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Abstract

3D shape analysis is common in many fields such as medical science and biology.

Analysis of original shape data is challenging and could be computationally heavy. A

simplified representation of 3D shapes could help developing accessible shape analysis

methods. In this paper we propose a method to generate a specific form of 3D

shapes representation that could be applied in statistical analysis. We use Euler

Characteristic curves to create the represention of shapes and utilize scaling function

bases from diffusion wavelet to generate the representation. We discuss the details of

our method and in the last we apply our method on a shape classification problem

to test the performance of the representation.
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Chapter 1

Introduction

3D shape analysis is common in fields such as medical imaging and morphology [1, 2]. In

this paper we introduce a practical method which obtains a representation of 3D shapes

that could be utilized in shape analysis. Our method applies Euler Characteristic (EC)

curves [1] to form representations and utilizes scaling function bases in diffusion wavelet [3]

to construct an efficient search process for informative EC curves.

In this paper, the term 3D shape specifically refers to the surface of a shape restored in

polygon mesh format, which is a common format of 3D shapes in 3D computer graphics. A

polygon mesh consists of vertices, edges and faces of a shape. Further, we focus specifically

on triangle mesh (all faces are triangles). A triangle mesh is stored as M = (V,F), where

V is the list of vertices and F is the set of faces (each element of F is a list of 3 integers

[i, j, k] indicating a triangle with vertices Vi, Vj and Vk ∈ V).

In the following sections of this chapter, we introduce two background works of our

method: Euler Characteristic curves and scaling function bases in diffusion wavelet. In

Chapter 2, we state our method and discuss the details. In Chapter 3, we visualize the

outcomes of our method and give an application of the outcomes in shape classification. In

Chapter 4, we conclude our work and discuss about possible improvements.

1.1 Euler Characteristic curves and shape statistic

In order to describe Euler Characteristic curves, we introduce Euler characteristic first.

Given a 3D shape M , its Euler characteristic is a topological invariant calculated as

1



χ(M) = #V (M)−#E(M) + #F (M)

where V (M), E(M), F (M) denote the sets of vertices, edges and faces of M , respec-

tively.

Next, we define the filteration of a shape M = (V,F). Given a direction {v} in S2 (set

of unit vectors in R3), a filteration, parametrized by height r ∈ R, of M is defined as:

M(r)v = (V(r)v,F(r)v)

where

V(r)v = {x ∈ V : x · v ≤ r}

and

F(r)v = {(i, j, k) ∈ F : Vi,Vj ,Vk ∈ V(r)v}

In words, on a fixed direction v, M(r)v is the ”subshape” of M which consists of vertices

and faces below height r. As r increases, M(r)v grows as more vertices and faces are added

and will finally recover the original shape M . Similar to χ(M), the Euler characteristic of

M(r)v could be computed:

χM (r)v := χ(M(r)v)

With Euler characteristic and shape filteration, we can define the Euler characteristic

curve (EC curve).

Definition 1.1. Given the shape M and a direction v ∈ S2, an EC curve is the function:

fv : R→ Z

r 7→ χM (r)v

(1.1)
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EC curves on all directions in S2 could be expressed in function form:

FM : S2 → Zn

v 7→ fv

(1.2)

[1] proved that FM , which is called Euler Characteristic Transform in their paper, could

serve as a sufficient statistic of shape M .

Clearly fv is a function on the continuous set R. In practice (e.g. the examples in [1]), a

downsample is performed. Rather than R, EC curves are computed on a finite discrete set

{h0, h1, ..., hn−1} where hi = −R(M)+i∗δ and δ = 2R(M)/(n−1). R(M) = maxx∈V ||x||2

is the radius of M and n is the number of samples. Such downsample simplifies the storage

and computation of EC curves. We call such a downsampled EC curve as practical EC

curve.

Definition 1.2. Given the shape M , number of samples n and a direction v ∈ S2, a

practical EC curve is a vector in space Zn:

fv = (χM (h0)v, χM (h1)v, ..., χM (hn−1)v)
T (1.3)

with {h0, h1, ..., hn−1} defined above.

In the rest of this paper, the term EC curve refers to practical EC curve rather than

the one in Definition 1.1 if not specified.

Further more, FM is computed on a finite set of directions V ⊂ S2, and its EC curves

are practical EC curves rather than the one in Definition 1.1. Thus a practical statistic

of M is obtained as TM (V ) = {FM (v) : v ∈ V }.

[4] shows that a finite number of Euler Characteristic (EC) curves could convey all the

information of a 3D shape and a bound of the quantity is given for a family of shapes. As

a result, there exists a subset V ⊂ S2 that TM (V ) could be a sufficient statistic of M and

replace it in shape analysis.
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1.2 Scaling function bases in diffusion wavelet

Scaling function bases are outcomes of diffusion wavelet proposed in [3]. [3] introduces a

method which computes diffusion wavelet for multiscale analysis. Scaling function bases

are interim outcomes of the method and could be applied in clustering data points in a

metric space at multiple scales.

The method firstly constructs a graph from the data set and then inspects the diffusion

operator T on the graph to generate scaling function bases of T , T 2, T 4, ... as grouping

indicators at various scales. Specifically, given a set of observations {xi}, the data set is

transformed into a graph where each vertex stands for a data point and the weights of

connections are determined by a pairwise metric, for example, Wij = exp(−κd(xi, xj)2) for

i 6= j and Wii = 0 conventionally.

The diffusion operator T is defined as I − L where L = I −D− 1
2WD− 1

2 (D is degree

matrix) is the symmetric normalized Laplacian. Physically the diffusion operator could

illustrate a process of heat diffusion on the data cloud. T i illustrates the diffusion procedure

between i time units, thus T , T 2, T 4, ... could illustrate the procedure at different time

scales.

At each resolution level j corresponding to T 2j , the scaling function bases, which are the

main components of the vector space spanned by T 2j , are obtained by applying sparse QR

decomposition on T 2j . These scaling function bases have form {ϕj
k} where j = 1, 2, ..., J

corresponds to resolution levels and for each j, k = 1, 2, ...,Kj corresponds to groups at

level j. Each ϕj
k is a vector with length equal to the quantity of data points, indicating

the intensity of each point in kth group at resolution j. Large j indicates coarse resolution

level.
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Chapter 2

Method

2.1 Overview

The method we introduce in this paper focuses on the question that how to find the EC

curves that could represent a shape efficiently in practical problems. First, we discuss two

facts that lead to our method.

In practical problems, complete information of a shape is not necessary. A great pro-

portion of information of a shape recovered by a statistic could be sufficient in subsequent

analysis. A general representation could be formed by a few EC curves and the contribution

of the rest becomes less and less. As a result, a practical representation could be obtained

from EC curves less than the upper bound given in [4].

Further more, FM (v) is continuous in v [5, 6, 1]. Thus for every v ∈ S2, FM (v) could

be an estimation of other EC curves in the neighbourhood {x ∈ S2 : 〈x,v〉 ≤ θ} for some

small θ.

Considering these two facts, a representation could be constructed by two components.

Definition 2.1. A representation of a shape M is composed of two parts:

• a finite set of subsets S = {A1, A2, ..., AN ⊂ S2} that ∀Ai ∈ S is a connected set,

∪iAi = S2 and Ai ∩Aj = ∅ for i 6= j

• a finite set of EC curves C = {F1, F2, ..., FN} where Fi = FM (vi) for one and only

one vi ∈ Ai. Fi is called the representative curve of Ai.

In words, a representation consists of a partition of S2 and one EC curve sampled from

each set in the partition. Our method is designed to generate such a representation. In the

method, we specifically utilize triangulation to produce S (i.e. ∀A ∈ S is a triangle region)
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and on each triangle A, its representative curve is sampled on its center. In addition to the

representation, our method further performs clustering of regions in S by applying scaling

function bases introduced in section 1.2. The grouping outcome is exploited in updating

the representation and providing simplified representations in shape analysis.

Now we state the ourline of our method:

1. An initial triangulation is provided to produce the initial representation.

2. Clustering of triangles is performed by applying scaling function bases and then the

grouping outcome is obtained.

3. Based on the grouping outcome, certain triangles are subdivided into smaller trian-

gles. As a result, the triangulation and consequently the representation are updated.

4. By repeating steps 2 and 3, the representation is updated iteratively until certain

stop condition is satisfied.

In the following sections, we discuss the details of these steps. In section 2.2 we present

the details of triangulation. In section 2.3 we specific the computation of scaling function

bases and the criterion of clustering in step 2. In section 2.4 we explain the strategy

of selecting triangles for further subdivision in step 3. In section 2.5 we show the stop

condition in step 4. In section 2.6 we introduce the simplified representations obtained

from the grouping outcome.

2.2 Triangulation

Firstly, we define the triangles on S2. Given 3 directions {vi}i=1,2,3 ⊂ S2, a triangle is

defined as

tri = {v/||v||2 : v = (v1,v2,v3) · λ,λ ∈ R3, ||λ||1 = 1, λi ≥ 0 for i = 1, 2, 3} (2.1)
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Figure 2.1: Spherical icosahedron.

The term triangle actually stands for spherical triangle, in which case the 3 edges of the

triangle are geodesics and the center c of tri is the unit vector on the direction of (v1 +

v2 + v3)/3.

The purpose of triangulation is to subdivide S2 into triangles and use the EC curve

on each triangle center to represent a triangle area. In this case, small difference between

the EC curves in a triangle area and the one on the center, i.e. small maxv∈tri ||FM (v) −

FM (c)||2, is expected. When no information is known about shape M , the best strategy is

the minimization of maxv∈tri〈v, c〉. Thus among triangles with same area, the equilateral

triangle is the best choice. As a consequence, spherical icosahedron, which is composed of

20 spherical equilateral triangles, is appropriate for initial subdivision. Figure 2.1 shows

a spherical icosahedron.

The next step is subdivision. Figure 2.2 is an example of subdivision. Triangle ABC,

the original triangle, is subdivided into triangles ADF, BDE, CFE and DEF where D,E,F are

middle points of arcs AB, BC and CA respectively. It’s worth mention that under the case

7



Figure 2.2: Subdivision Example.

triangle ABC is equilateral. ADE, BDF and CFE are no longer equilateral triangles because

S2 is not Euclidean. However the subdivided triangles will always be acute triangles, which

will not result in large maxv∈tri〈v, c〉 relative to triangle area.

As stated in section 2.1, the method acts iteratively and the precision of initial itera-

tion affects the precision of the final outcome. An icosahedron initial subdivision could be

insufficient for a complex shape. Thus a simple technich is applied which subdivides all tri-

angles several times before the first iteration. Rather than a 20-triangles triangulation, the

first iteration could start from an 80-triangles triangulation or a 320-triangles triangulation

which are generated from subdividing all triangles once or twice respectively. Figure 2.3

shows the resulted triangulation of these 2 cases.

8



(a) 80-triangles triangulation. (b) 320-triangles triangulation.

Figure 2.3: Two cases of initial triangulation.

2.3 Grouping via scaling function bases

In this section we present the details of constructing the diffusion graph and the computa-

tion of scaling function bases. Then we specify the application of scaling function bases in

clustering the triangles.

2.3.1 Construction of graph

Denote a triangulation of S2 with S = {trii}i=1,...,N and EC curves on their centers as

{Fi = FM (ci)}i=1,...,N (2.2)

A complete weighted graph (V,W ) is constructed where V = {vi}i=1,...,N with each vi

standing for a triangle trii and W = {Wij}i,j=1,...,N with each Wij standing for the similarity

between trii and trij .

Following the examples in [3], we tried two formulations of W :
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The first one reflects the similarity between EC curves:

Wij =
1

n

n∑
k=1

I((Fi − Fj) · ek = 0) (2.3)

where I(·) is indicator function. It’s easy to prove that dij = 1 −Wij serves as a metric

in Zn, thus the larger Wij is, the closer two curves are in Zn. However, Equation (2.3)

is not appropriate because it violates the requirement in [3] that the diffusion operator T

should be a sparse matrix. And in fact the experiments we tried showed that Equation

(2.3) failed in grouping the EC curves at meticulous resolution level.

The second one, imitating the heat kernal in exponential kernal family [7], has the form

Wij = exp(−κ ∗ ||Fi − Fj ||22/n) (2.4)

Equation (2.4) not only reflects the distance between curves but also generates a sparse

operator T . In experimental results it could group the EC curves at a meticulous resolution

level in comparison to Equation (2.3). Equation (2.4) is utilized in our method.

2.3.2 Diffusion matrix

As stated in section 1.2. A basic formulation of diffusion matrix is

T = D− 1
2WD− 1

2 (2.5)

where Djj =
∑

i:i ̸=j Wij is the degree matrix. Equation (2.5) works well for an impartial

triangulation, for example the triangulations shown in Figure 2.3. However, as the trian-

gulation is updated iteratively, some triangles are subdivided more times than others and

as a result triangles of various sizes are produced. In such case, Equation (2.5) could be

problematic.

The problem raises because scaling function bases tend to classify together the data

points that lie closely to each other. The regions where data points cumulate are likely to

be group centers. In other words, the grouping outcome depends highly on the density of
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data points. Suppose an EC curve Fi, representing triangle trii, lies at the marginal area of

its group. If trii is subdivided during next iteration, 3 additional EC curves will cumulate

around Fi and the density around Fi quadruples. Then the region around Fi could shift

from the margin to the center of a group. As a result of such shifting, the grouping alters

dramatically and a stable outcome does not exist.

As an adaption to the problem, we propose a modification to Equation (2.5). Denoting

area of each triangle trii as si, first we define the flow matrix E as

Eij = siWij (2.6)

Then we compute the modified T as

T = ED−1 (2.7)

where D is the diagnal degree matrix with Djj =
∑

i:i ̸=j Eij .

The modification reflects a heat transfer process among triangles (or vertices in graph

(V,W )). The flow matrix E illustrates the heat flow between triangle pairs. Specifically,

the jth column of E dipicts the heat transfer from trij to other triangles, where the heat

flux from trij to trii is Wij and the rate of heat flow is si ∗Wij . Adding an multiplier

si to heat flow is equivalent to adding a weight si to trii so that it’s contribution to data

density is modified. As a result, even if trii is subdivided during following iterations, it’s

influence in grouping remains approximately the same. The normalized flow matrix T in

Equation (2.7) then illustrates a similar heat transfer process which is energy conserved.

In the following sections and our method, T is computed using Equation (2.7).

2.3.3 Scaling function bases and grouping

Given the diffusion operator T , an algorithm which computes the scaling function bases

is introduced in [3]. Here we use a modified algorithm shown in Algorithm 1. The

modification is necessary because [3] assumes T to be self-adjoint, however the modified T

in Equation (2.7) is not self-adjoint thus the original algorithm is not applicable.

11



Algorithm 1 Diffusion bases
1: procedure DiffusionBases(T ,J ,SpQR,ϵ)

// Input:

// T: Diffusion matrix

// J: number of resolution levels to compute

// SpQR: function of sparse QR decomposition [3]

// ϵ: precision of sparse QR decomposition

// Output:

// scaling function bases {Φj}Jj=1

2: Φ−1 ← I

3: for j = 0 to J − 1 do

4: Q,R← SpQR(T ,ϵ)

5: Φj ← Φj−1Q

6: T ← RTQ

7: end for

8: return {Φj}J−1
j=0

9: end procedure

12



For a fixed resolution level j, columns of Φj are written in {ϕj
k}k=1,2,...,Kj

. These

vectors consitute the bases of diffusion operator T 2j . As a consequence of applying sparse

QR decomposition which returns the approximate QR decomposition of input matrix, Kj

decreases as j increases [3]. In other words, the number of groups decreases as the resolution

level becomes coarser.

In each vector ϕj
k, its ith component (ϕj

k)i represents the intensity of trii in group k.

Thus at each resolution level j, the group assignment of trii could be determined by

Gj
i = argmax

k
(ϕj

k)i (2.8)

In words, each triangle is assigned to the group where its intensity maximizes.

In practice, Φ0 is discarded because it fails in representing groups. Equation (2.6)

shows that the heat flow from a triangle to itself is 0 during a diffusion process of 1 time

unit. As a result, no matter how close it is to its neighbours, they will not be assigned to

a same group. However, after a diffusion process of 2 time units (corresponding to T 2) or

more, the heat flow originated from trii will return partially to itself and as a result trii

could be assigned to the same group of its neighbours.

2.4 Determination of further subdivision

Given a triangulation S = {trii}i=1,...,N , grouping is performed following the procedure in

section 2.3.2 and group assignments {Gj
i} are obtained. The next step is to find the trian-

gles whose representative curves actually can not represent themselves and, consequently,

need further subdivision. Intuitively, the selection could be determined by checking whether

EC curves on the vertices of a triangle belong to the same group as the triangle center.

However, in section 2.3, group assignments are not computed for vertices and as a result

the strategy is not applicable.

Exploiting the idea of heat diffusion, we propose a new strategy in selecting such tri-

13



angles. Denote the member of a group g ∈ {1, 2, ...,Kj} at level j as

mj
g = {i : Gj

i = g} (2.9)

Then for each group g ∈ {1, 2, ...,K1} at level j = 1, a lower bound of heat flow from the

group to itself is computed:

lg = min
i∈m1

g

∑
k∈m1

g ,k ̸=i

Tki (2.10)

For each vertex v, a heat transfer process from v to all triangles is established where the

heat flow from v to trii is computed by:

Ev(trii) = si ∗ exp(−κ||FM (v)− Fi||22/n)/Zv

where Zv is a normalizer so that
∑

iEv(trii) = 1 (as a result the process is energy con-

served). Then we define the heat ratio from v to group g as

Rv(g) =
∑
i∈m1

g

Ev(trii)

Whether a vertex v belongs to group g is simply determined by checking the condition

Rv(g) ≥ lg (2.11)

If Equation (2.11) is satisfied, then v is considered to be a potential member of group g

because in such case, v is closer to group g at least than the most marginal point in the

group.

Given the strategy, triangles which have vertices that do not belong to the group of

itself are subdivided when updating the triangulation.

2.5 Stop condition

Similar to other iterative algorithms, one simple stop criterion could be a max iteration

parameter. However, a criterion that reveals more information of the convergence of the

algorithm could be more helpful. Here we use number of groups as such criterion.

14



In practice, as the triangulation becomes more and more subtle, Kj increases and empty

groups emerge. We call non-empty groups as valid groups, and denote the set of valid groups

as

V j
G = {g ∈ {1, 2, ...,Kj} : #mj

g > 0} (2.12)

Finally, the number of (valid) groups at level j is defined as

N j
G = #V j

G (2.13)

We use N1
G as stop criterion. The stablization of N1

G indicates that all additional curves

discovered in the latest iteration belong to some existed group at the most meticulous level

and no outstanding curves are found. Thus the stablization of N1
G is considered as the

stop condition. If N1
G stops increasing between two iterations, then the dynamic search

procedure stops. In practice, we use both this condition and a max iteration parameter.

2.6 Simplified representations

In the above sections of this chapter, we introduced how our method is performed. The

outcome of the method is a representation consists of partition S = {tri1, tri2, ..., triN}

and representative curves C = {F1, F2, ..., FN}, and grouping outcome {Gj
i}. In section

2.1 we mentioned that the grouping outcome could provide simplified representations for

shape analysis, in this section we show the computation of simplified representations.

Simplified representations has similary components as representation in Definition 2.1.

However, its partition is not composed of connected triangle areas and its representative

curves are not sampled directly on S2. Simplified representations are obtained as below:

Definition 2.2. Given a representation S = {tri1, tri2, ..., triN} and C = {F1, F2, ..., FN}

of shape M and the grouping outcome {Gj
i}, the level j simplified representation of M is

composed of a partition Sj = {Aj
g : g ∈ V j

G} and representative curves Cj = {F j
g : g ∈ V j

G},

where

15



Aj
g =

∪
i∈mj

g

trii (2.14)

and

F j
g =

∑
i∈mj

g
si ∗ Fi∑

i∈mj
g
si

(2.15)

In words, an element of the partition is the union of triangles in a same group and

its representative curve is the average curve weighted with respect to triangle areas. In

section 3.2 we will show an application of level 1 simplified representation.
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Chapter 3

Results

In this chapter we will show an experimental result of our method and one application in

shape classification. We make use of a Lemuridae teeth data set [8, 9]. Figures of 3 views

are captured in MeshLab [10] and other 3D figures are drawn using plotly [11].

3.1 Visualization

In this section we visualize the outcome of our method. The example we use is the outcome

of a tooth shape ’a10_sas.off’ from the Lemuridae teeth data set. Figure 3.1 shows the

three view of the mesh. Our method is run with parameters n = 1000, κ = 10, J = 5,

ϵ = 5% and initiates from an 320-triangles subdivision shown in Figure 2.3b.

The first result we present here is the convergence of the method. Figure 3.2 shows the

variation of N1
G with iterations. At 6th iterations, N1

G decreases compared to 5th teration

and the iteration stops. In the outcome, the partition consists of 1649 triangles and the

level 1 simplified representation consists of 52 valid groups.

Next, we present 5 groups at level 1 that cover most area of S2. Figure 3.3 and Figure

3.4 shows how these groups are located on S2 together with their representative EC curves.
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(a) (b) (c)

Figure 3.1: Three view of ’a10_sas.off’

Figure 3.2: Method convergence.
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(a) Region of group 1 (b) Representative curve of

group 1

(c) Region of group 2 (d) Representative curve of

group 2

(e) Region of group 3 (f) Representative curve of

group 3

Figure 3.3: Groups 1,2,3 of ’a10_sas.off’ and their representative EC curves.
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(a) Region of group 4 (b) Representative curve of

group 4

(c) Region of group 5 (d) Representative curve of

group 5

(e) Region of group 6 (f) Representative curve of

group 6

Figure 3.4: Groups 4,5,6 of ’a10_sas.off’ and their representative EC curves.
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3.2 Application in shape classification

In this section we exhibit an application of simplified representations in shape class pre-

diction. We use logististic regression to build the classification model where the features

are constructed from representative curves in level 1 simplified representations (In the rest

of this chapter, simplified representation specifically refers to level 1 simplified represen-

tation). The parameters we use to generate simplified representations are n = 1000,κ =

10,J = 5,ϵ = 5 and max iteration = 5.

3.2.1 Data

The data we make use of are two classes (we call them class 0 and class 1) of teeth from the

Lemuridae teeth set with 13 samples in class 0 and 12 samples in class 1. Figure 3.5 and

Figure 3.6 show 3 typical samples respectively from each class. From the figures, these

two classes are distinguishable because they have different numbers of protrusions and the

locations of protrusions are characteristical.

(a) ’j01_sas.off’ (b) ’j02_sas.off’ (c) ’j06_sas.off’

Figure 3.5: 3 samples in class 0
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(a) ’q02_sas.off’ (b) ’q03_sas.off’ (c) ’q04_sas.off’

Figure 3.6: 3 samples in class 1

3.2.2 Model

The purpose of this application is to find the typical curves for distinguishing two classes of

shapes and examine their effectiveness in shape class prediction. Thus we need to establish

a feature curves set Cfeature at first and then discover typical curves from it. Cfeature is

composed of all representative curves from 6 simplified representations (3 shapes randomly

selected from each class).

The next step is to build the classification model. We use the rest shapes to build a

logistic regression model in order to discover typical curves of the two classes from Cfeature.

The predictor vectors of the these shapes are the ”similarity” between these shapes and the

cruves in Cfeature.

Specifically, denote the curves in Cfeature as {H1,H2, ..., Hp}, and the simplified repre-

sentation of a shape M as S1 = {Ag} and C1 = {Fg}. The predictor vector (x1, x2, ..., xp)

of M is computed as

xi =
∑
g

S(Ag) ∗ exp(−κ′ ∗ ||Hi − Fg||22/n) (3.1)

where S(·) denotes area and κ′ is set to be 5.

Now, a classification model could be built by performing logististic regression on labels
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and features. By inspecting the coefficients of the features, intuitively typical curves of the

two classes could be discovered. However, two problems exist. First, because we select 3

shapes from each class, similar curves exist in Cfeature and multicollinearity between the

features presents. Second, the quantity of feature curves in Cfeature could be large (ranges

from 200 to 1000 in experiments). The two factors cause difficulty in identifying typical

curves. In order to handle multicollinearity and do variable selection simultaneously, we

build the model using lasso logististic regression [12, 13, 14] instead.

We use scikit-learn [15] to compute the lasso logististic regression model. In order to do

lasso regression, a parameter C, inverse of regularization strength, should be clarified. We

do the selection of C by cross validation. The candidate set of C is {1, 4, 16, 64, 256, 1024,

4096, 8192}. For each C, we calculate its expected accuracy by averaging the test accuracy

on 100 trials, where in each trial we randomly select 3 shapes from each class to compose

the feature curves set, 5 shapes from each class to compose the training set and 4 from

each class to compose the test set. Additionally, the predictors are normalized for impartial

variable selection via lasso. Figure 3.7 shows the result of cross validation. The overall

accuracy is between 83% ∼ 89% and for C >= 4 the accuracy is above 88%. The result

tells that C = 4 is an appropirate choice because it not only has high expected accuracy

but also, due to high regularization strength, identifies fewer typical curves compared to

larger C.

3.2.3 Examples of typical curves

Next we visualize the typical curves obtained from one trial. We run 100 trials with

parameter C = 4 and randomly assigned feature curves set, train set and test set. The

model we use in this section is selected from these trials and exihibited a 100% test accuracy.

Table 3.1 shows the coefficients of the typical curves obtained from the lasso logististic

regression model and the original shape of these features. As expected, curves from class

0 shapes contributes to the likelihood of class 0 and samely for class 1. In Figure 3.8 we
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Figure 3.7: Cross validation accuracy

present these curves. Figure 3.8a to Figure 3.8d show the typical curves of class 0 and

Figure 3.8e to Figure 3.8g show that of class 1.

Table 3.1: Coefficients of typical curves

No coefficient class file Curve Plot

1 -1.072 0 j17_sas.off Figure 3.8a

2 -0.073 0 j17_sas.off Figure 3.8b

3 -0.497 0 j08_sas.off Figure 3.8c

4 -0.261 0 j07_sas.off Figure 3.8d

5 2.374 1 q04_sas.off Figure 3.8e

6 0.644 1 q26_sas.off Figure 3.8f

7 0.298 1 q26_sas.off Figure 3.8g

Another visualization we present in Figure 3.9 illustrates the regions of original shapes

that resulted in the jumps of typical curves. From the calculation of EC curves in section

1.1, EC curves jumps only at vertices. Figures in Figure 3.9 are drawn by coloring the
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faces that contain vertices where typical curves jumps at. Figure 3.9a to Figure 3.9d

show such regions of class 0 and Figure 3.9e to Figure 3.9g show that of class 1. From the

figures, the typical curves except the one in Figure 3.9c mainly detect the protrusions and

ditches. The typical curve in Figure 3.9c detects a large lateral region. However, according

to its coefficient, the contribution of the curve is small compared to other curves.

(a) Curve No: 1 (b) Curve No: 2 (c) Curve No: 3

(d) Curve No: 4 (e) Curve No: 5 (f) Curve No: 6

(g) Curve No: 7

Figure 3.8: Typical curves.
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(a) Curve No: 1 (b) Curve No: 2 (c) Curve No: 3

(d) Curve No: 4 (e) Curve No: 5 (f) Curve No: 6

(g) Curve No: 7

Figure 3.9: Original shape regions detected by typical curves.
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Chapter 4

Conclusions

In this paper, we proposed a method to generate a specific form of 3D shape representation

that could be applied in statistical analysis. The representation exploits Euler Characteris-

tic curves and the computation of the representation is based on scaling function bases from

diffusion wavelet. We described the details of our method and showed an application of the

representation in a shape classification problem. In the application we demonstrated the

ability of our method in discovering typical EC curves of a class of shapes and in predicting

shape class.

There are some possible improvements in our work. First, we use sparse QR decom-

position in computing scaling function bases. The choice originates from [3] because its

computationally efficient. However, the purpose of the decomposition is to cluster the tri-

angles, in which case some better choices exist. For example, spectral decomposition could

replace QR decomposition in clustering the triangles, however it’s computationally expen-

sive especially when multi-scale analysis is required. Second, in the application of shape

classification, we made use of only 25 shapes. After excluding the shapes for feature curves

set and test set, only 10 shapes are used in training the regression model. As a result, the

coefficients estimated are not accurate. A larger data set could help better understanding

the performance of our method in shape classification.
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