let D C Dsolu\Dfoldable C gm’n X /HT‘Z X HTVLV\Dfoldable be a ﬁm'te

dataset. For any § > 0, there exists Fy, € Fiiyy such that
|\Fw (G, H) — (G, H)|| <0, V(G,H)eD.

Theorem 4.4.3, 4.4.4, 4.4.5, and their strengthened versions will be proved in
Section 4.5.1. Let us also mention that the foldability of a MILP instance may depend
on the feature spaces H" and H". If more features are appended (see [GCF'19]),
i.e., h) and th have more entries, and then a foldable MILP problem may become
unfoldable. In addition, all the analysis here works for any topological linear spaces
HY and H", as long as P, Dopj, and Py, can be verified as measurable and

permutation-invariant /equivariant mappings.

4.4.4 Symmetry Breaking Techniques via Random Features

Although we prove that GNN is able to approximate ®feas, Popbj, Psoln to any given
precision for those unfoldable MILP instances, practitioners cannot benefit from that
if there are foldable MILPs in their set of interest. For example, for around 1/4 of
the problems in MIPLIB 2017 [GHG™21], the number of colors generated by WL
test is smaller than one half of the number of vertices, with respect to the #" and

H" used in this chapter. To resolve this issue, we introduce a technique inspired
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by [ACGL20, SYK21]. More specifically, we append the vertex features with an
additional random feature w and define a type of random GNNs as follows.

Let Q = [0, 1]™ x [0, 1] and let (2, Fq,P) be the probability space corresponding
to the uniform distribution U(£2). The class of random graph neural network F&yy
with scalar output is the collection of functions

Fr:Gun X HY x HY x Q — R,
(G,H,w) — Fr(G, H,w),

which is defined in the same way as Fgny with input space being G, X HY x HW x
Q= Gunx (HY x[0,1])™ x (K" x [0,1])" and w being sampled from U(2). The
class of random graph neural network f&ﬁ with vector output is the collection of
functions

Fwr: Gun X Hy x HY x Q — R",

(G,H,W) i—>FW7R(G,H,W),

which is defined in the same way as Fiyy with input space being G, x HY x HIW x
QG x (HY x[0,1))™ x (HY x [0,1])" and w being sampled from U(S2).

By the definition of graph neural networks, Fg is permutation invariant and Fyy g
is permutation equivariant, where the permutations oy and oy act on (HY x [0, 1])™
and (H" x [0,1])". We also write Fgr(G,H) = Fgr(G,H,w) and Fy (G, H) =
Fwr(G, H,w) as random variables. The theorem below states that, by adding ran-
dom features, GNNs have sufficient power to represent MILP feasibility, even in-
cluding those foldable MILPs. The intuition is that by appending additional random
features, with probability one, each vertex will have distinct features and the resulting

MILP-graph is hence unfoldable, even if it is foldable originally.

Theorem 4.4.6. Let D C Gy x HY x HW be a finite dataset. For any e > 0, there
exists Fr € FEyy, such that
P (HFR(G,H)>1/2 7é (I)feas<G7 H)) <€ V (G, H) e€D.
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Similar results also hold for the optimal objective value and the optimal solution.

Theorem 4.4.7. Let D C Gy X HY, X HY be a finite dataset. For any €,0 > 0,

there exists Fr1 € Flyy, such that
P (HFRJ(G,H)>1/2 # H<I>Obj(G,H)6R> <€, v (GJ H) € DJ
and there exists Fro € FEyy, such that

P (|Fra(G, H) — ®,,(G, H)| > 8) <€, Y (G, H)eDNOLR).

obj

Theorem 4.4.8. Let D C 7}

obj(R) C G X HY x HYW be a finite dataset. For any

€,0 > 0, there exists Fy.r € Fpny, such that

P (|| Py p(G, H) — ®yu(G, H)|| > 6) <€, V (G, H) e D.

4.5 Proofs for Section 4.4 and Construction of .,

4.5.1 Proofs for Section 4.4.3

In this subsection, we prove the results in Section 4.4.3, i.e., graph neural networks
can approximate Pes, Popj, and Py, on finite datasets of unfoldable MILPs with
arbitrarily small error. We would consider more general results on finite-measure
subset of G, X HY x HY which may involve infinite elements.

In our settings, foldability is actually a concept only depending on the MILP
instance. In the Definition 4.4.2, we utilize the tool of the WL test to define foldability
here for readability. Here we present a more complex but equivalent definition merely

with the language of MILP.

Definition 4.5.1 (Foldable MILP). We say that the MILP problem (4.1) can be
folded, or is foldable, if there exist T = {11, 1Is,...,Is} and J = {Jy, Ja, ..., J;} that
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are partitions of {1,2,...,m} and {1,2,...,n}, respectively, such that at least one
of T and J is nontrivial, i.e., s < m ort <n, and that the followings hold for any
pe{l,2,...,s} and g € {1,2,...,t}: vertices in {v; : i € I,} share the same feature
in HY, vertices in {w; : j € J,} share the same feature in H" , and all column sums

(and row sums) of the submatriz (A;;)icr, jes, are the same.

According to Section 4.3.1, the color refinement procedure of the WL test con-
verges to the coarsest partitions Z and J satisfying the conditions in Definition 4.5.1,
assuming no collision happens. Therefore, one can see that Definition 4.4.2 and Def-

inition 4.5.1 are equivalent.

We then state the following three theorems that can be viewed as generalized

versions of Theorem 4.4.3, 4.4.4, and 4.4.5.

Theorem 4.5.2. Let X C G, , X 7—[7‘7/; X HZV\Dfozdabze be measurable with finite mea-

sure. For any € > 0, there exists some F € Fann, such that
Meas ({(G, H) e X: HF(G,H)>1/2 7é (I>feas(G> H)}) <€,

where 1. is the indicator function, i.e., Ipms12 = 1 if F(G,H) > 1/2 and

IrG,my>1/2 = 0 otherwise.

Theorem 4.5.3. Let X C G, , X 7-[7‘;; X %y\pfoldable be measurable with finite mea-

sure. For any €,0 > 0, the followings hold:
(i) There exists some Fy € Fayn such that

Meas ({(G, H) e X :1pG.uy>1/2 7 ]Lbobj(GvH)eR}) <€

(1) There exists some Fy € Fany such that

Meas ({(G,H) € XN O L(R) : |Fa(G, H) — Poiy(G, H)| > 6}) <e.

obj
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Theorem 4.5.4. Let X C Do\ Dyotdavie € G X Hyr X HW\Djordanie be measurable

with finite measure. For any €,0 > 0, there exists Fyy € Fony such that
Meas({(G, H) € X : |Fw (G, H) — ®soi(G, H)|| > 0}) < €.
The proof framework is similar to those in Section 4.3, and consists of two steps:

(i) Show the measurability of the target mapping and apply Lusin’s theorem to

obtain a continuous mapping on a compact domain.

(ii) Use the Stone-Weierstrass-type theorem to show the uniform approximation

result of graph neural networks.

We first prove that ®g,s and ®,p,; are both measurable in the following two lem-
mas. The optimal solution mapping ®,, will be defined rigorously and proved as

measurable in Section 4.5.3.

Lemma 4.5.5. The feasibility mapping ®jeas : Gmn X HY X HYW — {0,1} is measur-
able.

Proof. Tt suffices to prove that ®;! (1) is measurable, and the proof is almost the
same as that of Lemma 4.3.21. The difference is that we should consider any fixed
7 € {0,1}". Assuming 7 = (0,...,0,1,...,1) where 0 and 1 appear for k and n — k

times respectively without loss of generality, we can replace R™ and Q" in the proof of

Lemma 4.3.21 by R* x Z"* and Q x Z"* to get the proof in the MILP setting. [

Lemma 4.5.6. The optimal objective value mapping Pop; + G X HY x HY —

R U {00, —00} is measurable.

Proof. Consider any ¢ € R, ®,,;(G,H) < ¢ if and only if for the MILP problem
associated to (G, H), there exists a feasible solution z and some r € N, such that

c'z < ¢—1/r. The rest of the proof can be done using the same techniques as in the
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proofs of Lemma 4.3.21 and Lemma 4.3.22, with the difference pointed in the proof
of Lemma 4.5.5. O

We will need to use Theorem 4.2.12 and let us remark that its proof does not
depend on the specific choice of the feature spaces H" and H", which only requires
that H" and H" are both topological linear spaces. Therefore, Theorem 4.2.12 works
for MILP-graphs with additional vertices features.

For applying Theorem 4.2.12, one need to verify that the separation power of ®.,
and ®,p,; are bounded by that of WL test for unfoldable MILP instances. For any
(G,H), (G H ) € G X HY X HV\ Diorable, since they are unfoldable, WL test should
generate discrete coloring for them if there is no collision. If we further assume that
they cannot be distinguished by WL test, then their stable discrete coloring must
be identical (up to some permutation probably), which implies that they must be

isomorphic. Therefore, we have the following lemma:

Lemma 4.5.7. For any (G, H), (CAJ,IEI) € Gmm X HY X HW\Djoigapie, it holds that
(G,H) ~ (G, H) if and only if (G,H) and (G,H) are isomorphic, i.e., (o, o) *
(G, H) = (G, H) for some oy € S, and oy € S,,.

Let us remark that Lemma 4.5.7 is true for any vertex feature spaces because the

following proof does not assume the structure of the feature spaces.
Proof. It’s trivial that the isomorphism of (G, H) and (G, H) implies (G, H) ~
(G, [:[), and it suffices to show (G, H) ~ (G‘, f]) implies the isomorphism.

Applying Algorithm 4.1 on (G, H) and (@, H ) with a common set of hash func-

tions, we define the outcomes respectively:

{OP e H{O7 " Mo == Whate (G, H), L),
O N LG 1o == Whane (GL H), L).
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Then (G, H) ~ (G, H) can be written as

{CF "Wy = {{CF " Mo, and {{C7 3o, = ({C] " s (4.22)
for all L € N and all hash functions. We define hash functions used in this proof.

e We take hash functions HASH v, HASH, i such that they are injective on the

following domain:

{nY R RY R 1< i <m,1 < j <nb.

Note that {-} means a set, but not a multiset. The above set collects all possible
values of the vertex features in the given two graphs (G, H) and (G, H). Such
hash functions exist because the number of vertices in the two graphs must be

finite.

e For [ € {1,2,---, L}, we define a set that collects all possible vertex colors at

the [ — 1-th iteration,
Cry = {CMY C W CEY et i1 <i<m 1 < j <

Note that |C;_y| is finite. The two sets {HASH;(C) : C' € Ci_;} and
{HASH; ;+(C) : C € Ci_1} can be linearly independent for some hash func-
tions HASH] ;,, HASH; ;. This is because that one can take the output spaces
of HASH; ;,, HASH; y; as linear spaces of dimension greater than |C;_;|. Given

such functions HASH; ., HASH; y;, we consider the following set

{ (cf—w, zn: E; HASH, ;, (cj?—le)) 1<i< m}
j=1
U { (Ofl’v, i E,; JHASH] <lew>> 1<i < m}

j=1
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U { (cjflvw, i: E; HASH], <C’f‘1’v>) 1<j< n}

=1
u{( Gi-Lw ZE”HASHW@Z 1V>> :1§j§n},

which is a finite set given any two graphs (G, H) and (G, H). Thus, one can

pick hash functions HASH; ,, HASH, i that are injective on the above set.

Due to the stated assumption that (G, H) and (G, H) are both unfoldable and the
definition of the above hash functions, one can obtain that
Civ O Vi, G ECT V£,
R ) ) ) (4.23)
GV # G Vil G ECT V£
for some L € N. In another word, in either (G, H) or (é‘ H ), each vertex has a unique
color. Combining (4.22) and (4.23), we have that there exists unique oy € S,, and

ow € S, such that

cHV=ctv . W =t vi=1,2,...,m,j=12,...,n.

i ov (i)’ J ow (5)’

In addition, the vertices with the same colors have the same neighbor information,
including the colors of the neighbors and weights of the associated edges. Rigorously,

since HASH, v, HASH, v are both injective, one will obtain that

AL-1,V  ~L—-1,V AL-1,W _ ~L—1W
C; =Covi) > G =Conii)

ZE”HASH’LW< Lo ”V) ZEUV JHASH 4, (CL ”V),

7=1

D BHASH,y (CF) = 3 Fiy o HASH,, (CF1).
=1 i=1
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The first line above implies that hY = hy, ) and ﬁ}” = hy ;). Now let us consider

the second line of the above equations,

S B, HASH, (éj*vw) =" B, HASH, 4y (Cf*lvw>

Jj=1 J=1

L—1,W
= Eovtow HASH <Caw<j> )

J=1

= Z EO'v(i),UW(j)HASH/L’W (CA’jL*I,W) '

J=1

Therefore, it holds that

n

Z (Ei,j - EUV(Z')JW(J')) HASHILvW (Cfl—17w> =0

Jj=1

This implies that E; j = By (i),ow(j) because {HASH] 1, (C) : C' € Cp_} are linearly

independent. Then one can conclude that (o, ow) * (G, H) = (G, H). O
Now we can proceed to present the proof of Theorem 4.5.2.

Proof of Theorem 4.5.2. According to Lemma 4.5.5, the mapping ®eas : G X HY X
HY — {0,1} is measurable. By Lusin’s theorem, there exists a compact £ C X C
G X HY X HW\Diorgapte such that @pe,|p is continuous and that Meas(X\E) <
e. For any (G, H),(G,H) € E, if (G,H) ~ (G,H), Lemma 4.5.7 guarantees that
O (G, H) = @feas(GA, H ). Then using Theorem 4.2.12; one can conclude that there
exists F' € Fgnn with

1
sup |F(G, H) — $pas (G, H)| < =.
(G,H)EE 2

This implies that

Meas ({(G,H) € X : Ipc,m>1/2 # Preas(G, H) }) < Meas(X\E) < e.
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Similar techniques can be used to prove a sequence of results:

Proof of Theorem 4.4.3. D is finite and compact and Pge.s|p is continuous. The rest
of the proof follows the same argument as in the proof of Theorem 4.5.2, using

Lemma 4.5.7 and Theorem 4.2.12. [
Proof of Theorem 4.5.53. ®,; is measurable by Lemma 4.5.6, which implies that
]Lbobj('v')ER : gmm, X HT‘ZL X ,HZV - {07 1}7

is also measurable. Then (i) and (ii) can be proved using the same argument as in
the proof of Theorem 4.5.2 for X and Iy, (., )er, as well as X N q);&j (R) and @,

K

respectively. O

Proof of Theorem 4.4.4. D is compact and lg (. )er Testricted on D is continuous.
In addition, as long as DN <I>;blj (R) is nonempty, it is compact and ®,,; restricted on

DN (IDO_blj (R) is continuous. Then one can use Lemma 4.5.7 and Theorem 4.2.12 to

obtain the desired results. O

Then we consider the optimal solution mapping ®4,, and Theorem 4.5.4. One
needs a universal approximation result of Fliyy for equivariant functions, i.e., The-
orem 4.3.18, where similar to the LP setting, we define another equivalence rela-
tion on Gy, X HY x HY: (G, H) X (G, H) if (G,H) ~ (G,H) and in addition,
CjL’W = é’f’w, Vije{l,2,...,n}, for any L € N and any hash functions. Let us also
remark that similar to Theorem 4.2.12, Theorem 4.3.18 is also true for all topological

linear spaces H" and H". Now we can prove Theorem 4.5.4 and Corollary 4.4.5.

Proof of Theorem 4.5.4. We can assume that X C Dot \Doldable C Gmn X 7—[7‘7/1 X

HW\Diggable is close under the action of S,, x S, since otherwise one can replace
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X with U(UV’UW)e S Sn<‘7V= ow) * X. The solution mapping Psor : Dsotu \ Droldable 18
measurable by Lemma 4.5.13. According to Lusin’s theorem, there exists a compact
E c X C Dsolu\pfoldable with Meas(X\E’) < €/|Sm X Sn| such that q)solu|E’ is
continuous. Let us set
E = N (oy,ow) * E' C X,
(Uv,aw)ESmXSn

which is compact and is closed under the action of S,, x S,,. Furthermore, it holds
that

Meas(X\E) = Meas | X\ ﬂ (oy,ow) * E'

(ov,ow )ESm X Sn

< Z Meas(X\(ov,ow) * E)

(UV70'W)ESm><Sn
=S, x Sp| - Meas(X\E')

< €.

For any (G, H), (G, H) € E, if (G, H) X (G, H), similar to Lemma 4.5.7, we know
that there exists oy € Sy, such that (ov,1d)*(G, H) = (G, H). Then by the construc-
tion of @y, in Section 4.5.3, one has that $g, (G, H) = @Solu(é, If[) € R". Condition
(i) in Theorem 4.3.18 is satisfied by the definition of @y, (see Section 4.5.3) and
Condition (iii) in Theorem 4.3.18 follows from the fact that WL test yields discrete
coloring for any graph in G,,,, X HY, X H¥\Dioidaple- Then applying Theorem 4.3.18,

one can conclude that for any § > 0, there exists Fyy € Fiyy with

sup || Fw (G, H) — ®uoia(G, H)|| < 6.
(G,H)eFE

Therefore, it holds that

Meas ({(G,H) € X : ||Fw(G, H) — $so1a (G, H)|| > 0}) < Meas(X\F) < e,
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which completes the proof. n

Proof of Theorem 4.4.5. Without loss of generality, we can assume that the finite
dataset D C Dsou \ Droldable s closed under the action of S, x S,. Otherwise, we can
replace D by U, oues,.xs, (v, ow) * D.

Note that D is compact and ®gu|p is continuous. The rest of the proof can
be done by using similar techniques as in the proof of Theorem 4.5.4, with Theo-

rem 4.3.18. O

4.5.2 Proofs for Section 4.4.4

We collect the proof of Theorem 4.4.6, Theorem 4.4.7, and Theorem 4.4.8 in this
subsection. Before we proceed, we remark that the following concepts are modified

as follows in this subsection due to the random feature technique:

e The space of MILP-graph. Each vertex in the MILP-graph is equipped with an
additional feature and the entire random vector w is sampled from w € ) :=
[0, 1]™ x [0, 1]™. More specifically, we write:

W i= (wv,ww) = (w}/,--- ,w%,w{v,-~- ,w,zv).

Equipped with a random feature, the new vertex features are defined with:
hR = (hY W), hJW’R = (hgv,w;/v), Vi<i<m,1<j<n.
The corresponding vertex feature spaces are defined with:
HYR = HY x [0,1]™ = (H” x [0,1])™,
HE =AW < [0,1]" = (HY x [0,1])".
The corresponding graph space is G, X HYH x HWVE and it is isomorphic to

the space defined in Section 4.4.4:

G X HY x HY x Q2 G, x HEE x IR, (4.24)
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Note that the two spaces are actually the same, merely defined in different
ways. In Section 4.4.4, we adopt the former due to its simplicity. In the proof,

we may either use the former or the latter according to the context.

Topology and measure. We equip {2 with the standard topology and the
Lebesgue measure. Then the overall space G, , X HY x H} x Q) can be naturally

equipped with the product topology and the product measure.

Key mappings. On the space (with random features) G,,,, x HY x HYW x Q,

the three key mappings can be defined with
q)feas(Gy H7 w) ::q)feas(Ga H)a
CI)obj (G7 H7 w) ::(I)obj (G, H)a

(I)solu(G7 H7 w) ::q)solu(Gy H)a

for all w € Q2. This is due to the fact that the feasibility, objective and optimal
solution only depend on the MILP instance and they are independent of the

random features appended.

Invariance and equivariance. For any permutations oy € S, and oy € S,
(ov,ow)* (G, H,w) denotes the reordered MILP-graph (equipped with random

features). We say a function Fg is permutation invariant if

FR((Jv,Jw) * (G, H,w)) = FR(G, H,UJ),

for all oy € Sy, ow € Sy, and (G, H,w) € G X HYE x HWE. And we say a

function Fyy r is permutation equivariant if

Fwr((ov,ow) * (G, H,w)) = ow (Fwr(G, H,w)),

for all oy € Sy, ow € Sy, and (G, H,w) € G X HYE x HVE Tt’s clear that

Do and D5 are permutation invariant, and @, is permutation equivariant.
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Furthermore, it holds that any Fr € Fly is invariant and any Fiyp € Fac

is equivariant.

The WL test. In the WL test, vertex features h) ,hgv are replaced with

hy’R, h;-/V’R, respectively, and the corresponding vertex colors are denoted by

Cf’V’R, C']Q’W’R in the [-th iteration.

Initialization:

CPVF = HASHoy (b)),  CP7 = HASHow (h)").

Forl=1,2,--- L,

CMVF — HASH, (Cfl’V’R, Y E, HASH; (C;WR)> ,

Jj=1

CPWR — HASH, y (CjLW’R, Y B, HASH, (CjLVvR)> .
=1

Note that the above update form is equal to that of Algorithm 4.1, and the

only difference is the initial vertex features.

The equivalence relation. Now let us define the equivalence relations ~ and X on
the space equipped with random features G, , x H), x H} x Q. Given two MILP-
graphs with random features (G, H,w) and (é, H, w), let the outcomes of the
WL test be {{C7"" iy, {{C7" sy and ({77 10, ({C7 o,
respectively. We say (G, H,w) ~ (@, H, w) if

ety = Oy and {{C7™M 1Y = ({O7 s,

for all for any L € N and any hash functions. We say (G, H, w) X (G, H,&) if
(G,H,w) ~ (@, ]:I,d)) and in addition, C’]-L’W’R = C’f’mR, Vijed{l,2,...,n},
for any L € N and any hash functions.
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e Foldability. Suppose the vertex colors corresponding to (G, H,w) are C’f’V’R,
1<i<m, C’Jl.’W’R, 1 < j < n. Then we say (G, H,w) is foldable if there exist

1<4,i <morl<j 5 <nsuch that
LV,R LV,R . ;. 1L,W,R LW,R . 4 -
Ci = Ci’ y 1 7é Z/7 or Cj = Oj/ y 7& jla
for all [ € N and any hash functions.

v pW

. V,R , W,R . .
;o hy with by b we define all the required prelimi-

By merely replacing h
naries. Note that Theorem 4.2.12, Lemma 4.5.7, and Theorem 4.3.18 can be directly
applied on the space G, , X HY:E x HWE where HYE corresponds to HY and HVE

corresponds to H)V, as their proofs do not rely on the specific structures of H" and

HY.

Proof of Theorem /.4.6. Define

v
7

A

Qr ={weQ:Ti#ie{l,2,....m}, st. v =w
(4.25)

. -/ W_ W
ordj#j €{1,2,...,n}, s.t. w; —wj,}.

Given any (G, H) € Gy X HY x HY | as long as w ¢ Qp, different vertices in V or

W are equipped with different vertex features:
V,R V,R . W,R W,R o
hi %hz’ 7VZ7£7J/7 hj #hj/ 7v]7é],7
and consequently, each of the vertices possesses a unique initial color:

CYVR LYV i £, OOV LR g

for some HASH, y and HASHg . In another word, although (G, H) may be foldable,
(G, H,w) must be unfoldable as long as w ¢ Qp.

Therefore, for any (G, H,w), (G, H,&) € Gunn x HY x HW x (Q\Qr), it holds

that both (G, H,w) and (@,f[,d}) are unfoldable. Applying Lemma 4.5.7, we have
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(G, H,w) ~ (G, H,&) if and only if (o, ow )*(G, H,w) = (G, H,&) for some o € Sy,

and oy € S,,. The invariance property of g, implies that

q)feas<Ga H7 w) - q)feas(éa H, (Z)),

V(G H,w) ~ (G H,0) € Gn X HY x HIY x (Q\Qp).

In addition, the probability of w € Qg is zero due to the uniform distribution of

w: P(Qp) = 0. For any € > 0, there exists a compact subset 2, C Q\Qp such that
P(O\Q) =P ((AQ\Q2p)\Qe) < e.

Note that D x ). is also compact and that ®g,s is continuous on D x €).. The
continuity of @peas|pxq, follows from the condition that D is a finite dataset and that
the fact that any mapping with a discrete finite domain is continuous (note that
Oros(G, H,w) is independent of w € Q). Applying Theorem 4.2.12 for P, and
D x Q C Gpm X HEE X HWE one can conclude the existence of F € Fli with

1
sup |Fr(G, H,w) — Ppeas (G, H,w)| < =.
(G,H.w)eDx Qe 2

Since Py, is independent of the random features w, the above equation can be

rewritten as

1
sup ’FR(GJ H,W) _(I)feas(Ga H)‘ <3
(G,H.w)eDx Qe 2

It thus holds for any (G, H) € D that
P (]IFR(G,H)>1/2 3& (I)feas(G7 H)) < P(Q\Qe) < €.
O]

Proof of Theorem 4.4.7. The results can be obtained by applying similar techniques

as in the proof of Theorem 4.4.6 for Lo, )er and Pop;. O
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Proof of Theorem 4.4.8. Without loss of generality, we can assume that D is closed
under the action of S, x S,; otherwise, we can use {(oy,ow) * (G, H) : (G, H) €
D,oy € Sp,ow € Sy} instead of D. Let Qp C Q be the set defined in (4.25) which
is clearly closed under the action of S, x S,. There exists a compact 2. C Q\Qp

with P(Q\Q) = P((Q\Qp)\2) < €/|Sm x S,|. Define

Q. = (| (ov,ow)* QL C Q\Qp,

(ov,ow)ESm X Sn

which is compact and closed under the action of S,, x S,,. One has that

P(Q\Q) <P | Q\ N (ov,ow) =9

(ov,ow )ESm X Sn

< Z P(Q\(ov, ow) * Q)

(ov,0w )ESm X Sn

< €.

In addition, D x € is compact in Gy, x (HY x [0,1])™ x (H" x [0, 1])™ and is closed
under the action of S, x S,,.

We then verify the three conditions in Theorem 4.3.18 for ¥4y, and D x Q..
Condition (i) holds automatically by the definition of the optimal solution mapping.
For Condition (ii), given any (G, H,w) and (G, H,&) in D x Q. with (G, H,w) X
(G, H,&), since graphs with vertex features in D X Q¢ C G X HY x HW x (Q\Qp)
cannot be folded, similar to Lemma 4.5.7, one can conclude that (G , H ,w) = (oy,Id)*
(G, H,w) for some oy € S,, which leads to @1 (G, H) = Por(G, H). Condition (iii)
also follows from the fact that any graph in D x ), cannot be folded and WL test yields

discrete coloring. Therefore, Theorem 4.3.18 applies and there exists Fyyr € fg(lRN
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such that

sup ||FW,R<G7H7 Ld) - (bsolu<G7H)H < 57
(G,H,w)EDX Qe

which implies that
P(|Fwr(G, H) — Pson(G, H)|| > 6) <R(\Q) <€, V(G,H)e€D.
O

Remark 4.5.8. A deeper observation is that, Theorem 4.4.6, Theorem 4.4.7, and
Theorem 4.5.3 are actually true even if we only allow one message-passing layer in
the GNN structure. This is because the separation power of GNNs with one message-
passing layer is the same as the WL test with one iteration (see Section 4.3.3), and

that one iteration in WL test suffices to yield a discrete coloring for MILP-graphs in
G X Hy X H)V < (N\Qp).

4.5.3 Construction of the Optimal Solution Mapping Py,

In this subsection, we define the equivariant optimal solution mapping ®,,, and

prove the measurability. The definition consists of several steps.

The Sorting Mapping

We first define a sorting mapping:
cbsort : gm,n X HT‘)/@ X HYVLV\Dfoldable — Snu

that returns a permutation on {wy, ws, . . ., Wy }, Droldable is the collection of all foldable
MILP problem as in Definition 4.4.2. This can be done via an order refinement
procedure, similar to the WL test. The initial order as well as the order refinement

are defined in the following several definitions.
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Definition 4.5.9. We define total order on H" and H" wusing lexicographic order:

(i) For any (b;,0;), (by,0i) € HY =R x {<,=,>}, we say (b;,0;) < (b, 04) if one
of the followings holds:
— b; < by.
— b; = by and 1(o;) < t(oy), where (<) = =1, 1(=) =0, and (>) = 1.
(i) For any (c;,1j,uj,75), (cjr, Ly, ujr, 7j0) € HYV = Rx (RU{—00}) x (RU{+00}) x
{0,1}, we say (¢, 1, uj, 1) < (¢jr, Ly, uj, 7j0) if one of the followings holds:
— ¢ <cj.
—c¢j=cj and l; <lj.
—c¢j=cj, lj =1y, and u; < uj.
—cj=cj, lj =1y, uj =uy, and 7; < 7).
Definition 4.5.10. Let X = {{z1,zo,...,2%}} and X' = {{«},25,..., 2}, }} be two

multisets whose elements are taken from the same totally-ordered set. Then we say

X < X' if 2o)Zo(2) " Tor)y < x;,(l)a:;,@) .- ~x’a,(k,) in the sense of lexicographical

order, where o € Sy, and o' € Sy are permutations such that x5y < To@) < -+ <

To(ky and Ty < Tog) <000 < T

Definition 4.5.11. Suppose that V- = {vy,vs,...,v,} and W = {wy,ws, ..., w,} are
already ordered, and that E € R™ ™. The order refinement is defined lexicographi-

cally:
(1) For anyi,i € {1,2,...,m}, we say that

(vi, {{(Eij,wy) + Eij #0}}) < (v, {{(Eir j,wy) : By #0}}),

if one of the followings holds:
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— U < Uy

— v =vy and {(E;;,w;) : E;j # 0} < {(Ey j,wj): Ey; # 0} in the sense of
Definition 4.5.10 where (E; j,w;) < (Ey j,wj) if and only if E;; < Ey ji

or B ; = By, w; < wj.
(i) For any j, 7' € {1,2,...,n}, we say that
(wj, {{(Eij,vi) + Bij # 0}}) < (wyr, {{(Eig,vi) : Bijo # 0}}),
if one of the followings holds:

- Wy < Wi

—w; = wj and {(E;j,v;) : Ei; # 0} < {(E;j,v;) : E;j # 0} in the sense
of Definition 4.5.10 where (E; ;,v;) < (Ey j,vy) if and only if E; j < Ey

or Ei,j = Ei’,j’7 V; < Uyt

With the preparations above, we can now define &4, in Algorithm 4.2.

Algorithm 4.2 The sorting mapping Py

Require: A weighted bipartite graph G = (V U W, E) € G, ,, with vertex features
H=(hi,hY,....¢Y WV B ... V) e HY x HY such that (G, H) € Disdable-
Order V and W according to Definition 4.5.9.
for/=1:m+ndo
Refine the ordering on V' and W according to Definition 4.5.11.
end for

Return oy € S, such that wey, (1) < Wey, (2) <+ < Woyy (n)-

Remark 4.5.12. The output of Algorithm 4.2 is well-defined and unique. This is
because we use unfoldable (G, H) as input. Note that the order refinement in Defi-
nition 4.5.11 is more strict than the color refinement in WL test. Therefore, after
m + n iterations, there is no j # j' € {1,2,...,n} with w; = wy, since the WL test

returns discrete coloring if no collisions for (G, H) & Dioidable-
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The sorting mapping P4+ has some straightforward properties:
e d . is equivariant:
(I)sort<<0-V7 UW) * (G, H)) - <0V7 UW) * q)sort(G7 H) = 0w © q)sort<Ga H),

for any oy € Sy, ow € Sn, and (G, H) € G x HY x HY\Diorgaie- This is
due to the fact that Definition 4.5.11 defines the total order and its refinement

solely depending on the vertex features that are independent of the input order.

o &, is measurable, where the range S, is equipped with the discrete measure.

This is because that ®g,,¢ is defined via finitely many comparisons.

The Optimal Solution Mapping
We then define the optimal solution mapping
(I)solu . Dsolu\Dfoldable — Rn7

based on P, where

feas

Dyotu = (gm,n x HY X ’ﬁlZY) N L (1),

with HY = (R x R x R x {0,1})» ¢ HYW, is the collection of all feasible MILP

problems in which every component in [ and u is finite.

We have mentioned before that any MILP problem in D, admits at least one
optimal solution. For any (G, H) € Do\ Droldable, We denote Xy (G, H) € R™ as
the set of optimal solutions to the MILP problem associated to (G, H). One can see
that X (G, H) is compact since for every (G, H) € Dgoly \Droldable; both [ and u are

finite, which leads to the boundedness (and hence the compactness) of Xq, (G, H).

Given any permutation o € S, let us define a total order on R%: x Z 2/ if and
only if Z,1)Zs(2) - Tom) < x’a(l)x’am) e x’o_(n) in the sense of lexicographic order. For
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any (G7 H) € Dsolu\Dfoldable C gm,n X %7‘7/1 X HTVLV\Dfoldablea as in SQCtiOIl 4537 the per-

mutation ®y,(G, H) € S, is well-defined. Then we define ®,1, (G, H) is the smallest

element in Xy, (G, H) with respect to the order 2, where 0 = Py (G, H). The
existence and the uniqueness are true since X, (G, H) is compact. More explicitly,

the components of @y, (G, H) can be determined recursively:
oot (G, H) 1y = inf {z,1) 1 © € Xeora(G, H) }
and
(I)solu(Ga H)O’(j)
= inf {Ia(j) 1T e Xsolu<G7 H)7 Loy = (I)solu(G7 H)a(j)7 .j/ = 17 27 ce 7.]} )

for j = 2,3,...,n. It follows from the equivariance of ®g. (G, H) and X (G, H)

that ®s.(G, H) is also equivariant, i.e.,

(Dsolu<<UV7 UW) * (G, H)) = UW((I)solu(Ga H))7

V oy € Sp,ow € Sy, (G, H) € Dyolu\ Dioldable-
We then show the measurability of ®ggy,.

Lemma 4.5.13. The optimal solution mapping Pson, : Dsow\Dyoldasie — R™ is mea-

surable.

Proof. Tt suffices to show that for any fixed o € {<,=,>}", 7€ {0,1}", and 0 € S,,,

the mapping

®; 1 . (Dot \ Dtoldable) N (Psort 0 1) "' () — R,
(A, b, C,Z,U) — (I)solu<L<A7b7 C7l7u))0(j)7
is measurable for all j € {1,2,...,n}, where

L R™T X R™ X R X R" X R™ = Gy X HY x HY
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is the embedding map when o and 7 are fixed. Without loss of generality, we assume
thato ={<,...,<,=,...,=,>,..., >} where <, =, and > appear for ki, ko—k;, and
m — ko times, respectively, and that 7 = (0,...,0,1,...,1) where 0 and 1 appear for
k and n—k times, respectively. Note that the domain of ®;, i.e., ™! (Dgory \ Dioldable) N

(®gort © )1 (0) is measurable due to the measurability of @gqy.

Define

Y

n
> Agyay —b;

J'=1

1<i<ky k1<i<ka

Vieas(A, b, ¢, [, u, ) = max { max (Z A i — bi) , max
+

j'=1

n
max | b; — E A; i max (1 — x max (i — wy
ka<i<m < A 1Sj’§n<] 7)t 1§j'§n( ) s
=

+

and
‘/solu(Aa ba Cy l> u, ZL’) = max { (CTZL‘ - (I)obj<L(A> ba Cy l? U))>+ > ‘/}eas(Aa ba Cy l7 u, ZL‘)} )

for (A,b,c,l,u) € R™" x R™ x R” x R® x R" and x € RF x Z"*. It is clear that
Vieas 15 continuous and that € R*¥ x Z"* is an optimal solution to the problem
t(A,b,c,l,u) if and only if Vi (A, b, c,l,u,z) = 0. In addition, V), is measurable
with respect to (A, b, ¢, [, u) for any x, by the measurability of ®.p; (see Lemma 4.5.6)

and continuity of Vie.s, and is continuous with respect to x.

Then we proceed to prove that ®; is measurable by induction. We first consider
the case that j = 1. For any (A, b, c,l,u) € t™(Dsoru\Drotdable) N (Psors © ¢) (o) and

any ¢ € R, the followings are equivalent:
L4 qi)solu(b(fqa b7 ¢, l7 u))a(l) < ¢
o inf {%(1) cx € Xoon(L(A, b, e, l,u))} < .

e There exist 7 € Ny and @ € Xy (¢(4,b, ¢,l,u)), such that x5y < ¢ —1/7.
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e There exists r € Ny, for any 7' € Ni, 2,q) < ¢ — 1/r holds for some z €

QF x Z"F satisfying View (4, b, ¢, l,u, z) < 1/7.

Therefore, it holds that

(I)Il(—oo7 ¢) = Lil(,Dsolu\Dfoldable) N ((I)sort < [/)71<U) N U m U

rENy r'eNy 2eQF XZF, z5(1)<g—1/r

1
{(A, byc,l,u) € R™™ X R™ x R" x R" X R" : Viouu(A, b, ¢, u, x) < —/},
,

is measurable, which implies the measurability of &,

Then we assume that ®q,...,®;_4 (j > 2) are all measurable and show that ®;
is also measurable. Define

Vj

solu

(A, b, ¢, l,u, x) = max {VSOlu(A,b, ¢, l,u, ), max ‘xa(j/) — (A, b, c,l,u)}} ,

1<5'<g

for (A,b,¢,1,u) € 1™ Dsota\Drotdabie) N (Psort © t) " L(0) and z € R* x Z"~*. Similar

to ‘/solua V]

. 1s also measurable respect to (A, b, c,[,u) for any x and is continuous

with respect to z. For any (A, b,¢,l,u) € ™Y Dsotu\Droldabte) N (Psors © ¢) (o), the

followings are equivalent:
L4 (I)solu([/(Aa b7 ) la u))a(j) < (b

e inf {a:a(j) 1T € Xoom(t(A, b, ¢, L)), xo¢y = Pjr(A,b,¢c,lu), 1 <5 <j— 1} <
Q.

e There exist r € N, and z € R* x Z" %, such that V (A, b,c,l,u,x) = 0 and

solu

that z,;) < ¢ —1/r.

e There exists r € Ny, for any v € N, 2, < ¢ — 1/r holds for some z €

QF x Z"* satisfying V7, (A, b, ¢, l,u,x) < 1/7.

solu
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Therefore, ®;'(—o0, ¢) can be expressed in similar format as ®;'(—o0, ¢), and is

hence measurable. O
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Chapter 5

Conclusion

In this dissertation, we establish the theoretical foundations for three classes of high-

dimensional algorithms and models. More specifically:

e In Chapter 2, we use tools and techniques from random dynamical system to
analyze the global convergence of the randomized coordinate gradient descent
algorithm. We prove that it can escape from strict saddle points almost surely

under generic assumptions.

e In Chapter 3, we establish representational complexity without CoD for general
second-order elliptic PDEs in Barron spaces and a regularity theory for static
Schrodinger equations in spectral Barron spaces. Therefore, the PDE solutions

can be approximated by two-layer neural networks efficiently.

e In Chapter 4, we show that LPs do not suffer from a fundamental limitation
of the separation power of GNNs and enjoy the universal approximation. For
MILPs, the universal approximation can still be obtained with some remedies,

even given the fundamental limitation.

Our works contribute to the theoretical understanding of these high-dimensional al-
gorithms and models whose practical efficiency has already been examined in the
existing literature. Moreover, our works can also provide useful guidance on how to
further improve these algorithms and models. However, there are still many open

questions that deserve future research.
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Random Dynamical System for Optimization

It should be a very natural idea to view a randomized optimization algorithm as a
random dynamical system. Chapter 2 analyzes the behavior of randomized coordinate
gradient descent with this idea and we hope that this idea can be applied to more

types of randomized algorithms.

In order to make tools from random dynamical system more useful for the opti-
mization community, one may probably try establishing results without the generic
assumption, say Assumption 2.3.4. This assumption can be validated when the Hes-
sian matrix is dense, as in Section 2.4.4. However, this dense setting may not hold
true in practice. The randomness in the stepsize in Algorithm 2.1 is probably also

not necessary if the theory can be built without Assumption 2.3.4.

PDEs in Function Spaces Related to Neural Networks

One future direction is to identify suitable function spaces and neural network struc-
tures to approximate functions or PDE solutions with specific properties. For ex-
ample, in the static Schrodinger equations, if both the potential function and the
source term are symmetric, i.e., invariant under permutations of input entries, then
the solution should also be symmetric. In this case, two-layer neural network is not a
suitable structure and one may try other structures or spaces with natural symmetric
property. We have some preliminary work on the symmetric representation [CCL22]
and it may also be a good idea to try the flow-induced spaces [LLS22b, LLS22a].
Another future direction is to extend the theory in (spectral) Barron spaces to
other types of PDEs such as nonlinear elliptic PDEs, parabolic equations, and PDEs
with singularities. More research should be conducted before the (spectral) Barron

regularity theory becomes competitive with the Sobolev regularity theory.
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GNNs for LPs and MILPs

Even if we have established the universal approximation results of GNNs for LPs
and MILPs, it remains unclear how the complexity of the GNNs scales with the size
of the problems and the approximation accuracy. In fact, the complexity analysis
might be of more interest if we want the theoretical work to have a more practical
impact. In addition, the random-feature techniques proposed in Section 4.4.4 might
not be sufficiently practical. I conjecture that there might exist other neural network

structures that can handle the MILP symmetry in a more natural and practical way.
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